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Signal Processor Implementation of Digital 
Filters 

Abstract-Digital filter structures composed of all-pass subfilters have 
turned out to be very useful in various applications. In this paper, we 
investigate the implementation of such filters using modern high-speed 
signal processors.. We concentrate on digital a l l -hss  filters realized as 
a cascade of first- and second-order all-pass sectiohs. First, we consider 
wave digital all-pass sections with special emphasis on developing two- 
port adaptor structures which are suitable for signal processor imple- 
mentation. New explicit formulas are developed for scaling and round- 
off noise analysis of these all-pass sections. We also consider other well- 
known first- and second-order all-pass filter sections, including direct- 
form structures and the structures developed by Mitra and Hirano. 
The performaaces of the different all-pass filter structures are com- 
pared with respect to roundoff noise, parasitic oscillations, and speed 
of signal processor implementation. 

I. INTRODUCTION 
N recent years, a large number of digital filter structures I have been developed. The main concern has been the 

performance of the digital filter in finite wordlength im- 
plementation, on one hand, and the computational com- 
plexity of the implementation, on the other. It has turned 
out that very useful digital filter structures for various ap- 
plications can be constructed by using all-pass subfilters 
as building blocks. Traditionally, all-pass filters have been 
used as phase equalizers [ 11. Also, conventional digital 
filters (e.g., classical odd-order low-pass and high-pass 
transfer functions) can be realized as a parallel connection 
of two all-pass filters. A well-known class of such filters 
are the lattice wave digital filters [2], [3] which are related 
to certain analog prototype networks. Fig. 1 illustrites a 
certain type of lattice WDF where the all-pass filters are 
realized as a cascade of first- and second-order all-pass 
sections 141. It should be emphasized that these filters can 
be designed directly from an appropriate z-domain trans- 
fer function without referring to the analog prototype net- 
work [5], [6]. Direct z-domain techniques have also been 
advanced for designing certain extended filter types [7]. 

As a special case of lattice WDF's, half-band IIR filters 
have been found to be very useful in those sampling rate 
conversion applications where the sampling rate alteration 
factor is two (or power of two in multistage realizations) 
[4], [5], [8]-[ 121. Recently, recursive Nth-band filters 
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Fig. 1. A lattice wave digital filter. 

[lo], [ l l ] ,  [13]-[15] were introduced for more general 
sampling rate conversion applications. These filters are 
realized as a parallel connection of N all-pass filters where 
N is the decimation or interpolation ratio. 

Lattice WDF's, and also recursive Nth-band filters, are 
well suited to filter bank applications. Since a pair of 
complementary filters can be implemented with the cost 
of a single filter, lattice WDF's are very efficient in tree- 
type filter banks [12], [16], [17]. Furthermore, uniform 
filter banks can be realized efficiently using recursive Nth- 
band filters and discrete Fourier transform [ 131, [ 181-[20]. 

All the filter classes mentioned above can also be de- 
signed to have approximately linear phase response in the 
passband [ l l ] ,  [14], [21], [22]. This is achieved by se- 
lecting one of the all-pass branch filters to contain only 
delay elements. In the passband region, the phase re- 
sponses of the all-pass branches must be approximately 
equal because the output signals of the parallel all-pass 
branches should be in phase. Therefore, the other all-pass 
branches, and consequently the overall filter, are forced 
to approximate closely the linear phase response of the 
delay branch in the passband. Such approximately linear 
phase designs are especially suitable for applications 
where linear phase FIR filters would have excessive sig- 
nal delay. 

The different classes of filters composed of all-pass 
subfilters have turned out to be very effective in their re- 
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spective applications, for instance,. in terms of multipli- 
cation rate and number of delay elements. In addition, all 
these filter types can be realized by using first- and sec- 
ond-order all-pass sections as basic building blocks. The 
resulting filter structures are highly modular, which makes 
them suitable for signal processor implementations. 

Recently, all-pass filters with complex coefficients have 
also received considerable attention [23]. It has been 
shown that using a parallel connection of two all-pass fil- 
ters with complex conjugate coefficients, e.g., even-order 
classical low-pass designs can be realized. Even though 
the complex all-pass filter-based structures share many of 
the important properties of the corresponding real all-pass 
filter-based structures, they are quite different from the 
implementation point of view. Therefore, we concentrate 
here on real all-pass filters. 

In this paper, we discuss the properties of various real 
first- and second-order all-pass sections. The main goal is 
to find the structures which are most suitable for imple- 
mentation with modem one-chip signal processors. Due 
to the limited wordlengths of current signal processors, it 
is necessary to pay close attention to the finite wordlength 
properties (coefficient sensitivity, roundoff noise, and 
parasitic oscillations) of the filter structures used in the 
implementation. Designing the all-pass filters to have 
good finite wordlength properties results in good finite 
wordlength performance of the overall filter in all the fil- 
ter classes mentioned above. 

An important, but often overlooked, aspect in digital 
filter implementation is parasitic oscillation. Especially, 
it is important that the filter has stable forced response 
under overflow nonlinearities [24], [25]. Even though 
conservative scaling criterion could be used to eliminate 
all arithmetic overflows, it does not guarantee that the fil- 
ter recovers from overflow situations caused by bit faults 
which may occur in prolonged operation independently of 
the input signal. Therefore, forced response stability is a 
necessary requirement in many practical applications 
where the filter is expected to operate over long periods 
of time. In this respect, wave digital filters have the de- 
sirable property that stable forced response can be guar- 
anteed by using saturation arithmetic [24], [25]. Using 
appropriate all-pass filter structures, this property can be 
generalized to the other filter classes mentioned above. 

In Section I1 of this paper, we shall discuss the essential 
properties of modem high-speed signal processors, such 
as NEC pPD7720 [26] and Texas Instruments TMS320 
family [27]. In Section 111, we concentrate on imple- 
menting all-pass filters using the circulator structure, i.e., 
as a cascade of first- and second-order WDF all-pass sec- 
tions [4], [28] containing two-port adaptors (see Fig. 1). 
New explicit formulas for scaling and roundoff noise 
analysis are developed. In Section IV, we discuss certain 
other all-pass filter structures including direct-form sec- 
tions and Mitra-Hirano structures [29]. In Section V, the 
properties of the all-pass filter structures are compared. 
Finally, in Section VI, we give an example of a practical 
signal processor implementation of a lattice WDF. 

