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CHAPTER
SEVEN
PRELIMINARY
THEORY

OF STABILIZED
PLATFORMS

7.1 | Introduction

In theory, and under an assumption of sufficient data processing
capacity, an inertial-guidance system may be conceived which employs
inertial-motion sensors rigidly affixed to the transporting vehicle. That is,
with sufficient computer capability and an exact knowledge and incor-
poration of initial conditions, an inertial-guidance system with craft-
oriented sensors may be designed (in the mathematical sense, at least)
to generate guidance intelligence, even in the presence of the undesired
motion detections due to local perturbations. However, to date, the
more popular approach to inertial-guidance implementation involves a
reference platform which is partially or completely isolated from the local
angular motion of the transporting vehicle. Such reference bases, angu-
larly isolated from local craft rotations, are usually called stabilized
platforms.

A stabilized platfrom, being stabilized in accordance with some
specific implementation philosophy, provides a base upon which to mount
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PRELIMINARY THEORY OF STABILIZED PLATFORMS 117

angular and rectilinear motion sensors. Signals from these sensors induce
the stabilization, and in so doing, the same signals may also contribute to
generation of guidance intelligence. It will be seen that a reference plat-
form may be angularly stabilized with respect to inertzal reference, or may
be angularly stabilized with respect to a rotating reference frame. Stabili-
zation with respect to rotating reference, as involved in the maintenance
of level attitude of a platfrom as the transporting craft moves over the
Earth, is an essential requirement in systems which slave a platform axis
to a terrestrial vertical. In this connection, one may consider a reference
frame with orthogonal axes east, north, and vertical, which moves over
the Earth with its origin centered on a reference platform carried by a
moving vehicle. The hypothetical axes of such a reference frame rotate
about each other with respect to inertial space as they maintain the
terrestrial attitude (east, north, and vertical) under motion relative to
the Earth. This is a prime example of a useful rotating reference system.
Clearly, then, if the three orthogonal axes of a stabilized platform may
be slaved to these rotating reference axes (east, north, and vertical),
irrespective of craft perturbations, terrestrial direction of motion may
be identified, and the system provides one,essential feature of inertial
guidance.

This chapter concerns the configuration and preliminary theory of
certain typical stabilized platforms. After introduction of a mechanical
configuration, it is convenient to progress from a consideration of the
inertial and rotating stabilization of a reference line perpendicular to a
single axis, to a consideration of the inertial and rotating stabilization of
three orthogonal platform axes.

7.2 | Kinematic Configuration of a Reference Platform

Strictly speaking, the term stabilized platform implies only a central
element, the rotational behavior of which is isolated from that of the
transporting vehicle. Stabilization of a platform with respect to inertial
directions, or with respect to rotating reference, may be achieved by
employment of three relative-motion drive systems which respectively
position the platform and the elements of a gimbal system of the nature
indicated by Fig. 7-1. The platform and gimbal servo-drive systems
accept signals from sensors, usually mounted on the central element (the
platform), and induce relative angular motions in accord with the nature
of the stabilization desired. In the case of platform stabilization with
respect to inertzal directions, only angular-motion sensors are involved in
the multi-closed loop process. On the other hand, stabilization with
respect to rotating reference usually involves both angular and rectilinear
motion sensors and signals.
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118 PRELIMINARY THEORY OF STABILIZED PLATFORMS

In the typical arrangement depicted by Fig. 7-1, where the central
element or platform is denoted by the right-handed orthogonal frame
¢p, With axes P!, P2 P3 the platform is driven about P? with respect to
the pitch (inner) gimbal. That is, the physical rotational axis of the plat-
form is the P? axis, which is nominally vertical and is mounted in the
pitch gimbal at upper and lower bearing junctions. Orthogonal axes P!
and P? are perpendicular to P? and fixed in the physical platform to

Ua’ W3

Roll gimbal viw?

Figure 7-1

define its P'P? plane, which is nominally horizontal under stabilization.
The pitch gimbal is driven about W? with respect to the roll gimbal,
while the roll gimbal is simultaneously driven about U (a longitudinal
axis) with respect to the vehicle. Under suitable closed-loop processing of
motion-sensor signals, the arrangement provides the essential kinematic
elements for inertial or rotating orientation stabilization. In the simplest
sense, rotation of the vehicle disturbs the platform (either completely or
with some residual rotation) through rotations which are sensed by the
sensors mounted thereon. The sensors provide signals employed to drive
platform and gimbals in opposition to the residual disturbances, so as to
achieve stabilization. Though it is only the central element which is,
in the strict sense, the stabilized platform, in common parlance the term
stabilized platform has come to mean the entire assembly, including gim-
bals and servo-drive systems.

While the common particular arrangement of Fig. 7-1 provides a
basic kinematic configuration for stabilization, it will later be seen that
employment of two gimbals in platform stabilization entails certain crafi-
attitude restrictions. Anticipating subsequent discussion, one may easily
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PRELIMINARY THEORY OF STABILIZED PLATFORMS 119

observe that the horizontal stabilization of the P!P? platform plane of
I'ig. 7-1 introducesindeterminacy when the U! (craft) axis is in a vertical
attitude (craft in vertical dive or climb). Under such attitude, a P? axis
angular sensor, which is normally an azimuth-rotation sensor, senses roll
motion while the other angular motion sensors perpendicular to P3,
normally the two used to achieve horizontal stabilization, can not sense
roll of the craft. Stabilization singularities attendant to such situations
are sometimes rectified by employment of a third or so-called redundant
stabilization gimbal.

Angular motion sensing required in platform stabilization may be
implemented by utilization of either a pair of two degrees of freedom gyros,
similar to the classical gyroscope of the last chapter, or by a triad of the
single degree of freedom type, yet to be introduced. This latter device, the
single degree of freedom gyro, will be discussed in the next section, which
concerns the single-axis or coplanar stabilization of a reference line.

7.3 | Uniaxial Inertial and Rotating Stabilization

Both the inertial and rotating stabilizations of the axial triads associ-
ated with a reference platform are most conveniently developed by
departing from the preliminary descriptions pertaining to the correspond-
ing one-axis stabilizations. Properties revealed by one-axis developments
are of more than introductory value, since the inertial and rotating
stabilizations of a reference line perpendicular to a single azis fized in inertial
space reveal dynamic properties which are immediately adjustable to
moving spatial stabilization descriptions. In this connection, it may be
mentioned that single-axis angular stabilization descriptions, and also
extensions pertaining to the single channel characterizations of complete
inertial guidance systems, are extensively employed in preliminary engi-
neering and evaluation. A study of uniaxial angular stabilization is thus
significant both with respect to the spatial stabilization of reference plat-
forms and subsequent single-channel discussions of complete inertial
systems.

Of first consideration in a description of single-axis angular stabiliza-
tion (inertial and rotating) is the angular-motion sensor and its nominal
disposition with respect to the geometry of the stabilization situation.
An angular-motion sensor of extensive past and current utilization is
that known as the ‘“single degree of freedom’” integrating gyroscope.
Significance of the word integrating will be revealed later. Reference to
this device may involve the abbreviation ‘“s.d.f. gyro.” More often,
where unambiguous, such a device will simply be called the ‘“gyro.”
Figure 7-2 depicts the configuration of a practical s.d.f. instrument gyro
along with an inertial reference frame ¢; (axes I'', I2, I*) and some of the
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120 PRELIMINARY THEORY OF STABILIZED PLATFORMS

basic elements of the attendant single-axis stabilization system. The
line to be stabilized (either inertially or with respect to a rotating refer-
ence line) is perpendicular to 73, and is thus always either in or parallel to
the 7172 plane. As indicated presently, this stabilized reference line may
conveniently be the precessional axis of the gyro, or it may lie along the
I']? plane projection of the gyro spin axis. In undisturbed initial attitude,

g2
Ya
1 bc Direction of drive AN
i for +a 72
{ Y ,',‘
23
It

Figure 7-2

the gyro spin axis is in or parallel to the 7'/? plane, and, as indicated in
IFig. 7-2, may be initially along 72 A reference frame ¢, (axes g, ¢2, ¢%) is
associated with the precessing members of the gyro, so that g! is along
the precessional axis and g2 is coincident with the spin axis of the wheel.
Another reference frame, ¢, (axes ¢!, ¢?, ¢*), is associated with the gyro
case or yoke such that ¢! is along the precessional axis, while ¢? is along
the axis of base rotation, being here, in the description of single-axis
stabilization, also coincident with 7°.

Consider first just thes.d.f. gyro, without regard to its inclusion in a
single-axis stabilization system. As is depicted by Iig. 7-2, the gyro
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PRELIMINARY THEORY OF STABILIZED PLATFORMS 127

consists of the case (or yoke, as drawn), the gimbal and wheel (or rotor),
and the pickoff and torquer. The pickoff is fixed to the case, and supplies
an output signal proportional to the precession (angle), «, while the
torquer, also fixed to the case, can supply a torque to the gimbal which is
proportional to an input signal. It is at the present assumed that all
bearings are frictionless. The wheel is assumed to be of homogeneous
polar moment of inertia, J, (about the spin axis), and to rotate at a
constant spin angular velocity, w,, such that the spin angular momentum
of magnitude h, = Jww» is and remains constant. In an actual unit, this
condition may be achieved by utilizing a gyro wheel which is the rotor of
a suitable speed regulated motor. This spin angular momentum is
characterized by a constant vector projection along the spin axis, ¢
If no motion inducing torque is applied to the gyro (a component of which
lies along I' or I%), the spin axis remains fixed in inertial space and, thus,
does not depart from its initial coincidence with I2. However, if an
angular velocity, w? about I3, isimpressed on the gyro, then, as predicted
by both the free-body and gyroscope developments of the last chapter,
the gimbal and wheel system experience a precessional torque, 7%, about
¢! (and ¢'), which can induce a precession a. See again I'ig. 7-2.

The configuration of the s.d.f. gyro permits a circumvention of the
nonlinear differential equations of the last chapter by admitting to
description in terms of the behavior of just the spin angular momentum
vector b, = J,wu],, Where j, is the unit vector along g2 This description is
particularly applicable for small values of «, and involves the condition
that the free axial reciprocity of precession is restrained by the preces-
sional axis bearings of the gyro. That is, in an s.d.f. gyro, the reciprocal
de
dt
related torque is reacted by the gimbal bearings. In this connection,
recall Section 6.1 of Chapter 6.

As the disturbing inertial rotation, #* (associated with the disturb-
ing inertial angular velocity w?®), is applied about the case axis ¢ (which
remains coincident with the inertial axis I® in the uniaxial input situation
under discussion), it is desirable to express the wheel angular momentum,
hw, in terms of projections measured along the case axes ¢!, %, and c®.
Thus

precession of ¢', due to the generation of a — can not occur, because the

(hwo)e = hide + h2.J. + h3 k. 7-1

where, by inspection

hi, =0 h%, = hy, cos « hi

we

= h, sin o 7-2
R =5d 090

It is now recalled, from Chapter 5, that the vector expression relating
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122 PRELIMINARY THEORY OF STABILIZED PLATFORMS

torque and angular momentum (or moment of momentum) is

e gy .
TuB_<7t >1_<7t >c+wx (hw)c 7-3

which involves another application of the theorem of Coriolis, here
expressed in terms of the current notation. The vector

@ = wll, + wlii + ik, 7-4

is the inertial angular velocity of the case (or yoke) expressed in terms of
projections along its own rotating axes ¢. These projections are here
just

et

wy = w> =0 w? = w? 7-5
c c c

Employment of Equations 7-1, 7-2, 7-4, and 7-5 in an explicit expansion of
Vector Expression 7-3 gives the applied torques which may be reacted
about the case axes, ¢’. Expansion and differentiation reveals these 7
to be

Tie = —why, COS & 7-6

126 = —hw %‘tf sin o 7-3
da

TgG = hw Et— COS o 7-8

being respectively measured about c!, ¢, and ¢3. The applied torque 7',
is reacted by the precessional torque 7} such that

76 = —7le = wih, cos a 7-9

while 7%; and 3, are actually applied by the gimbal bearings to react

% d_C: sin « and 8 = —he dac; cos a

Precession is thus again revealed to be such that the spin momentum
vector rotates toward the input angular velocity vector. See again Fig.
7-2.

