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9.0

Computation of
the Discrete
Fourier
Transform

INTRODUCTION

The discrete Fourier transform (DFT) plays an important role in the analysis, design,
and implementation of discrete-time signal processing algorithms and systems. The
basic properties of the Fourier transform and discrete Fourier transform, discussed in
Chapters 2 and 8, make it particularly convenient to analyze and design systems in the
Fourier domain. Equally important is the fact that efficient algorithms exist for
explicitly computing the DFT. As a result, the DFT is an important component in
many practical applications of discrete-time systems.

As discussed in Chapter 8, the DFT is identical to samples of the Fourier
transform at equally spaced frequencies. Consequently, computation of the N-point
DFT corresponds to the computation of N samples of the Fourier transform at N
equally spaced frequencies, @, = 2nk/N, ie., at N points on the unit circle in the
z-plane. In this chapter, we discuss several methods for computing values of the
DFT. The major focus of this chapter is a particularly efficient class of algorithms for
the digital computation of the N-point DFT. Collectively, these efficient algorithms
are called fast Fourier transform (FFT) algorithms, and we discuss them in Sections
9.3-9.6. To achieve the highest efficiency, the FFT algorithms must compute all N
values of the DFT. When we require values of the DFT over only a portion of the
frequency range 0 < @ < 27, other algorithms may be more efficient and flexible even
though they are less efficient than the FFT algorithms for computation of all the
values of the DFT. Examples of such algorithms are the Goertzel algorithm,

581
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discussed in Section 9.2, and the chirp transform algorithm, discussed in Section
9.7.2.

There are many ways to measure complexity and efficiency of an implementa-
tion or algorithm, and a final assessment depends on both the available technology
and the intended application. We will use the number of arithmetic multiplications
and additions as a measure of computational complexity. This measure is simple to
apply, and the number of multiplications and additions is directly related to
computational speed when algorithms are implemented on general-purpose digital
computers or special-purpose microprocessors. However, other measures are some-
times more appropriate. For example, in custom VLSI implementations, chip area is
often the most important consideration, and chip area may not be directly related to
the number of arithmetic operations.

In terms of multiplications and additions, the class of FFT algorithms can be
orders of magnitude more efficient than competing algorithms. The efficiency of FFT
algorithms is so high, in fact, that in many cases the most efficient procedure for
implementing a convolution is to compute the transform of the sequences to be
convolved, multiply their transforms, and then compute the inverse transform of the
product of transforms. The details of this technique were discussed in Section 8.9. In
seeming contradiction to this, a set of algorithms (mentioned briefly in Section 9.7) for
evaluation of the DFT (or a more general set of samples of the Fourier transform)
derive their efficiency from a reformulation of the Fourier transform in terms of a
convolution and thereby implement the Fourier transform computation by using
efficient procedures for evaluation of the associated convolution. This suggests the
possibility of implementing a convolution by multiplication of DFTs, where the DFTs
have been implemented by first expressing them as convolutions and then taking
advantage of efficient procedures for implementing the associated convolutions.
While this seems on the surface to be a basic contradiction, we will see in Section 9.7
that in certain cases it is an entirely reasonable approach and is not at all a
contradiction.

| 2 e ]

FOURIER TRANSFORM
As defined in Chapter 8, the DFT of a finite-length sequence of length N is

N-1
XK= % x[H]Ws. k=001 ... N—1, ©.0)
n=0
where Wy = e /"™, The inverse discrete Fourier transform is given by

N=1

1
x[n] =§k2 X[KIWz* n=0,1,...,N—1. 9.2)
=0

In Egs. (9.1) and (9.2), both x[n] and X[k] may be complex. Since the expressions of
Egs. (9.1) and (9.2) differ only in the sign of the exponent of Wy and in the scale factor

12



Sec. 9.1 Efficient Computation of the Discrete Fourier Transform 583

1/N, a discussion of computational procedures for Eq. (9.1) applies with straightfor-
ward modifications to Eq. (9.2). (See Problem 9.1.)