11. DIGITAL SIGNAL PROCESSORS 
Programmable single-chip digital signal processors are 

becoming increasingly popular for implementing high- 
performance signal processing systems. In this paper, we 
consider two different architectures, NEC pPD7720 [26] 
and Texas Instruments TMS320 family 1271. In the latter 
case, we concentrate on the processor version TMS32010, 
but most of the conclusions apply also to the later versions 
TMS32020 and TMS32025. It should be emphasized that 
the purpose is not to compare the efficiency of these two 
processor architectures, but to examine the implications 
of modem signal processor architecture to the design of 
digital filter structures. 

The characteristics of these two processors are sum- 
marized in Table I. Both processors have highly pipelined 
architectures utilizing hardware multipliers which give the 
results in one instruction cycle. The TMS32010 has a sin- 
gle 32-bit accumulator, while the pPD7720 has two 16- 
bit accumulators which can be used, at lower speed, as a 
single 32-bit accumulator. Due to special pipelined archi- 
tectures, both of these processors are especially suitable 
for inner product type of computations, i.e., for comput- 
ing expressions of the form 

N c aixi 
i =  1 

where xi and ai are data values and (predefined) coeffi- 
cients, respectively. In the case of TMS32010, once the 
inner product computation has been initiated, each term 
takes two instruction cycles and the result is obtained with 
32-bit accuracy. In the case of pPD7720, once the com- 
putation has been initiated, each term of the inner product 
takes one (two) cycles with 16-bit (32-bit) accumulation. 

In order to achieve smooth overflow behavior and sta- 
ble forced response in recursive digital filters, saturation 
arithmetic is often utilized [24] , [25]. When computing 
an inner product, it is desirable that the saturation char- 
acteristic is applied to the overall result and not during the 
intermediate computations. Both processors considered 
here have special facilities for implementing saturation 
arithmetic. In the case of pPD7720, saturation arithmetic 
can be implemented easily in inner products containing 
up to four terms (three additions). This processor has a 
special flag indicating overflows. Testing the flag and 
loading the correct saturation value from a special register 
takes two or one instruction cycles depending on whether 
an overflow has occurred or not. In the case of 
TMS32010, the processor can be set to a mode where it 
makes the saturation correction automatically after every 
addition. Using this saturation mode, the desired type of 
saturation characteristic is obtained only in certain special 
cases, i.e., when an overflow may occur only in the last 
addition of the inner product. 

The computational accuracy of both the TMS32010 and 
pPD7720 is basically 16 bits, even though 13-bit coeffi- 
cient wordlength gives certain advantages because such 
coefficients can be stored outside the RAM memory. The 
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TABLE I 
DIGITAL SIGNAL PROCESSOR FEATURE SUMMARY 

Feature 

Data wordlength (bits) 
Coefficient wordlength (bits) 

Accumulator width (bits) 
Multiplier precision (bits) 

(in x in = out) 
Instruction cycle (ns) 
Data RAM (bits) 
Coefficient ROM (bits) 
Program memory (words) 

(ROM / RAM) 

On chip 
Full-speed external 

Parallel 1/0 (bits) 

13-bit coefficients can be storm 

NEC 
fiPD7720 

16 
13 16 

16 
16 x 16 = 31 

250 
128x 16 
512x 13 

512 

8 
- 

TI 
TMS32010 

16 
13 16 

32 
16 X 16 = 32 

200 
144x 16 * 

1536 
4096 

16 

n the program memory. 

16-bit data wordlength means that, in the case of recur- 
sive digital filters, the algorithm has to be designed care- 
fully in order to keep the roundoff noise level and parasitic 
oscillations sufficiently low. In many applications, it is 
impossible to get sufficient dynamic range using the con- 
ventional cascade of direct-form sections. It is also well 
known that the problem becomes more difficult for nar- 
row-band (or extremely wide-band) low-pass and high- 
pass filters. 

Traditionally, the computational complexity of digital 
filter structures has been evaluated in terms of the number 
of multipliers. However, when modem digital signal pro- 
cessors are used for the implementation, the number of 
multipliers is not a very critical factor. It is more impor- 
tant that the structure is regular, preferably based on inner 
product building blocks. 

111. WAVE DIGITAL ALL-PASS FILTER STRUCTURES 
In this section, we consider first- and second-order all- 

pass filter sections similar to those used in the specific 
lattice WDF structure of Fig. 1. As seen from the figure, 
such all-pass filters are composed of unit delays and two- 
port adaptors. The important properties of the all-pass fil- 
ter implementation, such as speed and scaling of internal 
signal levels, are determined mainly by the two-port 
adaptor structures used. In this section, we first discuss 
two-port adaptor structures from the signal processor im- 
plementation point of view. Then explicit formulas are 
developed for scaling and roundoff noise analysis of the 
first- and second-order WDF all-pass filters. 

A.  Adaptor Structures 
A two-port adaptor is defined by the equations [31] 

b l ( 4  = -rad4 + (1  + w 4 4  
b 2 ( 4  = (1  - SY) a d 4  + v 2 ( 4  

( 1 4  

(1b) 

S =  i-1. ( 1 4  

where 

[n (l), ai and bi,  i = 1, 2, are the input and output signals, 
respectively, of port i. For a stable filter, the adaptor coef- 

ficient y satisfies 

-1 < y < 1. (2) 
As will be discussed later in this section, the sign-param- 
eter S has an effect on the scaling of internal signal lev- 
els. ' 

Fig. 2 shows three different two-port adaptor structures 
which all satisfy (1). The structure of Fig. 2(a) is one of 
the traditional two-port adaptor structures [3 13 containing 
only one multiplier. The structures of Fig. 2(b) and (c) 
contain a higher number of multipliers than necessary but, 
as will be seen in Section V-D, they are practically as fast 
to implement using modem signal processors as the tra- 
ditional structures. In addition, these structures have cer- 
tain advantages with respect to scaling of signal levels and 
implementation of saturation arithmetic. 

In order to preserve the good stability properties of 
WDF's under finite precision arithmetic, it is essential that 
the quantization and overflow nonlinearities are located at 
the adaptor outputs and not at the internal computations 
of the adaptors2 [32]. Since we want stable forced re- 
sponse to be guaranteed, it is especially important that 
overflows do not occur inside the adaptors, and that ov- 
erflow detection and saturation corrections are performed 
at the adaptor outputs. To achieve this in the traditional 
two-port adaptor structures, such as Fig. 2(a), it is nec- 
essary to use a guard-bit in the internal computations. Es- 
pecially, a guard-bit is needed after the summation of the 
adaptor input signals, Le., at the multiplier input. In a 
signal processor implementation, the use of a guard-bit 
reduces the number of fractional bits by one and hence 
reduces the dynamic range by 6 dB. In the adaptor struc- 
tures of Fig. 2(b) and (c), additions are performed only at 
the output nodes, and we can use the special features of 
the pPD7720 and TMS32010 processors for implement- 
ing saturation arithmetic without the need for a guard-bit. 