Now the precessional torque, 7%, is reacted by the inertia and viscous
torques associated with the motion of the gimbal-wheel system about ¢!
(nonviscous frictional torque about ¢! is presently assumed to be zero),
and also by any torque which is intentionally applied by the torquer.
That is, inertia, viscous, and torquer torques are collectively the applied
torque 7s. If mo torque is applied by the torquer, the equation of motion
characterizing precessional behavior, @ = «(f), may be written

2 =
6 = h

d*a da
Jaw +fa§=w3hwc.sa 7—10

where J. is the polar moment of inertia of the precessing system, measured
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PRELIMINARY THEORY OF STABILIZED PLATFORMS 123

about ¢!, and f, is the viscous damping coefficient measured about the
same axis. Ifor cgs units, f, is seen to have the dimensions

(dyne)(cm)(sec) = %(Cc)m)z

TFor small values of «, which must be maintained in a stabilization system,
Equation 7-10 is essentially

d’a
“ d2

do®

dbc
e h

s 7-11

J +fa((ii—‘;=hww3=hw
s _ 40° _ dfc
CT @ T A

being exact when a« = 0. It is understood that w?® is the net inertial angu-
lar velocity impressed about 73 (and ¢®) and that it reflects the dzfference
between base rotation and opposition restitution induced through stabili-
zation based on the motion detection signal « (precession). This will be
emphasized presently. Expression 7-11 is the basic equation character-
izing the s.d.f. gyro when employed as an angular motion sensor in an
untaxial inerttal angular stabilization syfstem. On the other hand,
stabilization of a reference line (say ¢!') with respect to a radial line per-
pendicular to 72 which rotates about 72 (in or parallel to the 7172 plane) will
be seen to nvolve an application of gyro-torquer torque. Thus, the expres-
sion for rotating stabilization, which corresponds to Expression 7-11 for
inertial angular stabilization, is

K d
Ja d—tf o 8 E“ + krr(t) = hoos® 7-12

where k, is a dimensional constant which gives the torquer output time
function, k,7r(t), the dimensions of a torque. The necessity for torquer
torque will be established later in this section.

Interesting preliminaries to inertial and rotating uniaxial angular
stabilization are provided by certain elementary functional properties of
the s.d.f. gyro sensor. I‘irst, for motion which begins from null initial
conditions «(0) = «(0) = 63(0) = 0, a Laplace transformation* of
Expression 7-11 gives

hw

A(s) = L®(s) 7-13

%s+l

As) = gla()]  O(s) = £[6*()]

* It is assumed that the reader entertains a rudimentary knowledge of the oper-
ational calculus based on the unilateral Laplace transform. See bibliography for
salient literature.
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124 PRELIMINARY THEORY OF STABILIZED PLATFORMS

which, as h, is usually large, indicates that for large values of the damping
coefficient, f,, the precession is essentially proportional to the inertial
input rotation 6%(t) (or 6¢(t) = (I, ¢')). On the other hand, if f, = 0

hw

A(s) = — ®( ) 7-14

which indicates that, with no damping, «(t) is proportional to the time
integral of 63(¢). Yet another characteristic is that relating to the situa-
tion where there is no input rotation (83(¢t) = 0), but a signal is applied to
the torquer. In this case, gyroscopic torque is replaced by torquer torque,
and the equation of motion about the ¢! axis becomes

dt2 + fzx = ]f-,—TR(t) 7-15

which, for null initial conditions, may be transformed to give
k.
- Ja
A(s) = - T(s) 7-16

<'Ls + 1)

T(s) = £lrr(1)]

which indicates that, if the case is fixed in inertial space about 7% and f, is
large, then the induced precession, a = «(t), is essentially proportional
to the time integral of the input torquer signal, 7z(¢). It may now also be
commented that these properties, particularly Equation 7-14, account for
the term entegrating gyro, mentioned with the introduction of the s.d.f.
gyro under discussion. Opposed to this functional designation (integrat-
ing gyro), an s.d.f. gyro with elastic torsional restraint about the preces-
sional axis can employ precession as a direct measure of input angular
velocity, w3, and is called a s.d.f. rate gyro. This is easily understood by
contemplation of the equation

d’)

« g —l—fa —= —I— Lo = hyw? 7-17

where k. is a torsional elastic constant, example dimensions of which
may be (dyne)(em) per radian. If f, = 0 and J, is relatively small,
Equation 7-17 essentially gives

o -7‘? s 7-18
indicating a precession proportional to input angular velocity measured
about I3 (or ¢3).
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PRELIMINARY THEORY OF STABILIZED PLATFORMS 195

The s.d.f. gyro of the so-called integrating type is now employed as
the angular motion sensor in uniaxial angular stabilization. Discussion
of stabilization of a reference line, ¢!, with respect to a rotating refer-
ence line, L, is preceded by a development of nertial uniaxial angular
stabilization.

Uniaxial Inertial Angular Stabilization. Suppose that the s.d.f.
gyro of the integrating type, discussed above, is mounted on a base or
vehicle in such a manner that the gyro may be driven in rotation about
c® with respect to the vehicle, while the vehicle (entire assembly) experiences
inertial rotation about 73 (¢® remains coincident with or parallel to 73).
The drive may be direct and concentric, or, as indicated by I'ig. 7-2; it
may involve a gear train between gyro base and drive-motor shaft. The
latter arrangement, indicated by Fig. 7-2, constitutes the basic con-
figuration of a common type gyro-controlled uniaxial angular stabiliza-
tion system.

It is first understood that, for the hypothetical uniaxial situation
involving frictionless mounting bearings and concentric drive (a drive
motor rotor on gyro base and the field piecés fixed to the vehicle), the
vehicle angular motion can apply no torque to the gyro base unless the
field is energized. Consequently, for this hypothetical situation only, it is
concluded that the inertia of the gyro element would angularly self-
stabilize it in inertial space (about 7%). On the other hand, if there is
gearing such that offset rotating elements not concentric with ¢? are angu-
larly accelerated (by virtue of meshing with a gyro base gear centered on
¢® while the vehicle is rotated about the gyro), then some torque is applied
to the gyro element (about ¢?). Thus the gyro element is not quite self-
stable, even though there is no friction. Unless there isirreversible motion
transmission between drive motor and gyro base (such as the unlikely
case where the motor drives the gyro through a low-lead worm drive),
there is theoretically some inertial self-stabilization experienced by the
gyro element under any change of its angular momentum about 73 (and
¢®). Thisis often ignored, and is quite apart from the implemented stabili-
zation to be discussed. Philosophically, however, it might be said that
uniaxial ¢nertial angular stabilization not involving rigid initial applica-~
tion of vehicle rotation to the gyro is really a matter of correcting the
instantaneous error in the inertial self-stabilization of ¢'.

Elemental features of uniaxial <nertial angular stabilization are
developed in terms of the rotations depicted by I'ig. 7-3, which is a plan
view of the I'I? plane and duplicates part of IFig. 7-2. Ideal uniaxial
inertial angular stabilization requires that the gyro output (precessional)
axis torquer be inoperative. At some time ¢, the vehicle is in angular motion
about I?® (and ¢*) and has been displaced by the input rotation 6;. First,
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126 PRELIMINARY THEORY OF STABILIZED PLATFORMS

if the gyro wheel is not rotating, then, in the presence of friction or offset
gearing, self-stabilization is not complete and the ¢! axis is in angular
motion but lags behind the vehicle reference line (V.IRR.L.) and exhibits

I 2
s
QA'Q
&
d”\\
& el
&
&
oL
% i
6, =06°
L =
Figure 7-3

the inertial orientation 8¢ = 6%. In particular, if there is only friction of a
viscous nature between gyro base and vehicle, which acts only about the

¢ axis, then:
de; de.\ _ . d%.
f"(%‘%)‘“ﬁ 718

where fr is the rotational damping coefficient between gyro base and
vehicle, and Jg¢ is the ¢? axis polar moment of inertia of the gyro element
(J¢ 1s actually a variable if the gyro gimbal precesses, not at the moment
possible as the wheel is not rotating). If, for example:

dbr

0I(t) = wkt, —d? = Wg,y { > 0

then, for null initial conditions, it is easy to show that

fR fR

from which the steady-state lag is seen to be

Oc(t) = wit — e—IrtlTa

(01 ¥ 00):—>w = J—;;zﬂc

Self-stabilization is thus effective here only to the extent that ¢! lags
behind V.R.L. in acquiring the same angular velocity about I*® (in the
steady state).

Suppose now that the gyro wheel is rotating (the inertial angular
stabilization system is now in operation) and has the constant angular
momentum £, about g% At the time ¢, the vehicle has experienced the
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PRELIMINARY THEORY OF STABILIZED PLATFORMS 127

positive inertial rotation 6r (about I%) and has, through friction, offset
gearing, or combinations thereof, applied a torque to the gyro base such
that the gyro reference line ¢! (here the precessional axis) has started to
follow the vehicle. However, as soon as ¢! starts to rotate about I* (and
¢?), this inertial rotation is detected through precession of the ¢? axis,
as measured by the angle «. A pickoff signal proportional to « is amplified
by a linear amplifier and employed to energize the stabilization motor,
in such a manner that it applies opposition rotation to the gyro base
relative to the rotating vehicle, so as to attempt stabilization of ¢! with
respect to I'. Consequently, the instantaneous inertial orientation of the
¢! axis relative to I', being ¢ = 63, is now the difference of two opposing
rotations: a disturbance, denoted by 6p, and a restoration, denoted by 6.
The disturbance, 6p, is equal to 6r if gearing and friction are sufficient to
transmit all vehicle rotation to the gyro base when the stabilization
system is not operating. This is the case where self-stabilization has no
direct effect. On the other hand, if there is effective self-stabilization,
fp is then less than 6;. In either event, the significant point is that,
irrespective of the specific mechanism by which rotation of the vehicle
applies torque to the gyro base, the gyro detects only the net inertzal angular
velocity (difference between disturbance and restoration)

_ 48° _ dbc
At T de

3

through the generation of the precessional torque 7§, which the system
attempts to null by the counter-rotation of the gyro base relative to the
vehicle. That is, there is no precession, «, to demand a torque between
vehicle and gyro base, unless the gyro base has an inertial angular velocity
w3. This angular velocity detection dominates the stabilization process,
which is reckoned in terms of the difference between the disturbance (the
rotation of ¢! if there were no stabilization) and the restoration, 6s. In
other words, no matter how rotation of the vehicle (measured by rotation
of V.R.L.) applies torque to the gyro base, the instantaneous orientation
of the base reference line, ¢!, is

0(: = 61_) - 0,3 7-2.
or: ¢! is where it would have been without implemented stabilization
minus the restoration (stabilization) rotation, 6s, which is induced by
the stabilization motor torque generated only when w?® has a nonzero

value.
Torque generated by the stabilization motor is ideally assumed to be

TM = kAkMkpa = k,a 7-21

where kp is the precession pickoff constant of proportionality which may
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128 PRELIMINARY THEORY OF STABILIZED PLATFORMS

have the dimensions

Its
., — YO
i rad
k4 is the linear amplifier gain
= volts
- volt

and kyr is a constant which characterizes an assumption that the motor
delivers a torque proportional to the control voltage (amplifier output).
Dimensions of k3 may be

_ (dyne)(cm)

2 volt

This motor torque, 74, generated about the motor rotor shaft, is reacted
by the total dynamic and frictional torque associated with the generation
of s, but as s reflected back to the motor shaft. Characterization of the
total stabilization torque and its reflection through a spur gear train
between motor shaft and gyro base will be considered momentarily.
First, it may be of interest to take note of another fundamental but
usually implicit or unstated assumption in the uniaxial angular stabiliza-
tion situation. This is: it is here (and almost always) assumed that the
moment of inertia of the vehicle about I3 is so large relative to that of
the gyro system about I? (or ¢®) that the inertial moment of momentum
of the wehicle is completely unaffected by the stabilization torque gen-
erated between vehicle and gyro base. That is, it is assumed that the
stabilization motor does not alter the nature of the externally impressed
vehicle rotation 6 = 6r(t). In view of usual relative magnitudes, this
hardly need be stated.

