Valve Exhibit 1097
Valve v. Immersion







Analog Computing

von
Prof. Dr.Bernd Ulmann

Oldenbourg Verlag Munchen



Dr. Bernd Ulmann is a professor for business informatics at the FOM in Frank-
furt/Main, Germany. His main area of interest is that of analog computing. He not
only collects and restores old analog computers, but also works actively on future
applications of analog computing for high performance computing and low power
applications.

Bibliografische Information der Deutschen Nationalbibliothek

Die Deutsche Nationalbibliothek verzeichnet diese Publikation in der Deutschen
Nationalbibliografie; detaillierte bibliografische Daten sind im Internet tiber
http://dnb.d-nb.de abrufbar.

© 2013 Oldenbourg Wissenschaftsverlag GmbH
Rosenheimer Strafle 143, D-81671 Miinchen
Telefon: (089) 45051-0
www.oldenbourg-verlag.de

Das Werk einschlieBlich aller Abbildungen ist urheberrechtlich geschiitzt. Jede Verwertung
aullerhalb der Grenzen des Urheberrechtsgesetzes ist ohne Zustimmung des Verlages unzuldssig
und strafbar. Das gilt insbesondere fiir Vervielfiltigungen, Ubersetzungen, Mikroverfilmungen
und die Einspeicherung und Bearbeitung in elektronischen Systemen.

Lektorat: Dr. Gerhard Pappert

Herstellung: Tina Bonertz

Titelbild: Autor

Einbandgestaltung: hauser lacour

Gesamtherstellung: Beltz Bad Langensalza GmbH, Bad Langensalza

Dieses Papier ist alterungsbestdndig nach DIN/ISO 9706.

ISBN  978-3-486-72897-2
eISBN 978-3-486-75518-3



To my beloved wife Rikka.






Acknowledgments

This book would not have been possible without the support and help of many people.
First of all, I would like to thank my wife Rikka Mirtsam who not only did a lot of
proofreading and a terrific job in preparing many of the pen-and-ink drawings but
also never complained about being neglected although I lived the last months more or
less in seclusion writing this book.

I am particularly grateful for the support and help of Jens Brerrensacu who did a
magnificent job at proof reading and provided many suggestions and improvements
enhancing the text significantly. He also suggested to use the Kp-fonts and spotted
many IXTEX-sins of mine thus improving the overall appearance of this book consider-
ably.

In addition to that, I would like to thank BeENjaMIN BARNICKEL, ARNE CHARLET, DANIELA
KocH, THErRESA Szczepanskl and Dr. ReiNHARD Sterrens for their invaluable help in
proof reading.

Additionally, I would like to thank Tore SiNDING BEkkEDAL who took the picture shown
in figure 8.32, Tim RoBinson who built the incredible Meccano-Differential Analyzer
shown in figure 2.19, TiBor FLorESTAN PruTO Who took the photo shown on the title
page, RoBert LiMEs who took the picture shown in figure 9.3, and Bruce Baker who
donated the pictures shown in figures 11.41, 11.43, and 11.44 for their permissions to
use the aforementioned pictures.

Without the continuous encouragement of Dr. habil. KARL ScHLAGENHAUF and his in-
valuable suggestions this book might very well not exist at all.

Last but not least, I would like to thank Prof. Dr. WoLrcanG Giroi, Prof. Dr. RupoLr
LauBEer, Dr. Aporr Kiey, and Prof. Dr. GONTER MEYER-BROTZ for sharing their memo-
ries of the early days of analog computing at Telefunken etc.

This book was typeset with IXTEX, using Kp-Fonts; most schematics were drawn using
EAGLE and Arno Jacos’s wonderful analog computing symbol library, other vector
graphics were created with xfig.

Registered names, trademarks, designations etc. used in this book, even when not
specifically marked as such, are not to be considered unprotected by law.






Contents

1 Introduction

1.1 Outline. ... .o
1.2 The notion of analog computing ...
1.3 Direct and indirect analogies ........... ... i il
2 Mechanical analog computers

2.1 Astrolabes. ... ... .o
2.2 The Antikythera mechanism .............. ...
2.3 Slide rules. ... ..o
2.4 Planimeters ..........oouiuiii
2.5 Mechanical computing elements ...
2.5.1 Function generation............ ..o
2.5.2 Differential gears..............oo i
2.5.3 Integrators ... ...
2.5.4 Multipliers ...
2.6 Harmonic synthesizers and analyzers....................cooiiiiiiiiat,
2.7 Mechanical fire control systems.................ocoiiiiiiinn
2.8 Differential analyzers ......... ... i
3 The first electronic analog computers

3.1 HELMUT HOELZER ... ..o
3.1.1 The “Mischgerat” ....... ...
3.1.2 HoeLzer’s analog computer ...
3.2 GEORGE A. PHILBRICK’S Polyphemus ...t
3.3 Electronic fire control systems ............ ... il
3.4 M
4 Basic computing elements

4.1 Operational amplifiers ............ ... o i

41.1 Early operational amplifiers ........... ...



X Contents
4.1.2 Drift stabilization ............ ... o i i 61
4.2 Summers. ... .. 64
4.3 Integrators ... ..ot 67
4.4 Coefficient potentiometers ...............cooiiiiiiiiiiiiiiiiii i 70
4.5 Function generators.......... ... i 73
4.5.1 Servo function generators.............o.iiiiiiiiiiiiiii 74
4.5.2 Curve fOlIOWETS ...ttt 75
4.5.3 Photoformers ........ ... 76
4.5.4 Varistor function generators ...l 76
4.5.5 Diode function generators .............coiiiiiiiiiiiiiiiiiiiiiiiiiia 77
4.5.6 Inverse fUNCHiONS. ... .. ..ot 79
4.5.7 Functions of two variables ........ ... ..o i 79
4.6 Multiplication...... ... 80
4.6.1 Servomultipliers....... ... i 80
4.6.2 Crossed-fields electron-beam multiplier .....................ooiiiiLL 80
4.6.3 Hyperbolic field multiplier ........... ... .o 81
4.6.4 Time division multipliers ......... ... 83
4.6.5 Logarithmic multipliers............ ... i 83
4.6.6 Quarter square multipliers............ ... o 84
4.6.7 Other multiplication schemes.................. o il 85
4.7 Division and square root ......... ...t 85
4.8 Comparators ... ..o 85
4.9 LImiters . ... 87
4.10 ReSOIVErS. .. . 87
4.11 Timedelay ..... ..o 88
4.12 Random noise generators ............eueuiniinininininininininenineen.. 90
4.13 Output devices. . ..ot e 90
5 Analog computer anatomy 93
5.1 Analog patch panel ........... ... .. 93
5.2 Function generators......... ... 95
5.3 Digital patch panel and controls ... 96
5.4 Readout ... ..oooi e 97
5.5 Control ... 98
5.6 Performing a computation ...............oiuiiiiiiiiiiiiiiiiiiiiiaan., 100



Contents XI
6 Typical systems 101
6.1 Telefunken RA 1 ... . oo 101
6.2 EAT 231R. .o 103
6.3 Early transistorized systems .............coooiiiiiiiiiiiiiiiiii 106
6.4 Late analog computers ...t 110
7 Programming 113
7.1 Basicapproach ....... ... i 113
7.2 Kervin’s feedback technique ........... ... i 115
7.3 Substitution method ........... ... 117
7.4 Partial differential equations ............. ... ... oL, 119
7.4.1 Quotient of differences. ...t 119
7.4.2 Separation of variables............ ... .o i 121
7.5 Scaling ..ot 123
8 Programming examples 125
8.1 P=aSiN(Wl+ Q) o oot 125
8.2 Sweep generator ...... ... 127
8.3 Mass-spring-damper system .............ooiiuiiiiiiiiiiiiii 128
8.4 Predator and prey.... ... 131
8.5 Bouncing ball ... ... 133
8.6 Car SUSPENSION . .ottt e 137
8.7 LORENZ attractor ......... ... 143
8.8 Projection of rotating bodies ............. ... .. i 144
8.9 Conformal mapping ........c.ouiiiiiii 147
9 Hybrid computers 151
9.1 Systems .. . 151
9.2 Programming ..ottt 154
10 Digital differential analyzers 157
10.1 Basic computing elements ............... .. oo 158
10.1.1  Integrators ... e 158
LO.1.2  S@IVOS vttt 160
10.1.3  SUIMMIEIS .ottt ettt e e e e 161
10.1.4  Additional elements ............ ... 162



XII Contents
10.2 Programming examples ... 162
10.3 Problems...... ... 163
10.4 SYSEEMIS .. e 164
10.4.1  MADDIDA . ... 164
10.4.2  Bendix D-12 ... 165
10.4.3  TRICE. ... i 169
11 Applications 173
11.1 Mathematics .......ouininii 173
11.1.1  Differential equations .......... ...t 173
11.1.2  Integral equations...............ooiiiiiiiiiiiiiiiii i 174
11.1.3  Zeros of polynomials...........cooiiiiiiiiiiiiiii 175
11.1.4  Orthogonal functions .......... .. ... i 176
11.1.5 Linear algebra..........ououiiniiiii e 176
11.1.6  Eigenvaluesand -vectors............... ..o 177
11.1.7  Fourier synthesis and analysis...................oooooiiinn 178
11.1.8  Random processes and Monte-Carlo simulations ........................ 179
11.1.9  Optimization.........cooiiiniiiii e 179
11.1.10 Multidimensional shapes ........... .o 180
11.2 PRYSICS .ottt 181
11.2.1  Orbit calculation ... . ... e 181
11.2.2  Particle trajectories. ... ... ...t 181
11.2.3  OP IS ettt 183
11.2.4  Heat-transfer....... ..ottt 184
11.2.5  Semiconductor research..................ooiiiiiin 186
11.2.6  Ferromagnetic films......... ... .. i 186
11.3 Chemistry. ... 187
11.3.1  Reaction kinetics........ ..o 187
11.3.2  Quantum chemistry......... ..o 188
11.4 Mechanics and engineering ...l 189
11.4. 1 VADrations. .. ...oouenetti ittt et 189
11.4.2  Shock absorbers..............oiiiii i 189
11.4.3  Earthquake simulation............ .. .. . .. i 190
11.4.4 Rotating SyStemsS .......c.iuiiiii e 191
11.4.5 Bearings.........ooiuiniiiinii i 191
11.4.6  COMPIESSOTIS ..o vttit ittt ittt e 192
11.4.7 Crankmechanisms. ... 192
11.5 Materials science....... ... 192
11.5.1  Non destructive testing ............ ..., 192
11.5.2  Ductile deformation ............. ... i 192
11.5.3  Pneumatic and hydraulic systems............. ... ...l 193
11.5.4  Control of machine tools.............ooiiiiiiiiiiii i 195
11.5.5  Servo SYSteIMS .. .vviniiiiiit i e 196



Contents XIII

11.6 Nuclear technology ....... ..o 196
11.6.1  Research ........ouiuiiii e 196
11.6.2  Tralning.......oniiniiii i e e i i e 198
11.6.3  Control ... 199
11.7 Biology and medicine .......... ..o 199
11.7.1  EBCOSYSteMIS. ...ttt 199
11.7.2  Metabolismresearch ............ ... i 200
11.7.3  Cardiovascular systems .............cooiiiiiiiiiiiiiiiiiii i 200
11.7.4  Closed loop control studies ............cooiiiiiiiiiiiiiiiiiiien.. 200
11.7.5  Neurophysiology ... 201
11.7.6  Epidemiology ....... ..o 202
11.7.7  Aerospace mediCine...........ooiuiiiiiiiiiiiiiiiiiiiiiiii i, 203
11.7.8  LocomOtOr SYSteImS. ... vttt 203
11.7.9  DOSIMetIY. ..ottt e 203
11.8 Geology and marine SCIence .............c.ooiiiiiiiiiiiiiiiniiiiiiinn 203
T1.8.1  RESOUICES ..ottt ettt ittt et ettt et e e e 203
11.8.2  Seismology .......ouuninii 204
11.8.3  Ray tracing...........ouiiuiniiiiniiiii i 205
11.9 BCONOMICS ..ot 205
11.10 Power engineering ............oovuiuiiuiniiiieiiiiiiiiiii i, 207
T11.10.1  GeNerators ...ttt e e e 207
11.10.2  Transformers............ouiininiiiiiii i 207
11.10.3 Power inverters and rectifiers ..............coiiiiiiiiiiiiiiiininaan.. 207
11.10.4 Transmission lines ............ooiuiiiiiiiii e 208
11.10.5 Power grid simulation ............. ... . 208
11.10.6 Frequency control....... ... ..o 210
11.10.7 Dispatch computers. ..........ouiiiiiiiiiii e 211
11.11 Electronics and telecommunication ... 211
11.11.1  Circuit simulation ........... i 212
11.11.2 FrequencCy IeSPOISE ... ..uutnttt ittt ettt ittt ittt it eeenns 213
11.11.3  Filter design ........ooiiiiiiiiiii e 214
11.11.4 Modulators and demodulators ..., 214
11.12 Automation ... 214
11.12.1  Data Processing ........ouiuiniiuiniieiit it iieannes 215
11.12.2  Correlation analysis.............oooiiiiiiiiiiiiii i 215
11.12.3 Closed loop control and servo systems .............cooviiiiiiiieninen... 215
11.12.4 Sampling systems .........ooiuiiiiiiiiiii i 216
11.12.5 Embedded systems........ ...t 216
11.13 Process engiNeering .........ouuiuiniitiuiitin i ineananes 217
11.13.1 Mixing tanks, heat exchangers, evaporators and distillation columns ....217
11.13.2  Adaptive control ...... ... 219

11.13.3 Parameter determination and optimization ..........................o... 219



X1V Contents

11.14  Transport SYStemS. ... ...ttt 220
11.14.1 Automotive engineering ............oouiuiuiniininiiiiiiiiienenenenenan.s 220
11.14.1.1 Steering SyStems . ....o.uuin ittt e 220
11.14.0. 2 TranSIISSIONS & . et ettt ettt ettt et ettt e et e 220
11.14.1.3 Traffic flow simulation ..o e 221
11.14.2 Railway vehicles ... ... i 223
11.14.3 Hovercraftsand Maglevs.................ooiiiiiiiiiii 223
11,144 NaAULICS . oottt e e 223
11.14.4.1 Dynamic behavior ............ ... . 223
11.14.4.2 Propulsion SYStemMS . .....uututntn ittt 224
11.14.4.3 Ship simulation ....... ... 224
11.14.4.4 Torpedo simulation ............ ... i 224
11.15 Aeronautical engineering ........... ... . . 225
11.15.1 Landing @ears ... .....cuuutnininin ittt 225
11.15.2 Aircraft arresting gear Systems.............oooiuiiiiiiiiiiiiiiiii ... 226
11.15.3  Jet @NgINeS ....ouininiii it e e e 226
11.15.4 Helicopter rotor blades ............ ... o i 226
11.15.5 Flight simulation......... ... o i 227
11.15.6 Airborne simulators. ...ttt 234
11.15.7 Guidance and control ... e 235
11.15.8 MIiSCellan@ous .. ....vvuiii e 237
11.16  ROCKEIIY ..ot e 237
11.16.1 Rocket motor simulation ..........couiiiiiiiiii e 237
11.16.2 Rocket simulation . ........ooiiiii e 238
11.16.3 Space craft maneuvers ............o.iuiuiuiiiiii i 240
11.16.4 Mercury, Gemini, and Apollo ......... ... 241
11.17 Military applications . ........c.oniiiii i 242
11.18 EdUcation .. ...ttt e 243
11.19 Arts, entertainment and MUSIC . . ..o vvuu ittt 243
I TR N s T 243
11.19.2 Entertainment ..........ooimuuniiiie e 244
) 2 T Y/ 5 - 246
11.20  Analog computer Centers ................iiuiiniiiiiiiiiiiiiiiiii 247
12 Future and chances 249
Bibliography 253

Index 287



“An analog computer is a thing of beauty and a joy forever.”!

1IOHN H. McLEeob, Suzerte McLEeob, “The Simulation Council Newsletter”, in Instruments and Automa-
tion, Vol. 31, March 1958, p. 488.






1 Introduction

1.1 Outline

A book on analog computing and analog computers? You might ask: Isn’t that 40 years
late? No, it isn’t — although the beautiful analog computers of the past are long since
history and only few have been preserved in museum collections, the idea of analog
computing is still a marvel of elegance and may have a bright and fruitful future as
the following chapters will show.

Thus the intention of this book is twofold: It will give a comprehensive description of
the history and technology of analog computing but it will also show the particular
strengths of the analog computation paradigm which, combined with current state of
the art digital circuitry, may open new doors to high performance computing again
just as traditional analog computers did many years ago in the area of high-speed
simulation and many other fields.

The following chapters will first introduce the notion of analog computing before de-
scribing the early developments of analog computers starting with mechanical analog
computers like the Antikythera mechanism, which was built around 100 B.C. and end-
ing with the first analog electronic! analog computers developed by HeLmut HoELZER
in Germany and GEorGE A. PHiLBRICK in the United States.

Next, the basic elements of a typical analog computer will be described, followed by
an introduction to programming analog computers, which is completely different from
the algorithmic approach we are used to in our times. This introduction contains some
practical examples ranging from the solution of very simple differential equations to
the simulation of more complex dynamic systems.

Hybrid computers, i. e., analog computers coupled with stored-program digital com-
puters, are also covered, as well as the simulation of analog computers. After describ-
ing some typical analog computers in detail, digital differential analyzers are intro-
duced. This is followed by a large section covering a wide span of practical applica-
tions of analog computers. The end of this book covers the decline and future of analog
computing that is the heritage of the long forgotten digital differential analyzers.

I'The notion of an analog electronic analog computer may look like a pleonasm, which it is not as the
following section will show.



2 1 Introduction

1.2 The notion of analog computing

First of all it should be noted that the common misconception that the difference be-
tween digital computers on one side and analog computers on the other is the fact that
the former use discrete values for computations while the latter work in the regime
of continuous values is wrong!? In fact there were and still are analog computers that
are based on purely digital elements. In addition to that even analog electronic ana-
log computers are not working on continuous values — eventually everything like the
integration of a current boils down to storing (i. e., counting) quantized electrons in a
capacitor.

If the type of values used in a computation — discrete versus continuous - is not the
distinguishing feature, what else could be used to differentiate between digital and
analog computers? It turns out that the difference is to be found in the structure of
these two classes of machines: A digital computer in our modern sense of the word
has a fixed structure concerning its constituent elements and solves problems by exe-
cuting a sequence (or sequences) of instructions that implement an algorithm. These
instructions are read from some kind of memory, thus a better term for this kind of
computing machine would be stored-program digital computer since this describes both
features of such a machine: Its ability to execute instructions fetched from a memory
subsystem and working with numbers that are represented as streams of digits.>

An analog computer on the other hand is based on a completely different paradigm:
Its internal structure is not fixed — in fact, a problem is solved on such a machine
by changing its structure in a suitable way to generate a model, a so-called analog
of the problem.* This analog is then used to analyze or simulate the problem to be
solved. Thus the structure of an analog computer that has been set up to tackle a spe-
cific problem represents the problem itself while a stored-program digital computer
keeps its structure and only its controlling program changes. This is summarized by
CHARLESWORTH® as follows:

“An analogue computer is a piece of equipment whose component parts can
be arranged to satisfy a given set of equations, usually simultaneous ordinary
differential equations.”

Similarly [BERKELEY et al. 1956][p. 75] states that

“[a]nalog computers, as the name is intended to imply, compute by means
of setups that are analog of the problems to be solved.”

Therefore it is not only a theoretical possibility to build digital analog computers,
this has been done more often than just occasionally.® In fact this may very well be the

2This error has even found its way into some encyclopedias.

3Today these numbers are normally represented by so-called binary digits, bits for short.

4[Tsk et al. 1964][p. 333] characterized these analogs or analogies as follows: “The term ‘analogy’ is defined
to mean similarity of relation without identity.”

5See [CrarLESWORTH et al. 1974][p. xi].

6Cf. sections 10 and 11.15.7.
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Basic technology

Analog electronic|  Digital electronic
stored-program
Stored-program control N/A (memory programmed)
digital computer
traditional digital
Setting up an analog || analog electronic differential
analog computer analyzer

Table 1.1: Types of computing machines based on an analog/digital electronic implementation with control
based on either a stored-program concept or the implementation of an analog.

future of the analog computing paradigm. Employing the techniques of building mod-
els, analogs of problems to be solved or analyzed, which have been developed through
more than 50 years in the context of our current digital technology can and will lead
to systems with exceptional computational power as well as low power consumption.

Table 1.1 shows the four possible combinations of analog/digital implementation tech-
nology and stored-program control vs. setting up an analog. Of these combinations
only three are reasonable:

1. The modern stored-program digital computer,

2. the traditional analog electronic analog computer which will be called analog
computer for simplicity in the following text and, finally,

3. the so-called Digital Differential Analyzer” that will be described in more detail
in chapter 10.%

1.3 Direct and indirect analogies

When talking about analogies, it is necessary to distinguish between so-called direct
and indirect analogies. These two terms describe two extremes of abstraction levels in
building analogies.

Direct analogies are models that are based on the same physical principles as the un-
derlying problem to be solved just with a different scaling regarding size or time of
a simulation. Well-known examples for such direct analogies are the determination
of minimal surfaces using soap films,’ the evaluation of tensile structures as they are

DDA for short.

81t will be shown that DDAs are more capable machines than traditional analog computers since they
can deal well with the highly important class of partial differential equations which analog computers can
do only with quite some effort and often only by means of discretization.

9See [Bild der Wissenschaft 1970] for examples.
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used for roof structures like the one built for the Olympic stadium in Munich,!® wind
tunnel models for the evaluation of aerodynamic properties of airplanes and rockets
and many more. Other direct analogs employed so-called electrolytic tanks. These are
reservoirs filled with an electrolytic liquid with embedded electrodes to generate a
desired potential distribution within the liquid. Using a two- or three-dimensional
sensor carriage, much like an xy-recorder, the potential at any given coordinate within
the tank can be determined. Such electrolytic tanks were widely used to solve prob-
lems in nuclear engineering etc. Due to their very nature such direct analogs are not
too versatile and were often built and employed for a very specific purpose.!!

Indirect analogies in contrast to that employ a much higher degree of abstraction and
are thus much more versatile. The — mostly analog electronic — analog computers used
for setting up indirect analogs are truly universal machines and cover a wide range
of possible applications.!? This higher level of abstraction makes the programming
of this class of machines quite challenging since their setup does not bear any direct
resemblance of the problem to be solved. Therefore a thorough mathematical descrip-
tion of the basic problem is required as a precondition for programming an indirect
analog computer!? like in the case of our modern stored-program digital computers.

Nevertheless, this kind of abstraction level necessary for the successful application of
analog computers is still relatively small compared with the algorithmic approach of
stored-program digital computers — last but not least, analog computers, be they direct
or indirect, are models.

Due to the fact that analog computers work by acting as a model for a given problem
that is represented by direct or indirect means, the amount of circuitry necessary for
a simulation is determined by the complexity of the underlying problem. There is
no tradeoff between time and complexity as that offered by stored-program digital
computers. An analog computer with a given complement of computing elements is
invariably limited by this while a digital computer can solve problems of nearly any
size and complexity given enough time (and storage). Thus large problems require
large analog computers regardless of the acceptable time span for yielding a solution
— some systems, especially those used for aerospace applications, exceeded well over
1000 computing elements.

In addition to that a stored-program computer can always exchange compute time for
precision — something an analog computer cannot do.!*

10The roof structure of the Olympic stadium in Munich was modeled to a large extent using curtain net
lace as well as soap bubbles for determining the structure of single roof tiles. Even ANToNI Gaubi used such
direct analogs in his design studies for the church of Colonia Giiell and later the Sagrada Familia. Similar
techniques date back to the Gothic period.

' More detailed information about this basic class of analogs can be found in [Jackson 1960][pp. 319 ff.],
[Pascrkis et al. 1968], [MasTERr et al. 1955], [LArRrRowE 1955] and [Karprus 1958].

120ne of the earliest publication about the use of electronic analogs to simulate mechanical and acoustical
systems was given by [Orson 1943].

I3Direct analogs can also be employed in cases where no complete mathematical description of the prob-
lem to be solved exists — this may be caused by a principle lack of understanding or by the sheer complexity
of the underlying problem. So in some cases direct analogs may even be employed today with success.

14This does not hold true for digital differential analyzers, cf. section 10.
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The earliest analog computers were mechanical in their very nature but were far from
being simple. In fact many mechanical analog computers were successfully employed
to tackle rather complex problems ranging from peaceful tide computations to war-
time applications like bomb trajectories, fire control, etc. The following sections give
a short overview of the era of mechanical analog computers without going too much
into detail since mechanical analogs will serve just as a prelude to this book’s main
theme of electronic analog computers.

2.1 Astrolabes

As early as about 150 B.C. the basics of so-called astrolabes were developed. Such de-
vices are basically inclinometers with some additional mechanics to model basic prop-
erties of spherical astronomy. Astrolabes are based on the apparent motion of celestial
bodies, i.e., the observation that the paths described by stars in the sky are basically
circles. Thus the most common type of astrolabe is the so-called planispheric astrolabe,
developed in medieval times, which projects the firmament to the equatorial plane.

Using such an instrument it is possible to determine the position of some celestial
bodies at a given time. As a navigational tool the planispheric astrolabe is far too im-
precise. Nevertheless, it has been used to determine roughly the position of stars used
for getting navigational fixes in advance. Detailed information about astrolabes can be
found in [Dopp 1969] and [J. E. Morrison 2007].

2.2 The Antikythera mechanism

Interestingly, another early mechanical analog computer known is far from being a
simple device — in fact this machine should turn out to be the most complex device
made in more than 1000 years of history. This impressive machine is the so-called
Antikythera mechanism, named for the Greek island Antikythera (AvtuxUfnpa) where
its remains were discovered in a Roman ship wreck carrying treasures from Greece
dating back to about 100 B.C. by sponge-divers in 1900. It then took 58 years until
research regarding the remains of this mechanism was started by Derex DE Sorra
Price who summarized his astonishing discoveries as follows:!

“It is a bit frightening to know that just before the fall of their great civiliza-
tion the ancient Greeks had come so close to our age, not only in their thought,
but also in their scientific technology.”

1See [FreETH 2008][p. 7].
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The Antikythera mechanism turns out to be of such a complexity that even today re-
search is still ongoing,? using modern X-ray tomography techniques etc. As far as it is
currently known the device modeled the movements of several celestial bodies even
taking into account various anomalies which required differential gears® and much
more complicated epicyclic gearing. This astonishing complexity of the Antikythera
mechanism led Mike Epmunps* to the following statement:

“Nothing as sophisticated and complex is known for another thousand years.
This machine rewrites the history of technology. It is a witness to a revolution
in human thought.”

This intricate mechanism allowed the calculation of sun and moon positions at given
dates and phases of the moon as well as the prediction of solar and lunar eclipses.’
The implementation of these functions required about 30 gears, manufactured with
extraordinary precision.®

2.3 Slide rules

One of the most common, most simple and well-known analog computers is the slide
rule” which comes in basically two configurations, linear and circular. The basic idea of
a slide rule is to reduce the problem of multiplication and division to that of addition
and subtraction by employing logarithmically divided scales that may be displaced
accordingly to each other in a lateral direction. The analog setup in this case is to
mechanize the relation

log(ab) = log(a) + log(b)

by using two logarithmic scales. Following the development of the logarithm by
Joun Narier® and Henry Brigas,’ who introduced the base 10 for logarithms, it was
WirLiam OuGHTRED!Y who described the principle of the slide rule in his seminal two
publications The Circles of Proportion, and the Horizontall Instrument and Two rulers of
proportion.!! Prior to his idea of using sliding scales, dividers were normally used to
multiply or divide numbers by adding or subtracting their logarithms, a tedious and
eIror-prone process.

2ct. http://www.antikythera-mechanism.gr/.
3Prior to this discovery differential gears were thought to have been invented in medieval times.
4See [FrerTH 2008][p. 9].
SThere are still arguments whether the mechanism also featured indicators for the display of planet
positions.
A wealth of information about this device may be found in [pE SoLLa Price 1974], [Freers 2008] and
[McCarrrY 2009].
7 Also known as a slipstick.
81550-04/03/1617
February 1561-01/26/1630
1003/05/1574-06/30/1660
ITA comprehensive history of the slide rule may be found in [Cajort 1994] and [Jezierskr 2000]. A great
introduction to the application and use of slide rules is given in [HumE et al. 2005].
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Figure 2.1: Faber Castell slide rule model 2/83N

Figure 2.1 shows one of the last, most complex and most versatile slide rules ever
built, a Faber Castell 2/83N. The three main parts of traditional slide rules are clearly
visible:

* The body which consists of the top and bottom stator or stock. The two stators are
held together by two end braces or end brackets.

* The center slide which can be moved laterally with respect to the body.

* The cursor which slides in grooves of the body.

While simple slide rules only feature a couple of scales, complex ones as the 2/83N
have up to 30 scales which implement functions far beyond multiplication and divi-
sion.!? Using these scales, trigonometric functions, exponentiation etc. can be evalu-
ated. Until the 1970s when pocket calculators took over!? slide rules were ubiquitous
as early as around 1800 in some countries (like Great Britain) as the following quota-
tion from SepLacek!* shows:

“It is said that the use of the slide rule in England is so widespread that no
tailor makes a pair of trousers without including a pocket just for carrying a
‘sliding rule’. During such a time, it is difficult to understand why the slide rule
does not enjoy such well-deserved recognition in our own country.”

Slide rules were essential tools for the scientific and technological progress of the last
three centuries ranging from civil engineering, commercial applications, electronics
etc. up to applications in space flight.!> Although they have been rendered more or
less obsolete by pocket calculators 40 years ago, there are still areas of application
where slide rules are employed regularly. For example, many aviators still use a flight
computer like the E-6B, a special form of a circular slide rule, that allows the calcu-
lation of ground speed, i.e., the speed of an air plane corrected for wind effects, and
many other crucial parameters.!®

121f all scales are just on one side of the body, a slide rule is called simplex, if scales are found on both
sides of the body, it is a duplex slide rule. In this case the cursor is also used to transfer partial results from
one side of the body to the other.

13Early pocket calculators as the Hewlett Packard HP35 or some models made by Texas Instruments like
the SR-10 etc. were explicitly marketed as electronic slide rules. The fixed number format featured by early
HP calculators that was often set to display only 2 or 4 decimal places also was a reverence for the slide rule.

14Cf. [Jezierskr 2000][p. 16].

151n fact the Apollo-11 mission carried a Pickett Model N600-ES Log Log Speed Rule.

16 Apart from the ease of use such specialized slide rules have the advantage of not requiring any electrical
power or the like for their operation.
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Figure 2.2: Nuclear Weapon Effects Computer

Figure 2.2 shows a creepy special purpose circular slide rule that was deployed in
rather large amounts during the Cold War — a Nuclear Weapon Effects Computer that
allowed rough estimates of fatalities and damages should a nuclear air burst occur.

2.4 Planimeters

A so-called planimeter is a fascinating instrument. Its purpose, most aptly described
by [Henrict 1894][p. 497], is the following;:

“The object of a planimeter is to measure an area; it has, therefore, to solve
a geometrical problem by mechanical means.”

Measuring areas enclosed by some “good-natured” boundary curve is an important
task in many branches of science as well as in commercial applications, registers of
real estate and many more. A typical early application was to analyze pressure/volume
or pressure/time indicator diagrams!” as those written by recording steam engine in-

175ee [Hirtte 1926][pp. 380 £.].
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dicators,'® which requires the determination of the area enclosed by a curve which is
either plotted in a Cartesian or more often a polar coordinate system. A simple and di-
rect method for performing this task is to cut out the area to be determined and weigh
the resulting piece of paper which yields rather good results. Although this method is
sometimes still used in teaching chemistry students who regularly have to determine
integrals over curves generated by spectrometers and the like, it is not really suitable
for every-day usage.

As early as 1814 J. M. HErRMANN, a Bavarian engineer, invented a planimeter that was
built, after improvement by LAMMLE, in about 1817. Unfortunately, this instrument
seems to have gone unnoticed by his contemporaries and had no obvious influence
on the following developments.19 In 1824 an Italian professor for mathematics, Tito
GoNNELLA, invented a so-called wheel-and-cone planimeter that used a friction-wheel
integrator (see section 2.5.3) to perform the necessary integration.?? The first planime-
ter that was put into production was a device developed by a Swiss engineer named Jo-
HANNES OpPIKOFER who developed two wheel-and-cone planimeters in 1827 and 1836
and a planimeter based on a friction-wheel rolling on a disk in 1849. In fact, there is a
plethora of different planimeter principles and implementation variants.

The most successful type of planimeter is the so-called polar planimeter that was devel-
oped in 1854 by the Swiss mathematician Jacos AmsLErR-Larron.?! Figure 2.3 shows a
typical polar planimeter?? which is of a much simpler construction than most of the
other instrument types.23

The basis of operation for planimeters in general is the Green-formula that relates a
double integral over a closed region, i.e., the area to be determined, to a line integral
over the boundary of this region. Thus a planimeter is a mechanization of

[(52-on-fov

Choosing P and Q in a way that the difference under the left integral equals one yields
the area sought. Interestingly, it seems as if the first explanation of the operation of
planimeters using Green’s formula was given in [Ascor 1947].24

18The first of these devices was invented by James Warrt’s assistent JouN SouTHERN around 1796 (cf.
[MiLLer 2011]).

19¢Cf. [Henricr 1894][p. 505].

20[HagBERLIN et al.2011] gives a nice description of this instrument. Another good source is
[Henricr 1894][p. 500].

2111/11/1823-01/03/1912

22[Foork et al. 2007] shows how to build a polar planimeter with rather simple means.

230ne notable exception is the Prytz planimeter (also known due to its physical shape as a hatchet planime-
ter) that was developed by the Danish mathematician and cavalry officer HoLGer Pryrz (who published
under the pseudonym “Z”) around 1875. His instrument has no moving parts whatsoever but is of very
limited precision. A good description of the principle of operation of this instrument can be found in
[Foorte et al. 2007][pp. 82 ff.].

24Explanations of the operation of planimeters with different chains of reasoning can be found in
[Henrict 1894], [MEYER zuR CaPELLEN 1949][pp. 179 ff.], [Leise 2007]. Some patents describing interesting
planimeter designs are [Corrin 1882], [Snow 1930] etc.
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Figure 2.3: Typical polar planimeter

The main parts of a polar planimeter as the one shown in figure 2.3 are two arms
connected with an elbow that is restricted to move on the circumference of a circle.
The end of one arm, the pole arm is fixed at a point called pole by means of a pole
weight or a needle, while the end of the other arm, the tracer arm can be moved freely
by hand. This end is often formed as a needle or a magnifying lens to simplify tracing
the boundary curve of the area to be measured. At the elbow is the integrating or
measuring wheel.?>

To measure the area of a circumscribed figure, the pole is fixed either outside or inside
the figure, depending on its size. Then the measuring wheel with its vernier and the
counting dial are reset with the needle or lens placed on the starting point of the
boundary. Then the boundary line is followed manually in clockwise direction. After
reaching the starting point again, the area can be read from the counting dial, the
wheel and the vernier. If extended precision is necessary the same procedure can be
applied a second time while following the boundary line counterclockwise?® which,
of course, yields a result with the opposite sign, the complement.

By setting the position of the elbow, which can normally be shifted along the tracer
arm, various scaling values can be set, so areas can be measured in inches as well as in
centimeters without the necessity to explicitly convert units.

25This wheel is extremely delicate — its metal wheel tread should never be touched by hand since it is
engraved with microscopic rills which are vital for the overall precision of the instrument and are easily
damaged or cluttered with dirt.

26Typical errors caused by a wheel with an axis not being perfectly horizontal can thus be compensated
to a certain degree.
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Determining large areas can be problematic since the counting dial can only repre-
sent one significant digit. Thus as early as 1961 planimeters coupled with electronic
counters were built. [Zuse Z80 1961] describes a linear planimeter?” that was coupled
to an electronic counter capable of processing up to 250000 impulses per second. The
pickup from the measuring wheel was done photoelectrically thus allowing even bet-
ter precision than traditional mechanical instruments.

[LEwin 1972] describes another development that was patented in 1972: Here the po-
sition of the tracer arm is sensed by two linear potentiometers generating voltages
directly proportional to the current (x,y)-position of the tracer. These voltages in turn
control an oscillator and some monostable devices. The integration process is then
performed basically by a chain of decade counters. This scheme proved to be too com-
plicated and costly for the market. Another rather recent development is described by
[LicaT 1975]. Here the position of a tracer needle or the like is determined by con-
ductive foils which are placed under the chart containing the curve to be integrated

OVGI’.28

Asold as planimeters are, some companies still manufacture polar and linear planime-
ters which achieve accuracies of about 1%,. These instruments are still used regularly
for surveying and mapping, for determining the area of furs and fabric etc.

2.5 Mechanical computing elements

All of the instruments shown in the preceding sections are specialized analog comput-
ers, capable only of solving just one distinct problem each. This is obviously caused by
their fixed structure — a slide rule can only add lengths, so the only variation possible
is that of employing different scales to extend this basic operation to multiplication
and division and many more. In the same sense planimeters are specialized instru-
ments for determining areas only. The following sections will now cover some basic
mechanical computing elements that can be used to build true - in the sense of their
reconfigurability — analog computers, so-called differential analyzers.?’

Typically, mechanical analog computers represent values by rotations of shafts which
interconnect the various computing elements or by positions of linkages. As simple
as most mechanical computing elements seem, they are quite powerful tools. Preci-
sions up to 107* are possible given precise machining of the parts involved and clever
scaling of the equations to be solved. In fact, mechanical analog computers even have
one advantage over analog electronic analog computers: The former can integrate over
every variable while the latter can only integrate over time which often requires some
ingenuity to solve partial differential equations®’ and other problems.

27These differ from polar planimeters in so far as the tracer arm is not free to rotate around the elbow
connected to the pole arm but is guided in a strictly linear fashion which is normally implemented by a
two-wheel carriage that is dragged behind by the tracer arm while tracing the curve.

28 Although this instrument was not a financial success due to its complexity, its pickup mechanism an-
ticipated the basic techniques used for today’s touch screens and the like.

29In depth information about mechanical computing elements can be found in [Svosopa 1948],
[MEYER zUR CAPELLEN 1949] and [WiLLErs 1943].

30This particular advantage of mechanical analog computers is also exhibited by digital analog computers,
see chapter 10 which make these devices quite interesting for future computer architectures.
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Figure 2.4: Squaring cam yielding x5 = x? (cf. [Svosopa 1948][p. 22])

2.5.1  Function generation

A common task in simulations is the generation of functions which are either defined
analytically or by measured values. Functions of a single variable are rather easily
implemented using cams driven by a shaft, the angular position of which represents
the input variable. A sensing pin measuring the position of the cam’s surface yields
the desired function value. The position of this pin can be translated into a rotational
motion by a linear gear so this output value can be used as input for another element
expecting an angular shaft position as its input value.

Another type of generator for a function of one variable is shown in figure 2.4. This
is a so-called squaring cam which is used to generate a square function f(x) = x2. If
dx; denotes the element of rotation of the input shaft, the resulting movement of the
string wound around the cone is r;dx; where r; denotes the average diameter of the
cone at the current position of the string. With r, denoting the diameter of the drum,
the drum rotation resulting from dx; is

1 dX]
dX2 = - .
)

r, is proportional to the angle of rotation x; thus

_kxl dxl

dX2 =
)

with k being a constant of proportionality. Integration finally yields
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Figure 2.5: Three-dimensional cam as a function generator for a function of two variables f(x,y) (cf.
[SvoBopa 1948][p. 23])

which is the desired square function. This mechanism does, of course, not work down
to xq = 0 —if this is necessary, it may be combined with a differential gear as described
in section 2.5.2.3!

In many cases, functions of two variables are necessary — figure 2.5 shows a so-called
barrel cam®? used to implement a function x3 = f(x;,x,). The value of the input vari-
able x; controls the lateral displacement of the three-dimensional barrel cam while
the second input variable, x;, controls the angular position of the cam. The output
value is sensed by a pin that gauges the cam’s surface. Other implementations feature
a movable sensing pin carriage instead of a barrel cam that can be shifted laterally
which allows for a more compact design.

Barrel cams like this were often used in mechanical fire control systems but were also
used in some cases in electronic analog computers since the generation of functions of
two variables is a rather complicated task for such a machine. In this case the input
shafts for x; and x, are controlled by electronic servo mechanisms while the output
sensing pin is connected to a potentiometer which delivers a voltage proportional to
the desired function value.33

An important topic regarding cams and barrel cams is that their surface has to conform
to several mechanical constraints to ensure that the sensing pin can follow the surface
smoothly and that the pin can never block the cam in its movement due to steep slopes
or grooves. This might sometimes collide with the mathematical requirements of the
computer setup. In such cases functions may be generated by solving suitable differ-
ential equations or the like which normally requires much more additional computing
elements than a straightforward barrel cam implementation.

31Cf. [SvoBopa 1948][p. 22].
32Three-dimensional cams like this have also been called camoids, cf. [Svoopa 1948][p. 23].
33See section 4.5.7.
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Figure 2.6: Structure of a bevel-gear differential (cf. [SvoBopa 1948][p. 6]) Figure 2.7: A differential gear
from the dead reckoning
computer PHI-4A-2 used in
Starfighter jets

2.5.2  Differential gears

A barrel cam function generator like this could, in principle, be used to add or subtract
two variables but a simpler, cheaper and more precise mechanism to implement this
basic operation exists in form of the so-called bevel-gear differential** shown in figure
2.6. This device adds two shaft rotations x; and x, with some scaling parameters s;
and s, which result from the actual design of the differential, yielding x5 = s1x7 +s,x5.

A practical example of such a differential gear is shown in figure 2.7. This was used in
the dead reckoning computer PHI-4A-2 of a Starfighter jet.>

2.5.3  Integrators

In contrast to most other machines, integration is a fundamental as well as natural op-
eration for an analog computer. Given mechanical computing elements this operation
is remarkably simple regarding its principles of operation.3® The first mechanical inte-
grators were developed in the early 19th century: In 1814 JonanN MARTIN HERMANNS
developed an integrator consisting of a cone with a wheel rolling on its surface.3® The
position of the wheel on the envelope of the cone represents the values of the function
to be3i9ntegrated while the rotation of the cone corresponds to the variable of integra-
tion.

34Such building blocks are also called additive or linear cells (cf. [SvoBopa 1948][p. 6]).

35The central element carrying the bevel gears is called spider block.

36Far from being trivial is the implementation of integrators due to the necessary high precision in order
to minimize the accumulation of errors within a simulation.

371785-1841

38Gee [PETZOLD 1992][p. 26].

39 A similar mechanism was developed later by Tito GonneLLA and used as the basis for his planimeter.
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Basically an integrator mechanizes the calculation of integrals like

X3 = J\Xl dX2

where x; is represented by the rotation of the integrator disk (or cone) while the values
of x; control the position of the friction-wheel rolling on the disk surface. Figure 2.8
shows the structure of such an integrator.

Obviously it is dx3 = kx;dx; where k = 1/r denotes the radius of the friction-wheel
thus yielding

X2

1
X3 = j pLd dx,.

X20

Figure 2.9 shows a friction-wheel integrator from the so-called Oslo analyzer — at its
time one of the largest, most precise and most powerful differential analyzers in the
world.#? On the right hand side*! the rotating disk S and the friction-wheel h with its
associated shaft are visible. The wheel position on the surface of the disk with respect
to the disk center corresponds to F(x).

Based on this idea James THoMsoN, the brother of WiLLiam THoMsoN — the later Lord
KeLviN — developed in 1876 an integrator that replaced the friction-wheel by a steel

40This particular machine featured twelve integrators of this type and was used until 1954, see section
2.8.

410n the left side a so-called torque amplifier and a frontlash unit can be seen. These are typical devices in
a mechanical differential analyzer but outside the scope of this book. Refer to [WiLLers 1943][pp. 236 ff.],
[RoBinsoN] or [Firer 1961][p. 672] for more information about these units.
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Figure 2.9: Integrator from the Oslo differential analyzer, see section 2.8 ([WiLLers 1943](p. 237])

sphere that runs in a movable cage (controlled by x;). This sphere provides a frictional
connection between the rotating disk and a cylinder that acts as a pickup for the in-
tegration result x3. Figure 2.10 shows a variation of this implementation: Instead of
a single sphere two stacked balls are guided in a movable cage. Such integrators are
known as double-ball integrators.*?

Based on this integrator developed by his brother, Lord KerLvin devised the idea of
a machine suitable for solving differential equations. The basic concept was to start
with the highest derivative in a differential equation to be solved and to generate all
of the necessary lower derivatives by repeated integration. Using these derivatives,
the highest derivative — that was the starting point for this procedure — can now be
synthesized by combining the lower derivatives in an appropriate way.*3 The discovery
of this method is described in [THomson 1876] as follows:

“But then came a pleasing surprise. Compel agreement between the function
fed into the double machine and that given out by it [ ... ] The motion of each
will thus be necessarily a solution of [the equation to be solved ]. Thus I was led to
the conclusion, which was unexpected; and it seems to me very remarkable that
the general differential equation of the second order with variable coefficients
may be rigorously, continuously, and in a single process solved by a machine.”

Interestingly, KeLvin did not build a practical machine based on this discovery which
is all the more puzzling since the (double) ball integrator allows the transfer of rather
high torques which allows such devices to be chained to a certain degree without the

425uch double-ball integrators were used well into the second half of the 20th century. This was mainly
due to their high precision (a brochure published by Librascope in 1957 (see [Librascope 1957]) mentions a
repeatability of 10~# — quite remarkable for a mechanical device) as well as to their robustness. Accordingly
such integrators were used quite often in aerospace applications like dead reckoning computers etc.

43This classical differential analyzer technique as [Korn & Korn 1964][p. 1-5] puts it, is described in more
detail in section 7.2.
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Figure 2.10: Principle of operation of a double- Figure 2.11: Basic structure of a slide multiplier
ball integrator (see [SvoBopa 1948][p. 25]) (cf. [SvoBopa 1948][p. 12])

necessity to use torque amplifiers as in the case of friction-wheel integrators which
transmit only tiny amounts of force. Thus this brilliant idea of setting up an analog to
represent differential equations fell into oblivion. The same happened again 45 years
later when Upo Knorr** published a similar idea in 1921.%> Knorr explicitly noted
that coupled integrators can be used to solve a large group of differential equations of
high degree.*®

2.5.4  Multipliers

Multiplication is a rather difficult task for a mechanical analog computer. While mul-
tiplication with a constant can be easily performed with an appropriate gear mecha-
nism or with a friction-wheel integrator where the position of the friction-wheel cor-
responds to the multiplier, the generalized operation where both input variables may
vary is much more difficult to implement.

One common implementation is based on the product rule known from calculus. From
(uv)’ = u’v +uv’ it follows by integration that

uv= | udv+ | vdu (2.1)
Juaes ]

thus the multiplication of two variables can be implemented using two interconnected
integrators.?

Figure 2.11 shows the structure of a so-called slide multiplier. It consists of two car-
riages sliding vertically and horizontally respectively and a lever that rotates around

4404/20/1887-07/10/1960

45Cf. [PerzoLp 1992][p. 33].

465ee [WALTHER et al. 1949][p. 200].

47This requires that the integrators are not restricted with respect to the variable of integration. Only
mechanical analog computers and DDAs (cf. section 10) fulfill this requirement. Analog electronic analog
computers can only use time as the variable of integration, so this class of machines requires different
multiplication schemes.
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a center pin that is fixed to the enclosure. Both carriages and the lever are coupled
with another pin that runs in grooves of these three elements. The input variables are
x1, represented by the displacement of the rotating lever’s end, and x, which corre-
sponds to the horizontal displacement of the second slider. The multiplication result
x3 = kx1x, where k denotes a scaling factor that depends on the dimensions of the
multiplier, is then available as the vertical displacement of the first slider.

2.6 Harmonic synthesizers and analyzers

Although Lord Kervin did not succeed in building a true general purpose mechanical
analog computer, he in fact built some quite complex special purpose analog comput-
ers*® to predict tides by means of harmonic synthesis.*” Even the earliest sailors had a
genuine interest in tide prediction since accurate predictions lead to fewer lay days in
harbors. A good description of the term tide is given by KerLvin himself:>°

“The tides have something to do with motion of the sea. Rise and fall of the
sea is sometimes called a tide; but I see, in the Admiralty Chart of the Firth of
Clyde, the whole space between Ailsa Craig and the Ayrshire coast marked "very
little tide here’. Now, we find there a good ten feet rise and fall, and yet we are
authoritatively told there is very little tide. The truth is, the word ’tide’ as used
by sailors at sea means horizontal motion of water; but when used by landsmen
or sailors in port, it means vertical motion of the water.”

Tides are caused and influenced by the superposition of a number of effects that are,
in fact, harmonic oscillations with different amplitudes and frequencies.’! The most
important of these effects are the earth rotation, the rotation of the earth around the
sun, the rotation of the moon around the earth, the precession of the moon perigee,
the precession of the plane of the moon orbit etc.

In 1872 Kervin developed the first so-called harmonic synthesizer, a specialized ana-
log computer for generating harmonics and adding these together to generate a tide
prediction.>? This machine took ten partial tides into account. Its basic construction is
shown in figure 2.12.°3 Using this machine it took only four hours to compute the 1400
tides that occur during a year for a given harbor. Performing the same task manually
required several months.>*

48For these machines the phrase “substitute brass for brain” was coined (see [ZacHary 1999][p. 49] and
[Everyday Science and Mechanics 1932]).

49Following the death of his first wife, MARGARET THOMsON nee CruM on June 17th, 1870, his interest for
seafaring increased and he bought a 126 ton schooner, the LarLa Rooks, which in turn sparked his interest
in tide prediction.

30See [THOMSON 1882][Part 1.

51These effects are called partial tides.

52Lord Kervin’s machine is on display at the Science Museum, London.

33Later machines generated even more partial tides. The United States Coast and Geodetic tide-predicting
machine No. 2 that was completed in 1910 generated 37 harmonic terms. [AUDE et al. 1936] describes a
machine that took 62 harmonics into account (this machine was in operation in Hamburg, Germany, until
1968 and is now on display at the Deutsches Museum in Munich).

54Cf, [SauEr].
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Figure 2.12: Principle of operation of KeLviN’s tide Figure 2.13: A Scotch yoke mechanism (cf.
predictor (see [THomsoN 1911]) [Karrrus et al. 1958][p. 242])

Generally speaking a harmonic synthesizer like a tide predictor generates a function
f(x) based on a given set of harmonics:>>

f(x)=ag+aysin(x+by)+asin(2x+ by) +--- +a,sin(nx+b,,)

The basic harmonic functions are traditionally generated using a Scotch yoke mecha-
nism as shown in figure 2.13. It consists of a boom that is mounted on a shaft so that
it can rotate around this mounting point. The angular position of this shaft represents
the input variable 6. The free end of the boom guides two carriages that are restricted
to perform horizontal respectively vertical movements only. The movements of these
carriages then represent the values rsin(6) and r cos(6) where r denotes the radius of
the circle described by the free end of the rotating boom.

Since the values rcos(60) and rsin(0) are represented by linear displacements, harmon-
ics generated this way cannot be added together using a differential gear. Instead a
steel band of constant length is used as can be seen in figure 2.12. While KeLvin’s tide
predictor only generated a single output function by the superposition of the various
harmonics, later harmonic synthesizers often had a more generalized structure like
that shown in figure 2.14.

This fourth degree harmonic synthesizer consists of four Scotch yoke mechanisms as
shown in figure 2.13, each of which generates a sine/cosine-pair and is parameter-
ized by four crank length settings r, 72, 3 and r* (this rather unusual notation follows
[Karprus et al. 1958][p. 242]). Two continuous tapes are threaded through the system
adding all sine- and all cosine-values and driving the two coordinate inputs of a plot-
ting mechanism.>®

55Cf. [BERKELEY et al. 1956][pp. 135 ff.].