We use L2 and L, norms of the scaling transfer func- 
tions for estimating the internal signal levels of the filter 
implementation [33]. In digital filter structures composed 
of first- and second-order all-pass sections, the signal lev- 
els in each section can be scaled independently of the oth- 
ers; this is because the all-pass factors of the scaling 
transfer functions do not have any effect on the scaling 
norms. The scaling is basically accomplished by properly 
selecting the sign parameters S in the two-port adaptors 
[4]. In many cases, this results in acceptable scaling. 
However, depending on the location of the pole realized 
by the filter section, additional scaling coefficients are 
often needed. 

The conventional way of scaling wave digital filters, 
based on inserting ideal transformers in the analog pro- 
totype network [31], is illustrated in Fig. 3(a). This kind 
of scaling has drawbacks: some additional operations are 

'In case of traditional two-port adaptor structures, changing the sign 
parameter is equivalent to transposing the structure [3 I]. 

'These nonlinearities can also be located inside the adaptors if the quan- 
tization and overflow characteristics are selected appropriately. However, 
we feel that this is not practical in signal processor implementations. 
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The optimal solution is the one which gives a scaling 
norm closest to (but less than) unity and gives acceptable 

and TMS32010 signal processors, the fractional part 
should be 12 or 15 bits depending on how the coefficients 
are stored. Obviously, the acceptable values of the scaling 
coefficient depend on the quantized value of the adaptor 
coefficient yq. Therefore, in order to obtain finer tuning 
of the signal levels, it is sometimes worth considering dif- 

wordlengths for cI and c2. In our case, with the pPD7720 

1 +s, 
(b) (C) (a) 

Fig. 2. Two-port adaptor structures. S = f 1. 

b, ovw crl-sy) ferent values of yq in the neighborhood of the minimum- 
length solution. 01 c + I I  I- 

v v  

(l+SyI/C 

B. First-Order All-Pass Section 
A first-order all-pass filter section realizing the transfer 

(a) (b) function 

(6) 
Fig. 3. Scaling of two-port adaptors. z-' - y 

A , ( z )  = ~ 1 - yz-I 

needed, and it is not possible to optimally scale all rele- 
vant nodes in the network. However, in the four-multi- 
plier adaptor structure, the scaling coefficients can be in- 
corporated into the adaptor coefficients [34] ; the 
arrangements of Fig. 3(a) and (b) are equivalent if the 
internal computations are executed accurately. 

Because the frequency response of the lattice filter 
structure of Fig. 1 is rather sensitive to gain errors in the 
branch filters, it is important that the filter structure real- 
izes an all-pass transfer function also with quantized coef- 
ficient values. This means that in Fig. 3(a), C must be a 
(positive or negative) power of 2 so that both scaling coef- 
ficients have an accurate finite-length binary representa- 
tion. In the case of Fig. 3(b), there are more choices for 
the scaling coefficient which helps in optimizing the dy- 
namic range. Assuming that the adaptor coefficient is first 
quantized to finite wordlength, the basic criterion is that 
the coefficients 

c1 = (1 - Sy,)C 

( 3 )  

must have finite-length binary representations. 
Let us define the integer coefficients 

c1 = 2b(l  - Sy,) 

c, = 2b(1 + Sy,) (4) 

where yq is the adaptor coefficient quantized to 1 + b bit 
wordlength. Then the acceptable values of the scaling 
coefficient are of the form 

( 5 )  
c = -  2% 

fi 
wherefi and& are arbitrary integer factors of C1 and C2, 
respectively. In other words, the scaling coefficient is a 
power of 2 multiplied by a fractional number such that the 
denominator factors are cancelled out when computing c1 
and c2 according to (3). 

is shown in Fig. 4. For general analysis, the scaled four- 
multiplier adaptor is used. 

The output signal of this structure satisfies the Lp scal- 
ing criterion automatically for any value ofp.  Thus, there 
is only one node to be scaled, the input of the delay ele- 
ment. The scaling transfer function from input to this node 
is given by 

and the corresponding L2 and L, norms are [35] 

(7) 

We can see that by selecting C = 1 and S = sign [ y 1, we 
get an La-scaled realization [4], Le., 11 F 11 , = 1. Notice 
also that the adaptor structure of Fig. 2(c) with S = sign 
[ y ] results in an La-scaled first-order all-pass section. 

Even if the adaptor structure of Fig. 2(a) is used, the 
signal level at the delay element is scaled as above. In 
this case, the maximum signal level inside the adaptor (at 
the input of the multiplier) may be twice as high as at the 
adaptor inputs. Overflows in the internal computations are 
avoided by using a guard-bit and performing saturation 
arithmetic at the output nodes. 

In the roundoff noise analysis of the structure of Fig. 
4, we use the standard uncorrelated noise model [33]. Both 
rounding after multiplications and rounding after accu- 
mulations (at the adaptor outputs) are considered. The 
noise transfer functions from the quantization points to 
the output are given by 

G~(z)  = 1 ( 9 4  
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m 
(1 +Syl/C 

Fig. 4. First-order WDF all-pass structure. 

Consequently, the output roundoff noise power is given 
by 

where at is the noise power of a unit noise source and 

1 for rounding after accumulations 

2 for rounding after multiplications. 
v = [  ( lob)  

If the scaling coefficient C = 1, we actually use the 
two-port adaptor structures of Fig. 2. Even in the case of 
Fig. 2(b), the noise sources are correlated and the pre- 
vious derivation of the noise model is not necessarily 
valid. However, in Appendix A, it is shown that using 
proper noise models for these structures, the same result 
(loa), with C = 1, is obtained for the output noise power. 
The only exception is that for the structure of Fig. 2(a), 
v = 1 in (loa) also with rounding after multiplications. 
However, due to the need for a guard-bit, the structure of 
Fig. 2(a) results in lower dynamic range than the other 
adaptor structures even in this case. 

Experience has shown that the above uncorrelated noise 
model gives a good estimate for the output quantization 
noise power, as well as for the noise spectrum, if quan- 
tization is performed by (two' s-complement) rounding. 
With two's-complement truncation, the actual noise spec- 
trum is close to the estimated one except for a dc offset. 
In the case of magnitude truncation, the noise power is 
usually higher, and a good estimate can be obtained only 
by simulation. 

C. Second-Order All-Pass Section 

realizes the transfer function 
The second-order all-pass filter section shown in Fig. 5 

(11) 
-y1 + yz(y1 - 1)z-l + 2-2 

= 1 4- y*(yl - 1)z-l - ylz-2.  

