atrix x as, B 1 fork =0 : |
z(k) = {0 fork = =1, £2, ..., iN} (3.90) |

Equation (3.89) is used to solve the 2N + 1 simultaneous equations for the set of i
(3.87) N + 1 weights {c,}. The required length of the filter (number of tap weights) is a [ LI
function of how much smearing the channel may introduce. For such an equal- |
izer with finite length, the peak distortion is guaranteed to be minimized only if Hil
the eye pattern is initially open. However, for high-speed transmission and chan-
nels introducing much ISI, the eye is often closed before equalization [8]. Since
the zero-forcing equalizer neglects the effect of noise, it is not always the best

system solution.
1
(3.88) Example 3.5 A Zero-Forcing Three-Tap Equalizer
Consider that the tap weights of an equalizing transversal filter are to be determined
by transmitting a single impulse as a training signal. Let the equalizer circuit in Figure
3.26 be made up of just three taps. Given a received distorted set of pulse samples
[x(k)}, with voltage values 0.0, 02, 0.9, -0.3, 0.1, as shown in Figure 3.25, use a zero-
sactly as forcing solution to find the weights {c_;, Co, ¢} that reduce the IST so that the equalized o
pulse samples {z(k)] have the values, {z(=1) = 0, z(0) = 1, z(1) = 0. Using these
(3.89a) - weights, calculate the ISI values of the equalized pulse at the sample times k = 42, 13, W
havi n What is the largest magnitude sample contributing to ISI, and what is the sum of all
aving the the ISI magnitudes? |
the follow-
Solution
(3.89b) For the channel impulse response specified, Equation (3.89) yields
X X may be 2~ C .
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The values of the equalized pulse samples {z(k)) corresponding to sample times k =
-3,-2,-1,0, 1, 2, 3 are computed by using the preceding weights in Equation (3.8%),
yielding

0.0000, —0.0428, 0.0000, 1.0000, 0.0000, —0.0071, 0.0345

The sample of greatest magnitude contributing to ISI equals 0.0428, and the sum of a||
the IST magnitudes equals 0.0844. It should be clear that this three-tap equalizer hag
forced the sample points on either side of the equalized pulse to be zero. If the equal-
izer is made longer than three taps, more of the equalized sample points can be forced
to a zero value.

Minimum MSE Solution. A more robust equalizer is obtained if the {c,)
tap weights are chosen to minimize the mean-square error (MSE) of all the IS]
terms plus the noise power at the output of the equalizer [9]. MSE is defined as the
expected value of the squared difference between the desired data symbol and the
estimated data symbol. One can use the set of overdetermined equations to obtain
a minimum MSE solution by multiplying both sides of Equation (3.89a) by x©
which yields [10]

= x’xc (3.91a)
and
R, = R,.c (3.91b)

where R, = x’z is called the cross-correlation vector and R,, = x'x is called the au-
tocorrelation matrix of the input noisy signal. In practice, R, and R,, are unknown
a priori, but can be approximated by transmitting a test signal over the channel and
using time average estimates to solve for the tap weights from Equation (3.91), as
follows:

¢ =RIR,, (3.92)

In the case of the deterministic zero-forcing solution, the x matrix must be square.
But to achieve the minimum MSE (statistical) solution, one starts with an overde-
termined set of equations and hence a nonsquare x matrix, which then gets trans-
formed to a square autocorrelation matrix R,, = x'x, yielding a set of 2N + 1
simultaneous equations, whose solution leads to tap weights that minimize the
MSE. The size of the vector ¢ and the number of columns of the matrix x corre-
spond to the number of taps in the equalizing filter. Most high-speed telephone-
line modems use an MSE weight criterion because it is superior to a zero-forcing
criterion; it is more robust in the presence of noise and large ISI [8].

Example 3.6 A Minimum MSE 7-Tap Equalizer

Consider that the tap weights of an equalizing transversal filter are to be determined
by transmitting a single impulse as a training signal. Let the equalizer circuit in Figure
3.26 be made up of seven taps. Given a received distorted set of pulse samples {x(k)},
with values 0.0108, —0.0558, 0.1617, 1.0000, —0.1749, 0.0227, 0.0110, use a minimum
MSE solution to find the value of the weights {c,} that will minimize the ISI. With
these weights, calculate the resulting values of the equalized pulse samples at the fol-
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lowing times: {k =0, £1, £2, ..., +6}. What is the largest magnitude sample contribut-
ing to ISI, and what is the sum of all the ISI magnitudes?

Solution

For a seven-tap filter (N =3), one can form the x matrix in Equation (3.88) that has di-
mensions 4N + 1 by 2N +1=13 x7:

[ 0.0110 0 0 0 0 0 0
0.0227 0.0110 0 0 0 0 0
—0.1749 0.0227 0.0110 0 0 0 0
1.0000  —0.1749 0.0227 0.0110 0 0 0
0.1617 1.0000  —0.1749 0.0227  0.0110 0 0
-0.0558 0.1617 1.0000  —0.1749  0.0227 0.0110 0
x=| 00108 —0.0558 0.1617 1.0000 —0.1749 0.0227 0.0110
0 0.0108 —0.0558 0.1617  1.0000 —0.1749 0.0227
0 0 0.0108 —0.0558  0.1617 1.0000 —0.1749
0 0 0 0.0108 —0.0558 0.1617 1.0000
0 0 0 0 0.0108  —0.0558 0.1617
0 0 0 0 0 0.0108 —0.0558
L 0 0 0 0 0 0 0.0108 _|

Using this x matrix, one can form the autocorrelation matrix R,, and the cross-
correlation vector R,,, delined in Equation (3.91). With the help ol a compuler Lo
invert R,, and perform matrix multiplication, the solution for the tap weights
{e_a, €9y €4, €, €1, €3, €3} shown in Equation (3.92) yields

—0.0116, 0.0108, 0.1659, 0.9495, —0.1318, 0.0670, —0.0269

Using these weights in Equation (3.89a), we solve for the 13 equalized samples {z(k)}
at times k=-6,-5,...,5,6:

—0.0001, —0.0001, 0.0041, 0.0007, 0.0000, —0.0000, 1.0000, 0.0003,
—0.0007, 0.0015, —0.0095, 0.0022, —0.0003

The largest magnitude sample contributing to ISI equals 0.0095, and the sum of all the
ISI magnitudes equals 0.0195.

3.4.3.2 Decision Feedback Equalizer

The basic limitation of a linear equalizer, such as the transversal filter, is that
it performs poorly on channels having spectral nulls [11]. Such channels are often
encountered in mobile radio applications. A decision feedback equalizer (DFE) is
a nonlinear equalizer that uses previous detector decisions to eliminate the ISI on
pulses that are currently being demodulated. The ISI being removed was caused by
the tails of previous pulses; in effect, the distortion on a current pulse that was
caused by previous pulses is subtracted.

Figure 3.27 shows a simplified block diagram of a DFE where the forward
filter and the feedback filter can each be a linear filter, such as a transversal filter.
The figure also illustrates how the filter tap weights are updated adaptively. (See
the following section.) The nonlinearity of the DFE stems from the nonlinear
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Figure 3.27 Decision Feedback Equalizer.

characteristic of the detector that provides an input to the feedback filter. The
basic idea of a DFE is that if the values of the symbols previously detected are
known (past decisions are assumed to be correct), then the ISI contributed by these
symbols can be canceled out exactly at the output of the forward filter by subtract-
ing past symbol values with appropriate weighting. The forward and feedback tap
weights can be adjusted simultaneously to fulfill a criterion such as minimizing
the MSE.

When only a forward filter is used, the output of the filter contains channel
noise contributed from every sample in the filter. The advantage of a DFE imple-
mentation is that the feedback filter, which is additionally working to remove ISI,
operates on noiseless quantized levels, and thus its output is free of channel noise.

3.4.4 Preset and Adaptive Equalization

On channels whose frequency responses are known and time invariant, the channel
characteristics can be measured and the filter’s tap weights adjusted accordingly. If
the weights remain fixed during transmission of data, the equalization is called pre-
set equalization; one very simple method of preset equalization consists of setting
the tap weights {c,} according to some average knowledge of the channel. This was
used for data transmission over voice-grade telephone lines at less than 2400 bit/s.
Another preset method consists of transmitting a training sequence that is com-
pared at the receiver with a locally generated sequence. The differences between
the two sequences are used to set {c,}. The significant aspect of any preset method
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is that it is done once at the start of transmission or seldom (when transmission is
broken and needs to be reestablished).

Another type of equalization, capable of tracking a slowly time-varying chan-
nel response, is known as adaptive equalization. It can be implemented to perform
tap-weight adjustments periodically or continually. Periodic adjustments are ac-
complished by periodically transmitting a preamble or short training sequence of
digital data that is known in advance by the receiver. The receiver also uses the
preamble to detect start of transmission, to set the automatic gain control (AGC)
level, and to align internal clocks and local oscillator with the received signal. Con-
tinual adjustments are accomplished by replacing the known training sequence
with a sequence of data symbols estimated from the equalizer output and treated as
known data. When performed continually and automatically in this way, the adap-
tive procedure (the most popular) is referred to as decision directed [11]. The name
“decision directed” is not to be confused with decision feedback (DFE). Decision
directed only addresses how filter tap weights are adjusted—that is, with the help
of a signal from the detector. DFE, however, refers to the fact that there exists an
additional filter that operates on the detector output and recursively feeds back a
signal to the detector input. Thus, with DFE there are two filters, a feed-forward
filter and a feedback filter that process the data and help mitigate the ISL

A disadvantage of preset equalization is that it requires an initial training
period that must be invoked at the start of any new transmission. Also, a time-
varying channel can degrade system performance due to ISI, since the tap
weights are fixed. Adaptive equalization, particularly decision-directed adaptive
equalization, successfully cancels ISI when the initial probability of error exceeds
one percent, (rule of thumb). Hf the probability ot error exceeds one percent, the
decision directed equalizer might not converge. A common solution to this prob-
lem is to initialize the equalizer with an alternate process, such as a preamble to
provide good channel-error performance, and then switch to the decision-di-
rected mode. To avoid the overhead represented by a preamble, many systems
designed to operate in a continuous broadcast mode use blind equalization algo-
rithms to form initial channel estimates. These algorithms adjust filter co-
efficients in response to sample statistics rather than in response to sample
decisions [11].

Automatic equalizers use iterative techniques to estimate the optimum coeffi-
cients. The simultaneous equations described in Equation (3.89) do not include the
affects of channel noise. To obtain a stable solution to the filter weights, it is neces-
sary that the data be averaged to obtain stable signal statistics, or the noisy solu-
tions obtained from the noisy data must be averaged. Considerations of algorithm
complexity and numerical stability most often lead to algorithms that average noisy
solutions. The most robust of this class of algorithm is the least-mean-square
(LMS) algorithm. Each iteration of this algorithm uses a noisy estimate of the error
gradient to adjust the weights in the direction to reduce the average mean-square
error. The noisy gradient is simply the product e(k) r, of an error scalar e(k) and
the data vector r,. The vector r, is the vector of noise-corrupted channel samples
residing in the equalizer filter at time k. Earlier, an impulse was transmitted and
the equalizing filter operated on a sequence of samples (a vector) that represented
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the impulse response of the channel. We displayed these received samples (in time.
shifted fashion) as the matrix x. Now, rather than dealing with the response to an
impulse, consider that data is sent and thus the vector of received samples 1, at the
input to the filter (Figure 3.27) represents the data response of the channel. The
error is formed as the difference between the desired output signal and the filtey
output signal and is given by

e(k)y = z(k) — z(k) (3.93)

where z(k) is the desired output signal (a sample free of ISI) and Z(k) is an
estimate of z(k) at time k out of the filter (into the quantizer of Figure 3.27), which
is obtained as follows:

N

(k) =ch, = > x(k—n)e, (3.94)

n=-N

In Equation (3.94), the summation represents a convolution of the input data
samples with the {c,} tap weights, where ¢, refers to the nth tap weight at time £,
and ¢’ is the transpose of the weight vector at time k. We next show the iterative
process that updates the set of weights ar each time k as

clk + 1) = c¢(k) + Ae(k)r, (3.95)

where ¢(k) is the vector of filter weights at time k, and A is a small term that limits
the coefficient step size and thus controls the rate of convergence of the algorithm
as well as the variance of the steady state solution. This simple relationship is a con-
sequence of the orthogonality principle that states that the error formed by an opti-
mal solution is orthogonal to the processed data. Since this is a recursive algorithm
(in the weights), care must be exercised to assure algorithm stability. Stability is as-
sured if the parameter A is smaller than the reciprocal of the energy of the data in
the filter. When stable, this algorithm converges in the mean to the optimal solu-
tion but exhibits a variance proportional to the parameter A. Thus, while we want
the convergence parameter A to be large for fast convergence but not so large as to
be unstable, we also want it to be small enough for low variance. The parameter A
is usually set to a fixed small amount [12] to obtain a low-variance steady-state tap-
weight solution. Schemes exist that permit A to change from large values during
initial acquisition to small values for stable steady-state solutions [13].

Note that Equations (3.93) through (3.95) are shown in the context of real sig-
nals. When the receiver is implemented in quadrature fashion, such that the signals
appear as real and imaginary (or inphase and quadrature) ordered pairs, then each
line in Figure 3.27 actually consists of two lines, and Equations (3.93) through
(3.95) need to be expressed with complex notation. (Such quadrature implementa-
tion is treated in greater detail in Sections 4.2.1 and 4.6.)
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3.4,5 Filter Update Rate

Equalizer filters are classified by the rate at which the input signal is sampled. A
transversal filter with taps spaced T seconds apart, where T is the symbol time, is
called a symbol-spaced equalizer. The process of sampling the equalizer output at a
rate 1/T causes aliasing if the signal is not strictly bandlimited to 1/T hertz—that is,
the signal’s spectral components spaced 1/7 hertz apart are folded over and super-
imposed. The aliased version of the signal may exhibit spectral nulls [8]. A filter up-
date rate that is greater than the symbol rate helps to mitigate this difficulty.
Equalizers using this technique are called fractionally-spaced equalizers. With a
fractionally spaced equalizer, the filter taps are spaced at

T

T =
(1+7)

(3.96)

seconds apart, where r denotes the excess bandwidth. In other words, the received
signal bandwidth is

(3.97)

The goal is to choose T’ so that the cqualizer transfer function H,(f) becames suffi-
ciently broad to accommodate the whole signal spectrum. Note that the signal at
the output of the equalizer is still sampled at a rate 1/7, but since the tap weights
are spaced T’ seconds apart (the equalizer input signal is sampled at a rate 1/T"),
the equalization action operates on the received signal before its frequency compo-
nents are aliased. Equalizer simulations over voice-grade telephone lines, with 7" =
772, confirm that such fractionally-spaced equalizers outperform symbol-spaced
equalizers [14].

3.5 CONCLUSION

In this chapter, we described the detection of binary signals plus Gaussian noise in
terms of two basic steps. In the first step the received waveform is reduced to a sin-
gle number z(T), and in the second step a decision is made as to which signal was
transmitted, on the basis of comparing z(7") to a threshold. We discussed how to
best choose this threshold. We also showed that a linear filter known as a matched
filter or correlator is the optimum choice for maximizing the output signal-to-noise
ratio and thus minimizing the probability of error.

We defined intersymbol interference (ISI) and explained the importance of
Nyquist’s work in establishing a theoretical minimum bandwidth for symbol detec-
tion without ISI. We partitioned error-performance degradation into two main
types. The first is a simple loss in signal-to-noise ratio. The second, resulting from
distortion, is a bottoming-out of the error probability versus the E,/N, curve.
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Finally, we described equalization techniques that can be used to mitigate the
effects of ISI.
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PROBLEMS

3.1. Determine whether or not s,(¢) and s,(r) are orthogonal over the interval (-1.57
<t<1.5T;), where s,(r) = cos 2nfit + &), 55(r) = cos 2mfat + d,), and f, = 1/T, for the
following cases.

(@ fi=fand b=,
b) /1= %fz and ¢, = ¢,
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Wi (8) yo(t) y3(t)

-2-10 1 2 -2-10 1 2 -2-10 1 2

Figure P3.1

(©) fi=2f,and $ =,

(d) fi=mfrand d;=¢,

(e fi=f,and ¢, = b, + /2

®) fi=frand g =, + 7

3.2. (a) Show that the three functions illustrated in Figure P3.1 are pairwise orthogonal

over the interval (-2, 2).

(b) Determine the value of the constant, A, that makes the set of functions in part
(a) an orthonormal set.

(¢) Express the following waveform, x(t), in terms of the orthonormal set of part (b).

x(t)—{l for0=¢t =2
0 otherwise

3.3. Cousider the Lunctions
Ui(t) =exp(=ltl) and =1~ Aexp(-2]t])

Determine the constant, A, such that J;(¢) and ys,(¢) are orthogonal over the interval
(—oo, ®),

3.4. Assume that in a binary digital communication system, the signal component out of
the correlator receiver is a(7T) = +1 or 1 V with equal probability. If the Gaussian
noise at the correlator output has unit variance, find the probability of a bit error.

3.5. A bipolar binary signal, 5,(¥), is a +1- or —1-V pulse during the interval (0, T). Addi-
tive white Gaussian noise having two-sided power spectral density of 10 W/Hz is
added to the signal. If the received signal is detected with a matched filter, determine
the maximum bit rate that can be sent with a bit error probability of P, < 1072,

3.6. Bipolar pulse signals, s(¢) (i =1, 2), of amplitude *1 V are received in the presence of
AWGN that has a variance of 0.1 V2 Determine the optimum (minimum probability
of error) detection threshold, vy, for matched filter detection if the a priori probabili-
ties are: (a) P(sy) = 0.5; (b) P(s;) = 0.7; (¢) P(s;) = 0.2. (d) Explain the effect of the
a priori probabilities on the value of -y, {Hint: Refer to Equations (B.10) to (B.12).)

3.7. A binary communication system transmits signals s,(f) (i = 1, 2). The receiver test
statistic z(T') = a; + ny, where the signal component g, is either a, = +1 or a, = -1 and
the noise component rn, is uniformly distributed, yielding the conditional density
functions p(z|s,) given by

for -02=7z=138
otherwise

and
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1 for -1.8 =7 =02
plzlsy) = {8

otherwise

Find the probability of a bit error, Pg, for the case of equally likely signaling and the
use of an optimum decision threshold.

. (@) What is the theoretical minimum system bandwidth needed for a 10-Mbits/g
signal using 16-level PAM without ISI?

(b) How large can the filter roll-off factor be if the allowable system bandwidth ig
1.375 MHz?

A voice signal (300 to 3300 Hz) is digitized such that the quantization distortion
<€ 20.1% of the peak-to-peak signal voltage. Assume a sampling rate of 8000 sam-
ples/s and a multilevel PAM waveform with M = 32 levels. Find the theoretical mini-
mum system bandwidth that avoids ISI.

. Binary data at 9600 bits/s are transmitted using 8-ary PAM modulation with a system
using a raised cosine roll-off filter characteristic. The system has a frequency re-
sponse out to 2.4 kHz.

(a) What is the symbol rate?

(b) What is the roll-off factor of the filter characteristic?

. A voice signal in the range 300 to 3300 Hz is sampled at 8000 samples/s. We may

transmit these samples directly as PAM pulses or we may first convert each sample

to a PCM format and use binary (PCM) waveforms for transmission.

(a) What is the minimum system bandwidth required for the detection of PAM with
no ISI and with a filter roll-off characteristic of r =17

(b) Using the same filter roll-off characteristic, what is the minimum bandwidth re-
quired for the detection of binary (PCM) waveforms if the samples are quantized
to eight levels?

(c) Repeat part (b) using 128 quantization levels.

. An analog signal is PCM formatted and transmitted using binary waveforms over a

channel that is bandlimited to 100 kHz. Assume that 32 quantization levels are used

and that the overall equivalent transfer function is of the raised cosine type with roll-

off r=0.6.

(a) Find the maximum bit rate that can be used by this system without introducing
ISL.

(b) Find the maximum bandwidth of the original analog signal that can be accommo-
dated with these parameters.

(¢) Repeat parts (a) and (b) for transmission with 8-ary PAM waveforms.

. Assume that equally-likely RZ binary pulses are coherently detected over a Gaussian

channel with Ny = 10® Watt/Hz. Assume that synchronization is perfect, and that the

received pulses have an amplitude of 100 mV. If the bit-error probability specification

is Pp=107, find the largest data rate that can be transmitted using this system.

. Consider that NRZ binary pulses are transmitted along a cable that attenuates the

signal power by 3 dB (from transmitter to receiver). The pulses are coherently de-

tected at the receiver, and the data rate is 56 kbit/s. Assume Gaussian noise with

No=10"° Watt/Hz. What is the minimum amount of power needed at the transmitter

in order to maintain a bit-error probability of Py =107?

. Show that the Nyquist minimum bandwidth for a random binary sequence sent with

ideal-shaped bipolar pulses is the same as the noise equivalent bandwidth. Hint: the

power spectral density for a random bipolar sequence is given in Equation (1.38) and

the noise equivalent bandwidth is defined in Section 1.7.2.
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3.16.

3.17.

3.18.

3.19.

3.20.

3.1.

3.2,

33.

Consider the 4-ary PAM-modulated sequence of message symbols [+1 +1 -1 +3 +1
+3}, where the members of the alphabet set are: (+1, +£3}. The pulses have been
shaped with a root-raised cosine filter such that the support time of each filtered
pulse is 6-symbol times, and the transmitted sequence is the analog waveform shown
in Figure 3.23a. Note that the waveform appears “smeared” due to the filter-induced
ISI. Show how a bank of N correlators can be implemented to perform matched-
filter demodulation of the received pulse sequence, r(f), where N corresponds to the
number of symbols in the pulse-support time. [Hint: For the bank of correlators, use
reference signals of the form s, (t — kT), where k=0, ..., 5 and T is the symbol time.]

A desired impulse response of a communication system is the ideal A(f) = 8(¢), where
d(¢) is the impulse function. Assume that the channel introduces ISI so that the over-
all impulse response becomes A(t) = 8(f) + ad(t — T), where a < 1, and T is the symbol
time. Derive an expression for the impulse response of a zero-forcing filter that will
equalize the effects of ISI. Demonstrate that this filter suppresses the ISI. If the
resulting suppression is deemed inadequate, how can the filter design be modified to
increase the ISI suppression further?

The result of a single pulse (impulse) transmission is a received sequence of samples
(impulse response), with values 0.1, 0.3, 0.2, 1.0, 0.4, -0.1, 0.1, where the leftmost
sample is the earliest. The value 1.0 corresponds to the mainlobe of the pulse, and
the other entries correspond to adjacent samples. Design a 3-tap transversal equal-
izer that forces the ISI to be zero at one sampling point on each side of the mainlobe.
Calculate the values of the equalized output pulses al times k£ =0, £1, ..., £3. After
equalization, what is the largest magnitude sample contributing to ISI, and what is
the sum of all the IST magnitudes?

Repeat problem 3.18 for the case of a channcl impulse response described by the fol-
lowing received samples: 0.01, 0.02, -0.03, 0.1, 1.0, 0.2, 0.1, 0.05, 0.02. Use a com-
puter to find the weights of a nine-tap transversal equalizer to meet the minimum
MSE criterion. Calculate the values of the equalized output pulses at times k = 0,
41, ..., +8. After equalization, what is the largest magnitude sample contributing to
ISI, and what is the sum of all the ISI magnitudes?

In this chapter, it has been emphasized that signal-processing devices, such as
multipliers and integrators, typically deal with signals having units of volts. There-
fore, the transfer functions of such processors must accommodate these units. Draw
a block diagram of a product-integrator showing the signal units on each of
the wires, and the device transfer functions in each of the blocks (Hint: see Sec-
tion 3.2.5.1).

QUESTIONS .

In the case of baseband signaling, the received waveforms are already in a pulse-like
form. Why then, is a demodulator needed to recover the pulse waveform? (See
Chapter 3, introduction.)

Why is E,/N, a natural figure-of-merit for digital communication systems? (See
Section 3.1.5.)

When representing timed events, what dilemma can easily result in confusing the
most-significant bit (MSB) and the least-significant bit (LSB)? (See Section 3.2.3.1.)
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3.4.

3.6.

3.7.

3.8,

3.9.

3.10.

The term matched-filter is often used synonymously with correlator. How is that
possible when their mathematical operations are different? (See Section 3.2.3.1.)

. Describe the two fair ways of comparing different curves that depict bit-error proba.

bility versus E,/Ny. (See Section 3.2.5.3.)

Are there other pulse-shaping filter functions, besides the raised-cosine, that exhibit
zero ISI17 (See Section 3.3.)

Describe a reasonable goal in endeavoring to compress bandwidth to the minimup
possible, without incurring ISI. (See Section 3.3.1.1.)

The error performance of digital signaling suffers primarily from two degradation
types: loss in signal-to-noise ratio, and distortion resulting in an irreducible bit-error
probability. How do they differ? (See Section 3.3.2.)

Often times, providing more £,/N, will not mitigate the degradation due to infersym-
bol interference (1SI). Explain why this is the case. (See Section 3.3.2.)

Describe the difference between equalizers that use a zero-forcing solution, and
those that use a minimum mean-square error solution? (See Section 3.4.3.1.)

EXERCISES

Using the Companion CD, run the exercises associated with Chapter 3.
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41 WHY MODULATE?

Digital modulation is the process by which digital symbols are transformed into
waveforms that are compatible with the characteristics of the channel. In the case
of baseband modulation, these waveforms usually take the form of shaped pulses.
But in the case of bandpass modulation the shaped pulses modulate a sinusoid
called a carrier wave, or simply a carrier; for radio transmission the carrier is con-
verted to an electromagnetic (EM) field for propagation to the desired destination.
One might ask why it is necessary to use a carrier for the radio transmission of
baseband signals. The answer is as follows. The transmission of EM fields through
space is accomplished with the use of antennas. The size of the antenna depends on
the wavelength \ and the application. For cellular telephones, antennas are typi-
cally M4 in size, where wavelength is equal to ¢/f, and ¢, the speed of light, is 3 x 10°
m/s. Consider sending a baseband signal (say, f=3000 Hz) by coupling it to an an-
tenna directly without a carrier wave. How large would the antenna have to be?
Let us size it by using the telephone industry benchmark of A/4 as the antenna
dimension. For the 3,000 Hz baseband signal, M4 = 2.5 x 10* m = 15 miles. To
transmit a 3,000 Hz signal through space, without carrier-wave modulation, an
antenna that spans 15 miles would be required. However, if the baseband informa-
tion is first modulated on a higher frequency carrier, for example a 900 MHz
carrier, the equivalent antenna diameter would be about 8 cm. For this reason,
carrier-wave or bandpass modulation is an essential step for all systems involving
radio transmission.
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Bandpass modulation can provide other important benefits in signal transmis-
sion. If more than one signal utilizes a single channel, modulation may be used to
separate the different signals. Such a technique, known as frequency-division multi-
plexing, is discussed in Chapter 11. Modulation can be used to minimize the effects
of interference. A class of such modulation schemes, known as spread-spectrum
modulation, requires a system bandwidth much larger than the minimum band-
width that would be required by the message. The trade-off of bandwidth for
interference rejection is considered in Chapter 12. Modulation can also be used to
place a signal in a frequency band where design requirements, such as filtering and
amplification, can be easily met. This is the case when radio-frequency (RF) signals
are converted to an intermediate frequency (IF) in a receiver.

4.2 DIGITAL BANDPASS MODULATION TECHNIQUES

Bandpass modulation (either analog or digital) is the process by which an informa-
tion signal is converted to a sinusoidal waveform; for digital modulation, such a si-
nusoid of duration T'is referred to as a digital symbol. The sinusoid has just three
features that can be used to distinguish it from other sinusoids: amplitude, fre-
quency, and phase. Thus bandpass modulation can be defined as the process
whereby the amplitude, frequency, or phase of an RF carrier, or a combination of
them, is varied in accordance with the mformation to be Lransmitted. The general
torm of the cariicr wave i8

s(t) = A(t) cos (1) (4.1)

where A(?) is the time-varying amplitude and 0(¢) is the time-varying angle. It is
convenient to write

8(t) = wot + &) (4.2)
so that
s(t) = A(r) cos [wpt + (1)) (4.3)

where o, is the radian frequency of the carrier and ¢(f) is the phase. The terms
fand  will each be used to denote frequency. When fis used, frequency in hertz is
intended: when o is used, frequency in radians per second is intended. The two
frequency parameters are related by w =2/,

The basic bandpass modulation/demodulation types are listed in Figure 4.1.
When the receiver exploits knowledge of the carrier’s phase to detect the signals,
the process is called coherent detection; when the receiver does not utilize such
phase reference information, the process is called noncoherent detection. In digital
communications, the terms demodulation and detection are often used interchange-
ably, although demodulation emphasizes waveform recovery, and detection entails
the process of symbol decision. In ideal coherent detection, there is available at the
receiver a prototype of each possible arriving signal. These prototype waveforms
attempt to duplicate the transmitted signal set in every respect, even RF phase. The
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Basic digital communication transformations.

Figure 4.1

receiver is then said to be phase locked to the incoming signal. During demodula-
tion, the receiver multiplies and integrates (correlates) the incoming signal with
each of its prototype replicas. Under the heading of coherent modulation/demodu-
lation in Figure 4.1 are listed phase shift keying (PSK), frequency shift keying
(FSK), amplitude shift keying (ASK), continuous phase modulation (CPM), and
hybrid combinations. The basic bandpass modulation formats are discussed in this
chapter. Some specialized formats, such as offset quadrature PSK (OQPSK), mini-
mum shift keying (MSK) belonging to the CPM class, and quadrature amplitude
modulation (QAM), are treated in Chapter 9.

Noncoherent demodulation refers to systems employing demodulators that
are designed to operate without knowledge of the absolute value of the incoming
signal’s phase; therefore, phase estimation is not required. Thus the advantage of
noncoherent over coherent systems is reduced complexity, and the price paid is in-
creased probability of error (Pg). In Figure 4.1 the modulation/demodulation types
that are listed in the noncoherent column, DPSK, FSK, ASK, CPM, and hybrids,
are similar to those listed in the coherent column. We had implied that phase infor-
mation is not used for noncoherent reception; how do you account for the fact that
there is a form of phase shift keying under the noncoherent heading? It turns out
that an important form of PSK can be classified as noncoherent (or differentially
cohercnt) since it docs not require a reference in phase with the received carrier.
This “pseudo-PSK,” termed differential PSK (DPSK), utilizes phase information of
the prior symbol as a phase reference for detecting the current symbol. This is
described in Scctions 4.5.1 and 4.5.2.

4.2.1 Phasor Representation of a Sinusoid

Using a well-known trigonometric identity called Euler’s theorem, we introduce
the complex notation of a sinusoidal carrier wave as follows:

e = cos wyt + jsin wyt (4.4)

One might be more comfortable with the simpler, more straightforward notation
cos wof or sin wyf. What possible benefit can there be with the complex notation?
We will see (in Section 4.6) that this notation facilitates our description of how
real-world modulators and demodulators are implemented. For now, let us point to
the general benefits of viewing a carrier wave in the complex form of Equa-
tion (4.4).

First, within this compact from, e/“, is contained the two important quadra-
ture components of any sinusoidal carrier wave, namely the inphase (real) and the
quadrature (imaginary) components that are orthogonal to each other. Second, the
unmodulated carrier wave is conveniently represented in a polar coordinate system
as a unit vector or phasor rotating counterclockwise at the constant rate of wy
radians/s, as depicted in Figure 4.2. As time is increasing (i.e., from f; to ¢;) we can
visualize the time-varying projections of the rotating phasor on the inphase ([) axis
and the quadrature (Q) axis. These cartesian axes are usually referred to as the [
channel and Q channel respectively, and the projections on them represent the
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analytical form of the transmitted waveform is

sU)::Re{e”W‘<1+

signal components (orthogonal to each other) associated with those channels,
Third, when it comes time to modulate the carrier wave with information, we can
view this modulation as a methodical perturbation of the rotating phasor (and its

For example, consider a carrier wave tha
a sinusoid having an amplitude of unity and a

tis amplitude modulated (AM) with
frequency w,,, where ®,, < wy. The

plomt

2+eﬁwg>} (4.5)

where Re(x} is the real part of the complex quantity {x}. Figure 4.3 illustrates that
the rotating phasor ¢/’ of Figure 4.2 is now perturbed by two sideband terms—
e’*n'/2 rotating counterclockwise and e7m/2 rotating clockwise. The sideband
phasors are rotating at a much slower speed than the carrier-wave phasor. The net
result of the composite signal is that the rotating carrier-wave phasor now appears
to be growing longer and shorter pursuant to the dictates of the sidebands, but its
frequency stays constant—hence, the term “amplitude modulation.”

Another example to reinforce the usefulness of the phasor view is that of
frequency modulating (FM) the carrier wave with a similar sinusoid having a fre- q
quency of w,, radians/s. The analytical representation of narrowband FM (NFM)
has an appearance similar to AM and is represented by

Figu!
mod!

Figure 4.2 Phasor representation
of a sinusoid.

s(t) = Re{ef“’o‘ (1 -~ g_e*fwm' + gef“’m>} (4.6)

Quadrature

Inphase

Figure 4.3 Amplitude modulation.
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Quadrature
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where B is the modulation index [1]. Figure 4.4 illustrates that the rotating
carrier-wave phasor is again perturbed by two sideband terms, but because one of
the sideband terms carries a minus sign in Equation (4.6), the clockwise and
counterclockwise rotating sideband phasors have a different symmetry than in the
case of AM. In the case of AM the sideband symmetry results in the carrier-wave
phasor growing longer and shorter with time. In NFM, the sideband symmetry (90°
different than AM) results in the carrier-wave phasor speeding up and slowing
down according to the dictates of the sidebands, but the amplitude says essentially
constant—hence, the term “frequency modulation.”

