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4.55 Use the expressions given in Problem 4.54 to 

determine the capacitance for the configurations in 

Fig. 4-35(a) when the conducting plates are placed on 

the right and left faces of the structure. 

Section 4-12: Image Method 

4.56 With reference to Fig. 4-37, charge Q is located 

at a distance d above a grounded half-plane located in 

the x-y plane and at a distanced from another grounded 

half-plane in the x-z plane. Use the image method to 

(a) Establish the magnitudes, polarities, and locations of 

the images of charge Q with respect to each of the 

two ground planes (as if each is infinite in extent). 

(b) Find the electric potential and electric field at an ar-

bitrary point P(O, y, z). 

•P(O, y, z) 

d - - - •• Q(O, d, d) 
I 

d 

Figure 4-37: Charge Q next to two perpendicular, 

grounded, conducting half-planes. 

,ey __ 4.57 Conducting wires above a conducting plane carry 

currents / 1 and /z in the directions shown in Fig. 4-38. 

Keeping in mind that the direction of a current is defined 

in terms of the movement of positive charges, what are 

the directions of the image currents corresponding to I 1 

and fz? 

CHAPTER 4 ELECTROSTATICS 

ll II 

(a) (b) 

Figure 4-38: Currents above a conducting plane (Prob­

lem 4.57). 

4.58 Use the image method to find the capacitance per 

unit length of an infinitely long conducting cylinder of 

radius a situated at a distanced from a parallel conducting 

plane, as shown in Fig. 4-39. 

Figure 4-39: Conducting cylinder above a conducting 

plane (Problem 4.58). 
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OVERVIEW 

T his chapter on magnetostatics parallels the preceding 
chapter on electrostatics. Station~ charges produce 
s~ ti.c electric field ,~ d teady (nontime_y_fu-ying1 cur­
rents produce magne.tic fields. For o/at = 0, the mag­
~c fields in amedium~ agnetic permeabilityµ, 
are governed by the second pair of Maxwell's equations, 
those given by Eqs. (4.3a and b): 

'V·B=0, 

'V X H=J, 

(5. la) 

(5.lb) 

where J is the current density. The magnetic flux 
density B and the magnetic field intensity H are related 
by 

B = µ,H. (5.2) 

When we examined electric fields in a dielectric medium 
in Chapter 4, we noted that the relation D = eE is 
valid only when the medium is linear and isotropic. 
These properties, which are true for most materials, 
allow us to treat the permittivity e as a constant scalar 
quantity, independent of both the magnitude and direction 
of E. A similar statement applies to the relation given 
by Eq. (5.2). With the exception of ferromagnetic 
materials, for which the relationship between B and H is 
nonlinear, most materials are characterized by constant 
magnetic permeabilities. Furthermore, µ, = µ,o for 
most dielectrics and metals ( excluding ferromagnetic 
materials). Our objective in this chapter is to develop 
an understanding of the relationships between steady 
currents and the magnetic fields Band H for various types 
of current distributions and in various types of media and 
to introduce a number of related quantities, such as the 
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magnetic vector potential A, the magnetic energy den­
sity Wm, and the inductance of a conducting structure, L. 
The parallelism between these magnetostatic quantities 
and their electrostatic counterparts is encapsulated in 
Table 5-1. 

5-1 Magnetic Forces and Torques 

The electric field E at a point in space has been defined as 
the electric force Fe per unit charge acting on a test charge 
when placed at that point. We now define the magnetic 
flux density Bat a point in space in terms of the magnetic 
force Fm that would be exerted on a charged particle 
moving with a velocity u were it to be passing through that 
point. Based on experiments conducted to determine the 
motion of charged particles moving in magnetic fields, it 
was established that the magnetic force Fm acting on a 
particle of charge q can be cast in the form 

Fm= qu x B (N). (5.3) 

Accordingly, the strength of B is measured in 
newtons/(C-m/s), which also is called the tesla (T) in 
SI units. For a positively charged particle, the direction 
of Fm is in the direction of the cross product u x B, 
which is perpendicular to the plane containing u and B 
and governed by the right-hand rule. If q is negative, the 
direction of Fm is reversed, as illustrated in Fig. 5-1. The 
magnitude of Fm is given by 

Fm= quB sin 0, (5.4) 

where 0 is the angle between u and B. We note that Fm is 
maximum when u is perpendicular to B (0 = 90°), and 
it is zero when u is parallel to B (0 = 0 or 180°). 
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Table 5-1: Attributes of electrostatics and magnetostatics. 

Attribute Electrostatics Magnetostatics 

Sources Stationary charges Steady currents 

Fields 

Constitutive parameter(s) 

Governing equations 
• Differential form 

• Integral form 

Potential 

Energy density 

Force on charge q 

Circuit element(s) 

If a charged particle is in the presence of both an 
electric field E and a magnetic field B, then the total 
electromagnetic force acting on it is 

I F =Fe+ Fm= qE + qu X B = q(E + U X B). (5.5) 

The force expressed by Eq. (5.5) is known as the Lorentz 

force . Electric and magnetic forces exhibit a number of 
important differences: 

1. Whereas the eleclric force is always in the direction 
of the electric field, the magnetic force is always 
perpendicular to the magnetic field. 

2. Whereas the electric force acts on a charged particle 
whether or not it is moving, the magnetic force acts 
on it only when it is in motion. 

EandD HandB 

sand a µ, 

V•D=Pv V·B=O 
VxE=O VxH=J i D·ds= Q i B-ds=O 

i E-dl=O i H·dl= I 

Scalar V, with Vector A, with 
E=-VV B=VxA 

_ I £2 
We - 2S _ I H2 

Wm - 2µ, 

Fe= qE Fm=quxB 

C and R L 

3. Whereas the electric force expends energy in dis­
placing a charged particle, the magnetic force does 
no work when a particle is displaced. 

Our last statement requires further elaboration. Because 
the magnetic force Fm is always perpendicular to u, 

Fm • u = 0. Hence, the work performed when a particle 
is displaced by a differential distance di :;::: u dt is 

dW = Fm ·di= (Fm •u) dt = 0. (5.6) 

Since no work is done, a magnetic field cannot change 
the kinetic energy of a charged particle; the magnetic field 

can change the direction of motion of a charged particle, 

but it cannot change its speed. 
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5-1 MAGNETIC FORCES AND TORQUES 

Fm= quB sin 0 

(a) 

B 

(b) 

Figure 5-1: The direction of the magnetic force exerted 
on a charged particle moving in a magnetic field is (a) 
perpendicular to both B and u and (b) depends on the 
charge polarity (positive or negative). 

EXERCISE 5.1 An electron moving in the positive 
x-direction perpendicular to a magnetic field experiences 
a deflection in the negative z-direction. What is the 
direction of the magnetic field? 

Ans. Positive y-direction. 

EXERCISE 5.2 A proton moving with a speed of 2 x 106 

mis through a magnetic field with magnetic flux density 
of 2.5 T experiences a magnetic force of magnitude 
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4 x 10-13 N. What is the angle between the magnetic 
field and the proton's velocity? 

Ans. 0 = 30° or 150°. 

EXERCISE 5.3 A charged particle with velocity u is 
moving in a medium containing uniform fields E = xE 
and B = y B. What should u be so that the particle 
experiences no net force on it? 

Ans. u = zE/ B. 

5-1.1 Magnetic Force on a Current-Carrying 
Conductor 

A current flowing through a conducting wire consists 
of charged particles drifting through the material of the 
wire. Consequently, when a current-carrying wire is 
placed in a magnetic field, it will experience a force 
equal to the sum of the magnetic forces acting on 
the charged particles moving within it. Consider, for 
example, the arrangement shown in Fig. 5-2 in which 
a vertical wire oriented along the z-direction is placed 
in a magnetic field B (produced by a magnet) oriented 
along the -x-direction (into the page). With no current 
flowing in the wire, Fm = 0 and the wire maintains its 
vertical orientation, as shown in Fig. 5-2(a), but when a 
current is introduced in the wire, the wire deflects to the 
left (-y-direction) if the current's direction is upward 
( +z-direction), and it deflects to the right ( +y-direction) 
if the current's direction is downward (-z-direction). 
The directions of these deflections are in accordance with 
the cross product given by Eq. (5.3). 

To quantify the relationship between Fm and the cur­
rent I flowing in the wire, let us consider a small segment 
of the wire of cross-sectional area A and diff crcntial 
length di, with the direction of di denoting the direction 
of the current. Without loss of generality, we assume 
that the charge carriers constituting the current I are 
exclusively electrons, which is always a valid assumption 
for a good conductor. If the wire contains a free-electron 
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B B 
0 0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 © 

© © © 0 © © 

l=O I 

(a) (b) 

B z 
0 0 

+y 

0 0 0 

0 0 0 

0 0 

(c) 

Figure 5-2: When a slightly flexible vertical wire is 

placed in a magnetic field directed into the page (as 

denoted by the crosses), it is (a) not deflected when the 

current through it is zero, (b) deflected to the left when/ is 

upward, and (c) deflected to the right when I is downward. 

charge density Pve = - Nee, where Ne is the number of 
moving electrons per unit volume, then the total amount 

of moving charge contained in an elemental volume of 

the wire is 

dQ = PveA di= -NeeA dl , (5 .7) 

and the corresponding magnetic force acting on d Q in 

the presence of a magnetic field B is 

dFm = dQ De X B = -NeeA dl De X B, (5.8a) 

CHAPTER 5 MAGNETOSTATICS 

where Ue is the drift velocity of the electrons. Since the 

direction of a current is defined as the direction of flow of 

positive charges, the electron drift velocity De is parallel 

to dl, but opposite in direction. Thus, di De = -di ue 

and Eq. (5.8a) becomes 

(5.8b) 

From Eqs. (4.11) and (4.12), the current / flowing 

through a cross-sectional area A due to electrons with 

density Pve = -Nee, moving with velocity -ue, is 

I= Pve(-ue)A = (-Nee)(-ue)A = NeeAue. Hence, 
Eq. (5.8b) may be written in the compact form 

dFm = I dl x B (N). (5.9) 

For a closed circuit of contour C carrying a current /, the 

total magnetic force is 

Fm= It dl x B (N). (5.10) 

We will now examine the application of Eq. (5.10) in 

each of two special situations. 

