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is proportional to an nth-power of d relative to a reference distance dy [1], or,
mathematically,

— d \"
L,(d) « <—> (15.5)
do
L_p(d) is often stated in decibels

L, (d) (dB) = L,(do) (dB) + 10nlog (g) (15.6)

The reference distance d, corresponds to a point located in the far field of the
transmit antenna. Typically, the value of dj is taken to be 1 km for large cells,
100 m for microcells, and 1 m for indoor channels. Moreover, L(dy) is evaluated using
Equation (15.1) or by conducting measurements. L,(d) is the average path loss
(over a multitude of different sites) for a given value of d. When plotted on a log-
log scale, L,(d) versus d (for distances greater than d,) yields a straight line with a
slope equal to 10 n dB/decade. The value of the path-loss exponent n depends on
the frequency, antenna heights, and propagation environment. In free space where
signal propagation follows an inverse-square law (as described in Section 5.3.1), n1s
equal to 2, as seen in Equation (15.1). In the presence of a very strong guided wave
phenomenon (like urban streets), n can be lower than 2. When obstructions are
present, # is larger. Figure 15.4 shows a scatter plot of path loss versus distance for
measurements made at several sites in Germany [6]. Here, the path loss has been
measured relative to a reference distance dy = 100 m. Also shown are straight-line
fits to various exponent values.

The path loss versus distance expressed in Equation (15.6) is an average, and
therefore not adequate to describe any particular setting or signal path. It is neces-
sary to provide for variations about the mean because the environment of different
sites may be quite different for similar transmitter-receiver (T-R) separations. Fig-
ure 15.4 illustrates that path-loss variations can be quite large. Measurements have
shown that for any value of d, the path loss L, is a random variable having a log-
normal distribution about the mean distant-dependent value L,(d) [7]. Thus, path
loss L,(d) can be expressed in terms of L,(d), in Equation (15.6), plus a random
variable X, as [1]

L,(d) (dB) = L(do) (dB) + 107 logy (d/dp) + X; (dB) (15.7)

where X, denotes a zero-mean, Gaussian random variable (in decibels) with stan-
dard deviation o (also in decibels). X, is site and distance dependent. Since X, and
L,(d) are random variables, if Equation (15.7) is used as the basis for computing an
estimate of path loss or link margin, some value for X, must first be chosen. The
choice of the value is often based on measurements (made over a wide range of lo-
cations and T-R separations). It is not unusual for X, to take on values as high as
6 to 10 dB or greater. Thus, the parameters needed to statistically describe path
loss due to large-scale fading, for an arbitrary location with a specific transmitter-
receiver separation are (1) the reference distance, (2) the path-loss exponent, and
(3) the standard deviation of X,. (There are several good references dealing with

952 Fading Channels Chap. 15




(15.6)

eld of the
irge cells,
ated using
path loss
i on a log-
ine with a
zpends on
ace where
53.1),nis
ided wave
ctions are
istance for
5 has been
raight-line

erage, and
[t is neces-
f different
itions. Fig-
nents have
ving a log-
Thus, path
. a random

(15.7)

1 with stan-
nce X, and
mputing an
hosen. The
-ange of lo-
3 as high as
scribe path
ransmitter-
yonent, and
ealing with

Chap. 15

n=4
140 T L] ] ] T lr||l|| ] T 1 i[i i ] ] I ililolil 1 1 BRI
o PA bldg. = g %
O Stuttgart | % © 3
A Dusseldorf <o % IS
o |—
139171 v Bankobldg. |3 § © 7
¢ Kronberg % % %
+ Hamburg
o >R
120 | i 0§ o 4 9
Y o 2
§ .
) + n=2
% 110 |- 8 v f =
» < )/
8 Byig: g
9 &
A
< :
© 100 [~ & % -
o <
4 S
v
Vv Av?
o v AA A TL=1
90 | g AA& -
7 ¢ "ot R
v RA
o § n=27
8 §§ c=11.8dB
70 |||ﬂf|||h||l I T T I | Lot 1 leaggteaal T ! S
0.1 2 3 4 1 2 3 4 10

Transmitter-receiver separation (km)

Figure 15.4 Path loss versus distance measured in several German
cities.

Source: Seidel, S.Y., et. al., “Path Loss, Scattering and Multipath Delay Statistics
in Four European Cities for Digital Cellular and Microcellular Radiotelephone,”
|EEE Transactions on Vehicular Technology, Vol. 40, No. 4, pp. 721-730,
November 1991.

the measurement and estimation of propagation path loss for many different appli-
cations and configurations [1, 5-9].)

15.2.2 Small-Scale Fading

Here we develop the small-scale fading component, ro(f). Analysis proceeds on the
assumption that the antenna remains within a limited trajectory, so that the effect
of large-scale fading m(t) is a constant (assumed unity). Assume that the antenna is
traveling, and that there are multiple scatterer paths, each associated with a time-
variant propagation delay 7,(), and a time-variant multiplicative factor a,(t). Ne-
glecting noise, the received bandpass signal, can be written as
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rt) = > o, (t)slt — ,(t)] (15.8)

n

Substituting Equation (15.2) into Equation (15.8), we write the received bandpass
signal as follows:

r(t) = Re<{ S o, ()glt = (0] }eﬂ“fc g —Tn@ﬂ)

n

(15.9)

= Re({ > a,(t)e —irfeng[r — 7, (¢)] }eﬂ’“fc‘>

n

From Equation (15.9), it follows that the equivalent received baseband signal is

() = 2, o, (t)e —izfernlglt — 1,(t)] (15.10)

Consider the transmission of an unmodulated carrier at frequency f.. In other

words, for all time, g(t) = 1. Then, the received baseband signal, for this case of an

unmodulated carrier and discrete multipath components given by Equation
(15.10), reduces to

2(t) = D, o (t)e /2 = > o (t)e (15.11)
where 0,(f) = 2= f7,(f). The baseband signal z(f) consists of a sum of time-variant
phasors having amplitudes a,(1) and phases 0,(f). Notice that 6,(f) will change by
21 radians whenever 7, changes by 1/ f. (typically, a very small delay). For a cellu-
lar radio operating at f, = 900 Mhz, the delay 1/f,=1.1 nanoseconds. In free space,
this corresponds to a change in propagation distance of 33 cm. Thus, in Equation
(15.11), 6,(r) can change significantly with relatively small propagation delay
changes. In this case, when two multipath components of a signal differ in path
length by 16.5 cm, one signal will arrive 180 degrees out of phase with respect to
the other signal. Sometimes the phasors add constructively and sometimes they add
destructively, resulting in amplitude variations or fading of z(r). Equation (15.11)
can be expressed more compactly as the net received envelope, which is the sum-
mation over all the scatterers, as

z(t) = a(t)e % (15.12)

where a(f) is the resultant amplitude and 8(7) is the resultant phase. The right side
of Equation (15.12) represents the same complex multiplicative factor that was de-
scribed earlier in Section 15.2. Equation (15.12) is an important result because it
tells us that even though a bandpass signal s(f), as expressed in Equation (15.2),is
the signal that experienced the fading effects and gave rise to the received signal
r(f), these effects can be described by analyzing r(f) at the baseband level.

Figure 15.5 illustrates the primary mechanism that causes fading in multipath
channels, as described by Equations (15.11) and (15.12). In the figure, a reflected
signal has a phase delay (a function of additional path length) with respect o a
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desired signal. The reflected signal also has reduced amplitude (a function of the
reflection coefficient of the obstruction). Reflected signals can be described in
terms of orthogonal components x,(f) and y,(t), where x,(£) + jyult) = o, (0)e PO, Tf
the number of such stochastic components is large and none are dominant, then at
a fixed time, the variables x,(¢) and y,(1), resulting from their addition, will have a
Gaussian pdf. These orthogonal components yield the small-scale (fading) magni-
tude ro(1), that was defined in Equation (15.4). For the case of an unmodulated car-
rier wave, as shown in Equation (15.12), ro(f) is the magnitude of z(¢), as follows:

ro(t) = Vxr(t) + yi(0) (15.13)

When the received signal is made up of multiple reflective rays plus a significant
line-of-sight (nonfaded) component, the received envelope amplitude has a Rician
pdf as shown below, and the fading is referred to as Rician Fading [2]:

n {_(r%JrAz)}I(ﬂ)é om0 A= 0
o) =L@ TP T2 |\ ) TR s

0 otherwise

Although ry(f) varies dynamically with motion (time), at any fixed time it is a ran-
dom variable, whose value stems from the ensemble of real positive numbers.
Hence, in describing probability density functions, it is appropriate to drop the
functional dependence on time. The parameter g” is the predetection mean power
of the multipath signal, A denotes the peak magnitude of the non-faded signal com-
ponent (called the specular component) and I, (+) is the modified Bessel function of
the first kind and zero order [11]. The Rician distribution is often described in
terms of a parameter K, which is defined as the ratio of the power in the specular

component to the power in the multipath signal. It is given by K = A%(20%). As the
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magnitude of the specular component approaches zero, the Rician pdf approaches
a Rayleigh pdf, expressed as '

ull] ex - _r%_ forr, =0
plr)) =30 P 207 LA (15.15)
0 otherwise

The Rayleigh faded component is sometimes called the random or scatter ot dif-
fuse component. The Rayleigh pdf results from having no specular signal component;
thus, for a single link (no diversity), it represents the pdf associated with the worst case
of fading per mean received signal power. For the remainder of this chapter, unless
stated otherwise, it will be assumed that loss of signal-to-noise ratio (SNR) due to fad-
ing follows the Rayleigh model. It will also be assumed that the propagating signal is
in the UHF band, encompassing cellular and personal communications services
(PCS), with nominal frequency allocations of 1 GHz and 2 GHz, respectively.
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yproaches As indicated in Figure 15.1, blocks 4, 5, and 6, small-scale fading manifests it-
self in two mechanisms: (1) time-spreading of the underlying digital pulses within
the signal, and (2) a time-variant behavior of the channel due to motion (e.g., a re-
ceive antenna on a moving platform). Figure 15.6 illustrates the consequences of
(15.15) both manifestations by showing the response of a multipath channel to a narrow
pulse versus delay, as a function of antenna position (or time, assuming a mobile
. travelling at a constant velocity). In Figure 15.6, it is important to distinguish be-
itter or dif- g . : d : - '
bt tween two different time references—delay time t and transmission or observation
on;st cas, time . Delay time refers to the time-spreading effect resulting from the fading
© channel’s nonoptimum impulse response. The transmission time, however, is re-
P P P

ter, unless lated b , - tial ch o f . h

Jue to fad- ated to the antenna’s motion or spatial changes, accounting 1or propagation pat

changes that are perceived as the channel’s time-variant behavior. Note that for
constant velocity, as is assumed in Figure 15.6, either antenna position or transmis-
1 sion time can be used to illustrate this time-variant behavior. Figures 15.6a-15.6¢
- show the sequence of received pulse-power profiles as the antenna moves through
a succession of equally spaced positions. Here, the interval between antenna posi-
tions is 0.4\ [12], where \ is the wavelength of the carrier frequency. For each of
! these three cases shown, the response pattern differs significantly in the delay time
! of the largest signal component, the number of signal copies, their magnitudes, and
i the total received power (area in each received power profile). Figure 15.7
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Figure 15.7 Small-scale fading: Mechanisms, degradation categories,
and effects. '
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summarizes these two small-scale fading mechanisms, the two domains (time or
time-delay and frequency or Doppler shift) for viewing each mechanism, and the
degradation categories each mechanism can exhibit. Note that any mechanism
characterized in the time domain can be characterized equally well in the fre-
quency domain. Hence, as outlined in Figure 15.7, the time-spreading mechanism
will be characterized in the time-delay domain as a multipath delay spread, and in
the frequency domain it will be characterized as a channel coherence bandwidth.
Similarly, the time-variant mechanism will be characterized in the time domain as a
channel coherence time and in the Doppler-shift (frequency) domain as a channel
fading rate or Doppler spread. These mechanisms and their associated degradation
categories are examined in the sections that follow.

15.3 SIGNAL TIME-SPREADING

15.3.1 Signal Time-Spreading Viewed in the Time-Delay Domain

A simple way to model the fading phenomenon was introduced by Bello [13] in
1963; he proposed the notion of wide-sense stationary uncorrelated scattering
(WSSUS). The model treats signals arriving at a receive antenna with different de-
lays as uncorrelated. It can be shown [2, 13] that such a channel is effectively WSS
in both the time and frequency domains. With such a model of a fading channel,
Bello was able to define functions that apply for all time and all frequencies. For
the mobile channel, Figure 15.8 contains four functions that make up this model
(2,10, 13-15]. These functions are examined here and in later sections, starting with
Figure 15.8a and proceeding counter-clockwise toward Figure 15.8d.

In Figure 15.8a, a multipath-intensity profile is plotted (S(7) versus time
delay 7). Knowledge of S(7) helps answer the question, “For a transmitted im-
pulse, how does the average received power vary as a function of time delay 7?”
The term “time delay” is used to refer to the excess delay. It represents the
signal’s propagation delay that exceeds the delay of the first signal arrival at the re-
ceiver. For a typical wireless channel, the received signal usually consists of several
discrete multipath components, causing S(7) to exhibit multiple isolated peaks,
sometimes referred to as fingers Or returns. For some channels, such as the
tropospheric scatter channel, received signals are often seen as a continuum of mul-
tipath components [10, 15]. In such cases, S(7) is a relatively smooth (continuous)
function of 7. For making measurements of the multipath intensity profile, wide-
band signals (impulses or spread spectrum) need to be used [15]. For a single trans-
mitted impulse, the time T, between the first and last received component
represents the maximum excess delay, after which the multipath signal power falls
below some threshold level relative to the strongest component. The threshold
level might be chosen at 10 dB or 20 dB below the level of the strongest compo-
nent. Note that for an ideal system (zero excess delay) the function S(7) would con-
sist of an ideal impulse with weight equal to the total average received signal
power.
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15.3.1.1 Degradation Categories due to Signal Time-Spreading Viewed
in the Time-Delay Domain

In a fading channel, the relationship between maximum excess delay time 7,
and symbol time T, can be viewed in terms of two different degradation categories:
frequency-selective fading and frequency nonselective or flat fading. (See Figure
15.1, blocks & and 9, and Figure 15.7.) A channel is said to exhibit frequency-
selective fading if T, > T,. This condition occurs whenever the received multipath
components of a symbol extend beyond the symbol’s time duration. Such multipath
dispersion of the signal yields the same kind of ISI distortion that is caused by an
electronic filter. In fact, another name for this category of fading degradation
is channel-induced ISI. In the case of frequency-selective fading, mitigating the
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distortion is possible because many of the multipath components are resolvable by
the receiver. (Several such mitigation techniques are described in later sections.)

A channel is said to exhibit frequency nonselective or flat fading if T, < T, In
this case, all of the received multipath components of a symbol arrive within the
symbol time duration; hence, the components are not resolvable. Here, there IS NO
channel-induced ISI distortion, since the signal time spreading does not result in
significant overlap among neighboring received symbols. There is still performance
degradation, since the unresolvable phasor components can add up destructively to
yield a substantial reduction in SNR. Also, signals that are classified as exhibiting
flat fading can sometimes experience the distortion effects of frequency-selective
fading. This will be explained later when viewing degradation in the frequency do-
main, where the phenomenon is more easily described. For loss in SNR due to flat
fading, the mitigation technique called for is to improve the received SNR (or to
reduce the required SNR). For digital systems, introducing some form of signal di-
versity and using error-correction coding is the most efficient way to accomplish
this.

15.3.2 Signal Time-Spreading Viewed in the Frequency Domain

A completely analogous characterization of signal dispersion can be specified in
the frequency domain. In Figure 15.8b, the function [R(Af), designated a spaced-
frequency correlation function, can be seen; it is the Fourier transform of S(v). The
function R(Af) represents the correlation between the channel’s response to two
signals as a function of the frequency difference between the two signals. It can be
thought of as the channel’s frequency transfer function. Therefore, the time-
spreading manifestation can be viewed as if it were the result of a filtering process.
Knowledge of R(Af) helps answer the question, “What is the correlation between
received signals that are spaced in frequency Af=f,—f,7” The function R(Af) can
be measured by transmitting 2 pair of sinusoids separated in frequency by Af, cross-
correlating the complex spectra of the two separately received signals, and re-
peating the process many times with ever-larger separation Af. Therefore, the
measurement of R(Af) can be made with a sinusoid that is swept in frequency
across the band of interest (a wideband signal). The coherence bandwidth fy is a
statistical measure of the range of frequencies over which the channel passes all
spectral components with approximately equal gain and linear phase. Thus, the
coherence bandwidth represents a frequency range over which a signal’s frequency
components have a strong potential for amplitude correlation. That is, spectral
components in that range are affected by the channel in a similar manner—as, for
example, exhibiting fading or no fading. Note that f; and 7T, are reciprocally re-
lated (within a multiplicative constant). As an approximation, we can say that

fo=1/Tn (15.16)

The maximum excess delay Tp, is not necessarily the best indicator of how any
given system will perform when signals propagate on a channel, because different
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Yable by channels with the same value of T,, can exhibit very different signal-intensity pro-
ions.) files over the delay span. A more useful parameter is the delay spread, most often
1 <_TS‘ In characterized in terms of its root-mean-squared (rms) value, called the rms delay
_ s,
éﬁﬁi o, = Va2 = (1) (15.17)
stively to where T is the mean excess delay, (7)* is the mean squared,  is the second mo-
xhibiting ment, and g, is the square root of the second central moment of S(r) [1].
-selective A universal relationship between coherence bandwidth and delay spread that
tency do- | would be useful for all applications does not exist. However, using Fourier trans-
ue to flat form techniques an approximation can be derived from actual signal dispersion
R (or to measurements in various channels. Several approximate relationships have been
signal di- developed. If coherence bandwidth is defined as the frequency interval over which
:complish the channel’s complex frequency transfer function has a correlation of at least 0.9,
' the coherence bandwidth is approximately [16]
fo= L (15.18)
° 500, '
ecified in : For the case of a mobile radio, an array of radially uniformly spaced scatter-
a spaced- ' ers, all with equal-magnitude reflection coefficients but independent, randomly oc-
S(7). The ' curring reflection phase angles [17, 18], is generally accepted as a useful model for
se to two | an urban propagation environment. This model is referred to as the dense-scatterer
It call be | channel model. With the use of such a model, coherence bandwidth has similarly
the time- : been defined [17], for a bandwidth interval over which the channel’s complex fre-
gt;;)rocess. | quency transfer function has a correlation of at least 0.5, to be
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efore, the . Studies involving ionospheric effects often employ the following definition [19]:
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passes all | 2mo,
Thus, the A more popular approximation of f;, corresponding to a bandwidth interval having
freque?caji a correlation of at least 0.5, is [1]
8, spectr '
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7 that

The delay spread and coherence bandwidth are related to a channel’s multipath
(15.16) characteristics, differing for different propagation paths (such as metropolitan
areas, suburbs, hilly terrain, indoors, etc.). It is important to note that neither of the
parameters in Equation (15.21) depend on signaling speed. A system’s signaling
speed only influences its transmission bandwidth W.

f how any
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15.3.2.1 Degradation Categories due to Signal Time-Spreading Viewed
in the Frequency Domain

A channel is referred to as frequency-selective if fo < 1/T, = W, where the sym-
bol rate 1/T, is nominally taken to be equal to the signaling rate or signal band-
width W. In practice, W may differ from 1/T,, due to system filtering or data
modulation type (e.g., QPSK, MSK, spread spectrum, etc.) [20]. Frequency-
selective fading distortion occurs whenever a signal’s spectral components are not
all affected equally by the channel. Some of the signal’s spectral components falling
outside the coherence bandwidth will be affected differently (independently), com-
pared with those components contained within the coherence bandwidth. Figure
15.9 contains three examples. Each one illustrates the spectral density versus fre-
quency of a transmitted signal having a bandwidth of W Hz. Superimposed on the
plot in Figure 15.9a is the frequency transfer function of a frequency-selective
channel (f, < W). Figure 15.9a shows that various spectral components of the trans-
mitted signal will be affected differently.

Frequency-nonselective of flat-fading degradation occurs whenever fo > W.
Hence, all of the signal’s spectral components will be affected by the channel in a
similar manner (e.g., fading or no fading). This is illustrated in Figure 15.9b, which
features the spectral density of the same transmitted signal having a bandwidth of
W Hz However, superimposed on this plot is the frequency transfer function of a
flat-fading channel (fy > W). Figure 15.9b illustrates that all of the spectral compo-
nents of the transmitted signal will be affected in approximately the same way. Flat
fading does not introduce channel-induced ISI distortion, but performance degra-
dation can still be expected due to the loss in SNR whenever the signal is fading. In
order to avoid channel-induced ISI distortion, the channel is required to exhibit flat
fading. This occurs, provided that

fo> W= 51,— (15.22)
Hence, the channel coherence bandwidth f; sets an upper limit on the transmission
rate that can be used without incorporating an equalizer in the receiver.

For the flat-fading case, where fo > W (or T,, < Ty), Figure 15.9b shows the
usual flat-fading pictorial representation. However, as a mobile radio changes
its position, there will be times when the received signal experiences frequency-
selective distortion even though f, > W. This is seen in Figure 15.9¢, where the null
of the channel’s frequency transfer function occurs near the band center of the
transmitted signal’s spectral density. When this occurs, the baseband pulse can be
especially mutilated by deprivation of its low-frequency components. One conse-
quence of such loss is the absence of a reliable pulse peak on which to establish the
timing synchronization or from which to sample the carrier phase carried by the
pulse [17]. Thus, even through a channel is categorized as flat fading (based on rms
relationships), it can still manifest frequency-selective fading on occasions. It is fair
to say that a mobile radio channel, classified as exhibiting flat-fading degradation,
cannot exhibit flat fading all of the time. As f, becomes much larger than W (or T,
becomes much smaller than T;), less time will be spent exhibiting the type of
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Figure 15.9 Relationships between the channel frequency-transfer
function and a transmitted signal with bandwidth W.
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condition shown in Figure 15.9c. By comparison, it should be clear that in Figure
15.9a the fading is independent of the position of the signal band, and frequency-
selective fading occurs all the time and not just occasionally.

15.3.3 Examples of Flat Fading and Frequency-Selective Fading

Figure 15.10 shows some examples of flat fading and frequency-selective fading for
a direct-sequence spread-spectrum (DS/SS) system [19, 20]. In Figure 15.10, there
are three plots of the output of a pseudonoise (PN) code correlator versus delay as
a function of time (transmission or observation time). Each amplitude-versus-delay
plot is akin to S(r) versus 7, as shown in Figure 15.8a. The key difference is that the
amplitudes shown in Figure 15.10 represent the output of a correlator; hence, the
waveshapes are a function not only of the impulse response of the channel but also
of the impulse response of the correlator. The delay time is expressed in units of
chip durations (chips), where the chip is defined as the spread-spectrum, minimal-
| duration keying element. For each plot, the observation time is shown on an axis
' perpendicular to the amplitude-versus-time-delay plane. Figure 15.10 is drawn
| from a satellite-to-ground communications link exhibiting scintillation because of
atmospheric disturbances. However, Figure 15.10 is still a useful illustration of
| three different channel conditions that might apply to a mobile radio situation. A
mobile radio that moves along the observation-time axis is affected by chang-
| ing multipath profiles along the route, as seen in the figure. The scale along the
| observation-time axis is also in units of chips. In Figure 15.10a, the signal dispersion
1 (one “finger” of return) is on the order of a chip time duration, T, In a typical
% DS/SS system, the spread-spectrum signal bandwidth is approximately equal to
|

1/T,; hence, the normalized coherence bandwidth f,T., of approximately unity in
Figure 15.10a, implies that the coherence bandwidth is about equal to the spread-
\ spectrum bandwidth. This describes a channel that can be called frequency-

nonselective or slightly frequency-selective. In Figure 15.10b, where fyTy, = 0.25,
the signal dispersion is more pronounced. There is definite interchip interference,
due to the coherence bandwidth being approximately 25 percent of the spread-
! spectrum bandwidth. In Figure 15.10c, where fyTg, = 0.1, the signal dispersion is
even more pronounced, with greater interchip-interference effects, due to the co-
herence bandwidth being approximately 10 percent of the spread-spectrum band-
width. The coherence bandwidths (relative to the spread-spectrum signaling speed)
shown in Figures 15.10b and 15.10c depict channels that can be categorized, respec-
tively, as moderately and highly frequency selective. Later, it is shown that a DS/SS
system operating over a frequency-selective channel at the chip level does not nec-

B essarily experience frequency-selective distortion at the symbol level.
The signal dispersion manifestation of a fading channel is analogous to the sig-
nal spreading that characterizes an electronic filter. Figure 15.11a depicts a wideband
8 (o filter (narrow impulse response) and its effect on asignalin both the time domain and
Iation the frequency domain. This filter resembles a flat-fading channel yielding an output
VRC- that is relatively free of distortion. Figure 15.11b shows a narrowband filter (wide im-

! pulse response). The output signal suffers much distortion, as shown in both time and
frequency. Here, the process resembles a frequency-selective channel.
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Figure 15.11 Flat-fading and frequency-selective fading characteristics.
Source: Rappaport, T.S., Wireless Communications, Prentice-Hall, Upper Saddle
River, New Jersey, 1996.

15.4 TIME VARIANCE OF THE CHANNEL CAUSED BY MOTION
15.4.1 Time Variance Viewed in the Time Domain

Signal dispersion and coherence bandwidth characterize the channel’s time-
spreading properties in a local area. However, they do not offer information about
the time-varying nature of the channel caused by relative motion between a trans-
mitter and receiver or by movement of objects within the channel. For mobile-
radio applications, the channel is time variant because motion between the
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transmitter and receiver results in propagation-path changes. For a transmitted
continuous wave (CW) signal, such changes cause variations in the signal’s ampli-
tude and phase at the receiver. If all scatterers making up the channel are station-
ary, whenever motion ceases the amplitude and phase of the received signal
remains constant—that is, the channel appears to be time invariant. Whenever mo-
tion begins again, the channel appears time variant. Since the channel characteris-
tics are dependent on the positions of the transmitter and receiver, time variance in

t<<Ts this case is equivalent to spatial variance.
Figure 15.8c shows the function R(Ar), designated the spaced-time correlation
function; it is the autocorrelation function of the channel’s response to a sinusoid.
This function specifies the extent to which there is correlation between the chan-
nel’s response to a sinusoid sent at time #; and the response to a similar sinusoid
sent at time #,, where At = t, — t,. The coherence time T is a measure of the expected
time duration over which the channel’s response is essentially invariant. Barlier,
measurements of signal dispersion and coherence bandwidth were made by using
wideband signals. Now, to measure the time-variant nature of the channel, a nar-
rowband signal is used [15]. To measure R(Af), a single sinusoid (Af = 0) can be
| transmitted at times #, and t,, and the cross-correlation function of the received sig-
nals is determined. The function R(Af) and the parameter T, provide knowledge
about the fading rapidity of the channel. Note that for an ideal time-invariant chan-
nel (e.g., transmitter and receiver exhibiting no motion at all), the channel’s re-
sponse would be highly correlated for all values of At; thus, R(A¢) as a function of
— | Af would be a constant. For example, if a stationary user’s location is characterized
by a multipath null, then that null remains unchanged until there is some move-
ment (either by the transmitter or receiver or by objects within the propagation
path). When using the dense-scatterer channel model described earlier, with con-
stant mobile velocity V and an unmodulated CW signal having wavelength A, the

f normalized R(A¢) is described as [18]
R(At) = Ty (KVAL) (15.23)
ics.
lle ‘
where Jy(+) is the zero-order Bessel function of the first kind [11], V At is distance
traversed, and k = 2m/\ is the free-space phase constant (transforming distance to
radians of phase). Coherence time can be measured in terms of either time or dis-
tance traversed (assuming some fixed velocity). Amoroso described such a mea-
surement using a CW signal and a dense-scatterer channel model [17]. He
measured the statistical correlation between the combination of received magni-
tude and phase sampled at a particular antenna location x, and the corresponding
combination sampled at some displaced location xq + {, with displacement mea-
nel’s time- sured in units of wavelength \. For a displacement { of 0.4\ between two antenna
ation about locations, the combined magnitudes and phases of the received CW are statistically
een a trans- uncorrelated. In other words, the signal observation at x, provides no information
For mobile- about the signal at x, + {. For a given velocity, this displacement is readily trans-
etween the formed into units of time (coherence time).
|
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15.4.1.1 The Basic Fading Manifestations are
Independent of One Another

For a moving antenna, the fading of a received carrier wave is usually
regarded as a random process, €ven though the fading record may be com-
pletely predetermined from the disposition of scatterers and the propagation
geometry from the transmitter to the receiving antenna. This is because the
same waveform received by two antennas that are displaced by at least 0.4\ are
statistically uncorrelated [17, 18]. Since such a small distance (about 13 cm for a
carrier wave at 900 MHz) corresponds to statistical decorrelation in received
signals, the basic fading manifestations of signal dispersion and fading rapid-
ity can be considered to be independent of each other. Any of the cases in
Figure 15.10 can provide some insight here. At each instant of time (correspond-
ing to a spatial location) we see a multipath intensity profile S(t) as a func-
tion of delay 7. The multipath profiles are primarily determined by the surrounding
terrain (buildings, vegetation, etc.). Consider Figure 15.10b, where the direction
of motion through regions of differing multipath profiles is indicated by an arrow
labeled time (it might also be labeled antenna displacement). As the mobile
moves to a new spatial location characterized by a different profile, there will be
changes in the fading state of the channel as characterized by the profile at the new
location. However, because one profile is decorrelated with another profile at a
distance as short as 13 cm (for a carrier at 900 MHz), the rapidity of such changes
only depends on the speed of movement, not on the underlying geometry of the
terrain.

15.4.1.2 The Concept of Duality

The mathematical concept of duality can be defined as follows: Two
processes (functions, elements, or systems) are dual to each other if their mathe-
matical relationships are the same even though they are described in terms of dif-
ferent parameters. In this chapter, it is interesting to note duality when examining
time-domain versus frequency-domain relationships.

