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Chapter 3 Arithmetic for Computers

Multiplication is vexation,
Division is as bad;

The rule of three doth puzzle
me,

And practice drives me mad.

Anonymous, Elizabethan
manuscript, 1570

can use it as a temporary register (see the Hardware Software Interface section on
page 96 in Chapter 2), compilers also abstain from using registers $k0 and $k1 to
make them available for the operating system. Exception routines place the return
address in one of these registers and then use jump register to restore the instruction
address.

Multiplication

Now that we have completed the explanation of addition and subtraction, we are
ready to build the more vexing operation of multiply.

But first let’s review the multiplication of decimal numbers in longhand to
remind ourselves of the steps and the names of the operands. For reasons that will
become clear shortly, we limit this decimal example to using only the digits 0 and
1. Multiplying 1000,,,, by 1001,

Multiplicand 1000¢ep
Multiplier X 1001 e,

1000
0000
0000
1000

Product 1001000+,

The first operand is called the multiplicand and the second the multiplier. The
final result is called the product. As you may recall, the algorithm learned in gram-
mar school is to take the digits of the multiplier one at a time from right to left,
multiplying the multiplicand by the single digit of the multiplier and shifting the
intermediate product one digit to the left of the earlier intermediate products.

The first observation is that the number of digits in the product is considerably
larger than the number in either the multiplicand or the multiplier. In fact, if we
ignore the sign bits, the length of the multiplication of an n-bit multiplicand and
an m-bit multiplier is a product that is n + m bits long. That is, n + m bits are
required to represent all possible products. Hence, like add, multiply must cope
with overflow because we frequently want a 32-bit product as the result of multi-
plying two 32-bit numbers.

In this example we restricted the decimal digits to 0 and 1. With only two
choices, each step of the multiplication is simple:

1. Just place a copy of the multiplicand (1 ¥ multiplicand) in the proper place
if the multiplier digitisa 1, or

2. Place 0 (0 ¥ multiplicand) in the proper place if the digit is 0.

Amazon.com, Inc., Amazon.com Services LLC - Ex. 1026, Page 000012
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Although the decimal example above happened to use only 0 and 1, multiplica-
tion of binary numbers must always use 0 and 1, and thus always offers only these
two choices.

Now that we have reviewed the basics of multiplication, the traditional next
step is to provide the highly optimized multiply hardware. We break with tradi-
tion in the belief that you will gain a better understanding by seeing the evolution
of the multiply hardware and algorithm through multiple generations. For now,
let’s assume that we are multiplying only positive numbers.

Sequential Version of the Multiplication Algorithm
and Hardware

This design mimics the algorithm we learned in grammar school; the hardware is
shown in Figure 3.5. We have drawn the hardware so that data flows from top to
bottom to more closely resemble the paper-and-pencil method.

Let’s assume that the multiplier is in the 32-bit Multiplier register and that the
64-bit Product register is initialized to 0. From the paper-and-pencil example
above, it’s clear that we will need to move the multiplicand left one digit each step
as it may be added to the intermediate products. Over 32 steps a 32-bit multipli-
cand would move 32 bits to the left. Hence we need a 64-bit Multiplicand register,
initialized with the 32-bit multiplicand in the right half and 0 in the left half. This
register is then shifted left 1 bit each step to align the multiplicand with the sum
being accumulated in the 64-bit Product register.

-
Multiplicand
Shift left |«
64 bits
y —>
\./ Multiplier
64-bit ALU Shift right [
32 bits
y
Product _ Control test
Write
64 bits

FIGURE 3.5 First version of the multiplication hardware. The Multiplicand register, ALU, and
Product register are all 64 bits wide, with only the Multiplier register containing 32 bits. The 32-bit multi-
plicand starts in the right half of the Multiplicand register and is shifted left 1 bit on each step. The multi-
plier is shifted in the opposite direction at each step. The algorithm starts with the product initialized to 0.
Control decides when to shift the Multiplicand and Multiplier registers and when to write new values into
the Product register.
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Chapter 3 Arithmetic for Computers