Also, in this structure, the adaptor output signal levels are 
to be scaled. The Lp scaling norms at the two branches 
between the adaptors are equal. This follows from the fact 
that the two scaling transfer functions differ only by an 
all-pass factor. Therefore, it is sufficient to scale the sig- 
nal levels at two nodes, the inputs of the delay elements. 
As shown in Appendix B, the L2 and L, scaling norms 
are given by 

Fig. 5 .  Second-order WDF all-pass structure. 

where 

By selecting C1 = 1 and S1 = sign [ y l ] ,  we obtain 
11 F1 11, = 1 and the signal levels in the two branches be- 
tween the adaptors are optimally L, scaled. If we then 
select C2 = 1 and S2 = sign [y2], we obtain 11 F2 5 
1. For example, for low-pass lattice WDF's with moder- 
ate bandwidth, this scaling norm is typically close to 
unity, and satisfactory scaling is obtained just by select- 
ing the sign parameters properly. If the bandwidth is very 
narrow or very wide, this scaling norm is often much less 
than unity and a proper value'for C2 must be selected to 
obtain acceptable scaling. 

The output roundoff noise power, using the same as- 
sumption as in the case of first-order all-pass filters, is 
given by (see Appendix B) 

where v is given by (lob). 
An interesting point to notice here is that if we select 

the scaling multipliers in (Sa) and (12) in such a way that 
the L2 scaling norms become e ual to unity,3 the contri- 
bution of each noise source is uo. Consequently, the total 
output roundoff noise power for a cascade of first- and 

9 

(12a) 'With such scaling, the structures become equivalent to first- and sec- 1 - SlYl  

1 + SlYl  ond-order all-pass four-multiplier Gray-Markel lattices [36]. 
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second-order all-pass sections becomes 2vNu;, where N 
is the order of the all-pass filter. 

IV. OTHER ALL-PASS FILTER STRUCTURES 
A.  Direct-Form Structures 

We consider here the first- and second-order direct-form 
1 structures [ l ]  shown in Fig. 6(a) and (b), respectively. 
The transfer functions of these networks are given by 

All signal levels in these structures satisfy automatically 
both L2 and L, scaling criteria. The noise transfer func- 
tions are just the all-pole transfer functions corresponding 
to (15) and (16). Hence, the noise gains are 

1 
1 - b: (17) 

(18) 

u: = v- 

0; = v2 
1 + b2 

( 1  - b2)((1 + b2f - b:) 
where v is given by (lob). 

One drawback of the direct-form 1 sections is that the 
structures are not canonic with respect to the number of 
delays. However, in a cascade of all-pass sections, the 
delay elements of two consecutive sections can be com- 
bined [29], as shown in Fig. 6(c). Therefore, only two 
extra delays are required independently of the order of the 
all-pass filter. Also, the number of multipliers is higher 
than necessary, but otherwise the structures are very reg- 
ular containing only one inner product. 

In direct-form 2 sections [l] ,  the roles of the scaling 
and noise transfer functions are reversed comparing to the 
direct-form 1 structures. Therefore, additional scaling 
coefficients are needed at the input and output of the filter 
sections. The noise gains of L2-scaled filters are the same 
as above (ignoring the effect of additional quantization 
points after the scaling coefficients) but the noise gains of 
L,-scaled filters may be considerably higher. 

B. Mitra-Hirano Structures 
A large variety of first- and second-order all-pass struc- 

tures were presented by Mitra and Hirano in [29]. It is 
interesting to note that the structures 1B and lB, of Mitra 
and Hirano are equivalent to the first-order WDF all-pass 
structures based on the adaptor of Fig. 2(a) with S = + 1 
and S = - 1 ,  respectively. The structures lA, and 3 0  can 
be obtained from the direct-form 1 sections by combining 
the multipliers with equal coefficients. 

In most cases, additional scaling coefficients are needed 
at the input and output of these structures in order to scale 
the internal signal levels. Analytical expressions for the 
L2 scaling norms can be found from [6], and the uncor- 
related noise formulas for the unscaled filters are given in 

O - m  -bi 

(C) 

Fig. 6. Direct-form 1 all-pass structures. (a) First order. (b) Second order. 
(c) Delay sharing. 

[29]. We have used numerical techniques to compute also 
the L, scaling norms. 

V. COMPARISONS 
A. Roundoff Noise 

Here we compare the roundoff noise performance of the 
all-pass filter structures described above. Figs. 7 and 8 
show the noise gains versus pole locations for the first- 
and second-order (complex pole) sections, respectively, 
using both L2 and L, scaling. The scaling coefficients, 
when required, were selected to satisfy the scaling crite- 
rion accurately. In practice, suboptimal scaling, e.g., with 
integer or power of two coefficients is often preferred and 
the noise gains are slightly higher. The structures in- 
cluded in the comparison are: 

Dm Direct-form 1 structure with rounding after mul- 
tiplications ( v = 2) 

Du Direct-form 1 structure with rounding after ac- 
cumulations (v = 1 ) 

Mm Best Mitra-Hirano structure for each pole loca- 
tion with rounding after multiplications 

Mu Best Mitra-Hirano structure for each pole loca- 
tion with rounding after accumulations 

Wm WDF structure with rounding after multiplica- 
tions (v = 2 )  

Wa WDF structure with rounding after accumulations 
(v = 1). 

For the Mitra-Hirano structures, only the lowest noise 
gain for each pole location is shown. The additional noise 
sources after the scaling coefficients were not taken into 
consideration since their effect on the overall noise is 
small. The differences between the roundoff noise prop- 
erties of the first-order Mitra-Hirano structures are not 
very significant (at most 3 dB difference in noise gain), 
but in the second-order case the differences are much 
larger. It is interesting to know which of the Mitra-Hirano 
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Fig. 7. Noise gain versus pole location for different first-order all-pass 

structures. 

structures gives the lowest noise gains for high values of 
pole radius r since these sections are decisive for the total 
output noise of a filter. Using L, scaling with r > 0.9, 
the structure 3 0  gave the best results for all-pole angles. 
Using L2 scaling with r > 0.9 and rounding after accu- 
mulations (after multiplications), the structures 3 C,  3 0 ,  
and 3B (3Ct, 3Dr, and 3Br) gave the best results for pole 
angles close to 0, a / 2 ,  and .rr, respectively. 

