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554 8 Sampling
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Fig. 8.12 Graphical picture of cyclic convolution.

Applications of DFT

The DFT is useful not only in the computation of direct and inverse Fourier
transforms, but also in other applications such as convolution, correlation, and filter-
ing. Use of the efficient FFT algorithm discussed in Sec. 8.3-2 makes it particularly
appealing,.

Convolution

Let f(t) and g(t) be the two signals to be convolved. In general, these signals
may have different time duration. To convolve them by using their samples, they
must be sampled at the same rate (not below the Nyquist rate of either signal).
¥ < k< MN— 1) and gx (0 < k < N2 — 1) are the corresponding discrete
sequences representing these samples, and if

thent c(t) = f(t) = g(t)
ek = fr* gk

in which ¢ is the discrete sequence corresponding to c(t); that is, cx = Te(kT).

Because of the width property of the convolution, cj exists for 0 < k < N1 +
N — 1. To be able to use the DFT technique of cyclic convolution, we must make
sure that the cyclic convolution will yield the same result as the linear convolution.
This means that the resulting signal of the cyclic convolution must have the same
length (N +N—1) as that of the signal resulting from linear convolution. This can
be brought about by adding Nz — 1 dummy samples of zero value to fr and N3 —1
dummy samples of zero value to g (zero padding). This changes the length of both
fr and gi to be Ny + Na — 1. We can now use the FFT to find the convolution
fr * gi in three steps, as follows:

1. Find the DFTs F, and G, corresponding to fr and gk.

2. Multiply F.. by Gr.

3. Find the IDFT of F,.G,. In Chapter 2 we computed f(t) * h(t) numerically for
signals, shown in Fig. 2.24a and 2.24b. The reader is encouraged to perform
this convolution using the DFT (or FFT).

1This follows from the fact that fr = TF(kT), gr = Tg(kT), and cg = Tc(kT). From Eq. (2.79),
¢(kT) = Tf(kT) = g(kT'). Therefore c = fi * gk-

10



8.3 The Discrete Fourier Transform 555

Filtering

We generally think of filtering in terms of some hardware-oriented solution
(namely, building a circuit with RLC components and op amps). However, filtering
also has a software-oriented solution [a computer algorithm that yields the filtered
output y(¢) for a given input f(¢)]. This can be conveniently accomplished by using
the DFT. If f(t) is the signal to be filtered, then F,., the DFT of fy, is found. The
spectrum F;. is then shaped (filtered) as desired by multiplying F,. by H,, where
H, are the samples of the filter transfer function H (w) [Hy = H(rwp)]. Finally, we
take the IDFT of F,. H, to obtain the filtered output yg [yp = %%y(kT)]

S, g,
P R - L1

Fig. 8.13 Filtering f(t) through H (w).

Consider, for example, the problem of filtering the gate function f(t) in Fig.
8.13a through an ideal lowpass filter H (w), as shown in Fig. 8.13b. We have already
found the 32 point DFT of f(t) (see Fig. 8.11d). Next we multiply F,. by H,. To
compute H,, we remember that in computing the 32 point DFT of f(t), we have
used F, = i. Because F, is 32-periodic, H, must also be 32-periodic with samples
separated by i Hz. This means that H, must be repeated every 8 Hz or 167 rad/sec
(see Fig. 8.13c). This gives the 32 samples of H, over (0 < w < 167) as follows:

11



556
No. Tk Fr Hr FrHr vk
0 1.0 8.000 E0 1.0 8.000 EO 9.285 E-1
1 1.0 7.179 E0 Lo 7.179 EO 1.009 EO
2 1.0 5.027 EO 1.0 5.027 E0 1.090 E0
3 1.0 2.331 EO 1.0 2.331 E0 9.123 E-1
4 0.5 0.000 E0 1.0 0.000 EO 4.847 E-1
5 0.0 -1.323 E0 1.0 -1.323 E0 8.884 E-2
6 0.0 -1.497 E0 1.0 -1.497 E0 -5.698 E-2
7 0.0 -8.616 E-1 1.0 -8.616 E-1 -1.383 E-2
8 0.0 0.000 EO 0.5 0.000 EO 2.933 E-2
9 0.0 5.803 E-1 0.0 0.000 E0 4.837 E-3
10 0.0 6.682 E-1 0.0 0.000 E0 -1.966 E-2
11 0.0 3.778 E-1 0.0 0.000 E0 -2.156 E-3
12 0.0 0.000 EO 0.0 0.000 EO 1.534 E-2
13 0.0 -2.145 E-1 0.0 0.000 E0 9.828 E-4
14 0.0 -1.989 E-1 0.0 0.000 E0 -1.338 E-2
15 0.0 -6.964 E-2 0.0 0.000 E0 -2.876 E-4
16 0.0 0.000 EO 0.0 0.000 E0 1.280 E-2
17 0.0 -6.964 E-2 0.0 0.000 E0 -2.876 E-4
18 0.0 -1.989 E-1 0.0 0.000 E0 -1,338 E-2
19 0.0 -2.145 E-1 0.0 0.000 E0 9.828 E-4
20 0.0 0.000 EO 0.0 0.000 E0 1.534 E-2
21 0.0 3.778 E-1 0.0 0.000 EO -2.156 E-3
22 0.0 6.682 E-1 0.0 0.000 E0 -1.966 E-2
23 0.0 5.803 E-1 0.0 0.000 EO 4.837 E-3
24 0.0 0.000 E0 0.5 0.000 EO 2.933 E-2
25 0.0 -8.616 E-1 1.0 -8.616 E-1 -1.383 E-2
26 0.0 -1.497 E0 1.0 -1.497 E0 -5.698 E-2
27 0.0 -1.323 E0 10 -1.323 E0 8.884 E-2
28 0.5 0.000 E0 10 0.000 E0O 4.847 E-1
29 1.0 2.331 E0 1.0 2.331 E0 9.123 E-1
30 1.0 5.027 EO 1.0 5.027 EO 1.090 E0
31 1.0 7.179 E0 1.0 7.178 E0 1.009 E0
Table 8.1

0<r<7 and 25<r<31

1
H.={0 9<r<23
0.

5 r=28,24

8 Sampling

We multiply F, by H, and take the IDFT. The resulting output signal is shown in

Fig. 8.13d. Table 8.1 shows a printout of fi, F;., H,, Yr, and yx.

(O Computer Example C8.2

Filtering can be done on a computer in software, much like it can be done in hardware
(e.g. using op-amps, resistors, and capacitors). However, in software is often much easier
to implement elaborate filters, as we only need to program their equations. We shall look
filtering a square wave. After we compute the DFT, we will filter it with an ideal low pass
filter. We do this by multiplying Fr by Hr, where Hr is the discrete Fourier transform of

the ideal low pass filter.

% This routine generates a square wave as
ftt=0; % Initialize sum of harmonics to

ft=1/2; % Input dc term.

N = 50; % Select the number of sinusoids

T = 0.1; % Select a sampling rate.

% This loop calculates the Fourier series

for t=0:256
for n=0:N

fton=(-1) "n*(1/(2*n+1) ) *cos ((2*n+1) *T*t) ;

ftt=ftt+ftn;
end
Ftn=(2/pi)*ftt;

a Fourier series.
Zero.

to use in the sum.

for a square wave.

12




8.3 The Discrete Fourier Transform 557

ft=[ft Ftnl; % This is the approximation of a square wave at each time.

ftt=0; % Reset the sum of the harmonics.
end
t=0:.1:30; % Recreate the time base.

plot (t(1:length(ft)),ft)

Fr=fft(ft);

£ = (1/T)/256%(0:127);% Create a frequency axis.

w = 2#pi*f; Y Create a radian frequency axis.
magFr=abs (Fr) ;% Calculate the magnitude of FFT.
plot(f,magFr(1:128))J Plot the FFT.

% This section defines the ideal low pass filter.

Hr=[ones ((1/6)*length(Fr),1) ;zeros((5/6) *length(Fz),1)1;
plot(f,Hr(1:128))

% This section multiplies the frequency responses of the signal and the
% filter.