Figure 3.6 shows the three basic steps needed for each bit. The least significant
bit of the multiplier (Multiplier0) determines whether the multiplicand is added
to the Product register. The left shift in step 2 has the effect of moving the inter-
mediate operands to the left, just as when multiplying by hand. The shift right in
step 3 gives us the next bit of the multiplier to examine in the following iteration.
These three steps are repeated 32 times to obtain the product. If each step took a

( Start )

<
<%

\/

Multiplier0 = 1 1. Test

MultiplierO

Multiplier0 = 0

\
1a. Add multiplicand to product and
place the result in Product register

Y Y
2. Shift the Multiplicand register left 1 bit

Y
3. Shift the Multiplier register right 1 bit

:

No: < 32 repetitions

32nd repetition?

Yes: 32 repetitions

FIGURE 3.6 The first multiplication algorithm, using the hardware shown in Figure 3.5. If
the least significant bit of the multiplier is 1, add the multiplicand to the product. If not, go to the next step.
Shift the multiplicand left and the multiplier right in the next two steps. These three steps are repeated 32
times.
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clock cycle, this algorithm would require almost 100 clock cycles to multiply two
32-bit numbers. The relative importance of arithmetic operations like multiply
varies with the program, but addition and subtraction may be anywhere from 5 to
100 times more popular than multiply. Accordingly, in many applications, multi-
ply can take multiple clock cycles without significantly affecting performance. Yet
Amdahl’s law (see Chapter 4, page 267) reminds us that even a moderate fre-
quency for a slow operation can limit performance.

This algorithm and hardware are easily refined to take 1 clock cycle per step.
The speedup comes from performing the operations in parallel: the multiplier
and multiplicand are shifted while the multiplicand is added to the product if the
multiplier bit is a one. The hardware just has to ensure that it tests the right bit of
the multiplier and gets the preshifted version of the multiplicand. The hardware is
usually further optimized to halve the width of the adder and registers by noticing
where there are unused portions of registers and adders. Figure 3.7 shows the
revised hardware.

Replacing arithmetic by shifts can also occur when multiplying by constants.
Some compilers replace multiplies by short constants with a series of shifts and
adds. Because one bit to the left represents a number twice as large in base 2, shift-
ing the bits left has the same effect as multiplying by a power of 2. As mentioned
in Chapter 2, almost every compiler will perform the strength reduction optimi-
zation of substituting a left shift for a multiply by a power of 2.

Multiplicand
32 bits

A

32-bit ALU

|

Product Shift rlght
Write

64 bits f

FIGURE 3.7 Refined version of the multiplication hardware. Compare with the first version in
Figure 3.5. The Multiplicand register, ALU, and Multiplier register are all 32 bits wide, with only the Prod-
uct register left at 64 bits. Now the product is shifted right. The separate Multiplier register also disappeared.
The multiplier is placed instead in the right half of the Product register. These changes are highlighted in
color.
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Chapter 3 Arithmetic for Computers

A Multiply Algorithm

Using 4-bit numbers to save space, multiply 2., ¥ 3., or 0010, ¥ 0011

two two*

Figure 3.8 shows the value of each register for each of the steps labeled ac-
cording to Figure 3.6, with the final value of 0000 0110, or 6,.,. Color is
used to indicate the register values that change on that step, and the bit cir-
cled is the one examined to determine the operation of the next step.

Signed Multiplication

So far we have dealt with positive numbers. The easiest way to understand how to
deal with signed numbers is to first convert the multiplier and multiplicand to
positive numbers and then remember the original signs. The algorithms should
then be run for 31 iterations, leaving the signs out of the calculation. As we
learned in grammar school, we need negate the product only if the original signs
disagree.