Closed Circuit in a Uniform B Field 

Consider a closed wire carrying a current / and placed 

in a uniform external magnetic field B, as shown in 

Fig. 5-3(a). Since B is constant, it can be taken outside 

the integral in Eq. (5.10), in which case we have 

(5.11) 

This result, which is a consequence of the fact that the 

vector sum of the displacement vectors di over a closed 

path is equal to zero, states that .t~e to_taJ magnetic force 

on any closed current loop j1~ a u11ifo~m_!.!! __ ag11e1ic fi.elcj_ is 
zero. -
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5-1 MAGNETIC FORCES AND TORQUES 

C 

(a) 

(b) 

Figure 5-3: In a uniform magnetic field, (a) the net force 
on a closed current loop is zero because the integral of 
the displacement vector di over a closed contour is zero, 
and (b) the force on a line segment is proportional to the 
vector between the end point (Fm = It x B). 
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Curved Wire in a Uniform B Field 

If we are interested in the magnetic force exerted on a 
wire segment, such as that shown in Fig. 5-3(b), when 
placed in a uniform field B, then Eq. (5.10) becomes 

Fm= I (lb dl) X B = Ii X B, (5.12) 

where l is the vector directed from a to b, as shown in 
Fig. 5-3(b). The integral of di from a to b has the same 
value irrespective of the path taken between a and b. For 
a closed loop, points a and b become the same point, in 
which case i = 0 and Fm= 0. 

Example 5-1 Force on a Semicircular Conductor 

The semicircular conductor shown in Fig. 5-4 lies in the 
x-y plane and carries a current/. The closed circuit is 
exposed to a uniform magnetic field B = y B0 . Determine 
( a) the magnetic force FI on the straight section of the wire 
and (b) the force F 2 on the curved section. 

Solution: (a) The straight section of the circuit is of 
length 2r, and the current flowing through it is along the 

y 

B 

Figure 5-4: Semicircular conductor in a uniform field 
(Example 5-1). 

INTEL-1014 
U.S. Patent 7,151,430 



192 

+x-direction. Application of Eq. (5.12) with l = x2r 
gives 

F1 = :x:(2/r) x yBo = z2IrBo (N). 

(b) Let us consider a segment of differential length di on 
the curved part of the circle. The direction of di is chosen 
to coincide with the direction of the current. Since di 
and B are both in the x-y plane, their cross product di x B 
points in the negative z-direction, and the magnitude of 
di x B is proportional to sin </J, where </J is the angle 
between di and B. Moreover, the magnitude of di is 
dl = r d</J. Hence, 

F2 = I 111: di x B 
¢=0 

= -zl 1n: r Bo sin </J d</J = -z 2/r Bo (N). 
¢=0 

We note that F2 = -F1, and consequently the net force 
on the closed loop is zero. ■ 

EXERCISE 5.4 A horizontal wire with a mass per unit 
length of 0.2 kg/m carries a current of 4 A in the 
+x-direction. If the wire is placed in a uniform magnetic 
flux density B, what should the direction and minimum 
magnitude of B be in order to magnetically lift the wire 
vertically upward? (Hint: The acceleration due to gravity 
is g = -z9.8 m/s2.) 

Ans. B = y0.49 T. 

REVIEW QUESTIONS 

QS.l What are the major differences between the be­
havior of the electric force Fe and the behavior of the 
magnetic force Fm? 

QS.2 The ends of a 10-cm-long wire carrying a constant 
current I are anchored at two points on the x-axis, x = 0 

CHAPTER 5 MAGNETOSTATICS 

and x = 6 cm. If the wire lies in the x-y plane 
and is present in a magnetic field B = y Bo, which of 
the following arrangements produces a greater magnetic 
force on the wire: (a) wire is V-shaped with corners 
at (0, 0), (3, 4), and (6, 0), (b) wire looks like an open 
rectangle with corners at (0, 0), (0, 2), (6, 2), and (6, 0). 

5-1.2 Magnetic Torque on a Current-Carrying 
Loop 

When a force is applied on a rigid body pivoted about a 
fixed axis, the body will react by rotating about that axis. 
The strength of the reaction depends on the cross product 
of the applied force vector F and the distance vector d, 
measured from a point on the rotation axis (such that dis 
perpendicular to the axis) to the point of application of F 
(Fig. 5-5). The length of dis called the moment arm , 
and the cross product is called the torque : 

T = d x F (N•m). (5.13) 

The unit for T is the same as that for work or energy, but 
torque does not represent work or energy. The force F 

y 
.l 

Figure 5-5: The force F acting on a circular disk pivoted 
along the z-axis generates a torque T = d x F that causes 
the disk to rotate. 
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5-1 MAGNETIC FORCES AND TORQUES 

applied on the disk shown in Fig. 5-5 lies in the x-y plane 
and makes an angle 0 with d. Hence, 

T = zrF sin 0, (5.14) 

where ldl = r, the radius of the disk, and F = IFI­
From Eq. (5.14) we see that a torque along the positive 
z-direction coffesponds to a tendency for the cylinder to 
rotate in a counterclockwise direction and, conversely, a 
negative torque coffesponds to clockwise rotation. These 
directions are governed by the following right-hand rule: 
when the thumb of the right hand is pointed along the 
direction of the torque, the four fingers indicate the 
direction that the torque is trying to rotate the body. 

We will now consider the magnetic torque exerted on 
a conducting loop under the influence of magnetic forces. 
We begin with the simple case where the magnetic fieldB is 
in the plane of the loop, and then we will extend the analysis 
to the more general case where B makes an angle 0 with 
the surface normal of the loop. 

Magnetic Field in the Plane of the Loop 

The rectangular conducting loop shown in Fig. 5-6(a) is 
made of rigid wire carrying a current /. The loop lies 
in the x-y plane and is pivoted about the axis shown. 
Under the influence of an externally generated uniform 
magnetic field B = xB0 , arms 1 and 3 of the loop are 
subjected to forces F 1 and F3 , respectively, with 

F1 = I (-yb) x (x.Bo) = zlbBo, (5.15a) 

and 

F3 = /(yb) x (x.Bo) = -zlbBo. (5.15b) 

These results are based on the application of Eq. (5.12). 
No magnetic force is exerted on either arm 2 or 4 because 
B is parallel to the direction of the current flowing in those 
arms. 

The end view of the loop, depicted iri Fig. 5-6(b ), shows 
that forces F 1 and F 3 produce a torque about the origin O, 
causing the loop to rotate in a clockwise direction. The 

-.-
I 

I 

I 
l 

rn 0~ - - - - ~ 
: G.Y ' b- -

I 
I 

I @ 
., 

l...,11t----a----1~~1 
I 

Pivot axis/• 

(a) 

z 

l--a12--I 

-z 
(b) 
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r 

B -
+-x 

- B 

Figure 5-6: Rectangular loop pivoted along the y-axis: 
(a) front view and (b) bottom view. The combination of 
forces F 1 and F 3 on the loop generates a torque that tends 
to rotate the loop in a clockwise direction as shown in (b ). 

moment arm is a/2 for both forces, but d1 and d3 are in 
opposite directions, resulting in a total magnetic torque 
of 

T=d1XF1+d3XF3 

= (-x%) X (zibBo) + (x%) X (-zlbBo) 

= ylabBo = yl AB0 , (5.16) 
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where A = ab i the area of t 1e loop. The right-hand 
..---~--......--~·~---

rule ti!lls us that the sense of rotation 1s clockwise. The 

result given by Eq. (5.16) is valid only when the magnetic 
field B is parallel to the plane of the loop. As soon as 

the loop starts to rotate, the torque T starts to decrease, 

and at the end of one quarter of a complete rotation, the 

torque becomes zero, as discussed next. 

Magnetic Field Pe1pe11dicular to the Axis 

of a Rectangular Loop 

For the situation represented by Fig. 5-7, where 

B = x.B0, the field is still perpendicular to the loop's 

axis of rotation, but its direction may be at any angle e 
with respect to the loop's surface normal fi, we may now 

have nonzero forces on all four arms of the rectangular 

loop. However, forces F 2 and F 4 are equal in magnitude 

and opposite in direction and are along the rotation axis; 

hence, the net torque contributed by their combination is 

zero. The directions of the currents in arms 1 and 3 are 

always perpendicular to B regardless of the magnitude 

of e. Hence, F 1 and F 3 have the same expressions given 

previously by Eqs. (5 .15a and b), and their moment arm 

is (a/2) sine, as illustrated in Fig. 5-7(b ). Consequently, 

the magnitude of the net torque exerted by the magnetic 

field about the axis of rotation is the same as that given 

by Eq. (5.16), but modified by sine: 

T = I ABo sine. (5.17) 
~ 

According to Eq. (5.17), the torque is maximum when 

the magnetic ~d i parallel 1o tfie plane _of the loop 

W =- 90°) and i :rerowhen the field is perpendiculano 
the plane of the loop(0 -;;-0). If the foop consi t- of 

N turns, each contributing a torque given by Eq. (5.17), 

then the total torque is 

T = NI A B0 sin 0. (5.18) 

The quantity NI A is called the magnetic moment m 

of the loop, and it may be regarded as a vector m with 

direction fi, where fi is the surface normal of the loop 

and governed by the following right-ham/ rule: when 

CHAPTER 5 MAGNETOSTATICS 

X 

(a) 

a/2 sin 0 

(b) 

Figure 5-7: Rectangular loop in a uniform magnetic field 

with flux density B whose direction is perpemlicular Lo the 

rotiltion ilxis of the loop, but makes an angle 0 with the 

loop's surface normal ii. 

the four fingers of the right hand advance in the direction 

of the current I, the direction of the thumb specifies the 
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5-2 THE BIOT-SAVART LAW 

direction of ft. That is, 

I m ~ nN I A (A-m2), (5.19) 

and in terms of m, the torque vector T can be written as 

I T=mxB (N-m). (5.20) 

Even though the derivation leading to Eq. (5.20) was 
obtained for B being perpendicular to the axis of rotation 
of a rectangular loop, the expression is valid for any 
orientation of B and for a loop of any shape. 

REVIEW QUESTIONS 

QS.3 How is the direction of the magnetic moment of 
a loop defined? 

QS.4 If one of two wires of equal lengths is formed 
into a closed square loop and the other is formed into a 
closed circular loop, and if both wires are carrying equal 
currents and both loops have their planes parallel to a 
uniform magnetic field, which loop would experience a 
greater torque? 