In Figure 15.8, we can identify functions that exhibit similar behavior across
domains. For the purpose of understanding the fading-channel model, it is useful to
refer to such functions as duals. For example, the phenomenon of signal dispersion
can be characterized in the frequency domain by R(Af), as shown in Figure 15.8b.
It yields knowledge about the range of frequencies over which two spectral compo-
nents of a received signal have a strong potential for amplitude and phase correla-
tion. Fading rapidity is characterized in the time domain by R(Af), as shown in
Figure 15.8c. It yields knowledge about the span of time over which two received
signals have a strong potential for amplitude and phase correlation. These two cor-
relation functions, R(Af) and R(A?), have been labeled as duals. This is also noted
in Figure 15.1 as the duality between blocks 10 and 13, and in Figure 15.7 as the du-
ality between the time-spreading mechanism in the frequency domain and the
time-variant mechanism in the time domain.
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15.4.1.3 Degradation Categories due to Time Variance,
Viewed in the Time Domain

The time-variant nature or fading rapidity mechanism of the channel can be
viewed in terms of two degradation categories, as listed in Figure 15.7: fast fading
and slow fading. The term “fast fading” is used for describing channels in which
T, < T, where Ty is the channel coherence time, and T is the time duration of a
transmission symbol. Fast fading describes a condition where the time duration in
which the channel behaves in a correlated manner is short compared with the time
duration of a symbol. Therefore, it can be expected that the fading character of the
channel will change several times during the time span of a symbol, leading to dis-
tortion of the baseband pulse shape. Analogous to the distortion previously de-
scribed as channel-induced ISI, here distortion takes place because the received
signal’s components are not all highly correlated throughout time. Hence, fast fad-
ing can cause the baseband pulse to be distorted, often resulting in an irreducible
error rate. Such distorted pulses cause synchronization problems (failure of phase-
locked-loop receivers), in addition to difficulties in adequately designing a matched
filter.

A channel is generally referred to as introducing slow fading if T, > T;. Here,
the time duration in which the channel behaves in a correlated manner is long com-
pared with the time duration of a transmission symbol. Thus, one can expect the
channel state to virtually remain unchanged during the time in which a symbol is
transmitted. The propagating symbols will likely not suffer from the pulse distor-
tion described earlier. The primary degradation in a slow-fading channel, as with
flat fading, is loss in SNR.

15.4.2 Time Variance Viewed in the Doppler-Shift Domain

A completely analogous characterization of the time-variant nature of the channel
can be presented in the Doppler-shift (frequency) domain. Figure 15.8d shows a
Doppler power spectral density (or Doppler spectrum) S(v), plotted as a function of
Doppler-frequency shift, v. For the case of the dense-scatterer model, a vertical re-
ceive antenna with constant azimuthal gain, a uniform distribution of signals arriv-
ing at all arrival angles throughout the range (0, 2m), and an unmodulated CW
signal, the signal spectrum at the antenna terminals is [18]

S(v) = 1 (15.24)

(5]

The equality holds for frequency shifts of v that are in the range % f,; about the car-
rier frequency f,, and would be zero outside that range. The shape of the RF
Doppler spectrum described by Equation (15.24) is classically bowl-shaped, as seen
in Figure 15.8d. Note that the spectral shape is a result of the dense-scatterer chan-
nel model. Equation (15.24) has been shown to match experimental data gathered
for mobile radio channels [22]; however, different applications yield different
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spectral shapes. For example, the dense-scatterer model does not hold for the in-
door radio channel; the channel model for an indoor area assumes S(v) to be a flat
spectrum [23].

In Figure 15.8d, the sharpness and steepness of the boundaries of the Doppler
spectrum are due 1o the sharp upper limit on the Doppler shift produced by a ve-
hicular antenna travelling among the stationary scatterers of the dense scatterer
model. The largest magnitude (infinite) of S(v) occurs when the scatterer is directly
ahead of the moving antenna platform or directly behind it. In that case, the magni-
tude of the frequency shift is given by

~I<

fa= (15.25)

where V is relative velocity and A is the signal wavelength. When the transmitter
and receiver move toward each other, f; is positive, and when they move away
from each other, f; is negative. For scatterers directly broadside of the moving plat-
form, the magnitude of the frequency shift is zero. The fact that Doppler compo-
nents arriving at exactly 0° and 180° have an infinite power spectral density is not a
problem, since the angle of arrival is continuously distributed and the probability of
components arriving at exactly these angles is Z€r0 (1, 18].

S(v) is the Fourier transform of R(Af). It is known that the Fourier transform
of the autocorrelation function of a time series equals the magnitude squared of the
Fourier transform of the original time series. Therefore, measurements can be
made by simply transmitting a sinusoid (narrowband signal) and using Fourier
analysis to generate the power spectrum of the received amplitude [15]. This
Doppler power spectrum of the channel yields knowledge about the spectral
spreading of a transmitted sinusoid (impulse in frequency) in the Doppler-shift do-
main. As indicated in Figure 15.8, S(v) can be regarded as the dual of the multipath
intensity profile S(7), since the latter yields knowledge about the time spreading of
a transmitted impulse in the time-delay domain. This is also noted in Figure 15.1 as
the duality between blocks 7 and 16, and in Figure 15.7 as the duality between the
time-spreading mechanism in the time-delay domain and the time-variant mecha-
nism in the Doppler-shift domain.

Knowledge of S(v) makes it possible to estimate how much spectral broaden-
ing is imposed on the signal as a function of the rate of change in the channel state.
The width of the Doppler power spectrum (denoted fy) is referred to in the litera-
ture by several different names: Doppler spread, fading rate, fading bandwidth, or
spectral broadening. Equation (15.24) describes the Doppler frequency shift. In a
typical multipath environment, the received signal travels over several reflected
paths, each with a different distance and a different angle of arrival. The Doppler
shift of each arriving path is generally different from that of other paths. The effect
on the received signal manifests itself as a Doppler spreading of the transmitted
signal frequency, rather than as a shift. Note that the Doppler spread f; and the co-
herence time T are reciprocally related (within a multiplicative constant), resulting
in an approximate relationship between the two parameters given by
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fa
Hence, the Doppler spread f; (or 1/T}) is regarded as the typical fading rate of the
channel. Earlier, T, was described as the expected time duration over which the
channel’s response to a sinusoid is essentially invariant. When Ty, is defined more
precisely as the time duration over which the channel’s response to sinusoids yields
a correlation between them of at least 0.5, the relationship between T, and f; is
approximately [2]

T, (15.26)

9
16'1de

A popular rule of thumb is to define T as the geometric mean of Equations (15.26)

and (15.27). This yields
9 0.423
To=Al—7F7~= 15.28
"“Ni6ns7 o A528)

For the case of a 900 MHz mobile radio, Figure 15.12 illustrates the typical effect of
Rayleigh fading on a signal’s envelope amplitude versus time [1]. The figure shows
that the distance traveled by the mobile in a time interval corresponding to two ad-
jacent nulls (small-scale fades) is on the order of a half-wavelength (M2). Thus,
from Figure 15.12 and Equation (15.25), the time required to traverse a distance
/2 (approximately the coherence time), when traveling at a constant velocity V, is

7 M2_05
VO

Thus, when the interval between fades is approximately N2, as shown in Figure
15.12, the resulting expression for T, in Equation (15.29) is quite close to the geo-
metric mean shown in Equation (15.28). From Equation (15.29), and using the pa-
rameters shown in Figure 15.12 (velocity = 120 km/hr, and carrier frequency = 900
MHz), it is straightforward to determine that the channel coherence time is approx-
imately 5 ms and the Doppler spread (channel fading rate) is approximately 100
Hz. Therefore, if this example represents a channel over which digitized speech sig-
nals are transmitted with a typical rate of 10* symbols/s, the fading rate is consider-
ably less than the symbol rate. Under such conditions, the channel would manifest
slow-fading effects. Note that if the abscissa of Figure 15.12 were labeled in units of
wavelength instead of time, the plotted fading characteristics would look the same
for any radio frequency and any antenna speed.

T, - (1527)

(15.29)

15.4.2.1 Analogy for Spectral Broadening in Fading Channels

Let us discuss the reason why a signal experiences spectral broadening as it
propagates from or is received by a moving platform, and why this spectral broad-
ening (also called the fading rate of the channel) is a function of the speed of mo-
tion. An analogy can be used to explain this phenomenon. Figure 15.13 shows the
keying of a digital signal (such as amplitude-shift-keying or frequen cy-shift-keying)
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Figure 15.12 A typical Rayleigh fading envelope at 900 MHz.
Rappaport, T.S., Wireless Communications, Chapter 4, Prentice Hall, Upper
Saddle River, New Jersey, 1996.

where a single tone cos 2mf.t defined for —w <t < %, is characterized in the fre-
quency domain in terms of impulses (at +£;). This frequency domain representation
is ideal (i.e., zero bandwidth), since the tone is a single frequency with infinite time
duration. In practical applications, digital signaling involves switching (keying) sig-
nals on and off at a required rate. The keying operation can be viewed as multiply-
ing the infinite-duration tone in Figure 15.13a by an ideal rectangular on-off
(switching) function in Figure 15.13b. The frequency-domain description of this
switching function is of the form sinc fT. (See Appendix A, Table A.1.)

In Figure 15.13¢, the result of the multiplication yields a tone, cos 2 f.t, that
is time-duration limited. The resulting spectrum is obtained by convolving the spec-
tral impulses shown in part (a) of Figure 15.13 with the sinc fT function of part (b),
yielding the broadened spectrum depicted in part (c). It is further seen that, if the
signaling occurs at a faster rate characterized by the rectangle of shorter duration
in part (d), the resulting signal spectrum in part (e) exhibits greater spectral broad-
ening. The changing state of a fading channel is somewhat analogous to the on-off
keying of digital signals. The channel behaves like a switch, turning the signal “on
and off.” The greater the rapidity of the change in the channel state, the greater
spectral broadening experienced by signals propagating over such a channel. The
analogy is not exact because the on and off switching of signals may result in phase
discontinuities, while the typical multipath-scatterer environment induces phase-
continuous effects.

972 Fading Channels Chap. 15

(a) Si

(b} K

(c)D

(d}F

(e) I




-—————

Time Frequency
cos 2nf,t
—co << oo T T
(a) Sinusoid ——WM—::
{\ —fe 0 fs f
(b) Keying t f
0
cos 2nf,t
Ty T
- 2 2
(c) Digital ;
signal 0 f
fe

(d) Faster | l ;
] keying 0 f
250
(e) Digital ANAN ) |
signal JAY, v\ ) 3 7. f
r
Figure 15.13 Analogy between spectral broadening in fading and spectral
broadening in keying a digital signal.
1 the fre-
sentation
inite time 15.4.2.2 Degradation Categories due to Time Variance,
ying) sig- Viewed in the Doppler-Shift Domain
multiply- A channel is said to be fast fading if the symbol rate 1/T; (approximately
ar on-o‘.ff ' equal to the signaling rate or bandwidth W) is less than the fading rate 1/7; (ap-
m of this proximately equal to f;); that is, fast fading is characterized by
x f.t, that | W< f, (15.30)
the spec- : or
f part (b),
hat, if the T, > T, (15.31)
 duration Conversely, the channel is referred to as slow fading if the signaling rate is greater
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In Equation (15.22), it was shown that due to signal dispersion, the coherence
bandwidth f, sets an upper limit on the signaling rate that can be used without suf-
fering frequency-selective distortion. Similarly, Equation (15.32) shows that due to
Doppler spreading, the channel fading rate f, sets a lower limit on the signaling rate
that can be used without suffering fast-fading distortion. For HF communication
systems, when teletype or Morse-coded messages were transmitted at low data
rates, the -channels often exhibited fast-fading characteristics. However, most
present-day terrestrial mobile-radio channels can generally be characterized as
slow fading.

Equations (15.32) and (15.33) do not go far enough in describing the desir-
able behavior of the channel. A better way to state the requirement for mitigating
the effects of fast fading would be that we desire W>> f, (or T, << Ty). If this condi-
tion is not satisfied, the random frequency modulation (FM) due to varying
Doppler shifts will degrade system performance significantly. The Doppler effect
yields an irreducible error rate that cannot be overcome by simply increasing E3/Ny
[24]. This irreducible error rate is most pronounced for any transmission scheme
that involves modulating the carrier phase. A single specular Doppler path, with-
out scatterers, registers an instantaneous frequency shift, classically calculated as
fs = VIN. However, a combination of specular and multipath components yields a
rather complex time dependence of instantaneous frequency, which can cause fre-
quency swings much larger than +V/\ when the information is recovered by an in-
stantaneous frequency detector (a nonlinear device) [25]. Figure 15.14 illustrates
how this can happen. Owing to vehicle motion, at time ¢, the specular phasor has
rotated through an angle 6, while the net phasor has rotated through an angle ¢,
which is about four times greater than 6. The rate of change of phase at a time near
this particular fade is about 4 times that of the specular Doppler alone. Therefore,
the instantaneous frequency shift dd/dt would be about 4 times that of the specular
doppler shift. The peaking of instantaneous frequency shifts at a time near deep
fades is akin to the phenomenon of FM “clicks” or “spikes.” Figure 15.15 illustrates
the seriousness of this problem. The figure shows bit-error rate versus E,/N, pet-
formance plots for m/4 DQPSK signaling at f.= 850 MHz for various simulated mo-
bile speeds [26]. It should be clear that at high speeds, the performance curve
bottoms out at an error-rate level that may be unacceptably high. Ideally, coherent
demodulators that lock onto and track the information signal should suppress the
effect of this FM noise and thus cancel the impact of Doppler shift. However, for
large values of f;, carrier recovery is difficult to implement because very wideband
(relative to the data rate) phase-lock loops (PLLs) need to be designed. For voice-
grade applications with bit-errors rates of 10~ to 107, a large value of Doppler shift
is considered to be on the order of 0.01 x W. Therefore, to avoid fast-fading distor-
tion and the Doppler-induced irreducible error rate, the signaling rate should ex-
ceed the fading rate by a factor of 100 to 200 [27]. The exact factor depends on the
signal modulation, receiver design, and required error rate [1, 25-29]. Davarian
[29] showed that a frequency-tracking loop can help lower but not completely re-
move the irreducible error rate in a mobile system by using differential minimum-
shift keying (DMSK) modulation.
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Figure 15.14 A combination of specular and multipath components
can register much larger frequency swings than £v/A.

Source: Amoroso, F. “Instantaneous Frequency Effects in a Doppler Scattering
Environment’, IEEE International Conference on Communications, June 7-10,
1987, pages 1458-1466

15.4.3 Performance over a Slow- and Flat-Fading Rayleigh Channel

For the case of a discrete multipath channel, with a complex envelope g(z) de-
scribed by Equation (15.3), a demodulated signal (neglecting noise) is described by
Equation (15.10), which is rewritten as follows:

2= D o (e 1O Rt — 7,(1)] e/¢t=n) (15.34a)
where R(f) = Ig(£)| is the envelope magnitude, and () is its phase. Assume that the
channel exhibits flat fading, so that the multipath components are not resolvable.
Then the {o,(t)} terms in Equation 15.34a, in one signaling interval T, need to be
expressed as a resultant amplitude a(T') of all the n phasors received in that inter-
val. Similarly, the phase terms in Equation 15.34a, in one signaling interval, need to
be expressed as the resultant phase 8(T) of all the n fading phasors plus the infor-
mation phase received in that interval. Assume also that the channel exhibits slow
fading, so that the phase can be estimated from the received signal without signifi-
cant error using phase-lock loop (PLL) circuitry or some other appropriate tech-
niques. Therefore, for a slow- and flat-fading channel, we can express a received

15.4 Time Variance of the Channel Caused by Motion 975




- ——

e 10 km/h
- o 20km/h
- = 30 km/h
o 50 km/h
i ¢ 100 km/h
102 ¢ 150 km/h
EEJ 103
- g
105 =
10_6 ! | L 1 | | | | | | L | L | T |
0 10 20 30 40 50 60 70 80
Ep/Ny (dB)

Figure 15.15 Error performance versus E,/N, for m/4 DQPSK for vari-

ous mobile speeds: f,= 850 MHz, As=24 ksymbol/s.

Source: Fung, V., Rappaport T.S., and Thoma, B., “Bit-Error Simulation for /4
DQPSK Mobile Radio Communication Using Two-Ray and Measurement-Based

Impulse Response Models," IEEE Journal on Selected Areas |
Vol. 11, No. 3, April 1893, pp. 393-405.

n Communication,

test statistic z(T) out of the demodulator in each signaling interval, including the

noise ny(T), as

A(T) = o(T) R(T)e 0O+ no(T)

(15.34b)

For simplicity, we now replace a(7) with «. For binary signaling over an AWGN |
channel with a fixed attenuation of a = 1, the bit-error probabilities for the basic
coherent and noncoherent PSK and orthogonal ESK are given in Chapter 4, Table .
4.1. The plots of bit-error probability versus E,/N, for these signaling schemes each '
manifest the classical exponential relationship (a waterfall-shape associated with

AWGN performance). However, for multipath conditions, if there is no specular
signal component, & is a Rayleigh distributed random variable; or equivalently, ol is
described by a chi-square pdf. Under these Rayleigh fading conditions, Figure 15.16
depicts the performance curves. When (Eu/No) E(a?) >> 1, where E(-) represents
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Source: Proakis, J.G., Digital Communications, McGraw-Hill Book Company,

New York, 1983.

statistical expectation, then the bit-error probability expressions for the basic bi-
nary signaling schemes shown in Figure 15.16 are given in Table 15.1. Each of the
signaling schemes that had manifested a waterfall-shaped performance plot under
AWGN interference in Figure 4.25 of Chapter 4 now exhibits performance that
takes the form of an inverse linear function, as a result of the Rayleigh fading.
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TABLE 15.1 Rayleigh-Limit Bit-Error Performance (where (Ep/Np) E(e®) >>1)

Modulation Pg

1
4(E,/No) E (o)
1
2(Ey/No) E (OLZ)
N T
2(E,/No) E ()
— S
(E»/No) E ()

PSK (Coherent)
DPSK (Differentially Coherent)
Orthogonal FSK (Coherent)

Orthogonal FSK (Noncoherent)

Proakis, J.G., Digital Communications, McGraw-Hill, New York, 1983.

15.5 MITIGATING THE DEGRADATION EFFECTS OF FADING

Figure 15.17 subtitled “The Good, The Bad, and The Awful,” highlights three
major performance categories in terms of bit-error probability Py versus E/Np.
The leftmost exponentially shaped curve highlights the performance that can be
expected when using any nominal modulation scheme in AWGN interference. Ob-
serve that at a reasonable E /N, level, good performance can be expected. The
middle curve, referred to as the Rayleigh limit, shows the performance degradation
resulting from a loss in E,/N; that is characteristic of flat fading or slow fading
when there is no line-of-sight signal component present. The curve is a function of
the reciprocal of E,/N, (an inverse-linear function), so for practical values of E,/Ng,
performance will generally be “bad.” In the case of Rayleigh fading, parameters
with overbars are often introduced to indicate that an average is being taken over
the “ups” and “downs” of the fading experience. Therefore, one often sees such
bit-error probability plots with averaged parameters denoted by Py and E,/Ny. This
notation emphasizes the fact that the fading channel has memory; thus, received
samples of the signal are correlated to one another in time. Therefore, when pro-
ducing such error-probability plots for a fading channel, one needs to examine the
process over a window of time that is much larger than the channel coherence time.
The curve that reaches an irreducible error-rate level, sometimes called an error
floor, represents “awful” performance, where the bit-error probability can level off
at values nearly equal to 0.5. This shows the severe performance degrading effects
that are possible with frequency-selective fading or fast fading.

If the channel introduces signal distortion as a result of fading, the system
performance can exhibit an irreducible error rate at a level higher than the desired
error rate. In such cases, no amount of E,/Ny will help achieve the desired level of
performance, and the only approach available for improving performance is to use
some other form of mitigation to remove or reduce the signal distortion. The
mitigation method depends on whether the distortion is caused by frequency-
selective fading or fast fading. Once the signal distortion has been mitigated, the
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Figure 15.17 Error performance: The good, the bad, and the awful.

Pgversus-E,/N, performance can transition from the “awful” category to the
merely “bad” Rayleigh-limit curve. Next, it is possible to further ameliorate the ef-
fects of fading and strive to approach AWGN system performance by using some
form of diversity to provide the receiver with a collection of uncorrelated replicas
of the signal, and by using a powerful error-correction code.

In Figure 15.18, several mitigation techniques for combating the effects of
both signal distortion and loss in SNR are listed. Just as Figures 15.1 and 15.7 serve
as a guide for characterizing fading phenomena and their effects, Figure 15.18 can
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Figure 15.18 Basic mitigation types.

similarly serve 10 describe mitigation methods that can be used to ameliorate the
effects of fading. The mitigation approaches to be used when designing a system
should be considered in two basic steps: first, choose the type of mitigation to re-
duce or remove any distortion degradation; next, choose a diversity type that can

best approach AWGN system performance.
15.5.1 Mitigation to Combat Frequency-Selective Distortion

Equalization can mitigate the effects of channel-induced ISI that is brought on by
frequency-selective fading. That is, it can help modify system performance de-
scribed by the curve that is “awful” in Figure 15.17 to the one that is merely “bad.”
The process of equalizing for mitigating ISI effects involves using methods to
gather the dispersed symbol energy back into its original time interval. In effect, an
equalizer is an inverse filter of the channel. If the channel is frequency selective,
the equalizer enhances the frequency components with small amplitudes and atten-
uates those with large amplitudes. The goal is for the combination of channel and
equalizer filter to provide a flat composite received frequency response and linear
phase [30]. Because in a mobile system the channel response varies with time, the
equalizer filter must also change or adapt to the time-varying channel characteris-
tics. Such equalizer filters are therefore adaptive devices that accomplish more
than distortion mitigation; they also provide diversity. Since distortion mitigation is
achieved by gathering the dispersed symbol’s energy back into the symbol’s origi-
nal time interval (so that it doesn’t hamper the detection of other symbols), the
equalizer is simultaneously providing the receiver with symbol energy that would
otherwise be lost.
The decision feedback equalizer (DFE) has a feedforward section that is a
linear transversal filter [30] whose stage length and tap weights are selected to co-
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herently combine virtually all of the current symbol’s energy. The DFE also has a
feedback section, which removes energy remaining from previously detected sym-
bols [10, 30-32]. The basic idea behind the DFE is that once an information symbol
has been detected, the ISI that it induces on future symbols can be estimated and
subtracted before the detection of subsequent symbols. (See Section 3.4.3.2.)

A maximum-likelihood sequence estimation (MLSE) equalizer tests all pos-
sible data sequences (rather than detecting each received symbol by itself) and
chooses the data sequence that is the most probable of all the candidates. The
MLSE equalizer was first proposed by Forney [33] and implemented by using the
Viterbi decoding algorithm [34]. The MLSE is optimal in the sense that it mini-
mizes the probability of a sequence error. Because the Viterbi decoding algorithm
is typically used in the implementation of the MLSE equalizer, this device is often
referred to as the Viterbi equalizer. Later in this chapter, we illustrate the adaptive
equalization performed in the Global System for Mobile (GSM) Communications
using the Viterbi equalizer.

Direct-sequence spread-spectrum (DS/SS) techniques can be used to mitigate
frequency-selective ISI distortion because the hallmark of spread-spectrum sys-
tems is their capability to reject interference, and ISLis a type of interference. Con-
sider a DS/SS binary phase-shift keying (PSK) communication channel comprising
one direct path and one reflected path. Assume that the propagation from trans-
mitter to receiver results in a multipath wave that is delayed by 7 compared with
the direct wave. Neglecting noise, the received signal can be expressed as

(1) = Ax()p(Hcos(2nf) + aAx(t — )p(t — 7)cos(2mfit + 6)  (15.35)

where x(7) is the data signal, p(t) is the pseudonoise (PN) spread code, and 7 is the
differential time delay between the two paths. The angle 6 is a random phase, as-
sumed to be uniformly distributed in the range (0, 2), and o is the attenuation of
the multipath signal relative to the direct path signal. The receiver multiples the in-
coming r(t) by the code p(¢). If the receiver is synchronized to the direct path sig-
nal, multiplication by the code signal yields

r)p() = Ax(Dp*(cos(2nfd) + aAx(t — )pOp(t — T)cos(2mft + 8)  (15.36)

where p*(¢) = 1. If 7 is greater than the PN chip duration, then

‘ f p(Op(t — T)d!’<<|fp2(t)dt\ (15.37)

over some appropriate interval of integration (correlation). Thus, the spread spec-
trum system effectively eliminates the multipath interference by virtue of its code-
correlation receiver. Even though channel-induced ISI is typically transparent to
DS/SS systems, such systems suffer from the loss in energy contained in the multipath
components rejected by the receiver. The need to gather up this lost energy belong-
ing to such multipath chips was the motivation for developing the Rake receiver
[35-37]. The Rake receiver dedicates a separate correlator to each multipath compo-
nent (finger) and coherently adds the energy from each finger by selectively delaying
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each (the earliest component gets the longest delay), so that they can all the coher-
ently combined.

Earlier, we described a channel that could be classified as flat fading but occa-
sionally exhibits frequency-selective distortion when the null of the channel’s fre-
quency transfer function occurs at the center of the signal band. The use of DS/SS is
a practical way of mitigating such distortion because the wideband SS signal can span
many lobes of the selectively faded channel frequency response. Hence, a great deal
of pulse energy is passed by the scatterer medium, in contrast to the channel nulling
effect on a relatively narrowband signal [17]. (See Figure 15.9¢.) The ability of the sig-
nal spectrum to span Over many lobes of the frequency-selective channel transfer
function is the key to how DS/SS signaling can overcome the degrading effects of
multipath environment. This requires that the spread-spectrum bandwidth W (or
the chip rate, Ry) be greater than the coherence bandwidth f. The larger the ratio of
W to fp, the more effective will be the mitigation. The time-domain view of such mit-
igation was expressed in Equations (15.36) and (15.37). That is, to resolve multipath
components (and either reject them or, with a Rake receiver, exploit them) requires
that the spread-spectrum signal dispersion be greater than a chip time.

Frequency hopping spread spectrum (FH/SS) can be used as a technique to
mitigate the distortion caused by frequency-selective fading, provided the hopping
rate is at least equal to the symbol rate. Compared with DS/SS, mitigation takes
place through a different mechanism. FH systems avoid the degradation effects due
to multipath by rapidly changing the carrier-frequency band in the transmitter. In-
terference is avoided by similarly changing the band position in the receiver before
the arrival of the multipath signal.

Orthogonal frequency-division multiplexing (OFDM) can be used for signal
transmission in frequency-selective fading channels to avoid the use of an equalizer by
Jengthening the symbol duration. The approach is to partition (demultiplex) a high
symbol-rate sequence into N symbol groups, so that each group contains a sequence of
a lower symbol rate (by the factor 1/N) than the original sequence. The signal band is
made up of N orthogonal carrier waves, and each one is modulated by a different sym-
bol group. The goalis to reduce the symbol rate (signaling rate) W=1/ T, on each carrier
such that itis less than the channel’s coherence bandwidth f,. OFDM, originally referred
to as Kineplex, is a technique that has been implemented in the United States in mobile
radio systems [38] and has been chosen by the European community, under the name
Coded OFDM (COFDM), for high-definition television (HDTV) broadcasting [39].

Pilot Signal is the name given to a signal intended to facilitate the coherent
detection of waveforms. Pilot signals can be implemented in the frequency domain
as in-band tones [40], or they can be implemented in the time domain as digital se-
quences, which can also provide information about the channel state and thus im-
prove performance in fading conditions [41].

15.5.2 Mitigation to Combat Fast-Fading Distortion
Fast-fading distortion calls for the use of a robust modulation (noncoherent or dif-
ferentially coherent) scheme that does not require phase tracking, and that reduces

the detector integration time [19]. Another technique is to increase the symbol rate
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e coher- W = 1/T,, such that it is greater than the fading rate f, = 1/T}, by adding signal re-
dundancy. Error-correction coding can also provide mitigation; instead of provid-
ut occa- ing more signal energy, a code reduces the required E,/N, for a desired error
el’s fre- performance. For a given E, /N, with coding present, the error floor out of the de-
DS/SS is modulator will not be lowered, but a lower error rate out of the decoder can be
>an span achieved [19]. Thus, with coding, one can get acceptable error performance and in
‘eat deal effect withstand a large error floor from the demodulator that might have other-
1 nuiling wise been unacceptable. To realize these coding benefits, errors out of the demod-
fthe sig- ulator should be uncorrelated (which will generally be the case in a fast-fading
transfer environment), or an interleaver must be incorporated into the system design.
ectsof a An interesting filtering technique can provide mitigation when fast-fading
. Wy (or distortion and frequency-selective distortion occur simultaneously. The frequency-
sratio of selective distortion can be mitigated by the use of an OFDM signal set. Fast fading,
uch mit- however, will typically degrade conventional OFDM because the Doppler spreading
wltipath corrupts the orthogonality of the OFDM subcarriers. A polyphase filtering technique
requires [42] is used to provide time-domain shaping and partial-response coding (see Section
2.9) to reduce the spectral sidelobes of the signal set and thus help preserve its ortho-
nique to gonality. The process introduces known ISI and adjacent channel interference (ACI),
hopping which are then removed by a post-processing equalizer and canceling filter [43].
on takes
ECE[ENG | 15.5.3 Mitigation to Combat Loss in SNR
itter. In-
1 before

After implementing some mitigation technique to combat signal distortion due to
frequency-selective or fast fading, the next step is to use diversity methods to move
. the system operating point from the error-performance curve labeled as “bad” in
ahzer.by Figure 15.17 to a curve that approaches AWGN performance. The term “diversity”
) a high is used to denote the various methods available for providing the receiver with un-
I qf correlated renditions of the signal of interest. Uncorrelated is the important feature
1band is here, since it would not help the receiver to have additional copies of a signal if the

or signal

ent Sym- copies were all equally poor. Following are some of the ways in which diversity
‘h carrier methods can be implemented:

referred

n mobile

he name » Time diversity can be provided by transmitting the signal on L different time

g[39]. slots with time separation of at least T. Interleaving, when used along with
error-correction coding, is a form of time diversity.

coherent
r domain * Frequency diversity can be provided by transmitting the signal on L different
igital se- ! carriers with frequency separation of at least f;. Bandwidth expansion is a
thus im- form of frequency diversity. The signal bandwidth W is expanded so that it is
greater than f;, thus providing the receiver with several independently fading
signal replicas. This achieves frequency diversity of the order L = W/f;. When-
| ever W is made larger than f;, there is the potential for frequency-selective
| distortion unless mitigation in the form of equalization is provided. Thus, an
at or dif- expanded bandwidth can improve system performance (via diversity) only if
:reduces the frequency-selective distortion that the diversity may have introduced is
abol rate mitigated.
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e Spread Spectrum Systems are systems that excel at rejecting interfering signals
by the use of bandwidth expansion techniques. In the case of direct-sequence
spread-spectrum (DS/SS), it was demonstrated earlier that multipath compo-
nents are rejected if they are time delayed by more than the duration of one
chip. However, in order to approach AWGN performance, it is necessary to
compensate for the loss in energy contained in those rejected components.
The Rake receiver (described later) makes it possible to coherently combine
the energy from several of the multipath components arriving along different
paths (with sufficient differential delay). Thus, used with a Rake receiver,
DS/SS modulation can be said to achieve path diversity. The Rake receiver is
needed in phase-coherent reception; but in differentially coherent bit detec-
tion, a simple delay—equivalent to the duration of one bit with complex con-
jugation—can be implemented [44].

e Frequency-hopping spread-spectrum (FH/SS) is sometimes used as a diversity
mechanism. The GSM system uses slow FH (217 hops/s) to compensate for
those cases where the mobile unit is moving very slowly (or not at all) and ex-
periencing deep fading due to a spectral null.

e Spatial diversity is usually accomplished through the use of multiple receive an-
tennas, separated by a distance of at least 10 wavelengths when located at a base
station (and less when located at a mobile unit). Signal processing techniques
must be employed to choose the best antenna output or to coherently combine
all the outputs. Systems have also been implemented with multiple transmit-
ters, each at a different location, as in the Global Positioning System (GPS).

e Polarization diversity [45] is yet another way to achieve additional uncorre-
lated samples of the signal.

e Any diversity scheme may be viewed as a trivial form of repetition coding in
space or time. However, techniques exist for improving the loss in SNR in a
fading channel that are more efficient and more powerful than repetition cod-
ing. Error-correction coding represents a unique mitigation technique, be-
cause, instead of providing more signal energy, it reduces the required E,/Np
needed to achieve a desired performance level. Error-correction coding, cou-
pled with interleaving [19, 46-51), is probably the most prevalent of the miti-
gation schemes used to provide improved systern performance in a fading
environment. Note that the time diversity mechanism obtained through inter-
leaving relies on the vehicle motion to spread the errors during the fading.
The faster the speed of the mobile unit, the more effective is the interleaver.
The interleaver is less effective at slow speeds. (This vehicle speed-versus-
interleaver performance is demonstrated in Section 15.5.6.)

