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4.55 Use the expressions given in Problem 4.54 to
determine the capacitance for the configurations in
Fig. 4-35(a) when the conducting plates are placed on
the right and left faces of the structure.

Section 4-12: Image Method

4.56 With reference to Fig. 4-37, charge Q is located
at a distance d above a grounded half-plane located in
the x—y plane and at a distance d from another grounded
half-plane in the x—z plane. Use the image method to

(a) Establish the magnitudes, polarities, and locations of
the images of charge Q with respect to each of the
two ground planes (as if each is infinite in extent).

(b) Find the electric potential and electric field at an ar-
bitrary point P (0, y, z).

*P(0, y,2)

d "":Q(Ovdsd)

]

Figure 4-37: Charge Q next to two perpendicular,
grounded, conducting half-planes.

“ 4.57 Conducting wires above a conducting plane carry
currents I, and I, in the directions shown in Fig. 4-38.
Keeping in mind that the direction of a current is defined
in terms of the movement of positive charges, what are
the directions of the image currents corresponding to [
and I,?

Ip)

—_—
Th f————1

& (b)

Figure 4-38: Currents above a conducting plane (Prob-
lem 4.57).

4.58 Use the image method to find the capacitance per
unit length of an infinitely long conducting cylinder of
radius a situated at a distance d from a parallel conducting
plane, as shown in Fig. 4-39.

©

QU

Sk V=0

Figure 4-39: Conducting cylinder above a conducting
plane (Problem 4.58).
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VERV EW

This chapter on magnetostatics parallels the preceding
chapter on electrostatics. Stationary charges produce

are governed by the second pair of Maxwell’s equations,
those given by Egs. (4.3a and b):

V-B=0,
VxH=],

(5.1a)
(5.1b)

where J is the current density. The magnetic flux
density B and the magnetic field intensity H are related

by

B = uH. (5.2)

When we examined electric fields in a dielectric medium
in Chapter 4, we noted that the relation D = ¢E is
valid only when the medium is linear and isotropic.
These properties, which are true for most materials,
allow us to treat the permittivity £ as a constant scalar
quantity, independent of both the magnitude and direction
of E. A similar statement applies to the relation given
by Eq. (5.2). With the exception of ferromagnetic
materials, for which the relationship between B and H is
nonlinear, most materials are characterized by constant
magnetic permeabilities. Furthermore, w = g for
most dielectrics and metals (excluding ferromagnetic
materials). Our objective in this chapter is to develop
an understanding of the relationships between steady
currents and the magnetic fields B and H for various types
of current distributions and in various types of media and
to introduce a number of related quantities, such as the
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magnetic vector potential A, the magnetic energy den-
sity wp,, and the inductance of a conducting structure, L.
The parallelism between these magnetostatic quantities
and their electrostatic counterparts is encapsulated in
Table 5-1.

5-1 Magnetic Forces and Torques

The electric field E at a point in space has been defined as
the electric force F per unit charge acting on a test charge
when placed at that point. We now define the magnetic
Slux density B at a point in space in terms of the magnetic
Jorce Fy, that would be exerted on a charged particle
moving with a velocity u were it to be passing through that
point. Based on experiments conducted to determine the
motion of charged particles moving in magnetic fields, it
was established that the magnetic force Fp, acting on a
particle of charge g can be cast in the form

N).

Accordingly, the strength of B is measured in
newtons/(C-m/s), which also is called the tesla (T) in
SI units. For a positively charged particle, the direction
of Fy, is in the direction of the cross product u x B,
which is perpendicular to the plane containing u and B
and governed by the right-hand rule. If g is negative, the
direction of Fy, is reversed, as illustrated in Fig. 5-1. The
magnitude of Fy, is given by

Fp,=quxB (5.3)

Fn = quBsing, 54

where 0 is the angle between u and B. We note that Fr, is
maximum when u is perpendicular to B (6§ = 90°), and
it is zero when u is parallel to B (8 = 0 or 180°).
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188 CHAPTER 5 MAGNETOSTATICS

Table 5-1: Attributes of electrostatics and magnetostatics

A
Sources Stationary charges  Steady currents
Fields EandD Hand B
Constitutive parameter(s) e and o "
Governing equations
Differential form V D=py vV B=0
VxE=0 VxH=]
Integral form % D-ds=Q ?{ B-ds=0
S N
'<,§E-d1=o H-dl=1
c c

Potential Scalar V, with Vector A, with
E=-VV B=VxA
Energy density we = 5eE? Wm = suH?
Force on charge g F. =gE m=gquxB
Circuit element(s) C and R L

If a charged particle is in the presence of both an
electric field E and a magnetic field B, then the total
electromagnetic force acting on it is

F=F, +F, =gE+quxB=g(E+uxB). (55)

The force expressed by Eq. (5.5) is known as the Loreniz
force. Electric and magnetic forces exhibit a number of
important differences:

1. Whereas the electric force is always in the direction
of the electric field, the magnetic force is always
perpendicular to the magnetic field.

2. Whereas the electric force acts on a charged particle
whether or not it is moving, the magnetic force acts
on it only when it is in motion.

3. Whereas the electric force expends energy in dis-
placing a charged particle, the magnetic force does
no work when a particle is displaced.

Our last statement requires further elaboration. Because
the magnetic force Fy, is always perpendicular to u,
F., -u = 0. Hence, the work performed when a particle
is displaced by a differential distance dl = u dt is

dW = Fp-dl = (Fy-u) df = 0. (5.6)

Since no work is done, a magnetic field cannot change
the kinetic energy of a charged particle; the magnetic field
can change the direction of motion of a charged particle,
but it cannot change its speed.
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Fr,=quBsin 6

(b)

Figure 5-1: The direction of the magnetic force exerted
on a charged particle moving in a magnetic field is (a)
perpendicular to both B and u and (b) depends on the
charge polarity (positive or negative).

EXERCISE 5.1 An electron moving in the positive
x-direction perpendicular to a magnetic field experiences
a deflection in the negative z-direction. What is the
direction of the magnetic field?

Ans. Positive y-direction.

EXERCISE 5.2 A proton moving with a speed of 2 x 10°
m/s through a magnetic field with magnetic flux density
of 2.5 T experiences a magnetic force of magnitude

4 x 107 N. What is the angle between the magnetic
field and the proton’s velocity?

Ans. 6 = 30° or 150°.

EXERCISE 5.3 A charged particle with velocity u is
moving in a medium containing uniform fields E = XE
and B = §B. What should u be so that the particle
experiences no net force on it?

Ans. u=ZE/B.

5-1.1 Magnetic Force on a Current-Carrying
Conductor

A current flowing through a conducting wire consists
of charged particles drifting through the material of the
wire. Consequently, when a current-carrying wire is
placed in a magnetic field, it will experience a force
equal to the sum of the magnetic forces acting on
the charged particles moving within it. Consider, for
example, the arrangement shown in Fig. 5-2 in which
a vertical wire oriented along the z-direction is placed
in a magnetic field B (produced by a magnet) oriented
along the —X-direction (into the page). With no current
flowing in the wire, F,, = 0 and the wire maintains its
vertical orientation, as shown in Fig. 5-2(a), but when a
current is introduced in the wire, the wire deflects to the
left (—§-direction) if the current’s direction is upward
(+2-direction), and it deflects to the right (+§-direction)
if the current’s direction is downward (—2-direction).
The directions of these deflections are in accordance with
the cross product given by Eq. (5.3).

To quantify the relationship between Fp, and the cur-
rent / flowing in the wire, let us consider a small segment
of the wire of cross-sectional area A and diffcrential
length dl, with the direction of dl denoting the direction
of the current. Without loss of generality, we assume
that the charge carriers constituting the current I are
exclusively electrons, which is always a valid assumption
for a good conductor. If the wire contains a free-electron
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® ® ®@ o=
® ® ® ®

©

Figure 5-2: When a slightly flexible vertical wire is
placed in a magnetic field directed into the page (as
denoted by the crosses), it is (a) not deflected when the
current through itis zero, (b) deflected to the left when I is
upward, and (c) deflected to the right when I is downward.

charge density pye = —Nee, where N, is the number of
moving electrons per unit volume, then the total amount
of moving charge contained in an elemental volume of
the wire is

dQ = pyeAdl = —NeeAdl, (5.7

and the corresponding magnetic force acting on dQ in
the presence of a magnetic field B is

dFm =d0Qu, Xx B=—N.eAdlu. xB,

(5.8a)

where u, is the drift velocity of the electrons. Since the
direction of a current is defined as the direction of flow of
positive charges, the electron drift velocity u, is parallel
to dl, but opposite in direction. Thus, d/ ue = —dl u.
and Eq. (5.8a) becomes

dFy = NeeAu. dl x B. (5.8b)

From Egs. (4.11) and (4.12), the current I flowing
through a cross-sectional area A due to electrons with
density pye = —Nee, moving with velocity —ue, is
I = pye(—ue)A = (—Nee)(—ue)A = NeeAu.. Hence,
Eq. (5.8b) may be written in the compact form

dFh,=1dlxB (N). (5.9

For a closed circuit of contour C carrying a current /, the
total magnetic force is

F, = 1% dixB (N). (5.10)
@

We will now examine the application of Eq. (5.10) in
each of two special situations.

Closed Circuit in a Uniform B Field

Consider a closed wire carrying a current [ and placed
in a uniform external magnetic field B, as shown in
Fig. 5-3(2). Since B is constant, it can be taken outside
the integral in Eq. (5.10), in which case we have

Fm=1<%dl)xB=O.
c

This result, which is a consequence of the fact that the
vector sum of the displacement vectors dl over a closed
path is equal to zero, states that the total magnetic force
on any closed current loop in a uniform magnetic field is
zero.

(5.11)

INTEL-1014

U.S. Patent 7,151,430



5-1 MAGNETIC FORCES AND TORQUES 191

Curved Wire in a Uniform B Field

C If we are interested in the magnetic force exerted on a
wire segment, such as that shown in Fig. 5-3(b), when
placed in a uniform field B, then Eq. (5.10) becomes

b
Fm=1</ dl)xB:IZXB, (5.12)

B where £ is the vector directed from a to b, as shown in
Fig. 5-3(b). The integral of dl from a to b has the same
value irrespective of the path taken between a and b. For
a closed loop, points a and b become the same point, in
p7) p— which case £ = 0 and F;, = 0.

Example 5-1  Force on a Semicircular Conductor

The semicircular conductor shown in Fig. 5-4 lies in the
x—y plane and carries a current /. The closed circuit is
exposed to a uniform magnetic field B = § By. Determine
(a) the magnetic force F on the straight section of the wire

//‘7* and (b) the force F» on the curved section.

Solution: (a) The straight section of the circuit is of
length 2r, and the current flowing through it is along the

y
4
B
vector £ %:: Ve
it/
(b)
. . . 4
Figure 5-3: In a uniform magnetic field, (a) the net force —_— > X
on a closed current loop is zero because the integral of I
the displacement vector dl over a closed contour is zero,
and (b) the force on a line segment is proportional to the
vector between the end point (Fyy = 1€ x B). Figure 5-4: Semicircular conductor in a uniform field
L (Example 5-1).
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+x-direction. Application of Eq. (5.12) with £ = X2r
gives

F, = %(2Ir) x §Bo = 22IrBy  (N).

(b) Let us consider a segment of differential length d1 on
the curved part of the circle. The direction of dlis chosen
to coincide with the direction of the current. Since dl
and B are both in the x—y plane, their cross product d1x B
points in the negative z-direction, and the magnitude of
dl x B is proportional to sin ¢, where ¢ is the angle
between dl and B. Moreover, the magnitude of dl is
dl = r d¢. Hence,

F2=I/ dlx B
¢

=0

T

= —21/ rBosingg dp = —22IrBy  (N).
¢=0

We note that F, = —F, and consequently the net force

on the closed loop is zero.

EXERCISE 5.4 A horizontal wire with a mass per unit
length of 0.2 kg/m carries a current of 4 A in the
+x-direction. If the wire is placed in a uniform magnetic
flux density B, what should the direction and minimum
magnitude of B be in order to magnetically lift the wire
vertically upward? (Hint: The acceleration due to gravity
is g = —29.8 m/s%.)

Ans. B=39049T.

REVIEW QUESTIONS

Q5.1 What are the major differences between the be-
havior of the electric force F. and the behavior of the
magnetic force Fp,?

Q5.2 Theends of a 10-cm-long wire carrying a constant
current I are anchored at two points on the x-axis, x =0

CHAPTER S MAGNETOSTATICS

and x = 6 cm. If the wire lies in the x—y plane
and is present in a magnetic field B = yBy, which of
the following arrangements produces a greater magnetic
force on the wire: (a) wire is V-shaped with corners
at (0,0), (3,4), and (6, 0), (b) wire looks like an open
rectangle with corners at (0, 0), (0, 2), (6, 2), and (6, 0).

5-1.2 Magnetic Torque on a Current-Carrying
Loop

When a force is applied on a rigid body pivoted about a
fixed axis, the body will react by rotating about that axis.
The strength of the reaction depends on the cross product
of the applied force vector F and the distance vector d,
measured from a point on the rotation axis (such that d is
perpendicular to the axis) fo the point of application of F
(Fig. 5-5). The length of d is called the moment arm,
and the cross product is called the forque:

T=dxF (N-m). (5.13)

The unit for T is the same as that for work or energy, but
torque does not represent work or energy. The force F

Pivot axis

Figure 5-5: The force F acting on a circular disk pivoted
along the z-axis generates a torque T = d x F that causes
the disk to rotate.
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applied on the disk shown in Fig. 5-5 lies in the x—y plane
and makes an angle 6 with d. Hence,

T = 2rFsin0, (5.14)

where |d| = r, the radius of the disk, and FF = |F]|.
From Eq. (5.14) we see that a torque along the positive
z-direction corresponds to a tendency for the cylinder to
rotate in a counterclockwise direction and, conversely, a
negative torque corresponds to clockwise rotation. These
directions are governed by the followingright-hand rule:
when the thumb of the right hand is pointed along the
direction of the torque, the four fingers indicate the
direction that the torque is trying to rotate the body.

We will now consider the magnetic torque exerted on
a conducting loop under the influence of magnetic forces.
Webegin with the simple case where the magnetic field Bis
inthe plane of the loop, and then we will extend the analysis
to the more general case where B makes an angle 6 with
the surface normal of the loop.

Magnetic Field in the Plane of the Loop

The rectangular conducting loop shown in Fig. 5-6(a) is
made of rigid wire carrying a current /. The loop lies
in the x—y plane and is pivoted about the axis shown.
Under the influence of an externally generated uniform
magnetic field B = XxBy, arms 1 and 3 of the loop are
subjected to forces F| and F3, respectively, with

F| = I(—§b) x (XB,) = 21bB,, (5.15a)

and

F3 = I(§b) x (XBo) = —21bBy. (5.15b)

These results are based on the application of Eq. (5.12).
No magnetic force is exerted on either arm 2 or 4 because
B is parallel to the direction of the current flowing in those
arms.

The end view of the loop, depicted in Fig. 5-6(b), shows
that forces F; and F3 produce a torque about the origin O,
causing the loop to rotate in a clockwise direction. The
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y
A
1
]
B
Ob—-=  pems
! B
@
f——a—
Pivot axis ="
(@)
z
F, z
|<— a/2—>|
y
X
d, O d,
B F;
-z
(b)

Figure 5-6: Rectangular loop pivoted along the y-axis:
(a) front view and (b) bottom view. The combination of
forces F1 and F3 on the loop generates a torque that tends
to rotate the loop in a clockwise direction as shown in (b).

moment arm is a/2 for both forces, but d; and d; are in
opposite directions, resulting in a total magnetic torque
of

T=d, xF,+d; xF;
= (-%3) x (a16Bo) + (x5) x (-216B)

= §IabBy = $1AB,, (5.16)
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where A = ab is the area of the loop. The right-hand
rule tells us that the sense of rotation is clockwise. The
result given by Eq. (5.16) is valid only when the magnetic
field B is parallel to the plane of the loop. As soon as
the loop starts to rotate, the torque T starts to decrease,
and at the end of one quarter of a complete rotation, the
torque becomes zero, as discussed next.

Magnetic Field Perpendicular to the Axis
of a Rectangular Loop

For the situation represented by Fig. 5-7, where
B = %B,, the field is still perpendicular to the loop’s
axis of rotation, but its direction may be at any angle ¢
with respect to the loop’s surface normal fi, we may now
have nonzero forces on all four arms of the rectangular
loop. However, forces F, and F, are equal in magnitude
and opposite in direction and are along the rotation axis;
hence, the net torque contributed by their combination is
zero. The directions of the currents in arms 1 and 3 are
always perpendicular to B regardless of the magnitude
of 8. Hence, F; and F3 have the same expressions given
previously by Egs. (5.15a and b), and their moment arm
is (a/2) sin 8, as illustrated in Fig. 5-7(b). Consequently,
the magnitude of the net torque exerted by the magnetic
field about the axis of rotation is the same as that given
by Eq. (5.16), but modified by sin6:

T = [ABysin6. (5.17)

—

According to Eq. (5.17), the torque is maximum when
the magnetic field is parallel to the plane of the loop
(6 = 90°) and is zero when the field is perpendicular to
the plane of the loop (¢ = 0). If the loop consists of
N turns, each contributing a torque given by Eq. (5.17),
then the total torque is

T = NIABjsiné. (5.18)

The quantity NI A is called the magnetic moment m
of the loop, and it may be regarded as a vector m with
direction f, where 1 is the surface normal of the loop
and governed by the following right-hand rule: when

Pivot axis

(a)

m
F, /

al? sin 6

(b)

Figure 5-7: Rectangular loop in a uniform magnetic field
with flux density B whose direction is perpendicular (o the
rotation axis of the loop, but makes an angle 6 with the
loop’s surface normal fi.

the four fingers of the right hand advance in the direction

of the current 1, the direction of the thumb specifies the |
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5-2 THE BIOT—SAVART LAW

direction of n. That is,

m2ANIA  (Am?), (5.19)

and in terms of m, the torque vector T can be written as

T=mxB ©Nm). (520

Even though the derivation leading to Eq. (5.20) was
obtained for B being perpendicular to the axis of rotation
of a rectangular loop, the expression is valid for any
orientation of B and for a loop of any shape.

REVIEW QUESTIONS

Q5.3 How is the direction of the magnetic moment of
a loop defined?

Q5.4 If one of two wires of equal lengths is formed
into a closed square loop and the other is formed into a
closed circular loop, and if both wires are carrying equal
currents and both loops have their planes parallel to a
uniform magnetic field, which loop would experience a
greater torque?

EXERCISE 5.5 A square coil of 100 turns and 0.5-m-long
sides is in a region with a uniform magnetic flux density
of 0.2 T. If the maximum magnetic torque exerted on the
coil is 4 x 1072 (N-m), what is the current flowing in the
coil?

Ans. [ =8 mA.

195
9-2 The Biot-Savart Law
In ceding section, ous netic
flu ty B to denote t of a field -

in a given region of space. We will now work with the
m ic field intensity H instead. We do this in part
to nd the reader that B and H are linearly related
for most materials through B = uH, and therefore
knowledge of one is synonymous with knowledge of the
other (assuming that 1 is known).

Through his experiments on the deflection of com-
pass needles by current-carrying wires, Hans Oersted
established that currents induce magnetic fields that form
closed loops around the wires [see Section 1-2.3]. Build-
ing upon Oersted’s results, Jean Biot and Felix Savart
arrived at an expression that relates the magnetic field H
at any point in space to the current / that generates H.
The Biot~Savart law states that the differential magnetic
field dH current / through
a differe by

I dlxR
g = L xR
47 R?

where R = RR is the distance vector between d1 and the
observation point P shown in Fig. 5-8. The SI unit for H
is ampere-m/m? = (A/m). It is important to remember
that the direction of the magnetic field is defined such
that dl is along the direction of the current I and the
unit vector R points from the current element to the
observation point. According to Eq. (5.21), dH varies
as R™2, which is similar to the distance dependence of
the electric field induced by an electric charge. However,
unlike the electric field vector E, whose direction is along
the distance vector R joining the charge to the observation
point, the magnetic field H is orthogonal to the plane
containing the direction of the current element dl and the
distance vector R. At point P in Fig. 5-8, the direction
of dH is out of the page, whereas at point P’ the direction
of dH is into the page.

To determine the total magnetic field H due to a con-
ductor of finite size, we need to sum up the contributions

(A/my), (5.21)
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(dH out of the page)

Poan
(dH into the page)
Figure 5-8: Magnetic field dH generated by a current

element 7 dl. The direction of the field induced at point P
is opposite that induced at point P’

due to all the current elements making up the conductor.
Hence, the Biot—Savart law becomes

I [dIxR
4w ), R?

(A/m), (5.22)

where [ is the line path along which I exists.

5-2.1 Magnetic Field due to Surface and Volume
Current Distributions

The Biot-Savart law may also be expressed in terms of
distributed current sources (Fig. 5-9) such as the volume
current density J, measured in (A/m?), or the surface
current density Js, measured in (A/m). The surface
current density Js applies to currents that flow on the
surfaces of conductors in the form of sheets of effectively
zero thickness. When the current sources are specified
in terms of J over a surface S or in terms of J over a
volume Vv, we can use the equivalence given by

Idl=Jsds=1Jadv (5.23)

.

—— =

(b) Surface current density Js in (A/m)

Figure 5-9: (a) The total current crossing the cross
section § of the cylinder is I = fSJ - ds. (b) The
total current flowing across the surface of the conductor
isI=f Jdl.

to express the Biot—Savart law as follows:

1 [J xR
H=— / : ds (for a surface current),
4n K R2

(5.24a)

T T e il R g

1 (JxR

H=—
47 J, R?

dv (for a volume current).

=

(5.24b)

s =

Example 5-2  Magnetic Field of a Linear Conductor

A linear conductor of length [ and carrying a current /
is placed along the z-axis as shown in Fig. 5-10.
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(b

Figure 5-10: Linear conductor of length / carrying a
current /. (a) The field dH at point P due to incremental
current element dl. (b) Limiting angles 8; and 6,, each
measured between vector I dl and the vector connecting
the end of the conductor associated with that angle to
point P (Example 5-2).

Determine the magnetic flux density B at a point P
located at a distance r in the x—y plane in free space.

Solution: From Fig. 5-10, current element dl = Zdz and
dIxR = dz(Zx R) = ¢ sin 6 dz, where ¢ is the azimuth
direction and 6 is the angle between dl and R. Hence,

application of Eq. (5.22) gives

I (=2 dxR . 12 sing
=— —=b— | ldz (525
4 z=—1/2 R 4 —1/2 R2

For convenience, we will convert the integration variable
from z to 6 by using the transformations

R =rcsch, (5.26a)
z=—rcoté, (5.26b)
dz=rcsc*6 do. (5.26¢)

Upon inserting Eqgs. (5.26a) and (5.26¢) into Eq. (5.25),
we have

= %2 sin@ r csc? @ db

4 6

~ I (%
¢—/ sinf df
2

4y

H
rZcscg

A 1
=¢—1(cosB; — cos ), (5.27)
Ay
where 0; and 6, are the limiting angles at z = —[/2
and z = [/2, respectively. From the right triangle in
Fig. 5-10(b),

1/2

cosf) = ——, (5.28a)

N CETE

—1/2
costh=—cosf) = ——— (5.28b)
’ RN e
Hence,

n Il

B = 1ioH = &0 M. (529

2nra/4r: + 12

For an infinitely long wire such that [ > r, Eq. (5.29)
reduces to

T
B=¢;‘7° (infinitely long wire). (5.30)
r
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Example 5-3  Magnetic Field of a Pie-Shaped Loop

Determine the magnetic field at the apex O of the
pie-shaped loop shown in Fig. 5-11. Ignore the con-
tributions to the field due to the current in the small arcs

near O.

B~

[
b

A

Figure 5-11: Pie-shaped loop of radius a carrying a
current / (Example 5-3).

Solution: For the straight segments O A and OC, the
magnetic field at O is identically zero. This is because,
for all points along these segments, dl is parallel or anti-
parallel to R and hence dl x R = 0. For segment AC,
dl is perpendicular to Rand dl x R = 2 dl = 2a d¢.
Consequently, Eq. (5.22) gives

I Za d¢ I

=7—0,
2 47m¢

T 4nm a

where ¢ is in radians. B

Example 5-4  Magnetic Field of a Circular Loop

A circular loop of radius a carries a steady current I.
Determine the magnetic field H at a point on the axis of
the loop.

Solution: Let us place the loop in the x—y plane, as
shown in Fig. 5-12. Our task is to obtain an expression
for H at point P (0, 0, z).

We start by noting that any element 4l on the circular
loop is perpendicular to the distance vector R, and that
all elements around the loop are at the same distance R
from P, with R = +/a?+z?>. From Eq. (5.21), the
magnitude of dH due to element dl is given by

Idl
47 R? dr(a® + %)’
and the direction of dH is perpendicular to the plane
containing R and dl. As shown in Fig. 5-12, dH is in the
r—z plane, and therefore it has components d H, and d H,.

If we consider element dl', located diametrically opposite
to d1, we observe that the z-components of the magnetic

dH = |dl x R| = (5.31)

X

Figure 5-12: Circular loop carrying a current / (Example

5-4).
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fields due to dl and dl' add because they are in the same
direction, but their r-components cancel because they are
in opposite directions. Hence, the net magnetic field is
along z only. That is,

I cosf

dH: ide —_—idHCOSG Zim

dl. (5.32)

For a fixed point P(0,0,z) on the axis of the loop,
all quantities in Eq. (5.32) are constant, except for dlI.
Hence, integrating Eq. (5.32) over a circle of radius a
gives

Icos@

dl =7 2mwa).

f 4 (a® +z2) (ra)
(5.33)

Upon using the relation cos § = a/(a*+z%)!/?, we obtain

the final expression:

H=12

Ia?

H= zz(az 1 72)32

(A/m). (5.34)

At the center of the loop (z = 0), Eq. (5.34) reduces to

I
H=z— (atz=0), (5.35)
2a

and at points very far away from the loop such that
2> a?, Eq. (5.34) can be approximated as

2
=50

A (5.36)

(at [z] > a).
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9-2.2 Magnetic Field of a Magnetic Dipole

In view of the definition given by Eq. (5.19) for the
magnetic moment m of a current loop, a loop with a
single turn situated in the x—y plane, such as the one
shown in Fig. 5-12, has a magnetic moment m = 2m with
m = Ima®. Consequently, Eq. (5.36) may be expressed
in the form

(at |z| > a). (5.37)
This expression applies for a point P very far away from
the loop, but on the axis of the loop. Had the problem
been solved to find H at any distant point P'(R’, 6’, ¢')
in a spherical coordinate system, where R’ is the distance
between the center of the loop and point P/, we would
have obtained the expression

H=—" _(R2cos8' +0sind")

5.38
47 R ( )

for R’ > a. A currentloop with dimensions much smaller
than the distance between the loop and the observation
point is called a magnetic dipole. This is because the
pattern of its magnetic field is similar to that of a permanent
magnet, as well as to the pattern of the electric field of the
electricdipole [see Example4-7]. The similarityisevident
from the patterns shown in Fig. 5-13.

REVIEW QUESTIONS

(5.5 Two infinitely long parallel wires carry currents
of equal magnitude. What is the resultant magnetic field
due to the two wires at a point midway between the wires,
compared with the magnetic field due to one of them
alone, if the currents are (a) in the same direction and (b)
in opposite directions?

5.6 Devise a right-hand rule for the direction of the
magnetic field due to a linear current-carrying conductor.

INTEL-1014
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,/7

(a) Electric dipole

(b) Magnetic dipole

Figure 5-13: Patterns of (a) the electric field of an electric dipole, (b) the magnetic field of a magnetic dipole, and (c) the
magnetic field of a bar magnet. Far away from the sources, the field patterns are similar in all three cases.

(c) Bar magnet

Q5.7 What is a magnetic dipole? Describe its magnetic
field distribution.

EXERCISE 5.6 A semiinfinite linear conductor extends
between z = 0 and z = oo along the z-axis. If the current
I in the conductor flows along the positive z-direction,
find H at a point in the x—y plane at a radial distance r
from the conductor.

A 1
Ans. H=¢-— (A/m).
4mr

EXERCISE5.7 A wire carrying a current of 4 A is formed
into a circular loop. If the magnetic field at the center of
the loop is 20 A/m, what is the radius of the loop if the
loop has (a) only one turn and (b) 10 turns?

Ans. (@ a=10cm,(b)a=1m.

EXERCISE 5.8 A wire is formed into a square loop and
placed in the x—y plane with its center at the origin and
each of its sides parallel to either the x- or y-axes. Each
side is 40 cm in length, and the wire carries a current of
5 A whose direction is clockwise when the loop is viewed

from above. Calculate the magnetic field at the center of
the loop.

41

= —711.25 A/m.
ﬁnl

Ans. H= -2

5-3 Magnetic Force between Two Parallel
Conductors

In Section 5-1.1 we examined the magnetic force Fr, that
acts on a current-carrying conductor when the conductor
is placed in an external magnetic field. The current in
the conductor, however, also generates its own magnetic
field. Hence, if two current-carrying conductors are
placed in each other’s vicinity, each will exert a magnetic
force on the other. Let us consider two very long (or
effectively infinitely long), straight, parallel wires in free
space, separated by a distance d and carrying currents
I, and /5 in the same direction, as shown in Fig. 5-14.
Current [, is located at y = —d/2 and I, is located
at y = d/2, and both point in the z-direction. We
denote B as the magnetic field due to current /y, defined
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X

Figure 5-14: Magnetic forces on parallel current-carry-
ing conductors.

at the location of the wire carrying the current [, and,
conversely, B, is the field due to I at the location of the
wire carrying current /;. From Eq. (5.30), with I = I,
r =d, and $ = —x at the location of I, the field B; is

_ﬁlio[ 1
27d
The force F, exerted on a length [ of wire I due to

its presence in field B; may be obtained by applying
Eq. (5.12):

B, = (5.39)

I
F, = bli x By = iz x (—) =L
2md

Aol Il
S , 5.40
Y ord (5.40)

and the corresponding force per unit length is

F, ol Lo
F,— -2 — _ 5.41
2 y 2rd ( )
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A similar analysis performed for the force per unit length
exerted on the wire carrying I, leads to

Mol
F =% rrd (5.42)
Thus, F’l = —F,, which means that the two wires attract

each other with equal forces. If the currents are in
opposite directions, the wires would repel each other with
equal forces.

9-4 Maxwell’s Magnetostatic Equations

Thus far, we have defined what we mean by a magnetic
flux density B and the associated magnetic field H, we
introduced the formulation provided by the Biot—Savart
law for finding the fields B and H due to any specified
distribution of electric currents, and we examined how
magnetic fields can exert magnetic forces on moving
charged particles and on current-carrying conductors.
We will now examine two additional important properties
of magnetostatic fields, those described mathematically
by Egs. (5.1a and b).

9-4.1 Gauss’s Law for Magnetism

In Chapter 4 we learned that the net outward flux of the
electric flux density D through a closed surface enclosing
a net charge Q is equal to Q. We referred to this
property as Gauss’s law (for electricity), and we expressed
it mathematically in differential and integral forms as

V:-D=p, <= fD-ds:Q. (5.43)
s
Conversion from differential to integral form was ac-
complished by applying the divergence theorem to a
volume V enclosed by a surface S and containing charge
0= fv pv dv [Section 4-4]. The magnetic analogue to
a point charge is a magnetic pole, but whereas electric
charges can exist in isolation, magnetic poles do not.
Magnetic poles always occur in pairs; no matter how
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many times a permanent magnet is subdivided, each new
piece will always have anorth and a south pole, even if the
process were to be continued down to the atomic level.
Thus, there is no magnetic equivalence to a charge Q or
a charge density py, and it is therefore not surprising that
Gauss’s law for magnetism is given by

V.B=0 = %B-ds:O. (5.44)
S

The differential form is one of Maxwell’s four equations,
and the integral form is obtained with the help of the
divergence theorem. Formally, the name “Gauss’s law”
refers to the electric case, even when no specific reference
to electricity is indicated. The property described by
Eq. (5.44) has been called “the law of nonexistence
of isolated monopoles,” “the law of conservation of
magnetic flux,” and “Gauss's law for magnetism,” among
others. We prefer the last of the three cited names because
it reminds us of the parallelism, as well as the differences,
between the electric and magnetic properties of nature.

The difference between Gauss’s law for electricity and
its counterpart for magnetism may be viewed in terms
of field lines. Electric field lines originate from posi-
tive electric charges and terminate on negative electric
charges. Hence, for the electric field lines of the electric
dipole shown in Fig. 5-15(a), the electric flux through a
closed surface surrounding one of the charges is not zero.
In contrast, magnetic field lines always form continuous
closed loops. As we saw in Section 5-2, the magnetic
field lines due to currents do not begin or end at any
point; this is true for the linear conductor of Fig. 5-10
and the circular loop of Fig. 5-12, as well as for any
distribution of currents. It is also true for a magnct, as
illustrated in Fig. 5-15(b) for a bar magnet. Because the
magnetic field lines form closed loops, the net magnetic
flux through the closed surface surrounding the south
pole of the magnet (or through any other closed surface)
is always zero, regardless of the shape of that surface.

