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& attemptrng to perform an extensive stress or deflection a .
-ponent. An extremely useful tool in handling d1scont1nuous loadlng 0 .structures‘_s .
- employs- Macaulay ot singularity functions. Singularity functlons are descrrbed in..

the use of singularity functions will be expanded to-show their real: power in handlmg_' :

. »'u'ansmrssmn of force. can be envisioned as.a ﬂow or force distribution that can- be; :

L loadmg of pnsmatlc elements, such'as uniform loadmg, bendmg, ‘and torsron and top-
“ics with major design rannﬁcatrons stich’ as stress concentrations, thm a.nd thrck—walled :
»-"’pressunzed cylinders, rotating . rings, press. and shnnk fits;. thermal stresses curved
beams, and contact stresses

: Equnhbnum

structure—including all of ‘it if desired—that we w1sh to study. A system, under this
.. definition, may consist of a partrcle several partrcles a part of:a ngrd body, an. entlre

'»vsald to be in equilibrium. The phrase static equilibrium is also. used to. imply. that the
- system is at rest. For. equlllbnum the forces and moments acting on the system bal-}
-ance such that : e o

‘which states that the sum. of all force and the sum of all moment vectors actmg upon:,”}

-falhng structurally Altho

terms of load or stres

This. chapter begms wrth a review of: equrlrbnum and free—body diagrams- associ- i
ated with load-carrymg components One must understand the. nature of.forces before :

Sec: 3-3 as’ apphed to the shear forces and bending moments in beams In-Chap. 4,

deﬂectlons of complex geometry and statically indeterminate: problems. -
" Machine components transmit forces and motion from one point to another. The

further visualized by 1solat1ng internal surfaces within the: component Force. distrib-
uted over a surface leads to the concept of stress; stress components, and stress trans-\ -
formations (Mohr’s circle) for all possrble surfaces at'a point. ; o

The. remainder of the chapter is devoted to the stresses associated w1th the bas1c‘\

Eqmllbrlum and Free-Body Dlagrams

The word system will' be used to denote any- zsolated part or. port1on of a machme or. -

ngrd body, or even several rigid bodies. -
If we assume that the system to be studled is motlonless or at'most, has. constant»
veloc1ty, ‘then the system has:zero acceleratlon “Under ‘this. condltlon the system is - :

\(1_351) -

(3—2)} -

a system 1n equrhbnum is zero..
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'EXAMPLE 3-1

e :Solution - First, we will list all mmphfymg assumpt1ons

" -load and Stress:Anolysi_s» | 87 |

‘Free-Body chrgrams

We can greatly sunphfy the analysrs ofa very complex structure or. machrne by suc-

: cess1ve1 ‘1solatmg:each element and: studymg and: analyzmg it by the use of “free-body
'dzagrams When all-the- members ‘have been treated in th1s ‘manner, the. knowledge -

an be assembled to y1eld 1nforrnatron concernmg the behav1or ( f ‘fthe total .-

system Thus, free-body d1agramrmng is essentrally ‘a means of breakmg a, comphcated k.
. problem into manageable segments, analyzmg these srmple problems and then usually,
puttmg the information ogether again.

g fie -body 1agrams for force analys1s serves the followmg nnportant purposes

_; The d1agram estabhshes the d]rectrons of reference axes, prov1des a place to record
the kd1mens10ns of the subsystem and the magmtudes and d1rect10ns of the known '

- forces, and helps i 1n assummg the d1rect10ns of unknown forces. - ‘ ‘
. The dlagram snnphﬁes your thmkrng because 1t prov1des a: place to store one‘
4 thought while proceedmg 1o’ the Text. : ’

B ’{vo The. dragram provrdes a means of cormnumcatmg your thoughts clearl_ “and unam-

biguously to other people

. .Careful and complete constructlon of the dlagram clanﬁes fuzzy thmkmg by bnngmg

~.out various points that are not always apparent in'the statement or. in the geometry of
the total problem Thus, the d1agram aids in understandmg all. facets of the problem 1

« The dlagram helps i in the planning of a 1ogtcal attack on the problern and*ln settmg
up the’ mathematrcal relations.. - ‘ ‘

* The d1agram helps in: recordmg progress in the solutron and 1n 111ustrat1ng the
methods used. . S

. The d1agram allows others to follow your reasomng, showmg all forces

F1gure 3-la. shows a snnpllﬁed rend1t1on of a gear reducer where the mput and output.‘
shafts AB and CD are rotatlng at constant speeds w; and W, respecuvely Theinput and

» _-output torques (torsronal moments) are T; = 240 Ibf « in and T, respecnvel ' The shafts <

are supported in the housing by bearings: at A, B, C, and D. The pitch radii o ‘f ‘gears Gy

- and Gy are v, = 0.75 in'and r, = 1.5 in, respectrvely Draw the free—body iagrams of

each member and. determine the net reactron forces and moments at all ~pomts

1 ,Gears Gl and G2 are srmple spur gears ‘with a standard pressure angle qS = 20°
. (see Sec. 13=5). > ’

e 2The bearings are self-ahgn.mg and the shafts can be consrdered to be s1mply

.‘,lsupported X S ) R
3 ‘The werght of each member is neghg1ble ‘

B 4  Friction is negllg1ble

5“ The mountmg bolts at E; F H, and 1 are the same s1ze

T The separate free-body dragrams of the members are’ shown in: F1gs 3—1b—d ‘Note
- that Newton’s. third law called the law of action and reaction, is, used extensrvely
= ‘where each- member ‘mate
.{ gentral but at the pressure angle qb Thus N F tan (;b

The force transmitted between the spur gear' i

3 not tan-
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(@) Gear reducer » E S o Lo il () Gearbox :

* (c)Mputshaft . ’ (dy Output shaft - -
- e ST s Figu
 Figure 3-1 Freoh
suppor
" | :shown
- (estab]
‘shown

(@) Gear rediicer; (b—_d) free-body didgra.ms. Diagrams are not-drawn-to scale.

Summmg moments about the x ams of shaft AB in F1g 3 1d grves
zM F(O’?S) - 240 =0
F= 320 Ibf - ‘

‘The: normal force is N = 320 tan 200 = 116. 5 lbf :
" Using the equrhbnum equat1ons for Flgs .3<1c and d, the reader should venfy that
Rgy =192 Ibf, Ry, = 699 Ibf, Ry, = 128 Ibf RBz : 466 Ibf; Rcy =192 Ibf, R, =
o :69.9.1bf, RD), =128 lbf RDZ'— 46.6 1bf; and T, 480 Ibf « in. The direction of the
IR . outputtorque T is oppos1te wo because it is the res1st1ve load on the system opposmg :
’ .~ . the motion w,. . i :
Note in F1g 3-1b the net force from the bearmg reactrons is:zero whereas the net‘ :
moment: about the x a)us is s + 0‘ ’5)(192) + (L5 + 0.75)(128) = 720 Ibf - m[»l
* This value is the same as T + T = 240 + 480 = 720 Ibf + in, as: shown in Fig. 3-1a."
The reaction’ forces RE, Ry, Ry, and R; 'from the mountmg bolts cannot be determmed
from the equ111br1um equations ‘as there are to0: ‘many. unknowns Only three equatlons ‘
are available, > F, = Y F, "Z M, =0. In case you were ‘wondering about assumption
, 5, here is where we w111 use it (see Sec‘ ’8—12) ‘The gear box tends to rotate about 2
v the x axis because of a pure torsmnal m o1 ent of 720 Ibf - m The bolt' forces must'

Flgl

Dlstn
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‘Figure 3-2
supported beam with V and M

shown in positive directions

-shown in Fig. 3-3)..

7Figure 3-3
Sign conventmns for bendmg
1 and shear. * - ;

| Figure 3-4

Distributed load on beam,

Free-body dlagram of simply- "~

(established by the conventions

: .Loocltqndtstress‘ A'no|y5is:- : 89‘

_ ’ prov1de an: equal but opposrte torsional moment The center of rotat1on relatlve to the =
< bolts hes at the centroid of the bolt cross- sect1ona1 areas. Thus if the bolt areas are
- equal: the center of rotatlon is at:the .center of the four: bolts, a. d1stance of

(4 / 2) + 5/ 2) =3.202 in from, each bolt; the bolt forces are. equal (RE =Rp.=

‘ :ach bolt force is. perpendlcular to the line from: the bolt to.the:
T ThlS g1ves a net torque from the four bolts of 4R(3 202) 720

: 56 22 lbf : _

Shear Force cmd Bendmg Moments in Beams

L Frgure 3—2a shows a beam supported by reactlons R1 and. Ry, and 1oaded by the concen— ’
- trated forces Fy, Fy, and Fs. 1
- left- hand portion is removed asa free body, an internal shear force’ Vand bendmg moment
..M must act on the cut surface to ensure equﬂlbnum (see Fig. 3-2b). The shear’ force is
obtamed by summing the forces on the isolated section. The bendmg momen ig-the: sum’
of the moments of the forces to the. left of the section taken about an axi

I the beam i is cut at some section: located ax=xp and the

isolated section. The sign conventions used for bending moment and shear force n this

. book are shown in Flg 3-3. Shear force and bendmg moment are related by the equatton

=5 B
Sometimes the bending.is caused by a d1str1buted load q(x), as shown in
_Fig. 3—4 g(x) is called the load: zntenszty with- umts of force per un1t length and 18

 Positiveshear ; Negative shear

q(x)i; e :‘;__ SR s (
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’ " positive 1n the pos1t1ve )
‘ results in- :
Normally the apphed dlstnbuted Ioad'-ls d1rected downward and labeled w. (e g see_;.' :
Fig. 3-6). In this case, w = —gq. e
‘Equations (3-3): and (3=4): reveal._ dd1t10nal relat1ons 1f they are: 1ntegrated Thus \‘ ‘
if we mtegrate betWeen say, X4 and xB‘_ we obtam
J dV:VB. .A”=‘J' gdx . ”(3'5) :
v, .v o % g R ‘ . s
which states that the change in shear force from A to B is equal 10 the area of the S
loading dzagmm between X4 and xp. - R . _ LT
 In a similar manner, ! : : : o '
g I Ly . MB i VAT L
\ J aM = MB MA-f"de""V' S (3—6),
: My , DXy - o N o L
» whlch states that the change in. moment from A to.B is equal to. the area of the shear—_
» force dzagram between xA and Xgit
Tuble 3’-’

Function : G"“Ph of £, (x) Meaning
Smgulanty (Macaulay ) Concentréted | — : o R : —

Functlons SR © " ‘mhoment
' : (unit doublet)

» Concentrated . ‘(:é‘—h)':‘.l'. ; e : ;

force \ CIh L @—a) =400 x=a
7 (unit nnpulse)’ i » | s SRS : Ll :
Gl T e .J(x“a)_ldx:'(x—'a)()‘

Unit step o {x— a)o {0 * < @

1 x=za

. f’(x:—- a)odx = (x = a)li

- P
' j <x._\—ﬁa:‘)lx; ﬁle

: TW H Maeaulay, “Note on: thedeﬂecﬁonof beams Messenger of Mdiﬁehmtz‘es, vol. "48,_pp.‘ 129-130, ‘1‘9‘,19:.? ;



. (3=3) -

(3-4)

.g., See

". Thus;

(3_5): .

- of the

(3-6)

shear-.

c<a
r=a

v

Figure 3-5
(@) Loading diagram for
‘a simply-supported beam.
.| () Shear-force diagram.
I (¢) Bending-moment diagram.

Soiution»

Answer

3-3

" f'The fous s1ngulanty funct10ns deﬁned in Table 3-1, using the’ angle. brackets { ) _

‘all loads on the beam are: accounted for in q(x) The examples that follo

EXAMPI.E 32 Derive the Joading, shear-force,;arldihend_in,.g-'r'noment_ .relati'ons:.forthe beam of F1g 3-5a.

Answer

Answer -

- load qndk‘:S_tress‘Anolzysts ‘ 91

Smgularﬂy Funchons

constrtute a useful and easy means of 1ntegrat1ng across d1scont1nu1t1es By their use,

 general .expressions for ishear force: and bendmg moment in beams can be written

- when the beam'is loade by concentrated moments-Or forces. As shown in the table,

~ the concentrated m ment and force functrons are zero for all values of x not equal to

‘a. The functlons are undefined for Values of x = a. Note that the umt step‘and ramp
»functlons are zero only for values of x.that are less than a. The 1ntegrat10n propert1es :

‘shown i in the table: constitute a part of thé mathematical definition too. The ﬁrst two

1ntegrat10ns of q(x) for: V(x) and Mix) do not require constants of integration prov1ded

these functlons are used S

P

20016 o J00TE . oo
o l : l NN x

N N 10in

30— Jl.

V.(Ibf)

210

®. %
90

M (Ibf+ in)

900
840

@ o

Usmg Table 3— and q(x) for the loadmg funct1on, we fmd
Cg=Rx) - 200(x— 47— 100(x - 10)~ +R2(x— 20)~ Loy

a : Integratmg successrvely glves

= Jqu B R;<x>;° 200(x = 4)° o= 100(x - 10>° + R2<x w 20)" @

M= J Vax = R1<x)1 - 200(x 4y 100<x - 10>1 + Rz<x T 20)1 CE

;NotethatV M Oatx 0

_ The reactions R; and R, can be found by’ taklng a summatlon of. moments and ~
"forces as usual or they can be found by notmg that the shear force a.nd bendlng-
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_ EXAMPLE 3-3

1 Equations ). and (5) yield the reactions R

, Flgure 3-6a: shows the loading: diagram for a beam cantﬂevered at A with'a unlform

moment must be Zero everywhere excep : I;the reg10n O =x =201 in. ThlS means

« that Eq (2) should g1ve V= 0 at> x shghﬂ larger than 20 in. - Thus AR ; S
w-10+r=0 W |

: Smce the bendmg moment should also be zero in the same reglon, we have ffom Eq @ :
| ' 100(20 ~10)=0- . . {8

R1(20) = 200(20 4)

10 lbf and R2 = 90 1bf

‘The reader should. verify that substltutlo__ of the Values of Rl and Rg mto Eqs ' (2) Lo i» T

and (3) yield Figs. 3—-5b ‘and .

load of 20 Ibf/in acting on the portion 3 in=x=<7in,anda concentrated counter-

= clockw1se moment of 240 1bf - in at x = 10-in. Derive the shear—force and bendmg-

» moment relations, and the' support reactlons Ml and Ry.

- Solution

Answers. -

Figure 3-6

1@ -L‘oading‘diagram for"
a beam cantilevered:at A,
(b) Shear-force diagram, -
(¢) Bending-moment diagram.