15.5.4 Diversity Techniques

The goal in implementing diversity techniques is to utilize additional independent
(or at least uncorrelated) signal paths to improve the received SNR. Diversity can
provide improved system performance at relatively low cost; unlike equaliza-
tion, diversity requires no training overhead. In this section, we show the error-
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:signals performance improvements that can be obtained with the use of diversity tech-
quence niques. The bit-error-probability, P, averaged through all the “ups and downs” of
compo- the fading experience in a slow-fading channel can be computed as follows:
 of one w
ssary to Pg= f Py(x) p(x) dx (15.38)
ronents. :
ombine where Py(x) is the bit-error probability for a given modulation scheme at a specific
1ffe.rent value of SNR = x, where x = o® E;, /Ny, and p(x) is the pdf of x due to the fading con-
ecewvert, ditions. With E, and N, constant, a is used to represent the amplitude variations
-eiveris due to fading (see Section 15.2.2).
t detec- For Rayleigh fading, o has a Rayleigh distribution so o?, and consequently x,
lex con- have a chi-squared distribution. Thus, following the form of Equation (15.15),
liversity e (- i) x=0 15.39
sate for : px) rP\TT (15.39)
ANES where T = o E,/N, is the SNR averaged through the “ups and downs” of fading. If
) each diversity (signal) branch, i=1,..., M, has an instantaneous SNR =+;, and we
ECIEIats assume that each branch has the same average SNR given by T', then
atabase '
“hniques ' _1 i
:Ombine p(’Yl) - F eXp ( 1—1> ’Yi = 0 (1540)
mit-
Eal?ss) The probability that a single branch has SNR less than some threshold v, is
uncorre- ' k 1 i
| P(y;=v) :f p(vo)dy; :f ‘ITCXP (’ F) dv; (15.41)
0 0
:oding in
\NR in a =1—exp (— l)
tion cod- T
que, be- The probability that all M independent signal diversity branches are received si-
‘?d Ey/No multaneously with an SNR less than some threshold value v, is
ing, cou- |
the miti- v |
< E] — —_—
2 Bdg P(yi, s VS Y) [1 exp < rﬂ (15.42)
igh inter-
f fading. The probability that any single branch achieves SNR > vy is
-erleaver. v\ M
d-versus- I Ply;>v)=1- [1 - eXP(‘ f)} (15.43)
|
This is the probability of exceeding a threshold when selection diversity is used.
Example 15.1 Benefits of Diversity
' Assume that 4-branch diversity is used and that each branch receives an indepen-
epe.:ndent dently Rayleigh-fading signal. If the average SNR is I' = 20 dB, determine the proba-
ersity can bility that all 4 branches are received simultaneously with an SNR less than 10 dB
equaliza- (and also, the probability that this threshold will be exceeded). Compare the results
he error- with the case in which no diversity is used.
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Solution
Using Equation (15.42) with v = 10 dB, and y/I'=10dB - 20 dB = -10 dB = 0.1, we
solve for the probability that the SNR will drop below 10 dB, as follows:

Py, ¥ V3 e = 10dB) = [1 = exp(—0.1)]* = 82X 107

Or, using selection diversity, we can say that
P(y;> 10dB) =1 — 82X 107° = 0.9999

Without diversity,
P(y,=10dB) = [1 — exp(—0.1)]" = 0.095

P(y, > 10dB) = 1 — 0.095 = 0.905

15.5.5.1 Diversity Combining Techniques

The most common techniques for combining diversity signals are selection,
feedback, maximal ratio, and equal gain. For systems using spatial diversity, selec-
tion involves the sampling of M antenna signals and sending the largest one 10 the
demodulator. Selection diversity combining is relatively easy to implement, how-
ever, it is not optimal because it does not make use of all the received signals simul-

taneously.
With feedback or scanning diversity, instead of using the largest of M signals,
the M signals are scanned in a fixed sequence until one that exceeds a given thresh-

old is found. This one becomes the chosen signal until it falls below the established
threshold and the scanning process starts again. The error-performance of this
technique is somewhat inferior to the other methods, but feedback diversity is
quite simple to implement.
In the case of maximal-ratio combining, the signals from all of the M
branches are weighted according to their individual SNRs and then summed. The
individual signals must be cophased before being summed. The control algorithms
for setting gains and delays are similar to those used in equalizers and in Rake re-
ceivers. Maximal-ratio combining produces an average SNR 7, equal to the sum of
the individual average SNRs, as shown below [30].
oM _ ¥
= Sy= T =M (15.44)
i=1 i=1

the same average SNR given by v, =T.
oduce an acceptable average SNR, even
when none of the individual v is acceptable. It uses each of the M branches in a
cophased and weighted manner such that the largest possible SNR is available at
the receiver. Equal-gain combining is similar to maximal-ratio combining, except
that the weights are all set t0 unity. The possibility of achieving an acceptable out-
put SNR from a number of unacceptable inputs is still retained. The performance is
marginally inferior to maximal ratio combining. (See reference [52] for a detailed

treatment of diversity combining.)

where we assume that each branch has
Thus, maximal ratio combining can pr
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15.5.5 Modulation Types for Fading Channels
)1, we
It should be apparent that an amplitude-based signaling scheme, such as amplitude
shift keying (ASK) or quadrature amplitude modulation (QAM), is inherently vul-
nerable to performance degradation in a fading environment. Thus, for fading
channels, the preferred choice for a signaling scheme is a frequency or phase-based
modulation type.

In considering orthogonal FSK modulation for fading channels, the use of
MFSK (with M = 8 or larger) is useful because its error performance is better than
binary signaling. In slow Rayleigh fading channels, binary DPSK and 8-FSK per-
form within 0.1 dB of each other [19]. At first glance, one might argue that a higher
order orthogonal alphabet expands the transmission bandwidth, which at some
point may cause the coherence bandwidth of the channel to be exceeded, leading
to frequency-selective fading. However, for MFSK, the transmission bandwidth
that must be available is much larger than the bandwidth of the propagating signal.
For example, consider the case of 8-FSK and a symbol rate of 10,000 symbols/s.
poelse The transmission bandwidth is MR, = 80,000 Hertz. This is the bandwidth that must

'ection,

_to the be available for the system’s use. However, each time that a symbol is transmitted,
N how— only one single-sideband tone (having a spectral occupancy of 10,000 hertz) is sent,
simul- not the whole alphabet. In considering PSK modulation for fading channels, higher
. order modulation alphabets perform poorly. MPSK with M = 8 or larger should be
signals, i 2 i bile communication system to substanti-
thresh. avmdei [19]:fxample 15.2 examines a mobi nication system to substanti
blished ate such avoidance.
of this Example 152 Variations in a Mobile Communication System
rsity is The Doppler spread f; = V/\ shows that the fading rate is a direct function of velocity.
Table 15.2 shows the Doppler spread versus vehicle speed at carrier frequencies of 900
the M MHz and 1800 MHz. Calculate the phase variation per symbol for the case of signaling
»d. The with QPSK modulation at the rate of 24.3 kilosymbols/s. Assume that the carrier fre-
yrithms quency is 1800 MHz and that the velocity of the vehicle is SO miles/hr (80 km/hr). Re-
ake Te- peat for a vehicle speed of 100 miles/hr.
sum of Solution
fd Hz 5
Af/symbol = B eyimbolle X 360
(15.44)
B _ 132 Hz .
vi=T. _ " 243 X 10°symbols/s
R, even
nes in a ' = 2°/symbol
lable at
, except
ble out- At a velocity of 100 miles/hr:  A8/symbol = 4°/symbol
nance is
detailed Thus, it should be clear why MPSK with a value of M > 4 is not generally used to

transmit information in a multipath environment.
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ABLE 15.2 Doppler Spread versus Vehicle Speed

TABLE 152 Dopplor Spread vorsus VAN B

Velocity Doppler (Hz) Doppler (Hz)

- — [ — -~
miles/hr km/hr 900 MHz (\ =33 cm) 1800 MHz (\ = 16.6 cm)

3 5 4 8

20 32 27 54

50 60 66 132

80 108 106 212

120 192 160 320

15.5.6 The Role of an Interleaver

1o Section 8.2, the various attributes of an interleaver are described. For transmis-
sion in a multipath environment, the primary benefit of an interleaver is to provide
time diversity (when used along with error-correction coding). The larger the time
span over which the channel symbols are separated, the greater chance that con-
tiguous bits (after deinterleaving) will have been subjected to uncorrelated fading
manifestations, and thus the greater chance of achieving effective diversity. Figure
15.19 illustrates the benefits of providing an interleaver time span T, which is

large compared with the channel coherence time Ty, for the case of DBPSK modu-
Jation with soft-decision decoding of a rate}, K=7 convolutional code, over a slow
arent that an interleaver having the

Rayleigh-fading channel. It should be app
ated BER leading to

largest ratio of Ty /T, is the best performing (large demodul
small decoded BER). This leads to the conclusion that T/ T, should be some large
me communication system, this

number—say, 1000 or 10,000. However, in a real-ti
is not possible because the inherent time delay associated with an interleaver

would be excessive. As described in Section 82.1 for the case of a block interleaver,

before the first row of an array can be transmitted, virtually the entire array must

be loaded. Similarly at the receiver, before the array can be deinterleaved, virtually

the entire array must be stored. This leads to 2 delay of one block of data each at

the transmitter and receiver. In Example 153, it is shown that for a cellular tele-

phone system with a carrier frequency of 900 MHz, a Ty /T, ratio of 10 is about as

large as one can implement without suffering excessive delay.

It is interesting to note that the interleaver provides no benefit against multi-
path unless there is motion between the transmitter and receiver (or motion of ob-
jects within the signal-propagating paths). As the motion increases in velocity, so
does the benefit of a given interleaver to the error performance of the system.
(Don’t use this as an excuse for exceeding a highway speed limit.) This is shown in
Figure 15.20, where part (a) of the figure shows 2 terrain that is mapped out with
attenuation factors {a}, for a particular mobile communications link over a particu-
lar terrain. In the region between the points dy and d;, the attenuation factor is oy
Between the points d; and d,, the attenuation factor is o, and so forth. Assume
that the points d; are equally separ

ated by a distance Ad. Part (b) of the figure
shows an automobile that is traveling at a slow speed; as the vehicle traverses a dis-
tance Ad, nine symbols are emitted from its transmitter. Assume that the inter-
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Figure 15.19 Error performance for various ratios of interleaver span to
coherence time.
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(b) Transmission of interleaved symbols s; (low speed vehicle)

0181 \ Q0154 ‘ o187 0383 ‘ 0386 I 0389

do d & da

0282 \ 0285 \ 0258

!
l {c) Transmission of interleaved symbols s; (high speed vehicle)

(: Figure 15.20 The benefits of interleaving improve with increased vehicle speed.

leaver has a span of three symbol intervals, s0 that symbols s; through sq appear in
the permuted order shown in part (b) of the figure. Notice that all nine of the sym-
bols experience the same attenuation a;, so that after deinterleaving there is no
benefit obtained by using an interleaver with this small a span. Now consider part

(c) of the figure, where the vehicle is moving 3 times faster than it is in part (b);

thus, as the vehicle traverses a distance Ad, only three symbols are emitted from its
transmitter. As before, the symbols are affected by the regional attenuation yield-

J—

ing the nine symbol sequence shown in part (c) of the figure. After deinterleaving
of the sequence shown in part (c), we have the following attenuation factor-symbol
pairs result: o §1, @ 5, Q3 §3, % 54, %2 S5, O3 Sg, Q1 §7, Oz S5, O3 S9- It can be seen that

adjacent symbols are affected by different attenuation factors. Thus, the interleaver
J with too small of a span to yield any benefit at low speeds does provide benefit at

faster speeds.

Figure 15.21 also provides evidence that, although communications degrade
with increased speed of the mobile unit (the fading rate increases), the benefit of

an interleaver is enhanced with increased speed. Figure 15.21 shows the results of
field testing performed on a CDMA system meeting the Interim Specification 95
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Figure 15.21 Typical E,/N, performance versus vehicle speed for 850 MHz links to
achieve a frame-error rate of 1 percent over a Rayleigh channel with two independent
paths.

(IS-95) over a link comprising a moving vehicle and a base station [53]. The figure
shows a plot of required E,/N, versus vehicle speed to maintain a frame (20 ms of
data) error rate of 1%. The best performance (smallest E,/N, requirement) is
achieved at low speeds from 0 to 20 km/hr. This slow-speed region is where the sys-
tem power-control methods can most effectively compensate for the effects of slow
fading; at these slow speeds the interleaver cannot provide any benefit, and the plot
shows a steep degradation as a function of speed. For velocity in the range of 20-60
km/hr, the steepness of this degradation is reduced. This is the range in which the
dynamics of the system power control cannot quite keep up with the increase in
fading rapidity; and at the same time, the interleaver does not yet provide sufficient
benefit. The speed of 60 km/hr represents the worst error-performance case for this
system. As the vehicle goes faster than 60 km/hr, the power control no longer pro-
vides any benefits against fading, but the interleaver provides a steadily increasing
(with speed) performance improvement. The interleaver’s task of transforming the
effects of a deep fade (time-correlated degradation events) into random events be-
comes easier with increased speed. In summary, the system error performance over
a fading channel typically degrades with increased speed because of the increase in
Doppler spread or fading rapidity. However, the action of an interleaver in the sys-
tem provides mitigation, which becomes more effective at higher speeds. This trend
toward improved error performance doesn’t continue indefinitely. Eventually, the
irreducible error floor seen in Figure 15.15 dominates. Therefore, if the type of
measurements shown in Figure 15.21 were made at speeds beyond 200 km/hr, there
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would be a point at which the curve would turn around and steadily show the
degradation effects due to the increased Doppler.

15.6 SUMMARY OF THE KEY PARAMETERS CHARACTERIZING
FADING CHANNELS

We summarize the conditions that must be met so the channel does not introduce
frequency-selective distortion and fast-fading distortion. Combining the expres-
sions given by Equations (15.22), (15.32) and (15.33), we obtain

fo> W > fu (15.45)
or
T, <T,<Ty (15.46)

In other words, it is desired that the channel coherence bandwidth exceed the sig-
naling rate, which in turn should exceed the fading rate of the channel. Recall that
without distortion mitigation, fy sets an upper limit and f, sets a lower limit on the
signaling rate.

15.6.1 Fast-Fading Distortion: Case 1

If the conditions of Equations (15.45) and (15.46) are not met, distortion will result
unless appropriate mitigation is provided. Consider the fast-fading case in which
the signaling rate is less than the channel fading rate. That is,

fo> W<fa (15.47)

Mitigation consists of using one or more of the following methods (see Figure

15.18):

e Choose a modulation/demodulation technique that is most robust under fast-
fading conditions. That means, for example, avoiding schemes that require
PLLs for carrier recovery, since the fast fading could keep a PLL from
achieving lock conditions.

e Incorporate sufficient redundancy so that the transmission symbol rate ex-
ceeds the channel fading rate but at the same time does not exceed the coher-
ence bandwidth. The channel can then be classified as flat fading. However,
as pointed out in Section 15.3.3, even flat-fading channels will experience
frequency-selective distortion whenever a channel transfer function exhibits a
spectral null near the signal band center. Since this happens only occasionally,
mitigation can be accomplished by adequate error-correction coding and
interleaving.

e The previously mentioned two mitigation approaches should result in the de-
modulator operating at the Rayleigh limit [19]. (See Figure 15.17.) However,
the probability of error versus E,/N, curve may exhibit flattening (as seen in
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Figure 15.15) due to the FM noise that results from the random Doppler
spreading. The use of an in-band pilot tone and a frequency-control loop can
decrease the level at which the performance curve exhibits the flattening
effect.

* To avoid the error floor due to random Doppler spreading, the signaling rate
should be increased to about 100-200 times the fading rate [27]. This is one
motivation for designing mobile communication systems to operate in a time-
division multiple access (TDMA) mode.

* Incorporate error-correction coding and interleaving to further improve sys-
tem performance.

15.6.2 Frequency-Selective Fading Distortion: Case 2

Consider the frequency-selective case in which the coherence bandwidth is less
than the symbol rate, while the symbol rate is greater than the Doppler spread.
That is,

f<W>f, (15.48)

Since the transmission symbol rate exceeds the channel fading rate, there is no fast-
fading distortion. However, mitigation of frequency-selective effects is necessary.
One or more of the following techniques may be considered (see Figure 15.18):

* Adaptive equalization, spread spectrum (DS or FH), OFDM, pilot signal.
The European GMS system uses a midamble training sequence in each trans-
mission time slot, so that the receiver can estimate the impulse response of
the channel. A Viterbi equalizer (explained later) is implemented for mitigat-
ing the frequency-selective distortion.

* Once the distortion effects have been reduced, diversity techniques (as well
as error-correction coding and interleaving) should be introduced in order
to approach AWGN performance. For direct-sequence spread-spectrum
(DS/SS) signaling, the use of a Rake receiver (explained later) can be used
for providing diversity by coherently combining multipath components that
would otherwise be lost.

14.6.3 Fast-Fading and Frequency-Selective Fading Distortion:
Case 3

Consider the case in which the channel coherence bandwidth is less than the signal-
ing rate, which in turn is less than the fading rate. This condition is mathematically
described by

f<W<F, (15.49)

or

fo < /4 (15.50)

15.6 Summary of the Key Parameters Charactetizing Fading Channels 993




Clearly, the channel exhibits both fast fading and frcquency-selective fading. Recall
from Equations (15.45) and (15.46) that fo sets an upper limit and f, sets @ lower
limit on the signaling rate. Thus, the condition described by Equation (15.50) pre-
sents a difficult design problem, because, unless distortion mitigation is provided,
the maximum allowable signaling rate is, strictly speaking, less than the minimun
allowable signaling rate. Mitigation in this case is similar to the initial approach
outlined in case 1:

e Choose a modulation/ demodulation technique that is most robust under fast
fading conditions.

e Use transmission redundancy in order to increase the transmitted symbol rate.

e Provide some form of frequency—selective fading mitigation in a manner simi-
lar to that outlined in case 2.

e Once the distortion effects have been reduced, introduce some form of diver-
sity (as well as error-correction coding and interleaving), in order to approach
AWGN performance.

Example 15.3 Equalizers and Interleavers for Mobile Communications

Consider a cellular telephone that is located in a vehicle travelling at 60 miles per hour
(96 km/hr). The carrier frequency is 900 MHz. Use the GSM equalizer test profile
shown in Figure 15.22 to determine the following: (a) the rms delay spread, 05, (b) the
maximum allowable signal bandwidth W = 1/T, that does not require the use of an
equalizer, (c) when operating over a channel with the delay spread found in part (a),
which of the following systems requires an equalizer——-the United States Digital Cellu-
Jar Standard (USDC) known as 1S-54 (updated to 1S-136), the Global System for
Mobile (GSM) Communications, CDMA systerns designed to meet 1S-95? The band-
widths and symbol rates of these systems are USDC: W =30 kHz, 1/T, =24.3 kilosym-
bols/s; GSM: W =200 kHz, UT; — 271 kilosymbols/s; and 18-95: W=125 MHz, UT, =
9.6 kilosymbols/s. (d) The total (transmitter plus receiver) time delay caused by the in-
terleaver, when the ratio of interleaver span to coherence time T/ Ty s equal to 10 If
the total tolerable time delay (transmitter plus receiver) for speech is 100 ms, can such
an interleaver be implemented for speech? (¢) Repeat parts (a) though (d) for a car-
tier frequency of 1900 MHz.

Solution

(a) In Figure 1522, the GSM test profile shows an idealized multipath component

(finger) located at each of six delay times {74} from 0 to 16 us. Each finger can be

designated by S(ty), its average relative power, which in this profile is unity
(0 dB). The profile represents 4 fictitious multipath environment used for equal-
ization testing [15]. With the finger locations shown on the figure, the mean delay
spread is computed as follows:

S

| Z SO oyszsedrost 1T

S S . =8 s
;S(Tk)

The second moment of delay spread, 72, and the rms delay spread, o5, ar® respec-
tively computed as
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Figure 15.22 GSM equalizer test B 3.2 6.4 9.6 128 16.0 20
profile. Relative time {microseconds)
2 5("1-)‘7%:
— 0+ 322 + 6.4% + 9.6* + 12.8 + 16.0°
2= = 5; 160" _ 9387 us?
; S(my)

and using Equation (15.17), we compute

o= V- 7= V9387 -8 =55us
(b) Using Equation (15.21), the channel coherence bandwidth is determined to be

pal 1
0 56, 5X55ps

= 36.4 kHz

Thus, the maximum allowable signal bandwidth that will not require the imple-
mentation of an equalizer is W = 36.4 kHz.

(c) For the various system bandwidths given in this example, it is apparent that the
need for an equalizer in USDC is marginal, while in GSM it is definitely required.
With regard to systems that are designed to meet IS-95, since the signaling rate or
transmission bandwidth W of 1.25 MHz is much larger than the coherence band-
width f, of 36.4 kHz, the system exhibits frequency-selective fading. However, in
such direct-sequence spread-spectrum (DS/SS) systems, W is purposely spread
with the intent of exceeding f, and thus mitigating the effects of frequency-
selective fading. An equalizer is only required if ISI poses a problem, and ISI is
not a problem if the symbol rate is smaller than the coherence bandwidth (or the
symbol duration is larger than the multipath spread). Hence, in the IS-95 example,
since the symbol rate of 9.6 ksymbols/s is considerably smaller than the coherence
bandwidth, an equalizer is not needed. A Rake receiver, which is described in Sec-
tion 15.7.2, is used for exploiting path diversity; at the chip level its implementa-
tion resembles that of an equalizer.

(d) To determine the interleaver delay, we compute the Doppler spread and coher-
ence time using Equations (15.25) and (15.29), as follows:

96,000 m/hr
%4 3600 s/hr 0.5
=—=———=80Hz, Thus,Ty~—=263
N 3x10°m/s T e
9 X 108 Hz
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making the total transmitter plus receiver delay time equal to 126 ms. For speech,

i this may be in the marginally acceptable range. Mobile systems often use inter-

il leavers with shorter spans that produce one-way delays in the range of 20-40 ms.

' (e) Repeating for a carrier frequency of 1900 MHz, the coherence bandwidth calcula-

\, tions are unaffected by the change in carrier frequency, but the Doppler spread,
coherence time, and interleaver delay must be computed again. The results are

|
kl' Based on the requirement that Ty /T, = 10, the interleaver span is Ty = 63 ms,
|

5
i =L =169 Hz,  Thus, I~ = 3ms
i \ fa

I\\ Thus, the interleaver span is Ty, =30 ms, making the total transmitter plus receiver
delay equal to 60 ms, which is acceptable for speech signals.

l ,
\ 15.7 APPLICATIONS: MITIGATING THE EFFECTS fﬁfr:;e N
| OF FREQUENCY-SELECTIVE FADING normal b

] 15.7.1 The Viterbi Equalizer as Applied to GSM

! Figure 15.23 shows the GSM time-division multiple access (TD MA) frame, having

a duration of 4.615 ms and comprising 8 slots, one assigned to each active mobile
| user. A normal transmission burst occupying one time slot contains 57 message bits
on each side of a 26-bit midamble, called a training or sounding sequence. The slot-
time duration is 0.577 ms (or the slot rate is 1733 slots/s). The purpose of the
midamble is to assist the receiver in estimating the impulse response of the channel
- adaptively (during the time duration of each 0.577 ms slot). In order for the tech-
| nique to be effective, the fading characteristics of the channel must not change ap-
preciably during the time interval of one slot. In other words, there cannot be any
fast-fading degradation during a time slot when the receiver analyzes the midamble
distortion; otherwise, efforts to compensate for the channel’s fading characteristics
will not be effective. Consider for example 2 GSM receiver used aboard a high-
speed train, traveling at a constant velocity of 200 km/hr (55.56 m/s). Assume the
carrier frequency to be 900 MHz, (the wavelength is A = 033 m). From Equation
(15.29), the distance corresponding to a half-wavelength is traversed in

T~M%~3 15.51

which, as indicated in Equation (15.51), corresponds approximately to the coherence
time. Therefore, the channel coherence time is more than 5 times greater than the
‘_ glot time of 0.577 ms. The time needed for a significant change in channel fading
' characteristics is relatively long compared with the time duration of one slot. Note
that the choices made for GSM in the design of its TDMA slot time and midamble
1' were undoubtedly influenced by the need to preclude fast-fading effects, which -.

could cause the equalizer to be ineffective. The GSM symbol rate (or bit rate, since '

' the modulation is binary) is 271 kilosymbols/s and the bandwidth W is 200 kHz.
Since the typical rms delay spread o in an urban environment is on the order of
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frame and time slot containing a 156.25 bits
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) 2 ps, then using Equation (15.21), it can be seen that the resulting coherence band-
having width f; is approximately 100 kHz. It should therefore be apparent that since
mobi.le fo < W, the GSM receiver must utilize some form of mitigation to combat
age bits frequency-selective distortion. To accomplish this goal, the Viterbi equalizer is typ-
he slot- ically implemented.
of the Figure 15.24 illustrates the basic functional blocks used in a GSM receiver for
*hannel estimating the channel impulse response. This estimate is used to provide the de-
1e tech- tector with channel-corrected reference waveforms [54], as explained below. In the
nge ap- final step, the Viterbi algorithm is used to compute the MLSE of the message bits.
be any A received signal can be described in terms of the transmitted signal convolved
damt?le with the impulse response of the channel. Let s.(f) denote the transmitted
teristics midamble training sequence, and r.(f) denote the corresponding received
a high- midamble training sequence. Thus,
mme the
quation rtr(t) = Sy (t) & hc(t) (1552)

where * denotes convolution and noise has been neglected. At the receiver, since
ry(?) is part of the received normal burst, it is extracted and sent to a filter having

(15.51) impulse response £,,¢(f) that is matched to s(r). This matched filter yields at its out-
put an estimate of £.(t), denoted 4,(¢), and developed from Equation (15.52) as

herence _

‘han the he(t) - rtr([)*hmf(t)

1 fading = 5(t)xh. () *hye (t) (15.53)
ot. Note ; _ N

idamble ‘; R, (6)*h(t)

5, which ' where R((f) = s, (f) * hp(?) is the autocorrelation function of s,.(f). If s,(¢) is de-
te, since ‘ signed to have a highly peaked (impulse-like) autocorrelation function Ry(¢), then
00 kHz. he(t) = h(f). Next, using a windowing function w(t), we truncate A,(¢) to form a
order of computationally affordable function #,(¢). The time duration of w(¢), denoted L,
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Figure 15.24 The Viterbi equalizer as applied to GSM.

must be large enough to compensate for the effect of typical channel-induced ISL.
The term L, consists of the sum of two contributions—namely, Lcys;, correspond-
ing to the controlled ISI caused by Gaussian filtering of the baseband waveform
(which then modulates the carrier using MSK), and L, corresponding to the
channel-induced ISI caused by multipath propagation. Therefore, L, can be
written as

Lo = LCISI + LC (1554)

The GSM system is required to provide distortion mitigation caused by signal dis-
persion having delay spreads of approximately 15-20 ps. Since, in GSM, the bit du-
ration is 3.69 s, we can express L, in units of bit intervals. Thus, the Viterbi
equalizer used in GSM has a memory of 4 to 6 bit intervals. For each L,-bit interval
in the message, the function of the Viterbi equalizer is to find the most likely L,-bit
sequence out of the 2% possible sequences that might have been transmitted. De-
termining the most likely transmitted L,-bit sequence requires that 2to meaningful
reference waveforms be created by modifying (or distorting) the 2Lo jdeal wave-
forms (generated at the receiver) in the same way that the channel has distorted
the transmitted slot. Therefore, the 2Lo reference waveforms are convolved with the
windowed estimate of the channel impulse response h,(f), in order to generate the
distorted or so-called channel-corrected reference waveforms. Next, the channel-
corrected reference waveforms are compared with the received data waveforms to
yield metric calculations. However, before the comparison takes place, the re-
ceived data waveforms are convolved with the known windowed autocorrelation
function w(f)R,(t), transforming them in a manner comparable to the transforma-
tion applied to the reference waveforms. This filtered message signal is compared
with all possible 2" channel-corrected reference signals, and metrics are computed
in a manner similar to that used in the Viterbi decoding algorithm (VDA).
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The VDA yields the maximum likelihood estimate of the transmitted data
sequence [34].

