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Chapter 3

Energy Bands and Charge
Carriers in Semiconductors

OBJECTIVES

1. Understand conduction and valence energy bands, and how
bandgaps are formed .

- Appreciate the idea of doping in semiconductors

. Use the density of states and Fermi Dirac stahistics fo calculate corrier
concentrations

. Calculate drift currents in an electric field in terms of carrier mobility,
and how mobility isaffected by scattering

. Discuss the idea of “effective” masses

th = W

In this chaprer we begin to discuss the specific mechanisms by which current
Mows in a solid. In examining these mechanisms we shall learn why some
materials are good conductors of electric current, whereas others are poor
conductors. We shall see how the conductivity of a semiconductor can be
varied by changing the temperature or the number of impurities, These fun-
damental concepts of charge transport form the basis for later discussions of
solid state device behavior.

In Chapter 2 we found that electrons are restricted to sets of discrete ener-
oy levels within atoms, Large gpaps exist in the enerpy seale m which noen-
ergy slates are available. In a similar fashion, electrons in solids are restricted
Lo certain energies and are not allowed at other energies. The basic differ-
ence between Lhe case of an electron in a solid and that of an electron in an
isolated atom is that in the solid the electron has a range, or band, of avail-
able energies. The discrete energy levels of the isolated atom spread into
bands of energies in the solid because in the solid the wave (unctions of
electrons in neighboring atoms overlap, and an electron is not necessarily lo-
calized at a particular atom. Thus, for example, an electron in the outer orbit
of one atom feels the influence of neighboring atoms, and its overall wave
function is altered. Naturally, this inflluence affects the potential energy lerm
and the boundary conditions in the Schradinger equation, and we would

3.1

BONDING
FORCES AND
ENERGY BANDS
N SOUDS
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. FfamF qure 1!—1F
Ifferent types o
chemical bonding
in solids: {0} an
example of ianic
bonding in NaCl;
) covatent
bmdmg in the Si
crystal, viewed

ﬁfﬂﬂg a<100>
direction (see.

also Figs. 1-8
and 1-9).

3.1.1  Bonding Forces in Solids
The interaction of electrons in neighboring atoms of a solid serves the very

important function of holding the crystal together. For example, alkali halides
such as NaCl are typified by ionic bonding. In the NaCl lattice, each Na atom

-"’@“‘E’i@ @/ ? -\\g
7 N

expect to obtain ditferent energies in the solution. Usually, the influesice of
neighboring atoms on the encrgy levels of a particular atom can be treated
as a small perturbation, giving rise to shifting and splitting of energy states
into energy bands.

,Na®

®

X “@” \@
X s

\“0 @ @

Mwao electrons per bond

)
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Energy Bonds ond Chorge Carriers in Semiconductors

is surrounded by six nearest neighbor Cl atoms, and vice versa, Four of the
nearest neighbors are evident in the two-dimensional representation shown
in Fig, 3-1a The electronic structure of Na (Z = 11)is [Ne] 3", and CI (Z = 17)
has the structure [Ne|3s73p". In the lattice each Na atom gives up its outer 3y
electron to a Cl atom, so that the crystal is made up of ions with the eleclronic
structures of the inert atoms Ne and Ar (Ar has the electronic structure
[Ne]35'3p%). However, the ions have net electric charges after the electron ex-
change. The Na“ ion has a net posilive charge. having lost an electron, and
the Cl 1on has a nel negative charge, having gained an electron,

Each Na® ion exerts an electrostatic attractive force upon its six CI°
neighbars, and vice versa, These coulombic forces pull the lattice together
unt1l a balance is reached with repulsive forces. A reasonably accurate cal-
culation of the atomic spacing can be made by considering the ions as hard
sphieres being attracted together (Example 1-1).

An important ohservation in the NaCl structure is that all electrons
are tightly bound to atoms. Once the electron exchanges have been made
between the Na and Cl atoms to form the Na' and C1™ ions, the outer orbits
of all atoms are completely filled. Sinee the 10ns have the closed-shell con-
figurations of the inert atoms Ne and Ar. there are no loosely bound electrons
to participate in current (low;as a result, NaCl is a good insulator.

In a metal atom the outer electronic shell 1s only partially filled, usual-
ly by no more than three electrons. We have already noted that the alkal met-
als (e.g., Na) have only one electron in the outer orbit. This electron is loosely
bound and is given up easily in ion formation. This sccounts for the great
chemical activity in the alkali metals, as well as for their high electrical con-
duetiyity. In the metal the outer electron of each alkali utom is contributed to
the crystal as a whole, so that the solid is made up of ions with closed shells
immersed in a sea of [ree electrons. The forces holding the latlice together
arise from an interaction between the positive ton cores and the surrounding
free electrons, This is one Lype of metallic bonding. Obviously, there are com-
plicated differences in the bonding forces lor various metals, as evidenced by
the wide range of melting temperatures (234 K for He, 3643 K {or W), Howewv-
er, the metals have the sea of electrons in common, and these elecirons are free
to move aboul the crystal nnder the influsnce of an ¢lectric field.

A third type of bonding is exhibited by the diamond lattive semicon-
ductors, We recall that each atom in the Ge, Si. or C diamond lattice is sug-
rounded by four nearest neighbors. cach with four electrons in the outer orbit.
I these crystals each atom shares its valence electrons with its tour neighbors
(Fig. 3-1b), Bonding between nearest neighbor atoms is illustrated i the di-
amond lattice diagram of Fig. 1-9. The bonding forces arise from a guantum
mechanical inferaction between the shared electrons. This is known 4s covi-
fent bonding; each electron pair constilutes a covalent bond, In the sharing
process it s no longer relevant 1o ask which electron belongs (o a particulur
atom—both belong to the bond. The two electrons are indistinguishable. ex-
cept that they must have apposite spin to satisfy the Pauli exclusion principle,
Covalent bonding is also found in certain molecules, such as H,.
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Chantar 3

As in the case of the ionic crystals, no free electrons are available to
the lattice in the covalent diamond structure of Fig. 3-1b. By this reasoning
Gie and 5i should also be insulators. However, we have pictured an idealized
lattice a1 0 K in this figure. As we shall see in subsequent sections, an elec-
tron can be thermally or optically excited out of a covalent bond and there-
by hecome free Lo participate in conduction. This is an important feature of
semiconductors,

Compound semiconductors such as GaAs have mixed bonding, in which
both ionic and covalenl bonding forces participate: Some lonic bonding is to
be expected in a crystal such as GaAs because of the difference in place-
ment of the Ga and As atoms in the penodic table. The ionic character of
the bonding becomes more important as the atoms of the compound becoma
further separated in the periadic table, as in the IT-VI compounds. Such elec-
tronic structure, and specifically the idéa that the outermost valence shell is
complere if it has a stable set of sight electrons (Ne, Ar, Kr), 1s the basis of
most of chemistry and many of the semiconducting properties.

3.1.2 Energy Bands

As isolated atoms are brought together to lorm a solid, various inleractions
occur between neighboring atoms, including those described in the preced-
ing section. The forces of attraction and repulsion between atoms will find a
balance at the proper interatomic spacing for the erystal. In the process, im-
portant changes occur in the electron energy level configurations, and these
changes result in the varied electrical properties of solids.

In Fig. 2-8. we showed the orbital model of a §i atom, along with the
energy levels of the various electrons in the coulombic potential well of
the nucleus. Let us focus on the outermost shell or valence shell. n = 3, where
two 35 and two 3p electrons interact 1o form the four “hybridized™ sp” elec-
trons when the atoms are brought close together, In Fig. 3-2, we schemat-
ically show the coulombic potential wells of two atoms close to each other,
along with the wave functions of two electrons centered on the two nuclei,
By solving the Schrodinger equation for such an interacting system, we find
that the composite two-eleciron wave functions are linear combinations of
the individual aromic orbitgls (LCAD). The add or antisymmetric combi-
nation is called the antibonding orbital, while the even or symmetric com-
binatinn is the bonding orbital. It can be seen that the bonding orbital has
a higher value of the wave function (and therefore the electron prabability
density) than the antibonding state in the region between the two nuclei.
This corresponds to the covalent bond between the atoms.

To determine the energy [evels of the bonding and the antibonding
states, it is important to recognize that in the region between the two nuclei
the coulombic potential energy V(r) is lowered (solid line in Fig. 3-2) com-
pared 10 isolated atoms (dashed lines). It is easy 1o see why the potential en-
ergy would be lowered in this region, because an electron here would be
attracted by two nucles, rather than just one. For the bonding state the electron
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Antibending orbital

"

M/’ N

Atornic orbitils M

V(r)

Banding orbital
\ / Antibonding energy level
\ !

\ /\— Bonding srergy level

Figure 3-2
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Linear combinations of atomic orbilals (LCAQ): The LCAD when 2 atoms are brought together leads 1o 2
distinict “normal” modes—a higher energy antibonding orbital, and a lower energy bonding orbital. Note
that the electron probability density is high In the region between the ion cores (covalent “bond”), leading
to lowering of the bonding energy level and the cohesion of the crystal. If instead of 2 atoms, one brings
together N aloms, thera will be N distinet LCAQ, and N closely spaced energy levels in a band.

probability density is higher in this region of lowered potential energy than
for the antibonding state. As a result, the original isolated atomic encrgy
level would be split into two, a lower bonding energy level and a higher an-
tibonding level. It is the lowering of the enerpy of the bonding state that
gives rise to cohesion of the crystal. For even smaller interatomic spacings;
the energy of the crystal goes up because of repulsion between the nuclei,
and other electronie interactions, Since the probability density is given by the
square of the wave function, if the entire wave function is multiplied by —1,
it does not lead to a different LCAQ. The important point to note in this dis-
cussion is that the number of distinct LCAQ, and the number of distinet en-
ergy levels, depends on the number of atoms that are brought together. The
lowest energy level corresponds to the totally symmetric LCAQO, the highest
corresponds to the totally antisymmetric case, and the other combinations
lead to energy levels in between.

Qualitatively, we can see that as atoms are brought together, the ap-
plication of the Pauli exclusion principle becomes important. When rwo atoms
are completely isolated from each other so that there is no interaction of
electron wave functions between them, they can have identical electronic
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66 Chapter 3

structures, As the spacing between the two atoms becomes smaller, howey-
ar, electron wave functions begin to overlap. The exclusion principle dictates
that no two electrons in a given interacting system may have the same quan-
Lum state; thus there must be gt most one electron per level after there s a
splitting of the discrete energy levels of the isolated atoms into new levels be-
longing to the pair rather than to individual atoms,

In a solid, many atoms are brought together, so that the split energy
levels form essentially continuous bands of energies. As an example, Fig, 3-3
illustrates the imaginary formation of a silicon crystal from isolated silicon
atoms. Each isolated silicon atom has an elecironic structure 15%25°2p%35°3p%
in the ground state. Each atom has available two 15 states, two 25 states, six 2p
states, two 3s states, six 3p states, and higher states (see Tables 2-1 and 2-2).
If we consider N atoms, there will be 2N, 2N, 6N, 2N, and 6N states of type
15, 25, Zp, 35, and 3p, respectively, As the inleratomic spacing decreases, these
energy levels split into bands, beginning with the outer (n = 3) shell. As the “35"
and “3p” bands grow, they merge into a single band composed of a mixture of
energy levels. This band of "35-3p" levels contains RN available states, As the

Relatlve spacing af atoms —————

[s m[l]n
(4 42
4N Stafes . ;EE ‘; :
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. L4y dyo
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Figure 3-3

Energy levels in Si as a function of interatomic spocing. The core levels [n = 1,2} in 5i are compleraly
filled with elactrons. At the aciual atomic spacing of the crystal, the 2N electrons in the 3s subshell and
the 2N electrons in the 3p subshell undergo sp® hybridization, and all end up in the lower 4N slales [vo-
lence band), while the higherlying 4N states (conduction band) are emply, separated by a band gap,
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Enetgy Bands and Charae Carriers in Semiconduciors

distance between atoms approaches the equilibrium interatomic spacing of
silican, this band splits into two bands separated by an energy gap E, The
upper band (called the conduetran band) contains 4N states, as does the lower
(valence) band, Thus, apart from the low-lying and tightly bound “core” lev-
els. the silicon crystal has two bands of available energy levels separated by
an energy gap £, wide, which contains no allowed energy levels for electrons
to oceupy. This gap is sometimes called a “forbidden band,” since in a perfect
crystal it contains no electron enerpy states,

We should pause at this point and count electrons. The lower 15" band
is [illed with the 2N electrons which originally resided in the collective 1y
states of the isolated atoms. Similarly. the 25 band and the 2p bands will have
2N and 6N electrens in them, respectively, However. thera were 4N elecirons
in the original solated n = 3 shells (2N in 35 states and 2N 1n 3p states). These
4N electrons must accupy states in the valence band ar the conduction band
i the crystal. At O K the electrons will occupy the lowest energy states avail-
able to them. In the case of the Si crystal, there are exactly 4N states in the va-
lence band available to the 4N electrons. Thus at 0 K, every state in the valence
band will be filled, while the conduction band will be completely empty of
electrons. As we shall see. this arrangement of completely filled and empty en-
ergy bands has an important effect on the elecirical conductivity of the salid

3.1.3 Metals, Semiconductars, and Insulators

Every solid has its own characteristic energy band structure. This variation
in band structure is responsible for the wide range of electrical characteris-
tics observed in various materials. The silicon band structure of Fig. 3-3, {or
example, can give a good picture of why silicon in the diamond lattice is a
good insulator. To reach such a conclusion, we must consider the properties
of complelely filled and completely empty energy bands in the current con-
ductian process.

Before discussing the mechanisms of current flow in solids further, we can
observe here that for electrons to experience acceleration in an applied elec-
tric field, they must be able to move into new energy states. This implies there
must be empty states (allowed energy states which are not already occupied
by electrons) available to the electrons, For example,if relatively few electrons
reside in an otherwise empty band, ample unoceupied states are available into
which the electrons can move. On the other hand, the silicon band strueture 1s
stich that the valence band is completely filled with electrons at 0 K and the con-
duction band is empiy. There can be no charge transport within the valence
band, since no emply states are available into which electrons can moye, There
are no electrons in the conduction band, 5o no charge transport can take place
there either. Thus silicon has a high resistivity typical of imsulators.

Semiconductor materials at 0 K have basically the same structure as
insulators —a filled valence band separated from an emply conduction band
by a band gap containing no allowed energy states (Fig. 3-4). The difterence
lies in the size of the band gap £,, which is much smaller in semiconductors
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Figure 3-4
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than in insulators. For example, the semiconductor Si has a band gap of about
1.1 eV compared with 5 eV for diamond. The relatively small band gaps of
semiconductors (Appendix 111) allow for excitation of electrons from the

lower (valence) band to the upper (conduction) band by reasonable amounts

of thermal or optical energy. For example, at room lemperature a semicon-,
ductor with a 1-eV hand gap will have a significant number of electrons ex-
cited thermally across the energy gap into the conduction band, whereas an

insulator with £, = 10 eV will have a negligible number of such excitations.

Thus an important difference between semiconductors and insulators is that

the number of electrons available for conduction can be increased greatly in

semiconductors by thermal or optical energy.

In metals the bands either overlap or are only partially filled. Thus
electrons and empty energy states are intermixed within the bands so that
elecirons can move freely under the influence of an electric field. As ex-
pected from the metallic band structures of Fig. 3-4, metals have a high elec-
trical conductivity.

3.1.4 Direct and Indirect Semiconductors

The “thought experiment” of Section 3.1.2, in which isolated atoms were
brought together to form a solid, is useful in pointing out the existence of
energy bands and some of their properties. Other techniques are general-
ly used, however, when quantitative calculations are made of band struc-
tures. In a typical caleulation. a single electron is assumed to travel through
a perfectly periodic lattice, The wave function of the electron is assumed to
be in the form of a plane wave' moving, for example, in the x- dirsction

Discusaiens of plone waves are ovailoble In mes sophomare physics fexds or in intreduclory eleciromog-
natlos lesds.
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with propagation constant k, also called a wave vector. The space-dependent
wave function for the electron is

dnx) = Dl x)e (3-1)

where the function {/{k,, x) modulates the wave function according to the pe-
ricdicity of the lattice.

In such a calculation, allowed values of energy can be plotted vs, the
propagation constant k. Since the periodicity of most lattices is different in
various directions, the (E, k) diagram must be plotted for the various erystal
directions, and the full relationship between E and k 18 a complex surface
which should be visualized in three dimensions.

The band structure of GaAs has a minimum in the conduction band and
a maximum in the valence band for the same k value (k = 0). On the other
hand, Si has its valence band maximum at a different value of k than its con-
duction band minimum. Thus an electron making a smallest-énergy lransi-
tion from the conduction band to the valence band in GaAs can do so without
a change in k value; on the other hand. a transition from the minimum point
in the Si conduction band to the maximum point of the valence band requires
some change in k. Thus there are two classes of semiconductor energy bands:
direct and indirect (Fig. 3-5). We can show that an mdirect trangition, involy-
ing @ change in k, requires a change of momentum for the electron.

Assuming that Usis constant in Eq. (3-1) for an essentially free electron,
show that the x-component of the electron momentum in the crystal is
given by {p,) = k..

Figure 3-5
Direct and indi-
rect electran
fransitions in
semiconductors:
{a) direct transi-
tion with occom-
panying photon
emission; [b) indi
recl fransilion via
o defect level,

EXAMPLE 3~1

CIRRUS EX

. 1062 - 20/190



70 Chapter 3

SOWTON  From Eq. (3-1)
Unlx) = Ue™*
‘Using Eq. (2-21b) and the momentum operator,

f U —W? — (&) dx

f;:&z.dx
f»k,j U dx . *
[

With these limits of integration, both the numerator and denomina-
tor are infinite. For problems of this type, one integrates between the finite
limits —L/2 and +L/2 and, in the final result, then assumes that L approaches
infinity.

This resull implies that (E, k) diagrams such as shown in Fig. 3-5 can be
considered plots of electron energy vs. momentum, with a scaling factor h,

{P.:} -

The direct and indirect semiconductors are identified in Appendix 111
In a direct semiconductor such as GaAs, an electron in the conduction band
can fall to an empty state in the valence band, giving otf the energy differ-
ence L, as a pholon of light. On the other hand, an electron in the conduc-
tion band minimum of an indirect semiconductor such as Si cannot fall
directly to the valénce band maximum but must undergo 4 momentum
change as well as changing its energy. For example, it may go through some
defect state (E,) within the band gap. We shall discuss such defect states in
Sections 4.2.1 and 4.3.2. In an indirect transition which involves a change in
k. part of the energy is generally given up as heat to the lattice rather than
as an emitted photon. This difference between direct and indirect band struc-
tures iz very important far deciding which semiconductors can be used in de-
vices requiring light output. For example, semiconductor light emitters and
lasers {Chapter B} generally must be made of materials capable of direc
band-to-band transitions or of indirect materials with vertical transitions
between defect states.

Band diagrams such as those shown in Fig, 3-5 are cumbersome to draw
in analyzing devices, and do not provide a view of the variation of electron
energy with distance in the sample. Therefore, in most discussions we shall use
simple band pictures such as those shown in Fig. 3-4, remembering that elec-
tron transitions across the band gap may be direct or indirect.
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3.1.5 Variation of Energy Bands with Allay Composition

As 11-V ternary and quaternary alloys are varied over their composition
ranges (see Sections 1.2.4 and 1.4.1), their band structures change. For examiple,
Fig. 3-6 illustrates the band structure of GaAs and AlAs, and the way in which
the bands change with composition x in the ternary compound Al Ga, _ As.
The binary compound (GaAs is a direct material, with 2 band gap of 143 eV
at room temperature, For reference, we call the direet (k = 1)) conduction band
minimum [", There are also two higher-lying indirect mimma in the GaAscon-
duction band. but these are sulficiently far above I that few electrons reside
there (we discuss an important exception in Chapter 1{) in which high-field ex-
citation of electrons into the indirect minima leads to the Guan effect). We
call the lowest-lying GaAs mdirect muanimum L and the other X In AlAs the
direct I' minimum is much higher than the indirect X minimuim, and this ma-
terial is therefore indirect with & band gap of 2.16 €V at room lemperature,

In the ternary alloy Al Ga,  As all of these conduction band minima
move up relative o the valence band as the composition x varies from 0
(GuAs) 1o 1 (AlAs), However, the indirect minimum X moves up less than
the others and for compositions above ahout 38 percent Al this indirect min-
imum becomes the lowest-lying conduction band. Therefore, the ternary alloy
AlGaAs s a direct semiconductor for Al compositions on the column 11T sub-
lattice up to ghout 38 percent, and is an indireet semiconductor for higher Al
mole fractions. The band gap energy £, is shown in color on Fig. 3-6c.