EXERCISE 5.5 A square coil of 100 turns and 0.5-m-long 
sides is in a region with a uniform magnetic flux density 
of 0.2 T. If the maximum magnetic torque exerted on the 
coil is 4 x 10-2 (N-m), what is the current flowing in the 
coil? 

Ans. I= 8mA. 
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5-2 The Biot-Savart Law 

In the preceding section, we elected to use the rn.agnetic 
fll!X den ityJJ to denote the presence of a magnetic field -
in a given region of space. We will now work with the 
!E-agnetic field intensity H instead. We do this in part 
to remind the reader that B and H are linearly related 
for most materials through B = µ,H, and therefore 
knowledge of one is synonymou-s with knowledge of the 
other (assuming thatµ, is known). 

Through his experiments on the deflection of com­
pass needles by current-carrying wires, Hans Oersted 
established that currents induce magnetic fields that form 
closed loops around the wires [see Section 1-2.3]. Build-

. ing upon Oersted's results, Jean Biot and Felix Savart 
arrived at an expression that relates the magnetic field H 
at any point in space to the current I that generates H. 
The Biot-Savart law states that the differential magnetic 
field dH generated by a teady current I flowing through 
a differential length dlis givii;by--

/ di X R 
dH=----

4rr R2 
(Alm), (5.21) 

where R = RR is the distance vector between di and the 
observation point P shown in Fig. 5-8. The SI unit for H 
is ampere-rn/m2 = (Alm). It is important to remember 
that the direction of the magnetic field is defined such 
that di is along the direction of the current I and the 
unit vector R points from the current element to the 
observation point. According to Eq. (5.21), dH varies 
as R-2, which is similar to the distance dependence of 
the electric field induced by an electric charge. However, 
unlike the electric field vector E, whose direction is along 
the distance vector Rjoining the charge to the observation 
point, the magnetic field H is orthogonal to the plane 
containing the direction of the current element di and the 
distance vector R. At point P in Fig. 5-8, the direction 
of dH is out of the page, whereas at point P' the direction 
of dH is into the page. 

To determine the total magnetic field H due to a con­
ductor of finite size, we need to sum up the contributions 

INTEL-1014 
U.S. Patent 7,151,430 



196 

(dH out of the page) 

~P0 dH 
I 

I 

,'R 

p® dH 
(dH into the page) 

Figure 5-8: Magnetic field dH generated by a current 
element I di. The direction of the field induced at point P 

is opposite that induced at point P ' . 

due to all the current elements making up the conductor. 
Hence, the Biot-Savart law becomes 

H= ~1dlxR 
4rr I R2 

(Alm), (5.22) 

where l is the line path along which / exists. 

5-2.1 Magnetic Field due to Surface and Volume 
Current Distributions 

The Biot-Savart law may also be expressed in terms of 
distributed current sources (Fig. 5-9) such as the volume 
current density J, measured in (A/m2), or the surface 
current density J~, measured in (Alm). The surface 
current density Js applies to currents that flow on the 
surfaces of conductors in the form of sheets of effectively 
zero thickness. When the current sources are specified 
in terms of Js over a surface S or in terms of J over a 
volume v, we can use the equivalence given by 

I di = Js ds = J dv (5.23) 

CHAPTER 5 MAGNETOSTATICS 

s 

(a) Volume current density Jin (A/m2) 

(b) Surface current density Js in (Alm) 

Figure 5-9: (a) The total current crossing the cross 
section S of the cylinder is / = fs J · ds. (b) The 
total current flowing across the surface of the conductor 

is I = ft l s dl . 

to express the Biot-Savart law as follows: 

H = -1
- { Js x R ds (for a surface current), 

4rr Js R2 

(5.24a) 

H = -1
- { J x R dv (for a volume current) . 

4rr Jv R2 

(5.24b) 

Example 5-2 Magnetic Field of a Linear Conductor 

A linear conductor of length l and carrying a current I 
is placed along the z-axis as shown in Fig. 5-10. 
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z 

I 

(a) 

z 

I 

(b) 

A 
R 

dH into 
the page 

p 

Figure 5-10: Linear conductor of length l carrying a 
current/. (a) The field dH at point P due to incremental 
current element di. (b) Limiting angles 01 and 02 , each 
measured between vector / di and the vector connecting 
the end of the conductor associated with that angle to 
point P (Example 5-2). 

Determine the magnetic flux density B at a point P 
located at a distance r in the x-y plane in free space. 

Solution: From Fig. 5-10, current element di = zdz and 
dl x R = dz (z x R) = i sin 0 dz, where i is the azimuth 
direction and 0 is the angle between di and R. Hence, 
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application of Eq. (5.22) gives 

I 1z=1
!
2 

di X R A / 11
1

2 sine H = - --
2
- = tf,- -- dz. (5.25) 

4rr z=-1/2 R 4rr _112 R2 

For convenience, we will convert the integration variable 
from z to 0 by using the transformations 

R = rcsc0, 

z = -r cote, 

dz = r csc2 0 d0. 

(5.26a) 

(5.26b) 

(5.26c) 

Upon inserting Eqs. (5.26a) and (5.26c) into Eq. (5.25), 
we have 

H = i..!_ {82 sin 0 r csc2 0 d0 
4rr le, r2 csc2 0 

= ¢-1- f e2 

sin 0 d0 
4rrr le, 

A / 

= tf,-(cos 01 - cos 02), 
4rrr 

(5.27) 

where 01 and 02 are the limiting angles at z = -l/2 
and z = l /2, respectively. From the right triangle in 
Fig. 5- lO(b ), 

l/2 
cos 01 = ----;:::==== 

Jr2 + (//2)2 

-l/2 
cos 02 = - cos 01 = ~======== 

Jr2 + (l/2)2 

Hence, 

A µoil 
B = 1-ioH = </,----;=::;=::;: 

2rrr✓4r2 + l2 
(T). 

(5.28a) 

(5.28b) 

(5.29) 

For an infinitely long wire such that l » r, Eq. (5.29) 
reduces to 

A µof 
B = tf,- (infinitely long wire). ■ (5.30) 

2rrr 
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U.S. Patent 7,151,430 



198 

Example 5-3 Magnetic Field of a Pie-Shaped loop 

Determine the magnetic field at the apex O of the 

pie-shaped loop shown in Fig. 5-11. Ignore the con­

tributions to the field due to the current in the small arcs 

near 0. 

y 

I dl 

C A 

___ ,.._ _ _ ___ X 

0 

Figure 5-11: Pie-shaped loop of radius a carrying a 

current / (Example 5-3). 

Solution: For the straight segments O A and O C, the 

magnetic field at O is identically zero. Thi i because, 

for all points along these segments, di i parallel or anti­

parallel to Rand hence di x R = 0. For segment AC 

di is perpendicular to R and di X R = z ell = za d<p. 

Consequently, Eq. (5.22) gives 

H = _i_ I za d(j) = z-1-</J 
4n a2 4na ' 

where¢ is in radians. ■ 

Example 5-4 Magnetic Field of a Circular Loop 

A circular loop of radius a carries a steady current I. 

Determine the magnetic field H at a point on the axis of 

the loop. 

) CHAPTER 5 MAGNETOSTATICS 

Solution: Let us place the loop in the x-y plane, as 

shown in Fig. 5-12. Our task is to obtain an expression 

for Hat point P(O, 0, z). 

We start by noting that any element di on the circular 

loop is perpendicular to the distance vector R, and that 

all elements around the loop are at the same distance R 

from P, with R = ✓a2 + z2 . From Eq. (5.21), the 

magnitude of dH due to element di is given by 

I A I dl 
dH= --ldlx RI=----, 

4n R 2 4n(a2 + z2) 
(5.31) 

and the direction of dH is perpendicular to the plane 

containing Rand di. As shown in Fig. 5-12, dH is in the 

r-z plane, and therefore it has components d H, and d Hz. 

If we consider element di', located diametrically opposite 

to dl, we observe that the z-components of the magnetic 

X 

Figure 5-12: Circular loop carrying a current/ (Example 

5-4). 

INTEL-1014 
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fields due to di and di' add because they are in the same 
direction, but their r-components cancel because they are 
in opposite directions. Hence, the net magnetic field is 
along z only. That is, 

Ad A A I cos e dH = z Hz= zdH case= z 
2 2 dl. (5.32) 

4rr(a + z ) 

For a fixed point P(0, 0, z) on the axis of the loop, 
all quantities in Eq. (5.32) are constant, except for dl. 
Hence, integrating Eq. (5.32) over a circle of radius a 
gives 

A I co 0 f d A I cos 0 H = z ? l = z---- (2rra). 
4rr(a- + z2) 4rr(a2 + z2) 

(5.33) 
Uponusingtherelationcos0 = a/(a2+z2)112, weobtain 
the final expression: 

H = z la
2 

2(a2 + z2)3/2 
(Alm). (5.34) 

At the center of the loop (z = 0), Eq. (5.34) reduces to 

A I 
H=z-

2a 
(at z = 0), (5.35) 

and at points very far away from the loop such that 
z2 » a2, Eq. (5.34) can be approximated as 

H = z la
2 

2lzl3 (at lzl » a). ■ (5.36) 
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5-2.2 Magnetic Field of a Magnetic Dipole 

In view of the definition given by Eq. (5.19) for the 
magnetic moment m of a current loop, a loop with a 
single turn situated in the x-y plane, such as the one 
shown in Fig. 5-12, has a magnetic moment m = im with 
m = lrra2. Consequently, Eq. (5 .36) may be expressed 
in the form 

A m 
H=z--

2rr lzl 3 (at lzl » a). (5.37) 

This expression applies for a point P very far away from 
the loop, but on the axis of the loop. Had the problem 
been solved to find H at any distant point P' (R', 0', </J') 
in a spherical coordinate system, where R' is the distance 
between the center of the loop and point P', we would 
have obtained the expression 

m A A 

H = --
3 

(R 2 cos 0' + 0 sin 0') (5.38) 
4rr R' 

for R' » a. Acurrentloopwithdimensionsmuchsmaller 
than the distance between the loop and the observation 
point is called a magnetic dipole . This is because the 
pattern of its magnetic field is similar to that of a permanent 
magnet, as well as to the pattern of the electric field of the 
electric dipole [ seeExample4-7]. The similarity is evident 
from the patterns shown in Fig. 5-13. 