Figure 4.5 illustrates examples of the most common digital modulation for-
mats: PSK, FSK, ASK, and a hybrid combination of ASK and PSK (ASK/PSK or
APK). The first column lists the analytic expression, the second is a typical pictorial
of the waveform versus time, and the third is a vector (or phasor) schematic, with
the orthogonal axes labeled {U5;(0)}. In the general M-ary signaliug case, the proces-
sor accepts k source bits (or channel bits if there is coding) at a time and instructs
the modulator to produce one of an available set of M = 2F waveform types. Binary
modulation, where k =1, is just a special case of M-ary modulation.

In Figure 4.2, we represented a carrier wave as a phasor rotating in a plane at
the speed of the carrier-wave frequency w, radians/s. In Figure 4.5, the phasor
schematic for each digital-modulation example represents a constellation of infor-
mation signals (vectors or points in the signaling space), where time is not repre-
sented. In other words, the constantly rotating aspect of the unmodulated carrier
wave has been removed, and only the information-bearing phasor positions, rela-
tive to one another, are presented. Each example in Figure 4.5 uses a particular
value of M, the set size.

4.2.2 Phase Shift Keying

Phase shift keying (PSK) was developed during the early days of the deep-space
program; PSK is now widely used in both military and commercial communications
systems. The general analytic expression for PSK is

2E 0<t=T
si(t) = \/:TCOS loot + &), _ 1t M (47)

where the phase term, &;(f), will have M discrete values, typically given by
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(a) PSK

(b) FSK

{d) ASK/PSK {APK)

Analytic Waveform Vector

si® = A /% cos (@t + 2mi/M) M=2

i1=1
0<t<T *_,‘,._ﬁlﬁ_T.,I«T——l

si(t) = % cos (w;t + o)

1,2,...M
t<

i
0 T

cos (gt + )

22127 cos (ot + 0;(2)]

|

- P ’,i"---‘ --——T—..‘

Figure 45 Digital modulations. (a) PSK. (b) FSK. (c) ASK. (d) ASK/PSK (APK).

_ 2mi

i (t) v i=1,...,M

For the binary PSK (BPSK) example in Figure 4.5a, M is 2. The parameter E is
symbol energy, T is symbol time duration, and 0 <t < 7. In BPSK modulation, the
modulating data signal shifts the phase of the waveform s,(£) to one of (wo states,
either zero or i (180°). The waveform sketch in Figure 4.5a shows a typical BPSK
waveform with its abrupt phase changes at the symbol transitions; if the modulating
data stream were to consist of alternating ones and zeros, there would be such an
abrupt change at each transition. The signal waveforms can be represented as
vectors or phasors on a polar plot; the vector length corresponds to the signal
amplitude, and the vector direction for the general M-ary case corresponds to the
signal phase relative to the other M — 1 signals in the set. For the BPSK example,
the vector picture illustrates the two 180° opposing vectors. Signal sets that can be
depicted with such opposing vectors are called antipodal signal sets.

174 Bandpass Modulation and Demodulation Chap. 4




)I(»\ V(2

3K (APK).

wrameter F is
ydulation, the
of two states,
typical BPSK
1e modulating
Id be such an
>presented as
to the signal
sponds to the
28K example,
ts that can be

n Chap. 4

4.2.3 Frequency Shift Keying

The general analytic expression for FSK modulation is

2E 0=t=T
5{(t) = A /? cos (w; + &) =1 M (4.8)

where the frequency term w; has M discrete values, and the phase term ¢ is an arbi-
trary constant. The FSK waveform sketch in Figure 4.5b illustrates the typical fre-
quency changes at the symbol transitions. At the symbol transitions, the figure
depicts a gentle shift from one frequency (tone) to another. This behavior is only
true for a special class of FSK called continuous-phase FSK (CPFSK) which is de-
scribed in Section 9.8. In the general MFSK case, the change to a different tone can
be quite abrupt, because there is no requirement for the phase to be continuous. In
this example, M has been chosen equal to 3, corresponding to the same number of
waveform types (3-ary); note that this M = 3 choice for FSK has been selected to
emphasize the mutually perpendicular axes. In practice, M is usually a nonzero
power of 2 (2, 4, 8, 16, ... ). The signal set is characterized by Cartesian coordi-
nates, such that each of the mutually perpendicular axes represents a sinusoid with
a different frequency. As described earlier, signal sets that can be characterized
with such mutually perpendicular vectors are called orthogonal signals. Not all FSK
signaling is orthogonal. For any signal set to be orthogonal, it must meet the crite-
rion set forth in Equation (3.69). For an FSK signal set, in the process of meeting
this criterion, a condition arises on the spacing between the tones in the set. The
necessary frequency spacing between tones to fulfill the orthogonality requirement
is discussed in Section 4.5.4.

4.2.4 Amplitude Shift Keying
For the ASK example in Figure 4.5¢, the general analytic expression is

2E,(1) O0=st=T
s(t) = T cos (wot + &) i=1 7

4.9

where the amplitude term V2E,;(¢)/T will have M discrete values, and the phase
term ¢ is an arbitrary constant. In Figure 4.5¢c, M has been chosen equal to 2, corre-
sponding to two waveform types. The ASK waveform sketch in the figure can de-
scribe a radar transmission example, where the two signal amplitude states would
be V2 E /T and zero. The vector picture utilizes the same phase—~amplitude polar
coordinates as the PSK example. Here we see a vector corresponding to the
maximum-amplitude state, and a point at the origin corresponding to the zero-
amplitude state. Binary ASK signaling (also called on-off keying) was onc of the
carliest forms of digital modulation used in radio telegraphy in the early 1900s.
Simple ASK is no longer widely used in digital communications systems, and thus it
will not be treated in detail here.
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4.2.5 Amplitude Phase Keying

For the combination of ASK and PSK (APK) example in Figure 4.5d, the generg)
analytic expression

2E,(1) 0=t =T

(4.10)

illustrates the indexing of both the signal amplitude term and the phase term. The
APK waveform picture in Figure 4.5d illustrates some typical simultaneous phase
and amplitude changes at the symbol transition times. For this example, M has
been chosen equal to 8, corresponding to eight waveforms (8-ary). The figure
illustrates a hypothetical eight-vector signal set on the phase-amplitude plane. Four
of the vectors are at one amplitude, and the other four vectors are at a different
amplitude. Each of the vectors is separated by 45°. When the set of M symbols in
the two-dimensional signal space are arranged in a rectangular constellation, the
signaling is referred to as quadrature amplitude modulation (QAM); examples of
QAM are considered in Chapter 9.

The vector picture for each of the modulation types described in Figure 4.5
(except the FSK case) is characterized on a plane whose polar coordinatcs repre-
sent signal amplitude and phase. The ¥SK case assumes orthogonal FSK (see Sec-
tion 4.5.4) and is characterized in a Cartesian coordinate space, with each axis
represeuling a frequency tone (cos w;t) from the M-ary sct of orthogonal toncs.

4.2.6 Waveform Amplitude Coefficient

The waveform amplitude coefficient appearing in Equations (4.7) to (4.10) has the
same general form \/2 E/T for all modulation formats. The derivation of this ex-
pression begins with

s(t) = Acos wt (4.11)

where A is the peak value of the waveform. Since the peak value of a sinusoidal
waveform equals \/7 times the root-mean-square (rms) value, we can write

s(t) = V2A,, cos wt

= V2A2 cos wt

Assuming the signal to be a voltage or a current waveform, A% represents average
power P (normalized to 1 Q). Therefore, we can write

s(t) = V2P cos wt (4.12)

Replacing P watts by E joules/T seconds, we get

s(t) = \/25 cos ot (4.13)
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We shall use either the amplitude notation A in Equation (4.11) or the desig-
nation \/ﬁ'/T in Equation (4.13). Since the energy of a received signal is the key
parameter in determining the error performance of the detection process, it is often
more convenient to use the amplitude notation in Equation (4.13) because it facili-
tates solving directly for the probability of error Py as a function of signal energy.

4.3 DETECTION OF SIGNALS IN GAUSSIAN NOISE

The bandpass model of the detection process is virtually identical to the baseband
model considered in Chapter 3. That is because a received bandpass waveform is
first transformed to a baseband waveform before the final detection step takes
place. For linear systems, the mathematics of detection is unaffected by a shift in
frequency. In fact, we can define an equivalence theorem as follows: Performing
bandpass linear signal processing, followed by heterodyning the signal to baseband
yields the same results as heterodyning the bandpass signal to baseband, followed
by baseband linear signal processing. The term “heterodyning” refers to a fre-
quency conversion Or mixing process that yields a spectral shift in the signal. As a
result of this equivalence theorem, all linear signal-processing simulations can take
place at baseband (which is preferred for simplicity), with the same results as at
bandpass. This means that the performance of most digital communication systems
will often be described und analyzed as if the transmission channel is a baseband
channel.

4.3.1 Decision Regions

Consider that the two-dimensional signal space in Figure 4.6 is the locus of the
noise-perturbed prototype binary vectors (s; +n) and (s; + n). The noise vector, n,
is a zero-mean random vector; hence the received signal vector, r, is a random vec-
tor with mean s, or s,. The detector’s task after receiving r is to decide which of the
signals (s, or s;,) was actually transmitted. The method is usually to decide on the
signal classification that yields the minimum expected P, although other strategies
are possible [2]. For the case where M equals 2, with s, and s, being equally likely
and with the noise being an additive white Gaussian noise (AWGN) process, we
will see that the minimum-error decision rule is equivalent to choosing the signal
class such that the distance d(r, s,) = || t —s; | is minimized, where || x || is called the
norm or magnitude of vector x. This rule is often stated in terms of decision re-
gions. In Figure 4.6, let us construct decision regions in the following way. Draw a
line connecting the tips of the prototype vectors s; and s,. Next, construct the per-
pendicular bisector of the connecting line. Notice that this bisector passes through
the origin of the space if s; and s, are equal in amplitude. For this M =2 example, in
Figure 4.6, the constructed perpendicular bisector represents the locus of points
equidistant between s; and s,; hence, the bisector describes the boundary between
decision region 1 and decision region 2. The decision rule for the detector, stated in
terms of decision regions, is as follows: Whenever the received signal r is located
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in region 1, choose signal s;; when it is located in region 2, choose signal s,. I
Figure 4.6, if the angle 0 equals 180°, then the signal set s; and s, represents
BPSK. However, in this figure, 6 was purposely chosen to be less than 180° in
order to emphasize the idea of decision regions in general.

4.3.2 Correlation Receiver

In Section 3.2 we treated the detection of baseband binary signals in Gaussian
noise. Since the detection of bandpass signals employs the same concepts, we
shall summarize the key findings of that section. We focus particularly on that
realization of a matched filter known as a correlator. In addition to binary detec-
tion, we also consider the more general case of M-ary detection. We assume that
the only performance degradation is due to AWGN. The received signal is the
sum of the transmitted prototype signal plus the random noise:

0=t =T

4.14
i=1,....,.M (4.14)

r(t) =s;(t) + n(r)
Given such a received signal, the detection process consists of two basic steps
as shown in Figure 3.1. In the first step, the received waveform, r(t), is reduced
to a single random variable z(T), or to a set of random variables z;(T) (i =1,
..., M), formed at the output of the demodulator and sampler at time ¢ = T,
where T'is the symbol duration. In the second step, a symbol decision is made
on the basis of comparing z(7') to a threshold or on the basis of choosing the
maximum z;(7). Step 1 can be thought of as transforming the waveform into a
point in the decision space. We call this point the predetection point, and view
it as the “location” of the received E,/N, (or other related receiving-system
SNR parameter); beyond here, signals are replaced by bits. Often, such SNR
parameters are modeled with reference to the output of the receiving antenna.
Note that although the signal power and noise power is each different at dif-
ferent points in the system, a receiving-system SNR can be modeled to yield
the same value at various reference points (see Section 5.5.5). At the predetec-
tion point, there will be a new sample of a baseband pulse during each symbol
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time. Note that E,/N, is defined at a place where there are no bits yet. Bits will
only appear after completion of the detection process. Perhaps a better name
for E,/N,would be energy per effective bit versus N,. Step 2 can be thought of
as determining in which decision region the point is located. For the detector
to be optimized (in the sense of minimizing the error probability), it is neces-
sary to optimize the waveform-to-random-variable transformation, by using
matched filters or correlators in step 1, and by also optimizing the decision cri-
terion in step 2.

In Sections 3.2.2 and 3.2.3 we found that the matched filter provides the maxi-
mum signal-to-noise ratio at the filter output at time t = 7. We described a correla-
tor as one realization of a matched filter. We can define a correlation receiver
comprised of M correlators, as shown in Figure 4.7a, that transforms a received
waveform, 7(¥), to a sequence of M numbers or correlator outputs, z(T) (i=1,..., M).
Bach correlator output is characterized by the following product integration or cor-
relation with the received signal:

il
7,(T) = f r(t)s;(t) dt i=1,....M (4.15)
0

The verb “to correlate” means “to match.” The correlators attempt to match
the incoming received signal, r(f), with each of the candidate prototype waveforms,
s;(f), known a priori to the receiver. A reasonable decision rule is to choose the
waveform, s;(f), that matches best or has the largest correlation with r(f). In other
words, the decision rule is

Choose the s(¢) whose index

corresponds to the max z,(7) (4.16)

Following Equation (3.10), any signal set, [s:(0} (i=1,..., M), can be ex-
pressed in terms of some set of basis functions, (Y (0} (j=1,...,N), where N<M.
Then the bank of M correlators in Figure 4.7a may be replaced with a bank of
N correlators, shown in Figure 4.7b, where the set of basis functions {W,()} form ref-
erence signals. The decision stage of this receiver consists of logic circuitry for
choosing the signal, s;(f). The choice of 5;(¢) is made according to the best match of
the coefficients, a;;, seen in Equation (3.10), with the set of outputs {z;(T)}. When
the prototype waveform set, (s; ()}, is an orthogonal set, the receiver implementa-
tion in Figure 4.7a is identical to that in Figure 4.7b (differing perhaps by a scale
factor). However, when {s;(1)} is not an orthogonal set, the receiver in Figure 4.7b,
using N correlators instead of M, with reference signals {y;(f)}, can represent a
cost-effective implementation. We examine such an application for the detection of
multiple phase shift keying (MPSK) in Section 4.4.3.

In the case of binary detection, the correlation receiver can be configured as a
single matched filter or product integrator, as shown in Figure 4.8a, with the refer-
ence signal being the difference between the binary prototype signals, s,(f) — s5(2)-
The output of the correlator, z(T), is fed directly to the decision stage.

For binary detection, the correlation receiver can also be drawn as two
matched filters or product integrators, one of which is matched to sy(¢), and the
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Figure 4.7 (a) Correlator receiver with reference signals {s;(t)}.
(b) Correlator receiver with reference signals {us; (D)3,

other is matched to s,(¢). (See Figure 4.8b.) The decision stage can then be config-
ured to follow the rule in Equation 4.16, or the correlator outputs z,(7) (i =1, 2)
can be differenced to form

oT) = zy(T) — zo(T)

(4.17)

as shown in Figure 4.8b. Then, z(T'), called the test statistic, is fed to the decision
stage, as in the case of the single correlator. In the absence of noise, an input wave-
form s,(¢) yields the output z(T") = a,(T), a signal-only component. The input noise
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Figure 48 Binary correlator receiver. (a) Using a single correlator.
(b) Using two correlators.

n(T) is a Gaussian random process. Since the correlator is a linear device, the out-
put noise is also a Gaussian random process [2]. Thus, the output of the correlator,

sampled at £ = T, yields
Z(T) e a,-(T) + no(T) l = 1,2

where ny(T) is the noise component. To shorten the notation we sometimes eX-
press z(f) as a; + ny. The noise component 72y is a zero-mean Gaussian random vari-
able, and thus z(T) is a Gaussian random variable with a mean of either a; or a,
depending on whether a binary one or binary zero was sent.

4.3.2.1 Binary Decision Threshold

For the random variable z(T), Figure 4.9 illustrates the two conditional prob-

ability density functions (pdfs), p(zls,) and p(zls,), with mean value of a, and a,,
respectively. These pdfs, also called the likelihood of s; and the likelihood of s,,

respectively, were presented in Section 3.1.2, and are rewritten as

1 1/(z— a1>2}
= ———exp| 5 4.18a
pals) = 5= p{ 2( o (4.18a)
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Figure 4.9 Conditional probability density functions: p(z/s,), p(z/s,).

1 1/z — A, B o |
plzlsy) - mcxp [—5 <— _ ) ] (4.18b)

where of is the noise variance. In Figure 4.9 the rightmost likelihood p(zlsy) illus-
trates the probability density of the detector output z(T), given that s(¢) was trans-
mitted. Similarly, the leftmost likelihood p(zls,) illustrates the probability density
of z(T'), given that s,(f) was transmitted. The abscissa z(T") represents the full range
of possible sample output values from the correlation receiver shown in Figure 4.8,

With regard to optimizing the binary decision threshold for deciding in which
region a received signal is located, we found in Section 3.2.1 that the minimum
error criterion for equally likely binary signals corrupted by Gaussian noise can be
stated as

& aq + a;
(1) 2 ==y, (4.19)

H,

where g, is the signal component of z(7) when s,(¢) is transmitted, and a, is the sig-
nal component of z(T) when s,(¢) is transmitted. The threshold level vy, represented
by (a, + @,)/2 is the optimum threshold for minimizing the probability of making an
Incorrect decision given equally likely signals and symmetrical likelihoods. The de-
cision rule in Equation (4.19) states that hypothesis H, should be selected [equiva-
lent to deciding that signal s(f) was sent] if z(T') > v,, and hypothesis H, should be
selected [equivalent to deciding that s,(r) was sent] if z(T') < . If z(T) = vy, the
decision can be an arbitrary one. For equal-energy, equally likely antipodal signals,
where s,(¢) = - s,(¢) and a, = — a,, the optimum decision rule becomes
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A7) = =0 (4.20a)

or
decide s,(1) if z\(T) > z,(T)

4.20b
decide s,(t) otherwise ( )

4.4 COHERENT DETECTION

4.4.1 Coherent Detection of PSK

The detector shown in Figure 4.7 can be used for the coherent detection of any
digital waveforms. Such a correlating detector is often referred to as a maximum
likelihood detector. Consider the following binary PSK (BPSK) example: Let

s,(t) = \/chos (wot + &) O=t=T (4.21a)
so(t) = ﬁcos (wo! + & + m)
= —\/TTECOS (gt + &) 0=t=T (4.21b)

and
n(t) = zero-mean white Gaussian random process

where the phase term ¢ is an arbitrary constant, so that the analysis is unaffected
by setting ¢ = 0. The parameter £ is the signal energy per symbol, and 7 is the
symbol duration. For this antipodal case, only a single basis function is needed. If
an orthonormal signal space is assumed in Equations (3.10) and (3.11) (i.e., K; = 1),
we can express a basis function y,(¢) as

2
(1) = \/;COS wyt forO0=:r =T (4.22)

Thus, we may express the transmitted signals s, (¢) in terms of {s;(¢) and the coeffi-
cients a; () as follows:

s{t) = apdy() (4.232)
s1(t) = ayn(t) = VE (1) (4.23b)
$2(t) = ayln(t) = —VE Uy(t) (4.23¢c)

Assume that s,(f) was transmitted. Then the expected values of the product inte-
grators in Figure 4.7b, with reference signal s (¢), are found as
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Blails} =B [ VEWO + n0(0) i (4213
0

E{z,ls:} = E{ f ~VE (1) + n(h(r) dr} (4.24)

T
E{z,ls,} = E{f %\/Ecos2 wpt + n(l)\/chos Wyl dt} =VE (425)
0

and

T
E{z,ls} = E{f - %\/Ecos2 wet n(r)\/ZTcos gt a’t} = —VE (4.25b)
0

where E{-} denotes the ensemble average, referred to as the expected value. Equa-
tion (4.25) follows because E{n(r)} = 0. The decision stage must decide which
signal was transmitted by determining its location within the signal space. For this
example, the choice of y(¢) = \/57’[' cos wyt normalizes E{z,(T)} to be * VE.
The prototype signals {s,(¢)} are the same as the reference signals {yi(f)} except for
the normalizing scale factor. The decision stage chooses the signal with the largest
value of z,(T). Thus, the received signal in this example is judged to be s,(¢). The
error performance for such coberently detected BPSK systems is treated in Section
4.7.1.

4.4.2 Sampled Matched Filter

In Section 3.2.2, we discussed the basic characteristic of the matched filter—
namely, that its impulse response is a delayed version of the mirror image (rotated
on the ¢ = 0 axis) of the input signal waveform. Therefore, if the signal waveform is
s(1), its mirror image is s(- £), and the mirror image delayed by 7 seconds is s(7 - ).
The impulse response h(f) of a filter matched to s(¢) is then described by

{S(Tt) O=s¢t=T

4.26
0 elsewhere ( )

h(t)

Figures 4.7 and 4.8 illustrate the basic function of a correlator to product-
integrate the received noisy signal with each of the candidate reference signals and
determine the best match. The schematics in these figures imply the use of analog
hardware (multipliers and integrators) and continuous signals. They do not reflect
the way that the correlator or matched filter (MF) can be implemented using digh-
tal techniques and sampled waveforms. Figure 4.10 shows how an MF can be im-
plemented using digital hardware. The input signal r(f) comprises a prototype
signal s, (¢), plus noise n(f), and the bandwidth of the signal is W = 1/27, where Tis
the symbol time. Thus, the minimum Nyquist sampling rate is f, = 2W =1/, and the
sampling time 7, needs to be equal to or less than the symbol time. In other words,
there must be at least one sample per symbol. In real systems, such sampling is usu-
ally performed at a rate that exceeds the Nyquist minimum by a factor of 4 Of
more. The only cost is processor speed, not transmission bandwidth. At the clock
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Figure 4.10 (a) Sampled matched filter. (b) Sampled matched filter
detection example, neglecting noise.
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times of t = k7, the samples are shifted into the register (as shown in Figure 4.10a)
so that earlier samples are located to the right of later samples. Once the receiveq
signal has been sampled, the continuous time notation ¢ is changed to k7 or simply
to k to allow use of the simple discrete notation

rk) = s, (k) + n(k) i=1,2 k=0,1,..

where the index / identifies a particular symbol out of the M-ary set (binary in thjg
example), and k is the sampling-time index. In Figure 4.10, the shift register, with
its coefficients or weights ¢;{(n) approximate an MF, where n=0, ..., N — 1 is the
time index of the weights and register stages. In this example, N = 4 represents the
number of stages in the register and the number of samples per symbol. Hence,
the summation shown in the figure takes place over the time n =0 to n = 3. Follow-
ing the summer, a symbol decision will be made after 4 time samples have entered
the registers. Note that for simplicity, the example in Figure 4.10b uses only 3-leve]
amplitude values (0, £1) for the s;(k) samples. In real systems, each sample (and
weight) would be represented by 6-10 bits, depending on the density of the signal
constellation. The set of filter weights {c;(n)} constitutes the filter impulse response;
the weights are matched to signal samples according to a discrete form of Equation
(4.26), as follows:

ci(n)=s[(N—-1) —~n]=s,(3 -n) (4.27)

By using a discrete form of the convolution integral in Equation (A.44Db), the
output at a time corresponding to the kth sample can be expressed as

N-1

zi(k)y= > rk =n)c;(n)  k=0,1,..., modulo-N (4.28)

n=0
where x modulo-y is defined as the remainder of dividing x by y, the index k repre-
sents time for both the received samples and the filter output, and » is a dummy
time variable. In the expression r (k —n) of Equation (4.28), it is helpful to think of
n as the “age” of the sample (how long has it been sitting in the filter). In the ex-
pression c¢;(n), it is helpful to think of n as the address of the weight. We assume
that because the system is synchronized, the symbol timing is known. Also, we
assume the noise to have a zero mean, so that the expected value of a received
sample is

E{r(k)} = s,(k) i=1,2
Thus, if s,(¢) is transmitted, the expected matched filter output is
N1
E{z,(k)} = D sk —n)c(n)  k=0,1,..., modulo-N (4.29)
n=0
In Figure 4.10b, where the prototype waveforms are plotted as a function of time,
we see that the leftmost sample (amplitude equals + 1) of the s,(¢) plot represents
the earliest sample at time k& = 0. Assuming that s,(¢) was sent, and the noise is ne-
glected for notational simplicity, we then denote the received samples of r(k) as
51(k). As these samples fill the stages of the MF, at the end of each symbol time the
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k = 0 sample is located in the rightmost stage of each register. In Equations (4.28)
and (4.29), notice that the time indexes n of the reference weights are in reverse
order compared with the time index k — n of the samples, which is a key aspect of
the convolution integral. The fact that the earliest time sample now corresponds
to the rightmost weight will ensure a meaningful correlation. Even though we de-
scribe the mathematical operation of an MF to be convolution of a signal with the
impulse response of the filter, the end result appears to be the correlation of a sig-
nal with a replica of that same signal. That is why it is valid to describe a correlator
as an implementation of a matched filter.

In Figure 4.10b, detection will follow the MF in the usual way. For the binary
decision, the z;(k) outputs are examined at each value of k=N -1 corresponding
to the end of a symbol. Under the condition that s,(f) had been transmitted and
noise is neglected, we combine Equations (4.27) through (4.29) to express the cor-
relator outputs at time k=N -1= 3as

7,(k=3) = i) 53— n)cy(n) =2 (4.30a)
and

7,(k=3) = 23:031(3 —n)cy(n) = -2 (4.30b)
Since z,(k =3) is greater than 2.(k :3»), the detector chooses s,(f) as the transmitted
symbol.

One might ask, “What is the difference between the MF in Figure 4.10b and the
correlator in Figure 4.87” In the case of the MF, a new output value is available inre-
sponse to each new input sample; thus the output will be a time series such as the MF
output seen in Figure 3.7b (a succession of increasing positive and negative correla-
tions to an input sine wave). Such an MF output sequence can be equated to several
correlators operating at different starting points of the input time series. Note that a
correlator only computes an output once per symbol time, such as the value of the
peak signal at time T in Figure 3.7b. If the timing of the MF and correlator are
aligned, then their outputs at the end of a symbol time are identical. An important
distinction between the MF and correlator is that since the correlator yields a single
output value per symbol, it must have side information, such as the start and stop
times over which the product integration should take place. If there are timing errors
in the correlator, then the sampled output fed to the detector may be badly degraded.
On the other hand, since the MF yields a time series of output values (reflecting time-
shifted input samples multiplied by fixed weights), then with the use of additional cir-
cuitry, the best time for sampling the MF output can be learned.

Example 4.1 Sampled Matched Filter

Consider the waveform set

and

where k=0,1,2,3.

4.4 Coherent Detection 187



Illustrate how a sampled matched filter as shown in Figure 4.10 can be used to detect 4
received signal, say s,(¢), from this sawtooth waveform set in the absence of noise.

Solution

First, the waveform is sampled so that s(¢) is transformed into the set of sampleg
{s;(k)}. The sampled matched filter receiver will be shown with two branches, follow.
ing the implementation in Figure 4.10b. The top branch is made up of shift registerg
and coefficients matched to the {5,(k)} sample points. The bottom branch is similarly
matched to the {s,(k)} sample points. The four equally spaced sample points (k =0, |,
2, 3) for each of the {s;(k)] are as follows:

The c(n) coefficients represent the delayed mirror-image rotation of the signal to
which the filter is matched. Therefore, c{n) =s;(N—-1-n), wheren=0,...,N~1, and
we can write ¢;(0) = 5;(3), ¢;(1) =5;(2), ¢;(2) = 5,(1), ¢;(3) = 5,(0).

Consider the top branch in Figure 4.10b. At the k = 0 clock time, the first sample
s1(k=0) = 0 enters the leftmost stage of each register. At the next clock time, the sec-
ond sample s,(k = 1) = A/4 enters the leftmost stage of each register; at this same time
the [irst sample has been shilled (o the next ight stage w each tegister, and so on. At
the k = 3 clock time the sample s,(k = 3) = 3A/4 enters the leftmost stage; by this time
the first sample has been shifted into the rightmost stage. The four signal samples are
now located in the registers in mirror-image arrangement compared with how they
would be plotted in time. Hence, the convolution operation is an appropriate expres-
sion for describing the alignment of the incoming waveform samples with the refer-
ence coefficients to maximize the correlation in the proper branch.

4.4.3 Coherent Detection of Multiple Phase-Shift Keying

Figure 4.11 illustrates the signal space for a multiple phase-shift keying (MPSK)
signal set; the figure describes a four-level (4-ary) PSK or quadriphase shift keying
(QPSK) example (M = 4). At the transmitter, binary digits are collected two at a
time, and for each symbol interval, the two sequential digits instruct the modulator
as to which of the four waveforms to produce. For typical coherent M-ary PSK
(MPSK) systems, s;(¢) can be expressed as

2E 2mi O0=r=T
s{t) = A /7cos (mot — %) . 7 (4.31)

where E is the received energy of such a waveform over each symbol duration 7,
and w, is the carrier frequency. If an orthonormal signal space is assumed in Equa-
tions (3.10) and (3.11), we can choose a convenient set of axes, such as

(1) = \/%cos wo! (4.32a)
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Figure 4.11 Signal space and deci-
sion regions for a QPSK system.
and
2 r
U(t) = il gt (4.32b)

where the amplitude V2/T has been chosen to normalize the expected output of
the detector, as was done in Section 4.4.1. Now s;(¢) can be written in terms of these

orthonormal coordinates, giving

0=t=T
s:(t) = andn(t) + anb(t) P = 1t M (4.33a)

VE cos <%Twi’> Un(t) + VE sin <2—AT;> Us(t) (4.33b)

il

Notice that Equation (4.33) describes a set of M multiple phase waveforms
(intrinsically nonorthogonal) in terms of only two orthogonal carrier-wave compo-
nents. The M = 4 (QPSK) case is unique among MPSK signal sets in the sense that
the QPSK waveform set is represented by a combination of antipodal and orthogo-
nal members. The decision boundaries partition the signal space into M =4 regions;
the construction is similar to the procedure outlined in Section 4.3.1 and Figure 4.6
for M = 2. The decision rule for the detector (see Figure 4.11) is to decide that 51(%)
was transmitted if the received signal vector falls in region 1, that s,(t) was trans-
mitted if the received signal vector falls in region 2, and so on. In other words, the
decision rule is to choose the ith waveform if z;(T) is the largest of the correlator
outputs (seen in Figure 4.7).
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The form of the correlator shown in Figure 4.7a implies that there are alway.s
M product correlators used for the demodulation of MPSK signals. The figure iy,
fers that for each of the M branches, a reference signal with the appropriate phase
shift is configured. In practice, the implementation of an MPSK demodulator fol.
lows Figure 4.7b, requiring only N = 2 product integrators regardless of the size of
the signal set M. The savings in implementation is possible because any arbin:ary
integrable waveform set can be expressed as a linear combination of orthogong]
waveforms, as shown in Section 3.1.3. Figure 4.12 illustrates such a demodulatoy,
The received signal r(r) can be expressed by combining Equations (4.32) and
(4.33) as

O=s¢t=T

r(t) = /7(005 b;cos wot + sin ¢, sin wgt) + n(r) i=1,....M

(4.34)
where &; = 2wi/M, and n(¢) is a zero-mean white Gaussian noise process. Notice
that in Figure 4.12, there are only two reference waveforms or basis functions, i)
='V2/T cos wyt for the upper correlator and ,(¢) = V2/T sin wyt for the lower
correlator. The upper correlator computes

X= { Kty (2) dt (4.35)
]

and the lower correlator computes

Y= f Tr(t)¢2(t) dt (4.36)

Figure 4.13 illustrates that the computation of the received phase angle ¢ can be
accomplished by computing the arctan of ¥/X, where X can be thought of as the in-
phase component of the received signal, Y is the quadrature component, and ¢ is a

2
yq(t) = '\/; cos wot

%3 b:¢ f(ﬂth
= r
_ : V1
2 Compyte Choose
Vo(t) = 7 Sin oot lo;i=&| [ smallest

&

Figure 4.12  Demodulator for MPSK signals.

T
Y=Lr®w®ﬁ
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noisy estimate of the transmitted &;. In other words, the upper correlator of Figure
4,12 produces an output X, the magnitude of the in-phase projection of the vector
r, and the lower correlator produces an output Y, the magnitude of the quadrature
projection of the vector r, where r is the vector representation of r(¢). The Xand Y
outputs of the correlators feed into the block marked arctan (¥/X). The resulting
value of the angle ¢ is compared with each of the prototype phase angles, d;. The
demodulator selects the ¢; that is closest to the angle lfu In other words, the demod-
ulator computes |b; — c])l for each of the ¢, prototypes and chooses the ¢, yielding
the smallest output.

