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A typical lower limit on || Z || is a few tens or hundreds of milliohms.

An improved test setup for measurement of small impedances is illustrated in Fig. 8.61(b). An
isolation transformer is inserted between the injection source and the dc blocking capacitor. The return
connections of the voltage probe and injection source are no longer in parallel, and the injected current
1, Must now return entirely through the injection source return connection. An added benefit is that the
transformer turns ratio # can be increased, to better match the injection source impedance to the imped-
ance under test. Note that the impedances of the transformer, of the blocking capacitor, and of the probe
and injection source return connections, do not affect the measurement. Much smaller impedances can
therefore be measured using this improved approach.

»

8.6 SUMMARY OF KEY POINTS

1. The magnitude Bode diagrams of functions which vary as (f/f))" have slopes equal to 20n dB per decade,
and pass through 0 dB at f=f;,.

2. It is good practice to express transfer functions in normalized pole-zero form; this form directly exposes
expressions for the salient features of the response, that is, the corner frequencies, reference gain, etc.

3. The right half-plane zero exhibits the magnitude response of the left half-plane zero, but the phase
response of the pole.

4. Poles and zeroes can be expressed in frequency-inverted form, when it is desirable to refer the gain to a
high-frequency asymptote.

5. Atwo-pole response can be written in the standard normalized form of Eq. (8.58). When Q > 0.5, the poles
are complex conjugates. The magnitude response then exhibits peaking in the vicinity of the corner fre-
quency, with an exact value of Q at f = f,. High Q also causes the phase to change sharply near the corner
frequency.

6. When Q is less than 0.5, the two pole response can be plotted as two real poles. The low-Q approximation
predicts that the two poles occur at frequencies f/Q and Qf;. These frequencies are within 10% of the
exact values for Q <0.3.

7. The low-Q approximation can be extended to find approximate roots of an arbitrary degree polynomial.
Approximate analytical expressions for the salient features can be derived. Numerical values are used to
justify the approximations.

8. Salient features of the transfer functions of the buck, boost, and buck-boost converters are tabulated in
Section 8.2.2. The line-to-output transfer functions of these converters contain two poles. Their control-to-
output transfer functions contain two poles, and may additionally contain a right half-plane zero.

9. Approximate magnitude asymptotes of impedances and transfer functions can be easily derived by graphi-
cal construction. This approach is a useful supplement to conventional analysis, because it yields physical
insight into the circuit behavior, and because it exposes suitable approximations. Several examples, includ-
ing the impedances of basic series and parallel resonant circuits and the transfer function H(s) of the volt-
age divider circujt, are worked in Section 8.3. The input impedance, output impedance, and transfer
functions of the buck converter are constructed in Section 8.4, and physical origins of the asymptotes, cor-
ner frequencies, and Q-factor are found.

10.  Measurement of transfer functions and impedances using a network analyzer is discussed in Section 8.5.
Careful attention to ground connections is important when measuring small impedances.
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PROBLEMS
8.1 Express the gains represented by the asymptotes of Figs. 8.62(a) to (c) in factored pole-zero form. You
may assume that all poles and zeroes have negative real parts.
(@) G,
+20 dB/decade
(O]
—20 dB/decade
©
Fig. 8.62 Gain asymptotes for Problem 8.1.
8.2 Express the gains represented by the asymptotes of Figs. 8.63(a) to (c) in factored pole-zero form. You
may assume that all poles and zeroes have negative real parts.
83 Derive analytical expressions for the low-frequency asymptotes of the magnitude Bode plots shown in
Fig. 8.63(a) to (c).
8.4 Derive analytical expressions for the three magnitude asymptotes of Fig. 8.16.
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(a) G (b)

+20 dB/decade

—20 dB/decade

Fig. 8.63 Gain asymptotes for Problems 8.2 and 8.3.

8.5 An experimentally measured transfer function. Figure 8.64 contains experimentally measured magni-
tude and phase data for the gain function A(s) of a certain amplifier. The object of this problem is to find
an expression for A(s). Overlay asymptotes as appropriate on the magnitude and phase data, and hence
deduce numerical values for the gain asymptotes and corner frequencies of A(s). Your magnitude and

40 dB
o 5
30 dB K
----- Al <
20 dB 90°
10 dB = 450
’/4 A ==
0dB i 0°
™ }
L 450
- £ _90°
= L1350
_180°
10 1z 100 Hz 1kHz 10 kHz 100 kHz 1 MHz

Fig. 8.64 Experimentally-measured magnitude and phase data, Problem 8.5.
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8.6

8.7

8.8

Converter Transfer Functions

phase asymptotes must, of course, follow all of the rules: magnitude slopes must be multiples of +20 dB
per decade, phase slopes for real poles must be multiples of +45° per decade, etc. The phase and magni-
tude asymptotes must be consistent with each other.

It is suggested that you start by guessing A(s) based on the magnitude data. Then construct the
phase asymptotes for your guess, and compare them with the given data. If there are discrepancies, then
modify your guess accordingly and redo your magnitude and phase asymptotes. You should turn in: (1)
your analytical expression for A(s), with numerical values given, and (2) a copy of Fig. 8.64, with your
magnitude and phase asymptotes superimposed and with all break frequencies and slopes clearly
labeled.

An experimentally-measured impedance. Figure 8.65 contains experimentally measured magnitude and
phase data for the driving-point impedance Z(s) of a passive network. The object of this problem is the
find an expression for Z(s). Overlay asymptotes as appropriate on the magnitude and phase data, and
hence deduce numerical values for the salient features of the impedance function. You should turn in: (1)
your analytical expression for Z(s), with numerical values given, and (2) a copy of Fig. 8.65, with your
magnitude and phase asymptotes superimposed and with all salient features and asymptote slopes
clearly labeled.

30 dBQ
20 dBQ - Ve
Izl 7
./
10 dBQ = ,
7
0 dBQ NGEL A
7
Fig. 8.65 Impedance magni-
tude and phase data, Problem -10dBQ . - 90°
8.6. 4
45°
— 0°
L 7 N
™ ;
- —45°
- -90°
10 Hz 100 Hz 1kHz 10 kHz

In Section 7.2.9, the small-signal ac model of a nonideal flyback converter is derived, with the result
illustrated in Fig. 7.27. Construct a Bode plot of the magnitude and phase of the converter output
impedance Z_,(s). Give both analytical expressions and numerical values for all important features in
your plot. Note: Z_ (s) includes the load resistance R. The element values are: D=04,n=02,R=6Q,

out

L=600 gH, C =100 uF, R, =5 Q.

For the nonideal flyback converter modeled in Section 7.2.9:

(a) Derive analytical expressions for the control-to-output and line-to-output transfer functions
G, ,(s) and G, (s). Express your results in standard normalized form.

b) Derive analytical expressions for the salient features of these transfer functions.

(©) Construct the magnitude and phase Bode plots of the control-to-output transfer function, using
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the following values: n = 2, Vg =48V,D=03,R=5Q,L=250 uH, C=100 pF, R, = 1.2 Q.
Label the numerical values of the constant asymptotes, all corner frequencies, the O-factor, and
asymptote slopes.

8.9 Magnitude Bode diagram of an R—L—-C filter circuit. For the filter circuit of Fig. 8.66, construct the Bode
plots for the magnitudes of the Thevenin-equivalent output impedance Z_ and the transfer function H(s)
= v,/v,. Plot your results on semilog graph paper. Give approximate analytical expressions and numeri-
cal values for the important corner frequencies and asymptotes. Do all of the elements significantly

affect Z ,, and H?
R L
10Q 10 mH
W +

220 p,F z,
v - V.
: 47 T kQ ?
100 o

Fig. 8.66 Filter circuit of Problem 8.9.

8.10 Operational amplifier filter circuit. The op amp circuit shown in Fig. 8.67 is a practical realization of
what is known as a PID controller, and is sometimes used to modity the loop gain of feedback circuits to
improve their performance. Using semilog graph paper, sketch the Bode diagram of the magnitude of the
transfer function v,(s)/v,(s) of the circuit shown. Label all corner frequencies, flat asymptote gains, and
asymptote slopes, as appropriate, giving both analytical expressions and numerical values. You may

assume that the op amp is ideal.

R, G
2kQ  1uF
R, 20kQ
RZ . 'V\’
1kQ C3 800 pF
Ny
—w—i} _J‘>_
— +
v Rl Cl *
1 v
100Q 24 nF 2
Fig. 8.67 Op-amp PID controller circuit, Problem 8.10.
8.11 Phase asymptotes. Construct the phase asymptotes for the transfer function v,(s)/v,(s) of Problem 8.10.
Label all break frequencies, flat asymptotes, and asymptote slopes.
8.12 Construct the Bode diagram for the magnitude of the output impedance Z , of the network shown in Fig.

8.68. Give suitable analytical expressions for each asymptote, corner frequency, and Q-factor, as appro-
priate. Justify any approximations that you use.
The component values are:

L, =100 pH L,=16mH
C, = 1000 uF C,= 10 uF
R =5Q R,=50Q
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_<
o
Il
1
=
My
!

Fig. 8.68 Filter network of Problem 8.12,

The two section input filter in the circuit of Fig. 8.69 should be designed such that its output impedance
Zyusly, - o Meets certain input filter design criteria, and hence it is desirable to construct the Bode plot
for thé magnitude of Z. Although this filter contains six reactive elements, || Z_ || can nonetheless be con-
structed in a relatively straightforward manner using graphical construction techniques. The element val-
ues are:

L, =32mH C, =32 puF
L, =400 pH C,=6.8 uF
Ly=800pH R =10Q
Ly=1puH R,=1Q

(a) Construct || Z, || using the “algebra on the graph” method. Give simple approximate analytical
expressions for all asymptotes and corner frequencies.

(b) It is desired that || Z_ || be approximately equal to 5 Q at 500 Hz and 2.5 Q at 1 kHz. Suggest a
simple way to accomplish this by changing the value of one component.

Fig. 8.69 Input filter circuit of Problem 8.13.

Construct the Bode plot of the magnitude of the output impedance of the filter illustrated in Fig.
Fig. 8.70. Give approximate analytical expressions for each corner frequency. No credit will be given
for computer-generated plots.

A certain open-loop buck-boost converter contains an input filter. Its small-signal ac model is shown in
Fig. 8.71, and the element values are specified below. Construct the Bode plot for the magnitude of the
converter output impedance || Z,,(s) ||. Label the values of all important corner frequencies and asymp-
totes.

D=06 L= 150 uH
R=6Q Cy= 16 uF
C=033 yF C, = 2200 uF
L=25uH R=1Q
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L2 LS
5mH 10 uH
ST rEEE

[ e

L, Ry1Q L, 100 pH R10Q L 1mH
100 pH L, 0.2 uH L, 0.1 pH
C c Cs
+ 1 ] 1 Z
8V («) 100 uF €, 1000 uF = 100uF  C, 100 uF el 1) SR
Rl
10 R, 02Q R1Q

Fig. 8.70 Input filter circuit of Problem 8.14.

i cf-l— 1d(s) 1d(s) -l-c RS ol
°T i

(Vg— v)d‘(s')
D':1

Ry

Fig. 8.71 Small-signal model of a buck-boost converter with input filter, Problem 8.15.

The small-signal equations of the Watkins-Johnson converter opérating in continuous conduction mode
are:

‘%&Q == DI(t) + 2V, = V)d(1) + (D - D), (1)
B0 _pyy 50
[ (6)= (D= DY) +21d(r)

(a) Derive analytical expressions for the line-to-output transfer function G,,(s) and the control-to-
output transfer function G, (s).

(b) Derive analytical expressions for the salient features (dc gains, corner frequencies, and Q-fac-
tors) of the transfer functions Gvg(s) and G, (s). Express your results as functions of Vg, D,R L,
and C.

(c) The converter operates at Vg =28V,D =025 R=28Q, C= 100 pF, L =400 uF. Sketch the
Bode diagram of the magnitude and phase of G, (s). Label salient features.

The element values in the buck converter of Fig. 7.68 are:

V,=120V D=06
R=10Q R = 28Q
L =550 pH C =100 uF
(a) Determine an analytical expression for the control-to-output transfer function G, o(8) of this con-

verter.
(b) Find analytical expressions for the salient features of Gvg(s).

(c) Construct magnitude and phase asymptotes for G,,- Label the numerical values of all slopes and
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8.18

8.19

8.20

8.21

Converter Transfer Functions

other important features.

Loss mechanisms in capacitors, such as dielectric loss and contact and foil resistance, can be modeled
electrically using an equivalent series resistance (esr). Capacitors whose dielectric materials exhibit a
high dielectric constant, such as electrolytic capacitors, tantalum capacitors, and some types of multi-
layer ceramic capacitors, typically exhibit relatively high esr.

A buck converter contains a 1.6 mH inductor, and operates with a quiescent duty cycle of 0.5. Its
output capacitor can be modeled as a 16 pF capacitor in series with a 0.2 Q esr. The load resistance is
10 Q. The converter operates in continuous conduction mode. The quiescent input voltage is V, = 120 V.

(a) Determine an analytical expression for the control-to-output transfer function G, (s) of this con-
verter.

(b) Find analytical expressions for the salient features of Gvg(s). ‘
(c) Construct magnitude and phase asymptotes for G,,. Label the numerical values of all slopes and
other important features.

The LCC resonant inverter circuit contains the following transfer function:

sC{R

H =
) = T SR(C, % Cy) + 9°LC, + LC,CoR

(a) When C, is sufficiently large, this transfer function can be expressed as an inverted pole and a
quadratic pole pair. Derive analytical expressions for the corner frequencies and Q-factor in this
case, and sketch typical magnitude asymptotes. Determine analytical conditions for validity of
your approximation.

(b) When C, is sufficiently large, the transfer function can be also expressed as an inverted pole and
a quadratic pole pair. Derive analytical expressions for the corner frequencies and Q-factor in
this case, and sketch typical magnitude asymptotes. Determine analytical conditions for validity
of your approximation in this case.

(c) When C| = C, and when the quadratic poles have sufficiently high Q, then the transfer function
can again be expressed as an inverted pole and a quadratic pole pair. Derive analytical expres-
sions for the corner frequencies and Q-factor in this case, and sketch typical magnitude asymp-
totes. Determine analytical conditions for validity of your approximation in this case.

A two-section L-C filter has the following transfer function:

Li+L
l+s( ]1: 2

The element values are:

1
LiL,C
+52(L1(C1+C2)+L2C2)+s3( =2 l)+s4 (L1L4C1C5)

G(s) =

R=50mQ
C, = 680 uF C,=4.7 yF
L, =500 uH L,=50 uH

(a) Factor G(s) into approximate real and quadraﬁc poles, as appropriate. Give analytical expres-
sions for the salient features. Justify your approximation using the numerical element values.
(b) Construct the magnitude and phase asymptotes of G(s).

() It is desired to reduce the Q to 2, without significantly changing the corner frequencies or other
features of the response. It is possible to do this by changing only two element values. Specify
how to accomplish this.

The boost converter of Fig. 8.72 operates in the continuous conduction mode, with quiescent duty cycle
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D =0.6. On semi-log axes, construct the magnitude and phase Bode plots of
(a) the control-to-output transfer function G, (s),

(b) the line-to-output transfer function G, g(s),

() the output impedance Z  (s), and

(d) the input impedance Z, (s).

On each plot, label the corner frequencies and asymptotes.

Boost converter

L
Fig. 8.72 Boost converter of rEE0 ’l| T
Problem 8.21. 100 uH -|_
O E o= RS
48V 3 “FT 120
4
|d £,=200 kHz
Controller
8.22 The forward converter of Fig. 8.73 operates in the continuous conduction mode, with the quiescent val-

ues V, =380 Vand V=28 V. The transformer turns ratio is n,/n; = 4.5. On semi-log axes, construct the
magnitude and phase Bode plots of

(a) the control-to-output transfer function G, (s), and
(b) the line-to-output transfer function Gvg(s).

On each plot, label the corner frequencies and asymptotes. Hint: other than introduction of the turns
ratio n/n,, the transformer does not significantly affect the small-signal behavior of the forward con-
verter.

vg(t)qg % Il% H % 1OC“F:: 71; 0
sk

Controller

Fig. 8.73 Forward converter of Problem 8.22.

8.23 The boost converter of Fig. 8.74 operates in the:continuous conduction mode, with the following quies-
cent values: Vg =120V, V =300 V. It is desired to control the converter input current waveform, and
hence it is necessary to determine the small-signal transfer function
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1,(s)

Gl =T

7y9)=0

(a) Derive an analytical expression for G, (s). Express all poles and zeroes in normalized standard
form, and give analytical expressions for the corner frequencies, Q-factor, and dc gain.

b) On semi-log axes, construct the Bode plot for the magnitude and phase of G, (s).
i, L
—y 1R

Fig. 8.74 Boost converter of T 400 uH N _l_ +
C

Problem 8.23.
v, Ci’) E v R 5
10 MF_I_ 120Q
[d

= 100 kHz
Controller
8.24 The buck-boost converter of Fig. 8.75 operates in the continuous conduction mode, with the following
quiescent values: Vg =48V, V=-24V. On semi-log axes, construct the magnitude and phase Bode plots

of:
(a) the control-to-output transfer function G, (s), and
(b) the output impedance Z, (s).

On each plot, label the corner frequencies and asymptotes as appropriate.

1 &1 ¢ +
Fig. 8.75 Buck-boost converter
of Problem 8.24. L C R
v — 5 v
4 50 pH 220puF == 5Q
[

f,=200kHz

Controller
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9.1 INTRODUCTION

In all switching converters, the output voltage v(z) is a function of the input line voltage v,(7), the duty
cycle d(¥), and the load current i, (¢), as well as the converter circuit element values. In a dc—dc con-
verter application, it is desired to obtain a constant output voltage v(f) = V, in spite of disturbances in v (f)
and i, (¢), and in spite of variations in the converter circuit element values. The sources of these distur-
bances and variations are many, and a typical situation is illustrated in Fig. 9.1. The input voltage v (1) of
an off-line power supply may typically contain periodic variations at the second harmonic of the ac
power system frequency (100 Hz or 120 Hz), produced by a rectifier circuit. The magnitude of vg(t) may
also vary when neighboring power system loads are switched on or off. The load current i, , (f) may con-
tain variations of significant amplitude, and a typical power supply specification is that the output voltage
must remain within a specified range (for example, 3.3 V £ 0.05 V) when the load current takes a step
change from, for example, full rated load current to 50% of the rated current, and vice versa. The values
of the circuit elements are constructed to a certain tolerance, and so in high-volume manufacturing of a
converter, converters are constructed whose output voltages lie in some distribution. It is desired that
essentially all of this distribution fall within the specified range; however, this is not practical to achieve
without the use of negative feedback. Similar considerations apply to inverter applications, except that
the output voltage is ac.

So we cannot expect to simply set the de—dc converter duty cycle to a single value, and obtain a
given constant output voltage under all conditions. The idea behind the use of negative feedback is to
build a circuit that automatically adjusts the duty cycle as necessary, to obtain the desired output voltage
with high accuracy, regardless of disturbances in vg(t) ori, %) or variations in component values. This is
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(@) Switching converter Load

dvl + i1pad®

- v

v0() x

Transistor
gate driver

% (1) Pulse-width] V()
/ modulator [

dr, T, t

5 s

(b) Switching converter

WO =f0, i )

v ()
v(?)

Disturbances

b5 (1)

ﬂL—» } Control input

Fig. 9.1 The output voltage of a typical switching converter is a function of the line input voltage v, the duty cycle
d, and the load current iy, ;: (a) open-loop buck converter; (b) functional diagram illustrating dependence of v on the
independent quantities v,, d, and i,

a useful thing to do whenever there are variations and unknowns that otherwise prevent the system from
attaining the desired performance.

A block diagram of a feedback system is shown in Fig. 9.2. The output voltage v(¢) is measured,
using a “sensor” with gain H(s). In a dc voltage regulator or dc—ac inverter, the sensor circuit is usually a
voltage divider, comprised of precision resistors. The sensor output signal H(s)v(s) is compared with a
reference input voltage vrej(s)' The objective is to make H(s)v(s) equal to vref(s), so that v(s) accurately
follows v,,As) regardless of disturbances or component variations in the compensator, pulse-width modu-
lator, gate driver, or converter power stage.

The difference between the reference input vref(s) and the sensor output H(s)v(s) is called the
error signal v (s). If the feedback system works perfectly, then vmf(s) = H(s)v(s), and hence the error sig-
nal is zero. In practice, the error signal is usually nonzero but nonetheless small. Obtaining a small error
is one of the objectives in adding a compensator network G.(s) as shown in Fig. 9.2. Note that the output
voltage v(s) is equal to the error signal v (s), multiplied by the gains of the compensator, pulse-width
modulator, and converter power stage. If the compensator gain G (s) is large enough in magnitude, then a
small error signal can produce the required output voltage v(#) = V for a dc regulator (Q: how should H
and v, then be chosen?). So a large compensator gain leads to a small error, and therefore the output fol-
lows the reference input with good accuracy. This is the key idea behind feedback systems.

The averaged small-signal converter models derived in Chapter 7 are used in the following sec-
tions to find the effects of feedback on the small-signal transfer functions of the regulator. The loop gain
1{(s) is defined as the product of the small-signal gains in the forward and feedback paths of the feedback
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(@) Power Switching converter Load
input
v ! +
Yoad
vy x =
Y
Sensor
- H(s) gain
Y
Transistor Error
gate driver signal
S Pulse-width| V.
modulator [€] Gs)

Compensator

Reference

input ref
(®) Switching converter
V() =f s by d)
v,
Error i (t) Disturbances V(I) >
signal _toad? )
v v (1) y -
rof ¢ slCompensator ,—C>P uliie-;vzdth (1) > } Control input
Reference moauiator
input
Sensor |
gain |

Fig. 9.2 Feedback loop for regulation of the output voltage: (a) buck converter, with feedback loop block diagram;
(b) functional block diagram of the feedback system.

loop. Tt is found that the transfer function from a disturbance to the output is multiplied by the factor
1/(1 + T(s)). Hence, when the loop gain T is large in magnitude, then the influence of disturbances on the
output voltage is small. A large loop gain also causes the output voltage v(s) to be nearly equal to
v,,/(s)/H(s), with very little dependence on the gains in the forward path of the feedback loop. So the
loop gain magnitude || T'|| is a measure of how well the feedback system works. All of these gains can be
easily constructed using the algebra-on-the-graph method; this allows easy evaluation of important
closed-loop performance measures, such as the output voltage ripple resulting from 120 Hz rectification
ripple in v, (£) or the closed-loop output impedance.

Stability is another important issue in feedback systems. Adding a feedback loop can cause an
otherwise well-behaved circuit to exhibit oscillations, ringing and overshoot, and other undesirable
behavior. An in-depth treatment of stability is beyond the scope of this book; however, the simple phase
margin criterion for assessing stability is used here. When the phase margin of the loop gain T is positive,
then the feedback system is stable. Moreover, increasing the phase margin causes the system transient
response to be better behaved, with less overshoot and ringing. The relation between phase margin and
closed-loop response is quantified in Section 9.4.

An example is given in Section 9.5, in which a compensator network is designed for a dc regu-
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lator system. The compensator network is designed to attain adequate phase margin and good rejection
of expected disturbances. Lead compensators and P--D controllers are used to improve the phase margin
and extend the bandwidth of the feedback loop. This leads to better rejection of high-frequency distur-
bances. Lag compensators and P-I controllers are used to increase the low-frequency loop gain. This
leads to better rejection of low-frequency disturbances and very small steady-state error. More compli-
cated compensators can achieve the advantages of both approaches.

Injection methods for experimental measurement of loop gain are introduced in Section 9.6.
The use of voltage or current injection solves the problem of establishing the correct quiescent operating
point in high-gain systems. Conditions for obtaining an accurate measurement are exposed. The injection
method also allows measurement of the loop gains of unstable systems.

9.2 EFFECT OF NEGATIVE FEEDBACK ON THE
NETWORK TRANSFER FUNCTIONS

We have seen how to derive the small-signal ac transfer functions of a switching converter. For example,
the equivalent circuit model of the buck converter can be written as in Fig. 9.3. This equivalent circuit
contains three independent inputs: the control input variations d, the power input voltage variations Dy
and the load current variations Z,,,,. The output voltage variation ¥ can therefore be expressed as a linear
combination of the three independent inputs, as follows:

9(5) = G (8) + G (59 o(8) = Z )7 10(S) .1
where
i
G, (8)= T((i); s =0 converter control-to-output transfer function (9.1a)
8
i 1oad=0
b(s
G ls)= Ag(( s)) o converter line-to-output transfer function (9.1b)
i 1oad=0
V(s
Z,(8) =~ flaa(d()s) ; =_00 converter output impedance (9.1¢)

The Bode diagrams of these quantities are constructed in Chapter 8. Equation (9.1) describes how distur-

e(s)cf(s) L
7\ 1: M(D) 3
{ +) S LR "

w@® Qi cz= 0 28 (D)

Fig. 9.3 Small-signal converter model, which represents variations in Ves d, and iy,
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bances v, and i, propagate to the output v, through the transfer function G, (s) and the output imped-
ance Z, (s). If the disturbances v, and i, , are known to have some maximum worst-case amplitude,
then Eq. (9.1) can be used to compute the resulting worst-case open-loop variation in v.

As described previously, the feedback loop of Fig. 9.2 can be used to reduce the influences of v A
and i, , on the output v. To analyze this system, let us perturb and linearize its averaged signals about
their quiescent operating points. Both the power stage and the control block diagram are perturbed and

linearized:

Vl(8) = Vipp +0,,48) 92)
V() =V, + ()

etc.

In a dc regulator system, the reference input is constant, so v,,(f) = 0. In a switching amplifier or dc-ac
inverter, the reference input may contain an ac variation. In Fig. 9.4(a), the converter model of Fig. 9.3 is
combined with the perturbed and linearized control circuit block diagram. This is equivalent to the
reduced block diagram of Fig. 9.4(b), in which the converter model has been replaced by blocks repre-
senting Eq. (9.1).

Solution of Fig. 9.4(b) for the output voltage variation v yields

. GGulVu__ G _: Zow 9.3)
o T+HG.G . JVy ¢ 1+HGG, JV, " T+HGG, ]V,

\’) =
which can be written in the form

A _1_ T a G"g & Zout (94)
Ver G 1o T Ve 13T tiad 73T

b

with
T(s) = H(s)G ()G, [(s)/V,, = “loop gain”
Equation (9.4) is a general result. The loop gain T(s) is defined in general as the product of the gains

around the forward and feedback paths of the loop. This equation shows how the addition of a feedback
loop modifies the transfer functions and performance of the system, as described in detail below.

9.2.1 Feedback Reduces the Transfer Functions from
Disturbances to the Output

The transfer function from v oV in the open-loop buck converter of Fig. 9.3 is G,,(5), as given in Eq.
(9.1). When feedback is added, this transfer function becomes

(s) _ Gyl9)
08 =0 T+ T 9.5)
T10ad =0

from Eq. (9.4). So this transfer function is reduced via feedback by the factor 1/(1 + T{(s)). If the loop
gain T(s) is large in magnitude, then the reduction can be substantial. Hence, the output voltage variation

v resulting from a given v, variation is attenuated by the feedback loop.
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Fig. 94 Voltage regulator system small-signal model: (a) with converter equivalent circuit; (b) complete block
diagram.
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Equation (9.4) also predicts that the converter output impedance is reduced, from Z_, (s) to

ﬁ(s) — Zout(s)
- fload(s) ﬁref=0 - I+ T(S) (96)

$,=0

g

So the feedback loop also reduces the converter output impedance by a factor of 1/(1 + T(s)), and the
influence of load current variations on the output voltage is reduced.

9.2.2  Feedback Causes the Transfer Function from the
Reference Input to the Qutput to be Insensitive to
Variations in the Gains in the Forward Path of the Loop

According to Eq. (9.4), the closed-loop transfer function from Vo to v is

b(s) _ 1 T
5y [rg=0 T HE) THT() 0.7
;I(md:0

If the loop gain is large in magnitude, thatis, || 7|/ = 1, then (1 + T) = Tand T/(1 + T) = T/T = 1. The
transfer function then becomes

Ps) 1 9.8)

0,5} H(s)

which is independent of G (s), V,,, and G, (s). So provided that the loop gain is large in magnitude, then
variations in G (s), V,,, and G, (s) have negligible effect on the output voltage. Of course, in the dc regu-
lator application, v, is constant and . = 0. But Eq. (9.8) applies equally well to the dc values. For
example, if the system is linear, then we can write

v _ 1L _TO) 1
Ve HO) T+1(0)  H©0) 9.9

So to make the dc output voltage V accurately follow the dc reference Vip We need only ensure that the
dc sensor gain H(0) and dc reference Vref are well-known and accurate, and that 7(0) is large. Precision
resistors are normally used to realize H, but components with tightly-controlled values need not be used
in G, the pulse-width modulator, or the power stage. The sensitivity of the output voltage to the gains in
the forward path is reduced, while the sensitivity of v to the feedback gain H and the reference input Vyr
is increased.

9.3 CONSTRUCTION OF THE IMPORTANT QUANTITIES 1/(1 + T) AND
T/(1 + T) AND THE CLOSED-LOOP TRANSFER FUNCTIONS

The transfer functions in Egs. (9.4) to (9.9) can be easily constructed using the algebra-on-the-graph
method [4]. Let us assume that we have analyzed the blocks in our feedback system, and have plotted the
Bode diagram of || 7(s) ||. To use a concrete example, suppose that the result is given in Fig. 9.5, for
which T(s) is
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Fig. 9.5 Magnitude of the loop gain example, Eq. (9.10).

[1+3)
( Q‘”pt( )2)(1+‘)

This example appears somewhat complicated. But the loop gains of practical voltage regulators are often
even more complex, and may contain four, five, or more poles. Evaluation of Eqgs. (9.5) to (9.7), to deter-
mine the closed-loop transfer functions, requires quite a bit of work. The loop gain 7 must be added to 1,
and the resulting numerator and denominator must be refactored. Using this approach, it is difficult to
obtain physical insight into the relationship between the closed-loop transfer functions and the loop gain.
In consequence, design of the feedback loop to meet specifications is difficult.

Using the algebra-on-the-graph method, the closed-loop transfer functions can be constructed
by inspection, and hence the relation between these transfer functions and the loop gain becomes obvi-
ous. Let us first investigate how to plot || 7/(1 + 7) ||. It can be seen from Fig. 9.5 that there is a frequency
f., called the “crossover frequency,” where || T || = 1. At frequencies less than f,, || T || > 1; indeed,
| Tl = I for f < f.. Hence, at low frequency, (1 + T) = T, and 7/(1 + T) = T/T = 1. At frequencies greater
than £, {| Tl < 1, and || T'|| =1 for f > f,. So at high frequency, (1 + T) = l and T/(1 + T) = T/1 = T. So
we have

T(s) =T, (9.10)

T 1 for][T">>1

9.11)
1+T T f0r||T]|<<1

The asymptotes corresponding to Eq. (9.11) are relatively easy to construct. The low-frequency asymp-
tote, for f < f,, is 1 or O dB. The high-frequency asymptotes, for > f,, follow 7. The result is shown in
Fig. 9.6.

So at low frequency, where || T || is large, the reference-to-output transfer function is

W) 1 T 1 (9.12)
8 T HE T+ T() - H(s)
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Fig. 9.6 Graphical construction of the asymptotes of || T/(1 + T) ||. Exact curves are omitted.

This is the desired behavior, and the feedback loop works well at frequencies where || T || is large. At high
frequency (f > f.) where || T'|| is small, the reference-to-output transfer function is

M) _ 1 T _T() _ GL)G,us) (9.13)

Ds) T H@) 1+T()  HE)~ Vy

This is not the desired behavior; in fact, this is the gain with the feedback connection removed (H — 0).
At high frequencies, the feedback loop is unable to reject the disturbance because the bandwidth of T is
limited. The reference-to-output transfer function can be constructed on the graph by muitiplying the
T/(1 + T) asymptotes of Fig. 9.6 by 1/H.

We can plot the asymptotes of || 1/(1 + T) || using similar arguments. At low frequencies where
| Tll= 1, then (1 + T) = T, and hence 1/(1 + T) = 1/T. At high frequencies where || T'|| << 1, then (1 + 7)
=1 and 1/(1 + T) = 1. So we have

_1_
1 T for| 7] 1 9.14)
L+T(s) 1 f0r|lTﬂ<< 1

The asymptotes for the T(s) example of Fig. 9.5 are plotted in Fig. 9.7.
At low frequencies where || T || is large, the disturbance transfer function from v, tov is

0(s) _ Guls)  Gyls) (9.15)
5,00 T+TG) TG

Again, G, (s) is the original transfer function, with no feedback. The closed-loop transfer function has
magnitude reduced by the factor 1/|| T'||. So if, for example, we want to reduce this transfer function by a
factor of 20 at 120 Hz, then we need a loop gain {| T'|| of at least 20 = 26 dB at 120 Hz. The disturbance
transfer function from v, to v can be constructed on the graph, by multiplying the asymptotes of Fig. 9.7
by the asymptotes for G, (s).

Similar arguments apply to the output impedance. The closed-loop output impedance at low fre-
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Fig. 9.7 Graphical construction of || 1/(1 + T) ||
quencies is
M) _ Zod®) _ Zl8) (9.16)

- fload(s) T+ T(S) - T(S)

The output impedance is also reduced in magnitude by a factor of 1/]| T || at frequencies below the cross-
over frequency. '
At high frequencies (f> f,) where || T | is small, then 1/(1 + 7) = 1, and

D) 1+ TZ(S) (~)Gvg(s) .
) _ Zods -
- ;load(s) 1+ T(s) Z ,(5)

This is the same as the original disturbance transfer function and output impedance. So the feedback loop
has essentially no effect on the disturbance transfer functions at frequencies above the crossover fre-
quency.

9.4 STABILITY

It is well known that adding a feedback loop can cause an otherwise stable system to become unstable.
Even though the transfer functions of the original converter, Eq. (9.1), as well as of the loop gain T(s),
contain no right half-plane poles, it is possible for the closed-loop transfer functions of Eq. (9.4) to con-
tain right half-plane poles. The feedback loop then fails to regulate the system at the desired quiescent
operating point, and oscillations are usually observed. It is important to avoid this situation. And even
when the feedback system is stable, it is possible for the transient response to exhibit undesirable ringing

DELTA ELECTRONICS EX. 1008

Page 354



94 Stability 341

and overshoot. The stability problem is discussed in this section, and a method for ensuring that the feed-
back system is stable and well-behaved is explained.

When feedback destabilizes the system, the denominator (1 + 7(s)) terms in Eq. (9.4) contain
roots in the right half-plane (i.e., with positive real parts). If 7(s) is a rational fraction, that is, the ratio
N(s)/D(s) of two polynomial functions N(s) and D(s), then we can write

N(s)
) _ Dis) _ NG
+7() ™ |, NG) ~ N(©) +D(s) 018
D(s) :
1 __ 1 __ D
T+T() ~ | NGs) ~ N+ DGs)

Dis)

So T(s)/(1 + T(s)) and 1/(1+T(s)) contain the same poles, given by the roots of the polynomial
(N(s) + D(s)). A brute-force test for stability is to evaluate (N(s) + D(s)), and factor the result to sce
whether any of the roots have positive real parts. However, for all but very simple loop gains, this
involves a great deal of work. A simpler method is given by the Nyquist stability theorem, in which the
number of right half-plane roots of (N(s) + D(s)) can be determined by testing 7(s) [1,2]. This theorem is
not discussed here. However, a special case of the theorem known as the phase margin test is sufficient
for designing most voltage regulators, and is discussed in this section.

9.4.1 The Phase Margin Test

The crossover frequency f, is defined as the frequency where the magnitude of the loop gain is unity:

H T(jonf)|=1=04B (9.19)
60 dB 7 -
71
I Tl 4T
40 dB f'
pl f Crossover
20dB T z  frequency
4T fe
0 dB 0
~20dB 1 — -90
b
"
-40dB 4 -180°
1 2700
1 Hz 10 Hz 100 Hz 1 kHz 10 kHz 100 kHz

f

Fig. 9.8 Magnitude and phase of the loop gain of a stable system. The phase margin @, is positive.

m
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Fig. 9.9 Magnitude and phase of the loop gain of an unstable system. The phase margin @, is negative.

Ht

To compute the phase margin @ , the phase of the loop gain T is evaluated at the crossover frequency,

and 180° is added. Hence,

m?

¢, = 180"+ £ T j2mf) (9.20)

If there is exactly one crossover frequency, and if the loop gain 7(s) contains no right half-plane poles,
then the quantities 1/(1 + T) and 7/(1 + T) contain no right half-plane poles when the phase margin
defined in Eq. (9.20) is positive. Thus, using a simple test on T(s), we can determine the stability of
T/(1 +T) and 1/(1 + 7). This is an easy-to-use design tool—we simple ensure that the phase of T is
greater than —180° at the crossover frequency.

When there are multiple crossover frequencies, the phase margin test may be ambiguous. Also,
when T contains right half-plane poles (i.e., the original open-loop system is unstable), then the phase
margin test cannot be used. In either case, the more general Nyquist stability theorem must be employed.

The loop gain of a typical stable system is shown in Fig. 9.8. It can be seen that
LT (j2nf,) =-112°. Hence, @,, = 180° - 112° = +68". Since the phase margin is positive, 7/(1 + T) and
1/(1 + T) contain no right half-plane poles, and the feedback system is stable.

The loop gain of an unstable system is sketched in Fig. 9.9. For this example,
ZT(j2nf,) = -230°. The phase margin is ¢,, = 180° — 230" = —50°. The negative phase margin implies that
T/(1 + T) and 1/(1 + T) each contain at least one right half-plane pole.

9.4.2  The Relationship Between Phase Margin and Closed-Loop Damping Factor

How much phase margin is necessary? Is a worst-case phase margin of 1° satisfactory? Of course, good
designs should have adequate design margins, but there is another important reason why additional phase
margin is needed. A small phase margin (in T) causes the closed-loop transfer functions 7/(1 + T) and
1/(1 + T) to exhibit resonant poles with high Q in the vicinity of the crossover frequency. The system
transient response exhibits overshoot and ringing. As the phase margin is reduced these characteristics
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Fig. 9.10 Magnitude and phase asymptotes for the loop gain 7 of Eq. (9.21).

become worse (higher Q, longer ringing) until, for ¢, < 0°, the system becomes unstable.
Let us consider a loop gain T(s) which is well-approximated, in the vicinity of the crossover fre-
quency, by the following function:

T(s) = (_S)-(i-s_) 921)

N (0)

Magnitude and phase asymptotes are plotted in Fig. 9.10. This function is a good approximation near the
crossover frequency for many common loop gains, in which || T || approaches unity gain with a
—20 dB/decade slope, with an additional pole at frequency f, = ©,/21. Any additional poles and zeroes
are assumed to be sufficiently far above or below the crossover frequency, such that they have negligible
effect on the system transfer functions near the crossover frequency.

Note that, as f, — oo, the phase margin ¢,, approaches 90°. As f, = 0, @,, = 0°. So as f, is
reduced, the phase margin is also reduced. Let’s investigate how this affects the closed-loop response via
T/(1 + T). We can write

TGs) _ 1 _ 1
T+ T(G) [ - 48 52 9.22)
T(s) 0y B,
using Eq. (9.21). By putting this into the standard normalized quadratic form, one obtains
T(s) 1
T+7T( P (9.23)

where

W, = /0,0, = 21f,
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So the closed-loop response contains quadratic poles at f, the geometric mean of f;, and f,. These poles
have a low Q-factor when fj, < f,. In this case, we can use the low-Q approximation to estimate their fre-
quencies:

8,“’ :D" (9.24)
o=

Magnitude asymptotes are plotted in Fig. 9.11 for this case. It can be seen that these asymptotes conform
to the rules of Section 9.3 for constructing 7/(1 + 7T) by the algebra-on-the-graph method.

Next consider the high-Q case. When the pole frequency f, is reduced, reducing the phase mar-
gin, then the Q-factor given by Eq. (9.23) is increased. For Q > 0.5, resonant poles occur at frequency f..
The magnitude Bode plot for the case f, < f; is given in Fig. 9.12. The frequency f, continues to be the
geometric mean of f, and f;, and f, now coincides with the crossover (unity-gain) frequency of the || T'||
asymptotes. The exact value of the closed-loop gain 7/(1 + T) at frequency f, is equal to Q = f/f.. As
shown in Fig. 9.12, this is identical to the value of the low-frequency —20 dB/decade asymptote (f,/f),
evaluated at frequency f.. It can be seen that the Q-factor becomes very large as the pole frequency f, is
reduced.

The asymptotes of Fig. 9.12 also follow the algebra-on-the-graph rules of Section 9.3, but the
deviation of the exact curve from the asymptotes is not predicted by the algebra-on-the-graph method.

60 dB { J‘(‘)
[l f
. . ¢ 40 dB 4
Fig. . 9.12 Construction o _20 dB/decade
magnitude asymptotes of the @
closed-loop transfer function 4B N ) .
T/(1 + T), for the high-Q case. Q=flf.
0dB 24 f
20 dB ” ! ZT u Ji ) ﬁ) fz fo
B fo oS- 40 dB/decade
Iz
-40 dB t
f
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Fig. 9.13 Relationship between loop-gain phase margin @

n

These two poles with Q-factor appear in both 7/(1 + T) and 1/(1 + 7). We need an easy way to predict the
Q-factor. We can obtain such a relationship by finding the frequency at which the magnitude of T is
exactly equal to unity. We then evaluate the exact phase of T at this frequency, and compute the phase
margin. This phase margin is a function of the ratio fy/f,, or Q% We can then solve to find Q as a function
of the phase margin. The result is

¥ COs (pm
Q= sin @
" 9.25)
4
¢, =tan' 1+y1+40

20*

This function is plotted in Fig. 9.13, with Q expressed in dB. It can be seen that obtaining real poles
(Q <0.5) requires a phase margin of at least 76°. To obtain Q = 1, a phase margin of 52° is needed. The
system with a phase margin of 1° exhibits a closed-loop response with very high Q! With a small phase
margin, 7(jw) is very nearly equal to —1 in the vicinity of the crossover frequency. The denominator
(1 +7) then becomes very small, causing the closed-loop transfer functions to exhibit a peaked response
at frequencies near the crossover frequency f..

Figure 9.13 is the result for the simple loop gain defined by Eq. (9.21). However, this loop gain
is a good approximation for many other loop gains that are encountered in practice, in which [ 7 ||
approaches unity gain with a —20 dB/decade slope, with an additional pole at frequency f,. If all other
poles and zeroes of T(s) are sufficiently far above or below the crossover frequency, then they have negli-
gible effect on the system transfer functions near the crossover frequency, and Fig. 9.13 gives a good
approximation for the relationship between ¢, and Q. ‘

Another common case is the one in which || T || approaches unity gain with a 40 dB/decade
slope, with an additional zero at frequency f,. As f, is increased, the phase margin is decreased and Q is
increased. It can be shown that the relation between @, and Q is exactly the same, Eq. (9.25).

A case where Fig. 9.13 fails is when the loop gain 7(s) three or more poles at or near the cross-
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over frequency. The closed-loop response then also contains three or more poles near the crossover fre-
quency, and these poles cannot be completely characterized by a single Q-factor. Additional work is
required to find the behavior of the exact 7/(1 + T) and 1/(1 + T) near the crossover frequency, but none-
theless it can be said that a small phase margin leads to a peaked closed-loop response.

94.3  Transient Response vs. Damping Factor

One can solve for the unit-step response of the 7/(1 + T) transfer function, by multiplying Eq. (9.23) by
1/s and then taking the inverse Laplace transform. The result for Q > 0.5 is

2Qe e o 1V4Q - 1 wt+tan‘l(m) @:26)

1‘1(t)=1+\/4Q2~1 sin 20

For Q < 0.5, the result is

A — W, ey @y
v(t)—l—m2__wle l—wl__mze

—wyt 9.27)
with

031,0)2=29Q£(1i«/1—4Q2)

These equations are plotted in Fig. 9.14 for various values of Q.
According to Eq. (9.23), when f, > 4f;, the Q-factor is less than 0.5, and the closed-loop

2
(1)
1.5 /\ Z
1
0.5
0 4
0 5 10 15

o, t, radians

Fig. 9.14 Unit-step response of the second-order system, Eqgs. (9.26) and (9.27), for various values of Q.
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response contains a low-frequency and a high-frequency real pole. The transient response in this case,
Eq. (9.27), contains decaying-exponential functions of time, of the form

Aetpolot 9.28)

This is called the “overdamped” case. With very low Q, the low-frequency pole leads to a slow step
response.

For f, = 4f;, the Q-factor is equal to 0.5. The closed-loop response contains two real poles at fre-
quency 2f;. This is called the “critically damped” case. The transient response is faster than in the over-
damped case, because the lowest-frequency pole is at a higher frequency. This is the fastest response that
does not exhibit overshoot. At w ¢ = 1 radians (¢ = 1/2f), the voltage has reached 82% of its final value.
At o = 27 radians (¢ = 1/f,), the voltage has reached 98.6% of its final value.

For f, < 4f,, the Q-factor is greater than 0.5. The closed-loop response contains complex poles,
and the transient response exhibits sinusoidal-type waveforms with decaying amplitude, Eq. (9.26). The
rise time of the step response is faster than in the critically-damped case, but the waveforms exhibit over-
shoot. The peak value of w(z) is

peak §() = 1 + e-t/V407 -1 9.29)

This is called the “underdamped” case. A Q-factor of 1 leads to an overshoot of 16.3%, while a Q-factor
of 2 leads to a 44.4% overshoot. Large Q-factors lead to overshoots approaching 100%.

The exact transient response of the feedback loop may differ from the plots of Fig. 9.14,
because of additional poles and zeroes in 7, and because of differences in initial conditions. Nonetheless,
Fig. 9.14 illustrates how high-Q poles lead to overshoot and ringing. In most power applications, over-
shoot is unacceptable. For example, in a 3.3 V computer power supply, the voltage must not be allowed
to overshoot to 5 or 6 volts when the supply is turned on—this would likely destroy all of the integrated
circuits in the computer! So the O-factor must be sufficiently low, often 0.5 or less, corresponding to a
phase margin of at least 76°.

9.5 REGULATOR DESIGN

Let’s now consider how to design a regulator system, to meet specifications or design goals regarding
rejection of disturbances, transient response, and stability. Typical dc regulator designs are defined using
specifications such as the following:
1. Effect of load current variations on the output voltage regulation. The output voltage must remain within a
specified range when the load current varies in a prescribed way. This amounts to a limit on the maximum
magnitude of the closed-loop output impedance of Eq. (9.6), repeated below

9(3) — Zour(S)
- f,oad(s) Pref=0 T 1+ T(s) (9.30)

vg=0

If, over some frequency range, the open-loop output impedance Z_,, has magnitude that exceeds the limit,
then the loop gain 7 must be sufficiently large in magnitude over the same frequency range, such that the

magnitude of the closed-loop output impedance given in Eq. (9.30) is less than the given limit.

2. Effect of input voltage variations (for example, at the second harmonic of the ac line frequency) on the out-
put voltage regulation. Specific maximum limits are usually placed on the amplitude of variations in the
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output voltage at the second harmonic of the ac line frequency (120 Hz or 100 Hz). If we know the magni-
tude of the rectification voltage ripple which appears at the converter input (as b,), then we can calculate
the resulting output voltage ripple (in ¥) using the closed loop line-to-output transfer function of Eq. (9.5),
repeated below

i(s) _ Gy®)
V() [op=0 ~ L+ T(s) (9.31)
‘ fload=0

The output voltage ripple can be reduced by increasing the magnitude of the loop gain at the ripple fre-
quency. In a typical good design, || 7' || is 20 dB or more at 120 Hz, so that the transfer function of Eq.
(9.31) is at least an order of magnitude smaller than the open-loop line-to-output transfer function || Gl

3. Transient résponse time. When a specified large disturbance occurs, such as a large step change in load
current or input voltage, the output voltage may undergo a transient. During this transient, the output volt-
age typically deviates from its specified allowable range. Eventually, the feedback loop operates to return
the output voltage within tolerance. The time required to do so is the transient response time; typically, the
response time can be shortened by increasing the feedback loop crossover frequency.

4. Overshoot and ringing. As discussed in Section 9.4.3, the amount of overshoot and ringing allowed in the
transient response may be limited. Such a specification implies that the phase margin must be sufficiently
large.

Each of these requirements imposes constraints on the loop gain 7(s). Therefore, the design of the con-
trol system involves modifying the loop gain. As illustrated in Fig. 9.2, a compensator network is added
for this purpose. Several well-known strategies for design of the compensator transfer function G (s) are
discussed below.

9.5.1 Lead (PD) compensator

This type of compensator transfer function is used to improve the phase margin. A zero is added to the
loop gain, at a frequency f, sufficiently far below the crossover frequency £, such that the phase margin
of T(s) is increased by the desired amount. The lead compensator is also called a proportional-plus-
derivative, or PD, controller—at high frequencies, the zero causes the compensator to differentiate the
error signal. It often finds application in systems originally containing a two-pole response. By use of
this type of compensator, the bandwidth of the feedback loop (i.e., the crossover frequency f.) can be

| 6 %

16,1 "
Fig. 9.15 Magnitude and phase asymptotes c Gy P '
of the PD compensator transfer function G, of f Qmax
Eq. (9.32). 2 =y L5

£,/10 10f,
+ 45°/decade
0° £/10 —45°/decade
£G,
f
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extended while maintaining an acceptable phase margin.

A side effect of the zero is that it causes the compensator gain to increase with frequency, with a
+20 dB/decade slope. So steps must be taken to ensure that || T || remains equal to unity at the desired
crossover frequency. Also, since the gain of any practical amplifier must tend to zero at high frequency,
the compensator transfer function G_(s) must contain high frequency poles. These poles also have the
beneficial effect of attenuating high-frequency noise. Of particular concern are the switching frequency
harmonics present in the output voltage and feedback signals. If the compensator gain at the switching
frequency is too great, then these switching harmonics are amplified by the compensator, and can disrupt
the operation of the pulse-width modulator (see Section 7.6). So the compensator network should contain
poles at a frequency less than the switching frequency. These considerations typically restrict the cross-
over frequency f, to be less than approximately 10% of the converter switching frequency f,. In addition,
the circuit designer must take care not to exceed the gain-bandwidth limits of available operational
amplifiers.

The transfer function of the lead compensator therefore contains a low-frequency zero and sev-

eral high-frequency poles. A simplified example containing a single high-frequency pole is given in Eq.
(9.32) and illustrated in Fig. 9.15.

G(s)=G (l—ﬁi 9.32)
(1+o,)

The maximum phase occurs at a frequency JSomax 8iven by the geometrical mean of the pole and zero fre-
quencies:

Foa =TTy (9.33)

To obtain the maximum improvement in phase margin, we should design our compensator so that the
frequency f,,,,, coincides with the loop gain crossover frequency f,. The value of the phase at this fre-
quency can be shown to be
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Fig. 9.17 Compensation of a loop gain containing two poles, using a lead (PD) compensator. The phase margin 0,

is improved.
[ _ [k
. A i /, (9.34)

This equation is plotted in Fig. 9.16. Equation (9.34) can be inverted to obtain

AGC( f(/mws) = tan

Jp_1+sin(6) (9.35)
S 1-sin (9)

where 0 = LGc(f(pmm). Equations (9.34) and (9.32) imply that, to optimally obtain a compensator phase
lead of 0 at frequency f,, the pole and zero frequencies should be chosen as follows:

fef l—sin[O)
Y. 1+sin(6) (9.36)

When it is desired to avoid changing the crossover frequency, the magnitude of the compensator
gain is chosen to be unity at the loop gain crossover frequency f,. This requires that G, be chosen

according to the following formula:
£
Go=4/ 2% 9.37)
0 fp

It can be seen that G is less than unity, and therefore the lead compensator reduces the dc gain of the
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feedback loop. Other choices of G, can be selected when it is desired to shift the crossover frequency f;
for example, increasing the value of G, causes the crossover frequency to increase. If the frequencies ];
and f, are chosen as in Eq. (9.36), then of Eq. (9.32) will coincide with the new crossover frequency

fo

f Qmax

The Bode diagram of a typical loop gain 7(s) containing two poles is illustrated in Fig. 9.17.
The phase margin of the original T(s) is small, since the crossover frequency f, is substantially greater
than the pole frequency f;. The result of adding a lead compensator is also illustrated. The lead compen-
sator of this example is designed to maintain the same crossover frequency but improve the phase mar-

gin.

9.52 Lag (PI) Compensator

This type of compensator is used to increase the low-frequency loop gain, such that the output is better
regulated at dc and at frequencies well below the loop crossover frequency. As given in Eq. (9.38) and
illustrated in Fig. 9.18, an inverted zero is added to the loop gain, at frequency f;.

Gul5)= Gl 1+22) (9.38)

If £, is sufficiently lower than the loop crossover frequency f,, then the phase margin is unchanged. This
type of compensator is also called a proportional-plus-integral, or PI, controller—at low frequencies, the
inverted zero causes the compensator to integrate the error signal.

To the extent that the compensator gain can be made arbitrarily large at dc, the dc loop gain T(0)
becomes arbitrarily large. This causes the dc component of the error signal to approach zero. In conse-
quence, the steady-state’ output voltage is perfectly regulated, and the disturbance-to-output transfer
functions approach zero at dc. Such behavior is easily obtained in practice, with the compensator of Eq.
(9.38) realized using a conventional operational amplifier.

Although the PI compensator is useful in nearly all types of feedback systems, it is an espe-
cially simple and effective approach for systems originally containing a single pole. For the example of
Fig. 9.19, the original uncompensated loop gain is of the form

G
Fig. 9.18 Magnitude and phase asymptotes | =
of the PI compensator transfer function G, of 5
Eg. (9.38).
06, o
| £G,
- _9p° + 45°/decade
£,10
f
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Fig. 9.19 Compensation of a loop gain containing a single pole, using a lag (PI) compensator. The loop gain
magnitude is increased.

TuO

(1+H§;)

The compensator transfer function of Eq. (9.38) is used, so that the compensated loop gain is
T(s) = T (5)G (s). Magnitude and phase asymptotes of 7(s) are also illustrated in Fig. 9.19. The compen-
sator high-frequency gain G, is chosen to obtain the desired crossover frequency f.. If we approximate
the compensated loop gain by its high-frequency asymptote, then at high frequencies we can write

T(s)=

(9.39)

TuOGcm

"TH: (f) (9.40)

I

At the crossover frequency f = f,, the loop gain has unity magnitude. Equation (9.40) predicts that the
crossover frequency is

f=T oGty 9.41)

Hence, to obtain a desired crossover frequency f,, we should choose the compensator gain G, as fol-
lows:

i
G ok 9.42)
TuOf(‘)

The corner frequency f; is then chosen to be sufficiently less than f,, such that an adequate phase margin
is maintained. :
Magnitude asymptotes of the quantity 1/(1 + 7{(s)) are constructed in Fig. 9.20. At frequencies
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Fig. 9.20 Construction of || 1/(1 + T) || for the PI-compensated example of Fig. 9.19.

less than f;, the PI compensator improves the rejection of disturbances. At dc, where the magnitude of G,
approaches infinity, the magnitude of 1/(1 + 7) tends to zero. Hence, the closed-loop disturbance-to-out-
put transfer functions, such as Egs. (9.30) and (9.31), tend to zero at dc.

9.5.3 Combined (PID) Compensator

The advantages of the lead and lag compensators can be combined, to obtain both wide bandwidth and
zero steady-state error. At low frequencies, the compensator integrates the error signal, leading to large
low-frequency loop gain and accurate regulation of the low-frequency components of the output voltage.
At high frequency (in the vicinity of the crossover frequency), the compensator introduces phase lead

into the loop gain, improving the phase margin. Such a compensator is sometimes called a PID control-
ler.

40dB r
NG
20dB |

0dB 1

-20dB T

90°

10f, 101,
45°/decade /. ¢ fpn/10

o
fpl/lO )
we -90 /de;i\
' w0 10, ] sy

T -180°

-40 dB

f

Fig. 9.21 Magnitude and phase asymptotes of the combined (PID) compensator transfer function G of Eq. (9.43).
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A typical Bode diagram of a practical version of this compensator is illustrated in Fig. 9.21. The
compensator has transfer function

(1+2¥M1+5ﬂ (9.43)

R T I
(1+mMM1+mﬂ)

The inverted zero at frequency f; functions in the same manner as the PI compensator. The zero at fre-
quency f, adds phase lead in the vicinity of the crossover frequency, as in the PD compensator. The high-
frequency poles at frequencies f,; and f,, must be present in practical compensators, to cause the gain to
roll off at high frequencies and to prevent the switching ripple from disrupting the operation of the pulse-
width modulator. The loop gain crossover frequency f, is chosen to be greater than f; and f,, but less than

Jprand fy.

GL‘(S) = GC”I

9.5.4  Design Example

To illustrate the design of PI and PD compensators, let us consider the design of a combined PID com-
pensator for the de—dc buck converter system of Fig. 9.22. The input voltage v,(7) for this system has
nominal value 28 V. It is desired to supply a regulated 15 V to a 5 A load. The load is modeled here with
a 3 Q resistor. An accurate 5 V reference is available.

The first step is to select the feedback gain H(s). The gain H is chosen such that the regulator
produces a regulated 15V dc output. Let us assume that we will succeed in designing a good feedback
system, which causes the output voltage to accurately follow the reference voltage. This is accomplished
via a large loop gain 7, which leads to a small error voltage: v, = 0. Hence, Hv = Vyep So we should choose

Vrc 5
H=—= ={5=

(9.44)

QI—

The quiescent duty cycle is given by the steady-state solution of the converter:

L
50 uH
LI
+ .
Yoad
v (D) ¢ —t O
28V 500 “FT 3Q A
Sensor
: - | H(s) gain
f, =100 kHz
Transistor Error
gate driver signal
Pulse-width] v, v Hy
modulator r_c Gls) -
Vy=4V  Compensator Vyor
re
5V

Fig. 9.22 Design example.
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Fig. 9.23 System small-signal ac model, design example.
p=J =1-053 (9.45)

oo

Vg
The quiescent value of the control voltage, V,, must satisfy Eq. (7.173). Hence,
V.=DV, =214V (9.46)

Thus, the quiescent conditions of the system are known. It remains to design the compensator gain G.(s).
A small-signal ac model of the regulator system is illustrated in Fig. 9.23. The buck converter ac
model is represented in canonical form. Disturbances in the input voltage and in the load current are
modeled. For generality, reference voltage variations ﬁref are included in the diagram; in a dc voltage reg-
ulator, these variations are normally zero.
The open-loop converter transfer functions are discussed in the previous chapters. The open-
loop control-to-output transfer function is

-y 1
Gl =T Lroic (9.47)

The open-loop control-to-output transfer function contains two poles, and can be written in the following
normalized form:
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Fig. 9.24 Converter small-signal control-to-output transfer function G,,,, design example.
1
G$)=Gp——1——F 3
d Ol s +(u)i)2 (9.48)
Qo 0

By equating like coefficients in Egs. (9.47) and (9.48), one finds that the dc gain, corner frequency, and
Q-factor are given by

Gu=2=28V

g 1 4
=0__ 1  _q1y 9.49
i 3 Nirel 1 kHz ( )

Q=R,\/& =95=1954B

In practice, parasitic loss elements, such as the capacitor equivalent series resistance (esr), would cause a
lower Q-factor to be observed. Figure 9.24 contains a Bode diagram of G, (s).
The open-loop line-to-output transfer function is

1
G 8)=D—7F——— 9.50
i 1+ S% +s2LC ( )

This transfer function contains the same poles as in G, (s), and can be written in the normalized form

_ 1
Gvg(s) = GgO (45 4 (_s_)z (9.51)
Qo \ Do

with G = D. The open-loop output impedance of the buck converter is

_py L _ sL
Zo$) =R sl sL= PN A= (9.52)
R
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2 Load current
toad (8) variation
Y
ﬁg(s) Zout(s) ‘
ac line > G"g ()
variation
Vy=4V _
B, (=0) Z0) 0 [T 1 ] d N (s)
G (s) o > Gyls) | .
M __IDuty cycle +
variation
Converter power stage
1(s) 1
H = ?
H(s) |«

Fig. 9.25 System block diagram, design example.

Use of these equations to represent the converter in block-diagram form leads to the complete system
block diagram of Fig. 9.25. The loop gain of the system is

T(s) = G.(s) (VLM) G.()H(S) (9.53)

Substitution of Eq. (9.48) into (9.53) l¢ads to

_GHE) v 1
s)=—vy—7p ; 9.54)
M L5y (i)
Oy (Do
40dB T T
T, ' B ZT,
20dB + .
N7, T, 233=74dB ﬂ Qo=95=195dB
0dB fo \
| kHz
-20dB ¢
L — 40 dB/decade
0 10738 f£,= 900 Hz
-40 dB } 0°
4T,
4 -90°
. _180°
1
1020 f,=1.1 kHz
} ; } } -270°
1Hz 10Hz 100 Hz 1 kHz 10 kHz 100 kHz

f

Fig. 926 Uncompensated loop gain T, design example.
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Fig. 9.27 PD compensator transfer function G, design example.

The closed-loop disturbance-to-output transfer functions are given by Egs. (9.5) and (9.6).
The uncompensated loop gain T, (s), with unity compensator gain, is sketched in Fig. 9.26. With
G .(s) =1, Eq. (9.54) can be written

1
T()=T,
1. s +(U§ )2 (9.55)
Qo 0
where the dc gain is
__HV _
To=py, =233=74dB (9.56)

The uncompensated loop gain has a crossover frequency of approximately 1.8 kHz, with a phase margin
of less than five degrees.

Let us design a compensator, to attain a crossover frequency of f, = 5 kHz, or one twentieth of
the switching frequency. From Fig. 9.26, the uncompensated loop gain has a magnitude at 5 kHz of
approximately 7, (fO/fc)2 =0.093 = -20.6 dB. So to obtain unity loop gain at 5 kHz, our compensator
should have a 5 kHz gain of +20.6 dB. In addition, the compensator should improve the phase margin,
since the phase of the uncompensated loop gain is nearly —180° at 5 kHz. So a lead (PD) compensator is
needed. Let us (somewhat arbitrarily) choose to design for a phase margin of 52°. According to Fig. 9.13,
this choice leads to closed-loop poles having a Q-factor of 1. The unit step response, Fig. 9.14, then
exhibits a peak overshoot of 16%. Evaluation of Eq. (9.36), with f, = 5 kHz and 6 = 52°, leads to the fol-
lowing compensator pole and zero frequencies:

_ 1-sin(52°) _

f,i=(kHz)/ 4~11+ si.n ((55220)) = 1.7kHz ©.57)
_ +5sin (52°) _

f,=0kHz)/ T—sn(oz) = 14.5kHz

To obtain a compensator gain of 20.6 dB = 10.7 at 5 kHz, the low-frequency compensator gain must be
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Fig. 9.28 The compensated loop gain of Eq. (9.59).
AN
Go={%] 7,/ £ =37=113dB (9.58)
“ (ﬁ) LoV f,

A Bode diagram of the PD compensator magnitude and phase is sketched in Fig. 9.27.
With this PD controller, the loop gain becomes

i)

(1+L)(1+ s +(_S_)2) (9.59)

g Qo

T(s)=T,Gy

P

The compensated loop gain is sketched in Fig. 9.28. It can be seen that the phase of T(s) is approximately
equal to 52° over the frequency range of 1.4 kHz to 17 kHz. Hence variations in component values,
which cause the crossover frequency to deviate somewhat from 5 kHz, should have little impact on the
phase margin. In addition, it can be seen from Fig. 9.28 that the loop gain has a dc magnitude of 7,,G,,
= 18.7 dB.

Asymptotes of the quantity 1/(1 + T) are constructed in Fig. 9.29. This quantity has a dc asymp-
tote of —18.7 dB. Therefore, at frequencies less than 1 kHz, the feedback loop attenuates output voltage
disturbances by 18.7 dB. For example, suppose that the input voltage vg(t) contains a 100 Hz variation of
amplitude 1 V. With no feedback loop, this disturbance would propagate to the output according to the
open-loop transfer function G,,(s), given in Eq. (9.51). At 100 Hz, this transfer function has a gain essen-
tially equal to the dc asymptote D = 0.536. Therefore, with no feedback loop, a 100 Hz variation of
amplitude 0.536 V would be observed at the output. In the presence of feedback, the closed-loop line-to-
output transfer function of Eq. (9.5) is obtained; for our example, this attenuates the 100 Hz variation by
an additional factor of 18.7 dB = 8.6. The 100 Hz output voltage variation now has magnitude 0.536/8.6
=0.062V.

The low-frequency regulation can be further improved by addition of an inverted zero, as dis-
cussed in Section 9.5.2. A PID controller, as in Section 9.5.3, is then obtained. The compensator transfer
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Fig. 9.29 Construction of || 1/(1 + T) || for the PD-compensated design example of Fig. 9.28.
function becomes

@)_(l_fi) (9.60)
( 1+ wip)

The Bode diagram of this compensator gain is illustrated in Fig. 9.30. The pole and zero frequencies f,
and fp are unchanged, and are given by Eq. (9.57). The midband gain G, is chosen to be the same as the
previous G, Eq. (9.58). Hence, for frequencies greater than f;, the magnitude of the loop gain is

G9)=G

40dB 7
Gl
20dB {

0dB

-20dB 1 D IOfL IOfZ ] 1 g
45°/decade —45°/dec
0

-40 dB
fp /10
LG, -9y 90°/decade

= £ /10 T o0
f110
T-180°
1Hz 10 Hz 100 Hz 1kHz 10 kHz 100 kHz

f

Fig. 9.30 PID compensator transfer function, Eq. (9.60).

DELTA ELECTRONICS EX. 1008
Page 374



9.5 Regulator Design 361

60dB T

40dB T

20dB 1

0dB

~20dB +

—40 dB 4

-60dB |

-80 dB : ; ; ; .
1 Hz 10 Hz 100 Hz 1kHz 10 kHz 100 kHz

f
Fig. 9.31 Construction of || T|| and || 1/(1 + T) || with the PID-compensator of Fig. 9.30.

unchanged by the inverted zero. The loop continues to exhibit a crossover frequency of 5 kHz.

So that the inverted zero does not significantly degrade the phase margin, let us (somewhat arbi-
trarily) choose f; to be one-tenth of the crossover frequency, or 500 Hz. The inverted zero will then
increase the loop gain at frequencies below 500 Hz, improving the low-frequency regulation of the out-
put voltage. The loop gain of Fig. 9.31 is obtained. The magnitude of the quantity 1/(1 + 7) is also con-
structed. It can be seen that the inverted zero at 500 Hz causes the magnitude of 1/(1 + T) at 100 Hz to be
reduced by a factor of approximately (100 Hz)/(500 Hz) = 1/5. The total attenuation of 1/(1 + T) at
100 Hz is -32.7dB. A 1V, 100 Hz variation in vg(t) would now induce a 12 mV variation in v(#). Further
improvements could be obtained by increasing f; ; however, this would require redesign of the PD portion
of the compensator to maintain an adequate phase margin.

The line-to-output transfer function is constructed in Fig. 9.32. Both the open-loop transfer
function Gvg(s), Eq. (9.51), and the closed-loop transfer function Gvg(s)/(l + T(s)), are constructed using
the algebra-on-the-graph method. The two transfer functions coincide at frequencies greater than the
crossover frequency. At frequencies less than the crossover frequency f,, the closed-loop transfer func-
tion is reduced by a factor of T(s). It can be seen that the poles of Gvg(s) are cancelled by zeroes of
1/(1 + T). Hence the closed-loop line-to-output transfer function is approximately

G,(s) . D 1
o i)

(9.61)

So the algebra-on-the-graph method allows simple approximate disturbance-to-output closed-loop trans-
fer functions to be written. Armed with such an analytical expression, the system designer can easily
compute the output disturbances, and can gain the insight required to shape the loop gain 7(s) such that
system specifications are met. Computer simulations can then be used to judge whether the specifications
are met under all operating conditions, and over expected ranges of component parameter values. Results
of computer simulations of the design example described in this section can be found in Appendix B,
Section B.2.2.
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Fig. 9.32 Comparison of open-loop line-to-output transfer function G,, and closed-loop line-to-output transfer
function of Eq. (9.61).

9.6 MEASUREMENT OF LOOP GAINS

It is good engineering practice to measure the loop gains of prototype feedback systems. The objective of
such an exercise is to verify that the system has been correctly modeled. If so, then provided that a good
controller design has been implemented, then the system behavior will meet expectations regarding tran-
sient overshoot (and phase margin), rejection of disturbances, dc output voltage regulation, etc. Unfortu-
nately, there are reasons why practical system prototypes are likely to differ from theoretical models.
Phenomena may occur that were not accounted for in the original model, and that significantly influence
the system behavior. Noise and electromagnetic interference (EMI) can be present, which cause the sys-
tem transfer functions to deviate in unexpected ways.

So let us consider the measurement of the loop gain 7(s) of the feedback system of Fig. 9.33.