From Fig. 8, we can see that if the pole realized by a 
second-order all-pass filter is close to the point z = 1 or 
z = - 1, then the WDF structure gives significantly lower 
noise gains than any other structure included in the com- 
parison. This is true also in the first-order case with L2 
scaling. In other cases, especially when the pole is close 
to the imaginary axis, the direct-form 1 sections give very 
good results. 

A comparison of the roundoff noise properties of dif- 
ferent all-pass filter types in actual filter realizations can 
be seen in Fig. 9. It shows the overall noise gains for fifth- 
order elliptic low-pass filters versus passband edge. The 
filters have 0.1 dB passband ripple and 60 dB stopband 
attenuation. It can be seen that in narrow-band and ex- 
tremely wide-band cases, the WDF all-pass structures give 
the lowest noise gains. With moderate bandwidths, the 
direct-form 1 sections give the best results except for the 
case of L2 scaling with rounding after multiplications, 
where the Mitra-Hirano structures are the best ones with 
respect to roundoff noise. 

B. Coe#cient Sensitivity 
In general, filters which are realized as a parallel con- 

nection of two or more all-pass subfilters are very sensi- 
tive to gain errors in the all-pass branch filters. Therefore, 

it is important to use all-pass filter structures which real- 
ize all-pass transfer functions also with quantized coeffi- 
cient values. This condition is a prerequisite for the prop- 
erty of structural boundedness and, consequently, for the 
low passband sensitivity of these kinds of filters [6]. This 
condition is satisfied in all structures considered in this 
paper provided that the coefficients are quantized appro- 
priately. For example, in the four-multiplier adaptor 
structure [Figs. 2(b) and 3(b)], it is necessary that the pa- 
rameter y is first quantized and the actual filter coeffi- 
cients are computed accurately using this quantized value. 

A first-order all-pass section is specified by a single pa- 
rameter which is the same for all structures considered in 
this paper. Consequently, also the coefficient sensitivity 
properties of different first-order sections are equivalent. 
In the second-order structures, three different parameter 
sets have been used: 1) WDF structures [cf. (1 l)]; 2) di- 
rect-form and Mitra-Hirano types 3 [cf. (16)]; 3) Mitra- 
Hirano types 2 (cf. [29]). 

For a lattice WDF, the coefficient quantization effects 
are usually insignificant in the passband region. To com- 
pare the sensitivities of different second-order sections , 
we have determined the minimum coefficient wordlength 
for a number of low-pass filters such that the reduction in 
stopband attenuation is less than 1 dB comparing to the 
original design with high-precision coefficients. In all 
cases considered, the passband ripple remained below 
0.12 dB (originally 0.1 dB). The results are shown in 
Fig. 10. No systematic differences were observed be- 
tween the three parameterizations of the transfer function. 
It can also be seen that the required coefficient wordlength 
increases with increasing stopband attenuation. The usual 
16-bit wordlength is sufficient in the fifth-order case with 
60 dB stopband attenuation [see Fig. 10(a)] except for 
very narrow-band or wide-band filters. Also, in the case 
of seventh-order filters with 80-dB stopband attenuation 
[Fig. 10(b)], the 16-bit wordlength is sufficient for mod- 
erate bandwidths if a somewhat larger margin is allowed 
for coefficient quantization or if some kinds of optimized 
quantization techniques are applied. 

C. Parasitic Oscillations 
Our main concern here are the overflow oscillations. 

Especially, we consider the problem how to achieve sta- 
ble forced response under overflow nonlinearities. This 
means that the filter is guaranteed to recover from an ov- 
erflow even with nonzero input signals. In general, it has 
been shown [24] that a filter has stable forced response if 
the following two conditions are satisfied: 

i) the filter has no zero-input overflow oscillations with 
a two’s-complement type of overflow characteristic; and 

ii) suitable overflow characteristic (e.g. , saturation 
arithmetic) is used. 

In wave digital filters, stable forced response can be 
achieved by using saturation arithmetic at the adaptor out- 
puts [24], [30]. Also, in the other types of first-order all- 
pass structures, stable forced response can be achieved by 
using saturation arithmetic at appropriate locations in the 
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Fig. 8. Noise gain versus pole location for different second-order all-pass 
structures. 

feedback loops. However, in the second-order case, sta- 
ble forced response can be guaranteed for direct-form 1 
sections and for Mitra-Hirano all-pass sections only with 
certain restricted pole locations. 

It is well known [ 3 7 ] ,  [38]  that a second-order direct- 
form IIR filter has no zero-input overflow oscillations 
when the denominator coefficients [cf. (16)] satisfy 

( b l l  + Ib21 < 1. (19) 

Therefore, in second-order direct-form all-pass struc- 
tures, a stable forced response can be achieved using sat- 
uration arithmetic after the summation node if the coeffi- 
cients of the all-pass section satisfy (19). The same is true 
also for Mitra-Hirano-type 3A,  3B ,  3 C ,  and 3 0  networks 
whose recursive part has the same structure. Equation (19) 
is a very restrictive constraint. In the low-pass example 
of Section V-A (0.1 dB passband ripple, 60 dB stopband 
attenuation), this condition is satisfied in all sections only 
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when the passband edge is in the range 0 . 4 3 4 ~  < up < 
0 . 5 1 5 ~ .  

In the WDF structures, also zero-input quantization 
limit cycles can be eliminated by using magnitude trun- 
cation at the adaptor outputs [32]. In the other second- 

order all-pass structures, these limit cycles can be elimi- 
nated only for certain restricted pole locations even if 
magnitude truncation is used. On the other hand, in most 
applications, it is not adequate to eliminate only zero-in- 
put limit cycles since parasitic oscillations may still ap- 
pear with constant nonzero input signals. In addition, 
magnitude truncation, which is usually required to achieve 
limit-cycle-free realizations, tends to increase somewhat 
the roundoff noise power comparing to rounding. Fur- 
thermore, the implementation of magnitude truncation 
would require some extra instructions, at least in the two 
signal processors considered in this paper. For these rea- 
sons, we do not consider the use of magnitude truncation 
for eliminating parasitic oscillations. An interesting topic 
would be to compare the limit-cycle amplitudes appearing 
in different second-order all-pass structures using simu- 
lation or by developing bounds for the maximum ampli- 
tudes [30], but this is outside the scope of this paper. 