The variation of ¢nergy bands for the temary alloy GaAs, P, is gen-
erally similar Lo that of AlGaAs shown in Fig. 3-6. GaAsP is a direct semi-
conductor from GaAs 1o aboul GaAs Py and is indirect from this
composition to GaP (see Fig. 8-11). This material is often used in visible

Stnee hght emission is most efficient for direct materials, in which elec-
trons can drop friom the conduction band to the valence band without chang-
ing k (and therefore momentum), LEDs in GaAsP are generally made in
material grown with a composition less than x = (.45, For example, most red
LEDs in this matenial are made at about x = 0.4, where the I' minimum is still
the lowes(-lying conductiom band edge, and where the photon resulting from
a direet transition from this band ta the valence band is in the red portion of
the spectrum (about 1.9 €V). The use of impurities to enhance radiative re-
combination in indirect matenal will be discussed in Section 8.2.

71

The mechanism of current conduction is relatively easy to visualize in the
case of a metal; the metal atoms are imbedded in a *sea” of relatively free
electrons, and these electrons can move as a group under the influence of an
electric field, This free electron view is oversimplified. but many important
conduction properties of metals can be derived from just such 2 model. How-
ever, we cannol account for all of the electrical properties of semiconductors

3.2

CHARGE CARRIERS
IN SEMI-
CONDUCTORS
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Figure 3-6

Variation of direct and indirect conduction bands in AlGaAs as a function of composition: [a] the (E.k]
diagram for GaAs, showing three minimo in the conduction band; (b) AlAs band diagram; [c) posifions
of the three conduction band minima in Al Ga,_,As as x varies over the range of compositions from
GaAs [x = 0) to AlAs [x = 1), The smallest band gap, E, [shown in color), follows the direct T' band to
x = 0.38, and then follows the indirect X band.
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in this way. Since the semiconductor has a filled valence band and an empty
conduetion band at 0 K, we miusl consider the increase in conduclion band
electrans by thermal excitations across the band gap as the temperature is
raised. In addition, after electrons are excited to the conduction band, the
empty states left in the valence band can contribute to the conduction process.
The introduction of impurities has an important effect on the energy band
structure and on the availability of charge earriers. Thus there is considerable
flexibility in controlling the electrical properties of semiconductors,

3.2.1 Electrons and Holes

As the temperature of a semiconductor is raised from 0 K, some electrons in
the valence band receive enough thermal energy 1o be excited across the
band pap to the conduction band, The result is a material with some elec-
trons in an otherwise empty conduction band and some unoccupied states in
an otherwise filled valence band (Fig. 3-7).2 For convenience, an emply state
in the valence band is referred to as a hele. 1f the conduction band eleetron
and the hole are ereated by the excitation of a valénce band electron to the
conduction band, they are called an efectron-hole pair (abbreviated EHP).

After excitation to the conduction band, an electran 1§ surrounded by
a large number of unoccupied energy states. For example, the equilibrium
number of electron-hole pairs in pure Si at room temperature is only about
10" EHP/em?, compared 1o the Siatom density of 5 X 10°° atoms/cm”. Thus
the few electrons in the conduction band are free to move about via the many
available empty states.

The corresponding problem of charge transpornt i \he valence band is
somewhat more complicared. However, it is possihle to show that the effects
of current in a valence band containing holes can be accounted for by sim-
ply keeping track of the holes themselves.

In a filled band, all available energy states are occupied, For every elec-
1ron moving with a given velocity, there is an equal and opposite electron mo-
tion elsewhere in the band. If we apply an electric field, the net current is zero

UIn Fig. 37 énd in subsequent discussions, we reler to the hotlem of the conduction bond s E. ond (he
lep of the valence band as E,.
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Figure 3-7
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because for every electron f moving with velocity v, there is a corresponding
electron j' with velocity —v,. Figure 3-8 illustrates this effect in terms of the
electron energy vs. wave vector plot for the valence band. Since k is proportional
to electron momentum, it 8 clear the two electrons have oppositely directed
velocities, With N electrons/cm’ in the band we express the current density using
& sum over all of the electron velocities, and including the charge —¢ on each
electron. In a unit volume,

N
I=(- q}z vi=0 (filled band) (3-2a)

Now if we create a hole by removing the jth electron, the net current
densily 1o the valence band involves the sum over all velocities, minus the con-
tribution of the electron we have removed:

N
J= E—q)E_ Vi — {—q‘)'«f}r (jth electron missing) (3-2b)

But the first term is zero, from Eq. (3-2a). Thus the net current is +qv;
In other words, the current contribution of the hole is equivalent to that of
a positively charped particle with velocity v;, that of the missing electron. Of
course, the charge transport is actually due to the motion of the new un-
compensated electron (j'). Its current contribution (—g) (—v;) is equivalent
to that of a positively charged particle with velocity +v;. For simplicity, it is
customary Lo treat empty states in the valence hand as charge carriers with
positive charge and positive mass.

A simple analogy may heip in understanding the behavior of holes. If
we have two bottles, one completely filled with water and one completely
empty, we can ask ourselves "Will there be any net transport of water when
we tilt the bottles?" The answer is “no”. In the case of the empty bottle, the
answer is obvious, In the case of the completely [ull bottle also, there cannot
be any net motion of water because there is no empty space for water to
mave into. Similarly, an empty conduction band completely devoid of elec-
trons or a valence band completely full of electrons cannot give rise to a net
motion of electrons, and thus to current conduction.

Next, we imagine transferring some water droplets irom the full bottle
into the empty bottle, leaving behind some air bubbles, and ask ourselves
the same question. Now when we tilt the bottles there will be net transport
of water: the walter droplets will roll downhill in one bottle and the air bub-
bles will move uphill in the other. Similarly, a few electrons in an otherwise
empty conduction band move opposite to an electric field, while holes in an
otherwise filled valence band move in the direction of the field. The bubble
analogy is imperfect, but it may provide a physical feel for why the charge and
mass of a hole have opposite signs from those of an electron.

In all the following discussions we shall concentrate on the electrons in
the conduction band and on the holes in the valence band. We can account
for the current flow in a semiconductor by the motion of these two tvpes of
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=

Figure 3-8

75

A valence band with all stales filled, including states [ and |, marked for discussion. The fth electran
with wave vector k, is malched by on electron at [ with the opposite wave vector —k;, There is na net
current Ini the bunJ unless an electron is removed. For example, if the fth eleciron is removed, the motion

of the electron at | is nc longer compensated.

charge carriers, We draw valence and conduction bands on an electron ener-
gy scale E, as in Fig. 3-8. However, we should remember that in the valence
band, hole energy increases oppositely Lo electron energy, because the two car-
riers have opposite charge. Thus hole energy increases downward in Fig. 3-8
and holes, seeking the lowest enerpy state available, are penerally found at the
1op of the valence band. In contrast. conduetion band electrons are found at the
bottom of the conduction band.

It would be instructive 1o compare the (£, k) band diagrams with the
“simplified™ band diagrams that are used for routine device analysis (Fig. 3-9).
As discussed in Examples 3-1 and 3-2. an (E, k) diagram is a plot of the total
electron energy (potential plus kinetic) as a function of the crystal-direction-
dependent electron wave vector (which is proportional to the momentum
and therefore the velocity) at some point in space. Hence, the botiom of the
conduction band corresponds to zero electron velocity or kinetic energy, and
simply gives us the potential energy at that point in space. For holes, the top
of the valence band corresponds to zero kinetic energy. For simplified band
diagrams, we plot the edges of the conduction and valence bands (i.e,, the
potential energy) as a function of position in the device, Energies higher in
the band correspond to additional kinetic energy of the electron, Also, the fact
that the band edge corresponds to the electron potential energy telis us that
the variation of the band edge in space is related to the electric field at dif-
ferent points in the semiconductor. We will show this relationship explicitly
in Section 4.4.2.

In Fig, 3-9, an electron at location A sees an electric field given by the
slope of the band edge (potential energy), and pains Kinetic energy (at the ex-
pense of potential energy) by moving to point B, Correspondingly, in the (E, k)
diagram, the electron starts at k = 0, but moves 1o 4 nonzero wave victor kg.
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Figure 3-9 Elsotran
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The electron then loses Kinetic encrgy 1o heat by scatlering mechanisms (dis-
cussed in Section 3.4.3) and returns 1o the bottom of the band at B. The slopes
of the (£.x) band edges ot different points in space reflect the local electric
fields at those peints, Tn practice. the electron may lose its Kinetic energy in
stages by a series of scattering events. as shown by the colored dashed lines.

3.2.2 Effective Mass

The electrons in a crystal are not completely free, but instead interact with
the periodic potential of the lattice. As a result, their "wave-particle™ motion
cannol be expected to be the same as for electrons in free space. Thus, in ap-
plving the usual equations of electrodynamics 1o charge carriers in a solid, we
must use altered values of particle mass, In domng so. we account for most of
the influences of the lattice. so that the cleetrons and holes can be treated as
“almost ree” carriers in most computations. The calculation of elfective mass
must take into account the shape of the energy bands in three-dimensional
k-spacc. taking appropriate averages over the various energy bands

EXAMPLE 3-2  Find the (E, k) relationship for a free electron and relate it to the electron
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E

From Example 3-1, the electron momentum is p = mv = fik. Then SOLUTION

_1 - Ip_ ik
'E"z 2m zml‘

Thus the electron energy is parabolic with wave yector k. The electron
mass is inversely related to the curvature (second dcnvatwn} of the (E,
k) relationship, since

CE

dkt* m

Although electrons in solids are not free, most energy bands are close
to parabolic at their minima (for conduction bands) or maxima (for va-
lence bands). We can also approximate effective mass near those band ex-
trema from the curvature of the band.

The effective mass of an electron in 4 band with a given (£, k) rela-
Lionship is found in Example 3-2 (o be

ke
mh =

e (3-3
d’Efdk* )

Thus the curvature of the band determines the electron effective mass.
For example, in Fig. 3-6a it is clear that the electron effective mass in GaAs
is much smaller in the direct I conduction band (strong curvature) than in
the L or X minima (weaker curvaturc. smaller value in the denominator of
the m* expression),

A particularly interesting feature of Figs. 3-5 and 3-6 is that the cur-
vature of " Efdk” is positive at the conduction h;md minima. but is negative
at the valence band maxima. Thus. the electrons near the top of the valence
band have negative effecrive masys, according to Eq. (3-3), Valence band elec-
trons with negative charge and negative mass move in an clectric field in the
same direction as holes with positive charge and positive mass. As discussed
in Section 3.2.1, we can fully account for charge transport in the valence band
by considering hole motion.

CIRRUS EX. 1062 - 28/190



78 Chapter 3

For a band centered at k = 0 (such as the I" band in GaAs), the (E, k)
relationship near the minimum is usually parabolic:

~
=

f
b= 2nnk

K+ E, (3-4)

Comparing this relation to Eq. (3-3) indicates that the effective mass
m* is constant in a parabolic band. On the other hand, many conduction
bands have complex (E, k) relationships that depend on the direction of elec-
tron transport with respect to the principal erystal directions. In this case. the
effective mass is a tensor quantity. However. we can use appropriate averages
over such bands in most calculstions.

Figure 3-10a shows the band structures for 8i and GaAs viewed along two
major directions. While the shape is parabolic near the band edges (as indicat-
ed in Figure 3-5 and Example 3-2), there are significant non-parabolicities at
higher energies. The energics are plotted along the high symmetry [111] and
[100] directions in the crystal. The k = 0 point is denoted as I'. When we go along

Conduction b

Uippay
[ walley

Energy (¢V)
= —

-1

2

3k

—\

L [111] F froo] X L [ r (oo X
Wave vector

{a) ib)

Figure 3-10

Redlistic band stroctures in semiconductors: {a) Conduclion and valence bands in $i ond GoAs
along [111] and [100]; [b) ellipsoidol constani energy surfoce for Si, near the & conduction band
minima alang the X directions. (From Chelikowsky and Cohen, Phys. Rev. B14, 556, 1974).
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the [100] direction, we reach a valley near X while we reach the L valley along
the [111] direction. (Since the energies are plotted along different directions, the
curves do not look symmetric.) The valence band maximum in most semicon-
duclors is at the I point. It has three branches: the heavy higle band with the
smallest curvature, a light hole band with a larger curvature, and a spliv-off band
at a different energy, We notice thar for GaAs the conduction band minmmum and
the valence band maximum are both at k = 0; therefore it is direct band gap. Sil-
icon, en the other hand, has 6 equivalent conduction minima at X along the 6
equivalent (100) directions; therefore, it is indirect.

Figurit 3-10b shows the constant energy surface for electrons in one
of the six conduction hands for 5i. The way 1o relate these surfaces to the
band structures shown in Fig. 3-104 is to consider a certain value of ener-
gy, and determine all the k vectors in 3 dimensions for which we get this en-
ergy. We find that for Si we have 6 cigar-shaped ellipsoidal equi-energy
surfaces near the conduction band minima along the six equivalent X-di-
rections, with a longitudinal effecuve mass, 1, along the major axis, and
two transverse effective masses, m,, along the minor axes. For GaAs, the
conduction band is more or less spherical for low energies. On the other
hand, we have warped spherical surfaces in the valence band. The impor-
tance of these surfaces will be clear in Sections 3.3.2 and 3.4.1 when we
consider different types of effective masses in semiconductors.

In any calculation involving the mass of the charge carriers, we must use
effective mass values for the particular material involved. In all subsequent dis-
cussions, the electron effective mass is denoted by m# and the hole effective
mass by . The n subscript indicates the electron as a negative charge carri-
er,and the p subscript indicates the hole as a positive charge carrier.

There is nothing mysterious about the concept of an “effective”™ mass,
mi=, and about the fact that it is different in different semiconductors. Indeed,
the “true™ mass of an electron, m, is the same 0 Si, Ge, or GaAs—il is the
same as for a free electron in vacuum, To understand why the effective mass
is different from the true mass, consider Newton's second law, which states
that the time rate of change of momentum is the force.

dp/dt =d(mv)/di = Force (3-34)

An eleetron in a crystal experiences a total foree Fi,, + Foy, where Fy,
is the collection of internal periodic erystal forces, and F,, is the externally
applied force. It is inefficient to solve this complicated problem involving
the periodic crystal potential (which is obviously different in different semi-
conductors) every time we try to solve a semiconductor deyice problem. It
is better to solve the complicated problem of carrier motion in the periodic
crystal potential just once, and encapsulate that information in what is called
the bandstructure, (E, k), whose curvature gives us the effective mass, s, The
electron then responds to external forces with this new m. Newton’s law is
then written as:

d(m;v]/dt =F,y (3-5h)
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This is clearly an enormous simplitication compared to the more de-
tailed problem. Obviously, the periodic crystal forces depend on the details
of a specific semiconductor; therefore, the effective mass is different in dif-
ferent materials.

Once we determine the band curvature effective mass components from
the orientation-dependent (E, k), we bave (0 combine them appropriately
for different types of calculations. We shall see in Section 3.3.2 that when we
are interested in determining the numbers of carriers in the bands, we have
1o use a “density-of-states” effective mass by taking the geometric mean of
the band curvature effective masses, and the number of equivalent band ex-
trema. On the other hand we will find in Section 3.4.1 that in problems in-
volving the motion of carriers, one musl take the harmonic mean of the band
curvature effective masses to get the “conductivity” effective mass.

3.2.3 Intrinsic ‘Hul‘eriul

A perfect semiconductor crystal with no impurities or lattice defects is called
an intrinsic semiconductor. In such material there are no charge carriers at
() K. sinee the valence band is filled with electrons and the conduction band
is empty, At higher temperatures ¢lectron-hole pairs are generated as va-
lence band electrons are excited thermally across the band gap 10 the con-
duction band. These EHPs are the only charge carriers in intrinsic material.

The generation of EHPs can be visualized in a qualitative way by con-
sidering the breaking of covalent bonds in the crystal lattice (Fig. 3-11).1f one
of the Si valence electrons is broken away from its position in the bonding
structure such that it becomes [ree to move about in the latlice, a conduction
clectran is created and a broken bond (hole) is left behind, The energy ri-
guired to break the bond is the band gap energy £, This model helps in vi-
sualizing the physical mechanism of EHP c¢reation, but the energy band
model is more productive for purposes of quantitative calculation. One im-
portant difficulty in the “broken bond™ model is that the free electron and the
hole seem deceptively localized in the Iattice. Actually, the positions of the
free electron and the hole are spread out over several lattice spacings and
should be considered quantum mechameally by probability distributions (see
Section 2.4).

O D O,_,, i
B e. o @
T @8 8

covalen! bonding

. N7 Heie
model of the O . O
5i crystal,
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Since the electrons and holes are created in pairs, the conduction band
electron concentration # (electrons per cm?) is equal to the concentration of
holes in the valence band p (holes per em®), Each of these intrinsic carrier
concentrations is commonly referred to as i, Thus for intrinsic marerial

n=p=iu (3-h)

Al a given lemperature there 1s 4 certain concentration of electron -
hole pairs ). Obviously, if a steady state carrier concentration is maintained,
there must be recombinarion of EHPs at the same rate at which they are gen-
erated. Recombination oceurs when an ¢lectron in the conduction band
makes a transition (direct or indirect) to an empty state (hole) in the valence
band, thus annihilating the pair. If we denote the peneration rate of EHPs as
g (EHPlem®-s) and the recombination rate as r,, equilibrium requires that

=& (3-7a)

Each of these rates is temperature dependent. For example, g(7) in-
creases when the temperature is raised, and a new carrier concentration s, 18
astablished such that the higher recombination raté r,(T) just balances gen-
eration. Al any temperature, we can predict that the rate of récombination
of electrons and holes r, is proportiunal to the equilibrium concentration of
electrons n, and the concentration of holes py:

Y= g pg = onr = g (3-Th)

The factor e, is a constant of proportionality which depends on the particu-
lar mechanism by which recombination lakes place. We shall discuss the cal-
culation of x; as a function of temperature in Section 3.3.3; recombination
processes will be discussed in Chapter 4.

3.2.4 Exirinsic Material

In addition to the intrinsic carriers generated thermally. it is possible 1o create
carriers in semiconductors by purposely introducing impurities into the ¢rys-
tal. This process, called doping, is the most common techmyue for varying the
conductivity of semiconductors. By doping, a arystal can be altered so that it
has a predominance of either electrons or holes. Thus there are two types of
doped semiconductors, n-type (mostly electrons) and p-type (mostly holes),
When a crystal is doped such that the equilibrium carrier concentrations
and p, are different from the imrinsic carrier concentration n,, the material is
said to be extrinsic.

When impurities or lattice defecls are introduced into an otherwise
perfect crystal, additional levels are created in the enerpy band structure,
usually within the band gap, For example, an impurity from column V of the
periodic table (P, As, and Sb) introduces an energy level very near the con-
duction band in Ge or Si. This level is filled with electrons at 0 K, and very
little thermal energy is required to excite these electrons to the conduction
band (Fig. 3-12a). Thus at about 50-100 K virtually all of the electrons in the
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impurity level are “donated” to the conduction band. Such an impurity level
is called a donor level, and the column V impurities in Ge or Si are called
donor impurities. From Fig. 3-12a we note that the material doped with donor
impurities can have a considerable concentration of electrons in the con-
duction band, even when the temperature is too low for the intrinsic EHP
concentration to be appreciable. Thus semiconductors doped with a signifi-
cant number of donor atoms will have ny, == (n;, p,) at room temperature.
This is n-type material,
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Atoms from column III (B, Al, Ga, and In) introduce impurity levels in
Ge or Si pear the valence band, These levels are empty of electrons at 0 K
(Fig. 3-12b). At low lemperatures, enough thermal energy is available o ex-
cite electrons from the valence band into the impurity level, leaving behind
holes in the valence band. Since this type of impurity level “accepls” electrons
from the valence band, it is called an accepror level, and the column T im-
purities are acceptor impurities in Ge and §i, As Fig. 3-12b indicates, doping
with acceptor impurities can create a semiconductor with a hole concentra-
lion py much greater than the conduction band electron concentration sy
(this type is p-type material).

In the covalent bonding model, donor and acceptor atoms can be visnal-
ized as shown in Fig. 3-12c. An As atom (column V) in the $i lattice has the four
necessary valence electrons to complete the covalent bonds with the neighbor-
ing S1 atoms, plus one extra electron. This fifth electron does not fit into the bond-
ing structure of the lattice and is therefore loosely bound to the As atom. A small
amount of thermal energy enables this extra electron to overcome its coulom-
bic binding 1o the impurity atom and be dopated to the lattice as-a whale. Thus
it is free to participate in current conduction, This process is a qualitative model
of the excitation of electrons out of a donor level and into the conduction band
(Fig. 3-12a). Simifarly, the column [II impurity B has only three valence elec-
trons 1o contribute to the covalent bonding (Fig. 3-12¢), thereby leaving ane
bond incomplete. With a small amount of thermal energy, this incomplete bond
can be transferred to other atoms as the bonding electrons exchange positions,
Again, the idea of an electron “hopping™ from an adjacent bond into the in-
complete bond at the B site provides some physical insight into the behavior of
an acceplor, but the model of Fig. 3-12b is preferable for most discussions.