@ P

o

Followmg the: procedure of Example 3-2, we fmd the 1oad 1ntens1ty functlon to be R

= =Mi(x)” 24 Rl(x)'lf— ZO(x —»3)0 + 20<x =70 = 24o<x - 10)‘2
Note that the 20{x —7)° term was necessary to “turn off” the umform 1oad at C

vIntegraung successwely g1ves

V= —Ml(x)_ + Rl(x)o — 20(x = 3)1 + 20(x - 7)1 ;_ 240(x - 10)"

M= =M+ Ryx) = 100 — 3Y +10(x — Y = 240(x = 10)° | (_'37)'“ =

The reactions -are found by makmg x slightly: larger than 10 1n, where both V and M
- are zero in this region. Noting that (10) 1 =0, Eq (2) w111 then: g1ve :

—MI(O) +Ri(1) = 20(10 = 3) + 20(10 # 7) = 240(0) ——~O

Y

g f— e 70 e
-k : 7in y |
e 3in =20 Ibfn l

VD

. 'b'Stepi
80 : : Ramp:

L M(Ibf-in)
240 1

Pt Sw |

sod .
i

5160 -1 Slope 8101bf m/m ] e P

Figur

'} Stress
“normal t
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 Answer - Wthh y1e1ds R1 = 80 lbf
A R FromEq (3) we get : SRR c
—Ml(l) + 80(10) = 10(10 - 3) + 10(10 7)2 - 240(1) = 0

This means

(4
from Eq. (3),

Answer ‘ wh1ch yrelds M =1 160_ bf - in. : :
AL - show the shear-force -and bendlng-moment d1agrams Note -

(5) “Figures 3-6b and
~that the- lmpulse term: n‘Eq ), __—M(x) and —240(x — 10)7; are phys1cally not
ato Eqgs. (2) ‘forces and are not shown‘ in the V¢ diagram. Also note that both the M ,-and 240 Ibf - in

moments-‘are':eountercloc yise and negative smgulanty funct1ons, however, by the
-convention shown in Fig. D the M; and 240 Ibf - jn are negatrve and pos1t1ve bend—
ing moments, respectlvely, Wthh is reflected in F1g 3 6c.. i L

h a uniform
ted counter-
nd bending-

~3—4 Stress R SR |
' When an 1nternal surface is 1solated asin: F1g 3——2b the net force and moment actmg :
on the surface manifest themselves as force d1str1but10ns ACross: the entire area. The
- force dlsmbutlon acting at a pomt on the: surface is' umque and will have components
in"the normal and tangential directions called normal stress and. tangentzal shear
stress, respectively. Normal and shear stresses are labeled by the Greek symbols o
and , respectively. If the direction of o is outward from the surface it ds. considered
to be a tensile stress and is'a positive normal stress. If o is into the surface itis'a.
compresszve stress and commonly cons1dered to be a negative. quantrty The units ‘of
- stress:in U.S. Customary ‘units -are. pounds per square inch (psi).: For S ' 'n1ts, stress
is 1n newtons per square meter (N/m Y1 N/m 1 pascal (Pa) ’ ‘

stion to be -
10)7% (1)
1 load at C.

107" (2
0 @)
th V and M
S 3-5 Cartesnan Stress Components 4 e
'The Cartesian stress components are established by defining three mutually orthogonal ;
surfaces at a point within the body. The normals to each surface will estabhsh the
" x, y,;z Cartésian- axes. ‘In general each surface will have a normal ‘and shear. stress .
The shear stress may have components along two: Cartes1an axes, For example, F1g 3-7
shows: an infinitesimal surface area isolation at a pomt o'w thm a body where the
‘surface normal is the. x direction.: ‘The normal stress is labeled o The: symbol o
" indicates a normal stress: and the subscnpt x indicates ‘the’ d1rect10n of: the, surface
normal. The net shear stress acting on the surface is’ (’Fx)net whlch can be resolved into
components in'the y and z dJrectlons labeled as 'rxy and sz, respectlvely (see F1g 3-7).

| Figure 3-7 S R

Stress components on surface - RSP )
normal: to'x direction. : : -
St : L ('1',:)mt

I
1)
,I
R
-l
|
!
!
|

L)




Figure 3-8
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(a) General three-dlmensmnal
stress. (b) Plane stress w1th i

“cross-shears”. equal.’

~Mohr’s Clrcle for Plane Stress . | S
" Suppose the dx dy dz element of Fig. 3-8b iscu by'an obhque plarie w1th a normal nat

B

Note that double subscnpts are necessary’ for the shear. The first subscnpt mdrcates'

the direction of the surface normal Whereas the second subscript is the d1rect10n of :

the shear stress. :
The state of stress at a point descnbed by three mutually perpendlcular surfaces

is shown in Fig. 3-8a. It can be shown through coordinate transformation that this i is-
“sufficient to determine the state of stres§ on any surface intersecting the point. As the

dimensions of the cube in Fig. 3-8a approach zero, the stresses on the hidden faces o
‘become equal and ‘opposite to those on the opposing visible faces. Thus, in general

~a complete state of stress is deﬁned by nine: stress components, o, Ty, crz, Txy, Tap '

Ty Tyzs Tows and Tor
For. equ111bnum, in most cases, “cross shears” are equal hence .

Ty sz=,'ryz : sz;= Tvc.b o AT (3_7).‘

Th1s reduces the number of stress components for most. three-d1mens1ona1 states of .

© stress from nine to six quant1t1es, Oy Oys Oy frxy, Ty and: 7.

A very common state of stress occurs when the stresses on one surface are zero:

When' this occurs the state of stress is called ‘plane stress. Figure 3-8b. shows a state
~of plane stress,: arb1tranly assummg that the normal for the stress-free surface is the

z direction such that- O = Ty = Ty = 0.1t s 1mportant to note. that the element in

" Fig. 3-8bis still a three-dlmensmnal cube: Also, ‘here it is. assumed that the cross- -

‘shears are equal such that fryx Txy, and 'ryz Ty = Tog = Ty = 0.

‘an arbitrary angle ¢ counterclockw1se from the x axis as-shown in Fig. 3-9. ‘Here, ‘weare
concerned with the stresses o and 7 that act upon th1s obhque plane. By summmg the'
forces cansed by a]l the su'ess components to zero, the stresses ‘o .and. T are found to be

~ .(3-;8% 4

B lé,—é). |
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; maxmuzes o and g1ves

~ stresses is 90° Equatlon 3= 11) can ‘also be written as :

- 2¢p from Eq (3—10) n;\Eq (3 8).. The result is.

load and Siess Anclyss | 95

Drfferentlatmg Eq (3—8) w1th respect to ¢> and settmg the result equal to €10

27,;; | |
“tan 2¢p - ;—To_—y’ (3—1 0)

Equa’uon (3—10) deﬁnes two partlcular values for the angle 2¢P, one of Wthh deﬁnes
 .the maximum normal stress o ‘and the other the mmlmum normal’ stres . These
two stresses are-called the principal stresses, and the1r corresponding dlrectlons the

principal directions. The angle between the two pnnc1pa1 d1rect10ns is 90° " t’1s 1mpor- ‘

- tant to note that Eq (3-10) can be wntten in the form

Oy ._"O'

——_2——sm 2¢I, 4 COS 2¢>p = O F ‘.: : (o)

‘k Companng thls with: Eq (3-9), we see that 7.=0, meanmg that the perpendrcular'
» su;faces containing prmczpal stresses “have zero shear stresses. '

~Ina similar manner, we: d1fferent1ate Eq (3—9) set the result equal to zero and obtam ‘

0‘ G : .
tan2¢s Tty & o (3—11)_

Equat1on (3-—1 1 deﬁnes the two values. of 2¢; at which the shear stress:r'reaches an’
‘extreme. value. The angle between the two surfaces. contarmng the maxunum shear

oy — oy SRR o ‘
‘—‘——2—cos 2¢>p + 'rxy sin, 2¢>p = 0 Lt {b)
Subst1tutmg thls into- Eq (3 8): y1e1ds E |
S Oyt oy B o 3 2
0 BT TR 12

Equatlon (3=12) tells us that the two surfaces containing the max1mum shear stresses

~also contain equal normal stresses of (o + a'y)/2

- Comparing Eqs (3 10) and (3 11), we see that tan 26 is the negatrve remprocalt

~of tan 2¢p ‘This means that 2(;()& and’ 2¢, are angles 90° apart, and thus. the angles between

the surfaces containing: the: maxnnum shear stresses ‘and the surfaces conta1n1ng the-_
Pnnclpal stresses are £45° ' :
Formulas for the two pnn01pa1 stresses can be obta.med by substltutmg the angle;

- oyto, [fo—o 2‘, et
B
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~ In a similar manner the two extreme-value shear stresses are found to be Figure

o, — 0y \ Molu’s ci
T, Ty = i\[( - 2 y) + 7920» (3-14)

Your particular attention is called to the fact that an extreme value of the shear stress
may not be the same as the actual maximum value. See Sec. 3-7.

It is important to note that the equations given to this point are quite sufficient for
performing any plane stress transformation. However, extreme care must be exercised
when applying them. For example, say you are attempting to determine the principal
state of stress for a problem where o, = 14 MPa, o, = —10 MPa, and 7, = —16 MPa.
Equation (3-10) yields ¢, = —26.57° and 63.43°, which locate the principal stress
surfaces, whereas, Eq. (3-13) gives o; = 22 MPa and o, = —18 MPa for the princi-
pal stresses. If all we wanted was the principal stresses, we would be finished. However,

_what if we wanted to draw the element containing the principal stresses properly ori-
ented relative to the x, y axes? Well, we have two values of ¢, and two values for the
principal stresses. How do we know which value of ¢, corresponds to which value of
the principal stress? To clear this up we would need to substitute one of the values of
¢, into Eq. (3-8) to determine the normal stress corresponding to that angle.

A graphical method for expressing the relations developed in this section, called
Mohr’s circle diagram, is a very effective means of visualizing the stress state at a
point and keeping track of the directions of the various components associated with
plane stress. Equations (3-8) and (3-9) can be shown to be a set of parametric equa-
tions for o and 7, where the parameter is 2¢. The parametric relationship between o and
7 is that of a circle plotted in the o, 7 plane, where the center of the circle is located
at C = (0, 7) = [(o; + 0,)/2, 0] and has a radius of R = V[(0, ~ 0,)/2]> + 75,
A problem arises in the sign of the shear stress. The transformation equations are :
based on a positive ¢ being counterclockwise, as shown in Fig. 3-9. If a positive 7
were plotted above the o axis, points would rotate clockwise on the circle 2¢ in the
opposite direction of rotation on the element. It would be convenient if the rotations
were in the same direction. One could solve the problem easily by plotting positive
7 below the axis. However, the classical approach to Mohr’s circle uses a different
convention for the shear stress.

Mohr’s Circle Shear Convention
This convention is followed in drawing Mohr’s circle:

» Shear stresses tending to rotate the element clockwise (cw) are plotted above the
o axis.

+ Shear stresses tending to rotate the element counterclockwise (ccw) are plotted
below the ¢ axis.

For example, consider the right face of the element in Fig. 3-8b. By Mohr’s circle
convention the shear stress shown is plotted below the o~ axis because it tends to rotate
the element counterclockwise. The shear stress on the top face of the element is plot-
ted above the o axis because it tends to rotate the element clockwise.

In Fig. 3-10 we create a coordinate system with normal stresses -plotted along
the abscissa and shear stresses plotted as the ordinates. On the abscissa, tensile (pos-
itive) normal stresses are plotted to the right of the origin O and compressive (nega-
tive) normal stresses to the left. On the ordinate, clockwise (cw) shear stresses are
plotted up; counterclockwise (ccw) shear stresses are plotted down.
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face, where ¢ = 90, whrch contains oy, and repeat the process to obt i

~ element are Ag:= 90° from each other on the’ element so. they _
© “from: each other on Mohr’s circle. Pomts A and B are the same vertrcal distance from

“the o axis.. “Thus, AB must be on the drameter ‘of the crrcle and the center of the
' circle C:-is where AB intersects the o axis. Wrth points’ A and B en the: cncle, and

2 »ture “Each pomt on the crrcle represents the stress state: for a speczﬁc surf:
“ing the pomt in the structure. Each pair. of pomts on the circle 180° apart represent ’

. Lo‘dd_on‘d »§tress ’Anelys:is.j‘ 97

L L

' O TN (8

Usmg the stress-state of F1g 3 8b we plot Mohr’s crrcle, F1g 3—10 by ﬁrst look-

ing at the right surface of the ¢lement contarmng oy 1o establish the sign of o, and.
the cw or ccw direction- of the shear stress. ‘The rrght face is’ called the x face where

p=0%H o, is posrtrve and ‘the shear stress r,,y is.cow as shown i in F1g 3—8b we-can

establish point A with coordinates (O'x, 5 ) in Fig. 3-10. Next, we look at the top:y
‘ pomt B
or the -
= 180°

with coordinates (ay, 75 as shown in Fig: 3-10. The two states’ of str
vill be

center. C, the complete circle can then be drawn Note: that the extended ends of line-

AB are labeled x and'y as references to the normals to the surfaces for Wthh pomts
- A and B represent the stresses U S

. The entire Mohr’s circle represents the state of stress-at a szngle pom ’1n a struc-
s intersect-

the state of stress . on ‘arn element whose surfaces: are 90° apart Once the circle is

. drawn, the states of stress can be visualized for various surfaces mtersectmg the point
-~ ‘being analyzed For. example, the pnnc1pa1 stresses oy and o, are. po1nts Dand E,

respectrvely, and therr values obv1ous1y agree with Eg. (3 13) We: also see that the
shear stresses. are zero on the surfaces containing g and 0'2 The two extreme value »
hear stresses, one clockw1se and one. counterclockW1se, occur at F and G w1th mag- ‘

mtudes equal to the. radius of the circle: The' surfaces at F and G ‘each also’ contain
"normal stresses “of (o + ay)/Z as noted earher in Eq. (3 12): Fmally, the-state of

stress on an arbrtrary surface located at an’ angle q.’> counterclockw1se from the X face

s pomt H.
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At one time, Mohr’s c1rcle was used graphlcally where it was drawn to scale very
accurately: and values were rneasured:
strictly ‘using. Mohr’s circle. as-a. v1suah

on a-stress.element correctly ahgned with respect to the xy coordinates. Draw another

stress’ element to show (5¢ and Ty ﬁnd the correspondmg normal stresses and label»

the drawmg completely
~(b) Reépeat part a usmg the transformatlon equat10ns only

. (a) In the semigraphical approach used here we first. make an approx1mate freehand o
. sketch of Mohr’s circle and then use the geometry of the ﬁgure to obtam the des1red
" information.” - :
Draw the o and T axes ﬁrst (Flg 3~11b) and from the x face locate o= 80 ‘MPa - '
- along the o axis. On the x face of the element; we see that the shear stress is
50 MPa in the cw dJrectton Thus, for the x face, this establishes point A (80, 50°W) MPa L
‘Corresponding to. the y face, the stress is o =0 and 7 =.50 MPa in the ccw dlrec- :
tion. This locates point:B: (0 50°°%) MPa. The line AB forms: the diameter of the g
= requ:red circle, which can now be drawn, The intersection of the circle with the o axis -
" defines oy and o5 as shown. Now, noting the tnangle ACD, indicate on the sketch the i
- length of the legs AD and CD as 50 and 40 MPa respectlvely The length of the
’ ’hypotenuse ACis :

\/(50)2 + (40 = 64.0 MPa

and thls should be Jabeled on the. sketch too Since 1ntersect10n C is 40 MPa from the :

ongm the principal stresses are now found to be o . -
0’1’— 40+ 64 = 104MPa . and 02 = 40 - 64 = —24MPa o
The. angle 2¢ from the x ams cwW to oy is

26, = tan™ 5 = 51. 3°

o draw the pnnclpal stress element (F1g 3 1ic); sketch the X and y-axes paral- .

lel to the original axes. The angle ¢, on: the stress element must be measured in-the

"same: direction asis the angle 2¢, on the Mohr circle. Thus, from x measure 25. 7°,~~,
(half of 51.3°) clockwise to-locate the 0 axis. ‘The o5 axis is 90° from the 'o; axis
_ and the stress element can now. be- com; 1 ted and labeled as shown Note that there :
are no- shear stresses on this element : ‘ .