(8) Electric dipole

(b) Bar magnet

Figure 5-15: Whereas (a) the net electric flux through a
closed surface surrounding a charge is not zero, (b) the
net magnetic flux through a closed surface surrounding
one of the poles of a magnet is zero.

5-4.2 Ampére’s Law

We will now examine the property represented by
Eq. (5.1b):

VxH=], (5.45)

which is the second of Maxwell’s pair of equations char-
acterizing the magnetostatic fields, B and H. The integral
form of Eq. (5.45) is called Ampére’s circuital law (or
simply Ampere’s law) under magnetostatic conditions
(steady currents). It is obtained by integrating both sides
of Eq. (5.45) over an open surface §, |

|
/(VxH)-ds:/J-ds,:l (5.46) |
s s

and then invoking Stokes’s theorem given by Eqg. (3.107)
to obtain the result

55 H-dl=1 (Ampere’slaw), (5.47)
o

G
5
' ]
.
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(a) (b)

(©)

Figure 5-16: Ampere’s law states that the line integral
of H around a closed contour C is equal to the current
traversing the surface bounded by the contour. This is
true for contours (a) and (b), but the line integral of H is
zero for the contour in (c) because the current I (denoted
by the symbol ©) is not enclosed by the contour C.

where C is the closed contour bounding the surface S
and I = [ J-ds is the total current flowing through S.
The sign convention for the direction of C is taken so
that I and H satisfy the right-hand rule defined earlier
in connection with the Biot—Savart law. That is, if the
direction of 7 is aligned with the direction of the thumb
of the right hand, then the direction of the contour C
should be chosen to be along the direction of the other
four fingers. In words, Ampeére’s circuital law states that
the line integral of H around a closed path is equal to
the current traversing the surface bounded by that path.
By way of illustration, for both configurations shown in
Figs. 5-16(a) and (b), the line integral of H is equal to
the current I, even though the paths have very different
shapes and the magnitude of H is not uniform along the
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path of configuration (b). By the same token, because
path (c) in Fig. 5-16 does not enclose the current 7, its
line integral of H is identically zero, even though H is
not zero along the path.

When we examined Gauss’s law in Section 4-4, we
discovered that in practice its usefulness for calculating
the electric flux density D is limited to charge distribu-
tions that possess a certain degree of symmetry and that
the calculation procedure is subject to proper choice of
the Gaussian surface enclosing the charges. A similar
statement applies to Ampere’s law: its usefulness is
limited to symmetric current distributions that allow the
choice of convenient Amperian contours around them,
as illustrated by Examples 5-5 to 5-7.

Example 5-5 Magnetic Field of a Long Wire

A long (practically infinite) straight wire of radius a
carries a steady current / that is uniformly distributed
over the cross section of the wire. Determine the
magnetic field H at a distance r from the axis of the
wire both (a) inside the wire (r < a) and (b) outside the
wire (r > a).

Solution: (a) We choose [ to be along the +z-direction,
as shown in Fig. 5-17(a). To determine H; at a distance
ri < a, we choose the Amperian contour C; to be a
circular path of radius »; as shown in Fig. 5-17(b). In
this case, Ampere’s law takes the form

H,-dl, =1,
Ci

where I; is the fraction of the total current / flowing
through C;. From symmetry, H; must be constant in
magnitude and parallel to the contour at any point along
the path. Furthermore, to satisfy the right-hand rule and
given that / is along the z-direction, H; must be along the
+¢@-direction in a cylindrical coordinate system. Hence,
H, = ¢H,. With dl; = ¢r| d, the left-hand side of
Ampere’s law gives

2m
Hl'dh:/ H1(¢'¢)r1d¢=27[}’1H1.
Cy 0
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Figure 5-17: Infinitely long wire of radius a carry-
ing a uniform current I along the +z-direction: (a)
general configuration showing contours C; and Cz; (b)
cross-sectional view; and (c) a plot of H versus r
(Example 5-5).

The current I; flowing through the area enclosed by C; :

is equal to the total current / multiplied by the ratio of
the area enclosed by C| to the total cross-sectional area

of the wire:
2 2
n=(2)r=(2)r
wa a

Equating both sides of Ampere’s law and then solving
for H; leads to

I (forr <a). (5.48)

A A rl
H = H ot

1 =¢H =¢-—; _
(b) For r, > a, we choose path C, which encloses all
the current /. Hence,

Hz'dlz = 27T7‘2H2 = I,
C2

and
~ ~ T
H, =¢H, =¢p—— (for rp, > a). (5.49)
21ry

If we ignore the subscript 2, we observe that Eq. (5.49)
provides the same expression for B = uoH as Eq. (5.30),
which we had derived previously on the basis of the
Biot—Savart law.

The variation of the magnitude of H as a function of r
is plotted in Fig. 5-17(c); H increases linearly between
r = 0 and r = a (inside the conductor), and then it
decreases as 1/r outside the conductor. ®

EXERCISE 5.9 Current I flows in the inner conductor
of a long coaxial cable and returns through the outer
conductor. What is the magnetic field in the region
outside the coaxial cable and why?

Ans. H = 0 outside the coaxial cable because the net
current enclosed by the Amperian contour is zero.

EXERCISE 5.10 The metal niobium becomes a supercon-
ductor with zero electrical resistance when it is cooled to
below 9 K, but its superconductive behavior ceases when

e = e TR
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the magnetic flux density at its surface exceeds 0.12 T.
Determine the maximum current that a 0.1-mm-diameter
niobium wire can carry and remain superconductive.

Ans. I =30A.

Example 5-6  Magnetic Field inside a Toroidal Coil

A toroidal coil (also called a torus or toroid) is a
doughnut-shaped structure (called its core) with closely
spaced turns of wire wrapped around it, as shown in
Fig. 5-18. For clarity, we show the turns in the figure
as spaced apart, but in practice they are wound in
a closely spaced arrangement to form approximately
circular loops. The toroid is used to magnetically couple
multiple circuits and to measure the magnetic properties
of materials, as illustrated later in Fig. 5-30. For a toroid
with N turns carrying a current /, determine the magnetic
field H in each of the following three regions: r < a,
a <r <b,andr > b, all in the azimuthal plane of the
toroid.

Figure 5-18: Toroidal coil with inner radius a and outer
radius b. The wire loops usually are much more closely
spaced than shown in the figure (Example 5-6).

—

Solution: From symmetry, it is clear that H has uni-
form properties in azimuth. If we construct a circular
Amperian contour with center at the origin and of radius
r < a, there will be no current flowing through the
surface of the contour, and therefore H = 0 for r < a.
Similarly, for an Ampeérian contour with radius r > b,
the net current flowing through its surface is zero because
an equal number of current coils cross the surface in both
directions. Hence, H = 0 in the region exterior to the
toroidal coil.

For the region inside the core, we construct a path
of radius r, as shown in Fig. 5-18. For each loop, we
know from Example 5-4 that the field H at the center
of the loop points along the axis of the loop, which in
this case is the ¢-direction, and in view of the direction
of the current / shown in Fig. 5-18, the right-hand rule
tells us Ehat H must be in the —¢-direction. Hence,
H = —¢H. The total current crossing the surface of
the contour with radius r is NI and its direction is into
the page. According to the right-hand rule associated
with Ampére’s law, the current is positive if it crosses the
surface of the contour in the direction of the four fingers
of the right hand when the thumb is pointing along the
direction of the contour C. Hence, in the present situation
the current is —N /. Application of Ampere’s law then
gives

21
fH-dl= (—¢H) -¢prdp = —"2nrH =—-NI.
c 0
Hence, H = NI/(27¥) and

N ~ NI
H=-¢H=—¢p— (fora<r <b). B (5.50)
2nr

Example 5-7  Magnetic Field

of an Infinite Current Sheet
The x—y plane of Fig. 5-19 contains an infinite current

sheet with surface current density J; = %J;. Find the
magnetic field H.
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J; (out of paper)
page) (Example 5-7).

Solution: From symmetry considerations and the
right-hand rule, H must be in the direction shown in the
figure. That is,

H— —¥H, forz > 0,
~ |1 yH, forz<O.

To evaluate the line integral in Ampere’s law, we choose
a rectangular Amperian path around the sheet, with
dimensions [ and w, as shown in Fig. 5-19. Recalling
that J, represents current per unit length along the y-
direction, the total current crossing the surface of the
rectangular loop is I = Jil. Hence, applying Ampere’s
law over the loop, while noting that H is zero along the
paths of length w, we have

f H.-dl=2HI]=J,
c
from which we obtain the result
forz > 0,

H= (5.51)
forz <0

CHAPTER 5 MAGNETOSTATICS

We note that the magnetic field is uniform and every-
where parallel to the current sheet.

REVIEW QUESTIONS

Q5.8 Whatis a fundamental difference between electric
field lines and magnetic field lines?

Q5.9 If the line integral of H over a closed contour is
zero, does it follow that H = 0 at every point on the
contour? If not, what then does it imply?

Q5.10 Compare the utility of applying the Biot-Savart
law versus applying Ampere’s law for computing the
magnetic field due to current-carrying conductors.

Q5.11 What is a toroid? What is the magnetic field at
points outside the toroid?

5-5 Vector Magnetic Potential

In our treatment of electrostatic fields in Chapter 4, we
introduced the electrostatic potential V and defined it
in terms of the line integral of the electric field E. In
differential form, we found that V and E are related by
E = —VV. This relationship proved useful not only in
relating the electric field distribution in circuit elements
(such as resistors and capacitors) to the voltage differ-
ences across them, but it also proved more convenient in
certain cases to first determine the potential V due to a
given charge distribution and then apply the rela

E = —VV (o [ind E than to use Coulomb’s law

to find E. We will now explore a similar approach in
connection with the magnetic flux density B.

. We wis
B with the
th the diver

is always equal to zero. This can be realized by taking
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advantage of the vector identity given by Eq. (3.106b),
which states that, for any vector A,

V-(VxA)=0. (5.52)

Hence, by defining the vector magnetic potential A such
that
B=VxA (Wbm?, (553)

we are guaranteed that V- B = 0. The SI unit for B is
the tesla (T). An equivalent unit used in the literature is
webers per square meter (Wb/m?). Consequently, the SI
unit for A is (Wb/m).

With B = uH, the differential form of Ampere’s law
given by Eq. (5.45) can be written as

VxB=ul, (5.54)

where J is the current density due to free charges in
motion. If we substitute Eq. (5.53) into Eq. (5.54), we

have
Vx(VxA)=ul. (5.55)

For any vector A, the Laplacian of A obeys the vector

identity given by Eq. (3.113), that is,
V2A = V(V-A) — V x (V x A), (5.56)

where, by definition, V?A in Cartesian coordinates is

given by
a2 a2 32
VA=|—+—+—)A
(8x2 + dy? + 822>

=RV2A, +§V2A, +2V?A,.  (5.57)
Combining Eq. (5.55) with Eq. (5.56) gives
V(V-A) — VPA = ul. (5.58)

When we introduced the defining equation for the vector
magnetic potential A, given by Eq. (5.53), the only
constraint we placed on A is that its definition satisfy
the condition V - B = 0. Equation (5.58) contains a term
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involving V - A. It turns out from vector calculus that
we have a fair amount of latitude in specifying a value
or a functional form for V - A, without conflicting with
the requirement represented by Eq. (5.52). The simplest
among these allowed specifications is

V-A=0 (5.59)

Using this choice in Eq. (5.58) leads to the vector
Poisson’s equation given by

VA = —uJ.  (5.60)

Using the definition for V2A given by Eq. (5.57), the
vector Poisson’s equation can be broken up into three
scalar Poisson’s equations:

V2A, =—ply, (5.61a)
VA, = —uldy, (5.61b)
VA, = —ul,. (5.61c)

In electrostatics, Poisson’s equation for the scalar poten-
tial V is given by Eq. (4.60) as

vy = -2 (5.62)
£

and its solution for a volume charge distribution py
occupying a volume v’ was given by Eq. (4.61) as
! LN

V=—
4re J, R’

(5.63)
Poisson’s equations for A, A,, and A, are mathemat-
ically identical in form to Eq. (5.62). Hence, for a
current density J with x-component J, distributed over
a volume Vv’, the solution for Eq. (5.61a) is

Jx
Ay el —dvy

= | (Wb/m),
V/

(5.64)
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and similar solutions can be written for A, in terms
of J, and A, in terms of J,. The three solutions can
be combined into a vector equation of the form

i idv’

5.65
47 v/ R’ ( )

(Wb/m).

In view of Eq. (5.23), if the current distribution is given in
the form of a surface current density Js over a surface S,
then J dv’ should be replaced with J ds’ and v’ should
be replaced with S’; and, similarly, for a line distribution,
J dv’ should be replaced with I dl' and the integration
should be performed over the associated line path /.

In addition to the Biot-Savart law and Ampere’s
law, the vector magnetic potential provides a third
approach for computing the magnetic field due to current-
carrying conductors. For a specified current distribution,
Eq. (5.65) can be used to find A, and then Eq. (5.53) can
be used to find B. Except for simple current distributions
with symmetrical geometries that lend themselves to
the application of Ampére’s law, the choice usually is
between the approaches provided by the Biot—Savart law
and the vector magnetic potential, and among those two
the latter often is easier to apply because it is easier
to perform the integration given by Eq. (5.65) than to
perform the integration given by Eq. (5.22).

The magnetic flux ® linking a surface § is defined as
the total magnetic flux density passing through S, or

P = /B-ds (Wb). (5.66)
s
If we insert Eq. (5.53) into Eq. (5.66) and then invoke
Stokes’s theorem, we have

CD:/‘(VXA)-dS=¢A-dl (Wb), (5.67)
s c

where C is the contour bounding the surface S. Thus,
& can be determined by either Eq. (5.66) or Eq. (5.67),
whichever is easier to integrate for the specific problem
under consideration.

CHAPTER 5 MAGNETOSTATICS

5-6 Magnetic Properties of Materials

According to our preceding discussions, because the
pattern of the magnetic field generated by a current
loop is similar to that exhibited by a permanent magnet,
the loop is regarded as a magnetic dipole with a north
pole and a south pole [see Section 5-2.2 and Fig. 5-13].
The magnetic moment m of a loop of area A has a
magnitude m = I A, and the direction of m is normal
to the plane of the loop in accordance with the right-hand
rule. Magnetization in a material substance is associated
with atomic current loops generated by two principal
mechanisms: (1) orbital motions of the electrons around
the nucleus and similar motions of the protons around
each other in the nucleus and (2) electron spin. The
magnetic moment of an electron is due to the combination
of its orbital motion and its spinning motion about its
own axis. As we will see later, the magnetic moment
of the nucleus is much smaller than that of an electron,
and therefore the total magnetic moment of an atom
is dominated by the sum of the magnetic moments of
its electrons. The magnetic behavior of a material
is governed by the interaction of the magnetic dipole
moments of its atoms with an external magnetic field.
This behavior, which depends on the crystalline structure
of the material, is used as a basis for classifying materials
as diamagnetic, paramagnetic, or ferromagnetic. The
atoms of a diamagnetic material have no permanent mag-
netic dipole moments. In contrast, both paramagnetic
and ferromagnetic materials have atoms with permanent
magnetic dipole moments, but, as will be explained later,
the atoms of materials belonging to these two classes have
very different organizational structures.

5-6.1 Orhital and Spin Magnetic Moments

To keep the following presentation simple, we will begin
our discussion with a classical model of the atom, 1n
which the electrons are assumed to move in circular
motion about the nucleus, and we will then extend the
results by incorporating the predictions provided by the
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mg,

(a) Orbiting electron (b) Spinning electron

Figure 5-20: An electron generates (a) an orbital mag-
netic moment m, as it rotates around the nucleus and (b) a
spin magnetic moment myg, as it spins about its own axis.

more correct quantum-mechanical model of matter. An
electron with charge of —e moving with a constant
velocity u in a circular orbit of radius » [Fig. 5-20(a)]
completes one revolution in time 7 = 2mr/u. This
circular motion of the electron constitutes a tiny current
loop with current I given by

4 eu

[=—— ="

T 2r

The magnitude of the associated orbital magnetic mo-
ment my is

me = IA = <—ﬂ) (rrd)
2y

eur e L., (569
2 2me

where L, = meur is the angular momentum of the
electron and m, is its mass. According to quantum
physics, the orbital angular momentum is quantized;
spccifically, L. is always some integer multiple of
h = h/2m, where h is Planck’s constant. That is,
Le =0, i, 2A, .... Consequently, the smallest nonzero
magnitude of the orbital magnetic moment of an electron
is

(5.68)

e eh (5.70)
2me
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Despite the fact that all substances contain electrons and
the electrons exhibit magnetic dipole moments, most
substances are effectively nonmagnetic. This is because,
in the absence of an external magnetic field, the atoms of
most materials are oriented randomly, as a result of which
the net magnetic moment generated by their electrons is
either zero or very small.

In addition to the magnetic moment produced by its
orbital motion, an electron generates a spin maginetic
moment mg due to its spinning motion about its own
axis [Fig. 5-20(b)]. The magnitude of mg predicted by
quantum theory is

eh

2me

mg = — (5.71)

which is equal to the minimum orbital magnetic mo-
ment m,. The electrons of an atom with an even number
of electrons usually exist in pairs, with the members of a
pair having opposite spin directions, thereby canceling
each others’ spin magnetic moments. If the number
of electrons is odd, the atom will have a nonzero spin
magnetic moment due to its unpaired electron.

According to Eq. (5.71), the spin magnetic moment
of an electron is inversely proportional to the electron
mass m.. The nucleus of an atom also exhibits a spinning
motion, but because its mass is much greater than that of
an electron, its magnetic moment is on the order of 103
of that of an electron.

9-6.2 Magnetic Permeability

The magnetization vector M of a material is defined as
the vector sum of the magnetic dipole moments of the
atoms contained in a unit volume of the material. The
magnetic flux density corresponding to M is By, = oM.
In the presence of an externally applied magnetic field H,
the total magnetic flux density in the material is

B = woH + puoM = uo(H+ M), (5.72)
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where the first term represents the contribution of the
external field and the second term represents the contri-
bution of the magnetization of the material. In general, a
material becomes magnetized in response to the external
field H. Hence, M can be expressed as

M = xnH, (5.73)

where xp, is a dimensionless quantity called the magnetic
susceptibility of the material. For diamagnetic and
paramagnetic materials, xn is a constant at a given
temperature, resulting in a linear relationship between M
and H. This is not the case for ferromagnetic substances;
the relationship between M and H not only is nonlinear,
but also depends on the previous “history” of the material,
as explained in the next section.

While keeping this fact in mind, let us combine Egs.
(5.72) and (5.73) to get

B = po(H + xmH) = uo(l + xm)H, (5.74)

or

B = uH, (5.75)

where u, the magnetic permeability of the material, is

given in terms of xp by
w=po(l+ xm) (H/m). (5.76)

Often it is convenient to define the magnetic properties

of a material in terms of the relative permeability .

uw
Mr=—=1+Xm,
Ko

(5.77)

where 1 is the permeability of free space. A material
usually is classified as diamagnetic, paramagnetic, or
ferromagnetic on the basis of the value of its xm, as
shown in Table 5-2. Diamagnetic materials have negative
susceptibilities and paramagnetic materials have positive
susceptibilities. However, the absolute magnitude of xm

CHAPTER 5 MAGNETOSTATICS

is on the order of 107> for both classes of materials,
which allows us to ignore xn, relative to 1 in Eq. (5.77).
This gives uy =~ 1 or u =~ uo for diamagneric
and paramagnetic substances, which include dielectric
materials and most metals. In contrast, |pel > 1
for ferromagnetic materials; || of purified iron, for
example, is on the order of 2 x 10°. Ferromagnetic
materials are discussed next.

EXERCISE 5.11 The magnetic vector M is the vector sum
of the magnetic moments of all the atoms contained in
a unit volume (1m?®). If a certain type of iron with
8.5 x 10?® atoms/m> contributes one electron per atom
to align its spin magnetic moment along the direction of
the applied field, find (a) the spin magnetic moment of
a single electron, given that m, = 9.1 x 107! (kg) and
B = 1.06 x 1073* (J-s), and (b) the magnitude of M.

Ans. (a)ms = 9.27x107%* (A-m?), (b)) M = 7.88x10°
(A/m).

5-6.3 Magnetic Hysteresis of Ferromagnetic
Materials

Ferromagnetic materials, which include iron, nickel, and
cobalt, exhibit strong magnetic properties due to the fact
that their magnetic moments tend to align readily along
the direction of an external magnetic field. Moreover,
such materials remain partially magnetized even after the
removal of the external field. Because of this property,
ferromagnetic materials are used in the fabrication of
permanent magnets.

Common to all ferromagnetic materials is a charac-
teristic feature described by magnetized domains. A
magnetized domain of a material is a microscopic region
(on the order of 107'% m3) within which the magnetic
moments of all its atoms (typically on the order of 10
atoms) are aligned parallel to each other. This permanent
alignment is attributed to strong coupling forces between

INTEL-1014
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Table 5-2: Properties of magnetic materials.

Diamagnetism

Permanent magnetic No
dipole moment
Primary magnetization Electron orbital
mechanism magnetic moment
Direction of induced Opposite
magnetic field
(relative to external field)
Common substances Bismuth, copper, diamond,

gold, lead, mercury, silver,

silicon

Typical value of xp, ~—1073
Typical value of 1, ~1

the magnetic dipole moments constituting an individual
domain. In the absence of an external magnetic field,
the domains take on random orientations relative to
each other, as shown in Fig. 5-21(a), resulting in a net
magnetization of zero. The domain walls forming the
boundaries between adjacent domains consist of thin
transition regions. When an unmagnetized sample of a
ferromagnetic material is placed in an external magnetic
field, the domains will align partially with the external
field, as illustrated in Fig. 5-21(b). A quantitative
understanding of how these domains form and how they
behave under the influence of an external magnetic field
requires a heavy dose of quantum mechanics, which is
outside the scope of the present treatment. Hence, we
will confine our discussion (0 a qualitative description of
the magnetization process and its implications.

The magnetization behavior of a ferromagnetic mate-
rialis described in terms of its B—H magnetization curve,
where H is the amplitude of the externally applied mag-
netic field, H, and B is the amplitude of the total magnetic
flux density B present within the material. According to

Paramagnetism Ferromagnetism
Yes, but weak Yes, and strong
Electron spin Magnetized

magnetic moment domains
Same Hysteresis

[see Fig. 5-22]

Aluminum, calcium, Iron,
chromium, magnesium, nickel,
niobium, platinum, cobalt
tungsten
~ 107 |xm| > 1 and hysteretic
~ ] |tte] > 1 and hysteretic

Eq. (6.72), the flux B consists of a contribution oH due
to the external field and a contribution oM due to the
magnetization field induced in the material. Suppose
that we start with an unmagnetized sample of iron, and
let us assume that we have an experimental arrangement
capable of measuring B and H. The unmagnetized state is
denoted by point O in Fig. 5-22. As we start to increase H
continuously, B increases also, and the response follows
the curve from point O to point A;, at which nearly all
the domains have become aligned with H. Point A,
represents a saturation condition. If we now start to
decrease H from its value at point A, back to zero, the
magnetization curve follows the path from A; to Aj.
At point A,, the external field H is zero, but the flux
densily B in the material is not zero. This value of B is
called the residual flux density B;. The iron material is
now magnetized and can serve as a permanent magnet
owing to the fact that a large fraction of its magnetization
domains have remained aligned. Reversing the direction
of H and increasing its intensity causes B to decrease
from B; at point A, to zero at point Aj, and if the
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(a) Unmagnetized domains
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(b) Magnetized domains

Figure 5-21: Comparison of (a) unmagnetized and (b)
magnetized domains in a ferromagnetic material.
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Figure 5-22: Typical hysteresis curve for a ferromagnetic
material.

intensity of H is increased further (while maintaining its
negative direction), the magnetization curve moves to the
saturation condition at point A4. Finally, as H is made to
return to zero and is then increased again in the positive
direction, the curve follows the path from A4 to A,
This process is called magnetic hysteresis. The term
hysteresis means “to lag behind.” The hysteresis loop
shows that the magnetization process in ferromagnetic
materials depends not only on the external magnetic
field H, but on the magnetic history of the material as
well. The specific shape and extent of the hysteresis loop
depend on the properties of the ferromagnetic material
and on the peak-to-peak range over which H is made to
vary. Materials characterized by wide hysteresis loops
are called hard ferromagnetic materials [Fig. 5-23(2)].
These materials cannot be easily demagnetized by an
external magnetic field because they have a large residual
magnetization B;. Hard ferromagnetic materials are
used in the fabrication of permanent magnets for motors
and generators. Soft ferromagnetic materials have
narrow hysteresis loops [Fig. 5-23(b)], and hence they
can be more easily magnetized and demagnetized. To
demagnetize any ferromagnetic material, the material

Y

y | AN .
y

(a) Hard material

(b) Soft material

Figure 5-23: Comparison of hysteresis curves for (a) a
hard ferromagnetic material and (b) a soft ferromagnetic
material.
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is subjected to several hysteresis cycles while gradually
decreasing the peak-to-peak range of the applied field.

REVIEW QUESTIONS

Q5.12 What are the three types of magnetic materials
and what are typical values of their relative magnetic
permeabilities?

Q5.13 What causes magnetic hysteresis in ferromag-
netic materials?

Q5.14 What does the magnetization curve describe?
What is the difference between the magnetization curves
of hard and soft ferromagnetic materials?

5-7 Magnetic Boundary Conditions

In Section 4-9, we derived a set of boundary conditions
that describes how, at the boundary between two dis-
similar contiguous media, the electric field quantities D
and E in the first medium are related to those in the second
medium. We will now derive a similar set of boundary
conditions for the magnetic field quantities B and H.
By applying Gauss’s law to a pill box that straddles the
boundary, we determined that the difference between the
normal components of the electric flux densities in the
two media is equal to the surface charge density p;. That
is,

%D-ds =0 == Din— Dun=ps (5.78)
s

By analogy, application of Gauss’s law for magnetism,
as expressed by Eq. (5.44), would lead to the conclusion
that

?gB -ds=0 ==  Biy = By (5.79)
s

213

This result states that rhe normal component of B is
continuous across the boundary between two adjacent
media. In view of the relations By = uH; and
By = u,H, for linear, isotropic media, the boundary
condition for H corresponding to Eq. (5.79) is

u1Hig = uaHyy.  (5.80)

Comparison of Egs. (5.78) and (5.79) tells us that,
whereas the normal component of B is continuous across
the boundary, the normal component of D may not
be (unless p; = 0). A similar reversal applies to
the tangential components of the electric and magnetic
fields E and H: whereas the tangential component
of E is continuous across the boundary, the tangential
component of H may not be (unless the surface current
density J; = 0). To obtain the boundary condition
for the tangential component of H, we follow the same
basic procedure that we used previously in Section 4-9
to establish the boundary condition for the tangential
component of E. With reference to Fig. 5-24, if we apply
Ampere’s law [Eq. (5.47)] to a closed rectangular path
with sides Al and A%, and then we let Ak — 0, we end
up with the result

b d
%H-dl:/ Hz-dl+/ H, -dl=1, (5.81)
C a c

where H; and H are the magnetic fields in media 1 and 2,
respectively. According to Ampere’s law, [ is the net
current crossing the surface of the loop in the direction
specified by the right-hand rule (7 is in the direction of
the thumb when the fingers of the right hand extend in
the direction of the loop C). For the directions of H,
and H; and the direction of the integration contour C
indicated in Fig. 5-24, the component of H, tangential to
the boundary, Hy,, is parallel to and in the same direction
as dlover segmentab, but the tangential component of H;
is antiparallel to dl over segment cd. Furthermore, as
we let Ah of the loop approach zero, the surface of the
loop approaches a thin line of length Al. Hence, the
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C

Figure 5-24: Boundary between medium 1 with «; and medium 2 with 4.

o

e Medium 1
Ah S Ky
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}Aﬁ.
)
Medium 2
H2

total current flowing through this thin line is I = Js Al,
where J; is the magnitude of the normal component of
the surface current density traversing the loop. In view
of these considerations, Eq. (5.81) becomes

Hy Al — Hy Al = J; Al (5.82)

or

Hy — Hy=Js (A/m). (5.83)
This result can be generalized to a vector form that
incorporates the directional relationship defined by the

right-hand rule,

EXERCISE 5.12 With reference to Fig. 5-24, determine
the angle between H; and fi, = Z if H, = (X3 + 22)
(A/m), pr, = 2, and i, =8, and Js = 0.

Ans. 0 = 20.6°.

5-8 Inductance

An inductor is the magnetic analogue of an electrical
capacitor. Just as a capacitor can store electric energy
in the electric field present in the medium between its

conducting surfaces, an inductor can store magnetic
energy in the volume comprising the inductors. A typical
example of an inductor is a coil consisting of multiple

i, x (Hy —Hy) =Js, (5.84)

where i, is the normal unit vector pointing away from
medium 2 (Fig. 5-24). Surface currents can exist only
on the surfaces of perfect conductors and superconduc-
tors. Hence, at the interface between media with finite

turns of wire wound in a helical geometry around a
cylindrical core, as shown in Fig. 5-25(a). Such a
structure is called a solenoid. The core may be air
filled or may contain a magnetic material with magnetic
permeability w. If the wire carries a current / and

the turns are closely spaced, the solenoid can produce

conductivities, Js = 0 and

a relatively uniform magnetic field within its interior &
region, and its magnetic field pattern resembles that of &
a permanent magnet, as illustrated by the field lines in 3
Fig. 5-25(b).

Hi= Hy. (5.85)
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(b) Tightly wound
solenoid

(a) Loosely wound
solenoid

Figure 5-25: Magnetic field lines of (a) a loosely wound
solenoid and (b) a tightly wound solenoid.

5-8.1 Magnetic Field in a Sclenoid

We precede our discussion of inductance by deriving an
expression for the magnetic flux density B in the interior
region of a tightly wound solenoid with # turns per unit
length. Even though the turns are slightly helical in
shape, we will treat them as circular loops, as shown
in Fig. 5-26. The solenoid is of length / and radius a
and carries a current /. Let us start by considering the
magnetic flux density B at point P, located on the axis of
the solenoid. In Example 5-4, we derived the following
expression for the magnetic field H at a distance z along
the axis of a circular loop of radius a:
. I'a?

H= 22(a2 T (5.86)
where I’ is the current carried by the loop. If we treat
an incremental length dz of the solenoid as an equivalent

loop of ndz turns and carrying a current I’ = Indz, then
the induced field at point P is
. unla?
dB=pdH=2————1dz. 5.87

SaaaiTrrro A
The total field B at P is obtained by integrating the
contributions from the entire length of the solenoid. This
is facilitated by expressing the variable z in terms of the
angle 6. That is,

z=atanb, (5.88a)
a*+ 722 =a’® + a*tan®0 = a’sec’d,  (5.88b)
dz =asec’6 db. (5.88¢)

Upon substituting the last two expressions in Eq. (5.87)
and integrating from 6; to 6,, we have

unla? /92 asec’6 do
z
9

B=

2 | a’sec’d
unl .
= ZT (sin@; — sinG;). (5.89)
z
A
-t—(f—.-l
_ &
,/ x
B df - ::IE’Z
P / 8 62 x 1 x
i @
O ®
3 ()
! (x)
\\ e
L®
\‘
)

Figure 5-26: Solenoid cross section showing geometry
for calculating H at a point P on the solenoid axis.
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If the solenoid length [ is much larger than its radius a,
then 9; ~ —90° and 6, ~ 90°, in which case Eq. (5.89)
reduces to

A

NI
B ~ #unl = % (long solenoid with 7/a > 1),
(5.90)

where N = nl is the total number of turns over the
length I. Even though the expression given by Eq. (5.90)
was derived for the field B at the midpoint of the solenoid,
it is approximately valid at all points in the interior of the
solenoid, except near the ends.

We now return to a discussion of inductance, which
includes self-inductance, representing the magnetic flux
linkage of a coil or circuit with itself, and mutual
inductance, which involves the magnetic flux linkage in
a circuit due to the magnetic field generated by a current
in another circuit. Usually, when the term inductance is
used, the intended reference is to self-inductance.

EXERCISE 5.13 Use Eq. (5.89) to obtain an expression
for B at a point on the axis of a very long solenoid but
situated at its end points. How does B at the end points
compare to B at the midpoint of the solenoid?

Ans. B = Z(uN1/2l) at the end points, which is half
as large as B at the midpoint.