We can calculate rather simply the approximate energy required to ex-
cite the fifth electron of a donor atom into the conduciton band (the donor
binding energy). Let us assume for rough calculations that the As atom of
Fig. 3-12¢ has its four covalent honding electrons rather tightly bound and
the fifth “extra” electron loosely hound to the atom. We can approximate
this situation by usmg the Bohr model resulis, considering the loosely bound
electrom as ranging about the tightly bound “core™ electrons in a hydrogen-
like orbit. From Eq. (2-15) the maganitude of the ground-state energy (n = 1)
of such an electron is

F= 2"};—;—'; (3-8)
The value of K must be modified from the free-space value 4we; used

in the hydrogen atom problem 10
Bsdtiey s, (3-9)

where €, is the relative dielectric constant of the semiconductor material. In
addition, we must use the conductivity effective mass m# typical of the semi-
conductor, discussed in more detail in Section 3.4.1.
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EXAMPLE 3-3

It was mentioned in Section 3.2 that the covalent bonding model gives a
false impression of the localization of carriers. As 2n illustration, calcu--
late the radius of the electron orbit around the donor in Fig. 3-12¢, as-
suming & gmund state h}rdrogﬁn-lrke orbit in Si. Compare with the Si
lattice constant. Use m, = 0.26my for Si.

SOLUTION

From Eq. (2-10) with n =1 and using ¢, = 11.8 for Si,

dmee i 118(885 X 107)(6.63 x 107
myg®  w(026)(9.11 % 1073)(1.6 % 10719
r=241%x10"% =241A.
Note that this is more than four lattice spacings a=5.43 A.

==

Gengerally, the column V donor levels lie approximately 0.01 eV below
the conduction band in Ge.and the column LI acceptor levels lie about 001 eV
above the valence band. In Si the usual donor and acceptor levels lie about
0,03-0.06 eV frenm a band edge.

In MTI-V compounds, column V1 impurities occupying column V sites
serve as donors. For example, S, Se, and Te are donors in GaAs, since they sub-
stitute for As and provide an extra electron comparad with the As atom,
Similarly, impurities from column IT (Bé&. Zn, Cd) substitute for column TIT
atoms o form acceptors in the ITT-V compounds. A more ambiguous case
arises when a IT1-V material is doped with Si or Ge, from column TV. These
impurities are called amphorerfc, meaning that Si or Ge can serve as donors
or acceplors depending on whether they reside on the column III or column
V sublattice of the crystal. In GaAs it is common for Si impurities to occupy
(Gia sites. Since the Si has an extra glectron compared with the Ga it replaces,
it serves as a donor, However, an excess of As vacancies arising during growth
or processing of the GaAs can cause Si impurities to ocoupy As sites, where
they serve as accepliors.

The importance of doping will become obvious when we discuss elec-
tronic devices made from junctions between p-type and n-lype semiconduc-
tor material. The extent to which doping controls the electronic properties of
semmiconductors can be fllustrated here by considering changes in the sample
resistance which occur with doping. In Si, for example, the intrinsic carrier
concentration »; is about 10" em™ at room temperature. If we dope Si with
10" As atomsicm?, the conduetion eleetran concentration changes by five
orders of magnitude, The resistivity of Si ehanges from about 2 % 10 O-em
to 3 {l-cm with this doping.

When a semiconductor is doped n-type or p-lype, one type of carmier
dominates. In the example given above, the conduetion band electrons out-
number the holes in the valence band by many orders of mapnitude, We refer
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to the small number of holes in n-type material as minority carriers and the
relatively large number of conduction band electrons as majority carriers.
Simmtarly. electrons are the minority carriers in p-tvpe matenial, and holes
are the majority carmers,

3.2,5 Electrons and Holes in Quantum Wells

We have discussed single-valued (discrete) energy levels in the band gap aris-
mg from doping, and a continwwn of allowed states in the valence and con-
duction bands, A third possibility is the formation of discrete levels for
electrons and holes as a result of quantum-niechanical confinement.

One of the mast useful applications of MBE or OMVPE growth of
multi-layer compound semiconductors, as described in Section 1.4, 1s the fact
that a continuous single crystal can be grown in which adjacent layers have dif-
ferent band gaps. For example, Fig. 3-13 shows the spatial variation in con-
duction and valence bands for a multilayer structure in which a very thin layer
of GaAs 15 sandwiched between two layers of AlGaAs, which has a wider
band gap that the GaAs. We will discuss Lhe details of such heterofunctions
(junctions between dissimilar materials) in Section 5.8 Tt is interesting to point
out here, however, that a consequence of confining electrons and holes in a
very thin layer is that these particles behave according to the particle in a po-
tential well problem. with quantum states calculated in Section 2.4.3. Therefore,

028 eV

1.85eV
143 eV

" I losev

Figure 3-13

B5

Energy band discantinuities for o thin layer of GaAs sandwiched between layers of wider band gap
AlGaAs. In this case, the GaAs region is so thin thal quanium states ore formed in the valence and con-
duction bands, Electrons in the GaAs conduction band reside on “particle in o potential well® states
such as £, shawn hers, rather than in the usual conduction band stotes. Holes in the quantum wall occu-

py similar discrete states, such as E;,
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instead of having the continuum of states normally available in the conduc-
tion band, the conduction band electrons in the narrow-gap material are con-
fined to discrete quantum states as described by Eq. (2-33), modified for
effective mass and finite barrier height. Similarly, the states in the valence
band available for holes are restricted to discrete levels in the quantum well.
This is one of the clearest demonstrations of the guantum mechanical re-
sults discussed in Chapter 2. From a practical device point of view, the for-
malion of discrete quantum stales in the GaAs layer of Fig. 3- 13 changes
the energy at which photons can be emitted. An electron on one of the dis-
crete conduction band states (E, in Fig. 3-13) can make a transition to an
empty discrete valence band state in the GaAs quantum well (such as £,),
giving off a photon of energy £, + E, + E;, greater than the GaAs band gap.
Semiconductor lasers have been made in which such a guantum well is used
to raise the energy of the transition from the infrared, typical of GaAs, to
the red portion of the spectrum. We will see other examples of quantum wells
in semiconductor devices in later chapters.

3.3 In calculating semiconductor electrical properties and analyzing device be-
CARRIER havior, it is often necessary to know the number of charpe carriers per cm’
CONCENTRATIONS  in the material. The majority carrier concentration is usually obyious in heav-
ily doped material, since one majority carrier is oblained for each impurity
atom (for the standard doping impurities). The concentration of minority
carriers is not obvious, however, nor is the temperature dependence of the

carrier concentrations.

To obtain equations for the earrier eoncentrations we must investigate
the distribution of carriers over the available energy states, This type of dis-
tribution is not difficult to calculate, but the derivation requires some back-
ground in statistical methods. Since we are primarily concerned here with
the application of these results to semiconductor materials and devices, we
shall aceept the distribution function as given.

3.3.1 The Fermi Level

Electrons in solids obey Fermi-Dirac statistics.” In the development of this
type of statistics, one must consider the indistinguishability of the electrons,

IEcamples of other types af smtlstics are Maxwell-Baltzmann bor clossical parficles |e.g, gas) and Bods
Einslein for phatons, For two discrete snerpy fevels, £ ond £ (with & = E)), clossical gas aloms follow o
Bolrznann distritiution, the number n, of alams n siele £ s related bo this rumber ny in E; of thermol Ui
librium by

[T e Eail Mo )

;.: a -I"':I"'E'.Iﬁ;il_:‘ iy = Bk
assbming e two lovals Move N, and N number of stobes, respeciivaly. The exponaniiol fsrm exp|—AE/kT)
ls commanly called the Boftzmann foctsr. It appears uluo n the denominator of the Fermi-Ditac digibolion
funclion. Wa sholl retufn o the Bolizmenn diswibution in Chopter 8 in discussions of the properies of
lasers
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their wave nature, and the Pauli exclusion principle. The rather simple result
of these statistical arguments is that the distribution of electrons over a range
of allowed energy levels at thermal equilibrium is

1
fE) = 1 + QE-EQjkT (3-10)

where k is Boltzmann's constant (k = 8.62 X 10 eV/K = 1.38 x 102 I/K).
The function f{ £), the Fermi-Dirac distribution function, gives the probabil-
ity that an available energy state at E will be occupied by an eleetron at ab-
solute temperature T, The quantity Ey is called the Fermi level, and it
represents an important quantity in the analysis of semiconductor behavior,
We notice that, for an energy E equal to the Fermi level energy £ the oc-
cupation probability is

f{EF) = [1 == t.[L‘.—t;,_]_fk?]—i e (3-11)

1
L+1 2

Thus an energy state at the Fermi level has a probability of '/ of being
occupied by an electron.

A closer examination of f{ £) indicates that at 0 K the distribution takes
the simple rectangular form shown in Fig. 3-14, With 7" = 0 in the denomi-
nator of the exponent, f{E) is 1/(1 + 0) = 1 when the exponent is negative
(E < Eg),and is 1/(1 + =) = 0 when the exponent is positive (£ > Eg). This
rectangular distribution implies that at () K every available energy state up
to Eis filled with electrons, and all states above Eg are empty.

At temperatures higher than 0 K, some probability exists for states
above the Fermi level to be filled. For example, at T = T in Fig. 3-14 there
is some probability f(E) that states above Ej are filled, and there is a corre-
sponding probability [1 — f{E)] that states below £ are empty. The Fermi
function is symmetrical about £ for all temperatures; that is, the probabili-
ty iE, + AE) that a state AE above Epis filled is the same as the probabil-
ity [L — f{Er — AE)] that a state AF below Eis empty. The symmetry of the

NE)

! T=0K
! 4

To= T]
1 e e e ;o
Tz
/ Figure 3-14
Tha Fermi-Dirac
= distribution
Ef E function,
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distribution of empty and filled states about £; makes (he Fermi level a nal-
ural reference point in caleulations of eleciron and hole concentrations n
semiconductors.

In applying the Fermi-Dirac distribulion Lo semiconduttors, we must
recall that f{E) is the probability of occupancy of an available state at E,
Thus if there is no available state at E (e.g., in the band gap of a semicon-
ductor), there is no possibility of finding an electron there, We can best vi-
sualize the relation between f{E) and the band structure by turning the f{E)
vs. E diagram on its side so that the E scale corresponds to the energies of the
band diagram (Fig. 3-15). For intrinsic material we know that the concen-
tration of holes in the valence band is equal to the concentration of elec-
trons in the conduction band. Therefore, the Fermi level £ must lie at the
middle of the band gap in intrinsic material.* Since f{ £) is symmetrical about
E, the electron probability “tail” of fl ) extending into the conduction band
of Fig. 3-15a is symmetrical with the hole probability tail [1 — f{E)] in the va-
lence band. The distribution function has values within the band gap between

fiE) 1 12 u
{a} Intrinsic

fed|

Figure 3-15

The Fermi distribu:
tion furiction
applied to
semiconductors:
{a) intrinsic motari-
aol; b} ntype ma: : 5
terial; [c) ptype fley v 32 0

malerial. e} mtype

“Acnially the (nirinsic £ Is disploced slightly from the middle of the gap, since the densities of awllable
slales in the volence ond conduction bands are nat squal (Saction 3.3 2).
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E, and £ but there are no energy states available, and no electron oceu-
pancy results from f{£) in this range.

The tails in f{F) are exaggerated in Fig. 3-15 for illustrative purpos-
es, Actually, the probability values at E, and E_ are quite small {or intrig-
sic material at reasonable temperatures. For example, in 31 at 300 K, n, =
p;=10" e, whereas the densities of available states at E, and E_ are on
the order of 10'? cm ™, Thus the probability of accupancy A(E) for an indi-
vidual state in the conduction band and the hole probability [1 — R E)] for
a state in the valence band are quite small. Because of the relatively large
density of states in each band, small changes in f{£) can result in significant
changes in carrier concentration.

In n-type material there is a high concentration of electrons in the can-
duction band compared with the hole concentration in the valence band (re-
call Fig. 3-12a). Thus in n-type material the distribution function f{E) must lie
above its intrinsic position on the energy scale (Fig. 3-15b), Since f{ E) retains
its shape for a particular temperature, the larger concentration of electrons at
E. in n-type material implies a correspondingly smaller hole concentration
at K. We notice that the value of f{ £) for each energy level in the conduction
band (and therefore the total electron concentration 1) increases as £; moves
closer to E. Thus the energy difference (£, ~ Ep) gives a measure of p; we
shall express this relation mathematically in the following section.

For p-type material the Fermi level lies near the valence band (Fig. 3- 15¢)
such that the [1— fE)] tail below £, is larger than the f{ E) tail above £, The value
of (Er — E,) indicates how strongly p-type the material is.

[t 15 usually inconvement to draw f{ E) vs. £ on every energy band dia-
gram to indicate the electron and hole distributions. Therefore, it {s common
practice merely to indicate the position of Ein band diagrams. This is suffi-
cient information, since for a particular temperature the position of E;im-
plies the distributions in Fig. 3-15.

3.3.2 Electron and Hole Concentrotions at Equilibrium

The Fermi distribution fupction can be used to calculate the concentrations
of electrons and holes in a semiconductor, if the densities of available states
in the valence and conduction bands are known. For example, the concen-
tration of electrons in the conduction band 1s

g = f FIEYN(E)IE (3-12)
(=

where N(E)dE is the density of states (cm °) in the energy range dE. The
subseript 0 used with the electron and hole concentration symbols (rg, py) in-
dicates equilibrium conditions. The number of electrons per unit volume in
the energy range dE is the product of the density of states and the probabil-
ity of occupancy f{E). Thus the total electron concentration is the ntegral
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over the entire conduction band, as in Eq. (3-12).5 The function N(£) can be
calculated by using quantum mechanics and the Pauli exclusion principle
(Appendix T'V).

It is shown in Appendix IV that N{E) is proportional to E'? so the
density of states in the conduction band increases with electron energy. On
the other hand, the Fermi function becomes extremely small for large ener-
gies The result is that the product f{E)N( E) decreases rapidly above E_, and
very few electrons occupy energy states far above the conduction band edge.
Similarly, the probability of finding an empty state (hole) in the valence band
[1 = f{E)] decreases rapidly below E_, and most hales occupy states near
the top of the valence band. This effect is demonstrated in Fig. 3-16, which
shows the density of available states, the Fermi function, and the resulting
number of electrons and holes occupying available energy states in the con-
duction and valence bands at thermal equilibrium (i.e,, with no excitations ex-
cept thermal energy). For holes, increasing energy points down in Fig 3-16,
since the E scale refers to electron energy.

The result of the integration of Eq, (3-12) is the same as that obtained
if we represent all of the distributed electron states in the conduction band
by an effective density of states N locaied at the conduction band edge £,
Thercfore, the conduction band electron concentration is simply the effective
density of states at E, times the probability of occupancy at £2°

ﬂﬂ = NzﬂEf:' [‘.‘_13}

1n this expression we assume the Fermi level Eglies at least several kT

below the conduction band. Then the exponential term is large compared
with uniiy, and the Fermi function f{E ) can be simplified as

: 1 B BNk _

NED = { g = &5 (3:14)

Since kT at room temperature is only 0.026 eV, this is generally a good

approximation. For this condition the concentration of electrons in the con-

duction band is
‘nuzﬁrc'tE__-Er”kT‘ f:‘-i.q_}
The effective density of states N_is shnwglﬂin Appendix TV to be
kT
N = z(—hg'——) (3-16a)

Mhe upper limit Is ocheally iumPBl In Eq: [3—-] 2), sinca the conduclion bond doss not exferd o infinile
snargy. This is unimporiant n the coloulotion of ny, however, sincs [E) becomes negligibly small for forge
volues of £, Most elactrons oceupy states near the bottom of the conduction band of equilibrium,

The simple exprassion [or ny, chinited in Bq. {3-13) iy fhe direct rasull of inteagrating Eq. [3-12), gs in Ap-
pendix IV, Equalions [3-15) and {3-19] praperdy include the effect of the conduction and valence bonds
through the densitn-chsotes terme
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{a) Intrinsic

(b) n-tvpe

() p-lype

Figure 3-16
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Schematic band diagram, density of states, Fermi-Dirac distribution, and the carrier cencentralions for
{a) intrinsic, (b} r-lype, and [c] ptype semiconductors af thermal equilibrium.

Since the quantities in Eq. (3-16a) are known, values of N, can be tab-
ulated as a function of temperature. As Eq. (3-15) indicates, the electron
concentration increases as £z moves closer to the conduction band. This is the

result we would predict from Fig, 3-15b,

In Eq. (3-16a),m3 is the density-of-states effeclive mass for electrons.
To illustrate how it is obtained from the band curvature effective masses
mentioned in Section 3.2.2, let us consider the 6 equivalent conduction
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EXAMPLE 3-4

band minima along the X-directions for Si. Looking at the cigar-shaped
equi-energy surfaces in Fig. 3-10b, we find that we have more than one
band curvature to deal with in calculating effective masses. There is a lon-
gitudinal effective mass m; along the major axis of the ellipsoid, and the
transverse effective mass m, along the two minor axes. Since we have (m»)*
appearing in the density-of-states expression Eq. (3-16a), by using dimen-
sional equivalence and adding contributions from all 6 yalleys, we get

(mp)7 = 6(mm?)' 2 (3-16h)

Tt can be seen that this is the geometric mean of the effective masses.

Calculate the density-of-states effective mass of electrons in Si.

SOLUTION

For Si, m; = 0.98 mg; m, = 0.19 m, from Appendix III.
There are six equivalent X valleys in the conduction band.

nt = 6230.98(0.19)1 2 my = 1.1 my

Note: For GaAs, the conduction band equi-energy surfaces are spher-
ical. So there is only one band curvature effective mass, and it is equal to
the density-of-states effective mass (= 0.067 my).

By similar arguments, the concentration of holes in the valence band is

Py =NJ1 - f(E)] (3-17)

where N, is the effective density of states in the valence band. The probabil-
ity of finding an empty state at £, i§

1 - {F-
4= f{.E,,.) = = mz e {E~E,)kT (3-18)

for Eglarger than E, by several kT. From these equations, the concentration
of holes in the valence band is |

The effective density of states in the valence band reduced to the
band edge is
2mak 37
h1
As expected from Fig. 3-13¢c, Eq. (3-19) predicts that the hole concen-
tration increases as E moves closer to the valence band.

N,=2 (3-20)

CIRRUS EX. 1062 - 43/190



Energy Bands and Charge Carriers in Semiconductors

The electron and hole concentrations predicted by Eqgs. (3-15) and (3-19)
are valid whether the material i§ intrinsic or doped, provided thermal equilibri-
um is maintained. Thus for intrinsic material, E lies at some intrinsic level E, near
the middle of the band gap (Fig. 3-15a), and the intrinsic electron and hole con-
centrations are

= N~ (BT, p g5 BT (3-21)

The product of n, and py at equilibrium is a constant for a particular ma-
terial and temperature, even if the doping is varied:

Ry Py = (NF,E—(E. - EJM‘){ Nre—{sf- E.Jﬂrr) =NN,e (&, ~E kT (3-224)
= N.N g~ BT
np= (N EE—EE; Mﬂ:l’}{ N Fe—tgﬁs, |,m:"j =NN ue—z_,u-r (3-22h)

The intrinsic electron and hole concentrations are equal (since the car-
riers are created in pairs), ny = p; thus the intninsic concentration is

m=VNN, e 527 (3-23)

The constant product of electron and hole concentrations in Eq. (3-22)
can be written conveniently as

My Py =1} (3-24)

This is an important relation, and we shall use it extensively in later
calculations. The intrinsic concentration for 51 at room temperature is ap-
proximately 7, = 1.5 % 10" em .

Comparing Egs. (3-21) and (3-23), we note that the intrinsic level E, is
the middle of the band gap (£, — E; = E 12),il the effective densities of states
N, and N, are equal. There is usually some difference in effective mass for elec-
trons and holes, however, and N, and NV, are slightly different as Egs. (3-16) and
(3-20) indicate. The intrinsic Jeve!l E, is displaced from the middle of the band
gap, more for GaAs than for Ge or Si.

Another convenient way of writing Egs. (3-15) and (3-19) is

ny=nyelFrBIET (3-25a)
po =, el SR (3-25b)

obtained by the application of Eq. (3-21). This form of the equations indicates
directly that the electron concentrations is n, when Eis at the intrinsic level
E;, and that ny increases exponentially as the Fermi level moves away from
E, toward the conduction band. Similarly, the hcle concentration p, varies
from n; to larger values as £y moves from E; toward the valence band. Since
these equations reveal the qualitative features of carrier concentration so
directly, they are particularly convenient to remember.

23
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EXAMPLE 3-5 A Sisample is doped with 10" As atoms/em’. What is the equilibrium hole
concentration p, at 300 K? Where is Ej relative to E;7 ]

SOLUTION Since N; => n,, we can approximate n, =N, and.

_nf 225 X 10% M
Pl&=#ﬂ,= 07 =225 > 10" cm*

From Eq. (3-25a), we have
1 Gl‘r.