" Block 1 : Block 2

— Z,(s)

. G, (s)P,(s) = V(s)
V.(8) | Zy(s) »

Dugls) o 8.9
! G690 * ]

[ I e e E Ty Se

@
N

H(s)

A

Fig. 9.33 It is desired to determine the loop gain T(s) experimentally, by making measurements at point A.
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Fig. 9.34 Measurement of loop gain by breaking the loop.

We will make measurements at some point A, where two blocks of the network are connected electri-
cally. In Fig. 9.33, the output port of block 1 is represented by a Thevenin-equivalent network, composed
of the dependent voltage source G, ¥, and output impedance Z,. Block 1 is loaded by the input impedance
Z, of block 2. The remainder of the feedback system is represented by a block diagram as shown. The
loop gain of the system is

Zy(s)

10=6 (Zl(s> +7,9)

) G () H(s) 962

Measurement of this loop gain presents several challenges not present in other frequency response mea-
surements.

In principle, one could break the loop at point A, and attempt to measure 7(s) using the transfer
function measurement method of the previous chapter. As illustrated in Fig. 9.34, a dc supply voltage
V¢ and potentiometer would be used, to establish a dc bias in the voltage v, such that all of the elements
of the network operate at the correct quiescent point. Ac voltage variations in v,(f) are coupled into the
injection point via a dc blocking capacitor. Any other independent ac inputs to the system are disabled. A
network analyzer is used to measure the relative magnitudes and phases of the ac components of the volt-
ages vy(t) and v,(9):

Py(s)

Qx(s) Vf‘%fzo
D=0

T,(s) = 9.63)

The measured gain T, (s) differs from the actual gain T(s) because, by breaking the connection
between blocks 1 and 2 at the measurement point, we have removed the loading of block 2 on block 1.
Solution of Fig. 9.34 for the measured gain T, (s) leads to

T,(8) = Gi(s)G,(5)H(5) (9.64)
Equations (9.62) and (9.64) can be combined to express T, (s) in terms of 7(s):

- Zy(s) 9.65
T,(5)=T(s) (1 + Zz(s)) 9.65)
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Hence,
T,(s)=T(s) provided that " Z, II > " Z, II 9.66)

So to obtain an accurate measurement, we need to find an injection point where loading is negligible over
the range of frequencies to be measured.

Other difficulties are encountered when using the method of Fig. 9.34. The most serious prob-
lem is adjustment of the dc bias using a potentiometer. The dc loop gain is typically very large, especially
when a PI controller is used. A small change in the dc component of v,(z) can therefore lead to very large
changes in the dc biases of some elements in the system. So it is difficult to establish the correct dc con-
ditions in the circuit. The dc gains may drift during the experiment, making the problem even worse, and
saturation of the error amplifier is a common complaint. Also, we have seen that the gains of the con-
verter can be a function of the quiescent operating point; significant deviation from the correct operating
point can cause the measured gain to differ from the loop gain of actual operating conditions.

9.6.1  Voltage Injection

An approach that avoids the dc biasing problem [3] is illustrated in Fig. 9.35. The voltage source v (z) is
injected between blocks 1 and 2, without breaking the feedback loop. Ac variations in v,(£) again excite
variations in the feedback system, but dc bias conditions are determined by the circuit. Indeed, if v, (D)
contains no dc component, then the biasing circuits of the system itself establish the quiescent operating
point. Hence, the loop gain measurement is made at the actual system operating point.

The injection source is modeled in Fig. 9.35 by a Thevenin equivalent network, containing an
independent voltage source with source impedance Z(s). The magnitudes of v, and Z are irrelevant in
the determination of the loop gain. However, the injection of v, does disrupt the loading of block 2 on
block 1. Hence, a suitable injection point must be found, where the loading effect is negligible.

To measure the loop gain by voltage injection, we connect a network analyzer to measure the
transfer function from ¥, to ¥, The system independent ac inputs are set to zero, and the network ana-

Y
lyzer sweeps the injection voltage ¥ (#) over the intended frequency range. The measured gain is

T (5= 2

(9.67)

ﬁX(S ‘A’ref=0

0g=0

Block 1 - v + Block 2

z

i(s)

0 —QHzo=
9/ ) %,(5) G, ()P (s) = ¥(s)
/s Z G,(5)9,(5) E] 5,(9) 9.(5) E@ ) )

+ —

H(s)

4k

Fig. 9.35 Measurement of loop gain by voltage injection.
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Let us solve Fig. 9.35, to compare the measured gain 7'(s) with the actual loop gain 7(s) given by (9.62).
The error signal is

P ,08) = — HS)Gy(s)D (s) (9.68)
The voltage ¥, can be written
=P8 =G ()P ()~ 1($)Z,(s) (9.69)

where f(s)Zl(s) is the voltage drop across the source impedance Z,. Substitution of Eq. (9.68) into (9.69)
leads to

= 0,(8) = =0 () Gy()H($)G (5) — 1(5)Z,(s) 9.70)
But i(s) is
sy = 28 9.71
1(s) = Z.) (9.71)
Therefore, Eq. (9.70) becomes
N - VA
5,09 =9,05) | G,()GH(s) + 228) ©.72)

Substitution of Eq. (9.72) into (9.67) leads to the following expression for the measured gain T (s):

Zl(s)

T,(8) = G ($)G(HH(s) + 70

9.73)

Equations (9.62) and (9.73) can be combined to determine the measured gain 7,(s) in terms of the actual
loop gain T(s):

T(s)=T(s)

26)\ . 2 074
“zz<s>)+zz<s) o7

Thus, T,(s) can be expressed as the sum of two terms. The first term is proportional to the actual loop
gain T(s), and is approximately equal to T(s) whenever || Z, || < || Z, ||. The second term is not propor-
tional to 7(s), and limits the minimum 7{(s) that can be measured with the voltage injection technique. If

Z,/Z, is much smaller in magnitude than 7{(s), then the second term can be ignored, and T, (s) = T(s). At
frequencies where T(s) is smaller in magnitude than Z,/Z,, the measured data must be discarded. Thus,

T(s)=T(s) 9.75)
provided
O |z <|2y9]

and
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Blockl o Block2 .
50Q —
Fig. 9.36 Voltage injection example. Vv _ \' +[ N
+ - N
[_:I 5,6) 5.5 S 5000
+ p—
L L

Zy(s)
Zy(s)

(i) | 7(s)| > "

Again, note that the value of the injection source impedance Z_is irrelevant.

As an example, consider voltage injection at the output of an operational amplifier, having a
50 Q output impedance, which drives a 500 Q effective load. The system in the vicinity of the injection
point is illustrated in Fig. 9.36. So Z(s) = 50 Q and Z,(s) = 500 . The ratio Z,/Z, is 0.1, or 20 dB. Let
us further suppose that the actual loop gain 7(s) contains poles at 10 Hz and 100 kHz, with a dc gain of
80 dB. The actual loop gain magnitude is illustrated in Fig. 9.37.

Voltage injection would result in measurement of T'(s) given in Eq. (9.74). Note that

Zi() ]
(1+Z;m)- 112083 dB ©.76)

Hence, for large || T ||, the measured || T, || deviates from the actual loop gain by less than 1 dB. However,
at high frequency where || T'|| is less than —20 dB, the measured gain differs significantly. Apparently,

100 dB T
80 dB
60dB T
40dB 1

20dB T

0dB -

VA
Zll=_-20dB \ ” T “
2 v
-20dB |
7l
—40 dB t + Sy
10 Hz 100 Hz 1 kHz 10 kHz 100 kHz 1 MHz

f

Fig. 9.37 Comparison of measured loop gain 7, and actual loop gain T, voltage injection example. The measured
gain deviates at high frequency.
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T (s) contains two high-frequency zeroes that are not present in 7(s). Depending on the Q-factor of these
zeroes, the phase of T, at the crossover frequency could be influenced. To ensure that the phase margin is
correctly measured, it is important that Z,/Z, be sufficiently small in magnitude.

9.6.2  Current Injection

The results of the preceding paragraphs can also be obtained in dual form, where the loop gain is mea-
sured by current injection [3]. As illustrated in Fig. 9.38, we can model block 1 and the analyzer injection
source by their Norton equivalents, and use current probes to measure 7, and fy. The gain measured by
current injection is

()

T{s)= 20 [pugeo (.77
4 g=0
It can be shown that
(s)= Zy(9) 4, Z4(s) 9.78
T(s) = T(s)(l 7ol 20 (9.78)
Hence,
T{s) = T(s) provided
() |Zx9)| < |2, and 9.79)
i Z,(s)
(i) “ T(s) H > 7o)

So to obtain an accurate measurement of the loop gain by current injection, we must find a point in the
network where block 2 has sufficiently small input impedance. Again, note that the injection source
impedance Z; does not affect the measurement. In fact, we can realize i, by use of a Thevenin-equivalent
source, as illustrated in Fig. 9.39. The network analyzer injection source is represented by voltage source

Block 1 Block 2

0 _@
a,ef/(;) 7e(s) G\(5)9,(s) [ﬁ]

Gy($)P(s) = ¥s)

H(s)

A

Fig. 9.38 Measurement of loop gain by current injection.
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Fig. 9.39 Current injection using Thevenin-equivalent source.

¥, and output resistance R,. A series capacitor, C,, is inserted to avoid disrupting the dc bias at the injec-
tion point.

9.6.3 Measurement of Unstable Systems

When the prototype feedback system is unstable, we are even more eager to measure the loop gain—to
find out what went wrong. But measurements cannot be made while the system oscillates. We need to
stabilize the system, yet measure the original unstable loop gain. It is possible to do this by recognizing
that the injection source impedance Z; does not influence the measured loop gain [3]. As illustrated in
Fig. 9.40, we can even add additional resistance R, ,, effectively increasing the source impedance Z. The
measured loop gain T'(s) is unaffected.

Adding series impedance generally lowers the loop gain of a system, leading to a lower cross-
over frequency and a more positive phase margin. Hence, it is usually possible to add a resistor R, that
is sufficiently large to stabilize the system. The gain T (s), Eq. (9.67), continues to be approximately
equal to the original unstable loop gain, according to Eq. (9.75). To avoid disturbing the dc bias condi-
tions, it may be necessary to bypass R,,, with inductor L, .. If the inductance value is sufficiently large,
then it will not influence the stability of the modified system.

exr’

Block 2

RL’.X!
2o HQ

‘ext G b =9
5.6) E(SZI 2(8)9,(5) V(Sl

<>

4(5) 0,(8)

H(s)

A

Fig. 9.40 Measurement of an unstable loop gain by voltage injection.
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9.7 Summary of Key Points 369

SUMMARY OF KEY POINTS

Negative feedback causes the system output to closely follow the reference input, according to the gain
1/H(s). The influence on the output of disturbances and variation of gains in the forward path is reduced.

The loop gain T(s) is equal to the products of the gains in the forward and feedback paths. The loop gain is
a measure of how well the feedback system works: a large loop gain leads to better regulation of the out-
put. The crossover frequency f, is the frequency at which the loop gain T has unity magnitude, and is a
measure of the bandwidth of the control system.

The introduction of feedback causes the transfer functions from disturbances to the output to be multiplied
by the factor 1/(1 + T(s)). At frequencies where 7' is large in magnitude (i.e., below the crossover fre-
quency), this factor is approximately equal to 1/7(s). Hence, the influence of low-frequency disturbances
on the output is reduced by a factor of 1/7(s). At frequencies where 7 is small in magnitude (i.e., above the
crossover frequency), the factor is approximately equal to 1. The feedback loop then has no effect. Closed-
loop disturbance-to-output transfer functions, such as the line-to-output transfer function or the output
impedance, can easily be constructed using the algebra-on-the-graph method.

Stability can be assessed using the phase margin test. The phase of T is evaluated at the crossover fre-
quency, and the stability of the important closed-loop quantities 7/(1 + T) and 1/(1 + T) is then deduced.
Inadequate phase margin leads to ringing and overshoot in the system transient response, and peaking in
the closed-loop transfer functions.

Compensators are added in the forward paths of feedback loops to shape the loop gain, such that desired
performance is obtained. Lead compensators, or PD controllers, are added to improve the phase margin
and extend the control system bandwidth. PI controllers are used to increase the low-frequency loop gain,
to improve the rejection of low-frequency disturbances and reduce the steady-state error.

Loop gains can be experimentally measured by use of voltage or current injection. This approach avoids
the problem of establishing the correct quiescent operating conditions in the system, a common difficulty
in systems having a large dc loop gain. An injection point must be found where interstage loading is not
significant. Unstable loop gains can also be measured.
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PROBLEMS

9.1 Derive both forms of Eq. (9.25).

9.2 The fiyback converter system of Fig. 9.41 contains a feedback loop for regulation of the main output

voltage v,. An auxiliary output produces voltage v,. The dc input voltage v . lies in the range 280 V< v e S
380 V. The compensator network has transfer function
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G(s) = Gcw(l + %)

where G, = 0.05, and f; = ®,/27 = 400 Hz.
(a) What is the steady-state value of the error voltage v,(r)? Explain your reasoning.
(b) Determine the steady-state value of the main output voltage v,.

(c) Estimate the steady-state value of the auxiliary output voltage v,.

64:3

L= H' v
6001,5 o HFT 1 gs0

s C) . L

Fig. 9.41 Flyback +
converter system  of C, R,
Problem 9.2. E 100 pF V2 20 y
- H(s)
Isolated f,= 200 kHz H(s)=0.2
transistor

gate driver

Pulse-width 4&_
modulator

Vv, =4V Compensator

G.(s)

Reference
input ref

=3V

In the boost converter system of Fig. 9.42, all elements are ideal. The compensator has gain
G (s) = 250/s.

Boost converter

L
oo > T
100 pH
s E c== v kg
48V 33 uF 12Q v
_ H(s)
Fig. 9.42 Boost converter f- 1
system of Problem 9.3. Transistor f,=200kHz @ H(s) =5
gate driver
Pulse-width| V.
la—|

G(s)

modulator

V,=4V Compensator
Reference
input
(a) Construct the Bode plot of the loop gain 7(s) magnitude and phase. Label values of all corner
frequencies and Q-factors, as appropriate.

) Determine the crossover frequency and phase margin.
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() Construct the Bode diagram of the magnitude of 1/(1 + T), using the algebra-on-the-graph
method. Label values of all corner frequencies and Q-factors, as appropriate.

d) Construct the Bode diagram of the magnitude of the closed-loop line-to-output transfer function.
Label values of all corner frequencies and Q-factors, as appropriate.

A certain inverter system has the following loop gain

)

(1 +mil)(1 +w—2)(1 +wL3)

and the following open-loop line-to-output transfer function

©n 8|h
o

T(s)=T,

Gog®) = G s

where
T,=100 @, = 500 rad/sec
®, = 1000 rad/sec ), = 24000 rad/sec
®, = 4000 rad/sec Gy=05

The gain of the feedback connection is H(s) = 0.1.

(a) Sketch the magnitude and phase asymptotes of the loop gain T(s). Determine numerical values
of the crossover frequency in Hz and phase margin in degrees.

(b) Construct the magnitude asymptotes of the closed-loop line-to-output transfer function. Label
important features.

(c) Construct the magnitude asymptotes of the closed-loop transfer function from the reference volt-
age to the output voltage. Label important features.

The forward converter system of Fig. 9.43(a) is constructed with the element values shown. The quies-
cent value of the input voltage is V, = 380 V. The transformer has turns ratio n/n, = 4.5. The duty cycle
produced by the pulse-width modulator is restricted to the range 0 < d(z) < 0.5. Within this range, d(f)

follows the control voltage v (¢) according to

1 v
d(t) =5
with V,, =3V,
(a) Determine the quiescent values of: the duty cycle D, the output voltage V, and the control voltage
vV

(b) The op-amp circuit and feedback connection can be modeled using the block diagram illustrated
in Fig. 9.43(b), with H(s) = R,/(R, + R,). Determine the transfer functions G (s) and G (s).

(© Sketch a block diagram which models the small-signal ac variations of the complete system, and
determine the transfer function of each block. Hint: the transformer magnetizing inductance has
negligible influence on the converter dynamics, and can be ignored. The small-signal models of
the forward and buck converters are similar,

) Construct a Bode plot of the loop gain magnitude and phase. What is the crossover frequency?
What is the phase margin?

(e) Construct the Bode plot of the closed-loop line-to-output transfer function magnitude

DELTA ELECTRONICS EX. 1008

Page 385



372

9.6

9.7

Controller Design

(@) n iR R

v,(t) C’P

1 1 3 L
ﬂ LBEO
f,= 150 kHz _J_
ol D .
C R,
13 nF
Isolated > 6kQ
transistor [ I | Vv

500 uH -J_ +
H C R 5 v(t)
. 10 uFT 70
3
gate driver
) Pulse-width| Ve -

modulator +
vref
51V
(b) v l
H(s)
vC vref
<« G (s) G,(s) le——

Fig. 9.43 Forward converter system of Problem 9.5: (a) system diagram, (b) modéling the op amp cir-
cuit using a block diagram.

2
Vg

Label important features. What is the gain at 120 Hz? At what frequency do disturbances in v , have the
greatest influence on the output voltage?

In the voltage regulator system of Fig. 9.43, described in Problem 9.5, the input voltage v, (1) contains a
120 Hz variation of peak amplitude 10 V.

(a) What is the amplitude of the resulting 120 Hz variation in v(£)?

(b) Modify the compensator network such that the 120 Hz output voltage variation has peak ampli-
tude less than 25 mV. Your modification should leave the dc output voltage unchanged, and
should result in a crossover frequency no greater than 10 kHz.

Design of a boost converter with current feedback and a PI compensator. In some applications, it is
desired to control the converter input terminal current waveform. The boost converter system of Fig.
9.44 contains a feedback loop which causes the converter input current (D) to be proportional to a refer-
ence voltage v, (). The feedback connection is a current sense circuit baving gain H(s) = 0.2 volts per
ampere. A conventional pulse width modulator circuit (Fig. 7.63) is employed, having a sawtooth wave-
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igI L
—O— BT i

400 uH +
m —e :
v, (_) E cC== v R 5 iy
10 uF 120 Q y

- H(s)

Transistor J;=100 kHz @

gate driver
5 Pulse-width| V.
modulator [+ %) HG) i ()

V,=3V Compensator

Reference

input 1 Vrer

Fig. 9.44 Boost converter system with current feedback, Problem 9.7.
form with peak-peak amplitude of V,, = 3 V. The quiescent values of the inputs are: V, = 120V,
V,r=2 V. All elements are ideal.
(a) Determine the quiescent values D, V, and / .
(b) Determine the small-signal transfer function
(s

—_8
Giy8) = d6)

Z

(c) Sketch the magnitude and phase asymptotes of the uncompensated (G (s) = 1) loop gain.

d) It is desired to obtain a loop gain magnitude of at least 35 dB at 120 Hz, while maintaining a
phase margin of at least 72°. The crossover frequency should be no greater than f,/10 = 10 kHz.
Design a PI compensator that accomplishes this. Sketch the magnitude and phase asymptotes of
the resulting loop gain, and label important features.

(e) For your design of part (d), sketch the magnitude of the closedaloop transfer function

18

ﬁrf(s)

Label important features.

Design of a buck regulator to meet closed-loop output impedance specifications. The buck converter
with control system illustrated inFig. 9.45 is to be designed to meet the following specifications. The
closed-loop output impedance should be less than 0.2 £ over the entire frequency range 0 to 20 kHz. To
ensure that the transient response is well-behaved, the poles of the closed-loop transfer functions, in the
vicinity of the crossover frequency, should have Q-factors no greater than unity. The quiescent load cur-
rent I, can vary from 5 A to 50 A, and the above specifications must be met for every value of I, ,,,
in this range. For simplicity, you may assume that the input voltage vg does not vary. The loop gain
crossover frequency f, may be chosen to be no greater than £,/10, or 10 kHz. You may also assume that
all elements are ideal. The pulse-width modulator circuit obeys Eq. (7.173).

(a) What is the intended dc output voltage V? Over what range does the effective load resistance
R, oap vary?
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100V
_ H(s)
=100 kHz H(s) = 0.1
Transzstor
gate driver
Pulse-width| Ve Ve Hy
modulator [+ )
v =4v  Compensator
M vref
5V

Fig. 9.45 Buck regulator system, Problem 9.8.

(b) Construct the magnitude asymptotes of the open-loop output impedance Z , (s). Over what
range of frequencies is the output impedance specification not met? Hence, deduce how large the
minimum loop gain 7(s) must be in magnitude, such that the closed-loop output impedance
meets the specification. Choose a suitable crossover frequency f.. i

() Design a compensator network G (s) such that all specifications are met. Additionally, the dc
loop gain T(s) should be at least 20 dB. Specify the following:
(i)  Your choice for the transfer function G (s)
(ii) The worst-case closed-loop Q
(iii) Bode plots of the loop gain T(s) and the closed-loop output impedance, for load cur-
rents of 5 A and 50 A. What effect does variation of R, ,,,, have on the closed-loop
behavior of your design?
(d) Design a circuit using resistors, capacitors, and an op amp to realize your compensator transfer
function G (s).
9.9 Design of a buck-boost voltage regulator. The buck-boost converter of Fig. 9.46 operates in the continu-
ous conduction mode, with the element values shown. The nominal input voltage is V, = 48 V, and it is
desired to regulate the output voltage at —15 V. Design the best compensator that you can, which has

high crossover frequency (but no greater than 10% of the switching frequency), large loop gain over the
bandwidth of the feedback loop, and phase margin of at least 52°.

1€ ;
(O [t wit s

50 uH 220 uF 55 v !
Fig. 9.46 Buck-boost -l_ _ H(s)
voltage regulator system, 7= 200 KHz
Problem 9.9. Transistor
gate driver
S Pulse-width| Ve Ve Hy
modulator [*—| %
v =3y  Compensator
M vref
5V
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(a) Specify the required value of H. Sketch Bode plots of the uncompensated loop gain magnitude
and phase, as well as the magnitude and phase of your proposed compensator transfer function
G (s). Label the important features of your plots.

(b) Construct Bode diagrams of the magnitude and phase of your compensated loop gain 7(s), and
also of the magnitude of the quantities 7/(1 + 7) and 1/(1 + T).

(c) Discuss your design. What prevents you from further increasing the crossover frequency? How
large is the loop gain at 120 Hz? Can you obtain more loop gain at 120 Hz?

9.10 The loop gain of a certain feedback system is measured, using voltage injection at a point in the forward
path of the loop as illustrated in Fig. 9.47(a). The data in Fig. 9.47(b) is obtained. What is 7(s)? Specify
T(s) in factored pole-zero form, and give numerical values for all important features. Over what range of
frequencies does the measurement give valid results?

. e,
1kQ TM -
GO 2 %) 7(5) | SI0kQ == 2nF
+ —-—
®) o,
(EM 1

40dB

20dB :E \

-20dB

A

90°

Fig. 9.47 Experimental measurement of loop gain, Problem 9.10: (a) measurement via voltage injec-
tion, (b) measured data.
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10.1 INTRODUCTION
10.1.1 Conducted EMI

It is nearly always required that a filter be added at the power input of a switching converter. By attenuat-
ing the switching harmonics that are present in the converter input current waveform, the input filter
allows compliance with regulations that limit conducted electromagnetic interference (EMI). The input
filter can also protect the converter and its load from transients that appear in the input voltage vg(t),
thereby improving the system reliability.

A simple buck converter example is illustrated in Fig. 10.1. The converter injects the pulsating
current { g(t) of Fig. 10.1(b) into the power source vg(t). The Fourier series of i g(t) contains harmonics at
multiples of the switching frequency f;, as follows:

(a) (b)
i,(0)

ig 1 i L
o p s EEN . i i
2
vg(t)(j) cz= v SR

Fig. 10.1 Buck converter example: (a) circuit of power stage, (b) pulsating input current waveform.
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(@)
by L i, 1 i L
- o —
2
v, () ¢ == CZ= v SR
Input filter
(W) L
1, (1) -
iill(l) —
0 0 >
0 DT, T, t

S 5
Fig. 10.2 Addition of a simple L-C low-pass filter to the power input terminals of the buck converter: (a) circuit,
(b) input current waveforms.

i(1)=DI + é %% sin (knD) cos (ko) (10.1)

In practice, the magnitudes of the higher-order harmonics can also be significantly affected by the cur-
rent spike caused by diode reverse recovery, and also by the finite slopes of the switching transitions. The
large high-frequency current harmonics of i () can interfere with television and radio reception, and can
disrupt the operation of nearby electronic equipment. In consequence, regulations and standards exist
that limit the amplitudes of the harmonic currents injected by a switching converter into its power source
[1-8]. As an example, if the dc inductor current i of Fig. 10.2 has a magnitude of several Amperes, then
the fundamental component (z = 1) has an rms amplitude in the vicinity of one Ampere. Regulations may
require attenuation of this current to a value typically in the range 10 pA to 100 pA.

To meet limits on conducted EMI, it is necessary to add an input filter to the converter. Figure
10.2 illustrates a simple single-section L-C low-pass filter, added to the input of the converter of Fig.
10.1. This filter attenuates the current harmonics produced by the switching converter, and thereby
smooths the current waveform drawn from the power source. If the filter has transfer function
H(s) =i, /i, then the input current Fourier series becomes

n g
i,(t) = HO)DI + 21 | Hkjoo) | 2L sin (kD) cos (ko + £ H(kje)) (102)

In other words, the amplitude of each current harmonic at angular frequency ko is attenuated by the filter
transfer function at the harmonic frequency, || H(kjo) . Typical requirements effectively limit the current
harmonics to have amplitudes less than 100 A, and hence input filters are often required to attenuate the
current amplitudes by 80 dB or more.

To improve the reliability of the system, input filters are sometimes required to operate nor-
mally when transients or periodic disturbances are applied to the power input. Such conducted suscepti-
bility specifications force the designer to damp the input filter resonances, so that input disturbances do
not excite excessive currents or voltages within the filter or converter.
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(a) Converter model
1:D 7 L
@-»-fn‘m .
v.d

(b

Input filter Converter model

3

<>

Fig. 10.3 Smaii-signal equivalent circuit models of the buck converter: (a) basic converter model, (b) with addition
of input filter.

10.1.2 The Input Filter Design Problem

The situation faced by the design engineer is typically as follows. A switching regulator has
been designed, which meets performance specifications. The regulator was properly designed as dis-
cussed in Chapter 9, using a small-signal model of the converter power stage such as the equivalent cir-
cuit of Fig. 10.3(a). In consequence, the transient response is well damped and sufficiently fast, with
adequate phase margin at all expected operating points. The output impedance is sufficiently small over a
wide frequency range. The line-to-output transfer function G, (s), or audiosusceptibility, is sufficiently
small, so that the output voltage remains regulated in spite of variations in ¥,(2).

Having developed a good design that meets the above goals regarding dynamic response, the
problem of conducted EMI is then addressed. A low-pass filter having attenuation sufficient to meet con-
ducted EMI specifications is constructed and added to the converter input. A new problem then arises:
the input filter changes the dynamics of the converter. The transient response is modified, and the control
system may even become unstable. The output impedance may become large over some frequency range,
possibly exhibiting resonances. The audiosusceptibility may be degraded.

The problem is that the input filter affects the dynamics of the converter, often in a manner that
degrades regulator performance. For example, when a single-section L-C input filter is added to a buck
converter as in Fig. 10.2(a), the small-signal equivalent circuit model is modified as shown in Fig.
10.3(b). The input filter elements affect all transfer functions of the converter, including the control-to-
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output transfer function G,,(s), the line-to-output transfer function Gvg(s), and the converter output
impedance Z_ (s). Moreover, the influence of the input filter on these transfer functions can be quite
severe.

As an illustration, let’s examine how the control-to-output transfer function G, 4() of the buck
converter of Fig. 10.1 is altered when a simple L-C input filter is added as in Fig. 10.2. For this example,
the element values are chosentobe: D=0.5,L =100 4H,C=100 uF,R=3 Q, Ly=330 uH, C;= 470 pF.
Figure 104 contains the Bode plot of the magnitude and phase of the control-to-output transfer function
G, ,(s). The dashed lines are the magnitude and phase before the input filter was added, generated by
solution of the model of Fig. 10.3(a). The complex poles of the converter output filter cause the phase to
approach — 180° at high frequency. Usually, this is the model used to design the regulator feedback loop
and to evaluate the phase margin (see Chapter 9). The solid lines of Fig. 10.4 show the magnitude and
phase after addition of the input filter, generated by solution of the model of Fig. 10.3(b). The magnitude
exhibits a “glitch” at the resonant frequency of the input filter, and an additional — 360° of phase shift is
introduced into the phase. It can be shown that G, ,(s) now contains an additional complex pole pair and
a complex right half-plane zero pair, associated with the input filter dynamics. If the crossover frequency
of the regulator feedback loop is near to or greater than the resonant frequency of the input filter, then the
loop phase margin will become negative and instability will result. Such behavior is typical, conse-
quently, input filters are notorious for destabilizing switching regulator systems.

This chapter shows how to mitigate the stability problem, by introducing damping into the input
filter and by designing the input filter such that its output impedance is sufficiently small [9-21]. The
result of these measures is that the effect of the input filter on the control-to-output transfer function
becomes negligible, and hence the converter dynamics are much better behaved. Although analysis of the
fourth-order system of Fig. 10.3(b) is potentially quite complex, the approach used here simplifies the
problem through use of impedance inequalities involving the converter input impedance and the filter
output impedance [9,10]. These inequalities are based on Middlebrook’s extra element theorem of
Appendix C. This approach allows the engineer to gain the insight needed to effectively design the input
filter. Optimization of the damping networks of input filters, and design of multiple-section filters, is also
discussed.
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Input Converter R
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Fig. 10.5 Addition of an input filter to a switching voltage regulator system.

10.2  EFFECT OF AN INPUT FILTER ON CONVERTER TRANSFER FUNCTIONS

The control-to-output transfer function G, ,(s) is defined as follows:

b(s)

0%

(10.3)

ﬁg(.v) =0

The control-to-output transfer functions of basic CCM converters with no input filters are listed in Sec-
tion 8.2.2.

Addition of an input filter to a switching regulator leads to the system illustrated in Fig. 10.5. To
determine the control-to-output transfer function in the presence of the input fiiter, we set ¥ (s) to zero
and solve for $(s)/d(s) according to Eq. (10.3). The input filter can then be represented 51mply by its out-
put impedance Z (s) as illustrated in Fig. 10.6. Thus, the input filter can be treated as an extra element
having impedance Z(s). In Appendix C, Section C.4.3, Middlebrook’s extra element theorem is
employed to determine how addition of the input filter modifies the control-to-output transfer function. It
is found that the modified control-to-output transfer function can be expressed as follows [9]:

(1+28)
— Y A} 10.4
G = G0 20 (10.4)
Zp(s)
Converter
Y
Fig. 10.6 Determination of the control-to-output transfer Z(s) e
function G, (s) for the system of Fig. 10.5. Gvd(s )
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Table 10.1 Input filter design criteria for basic converters

Converter Z\(s) Zy(s) Z(s)
L
1+s5+ 2LC)
Buck - BR‘Z R ( RYS ;)_LZ
D*  (1+sRC)
L 2LC
1+s +5
Boost -D7R (1 - DS,%R) DR ( DR D'Z) sL
(1+sRC)
L 2LC
2 1+s +5
Buck-boost ~ % (1 - 51’)2?{) DR ( DR D’z) ;)_lé
D? (1+sRC)
where
Ga®) ], 420 (10.5)

is the original control-to-output transfer function with no input filter. The quantity Z(s) is equal to the
converter input impedance Z(s) under the condition that d(s) is equal to zero:

Zp(s)= Z«s) (10.6)

d(s)=0

The quantity Z,(s) is equal to the converter input impedance Z(s) under the condition that the feedback
controller of Fig. 10.5 operates ideally; in other words, the controller varies d(s) as necessary to maintain
(s} equal to zero:

Zy(s)=Z{s) (10.7)

w(s) il

In terms of the canonical circuit model parameters described in Section 7.5, Z,(s) can be shown to be
__es) 10.8
Zy(s) = i) (10.8)

Expressions for Z,(s) and Z,(s) for the basic buck, boost, and buck-boost converters are listed in Table
10.1.

10.2.1 Discussion

Equation (10.4) relates the power stage control-to-output transfer function G,,(s) to the output imped-
ance Z,(s) of the input filter, and also to the quantities Z,(s) and Z,(s) measured at the power input port
of the converter. The quantity Z,(s) coincides with the open-loop input impedance of the converter.

As described above, the quantity Z,(s) is equal to the input port impedance of the converter
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Fig. 10.7 Power input port characteristics of an ideal switching voltage regulator: (a) equivalent circuit model,
including dependent power sink, (b) constant power characteristic of input port.

power stage, under the conditions that d(s) is varied as necessary to null §(s) to zero. This is, in fact, the
function performed by an ideal controller: it varies the duty cycle as necessary to maintain zero error of
the output voltage. Therefore, Z,(s) coincides with the impedance that would be measured at the con-
verter power input terminals, if an ideal feedback loop perfectly regulated the converter output voltage.
Of course, Eq. (10.4) is valid in general, regardless of whether a control system is present.

Figure 10.7 illustrates the large-signal behavior of a feedback loop that perfectly regulates the
converter output voltage. Regardless of the applied input voltage v (1), the output voltage is maintained
equal to the desired value V. The load power is therefore constant, and equal to P, , = V¥R. In the ideal-
ized case of a lossless converter, the power flowing into the converter input terminals will also be equal to
Py regardless of the value of v (¢). Hence, the power input terminal of the converter obeys the equation

(v®), (i0), = Piaa (10.9)

This characteristic is illustrated in Fig. 10.7(b), and is represented in Fig. 10.7(a) by the dependent power
sink symbol. The properties of power sources and power sinks are discussed in detail in Chapter 11.
Figure 10.7(b) also illustrates linearization of the constant input power characteristic, about a
quiescent operating point. The resulting line has negative slope; therefore, the incremental (small signal)
input resistance of the ideal voltage regulator is negative. For example, increasing the voltage (vg(t))Tx
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causes the current ( i g(t) )TS to decrease, such that the power remains constant. This incremental resistance
has the value [9,14]:

_ # (10.10)
where R is the output load resistance, and M is the conversion ratio V/ Vg. For each of the converters listed
in Table 10.1, the dc asymptote of Z,(s) coincides with the negative incremental resistance given by the
equation above.

Practical control systems exhibit a limited bandwidth, determined by the crossover frequency f.
of the feedback loop. Therefore, we would expect the closed-loop regulator input impedance to be
approximately equal to Z,(s) at low frequency (f < f,) where the loop gain is large and the regulator
works well. At frequencies above the bandwidth of the regulator (f > f,), we expect the converter input
impedance to follow the open-loop value Z(s). For closed-loop conditions, it can be shown that the reg-
ulator input impedance Z(s) is, in fact, described by the following equation:

1 _ 1 T(s) 1 1 10.11
Z{s) " Zy(s) L+T(s) 7 Zp(s) 1+ T(s) (10.11)

where T(s) is the controller loop gain. Thus, the regulator input impedance follows the negative resis-
tance of Z,(s) at low frequency where the magnitude of the loop gain is large [and hence T/(1 +7) = 1,
1/(1 +T) = 0], and reverts to the (positive) open-loop impedance Z(s) at high frequency where || T|| is
small [i.e., where T/(1 + T) = 0, 1/(1 + T) = 1].

When an undamped or lightly damped input filter is connected to the regulator input port, the
input filter can interact with the negative resistance characteristic of Z, to form a negative resistance
oscillator. This further explains why addition of an input filter tends to lead to instabilities.

10.2.2 Impedance Inequalities

Equation (10.4) reveals that addition of the input filter causes the control-to-output transfer function to be
modified by the factor

Z,(s) )
1+
(‘_@ (10.12)
Z,(s)
(1 + ZD(s))
called the correction factor. When the following inequalities are satisfied,

|z,] =]zx] and (10.13)
[z, =]2|

then the correction factor has a magnitude of approximately unity, and the input filter does not substan-
tially alter the control-to-output transfer function [9,10]. These inequalities limit the maximum allowable
output impedance of the input filter, and constitute useful filter design criteria. One can sketch the Bode
plots of || Z,(jw) || and || Z,(jw) ||, and compare with the Bode plot of || Z (j®) ||. This allows the engineer
to gain the insight necessary to design an input filter that satisfies Eq. (10.13).
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A similar analysis shows that the converter output impedance is not substantially affected by the
input filter when the following inequalities are satisfied:

| 2] =|2.] and

(10.14)
ARSI EA

where Z(s) is again as given in Table 10.1. The quantity Z (s) is equal to the converter input impedance
Z(s) under the conditions that the converter output is shorted:

(10.15)

Expressions for Z (s) for basic converters are also listed in Table 10.1.

Similar impedance inequalities can be derived for the case of current-programmed converters
[12,13], or converters operating in the discontinuous conduction mode. In [12], impedance inequalities
nearly identical to the above equations were shown to guarantee that the input filter does not degrade
transient response and stability in the current-programmed case. Feedforward of the converter input volt-
age was suggested in {16].

10.3 BUCK CONVERTER EXAMPLE

Let us again consider the example of a simple buck converter with L-C input filter, as illustrated in Fig.
10.8(a). Upon replacing the converter with its smali-signal model, we obtain the equivalent circuit of Fig.
10.8(b). Let’s evaluate Eq. (10.4) for this example, to find how the input filter modifies the control-to-
output transfer function of the converter.

10.3.1 Effect of Undamped Input Filter

The quantities Z,(s) and Z/(s) can be read from Table 10.1, or can be derived using Eqs. (10.6) and
(10.7) as further described in Appendix C. The quantity Z(s) is given by Eq. (10.6). Upon setting d(s) to
zero, the converter small signal model reduces to the circuit of Fig. 10.9(a). It can be seen that Z,(s) is
equal to the input impedance of the R-L-C filter, divided by the square of the turns ratio:

Zp(s) = # (sL+ RH%) (10.16)

Construction of asymptotes for this impedance is treated in Section 8.4, with the results for the numerical
values of this example given in Fig. 10.10. The load resistance dominates the impedance at low fre-
quency, leading to a dc asymptote of R/D* = 12 Q. For the high-Q case shown, || Zp(joy) || follows the
output capacitor asymptote, reflected through the square of the effective turns ratio, at intermediate fre-
quencies. A series resonance occurs at the output filter resonant frequency f;, given by

f= Zm/l—L—C (10.17)

For the element values listed in Fig. 10.8(a), the resonant frequency is f, = 1.6 kHz. The values of the
asymptotes at the resonant frequency f; are given by the characteristic impedance R, referred to the

DELTA ELECTRONICS EX. 1008

Page 398



386 Input Filter Design
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Fig. 10.8 Buck converter example: (a) converter circuit, (b) small-signal model.
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Fig. 10.9 Determination of the quantities Z(s) and Z(s) for the circuit of Fig. 10.8(b): (a) determination of
Z;(s), (b) determination of Z,(s).
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Fig. 10.10 Construction of || Z,(jw) || and || Z,(jw) |l buck converter example.
transformer primary:
R _1 /L (10.18)
D* Dp*VC
For the element values given in Fig. 10.8(a), this expression is equal to 4 Q. The Q-factor is given by
- R_ [
Q_RO_R\/L (10.19)

This expression yields a numerical value of O = 3. The value of || Z,(jw) || at the resonant frequency
1.6 kHz is therefore equal to (4 Q)/(3) = 1.33 Q. At high frequency, || Z,(jo) || follows the reflected
inductor asymptote.

The quantity Z,(s) is given byAEq. (10.7). This impedance is equal to the converter input imped-
ance Z(s), under the conditions that d(s) is varied to maintain the output voltage ¥(s) at zero. Figure
10.9(b) illustrates the derivation of an expression for Z,(s). A test current source fm,t(s) is injected at the
converter input port. The impedance Z,(s) can be viewed as the transfer function from 7, (s) to 9,,.(s):

(10.20)

The null condition $(s) " 0 greatly simplifies analysis of the circuit of Fig. 10.9(b). Since the voltage
V(i) is zero, the currents through the capacitor and load impedances are also zero. This further implies
that the inductor current i(s) and transformer winding currents are zero, and hence the voltage across the
inductor is also zero. Finally, the voltage ¥ (s), equal to the output voltage plus the inductor voltage, is
Zero.

Since the currents in the windings of the transformer model are zero, the current i

(s) is equal
to the independent source current 1d(s):

test

Fed(s) = 1d(5) (10.21)

Because ¥ (s) is equal to zero, the voltage applied to the secondary of the transformer model is equal to
the independent source voltage — Vgcf(s). Upon dividing by the turns ratio D, we obtain ¥, (s):
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Fig. 10.11 Determination of the filter output impedance Z (s).

Z(s)
0
. V,d(s) 22
B () =— gD (10.22)
Insertion of Egs. (10.21) and (10.22) into Eq. (10.20) leads to the following resul:
V,d(s)
) R (10.23)

The steady-state relationship = DV, /R has been used to simplify the above result. This equation coin-
cides with the expression listed in Table 10.1. The Bode diagram of || Z,(jw) || is constructed in Fig.
10.10; this plot coincides with the dc asymptote of || Z,(jw) I|.

Next, let us construct the Bode diagram of the filter output impedance Z (s). When the indepen-
dent source ¥ (s) is set to zero, the input filter network reduces to the circuit of Fig. 10.11. It can be seen
that Z (s) is given by the parallel combination of the inductor L and the capacitor Cf:

Z,(s) = sL. fu:vé—f (10.24)

Construction of the Bode diagram of this parallel resonant circuit is discussed in Section 8.3.4. As illus-
trated in Fig. 10.12, the magnitude || Z (j®) || is dominated by the inductor impedance at low frequency,
and by the capacitor impedance at high frequency. The inductor and capacitor asymptotes intersect at the
filter resonant frequency:

40 dBQ T

Qp e

30dBQ +

Fig. 10.12 Magnitude plot of the output 20 dBO A
impedance of the input filter of Fig. 10.11.

Since the filter is not damped, the Q-factor is 104dBQ 4+
very large.

0dBQ +

—-10dBQ +

-20dBQ
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Fig. 10.13 Impedance design criteria || Z,(jw) || and || Z,(j®) || from Fig. 10.10, with the filter output impedance
Il Z,(jw) | of Fig. 10.12 superimposed. The design criteria of Eq. (10.13) are not satisfied at the input filter reso-
nance.

1

TN e

For the given values, the input filter resonant frequency is f, = 400 Hz. This filter has characteristic

impedance
L
Royp=1/ 'cf (10.26)

equal to 0.84 Q. Since the input filter is undamped, its Q-factor is ideally infinite. In practice, parasitic
elements such as inductor loss and capacitor equivalent series resistance limit the value of Q. Nonethe-
less, the impedance || Z,(jw) || is very large in the vicinity of the filter resonant frequency f.

The Bode plot of the filter output impedance || Z (jw) || is overlaid on the || Z,(jw) || and
I Zp(jo) || plots in Fig. 10.13, for the element values listed in Fig. 10.8(a). We can now determine
whether the impedance inequalities (10.13) are satisfied. Note the design-oriented nature of Fig. 10.13:
since analytical expressions are given for each impedance asymptote, the designer can easily adjust the
component values to satisfy Eq. (10.13). For example, the values of L. and C;should be chosen to ensure
that the asymptotes of || Z (jo) || lie below the worst-case value of R/D?, as well as the other asymptotes
of [| Z,(j) .

It should also be apparent that it is a bad idea to choose the input and output filter resonant fre-
quencies f; and f; to be equal, because it would then be more difficult to satisfy the inequalities of Eq.
(10.13). Instead, the resonant frequencies f; and f; should be well separated in value.

Since the input filter is undamped, it is impossible to satisfy the impedance inequalities (10.13)
in the vicinity of the input filter resonant frequency f;. Regardless of the choice of element values, the
input filter changes the control-to-output transfer function G,,(s) in the vicinity of frequency f;. Figures
10.14 and 10.15 illustrate the resulting correction factor [Eq. (10.12)] and the modified control-to-output
transfer function [Eq. (10.4)], respectively. At frequencies well below the input filter resonant frequency,
impedance inequalities (10.13) are well satisfied. The correction factor tends to the value 1.£0°, and the

(10.25)
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Fig. 10.14 Magnitude of the correction factor, Eq. (10.12), for the buck converter example of Fig. 10.8.
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Fig. 10.15 Effect of the undamped input filter on the control-to-output transfer function of the buck converter
example. Dashed lines: without input filter. Solid lines: with undamped input filter.

control-to-output transfer function G, (s) is essentially unchanged. In the vicinity of the resonant fre-
quency f, the correction factor contains a pair of complex poles, and also a pair of right half-plane com-
plex zeroes. These cause a “glitch” in the magnitude plot of the correction factor, and they contribute
360° of lag to the phase of the correction factor. The glitch and its phase lag can be seen in the Bode plot
of G ,(5). At high frequency, the correction factor tends to a value of approximately 1/~ 3607; conse-
quently, the high-frequency magnitude of G, is unchanged. However, when the — 360° contributed by
the correction factor is added to the — 180° contributed at high frequency by the two poles of the original
G, ,(5), a high-frequency phase asymptote of — 540° is obtained. If the crossover frequency of the con-
verter feedback loop is placed near to or greater than the input filter resonant frequency ];, then a negative
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10.3  Buck Converter Example 391

phase margin is inevitable. This explains why addition of an input filter often leads to instabilities and
oscillations in switching regulators.

10.3.2 Damping the Input Filter

Let’s damp the resonance of the input filter, so that impedance inequalities (10.13) are satisfied at all fre-
quencies.

One approach to damping the filter is to add resistor R, in parallel with capacitor C,as illustrated
in Fig. 10.16(a). The output impedance of this network is identical to the parallel resonant impedance
analyzed in Section 8.3.4. The maximum value of the output impedance occurs at the resonant frequency
Jp» and is equal in value to the resistance R;. Hence, to satisfy impedance inequalities (10.13), we should
choose Rf to be much less than the || Z,(jo) || and || Z,,(jo) || asymptotes. The condition Rf < || Zy(Go) ||
can be expressed as:

Ry < gi (10.27)
Unfortunately, this raises a new problem: the power dissipation in Rf. The de input voltage V, is applied
across resistor R, and therefore R, dissipates power equal to V; /R Equation (10.27) implies that this
power loss is greater than the load power! Therefore, the circuit of Fig. 10.16(a) is not a practical solu-
tion.

One solution to the power loss problem is to place R, in parallel with L, as illustrated in Fig.
10.16(b). The value of R, in Fig. 10.16(b) is also chosen according to Eq. (10.27). Since the dc voltage
across inductor L is zero, there is now no de power loss in resistor R,. The problem with this circuit is
that its transfer function contains a high-frequency zero. Addition of R, degrades the slope of the high-
frequency asymptote, from ~ 40 dB/decade to — 20 dB/decade. The circuit of Fig. 10.16(b) is effectively
a single-pole R-C low-pass filter, with no attenuation provided by inductor L;.

One practical solution is illustrated in Fig. 10.17 [10]. Dc blocking capacitor C, is added in
series with resistor Rf. Since no dc current can flow through resistor Rf, its dc power loss is eliminated.
The value of C,, is chosen to be very large such that, at the filter resonant frequency f}-, the impedance of
the R-C,, branch is dominated by resistor R,. When C, is sufficiently large, then the output impedance of
this network reduces to the output impedances of the filters of Fig. 10.16. The impedance asymptotes for
the case of large C, are illustrated in Fig. 10.17(b).

(@) (b)

Ry
AN
L
o —BEE o o o0 o
L
Go= RS ¢, ==
o, O o 0

Fig. 10.16 Two attempts to damp the input filter: (a) addition of damping resistance Rf across Cf, (b) addition ot
damping resistance R, in parallel with L. '
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Fig. 10.17 A practical method to damping the input filter, including damping resistance R, and dc blocking
capacitor C,: (a) circuit, (b) output impedance asymptotes.

40 dBQ T

30dBQ £ =3530Hz oL 7
£ = 159 kHz p>_~ 17l

I Zyll
Ry/D*

120

t

20 dBQ +

10 dBQ + wb?*C

0dBQ +

—-10dBQ 4

I

=
10 kHz

-20 dBQ - o
100 Hz 1 kHz
f

Fig. 10.18 Impedance design criteria || Zy(jw) | and || Z,,(jo) || from Fig. 10.10, with the filter output impedance
Il Z,(jw) || of Fig. 10.17(b) superimposed. The design criteria of Eq. (10.13) are well satisfied.

The low-frequency asymptotes of [| Z,(jm) || and || Z,(jw) |l in Fig. 10.10 are equal to
R/D*=12 Q. The choice Ry=1 Q therefore satisfies impedance inequalities (10.13) very well. The
choice C, = 4700 pF leads to 1/21'5]}Cb = 0.084 Q, which is much smaller than Rf. The resulting magni-
tude || Z,(jw) [| is compared with || Z,(jw) || and || Z,,(jo) [| in Fig. 10.18. It can be seen that the chosen
values of R, and C, lead to adequate damping, and impedance inequalities (10.13) are now well satisfied.

Figure 10.19 illustrates how addition of the damped input filter modifies the magnitude and
phase of the control-to-output transfer function. There is now very little change in G, ,(s), and we would
expect that the performance of the converter feedback loop is unaffected by the input filter.

104  DESIGN OF A DAMPED INPUT FILTER

As illustrated by the example of the previous section, design of an input filter requires not only that the
filter impedance asymptotes satisfy impedance inequalities, but also that the filter be adequately damped.
Damping of the input filter is also necessary to prevent transients and disturbances in vg(t) from exciting
filter resonances. Other design constraints include attaining the desired filter attenuation, and minimizing
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the size of the reactive elements. Although a large number of classical filter design techniques are well
known, these techniques do not address the problems of limiting the maximum output impedance and
damping filter resonances.

The value of the blocking capacitor C, used to damp the input filter in Section 10.3.2 is ten
times larger than the value of C;, and hence its size and cost are of practical concern. Optimization of an
input filter design therefore includes minimization of the size of the elements used in the damping net-
works.

Several practical approaches to damping the single-section L-C low-pass filter are illustrated in
Fig. 10.20 [10,11,17]. Figure 10.20(a) contains the R,-C, damping branch considered in the previous
section. In Fig. 10.20(b), the damping resistor R is placed in parallel with the filter inductor L;, and a
high-frequency blocking inductor L, is placed in series with R,. Inductor L, causes the filter transfer
function to roll off with a high-frequency slope of - 40 dB/decade. In Fig. 10.20(c), the damping resistor
R, is placed in series with the filter inductor L;, and the dc curient is bypassed by inductor L,. In each
case, it is desired to obtain a given amount of damping [i.e., to cause the peak value of the filter output
impedance to be no greater than a given value that satisfies the impedance inequalities (10.13)], while
minimizing the value of C, or L. This problem can be formulated in an alternate but equivalent form: for
a given choice of C, or L, find the value of R, that minimizes the peak output impedance [10]. The solu-
tions to this optimization problem, for the three filter networks of Fig. 21, are summarized in this section.
In each case, the quantities Rof and ]j, are defined by Eqgs. (10.25) and (10.26).

Consider the filter of Fig. 10.20(b), with fixed values of Lf, Cf, and L,. Figure 10.21 contains
Bode plots of the filter output impedance || Z ( jo) || for several values of damping resistance R;. For the
limiting case R, = oo, the circuit reduces to the original undamped filter with infinite Q. In the limiting
case Ry= 0, the filter is also undamped, but the resonant frequency is increased because L, becomes con-
nected in parallel with L. Between these two extremes, there must exist an optimum value of R, that
causes the peak filter output impedance to be minimized. It can be shown [10,17] that all magnitude plots
must pass through a common point, and therefore the optimum attains its peak at this point. This fact has
been used to derive the design equations of optimally-damped L-C filter sections.
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10.4  Design of a Damped Input Filter 395

104.1  R.-C, Parallel Damping

Optimization of the filter network of Fig. 10.20(a) and Section 10.3.2 was described in [10]. The high-
frequency attenuation of this filter is not affected by the choice of C,, and the high-frequency asymptote
is identical to that of the original undamped filter. The sole tradeoff in design of the damping elements
for this filter is in the size of the blocking capacitor C,, vs. the damping achieved.

For this filter, let us define the quantity # as the ratio of the blocking capacitance C, to the filter
capacitance Cp:

-G

= 10.28
g, (10.28)

n

For the optimum design, the peak filter output impedance occurs at the frequency

—r. /2 10.29
len - ff m ( )

The value of the peak output impedance for the optimum design is

202+n (10.30)
(2 V25

The value of damping resistance that leads to optimum damping is described by

R (2+n)(4+3n) (1031)
Ry, 2n%(4 +n)
The above equations allow choice of the damping values R,and C,.
For example, let’s redesign the damping network of Section 10.3.2, to achieve the same peak
output impedance || Z,(jo) ||, = 1 £, while minimizing the value of the blocking capacitance C;. From
Section 10.3.2, the other parameter values are Ry,=0.84 L, C,=470 pF, and L,= 330 pH. First, we solve
Eq. (10.30) to find the required value of n:

1z, Riy

Evaluation of this expression with the given numerical values leads to n = 2.5. The blocking capacitor is
therefore required to have a value of nC,= 1200 uF. This is one-quarter of the value employed in Section
10.3.2. The value of R;is then found by evaluation of Eq. (10.31), leading to

mm

e R<2)f2 (1+ 1+4“Zo||,2nm) (10.32)

(2+n)(4+3n)

0670 (10.33)
2n2(4 + n)

Ry=Ro

The output impedance of this filter design is compared with the output impedances of the original
undamped filter of Section 10.3.1, and of the suboptimal design of Section 10.3.2, in Fig. 10.22. It can be
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Fig. 10.22 Comparison of the output impedances of the design with optimal parallel R;-C}, damping, the subopti-
mal design of Section 10.3.2, and the original undamped filter.

seen that the optimally damped filter does indeed achieve the desired peak output impedance of 1 £, at
the slightly lower peak frequency given by Eq. (10.29)

The R;-C,, parallel damping approach finds significant application in dc—dc converters. Since a
series resistor 1s placed in series with C,, C, can be realized using capacitor types having substantial
equivalent series resistance, such as electrolytic and tantalum types. However, in some applications, the
R-L, approaches of the next subsections can lead to smaller designs. Also, the large blocking capacitor
value may be undesirable in applications having an ac input.

10.4.2  R,-L, Parallel Damping

Figure 10.20(b) illustrates the placement of damping resistor R, in parallel with inductor L,. Inductor L,
causes the filter to exhibit a two-pole attenuation characteristic at high frequency. To allow R, to damp the
filter, inductor L, should have an impedance magnitude that is sufficiently smaller than R, at the filter res-
onant frequency f;. Optimization of this damping network is described in [17].

With this approach, inductor L, can be physically much smaller than L;. Since R, is typically
much greater than the dc resistance of L, essentially none of the dc current flows through L,. Further-
more, R, could be realized as the equivalent series resistance of L, at the filter resonant frequency f;.
Hence, this is a very simple, low-cost approach to damping the input filter.

The disadvantage of this approach is the fact that the high-frequency attenuation of the filter is
degraded: the high-frequency asymptote of the filter transfer function is increased from I/szfo to
1/0)2(Lf| |L;)C;. Furthermore, since the need for damping limits the maximum value of L,, significant loss
of high-frequency attenuation is unavoidable. To compensate, the value of L, must be increased. There-
fore, a tradeoff occurs between damping and degradation of high-frequency attenuation, as illustrated in
Fig. 10.23. For example, limiting the degradation of high-frequency attenuation to 6 dB leads to an opti-
mum peak filter output impedance || Z, [| ., of J/6 times the original characteristic impedance ROf' Addi-
tional damping leads to further degradation of the high-frequency attenuation.

The optimally damped design (i.e., the choice of R, that minimizes the peak output impedance
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Il Z, || for a given choice of L,) is described by the following equations:
0 =R _ (3 + 4n)(1+ 2n) (1034)
" Ry 2(1+4n)
where
= ‘% (10.35)
The peak filter output impedance occurs at frequency
=f [Ix2n (10.36)
fo= /15
and has the value
l| Zo "711111 = ROf v zn(l + 2") (10.37)
The attenuation of the filter high-frequency asymptote is degraded by the factor
L
o1+ _}T (10.38)
LIL,

So, given an undamped L,-C, filter having corner frequency f,, and characteristic impedance R, and

given a requirement for the maximum allowable output impedance || Z, ||

mm?

one can solve Eq. (10.37)

for the required value of n. One can then determine the required numerical values of L, and R
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104.3  R,-L, Series Damping

Figure 10.20(c) illustrates the placement of damping resistor R in series with inductor L. Inductor L,
provides a dc bypass to avoid significant power dissipation in R. To allow R, to damp the filter, inductor
L, should have an impedance magnitude that is sufficiently greater than R, at the filter resonant fre-
quency.

Although this circuit is theoretically equivalent to the parallel damping R-L, case of Section
10.4.2, several differences are observed in practical designs. Both inductors must carry the full dc cur-
rent, and hence both have significant size. The filter high-frequency attenuation is not affected by the
choice of L, and the high-frequency asymptote is identical to that of the original undamped filter. The
tradeoff in design of this filter does not involve high-frequency attenuation; rather, the issue is damping
vs. bypass inductor size.

Design equations similar to those of the previous sections can be derived for this case. The opti-
mum peak filter output impedance occurs at frequency

= 2+n
" 2t +n) (10.39)
and has the value
e (10.40)
12, - Ry, L2 2]

The value of damping resistance that leads to optimum damping is described by

Qo,=&=(l}?") 21 +n)(4+n) (10.41)
"R, (2+n)(4+3n)
For this case, the peak output impedance cannot be reduced below ﬁROf via damping. None-
theless, it is possible to further reduce the filter output impedance by redesign of Ly and Cy, to reduce the
value of Ry

10.4.4 Cascading Filter Sections

A cascade connection of multiple L-C filter sections can achieve a given high-frequency attenuation with
less volume and weight than a single-section L-C filter. The increased cutoff frequency of the multiple-
section filter allows use of smaller inductance and capacitance values. Damping of each L-C section is
usually required, which implies that damping of each section should be optimized. Unfortunately, the
results of the previous sections are restricted to single-section filters. Interactions between cascaded L-C
sections can lead to additional resonances and increased filter output impedance.

It is nonetheless possible to design cascaded filter sections such that interaction between L-C
sections is negligible. In the approach described below, the filter output impedance is approximately
equal to the output impedance of the last section, and resonances caused by interactions between stages
are avoided. Although the resulting filter may not be “optimal” in any sense, insight can be gained that
allows intelligent design of multiple-section filters with economical damping of each section.
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+
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Fig. 10.24 Addition of a filter section at the input of an existing filter.

Consider the addition of a filter section to the input of an existing filter, as in Fig. 10.24. Let us
assume that the existing filter has been correctly designed to meet the output impedance design criteria of
Eq. (10.13): under the conditions Z (s) = 0 and Og(s) =0, || Z, || is sufficiently small. It is desired to add a
damped filter section that does not significantly increase || Z_ |.

Middlebrook’s extra element theorem of Appendix C can again be invoked, to express how
addition of the filter section modifies Z (s):

(1 + —ZZ"(SS)))
modified Z,(5) = [Z,9)], , _, A—ZN‘(T)_ (10.42)
1 —ax’
( * Zpi(s)
where
ZNI(S) = Z,-l(s) ‘A’text(s)_ﬁo (1043)

is the impedance at the input port of the existing filter, with its output port short-circuited. Note that, in
this particular case, nulling ¥,,.(s) is the same as shorting the filter output port because the short-circuit

current flows through the {,, , source. The quantity

test

Zp(s)= Z,(s) |f;en(d‘)=° (10.44)
is the impedance at the input port of the existing filter, with its output port open-circuited. Hence, the

additional filter section does not significantly alter Z provided that

|2l <[]
ARSI

Bode plots of the quantities Z,, and Z, can be constructed either analytically or by computer simula-
tion, to obtain limits of Z. When || Z || satisfies Eq. (10.45), then the “correction factor”
(L +ZJZy )1 + Z,/Z,,)) is approximately equal to 1, and the modified Z_ is approximately equal to the
original Z,.

To satisfy the design criteria (10.45), it is advantageous to select the resonant frequencies of Z,
to differ from the resonant frequencies of Z,),. In other words, we should stagger-tune the filter sections.
This minimizes the interactions between filter sections, and can allow use of smaller reactive element
values.

(10.45)
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Fig. 10.25 Two-section input filter example, employing R,-L, parallel damping in each section.

10.4.5 Example: Two Stage Input Filter

As an example, let us consider the design of a two-stage filter using R,-L, parallel damping in each sec-
tion as illustrated in Fig. 10.25 [17]. It is desired to achieve the same attenuation as the single-section fil-
ters designed in Sections 10.3.2 and 10.4.1, and to filter the input current of the same buck converter
example of Fig. 10.8. These filters exhibit an attenuation of 80 dB at 250 kHz, and satisfy the design ine-
qualities of Eq. (10.13) with the || Z,, || and || Z,, ]| impedances of Fig. 10.10. Hence, let’s design the filter
of Fig. 10.25 to attain 80 dB of attenuation at 250 kHz.

As described in the previous section and below, it is advantageous to stagger-tune the filter sec-
tions so that interaction between filter sections is reduced. We will find that the cutoff frequency of filter
section 1 should be chosen to be smaller than the cutoft frequency of section 2. In consequence, the
attenuation of section 1 will be greater than that of section 2. Let us (somewhat arbitrarily) design to
obtain 45 dB of attenuation from section 1, and 35 dB of attenuation from section 2 (so that the total is
the specified 80 dB). Let us also select n; = n, = n = L,/L,= 0.5 for each section; as illustrated in Fig.
10.23, this choice leads to a good compromise between damping of the filter resonance and degradation
of high frequency filter attenuation. Equation (10.38) and Fig. 10.23 predict that the ReL, damping net-
work will degrade the high frequency attenuation by a factor of (1 + 1/n) = 3, or 9.5 dB. Hence, the sec-
tion 1 undamped resonant frequency f; should be chosen to yield 45 dB +9.5dB =54.5dB = 533 of
attenuation at 250 kHz. Since section 1 exhibits a two-pole (- 40 dB/decade) roll-off at high frequencies,
J should be chosen as follows:

_ (250kHz) _ (10.46)
fn=""res =108 kHe

Note that this frequency is well above the 1.6 kHz resonant frequency f; of the buck converter output fil-
ter. Consequently, the output impedance || Z, || can be as large as 3 Q, and still be well below the
| Z,(jw) || and || Z,(jw) || plots of Fig. 10.10.

Solution of Eq. (10.37) for the required section 1 characteristic impedance that leads to a peak
output impedance of 3 Q with n = 0.5 leads to
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H20 " 3 Q 2 12 Q
. m__ _ -2 (10.47)
Fop Van(l+2n) /205)(1+2005))

The filter inductance and capacitance values are therefore

R
L= 55 =312pH
i (10.48)

1
Ci=rrt =69 uF
VS 2 Rop K

The section 1 damping network inductance is
nL,=15.6uH (10.49)

The section 1 damping resistance is found from Eq. (10.34):

n(3 + 4n)(1 + 2n)

=190 (10.50)
2(1+4n)

R = QoptROfl = ROfl

The peak output impedance will occur at the frequency given by Eq. (10.36), 15.3 kHz. The quantities
| Zy,GGw) | and [ Z,, Gjw) || for filter section 1 can now be constructed analytically or plotted by computer
simulation. || Z,(jw) || is the section 1 input impedance Z;; with the output of section 1 shorted, and is
given by the parallel combination of the sL; and the (R, + sn;L,) branches. || Z,,,(j®) || is the section 1
input impedance Z;; with the output of section 1 open-circuited, and is given by the series combination of
Z,(s) with the capacitor impedance 1/sC,. Figure 10.26 contains plots of || Z,,(jo) || and || Z,,(jw) || for
filter section 1, generated using Spice.

One way to approach design of filter section 2 is as follows. To avoid significantly modifying
the overall filter output impedance Z, the section 2 output impedance || Z, (j®) || must be sufficiently less
than || Z,,(jw) || and || Zp, (jo) |l It can be seen from Fig. 10.26 that, with respect to || Z,,(jo) ||, this is
most difficult to accomplish when the peak frequencies of sections 1 and 2 coincide. It is most difficult to
satisfy the || Z,(jo) || design criterion when the peak frequency of sections 2 is lower than the peak fre-
quency of section 1. Therefore, the best choice is to stagger-tune the filter sections, with the resonant fre-
quency of section 1 being lower than the peak frequency of section 2. This implies that section 1 will
produce more high-frequency attenuation than section 2. For this reason, we have chosen to achieve
45 dB of attenuation with section 1, and 35 dB of attenuation from section 2.

The section 2 undamped resonant frequency };2 should be chosen in the same manner used in
Eg. (10.46) for section 1. We have chosen to select n, =n = Ly/L;= 0.5 for section 2; this again means
that the R-L, damping network will degrade the high frequency attenuation by a factor of (1 + 1/n) =3,
or 9.5 dB. Hence, the section 2 undamped resonant frequency Jfp should be chosen to yield 35 dB + 9.5
dB =44.5 dB = 169 of attenuation at 250 kHz. Since section 2 exhibits a two-pole (- 40 dB/decade)
roll-off at high frequencies, f, should be chosen as follows:

_(250kHz) _ (10.51)
Ip= "y = 1925kHz

The output impedance of section 2 will peak at the frequency 27.2 kHz, as given by Eq. (10.36). Hence,
the peak frequencies of sections 1 and 2 differ by almost a factor of 2.
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Fig. 10.26 Bode plot of Zy, and Z,; for filter section 1. Also shown is the Bode plot for the output impedance Z,
of filter section 2.

Figure 10.26 shows that, at 27.2 kHz, || Z,,(jw) || has a magnitude of roughly 3 dB€2, and that
I Z,(jw) || is approximately 7 dBQ. Hence, let us design section 2 to have a peak output impedance of
0dBQ = 1 Q. Solution of Eq. (10.37) for the required section 2 characteristic impedance leads to

12.] 10
Ry, = mn__ =071Q (10.52)
2 J2on{1+ 2n) /205)(1+2(05))

The section 2 element values are therefore

R0f2
L,= T =58 uH

1
Cy=n—rl =117 uF
2= 20 Rops (10.53)

nyl,=2.9 uH
n(3 + 4n)(1 + 2n)

At+an) 0654

R,= QoptROfZ = Rsz

A Bode plot of the resulting Z_ is overlaid on Fig. 10.26. It can be seen that || Z (jw) || is less than, but
very close to, || Z;,(jw) || between the peak frequencies of 15 kHz and 27 kHz. The impedance inequali-
ties (10.45) are satisfied somewhat better below 15 kHz, and are satisfied very well at high frequency.
The resulting filter output impedance || Z,(jo) || is plotted in Fig. 10.27, for section 1 alone and
for the complete cascaded two-section filter. It can be seen that the peak output impedance is approxi-
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Fig. 10.27 Comparison of the impedance design criteria || Zy(jw) || and || Z,(jo) |l, Eq. (10.13), with the filter
output impedance || Z (jw) ||. Solid line: || Z,(jo) || of cascaded design. Dashed line: || Z (jw) || of section 1 alone.

mately 10 dBQ, or roughly 3 Q. The impedance design criteria (10.13) are also shown, and it can be seen
that the filter meets these design criteria. Note the absence of resonances in || Z (jo) I|.

The effect of stage 2 on || Z,(jo) || is very small above 40 kHz [where inequalities (10.45) are
very well satisfied], and has moderate-to-small effect at lower frequencies. It is interesting that, above
approximately 12 kHz, the addition of stage 2 actually decreases || Z,(jo) ||. The reason for this can be
seen from Fig. C.8 of Appendix C: when the phase difference between £Z (jo) and £Z, (jo) is not too
large (< 90°), then the 1/(1 + Z /Z,,)) term decreases the magnitude of the resulting || Z,(jw) ||. As can be
seen from the phase plot of Fig. 10.26, this is indeed what happens. So allowing || Z,(j®) || to be similar
in magnitude to || Z,,(jo) || above 12 kHz was an acceptable design choice.

The resulting filter transfer function is iflustrated in Fig. 10.28. It can be seen that it does indeed
attain the goal of 80 dB attenuation at 250 kHz.

Figure 10.29 compares the single stage design of Section 10.4.1 to the two-stage design of this
section. Both designs attain 80 dB attenuation at 250 kHz, and both designs meet the impedance design
criteria of Eq. (10.13). However, the single-stage approach requires much larger filter elements.

10.5 SUMMARY OF KEY POINTS

1. Switching converters usually require input filters, to reduce conducted electromagnetic interference and
possibly also to meet requirements concerning conducted susceptibility.

2. Addition of an input filter to a converter alters the control-to-output and other transfer functions of the con-
verter, Design of the converter control system must account for the effects of the input filter.

3. If the input filter is not damped, then it typically introduces complex poles and RHP zeroes into the con-
verter control-to-output transfer function, at the resonant frequencies of the input filter. If these resonant
frequencies are lower than the crossover frequency of the controller loop gain, then the phase margin will
become negative and the regulator will be unstable.
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Fig. 10.28 Input filter transfer function, cascaded two-section design.