5-8.2 Seli-inductance

From Eq. (5.66), the magnetic flux ® linking a surface S
is given by

P /B-ds (Wb). (5.91)
s

CHAPTER 5 MAGNETOSTATICS

In a solenoid with an approximately uniform magnetic
field given by Eq. (5.90), the flux linking a single loop is

N N
d>:/2 w—I)-zZds =pu—IS,
5 l l

where § is the cross-sectional area of the loop. Magnetic
flux linkage A is defined as the total magnetic flux linking
a given circuit or conducting structure. If the structure
consists of a single conductor with multiple loops, as in
the case of the solenoid, A is equal to the flux linking all
loops of the structure. For a solenoid with N turns,

(5.92)

2

A=No = MNTIS (Wb). (5.93)
If, on the other hand, the structure consists of two
separate conductors, as in the case of the parallel-wire
and coaxial transmission lines shown in Fig. 5-27, the
flux linkage A associated with a length [ of either line
refers to the flux ® through the closed surface between
the two conductors, as highlighted by the shaded areas in
Fig. 5-27. Inreality, there is also some magnetic flux that
passes through the conductors themselves, but it may be
ignored by assuming that the currents flow only on the
surfaces of the conductors, in which case the magnetic
fields inside the conductors are zero. This assumption is
justified by the fact that our interest in calculating A is
for the purpose of determining the inductance of a given
structure, and inductance is of interest primarily in the
a-c case (i.e., time-varying currents, voltages, and fields).
As we will see later in Section 7-5, the current flowing in
a conductor under a-c conditions is concentrated within
a very thin layer on the skin of the conductor. For the
parallel-wire transmission line, the currents flow on the
outer surfaces of the wires, and for the coaxial line, the
current flows on the outer surface of the inner conductor
and on the inner surface of the outer conductor (the
current-carrying surfaces are those adjacent to the electric
and magnetic fields present in the region between the
conductors).
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Radius a

4

I =
il

! B e IO =

(b) Coaxial transmission line

Figure 5-27: To compute the inductance per unit length
of a two-conductor transmission line, we need to deter-
mine the magnetic flux through the area § between the
conductors.

The self-inductance of any conducting structure is
defined as the ratio of the magnetic flux linkage A to
the current / flowing through the structure:

A
L== (H.

i (5.94)

The SI unit for inductance is the henry (H), which is
equivalent to webers per ampere (Wb/A).

For a solenoid, use of Eq. (5.93) gives

2

N
L= M—Z—S (solenoid), (5.95)

and for two-conductor configurations similar to those of
Fig. 5-27,

A D
L:—:—
I

1
=—/Bds (5.96)
I'Js

Inductance of a Coaxial
Transmission Line

Develop an expression for the inductance per unit
length of a coaxial transmission line. The conductors
have radii a and b, as shown in Fig. 5-28, and the
insulating material has a linear permeability u.

Example 5-8

1 z I
} ' }
o of 5188
® of [i@r@nl 1 s
ool J;"/
© o[y
- ] \
Outer—" | | @ ©® : :@ @ : Outer
conductor i | (| e conductor

Inner / t

conductor j

Figure 5-28: Cross-sectional view of coaxial transmis-
sion line (Example 5-8).
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Solution: Due to the current [ in the inner conductor, the
magnetic field generated in the region with permeabil-
ity 1 between the two conductors is given by Eq. (5.30)
as

B=¢—, (5.97)

where r is the radial distance from the axis of the coaxial
line. Let us choose a transmission-line segment of
length [ as shown in Fig. 5-28. Over the planar surface S
between the conductors, B is everywhere perpendicular
to the surface. Hence, the flux through § is

b bl Il b
<I>=lf Bdr:l/ HLoa =B (2).
L a 27r 2 a

(5.98)
Using Eq. (5.96), the inductance per unit length of the
coaxial transmission line is given by

L o b
=222 50(2). - (599
I 2 \a

5-8.3 Mutual Inductance

Magnetic coupling between two different conducting
structures is described in terms of the mutual inductance
between them. For simplicity, let us assume that we have
two closed loops with surfaces S; and S, and a current [
flowing through the first loop, as shown in Fig. 5-29. The
magnetic field B, generated by I, results in a flux @y,
through loop 2, given by

Py = / B, -ds,
$2

and if loop 2 consists of N, turns all coupled by B; in
exactly the same way, then the total magnetic flux linkage
through loop 2 due to B, is

(5.100)

(5.101)

A12 = N2<D12 = Nz/ B1 - ds.
$2

Figure 5-29: Magnetic field lines generated by current I,
in loop 1 linking surface S of loop 2.

The mutual inductance associated with this magnetic
coupling is given by

A N,
Pp= e _2/ Bi-ds (H). (5.102)
I I Js,

Mutual inductance is important in transformers wherein
the windings of two or more circuits share a common
magnetic core, as illustrated by the toroidal arrangement
shown in Fig. 5-30.

REVIEW QUESTIONS

Q5.15 What is the magnetic field like in the interior of
a long solenoid?

(Q5.16 What is the difference between self-inductance
and mutual inductance?

Q5.17 How is the inductance of a solenoid related to its
number of turns N?
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Figure 5-30: Toroidal coil with two windings used as a
transformer.

5-9 Magnetic Energy

When we introduced electrostatic energy in Section 4-11,
we did so by examining what happens to the energy
expended in charging up a capacitor from zero voltage to
some final voltage V. We will now use a similar analogy
by considering an inductor with inductance L connected
to a current source. Suppose that we were to increase
the current i flowing through the inductor from zero to
a final value /. From circuit theory, we know that the
voltage v across the inductor is given by v = L di/dt.
Power p is equal to the product of v and i, and the time
integral of power is work, or energy. Hence, the total
energy in joules (J) expended in building up the current
in the inductor is

I
Wm=/pdt=/ivdt=L/ i di
0

=1L1* (D). (5.103)

For reasons that will become apparent shortly, we call
this the magnetic energy stored in the inductor.

Let us consider the solenoid inductor. Its inductance is
given by Eq. (5.95) as L = uN?S//, and the magnitude
of the magnetic flux density in its interior is given from
Eq. (5.90) by B = uN1/l. Equivalently, I = Bl/(uN).

If we use these expressions for L and I in Eq. (5.103),
we get

1 1/ N2 Bl \?
Wp=~-LI?==pu—3s8 | —
"2 2 (M ! ) (MN)
1 B? 1,
=—"(IS) = —uH?», (5.104)
2 2

where v = [§ is the volume of the interior of the solenoid
and H = B/u. The magnetic energy density wp is
defined as the magnetic energy Wy, per unit volume,

W, 1
Wy = —= = —puH?

3
- 5 (J/m?).

(5.105)

Even though this expression was derived for a solenoid
inductor, itis equally valid for any medium with magnetic
field H. Furthermore, for any volume V containing a
material with permeability w (including free space with
permeability o), the total magnetic energy stored in the
medium due to the presence of a magnetic field H is

(5.106)

1
sz—/MHZ dv ().
2Jy

Example 5-9  Magnetic Energy in a Coaxial Cable

Derive an expression for the magnetic energy stored
in a coaxial cable of length [ and inner and outer radii a
and b. The insulation material has permeability 1.

Solution: From Eq. (5.97), the magnitude of the mag-
netic field in the insulating material is given by

B I

T 2mr’
where r is the radial distance from the center of the inner
conductor, as shown in Fig. 5-28. The magnetic energy

stored in the coaxial cable is then given by

wl 1

1 2
Wy = — H?dv="2 | —dy
m 2[,“ 872 |, 72
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Since H is a function of r only, we choose dv to be a
cylindrical shell of length [, radius r, and thickness dr
along the radial direction. Thus, dv = 2xrl dr and

/-‘LIZ bl

Wn = — 2xrldr
)

"7 8n2? J,
1% b

=H (—) ).
47 a

CHAPTER HIGHLIGHTS

Magnetic force acting on a charged particle g moving
with a velocity u in a region containing a magnetic
flux density B is F, = qu x B.
The total electromagnetic force, known as the
Lorentz force, acting on a moving charge in the
presence of both electric and magnetic fields is
F=g(E+uxB).

e Magnetic forces acting on current loops can generate
magnetic torques.
The magnetic field intensity induced by a current
element is defined by the Biot—Savart law.
Gauss’s law for magnetism states that the net mag-
netic flux flowing out of any closed surface is zero.
Ampere’s law states that the line integral of H over
a closed contour is equal to the net current crossing
the surface bounded by the contour.

Vector magnetic potential A is related to B by
B=VxA.

Materials are classified as diamagnetic, paramag-
netic, or ferromagnetic, depending on their crys-
talline structure and behavior under the influence of
an external magnetic field.

Diamagnetic and paramagnetic materials exhibit a
linear behavior between B and H, with & >~ g for
both.

Ferromagnetic materials exhibit a nonlinear hys-
teretic behavior between B and H and, for some, their
. may be as large as 10%ug.

CHAPTER 5 MAGNETOSTATICS

At the boundary between two different media,
the normal component of B is continuous, and
the tangential components of H are related by
Hy — Hyy = J;, where Jg is the surface current
density flowing in a direction orthogonal to Hj,
and Hy;.

Inductance of a circuit is defined as the ratio of
magnetic flux linking the circuit to the current
flowing through it.

Magnetic energy density is given by wm = % wH?.

GLOSSARY OF IMPORTANT TERMS

Provide definitions or explain the meaning of the follow-
ing terms:

magnetic flux density B

magnetic force F,

Lorentz force F

moment arm d

torque T

magnetic moment m

Biot—Savart law

current density (volume) J

surface current density J
magnetic dipole

Gauss’s law for magnetism
Ampere’s law

toroidal coil

vector Poisson’s equation
magnetic flux ®

orbital and spin magnetic moments
magnetization vector M

magnetic susceptibility xm
diamagnetic, paramagnetic, ferromagnetic
magnetized domains
magnetization curve

magnetic hysteresis

hard and soft ferromagnetic materials
inductance (self- and mutual)
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solenoid
magnetic energy Wp
magnetic energy density wp

PROBLEMS
Section 5-1: Forces and Torques

5.1 Anelectron with a speed of 4 x 10° m/s is projected
along the positive x-direction into a medium containing
a uniform magnetic flux density B = (%2 —23) T. Given
that e = 1.6 x 10~'° C and the mass of an electron is
me = 9.1 x 1073! kg, determine the initial acceleration
vector of the electron (at the moment it is projected into
the medium).

5.2 When a particle with charge g and mass m is
introduced into a medium with a uniform field B such
that the initial velocity of the particle u is perpendicular
to B, as shown in Fig. 5-31, the magnetic force exerted
on the particle causes it to move in a circle of radius a.
By equating F, to the centripetal force on the particle,
determine « in terms of ¢, m, u, and B.

5.3* The circuit shown in Fig. 5-32 uses two identical
springs to support a 10-cm-long horizontal wire with a
mass of 5 g. In the absence of a magnetic field, the weight
of the wire causes the springs to stretch a distance of
0.2 cm each. When a uniform magnetic field is turned on
in the region containing the horizontal wire, the springs
are observed to stretch an additional 0.5 cm. What is the
intensity of the magnetic flux density B?

5.4 The rectangular loop shown in Fig. 5-33 consists of
20 closely wrapped turns and is hinged along the z-axis.
The plane of the loop makes an angle of 30° with the
y-axis, and the current in the windings is 0.5 A. What
is the magnitude of the torque exerted on the loop in

*Answer(s) available in Appendix D.
" Solution available in CD-ROM.

Figure 5-31: Particle of charge g projected with veloc-
ity u into a medium with a uniform field B perpendicular
to u (Problem 5.2).

4Q 12V

/Springs o

< =

®© |© © (@ OB

© |©®© o0 ¢ 6

10 cm

Figure 5-32: Configuration of Problem 5.3.

the presence of a uniform field B = 1.2 T? When
viewed from above, is the expected direction of rotation
clockwise or counterclockwise?
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—

—_ \{:0.5 A
04m /20 turns
= >y
30°
0.2 m™¥

Figure 5-33: Hinged rectangular loop of Problem 5.4.

5.5 In a cylindrical coordinate system, a 2-m-long

straight wire carrying a current of 5 A in the positive

z-direction is located at r = 4 cm, ¢ = /2, and

—1Im<z<Ilm

(a) If B = r0.2cos¢ (T), what is the magnetic force
acting on the wire?

(b) How much work is required to rotate the wire once
about the z-axis in the negative ¢-direction (while
maintaining » = 4 cm)?

(c) At what angle ¢ is the force a maximum?

5.6 A 20-turn rectangular coil with sides / = 15 cm

and w = 5 cm is placed in the y—z plane as shown in

Fig. 5-34.

(a) If the coil, which carries a current [ = 10 A, is in
the presence of a magnetic flux density

B=2x102&%+¥%2) ()

determine the torque acting on the coil.
(b) At what angle ¢ is the torque zero?

(c) At what angle ¢ is the torque maximum? Determine
its value.

Figure 5-34: Rectangular loop of Problem 5.6.

Section 5-2: Biot-Savart Law

5.7° An 8 cm x 12 cm rectangular loop of wire is
situated in the x—y plane with the center of the loop at the
origin and its long sides parallel to the x-axis. The loop
has a current of 25 A flowing clockwise (when viewed
from above). Determine the magnetic field at the center
of the loop.

5.8 Use the approach outlined in Example 5-2 to
develop an expression for the magnetic field H at an
arbitrary point P due to the linear conductor defined by
the geometry shown in Fig. 5-35. If the conductor extends
between z; = 3 m and z; = 7 m and carries a current
I =5A,findHat P2, ¢,0).

5.9* The loop shown in Fig. 5-36 consists of radial lines
and segments of circles whose centers are at point P.
Determine the magnetic field H at P in terms of a, b, ¢,
and /.

INTEL-1014
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z

4

Ty
Pzt d=2m

I \\ X
[ ,\\ [1
\\

wel A Figure 5-37: Circular loop next to a linear current
Pi(z)g- 3 _ N (Problem 5.11).

______ TTzaen

4 P(r, ¢, 2)

Figure 5-35: Current-carrying linear conductor of Prob-
lem 5.8.

\\
8k

—a— P

Figure 5-36: Configuration of Problem 5.9.

5.10 An infinitely long, thin conducting sheet defined
over the space 0 < x < wand —00 < y < 0 is
carrying a current with a uniform surface current density
Js = §5 (A/m). Obtain an expression for the magnetic
field at point P (0, 0, z) in Cartesian coordinates.

5.11* Aninfinitely long wire carrying a 50-A current in
the positive x-direction is placed along the x-axis in the
vicinity of a 10-turn circular loop located in the x—y plane
as shown in Fig. 5-37. If the magnetic field at the center
of the loop is zero, what is the direction and magnitude
of the current flowing in the loop?

5.12 Two infinitely long, parallel wires are carrying 6-A
currents in opposite directions. Determine the magnetic
flux density at point P in Fig. 5-38.

lll =6A

0.5m

*Iz =6A

2m

Figure 5-38: Arrangement for Problem 5.12.

5.13" A long, East-West-oriented power cable carrying
an unknown current / is at a height of 8 m above the
Earth’s surface. If the magnetic flux density recorded
by a magnetic-field meter placed at the surface is 12 uT
when the current is flowing through the cable and 20 T
when the current is zero, what is the magnitude of 1?

INTEL-1014
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5.14 Two parallel, circular loops carrying a current of
20 A each are arranged as shown in Fig. 5-39. The first
loop is situated in the x—y plane with its center at the
origin, and the second loop’s center is at z = 2 m. If the
two loops have the same radius a = 3 m, determine the
magnetic field at:

(a) z=0
by z=1m
(¢)z=2m

Figure 5-39: Parallel circular loops of Problem 5.14.

Section 5-3: Forces between Currents

§.15° The long, straight conductor shown in Fig. 5-40
lies in the plane of the rectangular loop at a dis-
tance d = 0.1 m. The loop has dimensions a = 0.2 m
and b=0.5m, and the currents are /; = 10 A and
I, = 15 A. Determine the net magnetic force acting on
the loop.

|

h=0.5m

] |
Il d=01m' a=02m '

Figure 5-40: Current loop next to a conducting wire
(Problem 5.15).

5.16 In the arrangement shown in Fig. 5-41, each of
the two long, parallel conductors carries a current 1, 1is
supported by 8-cm-long strings, and has a mass per unit
length of 0.3 g/cm. Due to the repulsive force acting
on the conductors, the angle 6 between the supporting
strings is 10°. Determine the magnitude of / and the
relative directions of the currents in the two conductors.

5.17° An infinitely long, thin conducting sheet of
width w along the x-direction lies in the x—y plane and
carries a current  in the —y-direction. Determine the
following:

(a) The magnetic field at a point P midway between
the edges of the sheet and at a height A above it.
(Fig. 5-42)

(b) The force per unit length exerted on an infinitely long
wire passing through point P and parallel to the sheet
if the current through the wire is equal in magnitude
but opposite in direction to that carried by the sheet.

INTEL-1014
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b4
b
T ® ,=10A
|
2m
i
_f_ —2m—® ;= 10A
2m
Figure 5-41: Parallel conductors supported by strings |
Problem 5.16). ‘
( ) — ©® L=10A

Figure 5-43: Three parallel wires of Problem 5.18.

radius a, and the inner and outer radii of the outer
conductor are b and c, respectively.

Figure 5-42: A linear current source above a current sheet (a) Determine the magnetic field in each of the following

(Problem 5.17).

5.18 Three long, parallel wires are arranged as shown
in Fig. 5-43. Determine the force per unit length acting
on the wire carrying /3.

5.19° A square loop placed as shown in Fig. 5-44 has
2-m sides and carries a current /; = 5 A. If a straight,
long conductor carrying a current I, = 10 Ais introduced
and placed just above the midpoints of two of the loop’s
sides, determine the net force acting on the loop.

Section 5-4: Gauss’s Law for Magnetism and Ampere’s Law

5.20 Current I flows along the positive z-direction in Figure 5-44: Long wire carrying current I, just above a
the inner conductor of a long coaxial cable and returns square loop carrying I; (Problem 5.19).
through the outer conductor. The inner conductor has
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U.S. Patent 7,151,430



226

regions: 0 <r <a, a <r < b, b<r <c,and
r>c.

(b) Plot the magnitude of H as a function of r over the
range from 7 = Otor = 10 cm, given that / = 10 A,
a=2cm,b=4cm,and c =5 cm.

5.21" A long cylindrical conductor whose axis is coin-
cident with the z-axis has a radius a and carries a current
characterized by a current density J = ZJy/r, where Jp is
a constant and r is the radial distance from the cylinder’s
axis. Obtain an expression for the magnetic field H for
(@0=<r=a

(b)r>a

5.22 Repeat Problem 5.21 for a current density J =

i]oe".

5.23* 1Ina certain conducting region, the magnetic field
is given in cylindrical coordinates by

~4
H=¢-[1—(1+2r)e ]
r
Find the current density J

Section 5-5: Magnetic Potential

5.24 With reference to Fig. 5-10:

(a) Derive an expression for the vector magnetic poten-
tial A at a point P located at a distance r from the
wire in the x—y plane.

(b) Derive B from A. Show that your result is identical
with the expression given by Eq. (5.29), which was
derived by applying the Biot—Savart law.

' 5.25" 1In a given region of space, the vector magnetic

potential is given by A = X5cosmy + Z(2 + sinmx)
(Wb/m).

(a) Determine B.

CHAPTER 5 MAGNETOSTATICS

(b) Use Eq. (5.66) to calculate the magnetic flux passing
through a square loop with 0.25-m-long edges if the
loop is in the x—y plane, its center is at the origin,
and its edges are parallel to the x- and y-axes.

(c) Calculate ® again using Eq. (5.67).

5.26 A uniform current density given by

J=1J, (A/m%)

gives rise to a vector magnetic potential

» MoJo
_—Z—

A= x2+y»H  (Wb/m)

(a) Apply the vector Poisson’s equation to confirm the
above statement.

(b) Use the expression for A to find H.

(c) Use the expression for J in conjunction with
Ampere’s law to find H. Compare your result with
that obtained in part (b).

527 A thin current element extending between
z=—L/2 and z = L/2 carries a current [ along +2
through a circular cross-section of radius a.

(a) Find A at a point P located very far from the origin
(assume R is so much larger than L that point P
may be considered to be at approximately the same
distance from every point along the current element).

(b) Determine the corresponding H.

Section 5-6: Magnetic Properties of Materials

5.28 In the model of the hydrogen atom proposed by
Bohr in 1913, the electron moves around the nucleus
at a speed of 2 x 10° m/s in a circular orbit of radius
5 x 107! m. What is the magnitude of the magnetic
moment generated by the electron’s motion?
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5.29* Tron contains 8.5 x 10?8 atoms/m>. At saturation,
the alignment of the electrons’ spin magnetic moments
in iron can contribute 1.5 T to the total magnetic flux
density B. If the spin magnetic moment of a single
electron is 9.27 x 1072* (A-m?), how many electrons
per atom contribute to the saturated field?

Section 5-7: Magnetic Boundary Conditions

5.30 The x—y plane separates two magnetic media with
magnetic permeabilities £, and 15, as shown in Fig. 5-45.
If there is no surface current at the interface and the
magnetic field in medium 1 is

HI = ﬁHlx +5’H1y +2le

find:

(a) Hy

(b) 6, and 6,

(c) Evaluate Hy, 8, and 6, for Hy, = 3 (A/m), H, =0,
Hy; = 4 (A/m), 11 = po, and ua = 4o

ey

» x-y plane

Figure 5-45: Adjacent magnetic media (Problem 5.30).

5.31% Given that a current sheet with surface current

density J; = X4 (A/m) exists at y = 0, the interface
between two magnetic media, and H; = Z8 (A/m) in
medium 1 (y > 0), determine H, in medium 2 (y < 0).

%

5.32 In Fig. 5-46, the plane defined by x —y = 1
separates medium 1 of permeability @ from medium 2
of permeability w,. If no surface current exists on the
boundary and

B, =x2+y3 (D
find B, and then evaluate your result for u; = 5u,.

Hint: Start by deriving the equation for the unit vector
normal to the given plane.

Medium 1 (1,0

M)

.

Figure 5-46: Magnetic media separated by the plane
x —y = 1 (Problem 5.32).

Medium 2

M2
0,-D

© 5.33 The plane boundary defined by z = O separates air

from a block of iron. If By = %4 — y6+ 28 in air (z > 0),
find B, in iron (z < 0), given that © = 5000 for iron.

5.34 Show that if no surface current densities exist at
the parallel interfaces shown in Fig. 5-47, the relationship
between 6, and 6, is independent of u;.
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5.38 The rectangular loop shown in Fig. 5-48 is copla-
nar with the long, straight wire carrying the current
I = 20 A. Determine the magnetic flux through the loop.

e N
1
1

. L ) 20A 30cm
Figure 5-47: Three magnetic media with parallel inter-
faces (Problem 5.34).
Scm
- 4
Sections 5-8 and 5-9: Inductance and Magnetic Energy 200m —»| -

5.35° Obtain an expression for the self-inductance per
unit length for the parallel wire transmission line of
Fig. 5-27(a) in terms of a, d, and w, where a is the radius x
of the wires, d is the axis-to-axis distance between the
wires, and u is the permeability of the medium in which
they reside.

Figure 5-48: Loop and wire arrangement for Problem
5.38.

5.36 A solenoid with a length of 20 cm and a radius of
5 cm consists of 400 turns and carries a current of 12 A.
If z = O represents the midpoint of the solenoid, generate
a plot for |H(z)| as a function of z along the axis of the
solenoid for the range —20cm < z < 20 cm in 1-cm
steps.

5.37* Interms of the d-c current /, how much magnetic
energy is stored in the insulating medium of a 2-m-long,
air-filled section of a coaxial transmission line, given that
the radius of the inner conductor is 5 cm and the inner
radius of the outer conductor is 10 cm?

|
|
.i
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Electric charges induce electric fields and electric cur-
rents induce magnetic fields. Those are the lessons we
learned in the preceding two chapters. As long as the
charge and current distributions remain constant in time,
so will the fields that they induce. However, if the charge
and current sources were to vary with time ¢, not only will
the fields also vary with time, but much more happens.
The electric and magnetic fields become interconnected,
and the coupling between them produces electromagnetic
waves capable of traveling through free space and in
material media. Electromagnetic waves, which include
light waves, x-rays, infrared waves, gamma rays, and
radio waves [see Fig. 1-15], are an important part of our
physical world, and their uses are manifested in many
fields of science and technology.

To study time-varying electromagnetic phenomena,
we need to use Maxwell’s equations as an integrated
unit. These equations, which were first introduced in
the opening section of Chapter 4, are given in both
differential and integral form in Table 6-1. Whereas
in the static case (d/d¢ 0) we were able to use
the first pair of Maxwell’s equations to study electrical
phenomena in Chapter 4 and the second pair to study
magnetic phenomena in Chapter 5, in the dynamic case
we have to deal with the coupling that exists between
the electric and magnetic fields, as expressed by the
second and fourth equations in Table 6-1. The first
equation represents Gauss’s law, and it is equally valid for
static and dynamic fields. The same is true for the third
equation, V - B = 0, which basically states that there are
no such things as magnetic charges. The second and
fourth equations, however, exhibit different meanings
for static and dynamic fields. In the dynamic case, a
time-varying magnetic field gives rise to an electric field

231

(Faraday’s law) and, conversely, a time-varying electric
field gives rise to a magnetic field (Ampere’s law).

Some of the results we will obtain in this and suc-
ceeding chapters might contradict statements made and
conclusions reached in Chapter 4 and 5. This is because
the earlier material pertains to the special case of steady
currents and static charges. When d/0¢ is set equal to
zero, the results and expressions for the fields under
dynamic conditions will reduce to those applicable under
static conditions.

We begin this chapter with examinations of Faraday’s
and Ampere’s laws and some of their practical appli-
cations. We will then combine Maxwell’s equations to
obtain relations among the charge and current sources,
oy and J, the scalar and vector potentials, V and A,
and the electromagnetic fields, E, D, H, and B, for
the time-varying case in general and for sinusoidal-time
variations in particular.

6-1 Faraday’s Law

The close connection between electricity and magnetism
was established by Oersted, who demonstrated that a
wire carrying an electric current exerts a force on a
compass needle and that the needle always turns so as to
point in the &—direction when the current is along the Z-
direction. The force acting on the compass needle is due
to the magnetic field produced by the current in the wire.
Following this discovery, Michael Faraday developed the
following hypothesis: if a current can produce a magnetic
field, then the converse should also be true: a magnetic
field should produce a current in a wire. To prove his
hypothesis, he conducted numerous experiments in his
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o el A

Table 6-1: Maxwell’s equations.

| Reference Differential Form Integral Form J
Gauss’s law V:-D=py fD -ds=Q 6.1)
S
B B
Faraday’s law VXE=—— f E-dl= —f —-ds (6.2)* :
ot (e s ot 2
No magnetic charges V-B=0 f B-ds=0 6.3)
N
(Gauss’s law for magnetism)
aD oD
Ampere’s law VxH=J+ m % H-dl= / (J + —) -ds (64)

*For a stationary surface S.

laboratory in London over a period of about 10 years, )
all aimed at making magnetic fields induce currents in EEgop / Coil
wires. Similar work was being conducted by Joseph

Henry in Albany, New York. Wires were placed next to
permanent magnets of all different sizes, but no currents
were detected in the wires. Current was passed through
a wire while another wire was placed parallel to it, with ~

. i Iy \[

the expectation that the magnetic field of the current-
carrying wire would induce a current in the other wire,
but again the result was negative. Eventually, these types = L]
of experiments led to the true answer, which both Faraday

and Henry discovered independently at about the same
time (1831). They discovered that indeed magnetic fields Figure 6-1: The galvanometer shows a deflection when-

can produce an electric current in a closed loop, but only ever the magnetic flux passing through the square loop
if the magnetic flux linking the surface area of the loop changes with time.
! changes with time. The key to the induction process is

! change. To explain how the induction process works, let

A"
fl

Galvanometer Battery

I
us consider the arrangement shown in Fig. 6-1. A square g
conducting loop connected to a galvanometer, which is a connected to a battery. The current in the coil produces
sensitive instrument used in the 1800s to detect the flow a magnetic field B whose lines pass through the loop 3
of current in a circuit, is placed next to a conducting coil as shown in Fig. 6-1. In Section 5-5, we defined the
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,n,,e,tlc, ﬂux ,dens1ty ngr

® /B-ds (Wb). (6.5)
S

Under stationary conditions, the d-c current in the coil pro-
duces a constant magnetic field B, which in turn produces
aconstant flux through the loop. When the fluxis constant,
no current is detected by the galvanometer. However,
when the battery is disconnected, thereby interrupting the
flow of current in the coil, the magnetic field drops to
zero, and the consequent change in magnetic flux causes a
momentary deflection of the galvanometer needle. When
the battery is reconnected, the galvanometer againexhibits
a momentary deflection, but in the opposite direction.
Thus, current is induced in the loop when the magnetic
flux changes, and the direction of the current depends on
whether the flux is increasing (as when the battery is being
connected) or decreasing (as when the battery is being
disconnected). It was further discovered that current can
also flow in the loop, while the battery is connected to the
coil, if the loop is turned around suddenly or while moving
itcloser to or away from the coil. The physical movement
of the loop changes the amount of flux linking its surface
S, even though the field B due to the coil has not changed.

A galvanometer is the predecessor of the voltmeter and
ammeter. When a galvanometer detects the flow of current
through the coil, it means that a voltage has been induced
across the galvanometer terminals. This voltage is called
the electromotive force (emf), Vems, and the process is
called electromagnetic induction. The emf induced in a
closed conducting loop of N turns is given by

do d

VemfZ_N—:_N_

v dir NG B-ds (V). (6.6)

Even though the results leading to Eq. (6.6) were also dis-
covered independently by Henry, Eq. (6.6) is attributed to
Faraday and is known as Faraday’s law. The significance

of the negative sign in Eq. (6.6) will be explained in the
next section.

We note that the derivative in Eq. (6.6) is a total time
derivative that operates on the magnetic field B, as well
as the differential surface area ds. Accordingly, an emf
can be generated in a closed conducting loop under any
of the following three conditions:

1. A time- varying magnetic_field linking a stationary
“loop, the induced emf is then called the transformer
emf, V¥

emf”
2. A moving loop with a time-varying area (relative to
the normal component of B) in a static field B, the
induced emf is then called the motional emf, Vome

3. A moving loop in a time-varying field B.

The total emf is given by
Vemf V emf + cmf, (67)

with V7. = 0 if the loop is stationary (case (1)) and
V“r ¢ = 0if B is static (case (2)). For case (3), neither
term is zero. Each of the three cases will be examined
separately in the following sections.

6-2 Stationary Loop in a Time-Varying
Magnetic Field

The single-turn, conducting, circular loop with con-
tour C and surface area S shown in Fig. 6-2(a) is in a
time-varying magnetic field B(z). As was stated earlier,
the emf induced when S is stationary and the field is time
varying is called the fransformer emf and is denoted
VY .. Since the loop is stationary, d/dt in Eq. (6.6) now
operates on B(¢) only. Hence,

V= —N/— -ds, (6.8)

where the full derivative d/dt has been moved inside
the integral and changed into a partial derivative d/d¢ to
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Increasing B(?)

Bina

P

(a) Loop in a changing B field

Vern(?)

(b) Equivalent circuit

Figure 6-2: (a) Stationary circular loop in a changing
magnetic field B(¢), and (b) its equivalent circuit.

signify that it operates on B only. The transfor
the voltage difference that would appear acros
opening between terminals 1 and 2, evenin the absence of
the resistor R. Thatis, V. oot = V12, Where Vi, is the open-
circuit voltage across the open ends of the loop. Under d-

cco VI . = 0. For the loop shown in Fig. 6-2(a)
and iated definition for VI . given by Eq. (6.8),

the direction of ds, the loop’s differential surface normal,
can be chosen to be either upward or downward. The
two choices are associated with opposite designations of
the polarities of terminals 1 and 2 in Fig. 6-2(a). The
connection between the direction of ds and the polarity
of V! . is governed by the following right-hand rule: if
ds/pomt&along the thumb. of the right hand, then the

of the 1nd1catecl by the four ﬁngers
18 alwa across the opening from the

VI . to the negative terminal.

If the loop has an internal resistance R;, the circuit in
Fig. 6-2(a) can be represented by the equivalent circuit
shown in Fig. 6-2(b), in which case the current I flowing
through the circuit is given by

(6.9)

For good conductors, R; usually is very small, and it
may be ignored in comparison with practical values of R,
except when R = 0 (loop is shorted across its ends).

The polarity of V.= and hence the direction of I is
governed by Lenz’s law, which states that the current
in the loop is always in such a direction as to oppose
the change of magnetic flux ® (1) that produced it. The
current I induces a magnetic field of its own, Binq, with
a corresponding flux ®inq. The direction of Big is
governed by the right-hand rule; if 7 is in a clockwise
direction, then Bjq points downward through S and,
conversely, if I is in a counterclockwise direction, then
Bi,q points upward through S. If the original field B(¢) is
increasing, which means that d®/dt > 0, then according
to Lenz’s law, I has to be in the direction shown in
Fig. 6-2(a) in order for Bjyq to be in opposition to B(¢).
Consequently, terminal 2 would be at a higher potential
than terminal 1, and V. . would have a negative value.
However, if B(¢) were to remain in the same direction
but to decrease in magnitude, then d ®/dt would become
negative, the current would have to reverse direction, and
its induced field Bi,q would be in the same direction as
B(#) so as to oppose the change (decrease) of B(¢). In that
case be positive. It tant to remember
that to oppose the in B(¢), and not
necessarily B(¢) itself.