" The two maximum shear stresse occur at pomts E and F in Flg 3-11b. The two*

normal stresses correspondmg to these shear stresses are each 40 MPa, as indicated.

Point E is 38.7° cew from point A on. Mohr’s c1rcle Therefore, in Fig.3-11d, draw -
a stress element oriented 19. 3° (half of 38 7°) CCW. from X.. The element should then
kbe labeled with. magmtudes and directions as shown.
; In constructmg these stress elements itis 1mportant to indicate the x and y direc-
tlons -of .the original reference system Thls completes the link ‘between the ongmal;

. machine element and the onentatlon of 1ts pr1nc1pal stresses

ing a scale’ and protractor Here, we are’
n: aid and will use a sermgraphmal L
. approach, calculating values from the pr "pe es: of the c1rcle This ‘is. 111ustrated by B
. the followmg example v anlE t R

A plane stress element has ka"’ 80 MPa ay-— 0 MPa and 'r,,y' = 50 MPa cw, as. shown e
o in Flg 3=1la.. .
(a) Usmg Mohr’s circle, fmd the prmc1pal stresses and d1rect10ns, and show these

- ¢| Figure
! Allstres:
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b) The transfonnatlon equat1ons are programmable From Eq (3 10), TR |

. 1 2T S R 0
ép:am—{( ol ~>=_ltan"»l_(2( > )> ~25.7°, 64. 3°

0,0y 2. 80 -
From Eq (3-8), for the ﬁrst angle (/)p = —k25.7° :

. o+o 80 — ‘
o= 8 5 3 0cos[2( 257)]+( 50) sm[2( 257)]—10403MPa

The shear on this surface is obtamed from Eqg. (3—9) as -

80 Osm[Z( 257)]+( 50) cos[2( 257)]—0MPak

‘rr...'—'_—

Wh1ch confn'ms that 104 03 MPa isa prmc1pa1 stress. From Eq. (3—8) for: ¢p = 64.3°,

- 80 + O 0 0
S + 8 2 cos[2(64 3)] + ( 50) s1n[2(64 3)] = -—24 03 MPa :
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“Answer

Answer

| S Remember that Eqs (3-8) and (3—9) are coordmate transformat1on equat1ons' ‘
. Tmagine that we are rotating the x,.y axes: 19 3° COunterclockw1se and y will now.

-'Subst1tutmg qbp = 64 3° 1nto Eq (3—9) agam ylelds 7= O 1nd1cat1ng that —24, 03 MPak :
' _'fsuch that 0'1 = 73 Thus '0'1

: i‘Smce foriop = 104 03 MPa ¢»P = —25 7° and s1nce qS is- deﬁned pos1t1ve ‘CCW. mff
e the transformatmn equat1ons, 'we rotate clockwise 25.7° for the surface contammg 01 o
= We ‘see in Fig. 3- 11c that thlS totally agrees w1th the sem1graph1ca1 method. -

For ¢, = 19.3°, Eqs. (3-8) and (3-9) yield

“down- and: to the right as shown in F:g 3—11d Thus agam, results agree w1th the {-

- R v Usmg the same logic for the coordmate transformatmn we ﬁnd that results agam aglee ‘
: v’";wrth F1g 3-11d. S L SN

',General Three-DlmenslonaI Sfress

- As in the case of plane stress, a partrcular onentatlon of a stress- element occurs in.

. to the pnnc1pal d:lrecnons and the normal stresses associated: W1th these faces: are the

’ ~pnnc1pal stresses. S1nce there -are.three- face
- three principal stresses o‘l, Ty and o3 For plane stress the stress free surface contams

. the third principal stress which is zero. : ‘

-and 7, and-find the pr1nc1pal stresses and pr1nc1pal directions. But six components :
“of ‘stress are required to- specify a- general tate of Stress in three. drmensmns, and
' "rthe problem of deternunmg the. pr1nc1pal tresses and d1rect10ns is more d1fﬁcult .
‘In design, three d1mens1onal transformahons are rarely performed since most max- :
‘1mum stress states: oceur: under plane stress conditions. One notable exceptlon s
- contact. stress which is not a case of plane stress, where the three principal stresses

nate axes: Here it is most 1mportant to understand the relat1onsh1p among the three

isalsod prm01pa1 stress Once the principal stresses are calculated: they can be ordered% ‘
= 104 03. MPa and 0'2 —':‘—24 03 MPa ‘

~To determine - Ty and 72, we first use Eq (3 11) to calculate qbs
Ve b i ‘wao_y 1_1( h > .
= P AR A R 119.3, 1093° :
_¢;‘ z,tan ( o, ) 7k 2( 50) o

80+0 80 =0

o= 220 B Deos2199)] + (=50) snf219.3)] = 400MPa

80 — 0

e

sin[»2(19.~3)]‘ + (—50) _cos[z(1‘9‘.3)] = '—64;O'MPa._

point up and to the left. So a negative shear stress on the rotated x face W111 pomt.,.’

senngraphlcal method. ,
-For ¢, ='109.3%, Eqs. (3-8) and: (3-9) g1ve o =:40.0 MPa and 7.= +64 0 MPa :

space for whlch all shear-stress components are zero. When an element has-this pai-"
ticular. onentat1on the normals to the faces are: mutually orthogonal and correspond

,’?there are ‘three pnn01pal directions and

o In our studies of plane stress: we were. able to spec1fy any: stress state to ay,. ~

-are given:in Sec. 3-19; In fact all states of stress are truly three—dunensmnal Where' :
they might be’ descnbed one--or- two-d1men51onally ‘with respect to speczﬁc coord1

- | Figur
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principal stresses The process in ﬁndmg the three prmmpal stresses from the six

.- stress- components T ay, Lo Tiys Tyz, and Toes 1nvolves ﬁndmg the roots of the cub1c :
: equatron : :

= (ox+ 0oyt O‘Z)O' + (a‘,,a'y + 0,0, + 0,0, ——»7,2,y =1y r;)o- : (3-15)

-~ (O'xO'yO'z + ZTxyTszu o-xrﬁz : O'yT; ’ o5) =0 RN '

- In plotting Mohr’s c1rcles for: three- d1mensronal stress, the pnncrpal normal
stresses are ordered so that 0y =0, = 073, Then the result appears assin: Fig. 3-12a.
The stress coordinates o, 7 for any: arb1tranly located plane will always ]1e on the

~ boundaries or within the shaded area.

Figure 3-12a also shows the. three prznczpal -shear stresses frl /2. T2 /3 ‘and T /3
Each of these occurs on the two planes, one of which is shown in Fig: 3 12b The

g ﬁgure shows that the prrnc1pal shear stresses ate given by the equatlons

_ ey 0= 0 o -os s
T2 = T s72/3='—“s2\ 2 '71/3\_: N -.(3_—_]6)

Of course, Tmax'-— T1/3 when the: normal prm01pal stresses are ordered (oy > oy > 03)
so always order your principal stresses.. Do thrs in any computer code you generate.

and you’ll-always generate Toax:

,‘Elashc Strain

Normal strain € is deﬁned and d1scussed in Sec 2-1.for. the tensile specrrnen and is
given' by: Eq (2-2) as € = 8/ I, where Bis the total elongat1on of the bar within the _

: length 1. Hooke’s law for the tensrle specrmen is glven by Eq (2—-3) ag .

o=Ee B

’ Where the constant E is called Young ’s modulus or the modulus of elastzczty

- YFor development of ‘this equatron and further elaboratlon of three-dlmensmnal stress. transforrnatrons
. seer Rlchard G. Budynas Advanced Strength and Applzed Stress Analyszs, 2nd ed,; McGraw-Hlll New

York 1999; pp 46——78

. Note the drfference between thrs notatlon ‘and 'that for.a shear stress, say, Ty The use’ of the shllhng

rnark is: not accepted practrce but it is used’ here to: ernphas1ze the dlstmctton
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When:a matenal is. placed in tensron, there ex1sts not only an ax1al stra1n but

- also negative strain (contraction). perpendlcular to the axial strain. Assummg a hnear, o
: homogeneous 1sotrop1c matenal this lateral strain is proport10nal t0 the. axial ‘strain.

- If the axial direction is x, then: the lateral strams are €, = € =-TVE ‘The constant

of proport1ona11ty v is called :Pozsson s ratio; whlch is about 0.3 for most structural‘-‘

o metals. See Table A5 for values of v for common materials.
S If the axial stress is. n"the x drrection, then from Eq (3 17)

Oy , 0',,

Goiml e s e

“For a stress element undergomg T Ty and a'z srmultaneously, the normal strams S

o are g1ven by -

€x [0';; T :V’(O'y + Uz)] :

=1
=5 | |

€= “I’I[O'z - r.(ox + ory)]

Shear straln vy is the change in a right angle of a stress element when subjectedy :

to pure shearstress, and Hooke s law for shear is gtven by

=6y AN (3—20)_.;"

v where the constant G is the shear modulus of elasticity or modulus of rzgzdzty

+ It can.be. shown-for .a’linear, isotropic;, homogeneous materral the three elast1c

constants are related to:.each other by

3-9 -_Umformly Dlstrlbuted Stresses

The -assumption- of a uniform d1stnbut10n of stress ‘is frequently made in des1gn The"“ ‘
_result is then often called pure tension, pure compresszon, or pure ‘shear, depending
“upon how the external load is applied to the’ body under study The word simple'is ..

. sometimes used instead of pure to indicate that there are no other. comphcatmg effects.

. The tension rod is typ1ca1 ‘Here a tension load F is applied: through pins at the: ends ;
rof: the bar. The. assumption of uniform stress- means that if we cut the bar at a section -

remote from the ends and remove one piece, we can. replace its effect: by applymg a

- uniformly distributed force of magmtude oA to the cut end. So- the stress ois: sald* :

to be umformly d1str1buted Itis calculated from the equat10n
: ’5"‘F

This assumptlon of um.form stress d1str1but10n requlres that

. 'Ihe bar: be stralght and of a: homogeneous materral

. The line of actlon of: the orce contams the centrord of: the section

.. The sect10n be taken remote from the ends and from any. d;lscontmu:tty o abrupt;

change in cross sectron

'4.

; ‘. Figuﬁ

| Straight

bending



ain, but

A ﬁnear,
1 strain.
zonstant

tuctural

{3-18) ‘

J strains

(3-19)

ubjected

(3200

.

Ca21)

sign.v The
epending -

simple is

g effects,

the ends
a ‘section

_ pplying a’

o is said

(3-22)

or abrupt

e elastic

Lood ond Stress Andly31s 103 e

- For snnple compressron, Eq (3—22) is: apphcable with F normally bemg consrd— e

- ered anegative. quantity. Also, a slender barin compressron may fail by buckhng, and

thrs possrbrhty must be- ehrmnated from consrderauon before Eq. (3-22) is used ‘
Another type- of loading that- assumes a umformly drstrlbuted stress is known as -

direct shear. “This oceur hen there is a sheanng action. with no bendmg An example :

“is the: action on 2 plece of sheet metal caused by the two ‘blades of tin smps Bolts and -
~pins that are loaded in shear often have. direct shear Thmk of a cantilever. beam wrth a

. force pushmg down on it. Now. move the force all the way up to the: Wall $0 there isno.

o bending moment; just a force trying to shear the beam off the wall Th1s is drrect shear

| Figure 3-13

Straight beam in positive
bending.

- Drrect shear 1s usually assumed to: be umform across the cross sectlon and is grven by ;

L R ( 3

. where V is the ‘shear force: and A is the area of. the cross sectlon that 1s bemg sheared‘ )

“The assumptron of uniform. stress is not accurate, partrcularly in the: v1c1n1ty where
‘ the force is applied, but the assumptlon generally gives acceptable results

Normal Stresses for Beums in Bendmg

"The equatlons for the normal bendlng stresses in strarght beams are based on the fol-

' lowrng assumptlons '

* The: beam is sub]ected to- pure bendmg Thrs means that the shear force is zero, .
and that no torsion-or axial loads-are. present (for rnost engmeenng appllcatrons it
is assumed that.these loads affect the bendmg stresses mlmmally)

« The material is 1sotroprc and homogeneous LEE RN
* The matenal obeys Hooke’s law..

The beam is mltlally st:rarght w1th a Cross sectlon that 1s constant thro I hout the
beam length. ;

The beam has an axis of. symmetry in the plane of: bendlng

The proportlons of. ,the beam are such that it would. fall by bendmg rather \than by 5
crushlng, Wrmkhng, or -sidewise bucklmg ' -

Plane cross sections of the bearn remam plane dunng bendlng ‘

In Fig: 3-13 we visualize a poruon of a strarght beam acted upon by & posrtrve

- bending moment M shown by the curved arrow showmg the phys1cal act1on of the

moment together ' w1th a straight, double-headed arrow indicating the moment vector.