REVIEW QUESTIONS 

QS.5 Two infinitely long parallel wires carry currents 
of equal magnitude. What is the resultant magnetic field 
due to the two wires at a point midway between the wires, 
compared with the magnetic field due to one of them 
alone, if the currents are (a) in the same direction and (b) 
in opposite directions? 

QS.6 Devise a right-hand rule for the direction of the 
magnetic field due to a linear current-carrying conductor. 

INTEL-1014 
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(a) Electric dipole (b) Magnetic dipole (c) Bar magnet 

Figure 5-13: Patterns of (a) the electric field of an electric dipole, (b) the magnetic field of a magnetic dipole, and (c) the 

magnetic field of a bar magnet. Far away from the source the field patterns are similar in all three cases. 

QS.7 What is a magnetic dipole? Describe its magnetic 

field distribution. 

EXERCISE 5.6 A semiinfinite linear conductor extends 

between z = 0 and z = oo along the z-axis. If the current 

I in the conductor flows along the positive z-direction, 

find H at a point in the x-y plane at a radial distance r 

from the conductor. 

~ I 
Ans. H = <f,- (Alm). 

4rrr 

EXERCISE 5. 7 A wire carrying a current of 4 A is formed 

into a circular loop. If the magnetic field at the center of 

the loop is 20 Alm, what is the radius of the loop if the 

loop has (a) only one tum and (b) 10 turns? 

Ans. (a) a= 10 cm, (b) a= 1 m. 

EXERCISE 5.8 A wire is formed into a square loop and 

placed in the x-y plane with its center at the origin and 

each of its sides parallel to either the x- or y-axes. Each 

side is 40 cm in length, and the wire carries a current of 

5 A whose direction is clockwise when the loop is viewed 

from above. Calculate the magnetic field at the center of 

the loop. 

Ans. H = -z~ = -zl 1.25 Alm. 
,v'2n:l 

5-3 Magnetic Force between Two Parallel 
Conductors 

In Section 5-1.1 we examined the magnetic force Fm that 

acts on a current-carrying conductor when the conductor 

is placed in an external magnetic field. The current in 

the conductor, however, also generates its own magnetic 

field. Hence, if two current-carrying conductors are 

placed in each other's vicinity each will exert a magnetic 

force on the other. Let us consider two very long ( or 

effectively infinitely long), straight, parallel wires in free 

space, eparated by a distance d and carrying current 

Ii and Ii in the same direction, as shown in Fig. 5- L4. 

Current Ii is located at y = -d/ 2 and /2 is located 

at y = d/ 2, and both point in the z-direction. We 
denote B1 a the magnetic field due to current / 1, defined 
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U.S. Patent 7,151,430 



5-4 MAXWELL'S MAGNETOSTATIC EQUATIONS 

z 

Ii !2 

I ; 
, 

l 
, 

y 

1 
.. .. 

X 

Figure 5-14: Magnetic forces on parallel current-carry­
ing conductors. 

at the location of the wire carrying the current h and, 
conversely, B2 is the field due to h at the location of the 
wire carrying current /1 . From Eq. (5.30), with I= Ii, 
r = d, and¢= -x at the location of [z, the field B1 is 

B, = -xµ,ofi . 
2nd 

(5.39) 

The force F 2 exerted on a length l of wire h due to 
its presence in field B 1 may be obtained by applying 
Eq. (5.12): 

F2 = h.Li x B1 = 1i1z x (-x);;d 

~ µ,ol1 [zl 
= -y 2nd ' 

and the corresponding force per unit length is 

F; = F 2 = -yµolilz . 
l 2rrd 

(5.40) 

(5.41) 
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A similar analysis performed for the force per unit length 
exerted on the wire carrying I 1 leads to 

F' _ ~µ,ofih 
1 - y 2nd • (5.42) 

Thus, F'1 = -F;, which means that the two wires attract 
each other with equal forces. If the currents are in 
opposite directions, the wires would repel each other with 
equal forces. 

5-4 Maxwell's Magnetostatic Equations 

Thus far, we have defined what we mean by a magnetic 
flux density B and the associated magnetic field H, we 
introduced the formulation provided by the Biot-Savart 
law for finding the fields B and H due to any specified 
distribution of electric currents, and we examined how 
magnetic fields can exert magnetic forces on moving 
charged particles and on current-carrying conductors. 
We will now examine two additional important properties 
of magnetostatic fields , those described mathematically 
by Eqs. (5.la and b). 

5-4.1 Gauss's Law for Magnetism 

In Chapter 4 we learned that the net outward flux of the 
electric flux density D through a closed surface enclosing 
a net charge Q is equal to Q. We referred to this 
property as Gauss's law (for electricity), and we expressed 
it mathematically in differential and integral forms as 

V • D = Pv {:::::=::} i D • ds = Q. (5.43) 

Conversion from differential to integral form was ac­
complished by applying the divergence theorem to a 
volume v enclosed by a surface S and containing charge 
Q = fv Pv dv [Section 4-4]. The magnetic analogue to 
a point charge is a magnetic pole, but whereas electric 
charges can exist in isolation, magnetic poles do not. 
Magnetic poles always occur in pairs; no matter how 
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many times a permanent magnet is subdivided, each new 

piece will always have a north and a south pole, even if the 

process were to be continued down to the atomic level. 

Thus, there is no magnetic equivalence to a charge Q or 

a charge density Pv, and it is therefore not surprising that 

Gauss's law for magnetism is given by 

The differential form is one of Maxwell's four equations, 

and the integral form is obtained with the help of the 

divergence theorem. Formally, the name "Gauss's law" 

refers to the electric case, even when no specific reference 

to electricity is indicated. The property described by 

Eq. (5.44) has been called "the law of nonexistence 

of isolated monopoles," "the law of conservation of 

magnetic flux," and "Gauss's law.for magnetism," among 

others. We prefer the last of the three cited names because 

it reminds us of the parallelism, as well as the differences, 

between the electric and magnetic properties of nature. 

The difference between Gauss's law for electricity and 

its counterpart for magnetism may be viewed in terms 

of field lines. Electric field lines originate from posi­

tive electric charges and terminate on negative electric 

charges. Hence, for the electric field lines of the electric 

dipole shown in Fig. 5-15(a), the electric flux through a 

closed surface surrounding one of the charges is not zero. 

In contrast, magnetic field lines always form continuous 

closed loops. As we saw in Section 5-2, the magnetic 

field lines due to currents do not begin or end at any 

point; this is true for the linear conductor of Fig. 5-10 

and the circular loop of Fig. 5-12, as well as for any 

distribution uf currents. It is also true for a magnet, as 

illustrated in Fig. 5-15(b) for a bar magnet. Because the 

magnetic field lines form closed loops, the net magnetic 

flux through the closed surface surrounding the south 

pole of the magnet (or through any other closed surface) 

is always zero, regardless of the shape of that surface. 

CHAPTER 5 MAGNETOSTATICS 

(a) Electric dipole (b) Bar magnet 

Figure 5-15: Whereas (a) the net electric flux through a 

closed surface surrounding a charge is not zero, (b) the 

net magnetic flux through a closed surface surrounding 

one of the poles of a magnet is zero. 

5-4.2 Ampere's Law 

We will now examine the property represented by 

Eq. (5 .lb): 

V X H= J, (5.45) 

which is the second of Maxwell's pair of equations char­

acterizing the magnetostatic fields, B and H. The integral 

form of Eq. (5.45) is called Ampere's circuital law (or 

simply Ampere's law) under magnetostatic conditions 

(steady currents). It is obtained by integrating both sides 

of Eq. (5.45) over an open surface S, 

i (V x H) • ds = i J • ds, (5.46) 

and then invoking Stokes 's theorem given by Eq. (3 .107) 

to obtain the result 

i H -dl = I (Ampere's law), (5.47) 

r 

( 
) 

l 
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~ H 

H~ 

(a) 

H 

(c) 

C 
H 

(b) 

H 

Figure 5-16: Ampere's law states that the line integral 
of H around a closed contour C is equal to the current 
traversing the surface bounded by the contour. This is 
true for contours (a) and (b), but the line integral of His 
zero for the contour in (c) because the current I (denoted 
by the symbol 0) is not enclosed by the contour C. 

where C is the closed contour bounding the surface S 
and I = f J · ds is the total current flowing through S. 
The sign convention for the direction of C is taken so 
that I and H satisfy the right-hand rule defined earlier 
in connection with the Biot-Savart law. That is, if the 
direction of I is aligned with the direction of the thumb 
of the right hand, then the direction of the contour C 
should be chosen to be along the direction of the other 
four fingers. In words, Ampere's circuital law states that 
the line integral of H around a closed path is equal to 
the current traversing the swface bounded by that path. 
By way of illustration, for both configurations shown in 
Figs. 5-16( a) and (b ), the line integral of H is equal to 
the current I, even though the paths have very different 
shapes and the magnitude of His not uniform along the 
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path of configuration (b). By the same token, because 
path ( c) in Fig. 5-16 does not enclose the current I, its 
line integral of H is identically zero, even though H is 
not zero along the path. 

When we examined Gauss's law in Section 4-4, we 
discovered that in practice its usefulness for calculating 
the electric flux density D is limited to charge distribu­
tions that possess a certain degree of symmetry and that 
the calculation procedure is subject to proper choice of 
the Gaussian surface enclosing the charges. A similar 
statement applies to Ampere's law: its usefulness is 
limited to symmetric current distributions that allow the 
choice of convenient Amperian contours around them, 
as illustrated by Examples 5-5 to 5-7. 

Example 5-5 Magnetic Field of a Long Wire 

A long (practically infinite) straight wire of radius a 
carries a steady current I that is uniformly distributed 
over the cross section of the wire. Determine the 
magnetic field H at a distance r from the axis of the 
wire both (a) inside the wire (r ~ a) and (b) outside the 
wire (r ::::: a). 