To create a frame of reference for our discussion of computation of the DFT, let
us first consider direct evaluation of the DFT equation in Eq. (9.1). Since x[n] may be
complex, N complex multiplications and (N — 1) complex additions are required to
compute each value of the DFT if we use Eq. (9.1) directly as a formula for
computation. To compute all N values therefore requires a total of N* complex
multiplications and N(N — 1) complex additions. Expressing Eq. (9.1) in terms of
operations on real numbers, we obtain

N-1
X[kl = Y [(Re{x[n]}Re{Wk} — Fon{x[n]}Im{W}Y})
=0

+j(Re{x[n]} Im{WE'} + Im{x[n]} Re{W¥'})], 9.3)
PR e

which shows that each complex multiplication requires four real multiplications and
two real additions, and each complex addition requires two real additions. Therefore,
for each value of k, the direct computation of X[k] requires 4N real multiplications
and (4N — 2) real additions.T Since X[k] must be computed for N different values of
k, the direct computation of the discrete Fourier transform of a sequence x[n] requires
4N? real multiplications and N(4N — 2) real additions. Besides the multiplications
and additions called for by Eq. (9.3), the digital computation of the DFT on a general-
purpose digital computer or with special-purpose hardware also requires provision
for storing and accessing the N complex input sequence values x[1] and values of the
complex coefficients W4'. Since the amount of computation, and thus the computa-
tion time, is approximately proportional to N2 it is evident that the number of
arithmetic operations required to compute the DFT by the direct method becomes
very large for large values of N. For this reason, we are interested in computational
procedures that reduce the number of multiplications and additions.

Most approaches to improving the efficiency of the computation of the DFT
exploit the symmetry and periodicity properties of Wy'; specifically,

1. WhN=m _ pyokn — (ppkoy* complex conjugate symmetry;
2. Wi = WEnt® — wl+Mm perjodicity in n and k.

As an illustration, using the first property, i.c., the symmetry of the implicit cosine and
sine functions, we can group terms in the summation in Eq. (9.3) for n and
(N — n). For example,

Re{x[n]} Re{WK} + Re{X[N — n]}Re{Wi" "}
— (Refx[n]} + Re(x[N — M RWY)
t Throughout the discussion, the figure for the number of computations is only approxima!c. Mul-
tiplication by W9, for example, does not in fact require a multiplication. Nevertheless, the estimate of

computational complexity obtained by including such multiplications is sufficiently accurate to permit
comparisons between different classes of algorithms.

13
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and
s ﬁ;e{x[n]}ﬁ;z{Wﬁf’} — Im{x[N — H]}fﬂe{Wi.[N_"]}
= — (Im{x[n]} — Im{x[N — n]})Im{ Wy

Similar groupings can be used for the other terms in Eq. (9.3). In this way, the number
of multiplications can be reduced by approximately a factor of 2. We can also take
advantage of the fact that for certain values of the product kn, the sine and cosine
functions take on the value 1 or 0, thereby eliminating the need for multiplications.
However, reductions of this type still leave us with an amount of computation that is
proportional to N2. Fortunately, the second property, the periodicity of the complex
sequence WY, can be exploited in achieving significantly greater reductions of the
computation.

Computational algorithms that exploit both the symmetry and the periodicity
of the sequence W' were known long before the era of high-speed digital computa-
tion. At that time, any scheme that reduced manual computation by even a factor of 2
was welcomed. Heideman et al. (1984) have traced the origins of the FFT back to
Gauss as early as 1805. Runge (1905) and later Danielson and Lanczos (1942)
described algorithms for which computation was roughly proportional to NlogN
rather than N2.f However, the distinction was not of great importance for the small
values of N that were feasible for hand computation. The possibility of greatly
reduced computation was generally overlooked until about 1965, when Cooley and
Tukey (1965) published an algorithm for the computation of the discrete Fourier
transform that is applicable when N is a composite number, i.e., N is the product of
two or more integers. The publication of their paper touched off a flurry of activity in
the application of the discrete Fourier transform to signal processing and resulted in
the discovery of a number of highly efficient computational algorithms. Collectively,
the entire set of such algorithms has come to be known as the fast Fourier transform,
or the FFT.

