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Fig. 11.

Loss in PSNR of decoded video signal for inserting I-stream information into a P-stream

in a video server application. Case A: I-stream encoded from original sequence. Case B: I-stream

encoded from reconstructed P-stream.

advocate the intelligent processing of acknowledgment in-
formation by the coding control to adapt the source coder
to the channel.

Error tracking allows the encoder to estimate interframe
error propagation accurately and adapt its encoding strategy
to mitigate the effects of past transmission errors. While
error tracking is possible with low complexity, it can be
simplified by error confinement techniques, at the expense
of compression efficiency. Compression efficiency in case
of transmission errors can be improved, however, if mul-
tiple previous pictures are kept in an RPS scheme. The
simulation of a video transmission over a wireless channel
indicates that different channel-adaptive schemes perform
very similar but have a significant advantage over schemes
that are not feedback-based.

The ITU-T Study Group 16 has adopted feedback-based

error control in their effort toward mobile extensions of

the successful Recommendation H.263. The first version
of H.263 included basic error tracking as described in
Section IV-A. The second version, which is informally
known as H.263+, was adopted by ITU-T in February
1998. Among many other enhancements, it contains two
new options supporting RPS (Annex N) and ISD (Annex
R), both discussed in more detail in this article. Future
enhancements, e.g., data partitioning, unequal error pro-
tection, and reversible variable length coding, are under
consideration for future versions of the standard, informally
known as H.263++ and H.26L.

Feedback schemes are suitable for interactive, individual
communications, but they have inherent limitations outside
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this domain. They are particularly powerful if the round-
trip delay is short. If the round-trip delay increases they
become less efficient and ultimately useless. Also, feedback
schemes are particularly advantageous for point-to-point
communications. For schemes like error tracking that use
INTRA updates to stop error propagation, extensions 1o
few users are possible at a loss in performance. In the
case of RPS, multipoint communication may even become
impossible, because different decoders may require dif-
ferent reference frames. On the other hand, the objection
that feedback-based source coding can only be used with
real-time encoding is not valid, as shown in Section VI.

While most of the discussed feedback-based error control
schemes are pragmatic engineering solutions to a problem
at hand, there is an unsolved theoretical problem of funda-
mental importance underneath. Traditionally, error control
has been performed without regard to the contents of the
bit stream, e.g., by FEC or transport layer retransmission
schemes. Using channel-adaptive source coding for robust
transmission is a relatively new idea. In our work, we have
learned that well-designed mobile video systems should
combine all these techniques, as exemplified in Section V.
The tradeoffs in such a system design, however, are not
at all well understood, and a general theoretical framework
for feedback-based error control is needed.

APPENDIX
ANALYSIS OF INTERFRAME ERROR PROPAGATION

In the following we derive an analytical model for the
distortion that is caused by transmission errors and propa-
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pates due to the recursive DPCM structure in the decoder.
We are interested in the signal v[x, y. t], which is the frame
difference of the reconstructed frames at the encoder and
decoder at time step £. We assume that the residual error
ulr.y] is introduced at t = 0 (after resynchronization
and error concealment) such that v[z,y,0] = wu[z.y]. In
particular, we are interested in the variance o2[t] of the
propagated error signal.

\. Two-Dimensional Case

First we consider the two-dimensional case with the
discrete spatial and temporal variables = and {. When
the decoder is regarded as a linear system H;(w,) with
parameter /£, the variance of v[x, | can be obtained as

! 1 [t :
a,lt] = 5- / [H(we )| Pun(wer) dewe (h

where @, is the power spectral density (PSD) of the signal
uf[r]. We assume that a spatial filter /'(w, ) is applied in
cach time step. Then the impulse response of the decoder
h¢[x] can be defined recursively as hi[z] = hy—y[x] * f[z],
where “+7 denotes discrete spatial convolution and [|x]
is the impulse response of the filter. Based on the central
limit theorem we expect /i;[x] to be Gaussian for large .
Therefore, the magnitude of the transfer function of the
decoder can be approximated in the base band |w,| < 7 by

w:ﬁtrr'";

2

ll‘l,(w‘,.)] =exp| — 2)

v, L
where 0% is defined as

/3= Yl

@

9

e 3)

In the case of linear interpolation, as commonly used
! ; g : 3ot
for half-pel motion compensation, we obtain o7 = 1/4. In

addition to the Gaussian approximation for /H,(w,) we also
approximate the PSD of the introduced error signal u[x] by

9 « 9 U &
Dy (W)= ooy Innj(‘xp(~w*;rr‘,',) (4)

i.c., a Gaussian PSD with the energy o2. The parameter n_;-;
determines the shape of the PSD and can be used to match
(4) with the true PSD. With the given approximations for
|H(w,)| and ¢, (w,) we can solve (1) directly yielding

—— :ﬂ;‘:u[I] (5)

where «[t] is the power transfer factor after ¢ time steps.

B. Extension to Three-Dimensional Case

In the following we focus on spatial filtering caused
by motion compensated prediction with half-pel accuracy
and bilinear interpolation. For the extension of the above
results to the three-dimensional case with the discrete
variables ., i, and £, it has to be considered that individual
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image regions undergo different filtering operations. For
each macroblock a different motion vector is selected, and
depending on its sub-pel fractions either no filtering, only
horizontal, only vertical, or horizontal and vertical spatial
filtering is applied.

In the process of encoding, different combinations of
filters are applied to an individual image region after ¢ time
steps. The probability that an image region is filtered £
times horizontally and v times vertically can be described
by a two dimensional probability density function (pdf)
pe[h, v] with parameter ¢. For ¢ = 0 no filter operations have
yet been performed, i.e., po[0,0] = 1 and otherwise zero.
For ¢ = 1 the pdf is given by p;[0,0]. pi[1, 0], p1[0, 1], and
p1[1, 1], with all other probabilities being equal to zero. In
general, these four probabilities are equal to 1/4 in moving
areas unless specific sub-pel fractions are enforced. For
t > 1 the pdf can be defined recursively according to

pelhs v] = pra[h, v] * pr[h, v] )

under the assumption that the subpel fractions are indepen-
dent in each frame at a given location. With this assumption
and the definition of the power transfer factor o[- in (5), we
obtain the variance of the signal v for the three-dimensional

case as
giltlis ”522”[”]"["]”’[”" v]. (7)
h

v

This equation does not consider INTRA coded mac-
roblocks, which will cause a faster decrease in error energy.
If the INTRA mode is selected randomly for n out of N
macroblocks per frame, the effect on the variance can be
modeled as an additional leakage J = 1 —n /N resulting in

a3t J,(TiZZ(}'[/I](V[{'][},[IL.l'}. (8)
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Abstract

We introduce a new local sine transform that can completely localize image information both in the space
domain and in the spatial frequency domain. This transform, which we shall catialiggarmonic local sine
transform(PHLST), first segments an image into local pieces using the characteristic functions, then decomposes
each piece into two components: thelyharmonic componernd theresidual The polyharmonic component is
obtained by solving the elliptic boundary value problem associated with the so-called polyharmonic equation (e.g.,
Laplace’s equation, biharmonic equation, etc.) given the boundary values (the pixel values along the boundary
created by the characteristic function). Subsequently this component is subtracted from the original local piece to
obtain the residual. Since the boundary values of the residual vanish, its Fourier sine series expansion has quickly
decaying coefficients. Consequently, PHLST can distinginisinsic singularities in the data from the artificial
discontinuities created by the local windowing. Combining this ability with the quickly decaying coefficients of
the residuals, PHLST is also effective forimage approximation, which we demonstrate using both synthetic and real
images. In addition, we introduce thelyharmonic local Fourier transforr(PHLFT) by replacing the Fourier sine
series above by the complex Fourier series. With a slight sacrifice of the decay rate of the expansion coefficients,

“ Dedicated to the memory of our fathers, Toshiki Saito and Christian Remy, both of them passed away in 2003. A preliminary
version of the material was presented at the SPIE Conference on Wavelets: Applications in Signal and Image Processing X (San
Diego, CA, August 2003), and the 2nd International Conference on Computational Harmonic Analysis (Nashville, TN, May
2004).

* Corresponding author.
E-mail addressessaito@math.ucdavis.edu (N. Saito), jeanfrancois.remy@francetelecom.com (J.-F. Remy).

1 present address: France Telecom, Batiment Equinoxe, 4, avenue du 8 mai 1945, 78284 Guyancourt Cedex, France.

1063-5203/$ — see front matter 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.acha.2005.01.005

85



42 N. Saito, J.-F. Remy / Appl. Comput. Harmon. Anal. 20 (2006) 41-73

PHLFT allows one to compute local Fourier magnitudes and phases without revealing the edge effect (or Gibbs
phenomenon), yet is invertible and useful for various filtering, analysis, and approximation purposes.
0 2005 Elsevier Inc. All rights reserved.

Keywords:Polyharmonic equation; Laplace equation; Local sine transform; Local Fourier transform; Image approximation

1. Introduction

For smooth periodic signals and images, the conventional Fourier series expansion can give us al-
most everything we need. Simply manipulating the Fourier coefficients, we can shift them, differenti-
ate/integrate them, and filter/attenuate them at our disposal. We can also measure the smoothness cla
(the Lipschitz/Holder exponents) of a signal by checking the rate of the decay of its Fourier coefficients,
which is related to sparsity since the faster decay of the expansion coefficients leads to a sparser rep
resentation. See the standard references on Fourier series [1-3] for the details. It is very important to
realize that we lose everything once we have to deal nathmperiodicsignals. The mismatch caused by
the brute-force periodization (i.e., the head and the tail of an input signal do not match) kills every nice
property we would have in the case of the smooth periodic signals. For example, the Fourier series expan
sion coefficients of nonperiodic data decay slowly, i@&(| k| ~1), wherek is the frequency index vector,
and reveal the Gibbs phenomenon. Dealing with nonperiodic signals in a proper manner is of paramount
importance in many applications that require analysis of local signal features such as data compressior
and discrimination. First of all, real signals are often nonperiodic. Second, even if the original signal is
perfectly periodic, its locally segmented pieces (for local analysis of such pieces) are almost always not
periodic. Thus, what we must do is not to create artificial discontinuities due to the local windowing or
the brute-force periodization so that we can focus on the analysmriofsic discontinuities and singu-
larities in the signal if any. Our goal is to develop a transform that can eliminate the interference of the
boundary of a local window imposed by a user with the Fourier analysis of the information inside of such
a window as much as possible.

We note that the wavelets/wavelet packets do not really solve this problem because in order to use
wavelets or wavelet packets one needs to follow one of the following recipes: (1) periodize a signal and
apply the standard wavelets/wavelet packets; or (2) design special wavelets near the boundaries (calle
“wavelets on the interval”) as Cohen, Daubechies, and Vial proposed in [4]; or (3) use the so-called
“multiwavelets” developed by Alpert [5], which essentially use segmented orthogonal polynomials. Un-
fortunately, none of them is really satisfactory for the applications we are interested in. The brute-force
periodization (1) again creates the mismatch/discontinuity at the end points, and this generates large
wavelet/wavelet packet coefficients. The wavelets on the interval (2) are rather complicated to implement
in practice, particularly if one wants to use these in the wavelet packet mode or for images. Finally, the
multiwavelets (3) are unfortunately not efficient for oscillatory signals such as textured images.