4.4.4 Coherent Detection of FSK

ESK modulation is characterized by the information being contained in the fre-
quency of the carrier. A typical set of FSK signal waveforms was described in

Equation (4.8) as
2F 0=t =T
si(t) =1/ Tcos(m,t b) =1,

where E is the energy content of s;(r) over each symbol duration 7, and (©;.1~ ®;)
is typically assumed to be an integral multiple of /7. The phase term ¢ is an arbi-
trary constant and can be set equal to zero. Assuming that the basis functions U (),
U0, .« Wn(¢) form an orthonormal set, the most useful form for {i; ()} is

2

where, as before, the amplitude \/2/T normalizes the expected output of the
matched filter. From Equation (3.11), we can write

T
2FE 2
a; = f w/—T—cos (w;t) 7608 w;t dt (4.38)
0
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Therefore,

(4.39)

i

. _{\/E fori=j

0 otherwise

In other words, the ith prototype signal vector is located on the ith coordinate
axis at a displacement \/E from the origin of the signal space. In this scheme, for
the general M-ary case and a given E, the distance between any two prototype sig.
nal vectors s; and s; is constant:

d(s;,s;) = lls, = sll = V2E = fori#j (4.40)

[ A

Figure 4.14 illustrates the prototype signal vectors and the decision regions
for a 3-ary (M = 3) coherently detected orthogonal FSK signaling scheme. A nat-
ural choice for the size M of a signaling set is any power-of-two value. However in
this case, the reasons for the unorthodox selection of M = 3, are: We desire to ex-
amine a signaling set that is greater than binary, and the signaling space for orthog-
onal signaling is best visualized as having mutually perpendicular axes. It is not
possible, beyond 3-axes, to convey the notion of mutual perpendicularity in some
visually accurate way. As in the PSK case, the signal space is partitioned into M dis-
tinct regions, each containing one prototype signal vector; in this example, because
the decision region is three dimensional, the decision boundarics arc plancs instcad
of lines. The optimum decision rule is to decide that the transmitted signal belongs
to the class whose index corresponds to the region where the received signal is

Decision
boundary

Decision
boundary

Decision
boundary

Figure 4.14  Partitioning the signal space for a 3-ary FSK signal.
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found. In Figure 4.14, a received signal vector r is shown in region 2. Using the de-
cision rule stated above, the detector classifies r as signal s,. Since the noise is a
Gaussian random vector, there is a probability greater than zero that r could have
been produced by some signal other than s,. For example, if the transmitter had
sent s, then r would be the sum of signal plus noise, s, + n,, and the decision to
choose s, is correct; however, if the transmitter had actually sent s;, then r would be
the sum of signal plus noise, s; + n,, and the decision to select s, is an error. The
error performance of coherently detected FSK systems is treated in Section 4.7.3.

Example 4.2 Received Phase as a Function of Propagation Delay

Figure 415 Mobile radio fink. . d g

4.4

(a) In Figure 4.8, the schematics fail to indicate where the correlator reference signals

come from. One might think that they are known for all time and stored in mem-
ory until needed. Under some controlled circumstances, it is conceivable that the
receiver might predict some expected value of the arriving signal’s amplitude or its
frequency within tolerable limits. But the one parameter that cannot be estimated
without special help is the received signal phase. The most popular way to achieve
phase estimation is through the use of circuitry called a phase-locked loop (PLL).
This carrier-recovery method locks on to the arriving carrier wave (or recreates it)
and estimates its phase. To show how futile it would be to predict the phase with-
out a PLL, consider the mobile radio link shown in Figure 4.15. In the figure, a
mohile user is positioned at point 4, at a distance d from the base station, such
that the propagation delay is T,. Using complex notation, the transmitted wave-
form emanating from the transmiller cun be described as s(£) — exp (j27fpr). Let us
take f, equal to 1 GHz. Neglecting noise, the waveform received at the base sta-
tion can be denoted as r(f) = exp [j2nfy(t + T,)]. If the mobile user moves n-line
away from the base station to point B, or in-line toward the base station to point
C, what is the minimum distance of movement that will cause a 2@ phase rotation
of the received waveform?

(b) Do we really care about a 27 phase rotation? Of course not, because the received

phasor would then be located at exactly the point at which it was initially postu-
lated with the user located at point A. But let us ask, What is the minimum dis-
tance that will cause a w/2 phase rotation (say a lag of w/2)? Had the receiver
predicted that the received phasor would correspond to r(f), as denoted in part (a),

Receiving
base station
1

Coherent Detection 193




but instead the lag caused the received phasor to appear as exp [2mfo(t + T,) -
7/2], then the detecting correlator would yield a zero output. This is so because

7 T
™ )
f COS Wyt cOS (wot - 5) at = f cos wyt sin wyt dt =0
0 0

Find the user’s minimum distance movement that will cause a /2 phase rotation,

Solution

(a) Initially, let r = 0, so that when the mobile user is located at point A, the receiveq
phasor at the base station can be expressed as r(t) = exp (j2wfyT,). Then, after the
user’s movement to point B, the received (further delayed) phasor ry(t=T,+ T}),
can be written as ry(¢) = exp [/2nfy(Ty + T;)]. The minimum delay time 7, corre-
sponding to a 2w (one wavelength) phasor rotation is 7,/ = 1/fy = 10 second.
Therefore, the minimum distance for such a rotation (assuming ideal electromag-
netic propagation at the speed of light) is

¢

d=—=3X10"m/s x 10775 =03m
fo
(b) Thus, for a w/2 phasor rotation, the minimum distance is
d" 03m

"= = =75cm

T4 4
It should be clear that even if a transmitter and receiver are located on fixed tow-
ers, a small amount of wind movement can bring about complete uncertainty re-
garding phase. If we scale our example from a frequency of 1 GHz to that of 10
GHz, the minimum distance scales from 7.5 ¢cm to 0.75 cm. Very often we might
want to avoid building receivers with PLLs for carrier recovery. The results of this
example might then motivate us to ask, How will the error performance suffer if
phase information is not used in the detection process? In other words, how will
the system fare if the detection is performed noncoherently? We address this
question in the sections that follow.

4.5 NONCOHERENT DETECTION
4.5.1 Detection of Differential PSK

The name differential PSK (DPSK) sometimes needs clarification because two
separate aspects of the modulation/demodulation format are being referred to: the
encoding procedure and the detection procedure. The term differential encoding
refers to the procedure of encoding the data differentially; that is, the presence
of a binary one or zero is manifested by the symbol’s similarity or difference when
compared with the preceding symbol. The term differentially coherent detection of
differentially encoded PSK, the usual meaning of DPSK, refers to a detection
scheme often classified as noncoherent because it does not require a reference in
phase with the received carrier. Occasionally, differentially encoded PSK is coher-
ently detected. This will be discussed in Section 4.7.2.
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With noncoherent systems, no attempt is made to determine the actual value
of the phase of the incoming signal. Therefore, if the transmitted waveform is

2E O0=t=T
(1) == t+6,(t
sil) =fpoosteot 0]y Ty

the received signal can be characterized by

°E 0=t =T
N =./2= t + 0,(t) + + )
) = Eeos oot + 00 +ad 4 n) OIFT

where a is an arbitrary constant and is typically assumed to be a random variable
uniformly distributed between zero and 2, and n(t) is an AWGN process.

For coherent detection, matched filters (or their equivalents) are used; for
noncoherent detection, this is not possible because the matched filter output is
a function of the unknown angle o. However, if we assume that « varies slowly
relative to two period times (27), the phase difference between two successive
waveforms 6,(7;) and 6,(73) is independent of o; that is,

[0(Ty) + a] = [6;(T7) + a] = 8,(Ty) — 6,(Ty) = &;(T2) (4.42)

The basis for differentially coherent detection of differentially encoded PSK
(DPSK) is as follows. The carrier phase of the previous signaling interval can be
used as a phase reference for demodulation. Tts use requires differential encoding
of the message sequence at the transmitter since the information is carried by the
difference in phase between two successive waveforms. 'l'o send the ith message
(i=1,2,..., M), the present signal waveform must have its phase advanced
by ¢; = 2mi/M radians over the previous waveform. The detector, in general, calcu-
lates the coordinates of the incoming signal by correlating it with locally generated
waveforms, such as \/2 /T cos wyt and \/2/T sin wyt. the detector then measures
the angle between the currently received signal vector and the previously received
signal vector, as illustrated in Figure 4.16.

In general, DPSK signaling performs less efficiently than PSK, because the
errors in DPSK tend to propagate (to adjacent symbol times) due to the correlation
between signaling waveforms. One way of viewing the difference between PSK and

ya(®)
. (a‘l, b'l)
Stored
Angle signal vector
(az bo) measured
Currently by detector
_ rectlalvedt ¢ 0; = 2mi/M
signal vector i=1,..,M
Figure 4.16 Signal space for
DPSK. (@)
45 Noncoherent Detection 195

H
|
L]
1
|



DPSK is that the former compares the received signal with a clean reference; in the
latter, however, two noisy signals are compared with each other. We might say tha
there is twice as much noise associated with DPSK signaling compared to PSK sig.
naling. Consequently, as a first guess, we might estimate that the error probability
for DPSK is approximately two times (3 dB) worse than PSK: this degradation
decreases rapidly with increasing signal-to-noise ratio. The trade-off for this perfor.
mance loss is reduced system complexity. The error performance for the detection
of DPSK is treated in Section 4.7.5.

4.5.2 Binary Differential PSK Example

The essence of differentially coherent detection in DPSK is that the identity of the
data is inferred from the changes in phase from symbol to symbol. Therefore, be.-
cause the data are detected by differentially examining the waveform, the transmit.
ted waveform must first be encoded in a differential fashion. Figure 4.17,
illustrates a differential encoding of a binary message data stream m(k), where k is
the sample time index. The differential encoding starts (third row in the figure)
with the first bit of the code-bit sequence c(k = 0), chosen arbitrarily (here taken to
be a one). Then the sequence of encoded bits c(k) can, in general, be encoded in
one of two ways:

clk) =clk — 1) ® m(k) (4.43)
or
ck) =clk — 1) ®m(k) (4.44)

where the symbol @ represents modulo-2 addition (defined in Section 2.9.3) and
the overbar denotes complement. In Figure 4.17a the differentially encoded mes-
sage was obtained by using Equation (4.44). In other words, the present code bit
c(k) is a one if the message bit m(k) and the prior coded bit ¢(k — 1) are the same,
otherwise, c(k) is a zero. The fourth row translates the coded bit sequence c(k) into
the phase shift sequence 6(k), where a one is characterized by a 180° phase shift,
and a zero is characterized by a 0° phase shift.

Figure 4.17b illustrates the binary DPSK detection scheme in block diagram
form. Notice that the basic product integrator of Figure 4.7 is the essence of the de-
modulator; as with coherent PSK, we are still allempting to correlate a received
signal with a reference. The interesting difference here is that the reference signal
is simply a delayed version of the received signal. In other words, during each
symbol time, we are matching a received symbol with the prior symbol and looking
for a correlation or an anticorrelation (180° out of phase).

Consider the received signal with phase shift sequence 0(k) entering the cor-
relator of Figure 4.17b, in the absence of noise. The phase 6(k = 1) is matched with
0(k = 0); they have the same value, 1; hence the first bit of the detected output is
Ak =1) = 1. Then 6(k = 2) is matched with 8(k = 1); again they have the same
value, and #(k = 2) = 1. Then 0(k = 3) is matched with 8(k = 2); they are different,
so that 72 (k =3) =0, and so on.
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Sample index, £ 0(1]12|3|4|5(6|7|8[9]10

Information
message, m(k)

Differentially
encoded message 11111100111 ]1{0]1]1
(first bit arbitrary), c(k)

Corresponding

phase shift, 8(%) alzlzlolo]l 2l xlxlol |z
(a)
T . .
r@®) () — J .| Decision| _ .
0 stage

Coherent detector

. Delay
T Reference

Detected message, m(2) 1 1 0 1 0 1 1 0 0 1

V2/T ei®ot
() ___é_‘ J‘T = Decision| < ()
0 stage '
_ | Delay
& T
{c)

Figure 4.17 Differential PSK (DPSK). (a) Differential encoding.
(b) Differentially coherent detection. (¢) Optimum differentially coherent
detection.

It must be pointed out that the detector in Figure 4.17b is suboptimum {3] in
the sense of error performance. The optimum differential detector for DPSK re-
quires a reference carrier in frequency but not necessarily in phase with the re-
ceived carrier. Hence the optimum differential detector is shown in Figure 4.17¢
[4]. Its performance is treated in Section 4.7.5. In Figure 4.17¢, the reference signal
is shown in complex form (\/2/T e/*") to indicate that a quadrature implementa-
tion using both I and Q references are required (see Section 4.6.1).
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4.5.3 Noncoherent Detection of FSK

A detector for the noncoherent detection of FSK waveforms described by Equatioy
(4.8) can be implemented with correlators similar to those shown in Figure 47
However, the hardware must be configured as an energy detector, without exploit.
ing phase measurements. For this reason, the noncoherent detector typically
requires twice as many channel branches as the coherent detector. Figure 4,13
illustrates the in-phase (/) and quadrature (Q) channels used to detect a binary
FSK (BFSK) signal set noncoherently. Notice that the upper two branches are cop.
figured to detect the signal with frequency w,; the reference signals are \/2/T cog
wyf for the I branch and \/2/ T sin wyt for the Q branch. Similarly, the lower twq
branches are configured to detect the signal with frequency w,; the reference sig-
nals are \/2 /T cos w,t for the I branch and \/2 /T sin w,t for the Q branch. Imag-
ine that the received signal r(f), by chance alone, is exactly of the form cos w,¢ +
n(t); that is, the phase is exactly zero, and thus the signal component of the received
signal exactly matches the top-branch reference signal with regard to frequency
and phase. In that event, the product integrator of the top branch should yield the
maximum output. The second branch should yield a near-zero output (integrated
Zero-mean noise), since ils reference signal /2 /T sin wyt is orthogonal to the sig-

ITand @
energy Test statistic
Correlation Squaring summation and decision

o~

V2/T cos w4t

I channel 24(T)

22 + 22
N2/T sin o1t
@ channel
e . .

2
1772
4 Decision
ahi stage
® i
2. ,2
3t2y

' V2/T cos wat
2 = 2T) 20
Hy

I channel 2

N2/T sin wot

éQchannel 2a(T) .Y 23

|
|

Figure 4.18 Quadrature receiver.
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nal component of #(f). For orthogonal signaling (see Section 4.5.4), the third and
fourth branches should also yield near-zero outputs, since their o, reference signals
are also orthogonal to the signal component of r(z).

Now imagine a different scenario: Suppose that by chance alone, the received
signal 7(z) is of the form sin wy¢ + n(f). In that event, the second branch in Figure
4.18 should yield the maximum output, while the others should yield near-zero
outputs. In actual practice, the most likely scenario is that r(f) is of the form cos
(@it + &) + n(7); that is, the incoming signal will partially correlate with the cos @t
reference and partially correlate with the sin w? reference. Hence a noncoherent
quadrature receiver for orthogonal signals requires an / and Q branch for each
candidate signal in the signaling set. In Figure 4.18, the blocks following the
product integrators perform a squaring operation to prevent the appearance of any
negative values. Then for each signal class in the set (two in this binary example), z}
from the I channel and z3 from the Q channel are added. The final stage forms the
test statistic z(T) and chooses the signal with frequency w; or the signal with
frequency w,, depending upon which pair of energy detectors yields the magimum
output.

Another possible implementation for noncoherent FSK detection uses band-
pass filters—centered at f; = /2 with bandwidth W;= 1/T—followed by envelope
detectors, as shown in Figure 4.19. An envelope detector consists of a rectifier and a
low-pass filter. The detectors are matched to the signal envelopes and not to the
signals themselves. ‘I'he phase of the carrier is of no importauce in defining the cn-
velope; hence no phase information is nsed. In the case of binary FSK, the decision
as to whether a one or a zero was transmitted is made on the basis of which of two
envelope detectors has the largest amplitude at the moment of measurement. Simi-
larly, for a multiple frequency shift-keying (MFSK) system, the decision as to
which of M signals was transmitted is made on the basis of which of the M envelope
detectors has the maximum output.

Even though the envelope detector block diagram of Figure 4.19 looks func-
tionally more simple than the quadrature receiver shown in Figure 4.18, the use of

Bandpass filters centered
at f; with bandwidth Wy=1/T

_ |Filter _ |[Envelope 2(T)
1 " | detector N
[ __|Filter _ |Envelope 22(T) | pecision s
rift) = 5i() + n () —= fo detector stage — &)
_|Filter Envelope| ?4(T)_
fu | detector I

Figure 4.19 Noncoherent detection of FSK using envelope detectors.
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(analog) filters usually results in the envelope detector design having greatg,
weight and cost than the quadrature receiver. Quadrature receivers can be im le.
mented digitally; thus, with the advent of large-scale integrated (LSI) circuits, the
are often the preferred choice for noncoherent detectors. The detector showy
in Figure 4.19 can also be implemented digitally by performing discrete Fourig,
transformations instead of using analog filters, but such a design is usually mor,
complex than a digital implementation of the quadrature receiver.

4.5.4 Required Tone Spacing for Noncoherent Orthogonal FSK Signaling

Frequency shift keying (FSK) is usually implemented as orthogonal signaling, byt
not all FSK signaling is orthogonal. How can we tell if the tones in a signaling set
form an orthogonal set? For example, suppose we have two tones Ji =10,000 H
and f, = 11,000 Hz. Are they orthogonal to each other? In other words, do they fy).
fill the criterion (as set forth in Equation 3.69) that they are uncorrelated over a
symbol time 7? We do not have enough information to answer that question yet,
Tones f; and f, manifest orthogonality if, for a transmitted tone at fi, the sampled
envelope of the receiver output filter tuned to f, is zero (i.e., no crosstalk). A prop-
erty that insures such orthogonality between tones in an FSK signaling set states
that any pair of tones in the set must have a frequency separation that is a multiple
of 1/T hertz. (This will be proven below, in LExample 4.3.) A tone with (i equency f;
that is switched on for a symbol duration of T seconds and then switched off, such
as the FSK tone described in Equation (4.8), can be analytically described by

$;(t) = (cos 27f;1) rect (t /T)

1 for=T2 =1 =7/2
0 for |¢] > T/2

where rect (1/T) = {

From Table A1, the Fourier transform of s,(1) is
Flsi(t)} = Tsinc(f — f)T

where the sinc function is as defined in Equation (1.39). The spectra of two such
adjacent tones—tone 1 with frequency f; and tone 2 with frequency f,—are plotted
in Figure 4.20.

4.5.4.1 Minimum Tone Spacing and Bandwidth

In order for a noncoherently detected tone to manifest a maximum output
signal at its associated receiver filter and a zero-output signal at any neighboring
filter (as implemented in Figure 4.19), the peak of the spectrum of tone 1 must co-
incide with one of the zero crossings of the spectrum of tone 2, and similarly, the
peak of the spectrum of tone 2 must coincide with one of the zero crossings of the
spectrum of tone 1. The frequency difference between the center of the spectral
main lobe and the first zero crossing represents the minimum required spacing
With noncoherent detection, this corresponds to a minimum tone separation of 1/T
hertz, as can be seen in Figure 4.20. Even though FSK signaling entails the trans-
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Tsinc(f—f)T
Tsinc(f—fDT

Tone 2

—=| 1/T Hz =~
f2 fi

Figure 4.20 Minimum tone spacing for noncoherently detected orthogo-
nal FSK signaling.

mission of just one single-sideband tone during ecach symbol time, when we speak
of the signal bandwidth, we mean the amount of spectrum that neceds to be avail-
able for the entire range of all the tones in the M-ary set. Thus for FSK, the band-
width requirements are related to the spectral spacing between the tones. From a
group of adjacent tones, the spectrum associated with just one tone can be consid-
ered to make up one-half of the tone spacing on cach side of the tone. Thus, for the
binary FSK case shown in Figure 4.20, the signaling bandwidth is equal to the
spectrum that separates the tone centers plus one-half the tone spacing on each
side of the set. This amounts to two times the tone spacing. Extrapolating this
approach to the M-ary case, the bandwidth of noncoherently detected orthogonal
MFSK is equal to M/T.

Thus far, we have only addressed noncoherently detected orthogonal FSK. Is
the minimum tone-spacing criterion (and hence the bandwidth) different if the
signaling is detected coherently? Indeed, it is. As we will see below, in Example 4.3,
the minimum tone spacing is reduced to 1/27" when coherent detection is used.

4.5.4.2 Dual Relationships

The engineering concept of duality can be defined as follows: Two processes
(functions, elements, or systems) are dual to each other if their mathematical rela-
tionships are identical, even though they are described with different variables
(e.g., time and frequency). Consider the case of FSK signaling, where rectangular-
shaped keying corresponds to sinc (f7) shaped tones, as seen in Figure 4.20. A
given tone duration gives rise to the minimum frequency spacing between tones
that would be needed to achieve orthogonality. This frequency-domain relation-
ship has as its dual counterpart a time-domain relationship—the case of pusle sig-
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naling, where a rectangular-shaped bandwidth corresponds to sinc (/T) shapeq
pulses, as seen in Figure 3.16b. A given bandwidth gives rise to the minimum time
spacing between pulses that would be needed to achieve zero ISI.

202

Example 43 Minimum Tone Spacing for Orthogonal FSK

Consider two waveforms cos (2nfit + &) and cos 2mfof to be used for noncoherep,

FSK-signaling, where f; > f;. The symbol rate is equal to 1/7 symbols/s, where T is the

symbol duration and ¢ is a constant arbitrary angle from 0 to 2.

(a) Prove that the minimum tone spacing for noncoherently detected orthogonal FSK.
signaling is 1/7.

(b) What is the minimum tone spacing for coherently detected orthogonal FSg
signaling?

Solution

(a) For the two waveforms to be orthogonal, they must fulfill the orthogonality
constraint of Equation (3.69):
T
f cos (2mfit + &) cos 2t drf =0 (4.45)
0

Using the basic trigonometric identities shown in Equations (D.6) and (D.1) to
(D.3), we can write Equation (4.45) as

cos ¢ J cos 2mfit cos 2mf,t dt (4.46)
0
7
— sin ¢ f sin 2w fyt cos2mwfot dt = 0
0
so that
T
cos ¢ f [cos 2m(fy + fo)t + cos 2u(f, — ft]de
0
T
— sin ¢ f [sin 27(f, + f)¢ + sin 2m(f, — ftlde =0 (4.47)
0
which, in turn, yields
(2ot + o, el — N
2m(fy + f2) 2n(fi = f2) o
) cos 2m(fi + fo)t  cos2m(f, — fi)t r
e L il Sl | | 4.48)
reine { 2n(f, + f,) 2w~ F) o “g
or
e+ AT szt =Y
2n(fy + f) 2n(fy — f2)
. cos 27(f; +f2)'!‘—_] cos 2n(f; — fo) T — ]" B 49)
+ong | ST Ty R
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4.5

We can assume that f; + f, > 1 and can thus make the following approximation:

sin 2n(fy + )T cos2n(fy + f5)T

== = 0 4.50
2n(f1 + f2) 2n(fy + f) (450)

Then, combining Equations (4.49) and (4.50), we can write
cos ¢ sin 2m(fy — f2)T + sin ¢ [cos 2w(f, — f,)T — 1] = 0O (4.51)

Note that for arbitrary ¢, the terms in Equation (4.51) can sum to zero only when
sin 27(f; — /)7 =0, and simultaneously cos 2w(f; — L) T =1.

Since

sinx = 0 forx = nw
and

cosx =1 for x = 2km

where n and k are integers, then both sin x = 0 and cos x = 1 occur simultancously
when n = 2k. From Equation (4.51), for arbitrary ¢, we can therefore write

2n(fy = f)T = 2kw
or (4.52)

e

T
Thus the minimum tone spacing for noncoherent FSK signaling occurs for k =1, in
which case we write

h—-h=+ (4.53)

Recall the question posed earlier. Having two tones f; = 10,000 hertz and f; =
11,000 hertz, we asked, Are they orthogonal? Now we have sufficient information
to answer that question. The answer depends on the speed of the FSK signaling. If
the tones are being keyed (switched) at the rate of 1,000 symbols/s and noncoher-
ently detected, then they are orthogonal. If they are being keyed faster—say, at
the rate of 10,000 symbols/s—they are not orthogonal.

(b) For the noncoherent detection in part (a) of this example, the tone spacings that
rendered the signals orthogonal was found by satisfying Equation (4.45) for any
arbitrary phase. In this case, however, for coherent detection, the tone spacings
needed for orthogonality are found by setting ¢ = 0. This is because we know the
phase of the received signal (from our phase-locked loop estimate). This received
signal will be correlated with each reference signal using the same phase estimate
for the reference signals. We can now rewrite Equation (4.51) with ¢ = 0, which

gives
sin2n(f; — f,)T =0 (4.54)
or
h=—h=37 (4.55)
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Thus the minimum tone spacing for coherent FSK signaling occurs for n =1 ag
follows:

1
Hi—-h= ﬁ (4'56)

Therefore, for the same symbol rate, coherently detected FSK can occupy less
bandwidth than noncoherently detected FSK and still retain orthogonal signaling,
We can say that coherent FSK is more bandwidth efficient. (The subject of band-
width efficiency is addressed in greater detail in Chapter 9.)

The required tone spacings are now closer than in part (a) because when we
align two periodic waveforms so that their starting phases are the same, we
achieve orthogonality by virtue of an even-versus-odd symmetry in the respective
waveforms over one symbol time. This is unlike the way orthogonality was
achieved in part (a), where we paid no attention to phase. In the coherent case
here, the phase alignment in the correlator stages means that we can bring the
tones closer together in frequency and still maintain orthogonality among the set
of FSK tones. Prove it to yourself by plotting two sine waves (or cosine waves or
square waves). Start them off at the same phase (0 radians is convenient). Using
quadrille paper, choose a simple time scale to represent one symbol time 7. Then,
plot a tone at one cycle per T. Below that, with the same starting phase, plot
another tone at one-and-a-half cycles per T. Perform product-summation over
period 7, and verify that these waveforms (spaced 1/2T hertz apart) are indeed
orthogonal.

4.6 COMPLEX ENVELOPE

The description of real-world modulators and demodulators is facilitated by the
use of complex notation which began in Section 4.2.1 and continues here. Any real
bandpass waveform s(t) can be represented using complex notation as

s(t) = Re{g(t)e/™'} (4.57)
where g() is known as the complex envelope, expressed as
g(t) = x(t) + jy() = lg(®)|*V = R()e™™ (4.58)
The magnitude of the complex envelope is then

Vi e) + y(t) (4.59)

and its phase is

(4.60)

With respect to Equation (4.57), we can call g(¢) the baseband message or data in
complex form, and e/*’ the carrier wave in complex form. The product of these tWO
represents modulation, and s(f), the real part of this product, is the transmitted
waveform. Therefore, using Equations (4.4), (4.57), and (4.58), we can express (!
as follows:
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s(t) = Re{[x(t) + jy(t)][cos wyt + jsin oot |}
= x(t) cos wyt — y(t) sin wyt

(4.61)

Note that the modulation of signals expressed in the general form of (a + jb) times
(c + jd) yields a waveform with a sign inversion (at the quadrature term of the
carrier wave) of the form ac-bd.

4.6.1 Quadrature Implementation of a Modulator

Consider an example of a baseband waveform g(1), described by a sequence of
ideal pulses x() and y(t) appearing at discrete times k = 1, 2, ... . Thus, g(1), x(1),
and y(f) in Equation (4.58) can be written as g, X, and y,, respectively. Let the
pulse-amplitude values be x; = yj = 0.707A. The complex envelope can then be
expressed in discrete form as

gr = X + jyi = 0.707A + j0.707A (4.62)

We know from complex algebra that j = \/——1, but from a practical point of view,
the j term can be regarded as a “flag,” reminding us that we may not use ordinary
addition in combing the terms in Equation (4.62). In preparation for the next step,
inphase and quadrature modulation, x, and y, are treated as an ordered pair. A
quadrature-type modulator is shown in Figure 421, where we see that the x, pulse
is multiplied by cos wpt (inphase component of the carricr wave), and the y, pulsc is
multiplied by sin mgt (quadrature component of the carrier wave). The modulation
process can be described succinctly as multiplying the complex envelope by el®o,
and then transmitting the real part of the product. Hence, we write

s(1) = Re{gee™™'}
= Re{(x) + jyi) (cos wyt + jsinwgt)}
= X, COS ol — Y, Sin wyt (4.63)
= 0.707A cos wyt — 0.707A sin wy?

T
=A t +—
COS((DO 4)

Again, note that the quadrature term of the carrier wave has undergone a sign inver-
sion in the modulation process. If we use 0.707A cos wytasa reference, then the trans-
mitted waveform s(f) in Equation (4.63) leads the reference waveform by w/4.

0.707A cos ot

0.707A

Figure 421 Quadrature type mod- Vi | I

ulator,

sin wgt s(t)
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Similarly, if we consider —0.707A sin wy as the reference, then s(f) in Equation (4.63)
lags the reference waveform by w/4. These relationships are illustrated in Figure 4.2

Reference

0.707 A cos wot

Lead Lag
0.707 A cos (wgt + ©/2) 0.707 A cos (gt — 1t/2)
=-0.707 A sin wgt = 0.707 A sin wgt

"

I
/2 Lead—{<—m/2 Lag —

s(t) = 0.707 A (cos gt — sin wot)
= A cos (0ot + n/4)
Leads the reference 0.707A cos wgt by n/4

Figure 4.22 Lead/Lag relationships of sinusoids.

4.6.2 D8PSK Modulator Example

Figure 4.23 depicts a quadrature implementation of a differential 8-PSK (D8PSK)
modulator. Because the modulation is 8-ary, we assign a 3-bit message (x;, y, Zi) t0
each phase A¢,. Because the modulation is differential, at each kth transmission
time we send a data phasor ¢,, which can be expressed as

b = Ad + by (4.64)

The process of adding the current message-to-phase assignment Ad, to the priot
data phase ¢, provides for the differential encoding of the message. A sequence
of phasors created by following Equation (4.64) yields a similar differential encod-
ing as the procedures described in Section 4.5.2. You might notice in Figure 4.23
that the assignment of 3-bit message sequences to A, does not proceed along the
natural binary progression from 000 to 111. There is a special code being used here
called a Gray code. (The benefits that such a binary to M-ary assignment provides
is explained in Section 4.9.4.)
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1 0 1 6n/4 I -1 -0.707 0.707 -1
1 0 0 n/d Q: 0 -0.707 0.707 U

Figure 4.23 Quadrature implementation of a D8PSK modulator.

For the modulator in Figure 4.23, let the input data sequence at times k=1, 2,
3, 4, be equal to 110, 001, 110, 010, respectively. Next, we use the date-encoding
table shown in Figure 4.23 and Equation (4.64), with the starting phase at time
k =0 to be &, =0. At time k = 1, the differential data phase corresponding to x; y; 2)
=110 is ¢, = 4mw/4 = w. Taking the magnitude of the rotating phasor to be unity, the
inphase (/) and the quadrature (Q) baseband pulses are —1 and 0, respectively. As
indicated in Figure 4.23, these pulses are generally shaped with a filter (such as a
root-raised-cosine).

For time k = 2, the table in Figure 4.23 shows that the message 001 is assigned
Ad, = m/4. Therefore, following Equation (4.64), the second differential data phase
is ¢, = w + w4 = 5w/4, and for time k = 2, the I and Q baseband pulses are
x, = —0.707 and y, = —0.707, respectively. The transmitted waveform follows the
form of Equation (4.61), rewritten as

s(t) = Ref{(x; + jyi) (cos wyt + jsin wgt)} (4.65)
=kaOS(1)0t ’_yksin(l)ot '

For a signaling set that can be represented on a phase-amplitude plane, such as

MPSK or MQAM, Equation (4.65) provides an interesting observation. That is,
quadrature implementation of the transmitter transforms all such signaling types
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to simple amplitude modulation. Any phasor on the plane is transmitted by
amplitude-modulating its inphase and quadrature projections onto the cosine apq
sine wave components of the carrier, respectively. For ease of notation, we neglect
the pulse shaping; that is, we assume that the data pulses have ideal rectangula,
shapes. Then, using Equation (4.65), for time k = 2, where x, = — 0.707 anq
ye =—0.707, the transmitted s(¢) can be written as follows:

s(t) = —0.707 cos wyt + 0.707 sin wq ¢
; < , w)
= sin T
(L)o 4

4.6.3 D8PSK Demodulator Example

(4.66)

In the previous section, the quadrature implementation of a modulator began with
multiplying the complex envelope (baseband message) by e/, and transmitting the
real part of the product s(f), as described in Equation (4.63). Using a similar quad-
rature implementation, demodulation consists of reversing the process—that is,
multiplying the received bandpass waveform by ¢/’ in order to recover the base-
band waveform. The left side of Figure 4.24 shows the modulator of Figure 4.23 in
simplified form, and the wavcform s(r) = sin (wgt — 7/4) that was launched at time
k =2 for that example. We continue this same example in this section, and also show
a quadrature implementation of the demodulator on the right side of Figure 4.24.

