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St-udies of reaction rates and molecular
structure are two main branches of chemieal research,
but ehemists have progressed much further and more
deeply in the latter than the former. Certainly, there
has been some advance in reeent years toward an
understanding of the forees which act during a chemieal
reaction and their effects on the rates of reactions,
Nevertheless, our knowledge of the kinetics, or rates, of
most reactions remains largely empivieal; we have
tables of rate eonstants but little understanding of what
happens on an atomie seale when such reactions oceur.
In eontrast, we have learned much more about the ar-
rangements of atoms in molecules and the energy levels
of these molecules.

Experimental measurements of the rate of a chemical
reaction such as that of hydrogen and iodine to form
hydrogen iodide in the gas phase aecording to the stoi-
chiometric equation

H. + 1y — 2H1 (1)

can be deseribed quantitatively (1) for temperatures
up to 600°IC by the expression

= kT, @)
where nx represents the number of molecules of X per
unit volume (the number density), T is the temperature
at which the reaction takes place, dog:/df is the rate of
the reaction and &y (7T) is the rate constant.  (Although
the name rate coefficient is more appropriate beeause of
the dependence of & on 7', we retain the name rate
constant beeause of its common use.) The latter can
be written in the Arrhenius form

k(T) = ATV g~ eaf BT (3)
where R is the gas constant, 4; is equal to 6.0 X 10°
1 mole~! see~! deg'" = 1.00 X 10~1" em? sec—" deg/? per
molecule, and ¢, the activation energy, is equal to
40.7 keal mole—'.  Eqn. (3) can also be written

k(T) = A\TVe—Ea/xT
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where « is the Boltzmann constant and I, the activa-
tion energy per molecule (rather than per mole).

Fquation (2) is often ealled the rate law for the re-
action. 1In this case it is a second-order rate law. In
general, rate constants depend on the temperature.
Furthermore, the rate of 4 reaction does not necessarily
vary with the concentralions of the reactants raised to
the powers given by the stoichiometric coeflicients for
the reaction. In fact, coneentrations of species which
do not even appear in the net reaction may influence its
rate. Formany years chemists have thought that eqn.
(1) actually represented how the reaction of hydrogen
and iodine took place on a molecular level; however,
Sullivan’s careful work (2) has now shown that very
little if any of the HI is produeed in a single step by
collisions of H, with I.. Instead, at least two sets of
elementary steps, or mechanisms, occurring simulta-
neously are needed to explain all the experiments which
have been done on this reaction.  One possible pair of
mechanisms is (A) and (B):

(A) L =21 i4)
Hs + 21 — 2HI (5)

(B) T, = 2T (4)
T4 H—~HI+ 1 (6)

M+ T,—HI+1 (7)

H 4+ HI—=H, + 1 (8)
IT+Hl—-H+T, i)

Perhaps further work will show these steps do not fit
some new experimental observations, but for the pres-
ent, at least, they do.

In this paper we are not eoncerned with methods for
finding satisfaetory mechanisms for reactions but rather
with the deseription of one kind of elementary step, the
gas phase bimoleeular reaction.  Equs. (6) through (9)
represent specilic examples of this kind of reaction.
The rate of each such reaction is measured by a rate
constant. For instance, we have for reaction (6)
ki(T) = Ad0V%e™"/ET with As = 3.5 X 10° 1 mole—!
see~! deg'? = 5.9 X 1072 em? sec—! deg"" per molecule
and e, = 32.8 keal mole='. Tor generality we do not
take any particular reaction but write

A+B—=C+D (10)

and show how the rate
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’:ﬂ* = kn4na (1)

may be interpreted in terms of ox(F), the cross section
for the reaction when A approaches B with a particular
kinetic energy of relative motion . A cross section
for any specific event such as a chemical reaction or
scattering (for a reaction is by no means the only way
molecules can interact) is a proportionality factor
which measures the likelihood of the event when A ap-
proaches B in the specified way. The eross section for
chemical reactions is the quantity on the molecular
scale which is most important in determining the bulk
rate constant. Eliason and Hirschfelder (3) have
treated in detail many of the points which we touch on
only briefly here.

In physies, the coneept and measurement of nuclear
reaction eross sections has been instrumental for the
understanding of nuclear structure and nuclear reac-
tions as well as for practical applications such as the
development of nuelear reactors. Chemical reaction
cross sections will be quite possibly of similar impor-
tance for chemistry.

