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1008 MULTIPLE INTEGRALS

27.

3 Vo2 fagi?
(a) f f ] Sy, 2)dx dy dz
o Jo 0

4 2 fz/2
(b) f f f flx,p, z) dy dz dx
o Jo Jo
4 fd-y V2
(c) f f f fCx, p, 2) dx dz dy.
o Jo 0

Use a triple integral to find the volume of the
tetrahedron with vertices (0, 0, 0), (&, a, 0), (g, 0, 0)
and (a, 0, a).

29. Use the result of Exercise 28 to evaluate

(@)

(b)

f]f xy? sin z dV, where G is the set of points
G

satisfying
~1<x<L,0<y<1,0<28%

[f[ e?+v=2 qV, where G is the set of points
G

satisfying

28. Let G be the rectangular box defined by the ine- 0<x<1,0<y<In3,0<z<1n2
iti <d k . Sh
q;al:tles a<x<bhesy<dksz<l Show 30. Use a triple integral to find the volume of the
. ellipsoid
X h(z) dV 2 z 52
fff()g()’]() x_2+y7+_2:
' G a b ¢

= [[f(x) dx][f ) dy][[ W) de]

17.6 CENTROIDS, CENTERS OF GRAVITY, THEOREM OF PAPPUS

Suppose that a physical body is acted on by a gravitational field. Because the
body is composed of many particles, each of which is affected by gravity, the
action of the gravitational field on the body consists of a large number of
forces distributed over the entire body. However, it is a physical fact that a
body subjected to gravity behaves as if the entire force of gravity acts at a
single point. This point is called the center of gravity or center of mass of the
body. In this section we will show how double and triple integrals can be
used to locate centers of gravity.

To begin, let us consider an idealized flat object that is sufficiently thin to
be viewed as a two-dimensional solid (Figure 17.6.1). Such a solid is called a
lamina. A lamina is called homogeneous if its composition and structure is
uniform throughout, and is called inhomogeneous otherwise.

For a homogeneous lamina of mass M and area A, we define the density &
of the lamina by

The thickness of a
lamina is negligible

Figure 17.6.1

6 =—
A

Thus, § measures the mass per unit area.
For an inhomogeneous lamina the composition may vary from point to
point. If the lamina is placed in the xy-plane, then the “density” of the
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1012 MULTIPLE INTEGRALS

S My, — @) = my(xy — @) + Moy — @) + -+ + my(x, — a)
k=1

is positive, negative, or zero, the axis will rotate clockwise about a4, rotate
counterclockwise about @, or balance perfectly. In the last case, the system of
masses is said to be in equilibrium.

x x2 A r

a
Figure 17.6.6 Fulcrum

> Example 2 Where should a fulcrum be placed so that the following
system of masses is in equilibrium?

L—— 3 feet T 12 feet ]

Solution. Introduce an x-axis with origin at the mass m;, and let a be the
unknown coordinate of the fulcrum (Figure 17.6.7). (Our choice of location
for the origin is arbitrary. Any convenient location will suffice.)

{20\ !10\ ('40\
- - - D
=0

xy=3 A 25w 15
Figure 17.6.7 (fulcrum)

We will determine a so that the total moment about a is zero. The sum of the
moments about a is

total moment = 20(0 — a) + 10(3 — a) + 40(15 — a) = 630 — 70a
For equilibrium, a should be chosen so that
630 — 70a =0

ora = 9. Thus, the fulcrum should be located 9 feet to the right of mass m,.
<

The ideas we have discussed can be extended to masses distributed in
two-dimensional space. If a mass m is located at a point (x, y) in a horizontal
xy-plane, then we define the moment of m about the line x = a and the
moment of m about the line y = ¢ by
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Figure 17.6.8
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moment of m mass times
about the | = m(x — a) (] 1 ) ©
; ever arm
line x = a
moment of m i
mass times
!: a..bout the ji =m(y —c) (lever arm ) e
line y = ¢
(See Figure 17.6..) ;
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Ifa number of masses are distributed in the xy-plane and if we imagine the
xy-plane to be a weightless sheet, then this sheet will balance on the line
x = a (or y = ¢) if the sum of the moments about that line is zero.

Suppose now that we are dealing not with isolated point masses, but with
a lamina in the xy-plane. How should we define the moments about the lines
x = aand y = ¢?Tomotivate the appropriate definitions, assume the lamina
occupies the region R in the xy-plane and has density function 8(x, y).
Following a now familiar procedure, let R be partitioned into subregions and
let R, be a typical rectangle interior to R. Let A4, be the area of R, let AM,
be the mass of that portion of the lamina enclosed by R, and let (x}, y¥)
be the center of the rectangle R,. From (2), the mass AM, may be
approximated by

AM, = 8(xy, yy) AA,
Moreover, if the rectangle R, is small, there should be little error in assuming
that the entire mass AM, is concentrated at the center (x;, y;) of the rectan-

gle. Thus, from (6) and (7), the moment of the mass AM, about the line x = a
is approximately

(5 — a) AM,, = (x; — a)d(x}, y}) A4,
and the moment about the line y = ¢ is approximately
(Vi — ) AM, = (y — 8(x5, yi) Ad,

Therefore, the total moment about x = a produced by all the rectangular
regions interior to R is approximately
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() — ad(xg ) A, ®)
k=1

and the total moment about y = ¢ is approximately

(Vk — 98(x3, yy) A4, ©)

M=

k

1
-

If we assume that the errors in our approximations diminish as the dimen-
sions of the rectangles tend to zero, then (8) and (9) suggest the definitions.

(moment of |

lamina R . 2

= 1 i o = =

sbout he | =L % (xk — 8, )0) M, f f (x — @(x,y) dA

line x =a R (10)
. -
_moment of_

lamina R ST 2 . * % -

about the | nl-‘-IPm kZi Ok = )¥(xxs yi) A4, __[ (¥ = )o(x,y)d4
| line y =c | R (11)

Of special importance are the moments about the y-axis (@ = 0) and about
the x-axis (¢ = 0). These moments are denoted by

moment of lamina R
My = [ about the y-axis ] = ffxﬁ(x,y) dA (12)
R

moment of lamina R
Me= [ about the x-axis ] —-[fyﬁ(x,y)d/i (13)
R .

We are now in a position to obtain formulas for the center of gravity (X, y)
of a lamina. Since a lamina balances on the lines x = X and y = y through
the center of gravity, the moments of the lamina about these lines must be
zero. Thus, from (10) and (11)

f[(x — ©)3(x,y)dA = 0
R

f (p = )by dd =0

R

Since X and y are constant, these equations can be rewritten
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