Notice the subtle difference between the — sin wyt term at the modulator and
the — sin wyf term at the demodulator. At the modulator, the minus sign stems from
taking the real part of the complex waveform (product of the complex envelope
and complex carrier wave). At the demodulator, — sin w,? stems from multiplying
the bandpass waveform by the conjugate e/** of the modulator carrier wave; de-
modulation is coherent if phase is recovered. To simplify writing the basic relation-
ships of the process, the noise is neglected. After the inphase multiplication by
cos wy! in the demodulator, we get the signal at point A:

A = (—0.707 cos wyt + 0.707 sin wyt) cos wyt

4.67
= —(.707 cos® wyt + 0.707 sin wy! cos wyt (467)

cos ot
Modulator Demodulator l
; "
s(t) = — 0.707 cos wgt + 0.707 sin wgt —
0

M = sin (oot — /4)
Q—

—sin wot —sin wot

Figure 4.24 Modulator/demodulator example.
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Using the trigonometric identities shown in Equation (D.7) and (D.9), we get

0707

A
2

0.707
(1 + cos 2wyt ) + - sin 2wt (4.68)
After filtering with a low-pass filter (LPF) we recover at point A" an ideal negative
pulse, as follows:
A' = —0.707 (times a scale factor) (4.69)

Similarly, after the quadrature multiplication by — sin wyt in the demodulator, we
get the signal at point B, as follows:

B = (—0.707 cos wyt + 0.707 sin wg? ) (—sin wyt )

0.707 ., 0.707 (470)
= ———sin 20yt — ——= (1 — cos 2wy )
2 2
After the LPF we recover at point B” an ideal negative pulse, as follows:
B = —0.707 (times a scale factor) (4.71)

Thus, we see from the demodulated and filtered points A" and B’ that the differen-
tial (ideal) data pulses for the I and Q channels are each equal to — 0.707. Since the
modulator/demodulator is differential, then for this k =2 example,

Adpey = Gy=y — i1 (4-72)

We presume it Uie demodulator at the carlier time k = 1 had properly recovered
the signal phase to be 7. Then, from Equation (4.72), we can write

Ad o il (4.73)

= —— — = .
g 4

Referring back to the data-encoding table in Figure 4.23, we see that the detected
data sequence is X, y, z, = 001, which corresponds to the data that was sent at time
k=2.

4.7 ERROR PERFORMANCE FOR BINARY SYSTEMS
4.7.1 Probability of Bit Error for Coherently Detected BPSK

An important measure of performance used for comparing digital modulation
schemes is the probability of error, Pg. For the correlator or matched filter, the cal-
culations for obtaining P can be viewed geometrically. (See Figure 4.6.) They in-
volve finding the probability that given a particular transmitted signal vector, say
s, the noise vector n will give rise to a received signal falling outside region 1. The
probability of the detector making an incorrect decision is termed the probability
of symbol error (Pg). It is often convenient to specify system performance by the
probability of bit error (Pg), even when decisions are made on the basis of symbols
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for which M > 2. The relationship between P, and Py is treated in Section 4.9.3 for
orthogonal signaling and in Section 4.9.4 for multiple phase signaling.

For convenience, this section is restricted to the coherent detection of BPSKk
modulation. For this case the symbol error probability is the bit error probability,
Assume that the signals are equally likely. Also assume that when signal 5(1
(i=1, 2) is transmitted, the received signal r(¢) is equal to s,(f) + n(f), where n(t) i
an AWGN process, and any degradation effects due to channel-induced IS] or
circuit-induced IST have been neglected. The antipodal signals s;(¢) and s5(f) can be
characterized in a one-dimensional signal space as described in Section 441,
where

s1(t) = VE Iu(t)
s2(t) = = VE (1)
The detector will choose the s,(¢) with the largest correlator output z;(T"); or, in thjg

case of equal-energy antipodal signals, the detector, using the decision rule iy
Equation (4.20), decides on the basis of

sit)  ifz(T) >y =0
s,5(1) otherwise

and }0 =) =i (4.74)

and (4.75)

Two types of errors can be made, as shown in Figure 4.9: The first type of
error takes place if signal s;(¢) is transmitted but the noise is such that the detector
measures a negative value for z(7') and chooses hypothesis H,, the hypothesis that
signal s,(t) was sent. The second type of error takes place if signal s,(¢) is transmit-
ted but the detector measures a positive value for z(T") and chooses hypothesis H,,
the hypothesis that signal s;(¢) was sent.

In Section 3.2.1.1, an expression was developed in Equation (3.42) for the
probability of a bit error Py, for this binary minimum error detector. We rewrite &
this relationship as

PBzf
(

ay—a)/200

\/1277 exp <—u§> du = Q <“’2; a2_> (4.76)
0

where oy is the standard deviation of the noise out of the correlator. The funec-
tion Q(x), called the complementary error function or co-error function. is defined as

1 (" §
o(X) = Ve f exp (—%) du

and is described in greater detail in Sections 3.2 and B.3.2.

For equal-energy antipodal signaling, such as the BPSK format in Equation
(4.74), the receiver output signal components are a; = \/E, when s,(¢) is sent and @
=—\/E, when s,(t) is sent, where E, is the signal energy per binary symbol. For
AWGN we can replace the noise variance o} out of the correlator with Ny/2 (s¢é
Appendix C), so that we can rewrite Equation (4.76) as follows:
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i ! ex < u2> d (4.78)
o —— |du .
= V21 P

b |

VZE, [N,y

=0 (J%b—) (4.79)

This result for bandpass antipodal BPSK signaling is the same as the results that
were developed earlier in Equation (3.70) for the matched-filter detection of an-
tipodal signaling in general, and in Equation (3.76) for the matched-filter detection
of baseband antipodal signaling in particular. This is an example of an equivalence
theorem, described earlier. For linear systems the equivalence theorem establishes
that the mathematics of detection is unaffected by a shift in frequency. Hence in
this chapter, the use of matched filters or correlators in the detection of bandpass
signals yields the same relationships as those developed for comparable signals at

baseband.

Example 4.4  Bit Error Probability for BPSK Signaling
Find the bit error probability for a BPSK system with a bit rate of 1 Mbit/s. The
received waveforms s,(f) = A cos wyf and 5,(f) = =A cos wyt, are coherently detected
with a matched filter. The value of A is 10 mV. Assume that the single-sided noise
power spectral density is No= 10-"! W/Hz and that signal power and energy per bit are
normalized relative to a 1-0) luad.

Solution
2E, 1
- [ZZ2 =102V =— =10

A T 1 T R 107°s
Thus,

A? [2E,

E, ==—T=5x10"1 d — =31
b 2 J an NO 3 6

Also,

Py - Q(J%) - 0(316)

Using Table B.1 or Equation (3.44), we obtain
Py=8x10"*

4.7.2 Probability of Bit Error for Coherently Detected,
Differentially Encoded Binary PSK

Channel waveforms sometimes experience inversion; for example, when using a co-
herent reference generated by a phase-locked loop, one may have phase ambiguity.
If the carrier phase were reversed in a DPSK modulation application, what would
be the effect on the message? The only effect would be an error in the bit during
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which inversion occurred or the bit just after inversion, since the message informa-
tion is encoded in the similarity or difference between adjacent symbols. The simi-
larity or difference quality remains unchanged if the carrier is inverted. Sometimes
messages (and their assigned waveforms) are differentially encoded and coherently
detected simply to avoid these phase ambiguities.

The probability of bit error for coherently detected, differentially encoded

PSK is given by [5]
| TR

This relationship is plotted in Figure 4.25. Notice that there is a small degra-
dation of error performance compared with the coherent detection of PSK. This is
due to the differential encoding, since any single detection error will usually result
in two decision errors. Error performance for the more popular differentially
coherent detection (DPSK) is covered in Section 4.7.5.
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4.7.3 Probability of Bit Error for Coherently Detected
Binary Orthogonal FSK

Equations (4.78) and (4.79) describe the probability of bit error for coherent an-
tipodal signals. A more general treatment for binary coherent signals (not limited
to antipodal signals) yields the following equation for Py [6]:

1 = u’
Py=—= ex (—#> du 4.81
Vor ) g SP 2 (481
From Equation (3.64b), p = cos 6 is the time cross-correlation coefficient between
signal s,(f) and s,(r), where 6 is the angle between signal vectors s, and s, (see
Figure 4.6). For antipodal signals such as BPSK, 6 = m, thus p=—1.
For orthogonal signals such as binary FSK (BFSK), 6 = m/2, since the s, and s,
vectors are perpendicular to each other; thus p =0, as can be verified with Equation
(3.64a), and Equation (4.81) can then be written as

1 . u’ E,
Pp=—= f exp <——> du=Q (, /—> (4.82)
V 21 m 2 NO

where the co-error function Q(x) is described in greater detail in Sections 3.2 and
B.3.2. The result in Equation (4.82) for the coherent detection of orthogonal BFSK
plotted in Figure 4.25 is the same as the results that were developed carlier in
Fquation (3.71) for the matched-filter detection of orthogonal signaling, in general,
and in Equation (3.73) for the matched-filter detection of baseband orthogonal sig-
naling (unipolar pulses), in particular. The details of on-off keying (OOK) are not
treated in this book. However, it is worth noting that on-off keying is an orthogonal
signaling set (unipolar pulse signaling is the baseband equivalent of OOK). Thus
the relationship in Equation (4.82) applies to the matched-filter detection of OOK,
as it does to any coherent detection of orthogonal signaling.

The relationship in Equation (4.82) can also be confirmed by noting that the
energy difference between the orthogonal signal vectors s; and s,, with amplitudes
of \/E,, as shown in Figure 3.10b, can be computed as the square of the distance
between the heads of the orthogonal vectors, which will be E,; = 2E,. Using this re-
sult in Equation (3.63) also yields Equation (4.82). If we compare Equation (4.82)
with Equation (4.79), we can see that 3-dB more E,/Nyis required for BFSK to
provide the same performance as BPSK. It should not be surprising that the perfor-
mance of BFSK signaling is 3-dB worse than BPSK signaling, since for a given
signal power, the distance-squared between orthogonal vectors is a factor of two
less than the distance squared between antipodal vectors.

4.7.4 Probability of Bit Error for Noncoherently Detected
Binary Orthogonal FSK

Consider the equally likely binary orthogonal FSK signal set {s;(f)}, defined in
Hquation (4.8) as follows:
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[2F
s{t) = —Fcos(m,-t+<])) 0<t=T, i=12

The phase term ¢ is unknown and assumed constant. The detector is characterizeg
by M =2 channels of bandpass filters and envelope detectors, as shown in Figyre
4.19. The input to the detector consists of the received signal r(¢) = s;(1) + n(e),
where n(t) is a white Gaussian noise process with two-sided power spectral density
Ny/2. Assume that s,(f) and s,(r) are separated in frequency sufficiently that they
have negligible overlap. For s,(f) and s,(f) being equally likely, we start the bjj.
error probability Pp computation with Equation (3.38) as we did for basebang
signaling:

Py =3 P(Hys,) + 3 P(H,|s,)

1 (° 1 ("
=§f p(zlsq) dz +§f plzls,) dz
—o0 0

For the binary case, the test statistic z(T) is defined by z,(T) — z,(T). Assume
that the bandwidth of the filter W, is 1/7, so that the envelope of the FSK signal
is (approximately) preserved at the filter output. If there was no noise at the
receiver, the valne of 7(T) = V2F/T when s,() is sent, and z(T) = - V2E/T
when s,(¢) is sent. Because of this symmetry, the optimum threshold is v, = 0.
'I'he pdf p(z|s,) is similar to p(z|s,); that is,

(4.83)

p(zls1) = p(=zlsy) (4.84)
Therefore, we can write
Py = J p(zls,) dz (4.85)
0
or
Py = P(z1 > z,ls,) (4.86)

where z; and z, denote the outputs z,(T) and z,(T) from the envelope detectors
shown in Figure 4.19. For the case in which the tone s,(¢) = cos w,t is sent, such that
(1) = 5,(f) + n(?), the output z,(7) is a Gaussian noise random variable only; it has
no signal component. A Gaussian distribution into the nonlinear envelope detector
yields a Rayleigh distribution at the output [6], so that

2
L <_i> .
p(zilsy) = { ot 20} L (4.87):
0 71 <0
where o3 is the noise at the filter output. On the other hand, z,(7T) has a Rician dis-

tribution, since the input to the lower envelope detector is a sinusoid plus noise [6]:
The pdf p(z,js,) is written as
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22 oxp | 22— 1, | 25~ =0
plaalss) =403 p{. 207 °\ o} B (4.88)

0 7, <0

where A = VV2E/T, and as before, op is the noise at the filter output. The function
Iy(x), known as the modified zero-order Bessel function of the first kind [7], is
defined as

27
Iy(x) = py. fo exp (x cos 0) d (4.89)

When s,(f) is transmitted, the receiver makes an error whenever the envelope
sample z,(T) obtained from the upper channel (due to noise alone) exceeds the en-
velope sample z,(7) obtained from the lower channel (due to signal plus noise).
Thus the probability of this error can be obtained by integrating p(zy)s,) with re-
spect to z; from z; to infinity, and then averaging over all possible values of z,.
That is,

Pg= P(z, > Zz|52)

= fowp(Zzhz) [fmp(zllsz) dh}dh (4.90)

23

N - -

® 3 2 . 0 / ]
b4 23+ A° 24 Tz Z1

= f % exp {—E——,l} Iy (2—7>{J —; exp (—;‘%) dzl} dz, (4.91)
o 00 207 Up . V0 207

z

where A = \VV2E/T and where the inner integral is the conditioned probability of
an error for a fixed value of z,, given that s,(¢) was sent, and the outer integral aver-
ages this conditional probability over all possible values of z,. This integral can be
evaluated [8], yielding

1 A
Py == —= 492
E zexP< 4uﬁ> (492)
Using Equation (1.19), we can express the filter output noise as
5 No
o5 =2 BT Wy (4.93)
where G,(f) = Ny/2 and W;is the filter bandwidth. Thus Equation (4.92) becomes
1 A?
Py== = : 94
5= e < 4N0Wf> (4:94)

Equation (4.94) indicates that the error performance depends on the bandpass
filter bandwidth, and that Pz becomes smaller as W, is decreased. The result is
valid only when the intersymbol interference (ISI) is negligible. The minimum W,
allowed (i.e., for no ISI) is obtained from Equation (3.81) with the filter roll-off
factor r=0. Thus W,= R bits/s = 1/T, and we can write Equation (4.94) as
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(4.95)

(4.96)

where E, = (1/2)AT is the energy per bit. When comparing the error performang
of noncoherent FSK with coherent FSK (see Figure 4.25), it is seen that for the
same Pp, noncoherent FSK requires approximately 1 dB more E,/N, than that fo;
coherent FSK (for Pz < 10™). The noncoherent receiver is easier to implement
because coherent reference signals need not be generated. Therefore, almost a]i
FSK receivers use noncoherent detection. It can be seen in the following sectiop
that when comparing noncoherent orthogonal FSK to noncoherent DPSK, the
same 3-dB difference occurs as for the comparison between coherent orthogong]
FSK and coherent PSK.

As mentioned earlier, the details of on-off keying (OOK) are not treated ip
this book. However, it is worth noting that the bit error probability Py described in
Equation (4.96) is identical to the Py for the noncoherent detection of OOK sjg-
naling.

4.7.5 Probability of Bit Error for Binary DPSK

Let us define a BPSK signal set as follows:

2F
xl(t)=w/?cos(w0t+¢) O0=t=T

2F
xz(t)=w/?cos(w0t+¢i¢r) 0=t=T

(4.97)

A characteristic of DPSK is that there are no fixed decision regions in the signal
space. Instead, the decision is based on the phase difference between successively
received signals. Then for DPSK signaling we are really transmitting each bit with
the binary signal pair

Sl(t) . (xl, xl) or (XZ’ xZ) 0=¢t=2T

(4.98)
sy(t) = (x1, %) or {(xg,x) 0=t =2T

and

where (x;, x;) (i, j = 1, 2) denotes x,(f) followed by x{(7) defined in Equation (4.97)'
The first T seconds of each waveform are actually the last T seconds of the prevl-
ous waveform. Note that s;(¢) and s,(f) can each have either of two possible forms
and that x,(¢) and x,(¢) are antipodal signals. Thus the correlation between s,(f) and
5,(?) for any combination of forms can be written as
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Therefore, pairs of DPSK signals can be represented as orthogonal signals 27 sec-
onds long. Detection could correspond to noncoherent envelope detection with
four channels matched to each of the possible envelope outputs, as shown in Figure
4.26a. Since the two envelope detectors representing each symbol are negatives of
each other, the envelope sample of each will be the same. Hence we can implement
the detector as a single channel for s;(f) matched to either (x;, x;) or (x, , x,), and a
single channel for s,(f) matched to either (x; , x,) or (x, , x1), as shown in Figure
4.26b. The DPSK detector is therefore reduced to a standard two-channel nonco-
herent detector. In reality, the filter can be matched to the difference signal so that
only one channel is necessary. In Figure 4.26, the filters are matched to the signal
envelopes (over two symbol times). What does this mean in light of the fact that

(4.99)
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DPSK is a constant envelope signaling scheme? It means that we need tq
implement an energy detector, similar to the quadrature receiver in Figure 4,18
with each of the 7 and Q reference signals occuring in pairs during the time intervai
(0 <1 <27), as follows:

s.(t) I reference: V2/T cos wyt, V2/T cos wyt
5,(t) Qreference: V2/Tsin wyt, V2/T sin wyt

§,(t) I reference: V2/T cos wyt, —V2/T cos wyt
s5(t) Qreference: V2/Tsin wyt, —V2/Tsin wyt

Since pairs of DPSK signals are orthogonal, such noncoherent detection operates
with the bit-error probability given by Equation (4.96). However, since the DPSK
signals have a bit interval of 27, the s;(¢) signals defined in Equation (4.98) have
twice the energy of a signal defined over a single-symbol duration. Thus, we may
write Py as

Py = : (4.100)

Equation (4.100) is plotted in Figure 4.25, designated as differentially coherent de-
tection of differentially encoded PSK, or simply DPSK. This expression is valid for
the optimum DPSK detector shown in Figure 4.17c. For the detector shown in Fig-
ure (4.17b), the error probability will be slightly inferior to that given in Equation
(4.100) [3]. When comparing the error performance of Equation (4.100) with that
of coherent PSK (see Figure 4.25), it is seen that for the same Py, DPSK requires
approximately 1 dB more E,/N, than does BPSK (for Py < 107). It is easier to
implement a DPSK system than a PSK system, since the DPSK receiver does not
need phase synchronization. For this reason, DPSK, although less efficient than
PSK, is sometimes the preferred choice between the two.

4.7.6 Comparison of Bit Error Performance for Various
Modulation Types

The Py expressions for the best known of the binary modulation schemes discussed
above are listed in Table 4.1 and are illustrated in Figure 4.25. For P =107, it can
be seen that there is a difference of approximately 4-dB between the best (coherent
PSK) and the worst (noncoherent orthogonal FSK) that were discussed here. In
some cases, 4 dB is a small price to pay for the implementation simplicity gained in
going from coherent PSK to noncoherent FSK; however, for other cases, even a
1-dB saving is worthwhile. There are other considerations besides Py and system
complexity; for example, in some cases (such as a randomly fading channel), a non-
coherent system is more desirable because there may be difficulty in establishing
and maintaining a coherent reference. Signals that can withstand significant degra-
dation before their ability to be detected is affected are clearly desirable in military
and space applications.
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TABLE 4.1 Probability of Error for Selected Binary
Modulation Schemes

Modulation
2E,
PSK (coherent) —
Ny
. : 1 g o
DPSK (differentially coherent) S exp ( =R
- (1}
Orthogonal FSK (coherent) 0 ( J[E')
i \ Ny
il E
Orthogonal FSK (noncoherent) = exp (_l J)
2 2 Ny

4.8 M-ARY SIGNALING AND PERFORMANCE

4.8.1 Ideal Probability of Bit Error Performance

The typical probability of error versus E,/N, curve was shown to have a waterfall-
like shape in Figure 3.6. The probability ot bit error (Pjg) characteristics of various
binury modulation schemes in AWGN also display this shape, as shown in Figure
425. What should an ideal Py versus E, /N, curve look like? Figure 4.27 displays
the ideal characteristic as the Shannon limit. ‘Ihe limit represents the threshold
E, /N, below which reliable communication cannot be maintained. Shannon’s work
is described in greater detail in Chapter 9.

Figure 427 P, versus E/N,
curves: ideal and typical. -1.6dB
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We can describe the ideal curve in Figure 4.27 as follows. For all values of
E,/N, above the Shannon limit of ~1.6 dB, Py is zero. Once E, /N, is reduced belgy,
the Shannon limit, P5 degrades to the worst-case value of 3. (Note that Py =1 is not
the worst case for binary signaling, since that value is just as good as Pg = 0; if the
probability of making a bit error is 100%, the bit stream could simply be inverteg
to retrieve the correct data.) It should be clear, by comparing the typical Py curye
with the ideal one in Figure 4.27 that the large arrow in the figure describes the
desired direction of movement to achieve improved Py performance.

4.8.2 M-ary Signaling

Let us review M-ary signaling. The processor considers k bits at a time. It instructs
the modulator to produce one of M = 2¥ waveforms; binary signaling is the specia]
case where k = 1. Does M-ary signaling improve or degrade error performance?
(Be careful with your answer—the question is a loaded one.) Figure 4.28 illustrates
the probability of bit error Pz(M) versus £, /N, for coherently detected orthogonal
M-ary signaling over a Gaussian channel. Figure 4.29 similarly illustrates Pg(M)
versus E, /N, for coherently detected multiple phase M-ary signaling over a Gauss-
ian channel. In which direction do the curves move as the value of k (or M) in-
creases? From Figure 4.27 we know the directions of curve movement for
improved and degraded error performance. In Iigure 4.28, as k increases, the
curves move in the direction of improved error performance. In Figure 4.29, as k
increases, the curve move in the direction of degraded error performance. Such
movement tells us that M-ary signaling produces improved error performance with
orthogonal signaling and degraded error performance with multiple phase signal-
ing. Can that be true? Why would anyone ever use multiple phase PSK signaling if
it provides degraded error performance compared to binary PSK signaling? It is
true, and many systems do use multiple phase signaling. The question, as stated, is
loaded because it implies that error probability versus F, /N, is the only perfor-
mance criterion; there are many others (e.g., bandwidth, throughput, complexity,
cost), but in Figures 4.28 and 4.29 error performance is the characteristic that
stands out explicitly.

A performance characteristic that is not explicitly seen in Figures 4.28 and
429 is the required system bandwidth. For the curves characterizing M-ary
orthogonal signals in Figure 4.28, as k increases, the required bandwidth also
increases. For the M-ary multiple phase curves in Figure 4.29, as k increases, 8
larger bit rate can be transmitted within the same bandwidth. In other words, for
a fixed data rate, the required bandwidth is decreased. Therefore, both the or-
thogonal and multiple phase error performance curves tell us that M-ary signaling
represents a vehicle for performing a system trade-off. In the case of orthogonal
signaling, error performance improvement can be achieved at the expense Of
bandwidth. In the case of multiple phase signaling, bandwidth performance can be
achieved at the expense of error performance. Error performance versus band-
width performance, a fundamental communications trade-off, is treated in greater
detail in Chapter 9.
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4.8

Bit error probability, Pp(M)

1075
-10 -5 0

Figure 4.28 Bit error probability for coherently detected M-ary orthogo-
nal signaling. (Reprinted from W. C. Lindsey and M. K. Simon, Telecom-
Prentice Hall, Inc., Englewood Cliffs,
N.J., 1973, courtesy of W. C. Lindsey and Marvin K. Simon).
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Bit error probability, Pg(M)

I
10 30 Figure 4.29 Bit error probability for
coherently detected multiple phase

Ey/No (dB) signaling.

4.8.3 Vectorial View of MPSK Signaling

Figure 4.30 illustrates MPSK signal sets for M =2, 4, 8, and 16. In Figure 4.30a we
see the binary (k = 1, M = 2) antipodal vectors s, and s, positioned 180° apart. The
decision boundary is drawn so as to partition the signal space into two regions. On
the figure is also shown a noise vector n equal in magnitude to s;. The figure estab-
lishes the magnitude and orientation of the minimum energy noise vector that
would cause the detector to make a symbol error.

In Figure 4.30b we see the 4-ary (k =2, M = 4) vectors positioned 90° apart.
The decision boundaries (only one line is drawn) divide the signal space into four
regions. Again a noise vector n is drawn (from the head of a signal vector, normal
to the closest decision boundary) to illustrate the minimum energy noise vector
that would cause the detector to make a symbol error. Notice that the minimum
energy noise vector of Figure 4.30b is smaller than that of Figure 4.30a, illustrating
that the 4-ary system is more vulnerable to noise than the 2-ary system (signal en-
ergy being equal for each case). As we move on to Figure 4.30c for the 8-ary case
and Figure 4.30d for the 16-ary case, it should be clear that for multiple phase sig-
naling, as M increases, we are crowding more signal vectors into the signal plane.
As the vectors are moved closer together, a smaller amount of noise energy 15
required to cause an error.

Figure 4.30 adds some insight as to why the curves of Figure 4.29 behave a5 &
they do as k is increased. Figure 4.30 also provides some insight into a basic trade-
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Figure 430 MPSK signal sets for M =2, 4,8, 16.

off in multiple phase signaling. Crowding more signal vectors into the signal space
is tantamount to increasing the data rate without increasing the system bandwidth
(the vectors are all confined to the same plane). In other words, we have increased
the bandwidth utilization at the expense of error performance. Look at Figure
4.30d, where the error performance is worse than any of the other examples in Fig-
are 4.30. Tlow might we “buy back” the degraded error performance? In other
words, what can we trade-off so that the distance between neighboring signal vec-
tors in Figure 4.30d is increased to that in Figure 4.30a? We can increase (he signal
strength (make the signal vectors larger) until the minimum distance from the head
of a signal vector to a decision line equals the length of the noise vector in Figure
4.30a. Therefore, in a multiple phase system, as M is increased, we can either
achieve improved bandwidth performance at the expense of error performance, or
if we increase the E,/N, so that the error probability is not degraded, we can
achieve improved bandwidth performance at the expense of increasing E,/N.
Note that Figure 4.30 has been sketched so that all phasors have the same
length for any of the M-ary cases. This is tantamount to saying that the compar-
isons are being considered for a fixed E./Ny, where E, is symbol energy. The figure
can also be drawn for a fixed E;/Ny, in which case the phasor magnitudes would in-
crease with increasing M. The phasors for M = 4,8, and 16 would then have lengths
greater than the M = 2 case by the factors \/§ \/’_’} and 2 respectively. We would
still see crowding and increased vulnerability to noise, with increasing M, but the
appearance would not be as pronounced as it is in Figure 4.30.

4.8.4 BPSK and QPSK Have the Same Bit Error Probability

In Equation (3.30) we stated the general relationship between E,/N, and S/N
which is rewritten

E, S(W
N, N( R) (4.101)
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where § is the average signal power and R is the bit rate. A BPSK signal with the
available E,/N, found from Equation (4.101) will perform with a Py that can he
read from the k = 1 curve in Figure 4.29. QPSK can be characterized as two orlhog-
onal BPSK channels. The QPSK bit stream is usually partitioned into an even and
odd (/ and Q) stream; each new stream modulates an orthogonal component of the
carrier at half the bit rate of the original stream. The 7 stream modulates the cos Wyt
term and the Q stream modulates the sin eyt term. If the magnitude of the origina|
QPSK vector has the value A, the magnitude of the I and Q component vectorg
each has a value of A/ \/2, as shown in Figure 4.31. Thus, each of the quadratyre
BPSK signals has half of the average power of the original QPSK signal. Hence if
the original QPSK waveform has a bit rate of R bits/s and an average power of §
watts, the quadrature partitioning results in each of the BPSK waveforms having 4
bit rate of R/2 bits/s and an average power of /2 watts.

Therefore, the E,/N, characterizing each of the orthogonal BPSK channels,
making up the QPSK signal, is equivalent to the E, /N, in Equation (4.101), since it

can be written as
E S/2 /W S (W
b _ L <_) —— <_) (4‘102)
N, Ny \R/2 N\ R

Thus cach of thc orthogonal BPSK chanuels, and hence the composite QPSK
signal, is characterized by the same E, /N, and hence the same Py performance as a
BPSK signal. The natural orthogonality of the 90° phase shifts between adjacent
QPSK symbols results in the bit error probabilities being equal for both BPSK
and QPSK signaling. It is important to note that the symbol error probabilities are
not equal for BPSK and QPSK signaling. The relationship between bit error proba-
bility and symbol error probability is treated in Sections 4.9.3 and 4.9.4. We see
that, in effect, QPSK is the equivalent of two BPSK channels in quadrature. This
same idea can be extended to any symmetrical M-ary amplitude/phase signaling,
such as quadrature amplitude modulation (QAM) described in Section 9.8.3.

Quadrature
BPSK

45°

—_— cos wot Figure 4.31 In-phase and quadrd:
In-phase  4/\2 ture BPSK components of QPSK
BPSK signaling.
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4.8.5 Vectorial View of MFSK Signaling

In Section 4.8.3, Figure 4.30 provides some insight as to why the error performance
of MPSK signaling degrades as k (or M) increases. It would be useful to have a sim-
{lar vectorial illustration for the error performance of orthogonal MFSK signaling
as seen in the curves of Figure (4.28). Since the MFSK signal space is characterized
by M mutually perpendicular axes, we can only conveniently illustrate the cases
M =2 and M = 3. In Figure 4.32a we see the binary orthogonal vectors s, and s, po-
sitioned 90° apart. The decision boundary is drawn so as (o partition the signal
space into two regions. On the figure is also shown a noise vector n, which repre-
sents the minimum noise vector that would cause the detector to make an error.

In Figure 4.32b we see a 3-ary signal space with axes positioned 90° apart.
Here decision planes partition the signal space into three regions. Noise vectors n
are shown added to each of the prototype signal vectors s;, $,, and §;; each noise
vector illustrates an example of the minimum noise vector that would cause the de-
tector to make a symbol error. The minimum noise vectors in Figure 4.32b are the
same length as the noise vector in Figure 4.32a. In Section 4.4.4 we stated that for a
given level of received energy, the distance between any two prototype signal vec-
tors s, and s; in an M-ary orthogonal space is constant. It follows that the minimum
distance between a prototype signal vector and any of the decision boundaries re-
mains fixed as M increases. Unlike the casc of MPSK signaling, where adding new
signals to the signal set makes the signals vulnerable to smaller noise vectors, here,
in the case of MFSK signaling, adding new signals to the signal set does not make
the signals vulnerable to smaller noise vectors.

It would be convenient to illustrate the point by drawing higher dimensional
orthogonal spaces, but of course this is not possible. We can only use our “mind’s
eye” to understand that increasing the signal set M—by adding additional axes,
where each new axis is mutually perpendicular to all the others—does not crowd

Decision
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-
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Figure 4.32 MFSK signal sets for M=2, 3.
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the signal set more closely together. Thus, a transmitted signal from an orthogong)
set is not more vulnerable to a noise vector when the set is increased in size. In fact
we see from Figure 4.28 that as k increases, the bit error performance improves,

Understanding the error performance improvement of orthogonal signﬂling,
as illustrated in Figure 4.28, is facilitated by comparing the probability of Symbyg)]
error (Pg) versus unnormalized SNR, with P, versus E},/Ny. Figure 4.33 represengg
a set of P performance curves plotted against unnormalized SNR for coherent
FSK signaling. Here we see that Py degrades as M is increased. Didn’t we say that 4
signal from an orthogonal set is not made more vulnerable to a given noise vector,
as the orthogonal set is increased in size? It is correct that for orthogonal signaling,
with a given SNR it takes a fixed size noise vector to perturb a transmitted signa|
into an error region; the signals do not become vulnerable to smaller noise vectors
as M increases. However, as M increases, more neighboring decision regions are in-
troduced; thus the number of ways in which a symbol error can be made increases,
Figure 4.33 reflects the degradation in Py versus unnormalized SNR as M is in-
creased; there are (M — 1) ways to make an error. Examining performance under
the condition of a fixed SNR (as M increases) is not very useful for digital commy-
nications. A fixed SNR means a fixed amount of energy per symbol; thus as M in.
creases, there is a fixed amount of energy to be apportioned over a larger number
of bits, or there is less energy per bil. The most useful way vl comparing one digital
system with another is on the basis of bit-normalized SNR or E,/Ny. The error per-
formance improvement with increasing M (see Figure 4.28) manifests itself only
when error probability is plotted against E,/N,. For this case, as M increases, the
required E,/N, (to meet a given error probability) is reduced for a fixed SNR:
therefore, we need to map the plot shown in Figure 4.33 into a new plot, similar to
that shown in Figure 4.28, where the abscissa represents £,/N, instead of SNR.
Figure 4.34 illustrates such a mapping; it demonstrates that curves manifesting de-
graded Pp with increasing M (such as Figure 4.33) are transformed into curves
manifesting improved Py with increasing M. The basic mapping relationship is ex-
pressed in Equation (4.101), repeated here as

&_£<Vl>
N, N\R

where W is the detection bandwidth. Since

_log, M
T

R

where T is the symbol duration, we can then write

Ez=£< w1 )=§<W_T> (4.109)
N, N\log,m) "Nk

For FSK signaling, the detection bandwidth W (in hertz) is typically equal in value
to the symbol rate 1/7; in other words, WT = 1. Therefore,
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Symbol error probability, Pg(M)
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Figure 4.33 Symbol error probability versus SNR for coherent FSK sig-

naling. (From Bureau of Standards, Technical Note 167, March 1963.)

(Reprinted from Central Radio Propagation Laboratory Technical Note

56?('3 N)Iarch 25, 1963, Fig. 1, p. 5, courtesy of National Bureau of Stan-
ards.

