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When this book was first taught from, each student was asked to write a brief statement

describing his or her understanding of what role electromagnetics plays in science,
technology, and society. The following statement, submitted by Mr. Schaldenbrand, who has

since graduated with a B.S.E. degree, was selected for inclusion here:

Electromagnetics has done more than just help science. Since we have such
advanced communications, our understanding of other nations and nation-
alities has increased exponentially. This understanding has led and will lead
the governments of the world to work towards global peace. The more
knowledge we have about different cultures, the less foreign these cultures
will seem. A global kinship will result, and the by-product will be harmony.
Understanding is the first step, and communication is the means.
Electromagnetics holds the key to this communication, and therefore is an
important subject for not only science, but also the sake of humanity.

Mike Schaldenbrand

The University of Michigan
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PREFACE

Why Another EM Book?

Several textbooks are currently available for teaching
electromagnetics to students majoring in electrical engi-
neering. So, why do we need another one? The answer
is simple: (1) the curriculum for a bachelor’s degree in
electrical engineering is undergoing a radical change,
perhaps more radical in both outlook and content than
any of the curricular changes we have witnessed over
the past several decades, and (2) available textbooks are
incompatible with the philosophy of the new curriculum
proposed for the 21st century (see, for example, the arti-
cle by Director et al. in the Proceedings of the IEEE,
September 1995).

The Changing Curriculum

For a bachelor’s degree in electrical engineering, the
curriculum has undergone about one major change per
decade. In the 1960s, courses concerning solid-state
devices were introduced and those on vacuum-tube
electronics were slowly phased out. In the 1970s,
courses on electric machinery nearly disappeared from
the curricula of most universities and were replaced
with computer-programming courses. More computer-
related and digital processing courses were added in the
1980s, mainly by increasing the volume of required
courses and reducing the number of technical and free
electives. Also, there has been a sustained effort to
incorporate new knowledge and assimilate the rapidly
evolving role of technology in the undergraduate cur-
riculum. More material was added to courses, greater
effort was expected from students, and the number of
elective credit hours rapidly approached zero. By the
early 1990s, the average student at a U.S. university
needed closer to five years to complete what was origi-
nally designed as a four-year program.

xiii

This scenario was not limited to electrical engineer-
ing; indeed, in almost any engineering discipline, the
curriculum had become too demanding in terms of time
to complete the B.S. degree and too inflexible to accom-
modate changes. From these pressures was born a new
philosophy embracing the following tenets: (1) the B.S.
degree program should be scaled back to four years, (2)
the required part of the B.S. degree program should
focus on the teaching of fundamentals, but with greater
exposure to engineering applications, and (3) the elec-
tives portion of the program should be increased sub-
stantially to allow the student to explore both engineer-
ing and nonengineering areas of interest. While this new
philosophy has been adopted, as least in principle, by
many engineering schools, the task of revising the cur-
riculum has been a major challenge, particularly at the
course level. The new electrical engineering curriculum
calls for allocating fewer credit hours in many of the tra-
ditionally core areas—electromagnetics (EM) among
them. At many universities the required EM content of
the program has been reduced from two courses down to
one. For some, the intent is to continue to offer a two-
course sequence, but with only the first being part of the
required core and the second being for students interest-
ed in deepening their knowledge in electromagnetics.

Course Contents

Given these objectives and associated boundary condi-
tions, what then should be the contents of a one-
semester or a two-course sequence in electromagnetics
and what texts might one use for this purpose? To
answer these questions, we should briefly review the
traditional approaches that have been in use over the
past two decades. Most EM books share a common tem-
plate. They begin with one or more chapters on vector
calculus and coordinate systems, followed by two or
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more statics (
tics). s typica
mater second

tends to “turn the students off.” And second, whereas
electrostatics and magnetostatics are interesting subjects
in themselves and have many practical applications,

requircd portion of the B.S. c m would
leave an electrical engineerin t y lacking
in ability to deal with most electromagnetic phenomena.

Because of the heavy emphasis on mathematical

man using calculu ely
dry of ele ics and the
stud comp uch a is

unlikely to select to take the second course in the

longer compatible with the format of the new curricu-
lum proposed for the 21st century.

In past years, attempts have been made by educators
at various universities to teach the dynamics of electro-
magnetics without p g it with a study of statics.
These attempts have n very successful, primarily
because in dynamics students must deal with several
fundamental parameters simultaneously. These include

coordinates denoting | vectors denoting
on, time, and the inte tion between the
electric and magnetic fields. In statics, the electric and
magnetic fields are independent of one another and time
is not a variable, thereby reducing the number of para-
meters from four to two. By studying electrostatics and
magnetostatics first, the student can much more easily
tackle situations involving time-varying fields.

This Book

In view of this background, how then does one design

PREFACE

an appropriate one-semester or two-course sequence in
electromagnetics? My answer to this question is charac-
terized in this book by the following elements:

1. I wanted to begin by building a bridge between
what was already familiar to a third-year electrical
engineering student and the electromagnetics material.
Prior to enrolling in an EM course, a typical student will
have taken two or more courses in circuits. Thus, he or
she is familiar with circuit analysis, Ohm’s law,
Kirchhoff’s current and voltage laws, and related topics.
Transmission lines constitute a natural bridge between
electric circuits and electromagnetics. Without having to
deal with vectors or fields, the student uses already
familiar concepts to learn about wave motion, the reflec-
tion and transmission of power, phasors, impedance
matching, and many of the properties of wave propaga-
tion in a guided structure. All of these newly learned
concepts will prove invaluable later (in Chapters 7
through 9) and will facilitate the learning of how plane
waves propagate in free space and in material media.
Transmission lines are covered in Chapter 2, which is
preceded in Chapter 1 with reviews of complex numbers
and phasor analysis.

2. The next part of the book, contained in Chapters
3 through 5, covers vector analysis, electrostatics, and
magnetostatics. Compared with most EM textbooks
written for undergraduate instruction, the present book
differs in terms of its presentation of these three topics
in the following two ways: Of the total number of pages
contained in the book, about 30% are allocated to these
topics, compared with 50% or more in most EM text-
books. The electrostatics chapter begins with Maxwell’s
equations for the time-varying case, which are then spe-
cialized to electrostatics and magnetostatics, thereby
providing the student with an overall framework for
what is to come and showing him or her why electrosta-
tics and magnetostatics are special cases of the more
general time-varying case.

3. Unlike most EM textbooks, this book does not
have a chapter on waveguides and resonators. Space
limitations and the fact that waveguides are no longer
used as widely as they had been prior to 1980 dictated
this change.

4. Chapter 6 deals with time-varying fields and sets
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PREFACE XV
Suggested Syllabi
Two-semester Syllabus One-semester Syllabus
6 credits (42 contact hours per semester) 4 credits (56 contact hours)

Chapter Sections Hours Sections Hours
1 Introduction All 4 All 4
2 Transmission Lines All 12 2-1to 2-8 and 2-11 8
3 Vector Analysis All 8 All 8
4 Electrostatics All 4-1to 4-10 6
5 Magnetostatics All 5-1 to 5-5 and 5-7 to 5-8 5

Exams 2

Total for first semester 42
6 Maxwell’s Equations All 6-1 to 6-3, and 6-6 3
7 Plane-wave Propagation All 7-1 to 7-4, and 7-6 6
8 Wave Reflection and Transmission All 8-1 to 8-3, and 8-6 7
9 Radiation and Antennas All 10 9-1 to 9-6 6
10 Satellite Communication Systems All 5 None
and Radar Sensors
Exams 3 1
Total for second semester 40 Total 56
Extra Hours 2 0

the stage for the material in Chapters 7 through 9.
Chapter 7 covers plane-wave propagation in dielectric
and conducting media, and Chapter 8 covers reflection
and transmission at discontinuous boundaries and intro-
duces the student to fiber optics and the imaging prop-
erties of mirrors and lenses.

In Chapter 9, the student is introduced to the princi-
ples of radiation by currents flowing in wires, such as
dipoles, as well as to radiation by apertures, such as a
horn antenna or an opening in an opaque screen illumi-
nated by a light source.

5. To give the student a taste of the wide-ranging
applications of electromagnetics in today’s technologi-
cal society, Chapter 10 concludes the book with
overview presentations of two system examples: satel-
lite communication systems and radar sensors.

6. The material in this book was written for a two-
semester sequence of six credits, but it is possible to
trim it down to generate a syllabus for a one-semester

four-credit course. The above table provides syllabi for
each of these two options.

In writing this book, I avoided lengthy derivations
of theorems, particularly those involving extensive use
of vector calculus. My goal has been to help the student
to develop competence in applying vector calculus to
solve electromagnetic problems of practical interest. I
view vector calculus and mathematics in general as
useful tools and not as ends in themselves. Throughout
the material, emphasis is placed on using the mathe-
matics to explain and clarify the physics, followed with
practical examples intended to demonstrate the engi-
neering relevance of physical concepts. I believe the
combination of the approach used in presenting the
material, the arrangement of topics covered in the book,
and the relative emphasis in favor of dynamics consti-
tutes an effective algorithm for equipping our future
graduates with a relevant foundation in applied electro-
magnetics.
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The 1999 Edition

This 1999 edition represents an intermediate step
between the standard textbook format of the preceding
edition and the CD-ROM interactive supplement to be
introduced with the 2001 edition. The CD-ROM of the
2001 edition will include audio/video demonstrations,
interactive “laboratory experiments,” drill exercises,
and complete solutions of a select subset of the end-of-
chapter problems. The material developed under this
project will be added to a web site at the Unversity of
Michigan* on a continuing basis. Suggestions and ideas
are very welcome.

The present edition differs from its predecessor in
the following ways:

1. Typographical ercors have been corrected.

2. The total number of end-of-chapter problems con-
tained in the book has been increased from 238 prob-
lems to 373 problems, providing greater scope and a
larger number of application examples.

3. Each copy of this book is accompanied with a CD-
ROM, placed in the pocket attached to the inside
back cover. The CD-ROM contains three folders:
(a) Figures: This folder, containing copies of all fig-

*http://www.eecs.umich.edu/emag/

Xvi

ures appearing in the book, is made available to
facilitate the process of reproducing the figures
practicably by instructors who may want to gener-
ate viewgraphs of the figures electronically.
(b) Smith Chart: The Smith-Chart file allows the
student to generate a high quality print of a Smith
chart for his or her use in Chapter 2.
(c) Sample Solutions: Exposure to examples of
problems and their solutions is an indespensable
learning tool for the student. The book contains
many such examples, but in an effort to further
enhance this component of the book, complete
solutions are provided for 45 problems, selected
from among the end-of-chapter problems appear-
ing in the book. Those selected for inclusion in the
CD-ROM are indentified by the symbol¢)
next to the problem statement.
I would like to take this opportunity to thank my
Prentice Hall editor, Mr. Tom Robbins, for his encourage-
ment and enthusiastic support of the CD-ROM project

Fawwaz T. Ulaby
Ann Arbor, Michigan
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The subject of this book is applied electromagnetics,
which encompasses the study of electric and magnetic
phenomena and their engineering applications, under
both static and dynamic conditions. Primary emphasis
is placed on the fundamental properties of time-varying
(dynamic) electromagnetic fields because of their
greater relevance to practical problems in many
engineering disciplines, including microwave and optical
communications, radar systems, bioelectromagnetics,
and high-speed microelectronics, among others. We
shall study wave propagation in guided media, such
as coaxial transmission lines and optical fibers, wave
reflection and transmission at the interface between
dissimilar media, imaging properties of mirrors and
lenses, radiation by antennas, and several other related
topics. The concluding chapter is intended to illustrate
a few aspects of applied electromagnetics through an
examination of design considerations associated with
the use and operation of radar sensors and satellite
communication systems.

By way of an example, let us consider the
communication network depicted in Fig. 1-1. The
satellite segment uses a multiple-beam antenna so
as to communicate with several ground stations
simultaneously.  The signal received from ground
station 1 at frequency f; = 6 GHz* is amplified and
then downconverted to a frequency f, = 4 GHz for
retransmission to ground station 2. The frequency
conversion is facilitated by a microwave solid-state
device called a mixer, which in this application converts
the input frequency f; at port M; to a frequency f, at
port M, such that f, = f; — fo, where f; is the satellite

*1 GHz = 10° Hz.

oscillator frequency. In this case fy = 2 GHz. Different
frequencies are used for the uplink and downlink signals
to avoid interference between them. The circulator
connected to the satellite antenna allows the antenna
to function as both a transmitter and a receiver. The
circulator connects a signal received at port C; to the
receiver at port C,, and it can also connect a signal
at port C; to port C; for transmission by the antenna.
Although in the configuration shown in Fig. 1-1 one
antenna beam is used for reception and another for
transmission, in realily both beams can be used for both
functions.

Ground station 1 is connected to multiple terminals
through various types of transmission lines, including
coaxial cables and optical fibers. The information
carried on these lines includes voice for telephone
communication, video and voice for TV, and digital
data. One of the terminals is connected to a terrestrial
microwave link.

In this book we will examine several elements of this
communication network, including wave transmission on
coaxial lines, the fundamentals of optical fiber, free-space
propagation between antennas, antenna design, and many
other topics. Our goal is to help the reader to develop
an understanding of the fundamental physical laws of
electromagnetism, as well as to gain insight into their
practical applications.

We begin this chapter by describing the system of units
and the symbolic notation used in the book. Next, we
introduce the fundamental electric and magnetic field
quantities we use in electromagnetics, their relationships
to each other and to electric charges and electric currents,
and the basic parameters by which we characterize
the electromagnetic properties of materials.  The
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Figure 1-1: Microwave communication network.

provides should prove useful in solving time-harmonic
problems.

laws governing these relationships constitute the basic
infrastructure we use in the study of electromagnetic
phenomena. Then, in preparation for the material
presented in Chapter 2, we provide short reviews of
three topics: traveling waves, complex numbers, and
phasor analysis. Although the reader most likely has

1-1 Dimensions, Units, and Notation

encountered these topics in circuit analysis or other
engineering disciplines, short reviews of the properties of
traveling waves and of the convenience phasor notation

The International System of Units, abbreviated ST after
its French name Systeéme Internationale, is the standard
system used in today’s scientific literature for expressing
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1-2 THE NATURE OF ELECTROMAGNETISM

Table 1-1: Fundamental ST units

Dimension Unit Symbol
Length meter m
Mass kilogram kg
Time second ]
Electric Current ampere A
Temperature kelvin K
Amount of substance mole mol

the units of physical quantities. Length is a dimension
and meter is the unit by which it is expressed relative
to a reference standard. The SI system is based on
the units for the six fundamental dimensions listed
in Table 1-1. The units for all other dimensions are
regarded as secondary because they are based on and
can be expressed in terms of the six fundamental units.
Appendix A contains a list of quantities used in this book,
together with the s and units.

For quantities r value between 10718 and 1018,
a set of prefixes, arranged in steps of 103, are commonly
used to denote multiples and submultiples of units. These
prefixes, all of which were derived from Greek, Latin,
Spanish, and Danish terms, are listed in Table 1-2. A
length of 5 x 107° m, for example, may be written as
5 nm.

In electromagnetics we work with scalar and vector
quantities. In this book we use a medium-weight italic
font for symbols (other than Greek letters) denoting scalar
quantities, such as R for resistance, whereas we use a
boldface roman font for symbols denoting vectors, such
as E for the electric field vector. A vector consists of
a magnitude (scalar) and a direction, with the direction
usually denoted by a unit vector. For example,

E = RE, (1.1

where E is the magnitude of E and X is its direction.
Unit vectors are printed in boldface with a circumflex ()
above the letter.

Table 1-2: Multiple and submultiple prefixes.

Prefix Symbol Magnitude
exa E 1018
peta P 101
tera T 1012
giga G 10°
mega M 108
kilo k 10
milli m 1073
micro u 10-6
nano n 1079
pico p 10712
femto f 10-15
atto a 10718

Throughout this book, we make extensive use of
phasor representation in solving problems involving
electromagnetic quantities that vary sinusoidally in time.
Letters denoting phasor quantities are printed with a tilde
(~) over the letter. Thus, E is the phasor electric field
vector corresponding to the instantaneous electric field
vector E(¢). This notation is discussed in more detail in
Section 1-6.

1-2 The Nature of Electromagnetism

Our physical universe is governed by four fundamental
forces of nature:

Thenuclear force, which is the strongest of the four,
but its range is limited to submicroscopic systems,
such as nuclei.

o The weak-interaction force, whose strength is only
10~ that of the nuclear force. Its primary role is in
interactions involving certain radioactive elementary
particles.
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CHAPTER 1 INTRODUCTION: WAVES AND PHASORS

e The electromagnetic force, which exists between
all charged particles. It is the dominant force in
microscopic systems, such as atoms and molecules,
and its strength is on the order of 1072 that of the
nuclear force.

e The gravitational force, which is the weakest of
all four forces, having a strength on the order of
10~#! that of the nuclear force. However, it is the
dominant force in macroscopic systems, such as the
solar system.

Our interest in this book is with the electromagnetic force
and its consequences. Even though the electromagnetic
_force operates at the atomic scale, its effects can be
transmitted in the form of electromagnetic waves that
can propagate through both free space and material
media. The purpose of this section is to provide an
overview of the basic framework of electromagnetism,
which consists of certain fundamental laws governing the
electric and magnetic fields induced by static and moving
electric charges, respectively, the relations between the
electric and magnetic fields, and how these fields interact
with matter. As a precursor, however, we will take
advantage of our familiarity with the gravitational force
by describing some of its properties because they provide
a useful analogue to those of the electromagnetic force.

1-2.1 The Gravitational Force: A Useful
Analogue

According to Newton’s law of gravity, the gravitational
forceFy,, actingonmassm;duetoamassm atadistance Ry,
fromm, as depicted in Fig. 1-2, is given by

Fg, = —Rp ), (12)

where G istheuniversal gravitational constant, R, isaunit
vector that points from m to m3, and the unit for force is
newton (N). Thenegativesignin Eq. (1.2) accounts for the
fact that the gravitational force is attractive. Conversely,
F 82 — —F

where F _ is the force acting on mass m

821

Fga .

Figure 1-2: Gravitational forces between two masses.

Figure 1-3: Gravitational field ¥ ; induced by a mass m.

due to the gravitational pull of mass m,. Note that the first
subscript of F denotes the mass experiencing the force
and the second subscript denotes the source of the force.
The force of gravitation acts at a distance; that is, the
two objects do not have to be in direct contact for each
to experience the pull by the other. This phenomenon
of direct action at a distance has led to the concept of
fields. An object of mass m; induces a gravitational
field ¥ (Fig. 1-3) that does not physically emanate from
the object, but its influence exists at every point in space
such that if another object of mass m, were to exist at a
distance R;; from object m; then the second object m,
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1.2 THE NATURE OF ELECTROMAGNETISM

would experience a force acting on it equal in strength to
that given by Eq. (1.2). Ata distance R from m , the field
W is a vector defined as

A Gm1
¥1=—R

(N/kg), (1.3)

where R is a unit vector that points in the radial direction
away from object m1, and therefore —R points toward m .
The force due to i, acting on a mass ms at a distance
R = Ry, along the direction R= R12 is

A Gm1m2
F,, =v¥im»=—Rp

(1.4)
b

The field concept may be generalized by defining the
gravitational field ¥ at any point in space such that, when
a test mass m is placed at that point, the force Fy acting
onm is related to ¥ by

v = Fe | (1.5)
m

The force F, may be due to a single mass or a distribution
of many masses.

1-2.2 Electric Fields

Theelectromagnetic force consists of anelectrical force Fe
and a magnetic force F,. The electrical force Fe is similar
to the gravitational force, but with a major difference. The
source of the gravitational field is mass, and the source
of the electrical field is electric charge, and whereas
both types of fields vary inversely as the square of the
distance from theirrespective sources, electric charge may
have positive or negative polarity, whereas mass does not
exhibit such a property.

We know from atomic physics that all matter contains
a mixture of neutrons, positively charged protons, and
negatively charged electrons, with the fundamental
quantity of charge being that of a single electron, usually
denoted by the letter e. The unit by which electric charge
is measured is the coulomb (C), named in honor of the

eighteenth-century French scientist Charles Augustin de
Coulomb (1736-1806). The magnitude of e is

e=16x10"Y (C). (1.6)

The charge of a single electron is g. = —e and that of
a proton is equal in magnitude but opposite in polarity:
gp = e. Coulomb’s experiments demonstrated that:

(1) two like charges repel one another, whereas two
charges of opposite polarity attract,

(2) the force acts along the line joining the charges, and

(3) its strength is proportional to the product of
the magnitudes of the two charges and inversely
proportional to the square of the distance between
them.

These properties constitute what today is called
Coulomb’s law, which can be expressed mathematically
by the following equation:

A

Fe,, Rp (N) (infree space), (1.7)

where Fe,, is the electrical force acting on charge g2
due to charge q1, Ry, is the distance between the two
charges, Ry is a unit vector pointing from charge ¢, to
c sal constantcalled the
e [eo = 8.854 x 10712
farad per meter (F/m)]. The two charges are assumed to be
i eespace(vacuum)andisolated fromall other charges.
The force Fe,, acting on charge ¢; due to charge g2 is
equal to force Fe,, in magnitude, but opposite in direction;

on q-(1.7)fortheel rce
th Eq.(1.2)for the nal
force, and we can extend the analogy further by defining
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CHAPTER 1 INTRODUCTION: WAVES AND PHASORS

FelZ

Figure 1-4: Electric forces on two positive point changes
in free space.

Figure 1-5: Electric field E due to charge q.

the existence of an electric field intensity E due to any
charge g as follows:

q

E=R
47T80R2

(V/m) (infreespace), (1.8)

where R is the distance between the charge and the
observation point, and R is the radial unit vector pointing
away from the charge. Figure 1-5 depicts the electric-field
lines due to a positive charge. Forreasons that will become
apparent in later chapters, the unit for E is volt per meter
(V/m).

Electric charge exhibits two important properties. The
first is the law of conservation of electric charge, which
states that the (net) electric charge can neither be created
nor destroyed. 1f a volume contains 7, protons and ne
electrons, then the total charge is

q = npe —nee = (ny —nede  (O). (1.9)

Even if some of the protons were to combine with
an equal number of electrons to produce neutrons or
other elementary particles, the net charge g remains
unchanged. In matter, the quantum mechanical laws
governing the behavior of the protons inside the atom’s
nucleus and the electrons outside it do not allow them to
combine.

The second important property of electric charge is the
principle of linear superposition, which states that he
total vector electric field at a point in space due to a
system of point charges is equal to the vector sum of the
electric fields at that point due to the individual charges.
This seemingly simple concept will allow us in future
chapters to compute the electric field due to complex
distributions of charge without having to be concerned
with the forces acting on each individual charge due to
the fields by all of the other charges.

The expression given by Eq. (1.8) describes the field
induced by an electric charge when in free space. Let
us now consider what happens when we place a positive
point charge in a material composed of atoms. In the
absence of the point charge, the material is electrically
neutral, with each atom having a positively charged
nucleus surrounded by a cloud of electrons of equal but
opposite polarity. Hence, at any point in the material
not occupied by an atom the electric field E is zero.
Upon placing a point charge in the material, as shown
in Fig. 1-6, the atoms experience forces that cause them
to become distorted. The center of symmetry of the
electron cloud is altered with respect to the nucleus, with
one pole of the atom becoming more positively charged
and the other pole becoming more negatively charged.
Such a polarized atom is called an electric dipole, and
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Figure 1-6: Polarization of the atoms of a dielectric
material by a positive charge g.

the distortion process is called polarization. The degree
of polarization depends on the distance between the
atom and the isolated point charge, and the orientation
of the dipole is such that the dipole axis connecting
its two poles is directed toward the point charge, as
illustrated schematically in Fig. 1-6. The net result of
this polarization process is that the electric dipoles of
the atoms (or molecules) tend to counteract the field due
to the point charge. Consequently, the electric field at
any point in the material would be different from the
field that would have been induced by the point charge
in the absence of the material. To extend Eq. (1.8)
from the free-space case to any medium, we replace the
permittivity of free space gy with &, where ¢ is now the
permittivity of the material in which the electric field is
measured and is therefore characteristic of that particular
material. Thus,

~ g
E=R—— V/m). 1.10
4reR? (Vim) (1.10)
Often, ¢ is expressed in the form
e =¢ggy (F/m), 1.1

where &, is a dimensionless quantity called the relative
permittivity or dielectric constant of the material. For
vacuum, &; = 1; for air near Earth’s surface, ¢, = 1.0006;
and for materials that we will have occasion to use in this
book, their values of ¢; are tabulated in Appendix B.

In addition to the electric field intensity E, we will often
find it convenient to also use a related quantity called the
electric flux density D, given by

D=¢E (C/m?), (1.12)

and its unit is coulomb per square meter (C/m?). These
two electrical quantities, E and D, constitute one of two
fundamental pairs of electromagnetic fields. The second
pair consists of the magnetic fields discussed next.

1-2.3 Magnetic Fields

As early as 800 B.C., the Greeks discovered that certain
kinds of stones exhibit a force that attracts pieces of iron.
These stones are now called magnefite (Fe;04) and the
phenomenon they exhibit is magnetism. In the thirteenth
century, French scientists discovered that, when a needle
was placed on the surface of a spherical natural magnet,
the needle oriented itself along different directions for
different locations on the magnet. By mapping the
directions taken by the needle, it was determined that the
magnetic force formed magnetic-field lines that encircled
the sphere and appeared to pass through two points
diametrically opposite each other. These points, called
the north and south poles of the magnet, were found
to exist for every magnet, regardless of its shape. The
magnetic-field pattern of a bar magnet is displayed in
Fig. 1-7. It was also observed that like poles of different
magnets repel each other and unlike poles attract each
other. This attraction-repulsion property is similar to the
electric force between electric charges, except for one
important difference: electric charges can be isolated,
but magnetic poles always exist in pairs. If a permanent
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Figure 1-7: Pattern of magnetic field lines around a bar
magnet.

magnet is cut into small pieces, no matter how small each
piece is, it will always have a north and a south pole.

The magnetic lines encircling a magnet are called
magnetic-field lines and represent the existence of a
magnetic field called the magnetic flux density B. A
magnetic field not only exists around permanent magnets
butcanalso be created by electric current. Thisconnection
betweenelectricity and magnetism was discoveredin 1819
by the Danish scientist Hans Oersted (1777-1851), who
found that an electric current in a wire caused a compass
needle placed in its vicinity to deflect and that the needle
turned so that its direction was always perpendicular to
the wire and to the radial line connecting the wire to the
needle. From these observations, it was deduced that
the current-carrying wire induced a magnetic field that
formed closed circular loops around the wire, asillustrated
in Fig. 1-8. Shortly after Oersted’s discovery, French
scientists Jean Baptiste Biot and Felix Savart developed
an expression that relates the magnetic flux density B ata
pointinspacetothecurrent / inthe conductor. Application

Figure 1-8: The magnetic field induced by a steady
current flowing in the z-direction.

of their formulation, known today as the Biot—Savart law,
to the situation depicted in Fig. 1-8 for a very long wire
leadsto theresultthat the magnetic flux density Binduced
by a constant current / flowing in the z-direction is given
by
~ ol
B=¢— (D), (1.13)
2mr

where r is the radial distance from the current and 43 is an
azimuthal unit vector denoting the fact that the magnetic
field direction is tangential to the circle surrounding the
current, as shown in Fig. 1-8. The magnetic field is
measured in tesla (T), named in honor of Nikola Tesla
(1856-1943), a Croatian-American electrical engineer
whose work on transformers made it possible to transport
electricity over long wires without too much loss. The
quantity wg is called the magnetic permeability of free
space [y = 4m x 1077 henry per meter (H/m)], and it
is analogous to the electric permittivity &o. In fact, as we
will see in Chapter 2, the product of g and o specifies c,
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1-2 THE NATURE OF ELECTROMAGNETISM

the velocity of light in free space, as follows

1
A/ Ho€o

=3x 108

c= (m/s).  (1.14)

The majority of natural materials are nonmagnetic,
meaning that they exhibit a magnetic permeability
w = po. For ferromagnetic materials, such as iron and
nickel, © can be much larger than wo. The magnetic
permeability u accounts for magnetization properties of
a material. In analogy with Eq. (1.11), w of a particular
material can be defined as

W= o (H/m), (1.15)

where u; is a dimensionless quantity called the relative
magnetic permeability of the material. The values of u;
for commonly used ferromagnetic materials are given in
Appendix B.

We stated earlier that E and D constitute one of two pairs
of electromagnetic field quantities. The second pair is B
and the magnetic field intensity H, which are related to
each other through p:

B=uH (1.16)

1-2.4 Static and Dynamic Fields

Because the electric field E is governed by the charge g
and the magnetic field H is governed by I = dq/dt,
and since g and dq/dt¢ are independent variables, the
induced electric and magnetic fields are independent of
one another as long as I remains constant. To demonstrate
the validity of this statement, consider for example a small
section of a beam of charged particles that are moving
at a constant velocity. The moving charges constitute a
d-c current. The electric field due to that section of the
beam is determined by the total charge g contained in that

11

section. The magnetic field does not depend on g, but
rather on the rate of charge (current) flowing through that
section. Few charges moving very fast can constitute the
same current as many charges moving slowly. Inthesetwo
cases the induced magnetic field will be the same because
the current / is the same, but the induced electric field will
be quite different because the numbers of charges are not
the same.

Electrostatics and magnetostatics, corresponding to
stationary charges and steady currents, respectively,
are special cases of electromagnetics. They represent
two independent branches, so characterized because the
induced electric and magnetic fields are uncoupled to each
other. Dynamics, the third and more general branch of
electromagnetics, involves time-varying fields induced
by time-varying sources, that is, currents and charge
densities. If the current associated with the beam of
movingchargedparticles varies withtime, thentheamount
of charge present in a given section of the beam also varies
with time, and vice versa. As we will see in Chapter 6,
the electric and magnetic fields become coupled to each
otherinthatcase. Infact, a rime-varying electric field will
generate a time-varying magnetic field, and vice versa.
Table 1-3 provides a summary of the three branches of
electromagnetics.

The electric and magnetic properties of materials are
characterized by the two parameters € and i, respectively.
A third fundamental parameter is also needed, the
conductivity of amaterial o, whichis measured in siemens
per meter (S/m). The conductivity characterizes the
ease with which charges (electrons) can move freely in
a material. If 0 = 0, the charges do not move more
than atomic distances and the material is said to be a
perfect dielectric, and if 0 = oo, the charges can move
very freely throughout the material, which is then called a
perfect conductor. The material parameters &, i, and o
are often referred to as the constitutive parameters of a
material (Table 1-4). Amediumissaidtobehomogeneous
if its constitutive parameters are constant throughout the
medium.
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12 CHAPTER 1 INTRODUCTION: WAVES AND PHASORS

Table 1-3: The three branches of electromagnetics.

| Branch | Condition [ Field Quantities (Units) |
Electrostatics Stationary charges Electric field intensity E (V/m)
(9g/8t = 0) Electric flux density D (C/m?)
D =¢E
Magnetostatics Steady currents Magnetic flux density B (T)
(a1/0t = 0) Magnetic field intensity H (A/m)
B=uH
Dynamics Time-varying currents E,D,B,and H
(Time-varying fields) (81/0t # 0) (E, D) coupled to (B, H)

Table 1-4: Constitutive parameters of materials.

| Parameter [ Units | Free-space Value |

Electrical permittivity s | F/m | go =8.854 x 1072 (F/m)

1 -9
~ = x 1077 (B/m)

Magnetic permeability . | H/m wo = 4w x 1077 (H/m)

Conductivity o S/m 0

1-3 Traveling Waves
REVIEW QUESTIONS

| Q1.1 Whatare the four fundamental forces of nature and
what are their relative strengths?

Waves are a natural consequence of many physical
processes: waves and ripples on oceans and lakes; sound
waves that travel through air; mechanical waves on
Q1.2 Whatis Coulomb’s law? State its properties. stretched strings; electromagnetic waves that constitute

(1.3 What are the two important properties of electric light; earthquake waves; and many others. All these
charge? various types of waves exhibit a number of common

Q1.4 What do the electrical permittivity and magnetic properties, including the following:

permeability of a material account for?

(1.5 What are the three branches and associated

conditions of electromagnetics?

e Moving waves carry energy from one point 0
another:

e Waves have velocity; it takes time for a wave to travel
from one point to another. In vacuum, light waves
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1-3 TRAVELING WAVES

travel ata speed of 3 x 10® m/s and sound waves in air
travel ataspeed approximately a million times slower,
specifically 330 m/s.

Some waves exhibit a property called linearity.
Waves that do not affect the passage of other waves
are called linear because they pass right through
each other, and the total of two linear waves is
simply the sum of the two waves as they would exist
separately. Electromagnetic waves are linear, as are
sound waves. When two people speak to one another,
their sound waves do not reflect from one another,
but simply pass through independently of each other.
Water waves are approximately linear; the expanding
circles of ripples caused by two pebbles thrown into
two locations on a lake surface do not affect each
other. Although the interaction of the two circles may
exhibit a complicated pattern, it is simply the linear
superposition of two independent expanding circles.

Waves are of two types: fransient waves caused by
a short-duration disturbance and continuous harmonic
waves generated by an oscillating source. We will
encounter both types of waves in this book, but most of
ourdiscussion will deal with the propagation of continuous
waves that vary sinusoidally with time.

An essential feature of a propagating wave is that it
is a self-sustaining disturbance of the medium through
which it travels. If this disturbance varies as a function
of one space variable, such as the vertical displacement
of the string shown in Fig. 1-9, we call the wave a
one-dimensional wave. The vertical displacement varies
with time and with the location along the length of
the string. Even though the string rises up into a
second dimension, the wave is only one-dimensional
because the disturbance varies with only one space
variable. A two-dimensional waye propagates out across
a surface, like the ripples on a pond [Fig. 1-10(a)], and
its disturbance can be described by two space variables.
And by extension, a three-dimensional wave propagates

13

Figure 1-9: A one-dimensional wave traveling on a
string.

through a volume and its disturbance may be a function
of all three space variables. Three-dimensional waves
may take on many different shapes; they include plane
waves, cylindrical waves, and spherical waves. A plane
wave is characterized by a disturbance that at a given
point in time has uniform properties across an infinite
plane perpendicular to the direction of wave propagation
[Fig. 1-10(b)] and, similarly, for cylindrical and spherical
waves the disturbances are uniform across cylindrical and
spherical surfaces, as shown in Figs. 1-10(b) and (c).

In the material that follows, we will examine some of
the basic properties of waves by developing mathematical
formulations that describe their functional dependence on
time and space variables. To keep the presentation simple,
we will limitour presentdiscussion to sinusoidally varying
waves whose disturbances are functions of only one space
variable, and we will defer discussion of more complicated
waves to later chapters.
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Two-dimensional wave

(a) Circular waves

spherical wave.

Cylindrical wavefront

Plane wavcfron[)

(b) Plane and cylindrical waves

Figure 1-10: Examples of two-dimensional and three-dimensional waves: (a) circular waves on a pond, (b) a plane light
wave exciting a cylindrical light wave through the use of a long narrow slit in an opaque screen, and (c) a sliced section of a

Spherical wavefront

(c) Spherical wave

1-3.1 Sinusoidal Wave in a Lossless Medium

Regardless of the mechanism responsible for generating
them, all waves can be described mathematically in
common terms. By way of an example, let us consider
a wave traveling on a lake surface. A medium is said to
be lossless if it does not attenuate the amplitude of the
wave traveling within it or on its surface. Let us assume
for the time being that frictional forces can be ignored,
thereby allowing a wave generated on the water surface
to travel indefinitely with no loss in energy. If y denotes
the height of the water surface relative to the mean height
(undisturbed condition) and x denotes the distance of wave
travel, the functional dependence of y on time ¢ and the
spatial coordinate x has the general form

2nt  2mx

y(x,t):Acos(T—T+¢o) (m), (1.17)

where A is theamplitude of the wave, T isits time period,
A is its spatial wavelength, and ¢y is a reference phase.

The quantity y(x, t) can also be expressed in the form

y(x, 1) = Acos ¢ (x, 1), (1.18)

where
5 = <2nt B 27 x q 119
oED=\F 5 +,¢.°) iag (G

The angle ¢ (x, ¢) is called the phase of the wave, and it
should not be confused with the reference phase ¢y, which
is constant with respect to both time and space. Phase is
measured by the same units as angles, that is, radians (rad)
or degrees, with 2 radians = 360°.

Let us first analyze the simple case when ¢ = 0:

2wt 2mx

,y=Acos| — — — m). 1.20
y(x, 1) ( T . ) (m).  (1.20)
The plotsinFig. 1-11 show the variationof y (x, t) withx at
¢t = 0 and with ¢ at x = 0. The wave pattern repeats itself
at a spatial period A along x and at a temporal period T
along t.
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y(x, 0)
A
: ' Lo x
0 A A 3
2 2
Y| .
e A >
(a) y(x, ) versusxatt=0
¥0, 1)
A

(b) y(x, ) versus fatx =0

2t 2rx

Figure 1-11: Plots of y(x, ) = Acos (T - T) asa
function of (a) x att = O and (b) t at x = 0.

If we take time snapshots of the water surface, the
height profile y(x) would exhibit the sinusoidal patterns
shown in Fig. 1-12. For each plot, corresponding to a
specific value of ¢, the spacing between peaks is equal
to the wavelength A, but the patterns are shifted relative
to one another because they correspond to different
observation times. Because the pattern advances along
the +x-direction at progressively increasing values of ¢,
the height profile behaves like a wave traveling in that
direction. If we choose any height level, such as the
peak P, and follow it in time, we can measure the phase
velocity of the wave. The peak corresponds to when the
phase ¢ (x, t) of the waveisequal tozero ormultiples of 27
radians. Thus,

2mt 2mx

Ly VS
T A

n=20,1,2,... (1.21)

ox, )=

y(x, 0) Rrpproo
A P
-
A 3A
—Al \%/ \%/
\ (@) t=
\-»up
y(x, T/4) \ ‘

V\f\

4 NS

\\ \ (b) t=T/4
\
y(x, T/2) ‘
T \ /fg
© t=TP

Figure 1-12: Plots of y(x,t) = Acos (—2¥—’ — %TX) as
a functionof x at(a) t = 0, (b)t = T/4,and (c) t =
T /2. Note that the wave moves in the +x-direction with
a velocity up = A/T.

Had we chosen any other fixed height of the wave, say yg,
and monitored its movement as a function of ¢ and x, this
again is equivalent to setting the phase ¢ (x, t) constant
such that

(1.22)

2t 27rx>

) =yo=Acos | — — —
y(x, 1) =y CO(T T
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or
2t 2mx _1 (Yo
—— — —— = CO0S (—) = constant.
T A A
The apparent velocity of that fixed height is obtained by
taking the time derivative of Eq. (1.23),
2 27 d
TSIy, (1.24)
T A dt

which gives thephase velocity uj as

(1.23)

dx A
m/s).
ooa T (m/s)

(1.25)

The phasc velocity, also called the propagation velocity,
is the velocity of the wave pattern as it moves across the
watersurface. The wateritself mostly movesup and down;
when the wave moves from one point to another, the water
does not move physically along with it.

The direction of wave propagation is easily determined
byinspectingthesignsofthe? and x termsintheexpression
forthephase ¢ (x, t) givenby Eq.(1.19): if one of the signs
is positive and the other is negative, then the wave is
traveling in the positive x-direction, and if both signs are
positive or both are negative, then the wave is traveling in
the negative x-direction. The constant phase reference ¢
has no influence on either the speed or the direction of
wave propagation.

Th quency of a sinusoidal wave, f, is the reciprocal
of its time period T':

f:% (Hz). (1.26)

Combining the preceding two equations gives the relation

up = fr (mfs). (1.27)
The wave frequency f, which is measured in cycles per
second, has been assigned the unit (Hz) (pronounced

CHAPTER 1 INTRODUCTION: WAVES AND PHASORS

“hertz”), namedinhonor of the German physicist Heinrich
Hertz (1857-1894), who pioneered the development of
radio waves.

Using Eq. (1.26), Eq. (1.20) can be rewritten in the
shortened form as

y(x,t) = Acos (2nft - 27”)6)
= A cos(wt — Bx), (1.28)

where w is the angular velocity of the wave and B is its
phase constant (orwavenumber), defined as

w=2xf  (radls), (1.29a)
2
B = N (rad/m). (1.29b)

In terms of these two quantities,

w
up = fA=—.
2
So far, we have examined the behavior of a wave traveling
in the +x-direction. To describe a wave traveling in the

—x-direction, we reverse the sign of x in Eq. (1.28):

(1.31)

(1.30)

y(x,t) = Acos(wt + Bx).

We now examine the role of the phase reference ¢
given previously in Eq. (1.17). If ¢ is not zero, then
Eq. (1.28) should be written as

y(x,t) = Acos(wt — Bx + ¢g).

A plot of y(x,¢) as a function of x at a specified ¢
or as a function of ¢ at a specified x will be shifted
in space or time, respectively, relative to a plot with
¢o = 0 by an amount ¢y. This is illustrated by the plots
shown in Fig. 1-13. We observe that when ¢y is positive,
y(¢) reaches its peak value, or any other specified value,
sooner than when ¢g = 0. Thus, the wave with ¢y = 7 /4
is said to lead the wave with ¢9 = 0 by a phase lead
of m/4; and similarly, the wave with ¢9 = —m/4 is
said to lag the wave with ¢9 = O by a phase lag of
/4. A wave function with a negative ¢g takes longer to

(1.32)
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reference wave A

¥
e
T

¢0=7f/4."'.

Reference wave (¢ =0)

Lags behind reference wave

—AL

Figure 1-13: Plots of y(0, t) = Acos[(2mt/T) + ¢o] for three different values of the reference phase ¢.

reach a given value of y(¢) than the zero-phase reference
function. When its value is positive, ¢ signifies a phase
lead in time, and when it is negative, it signifies a phase
lag.

1-3.2 Sinusoidal Wave in a Lossy Medium

If a wave is traveling in the x-direction in a lossy medium,
its amplitude will decrease as e~**. This factor is called
the attenuation factor, and « is called the attenuation
constant of the medium and its unit is neper per meter
(Np/m). Thus, in general,

y(x,t) = Ae™®* cps(wt — Bx + ¢o). (1.33)

The wave amplitude is now Ae™**, and not just A. Figure
1-14 shows a plot of y(x, ¢) as a function of x at t = O for
A=10m,A =2m,« = 0.2 Np/m, and ¢y = 0. Note
that the envelope of the wave pattern decreases as e~ **.
The real unit of « is (1/m); the neper (Np) part is
adimensionless, artificial adjective traditionally used as a
reminder that the unit (Np/m) refers to the attenuation
constant of the medium, . A similar practice is applied

to the phase constant 8 by assigning it the unit (rad/m)
instead of just (/m).

REVIEW QUESTIONS

Q1.6 Howcanyoutellifawaveistravelinginthe positive
x-direction or the negative x-direction?

Q1.7 How does the envelope of the wave pattern vary
with distance in (a) a lossless medium and (b) a lossy
medium?

Q1.8 Why does a negative value of ¢, signify a phase
lag?

Example 1-1  Sound Wave in Water

An acoustic wave traveling in the x-direction in a fluid
(liquid or gas) is characterized by a differential pressure
p(x,t). The unit for pressure is newton per square meter
(N/m?). Find an expression for p(x, t) for a sinusoidal
sound wave traveling in the positive x-direction in water,

INTEL-1014
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y(x)
A

10 m

—10m T

10e92% and its mirror image.

Figure 1-14: Plot of y(x) = (10e~%%* cos wx) meters. Note that the envelope is bounded between the curve given by

given that the wave frequency is 1 kHz, the velocity of
sound in wateris 1.5 km/s, the wave amplitudeis 10 N/m?,
and p(x, t) was observed to be at its maximum value at
t = 0 and x = 0.25 m. Treat water as a lossless medium.

Solution: According to the general form given by
Eq. (1.17) for a wave traveling in the positive x-direction,

o 2
et ¢0> (N/m?),

,HD=A
px,t) cos(T Ny

The amplitude A = 10 N/m?, T = 1/f = 107> s, and
fromu, = fA,

u 1.5 x 10°
k:—p=———= 1.5
I; 103 m

Hence,

4
p(x,t) = 10cos (271 x 10%1 — %x + ¢0)

(N/m?).

Since att = Oand x = 0.25m, p(0.25,0) = 10 N/m?,
we have

—4n
10 =10 cos (—3— 0.25 + ¢>0>
—7T
= 10cos (—3— + (bo) ,

which yields the result (¢ — 7/3) = cos™}(1), or
¢o = /3. Hence,

3 4 T 2
p(x,t) =10cos | 2m x 107t — Tx + 3 (N/m"®).
=]

Example 1-2  Power Loss

A laser beam of light propagating through the
atmosphere is characterized by an electric field intensity
given by

E(x,t) =

150e 799 ¢og(3 x 101t — 107x)  (V/m),
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1-4 THE ELECTROMAGNETIC SPECTRUM

where x is the distance from the source in meters. The
attenuation is due to absorption by atmospheric gases.
Determine (a) the direction of wave travel, (b) the wave
velocity, and (c) the wave amplitude at a distance of 200 m.

Solution: (a) Since the coefficients of ¢ and x in the
argument of the cosine function have opposite signs, the
wave must be traveling in the +x-direction.

(b)

o 3x10P
up:—z————

3 TR 3 x 10 mys,

which is equal to ¢, the velocity of light in free space.

(¢) Atx = 200 m, the amplitude of E (x, ) is

15007003x200 _ 37 (V/m).

EXERCISE1.1 Theelectricfield of atraveling electromag-
netic wave is given by

E(z,t) = 10cos(w x 107t + wz/15+7/6)  (V/m).
Determine (a) the direction of wave propagation, (b) the
wave frequency f, (c) its wavelength A, and (d) its phase
velocity up.

Ans. (a) —z-direction, (b) f = 5 MHz, (¢) A = 30 m,
(@) up = 1.5 x 10° mys.

EXERCISE1.2 Anelectromagnetic wave is propagating in
the z-directionin alossy medium with attenuation constant
o = 0.5 Np/m. If the wave’s electric-field amplitude is
100 V/m at z = 0, how far can the wave travel before its
amplitude will have beenreducedto(a) 10 V/m, (b) 1 V/m,
()1 uV/m?

Ans. (a)4.6m,(b)9.2m, (c)37 m.
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1-4 The Electromagnetic Spectrum

Visible light belongs to a family of waves called the
electromagnetic spectrum (Fig. 1-15). Other members
of this family include gamma rays, x rays, infrared
waves, and radio waves. Generically, they all are called
electromagnetic (EM) waves because they share the
following fundamental properties:

An EM wave consists of electric and magnetic field
intensities that oscillate at the same frequency f.

The phase velocity of an EM wave propagating in
vacuum is a universal constant given by the velocity
of light ¢, defined earlier by Eq. (1.14).

In vacuum, the wavelength A of an EM wave is related
to its oscillation frequency f by

G
f

(1.34)

Whereas all EM waves share these properties, each is
distinguished by its own wavelength A, or equivalently
by its own oscillation frequency f.

The visible part of the EM spectrum shown in Fig. 1-15
covers a very narrow wavelength range extending
between A = 0.4 um (violet) and A = 0.7 um (red). As
we move progressively toward shorter wavelengths, we
encounter the ultraviolet, x-ray, and gamma-ray bands,
each so named because of historical reasons associated
with the discovery of waves with those wavelengths. On
the other side of the visible spectrum lie the infrared band
and then the radio region. Because of the link between A
and f given by Eq. (1.34), each of these spectral ranges
may be specified in terms of its wavelength range or
alternatively in terms of its frequency range. In practice,
however, a wave is specified in terms of its wavelength A
if A < 1 mm, which encompasses all parts of the EM
spectrum except for the radio region, and the wave is
specified in terms of its frequency f if A > 1 mm (i.e.,
in the radio region). A wavelength of 1 mm corresponds
to a frequency of 3 x 10'! Hz = 300 GHz in free space.
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Figure 1-15: The electromagnetic spectrum.