Inertial angular stabilization is described by the closed-loop equation
of inertial motion (rotation) of the ¢! axis. Perfect inertial angular stabili-
zation would be specified by a response under which the system rigidly
slaves ¢! to I' with no transient oscillations for any vehicle rotational
input 6 = 6;(t), about the I® axis. On the other hand, ideal inertial
angular stabilization might be defined as that behavior under which ¢!
settles to ' through a brief transient specified by the solution of a linear
constant coefficient differential equation. Explicit derivation of the
closed-loop uniaxial inertial angular stabilization equation is logically
preceded by a brief review of torque reflection and a specification of the
inertial rotational relations between the gear and pinion of the particular
stabilization drive depicted by Iig. 7-2.

Reflection of inertia and viscous torques, 774, and 7y, through a
cascaded spur gear train of the nature depicted by Fig. 7-4, where, in
the strict sense, all axes of rotation are fized in inertial space, may easily

Nintendo Exhibit 1015

Page 0018



PRELIMINARY THEORY OF STABILIZED PLATFORMS 129

be shown to be given by the relations

o0 = [J1 4 (k1)2 s + (kaka)2Ty + (kakoky)2y + + +
n—1
d20
+ (11 &)o| G 722
i=1
n22

o = [+ )Y+ (eika)fs + (eakokn)?fs + - - -

+ (f]_]l ki) £ ‘—fgl 7-23

=1

n22

where 7.4, and 7, are respectively the total reflected inertia and viscous

Ji Jdy J3 Jy
g ) 1 1
T I} @@
j O P et
6, 0, 03 04
Figure 7-4

torques measured at the drive shaft of inertial rotation 6,, the k; relate the
contacting pitch radii through
]Cl = ﬁ kz = — k3 = 7‘_5
T T4 Te
and the J, and f, are the individual axial polar moments of inertia and
axial damping coefficients. In connection with these reflected torques,
it is not difficult to appreciate that for a torque amplification train wherein

Pi S Moy 0o 5. Ty 1.5 0oy,
) )

the first and second terms may contribute more reaction at the drive
(motor) shaft than a much larger load (inertia and/or viscous) at the
final-output shaft. From a practical point of view, Expressions 7-22
and 7-23 are almost always valid for the cascaded spur gear trains
encountered in machine design, servo systems, etc., without regard to
the inertial state of motion of the gear axes. However, in the study of refer-
ence line and platform stabilization, where minute effects can become
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130 PRELIMINARY THEORY OF STABILIZED PLATFORMS

important, the detailed kinematic anatomy of servo drives with orbiting
axes of gear rotation is of interest. A detailed examination of the single
(external) pinion drive depicted by I'ig. 7-2 provides a specific example
of pinion-base gear kinematics under stabilization. In this connection,
consider the rotations depicted by I'ig. 7-5, which is another plan view of
the 7172 plane.

. n
Pi .

N

base gear s |

Figure 7-5

In contemplation of I'ig. 7-5, it must be remembered that the drive
pinion axis of rotation zs carried by the vehicle through the vehicle rotation,
01, irrespective of the location of the gyro base reference line ¢! (to be
stabilized). It is also recalled that 6p = 67 ¢f there is no self-stabilization
effect, and that ¢! would then lie along V.R.L. when the tmplemented
stabtlization system is not in operation. In relating the inertial rotations of
pinion and gyro base gear, it must be remembered that the inertial rota-
tion of the pinion consists of two parts: an inertial rotation due to the
mutual arc length “rolled off” by rolling around the base gear, and an
inertial rotation, 6;, due to orbiting about the base gear. IFor example:
if pinion is locked to base gear, such that ¢! rigidly remains along V.R.L.,
the pinion still experiences the inertial rotation 6; about its own orbiting
axis of rotation. When not locked together, the arc length “rolled off”’
between gear and pinion is

S = 1101 = 7202z

where 7; and r, are the radii of pinion and gear respectively, and 601z
and sz are the respective rotations due to rolling against each other.
Suppose first that the base gear is fized n tnertial space, i.e., there is
perfect inertial stabilization wherein ¢! stays rigidly along /'. The pinion
center is still carried to 6; by the rotation of the vehicle, and the total
inertial rotation of the pinion is the “roll off”” rotation plus the orbital
rotation. Thus

el=0m+ez=:—joz+oz=(1+:—j)oz 7-24
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For this simple drive, this is thus the total net inertial rotation (ignoring
dynamic oscillations) of the drive pinion when ideal inertial stabiliza-
tion of ¢! is achieved.

Continuing the discussion of the previous paragraph, suppose now
that the reference line ¢! is carried to 6p, while the pinion center is still,
of course, carried to 6;. Roll-off rotation of the pinion is clearly

7
Op = — (6r — 0p)
71
while the total inertial rotation of the pinion is
% T Ts
01=011e+91=—2(01—91))+01=(1—}———2)01——01) 7-25
T ™y, T1
Finally, suppose that ¢! is now driven back to ¢. Roll-off rotation is
r
1r = — (61 — 6c)
1
while the total net inertial rotation of the pinion is
61 = 01n + 0 = 2 (6, — 0) + 6 = <1+Q>0,—r—200 7-26
r1 1 r1

If the ratio of radii
fy % 7-27
ry Oar
is defined as the rotation ratio, n, of pinion to gear (verbally valid only
when both axes are fixed in inertial space), Expression 7-26 may be
written
01 = (1 + n)@; =S nﬁc 7-28

Inertial rotation of the drive pinion, Expression 7-28, is involved in the
following description of the closed-loop inertial stabilization process
implemented by the specific system which is depicted by Fig. 7-2.

The stabilization motor torque, 74 = kakukpa = k,e, s dynamically
reacted by the inertia and viscous torques induced in those elements
which the motor drives. Inertia torque reacted by motor torque, in the
example system under discussion, I'ig. 7-2, is that associated with chang-
ing the inertial angular momentum of the gyro element, measured about
I3 (and ¢?), plus that associated with changing the inertial angular
momentum of the motor shaft (with pinion). Viscous torque reacted by
the motor is proportional to the relative angular velocity between gyro
base and vehicle, reflected to the motor shaft, plus any viscous and/or
electrical damping measured about the motor shaft. An elementary
development of these torques (similar to an elementary development for
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fized gear axes which gives Expression 7-22 and 7-23) is an essential step
in the following derivation of the stabilization equation.

Reference to Figs. 7-2, 7-3, and 7-5 indicates that the instantaneous
inertial angular momentum of the gyro element (gyro and gyro base
with base gear) about 7% is

])‘Gz,]G(d_g[_%):] dac

dt dt YT
dop  db o o
or ’LG="G<f‘7tS>=JG &

being proportional to the net inertial angular velocity, d;_tc (about 73),

irrespective of whether 6c = 6; — fsorfc = 6p — s, thatis, irrespective
of the presence of some self-stabilization effect. However, it must be
remembered that, in either case, the pinion axis is still carried to 6; and
that the inertial rotation of the pinion remains

0 = (1 + n)01 — nbc 7-28

Stabilization is characterized by a differential equation which relates the
inertial rotation, 6¢(t), of the stabilized line, ¢’, and the inertial rotation of
the vehicle, 6r(t), said equation being thus written in terms of rotations
about I3 (or ¢®). It is again recalled that, in tnertial angular stabilization,
fc(t) should settle to zero, irrespective of the forcing rotation 6;(¢), as
revealed by solutions of the system differential equation. To maintain a
clear identification of the directions of the base motion torques involved
in the stabilization mechanism, all base motion torques are referred to
the rotation convention (right-handed) defined about 73. With this con-
vention, the torque applied by the motor, in a sense to achieve stabilization
(accomplished by the correct polarity of electrical input to the motor),
is reacted about I® by the inertia of the gyro element such that

d d*0c
T IG=" dt (hg) = —JG dt2
which is reflected to the motor shaft as
_ Ny @ Jed¥c -
MG T T LY T T Thoade -39

being a positive torque about the pinion axis but retaining the negative sign
by virtue of being expressed in terms of 6¢. It should also be noted that
expression in terms of ¢ likewise eliminates the appearance of the square
of the gear ratio n at this point. Relation 7-30 is easily established by
considering the pitch-line action and reaction (forces) between base gear
and pinion. The torque 76 is just a part of the inertia torque reacted by
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the motor torque. There is also the torque due to the change of inertial
angular momentum of the motor rotor (with pinion) measured about its
own (orbiting) axis. By employment of Equation 7-28, the inertial angu-
lar acceleration of the pinion about its own azis is

420, A6, d*6c
- TM g e

which corresponds to a positive torque about the pinion axis which is

dz6, d*0r d?6c

Tup = Ju T Jar(1 4+ n) e J‘unﬁ

where Jj; is the polar moment of inertia of motor rotor and pinion. The
total inertia torque reacted by the motor is thus here

Je + (zl)zz_/'.g) d*fc d%0;

5 -dF + JA[(I + n) d—t2 7-32

7-31

TMI = Tyg T Tup = — <

being expressed in terms of rotational derivatives involving rotations
occuring about 3. Viscous torque about I* (and ¢?) is proportional to the
relative angular velocity between vehicle and gyro base. This is character-
ized by !

(400 _ doe
“\dt  dt
where fe¢ is the damping coefficient effective between vehicle and gyro

bose. This torque tends to increase f¢ and is consequently opposed by a
positive torque about the pinion axis which is

_fe(dbr dbc

TMG = % di m‘ 7-33
being retained in terms of angular velocities measured about 7% again
eliminating the appearance of a second power of the ratio m. Viscous

torque originating about the motor rotor is proportional to the angular
velocity of the rotor with respect to its stator. This is

do dé dé do
Tarar = far % <d—tI = Ef) = fun (Ell = 7;) 7-34

where fi is the damping coeflicient effective between motor rotor and
stator. The quantity
" (f"i{ E dic)
dt dt

is the relative angular velocity between rotor and stator and reflects the
fact that the motor orbits about the base gear. Total torque reacted by
the motor is thus here

T = ™var + Tare + Turn = kakakpo = ke
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which is explicitly
(Jo + )2\ d*6c | (fe + (n)*ar dec T ko

s n /) dez T\ n
- d 0[ fo + (n)?*fa\ dbr
Jull +n) o + ( n > dt

7-35

The precession, «, of the gyro spin axis is now recalled to be specified by
Expression 7-11 (being the case of inerizal angular stabilization, wherein
the gyro output axis torquer is not energized).
d*« do dbc

JQ%Z +faE—hwW 7-11
Elimination of a between Equation 7-11 and 7-35 (by differentiation and
substitution or operationally) then gives the closed-loop system stabiliza-
tion equation. This is found to be

in"i (Je + (n)*J ) Eggc [ (fe + (n)2fx) + f (JG + ()2 JM):I
+ 12 o %) 2 4 kbt = uTa(1 4+ m) B0

+ |22 (fo + () u) + d*0;
[ n- (fG (n) fM) faJM(l =+ n)] s
db,

+ 0 o+ 0 D 736

Expression 7-36 is the general performance equation for the uniaxial
inertial angular stabilization system defined by the stipulations and
assumptions employed in the derivation. Its validity is restricted to the
single-pinion configuration of I'ig. 7-2, and is further suppressed by the
exclusion of nonviscous friction and other component nonlinearities. In
contemplation of this system and its equation, Equation 7-36, it should
be realized that the derivation and description would have been further
complicated by the employment of a more extensive gear train. Inclusion
of additional reduction stages between motor shaft and gyro base gear
further complicates a completely explicit description (by the inclusion of
the reflected dynamic contributions of all intermediate gears) of angular
stabilization systems. The current explicit description of the single-
pinion drive of Ifig. 7-2 should enhance an appreciation of such com-
plications. Discussion presented presently will concern a somewhat less
explicit description of the uniaxial inertial angular stabilization mechan-
ism. Other subsequent discussion will relate to effects attending certain
static and dynamically induced anomalies. Of more immediate concern
is the major performance of the current uniaxial inertial stabilization
system, as revealed by its explicit linear characterization, Expression 7-36.
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Suppose first that there is no viscous damping anywhere in the
system. That is, assume that

fa=fe=lu=0 7-37
Under this stipulation, Equation 7-36 reduces to just
d*6¢

AT (]c + ()2 3) T + kool = JuTu(1 +m) g 29y 7-38

which is of the form
d30r
dtt

d*0¢

Ay e

oo Ay = Ay

and which, for null initial conditions, gives the Laplace transform *

Bc(s) = a0 5o + 7 01(s) 7-39
_ As _ Ay
Aoy = I b= Z;

where the response transform ©¢(s) would:be inverted for specified
disturbance transforms ©;(s) = £[6:(f)] to describe the stabilization
behavior, 6¢(t), of the gyro reference line, ¢c!. However, without regard to
the specification of any forcing rotation of the vehicle, 6,(¢), or its trans-
form, ©,(s), it may be shown that

(s 4 k) = ls + (B)3]ls? — (R)13s + (k)2P]

where the quadratic factor has a negative coeflicient. Consequently,
the system is systematically unstable in the absence of all damping.