Mrary Signaling and Performance




)
]
I
I
I
|
]
]
I

Symbol error probability, Pg(M)
Symbol error probability, Pg(M)

10 13 SNR(dB) 10 Ep/No (dB)
10 20 SNR (factor) 10 Ey/Ny (factor)
10 2 SNR per bit (factor)

{a) (b)

Figure 4.34  Mapping Pg versus SNR into P: versus E, /N, for orthogo-
nal signaling. (a) Unnormalized. (b) Normalized.

(4.104)

Figure 4.34 illustrates the mapping from Py versus SNR to Pg versus E, /N, for co-
herently detected M-ary orthogonal signaling, with “ballpark” numbers on the
axes. In Figure 4.34a, on the k£ = 1 curve is shown an operating point corresponding
to Pz =107 and SNR = 10 dB. On the k = 10 curve is shown an operating point at
the same Py = 107 but with SNR = 13 dB (approximate values taken from Figure
4.33). Here we clearly see the degradation in error performance as k increases. Te
appreciate where the performance improvement comes from, let us convert the ab-
scissa from the nonlinear scale of SNR in decibels to a linear one— SNR expressed
as a factor. This is shown in Figure 4.34a as the factors 10 and 20 for the k = 1 and
k =10 cases, respectively. Next, we further convert the abscissa scale to SNR per
bit (expressed as a factor). This is shown in Figure 4.34a as the factors 10 and 2 for
the k=1 and k = 10 cases, respectively. It is convenient to think of the 1024-ary
symbol or waveform (k = 10 case) as being interchangeable with its 10-bit meaning.
Thus, if the symbol requires 20 units of SNR then the 10 bits belonging to that sym-
bol require that same 20 units; or, in other words, each bit requires 2 units.

Rather than performing such computations, we can simply map these same
k =1 and k =10 cases onto the Figure 4.34b plane, representing Py versus Ey/No
The k =1 case looks exactly the same as it does in Figure 4.34a. But for the k = 10
case, there is a dramatic change. We can immediately see that signaling with the k=
10-bit symbol requires only 2 units (3 dB) of E,/N, compared with 10 units (10 dB)
for the binary symbol. The mapping that gives rise to the required E, /N, for the k=
10 case is obtained from Equation (4.104) as follows: E,/Ny =20 (1/10) = 2 (ot
3-dB), which shows the error performance improvement as k is increased. In digital
communication systems, error performance is almost always considered in terms 0
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E, /Ny, since such a measurement makes for a meaningful comparison between one
system’s performance and another. Therefore, the curves shown in Figures 4.33
and 4.34a are hardly ever seen.

Although Figure 4.33 is not often seen, we can still use it for gaining insight
into why orthogonal signaling provides improved error performance as M or k in-
creases. Let us consider the analogy of purchasing a commodity—say, grade A cot-
tage cheese. The choice of the grade corresponds to some point on the P axis of
Figure 4.33—say, 10>, From this point, construct a horizontal line through all of
the curves (from M = 2 through M = 1024). At the grocery store we buy the very
smallest container of cottage cheese, containing 2 ounces and costing $1. On Figure
4.33 we can say that this purchase corresponds to our horizontal construct inter-
cepting the M =2 curve. We look down at the corresponding SNR and call the in-
tercept on this axis our cost of $1. The next time we purchase cottage cheese, we
remember that the first purchase seemed expensive at S0 cents an ounce. S0, we
decide to buy a larger carton, containing 8 ounces and costing $2. On Figure 4.33,
we can say that this purchase corresponds to the point at which our horizontal con-
struct intercepts the M = 8 curve. We look down at the corresponding SNR, and
call this intercept our cost of $2. Notice that we bought a larger container so the
price went up, but because we bought a greater quantity, the price per ounce went
down (the unit cost is now only 25 cents per ounce). We can continue this analogy
by purchasing larger and larger containers so that the price of the container (SNR)
keeps going up, but the price per ounce keeps going down. This is the age-old story
called the economy of scale. Buying larger quantities at a time is commensurate
with purchasing at the wholesale level; it makes for a lower unit price. Similarly,
when we use orthogonal signaling with symbols that contain more bits, we need
more power (more SNR), but the requirement per bit (E,/N,) is reduced.

4.9 SYMBOL ERROR PERFORMANCE
FOR M-ARY SYSTEMS (M > 2)

4.9.1 Probability of Symbol Error for MPSK

For large energy-to-noise ratios, the symbol error performance Py(M), for equally
likely, coherently detected M-ary PSK signaling, can be expressed [7] as

Po(M) ~ 20 ( /%% sin ﬁ) (4.105)

where P (M) is the probability of symbol error, E; = E,(log, M) is the energy per
symbol, and M = 2% is the size of the symbol set. The Pz(M) performance curves for
coherently detected MPSK signaling are plotted versus E, /Ny in Figure 4.35.

The symbol error performance for differentially coherent detection of M-ary
DPSK (for large E,/N,) is similarly expressed [7] as
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4.9.2 Probability of Symbol Error for MFSK

The symbol error performance Pg(M), for equally likely, coherently detected
M-ary orthogonal signaling can be upper bounded [5] as

E,

Pp(M) =< (M- 1) Q< E) (4.107)

where E, = E,(log, M) is the energy per symbol and M is the size of the symbol set:
The Pp(M) performance curves for coherently detected M-ary orthogonal signaling
are plotted versus E, /N, in Figure 4.36.

The symbol error performance for equally likely, noncoherently detected
M-ary orthogonal signaling is [9]
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Figure 4.36 Symbol error probability for coherently detected M-ary or-
thogonal signaling. (Reprinted from W. C. Lindsey and M. K. Simon,
Telecommunication Systems Engineering, Prentice-Hall, Inc., Englewod
Cliffs, N.J., 1973, courtesy of W. C. Lindsey and Marvin K. Simon.)
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( j ) == (4.109)

is the standard binomial coefficient yielding the number of ways in which J symbojg
out of M may be in error. Note that for binary case, Equation (4.108) reduces to

1 E
Py = 5 ©Xp <—2—]\%> (4.110)
which is the same result as that described by Equation (4.96). The Pz(M) perfor.
mance curves for noncoherently detected M-ary orthogonal signaling are plotteq
versus E,/N, in Figure 4.37. If we compare this noncoherent orthogonal Py(M)
performance with the corresponding Pg(M) results for the coherent detection of
orthogonal signals in Figure 4.36, it can be seen that for k > 7, there is a negligible
difference. An upper bound for coherent as well as noncoherent reception of
orthogonal signals is [9]

M-1 E,
Py(M) < - CXp < 2N0> (4111

2
where E; is the energy per symbol and M is the size of the symbol set.

4.9.3 Bit Error Probability versus Symbol Error Probability
for Orthogonai Signals

It can be shown [9] that the relationship between probability of bit error (Pg) and
probability of symbol error (Pg) for an M-ary orthogonal signal set is
ey . M2
Sl o2 (4.112)

In the limit as k increases, we get

A simple example will make Equation (4.112) intuitively acceptable. Figure
4.38 describes an octal message set. The message symbols (assumed equally likely)

are to be transmitted on orthogonal waveforms such as FSK. With orthogonal sig: 3 "

naling, a decision error will transform the correct signal into any one of the (M - 1)
incorrect signals with equal probability. The example in Figure 4.38 indicates that
the symbol comprising bits 0 1 1 was transmitted. An error might occur in any oné
of the other 2¥ — 1 = 7 symbols, with equal probability. Notice that just because 2
symbol error is made does not mean that all the bits within the symbol will be i 3
error. In Figure 4.38, if the receiver decides that the transmitted symbol is the bok
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Figure 4.37 Symbol error probability for noncoherently detected M-ary
orthogonal signaling. (Reprinted from W. C. Lindsey and M. K. Simon,
Telecommunication Systems Engineering, Prentice-Hall, Inc., Engle-
wood Cliffs, N.J., 1973, courtesy of W. C. Lindsey and Marvin K. Simon.)
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Bit

positiot
0 00
0 0|1
0 1]0
Transmitted

symbol 11
1 0|0
1T 0|1
1T 110
1111 Figure 4.38 Example of Pg

versus Pe.

tom one listed, comprising bits 1 1 1, two of the three transmitted symbol bits wi]j
be correct; only one bit will be in error. It should be apparent that for nonbinary
signaling, Pz will always be less than P (keep in mind that Pg and Py reflect the
frequency of making errors on the average.)

Consider any of the bit-position columns in Figure 4.38. For each bit position,

the digit occupancy consists of 50% ones and 50% zeros. In the context of the first
bit position (rightmost column) and thc transmitted symbol, how many ways are
there to cause an error to the binary one? There are 2~ ! = 4 ways (four places
where zeros appear in the column) that a bit error can be made; it is the same for
each of the columns. The final relationship Pp/Pg, for orthogonal signaling, in
Equation (4.112), is obtained by forming the following ratio: the number of ways
that a bit error can be made (2¢~!) divided by the number of ways that a symbol
error can be made (2¢ - 1). For the Figure 4.38 example, Pg/Pg = 4/7.

4.9.4 Bit Error Probability Versus Symbol Error Probability
for Multiple Phase Signaling

For the case of MPSK signaling, Py is less than or equal to Pp, just as in the case of
MFSK signaling. However, there is an important difference. For orthogonal signal-
ing, selecting any one of the (M — 1) erroneous symbols is equally likely. In the case
of MPSK signaling, each signal vector is not equidistant from all of the others. Fig-
ure 4.39a illustrates an 8-ary decision space with the pie-shaped decision regions
denoted by the 8-ary symbols in binary notation. If symbol (0 1 1) is transmitted, it
is clear that should an error occur, the transmitted signal will most likely be mis-
taken for one of its closest neighbors, (0 1 0) or (1 0 0). The likelihood that (0 11)
would get mistaken for (1 1 1) is relatively remote. If the assignment of bits to sym-
bols follows the binary sequence shown in the symbol decision regions of Figur®
4.39a, some symbol errors will usually result in two or more bit errors, even with &
large signal-to-noise ratio.

For nonorthogonal schemes, such as MPSK signaling, one often uses @
binary-to-M-ary code such that binary sequences corresponding to adjacent sym”
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Figure 4.39 Binary-coded versus Gray-coded decision regions in an
MPSK signal space. (a) Binary coded. (b) Gray coded.

bols (phase shifts) differ in only one bit position; thus when an M-ary symbol error
occurs, it is more likely that only one of the k input-bits will be in error. A code that
provides this desirable feature is the Gray code [7]; Figure 4.39b illustrates the bit-
lu-symbol assignment using a Gray codc for 8-ary PSK. IHerc it can be scen that
neighboring symbols differ from one another in only one bit position. Therefore,
the occurrence of a multibit error, for a given symbol error, is much reduced com-
pared to the uncoded binary assignment seen in Figure 4.3%a. Implementing such a
Gray code, represents one of the few cases in digital communications where a ben-
efit can be achieved without incurring any cost. The Gray code is simply an assign-
ment that requires no special or additional circuitry. Utilizing the Gray code
assignment, it can be shown [5] that

P, ~ Pg
b log, M

(for Pe<<1) (4.113)

Recall from Section 4.8.4 that BPSK and QPSK signaling have the same bit error
probability. Here, in Equation (4.113), we verify that they do not have the same
symbol error probability. For BPSK, P = P. However, for QPSK, Pp =~ 2Pp.

An exact closed-form expression for the bit-error probability Py of 8-ary
PSK, together with tight upper and lower bounds on Pp for M-ary PSK with larger
M, may be found in Lee [10].

4.9.5 Effects of Intersymbol Interference

In the previous sections and in Chapter 3 we have treated the detection of signals
in the presence of AWGN under the assumption that there is no intersymbol inter-
ference (IST). Thus the analysis has been straightforward, since the zero-mean
AWGN process is characterized by its variance alone. In practice we find that IST is
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often a second source of interference which must be accounted for. As explaine in
Section 3.3, ISI can be generated by the use of bandlimiting filters at the transmjy_
ter output, in the channel, or at the receiver input. The result of this additiong
interference is to degrade the error probabilities for coherent as well as for nongg.
herent reception. Calculating error performance in the presence of ISI in additiop
to AWGN is much more complicated since it involves the impulse response of the
channel. The subject will not be treated here; however, for those readers interested
in the details of the analysis, References [11-16] should prove interesting.

4.10 CONCLUSION

We have catalogued some basic bandpass digital modulation formats, parl'iculariy
phase shift keying (PSK) and frequency shift keying (FSK). We have considereq
a geometric view of signal vectors and noise vectors, particularly antipodal ang
orthogonal signal sets. This geometric view allows us to consider the detection
problem in the light of an orthogonal signal space and signal regions. This viey
of the space, and the cffect of noise vectors causing transmitted signals to be
received in the incorrect region, facilitates the understanding of the deleetion
problem and the performance of various modulation and demodulation techniques,
In Chapter 9 we reconsider the subjects of modulation and demodulation,
and we investigate some bandwidth-efficient modulation techniques.

REFERENCES

1. Schwartz, M., Information, Transmission, Modulation, and Noise, McGraw-Hill Book
Company, New York, 1970,
- Van Trees, H. L., Detection, Estimation, and Modulation Theory, Part 1, John Wiley &
Sons, Inc., New York, 1968.
. Park, J. H, Jr., “On Binary DPSK Detection,” IEEE Trans. Commun., vol. COM26,
no. 4, Apr. 1978, pp. 484-486.

. Ziemer, R. E., and Peterson, R. L., Digital Communications and Spread Spectrum Sys-
tems, Macmillan Publishing Company, Inc., New York, 1985.

. Lindsey, W. C., and Simon, M. K., Telecommunication Systems Engineering, Prentice-
Hall, Inc., Englewood Cliffs, N.J., 1973.

. Whalen, A. D., Detection of Signals in Noise, Academic Press, Inc., New York, 1971.

- Korn, 1, Digital Communications, Van Nostrand Reinhold Company, Inc., New York,
1985.

- Couch, L. W. 11, Digital and Analog Communication Systems, Macmillan Publishing
Company, New York, 1983.

. Viterbi, A. I, Principles of Coherent Communications, McGraw-Hill Book Company;
New York, 1966.

- Lee, P. J., “Computation of the Bit Error Rate of Coherent M-ary PSK with Gray Code
Bit Mapping,” IEEE Trans. Cemmun., vol. COM34, no. 5, May 1986, pp. 488-491.

Bandpass Modulation and Demodulation Chap. 4




explained in
the transmit-
is additional
1s for nonco-
I in addition
iponse of the
:1s interested

ng.

, particularly
e considered
ntipodal and
‘he detection
1s. This view
signals to be
he detection
n techniques.
emodulation,

raw-Hill Book
, John Wiley &
., vol. COM26,
' Spectrum Sys-
ering, Prentice-

York, 1971.
nc., New York,

llan Publishing
jook Company,

with Gray Code
. 488-491.

on Chap. 4

11. Hoo, E. Y., and Yeh, Y. S., “A New Approach for Evaluating the Error Probability in
the Presence of the Intersymbol Interference and Additive Gaussian Noise,” Bell Syst.
Tech. J., vol. 49, Nov. 1970, pp. 2249-2266.

12. Shimbo, O., Fang, R. J., and Celebiler, M., “Performance of M-ary PSK Systems in
Gaussian Noise and Intersymbol Interference,” IEEE Trans. Inf. Theory, vol. IT19, Jan.
1973, pp. 44-58.

13. Prabhu, V. K., “Error Probability Performance of M-ary CPSK Systems with Inter-
symbol Interference,” IEEE Trans. Commun., vol. COM21, Feb. 1973, pp. 97-109.

14. Yao, K., and Tobin, R. M., “Moment Space Upper and Lower Error Bounds for Digital
Systems with Intersymbol Interference,” IEEE Trans. Inf. Theory, vol. 1T22, Jan. 1976,
pp- 65-74.

15. King, M. A., Jr,, “Three Dimensional Geometric Moment Bounding Techniques,”
J. Franklin Inst., vol. 309, no. 4, Apr. 1980, pp. 195-213.

16. Prabhu, V. K., and Salz, J., “On the Performance of Phase-Shift Keying Systems,” Bell
Syst. Tech. J., vol. 60, Dec. 1981, pp. 2307-2343.

PROBLEMS

4.1. Find the expected number of bit errors made in one day by the following continu-
ously operating coherent BPSK receiver. The data rate is 5000 bits/s. The input digi-
tal waveforms are s,(f) = A cos wgt and s,(f) = —A cos wyf where A =1 mV and the
single-sided noise power spectral density is Ny = 107" W/Hz. Assume that signal
power and energy per bit are normalized relative to a 1-{} resistive load.

4.2. A continuously operating coherent BPSK system makes errors at the average rate of
100 errors per day. The data rate is 1000 bits/s. The single-sided noise power spectral
density is Ny = 107" W/Hz.

(a) If the system is ergodic, what is the average bit error probability?
(b) If the value of received average signal power is adjusted to be 107 W, will this re-
ceived power be adequate to maintain the error probability found in part (a)?

4.3. If a system’s main performance criterion is bit error probability, which of the follow-
ing two modulation schemes would be selected for an AWGN channel? Show
computations.

Binary noncoherent orthogonal FSK with E,/N, = 13 dB

Binary coherent PSK with E,/N, = 8 dB
4.4. The bit stream

101010111101010100001111

is to be transmitted using DPSK modulation. Show four different differentially
encoded sequences that can represent the data sequence above, and explain the
algorithm that generated each.

4.5. (a) Calculate the minimum required bandwidth for a noncoherently detected
orthogonal binary FSK system. The higher-frequency signaling tone is 1 MHz
and the symbol duration is 1 ms.

(b) What is the minimum required bandwidth for a noncoherent MFSK system
having the same symbol duration?
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4.6. Consider a BPSK system with equally likely waveforms si(f) = cos wyt and (6 <
—C0s wyl. Assume that the received E,/N,= 9.6 dB, giving rise to a bit-error probabjj.
ity of 107, when the synchronization is perfect. Consider that carrier recovery With
the PLL suffers some fixed error & associated with the phase estimate, so that the
reference signals are expressed as cos (wg? + &) and —cos (wot + ). Note that the
error-degradation effect of a fixed known bias can be computed by using the closeq.
end relationships presented in this chapter. However, if the phase error were to cop.
sist of a random jitter, computing its effect would then require a stochastj
treatment. (See Chapter 10,)

(a) How badly does the bit-error probability degrade when ¢ = 25°?
(b) How large a phase error would cause the bit-error probability to degrade to 103

4.7. Find the probability of bit error, Py, for the coherent matched filter detection of the
equally likely binary FSK signals

51(§) = 0.5 cos 2000t

55(t) = 0.5 cos 2020t

where the two-sided AWGN power spectral density is Ny/2 = 0.0001. Assume that
the symbol duration is T=0.01 s.

4.8. Find the optimum (mininu probability of error) threshold Yo, for detecting the
equally likely signals s,(f) = V2E/T cos wyt and s,(f) = /YE[T cos (ot + ) in
AWGN, using a correlator receiver as shown in Figure 4.7b. Assume a reference
signal of Y (¢) = V2/T cos wyt.

4.9. A system using matched filter detection of equally likely BPSK signals, s,(f) =
\/2E] T cos wyt and 52(t) = V2E/T cos (wyt + ), operates in AWGN with a received
Ey/Ny of 6.8 dB. Assume that E{z(T)} =+ \/E.

(a) Find the minimum probability of bit error, Py, for this signal set and E,/N,.

(b) If the decision threshold is y = 0.1 V/E, find Ppg.

(¢) The threshold of y=0.1 \/E is optimum for a particular set of a priori probabili-
ties, P (s;) and P(s,). Find the values of these probabilities (refer to Section B.2).

4.10. (a) Describe the impulse response of a matched filter for detecting the discrete

signal shown in Figure P4.1. With this signal at the input to the filter, show the
output as a function of time. Neglect the effects of noise. What is the maximum
output value?

s(k)
30—
20—

10 l
—o—o— 4 k(time)
0 1 2 3

Figure P4.1

(b) In a matched filter (MF), a signal is convolved with a time-reversed function of
the signal (impulse response of the MF). Convolution reverses the functio
again; thus, the MF yields the correlation of a signal and its “look alike” copy
(even though the MF operation is designated as convolution). In implementing &
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4.11.

(©

()

MF, suppose that you accidently connect the circuitry so as to yield the correla-
tion of a signal and its time-reversed copy; the output would then yield a signal
convolved with itself. Show the output as a function of time. What is the maxi-
mum output value? Note that the maximum output value for part (a) will occur
at a different time index compared with that of part (b).

By examining the filter’s output values from the flawed circuit of part (b), com-
pared with the correct values in part (a), can you find a clue that can help you
predict when such an output sequence appears to be a valid matched filter out-
put, and when it does not?

If noise were added to the signal, compare the output SNR for the correlator
versus the convolver. Also, if the input consists of noise only, compare the
output of the correlator versus the convolver.

A binary source with equally likely symbols controls the switch position in a trans-
mitter operating over an AWGN channel, as shown in Figure P4.2. The noise has
two-sided spectral density Ny/2. Assume antipodal signals of time duration 7 seconds
and energy E joules. The system clock produces a clock pulse every T seconds, and
the binary source rate is 1/7 bits/s. Under normal operation, the switch is up when
the source produces a binary zero, and it is down when the source produces a binary
one. However, the switch is faulty. With probability p, it will be thrown in the wrong
direction during a given T-second interval. The presence of a switch error during any
interval is independent of the presence of a switch error at any other time. Assume
that E{z(T)) =+ VE.

(a)

Binary Waveform 6]
source generator 0:
] s2(8) ;} |
Corre‘Iator 2(T)
() |_receiver
Waveform T 1 Received
Clock generator signal
510 Faulty
switch
Figure P4.2

Sketch the conditional probability functions, p(z|s;) and p(z|s,).

(b) The correlator receiver observes r(¢) in the interval (0, 7). Sketch the block

diagram of an optimum receiver for minimizing the bit error probability when it

is known that the switch is faulty with probability, p.

(¢) Which one of the following two systems would you prefer to have?

or

Problems

=01 dﬂ—oo
p .1 an NO—

=0 dﬂ—7dB
p =0 an N,
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4.12. (a) Consider a 16-ary PSK system with symbol error probability Pp = 1075, A Gra
code is used for the symbol to bit assignment, What is the approximate bit error
praobability?

(b} Repeat part (a) for a 16-ary orthogonal FSK system,

- Consider a coherent orthogonal MFSK system with M = 8 having the equally likely
waveforms s,(t) = A cos 2mfy, i=1, ... s M, 0<t<T, where T=0.2 ms. The received
carrier amplitude, A, is 1 mV, and the two-sided AWGN spectral density, Ny is
107" W/Hz. Calculate the probability of bit error, 2.

A bit error probability of Py =107 is required for a system with a data rate of 100
kbits/s to be transmitted over an AWGN channel using coherently detected MPSK
modulation. The system bandwidth is 50 kHz. Assume that the system frequency
transfer function is a raised cosine with a roll-off characteristic of r = 1 and !h:uﬁ
Gray code is used for the symbol to bit assignment,

(a) What E,/N, is required for the specified P;?

(b) What E,/N, is required?

- A differentially coherent MPSK system operates over an AWGN channel with an
Ey/Ny of 10 dB. What is the symbol error probability for M = 8 and equally likely
symbols?

- If a system’s main performance criterion is bit-error probability, which of the follgy-
ing two modulation schemes would be selected for transmission over an AWGN
channel?

L
coherent 8-ary orthogonal FSK with ﬁb = 8dB
0

E
coherent 8-ary PSK with Fb =13dB

0

(Assume that a Gray code is used for the MPSK symbol-to-bit assignment, and show
computations,)

- Consider that a BPSK demodulator/detector has a synchronization error consisting
of a time bias p7, where p is a fraction (0 < p < 1) of the symbol time 7. Tn other
words, the detection of a symbol starts early (late) and concludes early (late) by an
amount p7. Assume equally likely signaling and perfect frequency and phase syn-
chronization. Note that the error-degradation effect of a fixed known bias can be
computed by using the closed-end relationships presented in this chapter. However,
if the timing error were to consist of a random jitter, computing its effect would then
require a stochastic treatment. (See Chapter 10.)

(a) Find the general expression for bit-error probability P, as a function of p.

(b) If the received E,/N, = 9.6 dB and p=0.2, compute the value of degraded P, due
to the timing bias. _

(¢} If one did not compensate for the timing bias in this example, how much addi-
tional E,/N; in dB must be provided in order to restore the P, that exists when
p=0?

- Using all of the stated specifications, repeat problem 4.17 for the case of coherently
detected, binary frequency-shift-keying (BFSK) modulation.

. Consider that a BPSK demodulator/detector has a synchronization error consisting
of a time bias p7, where p is a fraction (0<p <1) of the symbol time T, Consider that
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4.20.

there is also a constant phase-estimation error ¢. Assume equally-likely signaling

and perfect frequency synchronization.

(a) Find the general expression for bit-error probability P, as a function of p and ¢.

(b) If received E,/Ny=9.6 dB, p = 0.2, and & = 25°, compute the value of degraded
P, due to the combined effects of timing and phase bias.

(¢) If one did not compensate for the biases in this example, how much additional
E,/N, in dB must be provided in order to restore the P, that exists when p = 0
and ¢ =0°?

Correlating to a known Barker sequence is an often used synchronization technique,

since the Barker sequence yiclds a prominent correlation peak when properly syn-

chronized, and a small correlation output when not synchronized. Using the short

Barker sequence 101 1 1, where the leftmost bit is the earliest bit, devise a discrete

matched filter similar to the one in Figure 4.10 that is matched to this sequence. Ver-

ify its usefulness for synchronization by plotting the output versus input as a function
of time, when the input is the 1 0 1 1 1 sequence.

QUESTIONS

4.1.
4.2,

4.3.

4.4.

4.5.

4.6.

4.7.

4.8.

4.9.

At what location in the system is E,/N, defined? (See Section 4.3.2.)

Amplitude- or phase-shift keying is visualized as a constellation of points or phasors
on a plane. Why can’t we use a similarly simple visualization for orthogonal signaling
suich as FSK? (See Section 4.4.4.)

In the case of MFSK signaling, what is the minimum tone spacing that insures signal
orthogonality? (See Section 4.5.4.)

What benefits are there in using complex notation for representing sinusoids? (See
Sections 4.2.1 and 4.6.)

Digital modulation schemes fall into one of the two classes with opposite behavior
characteristics: orthogonal signaling, and phase/amplitude signaling. Describe the
behavior of each class. (See Sections 4.8.2.)

Why do binary phase shift keying (BPSK) and quaternary phase shift keying
(QPSK) manifest the same bit-error-probability relationship? (See Section 4.8.4.)

In the case of multiple-phase shift keying (MPSK), why does bandwidth efficiency
improve with higher dimensional signaling? (See Sections 4.8.2 and 4.8.3.)

In the case of orthogonal signaling such as MFSK, why does error-performance
improve with higher dimensional signaling? (See Section 4.8.5.)

The use of a Gray code for assigning bits to symbols, represents one of the few cases
in digital communications where a benefit can be achieved free-of-charge. Explain
why there is no cost. (See Section 4.9.4.)

EXERCISES

Using the Companion CD, run the exercises associated with Chapter 4.
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5.1 WHAT THE SYSTEM LINK BUDGET TELLS
THE SYSTEM ENGINEER

When we talk about a communications link, to what part of the system are we re-
ferring? Ts it simply the channel or region between the transmitter and receiver?
No, it is far more than that. The link encompasses the entire communications path,
from the information source, through all the encoding and modulation steps,
through the transmitter and the channel, up to and including the receiver with all
its signal processing steps, and terminating at the information sink.

What is a link analysis, and what purpose does it serve in the development of
a communication system? The link analysis, and its output, the link budget, consist
of the calculations and tabulation of the useful signal power and the interfering
noise power available at the receiver. The link budget is a balance sheet of gains
and losses; it outlines the detailed apportionment of transmission and reception re-
sources, noise sources, signal attenuators, and effects of processes throughout the
link. Some of the budget parameters are statistical (e.g., allowances for the fading
of signals as described in Chapter 15). The budget is an estimation technique for
evaluating communication system error performance. In Chapters 3 and 4 we ex-
amined probability of error versus E,/N, curves having a “waterfall-like” shape,
such as the one shown in Figure 3.6. We thereby related error probability to E,/Ng
for various modulation types in Gaussian noise. Once a modulation scheme has
been chosen, the requirement to meet a particular error probability dictates a par-
ticular operating point on the curve; in other words, the required error perfor-
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mance dictates the value of E,/N, that must be made available at the receiver i,
order to meet that performance. The primary purpose of a link analysis is to detey..
mine the actual system operating point in Figure 3.6 and to establish that the errq,
probability associated with that point is less than or equal to the system require.
ment. Of the many specifications, analyses, and tabulations that are used in the de.
velopment of a communication system, the link budget stands out as a basic tog]
for providing the system engineer with overall system insight.

By examining the link budget, one can learn many things about overall sys.
tem design and performance. For example, from the link margin, one learpg
whether the system will meet many of its requirements comfortably, marginally, o
not at all. The link budget may reveal if there are any hardware constraints, ang
whether such constraints can be compensated for in other parts of the link. The
link budget is often used as a “score sheet” in considering system trade-offs ang
configuration changes, and in understanding subsystem nuances and interdepen.
dencies. From a quick examination of the link budget and its supporting documen.-
tation, one can judge whether the analysis was done precisely or if it represents a
rough estimate. Together with other modeling techniques, the link budget can help
predict equipment weight, size, prime power requirements, technical risk, and cost,
The link budget is one of the system manager’s most useful documents; it repre-
sents the “bottom-line™ tally in the search for optimimum system petformance.

5.2 THE CHANNEL

The propagating medium or electromagnetic path connecting the transmitter and
receiver is called the channel. In general, a communications channel might consist
of wires, coaxial cables, fiber optic cables, and in the case of radio-frequency (RF)
links, waveguides, the atmosphere, or empty space. For most terrestrial communi-
cation links, the channel space is occupied by the atmosphere and partially
bounded by the earth’s surface. For satellite links, the channel is occupied mostly
by empty space. Although some atmospheric effects occur at altitudes up to 100
km, the bulk of the atmosphere extends to an altitude of 20 km. Therefore, only a
small part (0.05%) of the total synchronous altitude (35,800 km) path is occupied
by significant amounts of atmosphere. Most of this chapter presents link analysis in
the context of such a satellite communications link. In Chapter 15, the link budget
issues are extended to terrestrial wireless links.

5.2.1 The Concept of Free Space

The concept of free space assumes a channel free of all hindrances to RF propagd
tion, such as absorption, reflection, refraction, or diffraction. If there is any atmos:
phere in the channel, it must be perfectly uniform and meet all these conditions:
Also, we assume that the earth is infinitely far away or that its reflection coefficient
is negligible. The RF energy arriving at the receiver is assumed to be a functi(?ﬂ
only of distance from the transmitter (following the inverse-squarc law as used It
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optics). A free-space channel characterizes an ideal RF propagation path; in
practice, propagation through the atmosphere and near the ground results in
absorption, reflection, diffraction and scattering, which modify the [ree-space
transmission. Atmospheric absorption is treated in later sections. Reflection, dif-
fraction, and scattering, which play an important role in determining terrestrial
communications performance, are treated in Chapter 15. Also, Panter [1] provides
a comprehensive treatment of these mechanisms.

5.2.2 Error-Performance Degradation

In Chapter 3, it was established that there are two primary causes for degradation
of error performance. The first is loss in signal-to-noise ratio. The second is signal
distortion as might be caused by intersymbol interference (ISI). In Chapters 3 and
15, some of the equalization techniques to counter the degradation effect of ISI are
treated. In this chapter, we are concerned with the “pbookkeeping” of the gains and
losses for signal power and interfering power. ISI will not be included in the link
budget because the uniqueness of ISI is that an increase in signal power will not al-
ways mitigate the degradation that it causes. (See Section 3.3.2.)

For digital communications, error performance depends on the received

E,/Ng, which was defined in Equation (3.30) as

F, S <W>

N, N\R
In other words, E,/N, is a measure of normalized signal-to-noise ratio (S/N or
SNR). Unless otherwise stated, SNR refers to average signal power and average
noise power. The signal can be an information signal, a baseband waveform, or a
modulated carrier. The SNR can degrade in two ways: (1) through the decrease of
the desired signal power, and (2) through the increase of noise power, or the in-
crease of interfering signal power. Let us refer to these degradations as loss and
noise (or interference), respectively. Losses occur when a portion of the signal is ab-
sorbed, diverted, scattered, or reflected along its route to the intended receiver;
thus a portion of the transmitted energy does not arrive at the receiver. There are
several sources of interfering electrical noise and interference produced by a vari-
ety of mechanisms and sources, such as thermal noise, galaxy noise, atmospheric
noise, switching transients, intermodulation noise, and interfering signals from
other sources. Industry usage of the terms loss and noise frequently confuses the
underlying degradation mechanism; however, the net effect on the SNR is the
same.

5.2.3 Sources of Signal Loss and Noise

Figure 5.1 is a block diagram of a satellite communications link, emphasizing the
sources of signal loss and noise. In the figure a signal loss is distinguished from a noise
source by a dot pattern or line pattern, respectively. The contributors of both signal
loss and noise are identified by a crosshatched line pattern. The following list of 21
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Sateliite transmitter-to-receiver link with typical loss and noise sources.

Figure 5.1

sources of degradation represents a partial catalog of the major contributors to SNR
degradation. The numbers correspond to the numbered circles in Figure 5.1.

1.