Coifman and Meyer [6] and Malvar [7,8] independently developed the so-called lapped orthogonal
transform (LOT) (also known as local trigonometric transform (LTT) or Malvar wavelets) in an attempt
to solve the above problems. However, it turned out that they were not completely satisfactory either,
particularly for local signal analysis. The primary reason is the lack of the true localization capability of
LTT: it cannot split an input signal into a set of nonoverlapping (disjoint) regions without the influence of
their adjacent regions due to its use of the folding operations. (We shall call this a “crosstalk” problem.)
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In this respect, the block discrete cosine transform (DCT) used in the JPEG Baseline standard is better
because it chops a signal with the characteristic functions, i.e., no influence from the adjacent regions.
Chopping the signal with the characteristic functions, however, makes the representation of the signal
segment less sparse due to the sharp cutoff at the boundaries of the segment. If the signal segment doe
not contain any intrinsic discontinuity, the Fourier cosine coefficients decay with theoraite]| =2),

which may not be fast enough, although this is better than the complex Fourier series expansion or
Fourier sine series expansion, which provide o@lgf| k|| ) decay. In the case of LTT, we can tune the
width of the overlap in the folding operations to get a faster decay rate, but there is another dilemma.
The wider the overlap, the better in terms of sparsity, but the worse in terms of crosstalks (i.e., more
statistically dependent). Fang and Séré developed the so-called “multiple folding” local trigonometric
transforms (MLTT) [9] to overcome one of the problems. In terms of sparsity, MLTT provides a better
representation than the conventional LTT. However, in terms of crosstalk problems, MLTT is definitely
worse than LTT because MLTT has wider overlaps, especially in the early stage of the hierarchical
split, and that creates more and more crosstalks down in the hierarchy. Villemoes proposed a further
improvement in [10], which provides us with a set of local cosines satisfying the uniform bounds on
their time—frequency concentrations, which was not possible by LTT and MLTT. However, this method
constrains the arrangement of the dyadic blocks: it only allows each block to have adjacent blocks of
either the same size or the twice as large or small in each dimension. In other words, around each block,
we cannot place its adjacent blocks whose sizes are very different from it. Thus, this method generates
a set of blocks similar to the Whitney decomposition [11]. However, this constraint may reduce the
efficiency in approximation and compression. In principle, there should not be such a constraint; we
should be able to arrange the blocks with different sizes freely. This constraint is due to the specific
requirement of the action regions and bell functions which are the essence of the LTT construction.

All these problems essentially boil down to how to treat the boundaries that define those subintervals
and regions. To attack this fundamental problem, we developed a new version of the local Fourier trans-
form called “continuous boundary local Fourier transform” (CBLFT) a few years ago [12,13]. CBLFT
does not create any crosstalks among the subintervals and any discontinuities in the signal values at the
boundaries of those subintervals. For simplicity, let us describe the one-dimensional version of CBLFT
here. It first chops a signal into segments with the characteristic functiong.=£¢0, 1] be one of such
segments. Then, let us periodize the segmented signal say, f (x) with period 1. Let us assume that
f is continuous or. At this point, the head and tail gf on I does not match, so the periodized signal
has two discontinuities at= 0 and x= 1. Consider now this periodized function on the extended inter-
val [—1,2]. We add the constant(0) — f (1) to this periodized signal only ovér1,0), and similarly
(1 — f(0) only over (1, 2]. This makes this extended signal continuous dvet, 2] although this
is not periodic with period 1 anymore. CBLFT then applies the folding operations=a andx = 1
and follows the usual LFT recipe of Wickerhauser ([14], [15, Chapter 4]). This procedure guarantees
the decay rate 0O (|k|~2), generates no crosstalk since it only uses the signal information/o\aerd
moreover, allows us to use the complex exponentials instead of real-valued cosine functions, which may
be advantageous for certain applications such as computing locally analytic signals. However, CBLFT
is not yet satisfactory: it does not deal with discontinuities in the derivatives=a0 and 1 so that the
speed of the decay of the expansion coefficients is not fast enough. Moreover, due to its use of the folding
operators, CBLFT is not too effective for analyzing very short segments of a signal.

We shall propose thgolyharmonic local sine transforifiPHLST) in the next section, which is a fun-
damentally better transform in the sense that it does not suffer from any of these problems compared to
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the other methods mentioned above. It can also be generalized easily and hierarchically to higher dimen:
sions. In essence, PHLST first segments an image into local pieces using the characteristic functions
then decomposes each piece into two componentgdhgarmonic componerand theresidual. The
polyharmonic component is obtained by solving the elliptic boundary value problem associated with the
so-called polyharmonic equation (e.g., Laplace’s equation, biharmonic equation, etc.) given the bound-
ary values (the pixel values along the boundary created by the characteristic function) possibly with the
estimates of normal derivatives at the boundary. Subsequently, this component is subtracted from the
original local piece to obtain the residual. Because the boundary values of the residual (possibly with
their normal derivatives) vanish, its Fourier sine series expansion has quickly decaying coefficients i.e.,
O (||k||3) or faster. Using this transform, we can distinguistrinsic singularities in the data from the
artificial discontinuities created by the local windowing using the characteristic functions.

The organization of this paper is as follows. We describe the basic idea of PHLST in the next sec-
tion. Section 3 describes important practical information, in particular, implementation issues. Section 4
reports the results of our simple image approximation experiments using DCT, local cosine transform
(LCT; one version of LTT), discrete wavelet transform (DWT), and PHLST. In Section 5, we introduce
the polyharmonic local Fourier transform (PHLFT) by replacing the Fourier sine series expansion of the
residuals by the ordinary Fourier series expansion using the complex exponentials. With a slight sacrifice
in the decay rate of the expansion coefficients, we gain many nice properties of the complex Fourier
series such as the ability to represent local image patches by its Fourier magnitudes and phases withot
suffering from the Gibbs phenomenon. Finally, we conclude this paper in Section 6 where we discuss the
open issues and our future plans, as well as the relation of PHLST to the previous works done by other
scientists.

2. Our proposed method: polyharmonic local sine transform

Instead of constructing an orthonormal basis, we first segment a signglx € R¢ into local pieces
using the characteristic functions, then split each piece into two components: the polyharmonic com-
ponent and the residual. Le?2 € RY be the overall domain where the signal is supported, and let
Q= Ujj.zl £2; be a decomposition of the domaid into a set of disjoint subdomair{s2;}. Note that

£2;'s are open and disjoint wheres’s are closed and may share the boundaries.fl.&te the restric-
tion of f to 2;, i.e., fj = Xx&, f- Let us now consider the local decompositifn=u; + v; on £2;. We
shall callu; the polyharmonic componemif f; andv; theresidual. LetA be the Laplace operator in
R?. Then the polyharmonic component is obtained by solving the following polyharmonic equation:

Amlxlj=o ian, m=1,2,..., (1)
with given boundary values and normal derivatives

8% . 3qz

i S onag, €=0,....m—1, )

ot avat

whereg, is the order of the normal derivatives yet to be specified. The paramgisrnormally set
to 0, which means that; = f on the boundary$2;. These boundary conditions enforce the function
values and the normal derivatives of ordefs. .., g,,—1 of the solutionx; along the boundarys2; to
match those of the original signglover there. If the2;’s are all rectangles (of possibly different sizes),
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then we takey, = 2¢, i.e., theeven ordemormal derivatives. It is not necessary to match the odd order
normal derivatives for the rectangular domain case because the Fourier sine seyiesexfuivalent to

the Fourier series expansion of the extensiom 0by odd reflection with respect to the boundars;
andthe continuity of the odd order normal derivatives to order2m — 1) is automatically guaranteed
Form =1, Eq. (1) becomes the following familiar form:

Auj=0 in.Qj,
{u,-:f on s, (3)

which is theLaplace equation with the Dirichlet boundary conditidfor m = 2, we have the following
biharmonic equation with the mixed boundary condition

Azuj =0 in Qj,
o dtuy  aty 4)
uj=f, 5 =7t 0Ny,

wheret¢ = 1 or 2 depending on the shape @f. For the rectangular-shapegl;, we take¢ = 2 as ex-
plained above. Note that in 10I (= 1), the solution of (3) is simply a straight line connecting two
boundary points of an interval_zj whereas that of (4) is a cubic polynomial. However, in higher di-
mensions { > 2), the solutions of (3), (4), and more generally (1) with (2) are not a tensor product of
algebraic polynomials in general.

Subtracting such; from f; gives us the residual, = f; — u; satisfying:

qeq.
07,

vt

=0 ondf2;, ¢=0,....m—-1 (5)

Since the values and the normal derivatives pbn 92; vanish, its Fourier sine expansion coefficients
decay rapidly, i.e.O(||k||~2"~1), if there is no other intrinsic singularity if2;. In fact, we have the
following theorem.

Theorem 1. Let £2; be a bounded rectangular domain &f, and let f; € C?"(s2;), but nonperiodic.
Assume further thatd/dx;)?"*1f, i =1,...,d, exist and are of bounded variation. Furthermore, let
fi =uj+v; be the PHLST representation, i.e., the polyharmonic compangeist the solution of the
polyharmonic equatiolil) of degreen with the boundary conditiof®) withg, =2¢, £=0,1,...,m —

1, andv; = f; — u; is the residual component. Then, the Fourier sine coeffidigrf the residuab;

is of O(||k||=2"1) for all k # 0, wherek = (kq, ..., k;) € Z%, and ||k|| is the usual Euclideafi.e., £?)
norm ofk.

The proof of this theorem is in Appendix A. Note that if we employ the straightforward Fourier series
expansion of nonperiodi¢; by brute-force periodization, the decay rate becomes Onljk||~1) even
if fje CZ’”(.(_ZJ-). If we use the Fourier cosine series expansioif;ofve can geO (||k||~?).

We call this new way of decomposing a functighinto a set of functiong f; = u; + vj}]f:1 the
polyharmonic local sine transforifiPHLST) of polyharmonicityn. Form = 1 and 2, we use the special
abbreviations, LLST (Laplace LST) and BLST (biharmonic LST).
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Remark 2. The polyharmonic componeat; is smooth particularly in the middle of the regie?; and
asx approaches the boundady?;, u;(x) approachesf(x). In fact, ; is also the minimizer of the
following optimization problem (see, e.g., [16]):

. m ) . o

omin > (a>/|D u|"dx subject to the boundary condition (2), (6)
lee|= Qj

where H™(£2;) is an L?-Sobolev space of orden over 2, a = (ay,...,ag) is a multi-index of ad-

dimensional variable with the following definitions:| = a1+ - - +aq, (%) = m!/ (1! - - aq!), andD* =

9t --- 95, whered; = 8/dx;. This means that the polyharmonic component minimizesdbhghness

measured by the objective function in (6) while satisfying the boundary condition (2). The larger the

polyharmonicitym is, the smoother the solutiary gets.

Remark 3. Because th&; component becomes very smooth away from the boundary and only carries
the low frequency information in the middle of the region as discussed in Remark 2, the frequency content
of thev; component is close to that g, particularly, around the mid to higher frequency band, where
textures are well represented. Therefore stheomponent retains the original texture information almost
intact and is more suitable for texture analysis than the original image patch

Remark 4. Our PHLST belongs to a larger class of models, to which Yves Meyer refers asthe

models [17]. In au + v model, the original datg is assumed to be a sum of the two components
andv. The first component is aimed at modeling the objects present in the data (often they are assumed
to be in some specific function spaces such as the Besov spaces or the functions of bounded variatiol
BV) whereas the term is responsible for texture and noise in the data. In our PHLST model, one
can also interpret as “trend” andv as “fluctuation” of the original datg, which are commonly-used

terms in the wavelet literature [18]. Yet another interpretation of this decomposition is the following:
the polyharmonic componentrepresents the part gf that ispredictable from the boundary data only,
whereas the residualrepresents thanpredictablepart of f.

3. Practical aspectsof PHLST

If 2 and2;’s are rectangular regions iR’ and the functions defined over there are sampled on a
regular lattice (which is the most efficient case in terms of numerical implementation), we can employ
the discrete sine transform (DST) based on the FFT algorithm to rapidly compute both the polyharmonic
components and the Fourier sine series expansion of the residual components. In particular, we use th
algorithm proposed by Averbuch and co-workers [19,20], which seems to us the most natural and practi-
cal Laplace/Poisson equation solver on rectangles. This ABIV method gives us more accurate solutions
(in fact an arbitrary order of accuracy in principle) than those based on the finite difference (FD) ap-
proximation of the Laplace operator followed by FFT, which only gives us the solutions with accuracy
O (h?) or O(h*), depending on the 5-point FD scheme or the modified 9-point FD scheme is used ([21,
Section 7.1], [22, Chapter 12]k(is, of course, the grid spacing here). Yet, the computational cost of
the ABIV algorithm is still O(N“log N), whereN is the number of grid points in each direction of a
rectangular domain. We also note that we usgthe 1)-dimensional version of PHLST to represent the
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boundary functionf (x) for x € 9£2;, which can be recursively computed starting from the 1D version.