Note that most equalizing techniques use filters in order to compensate for
the non-optimum properties of 4.(¢); that is, equalizing filters attempt to modify the
distorted pulse shapes. However, the operation of a Viterbi equalizer is quite dif-
ferent. It entails making measurements of %,(t), and then providing a means of ad-
justing the receiver to the channel environment. The goal of such adjustments is to
enable the detector to make good estimates from the distorted pulse sequence.
With a Viterbi equalizer, the distorted samples are not reshaped or directly com-
pensated in any way; instead the mitigating technique is for the receiver to adjust

hm_| itself in such a way that it can better deal with the distorted samples.
15.7.2 The Rake Receiver Applied to Direct-Sequence Spread-Spectrum

zed (DS/SS) Systems

al
Interim Specification 95 (IS-95) describes a DS/SS cellular system that uses a Rake
receiver [35-37] to provide path diversity. The Rake receiver searches through the
different multipath delays for code correlation and thus recovers delayed signals,
which are then optimally combined with the output of other independent correla-

:d IST. tors. In Figure 15.25, the power profiles associated with the five chip transmissions

ipond- of the code sequence 1 0 11 1 are shown, where the observation times are labeled

eform t_, for the earliest transmission and ¢, for the latest. Each abscissa shows three “fin-

to the gers” or components arriving with delays 7|, 7,, and 7,. Assume that the intervals

an be between the transmission times ¢; and the intervals between the delay times T, are
each one chip in duration. From this, one can conclude that the finger arriving at
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the receiver at time f4, with delay T3, is time coincident with two other fingers,
namely the fingers arriving at times i3 and 1, with delays T, and 7, respectively.
Since, in this example, the delayed components are separated by at least one chip
time, they can be resolved. At the receiver, there must be a sounding device that is
dedicated to estimating the ; delay times. Note that, for a terrestrial mobile radio
system, the fading rate is relatively slow (in the order of milliseconds) or the chan-
nel coherence time is relatively large, compared with the chip time duration
(Ty> Ten)- Hence, the changes in 7; occur slowly enough that the receiver can read-
ily adapt to them.

Once the 7; delays aré estimated, a separate correlator is dedicated to recov-
ering each resolvable multipath finger. In this example, there would be three such
dedicated correlators, each one processing a delayed version of the same chip se-
quence 10111 In Figure 15.25, each correlator receives chips with power profiles
represented by the sequence of fingers shown along a diagonal line. For simplicity,
the chips are all shown as positive signaling elements. In reality, these chips form a
PN sequence, which of course, contains both positive and negative pulses. Each
correlator attempts to correlate these arriving chips with the same appropriately
synchronized PN code. At the end of a symbol interval (typically, there are hun-
dreds or even thousands of chips per symbol), the outputs of the correlators are €o-
herently combined, and a symbol detection is made. Figure 15.26 illustrates the

b \ = -
¥ y \\\ Time
’ '\ Optimal coherent combining
 Phase rotation of fingers F;
Fy F Fs « Scaling according o signal
strength

Fy Fy F3

Figure 15.26 Coherent combining of multipath returns in the rake receiver.
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1 fingers, phase rotation of fingers (F;) provided by the Rake receiver, in order to facilitate
pectively. coherent combining. At the chip level, the Rake receiver resembles an equalizer,
- one chip but its real function is to exploit the path diversity.
ice that is ; The interference-suppression capability of DS/SS systems stems from the fact
bile radio i that a code sequence arriving at the receiver time-shifted by merely one chip will
the chan- have very low correlation to the particular PN code with which the sequence is cor-
duration | related. Therefore, any code chips that are delayed by one or more chip times will
can read- be suppressed by the correlator. The delayed chips only contribute to raising the
interference level (correlation sidelobes). The mitigation provided by the Rake re-
to recov- ceiver can be termed path diversity, since it allows the energy of chips that arrive
hree such ' via multiple paths to be combined coherently. Without the Rake receiver, this en-
e chip se- ergy would be transparent and therefore lost to the DS/SS receiver. In Figure
1 profiles 15.25, looking vertically above point T4 it is clear that there is interchip interference
simplicity, due to different fingers arriving simultaneously. The spread-spectrum processing
ps form a gain allows the system to endure such interference at the chip level. No other
ses. Each equalization is deemed necessary in IS-95.
ropriately
: are hun-
JE gl 15.8 CONCLUSION
trates the
In this chapter, the major elements that contribute to fading in certain communica-
tion channels have been characterized. Figure 15.1 was presented as a guide for
characterizing the fading phenomena. Two types of fading, large scale and small
scale, were described. Two manifestations of small-scale fading (signal dispersion
and fading rapidity) were examined. Each examination involved two views, one in
time and the other in frequency. Two degradation categories were defined for dis-
persion: frequency-selective fading and flat fading. Two degradation categories
were defined for fading rapidity: fast and slow fading. The small-scale fading degra-
dation categories were summarized in Figure 15.7. A mathematical model using
correlation and power density functions was presented in Figure 15.8. This model
| yields a useful symmetry to help us visualize the Fourier transform and duality rela-
i tionships that describe the fading phenomena. Further, mitigation techniques for
ameliorating the effects of each degradation category were presented; these were
o summarized in Figure 15.18. Finally, mitigation methods that have been applied in
lnbgl;g'rr;%‘ , two different systems, GSM and CDMA systems meeting IS-95, were described.
0 signaIL
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| PROBLEMS

| 15.1. The probability density function for a Rayleigh continuous random variable, is given
in Equation (15.15).
(a) Find an expression for the distribution function, as described in Section 1.5.1.
' (b) For a signal transmitted over a mobile wireless channel, experiencing Rayleigh
4 fading, use the distribution function to estimate the percentage of time that the
. signal level is 15 dB below the rms value.
\ (¢) Repeat part b) for a signal level that is 5 dB below the rms value.
| 15.2. A signal within a mobile wireless system undergoes time spreading. The symbol rate
R, =20 ksymbols/sec. Channel measurements indicate that the mean excess delay is
10 s, while the second moment of the excess delay is 1.8 x 10710 %
i (a) Calculate the coherence bandwidth, f;, if it is defined as the frequency interval
\_ over which the channel’s complex frequency transfer function has a correlation
| of at least 0.9.
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15.3.

15.4.

15.5.

15.6.

15.7.

15.8.

15.9.

(b) Repeat part a) if f; is defined for a bandwidth interval having a correlation of at
least 0.5.
(¢) Determine whether the signaling will undergo frequency-selective fading.

Consider a channel whose power-density profile is made up of three impulse func-

tions with relative power and time-delay locations as follows: ~20-dB at 0 ps, 0-dB at

2 ws, and —10-dB at 3 ps.

(a) Calculate the mean excess delay.

(b) Calculate the second moment of the excess delay.

(c¢) Calculate the rms delay spread.

(d) Estimate the coherence bandwidth (corresponding to a correlation > 0.9).

(e) If the receiver is located in an airplane traveling at 800 km/hr, and the time re-
quired to traverse a half wavelength is 100 ps, calculate an approximate value for
the transmission frequency.

Given a mobile wireless system with a carrier frequency of f, = 900 MHz, and a

Doppler frequency of f; = 50 Hz. Assuming that the dense-scatterer model applies,

(a) Plot the Doppler power spectral density S(v) in the range of f. £ f, (use about 10
points).

(b) Explain why S(v) has the response it does at the boundaries.

(¢) Calculate the coherence time T, assuming that the channel’s response to
sinusoids yields a correlation of at least 0.5.

For each of the fading-effect categories below, name an application that generally

fits that category. Provide numerical justification.

(a) frequency-selective, fast-fading

(b) frequency-selective, slow-fading

(c¢) flat-fading, fast-fading

(d) flat-fading, slow-fading

(a) What is the relationship between the signal power-density profile, as measured
by the rms delay o,, and the Doppler power-spectral density, as measured by the
fading bandwidth f,;?

(b) What is the relationship between the spaced-frequency correlation function, as
measured by the coherence bandwidth f;, and the spaced-time correlation func-
tion, as measured by the coherence time T?

Consider an indoor narrowband mobile communication system that is characterized
by a power density profile made up of four impulse functions with relative power
and time-delay locations as follows: 0-dB at 0 ns, —3-dB at 100 ns, —3-dB at 200 ns,
and —6-dB at 300 ns. What is the maximum symbol rate that such a system can sup-
port without using an equalizer? To find coherence bandwidth, use the criterion that
spaced frequency tones are correlated to at least 0.5.

Consider a mobile wireless system, using QPSK modulation at 24.3 ksymbols/s, and a
carrier frequency of 1900 MHz. What is the fastest speed in km/hr that is permissible
for a vehicle using such a system, if it is required that the change in phase, A8, due to
spectral broadening (Doppler spread) does not exceed 5°/symbol?

For an interleaver to provide meaningful time diversity, a rule of thumb requires
that the span of the interleaver, Ty, should be at least ten times greater than the
channel coherence time, T,. Show a graph of Ty, versus frequency. (Plot three fre-
quency points: 300 MHz, 3 GHz, and 30 GHz) for the following mobile telephone
users.

(a) A pedestrian walking at a speed of 1 m/s.

(b) A high-speed train with a speed of 50 m/s.
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(c) If the telephone handles real-time speech, which of the six plotted points repre-
sent cases where meaningful time diversity can be achieved by using an inter-
leaver span of ten times 7,?
(d) What general conclusions can you draw?
15.10. A transmitted signal having a bandwidth of 5 kHz, and propagating over a channel hav-
ing a coherence bandwidth of S0kHz, is clearly an example of a flat-fading channel. Ex-
plain how such a channel can occasionally experience frequency-selective fading.

15.11. Consider a TDMA mobile wireless system, having a carrier frequency of 1900 MHz,
that operates on a high-speed train at a speed of 180 km/hr. For learning the chan-
nel’s impulse response in order to provide equalization, each user’s transmission

I consists of training bits in addition to data bits. It is required that the training se-

i quence should consist of 20 bits, should not occupy more than 20% of the total bits,

I and that these training bits should be embedded in the data, at least every Tol4 s. As-

I suming binary modulation, what is the slowest transmission rate that would support

It these requirements without fast fading?

15.12. (a) In the late 1990s in Japan, a digital portable telephone system, called the Portable
Handyphone System (PHS) was specified. The specification for PHS includes a car-
rier spacing of 300 kHz. Is the standard susceptible to frequency-selective fading in
environments for which the channel has an rms delay spread on the order of 300 ns?

(b) A telephone standard called Digital Enhanced Cordless Telecommunications
(DECT) was designed for high traffic density and short range (indoor) commu-
nications. The specification for DECT includes a carrier spacing of 1.728 MHz.
Consider that the rms delay spread equals 150 ns. Calculate whether an equalizer
needs to be included within the DECT receiver.

] 15.13. An interleaver span should be at least 10 times greater than the channel coherence
time in order to provide significant time diversity for a mobile wireless system. Con-
sider using such an interleaver in the design of a 1 GHz mobile system for pedestri-
ans walking at a speed of 0.5 m/s. How large would the interleaver span have to be?
Is this feasible for a real-time voice system?

15.14. If we desire to keep the transmitter-plus-receiver interleaver delay below 100 ms,
what is the largest ratio of interleaver span to channe! coherence time, Ty /Ty, that
can be used, for the following cases?

(a) The channel has a fading rate of 100 Hz.
(b) The channel has a fading rate of 1000 Hz.
| 15.15. A mobile wireless system is configured to support a data rate of 200 kbits/s using
: OPSK modulation and a carrier frequency of 1900 MHz. It is intended for use in a
vehicle that typically travels at a speed of 96 km/hr.
(a) What change in phase angle value, A per symbol, can be expected?
, (b) What is the value of A6 per symbol, if the data rate is decreased to 100 kbits/s?
! (¢) Repeat part (b) for a speed of 48 km/hr.

(d) Draw some general conclusions.

15.16. A channel exhibiting multipath fading has an rms delay spread of o, = 10 ps, and a

Doppler spread of f;=1 Hz. The baseband pulse duration is chosen to be Ty =1 ps.

(a) What is the value of the channel coherence bandwidth?

(b) What is the value of the channel coherence time?

(c) How would you classify the channel with regard to frequency selectivity and fad-

| ing rapidity.

l, (d) How would you change the pulse duration (or data rate) to help mitigate the ef-

| fects of fading?

|
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nts repre- 15.17. For a mobile wireless application, a phase-based modulation scheme is particularly
an inter- susceptible to phase distortion. Such distortion can be avoided if the rate of signaling
is at least 100 times greater than the fading rate [27]. Consider a radio system operat-
ing at a carrier frequency of 1900 MHz, and moving at a velocity of 96 km/hr. In
annel hav- order to avoid degradation due to fast fading, what is the siowest symbol rate that
annel. Ex- should be sent over such a system?
ding. 15.18. Consider a mobile communication system which has a framing and time-slot arrange-
900 MHz, ment as shown below in Figure P15.1.

the chan-
mnsmission
aining se- ll 4 slots/frame
total bits,
Ty/4 s. As- |
1d support e <

e Portable P .
udes a car-

'eoffa;l(;gig [’l Data | Training l Data | \I

unications 44‘«-40 bits—VL*1 0 bits*’*—40 bits —>‘4}-<—

r) commu- bits bits
728 MHz.

1 equalizer

Figure P15.1 TDMA frame format.

coherence

stem. Con- There are a total of 4 time slots per frame; each user is assigned a single time

1 pedestri- slot per frame. Each time slot consists of 98 bits as shown in Figure P15.1. The signal-

ave to be? ing consists of QPSK modulation with a carrier frequency of 700 MHz. The symbol
rate is 33.6 ksymbols/s, and the transmission bandwidth is 47 kHz. The system must

yw 100 ms, perform normally at velocities up to 100 km/hr. Measurements performed on the

/Ty, that physical channel conclude that the typical rms delay spread is in the order of 4 ps.

(a) Assuming that the training sequence yields an estimate of the channel impulse
response during each slot time, will this design suffer the degradation effects of

fast fading?
Jits/s using (b) Will this design suffer the degradation effects of frequency-selective fading?
or use in a 15.19. The total permissible delay for data transmitted over a particular mobile wireless

channel is limited to 340 ms. The data rate is equal to 19.2 ksymbols/s, and the data is
interleaved to provide time diversity. The system exhibits delays as shown in Table

) kbits/s? P15.1.
TABLE P15.1 Delay values in ms

0 ps, and a '

T,=1 ps. Delay T Value (in ms)
Encoder 2
Modulator 10

ity and fad- Channel 03

| Demodulator 25
gate the ef- Decoder 2 % 10%/fiy,
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15.23.

15.24.

1008

The delay in milliseconds for the decoder, is given by 2 X 10%fiq, where foyy is the de-
coder clock speed. Calculate the minimum decoder clock speed that would be re-
quired for the following interleaver sizes.
(a) 100 bits
(b) 1000 bits
(e) 2850 bits
(d) What can you conclude about the decoder speed as the interleaver size in-
creases?
Consider a mobile wireless orthogonal FDM (OFDM) system that is intended to op-
erate in a vehicle with speeds up o 80 km/hr in an urban environment having a co-
herence bandwidth of 100 kHz. The carrier frequency is 3 GHz, and it is required
that data be transmitted at a symbol rate of 1024 ksymbols/s. Choose an appropriate
subcarrier plan, with the following goals: 1) avoid the use of an equalizer, and
2) minimize any effects due to fast fading. The plan should address how many sub-
carriers should be used, how far apart in frequency they should be separated, and
what value of symbol rate per subcarrier should be used.
A mobile wireless system uses direct-sequence spread-spectrum (DS/SS) signaling to
mitigate the effects of a received signal having two components—a direct path and a
reflected path. The reflected path is 120 m longer than the direct path.What should
the chip rate be, in order for such a system to provide mitigation against the effects
of multipath?
It is well known that direct-sequence spread-spectrum (DS/SS) signaling can be used
as a mitigation technique to protect against the channel-induced ISI of a frequency-
selective channel. Yet, when you examine Figure 15.25 at some instant of time, say
time 73, there exists interchip interference. Doesn’t there need to be further equal-
ization techniques used, in order to overcome this chip-level interference? Explain.
CDMA and TDMA are unique in the sense that each of these multiple-access
schemes is associated with a property for mitigating one of the fading degradation
types. Against which type of degradation does each of these schemes provide a “nat-
ural” protection.
Consider a diversity scheme consisting of four branches as shown in Figure P15.2.
Each branch is responsible for processing an independent Rayleigh faded signal, r(?).
At a particular instant in time, the received signal can be expressed as a four branch
vector ¥ = [ry ra 13 4], where i represents the voltage signal at branch i. Also, the gain

Demodulators Detector —>

Figure P15.2 Four branch diversity receiver.
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in the branches can be expressed with a four-branch vector G = [G, G, G; G4], where

ullsdﬂti ?Z: G, represents the voltage gain at branch i Consider a moment in time when the mea-
sured values of r equal [0.87, 1.21, 0.66, 1.90], and the associated gains of G equal
[0.5,0.8, 1.0, 0.8]. The average noise power of each branch N is equal to 0.25.
(a) Calculate the SNR applied to the detector?
(b) It can be shown [1] that the SNR is maximized when the value of each G; is equal
on size e to ¥2/N. Based on this condition, determine the maximum achievable SNR.
15.25. A system makes use of branch diversity in order to improve the receiver SNR. It is
ded to op- as§umed that each branc.h receives an independep.tly Rayleigh-faded signal. The re-
wing a co- ceiver must meet a requirement that the probability of all branches being received
s required with an SNR less than some threshold is equal to 107, where the threshold is chosen
ppropriate to be 5 dB, and the average SNR is equal to 15 dB.
alizer. and (a) Ca'llculatej the number of diversity branches M required in the receiver to meet
man): b this requirement? .
rated, and (b) Based on the result from part a), calculate the probability that any single branch

achieves an SNR > 5 dB?

15.26. A diversity scheme used in a receiver consists of two single branches. The following

iignaling to . ;
& g is received from each branch:

path and a

"hat should

the effects [Branch 1] _ [1.85 1.91 —-1.31 —1.58 1.21 1.93 1.11 —1.67 2.13 —2.25}

Branch 2 1.67 1.69 —2.13 —1.26 1.74 1.76 129 —1.93 2.31 —1.08

:an be used

frequency- The first row shows the voltage samples received from the first branch and the sec-

>f time, say ond row shows the voltage samples received from the second branch. Each column

ther equal- corresponds to a particular instant in time. Consider that the average noise power in

? Explain. each branch is equal to 0.25 W and assume that the above values have been co-

tiple-access phased for use in both maximum ratio and equal gain combining. The instantaneous

fegradation voltage gains provided by an attenuator for branch 1 and branch 2 are G; =12 and

vide a “nat- G, = 1.4 respectively. Also with feedback diversity assume that the threshold has
been set to an SNR of 5 dB. Calculate which branch is output to the detector if the

. following diversity-combining techniques are used:

igure P15.2. (a) Selection.

| signal, 7(2). (b) Feedback.
four branch . . .
Iso, the gain Calc'ulate thef \{alue of SNR that is outputted to the detector when the following di-
versity combining schemes are used.
(¢) Maximum Ratio.
(d) Equal Gain.

15.27. The response of a channel to ideal positive and negative pulses are spread over three
pulse-time durations, as shown in Figure P15.3. Thus, for a sequence of transmitted
pulses, the received waveform consists of the superposition of L = 3 events (seg-
ments from three pulses)—the current pulse, plus the memory of two past pulses.

» Use an encoding trellis diagram to represent this channel-induced ISI, and annotate
each trellis branch with a voltage value resulting from that transition. Imagine that
the system is initially flushed into the 00 state by transmitting two negative-polarity
pulses. Then, consider the transmission of the sequence 11011 using the ideal pulses
in Figure P15.3. Determine the amplitude values of the received distorted signal, and
show its path along the trellis diagram. Hint: This binary finite-state machine has
2L -1 gtates. Use quadrille paper to perform the superposition needed to represent
the distorted waveforms characterizing the channel. The trellis diagram is formed as

— -
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Volts

Voits
+2
+1
Binary 1: Binary 1: +1
0
0
Binary 0: Binary 0: -1
-1

-2
) b
{a) Transmitted ideal

bipolar pulses {b) Received pulses
distorted by ISI

Figure P15.3

in Section 7.2.3, with the exception that voltage levels are used here instead of
code bits.

15.28. Use the channel characteristics and training sequence outlined in Problem 15.27, and

add noise voltages of (+1 -1 +1 -1 +1} to the received distorted waveform. Use a de-

coding trellis diagram 10 illustrate how the Viterbi decoding algorithm is used in this

equalization process, and show the computations that yield the first message bit.

Hint: The process resembles the decoding of convolutionally encoded bits, with the
exception that voltage levels are used here instead of code bits.

15.29. A mobile communication system uses a Viterbi equalizer in order t0 combat the ef-
fects of fading. The symbol rate is equal to 160 ksymbols/s, and BPSK modulation is
used. The signal dispersion resulting from channel-induced ISI is equal to 25 ps.

(a) Calculate the approximate amount of memory, L,, in units of bit intervals re-
quired to be included in the Viterbi equalizert.
(b) How is the memory size affected if the symbol rate is doubled?

QUESTIONS

15.1. What are the two fading mechanisms that characterize small-scale fading? Explain
the Fourier transform and duality relationships among the time and frequency de-

scriptions of these mechanisms. (See Sections 15.2 through 15.4.)

15.2. What are the differences between Rician fading and Rayleigh fading? (See Section
15.2.2)

15.3. Define the following parameters: rms delay spread, coherence bandwidth, coherence
time, Doppler spread. How are they related? (See Sections 15.3 and 15.4.)

15.4. What are the two degradation categories that characterize signal time-spreading, and
what are the two degradation categories that characterize the time-variant nature of
the channel? (See Sections 153 and 15.4.)
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15.5. Why are the two basic fading mechanisms that characterize small-scale fading con-
sidered to be independent of one another? (See Section 15.4.1.1)

15.6. Why does signal distortion caused by fading cause more serious degradation effects
compared with a loss in SNR? (See Section 15.5.)

15.7. What techniques can be used for mitigating the effects of frequency-selective fading?
What techniques can be used for mitigating the effects of fast fading? (See Section
15.5.)

15.8. What are the various ways of introducing signal diversity? (See Section 15.5.3.)

15.9. If there is no motion between a transmitter and receiver, how large would the inter-
leaver span need to be in order to provide any time-diversity benefits? (See Section

15.5.6.)

EXERCISES

Using the Companion CD, run the exercises associated with Chapter 15.
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APPENDIX A

/

A Review
of Fourier Techniques

A.1 SIGNALS, SPECTRA, AND LINEAR SYSTEMS

Electrical communication signals consist of time-varying voltage or cu

rrent wave-

forms, typically described in the time domain. It is also convenient to describe such
signals in the frequency domain. A signal’s frequency-domain description is called
its spectrum. Spectral concepts are important in communication analysis and de-
sign; they can describe a signal by its average power or energy content at various
frequencies, and they illustrate how much of the electromagnetic spectrum (band-
width) the signal occupies. Broadcast stations are required by the Federal Commu-
nications Commission (FCC) to operate at their assigned frequency with very tight

tolerances on the occupied bandwidth; for example, amplitude-modu

lated (AM)

radio channels are spaced 10 kHz apart, and television channels are spaced 6 MHz
apart. Our interest in spectra and Fourier techniques has to do with the real-world

constraints of ensuring that our communication signals are confined
spectral boundaries.

to specified

Frequency spectral characteristics can be ascribed to both signal waveforms
and to circuits. When we say thata particular spectrum describes a signal, we mean
that one way of characterizing the signal waveform is to specify its amplitude and
phase as a function of frequency. However, when we talk about the spectral attrib-
utes of a circuit we are referring to the output versus input frequency-domain trans-
fer function of the circuit; in other words, we are characterizing the circuit by how

much of a specific input signal spectrum is allowed to pass through it.

A.2 FOURIER TECHNIQUES FOR LINEAR SYSTEM ANALYSIS

Fourier techniques are often used for analyzing linear circuits or systems in the fol-

Jowing ways: (1) by predicting the system response, (2) by determinin

g the system

dynamic specification (transfer function), and (3) by evaluating or interpreting test

I€
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o
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n
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results. Item 1, predicting system response, is illustrated schematically in Figure
A.1. Let the input be an arbitrary periodic waveform with period equal to T sec-
onds. Fourier techniques allow us to describe such an input as a sum of sinusoidal

waveforms, as shown in the figure. The lowest-frequency sinusoid, or the funda-
mental frequency of the input periodic, has frequency 1/T hertz; the balance of the
sinusoids have frequencies that are integral harmonics (2/Ty, 3/T,, . - .) of this fun-
damental frequency. An important attribute of a linear system is that superposition
applies, which means that the response to the sum of excitations is the sum of the
responses to the individually applied excitations. In fact, this is used as a definition
of linearity. Specifically, if
y(t) = system response to x;(t)
y,(t) = system response to x(¢)
and
ay(t) + by,(t) = system response to ax;(t) + bx(r)
for all a, b, x,(f), and x,(¢), then the system is linear. A consequence of this defini-
tion is that the output response of a linear system with sinusoidal input waveforms
snt wave- must be made up of sinusoidal waveforms having the same frequencies as the input
ribe such waveforms; such a system is typically specified by an output versus input fre-
1 is called quency transfer function (magnitude and phase versus frequency) as shown in Fig-
s and de- ure A.2. Figure A.2a illustrates a typical example of signal magnitude versus
1t various
d-
Ié (ban Input Output
Sl waveform waveform

very tight Linear
ed (AM) system
=d 6 MHz _4 ‘__

-eal-world
o Ty seconds
specified
E I E |
saveforms ﬂ a1 ﬂ QHEs
. we mean 1 !
litude and f= - hertz Ff= — hertz
\ Ty Ty
ral attrib- \ /
+ +

1ain trans-

2 : 2
: = < hert Linear = — hertz
1it by how f To ere ,\/\/\/\J system| ! To

+ / \ +
F= 2 nee ANNNVVVVV AN, F= 7 hertz

0
+ +

in the fol- [
the system
eting test { Figure A1 Predicting system response.
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= Figure A.2 System transfer function.
requency (a) Magnitude response. (b) Phase re-
(b) sponse.

frequency; similarly, Figure A.2b illustrates a typical example of signal phase ver-
sus frequency.

The system transfer function serves as a performance specification; it de-
scribes the system response to each of the component sinusoids. Therefore, with
the system transfer function in hand, one can predict each of the resulting output
components. Using the principle of superposition, the final step of the analysis is to
sum the individual output responses, thus forming the resulting overall response to
the input periodic. (See Figure A.1.) In a similar manner, one can determine a sys-
tem’s transfer function, or evaluate a system’s test results from knowledge of the
input and output waveforms.

The development of Fourier methods had a major impact on the analysis of
linear systems; it provided the translation between transient phenomena and si-
nusoidal techniques, and it simplified the analysis of linear systems under the exci-
tation of any arbitrary input waveform. Just as logarithms allow the operation of
multiplication to be treated as addition, so Fourier techniques allow the replace-

ment of complex waveforms with sinusoidal components and sinusoidal methods.

A.2.1 Fourier Series Transform

Signals that are periodic with finite energy within each period can be represented
by the Fourier series. The following equation describes such an arbitrary periodic
waveform x(\) in terms of an infinite number of increasing harmonic sine and
cosine components:

x(\) = 3ay + aycos A + a; cos 2\ + a; cos 3 (A1)

4 -+ bysin\ + bysin 2\ + basin 3N + -
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The terms cos A and sin \ are called the fundamental terms; the terms cos n\ and
sin n\, for n > 1, are called harmonic terms, where # is an integer. The terms a, and
b, represent the coefficients of the fundamental and harmonics, and 3a, is the con-
stant or dc term.

The function x(\) must have a period of 2, or a submultiple thereof, and it
must be single valued. The Fourier series can be thought of as a “recipe” for syn-
thesizing any arbitrary periodic waveform using sinusoidal components. To be use-
ful, the series must converge; that is, the sum of the series, as more and more of the
higher harmonics are added, must approach a limit.

The process of synthesizing an arbitrary periodic waveform, from the coeffi-
cient values describing the mix of harmonics, is termed synthesis. The inverse
process of calculating the coefficient values is termed analysis. Calculation of the
coefficients is facilitated by the fact that the average of the sine and cosine Cross-
products is zero, as well as the average of any sinusoid. The following equations il-
lustrate the basic averaging properties of the sine, cosine, and their products and
cross-products:

N

f sinmhdh =0

f cos m\ d\ = 0 p where m and n are any integers (A2)

f sinmhcosnhdh =0

s 7

f sinmhsinnhd\ =0
" form # n (A3)

J cosmhcosnhdh =0

f (sinm\)*d\ =
il form =n (A4)

j (cosm\)*d\ =

ki3

Consider how one could go about finding the value of the coefficient, a, or b,,
in Equation (A.1). To find the coefficient a, for example, we can multiply both
sides of Equation (A.1) by cos 3\ d\ and integrate, as follows:
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J x(\) cos 3N dN = J %aoys/&\ dn + J a, co%s 3NdN
- - 0 - 0
+ J a, co’s///cos 3NdN + f_ as; (cos 3N)2dN +
-

+ f blsi}ryéos ANdh + J bzsir;})/cos 3N d\
0 0
+ f b3sir’1/JAos3)\d)\+~-
S

J x(\) cos 3N d\ = J as (cos 3\)* d\ = asm

1 m
a; = —%J x(\) cos 3N dA
We can generalize the preceding analysis to get

a, = %J x(\) cos n\ d\ (AS)

1 el
b, = ;J x(\) sin nN d\ (A.6)
a, is found by solving Equation (A.5) with n= 0. This results in
la '—1—fﬂ x(\) d\ (A7)
200 =50 ) .

which represents the zero-frequency term, or the average value of the periodic
waveform. The synthesis process of Equation (A.1) can be expressed in more com-
pact form as follows:

x(\) =3ap + > (ancosnk + by, sin n\) (A8)
n=1

There are several ways to express the transform pair (analysis and synthesis)
of the Fourier series. The most common form makes use of the following identities
to express the sine and cosine in exponential form:

LR L

cosh = 2" (A9)
L

sin\ = -‘"—2—]8—— (A.10)
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A periodic function with period T, seconds has frequency components of f;,
2fo, 3fos - - . » Where fy = 1/T; is called the fundamental frequency. We also refer to
the frequency components as wg, 2wg, 30y, - - - where o, = 2m/T is called the fun-
damental radian frequency. The terms f and w are each used to denote frequency.
When f is used, frequency in hertz is intended; when o is used, frequency is radi-
ans/second is intended. Let us replace the n\ terms of Equations (A.5) to (A.8)
with 2mnfyt = 2mnt/ T, as the general argument of the sinusoidal components, where
n is an integer. For n = 1, nf, represents the fundamental frequency; for n > 1, nfy
represents harmonics of the fundamental frequency. Using Equations (A.8) to
(A.10), we can express x(¢) in exponential form as follows:

a, 1< . .
H(0) = 2+ 23 (@ = o)™+ (@, + foJe W] (AL
n=1
Let c, denote the complex coefficients, or spectral components of x(¢), related to a,
and b, by

Ya, — jb,) forn >0
4o
2
Na, + jb,) forn <0

forn =0 (A.12)

Then we can simplify Equation (A.11), writing

(A.5)
x(f) = 3 cnel?mh (A.13)
(A.6) n=-o
where the coefficients of the exponential harmonics are
T2 or
C, == x(t)e P qr (A.14)
(A7) ToJ_1p
odi To verify Equation (A.14), we multiply both sides of Equation (A.13) by
periodic 727t dy/T,, integrate over the interval (~Ty/2, Ty/2), and use the relationshi
yre com- & p
To/2 —
L[ gemenige =5 = {1 forn = m (A15)
ThJ 1, it 0 forn+m
(A.8) o
where 8, is known as the Kronecker delta. By multiplying and integrating in this
/nthesis) way we obtain, for all integers m,
dentities 1 (T2 . o
= x()e A= Y 3 =c, (A.16)
To )z n==e
(A.9) In general, the coefficient c, is a complex number; it can be expressed in the form
Cn=|Ca|€®n (A.17)
A.10 .
(A-10) Cop =|Cnle™ O (A.18)
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where

lcal =3 Vaz + by (A.19)

0, =tan”" — — (A.20)

bp=0 and ¢o= >
The value of |c,| defines the magnitude of the nth harmonic component of the peri-
odic waveform, so that a plot of |¢,| versus frequency, called the magnitude spec-
trum, yields the magnitude of each of the n discrete harmonics in the signal.
Similarly, a plot of 8, versus frequency, called the phase spectrum, yields the phase
of each harmonic component in the signal.
The Fourier coefficients of a real-valued periodic time function exhibit the
relationship

c_,=ch (A21)
where c* is the complex conjugate of ¢, We therefore have
¢ —n| = |Cnl (A22)

and the magnitude spectrum is an even function of frequency. Similarly, the phase
spectrum 6, is an odd function of frequency, because from Equation (A.20),

0, = 0, (A.23)

The Fourier series is particularly useful in characterizing arbitrary periodic
waveforms, with finite energy in each period, as presented above. The Fourier se-
ries can also be used to characterize nonperiodic signals having finite energy over a
finite interval. However, a more convenient frequency-domain representation for
such signals uses the Fourier integral transform. (See Section A23)

A.2.2 Spectrum of a Pulse Train

A signal of great interest in digital communications is an ideal periodic sequence of
rectangular pulses, called a pulse train, illustrated in Figure A.3. For the pulse train,
x,(1), with pulse amplitude A, pulse width 7, and period Ty, the reader can verify,
using Equations (A.14) and (A.10), the following expression for the Fourier series
coefficients:

AT sin(wnT/Ty) AT nT

_ AT SIS0 _ 22 gine — A24
Ch =TT T anTiT,  To ST (A.24)

In this expression,
sin wy
my

The sinc function, as shown in Figure A.4, has a maximum value of unity at y =0
and approaches zero as y approaches infinity, oscillating through positive and

sincy =
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xp(t)

\ —T/2 T/2

Ty

Figure A.3 Pulse train.

negative values. It goes through zeroat y=+1,%2,... The pulse train magnitude
spectrum, [¢,| as a function of n/Tg, is plotted in Figure A.5a, and the phase spec-
trum, 0, is plotted in Figure A.5b. The positive and negative frequencies of the
two-sided spectrum represent a useful way of expressing the spectrum mathemati-
cally; of course, only the positive frequencies can be reproduced in a laboratory.