56 A similar device, the high precision Isograph which contained 10 sine/cosine-units was built at the Bell
Telephone Laboratories in 1937: “In the Isograph, gears were fitted to the bearings with an accuracy of one
ten-thousandth of an inch for play and concentricity.” (see [KarpLus et al. 1958][p. 243]).
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Figure 2.14: Harmonic synthesizer for a fourth-degree equation (cf. [Karprus et al. 1958][p. 242])

Later developments include a device described in [RepHEFFER 1953] which still used
Scotch yoke mechanisms but with an electronic pickup in form of potentiometers that
sensed the positions of the sine/cosine carriages. The output voltages of these poten-
tiometers were then added by means of simple electronic networks and could directly
be used to control an xy-recorder.

The inverse function of a harmonic synthesizer is performed by a harmonic analyzer.>’

These devices perform a Fourier analysis, i.e., they determine the amplitude of the
so-called harmonics that comprise a (more or less complex) signal. The first harmonic
analyzer was developed in 1876 by Lord KeLvin.>® It was capable of determining the
amplitudes of eleven harmonics simultaneously. Its operation is based on the compu-
tation of

z, = | f(x)sin(nx)dx
I

which yields the amplitude of the n-th harmonic of the signal defined by the function
f(x) in the interval from 0 to . The generation of f(x) can be mechanized easily by
a cam function generator or by manually tracing a curve with a tracer arm while the
product nx is easily obtained using a gear with appropriate ratio. sin(nx) is then gener-
ated by a Scotch yoke mechanism and the integration is performed with an integrator
like those described in section 2.5.3.°

57See [BERKELEY et al. 1956][pp. 132 ff.] and [WiLLErs 1943][pp. 168 ff.].
58See [BERKELEY et al. 1956][p. 133].
59See [McDonaL 1956] for a more detailed description of a practical harmonic analyzer.
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Figure 2.15: Harmonic analyzer made by Mader-Ott (cf. [WiLLers 1943][p. 180])

The determination of Fourier coefficients is also possible using only a planimeter.
This startling technique is described in detail in [WiLLers 1943][pp. 171 ff.]. Since this
manual process is not only tedious but also time consuming and error-prone, half-
automatic harmonic analyzers based on planimeters have been developed. Figure 2.15
shows such a planimeter based harmonic analyzer that was developed and produced
by Mader-Ott.%°

Apart from obvious applications in fields like mechanical engineering where harmonic
analyzers were used regularly to analyze complex vibrations and the like, they also
played an important role in resource and oil exploration where seismograms must be
analyzed to reveal the structure of earth’s interior.

2.7 Mechanical fire control systems

Another type of very complex but still highly specialized analog computers are fire
control systems. These military systems perform the following tasks:%!

“Fire control equipment, that takes in indications of targets from optical or
radar perception and using extensive calculating equipment puts out directions
of bearing and elevation for aiming and time of firing for guns, according to a
program that calculates motion of target, motion of the firing vehicle, properties
of the air, etc.”

60See [WiLLers 1943][pp. 178 ff.].
61See [BERKELEY et al. 1956][p. 163].
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Until the late 19th century fire control was not too complicated a task given the rel-
atively short ranges of typical gunnery. In the centuries before, firing broadsides was
a common mode of fighting in naval warfare.%? In the late 19th century shell ranges
grew to up to six miles which made the task of aiming quite complex. Long range
guns with ranges up to 17 miles were common at the end of World War 113 — the time
of flight of such a shell was in the range of about one minute — resulting in an aim-
ing task so complex that it would have been impossible to hit a target reliably without
the support of complex fire control systems which in fact were rather large mechanical
analog computers. These machines were not only rugged but also extremely long-lived
regarding their service life as [BrRomLeY 1984|[pp. 1 f.] puts it:

“Mechanical analog devices were first used for naval gunnery in World War
I, were greatly developed for naval and anti-aircraft gunnery between the wars,
were further developed and extended to aircraft systems during World War I1,
and continued in service in refined versions into the 1970s.”

Typical effects that have to be taken into account by a fire control system are (among
others) these:

Wind and current effects: Flight times of up to one minute and more make shells
quite susceptible for forces exerted by side winds and the like. Current effects
acting on torpedoes are equally if not even more complicated to model and pre-
dict, mainly due to the long run time of such a weapon.

Heading: Both opponents are normally not at rest but moving (in the case of airplanes
quite fast).

Environmental conditions: Barometric pressure, temperature, humidity etc. all in-
fluence the path of a shell or torpedo.

Aiming point vs. sensor position: Especially in the case of torpedoes there is nor-
mally a mismatch between the position of the sonar system resp. the periscope
and the launching tubes on the side of the attacker and, in the case of sonar con-
tact, the sound source and the desired aiming point on the attacked opponent.®*

Signal run time: In case of sonar direction finding, the run time of the sound waves
can often not be neglected regarding the ships’ positions.

Figure 2.16 gives an impression of the immense complexity of such mechanical analog
fire control systems. Depicted is the Torpedo Data Computer Mark-3% developed by the
Arma Corporation.®® This particular system is deservedly regarded as a masterpiece

62The typical range of fire during the historic encounter between the USS Monitor and the CSS Virginia on
March 9th, 1862 was only about 100 meters (see [CLymer 1993][p. 21]).

63See [BromLEY 1984][p. 2].

64Details of the German torpedo control system can be found in [RéssLer 2005][pp. 79 ff.], including a
schematic diagram of a typical analog lead-lag computer.

65TDC Mark-3 for short.

66See [CrLymer 1993][p. 28].
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Figure 2.16: TDC Mark-3 with front panels removed (see [Bureau of Ordnance Publication 1944][p. 34])

mechanical analog computer. The two interconnected racks have a width, height and
depth of 160 cm x 115 cm x 100 cm and weigh about 1.5 metric tons. The power
consumption was quite impressive at 55.7 to 140 A at 115 V operating voltage.

A wealth of information about fire control systems can be found in [CLymer 1993],
[BERKELEY et al. 1956][pp. 286 ff.], [FriepMAN 2008][pp. 16 ff.], [GraY et al. 1955] and
[Admiralty 1943].

2.8 Differential analyzers

A central figure in the development of the differential analyzer was VANNEVAR Busu®’
who developed a keen interest in analog computing techniques in the early 20th cen-
tury.®® He was not aware of the fundamental works of James THomson and Lord
Kervin® and in later years — in fact, when he was informed about these prior de-

6703/11/1890-06/30/1974

68 As early as 1912 he submitted a patent describing a profile tracer that allowed to trace and plot a ground
profile (see [Busu 1912]). This device contained two mechanical integrators in series that took the displace-
ment of a pendulum mass as input thus yielding a profile trace by double integration over the acceleration
of the mass.

69Cf. [Dopp 1969][p. 5] and [Zacuary 1999][p. 49].
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Figure 2.17: VANNEVAR BusH’s differential analyzer (source: [Meccano 1934/2][p. 443])

velopments — he still claimed the intellectual property on his inventions for himself,
stating that “[iJnventors are supposed to produce operative results” based on the fact that
none of his predecessors had successfully built a working general purpose mechanical
analog computer.”?

In 1925, triggered by the increasing demand of computational power concerning
power grid problems, BusH pursued the idea of a mechanical general purpose analog
computer again. Six years later, in 1931, his machine, the first true general purpose
mechanical analog computer, was completed”! at the Massachusetts Institute of Tech-
nology.”?> This machine was, in fact, a collection of computing devices like those
described in the preceding sections. In addition to these special units like torque am-
plifiers, frontlash units’3 and helical gearboxes had to be developed. The latter allowed
the interconnection of the various computing elements on an interconnect unit that
housed all input and output shafts called bus rods (all in all 18 such shafts). Figure
2.17 shows this differential analyzer.”* To set up the machine to solve a particular
problem, its computing elements had to be connected using these bus rods. Set up
times of several days were not uncommon.”> One eight hour day of operation was
charged at US$ 400.7°

70See [ZacHARY 1999][p. 51].

7Lts construction cost about US$ 25,000.

72MIT for short.

73See [WiLLers 1943][pp. 236 ff.], [RoBinsoN] and [Fieer 1961][p. 672].

74More information about this particular machine can be found in [Meccano 1934/2], [ZacHary 1999]
and [Greiser 1980]. A rather simple but still useful mechanical differential analyzer is described in
[KaspEr 1955].

75See [ZacHARY 1999][p. 51].

76See [MacNEE 1948][Sec. 1].
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This machine, containing six integrators that can be seen on the right in figure 2.17,
proved to be highly influential and successful.”” It inspired other researchers to im-
plement their own differential analyzers like the following:

A Meccano based differential analyzer built by DoucLas HARTREE and ARTHUR
PorTER at Manchester University in 1934,78

* a similar Meccano based machine built by J. B. BratT at Cambridge University
in 1935,7°

s the Oslo Analyzer8? that was built from 1938 to 1942 at Oslo University’s Insti-
tute of Theoretical Astrophysics under the auspices of Svein RosseLann®! who
visited the MIT and knew of the MIT differential analyzer,82

* adifferential analyzer with six integrators that was built and completed in 1938
in Russia,?3

s the Integrieranlage IPM-Ott that was built in Germany®* (start of development in
1938),

* yet another mechanical differential analyzer with only three integrators was built
as late as 1959 at the Institut fiir Angewandte Mathematik und Mechanik, Friedrich-
Schiller University Jena (Germany), under the leadership of Ernst WeINEL.8>

As an example a simple differential analyzer setup is shown in figure 2.18. The dif-
ferential analyzer is used to integrate over a function y = f(x) which is provided as a
plot on the input table on the upper left.3 The integral over f(x) is to be determined
between the limits x; and x,. Therefore the motor drives three shafts of the differen-
tial analyzer: Two shafts control the movement of the stylus of the input and output
table (upper right) in x-direction while the third shaft drives the integrator disk, the
rotation and thus time being the variable of integration.

In the simplest case a human operator would now track the curve on the input table
by turning the crank accordingly to keep the curve in the cross-hairs of the input

771t was soon called thinking device, mechanical brain or even man-made brain by the press (see
[ZacHARY 1999](p. 51]).

78See [Meccano 1934] and [Meccano 1934/2].

79This machine is now part of the collection of the Museum of Transport and Technology, Auckland, New
Zealand: http://www.motat.org.nz/explore/objects/differential-analyser (retrieved 11/30/2012).

80Cf. [Horst 1982] and [HovLst 1996].

8103/18/1894-01/19/1985

82 A bit of trivia: When Germany occupied Norway during World War II, RosseLanp removed the integra-
tor wheels from the machine and buried them safely packaged behind the institute to make sure that his
differential analyzer would not support Germany’s war efforts.

83See [ETErRMAN 1960][pp. 39 ff.].

84Gee [WALTHER et al. 1949].

85This machine was primarily intended to be used in education, see [Krause 2006].

86The problem of determining the area under a curve is, in fact, so simple and could be solved by employ-
ing a planimeter (see section 2.4) that such a setup would never have been found in a practical differential
analyzer installation.
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Motor

Figure 2.18: A simple differential analyzer setup for integration (cf. [Karprus etal. 1958][p. 190],
[Soroka 1962][p. 8-10])

table’s magnifier lens. This in turn changes the displacement of the friction-wheel of
the integrator in a way that the angular displacement of w represents

x= ff(x)dx.

The shaft coupled to the friction-wheel of the integrator finally drives the y-input of
the output table which plots the integral of f(x).

Even today mechanical differential analyzers are still fascinating devices. Figure 2.19
shows a modern implementation of such an analog computer using Meccano parts
which is being developed by Tim RoBinson since 2003.

The main problem of these differential analyzers were the long setup times neces-
sary due to the direct mechanical interconnection between the various computing
units. Thus so-called electromechanical differential analyzers were conceived which
used intricate rotational sensors and servo mechanisms to make the necessary con-
nection between the still mechanical computing elements. In 1945 the MIT an-
nounced the completion of one of the first such electromechanical differential an-
alyzers®” containing 18 integrators, the MIT II. The rotational sensors are described
by [BERKELEY et al. 1956][p. 116] as follows:

87 Another such electromechanical differential analyzer was built in Germany from 1939 to 1945. This
particular machine contained four integrators, six function tables with optical sampling and two multipli-
ers. This machine was used successfully and commercially well into the late 1950s. More information can
be found in [WALTHER et al. 1949].



2.8 Differential analyzers 27

Figure 2.19: Tim RoBiNsON’s Meccano differential analyzer (reprinted with permission of Tim RoBINSON)

“[G]reat ingenuity and pains have been devoted to making it a precision
mechanism. In particular, the take-off of wheel rotation is effected by an electro-
static angle indicator. This imposes virtually no load at all on the turning of
the wheel [...]”

The signals generated by these take-offs were then fed into servo circuits that drove
motors which were assigned to the various input shafts of the individual units. The
interconnection between these inputs and the servo outputs was accomplished by a
patch panel which allowed rather short setup times and thus eliminated the main
drawback of its predecessor machines. In addition to this, the summers had remotely
controllable gear boxes for every single input shaft®® thus even the change of coeffi-
cients could be performed at a central control panel. In the following years quite some
of these electromechanical differential analyzers were built worldwide.

The Minden system is an example of this: In 1948 the German company Schoppe &
Faeser started the development of a system that was named Minden®® of which finally
three machines were built and sold. The last system contained twelve integrators, 20
summers, and ten function tables?® The computing elements had a precision of 0.01%.
Figure 2.20 shows a double integrator unit of a Minden system while figure 2.21 gives
an overview of a typical Minden installation.”?

88GSee [BErkELEY et al. 1956][p. 117].

89This naming was due to the fact that development took place in Minden, Westphalia (Germany).

90These function tables were based on input tables and allowed to trace a curve given an x coordinate as
input yielding the y value of the curve at this particular point.

1This last and largest Minden system was used by the German company Siemens-Schuckert until 1971 (see
[PETZOLD 1992][p. 53]). Most parts of the machine are now part of the collection of the Deutsches Museum
in Munich.
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Figure 2.20: Double integrator of the Minden system (see [Rationalisierungskuratorium 1957][p. 51])

Despite their advantages over purely mechanical differential analyzers such elec-
tromechanical systems could not compete with the emerging analog electronic analog
computers that offered much greater speed, flexibility and ease of construction and
maintenance. A last attempt to build a competitive electromechanical differential an-
alyzer was undertaken by Hans Btckner who developed the so-called Integromat in
1949.92 This system was built at Schoppe & Faeser and was still based on mechani-
cal computing elements that were interconnected electromechanically. The rationale
behind this development was that traditional electromechanical differential analyzers
were too complicated and thus too expensive to manufacture due to the high precision
of their computing elements while this precision was not necessarily a requirement
for some applications.

Accordingly, the Integromat used mechanical computing elements that were digital
regarding the way in which values were represented. The integrators developed were
called Stufenintegrator®> and were based on sets of fine grained gears which were in-

928ee [BijckNER 1950].
93German for step integrator.
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Figure 2.21: Differential analyzer Minden (see [Rationalisierungskuratorium 1957][p. 51])

terconnected with differential gears. The functions to be integrated controlled the gear
ratios selected®® while the variable of integration drove the input shaft of this multi-
gear device.””

These integrators had the advantage of rather simple construction and high reliability
but their precision turned out to be not satisfactory. Even a simple problem, the solu-
tion of the differential equation § = —y which is often called circle test since it yields
a sine/cosine signal pair that can be used to draw a circle on a two-coordinate out-
put device, showed an error of about 0.5% after one period.’® Research on damped
oscillations showed errors in the range of 4.5% after only five periods.

Another problem was the slow speed of these step integrators which was worsened by
the necessity to use very small step widths in order to keep errors small. Times of up
to 45 minutes for the simulation of a single damped oscillator’s oscillation were not
uncommon.®” Accordingly this machine turned out to be a dead-end although it was
used well into the 1950s.

94Thus only discrete values could be used.

95 All input shafts were driven by forerunners of today’s stepper motors.

9% Here and in the following a dot over a variable denotes its derivative with respect to time. Accordingly,
two dots represent the second derivative and so on.

97See [EcGErs 1954].






3  The first electronic analog
computers

It is difficult to write about the “first” electronic analog computers because there is
nothing like a single first machine. In fact, the 1930s and 1940s seemed to be ripe for
the idea of building a differential analyzer based on analog electronic components.
Thus the following sections concentrate on four largely independent early develop-
ments, namely the works of HELMmuT HOELZER, the birth of electronic fire control sys-
tems, the early developments by GEorGe A. PHiLBrICK and finally MIT’s first electronic
differential analyzer. These four lines of development form the foundation for nearly
all of the developments of analog computers to come in the following decades.

3.1 Hermutr HOELZER

In 1935 a student of the University Darmstadt, Germany, HeLmuT Hogrzer! realized
that using electronic circuits, mathematical operations like integration or differentia-
tion could be implemented rather easily. He was led to these thoughts by the obser-
vation that there was no instrument that directly displayed the ground speed of an
airplane. He noted? that he realized the following:

»[Es gab] in der ganzen Fliegerei nicht ein einziges Gerdt [ ... ], welches
die absolute Geschwindigkeit eines Flugzeuges [ ... | gegeniiber der Erde messen
kann. Aha, dachte ich, das ist ja ganz einfach, man nimmt die Beschleunigung,
die man ja messen kann, integriert sie und voild! hier ist die Geschwindigkeit.”3

Unfortunately, his ideas were neglected for a rather long time — especially mathemati-
cians were reluctant about the idea to “compute” with arcane electronic devices in-
stead of solving complex problems by pure thought. It was not until the development
of the A4 rocket* that he could eventually explore and implement his ideas of a true
general purpose analog computer.> In addition to that his developments led to the
so-called Mischgerdit,® world’s first electronic on-board computer for guiding a rocket.

102/27/1912-08/19/1996

2See [HoeLzer 1992][p. 4].

3“There was no device available in the whole area of aviation to indicate the ground speed of an airplane. So I
thought, that is easy, just take the acceleration which can be measured, integrate it and there is the velocity.”

4See [Lanck 2006] and [Duncan 2005] for information about the A4.

5The A4 rocket was later known as the “V2”, short for “Vergeltungswaffe 2”, German for “Vengeance
weapon 2”.

This term can be roughly translated as mixing unit.
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3.1.1  The “Mischgerat”

When World War II broke out, Hoerzer worked as an engineer for the renowned
German company Telefunken,” developing radio transmission systems. One evening
he was approached by WErRNHER vON Braun and two of his friends, HErmanN StEU-
DING and Ernst SteiNHOFE, who led the department of Orientierung, Steuerung und
Bordinstrumentierung® in Peenemiinde where the A4 rocket was under development.
They asked him to come to Peenemiinde and help designing a radio guidance system
for this new rocket system.

After following this call he started working on the proposed radio guidance system.’

One particular problem that aroused his interest was the necessity to compute deriva-
tives and integrals in flight — something completely unheard of before. Based on his
thoughts about this topic about five years earlier he decided to use a capacitor as the
central element for a circuit capable of differentiation and integration.

The current i(¢) flowing into a capacitor is described by
i(t) = Cv(t)

where C denotes the capacity and v(t) is the voltage across the capacitor plates at time
t. This, in turn, yields

so both operations, differentiation and integration, can be implemented using a ca-
pacitor being charged. A simple, yet in many cases sufficient approximation is im-
plemented by a simple RC circuit.!? In the first case the current flowing through the
capacitor can be measured as voltage drop over a sufficiently small resistor, in the
second case the voltage across the capacitor’s plates could be used directly as an ap-
proximation for the time integral of some varying input voltage.

In the 1940s this was easier said than done due to the fact that it requires DC cou-
pled amplifiers since the voltages to be amplified and processed further are mainly
DC voltages. An ideal DC amplifier would yield an output voltage of 0 Volts if its in-
put voltage is 0 Volts, regardless of its gain which should be as high as possible. Due
to imbalances, aging of components, temperature effects etc. this is not true for a ba-
sic DC coupled amplifier in which the various amplifier stages are coupled directly.
Thus a small error voltage at an early stage will be propagated through the following
stages, finally yielding a non-zero output signal even for a zero input signal. Such drift
effects would preclude the application of such an amplifier as the active element of an
electronic integrator since the integrating capacitor would integrate not only over the

7 After the war Telefunken played a major role in the development of analog computers in the European
market.
8German for guidance, steering and on-board instrumentation.
9See [Tomayko 1985][p. 230]. One of the finally developed radio guidance systems was named Hawaii
and was built by Telefunken (see [LanGge 2006][pp. 163 ff.]).
10A circuit consisting of a resistor and a capacitor.
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Figure 3.1: Basic ring modulator circuit (cf. Figure 3.2: Sirutor (scale in centimeters)
[AscHorr 1938][p. 379])

input function but also over a more or less random drift voltage rendering the result
more or less useless.

Hoerzer decided to use a simpler AC coupled amplifier instead since AC coupled
amplifiers do not exhibit excessive drift due to their individual stages not being gal-
vanically coupled. Unfortunately this makes this kind of amplifier unsuitable for the
use with DC voltages. So HELmut HoeLzEr was faced with the problem of converting
an input DC voltage to an AC voltage suitable for amplification by an AC coupled
amplifier. The resulting output voltage had to be rectified again to get the desired DC
signal.

The transformation of a DC signal into an AC voltage was finally done using a ring
modulator!! the basic structure of which is shown in figure 3.1. This circuit was de-
scribed first in the early 1930s and used widely for radio applications.!? Remarkably,
most of even the earliest ring modulators already used some kind of solid state diodes,
which were called Sirutor in Germany.'® These devices were developed in 1934 and
used a small stack of copper(I) oxide!* pills. Figure 3.2 shows a typical Sirutor like
those that were employed by HELmut HogLzERr for his ring modulators.

In 1940 the first usable radio guidance system for the A4 rocket was developed!> and
Hoerzer turned his interest to the development of a gyro based stabilization and guid-
ance system. Like earlier developments of RoserT GopparD!® the A4 used movable
vanes in the rockets engine exhaust, so-called exhaust rudders, as well as air rudders
to control the flight path of the rocket. The exhaust rudders were the most effective
means of control but could only work during the powered ascent phase. After reentry
into earth’s atmosphere the air rudder became effective.!” This system turned out to

11 The name stems from the fact that the central four diodes are often arranged in a ring-like structure.
12Gee [Ascrorr 1938] and [CHANCE et al. 1949][p. 379].

13Short for Siemens-Rundfunk-Detektor.

14cy,0

15Gee [Tomavko 1985][p. 230)].

1610/05/1881-08/10/1945

17[BatE et al. 1971] give a thorough description of guidance and control of ballistic missiles.
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Figure 3.3: Control problem of the A4-rocket ([N.N. 1945][fig. 82])

be rather difficult to control due to the sheer size of the A4 and its associated inertia.
The control system had to take these parameters into account to avoid a fatal build
up of regulating oscillations. Figure 3.3 illustrates this problem: In the upper half the
oscillation of the A4 with its increasing amplitude is shown that would result from
a simple linear control unit. The lower half shows the desired behavior of the con-
troller — the oscillation is quickly damped out which requires more than just a linear
controller.

At first the company Kreiselgerate GmbH attempted to develop a gyro based controller
which turned out to be unstable as shown in the top half of figure 3.3. This first im-
plementation did not take any derivatives of the signals generated by the gyro plat-
form into account. Another approach using bank-and-turn indicators in addition to
the main gyro turned out to be too costly. Von Braun approached Hermutr HoeLZER
after several unsuccessful attempts to build a working control system for the A4 since
he was aware of the fact that HoeLzer’s radio guidance system also needed derivatives
and time integrals of sensor values which were generated using an RC combination
instead of costly additional instruments. This turned out to be a viable approach —
while the bank-and-turn indicators initially proposed cost about US$ 7000 the simple
circuit developed by HorLzER cost about US$ 2.50'8 and worked very well.

The idea of employing a differentiating circuit to derive rate of change signals from
sources such as a gyro system was completely novel at that time and industry was
sceptical to say the least. HoELzErR was approached with substantial hostility by the
companies involved in the development work for the A4. Only the obvious success of
his control scheme convinced these naysayers in the end. The resulting control sys-

185ee [Tomavko 1985][p. 232].
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Figure 3.4: Main elements of the A4 control sys-
tem ([N.N. 1945][fig. 83])

tem was dubbed Mischgerdit which can be translated as mixing unit, a camouflage term
invented to disguise the real purpose of this first completely electronic on-board com-
puter.

Figure 3.4 shows the main parts of the A4 guidance and control system. At the top of
the rocket, directly below the war head, is a compartment that houses the gyro system,
an optional radio receiver/transmitter, and the Mischgerdt which controls the servo
motors that operate the exhaust and air rudders at the lower end of the rocket.

A rather detailed schematic of the control system is shown in figure 3.6. On the top
of the picture is the main bus of the rocket supplying all subsystems with 27 Volts
DC. Using two motor-generator units, denoted by Umf. I and Umf. II,'° this supply
is converted into the necessary voltages for the gyro motors and the Mischgerat. The
two gyros, Richtgeber D and Richtgeber EA are connected to the Mischgerat which is
shown in the middle of the figure. Using RC combinations denoted by RC Glied the
input signals are differentiated which effectively yields a PD controller.?’ The resulting
output signals are used to drive the servo motors attached to the rudders. Figure 3.5
shows the structure of the basic RC combination used in the Mischgerit.

19Short for Umformer, German for a motor-generator unit.

20Using simple RC circuits directly to generate derivatives and integrations yields quite imprecise results.
Since the gyro based control scheme for the A4 rocket only required linear terms and first and second
derivatives, this was not a problem as long as the controller was operating stably. More precise computing
circuits as they were used in general purpose analog computers would have been too costly, too large and
too complicated for the intended use of the rocket.
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Figure 3.6: Simplified schematic of the A4 control system (see [N.N. 1945][fig. 80])

Figure 3.7 is a photograph of the control system’s compartment in an A4 rocket. The
Mischgerat itself is denoted by MG, BB and ZB are the main battery and a supplemen-
tal battery, while U II is the second motor-generator unit that powers the gyros which
are installed in one of the other quadrants of this compartment.

The Mischgerat itself is shown in figure 3.8 —its small size and rugged design are obvi-
ous. It is built around a base plate which holds five plug-in modules, two at the bottom
and three at the top. The empty space on the bottom right contains the connections to
the rocket’s subsystems.
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Figure 3.8: The Mischgerat (photo: Apri b KeIJZER, reprinted with permission)
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This device was described by [Tomayko 2000][p. 15] as the “first fully electronic active
control system” and it had great influence on further developments as this quotation
from [BiLsteIiN 2003][p. 243] shows:

“Further work by other Peenemiinde veterans and an analog guidance com-
puter devised with American researchers at the Redstone Arsenal culminated
in the ST-80, the stabilized platform, inertial guidance system installed in the
Army’s 1954 Redstone missile [... ] The ST-80 of the Redstone evolved into
Jupiter’s ST-90 (1957) [...]”

3.1.2  HoeLrzer’s analog computer

Parallel to his work on the Mischgerat and initially unnoticed by his supervisor, HeL-
muT HoEeLrzER started development of a fully electronic general purpose analog com-
puter in 1941. This was to be based on his idea of using RC combinations for integra-
tion and differentiation. Here he was confronted again with many objections and prej-
udice of other people. HERMANN STEUDING once commented about HorLzER’s ideas:?!

“Young man, when I compute something, the results will be correct and I do
not need a machine to verify it. By the way, machines cannot do this.”

He was even forced by his supervisor to stop fiddling around with this electronic con-
traption and concentrate on his real work as he remembers vividly:2?

»Mein Chef kam ins Labor, sah [den] elektronische[n] Drahtverhau und
sagte nur: ,HOELZER, horen Sie doch endlich auf mit dieser elektrischen Spiel-
erei und kiimmern Sie sich um Ihre Aufgabe. Ab morgen ist das alles weg, ver-
standen?’ Ich sagte das einzige, was man in solcher Situation sagen konnte: ,Ja-
wohl, Herr Doktor.” Am ndchsten Morgen war alles weg und zwar war es jetzt
in einem kleinen Raum ohne Fenster [ ... ] Aber mir schien es auch wichtig, ein
Gerdt zu schaffen, welches, wie man damals dachte, in der Hauptsache fiir die
Entwicklung von Raketensteuerungen von nicht zu iiberbietender Wichtigkeit
war. [ ... ] Als alles funktionierte, wurde mir dann vergeben.“?3

Further development on the analog computer continued in secrecy. After its comple-
tion it did not only prove to be a valuable tool, moreover it played a central role in the
A4 development process. Without this analog computer, many problems, especially
in the area of guidance and control of a ballistic missile like the A4, would not have

2lgee [Tomavko 1985][p. 234].

225ee [HorLzer 1992][pp. 13 f.].

23My boss came to the laboratory where he saw the electronic contraption. He said: ‘HoeLzER, stop playing
with this toy and do your work! I gave the only answer possible under these circumstances: ‘Yes, sir!” Next
morning, nothing was left in the lab — the computer had been moved to a small, windowless room. [...]
Nevertheless, it seemed important to me to develop a system that could aid the development of rocket
control systems significantly. [...] When it finally worked, everything was forgiven.
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Figure 3.9: Schematic of Hoerzer’s differentiator circuit (cf. [Hoerzer 1946](fig. I, 13])

been solved, at least not in time. In a short span of time many departments in Peen-
eminde used this machine actively to solve a variety of problems — even the word ana-
log used to denote the setup of an analogon became part of engineer’s lingo.?* The role
of this computer cannot be overestimated as [NeureLp 2007][p. 133] makes clear. He
describes this computer as “a fundamental innovation that really made a mass-produced
guidance system possible”.

Since this analog computer was intended to be a research instrument it had to exhibit
a better precision than the simple RC combinations used in the Mischgerit for inte-
gration and differentiation. Therefore HoeLzer employed a controlled current source
to charge the capacitor in the case of integration while a controlled voltage source was
necessary for the differentiator. Both sources were effectively AC amplifiers due to the
drift problems of DC amplifiers that had not yet been overcome.?>

Figure 3.9 shows the schematic of the differentiator developed by HogLzer for his ana-
log computer.?® The input values for this computing element are AC voltages that are
coupled inductively into the computing element and are amplified by a triode based
input stage. A synchronous demodulator in the anode circuit of this tube rectifies the
amplified input AC signal. The resulting DC voltage is then used to charge the capac-
itor C while the charging current, which represents the derivative that is to be deter-
mined, results in a small voltage across resistor r. This voltage is then converted back
into an AC voltage by a ring modulator. The output of this modulator drives the grid
of the output amplifier stage that in turn feeds several output transformers connected
in series.

Apart from this demodulation and modulation scheme there are three noteworthy
aspects in this circuit: One of the outputs is used to generate a feedback signal, the
amplitude of which can be set with the potentiometer shown in the upper right corner
of figure 3.9. The modulator and demodulator are both driven by a common carrier

24Gee [PrrZOLD 1992][p. 57].

25In 1949 Epwin A. GorpserG applied for a patent that described a practical scheme of eliminating the
drift effects in DC amplifiers. It was this invention that made the following rapid development of analog
computers possible (see section 4.1.2).

26The symbols in the schematic differ from those used today and are those used in HoeLzer’s dissertation.



40 3 The first electronic analog computers

Input values

Figure 3.10: Schematic of HoeLzEer’s integrator circuit (cf. [Hoerzer 1946][fig. I, 11])

signal. Finally the differentiator employs a simple low pass filter consisting of Ry and

Cg127 in order to suppress excessive noise.??

The integrator circuit differs from this circuit only in a few respects: The low pass
filter consisting of Ry and Cg) is no longer necessary since the operation of integration
itself acts as a low pass filter. In addition to that the output stage is fed directly with
the modulated voltage across the capacitor plates, so the resistor r is also unnecessary.
Figure 3.10 shows the schematic of the integrator used in HoerLzer’s analog computer.

The analog computer also contained additional computing elements such as multipli-
ers, dividers and square root function generators.?’ Especially interesting is a servo
circuit suggested by HoerLzer to implement division and other operations since this
device is a direct forerunner of the later servo function generators and multipliers de-
scribed in sections 4.5.1 and 4.6.1. Figure 3.11 shows this computing device which
essentially forms a bridge circuit: Central element is a servo motor driving two poten-
tiometers Ry and R,y;. Ry, the fixed resistor R;, and the two input transformers form
the actual bridge circuit. Every imbalance of this bridge will yield an error voltage that
is amplified by the Amplifier A which in turn drives the servo motor which will then
cancel out the imbalance by readjusting R; accordingly.

Since Ry and R,; are driven in tandem this self-adjusting bridge yields

at the output of the voltage divider Ryy;.3°

27The abbreviation gl denotes glitten, German for smoothing.

28Differentiators are normally avoided in electronic analog computers since they obviously tend to in-
crease the noise of a signal excessively. HoeLzERr alleviated this problem by the inclusion of the low pass
filter.

29Summing devices were not necessary since the modulated signals used to transmit values from one unit
to another could simply be fed into the multiple inputs of the computing elements. The transformers in
series connection (see figs. 3.9 and 3.10) then performed the summing operation.

30This voltage divider needs an auxiliary supply e,ux.
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However, this divider circuit was not built during war time since the necessary servo
motor could not be obtained. Instead Hoerzer implemented a divider based on the
solution of the differential equation

%3)+ax:b

where A denotes the gain of the amplifier used which should be as high as possible
to minimize errors. The multiplication ax was implemented by two ring modulators
connected in series.

Figure 3.12 shows an improved integrator circuit that was proposed by Hoerzer. Un-
fortunately this circuit, too, was not built during the war years since integrators based
on the design shown in figure 3.10 were already built and used successfully. The novel
idea of this proposed circuit was to simplify the integrator by using only a single AC
coupled amplifier instead of two such stages. Since the integration capacitor needs a
DC current to be charged, HoeLzer’s idea was to place the capacitor at one end of a
ring modulator while the other side of the ring modulator was used to close a feedback
loop over the amplifier. This idea anticipated the basic integrator design that would
dominate analog electronic analog computers for the following decades.

The analog computer as it was built in 1941 and the following years is shown in fig-
ure 3.13. The three top frames contain the computing elements such as integrators,
differentiators and the like. Below is an electromechanical function generator based
on multiple cams mounted on a central shaft that is driven by a motor. The bottom
compartment contains the power supplies.
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Figure 3.12: An improved integrator circuit (cf. [Hoerzer 1946][fig. II, 11])

Figure 3.13: HoeLZER's analog computer as it was found after World War II (source: NASA, Marshall Space
Flight Center)

Two of these analog computers were finally built,>! one of which was brought to the
United States where it was used until about 1955.32 It was applied e.g. during the
development of the Hermes rocket. Based on this machine an improved version was
developed under von Braun in 1950 that was used for about ten years and proved to
be a valuable tool in the development of the Redstone and Jupiter rockets as well as for
the design of the first satellite of the United States, Explorer I.33

311n 1993 HeLmur HokLzer started building a replica of this first analog computer which was completed
in 1995. This machine is now part of the collection of the Deutsches Technikmuseum Berlin.

32This machine is the one shown in figure 3.13.

335ee [Tomavko 2000][p. 236].
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Figure 3.14: Solution of a differential equation of fourth degree ¥ +a¥ + by + cy + dy = f(t) with a feedback
circuit employing four differentiators (cf. [Hoerzer 1946][fig. II, 2])
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Figure 3.15: Solution of a differential equation of fourth degree ¥ +a¥ + by + cy + dy = f(t) with a feedback
circuit employing four integrators (cf. [Hoerzer 1946](fig. II, 1])

HokeLzer gives a good example how this first analog computer was programmed in his
1946 dissertation.>* Three different approaches for solving the following differential
equation of fourth degree are outlined in detail:

YV +ay +bj+cy+dy=f(t) (3.1)

Figure 3.14 shows a straightforward approach using four differentiating elements in
series to derive 9, ¥, ¥ and ¥ from p. The required y is generated by adding these
derivatives (multiplied by proper coefficients) and a function input f(¢).

As straightforward as this solution is, it has a severe drawback: The differentiator chain
will increase noise in the variables used excessively, even though there are low pass fil-
ters in each differentiator. Since HoeLzEr was aware of that fact, he proposed a second
approach using four integrators which is shown in figure 3.15. This setup is the same
as any later analog computer programmer would have proposed it. In fact, it is based
on KeLviN’s feedback idea which is described in more detail in section 7.2.

Unfortunately, in the early 1940s this solution was not without problems. It did solve
the noise problem but introduced yet another problem owed to the non-ideal char-
acteristics of the computing elements, namely the capacitors: Every integrator intro-
duced some amount of drift due to leakage in its integration capacitor, thus this circuit
was also suboptimal to solve the proposed fourth degree differential equation.

34GSee [HorLZER 1946].
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Figure 3.16: Solution of a differential equation of fourth degree ¥ +a¥ + by + cy + dy = f(t) with a feedback
circuit employing two differentiators and two integrators (cf. [Hoerzer 1946][fig. II, 3])

Therefore HoeLzEr suggested a third setup shown in figure 3.16. This approach uses
two differentiators as well as two integrators and thus minimized the negative effects
of each type of computing element.3>

3.2 GEORGE A. PHiLBRICK'S Polyphemus

Another development that would finally result in a special purpose all electronic ana-
log computer was begun in 1938 by Georae A. PaiLBrIck who worked for Foxboro and
wrote a proposal describing a novel simulator3® for process control systems. The main
goals of the development were stated as follows:3’

“We attempt to describe a method for the rapid and easy solution of prob-
lems which arise in connection with the technical study of process control. Also
included is an electrically operated unit capable of disclosing the behavior of
controlled systems as influenced by their various physical characteristics.”

PuiLBrIck started with simple analogies like a capacitor modeling a tank, a resistor
representing a valve restricting flow of a medium etc. Figure 3.17 shows an example
used by PHiLBrICK as early as 1938. Depicted are three tanks T;, T, and T3 connected
by pipes P, and P, which contain valves V; and V,. These series connected tanks can
be filled via P,, and drained by P,,;. The latter pipe also contains a valve V.

He then proposed to model this three tank system by means of passive electronic com-
ponents like resistors representing the valves and capacitors representing the tanks.
Figure 3.18 shows a circuit equivalent to the setup in figure 3.17.

35Later analog computers avoided differentiators wherever possible but this required some substantial
technological advances, most notably very high gain drift stabilized DC amplifiers and high precision com-
puting capacitors.

36The term simulator is defined by [Horst 1982][p. 144] as follows: “A simulator is a fixed (to a large degree)
structure embodying one unique model. [ ... ] A simulator’s purpose is specific: to provide the accurate realization
of its model for various parameters, stimuli, and operator interactions of interest to its users.”

37Cf. [HoLst 1982][p. 143].
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Figure 3.18: Simulation circuit for the three interconnected tanks of figure 3.17 (cf. [Horst 1982][p. 146])
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Of course more complex simulations would require some kind of amplifier so Pair-
BRICK was faced with pretty much the same problem as Hoerzer in Germany: No such
devices existed in the late 1930s and the current state of the art DC amplifiers showed
excessive drift making precise simulations impossible. Thus PHiLBrIck decided to use
AC amplifiers in some setups like Hoerzer did®® but omitted the modulator and syn-
chronous demodulator circuits since his simulator was intended to be used in a mode
of operation that became known as repetitive operation. In this mode a simulation is
run automatically over and over again in quick succession. This makes it possible to
display a steady figure on an oscilloscope that will reflect the behavior of the system
being simulated as its parameters are modified manually on a control panel.

Based on these ideas PHILBRICK set out to develop a process simulator that was even-
tually called Polyphemus due to its single oscilloscope that was mounted in the top
section of a 19-inch rack holding the simulator’s components. With some imagination
this system looked like Polyphemus, the Cyclops of the Odyssey, thus the name chosen.

Although the basic structure of this simulator was fixed it could be adapted to dif-
ferent simulation tasks within limits by means of a removable cardboard front plate.
This plate contained a schematic diagram showing the structure of the process to be
simulated and annotations for the various control elements of the simulator like poten-
tiometers etc. Figure 3.19 shows Polyphemus with a faceplate representing a system
consisting of two liquid baths with stirrers and steam and cold water inflows.>® Other
face plates depicted pneumatic controllers etc.

38Cf. [Houst 1982][p. 149].
39Cf. [Houst 1982][p. 152].
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Figure 3.19: GEORGE A. PHILBRICK’S Polyphemus (see [PHiLBRICK 1948][p. 108])

Interestingly, and rather unexpectedly Polyphemus was not only used as a research
tool as originally envisioned. After some time, it was mainly employed as a training
simulator and as an aid for sales people that could easily demonstrate the behavior of a
proposed process controller to prospective customers.*? In retrospective Polyphemus

has been described as follows:*!

“In those days, an electronic analog machine was a pioneering venture. The
Kelvin-Bush differential analyzers were mechanical, expensive, and very large.
Appropriate electronic techniques, if they existed, were not available. Neverthe-
less, it was evident that only this medium offered the required flexibility and
speed, not to mention economy.”

This world’s first all-electronic process simulator is now part of the collection of the
Smithsonian — its successor, featuring two oscilloscopes and thus no longer looking like
a Cyclops, was in active use at Foxboro well into the 1980s.%?

405ee [HoLst 1982][pp. 153 f.].
41gee [GAP/R Evolution].
42Cf. [HoLst 1982][pp. 155 £.].
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Figure 3.20: Seven-stage amplifier from GEorGE A. PHILBRICK'S laboratory notebook, March 11, 1940 (see
[Horst 1982][p. 154])

To get an impression of the complexity of the circuits developed by George A.
PuiLBrIck for his numerous process simulators, figure 3.20 exemplarily shows the
schematic diagram of a seven stage circuit that models a process controller — note-
worthy are the two diodes for implementing non-linear responses as well as the DC
coupling between the various stages.

In 1946 GeorGe A. PHiLBrIick founded a company named GAP/R, short for George A.
Philbrick Researches that developed and sold products ranging from operational am-
plifiers* to complete analog computers and simulators which owed much to his early
experiences with Polyphemus and its successors. One of the most famous products
was the first commercially available operational amplifier, the K2-W** which shaped
a whole industry. In 1966 GAP/R merged with Teledyne to form Teledyne-Philbrick.

3.3 Electronic fire control systems

The decline of mechanical fire control szstems as those described in section 2.7 already
begun before World War II broke out.*> This was not due to insufficient accuracy or
precision or even slow response times — in fact, the military feared that in the case
of a war the sheer complexity of these machines would prevent their production in
sufficient quantities. The main obstacles were that the necessary parts and resources
would be short in supply in such a situation and the necessary highly skilled laborers
would be unavailable due to their military service.

To make things even worse the rapid development of radar systems rendered the clas-
sic fire control systems quite obsolete since they required a direct electronic approach
for coupling the radar system with the fire control computer.

43Gee section 4.1.
44Gee section 4.1.
455ee [CLymer 1993][p. 30].
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In 1940 Davip B. Parkinson who worked for the Bell Telephone Laboratories*® and his
coworkers were developing an automatic level recorder, a kind of a strip-chart recorder
employing a logarithmic scale. To drive the recorder’s pen a servo mechanism based
on a feedback scheme was necessary which inspired Parkinson to think about using
this technique for the automatic control of azimuth and elevation of a gun.*” His su-
pervisor, CLARENCE A. LovEeLL was quite enthusiastic about this idea and both started
a thorough investigation of the necessary technology and mathematics.*8

It was decided to use DC voltages to represent the various variables in a fire con-
trol calculation. Coordinates of the target and the gun were represented in a three-
dimensional Cartesian coordinate system requiring computer circuits for implement-
ing trigonometric functions etc. Target speed components would be generated by elec-
tronic differentiation of the position signals. PARkKINsON summarized the main features

of the proposed fire control computer as follows:*’

“It required (1) a means of solving equations electrically (potentiometers),
(2) a means of deriving rate for prediction (an electrical differentiator), and (3)
a means of moving the guns in response to firing solutions.”

Obviously such a fire control system needs computing elements to implement basic
trigonometric functions and operations as well as differentiators, summers etc. The
patent application [LovEeLL et al. 1946] states this explicitly:

“An important form of the invention is a device which, when supplied with
electrical voltages proportional to two sides of a triangle, will set itself to indicate
an angle of the triangle and to produce a voltage proportional to the other side
of the triangle.

Another form of the invention is a device which, when supplied with voltages
proportional to the rectangular coordinates of a point, will set itself to indicate
the polar coordinates of the point.”

The basic problem of aiming a gun is shown in figure 3.21. The Cartesian coordinates
of a target T with respect to the position D of the gun are given as x, y and z. Based on
these the azimuth and elevation angles a and ¢ have to be computed.

Lovert, ParkinsoNn and WEBER developed a number of basic computing elements to
implement functions like this. Figure 3.22 shows the structure of a trigonometric func-
tion generator used in their electronic fire control computer. The motor on the far left
is running with constant speed and drives two bevel gears 3 and 4 which will run in
clockwise and counterclockwise direction respectively. Two electromagnetic clutches,
5 and 6, can be activated by a control signal thus controlling which gear will drive the
vertical shaft that in turn drives the two potentiometers shown at the top left of the
figure.

46 BT for short.
471n [Facen (ed.) 1978][p. 135] ParkinsoN describes a lucid dream that led him to this development.

481t is remarkable that “[n Jeither ParkiNsoN nor LoveLL had any experience in fire control; they did not even
know of the existence of mechanical gun directors” as [Fagen (ed.) 1978][p. 137] states.
495ee [MinpELL 1995][p. 73].
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Figure 3.22: Sine/cosine generator used in the T-10 fire control computer ([LoveLL et al. 1946](fig. 1/2])

The control signals for these two clutches are generated by a comparator circuit shown
in the box denoted by 7. This circuit has three output conditions: Neither clutch or only
the upper/lower clutch will be engaged. These states are controlled by the input signal
connected to the appropriately biased grid of the triode 70.

It is to be noted that the lower of the two potentiometers shown is a linear potentiome-
ter yielding a voltage varying linearly with the angular position of its wiper when
connected as a voltage divider, while the upper potentiometer is specially wound to
deliver a voltage that corresponds to the desired trigonometric function.
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Figure 3.23: Operational amplifier used in the T-10 fire control computer ([Lovert et al. 1946](fig. 5])

The combination of this circuit with an amplifier finally yields a servo system that
can be used to automatically compute sin(a) or the like given an angle a. Therefore
Lovert, ParkiNsoN and WEBER developed an amplifier as shown in figure 3.23 which
is already reminiscent of later so-called operational amplifiers.”®

This amplifier acts as an inverting summer®! with two inputs connected to the resis-

tors 95 and 96 and a feedback resistor 94. Using this amplifier and the device shown
in figure 3.22, a servo system can now be implemented by connecting the output of
this summer with the input of the comparator controlling the two clutches. The in-
puts of the summer are connected to the output of the linear potentiometer and a
circuit yielding a. Whenever a deviates from the angular position of the potentiome-
ters’ wipers the summer will generate a positive or negative output signal thus forcing
the comparator to engage either the upper or the lower clutch to minimize the error
between the wipers’ position and the value a.

Lovert, ParkinsoN and WEBER realized that the computing elements they proposed
were not limited to fire control but could be used to solve a variety of problems as the
following quote from [MinDpeLL 1995][p. 74| shows:

“A digression from the principal subject is made to comment that the use of
servo mechanisms to solve simultaneous systems of equations is feasible and, in
a large number of cases, practicable. This fact may lead to the application of this
type of mechanism to the solution of many types of problems dissociated from
the one in question.”

The actual circuit developed for the implementation of a coordinate transformation
relies on the observation that
x =hcos(a) (3.2)
y = hsin(a) (3.3)
given the triangle x, y, h in figure 3.21. (3.2) and (3.3) can now be expanded to
xsin(a) = hcos(a)sin(«)
ycos(a) = hsin(a)cos(a)

50Gee section 4.1.
51gee section 4.2.
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Figure 3.24: Coordinate resolver used in the T-10 fire control computer ([LoveLr et al. 1946](fig. 4])

yielding xsin(a) — ycos(a) = 0 which is used to control the basic servo circuit of the
coordinate transformer shown in figure 3.24.

This circuit has two inputs x and y which supply two specially wound potentiometers
12 and 18 with four connections each. The two polarity reversing repeater devices are in
fact summers with only one input each and gain 1. Both potentiometers are connected
to —x, ground (representing the value 0), x, 0 and -y, 0, y, 0 respectively. Each poten-
tiometer has two wipers mounted at an angle of 7t/2 driven by a common shaft that
can be connected to one of the two bevel gears driven by a motor.

The potentiometers are wound in a way that their resistance represents a sine/cosine
function (due to the two wipers each potentiometer features sine as well as cosine
functions are generated simultaneously). Thus the wipers 14 and 22 yield xsin(a) and
xcos(a) while the lower potentiometer generates —y cos(a) and ysin(a) at its wipers 19
and 21 respectively. The summing repeater 15 now computes the value

¢ =xsin(a)—ycos(a) (3.4)

which is used to control the comparator 7 driving the two clutches 5 and 6 thus closing
the servo loop. As long as ¢ equals zero, both clutches are disengaged. As soon as ¢
deviates from zero, one of the clutches will be activated, thus connecting the central
shaft driving the two potentiometers to the motor which will in turn minimize the
error term c until it reaches zero again. Thus the angular position of the wipers is «
which can be used to control the gun’s azimuth.
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The second summing repeater, 62, computes h = xcos(a) + ysin(a) which is the hor-
izontal range to the target. Using this value and z as inputs for a second, identical
circuit, eventually yields h’ and the elevation angle ¢ represented by its potentiome-
ter shaft position. It was suggested to make the motors driving these two sub-circuits
strong enough so that they could actually drive the gun’s mounting to point it to the
target T

The resulting fire control computer T-10 consisted of four such servo circuits as well
as 30 summing amplifiers and five power supplies. Since the voltages representing the
Cartesian coordinates of the target with respect to the gun’s location often changed
rather slowly the amplifiers had to be DC coupled amplifiers thus introducing drift
effects into the calculations. Assuming that amplifier 15 of figure 3.24 exhibits a drift
error voltage e this will cause the servo circuit to try making

c =xsin(a)—-ycos(a)+e

zero instead of the term (3.4). This, in turn, results in a non-negligible error regard-
ing a, ¢, h and h’. Accordingly the T-10 computer featured additional inputs to its
summing amplifiers which were connected to potentiometers which in turn had to
be adjusted manually to minimize the drift voltage e of each amplifier. In addition to
that nuisance, the T-10 relied on the computation of derivatives thus introducing noise
into the control signals used to drive the servo circuits. This required the implemen-
tation of filter networks approximating a least squares behavior, further complicating
its circuitry.

Despite of these shortcomings, the T-10 which was eventually produced under the des-
ignation M-9 and coupled directly to a SCR-584 radar system, proved to be a practical
replacement for the earlier mechanical fire control computers. Due to its easier manu-
facturing it was decided on February 12th, 1942 to stop all developments of mechan-
ical fire control systems and to concentrate on all-electronic devices in the future.>?
The hopes were high regarding the M-9:°3

“The M-9 Director, electrically operated, is, we feel in Ordnance, one of the
greatest advances in the art of fire control made during this war, and we antici-
pate from the M-9 Director very great things as the war goes on.”

These hopes were not in vain as it turned out — the M-9 was deployed in large numbers
to Great Britain to shoot down V1 German flying bombs. Initially 10 to 34 percent of
the incoming flying bombs could be downed automatically and sometimes even higher
rates were achieved:>*

“In a single week in August, the Germans launched 91 V1’s from the
Antwerp area, and heavy guns controlled by M-9’s destroyed 89 of them.”

528ee [HicaIns et al. 1982][p. 225].
53See [Facen (ed.) 1978][pp. X f.].
54Cf. [Facen (ed.) 1978][p. 148].
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Later developments such as the experimental fire control computer 7-15 took much
more parameters and effects into account like drift of the shell during flight, windage
correction, muzzle velocity, air density etc.’>> The T-15 performed all computations in
polar coordinates thus eliminating the coordinate system transformations otherwise

necessary.>®

The technologies developed for these fire control computers formed the basis for fol-
lowing developments like a trainer for aerial gunners®’ that already used continuously
operating servo systems in contrast to the controlled clutches of the T-10. Even more
complex was the Flight Training Apparatus developed in 1948 by DeumeL>® that even
implemented the basic operation of integration by means of a servo system controlling
a potentiometer, the angular wiper position of which corresponds to the integral of the
function applied to the servo circuit etc.