To describe the ABIV method more simply and precisely, let us now consider the LLST decomposition
f(x,y)=u(x,y)+v(x, y) on the unit squar& = [0, 1]? c R?. There are several options in the ABIV
method, but the simplest and most practical version to compute the solution to (3) that does not require
any derivative estimate can be written as follows.

u(x,y) = pe. )+ > {bPhx, 1= y) + bPh(y, 1—x) + b hi(x. y) + b (y. )}, (7)
k>1

wherep(x, y) is a harmonic polynomial that agrees wiflix, y) at the four corner points of the domain,
and its simplest form is:

p(x,y) =asxy + axx + ayy + ao, (8)

where the parameters’s can be easily and uniquely determined using the function values at the four
corners. The function, (x, y) is defined as

sinh(rrky)

A .
hk(.x, y) = Sln(nkX)SiT(r[k)’

(9)

andb”, j =1,2,3,4, are thekth 1D Fourier sine coefficients of the boundary functigh&, 0) —
p(x,0), £(0,y) — p@,y), f(x,1) — p(x,1), and f (1, y) — p(1, y), respectively, where & x < 1,

0 < y < 1. One can easily verify that each sum involvilagfunctions in (7) is a solution of the Laplace
equation with the nonzero boundary values on only one side of the square. For exaiptey) =

> s10 hi(x, 1— y) satisfies the boundary condition:

uP(x,0)= f(x,0)— p(x,0), uPx,1)=0, u®©0,y)=0, u®P(,y)=0.

One the other hand, thecomponent can be written as

v(Ex, ) =Y Y BunSiN(mrx)sin(nry), (10)

m>=21ln>1

wherep,,, is the 2D Fourier sine coefficients ofx, y) = f(x, y) — u(x, y). We also note that we use

the gridpoint formulation rather than the midpoint formulation for our discretization. Therefore, we use
DST-I rather than the DST-1I/11l combination in this paper. See, e.g., [15, Chapter 4], [23] for the details
of gridpoint vs midpoint formulations.

Let us show a simple example of the effect of removing the polyharmonic component. Figure 1 demon-
strates this. We first use the global version of LLST, i.e., no further split of the image. One may wonder
what is the difference between the original and the residw@mponent in this case because they look
very similar. We would like to point out that the component is displayed in a shifted dynamic range
(i.e.,[—127,127]instead ofl 0, 255)) to see the details. Moreover, if we examine them carefully, we can
observe that the overall shading is gone in theomponent. The bottom row of Fig. 1 clarifies this by
displaying them as 3D perspective plots.

Figure 2 shows the results of LLST decomposition by splitting the original into a set of homogeneous
square regions each of which hasx{.17 pixels.
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Fig. 1. The global version of LLST applied to the face part (22929 pixels) of the Barbara image. Note that the display
dynamic range of (a) and (b) are sef@255]whereas that of (c) is set {6-127,127]. Figures (d)—(f) are the 3D perspective
plots of the top row. It is easier to see in (f) that the overall shading of the face is removediodhgonent.

(a) Original (b) Uju; (c) Ujv;

Fig. 2. The hierarchical LLST decomposition of the Barbara face image: (a) Original image; (b) the union pttiveponents
Uj uj where each’_zj is a square of 1% 17 pixels; (c) the union of the; componentsUj vj.

4. Image approximation using PHL ST

Since PHLST can represent smooth regions of an image very efficiently (i.e., faster decay of the
DST coefficients of the residual components), image approximation and compression are immediate
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and important applications of PHLST. In the field of image approximation, a great theoretical progress
and understanding has been made. Nonlinear approximation of functions belonging to various function
spaces, in particular, using the orthonormal wavelet bases or splines are now well understood [24]. How-
ever, as we shall discuss in Section 6.1.3, obtaining precise nonlinear approximation results for PHLST
remains elusive. Therefore, in this paper, we shall report the results of our numerical experiments using
PHLST and demonstrate its superiority over the other representative transforms such as DCT, LCT, and
wavelets, which will hopefully illuminate our theoretical investigation.

In the rest of the paper, the dimension is setite- 2, and the domain2 and its subdomains?;
are all rectangles. We shall also limit our investigation to the specific version of PHLSTmnstHL,

i.e., LLST, rather than the PHLST of a higher polyharmonicity. We shall report the other settings (e.g.,
on more general domains, PHLST with> 1, and investigation on PHLST-based image compression
with quantization) at a later date. In our experiments, we shall examine how the intrinsic discontinuities
and the smoothness and oscillation of the data away from the discontinuities affect the approximation
performance.

Let us first describe the details of the LLST representation of a given image for a given split of the
domain2 = U; 2;. In each subdomai®;, we have an image patcfi, which is decomposed into
u; andv; components. Recall that each harmonic componemtan be completely represented by the
boundary values;|se; that in turn can be represented by 1D version of LLST. As (7) showsy the
can be further decomposed into the harmonic polynomjgB) and the rest using the, functions (9).

The p; component can be completely represented by (or recovered from) the four corner vaﬁjjes of
The rest of the:; component is completely determined by 1D DST coefficients of the four boundary
functions. Therefore, we represent thecomponent as the four corner values and the four sets of the
1D DST coefficients of the boundary values. We note that these four corner points and four sets of
the 1D DST coefficients are shared by the adjacent blocks, so we should not duplicate them for storage
efficiency. For example, if we split an image of si2&’ + 1) x (2¥ + 1) pixels into a set of homogeneous
blocks of size(2™ + 1) x (2" + 1) pixels, then the total number of the corner points without duplication

is (2M=m 4+ 1) x (2" + 1). Another thing to note here is about the values of these corner points. The
range of the corner pixel values are between 0 and 255 for a typical 8 bit gray scale image, which is
quite different from that of the DST coefficients. This difference should be taken into account when the
image compression including quantization is considered. Onae;tbemponent is taken care of, the
component is simply obtained by 2D DST (more precisely, 2D DST-I) in a straightforward manner.

As for the performance comparison, we compare LLST with: (1) the block DCT-II (abbreviated as
“BDCT” below), which is used in the JPEG Baseline standard [23]; (2) LCT, which uses DCT-IV after the
folding operations [15, Chapter 4]; and (3) C6 discrete wavelet transform (C6DWT), which is based on
the ‘Coiflet’ 6-tap conjugate quadrature filter [25], [26, Chapter 8]. Note that the C6 wavelet functions has
two vanishing moments, which means that any locally linear part of an input image generates negligible
coefficients. Thus, we believe that it is a fair comparison with LLST since:{h@omponents of LLST
also take care of locally linear parts.

Note also that if the size of an original image(®” + 1) x (2V 4 1), which is suitable for LLST,
then we remove its last column and row to make it suitable for BDCT, LCT, and C6DWT. On the other
hand, if an original image is of sizé”2x 2V pixels, then we duplicate the last column and row to make
it suitable for LLST. Note also that the block sig&" + 1) x (2" + 1) pixels used for LLST correspond
to 2" x 2" pixels for BDCT and LCT.
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Now let us describe our approximation strategy. We first retain all the corner pixel values for LLST,
all the “DC” components for BDCT and LCT, and all the coefficients of the coarsest scaling function
(i.e., the lowest frequency band) for C6DWT. Starting from those number of retained coefficients, we
do the “nonlinear approximation,” i.e., we select the coefficient with the largest energy among all the
coefficients not yet used, add it to the retained set of coefficients, reconstruct an approximation from this
set, and evaluate its quality of approximation. We repeat this process until we use up all the coefficients.
The quality of approximation in this paper is measuredP®NR(or peak signal-to-noise ratio), which is
normally considered as a better metric for evaluating image quality than SNR (signal-to-noise ratio) and
defined as

20l0g,6(max f (x)| /RMSE).

where RMSE (the root mean square error) is the absdfiterror between the original and the ap-
proximation divided by the square root of the number of pixels. The unit of PSNR is decibel (dB).
Thus, PSNR= 0 dB corresponds to RMSE max| f (x)|, and PSNR= 350 dB corresponds to RMSE
10175 x max| f (x)|, which is essentially the machine precision, i.e., no error in practice. In our exper-
iments, PSNR is computed as a function of the r&iof the number of the retained coefficients to the
total number of pixels of the input image.

4.1. Approximation of synthetic smooth images with and without discontinuity

In order to demonstrate the power of LLST, we shall conduct simple approximation experiments using
synthetic data. We shall first examine the effect of intrinsic discontinuity in otherwise smooth data to the
transforms under consideration.

4.1.1. A case without discontinuity

We first synthesize the 2D Gaussian function exp(+(%/3)* — (y + 1/3)%) over the region2 =
[—1,1] x [—1, 1], which does not have any intrinsic discontinuity. We sample this function with rate
Ax = Ay = 1/128, yielding discrete data of 257257 pixels. If2 = R?, then this Gaussian function
is in C*(£2). However, once we restrict this on a finite rectangle sudh-ds1] x [—1, 1], its periodic
extension is not iC>°(R?) anymore, in fact, not even i@(R?)! This is due to the domain boundary we
discussed in Introduction and by all means we need to remove this boundary effect in order to efficiently
represent and characterize this dataset. On the other hand, we really do not need2dreplia set of
smaller segments in this case since there is no intrinsic discontinuities in the data and it is homogeneous
and isotropic. In order to confirm this, we also segm@ninto a set of homogeneous blocks df 2 2/
pixels for BDCT and LCT and2/ + 1) x (2/ + 1) pixels for LLST wherej = 7,6, 5, and check their
approximation performance. We can view them as the quadtree-structured splits with the original image
as the root node and those homogeneous blocks as the leaf nodes. Then, the maximum depth (or leve
J of the quadtree ig = 1,2, 3, respectively. Note that = 0 implies no split of the domaiw2. For
C6DWT, to match the number of the coefficients in the lowest frequency band with that of the DC
components in the BDCT/LCT representations, the maximum depth of decomposition needs4o be
7,6,5, respectively. In general, for an image 8f R 2V pixels, the maximum depth in the BDCT/LCT
tree corresponds to the maximum depth- J in the wavelet tree.

Figure 3 shows these approximation results. As we have expected, LLST with no segmeritation (
outperforms all the other transforms with various depths of decomposition except that it is defeated

94



N. Saito, J.-F. Remy / Appl. Comput. Harmon. Anal. 20 (2006) 41-73 51

350

——LLST: J=0 —— BDCT: J=0

LLST: J=1 BDCT: J=1
3001 8| 300
== LLST: J=2 --—- BDCT: J=2

- - - BDCT:J=3

- - - LLST:J=3

1 1 1 1 I L L
70 80 90 100 0 10 20 80 90 100

30 0 5 60 30 0 50 60 70
Ratio of retained coefficients (%) Ratio of retained coefficients (%)
(a) LLST (b) BDCT
350 T T 350 T T
—LCT:J=0 ——LLST: J=0
LCT: J=1 —=+ BDCT: J=
300 CT:J J 300 CT:d=0 | b
- = LCT:J=2 - - - LCT:J=0
- - -LCT:J=3 -~ Coif6: J=8

L L L L L L L L L L 1 L i i i L L L
[ 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Ratio of retained coefficients (%) Ratio of retained coefficients (%)

(c) LCT dJ=0

Fig. 3. Quality of approximation of the 2D Gaussian data measured by PSNR values. The irefmesents the depth of the
quadtree decomposition. Note that 0 means no splitting (i.e., the original domain is used).

by C6DWT if the ratio of the retained coefficien&is higher than about 72%. However, such a high
ratio range is of no interest for the purpose of efficient approximation. We also observe that the more
we subdivide the original domain, the more the performance of LLST and that of BDCT degrade. This
superior performance of LLST with = 0 over BDCT withJ = 0 demonstrates the importance of having

the coefficients decaying with (|| k|| ~2) rather thanO (|| k||~?).

The behavior of LCT is markedly different from that of LLST and BDCT. This is due to the folding
operations and the use of DCT-1V as the underlying base transform in LCT [15, Chapter 4]. In essence,
the folding operations split the data on the original domain into blocks smoothly using the appropriate
bell function so that the data on each block become suitable for DCT-IV. In fact, the folding operations
make the data locally even at the upper and left boundary and locally odd at the lower and right boundary
of each block since each DCT-IV basis function behaves like cosines at the upper and left boundary
and like sines at the lower and right boundary. These folding operations, however, need the data outside
of the blocks. This means that we have a trouble at the blocks that share the boundary of the original
domain because we do not know the data outside of the original domain. In particular, we cannot apply
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the folding operation witty = 0, unless we can estimate a smooth extension of the data from the original
domain. Note also that extending the input data by the brute-force periodization and then performing the
folding do not solve the problem at all: such an operation does not match the polarity of the data at the
domain boundary to what DCT-1V prefers. For simplicity, we use the so-called “free” boundary condition
in our experiments. We do not assume any data outside of the domain, and do not perform any folding at
the boundaries of the original domain. Therefore, LCT witk: O is equivalent to applying DCT-1V to
the original image. Consequently, it senses the discontinuity at the lower and right boundaries unlike the
simple DCT-II that views the data outside as the even-reflected version of the data inside. Thus, the LCT
coefficients forJ = 0 only decay a0 (||k||~%), and that is the reason why LCT with= 0 performs
poorly. This is clearly worse than simply using DCT-II, and that is the main reason why DCT-1V is not
used in the JPEG Baseline standard. On the other hand, if we use the smaller blocks such-a8the
case, then the influence of the boundary effect of the original domain is localized to the out-most blocks
sharing the boundary of the original domain. However, the width of the bell function gets too short and
the decay rate of the LCT coefficients becomes slow. That is the reason why LC7T with performs
better than that wittv = 3. See also [12,13] for the details of the boundary effects due to the folding
operations.