* The x axis’ 1s comcrdent w1th the neutral axis: of the sectron, and- the Xz plane ‘which

k3SéeSec.4;-‘—’.1>‘lj: o e : : R - o r“‘
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Figure 3-?] 4

Bending stresses according

to Bq. (3-24).

EXAMPLE 3-5

Solution .

.contains the neutral axes of a11 cross ‘sections, is called the neutral plane Elements of the
‘beam coincident with this plane have zero 'stress. The locauon of the- neutral axis ‘with -

s _given by e ‘ : , : E-
SRR _ o My S (3-24) |
where I is the second-area moment about the z axis. That is, _
1= Jysz. UL e (‘:3;25)' £,

Equatlon (3—24) can still. be used to ascertain whether Tmex is. tens11e or compresswe.
* where Z = I/c is called the section modulus.

- ing:moment of 1600 N * m; ‘about the negatlve Z axis,’ that causes tension-at the top surface.
. Locate the: neut:ral ax1s and ﬁnd the maxnnum tensﬂe and compresswe bendmg stresses

. Dividing the T secuon mto two rectangles numbered 1 and 2, the total area is A
~ _»12(75) +: 12(88) 1956 mm Sumrmng the afea moments of these rectangles about
 the top edge, where the moment arms of areas 1 and 2 are 6 mm and (12 + 88/2)

\centr01da1 axis. Usmg Table A—-18 we ﬁnd for the top rectangle

Flgure 3

Dunensmns S

Neuttai:a)ds,v‘(:entroidal.axis k

Tensxon

respect to the cross section is coincident with the centrozdal axis of the cross section. L
The bendmg stress vanes linearly w1th the dlstance from the neutral ax1s >, and-

The stress distribution given by Eq. (3—24) is shown in F1g 3-14. The maximum magm- o

tude of the bending stress will occut where y has the greatest magnitude. Des1gnat1ng Omax

as the maximum magmtude of the bending stress, and c as the maxlmum magnztude of y:‘ ‘
_ SR : - Mc

amx=~—1— EETICIn (3—260,)‘

Equatlon (3—-26a) is often wntten as ’

O-max

N[R

(3226h)

A beam. havmg aT secuon w1th the dnnens1ons shown 1n Flg 3-151s subJected to a bend- N

56 mm respectlvely, we. have
1956c1 12(75)(6) + 12(88)(56)

and hence cl = 32.99 mm. Therefore 02 = 100 —32:99 = 67.01 mm. :
‘Next we ‘calculate the second" moment of ‘area of each rectangle about its. own -

[ _bh - _(75)123 1080 X 104



7. ‘load o_nd: Stres‘suAnol\:/sis_!‘:f § 105 s

Figure 3-15

.| ‘Dimensions-in milliméters.

Lo
3-of the %
is with - b
tion; i N ,
Vs and ’ j |
oA
(3-24) | o
X For the bottom rectangle, we have :
(3-25). | k TR ‘ | L= (12)88 6815 >< 10
magni- ' k o L We now employ the parallel-axis theorem to obtam the second moment of area. of the
0g O~ E _ ST k composrte ﬁgure about its own. centr01da1 ax1s Th1s theorem states
te‘:(,) 7 I, —Ica+Ad2 _ ‘
(3-26a] Where I, is the second moment of area, about its own centrmdal axrs and I is the
Lo - second moment: of area _about any parallel ax1s a drstance d removed For the top
resswe. rectangle the d1stance is : : S :
LR d1—3299—6 2699mm
(3_—26b) \

--and. for the bottom rectangle,

d2—6701—878~—2301mm

abend- Usmg the parallel—ams theorem for both rectangles ‘we now. find that

surface. I= - [1.080 X 10* + 12(75)26 992] + [6. 815 X 105 + 12(88)23 012]
Tesses. -
S ~1907><106
isA = » : :
35 about Fmally, the maximum- tens11e stress wh10h occurs at the: top surface is. found to be -
8/2) = \ Mo, 1600(3299)107% o
e “Answer. Ce=Tts ——)6— = 27 68(106) Pa = - 27. 68, MPa
s SRRy I 1.907 (10 ). : T
' S1m11ar1y, the max1mum compresswe stress at the lower surface is found to be
its ‘own ‘ ' :

: ‘ R ~f _3
Answer o MC2 k 1600(67 01)1’0
Sipite T T 1907107

?—’56.22(10?) Pa =",—5‘6;2’2 MPa X

iRl
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S

EXAMPI.E 3—6

Figure 3-16

(a) Beam loaded-in two-
planes; (b) loading and
‘bending-moment diagrams
" in xy-plane; (c) loading and
bending-moment diagrams
inxz plane. i

'Two-Plane Bendmg

* Quite often, in mechamcal des1gn bendmg occurs in both:xy and xz planes Cons1der1ng k
cross sections: W1th one.or two planes of symmetry only, the bendmg stresses are g1ven by‘»i "

M z
:."Iz ST

'Where the first term on the nght s1de of the- equat10n is 1dent1ca1 to Eq (3—24), M, 1s~' o
-the bendmg moment in the xz plane (moment vector in y: direction), z is the d1stance= S

sz -

,O'J::',—

from the neutral y ams, and Iy is the second area moment about the y axis.

For noncircular cross sectlons, Eq.. (3—27) is-the superpos1t1on of stresses caused
by the two bendlng moment components. ‘The ‘maximum: tensile and compresswe o
bendmg ‘stresses: occur where the summation gives the greatest pos1t1ve ‘and negat1ve
_stresses, respectlvely For: solid: circular cross sections, “all lateral ‘axes are the same
“and the plane containing the moment correspondmg to the vector sum of M, and M
contains’ the maximum bending stresses. For a beam of diameter d the max1mum |
 distance from the neutral axis is d/2, and from Table A-18, I= mwd*/64. The max1—- R
mum bendlng stress for a. solid circular. cross. sectlon is then : - o

Mc (M5 + MYdf2)

I o md*/64

- As shown in Fig. 3-16a, beam OC is loaded in the xy plane by -a umform load of
50 1bf/in, and in the xz plane by a concentrated force of 100 Ibf at, end C. The beam .

is 81 in long

50 ]bf/in

©1001bf

075im.

i (@
1001bf -

800 Ibf-in

- 10016f

.y

. 501bffin -

My

1400 1bf

‘(1bf-in)‘ s

( HHHHHHHH_x

. +.:1600 Tbfin;,

®




ring

n by

=27)

M, is

fance

msed

issive

sative

same

W M,
- imum

maxi- .

13-28)

_ oad of

» beam

£ Sblution .

Lood cmd Sttes’s‘.Andlysis Al '|07 )

() For. the cross sectron shown determme the maxrmum tensﬂe and compresswe[

. bendmg stresses ‘and Where they act.-

(b) If the cross: sectron wasa solid circular rod of drameter d =1, 25 in,. determme‘

‘ .the magnrtude of the max1mum bendrng stress

(a) The react1ons at 0 and the bendmg—moment diagrams in the xy and:xz’ planes are
shown in Fig .3—1617 and c, respectrvely The maxrmum moments in both planes occur, o

at. O Where S

(Mz)o -.———(50)82 =_}'—1600 lbf—m i (My)o’: 100(8) = soo bbfin

e The second moments of area m both planes are .

- Answer.

~ Answer

Answer

7= ——(o 75)1. 53 = 02109 in* §e —~——(1 5)0 753 = 005273 in*

B The maxrmum tensrle stress occurs “at pomt A, shown 1n Frg 3 16a, where the max- . .
- imum ‘tensile stress is due to both moments At A yA =:0. 75 in and 74 = 0 375 in,
P Thus from Eq (3—27) ' .

—1600(0. 75) 800(0. 375)
0.2109-: : 0. 05273 '

’ (a,‘c)A = 11 380 psi= 11 38 kpSl

The maxrmum compresswe bendmg stress occurs at. pomt B where g = '-—0 75 1n_k '
'and zB -—0.375 in. Thus

- —1600(— 075) _;_800(—0.375)"
02109 0.05273

b) For a solid cxrcular CIoss. sectron of drameter, d= 1 25 1n, the maxrmum bendmg
stress at end 0 is given. by Eq (3-28) as g

o2
(1 25)3

11 380 ps1 = -—11 38 kps1

(@) =

[8002 + (= 1600)2]1/2 = 9329 p31 9 329 kps1

TR T R TINT % i Y

‘Beams w:th Asymmemcal Sechons

~ The bending stress equations, given by Eqs (3—-24) and (3—27) can: also be applred
o beams having asymmetrrcal cross sections, prov1ded the planes of bending: comcrde

with the area principal axes of the section: ‘The method for determining the. onenta— \

" tion of the area’ prmcrpal axes and the values of the correspondmg prmczpal second-

area moments. can be found in- any statrcs ‘book. Ifa section has: an axrs of symrnetry,

*“that axis and its perpendicular axis are. the area. pnncrpal axes.

For example, consider a beam in bendrng, using an equal leg angle as. shown in

- Table A—-6 Equatlon (3—27) cannot be used if the bending moments are: resolved about
,axrs 1-1. and/or axis 2-2. However Eq. (3—27) can be used if the moments arg resolved;

» about axrs 3—3 and its: perpendrcular ams (let us- call it; ‘say, axis- 4—4) Note, for th1sr .

IR

\ “HFor further drscussron, see Sec 5 3 Rlchard G. Budynas Advanced Strength and Applzed Stress Analyszs,
~ 2nd-ed. McGraw-H111 New York 1999 , « ‘
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3-11
. Most beams have both shear forces and bending moments present. It is only occasion-

L ally that, we encounter beamis subjected to pure bending; that is to say, beams havmg
- zero shear force. The flexure formula is.developed on the assumption of pure bending.

‘k cross. section, axis 4—~4 is an axis of symrnetry Table A—6 isa standard. table, and for_ \"
: brevrty, does not: dlrectly give all the information needed to use it. The orientation of

+45° from- axrs 1-1, and 12_2‘ = Il_ _The second-area moment I3_3 1s ‘given by ’

‘a Cross sect1on 1s mvanant 50 11_1 + I2_2 = 'I3

- the same normal bendmg-stress drst:rlbuuon [Eqs (3—24) and (3—26)] When shear~

' shear force V and a bendmg moment M at x..Because of external loadlng and V, the

- moments. If dM is positive, with the bendlng moment increasing, the stresses on the:

. the net force in the x d1rect10n will be: drrected to the. left w1th avalue. of

o stress T where if' assumed umform the force 1 is-th dx. Thus

B ‘In this equatlon the mtegral is the ﬁrst moment of the -area A’ W1th respect to the
: neutral ax1s (see Frg 3~ 17c) Th1s 1ntegral is- usually des1gnated as 0. Thus

the area principal- axes and the values of L., I3_3, _and 1,4 are not given because they §
canbe deterrmned as follows Smce the legs are. equal ‘the principal axes ‘are oriented. i

he=dGen? )

e sum: of the second—area moments forf‘t ;
3t Lis. Thus, LM is glven by ‘

where. k3_3 is called the radlus of gyratzon '

I4~4*211 1“133_;“ R i

where L,= IH For example considera 3 X3 X i a:ngle Usmg Table A—6 and Eqs , R

.| Figure
: (a)and(b),l33—144(0592) = 0.505 in’, andI4_4—2(124)——0505—1981n i B R
A " | Beam secti
‘ i Note: Only
: Shear Sl'resses for Beams in Bendmg direction o

This is done, however, to eliminate the comphcatmg effects of shear force in the
development of the formila. For engineering purposes, the flexure formula is vahd o
no matter whether a shear force. is present or not. For this reason, we: shall utrhze

forces are also present.
~In Fig. 3-17a we show a beam segment of constant cross section subjected to a‘

shear force and bending moment change with respect to x. At x + dx the shear force-~
and bending motent are V. + dV and M + dM, respectively. Consrdenng forces in-
the x direction only, Fig. 3-17b shows the. stress distribution crx due to the bendlngf

right face, for a given value of y, are larger in magmtude than the stresses on. the left
face. If we further isolate the element by makmg a slice aty = y; (see F1g 3-—17b) :

A ‘

J' (am )y
I

b4

7

as shown in the rotated view of Fig. 3—17c ‘For equilibrium, a- shear force on the.
bottom face, directed to the right,.is requrred ‘This shear force grves 1ise to a shear

dex—»f.ldﬂf)yA“ . N {a)
) . yl : B ) N : s L

The term aM. / I'can be removed from’ it hin the 1ntegral and bdx placed on. the right
side of the equatlon, then, from Eq.'-(» fS)’w1th V dM /dx Eq. (a) becomes l :

""r?-'.'=.iilfydA ; r‘ ok -(3‘*29)

o Q J'c)’dA*yA" L B

N
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[
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“Figure 3-17
Beam section iSolation.
Note: Only forces shown inx

direction on dx element in (b):

Subsututmg this value for Q 1nto Eq (3—31) glves _

©

where, for the isolated area y; to'c, ¥ is the distance in the y direction from the

: neutral plane to.the centro1d of the area A’ Wlth th13 Eq (3-29) can ‘be Wntten as

v KX e
T_ b _"(33”-

This stress is known as the transverse shear stress It 1s always accompamed with

- bending stress.

In using this equation, note that bis the w1dth of the: secuon ‘at. y = y1 Also I
is the second moment of area of the entire section about the neutral ax1s
" Because cross shears are equal, and area A! is finite, the shear ‘stress T g1ven by‘ .
Eq. (3-31).and shown on area A" in Fig. 3-17¢ occurs only aty = i The shear stress
on the lateral area varies with y, normally maximum at'y = O (where \ y.‘A’ s’ max1—
mum) and zero at the outer fibers of the beam. Where Al =000
The shear stress distribution in a beam depends on how- Q/ b Varles as a funcuon
of y. Here we will show how to determine the shear stress dlstnbuuon for'a beam with
a rectangular cross: section and provide results of maximum Values of shear’ stress for

" other standard cross sect10ns Figure 3—18 shows a portion of a beam with a rectangu-
lar cross. section; subjected to'a shear force: % and 2 bending moment M. As a result of

the bendmg moment a. normal stress o is developed on a Cross: sectron such as A-A,

-which is in compression above the neutral axis and in tens1on below. To 1nvest1gate the.
~ shear stress at‘adistance y; above the neutral axis, we select an element of area dA at

a distance y above the neutral axis. Then, dA ='b dy, and so Eq (3—30) becomes

re ; b 21e b . : »
Sn S yl . il .