Solution: (a) We choose I to be along the +z-direction, 
as shown in Fig. 5-l 7(a). To determine Hi at a distance 
ri ~ a, we choose the Amperian contour C 1 to be a 
circular path of radius ri as shown in Fig. 5-17(b). In 
this case, Ampere's law takes the form 

J Hi ·dl1 = Ii, 
fc, 

where I I is the fraction of the total current I flowing 
through C1. From symmetry, H1 must be constant in 
magnitude and parallel to the contour at any point along 
the path. Furthermore, to satisfy the right-hand rule and 
given that I is along the z-direction, H1 must be along the 
+¢-direction in a cylindrical coordinate system. Hence, 
H1 = ¢Hi. With dl1 = ¢r1 dcp, the left-hand side of 
Ampere's law gives 

J Hi· dl1 = [2n H1(¢-i)r1 dcp = 2rrr1H1. 
fc1 lo 
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(b) Wire cross section 

H(a) = 21 
n:a 

(c) 

Figure 5-17: Infinitely long wire of radius a carry­

ing a uniform current I along the +z-direction: (a) 

general configuration showing contours C1 and C2; (b) 

cross-sectional view; and (c) a plot of H versus r 

(Example 5-5). 

CHAPTER 5 MAGNETOSTATICS 

:1 

The current Ii flowing through the area enclosed by C 1 

is equal to the total current I multiplied by the ratio of 

the area enclosed by CI to the total cross-sectional area 

of the wire: 

(
rrrf) (r1)

2 
Ii= - 2 

l= - I. 
rra a 

Equating both sides of Ampere's law and then solving 

for H1 leads to 

(for r1 ::S a). (5.48) 

(b) For r2 ~ a, we choose path C2, which encloses all 

the current I. Hence, 

and 

J. H2 • dli = 2rrr2H2 = I, 
fc2 

A A I 
H2 = </>H2 = </>-

2n:r2 
(for r2 ~ a). (5.49) 

If we ignore the subscript 2, we observe that Eq. (5.49) 

provides the same expression for B = µ,0H as Eq. (5.30), 

which we had derived previously on the basis of the 

Biot-Savart law. 
The variation of the magnitude of H as a function of r 

is plotted in Fig. 5-17(c); H increases linearly between 

r = 0 and r = a (inside the conductor), and then it 

decreases as 1 / r outside the conductor. ■ 

EXERCISE 5.9 Current I flows in the inner conductor 

of a long coaxial cable and returns through the outer 

conductor. What is the magnetic field in the region 

outside Lhe coaxial cable and why? 

Ans. H = 0 outside the coaxial cable because the net 

current enclosed by the Amperian contour is zero. 

EXERCISE 5.10 The metal niobium becomes a supercon­

ductor with zero electrical resistance when it is cooled to 

below 9 K, but its superconductive behavior ceases when 
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the magnetic flux density at its surface exceeds 0.12 T. 
Determine the maximum current that a 0.1-mm-diameter 
niobium wire can carry and remain superconductive. 

Ans. I= 30 A. 

Example 5-6 Magnetic Field inside a Toroidal Coil 

A toroidal coil (also called a torus or toroid) is a 
doughnut-shaped structure (called its core) with closely 
spaced turns of wire wrapped around it, as shown in 
Fig. 5-18. For clarity, we show the turns in the figure 
as spaced apart, but in practice they are wound in 
a closely spaced arrangement to form approximately 
circular loops. The toroid is used to magnetically couple 
multiple circuits and to measure the magnetic properties 
of materials, as illustrated later in Fig. 5-30. For a toroid 
with N turns carrying a current I, determine the magnetic 
field H in each of the following three regions: r < a, 
a < r < b, and r > b, all in the azimuthal plane of the 
toroid. 

I 

I 

Figure 5-18: Toroidal coil with inner radius a and outer 
radius b. The wire loops usually are much more closely 
spaced than shown in the figure (Example 5-6). 
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Solution: From symmetry, it is clear that H has uni­
form properties in azimuth. If we construct a circular 
Amperian contour with center at the origin and of radius 
r < a, there will be no current flowing through the 
surface of the contour, and therefore H = 0 for r < a. 
Similarly, for an Amperian contour with radius r > b, 
the net current flowing through its surface is zero because 
an equal number of current coils cross the surface in both 
directions. Hence, H = 0 in the region exterior to the 
toroidal coil. 

For the region inside the core, we construct a path 
of radius r, as shown in Fig. 5-18. For each loop, we 
know from Example 5-4 that the field H at the center 
of the loop points along the axis of the loop, which in 
this case is the ¢-direction, and in view of the direction 
of the current / shown in Fig. 5-18, the right-hand rule 
tells us that H must be in the -¢-direction. Hence, 
H = -J, H. The total current crossing the surface of 
the contour with radius r is NI and its direction is into 
the page. According to the right-hand rule associated 
with Ampere's law, the current is positive if it crosses the 
surface of the contour in the direction of the four fingers 
of the right hand when the thumb is pointing along the 
direction of the contour C. Hence, in the present situation 
the current is - NI. Application of Ampere's law then 
gives 

tH-dl= 12

rr(-4,H)·4,rd¢=-2rcrH=-Nl. 

Hence, H =NI /(2rcr) and 

A AN I 
H = -<t,H = -</> 2rcr (for a < r < b). ■ (5.50) 

Example 5-7 Magnetic Field 
of an Infinite Current Sheet 

The x-y plane of Fig. 5-19 contains an infinite current 
sheet with surface current density Js = xis. Find the 
magnetic field H . 
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z 
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Js (out of paper) 

Figure 5-19: A thin current sheet in the x- y plane 

carrying a surface current den ity Js = x.J5 (out of the 

page) (Example 5-7). 

Solution: From symmetry considerations and the 

right-hand rule, H must be in the direction shown in the 

figure. That is, 

H= {-fH, 
yH, 

for z > 0, 
for z < 0. 

To evaluate the line integral in Ampere's law, we choose 

a rectangular Amperian path around the sheet, with 

dimensions l and w, as shown in Fig. 5-19. Recalling 

that ls represents current per unit length along the y­

direction, the total current crossing the surface of the 

rectangular loop is / = lsl. Hence, applying Ampere's 

law over the loop, while noting that H is zero along the 

paths of length w, we have 

i H • dl = 2H l = J5l, 

from which we obtain the result 

for z > 0, 

for z < 0. 

(5.51) 

CHAPTER 5 MAGNETOSTATICS 

We note that the magnetic field is uniform and every­

where parallel to the current sheet. ■ 

REVIEW QUESTIONS 

QS.8 What is a fundamental difference between electric 

field lines and magnetic field lines? 

QS.9 If the line integral of H over a closed contour is 

zero, does it follow that H = 0 at every point on the 

contour? If not, what then does it imply? 

QS.10 Compare the utility of applying the Biot-Savart 

law versus applying Ampere's law for computing the 

magnetic field due to current-carrying conductors. 

QS.11 What is a toroid? What is the magnetic field at 

points outside the toroid? 

5-5 Vector Magnetic Potential 

In our treatment of electrostatic fields in Chapter 4, we 

introduced the electrostatic potential V and defined it 

in terms of the line integral of the electric field E. In 
differential form, we found that V and E are related by 

E = - V V. This relationship proved useful not only in 

relating the electric field distribution in circuit elements 

(such as resistors and capacitors) to the voltage differ­

ences across them, but it also proved more convenient in 

certain cases to first determine the potential V due to a 

given charge distribution and then apply the relationship 

E = -VV Lo find Ethan to use Coulomb's law directly 

to find E. We will now explore a similar approach in 

connection with the magnetic flux density B. 
According to Eq. (5.44), V • B = 0. We ~ish to define 

B in terms of a magnetic potential with the constrainr 

that uch a definition guarantees that the divergence of B 
is always equal to zero. This can be realized by taking 
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advantage of the vector identity given by Eq. (3.106b), 
which states that, for any vector A, 

V-(V x A)= 0. (5.52) 

Hence, by defining the vector magnetic potential A such 
that 

I B = V x A (Wb/m2
), (5.53) I 

we are guaranteed that V • B = 0. The SI unit for Bis 
the tesla (T). An equivalent unit used in the literature is 
webers per square meter (Wb/m2). Consequently, the SI 
unit for A is (Wb/m). 

With B = µH, the differential form of Ampere's law 
given by Eq. (5.45) can be written as 

V x B = µJ, (5.54) 

where J is the current density due to free charges in 
motion. If we substitute Eq. (5.53) into Eq. (5.54), we 
have 

V X (V X A) = µ,J. (5.55) 

For any vector A, the Laplacian of A obeys the vector 
identity given by Eq. (3.113), that is, 

V2A = V(V -A) - V x (V x A), (5.56) 

where, by definition, V2 A in Cartesian coordinates is 
given by 

V2A= -+-+- A ( 
a2 a2 a2) 

ax2 ay2 az2 

= xV2 Ax+ yV2 Ay + zV2 Az. 

Combining Eq. (5.55) with Eq. (5.56) gives 

V(V -A)-V2A = µJ. 

(5.57) 

(5.58) 

When we introduced the defining equation for the vector 
magnetic potential A, given by Eq. (5.53), the only 
constraint we placed on A is that its definition satisfy 
the condition V • B = 0. Equation (5.58) contains a term 
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involving V • A. It turns out from vector calculus that 
we have a fair amount of latitude in specifying a value 
or a functional form for V • A, without conflicting with 
the requirement represented by Eq. (5.52). The simplest 
among these allowed specifications is 

(5.59) 

Using this choice in Eq. (5.58) leads to the vector 
Poisson's equation given by 

[ v2A = -µ,J. (5.60) 

Using the definition for V2A given by Eq. (5.57), the 
vector Poisson's equation can be broken up into three 
scalar Poisson's equations: 

V2 Ax= -µ,Ix, 

V2 Ay = -µ,ly, 

v2 A z = -µ,Jz. 

(5.61a) 

(5.61b) 

(5.61c) 

In electrostatics, Poisson's equation for the scalar poten­
tial Vis given by Eq. (4.60) as 

(5.62) 

and its solution for a volume charge distribution Pv 
occupying a volume v' was given by Eq. (4.61) as 

V - 11Pvd' -- - V 
- 4rrs v' R' • 

(5.63) 

Poisson's equations for Ax, Ay, and Az are mathemat­
ically identical in form to Eq. (5.62). Hence, for a 
current density J with x-component lx distributed over 
a volume v', the solution for Eq. (5.61a) is 

Ax = _.!!_ r lx dv I (Wb/m), 
4rr lv' R' 

(5.64) 
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and similar solutions can be written for Ay in terms 

of fy and Az in terms of f z. The three solutions can 

be combined into a vector equation of the form 

A=_!!_ f J_ dv' 
4rr lv 1 R' 

(Wb/m). (5.65) 

In view ofEq. (5.23), if the current distribution is given in 

the form of a surface current density Js over a surface S' , 

then J dv ' should be replaced with Js ds' and v ' should 
be replaced with S'; and, similarly, for a line disttibution, 

J dv ' should be replaced with I di' and the integration 

should be performed over the associated line path l'. 