(@)

()

L,
00N °
330 uH R,
0670
Ac) G L
v, o
aopF| ¢,
1200 u-F'I_
Q
R, n,L, R, mL,
065Q 29uH 19Q  156uH
l AN/ B0 AN/ 5506 —
550\ 560
L, 58 uH L, 312pH
C2 =t CI =
117 uF 6.9 uF |

Fig. 10.29 Comparison of single-section (a) and two section (b) input filter designs. Both designs meet the design

criteria (10.13), and both exhibit 80 dB of attenuation at 250 kHz.
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The input filter can be designed so that it does not significantly change the converter control-to-output and
other transfer functions. Impedance inequalities (10.13) give simple design criteria that guarantee this. To
meet these design criteria, the resonances of the input filter must be sufficiently damped.

Optimization of the damping networks of single-section filters can yield significant savings in filter ele-
ment size. Equations for optimizing three different filter sections are listed.

Substantial savings in filter element size can be realized via cascading filter sections. The design of nonin-
teracting cascaded filter sections can be achieved by an approach similar to the original input filter design
method. Impedance inequalities (10.45) give design criteria that guarantee that interactions are not sub-
stantial.
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PROBLEMS

10.1 It is required to design an input filter for the flyback converter of Fig. 10.30. The maximum allowed
amplitude of switching harmonics of ,,(¢) is 10 WA rms. Calculate the required attenuation of the filter at
the switching frequency.

L) L) n=05
> B H +
1:n D1
Input L ! C == R
1t o T —_ v
A C+> e 230uH ’ é 100 uF 5 Qs
48V -
&

T T 7o
f, =200 kHz

Fig. 10.30 Flyback converter, Problems 10.1, 10.4, 10.6, 10.8, and 10.10.

10.2 In the boost converter of Fig. 10.31, the input filter is designed so that the maximum amplitude of
switching harmonics of #;,(¢) is not greater than 10 WA rms. Find the required attenuation of the filter at
the switching frequency.

10.3 Derive the expressions for Zy and Zj, in Table 10.1.
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10.4

10.5

10.6

10.7

10.8

10.9

Problems 407

i, (1) ig(t) L
> —>—/TT0 b
Input 100 pH +
v filter
{©) q ez ks
48V 3 MFT 120

rm D=06
f,=200kHz

Fig. 10.31 Boost converter, Problems 10.2, 10.5, 10.7, and 10.9.

The input filter for the flyback converter of Fig. 10.30 is designed using a single L-C, section. The filter
is damped using a resistor R,in series with a very large blocking capacitor C,,

(a) Sketch a small-signal model of the flyback converter. Derive expressions for Zy(s) and Zp(s)
using your model. Sketch the magnitude Bode plots of Z,, and Z,), and label all salient features.

(b) Design the input filter, i.e., select the values of Lf, Cf, and Rf, so that: (7) the filter attenuation at
the switching frequency is at least 100 dB, and (ii) the magnitude of the filter output impedance
Z(s) satisfies the conditions || Z (jo) || < 0.3]| Z,(jw) |l, | Z,(jw) || <0.3]| Z,(jw) ||, for all fre-
quencies.

(c) Use Spice simulations to verify that the filter designed in part (b) meets the specifications.

(d) Using Spice simulations, plot the converter control-to-output magnitude and phase responses
without the input filter, and with the filter designed in part (b). Comment on the changes intro-
duced by the filter.

It is required to design the input filter for the boost converter of Fig. 10.31 using a single L-C, section.
The filter is damped using a resistor R, in series with a very large blocking capacitor C,,.

(a) Sketch the magnitude Bode plots of Z,(s) and Z,(s) for the boost converter, and label all salient
features.

b) Design the input filter, i.e., select the values of Ly, Cp, and Ry, so that: (i) the filter attenuation at
the switching frequency is at least 80 dB, and (i) the magnitude of the filter output impedance
Z(s) satisfies the conditions || Z,(jw) || < 0.2|| Z(iw) I, | Z,(jw) || < 0.21] Zy(jw) |l, for all fre-
quencies.

(c) Use Spice simulations to verify that the filter designed in part (b) meets the specifications.

d) Using Spice simulations, plot the converter control-to-output magnitude and phase responses
without the input filter, and with the filter designed in part (b). Comment on the changes in the
control-to-output responses introduced by the filter.

Repeat the filter design of Problem 10.4 using the optimum filter damping approach described in Section
10.4.1. Find the values of L,, C, Ry, and C,,

Repeat the filter design of Problem 10.5 using the optimum filter damping approach of Section 10.4.1.
Find the values of Lf, Cf, Rf, and C,,

Repeat the filter design of Problem 10.4 using the optimum R;-L,, parallel damping approach described
in Section 10.4.2. Find the values of Lf, Cf, Rf, and L,

Repeat the filter design of Problem 10.5 using the optimum R,-L,, parallel damping approach described
in Section 10.4.2. Find the values of Lf, Cf, Rf, and L,

DELTA ELECTRONICS EX. 1008

Page 420



408

10.10

Input Filter Design

1t is required to design the input filter for the flyback converter of Fig. 10.30 using two filter sections.
Each filter section is damped using a resistor in series with a blocking capacitor.

(a)

(b)
(©

Design the input filter, i.e., select values of all circuit parameters, so that (i) the filter attenuation
at the switching frequency is at least 100 dB, and (if) the magnitude of the filter output imped-
ance Z (s) satisfies the conditions || Z (jw) || < 0.31] Z,(jo) |I, || Z,(jw) || < 0.3]} Z,(jw) ||, for all
frequencies.

Use Spice simulations to verify that the filter designed in part (a) meets the specifications.

Using Spice simulations, plot the converter control-to-output magnitude and phase responses
without the input filter, and with the filter designed in part (b). Comment on the changes intro-
duced by the filter.
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11

AC and DC Equivalent Circuit
Modeling of the Discontinuous
Conduction Mode

So far, we have derived equivalent circuit models for de—dc pulse-width modulation (PWM) converters
operating in the continuous conduction mode. As illustrated in Fig. 11.1, the basic dc conversion prop-
erty is modeled by an effective dc transformer, having a turns ratio equal to the conversion ratio M(D).
This model predicts that the converter has a voltage-source output characteristic, such that the output
voltage is essentially independent of the load current or load resistance R. We have also seen how to
refine this model, to predict losses and efficiency, converter dynamics, and small-signal ac transfer func-
tions. We found that the transfer functions of the buck converter contain two low-frequency poles, owing
to the converter filter inductor and capacitor. The control-to-output transfer functions of the boost and
buck-boost converters additionally contain a right half-plane zero. Finally, we have seen how to utilize
these results in the design of converter control systems.

What are the basic dc and small-signal ac equivalent circuits of converters operating in the dis-
continuous conduction mode (DCM)? It was found in Chapter 5 that, in DCM, the output voltage
becomes load-dependent: the conversion ratio M(D, K) is a function of the dimensionless parameter
K = 2L/RT,, which in turn is a function of the load resistance R. So the converter no longer has a voltage-
source output characteristic, and hence the dc transformer model is less appropriate. In this chapter, the
averaged switch modeling [1-8] approach is employed, to derive equivalent circuits of the DCM switch
network.

In Section 11.1, it is shown that the loss-free resistor model [9-11] is the averaged switch model
of the DCM switch network. This equivalent circuit represents the steady-state and large-signal dynamic
characteristics of the DCM switch network, in a clear and simple manner. In the discontinuous conduc-
tion mode, the average transistor voltage and current obey Ohm’s law, and hence the transistor is mod-
eled by an effective resistor R,. The average diode voltage and current obey a power source
characteristic, with power equal to the power effectively dissipated in R,. Therefore, the diode is modeled
with a dependent power source. "
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Fig. 11.1 The objective of this chapter s the derivation of large-signal dc and small-signal ac equivalent circuit
models for converters operating in the discontinuous conduction mode.

Since most converters operate in discontinuous conduction mode at some operating points,
small-signal ac DCM models are needed, to prove that the control systems of such converters are cor-
rectly designed. In Section 11.2, a small-signal model of the DCM switch network is derived by linear-
ization of the loss-free resistor model. The transfer functions of DCM converters are quite different from
their respective CCM transfer functions. The basic DCM buck, boost, and buck-boost converters essen-
tially exhibit simple single-pole transfer functions [12, 131, in which the second pole and the RHP zero
(in the case of boost and buck-boost converters) are at high frequencies. So the basic converters operating
in DCM are easy to control; for this reason, converters are sometimes purposely operated in DCM for all
loads. The transfer functions of higher order converters such as the DCM Cuk or SEPIC are considerably
more complicated; but again, one pole is shifted to high frequency, where it has negligible practical
effect. This chapter concludes, in Section 11.3, with a discussion of a more detailed analysis used to pre-
dict high-frequency dynamics of DCM converters. The more detailed analysis predicts that the high-fre-
quency pole of DCM converters occurs at frequencies near or exceeding the switching frequency [2-6].
The RHP zero, in the case of DCM buck-boost and boost converters, also occurs at high frequencies.
This is why, in practice, the high-frequency dynamics can usually be neglected in DCM.

11.1  DCMAVERAGED SWITCH MODEL

Consider the buck-boost converter of Fig. 11.2. Let us follow the averaged switch modeling approach of
Section 7.4, to derive an equivalent circuit that models the averaged terminal waveforms of the switch
network. The general two-switch network and its terminal quantities v,(2), i,(¢), v,(¢), and i,(¢) are defined
as illustrated in Fig. 11.2, consistent with Fig. 7.39(a). The inductor and switch network voltage and cur-
rent waveforms are illustrated in Fig. 11.3, for DCM operation.

The inductor current is equal to zero at the beginning of each switching period. During the first
subinterval, while the transistor conducts, the inductor current increases with a slope of vg(t)/L. At the
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Switch network
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Fig. 11.2 Buck-boost converter example, with switch network terminal quantities identified.

end of the first subinterval, the inductor current i,(?) attains the peak value given by
P2V (1L.1)

During the second subinterval, while the diode conducts, the inductor current decreases with a slope
equal to v(f)/L. The second subinterval ends when the diode becomes reverse-biased, at time
t=(d, + d,)T,. The inductor current then remains at zero for the balance of the switching period. The
inductor voltage is zero during the third subinterval.

A DCM averaged switch model can be derived with reference to the waveforms of Fig. 11.3.
Following the approach of Section 7.4.2, let us find the average values of the switch network terminal
waveforms v,(£), v,(f), i,(t), and i,(?) in terms of the converter state variables (inductor currents and
capacitor voltages), the input voltage vg(t), and the subinterval lengths d, and d,.

The average switch network input voltage <v1([»T_\- , or the average transistor voltage, is found by
averaging the v,(¢) waveform of Fig. 11.3:

(vl(z))n =d,(0)-0+dy0) ((vg(t)> - (v(t))n) +dq(t) (vg(z)>n (11.2)
Use of the identity d,(f) = 1 — d (¢) — d,(¥) yields
(@), = (1-di0) (), -da{v0), (11.3)

Similar analysis leads to the following expression for the average diode voltage:

(va0), = d[(t)(<vg(t)>n - (v(l))rs) +dy )0+ d3(t)(- () TS)
= d,0(v0), ~(1-d0)(0),.

(11.4)

The average switch network input current <i1(t)>a. is found by integrating the i,(r) waveform of Fig. 11.3
over one switching period:
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Fig. 11.3 Inductor and switch network
voltage and current waveforms.

<i1(t)>TS=TI:f+rsil(t)dt=% (11.5)

The integral ¢, is equal to the area under the i,(z) wave-
form during the first subinterval. This area is easily eval-
vated using the triangle area formula:

. fm iy(0dt =4 (d,T,) (i) (11.6)

Substitution of Egs. (11.1) and (11.6) into Eq. (11.5)
gives:

(1), = df(t)T oon (11.7)

Note that (i;(#)); is not equal to d(i (1)), Since the
inductor current ripple is not small, it is necessary to
sketch the actual input current waveform, including the
large switching ripple, and then correctly compute the
average as in Egs. (11.5) to (11.7).

The average diode current (i,(#)),, is found in a manner
similar to that used above for (il(t))Ts :

(0) =7 f “iode = (118)

The integral g, is equal to the area under the i,(#) wave-
form during the second subinterval. This area is evalu-
ated using the triangle area formula:

qz.—-J;HTS iz(t)dt'_‘%(dsz)(ipk) (11.9)

Substitution of Egs. (11.1) and (11.9) into Eq. (11.8)
leads to:

(0),, ﬁL@M( n0), (11.10)

Equations (11.3), (11.4), (11.7) and (11.10) constitute
the averaged terminal equations of the switch network in
the DCM buck-boost converter. In these equations, it
remains to express the subinterval length d, in terms of
the switch duty cycle d, = d, and the converter averaged
waveforms. One approach to finding the subinterval
length d, is by solving the inductor current waveform. In
the buck-boost converter, the diode switches off when
the inductor current reaches zero, at the end of the sec-
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11.1  DCM Averaged Switch Model 413

ond subinterval. As a result, i;(T,) = i;(0) = 0. There is no net change in inductor current over one com-
plete switching period, and no net volt-seconds are applied to the inductor over any complete switching
period that starts at the time when the transistor is turned on. Therefore, the average inductor voltage
computed over this period is zero,

<vL(t)>TS =d, <vg(t)>TS + d2<v(z)>TS +dy 0=0 (11.11)

even when the converter is not in equilibrium. This equation can be used to find the length of the second
subinterval:

(), (11.12)

(),

Substitution of Eq. (11.12) into Eqgs. (11.3), (11.4), (11.7) and (11.10), allows us to obtain simple expres-
sions for the averaged terminal waveforms of the switch network in the discontinuous conduction mode:

dz(l) = _dl([)

(n0)y. = {vs0),. (11.13)
(0);, == (), (1L.14)
(0@), = di(fL)T-“ ), (1L.15)
(1), = dior, PO, (11.16)

Let us next construct an equivalent circuit corresponding to the averaged switch network equations
(11.15) and (11.16). The switch network input port is modeled by Eq. (11.15). This equation states that
the average input current <i1(t)>n. is proportional to the applied input voltage <V1(t)>7‘s . In other words, the
low-frequency components of the switch network input port obey Ohm’s law:

. (o), (11.17)
(0, =gy
where the effective resistance R, is
2L
R(d)) =4~ 11.18
e( ]) d%T_\ ( )

An equivalent circuit is illustrated in Fig. 11.4. During the first subinterval, the slope of the input current
waveform i,(¢) is proportional to the input voltage (vg(t))rs = (v)(1))y,, as illustrated in Fig. 11.3. As a
result, the peak current Lo the total charge ¢,, and the average input current <i1(t)>rs , are also proportional
to <V1(t)>rS . Of course, there is no physical resistor inside the converter. Indeed, if the converter elements
are ideal, then no heat is generated inside the converter. Rather, the power apparently consumed by R, is
transferred to the switch network output port.
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(i),
Faam—

Fig. 11.4 Equivalent circuit that models the

average waveforms of the switch input (transistor)

port. <v1(t)>Ts 5 R(d)

The switch network output (diode) port is modeled by Eq. (11.16), or

(o),

Ry = Ok,

e

(11.19)

(10) ()., =

Note that <V1(t)>2n /R, is the average power (p(1)),, apparently consumed by the effective resistor R (d)).
Equation (11.19) states that this power flows out of the switch network output port. So the switch net-
work consumes no net power—its average input and output powers are equal.

Equation (11.19) can also be derived by consideration of the inductor stored energy. During the
first subinterval, the inductor current increases from 0 to i,,. In the process, the inductor stores the fol-
lowing energy:

2 2
L ()7 I8 (), . (11.20)

Pk 2L TR C

e

1
2

Here, ipk has been expressed in terms of <V1(t)>n using Egs. (11.1) and (11.13). This energy is transferred
from the source v,, through the switch network input terminals (i.e., through the transistor), to the induc-
tor. During the second subinterval, the inductor releases all of its stored energy through the switch net-
work output terminals (i.e., through the diode), to the output. The average output power can therefore be

expressed as the energy transferred per cycle, divided by the switching period:

2 2
(), =| g N1y B, a12n
P01 =\ Rady T, )T Ro@)

e

This power is transferred to the load, and hence

. : ()7 1122
<V> TS<’2> T, (v2> TS<12> T, <p(t)>rs = Re(dfs) (122

This result coincides with Eq. (11.19).

The average power (p(t))TS is independent of the load characteristics, and is determined solely
by the effective resistance R, and the applied switch network input terminal voltage or current. In other
words, the switch network output port behaves as a source of power, equal to the power apparently con-
sumed by the effective resistance R,. This behavior is represented schematically by the dependent power
source symbol illustrated in Fig. 11.5. In any lossless two-port network, when the voltage and current at
one port are independent of the characteristics of the external network connected to the second port, then
the second port must exhibit a dependent power source characteristic [10]. This situation arises in a num-
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i(6)4

(a) (b) v(0)i(®) = p(t)

(1)

Fig. 11.5 The dependent power source: (a) schematic symbol, (b) i—v characteristic.

ber of common power-processing applications, including switch networks operating in the discontinuous
conduction mode.

The power source characteristic illustrated in Fig. 11.5(b) is symmetrical with respect to voltage
and current; in consequence, the power source exhibits several unique properties. Similar to the voltage
source, the ideal power source must not be short-circuited; otherwise, infinite current occurs. And similar
to the current source, the ideal power source must not be open-circuited, to avoid infinite terminal volt-
age. The power source must be connected to a load capable of absorbing the power p(f), and the operat-
ing point is defined by the intersection of the load and power source i—v characteristics.

As illustrated in Fig. 11.6(a), series- and parallel-connected power sources can be combined

(a)

(b)

Fig. 11.6 Circuit manipulations of power source elements: (a) combination of series- and parallel- connected
power sources into a single equivalent power source, (b) invariance of the power source to reflection through an ideal
transformer of arbitrary turns ratio.
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Fig. 11.7 (a) the general two-switch network, and (b) the corresponding averaged switch model in the discontinu-
ous conduction mode: the average transistor waveforms obey Ohm’s law, while the average diode waveforms behave
as a dependent power source.

into a single power source, equal to the sum of the powers of the individual sources. Fig. 11.6(b) illus-
trates how reflection of a power source through a transformer, having an arbitrary turns ratio, leaves the
power source unchanged. Power sources are also invariant to duality transformations.

The averaged large-signal model of the general two-switch network in DCM is illustrated in
Fig. 11.7(b). The input port behaves effectively as resistance R,. The instantaneous power apparently
consumed by R, is transferred to the output port, and the output port behaves as a dependent power
source. This lossless two-port network is called the loss-free resistor model (LFR) [9]. The loss-free
resistor represents the basic power conversion properties of DCM switch networks [11]. It can be shown
that the loss-free resistor models the averaged properties of DCM switch networks not only in the buck-
boost converter, but also in other PWM converters.

When the switch network of the DCM buck-boost converter is replaced by the averaged model
of Fig. 11.7(b), the converter equivalent circuit of Fig. 11.8 is obtained. Upon setting all averaged wave-
forms to their quiescent values, and letting the inductor and capacitor become a short-circuit and an
open-circuit, respectively, we obtain the dc model of Fig. 11.9.

Systems containing power sources or loss-free resistors can usually be easily solved, by equat-
ing average source and load powers. For example, in the dc network of Fig. 11.9, the power flowing into
the converter input terminals is

Ve : (11.23)

P=*R‘e‘

().
™

Fig. 11.8 Replacement of the switch network of the DCM buck-boost converter with the loss-free resistor model.
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I
> +
Fig. 11.9 Dc network example containing /_P\
a loss-free resistor model. 4 A
v, Cj R(D)S RSV
The power flowing into the load resistor is
_v? (11.24)
P=%
The loss-free resistor model states that these two powers must be equal:
P= Ve v? (11.25)
R, R
Solution for the voltage conversion ratio M = V/V, yields
Y_4 /R 1
Vo= + R (11.26)

Equation (11.26) is a general result, valid for any converter that can be modeled by a loss-free resistor
and that drives a resistive load. Other arguments must be used to determine the polarity of V/V,. In the
buck-boost converter shown in Fig. 11.2, the diode polarity indicates that V/ V, must be negative. The
steady-state value of R, is

R(D)=-2L (11.27)

DT,

s

where D is the quiescent transistor duty cycle. Substitution of Eq. (11.27) into (11.26) leads to

__/DTR _ p (11.28)

with K = 2L/RT . This equation coincides with the previous steady-state result given in Table 5.2.
Similar arguments apply when the waveforms contain ac components. For example, consider
the network of Fig. 11.10, in which the voltages and currents are periodic functions of time. The rms val-

i, (1)

containing a loss-free resistor model. vg(t) w(t)

e

-+
Fig. 11.10 Ac network example p@® Y
R (5] c== =&
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418 AC and DC Equivalent Circuit Modeling of the Discontinuous Conduction Mode

ues of the waveforms can be determined by simply equating the average source and load powers. The
average power flowing into the converter input port is

2
p o Vems (1129)

av R

e
where P is the average power consumed by the effective resistance R,. No average power is consumed

by capacitor C, and hence the average power P, must flow entirely into the load resistor R:

2
P = V}gm (11.30)

Upon equating Egs. (11.29) and (11.30), we obtain

V
Vg_ - \/‘Rj (11.31)
Thus, the rms terminal voltages obey the same relationship as in the dc case.

Averaged equivalent circuits of the DCM buck, boost, and buck-boost converters, as well as the
DCM Cuk and SEPIC converters, are listed in Fig. 11.11. In each case, the averaged transistor wave-
forms obey Ohm’s law, and are modeled by an effective resistance R,. The averaged diode waveforms
follow a power source characteristic, equal to the power effectively dissipated in R,. For the buck, boost,
and buck-boost converters, R, is given by

=

R =-2L (11.32)

For the Cuk and SEPIC converters, R, is given by

_2[LlIL,) (11.33)
T dT,

Here, d is the transistor duty cycle.

Steady-state conditions in the converters of Fig. 11.11 are found by letting the inductors and
capacitors become short-circuits and open-circuits, respectively, and then solving the resulting de circuits
with d(#) = D. The buck-boost, Cuk, and SEPIC then reduce to the circuit of Fig. 11.9. The buck and
boost converters reduce to the circuits of Fig. 11.12. Equilibrium conversion ratios M = V/V, of these
converters are summarized in Table 11.1, as functions of R (D). It can be shown that these converters
operate in the discontinuous conduction mode whenever the load current 7 is less than the critical current
I

crit’

I>1,, forCCM (11.34)
I<1,, forDCM

For all of these converters, I . is given by

* Terit

;21D Vs (11.35)

DELTA ELECTRONICS EX. 1008

Page 431



11.1 DCM Averaged Switch Model 419
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Fig. 11.11 Averaged large-signal equivalent circuits of five basic converters operating in the discontinuous con-
duction mode.
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Fig. 11.12 Dc equivalent circuits representing the buck (a) and boost (b) converters operating in DCM.

Table 11.1 CCM and DCM conversion ratios of basic converters

Converter M, CCM M, DCM
Buck ‘ D e —
I+y1+4RJR
Boost 1 1+ 1+4R/R,
1-D 2
4 -D R
Buck-boost, Cuk ) - R,
_D_ R
SEPIC ) R

11.2  SMALL-SIGNAL AC MODELING OF THE DCM SWITCH NETWORK

The next step is construction of a small-signal equivalent circuit model for converters operating in the
discontinuous conduction mode. In the large-signal ac equivalent circuits of Fig. 11.11, the averaged
switch networks are nonlinear. Hence, construction of a small-signal ac model involves perturbation and
linearization of the loss-free resistor network. The signals in the large-signal averaged DCM switch net-
work model of Fig. 11.13(a) are perturbed about a quiescent operating point, as follows:
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@ (1), (1:0)s,
+ T (p0),, +
T T
(Vl(t)>7~s R <V2(t)> T,
_o— -
Id(r)
(b) lA[ i\z
” > g

9, rl\? wd(l glﬁsz D 2,0, i ‘é""z %,

Fig. 11.13 Averaged models of the general two-switch network in a converter operating in DCM: (a) large-signal
model, (b) small-signal model.

diy=D+d({)
(vﬁ))n =V, + 0,00
(L), =1,+1,0 (11.36)
(

K

)r,
vz(t)>TS =V, + %)
(i), =1, +1,(0)

Here, D is the quiescent value of the transistor duty cycle, V, is the quiescent value of the applied average
transistor voltage <V1(l)>rs , etc. The quantities do), #,(#), etc., are small ac variations about the respective
quiescent values. Tt is desired to linearize the average switch network terminal equations (11.15) and
(11.16).

Equations (11.15) and (11.16) express the average terminal currents (i, (£)),, and (i,(1));, as func-
tions of the transistor duty cycle d(r) = d,(r) and the average terminal voltages (v (1)}, and (v(#)),. Upon
perturbation and linearization of these equations, we will therefore find that 7,(f) and Z,(r) are expressed
as linear functions of d(¢), $,(1), and 9,(r). So the small-signal switch network equations can be written in
the following form:

(11.37)

These equations describe the two-port equivalent circuit of Fig. 11.13(b).
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422 AC and DC Equivalent Circuit Modeling of the Discontinuous Conduction Mode

The parameters ry, j,, and g, can be found by Taylor expansion of Eq. (11.15), as described in
Section 7.2.7. The average transistor current <i1(’)>rs , Eq. (11.15), can be expressed in the following form:

A (m@),,
(i), = R d(t)Tj‘ =f1((v1(t))rs, () . d<t)) (11.38)

Let us expand this expression in a three-dimensional Taylor series, about the quiescent operating point
(V}, V,, D):

; Afi\vis Vo D
1 +i1(t)=f,(V1, V,, D)+\3l(z) ;(({3‘)12_)
V= Vl
11.39
iy D) vdy IV V2 d) (139
p) —5\/2— vy=V, ad d=D

+ higher—order nonlinear terms

For simplicity of notation, the angle brackets denoting average values are dropped in the above equation.
The dc terms on both sides of Eq. (11.39) must be equal:

Vv
Li=h(Vi Vo D) =5 i (11.40)
As usual, we linearize the equation by discarding the higher-order nonlinear terms. The remaining first-
order linear ac terms on both sides of Eq. (11.39) are equated:

P =90 1+ 9,08, +d@); (11.41)
where
1 v D) =1 (11.42)
Ty |, T R(D)
V= Vl €
~ afl(Vl,vz, D) o (11.43)
BTy, =
- vy = V2
f(Vi Ve d) OV, R
" |yopT RAD) 9 lg=p (11.44)
— 2Vl
~ DR,D)

Thus, the small-signal input resistance r, is equal to the effective resistance R, evaluated at the quiescent
operating point. This term describes how variations in (v,(#)),, affect (i;(#)), via R (D). The small-signal
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112 Small-Signal AC Modeling of the DCM Switch Network 423

parameter g, is equal to zero, since the average transistor current (il(t))T is independent of the average
diode voltage (v,(1)),.. The small-signal gain j, describes how duty cycle variations, which affect the
value of R (d), lead to variations in (i, (#)).

In a similar manner, <’2(t)>rs from Eq. (11.16) can be expressed as

v, ®)?
{n >TS> =f2(<v1(t)>Ts’ (vz(t))Ts, d(t)) (11.45)

(1), = R{dO) (0,

Expansion of the function f,(v,, v,, d) in a three-dimensional Taylor series about the quiescent operating
point leads to

afz(vl, Vs, D)
St

L +15)= (Vi Vo, D) +9,(0)

V) - Vl
(11.46)
_3f(VivaD) LAV Vi d)
+ 0,(8) 5 +d(t) i
2 Vo = V2 d=D
+ higher-order nonlinear terms
By equating the dc terms on both sides of Eq. (11.46), we obtain
V2 (11.47)
1= (Vi Vs D)= ROV, .
The higher-order nonlinear terms are discarded, leaving the following first-order linear ac terms:
10 =500 (- -]+ 10082+ 40 (1148)
with
1 A(Veva D) 11 (11.49)
=
2 v, vy =V, R~ M?R/(D)
_ f{v, V> D) 2 (11.50)
§2 v, _y. MR.D)
=Vy
_3f(Vy, Vo d) _ VI R
PR yapT Ry, o lg=p (11.51)
_ 2y
= DMR (D)

The output resistance r, describes how variations in (v,(1)),, influence {i,(¥));. As illustrated in Fig. 11.14,
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f 3
<12(z )> T, Power source
characteristic
. Load

Fig. 11.14 The small-signal output resistance QuleS(Z:ffnt characteristic

r, is determined by the slope of the power op e(r)?nztng 1

source characteristic at the quiescent operating P R

point.

Linearized
model
_1
7y
<V2(t)> T,
Table 11.2  Small-signal DCM switch model parameters
Switch network 81 i r 8 I r

General
two-switch, 0 2V, R, M2R 2V, MR,
Fig. 11.7(a) DR, ¢ DMR,
Buck, 1 2(1-M)v, R 2-M 2(1-M)V, MR
Fig. 11.16(2) R, DR, ¢ MR, DMR, ¢
Boost, 1 2MV, M-1? 2M-1 2V, 2

. T R Ty e o -1°R
Fig. 11.16(0) (M -1)’R, DM - DR, M% e (M-1)’R,  DM-DR, - DR

r, is determined by the slope of the power source characteristic, evaluated at the quiescent operating
point. For a linear resistive load, r, = R. For any type of load, it is true that ry = M?R (D). The parameters
J, and g, describe how variations in the duty cycle d(f) and in the average transistor voltage (vl(t))TS
(which influence the average power ( p(t))TS ) lead to variations in the average diode current (1'2(t))Tx . Values
of the small-signal parameters in the DCM switch model of Fig. 11.13(b) are summarized in the top row
of Table 11.2.

A small-signal model of the DCM buck-boost converter is obtained by replacing the transistor
and diode of the converter with the switch model of Fig. 11.13(b). The result is illustrated in Fig. 11.15.
This equivalent circuit can now be solved using conventional linear circuit analysis techniques, to deter-
mine the transfer functions and other small-signal quantities of interest.

The same small-signal switch model can be employed to model other DCM converters, by sim-
ply replacing the transistor and diode with ports 1 and 2, respectively, of the two-port model of
Fig. 11.13(b). An alternative approach, which yields more convenient results in the analysis of the buck
and boost converters, is to define the switch network as illustrated in Figs. 11.16(a) and 11.16(b), respec-
tively. These switch networks can also be modeled using the two-port small-signal equivalent circuit of
Fig. 11.16(c); however, new expressions for the parameters r,, j,, g;, etc., must be derived. These expres-
sions are again found by linearizing the equations of the averaged switch network terminal currents.
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Switch network small-signal ac model

~
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Fig. 11.15 Small-signal ac model of the DCM buck-boost converter obtained by insertion of the switch network
two-port small-signal model into the original converter circuit.

(a . . by . .
0] X0) 1(1) i(0)
CE &S — ——
7,0 £ 0 wo — (0
© .
L )
+ > —

v r \?‘ ]ltf g9, El] [T 8,7 szA \?‘ r v,

Fig. 11.16 A convenient way to model the switch networks of DCM buck and boost converters: (a) defined termi-
nal quantities of the DCM buck switch network, (b) defined terminal quantities of the boost switch network, (c) two-
port small-signal ac model. The model parameters are given in Table 11.2.

Table 11.2 lists the small-signal parameters for the buck switch network of Fig. 11.16(a) (middle row)
and for the boost switch network of Fig. 11.16(b) (bottom row). Insertion of the small-signal two-port
model into the DCM buck and boost converters leads to the equivalent circuits of Fig. 11.17.

The small-signal equivalent circuit models of Fig. 11.15 and Fig. 11.17 contain two dynamic
elements: capacitor C and inductor L. Control-to-output transfer functions obtained by solving these
equivalent circuit models have two poles. It has been shown [2-6] that one of the poles, due to the capac-
itor C, appears at a low frequency, while the other pole (and a RHP zero in the case of boost and buck-
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(a) N DCM buck switch network small-signal ac model i

i
+ + 1 +
7, b \g' id 8% [J ’-'J]gzﬁl id \?‘rz 0, C _l_ R g P

DCM boost switch network small-signal ac model

-
~

+Y

%C) o jﬁ() gﬁz[] [] & WM o&n|h cZ= RSP

Fig. 11.17 Small-signal ac models of (a) the DCM buck converter, and (b) the DCM boost converter, obtained by
replacing the switch networks defined in Fig. 11.16(a) and (b) with the small-signal switch model of Fig. 11.16(c).

boost converters) due to the inductor L, occurs at much higher frequency, close to the converter switching
frequency. Therefore, in practice, the DCM buck, boost, and buck-boost converters exhibit essentially
single-pole transfer functions, which are negligibly influenced by the inductor dynamics.

The small-signal equivalent circuit models have been derived in this section from the large-sig-
nal averaged switch network equations (11.15) and (11.16). These equations are based on Eq. (11.11),
which states that the average inductor voltage, and therefore its small-signal ac voltage, is zero. This con-
tradicts predictions of the resulting small-signal models in Figs. 11.15 and 11.17. As a result, we expect
that the models derived in this section can be used to predict low-frequency dynamics, while predictions
of the high-frequency dynamics due to the inductor L are of questionable validity. Equivalent circuit
models that give more accurate predictions of high-frequency dynamics of DCM converters are dis-
cussed in Section 11.3.

A simple approximate way to determine the low-frequency small-signal transfer functions of
the buck, boost, and buck-boost converters is to let the inductance L tend to zero. If L is shorted in the
equivalent circuits of Figs. 11.15 and 11.17, the model in all three cases reduces to Fig. 11.18. This cir-

DCM switch network small-signal ac model

"O e #Q ] [ Qi wn oz ags

Fig. 11.18 Low-frequency ac model obtained by letting L approach zero. The buck, boost, or buck-boost convert-
ers can be modeled, by employing the appropriate parameters from Table 11.2.
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11.2 Small-Signal AC Modeling of the DCM Switch Network 27

cuit is relatively easy to solve.
The control-to-output transfer function G, (s) is found by letting ¥, = 0 in Fig. 11.18. Solution
for ¥ then leads to

$
Gs)= | =—4 (11.52)
d 1+ 5~
og=o (Dp
with
Gao= hr(Rllry)
oo (11.53)
" (RIr)C

The line-to-output transfer function Gvg(s) is found by letting d = 0 in Fig. 11.18. One then obtains

G, ()= &0 (11.54)

with
Gg():gZ(R“rZ):M (11.55)

Expressions for G, Ggo, and 0, are listed in Table 11.3, for the DCM buck, boost, and buck-boost con-
verters with resistive loads [12,13].

The ac modeling approach described in this section is both general and useful. The transistor
and diode of a DCM converter can be simply replaced by the two-port network of Fig. 11.13(b), leading
to the small-signal ac model. Alternatively, the switch network can be defined as in Fig. 11.16(a) or
11.16(b), and then modeled by the same two-port network, Fig. 11.16(c). The small-signal converter
model can then be solved via conventional circuit analysis techniques, to obtain the small-signal transfer
functions of the converter.

Table 11.3  Salient features of DCM converter small-signal transfer functions

Converter Gy Gy o,
2V 1-M _2-M _
Buck DM M (I-M)RC
2V M1 _2M -1
Boost DA =1 M (M-T)RC
k-b y 2
Buck-boost b M RE
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428 AC and DC Equivalent Circuit Modeling of the Discontinuous Conduction Mode

11.2.1 Example: Control-to-Output Frequency Response
of a DCM Boost Converter

As a simple numerical example, let us find the small-signal control-to-output transfer function of a DCM
boost converter having the following element and parameter values:

R=12Q

L,
=470 4

f,=100kHz

The output voltage is regulated to be V = 36 V. It is desired to determine G, (s) at the operating point
where the load current is I =3 A and the dc input voltage is V, =24 V.

The effective resistance R (D) is found by solution of the dc equivalent circuit of Fig. 11.12(b).
Since the load current 7 and the input and output voltages V and V, are known, the power source value P
is

P=1(V-V,)=(3A)(36 V-24V)=36 W (1157)
The effective resistance is therefore

Vi @avy?
=P T 3%W

(11.58)

R =16Q

The steady-state duty cycle D can now be found using Eq. (11.32):

- /2L _ 2(5 uH) _ (11.59)
b=\/%7 =\ Geoaopy =%
The expressions given in Table 11.3 for G, and 0, of the boost converter can now be evaluated:

36V)

(24V - )
M-1_2036V) \24V) =72V =37dBV

G. 22V -
=D M1 (0.25) ( (36 V) 1)
24V) (11.60)
(2 36V)
o, ol 24V) _
1= 5 = - DRC ™ T36 V) T
(W‘ )(129)(470;11?)

A Bode diagram of the control-to-output transfer function is constructed in Fig. 11.19. The solid lines
illustrate the magnitude and phase predicted by the approximate single-pole model of Fig. 11.18. The
dashed lines are the predictions of the more accurate model discussed in Section 11.3, which include a
second pole at f, = 64 kHz and a RHP zero at f, = 127 kHz, arising from the inductor dynamics. Since the
switching frequency is 100 kHz, the accuracy of the model at these frequencies cannot be guaranteed.
Nonetheless, in practice, the lagging phase asymptotes arising from the inductor dynamics can be
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60dBV T
Gyl 26,
40dBv 1G, = 37dBV
G, f
20 dBV 4 P
112 Hz
0dBV T —20 dB/decade
0° .
~20dBV ] 0
4 Gy
4BV e —o0°
T
' + ) -270°
10 Hz 100 Hz 1 kHz 10 kHz 100 kHz
f

Fig. 11.19 Magnitude and phase of the control-to-output transfer function, DCM boost example. Solid lines: func-
tion and its asymptotes, approximate single-pole response predicted by the model of Fig. 11.18. Dashed lines: more
accurate response that includes high-frequency inductor dynamics.

observed beginning at f,/10 = 6.4 kHz.

11.2.2 Example: Control-to-Output Frequency Responses
of a CCM/DCM SEPIC

As another example, consider the SEPIC of Fig. 11.20. According to Eq. (11.34), this converter operates
in CCM if

1-D Vg

D R/(D)

Vv

11.61
7> ( )

where R (D) is given by Eq. (11.33). Upon neglecting losses in the converter, one finds that the CCM
conversion ratio is

(11.62)

When Egs. (11.33) and (11.62) are substituted into Eq. (11.61), the condition for operation in CCM
becomes:

(11.63)

The converter control-to-output frequency responses are generated using Spice ac simulations. Details of
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(a) T |1
L, 500uH R 'v(;’l.Q i N
1 OO0 1A C, 47uF D,
% L, +
Vg 100pH C2
<+> _1E — RSv
- 200uF
load
120V Qi 5 R 12 ~
D=04 0.02Q
£, = 100kHz
Fig. 11.20 SEPIC example.
80 dBV 7
Gl
60 dBV
40dBV T
20dBV T
0dBV
-20dBV 1
—40 dBV 1
+ : ' -270°
5Hz 50 Hz 500 Hz 5kHz 50 kHz
f

Fig. 11.21 Magnitude and phase of the control-to-output transfer function obtained by simulation of the SEPIC
example shown in Fig. 11.20, for two values of the load resistance: R = 50€2 when the converter operates in DCM
(solid lines), and R = 40€Q for which the converter operates in CCM (dashed lines).

the simulation setup are described in Appendix B, Section B.2.1. Figure 11.21 shows magnitude and
phase responses of the control-to-output transfer function obtained for two different values of the load
resistance: R = 40 Q, for which the converter operates in CCM, and R = 50 Q, for which the converter
operates in DCM. For these two operating points, the quiescent (dc) voltages and currents in the circuit
are nearly the same. Nevertheless, the frequency responses are qualitatively very different in the two
operating modes. In CCM, the converter exhibits a fourth-order response with two pairs of high-Q com-
plex-conjugate poles and a pair of complex-conjugate zeros. Another RHP (right-half plane) zero can be
observed at frequencies approaching 50 kHz. In DCM, there is a dominant low-frequency pole followed
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11.3  High-Frequency Dynamics of Converters in DCM 431

by a pair of complex-conjugate poles and a pair of complex-conjugate zeros. The frequencies of the com-
plex poles and zeros are very close in value. A high-frequency pole and a RHP zero contribute additional
phase lag at higher frequencies.

11.3  HIGH-FREQUENCY DYNAMICS OF CONVERTERS IN DCM

As discussed in Section [1.2, transfer functions of converters operating in discontinuous conduction
mode exhibit a dominant low-frequency pole. A pole and possibly a zero caused by inductor dynamics,
are pushed to high frequencies. To correctly model the high-frequency dynamics of DCM converters, one
must account for the fact that the ac voltage across the inductor is not zero. Equation (11.12) is employed
in Section 11.1 to greatly simplify the equations of the DCM averaged switch model. Although this
model gives good results at low frequencies, it cannot accurately predict high frequency inductor dynam-
ics because it implies that the ac inductor voltage is zero.

A more accurate approach is employed in this section. The subinterval length d, is found by
averaging the inductor current waveform i,(¢) of Fig. 11.3 [4-6]:

d)[d(t) + d(0 T,
<iL(l)> "= %i,,k(d(l) + dz(t)) = _(_iﬂ <Vg(t)>r (11.64)
Solution for d,(f) yields:
20400 R(d) (it
dz(t)=—m'——d(z)= —%—1 (0] (11.65)
dOT(ve0), {v),

Equation (11.65), together with Eqs. (11.3), (11.4), (11.7), and (11.10), constitutes a large-signal aver-
aged model in DCM that can be used to investigate steady-state behavior, as well as low-frequency and
high-frequency dynamics. Unfortunately, the mode! equations are more involved, and do not allow elim-
ination of all converter voltages and currents in terms of the switch network average terminal waveforms.

Let us use this model to find predictions for the high-frequency pole caused by the inductor
dynamics of DCM converters. Consider the buck-boost converter of Fig. 11.2 having the DCM wave-
forms shown in Fig. 11.3. The average transistor voltage (vl(t))TS and the average diode current <i2(’)>rs
are selected as the switch network dependent variables. Substitution of Eq. (11.65) into Eq. (11.3) yields

Raiy®), (v(0), d(t)
<v5(t)> T

The averaged switch voltage <V1(t)>n in Eq. (11.66) is a nonlinear function of the switch duty cycle, the
average inductor current, and the average input and output voltages:

(m®), =(1- d(t))(vg(t)>Ts +dn{v), - (11.66)

)y =11l (), () (i0) 2 d) (11.67)

s

A small-signal ac model can be obtained by Taylor expansion of Eq. (11.67). The small-signal ac compo-
nent ¥, of the average switch voltage can be found as:
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Fig. 11.22 A small-signal ac model of the DCM buck-boost converter.

DB = 0Ok + DOk, + 1 r + A, (11.68)

where the small-signal model parameters k,, k,, r,, and f, are computed as partial derivatives of y; evalu-
ated at the quiescent operating point. In particular,

_ aYI(Vg’ Vol D) Vep (11.69)
A T TV e
L =1y, 8
Substitution of Eq. (11.65) into Eq. (11.10) yields
. . <v3(t)>r. . (11.70)
(B0, = {0y, g =v2((vg(t>>T i) d(r)) :

The small-signal ac component 7, of the average diode current can be found as:

(1171

1) =008, +1 ko + dwj,

where the small-signal model parameters g, h,, and j, are computed as partial derivatives of v, evaluated
at the quiescent operating point. Figure 11.22 shows the small-signal ac model of the buck-boost con-
verter, where the transistor and the diode switch are replaced by the sources specified by Egs. (11.68) and
(11.71), respectively. It can be shown that this model predicts essentially the same low-frequency
dynamics as the model derived in Section 11.2.

To find the control-to-output transfer function, we set 9, = 0. At high frequencies, the small-sig-
nal ac component of the capacitor voltage is very small, ¥ = 0. Therefore, the contribution of the depen-
dent source k¥ can be neglected at high frequencies. Then, from the equivalent circuit model of
Fig. 11.22, we have

SLi iy fid =0 (11.72)

Equation (11.72) can be solved for the control-to-inductor current transfer function at high frequencies:
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__ i1 1173
d  Nl+g L7
where the pole frequency f, is given by
N 11.74
= 2n~ 2nL ( )

To simplify the expression for the pole frequency f,, we use the steady-state relationship that follows
from Eq. (11.12):

=D
=D (11.75)

SIS

Also, recall that the steady-state equivalent resistance R (D) can be written as

R = 2L2fs (11.76)
D
where f, is the switching frequency. Upon substitution of Egs. (11.69), (11.75) and (11.76) into
Eq. (11.74) we get:

£= %; (11.77)
This is an expression for the frequency f, of the high-frequency pole that is caused by the inductor
dynamics of the DCM buck-boost converter. It can be shown that Eq. (11.77) is a general result for the
high-frequency pole, valid for all basic converters operating in DCM. Since 0 < D, < 1, Eq. (11.77)
implies that the high-frequency pole is always greater than approximately one third of the switching fre-
quency.

Table 11.4 summarizes the expressions for the high-frequency pole ®, and the RHP zero o,
caused by the inductor dynamics in control-to-output transfer functions G, (s) of basic DCM converters
[6]. The high-frequency pole and the RHP zero occur at frequencies close to or exceeding the switching
frequency f,. This is why, in practice, the high-frequency inductor dynamics can usually be neglected.

Table 11.4  High-frequency pole and RHP zero of the DCM converter control-to-output transfer function G, (s)

Converter High-frequency pole w, RHP zero o,
2M f,
Buck s
uc (1= M) none
Boost 2M -, _2£
D D
Buck-boost 2! M lfs zi
D D
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SUMMARY OF KEY POINTS

In the discontinuous conduction mode, the average transistor voltage and current are proportional, and
hence obey Ohm’s law. An averaged equivalent circuit can be obtained by replacing the transistor with an
effective resistor R (d). The average diode voltage and current obey a power source characteristic, with
power equal to the power effectively dissipated by R,. In the averaged equivalent circuit, the diode is
replaced with a dependent power source.

The two-port lossless network consisting of an effective resistor and power source, which results from
averaging the transistor and diode waveforms of DCM converters, is called a loss-free resistor. This net-
work models the basic power-processing functions of DCM converters, much in the same way that the
ideal dc transformer models the basic functions of CCM converters.

The large-signal averaged model can be solved under equilibrium conditions to determine the quiescent
values of the converter currents and voltages. Average power arguments can often be used.

A small-signal ac model for the DCM switch network can be derived by perturbing and linearizing the
loss-free resistor network. The result has the form of a two-port y-parameter model. The model describes
the small-signal variations in the transistor and diode currents, as functions of variations in the duty cycle
and in the transistor and diode ac voltage variations.

To simplify the ac analysis of the DCM buck and boost converters, it is convenient to define two other
forms of the small-signal switch model, corresponding to the switch networks of Figs. 11.16(a) and
11.16(b). These models are also y-parameter two-port models, but have different parameter values.

The inductor dynamics of the DCM buck, boost, and buck-boost converters occur at high frequency, above
or just below the switching frequency. Hence, in most cases the high frequency inductor dynamics can be
ignored. In the small-signal ac model, the inductance L is set to zero, and the remaining model is solved
relatively easily for the low-frequency converter dynamics. The DCM buck, boost, and buck-boost con-
verters exhibit transfer functions containing essentially a single low-frequency dominant pole.

To obtain a more accurate model of the inductor dynamics in DCM, it is necessary to write the equations
of the averaged inductor waveforms in a way that does not assume that the average inductor voltage is
Zero.
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PROBLEMS

11.1

11.2

Averaged switch modeling of a flyback converter. The converter of Fig. 11.23 operates in the discontinu-
ous conduction mode. The two-winding inductor has a 1:n turns ratio and negligible leakage inductance,
and can be modeled as an ideal transformer in parallel with primary-side magnetizing inductance Lp.

(a) Sketch the transistor and diode voltage and current waveforms, and derive expressions for their
average values.

(b) Sketch an averaged model for the converter that includes a loss-free resistor network, and give
an expression for R (d).

(©) Solve your model to determine the voltage ratio V/V, f in the discontinuous conduction mode.
(d) Over what range of load current / is your answer of part (c) valid? Express the DCM boundary in
the formI<1,,.(D, R, Vg, n).

(e) Derive an expression for the small-signal control-to-output transfer function G,,(s). You may
neglect inductor dynamics.

Averaged switch modeling of a nonisolated Watkins-Johnson converter. The converter of Fig. 11.24
operates in the discontinuous conduction mode. The two-winding inductor has a 1:1 turns ratio and neg-
ligible leakage inductance, and can be modeled as an ideal transformer in parallel with magnetizing
inductance L.

(a) Sketch the transistor and diode voltage and current waveforms, and derive expressions for their
average values.

(b) Sketch an averaged model for the converter that includes a loss-free resistor network, and give
an expression for R (d).
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11.3

114

11.5
11.6

11.7

AC and DC Equivalent Circuit Modeling of the Discontinuous Conduction Mode

Fig. 11.23 Flyback converter, Problem 11.1.

Fig. 11.24 Watkins-Johnson converter, Problem 11.2.

(c) Solve your model to determine the converter conversion ratio M(D) = V/V_ in the discontinuous
conduction mode. Over what range of load currents is your expression valid?

Sketch the steady-state output characteristics of the buck-boost converter: plot the output voltage V vs.
the load current /, for several values of duty cycle D. Include both CCM and DCM operation, and clearly
label the boundary between modes.

In the network of Fig. 11.25, the power source waveform p(?) is given by

(1) = 1000 cos® 377t

The circuit operates in steady state. Determine the rms resistor voltage Vi, .

Verify the expressions for G, and o, given in Table 11.3.
A certain buck converter operates with an input voltage of Vg =28 V and an output voltage of V=15 V.

The load resistance is R =10Q. Other element and parameter values are: L = 8uH, C = 220uF,
Sy = 150kHz.

(a) Determine the value of R,,.

(b) Determine the quiescent duty cycle D.

(¢) Sketch a Bode plot of the control-to-output transfer function G, (s). Label the values of all

salient features. You may neglect inductor dynamics.

Using the approach of Section 11.3, determine the control-to-output transfer function G, ,(s) of a boost
converter. Do not make the approximation L = 0.
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Fig. 11.25 Network with a power source, Problem 11.4.

(a) Derive analytical expressions for the dc gain G and the RHP zero frequency ,, as functions of
M,R, D, Vg, L, C,and R.

(b) With the assumption that C is sufficiently large and that L is sufficiently small, the poles of
G, 4(s) can be factored using the low-Q approximation. Do so, and express the two poles as func-
tions of M, D, L, C, and R. Show that the low-frequency pole matches the expression in
Table 11.3, and that the high-frequency pole is given by the expression in Table 11.4,
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12

Current Programmed Control

So far, we have discussed duty ratio control of PWM converters, in which the converter output is con-
trolled by direct choice of the duty ratio d(r). We have therefore developed expressions and small-signal
transfer functions that relate the converter waveforms and output voltage to the duty ratio.

Another control scheme, which finds wide application, is current programmed control [1-13],
in which the converter output is controlled by choice of the peak transistor switch current peak(i (7). The
control input signal is a current i (¢), and a simple control network switches the transistor on and off, such
that the peak transistor current follows i (f). The transistor duty cycle d(f) is not directly controlled, but
depends on i.(¢) as well as on the converter inductor currents, capacitor voltages, and power input volt-
age. Converters controlled via current programming are said to operate in the current programmed mode
(CPM).

The block diagram of a simple current programmed controller is illustrated in Fig. 12.1. Control
signal i (t) and switch current i (¢) waveforms are given in Fig. 12.2. A clock pulse at the Set input of a
latch initiates the switching period, causing the latch output Q to be high and turning on the transistor.
While the transistor conducts, its current i () is equal to the inductor current #;(£); this current increases
with some positive slope m, that depends on the value of inductance and the converter voltages. In more
complicated converters, i (¢) may follow the sum of several inductor currents. Eventually, the switch cur-
rent i (f) becomes equal to the control signal i (f). At this point, the controller turns the transistor switch
off, and the inductor current decreases for the remainder of the switching period. The controller must
measure the switch current i (f) with some current sensor circuit, and compare i (¢) to i (f) using an ana-
log comparator. In practice, voltages proportional to i (f) and i (f) are compared, with constant of propor-
tionality R,. When i(#) 2 i (1), the comparator resets the latch, turning the transistor off for the remainder
of the switching period.

As usual, a feedback loop can be constructed for regulation of the output voltage. The output
voltage v(1) is compared to a reference voltage v, ., to generate an error signal. This error signal is applied
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Buck converter
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Conventional output voltage controller
Compensator W)
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Fig. 12.1 Current-programmed control of a buck converter. The peak transistor current replaces the duty cycle as

the control input.

Fig. 12.2 Switch current i(¢) and
control input i (f) waveforms, for the
current-programmed system  ofFig.
12.1.

Control signal
i,0)
m Switch
b current
i
0 dr, T, t
Transistor ;
status: | on off ;
Clock turns Comparator turns
transistor on transistor off
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12.1  Oscillation for D > 0.5 441

to the input of a compensation network, and the output of the compensator drives the control signal
i (DR, To design such a feedback system, we need to model how variations in the control signal i (¢) and
in the line input voltage v (1) affect the output voltage v(z).

The chief advantage of the current programmed mode is its simpler dynamics. To first order, the
small-signal control-to-output transfer function $(s)/Z,(s) contains one less pole than B(s)d(s). Actually,
this pole is moved to a high frequency, near the converter switching frequency. Nonetheless, simple
robust wide-bandwidth output voltage control can usually be obtained, without the use of compensator
lead networks. It is true that the current programmed controller requires a circuit for measurement of the
switch current i (f); however, in practice such a circuit is also required in duty ratio controlled systems,
for protection of the transistor against excessive currents during transients and fault conditions. Current
programmed control makes use of the available current sensor information during normal operation of
the converter, to obtain simpler system dynamics. Transistor failures due to excessive switch current can
then be prevented simply by limiting the maximum value of i (#). This ensures that the transistor will turn
off whenever the switch current becomes too large, on a cycle-by-cycle basis.

An added benefit is the reduction or elimination of transformer saturation problems in full-
bridge or push—pull isolated converters. In these converters, small voltage imbalances induce a dc bias in
the transformer magnetizing current; if sufficiently large, this dc bias can saturate the transformer. The dc
current bias increases or decreases the transistor switch currents. In response, the current programmed
controller alters the transistor duty cycles, such that transformer volt-second balance tends to be main-
tained. Current-programmed full-bridge isolated buck converters should be operated without a capacitor
in series with the transformer primary winding; this capacitor tends to destabilize the system. For the
same reason, current-programmed control of half-bridge isolated buck converters is generally avoided.

A disadvantage of current programmed control is its susceptibility to noise in the i(f) or i (1)
signals. This noise can prematurely reset the latch, disrupting the operation of the controller. In particu-
lar, a small amount of filtering of the sensed switch current waveform is necessary, to remove the turn-on
current spike caused by the diode stored charge. Addition of an artificial ramp to the current-programmed
controller, as discussed in Section 12.1, can also improve the noise immunity of the circuit.

Commercial integrated circuits that implement current programmed conirol are widely avail-
able, and operation of converters in the current programmed mode is quite popular. In this chapter, con-
verters operating in the current programmed mode are modeled. In Section 12.1, the stability of the
current programmed coutroller and its inner switch-current-sensing loop is examined. It is found that this
controller is unstable whenever converter steady-state duty cycle D is greater than 0.5. The current pro-
grammed controller can be stabilized by addition of an artificial ramp signal to the sensed switch current
waveform. In Section 12.2, the system small-signal transfer functions are described, using a simple first-
order model. The averaged terminal waveforms of the switch network can be described by a simple cur-
rent source, in conjunction with a power source element. Perturbation and linearization leads to a simple
small-signal model. Although this first-order model yields a great deal of insight into the control-to-out-
put transfer function and converter output impedance, it does not predict the line-to-output transfer func-
tion Gvg(s) of current-programmed buck converters. Hence, the model is refined in Section 12.3. Section
12.4 extends the modeling of current programmed converters to the discontinuous conduction mode.

121  OSCILLATIONFORD > 0.5

The current programmed controller of Fig. 12.1 is unstable whenever the steady-state duty cycle is
greater than 0.5. To avoid this stability problem, the control scheme is usually modified, by addition of an
artificial ramp to the sensed switch current waveform. In this section, the stability of the current pro-
grammed controller, with its inner switch-current-sensing loop, is analyzed. The effects of the addition of
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i (0 4
Fig. 12.3 Inductor current waveform of i
a current-programmed converter operating |
. . . i.(0) m -, e i(T)
in the continuous conduction mode. L 1 2 g M

0 dT, T t

5 s

the artificial ramp are explained, using a simple first-order discrete-time analysis. Effects of the artificial
ramp on controller noise susceptibility is also discussed.

Figure 12.3 illustrates a generic inductor current waveform of a switching converter operating
in the continuous conduction mode. The inductor current changes with a slope m, during the first sub-
interval, and a slope — m, during the second subinterval. For the basic nonisolated converters, the slopes
my and — m, are given by

Buck converter
v, =V
__8 Y
me=-7 —M=-T
Boost converter
v V-V (12.1)
ml = T - m2 = L
Buck-boost converter
v
__8 _V
m, = f —Mmy= "E

With knowledge of the slopes m, and — m,, we can determine the general relationships between i, (0), i,
i,(T,), and dT.

During the first subinterval, the inductor current i,(¢) increases with slope m,, until i,(¢) reaches
the control signal i.. Hence,

i,(dT) =i, =1i,(0)+m,dT, (12.2)
Solution for the duty cycle d leads to
q=Lem i (12.3)
mlT.v

In a similar manner, for the second subinterval we can write

i(T)=1,(dT) —m,dT, (12.4)
=i,(0) + mdT,— m,d'T,

In steady-state, i,(0) = i,(T,), d= D, m; = M,, and m, = M, Insertion of these relationships into Eq. (12.4)
yields
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i)

i

¢ i(T,
Fig. 12.4 Effect of initial pertur- " A1V ff;fjf{);;“’e
bation #,(0) on inductor current  I;5+i,(0)

waveform I e N
N - mzb\\i Perturbed

dr, waveform
0 (p+d)7, DT, T, t
0=M,DT,- M,DT, (12.5)
Or,
M,-D 12.6)

M D

Steady-state Eq. (12.6) coincides with the requirement for steady-state volt-second balance on the induc-
tor.
Consider now a small perturbation in i,(0):

i,00) =15+ 7,(0) 12.7)

1,4 is a steady-state value of ,(0), which satisfies Eqs. (12.4) and (12.5), while 7,(0) is a small perturba-
tion such that

|7.0)| < |11 (12.8)

It is desired to assess the stability of the current-programmed controller, by determining whether this
small perturbation eventually decays to zero. To do so, let us solve for the perturbation after n switching
periods, I,(nT,), and determine whether 7, (nT,) tends to zero for large n.

The steady-state and perturbed inductor current waveforms are illustrated in Fig. 12.4. For clar-
ity, the size of the inductor current perturbation 7,(0) is exaggerated. It is assumed that the converter
operates near steady-state, such that the slopes m, and m, are essentially unchanged. Figure 12.4 is
drawn for a positive 7,(0); the quantity (fT: is then negative. Since the slopes of the steady-state and per-
turbed waveforms are essentially equal over the interval 0 < ¢ < (D + cf)Ts, the difference between the
waveforms is equal to 7 (0) for this entire interval. Likewise, the difference between the two waveforms
is a constant 1,(T,) over the interval DT, < ¢ < T,, since both waveforms then have the slope — m,. Note
that 7, (T is a negative quantity, as sketched in Fig. 12.4. Hence, we can solve for (T) in terms of i 1(0),
by considering only the interval (D + J)TS <t< DT, as illustrated in Fig. 12.5.

Fig. 12.5 Expanded view of the steady-state and ‘e . ~m,
perturbed inductor current waveforms, near the peak < i 1(0) "lL(TS) Steady-state
of i, (1). 1 | \waveform
m ar —m, “Perturbed
f— waveform
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From Fig. 12.5, we can use the steady-state waveform to express ,(0) as the slope m,, multi-
plied by the interval length — dATs. Hence,
F(0y=-mdT (12.9)

s

Likewise, we can use the perturbed waveform to express ,(T,) as the slope — m,, multiplied by the inter-
val length — dT;:

[T = m,dT, (12.10)
Elimination of the intermediate variable d from Eqgs. (12.9) and (12.10) leads to

PUTY=1,0) (— %) (12.11)
1

If the converter operating point is sufficiently close to the quiescent operating point, then m,/m, is given
approximately by Eq. (12.6). Equation (12.11) then becomes

- . D
- _D 12.12
PAT)=1,00) ( D,) (12.12)
A similar analysis can be performed during the next switching period, to show that
~ ~ ~ 2
8,(2T) =1 (T) (— %) =1,(0) (- _[%) (12.13)
After n switching periods, the perturbation becomes
T =1 (- DT (~ 4)~1L(0) (_E)" (12.14)

Note that, as # tends to infinity, the perturbation Z,(nT,) tends to zero provided that the characteristic
value — D/D’ has magnitude less than one. Conversely, the perturbation 7,(1nT,) becomes large in magni-
tude when the characteristic value o. = — D/D’ has magnitude greater than one:

when |-

B

G\b D]@

' (12.15)
e when ‘ ‘
Therefore, for stable operation of the current programmed controller, we need | o | = D/D’ < 1, or

D<0.5 (12.16)

As an example, consider the operation of the boost converter with the steady-state terminal volt-
ages V, =20V, V=350 V. Since VIV, = 1/D’, the boost converter should operate with D = 0.6. We there-
fore expect the current programmed controller to be unstable. The characteristic value will be
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Fig. 12.6 Unstable oscillation for D = 0.6.

(12.17)

As given by Eq. (12.14), a perturbation in the inductor current will increase by a factor of — 1.5 over
every switching period. As illustrated in Fig. 12.6, the perturbation grows to — 1.57,(0) after one switch-
ing period, to + 2.251,(0) after two switching periods, and to ~ 3.3757,(0) after three switching periods.
For the particular initial conditions illustrated in Fig. 12.6, this growing oscillation saturates the current
programmed controller after three switching periods. The transistor remains on for the entire duration of
the fourth switching period. The inductor current and controller waveforms may eventually become
oscillatory and periodic in nature, with period equal to an integral number of switching periods. Alterna-
tively, the waveforms may become chaotic. In either event, the controller does not operate as intended.

Figure 12.7 illustrates the inductor current waveforms when the output voltage is decreased to V
= 30 V. The boost converter then operates with D = 1/3, and the characteristic value becomes

—_D_[_13}__
oc——D.—( 2/3)— 0.5

(12.18)
Perturbations now decrease in magnitude by a factor of 0.5 over each switching period. A disturbance in
the inductor current becomes small in magnitude after a few switching periods.

The instability for D > 0.5 is a well-known problem of current programmed control, which is
not dependent on the converter topology. The controller can be rendered stable for all duty cycles by
addition of an artificial ramp to the sensed switch current waveform, as illustrated in Fig. 12.8. This arti-

i(1) 4

1
c

0

1,(0)

4

2

Lo

2%

110

~ £ 1,01

{15 10

0

Fig. 12.7 A stable transient with D = 1/3.

T

5
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3T
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() Buck converter
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Fig. 12.8 Stabilization of the current programmed controller by addition of an artificial ramp to the measured
switch current waveform: (a) block diagram, (b) artificial ramp waveform.

ficial ramp has the qualitative effect of reducing the gain of the inner switch-current-sensing discrete
feedback loop. The artificial ramp has slope m, as shown. The controller now switches the transistor off
when

i(dT)+i,(dT) =i, (12.19)

where i (¢) is the artificial ramp waveform. Therefore, the transistor is switched off when the inductor
current i,(¢) is given by

idT) =i, - i(dT) (12.20)

Figure 12.9 illustrates the analog comparison of the inductor current waveform #;(f) with the quantity

i, — £, (0]
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Fig. 12.9 Addition of artificial ramp: i
the transistor is now switched off when
i) =i —1i().

i,() -

T t

5

0 dr,

We can again determine the stability of the current programmed controller by analyzing the
change in a perturbation of the inductor current waveform over a complete switching period. Figure
12.10 illustrates steady-state and perturbed inductor current waveforms, in the presence of the artificial
ramp. Again, the magnitude of the perturbation Z,(0) is exaggerated. The perturbed waveform is sketched
for a positive value of 7,(0); this causes d, and usually also #,(T)), to be negative. If the perturbed wave-
forms are sufficiently close to the quiescent operating point, then the slopes m; and m, are essentially
unchanged, and the relationship between £,(0) and 7,(T,) can be determined solely by consideration of the
interval (D + J)TS <t < DT,. The perturbations i (0 and [,(T,) are expressed in terms of the slopes my, My,
and m,, and the interval length — dT, as follows:

1(0)==dT,(m, +m,) (12.21)
1T =-dT (m,~m,) (12.22)
Elimination of d yields
AT =1,0) (— T ’,j;) (12.23)
A similar analysis can be applied to the n™ switching period, leading to
Ty =101 (- e =10 (e =L@ o (12.24)

The evolution of inductor current perturbations are now determined by the characteristic value
A

(ORI A0)
i \

Fig. 12.10 Steady-state and perturbed ¢ -m
B y-stafle and periurbe m, ?E’\““\ Steady-state
inductor current waveforms, in the pres- T l(]; )
ifici Lo+ i,00) 2O —m, |waveform
ence of an artificial ramp. T Vet B \ 2
] 1 2
w0 T Perturbed
dT, waveform
o (D+d)T, DT T, t
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my—m, (12.25)

O==m ¥m,

For large n, the perturbation magnitude tends to

0 when|o|<1
N

(12.26)

|iL(nTx) o when|o|>1

Therefore, for stability of the current programmed controller, we need to choose the slope of the artificial
ramp m, such that the characteristic value o has magnitude less than one. The artificial ramp gives us an
additional degree of freedom, which we can use to stabilize the system for duty cycles greater than 0.5.
Note that increasing the value of m, causes the numerator of Eq. (12.25) to decrease, while the denomi-
nator increases. Therefore, the characteristic value ¢ attains magnitude less than one for sufficiently large
m,

In the conventional voltage regulator application, the output voltage v(¢) is well regulated by the
converter control system, while the input voltage v,(#) is unknown. Equation (12.1) then predicts that the
value of the slope m, is constant and known with a high degree of accuracy, for the buck and buck-boost
converters. Therefore, let us use Eq. (12.6) to eliminate the slope m, from Eq. (12.25), and thereby
express the characteristic value o as a function of the known slope m, and the steady-state duty cycle D:

1——4
= My
o= -5 (12.27)
D my
One common choice of artificial ramp slope is
my=Lm, (12.28)

It can be verified, by substitution of Eq. (12.28) into (12.27), that this choice leads to =~ 1atD =1,
and to | o | < 1 for 0 < D < 1. This is the minimum value of m, that leads to stability for all duty cycles.
We will see in Section 12.3 that this choice of m, has the added benefit of causing the ideal line-to-output
transfer function G, (s) of the buck converter to become zero.

Another common choice of m, is

S (12.29)
This causes the characteristic value o to become zero for all D. As a result, 7 (1) 1s zero for any 7 ;(0) that
does not saturate the controller. The system removes any error after one switching period T.. This behav-
ior is known as deadbeat control, or finite settling time.

It should be noted that the above stability analysis employs a quasi-static approximation, in
which the slopes m, and m, of the perturbed inductor current waveforms are assumed to be identical to
the steady-state case. In the most general case, the stability and transient response of a complete system
employing current programmed control must be assessed using a system-wide discrete time or sampled-
data analysis. Nonetheless, in practice the above arguments are found to be sufficient for selection of the
artificial ramp slope m,.

Current-programmed controller circuits exhibit significant sensitivity to noise. The reason for
this is illustrated in Fig. 12.11(a), in which the control signal i (¢) is perturbed by a small amount of noise
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@ 0,

Perturbed
Fig, 12.11 When noise perturbs a waveform

controller signal such as i, a perturba- . vie e

tion in the duty cycle results: (a) with ¢ — \———-""‘T

no artificial ramp and small inductor . Steady-state
current ripple, the perturbation d is dT, waveform
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; 7 rc‘zmp waveform
%
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0 DT, D+d)T, T, t

represented by .. It can be seen that, when there is no artificial ramp and when the inductor current rip-
ple is small, then a small perturbation in i, leads to a large perturbation in the duty cycle: the controller
has high gain. When noise is present in the controller circuit, then significant jitter in the duty cycle
waveforms may be observed. A solution is to reduce the gain of the controller by introduction of an arti-
ficial ramp. As illustrated in Fig. 12.11(b), the same perturbation in i, now leads to a reduced variation in
the duty cycle. When the layout and grounding of the controller circuit introduce significant noise into
the duty cycle waveform, it may be necessary to add an artificial ramp whose amplitude is substantially
greater than the inductor current ripple.

12.2 A SIMPLE FIRST-ORDER MODEL

Once the current programmed controller has been constructed, and stabilized using an artificial ramp,
then it is desired to design a feedback loop for regulation of the output voltage. As usual, this voltage
feedback loop must be designed to meet specifications regarding line disturbance rejection, transient
response, output impedance, etc. A block diagram of a typical system is illustrated in Fig. 12.12, contain-
ing an inner current programmed controller, with an outer voltage feedback loop.