Despite the presence of the small
terminals 1 and 2 of the loop in Fig.
treat the loop as a closed path with contour C.
in order to establish the link between B and
field E associated with the induced emf, V;;lf. Also, at
any point along the loop, the field E is related to the

between
we shall
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6-2 STATIONARY LOOP IN A TIME-VARYING MAGNETIC FIELD 235

current / flowing through the loop. For contour C, V.
is related to E by

(6.10)

Vo= % E-dl
RN c- -
For N = 1 (a loop with one turn), equating Eqs. (6.8)
and (6.10) gives

?{E-dl:—/ﬁ-ds,

which is the integral form of Faraday’s law given in
Table 6-1. We should keep in mind that the direction
of the contour C and the direction of ds are related by the
right-hand rule.

By applying Stokes’s theorem to the left-hand side of
Eq. (6.11), we have

oB
/(VxE)-ds:—/—-ds,

and in order for the two integrals to be equal, their
integrands have to be equal, which gives

6.11)

(6.12)

oB
VxE= 3 (Faraday’s law).  (6.13)

This differential form of Faraday’s law states that a
time-varying magnetic field induces an electric field E
whose curl is equal to the negative of the time derivative
of B. Even though the derivation leading to Faraday’s
law started out by considering the field associated with a
physical circuit, Eq. (6.13) applies at any point in space,
whether or not a physical circuit exists at that point.

Example 6-1  Inductor in a Changing Magnetic Field

An inductor is formed by winding N turns of a thin
conducting wire into a circular loop of radius a. The
inductor loop is in the x—y plane with its center at the
origin, and it is connected to a resistor R, as shown in
Fig. 6-3. In the presence of a magnetic field given by
B = By(§2-+23) sin wt, where w is the angular frequency,
find

\N turns

Figure 6-3: Circular loop with N turns in the x—y plane.
The magnetic field is B = Bo(§2 + 23) sin wt (Example
6-1).

(a) the magnetic flux linking a single turn of the inductor,

(b) the transformer emf, giventhat N = 10, By = 0.2 T,
a = 10 cm, and w = 103 rad/s,

(¢) the polarity of VI -at# = 0, and

(d) the induced current in the circuit for R = 1 k2
(assume the wire resistance to be negligibly small).

Solution: (a) The magnetic flux linking each turn of the
inductor is

d>=/B-ds
S

= /[Bo(yZ +23)sinwt]-Zds = 3mwa’ By sin wt.
s

(b) To find Ve‘fnf we can apply Eq. (6.8) or we can apply
the general expression given by Eq. (6.6) directly. The
latter approach gives

d
= —-;(3nNa2Bo sinwt) = —37 Nwa® By cos wt.

ForN =10, a =0.1m, @ = 103 rad/s,and By = 0.2 T,
viE = —188.5c0s10°t (V).

emf =
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(¢)Att = 0, d®/dt > 0 and Vi, = —1835 V.
Since the flux is increasing, the current / must be in the
direction shown in Fig. 6-3 in order to satisfy Lenz’s law.
Consequently, point 2 is at a higher potential than point 1
and

VE. =V -V, =-1885 (V).

€
(d) The current [ is given by

Vo —Vy 1885
I = =
R 10

cos 103t = 0.19¢cos 10’t  (A).
[

EXERCISE 6.1 For the loop shown in Fig. 6-3, what is
v _if B = yB,cos wt? Explain.

emf

Ans. VE . = 0 because B is orthogonal to the loop’s
surface normal ds.

EXERCISE 6.2 Suppose that the loop of Example 6-1 is
replaced with a 10-turn square loop centered at the origin
and having 20-cm sides oriented parallel to the x- and
y-axes. If B = 2Box? cos 10°t and By = 100 T, find the
current in the circuit.

Ans. I = —133sin10%¢ (mA).

Example 6-2 Lenz’s Law

Determine the voltages V; and V, across the 2-$2 and
4- resistors shown in Fig. 6-4. The loop is located in
the x—y plane, its area is 4 m?, the magnetic flux density
is B = —320.3¢ (T), and the internal resistance of the wire
may be ignored.

Solution: The flux flowing through the loop is

<I>=fB-ds=/(—iO.3t)-ids
N S
=—-03t x4=-1.2¢

(W),

L

y

® ® ® [

|+ ® ~ x
4Q2V, 141 § 20
T Area =4 m?
® ® ®
Figure 6-4: Circuit for Example 6-2.

and the corresponding transformer emf is

do

dt
Since the magnetic flux through the loop is along the
_z-direction (into the page) and it is increasing in
magnitude with time ¢, Lenz’s law states that the induced
current I should be in a direction such that the magnetic
flux density Biyq induced by I counteracts the direction
of change of ®. Hence, I has to be in the direction shown
in the circuit because the corresponding Bing is along the
+z-direction in the region inside the loop area. This, in
turn, means that V; and V, are positive voltages.

The total voltage of 1.2 V is distributed across two
resistors in series. Consequently,

VI = 12 (V).

yi 1.2
[=— = "~ —02A,
Ri+ Ry 244
and
Vi=IR =02x2=04YV,
V,=IR,=02%x4=08V. ®m
REVIEW QUESTIONS

Q6.1 Explain Faraday’s law and the function of Lenz’s
law.
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6-3 THE IDEAL TRANSFORMER 237

Q6.2 Under what circumstances is the net voltage
around a closed loop equal to zero?

Q6.3 Suppose the magnetic flux density linking the loop
of Fig. 6-4 (Example 6-2) is given by B = —Z 0.3¢™" (T).
What would the direction of the current be, relative to that
shown in Fig. 6-4, for t > 0?7 Explain.

6-3 The Ideal Transformer

The transformer shown in Fig. 6-5(a) consists of two coils
wound around a common magnetic core. The coil of the
primary circuit has N; turns and that of the secondary
circuit has N, turns. The primary coil is connected to
an a-c voltage source V() and the secondary coil is
connected to a load resistor Rr.. In an ideal transformer
the core has infinite permeability (u = oo), and the
magnetic flux is confined within the core. The directions
of the currents flowing in the two coils, I; and I, are
defined such that, when I; and I, are both positive, the
flux generated by .Iz is oppo‘site that generateq b'y L. The are such that the flux & generated by one of them is
transformer gets its name from the fact that it is used to opposite that generated by the other. The direction of
transform currents, voltages, and impedances between the secondary winding in (b) is opposite that in (a), and
its primary and secondary circuits. so are the direction of /5 and the polarity of V5.

On the primary side of the transformer, the voltage
source V| generates a current /; in the primary coil, which
establishes a flux ® in the magnetic core. The flux ® and

)

Figure 6-5: In a transformer, the directions of I; and I

the voltage V) are related by Faraday’s law: In an ideal lossless transformer, all the instantaneous
dd power supplied by the source connected to the primary
Vi=-N P (6.14) coil is delivered to the load on the secondary side. Thus,
L . no power is lost in the core, and
and, similarly, on the secondary side,
dd Py = P, (6.17)
Vo=—-N;— . (6.15)
dt Since P, = I,V, and P, = LV,, and in view of
The combination of Eqs. (6.14) and (6.15) gives Eq. (6.16), we have
V N I N.
=1 (6.16) L2 (6.18)
Vo2 N I, N,
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L)

Vi) [Ra]

Figure 6-6: Equivalent circuit for the primary side of the
transformer.

Thus, whereas the ratio of the voltages given by Eq. (6.16)
is proportional to the corresponding turns ratio, the ratio
of the currents is equal to the inverse of the turns ratio.
If Ni/N, = 0.1, V, of the secondary circuit would be
10 times V; of the primary circuit, but I would be only
1;/10.

The transformer shown in Fig. 6-5(b) is identical to that
in Fig. 6-5(a) except for the direction of the windings of
the secondary coil. Because of this change, the direction
of I, and the polarity of V; in Fig. 6-5(b) are the reverse
of those in Fig. 6-5(a).

The voltage and current in the secondary circuit in
Fig. 6-5(a) arerelated by Vo = L Ry.. To the input circuit,
the transformer may be represented by an equivalent input
resistance Rj,, as shown in Fig. 6-6, defined as

Vi

Rpn=—. 6.19
"= (6.19)
Use of Egs. (6.16) and (6.18) gives
Vi (N1 I
Rp=—=|—) ={— ) Ru. 6.20
in 12 (Nz) <N2> L ( )

When the load is an impedance Z; and V) is a sinu-
soidal source, the input resistance representation can be
extended to an equivalent input impedance Zip given by

N 2
T r— (Fl) ZL. (621

2

6-4 Moving Conductor in a Static
Magnetic Field

Consider a wire of length / moving across a static
magnetic field B = 2B, at a constant velocity u, as
shown in Fig. 6-7. The conducting wire contains free
electrons. From Eq. (5.3), the magnetic force Fr, acting
on any charged particle g moving with a velocity uin a
magnetic field B is given by

Fn = q(uxB). (6.22)

This magnetic force is equivalent to the electrical force
that would be exerted on the particle by an electric
field Ep, given by

En = i =uxB.

q

The field E, generated by the motion of the charged
particle is called a motional electric field, and it is in a
direction perpendicular to the plane containing u and B.
For the wire shown in Fig. 6-7, Ey, is along —§. The
magnetic force acting on the electrons in the wire causes
them to move in the direction of —En; that is, toward
the end labeled 1 in Fig. 6-7. This in turn induces a

(6.23)

© 06 060 0
— L y
© OO O
EI'I! .
1 @ olle o ZL—wc
u
Lo adlo o
= 2 Magnetic field line
Moving (out of the page)
wire © O O]
Figure 6-7: Conducting wire moving in a static magnetic
field. ‘

-

=t A
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® O)
O] ©
Vi
+

Vegllf k) O
& ©

=0 _ .
S O BN O]

I X0

© 60 0

Magnetic field B

© 06 o0 60 0

©

Figure 6-8: Sliding bar in a magnetic field that increases linearly with x; that is, B = ZBgx (Example 6-3)

voltage difference between ends 1 and 2, with end 2 being
at the higher potential. The induced voltage is called a
motional emf, V1 ., and is defined as the line integral of
E, between ends 2 and 1 of the wire,

1 1
ym = Vi, :/ Eq-dl :/ @xB)-dl. (6.24)
2 2
For the conducting wire, u X B = Xu x 2By = —yu By

and dl = y d!. Hence,
yo V12 = —MBOZ.

emf —

(6.25)

Ingeneral, ifany segmentofaclosedcircuit with contour C
moves with a velocity u across a static magnetic field B,
then the induced motional emfis given by

ot = %(u x B)-dl (6.26)
c

Only those segments of the circuit that cross magnetic
field lines contribute to -

Example 6-3  Sliding Bar

The rectangular loop shown in Fig. 6-8 has a constant
width/, butitslength xj increases withtime asaconducting

bar slides at a uniform velocity u in a static magnetic field
B = ZByx. Note that B increases linearly with x. The bar
starts fromx = Qat¢ = 0. Find the motional emfbetween
terminals 1 and 2 and the current / flowing through the
resistor R. Assume that the loop resistance R; < R.

Solution: This problem can be solved by using the
motionalemfexpression givenbyEq. (6.26) orby applying
the general formula of Faraday’s law. We will show that
the two approaches yield the same result.

The sliding bar, being the only part of the circuit that
crosses the lines of the field B, is the only part of contour
2341 that contributes to VT .. Hence, at x = xo,

4
Verrnnfz V12= V43=/ (ll X B) -dl
3
4
:/ (i{u X iBoXo) 'i’dl:-st()X()l
3

The length of the loop is related to u by xo = ut. Hence,

m o= —Boullt (V). (6.27)

Since Bisstatic, Vet:nf = Oand Verys = V7 conly. Toverify
that the same result can be obtained by the general form of
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Faraday’s law, we start by finding the flux ® through the
surface of the loop. Thus,

@:/B-ds
S

=f(iBox)-idxdy
s
X0 Bl 2
-—_Bolf xdx = Oxo.
0 2

Substituting xo = ut in Eq. (6.28) and then taking the
negative derivative with respect to time gives

ad  d Bolu?t?
dt ~ dt 2

=—Buu’lt V),

(6.28)

Vemt =

(6.29)

which is identical with Eq. (6.27). Since V, is negative,
the current I = Bou?lt/ R flows in the direction shown in
Fig.6-8. ®

Example 6-4  Moving Loop

The rectangular loop shown in Fig. 6-9 is situated in the
x—y plane and moves away from the origin at a velocity
u = ¥5 (m/s) in a magnetic field given by

B(y) =20.2¢7%Y ().

If R = 5, find the current / at the instant that the loop
sidesareat y; = 2mand y, = 2.5 m. Theloop resistance
may be ignored.

Solution: Since u x B is along X, voltages are induced
across only the sides oriented along X, namely the side
between points 1 and 2 and the side between points 3 and 4.
Had B been uniform, the induced voltages would have
been the same and the net voltage across the resistor would
have been zero. In the present case, however, B decreases
exponentially with y, thereby assuming a different value
over side 1-2 than over side 3-4. Side 1-2isaty, = 2m,
and the corresponding magnetic field is

B()’l) e 20.2670-1)/1 = io'ze‘O-Z (T)

—_—

Figure 6-9: Moving loop of Example 6-4.

The induced voltage V5 is then given by
1
Via= [ wxBo0I-d1
2

—1/2
= / (§5 x 70.2¢7%%) -k dx
1/2

=02 =-2:%2=-1637 (V).
Similarly,
Vis = —u B(y2) | = —5 x 0.2¢7%% x 2
=—-1.558 (V).

Consequently, the current is in the direction shown in the
figure and its magnitude is

Viaz — V; 0.079
=22 _ — 15.8(mA). =
R 5
Example 6-5  Moving Rod Next to a Wire

The wire shown in Fig. 6-10 is in free space and carries
acurrent I = 10 A. A 30-cm-long metal rod moves at 2
constant velocity u = z5 m/s. Find V.

1
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BO ®B
I=10A
r Metal rod
Wire 1 2
10 cm—4 30 cm: i
BO ®B

Figure 6-10: Moving rod of Example 6-5

Solution: The current I induces a magnetic field

~ ol
B=¢p—,
¢2nr
wherer istheradial distance fromthe wireand the direction
of ¢ is into the page at the metal rod side of the wire. The
movement of the rod in the presence of the field B induces

amotional emf given by

10 cm
V12=/ (ux B)-dl
4

0cm

10 cm
~ ol
:f (25 x ¢’i)-f dr
40 cm 2nr

_ S,U,()I/locmdr
- 2 4

Ocm ¥

5 x 47 x 1077 x 10 10
—_ I — ) =13.9 (uV).
e X n(40) V)

EXERCISE 6.3 For the moving loop of Fig. 6-9, find I
at the instant that the loop sides are at y; = 4 m and

241

y2 = 4.5 m. Also, reverse the direction of motion such
that u = —§5 (m/s).

Ans. I = —13(mA).

EXERCISE 6.4 Suppose that we turn the loop of Fig. 6-9 so
that its surface is parallel to the x—z plane. What would [
be in that case?

Ans. I =0.

REVIEW QUESTIONS

Q6.4 Suppose that no friction is involved in sliding the
conducting bar of Fig. 6-8 and that the horizontal arms of
the circuitare very long. Hence, if the baris given an initial
push, it should continue moving at a constant velocity, and
its movement generates electrical energy in the form of
an induced emf, indefinitely. Is this a valid argument?
If not, why not? How can we generate electrical energy
without having to supply an equal amount of energy by
other means?

Q6.5 Isthecurrentflowingintherod of Fig. 6-10asteady
current? Examine the force on a charge ¢ atends 1 and 2
and compare.

6-5 The Electromagnetic Generator

The electromagnetic generator is the converse of the
electromagnetic motor. The principlesofoperationofboth
instruments may beexplained with the helpofFig. 6-11. A
permanentmagnetisused toproduceastaticmagnetic field
B in the slot between the two poles of the magnet. Whena
current is passed through the conducting loop, as depicted
in Fig. 6-11(a), the current flows in opposite directions in
segmerits 1-2 and 34 of the loop. The induced magnetic
forces on the two segments are also opposite, resulting
in a torque that causes the loop to rotate about its axis.
Thus, in a motor, electrical energy supplied by a voltage
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U.S. Patent 7,151,430



242 CHAPTER 6 MAXWELL S EQUATIONS FOR TIME-VARYING FIELDS

Axis of rotation
(a) a-c motor

Axis of rotation
(b) a-c generator

Figure 6-11: Principles of the a-c motor and the a-c
generator. In (a) the magnetic torque on the wires causes
the loop to rotate, and in (b) the rotating loop generates
an emf.

source is converted into mechanical energy in the form of
arotating loop, which can be coupled to pulleys, gears, or
other movable objects.

&~

w
N\,
<
—N\

N\
N\ R

Loop surface
normal

Brushes

Figure 6-12: A loop rotating in a magnetic field induces
an emf.

If, instead of passing a current through the loop to make
it turn, the loop is made to rotate by an external force, the
movement of the loop in the magnetic field will produce a
motional emf, V%, as shown in Fig. 6-11(b). Hence, the
motor has become a generator, and mechanical energy is
being converted into electrical energy.

Let us examine the operation of the electromagnetic
generatorinmoredetail using thecoordinatesystem shown
in Fig. 6-12. The magnetic field is given by

B = By, (6.30)

and the axis of rotation of the conducting loop is along the
x-axis. Segments 1-2 and 34 of the loop are of length /
each, and both cross the magnetic flux lines as the loop
rotates. The other two segments are each of width w, and
neither crosses the B lines when the loop rotates. Hence,
only segments 1-2 and 3—4 contribute to the generation of
the motional emf, V7 ..
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6-6 MOVING CONDUCTOR IN A TIME-VARYING MAGNETIC FIELD 243

As the loop rotates with an angular velocity w about its
own axis, segment 1-2 moves with a velocity u given by
w

u=nw—,

5 (6.31)

where 1, the surface normal to the loop, makes an angle «
with the z-axis. Hence,

nXZz=Xsina. (6.32)

Segment 3—4 moves with a velocity —u. Application of
Eq. (6.26), consistent with our choice of i, gives

1 3
Venr;lf:vmzf (uxB)-dl+/ (ux B)-dl
2 4

12 w
=/ [(ﬁa)—) x 230] R dx
-2 2

"y w
il xAB]-Ad.6.33
—|—[/2 [( na)z) ZBy|-Xdx.( )

Using Eq. (6.32) in Eq. (6.33), we obtain the result
(6.34)

e = wlwBysina = AwBg sina,

where A = wl is the surface area of the loop. The angle «
isrelated to w by

o = wt + Cy, (6.35)

where Cy is a constant determined by initial conditions.
Forexample,if« = Oatr = 0, then Cy = 0. In general,

Vo= AwBgsin(wt + Co) (V). (6.36)

This result can also be obtained by applying the general
form of Faraday’s law given by Eq. (6.6). The flux linking
the surface of the loop is

¢=[B-ds=/iBo-ﬁds
S S

= ByA cosa

= ByA cos(wt + Cp), (6.37)

and

Vemt = a® = d [BpA C
emf = i dr 0A cos(wt + Cp)]
= AwBq sin(wt + Cyp), (6.38)

which is identical with the result given by Eq. (6.36)

REVIEW QUESTIONS

Q6.6 Contrast the operation of an a-¢c motor with that of
an a-c generator.

Q6.7 The rotating loop of Fig. 6-12 had a single turn.
What would be the emf generated by aloop with 10 turns?

Q6.8 The magnetic flux linking the loop shown in
Fig. 6-12 is a maximum when « = 0 (loop in x—y plane),
and yet according to Eq. (6.34), the induced emf is zero
when oo = 0. Conversely, when o = 90°, the flux linking
the loopiszero, but V7 . isatamaximum. Isthis consistent

141}
with your expectations? Why?

6-6 Moving Conductor in a Time-Varying
Magnetic Field

For the general case of a single-turn conducting loop
moving in a time-varying magnetic field, the induced emf
is the sum of a transformer component and a motional
component. Thus, the sum of Egs. (6.8) and (6.26) gives

_ tr m
Vemt = Vemf + Veme

%E-a’l
c

:—/ﬁ-ds—l-f(uxl})wil. (6.39)
s Ot c
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Vemt is also given by the general expression of Faraday’s
law

dd d

—_ 7 —_—— | B-ds 6.40
Ve dt dt[s 5. (640)

In fact, it can be shown mathematically that the ri ght-hand
side of Eq. (6.39) is equivalent to the right-hand side of
Eq. (6.40). Forap

using Eq. (6.39) or

of which is the easier to ap

turns, the terms on the right

(6.40) should be multiplied by N.

Example 6-6 Electromagnetic Generator

Find the induced voltage when the rotating loop of the

electromagnetic generator of Section 6-5 is in a magnetic
field B = 2B, cos wt. Assume thata = OQatt = 0.

Solution: Inthiscasetheflux ®isgiven byEq. (6.37) with
By replaced with Bg cos of. Thus,

& = ByA cos’ wt,

and

0®
Vemf: —_a_f

9 (BoA cos” wt)
_ - COS™ w
9 "

= 2ByAw cos wt sinwt = BoAw sin 2wt

6-7 Displacement Current

From Table 6-1, Ampere’s law in differential formis given
by

aD .

VxH=J+ m (Ampere’s law). (6.41)

If we take the surface integral of both sides of Eq. (6.41)

over an arbitrary open surface S with contour C,wehave

f(VxH)-ds:/J-ds%—fgI—)-ds. (6.42)
S N S ot

eintegral of Jiseq onduction current

through S, and the egral of Vx Hcan
be converted into a line integral of H over the contour C
by invoking Stokes’s theorem. Hence,

oD
%H-dl:lc—t—/—-ds (Ampére’slaw).(6.43)
c S ot

The second term on the right-hand side of Eq. (6.43) has
to have the same unit (amperes) as the current I, and
because it is proportional to the time derivative of the
electric flux density D (which is also called the electric
displacement), it is called the displacement current I4.
That is,

aD
L & f Jo-ds= / ds, (6.44)
s s 0t

where Jq = 9D/d¢ represents a displacement current
density. Inview of Eq. (6.44),

jﬁH-dl:IcHd:I, (6.45)
C
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@ I =1

Imaginary
surface Sy

Vi) @

Imaginary
surface S,

~ ——

the wire.

Figure 6-13: The displacement current I,4 in the insulating material of the capacitor is equal to the conducting current /j¢ in

unified connection between electric and magnetic fields
under time-varying conditions.

The parallel-plate capacitor is commonly used as a
convenient example to illustrate the physical meaning of
the displacement current /4. The simple circuit shown in
Fig. 6-13 consists of a capacitor and an a-c source with
voltage Vs () given by

Vi(t) = Vycoswt (V). (6.46)

According to Eq. (6.45), the total current flowing through
any surface consists, in general, of a conduction current I
andadisplacementcurrent /4. Letus find I and /4 through
eachofthe following two imaginary surfaces: (1) the cross
section of the conducting wire, 1, and (2) the cross section
of the capacitor (surface S, in Fig. 6-13). We shall denote
the conduction and displacement currents in the wire [j¢
and 714 and those through the capacitor I and Ioqg.

In a perfect conductor, D = E = 0; hence, Eq. (6.44)
gives I1q = 0inthe wire. As to I}, we know from circuit
theory thatitis related to the voltage across the capacitor V;

by

A% d .
Lhe=C—=C E(Vo coswt) = —CVyw sin wt,

(6.47)

c
dt

where we used the fact that V. = V(). With
Ig =0, the total current in the wire is simply
I = I, = —CVywsinwt.

Wenow consider the currents flowing through surface S,
in Fig. 6-13, which is an imaginary, open surface parallel
to the capacitor plates and situated somewhere between
them. The space between the two plates, each of whichis
of area A, is filled with a perfect dielectric material with
permittivity . Since electrical charges cannot physically
movethroughadielectric medium, conductioncannottake
place between the conducting plates of the capacitor, and
therefore I, = 0. To determine /54, we need to apply
Eq. (6.44). From Example 4-11, the electric field E in the
dielectric spacing is related to the voltage V. across the
capacitor by <

E=3% (6.48)

Ve Vo
s cos wt,
d

where d is the spacing between the plates and ¥ is the
direction from the higher-potential plate toward the lower-
potential plate. The displacement current Ipq in the
direction shown in Fig. 6-13 is obtained by applying
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Eq. (6.44) withds = § ds

9D
ba= | == d
2d [S 9t S

3 [, eV N
:/A[é—t <y£[—i£cosa)t>:|-(yds)

A
— _% Vow sin wt = —CVyw sin wt, (649)

where we used the relation C = ¢ A /d for the capacitance
of the parallel-plate capacitor. Theexpressionfor I4in the
dielectricregion between the conducting platesis identical
with that given by Eq. (6.47) for the conduction current I
in the wire. The fact that these two currents are equal
ensures the continuity of current flow through the circuit.
Even though the displacement current does not carry real
charge, it nonetheless behaves like a real current.

In the capacitor example, we treated the wireas a perfect
conductor, and we assumed that the spacing between the
capacitor plates is a perfect dielectric. If the wire has a
finite conductivity o, then Dinthe wire would not be zero,
and therefore the current I; would consist of a conduction
current I, as well as a displacement current /;4; that is,
I, = I,c+ I;4. By the same token, if the dielectric spacing
material hasanonzeroconductivity o4, thencharges would
be able to flow between the two plates and I would not
be zero. In that case, the total current flowing through the
capacitor would be I = Ix¢ + o4, and it would be equal
to the total current in the wire. Thatis, I = Is.

Example 6-7  Displacement Current Density

The conduction current flowing through a wire with
conductivity o = 2 x 107 S/m and relative permittivity

g, = lis givenby I, = 2sinwt (mA). If o = 10° rads,
find the displacement current.

Solution: The conduction current I, = JA = oEA,
where A is the cross section of the wire. Hence,

oA
_Ix 10-10

sinwt  (V/m).

Application of Eq. (6.44), with D = ¢ E, leads to

Is = J4A
cAdE/ot

g )

—sw x 1079 coswr = 0.885 x 1072 coswt  (A),

where weusedw = 10% rad/sand e = g9 = 8.85 x 1072
F/m. Note that I, and Iy are in phase quadrature (90°
phase shiftbetween them). Also, /qis about nine orders of
magnitude smaller than I, which is why the displacement
current usually is ignored in good conductors.

EXERCISE 6.5 A poor conductor is characterized by a
conductivity ¢ = 100 (S/m) and permittivity & = 4¢o.
At what angular frequency  is the amplitude of the
conduction current density J equal to the amplitude of the
displacement current density J4?

Ans. o = 2.82 x 10'? (rad/s).

6-8 Boundary Conditions
for Electromagnetics

In Chapters 4 and 5 we applied the 1 form of
Maxwell’s equations under static con to obtain
boundary conditionsthatthe tangentialandnormal compo-
nentsof E, D, B, and Hmust satisfy at theinterfacebetween
two contiguous media. These conditions are given in

-

i
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Table 6-2: Boundary conditions for the electric and magnetic fields

. Medium 1 Medium 2 Medium 1 Medium 2
Field Components General Form Dielectric Dielectric Dielectric Conductor
Tangential E n; x (B —Ep) =0 Eyw=Eyn Ew=Ex=0
Normal D iy (D — D7) = ps Din — Dop = ps Din = ps Do =0
Tangential H iy x (Hy —Hp) = Js Hy = Hy Hy = Js Hy =0
Normal B ny- (B —By)=0 Bin = Byg Bln =By =0

Notes: (1) ps is the surface charge density at the boundary; (2) Js is the surface current density at the boundary;
(3) normal components of all fields are along fiy, the outward unit vector of medium 2; (4) Ey, = Ey; implies
that the tangential components are equal in magnitude and parallel in direction; (5) direction of J is orthogonal

to (H; — Hp).

Section 4-9 for E and D and in Section 5-7 for B and H.
In the dynamic case, Maxwell’s equations [Table 6-1]
include two new terms, dB/d¢ in Faraday’slaw and dD /9t
in Ampere’s law. Nevertheless, the boundary conditions
derived previously for electrostatics and magnetostatics
remain valid for time-varying fields as well. This is
because, if we were to apply the same procedures outlined
in the above-referenced sections, we would find that the
combination of the aforementioned terms vanish as the
areas of the rectangular loops in Figs. 4-18 and 5-24 are
made to approach zero.

For easy access, the combined set of electromagnetic
boundary conditions is given in Table 6-2.

REVIEW QUESTIONS

Q6.9 Whenconduction current flows through a material,
a certain number of charges enter the material on one end
and an equal number leave on the other end. What’s the
situationlike forthe displacementcurrentthroughaperfect
dielectric?

Q6.10 Verify that the integral form of Ampere’s law
given by Eq. (6.43) leads to the boundary condition that

the tangential component of H is continuous across the
boundary between two dielectric media.

6-9 Charge—Current Continuity Relation

Under static conditions, the charge density p, and the
current density J at a given point in a material are totally
independent of one another. This is not true in the
time-varying case. To show the connection between py
and J, we start by considering an arbitrary volume v
bounded by aclosed surface S, as shown in Fig. 6-14. The
net positive charge contained in v is Q. Since, according
to the law of conservation of electric charge [Section 1-
2.2], charge can neither be created nor destroyed, the only
way Q can increase is as a result of a net inward flux of
positive charge into the volume v and, by the same token,
for Q to decrease there has to be a net outward flux of
charge from v. The inward and outward fluxes of charge
constitute currents flowingacross the surface S intoand out
of v, respectively. We define I as the ner current flowing
across S out of v. Accordingly, [ is equal to the negative
rate of change of Q:

d d
I = __Q = /Pv dv5
v

—— 6.50
dt dt ( )
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S encloses v

Figure 6-14: Total current flowing out of a volume V is
equal to the flux of current density J through the surface S,
which in turn is equal to the rate of decrease of the charge
enclosed in V.

where py is the volume charge density in v. According
to Eq. (4.12), the current I is also defined as the outward
flux of the current density vector J through the surface S.

Hence,
%J d d/ av
cds = —— 2
A a1 vPv

By applying the divergence theorem given by Eg. (3.98),
we can convert the surface integral of J into a volume
integral of its divergence V - J, which then gives

fJ-dS:/V-JdV=—£fpvdv. (6.52)
s v dt Jy

For a stationary volume Vv, the time derivative operates on
oy only. Hence, we can move it inside the integral and
express it as a partial derivative of py:

3
/V-Jdv=—f—pldv.
, , ot

In order for the volume integrals on the two sides of
Eq. (6.53) to be equal for any volume V, their integrands
have to be equal at every point within v. Hence,

(6.51)

(6.53)

dpv

V-I=-=, (654

whichisknownasthe charge—current continuity relation
or simply as the charge continuity equation.

If the volume charge density within an elemental vol-
ume AV (such as a small cylinder) is not a function of time
(i.e., dpy/dt = 0), it means that the net current flowing
out of Ay is zero or, equivalently, that the current flowing
into Avisequaltothe current flowingoutofit. Inthis case,
Eq. (6.54) becomes

V-J=0, (6.55)

and its integral-form equivalent [from Eq. (6.51)] is

% J-ds =0 (Kirchhoff’s currentlaw).  (6.56)
s

Let us examine the meaning of Eq. (6.56) by considering a
junction (or node) connecting two or more branches in
an electric circuit. No matter how small, the junction
has a volume V enclosed by a surface S. The junction
shown in Fig. 6-15 has been drawn as a cube, and its
dimensions have been artificially enlarged to facilitate the
present discussion. The junction has six faces (surfaces),
which collectively constitute the surface S associated with
the closed-surface integration given by Eq. (6.56). For

1
£
I~ @')'_____Eblz
PR
’ g’
I3

Figure 6-15: Kirchhoff’s current law states that the
algebraic sum of all the currents flowing out of a junction
is zero.
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6-10 FREE-CHARGE DISSIPATION IN A CONDUCTOR

each face, the integration represents the current flowing
out through that face. Thus, Eq. (6.56) can be rewritten as

> I;=0 (Kirchhoff’scurrentlaw),  (6.57)

where [; is the current flowing outward through the ith
face. For the junction of Fig. 6-15, Eq. (6.57) translates
into (I} + I, + I3) = 0. Inits general form, Eq. (6.57)is an
expression of Kirchhoff’s current law, which states that
in an electric circuit the algebraic sum of all the currents
Sflowing out of a junction is zero.