Synthesis is performed by substituting the coefficients of Equation (A.24)
into Equation (A.13). The resulting series yields the original ideal pulse train, x,(t),
synthesized from its component parts:

sincy

1.0

7 25 N =15 /-1.0 | 0 05 10\ 15 /20 25 30
—2.0 —05

05

Figure A4 Sinc function.
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Figure A5 Spectrum of a pulse train. (a) Magnitude spectrum.
(b) Phase spectrum.

x,(t) = i > sincﬂejz“"f"‘ (A.25)
TO n=-—® TO

The ideal periodic pulse train contains frequency components at all integer
multiples of the fundamental. In communication systems the significant portion of a
baseband signal’s power or energy is often assumed to be contained within the fre-
quencies from zero to the first null of the magnitude spectrum (see Figure A.5a).
Therefore, 1/T is often used as a measure of signal bandwidth, in hertz, for a pulse
train with pulse width 7. Note that bandwidth is inversely proportional to pulse
width; the narrower are the pulses, the wider is the bandwidth associated with these
pulses. Also, notice that the spacing between spectral lines Af=1/Tj is inversely pro-
portional to the pulse period; as the period increases, the lines move closer together.

A.2.3 Fourier Integral Transform

In communication systems we often encounter nonperiodic signals having finite en-
ergy in a finite interval, and having zero energy outside this interval. Such signals
can be conveniently characterized using the Fourier integral transform, or simply

1020 A Review of Fourier Techniques App. A
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the Fourier transform. We can describe the nonperiodic signal as a periodic one, in
the limiting sense. For example, consider the pulse train shown in Figure A.3. As
T, — « and the pulse train approaches a single pulse, x(t), the number of spectral
lines approaches infinity and the spectral plot approaches a smooth frequency
spectrum X(f). For this limiting case, we can define the Fourier integral transform
pair.

X(f) = f—“’ x(t)e ~* M dt (A.26)

)

and
x(t) = fm X(f)e!™ dt (A.27)

where f is frequency measured in hertz. This pair can be used to describe the
time—frequency relationship for nonperiodic signals.

Henceforth, the Fourier integral transform operation will be designated by
the notation %{-}, and the inverse Fourier integral transform will be designated by
%1{-}. The relationship between the time and frequency domains will be indicated
by using the double arrow as follows:

x(t) <> X(f)

This notation indicates that X(f) is the Fourier transform of x(f) and that x(f) is the
inverse Fourier transform of X(f). In the typical communications context, x(t)isa
real-valued function and X(f) is a complex function, having real and imaginary
components; in polar form, the spectrum, X(f), can be specified by a magnitude
characteristic and a phase characteristic:

X(f) = | X(f)l P (A.28)

The properties of X(f), the spectrum of a nonperiodic waveform, are similar to
those of the spectrum for a periodic waveform, presented in Equations (A.17) to
(A.23); that is, when x(¢) is real valued,

X(=f) = X*(f) (A.29)
=X (f) e™ (A.30)

where X* is the complex conjugate of X. The magnitude spectrum |X(f)|is an even
function of f and the phase spectrum is an odd function of f. In many cases X(f) is
either purely real or purely imaginary, and only one plot suffices to describe it.

A.3 FOURIER TRANSFORM PROPERTIES

There are many excellent references dealing with the details of Fourier transforms
and their properties [1-4]. In this appendix we will emphasize the properties that
are fundamental to communication systems. Some of the key features affecting sig-
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nal transmission in communication systems are time delay, phase shift, multiplica-
tion by other signals, frequency translation, waveform convolution, and spectral
convolution. We shall focus on the Fourier properties (shifting and convolution)
needed to describe these key communication features.

A.3.1 Time Shifting Property

If x(f) <> X(f), then

Fx(t —to)} = J x(t — to)e ¥ dt (A.31)
Let =t — to; then

= X(f)e ¥

As a signal is delayed in time, the magnitude of its frequency spectrum re-
mains unchanged, but its phase spectrum experiences a phase shift. A time shift of
t, in the time domain is equivalent to multiplication by g2t (a phase shift of
—2mfty) in the frequency domain.

A.3.2 Frequency Shifting Property

If x(£f) & X(f), then

©
g{x(l‘ )ejZ'n'fot}zf x(t )ej21\'fote—j 2mft dt
—®

= J x(t)e e (A32)

= X(f—fo)

This is the basic frequency translating property that describes the shifted spec-
trum resulting from multiplying a signal by ¢/20_ Equation (A.32) can be used in
conjunction with Equation (A.9) to yield the Fourier transform of a waveform mul-
tiplied by a cosine wave, as follows:

x(t) cos 2mfot = 1x(t)e! > + x(r)e ~J2mfol] (A33)
x(t) cos 2mfot X (f-f)+ X(F+ fol

This property is also called the mixing or modulation theorem. Multiplication of an
arbitrary signal by a sinusoid of frequency fo translates the original signal spectrum
by fy, and also by — for
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A.4.1 Unit Impulse Function

A useful function in communication theory is the unit impulse or Dirac delta func-
tion, 8(¢). The impulse function can be developed from any of several fundamental
functions (e.g., a rectangular pulse or a triangular pulse). In each development, the
impulse function is defined in the limiting sense (the pulse amplitude approaches
infinity, the pulse width approaches zero, but the area under the pulse is con-
strained to be unity) [5]. The unit impulse function has the following important

properties:

f: 3(¢) dt =1 (A.34)
8(t)=0 fort #0 (A.35)
8(¢) is unbounded at = 0 (A.36)
F{()} = FH3(F} =1 (A.37)
J: x(2)8(t — to) dt = x(to) (A.38)

Equation (A.38) is known as the sifting or sampling property; the unit impulse mul-
tiplier selects a sample of the function x(¢) evaluated at ¢ = fo.

In some problems, it is useful to use the following equivalent integrals for an
impulse function, defined in the time domain or the frequency domain [3].

3(t) = fw e/ df (A.39)
3(f) = f . e 7 dt (A.40)

A.4.2 Spectrum of a Sinusoid

For the purpose of representing a sinusoidal waveform by a Fourier transform, the
waveform may be assumed to exist only in the interval (=Ty/2 < t < Ty/2). Under
these conditions the function has a Fourier transform as long as T, is finite. In the

limit, T, is made very large, but finite. The spectrum of the waveform x(¢) = A cos
2mf,t can be found by using Equations (A.9) and (A.26):

A, . . ‘
X(f) =f _2_ (e]21'rfot+ e—jZ'nfot)e—]Z'rrft dt
= éf e/ anlf =fo)t 4 o7 2n{f +fo)t 4y
2 ) &
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gral expression can be equated A5 COb

As described in Equation (A.40), the foregoing inte
as follows:

to unit impulse functions located at frequencies £ fy

X(f) = 2 (87 ~ fo) + 87 + fo) (A41)

—_— g s,

Similarly, the spectrum of a sine waveform y(t) = A sin 27fyt can be shown to be

equal to
Y(f) = 55 [6(F — f0) = 87 + o) (A42) !

um is shown in Figure A.6, and the sine waveform
A7. Each of the impulse functions shown on these
ith a weight of A/2 or —A/2.

{l! The cosine waveform spectr
1l spectrum is shown in Figure
I spectral plots is depicted as a spike W

|
B XN
|
. Al2 Al2
|
I
|
|
| 5 f Figure A6 Spectrum for
—fo fo x(t) = A cos 2mfyt.
JY()
l A/2
’|
i
l_.
i fo ;
' —fo
b
| |
|'| . Figure A7 Spectrum for
—A/2 y(t) = A sin 2mht.
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:quated A.5 CONVOLUTION

Convolution was used by Oliver Heaviside in the late nineteenth century to calcu-
(A.41) late electrical circuit output current when the input voltage waveform was more
complicated than a simple battery source. The use of the methods of Heaviside
predates the use of the analytical methods developed by Fourier and Laplace (even

a2 be though publications by Fourier and Laplace came earlier).
The response of a circuit to an impulse voltage v(¢) = 3(¢) is called the impulse
response and is denoted by k(¢), as shown in Figure A.8; it is simply the output volt-
(A.42) age that would result if the input were a delta function. Heaviside approximated an
arbitrary voltage waveform, like the one shown in Figure A.9a, by a set of equally
aveform spaced pulses. Such pulses of finite height and nonzero duration are shown in Fig-
n these ure A.9b. In the limit as the pulse width At approaches zero, each pulse approaches

an impulse function with weight equal to the area under that pulse. In the following
discussion we shall refer to these equally spaced pulses as impulses even though
they are impulses only in the limit.

Care needs to be taken with the notation of time, since we are interested in
the times at which impulses are applied and also the times at which their output re-
sponses are observed. We need to identify these two different time sequences; we
shall use the following notation:

1. Time of the input application will be termed 7, so that the input voltage im-
pulses are designated v(ty), v(72), - - - » v(Ty)-

2. Time of the output response will be termed £, so that the output currents are
designated i(ty), i(f,), . . . , i(tn)-

Heaviside found the response or current produced by each input impulse in-
dependently; then he added the individual responses to get the total current. The
weight of the impulse produced by the rectangular voltage at time T, is the product
v(t;) Ar. The series of impulses can approximate the arbitrary input voltage as
closely as desired by allowing At to approach zero. Note again that the instant at
which an impulse is applied is called 7; and the instance at which the system re-
sponse is determined is called t;, where T is the input time variable, ¢ is the output
time variable,andi=1,..., N.

h(t)
v(t) = 8@)

o Linear

network Output

Input

Figure A.8 Impulse response of a linear system.
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Voltage
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Il
Iir . v(Ty)

| iie

Voltage
<
2

1 T T2 Ti Time ,4 ATL— Figure A9 () Input voltage wave-
I form. (b) Approximate input voltage
N (b) waveform.

Figure A.10 illustrates the output response i(f) = Ah(t — m) to an impulse
with height v(7y). Since the input impulse at 7, is not a unit impulse, we weight it
with its strength or area, A, = v(t,) A7. Atsome time t,, where t; > 7y, the output re-
sponse to the impulse v(7y) 1 expressed as

l(tl) = Alh'(tl - Tl) for tl > Ty

| as shown in Figure A.10. When there are several input impulses, the total output
1 response for a linear system is simply the sum of the individual responses. Figure
- A.11 illustrates the response of the network to two input impulses. For N impulses,
" the output current measured at time #, can be expressed as

\ i(t,) = Al — ™) + Agh(t — 1) + o+ Anltr — ™)

where the impulses are applied at Ty, T2, - - - » TV and where f; > Ty.

1 Any impulses applied at times greater than  are disregarded, for they con-
i tribute nothing to i(t,). This corresponds to the causality requirement for physically
i realizable systems, which states that the system response must be zero prior to the
'-‘- application of the excitation. By generalizing, we get the output current at any time
\1 t, namely,

i1
11 1026 A Review of Fourier Technigues App- A




Input impulse (at time 1) = v(t1)

A Output response i() = A1h( —11)
1

Output response (at time ¢1) = i(¢1)
=Aqh(t1— 1)

Input and ouput waveforms

4! 3]
Time

Figure A.10 Output response to an impulse at time 7.

[72]
£
L
> i) = Aqh(t —T1) + Agh(t = T2)
e wave- 2
. voltage e
3
aQ
3
)
T
c
©
5
g
impulse -
weight it K T2 £
utput re- Time
Figure A.11  Output response to two impulses.
al output .
S, Figure l(t) = Alh(f - Tl) + Azh(t - '72) + -+ ANh(t - TN)
impulses, or
N
i(t)y = D, v(r) Ath(t — ) (A.43)
5
since the height of the impulse at 7; is equal to v(7;). As At approaches zero, the
they con- sum of the input impulses approaches the actual applied voltage v(); we can re-
physically place At with dr, and the summation becomes the convolution integral:
ior to the -
any ime i(t) = f wn)h(t — 1) dr (A.44a)
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i(t) = f_ Wt — 7) h(x) d7 (A.44b)

In shorthand notation, this is expressed as
i(t) = v(t) *h(t) (A.45)

In summary, i(f) is the sum of the individual impulse responses as a function
of output time & Each impulse response is due to an impulse applied at some input
time T and is weighted by the strength of that impulse.

A.5.1 Graphical lllustration of Convolution

Consider that an input square pulse v(?) is applied to a linear network whose im-
pulse response is labeled A(f) as shown in Figure A.12a. The output response is
characterized by the convolution integral expressed in Equation (A.44).

The independent variable in the convolution integral is 7. The functions v(7) and
h(~) are shown in Figure A.12b. Note that a(-T) is obtained by folding A(t) about
+=0. The term h(t — 7) represents the function h(—7) shifted by t seconds along the pos-
itive 7 axis. Figure A.12c shows the function h(t; — 7). The value of the convolution in-
tegral at £ =11 1 given by Equation (A.44) evaluated at = [;. This is simply the area
under the product curve of v(t) and h(t; —7), shown shaded in Figure A.12d. Similarly,
the convolution integral evaluated att=1, is equal to the shaded area in Figure A.12e.
Figure A.12fis a plot of the output response as a result of the square pulse input to the
circuit with impulse response shown in Figure A.12a. Each evaluation of the convolu-

tion integral, at some time £;, yields one point, i(t)), on the plot of Figure A.12f.

A.5.2 Time Convolution Property

If x,(f) <> Xq(f), and x,(t) & X,(f), then

2]

lt) *3l0) =J () xalt — 7 de

— o0

rw -]
Flxi(t)*xo(1)} = J_w J_w xy(r) ot — 7) dreI* T dt

For linear systems, we may exchange the order of integration as follows:

Flxy(t)*xy(t)} = (” xy(7) d J‘” x,(t — 1)e 2 dt (A.46)

— 00

By the Fourier time shifting property, the second integral expression of the right-
hand side is equal to X(f)e?*™

Feml0} = Xl ) | xie Pl (A7)
- (%)

1028 A Review of Fourier Techniques App. A




v(t) h(#)
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t
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(b)
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ire A.l2e. T I -
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A
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‘ 0 —1\ 14
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(d) {e)
@) =v(@) = h()
(A.46)
f the right- i [ 1 ¢
-1 0 1 2 3 4
I
(A.47) {f)

Figure A.12 Graphical example of convolution.
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Therefore, the operation of convolution in the time domain can be replaced by a
multiplication in the frequency domain.

A.5.3 Frequency Convolution Property

Because of the symmetry of the Fourier transform pair in Equations (A.26) and
(A.27), it can be shown that multiplication in the time domain transforms to convo-

lution in the frequency domain:
xy()xo(t) <> Xa(f) * X f) (A.48)

The properties that transform multiplication in one domain to convolution in the
other domain are particularly useful, since one operation is often easier to perform
than the other. For example, we discussed earlier that Heaviside used convolution
to solve for the output current of a linear system when the input was excited by an
arbitrary voltage waveform. Such methods involve the (sometimes tedious) convo-
Jution of an input waveform with the impulse response of a system. Since convolu-
tion in the time domain is transformed into multiplication in the frequency domain,
as shown in Equation (A.47), for a linear system we can simply multiply the input
waveform spectrum by the system transfer function. The output waveform is then
found by taking the inverse Fourier transform of the product:

i(t) = F H{VNOH} (A.49)

Solutions of the form shown in Equation (A.49) are often much easier to perform
than those described by Equation (A.45). However, under certain circumstances,
the operation of convolution is so simple that it can be performed graphically, by
inspection. For example, suppose that we wished to multiply an arbitrary waveform
by some fixed frequency cosine wave, such as a carrier wave, in the case of modula-
tion. By applying Equation (A.48), we can convolve the spectrum of the arbitrary
waveform with the spectrum of the cosine wave. This is easily accomplished, as is

shown in the next section.

n o - wm o ®»® A T <

A.5.4 Convolution of a Function with a Unit Impulse
By the property shown in Equation (A.47), it should be clear that if
x(t) > X(f) :
and since
3(t) 1 l

then
x(t) = 3(t) <> X(f) (A.50)

It should also be evident that
x(t) * 8(r) = x() (A51)
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and

X(f)=3(f) = X(f) (A.52)

We therefore conclude that convolution of a function with a unit impulse function
reproduces the original function. A simple extension of Equation (A.52) yields

X(fy*3(f = fo) = X(f — fo) (A.53)

Figure A.13 illustrates the ease of convolving the spectrum of an arbitrary
waveform with the spectrum of a cosine wave. Figure A.13a shows an arbitrary
baseband spectrum X(f). Figure A.13b shows a spectrum, Y( fy=3(f—-fo)+
3(f + fy) = F{2 cos 2mfyt}. The output, Z(f) = X(f) = Y(f), in Figure A.13c is
obtained by convolving the waveform spectrum with the impulse functions of Y(f)
according to Equation (A.53), where the impulses act as sampling functions.
Hence, for this simple example, convolution can be performed graphically by
sweeping the sampling impulses past the waveform spectrum. Muitiplication by the
impulse functions at each step in the sweep yields replications of the waveform
spectrum. The result, shown in Figure A.13c, is a shifted version of the original
spectrum X(f) to the locations of the impulse functions in Figure A.13b.

A.5.5 Demodulation Application of Convolution

In Section A.5.4 we examined a waveform multiplied by 2 cos 2mfyt. We illustrated
the frequency-domain view of convolving the waveform spectrum with a cosine-
wave spectrum. In this section we look at the reverse process. A waveform that has
been multiplied by 2 cos 2mf;t is to be demodulated (the waveform is to be restored
to its baseband frequency range).

Figure A.l4a represents the spectrum, Z(f), of the waveform that has been
upshifted in frequency. We can demodulate this upshifted waveform and recover
the baseband waveform, by multiplying it by 2 cos 2mfyt. Instead, we shall illustrate
the detection process in the frequency domain by convolving Z(f) with the spec-
trum of the carrier, Y(f) = 8(f— fo) + 8(f + fo), shown in Figure a.14b.

A simple extension of Equations (A.52) and (A.53) yields

X(f-fo)*d3(f—f)=X(f~fo—f) (A.54)

Therefore, the result of demodulation, X(f) = Z(f) * Y(f) is obtained by ap-
plying Equation (A.54). The resulting signal spectrum appears at baseband (de-
tected) and also at frequencies * 2f;, as shown in Figure A.l4c. As in the previous
section, the convolution can be performed graphically. The resulting Figure Al4c
contains the following terms:

(Z(f — fo) + Z(F + fo)] ¥ [3(f = fo) + 3(f + fo)]
= Z(f — fo) *3(f — fo) + Z(f = fo) *3(f + fo) (A.55)
+ Z(f + fo) * 3(f — fo) + Z(f + fo) *3(f + fo)
= 2Z(f) + Z(f — 2fo) + Z(f + 2f0)
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Figure A.13 Convolving a signal spectrum with a cosine-wave spectrum.
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Notice that the resulting terms consist of the baseband spectrum plus terms associ-
ated with higher-frequency components. The result is typical of the detection
process; the higher-frequency terms are filtered and discarded, leaving the demod-
ulated baseband spectrum.

A.6 TABLES OF FOURIER TRANSFORMS AND OPERATIONS

Commonly used Fourier transforms are listed in Table A.1 and Fourier operations
in Table A.2.

TABLE A.1 Fourier Transforms

x(f) X(f)
1. 3(t) 1
S 2.1 3(f)
3. cos 2mfyt %[S(f—fo) +8(f + fo)
1
im, 4. sin 2mfyt % [8(f — fo) — 3(f + fu)]
5. 8(t—tg) exp (—2mfto)
6. exp (j2mfyt) 3(f-1o)
2
7. exp (—altl), a2> 0 m
8. exp [—w(%) } T exp [~m(fT)]
1 fort >0 1 1
4 u(t):{O fort <0 Es(f)+j2—'nf
1
10. exp (—at) u(t), a>0 m
1
11. texp (—at) u(t), a>0 m
12. rect (%) Tsinc fT
t T . .
13. cos 2wfyt [rect (;)} 2 [sinc (f — fo)T + sinc (f + fo)T]
14. Wsinc Wt rect (%)
1- il forjt| =T
15. T B Tsinc? fT
0 fort| > T
16 i 8(t — mTy) L i 6(f—£)
>dulation = ’ To ni=w To

Note: rect (f2W) = 1 for -W < f< W, 0 for |f] > W, and sinc x = (sin mx)/mx.
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TABLE A.2 Fourier Operations

——ﬁ

Operation x(8) X

. 1 (f )
1. Scaling x(at) a] X (a
2. Time shifting x(t—t) X(f) exp (—j27fty)
3. Frequency shifting x(£) exp (J27fot) X(F-fo)

d’l
4. Time differentiation -dt_J’C’ (j2mfyX(f)
; L . d"X
5. Frequency differentiation (—j2me)" (x(2)) F‘
6. Time integration f x(r)dr L X(F) + £ X(0)5(F)
. Time integration » fanf 2

7. Time convolution x1(5) * x,(6) X,(HX(F)

8. Frequency convolution

x1 (D)%)

X, () = X()
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— APPENDIX B

Fundamentals
of Statistical
Decision Theory

f)

The basic elements of a statistical decision problem are (1) a set of hypotheses that
characterize the possible true states of nature, (2) a test in which data are obtained
from which we wish to infer the truth, (3) a decision rule that operates on the data
to decide in an optimal fashion which hypothesis best describes the true state of na-
ture, and (4) a criterion of optimality. These fundamiental steps are treated in the
material that follows. The optimality criterion we will choose for the decision rule is
to minimize the probability of making an erroneous decision, although other crite-
ria are possible [1].

The subject of statistical decision theory and hypothesis testing builds on the
mathematical discipline of probability theory and random variables. It is assumed
that the reader has a familiarity with these subjects; if not, Reference [2] is a sug-
gested resource.

ompany,

ok Com-

lill Book

B.1 BAYES’ THEOREM

The mathematical foundations of hypothesis testing rest on Bayes’ theorem, which
is derived from the definition of the relationship between the conditional and joint
probability of the random variables A and B:

P(A|B)P(B) = P(B|A)P(A) = P(A, B) (B.1)
A statement of the theorem is
P(B|A)P(A
P(A|B) = —_( P(l)i’)( )

Bayes’ theorem allows us to infer the conditional probability P(A|B), from the con-
ditional probability P(B|A).

(B2)
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B.1.1 Discrete Form of Bayes’ Theorem

Bayes’ theorem can be expressed in discrete form as

P(Zjlsi)P(Si) i=1,....M
P(Zi) ]:1’

P(silz)) = (B.3)

Il where

|I|:'|: P(Zj) = il P(Zjlsi)P(si)

In a communications application, s; is the ith signal class, from a set of M classes,
and z; is the jth sample of a received signal. Equation (B.3) can be thought of as the
description of an experiment involving a received sample and some statistical
knowledge of the signal classes to which the received sample may belong. The
probability of occurrence of the ith signal class, P(s;), before the experiment, is
called the a priori probability. As a result of examining a particular received sam-
l ple, z;, we can find a statistical measure of the likelihood that z; belongs to class s;
1‘_ from the conditional probability density function (pdf) P(zj|s;). After the experi-
1 ment, we can compute the a posteriori probability, P(s4|z;), which can be thought of
as a “refinement” of our prior knowledge. Thus we enter into the experiment with
some a priori knowledge concerning the probability of the state of nature, and after
examining a sample signal, we are provided with an “after-the-fact” a posteriori
| probability. The parameter P(z)) is the probability of the received sample, z;, Over
the entire space of signal classes. This term, P(z;), can be thought of as a scaling
factor, since its value is the same for each signal class.

I Example B.1 Use of Bayes’ Theorem (Discrete Form)

Given two boxes of parts. Box 1 contains 1000 parts, of which 10% are defective, and
box 2 contains 2000 parts, of which 5% are defective. If a box is randomly chosen and
then a part is randomly chosen from it, tested, and found to be good, what is the prob-
ability that the part came from box 1?7

Solution

1| P(box 1/GP) = P(GP|box 1)P(box 1)

' P(GP)

| where GP means “good part.”

P(GP) = P(GP|box 1) P(box 1) + P(GP|box 2) P(box 2)
= (0.90)(0.5) + (0.95)(0.5)
= 0.450 + 0.475 = 0.925

| 0.450

=——=0.486
| P(box 1|GP) 0,025 0.48
Before the experiment, the a priori probability of having chosen either box 1 or box 2
was equally likely. After obtaining a good part, the Bayesian computation can be re-
garded as a way of “fine tuning” our thinking that P(box 1) =05 toyield the a posteri-
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ori probability of 0.486. The Bayes’ theorem is simply a formalization of common
sense. Having selected a good part from one of the two boxes, isn’t it intuitively rea-
sonable that there is a higher probability that the part came from the box with the
larger concentration of good parts, and a lower probability that it came from the box
with the smaller concentration of good parts? The Bayes’ theorem has refined the
a priori statistic into an a posteriori statistic for the probability of box selection.

Example B.2 Decision Theory Applied to a Betting Game

B.1

A box has three coins: a fair coin, a two-headed coin, and a two-tailed coin. You are
asked to pick one coin at random, look at one side only, and guess head or tail for the
other side. What is the optimum decision strategy for this game?

Solution

We can view this problem as a signal detection problem. A signal is transmitted, but
because of the channel noise, the received signal is somewhat obscured. Not being
able to look at the other side of the coin is tantamount to receiving a noise perturbed
signal. Let H represent the hypotheses (i = F, H, T), where F, H, and T, stand for fair,
head, and tail, respectively:

Hg: H, T (fair coin)
Hy: H, H(two-headed coin)
Hy: T, T (two-tailed coin)
Let z; represent the received sample (j=H, 1), where zy is a head and zris a tail. Let
the priori probabilities of the hypotheses be equally likely, so that P(Hy) = P(Hy) =
P(H7) =}. Using Bayes’ theorem,
P(z;| H)P(H)
P(H|z) = Spmoms
S P(z;| H)P(H,)

we need to compute the probability for each hypothesis, given each signal class. Thus,
we need to examine the results of six computations before we can establish an opti-
mum decision strategy. In each case, the value of P(z;|H;) can be obtained from the
conditional probabilities drawn in Figure B.1. Consider that we choose a coin and
view a head (z), we compute the following three a posteriori probabilities:

B 1

P(Helzy) = 777 =3

Bz = DO T G +0 3

e )

Hy = vl 1 =7

PUHzD = vy @ +0 3
P(HT|ZH):0

If the received sample is a tail (z7), we similarly compute

P(Hglz7) =3
P(HHI ZT) =0
P(Hrlz7)=3
Baye’s Theorem 1037




Probability Probability

Probability

P(z;|Hp)

i i
2 2
T H

(a)
P(z; | Hep)
1
| | zZj
T H
{b)
P(zj |Hr)
1
Figure B.1 Conditional probability P(z| H)-
| | 2 (@) Conditioned on the fair-coin hypothesis.
T H J (b) Conditioned on the two-headed-coin hy-
pothesis. (C) Conditioned on the two-tailed-
(c) coin hypothesis.

The optimum decision strategy then is as follows: If a head, zy, is received, choose hy-
pothesis Hy (that the other side is also a head). If 2 tail, z 1, is received, choose hy-
pothesis Hr (that the other side is also 2 tail).