The radio spectrum consists of several individual
bands, as shown in the chart of Fig. 1-16. Each band
covers one decade of the radio spectrum and has a
letter designation based on a nomenclature defined by
the International Telecommunication Union. Different
frequencies have different applications because they are
excited by different mechanisms, and the properties
of an EM wave propagating in a material may vary
considerably from one band to another. The extremely
low frequency (ELF) band from 3 to 30 Hz is used
primarily for the detection of buried metal objects. Lower
frequencies down to 0.1 Hz are used in magnetotelluric
sensing of the structure of the earth, and frequencies
in the range from 1 Hz to 1 kHz sometimes are used
for communications with submerged submarines and for
certain kinds of sensing of Earth’s ionosphere. The very
low frequency (VLF) region from 3 to 30 kHz is used both
for submarine communications and for position location
by the Omega navigation system. The low-frequency

(LF) band, from 30 to 300 kHz, is used for some forms
of communication and for the Loran C position-location
system. Some radio beacons and weather broadcast
stations used in air navigation operate at frequencies in
the higher end of the LF band. The medium-frequency
(MF) region from 300 kHz to 3 MHz contains the
standard AM broadcast band from 0.5 to 1.5 MHz.
Long-distance communications and short-wave broad-
casting over long distances use frequencies in the
high-frequency (HF) band from 3 to 30 MHz because
waves in this band are strongly affected by reflections
by the ionosphere and least affected by absorption in
the ionosphere. The next frequency region, the very
high frequency (VHF) band from 30 to 300 MHz, is
used primarily for television and FM broadcasting over
line-of-sight distances and also for communicating with
aircraft and other vehicles. Some early radio-astronomy
research was also conducted in this range. The ultrahigh
frequency (UHF) region from 300 MHz to 3 GHz is
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Frequency (Hz)
1012
Band

Extremely High Frequency
EHF (30 - 300 GHz)

Super High Frequency
SHF (3 - 30 GHz)

Ultra High Frequency
UHF (300 MHz - 3 GHz)

300 GHz

Microwave

1GHz 10°

Very High Frequency
VHF (30 - 300 MHz)

High Frequency
HF (3 - 30 MHz)

Medium Frequency
MF (300 kHz - 3 MHz)

Low Frequency
LK (30 - 300 kHz)

1MHz 109

Very Low Frequency
VLF (3 - 30 kHz)

Ultra Low Frequency
ULF (300 Hz - 3 kHz)

Super Low Frequency
SLF (30 - 300 Hz)

Extremely Low Frequency
ELF (3 - 30 Hz)

1kHz 103

1 Hz f<3Hz)
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Applications

Radar, advanced communication systems,
remote sensing, radio astronomy

Radar, satellite communication systems, aircraft
navigation, radio astronomy, remote sensing

TV broadcasting, radar, radio astronomy,
microwave ovens, cellular telephone

TV and FM broadcasting, mobile radio
communication, air traffic control

Short wave broadcasting

AM broadcasting

Radio beacons, weather broadcast stations
for air navigation

Navigation and position location

Audio signals on telephone

Ionospheric sensing, electric power
distribution, submarine communication

Detection of buried metal objects

Magnetotelluric sensing of the
earth's structure

Figure 1-16: Individual bands of the radio spectrum and their primary applications

extensively populated with radars, although part of this
band also is used for television broadcasting and mobile
communications with aircraft and surface vehicles. The
radars in this region of the spectrum are normally used for
aircraft detection and tracking. Some parts of this region
have been reserved for radio astronomical observation.
Many point-to-point radio communication systems and
various kinds of ground-based radars and ship radars

operate at frequencies in the superhigh frequency (SHF)
range from 3 to 30 GHz. Some aircraft navigation systems
operate in this range as well.

Most of the extremely high frequency (EHF) band
from 30 to 300 GHz is used less extensively, primarily
because the technology is not as well developed and
because of excessive absorption by the atmosphere in
some parts of this band. Some advanced communication

INTEL-1014
U.S. Patent 7,151,430



22

CHAPTER 1| INTRODUCTION: WAVES AND PHASORS

systems are being developed for operation at frequencies
in the “atmospheric windows,’ where atmospheric
absorption is not a serious problem, as are automobile
collision-avoidance radars and some military imaging
radar systems. These atmospheric windows include the
ranges from 30 to 35 GHz, 70 to 75 GHz, 90 to 95 GHz,
and 135 to 145 GHz.

Although no precise definition exists fortheextentofthe
microwave band, it is conventionally regarded to cover
the full ranges of the UHF, SHF, and EHF bands, with the
EHF band sometimes referred to as the millimeter-wave
band, because the wavelength range covered by this band
extends from 1 mm (300 GHz) to 1 cm (30 GHz).

REVIEW QUESTIONS

Q1.9 What are the three fundamental propetties of EM
waves?

Q1.10 What is the range of frequencies covered by the
microwave band?

Q1.11 What is the wavelength range of the visible
spectrum? What are some of the applications of the
infrared band?

1-5 Review of Complex Numbers

A complex number z is written in the form
z=x+Jy, (1.35)

where x and y are the real (Re) and imaginary (Jm) parts
of z, respectively, and j = ~/—1. Thatis,

x = Re(2), y = Jm(z). (1.36)
Alternatively, z may be written in polar form as
7 =lzle’® = |z|Z8 (1.37)

SHIIL(Z) x=lzlcos ¢
- =1zl sin 6
Y= S mE e )
1 Izl = ¥/x2 + y?
Izl ll 9 =tan~! (y/x)
|
[
6 |
b - 9{6(2)
Figure 1-17: Relation between rectangular and polar rep-
Ssentalions of a complex number z = x + jy = |zle?.

where |z| is the magnitude of z, ¢ is its phase angle,
and the form £ is a useful shorthand representation
commonly used in numerical calculations. Applying
Euler’s identity,

(eje = cosO + jsing, (1.38)

we can convert z from polar form, as in Eq. (1.37), into
rectangular form, as in Eq. (1.35),

z = |z]le!® = |z|cos@ + jlz|sinb, (1.39)
which leads to the relations
x = |z|cosb, y = |z| sin®, (1.40)
Iz] = Jx2+y2, 6= tan~' (y/x). (1.41)

The two forms are illustrated graphically in Fig. 1-17.
When using Eq. (1.41), care should be taken to ensure
that @ is in the proper quadrant. Also note that, since |z|
is a positive quantity, only the positive root in Eq. (1.41)
is applicable. This is denoted by the + sign above the
square-root sign.
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The complex conjugate of z, denoted with a star
superscript (or asterisk), is obtained by replacing j
(wherever it appears) with — j, so that

F=@4jy) =x—jy=lzle’? =714, (1.42)

The magnitude |z| is equal to the positive square root of
the product of z and its complex conjugate:

|zl = Yzzx. (1.43)

We now highlight some of the properties of complex
algebra that we will likely encounter in future chapters.

Equality: If two complex numbers z; and z; are given by

21 =x1+ jy1 = |zile!®, (1.44)
22=x + jy2 = |zale’®, (1.45)

then z; = zp ifand only if x; = xp and y; = y, or,
equivalently, |z1| = |z2| and 8; = 65.

Addition:
71+ 22 = (x1 +x2) + j (y1 + y2)- (1.46)
Multiplication.

2122 = (x1 + JyD)(x2 + jy2)
= (x1x2 — y1y2) + j(x1y2 + x2y1),  (1.472)

or

2122 = |z1]e/% - |z5]€/®
— |Z1||Z2|ej(91+92)

= |z1||z2|[cos(8; + 62) + j sin(8; + 6,)]. (1.47b)

Division: For z; # 0,

z1 X1+ jn
22 Xty
(1 +jy) (2 —jy)
(2 + jy2) (x2— jy2)
(x1x2 + y1y2) + J(eay1 — x1y2)

or
21 lzile/®
22 lzaled®
=@ej(01—02)
|z2]
[z1]

23

(1.482)

= |—[COS(9[ - 92) + ] sin(91 - 92)] (148b)

22|
Powers: For any positive integer n,

2" = (|zle’®)"
=|z|"e/™ = |z|"(cos nb + j sinnd),
22 = & |7] 1120792

= +|z|"*[cos(6/2) + j sin(6/2)].
Useful Relations:

—1=¢&7" =7 = 1480,
j=el"? =140,
—j =" = ¢TI = 1 [0
JJ = (T2 = ygint =1+ )
V2

—j=te T = =1-J) .
V2

(1.49)

(1.50)

(1.51)
(1.52)

(1.53)

(1.54)
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Example 1-3  Working with Complex Numbers
Given two complex numbers
V=3-—j4,
I=—2+j3).

(a) Express V and I in polar form, and find (b) VI, (¢)
VI*,(d)V/I,and () ~/1.

Solution
(a) V| = JVV*
= VB = jHC+jH=9+16=5,
6y = tan~!1(—4/3) = —53.1°,
V=Vl = 5¢7I9 1" = 5/-53.1°,
II|= Y22 +32 = Y13 =361
Since I = (—2—j3)is in the third quadrantinthe complex
plane [Fig. 1-18],
§; = 180° +tan™"' (3) = 236.3°,
] =3.61£2363.

(b) VI = 5¢77%1 x 3.61e/26%
— 18.05¢/ @6 3~519 = 18.05¢/!19%"

Sm

Figure 1-18: Complex numbers V and / in the complex
plane (Example 1-3).

CHAPTER 1 INTRODUCTION: WAVES AND PHASORS

(€) VI* =5¢77%31" x 3617136
= 18.05¢ /2894 = 18.05¢/70:

v o Senis

« T~ 3.61e/2363°
=1.39¢ /284 = 1.39¢/70¢
(e) VI= 3.61e/236%

+4/3.61 /236312 = +1.90¢/1181%

EXERCISE 1.3 Express the following complex functions
in polar form:

z1=(4— j3),
z=W@—j3)"".

Ans. 71 = 25/=131° 70 = :I:ﬁ /—184°
EXERCISE 1.4 Show that /2] = £(1+ j)

1-6 Review of Phasors

If the excitation, more commonly known as the forcing
t
r
equ hnosinusoidal functions, thereby simplifying
the of solution. After solving for the desired
variable, such as the voltage or current in a circuit,
conversion from the phasor domain back to the time

used for a

tion is any
(nonsinusoidal) periodic time function, such as a square
wave or a sequence of pulses. By expanding the forcing
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:

vs(t)é,)

&
L

Figure 1-19: RC circuit connected to a voltage source

vg ().

L

functionintoaFourier series of sinusoidal components, we
can solve for the desired variable using phasor analysis for
each Fourier componentof the forcing function separately.
According to the principle of superposition, the sum of
the solutions due to all of the Fourier components gives
the same result as one would obtain had the problem
been solved entirely in the time domain without the aid
of Fourier representation. The obvious advantage of the
phasor—Fourier approach is simplicity. Moreover, in the
case of nonperiodic source functions, such as a single
pulse, the functions can be expressed as Fourier integrals,
and a similar application of the principle of superposition
can be used as well.

The simple RC circuit shown in Fig. 1-19 contains a
sinusoidally time-varying voltage source given by

vs(t) = Vp sin(wt + ¢o), (1.55)

where Vj, is the amplitude, « is the angular frequency, and
¢y isareference phase. Applicationof Kirchhoft’s voltage
law gives the following loop equation:

Ri(t) + é / i(t) dt = vs(¢) (time domain). (1.56)

Our objective is to obtain an expression for the current
i(t). We can do this by solving Eg. (1.56) in the time
domain, which is somewhat cumbersome because the

forcing function vs(¢) is a sinusoid. Alternatively, we can
take advantage of the phasor technique as follows.

Step 1: Adopt a cosine reference

This means that we should express the forcing function
as a cosine, if not already in that form, and hence all
time-varying functions, such as the current in the circuit
and the voltages across R and C, will also have a cosine
reference. Thus,

vs(t) = Vo sin(wt + ¢o)
A
= Vycos (5 — wt — ¢0)

— Vycos (w + o — %) (157

where we used the properties sinx = cos(/2 — x) and
cos(—x) — cosx.

Step 2: Express time-dependent variables as phasors

Any cosinusoidally time-varying function z(t) can be
expressed in the form

2(t) = Re[Z /'], (1.58)

where Z is a time-independent function called the phasor
of the instantaneous function z(¢t). To distinguish
instantaneous quantities from their phasor counterparts,
a letter denoting a phasor is given a tilde (~) over the
letter. The voltage vs(¢) given by Eq. (1.57) can be castin
the form
g (1) = Re [Voe @+#0-7/D)]
— Re [Voej(tbo—?f/z)ejwl]
= Re [Viel'], (1.59)
where
Vo = Vpel/@o/2. (1.60)

The phasor VS, corresponding to the time function
vs(¢), contains amplitude and phase information but is
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independent of the time variable . Next we define the
unknown variable i (¢) in terms of a phasor I,

i(t) = Re(Ie!), (1.61)
and if the equation we are trying to solve contains

derivatives or integrals, we use the following two
properties:

di d .
= jot
dr _ dr [%(1 ¢ )]
d ..
= Re [E(Ief“”)]
= Re[jwlc/™], (1.62)
and
f idt = / Re(le/®) dt
= Re (/ Tel®t dt)
I .
= Re (,-w”) (1.63)
Jw

Thus, differentiation of the time function i (¢) is equivalent
to multiplication of its phasor / by jw, and integration is
equivalent to division by j.

Step 3: Recast the differential /integral equation in
phasor form

Upon using Egs. (1.59), (1.61), and (1.63) in Eq. (1.56),
we have

- 1 I ~
RRe(le/)+—="Re (—e"”') = Re(Vse/*"). (1.64)
C Jjow

CHAPTER 1 INTRODUCTION: WAVES AND PHASORS

Since both R and C are real quantities and the PRe( )
operation is distributive, Eq. (1.64) simplifies to

~ 1
IR+ ——
( * ij)

The time factor e/** has disappeared because it was
contained in all three terms. Equation (1.65) is the
phasor-domain equivalent of Eq. (1.56).

175 (phasor domain).  (1.65)

Step 4: Solve the phasor-domain equation

From Eq. (1.65) the phasor current Iis given by

- Vs

=z 1/(joC) (1.66)

Before we apply the next step, we need to convert the
right-hand side of Eq. (1.66) into the form Ipe’? with I
being a real quantity. Thus,

f:VoeW’O‘”/Z)[ joC ]

1+ joRC

= Vpe! (bo~7/2)

VowC
J1+ w?R2C?

ei(¢o—¢|), (1.67)

where we have used the identity j = ¢/7/2. The phase
angle ¢, = tan~!(wRC) and lies in the first quadrant of
the complex plane.
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1-6 REVIEW OF PHASORS

Step 5: Find the instantaneous value

To find i(z), we simply apply Eq. (1.61). That is, we
multiply the phasor I given by Eq. (1.67) by e/® and then
take the real part:

i() = Pe [iefw‘]
VowC

1 + w?R2C?
VowC
=—————— cos(wt +¢p — P1).
1+ w?R2C?

In summary, we converted all time-varying quantities into
the phasor domain, solved for the phasor / of the desired
instantaneous current i (¢), and then converted back to the
time domain to obtain an expression for i(¢). Table 1-5
provides a summary of some time-domain functions and

their phasor-doiain equivalents.

¢l (¢0—¢|)ejwtj|

(1.68)

RL Circuit

The voltage source of the circuit shown in Fig. 1-20 is
given by

ve(t) = 5sin(4 x 10% —30°) (V).

Example 1-4

(1.69)

Obtain an expression for the voltage across the inductor.

Solution: The voltage loop equation of the RL circuitis

Ri+L‘—ii=vs(Z). (1.70)
dt
; R=6Q
+
’ f
vs(2) v, L=02mH

——

Figure 1-20: RL circuit (Example 1-4).

27

Table 1-5: Time-domain sinusoidal functions E(t) and
their cosine;reference phasor-domain equivalents Z, where
z(t) = Re[Ze/*"].

z(t) Z
A cos wt <> A
A cos(wt + ¢p) <> Aeito
A cos(wt + Bx + ¢o) <> Ae) (Brteo)
Ae~% cos(wt + Bx + ¢g) €>  Ae~ el Bxtdo)
A sin wt <> AeIm/?
A sin(wt + ¢o) <> Aeio—7/2)
d (z1(1) < joZ
dar ! Jws
d .
—lAws( +¢o)] & juwheit
1 ~
f z (£) dt <> —7
Jjow
1 .
/ A sin{(wt + ¢o) dt > A @o—n/2)
Jw

Before converting Eq. (1.70) into the phasor domain, we
need to express Eq. (1.69) in terms of a cosine reference:

vs(£) = 5sin(4 x 10%t — 30°)

=5cos(4 x 10*r —120°) (V). (1.71)

The coefficient of ¢ specifies the angular frequency asw =
4 x 10* (rad/s). The voltage phasor corresponding to vs(¢)
is

Vo =5¢71% (v,
and the phasor equation corresponding to Eq. (1.70) is

RT + joLT = V.. (1.72)
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Solving for the current phasor 7 we have

5p—i120°

6+ j4x 10* x 2 x 1074

= = =0.5¢7 /170 (A).

The voltage phasor across the inductor is related to 1 by
VL = ja)LT
= j4x10% x 2 x 1074 x 0.5¢7/17"

— 4ej(90°—173 19) — 4e—j83.1° (V),

and the corresponding instantaneous voltage v (1) 1s
therefore

v(f) = Re [VLej“’t]
— Re [4e—j83.l°ej4x104:]

—4cos(4 x 10* —83.1°) (V).

REVIEW QUESTIONS

Q1.12 Why is the phasor technique useful? When is it
used? Describe the process.

used when the
iodic waveform,

How is the phasor
function is a non-sin
such as a train of pulses?

EXERCISE1.5 Aseries RL circuitisconnectedtoavoltage
. Find (a) the
current i (¢) for
s.

CHAPTER 1 INTRODUCTION: WAVES AND PHASORS

Ans. (a) I = 150/(R + jwL) = 0.3£=36% (A), (b)
i(t) = 0.3 cos(wt — 36.9°) (A).

EXERCISE 1.6 A phasor voltage is given by V = j5 V.
Find v(z).

Ans. v(t) = Scos(wt + m/2) = —Ssinwt (V).

CHAPTER HIGHLIGHTS

Electromagnetics is the study of electric and magnetic
phenomena and their engineering applications.

e The International System of Units consists of the six
fundamental dimenstons listed in Table 1-1. The units
of all other physical quantities can be expressed in
terms of the six fundamental units.

The four fundamental forces of nature are the nuclear,
weak-interaction, electromagnetic and gravitational
forces.

e The source of the electric field quantities E and D
is the electric charge ¢g. In a material, E
and D are related by D = ¢E, where ¢ is the
electrical permittivity of the material. In free space,
e =gp =~ (1/36m) x 107° (F/m).

The source of the magnetic field quantities B and
H is the electric current I. In a material, B
and H are related by B = pH, where u is the
magnetic permeability of the medium. In free space,
w = pg = 4m x 1077 (H/m).

o Electromagnetics consists of three branches: (1)elec-
trostatics, which pertains to stationary charges, 2)

ma atics, which pertains to steady currents, and
3) dynamics, which pertains to time-varying
currents.

A traveling wave is characterized by a spatial
wavelength A, a time period 7', and a phase velocity
up=A/T.
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PROBLEMS

An electromagnetic (EM) wave consists of oscillating
electric and magnetic field intensities and travels
in free space at the velocity of light ¢ = 1/,/gou0 -
The EM spectrum encompasses gamma rays, X rays,
visible light, infrared waves, and radio waves.

Phasor analysis is a useful mathematical tool for
solving problems involving time-periodic sources.

GLOSSARY OF IMPORTANT TERMS

Providedefinitions orexplain the meaning of the following
terms:

SI system of units

fundamental dimensions
Coulomb’s law

electric field intensity E

law of conservation of electric charge
principle of linear superposition
electric dipole

electric polarization

electrical permittivity &

relative permittivity or dielectric constant &,
electric flux density D
electrostatics

magnetostatics

magnetic flux density B
magnetic permeability u
velocity of light ¢

nonmagnetic materials
magnetic field intensity H
electrodynamics

conductivity o

perfect dielectric

perfect conductor

constitutive parameters
transient wave

continuous harmonic wave
wave amplitude

wave period T

29

wavelength A

reference phase ¢

phase velocity (propagation velocity) up
wave frequency f

angular velocity w

phase constant (wave number)
phase lag and lead

attenuation factor

attenuation constant «

EM spectrum

microwave band

complex number

Euler’s identity

complex conjugate

forcing function

phasor

instantaneous function

PROBLEMS
Section 1-3: Traveling Waves

1.1° A 4-kHz sound wave traveling in the x-direction in
air was observed to have a differential pressure p(x, t) =
5N/m?atx = 0and ¢ = 25 us. If the reference phase of
p(x,t)is42°, find a complete expression for p(x, ¢). The
velocity of sound in air is 330 m/s.

1.2 Forthe pressure wave described in Example 1-1, plot
the following:
(a) p(x,t)versusx att =0

(b) p(x,t)versustatx =0
Be sure to use appropriate scales for x and ¢ so that each
of your plots covers at least two cycles.

1.3* A harmonic wave traveling along a string is
generated by an oscillator that completes 120 vibrations
perminute. Ifitisobserved thatagivencrest, ormaximum,
travels 250 cmin 10 s, what is the wavelength?

* Answer(s) available in Appendix D.
" Solution available in CD-ROM.
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" 1.4 Two waves, y;(¢) and y,(¢), have identical
amplitudes and oscillate at the same frequency, but y,(¢)
leads y| (¢) by a phase angle of 60°. If

yi1(t) = 4cos(2m x 10°¢)

write the expression appropriate for y,(¢) and plot both
functions over the time span from O to 2 ms.

1.5° The height of an ocean wave is described by the
function

y(x,t) = 1.5sin(0.5t — 0.6x)  (m)

Determine the phase velocity and wavelength, and then
sketch y(x,t) at ¢ = 2s over the range fromx = 0 to
x = 2A.

Y 1.6 A wave traveling along a string in the +x-direction
is given by

yi(x,t) = Acos(wt — Bx)

where x = Oistheend of the string, whichis tied rigidly to
awall, as shown in Fig. 1-21. When wave y; (x, t) arrives
at the wall, a reflected wave y,(x, t) is generated. Hence,
at any location on the string, the vertical displacement ys
is the sum of the incident and reflected waves:

yS(x’ t) . yl(X, t) ‘|‘}’2(x» t)

(a) Write an expression for y,(x, t), keeping in mind its
direction of travel and the fact that the end of the string
cannot move.

(b) Generate plots of y; (x, t), y2(x, t) and ys(x, t) versus
x over the range —2A < x < Qatwt = 7 /4 and at
wt =1/2.

Incident Wave

Figure 1-21: Wave on a string tied to a wall at x = 0
(Problem 1.6).

1.7* Two waves on a string are given by the following
functions:

yi(x,t) =3cos(20t —30x) (cm)
ya(x, 1) = —3cos(20¢ + 30x)  (cm)

where x is in centimeters. The waves are said to interfere

constructively when their superposition |ys| = |y; + y2|

is a maximum, and they interfere destructively when |y;|

is a minimum.

(a) What are the directions of propagation of waves
y1(x,t) and y»(x, £)?

(b) Att = (;t/50) s, at what location x do the two waves

interfere constructively, and whatis the corresponding
value of | ys|?

(¢) Att = (;t/50) s, at what location x do the two waves
interfere destructively, and what is the corresponding
value of | ys|?

1.8 Give expressions for y(x, ) for a sinusoidal wave
traveling along a string in the negative x-direction, given
that ymax = 20cm, A = 30 cm, f = 5Hz, and

(a) y(x,0)=0atx =0
(b) y(x,0) =0atx =7.5cm
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PROBLEMS

1.9* An oscillator that generates a sinusoidal wave on a
string completes 20 vibrations in 30 s. The wave peak is
observed to travel a distance of 2.8 m along the string in
5s. What is the wavelength?

1.10 The vertical displacement of a string is given by the
harmonic function:

y(x,t) =5cos(12mt —20mx)  (m)

where x is the horizontal distance along the string in
meters. Suppose a tiny particle were attached to the string
atx = Scm. Obtain an expression for the vertical velocity
of the particle as a function of time.

1.11* Given two wavcs characterized by the following:

y1(t) =6 coswt
y2(t) = 6 sin(wt + 30°)

does y(¢) lead or lag y; (r) and by what phase angle?

1.12 The voltage of an electromagnetic wave traveling
on a transmission line is given by

v(z, 1) = 3¢~ sin@r x 10° — 107z) (V)

where z is the distance in meters from the generator.

(a) Find the frequency, wavelength, and phase velocity of
the wave.

(b) Atz = 2 m, the amplitude of the wave was measured
tobe 1 V. Find «.

1.13* A certain electromagnetic wave traveling in
seawater was observed to have an amplitude of 19.025
(V/m) at a depth of 10 m, and an amplitude of 12.13 (V/m)
at a depth of 100 m. What is the attenuation constant of
seawater?

31

Section 1-5: Complex Numbers

1.14 Evaluate each of the following complex numbers
and express the result in rectangular form:

(a) z) = 3e/™/*
(b) zp = /3 /% /*
(¢) z3=2e /72

(d) z4 = j°
() zs=j*
() z6 = (1 — j)*

@ z7=(1-)N"
1.15* Complex numbers z; and z; are given by the
following:

1= 3 — ]2

Zp=—4+j2

(a) Express z; and z; in polar form.

(b) Find |z;| by first applying Eq. (1.41) and then by
applying Eq. (1.43).

(c) Determine the product z1z, in polar form.

(d) Determine the ratio 7, /z; in polar form.

(e) Determine z] in polar form.

1.16 Ifz = —2+ j3, determine the following quantities

in polar form:

(a) 1/z

() 2*

(©) lz|?

(d) Jm{z}

(e) Tm{z*}

1.17* Find complex numbers ¢t = 2z; + 2 and

s = 7| — 22, both in polar form, for each of the following

pairs:

(a) z; =2+ j3andz, =1 — j2

(b) z; =2andz, = —j2
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(¢) 71 = 3/30° and z, = 3.£=30°
% (d) z; = 3430 and z, = 3/=150°

1.18 Complex numbers z; and z are given by the
following:

21 =5ﬂ
7y = 2 /45°

(a) Determine the product z;z in polar form.
(b) Determine the product z;z} in polar form.

% (¢) Determine the ratio z; /z; in polar form.
(d) Determine the ratio z}/z3 in polar form.
(e) Determine ,/z; in polar form.

1.19" Ifz = 3 — j4, find the value of In(z).
1.20 Ifz =3 — j4,find the value of e?.

Section 1-6: Phasors

1.21" A voltage source given by

vs(f) = 10cos(2 x 10% —30°) (V)

is connected to a series RC load as shown in Fig. 1-19.
If R = 1 MQ and C = 100 pF, obtain an expression for
ve(t), the voltage across the capacitor.
1.22  Find the phasors of the following time functions:
(a) v(t) = 3cos(wt —/4) (V)
(b) v(?) = 12sin(wt + 7/4) (V)
() i(x,t) = de 3 sin(wt — 7/6) (A)

T(d) i(t) = —2cos(wt + 37/4) (A)
(e) i(t) = 2sin(wt + 7/3) + 3 cos(wt — 7/6) (A)
1.23" Find the instantaneous time sinusoidal functions
corresponding to the following phasors:
(a) V = —3e/7/3 (V)
(b) V = j6ei™* (V)
(© T=03+j9 @&

CHAPTER I INTRODUCTION: WAVES AND PHASORS

w(d) I = -3+ j2 (A)
(e) I'=j(A)
(f) I.=2e3/* (A)
1.24 A series RLC circuit is connected to a generator
with a voltage vs(t) = Vj cos(wr + 7/3) (V).
(a) Write the voltage loop equation in terms of the current
i(t),R,L,C,and vs(t).
(b) Obtain the corresponding phasor-domain equation.

(¢) Solve the equation to obtain an expression for the
phasor current /.
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2-1 General Considerations

In most electrical engineering curricula, the study of
electromagnetics is preceded by one or more courses
on electrical circuits. In this book, we use this
background to build a bridge between circuit theory
and electromagnetic theory. The bridge is provided by
transmission lines, the topic of this chapter. By modeling
the transmission line in the form of an equivalent circuit,
we can use Kirchhoff’s voltage and current laws to
develop wave equations whose solutions provide an
understanding of wave propagation, standing waves, and
power transfer. Familiarity with these concepts facilitates
the presentation of material in later chapters.

Although the family of fransmission lines may
encompass all structures and media that serve to transfer
energy or information between two points, including
nerve fibers in the human body, acoustic waves in fluids,
and mechanical pressure waves in solids, we shall focus
our treatment in this chapter on transmission lines used for

guiding electromagnetic signals. Such transmission lines
include telephone wires, coaxial cables carrying audio and
video information to TV sets or digital data to computer
monitors, and optical fibers carrying light waves for the
transmission of data at very high rates. Fundamentally, a
transmission line is a two-port network, with each port
consisting of two terminals, as illustrated in Fig. 2-1.
One of the ports is the sending end and the other is the
receiving end. The source connected to its sending end
may be any circuit with an output voltage, such as a radar
(ransmitter, an amplifier, or a computer terminal operating
in the transmission mode. From circuit theory, any
such source can be represented by a Thévenin-equivalent
generator circuit consisting of a generator voltage Vj
in series with a generator resistance Rg, as shown in
Fig. 2-1. The generator voltage may consist of digital
pulses, amodulated time-varying sinusoidal signal, or any
other signal waveform. In the case of a-c signals, the
generator circuit is represented by a voltage phasor Vg and
an impedance Zj.

J | i I
: v LA B :
\r o3
¢ 3 ! . g . :
LV, | Sending-end Transmission line Receiving-end : R !
; i port port ; -
1 — | I
| >0 0 : I
I T A B ! |

Generator circuit

receiving end.

Figure 2-1: A transmission line is a two-port network connecting a generator circuit at the sending end to a load at the

Load circuit
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The circuit connected to the receiving end of the
transmission line is called the load circuit, or simply
the load. This may be an antenna in the case of a
radar, a computer terminal operating in the receiving

ora

esen

mpe
in the a-c case.

2-1.1 The Role of Wavelength

In low-frequency electrical circuits, we usually use wires
to connect the elements of the circuit in the desired

In the ¢ 2-2, for
enerator is RC load
wires. In n in the

what T
ng qu
nd ter

line? If so, why is it important? After all, we usually
solve for the current in the circuit and the voltage across
its elements without regard for the wires connecting the
clements. The answer to this question is yes; indeed

ir tutes
to curre
ds fthel
A i B

l

Figure 2-2: Generator connected to an RC circuit
through a transmission line of length /.

CHAPTER 2 TRANSMISSION LINES

cosinusoidal in time, then the voltage across the input
terminals AA’ is

Vaa = Vg(t) = Vocoswt  (V), 2.1)

where @ = 2mf is the angular frequency, and if we
assume that the current flowing through the wires travels

at = nvs, then the
ac nal ill have to be
in cro y the travel de

[/c. Thus, assuming no significant ohmic losses in the
transmission line,

Ve (1) = Vau(t —1/0¢)
— Vocos[w(t —1/0] (V). (22

Let us compare Vpp to Vau at t = 0 for an
up = fa (m/s). 2.3)
In the present case, up = C. Hence, the phase factor
wl 2r fl l
— = ! = 2x— Ttadians. (2.4)
c c A

When [/ is very small, transmission-line effects may be
ignored, but when [/A 2 0.01, it may be necessary to
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2-1 GENERAL CONSIDERATIONS

JULIL—~ — JULIL

Dispersionless line

JLL—~ - JUUL

O———C)
Short dispersive line

T~ —_/VVL

Long dispersive line

Figure 2-3: A dispersionless line does not distort signals
passing through it regardless of its length, whereas a
dispersive line distorts the shape of the input pulses
because the different frequency components propagate
at different velocities. The degree of distortion is
proportional to the length of the dispersive line.

account not only for the phase shift associated with the
time delay, but also for the presence of reflected signals

effects may need to be considered as well. A dispersive
transmission line is one on which the wave velocity is not
constant as a function of the frequency f. This means
that the shape of a rectangular pulse, which through
Fourier analysis is composed of many waves of different
frequencies, will be distorted as it travels down the
line because its different frequency components will not
propagate at the same velocity (Fig. 2-3). Preservation
of pulse shape is very important in high-speed data
transmission, both between terminals as well as in
high-speed integrated circuits in which transmission-line
design and fabrication processes are an integral part of
the IC design process. At 10 GHz, for example, the
wavelength A = 3 cminair and is on the order of 1 cmina
semiconductor material. Hence, even connection lengths

37

between devices on the order of millimeters become
significant, and their presence has to be incorporated in
the overall design of the circuit.

2-1.2 Propagation Modes

A few examples of common types of transmission lines
are shown in Fig. 2-4. Transmission lines may be
classified into two basic types:

Transverse electromagnetic (TEM) transmission
lines: Waves propagating along these lines are
characterized by electric and magnetic fields
that are entirely fransverse to the direction of
propagation. This is called a TEM mode. A good
example is the coaxial line shown in Fig. 2-5; the
electric field lines are in the radial direction between
the inner and outer conductors, the magnetic field
forms circles around the inner conductor, and hence
neither has any components along the length of
the line (the direction of wave propagation). Other
TEM transmission lines include the two-wire line
and the parallel-plate line, both shown in Fig. 2-4.
Although the fields present on a microstrip line do
not adhere to the exact definition of a TEM mode,
the nontransverse field components are sufficiently
small in comparison to the transverse components
to be ignored, thereby allowing the inclusion of
microstrip lines in the TEM class. A common
feature among TEM lines is that they consist of
two parallel conducting surfaces.

Higher-order transmission lines: Waves propagat-
ing along these lines have at least one significant
field component in the direction of propagation.
Hollow conducting waveguides, dielectric rods, and
optical fibers belong to this class of lines.

Only TEM-mode transmission lines will be treated in
this chapter. This is because less mathematical rigor is
required for treating this class of lines than that required
for treating waves characterized by higher-order modes
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dielectric spacing
dielectric spacing
(c) Parallel-plate line

(b) Two-wire line

(a) Coaxial line

metal strip conductor

metal

)

dielectric spacing

Z metal ground plane
dielectric spacing

(d) Strip line (¢) Microstrip line

TEM Transmission Lines

%ﬁncemric

dielectric
layers

metal

Z metal ground plane
dielectric spacing

(g) Optical fiber (h) Coplanar waveguide

(f) Rectangular waveguide

Higher Order Transmission Lines

Figure 2-4: A few examples of transverse electromagnetic (TEM) and higher-order transmission lines.

and, in addition, TEM lines are more commonly used
in practice. We start our treatment by representing the
transmission line in terms of a lumped-element circuit
model, and then we apply Kirchhoff’s voltage and current
laws to derive a set of two governing equations known
as the telegrapher’s equations. By combining these

equations, we obtain wave equations for the voltage and
current at any point on the line. Solution of the wave
equations for the sinusoidal steady-state case leads to
a set of formulas that can be used for solving a wide
range of practical problems. In the latter part of this
chapter we introduce a graphical technique known as
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Coaxial line

Generator

Load

Figure 2-5: In a coaxial line, the electric field lines are in the radial direction between the inner and
outer conductors, and the magnetic field forms circles around the inner conductor.

- - ~ Magnetic field lines

—— Electric field lines

Cross section

the Smith chart, which facilitates the solution of many
transmission-line problems without having to perform
laborious calculations involving complex numbers.

2-2 Lumped-Element Model

When we draw a schematic of an electronic circuit, we
use specific symbols to represent resistors, capacitors,
inductors, diodes, and the like. In each case, the symbol
represents the functionality of the device, rather than its
shape, size or other attributes. We shall do the same
with regard to transmission lines; we shall represent a
transmission line by a parallel-wire configuration, as
shown in Fig. 2-6(a), regardless of the specific shape
of the line under consideration. Thus, Fig. 2-6(a) may
represent a coaxial line, a two-wire line, or any other
TEM line.

Drawing again on our familiarity with electronic
circuits, when we analyze a circuit containing a
transistor, we represent the functionality of the transistor
by an equivalent circuit composed of sources, resistors,
and capacitors. We will apply the same approach

to the transmission line by orienting the line along

the z-direction, subdividing it into differential sections
each of length Az [Fig. 2-6(b)] and then representing
each section by an equivalent circuit, as illustrated
in Fig. 2-6(c). This representation, which is called
the lumped-element circuit model, consists of four
basic elements, which henceforth will be called the
transmission line parameters. These are

R’: The combined resistance of both conductors per unit
length, in 2/m,

L’: The combined inductance of both conductors per
unit length, in H/m,

G': The conductance of the insulation medium per unit
length, in S/m, and

C': The capacitance of the two conductors per unit
length, in F/m.

Whereas the four line parameters have different
expressions for different types and dimensions of
transmission lines, the equivalent model represented by
Fig. 2-6(c) is equally applicable to all transmission lines
characterized by TEM-mode wave propagation. The
prime superscript is used as a reminder that the line
parameters are differential quantities whose units are per
unit length.
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o O
o o
(a) Parallel-wire representation
|
Az « Az - Az = Az
o o
o o o

L'Az RAz LAz L'Az R'Az LAz

(b) Differential sections each Az long

Figure 2-6: Regardless of its actual shape, a TEM transmission line is represented by the parallel-wire configuration shown
in (a). To analyze the voltage and current relations, the line is subdivided into small differential sections (b), each of which

is then represented by an equivalent circuit (c).

Az >

(c) Each section is represented by an equivalent circuit

Expressions for the line parameters R', L', G’, and C’ Coaxial line [Fig. 2-4(a)]:
are given in .Table‘2-1 for the? three types of TEM a = outer radius of inner conductor, m
trans'mlsswn lines diagrammed 1n‘parts (a) through‘ (©) b = inner radius of outer conductor, m
of Fig. 2-4. For each of these lines, the expressions
are functions of two sets of parameters: (1) geometric Two-wire line [Fig. 2-4(b)]:
parameters defining the cross-sectional dimensions of a = radius of each wire, m
the given line and (2) electromagnetic constitutive d = spacing between wires’ centers, m

parameters characteristic of the materials of which the

conductors and the insulating material between them are

Parallel-plate line [Fig. 2-4(c)]:

made. The pertinent geometric parameters are as follows: w = width of each plate, m
d = thickness of insulation between plates, m

INTEL-1014
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Table 2-1: Transmission-line parameters R, L', G’, and C ' for three types of lines.

Parameter Coaxial Two Wire Parallel Plate Unit
Ry /1 1

R’ = (— + —> Bs 2Rs Q/m
2r \a b wa w

L P /ey Em [(d/Za) + (@202 -1 pd H/m
2n T w

G 2no no ow S/m
In(b/a) In [(d/Za) +J@Rar = 1] d

c 2me e Ew F/m
In(b/a) In [(d/Za) + (dj2a) —1 d

Notes: (1) Refer to Fig. 2-4 for definitions of dimensions. (2) u, ¢, and o pertain to the
insulating material between the conductors. (3) Rs = /7 f pic/0¢. (4) e and o¢ pertain

to the conductors. (5) If (d/2a)? > 1, then In [(d/2a) + v/(d/2a)* — 1] =~ In(d/a).

The constitutive parameters apply to all three lines
and consist of two groups: u. and o are the
magnetic permeability and electrical conductivity of
the conductors, and &, w, and o are the electrical
permittivity, magnetic permeability, and electrical
conductivity of the insulation material separating the
conductors.  Appendix B contains tabulated values
for these constitutive parameters for various types of
materials. For the purposes of the present chapter,
we need not concern ourselves with the derivations
responsible for the expressions given in Table 2-1. The
formulations necessary for computing R’, L', G’,and C’
will be made available in later chapters for the general
case of any two-conductor configuration.

The lumped-element model shown in Fig. 2-6(c)
represents the physical processes associated with the
currents and voltages on any TEM transmission line.
Other equivalent models are available also and are

equally applicable as well. All these models, however,
lead to exactly the same set of telegrapher’s equations,
from which all our future results will be derived.
Hence, only the model described in Fig. 2-6(c) will be
examined in the present treatment. It consists of two
series elements, R’ and L', and two shunt elements, G’
and C'. By way of providing a physical explanation
for the lumped-element model, let us consider a small
section of a coaxial line, as shown in Fig. 2-7. The line
consists of an inner conductor of radius a separated
from an outer conducting cylinder of radius & by
a material with permittivity &, permeability w, and
conductivity . The two metal conductors are made
of a material with conductivity o, and permeability p..
When a voltage source is connected across the two
conductors at the sending end of the line, currents will
flow through the conductors, primarily along the outer
surface of the inner conductor and the inner surface of

INTEL-1014
U.S. Patent 7,151,430



42

CHAPTER 2 TRANSMISSION LINES

Conductors
(ue, oc)

Insulating material
(&, 1, 0)

Figure 2-7: Cross section of a coaxial line with inner
conductor of radius a and outer conductor of radius b.
The conductors have magnelic permeabilily fic, and
conductivity oc, and the spacing material between the
conductors has permittivity &, permeability wu, and
conductivity o.

the outer conductor. The line resistance R’ accounts for
the combined resistance per unit length of the inner and
outer conductors. The expression for R’ is derived in
Chapter 7 and is given by Eq. (7.96) as

R (1 1
R= X (a + b) @m), @3

where R, which represents the surface resistance of the
conductors, is called the intrinsic resistance and is given
by Eq. (7.92a) as

7Tffhe
Oc

R =

(£2). (2.6)

The intrinsic resistance depends not only on the material
properties of the conductors (o, and wc), but on the
frequency f of the wave traveling on the line as well. For
a perfect conductor with o, = oo or a high-conductivity

material such that (fuc/oc) < 1, R approaches zero,
and so does R'.

Next, let us examine the inductance per unit length L',
Application of Ampere’s law in Chapter 5 to the
definition of inductance leads to the following expression
[Eq. (5.99)] for the inductance per unit length of a coaxial
line:

;B (b)
L'=—I|(- (H/m). 2.7
2 a

The shunt conductance per unit length G’ accounts for
current flow between the outer and inner conductors,
made possible by the material conductivity o of the
insulator. It is precisely because the current flow is from
one conductor to the other that G’ is a shunt element in
the lumped-element model. Its expression is given by
Eqg. (4.76) as

¢'= "7 (sim 2.8)
" In(b/a) ' '
If the material separating the inner and outer conductors
is a perfect dielectric with o = 0, then G’ = 0.

The last line parameter on our list is the capacitance
per unit length C’. When equal and opposite charges are
placed on any two noncontacting conductors, a voltage
difference will be induced between them. Capacitance is
defined as the ratio of charge to voltage difference. For
the coaxial line, C’ is given by Eq. (4.117) as

. 2re
"~ In(b/a)

All TEM transmission lines share the following useful
relations:

/

(F/m). 2.9)

L'C'=pue, (2.10)
and
Gl
—_— = 2.11
= @.11)
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If the insulating medium between the conductors is air,
the transmission line is called an air line (e.g., coaxial
air line or two-wire air line). For an air line, ¢ = gy =
8.854 x 1072 F/m, u = o = 4w x 1077 H/m, o = 0,
and G’ = 0.

REVIEW QUESTIONS

Q2.1 What is a transmission line? When should trans-
mission-line effects be considered?

Q2.2 What is the difference between dispersive and
nondispersive transmission lines? What is the practical
significance?

Q2.3 What constitutes a TEM transmission line?

Q2.4 What purpose does the lumped-element circuit
model serve? How are the line parameters R’, L/,
G’, and C’ related to the physical and electromagnetic
constitutive properties of the transmission line?

EXERCISE 2.1 Use Table 2-1 to compute the line
parameters of a two-wire air line whose wires are
separated by a distance of 2 cm, and each is 1 mm in
radius. The wires may be treated as perfect conductors
with o, = oo.

Ans. Rf = 0, L' = 120 (uH/m), G = 0,
C’ =9.29 (pF/m).

EXERCISE2.2 Calculate the transmission line parameters
at 1 MHz for a rigid coaxial air line with an inner
conductor diameter of 0.6 cm and an outer conductor
diameter of 1.2 cm. The conductors are made of copper
[see Appendix B for u. and o, of copper].

Ans. R’ = 2.08 x 1072 (Q/m), L' = 0.14 (uH/m),
G'=0, C' = 80.3 (pF/m).

43

2-3 Transmission-Line Equations

A transmission line usually connects a source on one
end to a load on the other end. Before we consider the
complete circuit, however, we need to develop equations
that describe the voltage across the transmission line
and the current carried by the line as a function of
time ¢ and spatial position z. Using the lumped-element
model described in Fig. 2-6(c), we begin by considering
a differential length Az as shown in Fig. 2-8. The
quantities v(z,t) and i(z, t) denote the instantaneous
voltage and current at the left end of the differential
section (node N), and similarly v(z + Az, t) and
i(z+ Az, t) denote the same quantities at the right end
(node N + 1). Application of Kirchhoff’s voltage law
accounts for the voltage drop across the series resistance
R’Az and inductance L'Az:

v(z, 1) — R'Azi(z, 1)

9i(z,t
~L'Az ’(Zz ) e+ Az =0. (2.12)
N iz 0 N+1 5
+
R LAz
v(z 1) G'Az CAz  v(z+Az B

Az

Figure 2-8: Equivalent circuit of a differential length Az
of a two-conductor transmission line.
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Upon dividing all terms by Az and rearranging terms, we

obtain

izt
R/i(z,t)+L’%.

In the limit as Az — 0, Eq. (2.13) becomes a differential
equation:
9i(z, 1)

dv(z, t) /; ;
— =R , L .
5z i(z, 1) + Y
Similarly, application of Kirchhoff’s current law at node
N 4+ 1in Fig. 2-8 leads to

i(z,1) ~ G'Azv(z + Az, 1)
dv(z + Az, t)
ot

Upon dividing all terms by Az and taking the limit
as Az — 0, Eq. (2.15) provides a second differential
equation,

di(z, t)
0z

The first-order differential equations given by Egs. (2.14)
and (2.16) are the time-domain form of the fransmission
line equations, otherwise called the telegrapher’s
equations.

Except for the last section, our primary interest in
this chapter is in sinusoidal steady-state conditions. To
this end, we shall make use of phasors with the cosine
reference notation as outlined in Section 1-6. Thus, we
define

(2.13)

2.14)

—C'Az —i(z+Az,t)=0. (2.15)

dv(z, t
=G v, t)+C’ U;Zt ).

(2.16)

v(z, 1) = Re[V (2) € 1,
i(z,1) = Re[l (z) &/,

(2.17a)
(2.17b)

where V(z) and / (z) are phasor quantities, each of which
may be real or complex. Upon substituting Eqgs. (2.17a)
and (2.17b) into Egs. (2.14) and (2.16) and utilizing the
property given by Eq. (1.62) that 8/9¢ in the time domain

CHAPTER 2 TRANSMISSION LINES

becomes equivalent to multiplication by je in the phasor
domain, we obtain the following pair of equations:

_AVD g joLY (), (2.18a)
dz
di -

B flE:Z) =(G'+ joC)V(z) (2.18b)

These are the telegrapher’s equations in phasor form.

2-4 Wave Propagation on a Transmission
Line

The two first-order coupled equations given by
Egs. (2.18a) and (2.18b) can be combined to give
two second-order uncoupled wave equations, one for
V (z) and another for 7 (z). The wave equation for V(z)
is derived by differentiating both sides of Eq. (2.18a)
with respect to z, giving

di(z)

d*V(z
- _ w4 jern) 2L
dz

dz?

and upon substituting Eq. (2.18b) into Eq. (2.19) for
dl(z)/dz, Eq. (2.19) becomes

(2.19)

d*v =
d EZ) — (R'+ jwL')(G' + joC") V(z) = 0, (2.20)
Z
or
d*v ~
gZ) _ 2V =0, (21
dz .
where

y= (R'+ jwLl)(G + jwC’). (2.22)
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Application of the same steps to Eqs. (2.18a) and (2.18b)
but in reverse order, leads to

d*1(z)

G Vi@ =0

(2.23)

Equations (2.21) and (2.23) are called

V(z) and 1(z), respectively, and y is

propagation constant of the transmission line. As such,
y consists of areal part«, called theattenuation constant
of the line with units of Np/m, and an imaginary part 8,
called the phase constant of the line with units of rad/m.
Thus,

y =a+jB 2.24)
with

o =Re(y)
=gte( (R'+jol)(G + joC)  (Npm),
(2.25a)

B =TJm(y)
— Jm ( (R + joL')(G' + jwC ')) (rad/m).
(2.25b)

In Egs. (2.25a) and (2.25b), we choose the square-root
values that give positive values for o and B. For
passive transmission lines, « is either zero or positive.
Most transmission lines, and all those considered in this
chapter, are of the passive type. The active region of a
laser is an example of an active transmission line with a
negative .