Consider now the system as is characterized by the nonzero values of
all its parameters. Equation 7-36 may be written

d*0 d*0¢ dBC d*6r
dt3c + A2 dl2 + As + A400 = As dﬁ‘
d?6r dé,
+ A+ Ay 140

where A, As, A;, + + + respectively represent the parametric coefficients
of Equation 7-36. Suppose that the vehicle rotation is specified by the
ramp function

0:(t) = wit  t>0

from which dTBtI = W 7-41

That is, the vehicle experiences a rotation of constant angular velocity,

* Direct superscripts on the Laplace variable, s, are exponents.
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wr, about I3, which is applied at { = 0+. Let the initial values of all
variables be zero (which elsminates the inclusion of the second and third
derivatives of 6;(f) as being the unit impulse multiplied by w; and the
doublet impulse multiplied by w;, respectively). As the transform of wy is

L] = %

transformation of Equation 7-40 then gives

A 7Ws

Ocls) = s(A1s* + A8 + Ays + Ay T
Application of the Laplace transform final value theorem
lim 6¢(¢) = lim s@c(s)
{— s—0
then reveals that
o _ Ao _ fa(fo + (n)%far) o
00(00) = }Lrll GC(t) = A4 = nchchkphw ,(rad) 7-43

which indicates that, while not remaining rigidly along I, ¢! does settle
to a constant angular displacement, 6c( ), from /!, and thus experiences
uniaxial inertial stabilization, though not, by definition, ideal. However,
system servo stability demands that

AAds > A1A4
which is explicitly

b ke (Je + (n)%] ar)
fa(fe + (m)¥ )

being a condition which may not be practically achievable for realistic
values of the parameters involved. Acceptable performance in angular
stabilization often necessitates the inclusion of a signal-processing
compensating network, and consequently a rederivation of the system
equation. A particular example of system compensation is incorporated
in the following further description of the uniaxial inertial angular
stabilization mechanism.

Consider now a system of the same general configuration as that of
TFig. 7-2, but one wherein the drive gear reduction, of overall ratio #,
may involve any number of stages. Assume that the only damping in the
drive system (not including the gyro) is that which occurs about the motor
shaft, and that there is no other friction between vehicle and gyro base.
The total torque reacted by the drive motor is now

de 0
M=J271t—21+fu% 7-45

Valfe + )¥ar) + fa(Je + (n)2Ta)] > 7-44
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where Js is the total inertia of the driven members, as reflected to the
motor shaft of inertial rotation 6;, fir is the damping coefficient between
motor rotor and stator, and 6z is the rotation of motor rotor relative to
the stator. The snertial rotation of the motor rotor (not now the pinion)
is still

0, = 0r + n(01 == 90) = (1 + n)61 — nb¢

while the rotor rotation relative to the stator is
913 == n91 e 77,90
Equation 7-45 may thus be written

2
ot = J3(L + ) ‘% +an% _

20
N %2-29 — fam a 7-46

J
With respect to the previous single-pinion system, Equation 7-36, it
may be noted that the reflected inertia as specified by Expression 7-22 is

for that system
I
JZ = <JM + ‘(ﬁ%)

= Je + (n)zJﬂ}

so that Jsn
n

as was independently derived for the coefficient of the first term of
Expression 7-35. Suppose now that the pickoff voltage ep = kpa, which
is the signal proportional to the precession «, specified by the equation

dza do(z

e di? di

da
+ f T I 7-11
isnot fed directly to the linear amplifier, but is rather the input to a com-

pensating filter of the d-¢ configuration depicted by Fig. 7-6. The con-

R
— MM\ o
€p =C €o
o o

Figure 7-6

stant-coeflicient description of this circuit is easily found to be

er = RC ‘%‘) iy 7-47
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The voltage eq(t) is now the input to the amplifier of output es = kyeo(?).
Stabilization motor torque is thus characterized by 7 = kakareo(t),
which with Equations 7-11 and 7-47, is found to be related to the instan-
taneous inertial displacement of ¢!, measured by 6¢(t), through the
equation

dT]i[

J.RCE™ 4 (7. + f.RC) Y

L + furar = kohuwbe(t) 7-48

Elimination of 737 between IEquations 7-46 and 7-48 then gives the system
equation

JoTsnRC 528 4 RO of + T3f) + JoT sn] S2C
26
+ [n(-]af\[ + J“fa) + faf‘lnRC] dt2
t Jefsn B 4 khuate = T+ myRC L
+ UefumRC + JuT (1 + m) + Jofu(l + m)RC) &
d%6;

+ (Jofun + fofsmRC + Jsfa(1 + n)) art

+ Jufan G d”’ 7-49

which is of the form

do ag a*o dé d40
dtf + A2 dt3C -1 As d—tf ol A4 C == Asec = dt‘{
a*g a9 da
+da gy +dem b Aoy TR

Of first consideration, in the discussion of the system characterized
by Equation 7-50, is the question of systematic stability. Systematic
stability here demands that*

A2 A3A 4 > (A9)24s + A1(44)? 7-51

which might now be more conveniently achieved by virtue of the addi-
tional latitude of coefficient adjustment which attends variation of the
electrical parameters, R and C.

It is now observed that, for practical values of the ratio n (say
n > 100), the orbital rotation, 6;, of the motor rotor (not now the pinion)
is of small contribution to its total inertial rotation. If this orbital rota-
tion is Zgnored, then all of the coefficient factors which are (1 + n) in

* See Appendix III.
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Equation 7-49 are replaced by just n, and Equation 7-50 becomes

40 d36 d26 do
Ay B0 4, S0+ A D0+ AT+ Ao
d46; d36; d20r d01
= 4Gt digp + gt Acg o T2

A new dependent variable, 6,, is introduced such that
0.(t) = 0:(t) — 6c(2) 7-53

which, for the case where 6p = 6r (no self-stabilization effect), is observed
to be synonymous with the 6g (restoration) of prior discussion. Equa-
tion 7-52 thus becomes

d d*0a
Yt dt3

Clearly, if 6,(t) tends to 6;(f) (in magnitude) then 6¢(f) tends to zero and
the ¢! axis experiences ideal uniaxial inertial angular stabilization. For
null initial conditions, the Laplace transform of Equation 7-54 is

As
A184 + A283 + A382 ‘i’- A4S + A5

d0a

+ By 4, e 4 DBy A = Ay 754

O.(s) = O:(s) 7-55

If Condition 7-51 is realized, then the final value theorem indicates that,
for a step-function disturbance (vehicle rotation), 6,;(¢) = k1(¢), (¢ > 0),
the variable 6.(t) approaches 6;(t) with increasing time. Consequently,
for the step-function disturbance, ¢ — 0 and ideal inertial angular
stabilization is achieved. Speed of inertial stabilization response (meas-
ured by the time to reduce 6¢(t) to a specified value) depends on the

particular (stable) distribution of coefficient values. Coefficient selection
is a linear servo design problem in the elementary sense. If the vehicle

rotation is the ramp function 6;(t) = wit, (£ > 0), of constant angular
velocity wi, then

L[0r(H)] = B1(s) = -
and an inversion of Equation 7-55 for this forcing transform reveals that

0,,(t) = it — —A—4 wr + T(,,(t)
Ag
where T',(t) represents transient terms which depend on the roots of the
denominator of Equation 7-55 and which decay with time if the system is
stable. It then follows that

bc(t) = 01(t) — 0.(t) = wit — (wkt - ;%wk + Tw(t)> = %‘: wr — Tu(t)
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As T,(t) -—» 0 with increasing time, the gyro reference line, ¢!, settles to
the steady-state value
A
fo(e) = A—:wk, (rad)
and is inertially stable to within a constant angular displacement. @®n
the other hand, if the vehicle rotation is given by the constant angular
acceleration function 6r(t) = Lag(t)?, (¢ > 0), then

2l6:0] = O1(s) = 7

and inversion of IEquation 7-55 leads to

_ Ay, A\ A
00(0 = Qg Et (0 7] [(E) A_5] Ta(t)

where T.(t) represents the transient terms. It is thus seen that the refer-
ence line ¢! drifts away from inertial stabilization in a manner which is
essentially a linear function of time, when the vehicle disturbance is a
continuously applied constant angular acceleration. It has thus been
revealed that, under this reduced description, where the relatively small
orbital rotation of the motor rotor is ignored, ideal inertial angular stabili-
zation is not completely achieved for the vehicle rotation functions

0r(t) = wit, 01(t) = Fao(t)?

However, without additional qualification and interpretation, the
unbounded application of these vehicle disturbances (particularly the
second) imposes performance requirements on the system which are, in
general, unrealistically severe. Failure to achieve complete ideal stabili-
zation under the unbounded application of these forcing functions does
not impair the utility of the uniaxial stabilization mechanism. Rather,
as in the generally related servomechanism technology, the ideal response
to the step disturbance 6;(¢t) = k1(¢) is significant. In this connection,
it may be noted that an explicit inversion of IEquation 7-55 for 6;(t) =
k1(t) and an underdamped stable distribution of system coefficients may
be achieved by writing

® ( ) _ ]CAs
o\8) = S(A184 + A283 + 11382 —|— A4S + As)
k o3ds
. a161
. [22) g 02 03
s<s2—|——s +—><82 —I——s—i——)
ay ap 01 01
Ou(s) = Bleon)*(uag)? 7-56

s(s? 4+ 2f1018 + (w1)2) (8% 4 20 2wss + (w2)?)
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where
Al = 101 A2 = 0102 + 0901

As = o103 + @20 + 301 A4 = as03 + asd, As = o303
and

oy ds /CT3 ) \/5;
= = Wi = —2 9 = 2
T Sidmm - B N AR

whereupon @.(s) may be inverted by the straightforward but often
tedious procedure of partial fractions and transform identifications. In
relation to this, it is recalled that for real coefficients the complex roots
of

F(s) = Ays* + Ags® + Ass2 + Ass+ A5 =0

must occur in conjugate pairs. Consequently, F'(s) = 0 must have either
four real roots, two real and two complex roots, or four complex roots.
Desirable performance usually dictates that the stable distribution of
coefficients provide F(s) = 0 with two pairs of conjugate complex roots
(under stability, these roots will have negatiye real parts). If so, these
conjugate pairs of roots are then the roots of the quadratic factors which
appear in the denominator of Equation 7-56. It is also recalled that
multeple real roots correspond to time functions involving positive
integral powers of ¢ in product with negative exponentials, and conse-
quently to critical damping. For example:

1

£[t6_ﬁt] = m

Iiquation 7-56 is expressed in the standard control system form, involving
a product of two (elementary) underdamped quadratics, and thus the
two damping ratios, {1 and ¢», and the two natural frequencies, w, and ws.