D. Signal Processor Implementation 
Tables I1 and I11 compare the execution times of certain 

first- and second-order all-pass structures implemented 
using both pPD7720 and TMS32010/32020 signal pro- 
cessors. The tables show the execution times for the sub- 
routines ( pPD7720) or macros (TMS320) implementing 
the all-pass sections, not including the implementation of 
saturation arithmetic. The length of the main program, 
i.e., the number of instructions needed for composing the 
overall filter from the all-pass sections, is rather indepen- 
dent of the all-pass subfilter structure. Therefore, Tables 
I1 and I11 can be used as a basis for comparing different 
structures. They do not give the right picture about the 
relative efficiency of the two processors in this application 
because the number of additional instructions required in 
practical implementations is quite different for the two 
processors. In addition, the implementations based on the 
two signal processors are not quite comparable with re- 
spect to finite wordlength effects. The pPD7720 imple- 
mentations utilize 16-bit accumulation, corresponding to 
two’s-complement truncation after multiplications, 
whereas the TMS32010 implementations utilize 32-bit ac- 
cumulation and two’s-complement truncation after accu- 
mulations. Also, different coefficient wordlengths were 
used, 13 bits for pPD7720 and 16 bits for TMS32010. In 
the pPD7720 implementations, the coefficients were 
stored in the ROM memory, whereas RAM memory was 
used for the coefficients in the TMS32010. The assembly 
listings for the first- and second-order WDF all-pass sec- 
tions of Fig. 11 are given in Appendix C for both proces- 
sors. 

The first-order WDF section was implemented using the 
three different adaptor types of Figs. 2(a), 2(c), and 3(b). 
From Table I1 we can see that the adaptor structures of 
Figs. 2(c) and 3(b) are as fast (using pPD7720) or only 
slightly slower (using TMS32010 or 32020) to implement 
than the traditional structure of Fig. 2(a). It should also 
be remembered that overfiow control is more difficult to 
implement in the structure of Fig. 2(a) because a guard- 
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Structure 

TABLE I1 

SECTIONS 
MINIMUM SAMPLING PERIODS OF DIFFERENT FIRST-ORDER ALL-PASS 

Number of Instruction Cycles 

pPD7720 I TMS32010 / 32020 

I Number of Instruction Cycles 

Structure I pPD7720 I TMS32010 132020 

Wave Digital 
Adaptor of Fig. 2(a) 
Adaptor of Fig. 3(b) 
Adaptor of Fig. 2(c) 

Mitra-Hirano Type 1A 

Direct-Form 1 

11 1 11 

12 / 12 

9 1 9  

8 1 8  

13 / 11 

Wave Digital 
Adaptors of Fig. 2(c) 
Adaptors of Figs. 2(c) and 3(b) 

Mitra-Airano Type 3A 
Direct-Form 1 

' Depending on coefficient values. 

24 1 23 
25 / 22 

16-17* / 16-17* 
13-15' / 12-14* 

XlClnI 

YlC(n1 

X11BInl 

-u c2 
uz 

YllB(n1 WZBlnI 

Fig. 11. First- and second-order WDF all-pass sections. 

bit is needed in the internal computations. In the second- 
order case, the adaptor structure of Fig. 2(c) is used as 
the inner adaptor, and the outer adaptor is of the type of 
Fig. 2(c) or Fig. 3(b) depending on whether scaling is 
required or not. 

From the Mitra-Hirano structures, only the fastest, 1A 
and 3A, have been implemented. Even though the Mitra- 
Hirano structures contain the minimum number of multi- 
pliers, they are not faster to implement than the direct- 
form structures. In fact, the direct-form 1 structures are 
faster to implement than the related Mitra-Hirano struc- 
tures lA, and 3 0 .  From Table I1 we can see that using 
pPD7720, the direct-form 1 section, takes only one in- 
struction cycle less than the WDF structure, and using 
TMS32010 (32020) it takes 3-5 (3-4) instructions less. 
As seen from Table 111, the differences are more signifi- 
cant in the second-order case. Especially, in the 
TMS32010 implementation, the direct-form 1 section is 
almost twice as fast as the WDF structures. 

In practice, saturation arithmetic should also be used. 
In the case of WDF all-pass structures, this guarantees 

stable forced response and smooth behavior during over- 
flow situations. Even though saturation arithmetic does 
not usually guarantee stable forced response for direct- 
form and Mitra-Hirano structures, it always improves the 
behavior during overflow situations. The implementation 
of saturation arithmetic increases somewhat the execution 
times of the all-pass sections from those given in Tables 
I1 and I11 for both processors. 

VI. EXAMPLE 
In this example, we consider the implementation of a 

complete bandpass filter, including saturation arithmetic, 
using both pPD7720 and TMS32010 signal processors. 
The specifications, which are taken from a practical ap- 
plication, are as follows: 

sampling rate: 16 kHz 
passband edges: 100 Hz, 5 kHz 
passband ripple: 0.2 dB 
stopband edges: 62.5 Hz, 6 kHz 
stopband attenuation: 46 dB. 
The filter is realized as a cascade arrangement of fifth- 

order elliptic high-pass and low-pass filters. The L,  scal- 
ing norm was considered to be more appropriate for this 
application. The resulting uncorrelated noise gains using 
different types of all-pass sections are compared in Table 
IV. Because the high-pass part of the frequency response 
is extremely wide-band (the normalized passband edge is 
0.0125?r), the WDF structures result in significantly lower 
noise gains than the direct-form 1 all-pass structures and 
the best Mitra-Hirano structures. In the high-pass stage, 
only the WDF all-pass sections give sufficient dynamic 
range and, due to better stability properties, they are used 
also in the low-pass stage. 

The signal flow diagram of the bandpass filter is shown 
in Fig. 12. Our choice for the adaptor structures is to use 
the structure of Fig. 3(b) as the outer adaptor in second- 
order sections when it is necessary for obtaining good 
scaling, otherwise we use the structure of Fig. 2(c) with 
appropriate sign parameters. The latter selection is made 
because, with C = 1, the four-multiplier structure con- 
tains a coefficient whose absolute value is larger than 
unity. On the other hand, when scaling is needed, the re- 
sulting coefficient values in the four-multiplier structure 
are less than one in magnitude. In the low-pass stage, all 
adaptors are of the type of Fig. 2(c), and proper choice 
of the sign parameters S gives satisfactory scaling with 
scaling norms in the range 0.63-1. In the high-pass part, 
scaling of the end branches of the second-order sections 
is necessary, and adaptors of the type of Fig. 3(b) are 
used. The scaling coefficients were optimized as de- 
scribed in Section 111-A, and the resulting L,  scaling 
norms are in the range 0.9-1. 