The wave equations given by Egs. (2.21) and (2.23)
have traveling wave solutions of the following form:

(2.26a)
(2.26b)

Vi) =Vie 7 +Vyers  (V),
[(2)=Ie™ + Iy er? (A),

where, as will be shown later, the e™"? term represents
wave propagation in the +z-direction and the e??
term represents wave propagation in the —z-direction.
Verification that these are indeed valid solutions is
easily accomplished by substituting the expressions given
by Egs. (2.26a) and (2.26b), as well as their second
derivatives, into Egs. (2.21) and (2.23). In their present
form, the solutions given by Eqs. (2.26a) and (2.26b)
contain four unknowns, the wave amplitudes (V;', I;")
of the +z propagating wave and (V,, I; ) of the —z
propagating wave. We can easily relate the current wave
amplitudes, ;" and I, to the voltage wave amplitudes,
Vs~ and V, respectively, by using Eq. (2.26a) in
Eq. (2.18a) and then solving for the current I (z) to get
the result

I(z) = Vote 7 — Vyer?].

4
A 2.27
R + joL’ [ 0 ( )

Comparison of each term with the corresponding term
in the expression given by Eq. (2.26b) leads to the
conclusion that

179 179
£ =2 0 (2.28)
I I
where
R + joL' R + joL’
Zo=" 7% TR @), @29)
2 G + jwC’

is defined as the characteristic impedance of the line.
It should be noted that Zy is equal to the ratio of the
voltage amplitude to the current amplitude for each of the
traveling waves individually (with an additional minus
sign in the case of the —z propagating wave), but it is not
equal to the ratio of the total voltage V (2) to the total
current [ (z), unless one of the two waves is absent. In
terms of Zg, Eq. (2.27) can be rewritten in the form

. v, Vy
[(z) = Levi— Lz (2.30)
Zy Zy

INTEL-1014
U.S. Patent 7,151,430



46

In later sections, we will apply boundary conditions at
the load and at the sending end of the transmission line
to obtain expressions for the remaining wave amplitudes
V," and V. In general, each will be a complex quantity
composed of a magnitude and a phase angle. Thus,

Vi =Vl (2.31a)

Ve = Vs lel?. (2.31b)
Upon substituting these definitions in Eq. (2.26a) and
replacing y with Eq. (2.24), we can convert back to
the time domain to obtain an expression for v(z, t), the
instantaneous voltage on the line:

v(z, 1) = Re(V (z)e/")
= Re[(Ver 4 Vo) ]
= Re[|VyF |/ /@ e @ TP)
+ |V |e/? el e@tiPz]
= |V e cos(wt — Bz + ¢™)
+ Vg le* cos(wt + Bz + ¢7). (2.32)

From our review of traveling waves in Section 1-3, we
recognize the first term in Eq. (2.32) as a wave traveling
in the +z-direction (the coefficients of ¢ and z have
opposite signs) and the second term as a wave traveling
in the —z-direction (the coefficients of ¢ and z are both
positive), both propagating with a phase velocity up given
by Eq. (1.30):

up = fh=— (2.33)
The factor ¢** accounts for the attenuation of the
+z propagating wave, and the e*® accounts for the
attenuation of the —z propagating wave. The presence
of two waves on the line propagating in opposite
directions produces a standing wave. To gain a physical
understanding of what this means, we shall first examine
the relatively simple but important case of a lossless line
(o = 0) and then extend the results to the more general

CHAPTER 2 TRANSMISSION LINES

case of lossy transmission lines (o # 0). Infact, we shall
devote the next several sections to the study of lossless
transmission lines because in practice many lines can be
designed to exhibit very low-loss characteristics.

Example 2-1  Air Line

An air line is a transmission line for which air is the
dielectric material present between the two conductors,
which renders G’ = 0. In addition, the conductors are
made of a material with high conductivity so that R’ ~ 0.
For an air line with characteristic impedance of 50 €2
and phase constant of 20 rad/m at 700 MHz, find the
inductance per meter and the capacitance per meter of
the line.

Solution: The following quantities are given:

Zo =50, B =20rad/m,
f =700 MHz = 7 x 10% Hz.

With R = G’ = 0, Egs. (2.25b) and (2.29) reduce to
B Tm
Jm (jaNL’C’) =wvL'C’,

(oL (joC)

joL L

Zo= =
joC' V7

The ratio is given by

p_ wC’,
Zy
or
c' B
a)Z()
20

2 x 7 x 108 x 50
=9.09 x 107" (F/m) = 90.9 (pF/m)
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2-5 THE LOSSLESS TRANSMISSION LINE

From Zy = /L"/C’,
L'=2ZiC'
=(50)% x 90.9 x 10712
=2.27 x 1077 (H/m) = 227 (nH/m).

EXERCISE 2.3 Verify that Eq. (2.26a) is indeed a solution
of the wave equation given by Eq. (2.21).

EXERCISE 2.4 A two-wire air line has the following line
parameters: R’ = 0.404 (mQ/m), L' = 2.0 (uH/m),
G' = 0, and C’' = 5.56 (pF/m). For operation at
5 kHz, determine (a) the attenuation constant «, (b) the
phase constant £, (c) the phase velocity u,, and (d) the
characteristic impedance Zj.

Ans. (a) @ = 3.37 x 1077 (Np/m), (b) B = 1.05 x
107* (rad/m), (c) up = 3.0 x 108 (m/s), (d)
Zo = (600 — j2.0) Q = 600£=01%° Q.

2-5 The Lossless Transmission Line

According to the preceding section, a transmission
line is characterized by two fundamental properties, its
propagation constant y and characteristic impedance Zy,
both of which are specified by the angular frequency w
and the line parameters R’, L/, G’, and C’. In
many practical situations, the transmission line can
be designed to minimize ohmic losses by selecting
conductors with very high conductivities and dielectric
materials (separating the conductors) with negligible
conductivities. As aresult, R’ and G’ assume very small
values such that R* <« oL’ and G’ « «C’. These
lossless-line conditions allow us to set R = G’ = 0 in
Eq. (2.22), which then gives the result

y=a+ jB=jovLC’, (2.34)

47

which means that

(lossless line),
(lossless line). (2.35)

a=0

B=wvLC’

Application of the lossless-line conditions to Eq. (2.29)
gives the characteristic impedance as

(lossless line), (2.36)

which is now a real number. Using the lossless-line
expression for B8 given by Eq. (2.35), we obtain the
following relations for the wavelength A and the phase
velocity up:

_ 2T 27

A S 2.37
B wJVLC 37

w 1
_ Y 2.38
A N yror (2-38)

Upon using the relation given by Eq. (2.10), which is
shared by all TEM transmission lines, Egs. (2.35) and
(2.38) may be rewritten as

(rad/m), (2.39)

B =wue

1
Up (m/s),

e (2.40)

where u and e are, respectively, the magnetic
permeability and electrical permittivity of the insulating
material separating the conductors. Materials

a

terms of the relative permittivity ¢, defined as

e = €/¢&g, 241)
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where gy = 8.854 x 10712 F/m ~ (1/367) x 10~° F/m s
the permittivity of free space. Hence, Eq. (2.40) becomes

1 1 1 c
u (2.42)
P Mogeo  +/HoEo /& AfEr
= 3 x of
va insu he
IS P = of

Eq. (2.41) and the relationship between A and up given
by Eg. (2.33), the wavelength is given by

__i l—_)»o
ffVE e

A= (2.43)

where Ao = c/f is the wavelength in air corresponding to
a frequency f. Note that, because both up, and A depend
on &;, the choice of the type of insulating material used in
a transmission line is dictated not only by its mechanical
properties, but by its electrical properties as well.

When the phase velocity of a medium is independent
of frequency, the medium is called nondispersive, which
clearly is the case for a lossless TEM transmission line.
This is an important feature for the transmission of digital
data in the form of pulses. A rectangular pulse or a series
of pulses is composed of many Fourier components with
different frequencies. If the phase velocity is the same
for all frequency components (or at least for the dominant
ones), the pulse shape will remain the same as the pulse
travels on the line. In contrast, the shape of a pulse
propagati  in a dispersive medium gets progressively
distorted, d the pulse length increases (stretches out)
as a function of distance in the medium, thereby imposing
a limitation on the maximum data rate (which is related
to the length of the individual pulses and the spacing
between adjacent pulses) that can be transmitted through
the medium without loss of information.

Table 2-2 provides a list of the expressions for y, Zo,
and u eneral case of a lossy line and for several
types s lines. The expressions for the lossless

CHAPTER 2 TRANSMISSION LINES

lines are based on the equations for L’ and C’ given in
Table 2-1.

EXERCISE 2.5 For a lossless transmission line,
A=207cm at 1 GHz. Find & of the insulating
material.

Ans. g =2.1.

EXERCISE 2.6 A lossless transmission line uses a
dielectric insulating material with & = 4. If its line
nce is C/ = 10 (pF/m), find (a) the phase
up, (b) the line inductance L', and (c) the
characteristic impedance Zj.

Ans. (a) up = 1.5 x 108 (mi/s), (b) L' = 4.45 (uH/m),
() Zo = 667.1 Q.

2-5.1 Voltage Reflection Coefficient

With y = jB for the lossless line, the expressions given
by Eqs. (2.26a) and (2.30) for the total voltage and current
on the line become

V(z) = Ve % + Vy e, (2.44a)

. /A |7/

f(2) = L gibe — 20 ,ifz 2.44b
(2) 7, ¢ 7, ( )

These expressions contain two unknowns, VO+ and V,,
the voltage amplitudes of the incident and reflected
waves, respectively. To determine V0+ and V, , we need
to consider the lossless transmission line in the context
of the complete circuit, including a generator circuit at
its input terminals and a load at its output terminals, as
shown in Fig. 2-9. The line, of length [, is terminated
in an arbitrary load impedance Zy. For convenience,
the reference of the spatial coordinate z is chosen such
that 7 = 0 corresponds to the location of the load. At

g end at z = —I, the line is connected to a

voltage source with phasor \7g and an internal
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Table 2-2: Characteristic parameters of transmission lines.

Propagation
Constant
y=a+jp
General case y (R'+ joLYG' + juC
Lossless a=0, B =we/c
(RR=G' =0)
Lossless coaxial « =0, B = w./&/c
Lossless a =0, B=w/e/c
two wire
Lossless a=0, B=w/e/c
parallel plate

Phase Characteristic
Velocity Impedance
Up Zo
_ (R +jol)
w=0lF 0= (G4 jwc
up=c/er Zo= L'/C'
up =c/fer Zo= (60/J8—r) In(b/a)
up=c/5  Zo=(120//5)
In[(d/2a)+ (d/2a) —1]
Zo ~ (120/ /&) In(d/a),
ifd>a
up=c/Jer  Zo= (12077/@) (d/w)

Notes: (1) u = uo, € = &80, ¢ = 1/ /lo€o, and /po/ep = (1207r) 2, where ¢; is the relative
permittivity of insulating material. (2) For coaxial line, a and b are radii of inner and outer conductors.
(3) For two-wire line, a = wire radius and 4 = separation between wire centers. (4) For parallel-plate

line, w = width of

impedance Z,. At the load, the phasor voltage across it,

V., and the phasor current through it, I, are related by
the load impedance Zj, as follows:

Vi
Zp ==, (2.45)
I
The voltage Vi is equal to the total voltage on the line
V(z) given by Eq. (2.44a), and I is equal to /(z) given

by Eq. (2.44b), both evaluated at z = 0:

L=V(E=0)=V,+V;, (2.463)
.. A
L=T@=0)=2--2. 2.46b
L= 1(z=0) Z 7 ( )

and d = separation between the plates

Upon using these expressions in Eq. (2.45), we obtain
the result:

Vi 4V
7L = (0—0_) Zo (2.47)
V0+ -V
Solving for V;~ gives
_ ZL— Z
Vo= =—)V. 2.48
0 <ZL + Zo) 0 (2:48)

The ratio of the amplitude of the reflected voltage wave
to the amplitude of the incident voltage wave at the load
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- :—I Load

Generator

Figure 2-9: Transmission line of length / connected on
one end to a generator circuit and on the other end to a
load Zy.. The load is located at z = 0 and the generator
terminals are at z = —[.

is known as the voltage reflection coefficient T'. From
Eq. (2.48), this definition gives the result

e _4=%
VO+ ZL + ZO
Zy/Zy— 1 . .
— ="  (dimensionless), (2.49a
Zv/Zo+1 ( ) ( )

and in view of Eq. (2.28), the ratio of the current
amplitudes is

L _ Y%

0 -0 —_r
Iy Vg

(2.49b)

We note that I is governed by a single parameter, the
load impedance Zj, normalized to the characteristic
impedance of the line, Zo. As indicated by Eq. (2.36),
7, of a lossless line is a real number. However, Z is in
general a complex quantity, as in the case of a series RL

circuit, for example, for which Zy = R + jwL. Hence,
in general I" may be complex also:

I =|lle/*,  (2.50)

where || is the magnitude of I" and 6 is its phase angle.
Note that [T'| < 1.

A load is said to be matched to the line if Zi, = Zy
because then there will be no reflection by the load (T' = 0
and V; = 0). On the other hand, when the load is an
open circuit (Zp, = 00), ' = Land V;” = V;", and when
it is a short circuit (Zy, = 0), ' = —land Vy = =V

Reflection Coefficient
of a Series RC Load

A 100-2 transmission line is connected to a load
consisting of a 50-Q resistor in series with a 10-pF
capacitor. Find the reflection coefficient at the load for a
100-MHz signal.

Solution: The following quantities are given [Fig. 2-10]:
CL=10pF=10"!F,

Example 2-2

Ry =50 €,

Zy =100 €, f =100 MHz = 108 Hz.

The load impedance is

Zy =RL — j/wCL
1

—50—
I o7 x 108 x 10-11

= (50 — j159) Q.

Transmission line A

RL250Q

G

A

Zp=100Q
10 pF

Figure 2-10: RC load (Example 2-2).
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2-5 THE LOSSLESS TRANSMISSION LINE

From Eq. (2.49a), the voltage reflection coefficient is
given by

_Z1]Zp— 1

r= Zy)Zy+ 1
0.5—j1.59—1
05— j1.59+1

= —0.76¢/11%%

This result may be converted into a form with positive
magnitude for I" by replacing the minus sign with e =/ 18",
Thus,

[ = 0.76e/ 119 g=i180° _ 9 76— 1607° — (0.76,/-60.1°

or

|| = 0.76, 6, = —60.7°.

Example 2-3  |T"| for Purely Reactive Load
Show that |T"| = 1 for a purely reactive load.

Solution: The load impedance of a purely reactive load
is given by

Zr = jXL-
From Eq. (2.49a), the reflection coefficient is
Z1, — Zy
ZL+ Zy
JXL — Zo
JXL+ Zo

r

Zi+ Xt e /®

_ —(Zo—jX
(Zo—JjXL) _ _

(Zo+ jXL)

—j26
Z2+ X} el®
where 6 = tan~! X1/Z,. Hence

M| =|—e | = [(e/P) e )]/ =1.

51

EXERCISE 2.7 A 50-Q lossless transmission line is
terminated in a load impedance Z;, = (30 — j200) £2.
Calculate the voltage reflection coefficient at the load.

Ans. ' =0.93/275,

EXERCISE 2.8 A 150-Q lossless line is terminated in
a capacitor whose impedance is Z;, = —j30 Q.
Calculate T".

Ans. [ = 1/-1574°,

2-5.2 Standing Waves

Using therelation V, =T VO+ in Egs. (2.44a) and (2.44b)
gives the expressions

V(z) = Vi (e 4 TeP?), (2.51a)

i Vo' (,-if 3
I(Z):Z_(e 1Pz _ TelP?), (2.51b)

0

which now contain only one, yet to be determined,
unknown, V,".  Before we proceed toward that
goal, however, let us examine the physical meaning
represented by these expressions. We begin by deriving
an expression for |V(z)| the magnitude of V(z) Upon
using Eq. (2.50) in (2.51a) and applying the relation
V)| = [V(z) V*(2)]/2, where V*(z) is the complex
conjugate of V(z) we have

V@I = {[Vo" (™% + Tle/*e)]
VH* e + |F|e—j6re—jﬁz)]}1/2
= Vgl 1+ 1T
. ) 172
4 |T|(e/ B2 4 o= (2ﬁz+9r))]

1/2
=V [[1 + T + 2|T| cos(2Bz + 6,) ] %2.52)
where we have used the identity

e* +eF =2cosx (2.53)
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—I)\ _il;k __)\‘ Imin! —_A lm:ixl 0
t4 2 )
@) V(I versus z

()l

A 3h 2
4 2 4
(b) lf(z)l versus z

Figure 2-11: Standing-wave pattern for (a) ]17(2)| and
(b) If (z)| for a lossless transmission line of characteristic
impedance Zy = 50 2, terminated in a load with a
reflection coefficient I' = 0.3¢/30°. The magnitude of
the incident wave IVO+| = 1 V. The standing-wave ratio
is $ = |V |max/|V Imin = 1.3/0.7 = 1.86.

for any real quantity x. By applying the same steps to
Eq. (2.51b), asimilar expression can be derived for [ (z)],
the magnitude of the current I (2).

The variations of |V (z)| and Ii ()| as a function of z,
the position on the line relative to the load at z = 0,
are illustrated in Fig. 2-11 for a line with |V0+I =1Y%,
'l = 0.3, 6 = 30°, and Zy = 50 Q. The sinusoidal
pattern is called a standing wave, and it is caused
by the interference of the two waves. The maximum
value of the standing-wave pattern of |V (z)| corresponds

to the position on the line at which the incident and
reflected waves are in phase [28z + 6, = —2n7w in
Eq. (2.52)] and therefore add coﬁstruﬁ't'i\;dy to give a
value equal to (14 |I')|V;'| = 1.3 V. The minimum
value of |V (z)| corresponds to destructive interference,
which occurs when the incident and reflected waves are
in phase opposition (2z + 6; = —(2n + L)m).- In this
case, |V(2)| = (1 — |TD|V;f] = 0.7 V. Whereas the
repetition period is A for the incident and reflected waves
individually, the repetition period of the standing-wave
pattern is A/2. The standing-wave pattern describes
the spatial variation of the magnitude of ‘7(2) as a
function of z. If one were to observe the variations of
the instantaneous voltage as a function of time at any
location z, corresponding to one of the maxima in the
standing-wave pallern, for example, that variation would
be as cos wt and would have an amplitude equal to 1.3 V
fi.e., v(t) would oscillate between —1.3 V and +1.3 V].
Similarly, the time oscillation of v(z, ) at any location z
will have an amplitude equal to |I7(z)| at that z.

Close inspection of the voltage and current
standing-wave patterns shown in Fig. 2-11 reveals
that the two patterns are in phase opposition (when one
is at a maximum, the other is at a minimum, and vice
versa). This is a consequence of the fact that the second
term in Eq. (2.51a) is preceded by a plus sign, whereas
the second term in Eq. (2.51b) is preceded by a negative
sign.

The standing-wave patterns shown in Fig. 2-11 are for
a typical situation with I' = 0.3 ¢/3°, The peak-to-peak
variation of the pattern depends on |I"|, which can vary
between 0 and 1. For the special case of a matched line
with Z;, = Z,, we have |I'| = 0 and |\7(z)| e |V0+|
for all values of z, as shown in Fig. 2-12(a). With no
reflected wave present, there will be no interference and
no standing waves. The other end of the |I'| scale, at
[I'| = 1, corresponds to when the load is a short circuit
(I' = —1)oranopen circuit (I" = 1). The standing-wave
patterns for these two cases are shown in Figs. 2-12(b)
and (c), both of which have maxima equal to 2| Voﬂ and

4

STk

]
i
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V()
Matched line | V0+|
g ) - - 0 -
4 2 4
(@) ZL=2p
. A , %6
1
2 A
v ¢ z
—A =3A 2 = 0
4 2 4
(b) Z =0 (short circuit)
| A | V)
2 2V
2 34 5 A 0
4 2 4
(¢) Zp, = (open circuit)
Figure 2-12: Voltage standing-wave patterns for (a) a
matched load, (b) a short-circuited line, and (c) an
open-circuited line.

minima equal to zero, but the two pattems are shifted in z
relative to each other by a distance of A /4.

Now let us examine the maximum and minimum values
of the voltage magnitude. From Eq. (2.52), [V (2)| is a
maximum when the argument of the cosine function is
equal to zero or multiples of 27r. Noting that the location
on the line always corresponds to negative values of z
(since the load is at z = 0), if we denote [max = —2 s
the distance from the load at which | v (z)] is a maximum,

then
V@ = VImex = | V5|1 + [T, (2.54)
and this occurs when
28z + 6, = —2Blyax + 6 = —2nm, (2.55)

with n = 0 or a positive integer. Solving Eq. (2.55) for
! nax, We have

el O +2nmw 6, nA
e . A
n=12 ... if 6, < O,
{ n=0,1,2,... if6; >0, 2.56)
where we have used the relation 8 = 2m/A. The

phase angle of the voltage reflection coefficient, &, is
bounded between —n and m radians. If 6, > O,
the first voltage maximum occurs at lpax = 6:A /4w,
corresponding to n = 0, but if 6; < 0, the first physically
meaningful maximum occurs at /yax = (OcA/47) + A /2,
corresponding to n = 1. Negative values of /max
correspond to locations “beyond” the load at the end
of the line and therefore have no physical significance.
As was mentioned earlier, the locations on the line
corresponding to voltage maxima also correspond to
current minima, and vice versa.

Similarly, the minimum values of |V(z)| occur at
distances [min = —z corresponding to when the argument
of the cosine function in Eq. (2.52) is equal to —(2n+1)7,
which gives the result

|V )min = | V511 = IT'11,
when (8; — 28lmin) = —(2n + D)7, (2.57)

with —7 < 6, < 7. The first minimum corresponds to
n = 0. The spacing between a maximum [y, and the

INTEL-1014
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adjacent minimum /rin is A/4. Hence, the first minimum
occurs at

- :{ s + M4, g <A/4 5 o

lmax — A4, iflmax = A/4.

The ratio of |V|max 0 |V|mi is called the voltage
standing-wave ratio S, which from Egs. (2.54) and 2.57)
is given by

 Vlmae _ 1+1T)

§= L I= _
Vign 1= 1T

(2.59)

(dimensionless).

This quantity, which often is referred to by its acronym,
VSWR, or the shorter acronym SWR, provides a measure
of the mismatch between the load and the transmission
line; for a matched load with ' = 0, we get § = 1, and
foraline with |I'| =1, § = oo.

REVIEW QUESTIONS

Q2.5 The attenuation constant ¢ represents ohmic
losses. In view of the model given in Fig. 2-6(c), what
should R’ and G’ be in order to have no losses? Verify
your expectation through the expression for & given by
Eq. (2.25a).

Q2.6 How is the wavelength A of the wave traveling

on the transmission line related to the free-space
wavelength Ag?

Q2.7 When is a load matched to the line? Why is it
important?

Q2.8 What is a standing-wave pattern? Why is its
period A/2 and not A.?

Q2.9 What is the separation between the location of a
voltage maximum and the adjacent current maximum on
the line?

Example 2-4  Standing-wave Ratio

A 50-2 transmission line is terminated in a load with
Zr, = (100 + j50) . Find the voltage reflection
coefficient and the voltage standing-wave ratio (SWR).

Solution: From Eq. (2.49a), I is given by
Zy.—Zy (100 + j50) —50 50+ j50
T Zi+Zo  (100+,50)+50 150+ ,50°
Converting the numerator and denominator to polar form
and then simplifying yields
70.7¢/%%
T 15810187
Using the definition for § given by Eq. (2.59), we have
1+ 14045
T1-T| 1-045

= 0.45¢/%°%".

S =26 0N

Example 2-5  Measuring Z,

A slotted-line probe is an instrument used to measure
the unknown impedance of a load, Z;. A coaxial
slotted line contains a narrow longitudinal slit in the
outer conductor. A small probe inserted in the slit can
be used to sample the magpitude of the electric field
and, hence, the magnitude | V| of the voltage on the line
(Fig. 2-13). By moving the probe along the length of the
slotted line, it is possible to measure |V |max and |V |min

Sliding probe
To detector «—

Probe tip Slit
) [

A =

Figure 2-13: Slotted coaxial line (Example 2-5).
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2-6 INPUT IMPEDANCE OF THE LOSSLESS LINE

and the distances from the load at which they occur. Use
of Eq. (2.59) then provides the voltage standing-wave
ratio S. Measurements with a 50-2 slotted line connected
to an unknown load impedance determined that § = 3.
The distance between successive voltage minima was
found to be 30 c¢m, and the first voltage minimum was
located at 12 cm from the load. Determine the load
impedance Zp..

Solution: The following quantities are given:

Zo =504, S=3, Imin = 12 cm.

Since the distance between successive voltage minima is
equal to A./2,

A=2x03=0.6m,

and

27 2r 107
B N 0.6 3 (rad/m)

From Eq. (2.59), solving for |I'| in terms of § gives

S—1 3-1

——=——=05
S+1 3+1

Tl =

Next, we use the condition given by Eq. (2.57) for the
location of a voltage minimum to find 6;:

0. — 2Blmin = —, for n = 0 (first minimum),
which gives
Or = 2Blmin — 7
10
=2x = x 0.12 — 7 = —0.27 (rad) = —36°

Hence,

[ = |['|e/® = 0.5¢73%" = 0.405 — j0.294.

55

Solving Eq. (2.49a) for Z1,, we have

1+T
1-T

ZLZZO|:

=50 = (85 — j67) Q.

EXERCISE 2.9 If T = 0.5£=6%° and A = 24 cm, find the
locations of the voltage maximum and minimum nearest
to the load.

Ans. Ilpax = 10 cm, [y = 4 cm.

EXERCISE 2.10 A 140-2 lossless line is terminated in a
load impedance Zp = (280 + j182) Q. If A = 72 cm,
find (a) the reflection coefficient I', (b) the voltage
standing-wave ratio S, (c) the locations of voltage
maxima, and (d) the locations of voltage minima.

Ans. (@)T =0.522,()S = 3.0,(C) Imax = 2.9cm+
nix/2,(d) lmin = 20.9cm+ni/2, wheren =0, 1,2, . ...

2-6 Input Impedance of the Lossless Line

The standing-wave patterns indicate that for a mis-
matched line the voltage and current magnitudes are
oscillatory with position on the line and in phase
opposition with each other. Hence, the voltage to current
ratio, called the input impedance Zi,, must vary with
position also. Using Egs. (2.51a) and (2.51b), Zix is
given by

V
Zu) ="
1(2)
_ Vile P+ Tl
T Vilem 0
==ZO[ ] Q).  (2.60)
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Note that Zin(z) is the ratio of the total voltage _]
(incident- and reflected-wave voltages) to the total 7 P
: : g ! i Transmission line
current at any point z on the line, tn contrast with the Zy -—-——?_— Oﬁ _
characteristic impedance of the line Zy, which relates the /’ T [ I
voltage and current of each of the two waves individually - P 3 L P
| (Zog= Vo' /Ig =—V5 I15): ) Vi Ze & A =
Of particular interest in many transmission-line - \
problems is the input impedance at the input of the line = - |
I at z = —I, which is given by Generator e »| Load
Pl 4 Te P! g ke
Zn(=h =20 [m ]
14 Te /2 I
=27y \:T:W 3 (2.61) 7 - +D
By replacing I' with Eq. (2.492) and using the relations _ + NT
. Vel Vi Zin
e/l = cos Bl + j sin Bl, (2.62a) %
eI = cos Bl — jsin Bl, (2.62b) _ =
| Eq. (2.61) can be rewritten in terms of Zy. as Figure 2-14: At the generator end, the terminated
transmission line can be replaced with the input
Z1.cos Bl + jZosin Bl impedance of the line Zip.
Zin(=D) =Zo —r
Zocos Bl + jZy sin Bl
Zy + jZotan Bl 6
=Zo Zo+ jZy tan Bl . (2.63) Equating Eq. (2.64) to Eq. (2.65) and then solving for Vo
leads to the result
From the standpoint of the generator circuit, the -
| transmission line can be replaced with an impedance Zip, v = VeZin ( 1 . ) _ (2.66)
as shown in Fig. 2-14. The phasor voltage across Zin is 0 Zs+ Zin | \ P + [e /8!
given by
L V. Zin This completes the solution of the transmission-line
Vi=1LZin = ﬁz— } (2.64) wave equations, given by Egs. (221) and (2.23),
g . for the special case of a lossless transmission line.
but from the standpoint of the transmission line, the We started out with the general solutions given by
voltage across it at the input of the line is given by Eqs. (2.26a) and (2.26b), which included four unknown
Eq. (2.51a) with z = —I: amplitudes, V;©, Vg, I, and I5. We then found
. . . out that Zp = VO*'/IJ = -V, /1 , thereby reducing the
V.= V(=D =V + Te /8. (2.65) unknowns to the two voltage amplitudes only. Upon
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applying the boundary condition at the load, we were able
to relate V; to V" through I, and, finally, by applying
the boundary condition at the sending end of the line, we
obtained an expression for V.

Complete Solution for v(z, ¢)
andi(z, 1)

Example 2-6

A 1.05-GHz generator circuit with series impedance
Z, = 10 Q and voltage source given by

vg(t) = 10sin(wt +30°) (V)

is connected to a load Z;, = (100 + j50) €2 through a
50-82, 67-cm-long lossless transmission line. The phase
velocity of the line is 0.7¢, where c is the velocity of light
in a vacuum. Find v(z, t) and i(z, ¢) on the line.

Solution: From the relationship up, = Af, we find the
wavelength:

A= —=

= 0.2 m,
f

and

tan(81) = tan [ 2~
an(pl) = tan .

2n
=tan (— x 0 67)
0.2

=tan 6.77r = tan 0.77 = tan 126°,

where we have subtracted multiples of 27r. The voltage
reflection coefficient at the load is

r= = = 0.45¢/% ¢

57

With reference to Fig. 2-14, the input impedance of the
line, given by Eq. (2.63), is

Zin=12Zy

=Zy

=50 =219+ j17.4) Q

Rewriting the expression for the generator voltage with
the cosine reference, we have

vg(¢) = 10sin(wt + 30°)
= 10cos(rr/2 — wt — 30%)
= 10 cos(wt — 60°)
= Re[10e /'] = Re[Vee/ ] (V)

Hence, the phasor voltage \7g is given by
Ve =107 (V) = 10460 (V)

Application of Eq. (2.66) gives

V0+ =

e S |
'[6'}[26 +0'456j266e 1126]

= 1026/ (V) = 10.245° (V).
The phasor voltage on the line is then

V(2) = Vi (e7/% + Tel?)
= 10.2¢/15%° (e‘jﬁz 1 0.45¢/268° i),
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and the instantaneous voltage v(z, 1) is
~ ) o=
v(z, 1) = Re[V (2)e’'] sc 7 short
R Zin 0 circuit
= 10.2 cos(wt — Bz + 159°) o
+ 4.55 cos(wt + Bz + 185.6°) (V). (a) .
Vsc(2)
Similarly, use of V;" in Eq. (2.51b) leads to A 2V
' F(2) = 0206/ (¢778% — 0,457 ¢/P%), Voltages T
i(z,t) = 0.20 cos(wt — Bz + 159%) . .z
40,091 cos(wr + Bz +5.6°) (A). ® 3% 4]
4

[\*]
B I

2-7 Special Cases of the Lossless Line I (b)
I -
. - : Isc(2)Z0

We often encounter situations involving lossless trans- - i 2vo"
mission lines with particular terminations or lines whose I Ly
lengths exhibit particularly useful properties. We shall : Currentl

1

|

now consider some of these special cases. :

L
= —h
a 2 4

2.7.1 Short-Circuited Line

The transmission line shown in Fig.2-15(a)is terminated (©)
in a short circuit, Zp = 0. Consequently, the voltage
reflection coefficient defined by Eq. (2492)is T =—1,
and the voltage standing-wave ratio given by Eq. (2.59)
is S — co. From Egs. (2.51a) and (2.51b), the voltage
and current on a short-circuited lossless transmission line
are given by |

—A -3k i
2

1
|
I
]
I
I "
1 4 iZp
Impedancer
1
I
1
|
I

V() = Vit e /Pt — /] = =2 V' sin Bz, (2.672)

]
1
1]
)
1
I
1
1
1
I
1
]
|
1
3
il
1
I

el

- v : 2V
I _ 0 y,ibz jBzy — 270 . (2.67b
sc(2) Zo [e + e/¥] 7 cos Bz. ( ) @

Figure 2-15: Transmission line terminated in a short
circuit: (a) schematic representation, (b) normalized
voltage on the line, () normalized current, and
(d) normalized input impedance.

The voltage Vie(z) is zero at the load (z = 0), as it
should be for a short circuit, and its amplitude varies
as sin Bz, whereas the current I.(z) is a maximum at the
load and it varies as cos Bz. Both quantities are displayed
in Fig. 2-15 as a function of negative z.
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The input impedance of the line at z = —I is given by
the ratio of Vic(—1) to Iyc(—1). Denoting Z;? as the input
impedance for a short-circuited line, we have

sc(_l)
Le(—D)

s
Zin -

— jZotan Bl.  (2.68)

A plot of ZX/jZ, versus negative z is shown in
Fig. 2-15(d).

In general, the input impedance Z;, may consist of a
real part, or input resistance Rj,, and an imaginary part,
or input reactance Xiy:

Zin = R'm + inn- (269)
In the case of the short-circuited lossless line, the input
impedance is purely reactive (Rin = 0). Iftan g/ > 0, the
line appears inductive, acting like an equivalent inductor
Leq whose impedance is equal to Z;;. Thus,

jwLeg= jZotan I,  if tanpl >0,  (2.70a)

or

Zo tan Bl
Lg M

(2.70b)

The minimum line length [ that would result in an
input impedance Z3 equivalent to that of an inductor
of inductance L. is

1 L
= 3 tan~! <wZOeq (m)

Similarly, if tang/ < 0, the input impedance is
capacitive, in which case the line acts like an equivalent
capacitor Ceq such that

(2.70¢)

- = jZotan BI,  if tan Bl <O, (2.71a)
joCeq
or
Ceqg = — ! ). (2.71b)
Zow tan Bl

59

Since [ is a positive number, the shortest length / for which
tan Bl < O corresponds to the range /2 < Bl < m.
Hence, the minimum line length / that would result in an
input impedance Z3° equivalent to that of a capacitor of
capacitance Ceq is

M
l_ﬂ[n tan (wCquo)] (m). (2.71c¢)

These results mean that, through proper choice of the
length of a short-circuited line, we can make substitutes
for capacitors and inductors with any desired reactance.
Such a practice is indeed common in the design of
microwave circuits and high-speed integrated circuits,
because making an actual capacitor or inductor is often
more difficult than making a shorted transmission line.

Example 2-7  Equivalent Reactive Elements

Choose the length of a shorted 50-2 lossless
transmission line (Fig. 2-16) such that its input
impedance at 2.25 GHz is equivalent to the reactance
of a capacitor with capacitance Ceq = 4 pF. The wave
velocity on the line is 0.75¢.

sc short
Zin Z circuit
1
Z.SC _
n C cheq
Figure 2-16: Shorted line as equivalent capacitor

(Example 2-7).
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Solution: We are given

up =0.75¢ = 0.75 x 3 x 10° =225 x 10® m/s,
Zo=50Q,

f=225GHz = 2.25 x 10" Hz,
Coq=4pF=4x 107 F.

The phase constant 18

2 2nf

B N =62.8 (rad/m)
Up
From Eq. (2.71a),
tan Bl = —
an ﬁ Zoa)Ceq
— = —0.354

T 50x 27 x2.25%x 109 x4x 10712

The tangent function is negative when its argument is
in the second or fourth quadrants. The solution for the
second quadrant is

2.8 2.
—8— = 4.46 cm,

Bl =2.8rad or [ p o3

and the solution for the fourth quadrant is

5.94
Bl, =594rad or b= X = 9.46 cm

We also could have obtained the value of /; by applying
Eq. (2.71c). The length [ is g l; by exactly
1/2. In fact, any length [ = 4.4 2, where n is
a positive integer, is also a solution.

CHAPTER 2 TRANSMISSION LINES

2-7.2 Open-Circuited Line

With Z;, = oo, as illustrated in Fig. 2-17(a), we have
=1, S = oo, and the voltage, current, and input
impedance are given by

Voe(2) = V(;r[e_”gz + /%] = 2V cos Bz, (2.72a)
- /AN . —2jV
T(2) = D [¢m7B2 _ 87 = 2120 sin pz, (2.72b)
Zy Zo
Voo (—1
Zy = Vool 2D _ _ jZocotpl  (2.73)

Toe(—D)

Plots of these quantities are displayed in Fig. 2-17asa
function of negative z.

2-7.3 Application of Short-Circuit and
Open-Circuit Measurements

of the two measurements can be used to determine the
characteristic impedance of the line Zo and its phase
constant 8. The product of Egs. (2.68) and (2.73) gives
the result

Zo= ZEZ¥

mn ’

(2.74)
and the ratio of the same equations leads to

sc
— -Zin

tan ‘Bl = _Zf (275)
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Because of the 7 phase ambiguity associated with the
tangent function, the length / should be less than or equal

o — to A/2 to provide an unambiguous result.
(a) Zo —= Zy
o 0
~ Example 2-8  Measuring Z, and 8
A

Find Zy and B of a 57-cm-long lossless transmis-
sion line whose input impedance was measured as
Z3¢ = j40.42 Q when terminated in a short circuit and
7 as ZY% = —j121.24 Q when terminated in an open

)
I
I
® —* . .
> circuit. From other measurements, we know that the line
I is between 3 and 3.25 wavelengths long.
]
-1
: : Solution: From Egs. (2.74) and (2.75),
I =
: . Toe@Z0
: \ Current A 2Vo"
. | i Zo= iz 72 = \/(j40.42)(— j121.24) = T0 Q,
I ]
\ 1
1 I —Zisrf 1
© — " : >z tan Bl =, [—s= =43
D o
: 4 .2 4
! i T-1 Since [ is between 3A and 3.25A, Bl = (2wl/A) is
! | oc between 67 radians and (137 /2) radians. This places
i I A Zin’ Bl in the first quadrant (0 to 7 /2) in a polar coordinate
: : Impedance T jZg system. Hence, the only acceptable solution for the above
! ! equation is 8/ = 7 /6 radians. This value, however, does
: I not include the 277 multiples associated with the integer
@ = ! > 7 A multiples of /. Hence, the true value of Bl is
B N
1 4 2 4
I : T
! . Bl =61 + 5= 19.4  (rad),

Figure 2-17: Transmission line terminated in an open
circuit: (a) schematic representation, (b) normalized
voltage on the line, (c) normalized current, and
(d) normalized input impedance.

in which case

B=——=34 (rad/m). ®
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CHAPTER 2 TRANSMISSION LINES

2-7.4 Lines of Length [ = n2/2
If | = n\/2, where n is an integer,
tan Bl = tan [(2r/A) (nA/2)] = tannmw = 0.

Consequently, Eq. (2.63) reduces to

Zin =71, forl =nA/2, (2.76)

which means that a half-wavelength line (or any integer
multiple of A/2) does not modify the load impedance.
Thus, a generator connected to a load through a
half-wavelength lossless line would induce the same
voltage across the load and current through it as when
the line is not there.

2-7.5 Quarter-Wave Transformer

Another case of interest is when the length of the line is
a quarter-wavelength (or A/4 + ni/2, where n = 0 or a
positive integer), corresponding to I = (2w /A)(A/4) =
7 /2. From Eq. (2.63), the input impedance becomes

43
Zin = = >
Zy,

forl = A/4 +nrj2. (2.77)

The utility of such a quarter-wave transformer is
illustrated by the problem in Example 2-9.

Example 2-9  Quarter-Wave Transformer

A 50-Q2 lossless transmission line is to be matched
to a resistive load impedance with Zy = 100 €
via a quarter-wave section as shown in Fig. 2-18,
thereby eliminating reflections along the feedline.
Find the characteristic impedance of the quarter-wave
transformer.

Solution: To eliminate reflections at terminal AA’, the
input impedance Z;, looking into the quarter-wave line

Feedline A
Al4 transformer

Zp1=50Q Zin—> Zy 71, =100 Q
— A
fe———— /44—

Figure 2-18: Configuration for Example 2-9.

should be equal to Zg;, the characteristic impedance of
the feedline. Thus, Z;, = 50 Q. From Eq. (2.77),

or

Zoo = v/ Zin ZL = /50 x 100 = 70.7 Q.

Whereas this eliminates reflections on the feedline, it
does not eliminate them on the A /4 line. However, since
the lines are lossless, all the incident power will end up
getting transferred into the load Z;. W

2-7.6 Matched Transmission Line: Z; = Z

For a matched lossless transmission line with Z1, = Zo,
(1) the input impedance Zi, = Zj for all locations z on
the line, (2) I' = 0, and (3) all the incident power is
delivered to the load, regardless of the line length [. A
summary of the properties of standing waves is given in
Table 2-3.

REVIEW QUESTIONS

(Q2.10 What s the difference between the characteristic
impedance Z, and the input impedance Z;,? When are
they the same?

INTEL-1014
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Table 2-3: Properties of standing waves on a lossless transmission line.

Voltage maximum

Voltage minimum

Positions of voltage maxima (also
positions of current minima)

Position of first maximum (also
position of first current minimum)

Positions of voltage minima (also
positions of first current maxima)

Position of first minimum (also
position of first current maximum)

Input impedance
Positions at which Zjj, is real

Zin at voltage maxima

Zin at voltage minima

Zin of short-circuited line

Ziq of open-circuited line

Zip of line of length [ = nA/2

Z;p of line of length [ = A/4 +nA/2

Zi, of matched line

|V Imax = [V I[L +[T']]
¥ lmin = (V5711 = 1]

A
max = o 2,’1—,,,

f0<6 <m
if —m<6<0

Orh n @n+ DA

l = als )
mn 4 n=20,1,2
A O:
Imin=—-[1+—
min 4( +7(>
Z iZpt
Zo=2 ( ]_,+]. o tan Bl
Zo+ jZyi tan Bl

at voltage maxima and minima

14T
Z:o = 7,
" °<1—|r|>

1—1|T
Zin=Z0(1+|F)

Z¥ = jZptan Bl

Zt = —jZocot Bl

Zin=21, n=0,1,2,
Zin=1723/71, n=0,1,2,
Zin =2y

|V0+ | = amplitude of incident wave, I' = |I"|e/% with — < 6 < ; 6; in radians
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(02.11 What is a quarter-wave transformer? How is it
used?

Q2.12 A lossless transmission line of length [ is
terminated in a short circuit. If [ < A/4, is the input
impedance inductive or capacitive?

(2.13 Whatis the input impedance of an infinitely long
line?

Q2.14 If the input impedance of a lossless line is
inductive when terminated in a short circuit, will it be
inductive or capacitive when the line is terminated in an
open circuit?

EXERCISE 2.11 A 50-S2 lossless transmission line uses
an insulating material with &; = 2.25. When terminated
in an open circuit, how long should the line be for its
input impedance to be equivalent to a 10-pF capacitor at
50 MHz?

Ans. [ =9.92 cm.

EXERCISE 2.12 A 300-%2 feedline is to be connected to a
3-mlong, 150-2 line terminated ina 150-Q2 resistor. Both
lines are lossless and use air as the insulating material,
and the operating frequency is 50 MHz. Determine
(a) the input impedance of the 3-m long line, (b) the
voltage standing-wave ratio on the feedline, and (c) the
characteristic impedance of a quarter-wave transformer
were it to be used between the two lines in order to achieve
S = 1 on the feedline.

Ans. (a) Zip =150, (b) S =2,(c) Zp = 212.1 €2

2-8 Power Flow on a Lossless
Transmission Line

Our discussion thus far has focused on the voltage and
current aspects of wave propagation on a transmission
line. Now we shall examine the flow of power carried
by the incident and reflected waves. We begin by

CHAPTER 2 TRANSMISSION LINES

reintroducing Egs. (2.51a) and (2.51b), the general
expressions for the voltage and current phasors on a
lossless transmission line:

V(z) = Vi (e777% + TelP?), (2.78a)

+
)= Y (e7#* — TelP?) (2.78b)
Zy
In these expressions, the first terms represent the
incident-wave voltage and current, and the ferms
involving T represent the reflected-wave voltage and
current. At the load (z = 0), the incident and reflected
voltages and currents are

~. - vt
Vi=vt =2, (atz =0), (2.79)
Zy
~ - v
V=TV, [F=-T Z° . (atz=0). (2.80)
0

2-8.1 Instantaneous Power

The instantaneous power carried by the incident wave,
as it arrives at the load, is equal to the product of the
instantaneous voltage v'(¢) and the instantaneous current

i'(),

Pig)y=2v'()-i'@)
= Re[Vie/¥] - Re [i ef“”]

+
— ﬁ‘ie[IV0+|ejd’+ejwt] . Re l:%_l ej¢+ejwt:|
Zy
+ Y +
=] |cos(wt+ ¢ )-Z—cos(wt+¢ )
0

A +
——Z—cos (wt+07) (W),
0

2.81)

where use was made of Eq. (2.31a) to express V0+ interms
of its magnitude |V0+| and phase angle ¢™.

Similarly, upon replacing I' in Eq. (2.80) with
IT'|e/% and then following the same steps, we obtain
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the following expression for the instantaneous power
reflected by the load:

Pty =v"(t) - i'(2)
_ % o +
=—I' —~ cos“(wt + ¢ +6,) (W). (2.82)
0
The negative sign in Eq. (2.82) signifies the fact that the
reflected power flows in the —z-direction.

2-8.2 Time-Average Power

From a practical standpoint, we usually are more
interested in the time-average power flow along the
transmission line, P,y, than in the instantaneous power
P(t). To compute P,, we can use a time-domain
approach or a computationally simpler phasor-domain
approach. For completeness, we will consider both.

Time-Domain Approach

The time-average power flow is equal to the instantaneous
power averaged over one time period T = 1/f = 27 /w.
For the incident wave, the time-average power is

. 1 T . w 2n/w )
P, == P'(t)dt = — P'(t)ydt. (2.83
v T /0 () 7 /O (1)ydr. (2.83)
Upon inserting Eq. (2.81) for the incident power P (1)

into Eq. (2.83) and performing the integration, we obtain
the result

) V+2
Pl Y wy.

2.84
27, (2.84)

The factor of 1/2 is a consequence of the integration of
cos?(wt + ¢T) over one period. A similar treatment for
the reflected wave gives

+
V1P

PL =—|T| 57 =—T2PL,. (2.85)

Transmission line

Zsy O O

+ Pay

Pi, =¥ B},
e LY

Fa
L

Figure 2-19: The time-average power reflected by a load
connected to a lossless transmission line is equal to the
incident power multiplied by |I"|%.

Thus, the magnitude of the average reflected power
is equal to the average incident power, reduced by a
multiplicative factor of |I"|2.

The net average power delivered to the load shown in
Fig. 2-191is

X V+2
Pav:P;v+ng:M‘[l_|F|2] (W). (2.86)
27y

Phasor-Domain Approach

For any propagating wave with voltage and current
phasors V and I, a useful formula for computing the
time-average power is

Pow=1%e[V.T], (287

where T* is the complex conjugate of I Application of
this formula to Egs. (2.79) and (2.80) gives

. V+* |V+|2
Pi=lgel|lvt. 0 | =—"2— (288
v 2 [ 0 7 27, (2.88)

=
Prav = %9‘{2 |:FVO+ . (‘—Z—D):|
0
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+2
21Vl

=5z

(2.89)

which are, respectively, identical to the expressions given
by Eqgs. (2.84) and (2.85).