Uniaxial inertial angular stabilization, as described immediately
above, where the orbital rotation of the motor rotor of a particular system
was ignored, was seen to resolve into a control-system or servomechanism
study of elementary configuration. Further investigation of the same
system with the inclusion of the complete inertial rotation of the rotor,
as characterized by Equation 7-49, would reveal a synonymous situation.
In general, the design of a uniaxial inertial angular stabilization system
which must conform to specified performance requirements falls directly
into the domain of control systems engineering. Angular motion detec-
tion, as supplied by a s.d.f. gyro, is just another case of error detection
which may be employed in connection with the well-developed linear
techniques of the servomechanisms art to implement a null seeking system
and thus stabilization. Specific sophistications relating to design,
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compensation, and general analysis and synthesis are adequately treated
in the abundant literature. *t

As was indicated by preliminary remarks of this section, the uniaxia]
inertial angular stabilization of a reference line (stabilized in a plane
normal to the axis around which the vehicle is disturbed) describes a
mechanism which may be extended to the inertial angular stabilization
of an orthogonal triad of lines, and thus to the angular spatial stabilization
of a reference platform. A simultaneous extension of the uniaxial mechan-
ism to three orthogonal lines is physically achieved by the employment of
a platform gimbal system, one configuration of which is indicated by
Fig. 7-1. Rudimentary features of platform stabilization were reviewed
in Section 7.2. With the inclusion of axzial cross effects, the uniaxial inertial
angular stabilization mechanism is the essential feature of the inertia]
angular spatial stabilization of a platform which employs an orthogonal
triad of angular motion sensors. Moreover, the angular stabilization of a
reference line with respect to a rotating reference line, considered in the
following subsection, is an immediate extension of uniaxial inertial angu-
lar stabilization (rotating stabilization is achieved by employment of the
gyro output axis torquer), which is in turn extended to the rotating
spatial stabilization of a platform triad. Thus, uniaxial inertial angular
stabilization is preliminary to uniaxial rotating stabilization, and both
are respectively extended to the mechanisms of inertial and rotating
platform stabilization.

Uniaxial Rotating Stabilization (Variable Reference Orien-
tation). Kinematically opposed to the uniaxial angular stabilization of
a reference line with respect to an inertial direction, considered in the
previous subsection, is the uniaxial angular stabilization of a reference
line with respect to a coplanar rotating reference line. As depicted by Fig.
7-2, the reference line ¢! is now to be stabilized with respect to the rotating
line L, which is coplanar with or parallel to the plane of ¢!, and which is
perpendicular to and rotates about 7% (or c¢®). Perfect uniaxial rotating
angular stabilization would be realized when ¢! could be rigidly slaved to
L (or its projection) with 8¢ = 6z irrespective of the angular motion of
the vehicle reference line, V.R.L., located by 6;. As extended to an
orthogonal triad of platform reference axes, rotating angular stabiliza-
tion, or variable reference orientation, is a common requirement in
terrestrial vehicular inertial systems. As described presently, implemen-
tation of uniaxial rotating angular stabilization involves the application
of an externally generated signal to the gyro precessional axis torquer,

* See Bibliography.

t See Appendix V for an exemplary application of frequency techniques in analysis
and compensation.
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under the condition that the system would otherwise achieve inertial
angular stabilization. Subsequent developments pertaining to platform
stabilization under curvilinear terrestrial motion will indicate that torqu-
ing signals may be generated by suitable integration and contraction of
curvilinear acceleration signals.

As mentioned above, the requirement that c! be stabilized with
respect to the rotating reference line, L, inertially located by 6.(t), may
be satisfied by the application of a suitable torquer signal, rz(t), to the
gyro precessional axis torquer. It is recalled that, if there is no net
inertial angular velocity, «? impressed about the gyro input axis, ¢3(7?),
and there is no torquer torque, k,7z(t), then the precession, ¢, remains zero
and the stabilization drive motor receives no command signal. Conse-
quently, 6¢(f) retains zero value (ideally). Application of a torquer tor-
que, k.mr(t), then tends to generate a negative @, and thus causes the
motor to drive the gyro base with respect to the vehicle so as to generate
a posttive O¢c. That is, the drive motor must respond to the signal gen-
erated by «, whether a be induced by gyroscopic precession or by torquer
torque, or by a combination of both. See again Fig. 7-2.

Continuing the qualitative discussion initiated in the last paragraph,
if residual vehicle rotation and torquer signal are applied simultaneously,
then the following simultaneous actions tend to occur: positive residual
rotation transmitted to (about) the gyro input axis generates a positive
a which commands the drive motor to drive ¢! back toward inertial refer-
ence. While this tends to occur, the torquer torque opposes the gyro-
scopic torque (see Equation 7-12) and attempts to drive « in the negative
direction. If a goes negative, it then supplies the motor a command to
drive ¢! positively with respect to the vehicle. If « remains negative,
¢' continues to rotate positively with respect to the vehicle reference
line, V.R.L., providing one revelation of system capability to follow a
rotating reference. However, the gyro is meanwhile experiencing a posi-
tive input angular velocity, and thus generates a gyroscopic torque which
opposes the torquer torque. Therefore, if the drive motor torque is
directly proportional to « (no filter compensation), dynamic descent to a
constant « results in an eventual constant torque between vehicle and
gyro base which is reacted in accord with the specific frictional properties
of the drive system. The simplest example, here, is that where there is
only viscous friction between vehicle and gyro base. If this is the case,
then the constant torque will maintain a constant relative angular
velocity between gyro base and vehicle, while each has a constant but
different inertial angular velocity about 7. When the dynamic situation
is such that torquer and gyroscopic torques are balanced at « = 0, there
is no drive motor torque and, disregarding self-stabilization effects, ¢!
remains fixed relative to the vehicle. On the other hand, under some other
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dynamic situation (depending on system and state of motion), self-
stabilization effect in the gyro element may establish some small value of
a to achieve stabilization of ¢! relative to the vehicle, or relative to the
rotating line, L. In general, if a settles to a positive value, the inertial
rotation of the vehicle tends to lead that of ¢!. Conversely, a negative
steady-state value of « indicates that ¢! is moving ahead of V.R.L. It
should perhaps be mentioned that, in actual practice, « is usually con-
fined to small values (+ a degree or so) by employment of high control
loop gain.

Consider again the uniaxial angular stabilization system of the
general configuration depicted by Fig. 7-2, which was previously dis-
cussed with respect to the #nertial stabilization of the gyro reference line,
c'. Assume again that the vehicle experiences the inertial disturbance
rotation 6 = 6;(¢), but that now, by virtue of a torquer torque, ¢! is to
be slaved to the rotating reference line, L, instantaneously located by
0z = 6.(t). This stabilization of ¢! with respect to L (6¢(t) — 6.(2))
should, of course, be independent of the vehicle disturbance, 6r(¢). The
problem is to determine the torquer torque

mr = k7r(t) 7-57

such that the desired rotating stabilization (6¢(¢) — 6L(f)) is achieved.
As « is restricted to small magnitudes, the equation of motion about the
gyro precessional axis is assumed to be characterized by Expression 7-12,
previously established.

G

a 7-12

d’a da
J”d—t‘-’ —|—faﬁ + kar(t) = hw
Torque generated by the stabilization motor is presently assumed to be
directly proportional to the precession, «, as specified by Expression 7-21.

™ = ICA]CMICPOL = k,a’ 7-21

That is, there is presently no compensating filter in the system. The
motor torque, 7, is assumed to be dynamically reacted such that

d?0 dé
zd—tgl —i—fzm@-f‘fzs 7-58

m =J
where J 3 is the total inertia of the driven members reflected to the motor
rotor shaft, 6; is the inertial rotation of the motor rotor shaft

01 = 01 + ’n(9[ d 00) = (1 + n)fh — n@c,

n is the overall gear ratio, fs is the total reflected damping coefficient

. Ok . : .
effective at the rotor shaft, d{ff is the relative angular velocity of the rotor
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shaft

don _ (455 _ dbe
at dt dt )

and 73z, is the total Coulomb frictional torque (friction which is inde-
pendent of relative velocity) reflected to the motor rotor shaft. In con-
templation of the last two terms of Equation 7-58, it is understood that
frictional torques are relative and not inertial effects, and thus may be
reflected through the gear train (Equations 7-22 and 7-23) as though all
gear axes were fixed in inertial space. Equations 7-21 and 7-58 give
d20[ d61 -¥ dzoc dBC

J;;(]. + n) ar + f}:n W + 15, = Jn —dt2 + fzn 7&- + ko 7-59
whereupon, for null initial conditions, an operational elimination of «
between Equations 7-12 and 7-59 gives the Laplace domain expression

s {Jas(1 + n)s? + [Joufsn + Jsfa(l + n)ls + fefzn} Or(s)
Jad sns* + n(Jofz + J2fa)s® + fafzns + kohu "
JaTEs
JoJ sn8® + n(Jofs + Jsfa)s? + fafsns + koho
faTEs
R T B O A T U R
kok.

V T+ naTs & Sl o Ldie o b

where the Coulomb torque is treated as a constant, and Tr(s) is the
Laplace transform of the currently unknown torquer signal, 7z(¢).
Iixpression 7-60 is a general uniaxial angular stabilization equation, in
that it characterizes both inertial and rotating stabilization, and also
some effect of nonviscous friction. The first term characterizes the
inertial stabilization behavior of ¢! and, except for a generalization of
reflected effects, is almost synonymous with previous descriptions of
uniaxial inertial angular stabilization. Effect in the behavior of ¢! which
attends the presence of the constant reflected frictional torque, 73, is
indicated by the second and third terms. The fourth term is that which
describes the effect of torquer torque, 7 = k,7r(t), and is the expression
of interest in relation to the stabilization of ¢! with respect to the rotating
reference line, L.

Under an assumption of systematic stability, the current point of
interest in Expression 7-60 is isolated by assuming that 6;(t) = 0, or
that it is a step function or a ramp function, so that the contribution cor-
responding to the first term is either zero, steady-state zero, or steady-
state constant, and may thus be here disregarded. That is, it is first
assumed that inertial stabilization is achieved in the absence of the other
terms. Further, under systematic stability, the second term, induced by

Oc(s) =

+

Tr(s) T7-60
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Tzs, cOrresponds to a time function which decays to zero with increasing
time, while the time function corresponding to the third term, also due to
73, decays to a constant value. The foregoing assumptions and observa-
tions justify an isolation of the response property of current interest,
being that of the stabilization of ¢! with respect to the rotating reference
line, L. The Laplace transform of interest is thus

Oc¢(s) = OcL(s)

kok,
= ST Falfs T Jfst F Tofsns + by 1R 761
If the torquer input signal, 7,(t), is made directly proportional to the
exact desired angular velocity, as expressed by

ao
ra(t) = k5 7-62

then, if 6,(0) = 0
TR(S) = ]CR-S@L(S)

Expression 7-61 becomes

_ k,k[ek, @
Ocls) = T T nlofs T T8 T fofens + Rl 028 T8

where the constants A, and &, must be such that

e = kor(t) = kekr by = torque, say, in (dyne)(cm)

di
Thus, for cgs units

g rad _ (gm)(cm)®

krk, S (dyne)(cm) = e
from which

_ (gm)(cm)?® _ (gm)(cm)?

krk, = = ) (sec) = =
which are the dimensions of angular momentum, as measured in cgs
units. Thus, the product kzk. has the same dimensions as h,. If now the
magnitude of Ak, may be adjusted so as to remain equal to A,

k[g]CT = hw
then Expression 7-63 becomes

o oy kol
&) = T Tons F nlufs F Jofa)s + Jofans + Fobs

which, for a stable distribution of coefficients, here assured by

JaJanrhw
(Jafs + Jsfa) > e

Ou(s)  7-64
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is the transform of a control system which ideally provides zero steady-
state position error (e = 6, — 6¢z) for a step function input (6.(t) =
k1()), and a constant steady-state position error for a constant velocity
(ramp function, 6.(t) = wit) input. Under the stipulated qualifications,
then, a torquer torque suitably proportional to the desired angular

., db . . o
velocity _d_tL , may be employed to implement uniaxial angular stabiliza-

tion with respect to a rotating reference line, L, regarded as being located
by the inertial angle, 6, = 6.(¢). Here again, as in inertial angular stabili-
zation, design for specific performance requirements involves system
compensation, rederivation of the system equation, and the other usual
sophistications of the servomechanisms art. Generation of the desired
angular velocity required for the torquer signal involves implementation
which, in terms of the current description, is external to the uniaxial
stabilization mechanism. Subsequent discussion will reveal the participa-
tion of angular stabilization in the larger mechanisms of platform leveling
and inertial guidance.