To design the outer voltage feedback loop, an ac equivalent circuit model of the switching con-
verter operating in the current programmed mode is needed. In Chapter 7, averaging was employed to
develop small-signal ac equivalent circuit models for converters operating with duty ratio control. These
models predict the circuit behavior in terms of variations d in the duty cycle. If we could find the rela-
tionship between the control signal i (f) and the duty cycle d(t) for the current programmed controller,
then we could adapt the models of Chapter 7, to apply to the current programmed mode as well. In gen-
eral, the duty cycle depends not only on i(z), but also on the converter voltages and currents; hence, the
current programmed controller incorporates multiple effective feedback loops as indicated in Fig. 12.12.
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Fig. 12.12 Block diagram of a converter system incorporating current programmed control.

In this section, the averaging approach is extended, as described above, to treat current pro-
grammed converters. A simple first-order approximation is employed, in which it is assumed that the cur-
rent programmed controller operates ideally, and hence causes the average inductor current (i L(t))TS to be
identical to the control i (£). This approximation is justified whenever the inductor current ripple and arti-
ficial ramp have negligible magnitudes. The inductor current then is no longer an independent state of the
system, and no longer contributes a pole to the converter small-signal transfer functions.

This first-order model is derived in Section 12.2.1, using a simple algebraic approach. In Sec-
tion 12.2.2, a simple physical interpretation is obtained via the averaged switch modeling technique. A
more accurate, but more complicated, model is described in Section 12.3.

12.2.1 Simple Model via Algebraic Approach: Buck-Boost Example

The power stage of a simple buck-boost converter operating in the continuous conduction mode is illus-
trated in Fig. 12.13(a), and its inductor current waveform is given in Fig. 12.13(b). The small-signal aver-
aged equations for this converter, under duty cycle control, were derived in Section 7.2. The result,
Eq. (7.43), is reproduced below:

& .
e jt(t) = D3, (6) + D'5(e) + (V, = V)d(0)
5 L .
c 2(; ) e pi, - "0 1d (12.30)

1(t)=Di, +1,d@)

The Laplace transforms of these equations, with initial conditions set to zero, are
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Fig. 12.13 Buck-boost converter example: (a) power stage, (b) inductor current waveform.

SLE () = D (s) + D'¥(s) + (vg - v)d‘(s)
$C9(5) =~ D'i (5) - "8 4 1, (12.31)

[ (8)=Di (s)+1,d(s)

We now make the assumption that the inductor current ,(s) is identical to the programmed control cur-
rent 7 (s). This is valid to the extent that the controller is stable, and that the magnitudes of the inductor
current ripple and artificial ramp waveform are sufficiently small:

F(s) =1 (5) (12.32)

This approximation, in conjunction with the inductor current equation of (12.31), can now be used to find
the relationship between the control current i:(s) and the duty cycle d(s), as follows:

SLi (s) = Dby(s) + D'9(s) + (vg - v)ci(s) (12.33)
Solution for d(s) yields

X sLi (s) — DV (s) — D'¥(s)
d(s) = —= g
© (Ve-v)

(12.34)

This small-signal expression describes how the current programmed controller varies the duty cycle, in
response to a given control input variation fc(s). Tt can be seen that d(s) depends not only on z'l_(s), but also
on the converter output voltage and input voltage variations. Equation (12.34) can now be substituted
into the second and third lines of Eq. (12.31), thereby eliminating d(s). One obtains
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Fig. 12.14 Construction of CPM CCM buck-boost converter equivalent circuit: (a) input port model, correspond-
ing to Eq. (12.38); (b) output port model, corresponding to Eq. (12.37).
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SCo(s) = — D (s) - V_(SZ ‘, SLi (5) = DV(s) - D'¥(s)
(V=)

(12.35)
SLE (5) — DV (s) — D'0(s)

V=)

Ts)=Di(s)+1,

These equations can be simplified by collecting terms, and by use of the steady-state relationships

=_D
AC (12.36)
[:—_‘L: D 1%
L DR ™ p2R ¢
Equation (12.35) then becomes
SCi(s) = (SLR? D')l() (% SILCE ( )v(s) (1237)
(s) = (sLD+D)l(s) ( )v(s) ( )v(s) (12.38)

These are the basic ac small-signal equations for the simplified first-order model of the current-pro-
grammed buck-boost converter. These equations can now be used to construct small-signal ac circuit
models that represent the behavior of the converter input and output ports. In Eq. (12.37), the quantity
sCi(s) is the output capacitor current. The Z,(s) term is represented in Fig. 12.14(b) by an independent
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Fig. 12.15 Two-port equivalent circuit used to model the current-programmed CCM buck, boost, and buck—boost
converters.

current source, while the (s) term is represented by a dependent current source. 9(s)/R is the current
through the load resistor, and 9(s) D/R is the current through an effective ac resistor of value R/D.

Equation (12.38) describes the current 7, .(5) drawn by the converter input port, out of the source
v (8). The { .(s) term is again represented in Fig. 12.14(a) by an independent current source, and the ¥(s)
term is represented by a dependent current source. The quantity — ,(s) D?D'R is modeled by an effective
ac resistor having the negative value — D'R/ID?,

Figures 12.14(a) and (b) can now be combined into the small-signal two-port model of Fig.
12.15. The current programmed buck and boost converters can also be modeled by a two-port equivalent
circuit, of the same form. Table 12.1 lists the model parameters for the basic buck, boost, and buck-boost
converters.

The two-port equivalent circuit can now be solved, to find the converter transfer functions and
output impedance. The control-to-output transfer function is found by setting v, to zero. Solution for the
output voltage then leads to the transfer function G, (s):

G, (s)= 2

_ 1
=i = (rz IR E) (12.39)

g=0

Substitution of the model parameters for the buck-boost converter yields

(24
i DR
G (s)=-R-L_ D / (12.40)
1+D 1+s-RC
ST+D
Table 12.1 Current programmed mode small-signal equivalent circuit parameters, simple model
Converter 81 A r 8 ) )
R
Buck b D(l + %) -7 0 1 w
B o 1 D1~k
oost 0 1 DR ( DR R
] _D sL _DR D? _ryly_sDL R
Buck—boost Fi D(1+D,R) D? DR D(I D'2R) D
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It can be seen that this transfer function contains only one pole; the pole due to the inductor has been lost.
The dc gain is now directly dependent on the load resistance R. In addition, the transfer function contains
a right half-plane zero whose corner frequency is unchanged from the duty-cycle-controlled case. In gen-
eral, introduction of current programming alters the transfer function poles and dc gain, but not the
ZEroes.

The line-to-output transfer function G, (s) is found by setting the control input i, to zero, and
then solving for the output voltage. The result is

G, 5= 2

T D)

=g (rz IR %) (12.41)

Substitution of the parameters for the buck-boost converter leads to

___D* 1
Gul) =~ 112 L. &C (12.42)
1+D

Again, the inductor pole is lost. The output impedance is
Zu(s)= IRl 5 (12.43)

For the buck-boost converter, one obtains

= R____ 1
Zouz(s) - 1 + D RC (1244)
1+s
I+D

12.2.2  Averaged Switch Modeling

Additional physical insight into the properties of current programmed converters can be obtained by use
of the averaged switch modeling approach developed in Section 7.4. Consider the buck converter of Fig.
12.16. We can define the terminal voltages and currents of the switch network as shown. When the buck
converter operates in the continuous conduction mode, the switch network average terminal waveforms
are related as follows:

i) L) L 40
> 1 61 > —B50 —» +
vg(t) v V() C R s v(t)
_Switch network

Fig. 12.16 Averaged switch modeling of a current-programmed converter: CCM buck example.
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(1) = dt) ().

(12.45)
(i) =d@) (1,0),

We again invoke the approximation in which the inductor current exactly follows the control current. In
terms of the switch network terminal current i,, we can therefore write

(i0), =(i0) . (12.46)

The duty cycle d(¢) can now be eliminated from Eq. (12.45), as follows:

A . {0y,
<ll(t)>TS=d(t) (lc(t)>TS= <v1(t)>z <lf([)>rs (12.47)
This equation can be written in the alternative form
(@), (), = (10) (0)7 = (p0)y, (1248)

Equations (12.46) and (12.48) are the desired result, which describes the average terminal relations of the
CCM current-programmed buck switch network. Equation (12.46) states that the average terminal cur-
rent (iy()). is equal to the control current (i (f)),. Equation (12.48) states that the input port of the
switch network consumes average power <P(’)>n equal to the average power flowing out of the switch
output port. The averaged equivalent circuit of Fig. 12.17 is obtained.

Figure 12.17 describes the behavior of the current programmed buck converter switch network,
in a simple and straightforward manner. The switch network output port behaves as a current source of
value (ic(t))Ts - The input port follows a power sink characteristic, drawing power from the source v, equal
to the power supplied by the i, current source. Properties of the power source and power sink elements
are described in Chapters 11 and 8.

Similar arguments lead to the averaged switch models of the current programmed boost and
buck-boost converters, illustrated in Fig. 12.18. In both cases, the switch network averaged terminal
waveforms can be represented by a current source of value (ic(t))rs , in conjunction with a dependent
power source or power sink.

A small-signal ac model of the current-programmed buck converter can now be constructed by
perturbation and linearization of the switch network averaged terminal waveforms. Let

<i](=t)>7'I <l2(Q>T; L <iL=(t)>TS
+ + +
(p@®)r,
e
O v, [ O RON c :|: RS 00,

Averaged switch network

Fig. 12.17 Averaged model of CPM buck converter.
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@ o, L
+
(P(I»T_‘_
o0, ) awoe () C== RS GO
Averaged switch network
(b Averaged switch network
X
<p(t)>>s\- (P GOy, .
o, ) C == RS 0o,

(i ()r,

Fig. 12.18 Averaged models of CPM boost (a) and CPM buck-boost (b} converters, derived via averaged switch
modeling.

(@), =V, +9(0

s

(i), =1,+1,0

5

)
)
(o)), = Vo +9(2) (12.49)
)
)

K

(i), =L, +1,(0)

s

(i0), =1,+i0)

K

Perturbation and linearization of the (i (1) )TX current source of Fig. 12.17 simply leads to a current source
of value fc(t). Perturbation of the power source characteristic, Eq. (12.48), leads to

(Vi +0,0)(1,+1,0)) = (1.4 2.0) (V2 + 5,0)) (12.50)
Upon equating the dc terms on both sides of this equation, we obtain
Vil =1V, = I,=DI, (12.51)

The linear small-signal ac terms of Eq. (12.50) are
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Fig. 12.19 Small-signal model of the CCM CPM buck converter, derived by perturbation and linearization of the
switch network in Fig. 12.17.

DO+ Vi (8 =1 OV, + 1 ,9,D) (12.52)

Solution for the small-signal switch network input current 7 (D) yields

. N SN PN

L) =1 1) 71 + D,5(8) K/—l -0,(0 Vl (12.53)
The small-signal ac model of Fig. 12.19 can now be GOy 4
constructed. The switch network output port is again a s Power source
current source, of value fc(t). The switch network input character'ls ne
port model is obtained by linearization of the power <v‘(t)>Ts <ll(t)>7.s ={p (I»TS
sink characteristic, as given by Eq. (12.53). The input }
port current 7,(7) is composed of three terms. The 7.(r) Quiescent
term is modeled by an independent current source, the op e;?:lltng
,(f) term is modeled by a dependent current source, P
and the 9,(f) term is modeled by an effective ac resistor (\/
having the negative value — V//I|. As illustrated in Fig. I rl =— ~IVL
12.20, this incremental resistance is determined by the ! !
slope of the power sink input port characteristic, evalu-
ated at the quiescent operating point. The power sink >
leads to a negative incremental resistance because an Vi <Vl(t)>TS
increase in <V1(I)>TS causes a decrease in <i1(f)>n.’ such Fig. 12.20 Origin of the input port negative
that constant (p(t))n s maintained. incremental resistance r,: the slope of the power

The equivalent circuit of Fig. 12.19 can now sink characteristic, evaluated at the quiescent oper-
be simplified by use of the dc relations V,=DV,, atingpoint.
L=VyR, I, = DL, I, = I. Equation (12.53) then
becomes

7,0 =Di )+ % Py - %2— 9,(1) (12.54)

Finally, we can eliminate the quantities ¥, and ¥, in favor of the converter terminal voltages ¥, and ¥, as
follows. The quantity ¥, is sirrAlply equal to ¥,. The quantity , is equal to the output voltage ¥ plus the
voltage across the inductor, sLi (s). Hence,
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Fig. 12.21 Simplification of the CPM buck converter model of Fig. 12.19, with dependent source expressed in
terms of the output voltage variations.

D,(s) = D(s) + sLi (s) (12.55)

With these substitutions, Eq. (12.54) becomes
a » A 2 ~
P ()=D (1 +s-1%) 0+ 2o - 250 (12.56)

The equivalent circuit of Fig. 12.21 is now obtained. It can be verified that this equivalent circuit coin-
cides with the model of Fig. 12.15 and the buck converter parameters of Table 12.1.

The approximate small-signal properties of the current programmed buck converter can now be
explained. Since the inductor is in series with the current source fc, the inductor does not contribute to the
control-to-output transfer function. The control-to-output transfer function is determined simply by the
relation

Gyl = 7

= L
T, Ly (R I sc) (12.57)

So current programming transforms the output characteristic of the buck converter into a current source.
The power sink input characteristic of the current programmed buck converter leads to a negative incre-
mental input resistance, as described above. Finally, Fig. 12.21 predicts that the buck converter line-to-
output transfer function is zero:

_ s -
G,(5) = o). =0_0 (12.58)

Disturbances in v, do not influence the output voltage, since the inductor current depends only on i.. The
current programmed controller adjusts the duty cycle as necessary to maintain constant inductor current,
regardless of variations in Ve The more accurate models of Section 12.3 predict that Gvg(s) is not zero,
but is nonetheless small in magnitude.

Similar arguments lead to the boost converter small-signal equivalent circuit of Fig. 12.22. Der-
ivation of this equivalent circuit is left as a homework problem. In the case of the boost converter, the
switch network input port behaves as a current source, of value i, while the output port is a dependent
power source, equal to the power apparently consumed by the current source i.. In the small-signal
model, the current source fc appears in series with the inductor L, and hence the converter transfer func-
tions cannot contain poles arising from the inductor. The switch network power source output character-
istic leads to an ac resistance of value r, = R. The line-to-output transfer function Gvg(s) is nonzero in the
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<
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Fig. 12.22 Small-signal model of the CCM CPM boost converter, derived via averaged switch modeling and
the approximation i, =~ i..

boost converter, since the magnitude of the power source depends directly on the value of v,. The con-
trol-to-output transfer function G, (s) contains a right half-plane zero, identical to the right half-plane
zero of the duty-cycle-controlled boost converter.

123 A MORE ACCURATE MODEL

The simple models discussed in the previous section yield much insight into the low-frequency behavior
of current-programmed converters. Unfortunately, they do not always describe everything that we need
to know. For example, the simple model of the buck converter predicts that the line-to-output transfer
function G, (s) is zero. While it is true that this transfer function is usually small in magnitude, the trans-
fer function is not equal to zero. To predict the effect of input voltage disturbances on the output voltage,
we need to compute the actual Gvg(s).

In this section, a more accurate analysis is performed which does not rely on the approximation
(iL(t))TY =~ i(1). The analytical approach of [5,6] is combined with the controller model of [7]. A func-
tional block diagram of the current programmed controller is constructed, which accounts for the pres-
ence of the artificial ramp and for the inductor current ripple. This block diagram is appended to the
averaged converter models derived in Chapter 7, leading to a complete converter CPM model. Models
for the CPM buck, boost, and buck~boost converters are listed, and the buck converter model is analyzed
in detail.

12.3.1 Current Programmed Controller Model

Rather than using the approximation (i (1)), = (i,()), let us derive a more accurate expression relating
the average inductor current (iL(t))TX to the control input i (f). The inductor current waveform is illus-
trated in Fig. 12.23. It can be seen that the peak value of i,(¢) differs from i (¢), by the magnitude of the
artificial ramp waveform at time ¢ = dT, that is, by m dT . The peak and average values of the inductor
current waveform differ by the average value of the inductor current ripple. Under transient conditions,
in which i,(0) is not equal to i,(T ), the magnitudes of the inductor current ripples during the dT, and d'T,
subintervals are m,dT,/2 and m,d'T /2, respectively. Hence, the average value of the inductor current rip-
ple is d(m,dT,/2) + d'(m,d'T /2). We can express the average inductor current as

(10);, = (1), -7, ~a e -0 e (12.59)
2 2 ’
= <ic(t)>rs —m,dT,~m, d 2TS —m, d ZTX
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Fig. 12.23 Accurate determination of = N (-1 ®)
the relationship between the average ¢l
inductor current (i,(r)); and i,.

N

D O,

<iL(t)>T: = d<iL(z)>de + d'(i,‘(t»dlr_r
0 dr, T t

5

This is the more accurate relationship which is employed in this section.
A small-signal current programmed controller model is found by perturbation and linearization

of Eq. (12.59). Let

(iL(t)>TS =1,+1,0

(i), =1.+1.0)

Aty =D +d@)
m) =M+ )
mat) = M, + uy(t)

(12.60)

Note that it is necessary to perturb the slopes m, and m,, since the inductor current slope depends on the
converter voltages according to Eq. (12.1). For the basic buck, boost, and buck-boost converters, the
slope variations are given by

Buck converter

ﬁll.—:———vg;v y=
Boost converter
9, 99, (12.61)
ﬁl[ = T ﬁ’lZ = L
Buck-boost converter
% .
e
It is assumed that m, does not vary: 7z, = M,. Substitution of Eq. (12.60) into Eq. (12.59) leads to
A ¢ - T, R RV N TYRY .
(1,41,0) =1+ 10)-MT[D+dw) (M, + i 0)D+d) ) - (M + (o)) - do) (12.62)
The first-order ac terms are
DT, DT, (12.63)

fL(t)=fc(t)—(MaTS+DM1TS—D'M2TS)J(t)— 5y (6) = 5 fglt)

With use of the equilibrium relationship DM, = D’M,, Eq. (12.63) can be further simplified:
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Table 12.2 Current programmed controller gains for basic converters

Converter Fg F,
2
2L 2L
Boost (2D B I)TS DVZTS
2L 2L
2 '
Buck-boost b, D ZTS
2L 2L
£ o DT, DPT (12.64)
B0 =10~ MO =5 i (0) == ()

Finally, solution for d(z) yields

. . . DT, D*T
A1) = 37 |0~ 1100~ =55 () = == gt (12.65)

This is the actual relationship that the current programmed controller follows, to determine d(z) as a func-
tion of fc(t), i (1), (1), and A(¢). Since the quantities /2, (¢), and 7i1,(¢) depend on ¥ (1) and (1), according
to Eq. (12.61), we can express Eq. (12.65) in the following form:

d(@)=F,|i () -1 ,(t) - F,9,() - Fvﬁ(t)} (12.66)

where F, = 1/MT,. Expressions for the gains F, and F,, for the basic buck, boost, and buck-boost con-
verters, are listed in Table 12.2. A functional block diagram of the current programmed controller, corre-
sponding to Eq. (12.66), is constructed in Fig. 12.24.

Current programmed converter models can now be obtained, by combining the controller block

Fig. 12.24 Functional block diagram of the current
programmed controller.

>

<
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diagram of Fig. 12.24 with the averaged converter models derived in Chapter 7. Figure 12.25 illustrates
the CPM converter models obtained by combination of Fig. 12.24 with the buck, boost, and buck-boost
models of Fig. 7.17. For each converter, the current programmed controller contains effective feedback
of the inductor current f,(#) and the output voltage (z), as well as effective feedforward of the input volt-
age fzg(t).

12.3.2 Solution of the CPM Transfer Functions

Next, let us solve the models of Fig. 12.25, to determine more accurate expressions for the control-to-
output and line-to-output transfer functions of current-programmed buck, boost, and buck-boost convert-
ers. As discussed in Chapter 8, the converter output voltage ¥ can be expressed as a function of the duty-
cycle d and input voltage ¥, variations, using the transfer functions G, (s) and G, (s):

0(5) = G (5)d(s) + G g(5)P,(s) (12.67)

In a similar manner, the inductor current variation 7 can be expressed as a function of the duty-cycle d
and input voltage Gg variations, by defining the transfer functions G, (s) and Gig(s):

11(8) = Gif)d(s) + Gifs)9 (s) (12.68)

where the transfer functions G,(s) and G, (s) are given by:

(a) Buck

o,

T

Fm
¢ Jln
> F, >0+ Ll
lL‘

Fig. 12.25 More accurate models of current-programmed converters: (a) buck, (b) boost, (c) buck-boost.

<>
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(b) Boost
J\ L vd(t)

G

og(t)Cj) %“E 1diry C== ) RS

E

(c) Buck-boost

og(t)c) 1&(:)() %\é | : ()I‘i(’) %C 0 R%

A4
o
A 4

Fig. 12.25 Continued.
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CPM v Converter transfer functions
controller N
model F, > Cuals) o
1%
4 ¢ A G =
i, d
g E, > G4(5)
1
F,
= »{ G,(5) ) .
L
Q=
ol G.
; > G, ()

Fig. 12.26 Block diagram that models the current-programmed converters of Fig. 12.25.

_ 71(s)
Gd= G|
g)=0 (12.69)
F(s)
Gls) = -5
! vg(s) ds)=0

Figure 12.26 illustrates replacement of the converter circuit models of Fig. 12.25 with block diagrams
that correspond to Egs. (12.67) and (12.68).

The control-to-output and line-to-output transfer functions can now be found, by manipulation
of the block diagram of Fig. 12.26, or by algebraic elimination of d and 7, from Eqs. (12.66), (12.67), and
(12.68), and solution for ¥. Substitution of Eq. (12.68) into Eq. (12.66) and solution for d leads to
j:J"—[f —(G. +F)13 -Fo] (12.70)

(14F,G, )L © V8 o

By substituting this expression into Eq. (12.67), one obtains

. FG. s N .
v_m{zc—(qgwg)vg-m +G,0, (12.71)
Solution of this equation for ¥ leads to the desired result:
. Fvad Gvg - EanGvd + Fm(Gngid - GigGvd) o (1272)

¢ g

L+ By G+ FG,)

Therefore, the current-programmed control-to-output transfer function is
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Go(s) = 2 S VR 12.73)
1(s) §49)=0 L+ Fm(Gid + Fvad)
The current-programmed line-to-output transfer function is
G #(s) _ Gvg - FmFgGvd + Fm(Gngid - GigGvd) (1274)

e (S ) == =
vg-cpm i
S(s) fp(.\') =0 1+1 m( Gid ! VG vd)

Equations (12.73) and (12.74) are general expressions for the important transfer functions of single-
inductor current-programmed converters operating in the continuous conduction mode.

12.3.3 Discussion

The controller model of Eq. (12.66) and Fig. 12.24 accounts for the differences between i, and i, that
arise by two mechanisms: the inductor current ripple and the artificial ramp. The inductor current ripple
causes the peak and average values of the inductor current to differ; this leads to a deviation between the
average inductor current and i. Since the magnitude of the inductor current ripple is a function of the
converter input and capacitor voltages, this mechanism introduces ¥, and $ dependencies into the control-
ler small-signal block diagram. Thus, the F, and F, gain blocks of Fig. 12.24 model the small-signal
effects of the inductor current ripple. For operation deep in continuous conduction mode (2L/RT, > 1),
the inductor current ripple is small. The F, and F, gain blocks can then be ignored, and the inductor cur-
rent ripple has negligible effect on the current programmed controller gain.

The artificial ramp also causes the average inductor current to differ from #,. This is modeled by
the gain block F,, which depends inversely on the artificial ramp slope M,. With no artificial ramp,

m?

M, =0 and F,, tends to infinity. The current-programmed control systems of Fig. 12.25 then effectively

have infinite loop gain. Since the duty cycle d is finite, the signal at the input to the F, block (d/F,) must
tend to zero. The block diagram then predicts that

=0=7,-i,~F0,~Fp (12.75)

;1’&)

In the case of negligible inductor current ripple (F, > 0 and F, — 0), this equation further reduces to
0=f.-1, (12.76)

This coincides with the simple approximation employed in Section 12.2. Hence, the transfer functions
predicted in this section reduce to the results of Section 12.2 when there is no artificial ramp and negligi-
ble inductor current ripple. In the limit when F,, — oo, F, — 0, and F, — 0, the control-to-output transfer
function (12.73) reduces to

H _ Gvd
i Gl =5, (12.77)

Fg—>0

F,—=0

and the line-to-output transfer function reduces to
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lim G (S) _ Gngid - GigGvd
Fpy—oe  VBCPM Gid

Fg -0

F,—0

(12.78)

It can be verified that Egs. (12.77) and (12.78) are equivalent to the transfer functions derived in Section
12.2,

When an artificial ramp is present, then the gain F,, is reduced to a finite value. The current-pro-
grammed controller no longer perfectly regulates the inductor current i;, and the terms on the right-hand
side of Eq. (12.75) do not add to zero. In the extreme case of a very large artificial ramp (large M, and
hence small F, ), the current-programmed controller degenerates to duty-cycle control. The artificial
ramp and analog comparator of Fig. 12.8 then function as a pulse-width modulator similar to Fig. 7.63,
with small-signal gain F,,. For small F, and for F, = 0, F, = 0, the control-to-output transfer function
(12.73) reduces to

lim G,(s)=F,G,/s)
small 7, d (1279)

F,—0
Fyg—0

which coincides with conventional duty cycle control. Likewise, Eq. (12.74) reduces to

lim G,,..()=G,
Fp = s € (1280)

Fg—)O

F,—0

which is the line-to-output transfer function for conventional duty cycle control.
12.3.4 Current-Programmed Transfer Functions of the CCM Buck Converter

The control-to-output transfer function G,,(s) and line-to-output transfer function G,,(s) of the CCM
buck converter with duty cycle control are tabulated in Chapter 8, by analysis of the equivalent circuit
model in Fig. 7.17(a). The results are:

_V_1
CudS) =5 Zon(s) (12.81)
N = 1
G8)=D gty (12.82)
where the denominator polynomial is
den(s)=1+s % +52LC (12.83)

The inductor current transfer functions G, (s) and Gig(s) defined by Egs. (12.68) and (12.69) are also
found by solution of the equivalent circuit model in Fig. 7.17(a), with the following results:

_y (1+3rC) (12.84)
G (s)= DR W
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D (1 +$RC)

DV "7 (12.85)
R den(s)

G (s) =

where den(s) is again given by Eq. (12.83).
With no artificial ramp and negligible ripple, the control-to-output transfer function reduces to
the ideal expression (12.77). Substitution of Eqgs. (12.81) and (12.84) yields

H — Gvd(s) — R
. Gl =5 ) = T+ skC (12.86)
Fg -0
F, -0

Under the same conditions, the line-to-output transfer function reduces to the ideal expression (12.78).
Substitution of Eqs. (12.81) to (12.85) leads to

. G ()G iy(8) = G, ()G i(5)
_ g i Vi ig _
F::Tw Gvg—cpm(s) - Gid(s) =0
Fg —0
F,—0

(12.87)

Equations (12.86) and (12.87) coincide with the expressions derived in Section 12.2 for the CCM buck
converter.

For arbitrary F,, F, and F, the control-to-output transfer function is given by Eq. (12.73). Sub-
stitution of Egs. (12.81) to (12.85) into Eq. (12.73) yields

FIY L
F.G. ™ D den(s)
Guls) = Y P (12.88)
+m[ id+vvd] Lo p [V LesRCY g [V _1
™ DR den(s) Y1 D den(s)
Simplification leads to
1%
Fm_—
G, s) = —D ; (12.89)
den(s) + e (1 +sRC) + F, F, 5
Finally, the control-to-output transfer function can be written in the following normalized form:
Gd)
G,ds)= (5 (s (12.90)
Qcmc (DC
where
_V Ey
Go=p5 AN (12.91)
*DRY D
_ 1 F.V VY (12.92)
wc-ﬁ 1+ PR D
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1+ F;,IV + FmFVV

0.=R \f—g— DR D (12.93)

A
*T DL

In the above equations, the salient features G, 0, and Q, are expressed as the duty-ratio-control value,
multiplied by a factor that accounts for the effects of current-programmed control.

It can be seen from Eq. (12.93) that current programming tends to reduce the Q-factor of the
poles. For large F,, O, varies as Fm‘”z; consequently, the poles become real and well-separated in mag-

nitude. The low-Q approximation of Section 8.1.7 then predicts that the low-frequency pole becomes

4 Y

1 F‘l” V FIHFV V
*DRTTD

_R (12.94)
w. =
Qc 4 L . R CF,"V
DL
For large F,, and small F,, this expression can be further approximated as
(12.95)

ol
0o~ ge

which coincides with the low-frequency pole predicted by the simple model of Section 12.2. The low-Q
approximation also predicts that the high-frequency pole becomes

O, _ 1 RCF,V 12.96
QC_RC( tDL (12.96)

For large F,,, this expression can be further approximated as

%:FD,,_,Z’% DMMZ (12.97)

The high-frequency pole is typically predicted to lie near to or greater than the switching frequency f,. It
should be pointed out that the converter switching and modulator sampling processes lead to discrete-
time phenomena that affect the high-frequency behavior of the converter, and that are not predicted by
the continuous-time averaged analysis employed here. Hence, the averaged model is valid only at fre-
quencies sufficiently less than one-half of the switching frequency.

For arbitrary F,, F,, and F o the current-programmed line-to-output transfer function G, g_cpm(s)
is given by Eq. (12.74). This equation is most easily evaluated by first finding the ideal transfer function,
Eq. (12.78), and then using the result to simplify Eq. (12.74). In the case of the buck converter, Eq.
(12.87) shows that the quantity (Gngi .~ G, dGl.g) is equal to zero. Hence, Eq. (12.74) becomes
G, —F,F,G,+F,{0)

vg-cpm(S) = (12.98)
E 14 F,(Gy+ F,G,)

G

Substitution of Egs. (12.81) to (12.85) into Eq. (12.98) yields
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_D _ v_i
den(s) s T Tente)

Gogecpmil8) = (12.99)
L+p |V 1+sRC gV _1
" DR den(s) V' D den(s)
Simplification leads to
\%
D-F F ~
_ ( " gD) (12.100)
Gvg-cpm(s) - FV 17
den(s) + e (1+3RC) + F,F, 5

Finally, the current-programmed line-to-output transfer function can be written in the following normal-
ized form:

Gy
Ggepn(s) = To o (5] (12.101)
0., * (o)
where
FEV M,
- l—n7
G =D D “ (12.102)

80 - 1 F;H V FIIIFV V - 1 F’llV 'IlFVV
*DRY D *DRYTD

The quantities Q, and ®,_ are given by Eqs. (12.92) and (12.93).

Equation (12.102) shows how current programming reduces the dc gain of the buck converter
line-to-output transfer function. For duty cycle control (F,, — 0), Gg() is equal to D. Nonzero values of F,
reduce the numerator and increase the denominator of Eq. (12.102), which tends to reduce G . We have
already seen that, in the ideal case (F,, = o, F, = 0, F, = 0), G, becomes zero. Equation (12.102)
reveals that nonideal current-programmed buck converters can also exhibit zero G, if the artificial ramp
slope M, is chosen equal to 0.5M,. The current programmed controller then prevents input line voltage
variations from reaching the output. The mechanism that leads to this result is the effective feedforward
of v, inherent in the current programmed controller via the F, 9, term in Eq. (12.66). It can be seen from
Fig. 12.26 that, when F,F, G, (s) = G,(s), then the feedforward path from ¥, through F, induces varia-
tions in the output ¥ that exactly cancel the ¥ -induced variations in the direct forward path of the con-
verter through Gvg(s). This cancellation occurs in the buck converter when M, = 0.5M,.

12.3.5 Results for Basic Converters

The transfer functions of the basic buck, boost, and buck-boost converters with current-programmed con-
trol are summarized in Tables 12.3 to 12.5. Control-to-output and line-to-output transfer functions for
both the simple model of Section 12.2 and the more accurate model derived in this section are listed. For
completeness, the transfer functions for duty cycle control are included. In each case, the salient features
are expressed as the corresponding quantity with duty cycle control, multiplied by a factor that accounts
for current-programmed control.
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Table 12.3 Summary of results for the CPM buck converter

Simple model

Duty cycle controlled gains

v__R _V_1 1 +sRC
T = T#sRC Gul9) = den(s) Gif) = g den(s)
b - D 1 +sRC
5,0 )= D Zonsy den(s) Gl =R "den(s)
den(s)=1+s % +82LC
More accurate model
5 F
oG )=Gy—— L Go=¥Y_ By
2 ve' o s s 2 0 D
le 1+Q£U-)C+(WC) ( ILV Fva )
F v FFV
— 1 Fmv FvaV D
u)c_—m 1+——DR+ D R«/ RCFV
T+ =7,
( . FmFgV)
- 1 D?
‘jl = Vg cpm(s) G Gp=D
8

L+ ot (3

0 LBV RV
DR*D

Table 12.4 Summary of results for the CPM boost converter

Simple model Duty cycle controlled gains
L L
1 1og—2— RC
? D‘R( SD'ZR) G ()_V( D'ZR) )= (1” 2)
oz (1 " s&) IS D den(s) Gl = B ety
2
vo_1 1 Gul=L L _ G.5)= (1+sRC)
b (1 . SE) = D' dens) W= 5o g
2
den(s)=1+sB%E+xzég
More accurate model
5 } F,
2 -G,(9)=6, ( Go= At
o 0148 +(mi)z D RV RV
0,0, B L+ R
1 ZFWV FvaV
D 25,V F,FV e /C DR
W, =—F=4+/ 1+ + =DR\/+F
<=VIE DR D L (1+ FV _F,F, V)
L D'
s F.V
5 ( ) G (1 + ('O_gz) o ! m D' R
e cpht s T e 7 o2 Bl e E——
9, = Cower l+ 55 *(w%)z oD L 2R FvaV)
cre D'ZR D
1-F,F,V+ F’,"zv
DV3R D'“R
M, = s e
8 L F.FV

m'g
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Table 12.5 Summary of results for the CPM buck—boost converter

Simple model Duty cycle controlled gains
_RC
_s-DL _s DL
o DR (1 SD'zR) G 5= M(l SD'ZR) G()__|V|(1+D) (“D)
i (14D) (14 RC =T DD T den(s) @ =" pDR den(s)
5T+D
o p? . D1 _L(1+sRC)
TR, K Gl =" D Gen Gl = pag den
‘T+D
den(s) = D‘IER D7
More accurate model
(l—s D2L
A ¢ vV
*Lvac(s):Gd)'*"ﬂ_g GL0=~IED’“' Fm
1 R R
¢ chc ((DC) 1 F"'l Vl(l + D) F'"FVI VI
" Dp%R DD
L EIVII+D]_ER]Y]
oD /14 EVI(1+D) FF|V] 0.-DR./C DD’R DD’
3 ] ¢
R bR DD g RIVIRC  FA|V]
1+ —pL D
; e R|v|_RE]V
AL (S) G g— G,o=~Q, o™i mty )
[ vgcpm 5 g D DuZR D2
! L gl (o)
. DR | FV] EEJV
*T|VILF,F, DR D’

The two poles of the line-to-output transfer functions G,, . and control-to-output transfer
functions G, of all three converters typically exhibit low Q-factors in CPM. The low-Q approximation
can be applied, as in Eqs. (12.94) to (12.97), to find the low-frequency pole. The line-to-output transfer
functions of the boost and buck—boost converters exhibit two poles and one zero, with substantial dc
gain.

12.3.6 Quantitative Effects of Current-Programmed Control
on the Converter Transfer Functions

The frequency responses of a CCM buck converter, operating with current-programmed control and with
duty cycle control, are compared in Appendix B, Section B.3.2. The buck converter of Fig. B.25 was
simulated as described in Appendix B, and the resulting plots are reproduced here.

The magnitude and phase of the control-to-output transfer functions are illustrated in Fig.
12.27. It can be seen that, for duty cycle control, the transfer function G,,(s) exhibits a resonant two-pole
response. The substantial damping introduced by current-programmed control leads to essentially a sin-
gle-pole response in the current-programmed control-to-output transfer function G, (s). A second pole
appears in the vicinity of 100 kHz, which is near the 200 kHz switching frequency. Because of this effec-
tive single-pole response, it is relatively easy to design a controller that exhibits a well-behaved response,
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Fig. 12.27 Comparison of CPM control with duty-cycle control, for the control-to-output frequency response of
the buck converter example.
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NG Duty cycle control
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-40 dB I

+ Current programmed mode
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f

Fig. 12.28 Comparison of CPM control with duty-cycle control, for the line-to-output frequency response of the
buck converter example.

having ample phase margin over a wide range of operating points. Proportional-plus-integral (PI) con-
trollers are commonly used in current-programmed regulators.

The line-to-output transfer functions of the same example are compared in Fig. 12.28. The line-
to-output transfer function G, (s) for duty-cycle control is characterized by a dc asymptote approxi-
mately equal to the duty cycle D = 0.676. Resonant poles occur at the corner frequency of the L-C filter.
The line-to-output transfer function G geom() with current-programmed control is significantly reduced,
and exhibits more than 30 dB of additional attenuation over the frequencies of interest. It should again be
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20 dBQ T
I Z,,. 1
odpq | Current programmed mode
v (£) = constant

Duty cycle control
d(t) = constant

-20dBQ T

-40 dBQ ¢ t + —+

10 Hz 100 Hz 1kHz 10 kHz 100 kHz
f

Fig. 12.29 Comparison of CPM control with duty-cycle control, for the output impedance of the buck converter
example.
noted that the transfer function G, ,,,.(5) in Fig. 12.28 cannot be predicted by the simple models of Sec-
tion 12.2; the more accurate model of Section 12.3 must be employed.

The effect of current-programmed control on the converter output impedance is illustrated in
Fig. 12.29. The output impedance plotted in the figure includes the load resistance of 10 Q. For duty-
cycle control, the dc asymptote of the output impedance is dominated by the inductor winding resistance
of 0.05 Q. The inductor becomes significant in the vicinity of 200 Hz. Above the resonant frequency of
the output filter, the output impedance is dominated by the output filter capacitor. For current-pro-
grammed control, the simple model of Section 12.2 predicts that the inductor branch of the circuit is
driven by a current source; this effectively removes the influence of the inductor on the output imped-
ance. The plot of Fig. 12.29 was generated using the more accurate model of this section; nonetheless,
the output impedance is accurately predicted by the simple model. The dc asymptote is dominated by the
load resistance, and the high-frequency asymptote follows the impedance of the output filter capacitor. It
can be seen that current programming substantially increases the converter output impedance.

124  DISCONTINUOUS CONDUCTION MODE

Current-programmed converters operating in the discontinuous conduction mode can be described using
the averaged switch modeling approaches of Sections 12.3 and 11.1. It is found in this section that the
average transistor voltage and current follow a power sink characteristic, while the average diode voltage
and current obey a power source characteristic. Perturbation and linearization of these characteristics
leads to a small-signal equivalent circuit that models CPM DCM converters. The basic DCM CPM buck,
boost, and buck—boost converters essentially exhibit single-pole transfer functions: the second pole and
the right half-plane zero appear at frequencies near to or greater than the switching frequency, owing to
the small value of L in DCM.

A DCM CPM buck-boost converter example is analyzed here. However, Egs. (12.103) to
(12.120) are written in general form, and apply equally well to DCM CPM buck and boost converters.
The schematic of a buck-boost converter is illustrated in Fig. 12.30. The terminal waveforms of the
switch network are defined as shown: v (#) and 7,(#) are the transistor waveforms, while v,(r) and i,(¢) are
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. Switch network .
. ll(t) lz(t)
Fig. 1230 Current-programmed DCM > <

buck-boost converter example. + i -
+
wo! Pl 7,0
v (0 (f) - T D=C RS

L
10

the diode waveforms. Figure 12.31 illustrates typical DCM waveforms, for current-programmed control
with an artificial ramp having slope — m,. The inductor current is zero at the beginning of each switching
period. By solution of the transistor conduction subinterval, the programmed current i, can be related to
the transistor duty cycle 4, by:

zc=tpk+mad1T_v

(12.103)
= (ml + ma)leS
Solution for d| leads to
dn= 0 (12.104)
(ml + ma)Ts

The average transistor current is found by integrating the 7,(r) waveform of Fig. 12.31 over one switching
period:

1 [e+7g
(il(t))n=~T~f[ iﬂ)dr:% (12.105)

The total area ¢, is equal to one-half of the peak current i, multiplied by the subinterval length 4.
Hence,

(10); =50 \) (12.106)
Elimination of i, and d,, to express the average transistor current as a function of i, leads to
L2
3 Li Cf;.

N
(n(®),. ( 1+ %)

(i) = (12.107)

1
Finally, Eq. (12.107) can be rearranged to obtain the averaged switch network input port relationship:

L Li%f,
<i1(f)>7-s <V1(t)>TA_ = W = <P(I)>TS (12.108)
+Ma

my
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Thus, the average transistor waveforms obey a power sink
characteristic. When m, = 0, then the average power
(p(t))Ts is a function only of L, i, and f,. The presence of
the artificial ramp causes (p(t))TS to additionally depend
on the converter voltages, via m,.

The power sink characteristic can also be
explained via inductor energy arguments. During the first
subinterval, the inductor current increases from 0 to i . In
the process, the inductor stores the following energy:

_ 1y .
W=sLi% (12.109)
The energy W is transferred from the power input v,,
through the switch network input port, to the inductor,
once per switching period. This energy transfer process
accounts for the power flow

<p(t)>TS=Wf:v=%Li]27kj; (12.110)
The switch network input port, that is, the transistor ter-
minals, can therefore be modeled by a power sink ele-
ment, as in Fig. 12.32.

The average switch network output port current,
that is, the average diode current, is

1 e+ 7
<i2(t)>Ts =7 ft i(tydt= % (12.111)

By inspection of Fig. 12.31, the area g, is given by

qy=4iyd,T, (12.112)
The duty cycle d, is determined by the time required for
the inductor current to return to zero, during the second
subinterval. By arguments similar to those used to derive
Eq. (11.12), the duty cycle d, can be found as follows:

<V1(1)>TA_
(vZ(t)> T,

dy(t) = d (1)
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Fig. 12.31 Waveforms, CPM DCM buck—boost
example.

(12.113)

Substitution of Eqgs. (12.113), (12.112), and (12.110) into Eq. (12.111) yields

(p),

<i2(t)>TI = <

s

Vz(t)> T,

(12.114)

The output port of the averaged switch network is therefore described by the relationship
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Fig. 12.32 CPM DCM buck-boost converter model, derived via averaged switch modeling.

SLA0 S,
(i:0), (m®), = W = (p@),. (12.115)
) 1+2

my

In the averaged model, the diode can be replaced by a power source of value (p(z) )T5 , equal to the power
apparently consumed at the switch network input port. During the second subinterval, the inductor
releases all of its stored energy through the diode, to the converter output. This results in an average
power flow of value (p(?)),.

A CPM DCM buck-boost averaged model is therefore as given in Fig. 12.32. In this model, the
transistor is simply replaced by a power sink of value {(p(r) )TX , while the diode is replaced by a power
source also of value (p()),..

The steady-state equivalent circuit model of the CPM DCM buck-boost converter is obtained by
letting the inductor and capacitor tend to short- and open-circuits, respectively. The model of Fig. 12.33
is obtained. The steady-state output voltage V can now be determined by equating the dc load power to
the converter average power ( P(’»n- For a resistive load, one obtains

ij:P (12.116)

where the steady state value of (p(f)),, is given by

SLIXD,
P=——75 (12.117)

M\
(1+M1)

and where I_is the steady-state value of the control input Z (). Solution for V yields the following result

Fig. 12.33 Steady-state model of the CPM DCM P
<

buck-boost converter.
v, (* ¢
g — A
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(a) L
||> <LI LI N
Fig. 12.34 Averaged models <Vg(t)>7Y (t) <p (t)>TS C=— R s <v(t)>Ts
of current-programmed DCM '
converters: (a) buck, (b) boost. 3

(b) L

(12.118)

for the case of a resistive load.

Averaged models of the DCM CPM buck, boost, and other converters can be found in a similar
manner. In each case, the average transistor waveforms are shown to follow a power sink characteristic,
while the average diode waveforms follow a power source characteristic. The resulting equivalent cir-
cuits of the CPM DCM buck and boost converters are illustrated in Fig. 12.34. In each case, the average
power is given by

Table 12.6 Steady-state DCM current-programmed characteristics of basic converters

Converter M L, Stability range when m, =0
Buck Puoaa =P s(1o-Mm,T,) 0<M<?2
P load
Boost Prowa (Ic - % maTs) 0<D<1
Pioaa =P e
2M

Depends on load characteristic: (1 = M maTS)

Buck-boost
P load = p
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Fig. 1235 Small-signal models of DCM CPM converters, derived by perturbation and linearization of Figs.
12.32 and 12.34: (a) buck, (b) boost, (c) buck—boost.

SLXOS,

(PO); =72
e

(12.119)

1+
my

with m, defined as in Eq. (12.1).
Steady-state characteristics of the DCM CPM buck, boost, and buck—boost converters are sum-

marized in Table 12.6. In each case, the dc load power is P,,,, = VI and P is given by Eq. (12.117). The
conditions for operation of a current programmed converter in the discontinuous conduction mode can be

expressed as follows:
| ! l > | Icril
|I|<|I| forDCM

for CCM (12.120)

where I is the dc load current. The critical load current at the CCM-DCM boundary, I, is expressed as
a function of /, and the voltage conversion ratio M = V/V, in Table 12.6.
In the discontinuous conduction mode, the inductor current is zero at the beginning and end of
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Table 12.7 Current programmed DCM small-signal equivalent circuit parameters: input port

Converter 81 A n
[1-5) 15
o (A I _pfl=m) U
Buck R(l—M) m 2T R g
1+‘},ﬁT _m_l
R
1M 2L 2[2-M |, 2mym,
Boost R(M—l) 1 M(M—l ! T,
*m,;
m
I -R (1+m_;1)
Buck—boost 0 2= =
I, M m,
(-5

Table 12.8 Current programmed DCM small-signal equivalent circuit parameters: output port

Converter 82 fa r
m m
ey M —M) 1-M (1+—“)
Buck %(1M‘M)(ml( ] 23 R( | n’lnl
- m c a
(1+m—‘1‘) (1_2M+Wl)
1(_ M L M-1
Boost R(M—l) 2Ic R( W )
(ma)
Buck-boost 2y "™ 2& R
R 1+ M I,
+*m—;

each switching period. As a result, the current programmed controller does not exhibit the type of insta-
bility described in Section 12.1. The current programmed controllers of DCM boost and buck—boost con-
verters are stable for all duty cycles with no artificial ramp. However, the CPM DCM buck converter
exhibits a different type of low-frequency instability when M > 2/3 and m, = 0, that arises because the dc
output characteristic is nonlinear and can exhibit two equilibrium points when the converter drives a
resistive load. The stability range can be extended to 0 < D < 1 by addition of an artificial ramp having
slope m, > 0.086 m,, or by addition of output voltage feedback.

Small-signal models of DCM CPM converters can be derived by perturbation and linearization
of the averaged models of Figs. 12.32 and 12.34. The results are given in Fig. 12.35. Parameters of the
small-signal models are listed in Tables 12.7 and 12.8.

The CPM DCM small-signal models of Fig. 12.35 are quite similar to the respective small-sig-
nal models of DCM duty-ratio controlled converters illustrated in Figs. 11.15 and 11.17. The sole differ-
ences are the parameter expressions of Tables 12.7 and 12.8. Transfer functions can be determined in a
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87 D:I D;| 839, C) e & nlc=z

Fig. 12.36 Simplified small-signal model obtained by letting L become zero in Fig. 12.35 (a), (b), or (c).

similar manner. In particular, a simple approximate way to determine the low-frequency small-signal
transfer functions of the CPM DCM buck, boost, and buck-boost converters is to simply let the induc-
tance L tend to zero in the equivalent circuits of Fig. 12.35. This approximation is justified for frequen-
cies sufficiently less than the converter switching frequency, because in the discontinuous conduction
mode the value of L is small, and hence the pole and any RHP zero associated with L occur at frequen-
cies near to or greater than the switching frequency. For all three converters, the equivalent circuit of Fig.
12.36 is obtained.
Figure 12.36 predicts that the control-to-output transfer function G, (s) is

G)=~| = Gcos (12.121)
. by=0 1+w—p
with
Gyo= fz(R”"z)
1
@, = ot
*(Riry)C
The line-to-output transfer function is predicted to be
P G
Gys)=—| = o5 8 (12.122)
Vg ) +(.07

with

Ggo:gz(R””z)

If desired, more accurate expressions which account for inductor dynamics can be derived by solution of
the models of Fig. 12.35.

12.5 SUMMARY OF KEY POINTS

1. In current-programmed control, the peak switch current i(¢) follows the control input i (f). This widely
used control scheme has the advantage of a simpler control-to-output transfer function. The line-to-output
transfer functions of current-programmed buck converters are also reduced.
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The basic current-programmed controller is unstable when D > 0.5, regardless of the converter topology.
The controller can be stabilized by addition of an artificial ramp having slope m,,. When m,, > 0.5m,, then
the controller is stable for all duty cycles.

The behavior of current-programmed converters can be modeled in a simple and intuitive manner by the
first-order approximation (i L(t))TS = i (£). The averaged terminal waveforms of the switch network can then
be modeled simply by a current source of value i, in conjunction with a power sink or power source ele-
ment. Perturbation and linearization of these elements leads to the small-signal model. Alternatively, the
small-signal converter equations derived in Chapter 7 can be adapted to cover the current programmed
mode, using the simple approximation i, (r) = i (t).

The simple model predicts that one pole is eliminated from the converter line-to-output and control-to-out-
put transfer functions. Current programming does not alter the transfer function zeroes. The dc gains
become load-dependent.

The more accurate model of Section 12.3 correctly accounts for the difference between the average induc-
tor current i L(t»n and the control input i (#). This model predicts the nonzero line-to-output transfer func-
tion G, (s) of the buck converter. The current-programmed controller behavior is modeled by a block
diagram, which is appended to the small-signal converter models derived in Chapter 7. Analysis of the

resulting multiloop feedback system then leads to the relevant transfer functions.

The more accurate model predicts that the inductor pole occurs at the crossover frequency f, of the effec-
tive current feedback loop gain T(s). The frequency f, typically occurs in the vicinity of the converter
switching frequency f,. The more accurate model also predicts that the line-to-output transfer function
Gvg(s) of the buck converter is nulled when m, = 0.5m,.

Current programmed converters operating in the discontinuous conduction mode are modeled in Section
12.4. The averaged transistor waveforms can be modeled by a power sink, while the averaged diode wave-
forms are modeled by a power source. The power is controlled by i (£). Perturbation and linearization of
these averaged models, as usual, leads to small-signal equivalent circuits.
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PROBLEMS

12.1

12.2

A nonideal buck converter operates in the continuous conduction mode, with the values Vg =10V, f,=
100 kHz, L =4 pH, C =75 pF, and R = 0.25 2. The desired full-load output is 5 V at 20 A. The power
stage contains the following loss elements: MOSFET on-resistance R, = 0.1 €, Schottky diode forward
voltage drop V,, = 0.5 V, inductor winding resistance R; = 0.03 .

(a) Steady-state analysis: determine the converter steady-state duty cycle D, the inductor current
ripple slopes m; and m,, and the dimensionless parameter K = 2L/RT.

) Determine the small-signal equations for this converter, for duty cycle control.

A current-programmed controller is now implemented for this converter. An artificial ramp is used, hav-
ing a fixed slope M, = 0.5M,, where M, is the steady-state slope m, obtained with an output of 5V at 20
A

(c) Over what range of D is the current programmed controller stable? Is it stable at rated output?
Note that the nonidealities affect the stability boundary.

(d) Determine the control-to-output transfer function G, (s), using the simple approximation
(iL(t))TY = i (1). Give analytical expressions for the corner frequency and dc gain. Sketch the
Bode plot of G, (s).

Use the averaged switch modeling approach to model the CCM boost converter with current-pro-

grammed control:

(a) Define the switch network terminal quantities as in Fig. 7.46(a). With the assumption that
<iL(t)>n = i (¢t), determine expressions for the average values of the switch network terminal
waveforms, and hence derive the equivalent circuit of Fig. 12.18(a).
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12.5

12.6

12.7

Problems 483

(b) Perturb and linearize your model of part (a), to obtain the equivalent circuit of Fig. 12.22.

(©) Solve your model of part (b), to derive expressions for the control-to-output transfer function
G, (s) and the line-to-output transfer function G, (s). Express your results in standard normal-
ized form, and give analytical expressions for the corner frequencies and dc gains.

Use the averaged switch modeling approach to model the CCM Cuk converter with current-programmed
control. A Cuk converter is diagrammed in Fig. 2.20.

(a) It is desired to model the switch network with an i_ current source and a dependent power source
or sink, using the approach of Section 12.2.2. How should the switch network terminal voltages
and currents be defined?

(b) Sketch the switch network terminal voltage and current waveforms. With the assumption that
(il(t))n_ - (iz(t))rx = i (1) (where i; and i, are the inductor currents defined in Fig. 2.20), deter-
mine expressions for the average values of the switch network terminal waveforms, and hence
derive an equivalent circuit similar to the equivalent circuits of Fig. 12.18.

(¢) Perturb and linearize your model of part (b), to obtain a small signal equivalent circuit similar to
the model of Fig. 12.19. It is not necessary to solve your model.

The full-bridge converter of Fig. 6.19(a) operates with V, =320V, and supplies 1000 W to a 42V resis-
tive load. Losses can be neglected, the duty cycle is 0.7, and the switching period T, defined in Fig. 6.20
is 10 psec. L =50 pH and C = 100 pF. A current-programmed controller is employed, whose waveforms
are referred to the secondary side of the transformer. In the following calculations, you may neglect the
transformer magnetizing current.

(a) What is the minimum artificial ramp slope m, that will stabilize the controller at the given oper-
ating point? Express your result in terms of m,.

(h) An artificial ramp having the slope m, = m, is employed. Sketch the Bode plot of the current
loop gain T(s), and label numerical values of the corner frequencies and dc gains. It is not neces-
sary to re-derive the analytical expression for 7;. Determine the crossover frequency f..

(c) For m, = m,, sketch the Bode plots of the control-to-output transfer function G, (s) and line-to-
output transfer function Gvg(s), and label numerical values of the corner frequencies and dc
gains. It is not necessary to re-derive analytical expressions for these transfer functions.

In a CCM current-programmed buck converter, it is desired to minimize the line-to-output transfer func-
tion Gvg(s) via the choice m, = 0.5m,. However, because of component tolerances, the value of induc-
tance L can vary by £10% from its nominal value of 100 pH. Hence, m,, is fixed in value while m, varies,
and m, = 0.5m, is obtained only at the nominal value of L. The switching frequency is 100 kHz, the out-
put voltage is 15V, the load current varies over the range 2 to 4 A, and the input voltage varies over the
range 22 to 32 V. You may neglect losses. Determine the worst-case (maximum) value of the line-to-out-

put dc gain Gvg(O).

The nonideal flyback converter of Fig. 7.18 employs current-programmed control, with artificial ramp
having slope m . MOSFET Q, exhibits on-resistance R . All current programmed controller waveforms
are referred to the transformer primary side.

on’

(a) Derive a block diagram which models the current-programmed controller, of form similar to Fig.
12.24. Give analytical expressions for the gains in your block diagram.

(b) Combine your result of part (a) with the converter small-signal model. Derive a new expression
for the control-to-output transfer function G, (s).

A buck converter operates with current-programmed control. The element values are:

V=120V D=06
R=10Q f,= 100 kHz
L=550 uH C =100 uF
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12.8

12.9

12.10

Current Programmed Control

An artificial ramp is employed, having slope 0.15 A/usec.

(a) Construct the magnitude and phase asymptotes of the control-to-output transfer function G, ,(s)
for duty-cycle control. On the same plot, construct the magnitude and phase asymptotes of the
control-to-output transfer function G, (s) for current-programmed control. Compare.

(b) Construct the magnitude asymptotes of the line-to-output transfer function Gvg(s) for duty-cycle
control. On the same plot, construct the magnitude asymptotes of the line-to-output transfer

function Gvg_cpm(s) for current-programmed control. Compare.

A buck-boost converter operates in the discontinuous conduction mode. Its current-programmed control-
ler has no compensating artificial ramp: m, = 0.

(a) Derive an expression for the control-to-output transfer function G, (s), using the approximation
L = 0. Give analytical expressions for the corner frequency and dc gain.

(b) Repeat part (a), with the inductor included. Show that, provided the inductor is sufficiently
small, then the inductor merely adds a high-frequency pole and zero to G, (s), and the low-fre-
quency pole derived in part (a) is essentially unchanged.

(c) At the CCM-DCM boundary, what is the minimum value of the RHP zero frequency?

A current-programmed boost converter interfaces a 3 V battery to a small portable 5 V load. The con-
verter operates in the discontinuous conduction mode, with constant transistor on-time ¢, and variable
off-time; the switching frequency can therefore vary and is used as the control variable. There is no arti-
ficial ramp, and the peak transistor current i, is equal to a fixed value / ; in practice, /_ is chosen to mini-
mize the total loss.

(a) Sketch the transistor and diode voltage and current waveforms. Determine expressions for the
waveform average values, and hence derive a large-signal averaged equivalent circuit for this
converter.

(b) Perturb and linearize your model of part (a), to obtain a small-signal equivalent circuit. Note that
the switching frequency f; should be perturbed.

(c) Solve your model of part (b), to derive an expression for the low-frequency control-to-output
transfer function Gvf(s) = D(s)/f(s). Express your results in standard normalized form, and give
analytical expressions for the corner frequencies and dc gains. You may assume that L is small.

A current-programmed boost converter is employed in a low-harmonic rectifier system, in which the
input voltage is a rectified sinusoid: vg(t) =V, | sin(®y) |. The dc output voltage is v(r) = V > V,,. The
capacitance C is large, such that the output voltage contains negligible ac variations. It is desired to con-
trol the converter such that the input current ig(t) is proportional to vg(t): ig(t) = vg(t)/R » where R, is a
constant, called the “emulated resistance.” The averaged boost converter model of Fig. 12.18(a) suggests
that this can be accomplished by simply letting i (¢) be proportional to vg(t), according to i (?) = vg(t)/Re.
You may make the simplifying assumption that the converter always operates in the continuous conduc-
tion mode.

(a) Solve the model of Fig. 12.18(a), subject to the assumptions listed above, to determine the
power {p(t) >7:y . Find the average value of {p(¢) >Ts , averaged over one cycle of the ac input v g(t)‘

(b) An artificial ramp is necessary to stabilize the current-programmed controller at some operating
points. What is the minimum value of m, that ensures stability at all operating points along the
input rectified sinusoid? Express your result as a function of V and L. Show your work.

(c) The artificial ramp and inductor current ripple cause the average input current to differ from i ().
Derive an algebraic expression for (i (1)), as a function of i (r) and other quantities such as m,,
vg(t), V, L, and T . For this part, you may assume that the inductor dynamics are negligible. Show
your work.

d) Substitute v, (1) = V, | sin(wr) | and i(f) = v, ()/R,, into your result of part (c), to determine an
expression for g(t). How does i g(t) differ from a rectified sinusoid?
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Fig. 12.37 Buck converter with charge controller, Problem 12.11.

Figure 12.37 shows a buck converter with a charge controller [14]. Operation of the charge controller is
similar to operation of the current-programmed controller. At the beginning of each switching period, at
time ¢ = 0, a short clock pulse sets the SR latch. The logic high signal at the Q output of the latch turns
the power MOSFET on. At the same time, the logic low signal at the O output of the latch turns the
switch §; off. Current K7 proportional to the power MOSFET current charges the capacitor C. At
t=dT,, the capacitor voltage v q(t) reaches the control input voltage Ryi,, the comparator output goes
high and resets the latch. The logic low signal at the Q output of the latch turns the power MOSFET off.
At the same time, the logic high signal at the O output of the latch turns the switch §, on, which quickly
discharges the capacitor C| to zero.

In this problem, the converter and controller parameters are: Vg =24V, f. = 1T = 100 kHz,
L=60uH, C=100uF,R=3Q, KT /C = Re=1 Q. You can assume that the converter operates in con-
tinuous conduction mode.

(a) Find expressions for the average values of the switch network terminal waveforms, and hence
derive a large-signal averaged switch model of the buck switch network with charge control. The
control input to the model is the control current .. The averaged switch model should consist of
a current source and a power source. The switch duty cycle d should not appear in the model.

b) Using the averaged switch model derived in part (a), find an expression for the quiescent output
voltage V as a function of Vg, I, and R. Given I = 2 A, find numerical values for V, I 1> 15, and the
duty cycle D. For this quiescent operating point, sketch the waveforms i((t), i,(2), and vq(t) dur-
ing one switching period.

(c) Perturb and linearize the averaged switch model from part (a) to derive a small-signal averaged
switch model for the buck switch network with charge control. Find analytical expressions for
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all parameter values in terms of the converter parameters and the quiescent operating conditions.
Sketch the complete small-signal model of the buck converter with the charge controller.

(d) Solve the model obtained in part (c) to find the control-to-output transfer function G, (s) = ﬁ/fc.
At the quiescent operating point found in part (b), construct the Bode plot for the magnitude of
G, and label all salient features of the magnitude response.

(e) Comment on advantages charge control may have compared to duty-cycle control or current-
programmed control.

12.12 Figure 12.38 shows a buck converter with a one-cycle controller [15]. Operation of the one-cycle con-
troller is similar to operation of the current-programmed controller. At the beginning of each switching
period, at time = 0, a short clock pulse sets the SR latch. The logic high signal at the Q output of the
latch turns the power MOSFET on. At the same time, the logic low signal at the O output of the latch
turns the switch S off. Current G v,(¢) proportional to the voltage v,(#) charges the capacitor C. At
t =dT, the capacitor voltage v(f) reaches the control input voltage v, the comparator output goes high
and resets the latch. The logic low signal at the Q output of the latch turns the power MOSFET off. At
the same time, the logic high signal at the Q output of the latch turns the switch S, on, which quickly
discharges the capacitor C, to zero.

In this problem, the converter and controller parameters are: Vg =24V, f. = UT, = 100 kHz,
L=60pH, C=100uF, R=3Q, GT,/C = 1.You can assume that the converter operates in the continu-
ous conduction mode.

(@) Find expressions for the average values of the switch network terminal waveforms, and hence
derive a large-signal averaged switch model of the buck switch network with one-cycle control.

The control input to the model is the control voltage v,. The switch duty cycle d should not

appear in the model.

! Switch network

0o | 0
l:; ! — TN

v EA

L-' ) Analog
[Tj —_ comparator

Fig. 12.38 Buck converter with one-cycle controller, Problem 12.12.
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Using the averaged switch model derived in part (a), find an expression for the quiescent output
voltage V as a function of V. Given V_ = 10V, find the numerical values for V, /,, I, and the duty
cycle D. For this quiescent operating point, sketch the waveforms ,(#), i,(f), and v(¢) during one
switching period.

Perturb and linearize the averaged switch model from part (a) to derive a small-signal averaged
switch model for the buck switch network with one-cycle control. Find analytical expressions
for all parameter values in terms of the converter parameters and the quiescent operating condi-
tions. Sketch the complete small-signal model of the buck converter with the one-cycle control-
ler.

Solve the model obtained in part (c) to find the control-to-output transfer function G, (s) = /¥,
and the line-to-output transfer function G, (s) = V/V,. For the quiescent operating point found in
part (b), sketch the magnitude Bode plots of these transfer functions, and label all salient fea-
tures.

Comment on advantages one-cycle control may have compared to duty-cycle control.
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13

Basic Magnetics Theory

Magnetics are an integral part of every switching converter. Often, the design of the magnetic devices
cannot be isolated from the converter design. The power electronics engineer must not only model and
design the converter, but must model and design the magnetics as well. Modeling and design of magnet-
ics for switching convertets is the topic of Part IlI of this book.

In this chapter, basic magnetics theory is reviewed, including magnetic circuits, inductor model-
ing, and transformer modeling [1-5]. Loss mechanisms in magnetic devices are described. Winding eddy
currents and the proximity effect, a significant loss mechanism in high-current high-frequency windings,
are explained in detail [6-11]. Inductor design is introduced in Chapter 14, and transformer désign is cov-
ered in Chapter 15.

13.1  REVIEW OF BASIC MAGNETICS

13.1.1 Basic Relationships

The basic magnetic quantities are illustrated in Fig. 13.1. Also illustrated are the analogous, and perhaps
more familiar, electrical quantities. The magnetomotive force &, or scalar potential, between two points
x, and x, is given by the integral of the magnetic field H along a path connecting the points:

xi:f”H-de (13.1)
X1

where d€ is a vector length element pointing in the direction of the path. The dot product yields the com-
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Magnetic quantities Electrical quantities
l+— Length { —! l+— Length { —!
Magnetic field H Electric field E
e e
X o———————poy, X o1,
—_— - J S —E——
. ™ T T -
MME Voltage =
G = HL V=E(

Surface §
with area A,

Surface §
with area A,

Total flux ¢ Total current [

Flux density B Current density J

Fig. 13.1 Comparison of magnetic field H, MMF ®, flux %, and flux density B, with the analogous electrical quan-
tities E, V, I, and J.

ponent of H in the direction of the path. If the magnetic field is of uniform strength H passing through an
element of length € as illustrated, then Eq. (13.1) reduces to

F=Ht (13.2)

This is analogous to the electric field of uniform strength E, which induces a voltage V = E¢ between two
points separated by distance .

Figure 13.1 also illustrates a total magnetic flux @ passing through a surface S having area A,.
The total flux @ is equal to the integral of the normal component of the flux density B over the surface

q>=f B-dA (13.3)

surface §

where dA is a vector area element having direction normal to the surface. For a uniform flux density of
magnitude B as illustrated, the integral reduces to

D=BA, (13.9)

Flux density B is analogous to the electrical current density J, and flux @ is analogous to the electric cur-
rent 1. If a uniform current density of magnitude J passes through a surface of area A, then the total cur-
rentis I=JA .

Faraday’s law relates the voltage induced in a winding to the total flux passing through the inte-
rior of the winding. Figure 13.2 illustrates flux ®(#) passing through the interior of a loop of wire. The
loop encloses cross-sectional area A,.. According to Faraday’s law, the flux induces a voltage v(¢) in the
wire, given by

dd(r) (13.5)
at

v(t) =

where the polarities of v(f) and ®(z) are defined according to the right-hand rule, as in Fig. 13.2. For a
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Area A,

Fig. 13.2 The voltage v(r) induced in a loop of wire is
related by Faraday’s law to the derivative of the total flux ®(z)
passing through the interior of the loop. Flux @(r)

v(t)
+
uniform flux distribution, we can express v(¢) in terms of the flux density B(r) by substitution of Eq.
(13.4):

dB(t
w(e) =Ac# (13.6)
Thus, the voltage induced in a winding is related to the flux @ and flux density B passing through the
interior of the winding.

Lenz’s law states that the voltage v(r) induced by the changing flux ®(#) in Fig. 13.2 is of the
polarity that tends to drive a current through the loop to counteract the flux change. For example, con-
sider the shorted loop of Fig. 13.3. The changing flux ®(¢) passing through the interior of the loop
induces a voltage v(f) around the loop. This voltage, divided by the impedance of the loop conductor,
leads to a current i(f) as illustrated. The current i(f) induces a flux ®’(¢), which tends to oppose the
changes in ®(f). Lenz’s law is invoked later in this chapter, to provide a qualitative understanding of eddy
current phenomena.

Ampere’s law relates the current in a winding to the magnetomotive force & and magnetic field
H. The net MMF around a closed path of length £, is equal to the total current passing through the inte-
rior of the path. For example, Fig. 13.4 illustrates a magnetic core, in which a wire carrying current i(¢)
passes through the window in the center of the core. Let us consider the closed path illustrated, which
follows the magnetic field lines around the interior of the core. Ampere’s law states that

Eﬁ H -d{f = total current passing through interior of path (13.7)

closed path

The total current passing through the interior of the path is equal to the total current passing through the

Induced current

Fig. 13.3 lllustration of Lenz’s law in a shorted loop of wire. The flux
®(z) induces current i(¢), which in turn generates flux @'(z) that tends to
oppose changes in O(7). Flux @(r)

Shorted
loop

Induced
flux @'(r)
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H
i(r)
Fig. 13.4 The net MMF around a closed = ) Magnetic path
path is related by Ampere’s law to the total b |+ length €
current passing through the interior of the '
path.

window in the center of the core, or i(?). If the magnetic field is uniform and of magnitude H(?), then the
integral is H(t){,,. So for the example of Fig. 13.4, Eq. (13.7) reduces to

F(t) = H),, = i(t) (13.8)

Thus, the magnetic field strength H(r) is related to the winding current i(f). We can view winding currents
as sources of MMF. Equation (13.8) states that the MMF around the core, (1) = H(#)¢,,, is equal to the
winding current MMF i(7). The total MMF around the closed loop, accounting for both MMFs, is zero.