Bimolecular Collisions in a Gas and the Collision
Cross Seclion

Molecules of Uniform Relative Speed Moving into a
Collection of Dilute Target Molecules

A cross section is especially simple to discuss for the
ease of collisions of hard, elastic spheres in which a
particle of type A, radius ra, mass ma, and velocity
va moves toward a particle of type B of radius ra, mass
ms, and velocity vs. In this case the two types of
particles are taken to be noninteracting except when
the distance » between their centers is 7a + rs. The
mutual potential energy of the two particles, which is
usually ealled the interaction potential V(r), is given by

V()= =forQ sr<ra+ra

(12)
Vir)= Dforra +ra<r< =

The trajectories of both particles are straight lines
between collisions. The important velocity is not that
of either partiele alone but that of their relative motion
v (the relative velocity). This is the velocity of A
which would be recorded by an observer on B and is
equal to va — ve. For simplicity we begin by con-
sidering a single value of v. In the next section we
introduce the more general case in which the molecules
have a distribution of relative speeds.  Also the kinetie
energy of relative motion, £, is not the sum of the lki-
netic energies of the two particles but is '/au®
Here p = (1/ma + 1/my) " is the reduced mass of the
pair of particles A, B. TFigure 1 shows the paths of
two colliding particles and helps to define the seatter-
ing angle 8 (the angle by which v is deviated in this
system of relative coordinates as a result of the eol-
lision) and the initial impact parameter b (the displace-
ment of the center of particle A from a line through par-
ticle B parallel to v). Assuming elassical mechanics to
be obeyed we can easily find 0 in terms of b, From
the small triangle in Figure la we have

b

sin[*/y(w — 0)) = singp = ey =

(13)

Thus, as b inereases from zero to its maximum value
bpar (= 74 + rs), 0 decreases from = to zero. More

362 / Journal of Chemical Education

The Trustees of Columbia Univ. Ex. 2068 - Page 2 of 9

generally we ean find (4) the relation between the de-
flection angle and the impact parameter for particles
which interact with a potential V(r) which may be dif-
ferent from that of eqn. (12). Here » is the distanece
between the particles. The result is

b)) == —2b fr:nr.}[] = Q:;_(I:i.;]r! = m%t,ﬁ (14)

In eqn. (14) 7y is the distance of closest approach
during the collision; for hard spheres this is iy, = ra
+ rg.

We consider a beam of A particles with a given num-
ber crossing a unit area perpendicular to the beam per
unit time and all moving with the same relative velocity
v toward a collection of B particles having a uniform
number density ns, Its current density is Ja = nuv.
Let the total number of A particles undergoing collisions
with B particles per unit time per unit area perpendicu-
lar to the beam and in a length d/ along the beam be
dfx. We assume these particles are seattered out of the
original beam which is changed in current density by a
negative amount df,, indicating a decrease. We take
na and nae 5o small that collisions involving three or
more particles are negligible. A quantitative expres-
sion for df 4, which is analogous to that deseribing the
attenuation of a beam of light (photons) passing
through an absorbing medium, is

dlx = —oas(v)A()nndl (15)

Equation (15) defines a proportionality constant aan(»),
the seattering cross section, which is independent of [
The larger it is, the greater is the attenuation of the
beam, i.e., the more particles are scattered out of the
beam, all other conditions being the same. We may
integrate eqn. (15) over the range 0 £ I £ L direetly to
et

Ta(l) = I'%e—v utvdn,L (16)

where I, is the current density of A at I = 0. In eqn.
(16) can(v) is the effective area presented by a B par-
ticle to an A particle, or what is equivalent, an A par-
tiela to o B particle; it is the seattering analog of the
extinetion coefficient in the Beer-Lambert law for the

Figure 1a. Collisien of two hard spheres A and B of radii ra and ra and
with velocities va ond vi. The relative velocity is v = va — vi before the
collision (see 1b) ond v* after it. The impoct parameter is b, and the
scattering angle in the system of relative coordinates is .
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Figure 2, Deflection of particle trajectories by o scottering center, The
figure illustrates the relationship between # and b ond the cylindrical sym-
metry of the set of trajectories of equal b around the line for b = 0. The
closest approach of these trajectories to the scattering center is ryin.

absorption of light when the concentration of the light
absorbing species is expressed in number of molecules
per unit volume.

From eqn. (14) [or (13)] we see that to each impact
parameter b there corresponds a particular scattering
angle # if 4, », and the equation for the potential, ¥ (r),
are given.  For such potentials, which do not depend on
the relative orientation of A and B (as is the ease for
spherieal particles), there exists a cylindrieal sym-
metry around the line b = 0 for all trajectories of equal
b (see Fig. 2). Every particle having a trajectory for
which @ is unequal to zero is considered to have been
deflected from the beam. Because of this, and the
cylindrical symmetry just mentioned, the contribution
of impaet parameters from b to b + db to the collision
eross section is

dean(v) = 27b(8)db (17)
Therefore, the total collision cross section is
Bmas
aan(r) = f 27h db (18)
Bimin

where by, corresponds to 8 = 0 and byy, to 8 = 7.
Tor the V() commonly used b, is zero (head on colli-
sions produce a 150° deflection), Tor this case we
have the simple relation
d’_,\a{&'} = wb%uaz (19)
For our special ease of hard spheres we have
bmaz = ra + 18
and
oin = w(ra + ma)? (20)
Here oas is independent of the relative speed 2.
Let us now determine Zy, the total number of colli-

sions per unit time and per unit volume, made by one
A particle with a collection of B particles. When the

* This formula is valid for the case in which A and B particles
are of different kinds. When they are of the same kind, a factor
1/, must be introduced in its right-hand side sinee otherwise each
collision is counted twice.
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particle radii are much smaller than the mean free
paths between collisions, we obtain directly

Zy = oaptitn (21)

singe oant is the effective volume swept out per unit
time by the A particle and Zy is the number of B par-
ticles in this volume. When other A particles are also
present in the same volume the total number of colli-
sions Zap between A and B particles per unit time and
per unit velume is?