FFT algorithms are based on the fundamental principle of decomposing the
computation of the discrete Fourier transform of a sequence of length N into
successively smaller discrete Fourier transforms. The manner in which this principle
is implemented leads to a variety of different algorithms, all with comparable
improvements in computational speed. In this chapter we are concerned with two
basic classes of FFT algorithms. The first, called decimation-in-time, derives its name
[rom the fact that in the process of arranging the computation into smaller
transformations, the sequence x[n] (generally thought of as a time sequence) is
decomposed into successively smaller subsequences. In the second general class of
algorithms, the sequence of discrete Fourier transform coefficients X[k] is decom-
posed into smaller subsequences; hence its name, decimation-in-frequency.

In this chapter we consider a number of algorithms for computing the discrete
Fourier transform. The algorithms vary in efficiency, but all of them require fewer
multiplications and additions than direct evaluation of Eq. (9.3). We begin in the next
section with a discussion of Goertzel’s algorithm (Goertzel, 1958), which requires

+ See Cooley et al. (1967) for a historical summary of results related to the FFT.
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computation proportional to N? but with a smaller constant of proportionality than
the direct method. One of the principal advantages of Goertzel’s algorithm is that it is
not restricted to computation of the DFT but is in fact equally valid for the
computation of any desired set of frequency samples.

In Sections 9.3-9.6 we present a detailed discussion of FFT algorithms for which
computation is proportional to N log N. This class of algorithms is considerably
more efficient in terms of arithmetic operations than the Goertzel algorithm but is
specifically oriented toward computation of all the values of the DFT. We do not
attempt to be exhaustive in our coverage of this class of algorithms, but we illustrate
the general principles common to all algorithms of this type by considering in detail
only a few of the more commonly used schemes.

In Section 9.7 we discuss algorithms that rely on formulating the computation of
the DFT in terms of a convolution. Finally, in Section 9.8 we consider the effects of
arithmetic quantization in DFT computations.

THE GOERTZEL ALGORITHM

The Goertzel algorithm (Goertzel, 1958) is an example of how the periodicity of tt}e
sequence W' can be used to reduce computation. To derive the algorithm, we begin
by noting that

W!;kn' = ej(anN)Nk = e.in:k = (94)

This is, of course, a direct result of the periodicity of Wy*". Because of E.q. (9.4) we
may multiply the right side of Eq. (9.1) by Wy *¥ without affecting the equation. Thus,

N=1 N=1

X[k] = W Y x[FIWs = 3 x[rIWz*® ", ©.5)

r=0 r=0

To suggest the final result, let us define the sequence

wlnl= Y x[FIWg*""uln—rl. (9.6)
From Egs. (9.5) and (9.6) and the fact that x[n] = 0 for n < 0 and n > N, it follows
that

X[k] = yln] - 6.7

Equation (9.6) can be interpreted as a discrete convolution of the finite-duration
sequence x[n],0 < n < N — 1, with the sequence Wy "u[n]. Conscqucntly, ye[n] can
be viewed as the response of a system with impulse response Wxku[n] to a
finite-length input x[n]. In particular, X[k] is the value of the output when n = N.
A system with impulse response W5 *"u[n] is depicted in Fig. 9.1, where initial
rest conditions are assumed. Since the general input x[n] and the coefficient Wy are
both complex, the computation of each new value of y,[n1] using the system of Fig. 9.1

15
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Discrete-time signal processing continues to be a dynamic and rapidly
growing field with a wide range of applications including speech and data
communication, acoustics, radar, sonar, seismology, remote sensing, in-
strumentation, consumer electronics, and many others. Discrete-Time Signal
Processing, by the authors of the classic text Digital Signal Processing
(Prentice Hall, 1975), is a completely up-to-date, thorough, and coherent
treatment of the fundamentals of this field. Considerable emphasis is
placed on illustrative examples and intuitive interpretation. The authors
include more than 400 carefully prepared problems to help the reader
develop a thorough foundation. in the use of this material.
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