As for the performance of C6DWT, we only pldt= 8 case in Fig. 3 (d) because the PSNR curves
for the other valuedg = 7,6,5 are almost identical to that fof = 8 with very small differences in the
low ratio region. This is due to the fact that the higher frequency finer scale coefficients are identical for
these values of . C6DWT performs reasonable for this dataset, but it is beaten by LLST and BDCT
except at the very high ratios such as the regiorRat 72% as mentioned above. Note also that this
implementation of C6DWT assumes the periodic boundary condition at the domain boundary. Therefore,
it too views the domain boundary as discontinuity in general.

Remark 5. The above observations on LCT and C6DWT suggest that removing toenponent for

J =0 from the original data would help these transforms. In fact, if we remove the boundary by subtract-
ing thex component, the performance of both LCT and C6DWT improves. In particular, for wavelets,
this can be an alternative to “wavelets on the intervals” [4] provided that the pixels along the domain
boundary (or their transformed version) are retained.

4.1.2. A case with discontinuity

Let us now introduce simple discontinuity in this dataset, and examine how the approximation per-
formance changes by that. We multiply a scalar factor 2 to the circular region satigf#ing) |
(x4+1/3%+(y+1/37 <02} C £.

Figure 4 shows these approximation results. Due to the discontinuity, the global methed} are
now inferior to the segmented cases for LLST, BDCT, and LCT. In fact, from Fig. 4 (a) and (b), we can
see that the performance steadily improved &screases. This is obvious since the discontinuity affects
all the coefficients fov = 0 and makes their decay &g |k||~*). On the other hand, faf = 3, the effect
of the discontinuity is localized to the blocks where the discontinuity passes through. Note that in the
continuum, whether covering the discontinuity by a large block or by a set of small or narrow blocks
does not matter since the discontinuity results in the countable number of slowly decaying coefficients
anyway. However, we are dealing with the finite dimensional sampled data. Consequently, localizing the
discontinuity with a set of small size blocks reduces the number of slowly decaying coefficients.

96



N. Saito, J.-F. Remy / Appl. Comput. Harmon. Anal. 20 (2006) 41-73 53

350 T T T T T T T T T 350 T T
—— LLST: J=0 —— BDCT: J=0

300k1" LLST: J=1 i 300- BDCT: J=1
+==- LLST: J=2 - = BDCT: J=2
= = = LLST:J=3 - - - BDCT: J=3

2501 | —— | LST: adap 1 2501 | ——BDCT: adap

0 L i i i 0 H H L L
0 10 20 30 0 5 60 70 80 90 100 0 10 20 30 0 50 60 70 80 90 100
Ratio of retained coefficients (%) Ratio of retained coefficients (%)
(a) LLST (b) BDCT
350 T T T T T T T T T 350 T T
—— LCT:J=0 —— LLST: adap
= - T:
300k LCT: J=t i 00k BDCT: adap
- = LCT:J=2 = - = LCT: adap
- - - LCT:J=3 == Coif6: adap
250 —— (CT: adap 1 2501 : ; A
7

n
o
=3

T

n

=3

=3
T

PSNR (dB)
@
3
-
PSNR (dB)
o
3
;

o
S
T
=)
S}
T

50 501 /£
2

L L L L L L i i i L L L i i i L L L
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Ratio of retained coefficients (%) Ratio of retained coefficients (%)

(¢) LCT (d) Adaptive

Fig. 4. Quality of approximation of the Gaussian data with circular discontinuity measured by PSNR values.

This observation leads us to the following expectation: grabbing smooth regions by largest possible
blocks and using narrow blocks around the singularity should give us more efficient approximation than
splitting the domain into a set of homogeneous blocks. There is no need to divide a smooth region into
a set of smaller blocks, and in fact, that is wasteful due to the storage of the corner and boundary in-
formation in each block as demonstrated earlier. Therefore, we examine the power of the adaptive split
of the domain honoring the geometry of (or the singularity in) the data. Figure 5 shows such an adap-
tive segmentation: smaller blocks around the singularity and progressively larger blocks away from the
singularity, which is somewhat similar to the Whitney decomposition [11]. This particular segmentation
has been done manually using our Java-based “Interactive Picture Partition” (IPP) program developed by
Gary Zhong. We are currently developing an automatic adaptive segmentation algorithm using PHLST,
and will report the details at a later date. Figure 4 also shows the performance of the approximations
based on this adaptive segmentation. Of course, we use the same segmentation for LLST, BDCT, and
LCT. As for adaptive version of C6DWT, we compute the so-caliest sparsifying basiBSB) via ¢!
norm minimization [27,28] from the C6 wavelet packet tree, and approximate by sorting out the BSB
coefficients. However, our numerical computation shows that the BSB for this dataset turns out to be the

97



54 N. Saito, J.-F. Remy / Appl. Comput. Harmon. Anal. 20 (2006) 41-73

50

100

150

200

250

50 100 150 200 250

Fig. 5. Adaptive dyadic segmentation of the 2D Gaussian data with circular discontinuity, which honors the geometry of the
discontinuity.

standard wavelet decomposition. This confirms the well-known fact that the wavelet transform performs
well on piecewise smooth data. As we can easily see, the adaptive segmentation improves the perfor-
mance of LLST and BDCT. Without adaptive segmentation, C6DWT performed beRt$025% and
R > 72%, which can be seen by comparing the curve of LLST Witk 3 in subplot (a) with that of
C6BSB (‘Coif6: adap’) in subplot (d) in Fig. 4.

With adaptive segmentation, however, LLST outperformed both BDCT and C6BSB £0125%,
which is the range of our interest.

Interestingly enough, the adaptive segmentation does not improve the performance of LCT so much
from that of nonadaptive homogeneous split; it is slightly better only in the r&ngg0, 30]. The reason
is that the adaptive segmentation uses many small blocks of siz& gixels, as shown in Fig. 5. The
version of LCT in our experiments uses the so-called “fixed” folding whose bell function width is com-
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pletely determined by the smallest block size [15, Chapter 4]. Since the same bell function is also used for
processing larger blocks, LCT loses its effectiveness as we discussed in Introduction and Section 4.1.1.
To avoid such a problem, one needs to use multiple folding LCT of Fang and Sére [9], or better yet, the
time—frequency LCT of Villemoes [10], which unfortunately constrains possible segmentation patterns
as we discussed in Introduction. We shall not pursue these alternative versions of LCT here.

4.2. Approximation of synthetic oscillatory images with and without discontinuity

We shall now examine the performance of these transforms on an oscillatory function, in fact, a Gabor
(i.e., a modulated Gaussian) function, with and without discontinuity as in the simple Gaussian case.

4.2.1. A case without discontinuity

We generate the data according to the formiika:, y) = exp(—(x +1/3) — (y+1/3)?) - sin(57 (2x +
3y)), where(x, y) € [0,1]%, and sample this with the same rate as before.

Figure 6 shows the approximation results. Again, in principle, there should not be any gain by splitting
the data into a set of smaller blocks because the data do not have any intrinsic singularity. In fact, both
LLST and BDCT, theJ = 0 case outperforms the other valuesJofand LLST withJ = 0 remains
as the best performer. Most obvious difference from the simple Gaussian case is the degradation of the
performance of C6DWT, which confirms the well-know fact that the wavelet is not efficient for handling
oscillatory data and textures. Another interesting observation is that LCTMt2, 3 performs quite
well for this dataset. In fact, LCT withy = 2,3 defeats LLST withJ = 0 for the rangeR > 42%;
compare Fig. 6 (a) and (c). However, the range of our interest for efficient approximation, LLST with
J = 0 still performs the best.

4.2.2. A case with discontinuity

Finally, we shall examine the toughest scenario so far: the Gabor function with the same circular
discontinuity as the one used in Section 4.1.2. We shall not only use the homogeneous splits, but also
the same segmentation pattern shown in Fig. 5 for the adaptive segmentation. We shall also compute the
BSB from the C6 wavelet packet tree.

Figure 7 shows the approximation results. The performance of the approximation are degraded for all
the transforms compared to the other scenarios considered so far, as expected. However, the overall bes
performer is LLST with adaptive segmentation, except for the rahge6% where BDCT with adaptive
segmentation performs slightly better. LCT with adaptive segmentation does not perform better than LCT
with J = 3 as in the case of the Gaussian with discontinuity for the same reason: the width of the bell
function is too narrow due to the smallest block size in this adaptive segmentation. We note that C6BSB
in this case tries to subdivide the high frequency bands and performs better than the standard wavelet
transform C6DWT unlike the case of Section 4.1.2 where C6BSB is in fact C6DWT.

In summary, our experiments with these synthetic images have shown that LLST is: (1) the best overall
performer in the low ratio region of our interest; and (2) most effective if the adaptive segmentation of
the domain honoring the geometry of the singularity in the data is used.
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Fig. 6. Quality of approximation of the 2D Gabor (i.e., modulated Gaussian) data measured by PSNR values.

4.3. Barbara face image

Finally, we shall examine the approximation performance of various transforms using a real image. We
shall use a face part of the famous image “Barbara,” shown in Fig. 1 (a), which has been frequently used
for image approximation and compression tests. The size of this face part of the Barbara image is 129
129 pixels. This is much more difficult to approximate than the simple Gaussian/Gabor datasets in the
previous subsections because it contains a variety of regions: smooth regions (forehead and cheeks); mol
complicated regions (eyes, nose, mouth); and regions with oscillatory patterns (scarf). In this experiment,
we shall use five different homogeneous splits- 0, 1, 2, 3, 4. Note that the/ = 4 case corresponds to
the block size of 8« 8 pixels, i.e., the standard JPEG-DCT scenario. We shall also examine the adaptive
segmentation.

Figure 8 shows our results. The zoomed-up versions in the rRrggd, 20] are shown in Fig. 9. We
use the IPP program as before to generate the adaptive segmentation for LLST, BDCT, and LCT, which
is shown in Fig. 10.

From these figures, we observe the following:
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Fig. 7. Quality of approximation of the 2D Gabor data with circular discontinuity measured by PSNR values.

The performance of LLST and BDCT with the adaptive segmentation and that of the homogeneous
splits with J = 2, 3 are virtually the same.

LLST and BDCT (with the adaptive segmentation or the homogeneous splitgwitR, 3) outper-

form C6BSB except in the range < [0, 5].

The PSNR values of C6BSB in the rangeRE [2,20] are 1 dB higher than those of C6DWT with

J =7 (but not shown in the plots).

LCT with adaptive segmentation is defeated by LCT with= 2,3, especially in the low range

R < 20%, by exactly the same reason as the Gaussian/Gabor cases.

BDCT with J = 4 is defeated by BDCT withl = 3. This shows the nonoptimality (at least for this
image) of the strategy of homogeneously splitting a target image into a set of blocks ofsige 8
pixels, which is adopted in the JPEG Baseline standard.

Advantage of the adaptive segmentation is less obvious except the C6BSB case for this particular
image.
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Fig. 8. Quality of approximation of the Barbara face image measured by PSNR values.

From these observations, unlike the synthetic datasets in Sections 4.1 and 4.2, we can claim neither thi
superiority of the adaptive segmentation over the homogeneous splits nor that of LLST over the other
transforms, in particular, over BDCIr this particular image and in terms of the PSNR values. We shall
therefore compare the perceptual quality of these approximations further by displaying the reconstructed
images. Figure 11 shows the approximations using the top 5% of the coefficients by these transforms
with the adaptive segmentation. Figure 12 shows the zoomed-up versions to see the quality of those
approximations in details. It is clear that the visual quality of the LLST approximation is closest to the
original among these transforms. The BDCT approximation reveals the annoying blocking artifact. The
LCT approximation is the worst due to the artifact generated by the folding procedure. The C6BSB
approximation is perhaps the next best, but the forehead and cheek portions are less smooth than th
LLST approximation, and the stripes of the scarf, especially those in the right-hand side, are not well
approximated. These experiments suggest that PSNR is not necessarily the best metric for judging the
quality of displayed images. In the near future, we plan to use the more perceptually correct metric such
asmean structural similarity indeMSSIM) [29], which is based on the comparison of the local patterns

of pixel intensities normalized for luminance and contrast.
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Fig. 9. Zoomed up versions of Fig. 8 when 0% to 20% of the original coefficients are retained.