Zan = NANBYOAR (22)

Thus the quantily veas is the proportionality constant
which relates Z,s, the number of bimolecular collisions
between A and B particles per unit time per unit vol-
ume at one relative speed » to the product nans, the
number densities of A and B. Equation (22) is not
restricted to hard spheres but applies for any V(r) ina
gas at pressures low enough to make interactions of
three or more particles negligible.

We can make the hard sphere model (considered
above) a better representation of real molecular inter-
actions by inecluding an attractive force between the
particles. We choose the familiar interaction potential

V=mwofor0<r<ra+ra

(23)
V=—Clrforrpa+rmcr<e

which provides a good deseription of the motion of a
comet in the gravitational field of a planet or of two
hard sphere ions interacting according to Coulomb’s
law. Ineqn. (23) ra + rsis, as above, the sum of the
hard sphere radii of the particles; € is the molecular
analog of the gravitational constant or —z.zee?, the
negative of the product of the net eharges on the ions.
In Tigure 3 we show the forms of the interaction po-
tentials for the models of this and the previous seclions
and also of the Lennard-Jones potential. The latter is
often used as a reasonable representation of the inter-
action of real molecules. 1t is given by

ro-w[E)-()] o

the parameters e and 7, are defined in Figure 3. The
second model [eqn. (23)] has enough of the features
of realistic potentials to be worth studying, but at the
same time it keeps much of the simplicity of the hard
sphere model. Caleulations are more easily carried out
with this equation than with eqn. (24). Figure 4 shows
two types of collisions for the attractive (2azs < 0) inter-
action of particles A and B according to eqn. (23), In

virl

Figure 3, Three models for interacfion potentials, V(r). 3o, Hord
spheres, eqn. (12); 3b, Hord spheres with attraction, eqn. (23); ond 3¢, the
Lennard-Jones form, eqn. (24).
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Figure 4, Two types of collisions for particles interacting with potential of
eqn, (23), Upper trajectory with the larger b shows deflection by angle @
but no contact of hard cores. Lower trajectory with the smaller b shows
contact of the hard cores.

one case particle A is deflected by particle B, but the
hard cores do not come into contact; the trajectory, or
the curve which represents the relative motion, is a
hyperbola like the path followed by comets in unbound
orbits which interact just once with a planet. In the
second case particle A penetrates all the way to the hard
center of particle B. We ean distinguish two cross see-
tions corresponding to the two types of trajectories.
When the hard cores do not meet, we simply use V(r) =
—C/r or zazee?/r in equ. (14) to get

bio) = 222 (25)

zEs'mﬁ

where Il is '/ou®.  From eqn. (19) we have
= (zazne?)? (26)

4B sin? min
r

oaB(braz) = cAB(Bnin) =

which yields

lim oum = = (27)
Bonin — 0

Eqn. (26) is equivalent to Rutherford's expression for
Coulomb scattering. Thus all collisions, even those
with very large impact parameters, lead to some de-
fleetion (# = 0) because the potential does not vanish
until » becomes infinite. The scattering cross section
is infinite beeause even infinitesimal deflections scatter
A particles out of the beam. On the other hand, the
cross section for the second case, in which the hard cores
come into contact, remaing finite except at the limit
E — 0. Given values of » and 7. + ra we can find
(Byaaz) carey the largest b for which the cores toueh. This
trajectory is tangent to a circle of radius ry +rn cen-
tered on particle B. We find r,,, from eqn. (14) by not-
ing that at this value of » dr/d{ is zero or, what can be
shown to be equivalent (4), the denominator of the
integrand goes to zero. This gives

Pomin = Dﬁ%—]}—,ﬁ =7rs+ 18 (28)
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Figure 5. The energy dependence of the cross section for the contact of
the hard cores, for two models. 5o, Hord spheres, eqn. (20); 5b, Hard
spheres with aitraction, eqn. (30). The special case za = — za = 1 and
raand rg = 3.3 A in 5b gives #an,core = 27lra + ro): for E = 4.3 ev (100
keal mole 7).

and
(bmazdears = (ra + t8) [1 = WJI,Q (29)

The corresponding expression for the eross section for
contact of the hard cores is

Vira + rs)
ager]

(30)