The relationship between B and H, or equivalently between @ and 7, is determined by the core
material characteristics. Figure [3.5(a) illustrates the characteristics of free space, or air:

B=yH (13.9)

The quantity u, is the permeability of free space, and is equal to 47 - 1077 Henries per meter in MKS
units. Figure 13.5(b) illustrates the B—H characteristic of a typical iron alloy under high-level sinusoidal
steady-state excitation. The characteristic is highly nonlinear, and exhibits both hysteresis and saturation.
The exact shape of the characteristic is dependent on the excitation, and is difficult to predict for arbitrary
waveforms.

For purposes of analysis, the core material characteristic of Fig. 13.5(b) is usually modeled by
the linear or piecewise-linear characteristics of Fig. 13.6. In Fig. 13.6(a), hysteresis and saturation are
ignored. The B—H characteristic is then given by

(a) B4 (b) B!

N/

)

Fig. 13.5 B-H characteristics: (a) of free space or air, (b) of a typical magnetic core material.
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(@) B4 (b B

sat

M TRTH u

________________ -B

sat

Fig. 13.6 Approximation of the B~H characteristics of a magnetic core material: (a) by neglecting both hysteresis
and saturation, (b) by neglecting hysteresis.

B=uH
P-=P-ruo

(13.10)

The core material permeability pu can be expressed as the product of the relative permeability p, and of
- Typical values of , lie in the range 10° to 10°.

The piecewise-linear model of Fig. 13.6(b) accounts for saturation but not hysteresis. The core
material saturates when the magnitude of the flux density B exceeds the saturation flux density B, ,. For
| B| < B,,, the characteristic follows Eq. (13.10). When | B| > B, the model predicts that the core
reverts to free space, with a characteristic having a much smaller slope approximately equal to p,.
Square-loop materials exhibit this type of abrupt-saturation characteristic, and additionally have a very
large relative permeability p,. Soft materials exhibit a less abrupt saturation characteristic, in which g
gradually decreases as H is increased. Typical values of B, are 1 to 2 Tesla for iron laminations and sili-
con steel, 0.5 to 1 Tesla for powdered iron and molypermalloy materials, and 0.25 to 0.5 Tesla for ferrite
materials.

Unit systems for magnetic quantities are summarized in Table 13.1. The MKS system is used
throughout this book. The unrationalized cgs system also continues to find some use. Conversions
between these systems are listed.

Figure 13.7 summarizes the relationships between the basic electrical and magnetic quantities
of a magnetic device. The winding voltage v(¢) is related to the core flux and flux density via Faraday’s

Table 13.1  Units for magnetic quantities

Quantity MKS Unrationalized cgs Conversions
Core material equation B=pop H B=pH
B Tesla Gauss 1T=10"G
H Ampere/meter Oersted 1 A/m=4n-10" Oe
1 Wb = 108 Mx
[ Weber Maxwell LT = 1 Wh/m?
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Faraday’s law

v(t) -« » B(1), O()
Fig. 13.7 Summary of the steps in determina-
tion of the terminal electrical i—v characteristics Terminal Core
of a magnetic element. characteristics characteristics
i(f) < » H(O), F(t)

Ampere’s law

law. The winding current i(¢) is related to the magnetic field strength via Ampere’s law. The core material
characteristics relate B and H.

We can now determine the electrical terminal characteristics of the simple inductor of Fig.
13.8(a). A winding of » turns is placed on a core having permeability p. Faraday’s law states that the flux
@(r) inside the core induces a voltage v, . (7} in each turn of the winding, given by

turn

Vtum(t)= d‘i‘t(l‘) (1311)

Since the same flux ®(7) passes through each turn of the winding, the total winding voltage is

do() (13.12)
dt

V(1) = 1,(0) =1

Equation (13.12) can be expressed in terms of the average flux density B(f) by substitution of Eq. (13.4):

Wy =na, 250 (13.13)
(a)
()] i
i ( Core area
i(r) o -1~ r'\‘_
g N
o nsg N
v(1)
turns d b :
_ N Core
— b permeability
u
Fig. 13.8 Inductor example: (a) inductor core
geometry, (b) application of Ampere’s law.
(b) H
i(r)

Magnetic
n g P |1 path
turns length ¢

m

A
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where the average flux density B(¢) is ®(1)/A,..

The use of Ampere’s law is illustrated in Fig. 13.8(b). A closed path is chosen which follows an
average magnetic field line around the interior of the core. The length of this path is called the mean
magnetic path length £, . If the magnetic field strength H(¢) is uniform, then Ampere’s law states that HE,,
is equal to the total current passing through the interior of the path, that is, the net current passing
through the window in the center of the core. Since there are n turns of wire passing through the window,
each carrying current i(#), the net current passing through the window is ni(f). Hence, Ampere’s law
states that

H(t),, = ni(t) (13.14)

Let us model the core material characteristics by neglecting hysteresis but accounting for satu-
ration, as follows:

Bsal for H Z B.val/M
B={ uH for|H|<Byl/n (13.15)
-B,, forH<-B_/u

The B—H characteristic saturated slope p, is much smaller than p, and is ignored here. A characteristic
similar to Fig. 13.6(b) is obtained. The current magnitude I_, at the onset of saturation can be found by
substitution of H=B_ /u into Eq. (13.14). The result is

sat

7 = Bl (13.16)
sat ™ R

We can now eliminate B and H from Egs. (13.13) to (13.15), and solve for the electrical terminal charac-
teristics. For | I| <., B=pH. Equation (13.13) then becomes

sat?

o) = s 210 (13.17)

Substitution of Eq. (13.14) into Eq. (13.17) to eliminate H(¢) then leads to

_ WA, di(t) 13.18
0= (1318
which is of the form
7 ditt) 13.19
v =L (13.19)
with
L= WZZAC (13.20)

m

So the device behaves as an inductor for | 7] <1 ,,. When | | > ]
stant. Faraday’s law states that the terminal voltage is then

then the flux density B(r) = B, is con-

at?
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V(f) = I’lAE dg;‘at =0 (1321)

When the core saturates, the magnetic device behavior approaches a short circuit. The device behaves as

an inductor only when the winding current magnitude is less than I . Practical inductors exhibit some

small residual inductance due to their nonzero saturated permeabilities; nonetheless, in saturation the
inductor impedance is greatly reduced, and large inductor currents may result.

13.1.2 Magnetic Circuits

Figure 13.9(a) illustrates uniform flux and magnetic field inside a element having permeability u, length
€, and cross-sectional area A, . The MMF between the two ends of the element is

F=Hl (13.22)

Since H = Bly and B = ®/A _, we can express 7 as

G = ufh @ (13.23)
This equation is of the form
T=dR (13.24)
with
R = uf&c (13.25)

Equation (13.24) resembles Ohm’s law. This equation states that the magnetic flux through an element is
proportional to the MMF across the element. The constant of proportionality, or the reluctance £, is
analogous to the resistance R of an electrical conductor. Indeed, we can construct a lumped-element
magnetic circuit model that corresponds to Eq. (13.24), as in Fig. 13.9(b). In this magnetic circuit model,
voltage and current are replaced by MMF and flux, while the element characteristic, Eq. (13.24), is rep-
resented by the analog of a resistor, having reluctance 2.

Complicated magnetic structures, composed of multiple windings and multiple heterogeneous

(@) <— Length (—> (®)

++«— MMF % —» _ Area

Flux ﬂ d A
[4)]) L

8 4
vy !
_\:.:'

— Core permeability u
> 4

Fig. 13.9 An element containing magnetic flux (a), and its equivalent magnetic circuit (b).
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@) Node (b) Node @ =0,+®,
/
, / @, @, @,
— —_— P >
@, l D,

Fig. 13.10 Kirchoff’s current law, applied to magnetic circuits: the net flux entering a node must be zero: (a) phys-
ical element, in which three legs of a core meet at a node; (b) magnetic circuit model.

elements such as cores and air gaps, can be represented using equivalent magnetic circuits. These mag-
netic circuits can then be solved using conventional circuit analysis, to determine the various fluxes,
MMFs, and terminal voltages and currents. Kirchoff’s laws apply to magnetic circuits, and follow
directly from Maxwell’s cquations. The analog of Kirchoff’s current law holds because the divergence of
B is zero, and hence magnetic flux lines are continuous and cannot end. Therefore, any flux line that
enters a node must leave the node. As illustrated in Fig. 13.10, the total flux entering a node must be zero.
The analog of Kirchoff’s voltage law follows from Ampere’s law, Eq. (13.7). The left-hand-side integral
in Eq. (13.7) is the sum of the MMFs across the reluctances around the closed path. The right-hand-side
of Eq. (13.7) states that currents in windings are sources of MMF. An r-turn winding carrying current i(z)
can be modeled as an MMF source, analogous to a voltage source, of value ni(f). When these MMF
sources are included, the total MMF around a closed path is zero.

Consider the inductor with air gap of Fig. 13.11(a). A closed path following the magnetic field
lines is illustrated. This path passes through the core, of permeability p and length £, and across the air
gap, of permeability p1, and length £ . The cross-sectional areas of the core and air gap are approximately
equal. Application of Ampere’s law for this path leads to

T+ FTy=ni (13.26)
where #_and , are the MMF's across the core and air gap, respectively. The core and air gap character-

istics can be modeled by reluctances as in Fig. 13.9 and Eq. (13.25); the core reluctance #£, and air gap
reluctance & o ATC given by

(@) Core ®)
permeability p T
+ ¢ -
O
. | Cross-sectional &,
i(0) <] area 4,
+ N +

n D
V() turns : b __L Air gap © o ; P
- N T ni ®) S#,
;___/\\\ Magnetic path -

length €,

Fig. 13.11 Inductor with air gap example: (a) physical geometry, (b) magnetic circuit model.
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¢
R =

KA, (13.27)
= ts

vy

A magnetic circuit corresponding to Egs. (13.26) and (13.27) is given in Fig. 13.11(b). The winding is a
source of MMEF, of value ri. The core and air gap reluctances are effectively in series. The solution of the
magnetic circuit is

c

ni=®(2 +R,) (13.28)
The flux ®(f) passes through the winding, and so we can use Faraday’s law to write

wty=n ———dcgt(t) (13.29)

Use of Eq. (13.28) to eliminate ®(r) yields

___n* din 13.30
MO= G v, (1330

Therefore, the inductance L is

L=-—-1" (13.31)

The air gap increases the total reluctance of the magnetic circuit, and decreases the inductance.

Air gaps are employed in practical inductors for two reasons. With no air gap (F/L’g = 0), the
inductance is directly proportional to the core permeability u. This quantity is dependent on temperature
and operating point, and is difficult to control. Hence, it may be difficult to construct an inductor having
a well-controlled value of L. Addition of an air gap having a reluctance %’g greater than 22, causes the
value of L in Eq. (13.31) to be insensitive to variations in .

Addition of an air gap also allows the inductor to operate at higher values of winding current i(#)
without saturation. The total flux ® is plotted vs. the winding MMF ni in Fig. 13.12. Since @ is propor-
tional to B, and when the core is not saturated ni is proportional to the magnetic field strength H in the

®=BA,,
B_ A |

sat” ¢ 1

Fig. 13.12 Effect of air gap on the magnetic circuit ® vs. ni T T
characteristics. The air gap increases the current [, at the i
onset of core saturation.

satl nIJaIZ niec H c

sat” "¢
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core, Fig. 13.12 has the same shape as the core B—H characteristic. When the core is not saturated, ® is
related to ni according to the linear relationship of Eq. (13.28). When the core saturates, @ is equal to

d..,=B,A (13.32)

sat = Fsarttc
The winding current /_, at the onset of saturation is found by substitution of Eq. (13.32) into (13.28):

Ly=2te (22,4 2,) (1333)

sat
The ®-ni characteristics are plotted in Fig. 13.12 for two cases: (a) air gap present, and (b) no air gap

(%, =0). It can be seen that [, is increased by addition of an air gap. Thus, the air gap allows increase of
the saturation current, at the expense of decreased inductance.

132  TRANSFORMER MODELING

Consider next the two-winding transformer of Fig. 13.13. The core has cross-sectional area A, mean
magnetic path length ¢, and permeability . An equivalent magnetic circuit is given in Fig. 13.14. The
core reluctance is

R=-2 (13.34)

Since there are two windings in this example, it is necessary to determine the relative polarities of the
MMF generators. Ampere’s law states that

F . =nyi, +nyi, (13.35)
D
iL(t) ° o i2‘(t)
Fig. 13.13 A two-winding transformer. * ! \5 ) +
n
v Y N 9 N 2 v, (1)
urns q D q N\ turns 2
_ \ "
Core
R
[
>N\
+ —_—
Fig. 13.14 Magnetic circuit that models the gc

two-winding transformer of Fig. 13.13.
. + _— .
mi C__) C+) oty
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The MMF generators are additive, because the currents i, and i, pass in the same direction through the

core window. Solution of Fig. 13.14 yields

o .
DR =ni| +nyi,

This expression could also be obtained by substitution of #_ = ®& into Eq. (13.35).

13.2.1 The Ideal Transformer

(13.36)

In the ideal transformer, the core reluctance 9 approaches zero. The causes the core MMF % = @ to

also approach zero. Equation (13.35) then becomes
0=ni;+n,i,

Also, by Faraday’s law, we have

Note that @ is the same in both equations above: the same total
flux links both windings. Elimination of @ leads to

o _n_% 13.39
dt ny n, ( )

Equations (13.37) and (13.39) are the equations of the ideal trans-
former:

No2 gnd nyi +nyis=0 (13.40)
ny

The ideal transformer symbol of Fig. 13.15 is defined by Eq.
(13.40).

13.2.2 The Magnetizing Inductance

(13.37)
(13.38)
i nyn, iy
+ T+
Ideal

Fig. 13.15 Ideal transformer symbol.

For the actual case in which the core reluctance 4 is nonzero, we have

DR =ni +n,yi, with v =n ‘—id%

Elimination of ¢ yields

=
i

N

B

(13.41)

(13.42)
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el
4 ny 2 n,in, i
— - D
iy +22i
thn 2 . .
2
% _hn v
Ideal
Fig. 13.16 Transformer model including magnetizing inductance.
This equation is of the form
di 13.43
vi=Ly lew ( )
where
n
LM = ?

(13.44)
. . on,y .

Ly=1+ —n—l 2
are the magnetizing inductance and magnetizing current, referred to the primary winding. An equivalent
circuit is illustrated in Fig. 13.16.

Figure 13.16 coincides with the transformer model introduced in Chapter 6. The magnetizing
inductance models the magnetization of the core material. It is a real, physical inductor, which exhibits
saturation and hysteresis. All physical transformers must contain a magnetizing inductance. For example,
suppose that we disconnect the secondary winding. We are then left with a single winding on a magnetic
core—an inductor. Indeed, the equivalent circuit of Fig. 13.16 predicts this behavior, via the magnetizing
inductance. The magnetizing current causes the ratio of the winding currents to differ from the turns
ratio.

The transformer saturates when the core flux density B(f) exceeds the saturation flux density
B,,.. When the transformer saturates, the magnetizing current i,,(f) becomes large, the impedance of the
magnetizing inductance becomes small, and the transformer windings become short circuits. It should be
noted that large winding currents 7,(f) and i,(f) do not necessarily cause saturation: if these currents obey
Eq. (13.37), then the magnetizing current is zero and there is no net magnetization of the core. Rather,
saturation of a transformer is a function of the applied volt-seconds. The magnetizing current is given by

iy(t) = LL J v,()dt (13.45)
M
Alternatively, Eq. (13.45) can be expressed in terms of the core flux density B(z) as

B(t)= n+A f V() (13.46)

The flux density and magnetizing current will become large enough to saturate the core when the applied
volt-seconds A, is too large, where A, is defined for a periodic ac voltage waveform as
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Al =f2 v,(O)dt
L
(13.47)

The limits are chosen such that the integral is taken over the positive portion of the applied periodic volt-
age waveform.

To fix a saturating transformer, the flux density should be decreased by increasing the number of
turns, or by increasing the core cross-sectional area A . Adding an air gap has no effect on saturation of
conventional transformers, since it does not modify Eq. (13.46). An air gap simply makes the transformer
less ideal, by decreasing L,, and increasing i,,(¢) without changing B(r). Saturation mechanisms in trans-
formers differ from those of inductors, because transformer saturation is determined by the applied wind-
ing voltage waveforms, rather than the applied winding currents.

13.2.3 Leakage Inductances

In practice, there is some flux which links one winding but not the other, by “leaking” into the air or by
some other mechanism. As illustrated in Fig. 13.17, this flux leads to leakage inductance, i.e., additional
effective inductances that are in series with the windings. A topologically equivalent structure is illus-
trated in Fig. 13.17(b), in which the leakage fluxes @, and @, are shown explicitly as separate induc-
tors.

(a) ®
M
i) f \ (1)
£ N ) D
V(1) Dy N : “ Qo vy
: \ Y
®)
o, @,
®,, ﬂ
5 (1)
+ N ] -,
V(@) ) \: : N v,(0)
_ \) N _

Fig. 13.17 Leakage flux in a two-winding transformer: (a) transformer geometry, (b) an equivalent system.
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il LE] nl : nz LEZ i2
Iy £> 586 Qﬂﬂs'\—q—-_'_
iy
" . .
Y1 LM:n_ile %Hé Vs
Ideal

Fig. 13.18 Two-winding transformer equivalent circuit, including magnetizing inductance referred to primary, and
primary and secondary leakage inductances.

Figure 13.18 illustrates a transformer electrical equivalent circuit model, including series induc-
tors L,, and L, which model the leakage inductances. These leakage inductances cause the terminal volt-
age ratio v,(t)/v,(r) to differ from the ideal turns ratio n,/n,. In general, the terminal equations of a two-
winding transformer can be written

O | _[LuLln| a|i® (13.48)
vo(t) L, Ly dt| iy(0)
The quantity L,, is called the mutual inductance, and is given by
nmn n
L= ’11/?2 :-,ﬁLM (13.49)
The quantities L, and L,, are called the primary and secondary self-inductances, given by
n
L11=Lm+yT;L12 (13.50)

ny
Lp=Lp+ N Ly,

Note that Eq. (13.48) does not explicitly identify the physical turns ratio n,/n;. Rather, Eq.
(13.48) expresses the transformer behavior as a function of electrical quantities alone. Equation (13.48)
can be used, however, to define the effective turns ratio

_ [ Ln (13.51)
ne Lll

and the coupling coefficient

LIZ
v L11L22

The coupling coefficient k lies in the range 0 <k < 1, and is a measure of the degree of magnetic coupling
between the primary and secondary windings. In a transformer with perfect coupling, the leakage induc-
tances L, and L, are zero. The coupling coefficient & is then equal to 1. Construction of low-voltage
transformers having coupling coefficients in excess of 0.99 is quite feasible. When the coupling coeffi-
cient is close to 1, then the effective turns ratio n, is approximately equal to the physical turns ratio n,/n,.

k= (13.52)
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13.3 LOSS MECHANISMS IN MAGNETIC DEVICES
13.3.1 Core Loss

Energy is required to effect a change in the magnetization of a core material. Not all of this energy is
recoverable in electrical form; a fraction is lost as heat. This power loss can be observed electrically as
hysteresis of the B—H loop.

Consider an n—turn inductor excited by periodic waveforms v(f) and i(¢) having frequency f. The
net energy that flows into the inductor over one cycle is

W:f v(t)i(e)dt (13.53)

one cycle

We can relate this expression to the core B—H characteristic: substitute B(¢) for v(¢) using Faraday’s law,
Eq. (13.13), and substitute H(¢) for i(¢) using Ampere’s law, i.e. Eq. (13.14):

e ()
one cycle (1354)

=(At )f HdB

c’m

one cycle

The term A {, is the volume of the core, while the integral is the area of the B—H loop:

(energy lost per cycle) = (core volume)(area of B-H loop) (13.55)

The hysteresis power loss Py is equal to the energy lost per cycle, multiplied by the excitation
frequency f:

Py=(f)(AL,) f HdB (13.56)

one cycle

To the extent that the size of the hysteresis loop is independent of frequency, hysteresis loss increases
directly with operating frequency.

Magnetic core materials are iron alloys that, unfor-
tunately, are also good electrical conductors. As a result, ac
magnetic fields can cause electrical eddy currents to flow Flux
within the core material itself. An example is illustrated in 0
Fig. 13.19. The ac flux O(r) passes through the core. This
induces eddy currents i(#) which, according to Lenz’s law,
flow in paths that oppose the time-varying flux @(7). These
eddy currents cause iR losses in the resistance of the core
material. The eddy current losses are especially significant
in high-frequency applications.

According to Faraday’s law, the ac flux ®(¢) induces voltage in the core, which drives the cur-
rent around the paths illustrated in Fig. 13.19. Since the induced voltage is proportional to the derivative
of the flux, the voltage magnitude increases directly with the excitation frequency f. If the impedance of

Eddy
current

i(t)

Core

Fig. 13.19 Eddy currents in an iron core.
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the core material is purely resistive and independent of frequency, then the magnitude of the induced
eddy currents also increases directly with f. This implies that the 2R eddy current losses should increase
as f2. In power ferrite materials, the core material impedance magnitude actually decreases with increas-
ing f. Over the useful frequency range, the eddy current losses typically increase faster than f2.

There is a basic tradeoff between saturation flux density and core loss. Use of a high operating
flux density leads to reduced size, weight, and cost. Silicon steel and similar materials exhibit saturation
flux densities of 1.5 to 2 T. Unfortunately, these core materials exhibit high core loss. In particular, the
low resistivity of these materials leads to high eddy current loss. Hence, these materials are suitable for.
filter inductor and low-frequency transformer applications. The core material is produced in laminations
or thin ribbons, to reduce the eddy current magnitude. Other ferrous alloys may contain molybdenum,
cobalt, or other elements, and exhibit somewhat lower core loss as well as somewhat lower saturation
flux densities.

Iron alloys are also employed in powdered cores, containing ferromagnetic particles of suffi-
ciently small diameter such that eddy currents are small. These particles are bound together using an
insulating medium. Powdered iron and molybdenum permalloy powder cores exhibit typical saturation
flux densities of 0.6 to 0.8 T, with core losses significantly lower than laminated ferrous alloy materials.
The insulating medium behaves effectively as a distributed air gap, and hence these cores have relatively
low permeability. Powder cores find application as transformers at frequencies of several kHz, and as fil-
ter inductors in high frequency (100 kHz) switching converters.

Amorphous alloys exhibit low hysteresis loss. Core conductivity and eddy current losses are
somewhat lower than ferrous alloys, but higher than ferrites. Saturation flux densities in the range 0.6 to
1.5 T are obtained.

Ferrite cores are ceramic materials hav- 1 .
ing low saturation flux density, 0.25 to 0.5 T. +F A—f
Their resistivities are much higher than other § & 55/[ /l
materials, and hence eddy current losses are Vi c\ﬁ,/
much smaller. Manganese-zinc ferrite cores find y /

widespread use as inductors and transformers in
converters having switching frequencies of 10
kHz to 1 MHz. Nickel-zinc ferrite materials can
be employed at yet higher frequencies.

Power loss density, Watts/cm

Figure 13.20 contains typical total core 0.1 v + -
loss data, for a certain ferrite material. Power loss / / f /5 /
density, in Watts per cubic centimeter of core / /
material, is plotted as a function of sinusoidal / // / /L 7
excitation frequency f and peak ac flux density jeck
AB. At a given frequency, the core loss Py, can be é‘
approximated by an empirical function of the
form /

0.01
P.=K, (AB)BACZ,“ (13.57) 0.01 0.1 0.3

AB, Tesla
'I.‘he parameters K, and B are determined by fit- Fig. 13.20 Typical core loss data for a high-frequency
ting Eq. (13.57) to the manufacturer’s published power ferrite material. Power loss density is plotted vs.
data. Typical values of B for ferrite materials peak ac flux density AB, for sinusoidal excitation.
operating in their intended range of AB and f lie

in the range 2.6 to 2.8. The constant of proportionality K, increases rapidly with excitation frequency f.
The dependence of K, on f can also be approximated by empirical formulae that are fitted to the manu-
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facturer’s published data; a fourth-order polynomial or a function of the form K, f £ are sometimes
employed for this purpose.

13.3.2 Low-Frequency Copper Loss

Significant loss also occurs in the resistance of the copper windings. This is also

a major determinant of the size of a magnetic device: if copper loss and winding

resistance were irrelevant, then inductor and transformer elements could be
made arbitrarily small by use of many small turns of small wire.

Figuare 13.21 contains an equivalent circuit of a winding, in which ele- .

ment R models the winding resistance. The copper loss of the winding is yi®

=1’ R (13.58) SR

rms

where I, is the rms value of i(z). The dc resistance of the winding conductor

can be expressed as .
Fig. 13.21 Winding

¢ equivalent circuit that
R=p Ai (1359 models copper loss.

where A, is the wire bare cross-sectional area, and ¢, is the length of the wire. The resistivity p is equal to
1.724-10°Q-cm for soft-annealed copper at room temperature. This resistivity increases to
23107 Q-cmat 100°C.

134  EDDY CURRENTS IN WINDING CONDUCTORS

Eddy currents also cause power losses in winding conductors. This can lead to copper losses significantly
in excess of the value predicted by Eqs. (13.58) and (13.59). The specific conductor eddy current mecha-
nisms are called the skin effect and the proximity effect. These mechanisms are most pronounced in high-
current conductors of multi-layer windings, particularly in high-frequency converters.

13.4.1 Introduction to the Skin and Proximity Effects

Figure 13.22(a) illustrates a current i(f) flowing through a solitary conductor. This current induces mag-
netic flux ®(f), whose flux lines follow circular paths around the current as shown. According to Lenz’s
law, the ac flux in the conductor induces eddy currents, which flow in a manner that tends to oppose the
ac flux ®(). Figure 13.22(b) illustrates the paths of the eddy currents. It can be seen that the eddy cur-
rents tend to reduce the net current density in the center of the conductor, and increase the net current
density near the surface of the conductor.

The current distribution within the conductor can be found by solution of Maxwell’s equations.
For a sinusoidal current i(f) of frequency f, the result is that the current density is greatest at the surface of
the conductor. The current density is an exponentially decaying function of distance into the conductor,
with characteristic length 8 known as the penetration depth or skin depth. The penetration depth is given
by
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(@) (b) Current
density
Wire .5
Eddy
currents
Eddy
currents

i(0)

Fig. 13.22 The skin effect: (a) current i(¢) induces flux ®(z), which in turn induces eddy currents in conductor;
(b) the eddy currents tend to oppose the current i(f) in the center of the wire, and increase the current on the surface
of the wire.

=, /2= 13.60
8=,/ nﬁf (13.60)

For a copper conductor, the permeability p is equal to g, and the resistivity p is given in Section 13.3.2.
At 100°C, the penetration depth of a copper conductor is

6=-7jf§‘cm (13.61)

with fexpressed in Hz. The penetration depth of copper conductors is plotted in Fig. 13.23, as a function
of frequency f. For comparison, the wire diameters d of standard American Wire Gauge (AWG) conduc-
tors are also listed. It can be seen that d/d = 1 for AWG #40 at approximately 500 kHz, while d/d = 1 for

Wire diameter
0.1

— #20 AWG
Penetration

depth §, cm -

\\\‘ =
~ 700.,0 - #30 AWG

25¢ o I~ =

R :
0.01 = #40 AWG

0.001
10 kHz 100 kHz 1 MHz
Frequency

Fig. 13.23 Penetration depth 8, as a function of frequency f, for copper wire.

DELTA ELECTRONICS EX. 1008
Page 519



510 Basic Magnetics Theory

AWG #22 at approximately 10 kHz.
The skin effect causes the resistance and copper loss of solitary large-diameter wires to increase

at high frequency. High-frequency currents do not penetrate to the center of the conductor. The current

crowds at the surface of the wire, the inside of the wire is not utilized, and the effective wire cross-sec-

tional area is reduced. However, the skin effect alone is not sufficient to explain the increased high-fre-

quency copper losses observed in multiple-layer transformer windings.
A conductor that carries a high-frequency current i(f)

— N
induces copper loss in a adjacent conductor by a phenomenon § g
.. . . Q
known as the proximity effect. Figure 13.24 illustrates two copper &S =
foil conductors that are placed in close proximity to each other. § §
Conductor 1 carries a high-frequency sinusoidal current i(f), whose
. . . h 1D
penetration depth & is much smaller than the thickness % of conduc- -~
tors 1 or 2. Conductor 2 is open-circuited, so that it carries a net

-®
®

current of zero. However, it is possible for eddy currents to be
induced in conductor 2 by the current i(z) flowing in conductor 1.

The current i(f) flowing in conductor 1 generates a flux Current |
@(z) in the space between conductors 1 and 2; this flux attempts to density J
penetrate conductor 2. By Lenz’s law, a current is induced on the
adjacent (left) side of conductor 2, which tends to oppose the flux Area
®(z). If the conductors are closely spaced, and if & = §, then the i
induced current will be equal and opposite to the current i(#), as
illustrated in Fig. 13.24.

Since conductor 2 is open-circuited, the net current in con-
ductor 2 must be zero. Therefore, a current + i(f) flows on the right-
side surface of conductor 2. So the current flowing in conductor 1
induces a current that circulates on the surfaces of conductor 2.

Figure 13.25 illustrates the proximity effect in a simple transformer winding. The primary
winding consists of three series-connected turns of copper foil, having thickness A > §, and carrying net
current i(f). The secondary winding is identical; to the extent that the magnetizing current is small, the
secondary turns carry net current — i(¢). The windings are surrounded by a magnetic core material that
encloses the mutual flux of the transformer.

The high-frequency sinusoidal current i(¢) flows on the right surface of primary layer 1, adjacent
to layer 2. This induces a copper loss in layer 1, which can be calculated as follows. Let R, be the dc
resistance of layer 1, given by Eq. (13.59), and let I be the rms value of i(#). The skin effect causes the
copper loss in layer 1 to be equal to the loss in a conductor of thickness § with uniform current density.
This reduction of the conductor thickness from A to 8 effectively increases the resistance by the same fac-
tor. Hence, layer 1 can be viewed as having an “ac resistance” given by

Area

—i
Fig. 13.24 The proximity effect
in adjacent copper foil conductors.
Conductor 1 carries current i(f).
Conductor 2 is open-circuited.

R,.= % R, (13.62)
The copper loss in layer 1 is
P =IR, (13.63)

The proximity effect causes a current to be induced in the adjacent (left-side) surface of primary
layer 2, which tends to oppose the flux generated by the current of layer 1. If the conductors are closely
spaced, and if & = §, then the induced current will be equal and opposite to the current i(z), as illustrated
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Fig. 13.25 A simple transformer example illustrating the proximity effect: (a) core and winding geometry,
(b) distribution of currents on surfaces of conductors.

in Fig. 13.25. Hence, current — i(r) flows on the left surface of the second layer. Since layers 1 and 2 are
connected in series, they must both conduct the same net current i(¢). As a result, a current + 2i(f) must
flow on the right-side surface of layer 2.

The current flowing on the left surface of layer 2 has the same magnitude as the current of layer
1, and hence the copper loss is the same: P,. The current flowing on the right surface of layer 2 has rms

magnitude 2/; hence, it induces copper loss (21 )ZRM = 4P, . The total copper loss in primary layer 2 is
therefore

Py=P, +4P, = 5P, (13.64)

The copper loss in the second layer is five times as large as the copper loss in the first layer!
The current 2i(f) flowing on the right surface of layer 2 induces a flux 2®(#) as illustrated in Fig.
13.25. This causes an opposing current — 2i(?) to flow on the adjacent (left) surface of primary layer 3.

Since layer 3 must also conduct net current i(f), a current + 3i(¢) flows on the right surface of layer 3. The
total copper loss in layer 3 is
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Py=(22+3%)P, = 13P, (13.65)

Likewise, the copper loss in layer m of a multiple-layer winding can be written
szlz[(m_ 1)2+mz] (% Rdc) (13.66)

It can be seen that the copper loss compounds very quickly in a multiple-layer winding.
The total copper loss in the three-layer primary winding is P, + 5P, + 13P;, or 19P,. More gen-
erally, if the winding contains a total of M layers, then the total copper loss is

P= 12(% Rdc) FA_J,I [(m— 1)+ mz]

(13.67)

i
—~
L
—_—
o~

Rdc) M (om?+ 1)

If a dc or low-frequency ac current of rms amplitude I were applied to the M-layer winding, its copper
loss would be P, = PMR - Hence, the proximity effect increases the copper loss by the factor

FR=P%C=%(%)(2M2+1) (13.68)

This expression is valid for a foil winding having A > 6.

As illustrated in Fig. 13.25, the currents in the secondary winding are symmetrical, and hence
the secondary winding has the same conduction loss.

The example above, and the associated equations, are limited to 4 > & and to the winding
geometry shown. The equations do not quantify the behavior for i ~ §, nor for round conductors, nor are
the equations sufficiently general to cover the more complicated winding geometries often encountered
in the magnetic devices of switching converters. Optimum designs may, in fact, occur with conductor
thicknesses in the vicinity of one penetration depth. The discussions of the following sections allow com-
putation of proximity losses in more general circumstances.

13.4.2 Leakage Flux in Windings

As described above, an externally-applied magnetic field will induce eddy currents to flow in a conduc-
tor, and thereby induce copper loss. To understand how magnetic fields are oriented in windings, let us
consider the simple two-winding transformer illustrated in Fig. 13.26. In this example, the core has large
permeability p > p,. The primary winding consists of eight turns of wire arranged in two layers, and
each turn carries current i(¢) in the direction indicated. The secondary winding is identical to the primary
winding, except that the current polarity is reversed.

Flux lines for typical operation of this transformer are sketched in Fig. 13.26(b). As described in
Section 13.2, a relatively large mutual flux is present, which magnetizes the core. In addition, leakage
flux is present, which does not completely link both windings. Because of the symmetry of the winding
geometry in Fig. 13.26, the leakage flux runs approximately vertically through the windings.

To determine the magnitude of the leakage flux, we can apply Ampere’s Law. Consider the
closed path taken by one of the leakage flux lines, as illustrated in Fig. 13.27. Since the core has large
permeability, we can assume that the MMF induced in the core by this flux is negligible, and that the
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(a) (b)
Primary Secondary
winding  winding Leakage flux
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Fig. 13.26 Two-winding transformer example: (a) core and winding geometry, (b) typical flux distribution.

total MMF around the path is dominated by the MMF #{x) across the core window. Hence, Ampere’s
Law states that the net current enclosed by the path is equal to the MMF across the air gap:

Enclosed current = F(x) = H(x){,, (13.69)

where €, is the height of the window as shown in Fig. 13.27. The net current enclosed by the path
depends on the number of primary and secondary conductors enclosed by the path, and is therefore a
function of the horizontal position x. The first layer of the primary winding consists of 4 turns, each car-
rying current i(7). So when the path encloses only the first layer of the primary winding, then the enclosed
current is 4i(¢) as shown in Fig. 13.28. Likewise, when the path encloses both layers of the primary wind-
ing, then the enclosed current is 8i(f). When the path encloses the entire primary, plus layer 2 of the sec-
ondary winding, then the net enclosed current is 8i(f) — 4i(r) = 4i(r). The MMF Z(x) across the core
window is zero outside the winding, and rises to a maximum of 8i(z) at the interface between the primary
and secondary windings. Since H(x) = #(x)/f,, the magnetic field intensity H(x) is proportional to the
sketch of Fig. 13.28.

Leakage path
— T
Fig. 13.27 Analysis of leakage flux using Ampere’s Law, ® \
for the transformer of Fig. 13.26. Enclosed 7 [
current | F(x) W
H(x) +/ |
| y
—
X
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Primary  Secondary
winding winding

|
|

Fig. 13.28 MMF diagram for the transformer winding example
of Figs. 13.26 and 13.27.
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It should be noted that the shape of the %(x) curve in the vicinity of the winding conductors
depends on the distribution of the current within the conductors. Since this distribution is not yet known,
the F(x) curve of Fig. 13.28 is arbitrarily drawn as straight line segments.

In general, the magnetic fields that surround conductors and lead to eddy currents must be
determined using finite element analysis or other similar methods. However, in a large class of coaxial
solenoidal winding geometries, the magnetic field lines are neatly parallel to the winding layers. As
shown below, we can then obtain an analytical solution for the proximity losses.

13.4.3 Foil Windings and Layers

The winding symmetry described in the previous section allows simplification of the analysis. For the
purposes of determining leakage inductance and winding eddy currents, a layer consisting of n, turns of
round wire carrying current i(f) can be approximately modeled as an effective single turn of foil, which
carries current 7,i(z). The steps in the transformation of a layer of round conductors into a foil conductor
are formalized in Fig. 13.29 [6, 8-11]. The round conductors are replaced by square conductors having
the same copper cross-sectional area, Fig. 13.29(b). The thickness /4 of the square conductors is therefore

(a) () ()
J,

L }

Fig. 13.29 Approximating a layer of round
conductors as an effective foil conductor.

OO0 tls=
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equal to the bare copper wire diameter, multiplied by the factor yn/4:

_ T
h—\/Ed (13.70)

These square conductors are then joined together, into a foil layer [Fig. 13.29(c)]. Finally, the width of
the foil is increased, such that it spans the width of the core window [Fig. 13.29(d)]. Since this stretching
process increases the conductor cross-sectional area, a compensating factor | must be introduced such
that the correct dc conductor resistance is predicted. This factor, sometimes called the conductor spacing
factor or the winding porosity, is defined as the ratio of the actual layer copper area [Fig. 13.29(a)] to the
area of the effective foil conductor of Fig. 13.29(d). The porosity effectively increases the resistivity p of
the conductor, and thereby increases its skin depth:

_3 1371
5 Nl ( )

If a layer of width £, contains #, turns of round wire having diameter d, then the winding porosity 1 is
given by

= T
““\/:dcw (13.72)

A typical value of 1} for round conductors that span the width of the winding bobbin is 0.8. In the follow-
ing analysis, the factor ¢ is given by A/3 for foil conductors, and by the ratio of the effective foil conduc-
tor thickness % to the effective skin depth & for round conductors as follows:

~h_ Td 13.73
o=f=m /T4 (13.73)

13.4.4 Power Loss in a Layer

In this section, the average power loss P in a uniform layer of

thickness % is determined. As illustrated in Fig. 13.30, the mag-

netic field strengths on the left and right sides of the conductor are

denoted H(0) and H(d), respectively. It is assumed that the compo- H(0) 1

nent of magnetic field normal to the conductor surface is zero.

These magnetic fields are driven by the magnetomotive forces

J(0) and Z(h), respectively. Sinusoidal waveforms are assumed,

and rms magnitudes are employed. It is further assumed here that

H(0) and H(h) are in phase; the effect of a phase shift is treated in

[10]. . ()
With these assumptions, Maxwell’s equations are solved #(x) \/_

A Hw

Layer

7y

to find the current density distribution in the layer. The power loss 70

density is then computed, and is integrated over the volume of the >
layer to find the total copper loss in the layer [10]. The result is 0k

Fig. 13.30 The power loss is deter-

mined for a uniform layer. Uniform

P=R, |70 + 70))G(@) -4 FWFOG@)| 1374 tangential magnetic fields H(0) and

i H(h) are applied to the layer surfaces.
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where n, is the number of turns in the layer, and R . is the dc resistance of the layer. The functions G(¢)
and G,() are

00~ 3 oo 09
(13.75)
Go@) = sinh (@) cos (@) + cosh (@) sin (@)
cosh (2¢) — cos (2¢)
If the winding carries current of rms magnitude 7, then we can write
F(h) - F0)=n,I (13.76)
Let us further express Z(h) in terms of the winding current /, as
F(h) =mn,l 13.77)
The quantity m is therefore the ratio of the MMF Z(h) to the layer ampere-turns #,1. Then,
;f 22; —m=1 (13.78)
The power dissipated in the layer, Eq. (13.74), can then be written
P=I"R,0Q (@ m) (13.79)
where
Q'(9,m) = (2m2 ~ 2m + 1)G (@) ~ 4m(m ~ 1)G.(9) (13.80)
We can conclude that the proximity effect increases the copper loss in the layer by the factor
=000, m) (13.81)

IR,

Equation (13.81), in conjunction with the definitions (13.80), (13.77), (13.75), and (13.73), can be plot-
ted using a computer spreadsheet or small computer program. The result is illustrated in Fig. 13.31, for
several values of m.

It is illuminating to express the layer copper loss P in terms of the dc power loss P,|, _ ; that
would be obtained in a foil conductor having a thickness ¢ = 1. This loss is found by dividing Eq. (13.81)
by the effective thickness ratio ¢:

P 4
=Q'(p,m) (13.82)
Pd5|q):l

Equation (13.82) is plotted in Fig. 13.32. Large copper loss is obtained for small ¢ simply because the
layer is thin and hence the dc resistance of the layer is large. For large m and large ¢, the proximity effect
leads to large power loss; Eq. (13.66) predicts that Q’(p, m) is asymptotic to m? + (m — 1)* for large ©.
Between these extremes, there is a value of @ which minimizes the layer copper loss.
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Fig. 13.31 Increase of layer copper loss due to the proximity effect, as a function of ¢ and MMEF ratio m, for sinu-
soidal excitation.
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Fig. 13.32 Layer copper loss, relative to the dc loss in a layer having effective thickness of one penetration depth.
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13.4.5 Example: Power Loss in a Transformer Winding

Let us again consider the proximity loss in a conventional transformer, in which the primary and second-
ary windings each consist of M layers. The normalized MMF diagram is illustrated in Fig. 13.33. As
given by Eq. (13.81), the proximity effect increases the copper loss in each layer by the factor @Q'(¢, m).
The total increase in primary winding copper loss P, ; is found by summation over all of the primary lay-
ers:

Ppri
P

pride

Fp=

M
-4 2 0Qm (13.83)

Owing to the symmetry of the windings in this example, the secondary winding copper loss is increased
by the same factor. Upon substituting Eq. (13.80) and collecting terms, we obtain

M
Fe=qr 2 |m2(26,(9) - 4G,@) - m(26,(@) - 46, + Gi(0) (13.84)

The summation can be expressed in closed form with the help of the identities

oo M(M +1)
2= (13.85)
2 o MM+ 12(2M +1)

Use of these identities to simplify Eq. (13.84) leads to
Fe=0|Gy(9)+ 2 (M2~ 1)(G () - 2G,(®)) (13.86)

This expression is plotted in Fig. 13.34, for several values of M. For large @, G,(9) tends to 1, while
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Fig. 13.34 Increased total winding copper loss in the two-winding transformer example, as a function of ¢ and
number of layers M, for sinusoidal excitation.
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Fig. 13.35 Transformer example winding total copper loss, relative to the winding dc loss for layers having effec-
tive thicknesses of one penetration depth.
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G,() tends to 0. It can be verified that /7, then tends to the value predicted by Eq. (13.68).
We can again express the total primary power loss in terms of the dc power loss that would be
obtained using a conductor in which @ = 1. This loss is found by dividing Eq. (13.86) by ¢:

T P 6,0+ 2 (M2~ 1), - 26,(0) (13.87)

pridc o=1
This expression is plotted in Fig. 13.35, for several values of M. Depending on the number of layers, the
minimum copper loss for sinusoidal excitation is obtained for ¢ near to, or somewhat less than, unity.

13.4.6 Interleaving the Windings

One way to reduce the copper losses due to the proximity effect is to interleave the windings. Figure
13.36 illustrates the MMF diagram for a simple transformer in which the primary and secondary layers
are alternated, with net layer current of magnitude i. It can be seen that each layer operates with % =0 on
one side, and & =i on the other. Hence, each layer operates effectively with m = 1. Note that Eq. (13.74)
is symmetric with respect to #(0) and %(h); hence, the copper losses of the interleaved secondary and
primary layers are identical. The proximity losses of the entire winding can therefore be determined
directly from Fig. 13.34 and 13.35, with M = 1. It can be shown that the minimum copper loss for this
case (with sinusoidal currents) occurs with ¢ = 7/2, although the copper loss is nearly constant for any
¢ 2 1, and is approximately equal to the dc copper loss obtained when ¢ = 1. It should be apparent that
interleaving can lead to significant improvements in copper loss when the winding contains several lay-
ers.

Partial interleaving can lead to a partial improvement in proximity loss. Figure 13.37 illustrates
a transformer having three primary layers and four secondary layers. If the total current carried by each
primary layer is i(¢), then each secondary layer should carry current 0.75i(¢). The maximum MMF again
occurs in the spaces between the primary and secondary windings, but has value 1.5:(7).

To determine the value for m in a given layer, we can solve Eq. (13.78) for m:

_ Fh 13.88
METh) - F0) (13.88)

pri sec pri sec pri sec
ol lo || o|®|]| @ (&
i - i - i —i
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F(x)
3i
2i
oA N

X

Fig. 13.36 MMEF diagram for a simple transformer with interleaved windings. Each layer operates with m = 1.

DELTA ELECTRONICS EX. 1008

Page 530



13.4  Eddy Currents in Winding Conductors 521

Secondary Primary Secondary
QL IQ] @ |9 |® 9] |®
=i |23 i i i =30 |8
4 4 4
MM L L L1 L | \_.._4
Tty 21082 ST
8 g 1l 1 | 8 g
157 & £ £

i
0.5i 4 —

0 / .
-05i

SN

Fig. 13.37 A partially interleaved two-winding transformer, illustrating fractional values of m. The MMF dia-
gram is constructed for the low-frequency limit.

The above expression is valid in general, and Eq. (13.74) is symmetrical in #(0) and %(h). However,
when F(0) is greater in magnitude than (h), it is convenient to interchange the roles of %(0) and F(h),
so that the plots of Figs. 13.31 and 13.32 can be employed.

In the leftmost secondary layer of Fig. 13.37, the layer carries current — 0.75i. The MMF
changes from 0 to — 0.75i. The value of m for this layer is found by evaluation of Eq. (13.88):

Ht

F(h) —0.75i
= A =1 13.89
Ji(h) - #(0) ~ -0.75i -0 ( )

The loss in this layer, relative to the dc loss of this secondary layer, can be determined using the plots of
Figs. 13.31 and 13.32 with m = 1. For the next secondary layer, we obtain

m

1 ) N - L.5i - 1
T I - FO0) T —1.5—(-0.75) 2 (13.90)

Hence the loss in this layer can be determined using the plots of Figs. 13.31 and 13.32 with m = 2.The
next layer is a primary-winding layer. Its value of m can be expressed as

] () N ) 13.91
"= FO- AW 1505 (39D

The loss in this layer, relative to the dc loss of this primary layer, can be determined using the plots of
Figs. 13.31 and 13.32 with m = 1.5. The center layer has an m of

AW 05 1392
" F W - 70 05i-(-05) (1352)

The loss in this layer, relative to the dc loss of this primary layer, can be determined using the plots of
Figs. 13.31 and 13.32 with m = 0.5. The remaining layers are symmetrical to the corresponding layers
described above, and have identical copper losses. The total loss in the winding is found by summing the
losses described above for each layer.
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Interleaving windings can significantly reduce the proximity loss when the primary and second-
ary currents are in phase. However, in some cases such as the transformers of the flyback and SEPIC con-
verters, the winding currents are out of phase. Interleaving then does little to reduce the MMFs and
magnetic fields in the vicinity of the windings, and hence the proximity loss is essentially unchanged. It
should also be noted that Egs. (13.74) to (13.82) assume that the winding currents are in phase. General
expressions for out-of-phase currents, as well as analysis of a flyback example, are given in [10].

The above procedure can be used to determine the high-frequency copper losses of more com-
plicated multiple-winding magnetic devices. The MMF diagrams are constructed, and then the power
loss in each layer is evaluated using Eq. (13.81). These losses are summed, to find the total copper loss.
The losses induced in electrostatic shields can also be determined. Several additional examples are given
in [10].

It can be concluded that, for sinusoidal currents, there is an optimal conductor thickness in the
vicinity of ¢ = 1 that leads to minimum copper loss. It is highly advantageous to minimize the number of
layers, and to interleave the windings. The amount of copper in the vicinity of the high-MMF portions of
windings should be kept to a minimum. Core geometries that maximize the width £, of the layers, while
minimizing the overall number of layers, lead to reduced proximity loss.

Use of Lirz wire is another means of increasing the conductor area while maintaining low prox-
imity losses. Tens, hundreds, or more strands of small-gauge insulated copper wire are bundled together,
and are externally connected in parallel. These strands are twisted, or transposed, such that each strand
passes equally through each position inside and on the surface of the bundle. This prevents the circula-
tion of high-frequency currents between strands. To be effective, the diameter of the strands should be
sufficiently less than one skin depth. Also, it should be pointed out that the Litz wire bundle itself is com-
posed of multiple layers. The disadvantages of Litz wire are its increased cost, and its reduced fill factor.

13.4.7 PWM Waveform Harmonics

The pulse-width-modulated waveforms encountered in switching converters contain significant harmon-
ics, which can lead to increased proximity losses. The effect of harmonics on the losses in a layer can be
determined via field harmonic analysis [10], in which the MMF waveforms #(0,t) and %(d,t) of Eq.
(13.74) are expressed in Fourier series. The power loss of each individual harmonic is computed as in
Section 13.4.4, and the losses are summed to find the total loss in a layer. For example, the PWM wave-
form of Fig. 13.38 can be represented by the following Fourier series:

i) =1I,+ il V2 1;cos (joor) (13.93)
=

where

I
1,=— sin (juD)

i
with © = 27t/T,. This waveform contains a dc component I, = DI ., plus harmonics of rms magnitude /;
proportional to 1/j. The transformer winding current Waveforms of most switching converters follow thls
Fourier series, or a similar series.

Effects of waveforms harmonics on proximity losses are discussed in [8-10]. The dc component
of the winding currents does not lead to proximity loss, and should not be included in proximity loss cal-
culations. Failure to remove the dc component can lead to significantly pessimistic estimates of copper
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i)

Iy

Fig. 13.38 Pulse-width modulated winding current waveform.

0 DT, T 1
loss. The skin depth 8 is smaller for high frequency harmonics than for the fundamental, and hence the
waveform harmonics exhibit an increased effective . Let ¢, be given by Eq. (13.73), in which & is found
by evaluation of Eq. (13.60) at the fundamental frequency. Since the penetration depth & varies as the
inverse square-root of frequency, the effective value of ¢ for harmonic j is

0;=v7 0, (13.94)

In a multiple-layer winding excited by a current waveform whose fundamental component has ¢ = @,
close to 1, harmonics can significantly increase the total copper loss. This occurs because, for m > 1,
Q'(¢, m) is a rapidly increasing function of @ in the vicinity of 1. When ¢, is sufficiently greater than 1,
then Q’(@, m) is nearly constant, and harmonics have less influence on the total copper loss.

For example, suppose that the two-winding transformer of Fig. 13.33 is employed in a converter
such as the forward converter, in which a winding current waveform i(f) can be well approximated by the
Fourier series of Eq. (13.93). The winding contains M layers, and has dc resistance R,,,. The copper loss
induced by the dc component is

Pu=I3Ry (13.95)

The copper loss P, ascribable to harmonic j is found by evaluation of Eq. (13.86) with ¢ = 9

Pj'_‘I?Rdc\/jq)l Gl(\/j(pl)'*'%(Mz_ 1)(G1(ﬁ¢1)‘2G2(\ﬁ(pl)) (13.96)

The total copper loss in the winding is the sum of losses arising from all components of the harmonic
series:

o 2/
P _py 200§ sin® GnD)

DI’

- sin” (/7 (13.97)

6T o0+ (M2 -1)(6,6T 00 -26:T 0)

In Eq. (13.97), the copper loss is expressed relative to the loss Dlpsz . predicted by a low-frequency
analysis. This expression can be evaluated by use of a computer program or computer spreadsheet.
To explicitly quantify the effects of harmonics, we can define the harmonic Joss factor Fy, as

P (13.98)

Fy="5

with P, given by Eq. (13.96). The total winding copper loss is then given by
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Fig. 13.39 Increased proximity losses
induced by PWM waveform harmonics,
forward converter example: (a) at D = 0.1, 10
(byatD=03,(c)at D=0.5.
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P, =I3R, + FyFR IR, (13.99)

with F, given by Eq. (13.86). The harmonic factor F, is a function not only of the winding geometry, but
also of the harmonic spectrum of the winding current waveform. The harmonic factor F, is plotted in
Fig. 13.39 for several values of D, for the simple transformer example. The total harmonic distortion
(THD) of the example current waveforms are: 48% for D = 0.5, 76% for D = 0.3, and 191% for D = 0.1.

The waveform THD is defined as
.V 20 (13.100)

1

It can be seen that harmonics significantly increase the proximity loss of a multilayer winding when @, is
close to 1. For sufficiently small ¢,, the proximity effect can be neglected, and F, tends to the value
1+ (THD)Z. For large ¢,, the harmonics also increase the proximity loss; however, the increase is less
dramatic than for ¢, near 1 because the fundamental component proximity loss is large. It can be con-
cluded that, when the current waveform contains high THD and when the winding contains several lay-
ers or more, then proximity losses can be kept low only by choosing ¢, much less than 1. Interleaving the
windings allows a larger value of ¢, to be employed.

13.5  SEVERAL TYPES OF MAGNETIC DEVICES, THEIR B-H LOOPS, AND
CORE VS. COPPER LOSS

A variety of magnetic elements are commonly used in power applications, which employ the properties
of magnetic core materials and windings in different ways. As a result, quite a few factors constrain the
design of a magnetic device. The maximum flux density must not saturate the core. The peak ac flux den-
sity should also be sufficiently small, such that core losses are acceptably low. The wire size should be
sufficiently small, to fit the required number of turns in the core window. Subject to this constraint, the
wire cross-sectional area should be as large as possible, to minimize the winding dc resistance and cop-
per loss. But if the wire is too thick, then unacceptable copper losses occur owing to the proximity effect.
An air gap is needed when the device stores significant energy. But an air gap is undesirable in trans-
former applications. It should be apparent that, for a given magnetic device, some of these constraints are
active while others are not significant.

Thus, design of a magnetic element involves not only obtaining the desired inductance or turns
ratio, but also ensuring that the core material does not saturate and that the total power loss is not too
large. Several common power applications of magnetics are discussed in this section, which illustrate the
factors governing the choice of core material, maximum flux density, and design approach.

13.5.1 Filter Inductor

A filter inductor employed in a CCM buck converter is illustrated in Fig. 13.40(a). In this application, the
value of inductance L is usually chosen such that the inductor current ripple peak magnitude A is a small
fraction of the full-load inductor current dc component 7, as illustrated in Fig. 13.40(b). As illustrated in
Fig. 13.41, an air gap is employed that is sufficiently large to prevent saturation of the core by the peak
current I + Ai.
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Fig. 13.40 Filter inductor employed in a CCM buck converter: (a) circuit schematic, (b) inductor current wave-
form.

@ Core reluctance 4, (b)
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Fig. 13.41 Filter inductor: (a) structure, (b) magnetic circuit model.

The core magnetic field strength H (¢) is related to the winding current i(#) according to

_nl R 13.101
HO="" 7+ %, (13.101)

where £, is the magnetic path length of the core. Since H (#) is proportional to i(¢), H () can be expressed
as a large dc component H ,, and a small superimposed ac ripple AH , where

Hog=tl e

0= T w R, (13.102)
sH, = 1AL Te

Tl R+ R,

A sketch of B(z) vs. H (2) for this application is given in Fig. 13.42. This device operates with the minor
B-H loop illustrated. The size of the minor loop, and hence the core loss, depends on the magnitude of
the inductor current ripple Ai. The copper loss depends on the rms inductor current ripple, essentially
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filter inductor

Fig. 13.42 Filter inductor minor B—H loop.

™ B—H loop,
large excitation

equal to the dc component I. Typically, the core loss can be ignored, and the design is driven by the cop-
per loss. The maximum flux density is limited by saturation of the core. Proximity losses are negligible.
Although a high-frequency ferrite material can be employed in this application, other materials having
higher core losses and greater saturation flux density lead to a physically smaller device. Design of a fil-
ter inductor in which the maximum flux density is a specified value is considered in the next chapter.

13.5.2 AC Inductor

An ac inductor employed in a resonant converter is illustrated in Fig. 13.43. In this application, the high-
frequency current variations are large. In consequence, the B(f)-H(f) loop illustrated in Fig. 13.44 is
large. Core loss and proximity loss are usually significant in this application. The maximum flux density

@ ® o

B-H loop, for AB
operation as —~—_

ac inductor

Fig. 13.44 Operational B—H loop of an ac inductor. -AH,

o

—-AB

r~ Core B—H loop
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is limited by core loss rather than saturation. Both core loss and copper loss must be accounted for in the
design of this element, and the peak ac flux density AB is a design variable that is typically chosen to
minimize the total loss. A high-frequency material having low core loss, such as ferrite, is normally
employed. Design of magnetics such as this, in which the ac flux density is a design variable that is cho-
sen in a optimal manner, is considered in Chapter 15.

13.5.3 Transformer

Figure 13.45 illustrates a conventional transformer employed in a switching converter. Magnetization of
the core is modeled by the magnetizing inductance L,,. The magnetizing current i,,(¢) is related to the
core magnetic field H(¢) according to Ampere’s law

H() = ﬁl/gtﬁ (13.103)

m

However, 7;,(f) is not a direct function of the winding currents i (¢) or i,(#). Rather, the magnetizing cur-
rent is dependent on the applied winding voltage waveform v,(#). Specifically, the maximum ac flux den-
sity is directly proportional to the applied volt-scconds A,. A typical B—H loop for this application is
iltustrated in Fig. 13.46.

@) (b) v, () Area ),

i(t) nyin, | b0
+ ih (1) o+

Vl(t) LM '

Fig. 13.45 Conventional transformer: (a) equivalent circuit, (b) typical primary voltage and magnetizing current
waveforms.

By
Ay
2n,A,
) B-H loop, for —____|
Fig. 13.46 Operational B—H loop of a conventional transformer. operation as
conventional ,
transformer y n,Ai, H,
em
- Core B—H loop
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In the transformer application, core loss and proximity losses are usually significant. Typically
the maximum flux density is limited by core loss rather than by saturation. A high-frequency material
having low core loss is employed. Both core and copper losses must be accounted for in the design of the
transformer. The design must also incorporate multiple windings. Transformer design with flux density
optimized for minimum total loss is described in Chapter 15.

13.5.4 Coupled Inductor

A coupled inductor is a filter inductor having multiple windings. Figure 13.47(a) illustrates coupled
inductors in a two-output forward converter. The inductors can be wound on the same core, because the
winding voltage waveforms are proportional. The inductors of the SEPIC and Cuk converters, as well as
of multiple-output buck-derived converters and some other converters, can be coupled. The inductor cur-
rent ripples can be controlled by control of the winding leakage inductances [12,13]. Dc currents flow in
each winding as illustrated in Fig. 13.47(b), and the net magnetization of the core is proportional to the
sum of the winding ampere-turns:

() +moiy(t) R, (13.104)
7

H0= R+ X,

<

As in the case of the single-winding filter inductor, the size of the minor B—H loop is proportional to the
total current ripple (Fig. 13.48). Small ripple implies small core loss, as well as small proximity loss. An
air gap is employed, and the maximum flux density is typically limited by saturation.

(@ H

b .
O \
I Ai
I T 1
Fig. 13.47 Coupling the output filter inductors
of a two-output forward converter: (a) schematic, i >
(b) typical inductor current waveforms. lg(t)lr
'
e
1, T Aiy
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By

Minor B-H loop,
coupled inductor ™|

Fig. 13.48 Coupled inductor minor B—H loop.

™ B-H loop,
large excitation

13.5.5 Flyback Transformer

As discussed in Chapter 6, the flyback transformer functions as an inductor with two windings. The pri-
mary winding is used during the transistor conduction interval, and the secondary is used during the
diode conduction interval. A flyback converter is illustrated in Fig. 13.49(a), with the flyback transformer
modeled as a magnetizing inductance in parallel with an ideal transformer. The magnetizing current i,,(£)
is proportional to the core magnetic field strength H (¢). Typical DCM waveforms are given in Fig.
13.49(b).

Since the flyback transformer stores energy, an air gap is needed. Core loss depends on the mag-
nitude of the ac component of the magnetizing current. The B—H loop for discontinuous conduction
mode operation is illustrated in Fig. 13.50. When the converter is designed to operate in DCM, the core
loss is significant. The peak ac flux density AB is then chosen to maintain an acceptably low core loss.
For CCM operation, core loss is less significant, and the maximum flux density may be limited only by
saturation of the core. In either case, winding proximity losses are typically quite significant. Unfortu-
nately, interleaving the windings has little impact on the proximity loss because the primary and second-
ary winding currents are out of phase.

@ ® ot

— fpk

oMk T

Fig. 13.49 Flyback transformer: (a) converter schematic, with transformer equivalent circuit, (b) DCM current
waveforms.
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B,
t aB
B-H loop, for—___| L
Fig. 13.50 Operational B—H loop of a DCM flyback transformer. operation in / I AB
DCM flyback o
converter Mive R I'i
L, R+,
< &
FCore B-H loop

13.6

SUMMARY OF KEY POINTS

Magnetic devices can be modeled using lumped-element magnetic circuits, in a manner similar to that
commonly used to model electrical circuits. The magnetic analogs of electrical voltage V, current 1, and
resistance R, are magnetomotive force (MMF) %, flux ®, and reluctance Z respectively.

Faraday’s law relates the voltage induced in a loop of wire to the derivative of flux passing through the
interior of the loop.

Ampere’s law relates the total MMF around a loop to the total current passing through the center of the
loop. Ampere’s law implies that winding currents are sources of MMF, and that when these sources are
included, then the net MMF around a closed path is equal to zero.

Magnetic core materials exhibit hysteresis and saturation. A core material saturates when the flux density
B reaches the saturation flux density B,,,.

Air gaps are employed in inductors to prevent saturation when a given maximum current flows in the
winding, and to stabilize the value of inductance. The inductor with air gap can be analyzed using a simple

magnetic equivalent circuit, containing core and air gap reluctances and a source representing the winding
MMEF.

Conventional transformers can be modeled using sources representing the MMFs of each winding, and the
core MMF. The core reluctance approaches zero in an ideal transformer. Nonzero core reluctance leads to
an electrical transformer model containing a magnetizing inductance, effectively in parallel with the ideal
transformer. Flux that does not link both windings, or “leakage flux,” can be modeled using series induc-
tors.

The conventional transformer saturates when the applied winding volt-seconds are too large. Addition of
an air gap has no effect on saturation. Saturation can be prevented by increasing the core cross-sectional
area, or by increasing the number of primary turns.

Magnetic materials exhibit core loss, due to hysteresis of the B-H loop and to induced eddy currents flow-
ing in the core material. In available core materials, there is a tradeoff between high saturation flux density
B, and high core loss P;,. Laminated iron alloy cores exhibit the highest B, but also the highest P,
while ferrite cores exhibit the lowest P, but also the lowest B_,. Between these two extremes are pow-
dered iron alloy and amorphous alloy materials.

sar”

The skin and proximity effects lead to eddy currents in winding conductors, which increase the copper loss
P, in high-current high-frequency magnetic devices. When a conductor has thickness approaching or
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larger than the penetration depth 8, magnetic fields in the vicinity of the conductor induce eddy currents in
the conductor. According to Lenz’s law, these eddy currents flow in paths that tend to oppose the applied
magnetic fields.

The magnetic field strengths in the vicinity of the winding conductors can be determined by use of MMF
diagrams. These diagrams are constructed by application of Ampere’s law, following the closed paths of
the magnetic field lines which pass near the winding conductors. Multiple-layer noninterleaved windings
can exhibit high maximum MMFs, with resulting high eddy currents and high copper loss.

An expression for the copper loss in a layer, as a function of the magnetic field strengths or MMFs sur-
rounding the layer, is given in Section 13.4.4. This expression can be used in conjunction with the MMF
diagram, to compute the copper loss in each layer of a winding. The results can then be summed, yielding
the total winding copper loss. When the effective layer thickness is near to or greater than one skin depth,
the copper losses of multiple-layer noninterleaved windings are greatly increased.

Pulse-width-modulated winding currents contain significant total harmonic distortion, which can lead to a
further increase of copper loss. The increase in proximity loss caused by current harmonics is most pro-
nounced in multiple-layer non-interleaved windings, with an effective layer thickness near one skin depth.
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PROBLEMS
13.1 The core illustrated in Fig. 13.51(a) is 1 cm thick. All legs are 1 cm wide, except for the right-hand side
vertical leg, which is 0.5 cm wide. You may neglect nonuniformities in the flux distribution caused by
turning corners.
(a) - 3cm _ 3em (b)
ol = 1. it 2
n, turns g 0.5 cm n turns f— , tarns
Lael
1 emf] 3
Y. .. 3cm cm
d
cm
7 =10 =20
Core relative permeability i = 1000 M= M=
n, =10
Fig. 13.51 Problem 13.1
(a) Determine the magnetic circuit model of this device, and label the values of all reluctances in
your model.
(b) Determine the inductance of the winding.
A second winding is added to the same core, as shown in Fig. 13.51(b).
() Modity your model of part (a) to include this winding.
(d) The electrical equations for this circuit may be written in the form
Vit _ LyLy d |k
V2 Ly, Ly drtli,
Use superposition to determine analytical expressions and numerical values for L;;, L,,, and L,,.
13.2 Two windings are placed as illustrated in Fig. 13.52(a) on a core of uniform cross-sectional area

A, =1cm". Each winding has 50 turns. The relative permeability of the core is p, = 10*,
(a) Sketch an equivalent magnetic circuit, and determine numerical values for each reluctance.

(b) Determine the self-inductance of each winding.

() Determine the inductance L* obtained when the windings are connected in series as in Fig.
13.52(b).

(d) Determine the inductance L™ obtained when the windings are connected in anti-series as in Fig.
13.52(c).
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(a) _
+ i1= ° + l2=o 5cm
" 7

Fig. 13.52 Problem 13.2.

(d)

.
+
L,
133 All three legs of the magnetic device illustrated in Fig. 13.53 are of uniform cross-sectional area A,..

Legs 1 and 2 each have magnetic path length 3¢, while leg 3 has magnetic path length ¢. Both windings
have » turns. The core has permeability u = p,.

h b
+ —» < +
V.
R g
Leg Leg Leg
1 3 2
Fig. 13.53 Magnetic core for Problem 13.3.
(a) Sketch a magnetic equivalent circuit, and give analytical expressions for all element values.

A voltage source is connected to winding 1, such that v, (¢) is a square wave of peak value V, , and
period T,. Winding 2 is open-circuited.

(b) Sketch 7,(7) and label its peak value.

(c) Find the flux @,(7) in leg 2. Sketch @,(¢) and label its peak value.

(d) Sketch v,(2) and label its peak value.

13.4 The magnetic device illustrated in Fig. 13.54(a) consists of two windings, which can replace the two
inductors in a Cuk, SEPIC, or other similar converter. For this problem, all three legs have the same uni-
form cross-sectional area A _. The legs have gaps of lengths g,, g,, and g, respectively. The core perme-
ability u is very large. You may neglect fringing flux. Legs 1 and 2 have windings containing n, and n,
turns, respectively.

(a) Derive a magnetic circuit model for this device, and give analytical expressions for each reluc-
tance in your model. Label the polarities of the MMF generators.

(b) Write the electrical terminal equations of this device in the matrix form

Ly Ly d|i
dr | i,

MJZ L

12 L22
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Fig. 13.54 Magnetic core and converter for Problem 13.4.
and derive analytical expressions for L, L,, and L,,.
(c) Derive an electrical circuit model for this device, and give analytical expressions for the turns

ratio and each inductance in your model, in terms of the turns and refuctances of part (a).

This single magnetic device is to be used to realize the two inductors of the Cuk converter, as in Fig.
13.54(b).

(d) Sketch the voltage waveforms v|(f) and v,(¢), making the linear ripple approximation as appro-
priate. You may assume that the converter operates in the continuous conduction mode.

(e) The voltage waveforms of part (d) are applied to your model of parts (b) and (c). Solve your
model to determine the slopes of the inductor current ripples during intervals DT, and D'T..
Sketch the steady-state inductor current waveforms #,(r) and i,(¢), and label all slopes.

® By skillful choice of n,/n, and the air gap lengths, it is possible to make the inductor current rip-
ple Ai in either i(7) or #,(f) go to zero. Determine the conditions on n/n,, g;, g,, and g, that
cause the current ripple in i,(f) to become zero. Sketch the resulting i,(7) and i,(), and label all
slopes.

It is possible to couple the inductors in this manner, and cause one of the inductor current ripples to go to

zero, in any converter in which the inductor voltage waveforms are proportional.

Over its usable operating range, a certain permanent magnet material has the B—H characteristics illus-
trated by the solid line in Fig. 13.55. The magnet has length ¢, = 0.5 cm, and cross-sectional area 4 cm’.
B, = 1T. Derive an equivalent magnetic circuit model for the magnet, and label the numerical values of
the elements.