In additio·n to the Biot-Savart law and Ampere's 

law, the vector magnetic potential provides a third 

approach for computing the magnetic field due to current­

carrying conductors. For a specified current distribution, 

Eq. (5 .65) can be used to find A, and then Eq. (5.53) can 

be used to find B. Except for simple current distributions 

with symmetrical geometries that lend themselves to 

the application of Ampere 's law, the choice usually is 

between the approaches provided by the Biot-Savart law 

and the vector magnetic potential, and among those two 

the latter often is easier to apply because it is easier 

to perform the integration given by Eq. (5.65) than to 

perform the integration given by Eq. (5 .22). 
The magnetic flux <P linking a surface S is defined as 

the total magnetic flux density passing through S, or 

<I>= 1 B . ds (Wb). (5.66) 

If we insert Eq. (5 .53) into Eq. (5 .66) and then invoke 

Stokes's theorem, we have 

<P = 1 (V x A)· ds = i A· di (Wb), (5.67) 

where C is the contour bounding the smiace S. Thus, 

<P can be determined by either Eq. (5.66) or Eq. (5.67), 

whichever is easier to integrate for the specific problem 

under consideration. 

CHAPTER 5 MAGNETOSTATICS 

5-6 Magnetic Properties of Materials 

According to our preceding discussions, because the 

pattern of the magnetic field generated by a current 

loop is similar to that exhibited by a permanent magnet, 

the loop is regarded as a magnetic dipole with a north 

pole and a south pole [see Section 5-2.2 and Fig. 5-13]. 

The magnetic moment m of a loop of area A has a 

magnitude m = I A , and the direction of m is normal 

to the plane of the loop in accordance with the right-hand 

rule. Magnetization in a material substance is associated 

with atomic current loops generated by two principal 

mechanisms: (1) orbital motions of the electrons around 

the nucleus and similar motions of the protons around 

each other in the nucleus and (2) electron spin. The 

magnetic moment of an electron is due to the combination 

of its orbital motion and its spinning motion about its 

own axis. As we will see later, the magnetic moment 

of the nucleus is much smaller than that of an electron, 

and therefore the total magnetic moment of an atom 

is dominated by the sum of the magnetic moments of 

its electrons. The magnetic behavior of a material 

is governed by the interaction of the magnetic dipole 

moments of its atoms with an external magnetic field. 

This behavior, which depends on the crystalline structure 

of the material, is used as a basis for classifying materials 

as diamagnetic, paramagnetic, or ferromaglletic . The 
atoms of a diamagnetic material have no permanent mag­

netic dipole moments. In contrast, both paramagnetic 

and ferromagnetic materials have atoms with permanent 

magnetic dipole moments, but, as will be explained later, 

the atoms of materials belonging to these two classes have 

very different organizational structures. 

5-6.1 Orbital and Spin Magnetic Moments 

To keep the following presentation simple, we will begin 

our discussion with a classical model of the atom, in 

which the electrons are assumed to move in circular 
motion about the nucleus, and we will then extend the 

results by incorporating the predictions provided by the 
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(a) Orbiting electron (b) Spinning electron 

Figure 5-20: An electron generates (a) an orbital mag­
netic moment m0 as it rotates around the nucleus and (b) a 
spin magnetic moment ms, as it spins about its own axis. 

more correct quantum-mechanical model of matter. An 
electron with charge of -e moving with a constant 
velocity u in a circular orbit of radius r [Fig. 5-20(a)] 
completes one revolution in time T = 2rrr ju. This 
circular motion of the electron constitutes a tiny current 
loop with current I given by 

e eu 
[=--=--. 

T 2rrr 
(5.68) 

The magnitude of the associated orbital magnetic mo-
ment m0 is 

m0 = I A= (-!!!__) (rrr2
) 

2rrr 

= - e;r = - (2:J Le, (5.69) 

where Le = meur is the angular momentum of the 
electron and me is its mass. According to quantum 
physics, the orbital angular momentum is quantized; 
specifically, Le is always some integer multiple of 
ri = h/2rr, where h is Planck's constant. That is, 
Le = 0, ri, 2/i, .... Consequently, the smallest nonzero 
magnitude of the orbital magnetic moment of an electron 
IS 

en 
mo=--- . 

2me 
(5.70) 
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Despite the fact that all substances contain electrons and 
the electrons exhibit magnetic dipole moments, most 
substances are effectively nonmagnetic. This is because, 
in the absence of an external magnetic field, the atoms of 
most materials are oriented randomly, as a result of which 
the net magnetic moment generated by their electrons is 
either zero or very small. 

In addition to the magnetic moment produced by its 
orbital motion, an electron generates a spin magnetic 
moment ms due to its spinning motion about its own 
axis [Fig. 5-20(b)]. The magnitude of ms predicted by 
quantum theory is 

(5.71) 

which is equal to the minimum orbital magnetic mo­
ment m0. The electrons of an atom with an even number 
of electrons usually exist in pairs, with the members of a 
pair having opposite spin directions, thereby canceling 
each others' spin magnetic moments. If the number 
of electrons is odd, the atom will have a nonzero spin 
magnetic moment due to its unpaired electron. 

According to Eq. (5.71), the spin magnetic moment 
of an electron is inversely proportional to the electron 
mass me, The nucleus of an atom also exhibits a spinning 
motion, but because its mass is much greater than that of 
an electron, its magnetic moment is on the order of 10-3 

of that of an electron. 

5-6.2 Magnetic Permeability 

The magnetization vector M of a material is defined as 
the vector sum of the magnetic dipole moments of the 
atoms contained in a unit volume of the material. The 
magnetic flux density corresponding to Mis Bm = µ,oM. 
In the presence of an externally applied magnetic field H, 
the total magnetic flux density in the material is 

B = µ,oH + µ,oM = µ,o (H + M), (5.72) 
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where the first term represents the contribution of the 
external field and the second term represents the contri­
bution of the magnetization of the material. In general, a 
material becomes magnetized in response to the external 
field H. Hence, M can be expressed as 

M=xmH, (5.73) 

where Xm is a dimensionless quantity called the magnetic 
susceptibility of the material. For diamagnetic and 
paramagnetic materials, Xm is a constant at a given 
temperature, resulting in a linear relationship between M 
and H. This is not the case for ferromagnetic substances; 
the relationship between M and H not only is nonlinear, 
but also depends on the previous "history" of the material, 
as explained in the next section. 

While keeping this fact in mind, let us combine Eqs. 
(5.72) and (5.73) to get 

B = .uo(H + XmH) = .uo(l + Xm)H, (5.74) 

or 

B = µ,H, (5.75) 

where µ,, the magnetic permeability of the material, is 

given in terms of Xm by 

I .U = l,lo(l + Xm) (H/m). (5.76) I 
Often it is convenient to define the magnetic properties 
of a material in terms of the relative permeability .ur: 

µ, 
.Ur = - = 1 + Xm, (5.77) 

.Uo 

where µ,0 is the permeability of free space. A material 
usually is classified as diamagnetic, paramagnetic, or 
ferromagnetic on the basis of the value of its Xm, as 
shown in Table 5-2. Diamagnetic materials have negative 
susceptibilities and paramagnetic materials have positive 
susceptibilities. However, the absolute magnitude of Xm 

CHAPTER 5 MAGNETOSTATICS 

is on the order of 10-5 for both classes of materials 
' which allows us to ignore Xm relative to 1 in Eq. (5.77). 

This gives .Ur '.:::::'. l or µ, ::::: .uo for diamagnetic 
and paramagnetic substances, which include dielectric 

materials and most metals. In contrast, I.Ur i » 1 
for ferromagnetic materials; I.Ur I of purified iron, for 
example, is on the order of 2 x 105. Ferromagnetic 
materials are discussed next. 

EXERCISE 5.11 The magnetic vector Mis the vector sum 
of the magnetic moments of all the atoms contained in 
a unit volume (lm3). If a certain type of iron with 
8.5 x 1028 atoms/m3 contributes one electron per atom 
to align its spin magnetic moment along the direction of 
the applied field, find (a) the spin magnetic moment of 
a single electron, given that me = 9 .1 x 10-31 (kg) and 
fi = 1.06 x 10-34 (J-s), and (b) the magnitude of M. 

Ans. (a) ms = 9.27 x 10-24 (A-m2), (b) M = 7.88 x 105 

(Alm). 

5-6.3 Magnetic Hysteresis of Ferromagnetic 
Materials 

Ferromagnetic materials, which include iron, nickel, and 
cobalt, exhibit strong magnetic properties due to the fact 
that their magnetic moments tend to align readily along 
the direction of an external magnetic field. Moreover, 
such materials remain partially magnetized even after the 
removal of the external field. Because of this property, 
ferromagnetic materials are used in the fabrication of 
permanent magnets. 

Common tu all ferromagnetic materials is a charac­
teristic feature described by magnetized domains . A 
magnetized domain of a material is a microscopic region 
(on the order of 10-10 m3) within which the magnetic 
moments of all its atoms (typically on the order of 1019 

atoms) are aligned parallel to each other. This permanent 
alignment is attributed to strong coupling forces between 
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Table 5-2: Properties of magnetic materials. 

Diamagnetism 

Permanent magnetic No 
dipole moment 

Primary magnetization Electron orbital 
mechanism magnetic moment 

Direction of induced Opposite 
magnetic field 
(relative to external field) 

Common substances Bismuth, copper, diamond, 
gold, lead, mercury, silver, 

silicon 

Typical value of Xm ~ -10-5 

Typical value of Jl,r ~1 

the magnetic dipole moments constituting an individual 
domain. In the absence of an external magnetic field, 
the domains take on random orientations relative to 
each other, as shown in Fig. 5-2l(a), resulting in a net 
magnetization of zero. The domain walls forming the 
boundaries between adjacent domains consist of thin 
transition regions. When an unmagnetized sample of a 
ferromagnetic material is placed in an external magnetic 
field, the domains will align partially with the external 
field, as illustrated in Fig. 5-2l(b). A quantitative 
understanding of how these domains form and how they 
behave under the influence of an external magnetic field 
requires a heavy dose of quantum mechanics, which is 
outside the scope of the present treatment. Hence, we 
will confine our discussion Lo a 4ualilali ve <lescripliun of 
the magnetization process and its implications. 