The important difference between eqns. (30) and (20)
is the inclusion of the energy dependent factor in the
former. This energy dependence of oas,r i8 shown
in Figure 5. Note that the attractive foree between
particles A and B inereases the chance of contact be-
tween the hard cores for the model of eqn. (23) over
that for the model of eqn. (12) but that as v gets larger
the former approaches the latter, The number of colli-
sions between particles A and B for which the hard cores
come into contact is given by the expression, exactly
analogous to eqn. (22),

O'A.B.mrr(E) = W(bmnz)!mu = =(ra + rﬂ)’ [1 -

ZAB.cors = MANBUGAR corslt) (31)

In this paper we use the word collision in a general
sense to indicate that two particles come close enough
together to interact, i.e. they approach to a distance at
which the forces between them are different from zero.
Thus contact between the hard cores is not a necessary
condition for a collision of A with B if the interaction is
given by eqn. (23), but it isif the interaction is deseribed
by eqn. (12).

Potentials with hard cores like those of Figures 3a and
b do not represent real molecules as well as does the
Lennard-Jones potential (Fig. 3¢). The classical scat-
tering eross sections for molecules interacting aceording
to this potential is infinite because the potential, al-
though it falls off much more rapidly with interparticle
distance than does the Coulomb potential, still does not
become zero except for infinite separation of the two
particles. However, for large impact parameters the
deflection angle 8, expected according to eqn. (14), be-
comes so small (§ < 0f) that a measurement of it,
simultaneously with a determination of the relative
velocity of the incoming particle, would be inconsistent
with the limitations imposed by the uncertainty prinei-
ple which requires 8 > 6% with 7 ~ (h/pory.) in order
that classical mechanies be applicable.  Here ry, is the
minimum separation of A and B along the trajectory,
and #'up is the corresponding momentum in a direction
perpendicular to the trajectory. For 8 < 8% quantum
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mechanics must be used, and ealeulations using it in
conjunction with Lennard-Jones potentials as well as ex~
periments show that the cross sections are finite! at § =
0.

In this paper we emphasize the model of hard spheres
with attraction, eqn. (23), beeause it gives a secatiering
eross section eaw, .- Which (1) varies with energy and (2)
is finite (for £ > () and only part of the total scatiering
cross scetion (see Tig. 4). These are just the features
which make the model useful in illustrating the interpre-
tation of reaction cross sections.

Molecules with o Disiribution of Speeds Colliding with a
Gas of Moving Target Molecules

Under ordinary conditions the molecules of o gas have
speeds which are not uniform but distributed over a
range. In general, both kinds of molecules A and B
move at laboratory speeds which are distributed as re-
quired by Maxwell's law

Falvdde: = (i)v(:';)% alo—mad/ 2T dy;, 1= AR (32)
where [7(r)dy; is the fraetion of molecules of type ¢
which have speeds in the range v, tov; + dvy; meand T
are the mass and temperature of these molecules; and «
is the Boltzmann constant (5).  In considering collisions
between molecules of types A and B we are interested in
the number of pairs of molecules per unit volume as a
funetion of their relative speeds.  Eaeh pair may be de-
scribed either by the positions (ra, rs) and laboratory
veloeities (va, ve) of the two particles, or by the position
(ro) and laboratory velocity (vg) of the center of mass of
the two particles together with the position (r) and
speed () of one of the particles (A for example) relative
to the other. The fraction of the number of A B pairs
whose relative speed is in the range v to » 4 de is given
(6) by

Jr)de = 4% ("’:r%l')‘h e—prl/2cT pidy (33)

when each of the particles obey's Maxwell’s law. The
only changes from eqn. (32) are (1) the use of the rela-
tive speed v for vé; (2) the use of the redueed mass u for
gy and (3) f(v)de now represents a (raction of A,B
particle pairs rather than of individual particles. Now
we find the total number of collisions Z s for all relative
speeds direetly, just as we did in egns. (22) and (31),

Zin = f nanntoan(v)f(v)dy
]

i =
nang 4r (‘%ﬂ") ﬂf aan(p)pte—mt/ 2T dy (34)
= (4]

Eqn. (34) corresponds to the statement: the total
number of collisions between molecules of type A with
those of type B is the sum over the contributions of col-
lisions oceurring at all relative speeds.  The number of
collisions occurring in the relative speed range v to o 4
dw is the produet of the number density of the particles,
the relative speed, the cross section, and the fraction of
molecule pairs whose relative speed is in that range.

% The Coulomb potentinl appronches zero so slowly that the
quantum mechanical total cross section also diverges; the results
are the same in this particular case as for elassieal mechanics.