3.4 MIT

This last section describes a development started in the fall of 1945 by A. B. MACNEE
who set out to develop an all-electronic analog computer at the MIT since>’

“[...] it was felt that there was considerable need for a differential analyzer
of somewhat different characteristics from any then in existence or under de-
velopment. There appeared to be the need for a machine having the following
characteristics: (a) moderate accuracy, of perhaps 1 to 10 per cent, (b) much
lower cost than existing differential analyzers, (c) the ability to handle every
type of ordinary differential equation, (d) high speed of operation, (e) above all,
extreme flexibility in order to permit the rapid investigation of wide ranges of
equation parameters and initial conditions.”

These goals summarize quite well the main advantages of an all-electronic approach
regarding analog computers. Especially the high-speed operation®® mentioned is an
important feature since it allows to explore the behavior of systems modeled on the
analog computer in a highly interactive way and, in many cases, even faster than real-
time. The operator can change the parameters of a simulation and immediately see the
effects these changes have on the system.

This particular system developed by MacNee consisted of integrators, summers, a
high-speed function generator®! and a high-speed multiplier.%? One of the novel ideas
employed in this computer was that it ran repetitively with a repetition rate of 60 Hz

33[BoGHOSIAN et al. 1950] gives an impression of the complexity of these fire control computers.

56 Another system that performed all calculations in Cartesian coordinates is described in
[BepFORD et al. 1952].

57See [DEnMEL 1949].

58Gee [DEHMEL 1954].

59See [MacNEE 1948][p. 1].

60Even high compared to our modern day memory programmed digital computers in some cases.

61 This function generator was based on optical feedback as described in section 4.5.3.

62Gee section 4.6.2.
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Figure 3.25: A particular solution of the MaTHIEU equation (3.5) obtained with Macnee’s all-electronic ana-
log computer, 1948

thus allowing a standing picture to be displayed on an oscilloscope’s tube. Apart from
the fact that this greatly facilitated the above mentioned interactive operation where
an operator can change various parameters of a simulation, this has the additional
beneficial effect that AC coupled amplifiers can be used in the computer thus avoid-
ing drift problems that would be caused by DC amplifiers. So this computer, too, uses
AC amplifiers like the machines of HeLmutr HoEkrzer, but without the complicated
modulation and demodulation circuitry.

As an example of the capabilities of this early machine, figure 3.25 shows a particular
solution for the MATHIEU equation

[+ w3 (1 +ecos(w,,t) =0 (3.5)

obtained by this electronic analog computer. The three curves shown on the oscillo-
scope’s display are I, —I and I.

No other technology apart from an all-electronic differential analyzer would have al-
lowed the solution of such an equation in only 1/60 of a second. Machines like this
made it ultimately clear that the days of mechanical and electromechanical analog
computers were gone and the future belonged to high-speed electronic devices. These
machines turned out to be crucial elements for the technological progress of the time
frame 1950 to the mid 1970s. The following chapter will now describe the basic com-
puting elements employed in such analog electronic analog computers.
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The following chapters give an overview over the most important computing elements
of a typical analog electronic analog computer. Some functions, like multiplication,
can be implemented quite differently. Although often only one implementation variant
prevailed, other technologies will be also presented to show the wide range of possible
implementations.

Such an analog computer relies on voltages for transmitting values between the vari-
ous computing elements that comprise a computer setup suitable for solving a partic-
ular problem. These voltages can usually take on values between +100 V, which is the
standard case for most large vacuum tube based analog computers, or +10 V which is
standard for later transistorized and integrated circuit based machines.! To simplify
things it is common to talk about normalized values for variables regardless of their
actual value for a given computer system. The bounds for these normalized values are
called machine units and correspond to the actual minimum and maximum voltages
for any given machine. Thus a variable which is represented by +50 V on a +100 V
machine is said to have the value 0.5. The same value would describe a variable repre-
sented by 5V on a +10 V transistorized system. All calculations are thus with respect
to these machine units of +1 and never with respect to the actual range of values de-
termined by a particular analog computer.

So all computing elements described in the following sections will work on normalized
values in the range of +1 machine unit.

4.1 Operational amplifiers

The central element of every analog electronic analog computer is the so-called oper-
ational amplifier which forms the heart of most computing circuits such as summers,
integrators etc. This central role of the operational amplifier led to the following re-
mark by [Trurrr et al. 1964]|[p. 2-58]: “The Operational Amplifier is the King of Analog
Computing Components”. The necessity of having high gain amplifiers capable of work-
ing on DC voltages with negligible error voltages caused by drift effects and the like
was obvious from the very first developments of analog electronic analog computers
on. These first machines were plagued by the deficiencies of early vacuum tube based
amplifiers as can be seen in the developments of HoerLzgRr, PHILBRICK and MACNEE.
While Hoerzer successfully employed complex modulator and demodulator circuits
to make AC amplifiers useful in DC applications, others, like MacNEg, abandoned the

I'These two ranges of values are not the only ones used — some tube based circuits work with values in
the range of £50 V and some transistorized analog computers even allow values between +100 and —100 V.
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€1 €o

Figure 4.1: Symbol of an operational amplifier Figure 4.2: Symbol of an open or uncommitted am-
plifier

idea of DC amplification all together and more or less forbid DC voltages by enforcing
a repetitive very high-speed operation of their analog computers.

It was not until 1949 that some feasible drift correction technique was developed?
by Epwin A. GorLpBERG that made the implementation of high precision operational
amplifiers with extremely high gain and very low drift possible. This development led
to a revolution in the development of analog electronic analog computers.3

The term operational amplifier was coined by JouN Ragazzini in 1947 and defined as
follows:*

“As an amplifier so connected can perform the mathematical operations of
arithmetic and calculus on the voltages applied to its input, it is hereafter termed
an ‘Operational Amplifier’.”

Figure 4.1 shows the symbol used today to denote an operational amplifier in a
schematic. Typically such an amplifier has two inputs, one inverting and one non-
inverting, and one output that represents the amplified sum of the values applied to
the inputs. In typical analog computers, the non-inverting input is not available for
any connection in a computer setup and is either connected to ground - representing
the value zero — or used for drift compensation. Thus, differing from the standard
symbol used in today’s electronics — an open operational amplifier, that is an amplifier
that has no elements connecting its output to its input, is normally denoted by the
symbol shown in figure 4.2 in an analog computer setup diagram. The input is always
inverting.

In the early 20th century amplifiers were normally operated in a straightforward mode
of operation. These amplifiers were quite unstable and difficult to use since even
the slightest changes regarding their components resulted in grossly differing behav-
ior of the amplifier as a whole. Then, in 1927, HaroLD STEPHEN Brack® invented
the so-called negative-feedback amplifier that should turn out to become one of the
most influential basic circuits at all. A detailed account of Brack’s work is given in

2See section 4.1.2.

3 A comprehensive account of the history of operational amplifiers can be found in [Junc 2006].

4See [Ragazzint et al. 1948]. It should be noted that the developments on which this paper is based were
mostly done by Loese JuLie who was working under the auspices of GEORGE A. PHiLBrIcK at Bell Labs (cf.
[Jung 2006][p. 779]).

>04/14/1898-12/11/1983
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Figure 4.3: The basic principle of negative-feedback according to Figure 4.4: Operational amplifier
[Brack 1937] with negative feedback

[Krine 1993] and [Minperr 2000]. Brack was elected as a member of the “Electri-
cal Engineering Hall of Fame” for his seminal work on amplifiers ([Britamn 2011]).
The idea of negative-feedback was so novel and unusual that it took nine years from
Black’s patent application to its issuance (see [Junc 2006][p. 767]). It should be noted
that BLack was not the only developer working on negative-feedback schemes — oth-
ers included Paur VoigT (in memoriam [Kripscu 1981]), ALan Brumireini and B. D. H.
TeLLEGEN (cf. [JunG 2006][p. 767]).

Back then, Brack was working for the Bell telephone laboratories and his negative-
feedback scheme that is taken as granted today allowed the Bell telephone system to
successfully employ carrier telephony which was until then hampered by poor stabil-
ity and high distortion of existing amplifiers. Amplifiers without negative-feedback
were prone to errors caused by varying supply voltages, aging of circuit elements (es-
pecially the tubes) etc.

Figure 4.3 shows the basic concept of Brack’s invention: An amplifier consisting of
an odd number of inverting stages (thus yielding an overall inverting amplifier) is fed
with two signals that are applied to its inverting input: The desired signal E itself that
is connected via a series resistor C and a feedback signal that originates at the output
of the amplifier and is connected to the input through a feedback resistor f. Figure 4.4
shows this principle using today’s standard symbols.

The idea of feeding back some amount of the output signal of an inverting amplifier to
its input allows to trade gain for stability as the following consideration shows: With

A denoting the gain of the amplifier and eg; representing the voltage at the summing
junction at its inverting input, as in figure 4.4, its output voltage is

o = —Aes]

yielding

e
eS]:_ZO' (41)
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The currents at the summing junction are the following:

i = % (input current through R;)
i

if= ;—0 (feedback current through Ry)
f

i_~10" A (current flowing in the inverting input)

Applying KiRcHHOFF’s law we get

el — egj N .8y — €g]
R; Ry

Since i_ is negligible small, a few nA at most, equation (4.2) can be rearranged to

=i tip= (4.2)

€i—€s) €
R; R

Replacing egj according to (4.1) yields

AR;  Rf AR¢ R;
and thus
_a ~ 9 ARR;
e — Ri — i
© R+ AR; + R; Rf+ARi+Ri.
AR;R¢
Dividing by R; and A and rearranging finally yields
Ry
e = —— (4.3)

1 (R
1+—(=f+1
+A(&+)

Since the gain A is usually very large — some amplifiers used in analog computers
reached values up to A = 102 and even A = 10° — and since the ratio R¢/R; is normally
quite small, rarely exceeding 10, equation (4.3) can be further simplified to

—Le, (4.4)
so the behavior of a high gain amplifier with negligible input current at its inverting

input is completely determined by the circuit elements in the feedback loop and at its
input.
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Figure 4.5: Top view of a typical double operational Figure 4.6: Bottom view of a typical double opera-
amplifier used in the Nike computer tional amplifier used in the Nike computer
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Figure 4.7: Operational amplifier used in the Nike computer

4.1.1  Early operational amplifiers

The following section shows some early operational amplifiers designs, historic refer-
ences that might be of interest in that context are [Gray 1948] and [CHANCE et al. 1947].

An early dual channel operational amplifier is shown in figures 4.5 and 4.6. This am-
plifier was used in the ground based analog computer of a Nike surface to air missile
system. The first version of this missile system was deployed from 1954 on into the
early 1960s. It bears quite some resemblance to the amplifiers used in the M-9 fire
control computer, in fact, the amplifiers used for Nike were identical to those used in
the M-33 fire control computer which is a successor of the M-9.°

The schematic diagram for a single channel of this operational amplifier is shown in
figure 4.7. It features a now classic differential input stage consisting of the systems of
a double triode. The interstage-coupling is done via the common cathode resistor R1.

6The schematic of an M-9 operational amplifier can be found in [Junc 2006][p. 781].
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Figure 4.8: K2-W and K2-X operational amplifiers (GAP/R)

The non-inverting input is explicitly used here as an offset input for (automatic) drift
compensation. The following stages are no longer differential and consist of a pentode
section and a simple triode output stage.

Since the output stage is not of the push-pull type, an external pull-up resistor is
necessary. This resistor would be connected between the output triode’s anode and the
+320 V supply. All in all this amplifier needs five different supply voltages of —320V,
+250 V, =200 V and +75 V and has an output voltage swing of £100 V although the
full output swing can only be maintained up to about 100 Hz” which is enough to
steer a surface to air missile.

A far simpler yet commercially very successful operational amplifier is shown on the
left hand side of figure 4.8: The rather famous K2-W amplifier developed by GAP/R,
the company GeorGe A. PaiLBrIick founded after his early process simulator work at
Foxboro.® The K2-W amplifier only requires two supply voltages of +300 V and has an
open-loop gain of about 15,000 with an output voltage range of £50 V at a maximum
output load of 1 mA. Rise time is about 2 us, the input impedance is in the order of
100 MQ) corresponding to an input current of about 10 nA.

Figure 4.9 shows the schematic diagram of this pluggable operational amplifier that
is based on two 12AX7 double triodes and appeared on the market in 1953. The first
12AX7 works as differential input stage with common cathode resistor?. This input
stage is followed by a single triode inverter and a cathode follower output stage driving
the output which is connected by three paralleled pull-down resistors to the negative

7See [Prask 2003].

8 As [Pease 2003] notes, this is not the first “modern” operational amplifiers — there were earlier devel-
opments, but none could match the K2-W in terms of practicability and success.

This configuration is called a long-tailed pair.
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Figure 4.9: Schematic of the K2-W operational amplifier (cf. [GAP/R K2W])

supply voltage. An interesting detail is the Neon light bulb in series with a 680 k()
resistor. This circuit acts as a level shifter.!°

The amplifier shown in the right half of figure 4.8 is an improved version of the K2-W,
called K2-X. This operational amplifier has a shorter output signal rise time than the
K2-W and features an output voltage swing of £100 V at 3 mA.!!

4.1.2 Drift stabilization

All of these DC coupled operational amplifiers were mainly plagued by drift, i.e.,
small error signals that propagate through the various amplifier stages and show up
with a reasonable amplitude at the output causing significant errors in computations.
Recalling figure 4.4 and taking into account that the input current even of early vac-
uum tube based operational amplifiers is negligible small, it is clear that the voltage
esy at the summing junction is zero for a drift-free amplifier since the input current j;
flowing through R; and the feedback current if through R¢ cancel each other.

Any drift caused by effects internal to the amplifier will result in an output signal
different from 0 V even if ¢; = 0. Thus all drift effects in an amplifier can be modeled
by a drift voltage eq acting on the summing junction of the amplifier. If one could inject

10A Neon bulb is the 1950s equivalent to a Zener diode today. In early exemplars of the K2-W the level
shifter consisted of a so-called thyrite device Today this would be called a varistor. These are made from
silicon carbide and were not only used as level shifters in the early days of electronic analog computers
but also as function generators in applications where precision was not of prime importance. Today such
devices are used as current arrestors.

!1The schematic of the K2-X operational amplifier can be found in [RusserLt 1962][p. 6-20].
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Figure 4.10: Drift stabilization scheme according to Epwin A. GorpBerG and JurLes LermanNN (cf.
[GoLDBERG et al. 1954])

a commensurate voltage with reverse sign at the non-inverting input of the amplifier,
it would cancel out the drift error.

This is the basic idea EDwiN A. GoLDBERG describes in his 1949 patent.!? If one could
measure the error voltage due to drift, ey at the summing junction and amplify it
without introducing further errors with a drift-free amplifier, the resulting output
signal could be used to practically cancel out the drift of the main amplifier. Figure
4.10 shows the setup proposed by GOLDBERG.

The DC amplifier in the upper half of the picture is the main amplifier whose drift is
to be eliminated. For this purpose the error voltage at the input of this amplifier, the
summing junction, is converted to an AC voltage by means of an electromechanical
chopper relay called a vibrator in figure 4.10.!3 The output signal of this vibrator!? is
of rectangular shape swinging between 0 V and the error voltage eq sampled at the
summing junction of the main amplifier. This AC voltage can then be amplified with
next to no additional drift error by a separate AC amplifier. The output signal of this
amplifier is then rectified yielding a DC signal that can then be used to compensate
the drift of the main DC amplifier.!>

This ingenious scheme was quickly put into use in nearly all operational amplifiers
used for analog computers. Apart from the automatic drift compensation this so-called
chopper stabilization had a second advantage: For low frequency input signals the gains
of the main DC amplifier and the stabilizing AC amplifiers essentially add up yielding
a very high gain overall amplifier. As equation (4.3) shows, a high gain is essential for
keeping the errors of a feedback circuit low. Accordingly the amplifier developed by
GoLpBERG had an overall DC gain of 150,000,000 corresponding to 163 dB.!® Later
developments achieved even higher gains for DC signals.

12See [GoLDBERG et al. 1954].

135uch vibrators were in common use until the 1960s in plate supplies driven by batteries etc.

14These vibrators are mostly driven by a 60 Hz or a 400 Hz signal resulting in a very typical audible hum
of such amplifiers.

I5The output of the drift compensation stage is often used to detect amplifier overload. If an amplifier is
overloaded it cannot maintain the necessary feedback signal to keep the summing junction at ground po-
tential which is reflected by an excessively high output value of the AC amplifier that can easily be detected.
Such overloads may result from improper setup and/or scaling of a problem’s equations. An overloaded
amplifier will yield an erroneous result, thus normally a computation is stopped in case of an overload.

165ee [Juna 2006][p. 780].
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Figure 4.11: Typical electromechanical chopper

Electromechanical choppers were used well into the 1970s to stabilize precision op-
erational amplifiers. This was due to their low resistance when the relay contacts are
closed and the very high resistance for the opposite state. Nevertheless, there were
some problems to be overcome in such electromechanical choppers: First of all the
commercially available devices had a rather short life-span. Second: The contact pairs
often acted as thermocouples thus introducing another error in the drift-compensation
circuit.

Figure 4.11 shows a typical 400 Hz chopper made by the German manufacturer KACO
for use in Telefunken analog computers. The 400 Hz excitation voltage is supplied
through a top connector (not visible here) to minimize injection of noise into the am-
plifier circuit. The top half of the chopper contains the coil which causes the middle
contact to oscillate between its two counterparts on the left and right side. The chopper
system itself is suspended from a mounting frame with an elastic band to minimize
vibration of the overall enclosure.

In some cases a common AC amplifier was used to stabilize more than one operational
amplifier in a round robin fashion thus reducing cost and complexity but sacrificing
the very high overall gain of the combined amplifier. An example for this technique
can be found in the analog computer used for steering the Nike missiles. Here a ro-
tating switch connected one AC amplifier with its input chopper and output rectifier
sequentially to a number of amplifiers. This required an additional capacitor at the
main amplifier inputs used for drift compensation to store the signal generated by the
AC amplifier.

Figure 4.12 shows a typical vacuum tube operational amplifier with chopper stabi-
lization. The chopper is the gray rectangle in the upper right part of the picture. This
particular amplifier is used in a Solartron Minispace analog computer.
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Figure 4.12: Chopper stabilized operational amplifier (Solartron)

Figure 4.13 shows one of the earliest commercially available transistorized precision
operational amplifiers that was part of the first transistorized tabletop analog com-
puter made by Telefunken.!” The circuit card on the left side contains the DC coupled
main amplifier with its two large germanium output transistors visible on the top. The
card on the left is the AC amplifier that is fed with the chopped error signal and pro-
vides the correction signal for the main amplifier. The resulting combined amplifier
has a DC gain of up to 10°.

Figure 4.14 shows an example for a late precision amplifier with an all-electronic chop-
per. This amplifier is used in a Telefunken RA 770 precision analog computer and has
a DC gain of 3-108. The chopper is shielded by the box shown in the right upper part
of the picture. The output stage transistors with their heat sinks are in the lower right
part.

4.2 Summers

One of the most basic computing elements of an analog computer is the so-called sum-
mer or summing amplifier which is basically a direct consequence of equations (4.3) and
(4.4). Figure 4.15 shows the simplified schematic of one of the earliest such summing
amplifiers developed by KarL D. Swartzer in 1941 at Bell Labs for application in a
fire control Computer.18

17This remarkable amplifier was developed by GiNTER MEYER-BROTZ in the late 1950s.
18¢f. [Jung 2006][pp. 777 £.].
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Figure 4.14: Late chopper stabilized amplifier with all-electronic chopper




66 4 Basic computing elements

16
‘12
yryy
23 _]_ é"
) r-E? y fii ;3 ‘é‘é LoD
7 3 /57
g
26
HII'ID
'+

S H Rp—
R R
2Y) S—] wh €3 —
7 R €o
N\ 2 18] oS €2
€2 /7 YWV '\i €s
R, 1 er —
e >——Mh— A
U
Figure 4.16: Schematic of a three-input summer Figure 4.17: Symbol of a summer

This particular amplifier has three inverting stages employing one triode in the in-
put stage and two tetrodes for the remaining two stages, so the overall amplifier is
of the inverting type which allows the application of a negative feedback scheme as
developed by Brack. The summing junction at the grid of the triode input stage is
connected to four input resistors 1, 2, 3 and 18 as well as to the feedback resistor 16.
Of these four inputs only three are used for signals to be processed while the fourth
input is reserved for a manual drift compensation circuit consisting of a voltage source
E and a potentiometer 17. This amplifier requires supply voltages of +350 V, =135V,
+250 V and +75 V and has an overall gain of about 60,000. The various RC networks
between the three amplifier stages help stabilizing the circuit.

Figure 4.16 shows a corresponding setup using an operational amplifier. In this case
three inputs e, ¢, and e3 and a connection to the summing junction!® as well as an
output connection are available. The simplified symbol for such a summer is shown in

figure 4.17.

Given sufficient gain A of the operational amplifier used, the operation performed by
this circuit is determined by the passive elements at its input and in the feedback loop.

19Many analog computers allow direct connections to the summing junction of the operational amplifiers
used in summers and integrators.
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Extending equation (4.4) yields

n
€; €o

=- 4.5

i=1

for n inputs connected to input resistors Ry, ..., R, and a feedback resistor Ry. Intro-
ducing weighting coefficients a; = R¢/R; for all inputs, the output voltage of this circuit
is just

n

6o = — E ae;.

i=1

Thus a typical summing amplifier will always yield the negative of the sum of its
input voltages.? Typical values for a; are 1, 10 and in some cases 4 or 5.2! If other
weights are required in a computation, inputs can be coupled or external resistors or
potentiometers can be connected to the summing junction input.

Figure 4.18 shows a typical early summing amplifier — a model K3-A adding component
made by GAP/R. This device computes the sum of four input voltages e;, e;, €3 and ey
plus an adjustable constant value e, that can be set manually using the potentiometer
in the top half of the device. It delivers two output signals with inverse signs satisfying
+keg+ey+ey+ez+eygwith—-1<k<lande€0,550V.

4.3 Integrators

Replacing the feedback resistor R¢ of a summer with a feedback capacitor C yields a
circuit capable of integration as shown in figure 4.19. Since the feedback current i¢
flowing through the capacitor C is determined by

ir = Cé,
equation (4.5) can be changed to

n
€ .
A R—’l =-Cé,. (4.6)

i=
Redefining the weighting coefficients as a; = 1/R;C and solving (4.6) for e, yields
t n
ey = J Z“iei dt +e(0)
) i=1

where ¢(0) denotes the initial value of the integrator.

20This holds true for most components of an analog electronic analog computer and is often a source of
confusion.

211f an input’s weight differs from one it is written next to the input in the triangle of the simplified
summer symbol shown in figure 4.17. If no weight is noted, the corresponding input is weighted with 1.
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Figure 4.19: Basic structure of an integrator Figure 4.20: Symbol of an integrator with
three inputs

Figure 4.20 shows the symbol normally used to denote an integrator in an analog com-
puter setup. Since such an integrator is obviously working with time being the free
variable it needs some means to reset or even better preset the integrating capacitor
C to an initial value. In addition to this, additional circuitry is necessary to start and
stop the operation of the integrator. Figure 4.21 shows the (still simplified) schematic
of a more realistic integrator as it is used in a typical analog computer.

The central control elements are the two switches labeled IC, short for Initial Condition
and OP, short for Operate/Hold. The integrator shown in this figure is currently in its
IC mode: The inputs e;, e; and e3 are grounded through the operate/hold switch while
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Figure 4.21: More detailed schematic of an integrator showing Figure 4.22: Integrator symbol showing
the control switches h and ¢ control inputs for IC and OP switches

the initial condition switch effectively turns the circuit into a simple summer with only
one input e(0). In addition to that, the integration capacitor C is switched parallel to
Rg¢. Since the summing junction at the inverting input of the operational amplifier is
always maintained at 0 V, the capacitor will be charged to the potential at the output
of the amplifier. This, in turn, is determined by the input signal at e(0) and the ratio
R¢/Ry which is normally 1. In this mode of operation the capacitor is pre-charged to a
given initial value —e(0).%?

To switch the integrator into the Operate Mode both switches change their state. This
grounds the connection between Ry and Ry thus disabling the input e(0) and connects
the input resistors Ry, R, and Rj3 to the summing junction of the amplifier. In this state
the integrator performs an integration with respect to time.

If the switch OP is reset the integrator enters Hold Mode — in this mode the last value
of the integration will be stored.?® This mode is normally used to pause a computation
to read out values of interest from the various elements of the current setup.

In most cases the control switches IC and OP of all integrators in an analog computer
setup are controlled by a common set of signals. In some cases it is necessary to control
integrators individually, so one group of integrators can solve some equations based
on initial values determined by another group etc. In addition to this, an integrator
can also be used as an analog memory cell by using only the initial condition and hold
modes. If an integrator is to be operated under individual control the symbol shown
in figure 4.22 is used which features two additional inputs controlling the switches IC
and OP.

A realistic integrator circuit is still more complex than the schematic shown in fig-
ure 4.21: High-speed integrators use electronic switches in place of the relay contacts
shown here. Additionally most integrators feature more than one integration capacitor

22In the early 1950s there were even Neon tubes used to reset (short circuit) the integration capacitors.
Small Neon tubes were enclosed in a coil that could be energized with a RF signal which in turn caused the
tube to conduct. Since this does not provide any means to preset an integrator to e(0) this value had to be
introduced later in the computer setup by a summer or the like. A schematic of a Philbrick K2-] integrator
with a reset Neon tube triggered by an RF generator can be found in [Russert 1962][p. 6-24].

23Due to small leakage currents in the capacitor as well as still acting small drift effects the output of the
integrator will slowly change during hold mode.
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Figure 4.23: EAI double integrator used in an EAI 580 analog computer
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Figure 4.24: Coefficient potentiometers

C thus allowing to select different ratios a; for their operation. Some machines offer as
many as four or five different values for C (usually powers of ten) that can be selected
either individually using shorting plugs or from a central control panel.

Figure 4.23 shows a double integrator made by Electronic Associates Inc., EAI for short.
The chassis shown contains the passive elements for two integrators — the associated
operating amplifiers are contained in a second drawer and are not shown here. Each
integrator channel contains four capacitors yielding selectable time constants of 1 sec-
ond, 100 ms, 2 ms and 200 yus for high-speed operation.

4.4 Coefficient potentiometers

The fixed input weights a; of summers and integrators are not sufficient for setting
coefficients in a computer setup. Therefore so-called coefficient potentiometers are re-
quired. In the simplest case these are just potentiometers connected as voltage di-
viders as shown in figure 4.24. Such a voltage divider, shown on the left, is normally
represented by a circle with one input and one output connection. In some cases it is
necessary to have a potentiometer with two inputs, which is shown in the right half of
the figure.

Let a denote the position of the potentiometer’s wiper. Effectively this partitions R
into an upper and a lower resistor R, and R; connected in series:*

R,=(1-a)R
RlzaR

24Here and in the following it is always assumed the R is a linear potentiometer.
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Without load the operation of a coefficient potentiometer can be described by

eo_Rl

€1 R

In a traditional analog computer this is a hypothetical case since the following comput-
ing elements normally act as a load to this voltage divider that cannot be neglected.?’
A computing element connected to the wiper of a potentiometer acts as a resistive load
Rjpad connected in parallel to R;. Thus

RiRj0ad

Ry || Ripaq = R+ Rigag’
oa

So the total resistance of the coefficient potentiometer with a connected load is

RiRjoad
Riotal = Ry + Ry || Ripad = Ru + R1+—RT;M'
For the loaded potentiometer it is
RiRioad
€o _ RillRioad _ _ Ri+Riad  _ RiRioad
€1 Riotal R+ RiRioad Ry (R + Ripad) + RiRioad
u
Ry + Rioad
_ Rl _ aR
~ RyR B R
ul L Ry+R; (1-a)R2 4R
Rioad load
- a . (4.7)
R
(1-a)a +1
load

Figure 4.25 shows the effect of potentiometer loading with respect to the value set by
a. It is obvious that setting a potentiometer manually by just looking at the value of
its dial will not yield a correct setup since the load the potentiometer is connected to
has to be taken into account. In the simplest case load-correction graphs can be used
which plot the necessary offset for a for some typical loads.

Despite being simple, this method does not yield very good results, so most analog
computers have a special mode of operation, called Potentiometer Set or Pot Set for
short. In this mode that can be selected from the central control panel of the computer,
all integrators and summers have their input resistor networks grounded, so no actual
computation takes place while every computing element exhibits its real load to its
signal sources. To set potentiometers in this mode, small and simple systems offer
a push button next to each potentiometer that will connect its input to +1 machine
unit and connect a precision voltmeter — either a compensation voltmeter or a digital

25Some late implementations used buffer amplifiers for the coefficient potentiometers as will be shown in
the following.
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Figure 4.25: Coefficient potentiometer with Rjyaq = 0, Rjgad = R and Rjpaq = R/10

Figure 4.26: Buffered coefficient potentiometers

voltmeter — to its wiper. Turning the potentiometer’s dial the desired coefficient value
can be set very exactly by means of the voltmeter.

When integrated operational amplifiers became cheap some late analog computers
employed simple buffer stages or even more elaborate schemes to decouple the coef-
ficient potentiometers from the load of the following computing element. Figure 4.26
shows two typical buffering schemes: The circuit on the left uses an operational am-
plifier as a non-inverting output buffer for the potentiometer R.

The circuit shown on the right in figure 4.26 is more versatile and is used for example
in the EAI 2000 hybrid computer. While a simple buffer coupled with a voltage divider
can only be used as an attenuator according to

eO

€1
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this circuit allows coefficient values to be set in the range —1...1 as the following con-
sideration shows: If « is set to 0, the potentiometer’s wiper is at its grounded end, thus
the non-inverting input of the operational amplifier is grounded and the amplifier acts
as a simple inverting amplifier with gain R¢/R;. Typically R¢ = R; is chosen so that the
amplifier gain is 1. The potentiometer setting a = 1 places the wiper at the upper end
of the potentiometer thus connecting the non-inverting input of the amplifier with
the input e;. Since the amplifier will maintain the voltage eg; at its inverting summing
junction at 0V, it follows that e, = e;. So this circuit can be described by?°

fo_og-1.
€1

Large installations often had servo driven potentiometers that could be set from a
central control panel or from an attached paper tape reader or even a stored-program
computer to allow rapid setup of a problem. Figure 4.27 shows a typical servo poten-
tiometer from an EAI 580 analog computer. The 10-turn wire wound potentiometer is
visible on the left while the motor driving a reduction gear can be seen in the upper
right half. The small circuit board below the motor holds the relay used to select this
potentiometer for readout. Later hybrid computers?” often employed digitally con-
trolled attenuators.

Using only summers, integrators and coefficient potentiometers, an analog computer
would be restricted to the solution of only very simple differential equations of the
form

n

Zaiy(i) =0.

i=0

Since this would be too much of a restriction, the following sections describe some
additional basic computing elements which are necessary to give an analog electronic
analog computer its outstanding computational power.

4.5 Function generators

One very basic problem is the generation of a function f(x). In the easiest case such a
function can be described by the solution of a differential equation. Many typical prob-
lems require functions which are defined by experimental values or the like. In cases
like this, special computing elements called function generators are required. Gener-
ating arbitrary functions with purely analog electronic means is often complicated
and/or requires an immense amount of circuitry which was one of the reasons to de-
velop hybrid computers?® in which a stored-program digital computer is connected
to an analog computer and can be used to generate functions in an algorithmic way.
Especially difficult, at least in the common case, is the generation of functions of more

26Cf. [BapEr 1985][pp. 76 £.].
278ee section 9.
28Gee section 9.
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= fx)

Figure 4.28: Symbol of a func-
tion generator

Figure 4.27: EAI servo potentiometer

than one variable by analog electronic means. Figure 4.28 shows the general symbol
of a function generator with one input.

A plethora of different approaches has been developed to generate more or less ar-
bitrary functions. The following sections describe some of the more widely used or
technologically more interesting implementations.

4.5.1 Servo function generators

The earliest function generators as used by LoveLL et al. in their fire control computer
were based on a servo circuit driving at least two potentiometers mounted on a com-
mon shaft by means of a motor. One of these potentiometers is used as feedback for
the servo circuit while the other(s) generate the function(s) desired. Figure 3.22 shows
such a setup used to generate trigonometric functions.

Variants of these servo based function generators employ cams driven by the servo
controlled motor with a feeler gauge that in turn drives an output potentiometer. An-
other implementation of a cam potentiometer is described in [LovEman 1962].

Both of these techniques have the disadvantage that specially wound potentiometers
are very delicate instruments and difficult to manufacture. The same is true for ma-
chined precision cams. Thus quite early so-called tapped potentiometers were employed
for function generation. These are based on typical 10-turn wire wound potentiome-
ters that have been modified to feature multiple taps welded equidistantly to the resis-
tive element. Using these taps, the potentiometer can be used as a linear interpolator:
Each tap is connected to an adjustable voltage source — the tap’s position corresponds
to the breakpoint while the voltage applied to the tap represents the desired function
value at this particular breakpoint. Using a servo system driving the potentiometer’s
shaft according to an input value x such a setup will yield a function f(x) which is the
result of linear interpolation between the values set at the breakpoints.?’

29See [Loveman 1962][pp. 3-36 ff.] for more information about tapped potentiometers.
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Figure 4.29: EAI curve follower

4.5.2 Curve followers

Another servo based function generator is the so-called curve follower which is basi-
cally a servo circuit connected to a xy-recorder as shown in figure 4.29.

The basic idea is as simple as it is elegant: The function to be generated is painted or
plotted on a sheet of paper with conductive ink. This graph is then placed onto the ta-
ble surface of the curve follower which is a modified xy-recorder that has a pickup coil
mounted in place of the pen normally used. An external sine generator is connected
to the conductive trace of the function graph on the paper. A simple servo circuit will
then control the y-input of the recorder in such a way that the pickup coil will always
be placed directly over the conductive ink line, while the x-input to the curve follower
is fed with the function argument. The y value used to drive the y-input of the curve
follower then represents the value f(x).

Other curve followers use an optical pickup to follow the function graph instead of
conductive ink and an inductive pickup. The basic principle of operation remains the
same.
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>

Figure 4.30: Optical function generator (cf. [Hauc 1960][p. A3])

4.5.3 Photoformers

As elegant and demonstrative these electromechanical function generation techniques
are, their main disadvantage is that they fail for rapidly varying function arguments
x due to the masses to be moved in order to follow the function’s graph or moving
a cam etc. But the idea of the curve follower can readily be implemented using the
all-electronic approach shown in figure 4.30.

The function to be generated is modeled by an opaque mask placed in front of an
oscilloscope tube. The input to the x-deflection plates of the oscilloscope tube is fed
by the function argument. Using a photomultiplier and a simple servo circuit a signal
for driving the y-deflection plates is now generated in a way that guarantees that the
light spot will always be placed at the boundary of the opaque mask, so this system
effectively generates y = f(x).3°

4.5.4  Varistor function generators

A completely different approach to function generation is the application of varis-
tors.3! A varistor is a current sensitive non-linear resistor implementing a basic func-
tion of the form32

e, = aey

with 1 being determined at production and normally set to n = 2 or n = 3. The preci-
sion of these varistors is quite remarkable, [Korn 1962][p. 3-75] quotes an accuracy of
0.4 V for the Quadratron,>® a varistor made by Douglas Aircraft Company.

30Cf. [MacnEe 1948][Sec. IIIE], [Hauc 1960][p. A3] and [Korn 1962][pp. 3-68 ff.] for more detailed in-
formation. Even a WirLiams-tube like construction was once employed. This proved useful in repetitive
operation of high-speed analog computers when the result of one run had to be used as the input for the
next run, see [Hauc 1960][p. A3].

315ee [Korn 1962][pp. 3-73 fL.].

32Cf. [Korn 1962][p. 3-75].

335ee [GAP/R 1959].
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Figure 4.31: Principle of operation of a diode function generator

Of course having square and cube functions does not give the kind of flexibility a
photoformer offers but compared to this the Quadratrons were extremely cheap. In
fact, these devices were cheap enough to be used in rather high numbers to generate
functions by truncated power series.*

4.5.5 Diode function generators

The availability of reliable and cheap germanium and later silicon rectifiers gave rise
to yet another function generator principle to be implemented successfully, the so-
called diode function generator or polygon function generator. The basic idea is shown in
figure 4.31.

A (perfect) diode acts like a switch that will conduct current only in one direction but
not in the reverse. So a simple idealized diode might be used to implement a function
like
ax ifx>0
flx) = { 0 otherwise

where the slope a can be set by a series resistor. If one could shift the point where the
diode begins to conduct arbitrarily, a function could be generated by a piecewise linear
approximation. The circuit shown in figure 4.31 is based on this principle: Each of the
three diodes will yield one linear function with variable breakpoint. The breakpoint
position is determined by the negative bias voltage —e, and the setting of the corre-
sponding bias potentiometer Rpp,. The value a of the respective linear function each

diode yields, is determined by the slope potentiometer settings of Rg;. and the feed-
back resistor Ry of the operational amplifier acting as a three-input inverting summer.

Of course, a practical diode function generator has much more than three segments.3>
Figure 4.32 shows a typical implementation of a diode function generator implement-

34Cf. [Korn & KorN 1964][pp. 6-14 f.] for more details.
35More information can be found in [Korn 1962][pp. 3-66 ff.] and [Hauc 1960][p. A4] for example.
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Figure 4.33: EAI function generator

ing f(x) = x? for values x > 0 made by Telefunken to be used in their transistorized
analog computers.

A variable diode function generator3® made by EAI is shown in figure 4.33. This model
EAI 180-340 function generator features ten diode segments with coarse and fine con-
trol for the respective breakpoints and slopes. Other diode function generators dis-
pensed with the variable breakpoints and implemented 21 equally spaced breakpoints
with only the slopes to be set manually.3’

36VDFG for short.

37Both implementations have their specific advantages: Being able to set slope and breakpoint for each
segment often allows a better function approximation while diode function generators with fixed break-
points are easier to setup.
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Figure 4.34: Generating an inverse function using an open amplifier

4.5.6 Inverse functions

Many functions can be readily implemented by generating the inverse of another func-
tion. Using a function generator for the negative feedback of an operational amplifier
yields the inverse function (as long as there is no sign change and the feedback func-
tion is reasonably smooth — in most cases it is advisable to add a small capacitor, about
680 pF, between the output of the amplifier and its summing junction to stabilize the
circuit). Figure 4.34 shows the basic setup to generate an inverse function f~!(x) using
a function generator f(y) and an open amplifier as described.

4.5.7 Functions of two variables

Generating functions of more than one variable, the case with two variables being
the most common, is rather difficult using analog electronics only.>® Some approaches
to solve this problem involved the use of three-dimensional cams3? with appropriate
servo motor circuits. Another technique is based vaguely on the curve follower idea:
An xy-recorder with its pen replaced by a pickup stylus is controlled via its x- and
y-inputs moving the stylus over a specially prepared conductive sheet. On this sheet
equipotential contour lines can be drawn with conductive ink — these lines are then
connected to adjustable voltage sources. The conductive sheet then performs a two-
dimensional linear interpolation between these equipotential lines.

A variation of that scheme is the electrolytic trough. In the simplest case this is just
a two-dimensional bath filled with a conductive fluid and a pickup electrode that is
again moved by a xy-recorder. Using wires embedded in the bath, equipotential lines
can be implemented as above. Using a non-flat bottom plate even more complicated
functions can be represented. In some cases even a three-dimensional movement of
the pickup-electrode has been employed to yield f(x, v, z).

Yet another possibility is to use a couple of function generators of one variable and
feed a tapped potentiometer function generator with their respective outputs. In cases
where the response times that can be achieved with these servo-based techniques is not
sufficient, the use of an oscilloscope tube, a translucent mask, and a photomultiplier
has been proposed. The main problem here is the manufacturing of the translucent
mask that represents the function f(x,y) by its transparency.

38Some basic information about this topic can be found in [Korn 1962][pp. 3-78 ff.] and [Hauc 1960]

[pp- A9 f.].
39Cf. figure 2.5.
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4.6 Multiplication

Despite being simple to use analog techniques to implement an integrator, it turns
out to be difficult to model multiplication. Of course, the principles described above
concerning the generation of functions f(x,y) could be employed to implement a mul-
tiplier which has been done occasionally as the following sections show.

4.6.1  Servo multipliers

An obvious way to implement a multiplier is based on a servo function generator driv-
ing a number of linearly wound potentiometers mounted on a common shaft. The
input variable to control the servo circuit would be x while the ends of the free poten-
tiometers, i. e., those that are not needed for the servo-feedback, are connected to +y;
and -y;.%0 If x is allowed to take on values between +1 and -1 this setup allows for
so-called four-quadrant operation.

Figure 4.35 shows a five channel servo multiplier made by Solartron: The left half of
the device houses the transformers for the power supply.*! The power transistors driv-
ing the servo motor are mounted on the two large black heat sinks visible in the upper
middle of the picture. The heart of the servo multiplier can be seen in the lower right
half: six potentiometers mounted on a common shaft driven by the rather small servo
motor on the left. One of these six potentiometers is used to generate the feedback
signal for the servo circuit while the remaining five potentiometers are available for
multiplication. Thus, with one multiplicator input x, this servo multiplier can generate
five products xyy, xv,, ..., xy5 given multiplicands +y; and —y;, 1 <i <5.

Of course servo multipliers have the restriction that the multiplicator value x is limited
regarding its rate of change. If it changes too rapidly, the servo will be unable to follow
precisely introducing errors in the products. Nevertheless, in many applications this
restriction turns out to be not a severe one - the advantage of generating a number of
products based on a common multiplicator often outweighs it.

4.6.2  Crossed-fields electron-beam multiplier

One of the first all-electronic multiplication schemes is the crossed-fields electron-beam
multiplier that has been described by [MacNEee 1948][Sec. IITA]. The central element of
this type of multiplier is an oscilloscope tube with x- and y-deflection plates as well as

an additional single deflection coil.*?

The x-input to the multiplier drives the x-deflection plates acting on the electron beam
resulting in a horizontal velocity of |v,| ~ x. The y input signal drives the deflection coil
wound around the neck of the tube by means of a suitable power amplifier. This coil

40Normally, these potentiometers feature a middle tap that is connected to ground to enforce 0 - y is as
near to zero as possible. Otherwise slight errors in the potentiometer’s linearity would interfere with that
requirement.

418ervo multipliers normally have a dedicated power supply for the servo circuit to minimize noise cou-
pling into the precision supplies of the analog computer.

42Cf. [Haue 1960][pp. A6 f.].
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Figure 4.35: Solartron servo multiplier

will in turn generate a magnetic field B ~ y in axial direction that will deflect the
electron beam in vertical direction by an amount xy.

Using an opaque mask dividing the screen into two equal parts and a photodetector,*3
a servo circuit like the one outlined in the section covering the photoformer can now
be employed to generate a signal to drive the y-deflection plates of the oscilloscope
tube in such a way that the spot of light will always stay on the edge of the opaque
mask. Thus, y will be in proportion to xy.

4.6.3  Hyperbolic field multiplier

An even more arcane multiplication scheme based on a very special vacuum tube is
the hyperbolic field multiplier which was invented by GunpLacH in the early 1950s.44

Figure 4.36 shows the structure of this hyperbolic field tube. The central elements
are two pairs of vertical and horizontal deflection plates and, in addition to this, two
pairs of deflection plates that are shaped accordingly to generate a hyperbolic field
which the electron beam must cross. The vertical deflection plates are driven by the
multiplicator x while the multiplicand is fed crosswise to the two hyperbolic deflection
plate pairs. These hyperbolic plates create an electric field proportional to yy& where
n and & are the coordinates of a coordinate system with origin in the middle of these
four deflection plates.*

An electron beam that has not been deflected by the vertical deflection plates will cross
the hyperbolic field undisturbed since 7 = £ = 0. A beam deflected horizontally will,

43 Alternatively, a shield that divides the tube’s screen into two equal halves together with two photode-
tectors has been used successfully.

44Gee [GunpLACH 1955].

455ee [Haua 1960][p. A7].



82 4 Basic computing elements

tye ooy

S R Y

-0 X

eny 4

Figure 4.36: Structure of a hyperbolic field tube (cf. [Have 1960][p. A7])

Figure 4.37: Hyperbola tube

in fact, experience an additional deflection by this hyperbolic field which results in a
overall horizontal deflection proportional to xy, so this tube works quite similar to the
crossed-fields electron-beam multiplier but without the external deflection coil that
has been replaced by the hyperbolic deflection plates.

The electron beam then hits a target consisting of two closely spaced pickup plates that
are connected to an amplifier that is driving the horizontal pair of deflection plates.
This, in fact, forms a servo circuit that will force the electron beam to stay right in the
middle of the two pickup plates, so the signal driving the horizontal deflection plates
corresponds to the product xyp.

This type of multiplier has the advantage of a rather high upper operating frequency
compared with the crossed-fields electron-beam multiplier due to the purely elec-
trostatic deflection system instead of a magnetic one. [HauG 1960][p. A7] mentions
a dynamic multiplication error of only about 1% at a signal frequency of 80 kHz.
A complete schematic of a multiplier based on this special tube can be found in
[DueN 1960][p. 31]. Figure 4.37 shows a hyperbolic field tube.®

46This specimen is part of the Informatiksammlung of the Darmstadt University of Applied Sciences.
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Figure 4.38: Logarithmic multiplier

4.6.4  Time division multipliers

Another multiplier that is related to the servo multiplier described in section 4.6.1 is
the so-called time division multiplier*” which is just one particular implementation of
a larger family of modulation multipliers.

A servo multiplier is essentially just a controllable voltage divider using potentiome-
ters to build the products. Such voltage division can also be implemented readily by
modulating a square wave with respect to the mark- and space-times. If this modula-
tor is driven with the variable x a 1:1 ratio of mark to space would correspond to x = 0
while x = +1 and x = —1 would yield a signal being constantly high or low respec-
tively. Generating the average of this square wave signal would now yield an output
proportional to the modulation input x.

If the amplitude of this square wave signal is now controlled by the multiplicand y
this average signal will yield xy. As in the case of the servo multiplier, this scheme
readily extends to the computation of multiple products with a common multiplicator
x, so most time division multipliers contain one mark-space modulator driving several
amplitude modulators which are controlled by multiple inputs y;.*8

4.6.5  Logarithmic multipliers

Another quite obvious implementation of multiplication as a computer circuit is based
on the old idea of adding logarithms to achieve a multiplication — the very same prin-
ciple slide rules depend on. Figure 4.38 shows the basic setup of such a logarithmic
multiplier which requires three function generators, two yielding the logarithm of an

argument and one yielding the inverse logarithm.*’

The main problem of this type of multiplier is the fact that the two variables x and y are
restricted to positive values only unless special precautions are taken which involves
generating absolute values and restoring the sign of the multiplication result.

47See [Korn & Korn 1964][pp. 7-10 ff.]. Other terms for this device are mark-space multiplier or pulsed-
attenuator multiplier.

48 A very detailed and rather early circuit description of such a time division multiplier can be found in
[LiaMAND 1956]. A modern implementation might use a switched capacitor building block in a circuit as
described in [Linear Technology][p. 9].

49Cf. [MorriLL 1962][pp. 3-41 £.].
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Figure 4.39: Principle of operation of a quarter square multiplier (cf. [Giro1 et al. 1963][p. 92])

4.6.6  Quarter square multipliers

So-called quarter square multipliers belong to the most widely used classic multiplica-
tion schemes. The basic idea is to compute

_1 2 2
xy =7 ((x+9)? - (x-v)?)
which only requires the computation of two square functions>’ and some summations.
The division by 4 is easily done by a voltage divider or by a proper feedback resistor of
the output amplifier. Figure 4.39 shows a typical implementation of such a multiplier.

A particular requirement of this type of multiplier is that both variables, the multipli-
cator as well as the multiplicand, have to be supplied with both signs which normally
is not a problem in a practical analog computer setup due to the sign changing behav-
ior of most computing elements. The main advantages of this multiplier are its high
bandwidth and rather low price. Unfortunately there is no way to generate multiple

50The function generator card shown in figure 4.32 is actually part of such a quarter square multiplier.
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products of a common multiplicator which belongs to the domain of servo and time
division multipliers.

An interesting variation of this multiplication technique has been used by Hitachi. The
Hitachi 505E analog computer featured multipliers based on the generation of (x —1)?
instead of x? yielding>!

1 {(x+y-1)° (x-y-1)°
=3 2 2 Ty

4.6.7  Other multiplication schemes

There are plenty other multiplication schemes that have been developed and imple-
mented during the years. There are dynamometer multipliers that balance the forces of
multiple electromagnets against each other®? as well as strain-gauge multipliers that
are based on balancing a strain-gauge with voice coils,>® heat-transfer multipliers,>*
Hall effect multipliers> etc.

Today’s multipliers are most often based on so-called GiLerT cells which were devel-
oped by BarrIiE GILBERT in the late 1960s.°°

4.7 Division and square root

Division and square roots are normally implemented in a straightforward fashion us-
ing the idea of generating inverse functions and a multiplier. Figure 4.40 shows how
a division can be implemented using this technique by employing a multiplier in the
feedback loop of an amplifier. In the very same way a square root function may be
implemented by connecting the y input to the output of the circuit shown here.

4.8 Comparators

A number of problems need some means to implement step functions or to select
from various value sources etc. Operations like these require some kind of a decision
element which is called comparator in an analog computer context. Basically, a com-
parator is just an operational amplifier with biased diodes in its feedback loop thus
limiting its output to typically only two possible values like +1 and —1.

Figure 4.42 shows the general principle of a classic comparator.”” At its heart is an
amplifier with typically two inputs weighted by resistors R; and R, (usually R; = R,

51See [Hitachi 505E][p. 16].

52See [MoRrILL 1962][p. 3-40].

53Cf. [MorriLL 1962][p. 3-41].

54Gee [SaveT 1962].

55Cf. [Hauc 1960][p. A7].

56See [Analog Devices 2008].

57Cf. [GrLor et al. 1963][p. 80]. The S denotes the summing junction input of the amplifier.
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Figure 4.40: Division as inverse function of multiplication
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Figure 4.42: Principle of operation of a classic comparator

holds). The feedback loop of this amplifier consists of two diodes biased by e}, and

eb2.58 These diodes limit the output signal to only two values which can be used to
directly control a relay. If the sum of the two input signals e; and e, is greater than
zero the output will be driven to its upper limit and while the lower limit will be
reached for a sum less than zero. Thus a comparator can be readily used to compare
two or more signals in size.

Small early tabletop computers often did not provide comparators as such — the op-
erational amplifiers were too precious to be committed to a specific function like this.
Instead their patch panel often features a couple of diodes that can be used to setup a
comparator from existing computing elements according to the circuit shown if nec-
essary. Such comparators directly driving a relay are called relay comparators.

Later and bigger machines always have a number of comparators available but break
with the habit of controlling a relay directly. Instead the comparators yield a digital
output signal that can be used for a variety of purposes in an analog computer setup.
Such comparators are called electronic comparators. Figure 4.43 shows the symbol used
to denote a relay comparator in a diagram while the symbol for an electronic compara-
tor is shown in figure 4.44.

380f course these bias sources are not actual batteries in a real circuit — they can be readily implemented
using a coefficient potentiometer with its wiper connected to the diode and both inputs connected to the
amplifier’s output and +1 respectively.
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Figure 4.45: Simple limiter circuit

4.9 Limiters

Limiters are used to limit the value of a variable which is often necessary in simula-
tions of mechanical systems where moving parts can hit stops etc. The basic circuit
of a limiter is similar to that of a comparator. By using appropriately biased diodes
connecting the output and the summing junction of an amplifier, its output signal can
be limitsegd to an upper and a lower bound. Figure 4.45 shows the structure of a basic
limiter.

4.10 Resolvers

So-called resolvers are among the most complex computing elements in an analog com-
puter and normally only large systems offer resolvers as stand-alone units. The pur-
pose of a resolver is to generate the sine and cosine of a variable and convert polar
coordinates into rectangular ones and vice versa. Alternatively resolvers also allow
the rotation of coordinate systems. One of the earliest resolvers described in literature
is the device developed by LoveLL et al. as described in chapter 3.3. This device is
a typical servo resolver — this type of resolver was used widely in aerospace applica-
tions where coordinate transformations are abundant and the rates of change of the
variables to be transformed are normally reasonably slow to be suitable for an elec-

59This simple circuit is often sufficient although the slope of the limited portion of the signal is not zero.
See [Griror et al. 1963][pp. 207 ff.] and [Korn 1962][pp. 3-62 ff.] for implementation variants yielding more
precise results.
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Figure 4.46: Behavior of an ideal time delay

tromechanical approach. Late analog computers also feature all-electronic resolvers
allowing high-speed simulation of complex mechanical systems etc.