£ i chTi"Im"‘1 (l_[}259h1,l"::_!>< 00 Q-im'a\-'
The resulting band diagram is:
E‘.;
e T e
In.dt'ﬁ‘ N
AlleV = = —— =
|

3.3.3 Temperature Dependence of Carrier Concentrafions

The variation of carrier concentration with lemperature is indicated by
Eq. (3-25). Initially, the variation of ny and pg with T seems relatively straight-
forward in these relations. The problem is complicated, however, by the fact
that #; has a strong temperature dependence [Eq. (3-23)] and that £, can
also vary with temperature. Let us begin by examining the intrinsic carrier
concentration. By combining Eqs. (3-23), (3-16a). and (3-20) we obtain

2k T2
n(T) = 2(—1—) (rram ) e BT (3-26)

The exponential temperature dependence dominates n,(T), and a plot
of In »; vs. 10%T appears linear (Fig. 3-17).7 In this figure we neglect varia-
tions due to the 7% dependence of the density-of-states function and the fact

hen plotiing quanfifias such as carrier congeniroiion, which involve o Beltzmann factor, it is common fe use
an inverse lemparanre scoby. This allows terms which ore exponential in 1/T 1o appear linear in he semi-
Ingarithmic plat. When reading such grphs, remember thet lemperatars Increases frem g ht ko lefi.
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that E, varies somewhat with temperature.® The value of n, at any tempera-
ture is 2 definite number for a given semiconductor, and is known for most
materials Thus we can take »; as given in calculating n or py from Eg, (3-25).°

With n; and T given, the unknowns in Eq. (3-25) are the carrier con-
centrations and the Fermi level position relative to E. One of these two

*Fat §i ke bond gap £, varies From about 1.11 2V ol 300 K to about 1.16 eV al 0K,

*Care mus! be loken to use consislent units in these colculations. For example, if an energy such os £, s
expressed [n alecken volls (eV), il should ba mulliphed by g {1.6 % 1875 C) Io conver! la joules T ks In
1/¥; alwrnatively, E, can be kept In eV ond the velue of & in eV/K con be used. At 300 K we con use
kT =0.025% eV ond E,n eV
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quantities must be given if the other is to be found. If the carrier concentra-
tion is held at a certain value, as in heavily doped extrinsic material, E-can
be obrained from Eq. (3-25). The temperature dependence of electron con-
centration in @ doped semiconductor can be visualized as shown in Fig, 3-18.
In this example, Si is doped n-type with a donar concentration Ny of 101 em ™.
At very low temperatures (large 1/7), negligible intrinsic EHPs exist, and
the donor electrons are bound lo the donor atoms, As the temperature is
raised, these electrons are donated to the conduction band, and at about 100
K (1000/T = 10j all the donor atoms are ionized. This temperature range is
called the fonization region. Once the donors are ionized, the conduction
pand electron concentration is iy = N, = 10" cm ™, since one electron is ob-
tained for each donor alom. When every available extrinsic electron has been
transferred to the conduction band, n; is virtually constant with temperature
until the concentration of intrinsic carriers n; becomes comparable to the ex-
trinsic concentration N, . Finally, at higher temperatures #, is much greater
than N,. and the intrinsic carriers dominate. In most devices it is desirable
to control the carrier concentration by doping rather than by thermal EHP
generation. Thus one usually dopes the material such that the extrinsic range
extends beyond the highest temperature at which the device is to be used.

3.3.4 Compensation and Space Charge Neutrality

When the concept of doping was introduced, we assumed the material con-
tained either N, donors or N, acceplors, so that the extrinsic majority carri-
er concenlrations were n. = N, or p; = N, respectively, for the n-type or

“]'.I'i =
Intvinsic
—
Extrinsic
~ R
m §
b Temisstiomn
§ L4
= \
'.l
TN
10 \
|
Figure 3-18 i |
Carrier cancenira- §
fian vs. inverse
temperature for Si 1 i i | ; , L
doped with 10'% 0 z 4 6 8 10 12
donars/em?. 1000IT (K) ™
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p-type material, It often happens, however, that a semiconductor contains
both donors and acceptors. For example, Fig. 3-19 illustrates a semiconduc-
tor for which both doners and acceptors are present. bul N, > N,. The pre-
dominance of donors makes the material n-type, and the Fermi level is
therefore in the upper part of the band gap. Since £y is well above the ac-
ceptor level E,, this level is essentially filled with clectrons, However, with
Erabove E|, we cannot expect a hole concentration in the valence band com-
mensurate with the acceptor concentration. In fact, the Nlling of the E, states
eccurs at the expense of the donated conduction band electrons. The mech-
anism can be visualized as [ollows: Assume an acceptor state is filled with a
valence band electron as deseribed in Fig. 3-12b, with a hole resulting in the
valence band. This hole is then filled by recombination with one of the con-
duction band electrons. Extending this logie to all the acceptor aloms. we ex-
pect the resultant concentration of electrons in the conduction biand to be Ny
— N, instead of the total N, This process is called compensarion. By this
process it is possible to begin with an n-type semiconductor and add accep-
tors until N, = N, and no donated electrons remain in the conduction band.
In such compensated material, 7, = n; = py and intrinsic conduction is ob-
tained. With further acceptor doping the semiconductor becomes p-type with
a hole concentration of essentially N, — N,

The exact relationship among the electron, hole. donor, and acceptor
concentrations can be obtained by considering the requirements for space
charge neutrafity. 1f the material is to remain electrostatically neutral, the
sum of the positive charges (holes and ionized donor atoms) must balance the
sum of the negative charges (electrons and ionized acceptor atoms):

py+ Nj=nmy+ Ny (3-27)
Thus in Fig. 3-19 the net electron coneentration in the conduction band s
Hy=py + (Nj = N) (3-2)

97

Figure 3-19
Compensation in
an n-dype semi-
conduclor

lNd' > Nﬂ:l
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If the material is doped n-type (n, => p,) and all the impurities are
lonized, we can approximate Eq. (3-28) by ny = N; — N,

Since the inlrinsic semiconductor itself is electrostatically neutral and
the doping atoms we add are alse neutral, the requirement of Eq. (3-27)
must be maintained at equilibriurn. The electron and hole concentrations
and the Fermi level adjust such that Egs. (3-27) and (3-25) are satsfied.

34

DRIFT OF
CARRIERS IN
ELECTRIC AND
MAGNETIC FIELDS

Figure 3-20

(@) Random ther
mal motion of an
eleciron in a
solid; (b) well-
directed drift
velocity with an
applied electric
field.

Knowledge of carrier concentrations in a solid is necessary for calculating cur-
rent flow in the presence of electric or magnetic fields. In addition to the val-
ues of n and p, we must be able to take into account the collisions of the
charge carriers with the lattice and with the impurities, These processes will
affect the ease with which electrons and holes can flow through the crystal,
that is, their mobility within the solid. As should be expected, these collision
and scattering processes depend on temperature, which affects the thermal
motion of the lattice atoms and the velocity of the carriers.

3.4.1 Conductivity and Mobility

The charge carriers in a solid are in constant motion, even at thermal equi-
librium. At room temperature, for example, the thermal motion of an indi-
vidual electron may be visualized as random scattering from lattice vibrations,
impurities, other electrons, and defects (Fig. 3-20a). Since the scattering is ran-
dom, there is no net motion of the group of n electrons/cm® over any period
of time, This is not true of an individual electron, of course. The probability of

Field

(3

'

A

¥, =

= Hip
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the electron in Fig, 3-20a returning to its starting point after some time 1 is
negligibly small. However, if a large number of electrons is considered (e.g.,
10'® em™ in an n-type semiconductor), there will be no preferred direction
of motion for the group of electrons and no net current flow.

If an electric field %, is applied in the x-direclion, each electron expe-
riences a net force -q#€, from the field. This force may be insufficient to alter
appreciably the random path of an individual electron; the effect when av-
eraged over all the electrons, however, is a net motion of the group in the
—x-direction (Fig. 3-20b). If p, is the x-component of the total momentum
of the group, the force of the field on the n electrons/em® is

_dp,

—ngé. =
nqe, dr |

{3-29)

Initially, Eq. {3-29) seems to indicate a continuous acceleration of the
electrons in the —x-direction. This is not the case, however, because the net
acceleration of Eq. (3-29) is just balanced in steady state by the decelera-
tions of the collision provesses. Thus while the steady field €, does produce
a net momentum p_,, the net rate of change of momentum when collisions
sre included must be zero in the case of steady state current flow.

To find the total rate of momentum change from collisions, we must
investigate the collision probabilities more closely. If the collisions are truly
random, there will be a constant probability of collision at any time for each
electron. Let us consider a group of N electrons at time ¢ = (0 and define N(f)
as the number of electrons that have not undergone a collision by time r. The
rate of decrease in N(r) al any time 1 is proportional to the number left un-
scattered at i,

_dN(r)
dt

|| =

Nt} (3-30)

where ¢ ~!is a constant of proportionality.
The solution (o Eq. (3-30) is an exponential function

N(t) = Nge /¥ (3-31)

and [ represents the mean time between scattering events,'? called the mean
Jfree time. The probability that any electron has a collision in the time inter-
val dt is dt/t . Thus the differential change in p, due to cellisions in time df is

dp, = ~p, % 3.3%)
p| pJ 1 [‘- —

W quotioni (3-30] and [3-31) ore typical ol evenls dominatd by mndam processes, and the farms of
theze aquotians ceour afien in mary branches of physics and enginearing. For example, in the radicactve
-decoy of unstoble nuclear tsotopes, My nuclides decoy exoonaniiolly with & meon lifetime 1. Other exam-
ples will be found in this taxt, including Ihe absarption of light in & semiconduciar and the recombinafion
of excess EHPs.
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The rate of change of p, due to the decelerating effect of collisions is
dp. P:
i =—5 3-33
A laliisions .

The sum of acceleration and deceleration effects must be zero for
steady state. Taking the sum of Eqs. (3-29) and (3-33), we have

B — g8, =0 (3-34)

The average momentum per electron is
(py=Be=—qre, (3-35)
where the angular brackets indicate an average over the entire group of elec-

troms, As expected for steady state, Eq. (3-35) indicates that the electrons
have on the average a constant net velocity in the negative x-direction:

_ed_ gt :
(v = s = - €, (3-36)

Actually, the individual electrons move in many directions by thermal
motion during a given time period, but Eq. (3-36) tells us the net drift of an
average electron in response to the electric field, The drift speed described
by Eq. (3-36) is usually much smaller than the random speed due to the ther-
mal motion v,

The current density resulting from this net drift is just the number of
electrons crossing a unit area per unit time (n(v,)) multiplied by the charge
on the electron (—q):

I = —QH{VJ (3-37)
ampere _ coulomb electrons ¢m ==
em’  electron cm’ 5
Using Eq. (3-36) for the average velocity, we oblain
ng't :
J, = = %, (3-38)

Thus the current density is proportional to the electric field, as we ex-
pect from Ohm’s law:

J.=0%_ , whereog= ’1_9’._{ (3-39)
it

z x

The conductivity o(£2-vm) ' can be written
gt

nix

o =gnp,, whereu, = (3-40a)
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The quantity ., called the electron mobility, describes the ease with
which electrons drift in the material. Mobility is a very important quantity in
characterizing semiconductor materials and in device development.

Here m is the conduclivity effective mass for electrons, different from
the density-of-states effective mass mentioned in Eq. (3-16b). While we use
the density-of-states effective mass to count the number of carriers in bands,
we must use the conductivity effective mass for charge transport problems.
To illugtrate how it is obtained from the band curvature effective masses
mentioned in Section 3.2.2, once again let us consider the 6 equivalent con-
duction band minima along the X-directions for Si, with the band curvature
longitudinal effective mass, m;, along the major axis of the ellipsoid, and the
transverse effective mass, m,, along the two minor axes (Fig. 3-10b). Since we
have 1/m# in the mobility expression Eq. (3-40a), by using dimensional
equivalence, we can write the conductivity effective mass as the harmonic
mean of the band curvature effective masses,

= =2 (—1— + i) (3-40h)

Calculate the conductivity effective mass of electrons in Si.

101

EXAMPLE 3-6

For Si, m; = 0.98 my; m, = 0.19 m, (Appendix II).
There are 6 equivalent X valleys in the conduction band,

A/mg=1/3(1/m, + 1/m, + 1/m)=1/3(1/m, + 2/m,)

1/ 1 2
””'FE( By | U.lgm.)

mg =026 m,

Note: For GaAs, the conduction band equi-energy surfaces are spheri-
cal. So there is only one band curvature effective mass. (The density of
states effective mass and the conductivity effective mass are both 0.067 miy,.)

The mobility defined in Eq. (3-40a) can be expressed as the average par-
ticle drift velocity per unit electric field, Comparing Eqs, (3-36) and (3-40a),
we have

-

i &

The units of mobility are (em/s)/(Viem) = em?/V-g, as Eq. (3-41) sug-
gests. The minus sign in the definition results in a positive value of mobility,
since electrons drift opposite to the fizld.

SOLUTION
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The current density can be written in terms of mobility as
I =qnu €, (3-42)
This derivation has been based on the assumption that the current is
carried primarily by electrons. For hole conduction we change # to p, —g to

+q, and p, to p,, where p, = +(v,)/¥, is the mobility for holes. If both elec-
trans and holes participate, we must modily Eq. (3-42) to

Ji=qlnp, + P!-'-P)zﬁ, =¥, (3-43)

Values of ., and ., are given for many of the common semiconductor ma-
terials in Appendix II. According to Eq. (3-4U), the parameters determining
maobility are m* and mean [ree (ime f. Effeclive mass is a property of the ma-
terial’s band structure, as described by Eq. (3-3). Thus we expect m 1o be small
in the strongly curved I minimum of the GaAs conduction band (Fig, 3-6),
with the result that g, is very high. Tn a more gradually curved band, a larger m*
mn the denominator of Eq. (3-40) leads to a smaller value of mobility. It is rea-
sonable to expect that lighter particles are more mabile than heavier parti¢les
(which is satisfying, since the common-sense valug of effective mass is not always
apparent). The ather parameter determining mohbility is the mean time between
scattering events, . In Section 3.4.3 we shall see that this is determined primar-
ily by temperature and impurity concentration in the semiconcuctor.

3.4.2 Drilt and Resistance

Let us look more closely at the drift of electrons and holes, If the semicon-
ductor bar of Fig. 3-21 contains both types of carrier, Eq. (3-43) gives the
conductivity of the material. The resistance of the bar is then

_pL_L1
wi wt o

(3-44)

Figure 3-21
Drikt of electrans
and holes ina

semiconductor

bar.
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where p is the resistivity ({2-cm). The physical mechanism of carrier drift
requires that the holes in the bar move as a group in the direction of the
electric field and that the electrons move as a group in the opposite direc-
tion. Both the electron and the hole-components of current are in the di-
rection of the € field, since conventional current is positive in the direction
of hole flow and opposite to the direction of electron flow. The drift current
described by Eq. (3-43) is constant throughout the bar. A valid question
arises, therefore, concerning the nature of the electron and hole flow at the
contacts and in the external circuit. We should specify that the contacts to
the bar of Fig. 3-21 are ohmic, meaning that they are perfect sources and
sinks of both carrier types and have no special tendency to inject or collect
either electrons or holes,

If we consider that currant is carried around the external circuit hy
electrons, there is no problem in visualizing electrons flowing into the bar at
one end and out at the other (always opposite (o [). Thus for every electron
leaving the left end (x = 0) of the bar in Fig 3-21, there is u corresponding
electron entering at x = L, so that the electron concentration in the bar re-
mains constant at n. But what happens to the holes at the contacts? As a
hole reaches the ohmic contact at x = L, it recombines with an electron,
which must be supplied through the external circuit. As this hole disappears,
a carresponding hole must appear at x = () to maintain space charge neu-
trality, It is reasonable to consider the source of this hole as the peneration
of an EHP at x = ), with the hole flowing into the bar and the electron flow-
ing into the external circuit,

3.4.3 Effects of Temperature and Doping on Mability

The two basic types of scattering mechanisms that influence electron and
hole mobility are lattice scatrering and impurity scattering. In lattice scatter-
ing a carrier moving through the crystal is scattered by a vibration of the lat-
tice, resulting from the temperature.'' The frequency of such scattering events
increases as the temperature increases, since the thermal agitation of the lat-
tice becomes greater, Therefore, we should expect the mobility to decrease
as the sample is heated (Fig. 3-22). On the other hand, scattering from crys-
tal defects such as ionized impurities becomes the dominant mechanism at
low temperatures, Since the atoms of the cooler lattice are less agitated, lat-
tice scattering is less important; however, the thermal motion of the carriers
is also slower. Since a slowly moving carrier is likely to be scatlered more
strongly by an interaction with a charged ion than s a carrier with greater mo-
mentum, impurily scatlering events cause a decrease in mobility with de-
creasing temperature. As Fig. 3-22 indicates. the approximate temperature
dependencies are T ** for lattice scattering and T for impurity scattering.
Since the scattering probability of Eq. (3-32) is inversely proportional to the

"Colleciive vibrailons of atoms in the srystal ora colled pharens. Thus latice scatierng Is olso known e
phaonon scatierng.
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Figure 3-22
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mean free ime and theretore to mobility, the mobilities due to twe or more
scattering mechanisms add inversely:

+l+... {3-45)

As a result, the mechanism causing the lowest mobility value domi-
nates, as shown in Fig. 3-22.

As the concentration of impurities increases, the effects of impurity
scattering are felt at higher temperatures, For example, the electron: mobili-
Iy i, of intrinsic silicon at 300 K is 1350 em®/(V-s). With a donor doping con-
centration of 10" em ™, however, , is 700 cm*(V-s). Thus, the presence of
the 10" ianized denorsicm” introduces a significant amount of impurity scat-
tering. This effect is illustrated in Fig. 3-23, which shows the variation of mo-
bility with doping concentration at room temperature.

EXAMPLE 37 A Si bar 0.1 cm long and 100 pm? in cross-sectional area is doped with
10" cm™ phosphorus. Find the current at 300 K with 10 V applied,

SOLUTION For this applied voltage, we see that the electric field is low enough
that we are in the ohmic regime. Fram Fig. 3-23, for this doping, the
a = 700 cm?/ Vs,
o =gy = 16X 1077 X 700 x 10" = 11.2(Q - cm)™! = p!
p = 00893 Q-cm
R = pLIA = 00893 X 0,1/107% = 8.93 x 10°01
I = VIR =10/(893 X 10°) = 1.12mA
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Variation of mobility with total doping Impurity concentratian (N, + N, for Ge, Si, and Gahs of 300 K.

3.4.4 High-Field Effects

One assumption implied in the derivation of Eq. (3-39) was that Ohm’s law
is valid in the carrier drift processes. That is, it was assumed that the drift cur-
rent is proportional to the electric field and that the proportionality constant
(o) is not a function of field €. This assumption is valid over a wide range of
%. However, large electric fields (> 10°V/cm) can cause the drift velocity and
therefore the current J = —gnv, to exhibit a sublinear dependence on the
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Figure 3-24 B
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electric field. This dependence of v upon % is an example of a hot carrier ef-
tect, which implies that the carrier drift velocity v, is comparable to the ther-
mal veloeily v,

[n many cases an upper limit 18 reached {or the carrier drift veloeity in
a high field (Fig. 3-24). This limit occurs near the mean thermal velocity
(= 107 em/s) and represents the point at which added energy imparted by the
field is transferred to the lattice rather than increasing the carrier velocity. The
result of this seattering limited velocity is a fairly constant current at high
field. This behavior is typical of 8i, Ge, and some other semiconductors. How-
ever, there are other important effects in some materials; for example, in
Chapter 10 we shall discuss a decrease in electron velocity at high fields for
GaAs and certain other materials, which results in negative conductivity and
current instabilities in the sample. Another important high-field effect is
avalanche multiplication, which we shall discuss in Section 542,

3.4.5 The Hall Effeci

If a magnetic field is applied perpendicular to the direction in which holes
drift in a p-type bar, the path of the holes tends to be deflected (Fig- 3-25).
Using vector notation, the total force on a single hole due to the electric and
magnetic fields is

F=q4(% +vxm®) [3-46)
In the y-diraction the foree is
F,=q(€, - v, .) [3-47)

The important result of Eq. {3-47) is that unless an electric field '€, is
established along the width of the bar, each hole will experience a net force
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(and therefore an acceleration) in the -y-direction due to the gv, 28, product.
Therefore, to maintain a steady state flow of holes down the length of the bar,
the electric field ¥, must just balance the product v, 3,

€, = V.3, (3-48)

so that the net force F, is zero. Physically, this electric field is set up when the
magnetic field shifts the hole distribution slightly in the -y-direction. Once
the electric field €, becomes as large as v %_, no net lateral force is experi-
enced by the holes as they drift aiong the bar, The establishment of the elec-
tric field €, is known as the Hall ¢ffect, and the resulting voltage V5 = €,w
is called the Hall voliage. If we use the expression derived in Eq. (3-37) for
the drift velocity (using +¢ and py for holes), the field €, becomes

J 1
€, =R =R, JR, Ry=— (3-49)
Yapp ¢ e TH gpy

Thus the Hall field is proportionai to the product of the current densi-
ty and the magnetic flux density. The proportionality constant Ry; = (gp,) ™
is called the Hall coefficient. A measurement of the Hall voltage for a known
current and magnetic field vields a value for the hole concentration p,

1 _ I3, (Ju®, 1B,
gRy g€, g(Vig/w) qtVug

Since all of the quantities in the right-hand side of Eq. (3-50) can be
measured, the Hall effect can be used to give quite accurate values for car-
rier concentration,

o= (3-50)
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Figure 3-25
The Hall sffect.
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If a measurement of resistance R is made, the sample resistivity p can
be calculated:
Rt Vepl !l 3
n.-cm —_———  — 3 a1)
pl }==5 =3 = t
Since the condugtivity o = 1/p is given by qj.,py, the mobility is simply
the ratio of the Hall coefficient and the resistivity:

" o 1/p & 15
2 qpq q(lfl‘fRH}

Measurements of the Hall coefficient and the resistivity over a range of
temperatures yield plots of majority carrier concentration and mobility vs.
temperature. Such measurements are extremely useful in the analysis of semi-
conductor materials. Although the discussion here has been related to p-type
material, similar results are obtained for n-type material. A negative value
of g is used for electrons, and the Hall voltage V5 and Hall coefficient R, are
negative. In fact, measurement of the sign of the Hall voltage is a common
technique for determining if an unknown sample is p-type or n-type.

o — |

EXAMPIE3-8  Referring to Fig. 3-25, mnsidﬂt a semmandﬁc:tm bar with wi = 0.1 mm,
=10 pm,and L = 5 mm. For % = 10 kg in the direction shown (1 kG = 107
- Wh/em?) and a current of 1 mA, we have Vg = —2mV, Vop = 100 mV..
Find the type, concentration, and mobility of the majority carrier. !
SOLUTION %, = 107 Wh/em?
From the sign of Vg, We can see thal the majﬂrlty carriers are eiec-
trons:
. 1.9, (o710
5 ‘ﬂ‘ = (w J(hz ) == 3125 X 107 em
N=Vig) 16X 10751072 X 10°7)
& Veplly 0.14107° :
o= e s — =), e
O= T~ Lom  0500Lx 107 Dovafiem
M= : L — 2k ———— = 10,000 em*(V : 5)” |
- pgn  (0:002)(16 X 1071%)(3.125 X 10Y) |
3.5 In this ¢hapter we have discussed homogeneous semiconductars, without
INVARIANCE OF  variations in doping and without junctions between dissimilar materals. In
THE FERMI LEVEL  the following chapters we will be considering cases in which nonuniform
AT EQUILIBRIUM

doping occurs in a given semiconductor, or junctions occur between differ-
ent semiconductors or a semiconductor and a metal. These cases are crucial
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to the various types of electronic and optoelectronic devices made in semi-
conductors. In anticipation of those discussions, an important concept should
be estahlished here regarding the demands of equilibrium. That concept can
be summarized by noting that ne discontinuity or gradient can arise in the
equilibrium Fermi level Ep.