Reaction Rates and Cross Sections
for Chemical Reactions

Definition of Reaction Cross Section

For the reaction represented hy eqn. (10) the number
of reactive collisions per unit time and per unit volume
between molecules of type A and those of type B (both
m given internal quantum states) which are moving
towards each other with relative speed » may be writlen,

(da%) == (‘%‘) = an.ultnans (33)

Eqn. (35) ean serve as the definition of u renction eross
section ean,x (). It is a proportionality constant with
dimensions of an area per molecule which measures the
effective size of the molecules for reaction to oceur, that
is, the likelihood that a eollision between a pair of mole-
cules will lead to reaction. It depends on the forces
which are invelved during a chemical resction,

Rate of Reaction for Molecule Pairs Which All Have
the Same Relative Speed

By comparing eqns. (11) and (35) we see that the rate
constant k, for a reaction in which all the interactions
occur at the same relative speed v is

kv = vaannlv) (36)

The rate eonstant is related to the cross seetion in the
same way the eurrent density of a beam of particles is
related to the number density of particles in the heam.

Rate of Reaction for Collisions Which Occur with a
Distribution of Relative Speeds

For the collisions which take place in real mixtures of
chemically reactive gases there is not a single relative
speed but a distribution of speeds. Thus, we should
compare eqn. (11) not with eqn, (35) directly but only
with the result of averaging it over the appropriate dis-
tribution of speeds f(») as we did in eqn. (34) for the
total mumber of collisions. This gives the general reac-
tion rate constant,

ky = f Swleaan, mv)de (37)
0

This expression is true for any distribution funetion of
relative speeds, whether it is Maxwellian or not.
Photochemical, hot-atom, and radiation-chemical reac-
tions are examples for which reactions ean occur under
non-Maxwellian distributions of relative speeds. How-
ever, in gaseous mixtures under ordinary thermal condi-
tions the nonreactive collisions are sufficiently frequent
to maintain a speed distribution which is essentially
Maxwellian. Under these conditions we ean use eqn.
(33) for J(v) vo get an expression for the thermal rate
constant £(7). If we wish we may replace the variable
v by the relative kinetic energy, & = 1/sup?, to get

o = L LNOE 2N = gzt "
u:f)-(w) (1) J; cann(EYEe—~EATAR  (38)

In this equation the factor "%~ #/*T in the integrand
arises only from the Maxwellian collision statisties; all
the information about the reaction rate, on the molecu-
lnlz; seale, is contained in the cross section gap,p(#) times
B

If we now consider distributions of internal energy
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states for the reactants in addition to the distribution of
relative speeds, or kinetic energies, we can write one ky
for each pair of reacting molecules for which the particu-
lar internal states of molecules A and B are indicated by
the subseripts ¢ and j, respectively, and the correspond-
ing cross section by oas.z(£). Now the overall rate
constant is given by

1
kpopapn = e 321 (k:j)mamn; (39)
with
nia; = Fali)na
and

nn; = Falfns

where the s are the distribution funetions for the in-
ternal quantum states., Once more, they need not be
equilibrium, Boltzmann distributions, Two examples
of nonequilibrium distributions commonly observed are
those of vibrational states of molecules just behind
shock fronts and of electronically excited states in pho-
tochemieal reactions. However, under ordinary ther-
mal conditions the #'s (as well asf) can be approximated
closely enough by using equilibrium distributions

nsa ex¥p(—ex/xT)
Fx= "0 = TR

nx  qx(T) (40)

where ex, (X = A,B) is the energy of state [ of molecule
X and gx is the partition function defined by

gx(T) = 3 exp(—ex,/xT) (41
i

Using eqns. (40) and (41) in conjunction with (39), we
obtain the following very general expression for the over-
all rate constant of a bimolecular reaction occurring
under thermal conditions:

m % vl —(ex, + /el hiT) (42)

k(T) =
Here, ky(T) is the thermal rate constant for molecules A
and B in individual internal quantum states ¢ and j, re-
spectively, obtained from eqn. (38) by replacing oan. g
b]f TAB, R~

Some qualitative features of a representative reaction
cross section ean be seen immediately in Figure 6a which
shows ¢ z(L) for the reaction

T+ H,— HT 4 IT (43)

as caleulated by Karplus, Porter, and Sharma (7) by the
method described below. These features are: (1) the
existence of a threshold energy E, such that egz(l) is
zero for I less than By (2) arise of oy with increasing B
above the threshold to a maximum value op,..; and (3)
a fall of ax(K) at still higher . Irom (7) we get the
values By = 0.25 ev (3.8 keal mole~!) and ap,,. = 2.4
A?at I ~ 4 ev (90 keal mole—).