EXERCISE 2.13 For a 50-$2 lossless transmission line
terminated in a load impedance ZL = (100 + j50) €2,
determine the fraction of the average incident power
reflected by the load.

Ans. 20%.

EXERCISE 2.14 For the line of Exercise 2.13, what is the
magnitude of the average reflected power if Vo' =1V?

Ans. P&, =2 (mW).

REVIEW QUESTIONS

Q2.15 According to Eq. (2.82), the instantaneous value
of the reflected power depends on the phase of the
reflection coefficient 6;, but the average reflected power
given by Eq. (2.85) does not. Explain.

Q2.16 Whatis the average power delivered by alossless
transmission line to a reactive load?

Q2.17 What fraction of the incident power is delivered
to a matched load?

(Q2.18 Verify that

1 (T, (2mnt
— o faiidd dt =
Pl ()

regardless of the value of ¢

’

N =

CHAPTER 2 TRANSMISSION LINES

2-9 The Smith Chart

discussion to the lossless case.

2-9.1 Parametric Equations

ectl ient eneral, a complex
co fa IT'| and a phase
ofr, ly, a . and an imaginary
part I';,
[ =|Tle/% =T+ T, (2.90)
where
I, = || cosb, (2.91a)
Iy = || sin 6. (2.91b)
The lie plex plane of . In
Fig. A reflection coefficient
T'a or,

T4l = [(0.3)% + (0422 = 0.5
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Short-circuit
load

I = —1, corresponding to a short circuit.

;= 270° or -90°

Figure 2-20: The complex T" plane. Point A isatT'4 = 0.3+ j0.4 = 0.5¢/3%, and point B is at T'p = —0.5 — j0.2 =
|0.54|¢/202° The unit circle corresponds to |T'| = 1. AtpointC, I" = 1, corresponding to an open-circuit load, and at point D,

T
A 6. =90°

Open-circuit
load

Unit circle

and
9, = tan~1(0.4/0.3) = 53°.

Similarly, point B represents 'y = —0.5 — j0.2,
or [Tg| =0.54 and 6, = 202° [or, equivalently,

O = (360° — 202°) = —158°]. Note that when both I';
and I'; are negative numbers 6; is in the third quadrant in
the I',-T'; plane. Thus, when using 8 = tan~!(I';/ ;) to

compute 6;, it may be necessary to add or subtract 180°
to obtain the correct value of &;.

The unit circle shown in Fig. 2-20 corresponds to |I'| =
1. Because |I'| < 1 for a transmission line, only that
part of the I",—T"; plane that lies within the unit circle has
physical meaning; hence, future drawings will be limited
to the domain contained within the unit circle.

Impedances on a Smith chart are represented by

INTEL-1014
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normalized values, with Zg, the characteristic impedance
of the line, serving as the normalization constant.

given by
L= Z1L/Zo

and the reflection coefficient I, defined by Eq. (2.49a),
can be written as
Zi/Zo—1 z—1
T 7 /Zo+1 ozt
The inverse relation of Eq. (2.93) is

(dimensionless), (2.92)

(2.93)

14T
= — 2.94
=TT (2.99)

The normalized load impedance zp is, in general,
a complex quantity composed of a normalized load

resistance ri, and a normalized load reactance XL
7L =1L+ JXL. (2.95)

Using Egs. (2.90) and (2.95) in Eq. (2.94), we have
i + j-xL = s (296)

which can be solved to obtain explicit expressions for

and imaginary parts. These steps lead to
rL= , (2.97a)

AN

= 2.97b
(1-Tp)2+T7 ( )

XL

These expressions state that for a given set of values for
T'; and T there corresponds a unique set of values for r,

CHAPTER 2 TRANSMISSION LINES

number of other combinations. In fact, if we were to plot

value of rp.:

2 2
L 2 1
I, — e = .
(1 1+FL> T (1+FL>

The standard equation for a circle in the x—y plane with
center at (xg, yo) and radius a is given by

(2.98)

(x — x0)2 + (y — yo)? = a”. (2.99)

magnitude of xr..
A similar examination of the expression for xp given
by Eq. (2.97b) also leads to an equation for a circle given

by
1\? 1\
(T — D> 4 (Fi — _) = (—> , (2.100)
XL XL

but the xp, circles in the I'—I"; plane exhibit a different
character from that for rp. To start with, the
normalized reactance x; may assume both positive
and negative values, whereas the normalized r
cannot be negative (negative resistances are p
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—_—

Figure 2-21: Families of r. and xp, circles within the domain |T'| < 1.

meaningless). Hence, Eq. (2.100) can generate two
families of circles, one family corresponding to positive
values of x, and another corresponding to negative values
of x;.. Furthermore, as shown in Fig. 2-21, only part of
a given circle falls within the bounds of the unit circle.
The families of circles of the two parametric equations
given by Egs. (2.98) and (2.100) plotted for selected

values of r;, and xy, constitute the Smith chart shown in
Fig.2-22. A givenpointonthe Smith chart, suchas point P
in Fig. 2-22, represents a normalized load impedance
2L 2 — j1, with a corresponding voltage reflection
coefficient [’ 0.45 exp(—7j26.6°). The magnitude
IT'| = 0.45 is obtained by dividing the length of the line
between the center of the Smith chart and the point P by
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U.S. Patent 7,151,430



70

|T'| = 1 circle).

the length of the line between the center of the Smith chart
and the edge of the unit circle (the radius of the unit circle
corresponds to |T'| = 1). meter of the Smith chart
contains three concentri The innermost scale is

CHAPTER 2 TRANSMISSION LINES

labeled angle of reflection coefficient in degrees. Thisis
the scale for 6,. As indicated in Fig. 2-22, 9, = —26.6°for
point P. The meanings and uses of the other two scales are
discussed next.
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EXERCISE 2.15 Use the Smith chart to find the values
of T corresponding to the following normalized load
impedances: (a) z = 2+ jO, (b) z = 1 — j1,
©z,=05—j2,(d) zL = —j3, () zL = 0 (short
circuit), (f) z = oo (open circuit), (g) z1, = 1 (matched
load).

Ans. (a) ' = 033, (b) ' = 045/684,
()T =0.83450% () I' = 1362, &) T = —1,

2-9.2 Input Impedance

From Eq. (2.61), the input impedance looking toward the
load at a distance / from the load is given by

} Q).

To use the Smith chart, we always normalize impedances
to the characteristic impedance Zj. Hence, the
normalized input impedance is

Zin = Zo [ (2.101)

Z.

Zin = Z_m = (dimensionless). (2.102)
0

The quantity ' = |T'|e/® is the voltage reflection

coefficient at the load. Let us define
I =Te /% = [/ e/ = T/ &=26D (2.103)

as the phase-shifted voltage reflection coefficient,
meaning that ['; has the same magnitude as I", but the
phase of I7 is shifted by 28/ relative to that of I'. In
terms of Ty, Eq. (2.102) can be rewritten as

_1+F[
T 1-T

The form of Eq. (2.104) is identical with that for z;, given
by Eq. (2.94):

Zin (2.104)

1+T
wL=T=-"

2.105
T_T (2.105)

71

The similarity in form suggests that, if I is transformed
into I';, zp, gets transformed into zj,. On the Smith chart,
transforming I" into I'; means maintaining |T"| constant
and decreasing the phase 6; by 28/, which corresponds
to rotation in a clockwise direction on the Smith chart.
Noting that a complete rotation around the Smith chart is
equal to a phase change of 27, the length / corresponding
to such a change is obtained from

2

28l =2 Tl =2, (2.106)
or [ = A/2. The outermost scale around the perimeter
of the Smith chart (Fig. 2-22), called the wavelengths
toward generator (WTG) scale, has been constructed
to denote movement on the transmission line toward
the generator, in units of the wavelength A. That is, [
is measured in wavelengths, and one complete rotation
corresponds to I = A/2. In some transmission-line
problems, it may be necessary to move from some point
on the transmission line toward another point closer to
the load, in which case the phase is increased, which
corresponds to rotation in a counterclockwise direction.
For convenience, the Smith chart contains a third scale
around its perimeter (in between the 6; scale and the WTG
scale) for accommodating such a need. It is called the
wavelengths toward load (WTL) scale.

To illustrate how the Smith chart is used to find Zjp, let
us consider a 50-€2 lossless transmission line terminated
in a load impedance Z;, = (100 — j750) 2. Our objective
is to find Z;, at a distance [ = 0.1\ from the load. The
normalized load impedance is zp, = Zy/Zy = 2 — j1,
and it is denoted by point A on the Smith chart shown in
Fig. 2-23. On the WTG scale, the location of point A is
at 0.2871. Using a compass, a circle is drawn through
point A, with the center of the circle being at the center
of the Smith chart. Since the center of the Smith chart
is the intersection point of the I'; and T'; axes, all points
on the drawn circle have the same value of [I'|. This
is called the constant-|I"| circle, or more commonly the
SWR circle. The reason for this second name is that the
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A
100
03871
=2 — j1at0.287A on the WTG scale. Point B represents the line
voltage standing-wave ratio (SWR) is related to |I'| by Thus, a constant value of |I'| corresponds t0 a specific
Eq. (2.59) as value for S. As was stated earlier, to transform zp, O Zin,

we need to maintain |I'| constant, which means staying
on the SWR circle, and to decrease the phase of " by 2 Bl.

(2.107) This is equivalent to moving a distance [ = 0.1A toward
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the generator on the WTG scale. Since the location
of point A is at 0.287A, we need to move to location
0.287140.1A = 0.387A onthe WTG scale. A radial line
through this new position on the WTG scale intersects the
SWR circle at point B. This point represents zj,, and its
valueis zin = 0.6— j0.66. Finally, we unnormalize z;, by
multiplying it by Zy = 50 Q to get Zi, = (30 — j33) Q.
This result can be verified analytically using Eq. (2.101).
The points between points A and B on the SWR circle
represent different points along the transmission line.

EXERCISE 2.16 Use the Smith chart to find the
normalized input impedance of a lossless line of length [
terminated in a normalized load impedance z; for each of
the following combinations: (a)! = 0.25X, zp, = 1+ 0,
b)! =051z, =14+j1,()l=03%zL =1—jl1,
(D! =12z, =0.5—,0.5,(e)] = 0.1A, z, = O (short
circuit), (f) I = 044,z = j3,(g) ] = 0.2A, z1, = ©
(open circuit).

Ans. (@) zim = 14+ jO, (0) zin = 1 + jI,
©) zin = 0.76 + jO.84, (d) zm = 0.59 + j0.66,
© zm = 0+ jO73, () zin = 0 + jO.72,

(8) zin =0 — j0.32.

2-9.3 SWR, Voltage Maxima and Minima

Consider a load with z;, = 2 + j1. Figure 2-24 shows
a Smith chart with a SWR circle drawn through zj,
(point A). The SWR circle intersects the real axis (I'})
at two points, designated Ppax and Pg;,. Thus, at both
points Iy = 0 and " = I',. Also, on the real axis, the
imaginary part of the load impedance x;, = 0. From the
definition of T,

: 7z — 1
= , 2.108
z2L+1 ( )
points Ppax and Ppjy correspond to the special case
P=T="2"" (forT; = 0), (2.109)
rp+1

73

with Ppin corresponding to the condition when 7, < 1
and Ppax corresponding to the condition when rp, > 1.
Rewriting Eq. (2.107) for [T'| in terms of S, we have

S—1

=— 2.110
IT'| ST ( )
For points Pp,y and Ppg, |T'| = I';; hence
sl (2.111)
TTS+1 '

The similarity in form of Egs. (2.109) and (2.111)
suggests that S = r.. However, since by definition
S > 1, only point Pyax (for which r;, > 1) satisfies
the similarity condition. In Fig. 2-24, r, = 2.6 at Ppax;
hence § = 2.6. In other words, S is numerically equal
to the value of ri. at Py, the point at which the SWR
circle intersects the real I axis on the right-hand side of
the chart’s center.

The points Ppiy and Py also represent the distances
from the load at which the magnitude of the voltage on
the line, | V|, is a minimum and a maximum, respectively.
This statement is easily demonstrated by considering
the definition of I'; given by Eq. (2.103). At point
Prax, the total phase of I'j, that is, (6, — 280), is
equal to zero (if 6, > 0) or 2x (Gf 6; < 0), which is
the condition corresponding to |V|max, as indicated by
Eq. (2.55). Similarly, at Py, the total phase of T’ is
equal to m, which is the condition for |‘7|min. Thus,
for the transmission line represented by the SWR circle
shown in Fig. 2-24, the distance between the load and
the nearest voltage maximum is /.y = 0.037A, obtained
by moving clockwise from the load at point A to point
Prax, and the distance to the nearest voltage minimum is
Imin = 0.287), corresponding to the clclckwise rotation
from A to Py,. Since the location of | V |max 18 also the
location of IT |min and the location of |V|g, is also the
location of |7|max, the Smith chart provides a convenient
way to determine the distances to all maxima and minima
on the line (the standing-wave pattern has a repetition
period of A/2).
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0213\

Figure 2-24: Point A represents a normalized load with z;, = 2 + j1. The standing wave ratio is § = 2.6 (at Pmax), the
distance between the load and the first voltage maximum is Imax = (0.25 — 0.213)A = 0.037A, and the distance between the
load and the first voltage minimum is /i, = (0.037 + 0.25)A = 0.287A.

2-9.4 Impedance to Admittance Transformations a complex quantity consisting of a resistance R and a

. . . . reactance X:
In solving certain types of transmission line problems,

it is often more convenient to work with admittances
than with impedances. Any impedance Z is in general Z=R+jX () (2.112)
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The admittance Y corresponding to Z is the reciprocal
of Z:
1 1 R—jX

Z R+jX R+X? ®)

(2.113)

The real part of Y is called the conductance G, and the
imaginary part of Y is called the susceptance B. That s,
Y=G+jB (S) (2.114)

Comparison of Eq. (2.114) with Eq. (2.113) leads to

R
=—" 2.
G R+ X ), (2.1152)
-X
B=——— . 2.115b
R x? (S) ( )

A normalized impedance z is defined as the ratio of Z
to Zp, the characteristic impedance of the line. The
same concept applies to the definition of the normalized
admiitance Yy; that is,

Y G B ,
y= =5 iy =8+ b

= = (dimensionless),
Yo Yy Yy

(2.116)
where Yy = 1/Z, is the characteristic admittance of the
line and

G
g= A = GZy (dimensionless), (2.117a)
0
B . .
b= o= BZ, (dimensionless). (2.117b)
0

The lowercase quantities g and b represent the
normalized conductance and normalized susceptance
of y, respectively. Of course, the normalized
admittance y is the reciprocal of the normalized
impedance z,

(2.118)

75

Accordingly, using Eq. (2.105), the normalized load
admittance yr is given by

(dimensionless). (2.119)

Now let us consider the normalized input impedance zj,
at a distance [ = A /4 from the load. Using Eq. (2.102)
with 28] = 4xl/A = 4w A /4L = 7 gives

1+Te™ 1-T

nl =1/4) = . . (2.120
Zin( / ) | — Te-in 1+T yo. ( )

Thus, rotation by A /4 on the Smith chart transforms z,
into yp. In Fig. 2-25, the points representing zi. and
yL are diametrically opposite to each other on the SWR
circle. In fact, such a transformation on the Smith chart
can be used to determine any normalized admittance from
its corresponding normalized impedance, and vice versa.

The Smith chart can be used with normalized
impedances or with normalized admittances. As an
impedance chart, the Smith chart consists of ri, and xi,
circles, representing the normalized resistance and
reactance of a normalized load impedance zi,. When
used as an admittance chart, the ri circles become gp
circles and the xp, circles become by, circles, where gr,
and by are the normalized conductance and susceptance
of the normalized load admittance y; , respectively.

Example 2-10  Smith Chart Calculations

A 50-Q lossless transmission line is terminated in a
load impedance Z;, = (25 + j50) 2. Use the Smith
chart to find (a) the voltage reflection coefficient, (b) the
voltage standing-wave ratio, (c) the distances of the first
voltage maximum and first voltage minimum from the
load, (d) the input impedance of the line, given that the
line is 3.3 long, and (e) the input admittance of the line.
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Figure 2-25: Point A represents a normalized load z;, = 0.6 4+ j1.4. Its corresponding normalized admittance is yp =
0.25 — j0.6, and it is at point B

Solution: (a) The normalized load impedance is Fig. 2-26. Using a ruler, a radial line is drawn from the

ZL 25+ j50 . center of the ch'art at point O through po'mt A, outward

== =05+ j1, to the outer perimeter of the chart. The line crosses the

0 scale labeled “angle of reflection coefficient in degrees”

which is marked as point A on the Smith chart in at6, = 83°. Next, aruler is used to measure the length da
INTEL-1014
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aAlTa

Figure 2-26: Solution for Example 2-10. Point A represents a normalized load z;, = 0.5 + j1 at 0.135X on the WTG scale.
At A, 0, = 83°and |I’| = da/dpr = OA/OO’ = 0.62. At B, the standing-wave ratio is § = 4.26. The distance from
A to B gives Imax = 0.115A and from A to C gives I, = 0.3651. Point D represents the normalized input impedance
Zin = 0.28 — j0.40, and point E represents the normalized input admittance y;, = 1.15 + j1.7.

of the line between points O and A and the length do
of the line between points O and O, where O’ is an
arbitrary point on the ri, = 0 circle. The length do/ is
equal to the radius of the |I'| = 1 circle. The magnitude

of I" is then obtained from |I"| = ds/do = 0.62. Hence,
I =0.62¢/3" = 0.62./8%. (2.121)

(b) Using a compass, the SWR circle with center at
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point O is drawn through point A. The circle crosses
the I'; axis at points B and C. The value of rp, at point B
is 4.26, which also is equal to S. Thus,

S = 4.26.

(¢) The first voltage maximum is at point B on the SWR
circle, which is at location 0.25 on the WTG scale. The
load, represented by point A, is at 0.135 on the WTG
scale. Hence, the distance between the load and the first
voltage maximum is

Loax = (0.25 — 0.135)A = 0.1151.

The first voltage minimum is at point C. Moving on the
WTG scale between A and C gives

Imin = (0.5 — 0.135)A = 0.3654,

which is 0.25) past /max.

(d) The line is 3.3 long; subtracting multiples of 0.51
leaves 0.3. From the load at 0.135A on the WTG scale,
the input of the line is at (0.13540.3)A = 0.435A. Thisis
labeled as point D on the SWR circle, and the normalized
impedance is read as

Zin = 0.28 — j0.40,
and therefore
Zin = zinZo = (0.28 — j0.40)50 = (14 — j20) &2

(e) The normalized input admittance yi, is found by
moving 0.25A on the Smith chart to the image point of Zin
across the circle, labeled point E on the SWR circle. The
coordinates of point E give

Yin = 1.154 j1.7,
and the corresponding input admittance is

i
Yo YYo= = =

= (0.023+,0.034) S
Zy

CHAPTER 2 TRANSMISSION LINES

Example 2-11  Determining Z,

Using the Smith Chart

This problem is similar to Example 2-5, except now
we demonstrate the solution using the Smith chart.

Given that the voltage standing-wave ratio is S = 3 on
a 50-2 line, that the first voltage minimum occurs at 5cm
from the load, and that the distance between successive
minima is 20 cm, find the load impedance.

Solution: The distance between successive minima is
equal to A/2. Hence, A = 40 cm. In wavelength units,
the first voltage minimum is at

5

Inin = i 0.125A.

Point A on the Smith chart in Fig. 2-27 corresponds
to r, = S = 3. Using a compass, the constant S
circle is drawn through point A. Point B corresponds
to the locations of voltage minima. Upon moving
0.125A from point B toward the load on the WTL
scale (counterclockwise), we arrive at point C, which
represents the location of the load. The normalized load
impedance at point C is

7z =0.6 — jO.8
Multiplying by Zy = 50 €2, we obtain

Zp = 50(0.6 — j0.8) = (30 — j40) .

REVIEW QUESTIONS

(2.19 The outer perimeter of the Smith chart represents
what value of [['|? What point on the Smith chart
represents a matched load?

Q2.20 What is the SWR circle? What quantity is
constant at all points on the SWR circle?
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Figure 2-27: Solution for Example 2-11. Point A denotes that S = 3, point B represents the location of the voltage minimum,
and point C represents the load at 0.125A on the WTL scale from point B. At C, z, = 0.6 — j0.8.

Q2.21 What line length corresponds to one complete Q2.23 Given a normalized impedance z;,, how do you
rotation around the Smith chart? Why? use the Smith chart to find the corresponding normalized

admittance yp, = 1/z1.?
Q2.22 What points on the SWR circle correspond to the L /o

locations of the voltage maxima and minima on the line
and why?
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2-10 Impedance Matching

A transmission line usually connects a generator circuit
at one end to a load at the other end. The load may
be an antenna or any circuit with an equivalent input
The transmission line is said to be
load when its characteristic impedance
Zo = Zy, in which case no reflection occurs at the load
end of the line. Since the primary uses of transmission
lines are to transfer power and to transmit coded signals
(such as digital data), a matched load ensures that the
power to the load is a maximum.
The solution to matching a load to a
transmission line is to design the load circuit such that

The purpose of the matching network is to eliminate
reflections at the juncture M M’ between the transmission
line and the network. This is achieved by designing
the matching network to exhibit an impedance equal to
Zo at MM’ when looking into the network from the
transmission line side. If the network is lossless, then all
the power going into it will end up in the load. Matching
networks may consist of lumped elements (and in order

M A
Zs
Vg 2 Zin™  petwork Z
M
Generator  Transmission line

Figure 2-28: The function of a matching network is
to transform the load impedance Zp, such that the input
impedance Zj; looking into the network is equal to Zp of
the transmission line.

CHAPTER 2 TRANSMISSION LINES

to avoid ohmic losses only capacitors and inductors are
used) or of sections of transmission lines with appropriate

impedance Z;, = R + jXptoa lossless transmission
line with characteristic impedance Zo. This means that
the network has to transform the real part of the load
impedance from Ry, a to Zo at M M’ in Fig. 2-28
and to transform the part from Xy, at the load
to zero at M M’. To achieve these two transformations,
the matching network has to have at least two degrees
of freedom; that is, at least two adjustable parameters.
The single-stub matching network shown in Fig. 2-29
consists of two transmission line sections, one of
length d co the load to the at MM’ and
another of connected in p ith the other
two lines at M M. This second line is called a sfub, and
it is usually terminated in either a short circuit or open
circuit. The stub shown in Fig. 2-29 has a short-circuit
termination.

T red two of freedom ar d by
the of the s the distance d load
to the stub position. Because at M M’ the stub is added in
“parallel” to the line (and hence called a shunt stub), it
is easier to work with admittances than with impedances.
The matching procedure consists of two basic steps. In
the first step, the distance d is selected so as to transform
the load admittance ¥, = 1/Zg into an admittance of
the form ¥; = Yy + j B, when looking toward the load
at M M'. Then, in the second step, the length [ of the stub
line is selected so that its input admittance Y5 at MM’ is
equal to —j B. The parallel sum of the two admittances
at MM’ yields Yo, the characteristic admittance of the
line. The procedure is illustrated by Example 2-12.

Example 2-12  Single-Stub Matching

A 50- transmission line is connected to an antenna
with load impedance Z; = (25 — j50) Q. Find the
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Feedline M = d >

Yo Yp—» Yq Yy .
M

¥
.Y
QR Load

Shorted
stub

Feedline M

o

Figure 2-29: Shorted-stub matching network.

position and length of the short-circuited stub required to
match the line.

Solution:
The normalized load impedance is
Zy 25— j50 )
=—==———=05-jl,
A 50 d

which is located at point A in the Smith chart of Fig. 2-30.
Next, we draw the constant S circle through point A.
To perform the matching task, it is easier to work with
admittances than with impedances. The normalized load

admittance yy is at point B, obtained by rotating 0.25A,
or equivalently by drawing a line from point A through
the center to the image point on the S circle. The value
of y at B is

yL = 0.4+ 0.8,

and it is located at position 0.1151 on the WTG scale.
In the admittance domain, the ry circles become gr.
circles, and the xp, circles become b circles. To achieve
matching, we need to move from the load toward the
generator a distance d such that the normalized input
admittance y, of the line terminated in the load (Fig. 2-29)
has a real part equal to 1. This condition is satisfied by
either of the two matching points C and D on the Smith
charts of Figs. 2-30 and 2-31, respectively, corresponding
to the intersections of the S circle with the g, = 1 circle.
Points C and D represent two possible solutions for the
distance d in Fig. 2-29.

Solution for Point C [Fig. 2-30]: At C,

ya =1+ j1.58,

anditis located at0.178A on the WTG scale. The distance
between points B and C is

d; = (0.178 — 0.115)1 = 0.063A.

Looking from the generator toward the parallel com-
bination of the line connected to the load and the
short-circuited stub, the normalized input admittance at
the juncture is

Yin = ¥s + Y4,

where y; is the normalized input admittance of the stub
line. To match the feed line to the parallel combinations,
we need to have yj, = 1 4 jO. Thus,

1470 =ys+ 1+ j1.58,
or

ys = —j1.58.
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JCEQOMPONENT {420}, OR CONDUCTANCE COMPS

A is the normalized load with zr, = 0.5 — jl; point B is

Figure 2-30: Solution for point C of Example 2-12. Point
cle with the g = 1 circle. The distance from B to C is

yp = 0.4 + j0.8. Point C is the intersection of the SWR cir
d; = 0.063A. The length of the shorted stub (E to F)is i = 0.09A.

admittance of —j1.58 is located at point F and is at

The normalized admittance of a short circuit is —joo
position 0.342 on the WTG scale. Hence,

and is located at point E on the Smith chart, whose

positionis 0.251 on the WTG scale. Aninput normalized l; = (0.34 — 0.25)1 = 0.09.

INTEL-1014
U.S. Patent 7,151,430



2-10 IMPEDANCE MATCHING 83

o

| ol el = el
2-3b/ 14 =2
= T | | 1 —f

NCE( ompclxw (R/ZoT, OR CONDULTANCE COMPO

Figure 2-31: Solution for point D of Example 2-12. Point D is the second point of intersection of the SWR circle and the
L yL = 1 circle. The distance B to D gives dy = 0.207A, and the distance E to G gives I, = 0.4104.

Solution for Point D (Fig. 2-31): At point D, and the distance between points B and D is
dy = (0.322 — 0.115)A = 0.207X.

The needed normalized input admittance of the stub is
yag=1-—j1.58, ¥s = +j1.58, which is located at point G at position
p p
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0.16) on the WTG scale. Rotating from point E to
point G involves a rotation of 0.25) plus an additional
rotation of 0.16A, or

I, = (0.25+0.16)A = 0.41A.

REVIEW QUESTIONS

Q2.24 To match an arbitrary load impedance to a
lossless transmission line through a matching network,
what is the required minimum number of degrees of
freedom that the network should provide?

Q2.25 In the case of the single-stub matching network,
what are the two degrecs of freedom?

(2.26 When a transmission line is matched to a load
through a single-stub matching network, no waves will
be reflected toward the generator. What happens to the
waves reflected by the load and by the shorted stub when
they arrive at terminals M M’ in Fig. 2-297

2-11 Transients on Transmission Lines

Thus far, our treatment of wave propagation on transrmis-
sion lines has focused on the analysis of single-frequency,
time-harmonic signals under steady-state conditions.
The tools we developed—including the impedance-
matching techniques and the use of the Smith chart—
are useful for a wide range of applications, but they are
inappropriate for dealing with digital or wideband signals
on telephone lines or in a computer network. For such
signals, we need to examine their transient behavior as
a function of time. The fransient response of a voltage
pulse on a transmission line is a time record of its back
and forth travel between the sending and receiving ends
of the line, taking into account all the multiple reflections
(echoes) at both ends.

CHAPTER 2 TRANSMISSION LINES

Let us start by considering the simple case of a single
rectangular pulse of amplitude V, and duration 7, as
shown in Fig. 2-32(a). The amplitude of the pulse is
zero prior to ¢ = 0, V; over the duration 0 < ¢ < 7,
and again zero afterward. The pulse can be described
mathematically as the sum of two unit step functions:

V) =Vi@) + V()

=VoU@)— VU@t —r1), (2.122)
where the unit step function U (x) is defined in terms of
its argument x as

1 forx>0
Ux) = {0 forx <0

The first component, V,(z) = Vo U(2), represents a
d-c voltage of amplitude V; that gets switched on at
t = 0 and remains that way indefinitely, and the second
component, V,(t) = —VyU(t — 7), represents a d-c
voltage of amplitude — Vj that gets switched onatt =7
and then remains that way indefinitely. As can be seen
from Fig. 2-32(b), the sum of the two components is equal
to Vo for 0 < ¢t < 7 and equal to zero for ¢ > t. This
representation of a pulse in terms of two step functions
allows us to analyze the transient behavior of the pulse on
a transmission line as the superposition of two d-c signals.
Hence, if we can develop basic tools for describing the
transient behavior of a single step function, we can apply
the same tools for each of the two components of the
pulse and then add the results appropriately.

(2.123)

2-11.1 Transient Response

The circuit shown in Fig. 2-33(a) consists of a generator
composed of a d-c voltage source Vg and a series
resistance Ry connected to a lossless transmission line
of length [ and characteristic impedance Zp. The line is
terminated in a purely resistive load Zy, at z = /. Hence,
all impedances in the circuit are real.
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RO
T

Vo

(a) Pulse of duration

displaced by t relative to each other.

Figure 2-32: A rectangular pulse V (¢) of duration = can be represented as the sum of two step functions of opposite polarities

LV(),‘)
Vi(f) = Vi U(r)

- R

- o

(b V() =Vi(®) + Va9

Transmission-line

Vg _; Zo ZL

t—-z

-0

(a) Transmission-line circuit

(b) Equivalent circuit at r=0"

Figure 2-33: Att = 07, immediately after closing the
switch in the circuit in (a), the circuit can be represented
by the equivalent circuit in (b).

The switch between the generator circuit and the
transmission line is switched on at + = 0. At the instant

the switch is closed, the transmission line appears to
the generator circuit as a load with impedance Zg, the
characteristic impedance of the line. This is because, in
the absence of a signal on the line, the input impedance
of the line is unaffected by the load impedance Zr. The
circuit representing the inifial condition is shown in
Fig. 2-33(b). The initial current 11+ and corresponding
initial voltage V| at the input end of the transmission
line are given by

v,
If=—=:2_ (2.124a)
Rg + Zy
VaZO
Vi=I1tZ,= —" . 2.124b
1 1 £0 Rg T ZO ( )

The combination of V" and I constitutes a wave
that starts to travel along the line with a velocity
up = 1/,/ue, immediately after the instant at which the
switch is closed. The plus-sign superscript denotes the
fact that the wave is traveling in the +z-direction. The
transient response of the wave is shown in Fig. 2-34
at each of three instances in time for a circuit with
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W(z, TI2) V(z, 3772) W(z, 5T72)
A 4 vit+v© A ViV -
. . 1 1) /( 1 1 2)(V1++V1)
Vet /m ) Vet /(vl ) Voo N
ema— "7].“[.-.___
V1+ V1+ o - -o\ V1+ L V2+ _ Fg Vl_
— v =TV
- 7 } P 7 t 7
0 2 l 0 2 [ 0 2 l
(a) V(z)att=T/2 (b) V(z) att=3T/2 (c) V(z)att=>5T172
I(z, TI2) I(z, 3T/2) I(z, 5772)
4 A A
- @t =T’ .-
/ i) Al A+ +L") (I +11)
11+ [1+ | 1 1 \ 11+ 1
I IT ~ A N R ——~ oy
— ——
L'=-Tgh
> 7 P 7 t L4
0 2 l 0 / 0 12 |
(d) I()ate=T72 (e) I(z) att=3T/2 (f) I(z)att=>5T/2
Figure 2-34: Voltage and current distributions on a lossless transmission line atr = T/2,t = 3T /2, and t =57 /2,dueto a
unit step voltage applied to a circuit with Rg = 4Zo and Z, = 2Zo. The corresponding reflection coefficients are I'L = 1 /3
and I'y = 3/5.

Ry =4Zg and Z, = 2Z,. The first response is at time
ty = T2, where T = [/uy is the time it takes the wave
to travel the full length of the line. By time #;, the wave
has traveled half-way down the line; consequently, the
voltage on the first half of the line is equal to V1+, and
the voltage on the second half is still zero [Fig. 2-34(a)].
At t = T, the wave reaches the load at z = [, and
because Z; # Zo, the mismatch generates a reflected
wave with amplitude

Vi =TV,

(2.125)

where
ZL - Zo

§, =t =0
L=z 17

(2.126)
is the reflection coefficient of the load. For the specific
case illustrated in Fig. 2-34, Zp, = 2Z,, which results
in 'L = 1/3. After this first reflection, the voltage
on the line consists of the sum of two waves, the initial
wave Vfr and the reflected wave V,”. The voltage on the
transmission line at , = 37 /2 is shown in Fig. 2-34(b);
V(z,3T/2) is equal to V;' on the first half of the line
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(0 < z < 1/2), and it is equal to (V;' + V") on the
second half (//2 < z <).

Atr = 2T, the reflected wave V|~ arrives at the sending
end of the line. If Ry # Zo, the mismatch at the sending
end generates a reflection at z = 0 in the form of a wave
with voltage amplitude V," given by

V,h =TV =TIV, (2.127)
where
Ry — Zg
ry ° (2.128)
Ry + Zy

is the reflection coefficient of the generator resistance Ry.
For Ry = 4Zy, we have I’y = 0.6. As time progresses
after t = 2T, the wave V2+ travels down the line toward
the load and, as it does that, it adds to the previous voltage
condition on the line. Hence, at t = 57 /2, the total
voltage on the first half of the line is

V(z,5T/2) =V +V +V,
=(1+ T+ LTVt

0=<z<1/2), (2.129a)

and on the second half of the line the voltage is

V(z,5T/2) =V + V]

=(1+TV  (/2<z<D. (2.129b)
The voltage distribution is shown in Fig. 2-34(c).

So far, we have examined the transient response
of only the voltage wave V(z,t). The associated
transient response of the current /(z,t) is shown in
Figs. 2-34(d)-(f). The process is similar to that
we described for the voltage V(z,t), except for one
important difference. Whereas at either end of the line
the reflected voltage is related to the incident voltage by
the reflection coefficient at that end, the reflected current
is related to the incident current by the negative of the

87
reflection coefficient. This property of wave reflection is
expressed by Eq. (2.49b). Accordingly,

17 =-TLI,
Lf =TI =T,ILI},

(2.130a)
(2.130b)
and so on.

The multiple-reflection process continues indefinitely,
and the ultimate value that V (z, t) reaches as ¢ approaches
oo is the same at all locations on the transmission line and
is given by

Vo= ViV +V 4+ Vy + VSV +-

=V 14T+ L+ T+ TP+ T Mo+ ]
=V TO+TL) (14Tl + T+ )]

=V (A4+T)[1+x+ x>+ -], (2.131)

where x = I'L["g. The series inside the square bracket is
the binomial series of the function

=1+x+x*+ (2.132)

for |x] < 1.
1—x

Hence, Eq. (2.131) can be rewritten in the compact form

1+T
Vo = vﬁ—Jr L (2.133)
1 -TLly
Upon replacing V1+, I'L, and I'y with the expressions
given by Egs. (2.124b), (2.126), and (2.128), respectively,
and then simplifying the resulting expression, we obtain

VoZ1,

2.134
Rrz 219

(@]

The voltage V, is called the steady-state voltage on the
line, and its expression is exactly what we should expect
on the basis of d-c analysis of the circuit in Fig. 2-33(a)
if we were to treat the transmission line as simply a
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connecting wire between the generator circuit and the
load. The corresponding steady-state current is

Vo Vg

X 5 (2133
ZL Rg + ZL

I =

2-11.2 Bounce Diagrams

Keeping track of the voltage and current waves as they
bounce back and forth on the line is a rather tedious
process. The bounce diagram is a graphical presentation
that allows us to accomplish the same goal, but with
relative ease. The horizontal axis in Figs. 2-35(a) and (b)
represents position along the transmission line, and the
vertical axis denotes time. Figure 2-35(a) pertains to
V(z,t) and part (b) pertains to /(z, t). The bounce
diagram in Fig. 2-35(a) consists of a zigzagline indicating
the progress of the voltage wave on the line. The incident
wave V;" starts at z = ¢ = 0 and travels in the +z-
direction until it reaches the load at z = [ at time
t = T. At the very top of the bounce diagram, the
reflection coefficients are indicated by I' = g at the
generator end and by ' = I’ at the load end. At
the end of the first straight-line segment of the zigzag
line, a second line is drawn to represent the reflected
voltage wave V| = IL Vl+. The amplitude of each
new straight-line segment is equal to the product of the
amplitude of the preceding straight-line segment and the
reflection coefficient at that end of the line. The bounce
diagram for the current /(z, ) in Fig. 2-35(b) follows
the same procedure as for the voltage except for the
reversal of the signs of I'r and I, at the top of the bounce
diagram.

Using the bounce diagram, the total voltage (or current)
atany point z; and time #; can be determined by drawing a
vertical line through the point z, then adding the voltages
(or currents) of all the zigzag segments intersected by
that line between t = 0 and t = ¢#,. To find the voltage

CHAPTER 2 TRANSMISSION LINES

atz = [/4 and T = 4T, for example, we draw a dashed
vertical line in Fig. 2-35(a) through z = [/4 and we
extenditfrom¢ = Otot = 4T. The dashed line intersects
four line segments. The total voltage at z = [/4 and
t = 4T is therefore given by

V(/4,4T) =V} + TLV;t + TV + Tl viE
= VT (1 4Ty, + Tl + Tl

The time variation of V at a specific location z can be
obtained by plotting the values of V along the (dashed)
vertical line passing through z. Figure 2-35(c) shows the
variation of V as a function of time at z = /4 for a circuit
with Iy =3/5and I'L = 1/3.

Example 2-13  Time-Domain Reflectometer

A time-domain reflectometer (TDR) is an instrument
used to locate faults on a transmission line. Consider, for

alongu

at some

damage
shape of the cable ibit an imp Zyr
at the fault locatio fromits ch stic

impedance, Zo. A TDR sends a step voltage down the
line, and by observing the voltage at the sending end as a
function of time, it is possible to determine the location
of the fault and its severity.

If the voltage waveform shown in Fig. 2-36(a) isseenon
an oscilloscope connected to the input of a 75-£2 matched
transmission line, determine (a) the generator voltage, (b)
the location of the fault, and (c) the fault shunt resistance.
The line’s insulating material is Teflon with &; = 2.1.

Solution: (a) Since the line is properly matched, it means
that Ry = ZL = Zo. In Fig. 2-36(b), the fault located at
distance d from the sending end is represented by a shunt
resistance R¢. For a matched line, Eq. (2.124b) gives

L VeZo  VeZo _ Ve
T Ret+Zo 2Zy 2

_d
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) I'=Tg 4 yp s T=7T0L
z=0 z=0 t t 7=
t=0 t=0
T
2T 2T
3T
4T 4T
V4, 47) 7] 14, 4177 5T
¥ \ Jr \
t t t t
% (a) Voltage bounce diagram (b) Current bounce diagram
|
V(U/a, 1) (4T +T AT T 4T T )Vt
1
‘ (4T 4T T 4T T )V,
(4Ip)v*
(14T A+, T) Vit . ;
A l :
v* ' | :
Vit ' ! ! : ,'
' — } —t 1— : >
v T aT 2T 9T 3T 15T 4t 17T 5T
4 4 4 4 4
(c) Voltage versus time at z = [/4
i Figure 2-35: Bounce diagrams for (a) voltage and (b) current. In (c), the voltage variation with time at z = [ /4 for a circuit
' with 'y = 3/5 and I'L, = 1/3 is deduced from the vertical dashed line at //4 in (a).

t According to Fig. 2-36(a), V," = 6 V. Hence, (b) The propagation velocity on the line is
' 8
| Vo =2V =12V, _ B 3x10 8
g 1 Up, = = = 2.07 x 10° m/s.
: PTVE V21

|I
|
i
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or
V@0, 1)
A -3
I'r= < = —0.5,

where I'; is the reflection coefficient due to the fault

6V
load Zy; that appears at z = d.
3IVY — e e From Eq. (2.49a),
} P ¢
0 12 s _Zu—7
Zis+Zo '

anditfollowsthat Z; ¢ = 25 Q. Thisfaultloadis composed
of the fault shunt resistance Ry and the characteristic

2y l_ impedance Z of the line to the right of the fault:
Rg=Z(] Zy R Zy Zy. = Z _1_:L+—1_’
V; — % 0 Zif R¢ Zo
) T =0 7=d so that the shunt resistance is 37.5 2. ®

(b) The fault at z = d is represented by a
fault resistance R

. ) REVIEW QUESTIONS
Figure 2-36: Time-domain reflectometer of Example

2-13. Q2.27 What is transient analysis used for?

Q2.28 The transient analysis presented in this section
was for a step voltage. How does one use it for analyzing

9
For a fault at a distance d, the round-trip time delay of the response to a pulse’

the echo is (Q2.29 What is the difference between the bounce
diagram for voltage and the bounce diagram for current?

2d
At =—.
Up
From Fig. 2-36(3), At =12 MS. Hence, GHAPTER HlGHLlGHTS
-6
d= ﬁ Uup = l_zx’lo_ % 2.07 x 108 = 1,242 m. e A transmission line is a two-port network connecting
2 a generator to a load. EM waves traveling on the
(¢) The change in level of V (0, t) shown in Fig. 2-36(a) line may experience ohmic power losses, dispersive
represents V,~. Thus, effects, and reflections at the generator and load ends
of the line. These transmission-line effects may be
Vi = FfV1+ =-3V, ignored if the line length is much shorter than A.

INTEL-1014
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GLOSSARY OF IMPORTANT TERMS

TEM transmission lines consist of two conductors
that can support the propagation of transverse
electromagnetic waves characterized by electric and
magnetic fields that are transverse to the direction
of propagation. TEM lines may be represented
by a lumped-element model consisting of four line
parameters (R, L', G’, and C’) whose values
are specified by the specific line geometry, the
constitutive parameters of the conductors and of the
insulating material between them, and the angular
frequency w.
Wave propagation on a transmission line, which is
e ph ge V(z) an  so-
), is by the prop  ion
constant of the line, y = a+ jB, and its characteristic
impedance Zo. Both y and Z are specified by w and
the four line parameters.
If R = G’ = 0, theline becomes lossless (¢ = 0). A
lossless line is nondispersive, meaning that the phase
velocity of a wave is independent of its oscillation
frequency.
In general, a line supports two waves, an incident
wave supplied by the generator and another wave
reflected by the load. The sum of the two waves
generates a standing-wave pattern with a period of
A/2. The voltage standing-wave ratio S, which
is equal to the ratio of the maximum to minimum
voltage magnitude on the line, varies between 1 fora
matched load (Z1, = Zj) to oo for a line terminated
in an open circuit, a short circuit, or a purely reactive
load.
The input impedance of a line terminated in a short
circuit or open circuit is purely reactive. This
property can be used to design equivalent inductors
and capacitors.
The fraction of the incident power delivered to the
load by a lossless line is equal to (1 — IT1?).
The Smith chart is a useful graphical technique
for analyzing transmission-line problems and for
designing impedance-matching networks.

91

Matching networks are placed between the load
and the feed transmission line for the purpose of
eliminating reflections toward the generator. A
matching network may consist of lumped elements in
the form of capacitors or inductors, or it may consist
of sections of transmission lines with appropriate

lengths and terminations.

Transient analysis of pulses can be performed using
a bounce-diagram graphical technique that tracks
reflections at both the load and generator ends of the

transmission line.

GLOSSARY OF IMPORTANT TERMS

Provide definitions or explain the meaning of the

following terms:

dispersive transmission line
TEM transmission lines
higher-order transmission lines
lumped-element model
transmission-line parameters
intrinsic resistance Rg

perfect conductor

perfect dielectric

air line

telegrapher’s equations
complex propagation constant y
attenuation constant «

phase constant
characteristic impedance Zg
lossless line

standing wave

distortionless line

voltage reflection coefficient I'
matched transmission line
standing-wave pattern
in-phase

phase opposition

voltage maxima and minima

INTEL-1014
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current maxima and minima
voltage standing-wave ratio (VSWR or SWR) §
slotted line

input impedance Zi,
short-circuited line
open-circuited line
quarter-wave transformer
Smith chart

unit circle

normalized impedance
normalized load resistance ry,
normalized load reactance xi,
WTG and WTL

SWR circle

admittance Y

conductance G and susceptance B
impedance matching
matching network
single-stub matching
transient response

bounce diagram

PROBLEMS
Sections 2-1 to 2-4: Transmission-Line Model

2.1" A transmission line of length / connects a load to a
sinusoidal voltage source with an oscillation frequency f.
Assuming that the velocity of wave propagation on the
line is ¢, for which of the following situations is it
reasonable to ignore the presence of the transmission line
in the solution of the circuit:

(@) I =20cm, f = 10kHz

; “*Answer(s) available in Appendix D
* Solution available in CD-ROM.

CHAPTER 2 TRANSMISSION LINES

(b) I =50km, f = 60 Hz
(¢) Il =20cm, f =300 MHz
(d) I = 1 mm, f = 100 GHz

2.2 Calculate the line parameters R’, L', G’, and C’
for a coaxial line with an inner conductor diameter of
0.5 cm and an outer conductor diameter of 1 cm, filled
with an insulating material where u = uo, & = 2.25,
and o = 1073 S/m. The conductors are made of copper
with e = wo and o, = 5.8 x 107 S/m. The operating
frequency is 1 GHz.

2.3" A 1-GHz parallel-plate transmission line consists
of 1.5-cm-wide copper strips separated by a 0.2-cm-thick
layer of polystyrene. Appendix B gives uc = o =
4m x 1077 (H/m) and 0. = 5.8 x 107 (S/m) for copper,
and &; = 2.6 for polystyrene. Use Table 2-1 to determine
the line parameters of the transmission line. Assume that
w = o and o 22 0 for polystyrene.

2.4 Show that the transmission-line model shown in
Fig. 2-37 yields the same telegrapher’s equations given
by Egs. (2.14) and (2.16).

i(z, i(z+Az, 1)
+

v(z+Az, t)

Figure 2-37: Transmission-line model for Problem 2.4

2.5" Find «, B, up, and Zg for the coaxial line of
Problem 2.2.
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PROBLEMS

Section 2-5: The Lossless Line

2.6 In addition to not dissipating power, a lossless
line has two important features: (1) it is dispersionless
(up is independent of frequency); and (2) its characteristic
impedance Z is purely real. Sometimes, itis not possible
to design a transmission line such that R’ « wL' and
G' « oC’, but it is possible to choose the dimensions
of the line and its material properties so as to satisfy the
condition
R'C'=L'G’" (distortionless line)

Such a line is called a distortionless line, because despite
the fact that it is not lossless, it nonetheless possesses the
previously mentioned features of the lossless line. Show
that for a distortionlcss linc,

C’
a:R"/—L—, =+R'G

B=wvL'C’
L’
Zo= —C—’

2.7° For a distortionless line [see Problem 2.6] with
Zo = 50 Q, @ = 40 (mNp/m), and up = 2.5 x 10° (m/s),
find the line parameters and A at 250 MHz.

2.8 Find o and Z; of a distortionless line whose
R =4 Q/mand G' =4 x 107* S/m.

©2.9° A transmission line operating at 125 MHz has

Zy=40Q, o = 0.02 (Np/m), and § = 0.75 rad/m.
Find the line parameters R’, L', G', and C".

2.10 Using a slotted line, the voltage on a lossless
transmission line was found to have a maximum
magnitude of 1.5 V and a minimum magnitude of 0.8 V.
Find the magnitude of the load’s reflection coefficient.

“ 215" A load with impedance Z; =

93

2.11" Polyethylene with g = 2.25 is used as the
insulating material in a lossless coaxial line with a
characteristic impedance of 50 2. The radius of the inner
conductor is 1 mm.