6-10 Free-Charge Dissipation
in a Conductor

We stated earlier that current flow ina conductorisrealized
by the movement of loosely attached electrons under the
influence of an externally applied electric field. These
electrons, however, are not excess charges; they are
balanced by an equal amount of positive charge in the
atoms’ nuclei. In other words, the conductor material
is electrically neutral, and the net charge density in the
conductor is zero (py = 0). What happens then if an
excess free charge ¢ is introduced at some interior point
in a conductor? The excess charge will give rise to an
electric field, which will force the charges of the host
material nearest to the excess charge to rearrange their
locations, which in turn cause other charges to move, and
the process will continue until neutrality is reestablished in
the conductor material and a charge equal to g is supplied
to the conductor’s surface.

How fast does the excess charge dissipate? To answer
this question, let us introduce a volume charge density oy
at the interior of a conductor and then find out the rate
at which it decays down to zero. From Eq. (6.54), the
continuity equation is given by

b

V-J=
J at

(6.58)

249

In a conductor, the point form of Ohm’s law, given by
Eq. (4.67), states that J = o E. Hence,
dpy
V-E=——.
7 ot
Next, we use Eq. (6.1), V - E = py /¢, to obtain the partial
differential equation

(6.59)

ooy o
—+ —py=0.
at + apv

Given that p, = py, att = 0, the solution of Eq. (6.60) is
~O = pyee™/™  (CIm®),  (6.61)

(6.60)

ov(t) = pyoe

wheret;, = g/oiscalledtherelaxation time constant. We
seefromEq. (6.61) thattheinitial excess charge p,, decays
exponentially at arate 7;. Att = 7y, the initial charge py,
will have decayed to 1/e = 37% of its initial value, and at
t = 31, itwillhavedecayedtoe™> ~ 5%ofitsinitial value
at¢ = 0. For copper, with & ~ gy = 8.854 x 10712 F/m
ando = 5.8 x 10’ S/m, 1, = 1.53 x 10~%s. Thus, the
charge dissipation processin aconductoris extremely fast.
In contrast, the decay rate is very slow in a good insulator.
For a material like mica withe = 6ggando = 10715 S/m,
7. = 5.31 x 10*s, or approximately 14.8 hours.

REVIEW QUESTIONS

Q6.11 Explainhow the charge continuity equation leads
to Kirchhoff’s current law.

Q6.12 Howlongistherelaxationtimeconstantforcharge
dissipation in a perfect conductor? In a perfect dielectric?

EXERCISE 6.6 Determine (a) the relaxation time constant
and (b) the time it takes for a charge density to decay to
1% of its initial value in quartz, given that &, = 5 and
o =107 §/m.

Ans. (a) t; = 51.2days, (b) 236 days.
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6-11 Electromagnetic Potentials

Through our discussion of Faraday’s and Ampere’s laws,
we examined two aspects of the interconnection that exists
between the electric and magnetic fields when the fields are
time varying. We willnow examine theimplications ofthis
interconnection with regard to the electric scalar potential
V and the vector magnetic potential A.
For 3/dt = 0, Faraday’s law reduces to
VxE=0

(electrostatics), (6.62)

which states that the electrostatic field E is conservative.
Accordingto the rules of vector calculus, if a vector field E
is conservative, it can be expressed as the gradient of a
scalar. Hence, in Chapter 4 we defined E as

E=—-VV (electrostatics). (6.63)
In the dynamic case, Faraday’s law is given by
B
VxE=——, (6.64)
at

andin view of the relation B = V x A, Eq. (6.64) becomes

0
VxE_—_—E(VxA), (6.65)

which can be rewritten as

A

Vv x <E + 5 > =0 (dynamic case). (6.66)

Let us for the moment define

oA
E=E+—

6
T (6.6

in which case Eq. (6.66) becomes
VxE =0. (6.68)

Following the same logic that led to Eq. (6.63) from
Eq. (6.62), we define
E =-VV. (6.69)

Upon substituting Eq. (6.67) for E’in Eq. (6.69) and then
solving for E, we have

A
E=-VV - 3 (dynamic case).  (6.70)
Equation (6.70) g. (6.63) in the static case.
When the sca V and the vector potential A

are known, E can be obtained from Eq. (6.70), and B can
be obtained from

B=VxA. (671)

Next we examine the relations between the potentials,
V and A, and their sources, the charge and current
distributions p, and J, in the time-varying case.

6-11.1 Retarded Potentials

Consider the situation depicted in Fig. 6-16. A charge
distribution py existsoveravolume v’ centeredattheorigin
of a coordinate system. The surrounding medium is a
perfect dielectric with permittivity e. From Eq. (4.48a),
the electric potential V (R) atan observation pointin space
specified by the position vector Ris given by

1 Pv (RI) dv ’

VR) = —

6.72
4re Jy,» R ( )

’

where R; denotes the position vector of an elemental vol-
ume AV’ containing charge density py,and R’ = [R— R
is the distance between AV’ and the observation point. If
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Av

Charge V(R
distribution p, R ®

Figure 6-16: Electric potential V(R) due to a charge
distribution py over a volume V’.

the charge distribution is a time-varying function, we may
be tempted to rewrite Eq. (6.72) for the dynamic case as

1 pv(Ri, 1)
V(R, t) = E/;/ T dV’,

but such a form does not account for “reaction time.” If
V] is the potential due to a certain distribution py;, and if
oy1 were to suddenly change to py, it will take a finite
amount of time before Vi at distance R’ changes to V5.
In other words, V (R, t) cannot change instantaneously.
The delay time is equal to t' = R’/up, where u; is the
velocity of propagation in the medium between the charge
distribution and the observation point. Thus, V(R, ) at
time ¢ corresponds to py at an earlier time, thatis, (f — t').
Hence, Eq. (6.73) should be rewritten as

(6.73)

1 ,
VIR, 1) = Z‘[_&‘ dv W),
vl

(6.74)

and V (R, t) is appropriately called the retarded scalar
potential. If the propagation medium is vacuum, u; is
equal to the velocity of light .
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Similarly, the retarded vector potential A(R,1) is
related to the distribution of current density J by

AR, 1=~ / dv'  (Wb/m)
V’

4
(6.75)

This expression is obtained by extending the expression
for the magnetostatic vector potential A(R) given by
Eq. (5.65) to the time-varying case.

6-11.2 Time-Harmonic Potentials

The expressions given by Egs. (6.74) and (6.75) for the
retarded scalar and vector potentials are valid under both
static and dynamic conditions and for any type of time
dependence thatthe source functions o, and J may exhibit.
In the dynamic case, py and J are linked to one another
by the charge continuity relation given by Eq. (6.54).
Hence, in general, both quantities will have the same
functional dependence on time ¢ and, by extension, so will
the potentials V and A and the fields E, D, B, and H.
Furthermore, because V and A are linearly dependent
on py and J, respectively, and also E and B are linearly
dependent on V and A, the relationships interconnecting
all these quantities obey the rules of linear systems. When
a system is linear, we can take advantage of sinusoidal-
time functions to determine the response of the system
due to a source with any type of time dependence. As
was noted in Section 1-6, if the time dependence is
described by a (nonsinusoidal) periodic time function, it
can always be expanded into a Fourier series of sinusoidal
components, and if the time function is nonperiodic, it can
be represented by a Fourier integral. In either case, if the
response of the linear system is known for the steady-state
sinusoidal case, the principle of superposition can be used
to determine the response for the specified time function.
Thus, the sinusoidal response of the system constitutes a
fundamental building block determining the response due
to a source described by any function of time. The term
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time harmonic is often used in this context as a synonym
for “steady-state sinusoidal time dependence.”

In this subsection, we will examine the time-harmonic
responses of the retarded scalar and vector potentials.
Suppose that o, (R;, #) is a sinusoidal-time function with
angular frequency w, given by

ov(Ry, 1) = py(R;) cos wt. (6.76)
Phasor analysis, which was first introduced in Section
1-6 and then used extensively in Chapter 2 to study wave
propagation on transmission lines, is a useful tool for
solving time-harmonic problems. In phasor notation,
ov(Ry, 1) is written in the form
PR, 1) = Re[BRY ], (6.77)
where gy (R;) is defined as the phasor function correspond-
ing to the time function py (R, t). The phasor function is
denoted with atilde (~) overthe letter foreasy recognition.
Comparison of Egs. (6.76) and (6.77) shows that in the
present case py(R;) = ov(Ry).

Next, we express the retarded charge density
pv(Ri, t — R'/up) in phasor form by replacing ¢ with
(t — R'/up) inEq. (6.77):

pv(Ri, 1 — R Jup) = Re [ﬁv(Ri) ejw(t—R’/up)]
= e [y Ry e /R ezl |
=Ne [ﬁv(Ri) e‘fkR'ef“”] (6.78)
where

6.79)

w
k=—
Up

is called the wavenumber or phase constant of the propa-
gation medium. (In general, the phase constant is denoted
by the symbol “B”, but for lossless dielectric media, it
is commonly denoted by the symbol “k” and called the

wavenumber.) Similarly, we define the phasor V(R) of
the time function V (R, t) according to

VR, 1) = Re[V(R) /”]. (6.80)
Using Egs. (6.78) and (6.80) in Eq. (6.74) gives

Re [VR) /'] =

e [L [
dme Sy

By equating the quantities inside the square brackets on
the two sides of Eq. (6.81) and then deleting ¢/** from both
sides, we obtain the phasor-domain expression

el dv’:| . (6.81)

~ 1
V(R) 4]_[8// dv’ (V). (6.82)

For any given charge distribution, Eq. (6.82) can be used
to compute V (R), and then the resultant expression can
be used in Eq. (6.80) to find V(R, t). In like manner,
the expression for A(R, f) given by Eq. (6.75) can be
transformed into

AR, 1) = Re[AR) /'] (6.83)
with
AR) = = f v, (6.84)
4r )\

where J(R;) is the phasor function corresponding to
J(R;, 7). ~ ~

The magnetic field phasor H corresponding to A is given
by
V x A.

H= (6.85)

T -

Recalling that differentiation in the time domain is equiv-
alent to multiplication by jw in the phasor domain, in a
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nonconducting medium (J = 0), Ampere’s law given by
Eq. (6.4) becomes

1
VXH—]a)aE or E=—VxH.
Jjwe

(6.86)

Hence, givenatime-harmoniccurrent-density distribution
w1thphasorJ Egs.(6.84)to (6.86)canbeusedsuccessively
to determine both E and H. The phasor vectors EandH
also are related by the phasor form of Faraday’s law:

1
VxE._—]a)p,H or H———VxE(687)
Jwp

Example 6-8

Inanonconducting mediumwithe = 16gpand & = (o,
the electric field intensity of an electromagnetic wave is
given by

E(z,t) = %10sin(10'% —kz)  (V/m).  (6.88)

Determine the associated magnetic field intensity H and
find the value of &.

Solution: We begin by finding the phasor E(z) of E(z, ).
Since E(z, t) is given as a sine function and phasors are
defined in this book with reference to the cosine function,
we rewrite Eq. (6.88) as

E(z,t) =%10cos(10'% — kz — 7/2)  (V/m)
= Re [E(2) /'], (6.89)
with w = 101° (rad/s) and
E(r) = 8 107%™ = —gj10e7%.  (6.90)

Tofind bothﬁ(z) andk, we will performa “circle”: we will
use the given expression for E(z) in Faraday’s law to find
H(z) then we will use H(z) in Ampere’s law to find E(z)
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which we will then compare with the original expression
for E(z) and the comparison will yield the value of k.
Application of Eq. (6.87) gives

~ 1 ~
H(Z)Z—,—VXE

jou
% § 7
, 3/ox  9/dy 9/dz
JOR 1 _ 107k 0 0

1 ik
i y—( j10e74%)
jou
10k
=—yj—e
wp

—jkz (6.91)

So far, we have used Eq. (6.90) for E(Q to find ﬁ(z), butk
remains unknown. To find k, we use H(z) in Eq. (6.86) to
find E(z):

1
E(z) —VxH
]a)

_L —X 9 _j%e—jkz
Jjwe 9z wu

. 10k?
fmnd —X]

—e /& (6.92)
wUE

Equating Eqgs. (6.90) and (6.92) leads to

K2 = w’ue
or
k=w./ne
= 4w./1ogo
- 47‘” - % =133 (rad/m).  (6.93)
INTEL-1014
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With & known, the instantaneous magnetic field intensity
is then given by
H(z, 1) =%Re [ﬁ(z) el
— Re _yj}%e—jkzejwt
2]
=$0.11sin(10% — 133z)  (A/m). (6.94)

Wenotethatk hasthe sameexpressionasthe phase constant
of alossless transmission line [Eq. (2.39)].

EXERCISE 6.7 The magnetic field intensity of an electro-
magnetic wave propagating in a lossless medium with
€ = 9¢gand u = pois given by

H(z, 1) = %0.3cos(10% — kz + 7/4)
Find E(z, t) and k.

Ans. E(z,1) = —§37.7cos(10%t — z + m/4) (V/m);
k = 1 (rad/m).

(A/m).

CHAPTER HIGHLIGHTS

Faraday’s law states that a voltage is induced across
the terminals of a loop if the magnetic flux linking its
surface changes with time.

In an ideal transformer, the ratios of the primary to
secondary voltages, currents, and impedances are
governed by the turns ratio.
Displacementcurrentaccountsforthe “apparent” flow
of charges through a dielectric. In reality, charges
of opposite polarity accumulate along the two ends
of a dielectric, giving the appearance of current flow
through it.

Boundary conditions for the electromagnetic fields at
the interface between twodifferent mediaare the same
for both static and dynamic conditions.

\f-\. . . . .
The charge continuity equation is a mathematical
statement of the law of conservation of electric charge.

Excess charges in the interior of a good conductor dis-
sipate very quickly; through arearrangement process,
the excess charge is transferred to the surface of the
conductor.

In the dynamic case, the electric field E is related to
both the scalar electric potential V and the magnetic
vector potential A.

The retarded scalar and vector potentials at a given
observation point take into account the finite time
required for propagation between their sources, the
charge and current distributions, and the location of
the observation point.

GLOSSARY OF IMPORTANT TERMS

Provide definitions orexplain the meaning of the following
terms

Faraday’s law
electromotive force Vems
electromagnetic induction
transformer emf V" ¢
motional emf VT

Lenz’s law

displacement current /g
charge continuity equation
Kirchhoff’s current law
charge dissipation
relaxation time constant
wavenumber k

retarded potential
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PROBLEMS

Sections 6-1 to 6-6: Faraday’s Law
and its Applications

6.1* The switch in the bottom loop of Fig. 6-17 is closed
at ¢ = 0 and then opened at a later time ¢;. What is the
direction of the current 7 in the top loop (clockwise or
counterclockwise) at each of these two times?

<)

10

-
-
-

Ry

Figure 6-17: Loops of Problem 6.1.

6.2 The loop in Fig. 6-18 is in the x—y plane and
B = ZBy sin wt with By positive. What is the direction

of I ((,‘3 or —(;)) at:

@t=0
(b) 0t =m/4
(©) wt=m/2

6.3 A coil consists of 100 turns of wire wrapped around
a square frame of sides 0.25 m. The coil is centered at the
origin with each of its sides parallel to the x- or y-axis.
Find the induced emf across the open-circuited ends of the
coil if the magnetic field is given by

* Answer(s) available in Appendix D.
% Solution available in CD-ROM.

Figure 6-18: Loop of Problem 6.2.

(a) B = 210¢% (T)
(b) B =%10cosx cos 10%t (T)
(¢) B=1%10cosx sin2y cos 10%¢ (T)

6.4 A stationary conducting loop with an internal resis-
tance of 0.5  is placed in a time-varying magnetic field.
When the loop is closed, a current of 2.5 A flows through
it. What will the current be if the loop is opened to create
asmall gap and a 2-€2 resistor is connected across its open
ends?

6.5 A circular-loop TV antenna with 0.01-m? area is
in the presence of a uniform-amplitude 300-MHz signal.
When oriented for maximum response, the loop develops
an emf with a peak value of 20 (mV). What is the peak
magnitude of B of the incident wave?

6.6 The square loop shown in Fig. 6-19 is coplanar with
along, straight wire carrying a current

i(f) = 2.5¢c082m x 10*  (A)
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(a) Determine the emfinduced across a small gap created

in the loop. :
(b) Determine the direction and magnitude of the current
that would flow through a 4-€2 resistor connected
. . NG
across the gap. The loop has an internal resistance &
of 1 Q. —i =i B
3cm
z >y
0]
w
le— 10cm —| \<
() T *
10cm Figure 6-20: Rotating loop in a magnetic field (Problem
S5cm J_ 6.7).
Y
axis and its magnitude is 5 x 107® T, what is the peak
voltage induced across the air gap?
X
6.9° A 50-cm-long metal rod rotates about the z-axis at
180 revolutions per minute, with end 1 fixed at the origin
Figure 6-19: Loop coplanar with long wire (Problem as shown in Fig. 6-21. Determine the induced emf V1, if
6.6). B=23x10*T

"™ 6.7° Therectangular conducting loop shown in Fig. 6-20
rotates at 6,000 revolutions per minute in a uniform
magnetic flux density given by

B=3y50 (mT)

Determine the current induced in the loop if its internal
resistance is 0.5 Q.

6.8 A rectangular conducting loop 5 cm x10 cm with
a small air gap in one of its sides is spinning at 7200 Figure 6-21: Rotating rod of Problem 6.9.
revolutions per minute. If the field B is normal to the loop
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Z z
fe—10cm—| 1
I =10A et 11
20cm k
e | |
AAA
wy
R
Yo Sliding contact
Figure 6-23: Rotating cylinder in a magnetic field
Figure 6-22: Moving loop of Problem 6.10. (Problem 6.11).

% 6.13° Thecircular disk shown in Fig. 6-24 lies in the x—y

6.10 TheloopshowninFig.6-22movesawayfromawire plane and rotates with uniform angular velocity w about
carrying acurrent I; = 10 A ata constant velocity u = §5 the z-axis. Thediskisofradius a andis presentinauniform
(m/s). If R = 10 § and the direction of I, is as defined in magnetic flux density B = ZBy. Obtain an expression for
the figure, find I, as a function of yo, the distance between the emf induced at the rim relative to the center of the disk.
the wire and the loop. Ignore the internal resistance of the
loop.

6.11° TheconductingcylindershowninFig. 6-23 rotates
aboutitsaxisat I,200revolutions perminuteinaradialfield -
given by

M <

B=t6 (T

The cylinder, whose radius is 5 cm and height is 10 cm, @
has sliding contacts at its top and bottom connected to a =)l
voltmeter. Determine the induced voltage.

6.12 The electromagnetic generator shown in Fig. 6-12 X
is connected to an electric bulb with a resistance of 100 €2.
If the loop area is 0.1 m? and it rotates at 3,600 revolutions Figure 6-24: Rotating circular disk in a magnetic field
per minute in a uniform magnetic flux density By = 0.2 T, (Problem 6.13).

determine the amplitude of the current generated in the
light bulb.
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Section 6-7: Displacement Current

6.14 The plates of a parallel-plate capacitor have areas
of 10 cm? each and are separated by 1 cm. The capacitor
is filled with a dielectric material with e = 4&g, and the
voltage acrossitis givenby V (¢) = 20 cos 27 x 1092 (V).
Find the displacement current.

6.15° A coaxial capacitor of length / = 6 cm uses an
insulating dielectric material with ¢, = 9. The radii of the
cylindrical conductors are 0.5 cmand 1 cm. If the voltage
applied across the capacitor is

V() = 100sin(12071) (V)

what is the displacement current?

6.16 The parallel-plate capacitor shown in Fig. 6-25 is
filled with a lossy dielectric material of relative permit-
tivity €. and conductivity o. The separation between the
plates is d and each plate is of area A. The capacitor is
connected to a time-varying voltage source V (£).

Y~

Figure 6-25: Parallel-plate capacitor containing a lossy
dielectric material (Problem 6.16).

(a) Obtain an expression for I, the conduction current
flowing between the plates inside the capacitor, in
terms of the given quantities.

(b) Obtain an expression for [y, the displacement current
flowing inside the capacitor.

(¢) Based on your expressions for parts (a) and (b), give
an equivalent-circuit representation for the capacitor.

(d) Evaluate the values of the circuit elements for A =
2cm? d = 05cm, ¢, = 4,0 = 2.5(S/m), and
V(r) = 10cos(3m x 10°t) (V).

6.17 An electromagnetic wave propagating in seawater
has an electric field with a time variation given by E =
2E,cos wt. If the permittivity of water is 81gg and its
conductivity is 4 (S/m), find the ratio of the magnitudes
of the conduction current density to displacement current
density at each of the following frequencies:

(a) 1kHz
(b) 1MHz
(¢) 1GHz
(d) 100 GHz

Sections 6-9 and 6-10: Continuity Equation and Charge
Dissipation

6.18 Att = 0, charge density p,o was introduced into
theinterior of a material with arelative permittivity &, = 4.
Ifatt = 1 ws the charge density has dissipated down to
103 pyo, what is the conductivity of the material?

6.19" If the current density in a conducting medium is
given by

J(x, v, 2, 1) = (X¢ — §3y* + 22x) cos wt

determine the corresponding charge distribution
pv(x,y,2;1).
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%9 6.20 Inacertainmedium, the direction of current density

J points in the radial direction in cylindrical coordinates
and its magnitude is independent of both ¢ and z. Deter-
mine J, given that the charge density in the medium is

ov = por coswt (C/m>)

6.21 If we were to characterize how good a material is as
an insulator by its resistance to dissipating charge, which
of the following two materials is the better insulator?

Dry Soil: & =25, o=10"*(S/m)
Fresh Water: €, =80, o = 1073 (S/m)
Sections 6-11:; Electromagnetic Potentials

6.22 The electric field of an electromagnetic wave prop-
agating in air is given by

E(z,t) = %4 cos(6 x 1081 — 27)

+§3sin(6 x 1032 —2z)  (V/m)

Find the associated magnetic field H(z, t).

6.23° Themagneticfieldinadielectric material withe =

4dey, 1 = ug,and o = Ois given by
H(y, t) = %5cos(2m x 107t +ky)  (A/m)

Find k and the associated electric field E.
6.24 Given an electric field
E = XEsinay cos(wt — kz)

where Ey, a, w, and k are constants, find H.

259

6.25" Theelectric field radiated by ashortdipole antenna
is given in spherical coordinates by

ER,0;t) =
A2 x 1072 g
GT sinf cos(br x 10°t — 2w R) (V/m)

Find H(R, 6; ).

6.26 A Hertzian dipole is a short conducting wire carry-
ing an approximately constant current over its length /. If
such a dipole is placed along the z-axis with its midpoint
at the origin, and if the current flowing through it is
i(t) = Iycos wt, find the following:
(a) Theretardedvectorpotentialx(R, 6, ¢)atanobserva-
tionpoint Q(R, 0, ¢)inaspherical coordinatesystem.
(b) The magnetic field phasor H(R, 8, ¢).
Assume [ to be sufficiently small so that the observation
point is approximately equidistant to all points on the
dipole; that is, assume R’ >~ R.

6.27 The magnetic field in a given dielectric medium is
given by

H=§6cos2zsin(2 x 10’ —0.1x)  (A/m)

where x and z are in meters. Determine:
(a) E.

(b) The displacement current density Jq.
(¢) The charge density py.
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UNBOUNDED EM WAVES

We established in Chapter 6 that a time-varying elec-
tric field E(¢) produces a time-varying magnetic field
H(t) and, conversely, a time-varying magnetic field
produces an electric field. This cyclic pattern generates
electromagnetic (EM) waves capable of propagating
through free space and in material media. When its
propagation is guided by a material structure, such as
a transmission line, the EM wave is said to be traveling
in aguided medium. Earth’s surface and ionosphere con-
stitute parallel boundaries of a natural guiding structure
for the propagation of short-wave radio transmissions in
the HF band* (3 to 30 MHz); the ionosphere is a good
reflector at these frequencies, thereby allowing the waves
to zigzag between the two boundaries [Fig. 7-1]. EM
waves also can travel in unbounded media; light waves
emitted by the sun and radio transmissions by antennas
are typical examples.

When we discussed wave propagation on a transmis-
sion line in Chapter 2, we dealt with voltages and currents.
For a transmission-line circuit such as that shown in
Fig. 7-2, the a-c voltage source excites an incident wave
that travels down the coaxial line toward the load, and
unless the load is properly matched to the line, part (or
all) of the incident wave is reflected back toward the
generator. At any point z on the line, the instantaneous
total voltage v(z,t) is the sum of the incident and
reflected waves, both of which vary sinusoidally with
time. Associated with the voltage difference between
the inner and outer conductors of the coaxial line is
a radial electric field E that exists in the dielectric
material between the conductors, and since v(z, t) varies
sinusoidally with time, so does E(z, t). Furthermore, the

*See Fig. 1-16.
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/ - N
) Io/no\sp,helre/

~ s =

Transmitter

Figure 7-1:
ionosphere at the top and Earth’s surface at the bottom
forms a guiding structure for the propagation of radio
waves in the HF band.

The atmospheric layer bounded by the

AL ANEA o
TV T s

Rg

#
Vg N

Ry,

Figure 7-2: A guided electromagnetic wave traveling ina
coaxial transmission line consists of time-varying electric
and magnetic fields in the dielectric medium between the
inner and outer conductors.

current flowing through the inner conductor induces an
azimuthal magnetic field H(z, ¢) in the dielectric material
surrounding it. These coupled fields, E(z, ¢) and H(z, £),
constitute electromagnetic waves. Thus, we can model
wave propagation on such a transmission line either in
terms of the voltages across the line and the currents
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through its conductors or in terms of the electric and
magnetic fields in the dielectric medium between the
conductors.

In this chapter we focus our attention on wave prop-
agation in unbounded media. We will consider both
lossless and lossy media. Wave propagation in a lossless
medium (perfect dielectric such as air) is similar to that
on a lossless transmission line. In a lossy medium
characterized by a nonzero conductivity, such as water,
part of the power carried by the EM wave gets converted
into heat, just like what happens to a wave propagating
on a lossy transmission line.

When energy is emitted by a source, such as an
antenna, it expands outwardly from the source in the
form of spherical waves, as depicted in Fig. 7-3(a). Even
though the antenna may radiate more energy along some
directions than along others, the spherical wave travels
at the same speed in all directions and therefore expands
at the same rate. To an observer very far away from
the source, the wavefront of the spherical wave appears
approximately planar, as if it were part of a uniform
plane wave with uniform properties at all points in the
plane tangent to the wavefront [Fig. 7-3(b)]. Plane-wave
propagation can be accommodated by Cartesian coor-
dinates, which are easier to work with mathematically
than the spherical coordinates needed for describing the
propagation of a spherical wave. Hence, even though
strictly speaking a uniform plane wave cannot exist,
we will nonetheless use it in this chapter to develop a
physical understanding for wave propagation in lossless
and lossy media, and then in Chapter 8 we will examine
how waves, both planar and spherical, are reflected by
and transmitted through boundaries between dissimilar
media. The processes of radiation and reception of waves
by antennas are treated in Chapter 9.

7-1 Time-Harmonic Fields

In the time-varying case, the electric and magnetic fields,
E, D, B, and H, and their sources, the charge density py

CHAPTER 7 PLANE-WAVE PROPAGATION

. Spherical
Radiating
antenna
\ ,
'd
/ NN
f I/ , -~ N \ \
<—-1‘ (I ) ! :—->
\ \\ Seno
LSRN PR

(a) Spherical wave

Uniform plane wave—_,

\ \ 1
\\ N [N
\
\\/( vy ‘l | Aperture
AR ‘| ‘| [
R B I = Observer
N T 1
s 7 i ] 1
i
1

(b) Plane-wave approximation

Figure 7-3: Waves radiated by an EM source, such as
a light bulb or an antenna, have spherical wavefronts, as
in (a); to a distant observer, however, the wavefront across
the observer’s aperture appears approximately planar, as
in (b).

and current density J, are each, in general, a function of
the spatial coordinates (x, y, z) and the time variable .
If their time variation is a sinusoidal function with an
frequency w, each of these quantities can be
ted by a time-independent phasor that depends
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on (x,y,z) only. Thus, the vector phasor INE(x, ¥,2)
corresponding to the instantaneous field E(x, y, z; t) is
defined according to

E(x,y, z;1) = Re[E(x, y, 2 €], (1.1

and similar definitions apply to the other fields and to
py and J. For a linear, isotropic, and homogeneous
medium characterized by electrical permittivity e, mag-
netic permeability u, and conductivity ¢, and recalling
that differentiation in the time domain corresponds to
multiplication by jw in the phasor domain, Maxwell’s
equations given by Egs. (6.1) to (6.4) assume the follow-
ing form in the phasor domain:

V-E=4/e, (7.22)
V x E=—jouH, (7.2b)
v.-H=0, (7.2¢)
VxH=J+ jowcE,  (7.2d)

where we have used the relations D = ¢E and B = uH.
This set of equations defines the starting point for the
subject matter treated in this chapter.

7-1.1 Complex Permittivity

In a medium with conductivity o, the current density J is
related to E by J = oE. Consequently, Eq. (7.2d) may
be written as

V x ﬁ:j—}—jweﬁ
— (0 + jwe)E = jw (e _ jd—) E (73)
w

By introducing the complex permittivity ¢. defined as

263

Eq. (7.3) can be rewritten as
V x H= jowsE. (1.5)

The complex permittivity e given by Eq. (7.4) is often
written in terms of a real part ¢’ and an imaginary part &”.
Thus,

g =¢— jz L — je, (7.6)
™
with
g =s, (7.7a)
n__ 9
g =2 (1.7b)
a)

For alossless medium with o = 0, it follows that ¢” = 0
and g = ¢’ = ¢.

7-1.2 Wave Equations for a Charge-Free Medium

A medium is said to be charge free if it contains no excess
charges, thatis, if py = 0. Uponreplacing Eq. (7.2d) with
Eq. (7.5) and setting p, = 0 in Eq. (7.2a), Maxwell’s
equations for a charge-free medium become

V-E=0, (7.82)
VxE=—joul, (7.8b)
vV-H=0, (7.8¢)
V x H=jws.E. (7.8d)

To describe the propagation of an EM wave in a charge-
free Lnedium, we need to derive wave equations for E
and H and then solve them to obtain explicit expressions
for E and H as a function of the spatial variables (x, y, z).
To this end, we start by taking the curl of both sides of
Eq. (7.8b) to get

Vx (VxE)=—jou(V x H). (7.9)
Upon substituting Eq. (7.8d) into Eq. (7.9) we have

VX (VxE)=—jou(joeE) = o?ueE. (7.10)
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From Eq. (3.113), the curl of the curl of Eis given by

v x (VxE)=vv-B-VE, (7.11)
where V2E is the Laplacian of E and is given in Cartesian
coordinates by

o 92 9 9\«
VE=|{—+—+—|E. 7.12
<8x2 + 9y? * 8z2) (7.12)
In view of Eq. (7.8a), which states that V - E= 0, the use
of Eq. (7.11) in Eq. (7.10) gives
V2E + ouek =0, (7.13)
which is called the homogeneous wave equation for E.
Upon introducing the p  agation constant y defined
such that

24

y & —wuee, (7.14)

Eq. (7.13) can be rewritten as
VE - yE=0. (7.15)

In deriving Eq. (7.15), we started by taking the curl of

Eq. to
e the sS,
both of

Eq. (7.8d) and then use Eq. (7.8b), we obtain the wave
equation for H:

VH -y =0. (7.16)

Since the wave equations for E and H are of the same
form, their solutions will have the same form also.

CHAPTER 7 PLANE-WAVE PROPAGATION

7-2 Plane-Wave Propagation
in Lossless Media

The propagation properties of an electromagnetic wave,
such as its phase velocity up and wavelength A, are
governed by the angular frequency @ and the three
constitutive parameters of the medium: e, W, and ¢o.
If the medium is nonconducting (o = 0), the wave
does not suffer any attenuation as it travels through the
medium, and hence the medium is said to be lossless.
From Eq. (7.4), & = ¢ in a lossless medium, in which
case Eq. (7.14) becomes

2

yt = —w’ue. (7.17)

When the medium is lossless, it is customary to introduce
the wavenumber k defined by

k=wype. (1.18)

In view of Eq. (7.17), 2 = —k* and Eq. (7.15) becomes

V2E + k*E = 0. (7.19)

7-2.1 Uniform Plane Waves

For an electric field phasor given in Cartesian coordinates
by
E=%E, +§E, +2E,, (7.20)

substitution of Eq. (7.12) into Eq. (7.19) gives
32 9% 8%\ .= am .
(@ + a—y—z + 525) XRE, + f’Ey +ZE,)
L IPKE, +§E, +2E) =0. (721

To satisfy Eg. (7.21), each vector component on the
left-hand side of the equation has to equal zero. Hence,

2 9 9 ~
( +—+—+k2)Ex=0,

9x2 | 9y 9z’ .22
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7-2  PLANE-WAVE PROPAGATION IN LOSSLESS MEDIA 265

and similar expressions apply to E y and E,.