Yr=Fr.*Hr’; % This is the FFT of the output of the filter.
plot(f,abs(Yr(1:128)))

% This section converts the output into time domain.
y=ifft(¥r); % This is the time domain output of the filter.
plot(t(1i:length(y)),y)% Plot the filter output.

end

8.3-2 The Fast Fourier Transform (FFT)

The number of computations required in performing the DFT was dramatically
reduced by an algorithm developed by Tukey and Cooley in 1965.4 This algorithm,
known as the Fast Fourier transform (FFT), reduces the number of computations
from something on the order of N§ to Nylog No. To compute one sample F; from
Eq. (8.12a), we require Ny complex multiplications and Ny — 1 complex additions.
To compute Ny such values (F,. for r = 0,1,--+,Ng — 1), we require a total of NE
complex multiplications and No(Ng — 1) complex additions. For a large Np, this
can be prohibitively time-consuming, even for a very high-speed computer.

Although there are many variations of the original Tukey-Cooley algorithm,
these can be grouped into two basic types: decimation-in-time and decimation-
in-frequency. The algorithm is simplified if we choose Ny to be a power of 2,
although this is not essential. To simplify the notation, let

Wiy, = e~ (27/No) — g=i%to (8.28)
so that -
Np—1
F,=) fiWy, 0<r<Np-1 (8.29a)
k=0
and
1 No—1
fo = N S RWRT 0<k<No—1 (8.29b)
r=0

13




558 8 Sampling

The Decimation-in-Time Algorithm
Here we divide the Np-point data sequence f; into two (%ﬂ)—pomt sequences

consisting of even- and odd-numbered samples respectively, as follows

.fO’fZ’f‘lﬁ T }fNu—%a&f%fS," 'afNo—lJ

"
sequence hj,

sequence g

Then from Eq. (8.29a),

Sp 2oy
Fo= Y W+ Y fopa Wty (8.30)
k=0 k=0
Also, since
Wo = W3, (8.31)
we have
2 8
F.= ) faWE +Wg, Z o1 Wiy
k=0 k=0
=G+ Wy H, 0<r<Nyg-—-1 (8.32)

in which G, and H, are the (22)-point DFTs of the even- and odd-numbered
sequences, gr and hyg, respectively. Also, G, and H,, being the (4) pomt DFTs,

are ( 42)-periodic. Hence
GH_(_Q) G,
H_, oy = =H (8.33)
Moreover,
T+( 3 ) = —jm
Wy, e W, =e "Wy = -Wg, (8.34)
From Egs. (8.32), (8.33), and (8.34), we obtain
Fr+(%a) =G, - Wgy, H, (8.35)

Fig. 8.14 Butterfly.

14



8.3 The Discrete Fourier Transform 559

This property can be used to reduce the number of computations. We can, for
example, compute F;. using Eq. (8.32) for the first (%) points (0 < n < o 1)
and using Eq. (8.35) for the last 42 points:

N, '
F.=G.+WjH 0<r< —2-‘1 = (8.362)
i No
F toy=Cr—WiH 0<r< Fr—dl (8.36b)

Thus an No-point DFT can be computed by combining the two (£2)-point
DFTs, as in Eq. (8.36). These equations can be represented conveniently by the
signal flow graph shown in Fig. 8.14. This structure is known as a butterfly.
Figure 8.15a shows the implementation of Egs. (8.33) for the case of Ny = 8.

The next step is to compute the (%Q)—point DFTs G, and H,. We repeat
the same procedure by dividing g, and Ay into two (%‘l)—point sequences corre-
sponding to the even- and odd-numbered samples. Then we continue this process
until we reach the one-point DFT. Figures 8.15a, 8.15b, and 8.15¢ show these steps
for the case of Ny = 8. Figure 8.15¢ shows that the two-point DFTs require no
multiplication.

To count the number of computations required in the first step, assume that
G, and H, are known. From Egs. (8.36), it is clear that to compute all the N,
points of the F}., we require N, complex additions and %1 complex multiplicationst
(corresponding to Wy H:).