B2l

@b pa

. ThlS is the general equatron for shear stress 1n a rectangular bearn To learn somethmg
- about i, Tet us make some substitutions: From Table A-18, the second moment of area’
: for a rectangular section - 1s I = bh3/ 125 subst1tut1ng h = 20 and A = bh = 2bc gives -

I“ AC. »‘ ~.; : : ; ‘, (C)
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Figure 3-18

Transverse shear stresses in a
rectangular beam.

If we now use this value of I for Eq. (3-32) and rearrange, we get

2
7= i‘1(1 - X%) (3-33)

2A C

We note that the maximum shear stress exists when y; = 0, which is at the bending
neutral axis. Thus

3v

Tmax = 24 (3-34)

for a rectangular section. As we move away from the neutral axis, the shear stress
decreases parabolically until it is zero at the outer surfaces where y; = *c, as shown
in Fig. 3-18c. Horizontal shear stress is always accompanied by vertical shear
stress of the same magnitude, and so the distribution can be diagrammed as shown
in Fig. 3-18d. Figure 3-18c shows that the shear 7 on the vertical surfaces varies
with y. We are almost always interested in the horizontal shear, 7 in Fig. 3-18d, which
is nearly uniform over dx with constant y = y;. The maximum horizontal shear occurs
where the vertical shear is largest. This is usually at the neutral axis but may not be
if the width b is smaller somewhere else. Furthermore, if the section is such that b
can be minimized on a plane not horizontal, then the horizontal shear stress occurs
on an inclined plane. For example, with tubing, the horizontal shear stress occurs on
a radial plane and the corresponding “vertical shear” is not vertical, but tangential.
The distributions of transverse shear stresses for several commonly used cross
sections are shown in Table 3-2. The profiles represent the VQ/Ib relationship, which
is a function of the distance y from the neutral axis. For each profile, the formula for
the maximum valoe at the neutral axis is given. Note that the expression given for
the I beam is a commonly used approximation that is reasonable for a standard I beam
with a thin web. Also, the profile for the I beam is idealized. In reality the transition
from the web to the flange is quite complex locally, and not simply a step change.

Table <

Formula
Transve

from V¢
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‘: Table 3—2

Formulas for Max1mum
Transverse: Shear Stress
|l fomvo/m -

= “| " Structural T beam (thin-walled).
- iCircular e SRR s

It is significant to. observe that the transverse. shear stress in each of these com—

.. mon cross sections is maximum on the neutral axis, and zero on the’ outer ‘sutfaces.
Since. this is exactly the opposite of ‘where. the bending and tors1onal stresses have
their: maximum and: minimum values, the transverse shear stress 1s often not cr1t10al s
from a design. perspective. w0 R

- -Let'us‘examine. the sngmﬁcance of the transverse shear stress usmg a ;

ple a cantilever beam of length L, with rectangular cross section b X i, loaded at the
free ‘end with a transverse force F. At the wall ‘where. the: bending moment .is the
largest, at a distance y from the neutral axis, a stress element will: mclude both bend-

(3-33) “ing stress and transverse shear stress. In Sec. 54 it will be shown thata: good rneasure_
S of the combined effects of multiple stresses on a stress element is the ‘maxinium. shear
ie bending’ stress. Inserting the bendmg stress (My/I) and the transverse shear stress: (VQ/I_b) into

the maximum shear stress equation, Eq. (3-14), we obtain a general equat1 for the

SR : maximum shear stress in a cantilever beam with a rectangular cross section. This-

334 B L equation can then be normalized with respect to L/k and y/e, where cis the_dlstance
: o from the neutral axis to: the. outer surface (h/ 2), to glve : :

hear stress' - | , v N2 S
~,asshown ~ f. . R 3 Tmax: <“> it 7'2“ th \/4(L/h) (}’/C) + [1 - (}’/C) ]2 - {d)
qcal shear & e , A
| as shown . § R ’ T To 1nvest1gate the s1gn1ficance of transverse shear stress we plot Tmax as'a fune--
aces varies - .. tionof 'L/h for several values of y/c, as shown in Fig. 3-19. Since F and b appear
18d, which & . © = only as linear multipliers outside the radical, they will only serve to scale the plot in
sear occurs < § R T _the vertical direction without -changing' any ‘of the relat10nsh1ps Not1ce that 4t the
nay not be - k neutral axis where y/ ¢ =0, Tyax is constant for any length beam, since the bend:lng
such that b . § , stress is zero at the ‘neutral axis and the transverse shear stress is 1ndependent of L:
ress occurs - : _ ~On the other hand, on the outer surface ‘where y/¢ = 1, Ty 1ncreases hnearly w1th
s.occurs on.. & ( = S < L/h because of the bending: moment. For y/ ¢ between zero and one, Ty, is nonhnear
angential. @ o oy - for low values of L/h, but behaves hnearly as L/h increases, dlsplaymg the dominance
used cross ) . el L of the bending stress as the moment arm increases.’ We can see from the graph that
ship, which ' v B . the critical stress element (the largest value of Tonax) Will always be’ erther on the outer
- formula for ‘ - .. = surface (y/c = 1) or at the neutral axis. (y/ = 0) and never between. Thus, for-the.
n given for - & PR - rectangular cross secnon the trans1t10n between these two locatlons occurs at L/h-= 0.5
jard I beam ' A . - where the line for y/ ¢ =1 crosses the horizontal line for y/c = 0. The: cr1t1cal stress”
1 transition - e S oo elefnent is either on the outer surface: where the transverse shear i is. zero, or if! L/ his

:p change. S o small enough 1t 1s on the neutral a‘x15 where the bend1ng stress is zero

e . . . . i SRR
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Figure 3-19

Plot of ma}dmum shear
stress for a cantilever beam;
comibining the effects of
bending and transverse
shear stressesi

EXAMPLE 3—7-; ;

“Solution

Tmax (NIPa)

" pared to the bendmg stress at any pomt w1th1n the cross secnon

- the left support, as shown in Fig. 3-20a. The beam is an I beam with the cross- sect10na1

At the critical axial location along the beam, find the following. mformatlon

“since ‘the. beam length to height rat10 is: much Tess than 10, and since the thm web ,

1400 =1

1200 ,;_,ngnﬁnnu._“rﬁ IR

1000

800 =

600

400

200

The conclusions drawn from Fig. 3—19 are generally similar for any cross section
that does not increase in width farther away from the neutral axis. This notably
includes solid round cross sections, but not I beams or channels, Care must be taken'
with I beams ‘and: channels that have thin. webs that extend far enough from the neu-
tral axis that the bending and shear may both be significant on the same stress element‘w '
(See Ex. 3=7). For any common: Cross section beam, if the beam length to height ratio .
is greater than 10, the transverse shear stress is generally considered negl1g1b1e com—’

A snnply supported beam,-12 in long, is to support a load of 488 1bf acting 3 in from

dimensions shown. To- simplify the calculations, assume a cross ‘section w1th square
“corners, as shown in Fig. 3-20c. Points of: mterest are: labeled (@, b, ¢, and dy-at. dlS—
tances y from the neutral axis of 0 in, 1. 240~ in, 1: 240+ in,’and 1.5 in (Fig: 3—200)

-(@) Determine the profile of the dtstmbutron of the transverse shear stress,. obtam— ‘
mg values at each of the points of interest. :

) Determrne the bendmg stresses at the pomts of interest. _

(¢ Determlne the maxrrnum shear stresses at the pomts of mterest and compare them;

First, we note that the. transverse shear stress is-not hkely to be neghgrble in th1s case‘

and wide flange will allow the transverse. shear to be large. The loading, shear—force :
and bending-moment d1agrams are shown.in Flg 3-20b. The critical ax1a1 location is.
at x = 3~ where the shear force and the bendmg moment are both maxunum

(a) “We obtam the area. moment of inertia I by evaluatmg I for a solid 3. 0—1n X |

2.33-in rectangular area, and then subtractmg the two rectangular areas that are not
part of the cross sectron o :

I (233)(300)3 i (1 08)(248)

0] s

| Figure



| Figure 3-20

438165

Ry =366 1bf -

D ‘l4§8‘lbf~‘
S

=X
M6t 122ibff E

366 Ibf

Fmdlng Q at each point of interest using Eq. (3—30) glves .

(Z ya)| (1 24+ 2260 ) 12350250 + ( )[(1 24)0. 170)] =061 e
y=0 ‘
» ),_]5 0.260 '
) =0, = (Z i’A') (l 24 + —) [(2. 33)(0 260)] 0 830m
o e C o ly=1.24 »
R y=1.5 .y : _
= (Z'y"A’) o (15)(0) = 0‘-in3
. -

Applying Eq. (3-31) at each point. of: 1nterest with V and /.constant for each point,

I, and b-equal to the width of the cross sectlon at each point, shows that the magnitudes
of the transverse shear stresses are : » - A
ase ’ B ;
e | L _ve. (e ;
co. Answer , : Ta b, (2 50)(0 170) 82 p51
) is VQB : (366)(0 830) . .
, 3 = 715 p51
X b T@ 50)(0. 170)-
ot _ (366)(0830) _ _ .
=== 5y
T es0yess) 2.. P
ST _ . (366)(0) . Oosi-
T T 2s0e3s) 0P
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.- The magmtude of the 1dea11zed
depth will-be as shown in F1g 3-20d.

(b) The bendmg stresses at. each pomt of mterest are

My; (1098)(0)

Answer g =
| : 0. I~ 250 =-0psi
S [My,, B (1098)(124) .
Ty ,af ST T 250 : -—545 psi:
M 1098)(1.50) |
og= y4= ( X -) 659 s1

I

250

transverse shear stress proﬁle through the: beam

Answer

(c) Now at each pomt of interest, consider a- stress element' that: 1nc1udes the -
bending stress and the transverse shear stress. The maximum. shear stress for each .

stress element can be detenmned by Mohr’s crrcle or aualytlcally by Eq (3~ 14) w1th
oy =0,

Thus, at each point

Tmaxa = VO + (828) = 828 psi o
Tomaxh = \/ (%) + (715> =765psi ..
Y AT : :
Toat,ec = \/ (—%ﬁ) + (.52.2)2 =277psi

Tmax,d = w/( 259) +0— 330p51

Interestmgly, the critical locatlon isat pomt a where the maximum shear stress is the

largest, even though the bendmg ‘stress is zero, The next critical Tocation is at point-b
in the web, ‘where the.thin web thickness dramat1ca11y increases the transverse shear
stress compared to points ¢ or d. These results are counterintuitive, since both pomts‘
a and b turn out to be more critical than pomt d ‘even though the bending stress is
maximum at point'd. The thin web and wide ﬂange 1ncrease the impact of the trans-
verse shear stress. If the beam. length to height ratio were 1ncreased the critical point -
would move from- point a to point b, smce the transverse shear stress at point a would
remain constant; but the bendmg stress. at point.b- would 1ncrease The designer. should“
be particularly alert to the poss1b1hty of the critical stress'element not being on the -
outer surface with cross sections that get: wider farther from the ‘neutral axis, particu '
larly in cases w1th thin web. secuons and W1de ﬂanges For: rectangular and circular

© cross’ sections, however the maxnnum bendlng stresses at the outer surfaces will.
: donunate, as was- shown m Flg 3-19. :

| Figure
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lood and Stress Anulysi{ 1115
7 o ! tis ‘collinear With’:‘an aﬁs of a . e
gy Ry i e e e T St all RO g mechanical - art is. called:
Jorque vector b ceatise the moment cases the part to be twisted about ltjhatams Aegaf
subjected to such a moment is said to be'in forsion. TSR 4
,_‘As‘_ shQWn. in Fig, 321, paggid

where T = torque
. I'=length ,
* G = modulus of rigidity. :
J = polar second moment of area

- Shear stresses develop_ throughout the cross section. For a round bar in torsion;

- these stresses are proportional to the radius p and are given by

Tp N i “
B S B (336)

. Designating r as the radius to the outer surface, we have

The assumptions used in the analysis are:’ S . e
. T_he bar is acted upon By épure torque, and the sections under -consid_e;l;a‘t«kiqt‘i'iape\‘ b
remote from the point of application of the load and from a change in diameter. -

* The. material. obeys Hobkg’s Taw.

o Adjacsnt cross seéctions ;orig'iinall\}'»‘.blané aﬁd‘kﬁéra]lelfremajﬂ Iélanei_éghd ﬁargllé““gftier TN
~ twisting, and any radial line remains straight. R e e

e
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. The last asSuinption‘ dep%:nds upon the -éxisymm‘etry of the member, so it does.
not hold true for noncircular';g:ross-'sections_.'- Consequently, Eqs. (3-35) through (3-37)
- apply only to circular sections. For a {sQIi;d round section, - . ‘

wd* o ' -
J == - ‘ .
| 2 U (3 38)
where d is the diameter of the bar. For a hollow round section,
T 4y
T=5 0 ~d)

where the subscripts o and i refer to the o
There are some applications in ‘machj

{3-39) .

utside and inside diameters, respectively, -
ery for nohcifcula_f cross section meibers
and shafts where a regiilar polygonal cross section is useful in transmitting torque to a» -
gear or pulley that can have an axial change in position. Because no key or keyway is
needed, the possibility of a lost key is avoided. The development of equations for stress

2 rectangular section bar the shear stress is zero at the corners where the distance from = -

the axis is the largest. The maximum shearing stress in a rectangular b X ¢ section bar
occurs in the middle of the longest side b and is of the magnitude :

: T T 518 '
=3 ‘ —40)
‘.'Tma‘t.x ach 'bc'2< b/c> ; o (3 40) .
where b is the width (longer side) and ¢ is the tlﬁckness,(sho\rter Si_dé).. They can not

be interchanged. The parameter « is a factor that isa function of the ratio b/c as
~shown in the following table.” The angle of twist is given by ' :

-0 (341

WIS B e o e s chown the tble,
ble | 1.00 | 150 175 200 " 250 }’ 3.00 400 6».00‘  © 8.00 10 00 -
a | o208 o021 0239 0246 0258 0267 0282 029 0307 0313 ‘0.3'3‘3 
- 23

0141 0196 0214 o028

0249 0263 0281 0299 0307 osra 0333
Equa.ttio_n (3-40) is also approkimately valid for ,equal¥sidediang1es; these can be =
conmdt::red as two rectangles, each of which is ‘capable of 'cafrying ‘half the torque.’
It is often necessary to obtain the torque T from a consideration of the power and
speed of a rotating shaft. For convenience when U, § Customary ypj used, thee
08 of this relarian o o orienCe when U. S. Customar units are used, :
fonns‘ofﬂnsrelauon’are' R LT " ‘tbme\-

3‘3 000 3300()(12) —m | ‘ ;(3_42) .