A uniform plane wave is characterized by electric and
magnetic fields that have uniform properties at all points
across an infinite plane [see Fig. 7-3(b)]. If this is the x—y
plane, then E and H do not vary with x and y. Hence,
dE,/dx = 0and 0E,/dy = 0, in which case Eq. (7.22)
reduces to

d’E,

T2 + K E, =0,
Z

(7.23)

I-?x, and ﬁy. The
are zero; that is,
0, let us consider

and similar expressions apply
remaining components of E

EZ = H, = 0. To show that
the z-component of Eq. (7.8d),

9H, OH,
2 (—y (7.24)

ox 5y ) =ZjwekE,.
Since Sﬁy/ax = aﬁx/ay = 0, it follows that Ez = 0.
A similar examination involving Eq. (7.8b) reveals that
ﬁz = 0. This means that a plane wave has no electric- or
magnetic-field components along its direction of propa-
gation. -

For the phasor quantity E,, the general solution of the
ordinary differential equation given by Eq. (7.23) is

E ) = ET@Q+E; () = Efe 7+ Eqe/™, (1.25)

where Ejo and E_, are constants to be determined from
boundary conditions. The solution given by Eq. (7.25) is
similar in form to the solution for the phasor voltage V (z)
given by Eq. (2.44a) for the lossless transmission line.
The first term in Eq. (7.25), containing the negative
exponential e /%%, represents a wave with amplitude E;
traveling in the +z-direction, and the second term (with
e/*?) represents a wave with amplitude E, traveling in
the —z-direction. Let us assume for the time being that
E has only a component along x (i.e., E = 0) and that
E, consists of a wave traveling in the +z direction only
(i.e., E, = 0). Hence,

E(z) = RES (z) = REL,e /%, (7.26)

With Ey = E = 0, we apply Eq. (7.8b) to find the
magnetic field H(z)

X y z
~ a g 0
VxXE=
ox dy 0z
Efzy 0 0
= —jou&H, +§H, +2H) (127
For a plane wave traveling in the z-direction,
dES(z)/0x = dET (2)/8y = 0.
Hence, Eq. (7.27) gives
H, =0, (7.28a)
1 9E}
S * @ (7.28b)
—jou 0z
~ 1 0ET
H,=— 9E; @) =0 (7.28c)
—jop 9y
Use of Eq. (7.26) in Eq. (7.28b) gives
~ k . .
H,(2) Efje % = Hjje™/™, (7.29)

where H 0 is the amplitude of H (z) and is given by
k

+ +

H y0 o E x0

(7.30)

For a wave traveling from the source toward the load
on a transmission line, the amplitudes of its voltage
and current phasors, VO+ and I}, are related by the
characteristic impedance of the line, Zo. A similar
connection exists between the electric and magnetic fields
of an electromagnetic wave. The intrinsic impedance of
a lossless medium is defined as

== 5 @ 03y

W,/ ILE £

n
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CHAPTER 7 PLANE-WAVE PROPAGATION

Figure 7-4: A transverse elgctromagnetic (TEM) wave
propagating in the direction k = z. For all TEM waves,
k is parallel to E x H.

where we used the expression for k given by Eq. (7.18).
In view of Eq. (7.31), we can summarize our results as

E(z) =RE] (z) = RE} e/, (7.32a)

o Ef EL _,

Hz) =§— L §—2Re/. (7.32b)
n

The electric and magnetic fields are perpendicular to
each other, and both are perpendicular to the direction
of wave travel (Fig. 7-4). These directional properties
characterize a transverse electromagnetic (TEM) wave.
Other examples of TEM waves include cylindrical waves
traveling along coaxial transmission lines (E is along T,
H is along q% and direction of travel is along Z) and
spherical waves radiated by antennas.

In the general case, E, may be a complex quantity
composed of a magnitude |Ej'0[ and a phase angle ¢™.

That is,
E} = |EL /" (7.33)

The instantaneous electric and magnetic fields are then
given by

E(z, 1) =Re [E(z) /']
=R|E};| cos(wt — kz + ¢T) (V/m), -(7.34a)

H(z, 1)=%Re [H(z) e/*']

|ES) .
:yT cos(wt —kz +¢7) (A/m). (7.34b)

Because E(z, t) and H(z, t) exhibit the same functiona]
dependence on z and ¢, they are said to be in phase;
when the amplitude of one of them is a maximum, the
amplitude of the other is a maximum also. This in-
phase property is characteristic of waves propagating
in lossless media. Their time variation is defined by
the oscillation frequency f = w/2m, and their spatial
variation is characterized by the wavelength A. From the
material on wave motion given in Section 1-3, we deduce
that the phase velocity of the wave is given by

e — L (), (735)
Upg = — = = S .
PT k oyue  JuE ’
and the wavelength is
27 Up
A== (. (7.36)

If the medium is vacuum, € = &g and @ = g, in which
case the phase velocity up and the intrinsic impedance 7
given by Eq. (7.31) become

1

A/ H0€o
n=n 2t [P =377 (@~ 1200 (Q)., (738)
€0

=3x 108 (7.37)

(m/s),

up:():

where ¢ is the velocity of light and 7o is called the
intrinsic impedance of free space.

Example 7-1  EM Plane Wave in Air

This example is analogous to the “Sound Wave in
Water” problem described by Example 1-1.
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memvmu\}\\\\\
A

10 Gm) o

f——— (
= -

}?

=/
E P

FFigure 7-5: Spatial variations of E and H at t = O for the plane wave of Example 7-1.

The electric field of a 1-MHz plane wave traveling in as
the +z-direction in air points along the x-direction. If
the peak value of E is 1.27 (mV/m) and E is maximum E(z, ’):’A‘[E:E)I cos(wt —kz+¢™)
att = 0 and z = 50 m, obtain expressions for E(z, t) o
and H(z, ), and then plot these variations as a function =x1.2m cosl2m x 10%¢ — —Z+¢+ (mV/m).
= 300
ofzatr =0.
o The field E(z, t) is maximum when the argument of the
Solution: At f = 1 MHz, the wavelength in air is given cosine function equals zero or multiples of 2. Att =0
by and z = 50 m, this condition is
27 x 50 m
3 x 108 _ +_ +_T
=S =2 _300m, 300 "¢ =0 o =3
£ 1x10°6
Hence,
and the corresponding wavenumber is k = (27/300)
(rad/m). The general expression for an x-directed electric R 6. 2mz m
field traveling in the +z-direction is given by Eq. (7.34a) E(z, #)=X1.2m cos { 2w x 10 t_% + 3 (mV/m),

INTEL-1014
U.S. Patent 7,151,430



268

and from Eq. (7.34b) we have

~E(z,t
H, =g 220
o
=¥ 10 cos 2nx106t—2——+ (LA/m)
where we have used the approximation o ~ 1207 (£2)
Att =0,
(e 0)=%127cos (22— 7)) (mVim)
QE=R 300 3 !
H(z,0)=§10cos > (nA/m)

Plots of E(z, 0) and H(z, 0) are shown in Fig. 7-5 as a
function of z. ®

7-2.2 General Relation between E and H

It can be shown that, for any uniform plane wave traveling

in trary direction denoted by the unit vector k, the
m field phasor H is interrelated to the electric field
phasor E by
~ 1~ ~
H=-kxE, (7.392)
n
E=-nkxH (7.39b)

The cross product can be phrased in terms of the
following right-hand rule: ywhen we rotate the four fingers
of the right hand from the direction of E toward the

and b) are valid not only for lossless media, but for lossy
media as well. As we will see later in Section 7-4, the
expression for 7 of a lossy medium is different from that
given by Eq. (7.31). As long as the expression used for
n is appropriate for the medium in which the wave is
traveling, the relations given by Egs. (7.39a and b) always
hold.

CHAPTER 7 PLANE-WAVE PROPAGATION

Let us ap (7.39a) to the wave given by
Eq. (7 32a). ection of propagation k = Z and
E=%E +(Z)

L1 . Ef ()

H:—n—kxE=—(zxx)E(z)—y , (7.40)

n

which is the same as the result given by Eq. (7.32b). For
a wave traveling in the —z-direction with an electric field
given by

E=%E; () = XE 4%, (741)
application of Eq. (7.39a) gives
S JE; En i
H=-(-2xXE (@) =—-y—— &2 = —§ 2L elk,
n n
(7.42)

Hence, in this case, H points in the negative y-direction.

In general, a uniform plane wave traveling in the
+z-direction may have both x- and y-components, in
which case E is given by

E=%Ef@+3Ef @, (7432)
and the associated magnetic field is
H=%d @+ H/ @ (7.43b)
Application of Eq. (7.39a) gives
R P EJr z Ef
fi=—ixE= @ GE@ g
’7 n
By equating Eq. (7.43b) to Eq. (7.44), we have
~ Ef ~. Ef
Hiz) = —— ) : Hf = === @ (7.45)

These results are illustrated in Fig. 7-6. The wave may
be considered the sum of two waves, one with (E;f, H,")
components and another with (E}", H;") components. Tn
general, 2 TEM wave may have an electric field in any
direction in the plane orthogonal to the direction of wave
travel, and the associated magnetic field is also in the
same plane and its direction is dictated by Eq. (7.39a).

INTEL-1014
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Hy z E{

Figure 7-6: The wave (E, H) is equivalent to the sum of
two waves, one with fields (E7, H;r ) and another with
(EF, H), with both traveling in the +z-direction.

REVIEW QUESTIONS

Q7.1 What is a uniform plane wave? Describe its
properties, both physically and in mathematical terms.
Under what conditions is it appropriate to treat a spherical
wave as a plane wave?

Q7.2 Since E and H are governed by wave equations
of thg same form [Egs. (7.15) and (7.16)], does it follow
that E = H? Explain.

Q7.3 If a TEM wave is traveling in the y-direction,
can its electric field have components along X, ¥, and Z?
Explain.

EXERCISE7.1 A 10-MHz uniform plane wave is traveling
in a nonmagnetic medium with g = ug and & = 9.
Find (a) the phase velocity, (b) the wavenumber, (c)
the wavelength in the medium, and (d) the intrinsic
impedance of the medium.
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Ans. (a) up = 1 x 10% m/s, (b) k = 0.2z rad/m, (c)
A=10m, (d) n = 125.67 2.

EXERCISE7.2 The electric field phasor of a uniform plane
wave traveling in a lossless medium with an intrinsic
impedance of 188.5 Q is given by E = 210e=/4™
(mV/m). Determine (a) the associated magnetic field
phasor and (b) the instantaneous expression for E(y, t)
if the medium is nonmagnetic (1 = o).

Ans. (a) H = %53 7% (uA/m), (b)
E(y,t) = 210cos(6m x 108 — 47y) (mV/m).

EXERCISE 7.3 If the magnetic field phasor of a plane
wave traveling in a medium with intrinsic

n =100 Q is given by H = (§ 10 4+ 220)e~/

find the associated electric field phasor.

Ans. E = (=2 + §2)e™/* (V/m).

Ans. E = —i(e 73 + 2¢/%) (V/m).

7-3 Wave Polarization

The polarization of a uniform plane wave describes
the shape and locus of the tip of the E vector (in the
plane orthogonal to the direction of propagation) at a
given point in space as a function of time. In the most
general case, the locus of E is an ellipse, and the wave
is called elliptically polarized . Under certain conditions,
the ellipse may degenerate into a circle or a segment of a
straight line, in which case the polarization state is then
called circular or linear, respectively.

As was shown in Section 7-2, the z-components of the
electric and magnetic fields of a z-propagating plane wave
are both zero. Hence, the electric field phasor E(z) may
(E)nsist of an x-component, E,(z), and a y-component,
Ey(z):

E(x) = XE.(z) + VE,(2), (7.46)
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with
Ex ()= Eer_ij’
Ey(z) — Eyoe_jkz,

(7.47a)
(7.47b)

~

wave is traveling in the positive z-direction.

The two amplitudes E.q and E g are, in general, com-
p ties, with each characterized by a magnitude
a angle. The phase of a wave is defined relative
to a reference condition, such as z = 0 and ¢ = 0 or any
other combination of z and . Wave polarization depends

assigning

the phase

the phase

its x-component. Accordingly, we define Eyo and E o as
E.o=ay, (7.48a)
Ey = ayel®, (7.48b)

where a, = |Eo| and a, = |Eyo| are the magnitudes of
E.oand E o, res . Thus, by definition, a, and a,
may not assume values. Using Egs. (7.48a) and
(7.48b) in Egs. (7.47a) and (7.47b), the total electric field
phasor is then given by

E(z) = (Ra, + Sfayej‘s)e_jkz, (7.49)
and the corresponding instantaneous field is
E(z,t) =Re [E(z) el']
= Xa, cos(wt — kz)
+ ya, cos(wt — kz + 8). (7.50)

When characterizing the behavior of an EM wave, two
properties of particular interest are the intensity and

CHAPTER 7 PLANE-WAVE PROPAGATION

direction of its electric field. The intensity of E(z, 1)
is given by its modulus |E(z, )|, namely

[E(z, )] = [EX(z, 1) + E3(z, 0]'/?
= [a? cos*(wt — k2)
+alcos’(wt — kz+ 1'% (7.51)

The electric field E(z, t) has components along the x- and
y-directions. At a specific position z, the direction of
E(z, t) is defined in the x—y plane (at that value of z)
by the inclination angle v, defined with respect to the
zero-phase reference component of E(z, t), which is the
x-component in the present case. Thus,

a1 EG&D
¥(z, 1) = tan <Ex(z,t)>

In the general case, both the intensity of E(z, t) and its
direction are functions of z and t. Next, we examine
some special cases.

(7.52)

7-3.1 Linear Polarization

The polarization state of a wave traveling in the
z-direction is determined by tracing the tip of E(z, £) asa
function of time in a plane orthogonal to the direction
of wave travel. For convenience and without loss of
generality, we usually choose the z = 0 plane. A wave is
said to be linearly polarized if E((z,t) and E,(z, 1) are

E(0, t) traces a straight line in the x—y plane. Atz =0
and for 8§ = 0 or 7, Eq. (7.50) simplifies to

E(0, 1) = (Xa, + Ja,) coswt (in-phase), (7.53a)
E(0, 1) = (Xa, — §a,) coswt (out-of-phase). (7.53b)

Let us examine the out-of-phase case. At wt = 0,

E(0, Xa, — ¥ exte

the o in Fig. 7 int

quad n the x— the
INTEL-1014
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wt

=0

Figure 7-7: Linearly polarized wave traveling in the
+z-direction (out of the page).

of E(0, t) varies as cos wt:

[E(0, )| = [a; + a3]"* cos wt, (7.54a)

and the inclination angle defined by Eq. (7.52) is given
by

¥ = tan~! (_—ay> (out-of-phase),  (7.54b)
ax

which is independent of both z and ¢. Thus, the length
of the vector representing E(0, ) decreases to zero
at wt = /2, then reverses direction and increases in
magnitude to [a2 4 a2]"/? in the second quadrant of the

x—y plane at wt = 7. Slnce ¥ is independent of both z
and ¢, E(z, ¢) maintains a direction along the line making
an angle ¥ with the x-axis.
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If ay = 0, ¥ = 0° or 180°, and the wave becomes
x-polarized, and if a, = 0, ¥ = 90° or —90°, and the
wave becomes y-polarized.

7-3.2 Circular Polarization

We now consider the special case when the magnitudes of
the x- and y-components of E(z) are equal, and the phase
difference 8 = =+m/2. For reasons that will become
evident shortly, the wave polarization is called left-hand
circular when 8§ = m/2, and it is called right-hand
circular when § = —n /2.

Left-Hand Circular (LHC) Polarization

Fora, = ay = a and § = 7 /2, Egs. (7.49) and (7.50)
become

E@) = Ra + Yael™ /) eIk

=a®+ j§e 7=, (7.55a)
E(z, 1) =%Re [I~E(z) ej“”]

= Xa cos(wt — kz) + Ya cos(wt — kz + 7/2)

= Xa cos(wt — kz) — yasin(wt — kz). (7.55b)

The corresponding modulus and inclination angle are
given by

[E(z, )| = [EXz, 1) + EX(z, )]

= [a? cos?(wt — kz) + a? sin®*(wt — kz)]/?
=a, (7563)

Yz, t) = tan~! [

—tant | ]

= —(owt — kz) (7.56b)

We observe that in this case the modulus of E is
independent of both z and #, whereas i depends on
both variables. These functional dependencies are the
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(b) RHC polarization

Figure 7-8: Circularly polarized plane waves propagat-
ing in the +z-direction (out of the page).

converse of those applicable to the linear-polarization
case. .

At a fixed position z, say z = 0, Eq. (7.56b) gives
¥ = —ot; the negative sign means that the inclination
angledecreases withincreasing time. AsillustratedinFig.
7-8(a), the tip of E(¢) traces a circle in the x—y plane, and it
rotates in a clockwise direction as a function of time (when
viewing the wave approaching). Suchawaveis called lefi-
hand circularly polarized because, when the thumb of the
left hand points along the direction of propagation of the

Transmitting
antenna

Left screw sense
in space

Right sense of rotation
in plane

Figure 7-9: Right-hand circularly polarized wave radi-
ated by a helical antenna.

wave (the z-direction in this case), the other four fingers
point in the direction of rotation of E.

Right-Hand Circular (RHC) Polarization
Fora, =a, =aandd = —7/2, we have
¥ = (ot —k2z).

The trace of E as a function of ¢ is shown in Fig. 7-8(b)
for z = 0. For RHC polarization, the fingers of the right
hand point in the direction of rotation of E when the thumb
is along the propagation direction. Figure 7-9 depicts a
right-hand circularly polarized wave radiated by a helical
antenna. Note that polarization handedness is defined in
terms of the rotation of E as a function of time in a fixed
plane orthogonal to the direction of propagation, which
is opposite of the direction of rotation of E as a function of
distance at a fixed point in time.

|E(z, )| = a, (7.57)

RHC Polarized Wave

An RHC polarized plane wave with electric field
modulus of 3 (mV/m) is traveling in the +y-direction in

Example 7-2

4

INTEL-1014
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Figure 7-10: Right-hand circularly polarized wave of
Example 7-2.

a dielectric medium with ¢ = 4&g, u = pg, and o = 0.
If the wave frequency is 100 MHz, obtain expressions for
E(y, #) and H(y, ).

Solution: Since the wave is traveling in the +y-direc-
tion, its field components must be along the x- and
z-directions. The rotation of E(y,?) is depicted in
Fig. 7-10, where § is out of the page. By comparison
with the RHC polarized wave shown in Fig. 7-8(b), we
assign the z-component of E(y) a phase angle of zero
and the x-component a phase shift 6 = —x/2. Both
components have a magnitude a = 3 (mV/m). Hence,

E(y) =%E, +iFE,
=Rae eI 4 jae™I®
=(—%j +2)3e7®  (mV/m),
and application of (7.39a) gives
~ 1. ~
H(y) = " yx E(y)
¥ X% (—%j +2)3e /0

(mA/m).
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With @ = 27 f = 27 x 108 (rad/s), the wavenumber k
18

w. /€ 4
k=YY"= =—n  (rad/m)
c 3
and the intrinsic impedance 7 is given by
o 1207
= ~ =60r (Q2)
A/ €r «/Z

The instantaneous functions E(y, ¢) and H(y, ) are then
given by
E(y, )=Re [E(y) e/*']
=Re [(—Rj+2)3e e/
=3[Xsin(wt —ky) + Z cos(wt —ky)]
H(y, )=%e [H(y) &’]

(mV/m),

3 o
Re [—(2 j —i—f()e_’kyef“”:l
n

1
=——[xcos(wt—ky)—2zsin(wt —ky)] (mA/m),
207

with @ = 27 x 10® (rad/s) and k = 47/3 (rad/m).

7-3.3 Elliptical Polarization

In the most general case, where a, # 0, a, # 0, and
8 # 0, the tip of E traces an ellipse in the x—y plane, and
the wave is said to be elliptically polarized. The shape
of the ellipse and its handedness (left-hand or right-hand
rotation) are determined by the values of the ratio (a, /a.)
and the polarization phase difference §.

The polarization ellipse shown in Fig. 7-11 has a major
axis ag along the £-direction and a minor axis a, along the
n-direction. The rotation angle y is defined as the angle
between the major axis of the ellipse and a reference
direction, chosen here to be the x-axis, with y being
bounded within the range —m /2 < y < 7 /2. The shape
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angle
n
3
7\
X
Rotation
axis Minor angle
axis
Polarization
ellipse

Figure 7-11: Polarization ellipse in the x—y plane, with
the wave traveling in the z-direction (out of the page).

of the ellipse and its handedness are characterized by the
ellipticity angle x, defined as follows:
1

a
tany = +— =+—,

7.58
o=ty (7.58)

with the plus sign corresponding to left-handed rota-

tion and the minus sign corresponding to right-handed
rotation. The limits for x are —n/4 < x < w/4
The quantity R = ag/ay is called the axial ratio of
the polarization ellipse, and it varies between 1 for
circular polarization and oo for linear polarization. The
polarization angles y and yx are related to the wave
parameters dy, dy, and § by*

tan2y = (tan2yp)coss (—m/2 <y <m/2), (7.592)
sin2y = (sin2yq) sind (—w/4 < x <7 /4), (7.59b)

where v is an auxiliary angle defined by

tan Yo = Z—y (o <o < %) . (7.60)

X

*From M. Bom and E. Wolf, Principles of Optics, New York:
Macmillan, 1965, p. 27.

CHAPTER 7 PLANE-WAVE PROPAGATION

Sketches of the polarization ellipse are shown in Fig. 7-12
for various combinations of the angles (y, x). Theellipse
reduces to a circle for x = 445° and to a line for x = 0.
Positive values of x, corresponding to siné > 0, are
associated with left-handed rotation, and negative values
of x, corresponding to sind < 0, are associated with
right-handed rotation.

Since the magnitudes a, and a, are, by definition,
nonnegative numbers, the ratio a,/a, may vary between
zero for an x-polarized linear polarization and oo for
a y-polarized linear polarization. Consequently, the
angle v is limited to the range 0 < o < 90°
Application of Eq. (7.59a) leads to two possible solutions
for the value of y, both of which fall within the defined
range from —7 /2 to 7r/2. The correct choice is governed
by the following rule:

y >0 if cosd > 0,
y <0 if cosd <O0.

In summary, the sign of the rotation angle y is the same
as the sign of cos § and the sign of the ellipticity angle x
is the same as the sign of sin 8.

Example 7-3  Polarization State

Determine the polarization state of a plane wave with
electric field

E(z, t) =%3 cos(wt — kz + 30°)

— y4sin(wt — kz +45°) (mV/m)

Solution: We begin by converting the second term into
a cosine reference,

E = %3 cos(wt — kz + 30°)
— Y4 cos(wt — kz +45° —90°)
= %3 cos(wt — kz + 30°) — § 4 cos(wt — kz —45°)

INTEL-1014
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22.5°  Left elliptical polarization
0° Linear polarization
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Figure 7-12: Polarization states for various combinations of the polarization angles (y, x) for a wave traveling out of the
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The corresponding field phasor E(z) is
E(z) = X3¢ /*ee30" — §f4e_jkze_j45
e ﬁ3e_jkzej30 + 5‘,4e—jkze—j45 ej180
:&3e—jkzej30 +$,4e—jkzej135 i

where we have replaced the negative sign of the second
term with /18" in order to have positive amplitudes for
both terms, thereby allowing us to use the definitions
given in Section 7-3.3. According to the expression for
E(z), the phase angles of the x- and y-components are
d; = 30° and 8§, = 135°, giving a phase difference § =
3y — 8, = 135° —30° = 105°. The auxiliary angle v is
obtained from

4
Yo = tan~! (a_y) = tan~! <§> = 53.1°.
Qx

From Eq. (7.59a),
tan 2y = (tan 2yg) cos é
= tan 106.2° cos 105°
=0.89,

which gives two solutions for y, namely y = 20.8° and
y = —69.2°. Since cos§ < 0, the correct value of y is
—69.2°. From Eq. (7.59b),
sin2x = (sin 2vyr) sin §
= sin 106.2° sin 105°
=0.93 or x =34.0°
The magnitude of x indicates that the wave is ellip-

tically polarized and its positive polarity specifies its
rotation as left handed. ®
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REVIEW QUESTIONS

Q7.4 Anelliptically polarized wave is characterized by
amplitudes a, and a, and by the phase difference 4. If
a, and a,, are both nonzero, what should 8 be in order for
the polarization state to reduce to linear polarization?

Q7.5 Which of the following two descriptions defines
an RHC polarized wave: A wave incident upon an
observer is RHC polarized if its electric field appears
to the observer to rotate in a counterclockwise direction
(a) as a function of time in a fixed plane perpendicular to
the direction of wave travel or (b) as a function of travel
distance at a fixed time #?

EXERCISE 7.5 The electric field of a plane wave is given
by

E(z,t) = X3 cos(wt —kz) +§4cos(wt —kz)  (V/m).

Determine (a) the polarization state, (b) the modulus of E,
and (c) the inclination angle.

Ans. (a) Linear, (b) |[E| = 5cos(wt — kz) (V/m), (¢)
Yo = 53.1°.

EXERCISE 7.6 If the electric field phasor of a TEM
wave is given by E= (§ — 2j)e**, determine the
polarization state.

Ans. RHC polarization.

7-4 Plane-Wave Propagation
in Lossy Media

To examine wave propagation in a conducting medium,
we return to the wave equation given by Eq. (7.15),

VE - yE=0, (7.61)

CHAPTER 7 PLANE-WAVE PROPAGATION

with
y? = —?ue. = —*u(e — je, (7.62)
where ¢/ = ¢ and ¢’ = o/w. Since y is complex, we
express it as
y=a-+jB, (7.63)

where « is the attenuation constant of the medium and
B is its phase constant. By replacing y with (o + jB) in
Eq. (7.62), we have

(@ + jp)* = (@ — Y + j2op

= —w?ue + jotue”. (7.64)

The rules of complex algebra require the real and imag-
inary parts on one side of an equation to be respectively
equal to the real and imaginary parts on the other side.
Hence,

o — B2 = —w?ue, (7.652)
208 = w’ e’ (7.65b)
Solving these two equations for « and B gives
T ] 1/2
e e
a=wi{— 1+( ) 1 (Np/m),
2 g’
(7.66a)
T 2 1/2
g=w B 1+ (-’i> 1 (rad/m)
2 g’
(7.66b)

For a uniform plane wave with an electric field
E =% E,(z) traveling in the -+z-direction, the wave
equation given by Eq. (7.61) reduces to

d?E,(2)

pE (7.67)

—y?E.(z) =0.
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The solution of this wave equation leads to
E(z) = RE,(2) = XE,0e™"* = XE 0e %% /%%, (7.68)

The associated magnetic field H can be determined either
(1) by applying Eq. (7.2b): V X E = —jwuH, (2) by
applying Eq. (7.39a): H = (k x E)/7., where n is
the intrinsic impedance of the lossy medium, or (3)
by analogy with the lossless case. Any one of these
approaches gives

E, JE0 g,
@ _ B0 aap-it: (7,69

Hz) =yH,() =¥
Ne Ne

where

n m g\
'70:‘/—:\/:(1 ]—,) Q). (1.70)
8¢ £ €

We noted earlier that in a nonconducting medium, E(z, )
is in phase with H(z, ), but because 7. is a complex
quantity in a conducting medium, the fields no longer
have equal phase (as will be illustrated in Example 7-4).
From Eq. (7.68), the magnitude of E,(z) is given by

|E,(2)| = |Expe e P2 = |Egole™®,  (7.71)

which decreases exponentially with z at a rate specified
by the attenuation constant . Since H, = E,/1.,
the magnitude of H, also attenuates as e~*?. The
attenuation process converts part of the energy carried
by the electromagnetic wave into heat as a result of
conduction in the medium. Through a distance z = 8
such that

85_—.1 m) (7.72)
[07

the wave magnitude decreases by a factor of e~ ~ 0.37
compared with its value at z = 0, as shown in Fig. 7-13.
This distance &, called the skin depth of the medium,
characterizes how well an electromagnetic wave can
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Figure 7-13: Attenuation of the magnitude of EX (z) with
diNStance z. The skin depth §; is the value of z at which
|Ec(2)|/|Exol = e, orz =8 = 1/a.

penetrate into a conducting medium. In a perfect
dielectric, o = 0; hence, @« = 0 and therefore §; = oo.
Thus, in free space, a plane wave can propagate with no
loss in magnitude indefinitely. On the other extreme, if
the medium is a perfect conductor with o = oo, use of
¢’ = o/w in Eq. (7.66a) leads to « = oo and hence
s = 0. In a coaxial cable, if the outer conductor is
designed to be several skin depths thick, it serves to
prevent the energy inside the cable from leaking outward,
as well as to shield against the penetration of outside
electromagnetic energy into the cable.

The expressions given by Egs. (7.66a), (7.66b), and
(7.70) for «, B, and 7, are valid for any linear, isotropic,
and homogeneous medium. If the medium is a perfect
dielectric (o = 0), these expressions reduce to the loss-
less case [Section 7-2], whereina = 0, 8 =k = w,/ue,
and n, = n. For alossy medium, the ratio ¢”/¢’ = o /we
appears in all these expressions and plays an important
role in determining how lossy a medium is. When
e"”/e’ « 1, the medium is called a low-loss dielectric,
and when ¢”/¢’ > 1, the medium is characterized as
a good conductor. In practice, the medium may be
regarded as a low-loss dielectric if &”/e’ < 1072, as a
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good conductor if 8" /" > 102, and as a quasi-conductor
if 1072 < &”/¢’ < 102

7-4.1 Low-Loss Dielectric
From Eq. (7.62), the general expression for y is given by

1/2
y = joy e (1 - J—)

For any quantity |x| < 1, the function (1 — x)'/? can
be approximated by the first two terms of its binomial
series; that is, (1 — x)'/2 ~ 1 — x/2. By applying such
an expansion to Eq. (7.73) for a low-loss dielectric with
x = je'/e and ¢” /¢’ « 1, we have

(7.73)

6//
= "N1—-j— 7.74
y = joyupe ( 128> (7.74)
The real and imaginary parts of Eq. (7.74) give
we w0 W
= Np/ 7.75
— L, L Mem, (75
B = wy e = w/pue  (rad/m). (7.75b)

We note that the expression for B is the same as that
for the wavenumber k of a lossless medium. Applying
the binomial approximation (1 — x)™"/% =~ (1 + x/2) to
Eq. (7.70) leads to

m g m o
~ P2 y= BE(1+j—). a6
e ﬁ( +126,) ﬁ(ﬂ%e) (7.762)

In practice, these approximate expressions for «, B,
and 7 are used whenever ¢”/¢' = o/we < 1/100, in
which case the second term in Eq. (7.76a) may be ignored.

Thus,
ez J& (776b)
&

which is the same as the expression given by Eq. (7.31)
for the lossless case.
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7-4.2 Good Conductor

We now examine the case of a good conductor character-
ized by £”/&’ > 100. Under this condition, Eqs. (7.66a),
(7.66b), and (7.70) can be approximated as

w,/% vrfpo  (Np/m),

o=
(7.77a)
B=aZ nfuc (rad/m), (7.77b)
~ | M .
= \Jis U+ f“ =(1+)> (@
(1.77¢)
In Eq. (7.77¢c), we used the r Eq. (1.53):
Jj=0+j)/~2. Forap with o =

00, these expressions givea = B = 00, and e = 0. A
perfect conductor is equivalent to a short circuit.

Expressions for the propagation parameters in various
types of media are summarized in Table 7-1 for easy
reference.

Example 7-4  Plane Wave in Seawater

A uniform plane wave is traveling downward in the
+z-direction in seawater, with the x—y plane denoting
the sea surface and z = O denoting a point just below
the surface. The constitutive parameters of seawater are
& = 80, ur = 1,and 0 = 4 S/m. If the magnetic field at
z = 0 is given by H(0, ) = § 100 cos(2m x 10°¢ 4-15°)
(mA/m),

(a) obtain expressions for E(z, t) and H(z, 1), and
(b) determine the depth at which the amplitude of E is
1% of its value at z = 0.

Solution: (a) Since H is along § and the propagation
direction is 2, E must be along X. Hence, the general
expressions for the phasor fields are

E(z) = RE e %e P2, (7.78)

~ E .
H(z) =7 n_o e~ i, (7.78b)

C
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Table 7-1: Expressions for &, 8, 7c, itp, and A for various types of media.

Lossless Low-loss Good
Any Medium Medium Medium Conductor Units
(c=0) (/<) (")e>1)
- - - 1/2
wel o (8 o g |k Np/
“ el | - Vs mfuo  (Np/m)
—-q1/2
e AN ] /
B w ) 1+ <?> +1 w./ILE w./ILE fuo (rad/m)
g\ V2 u 7 N
Ne J —,) - \/j 1+ N= (€2)
€ e e o
Up = w/B 1/./ue 1/ /e (m/s)
A= 21/B = up/f up/f (m)

Notes: ¢ = ¢; ¢’ = o/w; in free space, & = €9, [ = po; in practice, a material is considered a
low-loss medium if ¢ /&' = o/we < 0.01 and a good conducting medium if &” /&’ > 100.

