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Chapter 3 
INTERVALS AND SMALL 

RECTANGLES 

In describing queries involving these relations, w_e must b~ care~ul to distinguish 
between a point and an object. A point is an element m the d-d~mens1o~al space from 
which the objects are drawn. It is not an element of the space mto which the object5 

may be mapped by a particular representation. For example, in the case of a collection 
of rectangles in two dimensions, a point is an element of the Euclidean plane and not a 
rectangle, even though we may choose to represent each rectangle by a point in some 
multidimensional space. 

In this chapter, we focus on three types of proximity queries. The first, and most 
common, is the point que,y, which finds all the objects that contain a given point. It is 
important to distinguish this query from the point query discussed in Chapter I that seeks 
to detennine if a given point pis actually in the dataset (more accurately described as an 
exact match query). The second type is a point set query, which, given a relation EB and 
a set of points Q (typically a region), finds the set of objects S such that S EB Q holds. 
An example is a query, more commonly known as a window operation, that finds all 
the rectangles that intersect a given region. In this example, the relation EB is defined by 
S EB Q if Sn Q -1- 0, and Q is the query window. The third type of query is a geometric 
join query (also known as a spatial join query (1415)), which, for a relation EB and 
two classes of objects 0 1 and 0 2 with corresponding subsets Si and S2, finds all pairs 
(Pi , P2) with Pi E S1, P2 E S2, and P1 EB P2. An example is a query that determines all 
pairs of overlapping rectangles. In such a case, both 01 and 02 correspond to the set of 
rectangles, and EB is the intersection relation. In our examples, Si and S2 are usually the 
same subsets, although the more general problem can also be handled. 

Initially, we present representations that are designed for use with the plane-sweep 
solution paradigm (119, 1511, 1740]. For many tasks, use of this paradigm yields worst­
case optimal solutions in time and space. We examine its use in solving two problems: 

1. Reporting all intersections between rectangles (the rectangle intersection problem­
Section 3.1) 

2. Computing the area of a collection of d-dimensionai r~ctnngles (the measure prob­
lem-Section 3.2) 

We focus on the segment, interval, and priority ~ean:h trees. They represent a 
rectangle by the intervals that form its boundaries. Howevc:r, these representations are 
usually for formulations of the tasks in a static environment. This means that the identities 
of all the rectangles must be known if the worst-case Lime and space bounds are to hold. 
Furthermore, for some tasks, the addition of a single object to the database may force 
the reexecution of the algorithm on the entire database. 

The remaining representations are for a dynamic environment. They are differenti­
ated by the way in which each rectangle is represented. The first type of representation 
reduces each rectangle to a point in a usually higher-dimensional space and then treats the 
problem as if it involves a collection of points (Section 3.3). The second type is region­
based in the sense that the subdivision of the space from which the rectangles are dmwn 
depends on the physical extent of the rectangle-it does not just treat a rectangle as one 
point (Section 3.4). Many of these representations are variants of the quad tree. We show 
that these quadtree variants are very similar to the segment and interval trees that are 
used with the plane-sweep paradigm. Moreover, we observe that the quadtree serves as a 
multidimensional sort and that the process of traversing it is analogous to a plane sweep 
in multiple dimensions. 

3.1 Plane-Sweep Methods and the 
Rectangle Intersection Problem 

The term plane .l'weep is used to characterize a paradigm employed to solve geometric 
problems by sweeping a line (plane in three dimensions) across the plane (space in three 
dimensions) and halting at points where the line (plane) makes its first or last intersection 
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1241, 1304, 1309, 1317, 1471-1472, 
1478, 1481, 1603, 1698, 1992,2012] 

SparseMap [850, 855, 886] 
Spatial Approxitnation tree (sa-tree) [853, 

1347- 1348, 1704] 
spatial data tnining [72, 74, 572, 1173, 

1367-1368, 1839, 1953- 1954] 
spatial database [5, 13, 149,161,258,260, 

775, 783-785, 789,844,929, 1080, 1238, 
1473, 1546, 1554, 1562, 1645, 1683, 
1746-1747, 1931, 1937-1938, 1963, 
1966, 2023] 

spatial join [7, 47, 81, 83, 88-89, 148, 150, 
160, 256,259, 261-262,424,444,498, 
560: 592; 772,779,845, 860-862, 866, 
8~t2.-0H94~ 934-935, 1020, 1072, 1195-
1198, 1207, 1222-1224, 1415, 1417, 
1458-1459, 1467, 1470, 1474, 1815, 
1867, 1923,2071,2073-2074,2076] 

spatial join index [1210, 1582, 1750] 
spatial k-d tree [ 1404, 1406-1407] 
spatial networks [377,491,605, 612, 715, 

781,949,958, 1053-1054, 1181, 1464, 
1493, 1672, 1736, 1748-1749, 1945, 
2055] 

spatial query optin1ization [75, 78- 79, 4-1--k 
566, 1405] 

spatial reasoning [64, 4461 
spatiotemporal dat:ahasc ['20---2 l , L., 7 l.56. 

790, 950, 1203, 1209, l :105, l.6 l i l691, 
1895, 2037] 

spatiotemporal pattern retrieval [794] 
spatiotem.poral range query [ l 544] 
sphere tree [895- 896; 1410, 1412, 1527, 

1991] 