5.2

Bandlimiting loss. All systems use filters in the transmitter to ensure that the
transmitted energy is confined to the allocated or assigned bandwidth. This is
to avoid interfering with other channels or users and to meet the require-
ments of regulatory agencies. Such filtering reduces the total amount of en-
ergy that would otherwise have been transmitted; the result is a loss in signal.

. Intersymbol interference (ISI). As discussed in Chapter 3, filtering throughout

the system—in the transmitter, in the receiver, and in the channel—can
result in ISL. The received pulses overlap one another; the tail of one pulse
“smears” into adjacent symbol intervals so as to interfere with the detection
process. Even in the absence of thermal noise, imperfect filtering, system
bandwidth constraints, and fading channels lead to ISI degradation.

Local oscillator (LO) phase noise. When an LO is used in signal mixing,
phase fluctuations or jitter adds phase noise to the signal. When used as the
reference signal in a receiver correlator, phase jitter can cause detector
degradation and hence signal loss. At the transmitter, phase jitter can cause
out-of-band signal spreading, which, in turn, will be filtered out and cause a
loss in signal.

AM/PM conversion. AM-to-PM conversion is a phase noise phenomenon
ncenrring in nonlinear devices such as traveling-wave tubes (TWT). Signal
amplitude fluctuations (amplitude modulation) produce phase variations that
contribute phase noise to signals that will be coherently detected. AM-to-PM
conversion can also cause extraneous sidebands, resulting in signal /oss.

. Limiter loss or enhancement. A hard limiter can enhance the stronger of two

signals, and suppress the weaker; this can result in either a signal loss or a
signal gain [2].

. Multiple-carrier intermodulation (IM) products. When several signals having

different carrier frequencies are simultaneously present in a nonlinear device,
such as a TWT, the result is a multiplicative interaction between the carrier
frequencies which can produce signals at all combinations of sum and differ-
ence frequencies. The energy apportioned to these spurious signals (inter-
modulation or IM products) represents a loss in signal energy. In addition, if
these IM products appear within the bandwidth region of these or other
signals, the effect is that of added noise for those signals.

. Modulation loss. The link budget is a calculation of received useful power (or

energy). Only the power associated with information-bearing signals is useful.
Error performance is a function of energy per transmitted symbol. Any
power used for transmitting the carrier rather than the modulating signal
(symbols) is a modulation loss. (However, energy in the carrier may be useful
in aiding synchronization.)

Antenna efficiency. Antennas are transducers that convert electronic signals
into electromagnetic fields, and vice versa. They are also used to focus the
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electromagnetic energy in a desired direction. The larger the antenp,
aperture (area), the larger is the resulting signal power density in the desirgg
direction. An antenna’s efficiency is described by the ratio of its effectiy,
aperture o its physical aperture. Mechanisms contributing to a reduction f,
efficiency (loss in signal strength) are known as amplitude tapering, apertyre
blockage, scattering, re-radiation, spillover, edge diffraction, and dissipatjy,
loss [3]. Typical efficiencies due to the combined effects of these mechanisyg
range between 50 and 80%.

Radome loss and noise. A radome is a protective cover, used with SOme
antennas, for shielding against weather effects. The radome, being ip the
path of the signal, will scatter and absorb some of the signal energy, thug
resulting in a signal loss. A basic law of physics holds that a body capable of
absorbing energy also radiates energy (at temperatures above 0 K). Some of
this energy falls in the bandwidth of the receiver and constitutes injecteq
noise.

- Pointing loss. There is a loss of signal when either the transmitting antenna op
the receiving antenna is imperfectly pointed,

. Polarization loss. The polarization of an electromagnetic (EM) field i
defined as the direction in space along which the field lines point, and the
polarization of an antcnna is desciibed by the polarization of its radiated
field. There is a loss of signal due to any polarization mismatch between the
transmitting and receiving antennas.

12. Atmospheric loss and noise. The atmosphere is responsible for signal loss and
1s also a contributor of unwanted noise. The bulk of the atmosphere extends
to an altitude of approximately 20 km; yet within that relatively short path,
important loss and noise mechanisms are at work. Figure 5.2 is a plot of the
theoretical one-way attenuation from a specified height to the top of the at-
mosphere. The calculations were made for several heights (0 km is sea level)
and for a water vapor content of 7.5 g/m? at the earth’s surface. The magni-
tude of signal loss due to oxygen (O,) and water vapor absorption is plotted
as a function of carrier frequency. Local maxima of attenuation occur in the
vicinities of 22 GHz (water vapor), and 60 and 120 GHz (O,). The atmos-
phere also contributes noise energy into the link. As in the case of the
radome, molecules that absorb energy also radiate energy. The oxygen and
water vapor molecules radiate noise throughout the RF spectrum. The por-
tion of this noise- that falls within the bandwidth of a given communication
system will degrade its SNR. A primary atmospheric cause of signal loss and
contributor of noise is rainfall. The more intense the rainfall, the more signal
energy it will absorb. Also, on a day when rain passes through the antenna
beam, there is a larger amount of atmospheric noise radiated into the systen
receiver than there is on a clear day. More will be said about atmospheri¢
noise in later sections.

Space loss. There is a decrease in the electric field strength, and thus in signal
strength (power density or flux density), as a function of distance. For 2
satellite communications link, the space loss is the largest single loss in th
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Figure 5.2 Theoretical vertical one-way attenuation from specified
height to top of atmosphere for 7.5 g/m® of water vapor at the surface.
(Does not include effect of rain or cloud attenuation.) (Reprinted from
NASA Reference Publication 1082(03), “Propagation Effects Handbook
for Satellite Systems Design,” June 1983, Fig. 6.2-1, p. 218, courtesy of
the National Aeronautics and Space Administration.)

system. It is a loss in the sense that all the radiated energy is not focused
on the intended receiving antenna.

Adjacent channel interference. This interference is characterized by unwanted
signals from other frequency channels “spilling over” or injecting energy into
the channel of interest. The proximity with which channels can be located in
frequency is determined by the modulation spectral roll-off and the width and
shape of the main spectral lobe.

Co-channel interference. This interference refers to the degradation caused by
an interfering waveform appearing within the signal bandwidth. It can be intro-
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duced by a variety of ways, such as accidental transmissions, insufficient vertj.
cal and horizontal polarization discrimination, or by radiation spillover from an
antenna sidelobe (low-energy beam surrounding the main antenna beam), It
can be brought about by other authorized users of the same spectrum,
Intermodulation (IM) noise. The TM products described in item 6 result from
multiple-carrier signals interacting in a nonlinear device. Such IM produgg
are sometimes called active intermods; as described in item 6, they can eithey
cause a loss in signal energy or be responsible for noise injected into a link.
Here we consider passive intermods; these are caused by multiple-carrie,
transmission signals interacting with nonlinear components at the transmittey.
output. These nonlinearities generally occur at the junction of waveguida
coupling joints, at corroded surfaces, and at surfaces having poor electricy
contact. When large EM fields impinge on surfaces that have a diode-like
transfer function (work potential), they cause multiplicative products, anq
hence noise. If such noise radiates into a closely located receiving antenna, jt
can seriously degrade the receiver performance.

Galactic or cosmic, star, and terrestrial noise. All the celestial bodies, such ag
the stars and the planets, radiate energy. Such noise energy in the field of
view of the antenna will degrade the SNR.

Feeder line loss. The level of the received signal might be very small (e.g.,
1072 W), and thus will be particularly susceplible (o noise degradation. The
receiver front end, therefore, is a region where greal care is taken to keep the
noise as small as possible until the signal has been suitably amplified.
The waveguide or cable (feeder line) between the receiving antenna and the
receiver front end contributes both signal attenuation and thermal noise: the
details are treated in Section 5.5.3.

Receiver noise. This is the thermal noise generated within the receiver; the de-
tails are treated in Sections 5.5.1 to 5.5.4.

Implementation loss. This loss in performance is the difference between
theoretical detection performance and the actual performance due to im-
perfections such as timing errors, frequency offsets, finite rise and fall times
of waveforms, and finite-value arithmetic.

Imperfect synchronization reference. When the carrier phase, the subcarrier
phase, and the symbol timing references are all derived perfectly, the error
probability is a well-defined function of £, /Ny discussed in Chapters 3 and 4.
In general, they are not derived perfectly, resulting in a system /loss.

5.3 RECEIVED SIGNAL POWER AND NOISE POWER
5.3.1 The Range Equation
The main purpose of the link budget is to verify that the communication system

will operate according to plan—that is, the message quality (error pcrl'orm_ancez
will meet the specifications. The link budget monitors the “ups” and “downs
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(gains and losses) of the transmitted signal, from its inception at the transmitter
until it is ultimately received at the receiver. The compilation yields how much
E, /N, is received and how much safety margin exists beyond what is required. The
process starts with the range equation, which relates power received to the distance
between transmitter and receiver. We develop the range equation below.

In radio communication systems, the carrier wave is propagated from the
iransmitter by the use of a transmitting antenna. The transmitting antenna is a
transducer that converts electronic signals into electromagnetic (EM) fields. At the
receiver, a receiving antenna performs the reverse function; it converts EM fields
into electronic signals. The development of the fundamental power relationship be-
tween the receiver and transmitter usually begins with the assumption of an omni-
directional RF source, transmitting uniformly over 4 steradians. Such an ideal
source, called an isotropic radiator, is illustrated in Figure 5.3. The power density
p(d)ona hypothetical sphere at a distance d from the source is related to the trans-
mitted power P, by

P,

dmd?

p(d) = watts/m* 5.1

since 4md? is the area of the sphere. For d much greater than the propagation
wavelength (known as the far field), the power extracled at a receiving antenna is
f,[“‘Llrf r

P.=p(d)A,,=—3> 52
= D) A = 52

where the parameter A,, is the absorption cross section (effective area) of the
receiving antenna, defined by

total power extracted

= == = - 5.3
¢ incident power flux density (5:3)
eEme Power density on sphere at distance d
//// \‘\\ Pt
& . s opld) = —55
s T WP 4rd?
JI
/
I
!
! !
Lo
! '\\ ‘.\ |sotropic ;'
\\ \ \\[ﬁq'afc/’f/ i Power extracted with receiving antenna
P, =p(dAer
Figure 5.3 Range equation. Expresses received power in terms of
distance.
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If the antenna under consideration is a transmitting antenna, its effective arey is
designated by A,,. If the antenna in question is unspecified as to its receiving
transmitting function, its effective area is designated simply by A,.

An antenna’s effective area A, and physical area A, are related by an effj.
ciency parameter m as

A, =4, (5.4)

which accounts for the fact that the total incident power is not extracted; it i
lost through various mechanisms [3]. Nominal values for m are 0.55 for a dig
(parabolic-shaped reflector) and 0.75 for a horn-shaped antenna.

The antenna parameter that relates the power output (or input) to that of ap
isotropic radiator as a purely geometric ratio is the antenna directivity or directiye
gain

maximum power intensity

G= : : . : — (5.5)
average power intensity over 4 steradians

In the absence of any dissipative loss or impedance mismatch loss, the ap-
tenna gain (in the direction of maximum intensity) is defined simply as the direc-
tive gain in Equation (5.5). However, in the event that there exists some dissipative
or impedance mismatch loss, the antenna gain is then equal to the directive gain
times a loss factor to account for these losses [4]. Tnn this chapler we shall assume
that the dissipative loss is zero and that the impedances are perfectly matched.
Therefore, Equation (5.5) describes the peak antenna gain; it can be viewed as the
result of concentrating the RF flux in some restricted region less than 4 steradi-
ans, as shown in Figure 5.4. Now we can define an effective radiated power, with
respect to an isotropic radiator (EIRP), as the product of the transmitted power
P, and the gain of the transmitting antenna G,, as follows:

EIRP = P,G, (5.6)

% 0 is the antenna -3 dBfliom
beamwidth /,-7’ pea

s Peak output
Transmitting G-<— power point
antenna ! of EM field

L
™~ Antenna
mainlobe

Antenna
sidelobes

Figure 5.4 Antenna gain is the result of concentrating the isotropic RF
flux.
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Example 5.1 Effective Isotropic Radiated Power

Show that the same value of EIRP can be produced equally well by using a transmitter
with P,=100 W or with P,=0.1 W, by employing the appropriate antenna in each case.

Solution

Figure 5.5a depicts a 100-W transmitter coupled to an isotropic antenna; the EIRP =
P,G,=100 x 1 =100 W. Figure 5.5b depicts a 0.1-W transmitter coupled to an antenna
with gain G, = 1000; the EIRP = PG, = 0.1 x 1000 = 100 W. If field-strength meters
were positioned, as shown, to measure the effective power, the measurements could

not distinguish between the two cases.

5.3.1.1 Back to the Range Equation

For the more general case in which the transmitter has some antenna gain rel-
ative to an isotropic antenna, we replace P, with EIRP in Equation (5.2) to yield

Ay
P, = EIRP

4md?

(5.7)

The relationship between antenna gain G and antenna effective area A, is [4]

_ 47A,

)\2

(for A, >>\?)

(5.8)

where \ is the wavelength of the carrier. Wavelength \ and frequency fare recipto-
cally related by N — off, where ¢ is the speed of light (=3 % 10® m/s). Similar expres-
sions apply for both the transmitting and receiving antennas. The reciprocity

Figure 55 The same value of

EIRP produced two different ways.

Gt= 1/// PR " .
::! ;‘f SN \\\ \n Field
t § LB strength
T S A meter
P, =100 W S e
—d—
(a)
G, =1000
AN Field
P;=01W Vi1 -| strength
; meter
| d
(b)
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theorem states that for a given antenna and carrier wavelength, the transmitting
and receiving gains are identical [4].

The antenna field of view is a measure of the solid angle into which most of
the field power is concentrated. Field of view is a measure of the directional prop.
erties of the antenna; it is inversely related to antenna gain—high-gain antennag
are commensurate with narrow fields of view. Instead of using the solid-angle flelg
of view, we often deal with the planar angle beamwidth measured in radians or
degrees. Figure 5.4 pictures a directive antenna pattern and illustrates the commop
definition of the antenna beamwidth. The beamwidth is the angle that subtends the
points at which the peak field power is reduced by 3 dB. How does the antenng
beamwidth vary with signal frequency? How does the beamwidth vary wity
antenna size? As can be seen from Equation (5.8), the antenna gain increases
with decreased wavelength (increased frequency); antenna gain also increases with
increased effective arca. Increasing antenna gain is tantamount to focusing the flux
density into a more restricted cone angle; hence, increasing either the signg
frequency or the antenna size results in a narrower beamwidth.

We can calculate the effective area of an isotropic antenna by setting G =1 iy
Equation (5.8) and solving for A, as follows:

(5.9)

Then to find the power received, P,, when the receiving antenna is isotropic, we
substitute Equation (5.9) into Equation (5.7) to get

EIRP _ EIRP

(5.10)

" @wdN)? L,

where the collection of terms (4md/\)?, called the path loss or free-space loss, is des-
ignated by L,. Notice that Equation (5.10) states that the power received by an
isotropic antenna is equal to the effective transmitted power, reduced only by the
path loss. When the receiving antenna is not isotropic, replacing A,, in Equation
(5.7) with G,\*/4m from Equation (5.8) yields the more general expression

_EIRPGN _EIRPG
" (4md) L,

(5.11)

where G, is the receiving antenna gain. Equation (5.11) can be termed the range
equation.

5.3.2 Received Signal Power as a Function of Frequency

Since the transmitting antenna and the receiving antenna can each be expressed s
a gain or an area, P, can be expressed four different ways:

P,GA,,
p ==k

4 : (5.12)
4md*
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_bAA,

A )\zdz (513)
PA,.G,

P = m (5.14)
_ BGGN

B = (5.15)

In these equations, A,, and A, are the effective areas of the receiving and transmit-
ting antennas, respectively.

In Equations (5.12) to (5.15) the dependent variable is received signal power,
P,, and the independent variables involve parameters such as transmitted power,
antenna gain, antenna area, wavelength, and range. Suppose that we ask the ques-
tion: How does received power vary as wavelength is decreased (or as frequency is
increased), all other independent variables remaining constant? From Equations
(5.12) and (5.14) it appears that P, and wavelength are not related at all. From
Equation (5.13), P, appears to be inversely proportional to wavelength squared,
and from Equation (5.15), P, appears to be directly proportional to wavelength
squared. Is there a paradox here? Of course there is not; Equations (5.12) to (5.15)
seem to conflict only because antenna gain and antenna area are wavelength re-
lated, as stated in Equation (5.8). When should one use each of the Equations
(5.12) to (5.15) for determining P, as a function of wavelength? Consider a system
that is already configured; that is, the antennas have already been built or their di-
mensions are fixed (4., and A,, are fixed). Then Equation (5.13) is the appropriate
choice for calculating the P, performance. Equation (5.13) states that for fixed-size
antennas, the received power increases as the wavelength is decreased.

Consider the use of Equation (5.12), where G, and A,, are independent vari-
ables. We want G, and A,, held fixed over the range of P, versus wavelength cal-
culations. What happens to the gain of a fixed-dimension transmitting antenna as
the independent variable \ is decreased? G, increases [see Equation 5.8)]. But we
cannot have G, increasing in Equation (5.12)—we want G, held fixed. In other
words, to ensure that G, remains fixed, we would need to reduce the transmitting
antenna size as wavelength decreases. It should be apparent that Equation (5.12)
is the appropriate equation when starting with a fixed transmitting antenna gain
(or beamwidth) requirement and the parameter A, is not fixed. For similar
reasons, Equation (5.14) is used when A, and G, are fixed, and Equation (5.15) is
used when both the transmitting and receiving antenna gains (or beamwidths) are
fixed.

Figure 5.6 illustrates a satellite application where the downlink antenna beam
is required to provide earth coverage (a beamwidth of approximately 17° from syn-
chronous altitude). Since the satellite antenna gain G, must be fixed, the resulting
P, is independent of wavelength, as shown in Equation (5.12). If the transmission at
some frequency f; (= ¢/A;) provides earth coverage, then a frequency change to f5,
where f, > f, will result in reduced coverage (since for a given antenna, G, will
increase); hence the antenna size must be reduced to maintain the required earth
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Figure 56 Received power gg a
function of frequency.

coverage or beamwidth. Thus earth coverage antennas become smaller as the car.
rier frequency is increased.

5.3.3 Path Loss Is Frequency Dependent

From Equation (5.10) it can be seen that path loss, L, is wavelength (frequency)
dependent. The question is often asked: Why should path loss, which is just a geo-
metric inverse-square loss, be a function of frequency? The answer is that path loss,
as characterized in Equation (5.10), is a definition predicated on the use of an
isotropic receiving antenna (G, =1). Hence path loss is a convenient tool; it repre-
sents a hypothetical received-power loss that would occur if the receiving antenna
were isotropic. Figure 5.3 and Equation (5.1) have established that power density,
p(d), is a function of distance—a purely geometric consideration; p(d) is not a
function of frequency. However, since path loss is predicated on G, = 1, when we
attempt to collect some P, with an isotropic antenna, the result is characterized by
Equation (5.10). Again let us emphasize that L, can be viewed as a convenient
collection of terms that have been assigned the unfortunate name path loss. The
name conjures up an image of a purely geometric effect and fails to emphasize the
requirement that G, = 1. A better choice of a name would have been unity-gain
propagation loss. In a radio communication system, path loss accounts for the
largest loss in signal power. In satellite systems, the path loss for a C-band (6-GHz)
link to a synchronous altitude satellite is typically 200 dB.

Example 5.2 Antenna Design for Measuring Path Loss

Design a hypothetical experiment to measure path loss L, at frequencies f; = 30 MHZ
and f, = 60 MHz, when the distance between the transmitter and receiver is 100 kit
Find the effective area of the receiving antenna, and calculate the path loss in decibels
for each case.
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Case 1

Solution

Figure 5.7 illustrates the two links for measuring L, at frequencies f; and f,, respec-

tively. The power density, p(d), at each receiver is identical and equal to

This reduction in power density is due only to the inverse-square law. The actual
power received at each receiver is found by multiplying the power density p(d) at the
receiver by the effective area, A,,, of the collecting antenna, as shown in Equation
(5.7). Since path loss is predicated on G, = 1, we compute the effective area A, at

p(d)

_ EIRP
d7d*?

frequency fi, and A, at frequency f,, using Equation (5.9):

_ N (e/f)

T 4y 4

(3 X 10%/30 x 10°)?

erl .

~ 8 m®

(3 X 10°%/60 X 10°)? ~ 2 m?

er2 4

The path loss for each case in decibels is

2
L, =10 X logyy (4:—61) = 10 X logyy (
1

= 102 dB

- d

47 % 10°

Transmitter

Frequency: f1 EIRP

Case 2

Transmitter

Frequency: fo EIRP

(fa>f4)

Flux density reduced

by 4rnd? due to
inverse-square law

b, =P(d) Ay =

EIRPA,. _ EIRP

|

and?  (4nd/\)?

¥

2
3 X 10%/30 X 10‘3>

Receiver
G, =

i Receiver

Gr=1

Figure 5.7 Path loss versus frequency. Hypothetical experiment to measure path
loss at two different frequencies.
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dmd \?
Ly, = 10 X logy, <xi>

4 %X 10° )5
2

3 X 10%/60 x 10°

5.3.4 Thermal Noise Power

Thermal noise is caused by the thermal motion of electrons in all conductors, J¢ is
generated in the lossy coupling between an antenna and receiver and in the first
stages of the receiver. The noise power spectral density is constant at all frequey.
cies up to about 10" Hz, giving rise to the name white noise. The thermal Noise
process in communication receivers is modeled as an additive white Gaussian noise
(AWGN) process, as described in Section 1.5.5. The physical model [S, 6] for
thermal or Johnson noise is a noise generator with an open-circuit mean-square
voltage of 4x T°W9R, where

k = Boltzmann's constant = 1.38 X 10 J/K or W/K-Hz
~228.6 dBW/K-Hz,
1° = temperature, kelvin,

W = bandwidth, hertz,

R = resistance, ohms.

The maximum thermal noise power N that could be coupled from the noise
generator into the front end of an amplifier is

N = kT°W watts (5.16)

Thus, the maximum single-sided noise power spectral density N, (noise power in a
1-Hz bandwidth), available at the amplifier input is

watts/hertz (5.17)

It might seem that the noise power should depend on the magnitude of the
resistance —but it does not. Consider an intuitive argument to verify this. Electri-
cally connect a large resistance to a small one, such that they form a closed path
and such that their physical temperatures are the same. If noise power were a func-
tion of resistance, there would be a net power flow from the large resistance to the
small one; the large resistance would become cooler and the small one would
become warmer. This violates our experience, not to mention the second law of
thermodynamics. Therefore, the power delivered from the large resistance to the
small one must be equal to the power it receives, .

The available power from a thermal noise source is dependent on the ambl-
ent temperature of the source (the noise temperature), as is seen in Equation (5116)'
This leads to the useful concept of an effective noise temperature for noise sources
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that are not necessarily thermal in origin (e.g., galactic, atmospheric, interfering
signals) that can be introduced into the receiving antenna. The effective noise
temperature of such a noise source is defined as the temperature of a hypothetical
thermal noise source that would give rise to an equivalent amount of interfering
power. The subject of noise temperature is treated in greater detail in Section 5.5.

Example 5.3 Maximum Available Noise Power

Using a noise generator with mean-square voltage equal to 4kT°WQR, demonstrate
that the maximum amount of noise power that can be coupled from this source into an
amplifier is N; = kT°W.

Solution

A theorem from network theory states that maximum power is delivered to a load
when the value of the load impedance is made equal to the complex conjugate of the
generator impedance [7]. In this case the generator impedance is a pure resistance, R;
therefore, the condition for maximum power transfer is fulfilled when the input resis-
tance of the amplifier equals R. Figure 5.8 illustrates such a network. The input ther-
mal noise source is represented by an electrically equivalent model consisting of a
noiseless source resistor in series with an ideal voltage generator whose rms noise volt-
age is V 4k T°W%. The input resistance of the amplifier is made equal to . The noise
voltage delivered to the amplifier input is just one-half the generator voltage, follow-
ing basic circuit principles. The noise power delivered to the amplifier input can ac-
cordingly be expressed as

N (VAT WR/2)* _ 4xT°WH

d R 4%
=kT"W
A
[
R = RS
(ideal) = N
| \"\.\
EF IS
€ | (ideal) -~
P
én = VAXTWR ! 7
. .~
Figure 5.8 Electrical model of max- L
imum available thermal noise power

at amplifier input.

5.4 LINK BUDGET ANALYSIS

In link budget calculations, the quantity of greatest interest is the receiving-system
signal-to-noise-ratio (SNR), often modeled at the output of the receiving antenna.
This SNR is sometimes called carrier-to-noise ratio (C/N), where N = kT,°W, k is
Boltzmann’s constant, T,° is system temperature in Kelvin (see Section 5.5.5), and
W is bandwidth. C/N is often used in many satellite link-budget calculations. The
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custom probably arose because satellite signals are usually suppressed-carrier gj,_
nals, wherein the carrier can be viewed as being totally modulated (transformeg
into inforamtion-carrying sidelobes). The information-bearing SNR at the pregg_
tection point, usually denoted P,/N or §/N, is the parameter of interest for obtajy,_
ing E,/N,. For suppressed-carrier signaling, P,/N and (/N have the same va]y,,
thus the following expressions are sometimes used interchangeably. ’

Is P,/N always the same as C/N? No, the signal power and the carrier power are
only the same when the carrier is totally modulated (e.g., wideband angle mody],.
tion). For example, consider a frequency-modulated (FM) carrier wave, as

s(t) = Acos (wgt + K [ m(t) dt)

where m(t) is a modulating signal, and X is a system constant. The average power
in m(t) is m?(t ). Increasing this modulating power only serves to increase the fre.
quency deviation of s(f), which means that the carrier is spread over a wider spec-
trum, but its average power s2(¢ ) remains equal to A%2, regardless of the power in
the modulating signal. With such wideband angle-modulated signals, the carrier is
“carrying” the information over an increased bandwidth, explaining why the infor-
mation-bearing signal power is sometimes referred to as the carrier power.

For linear modulation, such as amplitude modulation (AM), the power in the
carrier is quite different than the power in the modulating signal. For example,
consider an AM carrier wave in terms of the modulating signal m(#):

s(t) = [1 + m(t)] Acos wyt

sA )y =[1+m@))? A?

2 —_— —_—

= A? [1+ m’(t) +2m(t)]

If we assume that m(f) has a zero mean, then the average carrier power can be
written as

AZ
= Jukuil
50 =5

A? —;
+ = m¥t
0

In this expression, there is an unmodulated carrier component; hence, the carrief
power is not the same as the signal power. In summary, the parameters C/N and
P,/N are the same for suppressed-carrier signals (e.g., PSK or FSK), but this is not
the case for a signal having an unmodulated carrier component represented by &3
spectral line at the carrier frequency (e.g., amplitude modulation).

We obtain P,/N by dividing Equation (5.11) by noise power N, as follows:

P, _EIRP G/N (5.1
N L.
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Equation (5.18) applies to any one-way RF link. With analog receivers, the
noise bandwidth (generally referred to as the effective or equivalent noise band-
width) seen by the demodulator is usually greater than the signal bandwidth, and
P,/N is the main parameter for measuring signal detectability and performance
quality. With digital receivers, however, correlators or matched filters are usually
implemented, and signal bandwidth is taken to be equal to noise bandwidth.
Rather than consider input noise power, a common formulation for digital links is
to replace noise power with noise power spectral density. We can use Equation
(5.17) with T° taken to be system effective temperature (developed later) to
rewrite Equation (5.18) as

P, EIRPG/T

N, kL, (519)
where the system effective temperature 7° is a function of the noise radiated into
the antenna and the thermal noise generated within the receiver. Note that the re-
ceiving antenna gain G, and system temperature 7° are grouped together. The
grouping G,/T° is sometimes called the receiver figure-of-merit. The reason for
treating these terms in this way is explained in Section 5.6.2.

It is important to emphasize that the system effective temperature 7° is a parame-
ter that models all the noise in the receiving system; the subject is treated in greater detail
in Section 5.5. In Equation (5.19) we have introduced a term L, to represent all other
losses and degradation factors not specifically addressed by the other terms ol Equation
(5.18). The factor T, allows for the large assortment of different losses and noise sources
cataloged earlier. Equation (5.19) summarizes the key parameters of any link analysis:
the received signal power-to-noise power spectral density (P,/N,), the effective transmit-
ted power (EIRP), the receiver figure-of-merit (G,/T°), and the losses (L;, L,). We are
developing a methodical way to keep track of the gains and losses in a communications
Jlink. By starting with some source of power we can compute, using Equation (5.19), the
net SNR arriving at the “face” of the detector (predetection point). We are working to-
ward a “bookkeeping” system, much like the type used in a business that earmarks assets
and liabilities and tallies up the bottom-line of profit (or loss). Equation (5.19) takes on
such an entrepreneurial appearance. All of the numerator parameters (effective radiated
power, receiver figure-of-merit) are like the assets of a business, and all the denominator
parameters (thermal noise, space loss, other losses) are like the liabilities of a business.

Assuming that all the received power P, is in the modulating (information-
bearing) signal, we now relate E,/N, and SNR from Equation (3.30) and write

E, P /W

—=—| = 5.

N, N ( R> (5.20a)

E, P /1

—=—1| = 5.20b

N M <R> (5.200)
and

Pr Eh

—=—R 5.20¢c

N N L2
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where R is the bit rate. If some of the received power is carrier power (a signal.
power loss), we can still employ Equation (5.20), except that the carrier POWer cop.
tributes to the loss factor, L, in Equation (5.19). This fundamental 1'cla{ionsmp
between E,/N; and P,/N, in Equation (5.20) will be required frequently in desigp.
ing and evaluating systems. (See Chapter 9.)

5.4.1 Two E,/N, Values of Interest

We have referred to F,/N, as that value of bit energy per noise POWEr spectra]
density required to yield a specified error probability. To facilitate calculating 4
margin or safety factor M, we need to differentiate between the required E,/N,
and the actual or received E,/N,. From this point on we will refer to the former as
(Ep/No)eeqa and to the latter as (E,/N), Figure 5.9 depicts an example with
two operating points. The first is associated with P, = 107, let us call this operating
point the system required error performance. Let us assume that an (E{,/N',)qu
value of 10 dB will yield this required performance. Do you suppose we would
build this system so that the demodulator received this 10-dB value exactly? Of
course not; we would specify and design the system to have a safety margin, so that
the (E,/Ny), actually received would be somewhat larger than the (E5/No)reqa- Thus
we might design the system to operate at the second operating point on Figure 59
here (E,/N;), = 12 dB and Py = 107, For this example we can describe the safety
margin or link margin, as providing a two-order-of-magnitude improved Pj, or as i
more usual, we can describe the link margin in terms of providing 2 dB more E,/N,

Operating
point 1

i

]

1

i Operating
e . B

Link
margin

fr—

| |
| |
! I
! |
4 1
] i
| |

Ep/Ny (dB
10 12 b/No (dB)

(Eb/NO)reqdi

|
(Ey/No), Figure 5.9 Two E, /N, values of interest:
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than is required. We can rewrite Equation (5.20c), introducing the link margin

parameter M as
i— (E> R= M(ﬂ> R (5.21)
NO NO r NO reqd '

The difference in decibels between (E,/Ny), and (E,/No),eqq yields the link margin:

M(dB) = <E> (dB) — (ﬂ> (dB) (5.22)
NO r 0/ reqd

The parameter (E,/Np).qa reflects the differences from one system design to
another; these might be due to differences in modulation or coding schemes. A
larger than expected (E,/Ny)qe may be due to a suboptimal RF system, which
manifests large timing errors or which allows more noise into the detection process
than does an ideal matched filter.

Combining Equations (5.19) and (5.21) and solving for the link margin M
yields

_ EIRP G/T°
( L.‘r/ M}) reqd Rk L,r 'Ln

(5.23)

Equation (5.23), the link margin equation, contains all of the parameters con-
tributing to the link’s error performance. Some of these parameters are defined with
reference Lo particular locations. For example, I7,/N, is defined at the input to the re-
ceiver. More precisely, it is defined at the input to the detector (predetection point),
where a demodulated waveform having a voltage amplitude proportional to received
energy is the basis of a symbol decision. Similarly, any parameter describing received
energy or power, whether useful or degrading, is also defined with reference to this
predetection point. The receiver’s figure-of-merit G,/T° is defined at the input to the
receiving antenna, where G, is the gain of the receiving antenna, and 7” is the effec-
tive system temperature. (See Section 5.5.5.) The effective radiated power EIRP is
defined as the power associated with the electromagnetic wave at the output of the
transmitting antenna. Each of these parameters, E,/N,, G,/T°, and EIRP is defined
with reference to a particular system location, and nowhere else.