\ .
’s. Timgshenko,.Strength of Materials,
®For other sections sec w.C Young,

and Striiy, 8th.ed,

“Part I, 3rd ed., _D._VadNoslmnd Company, New York, 1955, D. 290,
R G. Budynas, and A. M. Sadegh, ogpy o o o
MeGrawHill, New York, gz, o Aokl @Wwﬁ il
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: ":[odd “qh, Stress Atjbefysgs .

.t_orque Ibf m

(3-38) -

‘ (3fé§)

sctively,
members
rque fo'a-
eyway is
for stress
ned from
 linearly -
fact, for -
nce from
ction bar

(3-40).

| c_an\no._t

be an. inertia tha we wi to otate b
y b/c as ,purpos‘es» of stress ana1y31s we: can. cons1der this'a statics pr oble
R :(a) Draw. ‘'separate free-body dlagrams of the shaft AB and the arm C‘
KR pute the' values of all forces, moments, . and torques that : '
'( 3 4_1') : the coordmate axes on: these dlagrams. ‘
: _ (b) Compute the’ maxnna of the tors1ona1 stress and ‘the endl
; »BC and: mdlcate where these act. . e ) : :
(c) Locate a stress element. on the top surface of the shaft at A and calculate aIl :
’ the Stress components that act upon this element PR
®, : (d) Determme the maxzmum normal and shear stresses at A_ L
0.333
canbe:
orque.®
wer and’

d, three
(3-42)

Sp290

>tress
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Solu_ﬁon v (a) The two free-body d1agrams are shown m F1g 3—23 The results are.

At end C of arm BC: ]
At end Bof arm BC; i F = .
"Atend B of shaft AB:’v : F = :—300,] Ibf, Tz.ﬁ
Atend A of shaft AB: = F = 3003 Ibf, M, =

(D) For arm BC the bendm
'If we assume th1s is 1200 lbf
: w1ll be .

12001 Tbf - in, Tl = 450k Ibf » in -
,—12001 Ibf < in, M, = —450k Ibf - in -
l950k lbf . 1n T, = 12008 lbf~j 1n

g moment: will reach a maxunum near the shaft at B
+ in, then the bendmg stress for a rectangular secnon

L MeMed200) . SR
Answer oo MM — 18400 psi = 184
| 7 / bH 025(1 257 O ps =184 kpsi

E

_;Of course th1s is not exactly correct, because .at B the’ moment is actually bemg
transferred into the shaft, probably through a weldment.
For the tors1onal stress, use Eq. (3—43) Thus

T 1.8 -"_',.'450.' 8 | §
L : + 19 400 194k
Answer Tmax = e (3 + 5 /c) 125(0 252) (3 1 2 5 702 5> pSI ps1

i Th1s stress occurs -on the outer surfaces at the n:uddle of the 14-1n side.”
(c) For a stress element at ‘A- the bendmg stress 1s tens1le an| 1s o

AT o M 32M 32(1950)"
S e == - 47100 s1——471k si
- Answer - FE i G’f’ ,I/c’._-grd3‘”-. ; (075)3 P P




" The torsional stress is

o ~Answer
Fein
Ibf - in -
bf .+ in
ift-at B.
section

14 500 poi - 5—14 5 kps1

¥ bemg

Akpsi

: : .stresses The maxmmm shear stress 1s glven by Eq (3 14) agam w1th ]
' subscnpts and is glven by e

%—9) A+ ( 14 5)2 = 277kp31

. "EXAMPLE 3-9 - The 1 5- 1n-dlameter sohd steel shaft shown in Flg 3-24a is sunp |
SR AR P ~.ends. Two pulleys are- keyed to the’ shaft where pulley B is-of diar
-pulley C is of diameter 8.0 in. Considering. bendmg and tor: :
mine :the locatlons and magmtudes of the greatest tensﬂe compress1v and: shear
’ stresses in ‘the ‘shaft." ‘ ~ )

Solutioh B “F1gure 3-24b shows the net forces reactlons and tors10na1 moments on the shaft
. Although thisis a three-d1mens1ona1 problem and vectors might seem appropriate; we :
* will look at the- components of the moment vector. by performmg a two-planeanaly- o
. sis.- Figure 3-24¢ shows the loading in the xy plane, as viewed down the z axis, ‘whe"e o
‘bending moments are actually vectors in the z direction. Thus we label the mdm t,
dlagram as M, versus x. For the jplane we: look down the y a)us and th' moment‘ :
: dlagram is M, versus:x as shown in Fig. 3-24d. : g S

The ne moment on a sect:lon 1s the vector sum of the- components That 1s
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D .

i

00 Ibf

X .

~ Answer. .

- Thus the.
_at pulley B

o »An‘s’w,e‘r_; .

N

~ load and Stess Analysis

‘ 1murn bendmg .rnor'nent 1s ;8246 .lbf : -{ in and the maxirhﬂm; bending‘f'stress‘: k kr

Md/2 32M 32(8246)

. —24890 —\2489 S
d4/64 '77(1 53) pSI kpSI

o 6T 16(1600)
e ﬂ'd4/32 d '77(153) :
The maxnnum bendlng and torswnal shear stresses occur Just to. the nght of pul—. .

ley B at pomts Eand F as: shown in Flg 3—24e At pornt E the maxrrnum tensrle stress :
will be oy grven by . : : . ‘ ; r A

(%) -‘+_~k?;=_:‘@~+_\/<24289> +24142 25 12kp31

= 2414 ps1 = 2414 kps1 i

;Qrf;ﬁ“

At pomt F the. max1mum compressrve stress w111 be 0'2 gwen by

S - phas
o _Zo (.__fi) T ~24, 39_ \/< \24 89) + 24142 Z —25 12kp31

The extreme shear stress also occurs at E and F and 1s BT 2 ST
-. e T [
: 7-1?\/(7()-) +72?.\/( o 9) +24142 ‘—‘1268kp51

ot TR A ‘QJ.&?‘&%}L@'““E"‘*" Sl s NS i i

portional to the wall thickness t. The total torque T ona tube such as de Jepicted 1
o Flg 3-25is given: by ‘ ~ L . L

Where A is the areq enclosed by the seczzon medzan lzne Solvmg for T glves

o
2A t

(3—45) ‘

o For constant wall thlckness 5 the angular twrst (radlans) per un1t of length of the tube
Sgy s grven by ’ ' o :

i V7See Sec. 3—13 F P Beer, AE R Johnston, and J T De Wolf Mechamcs of Materzals, 5th ed McGraw—Hrll .

: New York 2009
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Figure 3-25

" The depicted cross section is
elliptical, but the section need
not be symmetrical nor of
constant thickness.

‘Median line *

where L, is the length of the section median line. These' equations presume the buck-
ling .of the tube is prevented by ribs, stiffeners, bulkheads; and so on, and that the
stresses are below the proportional limit, .

w

EXAMPLE 3-10 A welded steel tube is 40 in long, has a %_-in wall thickness, and a 2.5-in by 3.6-in
: rectangular cross section as shown in Fig. 3-26. Assume an allowable shear stress of =
11 500 psi and a shear modulus of 11.5(10%) psi. ' a
~ (a) Estimate the allowable torque T.
(b) Estimate the angle of twist due to the torque.

—

Solution (a) Within the section median line, the area enclosed is
A, = (2.5 — 0.125)(3.6 — 0.125) = 8.253 in?
and the length of the median perimeter is
v L, =2[(2.5 - 0.125) + (3.6 — 0.125)] = 11.70in
Answer  From Eq. (3-45) the torque T'is |
T =24, = 2(8.253)0.125(11 500) = 23 730.1bf * in

Answer (b The angle of twist § from Eq. (3-46) is

_TL, 23 730(11.70)
4GALr 4115 X 10%)(8.253%)(0.125)

0= 6,1

(40) = 0.0284 rad = 1.62°

Figure 3-26

A rectangular steel tube
produced by welding.

Figu

1 Some ¢




ézf’j -

Flgure 3-27

Some open thm-wall sectlons.

‘ Seluﬁon;’.

T .Open Thm-Walled’ Secﬂons

‘When the, medlan wall line is not: closed the sectlon is sa1d to be an open sectzon

' » have relatlons denved from the: membrane analogy theory resultmg 1n

- where T is:th’e shear stress, G is. the shear modulus 01 is the angle of_ tw1s pe

:,,’pomonal to c2 and & respectlvely T
S can become quite large. For example
" Fig. 3-27. For a ratio of- wall’ thlckness of outside diam 'ler of c/d
, ,secnon has. greater magmtudes of stress and_zang
6l 5 respectlvely, compared to a cl )

cylmdrzca] tube W1th an outside
red1cted by Eq (3—37) to that es i

T(OS) it
(77'/32)(14 = 094) _‘ Pl b

'14. 108T

| S
s
- 2(m0. 952/4)0 05

Figure 3-27 presents. some examples Open sections i in tors1on where the wal

=G =22 L 3—47\

ic. ch oA ( )‘“
‘ mt\f“
length T is ‘torque, and L is: the length of the medlan line. The wall thlclcness 1s: _'
des1gnated c (rather than 7) to remind |

, \ sely ST
us ‘?for small wall’ tlnekness .8 ess an t‘w1stf o
onsider the' thin round tu




~Solution

_ Flgure 3-28

|+ The, cross- sectlon of a thm R

strip-of steel subJected toa
torsional moment T.

; Mechonjcol En'gineering Design

EXAMPLE 3-12

- torque correspondmg to the allowable shear stress and the angle of twist; in, degrees, S

* From Eq (3-41), with b/c = 1/0 125 =8,

o tor of 10, In’ estimating the. torque; Eq. (3—47) provrded a value of :‘7 ' percent hlgher
- than Eq (3-—40), and 8, 5 percent higher:. than the table: on page 116 A

Stress Concentrcmon

. In the development of the- basic: stress equatron for' tension; compressmn, bendmg,f» !
R and torsion, it was. assumed that no ‘geometric i '

B securing pulleys and .gears, A
_machine part alters the stress’ drstnbutron in: ‘the. ne1ghborhood of the drscontmurty 80
- that the elementary stress equatlons no longer describe the state of stress in: the part

L Whlch they occur are called
* - also arise from some nregu

A 12-in-long strip of stee s < an( wide, as shown in Fig. 3-28. If the o
allowable shear stress is 11500 psi and the shear- modulus is 11. 5(106) psr find. the_'»

| | —%ﬁ% = 0 0960 rad
A torsional spnng rate k, can’ be expressed as: T/ 6
‘ 5o k - 59 90/0 0960 624 lbf 1n/rad
(b) From Eq (3—40) : :

L 1500(1(0; 125)2
: ?18/(1/0125) 5;721bf 1n

s 55.72(12
'”3 (3) 6—00970rad—56°
3bc G 0307(1)0 125° (11 5)10 TR .

k= 55.72'/,0.09‘7

The cross sectron is not th1n where 1’9 should be greater than c by leas't a fac;

i ,F,igbvre_ﬁ

‘ ?Th'inplate in
<[ :compression

. under cons1derat1on But it:ds. qurte difficult to. desrgn; mmachme without permlttmg ‘ - v’;en‘trat t.l;le_'

. some changes in.the cross sections of the members. Rotating shafts must have shoul-_ o| foree s £ =

: ; : the: thicknes:

wo-idersdesigned on’ thern SO, that ‘th bearmgs can be properly seated and so that they N sominal stee
~will take thrust Joads; and- the,_ SR

) oy
3 : S K (w:—
other end, both of which accou '

require -holes, oil grooves, . .an '"‘otches of‘ variousskmds Any drscontmurty in a

at these locations. Such dlscontmumes are called stress. mzsers, and the regrons in
of stress concentration. Stress concentratmns can
he ~rnember such as tool marks,'?

holes;: notches grooves or threads
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Figure 3-29

Thin plate in tension or simple
compression with a transverse
central hole. The net tensile
force is F = owt, where ¢ is
the thickness of the plate. The
nominal stress is given by

F _ w
w-dt w-d°

Oy =

load and Stress Analysis | 125

A theoretical, or geometric, stress-concentration factor K, or K, is used to relate
the actual maximum stress at the discontinuity to the nominal stress. The factors are
defined by the equations

U'max . 'Tm
K, = - K = - {3-48)
where K, is used for normal stresses and K for shear stresses. The nominal stress o or
T, is the stress calculated by using the elementary stress equations and the net area, ot
net cross section. Sometimes the gross cross section is used instead, and so it is always
wise to double check the source of K, or K,; before calculating the maximum stress.

The stress-concentration factor depends for its value only on the geometry of the
part. That is, the particular material used has no effect on the value of K,. This is why
it is called a theoretical stress-concentration factor.

The analysis of geometric shapes to determine stress-concentration factors is a
difficult problem, and not many solutions can be found. Most stress- concentration
factors are found by using experimental techniques. ® Though the finite-element method
has been used, the fact that the elements are indeed finite prevents finding the exact
maximum stress. Experimental approaches generally used include photoelasticity, grid
methods, brittle-coating methods, and electrical strain-gauge methods. Of course, the
grid and strain-gauge methods both suffer from the same drawback as the finite-
element method. -

Stress-concentration factors for a variety of geometries may be found in Tables
A-15 and A-16.

An example is shown in Fig. 3-29, that of a thin plate loaded in tension where
the plate contains a centrally located hole.

In static loading, stress-concentration-factors are applied as follows. In ductile
materials (; = 0.05), the stress-concentration factor is not usually applied to predict
the critical stress, because plastic strain in the region of the,stress concentration is
localized and has a strengthening effect. In brittle materials (€ < 0.05), the geometric
stress-concentration factor K, is applied to the nominal stress before comparing it with
strength. Gray cast iron has so many inherent stress raisers that the stress raisers
introduced by the designer have only a modest (but additive) effect.