5. Polyharmonic local Fourier transform: use of the complex exponentials

As we discussed in Section 2, the Fourier sine coefficients ob treomponent of the PHLST de-
composition posed as (1), (2), and (5) have the good decay rate) (Jg||~2"1), m=1,2,.... The
main motivation of using the sine functions was the extra gain in the decay speed of the expansion coeffi-
cients via odd reflection at the boundary of the domain, which in turn is the consequence of the vanishing
boundary values off;. However, it is well understood now that tbeiented patterngre not efficiently
captured and represented by using only sines (or only cosines). It is much more efficientctorise
plex exponentialfor representing oriented patterns than sines alone. Because the boundary values of
vanish, it is possible to use tlmplex exponentiaistead of sines, i.e., the ordinary Fourier series
expansion instead of the Fourier sine series expansion, if one can tolerate slower decay rate of the co-
efficients. This slower decay is due to the periodization ofitheomponent without the odd reflection.
We shall call this thg@olyharmonic local Fourier transforrPHLFT). More precisely, lef2; be a box of

the form2; = x}, + [1{_,(a{, b}), wherex} is the vertex of the box closest to the origin (i.e., the lower
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Fig. 10. Adaptive dyadic segmentation of the Barbara face image performed interactively using the Java-based IPP program.

left corner in the case of 2D), ard = b/ — a} is the length of the:th side of this box. Furthermore, let
us assume that is locally C?" on £2; with m > 1. If we use the following boundary condition instead
of (2) to solve for the:; component (1):

du; _ o' f

ot =3t onof2;, £=0,....m—1, (D
V V

then the resulting; component can be extended periodically and becaites (R?). Therefore, we can
expandv; into the Fourier series:

2mi(k, L5t (x—x!
vj(x)~che Lo x°)>, x € 82;,

kezd
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(dLCT (e) C6BSB

Fig. 11. Approximation of the Barbara face image by LLST, BDCT, LCT, and C6BSB using top 5% of the representations.
The adaptive segmentation shown in Fig. 10 was used for LLST, BDCT, and LCT. C6BSB was computed from the C6 wavelet
packet tree.
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Fig. 12. Zoomed-up versions of Fig. 11.
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whereLg, = diag(¢y, ..., £}), with the coefficientsc,| decaying asO(|lk|~""1); see Theorem A.2

in Appendix A. Accordingly, the case witlh = 1, which we shall callLaplace local Fourier trans-

form (LLFT), has the decay of orde? (||k||~2), which is the same as BDCT. But we gain the ability to
easily detect and interpret oriented patterns instead, which is difficult with BDCT or LLST. Figure 13
demonstrates this point. If one uses the block discrete Fourier transform (BDFT) without removing the
u; components, the DFT coefficients are all contaminated by the Gibbs phenomenon due to the block
boundaries as shown in Fig. 13 (b). If one uses LLST or BDCT, it is difficult to decipher the orientation
information from the coefficients; see Fig. 13 (c), (d). On the other hand, LLFT clearly reveals the ori-

20 40 60 80 100 120 20 40 60 80 100 120

(a) LLFT (b) BDFT

20 40 60 80 100 120 20 40 60 80 100 120

(¢) LLST (d) BDCT

Fig. 13. Magnitude of the coefficients in LLFT, BDFT, LLST, and BDCT of the Barbara face image with the adaptive segmen-

tation of Fig. 10. Note that the corner pixel values and 1D DST coefficients of the boundaries are not shown in LLFT and LLST
here.
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entation information as shown in Fig. 13 (a). We note that, in practice, one only needs to store the LLFT
coefficients in the upper half plane in each block thanks to their symmetry, assuming that an input image
is real-valued. LLFT also permits us to compute locally analytic signal, instantaneous frequency, etc.,
which we will explore at a later date.

6. Discussion

In this section, we shall first discuss issues that are left open in PHLST. Then we shall describe possible
extensions and applications using PHLST and its relatives. We shall also discuss the related concepts an
methods proposed previously by other researchers and conclude this article by describing the difference
of their work from ours.

6.1. Openissues

6.1.1. Compression with quantization

A strategy for lossy image compression using PHLST remains an open issue. Unlike the image ap-
proximation, which simply keeps a subset of the exact expansion coefficients and corner pixel values as
we discussed in Section 4, lossy image compression truly reduces the number of “bits” required to repre-
sent a given image approximately and converts it to a stream of bits via the progesstzation In the
JPEG Baseline standard [30,31], the DCT-II coefficients in each block«d8 ®ixels are divided by the
entries of the so-called luminance quantization table (LQT) and further rounded into the nearest integers.
This quantization process tends to suppress the higher frequency coefficients than the lower frequency
coefficients so that this process can result in many zeros (i.e., more compression) without sacrificing
visual fidelity too much. In fact, LQT was determined by psychophysical experiments on the visibility
of the DCT-II basis vectors [30, Section 4.1.3] for the square block-oB&ixels. The Baseline method
further uses the zigzag search of the quantized coefficients in each block to record the end of the block
position instead of recording all the subsequent zeros in the block. Finally, this quantized sequence (in-
tegers) are encoded by some entropy coder (e.g., the Huffman coder or the arithmetic coder) for further
compression in a “lossless” manner.

Unfortunately, we cannot directly use this LQT adopted in the JPEG Baseline standard for PHLST
because it is optimized only for DCT-1I of 8 8 pixel blocks, and not optimal for any other settings. In
fact, it is not optimal even for DCT-II if the size of a block is different fronx 8 pixels. Therefore, if we
wish to follow this approach, we would need to calibrate the LQT specifically for DST used in PHLST
for various pixel sizes such asx99, 17x 17, 33x 33, etc. It would be too costly (in human resources)
to conduct such psychophysical experiments. Also, the PHLST representation consists of three different
items in each block: four corner pixel values, the 1D DST coefficients of the block boundary; and the 2D
DST coefficients of the residual component. We need to examine whether these three components shoul
be quantized separately or not.

We are currently investigating simpler uniform quantizers with “dead zone” (a special bin covering the
zero value). This dead zone can get rid of noise in input data if its width is appropriately chosen because
any coefficients within this zone are quantized to zero, i.e., killed. Thus, the width of the dead zone plays
the role of the threshold in denoising algorithms. The subtle and interesting issue here is how to choose
the width of the dead zone as well as that of the uniform bins outside of the dead zone, which determines
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the resolution of the quantization. Yet another open issue is that of encoding after quantization. Just like
the JPEG Baseline standard, it is possible to use the zigzag search to detect the trailing zeros in each
block, and encode the resulting quantized sequences via Huffman coder. However, it still remains to be
investigated whether such an approach is most suitable for PHLST.

6.1.2. Segmentation and denoising

Another open problem is how to automatically and adaptively segment a given input image to achieve
more efficient approximation and compression. Note that what we mean segmentation here is different
from usual image segmentation studied in the image analysis and computer vision literature where one
wishes to faithfully segment an image into a set of objects or domains whose boundaries are general
smooth curves. What we want to do here is to simply split an image into a set of adaptive dyadic blocks
honoring the geometric structure of input data as much as possible. For example, we wish to obtain
segmentations like those shown in Figs. 5 and 10 completely automatically rather than manually using
an interactive program like IPP. We already demonstrated that such adaptive dyadic splits help image
approximation in Section 4. We need to confirm that the same is true for image compression, which
necessarily includes the cost of recording the geometry of adaptive splits.

We are currently investigating a hierarchical and recursive split-and-merge strategy similar to the best-
basis algorithm of Coifman and Wickerhauser [32] in spirit. Clearly, the key is what criterion we should
employ to judge whether smaller blocks should be merged into larger blocks. One of the most promising
and natural criteria is theinimum description lengttMDL) criterion [33—36]. Viewing each split pat-
tern of an image in PHLST asraode] the MDL criterion suggests that we should choose among many
possible models the one giving the shortest description (counted in bits) of therndkttee model. This
leads to the minimization of the infidelity of the model to the data and the complexity of the model itself
in a balanced manner. In the case of PHLST, the MDL criterion is particularly appealing since PHLST
does not provide an orthonormal basis. Instead, it provides “nonhomogeneous” representations using the
corner pixels, 1D DST coefficients of the boundaries, and the 2D DST coefficients of the residuals, as ex-
plained in Section 4. Thus, the sparsity criterion ugifigiorm with 0< p < 1 makes less sense contrary
to the case of the libraries of orthonormal bases such as local cosines and wavelet packets. It makes more
sense to count the description length in bits needed to encode such nonhomogeneous representations.

There are several additional advantages to use the MDL criterion here. First, it forces us to incorporate
a quantization procedure to convert the representation into a sequence of bits. Second, it can achieve
simultaneous compression and denoisthghput data. Similarly to the case of wavelets and the libraries
of orthonormal bases shown by Saito [36], Chang et al. [37], and Hansen and Yu [38] among others,
we expect that the MDL-based method will achieve the desired results for PHLST. Finally, the MDL
formulation allows us to incorporate easily various noise models and prior models for distribution of the
expansion coefficients: it can automatically select the most suitable noise model and coefficient distribu-
tion models out of many competing models. This is advantageous since it is well known that the Laplace
(or double exponential) distribution or the generalized Gaussian distribution are more suitable to model
the wavelet coefficients [38] and DCT coefficients [39] of natural images than the Gaussian distribution.
The DST coefficients in PHLST are expected to behave in a similar manner.

6.1.3. Nonlinear approximation with PHLST

Another open issue is to obtain precise nonlinear approximation results using PHLST. Such a task
remains elusive compared to the case of the orthonormal wavelets or splines. Let us briefly explain why
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this is so. First, let us introduce some important concepts of the nonlinear approximatighbeetome
function space (e.g., the Besov space) defined on a domanR?, and letX, Cc X be a nonlinear
manifold so that any function belonging 8, can be exactly representable by at megiarameters.
Examples of suclk, include a set of functions that can be exactly specified by at mbasis functions
selected from a basis set f&rand a set of piecewise constant functions witknots or breakpoints for
d = 1. We now define the-term approximation error of € X C L?(£2) as follows:

oy = inf I1f = gllp,

where 1< p < 00. In the nonlinear approximation setting, the goodness,pis measured by the decay
rate of the worst case-term approximation error asincreases:

on(X), = Js;upon(f)p <Cn e, (12)
eX

wherea > 0. Clearly, the larger the value af the better the manifold,,. The primary difficulty in ob-
tainingn-term approximation results for PHLST lies in the strategy to optimally distribute the resources
of n terms (or numbers) to the geometry informatiw; }, the polyharmonic components;}, and the
residualg{v;}. Even with a homogeneous split &f, it is challenging to derive an optimal allocationsof

terms into the{u ;} and{v;} components. Another difficulty, which is clearly related to the primary one
above, is to determine a good function spacthat allows us to obtain the best possibi&germ approx-
imation results, i.e., the largest> 0 in (12). We need to start attacking a simpler case of 1D functions
here since DeVore in his plenary lecture [40] pointed out that obtaining nonlinear approximation results
for an even simpler “Spline-Fourier’” method with= 1 (where a target function is segmented into sev-
eral pieces brutally and each piece is approximated by the truncated Fourier series) is still open. On
the other hand, it is encouraging to know tharaf= [0, 1]¢ without any further split, then the precise
nonlinear approximation results are known [41].

6.2. Extensions and applications
In this section, we shall list possible extensions and applications of PHLST and its relatives.