B.1.2 Mixed Form of Bayes’ Theorem

For most communication engineering applications of interest, the possible values
of the received samples are continuous in range, because of the additive Gaussian
noise in the channel. Therefore, the most useful form of Bayes’ theorem contains a
continuous- instead of 2 discrete-valued pdf. We shall rewrite Equation (B.3) to
emphasize this change:

p(zls)P(s:)

P(S,-lz)—‘—-———;(Z-S-—'_ i=1,....,M (B.4)

y _
p(z) = ;p(lei)P(si)

Here, p(z|s) is the conditional pdf of the received continuous-valued sample, Z,
conditioned on the sign al class, s;.
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Example B.3 A Pictorial View of Bayes’ Theorem

Consider two signal classes, s, and s,, characterized by the triangular-shaped condi-
tional pdfs, p(z|s;) and p(z|s), illustrated in Figure B.2. A signal is received; it might
have any value on the z-axis. If the pdfs did not overlap, we could classify the signal
with certainty. For the example shown in Figure B.2, we need a rule to help us classify
received signals, since some signals will fall in the region where the two pdfs overlap.
Consider a received signal, z,. Assume that the two signal classes, 5, and s,, are equally
likely, and calculate the two alternative a posteriori probabilities. Suggest a decision
rule that the receiver should use for deciding to which signal class z, belongs. Repeat
this for signal z,.

Solution

From Figure B.2 we can see that p(z,|s;) = 0.5 and p(z,|s,) = 0.3. Thus,
p(z4ls1)P(s1)

P(s{|z,) =
Silze) = D alsPls) * P b5 P)
_ (0.5)(0.5) _5
(0.5)(0.5) + (0.3)(0.5) 8
and
(0.3)(0.5) 3
P (S 2|Za) = =\ = =
(0.5)(0.5) + (0.3)(0.5) 8
ggﬁf(legg One rule is to decide that the received signal belongs to the class with the maximum
coin hy: a posteriori probability (class s;). An equivalent rule, for the case of equal a priori
o-tailed- probabilities, is to examine the value of the pdf conditioned on each signal class (re-
ferred to as the likelihood of the signal class) and choose the class with the maximum.
Examine Figure B.2 and notice that this maximum likelihood rule parallels our intu-
ition. The likelihood that signal z, belongs to each class corresponds to an encircled
d0se hy- point on each pdf. The maximum likelihood rule is to choose the signal class that
>ose hy- yields the largest conditional probability of all the alternatives. We repeat the compu-
tations for the received signal z,, as follows:
: values
aussian - pzls2) pzls)
. . F== i |
e 0.9 o Assume: P(sq) = P(s) =
B.3) to > 0.8 . T ¥72
£ 071 i
o 0.6 i i
S 051 v
B.4 = 041 ! |
el ® 03} E
0.2 N\
0.1H '
0 — z
zq 2 {Received samples)
mple, z,
Figure B.2 Pictorial view of Bayes’ theorem.
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I B (0.7)(0.5) 7
I P(silze) = 5 7y05) + (0.1)(05) 8
"l (0.1)(05) 1

' T8

“:‘.. P(salzs) = 07)0.3) + (0.1)(03)
|

i As before, the maximum likelihood rule dictates that we choose signal class s;. Notice
] that in the case of received sample z;, we can have greater confidence in the correct-
i ness of our choice compared to the case of signal z,. This is because the ratio of

. | plzp]sy) top (zp|52) is considerably larger than the ratio of p(z,|sy) top (z4]52)-

|
]n_ B.2 DECISION THEORY
| B.2.1 Components of the Decision Theory Problem

Having reviewed hypothesis testing based on Bayesian statistics, let us examine
more carefully the components of the decision theory problem in the context of a
communication system, as shown in Figure B.3. The signal source at the transmitter
B consists of a set {s;,()},i=1,..., M, of waveforms (or hypotheses). A signal wave-
N form r(1) = s(f) + n(z) is received, where n(f) is an additive white Gaussian noise
'l (AWGN) process introduced in the channel. At the receiver, the waveform is
reduced to a single number z(t = T), which may appear anywhere on the z-axis.

n(t)
{ Gaussian
noise process

Signal sit) r(t)

| O Observation space
source (receiver)

2(T) = a;i(T) + no(T)

[

Decision rule

\ Finite set of hypotheses (signals) decide (H;|2z)
|

| Hq:s

[ Hy:sp

i. M hypotheses{ : M signals H; decision
';l Hy:sm i=1, ., M

it Figure B.3 Components of the decision theory problem in the context of
| a communication system.
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Because the noise is a Gaussian process and the receiver is assumed linear, the out-
put, z(¢), is also a Gaussian process [1], and the number, z(T), is a continuous-
valued random variable.

z(T) = a(T) + ny(T) (B.5)

The sample z(7T) is made up of a signal component, a(T), and a noise component,
no(T). The time T is the symbol duration. At each kT, where k is an integer, the re-
ceiver uses a decision rule for deciding which signal class has been received. For
ease of notation, Equation (B.5) is sometimes written simply as z = a; + g, where
the functional dependence on T is implicit.

B.2.2 The Likelihood Ratio Test and the Maximum
A Posteriori Criterion

A reasonable starting point for establishing the receiver decision rule for the case
of two signal classes is

H,
P(s1lz) 2 P(s]2) (B.6)
Equation (B.6) states that we should choose hypothesis H; if the a posteriori prob-
ability P(s)|z) is greater than the a posteriori probability P(s,|z). Otherwise, we
should choose hypothesis H,.
We can replace the posteriori probabilities of Equation (B.6) with their
equivalent expressions from Bayes’ theorem [Equation (B.4)], yielding

p&moP@ofP@wgP@» (B.7)

2

We now have a decision rule in terms of pdfs (likelihoods). If we rearrange Equa-
tion (B.7) and put it in the form

)

p(zlsy) i (s2)
(zls2) &, P(sy)

Vv

(B.8)

=

then the left-hand ratio is known as the likelihood ratio and the entire equation is
often referred to as the likelihood ratio test. Equation (B.8) corresponds to making
a decision based on a comparison of a measurement of a received signal to a
threshold. Since the test is based on choosing the signal class with maximum a pos-
teriori probability, the decision criterion is called the maximum a posteriori (MAP)
criterion. It is also called the minimum error criterion, since on the average, this cri-
terion yields the minimum number of incorrect decisions. It should be emphasized
that this criterion is optimum only when each of the error types are equally harmful
or costly. When some of the error types are more costly than others, a criterion that
incorporates relative cost of the errors should best be employed [1].
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B.2.3 The Maximum Likelihood Criterion

Very often there is no knowledge available about the a priori probabilities of the
hypotheses or signal classes. Even when such information is available, its accuracy
if: s sometimes mistrusted. In those instances, decisions are usually made by assum-
11':;'_, ing the most conservative a priori probabilities possible; that is, the values of the a
1!:_'_ priori probabilities are selected so that the classes are equally likely. When this is
,;!' done, the MAP criterion is known as the maximum likelihood criterion, and Equa-
ll";i_ tion (B.8) can be written as
il

'l:"' p(zls,) f

i —=z1 B9
| p(ls2) 7 &
‘i!j Notice that the maximum likelihood criterion of Equation (B.9) is the same as the
!'!' maximum likelihood rule that was described in Example B.3.

Il

|

I

1'_ B.3 SIGNAL DETECTION EXAMPLE

|

\i' B.3.1 The Maximum Likelihood Binary Decision

The pictorial view of the decision process in Example B.3 dealt with triangular-
shaped probability density functions as a convenient example. Figure B.4 illustrates
the conditional pdfs for the binary noise-perturbed output signals, z(T) = a1 + Mo
and z(T) = a, + n, from a typical receiver. The signals ¢, and a, are mutually inde-
pendent and are equally likely. The noise 7 is assumed to be an independent

Gaussian random variable with zero mean, variance o3, and pdf given by

| p(no) = ;Oé; exp {—% (g%ﬂ (B.10)

| We can therefore write the likelihood ratio, described in Equation (B.8), as

p(zls2) plzls)

Probability

i z(T)
'| | a2 0 a1

| Figure B.4 Conditional pdfs for a typical binary receiver.
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a3 )
1 z-%)]ZP@)
2 (B.11)

ex (—Z—Z) ex (_a_%) ex <@>
P\ 723/ P\ 2a3) P\ 202 /) # P(sy)

_§>ﬁ _@)ﬂ(u@>2mm
202 P 20 P 2073

- o[ ) _ L= af] £ PG
: i 207 # P(s1)

where a, is the receiver output signal component when s;(¢) is sent and a, is thc out-
put signal component when s,(¢) is sent. The inequality relationship described by
Equation (B.11) is preserved for any monotonically increasing (or decreasing)
transformation. Therefore, to simplify Equation (B.11), we take the natural loga-
rithm of both sides, resulting in the log-likelihood ratio.

da-a) d-@% P
L(z) = - =1 B.12
WG T R (B2

When the classes are equally likely,

"o

(s2)

Py T

0

2 _ 2

A ai—ay
so that g Bt
H, 2((31 = 02)

I.Il al + az (B13)

z =

H 2

For antipodal signals, s,(t) = —s,(t) and a; = —ay; thus, we can write

= %Yo

H
z=20 (B.14)
H,
Therefore, the maximum likelihood rule for the case of equally likely antipodal sig-
nals compares the received sample to a zero threshold, which is tantamount to de-
ciding s,(¢) if the sample is positive, and s,(¢) if the signal is negative.
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B.3.2 Probability of Bit Error

For the binary example in Section B.3.1, we want to compute the bit error proba-
bility, Pp, using the decision rule in Equation (B.13). The probability of an error is
calculated by summing the probabilities of the various ways that an error can be

made:
Py = P(Hyls1)P(s1) + P(Hy|s;)P(s2) (B.15)

That is, given that class s5,(¢) was transmitted, an error results if hypothesis H, is
chosen; or, given that class s,(t) was transmitted, an error results if hypothesis H, is
chosen. For the special case of symmetric probability density functions, and for

P(s;) = P(s2) = 0.5, we can write

Py = P(H,|S1) = P(H,\S>) (B.16)
The probability of an error, Pj, is equal to the probability that an incorrect hypoth-
esis, H;, will be decided when s,(¢) is sent, or that H, will be decided when s,(f) is
sent. Thus Pj is numerically equal to the area under the “tail” of either pdf, p(z|s1)
or p(z|s), falling on the incorrect side of the threshold. We can therefore compute
Pj by integrating p(z|s;) between the limits —oc and <y, ot by integrating p(z|s,) be-
tween the limits y, and , as follows:

Pg= J p(zlsy)dz (B.17)

y0=(al+a2)/2
- T e & )|z
(@ +a2 G0V 2T 2 %o

zZ—a
Let u=——’£

To

Then o, du = dz, and

_ (" 1 AP il
PB—J \/E;exp( 2>du—Q< 200 > (B.18)

u=(ay—ap)/200
where Q(x), called the complementary error function or co-error function,* is tabu-

lated in Table B.1.
Another form of the co-error function which is frequently used is

erfc (x) = —\;_—- j“ exp (—u?) du (B.19)

The two co-error functions, Q(x) and erfc (x), are related as follows:

*Note that the co-error function is defined in several ways; however, all definitions are essentially

equivalent.
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TABLE

0.0
0.1
0.2
0.3
0.4
0.5

0.6
0.7
0.8
0.9
1.0

1.1
1.2
13
1.4
1.5

1.6
1.7
1.8
1.9
2.0

2.1
22
23
24
2.5

2.6
2.7
2.8
2.9
3.0

31
32
33
34




TABLE B.1 Complementary Error Function Q(x) = [7 (1/V2w ) exp (— u*/2)du

>roba}— O(x)
Cror is
.an be x 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

00 05000 04960 04920 04880 04840 04801 04761 04721 04681 04641
. 01 04602 04562 04522 04483 04443 04404 04364 04325 04286 04247
(B.15) 02 04207 04168 04129 04090 04052 04013 03974 03936 03897  0.3859
03 03821 03783 03745 03707 03669 03632 03594 03557 03520  0.3483

s 04 03446 03409 03372 03336 03300 03264 03228 03192 03156 03121
3 f% 18 0.5 03085 03050 03015 02981 02946 02912 02877 02843 02810 02776
ot or

0.6 02743 02709 02676 02643 02611 02578 02546 02514 02483 02451
07 02420 02389 02358 02327 02206 02266 02236 02206 02168 02148
(B.16) 08 02169 02090 02061 02033 02005 01977 01949 01922 0.18%4  0.1867
09 0181 0.814 01788 01762 0173 01711 0.1685 01660 0.1635 0.1611
ypoth- 10 01587 01562 01539 0515 01492 01469 0.1446 0.1423 01401 01379
s1(f) 18
Qt(zl)sl) 11 01357 01335 01314 01292 01271 01251 0230 01210 01190 0.1170
mpute 12 01151 01131 01112 01093 01075 01056 01038 01020 0.1003  0.0985
13 0098 00951 00934 00918 00901 0.0885 00869 00853 00838  0.0823

52) be- 1.4 0.0808 0.0793 0.0778 0.0764 0.0749 0.0735 0.0721 0.0708 0.0694  0.0681
1.5 0.0668  0.0655 0.0643  0.0630 0.0618 0.0606 0.0594 0.0582 0.0571  0.0559

B.17 1.6 0.0548 0.0537 0.0526 0.0516 0.0505 0.0495 0.0485 0.0475 0.0465  0.0455
(B. ) 1.7 0.0446  0.0436  0.0427  0.0418 0.0409 0.0401 0.0392 0.0384 0.0375  0.0367
1.8 0.0359  0.0351 0.0344  0.0336  0.0329 0.0322 0.0314 0.0307 0.0301 0.0294
1.9 0.0287 0.0281 0.0274 0.0268 0.0262 0.0256 0.0250 0.0244  0.0239  0.0233
2.0 0.0228 0.0222 0.0217 0.0212 0.0207 0.0202 0.0197 00192 0.0188  0.0183

21 0.0179 0.0174 0.0170 0.0166 00162 0.0158 0.0154 00150 0.0146  0.0143
22 0.0139 0.0136  0.0132 0.0129 00125 0.0122 0.0119 0.0116 0.0113 0.0110
23 0.0107 0.0104 0.0102 0.0099 0.009% 0.0094 0.0091  0.0089  0.0087  0.0084
2.4 0.0082 0.0080 0.0078 0.0075 0.0073 0.0071 0.0069  0.0068  0.0066  0.0064
2.5 0.0062 0.0060 0.0059 0.0057 0.0055 0.0054 0.0052 0.0051 0.0049  0.0048

2.6 0.0047  0.0045 0.0044 0.0043 00041 0.0040 0.0039 0.0038 0.0037 0.0036
2.7 0.0035 0.0034 0.0033 0.0032 00031 0.0030 0.0029 0.0028 0.0027 0.0026
(B 1 8) 2.8 0.0026 0.0025 0.0024 0.0023 00023 0.0022 0.0021 0.0021 0.0020 0.0019
29 0.0019 0.0018 0.0018 0.0017 0.0016 0.0016 0.0015 0.0015 0.0014  0.0014
3.0 0.0013 0.0013 0.0013 0.0012 0.0012 0.0011 0.0011 0.0011  0.0010  0.0010

is tabu-
3.1 0.0010 0.0009  0.0009  0.0009  0.0008 0.0008 0.0008 0.0008 0.0007  0.0007
32 0.0007 0.0007 0.0006 0.0006 0.0006 0.0006 0.0006 0.0005 0.0005  0.0005
33 0.0005 0.0005 0.0005 0.0004 0.0004 0.0004 0.0004 0.0004 0.0094  0.0003
34 0.0003  (0.0003  0.0003 0.0003 0.0003 0.0003 0.0003 0.0003  0.0003  0.0002
(B.19)
erfc (x) =20(xV?2) (B.20)
. 1 x
ssentially Q(x) = serfc (——) (B.21)
2 V2
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APPENDIX C

Jiley &

aw-Hill

Response
of Correlators
to White Noise

The inputs to a bank of N correlators represent a white Gaussian noise process,
n(t), with zero mean and two-sided power spectral density, Ny/2. The output of
each correlator at time t = T is a Gaussian random variable defined by

n; = JTn(t)ij(t) dt j=1,...,N (C1)

where {{(¢)} forms an orthonormal set. Since n; is Gaussian, it is characterized
completely by its mean and variance. The mean is

T
n;=E{n}=E n(t)y;(t) dt C2
7 =B = B{ | now ae) ©2)

where E {-} is the expected value operator. The variance of 7; is
of = E{n}} — 7} (C3)

T T
~e{ [ oo f nls)bf) s } 77 )
J- f E{n(t) t)xl;( )}dt ds — ﬁ? (C5)
Since n(t) is a zero-mean process,

E{n(t)} =0 (C.6)
1047
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which implies that

n,=E{n}=0 (C7
The autocorrelation function of the process n(f) is
R(t,s) = E{n()n(s)} (C8)

If the noise n(¢) is assumed stationary, then R,(t,s) is a function of only the time
difference =1t —s. From Equation (C.5), we then have

T (T
0}? = var {n;} = J- f Rn(T)qu(t)mbj(s) dt ds - (C9)

For a stationary random process, the power spectral density G,(f) and the autocor-
relation function R,(7) form a Fourier transform pair. Thus, we can write

R,(v) = J_m G,(f)e/*" df (C.10)

Since n(?) is white noise, its power spectral density G,(f) is Ny/2 for all f, and we
can write Equation (C.10) as

R = [ DRemrap =280 (€1

where 8(r) is the unit impulse function defined in Section A.4.1. Substituting Equa-
tion (C.11) into Equation (C.9), we get '

N, T T
0']2 e ——22 J J B(t - S)ll,lj(l‘ )ILF](S) dt ds (ClZ)
0 0
N (7 Ny, .
:70 ¢§(t)dt=—23 j=1,..,N (C.13)

0

where we have utilized the sifting property of the unit impulse function (see Section
A.4.1) and the fact that Wiohi=LL..., N, constitutes an orthonormal set. Thus,

for white Gaussian noise with two-sided power spectral density Ny/2 watts/hertz,
the output noise power from each of the N correlators is equal to No/2 watts.
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APPENDIX D

cn
(C.8)
1€ time
Often-Used Identiti
(C9)
utocor-
(C.10)
and we
(C.11)
cosx cosy =3cos(x +y) + Lcos(x — y) (D.1)
s Equa- sinxsiny = —1cos (x +y) + jcos (x — y) (D.2)
sin x cos y = 3sin (x + y) + Zsin(x — y) (D.3)
(C12) cosxsiny = ssin(x +y) —3sin(x — y) (D.4)
sin (x £y) = sinx cosy *cosxsiny (D.5)
C.13
(C13) cos (x£y) =cosxcosy T sinxsiny (D.6)
Section cos’x = 3(1 + cos 2x) (D.7)
t. Thus, . 1
s/hertz, sin” x = 3(1 — cos 2x) D.8)
sin x cos x = 3 sin 2x (D.9)
sinx + siny = 2sin(x + y)cos3(x — y) (D.10)
sinx —siny = 2cos(x + y)sins(x — y) (D.11)
cosx + cosy = 2cosi(x + y)cosi(x — y) (D.12)
cosx — cosy = —2sin3(x + y)sinz(x — y) (D.13)
jx _ p—ix
sinx = 6—2]; (D.14)
jx+ —jx
cosx = E—Te— (D.15)
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> <']1) p(l-py~=p—pd-p)" (D.16)
Proof:

() =i~ e T D T
- (i51)
=3 (0 ) pa-pri=r3 (321) 0 —pyeie

Change of parameter: i = (j— 1)
Therefore, (j = 2) becomes (i = 1), and (j = n) becomes (i=n-1).

n=l iy —1 ) L
P3=p2{< l. )p’(l—p)(" -

> pg [(” R 1>pi(1 _P)("—l)_i] - p(” 0 1>p°(1 —p Ve
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(D.16) APPENDIX E

s-Domain, z-Domain
and Digital Filtering

Robert W. Stewart
Department of Electronic and Electrical Engineering
University of Strathclyde, Glasgow, Scotland, UK

In Appendix A, Equation (A.26) and (A.27) defined the Fourier and inverse
Fourier transform, respectively. Although the Fourier transform is useful for a
steady-state frequency analysis of a system, it is not particularly useful for transient
analysis; and for some functions, the Fourier integral does not in fact exist, whereas
the Laplace transform, discussed in this appendix, does. Hence, to allow a more in-
depth analysis of linear systems, we often choose to use the Laplace transform. In
terms of Laplace and Fourier defining equations, it is straightforward to show that
the Laplace transform is an extension of the Fourier transform. If the system under
analysis is a discrete time system rather than continuous time system, then we can
use the notationally simpler z-transform, which can be directly derived from the
Laplace transform. Another reason for using the Laplace transform (for continu-
ous time analysis) and z-transform (for discrete time analysis) is that operations
that are “awkward” in the time domain, such as convolution, can be performed
more easily in the s-domain or z-domain.

Hence, in this appendix the s-domain, z-domain, and discrete frequency
transform are reviewed and thereafter the ubiquitous digital filter is introduced
with varied reference to the Laplace- and z-transforms.

E.1 THE LAPLACE TRANSFORM

Recall the Fourier transform in Equation (A.26) of Appendix A, namely,

X(f) = J:w x(t)e ™ dr or X(w)= [: x(t)e "™ dt (E.1)

where o =2mf.
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If we define a new function v(¢) that is x(¢) multiplied by the real exponential
time function e *, where o is a real number, then v(¢) = x(#)e™"". Hence, the Fourier
transform of the function v() is

V(o) =f v(t)e 7 dt =f x(t)e e i dt =f x(t)e O 4 (E2)

o — Q0

Therefore, we can rewrite Equation (E.1) as
X(o + jo) = f x(t)e”CF gy (E.3)

Letting s be the complex frequency s = o + jw, we can now define the Laplace trans-
form of a time domain signal x(t) as

X(s) = [ : x(t)e™* dt (E.4)

where “s” is the Laplace variable. If we rewrite the inverse Fourier transform in
Equation (A.27) in terms of angular frequency w = 2mf, then dw/df =2m and

x(t) = [ X(w) e/t ;—: (E.5)

Since s = 0 + jow, it follows that ds/dw = j, and we can therefore specify the inverse
Laplace transform as

1 g+joe
t)=-— X(s)e' d E.6
=g [ Heeds (E:6)
Equations (E.4) and (E.6) are referred to as a Laplace transform pair [x(t) < X(s)],
or more precisely, the two-sided or bilateral Laplace transform pair. If we (reason-
ably) assume that the signal x(#) does not exist before ¢ = 0 (i.e., it is causal), then
the transform can thus be termed one sided or unilateral and written as

X(s)=f x(t)e " dt (E.7)

The inverse unilateral Laplace transform is the same as Equation (E.6). Hence, it is
also appropriate to refer to Equation (E.6) and (E.7) as the one-sided Laplace
transform pair, or unilateral Laplace transform pair.

E.1.1 Standard Laplace Transforms

Table E.1 shows some standard one-sided Laplace transforms. Note that the (two-
sided) Laplace transform of Equation (E.4) is identical to the Fourier transform of
Equation (A.26) if we set s = jw, where w = 27f. In order to develop the Laplace
transform, x(¢f) was multiplied by a “convergence factor” e ° where o is any real
number. Hence, when actually evaluating the integration, the Laplace transform
may exist for many functions that do not have a corresponding Fourier transform.
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TABLE E.1 Laplace Transforms

Waveform Type Time Function Laplace Transform
Impulse 8(¢) 1
. ] 1
Unit Step function u(t) =
s
1
Ramp function tu(t) 52
1
Exponential e“u(t) s—a
1
te“u(f) (s — a)?
[01]
Sine wave sin(wr) u(f ——
(@)u(t) e
s
Cosine wave cos(wt) u(t) s? + o’
"
Damped sine wave e“sin{ws) u(r) (s —a)P+ o
(s —a)
Damped cosine wave e“cos(wt) u(r) (s —a)y+a

One of the key advantages of the Laplace transform is the capability of trans-
forming functions that are not absolutely integrable.

E.1.2 Laplace Transform Properties

If we know the Laplace transform pair y(¢) <> Y(s), then it can be shown that for a
delayed version of the signal denoted as y(t - t),

y(t —tg)e>e Y (s) (E.8)

This is the simple time-shift property of Laplace transforms. Table (E.2) shows
other properties of Laplace transforms. All of these properties can be verified by
direct evaluation of the Laplace transform property of interest. Note that the rela-
tionship of s = jw between the Laplace and Fourier transform means that there is a
simple equivalence between like transforms of Table E.1 with those in Table A.1,
as well as like operations in Table E.2 with those in Table A.2.
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TABLE E.2 Laplace Operations

Property Time Function: Laplace Transform
General or arbitrary function x() X(s)
General or arbitrary function y(® Y(s)
Linearity ax(t) + by(1) aX(s) + bY(s)
Time shift (7> 0) x(t—) e~ X(s)
Time scali x(at) 1X<s )
N Zx( 2
im ing X\
Modulation e "x(t) X(s—a)
, - dx(t)
Differentiation T sX(s) - x(0)
, X(s)
Integration Je., x(tyds —
Convolution x(2)*y(1) X($)Y(s)

E.1.3 Using the Laplace Transform

Laplace transforms are useful where (time) differential equations have to be solved
or convolution operations have to be performed. For example, to find the current
i(t) in the simple RC circuit in Figure E.1, note that the voltage across the capacitor
(integrating component) and resistor is the input voltage

vi(f) = i(t)R + % —i(t)R + % f i(t) dt (E.9)

If the input voltage is a unit-step power source, vi,(f) = u(r), and ¢ is the charge
across the capacitor (in Coulombs); taking Laplace transforms of Equation (E.9),
using Tables E.1 and E.2, we obtain

I(s) Via(s) 1/R

—and =I(s) = = E.10
s 4 =16) =g e T ryme B9
(Note that for the unit step, Vi,(s) = 1/s.) Next, transforming back to the time do-
main (based again on the Laplace transform tables) gives

Vi(s) = RI(s) +
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N
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log1of{Hz)
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Figure E.1 (a) Resistor capacitor circuit, (b) Laplace transform
representation, (c) Magnitude response.

i
i (1) = Ze RO (E.11)

E.1.4 Transfer Function

Using the Laplace transform, we can specify the (s-variable) transfer function of a
linear system. From Equation (E.10), if the resistance R =0, then the impedance of
the capacitor can be calculated as

V:'n ('5) 1
Z, = =— E.12
©  Is) sC (E.12)
The input and output Laplace voltages can be specified as
1(s) I(s)
; =Is)R+— =—= E.13
Vils) = I6) R+~ Vouls) =5 (E13)
and, therefore, the (Laplace) transfer function can be specified as
E.1 The Laplace Transform 1055
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1(s) :
Vou (S) sC 1
His)=—7+= = (E.14) C
Vials) I(s) sRC+1 te
R+ —
I(s) °C
E.1.5 RC Circuit Low Pass Filtering
T
Let the input to the RC circuit be a complex sinusoid v (f) = e’ From Appendix v
A, we note that we can equate this to the Fourier transform by setting s = jo, where r
w = 2mf. Thus, the frequency response can be realized from the transfer function
__——V"“‘(f) - 1 = ! = 1 ¢~ [eretan@nfRO)] (F 15) I
V.(f) jeRC+1 j2mfRC+1  /(2mfRC) +1 !
t

For small values of f, then |H(f)| = 1; and for large values of f, then |H(f)| = 0. When
f=fy=1(2nRC), then |H(f)| =1/ /2. Noting that 20 logo(1/ \/2) = -3 dB, then fois I
the “~3-dB” frequency when the output power is half of the input power. There-

! fore, Equation (E.15) specifies a low-pass filter that is the same as was presented in

| Equation (1.63). Low frequencies are passed and high frequencies are attenuated;

i this is shown in the magnitude frequency response of Figure E.1c.

E.1.6 Poles and Zeroes

Linear systems and hence (linear) analog filters can be represented by time-
domain differential equations. For example, consider the second-order example

d*(t) dx(t) d*y(t) dy(t)
=A——-+B——+ ——— + E—— .
i) = A3 B— Cx(t)+ D=3 E— (E.16)

The various orders of differentiation and/or integration are implemented in the
real world by using capacitive and inductive components in combination with feed-
back amplifiers of given orders [2]. Taking the Laplace transform of Equa-

tion (E.16) yields the more mathematically (and notationally) convenient Laplace
equation

Y(s) = As?X(s) + BsX(s) + CX(s) + Ds*Y(s) + EsY(s) (E.17)
and the transfer function

_Yis) A+ Bs+C _ Als — ag)s — ay)
HLHS X(s) -Ds*—Es+1 ~TD(s — bo)(s — b1) (E18)

The roots |ag, @} of the numerator s-polynomial are termed the zeroes, and the
roots {bg, by} of the denominator s-polynomial are termed the poles. Note that if A,
B, and C are real values, then the zeroes {ag, a;} will be complex conjugates.
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E.1.7 Linear System Stability

Consider briefly the single-pole equation corresponding to an arbitrary linear sys-
tem:

H(s) = — (E.19)

s —a

The impulse response of this circuit can be found (by using Table E.1) to be the in-
verse of the transfer function in Equation (E.19); and if o = p + j{, then the impulse
response is

h(t) = e®' = eflelt! (E.20)

Noting that Re[o] = p, then the impulse response is diverging for increasing ¢ (time)
if p > 0. However, for p < 0, the impulse response is converging for increasing t. The
term ¢/ is a complex (oscillating) sinusoid (as discussed in Section A2l). In
slightly different language, we could state that a system is stable if all s-domain
poles have a real component less than zero.

Thus, if the poles were plotted on the complex s-plane, then all poles must be
on the left-hand side of the complex plane. Figure E.2 illustrates the complex
s-plane regions of stability and an example of a stable 3rd-order transfer function,
where the poles are in the left-hand side of the plane, i.e. the poles have a negative
real component. Note that the zeroes may be in either the lett- or right-hand side of
the s-plane and have no bearing on stability.

For a circuit with more than one pole, one can think of the transfer function
as a cascade of single-pole circuits, as follows:

H(s)= ((: :;z;g :;;Ez :Z)) = (s —ag)(s —ay)(s _az)L jboiHS jbl][s —1bj

(E21)
Imaginary
1 X Poles 3 2
| 5 Zeroed His) = 830852 +0.125 —0.008
1 s3+2s2+ 165+ 0.5
X s-plane _ (8=0.1)s?—0.4s + 0.08)
(s+ 12 +5+0.5)
N |
X— o — Real (5= 0.1)(s — 0.2 + 0.2)(s — 0.2 = 0.2))
Gk 8 5+ (s +05_05))s +0.5—0.5))
X ——-0.5
Region of . .
pole stability [ _4 Zeroes at s=0.1, 0.2-0.2j, 0.2+0.2;
Polesat s=-1, —0.5-0.55, —-0.5+0.5;

Figure E.2 Plotting the poles and zeroes of an s-domain transfer function.
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For stability, all poles must lie on the left-hand side of the complex plane. Note that
for real circuits with real Laplace coefficients (i.e. in Equation (E.16) A, B, C,D,E
would be all real valued), the poles and zeroes will either be real or occur as com-
plex conjugate pairs as illustrated in Figure (E.2).