Resolvers are rather complicated and there are too many implementation variants to be
described in detail here. [CarLsoN et al. 1967][pp. 58 ff.], [Giro1 et al. 1963][pp. 95 ff.],
[Loveman 1962][pp. 3-2 ff.], [MorriLL 1962][pp. 3-56 ff.], [KLEY et al. 1966] and finally
[VogeL 1977] contain details and implementation examples.

4.11 Time delay

Many complex simulations require some form of time delay to model transport, diffu-
sion effects etc. An ideal time delay unit would act as shown in figure 4.46: An input
signal is delayed by a user selectable value At, so given an input signal y(t) the output
eo(t) of the time delay unit is given by e, (t) = y(t — At).6°

There have been many different approaches to achieve a near ideal time delay for use
in an analog computer setup. The most basic idea from today’s point of view is to
digitize the input signal, store it in a digital memory system and read it out with the
selected delay. Based on these readout values, an analog signal is generated by a digital-
analog converter.%! Although this yields very good results and is quite independent of
the input signal form®? it became feasible only in the late 1970s when RAMs®3 became
cheap enough to be used in such special purpose applications. Figure 4.47 shows a
typical digital time delay unit made by EAIL

Accordingly, earlier implementations had to rely on other technologies such as tape
recording systems®* or capacitor storage systems. The latter are based on a wheel or
drum which houses a set of capacitors oriented radially and sharing a common connec-
tion at the axis while the other terminal of the capacitors are connected to contacts on
the surface of the drum or wheel. These connections are then touched by two brushes:
One brush is used to store a value into a capacitor while the other is connected to a
readout amplifier. At is determined by the angular velocity of this capacitor wheel.

6ODuring start-up time, t < At, the output is usually zero.

61 DAC for short.

62 Apart from questions regarding the sampling period and the resolution of the converters.
63Short for Random Access Memorsy.

64Cf. [KenneDY 1962][pp. 6-10 ff.].
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Figure 4.47: EAI time delay unit

The main disadvantage of systems like this is the very limited number of storage el-
ements which effectively limit the number of breakpoints where the function to be
delayed is sampled.®> Yet another approach is based on the curve follower.®® The func-
tion to be delayed is plotted by a strip-chart recorder. The paper containing the plot
is then continuously fed into a one-dimensional curve follower which in turn delivers
the delayed function.®”

In cases where the substantial expenses of a dedicated time delay system could not be
justified, delay functions were set up using so-called PApg approximations or a STuBBs-
SINGLE approximation. In LapLace-transform notation delays of these types are char-
acterized by the following general linear transfer function:
Y(s
( ) _ e—Ts

X(s)

To give an impression of the complexity of these approaches, figure 4.48 shows the
implementation of a 4th-order StusBs-SINGLE approximation which is based on the
transfer function

1 15 13.55 1
- —Ts+—=T22 - 2233 T4
Sy5)= 2 13 " “To72 C 1072
' 1+ 1Ts+ 15 T2s2 + 13.55 T3s3 T4s4'
2 7" 134 1072 1072

65[KenNEDY 1962][pp. 6-8 ff.].
66Cf. section 4.5.2.
67See [CarLsoN et al. 1967][p. 225].
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Figure 4.48: 4th-order STuBBs-SINGLE approximation for time delay

The amount of circuitry necessary to implement time delays like this is significant
as can be seen and the setup of these circuits is quite time consuming due to the
many coefficient potentiometers depending on At. More details and examples regard-
ing PApE and StuBBs-SINGLE approximations can be found in [Kennepy 1962][pp. 6-
5 ff.], [CarLson et al. 1967][pp. 225 ff.] and [Stusss et al. 1954].

4.12 Random noise generators

Problems which are normally described by random processes can also be subject of an
analog computer simulation if a suitable random signal source is available.®® Typical
applications are the analysis of correlation functions and delay errors in signal net-
works, mechanical system analysis, the measurement of spectral densities and even
optimization processes by sequential random perturbations and the like.

Typical random sources employed in analog computers are based on the decay of ra-
dioactive sources and — more often — on resistor noise or PN-junction noise in semi-
conductors. Often complex demodulation schemes and special function generators are
employed to yield a desired probability distribution of the random signal.®’

4.13  Output devices

Since an analog electronic analog computer works on values normally represented by
voltages, typical output devices are strip-chart recorders as shown in figure 4.49, xy-
recorders (see figure 4.29) and oscilloscopes to display rapidly changing values.

In cases where a graphical output is not necessary, digital voltmeters’? are used to read
out various values of a simulation run. Large systems often feature a built-in digital

68See [RipEOUT 1962], [KORN & KORN 1964][pp. 12-5 f.] and [GrLor et al. 1963][pp. 357 ff.] for application
examples and techniques.

69See [Korn 1962][pp. 81 ff.].

70DVM for short.
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Figure 4.50: Readout of integrator 1000 on a Telefunken RA 770 analog computer

voltmeter with an automatic selector.”! To get a snapshot of the current state of a com-
puter run, all integrators are placed into hold mode first. Then the output value of
every computing element (or a subset of these) is read out by the digital voltmeter
and displayed or printed in decimal form. Alternatively, these values can be transmit-
ted to an attached stored-program digital computer or can be stored on some digital
medium.

"I This selector was based on stepping relays in early installations which were replaced later by readout
relays located on every computing element. These readout relays can be used to connect the output of every
element to a central readout bus that is in turn connected to the input of the digital voltmeter.
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Figure 4.50 shows the display of a typical precision digital voltmeter which is part
of a Telefunken RA 770 analog computer. The left half of the display’? shows the
coordinates of the computing element selected for readout: 1000 denotes integrator
number 000. The output value of this particular element is currently +0.9998. It is to
be noted that most of the digital voltmeters used in analog computers display their
values with respect to the machine unit of the system, so the above value corresponds
to +9.998 V since the RA 770 is a £10 V system.

The following chapter will now show the anatomy of a typical medium sized ana-
log electronic analog computer to give an impression of the interaction of the various
computing and control elements described in the preceding sections.

72This particular display is of the projective type, i.e., every display position can be illuminated by one
out of a number of incandescent bulbs which are positioned behind a mask containing the various symbols
to be displayed.
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The system chosen exemplarily for the following sections is the EAI-580, a typical
medium sized analog electronic analog computer which is shown in figure 5.1.

5.1 Analog patch panel

The most prominent feature of any analog computer is its so-called (analog) patch panel
which contains up to several thousands of connectors into which patch cables can be
plugged to interconnect the various computing elements. Depending on the precision
of an analog computer, these connectors and patch cables may be non-shielded or
shielded cables. Since the process of patching an analog computer is quite time con-
suming which would make it impossible to change programs rapidly, the patch panels
of all but the smallest analog computers are exchangeable.

Figure 5.2 shows the analog patch panel of the EAI-580 system. This panel is of the
modular type, it contains four rows of computing elements which consist of 15 com-

Figure 5.1: EAI 580 analog computer
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Figure 5.2: EAI 580 analog patch panel

puting elements each. Every computing element is represented by a particular inset
featuring 2 columns and 12 rows of connectors. Typical computing elements are dou-
ble operational amplifiers which are usually paired with double integrator circuits,’
quadruple amplifiers which are often used in conjunction with square function gener-
ators to form multipliers or act as simple inverters, comparators, function generators,
trunk lines? etc.

In contrast to other systems, the EAI-580 requires the programmer to setup an integrator by explicitly
interconnecting an operational amplifier with a dedicated integrator circuit. This approach has the distinct
advantage of giving maximum freedom to the programmer. On the downside, this setup requires to see the
machine not as a strictly mathematical instrument but more as a fascinating construction kit for engineers
and scientists.

2 A trunk line is a direct connection between a patch panel connector and a connector on the back of the
machine where input/output-devices may be connected in a convenient way without further cluttering the
analog patch panel.
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Figure 5.3: EAI 580 function generators

5.2 Function generators

Located below the analog patch panel are two drawers containing four diode func-
tion generators each. Each of these function generators has ten diode segments with
adjustable breakpoint and slope.® Figure 5.3 shows the extended lower drawer.

In general, there are two basic variants of diode function generators: Those with ad-
justable breakpoints and those with fixed, equidistant breakpoints. The former imple-
mentation has the advantage that the breakpoints for a function approximation can be
clustered in regions where the function oscillates heavily or is otherwise “interesting”.
This approach has the disadvantage of a rather long and complicated setup procedure
since both, breakpoints and slopes, must be set manually. The second implementation
variant, which is quite prevalent in machines built by the German manufacturer Tele-
funken, simplifies the setup by omitting the variable breakpoints but sacrifices preci-
sion of the function approximation in some cases. Eventually, it is mainly a matter of
personal preference which implementation is preferred.

3Cf. figure 4.31.
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Figure 5.4: EAI 580 digital controls and patch panel

5.3 Digital patch panel and controls

The topmost element of the left half of the EAI-580 contains a digital patch panel. In
addition to that, this unit contains two thumb wheel switches to preset digital coun-
ters/dividers and a number of switches which display the status of the digital registers
and can be used to set or reset individual bits. The remaining switches are associated
with a number of flip-flops and a timer.

These digital elements, which are basically simple logic gates, inverters, counters, and
dividers, can be interconnected by means of patch cables plugged into the removable
digital patch panel. In many cases a computation performed with an analog computer
does not require any digital elements at all, but more complex tasks, especially those
involving decision circuits or the optimization of parameters of complex systems, can
benefit substantially from digital elements. A typical example might be the simulation
of an automatic transmission for a car: The behavior of the gears, the torque converter,
etc. can be simulated readily by the analog part of the computer. The control of these
transmission parts, the decision of switching gears under varying loads, etc. is then
easily implemented with the digital elements of a digital unit like this.

The inputs to these digital elements are either clock signals generated by a central
timing unit or the outputs of comparators used in the analog setup, manual switches,
etc. Normally, the digital outputs are then used to control electronic switches on the
analog side? or to control the operation of integrators or groups of integrators. Some
tasks like optimization often require at least two groups of integrators which are con-
trolled in an alternating fashion: One integrator group is halted and delivers initial
conditions for a second group which will step through the modes initial condition and
operate. After some time this second group might be set to hold to read out the results.
The next step would then put the integrators of the first group into compute mode for
some predetermined time or until some condition is met. Then this group is placed
into hold mode again and the second group will start with new initial conditions etc.’

4Using such switches differing gear ratios can be selected in the automatic transmission example.

>Some machines like the Telefunken RA 770 feature an intricate control timing system that allows op-
erating modes like this to be implemented without having to resort to individually patched digital control
elements.
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5.4 Readout

Below the digital control unit is the overload display and readout system on the left
and a number of manual coefficient potentiometers and switches associated with a
number of comparators and function relays on the right hand side. Figure 5.5 shows
these subsystems of the EAI-580 analog computer in detail.

ATTENUATORS

The overload display on the upper left has one incandescent light bulb for each ampli-
fier in the system to display overload conditions. There are two basic types of overload
that may occur in an operational amplifier: In both cases it will be unable to deliver
the necessary output voltage required to satisfy the condition that the inverting sum-
ming point will be maintained at (near) ground potential. Taking a summer with two
inputs e, e, and associated weights a; = a, = 1 as an example, this error condition
could result from the attempt to add two input voltages of +1 machine unit each. This
would require the output to yield a voltage representing +2 machine units which is
obviously not possible.® The second type of error that would yield an overload con-
dition is to connect the output of an operational amplifier to a load with a resistance
requiring an output current of the output amplifier in excess of its capabilities.”

When chopper stabilized amplifiers are used, the detection of both overload condi-
tions is equally simple: In each case the inverting summing junction can no longer
be maintained at (near) ground potential. This will in turn yield an excessive error
correction signal at the output of the stabilizing amplifier which is normally used to
trigger the corresponding overload light for this amplifier.

6See chapter 4.

7 Connecting the output of an amplifier to ground or to +1 machine unit would result in such an overload
condition as would feeding too many following computing elements from a single operational amplifier’s
output.
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Figure 5.6: EAI 580 control panel

Below the overload indicator panel is the display of a four digit digital voltmeter which
can be used to read out the values of program variables.® In most cases digital volt-
meters like this can be connected to a printer and a selector unit to facilitate automatic
readout and logging of a number of variables.

On the bottom left is an analog voltmeter which can also be used to determine the
value of program variables as well as for a quick checkout of the computer. By means
of the rotary switch on the right all power supply voltages can be checked easily. In
additgion to this, the voltmeter is used for manual balancing of the operational ampli-
fiers.

The right half of this panel contains a couple of switches connected to the comparators
and function relays of the analog computer. Below these elements are ten manual ten-
turn coefficient potentiometers, called attenuators.

5.5 Control

The unit on the lower left of the computer is the central control panel which is used
to control the overall operation of the computer and for setting the servo coefficient
potentiometers. Figure 5.6 shows this control panel in detail.

On the far left are, from bottom to top, the power switches, four control switches to
select the mode of operation of the analog part and similar switches for the digital
part. The possible analog modes are the following (from left to right!?):

PP: Short for Program Panel, this mode transfers the overall control of all integrators
to the digital unit on the top left.

8Normally, the computer is placed into hold mode for readout.
In some cases the drift of an amplifier is so excessive that the chopper stabilization stage cannot com-
pensate it completely. Therefore each amplifier provides a potentiometer for manual coarse zeroing.
10The key labels have faded away due to the age and usage of the particular machine depicted.
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IC: Place all integrators into initial condition mode.
HD: All integrators are placed into hold mode.

OP: Switch all integrators into operate mode.

The switches for the logic mode are used to transfer the control of the digital elements
to the digital patch panel (PP) and to clear (C), stop (S) and run (R) the digital circuit
setup on the digital patch panel. The switches labeled 10°, 10°, 10! and STP select
the basic digital clock rate, one pulse per microsecond being the default cycle time, or
place the digital subsystem into single step mode. The RMT switch places the digital
unit into remote mode which allows several EAI-580 systems to be coupled together
or to couple an EAI-580 analog computer with a memory programmed computer, ba-
sically forming a hybrid computer.!!

The two switches labeled DIS and ENG are used to disengage and engage the large
analog patch panel. Due to its many connections, its locking mechanism is driven by
a motor which is controlled by these two switches.

Above these two switches a row of three buttons labeled SP, ST and RMT is located,
that place the machine into the potentiometer-set mode (SP), a check mode called
static test'? or into remote mode which transfers the control of the analog portion to
an external system like a memory programmed computer.

The column next to these controls contains two switches to select the basic time scale
of the analog portion of the computer and some timer controls. By default all inte-
grators are set to a time scale of 1 second, so that an input voltage corresponding to
one machine unit will yield a minus one machine unit output signal after one second.
Pressing the button labeled 2MS will exchange all capacitors in the feedback loops of
the integrators by capacitors with 1/500 of the basic capacity thus speeding up the
computation by a factor of 500. This mode is very useful for the study of very slow
processes.

The two ten-turn potentiometers control the timers for repetitive operation. In this
mode a computation will be performed over and over again, cycling the integrators
through their initial condition, operate and hold modes automatically. This mode al-
lows to generate a stable display on an oscilloscope showing the solution of a problem.
The keys labeled .1, 1 and 10 set a global timer multiplication factor that affects the
repetitive operation.

The next column of switches is labeled ADDRESS and allows to select any computing
element of the analog section of the EAI-580 for readout or setup in the case of servo
potentiometers. Each element has a two digit decimal address and a type representing
its function like A for an amplifier, P for a potentiometer etc. The value at the output
of an element addressed in this way is displayed on the digital voltmeter.

The next block of switches is labeled RDAC and forms a simple, yet precise resistor
based analog-digital converter. Its main purpose is to set selected servo coefficient

11gee section 9.
12This mode is quite similar to the initial condition, but instead of initial conditions check voltages can
be applied to the integrators allowing a static check of a program without actually running it.
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potentiometers: Using the ADDRESS switches, a potentiometer to be set is selected.
In the next step the desired value is keyed into the RDAC keys and the SET key is
pressed. This causes the servo motor of the selected potentiometer to run until the
value is reached. In some cases it is desirable to control a servo potentiometer com-
pletely manually which can be done with the big lever on the far right. Turning it to
the left will cause the servo motor of the selected potentiometer to decrease the coeffi-
cient’s value; turning it to the right will increase the value.

5.6 Performing a computation

Performing a basic computation on the EAI-580 analog computer is now performed as
follows:

1. First the computer is switched on by pressing the ON button.

2. Then the programs prepared on the analog and digital panels have to be inserted
into the machine. While the digital patch panel can be engaged and disengaged
manually by means of a lever, the analog patch panel is moved by a motor con-
trolled by the DIS and ENG switches on the control panel.

3. According to the program description the (servo) coefficient potentiometers have
to be set.

4. If necessary, the diode function generators must be setup manually.

5. If necessary, initial conditions for the digital computing elements have to be set
by setting the switches associated with the counters, flip-flops etc. accordingly.

6. The next step involves setting the desired time scale if repetitive operation is
necessary.

7. Selecting the modes initial condition and operate through the switches controlling
the analog mode will then start the computation. If the program needs digital
control elements, the digital subsystem must be placed into the run mode, too.
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The following sections describe some typical analog computers without even attempt-
ing to give a comprehensive overview since there were too many companies and com-
puter models in the market to be covered in detail here.

6.1 Telefunken RA 1

In the early 1950s Dr. Ernst KETTEL started the development of an analog computer at
the German company Telefunken which was known before for its high-quality radio
transmitters, receivers, and the like but not for computing machines at all. It seems
reasonable to assume that Dr. KerTer met HELmut HoELZER during his work in Peene-
miunde where he developed radio control systems for rocketry. There he has probably
seen HOELZER's general purpose analog computer which would explain his later inter-
est in this topic.

However, Dr. KerTeL started the development of a vacuum tube based analog com-
puter in about 1953 with Dr. Aporr Krey. The resulting machine became known as
the RA 1! and is shown in figure 6.1.

[FerLMEIER 1974][p. 18] describes the RA 1 as a typical system of the so-called heroic
age of analog computing that spans from about 1945 until 1955. The machine is of a
completely modular design. Three racks hold a variety of computing and support ele-
ments. The right most rack contains the power supplies delivering the highly precise
machine voltages of +100 V as well as the main supply voltages of +200 V etc. The
middle and left racks hold the various computing elements.

The rack on the left contains the following subsystems from top to bottom: A vacuum
diode function generator with 21 fixed breakpoints and and 21 precision potentiome-
ters and switches to select the slope, four quarter square multipliers?, eight summers,
an oscilloscope of rather interesting design with two display tubes, a collection of limi-
ters and the like and some free diodes>, relays to setup comparator circuits, five coeffi-
cient potentiometers, a selectable integrator/summer/amplifier and a summer.

IRA 1 is the abbreviation for Rechner, Analog number one. (“Rechner” is the German term for computer.)
Telefunken followed a simple scheme for naming its analog computers which were all denoted by RA fol-
lowed by a number. Later tabletop machines were labeled with an additional T to distinguish these from
the larger systems.

20f these eight units, seven employ double diode vacuum tubes EAA 91 to implement the square func-
tions while one module is of a clearly experimental nature: This left most multiplier uses germanium diodes
instead of vacuum tubes.

3Many analog computers contain so-called free or uncommitted diodes which are very useful to limit the
output of some computing element, to implement absolute value functions, etc.
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Figure 6.1: The Telefunken RA 1 as it is currently preserved in a private collection

The rack in the middle contains (top to bottom) a second diode function generator,
four quarter square multipliers, eight selectable integrators/summers/amplifiers, 16
coefficient potentiometers, another eight switchable integrators/summers/amplifiers,
eight coefficient potentiometers and a drawer containing the central timing and con-
trol module as well as six selectable integrators/summers/amplifiers.

It is quite obvious that the RA 1 was built as a piece of laboratory equipment and not
as the prototype of a product to be sold to customers. All computing elements are in-
terconnected with shielded patch cables but there is no central patch panel, there is no
means to setup coefficient potentiometers, there is no built-in voltmeter etc. It must
have come quite as a surprise for Telefunken that customers who saw this machine
in the laboratory in Ulm were eager to buy such a machine. Forced by such customer
demand, Telefunken agreed to build a batch of ten systems which were slightly im-
proved over the prototype RA 1. A very large installation of this production model,
named RA 463/2 is shown in figure 6.2.* Since the first batch was sold even before the
machines were actually built, additional systems were manufactured and Telefunken
entered the analog computer business.

4See [Telefunken 1958]. A typical RA 463/2 system, containing only three racks and no operator console
table, was priced at 158,000 DM in 1958 (see [Telefunken 1958]). This corresponds to about 410,000 US$
today.
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Figure 6.2: A large Telefunken RA 463/2 analog computer installation (see [AMmMoN]([p. 1])

6.2 EAI 231R

The Electronic Associates EAI 231R is one of the machines that became archetypal for
analog computers as such. It was introduced in 1959 and already had a long ancestry
which made this system far superior compared to the Telefunken RA 1 and its pro-
duction model RA 463/2. The 231R and it predecessors were part of the PACE> series
which included the earlier models 16-24A, 16-24D, 16-31R and 16-131R.

A typical EAI 231R analog computer is shown in figure 6.3. This system became one
of the most widespread analog computers and systems of this type were used well into
the late 1970s. The system is dominated by the large patch panel on the right side
containing 3450 plug sockets. These sockets as well as the patch cables are completely
shielded minimizing cross talk and noise injection. Below the patch panel is the op-
erator control panel which contains 20 manually operated coefficient potentiometers
on the right and the timing control, analog voltmeter, and computing element selec-
tion circuitry on the left. The two large bays on the top of the system can hold either

SShort for Precision Analog Computing Equipment.
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Figure 6.3: EAI 231R analog computer

additional 80 manual coefficient potentiometers or servo potentiometers.® Above the
operator panel are a random noise generator (recognizable by its two circular analog
instruments), a digital voltmeter, two servo multipliers and a printer connected to the
DVM.” The bays below the operator console contain 24 drawers with four operational
amplifiers each and two power supplies. All input and feedback resistors and capa-
citors are contained in a temperature controlled oven to minimize drift effects due
to temperature variations. Figure 6.4 show the removable patch field. The system de-
picted has manual coefficient potentiometers installed in the top enclosures and an
extension rack mounted to its right.

A rather large EAI 231R installation is shown in figure 6.5. It consists of two maximum
extended EAI 231R analog computers, each with one extension rack to its left and one
to its right. A large horizontal plotter can be seen in the left foreground, in the mid-

The system shown here is equipped with servo potentiometers.
7Short for Digital Voltmeter.
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Figure 6.5: Installation of two EAI 231R with various plotters and an ADIOS console

dle of the picture is a smaller EAI Variplotter and on the right are two multi-channel
recorders and a so-called ADIOS® console which can be used to automatically setup
servo potentiometers and the like under paper tape control.

The 231R was such a successful system that EAI developed an enhanced version,
the EAI 231RV, that was put on the market in 1964. In contrast to the 231R, it con-
tains a rather sophisticated digital control system that allows individual integrator
control and easy implementation of complex control sequences. In addition to that,
the integrators were expanded with additional time constants. These systems found
widespread use in nearly all scientific and engineering branches but most prominently
in aerospace applications.

8Short for Automatic Digital Input Output System. Some background information about ADIOS can be
found in [VaN Wauve 1962].
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Figure 6.6: EAIl HYDAC-2000 system (see [N.N. 1964/1])

Another impression of a large EAI installation gives figure 6.6. The right half is occu-
pied by an EAI 231RV with expansion racks to its right and an eight channel recorder.
On the left a DOS 350 digital console can be seen. This system consists of a plethora of
basic digital circuit elements that can be connected by means of a central patch panel.
Using these elements, complex control circuits can be implemented. This combination
of an EAI 231RV and an associated EATI DOS 350 was marketed as the HYDAC 2000°
by EAL

6.3 Early transistorized systems

Telefunken turned out to be the first company that successfully developed a fully tran-
sistorized analog computer. After the success of the vacuum tube based RA 463/2 it
was decided to quit the vacuum tube approach and start over from scratch, developing
a transistorized precision operational amplifier with chopper stabilization.!? Hired for
this development task was GUNTER MEYER-BROTZ who just finished university.!!

As a proof of concept, a small tabletop analog computer was built that is shown in
figure 6.7. Its connection to the RA 1 and RA 463/2 can be seen — there is no central

9Such a HYDAC system, worth over one million Dollars, was acquired by General Dynamics in 1964 for

the development of the F-111 jet fighter (cf. [N.N. 1964/2]).

10The amplifiers in the RA 1 and its production model RA 463/2 had no drift compensation and thus
these machines were capable of repetitive operation only with a maximum integration time of 110 seconds.
Longer runs would compromise the results too much due to drift effects.

prof. Dr. Meyer-BrOTz told the author that he was hired without having any real experience in the
field of amplifier development because he did not know that it was considered impossible to build a fully
transistorized precision operational amplifier. Nearly everybody in the 1950s considered transistors to be
sufficient for switching operation but not for precision analog applications.
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Figure 6.7: First fully transistorized tabletop analog computer made by Telefunken (see
[Ernst 1960][p. 255])

patch panel, all computing elements are housed in separate drawers and the machine
features a built-in oscilloscope.

Based on this prototype it was decided to develop a production model which would
become the RAT 700.'? The operational amplifier used in this first fully transistorized
analog computer has been shown in chapter 4, figure 4.13. The RAT 700 was sold
for the first time in 1959 and became the progenitor of a rather long series of analog
tabletlo3p computers built by Telefunken. Figure 6.8 shows one of the machines sold in
1959.

In contrast to the RA 1 and RA 463/2 there is a central patch panel!* located in the
lower of four drawers which contains the input and feedback networks of the summers
and integrators and additional computing elements like free diodes, relays etc. On the
right hand side of this drawer the operator control panel can be seen. The middle of
the machine holds two half-height drawers containing 20 precision coefficient poten-
tiometers'> and two diode function generators with fixed breakpoints. The top drawer
holds the precision power supplies on the right and 15 chopper stabilized precision
operational amplifiers on the left.

128hort for Rechner Analog Tisch — analog tabletop computer.

I3Later models had a different color scheme and a slightly different enclosure.

14Even an option to add a removable patch panel was offered due to customer requests.

I5To protect these rather expensive potentiometers against damage caused by patching errors, a small in-
candescent bulb has been placed in series with the wiper. Under normal circumstances only a tiny current
flows through the wiper and the small resistance of the bulb in its cold state does not introduce any no-
ticeable error into a computation. In case of a erroneous connection when excessive current flows through
the potentiometer’s wiper, the bulb lights up and limits the current to a value that will not damage the
potentiometer.
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Figure 6.8: The RAT 700 tabletop analog computer

A fully expanded RAT 700 contains 19 operational amplifiers,'® four quarter square
multipliers, two diode function generators, 20 coefficient potentiometers, eight free
diodes and two relays that can be used to setup comparators.

The RAT 700, which sold remarkably well, was in fact just a by-product of the develop-
ment of a large precision analog computer that was completed in 1960 and introduced
to the public at the Hanover trade show the same year. This machine, the RA 800,
which is shown in its basic configuration in figure 6.9, was living proof that a preci-
sion analog computer with a machine unit of £10 V could be built with transistors
instead of the ubiquitous vacuum tubes. Around this time, other companies started
their own developments of transistorized analog computers that could compete with
the RA 800.

The left rack contains, from top to bottom, a power supply, the central removable patch
panel, 50 precision coefficient potentiometers, two servo resolvers and two drawers
with four time division multipliers each. The right rack contains, top to bottom, a
power supply, two drawers with four diode function generators each, ten manual
switches, a digital voltmeter, the central control panel with various timers, compensa-
tion voltmeter and computing element selection logic, 50 additional potentiometers,
two drawers each holding 30 operational amplifiers and ten electronic comparators.

16Eight of these operational amplifiers are committed to switchable integrators/summers, seven are part
of summers while the remaining four are needed for the multipliers and function generators.
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Figure 6.9: A basic RA 800 precision analog computer (see [MEYER-BrOTZ 1960][p. 176])

EAI was also developing a transistorized operational amplifier that would form the
heart of its first tabletop analog computer, the TR-10, which was introduced to the
market in 1960. Figure 6.10 shows the front view of a TR-10. Instead of a central patch
panel, it exposes its various components to the programmer.!” Interestingly, this ma-
chine - like several other later systems made by EAI — does not offer integrators and
summers as pre-wired computing components but requires to build these elements
by int{esrconnecting operational amplifiers with additional elements during program-
ming.

From top to bottom, this particular TR-10 contains 20 coefficient potentiometers,
twelve computing networks to build summers, integrators etc., ten dual operational
amplifiers that have to be connected to the computing networks above, and the control
panel at the bottom.

17 A removable patch panel was later offered as an option.

18This is in sharp contrast to other systems like all Telefunken machines that hide the operational ampli-
fiers from the outside and offer mathematical operations as the basic elements for a program.
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Figure 6.10: The EAI TR-10 tabletop analog computer

6.4 Late analog computers

In the mid 1960s it became clear that analog computers had to be connected to stored-
program digital computers to form so-called hybrid computers'® and most manufac-
turers started development of such systems by extending existing models with the
necessary hardware like analog-digital- and digital-analog-converters etc. A typical
example for this strategy is the EAI HYDAC-2000 shown in figure 6.6. Telefunken
used the same approach by extending the RA 800 into the RA 800H, the H denoting
its hybrid capability. In fact this machine was basically still a RA 800 system but had
a digital control system quite like the DOS 350 of the HYDAC-2000.

Figure 6.11 shows a RA 800H system. The rack on the left holds the digital extension,
the so-called DEX 8022° which is just a collection of basic digital elements like logic
gates, counters and timers. In addition to this, there are additional drawers containing
function generators, an electronic resolver etc. Nevertheless, this rather simple exten-
sion made the RA 800H a much more versatile system than the RA 800. Using the DEX
802 complex computations like parameter optimizations became possible.

19Gee section 9.
20Short for “Digital Experimentierzusatz” which translates roughly to “digital extension for experiments”.
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Figure 6.11: A RA 800H system (see [ApLEr 1968][p. 273])

The last Telefunken analog computer is the RA 770 which is a significant improvement
in comparison to the RA 800H. Shown in figure 6.12 this system achieves an overall
precision of 10~% and uses improved operational amplifiers employing silicon transis-
tors and fully electronic choppers.?! Using integrated circuits in the control system
and other improvements over the RA 800H the RA 770 is physically smaller and yet
offers a wider complement of computing elements.

Both, the RA 770 and the RA 800H, can be controlled from an external stored-program
digital computer by means of a so-called hybrides Koppelwerk?? HKW 860 forming a
real hybrid computer. Unfortunately, Telefunken stopped the development of analog
computers in the early 1970s with no successor to the RA 770 which was announced
in 1966. Its analog computer branch went out of business in the 1970s while other
manufacturers, like EAI, were still bringing new and greatly enhanced systems to the
market.

As an example of such a late EAI system, a PACER 500 hybrid computer is shown in
figure 6.13. From left to right, the console typewriter for the stored-program digital
processor, the digital processor itself, the dominating analog patch field, the operator
control panel, including a small digital patch field, and a small cathode ray tube dis-
play can be seen. Systems like these were in widespread use in nearly all scientific and
engineering branches well into the 1980s.

21 These amplifiers, described in [MEYER-BrOTZ et al. 1966], and shown in figure 4.14, chapter 4, have an
open-loop gain of 3-108.
22German for hybrid coupler.
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Figure 6.13: An EAI PACER 500 hybrid computer system

Since the purpose of this chapter is to give only an impression of various analog com-
puters, many influential systems, like the EAI-580, the EAI-680, the large systems
EAI-7800 and EAI-8800, and many other vendors like Beckman, COMCOR, Dornier,
Simulators Inc., Goodyear, GAP/R, Solartron etc. are missing. This should not imply
that their machines are inferior to those described here.



7  Programming

Programming an analog computer is completely different from programming a stored-
program digital computer. In the early days of computing as such, programming ana-
log computers was considered being easier and even more “natural” than developing
and implementing an algorithm for a digital computer. Especially users from the en-
gineering faculties took the analog computer as a natural extension of their way of
thinking about systems and their simulation. This was due to the fact that an analog
computer readily implements a working model of a system to be analyzed.

The situation has changed radically since the 1970s. The abstract algorithmic approach
which is the basis for programming nearly all of our current digital computers has
completely eliminated the analog approach from the typical mental programming
toolkit. Thus, from today’s perspective, programming an analog computer is a cu-
riosity while programming a stored-program computer is considered being something
natural.

The following sections show the basics of analog computer programming with some
practical examples of increasing complexity. Since programming, be it analog or algo-
rithmic, is an art to a certain degree, a lot of hands-on experience is required to become
a good analog computer programmer. First of all it is necessary to abandon the algo-
rithmic approach, as natural as it may seem, while reading the following sections.

7.1 Basic approach

The basic approach of programming an analog computer is depicted in figure 7.1:
First of all a thorough analysis of the system to be simulated is made which normally
yields systems of coupled differential equations.! Based on these differential equations
a program for the analog computer is devised. This program is a computer setup that
describes the necessary connections between computing elements to implement those
equations. After defining this setup that will be implemented on the patch panel of the
analog computer, a normalization step is necessary to ensure that no variable of a setup
will exceed the range of +1 machine unit.> This step yields the required coefficient
potentiometer settings for the problem.

Given sufficient initial conditions for the integrators of such a computer setup, the
system of which an analog has been implemented can now be simulated.

I This first step is the same for developing an algorithmic solution for a given problem.
2This is often the hardest part in programming an analog computer.
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A PHYSICAL SYSTEM
can be SIMULATED BY
AN ANALOG COMPUTER

A graphic description of the system:
dynamic performance

Figure 7.1: Typical workflow in analog simulation (cf. [TrurtT et al. 1964][p. 1-108])

To derive an analog computer program from a set of equations, normally either the
so-called feedback technique® developed by KeLvin in 1875/1876 or the substitution

method* is employed. Both methods start with a set of differential equations of the
general form

y(”)(x) + an_ly(”_l)(x) +e a1y (x) +agy(x) = f(x) (7.1)
with initial conditions

(n—1)| _ . (n-1)

Yo =30 2" _, =90

3Cf. [Scuwarz 1971][pp. 25/165 ff.].
4See [Scuwarz 1971][pp. 168 ff.].
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Figure 7.2: Kelvin’s feedback technique, 15¢ step

based on the system to be simulated. Derivatives with respect to time ¢ or the scaled
machine time T, like i—’;, which are directly accessible for an analog electronic analog

computer that only has time as the free variable of integration,® will be written as y in
the following.

Normally no differentiations are used in an analog computer setup due to the in-
evitable increase in noise that is caused by this operation.® Instead integration is used
wherever possible to reduce the order of the derivatives involved.

7.2 Kervin’s feedback technique

Kervin’s feedback technique, which also has been called the classical differential ana-
Iyzer technique,’” is based on the idea of a series of integrations starting with the highest
derivative of a differential equation and successively yielding all lower derivatives that
are necessary to represent the equation in question. As an example the following equa-
tion with initial conditions ¢y, 99 and y, is to be solved with an analog computer:

'}7+azjj+a13}+a0y:0 (72)

First, the equation is solved for its highest derivative, ¥:

Y =-ay-a1y—apy. (7.3)

Using three integrators connected in series as shown in figure 7.2 the lower derivatives
-7, v and —p can be computed.8

Combining these derivatives, the right hand side of equation (7.3) can be obtained
as shown in figure 7.3. The coefficients ay, a; and a, are implemented using three
coefficient potentiometers while an additional summer is necessary to yield —y. Since
every integrator (and summer) performs a sign reversal, the three initial conditions
have to be supplied with alternating signs in this setup, too.

5This is a noteworthy restriction that only applies to analog electronic computers. Classic mechanical or
electromechanical differential analyzers as well as their digital counterparts (see chapter 10) do not have
this restriction.

6See section 3.1.2.

7See [Korn & Korn 1964][p. 1-5].

8The alternating signs are caused by the sign changing nature of typical integrators.
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znd

Figure 7.3: Kelvin’s feedback technique, step

The computer setup derived by this simple method is now an analog of the system
described by the differential equation (7.2). Depending on its scaling, controlled by
the coefficients a(, a; and a, and the time constants of the integrators, it can react in
the same span of time as the original system or faster or slower. While many problems,
especially those with hardware- or humans-in-the-loop, require no time scaling, other
problems benefit considerably from stretching or compressing time.’

Using these steps of the KeLvin method, an analog computer setup can be derived
quite automatically given differential equations to start with:

1. Rearrange the equations so that the highest derivative is separated.

2. Generate all lower derivatives that are part of the equations by successive inte-
gration steps.

3. Using these lower derivatives the right hand sides of the equations can be gener-
ated.

4. Since these right hand sides are equal to the highest derivatives used in the first
step, the feedback loop can be closed by feeding these values into the inputs of
the first integrator stage.

9Typical examples are the simulation of processes in a nuclear reactor or problems in population dynam-
ics.
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Figure 7.4: First sub-circuit derived by the method of substitution

7.3 Substitution method

The approach of the substitution method'? is best shown by deriving a computer setup
for solving the differential equation!!

V+ay+aey = f () (7.4)
To simplify matters, the initial conditions 7y and y, are assumed to be zero.

The basic idea is now to separate differential equations of first degree from equation
(7.4) by repeated substitution. Each substitution lowers the degree of the remaining
differential equation by one. The substitution

y=y+ay (7.5)
yields
I;[ :jj+a1p (76)

as its first derivative with respect to time. Substituting (7.6) into (7.4) yields the non-
homogenous differential equation

U+agy = f(1). (7.7)
Solving (7.7) for its highest derivative yields
g=f(t)-apy

which corresponds to the circuit shown in figure 7.4.

Now a second circuit representing equation (7.5) has to be set up. Solving this equation
for its highest derivative yields

y=y-ary
which corresponds to the circuit shown in figure 7.5. y is readily available from the
circuit shown in figure 7.4.

Combining these two sub-circuits in a straightforward fashion yields the setup shown
in figure 7.6. Realizing that every summer and integrator performs a sign inversion,
this circuit can be simplified considerably.!? The simplified setup is shown in figure
7.7. Compared with 7.6 it saves two summers.

10 Als0 known as partial feedback method.

HCt. [Scuwarz 1971][pp. 168 ff.].

128ince every operation causes some error, setups for analog computers should always be minimized with
respect to the number of computer elements involved.
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Figure 7.7: Optimized circuit derived by the method of substitution

A major drawback of the substitution method is the complexity involved with non-
zero initial conditions. While the initial condition y, can be used directly to setup the
last integrator in a program derived by this method, all other initial values have to be
transformed according to the substitutions performed before. So the initial value v,
has to be transformed into an equivalent initial value

Go = Yo + a1Y0-

Only y can be used to initialize the corresponding integrator. This initial value trans-
formation makes the application of the substitution method rather cumbersome in
real applications. Thus the following sections will rely on the simpler KeLvin method.
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Figure 7.8: One-dimensional heat-transfer

In general, both techniques, KeLvin’s feedback method as well as the substitution
method can be applied to linear and non-linear and linear differential equations.!?

7.4 Partial differential equations

Many problems require the solution of partial differential equations which contain
derivatives with respect to more than variable.!* Since an analog electronic analog
computer can only use time as the free variable of integration, such partial differen-
tial equations, PDE for short, are normally solved by either employing a quotient of
differences or by separation of variables.!>

7.4.1 Quotient of differences

The quotient of differences-method is based on the idea to handle all derivatives not
depending on time t as quotients thus discretizing the underlying problem suitably.
Thus the idea is to approximate a derivative of the form

df(e) _ o flrrAx) = f(x)

dx Ax—0 Ax

by a quotient of differences like this:

Af(x) _ flx+Ax) - f(x)
Ax Ax

As simple as this method is, it usually requires an enormous amount of computing
elements, which sometimes outweighs the advantage of simplicity. Figure 7.8 shows
a simple one-dimensional heat-transfer problem that is to be solved with an analog
computer and the quotient of differences method.

131n the case of non-linear differential equations the handling of initial conditions can be quite tricky.
Sometimes special computer setups are used. Cf. [Soupack 1968] and [BrowN 1969] for more information.
Some special classes of non-linear differential equations can be tackled with a method different from those
described here, see [WHITE 1966].

14Most often derivatives with respect to time t and Cartesian coordinates (x, 7, z) or spherical coordinates
(t,¢,0) are encountered.

15Gee [Howe et al. 1953], [Howe 1962], or [Forses 1972].
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A heat conducting rod is connected to a time dependent heat source H(t) on its left side
while the right side is placed against an insulating wall.!® In general such a problem
is described by the PDE

AT :
—— =kT.
o0x?

The rod is divided into slices of equal width as shown in figure 7.8. Each of these
slices corresponds to one difference quotient. Given the heat source on the left and the
insulator on the right side yields the following boundary conditions:

. 1

To=—H .

0= Ay (1) (7.8)
. 1
T, = Ax (Top-1 — Ton-2). (7.9)

The resulting quotient terms with indexes 2m with 1 <m < n are

0% Ty, - Tom—1 = 2Tom + Toia
dx? 1(Ax)? '

(7.10)

The interjacent elements are

T Do+ Tomsr
1=

where T,,,,1 represents the mean temperature on the edges of the corresponding slice
in figure 7.8. Starting with equation (7.10), a system of differential equations involving
only time t as free variable can be derived. Assuming n = 3 and taking the boundary
conditions (7.8) and (7.9) into account yields the following set of differential equations:

. 1
Ty = —H(t
0= tax 1)
Ty + T
leu
2
T, = 4 (Ty - 2T, + T3)
Z_k(Ax)2 1 2t 13
T, +T.
T, = 2+ 14
2
Tz — 2 (Ty— 2Ty +T)
Ty +T,
T, = 4t 1g
2
= (T —Ty)
6_kAx 5 4

16More examples can be found in [SEveerTH 1960], [TruIrT et al. 1964][pp. 3-66 ff.], [AMELING 1963]
[pp. 284 ff.], [Sypow 1964][pp. 103 ff.], [Mackay 1962][pp. 243 ff. and pp. 293 ff.], [Telefunken 1963/1],
and [Grror et al. 1963][pp. 255 ff.]. A more complex gas flow example is described in [MaHRENHOLTZ 1968]
[pp. 143 ff.].
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Figure 7.9: Circuit for one-dimensional heat-transfer

These equations can be readily transformed into the computer setup shown in fig-
ure 7.9. The high amount of computing elements is obvious.!” An advantage of this
method for solving problems involving PDEs is that the coefficient potentiometers can
be set up in groups simplifying the programming task significantly.

When the derivatives not depending on t are of higher degree, the method of differ-
ence quotients becomes rather cumbersome. In these cases, a different approach is
often used which involves the development of TayLoOR series approximations for the
higher derivatives. Cf. [AMELING 1964] and [Grro1 et al. 1963][pp. 270 ff.] for detailed
information.

7.4.2  Separation of variables

Another method for the solution of partial differential equations with an analog com-
puter is based on the separation of variables.!® While the method described above dis-
cretizes all variables beside ¢, the separation of variables allows all variables of a PDE
to take on continuous values. As a result, computer setups based on the separation of
variables often require substantial fewer computing elements. Nevertheless, this tech-
nique has a major drawback: It is much more complicated to derive a computer setup
by using the separation approach than by the method of difference quotients.

As an example the one-dimensional heat-transfer based on

2T .
= =kT (7.11)

will be treated again.!® The task is to determine the temperature T(x,t) at a certain
position and a certain time, so the separation of the variables t and x yields

T(x,t) = fi(x)f2(2). (7.12)
From equations (7.11) and (7.12)

d?f,(x)
dx?

171t was not uncommon for some computer setups, especially in the area of chemical technology, to require
hundreds of integrators and summers to model heat transfer problems with a reasonable fine discretization
width.

18See [STEPANOW 1956][pp. 12 ff.].

19Gimilar examples can be found in [Sypow 1964][pp. 107 f.] and [AMmELING 1963][pp. 280 ff.].

£2(t) = kfo(t) fi (x)
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dfi(x)
P, Al
a2f, (x) fo(t) —fa(t)
1 fix) —~
‘ —f1(x) \/
A Z
Figure 7.10: Circuit corresponding to (7.16) Figure 7.11: Circuit corresponding to (7.17)

follows. Separating x and ¢ yields

d&’fitx)
dx? :kfz(f)
fi(x) fo(t)

Splitting equation (7.13) and setting both sides equal to —A,, yields the eigenvalue
problem

(7.13)

dzfl(x)
dx2
W = /\n and (714)
()
k% =-1,. (7.15)
Solving (7.14) and (7.15) for their highest derivative results in
dZ
d]i gx) = A,fi(x) and (7.16)
flt) = =22 folt) (717)

which are readily transformed into the circuits shown in figure 7.10 and 7.11 where
the variable x is identified with t.

Initially, for time t = 0, the rod is at temperature T # 0. Then its ends located at x = 0
and x = 1 are forced to temperature 0 so that T(0,t) = T(1,¢) = 0. Using the circuit
shown in figure 7.11 suitable values A, are determined. This is normally performed
manually by varying the coefficient potentiometer between successive runs of the cir-
cuit with 0 < t < 1 which can be a quite time-consuming process.”’ When all A, are

20The determination of A, is done by trial and error as [AMELING 1963][p. 281] notes.
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Figure 7.12: One-dimensional heat-transfer with separation of variables

determined, a linear combination of the eigenfunctions is sought that approximates

T(x,t) as good as possible or necessary:2!
T(x,t) = Z)\iTi (7.18)
iel

Figure 7.12 shows the mechanization of equation (7.18). Using this setup it is either
possible to hold t at a fixed value while x is running from 0 to 1 or vice versa. The two
variables are controlled with the two switches labeled t,,; and x4y

7.5 Scaling

Deriving a circuit corresponding to a given set of differential equations is only one
step toward the solution of a given problem by means of an analog electronic analog
computer. Since all variables are bounded by +1 machine unit, it is in most cases nec-
essary to scale the problem. An unscaled variable v representing some property of the
underlying problem is associated with a machine variable v that always satisfies

~1<u<l. (7.19)

To achieve this, a set of scaling factors a,, have to be determined that all v = a,, v satisfy
(7.19). Determining these «, can be a time-consuming and difficult process since the
overall behavior of the underlying differential equations has to be considered.?> When
max(|v|) is known with regard to a unit U then a,, is determined by??

o 1 machine unit [V]
Y max(|v|) Ul

21 The T; denotes the i-th eigenfunction, while Z denotes a suitable index set.
22This is even more complex a problem in the case of non-linear differential equations.
23Units are noted in square brackets.
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Figure 7.13: Time scaling

Determining these a,, is further complicated by the technical requirement of using as
much of the range +1 machine unit of the computing elements to minimize errors.?*
Scaling a problem variable v with a scaling factor «, always yields a machine variable
v which is measured in Volts. Such machine variables are normally denoted by square
brackets in the literature. Considering a problem variable % representing an accelera-
tion which can assume a maximum value max(|x|) = 2-9.81m/s” and a machine unit of
10 V yields a practical scaling factor a;y = 1/2. The resulting machine variable a;¥ is

denoted by [%]

Time can be scaled, too. Problem time, which is often called real-time, is normally de-
noted by t while machine time is represented by 7. The time-scaling factor is denoted
by A, yielding T = At. Since the integrators are the only computing elements depending
on time, time-scaling is either done by changing the time constant of the integrators
or by changing the input factors of the integrators. Often a combination of both meth-
ods is used. Figure 7.13 shows the effect that is caused by selecting a time constant k
in conjunction with an coefficient potentiometer placed at the input and set to a value
a.

By changing A it is possible to have simulations running slower or faster than real-
time. Large analog computers often feature a switch labeled “10x” that exchanges the
feedback capacitors of all integrators by devices with one-tenth of the normal capacity
thus speeding up a computer run by a factor of 10 at the press of single button. Such
large computers often feature up to five different feedback capacitors per integrator,
thus they allow the values k( to span five decades easily.

Many methods were devised to facilitate the scaling process, including exemplarily
solutions of a problem with a stored-program digital computer to determine the max-
imum values of the problem variables involved.?® Other approaches used hybrid com-
puters?” where the digital part generates scaling values for the analog part.??

24Especially analog electronic multipliers tend to have rather large errors for small multiplicators and
multiplicands.

25This is done by selecting appropriate capacitors in the feedback path of the integrators.

26 system using digital optimization techniques to generate scaling factors for analog computers is de-
scribed in [CeLMER et al. 1970].

27Cf. chapter 9.

28GSee [HaLL et al. 1969] and [Giror 1975][pp. 129 f£.].
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Learning how to program an analog computer requires quite some practice. Thus, the
following sections describe some typical problems and their treatment by means of an
analog computer. The complexity of these examples ranges from low to fairly high.!

8.1 y = asin(wt + @)

Generating a sine-/cosine-signal pair on an analog computer is a common and use-
ful task. Signals like these are useful to study filter design, the behavior of vibrating
mechanical systems, they allow the generation of closed figures for display on oscillo-
scopes or plotters, etc. Since an analog computer is the ideal tool to solve differential
equations, it is natural to start with a differential equation of the form

J+w’y=0 (8.1)
with initial conditions

yo = asin(¢) and

Vo = aw cos(@).

To employ KeLvin’s feedback method, equation (8.1) is solved for ¥ yielding
j=-w’p. (8.2)

Since the sine-function is a particular solution of this differential equation it can be
readily used to generate a pure sine-signal given suitable initial values. In this case,
additional scaling of the problem variables is not necessary since max(|sin(wt)|) = 1.
Figure 8.1 shows the basic circuit based on equation (8.2). This setup is, of course,
missing any initial values and would yield the null-function.

Since w determines the frequency of the resulting sine-signal, it influences the time-
scaling process. Figure 8.2 shows the time scaled circuit. Using two coefficient poten-
tiometers in conjunction with the time-constant k; of the integrators, w = ak( can be
set.> Thus time is identified with 7 in this setup. To generate a pure sine-signal the
second integrator is fed with an initial value of 0.

Figure 8.3 shows the output signal [y] generated by this circuit. Using the time control
system of the analog computer used,’ the integrators were placed into operate mode for

LAll of the programs described were implemented and run on real analog computers.

2Some machines, like the Telefunken RA 770, even have ganged coefficient potentiometers to facilitate
setups like this where two potentiometers must be set in a combined fashion.

3 A Telefunken tabletop analog computer RA 741 was used in this example.
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Figure 8.1: Basic circuit for y = sin(wt + @)

aky=w aky=w

Figure 8.2: Basic circuit for y = sin(wt + ¢)

Figure 8.3: A single sine period generated by the circuit shown in figure 8.2

the time it takes to generate one full wave. It should be noted that the output signal of
a setup like this will decay or build-up when the program is run for a longer period of
time. This is due to the fact that the integrators are never error-free. If a sine-/cosine-
signal with a stable amplitude is required over an extended period of time, additional
measures have to be taken.*

4See section 8.5.
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Figure 8.4: Basic circuit for a sweep generator Figure 8.5: Patch panel setup for the sweep gen-
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Figure 8.6: Sine oscillation with variable frequency

8.2 Sweep generator

Since w = ak( controls the output-signal’s frequency, the circuit shown in figure 8.2
can be easily extended to yield a sweep generator. Sweeped signals are frequently em-
ployed to analyze transmission systems or models thereof, the response of vibrating
systems, etc. It is just necessary to replace the two coefficient potentiometers feeding
the integrators by two multipliers which share a common multiplicator.® If only one
of these multipliers is sign-changing the inverting summer can be saved.®

Figure 8.4 shows the basic setup of such a sweep generator.” The frequency controlling
signal is derived from integrating over a constant value a. To achieve a sufficient slow
frequency change two time constants for the integrators involved are used. The inte-
grator with «a as its input has a time scale ky = 1 while the two integrators which form
the basic oscillator loop run with a time scale ten times fast (kg = 10). The patch panel
setup for this sweep generator is shown in figure 8.5. Figure 8.6 shows the output of a
typical sweep run with linearly increasing frequency.