The magnetization behavior of a ferromagnetic mate­
rial is described in terms of its B-H magnetization curve, 
where His the amplitude of the externally applied mag­
netic field, H, and B is the amplitude of the total magnetic 
flux density B present within the material. According to 

Paramagnetism Ferro magnetism 

Yes, but weak Yes, and strong 

Electron spin Magnetized 
magnetic moment domains 

Same Hysteresis 
[see Fig. 5-22] 

Aluminum, calcium, Iron, 
chromium, magnesium, nickel, 

niobium, platinum, cobalt 
tungsten 
~ 10-5 lxml » 1 and hysteretic 

~1 lµ,rl » 1 and hysteretic 

Eq. (5.72), the flux B consists of a contribution µ,0H due 
to the external field and a contribution µ,0M due to the 
magnetization field induced in the material. Suppose 
that we start with an unmagnetized sample of iron, and 
let us assume that we have an experimental arrangement 
capable of measuring B and H. The unmagnetized state is 
denoted by point O in Fig. 5-22. As we start to increase H 
continuously, B increases also, and the response follows 
the curve from point O to point A 1, at which nearly all 
the domains have become aligned with H. Point A 1 

represents a saturation condition. If we now start to 
decrease H from its value at point A I back to zero, the 
magnetization curve follows the path from A 1 to A2. 
At point A2 , the external field H is zero, but the flux 
Jensily B in Lhe malerial is nul zero. This value of B is 
called the residual flux density Br. The iron material is 
now magnetized and can serve as a permanent magnet 
owing to the fact that a large fraction of its magnetization 
domains have remained aligned. Reversing the direction 
of H and increasing its intensity causes B to decrease 
from Br at point A2 to zero at point A3 , and if the 
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(a) Unmagnetized domains 

--- -- --- -- ----- --- -- --- --1--- -- -- -- ----- --- -- --- ----- -- --- -- ----- --- -- --- ----- -- --- -- ---
B 

(b) Magnetized domains 

Figure 5-21: Comparison of (a) unmagnetized and (b) 

magnetized domains in a ferromagnetic material. 

B 

Figure 5-22: Typical hysteresis curve for a ferromagnetic 

material. 

CHAPTER 5 MAGNETOSTATICS 

intensity of His increased further (while maintaining its 

negative direction), the magnetization curve moves to the 

saturation condition at point A4. Finally, as His made to 

return to zero and is then increased again in the positive 

direction, the curve follows the path from A4 to A 1. 

This process is called magnetic hysteresis . The term 

hysteresis means "to lag behind." The hysteresis loop 

shows that the magnetization process in ferromagnetic 

materials depends not only on the external magnetic 

field H, but on the magnetic history of the material as 

well. The specific shape and extent of the hysteresis loop 

depend on the properties of the ferromagnetic material 

and on the peak-to-peak range over which His made to 

vary. Materials characterized by wide hysteresis loops 

are called hard ferromagnetic materials [Fig. 5-23(a)]. 

These materials cannot be easily demagnetized by an 

external magnetic field because they have a large residual 

magnetization Br, Hard ferromagnetic materials are 

used in the fabrication of permanent magnets for motors 

and generators. , Soft ferromagnetic materials have 

narrow hysteresis loops [Fig. 5-23(b)], and hence they 

can be more easily magnetized and demagnetized. To 

demagnetize any ferromagnetic material, the material 

B B 

(a) Hard material (b) Soft material 

Figure 5-23: Comparison of hysteresis curves for (a) a 

hard ferromagnetic material and (b) a soft ferromagnetic 

material. 
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is subjected to several hysteresis cycles while gradually 
decreasing the peak-to-peak range of the applied field. 

REVIEW QUESTIONS 

QS.12 What are the three types of magnetic materials 
and what are typical values of their relative magnetic 
permeabilities? 

QS.13 What causes magnetic hysteresis in ferromag­
netic materials? 

QS.14 What does the magnetization curve describe? 
What is the difference between the magnetization curves 
of hard and soft ferromagnetic materials? 

5~ 7 Magnetic Boundary Conditions 

In Section 4-9, we derived a set of boundary conditions 
that describes how, at the boundary between two dis­
similar contiguous media, the electric field quantities D 
and E in the first medium are related to those in the second 
medium. We will now derive a similar set of boundary 
conditions for the magnetic field quantities B and H. 
By applying Gauss's law to a pill box that straddles the 
boundary, we determined that the difference between the 
normal components of the electric flux densities in the 
two media is equal to the surface charge density Ps• That 
is, 

fso-ds= Q ==} Din - Dzn = Ps• (5.78) 

By analogy, application of Gauss's law for magnetism, 
as expressed by Eq. (5.44), would lead to the conclusion 
that 

i B • ds = O ==} (5 .79) 
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This result states that the normal component of B is 
continuous across the boundary between two adjacent 
media. In view of the relations B 1 = J1,1H1 and 
Bz = µ,zHz for linear, isotropic media, the boundary 
condition for H corresponding to Eq. (5.79) is 

I Jl,1 Hin = Jl,zHzn , (5.80) I 
Comparison of Eqs. (5.78) and (5.79) tells us that, 

whereas the normal component of Bis continuous across 
the boundary, the normal component of D may not 
be ( unless Ps = 0 ). A similar reversal applies to 
the tangential components of the electric and magnetic 
fields E and H: whereas the tangential component 
of E is continuous across the boundary, the tangential 
component of H may not be (unless the swface current 
density Js = 0). To obtain the boundary condition 
for the tangential component of H, we follow the same 
basic procedure that we used previously in Section 4-9 
to establish the boundary condition for the tangential 
component of E. With reference to Fig. 5-24, if we apply 
Ampere's law [Eq. (5.47)] to a closed rectangular path 
with sides !-,.l and t-,,h, and then we let !-,.h ➔ 0, we end 
up with the result 

i H ·di= lb Hz· di+ 1d H1 •di= I, (5.81) 

where H 1 and Hz are the magnetic fields in media 1 and 2, 
respectively. According to Ampere's law, I is the net 
current crossing the surface of the loop in the direction 
specified by the right-hand rule (I is in the direction of 
the thumb when the fingers of the right hand extend in 
the direction of the loop C). For the directions of H 1 
and H2 and the direction of the integration contour C 
indicated in Fig. 5-24, the component of H2 tangential to 
the boundary, H21 , is parallel to and in the same direction 
as di over segment ab, but the tangential component of H 1 
is antiparallel to di over segment ed. Furthermore, as 
we let f..h of the loop approach zero, the surface of the 
loop approaches a thin line of length !-,.l. Hence, the 
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ff 1 d C I\ Medium 1 

H10 0 H ,, }~0 
'½ µ., I 

0 0 0 0 
0 }~ 

b H .2n~ H 21 a 
ff:, ~l- Medium 2 

J-l2 

Figure 5-24: Boundary between medium 1 with µ., 1 and medium 2 with µ.,i . 

total current flowing through this thin line is I = ls 1:11, 

where ls is the magnitude of the normal component of 

the surface current density traversing the loop. In view 

of these considerations, Eq. (5.81) becomes 

(5.82) 

or 

(Alm). (5.83) 

This result can be generalized to a vector form that 

incorporates the directional relationship defined by the 

right-hand rule, 

where 112 is the normal unit vector pointing away from 

medium 2 (Fig. 5-24). Surface currents can exist only 

on the surfaces of perfect conductors and superconduc­

tors. Hence, at the inte1face between media with finite 

conductivities, Js = 0 and 

EXERCISE 5.12 With reference to Fig. 5-24, determine 

the angle between H1 and 112 = z if H2 = (x:3 + z2) 

(Alm), /,l,r1 = 2, and /,l,r2 = 8, and Js = 0. 

Ans. 0 = 20.6°. 

5-8 Inductance 

An inductor is the magnetic analogue of an electrical 

capacitor. Just as a capacitor can store electric energy 

in the electric field present in the medium between its 

conducting surfaces, an inductor can store magnetic 

energy in the volume comprising the inductors. A typical 

example of an inductor is a coil consisting of multiple 

turns of wire wound in a helical geometry around a 

cylindrical core, as shown in Fig. 5-25(a). Such a 

structure is called a solenoid. The core may be air 

filled or may contain a magnetic material with magnetic 

permeability µ,. If the wire carries a current I and 

the turns are closely spaced, the solenoid can produce 

a relatively uniform magnetic field within its interior 

region, and its magnetic field pattern resembles that of 

a permanent magnet, as illustrated by the field lines in 

Fig. 5-25(b). 

l 
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(a) Loosely wound 
solenoid 

(b) Tightly wound 
solenoid 

Figure 5-25: Magnetic field lines of (a) a loosely wound 
solenoid and (b) a tightly wound solenoid. 

5-8.1 Magnetic Field in a Solenoid 

We precede our discussion of inductance by deriving an 
expression for the magnetic flux density B in the interior 
region of a tightly wound solenoid with n turns per unit 
length. Even though the turns are slightly helical in 
shape, we will treat them as circular loops, as shown 
in Fig. 5-26. The solenoid is of length l and radius a 
and carries a current I. Let us start by considering the 
magnetic flux density B at point P, located on the axis of 
the solenoid. In Example 5-4, we derived the following 
expression for the magnetic field H at a distance z along 
the axis of a circular loop of radius a: 

I'a2 
H-z----­

- 2(a2 + z2)3/2 ' 
(5.86) 

where I' is the current carried by the loop. If we treat 
an incremental length dz of the solenoid as an equivalent 
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loop of n dz turns and carrying a current I' = In dz, then 
the induced field at point P is 

A f.Lnla 2 

dB=µ dH = z2(a 2 + z2)312 dz. (5.87) 

The total field B at P is obtained by integrating the 
contributions from the entire length of the solenoid. This 
is facilitated by expressing the variable z in terms of the 
angle 0. That is, 

z = a tan 0, 

a2 + z2 = a2 + a2 tan2 0 = a2 sec2 0, 

dz = a sec2 0 d0. 