For our previous example of an RC circuit, the transfer function in Equation
(E.14) is unconditionally stable since 2wRC is always a positive value—which is of
course the expected result. Instability will only be seen in linear systems that have
feedback (recursion), such as filters implemented with inverting or noninverting
operational amplifier circuits.

il E.2 THE z-TRANSFORM

The z-transform is essentially the discrete equivalent of the Laplace transform. It

} allows for conventional mathematical analysis (transient and steady state) and ma-

' nipulation of signals and systems. Probably the most frequent modern use of the
z-transform is for specifying discrete systems and analyzing their stability.

The z-transform allows the convolution of an input signal and a discrete lin-
ear system to be calculated in a mathematically tractable form. Also, the “poles”
and “zeroes” of a system can be observed, leading to information regarding the dy-
namic behavior and stability of a discrete system. It is important to note that the

r poles and zeroes of the z-transform are different from the poles and zeroes of the
Laplace transform.

E.2.1 Calculating the z-Transform

We can derive the z-transform from the Laplace transform of Equation (E.4) by
considering a signal x(z) that is sampled every T seconds, thus yielding a discrete
time signal of samples x(0), x(T), x21), . ..= {x(kT)}. The sampled data represent
a set of weighted and translated delta functions whose Laplace transform (by the
time shifting property) can be written as

[>2]

X(s) =3 x(kT)e ™" (E.22)
k=0

If we employ the parameter z = ¢’T and replace discrete time kT with a sample
number k, we get

X(z) = i‘, x(k)z 7" (E.23)

As an example, the z-transform of a simple unit step function u(k) is

< 1
Uz)= Su(k)zt=1+2z7"+ 7Pz L= - (E.24)
k=0 -

Note the geometric series form and the assumption that |z] < 1 (the region of
convergence). As in the case of the Laplace transform, the z-transform can be
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TABLE E.3 z-Transforms of Some Simple Functions

Waveform Type Time Function z-Transform
Impulse 3(k) 1
Delayed impulse 8(k—m) ™
Unit step function u(k) = i T
z
Ramp function ku(k) (z — 1)
z
Exponential e u(k) z—ef
. . zsin(w)
Sine wave sin(wk) u(k)

22 — 2zcos(w) + 1

z[z — cos(w)]

Cosine wave cos(wk)u(k) 72 — 2zcos(w) +1

tabulated in tables, such as Table E.3, and operations of the z-transform can be
tabulated in tables, such as Table E 4.

E.2.2 The Inverse z-Transform

We can transform back from the z-domain to the time domain using the inverse
z-transform [2], as follows:

x(k) =z {X (2)} = ]2% ﬁ X(z) 2dz (E.25)

TABLE E.4 z-Transform Operations

Property Time Function Z Transform
General or arbitrary function x(1) X(2)
General or arbitrary function y(@®) Y(z)
Linearity ax(t) + by(t) aX(z) + bY(2)
Time shift x(k —m) 7"X(z)
Modulation e x (k) X(e™z)
Exponential scaling akx(k) X(z/a)

d
Ramp scaling kx(k) —ZEX (z)
Convolution x(k)*h(k) X(z)H(z)
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Figure E.3 Digital filter equations are implemented on the DSP Processor
! which processes the time sampled data signal to produce a time sampled output
' data signal.

Here, the complex integration ¢ is over any simplc contour in the region of conver-
gence of X(z) that circles the point z = 0. The evaluation of the inverse z-transform
would appear to be somewhat more complicated than for the z-transform.
Typical operations required include partial fraction evaluation, polynomial
division, the residue theorem, and difference equation synthesis. Hence, most
z-transformations, and inverse z-transformations are calculated using tables of
standard integrals and properties, and explicit evaluation of Equation (E.25) can
usually be avoided. In modern-day DSP analysis, software packages such as Sys-
temView [1] are used to manipulate discrete signals and systems, and the z-trans-
form is largely used simply as a convenient analytical notation for the specification
and stability of discrete signals and systems.

E.3 DIGITAL FILTERING

Using appropriate analog and digital components, a digital filter can be set up to
perform a desired frequency discrimination or phase-modifying function. Figure
E.3 shows the components required for a digital filter that produces the filtered se-
quence y(k) for the input sequence x(k) [2]. A general digital filter output y(k) is
produced from a weighted sum of past inputs x(k) and past outputs y(k — n), with
n > 0. A signal flow graph (composed of only adders, multipliers and sample de-
lays), for a four-feedforward weight and three-weight feedback digital filter, is
shown in Figure E.4. (Note that a single sample time delay is indicated by the sym-
bol A. Often, one sees such time-domain signal flow graphs drawn with a mixture of
time-domain and z-domain notation, using z~' to represent a delay; although it is a
common practice, it is not precise.
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Figure E.4 A generic digital filter.

The output of this filter is given as
y(k) = agx(k) + awx(k — 1) + ayx(k — 2) + a;x(k — 3) +
+biy(k — 1) + byy(k — 2) + byy(k — 3) (E.26)

= ia,,x(k—n) + ébmy(k—m)

m=1
Taking the z-transform of Equation (E.26) gives
Y(z) = apX(z) + a:X(2)z7* + a,X(2)z27* + azX(2)z7® (E.27)
+ b, Y(2)z7t + b,Y(2)z7 % + by Y(2)2°

E.3.1 Digital Filter Transfer Function

The transfer function of the digital filter in Figure E.4 is produced by rearranging

Equation (E.27) to yield

Y(z) ag+az '+ apz i+ azz”?

X(z) T 1- byz l— bzt — byz?
_ a1 - oz (1 - oz (1 - oz ")
C (1= Bz - Bz (M~ BT
_ ag(z — oy)(z — o)z — 03) _ Az)

T (2B - Bz —B)  B()
where the o values are the z-domain zeroes of the filter and the B values are the
z-domain poles of the filter, found by finding the roots of the numerator polyno-

H(z) =

(E28)
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mial A(z) = 0 and the denominator polynomial B(z) =0, respectively. For a digital stz
filter similar to the signal flow graph in Figure E.4 but with N feedforward weights of
and M — 1 feedback weights, the numerator and denominator polynomials will be the
of order N and M, respectively, in the transfer function analogous to Equation
(E.28). E.
E.3.2 Single Pole Filter Stability F
dc
Due to the presence of numerical feedback in the signal flow graph, the digital fil- ul
ter may be (numerically) unstable. For example, consider the single-feedback in
weight filter of Figure E.5: n
y(k) = x(k) + by(k — 1) (E.29)

The impulse response of this filter (ie., applying a discrete unit impulse 3(k), fol-
lowing the principles of convolution described in Section A.5) is

T
h(k) = b* (E.30) 5
If |b| < 1, then the filter impulse response is converging (stable); and if [b| > 1, the fil- n
ter impulse response is diverging (unstable). Figure E.5 illustrates a converging im- d
pulse response where |b| <1, and, more precisely, —1 < b < 1. Taking the z-transform ¢
of Equation (E.29) yields t
£

Y(z 1 4
H(z) = @ _ = (E.31) :
|

T X(z) 1-bz'! z—b

From Equation (E.31), we show the z-domain signal flow graph in Figure E.5b
'| which corresponds to the time domain signal flow graph of Figure E.5a. The delay
' elements in Figure E.5b (represented by A in Figure E.5a) are now represented by
-~ and the inputs and outputs are specified as the z-transforms X(z) and Y(z).
Note, however, that the general topology of the two signal flow graphs is the same.
(This perhaps indicates why digital filter signal flow graphs are often drawn
(imprecisely) with a mixed time-domain and z-domain notation). We can state the

5(t) h(k)
(k) ° y(k) )
1 1 bl <1 g C ;
& k ao
b
Unit impulse Impulse response
y(k) = x(k) + by(k — 1) Ye) _ 1
Xz 1-bz"
{a) {b)
Figure E.5 (a) A single feedback weight filter time domain signal flow graph, Fi
i

and (b) the z-domain signal flow graph equivalent.
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a digital stability criteria of |b| < 1 as follows: for stability, the magnitude of the poles (or roots
weights of the denominator polynomial) of the digital filter transfer function must be less
i will be than one.

quation

E.3.3 General Digital Filter Stability

From the factorized transfer function in Equation (E.28), we can redraw the (time
domain) signal flow graph of Figure E.4 and the z-domain signal flow graph of Fig-

gital fil- ure E.6. This signal flow graph essentially corresponds to rewriting Equation (E.28)
sedback in the form
H(z) = a1 —oyz7") (1 — oz ™)+ (1 —o527") (E32)
(E.29)
[ =l ]
(k), fol- 1- Bzt 1-Byz 1 [1-Bsz?
This explicitly shows the first-order sections for each zero and pole of the filter. In
(E.30) order for the filter to be stable, then all of the pole values {8, B, B3} in the cascade
, the fil- must have a magnitude of less than 1. If any one first-order section is unstable (or
3ing im- diverging), then so is the entire cascade. As was noted for the Laplace transform,
ansform the z-domain poles (and zeroes) may be complex, which is the reason that magni-
tude rather than amplitude is the stability criterion. (Note that the signal flow
graph implementation of Figure E.6 is only for analysis purposes, and a digital filter
(E31) would never be practically implemented in this factored form because some of the
multiplier values may be complex and thus computational requirements would be
re E.5b unnecessarily increased for the implementation of a real coefficient filter.)
ﬁtgglg E.3.4 z-Plane Pole-Zero Diagram and the Unit Circle
:: sgfrfg: If the complex poles and zeroes of a filter or linear system are plotted on the real
 drawn and imaginary axes, the resulting plane can be referred to as the z-plane. We can
tate the verify the stability of a system by observing that all poles lie within the unit circle.

Figure E.7 shows the z-plane for a filter with transfer function

} Y(z) B

. 1 1 1

T d-opz! 1-o03z
& 3% 1-PB1z7 1-B2z7" 1-PBsz”

T-oqz”
Figure E.6 Digital filter as a cascade of feedforward and feedback first order sections.
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! | ? Figure E.7 Poles and zeroes

plotted on the z-plane.

Q-1 +jV2)z )1~ 1 -jV2)z7Y
= (E.33)
(1 — (/3 +jV2/3)z7 1 - (1/3 - jV2/3)z7Y)
ez (1 oY)
(1-Biz™) (1 —Biz™)
with zeroes at z =1 + j\/i andz=1- j\/i and poles at z = 1/3 + j\/§/3 and z =
1/3 — j\/iB. This filter is clearly stable, as all poles lie within the unit circle.

E.3.5 Discrete Fourier Transform of Digital Filter Impulse Response

The frequency response of a digital filter is calculated from the discrete Fourier
transform (DFT) of the filter impulse response. Recall, from the Fourier transform
Equation (A.26), that

X(f) = J_ i x(t)e It gy (E.34)

This equation can be used to evaluate the Fourier transform of the impulse re-
sponse of a filter. It can be simplified by realizing that we are now using a sampled
version of a signal x(z) with samples every T, = 1/f, seconds:

o] o0

X()= f X(kT,)e 7T sd(kT)= 3 x(kT,)e 2 Ts= 3 x(kT;)e~U?MIf s
— 0 k=—00 k= —00
(E.35)
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Of course, the digital filter impulse response is causal and the first sample of the
impulse response is at k = 0, and the last sample is at k = N — 1, giving a total of N
samples in the transform. Hence, for this finite number of samples, rewriting Equa-
tion (E.35) with respect to the sample number k rather than explicit time kT, gives

N-1
X(f) = D x(k)e Uz lis (E.36)
k=0

Note that Equation (E.36) is actually calculated for a continuous frequency vari-
able f. In reality we need only evaluate this equation at certain discrete frequencies,
which are the zero frequency (dc) and harmonics of the “fundamental” frequency,
for a total of N discrete frequencies 0, f;, 2f;, up to f;, where fy = 1/NT:

es

nf = .

X(ﬁ) = > x(k)e Uz sNs  forn =0toN—1 (E.37)
k=0

Simplifying to use only the time index k and the frequency index » gives the dis-

crete Fourier transform (DFT)

N-1
X(n) = Zx(k)e_(j 2wkn)/N forn = 0to N — 1 (E.38)
k=0

Given that the discrete signal x(k) was sampled at the rate of f, samples/s, then the

(E.33) signal has image (or alias) components above f,/2. Hence, when evaluating Equa-
tion (E.38), it is only necessary to evaluate up to f/2. Note that Equation (E.38) is
the same as the z-transform of Equation (E.23) if we set z = e/>™ for a sequence
of length N samples.

ind z = E.4 FINITE IMPULSE RESPONSE FILTER DESIGN

By far the most common type of digital filter is the finite impulse response (FIR)
filter, which as the name suggests has an impulse response of finite duration. This
filter has no feedback weights (recall Figure E.4) and therefore we can conclude

‘ourier that it is unconditionally stable. The output of the FIR filter in Figure E.8 is
nsform
y(k)=agx(k)+ax(k—1)+ta,x(k—2)+asx(k—3)+ - +ay_x(k—N+1)
N-1
(E34) = Zo a,x(k —n) (E39)
Use re- and the transfer function therefore contains only zeros and no poles:
unpled H(z) =ag+ajz '+ a,z7 %+ asz >+ - +ay_z7 V! (E.40)

=aol — a2 D1 — oz NI — 327 ). (1 —ayz™h)

The FIR filter is essentially a moving average calculation, whereby the output is a
(E.35) weighted average of the last N input samples. Hence, this type of filter is often
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x(k—-1) x(k—2) xk—-N+1)

Figure E.8 Finite impulse
response digital filter.

termed a moving average filter. Other names include tapped delay line, and trans-
versal filter.

E.4.1 FIR Filter Design

Using modern DSP analysis software, such as SystemView [1], FIR digital filters
are designed based on a magnitude frequency plot with specified tolerances and
user requirements, as illustrated in Figure E.9 for low-pass filter. Classical filter de-
sign techniques, such as parks-McLellan, Remez Exchange, Kaiser window and so
on [4], are then used to realize a suitable frequency response that satisfies the user
requirements with a minimum number of weights. Unless otherwisc specified in the
design process, most FIR filters are designed to have linear phase or a constant
group delay (corresponding to a symmetrical impulse Tesponse).

Figure E.10 shows the impulse response and frequency response of a digital
filter design with parameters of cut-off frequency 1000 Hz, stopband attenuation of
20 dB, passband ripple of 3 dB and transition band of 500 Hz; the sampling fre-
quency, f; is 10,000 Hz. If a filter with a more stringent frequency response is re-
quired (such as more stopband attenuation) then it is likely that the filter design
procedure will produce an FIR with more filter weights [4].

Gain (dB) Transition
+ band
O —
! tx‘“\“‘ Passband
Y ripple

Stopband
attenuation

I
|
|
Low pass :
ideal filter |

I

I

> f3/2

frequency

Figure E9 Generic low pass filter magnitude response. The more
stringent the filter requirements of stopband attenuation, transition band-
width and to a lesser extent passband ripple, the more weights that are
required.
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Figure E.10 The impulse response h(n) = w, and the frequency response H(f)
of a low-pass filter with 15 weights, a sampling rate of 10,000 Hz, designed from
specified cut-off frequency designed at around 1000Hz.

E.4.2 The FIR Differentiator

Consider the simple digital filtering differentiator shown in Figure E.11. We can in-
tuitively reason that this filter is a high-pass filter by observing the output for both
low- and high-frequency input sinusoids. The output sequence of this filter is

given by

y(k) = [x(k) — x(k — 1)] (E41)
Taking the z-transform of Equation (E.41) gives
Yz) = [X(z) - X(z)z7'] (E.42)
Therefore, the transfer function is given by
Y(z)
—=(1-z! E.43
X(2) 1-z7) (E43)

Figure E.12 illustrates why this filter acts to produce a high-pass function. Essen-
tially the output of the filter is the difference between the last two samples. If the
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ol Figure E.11 Differentiator/high
pass filter.

difference between successive samples was small (as for a low frequency), then the
output is small. If the difference is large (as for a high frequency), then the output
is large. If a dc signal was input, then the output amplitude would be zero, Le. infi-
nite attenuation. The frequency response can also be calculated from the Fourier
transform of the impulse response.

If the filter weights are changed to {1/T, ~U/T} from {1, ~1} where the sam-
pling frequency is f; = 1/T, then, for low-frequency inputs, y(k) is approximately the
differential of the input:

g - I B g T A B4

x(k) = sin2nk (%) fr, << fol2 M\\/Z

y(&) = x(k) —x(k — 1) High attenuation

x(k):sinan(f—fi—I) fr<fsl2 /\ /'\
Vv VUV V

/\v/\D/\\//\\//\\LjaMOL

Figure E.12 Digital filter differentiator acting as & high pass filter.

Y
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E.5 INFINITE IMPULSE RESPONSE FILTER DESIGN

Infinite impulse response (IIR) filters are usually designed from analog prototypes
using a mapping from the s-plane to the z-domain. As their name would suggest,
the impulse response (assuming infinite precision arithmetic) can be infinite in
duration. TIR filters have both feedforward and feedback weights, as was shown
in Figure E.4. TIR filters can have a very long impulse response for just a few
weights, due to the recursive nature of the signal flow graph. Hence, it may be pos-
sible to design an IIR filter with fewer weights than an FIR filter, for the same
functional magnitude response. In general, an IIR digital filter will not have linear

phase.
E.5.1 Backward Difference Operator
aen the
OquEt Equation (E.44) represents a means of relating the (continuous time) Laplace
l':e‘ e transform variable s to the (discrete time) z-transform variable z. Given that the
S Laplace domain representation of time differentiation (d/dr) is the variable s, for
example,
1€ sam-
dx(t
tely the Fi@) = d(t ) L ¥s) = sXGs) (E.45)
(E.44) then, given, for instance, a general low-pass Butterworth characteristic
1
Hs)=—""F"—" (E.46)
s2+ V2s +1
we could produce a discrete approximation to this analog circuit by substituting the
| approximation
| 1 1
', 5 = ?(1 -z7) (E.47)
’ [ into Equation (E.46) to produce a z-domain equation
._.-ﬂ""" 1
n H(Z) B H(S) . = 1 1
s=t(1=27) }—2(1—2_1)24-\/5?(1—2_1)4-1
|
T2
| = (E.48)
! Q-2 4279+ V2TA -2z + T
| -
tion i T - .
22— (V2T +2)z 7 + (1 + V2T + T?)

At low frequencies, where the approximation of Equation (E.47) is “good,” then it
may be that this transform produces a “reasonable” digital filter equivalent of the
analog low-pass Butterworth. (Equation (E.47) is sometimes called the “backward
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I| | Analog
i integration
i x(k) )
| x(k) y&) |
— Tx(R)AL
I
It sample, k Discrete sample, k
R _,' ]_,__ integration

X(2) 1 Y(2)
1-27"

Time domain discrete integrator SFG z-domain integrator representation

Figure E.13 Single pole filter acting as an integrator. Note that a feedback
weight of just less than 1 is often included in the feedback loop to introduce some
“forgetting” into the integrator.

difference operator”). Unfortunately, this mapping is very poor at high frequen-
cies, and consequently, it cannot be used to produce high-pass filters. Hence, it is
rarely used.

E.5.2 lIR Filter Design using the Bilinear Transform

The bilinear transform is obtained by replacing s with the approximation

2=z
TTA+z7Y)

This substitution provides a mapping that preserves the stability of the analog pro-
totype and will produce filters that are greatly improved over the backward differ-
ence operator of Equation (E.47) [2]. SystemView [1] uses the bilinear transform to
produce digital filters from standard analog prototypes, such as Butterworth, Ellip-
tic, and Chebychev. Note that the bilinear transform will always yield a filter that
has both poles and zeroes, and it therefore represents an infinite impulse response
(IIR) design.

s (E49)
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E.5.3 The IIR Integrator

A digital integrator is essentially a one-weight IIR filter:

y(k) = x(k) + y(k = 1) = > x(i) (E.50)

i=0
In the z-domain, the transfer function of a discrete integrator is obtained from

Y(z) = X(z) + z7' Y(2) (E.51)
yielding
Y(z) 1 .
O (E.52)

Figure E.13 shows the implementation of the simple digital integrator and a graphi-
cal representation of the relationship with continuous time integration (i.e., area
under the graph).

If a weight value of less than one is included in the feedback loop (say 0.99),
then the integrator is often called a leaky integrator. When viewed in the frequency
domain, a (leaky) integrator has the characteristics of a simple low-pass filter.
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) a, Coefficient of jth basis func- f, Carrier-wave frequency H(X1Y)conditional entropy (entropy | Pe
tion I Maximum frequency of X, given Y) [
a; Signal component output of  f Coherence bandwidth i(0) Electrical current waveform | D
Jth correlator Doppler frequency spread 1 Electrical current p(t)
A Peak amplitude of a wave- Sampling frequency Zero-order modified Bessel pgx)
form Lower cutoff filter frequency function of the first kind
A, Effective area (of an an- Upper cutoff filter frequency Self-information of informa-
tenna) Nose figure tion source X plxly
B, Single-sided loop bandwidth Fourier transform of the Received average jammer ’
c Speed of light = 3 x 10% m/s function x(f) power P
& Channe] capacity Inverse Fourier transform of Jammer power spectral den- P
C Electrical capacitance the function X(f) sity P,
C/,T° Ratio of average carrier Field Ratio of received average P2
power to noise power spec- Finite field jammer power to average P,
tral density Pseudorandom code func- signal power .
d Distance Number of bits per M-ary
dy Reference distance Signal waveform (baseband) signal P,
a Free distance Generator polynomial (for a set
a';in Minimum distance cyclic code) Code rate (ratio of number PJN,
D Delay time (of message) G Antenna gain of data bits to total bits in
D Redundancy of a language G Coding gain codeword)
D Decryption transformation G Generator matrix (foralin- K Constraint length of a con- p(X)
e The natural number 2.7183 ear block code) volutional encoder P(X)
f e Error pattern vector G Normalized total message K Key, dictating a specific en-
! e(t) Error signal traffic cryption or decryption trans- P,
e(X) Error pattern polynomial G Processing gain formation ’
E Encryption transformation dm Power spectral density of ¢ Number of quantization bits q
E, Energy of waveform x(f) waveform x(¢) €(dy) Likelihood of data bit dy
E{X] Expected value of the ran- A(f)  Impulse response of a net- L Look-ahead length for con- q
dom variable X work volutional feedback decod- Q(),Q
EIRP Effective radiated power h(t)  Channel impulse response in,
! with reference to an H Parity-check matrix for a L Number of branch words in
! isotropic source code sequernce
E /], Ratio of bit energy to jam- H; The ith hypothesis L Number of quantization lev- r
mer power spectral density H, Hadamard matrix els r
E, /Ny, Ratio of bitenergy tonoise ~ H(f) Frequency transfer function = L(d,) Log-likelihood ratio of data ro-
power spectral density of a network bit d, r(f)
EJ/N, Ratio of channel symbolen- Hy(f) Optimum frequency transfer L, Extrinsic log-likelihood ratio
ergy to noise power spectral function L Free space path loss R(Af)
density H(X) Entropy of information L, Other losses
f Frequency (hertz) source X L, Path loss
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Observation time for chan-
nel-induced ISI
Observation time for con-
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Channel log-likelihood ratio
Message vector

Message polynomial

Data bit

Margin

Waveform- or signal-set size
Code designation by number
of total bits () and data bits
(k) in codeword

Average number of bits per
character

Noise random variable out-
put of correlator at symbol
timet=T

Gaussian noise process
Noise power

Unicity distance

Level of single-sided power
spectral density of white
noise

Ratio of average noise power
to average signal power
Probability of channel sym-
bol error

parity bit

Instantaneous power
Probability density function
of a continuous random vari-
able

Probability density function
of x conditioned on y

Parity array

Probability of bit error
Probability of symbol error
Probability of false alarm
Probability of miss
Probability of message or
block error

Probability of undetected
error

Ratio of received average
signal power to noise power
spectral density

Remainder polynomial
Probability of a discrete ran-
dom variable

Average power in waveform
x(r)

Quantization step size (quan-
tile interval)

Quotient polynomial
Complementary error func-
tion (integral of the tail be-
yond x of the Gaussian
density function)

Filter roll-off factor

True rate of a language
Absolute rate of a language
Received signal waveform
Data rate (bits/second)
Spaced-frequency correla-
tion function

Ry(r)

R
s(6)
$(0)
S(v)
5(v)
s
sgn x
Sk

S

S
SIR

SNR

S/N

v(®)

Spaced-time correlation
function
Code-bit rate or channel-bit
rate (code bits/second)
Chip rate (chips/second)
Symbol rate (symbols/sec-
ond)
Autocorrelation function of
waveform x(f)
Electrical resistance
Signal waveform
Estimate of signal waveform
Doppler power spectral den-
sity
Multipath intensity profile
Signal vector
Sign function of x
State at time k
Signal power
Syndrome vector
Ratio of average signal
power to average jammer
power
Ratio of average signal
power to average noise
ower
atio of signal power to
noise power
Fourier transform of the
waveform s(r)
Syndrome polynomial
Number of errors correctable
in an error-correcting code
Independent time variable
Time delay
Amount of message traffic
fromitoj
Pulse width
Symbol interval
Transfer function or generat-
ing function of convolutional
code
Duration of a chip
Duration of a hop
Sampling interval
Temperature
Antenna temperature
Effective line temperature
Multipath delay time (maxi-
mum)
Coherence time
Interleaver span
Effective receiver tempera-

System temperature

Time to acquire

Code symbol

Unit step function
Codeword vector
Codeword polynomial
Relative velocity

Electrical voltage waveform

var (X) Variance of random variable
X
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Velocity
Jammer waveform
Bandwidth
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Filter bandwidth
Double-sideband bandwidth
Noise equivalent bandwidth
Spread-spectrum bandwidth
Output of matched filter or
correlator

Forward state metric at time
k

Reverse state metric at time

SNR averaged through the
“ups and downs” of fading
State metric for state a
threshold (decision) level
Optimum threshold level
Likelihood of codeword U™
Fractional frequency drift

er day

ranch metric at time &
Kronecker delta function
Impulse (Dirac delta) func-
tion
Error
Loop damping characteristic
(second-order loop)
Antenna efficiency
Time-varying phase
Fourier transform of 6(t)
Boltzmann’s constant, 1.38 X
102J/K
Likelihood ratio of data bit

dy
Joint lfmbability
Wavelength

Packet arrival rate

Pi, 3.14159

Fraction of the frequency
band being jammed

Fraction of the time the jam-
mer is “on”

Normalized loop signal-to-
noise ratio

Normalized message
throughput

Number of erasures cor-
rectable in an error-correct-
ing code

Time-correlation coefficient
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error probability (worst-case
jamming)

rms delay spread

Standard deviation of ran-
dom variable X

Variance of random variable

Pulse width

Time shift (independent vari-
able of the autocorrelation
function)

Basis function

Energy spectral density of
waveform x(1)

Radian frequency (radians
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Absolute bandwidth, 49,54

Access algorithms See Multiple access

ACI (adjacent channel interference),
2,

ACK (acknowlcdgmem), 316, 682-684
Acquisition:

carrier wave, §03-625

for spread spectrum systems, 746-751
Adaptive equalizing filter, See Equaliza-

ion
Adaptive grediclion, See Source coding,
DPCM
ADC (analog-lo-digital converter), 811
Adjacent 2t:t'gn'mu:l interierence (ACL),
4

AGC (automatic gain control}, 810

A-law compression, 833-835

Aliasing, 6 . 69-T3

ALOHA system. See Multiple access,
access algorithms

AMI (alternate mark invarsion) PCM,

Amplitude phase keying (APK). See
Modulalionfdcmodnlnlian‘

bandpass

Amplitude shift keying (ASK). See
Mudulutiomdcmodulation.
handl:rass

AM/PM (amp itude-to-phase) conver-
sion, 247,296

Annlog-lo-dighal converter (ADC), B11

Antenna, %4?—‘248. 251-254, 256237,
278

beamwidth, 252,254

effective area, 251-254

efficiency, 247-248, 252

gain, 252-253

reciprocity theorem, 253-254

temperature, 278
Anti-jam (AJ) margin, 754-760
Antipodal signals, 129-1 30, 132-134,

173-174

APK (amplitude phase keying). See
Madulatiowdcmodulalion
ARQ (automatic repeat request), 316
ASCII code, 58-59
ASK (amplitude shift keying). See Mod-
ulation/demodulation
Atmospheric effects, 248-249, 282-283
Authentication, for encryption systems,
8
Autocorrelation function, 19-20, 24-30,
Automatic gain control (AGC), 810
Automatic repeat request (ARQ), 316
Auto-zero, 809
Averages. See Random signals
AWGEI channel, 30-33
Backoff, in TWTAS, 295-296, 690
Bandlimited channels, modulation and
coding for, 566-590
Bandwidth, 4249, 54, 71-72
absolute, 49, 54
boundc_cf‘ power spectral density, 49,
5
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Index

characteristics of filters, 42-45
coherence bandwidth. See Fading
channels
dilemma, 47
fractional powet containment, 49, 54
half-power, 48, 54
noise equivalent, 48-49, 54
null-to-null, 49, 54
transition, 71, 72
Banduwidth efficienc! plane, 534-537
bandwidth-limited systems, 540, 543,
547, 690-692
ower-limited systems, 341, 545, 547
Bandwidth-efficient si naling:
coded modulation. Se¢ Trellis-coded
modulation
commercial telephone modems, 567
duobinary, 94-1
MPSK (multiple phase shift keying).
ee Modu ation/demodulation,
bandpass, M-ary
MSK (minimum shift keying). See
Modulation/demodu ation,
bandpass
OQPSK (ostet QPSK). See Modula-
tion/demodulation, bandpass
QAM (quadrature amplitude modula-
tion). See Modulation/demodu-
\ation, bandpass
QPSK (quaternary PSK). See Modula-
tion/demodulation, bandpass
Barker sequences, 626
Baseband signals:
bandwidth, 45-49, 89-94, 137-138
definition, 6
transmission. See Modulation/
demodulation. Also, see Equal-
ization. Also, see Pulse
shaping
Baseband system, 56-58
Basis functions, 110-117, 134-135
Bayes' theorem, 1035-1040
discrete form, 1036-1038
mixed form, 1038-1040
BCH codes, 370-374
Bessel function, 215
Binary symmetric channel (BSC),
318-319, 396-394, 399-400
Binary tree search, in multiple access,

Biorthogonal codes. 311-312
Bi-phase PCM, 87-90
Bipolar signaling, 132-134
Bit:

binary digit, 12

information content, 529-531
Bit error probability- See Error perfor-

mance, channel coding. Also,

see Error performance, signal-

ing
BLADES system, TER-T69

Block coding. See Coding, channel. Also,

see Source coding
Boltzmann'’s constant, 25
Bounded distance decoders, 345

BPSK (binary phase shift keying). See
Modulaﬁonldemndulation.
bandpass

BSC (binary s 'mmetric channel),
318—%1 9, 396-394, 399400

Butterworth filter. See Filters

Capacity of a channel, 525-525

Carrier sense multiple access (CSMA)
networks, 708-713

Carrier wave, 45-46, 168-169

Catastrophic convalutional codes,
4144

5
CCI (co-channel interference), 249-250
CDMA (code division multiple access),
§72-674, 769-771, 16-793
Central limit theorem, 3

Channel:
binary :;ymmctric. 3148319, 396-394,
99.