Chemical reaction cross sections oz(E) are generally
of the order of molecular sizes, when the energy is in the
range near which the cross section is a maximum.
Typically we have 10-! A2 < opn < 10242 except for
the special eases such as ionic reactions where the reac-
tion cross sections are still larger because long-range
forces are involved, Similarly, nuclear reaction ecross
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& (kcal mole-1)

Figure 6a (cbove). The-
oretical calculation of the
variation with relative ini-
tial kinetic energy E of the
reaction cross section for T
- Hy —> TH + H; the Hy is
taken with a distribution
of rotational energies op-
propriate for 300°K and
in its ground vibrafional
state (adapted from re-
ference (7)). Figure 6b
{left).  The dashed curves
in Figure 6b show fa{E
the relative numbers of
collisions between T and
H: with energy in the
range E to E + dE for

Eo two lemperatures (normal-
E (eV) ized at their maxima).

sections are of the order of nuclear sizes and are
usually measured in barns, o unit equal to 10724 em?® or
10-% A%, Thus, they are smaller than their chemical
counterparts by a factor of about 10

For thermal reactions which are slow enough to occur
at one atmosphere without leading to explosions, only a
small fraction of all the ecollisions is reactive. This
means that if we plot a typical distribution of relative
translational energies fr(E) on the same abscissa as op
(see the dashed lines in Iig. 60) the two eurves overlap
(have values of their ordinates differing from zero by an
appreciable fraction of their maximum values) for only n
small range of 7 just greater than £y The exponential
drop of f(F) at high energies effectively cuts off the
distribution just above F,. In other words, for those
reactions which are not as fast as explosions, the Max-
well distribution only samples the reaction cross section
near its threshold. An increase of temperature in-
creases the fraction of collisions for which % is greater
than £, but still a negligible fraction of the collisions
have energies substantially greater than Fy.  In princi-
ple, sufficiently detailed knowledge of k(7)) would permit
a determination of o4(&); in practice the experimental
accuracy required is beyond anything likely to be oh-
tainable for many years.
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Calculations of Reaction Cross Sections

Simple Redactions—Problems in Molecular Mechanics and
Molecular Trojectories

On the molecular seale a chemical reaction becomes a
problem in mechanics, once the forces between the vari-
ous atoms are known. Tor instance, we consider the
reaction

A+ BC—AB+ C (44)

in which A is an atom and BC a diatomic molecule.
Let ran, rac, and rac be the internuclear distances for
the pairs AB, BC, and AC, respectively., These dis-
tances change with time, Before the reactants have

® ®

®© CENTER

___________ __ T Mggs

NON-REACTIVE COLLISION

TIME——3=

o) 25 leﬂ"*!c:
®
®
e GRS e W A s Tk
OF
MASS

REACTIVE COLLISION

e T T T T T T T

NON-REACTIVE COLLISION

REACTIVE COLLISION

LD " sec)

Figure 7. lllustration of nonreactive and reactive collisions between D and
Hz 7a, (above), relative locations of the three particles D, Hq, Hy, at three
times, 7b, (below), the variation of the three internuclear distances with
time for E = 2 ev (46 kcol mole ™) reference (8).. MNote the rotation of
the product molecule H.D ofter the reactive collision.
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approached each other, ran and 74 are large compared
to rae. After they collide, and if the collision is non-
reactive, rap and rae again become large compared to
rue a8 the collision partners move away from each other.
However, if the collision is reactive, then after the reac-
tion products have moved away from each other, ryc
and rpe are large compared to ran. Thus, if r4s, e,
and rae are known as functions of time, we can decide
whether or not a ehemieal reaction has taken place as «
result of the collision simply by inspeeting the inter-
nuclear distances before and after collision. An illus-
tration of two such kinds of collisions, for the D + H,
system (8), is given in Figure 7. The two atoms in Ha
are labeled H, and H,, respectively.

In order to solve the problem of finding out under
what conditions a collision between the reactants will or
will not be reaclive we must decide whether it is neces-
sary to use quantum mechanies, which is presently be-
lieved to contain an aceurate deseription of such pro-
cesses (but which is difficult to apply), or whether clas-
sical mechunics may provide an adequate, although not
s0 rigorous, solution to the problem. The latter would
then he much easier to obtain. There is no doubt that
the motion of the eleetrons, which is in general much
more rapid than that of the nuelei, is “strongly” quan-
tum mechanical; the use of classieal mechanies would
lead to completely erroneous conelusions.  As a result of
this rapid motion, the electrons produece forees of attrac-
tion (or, at times, repulsion) between the nuelei. The
strength of these forces is deseribed by a potential en-
ergy function, or potential energy surface. Inthe A +
BC system, eqn. (44), this surface is a function of the
three internuelear distances or any other three equiva-
lent quantities. The potential energy surface can he
caleulated by solving the Schridinger equation for the
electrons with the nuclei fixed, and then repeating such a
solution for a large number of different internuclear
distances. Porter and Karplus (9) have done this
recently with a fair degree of accuracy for the system H
+ H. and, consequently also for all of its isolopie
counterparts, such as D + Hy, T + Hy, T + HD, ete.
Such a caleulation depends only on the charges on each
of the three nuclei and the total number of electrons,
which are the same for all of these systems.

The next question is whether the motion of the nuelei,
subject to the action of the forces described above, is
also “strongly’ quantum mechanical, or whether clas-
sical mechanics may be used instead {o a fair degree of
accurary. There seems to be adequate reason to be-
lieve that the latter is the case for the ealeulation of the
dependence of reaction cross reactions on relative
kinetic energy. The variation of the three internuclear
distances with time for the D + H, system, depieted in
Tigure 7h, was obtained (8) by solving on a digital com-
puter the classical equations of motion of the three
nuelei, under the influence of a theoretical potential en-
ergy surface (9) and by using methods developed re-
cently (10).