5In applications like this where two or more multiplicands are to be multiplied with a (slowly changing)
multiplier, a servo multiplier or a time division multiplier could be used with advantage.

The sign-inversion can be easily achieved with a quarter square multiplier: Since these multipliers re-
quire both input signals with both polarities, +x and +y, the sign of the result can be inverted by interchang-
ing the connections of one of these signal pairs.

71t should be noted that this circuit can be used to generate the functions —sin(¢) and cos(g) if the first
derivative ¢ is available as input. In this case, ¢ is used to feed the two multipliers thus replacing the
integrator shown on the lower left.
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Figure 8.7: Parts of a mass-spring-damper system Figure 8.8: Mass-spring-damper system

Figure 8.9: First integra- Figure 8.10: Second integration step yielding v
tion step yielding -y

3.3 Mass-spring-damper system

The next problem is a bit more complex. A mass-spring-damper system is to be mod-
eled and simulated with an analog computer. Figure 8.7 shows the basic parts of the
underlying physical system: A mass m exerting a force my, a spring with stiffness s
resulting in a force sy and a damper with damping coefficient d that exerts a force dy.
Since the forces in a closed physical system must add to 0 the mass-spring-damper
system shown in figure 8.8 can be described by

my+dy+sy = 0. (8.3)
which yields

o —(dy +5sy)

y= o (8.4)

as a starting point for applying the KeLvin method. Figure 8.9 shows the first step of
the resulting program. Using an integrator, ¥ is integrated, yielding —y with an initial
value of .

Using a second integrator with initial value -y, yields y which can be multiplied by
s using a coefficient potentiometer as shown in figure 8.10. Adding an inverter and a
second coefficient potentiometer to derive 4y and summing this term an sy results in
the circuit shown in figure 8.11. Now, since sy and dy have been derived from 7 their
sum —(dy + sy) can be multiplied by 1/m with a coefficient potentiometer yielding the
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Figure 8.13: Setup of the mass-spring-damper simulation

right side of equation (8.4) thus closing the feedback loop in the final circuit shown in
figure 8.12.

The patch panel setup for this program is shown in figure 8.13. The figures 8.14, 8.15,
8.16, and 8.17 show simulation results for various settings of the spring’s stiffness
and the damping coefficient with constant mass m = 1.8 If the computer is running in
repetitive mode and if the time constants of the integrators are selected accordingly,
a standing image can be displayed on an oscilloscope screen. The effect of changes to
the coefficients s, d, and m can then be seen directly while turning a potentiometer’s
dial.

These runs were performed on a non-scaled model and thus yielded only qualitative
results To derive quantitative results the following values are assumed: m = 1.5 kg,

s= 60 8§ d=3 kg and yy = 0.1 m (initial displacement of the mass).

8These still frames were taken from the screen of a digital storage oscilloscope Nicolet 4094C.
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Figure 8.14:5=0.2,d =.8 Figure 8.15:s=0.6,d =.8

Figure 8.16:5=0.8,d =.6 Figure 8.17:5=0.8,d =1

To scale the problem, the maximum values for y, ¥ and § must be determined. A good
approximation is an undamped harmonic oscillator with an eigenfrequency of

_§
/ ~ -1
15 kg 6.3s .

From y = yjsin(wt) it follows that

VY =yowcos(wt) and

*®
ol

§ = —pow’ sin(w?). (8.6

~

Since the mass-spring-damper system in this example represents a damped oscillator,

max |y| <
>0 |y| Yo

holds which yields the following boundary values for y and  based on equations (8.5)
and (8.6):

¥ <yow ~ 0.63 ?
.. m
V<%0 CL)2 ~4 5_2
Thus a reasonable scaling for the machine variables would be [10y], [159] and [%y]

respectively. Time scaling is not performed so that the simulation will yield results in
real-time. Based on these scaled machine variables equation (8.3) becomes

[39] =5 (35 11591+ 5 1031

2m
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To perform a scaled simulation run the coefficient potentiometers for the problem
parameters s, d and 1/m must be set to [s/10], [d/15] and [5/2m].

After scaling of a problem is done a so-called static test should be performed to make
sure that the patch panel setup is correct. The basic idea of such a test which larger
analog computers often feature as a special mode of operation, is simple: All integra-
tors are switched into a mode where they act as simple summers. Then test signals
which are derived from a static solution of the problem’s equations are injected and
the resulting values are compared against this static solution which has been prepared
manually with the help of a stored-program digital computer. To perform a static test
of the program developed in this section values like y = 0.05 and y = 0.5 have been
selected. Using equation (8.3) with these values yields

1
§=——(3-0.5+60-0.05) = 3.
1.5
During the static test these values for y and y will be injected in the circuit with all
integrators acting as summers. The value on the output of the rightmost summer in
figure 8.12 should not deviate from the above value for § by more than about 1073 or
less.

8.4 Predator and prey

While the mass-spring-damper system could be described by a single differential
equation, the following problem of modeling a simple ecosystem containing preda-
tors and prey requires two coupled differential equations. Systems like these were
first studied in 1925 by ALFReD James Lotka® and independently in 1926 by Vito
Vorrerra.!? They developed the so-called Lorka-VorTerra differential equations
which describe simple ecosystems. This development was caused by statistical data
gathered by the Hudson Bay Company in the years between 1850 and 1900. Their data
sets contained the number of rabbits and lynxes that were captured in these years and
showed an interesting periodicity.

In the following a closed-world ecosystem with enough food for the prey is assumed.
The number of lynxes and rabbits is denoted by I and r respectively. This ecosystem
can be described by the following two coupled differential equations:

F=air—ayrl

i = _ﬁll + /521’1
The coefficients are: @y representing the rate of birth for rabbits, a, the rabbit death-
rate caused by lynxes catching rabbits,'! g, describing the death-rate of lynxes, and §,

the increase of the lynx population due to food supply in the form of rabbits. The food
supply for rabbits is assumed to be unlimited.

903/02/1880-12/05/1949
1005/03/1860-10/11/1940
The capture cross section, so to speak.
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Figure 8.18: Computing —r Figure 8.19: Computing —I

The increase of the rabbit population is described by two terms: a;r which describes
the natural birth rate which is assumed to be proportional to the current population
size, and a,rl describing the number of rabbits killed by lynxes. Analogously the lynx
population is decimated by the natural death rate ;! since there are no predators in
this simulation specialized on lynxes. On the other hand, the lynx population increases
with ,rl due to additional food intake.

The two coupled differential equations (8.7) and (8.8) can be converted into the two
sub-circuits shown in figures 8.18 and 8.19 by using the Kervin feedback technique.
Without the common input rl, each of these circuits would just model an ever faster
increasing rabbit population!'? and a decreasing lynx population. Noting that the two
summers connected in series in figure 8.19 just act as a summer without sign-inversion
readily yields the simplified circuit shown in figure 8.20 saving both summers and
thus not only simplifying the overall setup but also decreasing the error of the simula-
tion. Since both of these circuits share a common input signal, rl, the overall setup for
the predator-prey model shown in figure 8.21 combines both sub-circuits by means of
a multiplier.

The overall setup of the predator-prey simulation, consisting of a Nicolet 4094C digital
storage oscilloscope on the left and a Telefunken tabletop analog computer type RA
741, is shown in figure 8.22. The resulting curves are shown in figure 8.23. In this case
only a qualitative study of the simple ecosystem has been performed. Scaling a system
of coupled differential equations is rather difficult, so a qualitative study is outside the
scope of this example.!® The typical curve form and the phase leg between rabbit and
lynx populations are clearly visible.

12Natural death for rabbits has not been modeled.

I3An example for scaling such a system of coupled differential equations can be found in
[Scawarz 1971][pp. 369 ff.].
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Figure 8.21: Completed predator-prey setup

Figure 8.22: Setup for the predator-prey simulation  Figure 8.23: Results of the predator-prey simulation

8.5 Bouncing ball

The following example simulates a ball bouncing in a box in real-time on an ana-
log computer with an oscilloscope display of the ball’s movement. The setup follows
closely an example published by Telefunken in the 1960s'# which was used back then

14Cf. [Telefunken/1] for the original example and [PrarLTzGRAFF 1969] for a much more complex but also
more precise simulation of the same problem. Other vendors, like Heathkit, also used bouncing ball simula-
tions for marketing, although they went with simpler circuits than the one described here. Such a simplified
simulation is described in [WiNkLER 1961][pp. 199 ff.].
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Figure 8.24: Movement of the bouncing ball Figure 8.25: y-component of the bouncing ball

as a marketing example showing the power of electronic analog computers. A real-
time simulation like this would have required a very expensive stored-program com-
puter whereas the tabletop analog computers of this time were much cheaper. Figure
8.24 shows the basic parts of the simulation. A ball is thrown into a quadratic box with
an initial velocity v, at a given initial y position. It is then accelerated by the force of
gravity until it hits the floor of the box where it rebounces fully elastically. The ball
loses energy over time due to air-friction. When the ball hits the left or right wall it
rebounds.

Since the x- and y-component of the time dependent ball position are independent
from each other, they can be simulated independently, too. Figure 8.25 gives an im-
pression of the approximate y-position of the ball with respect to time. Basis for the
computation of y is the acceleration ¢ that consists of the gravitation and the acceler-
ation caused by the elastic collision of the ball with the bottom of the box. i can be
described by

+(lpl+1) ify<-1
?‘=—g+dy'{
-—-1) ify>1.

Integrating twice over ¢ yields the ball velocity v and position p:

T
r

y=| ydt+7
J
0
T
r

y=| ydt+yo
0

The circuit yielding the y position of the ball is shown in figure 8.26. The integrator on
the left integrates over the sum of three terms: The gravitational force which is set by
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Figure 8.26: Computing the y position of the bouncing ball

x(t)

+1 /\
t

Figure 8.27: x-portion of the ball’s movement

the coefficient potentiometer labeled g, the rebound-acceleration which comes from
the inverter at the right side, and a damping signal that is proportional with factor 4
to the ball’s velocity y that is available at the output of this integrator.

There are several things to be noted about this circuit: First of all, the rebounce-
acceleration must by very high to yield a realistic behavior of the ball. Thus an inte-
grator input with a weight far exceeding the standard inputs of 1 and 10 is necessary.
Therefore this acceleration is fed directly to the summing junction through a coeffi-
cient potentiometer.!> The acceleration signal representing the rebounce of the ball
has be generated whenever the ball hits either the floor or the ceiling of the box. Nor-
mally, two comparators would be used to implement this, but the small analog com-
puter chosen in this example did not have enough comparators, so a different approach
was necessary. The two Z-diodes in the output line of the inverter have the effect that
they pass a signal only when it exceeds their respective ZeNER voltage. Both Z-diodes
are selected to yield a ZENER voltage of 10 Volts in each direction thus representing the
floor and ceiling of the box. The inputs of the both integrators are connected to free
coefficient potentiometer thus allowing arbitrary initial values for the ball.

Generating the x-position of the bouncing ball is simpler. It is assumed that its velocity
in x-direction is linearly decreasing while changing the direction every time the ball

15 A better alternative would be to use a free coefficient potentiometer which is ungrounded.
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Figure 8.28: Computing the x position of the bouncing ball

hits a wall. Figure 8.27 shows the ball’s x-position with respect to time while figure
8.28 shows the associated computer setup.

The leftmost integrator starts with an initial value of —1 and integrates over a small
constant value of 0.05 with an integration time constant ky = 1, so the output of the
integrator will linearly decrease, starting at the value +1 representing the maximum
velocity of the ball. Its output signal is thus

T

#(t) = — J0.0Sdt—l .

0

In effect, this velocity signal is integrated by a second integrator with a time constant
ten times faster to generate the x-position. The two comparators detect the ball hitting
the left or right wall, where the left comparator also performs the sign-reversal of the
velocity signal.

Now that both, the x- and y-position of the bouncing ball are known, a sine-/cosine-
generator circuit is necessary to display an actual ball shape on an oscilloscope screen.
Basically this is done as described in section 8.1 but it is a bit more complicated since
the generated signal-pair must have a rather high frequency to generate a steady figure
on the screen and the amplitudes of the two signals must be constant. Figure 8.29
shows the enhanced sine-/cosine-generator circuit used.

The basic structure of this circuit corresponds to that shown in figure 8.2. Two inte-
grators and an inverter form a loop effectively solving a differential equation of second
degree as (8.1). To achieve a high value for w the integrators need high input weights
which is achieved by connecting free potentiometers to their respective summing junc-
tion inputs. To assure that the amplitude of the generated sine-/cosine-signal pair does
not decay, a positive feedback loop is setup between the output of the inverter and one
input of the right integrator. This feedback only has to provide a small amount of sig-
nal amplitude, thus it is attenuated by a coefficient potentiometer set to 0.02. Without
additional means this would yield an ever increasing signal amplitude which would
drive the computing elements into overload. To counteract this effect, a pair of ZeNEr
diodes is used as a negative feedback on the right integrator. These connect the inte-
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Figure 8.30: Generating the signals to display the ball’s outline on the oscilloscope

grator’s output directly to its summing junction, effectively limiting its output signal
to their ZENER voltage.!®

Using the two summers shown in figure 8.30 the position signals —x and —y of the ball
and the attenuated sine-/cosine-signals can now be combined yielding two output
signals x* and y* which are connected to the x- and y-inputs of the oscilloscope used
to display the simulated bouncing ball.

Figure 8.31 shows the setup of the bouncing ball simulation on a Dornier DO-80 ana-
log computer while figure 8.32 shows a time exposure shot of a simulation run.

8.6 Car suspension

The simulation of vibrating mechanical systems was and still is of high commercial
value since vibrations in typical transport systems, support structures, machines etc.
can cause negative effects ranging from making a train ride uncomfortable to danger-
ous situations when eigenfrequencies are met and even rigid structures collapse.

In the late 1950s the simulation and analysis of the dynamic behavior of cars gained
a lot of interest and most car and railway vehicle manufacturers installed rather large

16This circuit or variations thereof are often employed when a high-frequency sine-/cosine-pair is re-
quired which does not need to be spectrally clean. “High-frequency” is a bit hyperbolized — a frequency of a
couple kHz is sufficient for a flicker-free display. Due to the combination of positive and negative feedback,
harmonics are introduced, but for driving a display their amplitude is small enough not to cause any visible
distortions.
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Figure 8.32: Time exposure shot of a bouncing ball simulation run (photo taken by TorRE SINDING BEKKEDAL,
reprinted with permission)

analog computing facilities. The rationale behind this is made clear by the following
quotation from RoserT H. Konr:!”

“However, the general trend toward heavier cars with softer tires and the
increasing adoption of power steering and air suspensions calls for a complete
dynamic analysis of the automobile with a view to gaining a basic understand-
ing of the automobile’s behaviour on the road.”

17Vehicle Dynamics Section, Engineering Mechanics Department of the General Motors Research Staff at
Warren, Michigan, cf. [McLeop et al. 1958/6][p. 1994].
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Figure 8.33: Analog computer installed at the Pullman-Standard Car Manufacturing Company in the early
1950s (see [RoepEL 1955][p. 42])

Realistic simulations of a car suspension system require up to seven degrees of free-
dom!8 and a lot of function generators to model the non-linear behavior of wheels,
the suspension springs, and other mechanical parts.!? Simulations like these were also
standard for the development of railway vehicles as this citation shows:2°

“A railroad freight vehicle is a complex dynamic system consisting of nu-
merous interrelated physical components [ ... ] Comprehensive models for such
a system will generally consist of a large number on nonlinear simultaneous dif-
ferential equations with complicated functional relationships between the vari-
ables to be integrated. The computer implementation of these models will require
a significant amount of computer resource to run.”

Due to the complex structure of the bogies of such a vehicle these simulations fea-
tured between 17 and 23 degrees-of-freedom.?! A 5 degree-of-freedom simulation of
a single bogie is described in [MaLsTtrOM et al. 1977] while [Roeper 1955/2] covers the
simulation of the dynamic behavior of railway vehicles in general. Figure 8.33 shows
the analog computer installation that was in use at the Pullman-Standard Car Manu-
facturing Company in the early 1950s. This installation was mainly used to simulate
bogies and complete railway vehicles.

18Cf. [McLeop et al. 1958/6][p. 1994]. To make the analog model as realistic as possible, actual road pro-
files were measured and stored on analog tape units to be used as inputs for the simulations. Using multiple
read heads, the time delayed excitation of the wheels of the vehicles simulated was implemented.

19A thorough introduction to the mathematics of vibrating multi-mass systems can be found in
[Macpurr et al. 1958][pp. 193 ff.] and [Telefunken/2].

20See [HEeLLER et al. 1976][p. 2].

21Cf. [HeLLer et al. 1976][p. 39].
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Figure 8.34: Two-mass system

A much simpler simulation was demonstrated in the early 1960s on an exhibition.
This setup, which employed a rather small tabletop analog computer?? generated a lot
of interest and turned out to be quite an eye-catcher.?? This setup is recreated in the
following example. A simple couple two-mass system with linear springs and damper
as shown in figure 8.34 will be simulated.?* This mechanical system is described by
the following two coupled differential equations

0=m§ +d(¥1 —y2) +51(y1 —¥2)
0 =my¥y +d(Vy—91)+51(¥2 — V1) +52(v2 —v3),

which yield
I A 51
¥1=- m_l(yl —9)+ m—l(yl ¥2)| and (8.9)
. d . . S1 Sy
~Yp = - (v2—91) + - (y2—y1)+ o (v2—f(1) (8.10)

as the starting point for applying the KeLvin method to derive a computer setup. The
resulting circuit for equation (8.9) is shown in figure 8.35. Basically this circuit is an os-
cillator — two integrators in series with a sign-inverting summer in the feedback path.
The second feedback path containing two summers in series damps the oscillation like
e " where a is defined implicitly by d/m.

Equation (8.10) yields the circuit shown in figure 8.36, which is also basically a
damped oscillator circuit. Both circuits are coupled through the variables v,, v,, —9;
and —s;(y, —y;)/m;. Basically these two coupled circuits already describe the dynamic
behavior of the two-mass system. To replicate the exhibition setup from the 1960s
a pretty real-time display is required. This display should show a car-model viewed
from the side with the car’s body represented by m; and the wheels, which are not
modeled separately, represented by m1,.

22 A Telefunken RAT 700 was used.
23This setup is described in [BEHRENDT 1965].

24A more detailed description of such a two-mass system, including scaling, can be found in
[Giror et al.][pp. 48 ff.], [EAI TR-10][pp. 44 ff.] and [CarLson et al. 1967][p. 91].
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Figure 8.35: Circuit corresponding to equation (8.9)
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Figure 8.36: Circuit corresponding to equation (8.10)

Whenever closed figures are to be displayed on an oscilloscope’s screen, a high-
frequency sine-/cosine-signal pair is required. Therefore an additional circuit as
shown in figure 8.29 is required. In addition to that, an electronic switch is necessary
so that three figures (two wheels and the car frame) can be displayed in rapid succes-
sion on the oscilloscope. The two wheels can be directly generated by feeding the x-
and y-deflection channel of the oscilloscope with the sine-/cosine-pair. The car frame
is also based on this signal pair but the cosine part will be suitably deformed by a
diode function generator.

The position signals y; and —y, are then added to the cosine-signal while the sine-
portion is fed directly to the oscilloscope after sufficient attenuation by coefficient po-
tentiometers.

The overall program setup is shown in figure 8.38. In addition to the circuits described
above, it also contains the three electronic switches to rapidly switch the oscilloscope’s
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Figure 8.37: Generating the signals for the graphic representation of the two-mass system
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Figure 8.39: Display of the car suspension simulation

inputs between the three x/y-outputs generated by the simulation. Additionally a
sweep generator like the one shown in figure 8.4 has been implemented to explore
the dynamic response of the two-mass vibrating system to various excitation frequen-
cies and amplitudes. Also, a second excitation source is available in this setup since
the analog computer used, a Telefunken RA 770, is equipped with a noise generator.
A screen shot of the display generated by this setup is shown in figure 8.39.
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Figure 8.40: Straightforward setup for equations (8.11), (8.12) and (8.13)

8.7 LoRrRENZ attractor

Nearly everybody has seen the fascinating pictures of the so-called Lorenz attractor,
discovered by Epwarp N. Lorenz.? This attractor is actually a plot of the phase-state
of a system of the following three coupled differential equations:2°

x=0(y—x) (8.11)
y=x(p-2)-y (8.12)
Z=xy-py (8.13)

Applying the Kervin method to these three equations yields the circuits shown in
figure 8.40.

Obviously, these circuits can be further simplified saving some computing elements
and thus improving the precision of the computation. The circuit shown on top in
figure 8.40 features two summers in series which can be eliminated by using multiple
inputs of the integrator. The resulting circuit is shown on the upper left of figure 8.41.
A further change has been implemented as well: Instead of generating —x based on p,
the signs have been reversed since —y is readily available from another circuit.

2505/23/1917-04/16/2008

26Recent work on this can be found in [Tucker 2002]. Here a proof is given that the attractor is robust,
“it persists under small perturbations of the coefficients in the underlying differential equations”. It is also proven
that the Lorenz equations “support a strange attractor” which was conjectured by Lorenz as early as 1963.
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Figure 8.41: Simplified setup for equations (8.11), (8.12) and (8.13)

The circuit shown in the upper right of figure 8.40 can be simplified in the same way:
The two summers in series are eliminated by means of multiple inputs of the integra-
tor. The input x is changed to —x which is the output of the circuit described above, so
this second circuit will yield y which, in turn, feeds the preceding circuit. The resulting
circuit is shown on the upper right of figure 8.41.

Applying the same rationale to the lower circuit of figure 8.40 yields the correspond-
ing circuit of figure 8.41 which saves two summers. It should be noted that the sign-
inverting multipliers are most easily setup by using quarter-square multipliers with
one of the input-signal pairs reversed with respect to polarity.

Figure 8.42 shows the setup of the program generating a picture of the Lorenz attrac-
tor. In this case, a Telefunken RA 770 precision analog computer has been used. With
parameters

o =0.357
p=0.1
p=0.374

a display like the one shown in figure 8.43 can be obtained.

8.8 Projection of rotating bodies

The following example shows how an analog computer operating in fast repetitive
mode can be used to generate displays with the projection of three-dimensional fig-
ures.?” The following example, which generates a two-dimensional display of a rotat-
ing three-dimensional spiral, is based on [Telefunken/3] and [Hitachi 1967].

27Even higher dimensional figures have been projected by means of an analog computer. An example of
the projection of a four-dimensional cube is described in [Mackay 1962][p. 137].
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Figure 8.42: Setup for the Lorenz attractor (Tele- Figure 8.43: Screen shot showing a Lorenz attractor
funken RA 770)

ko = 100 u(t)

Figure 8.44: Generating u(t) and v(t) for the spiral

At first the three coordinates of the spiral must be generated. This is done by a mod-
ified sine-/cosine-generator shown in figure 8.44 which yields the following two sig-
nals:

u(t) = cos(a)rept)e_“kot

v(t) = —sin(wpep t)e~ kot

The attenuating term e~%%o! results from the negative feedback path of the leftmost in-
tegrator, containing the coefficient potentiometer labeled . This signal-pair describes
a two-dimensional spiral, so a third circuit is necessary to generate the third coordi-
nate signal.

This coordinate is of the form
trep
U}(t) =-1+ f ﬂkodt
t=0

and is easily generated by a single integrator as shown in figure 8.45. It is to be noted
that the three integrators shown in figures 8.44 and 8.45 are marked with a black
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{1

ko =100 ‘ cos(wt)
, ]
‘ —sin(wt)

Figure 8.45: Generating w(t) for the spiral ~ Figure 8.46: Generating a sine-/cosine-signal pair for the ro-
tation of the spiral

—sin(wt) >— ><
w(t) >—

cos(wt) >— ><
v(t)>—

Figure 8.47: Rotation and projection

bar. This denotes that these integrators are part of an integrator-group that is con-
trolled by an external clock generator. To generate the display of a slowly rotating
three-dimensional spiral, two time scales are necessary: A very short time scale for
the integrator group that generates the spiral’s coordinates u(t), v(t), and w(t) a much
slower time scale for a second integrator group that yields a sine-/cosine-pair for the
rotation of the figure. The three integrators denoted by the black bar have a common
time scale factor of kg = 100 and use their respective inputs with weight 10 yielding an
overall speedup of 1000. This integrator group must be run in repetitive mode to yield
the necessary three coordinates of the spiral over and over again in rapid succession.

The second integrator group which is controlled by the standard controls of the analog
computer is shown in figure 8.46. This circuit is a common sine-/cosine-signal genera-
tor which is used to control the rotation of the figure. This is done by the circuit shown
in figure 8.47 which implements

Y =u(t) and
X = w(t)sin(wt) — v(t) cos(wt).

The resulting signals X and Y are used to feed the display oscilloscope.

This computer setup now requires either a second timing-circuit to control the inte-
grator group operating in repetitive mode or some digital control elements to generate
the necessary control signals. Every integrator is basically controlled by two signals
named OP and IC controlling the three modes operate, initial condition, and halt. Fig-
ure 8.48 shows these two signals. A short period required to pre-charge the integrator’s
capacitors is followed by a longer period during which the computation takes place.
These two modes of operation are repeated rapidly to generate a nearly flicker-free
display of the rotating spiral.
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Figure 8.48: Control signals for the integrators operating in repetitive mode

CLK2
CLK
—{ SET
AND
—O
Q
CLK =
— SET —
/Q
Figure 8.49: Generation of the control signals for Figure 8.50: Oscilloscope screen capture
the integrators operating in repetitive mode of a rotating spiral

Figure 8.49 shows the setup of the digital elements to generate this control signal pair.
The gate labeled AND is unusual as it is not used as an and-gate but as a signal driver
with two outputs, one inverted and one non-inverted. A snapshot of the display of the
rotating three-dimensional spiral is shown in figure 8.50.

8.9 Conformal mapping

This last and most complex example covered in this chapter is based on [Telefunken/4]
and [Sypow 1964]|[p. 123]. It implements a so-called conformal mapping which is an
angle-preserving mapping. Such mappings are described either explicitly by analytic
functions of a complex variable like

w=f(z)=u(x,v)+iv(x,y) wherez=x+iy

or implicitly by the solution of ordinary differential equations.?® Implementing such
a conformal on an analog computer is quite straightforward and only requires the

28Cf. [HeiNHOLD 1959][pp. 46 ff.] for more information on this second variant.



148 8 Programming examples

X3

X1 resp. x;

Y1 Iresp. v

-1 >

0.04

Figure 8.51: Transforming a unit circle into a Joukowsky air foil using a conformal mapping

complex variable to be handled explicitly as a two-dimensional vector. A particularly
interesting conformal mapping is

/\2
Z—20

w(z) =(z—2zp) + (8.14)

which describes a so-called Jouxkowsky?? airfoil.3® Applying this mapping to a unit
circle yields an airfoil that can then be used to analyze the flow of a medium like air
around this structure. Implementing equation (8.14) on an analog computer is based
on these two equations which describe the real and imaginary part separately:

AZ(x(t) — xo(t))
(x(t) = x0()) + (v(t) = vo(1))?
Az(y(t) Yo(t))
xo(t)% + ((t) = vo(t))?

u(x(t), p(t)) = (x(t) —xo(t)) + (8.15)

v(x(t),9(t)) = (¥(t) = po(t)) -

(8.16)

The mechanization of equations (8.15) and (8.16) is shown in figure 8.51. This circuit
has been derived by applying KerLvin’s feedback method. This circuit is used two times
in a time-shared manner: Applied to a sine-/cosine-signal describing a unit circle, it
will yield the outline of a Joukovsky airfoil. Applied to a coordinate-pair describing
the path of a particle flowing around a rotating cylinder, it will transform this path to
the path of a particle flowing around such an airfoil.

29N1koLaY YEGOROVICH Joukowsky, 01/17/1847-03/17/1921

30A detailed description of this type of airfoil can be found in [Tuwarres, ed. 1987][pp. 112 ff.] and
[Eck 1954][pp. 237 {.]. Applying suitable changes to equation (8.14) more complex and realistic airfoils can
be described. [AsHLEY et al. 1985][pp. 52 ff.] described two such enhanced mappings based on the Misks-,
the KARMAN-TREFFTZ transformation and the THEODORSEN mapping. Numerical approaches for the genera-
tion of such airfoils and the simulation of particle flows are described in [ZiNnGG 1989].
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Figure 8.52: Generating the flow lines

The path of a particle flowing around a rotating cylinder is described by the complex
velocity potential

which is realized by the circuit shown in figure 8.52. The lower leftmost integrator
yields the x-coordinate of a particle, which path is determined by two parameters:
The angle of attack is controlled by the term tan(6) and the y-position of the particle
with respect to the rotating cylinder. This last variable is generated by the lower left-
most integrator which is controlled separately from the remaining integrators of the
computer setup.31

The overall setup of the Telefunken RA 770 precision analog computer is shown in
figure 8.53. Figure 8.54 shows a single flow line around a Joukovksy airfoil on top
and a group of flow lines spaced equidistantly on the bottom. Such a group can be
generated by employing the lower leftmost integrator of the circuit shown in figure
8.52 which is under separate control.

This integrator operating in repetitive mode requires its own dedicated digital con-
trol circuit. In addition to this, electronic switches under digital control are necessary
to time-share the conformal mapping circuit shown in figure 8.51 between a sine-
/cosine-signal pair describing a unit circle and the output signals of the flow line
circuit. Neither these switches nor the digital control are shown here since these are
implemented pretty straightforward.

31This is, again, denoted by a black bar at the top of the integrator symbol.
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Figure 8.54: Joukowsky air foil with flow lines



9  Hybrid computers

9.1 Systems

As early as in the mid-1950s it became clear that analog electronic analog comput-
ers had also their drawbacks that could not easily be overcome by analog electronic
means. One of the main problems that were identified was the cumbersome process
to setup function generators and, more generally, the generation of functions of more
than one variable, a task often being required especially in aerospace applications.
These two problems belong to a class which is readily solved with a traditional stored-
program digital computer. Thus the idea of coupling analog computers with such dig-
ital computers, forming a so-called hybrid computer, was born. An early account of this
rationale is given in [WartMaN 2000][p. 69] which described the application of analog
computers for the simulation the X-15 aircraft:

“The thought of building up another set of function generators like those
already in use was probably considered, but not by me or any other X-15 simu-
lation programmers. We had had enough of those fuses and dinky pots. The idea
of using a digital computer to do this job was unanimously and immediately
accepted. No discussion was needed. We were going hybrid.”

To couple two such different computing systems, so-called Analog-Digital-Converters
and Digital-Analog-Converters are necessary.! These devices translate analog voltages
into digital signals and vice versa. In addition to that, typical hybrid computers allow
placing the operation of the integrators under program control by the digital computer
and feature digital interface lines which can be used to trigger interrupts on the digital
system by comparators on the analog side and to control electronic or relay switches
on the analog system from the digital computer. Figure 9.1 shows exemplarily the
structure of an EAI 690 hybrid computer system.

Figure 9.2 shows a so-called ADDAVERTER that was built by Space Technology Labo-
ratories’ in 1956. The system shown features 15 ADC- and 10 DAC-channels® with a
precision of +0.1% which quite well matches the precision of large analog computer
installations of that time. The development of the ADDAVERTER was the result of pre-
vious research efforts of Ramo-Woolridge Corporation and Convair Astronautics. Both

1ADC and DAC for short.
2 A subsidiary of Ramo-Woolridge Corporation.
3A fully expanded system had up to 15 DAC channels.
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640 693 630
HIGH SPEED
DATA LINK
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Figure 9.1: Block diagram of the EAI 690 hybrid computer system consisting of an EAI 640 digital computer,
the EAI 693 linkage system and an EAI 680 analog computer (cf. [EAI 690])

companies were working on simulations of intercontinental ballistic missiles which in-
volved very large analog computer setups.* The special requirements are summarized
by [McLEeop et al. 1957][p. 1127] as follows:

“It was imperative that the simulation be done in real time to allow inclu-
sion of weapon system hardware, and to conserve operating time. This ruled
out an all-digital simulation because the large number of individual computa-
tions could not be made fast enough, and because analog equipment would be
necessary to connect to some of the weapon system components which were to
be included. An all-analog simulation was ruled out by accuracy requirements,
particularly with respect to the navigational problem. Clearly a combined simu-
lation was necessary to fulfill the requirements [ ... ]”

The system that was finally put into operation at Convair Astronautics consisted of an
IBM 704 stored-program computer, an ADDAVERTER, and a large EAI analog com-
puter. The overall cost for this system was 2.3 million US$ for the IBM 701, 200,000
US$ for the ADDAVERTER and 1.6 million US$ for the analog computer® — a very sub-
stantial sum at that time. Although this system was never used for its proposed task
that had been solved by conventional means in the meantime® it served as a demon-
stration of the efficiency and power of hybrid computers.” Subsequently the market

4Cf. [Bekey et al. 1968][p. 154].

3See [McLEop et al. 1957][p. 1130].

6[Bekey et al. 1968][pp. 154 f.] notes that “[i]n the time that elapsed between the original specification of the
hybrid system and the delivery and acceptance of the conversion equipment, it was established that the guidance and
control problems associated with missile flight are not closely coupled and can be studied separately. Consequently
the basic problem for which the hybrid computing system was designed, vanished.”

7 A collection of typical problems that would be solved with hybrid computers is given in [Benzam 1970].
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Figure 9.2: Space Technology Laboratories ADDAVERTER (see [McLEopD et al. 1957][p. 1129])

demanded more and more hybrid systems which was aided by the development of
a fully transistorized precision analog computers featuring a machine unit of £100 V.
This analog computer was developed by Comcor in 1964 and offered the same precision
as previous vacuum tube based machines but at lower cost, lower power consumption,
and longer maintenance intervals.®

A typical hybrid system of the 1960s is shown in figure 9.3. This particular system
consists of a SDS-9300 digital computer® on the left and a Comcor CI-5000 analog
computer on the right with a multi-channel recorder in front of it.

Digital computers suitable as part of a hybrid computer setup must be fast enough to
keep up with the analog system in a simulation. Especially simulations of nuclear reac-
tors showed that the analog computer could easily outperform the digital system and
was thus slowed considerably by this in a hybrid setup. In some cases a hybrid com-
puter approach was only about three to ten times faster than a pure stored-program
solution.!?

Apart from this obvious idea of coupling analog and stored-program digital com-
puters, other schemes were devised as well. In [KarprLus et al. 1972], an analog co-
processor consisting of a complex resistor-network is described, which aids a digital
computer in the solution of parabolic partial differential equations.

8See [BekEy et al. 1968][p. 155].
9See [Scientific Data Systems/2].
105ee [Frisch et al. 1969][p. 36].
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(PR ATHTANAIT

Figure 9.3: Hybrid computer installed at the Department for Electrical Engineering of the Naval Postgradu-
ate School in the late 1960s (with permission of RoBERT LIMES)

Another interesting idea is the implementation of hybrid number systems in which
values are represented by a combination of continuous signals like voltages and se-
quences of bits, thus forming a generalized form of floating point numbers consisting
of a mantissa part and an exponent. Here the analog part of a number interpolates
between two values that can be described by a digital value.!!

An interesting recent implementation (2005) of a hybrid computer system is described
in [Cowan 2005]. The analog subsystem is integrated on a VLSI'? chip containing
416 functional blocks, interconnecting switches and the necessary control logic. This
highly integrated analog subsystem is also proposed to act as an accelerator for the
stored-program digital computer.'3

9.2 Programming

With respect to the analog part, programming a hybrid computer is not different from
programming a stand-alone analog computer. It is the stored-program digital com-
puter as part of a hybrid computer configuration that requires special precautions re-
garding its programming since it has to work closely coupled to the analog computer.
This typically requires fast acting interrupt routines, reentrant code etc. Requirements
like these are typical for systems used for process automation tasks, thus basic pro-
gramming paradigms from this area can be applied to hybrid computers as well. Fur-

More information about this can be found in [GLor 1963][pp. 268 f.] and [SkramsTaD 1959)].
128hort for Very Large Scale Integration.
13Gee section 12.
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ther complicating is the high amount of interactivity the analog system allows, which
the digital computer must equally support.

Basically, two modes of operation must be distinguished in a hybrid system:

Alternating operation: In this mode the analog and digital subsystems work in an al-
ternating fashion. A typical example is the task of value-optimization where the
digital processor generates a set of initial values that are then used by the analog
subsystem to solve a set of differential equations. The result of this run is then
read out by the digital computer to serve as the basis for the next set of initial
values and so on. This mode is the easiest from a programmer’s perspective since
the operation of the digital computer is not time critical. Furthermore the digital
computer has complete control of the analog computer characterizing this mode
as a master-slave operation.

Simultaneous operation: This mode of operation is by far more complicated than the
alternating operation of the digital and analog parts of a hybrid computer. Here
both computers operate in a closely coupled fashion and the digital computer
must respond to interrupts generated by analog comparators, it must supply
functions of more than one variable etc. Often neither the analog nor the digital
computer has the role of a master or a slave system.

Historically two approaches for programming the stored-program subsystem of a hy-
brid computer have been pursued. The first is based on extending traditional program-
ming like FORTRAN or ALGOL with special library calls and sometimes additional
language features to support the control of the necessary interfacing devices as well as
the implementation of fast interrupt routines.!*

A good overview of the various software subsystems included in the EAI 8900 hybrid
computer system is given in [BEkey et al. 1968][p. 181]. Apart from an extended FOR-
TRAN dialect, a special purpose language called HYTRAN is also available as well as
a powerful macro assembler which is often required to implement highly time-critical
routines. A very useful feature of typical hybrid system is the possibility to check not
only the stored-program digital processor but the analog computer as well by means
of diagnostic service routines. Such diagnostics not only include basic tests like rate-
checks!® but also static tests as described in section 5.5.

A complex, yet instructive example of the application of a hybrid computer system to
an optimization task can be found in [WirseNHAUSEN 1962]. This paper gives a thor-
ough description not only of the analog computer setup but also describes the neces-
sary control routines written for the digital processor.

14A description of an extended ALGOL system can be found in [HerscueL 1966] while a more general
description of this approach is given in [FeiLmeier 1974][pp. 133 ff.].

I5A rate check checks the time-constants of an integrator by applying an input signal of 1 machine units
and running the integrator for a precisely determined time-span. The deviation of the output voltage from
the expected value at the end of this run is a measure of the accuracy of the integrator.






10 Digital differential analyzers

Since the essence of an analog computer is being an analog, there is no need to limit its
implementation to be based on mechanical or analog electronic circuits.! In fact, there
were analog computers based on digital circuitry, called Digital Differential Analyzers
or DDA for short. It is quite remarkable that the earliest attempts to develop DDAs
date back to the late 1940s when Northrop started the development of a cruise-missile
like system.?

Using digital circuits to implement basic computing elements like integrators, sum-
mers, and the like, has a number of significant advantages: Drift due to aging of com-
ponents and temperature gradients etc. is no longer an issue. The precision of a DDA
can be substantially better than that of a traditional analog electronic analog computer
since it allows to trade time against precision as in a stored-program computer. Sophis-
ticated implementations can even be based on floating point numbers thus virtually
eliminating the need for tedious scaling of a computer setup. Power requirements and
maintenance costs are substantially lower, compared with analog electronic analog
computers etc.

Basically there are two different approaches of implementing DDAs: A straightforward
parallel DDA consists of a whole complement of typical analog computing elements
which can be interconnected by means of a traditional patch panel or the like. An
example for this class of machines is TRICE which is described in more detail in sec-
tion 10.4.3. Machines like this exhibit the same amount of fine-grained parallelism as
a traditional analog computer, thus essentially being high-performance parallel com-
puters. Nevertheless, this high computational power comes at a rather high cost since
the number of computing elements is dictated by the complexity of the problems to
be solved. Like an analog electronic analog computer there is no time vs. problem
size tradeoff which could be used to tackle complex problems with small machines.
Large problems require a vast amount of computing elements which also adds to the
complexity of the interconnection scheme.

The second basic approach is based on a time-multiplexed use of a few — in many
cases only one — central computing elements. Like a simple stored-program digital
computer this sequential DDA has a central arithmetic/logic unit> that is fed with data
under control of a sequencing unit that in turn is controlled by a machine readable
description of the connections between the virtual computing elements that form a

U1t is still building an analog, a model, which characterizes a DDA although some definitions like that
given in [MicHeLs 1954][p. 2] emphasize the approach to implementing the basic operations with digital
elements. The definition given there, “A digital differential analyzer is an electronic computer which solves
differential equations by numerical integration.” does not grasp the central feature of setting up an analog.

2See section 10.4.1.

3ALU for short.
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simulation setup. This second approach is much cheaper due to the significantly re-
duced complexity and lower number of computing elements required. In addition to
that, it scales rather well since larger simulations just take more time whereas they
could not be readily implemented on a parallel DDA. The major disadvantage of se-
quential DDAs is their rather low computational power.

10.1  Basic computing elements

The following section describes the basic computing elements of a DDA regardless of
its actual implementation.*

10.1.1 Integrators

Central element of a DDA is the integrator that is most easily implemented as an accu-
mulator.” This has the distinct advantage over an analog electronic analog computer
that every variable can serve as the free variable of integration so that integrals like

N
Jf(x)dx
Yo

can be treated directly.

The basic structure of a simple DDA integrator is shown in figure 10.1. In contrast to
an analog electronic integrator there are two inputs (AY); and (AX);. These variables
are often represented not as absolute values but as incremental values simplifying
the implementation of the DDA and reducing the number of signal lines necessary
to interconnect computing elements. These incremental values are often restricted to
{~1;0;1}. Accordingly, (AY); represents the change of the integrand, while (AX); is
the change of the variable of integration and corresponds to dx.

At the heart of the integrator are two accumulators, the first of which accumulates
over the series of (AY); values at its input and yields

i
Y=Y, + Z(AY)]-

=1

where Y| is an initial value. The resulting Y; is now multiplied with the incremental in-
put value (AX);. Due to the restriction of these incremental values to (AX); € {-1;0;1}

4For further reading see [ForBes 1957], [WiNkLER 1961][pp. 215 ff.], [BEck et al. 1958], [KLEIN et al. 1957]
[p.- 1105], [GoLpman 1965], and [Jackson 1960][pp. 578 ff.].

50f course, simple accumulation will not be sufficient for most applications. Nevertheless, this most
basic approach to integration sometimes led RuboLpH RUTISHAUSER to invent the term incremental computers
to describe a DDA (see [McLeop et al. 1958/4][p. 1223]).

6Since two signal lines are necessary to transmit such values, some DDA implementations restricted
the domain of these incremental values to {—1;1} which simplifies the hardware implementation but
requires constant values to be represented by an alternating sequence of —1 and 1 increments. See
[MicuEeLs 1954](p. 19].
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Figure 10.1: Basic integrator of a DDA (cf. 04
[Bendix 1954][p. 1]) 03

Figure 10.2: Operation of a DDA integrator (cf.
[MicHeLs 1954](p. 4])

this multiplication step is extremely simple. The result is then accumulated in the
second accumulator” yielding

i

R; =Ry + in(AX)]- - Z(AZ)i.

=1 =1

The output of this integrator is not the value R; but instead another incremental value,
(AZ); representing the over- or underflow of this second accumulator stage. (AZ); can
now be used as input signal for other computing elements of the DDA. The behavior
of such an integrator is depicted in figure 10.2.

The input function and its representation as a sequence of increments and decrements
(AY); is shown in the upper graph. The values yielded by the second accumulator

7The first accumulator is necessary since (AX); = 0 is a valid input value. In this case the first accumu-
lator is required to keep track of the incremental integrand. If (AX); would be restricted to {-1;1} a single
accumulator would be sufficient to implement an integrator.
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dX
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dX Z=[YydX+Z
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dy dz
Figure 10.3: Symbol of a DDA integrator Figure 10.4: Explicit computation of a simple in-

tegral (see [Bendix 1954][p. 7])

are shown in the graph in the middle of figure 10.2. Overflows of the accumulator
generate a corresponding incremental output signal (AZ); which represents the result
of the integration and is shown in the lower graph.

Although the use of incremental values throughout a small DDA simplifies its imple-
mentation and thus saves cost, it limits the maximum slope of functions that can be
represented in a simulation run. To overcome this restriction, additional time scaling
of the computer setup is necessary which may result either in non-real-time operation
or the requirement of rather high clock rates of the DDA.

The symbol of a DDA integrator is shown in figure 10.3. A typical setup of an DDA to
yield the integral over a function is shown in figure 10.4. The first integrator which is
fed with the incremental input values dX and dY yields an incremental output signal
dZ that is accumulated in a second integrator to yield the actual value of the integra-
tion. The missing second incremental input of this integrator is assumed to be +1.

The integrators of a DDA have an even more central role than the integrators of an
analog electronic analog computer. While the latter uses free or open operational am-
plifiers to create implicit functions by means of a function generator in the feedback
path, DSDAs use specially configured integrators for this purpose which then are called
Servos.

10.1.2 Servos

As the name implies, a Servo is a computing element that is normally used to mini-
mize some error term thus forming the heart of a servo loop which can be used for
example to generate implicit functions. Typical servos are based on DDA integrators
but feature only one incremental input (AY); and one accumulator. The output (AZ);
of this element is defined as

41, if Y, >0,
(AZ)i:{O, ifY; =0, (10.1)
-1, if Yi<0'

8See [Bendix 1954][pp. 16 fF.].
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Figure 10.5: Symbol of a DDA servo element Figure 10.6: Application of a servo element (see
[Bendix 1954][p. 18])
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Figure 10.7: Symbol of a DDA summer

Figure 10.5 shows the symbol of a servo element. Some implementations allow an
additional input for an initial value, which has been omitted here. Using such an initial
value, the threshold level of the servo can be set to an arbitrary value = 0 which makes
it possible to use the servo as a generalized decision element. Figure 10.6 shows a
basic application example of a servo element. Using a function generator, an implicit
function based on the condition F(U, V) = 0 is generated. Usually, F(U, V) is generated
in an analytical way by using integrators, summers etc. The input of the servo is the
incremental output signal dF(U, V) of the function generator circuit. The output signal
of the servo, defined by (10.1), is in turn used as one input to the function generator
while its second input is fed by dV from some external source. The servo tries to drive
the output of the function generator to 0 thus yielding the desired implicit function.

10.1.3 Summers

Typical incremental DDAs like the “Bendix D-12” described in section 10.4.2 reduce
the addition of two incremental values dU =dV +dW to solving the equation

V+W-U=0. (10.2)

Thus, a summer can be realized by using a modified servo element which features
more than one incremental input. Figure 10.7 shows the symbol of a DDA summer
having three inputs dW, dV and —dU. This last term is in turn determined based on
equation (10.2), so this generalized servo effectively yields a value dU which is the
desired sum.
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dU =d(InV)
dx S — —dV
Xdax
eX deX dU
eU deU
Figure 10.8: Computing e* with a DDA (cf. Figure 10.9: Implicitly generating a logarithm
[Bendix 1954][p. 9]) function (see [Bendix 1954][p. 19])

10.1.4 Additional elements

In addition to integrators, servos, and summers, typical incremental DDAs feature
circuit elements like output multipliers, which multiply incremental values by fixed
rates thus acting as coefficient units, function generators which are often based on
table-lookup techniques, etc.

Since integration can be performed with respect to any variable and not just time ¢,
multiplication in a DDA is most often based on two integrations as described by equa-
tion (2.1) in section 2.5.4. An example for this is given in the following section.

10.2 Programming examples

Figure 10.8 shows a DDA-setup to generate an exponential function which is based on
a single integrator with its output fed back to its incremental dY-input. Its incremental
dX-input is fed with the incremental values comprising the desired exponent value.
Using a servo element this function can be used to implicitly generate a logarithm
function as shown in figure 10.9. The servo at the top has two inputs: The incremental
input value —dV determines the argument of the logarithm function, while the second
input is fed with the output of an exponential function generator as described above.
At the output of the servo a signal representing d(In V') is available. This is due to the
fact that the servo tries to ensure F(U,V) = eV — V = 0 holds, so eV = V, which yields
dU =dInV.

Equally simple is the implementation of basic trigonometric functions as shown in
figure 10.10 which effectively solves a second order differential equation of the form
7+ w?y = 0. In contrast to its analog electronic equivalent, the sign reversal operation
does not require additional elements since it can be done on-the-fly when incremental
values are used.

Figure 10.11 shows a typical DDA setup to perform the multiplication of two incre-
mental variables dV and dU. As already described in section 2.5.4, the product rule
can be used to actually perform a multiplication of two values if integration is not
limited to only time being the free variable. The two integrators shown on top of the
figure perform the actual multiplication of the incremental input values yielding an

See [Bendix 1954][pp. 21 ff.].
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dv
udv
dU
dXx
sin(x) dcos(X) vdU
cos(x) dsin(X) —= UV
d(UV)
Figure 10.10: Generating a sine-/cosine-signal Figure 10.11: Multiplying two incremental
pair (cf. [Bendix 1954]|(p. 10]) values using two coupled integrators (see

[Bendix 1954][pp. 10 f.])

incremental output that is fed into a third integrator, which finally yields the desired
product.

Additional programming examples of varying complexity for DDAs can be found in
[Bendix 1954], [PaLevsky 1962] and [Forses 1972] which focuses on the solution par-
tial differential equations by means of a DDA.

10.3 Problems

The advantages of DDAs, mainly their ability of using any variable as the free variable
of integration, and their immunity to drift and other effects decreasing precision as
well as the possibility of achieving arbitrary precision by using sufficiently long bit
sequences to represent variables, come at a price.

A simple bit-serial incremental DDA working with values —1 and +1 only and featur-
ing a word-length of n bit exhibits a basic time-constant of

_2n

f

where f denotes its clock frequency. This limits the real-time capability of such a basic
DDA considerably.!® Making n smaller would yield a faster response time but would
also diminish the precision of the machine, so increasing f is often the easiest way to
speed up an incremental DDA without sacrificing precision. Another approach is to
allow incremental values of a larger domain — ideally floating point numbers could be
used throughout a DDA. A detailed analysis of DDA specific questions regarding the
precision of computations can be found in [Kerra 1967], [Kerra et al. 1968]. Optimal
ratios of the length of the integrator accumulator registers and the incremental values
are investigated in [McGHEeE et al. 1970].

t

10gee [CampEAU 1969][p. 711].
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An additional error source is the integration scheme used in a particular DDA. Using
just simple accumulators implementing the rectangle rule is not sufficient for most
but the simplest applications. Other techniques, implementing at least a trapezoidal
rule, yield better results but complicate the hardware implementation. In addition to
that, a DDA cannot speed up a calculation arbitrarily like an analog electronic analog
computer where the integrator capacitors can be switched to speed up or slow down a
calculation.

Especially the limited precision and speed of incremental DDAs makes them unsuited
for many applications as shown by Frep Lesu in [McLeop et al. 1958/3][pp. 488 f.].
There a problem involving the computation of rocket trajectories is treated on a DDA
and an analog electronic analog computer. It turned out that the analog computer
took only 30 seconds for one solution while the DDA was running for 3 minutes, 30
minutes or up to 5 hours depending on the step width of the integrations. While the
analog computer yielded results with a precision of about 98%, the solution obtained
in 30 minutes on the DDA only yielded 80%.

10.4  Systems

Over the years quite a lot of DDAs have been implemented. While all implementa-
tions are basically of the incremental type, most of them are also based on sequential
operation and only one system, namely TRICE which is described in section 10.4.3,
uses the highly complex parallel implementation approach. Some of these systems are
described exemplarily in the following sections.

10.4.1 MADDIDA

Shortly after the end of World War 11, in March 1946, Northrop started the development
of a subsonic cruise missile designated MX-775 which became known as Snark.!! This
system should be able to hit a target at a distance of up to 5,000 miles with a preci-
sion of 200 yards much better than the German vengeance weapons V1 and V2.!2 To
achieve this level of accuracy, a new guidance system was developed which was based
on astro-navigation. Using a built-in telescope, azimuth and elevation angles for sight-
ing predetermined stars were determined to get a navigational fix. This system was
coupled with an inertial guidance system.!3

While Hetmutr HoEeLzER used an analog electronic analog computer in the guidance
system of the A4 rocket, the long time-of-flight and the required high precision of
Snark required a digital approach to minimize computational errors. FLoyp STEELE
developed the idea of implementing an analog computer using only digital elements
which was to be called DIDA.!*

11See [WerreLL 1985][pp. 82 ff.].