7.4 | Ideal Stabilization of a Two-Gimbal Platform

Return now to the particular platform suspension achieved by the
two-gimbal arrangement indicated in Fig. 7-1. Recall that the angularly
stabilized central element, being that part of the system which is actually
the stabilized platform, is kinematically identified by the right-handed
orthogonal triad, ¢p, with axes P!, P2 and P3, and that P2 is the axis
mounted in the inner gimbal. Three s.d.f. gyros may be fixed to the
platform in such a way that their respective case input axes (with respect
to the uniaxial discussions, these are axes corresponding to ¢, as opposed
to the precessing input axis ¢°) lie along P!, P? and P3 These gyros are
here the angular motion sensors fixed to the platform, which is nominally
oriented with the P? axis upward along a terrestrial vertical of some defini-
tion (geocentric, geographic, or astronomic), and which has some location
on or above the geoid defined by the location of the origin of ¢p. It is
convenient verbally to designate these orthogonally arranged s.d.f.
gyros in accord with their functions in a terrestrial leveling system. So
designating, the gyros are the azimuth gyro (input axis nominally along a
specified vertical) and attitude gyros I and II. The situation is as indicated
by Fig. 7-7. Significantly, if the P? axis of ¢p is upward, as in the con-
vention depicted by Fig. 7-7, then positive rotations about the vertical
are counterclockwise when looking down on the P!'P? (nominally hori-
zontal) plane. In this connection, it is remembered that this convention
is in opposition to the definition of positive terrestrial heading, which is
measured from the north toward the east.
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Consider first the inertial stabilization of the platform (now identified
by the frame ¢p), as it is carried over the rotating geoid (Earth) by g
transporting vehicle. The initial orientation of the P axes, which may
conveniently be assumed to be initially coincident with the respective
vehicle axes U’ defines the inertial frame with respect to which the P* are

Pl
2 P 3 Pl
P 6, 3 Input 7 //
{ p2 Input pi
Polar axis
Attitude gyro I 7
B
- Azimuth gyro
\\\ U 34
P 1"\,_\
\\7
/
/
/
Geographic
latitude = N\ _—Instantaneous meridian

Equator

Figure 7-7

thereafter stabilized. As the system then moves over the Earth, which is
in turn rotating with respect to inertial space (IEarth’s orbital motion is
here taken to contribute only to its inertial angular velocity, as reviewed
in Chapter 1), the respective gyros sense the residual inertial angular
velocities impressed about their input axes, and command the stabiliza-
tion motors to rotate the platform and gimbals so as to null the angular
velocity of ¢p with respect to ¢; (where ¢7, axes I, 12, I3 is now defined
by the initial directions of the P?). No gyro torquer signals are ideally
involved in inertial stabilization of the platform. The specific mechanism
of the multiaxial action of platform inertial stabilization, and the related
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mechanism of the stabilization with respect to a rotating reference (which
does involve gyro torquing signals), are somewhat more sophisticated
than is immediately apparent. Details of the platform stabilization
mechanism are expanded in following paragraphs. It may be noted that
ideal inertial angular stabilization of a reference platform as an tndividual
mechanism, and as opposed to its inclusion in a guidance system, is the same
in the neighborhood of the Earth as in spatial regions far removed.
That is, the inertial directional stabilization of a platform, in the ideal
sense and without regard to dynamically tmpressed anomalies (considered
subsequently), is a matter of angular-velocity detection and servo sup-
pression. On the other hand, the situation is basically different for the
rotating stabilization involved in the overall dynamic processes of a
leveling system or some inertial guidance systems. In the latter applica-
tions, the torquing signals involved in rotating stabilization of the plat-
form are functions of the general kinetic state of the system. Inertial
sensors which measure the curvilinear kinetic state of the system (accel-
erometers, for example) are also influenced by the environmental gravi-
tational field, thus interjecting the gravitational properties of the planet
into the overall platform-guidance dynamics.

Angular stabilization performance, inertial or rotating, depends in
part on mechanical properties and effects which attend gimbal system
configuration. Continuing the discussion of the tnertial stabilization of a
platform with the gimbal suspension described in Section 7.2, depicted
by Ifig. 7-1, suppose now that the vehicle supporting the platform has
been in relative terrestrial motion for a time ¢. At the time ¢, the vehicle
axes, U, U?, U? have some angular orientation with respect to the perfect
directions of the inertially stabilized platform axes, P!, P? P? (perfect
inertial stabilization assumed at the moment). This angular orientation
of the U* with respect to the P’ (where the U?* may have been initially
coincident with the P?is, in general, due to the rotation of the Earth,
the history of the relative curvilinear terrestrial trajectory, and the local
perturbations of the vehicle. Gross inertial angular velocities (not to be
confused with the residual angular velocities impressed about the gyros
within the operating stabilization mechanism) resolved onto the axes of
¢p are:

wp = alw} + alw} 4+ afud
wh = aqul + adu} + adw} 7-65
0} = alwl + alwl + aded

where the i, are the inertial angular velocities measured about the right-
handed orthogonal vehicle axes, U (not to be confused with the gimbal
system axes W* which are not in general orthogonal), and the directzon
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costnes, ai, instantaneously measured between the axes P? of the platform
and the axes U? of the vehicle, appear in the transposed order of an
tnverse transformation, as is consistent with the basic conventions of
Section 2.3 (see Expressions 2-10, 2-13, and 2-14). In contemplation of
this, consider again Fig. 7-1, and suppose that U! is in the all-positive
octant of ¢p. Under achievement of perfect inertial stabilization, the
nine direction angles corresponding to the nine ai would be measurable
consequences of that stabilization, and may be the basis of one type of
guidance system. However, the point at the moment is the revelation
that, in general, each gyro detects angular velocities measured about all
three vehicle axes. Thus, the stabilization servo drives (one between
vehicle and roll gimbal, one between roll gimbal and pitch gimbal, and
one between pitch gimbal and platform) must, in general, accept signals*
from all three gyros to achieve inertial stabilization of the platform.
Appropriate resolution of gyro signals is thus an es<ential feature of plat-
form stabilization.

p3

Figure 7-8

A simplified exemplification of the signal resolution requirement is
readily established by consideration of Fig. 7-8. This figure depicts the
P'P3 plane (with P? out of the paper) at the instant that the vehicle is
pitched through the positive rotation 6, = 62 (6% denotes a rotation about
P?). Clearly, if the roll gimbal has any residual angular velocity, wky,
measured about the roll axis (reflecting an instantaneous error in the
stabilization system), this angular velocity is detected by the gyro with
input axis along P! (attitude gyro I), and also by the gyro with input axis
along P? (azimuth gyro). It should be noted that the azimuth and atti-
tude gyros lose their verbal identity under <nertial stabilization of the
platform. Angular velocities impressed about the gyro case input axes,

* Fither in terms of elcetrical signals or in terms of reflected rotational kinematie
effect.

u
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respectively along P! and P3, are instantaneously

= why cos 6,

)
~
I

7-66

wp = —wky sin 6,

Now the detection-stabilization mechanism must function so that the
precession a1 (measured about the P! gyro output axis, normal to P?!),
and the precession a3 (measured about the P? gyro output axis, normal to
P?), together generate signals which are combined in such a manner that
the composite effect is equivalent to a direct detection of wky;, as would be
measured about U!. That is, as the roll stabilization drive which sup-
presses wgy, by driving the roll gimbal relative to the vehicle, applies its
torque about U!, the mechanism must, in effect, attempt an instantaneous
uniaxial stabilization about U!, even though wky is detected in terms of
components measured about (projections along) P! and P3. Neglecting
for the present the cross-effects which attend the small precessions, «; and
aj, of the actual input axes, g3 and g3 (as opposed to the case input axes,
¢ and ¢), the Laplace transforms (null initial conditions) of the angular
velocities measured by the gyros with case input axes respectively along
Pt and P3 are

2 2
ape) = T IR 4 ) apge) = TSR

where the gyros are assumed to be identical. Transforms of the voltage
signals from the gyros are then respectively

ey —  kakph Q! =
E'\(s) s () 7-67
R kil phy ) 3
Ei(s) = COITEE) Q%(s) 7-68

where kp is the pickoff constant, and the amplifiers of gain k4 are regarded
as being associated individually with each gyro. Resolution of these
signals is physically accomplished by employment of a resolver mounted so
that the relative rotation between pitch and roll gimbals (which occurs
about W2, see Fig. 7-1) is reflected as rotation between its rotor and stator.
Constants of proportionality of the resolver, schematically indicated by
Fig. 7-9, are assumed to be adjusted so that the voltage outputs, e}, and
e} are related (ideally) to the voltage inputs, el and e, by the expressions
=ik — p3 o

e; cos 0, — e} sin 0, 7-69

e = elsin 0, 4+ €% cos 6,
If now
Ei(s) = Lle}(t)]  Ei(s) = £[ed(0)]
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then the instantaneous output voltages supplied by the resolver are
operationally characterized by the transforms

- _ kakphy o, _ kakphw . 4
Ei(s) = e e Q5(s) cos 6, s S Q3.(s) sin 6, 7-70
sy —  Kakpho o, kakpho I
Ei(s) = T ) Qh(s) sin 0, + — S Q%.(s) cos 0, 7-71

If the voltage outputs from the resolver are applied to the control field

1
(- T S —————¢]}

0,

—— e =P

Figure 7-9
of the roll motor as a sum
en(t) = ef(t) + ei(t)
Exu(s) = Ei(s) + Ej(s)

which, in the operational domain, is explicitly

kak ph,
Ey(s) = —(—j—L:_—f—) Q5b(s)(cos 6, + sin 6,)

the resolution then implements the required mechanism. That this
is ideally valid is demonstrated by substitution of the Laplace transforms
of the environmental angular velocity components, Expressions 7-66,
into 7-72. Thus

kakphy < Ok, (s)(cos? 0, + sin? 6,)

Bad8) = =7

ko ak phoy
= — QL 7-73
$(Jas + fa) o (9)
which indicates that the sum of the resolver output voltages is (ideally)
a direct dynamic measure of the residual roll angular velocity, wky.
One may then proceed to an ideal (or realistic) study of the roll-stabiliza-
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tion servo system in terms of an uniaxial description of the nature
reviewed in Section 7.3. However, such a study still excludes the small
cross-effects (discussed later) which attend the fact that small precessions
of the actual gyro input axes, g (as opposed to the case input axes cf)
must occur if the stabilization mechanism is to function.

The immediately preceding discussion has indicated the necessity of
signal resolution in terms of an instantaneous exemplification. In general,
the inertial stabilization of the platform under discussion, with the gimbal
suspension of Iig. 7-1, involves the simultaneous participation of three
resolvers respectively located so as to implement signal resolutions
between vehicle and roll gimbal, between roll gimbal and pitch gimbal
(as in the example above), and between pitch gimbal and platform.
Simultaneous operation of these resolvers, in correlation with the proper
adjustment of the servo parameters of the three drive systems, accom-
modates the resolutions required in the inertial stabilization of the
platform.

A very significant utilization of the rotating stabilization of a plat-
form suspended by the two-gimbal arrangement of the current discussion,
Fig. 7-1 (supplemented by Fig. 7-7), is that involved in the implementa-
tion of terrestrial vertical indication. Such implementations are often
called leveling systems, and are important not only because of vertical and
horizontal reference indications (as is involved in bombing, etc.), but also
because the mechanism of vertical indication is often an integral part of
the terrestrial inertial guidance mechanism. Integration of the rotating
stabilization of the leveling mechanism with the dynamics of the guidance
problem will be developed in following chapters. Of current concern is a
qualitative description of the specific mechanism of that particular rotat-
ing stabilization involved in maintenance of a terrestrial vertical.

Previous designations (attitude gyros I and II, azimuth gyro, ete.)
have predicted that it is the P? axis of the platform triad, ¢p, which is
normally slaved to a terrestrial vertical when a system of the configura-
tion of Fig. 7-1 is so employed. It is thus anticipated, from previous dis-
cussion, that a maintenance of a vertical platform attitude by slaving
P? to a moving vertical (of some definition), transported by the vehicle
in motion relative to the geoid, involves an application of appropriate
torquing signals to attitude gyros I and II. That is, the P!P? plane,
otherwise stabilized with respect to inertial space when no torquer signals
are applied to the attitude gyros, must be properly erected, and then
rotated in accord with the vehicle motion over the geoid, so that it remains
horizontal and thus keeps P?® along the corresponding vertical. Or, in
other words, PP? is stabilized with respect to a rotating reference line which
radiates from somewhere near the center of the Earth (if the vertical is
geocentric, then the rotating reference line radiates from the center of the
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Earth). Vertical stabilization of P? does not dictate any particular rota-
tional behavior of the P! and P? axes within the horizontally stabilized
P'P? plane. It will later be seen that the azimuth behavior of the P! and
P? axes may be implemented in several different ways.