How can we obtain o reaction ¢ross seetion from such
calculations? Essentially we do an experiment on a
computer. We shoot A at BC with a fixed relative
gpeed but a variety of other initial conditions, restricting
the impaect parameter b to be between 0 and an arbi-
travily chosen maximum value b, We choose initial
conditions at random in a way appropriate to describe
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correctly the variety of collisions which is expeeted to
occur between such molecules.  Each time we choose a
set of initial conditions, we must solve the classical equa-
tions of motion and determine whether or not a reaction
occurred, according to the internuclear distance criteria
deseribed above, We repeat this process a sufficient
number of times until the [raction y of “shots” whieh
lead to reaction becomes a constant, i.e., does not change
as more shots are tried. The quantity yprb,? is then a
first approximation for the reaction eross section at the
relative initinl speed considered. We now take a
larger by, and redetermine n, as well as nwb,®  When
this quantity stops changing as by, is further increased,
we take it as the theoretical reaction cross section.
This is the way that the cross section of Iigure 7 was
computed (7).

Models for the Reaction Cross Section

A simple and sometimes instructive alternative to
trajectory caleulations is the use of models for o(%)
which contain some of the important features of re-
action cross sections as parameters which may be ad-
justed to fit experiments or theoretical expressions,

Probably the simplest model for the reaction of A 4
B (where again A and B can be molecules) is to take
both partners as hard spheres with reaction occurring
for relative energies above a threshold F,. In this
case we have
0 for B < Ey and b arbitrary

wira 4+ ru)t for E > Fyand b < ra +rp (43)

o x(B) = |
We obtain the corresponding expression for the ther-
mal rate constant from eqns. (38) and (45) after inte-
grating by parts

E(T) = 2(ra + ra)® (2,.-_:7_‘)1/=(] 4 ?;,)gfﬁu/n‘ (46)

A slightly more plausible model is one in which the
partners are hard spheres as above, but for which re-
action oceurs only if the relative energy along the line
of centers /;, equals or exceeds a threshold value Fo:

L. { 0 for By < Ey
SR wlbmae(E)]2 > 0 for B > E,

F\. is equal to Y/yw?,, where v, is the component of the
relative velocity which is parallel to the line of centers
of the hard spheres A and B at contact; b is the im-
pact parameter b for which #, equals F,. For b
greater than by, ¥, is less than &, and the reaction
cannot oceur. The value of by, depends on FE, as
shown below. Irom Figure 1 we have

(47)

Pl = DCOS ¢ = ¥ [1 - (“rm), b (48)
or
Br
By =E [1 -~ m,] (49)

As we bave just indicated, for ¥, equal to Ey, b 18 buex.
This furnishes

bmnx(E) = (r_‘ + "B) ( el gﬂ /2 (50]
The corresponding eross section is therefore
for B < By

0
o'y {-r(n +mi(1- ) torE2m O
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Figure B. Variation of reaction cross section with energy for two modeks.
Ba, eqn. (45), Hard spheres; Bb, eqn. (47], Hard spheres.

The rate constant obtained from eqns, (38) and (51) is
Ky =20+ () emmir )

Eqn. (52) shows that this model reproduces the Arrhe-
nius expression for k(7) [see eqn. (3a)]. Unfortunately,
in most experiments the errors are large enough so
that the fuctor before the exponential is not signifi-
cantly different from a constant. For the same reason
the difference between eqns, (46) and (52) is difficult to
establish experimentally. The energy dependence of
ar(E) for these two hard sphere models is shown in
Figure 8.

Experimental Methods for the Determination
of Reaction Cross Sections

We now deseribe very briefly two specific experi-
ments to illustrate methods which are suitable for the
measurement of the energy dependence of reaction cross
seclions.

Hot Atom Reactions

When DI in its ground state absorbs light of wave-
length 3130 A, the molecule undergoes a transition to a
repulsive, excited electronic state. 1D and I atoms sep-
arate with 0.97 ev (22.8 keal mole™?) of kinetic energy,
98.5%, of which is associated with the D atom as may
be shown by requiring conservation of energy and linear
momentum. The relative energy of such a D atom
with respect to a thermal H, molecule is on the average
about 0.50 ev (11.7 keal mole="). When this photol-
ysisis carried out at room temperature in a large excess
of Hs, the fast D* atoms can either react

D* 4 My— DA + 1 (53)
or lose energy by collision without reacting
D¥ +~Hy—= 1D + M, (54)
and then react thermally with DI
D+ DI—=D+1 {aa)
The H atoms from eqn. (53) can also react with DI:
H4+DI=II+ D (56)
H4+DI—=HD+1I (57)