(a) What is the radius of the outer conductor?
(b) What is the phase velocity of the line?

2.12 A 50-Q lossless transmission line is terminated
in a load with impedance Z; = (30 — j60) 2. The
wavelength is 5 cm. Find the following:

(a) The reflection coefficient at the load.
(b) The standing-wave ratio on the line.

(c) The position of the voltage maximum nearest the
load.

(d) The position of the current maximum nearest the
load.

2.13* On a 150-Q lossless transmission line, the
following observations were noted: distance of first
voltage minimum from the load = 3 cm; distance of
first voltage maximum from the load = 9 cm; S = 3.
Find Z1.

2.14 Using a slotted line, the following results were
obtained: distance of first minimum from the load =
4 cm; distance of second minimum from the load =
14 cm; voltage standing-wave ratio = 2.5. If the line
is lossless and Zy = 50 €2, find the load impedance.

(25 — j50) @
is to be connected to a lossless transmission line with
characteristic impedance Zg, with Z; chosen such that
the standing-wave ratio is the smallest possible. What
should Z; be?

2.16 A 50-Q lossless line terminated in a purely
resistive load has a voltage standing-wave ratio of 4. Find
all possible values of Zy..

INTEL-1014
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Section 2-6: Input Impedance

2.17° Atan operating frequency of 300 MHz, a lossless
50-Q air-spaced transmission line 2.5 m in length is
terminated with an impedance Zy. = (604 j20) Q. Find
the input impedance.

2.18 A lossless transmission line of electrical length! =
0.35) is terminated in a load impedance as shown in
Fig. 2-38. Find T, S, and Zi,.

B

je——1=0.35A—>1
o=

—o—

Zo—>  Z=100Q 71 = (60 + j30) Q

o —————

Figure 2-38: Circuit for Problem 2.18.

2.19 Show that the input impedance of a quarter-
wavelength-long lossless line terminated in a short
circuit appears as an open circuit.

2.20 Show that at the position where the magnitude of
the voltage on the line is a maximum, the input impedance
is purely real.

2.21" A voltage generator with
vg(f) = Scos(2m x 10°1) V

and internal impedance Zg = 50 Qis connected to a 50-£2
lossless air-spaced transmission line. The line length is
5 cm and it is terminated in a load with impedance Z1, =
(100 — j100) €. Find the following:

(a) T at the load.

(b) Zin at the input to the transmission line.

(¢) The input voltage ¥, and input current L.

2.22 A 6-m section of 150-€ lossless line is driven by
a source with

vg(t) = 5cos(8r x 107t —30%) (V)

and Z; = 150 . If the line, which has a relative
permittivity ¢ = 2.25, is terminated in a load
Zy = (150 — j50) €, find the following:

(a) X on the line.

(b) The reflection coefficient at the load.

(¢) The input impedance.

(d) The input voltage V.

(e) The time-domain input voltage vi(?).

2.23* Two half-wave dipole antennas, each with an
impedance of 75 €2, are connected in parallel through
a pair of transmission lines, and the combination is
connected to a feed transmission line, as shown in
Fig. 2-39. All lines are 50 € and lossless.

75 Q
(Antenna)

o,
Zin |
Zin Zin
2
o=

75 Q
(Antenna)

Figure 2-39: Circuit for Problem 2.23.
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PROBLEMS

(a) Calculate Zj, , the input impedance of the antenna-
terminated line, at the paralle] juncture.

(b) Combine Zi,, and Zj,, in parallel to obtain Z;, the
effective load impedance of the feedline.

(¢) Calculate Z;, of the feedline.

Section 2-7: Special Cases

2.24 Atanoperating frequency of 200 MHz, it is desired
to use a section of a lossless 50-2 transmission line
terminated in a short circuit to construct an equivalent
load with reactance X = 25 Q. If the phase velocity of
the line is 0.75¢, what is the shortest possible line length
that would exhibit the desired reactance at its input?

2.25% A lossless transmission line is terminated in a
short circuit. How long (in wavelengths) should the line
be for it to appear as an open circuit at its input terminals?

2.26 The input impedance of a 31-cm-long lossless
transmission line of unknown characteristic impedance
was measured at 1 MHz. With the line terminated
in a short circuit, the measurement yielded an input
impedance equivalent to an inductor with inductance of
0.128 1H, and when the line was open-circuited, the
measurement yielded an input impedance equivalent to
a capacitor with capacitance of 20 pF. Find Z, of the
line, the phase velocity, and the relative permittivity of
the insulating material.

2.27° A 60-Q resistive load is preceded by a A. /4 section
of a 50-2 lossless line, which itself is preceded by
another A /4 section of a 100-Q line. What is the input
impedance?

228 A 100-MHz FM broadcast station uses a
300-Q transmission line between the transmitter
and a tower-mounted half-wave dipole antenna. The
antenna impedance is 73 Q. You are asked to design a
quarter-wave transformer to match the antenna to the
line.

95

(a) Determine the electrical length and characteristic
impedance of the quarter-wave section.

(b) If the quarter-wave section is a two-wire line with
d = 2.5 cm, and the spacing between the wires is
made of polystyrene with &, = 2.6, determine the
physical length of the quarter-wave section and the
radius of the two wire conductors.

2.29* A 50-MHz generator with Z, = 50 Q is
connected to a load Zp = (50 — j25) Q. The time-
average power transferred from the generator into the
load is maximum when Z; = Zi, where Z7 is the
complex conjugate of Zi. To achieve this condition
without changing Z,, the effective load impedance can
be modified by adding an open-circuited line in series
with Z, as shown in Fig. 2-40. If the line’s Zy = 100 €2,

Zo =100 Q T

!

Figure 2-40: Transmission-line arrangement for Problem
2.29.

determine the shortest length of line (in wavelengths)
necessary for satisfying the maximum-power-transfer
condition.

2.30 A50-Qlossless line of length/ = 0.375A connects
a 200-MHz generator with V; = 150 V and Z; = 50 €2
to aload Z;.. Determine the time-domain current through
the load for:

INTEL-1014
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= 71, =75Q
(Antenna 1)

Generator

Figure 2-41: Antenna configuration for Problem 2.32.

< 7Z1,=75Q
(Antenna 2)

(a) Zr, = (50 — j50)
(b) Zp, =50
(¢) Zy, = 0 (short circuit)

Section 2-8: Power Flow on Lossless Line

231" A generator with ¥, = 100 V and Z, = 50 Q is

connected to a load Z;, = 75 Q2 through a 50-€2 lossless

line of length [ = 0.15A.

(a) Compute Z;,, the input impedance of the line at the
generator end.

(b) Compute Z and 171

(c) Compute the time-average power delivered to the
line, Pyy = 3Re[Vi].

(d) Compute f/JL, I~L, and the time-average power
delivered to the load, P, = %ERe[VLI,f]. How does
P, compare to Pr.? Explain.

(e) Compute the time-average power delivered by
the generator, Py, and the time-average power
dissipated in Zg. Is conservation of power satisfied?

2.32 If the two-antenna configuration shown in
Fig. 2-41 is connected to a generator with Vg = 250 V
and Z; = 50 €2, how much average power is delivered
to each antenna?

2.33"* For the circuit shown in Fig. 2-42, calculate the
average incident power, the average reflected power, and
the average power transmitted into the infinite 100-£2
line. The A/2 line is lossless and the infinitely long
line is slightly lossy. (Hint: The input impedance
of an infinitely long line is equal to its characteristic
impedance so long as o # 0.)

2.34 An antenna with a load impedance

ZL = (15+ j25) Q

INTEL-1014
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PROBLEMS

fe—— 2

AY Zp=50Q Z;=100Q —»o°

1 t
Pay _>: — P
Pl e—t

av

Figure 2-42: Circuit for Problem 2.33.

is connected to a transmitter through a 50-Q2 lossless
transmission line. If under matched conditions (50-2
load) the transmitter can deliver 10 W to the load, how
much power can it deliver to the antenna? Assume that
Zy = Zy.

Section 2-9:; Smith Chart

2.35" Use the Smith chart to find the reflection
coefficient corresponding to a load impedance of

(a) Zy, =3Z
=(b) ZL=(2-2))Z
(©) ZL =-2jZ
(d) Zy, = 0 (short circuit)

2.36 Use the Smith chart to find the normalized load
impedance corresponding to a reflection coefficient of

@I =05
“ (b) T = 0.5./60°

(©0I=-1
(d) T =0.3/30°
e I=0
®OTr=j
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2.37° On a lossless transmission line terminated in a
load Z;, = 100 2, the standing-wave ratio was measured
to be 2.5. Use the Smith chart to find the two possible
values of Z.

2.38 A lossless 50-$2 transmission line is terminated in
aload with Zy, = (50 + j25) Q2. Use the Smith chart to
find the following:

(a) The reflection coefficient I'.

(b) The standing-wave ratio.

(¢) The input impedance at 0.35A from the load.
(d) The input admittance at 0.35) from the load.

(e) The shortest line length for which the input
impedance is purely resistive.

(f) The position of the first voltage maximuwm from the
load.

2.39° Alossless 50-€2 transmission line is terminated in
a short circuit. Use the Smith chart to find the following:

(a) Theinputimpedance at adistance 2.3 from the load.

(b) The distance from the load at which the input
admittance is Y, = —j0.04 S.

2.40 Use the Smith chart to find yp if zp = 1.5 — j0.7

2.41"  Alossless 100-£2 transmission line 34 /8 in length
is terminated in an unknown impedance. If the input
impedance is Zj, = —j2.5 Q,

(a) Use the Smith chart to find Zj..

(b) What length of open-circuit line could be used to
replace Z.?

2.42 A 75-Q2 lossless line is 0.6 long. If S = 1.8 and
6, = —60°, use the Smith chart to find |I'[, Zy, and Zj,.

2.43" Using a slotted line on a 50-Q air-spaced
lossless line, the following measurements were obtained:
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S =1.6 and |‘7lmax occurred only at 10 cm and 24 cm
from the load. Use the Smith chart to find Zg.

2.44 At an operating frequency of 5 GHz, a 50-2
lossless coaxial line with insulating material having a
relative permittivity &; = 2.251s terminated in an antenna
with an impedance Zp, = 75 2. Use the Smith chart to
find Z;,. The line length is 30 cm.

Section 2-10: Impedance Matching

245 A 50-Q lossless line 0.6 long is terminated in a
load with Zp = (50 4 j25) Q. At 0.31 from the load, a
resistor with resistance R = 30 €2 is connected as shown
in Fig. 2-43. Use the Smith chart to find Zin.

(e ; O—
Zin—™ Zp=50Q 300 Zp=50Q 71,
o . —

0.3n—
7 = (50 +j25) Q

Figure 2-43: Circuit for Problem 2.45.

2.46 A 50-Q lossless line is to be matched to an antenna
with Z, = (75 — j20) £ using a shorted stub. Use the
Smith chart to determine the stub length and distance
between the antenna and stub.

2.47° Repeat Problem 246 for a load with

71 = (100 + j50) Q.

248 Use the Smith chart to find Zj, of the feed line
shown in Fig. 2-44. Alllines are lossless with Zo = 50 Q.

2.49° Repeat Problem 2.48 for the case where all three
transmission lines are A /4 in length.

A

7, = (50 +j50) Q

Z; = (50 - j50) Q

Figure 2-44: Network for Problem 2.48.

Section 2-11: Transients on Transmission Lines

2.50 Generate a bounce diagram for the voltage V (z, t)
for a 1-m-long lossless line characterized by Zo = 50 2
and up = 2¢/3 (where c is the velocity of light) if the line
is fed by a step voltage applied at 7 = 0 by a generator
circuit with Vg = 60 V and Ry = 100 2. The line
is terminated in a load Zy = 25 . Use the bounce
diagram to plot V (t) at a point midway along the length

of the line from t = 0 to t = 25 ns.
2.51 Repeat Problem 2.50 for the current / on the line.

2.52 Inresponse to astep voltage, the voltage waveform
shown in Fig. 2-45 was observed at the sending end ofa
lossless transmission line with Ry = 50 Q. Zy = 50 €2,
and &, = 2.25. Determine the following:

(a) The generator voltage.

(b) The length of the line.

(c) The load impedance.

R
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V(0, 1)

5V
3V

0 6 us

Figure 2-45: Voltage waveform for Problems 2.52 and
2.54.

2.53° In response to a step voltage, the voltage
waveform shown in Fig. 2-46 was observed at the sending
end of a shorted line with Zy = 50 Q and & = 4.
Determine Vg, R,, and the line length.

V(©,1)

12V

3V
075V

0 7 us 14 us

Figure 2-46: Voltage waveform of Problem 2.53

2.54 Suppose the voltage waveform shown in Fig. 2-45
was observed at the sending end of a 50-€2 transmission
line in response to a step voltage introduced by a
generator with V, = 15 V and an unknown series
resistante Rg. The line is 1 km in length, its velocity
of propagation is 1 x 108 m/s, and it is terminated in a
load Z; = 100 Q.

99

(a) Determine Rg.
(b) Explain why the drop in level of V (0, t) att = 6 us
cannot be due to reflection from the load.

(¢) Determine the shunt resistance Ry and location of the
fault responsible for the observed waveform.

2.55 A generator circuit with V; = 200 V and
Ry = 25 €2 was used to excite a 75-L2 lossless line with
a rectangular pulse of duration t = 0.4 us. The line is
200 m long, its up = 2 x 108 my/s, and it is terminated in
aload Z;, = 125 Q.

(a) Synthesize the voltage pulse exciting the line as the
sum of two step functions, Vg (#) and Vg, (¢).

(b) For each voltage step function, generate a bounce
diagram for the voltage on the line.

(¢) Use the bounce diagrams to plot the total voltage at
the sending end of the line.

2.56 For the circuit of Problem 2.55, generate a bounce
diagram for the current and plot its time history at the
middle of the line.
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11 our examination of wave propagation on a transmis-
sion line in Chapter 2, the primary quantities we worked
with were voltage, current, impedance, and power. Each
of these is a scalar quantity, meaning that it can be
completely specified by its magnitude, if it is a positive
real number, or by its magnitude and phase angle if it
is a negative or a complex number (a negative number
has a positive magnitude and a phase angle of 7 (rad)).
A vector specifies both the magnitude and direction of a
quantity. The speed of an object is a scalar, whereas its
velocity is a vector.

Starting in the next chapter and throughout the
succeeding chapters in the book, the electromagnetic
quantities we will deal with the most are the electric
and magnetic fields, E and H. These, and many other
related quantities, are vectors. Vector analysis provides
the mathematical tools necessary for expressing and
manipulating vector quantities in an efficient and
convenient manner. To specify a vector in three-
dimensional space, it is necessary to specify its
components along each of the three dimensions. Several
types of coordinate systems are used in the study of
vector quantities, the most common being the Cartesian
(or rectangular), cylindrical, and spherical systems.
A particular coordinate system is usually chosen to
best suit the geometry of the particular problem under
consideration.

Vector algebra governs the laws of addition, sub-
traction, and multiplication of vectors in any given
coordinate system. The rules of vector algebra and vector
representation in each of the aforementioned orthogonal
coordinate systems (including vector transformation
between them) are two of the three major topics treated
in this chapter. The third topic is vector calculus, which

101

§>

Figure 3-1: Vector A = 4A has a magnitude A = |A|
and unit vector 4 = A/A.

encompasses the laws of differentiation and integration
of vectors, the use of special vector operators (gradient,
divergence, and curl), and the application of certain
particularly useful theorems, most notably the divergence
and Stokes’s theorems.

3-1 Basic Laws of Vector Algebra

A vector A has a magnitude A = |A| and a direction
specified by a unit vector a:

A =AJA| = AA. @3.1)

The unit vector a has a magnitude of unity (|a] = 1), and
its direction is given by

A

= 32
Al (3-2)

N A
a= —
A
Figure 3-1 shows a graphical representation of the
vector A as a straight line of length A with its tip pointing
in the direction of 4.

In the Cartesian (or rectangular) coordinate system
shown in Fig. 3-2(a), the directions of the x, y,

INTEL-1014
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4
A
Al
i (N
i
:\ ]
4
1
1 ,A)' e
Fde
A N7 AN
X
(b) Components of A
Figure 3-2: Cartesian coordinate system: (a) base
vectors %, ¥, and Z, and (b) components of vector A.

and z coordinates are denoted by the three mutually
perpendicular unit vectors X, ¥. and 2, which are called
the base vectors. The vector A in Fig-3-2(b) may be
represented as”

A =RA, +JA, +ZA,, (3.3)

where A, A,, and A, are the components of A along the
x-, y-, and z-directions, respectively. The component A,
is equal to the perpendicular projection of A onto the

z-axis, and similar definitions apply to A and A,.
Application of the Pythagorean theorem, first to the right
triangle in the x—y plane to express the hypotenuse A, in
terms of A, and A, and then again to the vertical right
triangle with sides A, and A, and hypotenuse A, gives
the following expression for the magnitude of A:

A=Al = A2+ A2+ AL

Since A is a nonnegative scalar, only the positive root
applies. From Eq. (3.2), the unit vector a is given by

(3.4)

L_A_RAHIA) +IA,

AT Jeraia

Occasionally, we shall use the shorthand notation
A= (A, Ay, A;) to denote a vector with components
A,, Ay, and A, in a Cartesian coordinate system.

(3.5)

3-1.1 Equality of Two Vectors

Two vectors A and B are said to be equal if they have
equal magnitudes and identical unit vectors. Thus, if

AA = RA, + §A, + 24,
BB =%B, + §B, + iB;,

(3.6)

A
B (3.6b)

then A — B if and only if A = B and & = b, which
requires that A, = B, Ay = By,and A, = B.. Equality
of two vectors does not necessarily imply that they
are identical: in Cartesian coordinates, two displaced
parallel vectors of equal magnitude and pointing in the
same direction are equal, but they are identical only if
they lie on top of one another.

7
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3-1.2 Vector Addition and Subtraction

The sum of two vectors A and B is a vector C given by
C=A+B=B+A. (3.7)

Graphically, vector addition is obtained by either the
parallelogram rule or the head-to-tail rule, as illustrated in
Fig. 3-3. With A and B drawn from the same point, while
keeping their magnitudes and directions unchanged, the
vector C is the diagonal of the parallelogram found by A
and B. With the head-to-tail rule, we may either add A
to B or B to A. When A is added to B, it is positioned so
that its tail starts at the tip of B, again keeping its length
and direction unchanged. The sum vector C starts at the
tail of B and ends at the tip of A.

If A and B are given in a rectangular coordinate system
by Egs. (3.6a) and (3.6b), vector addition gives

C=A+B
= (XA, + YA, +2ZA,) + (XB, + §B, + 2B,)
=X(Ax + B:) + J(A, + B,) + 2(A. + B,).(3.8)

(a) Parallelogram rule

C
A

B
(b) Head-to-tail rule

Figure 3-3: Vector addition by (a) the parallelogram rule

and (b) the head-to-tail rule.

Subtraction of vector B from vector A is equivalent to the
addition of A to negative B. Thus,

D=A-B
=A+ (—B)
=X(Ax — B,) +¥(A, — B)) + (A, — B,).(3.9)
Graphically, the same rules used for vector addition are
also applicable to vector subtraction; the only difference
is that the arrowhead of (—B) is drawn on the opposite

end of the line segment representing the vector B (i.e.,
the tail and head are interchanged).

3-1.3 Position and Distance Vectors

In a given coordinate system, the position vector of a
point P in space is the vector from the origin to P.
Points Py and P, in Fig. 3-4 are located at (x;, y;, z1)

X

Figure 3-4: Position vector Rjp = P{ P, = R; — R;.

INTEL-1014
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and (x5, y2, 22)> respectively. Their position vectors are

= N ~ A
R1:0P1 = Xx; + ¥y + 221, (3103)
— ~ A ~
R, = 0P2=xx2+yy2+zz2, (3.10b)

where point O is the origin. The distance vector from
P; to P, is defined as

Ry = P1ﬁ2
=R, — Ry
=& — x1) + 50— ¥) T2z — z1), (3.11)

and the distance d between P and P, is equal to the
magnitude of Ryz:

d =Ry
= — x)? 4 2 =y + (22— 21)21Y2. (3.12)

Note that the first subscript of Rz denotes the location
of the tail of vector R; and the second subscript denotes
the location of its head, as shown in Fig. 3-4.

3-1.4 Vector Multiplication

Three types of products can occur in vector calculus.
These are the simple, scalar (or dot), and vector (or Cross)
products.

Simple Product

Multiplication of a vector by a scalar is called a simple
product. The product of the vector A = 4A by a scalar k
results in a vector B whose magnitude is kA and whose
direction is the same as that of A. That is,

B — kA = akA = X(kA,) + §(kAy) + 2(kA;). (3.13)

Scalar or Dot Product

The scalar (or dot) product of two vectors A and B,
denoted by A - B and pronounced “A dot B, is defined
geometrically as the product of the magnitude of one of
the vectors and the projection of the other vector onto the
first one, or vice versa. Thus,

A-B = ABcosfas, (3.1;-1

where 045 is the angle between A and B, as shown
in Fig. 3-5. The scalar product of two vectors yields
a scalar whose magnitude is less than or equal to the
products of the magnitudes of the two vectors (equality
holds when 845 = 0) and whose sign is positive if
0 < 045 < 90° and negative if 90° < 945 < 180°.
When 645 = 90°, the two vectors are orthogonal. The
dot product of two orthogonal vectors is Zero. The
quantity A cosfap is the component of A along B and

A
N B
()
A B
,J g
U 6AB
"
4
)
Figure 3-5: The angle 64 p is the angle between Aand B,
measured from A to B between vector tails. The dot
product is positive if 0 < Gap < 90° as in (a), and it is
negative if 90° < B4 = 180°, as in (b).
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is equal to the projection of vector A along the direction
of vector B, and similarly B cosf45 is the component
of B along A.

Ifé = (A;, Ay, A) and B = (B,, B,, B,), then

A-B = RA,+§A,+32A,) -RB,+§B,+2B,). (3.15)

Since the base vectors X, ¥, and Z are each orthogonal to
the other two, it follows that

Rk=9-9=2-2=1, (3.162)
% §=§-2=2-%=0 (3.16b)

Use of Egs. (3.16a) and (3.16b) in Eq. (3.15) leads to
A-B=A,B, +AyBy+ A,B,. (3.17)

The dot product obeys both the commutative and
distributive properties of multiplication; that is,

A-B=B-A (commutative property), (3.18a)

A-B+C)=A-B+ A-C (distributive property).
(3.18b)

The dot product of a vector with itself gives
A-A=|A =A% (3.19)

If the vector A is defined in a given coordinate system,
its magnitude A can be determined from

A=|Al= VA-A. (3.20)

Also, if vectors A and B are specified in a given
coordinate system, then the smaller angle between them,
848, can be determined from

A-B :|

-_ 3.21
VAA /BB G-2D

Bap = cos™! |:

Vector or Cross Product

The vector (or cross) product of two vectors A and B,
denoted by A x B and pronounced “A cross B,” yields a
vector defined as

AxB=nABsinfs5, (3.22)

where 64 is the angle between A and B, measured firom
the tail of A 7o the tail of B, and 1 is a unit vector normal
to the plane containing A and B. The magnitude of the
cross product is equal to the area of the parallelogram
defined by the two vectors, as illustrated in Fig. 3-6(a),
and its direction is specified by i in accordance with the

4 AxB=0ABsin 5

(a) Cross product

AXB

(b) Right-hand rule

Figure 3-6: Cross product A x B points in the direction fi,
which is perpendicular to the plane containing A and B
and defined by the right-hand rule.
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following right-hand rule [Fig. 3-6(b)]: the direction
of fi points along the right thumb when the fingers rotate
from A to B through the angle 6,5. We note that, since
fi is perpendicular to the plane containing A and B, it is
also perpendicular to the vectors A and B.

The cross product is anticommutative, meaning that

AxB=-BxA (anticommutative). (3.23)

This property can be verified by rotating the fingers of
the right hand from B to A through the angle 6,5. Other
properties of the cross product include

Ax (B+C)=AxB+AxC (distributive),(3.24a)
AxA=0. (3.24b)

From the definition of the cross product given by
Eq. (3.22), it is easy to verify that the base vectors X,
¥, and 2 of the Cartesian coordinate system obey the
following right-hand cyclic relations:

ixy=12, §yxz=% Zxx=§. (325

Note the cyclic order (xyzxyz ...). Also,

Zxz=0.

IXX=§XY¥ (3.26)

If A = (A, Ay, A;) and B = (By, By, B,), use of Eqs.
(3.25) and (3.26) leads to
A x B= (RA, +§A, +2A,) x XB, + §B, +1B.)
=%(A,B, — A By) + (A B, — A« B;)
+2(A,B, — A,B,). (3.27)

The cyclical form of the result given by Eq. (3.27)
allows us to express the cross product in the form of a
determinant:

¥
AxB=| A, A,
B, B

y

(3.28)

Q:JN:D N>

o~

X

N

Figure 3-7: Geometry for Example 3-1.

Example 3-1  Vectors and Angles

In Cartesian coordinates, vector A is directed from the
origin to point P;(2, 3, 3), and vector B is directed from
Py to point Py(1, —2, 2). Find
(a) vector A, its magnitude A, and unit vector a,

(b) the angle that A makes with the y-axis,

(c) vector B,

(d) the angle between A and B, and

(e) the perpendicular distance from the origin to
vector B.

Solution: (a) Vector A is given by the distance vector
from 0(0, 0, 0) to Py(2, 3, 3) as shownin Fig. 3-7. Thus,
A=X2+§3+123,
A=Al =22 +32 432 =422,

A= = R2+§3+23)/4V22.

e
(b) The angle B between A and the y-axis is obtained
from

A-y=|Acosp,

AN R e e M=
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or

B = cos™! <AT§,> = cos™! (\/—32:2> = 50.2°
(c)

B=R%(1-2)+§(—2-3)+22—-3)= —k—§5— %

(d)

A-B
9 =cos”!| —— | = cos
|A][B]

(e) The perpendicular distance between the origin and

. {(—2— 15—3)

= 4500
V22 327 ]

vector B is the distance | O P5 | shown in Fig. 3-7. From
right triangle O P, P,

| 0P, | = |A|sin(180° — 8)
— /22 sin(180° — 145.1°) = 2.68.

EXERCISE 3.1 Find the distance vector between
Pi(1,2,3) and P,(—1, —2, 3) in Cartesian coordinates.

Ans. Py Fz =—-X2— 5’4

EXERCISE 3.2 Find the angle 6 between vectors A and B
of Example 3-1 using the cross product between them.

Ans.

EXERCISE 3.3 Find the angle that vector B of Example
3-1 makes with the z-axis.

Ans. 101.1°.

6 =145.1°.
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3-1.5 Scalar and Vector Triple Products

When three vectors are multiplied, not all combinations
of dot and cross products are meaningful. For example,
the product

Ax B-C)

does not make sense B - C gives a scalar, and the
cross product of the vector ~a__ 1snotdefined

Other than the product
of the form A(B - C), the two meaningful products
of three vectors are the scalar triple product and the vector

triple product.

Scalar Triple Product

The dot product of a vector with the cross product of two
other vectors is called a scalar triple product, so named
because the result is a scalar. A scalar triple product
obeys the following cyclic order:

A-BxC)=B-(CxA)=C-AxB). (329

The equalities hold as long as the cyclic order
(ABCABC ...) is preserved. The scalar triple product
of vectors A = (A, Ay, A,), B = (B,, By, B;), and
C = (Cq, C,, C,) can be written in the form of a 3 x 3
determinant:

=
&~

A, A,
B, B,
c. C

A-BxC) = (3.30)

O W

=
~N

y

The validity of Egs. (3.29) and (3.30) can be verified by
expanding A, B, and C in component form and carrying
out the multiplications.

INTEL-1014
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Vector Triple Product

e cross product of a
others, such as

The vector triple
vector with the ¢

Ax (B xC). (3.31)

S of a

v riple

P law.
That is,

Ax BxC)# (AxB)xC, (3.32)

which means that it is important to specify which cross
multiplication is to be first. By expanding the
vectors A, B, and C in t form, it can be shown
that

Ax (BxC)=BA: -C)—-CA-B), (3.33)

which sometimes is known as the “bac-cab” rule.

Example 3-2  Vector Triple Product

GivenA =X —y+22, B=§y+2,andC = —X24+173,
find (A x B) x C and compare it with A x (B x C).

Solution

Xy 1z
AxB= 1 -1 2 = —X3-y+1Z

0 1 1

and
x y 1z

AxB)xC= -3 -1 1 =—x3+§7—122
-2 0 3

A similar procedure gives A x (B x C) = X2+ §4 + Z.
The fact that the results of two vector triple products are
different is a demonstration of the inequality stated in
Eq. (3.32).

CHAPTER 3 VECTOR ANALYSIS

REVIEW QUESTIONS

Q3.1 When are two vectors equal and when are they
identical?

Q3.3 IfA-B =0, whatis Bag?

Q3.4 IfAxB=0,whatis Oap?

Q3.5 IsA(B-C) a vector triple product?

Q3.6 IfA-B=A-C,does it follow that B = C?

3-2 Orthogonal Coordinate Systems

In electromagnetics, the physical quantities we deal
with are, in general, functions of space and time.
A three-dimensional coordinate system allows us to
uniquely specify the location of a point in space or
the direction of a vector quantity. Coordinate systems

Nonorthogonal systems are very specialized

used in solving practical problems. Many

coordinate systems have been devised, but the most
standard and commonly used are

the Cartesian (otherwise called the rectangular)
coordinate system,

the cylindrical coordinate system, and

the spherical coordinate system.

INTEL-1014
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the proper choice of a coordinate system that best fits
the geometry of the problem. Hence, in the following
subsections we shall examine the properties of each of
the aforementioned orthogonal systems, and in Section
3-3 we shall describe how a point or vector may be
transformed from one coordinate system to another.

3-2.1 Cartesian Coordinates

The Cartesian coordinate system was introduced in
Section 3-1, where we used it to illustrate many of the
laws of vector algebra. In lieu of repeating these laws
for the Cartesian system, we have summarized them for
easy access in Table 3-1. In differential calculus, we often
work with differential quantities. Differential length in
Cartesian coordinates is a vector (Fig. 3-8) defined as

dl=Xdl,+ydl,+2dl, = Xdx+ydy+12dz, (3.34)

where dl, = dx is a differential length along X, and
similar definitions apply to dl, = dy and dl, = dz.

2 dx dy

ds, = § dx dz
dz
~odl =dxdydz
ds, = X dy dz

Figure 3-8: Differential length, area, and volume in
Cartesian coordinates.

109

A differential surface area ds is a vector quantity with
a magnitude ds equal to the product of two differential
lengths (such as dl, and dl,), and its direction is denoted
by a unit vector along the third direction (such as X).
Thus, for a differential area in the y~z plane,

dsy =Xdl,dl, =xdydz (y-zplane), (3.35a)

with the subscript of ds denoting its direction. Similarly,

(3.35b)
(3.35¢)

dsy =y dx dz
ds;,=1Zdxdy

(x—z plane),
(x—y plane).

A differential volume is equal to the product of all three
differential lengths:

dv =dxdydz. (3.36)

3-2.2 Cylindrical Coordinates

A cylindrical coordinate system is useful for solving
problems having cylindrical symmetry, such as cal-
culating the capacitance per unit length of a coaxial
transmission line. The location of a point in space is
uniquely defined by three variables, 7, ¢, and z, as shown
in Fig. 3-9. The coordinate r is the radial distance
in the x—y plane, ¢ is the azimuth angle measured
from the positive x-axis, and z is as previously defined
in the Cartesian coordinate system. Their ranges are
0 <r <oo 0<¢ <2r,and —00 < 7 < 00.
Point P (ry, ¢, z;) inFig. 3-9is located at the intersection
of three surfaces. These are the cylindrical surface
defined by »r = ry, the vertical half-plane defined by
¢ = ¢, (which extends outwardly from the z-axis), and
the horizontal plane defined by z = z;. The mutually
perpendicular base vectors are f, #, and 7, with £ pointing
away from the origin along r, é pointing in a direction
tangential to the cylindrical surface, and Z pointing along
the vertical. Unlike the Cartesian system, in which the
base vectors X, ¥, and Z are independent of the location
of P, in the cylindrical system both r and ()A) are functions

of ¢.
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Table 3-1: Summary of vector relations.

Cartesian

Coordinates
Coordinate variables X, Y2

Vector representation, A = XAy + VA, +ZA,

Magnitude of A, |A| = A2 + Af, + A2

xx1 + Jy1 + 221,
for P(x1, y1,21)

—
Position vector O P, =

Base vectors properties XRX=y-y=2-2=1
X-y=y2=2-%x=0
AxXy=12
yxz=2%
ixx=Yy
Dot product, A - B = AyBr +AyBy + A B;
x ¥y z
Cross product, A x B = Ar Ay A
B. B, B,

Differential length, dl = Xdx +ydy+12dz

Differential surface areas dsy =xdydz
dsy =§dx dz
ds, =17dxdy

Differential volume, dv = dxdydz

The base unit vectors obey the following right-hand
cyclic relations:

txd=2 @xi=F ixt=¢, (337

and like all unit vectors, £-f = ¢ - ¢
EXT=¢Xxp=2Zx2=0.
In cylindrical coordinates, a vector is expressed as

(3.38)

2-2=1,and

A =AalA| = A, + A, + A,

Cylindrical Spherical
Coordinates Coordinates
rg,z R,0,¢

RAg +6A¢ +$A¢
2 2, A2
A%+ A%+ A

FA, + Ay + 24,
2
A2+ A+ A2

Fri +2z1, RRy,
for P(r(, ¢1,21) for P(Ry, 61, ¢1)
tf=¢-¢p=2-2=1 R-R=6-6=9¢-96=1
tp=¢-2=2-f=0 R-H=0-¢=¢-R=0
f‘x¢:2 ﬁx@:&
pxi="*¢ 6xp=R
ixr=¢ pxR=0
AB, +AgBy + A B, ARBRr + AgBg + ApBy
T R R 6 ¢
A, Ay A Ar Ag Ay
B, By B, Bx By By
tdr +¢rdp+2dz RdAR+ORAO +pRsinb dop
ds, =tr de dz dsg =RR%sin6 df d¢
dsy = ¢ dr dz dsy =ORsin6 dR do
ds; =Zr dr d¢ dsy =¢pRdR df
rdrd¢dz R2sin@ dR d6 d¢

where A,, Ay, and A, are the components of A along the
f-, ¢-, and 2-directions. The magnitude of A is obtained
by applying Eq. (3.20), which gives

Al=VA-A= A2+A5+AZ (3.39)
The position vector 0P shown in Fig. 3-9 has
components along r and z only. Thus,

R, = OP = #r, + 2z1. (3.40)
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Figure 3-9: Point P(ry, ¢1, z1) in cylindrical coordinates: r1 is the radial distance from the origin in the x—y plane, ¢, is the
angle in the x—y plane measured from the x-axis toward the y-axis, and z; is the vertical distance from the x—y plane.

The dependence of R; on ¢; is implicit through the
dependence of f on ¢,. Hence, when using Eq. (3.40)
to denote the position vector of point P (ri, ¢y, 7)), it is
necessary to specify that F is at ¢;.

Figure 3-10 shows a differential volume element in
cylindrical coordinates. The differential lengths along
I, ¢A5 and Z are

dl, =dr, dlg=rdp, dl,=dz. (341

Note that the differential length alon_g $ is r d¢, not just
d¢. The differential length 41 in cylindrical coordinates
is given by

dl = tdl, +ddly+idl, = Pdr+rdp+idz. (3.42)

As was stated previously for the Cartesian coordinate
System, the product of any pair of differential lengths is

equal to the magnitude of a vector differential surface
area with a surface normal pointing along the direction
of the third coordinate. Thus,

ds, =tdlydl, =trdpdz (¢-z cylindrical surface),

(3.432)
dss = dl, dl, =$drdz  (r—z plane), (3.43b)
ds,=1%dl, dly =2rdrdp (r—¢ plane). (3.43¢)

The differential volume is the product of the three
differential lengths,

dv =dl, dly dl, = r dr d¢ dz. (3.44)

The preceding properties of the cylindrical coordinate
system are summarized in Table 3-1.
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112
z z
A A
P1(0,0, k)
A
=¢drdz
h
dv =rdrdpdz
ds, = rr do dz 0 >y
>y PZ(rU! ¢03 0)
x
X
Figure 3-11: Geometry of Example 3-3.
Figure 3-10: Differential areas and volume in cylindrical
coordinates. circle defined by r = rp in the x—y plane are equal in
the cylindrical coordinate system. The ambiguity can be

Distance Vector
in Cylindrical Coordinates

Example 3-3

Find an expression for the unit vector of vector A shown
in Fig. 3-11 in cylindrical coordinates.

Solution: In triangle O P, P,,

—_— =

OP,= 0P +A
Hence,

—_— - .

A:0P2—0P1:I'I’0—Zh,

and

N A f'ro—ih

T

ré + h?

We note that the expression for A is independent of ¢o.
That is, all vectors from point P; to any point on the

eliminated by specifying that A passes through a point
whose ¢ = ¢pp. B

Example 3-4  Cylindrical Area

Find the area of a cylindrical surface described by
r=35, 30° < ¢ < 60°,and 0 < z < 3 (Fig. 3-12).

Solution: The prescribed surface is shown in Fig. 3-12.
Use of Eq. (3.43a) for a surface element with constant r
gives
60° 3 /3 3 57[
S—_—r/ d¢>f dz=5¢| 7 =%
$=30° 7=0 /6 0 2

Note that ¢ had to be converted to radians before
evaluating the integration limits. B

EXERCISE 3.4 A circular cylinder of radius r = 5 cm
is concentric with the z-axis and extends between

INTEL-1014
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z Z
A A
PRy, 0y, ¢1)

0 =06,

conical

surface

>y

Figure 3-12: Cylindrical surface of Example 3-4.

z=—-3cmand z = 3 cm. Use Eq. (3.44) to find the
cylinder’s volume.

Ans. 471.2 cm’.

3-2.3 Spherical Coordinates

In the spherical coordinate system, the location of a point
in space is uniquely specified by the variables R, 8,
and ¢, as shown in Fig. 3-13. The coordinate R, which
sometimes is called the range coordinate, describes a
sphere of radius R centered at the origin. The zenith
angle 6 is measured from the positive z-axis and it
describes a conical surface with its apex at the origin,
and the azimuth angle ¢ is the same as in the cylindrical
coordinate system. The ranges of R, 6, and ¢ are
0<R<oo 0<9<n and 0 < ¢ < 2m. The
base vectors R, §, and ¢ obey the following right-hand
cyclic relations:

Rx0=¢, 6Ox¢=R ¢xR=0. (345

>

X

Figure 3-13: Point P(R1, 61, ¢1) in spherical coordi-
nates.

A vector with components A, Ag, and A, is written as

A =a|A| =RAg +64, + A,, (3.46)
and its magnitude is given by
Al = VA A= A% + A+ A}, (3.47)

The position vector of point P(R;, 61, ¢1) is simply
R, = 0P =RR,,

while keeping in mind that R is implicitly dependent on
6, and ¢;.

As shown in Fig. 3-14, the differential lengths along R,
6, and ¢ are

(3.48)

dlg = dR, dlg—RdG dl¢—-Rs1n9d¢ (3.49)

e —— e
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R sin 0 d¢
dv=R?sin § dR db d¢

6'\ -
/ -
/ — e Figure 3-15: Spherical strip of Example 3-5.
x
Figure 3-14: Differential volume in spherical coordi-
nates. Example 3-5  Surface Area in Spherical Coordinates

The spherical strip shown in Fig. 3-15 is a section of a
sphere of radius 3 cm. Find the area of the strip.

Solution: Use of Eq. (3.50b) for the area of an elemental

Hence, the expressions for the vector differential length spherical area with constant radius R gives
dl, the vector differential surface ds, and the differential - 5 ;
volume dv are g RZ/ sin 0 dO/ o ;
n A A 6=30° ¢=0 )
dl=Rdig +0 dly + ¢ dl, . {
R o N —09(— 2
—RdR+ORAO + $Rsin0 do, (3.502) O(—cos)| , ¢, (o)
dsg =R dlp dl, = RR*sin0 d6 d¢ = 187 (cos 30° — cos 60°) = 20.7 cm®. ®
(8—¢ spherical surface), (3.50b)
dss =6 dlg dly =ORsind dR d¢ Example 3-6  Charge in a Sphere
(R—¢ conical surface), (3.50¢) A sphere of radius 2 cm contains a volume charge
dsy = dlgdly =RdRAO (R plane), (3.50d) density py given by
dv=dlgdlydly = R%sin6 dR db d¢. (3.50e) oy = 4cos?  (C/md).
These relations are summarized in Table 3-1. Find the total charge Q contained in the sphere.
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Solution

Q=/Pv dv
Vv
2t pw 2x1072
:/ / [ (4cos*0)R*sinf dR d6 d¢
¢=0J9=0 J R=0
27 T R3 2><10__2
:4/ / <_> sin 6 cos® 8 d d¢
o Jo 3 /1o
=2 [T (-29)
3 0 3
64 d
- — x 10—6/ d¢
9 0
128w

5 X 1079 =44.68 (uC).

T

d¢
0

Note that the limits on R were converted to meters prior
to evaluating the integral on R.

3-3 Transformations hetween Coordinate
Systems

The position of a given point in space is invariant with
respect to the choice of coordinate system. That is,
its location is the same irrespective of which specific
coordinate system is used to represent it. The same is
true for vectors. In this section, we shall establish the
relations between the variables (x, y, z) of the Cartesian
system, (r, ¢, z) of the cylindrical system, and (R, 9, ¢)
of the spherical system. These relations will then be used
to transform vectors expressed in any one of the three
systems into vectors expressed in any of the other two.

3-3.1 Cartesian to Cylindrical Transformations

Point P in Fig. 3-16 has Cartesian coordinates (x, y, z)
and cylindrical coordinates (r, ¢, z). Both systems share
the coordinate z, and the relations between the other two

pairs of coordinates can be obtained from the geometry
in Fig. 3-16. They are

r=xX+y2

¢ = tan~"! (Z) , (3.51)
X
and the inverse relations are

X =rcoso, y =rsing. 3.52)

Next, with the help of Fig. 3-17, which shows the

¥: 2)
z
, y
Yvx=rcos¢

y=rsin¢

Figure 3-16: Interrelationships between Cartesian
coordinates (x, y, z) and cylindrical coordinates (r, ¢, z).

>

>

X

Figure 3-17: Interrelationships between base vectors
(%, ¥) and (T, ¢).

INTEL-1014
U.S. Patent 7,151,430



116 CHAPTER 3 VECTOR ANALYSIS

directions of the unit vectors X, §, , and é in the x—y transformed into A = FA, + $A¢ + ZA, in cylindrical
plane, we obtain the following relations: coordinates by applying Egs. (3.56a) and (3.56b). That
f-X=coso, I-y=sing, (3.53a) .
¢ %=—sing, ¢-§=cosp, (3.53b) A, =A,cosp+ A,sing, (3.58a)
To express  in terms of X and ¥, let us write fas Ap=—Aysing + A,cos o, (3.58b)
P =%a+ b, (3.54) and, conversely,
where a and b are unknown transformation coefficients. .
The dot product t - X gives Ax = Arcosp — Agsing, (3.5%a)
o5 i T e i 355 Ay=A,sing + Agcosp.  (3.59b)

Comparison of Eq. (3.55) with Eq. (3.53a) leads to the The transformation relations given in this and the
conclusion that ¢ = cos ¢. Similarly, application of the following two subsections are summarized in Table 3-2.

dot product £ - § to Eq. (3.54) gives b = sin ¢. Hence,
Example 3-7  Cartesian to Cylindrical Transformations

f=%cos¢ +ysing. (3.56a) Given point P, (3, —4, 3) and vector A = X2—§3+24,
defined in Cartesian coordinates, express P; and A in
cylindrical coordinates and evaluate A at P;.

Repetition of the procedure for  leads to
Solution: For point P;, x = 3, y = —4,and z = 3.

Using Eq. (3.51), we have

r= Y@ +y2=5 ¢=tan ' =-531°=3069
X

} ¢ = —Rksing +Jcosg. (3.56b)

The third base vector Z is the same in both coordinate
systems. By solving Egs. (3.56a) and (3.56b)
simultaneously for X and §, we obtain the following
inverse relations:

and z remains unchanged. Hence, P; = P;(5, 306.9°, 3)
in cylindrical coordinates.

For vector A = FA, + $A¢ + ZA, in cylindrical
coordinates, its components can be determined by

A lying Egs. (3.58 d (3.58b):
%=fcosp—psing,  (3.57a) applying Eqs. (3.58a) and (3.55)
§’=f'sin¢+$cos¢. (3.57b) Ar=Accosd+Aysing =2cos¢ — 3sing,

A¢=—Axsin¢'+Aycos¢=—2sin¢—300s¢,

The relations given by Egs. (3.56a) to (3.57b) are not A, =4
only useful for transforming the base vectors (X, ¥)
into (F, (;5), and vice versa, they can also be used to
transform the components of a vector expressed in either A =72cos¢ —3sing) — (2sing + 3cos ) + 24.
coordinate system into its corresponding components
expressed in the other system. For example, a vector
A = RA, + §A, + ZA, in Cartesian coordinates can be A=173.60—$020 +24. ®m

Hence,

At point P, ¢ = 306.9°, which gives
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Transformation

Cartesian to
cylindrical

Cylindrical to
Cartesian

Cartesian to
spherical

Spherical to
Cartesian

Cylindrical to
spherical

Spherical to
cylindrical

3-3.2 Cartesian to Spherical Transformations

Table 3-2: Coordinate transformation relations.

Coordinate Variables

r = +/x2 _|_ y2
¢ = tan"!(y/x)
=2z

X =rcos¢
y=rsing
1=z

x = Rsin6@cos¢

y = Rsinfsin¢

z = Rcosf
R=/r?+27?

0 =tan~1(r/2)
¢=¢

r = Rsiné
p=¢
z= Rcos0

Unit Vectors
IF=2Xcos¢ + ¥sin¢
¢ = —Xsin¢ + ycos ¢
i=1
X =fcosp —Psing
§=fsing + @ cosg
=1
R

X sin 6 cos ¢
+ §¥sinfsing + Zcos 6
6 = Xcosf cos ¢

+ ycosfsing —Zsinf
¢ = —Rsing + §cosg

>

+t§cos6cos¢—$sin¢
¥ = Rsinfsing
+ 6 cosfsing +¢cose

A

Rcosd — @ sind

sinf + Zcos 6
cosf —Zsin8

nidn. S

I

sin @ +§cos9

N Qo " S D N
II I
s 7 S

cos6 — 0 sin 6

From Fig. 3-18, we obtain the following relations
between the Cartesian coordinates (x, y,z) and the
spherical coordinates (R, 8, ¢):

R =

x2+y?+22,

0=tan_1 |: x2+y2}
Z

¢ =tan"! (%) ,

(3.60a)

117

Vector Components
Ay = Aycosg + Aysing
Ap=—Aysing + Aycos¢
A=A
Ay = A,cos¢p — Ay sing
Ay = A,sing + Agcos¢

A, =A;
AR = Ay sinf cos ¢
+ Aysinfsing 4 A; cos 6

Ag = Axcosfcos¢

+ Aycos@sing — A, siné
Ap = —Axsing + Aycos¢o
Ay = Agsinfcos ¢

+ Agcosfcosp — Ag sing
Ay = Agsinésin¢g

+ Agcosfsing + Ag cos @
A, = Agrcosf — Agsin6
AR = A, sinf + A;cosf
Ag = A,cosf — A, sinf

Ap = Ay
A, = Agsinf + Agcosf

A; = Agrcosf — Agsinf

and the converse relations are

x = Rsinfcos ¢, (3.61a)
y = Rsin@ sin ¢, (3.61b)
z= Rcos¥b. (3.61c)

The unit vector R lies in the #~2 plane. Hence, it can be

(3.60b)

expressed as a linear combination of t and Z as follows:

(3.60c)

R = fa + b, (3.62)
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z
A
e}
A
LAY N
\ &
Qn/Z -6
R £
<
z=Rcos @
=Y
¢ \ XxX=rcos¢
’ A
¢
/ y=rsin¢
A
r
X
Figure 3-18: Interrelationships between (x,y, z) and
(R,0,¢).

where a and b are transformation coefficients. Since r
and Z are mutually perpendicular,

A

R-F=a,

R-Z=>0.