-400
capacity of, 525-526
definition, 244
discrete memoryless (DMC), 318
distortionless, 3
Guaussian, 319-320, 400-401
multipath, 945-958
Character coding, 58-62
Cipher feedback, 919-920
Ciphers, classic. See Encryption
CIRC (cross-interleave Reed-Solemon
code), 469-475
Co-channel interference (CCI), 249
Code distance. See Distance

Code division multiple access CDMA),

672674, 769771, 77 795
Code rate, 320, 382, 385, 388
Codes, source. Se¢ Source coding
Code weight, 342-343, 346
Coding (and decoding), channel:
block codes, 328-374
bounds:
Hamming, 349-350
Plotkin, 351-352
cosets, 336-33
cyclic codes, 356-374
generator matrix, 331-334
generator polynomial, 331-334
parity codes, 321323
parity check matrix, 334-333
rectangular (producq' codes, 323
Reed-Solomon (R-S), 437460
compact disc, 469-475
decoding, 4
encoding, 450454
error probability, 438444
finite fields, 443450

performance against burst noise,

441
shortening, 471472

standard array, 336-338, 349-356

syndrome testing, 335-341

systematic codes, 333-334

vectar spaces, 329-331
channel models:

BSC (binary s mmetric channel),

318-319, 396-394, 399-400
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7460

444
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shannel),
29-400

DMC (discrete memoryless chan-
nel), 318
Gaussian, 319-320, 400401
hard versus soft decision, 396400
concatenated codes, 468469
convolutional codes, 382429
add-compare-select, 405-408
catastrophic, 414415
connection representation,
385-387
feedback decoding, 427429
free distance, 409410
hard-decision decoding, 396-400
impulse response, 386-388
maximum likelihood decoding,
395-396, 401405
path memory, 408-416
performance bounds, 415416
polynomial representation, 388-389
5e?uemial decoding, 422427
soft-decision decoding, 396-398,
400, 420-421
state representation, 389-391
synchronization, 408
transfer function, 410412
tree diagram, 391-393
trellis diagram, 393-394
Viterbi decoding, 401405
interleaving (and deinterleaving),
46146

block, 461-465
convolutional, 466-468
properties:

capability, 326-327, 342-349,
366-374, 412413, 415-418

closure, 329, 352

distance, 342-343, 408410

erasure correction, 348-349

error correction, 336-345, 412413,
415418

error detection, 322-323,
336-345
gain, 325, 416418
rate, 320, 382, 385, 388
redundancy, 320
weight, 342-343, 346
structured sequences, 317-328
trade-offs, 324-326
turbo codes, 475-511
branch metric, 503-504
error performance, 496-497
feedback decoder, 493496
forward state metric, 499-501
log-likelihood ratio, 479480,
510-511
MAP (maximum a posteriori) algo-
rithm, 498-509
MAP decoding example, 504-509
product code example, 482-488
recursive systematic codes,
488-493
reverse state metric, 499-500,
502-503
types of error control, 315-317
automatic repeat request (ARQ),
316-317

terminal connectivity, 315-316
waveform coding, 305-314

antipodal, 307-308

biorthogonal, 311-312

correlation detection of, 313-314

M-ary signaling, 219-234, 308

orthogonal, 310-311

transorthogonal (simplex),
312-313

Coherence bandwidth. See Fading chan-

nels, characterization, small-
scale fading

Index

Coherence time. See Fading channels,
characterization, small-scale
fading

Coherent demodulation, See Modula-
tion/demodulation

Compact disc (CD) digital audio system,
469475

Companding, 84-85, 827-834
Complementary error function, Q(x),
122, 210-213, 1043-1045
Complex envelope, 204-206
Compression, nonuniform quantization:
A-law, 84-85, 833-834
logarithmic, 827-829
p-law, 84, 829-833
Compression buffer, TDMA,
698704

Concatenated coding systems, 468-469.
See turbo codes

Confusion, in encryption systems,
683— 685

Constraint length, 382-384

Continuous phase modulation (CPM),
559-563, 631-635

Convolutional coding. See Coding,
channel

Convolution integral, 34, 124, 1027

Correlation, 124-126

Correlation receiver, 178-183

Correlative coding, 94-100

Cosets, linear block codes, 336-337

Cosine filter, 97-99

Cross-correlation coefficient, 307-309,
312

Cross-interleave Reed-Solomon code
(CIRC), 469474
Cryptogrsli_:phi: attacks. See
neryption
CSMA (carrier sense multiple access)
networks, 708-713
Cycle slips, 612-614
Cyclic codes, 356-366, 370-373

DAMA (demand assignment multiple
access), 678-686

Data encryption standard (DES),
909-915

Decibels (dB), 4041, 83,263
Decision theory, 1035-1045
likelihood ratio test, 119-120,
1041-1042
maximum a gnstcriori criterion
MAP), 1042

maximum likelihood criterion, 120,
1042

minimurm error criterion, 120, 1041
Decision threshold, 119-120, 177-178,
182-183, 1042
Decoding. See Coding, channel
Decryption. See Encryption
Deinterleaving. See Coding, channel, in-
terleaving
Delay-locked loop (DLL), 751-753
Delta function
Dirac, 16, 1023
Kronecker, 110, 1017
Delta modulation (DM). See Source
coding, DPCM
Demand assignment multiple access
(DAMA), 678-6
Demeodulation. See Modulation/demod-
ulation
DES (data encryption standard),
909-915

Detection. See Modulation/demodula-
tion

Differential coding, 87, 96-97, 194-197,
206-209

Differential phase shift keying (DPSK).
See Modulation/demodulation,
bandpass

Differential pulse code modulation
(DPCM). See Source cod‘nsg

Diffusion, in encryption systems, 90.

Digital communications:

advantages, 34
cost, 4
nomenclature, 11-12
performance, versus analog, 13
waveforms,
bandpass. See Modulation/demodu-
lation
baseband. See Modulation/demodu-
lation
classification, 13-16

Dirac delta function, 16, 1023

Direct sequencing (DS) spread spectrum
systems, 732-735, 769-771,
776-T79

Discrete memoryless channel (DMC),

3

Discrete sources, 14, 804-809
Distance
Euclidean, 400401, 420-421, 585-589
free, 408409
Hamming, 342, 396400
minimurm, 342
Distortionless transmission, 36-39
Dithering, 823-826
DM (delta modulation). See Source cod-
ing, DPCM
DMC (discrete memoryless channel),

18
Doppler shift, 601-602, 607-609,
645-646

DPCM (differential pulse code modula-
tion). See Source coding

DPSK (differential phase shiit keying).
See Modulation/demodulation

Duobinary signaling. See Bandwidth ef-
ficient signaling

Duplex terminal connectivity, 315

Early Bird (INTELSAT I), 689
Early/late-gate synchronization,
628-630, 752-753
Eb/NO (normalized SNR). See Modula-
tion/demodulation
EBCDIC code, 59
EIRP (effective isotropic radiated
power), 252-254
Eneryption (and decryption):
classic ciphers, 894-897
Caesar cipher, 894-895
Polybius square, 894-895
Trithemius progressive key,
§95-896
Vigenere key, 895-897
cryﬂtographic attacks, 893-894
chosen plaintext, 894
cyphertext only, 893
known plaintext, 893-894 -
data encryption standard (DES),
909-915

goals, 893

models, 891-893

perfect secrecy, 897-900
entropy, 902
equivocation, 900-902
ideal secrecy, 902-904
rate of a language, 902
redundancy, 902
unicity distance, 902-904

PGP (pretty good privacy), 929-940
authentication and signature,

937-939
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Encryption (and decryption)
PGP (pretty goad privacy) (cont.)
CAST. 931-932
Diffie-Hellman (Elgamal variant),
935-936
digital signature standard,
939 Triple-DES, 931-932
IDEA, 932-935
MD5, 939
RSA, 936,939
SHA-1,939
square-and-multiply E::éémithrn, 937
practical security, 5~
confusion, 905-907
diffusion, 905
permutation, 907-908
product cipher, 908-502
substitution, 905-907
pretty good privacy (PGP). Sec PGP
public key cryptosystems, 920-928
knapsack roblem, 925-928
Merkle-Hellman scheme, 928
Rivest-Shamir-Adelman scheme,
923-925
signature authentication, 921-922
trapdoor one-way function, 922
stream encryption, 915-919
self-synchronous, 919-920
synchronous, 91 9-920
Enerpy density reduction. See Spread
spectrum systems
Energy signal, definition, 14-16
Energy spectral density (ESD), 17-18
Ensemble averages, 21~
Entropy, 529-534, 900-902
Equalization, 149-161
channel characterization, 149-151
eye diagram, 151-152
filter types:
transversal, 152-157
zero-foreing solution, 154-156
minimum mean square error,
156-157
decision feedback, 157-158
reset, 158
adaptive, 158-160
filter update rate, 160-161
Equivocation, 532-534, 900-902
Erasure correction, 348-349
Ergodicity, 25-26
Error correction capability:
block codes, 326-327, 342-349, 366-374
convolutional codes, 412-413, 415-418
Error detection, 316-317, 321-323.342
Error performance, channel coding!
Py (bit error robability), 311-312,
367, 370, 415-416, 439443
Pz (symbol or codeword error proba-
bility), 311-312, 439
Py (m%szsagc error probability), 323,
7

P4 (undetected error probability),
322,346

Error performance, signaling:
P (bit error probability):

bipolar signaling, 121-135

coherent BPSK, 209-21,219

coherent FSK, 213,219

coherently detected differentially
encoded PSK, 211-212

coherent M-ary orthogonal,
225-229

coherent multiple phase, 220-224

differentially detected PSK
(DPSK{, 216-219

noncoherent FSK, 213-216,219

OQPSK and MSK, 562

QAM, 563-566

unipolar signaling, 131-135
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Py versus Pg:
multiple phase signaling, 234-235
orthogonal signaling, 232-234
Pg (symbol error probability):
multiple phase signaling, 22
orthogonal signaling, 2 0-232
Error probability plane, 522-523
Euclidean distance, 332-334, 420-423
Euler’s totient function, 923
Expansion buffer, TDMA, 702-704
Extension codes, 808-809, 860, 864-865

Facsimile, 866-868
Fading channels, 945-1011
Characterization, 945-978
large-scale fading, 951-952
small-scale fading, 953-958
coherence bandwidth, 959-965,
992-995
coherence time, 967, 969-971,
973, 992-995
dcgadalicn types:
oppler sprcadin§ (fading rate),
969-971, 973-976
fast fading, 969, 982-983
flat fading, 962-966
Ire%ucncy—selcclive fading,
962-966
slow fading, 969
mitigation, 978-1001
decision fecdback equalizer,
980-981
diversity, 983987
interleaving, 988-991
orthogonal frequency-division mul-
tiplexing (OFDM), 982
pilot signal, Y82
rake receiver, 999-1001
spread spectrum, 981-982
Viterbi equalizer, 996-998
False-lock in a phase-locked loop, 615
FDMA (frequency division multiple ac-
cess), 637663
FDMA/TDMA combined, 666-667
Feedback decoding, 427-429
Feedback shift registers. See Shift regis-
ters
FH/MFSK (fast hopping MFSK), See
Spread spectrum systems
Filters:
Butterworth, 41-42
cosine, 97-98
aqualizings. See Equalization
ideal, 37-39
raised cosine, 139-149
realizable, 4042
root-raised cosine, 146-149
transversal. See Equalization
Formatting:
character coding, 58-61
pulse code modulation. See PCM
sampling, See Sampling
uantizing. See Source coding
Fourier integral, 1020
Fourier operations, 1034
Fourier series, 1014
Fourier transform, ganeralized,
113-114
Fourier transform properties, 1021
frequency shifting, 1021
time shifting, 1021
Fouricr transform table, 1033
Fractional power containment band-
width, 49, 54
Free distance, 409-410
Free space, 244-245
Free space loss, 254-257
Frequency division multiple access
FDMA). See Multiple access

Frequency hopping (FH). See Spread

Spectrum systems

Frequency reuse, 658-659, 674-675
Frequency transfer function, 35-41,

1013-1014

Frequency translation (heterodyning or

mixing), 4143, 479-483

Friis, H. T.,272-273,297
FSK (frequency shift keying). See Mod-

ulation/demodulation

Gardner, F. M., 615, 629, 650
Gaussian channel, 319-320, 400401
Gaussian density function, 30-31
Generator matrix, 331-334
Generator polynomial, 358-365
Global Eosnicning system, 608
Global

Golay code, extended, 369-370
Granular quantization noise, 814

GIT® (receiver figure-of-merit), 261, 289
Guard band, 661

Guard time, 665

ystem for Mobile (GSM) Com-
munication, 996-998

Half-power bandwidth, 48, 54

Hamming codes, 366-369

Hamming distance, 342-343, 347,
40040

2,408
Hamming weight, 342-343
Hard-decision decoding, 318-319,
397-400

Heterodyning (frequency transiation or
mixing), 4347, 661-663

Hofman, L., 64%, 651

Huffman code, 862-866

Hypothesis testing, 1041-1043

1 (in-phase) channel, 190-191, 198-199,
205-209

IDEA,
Ideal filter, 37-39
Ideal secrecy, 902-904
Identities, olten used, 1048-1049
IM Sinlcrmodulation) products, 247,250
Implementation loss, 230, 288
Impulse function, 16, 1023
Impulse response, 34, 386
Information content, 529-533
Information source, 11, 804-810
INTELSAT. See Satellite systems
Interference:
ACI %adjiicem channel), 249
CCl (co-channel), 249-250
ISI (intersymbol interference), 77-78,
136-142, 235-236
filter roll-off, 139-142
Nyquist filter, 138
Nyquist pulse, 138, 146-149
pulse shaping, 138-142
pulse support time, 146
raised-cosine filter, 139-142
root-raised cosine filter, 146-149
square-root Nyquist pulse,
146-149
Interference rejection, 720-721, 726127
‘Interleavin{;. See Coding, channel
Intermodulation (IM) products, 247, 250
1SI (intersymbol interference). See In-
terference
Isotropic radiator, 251-253

Jamming. See Spread spectrum systems
JPEG. See Source coding, compression
algorithms

Knapsack problem. See Encryption,

public key cryptosystems
Kronecker delta, 110, 1017
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Encryption,
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Index

LAN (local area network). See Multiple
access, LAN
Lempel-Ziv codes, 868-869
Lender, A., 94, 100
Likelihood function, 119-121, 181-182,
395-396, 477-481, 1041-1042
Likelihood ratio test, 119-120, 479-480,
510-511, 1041-1042
Limiters, 247
Line loss, 230, 274-276
Linear block coding. See Coding, chan-
nel, block
Linear feedback shift register (LFSR).
See Shilt registers
Linear indepcndence, 331
Linear predictive coding (LPC),
838-841, 852853, §72-873
Linear systems, 33-42, 1012-1014
Link availability, 266-270
Link budget analysis, 259-270, 286-295
Link margin. See Margin
Local area network (LAN). See Multiple
access, LAN
Logarithmic compression, 827-829
Log-likelihood function, 1042
Loop, phase-locked. See Phase-locked
loops (PLL)
LPC (linear predictive coding), 838-841,
§52-853, 872-873
LPI (low probability of intercept), 722
LPPF (10}; ?Erobabilily of position fix),

LPSE (low probability of signal ex-
Elcimlion). 722
Luecke, E. J., 627, 651

Manchester coding, 132-134, 708-710
Margin:

AJ, T57-759

noise, 262-265
M-ary signaling:

bandpass, 220-235

baseband, 91-94

waveform coding, 305-315
Matched filter, 122-126, 184-1838
Maury-Styles sequences, 643
Maximum (z)lﬁostcrlori (MAP) criterion,

1

Maximum likelihood:
eriterion, 1041
decoding, 395-396
detection, 119-122
MCPC (multiple channels per carrier),
690-693

Memoryless source, 806

Merkle-Hellman scheme, 927-928

Mid-tiser, 812

Mid-tread, 812

Minimum distance, 343, 408-410

Minimum error criterion, 120, 1041

Minimum shift keying (MSK), 559-563

Mixing (heterodyning), 45-47, 661-663

m-law quantization. See Compression,

nonuniform quantization
Modems, 4-5, 567
Meadulation/demodulation, 85-235
bandpass, 169-235

APK Eamplitudc phase keying), 176
ASK (amplitude shift keying), 175
correlation receiver, 178 8%

decision regions, 177-178

DPSK (differential phase shift key-
ing), 194-197, 216-218

FSK (frequency shift keying), 175,
191-193, 198-204, 213-216,
220-221,225-229

M-ary:

MESK orthogonal, 225-229,

230-234

Index

MPSK (multiple phase), 188-191,
207-209, 222-224, 229-230,
234-235

MSK (minimum shift keying),
559563

OQPSK (offset QPSK), 555-563

PSK (E-}:asc shift keying), 173-174,
1 "-—188.209~211,%.18—21‘},
614-616, 621-623

QAM (quadrature amplitude mod-
ulation), 563-566

QPSK (quaternary PSK), 188-191,
222-224, 5

. 555
sampled matched filter, 184-188
baseband, 85-149
bipotar, 85-90, 132-136
Ep/Ng, 117-119
line codes. See PCM waveforms
M-ary, 91-94
matched filter, 122-131
maximum likelihood receiver, 119-122
multilevel, 86-90, 94-100
PCM waveforms, 85-90
shaped pulses, 145-149
unipolar, 85-90, 131-132, 134-136
vector view of signals and noise,
110-117
Modulation loss, 247
Modulo arithmetic, 96, 329
MPSK (multiple phase shift keying). See
Modulation/demodulation,
bandpass
MSK (minimum shift keying), 559-563
Multilevel signaling, 86-90, 94-100
Multipath channels, 771-772. 047978
Multiple access:
access algorithms:
DAMA (demand assignment),
677-686
polling (binary tree search), 686-689
%ure ALOHA, 678-682
-ALOHA (reservation ALOHA),
683-686
random access, 678-686
S-ALOHA (slotted ALOHA),
682-686
architecture, 677-678
CDMA (code division), 672-674,
769-771, 776794
FDMA g_-cguency division), 660-672,
690-698

MCPC (multiple channel per car-
rier), 690693
multiplex telephony, 660-665
single channel per carrier
(SPADE), 693-698
FDMA/TDMA combined, 666
frequency reuse, 657-058, 674-676
information flow, between controller
and earth station, 677-678
for INTELSAT. See Satellite systems
LAN (local area network), 708-713
CSMA (carrier sense), 708-713
token rin% 710-7113
PDMA (polarization division),
674-676
SDMA (space division), 674-676
TDMA (time division), 665-672
SSITDMA (satellite-switched
TDMA), 704-708
Multiple phase shift keying MPSK). See
odulation/demadulation,
bandpass, M-ary
Multiplexing, 636-666

NAK, 316, 682-684
Newman, F., 643, 651
Noise:

atmospheric, 248, 282-283

AWGN, 30-33, 116-117

galactic (cosmic), 250, 282-285

IM (intermodulation), 247, 250

phase, 247

sky, 282-285

thermal, 30-31, 258-25%

white, 32-33, 116-117, 258
Noise equivalent bandwidth, 48-49, 54
Noise figure, 270-273, 276-277, 279-281
Noise sources, 245-250
Noise temperature, 273, 276-282
Noise wheel, Rogoff, 727-728
Nomenclature, digital systems, 9-11
Noncoherent demodulation. See Modu-

lation/demodulation

Nonregenerative repeaters. See Re-

peater
Nonreturn-to-zero (NRZ) PCM, 86-88
Nonuniform quantization. See Source
coding, quantization
N-tap linear prediction (LPC), 839-841
Null-to-null bandwidth, 49, 54

Nyquﬂ
filtering, 137-149
minimum bandwidth, 137-142,
524-525
sampling criterion, 63-75

Odenwalder, I. P., 419, 430
One-tap linear grediclion (LPC),
838-839

One-time pad, 893

OOK (on-off keying), 175,216

OOPSK (offset QPSK), 555-563

Orthogonal codes, 307-315

Orthogonal signals, 110-117. See Modu-
jation/demodulation, bandpass,
ESK. Alse, see Coding, types of
error control

Orthogonal spaces, 110-117

Overload error, 814, 820-823

PAM (pulse amplitude modulation),
91-94

Parity-check codes, 321-323
Parity-check matrix, 334-340
Partial-band noise jammingg. 760-762
Partial response signaling, 94-100
Path loss, 254-257
PB (bit error probability). See Error per-
formance
PCM (pulse code modulation):
definition, 79-81
DPCM (differential). See Source cod-
ing, DPCM
multiplex frame structure, 700-703
European standard, 701-702
T-Carrier, 702-703
spectral attributes, 89-90
waveforms, 85-89
multilevel, 91-100
nonreturn to zero, 86-88
phase encoded, 88
return to zero, 88
word size, 91
PE (symbol error probability). See Error
performance
Perfect codes, 347-348
Permutation, in encryption systems,

907-908
Phase-locked loops (PLL), 603-625

analysis, nonlinear, 611-614
Costas loop, 616-617
cycle slips, 612-614
errors, steady state, 606-609
false lock, 615
linearized loop equation, 604-606
loop bandwidth, 609-611, 621
loop filter characteristics, 606-609
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Phase-locked h:uogs (PLL) (cont.)
loop hang-up, 620
performance, 609-611, 621-623
response to a frequency ramp,

608-609

response to a frequency step, 607-608
response to a phase step, 606-607
signal-to-noise ratio, 615-616, 618,
621-623
squaring loss, 615-616, 618, 621-623
suppressed carrier loops, 614-618
Phase shift keying (PSK). See Modula-
tion/demodulation, bandpass
Phasor representation of signals,
171-173
Pietrobon, S., 498, 412
PM (message error probability). See
Error performance, channel
coding
PN sequences: See Pseudonoise se-
quences
Pointing loss, 248
Poisson process, 680-681
Polarization division multiple access
(PDMA), 674-676
Polarization loss, 248
Polling, multiple access algorithm,
686-689

Polybinary signaling, 99-100
Polynomial division, 377-363
Power:
average, 15, 18-19, 51-52
decibels, 1041
definition, 14-15
spectral density (PSD), 17-18, 26-30
Power-limited systems, 341, 545, 547
Predictive coding, 838-841, 852-853,
872-873
Prefix-free codes, 861
Pretty good privacy (PGP), 929-940
Privacy, for encryption systems, 669
Probability of error. See Error perfor-
mance
Processing gain, 735-738
Product cipher, 908-909 )
Product (rectangular) code, 323
Product integrator (correlator), 124-126,
178-183
Pscudonoise (PN) sequences. See
Spread spectrum systems
PSK (phase shift keying). See Modula-
tion/demodulation,
bandpass
Public key cryptosystems. See Encryp-

tion
Pulse amplitude modulation (PAM),
1

-94
Pulse code modulation (PCM). See PCM
Pulse jamming, 763-766
Pulse shaping, 136-161. Also, see Equal-
N Izatllon :
yeuist pulse and square-root
Ni;quist pulse, 146-149
Raised-cosine filter, 139-144
Root-raised cosine filter, 146-149

Q (quadrature), channel, 198-199,
205-209, 223-224

QAM (quadrature amplitude modula-
tion), 563-566

QPSK (quaternary PSK), 188-191,
222-224, 555

Quantization. See Source coding, ampli-
tude quantizing

Radio maps of the sky, 283-285
Radiometer, 722-723

Radome, 248

Rain, 248, 266-270, 282-283
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R-ALOHA (reservation-ALOHA) sys-
tem, 683-686
Random access, 678-686
Random processes:
autocorrelation function, 24-30
definition, 22
ensemble averages, 21-22
ergodicity, 25-26
Gaussian, 30-31
Markov, 389, 807
Poisson, 680-681
power spectral density, 26-30
sample function, 25
stationarity, 24-25
time averages, 25-26
Random variables:
central limit theorem, 31
Gaussian, 30-31
moments, 22
probability density function (pdf),
21-23, 30-31
Rayleigh, 214
Rician, 214-215
standard deviation, 26
variance, 22, 26
Range equation, 250-254
Rate:
of block codes, 320
of convolutional codes, 382, 385, 388
of a language, 902
Received 2ismropil: power (RIP),

Receiver figure-of-merit (G/T=s), 261, 289
Rectangular (product) code, 323
Rect function, 1033
Redundancy of a language, 902
Redundancy-reducing coding. See
Source coding
Reed-Solomon (R-S) codes, 437-461
decoding, 454461
encoding, 450454
error probability, 438-441
finite fields, 445450
performance against burst noise, 441
Repeaters:
nonlinear repeater am’l;;lifier:‘, 295-296
nonregenerative, 290-295
regenerative, 3-4, 290
Return-to-zero (RZ) PCM, 85-90
Ring network, 710-713
RIP (received isotropic power), 289-290
Rivcst-Shamir—-Adcﬁnaﬂ (RSA)
scheme, 923-925
Robustness, 741
Roll-off factor, 139-142
Root-raised cosine filter, 146-149
RSA public key cryptosystem, 923-925,
935-936
Run-length codes, 862-870

S-ALOHA (slotted ALOHA) system,
682-686

Sampling, 63-75

aliasing, 69-75

channel noise, 77

flat-top, 69

impulse, 63-66

natural, 66-69

sample and hold, 69, 75-76

signal-to-noise ratio, 78-79

theorem, 63

timing jitter, 77

Why oversample? 72-75
Satellite repeaters, See Repeaters
Satellite-switched TDMA (SS/TDMA),

704-708

Satellite systems:

COMSTAR, 674-676

Early Bird, 689

INTELSAT, 689-708
FDM/FM/FDMA (MCPC), 690
link budget for, 263-270
SPADE, 693-698
SS/TDMA,, 704-708
TDMA, 665-672

Saturation quantization error, 76-77,
814, 820-823
Schwarz's inequality, 123
Secrecy, perfect, 897-900
Secrecy, practical, 905-909
Self information, 805
Sequential decoding, 422-427
Shannon, CE , 525-529, 590
capacity theorem, 525-529
limit, 528-529
Shift registers

decoding of cyclic codes, 365-366

encoding of cyclic codes, 363-365

linear feedback (LFSR), 729-730,

916-917

vulnerabilities of, 917-919

Sidebands, 45-47, 660-665
Sidelobes, 252
Signal classification, 14-16

analog and discrete, 14

deterministic and random, 14

energy and power, 14-16

periodic and nonperiodic, 14
unit impulse, 16
Signal constellation design, 569-573
Signal-to-noise ratio (SNR) degradation,
245-250
Signal-to-quantization-noise (8/N)q
ratio, 78-79
Simplex (transorthogonal) coding,
312-313

Simplex terminal connectivity, 315

Sinc function, 30, 1018-1020

Sky noise, 282-285

Slotted A6LOHA (S-ALOHA) system,
3

2-686
Soft-decision decoding, 319, 396401,
420422

Source coding:
adaptive prediction, 850-853
forward adaptation, 851-852
synthesis/analysis codin&. 852853
linear predictive (LPC), 838-841,
852-853, 872-873
block coding, 853-856
codebook coders, 854-855
code population, 855
tree coders, 854855
trellis coder, 854-855
vector quantizing, 854-855
differential pulse code modulation
(DPCM), 835-850
delta modulation (DM), 841-842
N-tap linear prediction (LPC),
339-841
one-tap linear prediction (LPC),
§38-839

sigma-delta, 842-850
A-10-D converter (ADC), 847
D-to-A converter (DAC), 848
examples, 870-884
audio compression, 870-875
adaptive differential pulse code
modulation (ADPCM), 870
codebook excited lincar predie-
tive (CELP), 872-873
standard CCITT G.722, 871872
standard CCITT G.726, 870
subband partitioned ADPCM,
871-872
image compression, 875-884
Joint Photo, raghic Experts
Group (JPEG), 876-880
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Motion Picture Experts Group
(MPEG). 880-854
LPC (linear predictive coding),
838-841, 852-853, 872-873
source coding for digital data, 860-869
Huffman, 562-86
Lempel-Ziv, 868-869
properties. 860-861
prefix-free, 861
uniquely decodable, 861
run length, 866-868
sources, 804-811
discrete, 804-809
entropy, 805-809
extension codes, 808-809
waveform, 809-811
transform coding, 856-859
quantization for, 857
subband coding, 857-859, 871-872
quantization, 78-85, 811-835
dithering, 823-826
memoryless (instantaneous), 835
noise, 76, 78-79, 813-816
nonuniform, 83-85, 826-835
saturation, 76-77, 820-823
uniform (linear), 81-83, 816-820
Space division multiple access (SDMA),
674-676

Space loss, 248-249, 254
SPADE, 693-698
Spectral characteristics of filters, 42-45
Spectral density, 16-20, 26-30
ESD (energy), 17
PSD (power), 17-20, 26-30
Spilker, F L, Ir., 643, 645, 651
Spread spectrum systems,
attributes:
energy density reduction, 722-723
fine lime resolution, 723-724
interference suppression, 720-721,
726-72
multiple access, 724. See CDMA
processing gain, 735-738
robustness, 741-742
CDMA applications, 672-674,
764-771,776-794
cellular systems, 775794
commercial applications, 769-794
direct sequencing (DS), 732-735,
?g!:)—'m

FCC Part 15 Rules, 772-773
frequency hopping (FH), 740-745
fast versus slow, 742-745
historical background, 727-728
noise wheel, 727-728
stored reference (SR) system, 727
transmitted reference (TR) system,
727
1S-95 cellular systems, 782-794
jamming:
AJ (anti-Jam) margin, 757-759
BLADES system, 768-769
broadband noise, 759-760
jammer waveforms, 754-756
IS ratio, 756-757
multiple tone, 763-765
partial-band noise, 760-762
pulse jammer, 763-766
repeal-back jammer, 765-768
multipath channels, 771-772
pseudonoise (PN) sequences, 728-732

PN autocorrelation function, 730-732

randomness properties, 729
shift register generation of, 729-730
vulnerabilities of linear feedback
shift registers, 917-919
synchronization, 745-754
acquisition, 746-751

Index

correlator structures, 746749
serial search, 749-750
sequential estimation, 750-751
tracking, 751-754
Squaring loss, 615-616, 618, 621-623
SSITDMA (satellite-switched TDMA),
704-708
Standard array, 336-338, 349-356
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spectrum analysis techniques,
623-625

symbol, 625-631
word, 640-643
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