5.4.2 Link Budgets Are Typically Calculated in Decibels

Since link budget analysis is typically calculated in decibels, we can express Equa-
tion (5.23) as

M(dB) = EIRP (dBW) + G, (dBi) — (%) (dB) — R(dB-bit/s)
0/ reqd

— kT° (dBW/Hz) — L, (dB) — L,(dB)  (5.24)

Transmitted signal power EIRP is expressed in decibel-watts (dBW); noise
power spectral density N, is in decibel-watts per hertz ({BW/Hz); antenna gain G, is
in decibels referenced to isotropic gain (dBi); data rate R is in decibels referenced to
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1 bit/s (dB-bit/s); and all other terms are in decibels (dB). The numerical values of the
Equation (5.24) parameters constitute the link budget, a useful tool for allocatjy,
communications resources. In an effort to maintain a positive margin, we might trade
off any parameter with any other parameter; we might choose to reduce lransmitte,.
power by giving up excess margin, or we might elect to increase the data rate by re.
ducing (£5/No)eqa (through the selection of improved modulation and coding), Ay
one of the Equation (5.24) decibels, regardless of the parameter from which it Stemy’
is just as good as any other decibel—a dB is a dB is a dB. The transmission Systen
“does not know and does not care” where the decibels come from. As long as (e
needed amount of E,/N, arrives at the receiver, the desired system error perfor.
mance can be met. Well, let us add two other conditions for achieving a required errog
performance—synchronization must be maintained, and ISI distortion must be mip-
imized or equalized. One might ask, Since the system has no preference as to wher,
the decibels of E,/N, come from, how shall we prioritorize the search for an adequate
number of decibels? The answer is, we should look for the most cost-effective degj.
bels. This goal will steer us toward reading the next several chapters on eITOr-corree.
tion coding, since this discipline has historically provided a continual reduction in the
cost of electronics to achieve error-performance improvements.

5.4.3 How Much Link Margin Is Enough?

The question of how much link wiargin should be designed into a system is asked
frequently. The answer is that if all sources of gain, loss, and noise have been rigor-
ously detailed (worst case), and if the link parameters with large variances (e.g,
fades due to weather) match the statistical requirements for link availability, very
little additional margin is needed. The margin needed depends on how much confi-
dence one has in each of the link budget entries. For systems employing new tech-
nology or new operating frequencies, one needs more margin than for systems that
have been repeatedly built and tested. Sometimes the link budget provides an al-
lowance for fades due to weather directly, as a line item. Other times, however, the
required value of margin reflects the link requirements for a given rain degra-
dation. For satellite communications at C-band (uplink at 6 GHz, downlink at
4 GHz), where the parameters are well known and fairly well behaved, it should be
possible to design a system with only 1 dB of link margin. Receive-only television
stations operating with 16-ft-diameter dishes at C-band are frequently designed
with only a fraction of a decibel of margin. However, telephone communications
via satellite using standards of 99.9% availability require considerably more mar-
gin; some of the INTELSAT systems have 4 to 5 dB of margin. When nominal
rather than worst-case computations are performed, allowances are usually made
for unit-to-unit equipment variations over the operating temperature range, lin
voltage variations, and mission duration. Also, for space communications, theré
may be an allowance for errors in tracking a satellite’s location.

Designs using higher frequencies (e.g., 14/12 GHz) generally call for larger
(weather) margins because atmospheric losses increase with frequency and ar®
highly variable. It should be noted that a by-product of the attenuation due to atmos:
pheric loss is greater antenna noise, With low-noise amplifiers, small weathef
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changes can result in increases of 40 to 50 K in antenna temperature. Table 5.1 repre-
sents a link analysis proposed to the Federal Communications Commission (FCC) by
Satellite Television Corporation for the Direct Broadcast Satellite (DBS) service.
Notice that the downlink budget is tabulated for two alternative weather conditions:
clear, and 5-dB loss due to rain. The signal loss due to atmospheric attenuation is only
a small fraction of a decibel for clear weather and is the full 5 dB during rain. The next
item in the downlink tabulation, home receiver G/T°, illustrates the additional degra-
dation caused by the rain; additional thermal noise irradiates the receiving antenna,
making the effective system noise temperature, 77, increase, and the home receiver
G/T° decrease (from 9.4 dB/K to 8.1 dB/K). Therefore, when extra margin is allowed
for weather loss, additional margin should simultancously be added to compensate
for the increase in system noise temperature.

With regard to satellite links, in industry one often hears such expressions as
«the link can be closed,” meaning that the margin, in decibels, has a positive value
and the required error performance will be satisfied, or “the link cannot be closed,”
meaning that the margin has a negative value and the required error performance
will not be satisfied. Even though the words “the link closes” or “the link does not
close” give the impression of an “on-off” condition, it is worth emphasizing that
lack of link closure, or a negative margin, means that the error performance falls
short of the system requirement; it does not necessarily mean that communications
cease. For example, consider a system whose (Ep/No)reqa = 10 dB, as shown in Fig-
ure 5.9, but whose (E,/Np); = 8 dB. Assume that 8 dB corresponds to Pp ~ 107,

TABLE 5.1 Proposed Direct Broadcast Satellite (DBS) from Satellite Television Corp.

Uplink
Earth station EIRP 86.6 dBW
Free-space loss (17.6 GHz, 48° elevation) 2089 dB
Assumed rain attenuation 12.0dB
Satellite G/T° 7.7dB/K
Uplink C/xT° 102.0 dB-Hz
Atmospheric Condition
5-dB Rain

Downlink Clear Attenuation
Satellite EIRP 57.0 dBW 57.0 dBW
Free-space loss (12.5 GHz, 30° elevation) 206.1 dB 206.1 dB
Atmospheric attenuation 0.14dB 5.0dB
Home receiver G/T° (0.75 m dish) 9.4 dB/K 8.1dB/K
Receiver pointing loss (0.5° error) 0.6 dB 0.6dB
Polarization mismatch loss (average) 0.04 dB 0.04 dB
Downlink C/«T® 88.1 dB-Hz 82.0 dB-Hz
Overall C/ikT® 87.9 dB-Hz 82.0 dB-Hz
Overall C/N (in 16 MHz) 15.9dB 10.0dB
Reference threshold C/N 10.0dB 10.0dB
Margin over threshold 59dB 0.0dB
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Percent earth visible

Thus there is a margin of -2 dB, and a bit error probability of 10 times the Specifieq
error probability. The link may still be useful, though degraded.

5.4.4 Link Availability

Link availability is usually a measure of long-term link utility stated on an average
annual basis; for a given geographical location, the link availability measures j,
percentage of time the link can be closed. For example, for a particular |jp
between Washington, D.C., and a satellite repeater, the long-term weather pattery
may be such that a 10-dB weather margin is adequate for link closure 98% of the
time; for 2% of the time, heavy rains result in greater than 10 dB SNR degradatio
so that the link does not close. Since the effect of rain on SNR degradation is 4
function of signal frequency, link availability and required margin must be exan.
ined in the context of a particular transmission frequency.

Figure 5.10 summarizes worldwide satellite link availability at a frequency of
44 GHz. The plot illustrates percentage of the earth visible (the link closes, ang a
prescribed probability of error is met) as a function of margin for the case of three
equispaced geostationary satellites. A geostationary satellite is located in a circular
orbit in the same plane as the earth’s equatorial plane and at the synchronoys
altitnde of 35,800 km. The satellite’s orbital period is identical with that of the
carth’s rotational period, and therefore the satellite appears stationary when
viewed from the earth. Figure 5.10 shows a family of visibility curves with different
required link availabilities, ranging from benign (95% availability) to fairly
stringent (99% availability). In general, for a fixed link margin, visibility is
inversely proportional to required availability, and for a fixed availability, visibility
increases monotonically with margin [8]. Figures 5.11 to 5.13 illustrate, by

_Availability
~0.95
0197
~~._0.98

~0.99

Figure 5.10 Earth coverage ver
sus link margin for various values
of link availability. (Reprinted from
Three equispaced geosynchronous L. M. Schwab, “World-Wide Link

satellites, f= 44 GHz Availability for Geostationary and
Critically Inclined Orbits Including
Rain Effects,” Lincoln Laboratory,

[N S NN S N SO (N P
Rep. DCA-9, Jan. 27, 1981, Fig.
10 71 12 13 14 15 16 17 18 14, p. 38, courtesy of Lincoln Labo-

Margin (dB) ratory.)
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unshaded and shaded areas, the parts of the earth from which the 44-GHz link Ca

and cannot be closed 99% of the time for three different values of link margin, Fig.
ure 5.11 illustrates the link coverage of such locations for a margin value of 14 dB
Notice that this figure can be used to pinpoint the regions of heaviest rainfall, Such‘
as Brazil and Indonesia. The figure represents the result of a link calculation Per.
formed in concert with a weather model of the earth.

In Figure 5.11 there are shaded strips on the east and west boundaries of each
satellite’s field of view. Why do you suppose the link availability is not met in thesg
regions? At the edge of the earth the propagation path between the satellite ang
ground is longer than the path directly beneath the satellite. Degradation occurs in
three ways: (1) the longer path results in reduced power density at the receiviy
antenna; (2) the edge of coverage sites will experience reduced satellite antenp,
gain, unless the satellite antenna pattern is designed to be uniform over its entipe
field of view (typically the pattern is -3 dB at the beam edge compared to the pegx
gain at the beam center); and (3) propagation to the edge of the earth traverses ,
thicker atmospheric layer because of the oblique path and the earth’s curvatyre
The third item is of prime importance at those signal frequencies that are mogt
attenuated by the atmosphere. Why do you suppose you do not see the same
shaded areas near the north and south poles in Figure 5.11? Snowfall does not have
the same deleterious effect on signal propagation as does rainfall; the phenomenon
is known as the freeze effect.

Figure 5.12 illustrates the parts of the earth that can and cannot close the
44-GHz link 99% of the time with 10-dB link margin. Notice that the shaded areas
have grown considerably compared to the 14-dB margin case; now, the east coast
of the United States, the Mediterranean, and most of Japan cannot close the link
99% of the time. Figure 5.13 illustrates similar link performance for a margin of
6 dB. Whereas Figure 5.11 could be used to locate the regions of greatest rainfall,
Figure 5.13 can be used to locate the driest weather regions on the earth; such areas
are seen to be the southwestern part of the United States, most of Australia, the
coast of Peru and Chile, and the Sahara desert in Africa.

5.5 NOISE FIGURE, NOISE TEMPERATURE,
AND SYSTEM TEMPERATURE

5.5.1 Noise Figure

Noise figure, F, relates the SNR at the input of a network to the SNR at the output
of the network. Thus noise figure measures the SNR degradation caused by the
network. Figure 5.14 illustrates such an example. Figure 5.14a depicts the SNR &t
an amplifier input (SNR);,, as a function of frequency. At its peak, the signal is 40
dB above the noise floor. Figure 5.14b depicts the SNR at the amplifier output
(SNR),,,. The amplifier gain has increased the signal by 20 dB; however, the ampli- 3
fier has added its own additional noise. The output signal, at its peak, is only 30 dB’
above the noise floor. Since the SNR degradation from input to output is 10 dB,
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Figure 5.14 Amplifier signal and noise levels as a function of frequency.
(a) Amplifier input. (b) Amplifier output.

this is tantamount to describing the amplifier as having a 10-dB noise figure. Noise
figure is a parameter that cxpresses the noisiness of a two-port network or device,
such as an amplifier, compared with a reference noise source at the input port. It
can be written as

(SNR )in S!/'N:

~ (SNR)ow _ GS//G(N + Ny) (5:25)
where
S; = signal power at the amplifier input port,
N; = noise power at the amplifier input port,
N,; = amplifier noise referred to the input port,
and

G = amplifier gain.

Figure 5.15 is an example illustrating Equation (5 .25). Figure 5.15a represents
a realizable amplifier example with a gain G = 100, and internal noise power N, =
10 wW. The source noise, external to the amplifier, is N;=1 uW. In Figure 5.15b we
assume that the amplifier is ideal, and we ascribe the noisiness of the real amplifier,
from part (a) of the figure, to an external source N,; in series with the original
source N,. The value of N,; is obtained by reducing N, by the amplifier gain. As
shown in Figure 5.15b, Equation (5.25) references all noise to the amplifier input,
whether the noise is actually present at the input or is internal to the device. As can
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Ni=1pw (v) N, =10 pW

Nai = 0.1 pW o

G =100 Nout = GN; + N,

=110 uW

(a)

1uwW =
k() taiselogs > Nou = GV, + Nop)
Noiseless ~ 110 uW
amplifier - H
Figure 5.15 Example of noise treat.
(b) ment in amplifiers.

be seen in Figure 5.15, the noise power output from the real amplifier is identical to
that of its electrically equivalent model.
Equation (5.25) reduces to
M T ai Nm’

F= L ,
¥ N (5.26)

b t

Notice from Equation (5.26) that the noise figure expresses the noisiness of a net-
work relative to an input source noise; noise figure is not an absolute measure of
noise. An ideal amplifier or network, one that contributes no noise (N,;=0), hasa
noise figure equal to unity (0 dB).

For the concept of noise figure to have utility, we need to be able to make
equitable comparisons among devices on the basis of Equation (5.26). We must,
therefore, choose a value of N; as a reference. The noise figure of any device will
then represent a measure of how much noisier the device is than the reference. In
1944, Friis [9] suggested that noise figure be defined for a noise source at a
reference temperature of T§ =290 K. That suggestion was subsequently adopted
by the IEEE as part of its standard definition for noise figure [10]. From Equation
(5.17) we see that the maximum available noise power spectral density from any
source resistance is established by specifying its temperature. The value of 290 K
was selected as the reference because it is a reasonable approximation of the
source temperature for many links. Also, with 7§ chosen to be 290 K, the value of
noise spectral density Ny at T'§ results in an aesthetically pleasing number:

Ny = kT =138 X 107 X 290 = 4.00 X 1072 W/Hz
Or, expressed in decibels,

Ny = —204 dBW/Hz
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Now that noise figure F has been defined with reference to a 290 K noise
source, it is important to emphasize that the noise figure relationships in Equations
(5.25) and (5.26) are only accurate when N, is a 290 K noise source. For those cases
where N, is other than a 290 K noise source, we must rename Fin Equations (5.25)
and (5.26) to be termed operational noise figure F,,. The relationship between F,
and Fis shown later in Equation (5.48).

5.5.2 Noise Temperature

Rearranging Equation (5.26), we can write
Ny = (F= DN, (527)

From Equation (5.16) we can replace N, with kT§W and N,; with «TzW, where
T is the reference temperature of the source and T% is called the effective noise
temperature of the receiver (or network). We can then write

kTeW = (F — 1)kTqW
or
Tg=(F- 1T
Or, since T has been chosen to be 290 K,
T%=(F—1)290K (5.28)

Equation (5.26) uses the concept of noise figure to characterize the noisiness of an
amplifier. Equation (5.28) represents an alternative but equivalent characterization
known as effective noise temperature. Note that the noise figure is a measurement
relative to a reference. However, noise temperature has no such constraint.

We can think of available noise power spectral density and effective noise
temperature, in the context of Equation (5.17), as equivalent ways of characterizing
noise sources. Equation (5.28) tells us that the noisiness of an amplifier can be
modeled as if it were caused by an additional noise source, as seen in Figure 5.15b,
operating at some effective temperature called T%. For a purely resistive termina-
tion, T is never less than ambient temperature unless it is cooled. It is important
to note that for reactive terminations, such as uncooled parametric amplifiers or
other low-noise devices, Tk can be much less than 290 K, even though the ambient
temperature is higher [11]. For the output of an amplifier as a function of its effec-
tive temperature, we can use Equations (5.16), (5.25), and (5.28) to write

N, = GN;+ GN,, (5.29a)
— GTSW + GkTRW = Gk(Tg + TR) W (5.29b)
— GkTSW + (F— 1)GxTg W (5.29¢)

where Ty is the temperature of the source, and 77 is 290 K.
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5.5.3 Line Loss

The difference between amplifier networks and lossy line networks can be \’ie\\?ed
in the context of the degradation mechanisms loss and noise, described carliey,
Noisy networks in Sections 5.5.1 and 5.5.2 were discussed with amplifiers in Ming
We saw that SNR degradation resulted from injecting additional (amplifier) ngisé
into the link, as shown in Figure 5.15. However, in the case of a lossy line, we shal|
show that the SNR degradation results from the signal being attenuated while the
noise remains fixed (for the case where the line temperature is equal to or less thay
the source temperature). The degradation effect will nonetheless be measured as
an increase in noise figure or effective noise temperature.

Consider the lossy line or network shown in Figure 5.16. Assume the line is
matched with its characteristic impedance at the source and at the load. We shal]
define power loss as

input power

output power

Then, the network gain G equals 1/L (less than unity for a lossy line). Let all con.
ponents be at temperature 7. The total output noise power flowing from the net.
work into the load is

Now = T2 W

since the network output appears as a pure resistance at the temperature T¢. The
total power flowing from the load back into the network must also equal N, to en-
sure thermal equilibrium. Recall that available noise power k7°W is dependent
only on temperature, bandwidth, and impedance matching; it is not dependent on
the resistance value. N, can be considered to be made up of two components, N,
and GNy,;, such that

Now = kT3 W = N, + GN,, (5.30)
Ny = GKTSW (5.31)

Lossy network
Source Output

Temperature T Lo GN;,; = (1 - GETEW

GainG=1/L L7
L = power loss * N"“_t_ngW
factor —= Ngo = GRTgW

Figure 5.16 Lossy line: impedance matched and temperature matched
at both ends.
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is the component of output noise power due to the source and GN,; is the compo-
nent of output noise power due to the lossy network, where N,; is the network
noise relative to its input. Combining Equations (5.30) and (5.31), we can write

KTgOW = GKTgOW it GNL,' (532)
then, solving for N; yields

1-G
NLi = T KT;W - KTZW (533)

Therefore, the effective noise temperature of the line is

1-G
=51 (5.34)

and since G =1/L,
T; =(L-1)T¢ (5.35)
Choosing Tg =290 K as the reference temperature, we can write
T = (L—1)290K (5.36)

Using Equations (5.28) and (5.36), the noise figure for a lossy line can be ex-
pressed as

o

F—1+TL—L 5.37
B 290 SR

When the network is a lossy line, such that F= L and G = 1/L, then N, in Equa-
tion (5.29¢) takes the following form:

N, —KT;W-I— 1 1 a4 5.38
out — L _L Kigp ( )

Note that some authors use the parameter L to mean the reciprocal of the loss
factor defined here. In such cases, noise figure F=1/L.

Example 5.4 Lossy Line

A line at temperature T§ = 290 K is fed from a source whose noise temperature is
Tg =1450 K. The input signal power S, is 100 picowatts (pW) and the signal bandwidth
W is 1 GHz. The line has a loss factor L = 2. Calculate the (SNR),,, the effective line
temperature T, the output signal power S, and the (SNR),.

Solution
N; = kTeW
=138 X 10® W/K-Hz X 1450 K x 10° Hz
=2 X 1071'W = 20 pW
(SNR),;, = Hoapw _ 5(7dB)
pW
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= (L~-1)290 K = 290 K

s S lopw
ou[_L* 2 - p

Using Equation (5.39), we obtain

KTy W 1
Now = — +<1—Z>KTBW

2 x 1071 1
:TW+ 5(4 X 10_12)W= 12 pW

SNR _50|':W_417 6.2 dB
( )ou[ - 12])W B ( . )

5.5.4 Composite Noise Figure and Composite
Noise Temperature

When two networks are connected in series, as shown in Figure 5.17a, theit
composite noise figure can be written as
_ Fz . 1
Fcomp Fl + 7G1
where G is the gain associated with network 1. When » networks are connected in
series the relationship between stages expressed in Equation (5.39) continues, so
that the composite noise figure for a sequence of n stages is written as

F2_1 F3_1 ‘F;i—i
+ + s
G1 Gle GIGQ'“Gn—l

Feomp = F1 + (5.40)
Can you guess from Equation (5.40) what the design goals for the front end of the
receiver (especially the first stage or the first couple of stages) should be? At the
front end of the receiver, the signal is most susceptible to added noise; therefore,
the first stage should have as low a noise figure F, as possible. Also, because the
noise figure of each subsequent stage is reduced by the gains of the prior stages, it
behooves us to strive for as high a gain G, as possible. Simultaneously achieving
the lowest F; and the highest G, represents conflicting goals; therefore, compro-
mises are always necessary.

Equations (5.40) and (5.28) can be combined to express the composite effec-
tive noise temperature of a sequence of n stages:

Network 1 Network 2 Feed line Amplifier

—

Fy

Iy F

Figure 5.17 Networks connected I
series.
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T —T’+E+ 2 + +#—
come LT G GG, GGy Gy

(5.41)

Figure 5.17b illustrates a feed line in series with an amplifier; this is a typical
arrangement following a receiving antenna. Using Equation (5.39) to find Fom, for
such a lossy line and amplifier arrangement, we can write

Foo=L+ LF—-1)=1LF (5.42)

comp

since the noise figure of the lossy line is L and the gain of the line is 1/L. By
analogy with Equation (5.36), we can write the composite temperature as

Toomp = (LF — 1)290 K (5.43)
We can also write the composite temperature of line and amplifier as follows:

Toomp = (LF— 1+ L— L)290K
=[(L-1) + L(F— 1)]290K (5.44)
= T + LTS

5.5.4.1 Comparison of Noise Figure and Noise Temperature

Since noise figure F and effective noise temperature T° characterize the noise
performance of devices, some cngincers fecl compelled to select one of these
measures as the more useful. However, they each have their place. For terrestrial
applications, F is almost universally used; the concept of SNR degradation for a
290 K source temperature makes sense, because terrestrial source temperatures are
typically close to 290 K. Terrestrial noise figure values typically fall in the
convenient range 1 to 10 dB.

For space applications, 7° is the more common figure of merit. The range of
values for commercial systems is typically between 30 and 150 K, giving adequate
resolution for comparing performance between systems. A disadvantage of using
noise figures for such low-noise networks is that the values obtained are all close to
unity (0.5 to 1.5 dB), which makes it difficult to compare devices. For low-noise
applications, F (in decibels) would need to be expressed to two decimal places to
provide the same resolution or precision as does T°. For space applications, a
reference temperature of 290 K is not as appropriate as it is for terrestrial applica-
tions. When using effective temperature, no reference temperature (other than
absolute zero K) is needed for judging degradation. The effective input noise
temperature is simply compared to the effective source noise temperature. In
general, applications involving very low noise devices seem to favor the effective
temperature measure over the noise figure.

5.5.5 System Effective Temperature
Figure 5.18 represents a simplified schematic of a receiving system, identifying
those areas—the antenna, the line, and the preamplifier—that play a primary role

in SNR degradation. We have already discussed the degradation role of the pream-
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Antenna

Preampilifier
Ty

connectors

Figure 518 Major noise contrihy.
tors of a receiving system.

plifier—additional noise is injected into the link. And we have discussed line Jogs_
the signal is attenuated, while the noise is held fixed (for the case where the line
temperature is less than or equal to the source temperature). The remaining source
of degradation stems from both natural and man-made sources of noise and inter.
ference that enter the receiving antenna, Natural sources include lightning, celestia]
radio sources, atmospheric sources, and thermal radiation from the ground and
other physical structures. Mun-made noise includes radiation from automobile igni-
tion systems and any other electrical machinery, and radio transmissions from
other users that fall within the receiver bandwidth. The total noise contributed by
these external sources can be characterized by kT, W, where T, is known as the
antenna temperature. An antenna is like a lens. Its nojse contributions are dictated
by what the antenna is “looking at.” If an antenna is pointed at a cool portion of
the sky, very little thermal noise is introduced. The antenna temperature is a mea-
sure of the effective temperature integrated over the entire antenna pattern.

We now find system temperature T'§ by adding together all the system noise
contributors (in terms of effective temperature). The summation is expressed as

T§ = T3 + Ty (5.49)

where T3 is the antenna temperature and T Somp is the composite temperature of
the line and the preamplifier. Equation (5.45) illustrates the two primary sources of
noise and interference degradation at a receiver. One source, characterized by 77,
represents degradation from the “outside world” arriving via the antenna. The sec-
ond source, characterized by Toomp, is thermal noise caused by the motion of elec-
trons in all conductors. Since the system temperature 77¢is a new composite, made
up of 73 and the composite effective temperature of the line and preamp, one
might ask: Why doesn’t Equation (5.45) appear to have the same sequential gain
reduction factors as those in Equation (5.41)? We have assumed that the antenna
has no dissipative parts; its gain, unlike an amplifier or attenuator, can be thought
of as a processing gain. Whatever effective temperature is introduced at the an-
tenna comes through, unaltered by the antenna; the antenna represents the source

noise, or source temperature, at the input to the line.
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Using Equation (5.44), we can modify Equation (5.45) as follows:

Tg = TS + T3 + LT} (5.46)
= T3+ (L—1)290K + L(F—1)290K
=T+ (LF— 1)290K (5.47)

If LF is provided in units of decibels, we must first convert LF to aratio, so that Tg
takes the form

Te = T3 + (1071 — 1)290 K

Equations (5.10), (5.11), and (5.45) through (5.47) describe power received
P, and system temperature T respectively, In each case, the parameters are re-
ferred to the output of the receiving antenna, a popular reference, preferred by sys-
tem and antenna designers, and those working at the transmitter side of the link.
Another convention, often used by receiver designers, describes received power
P, and system temperature T’ referenced to the input of the receiver. Assuming
that the antenna and receiver are connected via a lossy line, then P, and P, (also T
and T) are related by the line-loss factor L. That is, P,=LP/,and Tg= LT Note
that the ratio of received power to system temperature, a receiving-system SNR pa-
rameter, is the same for both refereences. That is so because, P, /T = LP//LTy .
One can similarly chovse a refercnce anywhere in the receiver cireuit-stiing (from
the oufput of the receiving antenna to the predetection point) that results in the
same receiving-system SNR model.

Example 5.5 Noise Figure and Noise Temperature

A receiver front end, shown in Figure 5.19a, has a noise figure of 10 dB, a gain of
80 dB. and a bandwidth of 6 MHz. The input signal power, S;, is 10! W. Assume that
the line is lossless and the antenna temperature is 150 K. Find T, T§, Now, (SNR);,,
and (SNR)y.

Solution

First convert all decibel values to ratios:
Tg=(F—1)290K = 2610K
Using Equation (5.46) with L = 1 for a lossless line yields
T2 = T3 + Ty = 150K + 2610K = 2760K
Ny = GRT{W + GTRW = GkT3W

108 % 1.38 X 1072 X 6 X 105150 K + 2610K)
12pW  + 216pW =228uW

source fron{-end
contribution  contribution

S 107t
kTAW 124 X 107"

(SNR);, = = 806.5 (29.1 dB)
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T7 =150K
S;=10"1"TwW
Receiver front end
F=10dB Predetection
G=80dB —0 output
W =6 MHz
Assume no line loss
(a)
Ty =150K
S;=10"1"Tw
Preamplifier Receiver
Fy=3dB Fy=10dB Predetection
G1=13dB G,=80dB —© output
W =6 MHz W =6 MHz

Assume no line loss
{b)

Figure 5.18 Improving a receiver front end with a low-noise
preamplifier.

SNR),,, = Sow 1P X107 _ 110 16448
( M Now  228%10°% L

Notice in this example that the amplifier noise is significantly larger than the source
noise and represents the major cause of SNR degradation.

Example 5.6 Improving SNR with a Low-Noise Preamiplifier

Use a preamplifier, as shown in Figure 5.19b, with a noise figure of 3 dB, a gain of 13
dB, and a bandwidth of 6 MHz to improve the SNR of the receiver in Example 5.5.

Find T2y, for the composite preamplifier and receiver. Find T, Femp, Now and
(SNR),,- Assume zero line loss.

Solution

Again, convert all decibel values to ratios before proceeding:

9= (F, — 1)290K = 290 K
T%,= (F, — 1)290K = 2610K

TS 2610 K
Toomp = T81 + G’” = 290K + ——

=4205K
1

T = T5 + Tmp = 150K + 420.5K = 5705 K

B-1
2=l 52— 254aB)

Fromp = Fy +
comp 1 (}1 20

280 Communications Link Analysis Chap. 5




Now = GKTZW + GT 3o W = GRTEW
=20 X 108 X 1.38 X 1072 X 6 X 105150 K + 420.5 K)

= 248uW + 69.6uW =944uW
—_——— —
source front-end

contribution  contribution

Sow 107" x 20 X 10°
N S B o . _
(SNR)ou = 3 TR 212.0 (23.3 dB)

With the added preamplifier the (predetection) output noise has increased (from 22.8
W in Example 5.5) to 94.4 pW. Even though the noise power has increased, the
lower system temperature has resulted in a 6.9-dB improvement in SNR (from 16.4 dB
in Example 5.5, to 23.3 dB here). The price we pay for this improvement is the need to
provide an Foy, improvement of 6 dB (from 10 dB in Example 5.5, to 4 dB in this

etection example)_
utput
The unwanted noise is, in part, injected via the antenna (xT3W), and in
part, generated internally in the receiver front end (kT GmpW). The amount of
system improvement that can be rendered via front-end design depends on what
, portion of the total noise the front end contributes. We saw in Example 5.5 that the
IoIge b | front end contributed the major portion of the noise. Therefore, in Example 5.6,
| JOr p p

r than the source

3 dB, a gain of 13
1 in Example 5.5.
gv Fcomp, Nout, and

alysis Chap.5 I 55

providing a low-noise preamplifier improved the system SNR significantly. In the
next example, we show the case where the major portion of the noise is injected via
the antenna; we shall see thal introduciug a low-noise preamplifier in such a casc
will not help the SNR appreciably.

Example 5.7 Attempting SNR Improvement When the Value of T3 Is Large

Repeat Examples 5.5 and 5.6 with one change: let 773 = 8000 K. In other words, the
preponderant amount of noise is being injected via the antenna; the antenna might
have a very hot body (the sun) fully occupying its field of view. Calculate the SNR
improvement that would be provided by the preamplifier used in Example 5.6 and
Figure 5.19b, and compare the result with that of Example 5.6.

Solution
Without preamplifier
Nowe = GkW(TS + T§)
=108 X 1.38 X 1072 X 6 x 1058000 K + 2610 K)
= 662uW + 216puW =878puW
R S TR—
source front-end
contribution  contribution
Sow  10%x 107"
SNR) ot = - = =114 (10.6dB
( )0 i lel 87.8 x 107 ( )
With preamplifier
Ny =20%X10°X 138 X 1072 X 6 X 1058000 K = 420.5K)
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13248 pW +  69.6 uW = 13944 W

source front-end
contribution  contribution

20 x 10° x 1071

SNR),,, =
(SNR)ou = s

= 144 (11.6 dB)

Therefore, for this case, the SNR improvement is only 1 dB, a far cry from the 6.9 dB
accomplished earlier. When the noise is mostly due to devices within the receiver, it i
possible to improve the SNR by introducing low-noise devices. However, when the
noise is mostly due to external causes, improving the receiver front end will not help
much.

Noise figure is a definition, predicated on a reference temperature of 290 K.
When the source temperature is other than 290 K, as is the case in Examples 5.5,
5.6, and 5.7, it is necessary to define an operational or effective noise figure that
describes the actual (SNR),, versus (SNR),,, relationship. Starting with Equations
(5.25) and (5.27), the operational noise figure can be found as follows:

- S, [kT W
PGS /GKT, W + Ny)

B ﬂ, W+ N,; (F = 1)kT,W

~1+T°F 1
= TA( )

5.5.6 Sky Noise Temperature

The receiving antenna collects random noise emissions from galactic, solar, and
terrestrial sources, constituting the sky background noise. The sky background
appears as a combination of galactic effects that decrease with frequency, and at-
mospheric effects that start becoming significant at 10 GHz and increase with
frequency. Figure 5.20 illustrates the sky temperature, as measured from the earth,
due to both these effects. Notice that there is a region, between 1 and 10 GHz,
where the temperature is lowest; the galaxy noise has become quite small at 1 GHz,
and for satellite communications the blackbody radiation noise due to the
absorbing atmosphere is not significant below 10 GHz. (For other applications,
e.g., passive radiometry, it is still a problem.) This region, known as the microwave
window or space window, is particularly useful for satellite or deep-space commu-
nication. The low sky noise is the principal reason that such systems primarily use
carrier frequencies in this part of the spectrum. The galaxy and atmospheric noisé
curves in Figure 5.20 are made up of a family of curves each at a different elevation
angle 6. When 0 is zero, the receiving antenna points at the horizon and the propa-
gation path encompasses the longest possible atmospheric layer; when @ is 90°, the
receiving antenna points to the zenith, and the resulting propagation path contains
the shortest possible atmospheric layer. Thus the upper curve of the family repr®
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Figure 5.20 Sky noise temperature.

sents the near worst-case (clear-weather) sky noise temperature versus frequency,
and the lower curve represents the most benign case. Also shown in Figure 5.20is a
plot of noise temperature versus frequency due to rain. Since the intensity of any
rainstorm can only be expressed statistically, the noise temperatures shown are val-
ues that are exceeded 25% of the time (at the zenith). Which spectral region ap-
pears the most benign for space communications when rainfall is taken into
account? It is the region at the low end of the space window. For this reason, sys-
tems such as the Space Ground Link Subsystem or SGLS (military) and the Uni-
fied S-Band Telemetry, Tracking, and Contro} System (NASA) are located in the
1.8 to 2.4-GHz band.

5.5.6.1 Radio Maps of the Sky

Various researchers have mapped the galactic noise radiation as a function of
frequency. Figure 5.21 is such a radio temperature map, after Ko and Kraus [12],
indicating the temperature contours of the sky in the region of 250 MHz when
viewed from the earth. In general, the sky is composed of localized galactic sources
(sun, moon, planets, etc.), each having its own temperature. The map is effectively
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a weighted sum of the individual galactic source temperatures plus a constant sky
background. The coordinates of the map, declination and right ascension, can be
thought of as celestial latitude and longitude with an earth reference (right ascen.
sion is calibrated in units of hour-angle, where 24 hours corresponds to a complege
rotation of the earth). On Figure 5.21, the temperature contours range from g low
of 90 K to a high of 1000K. The measurements were made so as to exclude the gy,
(night sky). The antenna beam in the center of the map indicates the size of the sky
arca over which measurements are made (each measurement is an average ovey
that beam area). The narrower the beam, the finer the resolution of the temper,.
ture contours; the wider the beam, the coarser the resolution.