This filter was implemented using both pPD7720 and 
TMS32010 signal processors. In both cases, the RAM 
memory was used for storing the coefficients which were 
quantized to 1 + 15 bit wordlength. In case of pPD7720, 
we use 16-bit accumulation of the inner products, corre- 
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Fig. 12. Signal flow graph for the example design. 

sponding to 2’s-complement truncation to 1 + 15 bits after 
multiplications. In TMS32010, we use 32-bit accumula- 
tion with 2’s-complement truncation to 1 + 15 (or 1 + 
14) bits after accumulation. Consequently, the roundoff 
noise level is about 3 dB lower (or 3 dB higher) in the 
TMS32010 implementation than in the pPD7720 imple- 
mentation. 

The observed maximum limit cycle amplitude is about 
130 quantization levels peak to peak. With 16-bit data 
wordlength, this corresponds to about a 54 dB ratio be- 
tween maximum sinusoidal signal level and maximum 
limit cycle level. 

Saturation arithmetic is used in both implementations 
in order to guarantee stable forced response and to obtain 
smooth response during arithmetic overflows. Since the 
inner products in adaptor computations contain at most 3 
terms, the special instructions of pPD7720 can be used 
for implementating saturation arithmetic. In this proces- 
sor, the overflow detection and saturation arithmetic takes 
two or one instruction cycles depending on whether an 
overflow has occurred or not. When estimating the worst 
case sampling period, we can make use of the fact that 

overflows cannot occur in every inner product during the 
same computation period. Especially, there cannot be an 
overflow in both outputs of a two-port adaptor simulta- 
neously. Furthermore, in the adaptor structures of Fig. 2, 
with proper choice of the sign parameter, overflows can 
never appear at output bZ, and overflow detection is not 
needed there. This means that, in case of pPD7720, we 
have to reserve three cycles-for overflow checking and 
correction when implementing the adaptor of Fig. 3(b), 
and two cycles when implementing the adaptor of Fig. 
2(c). Using pPD7720, the execution of the filter algo- 
rithm takes 120 instruction cycles which corresponds to a 
maximum sampling rate of 33.333 kHz. 

In the case of TMS32010, an extra bit is used during 
the accumulation so that no overflows may occur during 
the additions in the adaptor structures. The accumulated 
result must be left-shifted by one bit before it can be 
stored. Overflows may occur due to this shift but, unfor- 
tunately, the overflow mode does not provide saturation 
during shift operations. However, this shifting is equiv- 
alent to adding the contents of the accumulator to itself. 
Doing the shift operation in this way, the overflow mode 
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provides the right type of saturation characteristic in the 
adaptor implementation [39]. If this addition is performed 
with full 32-bit accuracy, four extra instruction cycles are 
required. If only the upper half of the accumulator is 
added, two extra instruction cycles are required, but in 
this case we lose one bit in accuracy, i.e., this corre- 
sponds to 2's-complement truncation to 1 + 14 bits. As 
in the case of pPD7720, the saturation characteristic has 
to be implemented twice in the adaptor structure of Fig. 
3(b) and once in the structure of Fig. 2(c). The number 
of extra instruction cycles for the overall filter is 48 or 24 
depending on whether full-precision additions are used or 
not. 

The overall TMS32010 implementation takes either 160 
or 184 instruction cycles, corresponding to 31.25 and 
27.77 kHz maximum sampling rates, using 1 + 14 bit or 
1 + 15 bit truncation, respectively. 

VII. CONCLUSIONS 
In this paper, we have compared different first- and sec- 

ond-order all-pass filters with respect to finite wordlength 
properties and speed of signal processor implementation. 
When comparing the maximum sampling rate of the dif- 
ferent types of all-pass sections, it was observed that the 
direct-form 1 structures are the fastest among the struc- 
tures included in the comparison. In the worst case, the 
WDF structures result in about 50 percent lower sampling 
rate. However, in certain cases, such as very wide-band 
or very narrow-band and low-padhigh-pass filters, the 
WDF structures give superior roundoff noise perfor- 
mance, and it may be impossible to obtain sufficient dy- 
namic range using any other structure. With moderate 
bandwidths, the direct-form 1 structures and the best Mi- 
tra-Hirano structures give often lower roundoff noise 
power but the differences are less significant. An impor- 
tant advantage of the wave digital all-pass structures is 
their good stability properties, especially guaranteed sta- 
ble forced response using saturation arithmetic. 

APPENDIX A 
ROUNDOFF NOISE ANALYSIS OF FIRST-ORDER WDF 

SECTIONS 
Using the adaptor structure of Fig. 2(a) in a first-order 

all-pass section, the transfer function from the adaptor 
coefficient to the output is 

. (AI)  
(1  + sy)z-' 

1 - yz-' 
s + 2-' 

G(z) = 7 = S + 
1 - yz 

The output roundoff noise power is thus 

1 + sy 
1 - sy 0 : = 1 +  (1 + STY 0 ; = 1 + -  0;. (A2) 

1 - y2 

This is equivalent to (loa) with C = 1 and v = 1. 

after multiplications, the noise transfer functions are 
Using the adaptor structure of Fig. 2(c) with rounding 

1 + sz-' 
1 - yz-' G ~ ( z )  = -~ 

s + 2-I 

1 - yz-" G ~ ( z )  = ~ 

Each of these noise sources contributes to the output noise 
variance the same amount as given by (A2). Therefore, 
in this case, (loa) is valid with C = 1 and v = 2. 

Let us consider now a first-order all-pass section using 
the adaptor structure of Fig. 2(b) and quantization after 
multiplications. The quantization error sequences, e.g., 
after the multipliers 1 - Sy and -y are clearly corre- 
lated. Assuming that the quantization characteristic sat- 
isfies 

we can derive the adaptor output samples as follows: 

This means that the adaptor output signals are exactly the 
same as in the structure of Fig. 2(c) with quantization after 
multiplications. In practice, two's-complement rounding 
is used, and the property (A4) is not satisfied when the 
quantization error is exactly half of the quantization step. 
However, this does not effect the estimate for the output 
noise power, and we can see that also in this case (loa) 
is valid with C = 1 and v = 2. 

Finally, we consider the first-order all-pass sections 
based on the adaptor structures of Fig. 2 with rounding of 
the adaptor output signals. Using the structure of Fig. 
2(a), it can be shown that rounding of the adaptor outputs 
is equivalent to rounding after the adaptor coefficient ex- 
cept for the case where the quantization error is exactly 
half of the quantization step. With this quantization strat- 
egy, all adaptor types of Fig. 2 are equivalent. Therefore, 
we can conclude that the uncorrelated output roundoff 
noise power is given by (loa) with C = 1 and v = 1. 