To demonstrate this assertion, let us consider two materials in intimate
contact such that electrons can move between the two (Fig. 3-26). These may
be, for example. dissimilar semiconductors, n- and p-type regions, a metal and
a semiconductor, or simply two adjacent regions of a nonuniformly doped semi-
conductor. Each material is described by a Fermi-Dirac distribution function
and some distribution of available energy states that electrons can occupy.

There is no current, and therefore no net charge transport, at thermal
equilibrium. There is also no net transfer of energy. Therefore, for each en-
ergy E in Fig. 3-26 any transfer of electrons from material 1 to material 2
must be exactly balanced by the opposite transfer of electrons from 2 (o 1.
We will let the density of states at energy F in material 1 be called N,(E)
and in material 2 we will call it Ny(E). At energy E the rate of transfer of
electrons from 1 to 2 is proportional to the number of filled states at £ in ma-
terial 1 times the number of empty states at £ in material 2:

rate from 1 to 2 « N{(E)f(E) « Ny(E)[1 — £(E)] (3-33)

where f{E) is the probability of a state being filled at E in each material, i.e.,
the Fermi-Dirac distribution function given by Eq. (3-10). Similarly,

rate from 2 to 1 = NJ(EML(E) « Ni(E)[1 — fi(E)] (3-54)
At equilibrium these must be equal:

NU(EM(E) - NAE)L = HE)] = Ny(EYAE) - N(E)1 — £,(E)] (3-55)

Materiul 1
Density of siares A (£)
Fermi Dristribulion [y (&)
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Figure 3-26

Twao materials in
intimate contact at
equilibrium. Since
the nat motion of
elecirons s zero,
the equilibrium
Fermi level must
be constant
threughout.
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Rearranging terms, we have, at energy F,

Ny fiNs — NN = Ny Ny = Ny NGy {3-56)
which results in

HEY =f(E), thatis, [1+ & EabM =[] 4 olé-EalaTy (3-57)

Therefore, we conclude that Ey, = E,.That is, there is no discontinu-
ity in the equilibrium Fermi level. More generally, we can state that the Fermi
level at equilibrium must be constant throughout materials in intimate con-
tact. One way of stating this is that no gradient exists in the Fermi level at
equilibrium:

dE, ’
= 3-5
dx 0 (435}

We will make considerable use of this result in the chapters to follow.

SUMMARY 3.1 Ina diamond lattice, each Si atom (with four valence electrons) is surrounded
by four St araoms that form four covalent bonds consisting of shared electron
pairs, thereby forming an octef of electrons in the valence shell. In zine blende
structures such as GaAs, electrans are partly shared (covalent bonding) and
partly transferred from Ga to As (fonie bonding).

3.2 Incrystals electronic wave funciions overtap to give various linear combina-
tions of atomic orbitals (LCAO). Bonding or svmmetric combinations of the
wnve functions of valence-shell electrons form (almost) cantinuous allowed
bands of energies in the (almogt) filled valence band, separated by an energy
pap fram higher energy states in an (almost) empry conduction band that cor-
respond to the antibonding or antisymmetric LCAQs, Empty electronic states
in the valence band can be considersd (0 be positively charged carners
{hodes), while filled states in the conduction band are nepatively charged (con-
duction) electrons.

3.3 If the band gaps are large, we get insulators; if they are small (-1 eV}, we get
semmiconductors; and if' they are zero, we get conductors (metals),

34 Simplified band diagrams plot efectron energy in the conduction band (in-
creaseng upwards) as a function of position. The band vdge corresponds to po-
fential energy, and the distance from the band edge gives the kineric cnergy,
Hole energies increase downward in the valence band.

3.5 Carrier energies can also be plotted as a function of wave vector k (proportional
to velocity or momentum) to give (E, k) band striciures, which can he direct
{conduction band minimum directly above valence band maximum ) or indireget.
The curvamre of the (£, k) is inversely proportional to the effective mass m* of
the carriers. The m* accounts for the interactions of the carriers with the peri-
odic orystal potential.
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In a pure semiconductor, we have an infrinsic concentration of electrons (or
holes), n,, that result from thermal generation-recombination between the va-
lence and conduction band (or bond breaking). If we replace some Si atoms
{with four valence electrons) with denor impurities with five valence electrons,
they donate conduction electrons, n (= N,;"); similatly, acceptors create hales p.

The number of electrons, n, is the integral with respect to energy rom the bot-
tom to the top of the conduction band of the product of the available density of
states (DOS) and the Fermi-Dirac (FD) distribution function. For parabolic band
structures, we get a parabolic DOS. The FD function is the average occupancy
of an electronic state. The electron concentration n can also be expressed asthe
product of an effective DOS at the band edge and the FD occupancy at E | and
similarly {ar holes p. The np product in equilibrium is constant ().

Electrons in a sohd execute random Brownian motion with an average kinet-
ic energy refated to the thermal energy T, In dn electric field, electrony drift
{(on top of the random motion) with a velocity equal ta mobility times field in
the ohmic regime and saturation velocity at high frelds. The drift current is pro-
portional to carrier coneentration times drift velocity. Negatively charged elec-
trons drift opposite to the electric figld, and the current is opposite 1o the
motion, Positively charged holes drift in the direction of the electric field. and
the current goes in the same dirgction as the hole flow.

Carrier mobility is determined by seartering, tansed by deviations from o peri-
odic lattice potential, such as lattice vibrations (phonons) or ionized impurities.
Carrier mobility and concentration can be obtained by the Hall effect and re-
sistivity measurements,

111
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Calculate the approximate donor binding energy for GaAs (e, = 13.2,m,, =
0.067 my).

Caleulate values for the Fermi function f{C) at 300 K and plot vs. energy in 2V
as in Fig. 3-14. Choose £:= 1 eV and make the calewated points closer to-
sether near the Fermi level to obtain a smooth curve. Notice that f{E) varies
quite rapidly within a few kT of £ Show that the probability that a state AE
above Lpis occupied is the same as the probability that the state AE below £
i empty.

An unknown semiconductor has £, = L1eV and N, = M. It is doped with
10" em ™ donors, where the donor level is 0.2 eV below E,. Given that Egis (025
eV below E_ caleulate n; and the concentration of electrons and holes in the
semiconductor at 300 K.

At room temperature, an unknown indirect band gap, intrinsic, cubic semicon-
dhugtor has the following band structure; There are 6 X minima along the ( 100)
directions. I m3(T) = 0.065mq, my(X) = 0.30 my (for sach of the X minima)
and mi = 0:47m,, at what temperature is the number of electrons in the I" mini-
ma and the X minima equal if the T to X energy separation is 0.35 ¢V, and the
bandgap is 1.7 eV (m; = free electron mass)?

PROBLEMS
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15 Since the effective mass of electrons in a conduction band decredses with in-
creasing eurvature of the band according to Eq. (3-3), comment on the elec-
tron effective mass in the T valley of GaAs compared with the mlirect X or L
valleys. (See Fig. 3-10.) How is this effective mass difference reflected mn the
electren mobility for GaAs and GaP shown in Appendix 1117 From Fig. 3-10.
what waould you expect to happen to the conductivity of GaAs it l-valley elee-
trong drifting in an electric field were suddenly promoted to the L valley?

36 Caleulate the band gap of Si from Eqg, (3-23) and the plot of n, vs 1000/ T
(Fig. 3-17). Hine: The slope cannot be measured directly from a semilogarith-
mic plot, read the values from two points on the plot and 1ake the agtural log-
arithm as needed for the solution.

A7 (a) A Sisample is doped with 10" em™* boron atoms and a certain number of

shallow donors 'The Fermi level is (1,36 ¢V above E, al 300 K. What is the
donor concentration N7

(b) A Sisample contains 10" em™ In acceptor atoms and a certain number of
shallow donors The In acceptor level is (116 eV above E, and Epls 026 eV
above E, at 300 K. Howmany (¢cm™) In atoms are un-ionized (i.c., neutral)?

38 Show that Eqg, (3-25) results [rom Egs, (3-15) and (3-19). If ny = 10" em ™,
where 15 the Fermi level relative to F,in 51 at 300 K?

3.9 Derive an expression relating the intrinsic level E, to the center of the band
gap E,/2. Calculate the displacement of £, from E/2 for Si at 300 K, assum-
ing the effective mass values for electrons and holes are 1.1mg and (1.56m,,
respectively.

LI Asemiconductor device requires n-type materialyit is to be operated at 400 K.
Waould Si doped with 10" atoms/em” of arsenic be useful in this application?
Could Ge doped with 10" o™ antimony be used?

311 A new semiconductor has N = 10 em™ N, = 5x 10" em™ and E, =2 eV. if
it is doped with 10" donors (fully ionized), czleulate the electron. hole, and in-
tringic carrier concentrations ai 627°C. Skatch the simplifizd band dingram,
showing the position of .

3.12 (a) Show that the mimmum conductivity of & semiconductor sample occurs

when sy = n,-‘w'm. Hint: begin with Eq. (3-43) and apply Eq. (3-24).

(b) What 1s the expression for the minimum conduactivity oy,?

(¢) Caleulate oy, for Siat 200 K and eompare with the infrinsic conductivity.

313 {a) A Sibar 0.1 gm long and 100 pm? m cross-sectional area 15 doped with

10" em ™ phosphaorus. Find the current at 300 K with 10 V applied.
Repeat for a 5i bar 1 pm long.

(b} How long does it take an avérage electron to drift | pm in pure Si at an
electric field of 100 Viem? Repeat for 10° Viem.

3.14. (a) A Sisampleis doped with 10" boron atoms/cm’®. What is the electron con-
centration iy at 300 K? What ;s the resistivity!

(b) A Gesample is doped with 3 % 10 Sb atoms/em”. Using the requirements
of space charpe neutraliiy, calculate the electron concentration nig az 300 K.
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For a Si conductor of length 5 um, doped n-type at 10" em™. calculate the cur-
rent density for an applied voltage of 2.3 V across its length. How about for a volt-
age of 2500 V? The electron and hole mobilities are 1500 em™/V-s and 500 cmV-s,
respectively, in the ohmie region for electric fields below 107 Vieny. For higher
fields, electrons and holes have a saturation velocity of 10 em/s.

In a long semiconductor bar (£ =2 eV), conduction band electrons come in
from the left in the positive x direction with a kinetic energy of 3 eV, They move
from logation A to B to C to D. Between A and B, the electric field is zero; be-
tween locations B and C, there is 8 linedrly varying voltage increase of 4 V: be-
tween C and D, the field is again Zero. Assuming no scattering, sketeh a
simmplified band diagram describing the motion of thesg electrons, Assnming
that these electrons can be described as plane waves, with a free-electron muss,
write down the wave function of the electrons at D. Leave your result in terms
of an arbitrary normalization constant.

Assume that a conduction electron in Si (p, = 1330 cm®V-s) has a thermal
enerpy of &7, related to its mean thermal velogcity by E,, = (mgv,")/2. This
electron is placed in an electric field of 100 Viem. Show that the drift velocity
of the electron in this case is small compared with its thermal velocity, Repeal
for a field of 10" Viem, using the same value of p,,. Comment on the actual mo-
bility effects at this higher value of the field.

Use Eq. (3-45) to caleulate and plot the mobility ve temperature @(T) from 10K
1o 500 K for Si doped with Ny= 10", 10" and 10" donors em ~, Consider the
miohility 1o be determined by impurity and phonon (lattice) seattering. Tmpu-
rity scattering limited mobility can be deseribed by

o

W, =329 X 101 -
Nrjfm:lfmﬂjm In(1 + 2} — ﬁ-:]

where

=13 x 1053E,T3{n1;fnzu}(Nl;]"
Assume that the iontzed impurity concentration N, 15 equal to ¥ at all tem-
peratures,
The conductvity effective mass mey [or S8 0.26 my. Acoustic phonon (attice)
scattering limited mobility ean be described by
=118 % 10 % (mz/me) 2T E, )?
where the stiffness (o)) s given by
¢y = 1.9 % 10" dyne em ™~ for Si
and the conduction band acoustic deformation potential () 1s
E =95V for§i
Rework Prob. 3.18 considering carrier freeze-out onto denors at low T, That
i5, consider
Na

T ——— 1 [
Ni=1% expl E,/kT)
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as the'ionized impurity concentration. Consider the donor ionization energy
(E,) to be 45 meV for Si.

3.20 Hall measurements are made on a p-type semiconducior bar 500 pm wide and
20 pm thick. The Hall contacts A4 and B are displaced 2 pm with respect to
each other in the direction of current flow of 3 mA. The valtage between A
and B with a magnetic field of 10 kG (1kG = 10~° Whicm®) pointing out of the
plane of the sample is 3.2 mV. When the magnetic field direction is reversed the
valtage changes to —=2.8 mV, What is the hole concentration and mobility?

321 In soldering wires to a sample such as that shown in Fig. 3-25, it is difficult to
align the Hall probes A and B precisely. 1f B is displaced slightly down the
length of the bar from A, an erroneoos Hall vollage results, Show that the true
Hall voltage V', can be obtained from two measurements of 'V, with the mag-
netic field firstin the +z-direction and then in the —z-direction.

3.22 A sample of Si is doped with 10" phosphorus atoms/cm’, What would you ex-
pect to measure for its Tesistivity? What Hall vollage would you expect in a
sample 100 pm thick if I, = 1 mA and B, = 1 kG = 107 Wh/em?™?
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SELF QUIZ
Question 1
(a) The following three diagrams show three different energy bands of some hy-
pothetical crystalline materials (energy varics vertically). The only difference
between the three materials is the assumed Fermu level energy £ Character-
ize each material as 2 meral, an inswlator, or a semiconductor,

(b) Assuming you can see through one and only one of the materials of part () above,
which one would it most likely be? Material 1/ Material 2 / Material 3
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Material §

band 3

band 2

hund 1

Question 2

Consider the following conduction band energy I vs. wave vector k; dispersion relation.

{a) Which energy valley has the greater effective mass in the x-direction m, (cir-
cie one}? I-valley / X-valley

(b) Consider two elestrons, one each located at the positions of the heavy crosses.
Which has the preater velocity magnitude (circle one)? The one in the I-valley /
The one in the X-valley

Eg

Marerial 2

hand 3

band 2

band 1

F-valley

Majerial 3

band 3

band 2

band |
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Question 3
These questions refer to the band structures of Si and GaAs shown in Fig, 3-10.

(2) Which material appears to have the lowest (conduction band) zlectron effec-
tve miags, Sior GaAs?

(b) Which of these would you expect to produce photons (light) more eificiently
through eleciron-hole recombination?

{¢) Consistent with your answer ta part (b) and making use of Appendix 111, what
would you expect the energy of the emitted photons to be? What would be
their wavelength in wm? Would these be visible, infrared, or ultraviolst?

(d) How many equivalent conduction band minima do we have for 5i7 GaAs?

Question 4

Refer ta Fig 3-10, which shows the £ vs, k dispersion relations for gallium arsenide
(GaAs) and for silicon (Si) along the [111] and [100] directions, showing both va-
lence and conduction bands

{a) Neglecting differences in electron scattering rates in the two matenals, would
you expect 81 or GaAs 10 have the greatest electron mobility w,?

{b) Tiaconstant force were applied in the [100] direction for ashort period of time
on an electron initially located at the conduction band minimum of each sen-
conductor and if scattering were neglected, would the magnitude of change in
k 1n 5i be greater, equal (o, or smaller than the magnitude of the change mkin
GaAs for the same foree E?

greater/equallsmaller

Question 5

{a) Theequilibrium band diagram fora doped direct pap semiconductor is shown
helow. Ts it n-type, p-type, or unknown? Circle one below.

n-type/p-type/noi enough information provide

Donorilevel By — =—m——————————— corductian band edge E

Srm b s et R e et - [EPERTE Fermt level E

ACCEPtor Us] B, _reiseasmese e dnaiine st st e s (Wit lpud

valence band edge F,
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ased on the band diagram o ite (E, is in the mi of the gap). would you

(b} Based on the band di pposite (E; is in the middle of the gap) Id y
expect that the conduction band density-of-states effective mass is greater than,
equal to, or smaller than the valence band effective mass? Circle one:

Greater than/egual/smaller than

{c) What, if any, of the following conditians by themselves could lead to the above
band diagram? Circle each correct answer.

{a) very high temperature
(b) very high acceptor doping
(c) very low acceptor doping

Question 6

A hypothetical semiconductor has an intrinsic carrier concentration of 1,0 X 10"/em?
at 300 K, it has conduction and valence band effective densities of states N, and N,,
both equal to 10"%/cm?.

(a) What is the band gap E,?

(b) If the semiconductor is doped with Ny = 1 X 10" donors/em?®, what are the
equilibrium electron and hole concentrations at 300K?

() Ifthe same piece of semiconductor, already having N; = 1 X 10'® donors/cm’,
is also doped with N, = 2 % 10" acceptars/cm’, what are the new equilibrium
electran and hole concentrations at 300 K2

(d) Consistent with your answer 1o part (¢), what is the Fermi level position with
respect to the intrinsic Fermi level, E,—E,7

Question 7

What is the difference between density of states and effective density of states, and why
is the latter such a useful concept?

Question 8

(a) Does mobility have any meaning at very high field? Why?
(b) How do you measure mobility and carrier concentration?
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Excess Carriers in Semiconductors

OBJECTIVES

1. Understand how photons interact with direct and indirect band gap
semiconductors

2. Understand generation—recombinalion of excess carriers, possibly
through trap sites

3. Introduce quasi-Fermi levels in non-equilibrium

4. Calculate diffusion currents from carrier concentration gradients and

diffusivity

Use the continuity equation to study time dependence of carrier

concenfralions

&

Most semiconductor devices operate by the creation of charpe carriers in ex-
cess of the thermal equilibrium values. These excess carriers can be created
by optical excitation or electron bombardment, or as we shall see in Chap-
ter 5, they can be injected across a forward-biased p-n junction. However
the excess carriers arise, they can dominate the conduction processes in the
semiconductor material. In this chapter we shall investigate the creation of
excess carriers by optical absorption and the resulting properties of photo-
luminescence and photoconductivity. We shall study more closely the mech-
anism of electron-hole pair recombination and the effects of carrier trapping,
Finally, we shall discuss the diffusion of excess carriers due to a carrier gra-
dient, which serves as a basic mechanism of current conduction along with
the mechanism of drift in an electric fiald.