3.0
d
2.8 \ < S ‘3‘% X —->0_
B o B e
\ RN B
2.6 | 5
K \\
24 \\
22 = ™~
\\

2.0
0 0.1 0.2 0.3 0.4 0.5 06 - 07 0.8

9The best source book is W. D. Pilkey and D. E Piikey, Peterson’s Stress Concentration Factors, 3rd ed.,
' John Wilex & Sons, New York, 2008.
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'EXAMPLE 3-13 v x
S - 10 kN. The bar material has been heat treated :a,nd»quemhcd fo raise-its strength, but,

- Solution

Answer -

| Figure 3-30

126 . Mechoni‘coil!lfnginee‘ring‘Design

~Consider-a partmadeofaductlle ;hiat_ i
static load such that. the stress in an area o

: ’dlictilepari‘faili-'bin._a‘ bnttlemanner under certain éibfr;‘idi_ﬁ_()r,i“s;_;é_.v_g._,"ény‘. single application -
~or’ combination: of cyclic loading, r_apid;applicatmn__of-fs'tatiq loads, loading at low . ..
. The effects on a dUQtile~’matéﬁ§11_'of processing, such as. ha.tdéni_v_l‘ig-,“hyd'rb_gen embrit-
*tlement, and welding, m: y also accelerate failure; Thus, care should always be exer- | [
- cised when dealing with stress concentrations " IR

~ and brittle materials and must always be taken into account (see Sec. 6—10) S

‘Since the 'rvr;até'rial is brifle, the effect of stress concentrations near the discontinuities
- must be considered. Dealing with: the hole first, for a 4-mm hole, the ‘nominal stress is 5

' k'Ihe»theoreticél’_ _sit_e;SéA cbnqentrati:o‘r'l' factor, from F1gA—15—1, .W.i‘thd/w = 1‘4/40 = 01,
‘iS'Kt~:2;7:>._Thé"maxﬁpu‘m~$t‘ress 187 T e T B T R

s ’Sirrﬁlarly, fq:_ an 8—nun-."hglg,

 With &/ = §/40 = 02, then ,

yleld strength. The yielding will

t‘emperature‘s,‘nandl parts containing defects in their material 'structprés (see -Séc;i;s{;‘lﬁz);‘ L

- For dynamic loading, the stress concentration effect is significant for both ductile

The 2-mm-thick bar shown in Fig. 3-30 is loaded axially with a constant force of

g F 010000~
gy E o 0000
q(i)“»‘ AT w-dr @o—ap 1) a

T = Koy = 27(139) = 380MPa

F_F w000
= == = {56MPa
CUAT @ o—gp T oM

2.5, and the maximum stress is

: _b "imm’rad o




applzed L
yond the
~ perma. -
Lwill be. -
dI'SfI:‘ibu._ )
| Te yield-
/ Jss1b111ty

7. Brittle -

as being -

Plication
gatlow -
c.5-12).
1 embrit-
be exer-.

(34)2 147 MPa o

,{~ 1/34 = 0026 :rh

o Answer

i __Answ‘_er“'g T

 ductile -

_ ‘jj;\,;Sl'resses m Pressurlzecl %:Cylmders e
e Cyhndncal pressure vesseIs hydrauhc cylmde gun barrels and prpes carrymg ﬂulds .
St ‘high pressures. develop both radial and tangen

orce: of."
th, but'.

. \ tial stresseswith values that' depend :
htough KR S ‘upon the radius of the element under cons1derat10n In deterrmnmg the radial stress oy

-_ 4=.m_~1_11,, " and the tangent:lal stress g, wWe make use.of the assumption. that the: longitudin
}?lVﬂrl’a gatron is: constant around :the cucumference of the cyhnder In other word ;

illet? :

section’ of the cyhnder remains plane after: Stressing. -

Refemng to Fig 3-31, we. desrgnate the inside radrus of the cyhnder b he;fif‘ e
.outsrde radius by. Iy, the internal pressure by p;, and the external pressure by p . hen{l Sl
it can be shown that the. tangentlal and rad1a1 stresses are’ g

nuities’
ress is:

: .pirz pora“‘— rro(po\ pl)/r2 -

w0 = )
‘ ‘ plrl oro (po Pz)/” ‘ IR
'. S e T

r’o —r,

As usual pos1t1ve values 1ndlcate tensmn and negatlve yalues cornpressmn
For the spec1a1 case of po~ =:0, Eq: (3—49) glves :

/ "Flgure 3-3'I

‘A cyhnder subJected to both L
: ‘mternal and ex_ternal pressure, .

‘ 1°See Richard G: Budynas Advanced Strength and Applted Stress Analys;s, an ed McGraw-Hﬂ\ New
Wi York 1999 p“ 348—352 = :
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Figure 3-32
Distribution of stresses na
: tluck walled cylmder subJected
110 1ntema1 pressu.re

'-(a) Tangentiélstress L SN ®) Radi_a.lnstress'”~’
o distribution. . SR : distribution

: The equat10ns of set: (3—50) are plotted in Frg 3—32 to show the d1str1but10n of stresses e
~ over the wall thickness. It should be realized that longitudinal stresses: exist when the

*end reactions to the mternal pressure are taken by the pressure vessel 1tse1f Th1 : stress: -
is found to be : o

! ' o P : o .

. e =i : 3-51 -

v . » 0 = 7’3 I 7';2 - : s ( )
: We further.note that Egs. (3—~49), (3-50), and (3—5 1) apply only to sectlons taken a:‘? .
! .'(Slgmﬁcant d13tance from the ends and away from any areas of stress concentratlon '

Thm-Walled Vessels -

When the wall thlckness of a cylindrical pressure vessel i is about one-tenth or less of :
its radius, the radial stress that- results from pressurizing the vessel is. - quite small com-. -
pared with the tangential stress. Under these conditions the tangent1a1 stress, called the k
hoop. stress, can be: obtamed as follows~ From Eq (3—50), the average tangentlal stress :

is grvenby ¥ : : B
Joar [F2(1+2)a .
14 12 2 o2 14
X R I it [ i r; rl R L pr. B pd- O
: ol Vi ERE 1) e e L iy o P ey . :
(Qf;)av T Fi: RN e 5 S A R S (35 )

: Where d is’ the inside dlameter : ~ ~
‘For a th1n-wa11ed pressure vessel, an approx1mat10n to the max1mum tangent1al o
stress is - \

_,———(d H) ‘ o '(3—53‘)*_1‘

t)max

Tn a closed cyhnder, the longltud_mal stress ex1sts because of the pressure upon -

the. ends of the: vessel. If* we assume- thi stress 1s also dlstnbuted umformly over theff -

‘Wall thlckness, we can easﬂy ﬁnd 1t to be ”
‘ e pg.

: o=

(3;-5;4); g




stresses

vhen the '

1S stress.

(3-51)

takenca
\tration.

r less, of

jall com-

alled the

ial stress:

(3-52) ¢

angential

(3-53)

Sure upon

r over the .

(3-54)

Load and ‘Sttejss“Anqus'ts 129 i

EXAMPLE 3-14 .

= 7.5, ,75/2 = 3750, and 7, = ‘8/‘2“‘;‘41’n

Solution . _
S R 067.:Since th1s ratlo is less than 0 K the theory for thm— -
gl 'walled vessels should yreld safe results : :
LA We ﬁrst solve Eq (3—53) to obtaln the allowable pressure Th1s grves
I it 2 2(025)(12)(10)3 L
L : =774
Ansyer. e 754025 T s
: : (b) The maxnnum tangentral stress will: occur at the ms1de rad1us and so We use: .
Cpie = 1n the ﬁrst equatron of Eq (3—50) ThlS glves gl ; §e8
: : CULAN 2 2" e '
: e SR w sz afe e N ru+r1 4 +375 =
Answer L (O'r)mnx = }_z»_" 72 (-‘1 + r,2> P r2 r,2_77442 _375 12 000 PS1
X Similarly, the maxunum radral stress. is. found from the second equat1on of Eq (3—50)‘ ‘
to be : : R o K . . "
 Answer. ST o o, = :.4 ), = —774 p31

» The stresses o‘, and ¢ 0',, are pnncrpal stresses, s1nce there is no shear on: these surfaces :
" Noté that there is no srgmﬁcant difference in the stresses in parts (@) and (b
» the thm wall theory can be consrdered satrsfactory for th;ts problem

5 Stresses in Rotai'mg ngs o S
- ‘Many rotatmg elements such as ﬂywheels and blowers can be srmphﬁed to a rotat-‘
ing ring:to’ determme the: stresses When ‘this is’ done it is found that the sarne ‘tan-
Nt gent1a1 and radial stresses exist as in the’ theory for thrck-walled cyhnders exceptthat
© theyare caused by mertral forces acting on all the partrcles of the nng The_tangenual
R Fand radial stresses s0 found are subject to" the followmg restnctlons . SR

e The outs1de radlus of the nng, or disk, 1s large compared w1th the tlnckness ro = 10t e
. The thlckness of the nng or dlsk is® constant e

. The stresses are constant over the thlckness

The stresses are!l

o UTbid, pp. 348-357. .




Coouser =0 in'»_thesfc_,equaﬁo;i_s;f-"_-’?{J‘

3-16  Press and Shrink Fits -~ L g
S thn IWO" cyhndncalpartsare assenjbled 'b)f‘_shifinl‘;ing‘or pre_ss',ﬁtt‘ihg one part upon
- another, a contact pressure is created between the 1  parts. The: 6 from .

. this pressure may easily be determined with the equations of the preceding sections.
L ,Figure 3-33 .shows ‘two. cylindrical ’,niembe_:'rsf}vthat;_havé‘ been 'as"sembledaw_ith A
. shrink fit. Prior to assembly, the outer radius of the inner member was larger than the - .
. inner radius ‘of  the outer member by the 7adial interference 8. After assembly, an’
interference contact pressure: p develops between the members at the nominal radius -
R, causing radial stresses 0, = ‘—p in each member at the contacting surfaces. This.
[ pressute s piven byl o i PO IR ariaces This.

i 8

i

 where the subscripts o and i on the material properties correspond to the outer and

i 1nne = members, r‘espectivcb- : If the two _members,.:are Of the same matcnal Wlth :
B, = E =E'and v, = v, the relation,simpliﬁes to:- TRy
SR B8 [ (2= RY@RE~ 1Y)

de e e aes

'."’»o‘,r.i:_‘ - o
- For Eqs »(’3456)1 or (3-57), diameters can beused in place o:f.R-,‘\ri,:~' a.nd Fp providedl :

0 is the diametral interference (twice the radial interference). -

L With P, Bg. (3-49) can be used to determine the radial and tange‘nﬁal:stre\sées( in’
- each member. For the inner member, p, = p and p; = 0. For the outer member, D=0

o and p; = p._’Fér._,éx’amplé, the magnitudes of the tangential stresses at the transition .

" radivs R are maximum for both members. For the inner member -

q o SN - G S ; ,_-:  . :~(3‘_‘5"8)'5.'

Figure 3-33
! Notaﬁoil for préss and shnnk Ea
fits. (a) Unassembled:part's'; Ll
®) afterjassembly. =

‘i - @)‘_.' ‘

S '51.2Ibi,d, pp. 348-354. <
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(3=56). .

suter and -
rial with

- (3-57)

.provided; :

tresses in
6P, =0

transition

(3-58) - |

; tTabIe 3-3

o Assumpﬂons Ta

. .an inereased pressure at ea
5 t10n by employmg

and, fo the"jduter_ member

seldom greater than 2 S

‘ f[vjfTemperature Effects |
- 'When- the temperature of an unrestramed body is umformly mcreased ;the body i

SOl L g e e
. v (o't)o _R=pm ) PR (3_59)

Tt is assumed that both members have the same length In the case of a hub ‘that has ;
been press-ﬁtted 1to a shaft_ thrs assumptlon ‘would not be true and ther

stre - concentratron factor The value of th1s factor depe'”
ressure 'and the desrgn of the female member but 1ts theoret1

L F‘expands and the normal stram is

. cx'%]._é;‘ - (AT) e ~~““':‘:‘“(3—60);

i Where ais the coefﬁcrent of thermal expansron and AT'is the temperature change, R
» ,”degrees In this action the body expenences a: snnple volume 1ncrease W1th the com— .

o ponents of shear strain all zero..

4 _ Tungsten

: subJected to-a umform temperature nse, the compresswe stress developed i

BN Material Celsius Scale (°C! threnheﬂ Scale (°F I) »

s .Coefﬁc1ents ofThermal T T

: Expans1on (L1near Mean,
| Coefficients for the

‘Te_mperature Ran‘ge S

1o-100°C) |

If a straight bar is restrained at’ the ends 80.as to prevent 1engthw1se expansron.

“and-then is subjected to a uniform increase in temperature a compresswe stress w111
: develop becatise of the axral constraint. The stress is.

o= —eE--a(AD)E G (3—61);} :
In a sumlar ‘manner, if a. umform flat plate is restramed at’ the edgesand also =
‘fen by

the equanon

.l-v : L :

“The stresses expressed by Eqs (3—61) and (3 62) are called thermal stresses

; They arise. because of a temperature change ina clamped or. restramed member ‘Such
 stresses, for example ‘occur during Weldmg, since parts to be welded must be. clamped

“‘before weldmg Table 3-3 hsts apprommate values of the coefﬁcrents of thermalv :
»expansron

307

_ Brass cast . k 110.4(10)-_6: R
Carbon steel 2 ‘ :6.0(1’0‘)“6;:'
Cast iron- - S s0a07

i "Magnesrum , 140(10)"6‘._ s
. Nickelsteel = 730y
' ‘Stamless steelj»ﬂ‘ N 9.6(10)~¢

L 24007¢




Fvigure 3-34 Hai

Note that y is-positive in the

direction: toward. the ceniter’
of curvature, point 0. :

M‘echenieel E__hg‘ineermg D_esign‘-f

S

8 Curved Beams in Bendmgv'
The d1stnbuuon of stre"
‘followrng assumpuons

. The cross sectron has an .:of symmetry,m the plane of bendmg
e Plane cross sectrons rem n lane: after bendm_g '

“* The. modulus of: elastrcrt is. the same m ten 1on as in compressmn

N We Shall fi d. that 'the neutral axis and. the centr01dal ax1s of a curved beam
iy unhke the axes of a su-a1ght beam are not commdent and: also that the stress does

. not vary. hnearly from: the neutral axis; The notatlon shown in Flg 3-34 1s deﬁned
as follows R a0 L :

: o r, = radlus of outer ﬁber
e rad1us of mner ﬂber
: depth of sect10n

‘Il

LGy= d1stance from: neutral ax1s to Jouter. ﬁber
' c, = drstance from e utral axis to mner ﬁber
ﬁ,r'é: radius of neutral axrs :
= radms of centro1dal axrs - s
= T T dlstance from. entrordal ax1s to neutral ax1s ‘
bendmg moment posmve M decreases curvatur‘

Y
|

&
l

[}

Flgure 3 : 4 shows that the neutral and centrordal axes are nf"t c01n01dent T _ loca
of the neutral ax1s w1r.h respect to the center of curvature 0 1s glve“k by the equatl n

: ‘v“(;entroi_dalu} "

For‘a plete development of the telati

k and Applzcd Stress Analyszs, 2n



SE

' Loo‘d\ancl‘S‘tr\'}essAnoly:s‘is\
, Furthermore,1t can b shownthat the‘\is‘tre'ss_di.stri'butikon}is ‘given.:hy. o
: L Ae(rn’c— y) _ k

e N Where M i pos1t1ve in the dlrectron shown i Flg 3—34 The stress drstnbutlon g1ven v
| by Eq (3-64) is hyperbolzc and not lmear as is the: case for. strarght beams “The -
: critical stresses occur at the: 1nner and 'y’uter surfaces Where y = cl and- 2 —Cor.
b 2 respectrvey-"and are L L : b

:d beam, s ; ST e R S e

ess does ' oM _3 'K-.Mc,, S |

s defined Aer,- s To Aero W

‘ These equatlons are valld for pure bendmg In the usual and more general case such k :
as.a cran ' hook the U frame of a press or the frame of aC clamp, _the

»v _then computed at this locatlon The tensﬂe or compress1ve stress due to the axral force __
0 ;’from Eq: (3—22), is then added to the: bendmg stresses. glven by Eqs (3 64) and (3—-65) 5
o to obtam the resultant stresses actmg on the sectlon

s location - *

© EXAMPLE 3-15

equation. - ;
- {3-63).. ‘\ load isF = 5000 lbf
‘Solution ; Smce A= bh we have dA’ = bdr and from Eq (3—63),-; -
- R e s m
?sl ? Iy jéé_ \' J ‘b—dr 1nr_° :
&‘ TR Fo i S
- ] From Frg 3—-35b we see that r, =21 in, 7, = =6, in,‘_:rc’_‘=\ 4 in, andA =3 in’. Thus, ("from_ c
Eq (1) IR e _ g Ll
b 4°
| | .,‘r,, ln(r,,/r, ~ % 3641 in |
" - and the eccentricity is e =p=r n = 4 -3, 641 0359 in. The' moment M is

. positive and is M= Fr, = 5000(4) .20 OOO 1bf < in. Addmg the axral component -
, of stress to Eq (3—64) grves

+~ .“My, 5000 . (20 000)(3 641 = r)
A Ae(r,,fy) 3(0359)r

sed Strength
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}Flgure 3-35

(@) Plan view of crane hook
.- (b): cross-section and notation;
(©) resultmg stress dlstnbunon
There is no stress
' . concentration, .