(3.63a)
(3.63b)

From Fig. 3-18, the angle between R and  is the
complement of 6 and that between R and % is #. Hence,
a4 =R F=sinfand b = R % = cosf. Upon inserting
these expressions for ¢ and b in Eq. (3.62) and replacing
t with Eq. (3.56a), we have

R = &sinfcos¢ + ysinfsing +2cosf. (3.64a)

A similar procedure can be followed to obtain the
following expression for 6:

6 = kcos6 cosd + §cosfsing —2sinf,  (3.64b)

and the expression for @ is given by Eq. (3.56b) as

dAb = —Xsin¢ +ycosp. (3.64c)

Equations (3.64a) through (3.64c) can be solved simulta-
neously to give the following expressions for (X,¥,2) in
terms of (ﬁ, 0,9):

% = Rsinf cos ¢ + 6 cos 6 cosp —psing,  (3.65a)
§=Rsinfsing +0OcosOsing +pcosp,  (3.65b)
7=Rcos6 — O sinb. (3.65¢)

Equations (3.64a) to (3.65¢) can also be used to
transform (A,, A,, A;) of vector A into its spherical
components (Agr, Ag, Ag), and vice versa, by replacing

(%, 9,2 R, 0,$) with (A,, A,, A,, Ag, As, Ap), respec-
tively.

Example 3-8  Cartesian to Spherical Transformation

Express vector A = X(x+y)+¥(y—x)+1%z inspherical
coordinates.

Solution: Using the transformation relation for Ar given
in Table 3-2, we have
Ar = A, sinfcos¢p 4+ A, sin 6 sing + A, cosf

= (x + y)sinfcos¢ + (y — x) sinf sin¢ + zcos .

Using the expressions for x, y, and z given by Eq. (3.61¢),
we have

Ag = (Rsinf cos ¢ + Rsinf sin ¢) sin6 cos ¢
+ (Rsin® sinp— R sin 6 cos ¢) sinf sin¢ + R cos® 6
— Rsin28 (cos® ¢ + sin® ¢) + Rcos” 6
= Rsin?@ + Rcos’§ = R.
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Similarly,
Ag=(x+y)cosOcos¢p+ (y — x)cosfsing — zsin6,
Apg=—(x +y)sing + (y —x)cos ¢,

and following the procedure used with A g, we obtain the
results

Ag =0,
Ay =—Rsinf.
Hence,

A=RAg+0A;+¢pA; =RR —PpRsinf. m

3-3.3 Cylindrical to Spherical Transformations

Transformations between cylindrical and spherical coor-
dinates can be realized by combining the transformation
relations of the preceding two subsections. The results
are given in Table 3-2.

3-3.4 Distance hetween Two Points

In Cartesian coordinates, the distance d between two
points Py(x1, y1,z1) and Pa(xz, y2,22) is given by
Eq. (3.12) as

d =|Rpy]
=[(x2 — x0)* + (2 — y1)* + (22 — 21)*1"/%. (3.66)

Upon using Eq. (3.52) to convert the Cartesian
coordinates of P; and P, into their cylindrical
equivalents, we have

d =[(rycos ¢y — ry cos ¢1)*
+ (rasingy — rysingy)? + (22 — 21)°]

=[r}+rf —2rir2cos(@r— 6D +@2—21)*
(cylindrical).

1/2
:|1/2

(3.67)

A similar transformation using Egs. (3.61a-c) leads to an
expression for d in terms of the spherical coordinates of
P] and Pz:

d ={R} + R} — 2R, Ry[cos 6, cos 6,

+ sin 6 sin 6, cos(¢py — ¢1)]}1/2

(spherical). (3.68)

REVIEW QUESTIONS
Q3.7 Why do we use more than one coordinate system?

Q3.8 Why is it that the base vectors (X,V,Z) are
independent of the location of a point, but t and ¢ are
not?

Q3.9 What are the cyclic relations for the base vectors
in (a) Cartesian coordinates, (b) cylindrical coordinates,
and (c) spherical coordinates?

Q3.10 How is the position vector of a point in
cylindrical coordinates related to its position vector in
spherical coordinates?

EXERCISE 3.5 Point P(Zﬁ, m/3,-2) is given in
cylindrical coordinates. Express P in spherical
coordinates.

Ans. P(4,2n/3, 7/3).
EXERCISE 3.6 Transform vector
A=X(x+y)+y(y—x)+1iz

from Cartesian to cylindrical coordinates.

Ans. A =fr—r + iz
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3-4 Gradient of a Scalar Field

and ope
scal the
The ply

are discussed in succeeding sections.

of the differential distance vector dl. That is,
dl=%dx +ydy+12dz. (3.69)

From differential calculus, the differential temperature

dT = T, — T is given by
aT oT
dT = —a—dx+—a—dy+a—dz, (3.70)

CHAPTER 3 VECTOR ANALYSIS

y+dy, z+dz)

L0 1xy. 2

Figure 3-19: Differential distance vector dl between
points Py and Ps.

and sincc by definition dx = X-dl, dy = y-dl, and
dz = - dl, Eq. (3.70) can be rewritten as

aT d T
dT =%— -d1+¥ —Z dl—l—zé— dl
Bx 0z
BT BT oT
~4g—|-dl (3.71)
8x 8y Bz

The vector inside the square brackets in Eq. (3.7 1) defines

symbolically as VT. Thatis,

8T oT 0T

VT =grad T = +y +i—, (372)
dy az
and Eq. (3.71) can be expressed in the form
dT = VT -dlL (3.73)

The symbol V is called the del or gradient operator and
is defined as

0 0 0
VA f(a—x + &a—y + ia—z (Cartesian). (3.74)
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We note that, whereas the gradient operator has no
physical meaning by itself, it attains a physical meaning
once it operates on a scalar physical quantity, and the
result of the operation is a vector whose magnitude is
equal to the maximum rate of change of the physical
quantity per unit distance and whose direction is along
the direction of maximum increase. With dl = &,dl,
where 4, is the unit vector of dl, thedirectional derivative
of T along the direction & is given by

dr _ o
_— = -a
dl :

(3.75)

If VT is a known function of the coordinate variables
of a given coordinate system, we can find the difference
(T, — Ty), where T) and T, are the values of T at points
P, and P,, respectively, by integrating both sides of
Eqg. (3.73). Thus,

Py
-1 = f VT -dl. (3.76)
P

1

Example 3-9  Directional Derivative

Find the directional derivative of T = x? + y?z along
the direction X2 + §3 — 72 and evaluate it at (1, —1, 2).

Solution: The directional derivative dT'/dl is given by
Eq. (3.75). First, we find the gradient of 7':

.0 .0 .0
VI =(8—+§—+2— ) x> +»"2)
dax dy 9z
=R2x + §2yz + 2y°.
We denote 1 as the given direction,

1=%2+§3—22.

Its unit vector is

R 1
a

R24+§3-22

V17

X2+y3-122

121

Application of Eq. (3.75) gives

ar . R R . X2+ §3—22
— =V7T ca; = (X2x + y2yz + zyZ) . <X_—+“_y—Z_>

dl J17
4x + 6yz — 2y?
V17
At (1, —1,2),
ar 4—-12-2 —10
dl 1 V17 V17

3-4.1 Gradient Operator in Cylindrical
and Spherical Coordinates

Even though Eq. (3.73) was derived using Cartesian
coordinates, it should be equally valid in any orthogonal
coordinate system. In order to apply the gradient
operator to a scalar quantity expressed in cylindrical
or spherical coordinates, we need expressions for V in
those coordinate systems. To convert Eq. (3.72) into the
cylindrical coordinates (r, ¢, z), we start by restating the
coordinate relations

r= x4y, tamg=2 3.77)
X
From differential calculus,
aT 9T 9 T d T a
9T _oT or 0T3¢ o7 oz (3.78)
ox dr 0x Jd¢ dx 0z J0x

Since z is orthogonal to x, the last term is equal to zero
because dz/dx = 0. Using the coordinate relations given
by Eq. (3.77), it is easy to show that

a
’ * cos ¢, (3.79a)
ox x2 4 y2
a
_(/J =——sing (3.79b)
dax r
Hence,
oT oT ing 0T
— =cos¢p— — s1n¢__ (3.80)
ax ar r d¢
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This expression can be used to replace the coefficient of X
in Eq. (3.72), and a similar procedure can be followed to
obtain an expression for 9T /9y in terms of r and ¢. If, in
addition, we use the relations X = rcos ¢ — ¢ sin ¢ and
y = Fsing + ¢ cos ¢ [from Egs. (3.57a) and (3.57b)],
Eq. (3.72) becomes

VT — l-_a_]_-' &lg z.a_T s

r dg 0z

and therefore the gradient operator in cylindrical
coordinates can be defined as

(3.81)

(cylindrical).

(3.82)

A similar procedure leads to the following expression for
the gradient in spherical coordinates:

<2 herical).
Rsmpag Cpherical

(3.83)

3-4.2 Properties of the Gradient Operator

For any two scalar functions U and V, the following
relations apply:

() VYWU+V)=VU+VV, (3.84a)
2) VUV)=UVV+VVU, (3.84b)
(3) VV'=aV"'VV, foranyn. (3.84c)

The gradient of a vector is meaningless under the rules
of vector calculus.

Example 3-10  Calculating the Gradient

Find the gradient of each of the following scalar
functions and then evaluate it at the given point.
(@) Vi = 24Vpcos (mwy/3)sin(2rz/3) at (3,2,1) in
Cartesian coordinates,

CHAPTER 3 VECTOR ANALYSIS

(b) V, = Vye ¥ sin3¢ at (1,7/2,3) in cylindrical
coordinates,

(¢) V3 = Vy(a/R)cos26 at (2a,0,m) in spherical
coordinates.

Solution: (a) In Cartesian coordinates,

AV, aVy L4V
VV=R 4§t i

0x ay 0z
1 2 2
=—y87 Vp sin ?y sin T+z16n Vo cos ?y cos —Zﬁ
2 21
=8 Vy |:—y sin 7—131 sin %—{—12 cos _n3_y cos TZ] .

At (3,2, 1),
2 2
vV, =87V, [—ysmz 3ﬂ+22c052 ;T]

=n Vo [-§6 +124].

(b) The function V; is expressed in terms of cylindrical
variables. Hence, we need to use Eq. (3.82) for V:
9 .19 .0 o .
VVo=(f—4+¢p—— +2— | Voe " sin3¢
r Z

sin 3¢ + ¢(3Voe ¥ cos 3¢)/r
3cos 3¢>:| o

= —f'2V0€_

[—r251n3¢+¢
At(1,7/2,3),r =1and ¢ = /2. Hence,

.3 A 3
VV, = [—rZ sin 77[ + @3 cos g:l Voe™?

=2Voe 2 = 10.27V,.

(c) As V3 is expressed in spherical coordinates, we apply
Eq. (3.83) to Va:

5 .18 ., 1 8
V= (R—+H—— V, 20
= ( * R89+¢Rs1n08¢>) O(R)COS

sin 26

~ Vi ~
:—Rla cos 26—0 Yoa
R? R?

A A Vi
=—[Rcos26+02sin 29]732E .
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At (2a,0, ), R = 2a and 8 = 0, which gives

Vi;=-R— . ®m
3 4a

EXERCISE 3.7 Given V = x%y + xy? + x72, (a) find the
gradient of V, and (b) evaluate it at (1, —1, 2).

Ans. (@) VV = &Q2xy+y*+z2)+3(x*+2xy) +22x2,

OYVV |y 10 =53—F+24
EXERCISE 3.8 Find the directional derivative of
V =rz?cos2¢ along the direction A = 12 — Z

and evaluate it at (1, 7 /2, 2).
Ans. (dV/dD)| 0 = —4/+/5.

3-5 Divergence of a Vector Field

From our brief introduction of Coulomb’s law in
Chapter 1, we know that an isolated, positive point
charge g induces an electric field E in the space around it,
with the direction of E being along the outward direction
away from the charge. Also, the strength (magnitude)
of E is proportional to ¢ and decreases with distance R
from the charge as 1/R?. In a graphical presentation, a
vector field is usually represented by field lines, as shown
in Fig. 3-20. The arrowhead denotes the direction of the
field at the point where the field line is drawn, and the
length of the line provides a qualitative depiction of the
field’s magnitude.

Even though the electric field vector does not actually
move, we regard its presence as a flux flowing through
space, and we refer to its field lines as flux lines. Ata
surface boundary, flux density is defined as the amount
of outward flux crossing a unit surface ds:

. E-ds E-nds
Flux density of E = = , (3.85)

|ds| ds

spherical
surface

Figure 3-20: Flux lines of the electric field E due to a
positive charge g.

where i is the outward surface normal of ds. The fotal
flux crossing a closed surface S, such as the enclosed
surface of the imaginary sphere outlined in Fig. 3-20, is

Total flux = fE - ds. (3.86)
s

Let us now consider the case of a differential
rectangular parallelepiped, such as a cube, whose edges
are lined up with the axes of a Cartesian coordinate
systern as shown in Fig. 3-21. The lengths of the edges
are Ax along x, Ay along y, and Az along z. A vector
field E(x, y, z) exists in the region of space containing
the parallelepiped, and we wish to determine the flux of E
through its total surface S. Since S includes six faces,
we need to sum up the fluxes through all of them, and by
definition the flux through any face is the outward flux
from the volume Av through that face.

Let E be defined as

E = RE, + JE, + 2E,. (3.87)

The area of the face marked 1 in Fig. 3-21is Ay Az, and
its unit vector fij = —X. Hence, the outward flux Fi
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E,(1) by
/ E E.(2) = Ax, (3.90)
(x, y+Ay, 2) I /

e Face where we have ignored higher-order terms involving
l o (Ax)? and higher powers because their contributions are
: ' Face 2 negligibly small when Ax is very small. Substituting

| ) .

A 1 : A Eq. (3.90) into Eq. (3.89) gives
i
Ay I

X, y’z
/ / X

Z

Figure 3-21: Flux lines of a vector field E passing through
a differential rectangular parallelepiped of volume Av =
Ax Ay Az.

through face 1 is

F1=/ E-fnds
Face 1

- / RE, +§E, +E,) - (—%) dy dz
Face 1

=—E,(1) Ay Az, (3.88)

where E, (1) is the value of E, at the center of face 1.
Approximating E, over face 1 by its value at the
center is justified by the assumption that the differential
volume under consideration is very small.

Similarly, the flux out of face 2 (with i = X) is

Fy = E.(2) Ay Az, (3.89)

where E,(2) is the value of E, at the center of face 2.
Over a differential separation Ax, E(2) is related to

E,
Fz=[ x 3 a Ax
ox

The sum of the fluxes out of faces 1 and 2 is obtained by
adding Egs. (3.88) and (3.91),

] Ay Az. (3.91)

dE
Fi+F,= 'aTI Ax Ay Az. (3.92a)

Repeating the same procedure to each of the other pairs
of faces leads to

oOFE
F+ Fy= @l Ax Ay Az, (3.92b)

Fs+ Fg=

(3.92c)

The sum of fluxes F; through Fs gives the total flux
through surface S of the parallelepiped:

0E, OJFE JE
?gE-ds: +—24+ =) Ax Ay Az
s 0x oy 0z

= (div E) Av, (3.93)

where Ay = Ax Ay Az and div E is a differential
function called the divergence of E and is defined in
Cartesian coordinates as

9E, 0E, OE,

divE = —
dx ay 0z

(3.94)

By shrinking the volume AV to zero, we define the
divergence of E at a point as the net outward flux per
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3-5 DIVERGENCE OF A VECTOR FIELD

unit volume over a closed incremental surface. Thus,
from Eq. (3.93), we have

BN

%E-ds RN Ee
divE £ lim /S (3.95)

AV—0 AV

where § encloses the elemental volume Av.
denoting the divergence of E by div E, it is common
practice to denote it as V - E. That is,

0E, OE, OE
V-E2divE = + 24+ = (3.96)
ax ay 9z

for a vector E in Cartesian coordinates.  Further
discussion of these two forms of notation is given in
Section 3-5.2. 4
From the definition of the divergence of E given by
Eq. (3.95), the field E has positive divergence if the net
flux out of surface S is positive, which may be viewed
as if the volume Av contains a source of flux. If the
divergence is negative, AV may be viewed as a sink
because the net flux is inward into Avy. For a uniform
field E, the same amount of flux enters Ay as leaves
from it; hence, its divergence is zero and the field is said
to be divergenceless. The divergence is a
it can y on vectors, and the result
of its operation is a scalar. 1S 1n contrast w1
can
result is a vector. Expressions for the divergence of a
vector in cylindrical and spherical coordinates are given
on the inside back cover of this book.
The divergence operator is distributive. That s, for any
pair of vectors E; and E,,

V-E +E)=V-E;+V-E, 3.97)

If V-E = 0, the vector field E is called soleroidal

125

3-5.1 Divergence Theorem

The result given by Eq. (3.93) for a differential
volume AV can be extended to relate the volume integral
of V- E over any volume v to the flux of E through the
closed surface S that bounds v. That is,

/ V-Edv = % E-ds (divergence theorem).
v s
(3.98)

This relationship, known as the divergence theorem, is
used extensively in electromagnetics.

3-5.2 Remarks on Notation

Books on vector analysis use one or both of the following
two notations for denoting the gradient, divergence, and
curl operators. In the linguistic notation, the gradient of
ascalar T is written as “grad T',” and the divergence and
curl of a vector E are written as “div E” and “curl E.”
A few years after James Clerk Maxwell published his
classic treatise on electricity and magnetism in 1873, at
which time vector analysis was not yet available, the
American mathematician J. Willard Gibbs published a
pair of pamphlets entitled Elements of Vector Analysis,
in which he established the field of vector analysis as
we know it today. In his presentation, he introduced
a new notation for the divergence and curl operations:
“V-E” for div E and “V x E” for curl E. Because
of its symbolic simplicity, Gibbs’s notation was quickly
adopted and is now used in the overwhelming majority
of books on electromagnetics. The problem with Gibbs’s
notation, however, is that it is prone to misinterpretation.
In Gibbs’s notation, V - E stands for the divergence of
vector E. This is commonly misinterpreted as the dot
product of the operator V with the vector E, although
Gibbs himself did not call it that. The reason for the
misinterpretation is that algebraically the dot product
of V, as given by Eq. (3.74), with E, as given by

INTEL-1014
U.S. Patent 7,151,430



126

Eq. (3.87), gives the same result as the expression for
the divergence of E given by Eq. (3.96). However,
the “dot product” interpretation is incorrect on two
grounds. First, the operator V is treated as if it were
a vector quantity, which it is not. As we mentioned
earlier, a differential operator has no physical meaning
in itself and only attains a meaning after it operates on
a physical quantity. This may be a subtle point, but
it is nonetheless fundamental. The second criticism
of the dot-product interpretation is that it can lead to
invalid results under coordinate transformations, which
is unacceptable because the divergence of a physical
quantity should be the same regardless of the choice
of coordinate system. Similar criticisms apply to the
interpretation of V x E as the cross product of V and E.

To avoid the misinterpretation problems associated
with Gibbs’s notation, Tai* introduced the notation V E
for the divergence of E and VE for the curl of E. Tai’s
proposed notation, however, is relatively new, and it will
take some time before its logical foundation is properly
appreciated. Hence, in keeping with the established
tradition, we will still adopt Gibbs’s notation in this
book, but we reiterate that “V - and “Vx” should not
be regarded as the del operator followed with a dot or
cross product.

Example 3-11  Calculating the Divergence

Determine the divergence of each of the following
vector fields and then evaluate it at the indicated point:
(a) E = &3x% + 92z + 2x*z at (2, =2, 0);

(b) E = R(a® cos 6/R?) —0(a’ sinf/R?) at (a/2, 0, 7).

Solution

*C. T. Tai, Generalized Vector and Dyadic Analysis, JEEE Press,
New York, 1992, pp. 41-44.

CHAPTER 3 VECTOR ANALYSIS

At (2,-2,0), V-E 020 =16
(b) Using the expréssfon given on the inside of the

back cover of the book for the divergence of a vector in
spherical coordinates, we have

1 0 a
V.-E=——(R’E —(Egsinf
7 ar K B0+ ging ag Lo sin?)
1 9B,
Rsinf 0¢
L0 (@’ cos6) + L9
=——(a’co —
R20R Rsin6 96
B 2a3 cos @ 243 cos @
=0 - R3 = — R3 .

AtR=a/2and6 =0, V-E = —16.
(a/2,0,m)

EXERCISE3.9 Given A = ¢~ 2 (X sin 2x + § cos 2x), find
V-A.

Ans. V-A=0.

EXERCISE 3.10 Given A = fr cos¢ + @rsin¢ + 23z,
find V- A at (2,0, 3).

Ans. V-A=6.

EXERCISE 3.11 If E = RAR in spherical coordinates,
calculate the flux of E through a spherical surface of
radius a, centered at the origin.

Ans. fE .ds = 4w Ad®
S

EXERCISE 3.12 Verify the divergence theorem by
calculating the volume integral of the divergence of the
field E of Exercise 3.11 over the volume bounded by the
surface of radius a.
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3-6 Curl of a Vector Field

So far we have defined and discussed two of the
three fundamental operators used in vector analysis, the
gradient of a scalar and the divergence of a vector.

=y
G d
Ax Ax
i IRl [
y r i r
B
Y
X
(a) Uniform field

(b) Azimuthal field

Figure 3-22: Circulation is zero for the uniform field
in (a), but it is not zero for the azimuthal field in (b).

Now we introduce the curl operator. The curl of a
vector field B describes the rotational property, or the
circulation, of B. For a closed contour C, the circulation
of B is defined as the line integral of B around C. That
is,

Circulation = % B-dl (3.99)

c

To gain some physical understanding for this definition,
we consider two examples. The first example is for a
uniform field B = X By, whose field lines are as depicted
in Fig. 3-22(a). For the rectangular contour abcd shown
in the figure, we have

b c
Circulation:/ XBy-Xdx —I—/ XBy-ydy
a b

d a
+/ iBo-ﬁdx+/ XBy-ydy
c d

= By Ax — By Ax =0, (3.100)

where Ax = b —a = ¢ — d and, because X-y = 0,
the second and fourth integrals are zero. According to
Eq. (3.100), the circulation of a uniform field is zero.
Next, we consider the magnetic field B induced by an
infinite wire carrying a d-c.current /. If the current is in
free space and it is oriented along the z-direction, then,
from Eq. (1.13),
~ ol

B=¢p—, (3.101)

2wy
where (g is the permeability of free space and r is the
radial distance from the current in the x—y plane. The
direction of B is along the azimuth direction 43 The
field lines of B are concentric circles around the current
source, as shown in Fig. 3-22(b). For a circular contour
of radius r, the differential length vector dl = qﬁr d¢,and
the circulation of B around C is

Circulation = yg B.dl
c

2 . ,u'OI R
=f P— Pprdo = pol. (3.102)
0 2nr
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In this case, the circulation is not zero, but had the
contour C been in any plane perpendicular to the x—y
plane, dl would not have had a ¢ component, and the
integral would have yielded a net circulation of zero.
In other words, the magnitude of the circulation of B
depends on the choice of contour. Also, the direction of
the contour determines whether the circulation is positive
or negative. If we are trying to describe the circulation
of a tornado, for example, we would like to choose our
contour such that the circulation of the wind field is
maximum, and we would like the circulation to have
both a magnitude and a direction, with the direction being
toward the tornado’s vortex. The curl operator has been
defined to accommodate those properties. The curl of a
vector field B, denoted curl B or V x B, is defined as

Figure 3-23: The direction of the unit vector i is along
the thumb when the other four fingers of the right hand
follow dl.

1
VxB=curll B£ lim —[ﬁfB-dl} . (3.103)
As—0 AS G max

Thus, curl B is the circulation of B per unit area, with
the area As of the contour C being oriented such that the
circulation is maximum. The direction of curl B is n, the
unit normal of As, defined according to the right-hand
rule: with the four fingers of the right hand following the
contour direction 41, the thumb points along i (Fig. 3-23).
The curl of a vector is defined at a point; this follows
from the definition given by Eq. (3.103) in which the
circulation is normalized to the area As, and As is made
to approach zero. As was mentioned earlier in Section
3-5.2, when we use the notation V x B to denote curl B, it
should not be interpreted as the cross product of V and B.
For a vector B given in Cartesian coordinates as

B = &B, + §B, + 2B, (3.104)

it can be shown, through a rather lengthy and involved
derivation, that the definition given by Eq. (3.103) leads
to

B B 0B, 9B
VxB=% e +y — =
ay 9z 0z ax

X ¥y 1z
I R (3.105)
| ox 8y az | '
B, B, B,

Expressions for V x B are given on the inside back cover
of the book for the three orthogonal coordinate systems
considered in this chapter.

3-6.1 Vector ldentities Involving the Curl
For any two vectors A and B,

(1) VxA+B)=VxA+VxB, (3.106a)

2) V(VxA)=0 foranyvector A, (3.106b)

(3) Vx(VV)=0 forany scalar function V.

(3.106¢)

Identities (2) and (3) are important properties that we will
use in succeeding chapters.
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3.6 CURL OF A VECTOR FIELD
3-6.2 Stokes’s Theorem

Stokes’s theorem converts the surface integral of the curl
of a vector over an open surface S into a line integral of
the vector along the contour C bounding the surface S.
The geometry is shown in Fig. 3-23. Mathematically,
Stokes’s theorem is given by

/(V X B)-ds= % B-dl  (Stokes’s theorem),
S c
(3.107)

and its derivation follows from the definition of V x B
givenby Eq. (3.103). The conversion process represented
by Eq. (3.107) is used extensively in solutions of
electromagnetic problems. If V x B = 0, thefield Bissaid
to be conservative orirrotational because its circulation,
represented by the right-hand side of Eq. (3.107), is zero.

Example 3-12  Verification of Stokes’s Theorem

A vector field is given by B = Zcos¢/r. Verify
Stokes’s theorem for a segment of a cylindrical surface
definedbyr =2, 7/3 < ¢ <n/2,and0 < z < 3, as
depicted in Fig. 3-24.

Solution: Stokes’s theorem states that

f(VxB)-ds:&é.B-dl
s c

Left-hand side: With B having only a component
B, =cos¢/r, use of the expression for V x B in
cylindrical coordinates from the inside back cover of the

129

book gives
10B n
VxB:f‘(— Z—aB¢>+ o5, 2%
r o 0z 0z or
!
+z—
’
—rl a cos ¢
T r g r
_ .8ing  ,cos¢
=-r 72 2

The integral of V x B over the specified surface S is

/(VxB)-ds
S

(—fsmf n $C052¢) frdo dz
r ¥

3 pm/2 : 3 3
f / —Sln¢d¢dz=——=——,
0 /3 r 2r 4

=>
Il
>

Figure 3-24: Geometry for Example 3-12.
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where we used the fact that r = 2.

so that it is compatible with the surface normal F by the
right-hand rule. Hence,

b c
fB-dl:/ Bab'dl+/ B..-dl
C a b ,

d
—l" / B(.‘d : dl + B(l[l " dla

where Bgy, Byc, Bes, and By, are the expressions for
the field B evaluated for segments ab, bc, cd, and da,
respectively. Over segment ab, the dot B =
Z(cos¢) /2 and dl = ér do is zero, same is
true for segment cd. Over segment bc, ¢ = 7/2; hence,
B,. = #(cosm/2)/2 = 0. For the last segment, Bs. =
Z(cosm/3)/2 = 2/4 and dl = Z dz. Hence,

o () se e
. = Z—\)-Z7az = —-az = ——-,
c d 4 3 4 4

which is the same result obtained by evaluating the
left-hand side of Stokes’s equation.

EXERCISE 3.13 Find V x A at (2,0, 3) in cylindrical
coordinates for the vector field

A =110e™? cos¢ + Z210sin ¢.

Ans.

10 710e” %
VxA= (f‘ COS¢+Z ¢ sinqb)
r r

=15
2,0,3)

EXERCISE 3.14 Find V x A at (3, 7/6,0) in spherical
coordinates for the vector field A =6012sin6.

Ans.
. 125in6 .
VxA=¢ -on — 42
R (3,7/6,0)

CHAPTER 3 VECTOR ANALYSIS

3-7 Laplacian Operator

In later chapters, we will sometimes deal with problems
involving multiple combinations of operations on scalars
and vectors. A frequently encountered combination is
the divergence of the gradient of a scalar. For a scalar
function V defined in Cartesian coordinates, its gradient
is

av v ov
VV=%—+§—+2—
Xax +y8y +r az

=%A, + VA, +2A, = A, (3.108)
where we defined a vector A with components
A, =93V/dx, A, = dV/dy, and A, = 9V /dz. The
divergence of VV is

dA dA 0A

V(VV)=V-A=—2 4 24—

V) ax + ay * 0z

v v 9V

=— 4+ —+— (3.109

dx? + ayr 0972 ( )

For convenience, V -(VV) is called the Laplacian of V

and is denoted by V2V (the symbol V? is pronounced
“del square”). That is,

32V 32V 3%V
vzvév-(VV)=3— — +

Tt e T g GO

As we can see from Eq. (3.110), the Laplacian of a scalar
function is a scalar. Expressions for V2V in cylindrical
and spherical coordinates are given on the inside back
cover of the book.

The Laplacian of a scalar can be used to define the
Laplacian of a vector. For a vector E given in Cartesian
coordinates by

E = XE, + JE, + 2E,, (3.111)
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the Laplacian of E is defined as
a2 9* 3P
VE=|-—+-—+— |E
(ax2 * dy? + 822)

=% V?E, +§V*E, +2V*E,. (3.112)

Thus, in Cartesian coordinates the Laplacian of a vector
is a vector whose components are equal to the Laplacians
of the vector components. Through direct substitution, it
can be shown that

VZE=V(V-E)—Vx (VxE). (3.113)

This identity will prove useful in succeeding chapters

REVIEW QUESTIONS

(Q3.11 What do the magnitude and direction of the
gradient of a scalar quantity represent?

Q3.12 Prove the validity of Eq. (3.84c) in Cartesian
coordinates.

(Q3.13 What is the physical meaning of the divergence
of a vector field?

Q3.14 If a vector field is solenoidal at a given point in
space, does it necessarily follow that the vector field is
zero at that point? Explain.

Q3.15 What is the meaning of the transformation
provided by the divergence theorem?

Q3.16 How is the curl of a vector field at a point related
to the circulation of the vector field?

Q3.17 What is the meaning of the transformation
provided by Stokes’s theorem?

Q3.18 When is a vector field “conservative”?
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Vector algebra governs the laws of addition,
subtraction, and multiplication of vectors, and vector
calculus encompasses the laws of differentiation and
integration of vectors.

In a right-handed orthogonal coordinate system, the
three base vectors are mutually perpendicular to each
other at any point in space, and the cyclic relations
governing the cross products of the base vectors obey
the right-hand rule.

The dot product of two vectors produces a scalar,
whereas the cross product of two vectors produces
another vector.

A vector expressed in a given coordinate system can
be expressed in another coordinate system through
the use of transformation relations linking the two
coordinate systems.

e The fundamental differential functions in vector
calculus are the gradient, the divergence, and the curl.

The gradient of a scalar function is a vector whose
magnitude is equal to the maximum rate of increasing
change of the scalar function per unit distance, and its
direction is along the direction of maximum increase.

The divergence of a vector field is a measure of the
net outward flux per unit volume through a closed
surface surrounding the unit volume.

The divergence theorem transforms the volume
integral of the divergence of a vector field into a
surface integral of the field’s flux through a closed
surface surrounding the volume.

The curl of a vector field is a measure of the
circulation of the vector field per unit area As, with
the orientation of As chosen such that the circulation
1$ maximum.

Stokes’s theorem transforms the surface integral of
the curl of a vector field into a line integral of the
field over a contour that bounds the surface.
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The Laplacian of a scalar function is defined as the
divergence of the gradient of that function.

GLOSSARY OF IMPORTANT TERMS

Provide definitions or explain the meaning of the
following terms:

scalar quantity

vector quantity

magnitude

unit vector

base vectors

position vector

distance vector

simple product

scalar (or dot) product
vector (or cross) product
orthogonal coordinate system
Cartesian coordinate system
cylindrical coordinate system
spherical coordinate system
radial distance r

azimuth angle ¢

zenith angle 0

range R

gradient operator
directional derivative

flux lines

flux density

divergence operator
solenoidal field

divergence theorem
circulation of a vector

curl operator

conservative field

Stokes’s theorem

Laplacian operator

CHAPTER 3 VECTOR ANALYSIS

PROBLEMS
Section 3-1: Vector Aigebra

3.1 Vector A starts at point (1, —1, —2) and ends at
point (2, —1, 0). Find a unit vector in the direction of A.

3.2 Givenvectors A =%2—§3+2, B=%2—-§+123,
and C = %4 + §2 — 22, show that C is perpendicular to
both A and B.

3.3* In Cartesian coordinates, the three corners of a
triangle are P;(0,2,2), P»(2, —2,2), and P3(1, 1, —2).
Find the area of the triangle.

3.4 GivenA =%2—§3+%1and B = XB; +§2+2B;:
(a) Find B, and B, if A is parallel to B.

(b) Find a relation between B, and B, if A is
perpendicular to B.

3.5 Given vectors A = %+ §2—23, B = %3 —§4, and
C = §3 — 74, find the following

(a) Aand a

(b) The component of B along C

(¢) Bac

d) AxC

(&) A-BxC)

() Ax (BxC)

(g) xxB

(h) (Ax§) 2

3.6 Given vectors A = X2 — § + 23 and B = 3 — 22,
find a vector C whose magnitude is 6 and whose direction
is perpendicular to both A and B.

3.7 Given A = X(2x +3y) — ¥y +32) +2(3x — ),
determine a unit vector parallel to A at point P(1, —1, 2).

3.8 By expansion in Cartesian coordinates, prove:

G*Answer(s) available in Appendix D
% Solution available in CD-ROM.
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(a) The relation for the scalar triple product given by
Eq. (3.29).

(b) The relation for the vector triple product given by
Eq. (3.33).

%) 3.9° Find an expression for the unit vector directed

toward the origin from an arbitrary point on the line
described by x = 1 and z = 2.

3.10 Find an expression for the unit vector directed
toward the point P located on the z-axis at a height &
above the x—y plane from an arbitrary point Q(x, y, 2)
in the plane z = 2.

3.11° Find a unit vector parallel to either direction of
the line described by

2x —z=4
3.12 Two lines in the x—y plane are described by the
expressions:

Line 1
Line 2

x+2y=-6
3x +4y =8

Use vector algebra to find the smaller angle between the
lines at their intersection point.

3.13" A given line is described by
x+2y=4

Vector A starts at the origin and ends at point P on the line
such that A is orthogonal to the line. Find an expression
for A.

3.14 Show that, given two vectors A and B,
(a) The vector C defined as the vector component of B
in the direction of A is given by

s a  AB-A)
C:a(B-a):—W,

where a is the unit vector of A.

(b) The vector D defined as the vector component of B
perpendicular to A is given by
AB-A)
|A|?

3.15° A certain plane is described by
2x+3y+4z=16

Find the unit vector normal to the surface in the direction

away from the origin.

3.16 Given B = X(2z — 3y) + ¥(2x — 3z) — Z(x + y),
find a unit vector parallel to B at point P(1, 0, —1).

3.17 When sketching or demonstrating the spatial
variation of a vector field, we often use arrows, as in
Fig. 3-25, wherein the length of the arrow is made to be

=X

Figure 3-25: Arrow representation for vector field
E = tr (Problem 3.17).
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proportional to the strength of the field and the direction
of the arrow is the same as that of the field’s. The
sketch shown in Fig. 3-25, which represents the vector
field E = rr, consists of arrows pointing radially away
from the origin and their lengths increasing linearly in
proportion to their distance away from the origin. Using
this arrow representation, sketch each of the following
vector fields:

(a) E; = —Xy
® (b) E; = ¥x
(c) Es =%x +¥y
(d) Eo = Rx + §2y
© (¢) Es = ¢r
(f) Eg =tsing
3.18 Use arrows to sketch each of the following vector
fields:
(a) Er =X%x —yy
®) Ex =
() E3=§(1/x)
(d) Eq =tcos¢

Sections 3-2 and 3-3: Coordinate Systems

3.19* Convert the coordinates of the following points

from Cartesian to cylindrical and spherical coordinates:
% (a) Pi(1,2,0)

(b) P»(0,0,3)

(¢) P5(1,1,2)

(d) Py(—3,3,-3)

3.20 Convert the coordinates of the following points
from cylindrical to Cartesian coordinates:

(a) P12, /4, =3)
(b) P,(3,0,0) -
(¢) P3(4,m,2)

3.21* Convert the coordinates of the following points
from spherical to cylindrical coordinates:

CHAPTER 3 VECTOR ANALYSIS

(@) Pi(5,0,0)
& (b) P(5,0,7)
() P3(3,7/2, )

3.22 Use the appropriate expression for the differential
surface area ds to determine the area of each of the
following surfaces:

(@ r=30<¢<mn/3; -2<z7<2
b)2=<r=5n/2<¢=<m z=0
(©2=<r=<5 ¢=n/4 -2<z<2
d R=2,0<6=<m/3;0<¢=m

(@ 0<R<5 0=m/3;0<¢ <2m
Also sketch the outline of each surface.

3.23"
(@) 2<r<5m/2<¢<m 0<z=<2

(b)0<R=<50<0=<m/3;,0<¢=<2m
Also sketch the outline of each volume.

Find the volumes described by the following:

3.24 A section of a sphere is described by 0 < R < 2,
0 <6 <90°, and 30° < ¢ < 90°. Find the following:

(a) The surface area of the spherical section.

(b) The enclosed volume.
Also sketch the outline of the section.

3.25¢
by

A vector field is given in cylindrical coordinates

E= f'rcosqb+$rsin¢—|—222

Point P (4, m, 2) is located on the surface of the cylinder
described by r = 4. At point P, find:

(a) The vector component of E perpendicular to the
cylinder.

(b) The vector component of E tangential to the cylinder.
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3.26 Atagiven pointin space, vectors A and B are given
in spherical coordinates by

A=R4+62-¢
B=—R2+¢3

Find:

(a) The scalar component, or projection, of B in the
direction of A.

(b) The vector component of B in the direction of A.

(¢) The vector component of B perpendicular to A.

3.27 Given vectors

~

A =1t(cos ¢ + 3z) — @Q2r +4sin) + Z(r — 22)
B=—tsing +Zcos¢

find

(a) B4 at (2,7/2,0)

(b) A unit vector perpendicular to both A and B at
(2,7/3,1)

3.28 Find the distance between the following pairs of

points:

(a) Pi(1,2,3) and P,(—2, —3,2) in Cartesian coordi-
nates

(b) P3(1,m/4,2) and P4(3, /4, 4) in cylindrical coor-
dinates

(¢) Ps(2,7/2,0) and P¢(3,m,0) in spherical coordi-
nates

3.29° Determine the distance between the following
pairs of points:

(a) P(1,1,2) and P,(0,2,2)

(b) P5(2,7/3,1) and P4(4,7/2,0)

(¢) Ps(3,m,m/2) and Pg(4, /2, )

3.30 Transform the following vectors into cylindrical

coordinates and then evaluate them at the indicated
points:
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(a) A=%(x+y) at P(1,2,3)

(b) B=%(y —x) +¥(x —y) at P,(1,0,2)

(c) C=%y*/(x* 4y — §x2/(x* + y*) + 24 at
P31, —-1,2)

(d) D=Rsin0+0 cosd+cos? ¢ at Py(2, /2, /4)

(e) E=Rcos¢ +0sing + ¢sin?6 at Ps(3, /2, )

3.31" Transform the following vectors into spherical
coordinates and then evaluate them at the indicated
points:

(a) A = Xy? + §xz + 24 at Pi(1,—1,2)
(b) B =§(x* + y* + %) — i(x* + y?) at P,(—1,0,2)
% (¢) C = fcosp—esinp+2zcos ¢ sing at P3(2, w/4,2)
(@D = %?/(x* + y») — §22/(x% + y?) + 24
at Py(1, —1,2)

Sections 3-4 to 3-7: Gradient, Divergence,
and Curl Operators
3.32 Find the gradient of the following scalar functions:
(@) T =2/(x*+2%)
(b) V = xy?*73
() U=zcos¢p/(1+7r?)
“(d) W=eRsin6
(€) § =x%e% 4+ y?
(f) N=r2cos¢
(g) M = Rcosfsing¢

3.33" The gradient of a scalar function 7 is given by
VT =ge™%
IfT =10atz =0, find T (z).

3.34 Follow a procedure similar to that leading to
Eq. (3.82) to derive the expression given by Eq. (3.83)
for V in spherical coordinates.
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U.S. Patent 7,151,430



\J

136

CHAPTER 3 VECTOR ANALYSIS

'3.35°  For the scalar function V = xy — z%, determine

its directional derivative along the direction of vector
A = (X — §2) and then evaluate it at P(1, —1, 2).

3.36 For the scalar function T = e~"/3 cos ¢, determine

its directional derivative along the radial direction ¥ and
then evaluate it at P (2, w/4, 3).

3.37* For the scalar function U = % sin® @, determine

its directional derivative along the range direction R and
then evaluate it at P (4, w /4, 7w /2).

3.38 Vector field E is characterized by the following
properties: (a) E points along R; (b) the magnitude of E
is a function of only the distance from the origin; (¢) E
vanishes at the origin, and (d) V - E = 6, everywhere.
Find an expression for E that satisfies these properties.

3.39" For the vector field E = %xz — §yz? — Zxy, verify

the divergence theorem by computing

(a) The total outward flux flowing through the surface
of a cube centered at the origin and with sides equal
to 2 units each and parallel to the Cartesian axes.

(b) The integral of V - E over the cube’s volume.

3.40 For the vector field E = £10e™" — 23z, verify the
divergence theorem for the cylindrical region enclosed
byr=2, z=0,andz = 4.

3.41° A vector field D = fr® exists in the region
between two concentric cylindrical surfaces defined by
r = 1 and » = 2, with both cylinders extending between
z = 0 and z = 5. Verify the divergence theorem by
evaluating the following

(a) %D-ds
s

(b)/v-de
v

3.42 For the vector field D = R3R?, evaluate both
sides of the divergence theorem for the region enclosed
between the spherical shells definedby R = 1and R = 2.

% 345

3.43" For the vector field E = &xy — §(x2 + 2y?%),
calculate the following:

(a) f E - dl around the triangular contour shown in
(&
Fig. 3-26(a).
(b) f (V x E) - ds over the area of the triangle.
S

y
1
0 = X
1
(@)
y
1
0 = X
1 2
®)
Figure 3-26: Contours for (a) Problem 3.43 and (b)
Problem 3.44.

3.44 Repeat Problem 3.43 for the contour shown in
Fig. 3-26(b).

Verify Stokes’s theorem for the vector field
B = (fr cos ¢ + @ sin )

by evaluating the following:
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(a) B - dl over the semicircular contour shown in (d) D= ﬁ/ R
Fig. 3-27(a). ©E=1(3- 1)+
(b) /(V x B) - ds over the surface of the semicircle O8= (Axy N yx)/(sz—l— )
s ' (8) G =R+ 22) +§O* + ) +20% + )
_ (h) H = R(ReR)
3.46 Repeat Problem 3.45 for the contour shown in
Fig. 3-27(b). 3.49 Find the Laplacian of the following scalar
functions:
(a) V =xy’2’

~

(b) V=xy+yz+zx

= © V=1/*+y)
K -\\\ (d) V =5e " cosé
x (e) V=10e ®sing

(b)

Figure 3-27: Contour paths for (a) Problem 3.45 and (b)
Problem 3.46.

3.47 Verify Stokes’s theorem for the vector field
A =Rcosf +¢sinb by evaluating it on the hemisphere
of unit radius.

3.48" Determine if each of the following vector fields
is solenoidal, conservative, or both:

(a) A = &2xy — §y?
(b) B = &x? — §y* + 32z
|| (©) C = f(sing)/r% + P(cos $)/r?

INTEL-1014
U.S. Patent 7,151,430



41
4-2
4-3
4-4
4-5
4-6
4.7
48
4-9

4-10
4-11
4-12

C HAPTER

Electrostatics

Maxwell’s Equations

Charge and Current Distributions
Coulomb’s Law

Gauss’s Law

Electric Scalar Potential
Electrical Properties of Materials
Conductors

Dielectrics

Electric Boundary Conditions
Capacitance

Electrostatic Potential Energy
Image Method

INTEL-1014
U.S. Patent 7,151,430



4-1 Maxwell’s Equations

dern electromagnetism is based on a set of four
fundamental relations known as Maxwell’s equations:

V-D=p,, (4.1a)
oB
VXE=——, 4.1b
X o 4.1b)
V-B=0, 4.1¢)
oD
VxH=]J+ E (4.1d)

where E and D are electric field quantities interrelated
by D = ¢E, with ¢ being the electrical permittivity
of the material; B and H are magnetic field quantities
interrelated by B = uH, with « being the magnetic
permeability of the material; p, is the electric charge
density per unit volume; and J is the current density
per unit area. The field quantities E, D, B, and H
were introduced in Section 1-2, and oy and J will be
defined in Section 4-2. These equations hold in any
material, including free space (vacuum), and at any
spatial location (x, y, z). In general, all the quantities
in Maxwell’s equations may be a function of time ¢.
By his formulation of these equations, published in a
classic treatise in 1873, James Clerk Maxwell established
the first unified theory of electricity and magnetism.
His equations, which he deduced from experimental
observations reported by Gauss, Ampere, Faraday, and
others, not only encapsulate the connection between
the electric field and electric charge and between the
magnetic field and electric current, but they also define
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the bilateral coupling between the electric and magnetic
field quantities. Together with some auxiliary relations,
Maxwell’s equations form the fundamental tenets of
electromagnetic theory.

In the static case, none of the
in Maxwell’s equations.-are-a
permanently fixed in space, ot if they move, they do so at
a steady rate so that p, and J are constant in time. Under
these circumstances, the time derivatives of B and D in
Egs. (4.1b) and (4.1d) are zero, and Maxwell’s equations
reduce to

Elqgtros_tqtics B
V-D=p,, (4.2a)
VxE=0. (4.2b)
V-B=0, (4.3a)
VxH=]. (4.3b)

Maxwell’s four equations separate into two uncoupled
pairs, with the first pair involving only the electric field
quantities E and D and the second pair involving only
the magnetic field quantities B and H. The electric
and magnetic fields are no longer interconnected in
the static case. This allows us to study electricity
and magnetism as two distinct and separate phenomena,
as long as the spatial distributions of charge and
current flow remain constant in time. We refer to
the study of electric and magnetic phenomena under
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static conditions as electrostatics and magnetostatics,
respectively. Electrostatics is the subject of the present
chapter, and in Chapter 5 we learn about magnetostatics.
The experience gained through handling the relatively
simpler situations in electrostatics and magnetostatics
will prove valuable in tackling the more involved material
in subsequent chapters, which deals with time-varying
fields, charge densities, and currents.

We study electrostatics not only as a prelude to
the study of time-varying fields, but also because
it is an important field of study in its own right.
Many electronic devices and systems are based on the
principles of electrostatics. They include x-ray machines,
oscilloscopes, ink-jet electrostatic printers, liquid crystal
displays, copying machines, capacitance keyboards, and
many solid-state control devices. Electrostatics is also
used in the design of medical diagnostic sensors, such as
the electrocardiogram (for recording the heart’s pumping
pattern) and the electroencephalogram (for recording
brain activity), as well as in numerous industrial
applications.

4-2 Charge and Current Distributions

In electromagnetics, we encounter various forms of
electric charge distributions, and if the charges are in
motion, they constitute current distributions. Charge may
be distributed over a volume of space, across a surface,
or along a line.