Fig. 13.55 B-H characteristic of the permanent / B,

magnet material for Problem 13.5. p=106u,

v
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13.6

13.7

13.8

13.9

13.10

Basic Magnetics Theory

The two-transistor forward converter of Fig. 6.27 operates with V, = 300 V, V = 28 V, switching fre-
quency f, = 100 kHz, and turns ratio n = 0.25. The dc load power is 250 W. The transformer uses an
EC41 ferrite core; relevant data for this core is listed in Appendix D. The core loss is given by Fig. 13.20.
The primary winding consists of 44 turns of #21 AWG wire, and the secondary winding is composed of
11 turns of #15 AWG wire. Data regarding the American wire gauge is also listed in Appendix D.

(a) Estimate the core loss of this transformer

(b) Determine the copper loss of this transformer. You may neglect proximity losses.

The two-transistor forward converter of Fig. 6.27 operates in CCM with V, =300V, V = 28 V, switching
frequency f, = 100 kHz, and turns ratio n = 0.25. The dc load power is 250 W. The transformer uses an
EC41 ferrite core; relevant data for this core is listed in Appendix D. This core has window height
£,=12.78 cm. The primary winding consists of 44 turns of #24 AWG wire, and the secondary winding is
composed of 11 turns of #14 AWG wire. Each winding comprises one layer. Data regarding the Ameri-
can wire gauge is also listed in Appendix D. The winding operates at room temperature.

(a) Determine the primary and secondary copper losses induced by the dc components of the wind-
ing currents.

(b) Determine the primary and secondary copper losses induced by the fundamental components of
the winding currents.

(©) Determine the primary and secondary copper losses induced by the second harmonic compo-
nents of the winding currents.

The winding currents of the transformer in a high-voltage inverter are essentially sinusoidal, with negli-
gible harmonics and no dc components. The primary winding consists of one layer containing 10 turns
of round copper wire. The secondary winding consists of 250 turns of round copper wire, arranged in ten
layers. The operating frequency is f = 50 kHz, and the winding porosity is 0.8. Determine the primary
and secondary wire diameters and wire gauges that minimize the total copper loss.

A certain three-winding transformer contains one primary and two secondaries. The operating frequency
is 40 kHz. The primary winding contains a total of 60 turns of #26AWG, arranged in three layers. The
secondary windings each consist of five turns of copper foil, one turn per layer. The foil thickness is
0.25 mm. The primary layers have porosity 0.8, while the secondary layer porosity is 1. The primary
winding carries a sinusoidal current having rms value /, while each secondary carries rms current 6/. The
windings are not interleaved: the primary winding is closest to the center leg of the core, followed by
secondary winding #1, followed by secondary winding #2.

(a) Sketch an MMF diagram illustrating the magnetic fields in the vicinity of each winding layer.
(b) Determine the increased copper loss, due to the proximity effect, in each layer.
(c) Determine the ratio of copper loss to dc copper loss, Fy, for the entire transformer windings.

(d) In this application, it is not feasible to interleave the primary winding with the other windings.
However, changing the conductor size is permissible. Discuss how the windings could be better
optimized.

A transformer winding contains a four-layer primary winding, and two two-layer secondary windings.
Each layer of the primary winding carries total current /. Each layer of secondary winding #1 carries
total current 1.5/, Each layer of secondary winding #2 carries total current 0.51. All currents are sinusoi-
dal. The effective relative conductor thickness is @ = 2. The windings are partially interleaved, in the fol-
lowing order: two primary layers, followed by both layers of secondary #1, followed by both layers of
secondary #2, and finally the two remaining primary layers.

(a) Sketch an MMF diagram for this winding arrangement.
(b) Determine the increased copper loss, due to the proximity effect, for each layer.

(c) Determine the increase in total transformer copper loss, due to the proximity effect.

DELTA ELECTRONICS EX. 1008

Page 546



13.11

13.12

Problems 537

A single-output forward converter contains a transformer having a noninterleaved secondary winding
with four layers. The converter operates at D = 0.3 in CCM, with a secondary winding current waveform
similar to Fig. 13.38.

(a) Estimate the value of ¢, that minimizes the secondary winding copper losses.

(b) Determine the resulting secondary copper loss, relative to Irm2R e

A schematic diagram and waveforms of the isolated SEPIC, operating in CCM, are given in Figs. 6.37
and 6.38.

(a) Do you expect the SEPIC transformer to contain an air gap? Why or why not?

(b) Sketch the SEPIC transformer B~H loop, for CCM operation.

(© For CCM operation, do you expect core loss to be significant? Explain your reasoning.

(d) For CCM operation, do you expect winding proximity losses to be significant? Explain your rea-

soning.
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Inductor Design

This chapter treats the design of magnetic elements such as filter inductors, using the K, method. With
this method, the maximum flux density B, . is specified in advance, and the element is designed to attain
a given copper loss.

The design of a basic filter inductor is discussed in Sections 14.1 and 14.1.5. In the filter induc-
tor application, it is necessary to obtain the required inductance, avoid saturation, and obtain an accept-
able low dc winding resistance and copper loss. The geometrical constant K o is a measure of the effective
magnetic size of a core, when dc copper loss and winding resistance are the dominant constraints [1,2].
Design of a filter inductor involves selection of a core having a K o sufficiently large for the application,
then computing the required air gap, turns, and wire size. A simple step-by-step filter inductor design
procedure is given. Values of K, for common ferrite core shapes are tabulated in Appendix D.

Extension of the K, method to multiple-winding clements is covered in Section 14.3. In applica-
tions requiring multiple windings, it is necessary to optimize the wire sizes of the windings so that the
overall copper loss is minimized. It is also necessary to write an equation that relates the peak flux den-
sity to the applied waveforms or to the desired winding inductance. Again, a simple step-by-step trans-
former design approach is given.

The goal of the K . approach of this chapter is the design of a magnetic device having a given
copper loss. Core loss is not specifically addressed in the K, approach, and B, is a given fixed value. In
the next chapter, the flux density is treated as a design variable to be optimized. This allows the overall
loss (i.e., core loss plus copper loss) to be minimized.

141 FILTER INDUCTOR DESIGN CONSTRAINTS

A filter inductor employed in a CCM buck converter is illustrated in Fig. 14.1(a). In this application, the
value of inductance L is usually chosen such that the inductor current ripple peak magnitude A is a small
fraction of the full-load inductor current dc component 7, as illustrated in Fig. 14.1(b). As illustrated in
Fig. 14.2, an air gap is employed that is sufficiently large to prevent saturation of the core by the peak
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(2) L

ary

0 DT T

s 5

Fig. 14.1 Filter inductor employed in a CCM buck converter: (a) circuit schematic, (b) inductor current wave-

form.
(a) Core reluctance &, ®) _
— P
(1) e
- N 4%
+ n ) .
VO tuns D Alr gap
N ~ reluctance
| 0 Q o)
— —

Fig. 14.2 Filter inductor: (a) structure, (b) magnetic circuit model.

current { + Ai.

Let us consider the design of the filter inductor illustrated in
Figs. 14.1 and 14.2. It is assumed that the core and proximity losses are
negligible, so that the inductor losses are dominated by the low-frequency
copper losses. The inductor can therefore be modeled by the equivalent
circuit of Fig. 14.3, in which R represents the dc resistance of the wind-
ing. It is desired to obtain a given inductance L and given winding resis-
tance R. The inductor should not saturate when a given worst-case peak
current /, . is applied. Note that specification of R is equivalent to speci-
fication of the copper loss P_ , since

cu’

P=I R (14.1)

rms

The influence of inductor winding resistance on converter efficiency and
output voltage is modeled in Chapter 3.

i

R

Fig. 14.3 Filter inductor

equivalent circuit.
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(a) (b)

. v
( ) | Cross-sectional R,

i) < area 4, 4%

33,

A
=
2 s
V_/_/
~z
o
oo
=
s
i+
\/
)

Fig. 14.4 Filter inductor: (a) assumed geometry, (b) magnetic circuit.

It is assumed that the inductor geometry is topologically equivalent to Fig. 14.4(a). An equiva-
lent magnetic circuit is illustrated in Fig. 14.4(b). The core reluctance %, and air gap reluctance 7, are

¢
R, =—<
KA. (14.2)
PR
8 “’OAC

where £_ is the core magnetic path length, A_ is the core cross-sectional area, ., is the core permeability,
and £, is the air gap length. It is assumed that the core and air gap have the same cross-sectional areas.
Solution of Fig. 14.4(b) yields

ni=@( R+ A,) (14.3)
Usually, &, < :‘%)g, and hence Eq. (14.3) can be approximated as
ni=QR, (14.4)

The air gap dominates the inductor properties. Four design constraints now can be identified.
14.1.1 Maximum Flux Density

Given a peak winding current I, ., it is desired to operate the core flux density at a maximum value B, .

The value of B, _is chosen to be less than the worst-case saturation flux density B, , of the core material.

max

Substitution of ® = BA_ inio Eq. (14.4) leads to

ni=BA R, (14.5)

Upon letting /=1, and B=B, ., we obtain
_ P o= 4 14.6
nlmax_BnmxAc’il)’g—Bmuxm ( )

This is the first design constraint. The turns ratio # and the air gap length ¢, are unknowns.
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14.1.2 Inductance

The given inductance value L must be obtained. The inductance is equal to

Lot HeAcn? (14.7)

AR

This is the second design constraint. The turns ratio #, core area A, and gap length ég are unknown.
14.1.3 Winding Area

As illustrated in Fig. 14.5, the winding must fit through the window, i.e., the hole in the center of the
core. The cross-sectional area of the conductor, or bare area, is Ay, If the winding has n turns, then the
area of copper conductor in the window is

nAy (14.8)
If the core has window area W,, then we can express the area available for the winding conductors as
KW, (14.9)

where K, is the window utilization factor, or fill factor. Hence, the third design constraint can be
expressed as

KW, 2nAy (14.10)

The fill factor K, is the fraction of the core window area that is filled with copper. K, must lie
between zero and one. As discussed in [1], there are several mechanism that cause K, to be less than
unity. Round wire does not pack perfectly; this reduces K, by a factor of 0.7 to 0.55, depending on the
winding technique. The wire has insulation; the ratio of wire conductor area to total wire area varies from
approximately 0.95 to 0.65, depending on the wire size and type of insulation. The bobbin uses some of
the window area. Insulation may be required between windings and/or winding layers. Typical values of
K, for cores with winding bobbins are: 0.5 for a simple low-voltage inductor, 0.25 to 0.3 for an off-line
transformer, 0.05 to 0.2 for a high-voltage transformer supplying several kV, and 0.65 for a low-voltage
foil transformer or inductor.

Wire bare area {1
A F

w

(L L L]

1 Core window
-— area W,

Fig. 14.5 The winding must fit in the core window area.
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14.1  Filter Inductor Design Constraints 543

14.14 Winding Resistance

The resistance of the winding is

Rzp/f’;v (14.11)

where p is the resistivity of the conductor material, £, is the length of the wire, and Ay, is the wire bare
area. The resistivity of copper at room temperature is 1.724 - 107 Q-cm. The length of the wire compris-
ing an n-turn winding can be expressed as

¢,=n(MLT) (14.12)

where (MLT) is the mean-length-per-turn of the winding. The mean-length-per-turn is a function of the
core geometry. Substitution of Eq. (14.12) into (14.11) leads to

n(MLT)
R=p =4~ (14.13)

This is the fourth constraint.

14.1.5 The Core Geometrical Constant K .

The four constraints, Eqs. (14.6), (14.7), (14.10), and (14.13), involve the quantities A, W,, and MLT,
which are functions of the core geometry, the quantities I, B, ... iy, L, K, R, and p, which are given
specifications or other known quantities, and n, Eg, and Ay, which are unknowns. Elimination of the

unknowns #, Eg, and Ay, leads to the following equation:

2 272
AW, o PLT (14.14)
(MLT) ™ B; . RK,

The quantities on the right side of this equation are specifications or other known quantities. The left side
of the equation is a function of the core geometry alone. It is necessary to choose a core whose geometry
satisfies Eq. (14.14).

The quantity

K = AW, (14.15)
s = (MLT)

is called the core geometrical constant. It is a figure-of-merit that describes the effective electrical size of
magnetic cores, in applications where copper loss and maximum flux density are specified. Tables are
included in Appendix D that list the values of K, for several standard families of ferrite cores. K, has
dimensions of length to the fifth power.

Equation (14.14) reveals how the specifications affect the core size. Increasing the inductance or
peak current requires an increase in core size. Increasing the peak flux density allows a decrease in core
size, and hence it is advantageous to use a core material that exhibits a high saturation flux density.
Allowing a larger winding resistance R, and hence larger copper loss, leads to a smaller core. Of course,
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the increased copper loss and smaller core size will lead to a higher temperature rise, which may be
unacceptable. The fill factor K, also influences the core size.

Equation (14.15) reveals how core geometry affects the core capabilities. An inductor capable
of meeting increased electrical requirements can be obtained by increasing either the core area A, or the
window area W,. Increase of the core area requires additional iron core material. Increase of the window
area implies that additional copper winding material is employed. We can trade iron for copper, or vice
versa, by changing the core geometry in a way that maintains the K, of Eq. (14.15).

142 A STEP-BY-STEP PROCEDURE

The procedure developed in Section 14.1 is summarized below. This simple filter inductor design proce-
dure should be regarded as a first-pass approach. Numerous issues have been neglected, including
detailed insulation requirements, conductor eddy current losses, temperature rise, roundoff of number of
turns, etc.

The following quantities are specified, using the units noted:

Wire resistivity p (Q-cm)

Peak winding current L (A)

Inductance L (H)

Winding resistance R Q)

Winding fill factor K,

Maximum operating flux density B, (T)
The core dimensions are expressed in cm:

Core cross-sectional area A, (cmz)

Core window area W, (sz)

Mean length per turn MLT (cm)

The use of centimeters rather than meters requires that appropriate factors be added to the design equa-
tions.

1.  Determine core size

pLzlznax 8
gzm 10 (CmS) (14.16)

Choose a core which is large enough to satisfy this inequality. Note the values of A, W,, and MLT for
this core. The resistivity p of copper wire is 1.724 - 10 Q—cm at room temperature, and 2.3 - 10 Q—cm
at 100°C.

2. Determine air gap length

2
(= Wold} s 104 (m) (14.17)

8 B2 A

max*‘ ¢

with A expressed in em?. po=4m- 10”7 H/m. The air gap length is given in meters. The value expressed
in Eq. (14.17) is approximate, and neglects fringing flux and other nonidealities.
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Core manufacturers sell gapped cores. Rather than specifying the air gap length, the equivalent
quantity A, is used. A, is equal to the inductance, in mH, obtained with a winding of 1000 turns. When
A, is specified, it is the core manufacturer’s responsibility to obtain the correct gap length. Equation
(14.17) can be modified to yield the required A, as follows:

2 2
A= %;”AC (mH/1000 turns) (14.18)
Lk,

where A is given in em?, Lis given in Henries, and B, is given in Tesla.

3. Determine number of turns

n= e ot (14.19)
BmaxAc
4.  Evaluate wire size
Ay < EWa (em?) (14.20)
n

Select wire with bare copper area less than or equal to this value. An American Wire Gauge table is
included in Appendix D.
As a check, the winding resistance can be computed:

R= %“_T) @ (14.21)

w

143  MULTIPLE-WINDING MAGNETICS DESIGN VIA THE K, METHOD

The K, method can be extended to the case of multiple-winding magnetics, such as the transformers and
coupled inductors described in Sections 13.5.3 to 13.5.5. The desired turns ratios, as well as the desired
winding voltage and current waveforms, are specified. In the case of a coupled inductor or flyback trans-
former, the magnetizing inductance is also specified. It is desired to select a core size, number of turns
for each winding, and wire sizes. It is also assumed that the maximum flux density B, is given.

With the K o method, a desired copper loss is attained. In the multiple-winding case, each wind-
ing contributes some copper loss, and it is necessary to allocate the available window area among the
various windings. In Section 14.3.1 below, it is found that total copper loss is minimized if the window
area is divided between the windings according to their apparent powers. This result is employed in the
following sections, in which an optimized K, method for coupled inductor design is developed.

14.3.1 Window Area Allocation

The first issue to settle in design of a multiple-winding magnetic device is the allocation of the window
area Ay, among the various windings. It is desired to design a device having k windings with turns ratios
ny :ny @ .ny. These windings must conduct rms currents 1, 1, ..., I, respectively. It should be noted that
the windings are effectively in parallel: the winding voltages are ideally related by the turns ratios
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> <
=

<
rms current . rms current

5 L

rms current

Fig. 14.6 It is desired to optimally allocate the window area of a k~winding magnetic element to minimize low-
frequency copper losses, with given rms winding currents and turns ratios.

no_v_ v (14.22)

n, n, Ty
However, the winding rms currents are determined by the loads, and in general are not related to the turns
ratios. The device is represented schematically in Fig. 14.6.
The relevant geometrical parameters are summarized in Fig. 14.7(a). It is necessary to allocate a
portion of the total window area W, to each winding, as illustrated in Fig. 14.7(b). Let o be the fraction
of the window area allocated to winding j, where

O0<a;<l (14.23)
O+ 0+ +0,=1

(a)

Core

L~ Window area W,

Core mean length
per turn (MLT)

Wire resistivity p

Fig. 14.7 Basic core topology,
including window area W, enclosed by .

Fill factor K
core (a). The window is allocated to 1Hactor &,
the various windings to minimize low-
frequency copper loss (b).

®) Winding 1 allocation
oW,
Winding 2 allocation { BY RHEET
oW, | B e
Total window
etc. area W,
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The low-frequency copper loss P, . in winding j depends on the dc resistance R; of winding j, as follows:

2
P,;=IR; (14.24)
The resistance of winding j is
R=p- (14.25)
T Ay,

where p is the wire resistivity, ¢, is the length of the wire used for winding j, and Ay, is the cross-sectional
area of the wire used for winding j. These quantities can be expressed as

{;=n, (MLT) (14.26)
_WiK0, (14.27)
W.j n.

J

where (MLT) is the winding mean-length-per-turn, and K, is the winding fill factor. Substitution of these
expressions into Eq. (14.25) leads to

2
R=p "V{/ %LT) (14.28)
A0

uwj

The copper loss of winding j is therefore

~ n%iZp(MLT)

= (14.29)
i = WK,

The total copper loss of the k windings is

252
pMLT) & |15l 14.30
Pcu,mt = Pcu,l + PL‘u,2 toet Pcu,k = WAK“ jgl (jljj ( )

It is desired to choose the ays such that the total copper loss P
happens when we vary one of the as, say o, between 0 and 1.

When o, =0, then we allocate zero area to winding 1. In consequence, the resistance of winding
1 tends to infinity. The copper loss of winding 1 also tends to infinity. On the other hand, the other wind-
ings are given maximum area, and hence their copper losses can be reduced. Nonetheless, the total cop-
per loss tends to infinity.

When o, = 1, then we allocate all of the window area to winding 1, and none to the other wind-
ings. Hence, the resistance of winding 1, as well as its low-frequency copper loss, are minimized. But the
copper losses of the remaining windings tend to infinity.

As illustrated in Fig. 14.8, there must be an optimum value of o, that lies between these two
extremes, where the total copper loss is minimized. Let us compute the optimum values of o, &, ..., O,
using the method of Lagrange multipliers. It is desired to minimize Eq. (14.30), subject to the constraint
of Eq. (14.23). Hence, we define the function

o 1 Minimized. Let us consider what
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Copper 1
loss

0 I o
Fig. 14.8 Variation of copper losses with ¢,.
S0y, O, oy Oy B = Py (00, 0, =y 0) + E g(01, 0y, <00y 0) (14.31)

where

k
g(al, az’ e, ak) =1 _j;l aj (1432)

is the constraint that must equal zero, and & is the Lagrange multiplier. The optimum point is the solution
of the system of equations

Af (0L, 0y, -+, 05, 6) =0
el e

a‘l
(o, oy =) _
o
: (14.33)
Af (0L, Oy, +v, 08 0
oo,
0 (0, 0 - 0 8) _
JE =
The solution is
2
PMLT) | ¥ '
E“ = WAKu (jzl nflj) = Pcu,xaz (14.34)
(x — nmlm
D (14.35)
Z nl,

This is the optimal choice for the s, and the resulting minimum value of P, ..
According to Eq. (14.22), the winding voltages are proportional to the turns ratios. Hence, we
can express the ¢, s in the alternate form
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Vol

o = m-m

m= Tk
12‘1 Vil

(14.36)

by multiplying and dividing Eq. (14.35) by the quantity V,,/n,,. It is irrelevant whether rms or peak volt-
ages are used. Equation (14.36) is the desired result. It states that the window area should be allocated to
the various windings in proportion to their apparent powers. The numerator of Eq. (14.36) is the apparent
power of winding m, equal to the product of the rms current and the voltage. The denominator is the sum
of the apparent powers of all windings.

As an example, consider the PWM full-bridge transformer having a center-tapped secondary, as
illustrated in Fig. 14.9. This can be viewed as a three-winding transformer, having a single primary-side
winding of n, turns, and two secondary-side windings, each of n, turns. The winding current waveforms
i,(1), i,(1), and i,(¢) are illustrated in Fig. 14.10. Their rms values are

o (T, M (14.37)
1= 2TJO e =72 10
L[ R e wrw o) (1438)
12=I3= QTL lz(l)dl =51 1+D -

Substitution of these expressions into Eq. (14.35) yields

oy =7
14.39
(12=a3“1 1

=2 5 (14.40)
(1 MY 1+D)

If the design is to be optimized at the operating point D = 0.75, then one obtains

o, =0396
o, = 0302 (14.41)
oy = 0302

So approximately 40% of the window area should be allocated to the primary winding, and 30% should

iL(® ir(%) I
p—BOO )

} n, turns
n, turns { % 5
} n, tarns

i5(1)
Fig. 149 PWM full-bridge transformer example.

i
i
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i\(0) %ag
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n
Fig. 14.10 Transformer waveforms, i(0)
PWM full-bridge converter example. 2 1
0.51 0.51
0
is(0) ;
0.51 0.51
O —
o o T, T,+DT, 27, ¢

s

be allocated to each half of the center-tapped secondary. The total copper loss at this optimal design point
is found from evaluation of Eq. (14.34):

2
P —p(MLn(ﬁlnl)

cutol WAKu = J°J

MLT)n2I?
=9(_WI§L(1 +2D +2/D(0 +D))
A u

(14.42)

14.3.2 Coupled Inductor Design Constraints

Let us now consider how to design a k-winding coupled inductor, as discussed in Section 13.5.4 and
illustrated in Fig. 14.11. It is desired that the magnetizing inductance be a specified value L,,, referred to
winding 1. It is also desired that the numbers of turns for the other windings be chosen according to
desired turns ratios. When the magnetizing current i,(¢) reaches its maximum value 7, ., the coupled
inductor should operate with a given maximum flux density B, . With rms currents I, ,,..., I, applied to
the respective windings, the total copper loss should be a desired value P, given by Eq. (14.34). Hence,
the design procedure involves selecting the core size and number of primary turns so that the desired
magnetizing inductance, the desired flux density, and the desired total copper loss are achieved. Other
quantities, such as air gap length, secondary turns, and wire sizes, can then be selected. The derivation
follows the derivation for the single winding case (Section 14.1), and incorporates the window area opti-
mization of Section 14.3.1.

The magnetizing current i,,(t) can be expressed in terms of the winding currents i;(t), i,(),...,
i,(t) by solution of Fig. 14.11(a) (or by use of Ampere’s Law), as follows:

iy@®=i )+ L )+ + M NG (14.43)
n ny

By solution of the magnetic circuit model of Fig. 14.11(b), we can write
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(a) ny o, (b)
wo om0y L LT e R,
Vl(t) LM V2(t) 'A%

—\ M
R, R, "1iM(’)<i) @ 5%

Fig. 14.11 A k-winding magnetic device, with specified turns ratios and waveforms: (a) electrical circuit model,
(b) a magnetic circuit model.

nyiy () = BOA, R, (14.44)

This equation is analogous to Eq. (14.4), and assumes that the reluctance 2, of the air gap is much larger
than the reluctance %, of the core. As usual, the total flux ®(z) is equal to B(r)A,. Leakage inductances
are ignored.

To avoid saturation of the core, the instantaneous flux density B(f) must be less than the satura-
tion flux density of the core material, B,. Let us define 1, . as the maximum value of the magnetizing
current i,,(#). According to Eq. (14.44), thls will lead to a max1mum flux density B, given by

¢,

nIIM,max—BmaxAc /‘ _Bmax “‘ (1445)
For a value of I, . given by the circuit application, we should use Eq. (14.45) to choose the turns , and
gap length €g such that the maximum flux density B, ,. is less than the saturation density B_,,. Equation
(14.45) is similar to Eq. (14.6), but accounts for the magnetizations produced by multiple winding cur-
rents.

The magnetizing inductance L,,, referred to winding 1, is equal to

2
Ly =1 o2 e (14.46)

This equation is analogous to Eq. (14.7).

As shown in Section 14.3.1, the total copper loss is minimized when the core window area W, is
allocated to the various windings according to Eq. (14.35) or (14.36). The total copper loss is then given
by Eq. (14.34). Equation (14.34) can be expressed in the form

_ ML), (14.47)
cu WAK
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where
Lk n.
I, = j; 1) (14.48)

is the sum of the rms winding currents, referred to winding 1.
We can now eliminate the unknown quantities ég and n, from Egs. (14.45), (14.46), and (14.47).
Equation (14.47) then becomes

_ PMLDLy Ll s (14.49)
“ B%mxAzwAKu

We can now rearrange this equation, by grouping terms that involve the core geometry on the left-hand

side, and specifications on the right-hand side:

AW, _ PLyT il s (14.50)
(MLT) ~ B> _K,P

nax 't ut cu

The left-hand side of the equation can be recognized as the same K, term defined in Eq. (14.15). There-
fore, to design a coupled inductor that meets the requirements of operating with a given maximum flux
density B, , given primary magnetizing inductance L,,, and with a given total copper loss P, we must
select a core that satisfies

o PLa L bt (14.50)
£ BizaxKuPcu
Once such a core is found, then the winding 1 turns and gap length can be selected to satisfy Egs. (14.45)
and (14.46). The turns of windings 2 through & are selected according to the desired turns ratios. The
window area is allocated among the windings according to Eq. (14.35), and the wire gauges are chosen
using Eq. (14.27).

The procedure above is applicable to design of coupled inductors. The results are applicable to
design of flyback and SEPIC transformers as well, although it should be noted that the procedure does
not account for the effects of core or proximity loss. It also can be extended to design of other devices,
such as conventional transformers—doing so is left as a homework problem.

14.3.3 Design Procedure

The following quantities are specified, using the units noted:

Wire effective resistivity P (Q—cm)
. s £ on,
Total rms winding currents, referred to winding 1 [ =2 ny I. (A)
tor 4 Shj
J=1""
Peak magnetizing current, referred to winding 1 Lyt prax (A)
Desired turns ratios nylny, nyfny, ete.
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Magnetizing inductance, referred to winding 1 Ly (H)
Allowed total copper loss P, (W)
Winding fill factor K,

Maximum operating flux density B, (T

The core dimensions are expressed in cm:

Core cross-sectional area A, (cmz)
Core window area w, (sz)
Mean length per turn MLT (cm)

The use of centimeters rather than meters requires that appropriate factors be added to the design equa-
tions.

1. Determine core size

271212
K> pL2 sl ol max 4 8 (cm®) (14.52)
87 B2uP.K,

max= cu

Choose a core which is large enough to satisfy this mequahty Note the values of A, W,, and MLT for
this core. The resistivity p of copper wire is 1.724 - 107° Q—cm at room temperature, and 2.3-10° Q-cm
at 100°C.

2. Determine air gap length
MOL’MI%/I,max 4
==z 10 (m) (14.53)

Here, B, is expressed in Tesla A, is expressed in cm?, and £, is expressed in meters. The permeability
of free space is pig = 4m- 1077 H/m This value is approximate, and neglects fringing flux and other non-
idealities.

3. Determine number of winding 1 turns

LI
n = _é”._MA'"‘”‘ 104 (14.54)
. . . . 2
Here, B, is expressed in Tesla and A . s expressed in cm”,

4. Determine number of secondary turns

Use the desired turns ratios:

- (1’}.) ) (14.55)
3= 1
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5. Evaluate fraction of window area allocated to each winding

_ nily
=1
nlltat
o= n,l,
)=
nl,, (14.56)
n,l
=k
nlltot
6.  Evaluate wire sizes
" o, KW,
n
o, K W
szs 283 4" A
ny

(14.57)

Select wire with bare copper area less than or equal to these values. An American Wire Gauge table is
included in Appendix D.

144 EXAMPLES

144.1 Coupled Inductor for a Two-Output Forward Converter

As a first example, let us consider the design of coupled inductors for the two-output forward converter
illustrated in Fig. 14.12. This element can be viewed as two filter inductors that are wound on the same
core. The turns ratio is chosen to be the same as the ratio of the output voltages. The magnetizing induc-
tance performs the function of filtering the switching harmonics for both outputs, and the magnetizing
current is equal to the sum of the reflected winding currents.

At the nominal full-load operating point, the converter operates in the continuous conduction
mode with a duty cycle of D = 0.35. The switching frequency is 200 kHz. At this operating point, it is
desired that the ripple in the magnetizing current have a peak magnitude equal to 20% of the dc compo-
nent of magnetizing current.

The dc component of the magnetizing current /, is

n
I,=1+-21
M 1 n’l 2

~ 12 (14.58)
=an+Zea

=486 A

The magnetizing current ripple Ai,, can be expressed as
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(a)
. Output 1
28V
4A
v, (j> ,
Output 2
12V
f,=200kHz 2A
(b)
Vi il
]
00O
v 3
Q00 = T _
- . 0 >
) 437 VM([) 4
. Coupled _J_ * . , I
inductor v 5 DT i
model 2 0 >
_ -V

Fig. 1412 Two-output forward converter example: (a) circuit schematic, (b) coupled inductor model inserted into
converter secondary-side circuit, (¢) magnetizing current and voltage waveforms of coupled inductor, referred to
winding 1.

V,D'T,
Afy, =7 s 14.59
Im 2L, ( )

Since we want Ai,, to be equal to 20% of I,,, we should choose L, as follows:

— VlD/Ts
M oA,
(28 V)(1-0.35)(5 us) (14.60)
= TT2{4.86 A)20%)
=47 puH

The peak magnetizing current, referred to winding 1, is therefore
IM,max=1M+AiM:5~83 A (1461)

Since the current ripples of the winding currents are small compared to the respective dc components, the

DELTA ELECTRONICS EX. 1008

Page 564



Inductor Design

556
rms values of the winding currents are approximately equal to the dc components: I, =4 A, I, =2 A,
Therefore, the sum of the rms winding currents, referred to winding 1, is
I,=1+ Z—f 1,=486 A (14.62)

For this design, it is decided to allow 0.75 W of copper loss, and to operate the core at a maximum flux
density of 0.25 Tesla. A fill factor of 0.4 is assumed. The required K, is found by evaluation of Eq.

(14.52), as follows:
(1.724 - 107° Q — cm)(47 pH)*(4.86 A)X(5.83 A)® . 5
K, > 10 (14.63)

(0.25 T)%0.75 W)(0.4)

=16-10"% cm’
A ferrite PQ 20/16 core is selected, which has a K, of 22.4-10 ~ 3 cm’. From Appendix D, the geometri-
cal parameters for this core are: A_ = 0.62 cm?, W, =0.256 cm?, and MLT = 4.4 cm.
The air gap is found by evaluation of Eq. (14.53) as follows:

L,
eg=—“°BzM e ¢
e (14.64)

_ (- 107 "H/m)(47 uH)(5.83 A)? 10*
0.25 T)%(0.62 cm?)

=0.52 mm
In practice, a slightly longer air gap would be necessary, to allow for the effects of fringing flux and other

nonidealities. The winding 1 turns are found by evaluation of Eq. (14.54):

Ll
n =M§4 MA””* 104
__(4TUH)(S83A) |00 (14.65)
T 025 T)0.62 cm?)

= 17.6 turns

The winding 2 turns are chosen according to the desired turns ratio:

(14.66)

12
(-z—g) (17.6)
=7.54 turns

The numbers of turns are rounded off to n; = 17 turns, n, = 7 turns (18:8 would be another possible
choice). The window area W, is allocated to the windings according to the fractions from Eq. (14.56):

nl, (@A)
B3 = =0.82
S T @seA) - 08 (14.67)

_ml_ (DQA)
2T, (IT)486A) 01695
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The wire sizes can therefore be chosen as follows:

LKW, _ (08235)(04)(0256 em?)

- -3 2
A, S ", an =496-10"" c¢cm
use AWG #21
(14.68)
2
A< oK W, _ (0.1695)(0.4)(0.256 cm?) =248 10~} om?
ny 7
use AWG #24

14.4.2 CCM Flyback Transformer

As a second example, let us design the flyback transformer for the converter illustrated in Fig. 14.13.
This converter operates with an input voltage of 200 V, and produces an full-load output of 20 V at SA.
The switching frequency is 150 kHz. Under these operating conditions, it is desired that the converter
operate in the continuous conduction mode, with a magnetizing current ripple equal to 20% of the dc
component of magnetizing current. The duty cycle is chosen to be D = 0.4, and the turns ratio is n,/n; =
0.15. A copper loss of 1.5 W is allowed, not including proximity effect losses. To allow room for isola-
tion between the primary and secondary windings, a fill factor of K, = 0.3 is assumed. A maximum flux
density of B, =0.25T is used; this value is less than the worst-case saturation flux density B, of the
ferrite core material.

By solution of the converter using capacitor charge balance, the dc component of the magnetiz-
ing current can be found to be

sat

Iy= (:—T) %%: 125A (14.69)
Hence, the magnetizing current ripple should be

Ay =(20%)1,, =025 A (14.70)
and the maximum value of the magnetizing current is

Dy =T+ Dy =15 A (14.71)
To obtain this ripple, the magnetizing inductance should be

L, =Pl
M= IR, (14.72)
=1.07mH

The rms value of the primary winding current is found using Eq. (A.6) of Appendix A, as follows:

. 2
I,=1,/D 1+%(%’ﬂ) =0.796 A (14.73)
M
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(a)

Transformer model
R n,n,
i'l . D’ll +
C— R g 1%
v O i

()

Fig. 14.13 Flyback transformer
design example: (a) converter sche-

matic, (b) typical waveforms. . 0 >
11(t) 4
IM //
0 '/=
XOR
n, M
0 >
V(9 4 Vg
-
-— DTS —>
0 >
The rms value of the secondary winding current is found in a similar manner:
R 1 (A, \*
Ly==L1,,VD 1+§(Ji) =6.50 A (14.74)
Ry Iy

Note that I, is not simply equal to the turns ratio multiplied by /. The total rms winding current is equal
to:

La=l+21L,=171A (14.75)
n
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We can now determine the necessary core size. Evaluation of Eq. (14.52) yields

> pL?VIItZt)lI?\/I,max 108

g - B%lII_XPL‘MKIA
(1.724 - 10'6Q—cm)(1.07 107 H)2(1.77 AY(15A)? o (14.76)
B (025 T)(1.5 W)(0.3)

K

=0.049 cm’

The smallest EE core listed in Appendix D that satisfies this inequality is the EE30, which has
K, =0.0857 cm’. The dimensions of this core are

A, 1.09cm?

W, 0476 cm? 1477
MLT 6.6cm

[4 5.77 cm

m

The air gap length Zg is chosen according to Eq. (14.53):

{ = MOLMIIZVI,max
g B BilaXAC
(47: : 10-7H/m)(1.07 10 H)15A) (14.78)
= : 10
(025 T)*(1.09 cm?)

=0.44 mm

104

The number of winding 1 turns is chosen according to Eq. (14.54), as follows:

O ol
{10710 H)(154)
(025T)(1.09 em?)

=58.7 turns

. (14.79)

Since an integral number of turns is required, we round off this value to
n,=59 (14.80)
To obtain the desired turns ratio, 7, should be chosen as follows:

n
Hy=|—>|n,
n

=(0.15) 59
=8.81

(14.81)

We again round this value off, to
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ny=9 (14.82)

The fractions of the window area allocated to windings 1 and 2 are selected in accordance with Eq.
(14.56):

0.796 A
o= 11—1 ( ) 0.45
w (177 A) (14.83)
o, = n212 - (9)(65 A) =0.55
Ml (59)(1.77 A)
The wire gauges should therefore be
A, <KV 100107 em?  — use #28 AWG
¥ i (14.84)
Ay < 82EMa_geg 107 cm?  —usc #19 AWG
w2 n

The above American Wire Gauges are selected using the wire gauge table given at the end of Appendix
D.

The above design does not account for core loss or copper loss caused by the proximity effect.
Let us compute the core loss for this design. Figure Fig. 14.14 contains a sketch of the B—H loop for this
design. The flux density B(f) can be expressed as a dc component (determined by the dc value of the
magnetizing current /,,), plus an ac variation of peak amplitude AB that is determined by the current rip-
ple Ai,. The maximum value of B(f) is labeled B, ; this value is determined by the sum of the dc com-
ponent and the ac ripple component. The core material saturates when the applied B(f) exceeds B_,;
hence, to avoid saturation, B, _should be less than B,,,. The core loss is determined by the amplitude of
the ac variations in B(¥), i.e., by AB.

The ac component AB is determined using Faraday’s law, as follows. Solution of Faraday’s law
for the derivative of B(f) leads to

dB@t) _ vy (1) (14.85)

dt nA,

As illustrated in Fig. 14.15, the voltage applied during the first subinterval is v,,(¢) = Ve This causes the

B(r),
sar T ===
Bmax-
Fig. 14.14 B-H loop for the flyback transformer design
example. Minor B—H loop,
CCM flyback
example
~B-H loop,
large excitation
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B(n)
B max t AB
/A;/g \/
Fig. 14.15 Variation of flux density B(f), flyback transformer nA,
example. 0 >
Y OX
D V‘g B
— DTS —
0 >
flux density to increase with slope
dB@) _ Vs (14.86)

d  nA

c

Over the first subinterval 0 < ¢ < DT, the flux density B() changes by the net amount 2AB. This net
change is equal to the slope given by Eq. (14.86), multiplied by the interval length DT

V.
=il o) a4

Upon solving for AB and expressing A, in cm?, we obtain

_V,DT,

- 4 (14.88)
AB =51 10

For the flyback transformer example, the peak ac flux density is found to be

_ (200 v){0.4)(6.67 ps) 104
~ 2(59)(1.09 em?) (14.89)
=0041T

To determine the core loss, we next examine the data provided by the manufacturer for the given
core material. A typical plot of core loss is illustrated in Fig. 14.16. For the values of AB and switching
frequency of the flyback transformer design, this plot indicates that 0.078 W will be lost in every cm® of
the core material. Of course, this value neglects the effects of harmonics on core loss. The total core loss
P, will therefore be equal to this loss density, multiplied by the volume of the core:

Py, =(0.078 Wiem?)(4£,)
= (0,078 Wiem?)(1.09 cm?)(5.77 cm) .
=049 W

This core loss is somewhat less than the copper loss of 1.5 W, and neglecting the core loss is often war-
ranted in designs that operate in the continuous conduction mode and that employ ferrite core materials.
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Fig. 14.16 Determination of core loss density for the N
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14.5

SUMMARY OF KEY POINTS

A variety of magnetic devices are commonly used in switching converters. These devices differ in their
core flux density variations, as well as in the magnitudes of the ac winding currents. When the flux density
variations are small, core loss can be neglected. Alternatively, a low-frequency material can be used, hav-
ing higher saturation flux density.

The core geometrical constant K, is a measure of the magnetic size of a core, for applications in which
copper loss is dominant. In the K, design method, flux density and total copper loss are specified. Design
procedures for single-winding filter inductors and for conventional multiple-winding transformers are
derived.
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PROBLEMS

14.1

14.2

14.3

14.4

A simple buck converter operates with a 50 kHz switching frequency and a dc input voltage of V, = 40 V.
The output voltage is V =20 V. The load resistance is R 2 4 Q.

(a) Determine the value of the output filter inductance L such that the peak-to-average inductor cur-
rent ripple Ai is 10% of the dc component /.

(b) Determine the peak steady-state inductor current /

(e) Design an inductor which has the values of L and I, from parts (a) and (b). Use a ferrite EE
core, with B, .= 0.25 T. Choose a value of winding resistance such that the inductor copper loss
is less than or equal to 1 W at room temperature. Assume K, = 0.5. Specify: core size, gap

length, wire size (AWG), and number of turns.

A boost converter operates at the following quiescent point: V, = 28 V, V=48V, P, , = 150 W,
f, = 100 kHz. Design the inductor for this converter. Choose the inductance value such that the peak cur-
rent ripple is 10% of the dc inductor current. Use a peak flux density of 0.225 T, and assume a fill factor
of 0.5. Allow copper loss equal to 0.5% of the load power, at room temperature. Use a ferrite PQ core.
Specify: core size, air gap length, wire gauge, and number of turns.

Extension of the K, approach to design of two-winding transformers. It is desired to design a trans-
former having a turns ratio of 1:n. The transformer stores negligible energy, no air gap is required, and
the ratio of the winding currents i,(£)/i,(¢) is essentially equal to the turns ratio . The applied primary
volt-seconds A, are defined for a typical PWM voltage waveform v (#) in Fig. 13.45(b); these volt-sec-
onds should cause the maximum flux density to be equal to a specified value B, = AB. You may
assume that the flux density B(f) contains no dc bias, as in Fig. 13.46. You should allocate half of the
core window area to each winding. The total copper loss P, is also specified. You may neglect proximity
losses.

(a) Derive a transformer design procedure, in which the following quantities are specified: total cop-
per loss P, , maximum flux density B, ., fill factor K, wire resistivity p, rms primary current ;,
applied primary volt-seconds A, and turns ratio 1:n. Your procedure should yield the following
data: required core geometrical constant K, primary and secondary turns 2, and ,, and primary
and secondary wire areas A and A, .

(b) The voltage waveform applied to the transformer primary winding of the Cuk converter [Fig.
6.41(c)] is equal to the converter input voltage v, while the transistor conducts, and is equal to
-V, DI(1 - D) while the diode conducts. This converter operates with a switching frequency of
100 kHz, and a transistor duty cycle D equal to 0.4. The dc input voltage is Vg =120V, the dc
output voltage is V =24V, and the load power is 200 W. You may assume a fill factor of K, = 0.3.
Use your procedure of part (a) to design a transformer for this application, in which
B, =0.15T, and P_, = 0.25 W at 100°C. Use a ferrite PQ core. Specify: core size, primary and
secondary turns, and wire gauges.

Coupled inductor design. The two-output forward converter of Fig. 13.47(a) employs secondary-side
coupled inductors. An air gap is employed.

Design a coupled inductor for the following application: V, =5V, V, =15V, I, =20A, I, =4A,
D = 0.4. The magnetizing inductance should be equal to 8 pH, referred to the 5 V winding. You may
assume a fill factor K, of 0.5. Allow a total of 1 W of copper loss at 100°C, and use a peak flux density of
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B, =0.2T. Use a ferrite EE core. Specify: core size, air gap length, number of turns and wire gauge for
each winding.

14.5 Flyback transformer design. A flyback converter operates with a 160 Vdc input, and produces a 28 Vdc
output. The maximum load current is 2 A. The transfomer turns ratio is 8:1. The switching frequency is
100 kHz. The converter should be designed to operate in the discontinuous conduction mode at all load
currents. The total copper loss should be less than 0.75 W.

(a) Choose the value of transformer magnetizing inductance L,, such that, at maximum load current,
D, =0.1 (the duty cycle of subinterval 3, in which all semiconductors are off). Please indicate
whether your value of L, is referred to the primary or secondary winding. What is the peak tran-
sistor current? The peak diode current?

(b) Design a flyback transformer for this application. Use a ferrite pot core with B, , = 0.25 Tesla,
and with fill factor K, = 0.4, Specify: core size, primary and secondary turns and wire sizes, and
air gap length.

(©) For your design of part (b), compute the copper losses in the primary and secondary windings.
You may neglect proximity loss.

(d) For your design of part (b), compute the core loss. Loss data for the core material is given by
Fig. 13.20. Is the core loss less than the copper loss computed in Part {c)?
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In the design methods of the previous chapter, copper loss P_, and maximum flux density B, are speci-
fied, while core loss P, is not specifically addressed. This approach is appropriate for a number of appli-
cations, such as the filter inductor in which the dominant design constraints are copper loss and
saturation flux density. However, in a substantial class of applications, the operating flux density is lim-
ited by core loss rather than saturation. For example, in a conventional high-frequency transformer, it is
usually necessary to limit the core loss by operating at a reduced value of the peak ac flux density AB.

This chapter covers the general transformer design problem. It is desired to design a k~winding
transformer as illustrated in Fig. 15.1. Both copper loss P, and core loss P, are modeled. As the operat-
ing flux density is increased (by decreasing the number of turns), the copper loss is decreased but the
core loss is increased. We will determine the operating flux density that minimizes the total power loss
Ptot:Pfe+Pcu'

It is possible to generalize the core geometrical constant K design method, derived in the previ-
ous chapter, to treat the design of magnetic devices when both copper loss and core loss are significant.
This leads to the geometrical constant K, a measure of the effective magnetic size of core in a trans-
former design application. Several examples of transformer designs via the K, method are given in this
chapter. A similar procedure is also derived, for design of single-winding inductors in which core loss is
significant.

151  TRANSFORMER DESIGN: BASIC CONSTRAINTS

As in the case of the filter inductor design, we can write several basic constraining equations. These
equations can then be combined into a single equation for selection of the core size. In the case of trans-
former design, the basic constraints describe the core loss, flux density, copper loss, and total power loss
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Fig. 15.1 A k-winding transformer, in which both core loss and copper loss are significant.

vs. flux density. The flux density is then chosen to optimize the total power loss.
15.1.1 Core Loss

As described in Chapter 13, the total core loss F, depends on the peak ac flux density AB, the operating
frequency f, and the volume of the core. At a given frequency, we can approximate the core loss by a
function of the form

P,=K (AB)PAL, (15.1)

Again, A_is the core cross-sectional area, {,, is the core mean magnetic path length, and hence A ¢, is the
volume of the core. K, is a constant of proportionality which depends on the operating frequency. The
exponent f is determined from the core manufacturer’s published data. Typically, the value of { for fer-
rite power materials is approximately 2.6; for other core materials, this exponent lies in the range 2 to 3.
Equation (15.1) generally assumes that the applied waveforms are sinusoidal; effects of waveform har-
monic content are ignored here.

15.1.2 Flux Density

An arbitrary periodic primary voltage waveform v,(¥) is illustrated in Fig. 15.2. The volt-seconds applied
during the positive portion of the waveform is denoted A, :

A= fz v ()t (152)
1

These volt-seconds, or flux-linkages, cause the flux density to change from its negative peak to its posi-
tive peak value. Hence, from Faraday’s law, the peak value of the ac component of the flux density is
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vy (1) 4

area A,

/fl A t

Fig. 15.2 An arbitrary transformer primary voltage waveforms, illustrating the volt-seconds applied during the
positive portion of the cycle.

A
- ﬁ; (15.3)
Note that, for a given applied voitage waveform and A, we can reduce AB by increasing the primary
turns n;. This has the effect of decreasing the core loss according to Eq. (15.1). However, it also causes
the copper loss to increase, since the new windings will be comprised of more turns of smaller wire. As a
result, there is an optimal choice for AB, in which the total loss is minimized. In the next sections, we
will determine the optimal AB. Having done so, we can then use Eq. (15.3) to determine the primary
turns #,, as follows:

- }‘l
T 2ABA,

n (15.4)

It should also be noted that, in some converter topologies such as the forward converter with conven-
tional reset winding, the flux density B(f) and the magnetizing current i,(¢) are not allowed to be nega-
tive. In consequence, the instantaneous flux density B(f) contains a dc bias. Provided that the core does
not approach saturation, this dc bias does not significantly affect the core loss: core loss is determined by
the ac component of B(f). Equations (15.2) to (15.4) continue to apply to this case, since AB is the peak
value of the ac component of B(z).

15.1.3 Copper Loss

As shown in Section 14.3.1, the total copper loss is minimized when the core window area W, is allo-
cated to the various windings according to their relative apparent powers. The total copper loss is then
given by Eq. (14.34). This equation can be expressed in the form

P = D(M;TL"?I o (15.5)
A u

where
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3y (15.6)

is the sum of the rms winding currents, referred to winding 1. Use of Eq. (15.4) to eliminate n, from Eq.
(15.5) leads to

, :(p%flfm)((MLT))(i)l (15.7)
o\ 4K, | WAl J\AB

The right-hand side of Eq. (15.7) is grouped into three terms. The first group contains specifications,
while the second group is a function of the core geometry. The last term is a function of AB, to be chosen
to optimize the design. It can be seen that copper loss varies as the inverse square of AB; increasing AB
reduces P,

The increased copper loss due to the proximity effect is not explicitly accounted for in this
design procedure. In practice, the proximity loss must be estimated after the core and winding geome-
tries are known. However, the increased ac resistance due to proximity loss can be accounted for in the
design procedure. The effective value of the wire resistivity p is increased by a factor equal to the esti-
mated ratio R /R ;. When the core geometry is known, the engineer can attempt to implement the wind-
ings such that the estimated R, ./R,_is obtained. Several design iterations may be needed.

15.1.4 Total power loss vs. AB

The total power loss P, , is found by adding Egs. (15.1) and (15.7):

P,

tot

=P,+P, (15.8)

The dependence of P, P and P, , on AB is sketched in Fig. 15.3.

cu?

4
Power
loss

Optimu:m AB AB

Fig. 15.3 Dependence of copper loss, core loss, and total loss on peak ac flux density.
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15.1.5 Optimum Flux Density

Let us now choose the value of AB that minimizes Eq. (15.8). At the optimum AB, we can write

Py, _ P AP, _, (15.9)

d(AB) ~ d(AB) * d(AB)

Note that the optimum does not necessarily occur where P,=P,. Rather, it occurs where

dpy, dpP, (15.10)

d(AB) " d(AB)

The derivatives of the core and copper losses with respect to AB are given by

wd‘fig) =K (AB)* A L, (151D
dp pA2I2 )((MLT)) "
@ __9 ot (AB) (1512)
d(AB) ( 4K, W,A?

Substitution of Egs. (15.11) and (15.12) into Eq. (15.10), and solution for AB, leads to the optimum flux
density

1
AL, (MLT) | i

2K“ WAAgem Bng

(15.13)

AB =

The resulting total power loss is found by substitution of Eq. (15.13) into (15.1), (15.8), and (15.9). Sim-
plification of the resulting expression leads to

[6%]

2

P = [Aceme@](B”) p)\'%ltzm (MLT)

4K, WAl

(%)(B‘E‘z) . (%)(ﬁ)l (15.14)

This expression can be regrouped, as follows:

_[Bx2
Wa(a )t (E)_(%)+(E)(ﬁi)l s )_ PR K (15.15)
o |12 ? ax,p,) 0]

The terms on the left side of Eq. (15.15) depend on the core geometry, while the terms on the right side
depend on specifications regarding the application (p, I,,, A,, K, P,,,) and the desired core material
(K, {3). The left side of Eq. (15.15) can be defined as the core geometrical constant K o’
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W, (A )(Z(B— 1/B)
ML)

byt oyt a1
(5" (8)

Kye=

Hence, to design a transformer, the right side of Eq. (15.15) is evaluated. A core is selected whose K,
exceeds this value:

2212 K (2/B)
PAiTK (15.17)

P R L —
gfe 4Ku(Pto,)((B+2)/6]
The quantity K, is similar to the geometrical constant K, used in the previous chapter to design magnet-
ics when core loss is negligible. K, is a measure of the magnetic size of a core, for applications in which
core loss is significant. Unfortunately, K, depends on B, and hence the choice of core material affects
the value of K ... However, the § of most high-frequency ferrite materials lies in the narrow range 2.6 to
2.8, and K. varles by no more than + 5% over this range. Appendix D lists the values of K, , for various
standard femte cores, for the value f§ =2.7.

Once a core has been selected, then the values of A_, Wy, €, and MLT are known. The peak ac
flux density AB can then be evaluated using Eq. (15.13), and the primary turns n, can be found using Eq.
(15.4). The number of turns for the remaining windings can be computed using the desired turns ratios.
The various window area allocations are found using Eq. (14.35). The wire sizes for the various windings
can then be computed as discussed in the previous chapter,

_ KW, (15.18)

wij ™ n;

where A, ; is the wire area for winding j.

152 A STEP-BY-STEP TRANSFORMER DESIGN PROCEDURE

The procedure developed in the previous sections is summarized below. As in the filter inductor design
procedure of the previous chapter, this simple transformer design procedure should be regarded as a first-
pass approach. Numerous issues have been neglected, including detailed insulation requirements, con-
ductor eddy current losses, temperature rise, roundoff of number of turns, etc.

The following quantities are specified, using the units noted:

Wire effective resistivity p (Q-cm)
Total rms winding currents, referred to primary — Z ﬂ (A)
tot
j=1"
Desired turns ratios ny/ng, nyiny, etc.
. . A= J vi(Hdt
Applied primary volt-seconds Sositive (V-sec)
portion
of eycle
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Allowed total power dissipation ot (W)

Winding fill factor :

Core loss exponent B

Core loss coefficient Kfe (W/cm3TB)
The core dimensions are expressed in cm:

Core cross-sectional area A, (cmz)

Core window area W, (sz)

Mean length per turn MLT (cm)

Magnetic path length ¢, (cm)

Peak ac flux density AB (Tesla)

Wire areas A, A (em?)

The use of centimeters rather than meters requires that appropriate factors be added to the design equa-
tions.

15.2.1 Procedure

1.  Determine core size.

272 K(ZIB)
p)"l 0t fo 108 (1519)

ge =T Ta vl

4K, (P, ®+2V9)
Choose a core that is large enough to satisfy this inequality. If necessary, it may be possible to use a
smaller core by choosing a core material having lower loss, i.e., smaller Kfe.

2. Evaluate peak ac flux density.

1
P, (MLT) | (2l (15.20)

AB =108
2Ku WAASEm BKfe

Check whether AB is greater than the core material saturation flux density. If the core operates with a flux
dc bias, then the dc bias plus AB should not exceed the saturation flux density. Proceed to the next step if
adequate margins exist to prevent saturation. Otherwise, (1) repeat the procedure using a core material
having greater core loss, or (2) use the K, design method, in which the maximum flux density is speci-
fied.

3. Evaluate primary turns.

2Lt (15.21)
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4. Choose numbers of turns for other windings

According to the desired turns ratios:

172

1
s
L

3
Hy =1,
n

oy =1

) (15.22)

5. Evaluate fraction of window area allocated to each winding.

n, I

o, = 1y
nl
nyl,

, ==t
nlllor

tot

(15.23)

6.  Evaluate wire sizes.

(15.24)

Choose wire gauges to satisfy these criteria

A winding geometry can now be determined, and copper losses due to the proximity effect can
be evaluated. If these losses are significant, it may be desirable to further optimize the design by reiterat-
ing the above steps, accounting for proximity losses by increasing the effective wire resistivity to the
value p» = p,, P, /P, where P, is the actual copper loss including proximity effects, and P, is the

cu” cu
copper loss obtained when the proximity effect is negligible.

If desired, the power losses and transformer model parameters can now be checked. For the
simple model of Fig. 15.4, the following parameters are estimated:

Magnetizing inductance, referred to winding 1: L, = W;AL
m
Peak ac magnetizing current, referred to winding 1: i = 27;4 1
! M
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non,
i@ WOl L i)
LM
AN A
Rl RZ
. i(0)
-y R,

Fig. 15.4 Computed elements of simple transformer model.

pn, (MLT)

Ri= A,

Winding resistances: N pn(MLT)
P S

w2

A

The core loss, copper loss, and total power loss can be determined using Egs. (15.1), (15.7), and (15.8),
respectively.

153 EXAMPLES
15.3.1 Example 1: Single-Output Isolated Cuk Converter

As an example, let us consider the design of a simple two-winding transformer for the Cuk converter of
Fig. 15.5. This transformer is to be optimized at the operating point shown, corresponding to D = 0.5.
The steady-state converter solution is V; = V,, V, = V. The desired transformer turns ratio is

}’A + v - - vet) + I
[ 204
— ] [— 1
- +
O AR el & = 2y
+ -
i nil 72(1)

Fig. 15.5 Isolated Cuk converter example.
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' (1) R
Vi) V. Area A
Cl I
~— DT, ———>
T F -nVe
Fig. 15.6 Waveforms, Cuk converter H(0) I'n
transformer design example.
B !.L'
i,(1)
B I
-nl "

n=n,/n, = 5. The switching frequency is f, = 200 kHz, corresponding to T, = 5 us. A ferrite pot core
consisting of Magnetics, Inc. P-material is to be used; at 200 kHz, this material is described by the fol-
lowmg parameters: K, = 24.7 WiTPem?, B = 2.6. A fill factor of K,=0.5 is assumed. Total power loss of
=025Wis allowed Copper wire, having a resistivity of p = 1 724107 Q—cm, is to be used.
Transformer waveforms are illustrated in Fig. 15.6. The applied primary volt-seconds are

A, =DT,V,, = (0.5)(5 usec) (25 V) (15.25)
=62.5 V-usec
The primary rms current is
2
I = D(%) +D(1,) =4A (15.26)

It is assumed that the rms magnetizing current is much smaller than the rms winding currents. Since the
transformer contains only two windings, the secondary rms current is equal to

L=nl ;=20 A (15.27)

The total rms winding current, referred to the primary, is

Ly=1+L11,=8A (15.28)

tot

The core size is evaluated using Eq. (15.19):

(1.724-107%)(62.5:10-9)%(8) %(24.7)?2¢) 108
4(0.5)(0.25)+629) (15.29)

Ky2

=0.00295
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The pot core data of Appendix D lists the 2213 pot core with K, = 0.0049 for § = 2.7. Evaluation of Eq.
(15.16) shows that K o = 0.0047 for this core, when 8 = 2.6. In any event, 2213 is the smallest standard
pot core size having K ., < 0.00295. The increased value of K o should lead to lower total power loss.
The peak ac flux density is found by evaluation of Eq. (15.20), using the geometrical data for the 2213
pot core:

(1a6)
108 (1.724-107%)(62.5-10~%)*(8)* (4.42)

1
A= 2(05) (0.297)(0.635)°(3.15) (2.6)(24.7) (15.30)

=0.0858 Tesla

This flux density is considerably less than the saturation flux density of approximately 0.35 Tesla. The
primary turns are determined by evaluation of Eq. (15.21):

(62.5-107%)
2(0.0858)(0.635) (15.31)
=5.74 turns

n,=10*

The secondary turns are found by evaluation of Eq. (15.22). It is desired that the transformer have a 5:1
turns ratio, and hence

n2=%= 1.15 turns (15.32)

In practice, we might select n, = 5 and n, = 1. This would lead to a slightly higher AB and slightly higher
loss.
The fraction of the window area allocated to windings 1 and 2 are determined using Eq. (15.23):

_l4a)
g) )O N (15.33)
(8a) ~

For this example, the window area is divided equally between the primary and secondary windings, since
the ratio of their rms currents is equal to the turns ratio. We can now evaluate the primary and secondary
wire areas, via Eq. (15.24):

n (0.5)(0.(55))(0‘297) = 1481077 (15.34)
A= ©0I029D o

M

The wire gauge is selected using the wire table of Appendix D. AWG #16 has area 13.07 - 10~ cm?, and
is suitable for the primary winding. AWG #9 is suitable for the secondary winding, with area
66.3 - 107 cm?. These are very large conductors, and one turn of AWG #9 is not a practical solution! We
can also expect significant proximity losses, and significant leakage inductance. In practice, interleaved
foil windings might be used. Alternatively, Litz wire or several parallel strands of smaller wire could be
employed.
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Switching frequency

Fig. 15.7 Variation of transformer size (bar chart) with switching frequency, Cuk converter example. Optimum
peak ac flux density (data points) is also plotted.

It is a worthwhile exercise to repeat the above design at several different switching frequencies,
to determine how transformer size varies with switching frequency. As the switching frequency is
increased, the core loss coefficient K}, increases. Figure 15.7 illustrates the transformer pot core size, for
various switching frequencies over the range 25 kHz to 1 MHz, for this Cuk converter example using P
material with P, <0.25 W. Peak flux densities in Tesla are also plotted. For switching frequencies below
250 kHz, increasing the frequency causes the core size to decrease. This occurs because of the decreased
applied volt-seconds A,. Over this range, the optimal AB is essentially independent of switching fre-
quency; the AB variations shown occur owing to quantization of core sizes.

For switching frequencies greater than 250 kHz, increasing frequency causes greatly increased
core loss. Maintaining P,,, < 0.25 W then requires that AB be reduced, and hence the core size is
increased. The minimum transformer size for this example is apparently obtained at 250 kHz.

In practice, several matters complicate the dependence of transformer size on switching fre-
quency. Figure 15.7 ignores the winding geometry and copper losses due to winding eddy currents.
Greater power losses can be allowed in larger cores. Use of a different core material may allow higher or
lower switching frequencies. The same core material, used in a different application with different speci-
fications, may lead to a different optimal frequency. Nonetheless, examples have been reported in the lit-
erature {1-4] in which ferrite transformer size is minimized at frequencies ranging from several hundred
kilohertz to several megahertz. More detailed design optimizations can be performed using computer
optimization programs [5, 6].

15.3.2 Example 2: Multiple-Output Full-Bridge Buck Converter

As a second example, let us consider the design of transformer T, for the multiple-output full-bridge
buck converter of Fig. 15.8. This converter has a 5 V and a 15 V output, with maximum loads as shown.
The transformer is to be optimized at the full-load operating point shown, corresponding to D = 0.75.
Waveforms are illustrated in Fig. 15.9. The converter switching frequency is f, = 150 kHz. In the full-
bridge configuration, the transformer waveforms have fundamental frequency equal to one-half of the
switching frequency, so the effective transformer frequency is 75 kHz. Upon accounting for losses
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D, Isy
”1 100A
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Fig. 15.8 Multiple-output full-bridge isolated buck converter example.

; Area A
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Fig. 15.9 Transformer waveforms, 0
full-bridge converter example. E— E— 3
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I 0.51,5y
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caused by diode forward voltage drops, one finds that the desired transformer turns ratios n,:n,:n, are
110:5:15. A ferrite EE consisting of Magnetics, Inc. P-material is to be used in this example; at 75 kHz,
this material is described by the following parameters: K, = 7.6 W/T Pem®, B = 2.6. A fill factor of
K,=0.25 is assumed in this isolated multiple-output application. Total power loss of P,, = 4 W, or
approximately 0.5% of the load power, is allowed. Copper wire, having a resistivity of
p=1.724-10"° Q—cm, is to be used.

The applied primary volt-seconds are
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Ay = DTV, = (0.75)(6.67 usec )(160 V) = 800 V-usec (15.35)
The primary rms current is
I,= (Z% 15V+%115V) /D=57A (15.36)
The 5 V secondary windings carry rms current
L= T+D=661A (15.37)
The 15V secondary windings carry rms current
=315, V1+D=99A (15.38)

The total rms winding current, referred to the primary, is

n; n n
I > —LI‘=11+217?12+27;_?13

tor =

wi?llaﬁizslgs e (1539)
=144 A
The core size is evaluated using Eq. (15.19):
P (1.724-1079)(800-10~ ) *(14.4)%(7.6)¥26) 1of
o= o125) (15.40)
4(0.25) (414"
=0.00937

The EE core data of Appendix D lists the EE40 core with K, =001 18 for § = 2.7. Evaluation of Eq.
(15.16) shows that K ot = 0.0108 for this core, when §§ = 2.6. In any event, EE40 is the smallest standard
EE core size having K, < 0.00937. The peak ac flux density is found by evaluation of Eq. (15.20), using
the geometrical data for the EE40 core:

(114.6)

108 (1.724-1079)(800-10~%)%(14.4)2 (8.5) 1

AB= 2(0.25) (L1(1.27)%(7.7) 26)(T6) (15.41)

=0.23 Tesla

This flux density is less than the saturation flux density of approximately 0.35 Tesla. The primary turns
are determined by evaluation of Eq. (15.21):

o = 10° _(800:10°%)
17 2(023)(1.27) (15.42)
=13.7 turns

The secondary turns are found by evaluation of Eq. (15.22). It is desired that the transformer have a
110:5:15 turns ratio, and hence
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5 (15.43)
1y = Tg M =0.62 turns

_ (15.44)
ny =g ™= 1.87 turns

In practice, we might select r; = 22, n, = 1, and 1y = 3. This would lead to a reduced AB with reduced
core loss and increased copper loss. Since the resulting AB is suboptimal, the total power loss will be
increased. According to Eq. (15.3), the peak ac flux density for the EE40 core will be

(800-107%)

“2e0an ' (15.45)
“222(1.27) 10" = 0.143 Tesla

AB

The resulting core and copper loss can be computed using Eqs. (15.1) and (15.7):

Py, =(7.6)(0.143)>%(1.27)(7.7) = 047 W (15.46)
P o= (1.724-107%)(800-10-%)%(14.4)*  (8.5) L g
o 4(0.25) (1.1)(1.27)* (0.143)? (15.47)
=54W

Hence, the total power loss would be
Py =P, +P,=59W (15.48)

Since this is 50% greater than the design goal of 4 W, it is necessary to increase the core size. The next
larger EE core is the EE50 core, having K, ;, of 0.0284. The optimum ac flux density for this core, given
by Eq. (15.3), is AB = 0.14 T; operation at this flux density would require 7, = 12 and would lead to a
total power loss of 2.3 W. With », = 22, calculations similar to Egs. (15.45) to (15.48) lead to a peak flux
density of AB = (.08 T. The resulting power losses would then be P, =023 W, P, =380 W,
P, =412W.

With the EE50 core and n, = 22, the fraction of the available window area allocated to the pri-
mary winding is given by Eq. (15.23) as

_ I 57 _ 15.49
al—*—m—0.396 ( B )

tot

The fraction of the available window area allocated to each half of the 5 V secondary winding should be

oy =2l 2 3661 g0 (15.50)

=

~—
—_
—_
[}
—_

The fraction of the available window area allocated to each half of the 15 V secondary winding should be

_mly 15 99 _ 15.51
0= T =110 144 = 0 0% (1530

—

tot

The primary wire area A,,;, 5 V secondary wire area 4 ,, and 15 V secondary wire area A, are then given

wl?
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by Eq. (15.24) as

- oKWy _ (0396)025)(LT8) o5
n, (22)
= AWG #19
K W, (0.209)(0.25)(1.78) 5,
Ap= P D =93.0-10"3 cm (15.52)
= AWG #8
KW, (0.094)(0.25)(1.78
Aw3=a3 Mo _ QODOATE) _ (391575 o2
s 3)
= AWG #16

It may be preferable to wind the 15 V outputs using two #19 wires in parallel; this would lead to the same
area A, but would be easier to wind. The 5 V windings could be wound using many turns of smaller par-
alleled wires, but it would probably be easier to use a flat copper foil winding. If insulation requirements
allow, proximity losses could be minimized by interleaving several thin layers of foil with the primary
winding.

154  ACINDUCTOR DESIGN

The transformer design procedure of the previous sections can be adapted to handle the design of other
magnetic devices in which both core loss and copper loss are significant. A procedure is outlined here for
design of single-winding inductors whose waveforms contain significant high-frequency ac components
(Fig. 15.10). An optimal value of AB is found, which leads to minimum total core-plus-copper loss. The
major difference is that we must design to obtain a given inductance, using a core with an air gap. The
constraints and a step-by-step procedure are briefly outlined below.

15.4.1 Outline of Derivation

As in the filter inductor design procedure of the previous chapter, the desired inductance L must be
obtained, given by

1= BoAcn? (15.53)
Eg

The applied voltage waveform and the peak ac component of the flux density AB are related according to

- A
=i (15.54)
The copper loss is given by
_P’MLT) o, 15.55
Pcu - KMVVA I ( )

where / is the rms value of i(z). The core loss Py, is given by Eq. (15.1).
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Fig. 15.10 Ac inductor, in which copper loss and core loss are significant: (a) definition of terminal quantities,
(b) core geometry, (c) arbitrary terminal waveforms.

The value of AB that minimizes the total power loss P, = P,, + P, is found in a manner similar
to the transformer design derivation. Equation (15.54) is used to eliminate n from the expression for P_,.
The optimal AB is then computed by setting the derivative of P,, to zero. The result is

PpAE (MLT) | (ﬁ)

2K, w,ak, BK,

(15.56)

which is essentially the same as Eq. (15.13). The total power loss P, , is evaluated at this value of AB, and
the resulting expression is manipulated to find K, . The result is

pr2r2k 2P
fe
K2

EPYPSI 2T
(15.57)

where K, is defined as in Eq. (15.16). A core that satisfies this inequality is selected.
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154.2 Step-by-step AC Inductor Design Procedure

The units of Section 15.2 are employed here.

1.  Determine core size.

pr2r2k )
K &fe 2 £

>— F 10 (15.58)
21(,‘(10,0,)((ﬁ +2)p)

Choose a core that is large enough to satisfy this inequality. If necessary, it may be possible to use a
smaller core by choosing a core material having lower loss, that is, smaller K.