It has been demonstrated, within the uniaxial descriptions of Section
7.3, that rotating stabilization requires an application of torquer signals
which are directly proportional to the angular velocity of the rotating line
with respect to which the driven reference line is to be stabilized. Con-
sequently, stabilization of P! and P? to the horizontal plane, synonymous
with the stabilization of P? along the corresponding vertical, requires
torquer signals proportional to the angular velocities generated about P!
and P? due to the curvilinear motion of the vehicle over the geoid. Gen-
eration of these torquer signals may be accomplished by implementation
which operates on signals provided by two orthogonal P'P? plane recti-
linear accelerometers, which complement the angular motion sensors
(gyros) in completing the sensing requirements for an inertial continuance
of level platform attitude. It is convenient to locate the acceleration-
sensitive axes of these accelerometers directly along P! and P2, respec-
tively. The only current stipulation relating to the physical properties
of the accelerometers is that they are assumed to provide signals directly
proportional to the total accelerations impressed along their sensitive axes.
In this connection, it must be recognized that the total acceleration along
any axis is the sum of the total ¢nertial kinetic acceleration along that axis
and any component of gravitational acceleration which may appear
thereon. Signals provided by the accelerometers are corrected (in an effort
to derive relative terrestrial acceleration from the total acceleration which
the accelerometers must measure) and integrated with respect to time, to
give measures of the terrestrial linear velocity projections along P! and
P2 In this connection, it is apparent that:

Curvilinear velocity in the P'’? plane induces angular velocity about P?%;
Curvilinear velocity in the P'P? plane induces angular velocity about P?;

Curvilinear velocity in the P?P3 plane induces angular velocity about P'.

Thus, the terrestrial curvilinear velocity projection along P! induces an
angular velocity about P?, and conversely. Explicitly, division of the
relative linear velocity v} (along P!) by the pertinent terrestrial radius
provides an angular velocity, w?, about P2, and division of the rela-
tive linear velocity »% (along P?) by the pertinent terrestrial radius
provides an angular velocity, o}, about P!. Torquing signals applied to
the output axis torquers of attitude gyros I and II are then respectively
proportional to w! and »? (that is, respectively proportional to v% and v},

for constant terrestrial radii). Pickoff signals from the attitude gyros are
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simultaneously resolved through the P!P? plane projection of the angle
petween P and U! and applied simultaneously to the gimbal servo drives
to continue level attitude of the platform. These resolutions are per-
formed by that resolver which operates between the pitch gimbal and
platform. Usually, adequate characterizations of the closed loop system
dynamics of the leveling mechanism are conveniently established by the
so-called single-channel descriptions of a following chapter.

As previously implied, continuance of a terrestrially level platform
attitude does not require the application of a torquer signal to the azimuth
gyro. Clearly, the orien’r_,ation of the P! and P? axes with respect to the
P1P? plane projection, Vg, of the instantaneous relative velocity, Vg, is
certainly involved in the acceleration projections sensed by the linear
accelerometers (the signals from which are those processed to provide the
projections »% and v% of V). However, so long as the platform-pitch
gimbal resolution of pickoff signals is correct, the correct drive signals are
applied to the attitude motors. As the pickoff signal resolutions occur
parallel to the P'P? plane, it is tacitly assumed that the platform is
essentially level when the continuance of level attitude begins, that is,
when the vehicle starts to move relative to the E£arth. Automatic erection
of the platform constitutes a different mode of system operation.

Further reference to Fig. 7-7 indicates features of the leveling situa-
tion which will be significant in subsequent discussion. Under level
attitude, the P!P? plane is parallel to a tangent to the surface of a ter-
restrial reference ellipsoid (or sphere), while the P! and P? axes are
instantaneously oriented with respect to a meridian by an angle A
(azimuth) and also have some orientation with respect to the horizontal
velocity, V5. Time variation of A depends on the particular azimuth
control employed in the system, and is a topic of later discussion. It is
understood that the vehicle may experience rotational displacements or
oscillations with respect to the velocity vector V,, and consequently
that a projection of the U! axis on the P'P? plane is not necessarily along
V. As the untorqued stabilization system drives to stabilize the plat-
form with respect to inertial space, under ideal operation, the platform is
isolated from these local disturbances, while continuing the level attitude
under much slower torquing signals. Implicit in this ideal operation is
the assumption that the linear accelerometers are sufficiently isolated
from spurious accelerations attending the rotational perturbations.

7.5 | Stabilization Degradation Attending Impressed
Oscillations (Platform Dynamie Drift)

Prior discussion of the dynamics of the precession phenomenon has
revealed that the actual input axis of an s.d.f. gyro is that axis which
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remains mutually normal to both the output axis and the spin axis, said
actual input axis being otherwise identified as the ¢® axis in the uniaxial
discussions. See again I'ig. 7-2. Particular reflection of this basic property
is observed in the expression

74 = w®hy COS & 7-9

which applies to the situation wherein the only input angular velocity is
applied about the case input axis ¢®. See again Expressions 7-1 through
7-9. It is recalled that all prior platform behavior descriptions have
involved the assumption that « is always small, this being an assumption
justified by the tight control loop which governs the magnitude of a.
Expression 7-9 is thus assumed to be essentially 7§ = w?h,. Actually,
however, as soon as the precession a has any nonzero value, the gyro is
sensitive to any component of angular velocity which appears along c2
In this connection, let w? be the input inertial angular velocity measured
about ¢?, while »? denotes some positive inertial angular velocity meas-
ured about ¢2. Clearly, if o has a positive value, the expression cor-
responding to Equation 7-9 (for which there was no «?) is

76 = (wcos a — w?sin a)hy, 7-74

which indicates that the output torque available to initiate the stabiliza-
tion mechanism is reduced. Expression 7-74 indicates the genesis of
particular cross-effects inherent in the conventional platform stabiliza-
tion mechanism (I'igs. 7-1 and 7-7) which have not yet been reviewed.
While the stabilization errors which attend these cross-detections are
usually suppressed under proper design, high gain, etc., there may occur
environmental dynamic conditions which render the suppression inade-
quate. Environmental conditions which involve cyclic disturbances or
residual vibrations transmitted to the gimbals can, under certain time
phasing, cause the platform to drift away from the intended behavior.
Such drift, or stabilization degradation, is here called dynamic drift. The
following description of dynamic drift provides some evaluation of a real
effect, and should also enhance an appreciation of the nature of cross-
effects.

Examination of the specific mechanism of dynamic drift reveals that
the nominal unprecessed relative orientations of the spin axes of the three
s.d.f. gyros are factors in drift generation. Platform-gimbal system con-
figuration is again that indicated by Fig. 7-1, which is redepicted in Figs.
7-10 and 7-11 for two cases of gyro spin axes nominal orientation. Iig.
7-10 indicates an unrotated attitude of the gimbals and depicts the spin
axes arrangement employed in the following description. It is understood
that the three gyros of Iig. 7-10 could detect the same angular velocity
inputs about case fized input axes with their respective spin axes rotated
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to any directions in the planes normal to the respective case input axes.
This is illustrated by Fig. 7-11, which depicts a configuration wherein the
attitude gyros have had their nominal spin axis directions rotated 90°
with respect to the directions employed in Fig. 7-10. On the other hand,
detection of angular velocity components (projections) which are normal to
the case fized tnput axes, possible only when the spin axes are precessed,

4 L A{l

Gy pl N
l Attitude gyroII G ps /,/ N
& Pz\% /7 Platform

Azimuth gyro

Figure 7-10

definitely involves the relative orientations of the precession planes. It is
the detection of such cross angular veloeity components, possible only
when gyro spin axes are precessed (even ever so slightly), which caused
dynamie drift under vibration, and which makes the relative orientation
of nominal (or null) directions of spin axes a factor in dynamic drift
generation. Preliminary appreciation of these statements may be
enhanced by a comparison of Figs. 7-10 and 7-11.

As it is only vibratory angular dynamics which is of current concern,
a discussion of platform accelerometers, which lead to slow rate torquing
signals involved in platform leveling under terrestrial curvilinear motion,
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is omitted. This involves the tacit assumption that the accelerometers
are not involved in the drift mechanism. If this assumption is objectiona-
ble, one may then rather stipulate that the system is operating to achieve
tnertial angular stabilization, and thus that there are neither accelerom-
eters or gyro torquers involved in the stabilization mechanism. It is

Ul

Azimuth gyro

Figure 7-11

concluded that the dynamic drift of a platform operating to maintain
inertial directional reference must be of essentially the same nature as
the dynamic drift of a platform operating to stabilize with respect to a
slowly rotating reference. For simplicity, it is assumed that the initial
azimuth displacement of the platform is zero, and that the gimbals are
unrotated from their coincident attitudes of Figs. 7-1, 7-10, and 7-11.
Recall that the gyros are here oriented as depicted by Fig. 7-10. It is now
stipulated that the only inertial motions externally applied to the system
is a rotational oscillation, 6}(t), applied to the vehicle about U!, and a
rotational oscillation, 6% (), applied about the oscillating pitch axis, V2
The three gyros simultaneously detect the residual angular velocities
which appear about the instantaneous directions of their actual input axes
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(the axes normal to the planes of the frames supporting the wheels in Ifig.
7-10), and thus generate signals proportional to the precessions ar, arr, and
aa. As previously described, these pickoff signals are employed to control
the gimbal motors and azimuth motor (through appropriate resolutions)
such that signal suppression to null is intended to stabilize the platform
axes, P!, P2 P3 with respect to inertial directions. Impressed oscillations
are here stipulated to be

05(t) = M, sin wyt
0% (1) = M,sin (wwt — 9)
where 6 is the phase of the pitch oscillation with respect to that about the

roll axis, and may be zero. The instantaneous external periodic angular
velocities are then respectively

w} = Miwu cos wut

w%, = ]'Izww coSs (wwt — 5)

being the instantaneous angular velocities which would be impressed on
the gimbals <f there were no stabilization. (Under stabilization, however,
the quantities above are not the rotations and velocities impressed on the
gimbals. Rather, if it be assumed that gear ratios in all servo drives are
of such magnitude that self-stabilization effects are insignificant, the
residual inertial rotations of the gimbals are

oLy = 0 — oL 7-75
kw = 0% — 0% 7-76
where 6% and 6% are opposition (stabilization) rotations applied by the

gimbal drives. Residual periodic angular velocities experienced by the
gimbals under stabilization are

1
1 — daICU i} |

Wpy = gy .0 — w 7-77
2
why = d——{jﬁw = w} — w} 7-78

Now, after system activation, the angular velocity wk; has induced
a periodic precession, ar, of the spin axis of attitude gyro I. This preces-
sion generates the periodic signal employed to drive the roll gimbal in
opposition to the external periodic disturbance 6}, in the attempt to
achieve stabilization of the platform about U!. However, as soon as the
precession ar has any nonzero value, gyro I detects a component of the
pertodic residual angular velocity wkhy, measured about the pitch axis,
W2 Reference to Ifig. 7-10 indicates that the total inertial angular
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velocity impressed on gyro I is

w1 = Why COS ar — why Sin g = (w} — w) cos o
— (% — wf) sin ag 7-79

while a similar argument applied to gyro II indicates that

wi = why SiN aur + why cos an = (0 — wk) sin an
4 (0% — %) cos an 7-80
W S

Further inspection of Fig. 7-10 indicates that the residual angular velocity
impressed on the azimuth gyro is

™ . .
wq = why COS (5 = 0}w> — why sin ag = (0} — w}) sin 6}y,
2
— (0} — %) sin ay

As it must be assumed that the system does indeed achieve some measure
of adequate stabilization, the periodic precession angles ar, an, and ayu
must be of small amplitude, say, one degree or less. Consequently

wr 22 (0 — wy) — (0% — wdar  (gyro I) 7-81
win = (wh — wi)an + (0} — w})  (gyro II) 7-82
wa = (wf — wi)bhy — (0 — w§aa

where it has also been recognized that 6L, = 6} — 6% must be small.