4-2.1 Charge Densities

At the atomic scale, the charge distribution in a material is
discrete, meaning that charge exists only where electrons
and nuclei are and nowhere else. In electromagnetics,
we usually are interested in studying phenomena at a
much larger scale, typically three or more orders of
magnitudes greater than the spacing between adjacent
atoms. At such a macroscopic scale, we can disregard the
discontinuous nature of the charge distribution and treat

CHAPTER 4 ELECTROSTATICS

the net charge contained in an elemental volume AV as if
it were uniformly distributed within it. Accordingly, we
define the volume charge density py as

Ag dq

oy = lim —

3
Aim == (C/m?), 4.4)

where Agq is the charge contained in Ay. In general, py is
defined at a given point in space, specified by (x, y, z)
in a Cartesian coordinate system, and at a given time .
Thus, pv = py(x, ¥, z, t). Physically, oy represents the
average charge per unit volume for a volume AV centered
at (x, y, z), with Ay being large enough to contain a large
number of atoms and yet small enough to be regarded as a
point at the macroscopic scale under consideration. The
variation of py with spatial location is called its spatial
distribution, or simply its distribution. The total charge
contained in a given volume V is given by

Q=/,0V dv (C). 4.5)
v

In some cases, particularly when dealing with
conductors, electric charge may be distributed across the
surface of a material, in which case the relevant quantity
of interest is the surface charge density ps, defined as
Ag _dq

ps = lim (C/m?), (4.6)

As—0 As o ds

where Ag is the charge present across an elemental
surface area As. Similarly, if the charge is distributed
along a line, which need not be straight, we characterize
the distribution in terms of the line charge density o1,
defined as

Ag _dq

pr=li —

_ . 47
fm =g ©m “7)

Example 4-1  Line Charge Distribution

Calculate the total charge Q contained in a cylindrical
tube of charge oriented along the z-axis as shown in
Fig. 4-1(a). The line charge density is o = 2z, where
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x
(a) Line charge distribution

(b) Surface charge distribution

Figure 4-1: Charge distributions for Examples 4-1 and
4-2.

is the distance in meters from the bottom end of the tube.
The tube length is 10 cm.

Solution: The total charge Q is

0.1 0.1 01
sz o1 dz:/ 2zdz=7*, =107°C. m
0 0 :

Example 4-2  Surface Charge Distribution

The circular disk of electric charge shown in Fig. 4-1(b)
is characterized by an azimuthally symmetric surface
charge density that increases linearly with r from zero
at the center to 6 C/m? at r = 3 cm. Find the total charge
present on the disk surface.

Solution: Since ps is symmetrical with respect to the
azimuth angle ¢, its functional form depends only on r
and is given by

6r

= 37103 = 2% 10%r

Ps (C/m?),

where r is in meters. In polar coordinates, an element of
areaisds = rdrd@, and for the disk shown in Fig. 4-1(b),
the limits of integration are from 0 to 27 (rad) for ¢ and
from 0 to 3 x 1072 m for . Hence,

Q:/psds
S

3Ix1072

/*21
$=0 Jr=0
3

=27 x2x 10 =

(2 x 10%7)r dr d¢

3x1072
=11.31 (mC). m

0

EXERCISE 4.1 A square plate in the x—y plane is situated
in the space defined by —3m < x < 3 m and
—3m < y <3 m. Find the total charge on the plate if
the surface charge density is given by ps = 4y? (uC/m?).

Ans. Q = 0.432 (mC).

EXERCISE 4.2 A spherical shell centered at the origin
extends between R = 2 cm and R = 3 cm. If the volume
charge density is given by py = 3R x 10~* (C/m?), find
the total charge contained in the shell.

Ans. Q = 0.61 (nC).

INTEL-1014
U.S. Patent 7,151,430



142

CHAPTER 4 ELECTROSTATICS

4-2.2 Current Density

Consider a tube of charge with volume charge density py,
as shown in Fig. 4-2(a). The charges are moving with
a mean velocity u along the axis of the tube. Over a
period At, the charges move a distance Al = u At. The
amount of charge that crosses the tube’s cross-sectional
surface As’ in time At is therefore

Ag' = py AV = py Al As" = pyu As” At. (4.8)

! Now consider the more general case where the charges
are flowing through a surface As whose surface normal i
is not necessarily parallel to u, as shown in Fig. 4-2(b).
In this case, the amount of charge Ag flowing through
As is

Ag = pyu- As At, 4.9)
and the corresponding current is
A
A== = pu-As=1TAs, (4.10)
At
Aq' = pyuls'At

As = fiAs

Ag = p,u-AsAt
= puAsAt cos 6

(b

Figure 4-2: Charges with velocity u moving through a
cross section As’ in (a) and As in (b).

where

J=pu (Am? (4.11)

is defined as the current density in ampere per square
meter. For an arbitrary surface S, the total current flowing
through it is then given by

I=/J~ds (A).  (4.12)
S

When the current is generated by the actual movement
of electrically charged matter, it is called a convection
current, and J is called the convection current density.
A wind-driven charged cloud, for example, gives rise
to a convection current. In some cases, the charged
matter constituting the convection current consists solely
of charged particles, such as the electrons of an electron
beam in a cathode ray tube (the picture tube of televisions
and computer monitors).

This is distinct from a conduction current, where
atoms of the conducting medium do not move. In a metal
wire, for example, there are equal amounts of positive
charges (in atomic nuclei) and negative charges (in the
electron shells of the atom). All the positive charges and
most of the negative charges cannot move; only those
electrons in the outermost electronic shells of the atoms
can be easily pushed from one atom to the next if a voltage
is applied across the ends of the wire. This movement
of electrons from atom to atom gives rise to conduction
current. The electrons that emerge from the wire are not
necessarily the same electrons that entered the wire at the
other end.

Because the two types of current are generated
by different physical mechanisms, conduction current
obeys Ohm’s law, whereas convection current does
not. Conduction current is discussed in more detail in

Section 4-7.

=
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4-3 COULOMB’S LAW

REVIEW QUESTIONS

Q4.1 Whathappens to Maxwell’s equations under static
conditions? Why is that significant?

Q4.2 How is the current density J related to the volume
charge density py?

Q4.3 Whatis the difference between convection current
and conduction current?

4-3 Coulomb’s Law

One of the major goals of this chapter is to develop
expressions relating the electric field intensity E and
the associated electric flux density D to any specified
distribution of charge. Our discussions, however, will
be limited to electrostatic fields induced by static charge
distributions.

We begin by reviewing how the electric field was
introduced and defined in Section 1-2.2 on the basis of
the results of Coulomb’s experiments on the electrical
force between charged bodies. Coulomb’s law, which
was first introduced for electrical charges in air and later
generalized to material media, states that

(1) an isolated charge ¢ induces an electric field E at
every point in space, and at any specific point P, E
is given by

R—1
4mreR?

(Vim), (4.13)

where R is a unit vector pointing from ¢ to P
(Fig. 4-3), R is the distance between them, and ¢ is
the electrical permittivity of the medium containing
the observation point P; and
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Figure 4-3: Electric-field lines due to a charge g

(2) in the presence of an electric field E at a given point
in space, which may be due to a single charge or
a distribution of many charges, the force acting on a
test charge g’, when the charge is placed at that point,
is given by

F=4¢gE (N). (4.14)

With F measured in newtons (N) and ¢’ in coulombs (C),
the unit of E is (N/C), which is shown later in Section
4-5 to be the same as volt per meter (V/m).

For a material with electrical permittivity e, the
electrical field quantities D and E are related by

D =c¢E 4.15)
with
£ = &80, (4.16)
where
g0 = 8.85 x 10712 ~ (1/367) x 10™°  (F/m)

is the electrical permittivity of free space, and e, = ¢/&g
is called the relative permittivity (or dielectric constant)
of the material. For most materials and under most
conditions, & of the material has a constant value
independent of both the magnitude and direction of E.
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If € is independent of e magnitude of E, then the
material is said to be lin  r because D and E are related
linearly, and if it is in nt

material is said to be c.

exhibit nonlinear permittivity behavior except when the
amplitude of E is very high (at levels approaching
the dielectric breakdown conditions discussed later
in Section 4-8), and anisotropy is peculiar only to
certain materials with particular crystalline structures.
Hence, except for materials under these very special
circumstances, the quantities D and E are effectively
redundant; for a material with known e, knowledge of
either D or E is sufficient to specify the other in that
material.

4-3.1 Electric Field due to Multiple Point Charges

The expression given by Eq. (4.13) for the field E due
to a single charge can be extended to find the field due
to multiple point charges. We begin by considering two
point charges, g and g7, located at position vectors R,
and R, from the origin of a given coordinate system, as
shown in Fig. 4-4. The electric field E is to be evaluated
at a point P with position vector R. At P, the electric
field E, due to g; alone is given by Eq. (4.13) with R,
the distance between g; and P, replaced with |R — Ry
and the unit vector R replaced with (R — Rp)/[R — R, |
Thus,

(V/m). (4.17a)
Similarly, the electric field due to g, alone is
(V/m). (4.17b)

The electric field obeys the principle of linear superposi-
tion. Consequently, the total electric field E at any point

CHAPTER 4 ELECTROSTATICS

X

Figure 4-4: The electric field E at P due to two charges
is equal to the vector sum of E; and Es.

in space is equal to the vector sum of the electric fields
induced by all the individual charges. In the present case,

E=E, +E,

T dne
Generalizing the preceding result to the case of N point
charges, the electric field E at position vector R caused

by charges g1, g2, . - . , qn located at points with position
vectors Ry, Ry, ..., Ry, is given by

] (4.18)

N
1 q:(R—R;)

- V/m).
4me &~ |R—Rif (Vi

4.19)

Example 4-3  Electric Field due to Two Point Charges
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the force on a 8 x 107> C charge located at that point.
All distances are in meters.

Solution: (a) From Eq. (4.18), the electric field E with
¢ = &p (free space) is given by

1 (R—-R))
T 4meg ql]R—R1|3

(R —Ry)
TIR_R,P

:l (V/m).

The vectors R}, R;, and R are given by
R =x+y3-1%,
R,=—-x3+y-—172,

R=x3+y—172.

Hence,
- 1 [2(R2—-§2-2) 4(%6) 10
dreg 27 216
Xk —§4—22 s
== " " x10 V/m).
1087ey (V/m)
(b)
. k—y4—-22 i
F=gE=8x107"x —2—""x10
E X T 08wy
%2 —§8 — 24
R b Lk VR T U O
2Tmeg

EXERCISE 4.3 Four charges of 10 ;£ C each are located in
free spaceat (—3, 0, 0), (3, 0, 0), (0, —3, 0), and (0, 3, 0)
in a Cartesian coordinate system. Find the force on a
20-uC charge located at (0, 0, 4). All distances are in
meters.

Ans. F=170.23 (N).

EXERCISE 4.4 Two identical charges are located on the
x-axis at x = 3 and x = 7. At what point in space is the
net electric field zero?

Ans. At point (5, 0, 0).

EXERCISE 4.5 In a hydrogen atom the electron
and proton are separated by an average distance of
5.3 x 107! m. Find the magnitude of the electrical
force F. between the two particles, and compare it with
the gravitational force F, between them.

Ans. F,=82x10"8N,and F, = 3.6 x 1077 N.

4-3.2 Electric Field due to a Charge Distribution

We now extend the results we obtained for the field caused
by discrete point charges to the case of a continuous
charge distribution. Consider volume v’ shown in
Fig. 4-5. It contains a distribution of electric charge
characterized by a volume charge density p,, whose
magnitude may vary with spatial location within v’. The
differential electric field at a point P due to a differential
amount of charge dg = p,dV’ contained in a differential
volume dv’ is

1 py dV !
4weR?’
where R’ is the vector from the differential volume dv' to
point P. Applying the principle of linear superposition,
the total electric field E can be obtained by integrating

ﬁ/ dq

4.20
4weR? (4.20)

dE = =R

Figure 4-5: Electric field due to a volume charge
distribution.
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the fields contributed by all the charges making up the
charge distribution. Thus,

1 A av’
E:/ JE= — | R
v/ 4me v’ R/2

(volume distribution).

4.21a)

It is important to note that, in general, both R’ and R vary
as a function of position over the integration volume v’

If the charge is distributed across a surface S’ with
surface charge density ps, then dg = ps ds’, and if it
is distributed along a line /’ with a line charge density o,
then dg = p; dl'. Accordingly,

1 [ apsds’
— | REY (surface distribution), (4.21b)
4me J¢  R?
1 [ opdl
E—— [ R%% (line distribution).  (4.21c)
4me I R/2
Example 4-4  Electric Field of a Ring of Charge

A ring of charge of radius b is characterized by a
uniform line charge density of positive polarity o;. With
the ring in free space and positioned in the x—y plane as
shown in Fig. 4-6, determine the electric field intensity E
at a point P(0,0, k) along the axis of the ring at a
distance & from its center.

Solution: We start by considering the electric field
generated by a differential segment of the ring, such
as segment 1 located at (b, ¢, 0) in Fig. 4-6(a). The
segment has length dl = bd¢ and contains charge
dq = pdl = pbdp. The distance vector R| from
segment 1 to point P(0, 0, k) is

R| = —tb +1h,
from which we have

, , ., R} —tb +zh
R RI=VE S SR e
1

()

Figure 4-6: Ring of charge with line density o;. (a) The
field JE; due to infinitesimal segment 1 and (b) the fields
dE,; and dE; due to segments at diametrically opposite
locations (Example 4-4).

The electric field at P(0, 0, k) due to the charge of
segment 1 is

Lo dl _ pb (—th + zh)
T 4meg | RE O dmey (B2 K

do.

dE,
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The field E; has component d E, along —t and compo-
nent dE, along Z. From symmetry considerations, the
field dE; generated by segment 2 in Fig. 4-6(b), which is
located diametrically opposite the location of segment 1,
is identical with dE; except that the ¥-component of dE,
is opposite that of dE;. Hence, the £-components of the
sum cancel and the Z-contributions add. The sum of the
two contributions is

5 oibh d¢

Znso (b2 + h2)32 -
Since for every ring segment in the semicircle defined
over the range 0 < ¢ < m (the right-hand half of the
circular ring) there is a corresponding segment located
diametrically opposite at (¢ 4+ ), we can obtain the total
field generated by the ring by integrating Eq. (4.22) over
a semicircle as follows:

p pibh f
E=
27[80 (b2 + h2)3/2 ae
p1bh

260(6% + h2)32
h
4 eg(b? + h2)3/2

where Q = 2mbp; is the total charge contained in the
ring. ®

dE =dE, +dE; =

(4.22)

If
N>

Q, (4.23)

Il
N>

Example 4-5  Electric Field of a Circular Disk of Charge

Find the electric field at a point P (0, 0, k) in free space
at a height z on the z-axis due to a circular disk of charge
inthe x—y plane with uniform charge density ps, as shown
in Fig. 4-7, and then evaluate E for the infinite-sheet case
by letting a — oo.

Solution: Building on the expression obtained in
Example 4-4 for the on-axis electric field due to a
circular ring of charge, we can determine the field
due to the circular disk by treating the disk as a
set of concentric rings. A ring of radius r and
width dr has an area ds = 27r dr and contains charge

X

Figure 4-7: Circular disk of charge with surface charge
density ps. The electric field at P(0, 0, k) points along
the z-direction (Example 4-5).

dq = psds = 2mpsr dr. Upon using this expression
in Eq. (4.23) and also replacing b with r, we obtain the
following expression for the field due to the ring:

h
dE =7

ZW (27'[,057' d)")

The total field at P is obtained by integrating the
expression over the limits r =0 to r = a:

,\psh g rdr
280 o (r2+4h2)32
~ Ds |2

ENTL.N | ey .
280[ \/a2+h’-}

with the plus sign corresponding to when 2 > 0 and the
minus sign to when 2 < 0 (below the disk).

4.24)
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For an infinite sheet of charge with a = 00,

E= 2—29:— (infinite sheet of charge).  (4.25)
0

We note that for an infinite sheet of charge E has the same
value at any point above the x—y plane. For points located
below the x—y plane, the unit vector Zin Eq. (4.25) should
be replaced with —2. ®

REVIEW QUESTIONS

Q4.4 When we say that an electric charge induces an
electric field at every point in space, does that mean that
the charge “radiates” the electric field? Explain.

Q4.5 Ifthe electric field is zero at a given point in space,
does this imply the absence of electric charges?

Q4.6 State the principle of linear superposition as it
applies to the electric field due to a distribution of electric
charge.

EXERCISE 4.6 An infinite sheet of charge with uniform
surface charge density ps is located at z = 0 (x—y plane),
and another infinite sheet with density —ps is located at
7z = 2 m, both in free space. Determine E in all regions.

Ans. E=0forz < 0; E = Zps/gp for 0 < z < 2 m;
andE=0forz > 2m.

4-4 Gauss’s Law

We now return to Eq. (4.1a):

V-D=p, (Gauss’slaw), (4.26)

which is called the differential form of Gauss’s law. The
adjective “differential” refers to the fact that the diver-
gence operation involves spatial derivatives. As we will
see shortly, Eq. (4.26) can be converted and expressed in
integral form. When solving electromagnetic problems,
we often convert back and forth between the differential
and integral forms of equations, depending on which form
happens to be the more applicable or convenient to use in
each step of a solution. To convert Eq. (4.26) into integral
form, we multiply both sides by dv and take the volume
integral over an arbitrary volume v. Hence,

/V-de=/pvdv=Q,
v v

where Q is the total charge enclosed in v. The divergence
theorem, givenby Eq.(3.98), statesthatthe volumeintegral
of the divergence of any vector over a volume v is equal to
the total outward flux of that vector through the surface §
enclosing v. Thus, for the vector D,

/V-de:fD-a’s.
v s

Comparison of Eq. (4.27) with Eq. (4.28) leads to

(4.27)

(4.28)

f}) -ds = Q  (Gauss’slaw). (4.29)
s

The integral form of Gauss’s law is illustrated diagram-
matically in Fig. 4-8; for each differential surface ele-
mentds, D - ds is the electric field flux flowing outwardly
through ds, and the total flux through the surface S is
equal to the enclosed charge Q. The surface S is called
a Gaussian surface.

When the dimensions of a very small volume AV con-
taining a total charge ¢ are much smaller than the distance
from AV to the point at which the electric flux density D
is to be evaluated, then ¢ may be regarded as a point
charge. The integral form of Gauss’s law can be applied
to determine D due to a single isolated charge g by con-
structing a closed, spherical, Gaussian surface S of an

|
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Total charge
inv

Gaussian surface S
enclosing volume v

Figure 4-8: Gauss’s law states that the outward flux of D
through a surface is proportional to the enclosed charge Q.
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4 \
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N 7/
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- d

Gaussian surface

Figure 4-9: Electric field D due to point charge g.

arbitrary radius R centered at ¢, as shown in Fig. 4-9.
From symmetry considerations, assuming that g is pos-
itive, the direction of D must be radially outward along
the unit vector R, and D &, the magnitude of D, must be
the same at all points on the Gaussian surface S. Thus,
at any point on the surface, defined by position vector R,

D(R) = RD;,

(4.30)

and ds = R ds. Applying Gauss’s law gives

%D-ds:ygﬁDR-ﬁds
S s

= f Drds = Dr(4nR*) =¢q. (4.31)
S

Solving for D and then inserting the result in Eq. (4.30)
gives the following expression for the electric field E
induced by an isolated point charge in a medium with
permittivity ¢:

ER) = DiR) —r1

4 s R?

(V/m). (4.32)

Thisisidentical with Eq. (4.13) obtained from Coulomb’s
law. For this simple case of an isolated point charge, it
does not much matter whether Coulomb’s law or Gauss’s
law is used to obtain the expression for E. However, it
does matter as to which approach we follow when we
deal with multiple point charges or continuous charge
distributions. Even though Coulomb’s law can be used
to find E for any specified distribution of charge, Gauss’s
law is easier to apply than Coulomb’s law, but its utility
is limited to symmetrical charge distributions.

Gauss’s law, as given by Eq. (4.29), provides a conve-
nient method for determining the electrostatic flux den-
sity D when the charge distribution possesses symmetry
properties that allow us to make valid assumptions about
the variations of the magnitude and direction of D as a
function of spatial location. Because at every point on the
surface the direction of ds is the outward normal to the
surface, only the normal component of D at the surface
contributes to the integral in Eq. (4.29). To successfully
apply Gauss’s law, the surface S should be chosen such
that, from symmetry considerations, the magnitude of D
is constant and its direction is normal or tangential at ev-
ery point of each subsurface of S (the surface of a cube,
for example, has six subsurfaces). These aspects are il-
lustrated in Example 4-6.
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Example 4-6  Electric Field of an Infinite Line of Charge

Use Gauss’s law to obtain an expression for E in free
space due to an infinitely long line of charge with uniform
charge density p; along the z-axis.

Solution: Since the line of charge is infinite in extent
and is along the z-axis, symmetry considerations dic-
tate that D must be in the radial f-direction and must
not depend on ¢ or z. Thus, D = tD,. In Fig. 4-10,
we construct a cylindrical Gaussian surface of radius 7,
concentric around the line of charge. The total charge
contained within the cylinder is Q = p;h, where h is the
height of the cylinder. Since D is along f, the top and
bottom surfaces of the cylinder do not contribute to the
surface integral on the left-hand side of Eq. (4.29), and
only the side surface contributes to the integral. Hence,

h 2
/ / tD, -trd¢ dz = pih
z=0 J¢=0

2nhD,r = ph,

or

uniform line
of charge p,

By

= —
Q
IS
=
7]
w
=
=
w
=
-
]
o
(¢}

Figure 4-10: Gaussian surface around an infinitely long
line of charge (Example 4-6).

which gives the result

D D,
E=— =t—
€0 2N

L1
2megr

=f

(infinite line of charge).

(4.33)

Note that Eq. (4.33) is applicable for any infinite line of
charge, regardless of its location and direction, as long
as T is properly defined as the radial distance vector from
the line charge to the observation point (i.e., I is perpen-
dicular to the line of charge). =

REVIEW QUESTIONS

Q4.7 Explain Gauss’s law. Under what circumstances
is it useful?

Q4.8 How should one choose a Gaussian surface?

Q4.9 When is it reasonable to treat a charge distribution
as a point charge?

EXERCISE 4.7 Two infinite lines of charge, each carrying
a charge density p;, are parallel to the z-axis and located
at x = 1 and x = —1. Determine E at an arbitrary point
in free space along the y-axis.

Ans. E=§py/[reo* + D]
EXERCISE 4.8 A thin spherical shell of radius a carries a
uniform surface charge density ps. Use Gauss’s law to
determine E.
Ans. E=0forR < a;

E = Rpsa?/(eR?) for R > a.
EXERCISE 4.9 A spherical volume of radius a contains a
uniform volume charge density py. Use Gauss’s law to
determine D for (a) R < a and (b) R > a.
Ans. (@)D= ﬁpvR/S,

(b) D = Roya®/BR?).
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4-5 Electric Scalar Potential

In electric circuits, we work with voltages and currents.
The voltage V between two points in the circuit repre-
sents the amount of work, or potential energy, required
to move a unit charge between the two points. In fact, the
term “voltage” is a shortened version of “voltage poten-
tial” and is the same as electric potential. Even though
when we solve a circuit problem we usually do not con-
sider the electric fields present in the circuit, in fact it
is the existence of an electric field between two points
that gives rise to the voltage difference between them,
such as across a resistor or a capacitor. The relationship
between the electric field E and the electric potential V
is the subject of this section.

4-5.1 Electric Potential as a Function
of Electric Field

We begin by considering the simple case of a positive
charge g in a uniform electric field E = —§E, parallel to
the —y-direction, as shown in Fig. 4-11. The presence
of the field E exerts a force F. = ¢E on the charge in the
negative y-direction. If we attempt to move the charge
along the positive y-direction (against the force F.), we
will need to provide an external force Fey to counter-
act Fe, which requires the expenditure of energy. To
move g without any acceleration (at a constant speed),

Figure 4-11: Work done in moving a charge ¢ a distance
dy against the electric field E is dW = g E dy.
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it is necessary that the net force acting on the charge be
zero, which means that Fe + F. = 0, or

Fext = —Fe = —qE. 4.34)

The work done, or energy expended, in moving any object
a vector differential distance @l under the influence of a
force Fey; 18

AW =Fe-dl=—gE-dl (). (4.35)

Work, or energy, is measured in joules (J). In the present
case, if the charge is moved a distance dy along ¥, then

dW = —q(—JE)-Ydy = qE dy. (4.36)

The differential electric potential energy d W per unit
charge is called the differential electric potential (or dif-
ferential voltage) dV. That is,

dw

dV =——=—-E-dl (J/CorV). (4.37)
q

The unit of V is the volt (V), with 1 V £ 1 J/C, and since
V' is measured in volts, the electric field is expressed in
volts per meter (V/m).

The potential difference between any two points P,

and P, (Fig. 4-12) is obtained by integrating Eq. (4.37)
along any path between them. That is,

Py Py
/ dv = — E-dl,
P

1 Py

(4.38)

or

Py
Vo =V2—V1:—/ E-dl,
P

(4.39)

where V; and V; are the electric potentials at points P;
and P,, respectively. The result of the line integral on
the right-hand side of Eq. (4.39) should be independent
of the specific integration path taken between points P,
and P,. This requirement is mandated by the law of
conservation of energy. To illustrate with an example,
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let us consider a particle in Earth’s gravitational field.
If the particle is moved from a height h; above Earth’s
surface to a higher height h,, the particle gains potential
energy in an amount proportional to (k2 — A1). If, in-
stead, we were to first raise the particle from height £,
to a height k3 greater than 4, thereby giving it poten-
tial energy proportional to (k3 — k1), and then we let it
drop back to height &, by expending an energy amount
proportional to (k3 —hy), its net gain in potential energy
will again be proportional to (h,—h1). The same princi-
ple applies to the electric potential energy W and to the
potential difference (V, — V1). The voltage difference
between two nodes in an electric circuit has the same
value regardless of which path in the circuit we follow
between the nodes. Moreover, Kirchhoff’s voltage law
states that the net voltage drop around a closed loop is
zero. If we go from P, to P, by path 1 in Fig. 4-12
and then return from P, to P; by path 2, the right-hand
side of Eq. (4.39) becomes a closed contour and the
left-hand side becomes zero. In fact, the line integral
of the electrostatic field E around any closed contour C

Figure 4-12: In electrostatics, the potential difference
between P, and P is the same irrespective of the path
used for calculating the line integral of the electric field
between them.

is zero:

% E-dl=0 (Electrostatics). (4.40)
c

A vector field whose line integral along any closed path
is zero is called a conservative or an irrotational field.
Hence, the electrostatic field E is conservative. As we
will see later in Chapter 6, if E is a time-varying function,
it is no longer conservative, and its line integral along a
closed path is not necessarily equal to zero.

The conservative property of the electrostatic field
can also be deduced from Maxwell’s second equation,
Eq. (4.1b). If 3/t = O, then

VxE=0. 4.41)
If we take the surface integral of V x E over an open
surface S and then apply Stokes’s theorem, given by
Eq. (3.107), to convert the surface integral into a line
integral, we have

/(VxE)-ds:ng-dl:O,
s c

where C is a closed contour surrounding S. Thus,
Bq. (4.41) is the differential-form equivalent of
Eq. (4.40).

We now define what we mean by the electric poten-
tial V at a point in space. Before we do so, however, let
us revisit our electric-circuit analogue. Absolute voltage
at a point in a circuit has no defined meaning, nor does
absolute electric potential at a point in space. When we
talk of the voltage V of a point in a circuit, we do soin ref-
erence to the voltage of some conveniently chosen point
to which we have assigned a reference voltage of zero,
which we call ground. The same principle applies to
the electric potential V. Usually, the reference-potential
point is chosen to be at infinity. That is, in Eq. (4.39) we

(4.42)
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assume that V; = 0 when P, is at infinity, and therefore
the electric potential V at any point P is given by

P
V:-—/ E-dl (V). (4.43)

[e o]

4-5.2 Electric Potential due to Point Charges

For a point charge g located at the origin of a spherical
coordinate system, the electric field at a distance R is
given by Eq. (4.32) as

q

E=R
4mweR?

(4.44)

(V/m).

As was stated earlier, the choice of integration path be-
tween the two end points in Eq. (4.43) is arbitrary. Hence,
we will conveniently choose the path to be along the radial
direction ﬁ, in which case dl = RdR and

Ko a N q
V=—/ (R )-RdR: ).
o \ 4meR? 4meR
(4.45)
If the charge q is at a location other than the origin, speci-
fied by a source position vector Ry, then V at observation
position vector R becomes

q

VR) = —————
®) 4re|R — Ry|

V), (4.46)
where |R — R;| is the distance between the observation
point and the location of the charge g. The principle of
superposition that we applied previously to the electric
field E also applies to the electric potential V. Hence, for
N discrete point charges g1, g, - . . , gy having position
vectors Ry, Ry, ..., Ry, the electric potential is

1
VR) = — 2

4.47
dre ( )
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4-5.3 Electric Potential due to Continuous
Distributions

For a continuous charge distribution specified over a
given volume V', across a surface §', or along a line //,
we (1) replace g; in Eq. (4.47) with, respectively, py dV’,
os ds’, and p; dl’; (2) convert the summation into an in-
tegration; and (3) define R’ = |R — R;| as the distance
between the integration point and the observation point.
These steps lead to the following expressions:

1
VR) = — / Py dv’  (volume distribution),
4re J, R

(4.482)
1
VR) = — | 245 (surface distribution),
4me Jo R
(4.48b)
1
VR) = — | 2 ar  (line distribution). (4.48c)
4me Jy R

4-5.4 Electric Field as a Function
of Electric Potential

In Section 4-5.1, we expressed V in terms of a line inte-
gral over E. Now we explore the inverse relationship by
examining the differential form of V given by Eq. (4.37):

dV = —E-dl. (4.49)
For a scalar function V, Eq. (3.73) gives
dV =VV .dl, (4.50)

where V'V is the gradient of V. Comparison of Eq. (4.49)

with Eq. (4.50) leads to
E=-VV. @451)

This relationship between V and E in differential form

allows us to determine E for any charge distribution by

first calculating V using the expressions given in Sections
4-5.1 to 4-5.3 and then taking the negative gradient of V
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to find E. The expressions for V, given by Egs. (4.47)
to (4.48c), involve scalar sums and scalar integrals, and
as such they are usually much easier to calculate than the
vector sums and integrals in the expressions for E derived
in Section 4-3 on the basis of Coulomb’s law. Thus, even
though the electric potential approach for finding E is a
two-step process, it is computationally simpler to apply
than the direct method based on Coulomb’s law.

Example 4-7  Electric Field of an Electric Dipole

Anelectric dipole consists of two point charges of equal
magnitude and opposite polarity, separated by a small
distance, as shown in Fig. 4-13(a). Determine V and E
at any point P in free space, given that P is at a distance
R > d, where d is the spacing between the two charges.

Solution: The electric potential due to a single point
charge is given by Eq. (4.45). For the two charges shown
in Fig. 4-13(a), application of Eq. (4.47) gives

1 — —
V —] i + _q e q RZ Rl i
4r 20 R] Ry 4 0] R1 R,
Since d « R, the lines labeled R; and R, in Fig. 4-13(a)

are approximately parallel to each other, in which case
the following approximations apply:

R, — Ry ~dcos8, Rlesz.

Hence,

_ gdcosf
T 4megR?

4.52)

The numerator of Eq. (4.52) can be written as the dot
product of gqd, where d is the distance vector from
charge —g to charge +¢g, and the unit vector R point-
ing from the center of the dipole toward the observation
point P,

gdcosf =qd-R=p-R, (4.53)

.
P(R, 6, $)

—-q dcos @

(a) Electric dipole

e

- &

(2]
—7R~
(b) Electric-field pattern

Figure 4-13: Electric dipole with dipole moment p = gd
(Example 4-7).

where p = gd is called the dipole moment of the electric
dipole. Using Eq. (4.53) in Eq. (4.52) then gives

_ PR
" 4megyR?

(electric dipole).  (4.54)

In spherical coordinates, Eq. (4.51) is given by

E=-VV

L dV 19V . 1 a3V
=—|(R—=+4+0—-— —— ), @455
< + +¢Rsin9 8(15) g

oR R 06
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where we have used the expression for VV given on the
inside back cover of the book. Upon taking the deriva-
tives of the expression for V given by Eq. (4.52) with
respect to R and 6 and then substituting the results in
Eq. (4.55), we have

d /. .
1 (R 2cos + 0 sin 9) (V/m). (4.56)
4 ey R3

We should note that the expressions for V and E, given by
Egs. (4.54) and (4.56), are applicable only when R > d.
To compute V and E at points in the vicinity of the two
charges making up the dipole, it is necessary to perform
the calculations without resorting to the far-distance ap-
proximations that led to Eq. (4.52). Such an exact cal-
culation for E leads to the pattern shown in Fig. 4-13(b).

4-5.5 Poisson’s Equation

With D = ¢E, the differential form of Gauss’s law given
by Eq. (4.26) may be written as

V.E= % . (4.57)
Inserting Eq. (4.51) in Eq. (4.57) gives
V.= (4.58)

In view of the definition for the Laplacian of a scalar
function V' given by Eq. (3.110) as

2V 9%V d%v

VIV = V. (VV) = , (459
V) 0x? + ay? + 872 (4-59)
Eq. (4.58) can be cast in the abbreviated form
ViV = _Pv (Poisson’s equation).  (4.60)
g

This is known as Poisson’s equation. For a volume v’
containing a volume charge density distribution py, the
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solution for V derived previously and expressed by
Eq. (4.48a) as
1

LAY

= 4.61
4re J, R’ (“61)

satisfies Eq. (4.60). If the medium under consideration
contains no free charges, Eq. (4.60) reduces to

V2V =0  (Laplace’s equation),
and it is then referred to as Laplace’s equation. Pois-
son’s and Laplace’s equations are useful for determining
the electrostatic potential V in regions at whose bound-

aries V is known, such as the region between the plates of
a capacitor with a specified voltage difference across it.

REVIEW QUESTIONS
Q4.10 What is a conservative field?

Q4.11 Why is the electric potential at a point in space
always defined relative to the potential at some reference
point?

Q4.12 Explain why Eq. (4.40) is a mathematical state-
ment of Kirchhoff’s voltage law.

Q4.13 Why is it usually easier to compute V fora given
charge distribution and then find E from E = —VV than
to compute E directly by applying Coulomb’s law?

Q4.14 What is an electric dipole?

EXERCISE4.10 Determine the electric potential at the ori-
ginin free space due to four charges of 20 ©.C each located
at the corners of a square in the x—y plane and whose
center is at the origin. The square has sides of 2 m each.

Ans. V =4/2x107%/(eg) (V).
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EXERCISE 4.11 A spherical shell of radius R has a uni-
form surface charge density ps. Determine the electric
potential at the center of the shell.

Ans. V = psR/e (V).

4-6 Electrical Properties of Materials

The electromagnetic constitutive parameters of a ma-
terial medium are its electrical permittivity &, magnetic
permeability w, and conductivity o. A material is said
to be homogeneous if its constitutive parameters do not
vary from point to point, and it is isofropic if its con-
stitutive parameters are independent of direction. Most
materials exhibit isotropic properties, but some crystals
do not. Throughout this book, all materials are assumed
to be homogeneous and isotropic. In this chapter, we are
concerned with only & and . Discussion of 4 is deferred
to Chapter 5.

The conductivity of a material is a measure of how
easily electrons can travel through the material under the
influence of an external electric field. Materials are clas-
sified as conductors (metals) or dielectrics (insulators)
according to the magnitudes of their conductivities. A
conductor has a large number of loosely attached elec-
trons in the outermost shells of the atoms. In the absence
of an external electric field, these free electrons move
in random directions and with varying speeds. Their
random motion produces zero average current through
the conductor. Upon applying an external electric field,
however, the electrons migrate from one atom to the next
along a direction opposite that of the external field. Their
movement, which is characterized by an average veloc-
ity called the electron drift velocity ue, gives rise to a
conduction current.

In a dielectric, the electrons are tightly held to the
atoms, so much so that it is very difficult to detach them
even under the influence of an electric field. Conse-
quently, no current flows through the material. A perfect

CHAPTER 4 ELECTROSTATICS

Table 4-1: Conductivity of some common materials at 20° C.

Material , O
Silver 6.2 x 107
Copper 5.8 x 107
Gold 4.1 x 107
Aluminum 3.5 x 107
Iron 107
Mercury 109
Carbon 3 x 104

Semiconductors
Pure germanijum 22
Pure silicon 44 % 107*
Insulators
Glass 10712
Paraffin 1013
Mica 1071
Fused 10~

dielectric is a material with o = 0 and, in contrast, a
perfect conductor is a material with o = oo.

The conductivity o of most metals is in the range from
10 to 107 S/m, compared with 10~'* to 1077 S/m for
good insulators (Table 4-1). Materials whose conductiv-
ities fall between those of conductors and insulators are
called semiconductors. The conductivity of pure germa-
nium, for example, is 2.2 S/m. Tabulated values of o
are given in Appendix B for some common materials at
room temperature (20° C), and a subset is given in Table
4-1.

The conductivity of a material depends on several fac-
tors, including temperature and the presence of impuri-
ties. In general, o of metals increases with decreasing
temperature, and at very low temperatures in the neigh-
borhood of absolute zero, some conductors become Su-
perconductors because their conductivities become prac-
tically infinite.
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REVIEW QUESTIONS

Q4.15 What are the electromagnetic constitutive pa-
rameters of a material medium?

Q4.16 What classifies a material as a conductor,
semiconductor, or dielectric? What is a superconductor?

Q4.17 What is the conductivity of a perfect dielectric?

4-7 Conductors

The drift velocity u, of electrons in a conducting material
is related to the externally applied electric field E through

ue = —E  (m/s), (4.62a)

where /4. is a material property call the electron mobility
with units of (m2/V -s). In a semiconductor, current flow
is due to the movement of both electrons and holes, and
since holes are positive-charge carriers, the hole drift
velocity u is in the same direction as E,

u, = upE  (m/s), (4.62b)
where uy is the hole mobility. The mobility accounts
for the effective mass of a charged particle and the average
distance overwhichtheappliedelectricfield canaccelerate
it before it is stopped by colliding with an atom and must
start accelerating over again. From Eq. (4.11), the current
density in a medium containing a volume density py of
charges moving withavelocityuisJ = pyu. Inthepresent
case, the current density consists of a component Je due to
the electrons and a component J, due to the holes. Thus,

the total conduction current density is

J =Je + Jh = pyelie + pyntin (A/mz) (4.63)
Use of Eqgs. (4.62a) and (4.62b) gives
J = (—pyetbe + oyutn)E, (4.64)
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where pye = —Nge and py, = Npe, with N and Ny
being the number of free electrons and the number of
free holes per unit volume, and e = 1.6 x 107%° C is
the absolute charge of a single hole or electron. The
quantity inside the parentheses in Eq. (4.64) is defined as
the conductivity of the material, o. Thus,

O = —pPyefbe + Pyhlth
= (Nopte + Nppn)e  (S/m) (semiconductor),

(4.65)

and its unit is siemens per meter (S/m). For a good con-
ductor, Nyun << Nelte, and Eq. (4.65) reduces to

(S/m) (conductor).
(4.66)

0 = —pPyete = Neplee

In either case, Eq. (4.64) becomes

J=0E (A/m?» (Ohm’slaw), (4.67)

and it is called the point form of Ohn’s law. Note that, in
a perfect dielectric with o = 0, J = 0 regardless of E,
and in a perfect conductor with "= 0o, E=J/o =0

regardless of J. That is,

J=0
E=0

Perfect dielectric:

Perfect conductor:

Because o is on the order of 10° S/m for most metals,
such as silver, copper, gold, and aluminum (Table 4-1),
it is common practice to set E = 0 in metal conductors.

A perfect conductor is an equipotential medium,
meaning that the electric potential is the same at ev-
ery point in the conductor. This property follows from
the fact that V,;, the voltage difference between two
points in the conductor, is by definition equal to the line
integral of E between the two points, as indicated by
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Eq. (4.39), and since E = 0 everywhere in the perfect
conductor, the voltage difference V,; = 0. The fact
that the conductor is an equipotential medium, how-
ever, does not necessarily imply that the potential differ-
ence between the conductor and some other conductor
is zero. Each conductor is an equipotential medium,
but the presence of different distributions of charges on
their surfaces can generate a potential difference be-
tween them.

Example 4-8  Conduction Current in a Copper Wire

A 2-mm-diameter copper wire with conductivity of
5.8 x 107 S/m and electron mobility of 0.0032 (m?/V s)
is subjected to an electric field of 20 (mV/m). Find (a)
the volume charge density of free electrons, (b) the cur-
rent density, (c) the current flowing in the wire, (d) the
electron drift velocity, and (e) the volume density of free
electrons.

Solution
(@)

5.8 x 107
o 20X 181 x 10 (C/md).
e 0.0032

Pve = —
(b)
J=0E =58x10"x20x107% = 1.16 x 10° (A/m?).
(c)

I=JA
d? 6
—J <14_> —1.16 x 10° <ﬁ4—:&> —3.64 A,

(d)
e = —pe E = —0.0032%x20% 1073 = —6.4x107° m/s.

The minus sign indicates that u, is in the opposite direc-
tion of E.

CHAPTER 4 ELECTROSTATICS

= 1.13x 10% electrons/m’.
€ =

EXERCISE4.12 Determine the density of free electrons in
aluminum, given that its conductivity is 3.5 x 107 (S/m)
and its electron mobility is 0.0015 (m?/V - s).

Ans. N, = 1.46 x 10% electrons/m>.

EXERCISE 4.13 The current flowing through a
100-m-long conducting wire of uniform cross section
has a density of 3 x 10° (A/m?). Find the voltage drop
across the length of the wire if the wire material has a
conductivity of 2 x 107 (S/m).

Ans. V =1.5(V).

4-7.1 Resistance

By way of demonstrating the use of the point form of
Ohm’s law, we shall use it to derive an expression for
the resistance R of a conductor of length / and uniform
cross section A, as shown in Fig. 4-14. The conductor
axis is oriented along the x-axis and extends between
points x; and x,, with [ = x; — x;. A voltage V ap-
plied across the conductor terminals establishes an elec-
tric field E = XE,; the direction of E is from the point
of higher potential (point 1 in Fig. 4-14) to the point of
lower potential (point 2). The relation between V and E
is obtained by applying Eq. (4.39). Thus,

V=Vi—W

X1
f E-dl
X2

X1
/ XE,-Xdl=E.J (V). (4.68)
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Figure 4-14: Linear resistor of cross section A and
length I connected to a d-c voltage source V.

Using Eq. (4.67), the current flowing through the cross
section A at x; is

[:/J-ds:/aE-ds:oExA (A).  (4.69)
A A

From R = V/I, the ratio of Eq. (4.68) to Eq. (4.69) gives

l
oA
We now generalize our result for R to any resistor of
arbitrary shape by noting that the voltage V' across the
resistor is equal to the line integral of E over a path [
between two specified points and the current / is equal
to the flux of J through the surface S of the resistor. Thus,

—-fE-dl —fE-dl

! = ! )
fJ-ds foE-ds
s S

The reciprocal of R is called the conductance G, and the
unit of G is (271), or siemens (S). For the linear resistor,
G = 1 oA

R 1

Q). (4.70)

1%
R=— = @.71)

(S). 4.72)

Example 4-9  Conductance of Coaxial Cahle

The radii of the inner and outer conductors of a coaxial
cable of length [/ are g and b, respectively (Fig. 4-15).
The insuvlation material has conductivity o. Obtain an
expression for G', the conductance per unit length of the
insulation layer.

Solution: Let I be the total current flowing from the
inner conductor to the outer conductor through the insu-
lation material. At any radial distance r from the axis of
the center conductor, the area through which the current
flows is A = 2zrl. Hence,

I 1
=f— =7 , 4.73
I S “73)
and from J = oE,
I
E=rt . 4.74
rZJrarl ( )

In a resistor, the current flows from higher electric poten-
tial to lower potential. Hence, if J is in the r-direction,
the inner conductor must be at a higher potential than
the outer conductor. Accordingly, the voltage difference
between the conductors is

r-rdr

a a g
Va,,z—/ E-dl=—| —
b b 2ol r

Figure 4-15: Coaxial cable of Example 4-9.
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The conductance per unit length is then

G’—g— 1 _ I B 2o
Tl T Rl Vyl In(b/a)

(S/m).

(4.76)

4-7.2 Joule’s Law

We now consider the power dissipated in a conducting
medium in the presence of an electrostatic field E. The
medium contains free electrons and holes with volume
charge densities pye and pyp, respectively. The electron
and hole charge contained in an elementa] volume AV is
ge = pye AV and gn = pyn AV, respectively. The electric
forces acting on ge and gy, are Fe = g.E = pv.E Av and
Fi = ¢uE = pyE Av. The work (energy) expended by
the electric field in moving g, a differential distance Ale
and moving gy, a distance Al is

AW =F.- Al + Fy, - ALy, (4.77)
Power P, measured in watts (W), is defined as the time
rate of change of energy. The change in power corre-
sponding to AW is then

A Al Al
AP=—W=F6-—e+Fh'—h
At At At
:Fe'uc+Fh'uh
= (oveE - ue + pyhE - up) Av
_E-JAv, 4.78)

where u, = Ale/A ¢t is the electron drift velocity and
uy, = Alp/At is the hole drift velocity. Equation (4.63)
was used in the last step of the derivation leading to
Eq. (4.78). For a volume v, the total dissipated power
1S

P=fE-JdV (W) (Joule’slaw), (4.79)
v

CHAPTER 4 ELECTROSTATICS

and in view of the relation given by Eq. (4.67),

P= / olEfdv (W) (4.80)
v

Equation (4.79) is a mathematical statement of Joule’s

law.  For the resistor example considered earlier,

|E| = E, and its volume is v = [A. Separating the

volume integral in Eq. (4.80) into a product of a surface

integral over A and a line integral over /, we have

P= / olE|* dv
v

=/oExds /Exdl
A I

=(0E;A)E) =1V (W), (4.81)

where use was made of Eq. (4.68) for the voltage V and
Eq. (4.69) for the current /. With V = IR, we obtain
the familiar expression

P=I*R (W) (4.82)

REVIEW QUESTIONS

Q4.18 What is the fundamental difference between an
insulator, a semiconductor, and a conductor?

Q4.19 Show that the power dissipated in the coaxial
cable of Fig. 4-15is P = I?In(b/a)/(2nol).

EXERCISE 4.14 A 50-m-long copper wire has a circular
cross section with radius » = 2 cm. Given that the con-
ductivity of copper is 5.8 x 107 (S/m), determine (a) the
resistance R of the wire and (b) the power dissipated in
the wire if the voltage across its length is 1.5 (mV).

Ans. () R =6.9 x 107, (b) P = 3.3 (mW).

EXERCISE 4.15 Repeat part (b) of Exercise 4.14 by ap-
plying Eq. (4.80).
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Nucleus

Nucleus

-q

Center of electron
cloud

(b) Eex;#0

(@) Eext=0 (c) Electric dipole

Figure 4-16: In the absence of an external electric field Eeyt, the center of the electron cloud is co-located with the center of
the nucleus, but when a field is applied, the two centers are separated by a distance d.