2. Evaluate peak ac flux density.

1
g lios PV (MLT) o ] (15.59)
2K“ WAAzzm BKf”
3. Number of turns.
A 4
= 15.60
"= g, 0 (15.60)
4.  Air gap length.
ggz_HLc”Z 104 (15.61)
L

with A, specified in cm? and £, expressed in meters. Alternatively, the air gap can be indirectly expressed
via A, (mH/1000 turns):

L
ALzﬁ 109 (15.62)

5. Check for saturation.

If the inductor current contains a dc component /., then the maximum total flux density B, is greater
than the peak ac flux density AB. The maximum total flux density, in Tesla, is given by

B, =AB+ %’ﬁ 104 (15.63)

<

If B, is close to or greater than the saturation flux density B_,,, then the core may saturate. The filter

max
inductor design procedure of the previous chapter should then be used, to operate at a lower flux density.

6.  Evaluate wire size.

a, <K% (15.64)
n
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A winding geometry can now be determined, and copper losses due to the proximity effect can be evalu-
ated. If these losses are significant, it may be desirable to further optimize the design by reiterating the
above steps, accounting for proximity losses by increasing the effective wire resistivity to the value
P = Peu Lot P e where P, is the actual copper loss including proximity effects, and P,_is the copper
loss predicted when the proximity effect is ignored.

7.

15.5

Check power loss.

p, = ML)

(15.65)

m

P,=K,(AB)PA L
Ptot=Pcu+Pfe

SUMMARY

In a multiple-winding transformer, the low-frequency copper losses are minimized when the available
window area is allocated to the windings according to their apparent powers, or ampere-turns.

As peak ac flux density is increased, core loss increases while copper losses decrease. There is an optimum
flux density that leads to minimum total power loss. Provided that the core material is operated near its
intended frequency, then the optimum flux density is less than the saturation flux density. Minimization of
total loss then determines the choice of peak ac flux density.

The core geometrical constant K, is a measure of the magnetic size of a core, for applications in which
core loss is significant. In the K, design method, the peak flux density is optimized to yield minimum
total loss, as opposed to the K, design method where peak flux density is a given specification.
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584 Transformer Design

PROBLEMS

15.1 Forward converter inductor and transformer design. The objective of this problem set is to design the
magnetics (two inductors and one transformer) of the two-transistor, two-output forward converter
shown in Fig. 15.11. The ferrite core material to be used for all three devices has a saturation flux density
of approximately 0.3 T at 120°C. To provide a safety margin for your designs, you should use a maxi-
mum flux density B, that is no greater than 75% of this value. The core loss at 100 kHz is described by
Eq. (15.1), with the parameter values 3 = 2.6 and K, =50 W/T # em?. Calculate copper loss at 100°C.

Steady-state converter analysis and design. You may assume 100% efficiency and ideal lossless compo-
nents for this section.

(a) Select the transformer turns ratios so that the desired output voltages are obtained when the duty
cycleis D =04.

b Specify values of L, and L, such that their current ripples Ai, and Ai, are 10% of their respective
full-load current dc components /; and [,

(© Determine the peak and rms currents in each inductor and transformer winding.
Inductor design. Allow copper loss of 1 W in L; and 0.4 W in L,. Assume a fill factor of K, = 0.5. Use

ferrite EE cores—tables of geometrical data for standard EE core sizes are given in Appendix D. Design
the output filter inductors L, and L,. For each inductor, specify:

(i) EE core size

(7i)  Air gap length

(iif) Number of turns

(iv) AWG wire size
Transformer design. Allow a total power loss of 1 W. Assume a fill factor of K, = 0.35 (lower than for the
filter inductors, to allow space for insulation between the windings). Use a ferrite EE core. You may

neglect losses due to the skin and proximity effects, but you should include core and copper losses.
Design the transformer, and specify the following:

(i)  EE core size

(i) Turns n, n,, and n,

¥ ) ) 5V
" O || ngle L,:
325V turns turns 30A

L .
by
ﬂ EEE—p
+
' 15V
Ny -V
E turns — 2 5 LA

Fig. 15.11 Two-output forward converter of Problem 15.1.
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15.3

Problems 585

(iiiy AWG wire size for the three windings
Check your transformer design:
(iv) Compute the maximum flux density. Will the core saturate?

(v)  Compute the core loss, the copper loss of each winding, and the total power loss

A single-transistor forward converter operates with an input voltage V_ = 160 V, and supplies two out-
puts: 24 V at2 A, and 15V at 6 A. The duty cycle is D = 0.4. The turns ratio between the primary wind-
ing and the reset winding is 1:1. The switching frequency is 100 kHz. The core material loss equation
parameters are § = 2.7, K}, = 50. You may assume a fill factor of 0.25. Do not allow the core maximum
flux density to exceed 0.3 T.

Design a transformer for this application, having a total power loss no greater than 1.5 W at
100°C. Neglect proximity losses. You may neglect the reset winding. Use a ferrite PQ core. Specify: core
size, peak ac flux density, wire sizes, and number of turns for each winding. Compute the core and cop-
per losses for your design.

Flyback/SEPIC transformer design. The “transformer” of the flyback and SEPIC converters is an energy
storage device, which might be more accurately described as a multiple-winding inductor. The magne-
tizing inductance L functions as an energy-transferring inductor of the converter, and therefore the
“transformer” normally contains an air gap. The converter may be designed to operate in either the con-
tinuous or discontinuous conduction mode. Core loss may be significant. It is also important to ensure
that the peak current in the magnetizing inductance does not cause saturation.

A flyback transformer is to be designed for the following two-output flyback converter application:

Input: 160 Vde

Output 1: 5Vdcat10A

Output 2: I5Vdcat1 A

Switching frequency: 100 kHz

Magnetizing inductance L,:  1.33 mH, referred to primary
Turns ratio: 160:5:15

Transformer power loss: Allow 1| W total

(a) Does the converter operate in CCM or DCM? Referred to the primary winding, how large are (i)
the magnetizing current ripple A, (if) the magnetizing current dc component /, and (iif) the peak
magnetizing current /,,?

(b) Determine (i) the rms winding currents, and (if) the applied primary volt-seconds A,. Is A, pro-
portional to [,,?

(c) Modify the transformer and ac inductor design procedures of this chapter, to derive a general
procedure for designing flyback transformers that explicitly accounts for both core and copper
loss, and that employs the optimum ac flux density that minimizes the total loss.

(d) Give a general step-by-step design procedure, with all specifications and units clearly stated.

(e) Design the flyback transformer for the converter of part (a), using your step-by-step procedure of
part (d). Use a ferrite EE core, with § = 2.7 and K, =50 W/T em’. Specify: core size, air gap
length, turns, and wire sizes for all windings.

f) For your final design of part (¢), what are (i) the core loss, (ii) the total copper loss, and (iii) the
peak flux density?
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15.5

Transformer Design

Over the intended range of operating frequencies, the frequency dependence of the core-loss coefficient
K, of a certain ferrite core material can be approximated using a monotonically increasing fourth-order
polynomial of the form

2 3 4
K (f)=Ku 1+a1(;)+a2(ff0) +a3(;) +a4(};)

where KfeO’ ay, a,, s, a4, and f; are constants. In a typical converter transformer application, the applied
primary volt-seconds A, varies directly with the switching period 7, = 1/f. It is desired to choose the opti-
mum switching frequency such that K. ofe and therefore the transformer size, are minimized.

(a) Show that the optimum switching frequency is a root of the polynomial

R+ B 4

Next, a core material is chosen whose core loss parameters are

p=27 Kpo=16
Jo=100kHz

a;=-13 a,=53
ay=-0.5 a,=0.075

The polynomial fits the manufacturer’s published data over the range 10 kHz < f< 1 MHz.
(b) Sketch Kfe vs. f.
(c) Determine the value of f that minimizes K. e

(d) Sketch K (f)/ (100 kHz), over the range 100 kHz < f < 1 MHz. How sensitive is the trans-
former 51ze to the choice of switching frequency?

Transformer design to attain a given temperature rise. The temperature rise AT of the center leg of a fer-
rite core is directly proportional to the total power loss P, , of a transformer: AT = R, P, ,, where R, is
the thermal resistance of the transformer under given environmental conditions. You may assume that
this temperature rise has minimal dependence on the distribution of losses within the transformer. It is
desired to modify the K ofe transformer design method, such that temperature rise AT replaces total power
loss P, as a specification. You may neglect the dependence of the wire resistivity 0 on temperature.

(a) Modify the n-winding transformer K. e design method, as necessary. Define a new core geomet-
rical constant K, that includes R,;.

(b)  Thermal resistances of ferrite EC cores are listed in Section D.3 of Appendix D. Tabulate K, for
these cores, using B = 2.7.

(© A 750 W single-output full-bridge isolated buck dc-dc converter operates with converter switch-
ing frequency f; = 200 kHz, dc input voltage V, = 400 V, and dc output voltage V = 48 V. The
turns ratio is 6:1. The core loss equation paramcters at 100 kHz are K = 10 W/Tem® and
f3 =2.7. Assume a fill factor of K, = 0.3. You may neglect proximity losses Use your design pro-
cedure of parts (a) and (b) to de51gn a transformer for this application, in which the temperature
rise is limited to 20°C. Specify: EC core size, primary and secondary turns, wire sizes, and peak
ac flux density.
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Part IV

Modern Rectifiers
and Power System Harmonics
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16

Power and Harmonics
in Nonsinusoidal Systems

Rectification used to be a much simpler topic. A textbook could cover the topic simply by discussing the
various circuits, such as the peak-detection and inductor-input rectifiers, the phase-controlled bridge,
polyphase transformer connections, and perhaps multiplier circuits. But recently, rectifiers have become
much more sophisticated, and are now systems rather than mere circuits. They often include pulse-width
modulated converters such as the boost converter, with control systems that regulate the ac input current
waveform. So modern rectifier technology now incorporates many of the dc—dc converter fundamentals.

The reason for this is the undesirable ac line current harmonics, and low power factors, of con-
ventional peak-detection and phase-controlled rectifiers. The adverse effects of power system harmonics
are well recognized. These effects include: unsafe neutral current magnitudes in three-phase systems,
heating and reduction of life in transformers and induction motors, degradation of system voltage wave-
forms, unsafe currents in power-factor-correction capacitors, and malfunctioning of certain power sys-
tem protection elements. In a real sense, conventional rectifiers are harmonic polluters of the ac power
distribution system. With the widespread deployment of electronic equipment in our society, rectifier
harmonics have become a significant and measurable problem. Thus there is a need for high-quality rec-
tifiers, which operate with high power factor, high efficiency, and reduced generation of harmonics. Sev-
eral international standards now exist that specifically limit the magnitudes of harmonic currents, for
both high-power equipment such as industrial motor drives, and low-power equipment such as electronic
ballasts for fluorescent lamps and power supplies for office equipment.

This chapter treats the flow of energy in power systems containing nonsinusoidal waveforms.
Average power, rms values, and power factor are expressed in terms of the Fourier series of the voltage
and current waveforms. Harmonic currents in three-phase systems are discussed, and present-day stan-
dards are listed. The following chapters treat harmonics and harmonic mitigation in conventional line-
commutated rectifiers, high-quality rectifier circuits and their models, and control of high-quality rectifi-
ers.
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590 Power and Harmonics in Nonsinusoidal Systems

i(?)

+

Source Cf) w(t) Load

Surface S
Fig. 16.1 Observe the transmission of energy through surface S.

161  AVERAGE POWER

Let us consider the transmission of energy from a source to a load, through a given surface as in Fig.
16.1. In the network of Fig. 16.1, the voltage waveform v(f) (not necessarily sinusoidal) is given by the
source, and the current waveform is determined by the response of the load. In the more general case in
which the source output impedance is significant, then v(f) and i(¥) both depend on the characteristics of
the source and load. Balanced three-phase systems may be treated in the same manner, on a per-phase
basis, using a line current and line-to-neutral voltage.

If v(¢) and i(r) are periodic, then they may be expressed as Fourier series:

w(t)=Vy+ 21 V,, cos (n(nt—(p”)

iO=I,+ ’21 1, cos (nﬁ)t - 6,,)

(16.1)

where the period of the ac line voltage waveform is defined as 7 = 2n/®. In general, the instantaneous
power p(f) = v()i(t) can assume both positive and negative values at various points during the ac line
cycle. Energy then flows in both directions between the source and load. It is of interest to determine the
net energy transmitted to the load over one cycle, or

T
chcle = f V(t)i(t)dt (162)
0
This is directly related to the average power as follows:

W 7
P, = 2% =if D)i(r)dr (16.3)
2 =L D

Let us investigate the relationship between the harmonic content of the voltage and current waveforms,
and the average power. Substitution of the Fourier series, Eq. (16.1), into Eq. (16.3) yields

T
a‘,:—lT_J (VO + Z{ V, cos (nwt—(p”)) (10+ Zl 1, cos (nax -0, |dr (16.4)
o = n=

To evaluate this integral, we must multiply out the infinite series. It can be shown that the integrals of
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16.1 Average Power 591

cross-product terms are zero, and the only contributions to the integral comes from the products of volt-
age and current harmonics of the same frequency:

0 if nzm (16.5)

LT (Vﬂ cos (n(Dt - (p,l))(l,,, cos (mmt - em))dt -

nIn

VT cos ((p,, - Gn) if n=m

The average power is therefore

P, =Vyly+ 121 %Ii cos ((p”~9n) (16.6)

So net energy is transmitted to the load only when the Fourier series of v(¢) and i(¢) contain terms at the
same frequency. For example, if v(f) and i(r) both contain third harmonic, then net energy is transmitted
at the third harmonic frequency, with average power equal to

V.I
—33 ¢os

143 cos (¢, - 60,) (16.7)
Here, V,1,/2 is equal to the rms volt-amperes of the third harmonic current and voltage. The cos (¢, — 0;)
term is a displacement term which accounts for the phase difference between the third harmonic voltage
and current.

Some examples of power flow in systems containing harmonics are illustrated in Figs. 16.2 to
16.4. In example 1, Fig. 16.2, the voltage contains fundamental only, while the current contains third har-

(a) w(t)

i(t)

(O]
p) = v(0)i(®)

TAVANNAN

Fig. 16.2 Voltage, current, and instantaneous power waveforms, example 1. The voltage contains only fundamen-
tal, and the current contains only third harmonic. The average power is zero.
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v(1), i(f) A

\

VRVAY,

p(@) =v(Di(r)

AA/\_os\/\/\

VAVAVAAVAVARW

Fig. 16.3 Voltage, current, and instantaneous power waveforms, example 2. The voltage and current each contain
only third harmonic, and are in phase. Net energy is transmitted at the third harmonic frequency.

1.0 1

05 1

0.0

05 {

-1.0 +

0.6 T

04 7

02 71

0.0

-02 -+

4

v(®)

i(r)

p(@) =v{®)i(®)

P, =032

Y Vv

Fig. 16.4 Voltage, current, and instantaneous power waveforms, example 3. The voltage contains fundamental,
third, and fifth harmonics. The current contains fundamental, fifth, and seventh harmonics. Net energy is transmitted
at the fundamental and fifth harmonic frequencies.
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16.2  Root-Mean-Square (RMS) Value of a Waveform 593

monic only. It can be seen that the instantaneous power waveform p(#) has a zero average value, and
hence P, is zero. Energy circulates between the source and load, but over one cycle the net energy trans-
ferred to the load is zero. In example 2, Fig. 16.3, the voltage and current each contain only third har-
monic. The average power is given by Eq. (16.7) in this case.

In example 3, Fig. 16.4, the voltage waveform contains fundamental, third harmonic, and fifth
harmonic, while the current contains fundamental, fifth harmonic, and seventh harmonic, as follows:

w(t) = 1.2 cos (@) + 0.33 cos (3wr) + 0.2 cos (501)
i(£) = 0.6 cos (¢ + 30°) + 0.1 cos (5m¢ + 45°) + 0.1 cos (7ot + 60°)

(16.8)

Average power is transmitted at the fundamental and fifth harmonic frequencies, since only these fre-
quencies are present in both waveforms. The average power is found by evaluation of Eq. (16.6); all
terms are zero except for the fundamental and fifth harmonic terms, as follows:

P

ay

= W(I.Z);O.é) cos (30°) + ‘—~(0'2)2(°'1) cos (45%) =032 (16.9)

The instantaneous power and its average are illustrated in Fig. 16.4(b).

16.2 ROOT-MEAN-SQUARE (RMS) VALUE OF A WAVEFORM

The rms value of a periodic waveform v(f) with period T is defined as

(rms value) = \/W (16.10)
0

The rms value can also be expressed in terms of the Fourier components. Insertion of Eq. (16.1) into Eq.
(16.10), and simplification using Eq. (16.5), yields

ERN

(rms value) =/ V3+ Zx % (16.11)

Again, the integrals of the cross-product terms are zero. This expression holds when the waveform is a
current:

= 12

= 2 n

(rms current) =4 / I+ 2 5
n=1

(16.12)

Thus, the presence of harmonics in a waveform always increases its rms value. In particular, in the case
where the voltage v(7) contains only fundamental while the current i(f) contains harmonics, then the har-
monics increase the rms value of the current while leaving the average power unchanged. This is undesir-
able, because the harmonics do not lead to net delivery of energy to the load, yet they increase the I,mszR
losses in the system.

In a practical system, series resistances always exist in the source, load, and/or transmission
wires, which lead to unwanted power losses obeying the expression
(16.13)

(rms current)*R

series
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594 Power and Harmonics in Nonsinusoidal Systems

Examples of such loss elements are the resistance of ac generator windings, the resistance of the wire

connecting the source and load, the resistance of transformer windings, and the resistance of semicon-

ductor devices and magnetics windings in switching converters. Thus, it is desired to make the rms cur-

rent as small as possible, while transferring the required amount of energy and average power to the load.
Shunt resistances usually also exist, which cause power loss according to the relation

GLI;OI%i (16.14)

shunt

Examples include the core losses in transformers and ac generators, and switching converter transistor
switching loss. Therefore, it is desired to also make the rms voltage as small as possible while transfer-
ring the required average power to the load.

163 POWER FACTOR

Power factor is a figure of merit that measures how effectively energy is transmitted between a source
and load network. It is measured at a given surface as in Fig. 16.1, and is defined as

(average power) (16.15)
(rms voltage) (rms current)

power factor =

The power factor-always has a value between zero and one. The ideal case, unity power factor, occurs for
a load that obeys Ohm’s Law. In this case, the voltage and current waveforms have the same shape, con-
tain the same harmonic spectrum, and are in phase. For a given average power throughput, the rms cur-
rent and voltage are minimized at maximum (unity) power factor, that is, with a linear resistive load. In
the case where the voltage contains no harmonics but the load is nonlinear and contains dynamics, then
the power factor can be expressed as a product of two terms, one resulting from the phase shift of the
fundamental component of the current, and the other resulting from the current harmonics.

16.3.1 Linear Resistive Load, Nonsinusoidal Voltage

In this case, the current harmonics are in phase with, and proportional to, the voltage harmonics. As a
result, all harmonics result in the net transfer of energy to the load. The current harmonic magnitudes and
phases are

1=Ys (16.16)
n R
0,=¢, so cos(8,-¢,)=1 (16.17)
The rms voltage is again
oo 2
(rms voltage) = V% + 2 Yzi (16.18)

and the rms current is
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16.3  Power Factor 595

e Vi e Vs
(rmscu1‘rent):\/10+’§l7 =\/F+"=l 2R? (16.19)

= % (rms voltage)

By use of Eq. (16.6), the average power is

P, =Volo+ 2_‘,1 XzL cos (¢, -6,)
Vi L3 v (16.20)
TRTATR

= % (rms voltage)®

Insertion of Egs. (16.19) and (16.20) into Eq. (16.15) then shows that the power factor is unity. Thus, if
the load is linear and purely resistive, then the power factor is unity regardless of the harmonic content of
v(¢). The harmonic content of the load current waveform i(z) is identical to that of v(¢), and all harmonics
result in the transfer of energy to the load. This raises the possibility that one could construct a power dis-
tribution system based on nonsinusoidal. waveforms in which the energy is efficiently transferred to the
load.

16.3.2 Nonlinear Dynamical Load, Sinusoidal Voltage

If the voltage v(7) contains a fundamental component but no dc component or harmonics, so that V, =V,
=V, = ... =0, then harmonics in i(#) do not result in transmission of net energy to the load. The average
power expression, Eq. (16.6), becomes

av

P :V1211 cos (@,~8)) (16.21)

However, the harmonics in i(¢) do affect the value of the rms current:

)
(rms current) =4 / 13 + Zl % (16.22)

Hence, as in example 1 (Fig. 16.2), harmonics cause the load to draw more rms current from the source,
but not more average power. Increasing the current harmonics does not cause more energy to be trans-
ferred to the load, but does cause additional losses in series resistive elements R, ...

Also, the presence of load dynamics and reactive elements, which causes the phase of the fun-
damental components of the voltage and current to differ (0, — ¢,), also reduces the power factor. The
cos (¢; — 0,) term in the average power Eq. (16.21) becomes less than unity. However, the rms value of
the current, Eq. (16.22), does not depend on the phase. So shifting the phase of i(f) with respect to v(r)
reduces the average power without changing the rms voltage or current, and hence the power factor is
reduced.

By substituting Egs. (16.21) and (16.22) into (16.15), we can express the power factor for the
sinusoidal voltage in the following form:
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596 Power and Harmonics in Nonsinusoidal Systems

I
(power factor) = —LNT (cos (9,9, ))
I+ 2 % (16.23)

= (distortion factor) (displacement factor)

So when the voltage contains no harmonics, then the power factor can be written as the product of two
terms. The first, called the distortion factor, is the ratio of the rms fundamental component of the current
to the total rms value of the current

I
T _ J2 _ (rms fundamental current)
(distortion factor) = —ar = (rms curren?) (16.24)
I5+ f

a=1

The second term of Eq. (16.23) is called the displacement factor, and is the cosine of the angle between
the fundamental components of the voltage and current waveforms.

The Total Harmonic Distortion (THD) is defined as the ratio of the rms value of the waveform
not including the fundamental, to the rms fundamental magnitude. When no dc is present, this can be

written:
Y PR (16.25)
( ) = I

The total harmonic distortion and the distortion factor are closely related. Comparison of Eqgs. (16.24)
and (16.25), with [, = 0, leads to

L (16.26)

(distortion factor) = ————
Y1+ (THD)?

This equation is plotted in Fig. 16.5. The distortion factor of a waveform with a moderate amount of dis-
tortion is quite close to unity. For example, if the waveform contains third harmonic whose magnitude is

100%
i
2
:ﬁl 90% —
Fig. 16.5 Distortion factor vs. total 5
harmonic distortion. =
S
a2 80% +
Q
70% T T T T 1
N IN N ® N ®
= o S = S =
IS 5 3] & S
THD
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@Eg = 3
Fig. 16.6 Conventional peak detection rectifier.
100% —100%
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Fig. 16.7 Typical ac line current spectrum of a peak detection rectifier. Harmonics 1 to 19 are shown.

10% of the fundamental, the distortion factor is 99.5%. Increasing the third harmonic to 20% decreases
the distortion factor to 98%, and a 33% harmonic magnitude yields a distortion factor of 95%. So the
power factor is not significantly degraded by the presence of harmonics unless the harmonics are quite
large in magnitude.

An example of a case in which the distortion factor is much less than unity is the conventional
peak detection rectifier of Fig. 16.6. In this circuit, the ac line current consists of short-duration current
pulses occurring at the peak of the voltage waveform. The fundamental component of the line current is
essentially in phase with the voltage, and the displacement factor is close to unity. However, the low-
order current harmonics are quite large, close in magnitude to that of the fundamental—a typical current
spectrum is given in Fig. 16.7. The distortion factor of peak detection rectifiers is usually in the range
55% to 65%. The resulting power factor is similar in value.

In North America, the standard 120 V power outlet is protected by a 15 A circuit breaker. In
consequence, the available load power quite limited. Derating the circuit breaker current by 20%, assum-
ing typical efficiencies for the dc-dc converter and peak detection rectifier, and with a power factor of
55%, one obtains the following estimate for the maximum available dc load power:

(ac voltage) (derated breaker current) (power factor) (rectifier efficiency)
=(120V) (80% of LS A) (0.55) (0.98)
=776 W

(16.27)

The less-than-unity efficiency of a de—dc converter would further reduce the available dc load power.
Using a peak detection rectifier to supply a load power greater than this requires that the user install
higher amperage and/or higher voltage service, which is inconvenient and costly. The use of a rectifier
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598 Power and Harmonics in Nonsinusoidal Systems

circuit having nearly unity power factor would allow a significant increase in available dc load power:

(ac voltage) (derated breaker current) (power factor) (rectifier efficiency)
=(120V) (80% of 15 A) (0.99) (0.93) (16.28)
=1325W

or almost twice the available power of the peak detection rectifier. This alone can be a compelling reason
to employ high quality rectifiers in commercial systems.

164  POWER PHASORS IN SINUSOIDAL SYSTEMS

The apparent power is defined as the product of the rms voltage and rms current. Apparent power is eas-
ily measured—it is simply the product of the readings of a voltmeter and ammeter placed in the circuit at
the given surface. Many power system elements, such as transformers, must be rated according to the
apparent power that they are able to supply. The unit of apparent power is the volt-ampere, or VA. The
power factor, defined in Eq. (16.15), is the ratio of average power to apparent power.

In the case of sinusoidal voltage and current waveforms, we can additionally define the complex
power S and the reactive power Q. If the sinusoidal voltage v(¢) and current i(f) can be represented by the
phasors V and I, then the complex power is a phasor defined as

§=VI'=P+j0 (16.29)

Here, I* is the complex conjugate of I, and j is the square root of — 1. The magnitude of S, or || S |I, is
equal to the apparent power, measured in VA. The real part of S is the average power P, having units of
watts. The imaginary part of S is the reactive power Q, having units of reactive volt-amperes, or VARs.

A phasor diagram illustrating S, P, and Q, is given in Fig. 16.8. The angle (¢, — 0,) is the angle
between the voltage phasor V and the current phasor . (¢, - 0,) is additionally the phase of the complex
power S. The power factor in the purely sinusoidal case is therefore

Imaginary
“’“5 ‘ s=vr

S

z ﬁ“s\ >
©

9,-9 N
O, P Real axis
?,-9
\4
I

Fig. 16.8 Power phasor diagram, for a sinusoidal system, illustrating the voltage, current, and complex power
phasors.
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16.5 Harmonic Currents in Three Phase Systems 599

power factor = "—I;T' =cos ((pl -0 1) (16.30)

It should be emphasized that this equation is valid only for systems in which the voltage and current are
purely sinusoidal. The distortion factor of Eq. (16.24) then becomes unity, and the power factor is equal
to the displacement factor as in Eq. (16.30).

The reactive power Q does not lead to net transmission of energy between the source and load.
When reactive power is present, the rms current and apparent power are greater than the minimum
amount necessary to transmit the average power P. In an inductor, the current lags the voltage by 90°,
causing the displacement factor to be zero. The alternate storing and releasing of energy in an inductor
leads to current flow and nonzero apparent power, but the average power P is zero. Just as resistors con-
sume real (average) power P, inductors can be viewed as consumers of reactive power Q. In a capacitor,
the current leads to voltage by 90°, again causing the displacement factor to be zero. Capacitors supply
reactive power (, and are commonly placed in the utility power distribution system near inductive loads.
If the reactive power supplied by the capacitor is equal to the reactive power consumed by the inductor,
then the net current (flowing from the source into the capacitor-inductive-load combination) will be in
phase with the voltage, leading unity power factor and minimum rms current magnitude.

It will be seen in the next chapter that phase-controlled rectifiers produce a nonsinusoidal cur-
rent waveform whose fundamental component lags the voltage. This lagging current does not arise from
energy storage, but it does nonetheless lead to a reduced displacement factor, and to rms current and
apparent power that are greater than the minimum amount necessary to transmit the average power.

16.5 HARMONIC CURRENTS IN THREE PHASE SYSTEMS

The presence of harmonic currents can also lead to some special problems in three-phase systems. In a
four-wire three-phase system, harmonic currents can lead to large currents in the neutral conductors,
which may easily exceed the conductor rms current rating. Power factor correction capacitors may expe-
rience significantly increased rms currents, causing them to fail. In this section, these problems are exam-
ined, and the properties of harmonic current flow in three-phase systems are derived.

16.5.1 Harmonic Currents in Three-Phase
Four-Wire Networks

Let us consider the three-phase four-wire network of Fig. 16.9. In general, we can express the Fourier
series of the line currents and line-neutral voltages as follows:

ia(t) = IaO + kZI Iak Cos (k(,l)t - eak)

i =Io+ kz,l I, cos (k(x - 120°) - 0,,) (16.31)

=14+ kg}l 1, cos (k(or +120°) -8 ,)
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Vanl®)

Ideal .
Nonlinear
30 loads
source

£,(1)

Neutral connection

vbn(t)

ib(12

Fig. 16.9 Current flow in a three-phase four-wire network.

Valt) =V, cOS (001)
V(1) =V, cos (@ —120°) (16.32)
v, (1) =V, cos (wr +120%)

The neutral current is therefore i, =i, +i, +i_, or

L=l +1y+1 0+

- (16.33)
kZI !Iak cos (kwt — 0 ) + I, cos (k(wt — 120°) — 0,,) + I cos (k(oz + 120°) -6 ;)

When the load is unbalanced (even though the voltages are balanced and undistorted), we can say little
else about the neutral and line currents. If the load is unbalanced and nonlinear, then the line and neutral
currents may contain harmonics of any order, including even and triplen harmonics.

Equation (16.33) is considerably simplified in the case where the loads are balanced. A bal-
anced nonlinear load is one in which I, =1, =1, =1, and 6 , =6, =0, =0,, for all k; that is, the har-
monics of the three phases all have equal amplitudes and phase shifts. In this case, Eq. (16.33) reduces to

i(=31+ 2 3I,cos (kot—0,) (16.34)
k=369,

Hence, the fundamental and most of the harmonics cancel out, and do not appear in the neutral conduc-
tor. Thus, it is in the interests of the utility to balance their nonlinear loads as well as their harmonics.

But not all of the harmonics cancel out of Eq. (16.34): the dc and #riplen (triple-n, or 3,6,9,...)
harmonics add rather than cancel. The rms neutral current is

/ <o 2
in rms = 3 I% + E % (1635)
! k=369,

A balanced nonlinear load produces line currents containing fundamental and 20% third har-
monic: i, () = I,cos(wt - 6,) + 0.2, cos(3wz — 8,). Find the rms neutral current, and compare its ampli-
tude to the rms line current amplitude.

Example
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Solution:

—3 [(020)° 061,

- 2 TV

. [+ 021)° 1, 1,
= —_— 1 . e

| F— 5 @v +0.04 73

So the neutral current magnitude is 60% of the line current magnitude! The triplen harmonics in the three
phases add, such that 20% third harmonic leads to 60% third harmonic neutral current. Yet the presence
of the third harmonic has very little effect on the rms value of the line current. Significant unexpected
neutral current flows.

Iy N

(16.36)

16.5.2 Harmonic Currents in Three-Phase
Three-Wire Networks

If there is no neutral connection to the wye-connected load, as in Fig. 16.10, then i,(f) must be zero. If the
load is balanced, then Eq. (16.34) still applies, and therefore the dc and triplen harmonics of the load cur-
rents must be zero. Therefore, the line currents i, i,, and i, cannot contain triplen or dc harmonics. What
happens is that a voltage is induced at the load neutral point »’, containing dc and triplen harmonics,
which eliminates the triplen and dc load current harmonics.

This result is true only when the load is balanced. With an unbalanced load, all harmonics can
appear in the line currents, including triplen and dc. In practice, the load is never exactly balanced, and
some small amounts of third harmonic line currents are measured.

With a delta-connected load as in Fig. 16.11, there is also no neutral connection, so the line cur-
rents cannot contain triplen or dc components. But the loads are connected line-to-line, and are excited
by undistorted sinusoidal voltages. Hence triplen harmonic and dc currents do, in general, flow through
the nonlinear loads. Therefore, these currents simply circulate around the delta. If the load is balanced,
then again no triplen harmonics appear in the line currents.

y &
o~
_

Yy

Vo)

Ideal i
Nonlinear
30 loads
source

Vin (t)

ib<t2

Fig. 16.10 Current flow in a three-phase three-wire wye-connected network.
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(0
. Delta-
¢ i) connected
" Q nonlinear
loads
B0

Fig. 16.11 A balanced nonlinear delta-connected load may generate triplen current harmonics. These harmonics
circulate around the delta, but do not flow through the lines if the load is balanced.

16.5.3 Harmonic Current Flow in Power Factor
Correction Capacitors

Harmonic currents tend to flow through shunt-connected power factor correction capacitors. To some
extent, this is a good thing because the capacitors tend to low-pass filter the power system currents, and
prevent nonlinear loads from polluting the entire power system. The flow of harmonic currents is then
confined to the nonlinear load and local power factor correction capacitors, and voltage waveform distor-
tion is reduced. High-frequency harmonic currents tend to flow through shunt capacitors because the
capacitor impedance decreases with frequency, while the inductive impedance of transmission lines
increases with frequency. In this sense, power factor correction capacitors mitigate the effects of har-
monic currents arising from nonlinear loads in much the same way that they mitigate the effects of reac-
tive currents that arise from inductive loads.

But the problem is that the power factor correction capacitors may not
be rated to handle these harmonic currents, and hence there is a danger that the

capacitors may overheat and fail when they are exposed to significant harmonic esr
currents. The loss in capacitors is modeled using an equivalent series resistance
(esr) as shown in Fig. 16.12. The esr models dielectric loss (hysteresis of the c

dielectric D-E loop), contact resistance, and foil and lead resistances. Power
loss occurs, equal to irms2(esr). Dielectric materials are typically poor conduc- T
t9rs pf heat, so a moderate aII.lOlll’lt of power loss can cause a large temperat}lre Fig. 1612 Capacitor
.rlse in the center of the capacitor. In consequence, the rms current must be lim- equivalent circuit.
itedtoa safe.value. . . Losses are modeled by
Typical power factor correction capacitors are rated by voltage V, fre-  an  equivalent  series
quency f, and reactive power in kVARs. These ratings are computed from the resistance (esr).
capacitance C and safe rms current /,, , assuming undistorted sinusoidal wave-
forms, as follows:

1
_ _“rms 16.37
rated rms voltage V. InfC ( )
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2

H - ris ( 1638)
rated reactive power mfC

In an undistorted system, the rms current, and hence also the capacitor esr loss, cannot increase unless
the rms voltage is also increased. But high-frequency harmonics can lead to larger rms currents without
an increased voltage. Any harmonics that flow result in increased rms current beyond the expected value
predicted by Eq. (16.37). If the capacitor is not rated to handle additional power loss, then failure or pre-
mature aging can occur.

16.6  AC LINE CURRENT HARMONIC STANDARDS

Besides the increased currents and reduced power factors of peak detection rectifiers, the harmonics
themselves can be detrimental: if large enough in magnitude, they can pollute the power system. Har-
monic currents cause distortion of the voltage waveform via the power system series impedance. These
voltage harmonics can interfere with the operation of nearby loads. As noted previously, increased cur-
rents in shunt capacitors, and increased losses in distribution transformers and ac machines, can lead to
premature aging and failure of these devices. Odd triplen harmonics (triple-n: 3%, 9™, 15" etc.) lead to
unexpectedly large neutral currents in three-phase systems. Harmonic currents can also excite system
resonances some distance from their source, with results that are difficult to predict. For these reasons, a
number of organizations have adopted standards that limit the magnitudes of the harmonic currents that a
load is allowed to inject into the ac line. The US military was one of the early organizations to recognize
these problems; the very strict 3% limit was initially adopted. The standards adopted by the IEC and
IEEE are more recent, and are intended for conventional utility systems. A fourth example, not discussed
here, is the telephone interference factor, which limits power distribution system harmonics in cases
when telephone lines and power lines share the same poles.

16.6.1 International Electrotechnical Commission
Standard 1000

This international agency adopted a first draft of their IEC 555 standard in 1982. It has since undergone a
number of revisions, and has been superceded by IEC 1000 [7]. This standard is now enforced in Europe,
making it a de facto standard for commercial equipment intended to be sold worldwide.

The IEC 1000-3-2 standard covers a number of different types of low power equipment, with
differing harmonic limits. It specifically limits harmonics for equipment having an input current of up to
16 A, connected to 50 or 60 Hz, 220 V to 240 V single phase circuits (two or three wire), as well as
380V to 415V three phase (three or four wire) circuits. In a city environment such as a large building, a
large fraction of the total power system load can be nonlinear. For example, a major portion of the elec-
trical load in a building is comprised of fluorescent lights, which present a very nonlinear characteristic
to the utility system. A modern office may also contain a large number of personal computers, printers,
copiers, etc., each of which may employ peak detection rectifiers. Although each individual load is a neg-
ligible fraction of the total local load, these loads can collectively become significant.

The IEC 1000-3-2 standard defines several categories of equipment, each of which is covered
by a different set of harmonic limits. As an example, Table 16.1 shows the harmonic limits for Class A
equipment, which includes low harmonic rectifiers for computer and other office equipment.

The European norm EN 61000-3-2 defines similar limits.
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Table 16.1 TEC 1000-3-2 Harmonic current limits, class A

(Odd harmonics Even harmonics

Harmonic number Maximum current Harmonic number Maximum current

3 230 A 2 1.08 A
5 1.14 A 4 043A
7 0.77A 6 030A
9 040A 8<n<40 0.23 A-(8/n)
11 033A
13 021A
15<n<39 0.15 A-(15/n)

16.6.2 IEEE/ANSI Standard 519

In 1993, the IEEE published a revised draft standard limiting the amplitudes of current harmonics, IEEE
Guide for Harmonic Control and Reactive Compensation of Static Power Converters. The harmonic lim-
its are based on the ratio of the fundamental component of the load current /; to the short circuit current
at the point of common coupling (PCC) at the utility . Stricter limits are imposed on large loads than
on small loads. The limits are similar in magnitude to IEC 1000, and cover high voltage loads (of much
higher power) not addressed by IEC 1000. Enforcement of this standard is presently up to the local utility
company.

The odd harmonic limits for general distribution systems at voltages of 120 V to 69 kV are
listed in Table 16.2. The limits for even harmonics are 25% of the odd harmonic limits. Limits for gen-
eral distribution systems at 69.001 kV to 161 kV are 50% of the values listed in Table 16.2. Dc current
components and half-wave rectifiers are not allowed.

It is the responsibility of the power consumer to meet these current harmonic standards. Stan-
dard TEEE-519 also specifies maximum allowable voltage harmonics, listed in Table 16.3. It is the
responsibility of the utility, or power supplier, to meet these limits. Both total harmonic distortion and
maximum individual harmonic magnitudes are limited.

Table 16.2 IEEE-519 Maximum odd harmonic current limits for general distribution systems, 120 V to 69 kV

I n<l1l 11<n<17 17<n<23 23<n<35 35<n THD
<20 4.0% 2.0% 1.5% 0.6% 0.3% 5.0%
20-50 7.0% 3.5% 2.5% 1.0% 0.5% 8.0%
50-100 10.0% 4.5% 4.0% 1.5% 0.7% 12.0%
100-1000 12.0% 5.5% 5.0% 2.0% 1.0% 15.0%
> 1000 15.0% 7.0% 6.0% 2.5% 1.4% 20.0%
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Table 16.3 1EEE-519 Voltage distortion limits

Bus voltage at PCC Individual harmonics THD
69 kV and lower 3.0% 5.0%
69.001 kV to 161 kV 1.5% 2.5%
Above 161 kV 1.0% 1.5%
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PROBLEMS
16.1 Passive rectifier circuit. In the passive rectifier circuit of Fig. 16.13, L is very large, such that the inductor

current i(?) is essentially dc. All components are ideal.

(0 i -
+ +
0
230 Vrms wWh o c==i v 8,
50 Hz B
S, S,

Fig. 16.13 Passive rectifier circuit of Problem 16.1

(a) Determine the dc output voltage, current, and power.
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16.2

16.3

Power and Harmonics in Nonsinusoidal Systems

(b) Sketch the ac line current waveform ig(t) and the rectifier output voltage waveform v(z).

(c) Determine the ac line current rms magnitude, fundamental rms magnitude, and third harmonic
rms magnitude. Does this rectifier network conform to the IEC-1000 harmonic current limits?

(d) Determine the power factor, measured at surfaces §; and S,.

The three-phase rectifier of Fig. 16.14 is connected to a balanced 60 Hz 3gac 480 V (rms, line-line) sinu-

soidal source as shown. All elements are ideal. The inductance L is large, such that the current i(r) is
essentially constant, with negligible 360 Hz ripple.

o) i(t) L
a " T+ +
Balanced i) |
3pac > f —_ R
480 V () Vd() C s 200
i) _ _
— ]

<

Fig. 16.14 Three-phase rectifier circuit of Problem 16.2

(a) Sketch the waveform v ,(2).

(b) Determine the dc output voltage V.

(c) Sketch the line current waveforms i (#), i,(¢), and i ().

(d) Find the Fourier series of i (2).

(e) Find the distortion factor, displacement factor, power factor, and line current THD.

Harmonic pollution police. In the network of Fig. 16.15, voltage harmonics are observed at the indicated
surface. The object of this problem is to decide whether to blame the source or the load for the observed

harmonic pollution. Either the source element or the load element contains a nonlinearity that generates
harmonics, while the other element is linear.

i)
-
Z
v s(t) V([) Zz
Source Load
Surface
N

Fig. 16.15 Single-phase power system of Problems 16.3 to 16.5

(a) Consider first the case where the load is a passive linear impedance Z,(s), and hence its phase
lies in the range — 90° < ZZ,(jw) < + 90° for all positive . The source generates harmonics.
Express the average power P in the form

where P, is the average power transmitted to the load by harmonic number n. What can you say
about the polarities of the P, s?
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b) Consider next the case where the load is nonlinear, while the source is linear and can be modeled
by a Thevenin-equivalent sinusoidal voltage source and linear impedance Z,(s). Again express
the average power P as a sum of average powers, as in part (a). What can you say about the
polarities of the P s in this case?

(c) The following Fourier series are measured:
Harmonic () i(1)
number Magnitude Phase Magnitude Phase
1 230V 0 6A -20°
20V 180° 4 A 20°
8V 60° 1A —110°

Who do you accuse? Explain your reasoning.

For the network and waveforms of Problem 16.3, determine the power factor at the indicated surface,
and the average power flowing to the load. Harmonics higher in frequency than the fifth harmonic are
negligible in magnitude.

Repeat Problem 16.3(c), using the following Fourier series:

Harmonic w{#) i()
number Magnitude Phase Magnitude Phase
1 120V o 5A 25°
4V 60° 05A 40°
5 2V - 160° 02A - 100°

A balanced three-phase wye-connected load is constructed using a 20 Q resistor in each phase. This load
is connected to a balanced three-phase wye-connected voltage source, whose fundamental voltage com-
ponent is 380 Vrms line-to-line. In addition, each (line-to-neutral) voltage source produces third and
fifth harmonics. Each harmonic has amplitude 20 Vrms, and is in phase with the (line-to-neutral) funda-
mental.

(a) The source and load neutral points are connected, such that a four-wire system is obtained. Find
the Fourier series of the line currents and the neutral current.

(b) The neutral connection is broken, such that a three-wire system is obtained. Find the Fourier
series of the line currents. Also find the Fourier series of the voltage between the source and load
neutral points.
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Line-Commutated Rectifiers

Conventional diode peak-detection rectifiers are inexpensive, reliable, and in widespread use. Their
shortcomings are the high harmonic content of their ac line currents, and their low power factors. In this
chapter, the basic operation and ac line current waveforms of several of the most common single-phase
and three-phase diode rectifiers are summarized. Also introduced are phase-controlled three-phase recti-
fiers and inverters, and passive harmonic mitigation techniques. Several of the many references in this
area are listed at the end of this chapter [1-15].

Rigorous analytical design of line-commutated rectifier and filter circuits is unfeasible for all
but the simplest of circuits. Typical peak-detection rectifiers are numerically ill-conditioned, because
small changes in the dc-side ripple voltage lead to large changes in the ac line current waveforms. There-
fore, the discussions of this chapter are confined to mostly qualitative arguments, with the objective of
giving the reader some insight into the physical operation of rectifier/filter circuits. Waveforms, harmonic
magnitudes, and power factors are best determined by measurement or computer simulation.

171 THE SINGLE-PHASE FULL-WAVE RECTIFIER

A single-phase full-wave rectifier, with uncontrolled diode rectifiers, is shown in Fig. 17.1. The circuit
includes a dc-side L—C filter. There are two conventional uses for this circuit. In the traditional full-wave
rectifier, the output capacitor is large in value, and the dc output voltage v(r) has negligible ripple at the
second harmonic of the ac line frequency. Inductor L is most often small or absent. Additional small
inductance may be in series with the ac source vg(t). A second conventional use of this circuit is in the
low-harmonic rectifiers discussed in the next chapter. In this case, the resistive load is replaced by a dc-
dc converter that is controlled such that its power input port obeys Ohm’s law. For the purposes of under-
standing the rectifier waveforms, the converter can be modeled by an effective resistance R, as in the cir-
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610 Line-Commutated Rectifiers

Fig. 17.1 Conventional single-phase full-wave rectifier, with dc-side L—C filter.

cuit of Fig. 17.1. In this application, the L-C filter is required to filter the conducted electromagnetic
interference (EMI) generated by the converter. The inductor and capacitor element values are typically
small in value, and v() is approximately a rectified sinusoid. More generally, there may be several sec-
tions of L-C filter networks, connected to both the dc and ac sides of the diode rectifier, which filter EMI,
smooth the dc output voltage, and reduce the ac line current harmonics.

The presence of any filter degrades the ac current waveform of the rectifier. With no reactive
elements (L = 0 and C = 0), the rectifier presents a purely resistive load to the ac input. The output volt-
age v(¢) is then a rectified sinusoid, there are no ac line current harmonics, and the power factor is unity.
Addition of reactive elements between the rectifier diodes and the load leads in general to ac line current
harmonics. Given that such a filter is necessary, one might ask what can be done to keep these harmonics
as small as possible. In this section, the dependence of the ac line current total harmonic distortion on the
filter parameters is described.

The circuit of Fig. 17.1 generates odd harmonics of the ac line voltage in the ac line current. The
dc output voltage contains dc and even harmonics of the ac line voltage. The circuit exhibits several
modes of operation, depending on the relative values of L, C, and R. It is easiest to understand these
modes by considering the limiting cases, as follows.

17.1.1 Continuous Conduction Mode

When the inductor L is very large, then the inductor current i;(¢) is essentially constant. This follows
from the inductor definition v,(f) = Ldi;(£)/dt. For a given applied inductor voltage waveform v, (?), the
slope di, (t)/dt can be made arbitrarily small by making L sufficiently large. In the limiting case where L
is infinite, the slope di, (r)/dt becomes zero, and the inductor current is constant dc. To provide a path for
the constant inductor to flow, at least two of the rectifier diodes must conduct at any given instant in time.
For the circuit of Fig. 17.1, diodes D, and D conduct when the ac line voltage vg(t) is positive, and D,
and D, conduct when v (f) is negative. The ac line current waveform is therefore a square wave, with
i g(t) =i, (¢) when v (D) is positive, and i g(t) =—I;(f) when vg(t) is negative. The diode conduction angle f3,
defined as the angle through which one of the diodes conducts, is equal to 180° in CCM.

The rms value of a square wave is equal to its peak value 7,,, in this case the dc load current.
The fundamental component of a square wave is equal to 41 /1. The square-wave contains odd harmon-
ics which vary as 1/n. The distortion factor is therefore

I
distortion factor = IIT = E% =90.0% (17.1)

The total harmonic distortion is
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r 0 THD =29%

szg(n \ VZ Q % V
IO‘ms b 20 ms d 30 ms Iﬁ 40 msd
4

Fig. 17.2 Typical ac line current and voltage waveforms, continuous conduction mode. fy/f; =5, 0 = 0.25.

7
= oy = (17.2)
THD = \/ (distortion factor) I =483%

So the limiting case of the large inductor leads to some significant harmonic distortion, although it is not
as bad as the peak detection rectifier case. Since the square wave is in phase with the ac input voltage, the
displacement factor is unity, and hence the power factor is equal to the distortion factor.

Whenever the inductor is sufficiently large, the rectifier diodes conduct continuously (i.e., there
is no time interval in which all four diodes are reverse-biased). This is called the continuous conduction
mode (CCM). A typical ac line current waveform is plotted in Fig. 17.2 for a finite but large value of L. It
can be seen that the ac line current is discontinuous at the ac line voltage zero crossing, as in the square-
wave limiting case. Some ringing is also present. This waveform contains a total harmonic distortion of
approximately 29%.

17.1.2 Discontinuous Conduction Mode

The opposite case occurs when the inductor is very small and the capacitor C is very large. This is the
peak detector circuit. In the limit as L goes to zero and C goes to infinity, the ac line current approaches a
string of delta (impulse) functions that coincide with the peaks of the sinusoidal input voltage waveform.
It can be shown that, in this limiting case, the THD becomes infinite while the distortion factor and
power factor become zero. Of course, in the practical case the current is not infinite; nonetheless, large
THD with low power factor is quite possible. The diodes conduct for less than one-half of the ac line
period, and hence f§ < 180° in DCM.

Whenever the capacitor is large and the inductor is small, the rectifier tends to “peak detect,”
and the rectifier operates in the discontinuous conduction mode (DCM). There exist time intervals of
nonzero length where all four rectifier diodes are reverse-biased. A typical set of waveforms is plotted in
Fig. 17.3, where the capacitor is large but finite, and the inductor is small but nonzero. The ac line volt-
age and the value of the load resistance are the same as in Fig. 17.2, yet the peak current is substantially
larger. The THD for this waveform is 145%, and the distortion factor is 57%.
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THD = 145%

10 ms 2\7 30 ms \/ 40 /

Fig. 17.3 Typical ac line current and voltage waveforms, discontinuous conduction mode. fj/f; = 8.4, 0 =121

17.1.3 Behavior When C is Large

A variety of authors have discussed the solution of passive rectifier circuits; several works are listed in
the references [8—15]. Analysis of even the simple circuit of Fig. 17.1 is surprisingly complex. For the
case when C is infinite, it was shown in [8] that the rectifier waveshapes can be expressed as a function of
a single dimensionless parameter K, defined as

- 2L 173
Ki=gf (173)

where T; = 1/f; is the ac line period. Equation (17.3) is of the same form as Eq. (5.6), used to define the
dimensionless parameter K which governs the DCM behavior of PWM converters. Figure 17.4 illustrates
the behavior of the single-phase rectifier circuit of Fig. 17.1, as a function of K, and for infinite C [8].
When K, is greater than approximately 0.1, the rectifier operates in CCM, with waveforms similar to
those in Fig. 17.2.

The voltage conversion ratio M is defined as

M= (17.4)

v
Vm
where V, is the peak value of the sinusoidal ac input voltage. In CCM, the output voltage is ideally inde-
pendent of load, with M = 2/n. Addition of ac-side inductance can cause the output voltage to exhibit a
dependence on load current. The total harmonic distortion in CCM is nearly constant and equal to the
value given by Eq. (17.2).

Near the boundary between CCM and DCM, the fundamental component of the line current
significantly lags the line voltage. The displacement factor reaches a minimum value slightly less than
80%, and power factors between 70% and 80% are observed.

For K, < 0.1, the rectifier operates heavily in DCM, as a peak-detection rectifier. As K] is
decreased, the displacement factor approaches unity, while the THD increases rapidly. The power factor
is dominated by the distortion factor. The output voltage becomes dependent on the load, and hence the
rectifier exhibits a small but nonzero output impedance.

For K, less than approximately 0.05, the waveforms are unchanged when some or all of the
inductance is shifted to the ac side of the diode bridge. Figure 17.4 therefore applies to rectifiers contain-
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Fig. 17.4 Diode conduction angle 3, displacement factor, power factor, conversion ratio, and total harmonic distor-
tion of the rectifier circuit of Fig. 17.1, with infinite capacitance.

ing both ac-side and dc-side inductance, provided that the circuit operates sufficiently deeply in DCM.
The parameter K is computed according to Eq. (17.3), with L taken to be the total ac-side plus dc-side
inductance. A common example is the case where the circuit contains no physical discrete inductor; the
performance is then determined by parasitic elements such as the capacitor equivalent series inductance,
the inductance of the utility distribution wiring, and transformer leakage inductances.

17.1.4 Minimizing THD When C is Small

Let us now consider the performance of the second case, in which the inductor and capacitor are small
and are intended solely to prevent load-generated EMI from reaching the ac line. In this case, dc-side fil-
tering of the low-frequency even voltage harmonics of the ac line frequency is not necessary. The filter
can be characterized by a corner frequency f;, characteristic impedance R, and Q-factor, where

2nvVLC
X (17.5)
R,

1
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614 Line-Commutated Rectifiers

To obtain good filtering of the EMI, the corner frequency f; should be selected to be sufficiently low.
However, as can be seen from Eq. (17.5), reducing the value of f, requires increasing the values of L
and/or C. As described above, it is undesirable to choose either element value too large, because large
distortion results. So f;, should not be too low, and there is a limit to the amount of filtering that can be
obtained without significantly distorting the ac line current waveform.

How low can f; be? Once £ is chosen, how should L and C be chosen such that THD is mini-
mized? We might expect that THD is increased when the phase of the filter input impedance — Z(jw),
evaluated at the second harmonic of the line frequency or 2fL, differs significantly from 0°. When the
zero crossings of the voltage and current waveforms do not coincide, then diode switching distorts the
current waveform. To a lesser extent, input impedance phase shift at the higher-order even harmonic fre-
quencies of the ac line frequency should also affect the THD. The input impedance Z(s) contains two
zerocs at frequency fy, and a pole at frequency f, = f,/Q. To obtain small phase shift at low frequency, f,
must be sufficiently large. In addition, Q must be neither too small nor too large: small Q causes the
zeroes at f;, to introduce low-frequency phase shift, while large Q causes the pole at fp to occur at low fre-
quency.

An approximate plot of THD vs. the choice of f, and Q is given in Fig. 17.5. It can be seen that
there is an optimum choice for Q: minimum THD occurs when Q lies in the range 0.5 to 1. A typical
waveform is plotted for the choice fy/f, = 10, @ = 1, in Fig. 17.6. The THD for this waveform is 3.6%,
and the distortion factor is 99.97%.

Small Q corresponds to CCM operation, with large L and small C. In the extreme case as
Q — 0, the ac line current tends to a square wave with THD = 48%. Large Q corresponds to DCM opera-
tion, with small L and large C. In the extreme case as Q — oo, the ac line current tends to a string of delta
functions with THD — eo. The optimum choice of Q leads to operation near the CCM-DCM boundary,
such that the ac line current waveform contains neither step changes nor subintervals of zero current.

In the case when the load resistance R varies over a wide range of values, it may be difficult to
optimize the circuit such that low THD is always obtained. It can be seen that increasing f,/f; leads to
low THD for a wider range of load resistance. For example, when f;, = 5f,, THD < 10% can be obtained
only for O between approximately 0.6 and 1.5, which is a 2.5:1 range of load resistance variations. If the

50
] THD=30% THD=10%
THD=3%
10
] / THD=1%

'

«
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Fig. 17.5 Approximate total harmonic distortion of the single-phase diode rectifier with de-side L~C filter.
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3 THD = 3.6%
v (1)

10 ms 20 ms 30 ms 40 m

Fig. 17.6 Typical ac line current and voltage waveforms, near the boundary between continuous and discontinu-
ous modes and with small dc filter capacitor. fy/f, = 10, @ = 1.

filter cutoff frequency f is increased to 20f; , then THD < 10% is obtained for O between approximately
0.15 and 7, or nearly a 50:1 range of resistance variations. In most cases, maximum harmonic limits are
enforced only at full load, and hence it is possible to design with relatively low values of f/f; if desired.

17.2  THE THREE-PHASE BRIDGE RECTIFIER

A basic full-wave three-phase uncontrolled rectifier with LC output filter is shown in Fig. 17.7. Its behav-
ior is similar to the single-phase case, in that it exhibits both continuous and discontinuous conduction
modes, depending on the values of L and C. The rectifier generates odd non-triplen harmonics in the ac
line current. So the ac line current may contain 1%, 5%, 7%, 11, 13" etc. harmonics. The dc output may
contain dc and even triplen harmonics: 0, 6, 12, 18, etc.

In the basic circuit of Fig. 17.7, no more than two of the six diodes can conduct during each
interval, and hence the line current waveforms must contain intervals of nonzero length during which the
current is zero. Unlike the single-phase case, the ac line current waveform must contain distortion even
when the filter elements are removed.

17.2.1 Continuous Conduction Mode

In the continuous conduction mode, each ac line current is nonzero for 120 degrees out of each line half-
cycle. For the remaining 60 degrees, the current is zero. This mode occurs when the inductance L is suf-

(1) i L
. e 1.7,
+
3 D3
o £
P c=—1vV Idec load
D6 _
o,

Fig. 17.7 Basic uncontrolled 3¢ bridge rectifier circuit, with de-side L-C filter.
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i a((J.)t) iL
Fig. 17.8 Ac line current waveform #.(f), for the case
when inductor L is large. The phase is drawn with respect 0 ot
to the zero crossing of the line-to-neutral voltage v, (£). " - " —>
90 180 270 360

_lL

ficiently large, as well as when the filter elements L and C are removed entirely.
In the limit, when L is very large, then the current i (f) is essentially constant. The current in
phase a, i (#), is then as shown in Fig. 17.8. It can be shown that the Fourier series for this waveform is

i(t)= . 1,5%,11 ) = o [, sin (”?ZT) sin (%) sin (not) (17.6)
which is similar to the spectrum of the square wave of the single-phase case, but with the triplen harmon-
ics missing. The THD of this waveform is 31%, and the distortion factor is 3/ = 95.5%. As in the case of
the square wave, the amplitude of the odd nontriplen n™ harmonic is (1/x) times the fundamental ampli-
tude. So this waveform contains 20% fifth harmonic, 14% seventh harmonic, 9% eleventh harmonic, etc.
It is interesting that, in comparison with the square-wave single-phase case, the missing 60° in the three-
phase case improves the THD and power factor, by removing the triplen harmonics.

With a less-than-infinite value of inductance, the output ripple causes the ac line currents to be
rounded, as in the typical waveform of Fig. 17.9. This waveform has a 31.9% THD, with a distortion fac-
tor that is not much different from the waveform of Fig. 17.8.

THD =31.9%
i)

Fig. 17.9 Continuous conduction mode ac line-neutral voltages and phase a current, for a moderate value of
inductance.

17.2.2 Discontinuous Conduction Mode

If the inductance is further reduced, then the three-phase rectifier enters the discontinuous conduction
mode. The rectifier then begins to peak-detect, and the current waveforms become narrow pulses of high
amplitude, occurring near the peaks of the line-line voltages. The phase a line current i (¢) contains two
positive and two negative pulses, at the positive and negative peaks of the line-line voltages v_,(f) and
v,.(8). As in the single-phase case, the total harmonic distortion becomes quite large in this case, and the
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17.3  Phase Control 617

THD = 99.3%

Fig. 17.10 Discontinuous conduction mode ac line-neutral voltages and phase a current.

power factor can be significantly degraded.

A typical waveform is given in Fig. 17.10. This waveform has a THD of 99.3%, and a distortion
factor of 71%. This would be considered unacceptable in high-power applications, except perhaps at
light load.

17.3  PHASE CONTROL

There are a wide variety of schemes for controlling the dc output of a 3¢ rectifier using thyristors [1,2].
The most common one is shown in Fig. 17.11, in which the six diodes of Fig. 17.7 are replaced by silicon
controlled rectifiers (SCRs). Typical waveforms are given in Fig. 17.12, for large de-side filter induc-
tance.

If 0, were an uncontrolied diode, it would conduct whenever the line-to-line voltage v, or v, is
the largest in magnitude of the six line-line voltages v ;, v, ., V.4s Vp,» Vo and v,,,. This occurs for 120° of
each cycle, beginning at the point where v, =v,,. In Fig. 17.12, this occurs at ¢ = 60°. The output volt-
age of the controlled rectifier is controlled by delaying the firing of Q; by an angle a, such that Q| begins
conducting at of = 60° + .. This has the effect of reducing the dc output voltage.

There can be no dc component of voltage across inductor L. Hence, in steady-state, the dc com-
ponent of the rectifier output voltage v,(¢) must equal the dc load voltage V. But v() is periodic, with
period equal to six times the ac line period (or 60°). So the dc component of vg(#) can be found by Fou-
rier analysis, and is equal to the average value of v,(s). Over one 60° interval, for example
(60° + o) L 0t < (120° + @), vg(?) follows the line-line voltage v, (1) = 3V sin (@t + 30°). The average is
therefore

i(0) i L
a T+ +
Q5
3p
ac ¢b vd(t) C :: 74 ;1?0 load
Qs
@, —

Fig. 17.11 Basic controlled 3¢ bridge rectifier circuit, with de-side L-C filter.
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—_
i(0) 4 i
0 wt
0 S b s | 2m00 il i
Fig. 17.12 Waveforms for the
controlled rectifier of Fig. 17.11, Vi Ve V. a
with large dc filter inductance.
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(17.7)

where V; , . is the rms line-to-line voltage. This equation is plotted in Fig. 17.13. It can be seen that, if
it is necessary to reduce the dc output voltage to values close to zero, then the delay angle o must be

1% 1.5 4
VLfL,rmx

1 4

0.5 4

Fig. 17.13 Variation of the dc output

-~
Rectification | Inversion

voltage V with delay angle «, for the 0
phase-controlled circuit of Fig. 17.11.

-1.5

f T T T 1
30 60 90 120 150 180
o, degrees
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17.3  Phase Control 619

increased to close to 90°. With a small inductance, the controlled rectifier can also operate in discontinu-
ous conduction mode, with modified output voltage characteristics.

17.3.1 Inverter Mode

If the dc load is capable of supplying power, then it is possible for the direction of power flow to reverse.
For example, consider the three-phase controlled rectifier circuit of Fig. 17.14. The resistive load is
replaced by a voltage source and thevenin-equivalent resistance, capable of either supplying or consum-
ing power. The dc load power is equal to VI, which is positive (rectifier mode) when both V and /; are
positive. The thyristor .is a unidirectional-current switch, which cannot conduct negative current, and
hence I, must always be positive. However, it is possible to cause the output voltage V to be negative, by
increasing the delay angle o. The dc load power VI, then becomes a negative quantity (inverter mode),
meaning that power flows from the dc load into the 3gac system.

Provided that the dc-side filter inductance L is sufficiently large, then Eq. (17.7) is valid even
when the delay angle o is greater than 90°. It can be seen in Fig. 17.13 that the dc output voltage V
becomes negative for o > 90°, and hence the power flow indeed reverses. Delay angles approaching 180°
are possible, with the maximum angle limited by commutation of the thyristor devices.

17.3.2 Harmonics and Power Factor

Let us next consider the harmonic content and power factor of the phase-controlled rectifier with large
inductance. Comparison of the line current waveform of Fig. 17.12 with that of the uncontrolled rectifier
(Fig. 17.8) reveals that the waveshapes are identical. The only difference is the phase lag o present in the
phase-controlled rectifier. This has the effect of shifting the fundamental component of current (and the
harmonics as well) by angle o. The Fourier series is therefore

N 3 4 . . .
it = - 1;,11,.,. i I sin (%@) sin (%) sin (n(nz - noc) (17.8)
Hence the harmonic amplitudes are the same (the fifth harmonic amplitude is 20% of the fundamental,
etc.), the THD is again 31%, and the distortion factor is again 95.5%. But there is phase lag in the funda-
mental component of current, which leads to a displacement factor of cos(a). The power factor is there-
fore

I L
L
By »—rTEBN -
3p
ac 9 1%
g, —

Fig. 17.14 If the load is capable of supplying power, then the 3¢ bridge circuit functions as an inverter for V < 0
and o> 90°.
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[oX
ISl sina
Fig. 17.15 Fundamental component complex power diagram &
for the 3¢ bridge circuit operating in rectifier mode. ’5@ 4y
c§
%Y
Y
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(x H
1Sl cos o P
power factor = 0.955 | cos (o) } 17.9)

which can be quite low when the dc output voltage V is low.
It is at first somewhat puzzling that the introduction of phase control can cause the fundamental
current to lag the voltage. Apparently, the rectifier consumes reactive power equal to

Q = E Ia, rmsVL-L, rms sino = IL -3%7' VL-L, rms sin o (1710)

We normally associate lagging current and the consumption of reactive power with inductive energy
storage. But this is not what is happening in the rectifier; indeed, the inductor and capacitor can be
removed entirely from the rectifier circuit, and a lagging fundamental current is still obtained by phase
control. It is simply the delay of the switching of the rectifiers that causes the current to lag, and no
energy storage is involved. So two mechanisms cause the phase-controlled rectifier to operate with low
power factor: the lagging fundamental component of current, and the generation of current harmonics.

Equation (17.10) can be further interpreted. Note that the dc output power P is equal to the dc
inductor current /; times the dc output voltage V. By use of Eq. (17.7), this can be written

P=1L¥ Vi1, s COS QL (17.11)

Comparison of Egs. (17.10) and (17.11) reveals that the rectifier fundamental volt-amperes can be
expressed using the conventional concepts of complex power § = P + jQ, where P is the real (average)

power consumed and Q is the fundamental reactive power consumed. The complex power phasor dia-
gram, treating the fundamental components only, is illustrated in Fig. 17.15.

17.3.3 Commutation

Let’s consider next what happens during the switching transitions. In the phase-controlled rectifier circuit
of Fig. 17.16, the dc-side inductor L, is large in value, such that its current ripple is negligible. Inductors
L,, L,, and L_are also present in the ac lines; these may be physical inductors of the rectifier circuit, or
they may represent the source impedance of the power system, typically the leakage inductances of a
nearby transformer. These inductors are relatively small in value.

Consider the switching transition illustrated in Fig. 17.17. Thyristors Q, and Qs initially con-
duct. At time ¢, thyristor Q, is gated on, and the dc current i, begins to shift from Q, to Q,. The ac line

cl?
currents Z(f) and i () cannot be discontinuous, since inductors L, and L_ are present in the lines. So dur-

DELTA ELECTRONICS EX. 1008

Page 627



17.3  Phase Control 621
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Fig. 17.16 Controlled 3¢ rectifier circuit, with small ac-side inductances.

ing the interval ¢, <t <1, thyristors 0, and Q4 both conduct, and the voltage v, is zero. Voltage is
applied across inductors L, and L, causing their currents to change; for successful commutation, suffi-
cient volt-seconds must be applied to cause the currents to change from i; to zero, and vice versa. Any
stored charge that remains in thyristor O, when current i (¢) reaches zero must also be removed, and
hence i(z) actually continues negative as discussed in Chapter 4. When the reverse recovery process of
Q, is complete, then Q; is finally in the off-state, and the next subinterval begins with the conduction of
thyristors @, and Qs.

The commutation process described above has several effects on the converter behavior. First, it
can be seen that the thyristor bridge dc-side voltage v,(¢) is reduced in value during the commutation
interval. Hence, its average value (v,) and the dc output voltage V are reduced. The amount of reduction
is dependent on the dc load current: a larger dc load current leads to a longer commutation interval, and
hence to a greater reduction in (v,). So the rectifier has an effective output resistance. Second, the maxi-
mum value of the delay angle o is limited to some value less than 180°. If o exceeds this limit, then
insufficient volt-seconds are available to change inductor current i (¢) from i, to zero, leading to commu-
tation failure. Third, when the rectifier ac-side inductors are small or zero, so that L , L,, and L_ represent

Va ®

~ Ve ab ~Vea
e e 7
/ } ! 1 t
N N AN
e L~ L~
Fig. 17.17 Switching transition waveforms, .- — -
for the rectifier of Fig. 17.16.
Conducting O 0 O Q) @
thyristors: 0, Q
Qs 0s Qs Qs O
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a \, L
Il 0 1 1 1 ] i >
i1 i
} 1 tlﬁ O Il 1 ] —

DELTA ELECTRONICS EX. 1008
Page 628



622 Line-Commutated Rectifiers

Voe ()
Fig. 17.18 Notching of the ac line-line

voltage waveforms during the commutation t
intervals. V| i

essentially only the power system source impedance, then commutation causes significant notching of
the ac voltage waveforms (Fig. 17.18) at the point of common coupling of the rectifier to the power sys-
tem. Other elements connected locally to the power system will experience voltage distortion. Limits for
the areas of these notches are suggested in IEEE/ANSI standard 519.

174  HARMONIC TRAP FILTERS

Passive filters are often employed to reduce the current harmonics generated by rectifiers, such that har-
monic limits are met. The filter network is designed to pass the fundamental and to attenuate the signifi-
cant harmonics such as the fifth, seventh, and perhaps several higher-order odd nontriplen harmonics.
Such filters are constructed using resonant tank circuits tuned to the harmonic frequencies. These net-
works are most commonly employed in balanced three-phase systems. A schematic diagram of one
phase of the filter is given in Fig. 17.19.