It is now stipulated that the spin angular momenta of the three
gyros are of the same value, h,, and that their output axis moments of
inertia, J, and damping coefficients, f, are also respectively equal. Equa-
tions of motion about the gyro output axes are thus essentially and
respectively

2
pa fd%‘ = hor = hulel — o) — hu(oly — ob)er  7-83

d‘“’an da”

J i + f—CF = hwwrr = hp(wy — wh)an + hp(wl — o) 7-84

d?as

rh

+ 7988 sy = hulol — )l — oy — wBas

These expressions could be employed with the drive system equations to
write the closed-loop stabilization equations, as demonstrated in Section
7.3. However, this approach may be circumvented by recognition of the
fact that a cardinal feature of the stabilization mechanism is the torque
balance which must be effected about the respective gyro output axes.
Thus, considering a system with undamped gyros (that is, in behalf of
d?a

simplicity f = 0), and recognizing that under stabilization the J Jir
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terms are small, stabilization of the platform then essentially dictates
that

ho(wh — @) — hy(wl — 0o =<0
ho(wy — w})an + he(0f — 0}) =0

which may be written
hpwhy =2 hypwhgpar 7-85

hww}gyarr = _hw(.d?g“/ 7-86

where why and why are the residual oscillatory velocities which the
stabilization system does not quite null. The precessions, ar and au,
are also, of course, oscillatory and of small amplitudes, as previously
indicated. It is logical to assume that residual oscillations, oscillation
velocities, and precessions are of the same frequency as the environmental
(impressed) oscillations, 6}(¢), and 6%(¢). Interpretation of dynamic
drift from the torque balance implied by Expressions 7-85 and 7-86 then
becomes a matter of average values and phase relations.

Expression 7-85 indicates an approximate torque balance about the
precessional axis of gyro I, which, under the unrotated azimuth orienta-
tion of Fig. 7-10, is that gyro which acts as the roll sensor. If there were
no drift of the roll gimbal, the following relation would remain valid

(hww}w) e (hwwfzwal)ueau 7-87

Comparison of the sides of this expression reveals a measure of the
dynamic drift of the platform about the roll axis which attends the resid-
ual vibrations. Suppose now that stabilization performance about the
roll axis is such that the residual oscillation of the pitch axis, 6%, (t), is

0Ly (1) = asin wyt 7-88
being the oscillation of amplitude a which is not quite nulled by the roll

stabilization system. The roll gyro, being here gyro I (as depicted by I'ig.
7-10, responds essentially to wl,;,, being

why = di}zg = t 7-89
ky = —g;~ = @wy oS wy -
It is thus assumed that
d2a1 i hw 1 - ahwa

cos wyl 7-90

PR e ISR
Integration with respect to time then gives

(%I = aThw / cos wyt(wy dt) = aThw sin wyt
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and

o = _aﬁ sin wyt(wy dt) = — a—hﬂ cos wyt 7-91
Jwy Joy

where it has been assumed that the initial value of a; and that of its first
derivative are both zero. Expression 7-91 is employed presently. Con-
sider now the mean val ueof the torque h,wky, being the left side of Expres-
sion 7-87. This is evaluated by employment of Equation 7-89. Thus

27 /w h 2m [w,,
Wy v AWy .
(hww}w)){ean = g A hww}w dt = 7 SN wyt & =0
That is, the left side of Expression 7-87 is zero. Evaluation of the average
value of the torque h,wkypa:, being the right side of Expression 7-87,
involves the residual oscillation about the pitch axis. This is assumed to

be
02w () = b sin (wwt — ¢) 7-92

where b is the amplitude, and ¢ is the time phase of 8%y with respect to
6L,. That is
¢ = (6}3[/ T 0?2W)lese

even though the oscillations occur in planes nominally at right angles to
each other. Oscillatory residual angular velocity about the pitch axis is

2 — dB%BW — l) ( e )
wpw = —g, = bww cos (0w ¢
why = bww cos ¢ cos wiwt + bww sin ¢ sin wyi 7-93

Now, as the residual oscillations about the roll and pitch gimbals could
certainly be induced by the same external vibration (from the vehicle
engine, for example), it is logical to assume that they are of the same fre-
quency. If so, ww = wy, from which it follows that

2 2
hpwigpor = — (—w(]ﬂ cos ¢ cos? wyt — ab(’;"’)— sin ¢ sin wyt cos wyt  7-94

which, by virtue of the cosine squared term, is seen to involve a rectifica-
tion of torque. That is, therc is torque which remains undulatory but
which is unidirectional. The average or mean value of hywhyar is

"2 Jw
wy v
(hww%awal)mmn = 2_' hwwzgwal dt
™ Jo

which involves the integrals

2r fwv T PLICHI
cos? wyt dt = — sin wyt cos wyt dt = 0
0 wy 0
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1t follows that
2
(hwwhwor) sean = — qb(()‘}}w)* ces ¢ 7-95

which is seen to have the dimensions

< (gm)(cm)? )2
sec _ (gm)(cm)?

(gm)(em)2 ~  (sec)?

= (dyne)(cm)

as is required. Expression 7-95 represents an excess of unidirectional
torque which disturbs the average balance implied by Expression 7-87.
This excess unidirectional torque is concluded to reflect that the roll
gimbal is not quite stabilized about the roll axis, but rather drifts away
from the desired stable orientation at the rate

1 Ve (h“)w%fwal)ﬂeun abh., @ 7-96

“D how Ay 2 sec

By way of example, suppose that

a="b=10"%rad J = 10% (gm)(cm)?
2
h e @
sec
These values give

10—3-10—23- 108 rad rad
== = = o —4 5 b
“p 2-108 5. 519 sec L8 o

which may be attenuated by inducing phase between the pitch and roll
residual oscillations.

An expression for the drift rate about the pitch axis may be estab-
lished by application of the same procedure to Expression 7-86. This drift
rate is found to be of the same form as Equation 7-96. It is of interest to
note that the dynamic drift rates do not explicitly involve the frequency
of the inducing oscillations.

Reference to I'ig. 7-11 indicates that the description of dynamic
drift should be rederived for that placement of nominal spin axes direc-
tions, even though the case input axes retain the same directions. Ifur-
ther examination of Iigs. 7-10 and 7-11 may suggest the possibility that
dynamic drift may be altered by spin axes orientations intermediate to
those indicated by the figures.

7.6 | Certain Other Basic Features of Platform Theory and

Operation

Introductory simplicity has dictated that the current rudimentary
review of platform stabilization, emanating essentially from the gimbal
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configuration of Figs. 7-1, 7-10, and 7-11 and the uniaxial descriptions of
Section 7.3, should exclude several important considerations. A qualita-
tive description of some of these omitted properties should precede
following developments, in which platform stabilization participates in
the larger mechanisms of inertial guidance.

Although the basic intent and philosophy of this book relate specif-
ically to theory, as opposed to explicit engineering detail, some brief
recognition of the salient physical features of a typical s.d.f. gyro is
certainly consistent with purpose. Individual s.d.f. gyros of the general
configuration employed in the uniaxial discussions (Fig. 7-2), and in the
angular sensor triads depicted by Figs. 7-10 and 7-11, are available as
separate purchasable entities. Such instrument gyros, which have been
developed to an impressive level of predictability by employment of
certain friction suppressing suspension techniques, are self-sufficient
components to the extent that they include a motor-driven rotor (of
precisely controlled angular momentum) carried by a gimbal mounted
within a sealed case containing the pickoff and torquer. Frictional torque
at the gimbal (output axis) bearings is suppressed by a hydrostatic
technique whereby the entire precessing assembly (spin motor stator,
spin motor rotor, gimbal with pickoff and torquer rotors affixed, and an
internal case or damping sleeve) is floated within the case. Within this
flotation technique, the temperature-controlled fluid provides the buoyancy
which suppresses the output axis frictional torque, and also introduces
the output axis viscous damping, previously identified by the damping
coefficient fo. Under flotation of the precessing assembly, the output-
axis bearings become essentially centering agencies which may be jewel
pivots or may involve magnetic suspension. Guidance errors due to
platform drift attributable to gyro output axis spurious torque, and to
ether origins, will be described in a subsequent chapter. Such errors are
partially suppressed by reduction of this frictional torque, notably
achieved by the flotation technique.

Platform suspension of the two-gimbal configuration (Figs. 7-1,
7-10, 7-11) provides a convenient arrangement for the introduction of the
platform stabilization mechanism, and also for real terrestrial leveling
systems which are exposed to vehicle rotational perturbations of moderate
magnitude only (as, say, in marine applications, or in the case of unaero-
batic aircraft). However, as previously implied in Section 7.2, employ-
ment of two-gimbal platform suspension in an environment of unrestricted
vehicle rotations can induce stabilization singularity. An examination
of the implication of this statement reveals a basic restriction inherent
in the two-gimbal platform suspension system, and indicates the necessity
for a third or so-called redundant gimbal in a platform suspension arrange-
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ment designed for a terrestrial leveling system which is subjected to
unrestricted vehicle rotations.

Consider the relative gimbal orientation of the gimbals of the two-
gimbal platform suspension system of Fig. 7-1, when the P? axis is slaved
along a vertical and the vehicle is in a dive along that vertical. Suppose
that this vehicle attitude is achieved by a single positive rotation of =/2
radians about the pitch axis, and that said rotation departs from the axial
coincidence of IFig. 7-1 (that is, before rotation the Ut axes are along the
respective P¢ axes). Under this diving attitude, the U* axis is along the
negative P? axis, while U? and W? remain along P? until additional
rotation occurs. If the stabilization system is one which employs
its two-gimbal suspension to achieve a terrestrial level (under less
severe attitudes) independent of the azimuth behavior of the plat-
form (that is, a system wherein the normal attitude leveling signals are
resolved by that resolver between platform and pitch gimbal, while the
azimuth behavior of the platform is of independent implementation),
then this vertical vehicle attitude induces a stabilization singularity.
Such an attitude generates a singularity in the stabilization mechanism,
because roll motion is now detectable only by the azimuth gyro, the out-
put of which has no capacity to drive the leveling servos. Consequent loss
of stabilization is sometimes called gimbal lock. A two-gimbal terrestrial
leveling system is thus inadequate under unlimited vehicle rotation.
This inadequacy, and other justifications, such as suppression of dynamic
drift, indicate the feasibility of a three-gimbal platform suspension.

A platform suspension system which circumvents the singularity
indicated above, and which suppresses the phenomenon of dynamic drift,
previously described (Section 7.5), is realized by the inclusion of a third
platform gimbal. I'or the configuration of I'ig. 7-1, the third gimbal
may be installed by rotating the pitch gimbal /2 radians, so that it is now
coplanar with the roll gimbal, and installing trunnions, adjacent to the
outer-roll trunnions, to support an emner-roll gimbal. This inner-roll
gimbal carries the upper and lower bearing junctions which support the
platform. The platform thus now rotates about P? with respect to the
inner-roll gimbal, which is nominally vertical under terrestrial level
attitude of the platform. Inclusion of the redundant gimbal (which is
any one of the three gimbals) necessitates an additional gimbal servo drive
system, and thus increases the complexity of the signal distribution in
the overall system. Such increased complexity is often justified by the
removal of rotational restrictions otherwise applied to the vehicle, and
also by an inherent suppression of platform dynamic drift.

As implied by the chapter title, ““ Preliminary Theory of Stabilized
Platforms,” no inference that the current chapter is a complete or general
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discussion of reference platform stabilization should be accepted. Quite
apart from many omissions relating to control system detail, such as gain
variation under variation of relative gimbal attitudes, etc., the discus-
sion has only faintly suggested the dominant participation of the recti-
linear sensors in the mechanism of terrestrial leveling, which is a form of
platform stabilization of basic significance in many terrestrial inertial
systems. The brief verbal description of the participation of rectilinear
sensing (and rectilinear sensor signal processing) in the generation of
torquing signals is only a qualitative preliminary to the analytical
descriptions of following chapters.
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