4.1 Animportant technique for measuring the band pap energy of a semicon-

OPTICAL ductor is the absorption of incident photons by the material. In this exper-
ABSORPTION' iment photons of selected wavelengths are directed at the sample, and
relative transmission of the various photons is observed. Since photons with

energies greater than the band gap energy are absorbed while photons with

Vi this contexdt the weord "eplical” doss not necesaarily imply that the pliotons absarbed are in the visiblz
porl of the spacirum. Many samiconductors abuorks phelons in The infrarad region, bul this i included in
the term “optical absorption.”

118
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energies less than the band gap are transmitted, this experiment gives an
accurate measure of the band gap energy.

It is apparent that a photon with energy fiv = E can be absorbed in a
semiconductor (Fig. 4-1). Since the valence band cﬁnmms many electrons
and the conduction band has many empty states into which the electrons may
be excited, the probability of photon absorption is high. As Fig. 4-1 indicates,
an electron excited to the conduction band by oplical absorption may initial-
ly have more energy than is common for conduction band ¢leclrons (almost
all electrans are near E, unless the sample is very heavilv doped). Thus the ex-
cited electron loses energy to the lattice in scattering events uniil it velocity
reaches the thermal equilibrium velocity of other conduction band electrons.
The electron and hole created by this ahsorption process are excess carriers;
since they are out of balance with their environment, they must eventually re-
combine. While the excess carriers exisl in their respective bands, however,
they are free to contribute to the conductivity of the material.

A photon with encrgy less than £, is unable to excite an electron from
the valence band to the conduction band. Thus in a pure semiconductor,
there is negligible absorption of photons with e < E,, This explains why
some materials are ransparent in certain wavelength ranges, We are able to
“see through” certain insulators, such as a good NaCl erystal, because a large
energy gap containing no electron siates exists in the material. If the band pap
is about 2 eV wide, only long wavelengths (infrared) and the red part of the
visible spectrum are transmitted; on the other hand, a band gap of about
IeV allows infrared and the entire visible spectrum 10 be transmitted.

If a beam of photons with v > E, falls on a semiconductor, there will
be some predielable amount of absorption, determined by the properties ol
the material. We would expect the ratio of transmitted to incident light in-
lensity to depend on the photon wavelength and the thickness of the sample,
To calculate this dependence, let us assume (hat a photon beam of intensity
1, (photonsfcm®s) is directed at a sample of thickness [ (Fig. 4-2). The beam
eontains only photons ol wavelength A, selected by a monochromator. As
the beam passes through the samiple, ils intensity al a distance x {rom the
surface can be calculated by considering the probability of absorption within

119

Figure 4-1
Opfical absorp-
tion of a photon
with by > E;: g
An EHP is creoled
during phc-lnn ab-

sorplion; (b} fhe
excited eleciron
gives up energy
o the latfice by
scalering evenls;
|c] the electron re-
combines with o
hole in the va-
lence band.
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Fi‘glll‘ﬂ 4-2 SaliTiple
Optical absorp- R
lion experiment. 2= ] \\

any increment dx. Since a photon which has survived to x without absorption
has no memory of how far it has traveled, its probability of absorption in any
dx 18 constant. Thus the degradation of the intensity —dl(x)/dx 1s propor-
tional to the intensity remaining at x:

allx) ’
T =al(x) (4-1)
The solution to this equation is
I(x) =R ™ (4-2)

and the intensity of light transmitted through the sample thickness [ is
T (4-3)

The coefficient « is called the absorption coefficient and has units of
em ™. This coefficient will of course vary with the photon wavelength and
with the material. In a typical plot of « vs, wavelength (Fig, 4-3), there is neg-
ligible absorption at long wavelengths (fiz small) and considerable absorp-
tion of photons with energies larger than E,. According to Eq. {2-2), the
relation between photon energy and wavelength is £ = he/A. 1L E is given in
¢lectron volts and X in micrameters. this becomes E = 1.24/\.

Figure 4-4 indicates the band gap energies of some of the common
semiconductors, relative to the visible, infrared, and ultraviolet portions of the
spectrum. We observe that GaAs. Si, Ge, and InSb lie outside the visible re-
gion, in the infrared. Other semiconductors, such as GaP and CdS, have band
gaps wide enough to pass photons in the visible range. It is important to note
here that a semicanductor absorbs photons with energies equal to the band
gap, or larger. Thus Si absorbs not enly band gap light (~1 pm) but also short-
er wavelengths, including those in the visible part of the spectrum.
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Figure 4-3
Dependence of
oplical ubmrrlinn
coefficient « lor o
semiconductor on
the wavelength of
incident light,

Figure 4-4

Band gaps of
some common
semiconductors
relative io the op-
lical spectrum.

When electron-hole pairs are generated in a semiconductor, or when carri-
ers are excited into higher impurity levels from which they fall to their equi-
librium states, light can be given off by the material. Many of the
semiconductors are well suited for light emission, particularly the compound
semiconductors with direct band gaps. The general property of light emis-
sion is called fuminescence.® This overall category can be subdivided according
to the excjtation mechanism: If carriers are excited by photon absorption,
the radiation resulting from the recambination of the excited carmiers is called
photoluminescence; if the excited carriers are created by high-energy electron
bombardment of the material, the mechanism is called cathodoluminescence;
if the: excitation oecurs by the inlroduction of current into the sample, the re-
sulting luminescence is called electroluminescence. Other types of excitation
are possible, but these three are the most important for device applications.

*The emission processes considered here should not be confused wilh radiation dus to incandescence
which accurs in heated maleriols. The various luminescent machanisms can be considered "cold” process
&s g5 compared fo the “hot” process of incandescence, which increases with lemperature. In focl, most o
mingscani processes become mone efficion! os the temperalure is lowered.

4.2
LUMINESCENCE
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Figure 4~5
Excilotion ond
recombinafion
mechanisms in

phelolumines-
cence with a rap-
ping level for

electrons.

Chaopter 4
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The simplest example of light emission from a semiconductor occurs for di-
rect excitation and recombination of an EHP, as depicted in Fig. 3-5a.If the
recombination occurs directly rather than via a defect level, band gap light
is given off in the process. For steady state excitation, the recombination of
EHPs oceurs at the same rate as the generation, and one photon is emitted
for each photon absorbed. Direct recombination is a fast process; the mean
lifetime of the EHP is usually on the order of 10 " s or less. Thus the emis-
sion of photons stops within approximately 107" s after the excitation is
turned off. Such fast luminescent processes are often referred to as fluores-
cenee, In some materials, however, emission continues for periods up Lo sec-
onds or minutes after the excitation is removed. These slow processes are
called phospharescence, and the materials are called phasphars, An exam-
ple of a slow process is shown in Fig. 4-5. This material contains a defect
level (perhaps due to an impurity) in the band gpap which has a sirong ten-
dency to temporarily capture (frap) electrons from the conduction band.
The events depicted in the figure are as follows: (d4) An incoming photon
with hw, > E, is absorbed, creating an EHP; (b) the excited electron gives
up energy 1o the lattice by scattering untl it nears the bottom of the con-
duction band; (c) the electron is trapped by the impurity level E, and re-
mains trapped until it can be thermally reexeited to the canduction band
{d); (&) finally direct recombination oceurs as the electron falls to an empty
state in the valence band, giving off a photon (hw,) of approximately the
band gap energy. The delay time between excitation and recombination can
be relatively long if the probability of thermal reexcitation from the trap (d)
is small. Even longer delay times result if the electron is retrapped several
times before recombination. If the trapping probability is greater than the
probability of recombination, an clectron may make several trips between
the trap and the tonduction band before recombination finally occurs, In
such material the emission of phosphorescent light persists for a relatively
long time after the excitation is removed.

Photoluminescence
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The color of light emitted by a phosphor such as ZnS depends primar-
ily on the impurities present, since many radiative transitions involve impu-
rity levels within the band gap. This selection of colors is particularly useful
in the fabrication of a color television screen.

One of the most common examples of photoluminescence is the fluo-
rescent lamp, Typically such a lamp is composed of a glass tube filled with gas
(e.g.. a mixture of argon and mercury). with a fluorescent coating on the in-
side of the tube. When an eleciric discharge is induced between electrodes in
the tube. the excited atoms of the gas emit photons, largely in the visible and
ultraviolet regions of the spectrum. This light is absorbed by the luminescent
coating, and the visible photons are emitted. The efficiency of such a lamp is
considerahly hetter than that of an incandescent bulb, and the wavelength
mixture in light given off can be adjusted by proper selection of the fluores-
cent material.

A 0.46-pm-thick sample of GaAs is illuminated with monochromatic
light of hy = 2 &V. The absorption coefficient wis 5 X 10* em ™. The
power incident on the sample is 10 mW.
(a)
(b)

Find the total energy absorbed by the sample per second (J/s).
Find the rate of excess thermal energy given up by the electrons
to the lattice before recombination (J/s).

(c) Find the number of photons per second given off from recombi-
nation events, assuming perfect quantum efficiency.
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EXAMPLE 4-1

(a) FromEq.(4-3),
L =Le “=10"exp(—5 x 10* X 046 x 10-%)
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Figure 4-4
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There are many ways by which elecirical energy can be used to generate
photon emission in a solid. In LEDs an electric current causes the injection
of minority carriers into regions of the crg!mlwhum they can recombine
with majority carriers, resulting in the emission of recombination radiation.
This important effect (injection electroluminescence) will be discussed in
Chapter 8 in terms of p-n junction theory.

The first electroluminescent effect to be observed was the emission of
photons by certain phosphors in an alternating electric field (the Destriau ef-
fect). In this device, a phosphor powder such as Zn8 is held in a binder ma-
terial (often a plastic) of a high dielectric constant. When an a-c electric field
is applied, light is given off by the phosphor. Such cells can be useful as light-
ing panels, although their efficiency has thus far been too low for most ap-
plications and their reliability is poor.

4.3 When excess electrons and holes are created in a semiconductor, there is a cor-

CARRIER LIFETIME ~ respondi gminthamndncﬁvityntt&amp}emhﬂmuﬂbyﬁqiﬁ -43).
AND PHOTO-  If the excess carriers arise from optical lum 2, the resulting increase in
CONDUCTIVITY mnmmmmmwmmﬁmmmtmmw
applications in the analysis of semiconductor materials and in the operation of
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several types of devices. In this section we shall examine the mechanisms by
which excess electrons and holes recombine and apply the recombination ki-
Nencs to the analysis of photoconductive devices. However, the importance of
recombination is not limited to cases in which the excess carriers are created op-
tically. In fact, virtually every semiconductor device depends in some way on the
recombination of excess electrons and holes Therefore, the concepts developed
in this section will be used extensively in the analyses of diodes, transistors,
lasers, and other devices in later chapters,

4.3.1 Direct Recombination of Electrons and Holes

It was pointed put in Section 3.1.4 that electrons in the conduction band of a
semicondictor may make transitions to the valence band (i.e., recombine with
holes in the valence band) either directly or indirectly. In direct recombina-
tion, an excess population of electrons and holes decays by electrons falling
from the conduction band to empty states (holes) in the valence band. Ener-
gy lost by an electron in making the transition is given up as a phoron. Direct
recombination occurs spentanepusly; that 1s, the probability that an electron and
a hole will recombine is constant in time, As in the case of carrier seattering,
this constant probability leads us to expect an exponential solution for the
decay of the excess carriers, In this case the rate of decay of electrons at any
time t is proportional to the number of electrons remaining at + and the num-
ber of holes, with some constant of proportionality for recombination, a,. The
net rate of chapnge in the conduction band electron coneentration is the ther-
mal generation rate a,n] from Eq. (3-7) minus the recombinatien rate

dnfi)
dr

Let us assume the excess electron-hole population is ereated at r = 0, for
example by a short flash of light, and the mitial excess electron and hole con-
centrations An and Ap are equal.a'l"hen as the electrons and holes recombine in
pairs, the instantaneous concentrations of excess carriers &n(r) and 8p(r) are also
equal. Thus we can write the total concentrations of Eq. (4-4) in lerms of the equi-
librium values ny and p; and the excess carrier concentrations dn(f) = Bp(2).
Using Eq. {3-24) we have

%{ﬂ 0l Jl?’ — a [, + f:-n{r]I[p;, + Bﬂ(f}l

=wnm — a,n(t)plr) (4-4)

= =, [(11g + py)Bn(r) + &n*(s)] (4-5)

e will use &l and Fipld o mean instantoneaus excess carrier coneanhations, and An, Ap for thair val
vesal b= . Loler we will use similar symbalism for spafiol distributons, such a3 finjx] and Anlx = O},
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This nonlinear equation would be difficult to solve in its present form.
Fortunately. it can be simplified for the case of low-level injection. I the excess
carrier concentrations are small, we can neglect the on? term. Furthermore, if
the malerial is extrinsic, we can usually neglect the lerm representing the equi-
librium minority carriers. For example, if the material is p-type (py = ny), Eq.
(4-5) becomes

dsn [1]
dt

— o, podnlr) (4-6)

The solution to this equation is an exponential decay from the original ex-
cess carrier concentration An;

on(r) = Ane ™2 = Ape™'l (4-7)

Excess electrons in a p-type semiconductor recombine with a decay con-
stant 7, = (apq) "', called the recombination lifetime. Since the calculation is
made in terms of the minority carriers, 1, is often called the minority carrier life-
time. The decay of excess holes in n-type material occurs with 7, = () In
the case of direct recombination, the excess majority carriers decay at exactly the
same rate as the minority carriers

There is a large percentage change in the minority carrier electron con-
centration in Example 4-2 and a small percentage change in the majority
hole concentration. Basically, the approximations of extrinsic material and
low-level injection allow us to represent n{r) in Eq. (4-4) by the excess con-
centration dn(t) and p(z) by the equilibrium value pj,. Figure 4-7 indicates
that this is a good approximation for the example. A more general expression
for the carrier lifetime is

1

= 4-8
! url:nﬂ +.p0:| t J

'This expression is valid for n- or p-type material if the injection level is low,

EXAMPLE 4-2 A numerical exampte may be helpful in visualizing the approximations

made in the analysis of r.hrcct recombination. Let us assume a sample of

GaAs is doped with: 10% awepmrsfm[’ The intrinsic carrier concentration

of GaAs is appmhmmely 10% om % thus the mmﬂrity electron concentra-

tonisng=nilpy= 102 em ™ Gmtain{‘yth&appmmanm of py 2 ny is valid

in this case, Now if 10" EHP/cm? are created at = 0, we can calculate the

decay of these carriers in time. The approximation of 8n <€ p is reasunﬂble.

L as Fip.4-7 mdica.tea.'lhis figure shows the decay in time of the excess pop-
| ulations fora aametmcgmbinannnlﬂsnmgohﬂ i 40hs
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4.3.2 Indirect Recombination; Trapping

In column IV semiconductors and in certain compounds, the prabahility of
direct electron-hole recombination is very small (Appendix I1I). There is
some band gap light given off by materials such as Si and Ge during recom-
bination, but this radiation is very weak and may be detected only by sensi-
tive equipment. The vast majority of the recombination events in indirect
materials oceur via recombination levels within the band gap, and the result-
ing energy loss by recombining electrons is usually given up to the lattice as
heat rather (han by the emission of photons. Any impurity or laftice defect
can serve as a recombination center if it is cupable of receiving a carrier of
one type and subsequently capturing the oppuosite type of carrier, thereby
annihilating the pair. For example, Fig. 4-8 illustrates a recombination level
E, which is below £ at equilibrium and therefore is substantially filled with
clectrons. When excess electrons and holes are created in this material, each
EHP recombines at E, in two steps: (a) hole caplure and (b) eleciron capture.
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Figure 4-7

Decay of excess
elecirons ond
holes by recombi-
nation, for An =
Ap=0.1py, with
np negligible, and
1= 10 ns (Exam-
ple 4-2). The ex-
ponenlial decay
of &nl#) is linear
on fthis semiloga-
rilhmic graph.
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Figure 4-8 ——
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Since the recombination centers in Fig, 4-8 are filled at equilibrium,
the first event in the recombination process is hole capture. It is important
to note that this event is equivalent to an clectron at £, falling (o the valence
band, leaving behind an empty state in the recombination level. Thus in hole
capture, energy is given up as heat 1o the lattice. Similarly, energy is given up
when a conduction band electron subsequently falls to the empty state in £,.
When both of these events have occurred, the recombination center is back
to its original state (filled with an electron), but an EHP is missing. Thus one
EHP recombination has taken place, and the center is ready to participate in
another recombination event by capturing a hole,

The carrier lifetime resulting from indirect recombination is somewhal
more complicated than is the case for direct recombination, since it is nec-
essary Lo account for unequal times required for capturing each type of car-
rier. In particular, recombination is often delayed by the tendency for a
captured carrier 1o be thermally reexcited to its original band before cap-
ture of the opposite type of carrier can occur (Section 4.2.1). For example, if
electron capture (b) does not follow immediately after hole capture (a) in
Fig. 4-8, the hole may be thermally reexcited to the valence band. Energy is
required for this process, which is equivalent {0 a valence band electron being
raised to the empty state in the recombination level. This process delays the
recombination, since the hole must be captured again before recombination
can be completed.

When a carrier is trapped temporarily al a center and then is reexcit-
ed without recombination taking place, the process is often called remparary
trapping. Although the nomenclature varies somewhat, it is common to refer
to an impurity or defect center as a trapping center (or simply rrap) if, after
captiire of one type of carrier, the most probable next event is reexcitation.
If the most probable next event is capture of the opposite type of carrier,
the center is predomimaiely a recombination cenier. The recombination can
be slow or fast, depending on the average time the first carrier is held before
the second carrier is captured. In general, trapping levels located deep in the
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band gap are slower in releasing trapped carriers than are the levels located
near one of the bands. This results from the fact that more energy is required,
for example, to reexcite a (rapped electron from a center near the middle of
the gap to the conduction band than is required to reexcite an electron from
a level closer to the conduction band,

As an example of impurity levels in semiconductors, Fig. 4-9% shows
the energy level positions of various impurities in Si. In this diagram a su-
perscript indicates whether the impurity is positive (denor) or negative (ac-
ceptor) when ionized. Some impurities introduce multiple levels in the band
gap; for example, Zn introduces a level (Zn") located 0.31 eV above the va-
lence band and a second level (Zn") near the middle of the gap. Each Zn im-
purity atom is capable of accepting two electrons from the semiconductor,
one in the lower level and then one in the upper level,

The effects of recombination and trapping can be measured by a pho-
toconductive decay experiment. As Fig. 4-7 shows, a population of excess elec-
trons and holes disappears with a decay constant characteristic of the particular
recombination process, The conductivity of the sample during the decay is

alr) = g[n(Op, + p(Ow,] (4-9)

U_Er

<Li* (0.033) -P*(0,044) -AsT (0.049)  -Sh* (D.039)
1
0.2 «87(018)
03
o = P
" NI~ ((135) £77(0.37)
(%3 _ .Mn* (0.53) JAuT (0,54 :
_ - +Zn" (0.55) — - o
0s <Cu~ (049}
nA _
=Aaut (0.35)
0.3 <Zn~ ({1:31) .
-Cu” (0.2
0z +Ni™ (0.22) e
o (0L16)
i1
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‘Relerudces: 5, M. Szeand ), C, lryis, "Resislivity, Mobility, and Impurity Lavels in GaAs, Geand §i af
300K, Sebid State Clectranics, vol. 171, pp. S99-402 {lune 1968), E. Schibl and &, G. Milnes, “Desp
Impurities in Silicon,” Matenals Science and Engineering. vol. 2, pp. 173-180 [1947),
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Figure 4-9
Energy levels of
impurities in Si.
The energies are
measured from
the nearest band
adge [, or E))
donor levels are
designated by o
plus sign apd
acceptars by o
minus sign.
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Therefore, the time dependence of the carrier concentrations can be moni-
tored by recording the sample resistance as a function of time. A typical ex-
perimental arrangement is shown schematically in Fig; 4-10. A source of
short pulses of light is required, along with an oscilloscope for displaying the
sample voltage as the resistance varies. Microsecond light pulses can be ob-
tained by periodically discharging a capacitor through a flash tube contain-
ing a gas such as xenon. For sherter pulses, special techniques such as the
use of a pulsed laser must be used.

4.3.3 Steady Stote Corrier Generation; Quasi-Fermi Levels

In the previous discussion we emphasized the transient decay of an excess
EHP population. However, the various recombination mechanisms are also
important in a sample at thermal equilibrium or with a steady state EHP
generation—recombination balance.® For example, a semiconductor at equi-
librium experiences thermal peneration of EHPs at a rate g( T') = g, described
by Eq. (3-7). This generation is balanced by the recombination rate so that
the equilibrium concentrations of carriers n; and p;, are maintained:

g{T) = eo,nf = a,mypy {4-110)

This equilibrium rate balance can include peneration from defect centers as
well as band-to-band generation.