6.2.1. PHLST/PHLFT in the frequency domain

Nothing prevents us from operating PHLST/PHLFT in the frequency domain. In fact, this strategy
may be an excellent alternative to the wavelet packets and the brushlets [42]. The frequency support of
each wavelet packet basis function is not completely localized except for the Shannon wavelet packets.
On the other hand, each of the Shannon wavelet packets has unbounded support in the spatial domair
which makes them less useful. The frequency support of each brushlet basis functions is more localizec
than that of the wavelet packets, but still overlaps with that of the adjacent brushlets due to the use of the
folding operations in the frequency domain. The PHLST/PHLFT in the frequency domain may overcome
these shortcomings of the wavelet packets and the brushlets. We note that it is important to subtract the
globalu component from the original imaggé before converting it to the frequency domain. Otherwise,
sharp horizontal and vertical lines crossing at the origin (the DC component) are generated due to the
Gibbs phenomenon from the domain boundary, which interfere our analysis of the frequency information
of the image. This is evident from Fig. 13 (b), which shows the local version of this annoying interference.
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6.2.2. Use of the Neumann boundary condition

Itis possible to use thideumann boundary conditionstead of the Dirichlet condition in (3). This will
give us theO (|| k||~*) decay rate of the; components instead @ (||k||~3) in the case of the Dirichlet
boundary condition. To do so, we need to modify (3); we shall solve the folloRaigson equatiowith
the Neumann boundary condition:

{Auszj ian, (13)

uj _ 2Jj ,
=3 Onasy,

whereK ; is a constant that needs to be computed as follows:

K; = |Q|faf’ ,

which is the boundary integral @ff; /0v normalized by £2;| (the volume of the domain). This constant

K is necessary for (13) to have a unique solution (modulo an additive constant); see, e.g., [43, p. 84].
The solution ; is not just a function having the same normal derivative at the boundary with the original
function f;; one can show that it ithe minimizer of the total squared curvature integoal the domain

£2;. Once we get the solutian;, the residual function; = f; —u; clearly satisfiegv;/9v =0 o0n 32;.
Assumlng thatf; € C2(£2;), we can show that the reS|dua} has at leastC? smoothness across the
block boundary when it is extended by the even reflection. Therefore, if we use the FosiEgseries
expansion of; we get the coefficients with decay rad||k||=*). See also Theorem A.2 in Appendix A.

We naturally call this version of the transform thelyharmonic local cosine transfor(PHLCT). How-

ever, this method of course requires to estimate the first order normal derivative of data at the boundary.
We are currently investigating this issue with our collaborator, Katsu Yamatani, and getting encouraging
results [44].

6.2.3. Extension to higher orders of polyharmonicity

We believe that PHLST of polyharmoniciiy > 2 is not practical considering the need to estimate
32m=1 £, /3v2m=D jn (2) and the numerical sensitivity to compute these high order derivatives. However,
the case ofn = 2, i.e., BLST (biharmonic local sine transform), remains to be investigated; we are
interested in knowing whether BLST is of practical interest for image approximation and compression
or not. In theory, the Fourier sine coefficients of thecomponents in BLST should decay as|lk| >
instead ofO(||k||~%) in LLST. However, the effectiveness of BLST still hinges on the accuracy of the
second order normal derivative estimates at the boundary. Thus developing a robust method to estimate
those derivatives from noisy data will be an challenging but important project. Note that such a method
will also be useful for other purposes, for example, edge detection.

6.2.4. Extension to higher dimensions

It is important to realize that the information contained in the boundary becomes more and more
meaningful as the dimension increases. For example, in 1D, the boundary of an interval simply consists
of two endpoints. In 2D, the boundary of a domain becomes a 1D curve whereas in 3D, this becomes a
2D surface. If the data is supported in a 3D cube, then the boundary consists of six faces of that cube.
It is also important to recognize that the boundary structuredarsively organized. For example, the
boundary of each 2D face of a 3D cube consists of four 1D edges, and the boundary of each 1D edge
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in turn consists of two corners. We can take advantage of this recursive structure: we can process eacl
component, i.e., edges, faces, bodies, etc., by PHLST of the corresponding dimensions. The simple
hierarchical, and recursive algorithmic structure of PHLST can be carried over to higher dimensions in
a straightforward manner. In particular, PHLST for 3D datasets is promising for efficient approximation,
compression, and local feature computation for 3D medical images and 3D geophysical data, which we
are currently investigating in collaboration with our graduate student Noel Smith [45].

6.2.5. Other potential applications

Because of its ability to completely localize the analysis of an input image and sparsify its represen-
tation equipped with a fast algorithm, there are many potential applications of PHLST. For example,
its application to image zooming and interpolation is promising since PHLST does not suffer from the
boundary effect/the Gibbs phenomenon, which is often a nuisance in image zooming. Commonly used
image zooming/interpolation techniques such as pixel replication, bilinear interpolation, bi-cubic interpo-
lation have all drawbacks, especially with large magnifications. The pixel replication is computationally
most efficient, but generates annoying blocky zoomed images. The bilinear interpolation generates super
fluous horizontal and vertical artifacts, and this is also true for the bi-cubic interpolation to a lesser extent.
One can use DCT for image zooming, but again one may see the artifacts generated by the even reflec
tion at the boundaries. Sinc (or band-limited) interpolation is theoretically ideal but its straightforward
implementation does not work well due to the Gibbs phenomenon.

Another important application of PHLST is local feature computation. PHLST allows us to evaluate
and compute various attributes (e.g., directional derivativeahgtpointin the domaing2; even if we
start from discrete samples. See Eqs. (7)—(10). We are currently investigating the interpolation of image
values along a giveaurveas well as directional derivatives along such a curve, which is not easy using
the conventional methods.

6.3. Relation to the other works

Retrospectively speaking, our work is related to many previous works done by other scientists. How-
ever, we did not find exactly the same strategy as ours in the other works. As early as 1938, Cornelius
Lanczos [46] suggested that “denoising” and interpolation of digital signals sampledemquepaced
grid over afinite intervalshould be very nicely dealt with by trigonometric polynomials once the edge
effect is taken care of. This was only an abstract given at the AMS conference. Somehow, a full version of
the paper did not appear until 1952 [47]. He first used the line removal idea [46] corresponding to the 1D
LLST in our case, and then proposed to remaove a higher order polynomials [47,48]. As far as we know,
Lanczos is one of the first scientists who recognized the importance of representing and interpolating
data sampled at equispaced grid points using a combination of trigonometric polynomials and algebraic
polynomials. He clearly understood that only using algebraic polynomials leads to the infamous Runge
phenomenon, and only using trigonometric polynomial leads to the Gibbs phenomenon. Zygmund had a
similar idea (i.e., removal of singularities) for different purposes in 1935 or earlier [49, Section 2.13]. See
also [2, Section 2.2], [50, Chapter 4], [51, Chapter 2], and [48, Chapter 2]. The book of Kantrovich and
V.I. Krylov [52] cites an early attempt of extending a function supportedGad] to [—1, 1] smoothly
and periodically (with period 2) by Maliev [53,54]. Smirnov [55] also cites the work of A.N. Krylov
for speeding up the decay of Fourier coefficients of a compactly supported function using the line and
polynomial removal.
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In 1990, Madych and Nelson [56,57] introduced the so-called “polyharmonic cardinal splines,” which
uses the polyharmonic equations to interpolate the data given on the Ztticék?. Their main concern,
however, is the interpolation, and they are not concerned with the residuals at all.

The “polysplines” proposed by Kounchev [58,59] are also related to our PHLST. In his case, though,
he used a sequence of decreasing subdonsias2, D §21 D - - - instead of the disjoint subdomains of
our case. This led him to develop a new version of multidimensional wavelets. Again, he is not concerned
with the residuals.

All of the above scientists except Lanczos only focused onutltemponent. As far as we know,
Lanczos was the only one who seriously considered the residuait explored his idea neither for
higher dimensions nor for multiscale setting.
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Appendix A. Proof of Theorem 1
First we prove the following auxiliary theorems:

Theorem A.1. Let T be atorus(i.e., [0, 1]), and f € C"(T) and periodic. Furthermore, let us assume
that b exists and inB V[0, 1]. Then its Fourier coefficient, = f (k) decays ag) (|k|~"2).

Proof. We use the periodicity of, i.e., f©(0)= f“(1), £=0,1,...,m, and integration by parts.

1

/ (x)e_Z”ik" dx

—2mikx

1
OE / fle e dy = =
0
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By assumptionf ™+ e BV[0, 1], so we can use the theorem of Taibleson [60] to get:

\% (f(zn+l))

OIS Gy

whereV (.) is the total variation of the argument o€, 1]. This implies thatf(k) =0(k|™ 2. O

Theorem A.2. Let T¢ be ad-dimensional torugi.e., [0,1]?), and f € C"(T?) and periodic. Fur-
thermore, let us assume tha(f*lf exists and inBV[0,1], j =1,...,d. Then its Fourier coefficient

cx = f(k) decays a®) (|| k|| ~"2).

Proof. We proceed essentially the same way as Korner [61, p. 409]. We consider each vgriallgn.
Since f as a function of; (with all the other variables fixed) belongs@' (T) anda;"“f € BV[0,1],
we can use Theorem A.1 as:

C,

\ 77 100 Al
|kj|m+2 ( )

/‘f(xl,...,xj,...,xd)e 2rikjxj dx;
T

whereC; > 0 is a constant depending grandk; is a jth frequency index (nonzero integer). Then,

/ /f(xl,-- ,xg)€ Z 2 kiTi dyy - dxy

T

L)
I

Cj
|kj|m+2

|fo)| =

/f(xl,.. , X)€" 2rik;xj dx (E_ZWIZ’Z#JICM'Z dxp-- dxj 1dx/+1 -dxy

|k |m+2 dx1 dxj'_]_ d)Cj+1 cee dxd

q\

Therefore, we have the following estimate:

C;
|k |m+2’

|fo)| < j=1,....d, k; #0. (A.2)
Thus, ifk # 0, then

|fo)] < 12nji2dcj|kj|""‘2 < ( max Cj> ( min |k;|™"" 2) ( max C./) ( max |k; |>_m_2

1<<d 1</ <d 1<j<d 1<)<d
) C
<(max C») k|/vd) " =—,
<D C) - (Wkl/Vd) =

whereC = max <4 C; - d**/? > 0. This implies the conclusion of the theorent

Now, we prove Theorem 1.
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Proof. In this proof, for the notational simplicity, we use v, £2 instead ofu;, v;, £2;, which will not
generate any confusion. Sin€zis a rectangle iflR?, it is easy to convert it to a unit culi&’ = [0, 1%

by rescaling and translation, which only changes the constants in the following argument. Therefore, we
assume tha® = T? below. Let us now consider the residu@k) over$2. Letx = (x1, ..., x,) € [0, 1)¢,

ando = (01, ...,0,) be ad-dimensional vector whose entries consist of only 1-dr. Now, the odd

extensioni(x) of v(x) to the extended cuh€ 2 [—1,1])¢ can be defined as follows:

d
ﬁ(Gl-xl,...,ad-xd)é <H0k> cv(X1, ..., x0),  (x1,...,x9) € [0, 1.
k=1

The boundary conditions of(x) are:

Ulog — u|  0°f % Pu|  mrf

o= Jlaa. I PP T s e P e PP Y

Therefore, these imply the following in terms @f
vlhe =0, (A.3)
afkﬁ(xl, e Xjon, =i, ., xg) = 8?"5()(1, v X1, L xj4, .., x0) =0, (A.4)
Bfkf)(xl, vy Xjo1, 0=, xjga, L ) = ngkﬁ(xl, cos Xj—1, 04, xj41, ..., x0) =0, (A.5)
Bleﬁ(xl, v Xjon, =X, xg) = aleﬁ(xl, v Xjo, Lxjga, o, xg), (A.6)
Bj?kHﬁ(xl, e X1, 0= xj41, . xg) = ngk“ﬁ(xl, v X1, 04, Xjg1, -0, Xa), (A.7)

wherej =1,...,dandk =0,...,m—1. Note thakt = 0in Eq. (A.4) means|,s = 0, which is different
from (A.3). Equations (A.3)—(A.7) imply thai € C?"~1(£2) and periodic. Therefore, we can invoke
Theorem A.2 withm replaced by 2m- 1 so that we get:

f)y=0(lk|™>") fork#0. O
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A Concealment Method for Video Communications
in an Error-Prone Environment

Shahram Shirani, Member, IEEE, Faouzi Kossentini, Senior Member, IEEE, and Rabab Ward, Fellow, IEEE

Abstract—In this paper, we propose a two-stage error-conceal-
ment method for block-based compressed video which was trans-
mitted in an error-prone environment. In the first stage, we obtain
initial estimates of the missing blocks. If the motion vectors associ-
ated with the missing blocks are available, motion compensation
is used to provide good estimates. Otherwise, a novel algorithm
which preserves image continuity is used to estimate the blocks. In
the second stage, a maximum a posteriori (MAP) estimator, which
employs an adaptive Markov random field (MRF) as the image a
priori model, is used to improve the video reconstruction quality.
The adaptive model enables the estimation to incorporate infor-
mation embedded not only in the immediate neighborhood pixels
but also in a wider neighborhood into the reconstruction proce-
dure without increasing the order of the MRF model. The pro-
posed concealment method achieves very good computation—per-
formance tradeoffs, as demonstrated via experimental results.