In the second step, to compute the (ﬂzﬂ)—point DFT G, from the ( Ef)-point
DFT, we require %‘L complex additions and %‘1 complex multiplications. We require
an equal number of computations for H,. Hence, in the second step, there are N,
complex additions and %‘1 complex multiplications. The number of computations
required remains the same in each step. Since a total of logy Ny steps is needed to
arrive at a one-point DFT, we require, conservatively, a total of Ny log, Ny complex
additions and (%ﬂ) logy, Ny complex multiplications, to compute the Ng-point DFT.

The procedure for obtaining IDFT is identical to that used to obtain the DFT
except that Wy, = e/(27/No) ingtead of e—3(2m/No) (in addition to the multiplier
1/No). Another FFT algorithm, the decimation-in-frequency algorithm, is sim-
ilar to the decimation-in-time algorithm. The only difference is that instead of
dividing fi into two sequences of even- and odd-numbered samples, we divide f;,
into two sequences formed by the first %‘1 and the last %‘1 digits, proceeding in the
same way until a single-point DFT is reached in log, Ny steps. The total number
of computations in this algorithm is the same as that in the decimation-in-time
algorithm.

8.4 SUMMARY

A signal bandlimited to B Hz can be reconstructed exactly from its samples
if the sampling rate R > 2B Hz (the sampling theorem). Such a reconstruction,

TActually, %‘1 is a conservative figure because some multiplications corresponding to the cases in
which W}\}a =1, 4, etc., are eliminated.

15




560 8 Sampling
Ay
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Fig. 8.15 Successive steps in 8-point FFT.
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8.4 Summary 561

although possible theoretically, poses practical problems such as the need for filters
with zero gain over a band (or bands) of frequencies. Such filters are unrealizable,
or realizable with infinite time delay. Therefore, in practice, there is always an error
in reconstructing a signal from its samples. Moreover, practical signals are not ban-
dlimited, which causes an additional error (aliasing error) in signal reconstruction
from its samples. Aliasing error can be eliminated by bandlimiting a signal to its
effective bandwidth.

The sampling theorem is very important in signal analysis, processing, and
transmission because it allows us to replace a continuous-time signal by a discrete
sequence of numbers. Processing a continuous-time signal is therefore equivalent to
processing a discrete sequence of numbers. This leads us directly into the area of
digital filtering (discrete-time systems). In the field of communication, the trans-
mission of a continuous-time message reduces to the transmission of a sequence of
numbers. This opens doors to many new techniques of communicating continuous-
time signals by pulse trains.

The dual of the sampling theorem states that for a signal timelimited to 7
seconds, its spectrum F(w) can be reconstructed from the samples of F'(w) taken
at a uniform intervals not greater than 1/7 Hz. In other words the spectrum should
be sampled at a rate not less than 7 samples/Hz.

To compute the direct or inverse Fourier transform numerically, we need rela-
tionship between the samples of f(t) and F(w). The sampling theorem and its dual
provide such a quantitative relationship in the form of discrete Fourier transform
(DFT). The DFT computations are greatly facilitated by fast Fourier transform
(FFT) algorithm, which reduces the number of computatlons from something of
the order of NZ to Nylog Np.

REFERENCES

1. Linden, D.A., " A Discussion of Sampling Theorem,” Proc. IRE, vol. 47, pp
1219-1226, July 1959.

2. Bracewell, R.N., The Fourier Transform and Its Applications, 2nd revised ed.,
McGraw-Hill, New York, 1986.

3. Bennett, W.R., Introduction to Signal Transmission, McGraw-Hill, New York,
1970.

4. Cooley, J.W., and J.W., Tukey, " An Algorithm for the Machine Calculation of
Complex Fourier Series”, Mathematics of Computation, Vol. 19, pp 297-301,
April 1965.

PROBLEMS

8.1-1 Figure P8.1-1 shows Fourier spectra of signals f1(¢) and f2(¢). Determine the Nyquist

sampling rates for signals f1(t), f2(t), f£(2), f3(t), and fi(¢)fz(2).
Hint: Use the frequency convolution and the width property of the convolution.

8.1-2 Deterrmne the Nyquist sampling rate and the Nyquist sampling interval for the signals
(a) sinc® (100mt) (b) sinc (100m¢) + 3 sinc? (60mt) (c) sinc (50mt)sinc (1007t).

8.1-3 Prove that a signal cannot be simultaneously time-limited and bandlimited.
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