4-8 Dielectrics

As we discussed previously, the fundamental difference
between a conductor and a dielectric is that a conductor
has loosely held (free) electrons that can migrate through
the crystalline structure of the material, whereas the elec-
trons in the outermost shells of a dielectric are strongly
bound to the atom. In the absence of an electric field,
the electrons in any material form a symmetrical cloud
around the nucleus, with the center of the cloud being at
the same location as the center of the nucleus, as shown
in Fig. 4-16(a). The electric field generated by the pos-
itively charged nucleus attracts and holds the electron
cloud around it, and the mutual repulsion of the electron
clouds of adjacent atoms gives matter its form. When a
conductor is subjected to an externally applied electric
field, the most loosely bound electrons in each atom can
easily jump from one atom to the next, thereby setting up
an electric current. In a dielectric, however, an externally
applied electric field Eex cannot effect mass migration of
charges since none are able to move freely, but it can po-
larize the atoms or molecules in the material by distorting
the center of the cloud and the location of the nucleus.
The polarization process is illustrated in Fig. 4-16(b).
The polarized atom or molecule may be represented by

an electric dipole consisting of charge +¢ at the center
of the nucleus and charge —q at the center of the electron
cloud [Fig. 4-16(c)]. Each such dipole sets up a small
electric field, pointing from the positively charged nu-
cleus to the center of the equally but negatively charged
electron cloud. This induced electric field, called a po-
larization field, is weaker than and opposite in direction
to Eex,. Consequently, the net electric field present in
the dielectric material is smaller than E.,;. At the micro-
scopic level, each dipole exhibits a dipole moment similar
to that described in Example 4-7. Within the dielectric
material, the dipoles align themselves in a linear arrange-
ment, as shown in Fig. 4-17. Along the upper and lower
edges of the material, the dipole arrangement exhibits a
positive surface charge density on the upper surface and
a negative density on the lower surface.

The relatively simple picture described in Figs. 4-16
and 4-17 pertains to nonpolar materials in which the
molecules do not have permanent dipole moments.
Nonpolar molecules become polarized only when an ex-
ternal electric field is applied, and when the field is termi-
nated, the molecules return to their original unpolarized
state. In some materials, such as water, the molecular
structure is such that the molecules possess built-in per-
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iti rface ch
el e arge\ Polarized molecule

Negative surface charge

Figure 4-17: A dielectric medium polarized by an exter-
nal electric field Eext.

manent dipole moments that are randomly oriented in the
absence of an applied electric field. Materials composed
of permanent dipoles are called polar materials. Owing
to their random orientations, the dipoles of polar materi-
als produce no net dipole moment macroscopically (at the
macroscopic scale, each point in the material represents a
small volume containing thousands of molecules). Under
the influence of an applied field, the permanent dipoles
tend to align themselves to some extent along the direc-
tion of the electric field, in an arrangement somewhat
similar to that shown in Fig. 4-17 for nonpolar materials.

Whereas D and E are related by &g in free space, the
presence of these microscopic dipoles in a dielectric ma-
terial alters that relationship in that material to

D = &FE +P, (4.83)

where P, called the electric polarization field, accounts
for the polarization properties of the material. The po-
larization field is produced by the electric field E and
depends on the material properties.

A dielectric medium is said to be linear if the magni-
tude of the induced polarization field is directly propor-
tional to the magnitude of E, and it is said to be isotropic
if the polarization field and E are in the same direction.
In some crystals, the periodic structure of the material
allows more polarization to take place along certain di-
rections, such as the crystal axes, than along others. In
such anisotropic dielectrics, E and D may have differ-
ent directions. A medium is said to be homogeneous
if its constitutive parameters (e, u, and o) are constant
throughout the medium. Our present treatment will be
limited to media that are linear, isotropic, and homoge-
neous. For such media the polarization field is directly
proportional to E and is expressed by the relationship

P = gxE, (4.84)

where . is called the electric susceptibility of the mate-
rial. Inserting Eq. (4.84) into Eq. (4.83), we have

D = gE + g xE

=¢go(1+ xe)E = ¢E, (4.85)

which defines the permittivity ¢ of the material as

e =¢go(l+ xe). (4.86)

As was mentioned earlier, it is often convenient to char-
acterize the permittivity of a material relative to that of
free space, &o; this is accommodated by the relative per-
mittivity &, = &/g&9. Values of & are listed in Table 4-2
for a few common materials, and a longer list is given
in Appendix B. In free space &; = 1, and for most con-
ductors & =~ 1. The dielectric constant of air is approxi-
mately 1.0006 at sea level, and it decreases toward unity
with increasing altitude. Except in some special circum-
stances, such as when calculating electromagnetic wave
refraction (bending) through the atmosphere over long
distances, air is treated the same as free space.

The dielectric polarization model presented thus far has
placed no restriction on the upper end of the strength of
the applied electric field E. In reality, if E exceeds a
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Table 4-2: Relative permittivity (dielectric constant) and dielectric strength of common materials

Permittivity, &;

Air (at sea level)

Petroleum oil 2.1
Polystyrene 2.6
Glass 4.5-10
Quartz 3.8-5
Bakelite 5
Mica 5.4-6

Egs MV

3

12

20

2540

30

20
200

& = ereg and g9 = 8.854 x 1012 F/m.

certain'critical value, known as the dielectric strength of
the material, it will free the electrons completely from
the molecules and cause them to accelerate through the
material in the form of a conduction current. When this
happens, sparking can occur, and the dielectric material
can sustain permanent damage due to electron collision
with the molecular structure. This abrupt change in be-
havior is called a dielectric breakdown. The dielectric
strength Eg is the highest magnitude of E that the ma-
terial can sustain without breakdown. Dielectric break-
down can occur in gas, liquid, and solid dielectrics. The
associated field strength depends on the material compo-
sition, as well as other factors such as temperature and
humidity. The dielectric strength for air is 3 (MV/m);
for glass, it is 25 to 40 (MV/m); and for mica, it is 200
(MV/m) [see Table 4-2].

A charged thundercloud with an electric potential V,
relative to the ground, induces an electric field E = V/d
in the air medium between the ground and the cloud,
where d is the height of the cloud base above the ground’s
surface. If V is sufficiently large so that E exceeds the
dielectric strength of air, ionization occurs and discharge
(lightning) follows. The breakdown voltage Vi, of a
parallel-plate capacitor is discussed in Example 4-11.

REVIEW QUESTIONS
Q4.20 What is a polar material? A nonpolar material?

Q4.21 Do D and E always point in the same direction?
If not, when do they not?

Q4.22 What happens when dielectric breakdown oc-
curs?

4-9 Electric Boundary Conditions

An electric field is said to be spatially continuous if it
does not exhibit abrupt changes in either its magnitude
or direction as a function of spatial position. Even though
the electric field may be continuous in each of two dis-
similar media, it may be discontinuous at the boundary
between them if surface charge exists along that bound-
ary. Boundary conditions specify how the tangential and
normal components of the field in one medium are related
to the components of the field across the boundary in an-
other medium. We will derive a general set of boundary
conditions, applicable at the interface between any two
dissimilar media, be they two different dielectrics or a
conductor and a dielectric. Also, any of the dielectrics
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Figure 4-18: Interface between two dielectric media.

may be free space. Even though these boundary condi-
tions will be derived for electrostatic conditions, they will
be equally valid for time-varying electric fields. Figure
4-18 shows an interface between medium 1 with permit-
tivity £; and medium 2 with permittivity &;. In the general
case, the boundary may have a surface charge density ps.

To derive the boundary conditions for the tangential
components of E and D, we begin by constructing the
closed rectangular loop abcda shown in Fig. 4-18, and
then we apply the conservative property of the electric
field given by Eq. (4.40), which states that the line integral
of the electrostatic field around a closed path is always
equal to zero. By letting Ak — 0, the contributions
to the line integral by segments bc and da go to zero.
Hence,

b d
%E-dl:/ Ez-dl—i—/ E;-dl=0, (4.87)
C a c

where E; and E, are the electric fields in media 1 and 2,
respectively. In terms of the tangential and normal direc-
tions shown in Fig. 4-18,
E;=E; +En,
E; =Ey + Eon.

(4.88a)
(4.88b)

Over segment ab, Ey and dl have the same direction, but
over segment cd, E); and dl are in opposite directions.

Consequently, Eq. (4.87) gives
Eyx Al — E Al =0, (4.89)

or

Ey=Ex (V/m). (4.90)

Accordingly, the tangential component of the electric
field is continuous across the boundary between any two
media. Since Dy, = & Ey and Dy = & E, the bound-
ary condition on the tangential component of the electric
flux density is

Next we apply Gauss’s law, as expressed by Eq. (4.29),
to determine the boundary conditions on the normal com-
ponents of E and D. According to Gauss’s law, the total
outward flux of D through the three surfaces of the small
cylinder shown in Fig. 4-18 must equal the total charge
enclosed in the cylinder. By letting the cylinder’s height

O Ay

- re
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Ah — 0, the contribution to the total flux by the side
surface goes to zero. Also, even if each of the two media
happens to have free or bound volume charge densities,
the only charge remaining in the collapsed cylinder is that
distributed on the boundary. Thus, Q = ps As, and

%Dds:/ Dl'flzdS+/ Dz'fl]ds
N top bottom

= ps As, (4.92)

where fi; and fi, are the outward normal unit vectors of
the bottom and top surfaces, respectively. It is important
to remember that the normal unit vector at the surface
of any medium is always defined to be in the outward
direction away from that medium. Since fij = —iip,
Eq. (4.92) simplifies to

fiy (D) — D) = ps  (C/m?). (4.93)

With Dy, and D, defined as the normal components of
D; and D, along i1y, we have

(C/m?). (4.94)

Dy — Dyy = ps

Thus, the normal component of D changes abruptly at a
charged boundary between two different media, and the
amount of change is equal to the surface charge density.
The corresponding boundary condition for E is

e1Ein — e2Exm = ps.  (4.95)

In summary, (1) the conservative property of E,

VXxE=0 < %E-dl:O, (4.96)
c

led to the result that E has a continuous tangential compo-

nent across a boundary, and (2) the divergence property

of D,

V-D=p, %D-ds:Q, 4.97)
S

led to the result that the normal component of D changes
by ps across the boundary. A summary of the conditions
at the boundary between different types of media is given
in Table 4-3.

Example 4-10  Application of Boundary Conditions

The x—y plane is a charge-free boundary separating
two dielectric media with permittivities £; and ¢,, as
shown in Fig. 4-19. If the electric field in medium 1
isE, =XE+YE,+ZE,, find (a) the electric field E,
in medium 2 and (b) the angles 8, and 6.

Solution: (a) Let E; = XE», + §E», + ZE»,. Our task
is to find the components of E, in terms of the given
components of E;. The normal to the boundary is Z.
Hence, the x and y components of the fields are tangen-
tial to the boundary and the z components are normal to
the boundary. At a charge-free interface, the tangential
components of E and the normal components of D are
continuous. Consequently,

Ey = Eyx, EZy = E1y7

» 1~y plane

Figure 4-19: Application of boundary conditions at the
interface between two dielectric media (Example 4-10).
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Table 4-3: Boundary conditions for the electric fields.

ricd Component | AmyTworteain | T e, | pieeriets  Conductor
Tangential E Ei = Ex Eyt = Eat Ey=Ex=0
Tangential D Dy/e1 = Dat/e2 Dii/e1 = Dat/e2 Dyy=Dyu=0
Normal E fi-(e1E1 — &2E2) = ps €1E1n — €2Eo;m = ps Ein = ps/e1 Eyp=0
Normal D n-(D; — D) = ps Din— Don = ps Din = ps Doy =0
Notes: (1) ps is the surface charge density at the boundary; (2) normal components of E1, Dy, E,, and D, are along 1y,
the outward normal unit vector of medium 2.

and

Dy, =Dy, or &Ey=¢kEp.

Hence,

N ~ A€
E, =B +§E;y +iEie.  (499)
2

(b) The tangential components of E; and E, are
Eyn= ., E}, +E} and Ex = \/ng + E3, . The angles
6, and 6, are then given by

VEL + E},

tan 6, = et L
Ey, Ey;
Ey \/ E%x+E%y \vi E%x+E%y
tanf, = — = = ,
E», E», (e1/82)E1;
and the two angles are related by
tan 6
=2 g (4.99)
tan 6; £1

EXERCISE 4.16 With reference to Fig. 4-19, find E; if
E, = %2 — §3 + 23 (V/m), & = 2¢p, and &, = 8so.
Assume the boundary to be charge free.

Ans. E; =%2 —§3+ 212 (V/m).

EXERCISE4.17 Repeat Exercise 4.16 for a boundary with
surface charge density ps = 3.54 x 107! (C/m?).

Ans. E; = %2 —§3 + 214 (V/m).

4-9.1 Dielectric—Conductor Boundary

Consider the case when medium 1 in Fig. 4-18 is a die-
lectric and medium 2 is a perfect conductor. In a perfect
conductor, E = D = 0 everywhere in the conductor.
Hence, E, = D, = 0, which requires the tangential and
normal components of E, and D, to be zero. Conse-
quently, from Eq. (4.90) and Eq. (4.94), the fields in the
dielectric medium, at the boundary with the conductor,
are given by

(4.1002)
(4.100b)

Ey=Dy=0,
Din=¢e1En = ps-

These two boundary conditions can be combined into

D, = &E; = fips (at conductor surface), (4.101;‘

B e,

e S
—
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Figure 4-20: When a conducting slab is placed in an external electric field Eg, charges that accumulate on the conductor
surfaces induce an internal electric field E; = —Eq. Consequently, the total field inside the conductor is zero.

where fi is a unit vector directed normally outward from
the conducting surface. This means that t/1¢ electric field
lines point directly away from the conductor surface when
0s is positive and directly toward the conductor surface
when py is negative.

Figure 4-20 shows an infinitely long conducting slab
placed in a uniform electric field Eg. The medium above
and below the slab has a permittivity ;. Because Eg
points away from the upper surface, it induces a pos-
itive charge density ps = &|Eg| on the upper surface
of the slab. On the bottom surface, E points toward
the surface, and therefore the induced charge density is [Figure 4-21: Metal sphere placed in an external electric
—ps. The presence of these surface charges induces an field Eo.
electric field E; in the conductor, resulting in a total field
E = Ey + E;. To satisfy the condition that E must be
everywhere zero in the conductor, E; must equal —Eg.

If we place a metallic sphere in an electrostatic field, as
shown in Fig. 4-21, negative charges will accumulate on
the lower hemisphere and positive charges will accumu-
late on the upper hemisphere. The presence of the sphere We now examine the general case of the boundary be-
causes the field lines to bend to satisfy the condition given tween two media neither of which are perfect dielectrics

by Eq. (4.101); that is, E is ahways normal to the surface

at the conductor boundary.

4-9.2 Gonductor-Conductor Boundary
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U.S. Patent 7,151,430



168

CHAPTER 4 ELECTROSTATICS

jln J
i n
Medium 1
£1, 01 JJ.( T
Medium 2 — I
£2,02 Jag /

Figure 4-22: Boundary between two conducting media.

or perfect conductors. Depicted in Fig. 4-22, medium 1
has permittivity &, and conductivity o7, medium 2 has
&, and o7, and the interface between them has a surface
charge density ps. For the electric fields, Egs. (4.90) and
(4.95) give

Eiyw=Ey, €1Ein—&En=ps. (4.102)
Since we are dealing with conducting media, the electric
fields give rise to current densities J, and J, with Ji
being proportional to E; and J, being proportional to E,.
From J = oE, we have

Ju 7 J J
du_fx o g B (4.103)

o1 (¢] (o8] (o))

The tangential components J;; and Jo; represent currents
flowing in the two media in a direction parallel to the
boundary, and hence no transfer of charge is involved
between them. This is not the case for the normal com-
ponents. If Jj, # Joq, then a different amount of charge
arrives at the boundary than leaves it. Hence, ps cannot
remain constant with time, which violates the condition
of electrostatics requiring all fields and charges to remain
constant. Consequently, the normal component of J has
to be continuous across the boundary between two differ-

ent media under electrostatic conditions. Upon setting
Jin = Joq in Eq. (4.103), we have

€1 1253 .
Jin | = ——=) = ps (electrostatics). (4.104)
g1 (o)}

REVIEW QUESTIONS

(Q4.23 What are the boundary conditions for the electric
field at a conductor—dielectric boundary?

Q4.24 Under electrostatic conditions, we require
Jin = Jon at the boundary between two conductors.
Why?

4-10 Capacitance

When separated by an insulating (dielectric) medium,
any two conducting bodies, regardless of their shapes
and sizes, form a capacitor. If a d-c voltage source is
connected to the conductors, as shown in Fig. 4-23 for
two arbitrary conductors, charge of equal and opposite
polarity is transferred to the conductors’ surfaces. The
surface of the conductor connected to the positive side of
the source will accumulate charge +Q, and charge —Q
will accumulate on the surface of the other conductor.
From our discussion in Section 4-7, when a conductor
has excess charge, it distributes the charge on its sur-
face in such a manner as to maintain a zero electric field
everywhere within the conductor. This ensures that a con-
ductor is an equipotential body, meaning that the electric
potential is the same at every point in the conductor. Ca-
pacitance of a two-conductor capacitor is defined as

Q

c==

v (C/V orF),

(4.105)
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where V is the potential (voltage) difference between
the conductor with charge +Q and the conductor with
charge — Q. Capacitance is measured in farads (F), which
is equivalent to coulombs per volt (C/V).

The presence of free charges on the conductors’ sur-
faces gives rise to an electric field E, as shown in
Fig. 4-23; the field lines originate on the positive charges
and terminate on the negative charges, and since the tan-
gential component of E is always equal to zero at a con-
ductor’s surface, E is always perpendicular to the con-
ducting surfaces. The normal component of E at any
point on the surface of either conductor is given by

E,=n-E= % (at conductor surface), (4.106)
where ps is the surface charge density at that point, n is
the outward normal unit vector at the same location, and
¢ is the permittivity of the dielectric medium separating
the conductors. The charge Q is equal to the integral
of ps over surface S [Fig. 4-23]:

Q=/psds:/eﬁ-Eds=/sE~ds, (4.107)
s s s

Surface §

Figure 4-23: A d-c voltage source connected to a capac-
itor composed of two conducting bodies.

where use was made of Eq. (4.106). The voltage V is
related to E by Eq. (4.39):

Py
V=V12=—] E-dl,
P

(4.108)

where points P; and P, are any two points on conductors 1
and 2, respectively. Substituting Egs. (4.107) and (4.108)
into Eq. (4.105) gives

/sE-ds

S

—/E-dl
!

where [ is the integration path from conductor 2 to con-
ductor 1. To avoid making sign errors when applying
Eq. (4.109), it is important to remember that surface §
is the +Q surface and P; is on S. Because E appears in
both the numerator and denominator of Eq. (4.109), the
value of C obtained for any specific capacitor configu-
ration is always independent of E. In fact, C depends
only on the capacitor geometry (sizes, shapes and relative
positions of the two conductors) and the permittivity of
the insulating material.

If the material between the conductors is not a per-
fect dielectric (i.e., if it has a small conductivity o), then
current can flow through the material between the con-
ductors, and the material will exhibit a resistance R. The
general expression for R for a resistor of arbitrary shape
is given by Eq. (4.71):

—[E-dl
R=-—"__ (.

[cE-ds
5

For a medium with uniform o and e, the product of
Eqgs. (4.109) and (4.110) gives

C= F), (4.109)

(4.110)

rRC=%. @11
g
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/ Conducting plate
¥
\ Fringing

v , field lines
./ /

<
iH

Dielectric €

\ Conducting plate

Figure 4-24: A d-c voltage source connected to a parallel-plate capacitor (Example 4-11).

This simple relation allows us to find R if C is known, or
vice versa.

Capacitance and Breakdown Voltage of
Parallel-Plate Capacitor

Example 4-11

Obtain an expression for the capacitance C of a paral-
lel-plate capacitor comprised of two parallel plates each
of surface area A and separated by a distance d. The ca-
pacitor is filled with a dielectric material with permittiv-
ity . Also, determine the breakdown voltageifd = 1cm
and the dielectric material is quartz.

Solution: In Fig. 4-24, we place the lower plate of the
capacitor in the x—y plane and the upper plate in the plane
z = d. Because of the applied voltage difference V,
charge +Q accumulates uniformly on the top plate and
—Q accumulates uniformly on the lower plate. In the
dielectric medium between (he plates, the charges induce
a uniform electric field in the —Z-direction (from positive
to negative charges). In addition, some fringing field
lines will exist near the edges, but their effects may be
ignored if the dimensions of the plates are much larger
than the separation d between them, because in that case
the bulk of the electric field lines will exist in the medium

between the plates. The charge density on the upper plate
is ps = Q/A. Hence,

E = -ZE,
and from Eq. (4.106), the magnitude of E at'the conduc-

tor—dielectric boundary is E = ps/e = Q/eA. From
Eq. (4.108), the voltage difference is

d d
V=—/ E-dl——/ (—3E)-2dz = Ed, (4.112)
0 0

and the capacitance is

2 M L
- === @

where use was made of the relation I’ = Q/eA.

From V = Ed, as given by Eq. (4.112), V. = Vi
when E = Eg, the dielectric strength of the material.
According to Table 4-2, Eqs = 30 (MV/m) for quartz.
Hence, the breakdown voltage is

Vip = Egsd =30 x 108 x 1072 =3 x 10°V. &
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—Pi

Figure 4-25: Coaxial capacitor filled with insulating material of permittivity &£ (Example 4-12).

Inner conductor

Dielectric material

Outer conductor

Example 4-12 Capacitance of Coaxial Line

Obtain an expression for the capacitance of the coaxial
line shown in Fig. 4-25.

Solution: For a given voltage V across the capacitor
(Fig. 4-25), charge 4+ Q and —Q will accumulate on the
surfaces of the outer and inner conductors, respectively.
We assume that these charges are uniformly distributed
along the length of the conductors with line charge den-
sity o, = @/ on the outer conductor and —p; on the
inner conductor. Ignoring fringing fields near the ends
of the coaxial line, we can construct a cylindrical Gaus-
sian surface in the dielectric, around the inner conductor,
with radius » such that a < r < b. The inner conductor
is a line charge similar to that of Example 4-6, except
that the line charge of the inner conductor is negative.
With a minus sign added to the expression for E given by
Eq. (4.33), we have

o .0

E=-t = — .
rZJTBI" 2merl

(4.114)

The potential difference V between the outer and inner
conductors is

b b R Q .
V=_fa E-dl:—/ﬂ (—rzmrl)'(rdr)

= (2)
= In{—-1}.
2mel a

(4.115)

The capacitance C is then given by

0 2mel

V " InG/a)

(4.116)

The capacitance per unit length of the coaxial line is

C 2re

I~ In(b/a)

/

(4.117)

(F/m). ®

REVIEW QUESTIONS

Q4.25 How is the capacitance of a two-conductor struc-
ture related to the resistance of the insulating material
between the conductors?

Q4.26 What are fringing fields and when may they be
ignored?
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4-11 Electrostatic Potential Energy

When a source is connected to a capacitor, it expends en-
ergy in charging up the capacitor. If the capacitor plates
are made of a good conductor with effectively zero resis-
tance and if the dielectric separating the two conductors
has negligible conductivity, then no real current can flow
through the dielectric, and no ohmic losses occur any-
where in the capacitor. Where then does the charging-up
energy go? The energy ends up getting stored in the
dielectric medium in the form of electrostatic potential
energy. The amount of stored energy We is related to O,
C,and V.

Under the influence of the electric field in the dielectric
medium between the two conductors, charge g accumu-
lates on one of the conductors, and an equal and opposite
charge accumulates on the other conductor. In effect,
charge g has been transferred from one of the conductors
to the other. The voltage v across the capacitor is related
to g by

v=42 (4.118)

ol
From the basic definition of the electric potential V, the
amount of work d W, required to transfer an additional
incremental amount of charge dg is

AW, = vdq = %dq. (4.119)

If we start with an uncharged capacitor and charge it up
from zero charge until a final charge Q has been reached,
then the total amount of work performed is

%) 2
q 10
We = —dg=-— D).
e /0 c=57 )
Using C = Q/V, where V is the final voltage, W, can
also be written as

(4.120)

W.=4icv? ().

=1 (4.121)

For the parallel-plate capacitor discussed in Exam-
ple 4-11, its capacitance is given by Eq. (4.113) as

CHAPTER 4 ELECTROSTATICS

C = eA/d, where A is the surface area of each of its
plates and d is the separation between them. Also, the
voltage V across the capacitor is related to the magni-
tude of the electric field, E, in the dielectricby V = Ed.
Using these two expressions in Eq. (4.121) gives

1EA
where v = Ad is the volume of the capacitor.

The electrostatic energy density w, is defined as the
electrostatic potential energy W, per unit volume:

W, (Ed)? = LeE*(Ad) = jeE*v, (4.122)

3

we === leE>  (Im?). (4.123)

Even though this expression was derived for a
parallel-plate capacitor, it is equally valid for any dielec-
tric medium in an electric field E. Furthermore, for any
volume v containing a dielectric ¢, the total electrostatic
potential energy stored in v is

W, = 1 / eEXdv (). (4.124)
2y

Returning to the parallel-plate capacitor, the oppositely
charged plates are attracted to each other by an electrical
force F. The force acting on any system of charges may
be obtained from energy considerations. In the mate-
rial that follows, we will show how F can be determined
from W,, the electrostatic energy stored in the system by
virtue of the presence of the electric charges. The treat-
ment will be general in nature, although we will occa-
sionally use the capacitor example by way of illustration.

If the two plates of the parallel-plate capacitor are al-
lowed to move closer to each other, under the influence
of the electric force F, by a differential distance dl, while
maintaining the charges on the plates constant, then the
mechanical work done by the system (charged capacitor)
is

dW =F -dl. (4.125)
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For an isolated system, this mechanical work is provided
by expending electrostatic energy. Hence, dW is equal
to the loss of energy stored in the dielectric insulating
material of the capacitor, or

AW = —dW.. (4.126)

From Eq. (3.73), dW. may be written in terms of the
gradient of W, as

dW, = VW, - dl. (4.127)

In view of Eq. (4.126), comparison of Egs. (4.125) and
(4.127) leads to

F=-VW. ). (4.128)
Itis important to note that Eq. (4.128) is predicated on the
assumption that the charges in the system are constant.

To apply Eq. (4.128) to the parallel-plate capacitor, we
rewrite Eq. (4.120) in the following form:

10> 0%
We= - = —— 4.129
2 C 2cA ( )
and since Q = ¢AE, F can also be written as
AE?
F=—3" ) (parallel-plate capacitor). (4.131)
REVIEW QUESTIONS

Q4.27 To bring a charge ¢ from infinity to a given point
inspace, a certain amount of work W is expended. Where
does the energy corresponding to W go?

173

Q4.28 When a voltage source is connected across a ca-
pacitor, what is the direction of the electrical force acting
on its two conducting surfaces?

EXERCISE 4.18 The radii of the inner and outer conduc-
tors of a coaxial cable are 2 cm and 5 cm, respectively,
and the insulating material between them has a relative
permittivity of 4. The charge density on the outer conduc-
toris p; = 10™* (C/m). Use the expression for E derived
in Example 4-12 to calculate the total energy stored in a
20-cm length of the cable.

Ans. W, =4.11J.

4-12 Image Method

Consider a point charge Q at a distance d above a per-
fectly conducting plane, as shown in the left-hand section
of Fig. 4-26. We want to determine V, E, and D at any
point in the space above the grounded conductor, as well
as the distribution of surface charge on the conducting
plate. Three different methods have been introduced in
this chapter for finding E. The first, based on Coulomb’s
law, requires knowledge of the magnitudes and locations
of all the charges contributing to E at a given point in
space. In the present case, the charge Q will induce
an unknown and nonuniform distribution of charge on
the surface of the conductor. Hence, we cannot utilize
Coulomb’s method. The second method is based on the
application of Gauss’s law, and it is equally difficult to
use because it is not clear how one would construct a
Gaussian surface such that E is always totally tangential
or totally normal at every point on that surface. In the
third method, the electric field is found from E = —VV
after solving Poisson’s or Laplace’s equation for V, sub-
ject to the available boundary conditions; thatis, V =0
at any point on the grounded conducting surface and at
infinity. Although such an approach is feasible in prin-
ciple, the solution is quite complicated mathematically.
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Charge Q above grounded plane

with the ground plane removed.

Z
i Electric field
0

Figure 4-26: By image theory, a charge Q above a grounded perfectly conducting plane is equivalent to Q and its image — Q

Equivalent configuration

Charge distributions above ground plane

Figure 4-27: Charge distributions above a conducting plane and their image-method equivalents.

Equivalent distributions

Alternatively, the problem at hand can be solved with
great ease using image theory, which states that any
given charge configuration above an infinite, perfectly
conducting plane is electrically equivalent to the com-
bination of the given charge configuration and its im-
age configuration, with the conducting plane removed.
The image-method equivalent of the charge Q abovc a
conducting plane is shown in the right-hand section of
Fig. 4-26. It consists of the charge Q itself and an image
charge —Q at a distance 2d from Q, with nothing else
between them. The electric field due to the two isolated
charges can now be easily found at any point (x, y, 2) by
applying Coulomb’s method, as demonstrated by Exam-

ple 4-13. The combination of the two charges will always
produce a potential V = 0 at every point in the plane
where the conducting surface had been. If the charge
is in the presence of more than one grounded plane, it
is necessary to establish images of the charge relative to
each of the planes and then to establish images of each of
those images against the remaining planes. The process
is continued until the condition V = 0 is satisfied at
all points on all the grounded planes. The image method
applies not only to point charges, but also to any distribu-
tions of charge, such as the line and volume distributions
depicted in Fig. 4-27.
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Image Method for Charge
above Conducting Plane

Example 4-13

Use image theory to determine V' and E at an arbitrary
point P(x, y, z) in the region z > 0 due to a charge Q in
free space at a distance d above a grounded conducting
plane.

:

P(x, y,2)

_Q(Ov 07 _d)

Figure4-28: Application of the image method for finding
E at point P (Example 4-13).

Solution: InFig. 4-28, charge Q is at (0, 0, d) and its im-
age —Q is at (0, 0, —d) in Cartesian coordinates. From
Eq. (4.19), the electric field at point P (x, y, z) due to the
two charges is given by

E— 1 <QR1 +—QR2>
4meg \ R} R3
0 [ Xx +¥y+2(z —d)
dreg | [x* + y2 + (z — d)?*2
X+ yy+iz+4d) }
[x*+ Y2+ (z + d)?]2
forz>0 W

EXERCISE4.19 Use the result of Example 4-13 to find the
surface charge density ps on the surface of the conducting
plane.

Ans. Ps = —Qd/[zn—(xz + y2 + d2)3/2].

REVIEW QUESTIONS

Q4.29 What is the fundamental premise of the image
method?

Q4.30 Given a certain charge distribution, what are the
various approaches described in this chapter for comput-
ing the electric field E at a given point in space?

CHAPTER HIGHLIGHTS

® Maxwell’s equations are the fundamental tenets of
electromagnetic theory.

o Under static conditions, Maxwell’s equations sepa-
rate into two uncoupled pairs, with one pair pertain-
ing to electrostatics and the other to magnetostatics.

@ Coulomb’s law provides an explicit expression for
the electric field due to a specified charge distribu-
tion.

e Gauss’s law states that the total electric field flux
through a closed surface is equal to the net charge
enclosed by the surface.

© The electrostatic field E at a point is related to the
electric potential V' at that point by E = —VV, with
V being referenced to zero potential at infinity.

® Because most metals have conductivities on the order
of 10° (S/m), they are treated in practice as perfect
conductors. By the same token, insulators with con-
ductivities smaller than 10~'° (S/m) are treated as
perfect dielectrics.

® Boundary conditions at the interface between two
materials specify the relations between the normal
and tangential components of D, E, and J in one of
the materials to the corresponding components in the
other.
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The capacitance of a two-conductor body and resis-
tance of the medium between them can be computed
from knowledge of the electric field in that medium.

The electrostatic energy density stored in a dielectric
medium is w, = $eE* (J/m?).

When a charge configuration exists above an infinite,
perfectly conducting plane, the induced field E is the
same as that due to the configuration itself and its
image with the conducting plane removed.

GLOSSARY OF IMPORTANT TERMS

Provide definitions or explain the meaning of the follow-
ing terms:

static condition
electrostatics

volume, surface, and line charge densities
current density J
conduction current
convection current
electric field intensity E
electric flux density D
Coulomb’s law

Gauss’s law

Gaussian surface
conservative field
electric potential
electric dipole

dipole moment p
constitutive parameters
conductivity o
conductor

dielectric material
semiconductor
superconductor
electron drift velocity ue
hole drift velocity uy
perfect conductor
perfect dielectric

CHAPTER 4 ELECTROSTATICS

electron mobility e

hole mobility

Ohm’s law

conductance G

Joule’s law

boundary conditions
polarization vector P

linear material

isotropic material
homogeneous material
electric susceptibility xe
permittivity &

relative permittivity e
dielectric strength

dielectric breakdown
capacitance C

electrostatic potential energy We
electrostatic energy density we
image method

PROBLEMS
Sections 4-2: Charge and Current Distributions

4.1* A cube 2 m on a side is located in the first octant
in a Cartesian coordinate system, with one of its corners
at the origin. Find the total charge contained in the cube
if the charge density is given by py = xy?e~* (mC/m’).

4.2 Find the total charge contained in a cylindrical
volume defined by r < 2mand 0 < z < 3 m if
oy = 10rz (mC/m>).

4.3* Find the total charge contained in a cone de-
fined by R < 2mand 0 < 6 < m/4, given that
oy = 20R? cos? 6 (mC/m?).

4.4 If the line charge density is given by o, = 12y
(mC/m), find the total charge distributed on the y-axis
fromy =—5toy =35.

* Answer(s) available in Appendix D
¥ Solution available in CD-ROM.
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4.5" Find the total charge on a circular disk defined by
r <aandz=0if:

(a) ps = pso sin ¢ (C/m?)

(b) ps = psosin® ¢ (C/m?)

(©) ps = poe" (Clm?)

(d) ps = pspe™ sin® ¢ (C/m?)
where pg 18 a constant.

4.6 If J = $2xz (A/m?), find the current I flow-
ing through a square with corners at (0, 0, 0), (2, 0, 0),
(2,0,2), and (0, 0, 2).

4.7 IfJ = R25/R (A/m?), find I through the surface
R=5m.

4.8 An electron beam shaped like a circular cylinder of
radius ry carries a charge density given by

. — 00 3
pv—<1+r2) (C/m’)

where pg is a positive constant and the beam’s axis is
coincident with the z-axis.

(a) Determine the total charge contained in length L of
the beam.

(b) If the electrons are moving in the +z-direction with
uniform speed u, determine the magnitude and di-
rection of the current crossing the z-plane.

Section 4-3: Coulomb’s Law

4.9' A square with sides of 2 m has a charge of 20 ©C
at each of its four corners. Determine the electric field at
a point 5 m above the center of the square.

4.10 Three point charges, each with ¢ = 3 nC, are lo-
cated at the corners of a triangle in the x—y plane, with
one corner at the origin, another at (2 cm, 0, 0), and the
third at (0, 2 cm, 0). Find the force acting on the charge
located at the origin.

177

4.11° Charge q; = 4 uC is located at (1 cm, 1 cm, 0)
and charge g is located at (0, 0, 4 cm). What should ¢,
be so that E at (0, 2 cm, 0) has no y-component?

412 A line of charge with uniform density
o1 =4 (uC/m) exists in air along the z-axis between
z=0and z =5 cm. Find E at (0,10 cm,0).

4.13" Electric charge is distributed along an arc located
in the x—y plane and defined by r = 2 cm and 0 <
¢ <m/4 If pp =5 (uC/m), find E at (0, 0, z) and then
evaluate it at:

(a) The origin.
(byz=5cm
(¢) z=—5cm

4.14 A line of charge with uniform density p; extends
betweenz = —L/2and z = L /2 along the z-axis. Apply
Coulomb’s law to obtain an expression for the electric
field at any point P(r, ¢, 0) on the x—y plane. Show that
your result reduces to the expression given by (4.33) as
the length L is extended to infinity.

4.15* Repeat Example 4-5 for the circular disk of charge
of radius a, but in the present case, assume the surface
charge density to vary with r as

ps = psor’  (C/m?)

where pg 1S a constant.

4.16 Multiple charges at different locations are said to
be in equilibrium if the force acting on any one of them is
identical in magnitude and direction to the force acting on
any of the others. Suppose we have two negative charges,
one located at the origin and carrying charge —9e, and the
other located on the positive x-axis at a distance d from
the first one and carrying charge —36e. Determine the
location, polarity and magnitude of a third charge whose
placement would bring the entire system into equilibrium.
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P Oy

Figure 4-29: Kite-shaped arrangment of line charges for
Problem 4.17

"% 4.17° Three infinite lines of charge, all parallel to the

z-axis, are located at the three corners of the kite-shaped
arrangement shown in Fig. 4-29. If the two right triangles
are symmetrical and of equal corresponding sides, show
that the electric field is zero at the origin.

4.18 Three infinite lines of charge, p;, = 5 (nC/m),
p, = —5 (nC/m), and p; =5 (nC/m), are all parallel
to the z-axis. If they pass through the respective points
(0, —b), (0,0), and (0, b) in the x—y plane, find the elec-
tric field at (a, 0, 0). Evaluate your result fora = 2 cm
and b = 1 cm.

4.19 A horizontal strip lying in the x—y plane is of
width d in the y-direction and infinitely long in the
x-direction. If (he strip is in air and has a uniform charge
distribution ps, use Coulomb’s law to obtain an explicit
expression for the electric field at a point P located at a
distance h above the centerline of the strip. Extend your
result to the special case where d is infinite and compare
it with Eq. (4.25).

CHAPTER 4 ELECTROSTATICS

Section 4-4: Gauss’s Law

4.20 Given the electric flux density

D=%0x+y) +§3x—2y) (C/m?

determine

(a) py by applying Eq. (4.26).

(b) The total charge Q enclosed in acube 2 mona side,
located in the first octant with three of its sides co-
incident with the x-, y-, and z-axes and one of its
corners at the origin.

(¢) The total charge Q in the cube, obtained by applying
Eq. (4.29).

4.21° Repeat Problem 4.20 for D = %xy?z* (C/m?).

4.22 Charge Q; is uniformly distributed over a thin
spherical shell of radius a, and charge Q, is uniformly
distributed over a second spherical shell of radius b, with
b > a. Apply Gauss’s law to find E in the regions R < a,
a <R <b,and R > b.

4.23" The electric flux density inside a dielectric sphere
of radius a centered at the origin is given by

D =RpgR (C/m?)

where pq is a constant. Find the total charge inside the
sphere.

4.24 Tn a certain region of space, the charge density is
given in cylindrical coordinates by the function:

oy = 20re™" (C/m*)
Apply Gauss’s law to find D.

4.25% An infinitely long cylindrical shell extending be-
tween » = 1 m and » = 3 m contains a uniform charge
density pyo. Apply Gauss’s law to find D in all regions.

If the charge density increases linearly with dis-

from the origin such that p, = 0 at the origin and
py = 10 C/m® at R = 2 m, find the corresponding varia-
tion of D.
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Section 4-5: Electric Potential

4.27 A square in the x—y plane in free space has a point

charge of +Q at corner (a/2, a/2), the same at corner

(a/2, —a/2), and a point charge of —(Q at each of the

other two corners.

(a) Find the electric potential at any point P along the
X-axis.

(b) Evaluate V atx = a/2.

4.28 The circular disk of radius a shown in Fig. 4-7
has uniform charge density ps across its surface.

(a) Obtain an expression for the electric potential V' at
a point P(0, 0, z) on the z-axis.
(b) Use your result to find E and then evaluate it for

z = h. Compare your final expression with (4.24),
which was obtained on the basis of Coulomb’s law.

4.29° A circular ring of charge of radius a lies in the
x—y plane and is centered at the origin. Assume also that
the ring is in air and carries a uniform density p;.

(a) Show that the electrical potential at (0, 0, z) is given
by V = pa/[eo(a® + %),
(b) Find the corresponding electric field E.

4.30 Show that the electric potential difference V), be-
tween two points in air at radial distances r; and r, from
an infinite line of charge with density p; along the z-axis

is Vi = (p1/2me0) In(rz/1).

) 4.31" Find the electric potential V' at a location a dis-

tance b from the origin in the x—y plane due to a line
charge with charge density p; and of length /. The line
charge is coincident with the z-axis and extends from
2=—1/2toz=1/2.

4.32 For the electric dipole shown in Fig. 4-13,
d=1cmand|E| =2 (mV/m)at R =1mand 8 = 0°
FindEat R =2 mand 8 = 90°.

4.33 For each of the distributions of the electric po-
tential V shown in Fig. 4-30, sketch the corresponding
distribution of E (in all cases, the vertical axis is in volts
and the horizontal axis is in meters).

4

Figure 4-30: Electric potential distributions of Problem
4.33.
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4.34 Given the electric field

12

E=R

(V/m)

find the electric potential of point A with respect to
point B where A is at +2 m and B at —4 m, both on
the z-axis.

4.35° An infinitely long line of charge with uniform
density p; = 6 (nC/m) lies in the x—y plane parallel to
the y-axis at x = 2 m. Find the potential V5 at point
A(3 m, 0,4 m) in Cartesian coordinates with respect to
point B(0, 0, 0) by applying the result of Problem 4.30.

4.36 The x—y plane contains a uniform sheet of charge
with ps, = 0.2 (nC/m?). A second sheet with ps, = —0.2
(nC/m?) occupies the plane z = 6 m. Find V43, Ve, and
Vac for A(0,0, 6 m), B(0,0,0), and C(0, —2 m, 2 m).

Section 4-7: Conductors

4.37* A cylindrical bar of silicon has a radius of 2 mm
and a length of 5 cm. If a voltage of 5 V is applied
between the ends of the bar and ue = 0.13 (m%/V-s),
fy = 0.05 (m2/V-s), Ne = 1.5 x 10'€ electrons/m’, and
Ny = Ne, find the following:

(a) The conductivity of silicon.

(b) The current I flowing in the bar.
(c) The drift velocities ue and uy,.
(d) The resistance of the bar.

(e) The power dissipated in the bar.

4.38 Repeat Problem 4.37 for a bar of germanium
with pe = 0.4 (m/V-s), up = 0.2 (m*V-s), and
N, = Ny = 2.4 x 10'° electrons or holes/m”.

CHAPTER 4 ELECTROSTATICS

4.39 A 100-m-long conductor of uniform cross-section
has a vol of 2 V between its ends. If the den-
sity of th flowing through it is 7 x 10° (A/m?),
identify the material of the conductor.

4.40 A coaxial resistor of length [ consists of two con-
centric cylinders. The inner cylinder has radius a and
is made of a material with conductivity o;, and the
outer cylinder, extending between r = a and r = b,
is made of a material with conductivity o,. If the
two ends of the resistor are capped with conducting
plates, show that the resistance between the two ends
is R = I/[n(01a% + 02 (b* — a?))].

4.41*  Apply the result of Problem 4.40 to find the resis-
tance of a 10-cm-long hollow cylinder (Fig. 4-31) made
of carbon with o = 3 x 10* (S/m).

cm

Figure 4-31: Cross-section of hollow cylinder of Prob-
lem 4.41

442 A 2 x 1073-mm-thick square sheet of aluminum
has 10 cm x 10 cm faces. Find the following:

(a) The resistance between opposite edges on a square
face.

(b) The resistance between the two square faces. (See
Appendix B for the electrical constants of materials.)
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Section 4-9: Boundary Conditions

4.43° With reference to Fig. 4-19, find E; if
E,=X%X3—3§2+24 (V/m), &1 = 28, & = 18¢y,
and the boundary has a surface charge density
s = 1.08 x 10~ (C/m?). What angle does E,
make with the z-axis?

4.44 An infinitely long dielectric cylinder with g;, = 4
and described by r < 10 cm is surrounded by a material
with ey, = 8. IfE; = 12 — $r cos ¢ + Z3 (V/m) in the
cylinder region, find E, and D, in the surrounding region.
Assume that no free charges exist along the cylinder’s
boundary.

4.45° A2-cmdielectric sphere with e, = 3isembedded
in a medium with ey, = 9. If E, = R2cosf — 63 sin6
(V/m) in the surrounding region, find E; and D, in the
sphere.

4.46 IfE = R50(V/m) at the surface of a 5-cm conduct-
ing sphere centered at the origin, what s the total charge O
on the sphere’s surface?

4.47* Figure 4-32 shows three planar dielectric slabs of
equal thickness but with different dielectric constants. If
Ey in air makes an angle of 45° with respect to the z-axis,
find the angle of E in each of the other layers.

Sections 4-10 and 4-11: Capacitance and Electrical Energy

4.48 Determine the force of attraction in a parallel-plate
capacitor with A = 10 cm?, d = 1 cm, and &; = 4 if the
voltage across it is 50 V.

4.49"* Dielectric breakdown occurs in a material when-
ever the magnitude of the field E exceeds the dielectric
strength anywhere in that material. In the coaxial capac-
itor of Example 4-12,

(a) At what value of r is | E| maximum?

(b) What is the breakdown voltage if a = 1 cm,
b =2 cm, and the dielectric material is mica with
& = 67

.

)
45
&g (air)

&1 = 380

&= 5¢)

&1 = 1§

&g (air)

Figure 4-32: Dielectric slabs in Problem 4.47.

4.50 Anelectron with charge Q. = —1.6x107° C and
mass me = 9.1 x 103! kg is injected at a point adjacent
to the negatively charged plate in the region between the
plates of an air-filled parallel-plate capacitor with sepa-
ration of 1 cm and rectangular plates each 10 cm? in area
(Fig. 4-33). If the voltage across the capacitor is 10 V,
find the following:

] c———

1 |i
== ].}.
V=10V

Figure 4-33: Electron between charged plates of Problem
4.50.
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(a) The force acting on the electron.
(b) The acceleration of the electron.

(¢) The time it takes the electron to reach the positively
charged plate, assuming that it starts from rest.

4.51" In a dielectric medium with &; = 4, the electric
field is given by
E=x%x2+22)+9x* -2y +2) (V/m)

Calculate the electrostatic energy stored in the region
—Im=<x<1lm 0<y<2m,and0 <z =<3m

4.52 Figure 4-34(a) depicts a capacitor consisting of
two parallel, conducting plates separated by a distance d.

€] &

e—a—]

()

(b)

Figure 4-34: (a) Capacitor with parallel dielectric sec-
tion, and (b) equivalent circuit.

CHAPTER 4 ELECTROSTATICS

The space between the plates contains two adjacent di-
electrics, one with permittivity ¢; and surface area A; and
another with &, and A,. The objective of this problem
is to show that the capacitance C of the configuration
shown in Fig. 4-34(a) is equivalent to two capacitances
in parallel, as illustrated in Fig. 4-34(b), with

C=C+C (4.132)
where
g14A
= ld ! (4.133)
A
Cy= fzd—z (4.134)

To this end, proceed as follows:

(a) Find the electric fields E; and E, in the two dielectric
layers.

(b) Calculate the energy stored in each section and use
the result to calculate Cq and C,.

(¢) Use the total energy stored in the capacitor to obtain
an expression for C. Show that (4.132) is indeed a
valid result.

4.53  Use the result of Problem 4.52 to determine the
capacitance for each of the following configurations:

“ (a) Conducting plates are on top and bottom faces of the
rectangular structure in Fig. 4-35(a).

(b) Conducting plates are on front and back faces of the
structure in Fig. 4-35(a).

(¢) Conducting plates are on top and bottom faces of the
cylindrical structure in Fig. 4-35(b).

4.54 The capacitor shown in Fig. 4-36 consists of two
parallel dielectric layers. Use energy considerations to
show that the equivalent capacitance of the overall ca-
pacitor, C, is equal to the series combination of the ca-
pacitances of the individual layers, C, and C;, namely

(4.135)
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1 cm
FEN— p T
+
s .28 = 1 . L
2 cm T-
] ~
€2
er=d g =4 |
(a)
(@)

+
r; =2mm :l: =y

ry =4mm

G
r3 =8mm —|_

(b

Figure 4-36: (a) Capacitor with parallel dielectric layers,
and (b) equivalent circuit (Problem 4.54).

where

(a) Let V| and V, be the electric potentials across the
upper and lower dielectrics, respectively. What are
the corresponding electric fields £ and E,? By ap-
plying the appropriate boundary condition at the in-
terface between the two dielectrics, obtain explicit

Sy e e e mmm

&) = 8eg; & = 4eq; £3 = 289 expressions for E| and E,.in terms of €, €3, V, and
(b) the indicated dimensions of the capacitor.
(b) Calculate the energy stored in each of the dielectric
Figure 4-35: Dielectric sections for Problems 4.53 and layers and then use the sum to obtain an expression
4.55. for C.

(c¢) Show that C is given by Eq. (4.135).

INTEL-1014
U.S. Patent 7,151,430