Figure 5.22 is another such radio map at 600 MHz, after Piddington and Trent
[13]. At this frequency the galaxy noise is reduced compared to Figure 5.21, as pre.
dicted in Figure 5.20; the low is 8 K and the high is 280 K. If you examine Figures
5.21 and 5.22 for the region of greatest noise radiation, where on the map do you
see the most activity, and what is its significance? It is seen as an elongated region
in the right-hand midsection of each map; the longitudinal axis of the elongation
designates the location of our galactic plane, where such cosmic noise radiation is
most intense.

5.6 SAMPLE LINK ANALYSIS

In Section 5.4 we developed the basic link parameter relationships. In this section
we use these relationships to calculate a sample link budget, as shown in Table 5.2,
The table may appear to house a formidable listing of terms; one can get the false
impression that the link budget represents a complex compilation. Just the oppo-
site is true, and we introduce Figure 5.23 to underscore this assertion. In this figure
we have reduced the set of line items from Table 5.2 to a few key parameters. The
goal of a link analysis is to determine whether or not the required error perfor-
mance is met, by examining the Ej, /N, actually received and comparing it with the
E, /N, required to meet the system specification. The principal items needed for
this determination are the EIRP (how much effective power is transmitted), the
G/T figure of merit (how much capability the receiver has for collecting this
power), L, (the largest single loss, the space loss), and L, (other contributing losses
and degradations). That is all there is to it!

5.6.1 Link Budget Details

The link budget example in Table 5.2 consists of three columns of numbers. Only
the middle column represents the link budget. The other columns consist of ancil-
lary information, such as antenna beamwidth, or computations to support the main
tabulation. Losses are bracketed in the usual bookkeeping way. If a value is not
bracketed, it represents a gain. Subtotals are shown enclosed in a box. Starting
from the top of the middle column, we algebraically sum all of the gains and losses:
The final link margin result is shown in a double box in item 21 The computations
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TABLE 5.2 Earth Terminal to Satellite Link Budget Example: Frequency = 8 GHz, Range = 21,915
Nautical Miles.

1, Transmitter power (dBW)
2. Transmitter circuit loss (dB)

3, Tramsmitter antenna gain (peak dBi)
Dish diameter (ft)
Half-power beamwidth (degrees)

Terminal EIRP (dBW)

, Path loss (dB)

. Fade allowance (dB)

. Other losses (dB)

Received isotropic power (dBW)

- RO T~ N A N

. Receiver antenna gain (peak dBi)
Dish diameter (ft)
Half-power beamwidth (degrees)

10. Edge-of-coverage loss (dB)
il. Received signal power (dBW)

; Receiver noise figure at antenna port (dB)
Receiver temperature (dB-K)
Nl Receiver antenna temperature (dB-K)

12. System temperature (dB-K)

- 13.  System G/1% (dB/K)

14. Boltzmann’s constant ({BW/K-Hz)
15. Noise spectral density (dBW/Hz)

16. Received P, /N, (dB-Hz)

17. Data rate (dB-bit/s)

Received E,/N, (dB)

| 19. Implementation loss (dB)

20, Required Ey/N, (dB)

21. Margin (dB)

(100.00W) 20.0
(2.0)
51.6
20.00
0.45
(10° elev.) (202.7)
4.0
6.0)
-143.1
35.1
3.00
2.99
(2.0)

(-192.5)

82.5

(2 Mbits/s) (63.0)
19.5

(1.5)

(10.0)

[2]

!

115
35.8 (3806 K)
24.8 (300 K)

36.1 (4106 K)
G/T°
-228.60
Ny=kT®
(P,/Ng),
R
(Ep/No),
L,
(E5/No)cequ

M

Figure 523 Key parameters of a
link analysis,
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are performed as in Equation (5.24), which is repeated here, with the eXceptioy
that the terms G, and 7° are grouped together at G,/T* instead of being listed sepa.
rately:

b

M(dB) = EIRP (dBW) + %(dB/K) - <£> (dB) — R(dB-bits/s)

0

— k (dBW/K-Hz) — L (dB) — L, (dB)

Let us examine the 21 line items listed in Table 5.2.

. Transmitter power is 100 W (20 dBW).

. Circuit loss between the transmitter and antenna is 2 dB.

. Transmitting antenna gain is 51.6 dBi.

. The net tally of items 1 to 3 yields the EIRP = 69.6 dBW.

- The path loss has been calculated for the range shown in the table title,

corresponding to a 10° elevation angle at the earth terminal.

and 7. Here are allowances made for weather fades and a variety of other,
unspecitied losses.

. Reccived isotropic power refers to the power that would be received, 1431

dBW, if the receiving antenna were isotropic.

. The peak gain of the receiving antenna is 35.1 dBi.
. Edge-of-coverage loss is due to the off-axis antenna gain (compared to peak

gain) and to the increased range for users at the extreme edge of communjca-
tion coverage (a nominal 2-dB loss is shown here.)

. The input power to the receiver, tallied from items 8, 9, and 10, is =110 dBW.
. System temperature is found using Equation (5.46). However, in this example

we are assuming a lossless line from the receiver antenna to the front end, so
that the line loss factor L is equal to 1, and system temperature is computed
incolumn3,as 1'¢= T, + Tk

. We form the receiver figure-of-merit ratio G/7° by combining the gain of the

receiver antenna G, (see item 9) with system temperature 7. This ratio is
placed in the left column as a parameter of interest, rather than in the middle
column. This is because G, is accounted for in link budget item 9, and 7’y is ac-
counted for in item 15. If G/T° were to be placed in the center column, it
would represent a double tabulation.

. Boltzmann’s constant is -228.6 dBW/K-Hz.
. Boltzmann’s constant in decibels (item 14), plus system temperature in deci-

bels (item 12), yields noise power spectral density.

. Finally, we can form the received signal-to-noise spectral density, 82.5 dB-HZ

by subtracting noise spectral density in decibels (item 15), from received
signal power in decibels (item 11).

17. The data rate is listed in dB-bit/s.
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18. Since E,/Ny = (1/R) (P,/Np), we need to subtract R in decibels (item 17), from
P,/N, in decibels (item 16), yielding (E,/N,), = 19.5 dB.

19. An implementation loss, here taken to be 1.5 dB, accounts for the difference
between theoretically predicted detection performance, and the performance
of the actual detector.

20. This is our required E,/N,, a result of the modulation and coding chosen, and
the probability of error specified.

21. The difference between the received and the required E,/N, in decibels
(taking implementation loss into account), yields the final margin.

The gain or loss items shown in a link budget, generally follow the convention
of first presenting an ideal or simplistic result, followed by a gain or loss term that
modifies the simplistic yielding an actual result. In other words, the link budget typ-
ically follows a modular approach to partitioning the gains and losses in a way that
easily adapts to the needs of any system. Consider the following examples of this
format. In Table 5.2, item 1 gives the transmitter power that would be launched
from a transmitter with an isotropic transmitting antenna (the simplistic). How-
ever, only after applying the modules of circuit loss and transmitter-antenna gain
do we see, in item 4, the EIRP (actually) launched. Similarly, item 8 shows the
power received by an isotropic antenna (the simplistic). However, only after apply-
ing the modules of receiver-antenna gain and edge-of-coverage loss do we see, in
item 11, the (actually) received signal power.

5.6.2 Receiver Figure of Merit

An explanation of why receiving antenna gain and system temperature are often
grouped together as G/T°, is as follows. In the early days of satellite communica-
tions development, the G, and the T§ were specified separately. A contractor who
agreed to meet these specifications would need to allow himself some safety mar-
gin for meeting each specification. Even though the user was generally only inter-
ested in the “bottom-line” performance, and not in the explicit value of G, or T¢,
the contractor would not be able to exploit potential trade-offs. The net result was
an overspecified (more costly) system than was necessary. Recognition of such
overspecification resulted in specifying the antenna and receiver front end as a sin-
gle figure-of-merit parameter G/T° (sometimes called the receiver Sensitivity), such
that cost-effective trade-offs between the antenna design and the receiver design
might be employed.

5.6.3 Received Isotropic Power

Another recognized area of overspecification in receiver design is in the separate
specification of the required P,/N, (or E,/N, ) and receiver G/T°. If P,/N, and G/T°
are specified separately, the system contractor is forced to meet each value. The
contractor will plan for a margin in both places. As in the G/T case of the preced-
ing section, there are advantages in specifying P,/N, and G/T° as one parameter;
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this new parameter, called the received isotropic power (RIP), can be written 2
follows:

RIP (dBW) = % (dB-Hz) — T—(i(dB/K) + « (dBW/K-Hz) (5.49)
0

Or, in terms of ratios, it also can be written as

P, (kT° P,
RIP = e id (
<T° ( G ) G O~

It is important to note that P,/N, refers to the predetection signal-to-noige
spectral density ratio (SNR) required for a particular error probability when using
a particular modulation scheme (it usually includes an allowance for detectoy
implementation losses). Let us designate the theoretically required SNR to vield 5
particular Pg as (P,/Ny)y..q- We can therefore write

iy’ <5> (551
NO ’ NO th-rq . )

where L] is called the implementation loss and accounts for the hardware and
operational losses in the detection process. Combining Equations (5.50) and (5.51),
we can write

P kT°
RIP =L, | — .
¢ < kT >1h-rq GI (5 52)

Specifying the RIP required to meet the system error performance allows the con-
tractor to commit to meeting a single parameter value. The contractor is allowed to
trade off P,/N, versus G/T° and L performance. As G/T° is improved, the detec-
tor performance can be degraded, and vice versa.

5.7 SATELLITE REPEATERS

Satellite repeaters retransmit the messages they receive (with a translation in car-
rier frequency). A regenerative (digital) repeater regenerates, that is, demodulates
and reconstitutes the digital information embedded in the received waveforms be-
fore retransmission; however, a nonregenerative repeater only amplifies and re-
transmits. A nonregenerative repeater, therefore, can be used with many different
modulation formats (simultaneously or sequentially without any switching), but a
regenerative repeater is usually designed to operate with only one, or a very few
modulation formats. A link analysis for a regenerative satellite repeater treats the
uplink and downlink as two separate point-to-point analyses. To calculate the over-
all bit error performance of a regenerative repeater link, it is necessary to deter-
mine separately the bit error probability on the uplink and downlink. Let P, and Pa
be the probability of a bit being in error on the uplink and downlink, respectively:
A bit will be correct in the end-to-end link if either the bit is correct on both the
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up- and downlink, or if it is in error on both the up- and downlink. Therefore, the
overall probability that a bit is correct is

PE = (1 - PLL)(l - Pd) + PuPd (553)
and the overall probability that a bit is in error is
Py=1-P, =P, + P, —2PF, (5.54)

For low values of P, and P,, the overall bit error performance is approximated
simply by summing the individual uplink and downlink bit error probabilities:

Py,= P, + P, (3.55)
5.7.1 Nonregenerative Repeaters

Link analysis for a nonregenerative repeater treats the entire “round trip” (uplink
transmission to the satellite and downlink retransmission to an earth terminal) as a
single analysis. Features that are unique to nonregenerative repeaters, are the de-
pendence of the overall SNR on the uplink SNR and the sharing of the repeater
downlink power in proportion to the uplink power from each of the various uplink
signals and noise. Henceforth, reference to a repeater or transponder will mean a
nonregenerative repeater, and for simplicity, we will assume that the transponder is
operating in its lineuar 1ange.

A satellite transponder is limited in transmission capability by its downlink
power, the earth terminal’s uplink power, satellite and earth terminal noise, and
channel bandwidth. One of these usually is a dominant performance constraint;
most often the downlink power or the channel bandwidth proves to be the major
system limitation. Figure 5.24 illustrates the important link parameters of a linear
satellite repeater channel. The repeater transmits all uplink signals (or noise, in the
absence of signal) without any processing beyond amplification and frequency
translation. Let us assume that there are multiple simultaneous uplinks within the
receiver’s bandwidth W and that they are separated from one another through the
use of a technique called frequency-division multiple access (FDMA). FDMA is a
communications resource-sharing technique whereby different users occupy dis-
joint portions of the transponder bandwidth; FDMA is treated in Chapter 11. The
satellite effective downlink power EIRP, is constant and since we are assuming a
linear transponder, EIRP; is shared among the multiple uplink signals (and noise)
in proportion to their respective input power levels.

The transmission starts from a ground station (bandwidth < W), say terminal
i with a terminal EIRP,; = P,,G,;. Simultaneously, other signals are being transmit-
ted to the satellite (from other terminals). The EIRP from the kth terminal will
henceforth be referred to simply as P,. At the satellite, a total signal power Pr=
SA,P, is received, where A, reflects the uplink propagation loss and the satellite
receive antenna gain for each terminal. N,W is the satellite uplink noise power,
where N, is the composite noise power spectral density due to noise radiated into
the satellite antenna and generated in the satellite receiver. The total satellite
downlink EIRP, = P,G,,, where P is the satellite transponder output power and G
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Figure 5.24 Nonregenerative satellite repeater,

is the satellite transmitting antenna gain, can be expressed by the following identity
[14]:

EIRP, = EIRP,B[A,P. + (P, — AP) + N,W] (5.56)

Both the left and right sides of Equation (5.56) express the total satellite EIRP. On
the right side, the term B[A;P; + (P — A;P)) + N,W] constitutes the fractional ap-
portionment of EIRP; for the various users and uplink noise, such that the compos-
ite expression equals unity. The usefulness of this identity should become clear
shortly. The total power gain of the transponder can be expressed as BP,. Since £
is fixed and the input signals can vary, § = 1/(Py + N,W) represents an automatic
gain control (AGC) term. The total received uplink signal power, Py, has purposely
been written as A,P; + (Py— A,P)) to separate signal i power from the remainder of
the simultaneous signals in the transponder. The total power received at the jth
earth terminal, with bandwidth W, can be written as

P, = EIRPY,B[AP, + (Pr — AP) + NW] + N,W (557
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where v, = G ;/L,L, accounts for downlink losses and receiving antenna gain for the
jthearth terminal. EIRP;y, represents the portion of EIRP, that is received by the jth
earth terminal, and N, is the downlink noise power spectral density generated and in-
troduced into that terminal receiver. Equation (5.57) describes the essence of down-
link power apportionment among the various users and noise in a repeater. Let us
rewrite Equation (5.57) by replacing $ with its equivalent 1/(Pr+ N,W), as follows:

PT + N‘W PT + N‘W PT + N‘\IP’V

P = EIRPXVJ( ) + N,W  (5.58)

To facilitate our discussion, let us amplify Equation (5.58) with words, yielding

S; U/L power balance § U/L power
total (§ + N) U/L power total (S + N) U/L power

P, = EIRP,y, <

N U/L noise power ) W
total (§ + N) U/L power d

where S stands for signal power, N for noise power, and U/L for uplink.

From Equation (5.58), can you recognize an important relationship that must
exist among multiple users sharing a nonregenerative transponder? The users must
cooperate with one another, by not exceeding agreed-upon uplink transmission
power levels. Equation (5.58) states that the portion of the downlink EIRP dedi-
cated to any one user (or to uplink noise) is determined by the ratio of that user’s
uplink power to the total uplink signal plus noise power. Hence if one of the shar-
ing users should choose to “cheat” by increasing his or her uplink power, the effect
would be an enhancement of this user’s downlink signal level, at the expense of the
other users’ downlink signal levels. Notice from Equation (5.58) that the uplink
noise shares the downlink resource along with the other users. This coupling of up-
link noise onto the downlink is a feature unique to nonregenerative repeaters.

From Equation (5.58) we can express the P,/N for signal i received at the jth
terminal as

(5) EIRPv;[ AP/ (Pr + N;W) ] (5.59)

N/~ EBIRP,[N,W/(P; + NW)] + N,W
and we can write the overall P,/N, for signal i received at the jth terminal as [14]

( Pr > E[RP;’Y;BA;R
i

) = : 5.60
Ny/;  EIRPyBN, + N, (5.60)

Equations (5.58) to (5.60) illustrate that the uplink repeater noise degrades the
overall SNR in two ways—it “steals” downlink EIRP, and it contributes to the total
system noise. When the satellite uplink noise dominates—that is, when Pr <<N,W,
the link is said to be uplink limited, and most of the downlink EIRP, is wastefully
allocated to uplink noise power. When this is the case and when EIRP,vy; >> N, W,
we can rewrite Equation (5.60) as
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!

N,

<P\ EIRPv; AP,/ NW AP
),, T (EIRP,y/W) + N, N, (5.61)

Equation (5.61) illustrates that in the case of an uplink limited channel, the Overg])
P,INy ratio essentially follows the uplink SNR. The more common situatiop is
the downlink limited channel, in which case P, >> N,W, and the satellite EIRp is
limited. In this case, Equation (5.60) can be rewritten as

P, EIRP,y;A; P,/ Py .
<N0>,’j~ ‘N.k' \562)
The power of the transponder is then shared primarily among the various uplink trang.
mitted signals; very little uplink noise is transmitted on the downlink. The performance
of the repeater, in this case, is constrained only by its downlink parameters.

Table 5.3 illustrates a link analysis example (full round trip) for a nonregeney.
ative repeater. The uplink portion by itself does not constitute a link budget since
the transmission is not demodulated at the satellite. Without demodulation, #eye
are no bits and therefore there is no way to measure the bit-error performance,
After the full round trip, the signal is demodulated at the earth terminal; only then
does the link analysis yield the margin. The example in Table 5.3 represents a case
where the satellitc transpondcr is scrvicing 10 simultaneous users. Iu the block
marked “A” is shown the ratio P,/(P,+ N, W), which dictates the apportionment nf
the downlink EIRP for the signal of interest. In this example, with all users trans-
mitting the same power level, each of the signals is allocated 9.8% of the downlink
EIRP. In the block marked “B” we see the apportionment of the downlink EIRP.
The total is 1514.7 W; the user of interest gets 148.5 W; the other nine users get a
total of 1336.1 W; and the uplink noise is apportioned 30.1 W.

An estimate of the performance described in Equation (5.60) can be obtained
by using the uplink and downlink values of /N, (or P,/N,), combined as follows,
in the absence of intermodulation noise [15].

-1 -1 -1
-3, (3)
NO ov NO u NO d
where the subscripts ov, u, and d, indicate overall, uplink, and downlink values of
E,/N,, respectively.

Most commercial satellite transponder designs are nonregenerative. How-
ever, it seems clear that future commercial systems will require on-board process-
ing, switching, or selective message addressing, and will use regenerative repeaters
to transtorm the received waveforms to message bits. Besides the potential for so-
phisticated data processing, one of the principal advantages of regenerative conl-
pared to nonregenerative repeaters is that the uplink is decoupled from the
downlink so that the uplink noise is not retransmitted on the downlink. There aré
significant performance improvements possible with regenerative satellite I€-
peaters in terms of the E,/N, values needed on the uplinks and downlinks, relative
to the values needed for the conventional nonregenerative designs in use todle'
Improvements of as much as 5 dB on the uplink and 6.8 dB on the downlink (using
coherent QPSK modulation, with Pz =10"*) have been demonstrated [16].
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TARLE 5.3 Link Budget Example For a Nonregenerative Satellite Repeater with 10 Users: Uplink
Frequency = 375 MHz, Downlink Frequency = 275 MHz, Range = 22,000 Nautical Miles

Uplink Downlink
Transmitter power (dBW) 270 (500.0 W) 13.0 (20.0W)
Transmitter circuit losses (dB) 1.0 1.0
Transmitter anteana gain (peak-dBi) 19.0 19.8
Dish diameter (ft) 10.00 15.00
Halt-power beamwidth (degrees) 19.16 17.42
EIRP (dBW) 45.0 31.8 (15147 W)
Path loss (dB) 176.1 173.4
Transmitted signal power (dBW) 217 (1485wW)| B
Transmitted other signal power (dBW) 313 (1336.1W)
Transmitted U/L noise power (dBW) 14.8 (30.1 W)
Other losses (dB) 20 2.0
Received isotropic signal power (dBW) -133.1 —153.7
Received isotropic U/L noise power (dBW) -160.6
Receiver antenna gain (peak dBi) 22.5 16.3
Dish diameter (ft) 15.00 10.00
Half-power beamwidth (degrees) 12.77 26.13
Received signal power (d(BW) -110.6 -137.4
Received U/L noise power (dBW) —1443
Receiver antenna temperature (dB-K) 24.6 (290 K) 20.0 (100 K)
Receiver noise figure at antenna port (dB) 10.8 2.0
Receiver temperature (dB-K) 351 (3197K) 223 (170K)
System temperature (dB K) 354 (3487 K) 243 (270K)
System G/T° (dB/K) -12.9 -8.0
Boltzmann’s constant (dBW/K-Hz) -228.6 —228.6
Noise spectral density ({BW/Hz) -193.2 —204.3
System bandwidth (dB-Hz) 75.6 (36.0 MHz) 75.6 (36.0 MHz)
Noise power (dBW) -117.6 -128.7
U/L noise + D/L noise power (dBW) -128.6
Simultaneous accesses 10
Received other signal power (dBW) -101.1
Other signals + noise (dBW) -101.0
P,/(Pr+ N,W) (dB) 101 (0.098)| A
P,IN (dB) 7.0 -8.7
Overall P,/N (dB) -8.8
P,IN, (dB-Hz) 82.6 66.9
Overall P,/N, (dB-Hz) 66.8
Data rate (dB-bit/s) 50.0 (100,000 bits/s)
Available E, /N, (dB) 16.8
Required E, /N, (dB) 10.0
Margin (dB) [ 638
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5.7.2 Nonlinear Repeater Amplifiers

Power is severely limited in most satellite communication systems, and the ineft‘L
ciencies associated with linear power amplification stages are expensive to bear
For this reason, many satellite repeaters employ nonlinear power amplifiers. E[‘ﬁ_'
cient power amplification is obtained at the cost of signal distortion due to nonlip.
ear operation. The major undesirable effects of the repeater nonlinearities are:

1. Intermodulation (IM) noise due to the interaction of different carriers, The
harm is twofold; useful power can be lost from the channel as IM energ
(typically 1 to 2 dB), and spurious IM products can be introduced into the
channel as interference. The latter problem can be quite serious.

2. AM-to-AM conversion is a phenomenon common to nonlinear devices such
as traveling wave tubes (TWT). At the device input, any signal-envelope flyc.
tuations (amplitude modulation) undergo a nonlinear transformation ang
thus result in amplitude distortion at the device output. Hence, a TWT oper-
ating in its nonlinear region would not be the optimum power-amplifier
choice for an amplitude-based modulation scheme (such as QAM).

3. AM-to-PM conversion is another phenomenon common to nonlinear devices,
Fluctuations in the signal envelope produce phase variations that can affect
the error performance for any phase-based modulation scheme (such as PSK
or DPSK).

4. In hard limiters, weak signals can be suppressed, relative to stronger signals,
by as much as 6 dB [2]. In saturated TWTs, the suppression of weak signals is
due not only to limiting, but also to the fact that the signal coupling mecha-
nism of the tube is optimized in favor of the stronger signals. The effect can
cause weak signals to be suppressed by as much as 18 dB [17].

Conventional nonregenerative repeaters are generally operated backed-off
from their highly nonlinear saturated region; this is done to avoid appreciable IM
noise and thus to allow efficient utilization of the system’s entire bandwidth. How-
ever, backing off to the linear region is a compromise; some level of IM noise must
be accepted to achieve a useful level of output power.

5.8 SYSTEM TRADE-OFFS

The link budget example in Table 5.3 is a resource allocation document. With such
a link tabulation, one can examine potential system trade-offs and attempt to opti-
mize system performance. The link budget is a natural starting point for consider-
ing all sorts of potential trade-offs: margin versus noise figure, antenna size versus
transmitter power, and so on. Table 5.4 represents an example of a computer exet-
cise for examining a possible trade-off between the earth station transmitting
power and the system noise margin at the receiving terminal. The first row in the
table is taken from the Table 5.3 link budget. Suppose a system engincer is cot
cerned that a 500-W transmitter is not practical because of some physical con-
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TABLE 5.4 Potential Trade-Off: P, versus Margin

(Pl /NO )u (PI /NO )zl (PI /NO)ov Margin

P, (W) (dB-Hz) (dB-Hz) (dB-Hz) (dB)
500.0 82.6 66.9 66.8 6.8
250.0 79.6 66.8 66.6 6.6
125.0 76.6 66.6 66.2 6.2
62.5 73.6 66.3 65.5 5.5
313 70.5 65.7 64.5 4.5
15.6 67.5 64.8 62.9 2.9
7.8 64.5 63.3 60.8 0.8
39 61.5 61.4 584 -1.6
2.0 58.4 59.0 55.7 —4.3
1.0 554 56.4 52.9 72
0.5 524 53.6 49.9 -10.1

straints within the transmitting earth terminal or that such a transmitter makes the
system “uplink rich” (a poor design point). The engineer might then consider a
trade-off of transmitter power versus thermal noise margin. The listing of candi-
date trade-offs is a trivial task for a computer. Table 5.4 was generated by repeating
the link budget computation multiple times, and at each iteration, reducing P, by
one-half.

The result is a selection of transmitters (in steps of 3 dB) and uplink, down-
link, and overall SNRs, and margin, associated with each transmitter value. The
system engineer need vnly peruse the list to find a likely candidate. For example, if
the engineer were satisfied with a margin of 3 to 4 dB, it appears he could reduce
the transmitter from 500 W to 20 or 30 W. Or, he might be willing to provide a
transmitter with, say, P, = 100 W, since he may want to consider additional trade-
offs (perhaps because of having misgivings about one of the other subsystems, say
the antenna size). The engineer would then start a new tabulation with P,= 100 W,
and again perform a succession of link budget computations, to produce a similar
enumeration of other possible trade-offs.

Notice from Table 5.4 that one can recognize the uplink-limited and downlink-
limited regions, discussed earlier. In the first few rows, where the uplink SNR is high,
a 3-dB degradation in uplink SNR results in only a few tenths of a decibel degrada-
tion to the overall SNR. Here the system is downlink limited, that is, the system is con-
strained primarily by its downlink parameters and is hardly affected by the uplink
parameters. In the bottom few rows of the table, we see thata 3-dB degradation to the
uplink affects the overall SNR by almost 3 dB. Here the system is uplink limited, that
is, the system is constrained primarily by the uplink parameters.

5.9 CONCLUSION

Of the many analyses that support a developing communication system, the link
budget stands out in its ability to provide overall system insight. By examining the
link budget, one can learn many things about the overall system design and perfor-
mance. For example, from the link margin, one learns whether the system will meet
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its requirements comfortably, marginally, or not at all. It will be evident if there are
any hardware constraints, and whether such constraints can be compensated for in
other parts of the link. The link budget is often used for considering system trage.
offs and configuration changes, and in understanding subsystem nuances and ingey.
dependencies. Together with other modeling techniques, the link budget can hg)
predict weight, size, and cost. We have considered how to formulate this budgm
and how it might be used for system trade-offs. The link budget is one of the systey,
manager’s most useful documents; it represents a “bottom-line” tally in the searg,
for optimum error performance of the system.
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PROBLEMS

5.1

5.2.

5.3.

54.

5.5.

5.6.

5.7.

(a) What is the value in decibels of the free-space loss for a carrier frequency of
100 MHz and a range of 3 miles?

(b) The transmitter output power is 10 W. Assume that both the transmitting and
receiving antennas are isotropic and that there are no other losses. Calculate the
received power in dBW.

(¢) If in part (b) the EIRP is equal to 20 W, calculate the received power in dBW.

(d) If the diameter of a dish antenna is doubled, calculate the antenna gain increase
in decibels.

(e) For the system of part (a), what must the diameter of a dish antenna be in order
for the antenna gain to be 10 dB? Assume an antenna efficiency of 0.55.

A transmitter has an output of 2 W at a carrier frequency of 2 GHz. Assume that the

transmitting and receiving antennas are parabolic dishes each 3 ft in diameter.

Assume that the efficiency of each antenna is 0.55.

(a) Evaluate the gain of each antenna.

(b) Calculate the EIRP of the transmitted signal in units of dBW.

(¢) If the receiving antenna is located 25 miles from the transmitting antenna over a
free-space path, find the available signal power out of the receiving antenna in
units of d(BW.

From Table 5.1 we see that the proposal from Satellite Television Corporation called
for a direct broadcast satellite (DBS) EIRP of 57 dBW and a downlink transmission
frequency of 12.5 GHz. Assume that the only loss is the downlink space loss shown.
Suppose that the downlink information consists of a digital signal with a data rate of
5 x 107 bits/s. Assume that the required I,/N, is 10 dB, the systcm tcmpceraturc at
your home receiver is 600 K, and that your rooftop dish has an efficiency of 0.55.
What is the minimum dish diameter that you can use in order to close the link? Do
you think the neighbors will object?

An amplifier has an input and output resistance of 50 (3, a 60-dB gain, and a bandwidth
of 10 kHz. When a 50-Q resistor at 290 K is connected to the input, the output rms noise
voltage is 100 wV. Determine the effective noise temperature of the amplifier.

An amplifier has a noise figure of 4 dB, a bandwidth of 500 kHz, and an input resis-
tance of 50 Q. Calculate the input signal voltage needed to yield an output SNR =1
when the amplifier is connected to a signal source of 50 {2 at 290 K.

Consider a communication system with the following specifications: transmission fre-

quency = 3 GHz, modulation format is BPSK, bit-error probability = 10, data rate =

100 bits/s, link margin =3 dB, EIRP = 100 W, receiver antenna gain = 10 dB, distance

between transmitter and receiver = 40,000 km. Assume that the line loss between the

receiving antenna and the receiver is negligible.

(a) Calculate the maximum permissible noise power spectral density in watts/hertz
referenced to the receiver input.

(b) What is the maximum permissible effective noise temperature in kelvin for the
receiver if the antenna temperature is 290 K?

(¢) What is the maximum permissible noise figure in dB for the receiver?

A receiver preamplifier has a noise figure of 13 dB, a gain of 60 dB, and a bandwidth

of 2 MHz. The antenna temperature is 490 K, and the input signal power is 1072 W.

(a) Find the effective temperature, in kelvin, of the preamplifier.

(b) Find the system temperature in kelvin.

(¢) Find the output SNR in decibels.
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5.8.

5.9,

5.10.

5.11.

5.12.

5.13.

5.14.

300

Assume that a receiver has the following parameters: gain = 50 dB, noise figure = 10
dB, bandwidth = 500 MHz, input signal power = 50 x 1072 W, source temperaty,
T3 =10 K, line loss = 0 dB. You are asked to insert a preamplifier between the an-!
tenna and the receiver. The preamplifier is to have a gain of 20 dB and a bandwid[h
of 500 MHz. Find the preamplifier noise figure that would be required to provide ,
10-dB improvement in overall system SNR,

Find the maximum allowable effective system temperature, 73, required Lo just cloge
particular link with a bit error probability of 107 for a data rate of R = 10 kbits/s. The
link parameters are as follows: transmission frequency = 12 GHz, EIRP = 10 dBw
receiver antenna gain = 0 dB, modulation type is noncoherently detected BFSK, "'lh&;
losses =0 dB, and the distance between transmitter and receiver = 100 km.

Consider a receiver made up of the following three stages: The input stage is a pre.
amplifier with a gain of 20 dB and a noise figure of 6 dB. The second stage is a 3-dB
lossy network. The output stage is an amplifier with a gain of 60 dB and a noise
figure of 16 dB.

(a) Find the composite noise figure for the receiver.

(b) Repeat part (a) with the preamplifier removed.

(a) Find the effective input noise temperature, 7%, of a receiver comprised of three
amplitier stages connected in series with power gains, from input to output, of
10, 16, and 20 dB, and effective noise temperatures, from input to output, of
1800, 2700, and 4800 K.
{(b) What would the gain of the first stage have to be to reduce the contribution to
& of all stages after the first to 10% of the first-stage contribution?

The effective temperature of a particular multiple-stage receiver is required to be

300 K. Assume that the effective temperatures and gains of stages 2 through 4 are as

follows: 75 =600 K, T5= 77 =2000 K, G, =13 dB, and G, = G, =20 dB.

(a) Compute the required gain, G, for the first stage, under the conditions that
79 =200, 230, 265, 290, 295, and 300 K.

(b) Plot the G, versus 77 trade-off.

(¢) Regarding contributions to the effective temperature of the receiver, why is it
reasonable in this case to ignore all stages beyond the fourth stage?

(d) In a practical engineering trade-off between 79 and G, what range of 7 values
do you think should be considered?

A receiver consists of a preamplifier followed by multiple amplifier stages. The com-
posite effective temperature of all the amplifier stages is 1000 K, referenced to the
preamplifier output.

(a) Compute the receiver effective noise temperature, referenced to the preampli-
fier input, for a single-stage preamplifier with a noise temperature of 400 K and
gains of 3, 6, 10, 16, and 20 dB.

(b) Repeat part (a) for a two-stage preamplifier with 400-K noise per stage and gains
of 3, 6,10, and 13 dB per stage.

(c) Plot the receiver effective temperature versus the gain of the first stage for parts
(a) and (b).

(a) Equation (5.42) shows the composite noise figure for a network made up of
lossy line followed by an amplifier. Develop a general expression for the com-
posite noise figure of three such networks connected in series.

(b) Consider a network that is made up of an amplifier followed by a lossy line. De-
velop a general expression for the composite noise figure of three such networks
connected in series.
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