If a steady light is shone on the sample, an oplical generation rate g,,
will be added to the thermul generation, and the carrier concentrations 7
and p will increase to new steady state values. We can write the balance be-
tween generation and recombination in terms of the equilibrium carrier con-
centrations and the departures from equilibrium 6x and 8p:

I’J(T] + ghp =onp= ﬂr(nn + ﬁn-,)(‘pg i Bp) [ES |]|
a
i Somple
Figure 4-10 = | _H -
Experimental 1) ‘
arrangement for =

photoconductive Flash geserator Filter ! |
decay measure- | |
ments, and a typi- — Ay

cal oscilloscope
frace, Chaeilluscone

*The term equilibrivm relers to a condition of no exernal excilafion axcepl fer fempearaiure, and no net me-
fian of charge {e.g., @ somple of o constant iemperature, in the dark; with ne fields applind) Steady siale
refers to @ nanequilibrium candifion in which oll processes are constan| and are balonced by opposing
processas (8.9, o somple with o constont current or o conston! optical genaration of EMPs [ust balanced
by recambination).
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For steady state recombination and no trapping, 8n = 8p; thus Eq. (4-11}
becomes

8(T) + gop = e, mypy + o [(my + pg)dn + 8n?] (4-12)

The term w, 11q7, is just equal to the thermal generation rate g(7T). Thus,
neglecting the 8n° term for low-level excitation, we can rewrite Eq. (4-12) as

an
= =— 4-13
gr.tp ur("ﬂ ¥ P’n)ﬁﬂ T E )

L

The excess carrier concentration can be written as
Bn = Bp = g7, (4-14)

More general expressions are given in Eq. (4-16), which allow for the
case T, # T,, when trapping is present.

As a numerical example, let us agsume that 10'* EHP/cm® are created op-
tically every microsecond in a Si sample with n, = 10" em = and 7, = 1, =
2 psec. The steady state excess electron (or hole) concentration is then 2 X

10" em ™ from Eq. (¢-14) While the percentage change in the majority elec-
trom concentration is small, the minority carrier conmmrauon changes from

Po=mfny = (2.25 % 10%)/10" = 2.25 X 10°cm > (equifibrium)
to
p=2x10"cm™ (steady state)

Note that the equilibrium equation ngpy = nf cannot be used with the
subscripts removed; that is. np # n} when excess carriers are present.

It is often desirable to refer to the steady state electron and hole con-
centrations in terms of Fermi levels, which ¢an be included in band diagrams
for various devices. The Fermi level £, used in Eq. (3-25) is meaningful only
when no excess carriers are present. However, we can wrile expressions for
the steady state concentrations in the same form as the equilibrium expres-
sions by defining scparate quasi-Fermi levels F, and F, for electrons and
holes. The resulting carrier concentration equations

= i g F KT
E—F)/&T

; (4-15)
p=ng

can be considered as defining relations for the quasi-Fermi levels.®

Yin some fexds the quosi-Fermi level (s coffed IMBES, which iy Fermi spelled bockword
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The quasi-Fermi levels of Fig. 4-11 illustrate dramaucalb' ‘the devia-
tion from equilibrium caused bytheugﬁnalmtahm. the steady state £, is
only slightly above the aqmliba:lm Ep, whereas Fy is greatly displaced balmv'
Ey From (he figure it is obvious that the em:nuon causes 4 larpe percent-
age change in minority carrier hole concentration and a relatively small
change in the electron concentration.

In summary, the quasi-Fermi levels F, and F,are the steady state ana-
logues of the equilibrium Fermi level Ep. Wl:nm axcasss:m-ﬁars are present,
the deviations of F, andF from E indicate how far the electron and hole
populations are fmm the e:;uﬂ‘brrum values ngand py. Agwune,unmntrahm-

of excess EHPs cavses a large shift in the minority carrier quasi-Fermi level
compared with that for the majority carriers. The separation of the quasi-
Fermi levels F,, — F, is a direct measure of the deviation from equilibrium (at
athhrlumf‘ = F = Ej). The concept of quasi-Fermi levels is very useful
in visualizing nﬂmm&y and miarity carrier concentrations in devices where
these quantities vary with position.

43.4 Pholoconductive Devices

There are 8 number of applications for devices which change their resistance
when exposed 1o light. For example, such light detsctors can be used in the
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home to control automatic night lights which turn on at dusk and turn off at
dawn. They can also be used to measure illumination levels as in exposure
‘melers for cameras. Many systems include a light beam aimed at the photo-
conductor, which signals the presence of an object between the source and
detector. Such systems are useful in moving-object counters, burglar alarms,
and many other applications, Detectors are used in optical signaling systems
in which information is transmitted by a light beam and is received at 4 pho-
toconductive cell.

Considerations in choosing a pholoconductor for a siven application in-
clude the sensitive-wavelength range, time respense, and optical sensitivity of
the material. In general, semiconductors are most sensitive to photons with
energies equal to the band gap or slightly more energetic than band gap. Less
energetic photons are not absorbed. and photons with iw = £, are absorbad
al the surface and contribute litile to the bulk conductivity. Therefore, the table
of band gaps (Appendix 111) indicates the photon energies to which most sermi-
conductor photodetectors respond. For example, CdS (E, = 2.42 eV) is com-
monly used as 4 photoconductor in the visible range. and narrow-gap materials
such as Ge (0,67 eV) and InSb (U.18 eV) are useful in the infrared portion of
the spectrum, Some photoconductors respond to excitations of carriers from
impurity levels within the band gap and therefore are sensitive to photons of
less than band gap energy.

The optical sensitivity of a photoconductor can be evaluated by exam-
ining the steady state excess carrier concentrations generated by an optical
generation rate g,.. If the mean time each carrier spends in its respective
band before capture is 7, and 1, we have

=18, and Bp =T, (-1t
and the photoconductivity change is
Ao = q\g:m'{'rnl'l'u 2 Tpl"'u) (317

For simple recombination, 7, and v, will be equal. IT trapping is pres-
enl, however, one of the carriers may spend little time in its band before
being trapped. From Eq. (4-17) it is obvious that for maximum photocon-
ductive response. we want high mobilities and long lifetimes. Some semi-
conductors are especially pood candidates for photoconductive devices
because of their high mobility; for example, InSb has an electron mobility of
about 107 em?/V-s and therefore is used as a sensitive infrared detector in
many applications.

The time response of a photoconductive cell is limited by the recombi-
nation times, the degree of carrier trapping, and the time required for carri-
ers to drift through the device in an electric field. Often these properties can
be adjustsd by proper choice of material and device geometry, but in some
cases improvements in response time are made al the expense of sensitivity.
For example, the drift time can be reduced by making the device short, but this
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substantially reduces the responsive area of the device. In addition, it is often
desirable that the device have a large dark resistance, and for this reason,
shortening the length may not be practical. There is usually a compromise be-
tween sensitivity, response time, dark resistance, and other requirements in
choosing a device for a particular application.

4.4 When excess carriers are created nonuniformly in a semiconductor, the elec-
DIFFUSION OF tron and hole concentrations vary with position in the sample. Any such spa-
CARRIERS tial variation (gradiens) in n and p calls for a net motion of the carriers from
regions of high carrier coneentration to regions of low carrier concentration,
This type of motion is called diffusion and represents an important charge
transport process in semiconductors. The two basic processes of current con-

duction are diffusion due to a carrier gradient and drift in an electric ffeld.

4.4.1 Diffusion Processes

When a bottle of perfume is opened iu one corner of a closed room, the scent
is spon detected throughout the room. If there is no convection or other net
motion of air, the scent spreads by diffusion. The diffusion is the natural re-
sult of the randaom morion of the individual molecules. Consider, tor exam-
ple, a volume of arbitrary shape with scented air molecules inside and
unscented molecules outside the volume. All the molecules undergo random
thermal motion and collisions with other molecules. Thus each molecule
moves in an arbitrary direction untl it collides with another air molecule,
after which it moves in a new direction. If the motion is truly rantdom, a mol-
ecule at the edge of the volume has equal probabilities of moving into or out
of the volume on its next step (assurning the curvature of the surface is neg-
ligible on the molecular scale). Therefore, after a mean free time ¢, half the
molecules at the edge will have moved mio the volume and half will have
moved out of the volume. The net effect is that the volume containing scent-
ed molecules has increased. This process will continue until the molecules
arc uniformly distributed in the room. Only then will & given volume gain as
many molecules as it loses in a given time. [n other words, net diffusion will
continue as long as gradients exist in the distribution of scented molecules,

Carriers in a semiconductor diffuse in a carrier gradient by random
thermal motion and scattering from the lattice and impurities. For example.
a pulse of excess electrons injected at x = () at time 1 = 0 will spread out in
time as shown in Fig. 4-12. Initially, the excess electrons are concentrated at
x = () as time passes, however, electrons diffuse to regions of low electron
concentration until finally n(x) is constant.

We can caleulate the rate at which the electrons diffuse in a one-
dimensional problem by considering an arbitrary distribution n(x) such
as Fig. 4-13a. Since the mean free path [ between collisions is a small

CIRRUS EX. 1062 - 85/190



Excess Carriers in Semiconduciors

nlx)

Hraﬂ
i

2

wixd

i)

}'erf--

——= f—]

i
-

Ay el

(a)

(1)

incremental distance, we can divide x into segments { wide, with n(x) eval-
uated at the center of each segment (Fig. 4-13b).

The electrons in segment (1) to the left of x; in Fig. 4-13b have ¢qual
chances of moving left or right, and in a mean free time 7 one-half of them
will move into segment (2). The same is true of electrons within one mean free
path of x; to the right; one-half of thgse electrons will move through x; from
right to left in a mean free time. Therefore, the net numher of electrons pass-

ing x, from left to right in one mean free time is }(m,74) — L(nlA), where the
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Figure 4-12
Spreading of o
Ise of electrans

y diffusion.

Figure 4-13

An arbifrary elec-
fran concantration
gradient in one di-
mension: (a) divi-
sion of nfx) info
segments of
length equal to a
mean free path
for the electrons;
(b) expanded
view of two of lhe
segments ceniered
at xq.
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area perpendicular to x is A. The rate of electron flow in the +y-direction per
unit area (the electron flux density ¢,) is given by

i
&,(x) =E(n, - 1y) (4-18)

Since the mean free path [ is a small differential length, the difference
in electron concentration (n, — #2,) can be written as
n(x) = nlx + .-11:)?

m.

where x is taken at the center of segment (1) and Ax = . In the limit of small
Ax (i.e.,small mean free path [ between scattering collisions), Eq, (4-18) can
be written in terms of the carrier gradient dn(x)/dx:

n(x} nix + M) 12 dn(x)
—il.'l Ax Zi' dx

The quantity 7 2,?’ 21 is called the electron diffusion coefficiend D, with
units em®/s. The minus sign in Eq. (4-20) arises from the definition of the de-
rivative; it simply indicates that the net motion of electrons due to diffusion
is in the direction of decreasing electron concentration. This is the result we
expect, since net diffusion occurs from regions of high particle concentra-
tion to regions of low particle concentration. By identical arpuments, we can
show that holes in a hole concentration gradient move with a diffusion co-
efficient D, Thus

$,(x) = (4-20)

d,(x)=-D, — (4-21a)
b, (x) = —u,f‘i—fj (4-21b)

The diffusion current crossing a unit area (the current density) is the
particle flux density multiplied by the charge of the carrier:

J (dif.) = — (- g)D, d’;iﬂ +qD, f% (4-224)
J(diff) = - (+q)D, E‘Z—f‘j = —g_up‘—‘!% (4-22h)

if maofion in three dimensions were included, the diffusion weauld be smaller in the sdirection. Actually, the:
difhusion coafficient should be calruloted from the fue energy distributions and scattering mechanisma. Dif
husian cosfficlents are usually determined exparimentally far o parfievlor materiol, as deseribed in Saclion
445
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It is important to note that electrons and holes move together in a car-
rier gradient [Eqgs. (4-21)], but the resulting currents are in opposite directions
[Eqs. (4-22)] because of the opposite charge of electrons and holes,

4.4.2 Dilfusion and Drilt of Carriers; Built-in Fields

If an electric field is present in addition to the carrier gradient, the current
densities will each have a drift component and a diffusion component

1, (x) = qunlx)éx) + a, d’r) {4-23a)

drift diffusion

Jp{x) = Q’H}‘E"(IJ%(.I) - qﬂp%l (4-23h)

and the fotal current density is the sum of the contributions due to elec-
trons-and holes:

Hx) = 4,06) + () (424

We can best visualize the relation between the particle flow and the cur-
rent of Egs. (4-23) by considering a diagram such as shown in Fig. 4-14, In this
figure an electric field is assumed to be in the x-dircetion, along with carrier
distributions n(x) and p(x) which decrease with increasing x. Thus the deriva-
tives in Eqs (4-21) are negative, and diffusion takes place in the +x-direction.
The resulting electron and hole diffusion currents [/, (diff.) and J,, (diff.)] are in
opposite directions, according to Eqs. (4-22). Holes drift in the direction of the
electric ficld [d, (drift)], whereas electrons drift in the opposite direction because
of their negative charge. The resulting drift current is in the +x-direction in
each case. Note that the drifi and diffusion components of the current are ad-
ditive for holes when the field is in the direction of decreasing hole concentra-
tion, whereas the two components are subtractive for electrons under similar
canditions The total current may be due primarily (o the flow of electrons or
holes, depending on the relative concentrations and the relative magnitndes
and directions of electric field and carrier gradients.

=y, (diff ) ind &, (drift)
¢ — .fpldi[f.]ar}df‘.,l‘_dlllfl]
L —

e b, (ditE)

\"(‘l}
———mmm i (LY
——\Q:J -

= 1 (il
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Figure 4-14

Drift and diffusion
directions for elec-
trans and hales in
a carrier gradient
and on electric
field, Particle Aow
directions are
indicated by
dashed arrows,
and the resulting
currents are |ndi-
cafed by solid
QIrowWSs.
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An important result of Eqs. (4-23) is that minority carmiers can contribute
significantly to the current through diffusion. Since the drnfl terms are pro-
portional to carrier concentration, minority carriers seldom provide much drift
current. On the other hand, diffusion current is proportional to the gradient of
concentration, For example, in n-type material the minority hole concentration
p may be many orders of magnitude smaller than the electron concentration
n, but the pradient dp/dx may be significant, As a result, minority carrier cur-
rents through diffusion ¢can sometimes be as large as majority carrier currents,

In discussing the motion of carriers in an electric field, we should in-
dicale the influence of the field on the energies of electrons in the band di-
agrams. Assuming an electric field €(x) in the x-direction, we can draw the
energy bands as in Fig, 4-15, to include the change in potential energy of
electrons in the field. Since electrons drift in a direction opposite to the
field, we expect the potential energy for electrons 1o increase in the direc-
tion of the field. as in Fig. 4-15. The electrostatic potential 1'(x) varies in
the opposite direction, since it is defined in terms of positive charges and is
therefore related to the electron potential energy E(x) displayed in the fig-
ure by V(x) = E(x)/(—q).

From the definition of electric field,

aa _AVER) .

E(x) = T (+-15)
we can relate %(x) to the electron potential energy in the band diagram by
choosing some reference in the band for the electrostatic potential. We are
interested only in the spatial variation V'{(x) for Eq. {4-25). Choosing E;asa
convenient reference, we can relate the electric field to this reference by

i 14-26)

Figure 4=15
Energy bond dia-
gram of a semi-

conduclor in an
electric field &(x). 4
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Therefore, the variation of band energies with ¥(x) as drawn in Fig 4-15
is correct. The direction of the slope in the bands relative to ¥ is simple to re-
member: Since the diagram indicates electron encraies, we know the slope in
the bands must be such that electrons drift *downhill” in the field. Therefore,
points “uphill” in the band diagram.

At equilibrium, no net current flows in a semiconductor. Thus any flue-
tuation which would begin a diffusion current also sets up an electric field
which redistributes carriers by drift. An examination of the requirements for
equilibrium indicates that the diffusion coefficient and mobility must be re-
lated. Setting Eq. (4-23h) equal to zero for equilibrium, we have

) =2 L W (4-27)
I""p' Pl:rJ d'x
Using Eq. (3-25b) for p(x),
D, 1 {dE, dE; ;
Gla) =t — [ Gy 4-28
= k‘.’"(d.t ;f.r) (4-28)

The equilibrium Fermi level does not vary with x, and the derivative of
£, is mven by Eq. (4-26), Thus Eq. (4-28) reduces 1o
0 kT
220 (4-29)
Booq

This result is obtained for either carrier type. This important equation
is called the Einstein relation, 11 allows us to calculate either D or p from 4
measurement of the other. Table 4-1 lists typical values of D and u for sev-
eral semiconductors at room temperature. It is clear from these values that
Diy = 0,026 V.

An important result of the balance of drifl and diffusion at equilibri-
um is that butlt-in fields accompany gradients in E, [see Eq. (4-26)]. Such
gradients in the bands at equilibrivm (£, constant) can arise when the band
gap varies due to changes in alloy composition. More commonly, built-in
fields result from doping gradients. For example, a donor distribution Ny(x)
causes a gradient in ny(x), which must be balanced by a built-in electric
field €(x).

Table 4-1  Diffusion coeHicient and mability of elacirons and heles fer infrinsic
semiconductors al 300 K. Nole: Use Fig, 3-23 for doped semiconduciors.

nll_lm?;’] Dp [em?/s) Hem lcm:.,v"} Hp itm”ﬂ'l]

Ge 100 50 3900 1900
Si 33 125 1350 480
Gahs 220 10 8500 400
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4.4.3 DiHusion and Recombinatian; The Continuity Equalion

In the discossion of diffusion of excess carriers, we have thus far neglected the
important effects of recombination. These effects must be included in a de-
scription of conduction processes, however, since recombination can cause a
variation in the carrier distribution. For example. consider a differential length
Ay of 4 semiconductor sample with area A in the yz-plane (Fig, 4-16). The
hole current density leaving the volume, J (x + Ax), can be larger or small-
er than the current density entering, /,(x). depending on the generation and
recombination of carriers taking place within the volume. The net increase in
haole concentration per unit ime, dp/ar, 15 the difference between the hole flux
per unit volume entering and leaving, minus the recombination rate. We can
convert hole current density to hole particle flux density by dividing J, by g.
‘The current densities are already expressed per unit areq; thus dividing J, (x)/g
by Ax gives the number of carriers per unit volume entering AvA per unit
time, and (1/g)/,(x + Ax)Axis the number leaving per unit volume and time:

A L
ap _1 4~ Jle + Ax] Bp (4-30)
M| yine 4 Ax To

Ratcof _ increaseof hole concentra-  recombination
hole buildup tionin Sy A per unittime Fe

As Ar approaches zero, we can write the current change in derivative form:

aples) dsp 1 aly B

(4-314)
at at g ax 1 '

iy

The expression (4-31a) is called the continuity equation for holes. For
cleclrons we can write

sy i B (4-31b)
af ¢ ox T,

H

smee the electronic charge is negative.

Av Figure 4-16
T Current entering
and leaving a

Tp i+ Axy volume AxA.
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When the current is carried strictly by diffusion (negligible drift), we can
replace the currents in Eqs, (4-31) by the expressions for diffusion current;
for example, for electron diffusion we have

1 (diff.) = gD, X

abn

(4-32)

Substituting this into Eq. {(4-31b) we obtain the diffuvion eguation

for electrans,

adn adn  Bn
—=p = 4-33
T S
and similarly for holes,
d8p a6p &p
Ep L K 4-33b
a P a7, ( )

These equations are useful in solving transient problems of diffusion
with recombination. For example, a pulse of electrons in a semiconductor
(Fig. 4-12) spreads out by diffusion and disappears by recombination. To
solve for the electron distribution in time, n(x, 1), we would begin with the dif-
fusion equation, Eq, (4-33a).

4.4.4 Steady State Carrier Injection; Diffusion Length

In many problems a steady state distribution of excess carriers is maintained,
such that the time derivatives in Eqgs. (4-33) are zero. In the steady state case
the diffusion equations become

d’n _ ®n _ n (4-34a)

dx* Dgx, L2

d’tp _bp _8p (4-34b)
T2

dx’ il L (steady staie)

where L, = V D, is called the electron diffusion length and L is the dif-
fusion length for holes. We no longer need partial derivatives, since the time
variation is zero for steady state.