12The V2 was admittedly no cruise missile.
13See [CerUZZI 1989][pp. 22 ff.].

Y4Short for DIgital Differential Analyzer.
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Based on this idea, DoNaLD EckpaHL, RicHARD SPRAGUE, and FLoyp STeeLE!® headed a
team that finally developed a laboratory prototype of such a DIDA, which was called
MADDIDA.'® This system, built by Hewlett Packard,'” was based on a magnetic drum
like those used in sophisticated radar systems of World War II. The tracks of this drum
housed the bit-serial accumulators of the integrators as well as the necessary address
data to represent the interconnection of the computing elements which time-shared a
single central ALU. This remarkable prototype is shown in figure 10.12.18

Clearly visible on the left is the small magnetic drum with its read/write-amplifier
tubes mounted top down. To the right the heart of the system containing the active
logic elements implementing the bit-serial arithmetic/logic unit can be seen in its
maintenance position.

In 1950 MADDIDA was demonstrated computing Besser functions to Joun von NEuU-
MaNN'® who was excited and characterized the system as “a most remarkable and
promising instrument”.?? Although no actual guidance system for Snark resulted from
the work on MADDIDA,?! it became the master pattern of DDAs to follow. A di-
rect successor was built in a small production batch and used mostly for aerospace
research.

10.4.2 Bendix D-12

In the early 1950s Bendix developed and marketed the D-12, a DDA quite similar to
MADDIDA. Figure 10.13 shows the DDA on the right with the operator desk on the
left. On this desk, from left to right, are the control console, an xy-recorder and a
console typewriter.

The D-12, operating on a serial stream of decimal values represented by four bits each,
is based on a magnetic drum that contains the integrator registers as well as the nec-
essary information about signal sources and destinations. The system can work in two
modes with either 30 integrators operating at 200 iteration steps per second or with
60 integrators running at half the speed.?? Apart from the simple integration scheme
described in section 10.1.1, the D-12 integrators can also work based on

(AY); +(AY);i g
2

yielding better results than those obtained by the rectangle rule.?3

15See [CerUZZI 1989][p. 25].

16Short for MAgnetic Drum DIfferential Analyzer. Due to reliability problems of this prototype, it was often
pronounced as MAD IDA.

17See [CerUZZI 1989][p. 25].

185ee also [Popular Mechanics 1950].

1912/28/1930-02/08/1957

20Cf. [EckpaHL et al. 2003].

218nark finally employed an analog electronic analog computer for its guidance, see [CEruzz1 1989][p. 25].
Nevertheless, a DDA was developed for the Polaris guidance system, see section 11.15.7.

22This is a good example of the capability of a sequential DDA to exchange speed against problem com-
plexity.

23See [Bendix 1954][pp. 11 f£.].
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Figure 10.12: MADDIDA prototype (with permission of the Computer History Museum, DAG SPICER)



10.4 Systems 167

Figure 10.13: Bendix D-12 DDA (cf. [Bendix]|[p. 2])  Figure 10.14: Bendix D-12 coupled with a
Bendix G-15D stored-program computer (see
[KLeN et al. 1957][p. 1105])

While MADDIDA was intended as a stand-alone system, the D-12 could be coupled
directly to a Bendix stored-program digital computer G-15D as shown in figure 10.14.
On the left hand side the G-15D stored-program digital computer can be seen while
the DDA is on the right. The enclosure housing the DDA is considerably smaller than
that of the stand-alone version due to the fact that the G-15D and the D-12 share a
common magnetic drum which is housed in the cabinet of the G-15D stored program
computer, thus saving a considerable amount of hardware.

A typical program for the D-12 is shown in figure 10.15. The four integrators, labeled
(4) to (8), solve the differential equation

K+ k(x> +1)x+x=0.

Integrator (9) controls the printout of the values generated by the integrators (3), (4),
and (5) on the console typewriter. The integrators (0) and (1) generate the value-pair
(x(t),t) that is used to control plotter #1. A phase-space plot is generated on plotter #2
based on the signal-pair (x(t), x(#)) which is generated by the integrators (18) and (19).
The remaining three integrators (10), (11), and (12) perform some post-processing of
the signals required for the phase-space plot.

This DDA setup is described by the program shown in figure 10.16. Each line describes
one computing element, the number of which is specified in columns 2 and 3. The
initial value used for integrators is determined by the numbers written in columns 6
to 14.24 Integrator control is done with columns 16 to 20:

Column 16: This column controls the mode of operation for the integrator. The val-
ues “1” to “4” select integrator-mode with one out of four different integra-
tion schemes, while a value of “5” switches the integrator into summing mode
whereas “6” specifies a servo.

24 All values are represented as fixed-point values with one decimal position before and 5 after the decimal
point.
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Figure 10.15: DDA setup for solving & + k(x? + 1)% + x = 0 (see [Bendix 1954][p. 65])



10.4 Systems 169

11111111112222222222333333333344444444445
12345678901234567890123456789012345678901234567890

00 0010 11111 090

01 0050 11111 04

03 0000000 11211 90

04 00000 31211 90 07 08
05 040400 21212 04 04

06 10000 11111 04

07 012332 211-5 06 05
08 0040400 211-1 90 05

09 00010 11116 90
10 010 91111 07 08 12
11 -000 91111 10 07 08 12
12 000 111-1 11 07 08 12
18 050 111-1 12
19 0050 111-1 04

Figure 10.16: D-12 example program (cf. [Bendix 1954][p. 69])

Column 17: The possible values of “1” or “2” select the reset mode of the integrator
(normal vs. automatic).

Column 18: Integrators flagged with a value of “1” in this column are running in
normal mode while a value of “2” causes the contents of the second accumulator
register to be printed on the console printer after each iteration.

Column 19: This can be used to select an automatic sign-reversal for the incremental
output signal of an integrator. “1” specifies normal operation while “-” causes a
change of sign.

Column 20: Using this column a constant output multiplication factor of 1, 2 or 5 can
be selected. The special value “6” selects the corresponding integrator as control
circuit for the typewriter.

Columns 22 and 23 specify the source of the dX input while columns 25 and 26 select
the source of the initial value of the integrator. Up to 8 addresses of source elements
for the dY inputs can be selected by values in the columns starting at 28.2°

Similar sequential incremental DDAs are the UNIVAC incremental computer, see
[Remington 1956], the system developed for the Operational Flight Trainer described
by [Gray 1958], and STARDAC, see [MiLaN-Kamski 1969], to name just a few.

10.4.3 TRICE

A radically different implementation of a DDA was developed by Packard Bell in 1958.
In contrast to the systems described above which operate purely sequential, this ma-
chine, named TRICE, was the first parallel DDA. This required a fully transistorized

25Each address occupies two columns and successive input addresses are separated by a space character.
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Figure 10.17: Fully expanded TRICE system (cf. [AmeLING 1963/2][p. 30])

implementation to allow sufficiently dense packing of the computing elements and
minimize waste heat to build a practical system.?°

Figure 10.17 shows a fully expanded TRICE system. From left to right it consists of
four racks housing computing elements, a wide rack containing the central patch panel
as well as the operator console, a rack with a bit-serial stored-program digital com-
puter PB-250 which controls the overall system, loads initial values into integrators,
etc. Next to this is a rack containing a paper-tape reader/puncher and various ADCs
and DACs which allow coupling TRICE to an analog electronic analog computer or to
other analog signal sources. The two racks on the right contain addition computing
elements.

TRICE operates at a clock rate of 3 MHz which is quite remarkable for such a large and
early transistorized system. Its word length is 30 bit?” while values are represented in
binary and not in decimal form as in the D-12, which results in a maximum iteration
frequency of 10° s71. Due to the completely parallel operation of TRICE, repetitive
operation is possible with a frequency of up to 100 Hz thus challenging traditional
analogzgomputers. TRICE has been described as the “most advanced DDA that was ever
built.”

TRICE features summers, integrators with only one dX and dY input,?® special
summing-integrators, constant value multipliers, variable multipliers, servos, and

26See [AMELING 1963/2], [ReEcHBERGER 1959], and [Packard Bell].

27The internal registers of the basic computing elements are implemented as magnetostrictive delay lines,
so word length and clock frequency are fixed.

283ee [Grror 1975][p. 23].

291f more inputs are required a summer is also required.
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Figure 10.18: TRICE multiplier (cf. [AMeLING 1963/2](p. 30])

a variety of ADCs and DACs. A typical TRICE module, a multiplier, is shown in figure
10.18. This multiplier is based on two dedicated integrators implementing the product
rule technique described earlier.3°

A typical application of TRICE is described in [AMELING 1963/2][pp. 40 f.]: A complex
flight-dynamics problem is solved on a TRICE system coupled to a large traditional
analog computer. While TRICE performs those parts of the simulation that require
utmost precision like trajectory calculations and the like, the analog computer im-
plements operations that require extreme high speed but won’t introduce errors into
integrations like coordinate transformations etc. The TRICE system used in this simu-
lation contained 42 integrators, 11 multipliers, 5 constant value multipliers, 5 servos,
6 ADCs and 13 DACs, while the analog computer featured 200 operational amplifiers,
14 multipliers, 5 function generators and 20 servos for coordinate transformation and
rotation.

Due to the high amount of hardware necessary to implement a system like TRICE,
only a couple of these were eventually built. According to Tom Graves there were
three TRICE installations at the flight simulation laboratory at NASA in Houston. Thus
TRICE failed due to its complexity while simpler systems as the D-12 and others even-
tually failed due to their inherent slow speed.

305ee [Jackson 1960][pp. 585 f.].






11 Applications

The following sections give an overview of typical analog computer applications. Due
to the constrained space and the multitude and complexity of areas where analog com-
puters were used, these descriptions will be quite cursorily. As Ernst KETTEL put it,
there is next to no scientific field where an analog computer could not be applied suc-
cessfully.!

11.1  Mathematics

Although analog computers do not excel when it comes to accuracy, there were quite
some applications in mathematics which formed the basis for many following appli-
cations in the fields of engineering and applied sciences.

11.1.1 Differential equations

One of the main areas of application for analog computers in mathematics was to
investigate the behavior and properties of differential equations of various types. The
easiest case of so-called linear ordinary differential equations® poses no special problems
and can be handled with the Kervin feedback technique or the substitution method
described in sections 7.2 and 7.3. The equations of interest are of the general form

n diy
) tigy =/

1=0

If the coefficients a; are constant, the solution of such equations and systems thereof
with an analog computer is straightforward. If the a; are variable, the additional prob-
lem of generating these coefficients during a simulation run arises. In most cases the a;
will be generated as solutions of auxiliary differential equations. Normally these aux-
iliary equations are of the LODE type. The scaling process often becomes extremely
difficult for the case of variable coefficients.

Non-linear differential equations are equally challenging with respect to the scal-
ing process. The fact that the structure of the computer setup often depends heavi-
ly on the selected scaling factors complicates their solution further. A wealth of
information about these problems can be found in [Giroret al. 1963][pp. 221 ff.],
[Mackay 1962][pp. 212 ff.]. The application of hybrid computers in this area is cov-
ered in [VaLisaro et al.].

LCf. [KerteL 1960][p. 165].
2LODE for short.
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So-called boundary value problems where boundary values for a differential equation at
t = 0 and t = t,y are given, can often be solved rather easily with an analog computer?
operating in repetitive mode by applying a trial-and-error procedure.* Starting with
the boundary value at t = 0 the equations are solved repeatedly while a human oper-
ator or the stored-program computer of a hybrid system?® varies the parameters until
the second boundary value condition is satisfied.

The treatment of partial differential equations has already been described cursorily
in section 7.4. More information can be found in [HeinaOLD et al.][pp. 183-197],
[Mackay 1962][pp. 243 ff., pp. 293 ff.], and [Howe 1962]. An interesting method for
generating a flicker-free display of the solutions of partial differential equations on
an oscilloscope is described in [AMELING 1962/1], while [FeiLmeier 1974][pp. 215 ff.]
deals with the application of hybrid computers for solving this class of equations.
Another interesting technique, involving a magnetic tape for storing analog data,
developed by LawreNCE WAINWRIGHT, is described in [Jackson 1960][pp. 586 f.].

11.1.2 Integral equations

An analog computer is not particularly well suited for treating integral equations.
Due to their importance in fields like electrical and communications engineering and
the like, some attempts were made to solve this class of equations with an analog
computer. Integral equations are of the form

fo+ [ Kt uydi=0 or (11.1)

J
0

f(x)+ | K(t,x)u(t)dt = u(x). (11.2)
0

These equations are called FrRepnorm® equations of type 1 or type 2, respectively. u(x)
is the unknown, while f(x) and K(t,x), the so-called kernel, are known. The represen-
tation of this kernel is the main problem on an analog computer since functions of
more than one variable are rather difficult to implement. A hybrid computer can sim-
plify things considerably. In cases where no hybrid computer is available, x is often
restricted to one value so that a simple function generator can be used to implement
K(t,x), where x denotes the restricted x.

Using proper time-scaling, the upper boundary of the integral in equation (11.1) or
(11.2) can be identified with the computer time 7. The result of such a computer run is

3See [Korn & Korn 1956][pp. 142 ff.] for example.

4See [GiLor et al. 1963][pp. 249 ff.] or [HeiNHOLD et al.][pp. 108 f£.].

5See [HemvuoLD et al.][pp. 111 ff.] and [FermEerer 1974][pp. 202 ff.]. More about iterative approaches can
be found in [HemnnoLD et al.|[pp. 117 ff.], [FeiLmEeier 1974][pp. 197 ff.], and [Griror et al. 1963][pp. 253 ff.].
Special approximation techniques for solving boundary value problems for partial differential equations are
described in [VicuNevETsKY 1969].

6]var FreDHOLM, 04/07/1866-08/17/1927
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then compared with either 0 or u(x), depending on the type of equation to be solved.
Based on the deviation from the desired result, the parameters defining u(x) are varied
manually or under program control. So basically solving integral equations with an
analog or hybrid computer is a trial-and-error technique.

Restricting x to a single value is often not sufficient — in these cases x is discretized
appropriately, where one function generator is necessary for every discrete value of x
to implement K(t,x). Using an analog computer in repetitive operation and electronic
switches to select one from the various function generators, it is possible to display
an array of curves on an oscilloscope.” More information about solving integral equa-
tions with analog and hybrid computers can be found in [Sypow 1964]|[pp. 112 ff.],
[Mackay 1962][pp. 317 ff., pp. 331 ff., pp. 352 ff.], and [CHAN 1969].

11.1.3 Zeros of polynomials

Determining the zeros of polynomials like

n

P,(x)= Zaixi

i=0

with an analog computer is a rather straightforward process:‘8 The polynomial P,(x) is
generated either by explicit multiplication to generate the x', or by repeated integra-
tion yielding x, —%xz, %x3 etc. Since typical analog computers have more integrators
than multipliers and since multiplication is not as precise an operation as integration,

the latter approach is preferred.’

Another approach is to represent the polynomials by differential equations, which is
especially useful in the case of LEGENDRE-, CHEBYSHEV- or HERMITE-polynomials.!? In
general a polynomial of n-th degree can be represented by a differential equation of
n-th degree as the following example!! shows. The polynomial

3

P(x) = asx® + ayx* + a;x + a

has

P’(x) = 3a3x* + 2ayx + a;
P”(x) = 6azx + 2a,
P (x) = 6as

as its first, second and third derivative. So a chain of three integrators with 643 as input
can be used to yield the values 2a;, —a; and a, to generate the polynomial.

7This requires at least three independently controlled integrator groups which in turn makes a rather
complex control circuit necessary.
8See [HemvmoOLD et al.][pp. 173 ff.].
%If servo or time division multipliers are available, the powers of x can be generated in a straightforward
way.
10See [HemmoLD et al.][pp. 174].
I1Cf. [HemuoLD et al.][pp. 174 f.].
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Given a computer setup to generate the required polynomial, the analog computer
will then vary x through the value domain of interest. Using a comparator circuit, the
zeros of the polynomial can be detected and the machine can be placed into hold mode
where the current value x can be read out.

11.1.4 Orthogonal functions

A task often required in control engineering applications and other fields is the ap-

proximation of a function f(t) as a sum of orthogonal functions ¢;(t):'?

n

f(O~) aipi(t)

i=1

Normally, the error square term

f(f(t)— 3wt

I l:1

2
w(t)dt

is to be minimized over an interval I, where w(t) denotes a weighting function. This is
satisfied if the ¢;(¢) form an orthogonal system and the coefficients a; are defined by

w= [ fopioa (113
I

where

c20 ifi=k
[ wittprinar ={0 ifi=k
I

holds. Using an analog computer, the coefficients a; can be determined based on (11.3).

11.1.5 Linear algebra

Solving systems of linear equations is a task particularly well suited for stored-
program computers and rather ill-suited for an analog computer. Nevertheless, meth-
ods were developed to solve such equation systems on analog computers as well,
which were applied in cases where no stored-program computer was available. These
techniques are of no high value today but of historical interest.

A direct approach using a method like Gauss elimination is unsuited for an analog
computer since so-called algebraic loops'3 will result in the computer setup. Other

12See [HErscHEL 1962].

I3 An algebraic loop is a positive feedback path involving only summers, i.e. a loop involving an odd
number of sign-inverting summers. Such a circuit is inherently unstable and is to be avoided wherever
possible.
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techniques like the Jacosr method, the Gauss-SeIDEL method or relaxation approaches
are better suited for an analog computer.!*

As an example a system of linear equations
AR =1

is to be solved by the Jacosr method. First X = BX+ K is computed, where B represents
the Jacos1r matrix corresponding to A which yields

a2 a,
o —= ... 2 b,
a1 a1 -
3 0 Dn a,
- .. — .
B=-| %2 422 | and k=| :
: s b,
a a —_—
nl Zn2 Ay
ann ann

Normally, B and k are determined once, aided by a stored-program digital computer.
Based on these, iteration steps

>
)?n+1 = Bfn +k

can be performed on the analog computer,!> which requires two integrators for each
element of the vector ¥ which are used as storage elements. This requires not only a
high amount of computing elements but also a complex control setup which makes
this approach rather costly. Based on the same idea, but starting with an identity ma-
trix, matrix inversions can also be handled with an analog computer.

Another approach is to reduce the problem of solving a system of linear equations to
solving a corresponding system of differential equations

X¥=BX (11.4)
which is treated in detail in [HemnHOLD et al.][pp. 148 ff.]. The solution of (11.4) con-
verges to the desired solution of the original system of linear equations for t — co.
11.1.6 Eigenvalues and -vectors

Determining eigenvalues and eigenvectors for a given matrix A = (aij), ,j=1,...,n
of n-th degree, is a common task and can be reduced to solving a system of linear
equations of the form

(A—)M;E)X; = 0. (11.5)

l4More detailed information about these methods can be found in [HeNHOLD et al.][pp. 135-
152], [Vocouripes 1960], [Giroretal. 1963][pp. 152 ff.], [Marquirz et al. 1968], [KovacH et al. 1962],
[JacksoN 1960][pp. 332 ff.], and [Mackay 1962][pp. 192 ff.]. The effects of parameter variations is analyzed
in [Kaune 1968].

15The convergence criterion regarding the spectral radius must be satisfied to apply this iteration process.
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In the case of complex valued eigenvalues, a system of equations of degree 2n is re-
quired. In either case, the eigenvalues A; correspond to the roots of the characteristic
polynomial det[A — AI] where I denotes the identity matrix.'®

Although this problem can be readily solved by applying the methods described above,
more often the von Misgs iteration is used as described in [Porovi¢ 1964]. This method
works directly on the elements on A and does not require an explicit characteristic
polynomial to be derived.

11.1.7 Fourier synthesis and analysis

While transformations from frequency domain into time domain and vice versa are
performed nowadays on stored-program digital computers employing so-called Fast
Fourier Transformations'” or Wavelet Transforms neither these methods nor adequately
fast stored-program computers were available until the early 1970s. Therefore the de-
composition of a signal into its components, specified by frequency, phase and ampli-
tude, was done regularly with analog computers.'® The basic idea of such a Fourer!®
is that every periodic function f(x) with a period length of I can be represented by

f(x):%O+i(akcos(2nlkx)+bksin(2nlkx)) (11.6)

k=1

under certain circumstances, where the coefficients a; and by are defined by

F

ar = % f(x)cos(Zklnx)dx and (11.7)
0
: K

b = % f(x)sin(2 l"x)dx. (11.8)
0

In the case of a so-called Fourier synthesis, this corresponds to the task of a harmonic
synthesizer as described in section 2.6. To generate the sum (11.6), the required sine-
/cosine-terms are implemented by analog computer setups as shown in figure 8.2 in
section 8.1.

The inverse case of a FOURIER analysis is more complicated since the coefficients aj
and by must be determined, based on a given time varying function f(t). The direct
approach is to evaluate the integrals (11.7) and (11.8) explicitly which requires a very
exact time base since this determines the bounds of the integration operations.?°

16Cf. [Press et al. 2001][pp. 368 ff.].

17EFT for short.

18See [Dick et al. 1967], [GiLor et al. 1963][pp. 306 ff.], [Kovacu 1952], and [RaTz 1967].
19FOUR1ER, JEaN-BapTtisTE-JOoserH, 03/21/1768-05/16/1830

20Cf. [Gror et al. 1963][pp. 307 £.].
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Another approach uses a low-pass filter, consisting of a single integrator with negative
feedback in the simplest case, to determine the coefficients for a given f(t) which is
described in [Giro1 et al. 1963][pp. 308 ff.].

Yet another method is based on exploiting a resonance effect in a circuit like that shown
in figure 8.2. By means of its time scale parameter ak this circuit is tuned to a specific
frequency. The leftmost integrator will be fed with the signal f(¢) in addition to the
feedback signal from the resonant circuit itself. The coefficients a; and by can then be
determined based on the amplitudes of the sine- and cosine-terms generated by this
resonator.

11.1.8 Random processes and Monte-Carlo simulations

The study of random processes was an important application area for analog comput-
ers since many commercially interesting processes, ranging from chemical technology
to the behavior of flight vehicles, nuclear reactors, the creation of steam bubbles in
coolant loops etc., are disturbed by external random events.?!

The analog computer is normally used to model the randomly disturbed system to
be analyzed, while the random source is either a true random noise generator as de-
scribed in section 4.12 or a pseudo-random generator based on a shift-register with
multiple feedback lines. This latter signal source can be readily implemented using
the digital elements most medium to large analog computers have. The advantage of
a pseudo-random source is the repeatability of simulation runs. Its disadvantage is
that determining and guaranteeing the required degree of randomness can be quite
challenzgzing, depending on the sensitivity of the underlying system which is to be an-
alyzed.

An interesting technique is to identify a partial differential equation with a stochas-
tic model in a way that the parameters of the latter correspond to the solution of the
former at a certain location. This allows the application of so-called Monte-Carlo meth-
ods to a wide class of problems. Most often the necessary stochastic parameters are
obtained with the digital portion of a hybrid computer while the analog computer
evaluates the model.?

11.1.9 Optimization

Optimization problems are of high commercial importance and were typical areas of
application for analog computers. In general, a linear optimization problem can be

5
represented by a real-valued matrix A € R with m < n and two vectors b € R” and
— n o . o .

x € IR" satisfying the condition

AX=b. (11.9)

21Cf. [Gror et al. 1963][pp. 357 ff.] and [Jackson 1960][p. 367].

22More information on this range of topics can be found in [Giroretal. 1963][pp. 358 ff.],
[MEYER-BrOTZ 1962], [OrT 1964] (computation of correlation coefficients), [Sypow 1964|[pp. 250 ff.]
(quality  control), [Bonring 1970], [Rmbeour 1962], [Korn & Korn 1956][pp. 140 ff], and
[FeiLMEIER 1974][pp. 275 ff.].

23See [RipeouT 1962] and [FerLmerer 1974][pp. 238 ff.].
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Figure 11.2: Basic circuit of the BPRR-2 (see

U 1958/2][p. 1961
Figure 11.1: BPRR-2 computer used for the [Usuaxov /2]lp D

optimization of industrial processes (see
[Usuakov 1958/2][p. 1961])

The goal of the optimization process is to determine a vector X that additionally maxi-
mizes the scalar product cT% where e R" represents the so-called value coefficients.?*

Basic techniques for tackling this class of problems with analog computers are de-
scribed in [Korn & Korn 1956][pp. 147 ff.] and [KovacH et al. 1962]. In the early days
of analog computer often direct analogies based on conductive sheets which were sam-
pled by a stylus driven with an xy-recorder were employed.?> Another example for
such a direct analog computer is shown in figure 11.1. Its basic circuit, which is shown
in figure 11.2, is quite simple: Each parameter of the optimization problem is repre-
sented by two potentiometers of which the first one represents the parameter itself
which will be varied manually during the optimization process, while the second po-
tentiometer is used to set a fixed weighting factor describing the underlying process.
The currents flowing through these potentiometer groups are then summed and dis-
played on a meter.

Other approaches to optimization with analog computers are based on Monte-Carlo
techniques as described above, or implement gradient methods like continuous steep-
est ascent/descent?® Especially these gradient methods are quite well suited for hybrid
computers where the stored-program digital processor controls the ascent/descent-

process.27

11.1.10 Multidimensional shapes

A fascinating application of analog computers is the display of multidimensional
shapes on an oscilloscope. A simple example for such a display has been described in

24Gee [PierrE 1986][pp. 193 ff.].

25Cf. [PerrE 1986][pp. 251 ff.].

26See [PierrE 1986][pp. 296 ff.], [LEvINE 1964][pp. 217 ff.], and [ALBRECHT et al.].
27Cf. [FerMEerer 1974][pp. 243 f£.].
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Figure 11.3: Display of a four-dimensional hyper-cube on an oscilloscope (see [Mackay 1962][p. 137])

section 8.8. A far more complex example is shown in figure 11.3 — here the projection
of a four-dimensional hyper-cube is generated by a high-speed analog computer.?8
In addition to that, even stereographic projections were implemented with analog
computers.29

11.2  Physics

Obviously, an analog computer is quite well suited for applications in physics due
to its underlying principle of operation. The following sections describe some typical
examples of use.

11.2.1 Orbit calculation

Analog computers are quite well suited for solving many-body problems arising in
astronomy and space flight. Especially rendezvous simulations were of prime impor-
tance during the early days of space flight. A simple example describing the computa-
tion of a planet’s orbit can be found in [Telefunken 1966].

11.2.2 Particle trajectories

Two typical applications from nuclear physics are the calculation of particle trajecto-
ries in a magnetic field and beam control in particle accelerators.

28Gee [Telefunken/3], [Lukes 1967], and [Mackay 1962][pp. 129 ff.] for general information on this topic.
29Mackay 1962][pp. 134 ff.].
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Figure 11.4: Basic circuit for simulating an alpha particle trajectory ([Telefunken/5][p. 2])

[Telefunken/5] describes the simulation of the historic RUTHERFORD experiment — al-
pha particles being scattered on a thin gold foil — on an analog computer. Basically, an
alpha particle approaching an atomic nucleus is subject to a force

1 qa9k

- 47(60 1’2 ’

where g, and g; denote the charges of the alpha particle and that of the target nu-
cleus. Simplifying this setup by reducing it to a two-dimensional model yields the two
components

£=A> and (11.10)
r
Y

with a suitably chosen constant of proportionality A. Integrating twice over ¥ and
respectively yields a coordinate pair (x,y) describing the position of the alpha parti-
cle. The basic circuit for a simulation based on (11.10) and (11.11) is shown in figure
11.4.3% A noteworthy aspect is that no division by 7° is performed — instead a function
generator, which has been setup to generate 1/r2, is used.

The variable parameter of this simulation is the initial condition input of the second
integrator from the right that yields y.3! Using this input, the height at which the
particle is injected can be set. Using a simple digital circuit controlling an additional
integrator, this initial condition can be stepped automatically to simulate many trajec-
tories starting at various heights which is adumbrated in the screen depicted in figure
11.4. Figure 11.5 shows the overall computer setup for this simulation. On the right
hand side, a Telefunken RA 741 tabletop analog computer can be seen while the left

30 A more detailed circuit can be found in [Telefunken/5][p. 3].
31This input is not shown explicitly in figure 11.4.
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Figure 11.5: Setup of the particle trajectory simulation Figure 11.6: Trajectory of a charged particle in a
(see [Telefunken/5][p. 1] magnetic field (see [BorcuArDT][p. 1])

half is occupied by a so-called DEX 100 digital expansion unit. On top of this a two
channel oscilloscope of type OMS 811 can be seen on which the particle trajectories
are displayed.

The next example computes the trajectories of charged particles in a magnetic field
— a task typical for the development of beam control systems. Simulations like this
were performed at DESY3? first using a large EAI 231RV analog computer and later a
Telefunken hybrid computer based on the RA 770 precision analog computer.33

Such a charged particle moving in a magnetic field is subject to the LorenTz force3*

FL =q(7x B)

where g represents the particle’s charge, v'its velocity, and B the magnetic flux density.
Since v'is constant according to amount, ﬁL results in a change of direction, so

- .
FL = m?

holds. This effect is shown schematically in figure 11.6 where a particle is injected di-
agonally into a field of constant magnetic flux. Figure 11.7 shows the analog computer
setup for computing trajectories like this. A typical simulation output is shown in fig-
ure 11.8. Using a digital control system or the stored-program computer of a hybrid
computer, various trajectories, corresponding to different particle injection speeds X,
can be generated.

11.2.3 Optics

A interesting optics application and its solution by means of an analog computer is
described in [Rupnicki]. There the simulation of a laser interferometer based on a

32Short for Deutsches Elektronensynchrotron.

33Gee [BorcHARDT et al.], [BorcHARDT 1965], [BorcHARDT 1966], and [BorcHARDT et al. 1965] for more in-
formation about these simulations and the techniques developed.

34Gee [BorCHARDT].
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Figure 11.7: Computer setup for simulating the trajectory of Figure 11.8: Various trajectories of char-

a charged particle in a magnetic field (see [BorcHARDT][p. 6]) ged particles in a magnetic field (see
[BorcHARDT]([p. 4])

modulated HeNe gas laser is treated. Using two basic oscillator setups like the one
shown in figure 8.2 the laser beam as well as the modulation oscillator are modeled,
thus simulating the interferometer on a wave shape basis.

11.2.4 Heat-transfer

The solution of heat-transfer problems invariably involves partial differential equa-
tions which require a rather high amount of computing elements, depending on the
degree of discretization as shown in section 7.4.1. A practical application example for
a complex heat-transfer simulation is given in [James et al. 1971][pp. 193 ff.] where the
design of heat sinks for radioisotope thermoelectric generators for use in unmanned
spacecraft is described. The temperature on one side of the heat sink is determined
solely by the decay heat of the radioisotopes, the variable parameter of the optimiza-
tion problem is the thickness of the heat sink. The simulation is implemented in such
a way that the computer time 7 is associated with the position x on a heat sink cross
section.

The simulation of the radial heat distribution in a loaded power cable is covered in
[Telefunken 1963/1] using a quotient of differences approach as described in section
7.4.1 to model the cable’s geometry. [VaLisarLo et al. 1982] describes the heat distri-
bution analysis in irregularly shaped two-dimensional areas using a Monte-Carlo ap-
proach implemented on a hybrid computer.

Two special purpose direct analog computers for the analysis of heat-transfer prob-
lems are shown in figures 11.9 and 11.10. The former shows the Electronic Analog
Frost Computor, EAFCOM for short, that was used by the US Army Corps of Engineers
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Figure 11.9: The Electronic Analog Frost Computor, Figure 11.10: The Heat Exchange Transient Analog
US Army Corps of Engineers, New England Division = Computer, HETAC for short (see [N.N. 1957/5])
(see [ALpricH et al. 1955][p. 259])

to simulate soil freezing and associated effects.>> This system is a hardware imple-
mentation of a two-dimensional quotient of differences.3® This two-dimensional grid
of computing elements contains four different types of building blocks: A-elements
are simple adders accepting values from their neighbor elements, C-elements are ba-
sically coefficient potentiometers, J-elements represent integrators, and Z-elements,
which are used to model inert areas like heat sources or sinks.

A sub-circuit, consisting of one A-, J-, Z-, and two C-elements, forms a macro-element
representing one layer of soil. These macro-elements are then interconnected with
their direct neighbors as well as with more remote elements. Such connections may
represent thermal bridges or water flowing between layers.>”

The latter system shown is the Heat Exchange Transient Analog Computer, HETAC
for short, which was developed at the University of Virginia HETAC, too, is a two-
dimensional representation of a quotient of differences approach for solving the
heat-transfer equation.

35Gee [ALDRICH et al. 1955].

36n today’s notion this machine could be described readily as a two-dimensional automaton with analog
representation of its cell states.

37 A detailed description of these direct analogies and their application to frost and thaw problems can be
found in [PAYNTER].
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[Kerr 1978] and [Kerr 1980] describe analog computer models for the analysis of con-
vection currents developing on inclined heat-exchanger surfaces. Using a rather small
EAI 380 analog computer solutions for this problem could be generated at a frequency
of 500 Hz which allowed to display the solution curves on an oscilloscope while a hu-
man operator could change the model-parameters interactively and watch the chang-
ing solutions.38

A zone melting simulation is described in [CarLsoN et al. 1967][pp. 318 ff.]. Research
like this was essential for the rapid development of semiconductor technology which
required high-purity materials like germanium or silicon. These raw materials are usu-
ally purified using a zone melting technique. This purification process depends on a
number of parameters like the diameter of the germanium or silicon mono-crystal, the
width of the melting zone, the speed at which this zone moves through the crystal etc.
These parameters were determined using an analog computer simulation.

11.2.5 Semiconductor research

Analog computers were also employed in semiconductor research. [ApaLovicova 1979]
describes the simulation of the electric field in the depletion zone of a MOS®? field
effect transistor. The target of this research was to predict the behavior of different
transistor structures. The solution of the resulting elliptic partial differential equations
was done by a hybrid computer.*?

The analysis of the dynamic response of a so-called tunnel diode*! is described in detail
in [CarLsoN et al. 1967][pp. 332 ff.]. It is noteworthy that the program derived in this
work contains an algebraic loop, which is stable due to the rather unique combination
of coefficients.*? Furthermore this is a good example of a problem that is too fast to be
analyzed on a real specimen, so an extremely slowed down simulation on an analog
computer is necessary to gain the necessary insight.

11.2.6 Ferromagnetic films

Ferromagnetic films were of high interest in the 1960s as storage elements for stored-
program digital computers. Accordingly there was some research regarding the
simulation of the behavior of such films under various environmental conditions.
[Borser et al.] describe an analog computer approach to simulate the behavior of a
ferromagnetic film which is subject to mechanical stress.

38Generating solutions at such high speed is still challenging on today’s stored-program digital comput-
ers.

39Short for Metal Oxide Semiconductor.

40Numerical methods for the simulation of semiconductor junctions and field effect transistors can be
found in [AkErs 1977].

41 Also known as Esak1 diode.

42Normally algebraic loops are to be avoided at all costs.



11.3 Chemistry 187

Figure 11.11: Simple reaction kinetics example in- Figure 11.12: Reaction kinetics simulation result (see
volving four substances (see [Dornier/2][p. 3]) [Dornier/2][p. 7])

11.3  Chemistry

The following sections describe two typical applications of analog computers in chem-
istry. For applications in chemical engineering refer to section 11.13.

11.3.1 Reaction kinetics

Most chemical processes involve many reaction steps which are heavily interdepen-
dent. Studies in reaction kinetics analyzing such processes have been performed
largely on analog computers since the underlying differential equations are well suited
for mechanization. A typical example problem is shown in figure 11.11.#3 A substance
A is to be converted into a product D which involves an intermediate substance B
which is partially transformed into C and vice versa. The rates at which these steps
happen are ky, kj, k3, and ky.

Based on figure 11.11 the behavior of this chemical reaction system can be described
by the following four coupled differential equations:

A=-kA
B=kiA-kyB—kyB+k;C
C=k,B—k;C

D =k4B

The result of a typical simulation run based on these equations with ky =k, = k3 =k =
const. is shown in figure 11.12. Starting with 100% of component A the four reactions
set in, finally yielding a pure end product D. The simulation program is shown in
figure 11.13.

Further examples can be found in [CHENG] where the simulation of polymeriza-
tion processes using analog computers is described. [Bassano et al. 1976] derive

435ee [Dornier/2].
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Figure 11.13: Reaction kinetics simulation program Figure 11.14: Analog model of ScHRODINGER’s
(see [Dornier/2][p. 4]) equation with three independent variables (see
[Kron 1945/1][Fig. 7])

techniques to determine process parameters for the chlorination of methane, and
[Ramirez 1976][pp. 74 ff.] describes the simulation of a large-scale benzene chlorina-
tion.

11.3.2 Quantum chemistry

Direct analog computers proved very useful in the early days of quantum chemistry,**
where solutions of the so-called SCHRODINGER equation, which are wave functions,
are of prime interest.*> These solutions determine the electronic structure of molecules
which determine their properties.

In 1944, GasrieL Kron suggested a direct analog electronic analog computer to model
the behavior of the SCHRODINGER equation under different boundary conditions. A typ-
ical circuit derived for this purpose is shown in figure 11.14.4° Hans Kunan developed
an acoustical analog computer which consisted of a multitude of coil springs mounted
on a carrier. These springs were interconnected horizontally by leaf springs of equal
moduli of resilience. This machine is described in [Preuss 1962][pp. 291 f.] and was
used to simulate state transitions of r-electrons in complex shaped molecule chains.

44 A good description of the historical development of quantum chemistry can be found in [ANDERS].
455ee [PreUSs 1962] and [Preuss 1965] for the basics of quantum chemistry.
465ee [Kron 1945/2] and [Kron 1945/1].
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11.4 Mechanics and engineering

One of the main areas of application for analog computers are mechanics and engineer-
ing with problems ranging from vibrating coupled mass systems to the simulation of
surge chambers etc.?

11.4.1 Vibrations

The analysis of vibrating systems is a typical application for an analog computer as
the examples in sections 8.3 and 8.6 demonstrated. While in some cases vibrations are
undesirable ranging from inconveniences to real hazards, they are necessary for the
operation of other kinds of equipment. Thus the commercial impact of such studies is
rather high. Depending on the complexity of the underlying mechanical system, the
simulations can become quite complicated, too, as [SANKAR et al. 1979][p. 11.] notes:

“The control of vibration in mechanical systems is a serious and challenging
design problem.”

A notorious example for unwanted vibrations is the so-called Pogo effect that was ex-
perienced in large rockets.*® This effect was caused by pressure variations in the feed
lines for the rocket engines. These pressure variations caused unsteady combustion,
which in turn resulted in varying accelerations of the rocket which tended to amplify
these pressure variations and so on. In extreme cases the resulting forces can reach
levels which would destroy the rocket. Other examples involve the stability of build-
ing subject to wind forces, earth quakes etc. An example for a system that relies on
vibrations for its operation is a vibrating conveyor. Here the isolation of the vibrating
machine parts from their mounting etc. is a critical design parameter.

Machines can be considered vibrating multi-mass systems with spring and damper
elements coupling the various masses. Treating such systems with analog comput-
ers is described in detail in [Dornier/3], [Macpurr et al. 1958], [TsE et al. 1964], and
[TruBert 1968], while [Jackson 1960][pp. 416 ff.] focuses on the analysis of vibrating
truss structures.

11.4.2 Shock absorbers

An interesting optimization problem is described by [Sankar et al. 1979]. A shock ab-
sorber is to be designed which will impose minimal accelerations on the attached mass
while simultaneously limiting the distance the damped mass travels under pulse ex-
citation. The necessary simulations for determining the parameters of this system are
performed on a hybrid computer. This optimization is complicated by implementing
an acc%ate model for dry friction which requires many non-linear computing ele-
ments.

47 A wealth of information and examples can be found in [MAHRENHOLTZ 1968].
485ee [BisTrIN 2003][pp. 360 ff.] and [Woops 2008][pp. 83 ff.].
49Cf. [Dornier/4].
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Figure 11.15: Computer setup to simulate a two-story
building excited by horizontal ground movements (see
[Hitachi 200X][p. 17])

Figure 11.16: Results of an earthquake
simulation (see [Hitachi 200X][p. 17])

[MEzeNcEv et al. 1978] describe the development of an adaptive hydropneumatic anti-
vibration device for marine propulsion systems by means of an analog computer.

11.4.3 Earthquake simulation

The analysis of the behavior of buildings excited by Love- and RayLeiGH-waves of an
earthquake is of great importance especially in countries with high seismic activity.
The simulation of a multi-story building is described in [Hitachi 200X][p. 17]. The
building is modeled as a multi-mass vibrating system where each floor is lumped to-
gether as a single mass. The walls act as spring-damper systems connecting adjacent
floors.

A simple building with two floors is characterized by the weights of the floors, 71, and
m;, and the moduli of resilience sq,s, and damping coefficients dy,d,. With y; and y,
denoting the horizontal displacements of the respective floors, the building dynamics
are described by the following two coupled differential equations:

m Y1 +d1Y) +dy(V) —V2) + 5191 +52(v1 —v2) = mya(t)
myVs +da (Vo = v1) +52(y1 — 1) = maa(t)

a(t) represents the ground motion induced by the earthquake. In practical applica-
tions real data stored on analog magnetic tapes was used for «a(t). Based on these
equations, the program shown in figure 11.15 can be derived.>® The two function gen-
erators on the right hand side are used to implement two hysteresis curves which are
necessary to model the non-linear stiffness of the building structures. The results of a
typical simulation run are shown in figure 11.16.°!

50The analog computer used in this example, a Hitachi 200X, features summers and integrators which
provide normal and inverted outputs, thus simplifying computer setup considerably, which is reflected in
the program shown.

ST A similar simulation of a three-story building is described in [James et al. 1971][pp. 168 ff.].
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Hitachi developed a special purpose analog computer named SERAC>? in the late
1960s.°3 This machine featured a photoelectric curve follower which directly gener-
ated the excitation signal a(t) based on seismograms as input.

11.4.4 Rotating systems

Fast rotating systems are of high importance for many areas ranging from centrifuges
to jet engines. These systems are often critical in the sense that human lives depend
on their faultless operation.

11.4.5 Bearings

Bearings are some of the most critical parts in rotating systems. Especially long shafts
which are common in turbines and similar systems are prone to bending vibrations
which place additional and critical loads on the bearings. Thus quite some studies
were made to simulate the behavior of such systems.>*

Gas and steam turbines require hydrodynamic bearings since traditional bearing
would fail rather quickly in such applications due to disturbances of the necessary oil
film. The simulation of such hydrodynamic bearings on analog computers is described
in [McLeaN et al. 1977] and [RIEGER et al. 1974].

Some rotating systems achieve extremely high numbers of revolution per minute. A
turbomolecular pump with a rotor weight of 1.7 kg, described in [FREMERrEY][p. 33],
operates at 51,600 revolutions per minute. Ultracentrifuges for enrichment of uranium
run at even higher speeds. Applications like these require magnetic bearings which are
grouped into active and passive systems. Passive magnetic bearings were developed in
the 1960s and rely on permanent magnets, while active magnetic bearings are based
on electromagnets controlled by a servo loop.>> Analog computers were not only used
to determine the basic parameters of such bearing systems, but were also employed to
model the servo circuits for active magnetic bearing systems. Often the analog com-
puter was used in a hardware in the loop simulation where the analog computer is part
of the system to be analyzed. In this case the analog computer was used to control the
current supplied to the electromagnets of a real magnetic bearing in operation. In such
a setup the consequences of parameter variations can be directly measured on the real
hardware.

[OxaH-AvAaE 1978] focuses on the effects on bearings caused by transverse cracks on
turbine shafts. The goal of this work was to develop methods which allow an early
detection of such damages. The simulation results were compared with actual data
gathered from a damaged turbogenerator and showed a high degree of agreement.

52Short for Strong Earthquake Response Analog Computer.
53See [Hitachi 1969][pp. 6 ff.].

54Gee [RIEGER et al. 1974].

55See [FREMEREY] and [FREMEREY 1978].



192 11 Applications

11.4.6 Compressors

A complex centrifugal compressor simulation is the topic of [Davis et al. 1974]. In-
terestingly, the simulation described does not only model the macroscopic behavior
of the compressor system itself, but also models the gas dynamics. The simulation
of another centrifugal compressor system on an analog computer can be found in
[ScuuLtz et al. 1974].

11.4.7 Crank mechanisms

Many systems like reciprocating pumps or piston compressors require a crank mech-
anism like a sliding crank to transform a rotary motion into a linear movement.’® In
the simplest case, this type of transformation can be achieved by a Scotch yoke mech-
anism as shown in figure 2.13 in section 2.6. In most cases, more complex mechanisms
are necessary since a Scotch yoke exhibits rather high forces acting on the bearings of
the rotating axis and the pickup. In addition to that many commercial applications
require special curve progressions of the linear movement based on the rotary input
to the mechanism.>’

11.5 Materials science

11.5.1 Non destructive testing

Non destructive testing is of high importance due to aspects like cost savings or safety
considerations. Typical application areas are mentioned by [LANDAUER 1975]:

“A speeding automobile goes out of control on a test track and crashes vio-
lently. A reactor vessel ruptures at a process plant when unstable conditions are
reached. Or, a 650-MW generator loses bearing lubricant and goes into uncon-
trollable vibration. Each of these occurrences represents destructive testing at its
best [... ] or worst.”

In most cases, hybrid computers were used for non-destructive testing since often
functions of more than one variable must be generated. Often, the analog computer
was closely tied to the systems to be analyzed. More about this can be found in
[LANDAUER 1975].

11.5.2 Ductile deformation

In 1956 General Electric performed a complete rolling mill simulation for the Sharon
Steel Corporation with the aim of optimizing operating and startup procedures for a

S6Cf. [Hiitte 1926][pp. 82 ff.] for basic information about this topic and [MaurReNHOLTZ 1968][pp. 129 ff.]
or [MaureNHOLTZ 1968][pp. 79 ff.] for examples on how to simulate such systems on analog computers.
57 A simple example can be found in [Dornier/5].



11.5 Materials science 193

newly planned rolling mill.>® As a result of this extensive analog computer based sim-
ulation, a tune-up time>® of only one day, compared with seven to ten days for conven-
tional rolling mills, was achieved.

Steel rolling processes are described by the Karman differential equation. Its imple-
mentation and analysis on analog computers is described in [Hitachi 1968]. A practi-
cal example is given in [GoLTEN et al. 1967] where a hybrid computer is used for the
actual computations. The mathematical principles for the simulation of cold rolling
are delineated in [HemepriM 1976]. A thorough treatment of the simulation of drag
rolling processes can be found in [MaHrenHOLTZ 1968][pp. 122 ff.].

The determination of the ideal number of revolutions for roller drives has also been
done by means of analog computers as [Roupe 1977] and [RoHDE et al. 1981] show.
The hybrid computer system used in these simulations is described in detail by
[Schloemann-Siemag 1978]. [MaurenHOLTZ 1968][pp. 117 ff.] focuses on determin-
ing optimized parameters for convex dies, while [Ovsyanko] treats the analysis of
plastic deformations on an analog computer in general. The simulation of injection
molding processes is covered in [Ramirez 1976][pp. 22 f.]. The analysis of the defor-
mation of steel plates subjected to the forces of an explosion by means of an analog
computer is described in [James et al. 1971][pp. 175 ff.]. An interesting investigation
of the forces exerted by shearing processes is given in [Dornier/6]. This example is a
rare case in which an explicit differentiation of a variable is necessary.

11.5.3 Pneumatic and hydraulic systems

Hydraulic elements are of prime importance in many branches of industry. Accord-
ingly much research on these devices was done on analog and hybrid computers.
[ConeNn 1971] e.g. describes the development of a pneumatic relay based on simu-
lation runs on a hybrid computer, while more complex hydraulic switching elements
are analyzed in [HanniGan]. General information about the treatment of hydraulic
systems on analog and hybrid computers can be found in [SaNkAR et al. 1980], while
[NorLan 1955] and [AMELING 1962/2] focus on the simulation of liquid flows (the latter
places emphasis on complex piping networks).

Large scale hydraulic problems such as flood simulations or the behavior of sewage
systems have been treated with indirect as well as with direct analog computers. Exam-
ples for such studies can be found in [Hitachi 1969][pp. 1 ff.] and [PaynTER, ed. 1955]
[pp- 239 ff.].

An interesting application was the simulation of so-called surge chambers which are
reservoirs placed at the end of barrage pipes or the like to absorb shock waves excited
by the closing of valves etc. Simulating the generation, distribution and elimination
of these shock waves is of prime importance since these can destroy even large and
sturdy machines and piping systems.®°

58Gee [N.N. 1958/1].

>9Tune-up time described the period of time that elapses between parameter changes and entering normal
operation.

60See [VaLENTIN 2003][p. 135].
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Figure 11.17: Surge chamber (see [MEissL 1960/2][p. 76])

A nice example is given in [MEeissL 1960/1] and [MEissL 1960/2] where the focus is on
the water level in a so-called differential surge chamber as described by [Jornson 1915]
and shown in figure 11.17. Such a differential surge chamber can be described by the
following differential equation system®!

Fi, V. .
2y — 21 281(721) sign (z7)
Fiz1+Fy2y = f (v, —v)

._ &
V=2(zp—evly
(2 evlo)
where z; and z, denote the respective water levels. The resulting computer setup is
shown in figure 11.18. The results for z; and z, of a 100 second simulation run are
shown in figure 11.19 and 11.20.5%

A more complex example is given in [Jackson 1960][pp. 403 ff.] where the behav-
ior of the Appalachian surge tank operated by the Tennessee Valley Authority is ana-
lyzed on an analog computer. General information about the use of analog comput-
ers for the investigation of water hammer problems is given in [PAYNTER et al. 1955],
[PAYnTER 1955/1], and [James et al. 1971][pp. 184 ff.]. The design of surge tanks for
hydro stations is covered in [Anpo 1971]. [SoroNDO et al.| describes the simulation of
the piping system in a thermal power plant. The focus here is on the effects of the short
run-up times exhibited by the pumps. Their spin-up time is only about 3.5 seconds,
which places extreme stresses on the piping network, which has a total length of about
four miles.

The problem of sloshing in a steel converter is treated in [Barta 1976][pp. 600 f.].
Interestingly, not only the sloshing itself is simulated but also its effect on the tilting
control system for the converter. In addition to a direct analogy model which consisted
of a scaled down version of the converter, an indirect analog model has been used for
the simulations.

61Gee [ME1ssL 1960/2][p. 76].

62These simulations were actually performed on a Telefunken RA 463/2 analog computer as described in
section 6.1. Choosing 100 seconds as the duration of a simulation run was due to the fact that the operational
amplifiers of the RA 463/2 are not of the chopper stabilized type and integration errors due to drift effects
tend to get excessive after about 100 seconds.
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Figure 11.18: Program for the surge chamber simulation (see [MEissL 1960/2][p. 76])

Figure 11.19: Water-level z; for 0 <t <100 s (see Figure 11.20: Water-level zp for 0 <t <100 s (see
[Messst 1960/2][p. 77]) [MEissL 1960/2][p. 77])

11.5.4 Control of machine tools

Analog computers were also used for the development and implementation of ma-
chine tools. Two interesting analog interpolation systems for the control of turbine
blade milling machines which were developed at the Lewis Flight Propulsion Laboratory
are described in [Jornson 1962]: The first system implements a cubic interpolator that
employs three mechanical integrators to generate a polynomial of third degree which
interpolates a function specified by values given at equidistant sampling points. The
second system was based on a direct analogy using a flexible steel ruler to implement
a spline interpolation. This ruler was bent into position by a punched card controlled
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servo system that in turn controlled a number of linear actuators. Using a magnetic
pickup in a servo loop the ruler was then used as a model to control the milling pro-
cess.

11.5.5 Servo systems

Nearly every technical system relies on some kind of a servo system, thus the simula-
tion of such systems using analog computers was of high importance and the number
of studies dealing with related topics are abundant. Servo systems are divided into
linear and non-linear systems. Linear servo systems employ actuators that operate in a
continuous way while non-linear servo systems often use actuators that support only
a limited number of states like most reaction control engines etc. The simulation of
such systems is described in [McLeop 1962] and [Korn & Korn 1956][pp. 92 ff.], while
[McLeop et al. 1958/2][pp. 297 f.] deals with instabilities of servo systems.