It turns out that the last algorithm will work for signed numbers provided that
we remember that the numbers we are dealing with have infinite digits, and that
we are only representing them with 32 bits. Hence, the shifting steps would need
to extend the sign of the product for signed numbers. When the algorithm com-
pletes, the lower word would have the 32-bit product.

Initial values 00171) 0000 0010 0000 0000
1 1a: 1 fi Prod = Prod + Mcand 0011 0000 0010 0000 0010
2: Shift left Multiplicand 0011 0000 0100 0000 0010
3: Shift right Multiplier 0007 0000 0100 0000 0010
2 1a: 1 fi Prod = Prod + Mcand 0001 0000 0100 0000 0110
2: Shift left Multiplicand 0001 0000 1000 0000 0110
3: Shift right Multiplier 00Q0) 0000 1000 0000 0110
3 1: 0fi no operation 0000 0000 1000 0000 0110
2: Shift left Multiplicand 0000 0001 0000 0000 0110
3: Shift right Multiplier 0000) 0001 0000 0000 0110
4 1: 0fi no operation 0000 0001 0000 0000 0110
2: Shift left Multiplicand 0000 0010 0000 0000 0110
3: Shift right Multiplier 0000 0010 0000 0000 0110

FIGURE 3.8 Multiply example using algorithm in Figure 3.6. The bit examined to determine
the next step is circled in color.

Amazon.com, Inc., Amazon.com Services LLC - Ex. 1026, Page 000016



3.4 Multiplication

181

Faster Multiplication

Moore’s Law has provided so much more in resources that hardware designers can
now build a much faster multiplication hardware. Whether the multiplicand is to
be added or not is known at the beginning of the multiplication by looking at each
of the 32 multiplier bits. Faster multiplications are possible by essentially provid-
ing one 32-bit adder for each bit of the multiplier: one input is the multiplicand
ANDed with a multiplier bit and the other is the output of a prior adder. Figure
3.9 shows how they would be connected.

Why is this much hardware faster? The sequential multiplier pays the overhead
of a clock for each bit of the product. This multiplier array of adders does not. A
second reason is this large collection of adders lends itself to many optimizations
to gain further improvements. One example is using carry save adders to add such
a large column of numbers; see Exercises 3.24 and 3.49. A third reason is that it is
easy to pipeline such a design to be able to support many multiplies simulta-
neously (see Chapter 6).

Multiply in MIPS

MIPS provides a separate pair of 32-bit registers to contain the 64-bit product,
called Hi and Lo. To produce a properly signed or unsigned product, MIPS has
two instructions: multiply (mult) and multiply unsigned (multu). To fetch the
integer 32-bit product, the programmer uses move from lo (mf10). The MIPS
assembler generates a pseudoinstruction for multiply that specifies three general-
purpose registers, generating mf 1o and mfhi instructions to place the product
into registers.

Summary

Multiplication is accomplished by simple shift and add hardware, derived from
the paper-and-pencil method learned in grammar school. Compilers even use
shift instructions for multiplications by powers of two.

Both MIPS multiply instructions ignore overflow, so it is up to the software to
check to see if the product is too big to fit in 32 bits. There is no overflow if Hiis 0
for multu or the replicated sign of Lo for mult. The instruction move from hi
(mfhi) can be used to transfer Hi to a general-purpose register to test for over-
flow.
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Mplier1 e Mcand  Mplier0 ¢ Mcand

32 bits $

g

Mplier2 ¢ Mcand

32 bits T~
\

N

Mplier3 ¢ Mcand 1 bit

\

32 bits

\
N

<

1 bit 1

1 bit T~

Mplier3 ¢ Mcand

[oms

N

[
32 bits

Product63..32 Product 31 --- Product2 Product1 ProductO

1 bit

.

FIGURE 3.9 Fast multiplication hardware. Rather than use a single 32-bit adder 32 times, this
hardware “unrolls the loop” to use 32 adders. Each adder produces a 32-bit sum and a carry out. The least
significant bit is a bit of the product, and the carry out and the upper 31 bits of the sum are passed along to
the next adder.
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