Index Terms—Error reconstruction,

Markov random fields.

concealment, image

I. INTRODUCTION

IGITAL image and video signals require very high bit

rates, thus, compression of such signals before their trans-
mission is necessary. Communication channels are not error
free and, consequently, the encoded bit streams are vulnerable
to transmission errors—usually causing loss of blocks of data
and/or loss of synchronization. Despite the various methods that
have been proposed to combat or localize the effects of channel
errors, the quality of a decoded video sequence may degrade
significantly because of the residual errors. Error concealment
intends to conceal the effects of such errors by exploiting redun-
dancies in the video signal and limitations of the human visual
system, without requiring additional information.

Temporal concealment methods are usually used for error
concealment in inter-coded frames. Data of an inter-coded block
are composed of the motion vector and the DCT coefficients of
the prediction error. If the motion vectors are received without
errors, the missing blocks are set to their corresponding mo-
tion compensated blocks. Since in many of the video compres-
sion aigorithms (e.g., H.263) the coded motion vectors and the
DCT coefficients are interleaved, the loss of data of a block
usually results in the loss of both the motion vectors and the

Manuscript received May 4, 1999; revised November 30, 1999. This work
was supported by MDSI, BC ASI, and NSERC.

The authors are with the Department of Electrical and Computer Engineering,
University of British Columbia, Vancouver, BC, V6T 174, Canada.

Publisher Item Identifier S 0733-8716(00)04337-7.

DCT coefficients.! Therefore, most of the proposed temporal
concealment methods first estimate the motion vector associ-
ated with a missing block using the motion vectors of adjacent
blocks [1], [2]. The estimated motion vector is then used to find
a block in the previous frame which yields the restoration of
the missing block. One problem associated with these methods
is that if the adjacent blocks are coded in a nonpredictive way
(e.g., intra-coded), there would not be any data available to esti-
mate the missing motion vectors. Thus, ad hoc assumptions for
estimating the missing motion vector should be made, and the
results may be unreliable. Moreover, if the missing block lies
on the boundary of two objects moving in opposite directions,
such methods will perform quite poorly.

Spatial error-concealment methods restore the missing
blocks using the information in the current frame. In [3],
to restore the missing data, a measure of variations (e.g.,
gradient or Laplacian) between adjacent pixels is minimized.
The underlying smoothness assumption of this method limits
its ability in restoring image details. In [4], each pixel in a
damaged block is interpolated from the corresponding pixels in
its four neighboring blocks such that the total squared border
error is minimized. In [5] and [6], the missing information
is interpolated utilizing spatially correlated edge information
from a large local neighborhood. Note that although these
edge-based methods are generally more accurate than other
approaches, they are computationally more intensive. In [7],
a computationally simple, spatial directional interpolation
scheme has been proposed. The two nearest surrounding
layers of pixels of a missing block are converted into a binary
pattern to reveal the local geometrical structure. Then, the
missing pixels are interpolated in a way to preserve the local
geometrical structures. In the statistical error concealment
methods, for example the one proposed in [8], it is assumed
that the pixel values in an image or video signal are realizations
of an underlying statistical model (e.g., MRF model). The sta-
tistical approaches of spatial error concealment are expected to
outperform the deterministic ones, as they provide a systematic
way for incorporating the a priori information about the video
signal in the restoration procedure.

Previous spatial error-concealment methods employing the
MRF model usually yield blurry images with a significant loss
of detail in the high frequency or edge portions of the image.
This is due to 1) the type of the MRF selected as the image
model, and 2) the fact that the amount of information that is

Recognizing the need to improve the concealment capabilities, in the new
generation of video compression standards (e.g., MPEG 4, H.263++), the mo-
tion information is separated from other information through partitioning of the
coded data.

0733-8716/00$10.00 © 2000 IEEE
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used in the reconstruction process is often restricted to a single-
pixel wide region around the erroneous area. Incorporating more
pixels in order to enhance restoration of edges and high-fre-
quency parts would usually require a higher order MRF model.
However, this is computationally expensive, as the complexity
grows exponentially with the order of the MRF model.

In this paper, we propose a two-stage error-concealment
method for compressed video. In the first stage, if applicable,
we use the information in the previous frame to obtain initial
estimates of the missing blocks. If the motion vectors of the
missing blocks are available, motion compensation is used to
provide the estimates. Otherwise, an algorithm which preserves
image continuity is employed to compute the initial estimates.
In the second stage, a MAP estimator is used for refinement of
the initial estimates. The MAP estimator employs an adaptive
MREF as the image a priori model. The proposed adaptive MRF
takes into account the local image characteristics embedded
not only in the immediate neighborhood pixels of the damaged
area but also in a wider neighborhood without a dramatic in-
crease in computational complexity. Our concealment method
improves on the existing statistical methods in that it yields
good reconstruction performance regardless of the content of
the missing blocks.

To make the compressed data more error resilient, most of
the standard-compliant video compression systems partitioned
a video frame into Groups of Blocks (GOB’s) or “slices,” which
are coded independently. Therefore, the output bit stream usu-
ally consists of segments separated with markers, where each
segment corresponds to the coded data of the blocks in a GOB or
aslice. When channel errors occur, the decoder usually discards
the erroneous data between two markers surrounding the erro-
neous data, effectively discarding the GOB or the slice. Then,
loss of data of a slice does not affect the rest of the compressed
video sequence. In our work, it is assumed that the frames of
the coded video sequence are partitioned into GOB’s or slices
and, thus, the missing data belong to blocks of a GOB or a slice.
Moreover, it is assumed that the decoder knows the locations of
the missing blocks. This information (e.g., the checksum infor-
mation) can be obtained from the network or it can be inferred,
for example, by detecting the semantic or syntactic violations as
a result of errors [9].

The rest of this paper is organized as follows. In Section II,
MAP estimation of missing data is briefly reviewed. Section III
presents the proposed error concealment method. Section IV
discusses the computational complexity of the proposed
method. Sections V and VI present our experimental results
and conclusions, respectively.

I1. MAP ESTIMATION OF MISSING DATA

Let the corrupted image be represented by the vector Y, while
the decompressed image without errors can be represented by
X. Using MAP estimation, the decompressed image estimate is
given by

X = arg max log Pr(X |Y).

__ BN

1123

Using the Bayes’ rule we, obtain
Pr(Y | X)Pr(X)
PRY)
= arg ul;’tx{l()g Pr(Y | X) + log Pr(X)} (1)

X = arg max < log
!‘-’,Ix { 2

where the term log Pr(Y’) has been dropped because it is inde-
pendent of X. The corrupted image can be expressed as Y =
7 X, where 7 is the transform that converts the decompressed
image X into the corrupted one Y .2 The conditional probability
of the corrupted image can be then written as follows:

1% Y= T
P‘(Y|X)_{n; Y £ Tz, @
Substituting (2) in (1), the MAP estimation becomes
Tt 11
X g }}1612{ log Pr(X)} 3)

where S = {z: Y =7z

For image a priori model (Pr(X)), we use the MRE.
According to the Hammersley—Clifford theorem, every MRF
should have a Gibbs distribution [10] in the following form:

Pr( Xi—ipii= % (‘xp{ - Z ‘:-(-'1')} 4)

ceC

where 7 is a normalizing constant, V,.(-) is called a potential
function and is a function of a local group of pixels ¢ called
clique, and C denotes the set of all cliques throughout the image.
The potential function characterizes the relationship between a
group of pixels by assigning larger costs to configurations of
pixels which are less likely to occur. The choice of the poten-
tial function impacts substantially the performance of the image
model. The function Z('EC Ve(@) should be convex in order
to have an easily obtainable global minimum. Otherwise, local
minima will be present, and the function must then be mini-
mized via a computationally expensive technique such as simu-
lated annealing. Commonly, the potential functions are selected

to be of the form
) Vi =S ) 5

('EC' ('e('

where d. is a coefficient vector, z is the vector of pixels in the
clique ¢, and p(-) is the cost function. The convexity property of
the cost function insures that the Zr‘E(‘ V.(x) remains convex.
The coefficients d,. are usually selected such that dé:z provides
an approximation of the first or second derivative of the image
at each pixel. For the special case of p(z) = 22, the model is
called a Gauss—Markov random field (GMRF).

ITII. PROPOSED METHOD

As mentioned earlier, our method consists of two stages. The
purpose of the first stage of our method is to obtain an initial es-
timate of the missing block using information from the previous
frame. If the missing block has been intra-coded, the initial esti-
mate is set to zero. If the missing block has been inter-coded, and
its motion vecior is received correctiy (e.g., because the encoded

2See [8] for a more detailed discussion of the transform.
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2’
(b)

Fig. 1. (a) The four subblocks, (b) their corresponding subblocks in the
previous frame, and the blocks connected to them.

data have been partitioned), then the estimate is set to the corre-
sponding motion compensation block. When the motion vector
is not available, we find an estimate of the missing block such
that image continuity inside the block and across its boundaries
is preserved [11]. To do this, subblocks adjacent to the missing
block, i.e., ul,u2, 11, and {2 in Fig. 1(a), are considered. First,
for each of these subblocks, a corresponding subblock in the pre-
vious frame is determined. The corresponding subblock is found
by searching a small area around the point corresponding to the
center of each of the subblocks u1,u2,11,12 in the previous
frame. The sum of absolute differences is used as the measure
of similarity. The four subblocks 1, 42,11, 12 and their corre-
sponding subblocks u1’,u2’,11’,12" in the previous frame are
shown in Fig. 1(a) and (b). For example, u1’ is the subblock cor-
responding to u1. Then, four blocks, namely X1, X2, X3, and
X4, which are connected to u1’, u2’,[1’, and [2 (respectively),
are determined. To obtain an initial estimate of the missing block
that smoothly connects to the rest of the image, a block from the
above four blocks that minimizes the squared sums of border er-

hatuonaan tha agtimatad ki 1
TOrs, between tne estimatea 010CK and its adjace'h above and left

blocks, is selected. Thus,

A < i
X = arg min €
X1,X2,X3,X4

where

e = GQT + (%. (6)

Each of the border errors e and ¢, is defined in terms of pixels
by
et = 1@ — pro)lI?

¢r = [|(& — pry)|I* and

Fig. 2. A pixel, its clique ¢, and the eight directions. The complement of the
clique ¢’ is the dark area.

where the vector pp,, consists of the bottom line pixels of the
block to the top of the missing block, and p;, consists of the
right column pixels of the block to the left of missing block.
The vectors z; and ; are those elements of the estimated block
X that correspond to the pixels in its top row and left column,
respectively. To ensure the online applicability (e.g., conceal-
ment while decoding the blocks in raster scan), only subblocks
to the left and above the missing block are used. If the condi-
tion of online concealment is relaxed, the same method can be
extended to include the subblocks of the blocks to the right and
below of the missing block.

The estimation of motion of the subblocks has a high compu-
tationai overhead which can possibly introduce unacceptabie re-
quirements on decoder. The computational overhead can be re-
duced if the search for displacement of each of the subblocks is
restricted to a set of candidate motion vectors. This is a decoder
option and can be used to trade performance against computa-
tional complexity. The set consists of the motion vector of the
block corresponding to the missing block in the previous frame,
the motion vectors of available neighboring blocks, the median
of the motion vectors of available neighboring blocks, the av-
erage of the motion vectors of available neighboring blocks, and
the zero motion vector [2].

In the second stage of our proposed error-concealment
method, the information around each missing block is used
to refine the initial estimate. This stage is based on a MAP
estimator. We consider a GMRF model with an eight-pixel
clique around each pixel as the image a priori model (see
Fig. 2). The reason for selecting an eight-pixel clique in the
manner shown in Fig. 2 will become clear later. The potential
function of (5) is selected as

i?:.(:lr)——-ZL z IU,J—»AI/) Ixj""l\l) (7)
i o, 1) €

ceC 9

where ¢ is the clique, w; j_.; is the weight assigned to the
difference between the values of the pixel in position (z, j) and
the pixel in its clique at position (k,1) and p(z) = .