The physical significance of the diffusion length can be understood
best by an example. Let us assume thal excess holes are somehow injected
into a semi-infinite semiconductor bar at x = (0, and the steady state hole in-
jection maintains a constant excess hole concentration at the injection point
8p(x = 0) = Ap. The injected holes diffuse along the bar, recombining with
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B (x) Figure 4-17
Injection of holes
_ G = G + Bpe—rrhs at x =0, giving a
2 g i steady state hole
dp (x) distribution p(x)
Iplx) = —q By —= and a resulting
Ap diffusion current
_ QEE 8 (x) density J,(x).
L
L r’ u -----------------------------
0 T

a characteristic lifetime 7. In steady state we expect the distribution of ex-
cess holes to decay 1o zero for large values of x, because of the recombina-
tion (Fig. 4-17). For this problem we use the steady state diffusion equation
for holes, Eq. (4-34b). The solution to this equation has the form

Bp(x) = Ciete + Coe ¥ (4-35)

We can evaluate € and C, from the boundary cenditions. Since recom-
bination must reduce p(x) 1o zero for large values of x, 8p = Oat x = = and
therefore C, = 0, Similarly, the condition p = Ap at x = 0 gives C; = Ap, and
the solution is

‘. dplx) = Ape (4-36)

The injected excess hole concentration dies out exponentially in x due
to recombination, and the diffusion length L, represents the distance at which
the excess hole distribution is reduced to 1/e of its value at the point of in-
jection, We can show that L, is the average distance a hole diffuses before re-
combining, To caleulate an average diffusion length, we must obtain an
expression for the probability that an injected hole recombines in a particu-
lar interval dx. The probability thal a hole injecled at x = () survives Lo x
without recombination is dp(x)/Ap = exp(—x/L). the ratio of the steady
state concentrations at x and 00, On the other hand, the prebability that a hole
at x will recombine in the subsequent interval dx is

dplx) = Bplx 4+ dv)  —(dbplx)/dx)dx X
dp(x) - dp(x) iy

Thus the total probability that a hole injected at x = () will recombine
in a given d¥ is the product of the two probabilities:

dx (4-37)

| 1
(e ;-H.-,.)(._ dx) = — (4-38)
lr_“ l-r-‘p
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Then, using the usual averaping techniques described by Eq. (2-21),
the average distance a hole diffuses before recombining is

= e—tH.r
w=[ x—dx=L, (4-39)
o B

The steady state distribution of excess holes causes diffusion, and there-
fore a hole current, in the direction of decreasing concentration. From
Eqgs. (4-22b) and (4-36) we have

e db
; ‘?Dnd_f“?_eﬂi’e"”"q—‘eﬁp(ﬂ (4-40)

P

J (.r]——qD

Sinte p(x) = p, + 8p(x), the space derivative involves only the excess
concentration. We notice that since §p(x) s proportional to its derivative for
an exponential distribution, the diffusion current at any x is just proportion-
al to the excess concentration dp at that position.

Although this example seems rather restricted, its usefulness will be-
come apparent in Chapter 5 in the discussion of p-n junctions. The injection
of minority carriers across a junction often leads to exponential distributions
as in Eq. (4-36), with the resulting diffusion current of Eq. (4-40).

EXAMPIEA-5 Ina Wry long p-type Si bar with cross-sectional area = 0.5 cm® and N,
10" em~?, we inject holes such that the steady state excess hole concen-
tration is 5 % 10'% cm ™ at x = 0. What is the steady state separation be-
tween F, and £, at x = 1000 A? What is the hole current there? How
much is the excess stored hole charge? Assume that ju,, = 500 cm’/V-s and

=10""s.
SOLUTION D, _%upqnmgxﬁm*‘m%m’s
L,= VD, = V1295 X 10 = 36 x 10~ cm

s 10
p = pg+ Ape Lr = 1017 + 5 % lﬂme 3.6x10°

= 1,379 X 10" = nel& £ = (1.5 x 10" cm =) el Er-FplkL

1379 x 107\
138 X 107 6.0259. = 0.415 eV
B ( ’1.5x10‘-“)""9 .
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Figure 4-18

Rrift and diffusion
of a hole pulse in
an ndype bar: (o
sample geomeiry;
{b) position ond
shope of the pulse
for several times
during its drift
down the bar.

We can calculate the bole current from Eq, (4-40)
_x

dp D, &
Ip= = qADy—— = gA-(Ap)e "
Z P dx Ly
= 16X 1070 % 05 x —22__ 5% 10“‘-‘3"3;::::;'“5
36x10°°

=109 X 100 A

Qp = qA{"-"PJLP
= 16 % 107 (0.5)(5 X 10)(3:6 x 10°%)
=144 x10°7C

4.4.5 The Haynes-Shockley Experiment

One of the classic semiconductor experiments is the demonstration of drift
and diffusion of minority carriers, first performed by I R. Haynes and
W. Shockley in 1951 at the Bell Telephone Laboratories. The experiment al-
lows independent measurement of the minority carrier mobility w and dif-
fusion coefficient D). The basic principles of the Haynes-Shockley experiment
are as follows: A pulse of holes is created in an n-type bar (for example) that
contains an electric field (Fig. 4-18); as the pulse drifts in the field and spreads
out by diffusion, the excess hole concentration is monitored at some point
down the bar; the time required for the holes to drift a given distance in the
field gives a measure of the mobility; and the spreading of the pulse during
a piven time is used to calculate the diffusion coefficient.

Light pulse

=k

{a) \—k X
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In Fig. 4-18 a pulse of excess carriers is created by a light flash at some

point x = 0 in an n-type semiconductor (1 > p,). We assume that the excess
carriers have a negligible effect on the electron concentration but change
the hole concentration significantly, The excess holes drift in the direction
of the electric field and eventually reach the point x = L, where they are
monitored. By measuring the drift time ¢,, we can calculate the drift veloci-
ty v, and, therefore, the hole mobility:

_ ‘1_
Weg (4-41)
¥
Mo (4-42)

Thus the hole mobility can be calculated dueci.ly from a measurement of the
drift time for the pulse as it moves down the bar. Tn contrast with the Hall ef-
fect (Section 3.4.5), which can be used with resistivity to obtain the majori-
ty carrier mobility, the Haynes-Shockley experiment is used to measure the
minority carrier mobility.

As the pulse drifts in the B field it also spreads out by diffusion. By mea-
suring the spread in the pulse, we can calculate D, To predict the distribution
of holes in the pulse as a function of time, let us first reexamine the case of dif-
fusion of a pulse without drifi, neglecting recombinarion (Fg.4-12). The equation
which the hole distribution must satisfy 1s the time-dependent diffusion equation,
Eq, (4-33b), For the case of negligible recombination (t, long compared with the
times involved in the diffusion). we can write the diffusion equation as

adp(x,0) ﬂzﬁp(x t)
at Dy dx?

(4-43)

The function which satisfies this equation is called a gaussian distribution,

AP ;
sl o, =[ ] ~ 24D 4-44
P oVl it

F

where AP is the number of holes per unit area created over a negligibly small
distance at ¢ = 0. The factor in brackeis indicates that the peak value of the
pulse (at x = 0) decreases with time, and the exponential factor predicts the
spread of the pulse in the positive and negative x-directions (Fig. 4-19), If we
designate the peak value of the pulse as 87 at any lime (say r,), We can use
Eq. (4-44) 1o calculate D, from the value of §p at some point x. The most con-
venient choice is the point Ax/2, at which 8p is down by 1/e of its peak value
8p. At this point we can write

t?_!'flﬁ ! Eﬁe-—fmﬂ}:mﬂpq (4-45)
rd
fi'd
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Figure 4-19 3p
Caleulation of D, &= AP
fram the shape of 2VwD, 1y
the &p distribution

after fime t;. No
drift or recombi-
nation is included.

Figure 4-20

- The Haynes—
Shockley experi-
ment: (a) circuit
schematic; [b) typ-
ical frace on the
oscilloscope
screen,

g
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-~ | |
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Since Ax cannot be measured directly, we use an experimental setup
such as Fig, 4-20, which allows us to display the pulse on an oscilloscope as the
carriers pass under a detector. As we shall see in Chapter 5. a forward-biased
p-1 junetion serves as an excellent injector of minority carriers, and a reverse-
biased junction serves as a detector. The measured quantity in Fig.4-20 is the
pulse width Ar displayed on the oscilloscope in time. It is related to Ax by the
drift velocity, as the pulse drifts past the detector point (2)

Ax = Aty = .’.\té (4-47)

Ly

-

Ale = 0368 A

(h)
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An n-type Ge sample is used in the Haynes-Shockley experiment shown
in Fig. 4-20. The length of the sample is 1 cm, and the probes (1) and (2)
are separated by 0.95 cm. The battery voltage £;is2 V. A pulse arrives at
point (2) 0.25 ms after injection at (1); the width of the pulse Aris 117 ps.
Calculate the hole mobility and diffusion coefficient, and check the re-
sults agains| the Einstein relation,

147

EXAMPLE 4-6

v, 0.95/(025 X 1079

Ho=g = it = 1900 cm?/(V-s)
b (A (AL
P 16, 166
(17 x 093¢ x 1072 .,
29: ig:i =0.026 = E
b, 19

4.4.6 Gradients in the Quasi-Fermi Levels

In Section 3.5 we saw that equilibrium implies no gradient in the Fermi level
E . In contrast, any combination of drift and diffusion implies a gradient in
the steady state quasi-Fermi level.

We can use the results of Eqs. (4-23), (4-26), and (4-29) to demon-
strate the power of the concept of quasi-Fermi levels in semiconductors [see
Eq. (4-15)]. If we take the general case of nonequilibrium electron concen-
tration with drift and diffusion, we must write the tolal electron current as

- dnlx )
1) = g nae(e) + gD, 2 (-4
where the gradient in electron concentration is

dn(x) d (& - gyer _ Bx) (dF dE,

= g ATl e T o | 4-49

Frar L I=%1 (& dx) fe=i8)

Using the Einstein relation. the total electron current becomes

dF, dE,

1) = g nlx)é(x) + p.,,n(.r)[z'l - ElJ {4-50)

But Eq. (4-26) indicates that the subtractive term in the brackets is just
g'é(x), giving a direct cancellation of gp,n(x)é(x) and leaving

dF o .
Jn{x} = LL,,PI(I) ‘E;‘" {(4-31)
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Thus, the processes of electran drift and diffusion are summed up by the
spatial variation of the quasi-Fermi level, The same derivation can be made
for holes, and we can write the current due to drift and diffusion in the form

of a modified Ohm’s law
J,(x) = gpnlx) E{E—m =0,(x) d—{%,—'ﬂ (4-52a)
T, (x) = qu,p(x) ii’;ﬁL o, (x) i{% (4-52b)

Therefore, any drift, diffusion, or combination of the two in a semi-
conductor results in currents proportional to the gradients of the two quasi-
Fermi levels. Conversely, a lack of current implies constant quasi-Fermi levels.
One can use a hydrostatic analogy for quasi-Fermi levels and identify it as
waler pressure in a system. Just as water {lows from a high-pressure region
1o a low-pressure region, until in equilibrium the water pressure is the same
everywhere, similarly electrons flow from a high- to low-electron quasi-Fermi
level region, until we get a flat Fermi level in equilibrium. Quasi-Fermi lev-
els are sometimes also known as elecirochemical potentials because, as we
just saw, the driving force for carriers is governed partly by gradients of elec-
trical potential {(or electric field), which determines drift, and partly by gra-
dienls of carrier coneentration (which is related to a thermodynamic concept
called chemical potential), giving rise 1o diffusion.

SUMMARY 4.1 Fyeess carriers, above the equilibrium values contributed by doping, may be cre-
ated aprically (or by clectrical biasing in devices). Generarion-recombination
{G-R) of electron—hole pairs (EHPs) can ocetr by absorption of the photons
with gnergy greater than the band gap, balanced by direet or indirect recom-
hination.

4.2 G-R processes can be mediated by fraps, espedially deep traps near midgap.
Band-to-band or trap-assisted G-R processes lead to an average [ifetime for the
excess carriers. Carrier lifetime multiplied by the optical generation rate es-
tablishes & steidy state excess population of carriers The square root of carni-
er lifetime multiplied by the diffusion coefficient determines the diffusion
length,

A3 1n equilibrivm, we have & constant Fermi level. In nonequilibrium with excess
carriers, Fermi levels are generalized to separate quasi-Fermi levels for elec-
trons and holes. The guasi-Fermi level splitting is a measure of the departure
from equilibrium, Minority carrier quasi-Fermt levels change more than ma-
jority carrier quasi-Fermi levels because the relative change of minority carri-
ers is larger. Gradients in the quasi-Fermi level determine the net dnfi—diffusion
current.,
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4.5

Excess Carriers in Semiconductors

Diffusion flux measures the flow of carriers from high- ro low-concentration
regions and is given by the diffusivity times the concentration gradient. The di-
rection of diffusion current is opposite to the flux for the nepative electrons, but
in the same direction for the positive holes. Carrier diffusivity is related to mio-
bility by the thermal voltage kTTq (Einstein relation).

When carriers move in a semiconductor due to drift or diffusion, the time-
dependent earrier concentrations at different points is given by the carrier con-
tirity equation, which says that if more carriers flow into & point than flow
out, the concentration will increase 45 a function of Hme and vice versa. G-R
processes also affect carrier concentrations.
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4.2

43

44

4.6

4.7

With £ located 04 eV above the valence band in 4 Si sample, what charge
state would you expect for most Ga atoms in the sample? What would be the
predominant charge state of Zn? Au? Note: By charge state we mean neutral,
sinply positive, doubly negative, cte,

A Si sample with 10"em® donors is optically excited such that 10%em?
electron-—hole pairs are generated per second uniformly in the sample. The laser
causes the sample 1o heat up to 450 K. Find the quasi-Fermi levels and the
change in conductivity of the samplé upon shining the light. Electron and hole
lifetimes are both 10 ps. D, = 12 em’fs; D, = 36 ems;n, = 10M em " al 450K,
What is the change in conductivity upon shining light?

Construct a semilogarithmie plot such as Fig. 4-7 for Si doped with 2 x 10"
donarsiem® and having 4 % 10" EHPlem” ereated uniformly at ¢ =0, Assume
that 7, =7, =5 js

Caleulate the recombination coefficient o, for the low-level excitation deseribed
in Prob, 4.3, Assume that this value of o, applies when the (iaAs sample is uni-
formly exposed to a steady state optical generation rate g, = 10" EHP/em'-s.
Find the steady state excess carrier concentration &u = Ap.

An mtrimsic 51 sample is doped with donors from one side such that Ny
= Nyexp( —ax).(a) Find an expression [or the built-in electric field at equilib-
tium over the range for which N, 2 n;. (b) Evaluate the field when a = 1
{(m) " () Sketeh 4 band diagram such as in Fig. 4-15 and indicate the direc-
tion of the field.

A Si sample with 10"%ecm? donors is umiformly optically excited at room tem-
perature such that 10"/cm” electron-hole pairs are penerated per second. Find
the separation of the quasi-Fermi levels and the change of conduetivity upon
shining the light, Electron and hole lifetimes are both 10 ps. D, = 12 cm's.

An n-type Si sample with N, = 10" ¢m? is steadily illuminated such that
Bop = 10" EHP/em™ 5. 1f 5, = T, = s for this excitation, calculate the separation in
the quasi-Fermi levels, (F, — £,). Draw a band diagram such as Fig.4-11.

PROBLEMS
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4.8 Fora 2-cm-long doped Si bar (N, = 101" ecm ) with a cross-sectional area = 0,05
cm?, what is the current if we apply 10V across it? If we generate 10° electron-
hole pairs per second per cm” uniformly in the bar and the lifetime 7, = 1, =
105, what is the new current? Assume the low-level «, doesn't change for
high-level injection. If the voltage is then increased to 100,000V, what is the
new current? Assume p, = 500 em?*/V-s, but you must choose the appropriate
value for electrans.

4.9 Design and sketch a photovonductor using a S5-pm-thick film of CdS, assuming
that 7, =7, = 107" sand N;= 10" cm™*. The dark resistance (with g,,,= 0) should
be 10 ML), and the device must fit i a square (0.5 cm on a side; therefore, some
sort of folded or zigzag paltern is in order. With an excitation of g, = 10"
EHP/cm’-s, what is the resistance change?

410 A 100-mW laser beam with wavelength A = 6328 A is focused onto a GaAs
sample 100 um thick. The absorption coefficient at this wavelength is 3 % 10*
cm . Find the number of photons emitted per second by radiative recombi-
nation in the GaAs, assuming perfect quantum efficiency. What power is de-
livered to the sample as heat?

4.11 Assume that a photoconductor in the shape of a bar of length L and area A has
a constant voltage V applied, and it is illuminated such that g, EHP/em’-s are
eenerated uniformly throughout. Tf p, = ., we can assume the oplically in-
duced change i current Al is dominated by the mobility , and hfetime =, for
clectrons. Show that Al = gALg, 7./7 for this photoconductor, where 7 is the
transit time of electrons drifting down the length of the bar.

4.12 For the steady state minorily hole distribution shown in Fig. 4-17, find the ex-
pression for the hole guasi-Fermi level position £, — F,(x) while p(x} &= py
(i.e.,while F, is below E¢), On a band diagram, draw the variation ol F (1), Be
careful —when the minority carriers are few (e:g. when &p is 1), F, still has a
long way ta go to reach Ej.

4.13 Inan n-type semiconductor bar, there is an increase in electron concentration
fram left to rght and an clectric ficld pointing to the left With a suitable sketeh,
indicate the directions of the electron dnft and diffusion current flow and ex-
plain why. i we double the electron concentration everywhere, what happens
to the diffusion current and the drift currenti? If we add a constant concentra-
tion of electrons everywhere, what happens 1o the drift and diffusion currents?
Explain your answers with appropriate equations.

4,14 The current required to feed the hole injsction at x=01n Fg. 4-17 is obtained
by evaluating Eq. (4-40) atx = 0. The result is ,(x = 0) = gA D Ap/L .. Show that
this eurrent ean be caleulated by integrating the charge stored m the steady
stale hole distribution &p(x) and then dividing by the average hole lifetime 7,
Explain why this approach pives [,{(x = 0).

4.15 The direction of the bult-in eleclnc field can be deduced wilhoul math by
sketching the result of 4 doping gradient on the band diagram. Starting with 4
Mat Fermi level at equilibrium. place £ near or far from Ep-as the doping is

CIRRUS EX. 1062 - 101/190



Excess Carrigrs In Semiconduciors

varied for the two eases of a gradient in donor or scceptor doping s in Prob 4.5,
Show the electric fisld direction in each case, based on Eg. (4-26). If 2 minor-
ity carrier is injected into the impurity gradient region, in what direction is it ac-
celerated in the two cases? This is an interesting effeel that we will use lalerin
discussing bipolar transistors.

4.16 In Prob.4.5, the direetion of the built-in electrie [ield due to a gradient in dop-
ing was determined from Eqs. (4-23) and (4-26), [n this problem, you are asked
to explain qualitatively why the field must arise and find its direction. (a) Sketch
a denor doping distribution as in Prob, 4.5, and explain the field reguired to
keep the mohile electrons from diffusing down the gradient, Repeat for ac-
ceptors and holes. (b) Sketch a microscopic region of the doping distribution,
showmg jonized doners and the resulting mobile electrons. Explain the arigin
and direction of the field as the electrons attempt to diffuse toward lower con-
cenlrations. Repeat {or acceptors and holes,

4.17 We wish to use the Haynes-Shockley experiment to calculate the hole lifetime
7, In ann-type sample. Assume that the peak voltage of the pulse displayed on
the oscilloscope sereen is proporfionsl to the hole concentration under the col-
lector terminal al time 1, and that the displayed pulse can be approximated as
a gaussian, as in Eq. (4-44), which decays due 1o recombination by e The
electric field is varied and the following data are taken: For 1, = 200 s, the
peak is 20 mV; for £, = 50 s, the peak is 80 mV, What is 7,7
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READING LIST

Cuestion 1

Consider a p-lype sermeonductor that has a band gap of 1.0eV and a munority eleciron
Tifetime of 0.1 ps, and is uniformly illuminated by Hght having photon energy of 2.0 V.

(@) What rate of uniform excess carrier gengration is réguired to generate a uniform
electron concentration of 10'%cm??

SELF QUIZ
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Chopter 4

(b) How much optical power per cn® must be absorbed in order (o create the ex-
cess carrier population of part (a)? (You may leave your answer in units of
eVis-em'.)

(¢) If the carriers recombine via photon emission, approximately how much opti-
cal power per em’ will be generated? (You may leave your answer in units of
eVis-cm')

Question 2

(z) What do we mean by “deep” versus “shallow” traps? Which are more harmful
for semiconductor devices and why? What is an example of a deep trap in 517

(b) Are absorption lengths of shightly above band gap photons longer in Si or GaAs?
Why?

(c) Do absorption coefficients of photons increase or decrease with photon energy?
Why?

Question 3

Consider the following equilibrium band diagram for a portion of a semiconductor
sample with a built-in electric field %:;

R
m———

(a) Sketch the Fermi level as a function of position through the indicated point, £,
across the width of the band diagram abave,

(b) On the band diagram, sketch the direction of the-electric field. Is the fisld con-
stant or position dependent?

{¢) Onthe following graph, sketch and label both the electron and hole concentra-
1itms as a function of position across the full width of the sample. Note that the
carrier concentration scale is logarithmic such that exponential variations in the
carrier conicentration with position appear as straight lines. Note also that the
horizontal axis corresponds to the infrinsic carrier concentration of ;.
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log{n), log(p)

position

log(m)

Question 4

(a) Indicate the directions of the hole and electran flux densities ¢ due to diffusion
and drift under these equilibrium conditions corresponding to the previous
Question 3.

(b) Indicate the directions of the hole and electron current densities j due to diffu-
sion and drift under these equilibrium conditions.

Question 5

(a#) What are the relevant equations that must be solved in general for a semicon-
ductor device problem?

(b) Ingeneral how many components of conduction current can you have in a semi-
conductor device” What are they?

Question 6

(a) Consider a region in a semiconductor with an electric field directed toward the
right (—) and carrier concentrations increasing toward the left («). Indicate the
directions of particle [luxes ¢ (circle one for each) and charge currents j due to
drift and diffusion within that region.

(b) Based on your answers to part (a), indicate the direetions of the charge currents
Jjdue to drift and diffusion within that region.
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