N\echamcol Englneenng Des;gn

- reason, trapezo1da1 T ‘or.unsymmetric I, cross sectlons are commonly used'

o Ibid., pp. 317-321. Also. presenfs a'n :

6in—

— R 'Séetion-'A4A:
@ T ey

Note in the hook exa.mple the symmetncal rectangular cross: section causes the

; max1mum tensﬂe ‘stress to be 3:times greater than the maximum' compresswe stress.
1If we wanted to- des1gn the- hook to use material more effectlvely we would- use:

more: matenal at. the: 1nner radms and:less- mater1a1 at the. outer. radlus For ‘this
Sectlons

most frequently encountered in the stress analysrs of curved beams are shown o,
" Table 34, S : ; -

) Alferncmve Calculanons for e

'Calculatlng 1, and 7, mathematlcally and: subtractmg the d1fference can lead to Iarge
 errors if not done carefully, since 7, and ¥, are typ1cally large values compared to e.
- Since. e is in the. denominator of Egs. (
~toran: maccurate stress calculatlon‘ Furtherm re; if 3 you have a complex cross sectlon
gy that :the tables do not. handle 'alternanv methods for: deternnnmg e-are needed For
“a qu1ck and s1mp1e approxrmanon of ; ’ o

4)}» and- (3—65), a large error ine can lead:

1 be shown that14

(3-66)

5

Tcible? 3
' Formula‘
‘f*_of Curve



, Table 3—4

Formulas for Secuons
of Curved Beams :

uses the
Ve Stress.
ould use’
For this
Sect_lons_,
hown in

| to large:
red to.e.
can lead
S section
ded. For - §

(3-66)

(/)

o = b + [(br, —

b /Bl G, )

'+‘-b~cf +2p ‘.clcg + boc§

- 2(b,,cz + bcl)
Ll bt b,,cz s
Tk 1n[<r “+ cl)/r,] +b, ln[ra/<r, + co] L

SEEE)

=R +R

e R ARk SRR N

'~ ~~1—h2t + —t2(b

> t) + ta(b -—-~t)(
r[+

t(b t)+t(b—t)+ht
t:(b; = t) -I-to(b = t) +ht
: rid g :
‘biln — +t1n

. r; r,+t

R h2z+—t ) +tg(b— (h = ,,/2)
' .—',‘r‘,,+ =

ht+ (b— t)(t + t,,)
(b~t)(t +t)+ht

. l"+t r; tk‘
- b(ln +II10 )+tln ‘ o'
T N r, ‘ros_‘fé ‘ r +




136 | Mechanical Engineering Design . : 5

Th1s approx1mat10n is good for a large curvature where e s small W1th r,, ! rC o

Substltutlng Eq (3—66) mto Eq (3 64);' W1th rn - y =1, g1ves

= :(3r67) o

I r,, = rc, wlnch it should be touse] '(3—67), then it is only necessary calculate rc,‘
and to measure y from’ this axis. Determr ng re for a’ complex Cross-section. can be.
‘done easﬂy by most. CAD programs of nurm ally as sho_wn in-ithe‘jbefor I
reference Observe that as the curvature increases; r— 7e,-and Eq —67): bece mes th
strarght -beam formulatron Eq. (3—-24) Note that the negative signis missing
‘1n F1g 3-34 is vert1cally downward opposrte that for the tralght beam

EXAMPLE 3-16

) Consider the ‘circular section' in Table 3—4 with re=3in and R= - Tin, Determme e
) by using the formula from the table and approxrmately by usmg Eq (3~66) Compare_ .
E »»the results of the two solutions.
'Soluﬁoh. 3 Us‘ingsthe .‘formula from_ Table 3.4 gives : _ . ,
: =291421in; o
Z(rc VT _RZ) 2(3—;_V _1) R U

*‘This gives an eccentncrty of

Answer - e=rr, —3—-291421 ~008579m '
i s The approxnnate method, using: Eq (3-66), yields
 Answer o ies ! =———/—-—R—=~1——0083331n

A rc(quZ) Ay 4(3)

.Th1s dlffers from the exact solution by =29 percent

2 Conract Srresses

: When two bodies having curved surfaces are pressed together pomt or lme contac
B changes t0 -area ‘contact, and .the stresses developed in the two bodies are thre‘
~dimensional. Contact—stress problems arrse in:the contact of ‘a wheel and a rail;
- automotive valve cams and tappets in" matmg gear teeth and in the action’ of rolllng ;
'beanngs Typical farlures are seen as:cracks, , pits, or ﬂakrng in the surface material. L

" The most general case of contac tress occurs when each contacting’ body hasa -

- double radius of curvature; that is, when the radius in the plane of rolling is dlfferent :
~from the radius in a perpendrcular plane; ‘both planes taken. through the axis of the -
contactlng force Here we shall cons1der only the two' spe01al cases of contactlng‘
spheres and contactmg cyhnders 15 Th : results. presented here are. due to. H Hertz and_
so are frequently known as Hertzmn stresses : '

A e e~

~

'lsA more comprehenswe presentatlon of contact stresses may be found in Arthur P Boresi: and R.tchard
B J Schm1dt Advanced Mechanzcs of Materuz[s tht'ed - Wiley, New York 2003 Pp- 589—623




. vsp]zeres of dzameters aﬁ and ag pressed together w1th a
: and EZ, ¥, as the respectwe elasuc constants of the' two.
contact area is g1ven by the equatlon

b

culate r,,
n can be
lentioned
omes. the
ecause y
ation, .

The pressure dlStl‘lbuthH W1th1n
m F1g 3= LD

‘ of a sphere and' an 1ntema1 sphenoal surface »For
i plane‘-‘ u_rface use d - 60; F’ an mtemal‘s ¢ dia

Flgure 3—36

(@) Two. spheres held in
contact by force F; (b contact
stress ‘has.a hemispherical

distribution across. contact
< | zone. of diameter-2a. "

ontact;
three-
rail, in
rolling
terial,
/-has a
fferent -
of the
tacting

tz and

s




/\/\echomcal Engmeermg Desxgn :

138 |
Flgure 3—37

M_agmtude of the stress
components below . the surface
asa funcuon of the maximum
‘pressurc of contacting spheres. .
‘ Note that the maxirm shear. .
- stress is shghtly below the
surface at z = 0.484 and is ‘
approxitately 0.3p,... The .
| chart is based on a Poisson
-ratio of 0:30. Note that: the
normal stresses areall « .
compressive stresses. -

N \forces Fu
* | along cylit
1 (®):Contac.
- |, etliptical d
i "the'contac

IRatjloofstress”to Pl s

<o MU Distance from contdct suiface.

o ‘These equatmns are valid- for elther sphere ‘but- the value used for P01sso S ratio mus
" .7correspond with the sphere under con81derat10n -The equations are ‘eve
- plicated when stress states off the z axis are to be determined, ‘because here the ‘an y

e "coordlnates mus& also be 1ncluded But: these are not requlred ;

because the: maxnna occur on the Zoaxis: o
 Mohr’s cm:les for the stress state descnbed by Eqs

: and two co1nc1dent c1rcles Smce 0-1 = 0'2, we hav

Tmax = T1/3. —"Tz/s =

 Figure 3-37 i plot of Eqs (3—70), (3— 1
 the Surface. Note that the shear stress teaches
: © e surface, Tt is the opinio any. authontles that
/ PR e D s1bleforthe surfac’ 1 ’
e T ongmates th

" The maximum prossure s
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Flgure 3-38

- (a) Two nght c1rcu1ar
cyhnders held in contact by

forces F umformly dlsmbuted

| along cylinder length [

() Contact stress' has an:
. e111pt1ca1 dlslnbutron across -

the contact zone of w1dth 2b

;Equatlons (3~73) and
. by making d = o for the plane surface

(3—74) apply to a:cylinder and a plane surface; such as a ra11 S
0101 e. The equations also apply to the contact of =
acyhnder and an internal cylindrical su‘rface;-‘in:-'this ‘-‘case‘d‘ is made negative for the
lnternal surface. PR - I S At & D

The stress state along the z axis is given by the equauons

Oy = ~Pmax| - : A3=76)
; og=az=~ﬁ (3-77)

T + zz/b2i\ :

: :»,.These three equauons are pIotted in F1g 330 up| to a d1$tance of 3b below the surface v i
For0=z< 0.4360, 0 = o, and T = (0 — /2= (o, — 02)/2 Forz> 0436b k‘,
L= Oy, and Tk =(0y — ¢ Z)/2 A plot of 7, is also’ 1ncluded in Fig. 3—39 Where T

the greatest value occurs ‘at z/’ = 0.786 with a value of 0: 300 D RO
Hertz (. i 881) prov1ded the: precedmg mathematical models of the' stress ﬁeld When a

" the contact zone is free- of shear stress. Another important contact stress case 18 line -
. of contact. w1th fnct10n prov1d1ng the shearmg stress on the contact zone, Such-shear— e

ing stresses are. mall with: cams and rollers,
- wheel-rail ¢ ntact and ’gear teeth the: stresses

Investrgatlons of the effect on the stress ﬁeld due to nomlal and‘ shea.r stresses ‘in the e

-contact zone were- begun theoretlcally by Lundberg ( 1939) and continued by Mlndhn

- 7(1949), Smith-Liu (1949), and:Pontsky (1949) mdependenﬂy For further deta;ﬂ see
e the teference clted in footnote‘ 15, p 136
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Figure 3-39 )
Magnitude Of the stregs .

.| s afunction ‘of the maximim
bressure for Contacting

Tmax OCCUTS at 7/p = 0.786. Its
maximum yalye i 0.30p50y:
The chart is basedong = -
Poisson ratio of 0.3, Note _
that all normaj stresses. are
compressive stresges,

o fions of convergence ot discontin E

\
%
kY

i
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Table A-9 =
Shear, Moment, and
Deflection of Beams -
(Note: Force and
momient reactions are :
positive in the directions
shown; equations for
shear force V and
bending moment

M follow the sign
conventions givenin .
+Sec., 3-2.)

(Continued)

. Y

3 Cantilever—uniform load - : E

CRmw =Y

4 Cantilevérwmomgnt load. -

—

: B

V=wl-n M=-Za-x?
'--35£{4ﬁ;; z;_6p) '
I T g\ T TN
~wl*

R=V=0  M=M=M,
o ‘.»_ M3x2. : i MBZZ
Y Y=

| Tablc
.| Shear, .
: ' Déﬂéc‘

‘ "(Not‘e: :
' mome"
- | positix
“showr,
‘:‘k:sheafr;.
" | bendir

‘ :._M;foll

conve;

~|'Sec.3
1 (Conti -



‘Table A—9

Shear Moment ‘and

' ~Dcﬂect1on of Beams
(Note: Force and
"moment reacﬂons are

shown; equatlons for

~shear force V and

bendmg momient .
M‘fok‘llgw the sign’

[ Sec.3-2)
(Continued)

positive in the d1rect10ns -

conventions givenin =

o YA 48EI

Ri=— ".‘Rz?_

M= MBC & -<z - x)

| UsehiTebles | 1023

Vas= Rl VBC = "Rz -

S My _’;‘7 MBC =__(z - x)

(4x — 312) :

i P

- Y 48EL

o
VAB=R1 VBC— ._.R2 S

= +2-
ABT 6EIl(x b l)\

; Fzz(l—x)
)’Bc—, 6EIl

(x + a - 2lx)
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Table A-9

Shear Momen‘t and
Deﬂecuon of Beams
- (Note Force and

| positive in the dlrectlons
b .shown; equations for
‘shear force Vand -

‘ bendmg moment -

: .M follow the s1gn
convenuons g1ven in:
Sec.3-2)
(Continued).

T~

. - moment reactions are i

-7 Simple supports—uniform jopg

8 ,Simple ’s‘upports——momcnt» "‘loia'd» :

oy

.MAB=—'

RI =R2=—£' V:'—B;
: l 1
MBJC ‘ ‘ ‘

! M&C: 4(’_‘*?1) i

o ox +3 —6z+2z
% 6511(" - ak‘ 2

“6EI l

:Véc*iix —Sbc +x<212+3a2) ~3a2z] e

o] Table
 Shear,
) Deflec
(Note:
i ;‘=Inomejbk
S positiv
s ‘_ -"shown :
| sheart
| bendin-

M foll
[ conver




: Sbe&r Moment and
1 Deﬂectlon of Beams :
:;(Noz‘e Force and
’ moment, reactlons are
1 posmve in the d1rect10ns e
shown;’ equations for
shear force: Vand
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