Combining the MAP estimator of (3) with the image model
[(4) and (7)], the restoration of missing data eventuates in the
following minimization problem:

X = I’l‘lill z Z Wi, j—k,l /)(.’I,‘,"J' == .If;‘..[) (8)

1,jEMk,l€Ec
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where M is the set of all missing pixels in the frame. Since
p(x) = z? is a convex function, the above minimization
problem yields a unique global solution. In fact, the estimated
value of a pixel is given by

/
;5= E Wikl - Tk E Wi ikt (9

(k,l)EcUc’ (k,l)€Ecuc’

where c is the clique and ¢’ is its complement shown in Fig. 2.

In our adaptive MRF model, the weight corresponding to the
difference between a pixel and one of the pixels in its clique
[wi j—k1 in (9)] is selected adaptively, based on the likelihood
of an edge in the direction of the subject pair of pixels. The ra-
tionale behind this selection is to weigh more the difference be-
tween the pixels in that direction which will cause the values
of the pixels in that direction to get closer to each other. The
likelihood of edges in each of the eight directions is computed
using blocks around the missing block. In this way, the available
information in a larger area is exploited without increasing the
order of the MRF model (which increases dramatically the com-
putational complexity). To determine the likelihood of edges in
each of the eight directions, edges in the blocks surrounding the
missing block whose directions imply that they pass through the
missing block are determined. That is, we first obtain

9z = Tig1,j—1 — Ti-1,j-1 + 2Tiy1
o 2.’171'_1'_,' S -'17i+1,j+1 =y ""'i—l.j—+-1
and
9y = Ti—-1,541 — Ti-1,5-1 + 211?,‘_J‘+1

TV 2.’1,',"1'_1 + Tit1,5+1 — Tig1,5—1

for every pixel in the blocks to the left, right, top, and bottom of
the missing block. The magnitude and angular direction of the
edge at pixel (7, j) are

Gy
G=,/g2+g2 and 0= arctan(‘l—J)
¢ Gz

where ¢ determines if the edge at pixel (i, j) passes through
the missing block. Since there are eight pixels in the clique,
the value of ¢ is rounded to one of the eight directions equally
spaced in the range from 0° to 180°. There is a counter &4
(m = 1,2,...,8) for each of the eight directions. If the ex-
tension of an edge at pixel (4, j) belonging to one of the neigh-
boring blocks passes through the missing area, the counter for
that particular direction is incremented by the amount of G.
Since the employed edge detector is sensitive to the image noise,
the values of ¢,,s, m = 1,..., 8 are compared to a threshold. If
any of them is less than the threshold, it is set to zero.

There are eight pixels in the clique of each pixel, and eight di-
rections for the detected edges. Each pixel in the clique of a pixel
corresponds to a direction. In our proposed method, w;. Gk
is selected based on the edge counter of the direction corre-
sponding to (, j) and (k,1), i.e.,

(10)

Wi j—kil = ﬂ(:m

1125

where /3 is a constant and ¢,,, is the counter corresponding to di-
rection m, and direction mn corresponds to the direction formed
by (i,7) and (k.1). Finally, the second stage of the proposed
error-concealment method can be summarized as follows. 1)
Determine the edges in the neighboring blocks and assign them
to eight equally spaced directions. Compute the counter for each
direction. 2) Use (10) to find a set of weights for each missing
block. 3) Use (9) to obtain an estimate of each missing pixel em-
ploying the weights obtained in the previous step. 4) Iteratively
reestimate the missing pixels using (9) until convergence. Note
that since the cost function is convex, convergence is guaran-
teed.

For intra-coded blocks, the missing pixel values are initially
set to zero and then the MAP estimator, using the adaptive MRF
and the data of the neighboring blocks, is applied. For missing
inter-coded blocks, an initial estimate are obtained using infor-
mation from the previous frame. Estimates of the prediction er-
rors are found using the adaptive MRF model along with the pre-
diction error signals of the neighboring blocks. The estimated
values are then added to the initial estimates. Since the predic-
tion error signal consists mostly of high-frequency components,
the MAP estimation stage (i.e., the second stage) will improve
the video reconstruction quality, especially around the edges.

IV. COMPUTATIONAL COMPLEXITY

The numbers provided below for computational complexity
correspond to a block and subblock of sizes 16 x 16 and 8 x
8, respectively. The computational load of the first stage of the
proposed method consists of those computations required in 1)
estimating the motion, and 2) computing the error of (6). For
motion estimation, we used a spiral search method using an area
of 16 x 16. This requires approximately 197 000 operations. If
the search for the displacement of each of the subblocks is re-
stricted to the set of candidate motion vectors explained in Sec-
tion III, the required number of operation will reduce to 6100.
The number of operations required to find the total error of (6)
for four blocks is approximately 380.

For the second stage, the computational load consists of
those computations required in adapting the weights of the
MRF model, which are approximately 18400 operations for
a missing block, assuming four available neighboring blocks.
The estimation of missing pixels using (9) is an iterative
procedure which, for each iteration, requires approximately 30
operations for each missing pixel. or 16 x 16 x 30 operations
for each missing block. On average, 80 iterations are required
for the algorithm to converge for a block.

Clearly, the computational load of our error-concealment
method is quite reasonable. Our simulation experiments
confirm that the run time of our method is indeed acceptable.
In fact, real-time decoding (e.g., 10 frames/s for QCIF video
sequences) is still possible on a Pentium 300 MHz PC.

V. EXPERIMENTAL RESULTS

Although the method proposed in this paper is general and
can be applied to any block-based video compression method,
H.263 is used as our video coding framework. QCIF (176 x
144) video sequences at a temporal resolution of 10 frames/s are
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Fig.3. PSNR values for image sequence Foreman with 10% GOB missing for

different concealment methods.

coded at 64 kbps and then decoded in the presence of slice/GOB
errors. The size of the blocks is 16 x 16, that of the subblock is
8 x 8.

To simulate the channel errors, the following tasks are
performed. Coded video information is first grouped into
packets, where each video packet consists of the coded data of
a GOB ona slice. The video packets are then multiplexed with
audio information according to the H.223 standard. We used
an H.223 multiplexing simulator which receives video packets,
simulates audio traffic, applies errors to the multiplexed bit
stream according to an error pattern stored in a file, and
outputs the packets [12]. The error pattern that we employed
corresponds to a mobile channel [13]. Burst errors will most
likely not corrupt two consecutive video packet, since audio
packets are inserted between them. The erroneous bit stream
is decoded such that the effect of errors will appear as missing
slices/GOB’s.

For inter-coded blocks, our error concealment consists of ob-
taining an initial estimate of the missing block using informa-
tion from the previous frame, and finding an estimate of the pre-
diction error using the adaptive MRF model. We compare the
performance of the above method with two other methods: 1)
a replacement method, where a missing block is replaced with
the same block in the previous frame; and 2) a median method,
where the motion vector of a missing block is set to the median
of motion vectors of blocks to the left, above and above-right
of it, and the estimated motion vector is used to obtain a mo-
tion compensation block which serves as the concealment of the
missing block. Here, we consider only the case where a GOB is
placed in each of the video packets. Shown in Fig. 3 are the con-
cealment PSNR values for the three methods mentioned above
for the video sequence Foreman with a 10% packet (GOB) loss
rate. As can be seen, for video sequences with a large amount of
motion like Foreman, the performance of the proposed method
and the median method are close to each other, and both are
better than the replacement method. Although the performance
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Fig. 4. An inter-coded frame of the sequence Foreman concealed by the (a)
replacement, (b) median, and (c) proposed methods.

of the above methods is comparable in terms of PSNR, the
video sequences obtained using the proposed method are more
visually appealing than the ones obtained using the other two
methods. Fig. 4(a), (b), and (c) shows the reconstructed video
frame (inter-coded) of the video sequence Foreman. As can be
seen in the images, the replacement method does not generate
good results, especially around the nose area. Moreover, the
concealment result of the proposed method is clearly better than
that of the other two methods.

For intra-coded blocks, we compare the performance of our
method (which consists of estimating the missing block using
the adaptive MRF model) to that of four other efficient methods:
1) a MAP estimator using a nonadaptive GMREF as the a priori
model where each missing pixel is basically set to the average
of the pixels around it, 2) a suboptimal version of the MAP esti-
mator where a missing pixel is set to the median of pixels around
it [8], 3) the deterministic method proposed in [4], and 4) the
deterministic method proposed in [3]. Although there are other
deterministic methods that are likely to outperform the above
two methods, for example, the ones proposed in [6] and [7], we
restrict our comparison to the above two deterministic methods.
In fact, a direct comparison of our method, which is statistical,
to deterministic methods is difficult because of different design
approaches. Our main aim here is to compare our method to pre-
viously proposed statistical methods.

In this experiment, we employ different video sequences and
different packetization schemes. In the first set of simulation
experiments, we assign a slice which consists of one block,
to a packet. Fig. 5(a) shows a frame of the image sequence
Foreman encoded and decoded using an H.263 compliant coder.
Fig. 5(b)—(g), shows (respectively) the same frame: 1) missing
approximately 20% of the packets (blocks), 2) reconstructed
using the nonadaptive GMRF model, 3) using the suboptimal
MRF model, 4) using the method proposed in [4], 5) using the
method proposed in [3], and 6) using our proposed adaptive
MREF error concealment method. Clearly, our proposed method
performs best in reconstruction quality, particularly in retrieving
the edges and in the areas of the frame that correspond to adja-
cent missing blocks.

In the next set of simulation experiments, we assign the coded
data of a GOB, which consists of 11 blocks, to each of the
video packets. Fig. 6(a) shows a frame of the video sequence
Foreman with two missing packets (GOB’s), at approximately
18% loss rate. Fig. 6(b) and (c) shows the error- concealment
result obtained using the nonadaptive GMRF model and sub-
optimal MRF models, respectively. Fig. 6(d) and (e) shows the
result obtained using the methods proposed in [4] and [3], re-
spectively. Fig. 6(f) shows the result obtained using our adaptive
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Fig. 5. A frame from the video sequence Foreman: (a) original; (b) missing
blocks; reconstructed using (¢) a nonadaptive GMRF model; (d) a suboptimal
MRF model: (e) the method proposed in [4]; (f) the method proposed in [3]; and
(g) our adaptive MRF model.

(e) ()

Fig. 6. A frame from the video sequence Foreman: (a) with missing GOB'’s,
reconstructed using (b) a nonadaptive GMRF model; (c) a suboptimal MRF
model; (d) the method proposed in [4]; (e) the method proposed in [3]; and (f)
our adaptive MRF model.

MRF model. By comparing the figures, the superior perfor-
mance of our method becomes obvious. This performance ad-
vantage is demonstrated in the blocks that contain edges. For a
quantitative evaluation, Table I provides the PSNR values of the
above concealment methods (for both packetization cases) for
the video sequence Foreman. The table demonstrates that our
method outperforms the other methods by at least 2 dB.
Finally, we compare the computational complexity of our
method in terms of required number of additions and multiplica-
tions to the methods proposed in [4] and [3]. The total number
of additions and multiplications required for restoring a 16 x
16 block are approximately 4500 and 20 000 using the method
proposed in [4] and our method, respectively. The method pro-
posed in [3] requires approximately 650 000 additions and mul-

TABLE 1
PSNR (dB) COMPARISON OF DIFFERENT
METHODS FOR THE VIDEO SEQUENCE FOREMAN

Method No loss | 20% Block loss | GOB missing
GMRF 32.1 26.3 25.3
Suboptimal MRF 32.1 25.4 23.1
Method proposed in [4] | 32.1 24.3 23.8
Method proposed in [3] | 32.1 25.2 24.1
Adaptive MRF 32.1 28.6 202

tiplications to restore a 16 x 16 block. Therefore, the number
of computations of our method is 4.4:1 larger than that of [4]
and 1:0.03 less than those of [3]. However, our method out-
performs [4] substantially in terms of the quality of the recon-
structed images. This can be seen in Figs. 5 and 6. This quality
improvement justifies, in most applications, the additional com-
putational complexity.

VI. CONCLUSION

This paper introduces a new method of error concealment
for block-based coded video communications over error-prone
channels. The proposed method employs an adaptive MRF
as the image a priori model in a MAP estimation paradigm.
The adaptation enables the estimation procedure to incorporate
more information without increasing the order of the MRF.
The proposed concealment method is able to restore missing
blocks located in smooth and low-frequency areas, as well as
in high-frequency and edge portions of a video frame. Our
concealment method achieves very good computation—per-
formance tradeoffs, and outperforms previously proposed
MRF-based concealment methods.
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