An example for the simulation of a complex servo system can be found in [von THUN]
where the attitude control system of a large dish antenna to be used in radio astronomy
is modeled. Effects that are covered are the inertia of the antenna itself, wind load,
achievable accuracy, and the generation of non-linear antenna movements which are
necessary for some tracking tasks.

11.6  Nuclear technology

Although many problems related to nuclear reactors and the like are not well suited
for an analog computer due to vastly different time scales.®® Nevertheless, analog com-
puters were heavily used for research in nuclear technology and as training aids as
the following sections show. A lot of information regarding the application of ana-
log computers in this area can be found in [E. Morrison 1962], [Friscu 1971], and
[DAGBjARTSSON et al. 1976].64

11.6.1 Research

Analog and hybrid computers were irreplaceable tools in fundamental nuclear re-
search — not least because of the necessary safety constraints which forbid many exper-
iments on real reactors. Typical application examples are the analysis of neutron gen-
eration and distribution in reactor cores,®> the consequences of changes in reactor ge-
ometry due to temperature excursions and the generation of delayed neutrons,®® heat-

63A steam bubble simulation for a sodium cooled breeder reactor contains equations spanning
eight decades regarding to their time scale. The radius of the steam bubble raises by about five to
six decades, resulting in changes spanning 20 to 25 decades in an r* term in the simulation (see
[FriscH et al. 1969](pp. 19 {.]).

64The necessary basics of reactor physics are covered in [Markson 1958].

65See [E. Morrison 1962] — the simulations described there make extensive use of complex passive feed-
back networks to model the neutron flux densities etc.

66Cf. [Sypow 1964][pp. 225 £.].
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Figure 11.21: Nuclear reactor simulation (see [Jones 1961][p. 17])

transfer problems in pressurized-water reactors,®” xenon-poisoning,®® control system

development,®® etc. Most of these applications make heavy use of the typical capa-
bility of analog computers to perform a temporal expansion by simply changing the
integration constants ky within a program since most of the effects under study are
happening too fast in reality to be observable in detail.

Figure 11.21 shows a program which was used to analyze the stability of a research
reactor in Hanford. Of special interest was the behavior of the reactor in case of a
fault during which a rapid depressurization of the primary coolant loop occurs in
conjunction with an increase in reactivity. The resulting power gain in output power
spans three decades in a one second time frame which is about the maximum that can
be handled even on a precision analog computer without either having the variables
exceeding the range of +1 machine units or introducing exceedingly large errors.”’
Simulations covering longer spans of time normally have to be split into smaller steps,
often requiring rescaling.

67 [Sypow 1964][pp. 230 ff.].

68See [Friscu 1971][pp. 72 ff.] and [Sypow 1964][pp. 233 £.].

69See [Sypow 1964][pp. 234 ff.], [Frisca 1968], [Brey 1958], and [ScorT 1958]. Many control system sim-
ulations require the solution of coupled partial differential equations.

70Gee [Jones 1961].
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Figure 11.22: AEG reactor simulator based on a Tele- Figure 11.23: Typical reactor control analog com-
funken RA 463/2 (see [GERwIN 1958]) puter modules (General Dynamics)

Another interesting simulation is described in [Hansen et al. 1959], where the dy-
namic behavior of a sodium cooled reactor is studied. The simulation is very detailed
and even models hydraulic effects in the piping system and the like.

11.6.2 Training

Training reactor operators is of prime importance and thus requires simulators to be
as realistic as possible. One of the first such simulators was built especially to train the
operators for the nuclear reactor aboard the N. S. Savannah which was the first nuclear
powered merchant ship and was launched on 07/27/1959. This simulator is described
as follows in [N.N. 1964/3]:

“Through the use of an operator’s control console identical to the one aboard
the SAVANNAH, the two PACE 231R”! General-Purpose Analog Computers
[allow. .. ], trainees [to] acquire operating experience just as if they were actu-
ally on board the ship.

The analog computers, which are programmed to represent the complete re-
actor kinetics, as well as primary and secondary heat balances, activate all the
recording instruments and dials on the control panel and respond to the stu-
dent’s manipulation of the operating controls just as the real reactor would.”

In addition to the operator consoles, this simulator featured an additional console on
which instructors could introduce faults to be handled by the operators in training. A
much simpler reactor simulator setup is shown in figure 11.22. This particular system
was based on a small variant of the Telefunken RA 463/2 analog computer.”?

71Gee section 6.2.
72Gee section 6.1.
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11.6.3 Control

Analog computer elements were also used as elements for actual nuclear reactor con-
trol systems which was a natural step since analog computers played such an impor-
tant role during the development of early nuclear reactors. Typical analog control ele-
ments are shown in figure 11.23. These particular modules were used in the control
system of two research reactors installed at the University of Virginia.”3

11.7  Biology and medicine

Applications for analog and hybrid computers in medicine and biology are abundant.
The earliest attempts to analyze complex biological systems have been performed by
B. CHANCE who used a mechanical differential analyzer in 1943 to investigate some
aspects of enzyme kinetics.”* The following sections focus on some later analog com-
puter applications in medicine and biology.”>

11.7.1 Ecosystems

A simple example for the simulation of a closed ecosystem has been shown in section
8.4. A much more complex and interesting simulation is described in [Ricas et al.]
where the food chain ranging from phytoplankton to salmon in an aquatic ecosystem
is modeled. This study focuses on external influences like the effects of fertilizers like
phosphates from detergents washed into rivers and the sea, and seasonal effects due
to incident solar radiation etc. Interestingly, this study was initially performed on a
stored-program digital computer’® with a graphical display but was then transferred
to a mid range hybrid computer:””

“[...]Theinitial programming was laborious and the memory requirements
were such that the use of the model was restricted to certain hours of the day.
Eventually, rental on the CRT’® was terminated and the interactive capability
was lost. At about the same time, a small hybrid computer79 became available
and the development of an interactive hybrid computer model of the same system
became a reasonable alternative.”

It turned out that this hybrid approach outperformed its all-digital predecessor and
even the restricted precision offered by the hybrid computer had no perceptible influ-
ence on the simulation runs.

73Modules like these were, of course, also simulated on analog computers prior to their implementation,
see [CAMERON et al. 1961].

74See [KNORRE 1971][p. 107].

75 A wealth of information can be found in [KNorre 1971] and [R6PKE et al. 1969].

76 An IBM 360/67.

77See [Ricas et al.][p. 95].

78Short for Cathode Ray Tube — in this case an IBM 2250 display was used.

79 An EAI 690 hybrid computer, see [Ricas et al.][p. 95].
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11.7.2 Metabolism research

The study of the metabolism of pharmaceuticals is of high importance in mod-
ern medicine. Especially the development of radioactive tracers allowed to gather
metabolism data from organisms which formed the basis of extensive analog and
hybrid simulations.?? Basis of such studies are so-called multi-compartment models in
which the way substances are transported between various parts of an organism dur-
ing their metabolism is modeled. A variety of examples of such studies can be found
in [HAaBERMEHL et al. 1969]. [KNorre 1971][pp. 201 ff.] describes the simulation of the
metabolism of Paracetamol in an organism.

11.7.3 Cardiovascular systems

Multi-compartment models are also used to simulate cardiovascular systems. The ef-
fects of lesions can then be studied in detail on an analog or hybrid computer.?! Direct
analogies involving intricate hydraulic systems were also used to model cardiovascular
systems as shown in [STEwART 1979][p. 43].

Another area of application of analog computers is the preprocessing and analysis of
ECG data. Especially operations like filtering, peak detection, computation of jitter
etc. have been implemented using analog computers.

The following example shows how the so-called respiratory arrhythmia®® has been
studied using analog computers. The first such study is described in [CrynEs 1960],
a later study, on which this section is mainly based, can be found in [ALBRECHT 1968].
Picture 11.24 shows the program used in this latter study. Its purpose is to determine
the parameters which control the heartbeat function a(t).

The integrator in the lower left of this figure is used to generate a(t)..,; based on real
ECG data of a test subject.8* This function can be compared to a function a(t)simulated
which is generated by the remaining circuit based on the respiratory activity r(t) of the
same test person. Based on this, the parameters of the simulator circuit can be adapted
until both functions a(t),e, and a(t)simulated are in good accordance. The resulting pa-
rameter set characterizes the behavior of the sinu-atrial node which can be described
by ¥ = —(rg — v)y and the effects the test person’s vagus nerve has on this.

11.7.4 Closed loop control studies

A nice example for the simulation of the inner closed loop control in organisms is
described in [STEwarT 1979][pp. 46 f.] which focuses on the regulation of CO, in the

80Cf. [HaBERMEHL et al. 1969].

81 An example for a system containing seven compartments can be found in [Benam et al. 1973].

82These techniques have also been used to process EEG data, see [FErLMEIEr 1974][p. 30].

83This term describes the effect that the time At between two successive heartbeats is decreased during
inhaling and is increased during exhaling.

84The integrator’s mode of operation is controlled by a signal derived from the ECG signal. Normally the
R wave of the signal is used for this purpose. Every occurrence of this R spike resets the integrator which
yields a ramp function at its output which linearly corresponds to the time span between two successive
heartbeats.
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Figure 11.24: Simulation program for the respiratory arrhythmia (see [ALBrecHT 1968][p. 2])

lung. Another study in which the adaptation process of the pupil to changes in en-
vironmental brightness is described in [Giro1 1975][pp. 157 ff.], [KtnkEL 1961], and
[LunDERSTADT et al. 1981].

11.7.5 Neurophysiology

A basic question in neurophysiology is how action potentials in nerve cells are gen-
erated and propagated. In 1952 Aran Lroyp Hopckin® and Anprew Frerping Hux-
LEYS® developed a mathematical model describing signal generation and propagation
in sc%lgid giant axons.?” This model can be described by the following differential equa-
tion

CV = —gnam®h(V = Viga) — g™ (V = Vi) — g1 (V = V) + I,

where g; represents the conductivity caused by the potassium and sodium ions and
the unavoidable leakage current in the axon, while (V —V;) represent differences to the
equilibrium potentials V;. The coefficients 0 < m, h,n < 1 are determined by

= ay(V)(1=m)=pBu(V)m
h=a,(V)(1-h)—pn(V)h and
n=ay(V)(1-n)=p,(V)
8502/05/1914-12/20/1998
8611/22/1917-05/30/2012
87 These giant axons were often used in early neurophysiology research due to their size which can reach

up to 10 cm in length and up to 1 mm in diameter.
88Cf. [Brouwer 2007][p. 3].
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Figure 11.25: Setup for an infection spreading simu- Figure 11.26: Results of a simulation run for the in-
lation (see [Hitachi 200X][p. 14]) fection spreading simulation ([Hitachi 200X][p. 14])

where «;(V) and B;(V) are determined through experiments. This model can explain
many experimental observations and formed the basis of later research by RicHArRD
FrrzHucu®® and J. Nacumo which resulted in the following two differential equations
that were studied extensively using analog computers:*°

v=v@a-v)(v-1)+w-1,
w=bv-yw

11.7.6 Epidemiology

A simple example for the application of analog computers in epidemiological research
is given in [Hitachi 200X][p. 14]. A closed system consisting of 1000 inhabitants of
which 10 are infected with some contagious disease is simulated. Every infectious
individual can infect 1/1000 unresistant individuals per day. 90 of the initially 990
healthy individuals were already resistant, the disease, which is not deadly, immunizes
its victims. These assumptions lead to the following set of three coupled differential
equations

P

1000
Wy
Y= 1000 14
. _ Y
714

which can be transformed into the program shown in figure 11.25.°! The output of a
typical simulation run is shown in figure 11.26.

8903/30/1922-11/21/2007

9OMore information regarding these analog computer studies can be found in [Bexey 1960].

1 The analog computer used in this study was a Hitachi 200X which features non-inverting integrators
and summers which has to be taken into account for the program shown.
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11.7.7 Aerospace medicine

Analog computers were also used extensively for aerospace medicine applications.
[PAYNTER, ed. 1955] describes the analysis of the forces acting on a pilot who bails out
with an ejection seat. For this study a special-purpose analog computer was developed
to model the effects of such accelerations on organisms. The purpose of such body
dynamics studies is to determine optimal acceleration curves that guarantee a quick
separation of the ejection seat from a failing plane while not harming the pilot.”?

Analog computers were also used to control large scale centrifuges which were used to
determine the performance of pilots subject to accelerations as they are experienced
during emergency situations, rocket launches or reentry maneuvers. A highly com-
plex control system based on a large-scale analog computer installation is described in
[SToNE et al.].

11.7.8 Locomotor systems

Analog computers were also used at the boundary of biology and mechanics in lo-
comotor studies. [Tomovic et al. 1961] performed simulations aimed at the question
of the degree of autarky in typical locomotor systems. Similar studies are described
in [Bekey et al. 1968][pp. 417 ff.]. Based on these a mechanical quadruped was devel-
oped.

11.7.9 Dosimetry

Analog computers were also used in nuclear medicine as an example from the Uni-
versity of Chicago hospital shows where a Beckman EASE 2132 analog computer was
used from the mid 1960s well into the 1970s to perform dosimetry calculations, a task
required for treating cancer patients. In addition to that, this particular machine was
also used for basic research involving nuclear and non-nuclear applications.”

11.8 Geology and marine science

Applications in geology and marine science often are of rather high commercial value,
especially with respect to prospection tasks.

11.8.1 Resources

Oil and gas production rely heavily on hydraulic models of the oil and gas fields. These
models are highly complex and require the solution of partial differential equations in
at least four variables. Accordingly, direct analog computers have been built to study
the effects caused by oil wells etc. to the belowground distribution of o0il and gas. An

92See [PaynE 1988][p. 272]. The term of interest in studies like this is the first derivative of the accelera-
tion, a body experiences, which is called either jerk or jolt.
93GrEG PARKHOUSE, personal communication to the author.
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Figure 11.27: Overview of the ZI-S computer Figure 11.28: Structure of the ZI-S computer
([Usnakov 1958/1][p. 1812]) ([Usaakov 1958/1][p. 1813])

impressive example for such a direct analog computer is the system named ZI-S which
was developed in 1958 at the All-Union Scientific Research Oil-Gas Institute in the So-
viet Union. This machine was basically a three-dimensional grid of passive computing
elements featuring about 20,000 of such vertices. In addition to this vast amount of
passive elements, a large number of operational amplifiers and other active compo-
nents was employed.”* The high amount of components was necessary to achieve a
sufficiently good resolution of the model.

This ZI-S analog computer which is shown in figure 11.27 was based on
d JP d apr
a (Al(x’y)ax) ay(AZ(x’y)ay)_o

and
a JaP 8 JaP apr

respectively, where x and y represent coordinates in a single layer of the oil or gas
reservoir, while P and A; denote pressures and hydraulic conductivities.

Using ZI-S, reservoirs with a radius of up to 120 km were studied. These simulations
considered up to 750 wells depleting the reservoir. The passive analog computer sim-
ulating the reservoir itself can be seen in the middle of figure 11.28. The reservoir is
modeled with a three-dimensional mesh of resistors and capacitors which implement
lag phenomena and the like. The surrounding modules implement the wells and the
instrumentation of the simulation circuits.

11.8.2 Seismology

Prospection relies heavily on the analysis of seismograms to detect belowground reser-
voirs. This task traditionally requires the fastest stored-program computers available

94Gee [Usmakov 1958/1].
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and was thus done or at least supported by analog and hybrid computers in the years
before the mid 1970s.

[Evans 1959] describes a special-purpose analog computer that was developed and
used to generate weathering time corrections. The implementation of this analog com-
puter is quite similar to the BPRR-2 system described in section 11.1.9. Indirect analog
computers were used by [Sutton et al. 1963] to perform filtering tasks, as well as spec-
trum analyses on seismic data sets.”>

11.8.3 Ray tracing

Ray tracing is a common task in marine applications based on sonar data and of high
commercial and military value. This task is rather complicated due to varying amounts
of dissolved salt, temperature differences of different water layers etc. Accordingly, a
ray tracer based on a small EAI TR-10¢ analog computer has been developed and
described by [LicHT et al. 1966]. The task of tracing a single acoustic wave from a
transmitter through a complex medium like the open sea to a pickup involves the
solution of a differential equation of second degree. The analog computer described in
[LicHT et al. 1966] uses 17 operational amplifiers and a special function generator to
model the structure of the ocean bed reflecting the acoustic waves. A typical simula-
tion run took about 15 minutes to complete.

11.9 Economics

The first one to study economic models by means of analog computers was ALBAN
WirLiam Puriiies,”” a New Zealand economist. Since he was trained as an engineer,
the idea of applying engineering principles to economic problems was probably quite
obvious to him. Accordingly, in 1949 he developed and built a hydraulic analog com-
puter named MONIAC,”8 the structure of which is shown in figure 11.29.%

This system, of which eventually ten were built, which was affectionately known as
financephalograph was not only used for early research in mathematical economics but
also for teaching purposes due to its structural clearness. The money flow of an econ-
omy is represented by colored water which flows through various computing elements.
MONIAC features nine control variables which represent tax load, import/export sub-

sidies and the like.190

9The results of an analog approach to spectral analysis were also compared to those generated by a
stored-program digital computer in this study.

96Cf. section 6.3.

9711/18/1914-03/04/1975

98Short for Monetary National Income Automatic Computer.

998ee [PriLLips 1950], [Swape 1995], [Care 2006], and [Fortune 1952].

100NMONIAC inspired some caricatures like that shown in [Swape 1995][p. 16] as well as the analog com-

puter sitting in the basement of the bank in TErrY PrRaTCHETT’S novel Making Money.
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Figure 11.29: PaiLiips’ hydraulic simulator for economic dynamics (see [PHiLLips 1950][p. 302])

In later years, PHiLIPPs used an analog electronic analog computer at the National Phys-
ical Laboratory'®! as well as a stored-program digital computer.!%? Interestingly, he
still preferred the hydraulic MONIAC despite its shortcomings with respect to accu-
racy due to its high clearness. He characterized his models as being “exposition[s ] rather
than accurate calculation[s]”.103

Analog computer models for the study of economic problems were still used in later
years as a number of publications like [HULsENBERG et al. 1975], [HerscHEL 1961],
[KreGeELOH 1956], and [JacksoN 1960][pp. 363 ff.] show.

10INPL for short.
102Gee [Swape 1995][p. 17].
103gee [SwapE 1995][p. 17].
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11.10 Power engineering

Quite early in the 20th century, the area of power engineering developed a demand
for computational power that could only be fulfilled by analog and later hybrid com-
puters. As with nuclear reactors, many questions regarding power systems cannot be
analyzed on real equipment due to the inherent dangers of such experiments,'%* so
only simulation was able to solve a number of vital problems. The following sections
describe a number of typical simulations that were done in the past.

11.10.1 Generators

A study regarding the dynamic behavior of generators feeding theoretically infinitely
large power grids which only contain asynchronous machines being fed, is described
in [JusLin 1981].195 The main problem of such a power grid is that asynchronous ma-
chines exhibit extremely different load characteristics depending on their state of op-
eration. A starting asynchronous machine looks like a transformer with a secondary
short to the supply, while this effect vanishes with increasing motor speed. The focus
of this study is on severe faults that influence large parts of the simulated power grid
and may even yield to oscillatory behavior.

[GiBerT 1970] describes the simulation of a generator with a parasitically loaded
speed controller to be used in aerospace applications. The model used consists of the
turbine driven alternator, a voltage regulator and exciter, a parasitic load speed con-
troller and the load itself.

11.10.2 Transformers

As simple as a transformer might look at first sight, its behavior is not easy to pre-
dict, thus many studies regarding the dynamic characteristics of transformers have
been conducted. [Giror 1960] and [Telefunken 1963/2] cover the simulation of a trans-
former under mixed ohmic/inductive or ohmic/capacitive loading. The primary and
secondary currents are of interest in this study, where also the dynamic magnetization
curve of the transformer is taken into account.!%

11.10.3 Power inverters and rectifiers

Much more complex than this is the simulation of power inverters and (controlled)
rectifiers. Such devices are essential for high-voltage direct current systems, the first
of which were developed in the early 20th century. Inverters are also commonly used
to drive synchronous machines etc.

The analysis of a controlled three-phase rectifier by means of an analog computer
model is described by [Eyman et al. 1976], while similar studies can be found in

104gee [NorRONHA].

105The constraints mentioned are rather realistic in a mainly industrial environment.

106This magnetization curve is implemented by a diode function generator. It should be noted that this
study is a good example for the implementation of implicit functions.
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[Brum et al.], [TispaLE], and [NAvAa-SEGURA et al.]. The latter focuses on fault situations
like defective thyristors and the like.

The conversion of a direct current into alternating or three-phase current by means
of power inverters has been analyzed in analog computer studies like [Krause 1970],
where basic approaches to simulation are described, and [ForneL et al. 1981] where a
power inverter loaded by an asynchronous machine is modeled. [Berrint et al. 1975]
describes the analysis of an inverter driving electromechanical actuators, while
[Winarno 1982] focuses on the special requirements posed by large photovoltaic
systems.

The analog model of a high-voltage direct current system is described in [SADEx 1976
who notes that such a system cannot be readily described mathematically in closed
form, so that simulations based on models are necessary to gain deeper insight in the
dynamic behavior of these systems.

[BorcHARDT et al. 1977] describe the detailed simulation of a high-power inverter sys-
tem which drives the magnets of a large synchrotron at DESY. This study was nec-
essary since the synchrotron was already in operation when the need for significant
changes in the power supply system for the magnets arose. The system itself could
not be used to take measurements during parameter changes since this would have
disrupted its operation. Thus an extensive simulation was performed on a Telefunken
hybrid computer HRS 860 which consisted of a RA 770 precision analog computer
and a TR-86 stored-program digital computer. This model even took care of intrinsic
effects of heavily loaded thyristors and other parts of the inverter system and proved
to be so accurate that the conversion of the system was performed successfully mainly
relying on the simulation results of this study.

Another interesting analog computer study regarding the behavior of inverters dur-
ing severe fault scenarios is described by [BorcHARDT et al. 1969]. The simulation was
focused on the development of suitable protection measures for large inverter systems.

11.10.4 Transmission lines

Long power lines are complex structures exhibiting a complex behavior with phenom-
ena like traveling waves etc. A summary of typical hybrid computer approaches for
modeling power lines can be found in [Baun 1970]. A study with special emphasis on
traveling wave phenomena is described by [THomAs 1968]. An interesting aspect is the
necessity for time delay units to model the delays encountered in long power line sys-
tems accurately. Magnetic tape units and capacitor wheels'?” have been used in these
simulations instead of PADE approximations.

11.10.5 Power grid simulation

Much more complex than the simulation of a long isolated power line is the study
of whole power grid, yet such studies are of even greater importance than the for-
mer due to the dependency of our culture on the ubiquitous availability of electric

107 Cf. section 4.11.
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Figure 11.30: EASE 1032 analog computer used at the Bonneville Power Administration for power grid
simulations (see [N.N. 1957/2])

energy. Such systems cannot be described mathematically in closed form, so simula-
tions based on analogies are a suitable approach to their study. A good overview of the
historical developments of such simulation techniques can be found in [Krause 1971]
and [Krause 1974].

Driven by the rapidly rising complexity of the United States’ power grid, the first net-
work analyzer was conceived in 1925. The purpose of such analyzers has been described
by [Noran 1955][pp. 111 f.] as follows:

“Network analyzers have been used to solve quickly the many and various
problems concerned with the operation of power systems. They are practical,
adjustable miniature power systems. They can be used to analyze results dur-
ing the progress of a system study and therefore play an active part in system
planning as well as checking the performance of completed systems.”

The early network analyzers were direct analog computers, effectively modeling the
power grid by means of discrete computing elements. Later studies made extensive use
of indirect analog computers as the Beckman EASE 1032 system shown in figure 11.30
that was used by the Bonneville Power Administration for power grid simulations. A
typical problem arising in such simulations on indirect analog computers are algebraic
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loops.!%® Basic techniques for avoiding such loops in power grid simulations can be
found in [Giror et al. 1963][pp. 326 ff.] and [Giror 1962].

An application example of a power grid simulator can be found in [MicHAELs et al.]
and [MicHAELs| where a high-voltage distribution system consisting of five power sta-
tions and about a dozen transmission lines is simulated. This system was used to train
switch room operators. An even more complex system based on a hybrid computer
is described in [Enns et al.]. This hybrid approach was able to determine the state of
a power grid containing 181 power lines from a given set of initial conditions in 20
seconds while the same computation using only the stored-program digital computer
of the hybrid installation took 30 minutes.

The effect of transients caused by breaking conductor ropes, short-circuits, etc. are
studied in [Tuomas et al. 1968]. These simulations also required time delay units
which were implemented with a capacitor-wheel containing 24 capacitors. Transients
caused by lightning strikes in electric power transformation substations are covered
by [Hepin et al.].

The effects of capacitive and inductive crosstalk between high-voltage power lines
have been studied by simulating a complex power grid consisting of one 500 kV sec-
tion and two 250 kV sections on a large analog computer installation. These studies are
described in [THOMAS et al./1] and [THOMAS et al./2]. The vast amount of computing
elements is a good measure for the complexity of the problem. The analog computer
used contained 180 operational amplifiers, 350 coefficient potentiometers and 24 time
delay units.

A large power grid simulator was proposed in 1976.1%° This Hybrid Computer Power
Simulator, HCS for short, would have consisted of a special purpose analog computer
containing specialized computing elements to represent typical analogies in conjunc-
tion with such simulations. Instead of a traditional patch panel, an automatic patch
panel, a so-called autopatch was proposed. Unfortunately this machine was never built
and autopatch systems did not prove commercially viable due to the extremely high
amount of switching elements necessary.!!?

11.10.6 Frequency control

While power grids are rather complicated dynamic systems, things get even more com-
plicated when multiple power grids are coupled together, as [PaynNTER 1955/2][p. 229]
notes:

“[...] the original problem is fundamentally complex due to the multiplic-
ity of generally disparate machines and regulators coupled together by a large
number of ‘elastic’ links.”

108Djrect analog computers do not suffer from such loops due to their lack of amplifying stages coupling
the passive computing elements.

109gee [Janac 1976].

HO0Ap interesting study on such autopatch systems was performed by Georce HANNAUER on behalf of
NASA, cf. [HANNAUER 1968].
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Early work on the analysis of coupled power grids using direct as well as indirect
analog computers was begun in 1947 at MIT. [Krausk et al. 1977] describes a study
of shaft distortion in generators caused by misaligned grid frequencies when disjunct
grids are coupled. Special questions regarding the synchronization and control of such
coupled power grids are dealt with in [Sypow 1964]|(pp. 214 ff.].

11.10.7 Dispatch computers

Running a power station generates many optimization problems regarding the power
station schedule, the supply of combustibles etc. An analog computer study aimed at
the generation of optimal schedules for a hydrothermal power plant is described by
[PERERA 1969].111

Special purpose analog computers, so-called Electronic Dispatch Computers, EDC for
short, have been developed to perform such optimization tasks and are described by
[WasHBURN 1962]. The savings possible by the application of analog techniques were
remarkezible and justified the development of rather large analog computer installa-
tions:!!

“Estimated annual fuel savings obtainable with EDCs may approach US$50
per megawatt installed. For a typical 1,000-megawatt system this saving can
amount to US$30,000 to US$50,000 per year and thus may warrant an invest-
ment of US$250,000.”

Figure 11.31 shows an example of such an electronic dispatch computer, the GEDA.!13
power dispatch computer which saved US$ 200,000 per year (see [N.N. 1957/4]).
A not too complex optimization example regarding a heating plant is given in
[HeinHOLD et al.][pp. 224 ff.].

11.11 Electronics and telecommunication

The rapid development of electronics and especially telecommunications since World
War II resulted in an ever increasing demand for component and circuit simulations.
As [KerTEL et al. 1967][p. 3]''* put it, the more complex electronic circuits get the
more important it is to gain insight in their respective behavior by mathematical mod-
els and analogies instead of building breadboard prototypes. The following sections
give some examples of such work.

11 This study is based on the so-called coordination equations developed by CHANDLER, DANDENO, GLIMN,
and KIRCHMAYER, see [CHANDLER et al. 1961].

112Gee [WasuBURN 1962][p. 5-155].

13Short for Goodyear Electronic Differential Analyzer.

14This work also gives a good overview of typical applications of analog and hybrid computers in elec-
tronics and telecommunications development.
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Figure 11.31: GEDA power dispatch computer (see [N.N. 1957/4])

11.11.1 Circuit simulation

An interesting analysis of the behavior of a transistorized circuit subjected to short
transients is described by [RaNEert et al. 1977]. This application makes extensive use of
the ability of an analog computer to perform temporal expansions since the effects of
interest that are to be analyzed on the simulation setup happen in some 10~ seconds.
This study strikingly shows the complexity of such circuit simulations on general-
purpose analog computers. As [RaNrrt et al. 1977][p. 76] put it,

“[s]tandard analog computers are normally not well suited for simulation of
transistor circuits.”

[BALABAN][p. 771] remarks that
“a six to eight transistor circuit can be patched on a large analog computer.”

Accordingly RanrrT and REIN set out to develop a special-purpose analog computer
aimed at the simulation of electronic circuits:!1°

115gee [RaNFFT et al. 1977][p. 76].
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“Its advantages, when compared to the usual digital computer simulation,
are low costs, simple operation, and short simulation time, allowing a fast man-
machine dialog. This simulation method has already been successfully used in
the design of several high-speed integrated circuits.”

The main advantage of this system was not only its rather high simulation speed but
also the typical high degree of interactivity of an analog computer. The projected costs
for an implementation containing 20 transistor models, 12 ScHorTKY diodes, 24 resis-
tors and two current/voltage sources were US$ 3,600. The same amount of money
would have had to be spent to perform 100 to 200 transient analyses on a rented
stored-program digital computer.

Another simulator, called HYPAC, short for Hybrid PACTOLUS,''¢ is described by
[BaLaBaN]. This system is basically a hybrid computer with a special setup on the ana-
log part which simulated basic electronic circuit elements. Using the stored-program
digital computer of the hybrid computer, the analog computer’s elements are time-
shared between the various circuit elements of the circuit to be simulated. This made
it possible to simulate circuits of nearly unlimited complexity given enough computer
time.

An extensive simulation study on mixer circuits using a Telefunken RA 463/2 analog
computer!!” can be found in [Sterck 1963]. This study was unique at its time since it
was the first all-embracing simulation of such circuits and it proved that the results
achieved by means of analog computers were meaningful and could be used for circuit
design.

11.11.2 Frequency response

Before spectrum analyzers and the like were introduced as independent devices, deter-
mining the frequency response of circuits was a laborious task that could be simplified
by an analog computer. Depending on the complexity of the circuit to be analyzed and
the frequency range of interest, either measuring the response of a prototype circuit
and processing this data on an analog computer or simulating the circuit itself as well
as performing the signal analysis can be done on an analog or hybrid computer. The
advantage of an overall simulation and analysis on an analog computer is the possi-
bility to introduce arbitrary time scaling which is not possible with a prototype circuit
under measurement.

Typical analog computer setups for performing a spectral analysis are described in
[BarD 1965] and [Giror et al. 1963][pp. 212 f.]. The analog computer programs de-
scribed there are based on a maximum detector!!® circuit which is in turn based on
a delay circuit. Using a sweep generator like that shown in section 8.2 the frequency
response of a circuit, be it real or simulated itself, can then be determined.!'? Another

116Gee [BrENNAN et al. 1964] for more information about PACTOLUS, an early analog computer simulator
running on an IBM 1620 stored-program digital computer.

1173ee section 6.1.

8¢t [Sypow 1964][pp. 265 f.].

119 Als0 the methods described in section 11.1.7 can be used for this purpose.
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example for such a technique can be found in [ScHUssLEr 1961] where a sampling
process is used to generate a frequency response plot.

11.11.3 Filter design

The design of filter circuits is tightly entangled with the methods described above. An
example for such an application can be found in [LARROWE 1966] where the design of
a quadrature band-pass filter!?? is described. A very complex example of filter design
is given in [GrLor 1961]. This study describes the development of a Wiener!?! filter on
an analog computer which involves the solution of integral equations.!?? This requires
a technique to have machine time running backwards which was solved by an analog
tape drive on which values were recorded in a preliminary step and played back in
reverse direction for the actual determination of the filter’s parameters.

11.11.4 Modulators and demodulators

Modulator and demodulator circuits were also developed with substantial analog com-
puter application. The design of phase detectors and frequency discriminators is de-
scribed in [Manske 1968]. In this study the circuit under development as well as the
processing of measurement data has been implemented on an analog computer. The
analog simulation of a frequency modulation based communication system is the fo-
cus of [Hu 1972], while the study of modulators and demodulators for telemetering
applications is described in [KerTeL 1960][pp. 170 £.].

11.12 Automation

The area of industrial process measurement and control technology offers many ap-
plications for analog and hybrid computers. Obviously, the development of new pro-
cesses, new control systems and the like can profit from studies performed on analog
computers. In addition to that analog computers were sometimes even used as integral
parts of complex control systems as [KerTeL 1960][p. 165] noted in 1960:

»Ein vorhandener Analogrechner ist nicht nur ein Rechengerat, das z. B. die
Berechnung eines Regelsystems erlaubt, sondern es kann ebensogut, vor allem
wenn es klein und transportabel ist, als elektrischer Regler in ein Regelsystem
eingefiigt werden, damit in Verbindung mit der echten Regelstrecke der Regler
optimal dimensioniert werden kann.“1?3

1205ych a filter basically consists of two separate filters which yield two signals with a phase difference of
/2.

121NorBERT WIENER, 11/26/1894-03/18/1964

122Gee section 11.1.2.

1234Not only can an analog computer serve as a computer to simulate control systems, but can also be part of a
control system itself. As such it allows the optimization of the control system in place.”
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Figure 11.32: Data capturing and preprocessing system TRS-2 (Rhode & Schwarz, see [N.N. 1961])

11.12.1 Data processing

A nice example of an embedded analog computer is the data acquisition and process-
ing system TRS-2 shown in figure 11.32. This system was developed and manufactured
by Rohde & Schwarz and contained standard analog computer components manufac-
tured by EAI for use in their TR-10 and TR-20 tabletop analog computers. The system
could be equipped with such standard analog computer modules as well as with pre-
wired modules implementing programs for special applications.!?4

11.12.2 Correlation analysis

An interesting application example is given by [WierwiLLE et al. 1968] where the use
of a hybrid computer for performing autocorrelation analyses on vibration data gath-
ered during rocket tests is described. Apart from this analog approach a fully digital
implementation is also described and both methods are compared.

11.12.3 Closed loop control and servo systems

The earliest example of an analog computer used to analyze and demonstrate closed
loop control systems is GEorGe A. PHiLBrRICK’s Polyphemus, described in section
3.2. A similar early simulation system, called the Electro-Analogue, is described by
[Janssen et al. 1955]. This process and control simulator consisted of three largely
independent subsystems: A model of the control circuit, a model of the process being
controlled and an output system containing an oscilloscope display, some panel me-
ters, and recorders. An interesting detail of this system is the implementation of time
delays which are often necessary in control system simulations to model transport
(including heat) delay times and the like. These time delay units were implemented
as a string of capacitors and inductors with taps representing various delay times.

124Cf, [N.N. 1961]. The system shown in figure 11.32 contains from left to right two coefficient poten-
tiometers, a couple of fixed resistors and two chopper-stabilized dual operational amplifiers.
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Basic examples can be found in [James et al. 1971][pp. 215 ff.] and [WorLEY 1962]
where bang-bang servos, proportional controllers etc. and their simulation on ana-
log computers are covered. The simulation and development of governors is described
in detail by [AmMmMonN et al. 1959]. The simulation of a control system for a hydraulic
system can be found in [Lotz 1969]. [Sypow 1964]|[pp. 211 ff.] described a complex
example where the control system for a paper machine is simulated. The emphasis of
this study is on the control of the 40 steam heated cylinders which must run at pre-
cisely controlled speeds. [KoeniG et al. 1955] describes the parameter determination
for flyweight governors used in a hydroelectric power station by means of an analog
computer.

The analysis of damped, non-linear servo systems with analog computers is described
by [CaLDpwELL et al. 1955]. Such non-linear servo systems are of high importance for
practical applications but are notoriously complex to model. Additional information
about such systems can be found in [Hurst]. The determination of parameters for
a non-linear control system is covered by [SurvaNaravaNaN et al. 1968] where an
EAI 231R analog computer is used.!?>

11.12.4 Sampling systems

Many control systems are, in fact, sampling systems in which input signals are sam-
pled at discrete points and used to control the underlying process. The simulation
and analysis of such systems is difficult on pure analog computers since the sampling
process has to be implemented by bucket-brigade circuits implemented by chained in-
tegrators under individual control. Most often, hybrid computers were used to model
sampling systems since the stored-program digital computer can easily implement the
sampling process, while the underlying process is modeled on the analog part. Typical
examples for this can be found in [ScHNEIDER 1960] and [Simons et al.].

11.12.5 Embedded systems

Analog computers were early used as embedded components of complex control sys-
tems as [Korn & Korn 1956][pp. 109 f.] describes:

“D-c analog representation of automatic control systems has proved to be a
powerful aid in the design of prototype models and pilot plants and in the deter-
mination of starting procedures and of optimum controller settings after changes
in raw materials or other conditions. But the utility of d-c analog techniques for
automatic control applications is not restricted to computations of this type.
Special-purpose d-c analog computers, which may often be conveniently assem-
bled from the standard components of commercially available machines, can
themselves serve as control-system elements in many applications suited to their
characteristics.”

An example for such modules has been shown in figure 11.23 in section 11.6.3. Other
examples include the computing elements developed by Telefunken for the RA 800

125gee section 6.2.
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analog computer!2® which were also sold as building blocks for industrial applica-
tions.'?” The basics of analog process computers are covered in [Lupwic et al. 1974],
while [WErTNer 1955] describes the implementation of a closed loop model. The de-
sign and implementation of an amplifier with a characteristic of +/x is described in
[Kinzer et al. 1962/1] and [Kinzer et al. 1962/2]. This amplifier was actually used to
control injection parameters in large diesel engines.

11.13 Process engineering

Analog computers were invaluable tools for process engineering applications and ac-
cordingly most chemical companies implemented their own analog computing centers
to aid their development departments. The importance of analog computers in this
area can be seen by the following quotation from [Horst 1982][pp. 316 f.]:

“Analog computing capacity [at Foxboro] has increased from some 8-10 op-
erational amplifiers in 1938 to more than 150 thirty years later.”

Table 11.1 gives an overview of the analog computing capacity installed at some chem-
ical companies in 1961.'28

A wealth of information and examples regarding the use of analog computers in
process engineering applications can be found in [WaGNER 1972], [WorLEY 1962],
[Horst 1982], and [Ramirez 1976]. A small, yet powerful process simulation system
based on an EAI TR-48 analog computer!?® was introduced at the Systems Engineering
Conference in 1964 by EAI. A highly complex simulation of a solvent recovery process
is described by [Lewis 1958]. This simulation consists of 120 summers/integrators,
120 limiters, 48 summers, 28 servo multipliers, 16 photoformers, 300 coefficient po-
tentiometers and 186 external precision capacitors.!* Another example for a complex
process engineering simulation can be found in [GRAErE et al. 1974] where a cop-
per melting process is treated, even taking the discontinuous flow of materials into
account.

11.13.1 Mixing tanks, heat exchangers, evaporators and
distillation columns
One of the basic elements in chemical plants is the mixing tank which can be simu-

lated quite straightforwardly on an analog computer as described in [Ramirez 1976].
The simulation of heat exchangers and evaporators is more complex since these

126Cf. section 6.3.

1275ee [N.N. 1960].

128Bqually large installations were used in other countries as well (see [Usmakov 1958/1] and
[Usuakov 1958/2]).

129This system contains 48 operational amplifiers.

1305uch complex simulations were the exception.
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are described by partial differential equations.
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Company Year | Number of amplifiers | Manufacturer
Dow Chemical Co.
Midland Division 1954 | 20 Beckman (Berkeley)
1961 | 140 EAI
Texas Division 1956 | 30 Daystrom (Heath)
1961 | 80 Philbrick
E. L. du Pont de Nemours & Co.
Newark, Del. 1950 | 30 Beckman (Berkeley)
1955 | 50 Beckman (Berkeley)
1958 | 120 EAI
1960 | 300 EAI
Experimental Station, 1960 | 70 Computer Systems
Wilmington, Del.
Monsanto Chemical Co.
St. Louis, Mo. 1957 | 116 EAI
1958 | 24 EAI
1959 | 88 EAI
Ohio Oil Co.
Denver, Colorado 1957 | 56 EAI
Humble Oil & Refining Co.
Baytown, Texas 1960 | 80 EAIL
1961 | 80 EAI
Baton Rouge, La. 1959 | 80 EAIL
1960 | 40 EAI
Esso Research & Engineering Co.
Florham Park, N.J. 1959 | 40 EAIL
1959 | 40 EAI
1960 | 80 EAI
1960 | 80 EAI
American Oil Co.
Whiting, Ind. 1955 | - EAI
1957 | 168 EAI
Standard Oil Co.
Cleveland, Ohio 1955 | 90 Beckman (Berkeley)
1957 | 10 Beckman (Berkeley)
1961 | 170 Beckman (Berkeley)
Union Carbide Olefins Co.
South Charleston 1956 | 30 EAI
1958 | 60 EAI
1959 | 60 EAI
Thiokol Chemical Corp.
Brigham City, Utah 1959 | 168 EAI
Phillips Petroleum Co.
Bartlesville, Okla. 1959 | 80 EBAI
1960 | 80 EAI
Chemstrand Corp.
Decatur, Ala. 1960 | 80 EAI
Shell Oil Co.
Shell Chemical Corp. 1960 | 120 EAI
Development Corp. 1956 | 24 Goodyear
1957 | 24 Goodyear
1960 | 10 Donner Scientific
1960 | 10 Donner Scientific
Hercules Powder Co.
Wilmington, Del. 1960 | 44 Beckman (Berkeley)
Daystrom, Inc.
La Jolla, Calif. 1960 | 100 Computer Systems
Table computer installations for research in petrochemistry in 1961 (see

The simulation of an evapora-

tor on an EAI 590 hybrid computer system is described by [Oriver et al. 1974],
while a more complex example involving a heat exchanger reactor can be found
in [CarLsON et al. 1968].132 The very complex simulation of a FiscHER-TROPSCH reac-
tor is treated in [GoviNparRAO 1975]. The main challenge in this type of simulation is
the fact that gaseous, liquid and solid phases of the reactants coexist simultaneously
in the reactor system.!®3 This particular simulation required 33 integrators, twelve
sample and hold elements, 13 summers, ten inverters, 18 multipliers, 80 coefficient
potentiometers and a digital control system.

131 Basic information about this can be found in [BiLLer 1965].
132Cf. [ScuoNE 1976/2] for a treatment of the mathematical modeling of heat exchangers.
133Basic information on the simulation of chemical reactor systems can be found in [StarNick 1976].
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Even more complex are simulations of fractionating columns containing many col-
umn plates. A simulation involving three plates can be found in [N.N. 1958/2], while
a more complex system with five trays is described in [WiLLiams et al. 1958].13% The
complexity of such simulations is caused by the complex mixing processes and phase
transitions happening at the column plates. A six column plate fractionating column
simulation is the focus of [Ramirez 1976][pp.28 ff.].13°

11.13.2 Adaptive control

The implementation and analysis of an adaptive control system!3¢ is described in
[PowerLr]. The system covered in this study works in two time scales: A short time
scale subsystem that implements a predictor and a slow running subsystem imple-
menting the actual control loop which takes the values generated by the predictor as
its inputs.

11.13.3 Parameter determination and optimization

Another important application area for analog computers was the determination
and optimization of process control parameters. The complexity of such control
problems often exceeds that of other optimization tasks so that most often hybrid
computers were used to implement gradient methods. Examples for such techniques
and applications can be found in [Koracek]|, [Trocu 1977], [WozZNiakowskr 1977],
[GrOBNER 1961], [KraMER 1968], [KrRAMER] and [JamsHIDI 1976].

[P1cent et al. 1975] describe the evaluation of operating parameters for industrial pro-
cesses. An interesting topic of this study is the comparison of a priori and a posteriori
values to determine a measure for the quality of the underlying model. Optimal pro-
cess control by analog computer studies is the focus of [Mrura 1967].137 An interesting
optimization technique which restricts its parameters to binary values 0 and 1 is de-
scribed in [O’GraDpY 1967].

A very interesting optimization scheme based on random generators!®® is developed
in [Korn et al. 1970]. The basic idea is to perform random parameter variations and
test their performance. If these variations resulted in a better overall performance,
this new parameter set is used as the basis for the next variation cycle, otherwise the
old parameters are restored.'3? Interestingly, it can be shown!'#? that parameters de-
termined by such a stochastic process are generally superior to parameters that are the
result of a deterministic process.

134 A similar simulation is treated in [WorLEY 1962][pp. 5-80 ff.].

135More realistic simulations involving much more column plates are usually out of the reach of analog
computer installations. Using hybrid computers, a time-sharing approach for using the analog computer
components and thus simulating higher numbers of plates is possible.

136 Adaptive control systems were developed in the 1960s.

137 Annotations to this can be found in [Rosko 1968], while similar studies are described by
[FerLMEIER 1974][pp. 259 ff.] and [MicHAELs et al. 1971].

138Gee section 4.12.

139This method can be seen as a precursor to genetic programming.

140gee [Tacker et al.].
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11.14 Transport systems

Transport systems of all sorts can benefit from the application of analog and hybrid
computers as the following sections show.

11.14.1 Automotive engineering

Until the late 1980s, analog computers were crucial elements in the engineering de-
partments of all vehicle manufacturers. A basic application was already shown in
section 8.6 where the dynamic behavior of a vehicle, modeled as a two-mass system,
was simulated. A more realistic but still simplified three-mass simulation is described
in [Sypow 1964][pp. 245 ff.] while [McLeop et al. 1958/6][p. 1992] covers the specific
problems of the simulation of shock absorbers for heavy lorries and excavators. Similar
studies were performed for railway vehicles as well. [Dornier/7] describes the appli-
cation of an analog computer for data processing in a runout inspection. The ability to
perform a spectral analysis is particularly important in this type of application.

11.14.1.1 Steering systems

Steering systems are of prime importance in cars — accordingly, analog computers were
used to simulate steering systems giving the freedom to vary and optimize parameters
prior to building prototype systems. A special purpose analog steering simulator de-
veloped by General Motors is shown in figure 11.33. With this simulator the dynamic
behavior of a steering system with respect to yaw, roll and slip moments could be an-
alyzed. The importance of this system is described by [McLeop et al. 1958/6][p. 1995]
as follows:

“As a result of this work, an understanding has been gained of the effects of
the various car parameters on the car’s lateral response. In addition, a number of
general observations have been made: Yaw and sideslip are strongly coupled, but
there is only a weak coupling linking the roll to the yaw and sideslip. However,
this weak coupling is often the reason that a particular automobile is stable or
unstable, particularly in yaw.”

11.14.1.2 Transmissions

An interesting example for the application of analog computers in automotive engi-
neering, namely the simulation of a four-speed automatic transmission, is described
in [Dornier/1]. This example is especially interesting due to the high number of com-
parators employed to model the discrete gearshift points.!4!

A motor driven car can be described by

mx = Pdrive - Fdrag - Prolling drag — Froad slope-

141 A similar, although more complex simulation of an automatic transmission was implemented at Daimler
Benz using a Telefunken RA 800 (see section 6.3). This analog computer system was also used to develop
the first antiblocking system (BERND ACKER, personal communication, 08/23/2007).
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Figure 11.33: Steering simulator (see [McLeob et al. 1958/6][p. 1995])

To simplify matters, Fiolling drag @0d Froad slope are assumed to be zero, yielding
mx — Farive + Fdrag =0

or, more detailed
ms - %]"M(n) +CeyAv2 =0, (11.12)

with m = 1120 representing the car’s mass, # = 0.9 the efficiency factor, i = 4.11 the
axle ratio, r the wheel diameter, J; the four gear transmission ratios, M(n) = 5.306 +
50n — 81.25n% the rotation speed dependent moment of force, and Cc,,Av? the drag
which can be approximated by 0.003421v2. The gear transmission ratios are defined
as J; = 3.8346, J, = 2.0526, J3 = 1.345, and J;, = 1. The transmission performs an up-
shift every time the rotational speed of the motor reaches 7 = 6000 min~! which corre-
sponds to the following velocities: v; = 41.4 km/h, v; = 78.8 km/h, and v; = 118 km/h.

Based on equation (11.12) the program shown in figure 11.34 can be derived. A typical
simulation output is shown in figure 11.35.

11.14.1.3 Traffic flow simulation

Interestingly, even dynamic systems with strong discrete properties like traffic flows,
can be analyzed on analog computers. A rather complex example can be found in
[LANDAUER 1974] where the simulation of a transportation system consisting of 40 sta-
tions, 600 vehicles each of which can transport twelve persons, ten crossroads and 23
junction plates is described. The goal of this simulation is the development of an opti-
mal schedule that ideally avoids traffic jams at all or at least minimizes such effects. A
much simpler simulation is described in [Jackson 1960][pp. 371 ff.] which deals with
a light signaling system and its parametrization.
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Figure 11.34: Program for the simulation of a four-speed automatic transmission (see [Dornier/1][p. 5])
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11.14.2 Railway vehicles

Many simulation tasks in conjunction with railway vehicles are similar to those en-
countered in automotive applications. Exceptions are the simulation of marshaling
humps'#? and the treatment of motor coach trains. [Sypow 1964][pp. 238 ff.] describes
the simulation of a direct-current railroad engine with emphasis on breaking proce-
dures. Two different breaking techniques are analyzed: Breaking by placing a resistive
load in parallel to the motor that acts as a generator and breaking with recuperation
of the energy dissipated by the deceleration.

11.14.3 Hovercrafts and Maglevs

Analog and hybrid computer systems were even used in the development of hover-
crafts and maglevs. [LEATHERWOOD 1972] describes the simulation and analysis of a
tracked hovercraft!43 with the goal of developing an active control system for this ve-
hicle. [TuAaLER et al. 1980] describes a complex hovercraft simulation system in which
the actual simulation was implemented on three stored-program digital computers
while a COMCOR CI-5000 analog computer was mainly used as an interface to the
operators of the simulator.

The simulation of maglevs is more complex than that of hovercrafts although their ba-
sic principle is not too different. The additional complexity results from the possibility
of coupling several cars together to form a train. Coupled systems like these cannot be
treated analytically so that large analog computer installations were used in early ma-
glev developments. An example can be found in [MEeisINGER 1978] where a simplified
one-mass maglev is modeled. This maglev hovers over a long track which bends under
the weight of the maglev. The simulation not only implements the maglev itself but
also these bending effects.

11.14.4 Nautics

The development of ships and vessels also benefitted from the application of analog
computers as the following examples show.

11.14.4.1 Dynamic behavior

A rather complex simulation of the dynamic response of a ship subjected to waves is
described in [MasLo 1974]. Such studies are of high relevance with regard to loading
and unloading procedures as well as military applications. Parameters of interest in
such studies are the ship’s geometry and dimensions with respect to the wavelengths
encountered etc. The partial differential equations involved in this type of problems
were most often solved on hybrid computers where the discretization process was left
to the stored-program digital computer. This particular simulation required 22 inte-
grators, 42 summers, 28 inverters, 75 coefficient potentiometers, 30 comparators, 15
ADCs, and nine DACs which shows the complexity of this type of problem.

1425y¢h a simulation is described in [Grror et al. 1963][pp. 45 ff.].
143 Although this sounds like a contradiction, such vehicles were explored since they promised very low
frictional losses and offered better stability than many traditional railway systems.
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[GLuMINEAU et al. 1982] describes another interesting study in which the dynamic re-
sponse of an oil tanker is analyzed. This tanker which is to be loaded is anchored and
subjected to wind and wave forces. Since the forces of interest in this system have most
of their respective energies concentrated at frequencies of about 1/200 Hz,'** the time
scaling ability of the analog computer is used to compress the simulation time into
much shorter intervals.

11.14.4.2 Propulsion systems

The analysis of a complex turbine fuel system is described in [HorriNG et al.]. This
task was solved on a hybrid computer which was capable of yielding results in real-
time. A comparative study implemented on a Control Data CDC 6800 stored-program
computer!'#> only achieved 10 % of real-time while a third implementation on a UNI-
VAC 1110 was timed at 1 % of real-time clearly demonstrating the superiority of the
hybrid simulation approach.