To determine «, B, and 7 for seawater, we begin by
evaluating the ratio ¢”/¢’. From the argument of the
cosine function of H(0, ¢), we deduce that w = 27 x 10°
(rad/s), and therefore f = 1 kHz. Hence,

g o o 4
2 x 103 x 80 x (10~2/36m)

=9 x 10°

g we WELEY

Since ¢” /¢’ > 1, seawater is a good conductor at 1 kHz.
This allows us to use the good-conductor expressions
given in Table 7-1:

« = VT
7w x 103 x 47 x 1077 x 4
=0.126 (Np/m),
B=a=0.126 (rad/m),

(7.79a)
(7.79b)

o
ne={0+j)—
g
0126 .
=2 e’”/4)T = 0.044¢’™* (). (7.79¢)

Asnoexplicitinformationhasbeen given aboutthe electric
field amplitude E,(, we should assume it to be complex;
that is, E,o = |Exole/®. The wave’s instantaneous
electric and magnetic fields are then given by

E(z, 1) =fRe [f(lExo|ej¢°e_aze—jﬂzejw‘]
= R|Eyole %1% cos(2m x 10°t — 0.126z + ¢)

(V/m), (7.80a)
H(z, 1) =Re |:§' e_“ze_fﬂzej‘“’]
=§22.5| Exole %1% cos(2m x 10°¢
—0.126z 4+ ¢o —45°)  (A/m).  (7.80b)
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Atz =0,

H(O, t) = §22.5|Exol cos(2m x 10°t+¢o—45°)  (A/m).

(7.81)
By comparing Eq. (7.81) with the expression given in the
problem statement,

H(0, ) = § 100 cos(2rr x 10°t +15°)  (mA/m),
we deduce that
22.5|Exol = 100 x 107
or
|Esol = 444 (mV/m),
and
do —45° =15 or ¢ =60".

Hence, the final expressions for E(z, ¢) and H(z, t) are

E(z, 1) = §4.44¢7%1%% cos(2m x 10°t — 0.126z + 60°)

(mV/m), (7.82a)
H(z, ) = § 100e~%1%6 cos(2m x 10°¢ — 0.126z + 15°)
(mA/m). (7.82b)

(b) The depth at which the amplitude of E has decreased
to 1% of its initial value at z = O is obtained from
_ In(0.01)

= =36m. |
—0.126

00l =¢ %1% or ¢

EXERCISE 7.7 The constitutive parameters of copper are
w = o = 4m x 1077 (H/m), &€ = go = (1/367) x 10~°
(F/m), and 0 = 5.8 x 107 (S/m). Assuming that
these parameters are frequency independent, over what
frequency range of the electromagnetic spectrum [see
Fig. 1-15] is copper a good conductor?

Ans. f < 1.04 x 106 Hz, which includes the radio
spectrum, the infrared and visible regions, and part of
the ultraviolet region.

EXERCISE 7.8 Over what frequency range may dry soil,
with &, = 3, p: = 1, and ¢ = 10~* (S/m), be regarded
as a low-loss dielectric medium?

Ans. f > 60 MHz.

EXERCISE 7.9 For a wave traveling in a medium with a
skin depth &, what is the amplitude of E at a distance
of 38, compared with its initial value?

Ans. e 3= 0.05o0r5%.

7-5 Current Flow in a Good Conductor

When a d-c voltage is connected across the ends of a
conducting wire, the current flowing through the wire has
a uniform current density J over the wire’s cross section.
That is, J has the same value along the axis of the wire as
along its outer perimeter [Fig. 7-14(a)]. This is not true
in the a-c case. As we will see shortly, the current density

I
=

N %
(a) d-c case

(b) a-c case

Figure 7-14: Current density J in a conducting wire is
(a) uniform across its cross section in the d-c case, but (b)
in the a-c case, J is highest along the wire’s perimeter.

=

INTEL-1014
U.S. Patent 7,151,430

iy




7-5 CURRENT FLOW IN A GOOD CONDUCTOR

in the time-varying case is maximum along the perimeter
of the wire and decreases exponentially as a function of
distance toward the axis of the wire [Fig. 7-14(b)]. In
fact, at very high frequencies most of the current flows
through a thin outer layer of the wire, and if the wire
material is a perfect conductor, the current flows entirely
along the surface of the wire.

Before we deal with the situation for a wire with cir-
cular cross section, let us consider the simpler geometry
of a semi-infinite solid, as shown in Fig. 7-15(a). The
conducting solid is infinite in depth and has a planar
surface coincident with the x—y plane. If at z = 0~
(just above the surface), an x-polarized EM field with
E = XEy and H = §E(/n exists in the medium above
the conductor, a similarly polarized EM field will be
induced in the conducting medium and will constitute
a plane wave that travels along the +z-direction. As a
consequence of the boundary condition mandating that
the tangential component of E be continuous across the
boundary between any two contiguous media, at 7 = 0
(just below the boundary) the electric field of the wave is
E(0) = XEj. The fields of the EM wave at any depth z

in the conductor are then given by
E(z) = REge %e P2, (7.83a)

~ E .
H(z) = §=2e e P2,
e

(7.83b)

From J = oE, the current flows in the x-direction, and
its density is

J@) =% 7J.(2), (7.84)

with

J:(2) = 0 Ege e %2 = Jye~@%e /P2, (7.85)

where Jy = o Ey is the magnitude of the current density
atthe surface. Interms of the skin depth s = 1/« defined
by Eq. (7.72) and in view of Eq. (7.77b), which states that
a = B for a good conductor, Eq. (7.85) can be written as

To(z) = Joe D5 (A/m?). (7.86)
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|

—J\(2)

—-—

(a) Exponentially decaying J(z)

g ¥
J— 3s
J cmcememe ) ¥

oo 4

(b) Equivalent Jy over
skin depth §

Figure 7-15: Exponential decay of current density J, (z)
with z in a solid conductor. The total current flowing
through (a) a section of width w extending between
z = 0 and z = oo is equivalent to (b) a constant current
density Jo flowing through a section of depth &;.

The current flowing through a rectangular strip extending
between zero and oo in the z-direction and of width w in
the y-direction is

w ~
I=w/ Ji(z)dz
0

o0 , Jows
=w / Toe~WHiefss g — J0W0s (A). (7.87)
0

()

The numerator of Eq. (7.87) is equivalent to a uniform
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current density Jo flowing through a thin surface section
of width w and depth &. Because J.(z) decreases
exponentially with depth z, a conductor with a finite
thickness d may be treated in practice as infinitely deep as
longasdisseveralskindepthsinextent. Ifd = 34 [instead
of oo in the integral of Eq. (7.87)], the error incurred in
using the result on the right-hand side of Eq. (7.87) is less
than 5%; and if d = 58, the error is less than 1%.

The voltage across a length [ at the surface
[Fig. 7-15(b)] is given by

~

J.
V = Eol = 221 (7.88)
o

Hence, the impedance of a slab of width w, length /, and
depth d = oo (or, in practice, d > 58;) is

Vo o141
7= @ (7.89)
1 ods w
It is customary to represent Z as
{
Z=2Z;,—, (7.90)
w

where Z, which is called the internal or surface impe-
dance of the conductor, is defined as the impedance Z
for a unit length / = 1 m and a unit width w = 1 m.
Thus,

W F— (). (791

o d

Since the reactive part of Z; is positive, Z can be defined
as

Z; = Rs + jowLs
with
1
R— = [T (o (7.92a)
ods a
1 1 oW
Ls= == H), (7.92b
T wods 2\ mfo &) ( )

where we used the relation 8 = 1/a =~ 1/i/7 f uo given
by Eq. (7.772). In terms of the surface resistance Rs, the
a-c resistance of a slab of width w and length / is

[ l
R=R,— =
w 8w

). (7.93)

The expression for the a-c resistance R is equivalent to
the d-c resistance of a plane conductor of length [ and
cross section A = Ssw.

The results obtained for the planar conductor will
now be extended to the coaxial cable shown in
Fig. 7-16(a). If the conductors are made of copper with
o = 5.8 x 107 S/m, the skin depth & = 1/\/mfuc =
0.066 mm at 1 MHz, and since & varies as 1//7, it
becomes smaller at higher frequencies. For the inner
conductor, as long as its radius a is greater than 54,
or 0.33 mm at 1 MHz, its “depth” may be regarded
as semiinfinite, and a similar criterion applies to the
thickness of the outer conductor. The current flowing

/ Quter conductor

Inner conductor
(a) Coaxial cable

(b) Equivalent inner conductor

Figure 7-16: The inner conductor of the coaxial cable in
(a) is represented in (b) by a planar conductor of width
2ma and depth &, as if its skin has been cut along its
length on the bottom side and then unfurled into a planar
geometry.
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through the inner conductor is concentrated on its outer
surface and is approximately equivalent to a uniform
current flowing through a thin layer of depth 85 and
circumference 2wa. This is equivalent to a planar
conductor of width w = 2ma, as shown in Fig. 7-16(b).
The corresponding resistance per unit length is obtained
by setting w = 2ra and dividing by [ in Eq. (7.93):
r=R_5
L7 2ma

(£2/m). (7.94)
Similarly, for the outer conductor, the current is con-
centrated within a thin layer on the inside surface of the
conductor adjacent to the insulating medium between the
two conductors, which is where the EM fields exist. The
resistance per unit length for the outer conductor with
radius b is

i RS

R Q/ 3
2 oo (§2/m)

and the total a-c resistance per unit length is

(7.95)

R, (1 1
R=R +R,=—(-4- Q/m). (7.96
1T K3 2n<a+b) (2/m). (7.96)

This expression was used in Chapter 2 for characterizing
the resistance perunitlength of acoaxial transmissionline.

REVIEW QUESTIONS

Q7.6 How does B of a low-loss dielectric medium
compare to that of a lossless medium?

Q7.7 In a good conductor, does the phase of H lead or
lag that of E and by how much?

Q7.8 Attenuation means that a wave loses energy as it
propagates in a lossy medium. What happens to the lost
energy?

Q7.9 Is a conducting medium dispersive or dispersion-
less? Explain.
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Q7.10 Compare the flow of current through a wire in
the d-c and a-c cases. Compare the corresponding d-c
and a-c resistances of the wire.

7-6 Electromagnetic Power Density

This section deals with the flow of power carried by an
electromagnetic wave. For any wave with an electric field
E and magnetic field H, the Poynting vector S is defined
as

S=ExH (Wm?.

The unit of S is (V/m) x (A/m) = (W/m?), and the
direction of S is along the propagation direction of the
wave, K. Thus, S represents the power per unit area
(power density) carried by the wave, and if the wave is
incident upon an aperture of area A with outward surface
unit vector it as shown in Fig. 7-17, then the total power
that flows through or is intercepted by the aperture is

(7.97)

P=/S-ﬁdA (W). (7.98)
A

For a uniform plane wave propagating in a direction k
that makes an angle 8 with i, P = SAcos, where
S =8|

Except for the fact that the units of S are per unit area,
Eq. (7.97) is the vector analogue of the scalar expression

|

|

Figure 7-17: EM power flow through an aperture.
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for the instantaneous power P(z,t) flowing through a
transmission line; that is,

P(z,t) =v(z, )iz, 1), (7.99)

where v(z,t) and i(z, t) are the instantaneous voltage
and current on the line.

Since both E and H are functions of time, so is the
Poynting vector S. In practice, however, the quantity
of greater interest is the average power density of the
wave, S,y, which is the time-average value of S. For a
transmission line excited by a time-harmonic (sinusoidal)
source, we showed in Chapter 2 that the time-average
power flowing toward the load can be computed by
applying Eq. (2.87):

Pu(2) = iR [V T ()], (7.100)
where V(z) and T (z) are the phasors corresponding
to v(z,t) and i(z,t), respectively. The analogous
expression for an electromagnetic wave is

S Ae[ExH]  wmd. 10D

7-6.1 Plane Wave in a Lossless Medium

The general expression for the phasor electric field of a
uniform plane wave with arbitrary polarization, traveling
in the +z-direction, is given by

E@) =%E.(2) +¥E,

= (R Ex+§ Ey)e ™, (7.102)

where, in the general case, Eg and Eyo may be complex
quantities. The magnitude of E is

Bl = B -EHY2 = [|Exl? + |Eyl?12. (7.103)

CHAPTER 7 PLANE-WAVE PROPAGATION

The phasor magnetic field associated with E is obtained
by applying Eq. (7.39a):

~ 1, ~ 1 .
H(z) = -Z2xE = ;(—ﬁEyo +§E 0)e /. (7.104)
n

The wave can be considered to be the sum of ' two waves,
one with (E,, H,) and another with (E,, Hy). Using
Egs. (7.102) and (7.104) in Eq. (7.101) leads to

1
Say = ZEOE,\:OF + IEy0|2)

L EP

=3—  (W/m?), (7.105)
2n

which states that the power flow is in the z-direction and
the average power density is equal to the sum of the
average power densities of the (E,, H,) wave and the
(Ey, HL) wave. Note that, because S,, depends only on
n and |E|, waves characterized by different polarizations
carry the same amount of average power if their electric
fields have the same magnitudes.

Example 7-5  Solar Power

If solar illumination is characterized by a power density
of 1 kW/m? at Earth’s surface, find (a) the total power
radiated by the sun, (b) the total power intercepted by
Earth, and (c) the electric field of the power density
incident upon Earth’s surface, assuming that all the solar
illumination is at a single frequency. The radius of Earth’s
orbit around the sun, Ry, is approximately 1.5 x 10% km,
and Earth’s mean radius R, is 6,380 km.

Solution: (a) Assuming that the sun radiates isotropi-
cally (equally in all directions), the total power it radiates
is equal to Say Asph, where Agph is the area of a spherical
shell of radius R [Fig. 7-18(a)]. Thus,

Pan = Sa(47RY) =1 x 10° x 4 x (1.5 x 10')?
=2.8x 10 W.
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-
% -

Area of / Earth

spherical sgrface
Agph = 4R
(a) Radiated solar power

Ao =7REBarth
(b) Earth intercepted power
Figure 7-18: Solarradiation intercepted by (a) a spherical

surface of radius R, and (b) Earth’s surface (Example
7-5).

(b) With reference to Fig. 7-18(b), the power intercepted
by Earth’s cross section A, = w R? is

P = Soy(TR2) =1 x 10° x 7 x (6.38 x 10°)?
=128 x 1017 W.

(c) The power density S,y is related to the magnitude of
the electric field | Eq| by

where ng = 377 (£2) for air. Hence,

|EOI = 2770Sav =V 2 X 377 X 103

=870 (V/m). m

7-6.2 Plane Wave in a Lossy Medium

The expressions given by Egs. (7.68) and (7.69) char-
acterize the electric and magnetic fields of a z-directed,
x-polarized plane wave propagating in a lossy medium
with a propagation constant y = « + jB. By extending
these expressions to the more general case of a wave with
components along both x and y, we have

E(z) =%E,(2) + §E, )

= (REx + YE,0)e e P, (7.106a)

ey 1 )

H(z) = —(—XE,0 + §Exo)e *%e 7%, (7.106b)
Nc

where 7 is the intrinsic impedance of the lossy medium.
Application of Eq. (7.101) gives

Sav(z) = %iﬁe [ﬁ X ITI*]

A Et 2 E< 2 1
_ Z(Exl ;‘\ ol }6—2042 Re (7) (7.107)

C
By expressing 7, in polar form as

Ne = Incle’™, (7.108)
Eq. (7.107) can be rewritten as
2 |EO|2 —2az 2
Sz =12 e cosf, (W/m?), (7.109)
2{ne|
where |Eg| = [|Ex0l* + |Eyl*]"? is the magnitude

of E(z) at z = 0. Whereas the fields E(z) and H(z)
decay with ¢ as e™"%, the power density S,y decreases

as e2*2. When a wave propagates through a distance
z = 8; = 1/, the magnitudes of its electric and magnetic
fields decrease to e~! & 37% of their initial values, and
its average power density decreases to e=2 ~ 14% of its
initial value.
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7-6.3 Decibel Scale for Power Ratios

The unit for power P is watts (W). In many engineering
problems, the quantity of interest is the ratio of two
power levels, P; and P, such as the incident and
reflected powers on a transmission line, and often the
ratio P; /P, may vary over several orders of magnitude.
The decibel (dB) scale is logarithmic, thereby providing a
convenient representation of the power ratio, particularly
when numerical values of P;/ P, are plotted against some
variable of interest. If

P
G ==,

7.110
P, ( )

then

P
G [dB] 2 10log G = 10log (Fl) (dB). (7.111)
2

Table 7-2 provides a comparison between some values of
G and the corresponding values of G [dB]. Even though
decibels are defined for power ratios, they can sometimes
be used to represent other quantities. For example, if
P = V12 /R is the power dissipated in a resistor R with
voltage V; across it at time ¢;, and P, = V}/R is the
power dissipated in the same resistor at time #;, then

P
G [dB] = 10log (?l)
2
V2/R
= 1010g( 12/ )
VZ/R
Vi
—20log [ —
o8 (Vz)

=201log(g) £ g [dB],

(7.112)

where g = Vi/V, is the voltage ratio. Note that for
voltage (or current) ratios the scale factor is 20 rather
than 10, which results in G [dB] = g [dB].

CHAPTER 7 PLANE-WAVE PROPAGATION

Table 7-2: Power ratios in natural numbers and in decibels

G G [dB]
10* 10x dB
4 6 dB
2 3dB
1 0dB
0.5 —3dB
025 —6dB
0.1 —10dB
107 -=30dB

The attenuation rate, representing the rate of decrease
of the magnitude of S,,(z) as a function of propagation
distance, is defined as

A=10log [S“(Z)]
Sav(0)
= 10log(e™*%)
= —20uzloge
= —8.680z = —a [dB/m]z (dB), (7.113)
where
o [dB/m] £ 8.68« [Np/m]. (7.114)

We also note that, since S,y (z) is directly proportional to
[E@),

B E@*T |E(2)|
(7.115)

Example 7-6  Power Received by a Submarine Antenna

A submarine at a depth of 200 m uses a wire antenna
to receive signal transmissions at 1 kHz. Determine the
power density incident upon the submarine antenna due
to the EM wave of Example 7-4.
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Solution: From Example 7-4, |Eg| = |Ex| = 4.44
(mV/m), @ = 0.126 (Np/m), and 1, = 0.044.£45° (Q).
Application of Eq. (7.109) gives

. | Eol?
Sav@) =Z2——e¢
Y 207l
_, G4 x 107%)? 0252 g 450
2 x 0.044

=20.16¢70%%

292 603 O,

(mW/m?).
At z = 200 m, the incident power density is

Sav — 2(016 x 10—36—0.252x200)
=2.1x107%  (W/m?).

EXERCISE7.10 Convert the following values of the power
ratio G from natural numbers to decibels: (a) 2.3, (b)
4 % 10%, (c) 3 x 1072,

Ans. (a)3.6dB, (b) 36 dB, (c) —15.2 dB.

EXERCISE 7.11 Find the voltage ratio g in natural units
corresponding to the following decibel values of the
power ratio G: (a) 23 dB, (b) —14 dB, (c) —3.6 dB.

Ans. (a) 14.13, (b) 0.2, (c) 0.66.

CHAPTER HIGHLIGHTS

A spherical wave radiated by a source becomes ap-
proximately a uniform plane wave at large distances
from the source.

The electric and magnetic fields of a transverse
electromagnetic (TEM) wave are orthogonal to each
other, and both are perpendicular to the direction of
wave travel.

The magnitudes of the electric and magnetic fields of

a TEM wave are related by the intrinsic impedance
of the medium.

287

Wave polarization describes the shape and locus of
the tip of the E vector at a given point in space as
a function of time. The polarization state, which
may be linear, circular, or elliptical, is governed by
the ratio of the magnitudes of and the difference in
phase between the two orthogonal components of the
electric field vector.

e Media are classified as lossless, low-loss,

duasi-conducting, or good conducting on the
basis of the ratio £” /¢’ = o /we.
Unlike the d-c case, wherein the current flowing
through a wire is distributed uniformly across its
cross section, in the a-c case most of the current is
concentrated along the outer perimeter of the wire.

Power density carried by a plane EM wave traveling
in an unbounded medium is akin to the power carried
by the voltage/current wave on a transmission line.

GLOSSARY OF IMPORTANT TERMS

Provide definitions or explain the meaning of the follow-
ing terms:

guided medium
unbounded media
spherical wave
uniform plane wave
complex permittivity &c
wavenumber k

TEM wave

intrinsic impedance n
wave polarization
elliptical polarization
circular polarization
linear polarization
LHC and RHC polarizations
attenuation constant «
phase constant 8

skin depth &

low-loss dielectric
quasi-conductor

good conductor

INTEL-1014
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internal or surface impedance
surface resistance Rj

d-c and a-c resistances
Poynting vector S

average power density Say

PROBLEMS

Section 7-2: Propagation in Lossless Media

7.1 The magnetic field of a wave propagating through
a certain nonmagnetic material is given by

H = 250c0s(10°t — 5y)  (mA/m)

Find the following:

(a) The direction of wave propagation.

(b) The phase velocity.

(¢) The wavelength in the material.

(d) The relative permittivity of the material.
(e) The electric field phasor.

7.2 Write general expressions for the electric and mag-
netic fields of a 1-GHz sinusoidal plane wave traveling
in the -+y-direction in a lossless nonmagnetic medium
with relative permittivity ey = 9. The electric field is
polarized along the x-direction, its peak value is 3 V/m,
and its intensity is 2 V/mat¢z =0and y = 2 cm.

The electric field phasor of a uniform plane wave

ven by E = §10e/9% (V/m). If the phase velocity
of the wave is 1.5 x 10® m/s and the relative permeability
of the medium is w; = 2.4, find the following:
(a) The wavelength.
(b) The frequency f of the wave.
(¢) The relative permittivity of the medium.
(d) The magnetic field H(z, 1).

* Answer(s) available in Appendix D.
% Solution available in CD-ROM.

CHAPTER 7 PLANE-WAVE PROPAGATION

7.4 The electric field of a plane wave propagating in a
nonmagnetic material is given by

E = [§3sin(27 x 10’t — 0.47x)

+24cos(2m x 10’t — 0.4nx)]  (V/m)

Determine:

(a) The wavelength.
(b) &.

(¢) H.

7.5 A wave radiated by a source in air is incident upon
a soil surface, whereupon a part of the wave is transmitted
into the soil medium. If the wavelength of the wave is
30 c¢m in air and 15 cm in the soil medium, what is the
soil’s relative permittivity? Assume the soil to be a very
low-loss medium.

7.6 The electric field of a plane wave propagating in a
lossless, nonmagnetic, dielectric material with &r = 2.56
is given by

E = §20cos(87 x 10°t —kz)  (V/m)

Determine:
(@) f,up, A, k, and 1.
(b) The magnetic field H.

Section 7-3: Wave Polarization

7.7*  AnRHC-polarized wave with a modulus of 2 (V/m)
is traveling in free space in the negative z-direction. Write
the expression for the wave’s electric field vector, given
that the wavelength is 6 cm.

7.8 For a wave characterized by the electric field
E(z, t) = Xa, cos(wt — kz) + Ja, cos(wt — kz + §)

identify the polarization state, determine the polarization
augles (v, x), and sketch the locus of E(0, ¢) for cach of
the following cases:
(@) a,=3V/m,a,=4V/m,and5 =0

+ (b) ay =3 V/m, ay, =4 V/m,and § = 180°
(c) ax =3 V/m,a, =3 V/m,and § = 45°
(d) a, =3 V/m,ay =4 V/m, and § = —135°
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PROBLEMS

7.9 The electric field of a uniform plane wave propa-
gating in free space is given by

E = @&+ j§)20e 775  (V/m)

Specify the modulus and direction of the electric field
intensity at the z = O plane at # = 0, 5, and 10 ns.

A linearly polarized plane wave of the form

Xa,e /¥ can be expressed as the sum of an RHC

polarized wave with magnitude ag, and an LHC polarized

wave with magnitude ar . Prove this statement by finding
expressions for ar and ay, in terms of a,.

7.11" The electric field of an elliptically polarized plane
wave is given by

E(z,t) = [—x 10sin(wt — kz — 60°)
+ §20cos(wt — kz)]  (V/m)

Determine the following:
(a) The polarization angles (y, x)
(b) The direction of rotation.

7.12 Compare the polarization states of each of the

following pairs of plane waves:

(a) Wave 1: E; = X2 cos(wt — kz) + ¥2 sin(wt — kz).
Wave 2: E; = X2 cos(wt + kz) + ¥2 sin(wt + kz).

(b) Wave 1: E; = X2 cos(wt — kz) — y2 sin(wt — kz).
Wave 2: E; = X2 cos(wt + kz) — y2 sin(wt + kz).

7.13 Plot the locus of E(0, t) for a plane wave with

E(z,t) = Xsin(wt + kz) + §2 cos(wt + kz)

Determine the polarization state from your plot.

289

Sections 7-4: Propagation in a Lossy Medium

7.14 For each of the following combinations of param-

eters, determine if the material is a low-loss dielectric, a

quasi-conductor, or a good conductor, and then calculate

a, B, A, up, and 7c:

(a) Glass with u; = 1, ¢, = 5,and 0 = 10~12 S/m at
10 GHz.

(b) Animal tissue with y; = 1, g = 12, and 6 = 0.3
S/m at 100 MHz.

(c) Wood with ur = 1, & = 3,and o = 107* S/m at
1 kHz.

7.15 Dry soil is characterized by e; = 2.5, u; = 1, and
o = 107* (S/m). At each of the following frequencies,
determine if dry soil may be considered a good conductor,
a quasi-conductor, or a low-loss dielectric, and then
calculate «, 8, A, wp, and n¢:

(a) 60 Hz

(b) 1 kHz

(c) 1 MHz

(d) 1 GHz

7.16 Inamedium characterized by &t = 9, u, = 1, and
o = 0.1 S/m, determine the phase angle by which the
magnetic field leads the electric field at 100 MHz.

7.17 Generate a plot for the skin depth §s versus
frequency for seawater for the range from 1 kHz to
10 GHz (use log—log scales). The constitutive parameters
of seawater are u, = 1, & = 80, and o = 4 S/m.

7.18 Ignoring reflection at the air—soil boundary, if the
amplitude of a 2-GHz incident wave is 10 V/m at the
surface of a wet soil medium, at what depth will it be
down to 1 mV/m? Wet soil is characterized by wu, = 1,
&= 16,and 0 =5 x 10~* S/m.

7.19* The skin depth of a certain nonmagnetic conduct-
ing material is 2 um at 5 GHz. Determine the phase
velocity in the material.

7.20 Based on wave attenuation and reflection meas-
urements conducted at 1 MHz, it was determined that the
intrinsic impedance of a certain medium is 28.1./45° (£2)
and the skin depth is 5 m. Determine the following:
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(a) The conductivity of the material.
(b) The wavelength in the medium.
(¢) The phase velocity.

7.21* The electric field of a plane wave propagating in
a nonmagnetic medium is given by

E = 225¢ 3% cos(2r x 10°t —40x)  (V/m)

Obtain the corresponding expression for H.

Section 7-5: Current Flow in Conductors

7.22 In a nonmagnetic, lossy, dielectric medium, a 300-
MHz plane wave is characterized by the magnetic field
phasor

H=@&— j4d)e e (A/m)

Obtain time-domain expressions for the electric and
magnetic field vectors.

7.23* A rectangular copper block is 30 cm in height
(along z). In response to a wave incident upon the
block from above, a current is induced in the block in
the positive x-direction. Determine the ratio of the a-c
resistance of the block to its d-c resistance at 1 kHz. The
relevant properties of copper are given in Appendix B.

7.24 The inner and outer conductors of a coaxial cable

have radii of 0.5 cm and 1 cm, respectively. The

conductors are made of copper with e, = 1, u, = 1, and

o = 5.8 x 107 S/m, and the outer conductor is 0.1 cm

thick. At 10 MHz: )

(a) Are the conductors thick enough to be considered
infinitely thick as far as the flow of current through
them is concerned?

(b) Determine the surface resistance R;.

(¢) Determine the a-c resistance per unit length of the
cable.

CHAPTER 7 PLANE-WAVE PROPAGATION

Section 7-6: EM Power Density

7.25° The magnetic field of a plane wave traveling in
air is given by H = £25sin(27 x 10t — ky) (mA/m).
Determine the average power density carried by the wave,

7.26 A wave traveling in a nonmagnetic medium with
&, = 9 is characterized by an electric field given by

E = [§3cos(zr x 107t + kx)

—22cos(m x 107t + kx)]  (V/m)
Determine the direction of wave travel and average power
density carried by the wave.

7.27% The electric-field phasor of a uniform plane wave

traveling downward in water is given by
E=%10e0%77°%  (V/m)

where Z is the downward direction and z = O is the water

surface. If o = 4 S/m,

(a) Obtain an expression for the average power density.

(b) Determine the attenuation rate.

(¢) Determine the depth at which the power density has
been reduced by 40 dB.

7.28 The amplitudes of an elliptically polarized plane
wave traveling in a lossless, nonmagnetic medium with
e = 4 are Hyy = 6 (mA/m) and Hypy = 8 (mA/m).
Determine the average power flowing through an aperture

in the y—z plane if its area is 20 m?.

7.29* A wave traveling in a lossless, nonmagnetic
medium has an electric field amplitude of 24.56 V/m
and an average power density of 4 W/m?. Determine the
phase velocity of the wave.

At microwave frequencies, the power densily
idered safe for human exposure is 1 (mW/cm?). A
radar radiates a wave with an electric field amplitude £
that decays with distance as E(R) = (3,000/R) (V/m),
where R is the distance in meters. What is the radius of
the unsafe region?
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PROBLEMS 291
@) 7.31 Consider the imaginary rectangular box shown in 7.32 Repeat Problem 7.31 for a wave traveling in a lossy
Fig. 7-19. medium in which

(a) Determine the net power flux P(¢) entering the box R 30y )
due to a plane wave in air given by E=%x100e"" cos(2m x 10°¢ —40y) ~ (V/m)

H=—20.64¢73% cos(2m x 10°t — 40y — 36.85°
E = %Eycos(wt —ky)  (V/m) 20.64¢™" cos(2m X 0y — 36.85°)

(A/m)
(b) Determine the net time-average power entering the
box. The box has dimensions A = 1 cm, » = 2 cm, and
c=0.5cm.
7.33 Given a wave with
z
E = XE, cos(wt — kz)
b calculate:
e L n (a) The time-average electric energy density
L4
%' : ,’ : 1 T 1 T 5
= = A ’ We)ay = = dt = — eE* dt
1{ - . : (We)ay T A We 2T J,
1 1
C: | P Jl- L E— (b) The time-average magnetic energy density
4 4
: ’ ‘ : " ]_ T 1 & o)
17 P4 w e dl‘ = — H dt
/ .......... » (Wm)av T /0‘ Wm 2T A 2%
x (¢) Show that (we)ay = (Wm)ay-
Figure 7-19: Imaginary rectangular box of Problems 7.31
and 7.32.
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EM WAVES AT BOUNDARIES

The sketch in Fig. 8-1 depicts the propagation path
that a signal travels between a shipboard transmitter
and a receiver on a submerged submarine. Let us use
this communication system to examine the wave-related
processes that take place along the signal path. Starting
with the transmitter (denoted Tx for short in Fig. 8-1), the
signal travels along a transmission line to the antenna.
The relationship between the transmitter (generator)
output power, P, and the power supplied to the antenna
is governed by the transmission-line equations given in
Chapter 2. If the transmission line is approximately
lossless and if it is properly matched to the transmitter
antenna, then all of P; is delivered to the antenna. The
next wave-related process is that of radiation; that is,
converting the guided wave provided to the antenna
by the transmission line into a spherical wave radiated
outward into space. The radiation process is the subject
of Chapter 9. From point 1, denoting the location of
the shipboard antenna, to point 2, denoting the point
of incidence of the wave onto the water’s surface, the
signal is governed by the equations characterizing wave
propagation in a lossless medium, which we covered
in Chapter 7. As the wave impinges upon the air—
water boundary, a part of it gets reflected by the surface
and another part gets transmitted across the boundary
into the water medium. The transmitted part undergoes
refraction, wherein the direction of wave travel moves
closer toward the vertical. The reflection and transmis-
sion processes are treated in this chapter. Wave travel
from point 3, representing a point just below the water
surface, to point 4, denoting the location of the submarine
antenna, is subject to the laws of wave propagation in
a lossy medium, which also were treated in Chapter 7.
The final step involves intercepting the wave incident

293

Transmitter
antenna

Water

Receiver

Iigure 8-1: Signal path between a shipboard transmitter
(Tx) and a submarine receiver (Rx).

upon the receiver antenna and converting its power into a
received power, P, for delivery via a transmission line
to the receiver. The receiving properties of antennas are
covered in Chapter 9. In summary, then, each wave-
related aspect of the transmission process depicted in
Fig. 8-1, starting with the transmitter and ending up with
the receiver, is treated in some section or chapter in this
book.