The ac power system is modeled by the thevenin-equivalent network containing voltage source
v, and impedance Z_'. Impedance Z is usually inductive in nature, although resonances may occur due to
nearby power-factor-correction capacitors. In most filter networks, a series inductor L, is employed; the
filter is then called a harmonic trap filter. For purposes of analysis, the series inductor L. can be lumped
into Z/, as follows:

Z(s)=2Z/(s) +sL, (17.12)

The rectifier and its current harmonics are modeled by current source /,. Shunt impedances Z;, Z,,... are

Q) Z Z Z .. (P ;

ac source Harmonic traps Rectifier
model (series resonant networks) model

Fig. 17.19 A harmonic trap filter. One phase is iflustrated, on a line-to-neutral basis.
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17.4 Harmonic Trap Filters 623

tuned such that they have low impedance at the harmonic frequencies, and hence the harmonic currents
tend to flow through the shunt impedances rather than into the ac power system.

The approximate algebra-on-the-graph method described in Chapter 8 is used here to construct
the filter transfer function, in terms of impedance Z_ and the shunt impedances Z;, Z,,.... This approach
yields a simple intuitive understanding of how the filter operates. Since the harmonic frequencies are
close in value, the pole and zero frequencies of the filter are never well separated in value. So the approx-
imate algebra-on-the-graph method is, in general, not sufficiently accurate for the complete design of
these filters, and the pole frequencies must be found by numerical methods. A typical design approach
might involve estimating element values using the algebra-on-the-graph method, then refining the values
using a computer simulation package.

The filter transfer function H(s) is given by the current divider ratio

i(s) Z | Zy -
Hisy= 88 o2l 2ol (17.13)
=0 Z+ 20 2,1
As discussed in Chapter 8, another way to write this transfer function is
_i®) _ZANZNZy |- 17.14
H(S) = lr(_S) = _T ( )
So we can construct H(s) by first constructing the parallel combination Z_|| Z, || Z, || ..., then dividing by

the total line impedance Z. It can be shown that, if Z (s) contains no poles, then the numerator of H(s) is
the product of the zeroes of the shunt impedances Z,, Z,,.... So this graphical method yields the exact
zeroes of H(s), which coincide with the series resonances of the shunt impedances. But the poles of H(s),
which arise from parallel resonances in the filter, require more work to compute.

Let us first consider the simple case illustrated in Fig. 17.20, where Z, consists of a series reso-
nant circuit tuned to eliminate the fifth harmonic, and Z_ is composed of a single inductor L. Construc-
tion of the impedance of a series resonant network is described in Chapter 8. The || Z, || asymptotes
follow the capacitor impedance magnitude 1/wC; at low frequency, and the inductor impedance magni-
tude wL; at high frequency. At the resonant frequency, || Z, || is equal to R,. The asymptotes for || Z, || are
constructed in Fig. 17.21(a).

Figure 17.21(a) also illustrates the impedance magnitude || Z_ || = ®L, as well as construction of

Fig. 17.20 Simple harmonic trap filter example, contain-

ing a series resonant trap tuned to the fifth harmonic, and ry
inductive line impedance. @ L, C) L

=

Fifth-harmonic
trap Z,
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(b)
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Fig. 17.21 Construction of approximate frequency response using the algebra-on-the-graph method: (a) imped-
ance asymptotes, (b) transfer function asymptotes || H ||.

the approximate asymptotes for the parallel combination (Z, || Z,). Recall that, to construct the approxi-
mate asymptotes for the parallel combination, we simply select the smaller of the Z; and Z, asymptotes.
The result is the shaded set of asymptotes shown in the figure: the parallel combination follows ®L, at
low frequency, and || Z, || at high frequency. Note that, in addition to the intended series resonance at fre-
quency f, a parallel resonance occurs at frequency j;,.

The filter transfer function || H(s) || is now constructed using Eq. (17.14). As illustrated in Fig.
17.21(b), || H(s) || = 1 at low frequencies where both the numerator and the denominator of Eq. (17.14)
are equal to wL,. The parallel resonance at frequency fp leads to resonant poles and peaking in || H(s) ||.
The resonance at frequency f] leads to resonant zeroes and attenuation in || H(s) ||. At high frequency, the
gainis L,/(L; + L).

So if we want to attenuate fifth harmonic currents, we should choose the element values such
that the series resonant frequency f; coincides with the fifth harmonic frequency. This frequency is sim-
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(@) L
iS
R, R, R,
L, L, L, L
‘T T T
5™ harmonic 1| 7 harmonic i} 11™ harmonic
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Fig. 17.22 Construction of approximate frequency response for a harmonic trap filter that attenuates the fifth,
seventh, and eleventh harmonics: (a) impedance asymptotes, (b) transfer function asymptotes.

ply the resonant frequency of the shunt impedance Z,, or

T W 17.15
fi=2m 2n/L,C, ( )
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In addition, care must be exercised regarding the parallel resonance. Since no three-phase system is
exactly balanced, small amounts of third harmonic currents always occur. These currents usually have
negligible effect; however, the parallel resonance of the harmonic trap filter can increase their magni-
tudes significantly. Even worse, the Q-factor of the parallel resonance, @ , is greater than the series-reso-
nance Q-factor Q,.

The filter circuit of Fig. 17.20 is simple enough that an exact analysis can be performed easily.
The exact transfer function is

(17.16)

where

f=d 1
172" 2 /L,C,

L Lk _1 /et
& RV C QP_RT C,

The resonant zeroes do indeed appear at the series resonant frequency, while the parallel resonance and
its associated resonant poles appear at frequency f, determined by the series combination of L, and L.
To attenuate several harmonics—for example, the fifth, seventh, and eleventh—series resonant
networks can be tuned to provide resonant zeroes at each. A circuit is given in Fig. 17.22(a), with the
impedance asymptotes of Fig. 17.22(b). The resulting approximate || H(s) || is given in Fig. 17.22(c). It
can be seen that, associated with each series resonance is a parallel resonance. Each parallel resonant fre-
quency should be chosen such that it is not significantly excited by harmonics present in the network.
The filter transfer function can be given high-frequency single-pole rolloff by addition of a
bypass resistor R, , as illustrated in Fig. 17.23(a). Typical impedance and transfer function asymptotes
for this network are constructed in Fig. 17.24. The bypass resistor allows some additional attenuation of
the higher-order harmonics, without need for series resonant traps tuned to each harmonic. The network
of Fig. 17.23(a) is sometimes called a “high pass” network, because it allows high-frequency currents to
flow through the shunt branch. But it causes the overall filter transfer function H(s) to reject high fre-
quencies. A simple harmonic trap filter that contains series resonances that can be tuned to the fifth and

(@ (b)
Fig. 17.23 Addition of bypass resistor R, » to a Rn Rn Rbp
series resonant network, to obtain a high-frequency
rolloff characteristic: (a) basic circuit, (b) addition Rb,,
of blocking capacitor C, to reduce power consump- L, L, G,
tion at the fundamental frequency.
) -zl— ) -1_
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17.4  Harmonic Trap Filters 627

(a)

(b

— 20 dB/decade

Fig. 17.24 Construction of approximate frequency response for a harmonic trap filter containing bypass resistor:
(a) impedance asymptotes, (b) transfer function asymptotes.

seventh harmonics, with a single-pole rolloff to attenuate higher-order harmonics such as the eleventh
and thirteenth, is illustrated in Fig. 17.25.

Power loss in the bypass resistor can be an issue: since R, is not part of the resonant network,
significant fundamental (50 Hz or 60 Hz) currents can flow through R, . The power loss can be reduced
by addition of blocking capacitor C, as illustrated in Fig. 17.23(b). This capacitor is chosen to increase
the impedance of the Rbp—C , leg at the fundamental frequency, but have negligible effect at the higher-

L

$

—585

Fig. 17.25 A harmonic trap filter containing series
resonances tuned to the fifth and seventh harmonics, Ly L, C,
and high-frequency rolloff characteristic.

Fifth-harmonicii Seventh-harmonic
trap trap with high-
frequency rolloff
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628 Line-Commutated Rectifiers

order harmonic frequencies.

The harmonic trap filter network can also supply significant reactive power to the rectifier and
power system. As given by Eq. (17.10), the rectifier fundamental current lags the voltage, and the recti-
fier consumes reactive power. As seen in Fig. 17.22(a), the impedances of the series resonant tank net-
works are dominated by their capacitor asymptotes at low frequency. Hence, at the fundamental
frequency, the filter impedance reduces to an equivalent capacitor, equal to the parallel combination of
the tank capacitors. The current through this capacitance leads the ac line voltage, and hence as men-
tioned in the previous chapter, the capacitor is a source of reactive power.

17.5  TRANSFORMER CONNECTIONS

A final conventional approach to reducing the input harmonics of three-phase rectifiers is the use of
phase-shifting transformer circuits. With these schemes, the low-order harmonics, such as the fifth and
seventh, can be eliminated. The remaining harmonics are smaller in magnitude, and also are easier to fil-
ter.

The rectifier circuit of Fig. 17.7 is known as a six-pulse rectifier because the diode output volt-
age waveform contains six pulses per ac line period. The output voltage ripple has a fundamental fre-
quency that is six times the ac line frequency. As illustrated in Fig. 17.8, the ac line current waveforms
contain three steps: at any given instant, i (¢) is equal to either i;, 0, or — i;. The spectrum of the current
waveform contains fundamental and odd nontriplen harmonics (1, 5, 7, 11, 13,...), whose amplitudes
vary as 1/n.

It is possible to shift the phase of the ac line voltage using three-phase transformer circuits. For
example, in the delta-wye transformer circuit of Fig. 17.26, the transformer primary windings are driven
by the primary-side line-to-line voltages, while the transformer secondaries supply the secondary-side
line-to-neutral voltages. In an ideal transformer, the secondary voltage is equal to the primary voltage
multiplied by the turns ratio; hence, the phasor representing the secondary voltage is in phase with the

@ a V3:n a

Fig. 17.26 Three-phase delta-wye trans-
former connection: (a) circuit, (b) voltage
phasor diagram. (b)

Primary voltages Secondary voltages
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ial (t)

ia2(t)

5

dc
v,(0) T load

| wr
90° 180° 270° 360°
—nl,

Fig. 17.27 Twelve-pulse rectifier: (a) circuit, (b) input phase a current waveforms.

primary voltage phasor, and is scaled in magnitude by the turns ratio. So in the delta-wye transformer
connection, the secondary line-to-neutral voltages are in phase with the primary line-to-line voltages. In
a balanced three-phase system, the line-to-line voltages are shifted in phase by 30° with respect to the
line-to-neutral voltages, and are increased in magnitude by a factor of /3 . Hence the secondary line-to-
neutral voltages lag the primary line-to-neutral voltages by 30°. The wye-delta connection is also com-
monly used; this circuit causes the secondary voltages to lead the primary voltages by 30°. Many other
more complicated transformer circuits are known, such as the zig-zag, forked-wye, and extended-delta

connections, which can lead to phase shifts of any desired amount.
The 30° phase shift of the delta-wye transformer circuit is used to advantage in the twelve-pulse

rectifier circuit of Fig. 17.27(a). This circuit consists of two bridge rectifier circuits driven by 3¢ voltages
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630 Line-Commutated Rectifiers

that differ in phase by 30°. The bridge rectifier outputs are connected in series to the dc filter inductor and
load. The total rectifier output voltage v,(f) has a fundamental frequency that is twelve times the ac line
frequency. The input phase a ac line current i (¢) is the sum of currents in three windings, and has the
stepped waveshape illustrated in Fig. 17.27(b). It can be shown that this waveform contains Fourier com-
ponents at the fundamental frequency and at the 11", 13%, 237, 25% . harmonic frequencies, whose
amplitudes vary as 1/n. Doing so is left as a homework problem. Thus, the twelve-pulse rectifier elimi-
nates the 5, 7, 17" 19 harmonics.

An eighteen-pulse rectifier can be constructed using three six-pulse bridge rectifiers, with trans-
former circuits that shift the applied voltages by 0°, +20°, and - 20°. A twenty-four pulse rectifier
requires four six-pulse bridge rectifiers, fed by voltages shifted by 0°, + 15°, — 15°, and 30°. If p is the
pulse number, then the rectifier produces line current harmonics of number n = pk + 1, where k=0, 1, 2,
3,.... If the dc current ripple can be neglected, then the magnitudes of the remaining current harmonics
vary as 1/n. The dc-side harmonics are of number pk.

So by use of polyphase transformer connections and rectifier circuits having high pulse number,
quite good ac line current waveforms can be obtained. As the pulse number is increased, the current
waveforms approaches a sinusoid, and contains a greater number of steps having smaller amplitude. The
low-order harmonics can be eliminated, and the remaining high-frequency harmonics are easily filtered.

17.6  SUMMARY

1.  With a large dc filter inductor, the single-phase full-wave rectifier produces a square-wave line current
waveform, attaining a power factor of 90% and 48% THD. With smaller values of inductance, these fig-
ures are degraded. In the discontinuous conduction mode, THD greater than 100%, with power factors of
55% to 65% are typical. When the capacitance is large, the power factor, THD, displacement factor, and
conversion ratio can be expressed as a function of only the dimensionless parameter K .

2. In the three-phase case, the bridge rectifier with large dc filter inductor produces a stepped waveform sim-
ilar to the square wave, but missing the triplen harmonics. This waveform has 31% THD, and leads to a
power factor of 95.5%. Reduced dc inductor values again lead to increased THD and reduced power factor,
and as L tends to zero, the THD tends to infinity while the power factor tends to zero. In practice, the min-
imum effective series inductance is limited by the power system source inductance.

3. With a large de inductor, phase control does not influence the distortion factor or THD, but does lead to a
lagging fundamental current and decreased displacement factor. Phase-controlled rectifiers and inverters
are consumers of reactive power.

4. If the load is capable of supplying power, then the phase-controlled rectifier can become an inverter. The
delay angle a is greater than 90°, and the output voltage polarity is reversed with respect to rectifier opera-
tion. The maximum delay angle is limited by commutation failure to a value less than 180°.

5. Harmonic trap filters and multipulse-rectifier/polyphase transformer circuits find application in high-
power applications where their large size and weight are less of a consideration than their low cost. In the
harmonic trap filter, series resonant tank circuits are tuned to the offending harmonic frequencies, and
shunt the harmonic currents away from the utility power network. Parallel resonances may cause
unwanted peaks in the filter transfer function. Operation of these filters may be understood using the alge-
bra-on-the-graph method, and computer simulations can be used to refine the accuracy of the analysis or
design. Rectifiers of higher pulse number can also yield improved current waveforms, whose harmonics
are of high frequency and small amplitude, and are easily filtered.
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632 Line-Commutated Rectifiers

PROBLEMS
17.1 The half-controlled single-phase rectifier circuit of Fig. 17.28 contains a large inductor L, whose current
i, (1) contains negligible ripple. The thyristor delay angle is .
i pn L
o - +
9 D,
¢ -y dc load
@ WO €=V osh
@ D,

Fig. 17.28 Half-controlled rectifier circuit of Problem 17.1.

(a) Sketch the waveforms v () and i (). Label the conduction intervals of each thyristor and diode.
(b) Derive an expression for the dc output voltage V, as a function of the rms line-line voltage and
the delay angle.
(©) Derive an expression for the power factor.
(d) Over what range of o are your expressions of parts (b) and (c) valid?
17.2 The half-controlled rectifier circuit of Fig. 17.29 contains a large inductor L, whose current #;(f) contains
negligible ripple. The thyristor delay angle is o
i(1) i L
p—TTE L
a + +
Q3 —L
3¢
e v C v zc load

Fig. 17.29 Three-phase half-controlled rectifier circuit of Problem 17.2.

(a) Sketch the waveforms v ,(#) and i (¢). Label the conduction intervals of each thyristor and diode.
(b) Derive an expression for the dc output voltage V; as a function of the rms line-line voltage and
the delay angle.
(c) Derive an expression for the power factor.
(d) Over what range of o are your expressions of parts (b) and (c) valid?
17.3 A 3¢ SCR bridge is connected directly to a resistive load, as illustrated in Fig. 17.30. This circuit oper-

ates in the continuous conduction mode for small delay angle ¢, and in the discontinuous conduction
mode for sufficiently large o

Fig. 17.30 Three-phase controlled rectifier circuit of Problem 17.3.
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(a) Sketch the output voltage waveform v(¢), for CCM operation and for DCM operation. Clearly
label the conduction intervals of each SCR.

(b) Under what conditions does the rectifier operate in CCM? in DCM?
() Derive an expression for the dc component of the output voitage in CCM.
(d) Repeat part (c), for DCM operation.

A rectifier is connected to the 60 Hz utility system. It is desired to design a harmonic trap filter that has
negligible attenuation or amplification of 60 Hz currents, but which attenuates both the fifth- and sev-
enth-harmonic currents by a factor of 10 (- 20 dB). The ac line inductance L, is 500 pH.

(a) Select Ls, the inductance of the fifth harmonic trap, equal to 500 yH, and L, the inductance of
the seventh harmonic trap, equal to 250 pH. Compute first-pass values for the resistor and capac-
itor values of the fifth and seventh harmonic trap circuits, neglecting the effects of parallel reso-
nance.

(b) Plot the frequency response of your filter. It is suggested that you do this using SPICE or a simi-
lar computer program. Does your filter meet the attenuation specifications? Are there significant
parallel resonances? What is the gain or attenuation at the third harmonic frequency?

(c) Modify your element values, to obtain the best design you can. You must choose L, = 500 pH,
but you may change all other element values. Plot the frequency response of your improved fil-
ter. “Best” means that the 20 dB attenuations are obtained at the fifth and seventh harmonic fre-
quencies, that the gain at 60 Hz is essentially 0 dB, and that the Q-factors of parallel resonances
are minimized.

A rectifier is connected to the 50 Hz utility system. It is desired to design a harmonic trap filter that has
negligible attenuation or amplification of 50 Hz currents, but that attenuates the fifth-, seventh-, and
eleventh-harmonic currents by a factor of 5 (- 14 dB). In addition, the filter must contain a single-pole
response that attenuates the thirteenth and higher harmonics by a factor of 51/13, where # is the har-
monic number. The ac line inductance L, is 100 pH.

Design a harmonic trap filter that meets these specifications. Design the best filter you can,
which meets the attenuation specifications, that has nearly unity (0 dB + 1 dB) gain at 50 Hz, and that
has minimum gains at the third and ninth harmonics. Plot the frequency response of your filter, and spec-
ity your circuit element values.

A single-phase rectifier operates from a 230 Vrms 50 Hz European single-phase source. The rectifier
must supply a 1000 W dc load, and must meet the IEC-1000 class A or class D harmonic current limits.
The circuit of Fig. 17.1 is to be used. The dc load voltage may have 100 Hz ripple whose peak-to-peak
amplitude is no greater than 5% of the dc voltage component.

(a) Estimate the minimum value of inductance that will meet these requirements.

(b) Specify values of L and C that meet these requirements, and prove (by simulation) that your
design is correct.

Figure 17.31 illustrates a twelve-pulse rectifier, containing six controlled (SCR) devices and six uncon-
trolled (diode) devices. The dc filter inductance L is large, such that its current ripple is negligible. The
SCRs operate with delay angle o.. The SCR bridge is driven by a wye-wye connected three-phase trans-
former circuit, while the diode bridge is driven by a wye-delta connected three-phase transformer circuit.
Since both transformer circuits have wye-connected primaries, they can be combined to realize the cir-
cuit with a single wye-connected primary.

(a) Determine the rms magnitudes and phases of the line-to-line output voltages of the transformer
secondaries vy, and v 5., as a function of the applied line-line primary voltage v .

(b) Sketch the waveforms of the voltages v,;,(z) and v ,(f). Label the conduction intervals of each
thyristor and diode.
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I L
T \—y
+
3gac
source va®
dc
load
+
de(t)
Fig. 17.31 Twelve-pulse rectifier circuit, with one controlled and one uncontrolled bridge, Problem
17.7.
(c) Derive an expression for the dc component of the output voltage, as a function of the rms line-

line input voltage, the delay angle o, and the turns ratio .

(d) Over what range of @ is your expression of part (c) valid? What output voltages can be produced
by this rectifier?

17.8 For the twelve-pulse rectifier circuit of Fig. 17.27(a), determine the Fourier coefficients, for the funda-
mental through the thirteenth harmonic, of the primary-side currents i,,(z) and i ,(¢), as well as for the ac
line current i (£). Express your results in terms of the turns ratio » and the dc load current /;. You may
assume that the dc filter inductance L is large and that the transformers are ideal.

17.9 The single-phase controlled-bridge rectifier of Fig. 17.32 operates in the continuous conduction mode. It
is desired to regulate the load voltage v(f) in the presence of slow variations in the amplitude of the sinu-
soidal input voltage vg(t). Hence, a controller must be designed that varies the delay angle ¢ such that
w(¢) is kept constant, and it is of interest to derive a small-signal ac model for the dc side of the rectifier
circuit.

V(D)

Fig. 17.32 Single-phase controlled rectifier, Problem 17.9.

(a) Sketch v (#) and vg(t), and label the delay angle o.

(b) Use the circuit averaging method to determine the small-signal transfer functions
% control-to-output transfer function
a(s

and
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_Av_(ﬂ line-to-output transfer function
5,)

as well as the steady-state relationship
V=£(V,.A)
where
aft) = A+ &)

V() =V + 5(p)
ve(t) = (vg + og(r)) sin (1)

You may assume that the frequencies of the variations in o, v, and v  Are much slower that the ac
line frequency ®, and that the inductor current ripple is smalil.
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18
Pulse-Width Modulated Rectifiers

To obtain low ac line current THD, the passive techniques described in the previous chapter rely on low-
frequency transformers and/or reactive elements. The large size and weight of these elements are objec-
tionable in many applications. This chapter covers active techniques that employ converters having
switching frequencies much greater than the ac line frequency. The reactive elements and transformers of
these converters are small, because their sizes depend on the converter switching frequency rather than
the ac line frequency.

Instead of making do with conventional diode rectifier circuits, and dealing after-the-fact with
the resulting low-frequency harmonics, let us consider now how to build a rectifier that behaves as ide-
ally as possible, without generation of line current harmonics. In this chapter, the properties of the ideal
rectifier are explored, and a model is described. The ideal rectifier presents an effective resistive load to
the ac power line; hence, if the supplied ac voltage is sinusoidal, then the current drawn by the rectifier is
also sinusoidal and is in phase with the voltage. Converters that approximate the properties of the ideal
rectifier are sometimes called power factor corrected, because their input power factor is essentially
unity [1].

The boost converter, as well as a variety of other converters, can be controlled such that a near-
ideal rectifier system is obtained. This is accomplished by control of a high-frequency switching con-
verter, such that the ac line current waveform follows the applied ac line voltage. Both single-phase and
three-phase rectifiers can be constructed using PWM techniques. A typical dc power supply system that
is powered by the single-phase ac utility contains three major power-processing elements. First, a high-
frequency converter with a wide-bandwidth input-current controller functions as a near-ideal rectifier.
Second, an energy-storage capacitor smooths the pulsating power at the rectifier output, and a low-band-
width controller causes the average input power to follow the power drawn by the load. Finally, a de—dc
converter provides a well-regulated dc voltage to the load. In this chapter, single-phase rectifier systems
are discussed, expressions for rms currents are derived, and various converter approaches are compared.
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638 Pulse-Width Modulated Rectifiers

The techniques developed in earlier chapters for modeling and analysis of dc-dc converters are
extended in this chapter to treat the analysis, modeling, and control of low-harmonic rectifiers. The CCM
models of Chapter 3 are used to compute the average losses and efficiency of CCM PWM converters
operating as rectifiers. The results yield insight that is useful in power stage design. Several converter
control schemes are known, including peak current programming, average current control, critical con-
duction mode control, and nonlinear carrier control. Ac modeling of the rectifier control system is also
covered.

18.1  PROPERTIES OF THE IDEAL RECTIFIER

It is desired that the ideal single-phase rectifier present a resistive load to the ac system. The ac line cur-
rent and voltage will then have the same waveshape and will be in phase. Unity power factor rectification
is the result. Thus, the rectifier input current i (¢) should be proportional to the applied input voltage

v, D):

. V1)

fue$) === (18.1)
where R, is the constant of proportionality. An equivalent circuit for the ac port of an ideal rectifier is
therefore an effective resistance R,, as shown in Fig. 18.1(a). R, is also known as the emulated resistance.

It should be noted that the presence of R, does not imply the generation of heat: the power apparently

@ i ®) i (®)
s .
Vac(l) 5 Re Vac(t) 5 Re(vcnntrol)
Vcontml
© i 0 Ideal rectifier (LFR) i9)
ac
£ 2 —
+ p(H)=v, IR, *
vac(t) Re(vcontrol) 5 v(t)
ac dc
input T output
Veontrol

Fig. 18.1 Development of the ideal rectifier equivalent circuit model: (a) input port resistor emulation; (b) the
value of the emulated resistance, and hence the power throughput, is controllable; (c) output port power source char-
acteristic, and complete model.
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(@) (b) © )4

i) i) v(it) = p(t)
—_—

+ +

p() 0 0, m o(0) >

Fig. 18.2 The dependent power source: (a) power source schematic symbol, (b) power sink schematic symbol,
(c) i~v characteristic.

“consumed” by R, is actually transferred to the rectifier dc output port. R, simply models how the ideal
rectifier loads the ac power system.

Output regulation is accomplished by variation of the effective resistance R,, and hence the
value of R, must depend on a control signal v_,,,.,(t) as in Fig. 18.1(b). This allows variation of the recti-
fier power throughput, since the average power consumed by R, is

2
p = Vs (182)
av Re (v

conlml)
Note that changing R, results in a time-varying system, with generation of harmonics. To avoid genera-
tion of significant amounts of harmonics and degradation of the power factor, variations in R, and in the
control input must be slow with respect to the ac line frequency.

To the extent that the rectifier is lossless and contains negligible internal energy storage, the
instantaneous power flowing into R, must appear at the rectifier output port. Note that the instantaneous
power throughput

vidD)

A 18.3
Re(vcomral(t)) ( )

pt) =

is dependent only on v, (#) and the control input v, . .(¢), and is independent of the characteristics of the
load connected to the output port. Hence, the output port must behave as a source of constant power,
obeying the relationship

w00 = plo) = L (18.4)

The dependent power source symbol of Fig. 18.2(a) is used to denote such an output characteristic. As
illustrated in Fig. 18.1(c), the output port is modeled by a power source that is dependent on the instanta-
neous power flowing into R,.

Thus, a two-port model for the ideal unity-power-factor single-phase rectifier is as shown in Fig.
18.1(c) [2—4]. The two port model is also called a loss-free resistor (LFR) because (1) its input port obeys
Ohm’s law, and (2) power entering the input port is transferred directly to the output port without loss of

DELTA ELECTRONICS EX. 1008

Page 645



640 Pulse-Width Modulated Rectifiers

energy. The defining equations of the LFR are:

(= —red) (18.5)

Re (Vconrrol)
v()it) = p(t) (18.6)
2
p(ty=—Yal)__ (18.7)

R e( vcmltrol(t) )

When the LFR output port is connected to a resistive load of value R, the dc output rms voltages and cur-
rents V, -and I, are related to the ac input rms voltages and currents V, and ] as follows:

ac,rms ac,rms
Vrms _ R 18.8
Vac,rms - E ( ' )
locrms _ /R 189
T =V R (5

The properties of the power source and [oss-free resistor network are discussed in Chapter 11. Regard-
less of the specific converter implementation, any single-phase rectifier having near-ideal properties can
be modeled using the LFR two-port model.

18.2 REALIZATION OF A NEAR-IDEAL RECTIFIER

Feedback can be employed to cause a converter that exhibits controlled dc transformer characteristics to
obey the LFR equations. In the single-phase case, the simplest and least expensive approach employs a
full-wave diode rectifier network, cascaded by a dc—dc converter, as in Fig. 18.3. The dc—dc converter is
represented by an ideal dc transformer, as discussed in Chapter 3. A control network varies the duty
cycle, as necessary to cause the converter input current i,() to be proportional to the applied input volt-

dc—dc converter

R i(0) LiM@d@)| i)
i (0 * o
v (1) @ 7,0 é_é W) ==C SR
Td(t)
ig
Controller
v

Fig. 18.3 Synthesis of an ideal rectifier by varying the duty cycle of a PWM dc—de converter.
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18.2  Realization of a Near-Ideal Rectifier 641

age vg(t) as in Eq. (18.1). The effective turns ratio of the ideal transformer then varies with time. Ideal
waveforms are illustrated in Fig. 18.4. If the applied input voltage v, () is sinusoidal,

v, () = V) sin (1) (18.10) Va0 v,

then the rectified voltage vg(t) is

V() = Vyy | sin (1) | (18.11)
It is desired that the converter output voltage be a con-
Vy IR

stant dc value v(f) = V. The converter conversion ratio GY
a
must therefore be M e

-~

Mldp) =20 o V___ (18.12)

VD)V, |sin (or) | -
This expression neglects the converter dynamics. As can \/ \\/
be seen from Fig. 18.4, the controller must cause the
b
\%

conversion ratio to vary between infinity (at the ac line ~ V,(®)
voltage zero crossings) and some minimum value M,

(at the peaks of the ac line voltage waveform). M, is

given by

M

i(f) 4
M= asazy O
Vi

Any converter topology whose ideal conversion ratio
can be varied between these limits can be employed in
this application. v v

To the extent that the de—dc converter is ideal
(i.e., if the losses can be neglected and there is negligible
low-frequency energy storage), the instantaneous input .
and output powers are equal. Hence, the output current

i(f) in Fig. 18.3 is given by M(r) 4
l(t) = vg(l)i___g(t) = V;(t) (1814) \/\/UU
TV TR, M

Substitution of Eq. (18.11) into Eq. (18.14) then leads to

Fig. 18.4 Waveforms of the rectifier system of

) Fig. 18.3.

; Vi 2

i(t= VR Sin ()
2

=7k |

(18.15)
1~ cos (2wr)

Hence, the converter output current contains a dc component and a component at the second harmonic of
the ac line frequency. One of the functions of capacitor C in Fig. 18.3 is to filter out the second harmonic
component of i(#), so that the load current (flowing through resistor R) is essentially equal to the dc com-
ponent
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) Vi
I=<l(t)>TL=QV—A}/$e (18.16)

where T is the period of the applied ac line voltage.
The average power is

_ Vi (18.17)
P=oit

The above equations are generally valid for PWM converters used as single-phase low-harmonic rectifi-
ers.

18.2.1 CCM Boost Converter

A system based on the CCM boost converter is illustrated in Fig. 18.5 [1,5,6]. Ideally, the boost converter
can produce any conversion ratio between one and infinity. Hence, the boost converter is capable of pro-
ducing the M(d(z)) given by Eq. (18.12), provided that V > V,,. Further, the boost converter can produce
very low THD, with better transistor utilization than other approaches.

If the boost converter operates in continuous conduction mode, and if the inductor is small
enough that its influence on the low-frequency components of the converter waveforms is negligible,
then the duty ratio should follow M(d(r)) = 1/(1 — d(¢)). This implies that the duty ratio should follow the
function

__x® 18.18
an=1-= (18.18)

This expression is true only in the continuous conduction mode. The boost converter operates in the con-
tinuous conduction mode provided that the inductor current ripple

HdT,
Al = Lﬂ(lz_LL (18.19)
Boost converter
i (¢ i(f)
— £ )=+ r5EN B (= -
(1) L D,
v ) v, ——|E 0 C== V) SR
Ivg(t) Iig(l‘) d®

Controller

Fig. 18.5 Rectifier system based on the boost converter.
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is greater than the average inductor current, or

t
(1), =" (18.20)

e

Hence, the converter operates in CCM when

<ig(t)>Tx>Aig(t) = din)< RzLT (18.21)

Substitution of Eq. (18.18) into (18.21) and solution for R, leads to

2L
R,<—2L—— forccm
. T( vg(t)) (18.22)

s

&7

14

Since vg(t) varies according to Eq. (18.11), Eq. (18.22) may be satisfied at some points on the ac line
cycle, and not at others. Since 0 < vg(l) <V, we can conclude that the converter operates in CCM over
the entire ac line cycle when

R <2L (18.23)

Equations (18.18) and (18.22) then hold for all 7. The converter always operates in DCM when

R > 2L

¢ % (18.24)
Ts(l ——VM)

For R, between these limits, the converter operates in DCM when v g(t) is near zero, and in CCM when
vg(t) approaches V,,.
The static input characteristics of the open-loop boost converter are sketched in Fig. 18.6. The

input current £,(¥) is plotted vs. input voltage v (1), for various duty cycles d(z). In CCM, the input charac-
teristics of the boost converter are described by

3%(/t_)= - do) in CCM (18.25)

To obtain a general plot, we can normalize the input current and input voltage as follows:

m (1) = Vg_‘(/’) (18.26)
Wo=3kim (1827)

Equation (18.25) then becomes
my(6) =1 -d() (18.28)

This equation is independent of the input current ¢ (1), and hence is represented by vertical lines in Fig.
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L §
L — % © <+ o o
i = = =3 S It
= 1l [ [ 1l ~
i = = = ~3
075 T
Fig. 18.6 Static input characteristics %
of the boost converter. A typical linear e
resistive input characteristic is super- N> 05
imposed. n
=
¥
0.25
]
1
18.6.

To derive the boost input characteristic for DCM operation, we can solve the steady-state equiv-
alent circuit model of Fig. 11.12(b) (reproduced in Fig. 18.7). Beware: the natural DCM effective resis-
tance of Chapter 11, R, = 2L/d2TS, does not necessarily coincide with the emulated resistance R, = v,/i

g
of Eq. (18.1). In this chapter, the quantity R, is defined according to Eq. (18.1). Solution of Fig. 18.7 for
the input current ig(t) leads to:

V(1) N p(t)

2L V=30 (18.29)
(dsz)

i0)=

The instantaneous power consumed by the effective resistor in the model of Fig. 18.7 is

va(r)
PO =75y (18.30)
(dsz)

Substitution of Eq. (18.30) into Eq. (18.29) and simplification leads to

)
V—v,()
i) i
Fig. 18.7 Averaged equivalent circuit model of the boost > 4 )
converter operating in DCM, derived in Chapter 11. +
o () 2L /;) Ov
4 — dsz S p —
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vr i) (1 ‘Q) LROR vg(t) in DCM (18.31)

Normalization of this equation according to Eqs. (18.26) and (18.27) yields
jg(t)(l - mg(t)) =d’my(1) (18.32)
This equation describes the curved (DCM) portions of the Fig. 18.6 input characteristics, for low i (f).

To express the CCM/DCM mode boundary as a function of vg(t) and ig(t), Eqgs. (18.1) and
(18.22) can be combined, leading to

l&(t) ( (’))(1_”—‘(})) for CCM (18.33)

Normalization of this equation, according to Egs. (18.26) and (18.27), results in
0> mg(t)(l - mg(t)) for CCM (18.34)

This equation describes a parabola having roots at m, = 0 and m,, = I, with the maximum value j, = 0.25
at m, = 0.5. The mode boundary equation is plotted as a dashed line in Fig. 18.6

The complete input characteristics for the boost converter were plotted in Fig. 18.6 using Egs.
(18.28), (18.32), and (18.34). Figure 18.6 also illustrates the desired linear resistive input characteristic,
Eq. (18.1). For the value of R, illustrated, the converter operates in DCM for v g(t) near zero, and in CCM
for vg(t) near V,,. The intersections of boost input characteristics with the desired linear input characteris-
tic illustrate how the controller must choose the duty cycle at various values of v (D).

Other converters capable of producing the M(d(r)) of Eq. (18.12) include the buck-boost,
SEPIC, and Cuk converters. The boost, SEPIC, and Cuk converters share the desirable property of non-
pulsating input current, and hence require minimal input EMI filtering. The SEPIC produces a non
inverted output voltage. Isolated versions of these converters (see Chapter 6) are also sometimes
employed [7-9]. Schemes involving the parallel resonant converter, as well as several types of quasi-res-
onant converters, are also documented in the literature [10-13].

The open-loop boost converter, when operated in discontinuous conduction mode, is also some-
times used as an approximation of an ideal rectifier. The DCM effective resistance 2L/d2(t)Ts of Fig. 18.7
is then taken as an approximation of the desired emulated resistance of Eq. (18.1). The model differs
from that of the ideal rectifier model of Fig. 18.1(c) in that the power source is connected between the
input and output terminals. As a result, harmonics are present in the input current waveform. For exam-
ple, if vg(t) is a rectified sinusoid, then the current through the effective resistance 2L/d2(t)Ts will also be
a rectified sinusoid. However, the input current (i g(t»n. is now equal to the sum of the current through R,
and the current flowing through the power source element. Since the power source is a nonlinear ele-
ment, <ig(’)>n contains harmonics. For large C, the output voltage is essentially constant. The input cur-
rent waveform is then given by Eq. (18.31). If V is sufficiently large, then the term (I — v (t)/V) is
approximately equal to one, and the harmonics in (z (1)), are small. The zero crossings of v (D), p(t) and
(1 ® )T coincide. So although the DCM boost converter generates some current harmonics, 1t is nonethe-
less p0551ble to construct a low harmonic rectifier that meets harmonic limits. Again, this approach has
the disadvantages of the increased peak currents of DCM, and the need for additional filtering of the
high-frequency pulsating input currents. Computer simulation of a DCM boost rectifier is described in
Appendix B, Section B.2.3.
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A similar approach is to operate the boost converter at the boundary between the continuous and
discontinuous conduction modes. This approach is known as “critical conduction mode” operation. It
eliminates the distortion mechanism described above, but requires variable switching-frequency control.
This approach is quite popular at low power levels, and is described further in Section 18.3.3.

Other converters not capable of producing the M(d(¥)) of Eq. (18.12), such as the buck con-
verter, are sometimes employed as the dc—dc converter of Fig. 18.3. Distortion of the ac line current
waveform must then occur. Nonetheless, at low power levels it may be possible to meet the applicable ac
line current harmonic standards using such an approach.

18.2.2 DCM Flyback Converter

In Chapter 11, the loss-free resistor network is used to model converters operating in discontinuous con-
duction mode. This suggests that DCM converters can also be used as near-ideal rectifiers. Indeed, the
buck-boost, flyback, SEPIC, and Cuk converters, when operated in discontinuous conduction mode with-
out additional control, inherently behave as natural loss-free resistors. The DCM effective resistance R,,
found in Chapter 11 to be equal to 2L/D2TA,, then coincides with the rectifier emulated resistance of
Eq. (18.1). At low power levels, this can be an effective and low-cost approach. Inrush current limiting is
also inherent in this approach, and isolation and scaling via a turns ratio are provided by the transformer.
Disadvantages are the increased peak currents of DCM, and the need for additional filtering of the high-
frequency pulsating input currents.

A simple low-harmonic rectifier system based on the transformer-isolated flyback converter is
illustrated in Fig. 18.8 [2]. The ac line voltage is connected through an input EMI filter to a bridge recti-
fier and a flyback converter. The flyback converter is operated at constant switching frequency f, and con-
stant duty cycle D. The converter is designed such that it operates in the discontinuous conduction mode
under all conditions. The input EMI filter smooths the pulsating input current waveform, so that i (z) is
approximately sinusoidal.

The flyback converter is replaced by its averaged equivalent circuit in Fig. 18.9. As discussed in
Chapter 11, the terminal waveforms of the flyback converter have been averaged over the switching
period T, resulting in the loss-free resistor model. This model illustrates how the DCM flyback converter
presents a resistive load to the ac input. It also illustrates how the power flow can be controlled, by varia-

EMI filter Flyback converter
. g . : -
550 > PH—
lac([) . DI

v )

’gfi' W) Z=C SR

to

Fig. 18.8 Low-harmonic rectifier system incorporating a flyback converter that operates in the discontinuous con-
duction mode.
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EMI filter Averaged model
(i, (),
— B0\ > —
iac(t) + +

Vo)

A
ORI =S {COM [ HUOM—YeR 3.

5

to

Fig. 18.9 Averaged equivalent circuit that models the system of Fig. 18.8.

tion of D to control the value of the emulated resistance R, .

To design this converter, one must select the value of inductance to be sufficiently small, such
that the converter operates in DCM at all points on the ac sine wave, at maximum load. If we denote the
lengths of the transistor conduction interval, diode conduction interval, and discontinuous interval as
DT, d,T,, and d,T, respectively, then the converter operates in DCM provided that d; is greater than
zero. This implies that

dH)<1-D (18.35)
By volt-second balance on the transformer magnetizing inductance, we can express d,(Z) as

0] (18.36)
dyt)=D TiV

Substitution of Eq. (18.36) into Eq. (18.35) and solution for D yields

1
< —
18.37
(1 vg(t)) ( )

During a given switching period, the converter will operate in DCM provided that the above inequality is
satisfied. The worst case occurs when the rectified sinusoid v,(D is equal to its peak value V,,. The ine-
quality then becomes

1
D< (1+ﬁ) (18.38)
nv

If Eq. (18.38) is satisfied, then the converter operates in DCM at all points on the ac line sinusoid.
In steady state, the dc output voltage is given by Eq. (18.8). Upon substitution of the expression
for R, and solution for D, this equation becomes

_2V L
D= o\ R (18.39)

Insertion of this relationship into Eq. (18.38), and solution for L, yields
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RT,
L<L;= N (18.40)
M

For variations in load R and peak ac input voltage V,,, the worst case will occur at minimum R (maxi-
mum power) and minimum V,,. Hence, the designer should choose L to satisfy

R, T,

L<L~‘,, = nmin 5

crit-min 1841

4( 1+ JL) (1841)
M-nmin

If this equation is violated, then at maximum load power and minimum input voltage amplitude, the con-
vert will operate in CCM near the peak of the ac sinewave. This will lead to an input current waveform
having substantial distortion.

18.3  CONTROL OF THE CURRENT WAVEFORM

A wide variety of approaches are known for active control of the input current waveform to attain input
resistor emulation [14-33]. Average current control [17,18], input voltage feedforward [17], current-pro-
grammed control [19-22], hysteretic control and critical conduction mode control [23-27], and nonlin-
ear carrier control [28-30] are briefly surveyed here. Other approaches include sliding-mode control
[31], charge control [32], and ASDTIC control [33].

18.3.1 Average Current Control

Average current control is a popular method of implementing control of the input current waveform in a
low-harmonic rectifier. This approach works in both continuous and discontinuous conduction modes,
and can produce high-quality current waveforms over a wide range of input voltages and load powers.
The problems of crossover distortion, found in some competing schemes such as current programmed
control, are largely avoided. Several popular integrated circuits are available that implement average cur-
rent control.

Figure 18.10 illustrates average current control of the input current waveform (i g(t))Ts in a boost
converter. The input current i (7) flows through a shunt resistor. The voltage across this shunt resistor is
amplified by an op amp circuit. This op amp circuit contains a low-pass filter characteristic that attenu-
ates the high-frequency switching harmonics. The output voltage v (¢) of the op amp circuit is propor-
tional to the low-frequency average value of i (¢):

V() =R, <ig(t)> , (18.42)

This signal is compared to the reference voltage v (1), to produce an error signal that drives the compen-
sator network and pulse-width modulator as illustrated. If the feedback loop is well designed, then the
error signal is small:

V() = v,(8) (18.43)
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Boost converter

it i(r)
- i )= g 1.1 > >
iac(t) + L Dl +
V0 v, (0 [—| E 0, C== w1 % R
SO > -
vcontrol(t) Vg(t) ig(t)
Vv 1'; PWM
Multiplier | ¥ ]
Verk1)
G G
=k, Vg(t) Veontrot D Compensator
Controller

Fig. 18.11 Average current control of a boost converter, to obtain a low-harmonic rectifier.

The average current controller causes the sensed current ig(t) to follow the reference waveform v ().

To cause the input current to be proportional to the input voltage, the reference voltage v (1) is
derived from the sensed input voltage waveform, as in Fig. 18.11. The current reference signal v () is
derived from the sensed input voltage v,(#), and hence has a sinusoidal waveshape. Hence, the average
current controller causes the average input current i,(¢) to be proportional to the input voltage v (7). The
multiplier illustrated in Fig. 18.11 allows adjustment of the constant of proportionality, so that the magni-
tude of the emulated resistance can be controlled via a control signal v, . .(¢). Let us assume that the
multiplier terminal equations are

Contros

i

s pi

L
Fig. 18.10 Average current

V() Cb E V(o) ﬁ
ig
control of the input current in a AN\ <
boost converter. é
Gate

+

Current o+ driver
sense! |
CITCUIL | 5 Pulse width
modulator
*

v, (1) G,(5) Compensator
=R, (i,(0); §

Current ,, ) (Z ;)

reference
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<ig([)>T, Ideal rectifier (LFR) i)y
i) o (), . ¥
v, () <Vg(t)>rs R, 5 c = (V(I))Tx 5 R

RE(I)L R (t) - Rx Veontrol (t)
‘ k)c vcantral(t )

Fig. 18.12 Model of the system of Fig. 18.5, based on the loss-free resistor model of Fig. 18.1(c), which predicts
the low-frequency system waveforms. This model assumes that the feedback loop of Fig. 18.5 operates ideally.

V1) = k(0 Vegnarol(1) (18.44)
Then the emulated resistance is
v.(5)
_ Vg(t) _ kxvconlrol(t) (1845)

Ro=—toma
i(®) (v_(ﬂ)
R

5

Here, Egs. (18.44) and (18.42) have been used to eliminate Ve and { - Substitution of Eq. (18.43) leads to
the result

R, (18.46)
Re(vcontrol(t)) = kxvmmml( t)

Hence, if the feedback loop is well designed, then the system of Fig. 18.11 can be represented by the
LFR model as in Fig. 18.12. The average current controller scheme of Fig. 18.11 and the model of Fig.
18.12 are independent of the de—dc converter topology, and can be applied to systems containing CCM
boost, buck-boost, Cuk, SEPIC, and other topologies.

Average power flow and the output voltage are regulated by variation of the emulated resistance
R,, in average current control as well as in most other schemes. This is usually accomplished by use of a
multiplier in the input voltage sensing path, as shown in Fig. 18.13. This control loop continually adjusts

R, to maintain balance of the average rectifier power P,, = V; s’ R, and the load power P, such that
the following relation is obeyed:
V goms (18.47)
Pav = E:m = Pload ’

Average current control works quite well. Its only disadvantages are the need to sense the average input
current, rather than the transistor current, and the need for a multiplier in the controller circuit.

Most average current control implementations include provisions for feedforward of the input
voltage amplitude. This allows disturbances in the ac input voltage amplitude to be canceled out by the
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Fig. 18.13 Average current control incorporating a multiplier for regulation of the output voltage.

k, xy

controller, such that the dc output voltage is unaffected.

Combination of Egs. (18.44), (18.46), and (18.47), and solution for v_,(#) leads to

refl

Py (DR,
V2

g.rms

Ve () = (18.48)

This equation shows how the reference voltage should be varied to maintain a given rectifier average
power throughput P . Apparently, it is necessary to divide by the square of the rms input voltage ampli-
tude. A controller that implements Eq. (18.48) is illustrated in Fig. 18.14. The multiplier block of Fig.
18.13 has been generalized to-perform the function k,xy/z% It is somewhat complicated to compute the
rms value of a general ac waveform; however, the ac input voltage v,(¢) normally is sinusoidal with neg-
ligible harmonics. Hence, the peak value of vg(t) is directly proportional to its rms value, and we can use
the peak value V), in place of v, So the controller of Fig. 18.14 produces the reference voltage

L rms”*

k vvcontrol(t) Vg(l)-

Vort(0) = v (18.49)
Comparison of Egs. (18.48) and (18.49) leads to the conclusion that
P = kvvcmztml(t) (1850)

av ZRX

So the average power throughput is directly controlled by v, .(f), and is independent of the input volt-
age vg(t).
Feedforward can cause the rectifier dc output voltage to be less sensitive to variations in the ac
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Fig. 18.14 Average current control incorporating input voltage feedforward.

line voltage. A disadvantage is the ac line current distortion introduced by variations in the voltage pro-
duced by the peak detector.

To aid in the design of the inner feedback loop that controls the ac line current waveshape, a
converter model is needed that describes how the converter average input current depends on the duty
cycle. We would prefer to apply the averaged small-signal modeling techniques of Chapter 7 here. The
problem is that the variations in the duty cycle d(#), as well as in the ac input voltage v,(z) and current
i,(1), are not small. As a result, in general the small-signal assumptions are violated, and we are faced
with the design of a control system that exhibits significant nonlinear time-varying behavior.

When the rectifier operates near periodic steady state, the output voltage v(¢) of a well-designed
system exhibits small variations. So we can write

(v(t))Ts =V + 90 (18.51)
with
EGIESINY (18.52)
In other words, the small-signal assumption continues to be valid with respect to the rectifier output volt-
age. In the case of the boost converter, this allows us to linearize the converter input characteristics.

Following the approach of Chapter 7, we can express the average inductor voltage of the boost
converter as
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Fig. 18.15 Linearized model describing the boost
converter input characteristics, corresponding to Eq. <vg(t)>T <+

(18.55) = dwv

ali (O
L <"T>Ts = <vg(t)) r" d'(r) <v(t)>TS (18.53)

This equation contains the nonlinear term d'(z) (v(t))TS . Substitution of Eq. (18.51) into (18.53) yields

ali (o
L '%tlﬂ = (Vg<’)>, —d'OV - d %) (18.54)

When Eq. (18.52) is satisfied, then the nonlinear term — d'()%(¢) is much smaller in magnitude than the
linear term — &'(r)V. Therefore, we can discard the nonlinear term to obtain

dlif0)
L —<gd_t>ﬁ = (Vg(’)>TJ— dmv (18.55)

This linear differential equation is valid even though i g(t), v g(t), and d(#) contain large variations.

An equivalent circuit corresponding to Eq. (18.55) is given in Fig. 18.15. The averaged control-
to-input-current transfer function is found by setting the independent inputs other than d(z) to zero, and
then solving for i * the model predicts that this transfer function is

W) _y (18.56)
d(s) ~ sL

where i,(s) is the Laplace transform of (i,(z)); . So the input characteristics of the boost rectifier can be
linearized, even though the ac input variations are not small.

Unfortunately, Eq. (18.52) is not sufficient to linearize the equations describing the input char-
acteristics of the buck-boost, SEPIC, Cuk, and most other single-phase rectifiers. The control system
design engineer must then deal with a truly nonlinear time-varying dynamical system.

One approach that is sometimes suggested employs the quasi-static approximation [34,35]. It is
assumed that the ac line variations are much slower than the rectifier system dynamics, such that the rec-
tifier always operates near equilibrium. The quiescent operating point changes slowly along the input
sinusoid; an equilibrium analysis can be performed to find expressions for the slowly-varying “equilib-
rium” duty ratio and converter voltages and currents. The small-signal dc—dc converter transfer functions
derived in Chapters 7 and 8 are evaluated using this time-varying operating point. The converter poles,
zeroes, and gains are found to vary along the ac input sinusoid. An average current controller is designed
using these time-varying transfer functions, such that the current loop gain has a positive phase margin at
all operating points.

We expect that the quasi-static approximation should be valid if the rectifier system dynamics
are sufficiently fast, and it is reasonable to anticipate that high-frequency PWM converters have dynam-
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ics that are much faster than the ac line frequency. The problem is that no good condition on system
parameters, which can justify the approximation, is known for the basic converter topologies. There is
room for additional research in this area.

It is well-understood in the field of control systems that, when the rectifier system dynamics are
not sufficiently fast, the quasi-static approximation yields neither sufficient nor necessary conditions for
stability of the resulting design. Time-varying “loop gains” that always have a positive phase margin may
nonetheless be unstable, and a negative phase margin does not always imply instability. Such phenomena
are sometimes observed in rectifier systems. Even worse, it is difficult to justify the use of the Laplace
transform on rectifiers described by time-varying differential equations, unless the quasi-static approxi-
mation can be validated.

18.3.2 Current Programmed Control

Another well-known approach to attaining input resistor emulation is the use of current-programmed
control. As illustrated in Fig. 18.16, the programmed current i (f) is made proportional to the ac input
voltage. This causes the average inductor current, and hence also (i g(t»n , to approximately follow v, (0.
As in average current control, a multiplier is used to adjust the emulated resistance and average power
flow; the control signal v, (f) is typically used to stabilize the dc output voltage magnitude. Several
rectifier control ICs are commercially available, which implement current-programmed control.

As discussed in Chapter 12, several mechanisms cause the average inductor current and hence
also (i g(t) )TS to differ from the programmed i (¢). These mechanisms introduce crossover distortion and
line current harmonics. An artificial ramp having sufficiently large slope m, is necessary to stabilize the

Boost converter

i, (0 ix(0)

> 7
D

1

L
50\
) r| 0 C== v SR
5

0

»
=

s

Clock I
| 0 T,
S Q

Veontrol (t)

A 28 4
by}

Multiplier | X

i) Comparator Latch
= kx vg(t) Veontrol (t)

Current-programmed controller

Fig. 18.16 Current-programmed control of a boost rectifier.
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current-programmed boost converter when it operates in CCM with d(z) > 0.5. The addition of this ramp
causes (i g(t) )Ts to differ from i (¢). Additional deviation is introduced by the inductor current ripple. Both
mechanisms are most pronounced when the inductor current is small, near the zero-crossings of the ac
line waveforms.

The static input characteristics, that is, the average input current vs. the input voltage, of the cur-
rent-programmed boost converter are given by

LiXnfv in DCM
2(V=v,@) (v + m,L)’ P (18.57)

(- ( - Vg—‘(,t)) (m,,+ v;—(Lt)) T, inCCM

Ve

<ig(t)> T, =

The converter operates in the continuous conduction mode when

In terms of the control current i (#), the condition for operation in CCM can be expressed

i(n> TiV (m‘,}L N Vg_‘(/’)) (1 - vi‘(,’l) (18.59)

In the conventional current-programmed rectifier control scheme, the control current i (#) is simply pro-
portional to the ac input voltage:

i="8 (18.60)

where R, is the emulated resistance that would be obtained if the average input current exactly followed
the reference current i (¢). The static input characteristics given by Eqs. (18.57) to (18.60) are plotted in
Fig. 18.17. The average input current (i g(t))TS is plotted as a function of the applied input voltage v (8), for
several values of emulated resistance R,. The region near the CCM-DCM boundary is shown. The
curves are plotted for a fixed artificial ramp having slope

m,= ‘2VI (18.61)
This is the minimum value of artificial ramp that stabilizes the boost current-programmed controller at
all static operating points. Decreasing m, below this value leads to instability at operating points in the
continuous conduction mode at low vg(t)/ V.

To obtain resistor emulation, it is desired that the static input characteristics be linear and pass
through the origin. It can be seen from Fig. 18.17 that this is not the case: the curves are reasonably linear
in the continuous conduction mode, but exhibit significant curvature as the CCM-DCM boundary is
approached. The resulting average current waveforms are summarized in Fig. 18.8.

To minimize the line current THD, it is apparent that the converter should be designed to oper-
ate deeply in the continuous conduction mode for most of the ac line cycle. This is accomplished with
emulated resistances R, that are much smaller than R, , = 2L/T,. In addition, the artificial ramp slope m,

base
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Fig. 18.17 Static input characteristics of a current-programmed boost converter, with minimum stabilizing artifi-
cial ramp of Eq. (18.61).

i(0) 1.0

Peak i,

0.8

0.6

0.4

0.2

Wt

Fig. 18.18 Input current waveshapes predicted by the static input characteristics of Fig. 18.17, compared with a
pure sinusoid. Curves are plotted for the case V,, = 0.8V, with minimum stabilizing artificial ramp.

should be no greater than otherwise necessary. In practice, THD of 5% to 10% can easily be obtained in
rectifiers that function over a narrow range of rms input voltages and load currents. However, low THD
cannot be obtained at all operating points in universal-input rectifiers; THD of 20% to 50% may be
observed at maximum ac input voltage. This problem can be solved by biasing the current reference
waveform. Design of current-programmed rectifiers is discussed in [19-22], and some strategies for
solving this problem are addressed in [19].
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Fig. 18.19 Input current waveforms of two boost converters with hysteretic control: (a) + 10% regulation band, (b)
critical conduction mode operation (+ 100% regulation band).

18.3.3 Critical Conduction Mode and Hysteretic Control

Another control scheme sometimes used in low-harmonic rectifiers, as well as in dc—dc converters and
dc-ac inverters, is hysteretic control. Rather than operating at a fixed switching frequency and duty
cycle, the hysteretic controller switches the transistor on and off as necessary to maintain a waveform
within given limits. A special case of hysteretic control, called critical conduction mode control, is
implemented in several commercially-available ICs, and is popular for low-harmonic rectifiers rated
below several hundred Watts [23-25].

An example is the sinusoid of Fig. 18.19(a), in which the boost converter input current is con-
trolled to follow a sinusoidal reference with a £ 10% tolerance. The inductor current increases when the
transistor is on, and decreases when the transistor is off. So this hysteretic controller switches the transis-
tor on whenever the input current falls below 90% of the reference input. The controller switches the
transistor off whenever the input current exceeds 110% of the reference. Hysteretic controllers tend to
have simple implementations. However, they have the disadvantages of variable switching frequency and
reduced noise immunity.

Another example of hysteretic control is the waveform of Fig. 18.19(b). The lower limit is cho-
sen to be zero, while the upper limit is twice the reference input. This controller operates the boost con-

verter at the boundary between the continuous and discontinuous conduction modes. An alternative’

control scheme that generates the same waveform simply operates the transistor with constant on-time:
the transistor is switched on when the inductor current reaches zero, and is switched off after a fixed
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Fig. 18.20 A typical implementation of critical conduction mode control.

interval of length ¢ ,. The resulting inductor current waveform will have a peak value that depends
directly on the applied input voltage, and whose average value is one-half of its peak. With either control
approach, the converter naturally exhibits loss-free-resistor or ideal rectifier behavior. The emulated
resistance is

R=2 (18.62)
on

This scheme has the advantage of small inductor size and low-cost control ICs. Disadvantages are
increased peak currents, variable switching frequency, and the need for additional input EMI filtering.

A typical critical conduction mode controller is illustrated in Fig. 18.20. A zero-current detector
senses when the inductor current is zero; this is typically accomplished by monitoring the voltage across
the inductor. The zero-current detector sets a latch, turning on the transistor and initiating the switching
period. The transistor current is also monitored, and is compared to a sinusoidal reference v (¢) that is
proportional to the applied input voltage vg(t). When the sensed current is equal to the reference, the latch
is reset and the transistor is turned off.

Since the switching frequency can vary, possibly over a wide range, it is important to carefully
design the converter power stage. For a given power P, the required transistor on-time ¢,, can be found by
combining Eqs. (18.17) and (18.62), and solving for 7 ,:

4LP
w= (18.63)
Vi

Application of the principle of volt-second balance to inductor L of Fig. 18.20 leads to the following
equation:
vt + (vg— v)zoffzo (18.64)

ghon

Hence, the transistor off-time is given by
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Lo = ton (V—vg) (18.65)
The switching period 7 is equal to
To=l,y+1, (18.66)
Substitution of Egs. (18.63) and (18.65) into Eq. (18.66) yields
T,=4LP 1
= (1—vg—‘(,')) (18.67)

The following expression for switching frequency is found by substitution of Eq. (18.11) into Eq.
(18.67):

2
ﬁ=%=4KLMP(1—VT§”‘sin(mt) \) (18.68)

The maximum switching frequency occurs when sin (©wf) equals zero:

2

-V (18.69)
max f_; = 4L—P
The minimum switching frequency occurs at the peak of the sine wave:
LV VM) (18.70)
min f; = m (1 - —V—

Equations (18.69) and (18.70) can be used to select the value of the inductance L and the output voltage
V, so that the switching frequency varies over an acceptable range.

18.3.4 Nonlinear Carrier Control

The nonlinear-carrier controller (NLC) is capable of attaining input resistor emulation in boost and other
converters that operate in the continuous conduction mode. Implementation of the controller is quite sim-
ple, with no need for sensing of the input voltage or input current. There is also no need for a current loop
error amplifier. The boost nonlinear-carrier charge controller is inherently stable and is free from the sta-
bility problems that require addition of an artificial ramp in current programmed controllers.

A CCM boost rectifier system with nonlinear-carrier charge control is illustrated in Fig. 18.21,
and waveforms are given in Fig. 18.22. The reasoning behind this approach is as follows. It is desirable
to control the transistor switch current i (£). This pulsating current is much easier to sense than the contin-
uous converter input current-—a simple current transformer can be used, as in Fig. 18.21. Further, it is
desirable to control the integral of this current, or the charge, for two reasons: (1) integration of the wave-
form leads to improved noise immunity, and (2) the integral of the waveform is directly related to its
average value,
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Fig. 18.21 Nonlinear-carrier charge control of a boost converter.
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Fig. 18.22 Transistor current i (¢), parabolic carrier voltage v (f), and integrator voltage v(f) waveforms for the
NLC-controlled boost rectifier of Fig. 18.21.
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(i), =4 j T (18.71)

In a fixed-frequency system, 7', is constant, and the integral over one switching period is proportional to
the average value. Hence the average switch current can be controlled to be proportional to a reference
signal by simply switching the transistor off when the integral of the switch current is equal to the refer-
ence. In the controller of Fig. 18.21, the switch current i (¢) is scaled by the transformer tumns ratio n, and
then integrated by capacitor C;, such that

AT
W= jo O g for 0<r<adr, (18.72)

The integrator voltage v(f) is reset to zero at the end of each switching period, and the integration process
begins anew at the beginning of the next switching period. So at the instant that the transistor is switched
off, the voltage v(dT,) is proportional to the average switch current:

(i)

5

nCf,

(18.73)

vdT )= forinterval 0 <t < T,

How should the average switch current be controlled? To obtain input resistor emulation, it is
desired that

(10), = (@), (18.74)
8

Ts R e(vcomrol)

It is further desired to avoid sensing either i (¢) or v_(¢). As with other schemes, we will sense the dc out-
put voltage (v(£)),,, to construct a low-bandwidth feedback loop that balances the average input and out-
put powers. So let us determine the relationship between (i (1)), and (v(?)),, implied by Eq. (18.74). If
we assume that the boost converter operates in the continuous conduction mode, then we can write

(i0);,=dw) (i,0)), (18.75)
and
(vg(®), =d® (o), (18.76)

Substitution of Eqgs. (18.75) and (18.76) into Eq. (18.74) leads to
. (), (18.77)
(10),, = dw(1-d) o

The controller of Fig. 18.21 implements this equation.
The nonlinear carrier generator of Fig. 18.21 produces the parabolic waveform v (z), given by
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vr(t) = Veontrol (TL) (1 - TL) for 0<s< TS (18 78)
v(t+T)=vft)

This waveform is illustrated in Fig. 18.22. Note that Eq. (18.78) resembles Eq. (18.77), with d(9)

replaced by (¢/T,). The controller switches the transistor off at time ¢ = T, when the integrator voltage
v{1t) is equal to the carrier waveform v (¢). Hence, it is true that

V(AT = vdT,) = Vepuyrof) d(t) {1 - d(0)) (18.79)

Substitution of Eq. (18.73) yields

{10).,
ncifs

= Vopnarolt) @)1 - d(0)) (18.80)

This is of the same form as Eq. (18.77). Comparison of Eqs. (18.77) and (18.80) reveals that the emu-
lated resistance R, is given by

(o), (), (18.81)

R eantral) = d(t)(l - d(t)) (i (l‘)> - nC;f, D
5 TS iJs" contro,

If the dc output voltage and the control voltage have negligible ac variation, then R, is essentially con-
stant, and the ac line current will exhibit low harmonic distortion. So neither the input voltage nor the
input current need be sensed, and input resistor emulation can be obtained in CCM boost converters by
sensing only the switch current.

A simple way to generate the parabolic carrier waveform uses two integrators, as illustrated in
Fig. 18.23. The slowly varying control voltage v,,,...,(¢) is integrated, to obtain a ramp waveform v (z)
whose peak amplitude is proportional to v, .(?). The dc component of this waveform is removed, and
then integrated again. The output of the second integrator is the parabolic carrier v (z), illustrated in Fig.
18.22 and given by Eq. (18.78). Both integrators are reset to zero before the end of each switching period

oo Removal of dc
] component

v.(t
Veontrol (t) C( )=

L D] — 0\4

v
[}
=
T

Integrator with reset

Fig. 18.23 Generation of parabolic carrier waveform by double integration.
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by the clock generator. The amplitude of the parabolic carrier, and hence also the emulated resistance,
can be controlled by variation of v, ...(5).

Equations (18.75) and (18.76) are valid only when the converter operates in the continuous con-
duction mode. In consequence, the ac line current waveform is distorted when the converter operates in
DCM. Since this occurs near the zero crossings of the ac line voltage, crossover distortion is generated.
Nonetheless, the harmonic distortion is less severe than in current-programmed schemes, and it is feasi-
ble to construct universal-input rectifiers that employ the NLC control approach. Total harmonic distor-
tion is analyzed and plotted in [28].

Nonlinear carrier control can be applied to current-programmed boost rectifiers, as well as to
other rectifiers based on the buck-boost, SEPIC, Cuk, or other topologies, with either integral charge
control or peak-current-programmed control [28,29]. In these cases, a different carrier waveform must be
employed. A nonlinear-carrier controller in which the ac input voltage v, () is sensed, rather than the
switch current i(2), is described in [30].

184  SINGLE-PHASE CONVERTER SYSTEMS INCORPORATING
IDEAL RECTIFIERS

An additional issue that arises in PWM rectifier systems is the control of power drawn from the ac line,
the power delivered to the dc load, and the energy stored in a bulk energy storage capacitor.

18.4.1 Energy Storage

It is usually desired that the dc output voltage of a converter system be regulated with high accuracy. In
practice, this is easily accomplished using a high-gain wide-bandwidth feedback loop. A well-regulated
dc output voltage v(f) = V is then obtained, which has negligible ac variations. For a given constant load
characteristic, the load current / and the instantaneous load power p;.(f) = P, ,, are also constant:

Proad®) =V(0)i(t) = VI (18.82)
However, the instantaneous input power p, (¢) of a single-phase ideal rectifier is not constant:
PadD) = v, ()i (1) (18.83)

If v,(7) is given by Eq. (18.11), and if i(r) follows Eq. (18.1), then the instantaneous input power
becomes

Py =Y sin2 oty = Lt (1~ cos (20n) (18.34)
«lD) =R, 2R,

which varies with time. The instantancous input power is zero at the zero crossings of the ac input volt-
age. Equations (18.82) and (18.84) are illustrated in Fig. 18.24(a). Note that the desired instantaneous
load power p,,,,(£) is not equal to the desired instantaneous rectifier input power p, (f). Some element
within the rectifier system must supply or consume the difference between these two instantaneous pow-
ers.

Since the ideal rectifier does not consume or generate power, nor does it contain significant
internal energy storage, it is necessary to add to the system a low-frequency energy storage element such

DELTA ELECTRONICS EX. 1008

Page 669



664 Pulse-Width Modulated Rectifiers

Fig. 18.24 Waveforms of a single-
phase ideal rectifier system: (a) pulsating
ac input power p,.(¢), and constant.dc

(a) pac(t) /\ /\
P load
load power P, _,; (b) energy storage

capacitor voltage v(2). (b) v(D) 4

\

as an electrolytic capacitor. The difference between the instantaneous input and load powers flows
through this capacitor.

The waveforms of rectifier systems containing reactive elements can be determined by solution
of the rectifier energy equation [36,37]. If the energy storage capacitor C is the only system element
capable of significant low-frequency energy storage, then the power p () flowing into the capacitor is
equal to the difference between the instantaneous input and output powers:

dE i Cvie 18.85
pC(t) = ‘ii(t) = (2 dtc ) =puc(t)_pload(t) ( )

where C is the capacitance, v(f) is the capacitor voltage, and E(f) is the energy stored in the capacitor.
Hence as illustrated in Fig. 18.24(b), when p, (¢) > p,,,,(t) then energy flows into the capacitor, and v.(?)
increases. Likewise, v(f) decreases when p(¢) < p,,,,(t). So the capacitor voltage v-(z) must be allowed
to increase and decrease as necessary to store and release the required energy. In steady-state, the average
values of p_ (1) and p, ,(¢) must be equal, so that over one ac line cycle there is no net change in capaci-
tor stored energy.

Where can the energy storage capacitor be placed? It is necessary to separate the energy storage
capacitor from the regulated dc output, so that the capacitor voltage is allowed to independently vary as
illustrated in Fig. 18.24(b). A conventional means of accomplishing this is illustrated in Fig. 18.25. A
second dc—dc converter is inserted, between the energy storage capacitor and the regulated dc load. A
wide-bandwidth feedback loop controls this converter, to attain a well-regulated dc load voltage. The
capacitor voltage v(f) is allowed to vary. Thus, this system configuration is capable of (1) wide-band-
width control of the ac line current waveform, to attain unity power factor, (2) internal low-frequency
energy storage, and (3) wide-bandwidth regulation of the dc output voltage. It is also possible to integrate
these functions into a single converter, provided that the required low-frequency independence of the
input, output, and capacitor voltages is maintained [38].

The energy storage capacitor also allows the system to function in other situations in which the
instantaneous input and output powers differ. For example, it is commonly required that the output volt-
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