The simulation of a military vessel powered by twin diesel engines and a gas turbine is
described in [THompsoN]. Of special interest in this study is the behavior of the vessel
while changing from one propulsion system to the other since the diesel engines are
used for low and medium speed while the gas turbine provides high speeds. For a
military vessel no loss of thrust must be guaranteed in all modes of operations and
under all conditions.

11.14.4.3 Ship simulation

While the simulations described above focus on special aspects of ships, some applica-
tions, especially the training of skippers and the like, require complex ship simulation
systems.!4¢ A simple submarine simulation with only one degree of freedom can be
found in [Jackson 1960][pp. 384 ff.].

The simulation of an assault boat LCM-6'% is described by [KapLan]. The focus of this
study lies on the dynamic behavior of the boat due to forces exerted by waves. The
simulation of the waves is done on the digital portion of a hybrid computer while the
analog part is used to implement a six degree of freedom simulation of the ship.

11.14.4.4 Torpedo simulation

The development of torpedos relied heavily on analog simulation techniques since
tests involving real devices are extremely costly. Analog computers for the simulation
of torpedos were used at the Naval Undersea Center from the early 1950s on.!#® The
complexity of this simulation task is illustrated by the amount of computing equip-
ment in use in the 1970s. All in all two EAT 8800 hybrid computers!4® with 350 opera-

144 Higher frequencies can be mostly neglected due to the long time-constant of the oil tanker itself.

145This system was later known as the CDC 7600.

146 The basic requirements for such systems are described in [McCaLrum].

147Short for Landing Craft Mechanized, colloquially also known as Mike Boat.

148¢Cf. [Lowe].

149These fully transistorized machines offered a machine unit of £100 V and were mainly used in applica-
tions where precision was of prime importance.
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tional amplifiers each, three EAI 231R analog computers!'>? with 250 operational am-
plifiers each, and two stored-program digital computers UNIVAC 1110 and UNIVAC
1230 were used. The former system was coupled to 64 ADCs and 120 DACs while the
latter offered 32 ADCs and 24 DACs. This impressive installation allowed two torpedo
simulations to be run simultaneously in real-time. These simulations also included
models of the various seeker heads as well as the noise emission by the targets and the
torpedos.

11.15 Aeronautical engineering

One of the main fields of analog computer application was in the area of aeronautical
engineering. Accordingly some of the first commercially available analog computers
were developed and built by Boeing, Goodyear, and Reeves, all strong players in aviation
and space flight.

Simulations in aeronautical engineering and space flight have some special require-
ments which have to be kept in mind when analog and hybrid computers are to be
used. First of all most typical problems involve variables with large domains, often too
large to be handled by an analog computer directly. In addition to this, most simula-
tions require many coordinate transformations and coordinate system rotations which
either require special analog computing elements like resolvers!>! or have to be im-
plemented using sine/cosine function generators, multipliers etc. In the end, most
aerospace simulations require the generation of functions of more than one variable
which either requires a vast amount of analog computer hardware or the use of a hy-
brid computer.!>? The importance of analog computers in these areas of application
has been emphasized by [LEviNE 1964][p. 2]:

“Enricke! 3 believes that the accelerated development of American Missiles
would not have been possible without [analog] computers.”

The following sections show some typical analog computer applications in these areas
— basic information on these topics can be found in [Bauer 1962/1].

11.15.1 Landing gears

The development of landing gears for high-performance aircraft is astonishingly com-
plex and dangerous if based only on experiments with real flight-hardware.'>* Thus
as early as in 1953 analog computers were used to simulate the dynamic behavior of
these aircraft subsystems at the Wright Air Development Center. Under the auspices of

150Gee section 6.2.

151gee section 4.10.

152This is one of the reasons why the idea of hybrid computers emerged from companies like the Ramo-
Woolridge Corporation and Convair Astronautics, cf. section 9.

153Gee [Enricke 1960].

154 0 good example for this are the landing gears of the Me 262 jet which was plagued by a variety of
problems, all of which could result in fatal accidents.
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professor W. J. MoreLAND the first simulations of landing gears were performed on
analog computers.!>> These simulations were based on systems of differential equa-
tions of 7" degree with four degrees of freedom and 14 parameters. An interesting
detail of these studies is that the shock absorbers used and modeled often had differ-
ent dynamic behavior depending on the direction of movement of the piston.!>¢

Since no hybrid computers were available at that time, the necessary parameter varia-
tions were done manually which quickly yielded feasible landing gear configurations
as the following quote shows:!>’

“For the past three years all new landing gear designs have been evaluated
according to Professor MORELAND's method, thus eliminating the dangers that
accompany violent shimmy.”

11.15.2 Aircraft arresting gear systems

The aircraft arresting gear systems aboard air craft carriers are highly complex systems
since not only they must withstand the immense forces exerted by an aircraft decel-
erated quickly but also exhibit a force characteristic that does not damage the aircraft
structure. Thus the control of the brake system used to tension the arresting cable is a
difficult task that has been successfully modeled and analyzed on analog computers.
Such a simulation, focusing on two types of aircraft, a jet fighter and a light bomber,
is described in [CarLsoN et al. 1967][pp. 296 ff.].

11.15.3 Jet engines

The simulation of a turbo jet engine with afterburner on an analog computer is de-
scribed by [Jackson 1960][pp. 426 ff.]. The focus of this study is on the design of a con-
trol system for the variable-geometry exhaust of this engine. This simulation requires
function generators for functions of more than one variable. A simplified jet engine
simulation is covered in [ScuwEizer 1976/1][pp. 422 ff.]. A study to test the compati-
bility of a particular jet engine and a special inlet is described in [CosTakis 1974].

11.15.4 Helicopter rotor blades

The analysis of bending and torsion effects in helicopter rotor blades by means of an
analog computer is described in [McLeop et al. 1958/4][pp. 1222 f.]. Mechanical sys-
tems like a rotor blade are described by partial differential equations and are thus not
well suited for treatment with an indirect analog computer. Accordingly, the system
used in this study was a direct analog computer quite similar in its structure to the
HETAC and EAFCOM!>® described as follows:!>?

155Gee [McLEoD et al. 1958/6][p. 1995].
156Cf. [Jounson 1963][p. 223].

157Gee [McLEoD et al. 1958/6][p. 1996].
1585ee section 11.2.4.

159¢Cf. [McLeop et al. 1958/4][p. 1222].
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“The direct analog computer consists of an assemblage of passive electrical
circuit elements (resistors, capacitors, inductors and transformers), amplifiers,
signal generators and control equipment. [... ] The electrical analogy for the
bending of beams has great importance in the direct analog method of dynamic
analysis for lifting surfaces, since many lifting surfaces can be replaced by lift-
ing lines with bending and torsional flexibility. This is certainly true of the
helicopter rotor blade which characteristically has a very large span-to-chord
ratio.”

This direct analog consisted of about 100 inductors and 50 resistors and capacitors
which represented seven discrete sections of a rotor blade.

11.15.5 Flight simulation

One of the most fascinating application areas for analog computer are flight simu-
lators in which air planes are modeled with typically five or six degrees of freedom,
allowing the study of various aircraft configurations, their behavior, etc.!®® Such
analog computer based flight simulation systems are characterized as follows by
[KorN & Korn 1956][p. 119]:

“The operation of a flight simulator on the ground is vastly cheaper as well
as safer than operation of actual aircraft.”

Accordingly, the US-Air Force acquired a GEDA analog computer!®! in the early 1950s
which would eventually become the first of a long series of increasingly complex sim-
ulation systems.!6?

A very simple flight simulation in the vertical plane, which only takes the movements
of the elevator into account, is described in [Wass 1955][p. 39]. Figure 11.36 shows
the basic setup of the simulation. u denotes the speed along the x-axis, © is the incli-
nation, while g represents the angular rate with respect to the y-axis. Based on this a
simple simulation with the elevator angle # as the only input can be derived from the
following simplified set of equations:

m(u +wpq) = —-mgcos(0y)0 + uX, + wX,
m(w + ugq) = —mgsin(0y)0 + uZ, +wz,
Bg = wM,, +qM, +nM,
Here, © is the initial inclination angle, ® the change of the inclination, uy and wy
represent the initial speed components along the x- and z-axis. B is the moment of
inertia, Z,,, Z,, and X,,, X,, represent the aerodynamic forces along the z- and x-axis

per unit of u and w. Finally, M,,, Mq, and M,7 are the moments about the y-axis per
unit of w, g and 7.

160The basics of such flight simulation systems can be found in [Bauer 1962/1], [Wass 1955][pp. 39 ff.],
and [Korn & Korn 1956][pp. 115 ff.].

161Gee section 11.10.7 and [Hansen 2005][p. 147].

162The development of analog flight simulation at NASA’s flight research center is described in
[WaLtman 2000]. Typical application examples of analog computers at Autonetics are described in
[McLeop et al. 1958/1][p. 122].
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Figure 11.36: Longitudinal motion of an airplane (see  Figure 11.37: Simulation circuit for the longi-
[Wass 1955][p. 40]) tudinal motion component of an airplane (see
[Wass 1955][p. 40])

Based on these equations, the program shown in figure 11.37 can be derived. Using
n as its input value the movements of the airplane in the vertical plane can be de-
termined. This computer setup can now be extended to include a simple autopilot as
shown in figure 11.38. The autopilot shown will hold the line of flight constant.!®3 The
term for the required elevator setting is'%4

n= ijLD—uothdt.

Of course most of the analog and hybrid computer based flight simulators'®> were
much more complex than this simple example. One machine, named TRIDAC,'%° is
particularly noteworthy due to its sheer size and complexity. TRIDAC!®” was inaugu-
rated on 10/08/1954 and was described as follows in The Times:'®®

65

“He was introducing Tridac [ ... ] which is ten times larger than anything
else of its kind in this country and one of the biggest computers in the world.
It has been installed by the Ministry of Supply at a cost of about £750000 and
within its massive form — the equipment would fill six ordinary three-bedroomed
houses — there are mechanical computing elements which need 400-horse power

163A more detailed description of the simulation of autopilots on analog computers can be found in
[Korn & Korn 1956][pp. 128 ff.].

164Gee [Wass 1955][p. 43].

1654 go0d introduction to the mathematical modeling of airplanes and missiles can be found in
[Scuweizer 1976/5], while [Scuweizer 1976/4] describes the implementation of a flight simulation system
on a hybrid computer.

166Ghort for Three-Dimensional Analogue Computer.

167Gee [Wass 1955][p. 213] for additional information.

168Gee [The Times 1954].
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Figure 11.38: Longitudinal motion simulation with simple autopilot (see [Wass 1955][p. 43])

to drive them. The total electricity consumption would light a small town. As
an example of its capacity, in 20 seconds Tridac could achieve as much as 100
girls using calculating machines in eight hours.”

Figure 11.39 shows the structure of TRIDAC. In contrast to general purpose analog
computers, most of TRIDAC’s computing elements were grouped into building blocks
that performed basic operations necessary for flight simulations. These building blocks
could then be configured and coupled together arbitrarily. The central element was
the aerodynamical unit and surrounding blocks of integrators which integrate rota-
tional and translational movements of the simulated flight vehicle. Other units are
a resolver block which derives the necessary signals for a so-called aircraft position
computer. Units to simulate autopilots, the dynamic behavior of control surface mo-
tors, and the like were also available. All in all, TRIDAC contained about 650 chopper
stabilized operational amplifiers and a plethora of hydraulic function generators and
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Figure 11.39: Structure of the TRIDAC simulator (see [Wass 1955][Fig. 141])

resolvers.16?

In cases where an analog or hybrid simulation required hardware-in-the-loop, so-
called flight tables were employed. The earliest such flight table was developed in Peen-
emiinde during the development of the A4 rocket.!”? The idea was to mount the gyro
system on a platform that could be tilted under control of an analog computer to sim-
ulate the movements of the rocket and evaluate the performance of the gyro and other
guidance system components. While this first flight table, being used later until the
mid 1950s at the Redstone Arsenal during the development of the Redstone missile,
only offered one degree of freedom, later systems could be moved in three axes.!”!

Not all problems required such a giant analog computer for their solution. Figure
11.40 shows an inertia coupling simulation that was done at the NACA High-Speed
Flight Station in 1955 during the development of the Bell X-2 plane. RicHARD E. Day,
one of the pioneers of analog flight simulation at NACA and later NASA, can be seen
on the control stick, in the background are two GEDA computers. The high speed of
analog computers made it possible to setup such man-in-the-loop simulations where
the dynamic response of a simulated aircraft could be experienced directly.

Another large hybrid simulation system, TASS,!”? is shown in figure 11.41. This sys-
tem consisted of a number of EAI 231R analog computers, a DOS-350 digital subsys-
tem,!”? and some stored-program digital computers like an EAI 8400 and a DDP-24
etc. Another large analog computer system, a Beckman EASE 2133, was in use at the
MBB Aircraft Division and is shown in figure 11.42. This system featured 520 oper-

169yst the hydraulic subsystem for TRIDAC required 400 hp (about 300 kW) while the overall TRIDAC
system was rated at 650 kW.

1708ee [LanGe 2006][pp. 249 ff.], [Tomayko 1985][p. 233], and [HoeLzer 1992][p. 18].

171 A plethora of information about flight tables can be found in [Bauer 1962/2].

172Short for Tactical Avionics System Simulator.

173 An EAI 231R coupled with a DOS-350 forms a HYDAC 2000 computer system, see section 6.2.
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Figure 11.40: Inertia coupling simulation Figure 11.41: The Tactical Avionics System Simulator (photo
(RicuarD E. DAy at the control stick, see from Bruce Baker, reprinted with permission)
[WaLTmaN 2000][p. 6])

Figure 11.42: Beckman EASE 2133 analog computer installed at MBB Aircraft Division (see [MBB))

ational amplifiers, 72 multipliers, 64 function generators, ten sine-/cosine-function
generators, 24 limiters, 240 servo coefficient potentiometers, 112 manual coefficient
potentiometers and a variety of digital control elements. The simulation of a com-
plex aircraft like the VJ 101C-X2 vertical take-off plane required even larger analog
computers. During the development of this particular plane, an analog computer in-
stallation containing more than 1000 operational amplifiers was used at MBB.!7*

174 A Jist of analog and hybrid computer installations in use for aeronautical research in 1971 can be found
in [PirrELLO et al. 1971].
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The accuracy of such analog computer simulations was demonstrated in a rather tragic
way in 1956 when MeL Apr!7° died as the result of a stability problem of the X-2 plane
that had been predicted previously by a simulation:!7®

“We showed him if he increased AOA'7” to about 5 degrees, he would start
losing directional stability. He'd start this, and due to adverse aileron, he’d put
in stick one way and the plane would yaw the other way [ ... ] We showed Apt
this, and he did it many times.”

At that time test-pilots did not show much trust in the results of such simulations
which clearly were not “the right stuff” as Ricuarp E. Day remembers:!178

“Well, the simulator was a new device that has never been used previously
for training or flight planning. Most pilots had, in fact, expressed a certain
amount of distrust in the device.”

During ML Apt’s test flight, he encountered the critical region at Mach 3 where roll-
coupling set in as predicted by the analog model and the X-2 entered a fatal spin. This
fatal accident was in turn analyzed by the very same analog computer model.!”® As a
result flight simulation played a central role in the following years as well in airplane
development as in pilot training. Eventually, NerL A. ArRmsTroNG!8? spent about 50 to
60 hours of simulator training for each of his flights with the X-15 while every flight

only lasted about ten minutes:!8!

“[...]our simulators in the space program were so much more sophisticated
and accurate, and our preparation was so much more intense, that we convinced
ourselves that the pilots could handle whatever situation we might encounter in

flight.”

A description of the simulation techniques used during the X-15 project can be found
in [Day 1959]. [MircHELL et al. 1966] covers additional details of the simulation im-
plementations. The analog computer studies regarding the X-15’s reaction control sys-
tem are described in [StiLtweLL 1956], while [StiLiweLL et al. 1958] deals with basic
aspects of such simulations. A problem in the early days of analog flight simulation
was how to display information in the cockpit. Simple analog instruments proved to
be insufficient since pilots were and still are used to the special instruments found in
real cockpits:!82

17504/09/1924-09/27/1956

176Gee [WartMan 2000][p. 138] and [Hansen 2005][p. 148].
177Short for angle of attack.

178Gee [WartMan 2000][p. 138].

1795ee [WarTman 2000][p. 140].
18008/05/1930-08/25/2012

181 HaNsEN 2005][p. 148].

1825ee [McLEoD et al. 1958/5][pp. 1387 £.].
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Figure 11.43: Flight simulation with terrain model (see [Baker 1978][p. 9])

“Presenting the pilot with the necessary flight instruments was a problem of
major concern. Originally galvanometer-type meter movements were used. This
type of display seemed satisfactory to the analyst and engineers with no actual
flight experience. However, serious objections were raised when experienced test
pilots were asked to evaluate the simulator’s performance. Even though the nec-
essary information was being presented to the pilot, the unrealistic instruments
distracted the pilot so much that they impeded his efforts to truly evaluate the
flight condition.”

Accordingly, adapters were necessary to interface the analog and hybrid computers to
traditional cockpit instruments. Later systems used universal graphic display units as
described in [Scaweizer 1976/6][pp. 531 ff.].183

To create a realistic impression for the pilot, a flight simulator not only requires a
cockpit which is ideally mounted on a hexapod platform allowing the necessary move-
ments, but also features a realistic view of the outside world. Figure 11.43 shows the
overall structure of the hybrid flight simulation system installed at Martin Marietta’s
Simulation & Test Laboratory'8* The picture generation is based on a large terrain
model, which is probed by a video camera system which can be moved in three co-
ordinates.!®> This model measures 80 by 40 feet and has a scale of 1200:1 for airplane

183 An interesting study of the impact of instrumentation on a pilot’s performance can be found in
[Scaweizer 1976/3][pp. 561 ff.].

1849, for short.

185The basics of such picture generation systems are described in [Scaweizer 1976/7][pp. 394 f£.].
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Figure 11.44: Terrain model (see [Baker 1978][p. 10])

simulations while a scale of 225:1 is used for helicopter simulations.!8¢ Figure 11.44
shows the terrain model in detail with a person standing on the far right giving an im-
pression of the size.!8” The hybrid computer system used at Martin Marietta consisted
of a three-CPU Sigma-5 stored-program digital computer and six EAI 231RV analog
computers with combined 1496 operational amplifiers.!88

11.15.6 Airborne simulators

Even more fascinating than these flight simulators are so-called airborne simulators,
also known as in-flight simulations, in which an analog or hybrid computer aboard an
aircraft was used to change the behavior of this plane in a way that made the simula-
tion of a wide variety of other airplanes possible.!®? Such simulators are also known
as variable-stability airplanes.

A basic requirement for such a simulator is an airplane with a fly-by-wire system.
The signals generated by the operator controls in the cockpit are then processed by
the analog computer which in turn generates the necessary output signals to control
the airplane’s actuator systems. Normally two cockpits and two pilots were used with
one set of controls wired directly to the plane’s control motors and the like while the
second set delivered the input signals to the analog computer. One of the earliest such
systems is the General Purpose Airborne Simulator, GPAS for short, that was based on a

1865ee [Baker 1978].

187Bruce Baker remarks on this model (see [Baker 1978][p. 2]): “Topography is rolling hills modeled after
West Germany.”

188Gee [Baker 1978][pp. 5 f.].

189Cf. [Scuweizer 1976/7][pp. 396 £.].
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Lockheed JetStar. Development of this system began in 1960'°? and many studies were
performed on this particular airborne simulator.!!

Such simulation flights were not without risks as one of the GPAS programmers, Bos
KempEL, remembers: 192

“I remember the incident when we were airborne and we [LaArRry Caw and
Bos KempeL] were looking at different feedback schemes. [...] Well, as you
know, signs were sometimes confusing. Firz FuLtoN was the pilot. The sign on
beta was wrong, and we ended up with a dynamically unstable airplane because
of it. We turned on the system for Firz to evaluate, and the airplane immediately
began an oscillatory divergence! LARRY and I were in the back hollering to Firz
to turn it off, but Firz was intrigued with the thing so he wanted to watch it
as it diverged or maybe just teach us a lesson. He finally punched the thing off
and LArRRY and I sighed in relief. LARRY changed the beta-input sign, and we
proceeded with the test.'93 [ ... ] The JetStar was a fun airplane to fly in, but I
always had a feeling of impending doom or something else going wrong.”

11.15.7 Guidance and control

Analog computers and computing elements were also used frequently and for a long
time span as integral elements of guidance and control systems aboard aircraft and
missiles. An example for such an analog subsystem is shown in figure 11.45 which
shows a mechanical resolver module used in the PHI-4 dead reckoning computer of
the Starfighter. The device labeled resolver assembly basically contains a rotating ball
which splits the flight velocity signal into an x- and y-component which are then fed
to integrators.

An influential missile guidance system was developed for Nike missiles. Due to space
constraints, a so-called command guidance system was developed. The heart of this sys-
tem was a large ground based analog computer that was fed with target data from
various radar sources and in turn generated steering signals for the missile.!* This
not only made the missiles lighter and cheaper but also allowed for improvements of
the guidance system itself without the necessity of performing modifications on the
missiles. The analog computer computed a course that was significantly better than
a plain tractory curve, thus rendering evasive maneuvers of the target rather ineffec-
tive.!”> Such a control system requires some kind of memory to store past movements

190gee [WarLtmaN 2000][pp. 59 ff.] and [Berry etal. 1966] for a detailed description of the over-
all system. More information about this type of simulator can be found in [ArRMSTRONG et al. 1962],
[McFaDpDEN et al. 1958], and [Kipp et al. 1961].

19115za1a1 1971] describes such a study in which the JetStar was validated for the simulation of the han-
dling qualities of large transport aircraft.

192Gee [WaLTMAN 2000][p. 64].

193The vibrations caused an observer in a chase plane to worry about an impending crash: “Stan told me
[...] he just looked out of the window to see where they would crash as he believed the wings would be torn off.”
(see [WALTMAN 2000][p. 64]).

194Cf, [Department of the Army 1956].

195Gee [N.N. 1956][p. 4].
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Figure 11.45: Resolver module of the PHI-4 navigation system that was used in the Starfighter

of the target and the missile. Remarkably, the Nike analog computer used differentia-
tors with large time constants to implement these memory functions.!%

In contrast, the Polaris missile, development of which started in 1956, employed an
on-board guidance system that was based on a DDA.!%7 These missiles were based
on ballistic missile submarines which led to the requirement of a self-contained on-
board guidance system. The required high accuracy of the missile system forced the
development of a digital guidance system. Since the researches at MIT’s Instrumenta-

tion Laboratory had mostly an analog computer background, the decision to develop a
DDA was natural.!?8

The resulting bit-serial DDA featured a word length of 17 bit, which corresponds to a
resolution of about 107>, and twelve words of memory implemented as shift registers.
The first incarnation of this DDA had a volume of 11,000 cm?3, contained about 500
NOR-gates!®® implemented with germanium transistors and required about 80 W. A
later implementation based on silicon transistors and an improved module packaging
technology only required a fourth of that volume and about 40 W of power.

196Gee [N.N. 1956][p. 3]: “[T]he computer needs a memory. [ ... ] It must receive and remember position data
for 4 seconds until it knows exactly the direction and speed of the motion involved. The memory of the computer
lies in its differentiating circuits.”

1973ee section 10.
1985ee [HaLL 1996][pp. 38 ff.].
199 A NOR-gate is an OR-gate with an inverter connected to its output.
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Of particular interest is the method used to perform trigonometric computations on
these DDAs which is based on the CORDIC?%? system developed by Jack E. VoLpgr.2%!

11.15.8 Miscellaneous

The applications described in the preceding sections are not exhaustive — there were
many more, sometimes rather arcane, areas of application for analog and hybrid com-
puters in aerospace engineering. An example for this is a study on parachute stability
using analog as well as stored-program digital computers described in [Lubwic 1966].
This paper focuses on the strongly non-linear oscillations induced by parachute sys-
tems.

11.16 Rocketry

The development of rockets offered an equally fertile ground for the application of
large analog and hybrid computer installations as the following sections show.

11.16.1 Rocket motor simulation

Liquid-propellant rocket motors exhibit an extremely complex dynamic behavior that
is impossible to study using analytic methods only. The particular value of (analog)
computer simulations for the development of rocket motors has been described by
[SzucH et al. 1965][p. 2] as follows:

“A computer simulation, when properly used, can be a powerful tool in guid-
ing an engine development program. It provides an easy and economical means
for evaluating various design approaches and forewarns the designer of possible
problem areas before costly hardware is developed and subsequently scrapped.
Once a qualitative design is established, the system may be ‘tuned’ for optimum
performance by varying the system parameters about their design values.”

This study describes the simulation of the M-1 LH,/LOX-rocket motor?%? that was
intended to be used in NOVA rocket that was eventually superseded by the Saturn.
This study is quite remarkable since apart from the analog computer, a stored program
digital computer was used to study details of the dynamic behavior of the rocket motor
that were not accessible to the analog simulation due to its limited precision. This
simulation required about 250 operational amplifiers, 50 multipliers, 20 variable and
five fixed diode function generators demonstrating the complexity of the problem.
Especially useful was the time-scaling ability of the analog computer to study short-
lived effects during engine startup.

2008hort for Coordinate Rotation Digital Computer.

201gee [VoLpER 1959]. The algorithm developed by Vorper was also the basis for scientific calculators like
the HP-35, introduced in 1972.

2021 H, denotes liquid hydrogen, and LOX is liquid oxygen.



238 11 Applications

Other interesting sources are [Fox et al. 1969] who describe an analog computer
based study of low-frequency flow dynamics encountered in nuclear rockets, while
[Harr et al. 1967] focus on frequency responses and transfer functions of such rockets.

11.16.2 Rocket simulation

The requirements for the simulation and analysis of the dynamic behavior of rockets
are quite similar to those encountered in airplane flight simulations, although nor-
mally no pilot is necessary in the loop for a rocket simulation. The basics of such
simulations are described in [Jackson 1960][pp. 390 ff.]. The amount of computing el-
ements necessary for such simulations is equally impressive as for airplane flight simu-
lators. An early rocket simulation performed on a REAC analog computer required 304
operational amplifiers, 369 coefficient potentiometers, 25 servo multipliers, eight re-
solvers, eight diode function generators and two random generators.??> The following
quotation from [Birstein 2003][p. 72] emphasizes these vast hardware requirements:

“For modifications and installation of new equipment, MSFC spent over
$ 2 000 000 after acquiring the site in the summer of 1962. The array of digi-
tal and analog computers for test, checkout, simulation and engineering studies
made it one of the largest computer installations in the country.”

The advantage of high speed operation of analog computers compared with their
contemporary stored-program digital computer counterparts has been noted by
[BiGas][p. 6]:

“Because of the random nature of some of the missile system inputs the pre-
diction or extrapolation work may require a large number of runs. AGWAC
should compute these runs in real time or something like real time, whereas
fast digital machines at present available would be at least one hundred times

slower.”?04

The setup of an early laboratory for three-dimensional guided missile simulation is
described by [Bauer 1953]. This development was the objective of Project Cyclone at
Reeves Instrument Corporation. The simulation system was put into operation into 1952
and consisted of 13 REACs, each containing seven integrators, seven summers, six in-
verters, and 23 coefficient potentiometers. In addition to this, 14 servo units containing
a mix of servo multipliers and servo function generators, and three cabinets for addi-
tional devices like uncommitted operational amplifiers, limiters etc. were used. The
majority of this installation is shown in figure 11.46.

Part of a large scale analog computer system for the simulation of the dynamic behav-
ior of the Saturn V rocket is shown in figure 11.47. This General Purpose Simulator, GPS

203Gee [Jackson 1960][p. 393].

204 AGWAC contained more than 400 operational amplifiers, 20 fully electronic multipliers, six servo mul-
tipliers (each having about 20 ganged potentiometers), and some resolvers and other special computing
elements (see [BEnvyon 1961]).
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Figure 11.46: Laboratory for three-dimensional guided missile simulation (see [Bauer 1953][p. 195])

for short, was used to implement a twelve degree of freedom simulation of the first
stage of a Saturn V rocket, taking effects like dynamic winds, bending of the rocket
structure, and fuel sloshing into account.

Using real wind data stored on analog tape drives, this analog computer could sim-
ulate the performance of the S-IC stage of a Saturn V rocket up to 3,000 times faster
than real-time. The system contained 50 integrators, 50 summers, 350 coefficient po-
tentiometers, 20 quarter square multipliers, and 15 function generators containing
additional 70 operational amplifiers. To make simulations with stochastic inputs pos-
sible, the system also featured random generators, high- and low-pass filters etc. This
system allowed 50 complete flight simulations per second, which made it possible to
generate flicker-free displays of solutions on oscilloscopes.?%°

The simulation of a two-stage satellite launch vehicle on an analog computer is de-
scribed in [JacksoN 1960][pp. 261 ff.]. The focus of this study is primarily on possible
abort scenarios. The possibility of a piloted rocket flight has been analyzed in a study
described in [Wartman 2000][pp. 34 f.]. In these simulations a centrifuge was used to
exert gravitational forces of up to 14 G2 on the pilot while studying his performance
in controlling a simulated rocket.

[KraFT et al. 2002][p. 209] remembers that these simulations of the dynamic behavior
of rockets and associated systems also resulted in frequent changes to the systems
simulated based on results of these simulations:

“When we first used the word dynamic to describe the simulators, it meant
that they acted pretty much like the real thing. But in practice dynamic also
applied to design because we discovered things in simulations that needed to be
changed.”

205Cf. [Teuser 1964].
20614 times of earth’s gravitation.
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Figure 11.47: The GPS-system, used to simulate the Saturn V rocket’s dynamic behavior
([TeuBer 1964][p. 26])

11.16.3 Space craft maneuvers

Although the limited precision of analog electronic analog computers places severe
constraints on orbital simulations and the like, analog simulations were nevertheless
used to obtain at least rough estimates for orbital elements etc. If the orbit radii are
restricted to a small range and if the number of circuits is small, 10 e. g., solutions
obtained by analog computers are often sufficiently exact to gain valuable insight into
space craft maneuvers and the like.?%”

Basic information on such simulations can be found in [Scuweizer 1976/2], while
[Telefunken/7] describes the computation of the orbital elements for the early pas-
sive satellite Echo-1. A trajectory optimization for a Mars mission is described in
[GiLor 1975][pp. 161 ff.]. A much more complicated example in which the fine-
positioning of a geostationary satellite is simulated on an analog computer can be
found in [Telefunken/6]. The simulation of the on-board attitude control system of
the European communication satellite Symphony by means of an analog computer is
described in [ReNEL 1976]. This simulation required a flight table and a sun and earth
simulator to generate proper input signals to the satellite’s sensor elements.

A comparative study in which a reaction wheel system to be used for attitude control
of a satellite was simulated on a hybrid computer as well as on several stored-program
digital computers can be found in [Grierson et al.]. While the hybrid computer was
able to solve the equations in real-time, the fastest digital computer, a Cray-1 vector
processor, could only achieve a tenth of this speed. Only an AD-10 stored-program
digital computer could compete with the Cray-1. This system was developed by the
company Applied Dynamics and was optimized for the solution of problems typically
solved on analog computers.

2075ee [Telefunken/6][p. 1].
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Figure 11.48: Analog computer setup used during the development of the Mercury control stick (author’s
archive)

11.16.4 Mercury, Gemini, and Apollo

Analog and hybrid computers played a central role in the Mercury, Gemini, and Apollo
space flight programs of the United States. Apart from applications like those de-
scribed above, sophisticated training simulators were built to gain an understanding
for the special requirements and problems posed by space vehicles. An example for
such a simulator is shown in figure 11.48 which shows the setup used during the de-
velopment of the control stick used in the Mercury capsules. A complex simulator
system for the Mercury capsule and its components had been developed at the Bell
Laboratories which was based on an EAI 231R analog computer.?%8

One of the main goals of project Gemini was to work out procedures for docking space
craft, a requirement for the following Apollo project. Simple rendezvous simulations
on analog computers were performed as early as in the late 1950s.2%° The importance
of such simulations cannot be overestimated as [Hansex 2005][p. 248] shows:

“Without extensive simulator time, it is doubtful that any astronaut could
ever have been truly ready to perform a space rendezvous. ‘Rendezvous simu-
lation in Gemini was really quite good’, ARMSTRONG notes. ‘We achieved fifty
to sixty rendezvous simulations on the ground, about two-thirds of which were
with some sort of emergency.”

2085ee [Fagen (ed.) 1978][p. 569].
209G5ee [WaLTMAN 2000][p. 107].
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The simulation of a pilot controlled rendezvous maneuver is described in detail in
[BrisseNDEN et al. 1961]. This study not only focuses on the performance of the pilot
during the maneuver, but also aimed at developing suitable display units to be used
during the piloted approach. In addition to this, boundary conditions trajectory errors
were determined which could make a successful rendezvous maneuver impossible. A
highly complex rendezvous simulation system was put into operation at the TRW Sys-
tems Group in the 1960s. This system featured a TV camera motion unit quite similar to
the terrain generator described in section 11.15.5.2!0 A similar hybrid simulation sys-
tem was developed by McDonnel Aircraft Corporation and IBM, which was also used
for reentry simulations during project Gemini.?!!

An interesting in-flight simulator system was developed to train the pilots of the Lu-
nar Excursion Module, LEM for short. This system, affectionately known as the flying
bedstead due to its peculiar appearance, was in fact a flight vehicle mimicking the dy-
namic behavior of the LEM under the constraints of earth’s gravitation. This was done
by an on-board special purpose analog computer. The resulting system proved very
valuable as a research and training device:?!?

“The notation of attacking the unique stability and control problems of a
machine flying in the absence of an atmosphere, through an entirely different
gravity field, ‘That was a natural thing for us, because in-flight simulation was
our thing at Edwards’, ARMSTRONG relates. ‘We did lots and lots of in-flight
simulations, trying to duplicate other vehicles, or duplicate trajectories, making
something fly like something else.”

11.17 Military applications

Although analog and hybrid computer based flight and rocket simulations were used
extensively in a military context, too, there were also problems unique to military ap-
plications that were tackled by analog simulation techniques. An interesting example
can be found in [EAI Primer 1966][pp. 13 ff.] which describes the simulation of a set-
back leaf system used as a safety mechanism in a projectile fuse. This mechanism arms
the projectile’s fuse only after a sufficient acceleration profile has been detected.

Studies of projectile trajectories are described in [Korn & Korn 1956][pp. 110 ff.] and
[Jounson 1963][pp. 175 ff.]. Of prime importance is the accurate implementation of
aerodynamic properties and forces acting on the projectile which often requires func-
tions of more than one variable, resulting in a rather high amount of necessary com-
puting elements.

The implementation of a simplified naval gunnery problem on an analog computer is
covered by [Wass 1955][pp. 57 ff.], while [Demoyer 1980] described a highly complex
interactive anti-aircraft gun fire control simulation which was developed in the late
1970s.

210gee [BekEy et al. 1968][p. 392].
2l1Gee [Bekey et al. 1968][p. 394].
2125ee [HanseN 2005][p. 314].
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11.18 Education

Analog computers were, and in some cases still are, central parts in education. Their
main advantage is the basic idea of implementing an analogon without the necessity to
worry about numerical integration methods, algorithmic odds and ends in conjunction
with the rather unmatched degree of interactivity. Especially the latter allows students
to gain insight into the dynamical behavior of complex systems in a very demonstra-
tive way.

More general information about the application of analog computers in education can
be found in [MarTIN 1969] and [MArTIN 1972]. Educational examples in mathemat-
ics are described in [Dornier/8], [Dornier/9], and [Dornier/10]; the simulation of me-
chanical systems is covered in [Park et al. 1972]; educational applications in process
control are the focus of [Nise] and [MEepkerr et al. 1955], while [TassurT 1967] and
[Hamorr 1972] contain some examples from chemistry.

11.19 Arts, entertainment and music

Analog computers also experienced rather extensive applications in arts, entertain-
ment and music as the following sections show.

11.19.1 Arts

In the 1940s, BEN Laprosky developed the first analog computer solely intended for
artistic purposes. In the late 1950s, the computer graphics pioneer Joun WHITNEY built
an electromechanical analog computer from parts of a M-5 antiaircraft director that
was used during World War II and sold for scrap afterwards.?!3

HeinricH HeDERSBERGER?!# was charged with the creation of a large wall painting for

the school of engineering in Wolfenbiittel (Germany).2!> His first ideas for this work
were based on so-called Lissajous figures named after JuLes ANTOINE Lissajous.?!®
These figures are described by

x = asin(at + ¢) and
v = bcos(pt).

Based on this idea, HEIDERSBERGER built a mechanical analog computer, called Rhyth-
mograph which could generate much more complex figures than plain Lissajous fig-
ures. Figure 11.49 shows him working on this machine. A typical picture generated by
the Rhythmograph can be seen in figure 11.50. Operating the Rhythmograph which
exposed photographic paper to a fine spot of light that was deflected by swinging
booms and mirrors, was an art in itself. After setting its parameters, influencing the

213gee  [Somers 1980] and http://en.wikipedia.org/wiki/John_Whitney_(animator), retrieved
03/03/2013.

21406/10/1906-07/14/2006

215Gee [HeErsBERGER][p. 7] and [HoremanN 2006][p. 35].

21603/04/1822-06/24/1880



244 11 Applications

Figure 11.49: HeiNricH HEIDERSBERGER working on  Figure 11.50: Rhythmogramm #229, Arabeske,
the Rhythmograph (Archiv Nr. 9179/1, self-portrait, 1950s/60s (reprinted with permission from
Wolfsburg 1962, reprinted with permission from BenjaMiN HEIDERSBERGER)

BeNjaMIN HEIDERSBERGER)

periods of the various mechanical oscillators, the Rhythmograph was set into motion
by a set of electromagnets and then started to “paint” a picture by this light beam.?!”

An electronic analog computer, built by Franz RammManN, was used in the early 1960s
by HerBErT W. FRANKE to generate pictures like that shown in figure 11.51 on an oscil-
loscope screen. In contrast to HEIDERSBERGER’s Rhythmograph, this analog computer
offered the high degree of interactivity that is characteristic of electronic analog com-
puters which gave the artist more freedom to experiment with the mathematical pa-
rameters of an artwork. Figure 11.52 shows HErBERT W. FRANKE working on this analog
computer.218

In 1979, Benjamin HerpersBERGER?!? started the development of an electronic analog

computer resembling the operation of the Rhythmograph. This machine contains three
oscillators which can be controlled separately with respect to frequency, phase and
damping. Additional modules implement the necessary control circuitry for repetitive
operation, function generators, multipliers, etc. This machine can be seen in figure
11.53 while figure 11.54 gives an impression of the artworks generated with it.

11.19.2 Entertainment

Probably the first special purpose analog computer built for entertainment purposes
was the so-called Cathode-Ray Tube Amusement Device patented in 1948 and described
as follows in [GoLpsMmiTH et al. 1948]:

“This invention relates to a device with which a game can be played. The
game is of such a character that it requires care and skill in playing it or op-
erating the device with which the game is played. Skill can be increased with
practice and the exercise of care contributes to success.”

217More information about this can be found in [Horemann 2006].
2185ee [Hobby 1969][p. 43] and [Dexen 1984] for more examples and information.
21950n of HEINRICH HEIDERSBERGER.
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Figure 11.51: “Dance of the elec-  Figure 11.52: HerBert W. FrRANKE with his special purpose analog
trons” — an artwork of HErBerr W.  computer (reprinted with permission of the artist)

FraNkE, 1961/1962 (reprinted with

permission of the artist)

Figure 11.53: BENjaMIN HEIDERSBERGER’s analog com-  Figure 11.54: Graphic, generated with Benyamin HEr-
puter (reprinted with permission) DERSBERGER’S analog computer (reprinted with per-
mission)

The goal of the game implemented is to hit targets displayed on an oscilloscope screen
by firing a beam which can be controlled in its length and angle by the player. To gen-
erate a flicker-free picture, this analog computer operates in repetitive mode. Clearly,
this device was motivated by analog training devices for gunners. The patent specifi-
cations suggest the use of small, adhesive aircraft shaped stickers on the oscilloscope
tube to denote the targets.

Ten years later, WiLiam Hicinsotaam??? independently developed a two-player game
aptly called Tennis for Two which was demonstrated during an open house presen-

22010/25/1920-11/10/1994
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tation of the Brookhaven National Laboratories since previous events showed that the
public was not too interested in purely static displays as HiciNpoTHAM remembers:>?!

“I knew from past visitors days that people were not much interested in static
exhibits, so for that year I came up with an idea for a hands-on display - a video
tennis game. [ ... ] It was wildly successful, and HiciNsoTHAM could tell from
the crowd reaction that he had designed something very special. ‘But if I had
realized just how significant it was, I would have taken out a patent and the
U.S. government would own it!” he said.”

An analog electronic replica of HicinporHAM’s game, which was originally imple-
mented on a small Systron Donner tabletop analog computer, has been developed by
the Museum of Electronic Games & Art.>??

A much more complex game based on an electronic analog computer is the “Golf Game
Computing System” described by [RusskgL et al. 1971]. This golf simulator is character-
ized by the unusual high life-likeness. Therefore effects like the change from laminar
to turbulent air flow around the ball, spin, and many more are taken into account for
the trajectory computation.

11.19.3 Music

Although analog synthesizers can be justifiably regarded as being special purpose ana-
log computers, not much use has been made of general purpose analog computers in
this area. One notable exception of this is the work of the Dutch composer Hans KuLk
who started using Hitachi-240 analog computers in the late 1980 to create music.??3
The high degree of interactivity offered by analog computers is exploited extensively
in his work by using special input devices like a three-dimensional manual controller
which allows the composer to become part of the composition and sound generation
process by changing various parameters of the analog computer setup. This advantage
and the possibilities of employing analog computers in musical applications has been
summarized by Kurk as follows:?24

“One main conclusion is that the use of an analog [... ] computer in analog
sound synthesis is very effective, [vet] has been highly ignored by the electronic
music community for long, but is slowly gaining interest as the concepts of ana-
log technique become valuable tools in current developments. The 1970s dual
Hitachi 240 set-up in this sound synthesis lab will continue to be an inspiring
and open system with still many hours of fun to come.”

2215ee [N.N. 2006].

222Gee http://www.m-e-g-a.org/de/research-education/research/t42-tennis-for-two/, retrieved
03/03/2013.

223This early work was stimulated by [AppLETON 1975].

224personal communication to the author.
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11.20 Analog computer centers

A typical phenomenon in the heyday of electronic analog and hybrid computers were
computer centers set up by the major manufacturers of such machines like Electronic
Associates Inc., Beckman etc. These computer centers served a dual purpose: First,
potential customers were able to get hands-on experience with the latest machines
and could solve practical problems to decide whether an analog computer met their
particular needs. Second, these computer centers offered analog computer time on a
rental basis for customers who either had no analog computer installation at all or
required additional computing power for the solution of some problems.

The first analog computer center in Europe was setup in 1957 in Brussels by EAI.?2°

Figure 11.55 shows part of the EAI Pace 96 analog computer which was installed
there and contained 96 operational amplifiers, 120 coefficient potentiometers, 20
servo multipliers, 4 quarter square multipliers, five function generators, 2 digital
voltmeters, a two-channel X/Y-recorder, two single channel X/Y-recorders, two six-
channel recorders and two electronic noise sources.??® EAI’s computer center in Brus-
sels was always equipped with their latest machines. In 1964 a HYDAC 2000 was
installed which is shown in figure 6.6.2%7

In 1958, Beckman opened their first analog computer center in Los Angeles which
mainly offered computer time for customers. Figure 11.56 shows the EASE 1132 which
was the first computer installed there. One year before its inauguration this computer
center was announced in [N.N. 1957/6]:

“It will be available to business, industry and educational institutions for
solution of complex problems relating to aircraft, jet engines, guided missiles
and industrial processes.”

225This was, in fact, world’s third analog computer center — two earlier computer centers were setup in
Princeton (New Jersey) and Los Angeles (California).

226This model was a precursor of the highly successful model EAI 231R.

2275ee section 6.2.
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Figure 11.55: EAI Pace 96 analog computer, installed in Europe’s first analog computer center in Brussels
(see [N.N. 1957/3])

Figure 11.56: EASE 1132 analog computer, installed in the Beckman/Berkeley Computation Center which
opened on February 28th, 1958 in Los Angeles (see [N.N. 1957/1])
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Since the 1980s, analog and hybrid computers have become museum pieces and the
very idea of analog computing seems to have vanished from the curriculum in uni-
versities and the like. This disappearance had many causes: First of all, a paradigm
shift occurred in favor of algorithmic approaches instead of analogs. The very idea of
using a model, abstract as it may be, to simulate a system which can then by analyzed
became obsolete, despite its advantages. Second, stored program digital computers
became powerful and cheap enough to replace analog computers in many application
areas, starting with flight simulators where the cumbersome configuration process of
analog computers became a major obstacle in many installations.! Other advantages
of stored-program digital computers are their ability to be used in time-sharing mode,
the minimized maintenance costs, the possibility to trade in time for complexity etc.

Nevertheless, a renaissance of the idea of analog computing is not only possible but
probable since there are some inherent advantages analog computers have in com-
parison with present day stored-program digital computers. The main advantages of
analog computers, be they based on analog electronics or DDAs, amongst others are
those:

* Some problems require the solution of differential equations which are quite sen-
sitive to the quadrature algorithm used. Analog electronic analog computers are
rather immune to problems like these due to their physical model of integration.
In addition to this, analog computers sometimes yield more realistic solutions
than other approaches.?

* Some problems are rather well suited for analog computers (often based on di-
rect analogies). Introductory examples for this can be found in [DewpnEey 1988/1],
[DewpNEeY 1988/2] and [HorrmaN 1979].

* Setting up a model is a more natural process than developing a numerical algo-
rithm for the solution of some problem. [TispaLe 1981][p. 3] notes aptly:

“Digital languages |[... ] obstruct the user’s contact with the physical
analogy. In other words, the digital programmer becomes preoccupied with
the programming task and unfortunately loses sight of the analogy he hopes
to create. Hybrid techniques go hand-in-hand with Laplace and Fourier ex-
pressions. The analogy is not only established, but the engineer’s knowledge
and skill grows quickly, giving rise to innovations and breakthroughs.”

ISee [TispaLe 1981][p. 1].
2See [TispaLe 1981][p. 2].
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* The degree of parallelism an analog computer exhibits is still unmatched by
stored-program digital computers. All computing elements are operating in par-
allelism without the necessity for complex synchronization schemes and the like.

* However, the main advantage of analog computing is the fact that no stored pro-
gram is necessary to control the system. There are no memory accesses slowing
down the actual work to be done.

The future of the analog computing paradigm will be mainly based on the last two
advantages mentioned. In 1975, WorrcanG Giror predicted, that “certainly [...] the
analog method of hardware parallel processing” will be preserved. LEe RUBEL was even
more optimistic as the following quote from a personal note to JonaTHAN W. MILLS Of
the Indiana University shows:

“The future of analog computing is unlimited. As a visionary, I see it even-
tually displacing digital computing, especially, in the beginning, in partial dif-
ferential equations and as a model in neurobiology. It will take some decades
for this to be done. In the meantime, it is a very rich and challenging field of
investigation, although (or maybe because) it is not in the current fashion.”

Mitts et al. developed direct analog coprocessors based on ideas of RuBer which can
be used with traditional stored-program digital computers. These so-called Extended
Analog Computers, EAC for short, are similar in their structure to the electrolytic tanks
mentioned in section 1.3, although much more modern materials like polymer foils
are used.® Such coprocessors can speed up simulations and analyses based on partial
differential equations significantly.

GrENN EDWARD Russer Cowan developed a VLSI* analog computer that is intended as
a mathematical coprocessor for a traditional stored-program digital computer> which
is shown in figure 12.1.% This single-chip analog electronic analog computer features
416 analog functional blocks which can be interconnected dynamically. The advan-
tages of analog computers are clearly demonstrated by this implementation:”

“This chip is controlled and programmed by a PC via a data acquisition card.
This arrangement has been used to solve differential equations with acceptable
accuracy, as much as 400x fast than a modern workstation. The utility of a
VLSI analog computer has been demonstrated by solving stochastic differential
equations, partial differential equations, and ordinary differential equations.”

An analog coprocessor like this can be employed in a variety of ways. In the simplest
case, it can act as a traditional analog computer or as the analog part of a hybrid com-
puter. Given the computational power of today’s stored-program digital computers,

3See [MiLLs/1], [MiLLs et al. 2006], [MiLLs 1995], and [MiLLs/2] for more information.

4Short for Very Large Scale Integration.

5See [Cowan 2005]. An application for this particular VLSI implementation of an analog computer is
described in [FrREepmaN 2011].

6See http://users.encs.concordia.ca/~gcowan/phdresearch.html, retrieved 03/03/2013.

7See [Cowan 2005].
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Figure 12.1: VLSI analog computer developed by GLENN EDWaARD RusseL Cowan (reprinted with permission)

their role in a hybrid computer configuration should not be restricted to control and
function generation tasks. In fact, the analog processor can be used to generate an ap-
proximation of the solution for a given task which is then refined using algorithmical
methods on the digital part.®

Apart from the raw computational power achievable with a hybrid computer setup
like this, substantial energy savings might be possible, compared with a purely algo-
rithmic solution of a given problem. This is shown in [Cowan et al. 2009][pp. 13 f.]
where different approaches to the solution of a stochastic differential equation are
compared with respect to the energy required to reach the solution. The traditional al-
gorithmic approach requires about 400 MFLOPS® which corresponds to 1.2-40 J of en-
ergy when performed on a typical microprocessor. The same computation performed
on a DSP'? requires only 0.04-0.4 J. Using the VLSI analog processor developed by
CowaN, the same task can be performed with only 0.008 ] — a quite substantial saving.
The VLSI analog computer achieves a computing capacitor equivalent to 6.4 GFLOPS
while requiring only 300 mW of power to run with all computational units active.

Such low-power high-performance hybrid systems could offer completely new per-
spectives for mobile computing as well as in the area of traditional high-performance
computing.

Another promising approach to apply the analog computing paradigm in future ap-
plications are DDAs.!! DDAs are very well suited as co-processor for stored-program
computers since no analog/digital conversion is necessary. In 1969, [NaLLey 1969]
suggested a small DDA as a dedicated co-processor to accelerate Z-transformations.
Other interesting early developments were the electrically alterable DDA described by
[Hyarrt et al. 1968] and a binary floating point DDA described by [ELsHOFF et al. 1970].
Unfortunately, no commercial viable products resulted from these developments
which might have to be attributed mostly to the emerging mini-computers of the

8See [Cowan 2005][pp. 182 ff.]. A similar approach is described by [Karprus et al. 1972].
9Short for Million Floating Point Operations Per Second.

10Short for Digital Signal Processor.

1gee section 10.
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1970s which offered enough computing power to compete with non-large scale DDAs
at lower prices while being more general purpose application oriented.

Nevertheless, using modern technologies like Field Programmable Gate Arrays'? it is
now possible to implement DDAs based on either floating point numbers!3 or suffi-
ciently long integers, that would be attractive from a commercial point of view while
offering computational power beyond that of general purpose stored-program com-
puters in fields which involve the solution of large sets of coupled (partial) differential
equations. Such DDAs could be used to form practical fully digital hybrid computers
which would surpass most if not all current high performance computing paradigms
with respect to computational power.

Examples for such implementations can be found in [LanD] where a DDA implemen-
tation on a FPGA is described. This DDA has applied to the solution of differential
equations of second degree, the implementation of a FrrzHuGH-NaGcumo model'* etc.

Maybe no technology of the past has such a great potential for future applications as
the analog computing paradigm. This is mostly due to the inherent and unmatched
degree of parallelism of analog electronic analog computers and DDAs and the in-
credibly low power consumption of the former. Quoting the inscription of James EarL
Fraser’s!® statue “Heritage” at the Federal Triangle, Constitution Ave. & 9th, Wash-
ington, DC:

“The Heritage of the Past is the Seed that Brings Forth the Harvest of the Future.”

12FPGA for short.

13Using floating point numbers internally, the need for scaling the machine setup could be eliminated or
at least reduced significantly. An extended resolution DDA has been proposed by [McGHEeE et al. 1970].

148ee section 11.7.5.
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