This chapter begins with examinations of the reflection
and transmission properties of plane waves incident
upon planar boundaries and concludes with sections
on geometric optics, in which we discuss the imaging
properties of mirrors and lenses. The in-between topics
include discussions of power relations, and fiber optics.
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294 CHAPTER 8 WAVE REFLECTION AND TRANSMISSION, AND GEOMETRIC OPTICS

8-1 Wave Reflection and Transmission
at Normal Incidence

We know from Chapter 2 that when a guided wave trav-
eling along a transmission line encounters an impedance
discontinuity, such as that shown in Fig. 8-2(a) at the
boundary between two lines with different characteristic
impedances, the incident wave is partly reflected back
toward the source and partly transmitted across the
boundary into the second line. A similar process applies
to a uniform plane wave propagating in an unbounded
medium when it encounters a boundary. In fact, the
situation depicted in Fig. 8-2(b) is exactly analogous to
the transmission-line configuration of Fig. 8-2(a). The

Transmission line 1

| Transmission line 2

Incident wave ;
—_— Transmitted
Z()l ———le- —

wave
Reflected wave f Zyn
|

z=0
(a) Boundary between transmission lines

Incident plane wave

Transmitted plane wave

Reflected plane wave

Medium 1 Medium 2
n 2

z=0
(b) Boundary between different media

Figure 8-2: Discontinuity between two different trans-
mission lines is analogous to that between two dissimilar
media.

boundary conditions governing the relationships between
the electric and magnetic fields of the incident, reflected,
and transmitted waves in Fig. 8-2(b) are similar to those
we developed in Chapter 2 for the voltages and currents
of the corresponding waves on the transmission line.

For convenience, we divide our treatment of wave
reflection by and transmission through planar boundaries
into two parts: in this section we confine our discussion
to the normal-incidence case depicted in Fig. 8-3(a), and
in Sections 8-2 to 8-4 we will examine the more gen-
eral oblique-incidence situation depicted in Fig. 8-3(b).
We will show the basis for the analogy between the
transmission-line and plane-wave configurations so that
we may use transmission-line equivalent models for
solving plane-wave problems.

Before we proceed with our treatment, however,
we should explain the relationship between rays and
wavefronts, as both will be used to represent the propa-
gation of electromagnetic waves. A ray is a line drawn
to represent the direction of flow of electromagnetic
energy carried by the wave, and therefore it is parallel
to the propagation unit vector k and orthogonal to the
wavefront. The ray representation of wave incidence,
reflection, and transmission shown in Fig. 8-3(b) is
equivalent to the wavefront representation depicted in
Fig. 8-3(c). The two representations are complimentary;
the ray representation is easier to use in graphical illus-
trations, whereas the wavefront representation provides
greater physical insight when examining what happens
to a wave when it encounters a discontinuous boundary.
Both representations will be used in our forthcoming
discussions.

8-1.1 Boundary between Lossless Media

The planar boundary located at z = 0 in Fig. 8-4(a)
separates two lossless, homogeneous, dielectric media.
Medium 1, defined for z < 0, is characterized by (e1, (1),
and medium 2, defined for z > 0, is characterized
by (&2, 42). In medium 1, an incident x-polarized
plane wave with fields (E!, H) is traveling in direction
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Reflected
Incident wave ; ave
e ————— Transmitted wave
Reflected wave o IR TN S B
e
e
———— e —— =
—— e
D — e
—_——————
e —
: v Incident
Medium 1 Medium 2 wave
n m Medium 1
m

(a) Normal incidence

(c) wavefront representation of oblique incidence.

Transmitted
wave

e

Medium 2 Medium 1 Medium 2

(b) Ray representation of
oblique incidence

) 7 2

(c) Wavefront representation of
oblique incidence

Figure 8-3: Ray representation of wave reflection and transmission at (a) normal incidence and (b) oblique incidence, and

ki = % toward medium 2. Reflection and transmission
at the discontinuous boundary result in a reflected wave
(E, H") with k, = —7 in medium 1 and a transmitted
wave (E', H) with k, = Z in medium 2. On the basis of
the formulations developed in Sections 7-2 and 7-3 for
characterizing the fields of a TEM wave, the three waves
can be described in phasor form by:

Incident Wave

Ei(z) = REje /12, (8.1a)
~ Ei EL
Hi(z) =7 x % =9 '7_0 e Rz (8.1b)
1 1
Reflected Wave

E'(z) = RESe/*2, (8.2a)

- Er ET .

H'(z) = (-2) x @ _ —y 2k (8.2b)

m

Transmitted Wave

E'(z) = REye /07, (8.3a)

~ E! EY _.

H'(z) =7 x @ §y—Lekz  (8.3b)
2 2

The quantities E}, Ej, and E(‘) are, respectively, the
amplitudes of the incident, reflected, and transmitted
electric fields, all specified at t = 0 and z = 0 (the
boundary between the two media). The wavenumber
and intrinsic impedance of medium 1 are k; = w. /1161
and n, = /ui/e and, similarly, k, = w./mz6; and
Ny = /M2 /&, for medium 2.

The amplitude Ej is related to the source responsible
for generating the incident wave, and therefore it is as-
sumed to be a known quantity. Our goal is torelate Ejj and
Ejeachto EN(‘) We do so by applying boundary conditions
for E and H at z = 0. According to Table 6-2, the
tangential component of E is always continuous across
a boundary between two contiguous media, and in the
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296 CHAPTER 8 WAVE REFLECTION AND TRANSMISSION, AND GEOMETRIC OPTICS

i
A
k. H

Medium 1 (g1, ©1)

Medium 2 (g2, U2)
z=0
(a) Boundary between dielectric media

ZO 1 Z()Q —
|

z=0
(b) Transmission-line analogue

Figure 8§-4: The two dielectric media separated by the
x—y plane in (2) can be represented by the transmission-
line analogue in (b).

absence of current sources at the boundary, the tangential
component of H also is continuous across the boundary.
In the present case, both E and H of the normally incident
wave are tangential to the boundary. Consequently, since
no free charges or currents exist at the boundary, the fields
of the reflected and transmitted waves will have tangential
components only. In Fig. 8-4(a) and correspondingly in
Eqs (8. 2a) and (8.3a), we arbitrarily chose lhe directions
of E* and E! to coincide with the direction of E' along the
positive x-direction. Their true directions, relative to the
assumed directions, will be determined by the polarities
of the amplitudes Ej and E}. As we will see shortly, both
the magnitudes and polarities of these two amplitudes are

governed by the values of the intrinsic impedances of the
two media, n; and ;.

The total electric field El (z) in medium 1 is the sum of
the electric fields of the incident and reflected waves, and
a similar statement applies to the magnetic field H, (z).
Hence,

Medium 1
Ei(2) =Ei@@ +E@
= %(Eje M* + Eje’t), (8.4a)
H;(z) = Hi(z) + H(2)
1 .
=§ — (Ebe /"2 — Efe/M?). (8.4b)
m

With only the transmitted wave present in medium 2, the
fields are

Medium 2
Ey(z) = El(z) = REje /%%, (8.5a)
5 it I E(t) —jk
H,(z) =H'(z) = § —e /™. (8.5b)
M2

At the boundary (z = 0), the tangential components of
the electric and magnetic fields are continuous. Hence,

E (0) = E»(0) or E}+ Ej=Ej, (8.62)

o N Ei E' E!

H,(0)=H,0) or 2 - —2=2 (8.6b)
m m m

Simultaneous solutions for Ef and Ej in terms of E}) give

2 —
El = ( )E =TE, (8.7a)
O \m+m g 0
2}']2 . .
B = ( > E, = TE, (8.7b)
0 m +n1 0 i
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where
E! —
=20 27 ormal incidence), (8.8a)
Ey, m+m
E§ 2m, .
T=— = ——— (normal incidence). (8.8b)
Ey m+m

The quantities I' and t are called the reflection coef-
ficient and transmission coefficient, respectively. For
lossless dielectric media, n; and 7, are real quantities;
consequently, both I and 7 are real also. As we will
see in Section 8-1.4, the expressions given by Egs. (8.8a)
and (8.8b) are equally applicable when the media are
conductive, but in that case 7, and 7, may be complex,
and hence I" and t may be complex as well. From Egs.
(8.8a) and (8.8b), it can be easily shown that I and T are
interrelated by the simple formula

T=1+T  (normal incidence). (8.9)

For nonmagnetic media,

_ Mo
Ul—ﬁ,
_ Mo
Uz—ﬁ,

where 7 is the intrinsic impedance of free space, in which
case Eq. (8.8a) may be rewritten as

= VEr T 4/fr
Ve T 4/én

(nonmagnetic media). (8.10)

8-1.2 Transmission-Line Analogue

The transmission-line configuration shown in Fig. 8-4(b)
consists of a lossless transmission line with characteristic
impedance Zy;, connected at z = 0 to an infinitely
long lossless transmission line with characteristic impe-
dance Zp;. The input impedance of an infinitely long
line is equal to its characteristic impedance. Hence, at
z = 0, the voltage reflection coefficient (Iooking toward
the boundary from the vantage point of the first line) is

_Zp—Zy
Zyp+Zoy

which is identical in form to Eq. (8.8a). To show
the basis for the analogy between the plane-wave and
transmission-line situations, the expressions for the two
cases are given in Table 8-1. Comparison of the two
columns shows that there is a one-to-one correspondence
between the transmission-line parameters (V, T, , B, Zop)
and the plane-wave parameters (E, H, k, ). This corre-
spondence allows us to use the techniques we developed
in Chapter 2, including the Smith-chart method for
calculating impedance transformations, to solve plane-
wave propagation problems.

Simultaneous presence of incident and reflected waves
in a medium, such as medium 1 in Fig. 8-4(a), gives
rise to a standing-wave pattern. By analogy with
the transmission-line case, the standing-wave ratio in
medium 1 is given by

_|Elmax _ 14T
|Ellmin 1 - ]Fl

(8.15)

If the two media have equal impedances (n; = 7,), then
I'=0and S = 1, and if medium 2 is a perfect conductor
with n, = O (which is equivalent to a short-circuited
transmission line), then ' = —1 and S = oo0. The
distances from the boundary to where the magnitude of
the electric field intensity in medium 1 is at a maximum,
denoted /max, are described by the same expression as
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298 CHAPTER 8 WAVE REFLECTION AND TRANSMISSION, AND GEOMETRIC OPTICS

Table 8-1: Analogy between plane-wave equations for normal incidence and transmission-line equations, both under lossless

conditions.

Plane Wave [Fig. 8-4(a)]

Ei(x) = REj(e /M2 + Te/f1?)  (8.11a)

- B .
fi;(2) = §-2(e /412 —Te/M17)  (8.12a)
m

Ej(z) = ktEle k22 (8.13a)

~ . E\ _.

Ho(z) = §r — e /% (8.14a)
12

= (2 —n1)/(m2+n1)

t=14T
ki = w/mie1, k= w282
no=R1/et, M =/u2/e

Transmission Line [Fig. 8-4(b)]
Vi) = Vi (e 7Pz + TelP?)  (8.11b)
= /AN .
Tiz) = L (e /P12 —Te/P12)  (8.12b)
Zo1
Va(z) = TV e /P22 (8.13b)
~ vt
hz) =1 =2 e iP2? (8.14b)
Zo2
I' = (Zo2 — Zo1)/(Zoz + Zo1)
t=14+T
B =w./H1e1, B2=w /M8
Zo1 and Zgy depend on
transmission-line parameters

that given by Eq. (2.56) for the voltage maxima on a
transmission line:

=] _ 9r+2nﬂ: _ 91_)\‘1 +I’l)\,1
Z = imax — 2 = 5
n=1,2,..., if 6, < 0,
{n:O,l,Z,..., ifg, > 0, (8.16)

where A, = 2m/k; and 6; is the phase angle of I'
(ie., I' = |[|e/*, and 6 is bounded in the range
—7m < 6, < 7). The spacing between adjacent maxima
is A1/2, and the spacing between a maximum and the
nearest minimum is A;/4. The electric-field minima
occur at

if Inax < A1/4,

it > as &

A !max +A-1/4,
e lmax — k1/4,

The expressions for Imax and Imin are valid provided
that the medium containing the standing-wave pattern is
cither lossless or a low-loss dielectric, but no restrictions
are imposed on the nature of the reflecting medium.

8-1.3 Power Flow in Lossless Media

Medium 1 of Fig. 8-4(a) contains an incident wave and a
reflected wave, which together produce the electric and
magnetic fields E;(z) and H,(z) given by Egs. (8.11a)
and (8.12a) of Table 8-1. Using Eq. (7.101), the net
average power density flowing in medium 1 is

Sav, (2) = 1%Re[E, (2) x H[(2)]

= %%e[ﬁEé(e’jk‘z + Ieff1?)

X 9_E‘£(ejk[1 _ F*ejklz)]
m

|Ey?

=17 1—|TP, (8.18)

2m

ol
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which is analogous to Eq. (2.86) for the lossless trans-
mission-line case. The first term in Eq. (8.18) represents
the average power density of the incident wave, and the
second term (proportional to |T'|?) represents the average
power density of the reflected wave. Thus,

Sav, =S, + ST, (8.19a)
with
S =2'Efi>'2 (8.19b)
av 2]71 ’ .
: s i
SI,=—-#2IP=2 = —|r’sl,.  (8.19¢)
2m

Even though I" is purely real when both media are lossless
dielectrics, we chose to treat it as complex, thereby
providing in Eq. (8.19c) an expression that is also valid
when medium 2 is conducting.

The average power density of the transmitted wave in
medium 2 is

Sav, (2) = 19e[Ex (2) x H;(2)]

R A . . EI* .
= 1Re [er(‘)e_sz* x §r* =L gk
n2
|Egl?

(8.20)
2n2

=2t
This expression is applicable when both media are
lossless, as well as when medium 1 is conducting and
only medium 2 is lossless.

Through the use of Egs. (8.8a) and (8.8b), it can be
easily shown that for lossless media (for which I and
are real)

2 1-T?

2 m

(lossless media), (8.21)

which leads to

Sav1 = Savz

This result is as expected from considerations of power
conservation.

Example 8-1 Radar Radome Design

A 10-GHz aircraft radar uses a narrow-beam scanning
antenna mounted on a gimbal behind a dielectric radome,
as shown in Fig. 8-5. Even though the radome shape is far
from planar, it is approximately planar over the narrow
extent of the radar beam. If the radome material is a
lossless dielectric with p; = 1 and e, = 9, choose its
thickness d such that the radome appears transparent to
the radar beam. Mechanical integrity requires d to be
greater than 2.3 cm.

Solution: The propagation problem is shown in
Fig. 8-6(a) at an expanded scale. The incident wave
is approximated as a plane wave propagating in me-
dium 1 (air) with intrinsic impedance 7, the radome
(medium 2) is of thickness d and intrinsic impedance 7,
and medium 3 is semi-infinite with intrinsic impe-
dance ny. Figure 8-6(b) is an equivalent transmission-
line model with z = 0 selected to coincide with the
outside surface of the radome, and the load impedance
Z1, = no represents the input impedance of the semi-
infinite medium.

Antenna beam

Dielectric
radome

Radar

Antenna

d

Figure 8-5: Antenna beam “looking” through an aircraft
radome of thickness d (Example 8-1).
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300 CHAPTER 8 WAVE REFLECTION AND TRANSMISSION, AND GEOMETRIC OPTICS

Incident wave Radome Transmitted wave
B — -
_ _
—_—
Medium 1 (air) Medium 2 Medium 3 (air)
Mo e o
] 1
1 1
z=-d z=0
(a)
I U ]
! Line2 .
Line 1
Zoi=ng Zin—> Zpp=n <=M
z=-d z=0
(®)
Figure 8-6: (a) Planar section of the radome of Fig. 8-5 at
an expanded scale and (b) its transmission-line equivalent
model (Example 8-1).

Requiring the radome to “appear” transparent to the
incident wave simply means that the reflection coefficient
must be zero at z = —d, thereby achieving total
transmission of the incident power into medium 3. Since
Z. = 1o in Fig. 8-6(b), no reflection will take place
at z = —d if Z;; = ng, which can be realized by
choosing d = nhiy/2 [see Section 2-7.4], where A, 1s
the wavelength in medium 2 and » is a positive integer.
At 10 GHz, the wavelength in air is Ao = ¢/f = 3 cm,
and in the radome material

Xo 3cm
=—=1cm.
3

Ay =

J&

-

Hence, if we choose d = 5Xy/2 = 2.5 cm, we wil]
satisfy both the no-reflection and the mechanical integrity
requirements. M

Yellow Light Incident
upon a Glass Surface

Example 8-2

A beam of yellow light with wavelength of 0.6 um
is normally incident in air upon a glass surface. If the
surface is situated in the plane z = 0 and the relative
permittivity of glass is 2.25, determine:

(a) the locations of the electric field maximain medium |
(air),

(b) the standing-wave ratio, and

(c) the fraction of the incident power transmitted into the
glass medium.

Solution: (a) We begin by determining the value of 7,
ny, and I':

m= 5= [E~ por (@),
&1 20

o wo 1 1201
N =, /—= _ ~ = 80 (Q),
Ve Ve & 22

n—n 80w — 120x

T4 m 80m 4 1207

Hence, |I'| = 0.2 and 6; = m. From Eq. (8.16), the
electric-field magnitude is a maximum at

W

= —0.2.

] BcA1 Al
P n—
ax 47 2
MM w=01,2,..)
= — n— n—=ul,4,...
4 2
with Ay = 0.6 um.
(b)
1 r 14+0.2
S = + ‘— L =1.5.

T1—r 1-02

(¢) The fraction of the incident power transmitted into
the glass medium is equal to the ratio of the transmitted
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8-1 WAVE REFLECTION AND TRANSMISSION AT NORMAL INCIDENCE 301

power density, given by Eq. (8.20), to the incident power
density, SL, = [E}[*/2n;:

L] T
Siy 2, 2m m

In view of Eq. (8.21),

Sa
2 —1—I?=1-(02?%=0.96, or96%. m

i
S, av

8-1.4 Boundary between Lossy Media

In Section 8-1.1 we considered a plane wave in a lossless
medium incident normally on a planar boundary of
another lossless medium. We will now generalize our
expressions to lossy media. In a medium with constitu-
tive parameters (e, 1, o), the propagation parameters of
interest are the propagation constant y = « + jB and the
complex intrinsic impedance .. The general expressions
for @, B, and n. are given by Egs. (7.66a), (7.66b),
and (7.70), respectively, and approximate expressions are
given in Table 7-1 for the special cases of low-loss media
and good conducting media. If medium 1 is characterized
by (e1, i1, 01) and medium 2 by (&3, u,, 03), as shown
in Fig. 8-7, the expressions for the electric and magnetic
fields in media 1 and 2 can be obtained from Egs. (8.11a)
through (8.14a) of Table 8-1 by replacing jk with y and
n with n. everywhere. Thus,

Medium 1

E|(z) =REi(e "¢ + T'e”?), (8.22a)
. E}
Hi(z) = §=2(e "% — T'eM?), (8.22b)
7701
Medium 2
E»(z) = Rt Ele 7, (8.23a)
~ El
H,(z) = §r =2 777, (8.23b)

C2

3 it
i£—> l[%i A
H Hl kt
Ef
s
N
k. a—éHr
77c1 nCz
Medium 1 (sy, w1, o1) Medium 2 (&2, i2, 02)

z=0
(a) Boundary between dielectric media

Zp1 =1, Zyz = 1, —

I
z=0

(b) Transmission-line analogue

Figure 8-7: Normal incidence at a planar boundary
between two lossy media.

where y; = o) + jB1, y2 = az + jB2, and

L O (8.24a)
qu + ??m
2N,
r=14F=—12_ (324p)
nc: + r|'l:?|

Because 7., and 7, are, in general, complex, I" and
may be complex as well.

Example 8-3  Normal Incidence on a Metal Surface

A 1-GHz x-polarized TEM wave traveling in the +z-
direction is incident in air upon a metal surface coincident
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U.S. Patent 7,151,430



302 CHAPTER 8 WAVE REFLECTION AND TRANSMISSION, AND GEOMETRIC OPTICS

with the x—y plane at z = 0. If the amplitude of
the electric field of the incident wave is 12 (mV/m)
and the metal surface is made of copper with u; = 1,
e = 1l,and 0 = 5.8 X 107 (S/m), obtain expressions
for the instantaneous electric and magnetic fields in the
air medium. Assume the metal surface to be several skin
depths deep.

Solution: In medium 1 (air), & =0,

o 27 x10° 20w

w_;rV L d/
ST axis — 3 wdm)

B=k =

2
nm =no = 377 (£2), )»=—k——=0.3m

1
At f = 1 GHz, copper is an excellent conductor because

g’ o

e weE -
Use of Eq. (7.77c) gives

fp
g

=1x 10°>1.

e, =1+ J)

7 % 10° x 47 x 10777?
5.8 x 107
(m2).

=(1 +j)[
—=8.25(1+ j)

Since 7, is so small compared to 1o = 377 (2) for
air, the copper surface acts, in effect, like a short circuit.
Hence,
_ MNe;p = Mo,
- Ne, + 1o B
Upon setting " = —1inEqs. (8.11a) and (8. 12a) of Table
8-1, we have

—1.

Ei(z) = REl(e77h7 — /M)

= —Xj2E}sinkz, (8.25a)
~ < Eo . e ik
Hi@m)=§— (/" +e™)
m
- Ep
=2 — coskz. (8.25b)

m

With Eé = 12 (mV/m), the instantaneous fields corre-
sponding to these phasors are

E(z, 1) = Re[E, (2) /']

= X2E] sink;zsin wt

=%X245in(207z/3) sin(2mw x 10°1) (mV/m),
Hy(z, 1) = Re[Hi () /']

1

. E
=§2—2 coskzcos wt
m

— § 64 cos(20mz/3) cos(2m x 10°1)  (wA/m).

Plots of the magnitude of E (z, ¢) and H, (z, ) are shown
in Fig. 8-8 as a function of negative z at various values
of wt. The standing-wave patterns exhibit a repetition
period of /2, and E and H are in phase quadrature
(90° phase shift) in both space and time. This behavior
is identical with that of the standing-wave patterns for
voltage and current on a shorted transmission line.

REVIEW QUESTIONS

Q8.1 What boundary conditions were used in the deri-
vations of the expressions for I" and ?

Q8.2 Inthe radar radome design of Example 8-1, all the
incident energy in medium 1 ends up getting transmitted
into medium 3, and vice versa. Does this imply that no
reflections take place within medium 2? Explain.

Q8.3 Explain on the basis of boundary conditions why
it is necessary that ' = —1 at the boundary between a
dielectric and a perfect conductor.

EXERCISE 8.1 To eliminate wave reflections, a dielectric
slab of thickness d and relative permittivity &, is to be
inserted between two semi-infinite media with relative
permittivities &;, = 1and &, = 16. Use the quarter-wave
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Ei(z, 1)
wt =37/2 i
- L 24 (mV/m)
(o
o
n
d
-z 0 u
c
t
0
r
4
S =l - - 24 (mV/m)
wt =1/2
Hl(Z, l‘)
wt=7 ‘I‘
PR i - 64 (ULA/m)
& L
I4 *
’ 1 C
’
4 ‘\ g
' % d
—Z-= = ', :,} “ 0 lé
' 2 LY t
’ s 0
’ . r
4 s
. L4 .
e C * o-64 (wA/m)
wt=0
Figure 8-8: Standing-wave patterns for fields E;(z, 1)
and Hi(z, t) of Example 8-3.

transformer technique to select d and &, for normally
incident waves at 3 GHz.

Ans. ¢, = 4 and d = (1.25 + 2.51) (cm), with
n=0,1,2,....

EXERCISE 8.2 Express the normal-incidence reflection
coefficient at the boundary between two nonmagnetic,
conducting media in terms of their complex permittivi-
ties.

Ans. For incidence in medium 1 (e, g, o)) onto

medium 2 (&3, g, 03),

= A/ 801 - «/SCZ
A/ 801 + A/ 802 '

with ec, = (e1 — jo1/w) and &, = (g2 — jo,/w).

EXERCISE 8.3 Obtain expressions for the average power
densities in media 1 and 2 for the fields described by
Eqgs. (8.22a) through (8.23b), assuming medium 1 is
slightly lossy with 7., approximately real.

Ans.
JESR 2 2
S.v =72—— (e °%1% — |[']%e%¥12
av) 2’7CI ( l [e )’
R Ei 2 1
L R L
2 e,

8-2 Snell’s Laws

In the preceding sections we examined the reflection and
transmission properties of plane waves when incident
normally upon a planar interface between two different
media. We now consider the oblique-incidence case
depicted in Fig. 8-9. The z = 0 plane is the boundary
between two dielectric media characterized by (g1, 1)
for medium 1 and (g;, p,) for medium 2. The two lines
with direction k; represent rays drawn normal to the
wavefront of the incident wave and, similarly, those along
k: and ke represent the reflected and transmitted waves,
respectively. Defined with respect to the normal to the
boundary (the z-axis), the angles of incidence, reflection,
and fransmission (or refraction) are, respectively, 8;, 6,
and 6. These three angles are interrelated by Snell’s laws,
which we will derive by considering the propagation of
the wavefronts of the three waves. The incident wave
intersects the boundary at O and O’. The constant-
phase wavefront of the incident wave is A;O, and the
wavefronts of the reflected and transmitted waves are
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U.S. Patent 7,151,430



!

304 CHAPTER 8 WAVE REFLECTION AND TRANSMISSION, AND GEOMETRIC OPTICS B

Use of these expressions in Eq. (8.26) leads to

Reflected wave 4

0; =06, (Snell’s law of reflection), (8.28a)

3 .
A Transmitted sinfy _ up, _ [Ki€1
sing;  up, U2E2

(Snell’s law of refraction). (8.28b)

Snell’s law of reflection states that the angle of reflection

>Z . i
is equal to the angle of incidence, and Snell’s law of
refraction provides a relation between sin 6; and sin ¢; in
terms of the ratio of the phase velocities.
The index of refraction of a medium, n, is defined as
Incident wave the ratio of the phase velocity in free space (i.e., the speed
Medium 1 (gy, 1) Medium 2 (g3, (42) of light c) to the phase velocity in the medium. Thus,
Figure 8-9: Wave reflection and refraction at a planar c JLE
boundary between different media. e i = it . (8.29)
Up 140E0
In view of Eq. (8.29), Eq. (8.28b) may be rewritten as
A,0" and A,0’, as shown in Fig. 8-9. The incident and sin6y _ ni _ [Hr6r (8.30)
reflected waves propagate in medium 1 with the same sin;,  ny V Moén '

phase velocity up, = 1/,/1€1, and the transmitted wave

in medium 2 propagates with a velocity up, = 1//t262. For nonmagnetic materials, jir, = pr, = 1, in which
The time it takes the incident wave to travel from A; to o’ CHse
is the same as the time it takes the reflected wave to travel ol

g 3 H Sin n & 2
from O to A, and also the time 1t.takes.the t.ransrmtted =l [ _ T2 (for uy = p2), (8.31)
wave to travel from O to A,. Since time is equal to sinf;  np &r, N1

distance divided by velocity, it follows that

10 OA OA where n = J/it/€ is the intrinsic impedance of a die-
o = . (8.26) lectric medium. Usually, materials with higher densities

Up Up, Up, have higher permittivities. Air, with 4, = & = 1, has

. . . : an index of refraction ng = 1. Since for nonmagnetic
From the geometries of the three right triangles in . 0= 2 & C:

. materials n = /&, a material is often referved to as more
| Fig. 8-9, we deduce that e ; > g 4
' dense than a second material if the index of refraction of 3§

4,0’ =00 siné;, (8.27a) the first material is greater than that of the second. .

— . At normal incidence (6; = 0), Eq. (8.31) gives 6 = =&
OA;=00'sintr, (8.27b) 0, as expected, and at oblique incidence §; < 6; when =
OA;= 0O0’'sinb;. (8.27¢) n, > n; and 6, > 6; when n, < ny. Thatis, if the wave
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—— from Eq. (8.30) as
N 9t>0i ny ny
sin 6 = ~2 sin 9" 2 (8.322)
n Or=m/2 ny
: = j” (for w1 = wa).  (8.32b)
T|
"2 If 6; exceeds 6, the incident wave is totally reflected, and
(@) ny<m ®) ny>n the refracted wave becomes a nonuniform surface wave

that travels along the boundary between the two media.
This wave behavior is called fofal internal reflection.

Example 8-4  Light Beam Passing through a Slab

A dielectric slab with index of refraction n, is sur-
| s rounded by a medium with index of refraction n;, as

_-'{-'-"E\?'f..g.q - shown in Fig. 8-11. If 6; < 6, show that the emerging
| beam is parallel to the incident beam.

Solution: At the slab’s upper surface, Snell’s law gives

. ny .
sinf, = — sin (8.33)
(c) ny>nzand 6; =6, 12
and, similarly, at the slab’s lower surface,
Figure 8-10: Snell’s laws state that 6, = 6; and sin 6, = ) ny . n, |
(n1/n2) sin6;. Refraction is (a) inward if n1 < ny and sinf3 = P sinf, = Py sin 6. (8.34)
(b) outward if ny > ny; and (c) the refraction angle is 90° : 1
if n; > ny and 6; is equal to or greater than the critical

angle 6, = sin’l(ng/m).
]
\\\%
ny | 1
" ]
1
np !
in medium 1 is incident on a more dense medium, as
in Fig. 8-10(a), the transmitted wave refracts inwardly n3=ny
toward the z-axis, and the opposite is true if the wave
is incident on a less dense medium [Fig. 8-10(b)]. A
case of particular Interest 1s when 6 = /2, as shown in Figure 8-11: The exit angle 63 is equal to the incidence
Fig. 8-10(c); in this case, ﬂ.le refract.ed ko ﬂOWS. along angle 6y if the dielectric slab has parallel boundaries and
the surface and no energy is transmitted into medium 2. is surrounded by the same index of refraction on both
The value of the angle of incidence 8; corresponding to sides (Example 8-4).
6, = m/2 is called the critical angle 9, and is obtained
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Substituting Eq. (8.33) into Eq. (8.34) gives

n
sinf; = (2) <—1> sin§; = sin 6;.
ni ny

Hence, 65 = 6;. The slab displaces the beam’s position,
but the beam’s direction remains unchanged.

EXERCISE 8.4 In the visible part of the electromagnetic
spectrum, the index of refraction of water is 1.33. Whatis
the critical angle for light waves generated by an upward-
looking underwater light source?

Ans. 0. = 48.8°.

EXERCISE 8.5 Ifthelightsource of Exercise 8.4issituated
at a depth of 1 m below the water surface and if its beam
is isotropic (radiates in all directions), how large a circle
would it illuminate when observed from above?

Ans. Circle’s diameter = 2.28 m.

8-3 Fiber Optics

By successive total internal reflections, as indicated in
Fig. 8-12(a), light can be guided through thin dielectric
rods made of glass or transparent plastic, known as
optical fibers. Because the light is confined to traveling
within the rod, the only loss in power is due to reflections
at the sending and receiving ends of the fiber and
absorption by the fiber material (because it is not a perfect
dielectric). Fiber optics is useful for the transmission of
wide-bandwidth signals and in a wide range of imaging
applications.

An optical fiber usually consists of a cylindrical fiber
core with an index of refraction ng, surrounded by
another cylinder of lower index of refraction, nc, called
a cladding, as shown in Fig. 8-12(b). The cladding
layer serves to optically isolate the fiber from adjacent
fibers when a large number of fibers are packed in close

proximity, thereby avoiding the leakage of light from one

fiber to another. To satisfy the condition of total interna]

reflection, the incident angle 6 in the fiber core must be

equal to or greater than the critical angle 6. for a wave

in the fiber medium (with n¢) incident upon the cladding

medium (with zn;). From Eq. (8.32a), we have
Re

sinf, = — .
nf

(8.35)

To meet the total-reflection requirement that 63 > 6, it
is then necessary that sin 63 > n./ns. The angle 6; is the
complement of angle 63, and cos 6, = sin 63. Hence, the
necessary condition may be written as

e
cosfy, > — .
ng

(8.36)

Moreover, 8, is related to the incidence angle on the face
of the fiber, 6;, by Snell’s law:

sinf, = o sin 6;, (8.37)

ng

where ng is the index of refraction of the medium
surrounding the fiber (ny = 1 for air and no = 1.33
if the fiber is in water), or

2 1/2
costh = [1 - <@) sin? 9{|
ng

Using Eq. (8.38) in the left-hand side of Eq. (8.36) and
then solving for sin 6; gives

(8.38)

1
sing; < — (n? —n2)'/%. (8.39)
no

The acceptance angle 6, is defined as the maximum value
of 6; for which the condition of total internal reflection
remains satisfied:

1
sin6, = —(n2 —nH)'?  (3.40)
no
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