Thus the relative amounts of HD and D. which are
produced depend on the relative mugnitudes of the
reaction and seattering cross sections for atoms whose
initial relative energy is If = 0.51 ev (11.7 keal mole™").
Changing the wavelength of the photolyzing light
leads to the production of D¥* atoms of varying initial
relative kinetic energies (77). If the energy depen-
dence of the cross section of the nonreactive collision
process represented by eqn. (54) is available (which
it is in approximate form), and if proper allowance is
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Figure 9. Experimental determinotion of the variation of the reaction
cross section with energy for the reaction K 4 HI —= KI - H by the molecu-
lar beam methed (points are those labeled “elastic” in Figure B of refer-
ence (12])). The absolute value of oi(E) may be in error by a factor of 2.

made for the distribution of relative energies which
exists, these measurements give o, as a function of E.
They show that the threshold energy for this reaction,
equ. (53), is about '/; ev (11).

Molecular Beam Reactions

Another experiment which shows the energy de-
pendence of reaction cross sections involves the use of
molecular beams. Such beams are produced when
gases effuse through small holes into a vacuum. Only
those molecules moving in a desired direction proceed
further through a second hole and become what is
called a collimated molecular beam. MAlolecules in the
beams whieh have speeds outside a small range v to
v + Av can be filtered ont by a velocity selector. The
chemical reaction finally has a chance to oecur where
two such beams consisting of molecules of known rela-
tive speed v, intersect. Detectors sensitive to re-
actants and products indicate the yield of produet for
collisions of the particular speed or energy. Resetting
the velocity selector for other molecular speeds gives
further values of «(F&). Iigure 9 shows some experi-
mental results (12) by the molecular beam method for
the reaction

K+ HI—-KI + 1 (38)

Applications to Reactions in Liquids

So far we have been discussing reactions which oceur
in dilute gases. The interacting molecules arve rela-
tively far removed from other molecules, so the dis-
turbing effects of the latter ean be safely neglected or
accurately allowed for, The situation for reactions in
liquids is far more complicated in detail beeause of the
presence of solvent molecules as well as reactant and
produet molecules all at close range. In this case,
the reagent molecules must diffuse toward each other
through the solvent before they can collide. In some
reactions in solution the diffusion rate controls the re-
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action rate. However, in others, it is the likelihood
that the reagent molecules will indeed react once they
get together which determines the reaction rate. In
these cases, the concept of a reaction cross section still
remains useful, as long as complicating faetors such as
cage effects and other solvent effects are included.

Future Developments

Chemieal kinetics is receiving concentrated attention
from many people interested in the detailed deseription
of what happens during reactions. Certainly new de-
velopments will come rapidly.

The classical mechanical picture we present here
seems to be adequate as a [irst approximation, but for
really accurate work quantum treatments will be re-
quired in muany situations.

Further experiments, particularly those with beams
of oriented molecules, will help to make the interpreta-
tion of the experiments more straightforward. In
various ways more and more of the nature of chemical
reactions will be understood.

Conclusions

We end by repeating the points we wish to emphasize,
Once the reaction cross section and the distributions
are known, they give the rate constant. If the cross
section for a reaction is understood, the reaction is
understood. The concept of a reaction eross section
should help to give a elearer understanding of chemieal
reactions on a molecular scale.

Acknowledgment

We thank Prof. W. H. Eberhardt for his critieal
reading of the manuseript.

Literature Cited

(1) Sveuivax, J. I, J. Chem. Phys., 30, 1292 (1959); 36, 1925
(1962).

(2) Svvvivan, J. 1., J. Chem. Phys., 46, 73 (1967).

(3) Ertason, M. A., axp HirscureLoig, J. O., J. Chem. Phys.,
30, 1426 (1959).

(4) Kexnannp, E, H,, “Kinetic Theory of Gases,”' MeGraw-Hill
Book Co., Ine., New York, 1938, p. 117.

(5) The Maxwellian Distribution has been found to represent,
within experimental error, the distribution of speeds of
molecules in real gases, See for example: Miuier, It C,,
anp Kusen, P., Phys. Rev., 99, 1314 (1955).

(6) Kavamasy, W, “Kinetic Theory of Gases,”” W. A. Benja-
min, Ine., New York, 1966, p. 239.

(7) KareLus, M., Porren, R. N., ann Suarma, R. D., J. Chem.
Phys., 45, 3871 (1966).

(8) Pang, C. A, axp Kuerermany, A. (unpublished work).

(9) P(lli'l‘lélt,) R. N., ann Karevus, M., J. Chem. Phys., 40, 1105
(1964),

(10) Karerus, M., Porres, R. N, Axo Saarma, B. D, J. Chem.
Phys., 43, 3250 (1065).

(11} Korpenmany, A, ann Wure, J. M., J. Chem. Phys., 44,
4352 (1966).

(12) Ackenrman, M., Greexg, E. F., Movnsunp, A. L., axo
Ross, J., J. Chem. Phys., 41, 1183 (1904).

Volume 45, Number 6, June 1968 / 369