APPENDIX B 

ORDER WDF ALL-PASS SECTIONS 
SCALING AND ROUNDOFF NOISE ANALYSIS OF SECOND- 

In the structure of Fig. 5, the scaling transfer function 
from input to the delay between the adaptors is 

Fdz) = Cd 1 - sly,) m4 031) 
where 

1 - 722-1 

m = 1 + y2(y1 - 1)z-I - y'z-2 

1 
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The maximum of the corresponding amplitude response 
is thus 

Including the scaling factor from (Bl), (13a) is obtained. 
From (B2) it follows that 

Solving (B5) for 11 Fl 11; and including the scaling factor 
from (Bl), (12a) is obtained. 

The scaling transfer function from input to the outer 
delay is 

FZ(Z) = ClCZ(1 - SlYl)(l - S2Y2) z-lF2k) (B6) 

where 

The L2 scaling norm corresponding to this all-pole trans- 
fer function is 

2 1 + b2 
‘ I F 2 ’ ”  = (1 - b2)( ( l  + b2f - b:) 

and (12b) is obtained by including the gain factor from 
(B6). 

In order to find the maximum value of the amplitude 
response corresponding to (B6), we locate the minimum 
value of the magnitude squared response corresponding 
to the denominator polynomial 

lD(eJ? I2 = D(z)  w - ’ )  I Z = E , Y  
= (1  - b2)z + b: + 2bl ( l  + b2) 

COS ( U )  + 4b2 COS2 ( W ) .  (B9) 

Regarding (B9) as a function of cos (w), the abscissa of 
the extremum point is 

If now 
b2 > 0 (Bl la )  

and 

(Bl lb)  

then the minimum of the magnitude squared function is 
achieved at this point and 

Otherwise, the minimum is achieved at w = 0 or at w = 
?r, and the minimum value is 

Equations (13b) and (13c) are now obtained by expressing 
bl and b2 in terms of y1 and y2 in (Bl1)-(Bl3), and by 
including the gain factor from (B6). 

The noise transfer functions from the multipliers to the 
output are 

G-y, = 1 (B 14a) 

(1  + S1y1)z-l (-y2 + z-l) m z )  (B14b) 
C1 1 - y2z-1 G,l = 

G-y2 = ( 1  + SIYl) m)/G (B14c) 

Gy2 = (1  + Siyi)( 1 + ~ ~ ~ z ) z - ’ F z ( z ) / ( C ~ C ~ ) .  (B14d) 

Notice that the noise transfer functions GPy2 and Gy2 have 
the same forms as (Bl) and (B6), only the gain factors 
and the delay factor of Gy2 are different. In addition, Gyl 
and GPyZ differ only by an all-pass factor. Therefore, the 
expression for output noise power, (14), can be obtained 
easily by modifying the L2 norms of the scaling transfer 
functions. 

APPENDIX C 
ASSEMBLY LISTINGS 

First-Order WDF All-Pass Section of Fig. 11 (a) 

pPD 7720 Implementation 
WDFlC: OP MOV @B,A ; /*  (ACCB).<--XlC (N) * /  

OP MOV @t<LR,k ; / *  C * X l C ( N )  STARTS*/ 
OF‘ MOV @G,MEtI /*(ACCAj.: : :--X2C(N)*/ 

SUB GCCB,M /*ADD I F  S=-1 */ 
; /*(ACCB). : : : - - (ACCB)-C*XlC(N) 

OP MOV @K,MEM /* C * X 2 C i N )  STARTS*/ 
; /* (ACCA) .::--- (ACCA) -C*X 1C ( N l * /  

OP ADD ACCB,M ; / * ( A C C B ) ( - - ( G C C H ) + C * X 2 C o + /  
OF‘ MOV @MEM,B / * X X ( N ) ( - - ( A C C B )  */ 

ADD GCCA, M /*  (ACCA)  .<:-- (GCCG) +C*XZC (N) */ 
DF‘ I NC / *POINT TO NEXT VGRIkBLE+/  
RPDEC / *POINT TO NEXT C O E F F I C I E N T * /  
RET ;/*RETURN FROM SUBROUTINE*/ 

SUB ACCA, M 

/*SUB I F  S=-l*/ 
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TMS32010 Implementation 
. .  

y .... ..! 
. .  . ... 

Second-Order WDF All-Pass Section of Fig. 11 (b) 

WDF2B: OP 
0 P 

OP 

OP 

OP 

OP 

OP 
O F  

OP 

OF 
OF 

pPD7720 Implementation 
XOR ACCB,B ;/*CLEAR ACCB */ 
XOR ACCA,IDB ;/*CLEAR ACCA */  
MOV @KLR.MEM /*C2l*X12B(N) STARTS */ 
MOV @TR,A /*TR.<:--XllB(N) */ 

RPDEC 
MOV @L,RO 
ADD ACCB,M 
M1 
MOV @K,MEM 
SUB ACCA,M 
RPDEC 
MOV @L,RO 
ADD ACCB,M 
RPDEC 
MOV @MEM,B 
ADD ACCA,M 
MI 
MOV IC::LR, A 
MOV @B,TR 
SUB ACCA,M 
MOV IK,TR 
ADD ACCH,M 
ADD ACCB,M 
MOV @MEM,B 
SUB ACCA,M 
DP I NC 
RPDEC 
RET 

;/*POINT TO NEXT COEFFICIENT*/ 
/* C2*X12B(N) STARTS */ 
/* (ACCH).<--C2l*X12B (N) */ 
; /*POINT TO X22B (N) */ 
/*C2*X22B(N) STARTS*/ 
/*(ACCA),;:-- -C2*XlZB(N)*/ 
;/*FOINT TO NEXT COEFFICIENT*/ 
/* C22*X22B(N) STARTS */ 
/*(ACCE)(--(ACCB)+C2*X~~B(N)*/ 

/* X22B(N).::--(ACCH) */ 
/+ (ACCA) ( - - (ACCA)+C22*X22B(N)  */ 
;/*POINT TO NEXT COEFFICIENT*/ 

; /*POINT TO X12B (N) */ 
; / *  Cl+X21B(N) STARTS */ 
/* (ACCB)  i--X 11B (N) */ 
; /* (ACCA)(-- ( A C C A )  -Cl*X21B (N) */ 
;/*(ACCB)i--(ACCB)+Cl*X2lB(N)*/ 
; /*(ACCB)(--(ACCB)+Cl*XllB(N)*/ 
/* X12B(N).;:--(ACCH) */ 
/* (ACCA).::-- (ACCA) -Cl*XllB (N) */ 
/*POINT TO NEXT VARIABLE*/ 
/*POINT TO NEXT COEFFICIENT*/ 
;/*RETURN FROM SUBROUTINE*/ 

/* Cl*XllB(N) STARTS */ 
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