(5.88a) 

(5.88b) 

(5.88c) 

Upon substituting the last two expressions in Eq. (5.87) 
and integrating from 01 to 02, we have 

A µnla
21°2 a sec

2 
0 d0 B=z--

2 01 a3 sec3 0 

Aµnl = z-
2

- (sin02 - sin01). 

z 

a-J 

(5.89) 

Figure 5-26: Solenoid cross section showing geometry 
for calculating H at a point P on the solenoid axis. 
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If the solenoid length l is much larger than its radius a, 

then 01 '.:::'. -90° and 02 '.:::'. 90°, in which case Eq. (5.89) 

reduces to 

A zµ,Nl 
B '.:::'. zµ,nl = -

1
- (long solenoid with l/a » I), 

(5.90) 

where N = nl is the total number of turns over the 

length l. Even though the expression given by Eq. (5 .90) 

was derived for the field B at the midpoint of the solenoid, 

it is approximately valid at all points in the interior of the 

solenoid, except near the ends. 
We now return to a discussion of inductance, which 

includes self-inductance, representing the magnetic flux 

linkage of a coil or circuit with itself, and mutual 

inductance, which involves the magnetic flux linkage in 

a circuit due to the magnetic field generated by a current 

in another circuit. Usually, when the term inductance is 

used, the intended reference is to self-inductance. 

EXERCISE 5.13 Use Eq. (5.89) to obtain an expression 

for B at a point on the axis of a very long solenoid but 

situated at its end points. How does B at the end points 

compare to Bat the midpoint of the solenoid? 

Ans. B = z(µ,N I /2l) at the end points, which is half 

as large as B at the midpoint. 

5-8.2 Self-inductance 

From Eq. (5.66), the magnetic flux <I> linking a surface S 

is given by 

<I>= i B • ds (Wb). (5.91) 

CHAPTER 5 MAGNETOSTATICS 

In a solenoid with an approximately uniform magnetic 

field given by Eq. (5.90), the flux linking a single loop is 

fA(N)A N 
<I>= ls z µ,Tl • z ds = µ,Tl S, (5.92) 

where S is the cross-sectional area of the loop. Magnetic 

flux linkage A is defined as the total magnetic flux linking 

a given circuit or conducting structure. If the structure 

consists of a single conductor with multiple loops, as in 

the case of the solenoid, A is equal to the flux linking all 

loops of the structure. For a solenoid with N turns, 

N2 
A= N<I> = µ,-IS 

l 
(Wb). (5.93) 

If, on the other hand, the structure consists of two 

separate conductors, as in the case of the parallel-wire 

and coaxial transmission lines shown in Fig. 5-27, the 

flux linkage A associated with a length l of either line 

refers to the flux <I> through the closed surface between 

the two conductors, as highlighted by the shaded areas in 

Fig. 5-27. In reality, there is also some magnetic flux that 

passes through the conductors themselves, but it may be 

ignored by assuming that the currents flow only on the 

surfaces of the conductors, in which case the magnetic 

fields inside the conductors are zero. This assumption is 

justified by the fact that our interest in calculating A is 

for the purpose of determining the inductance of a given 

structure, and inductance is of interest primarily in the 

a-c case (i.e., time-varying currents, voltages, and fields). 

As we will see later in Section 7-5, the current flowing in 

a conductor under a-c conditions is concentrated within 

a very thin layer on the skin of the conductor. For the 

parallel-wire transmission line, the currents flow on the 

outer surfaces of the wires, and for the coaxial line, the 

current flows on the outer surface of the inner conductor 

and on the inner surface of the outer conductor (the 

current-carrying surfaces are those adjacent to the electric 

and magnetic fields present in the region between the 

conductors). 
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z 
(a) Parallel-wire transmission line 

I ---,~ ;-=-::-:-::::::::==:;::::r-=--=- -=-: =::;.t:-Tf 

- - - - - - - -_ -_ -_-t t f I 

(b) Coaxial transmission line 

Figure 5-27: To compute the inductance per unit length 
of a two-conductor transmission line, we need to deter­
mine the magnetic flux through the area S between the 
conductors. 

The self-inductance of any conducting structure is 
defined as the ratio of the magnetic flux linkage A to 
the current I flowing through the structure: 

(H). (5.94) I 

The SI unit for inductance is the henry (H), which is 
equivalent to webers per ampere (Wb/A). 

For a solenoid, use of Eq. (5.93) gives 

N2 
L = µ,-S 

l 
(solenoid), (5.95) 
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and for two-conductor configurations similar to those of 
Fig. 5-27, 

Example 5-8 Inductance of a Coaxial 
Transmission Line 

Develop an expression for the inductance per unit 
length of a coaxial transmission line. The conductors 
have radii a and b, as shown in Fig. 5-28, and the 
insulating material has a linear permeability µ,. 

I z I 

f • l 

0 0 J I 

00 s 
µ, l 

0 0 1 
Outer 00 
conductor I 

Inner/ t 
conductor I 

Figure 5-28: Cross-sectional view of coaxial transmis­
sion line (Example 5-8). 
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Solution: Due to the current/ in the inner conductor, the 
magnetic field generated in the region with permeabil­
ityµ, between the two conductors is given by Eq. (5.30) 

as 

~ µI 
B=</>-' 

2rrr 
(5.97) 

where r is the radial distance from the axis of the coaxial 
line. Let us choose a transmission-line segment of 
length las shown in Fig. 5-28. Over the planar surface S 

between the conductors, B is everywhere perpendicular 
to the surface. Hence, the flux through S is 

<I> = l B dr = l - dr = - ln - . 1b lb µI µfl (b) 
a a 2rrr 2n a 

(5.98) 
Using Eq. (5.96), the inductance per unit length of the 
coaxial transmission line is given by 

5-8.3 Mutual Inductance 

Magnetic coupling between two different conducting 
structures is described in terms of the mutual inductance 
between them. For simplicity, let us assume that we have 
two closed loops with surfaces S1 and S2 and a current / 1 

flowing through the first loop, as shown in Fig. 5-29. The 
magnetic field B1 generated by /1 results in a flux <1> 12 

through loop 2, given by 

<I> 12 = f B 1 • ds, 
1s2 

(5 .100) 

and if loop 2 consists of N2 turns all coupled by B1 in 
exactly the same way, then the total magnetic flux linkage 
through loop 2 due to B 1 is 

A12 = N2<l>12 = N2 [ B1 -ds. 
1s2 

(5.101) 

CHAPTER 5 MAGNETOSTATICS 

Figure 5-29: Magnetic field lines generated by current Ii 
in loop I linking surface S2 of loop 2. 

The mutual inductance associated with this magnetic 
coupling is given by 

(H). (5.102) 

Mutual inductance is important in transformers wherein 
the windings of two or more circuits share a common 
magnetic core, as illustrated by the toroidal arrangement 
shown in Fig. 5-30. 

REVIEW QUESTIONS 

QS.15 What is the magnetic field like in the interior of 
a long solenoid? 

QS.16 What is the difference between self-inductance 
and mutual inductance? 

QS.17 How is the inductance of a solenoid related to its 
number of turns N? 

INTEL-1014 
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Figure 5-30: Toroidal coil with two windings used as a 
transformer. 

5-9 Magnetic Energy 

When we introduced electrostatic energy in Section 4-11, 
we did so by examining what happens to the energy 
expended in charging up a capacitor from zero voltage to 
some final voltage V. We will now use a similar analogy 
by considering an inductor with inductance L connected 
to a current source. Suppose that we were to increase 
the current i flowing through the inductor from zero to 
a final value /. From circuit theory, we know that the 
voltage v across the inductor is given by v = L di/ dt. 
Power p is equal to the product of v and i, and the time 
integral of power is work, or energy. Hence, the total 
energy in joules (J) expended in building up the current 
in the inductor is 

(J). (5.103) 

For reasons that will become apparent shortly, we call 
this the magnetic energy stored in the inductor. 

Let us consider the solenoid inductor. Its inductance is 
given by Eq. (5.95) as L = µN 2S/ l, and the magnitude 
of the magnetic flux density in its interior is given from 
Eq. (5.90) by B =µNI/ l. Equivalently, I= Bl/(µN). 
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If we use these expressions for Land/ in Eq. (5.103), 
we get 

Wm= }L/
2 

= 1 (µ ~
2 

S) (:~) 

2 

1 B2 1 
= -- (lS) = -µH 2v, (5.104) 

2 µ 2 

where v = l S is the volume of the interior of the solenoid 
and H = B / µ. The magnetic energy density Wm is 
defined as the magnetic energy Wm per unit volume, 

Wm 1 2 
Wm= - = -µH 

V 2 
(J/m3). (5.105) 

Even though this expression was derived for a solenoid 
inductor, it is equally valid for any medium with magnetic 
field H. Furthermore, for any volume v containing a 
material with permeability µ (including free space with 
permeability µo), the total magnetic energy stored in the 
medium due to the presence of a magnetic field H is 

11 2 Wm= - µH dv 
2 V 

(J). (5.106) 

Example 5-9 Magnetic Energy in a Coaxial Cable 

Derive an expression for the magnetic energy stored 
in a coaxial cable of length l and inner and outer radii a 

and b. The insulation material has permeabilityµ. 

Solution: From Eq. (5.97), the magnitude of the mag­
netic field in the insulating material is given by 

B I 
H----

- µ - 2nr' 

where r is the radial distance from the center of the inner 
conductor, as shown in Fig. 5-28. The magnetic energy 
stored in the coaxial cable is then given by 

11 2 µ/211 Wm = - µH dv = -
2 2 dv . 

2 v 8n v r 
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Since H is a function of r only, we choose dv to be a 
cylindrical shell of length l, radius r, and thickness dr 

along the radial direction. Thus, dv = 2rrrl dr and 

µ/2 lb l 
Wm= --

2 2 · 2rrrl dr 
8rr a r 

= µI
2

l ln (~) (J). ■ 
4rr a 

CHAPTER HIGHLIGHTS 

• Magnetic force acting on a charged particle q moving 
with a velocity u in a region containing a magnetic 
flux density Bis Fm = qu x B. 

• The total electromagnetic force, known as the 
Lorentz force, acting on a moving charge in the 
presence of both electric and magnetic fields is 

F = q(E + u x B). 
• Magnetic forces acting on current loops can generate 

magnetic torques. 

• The magnetic field intensity induced by a current 
element is defined by the Biot-Savart law. 

• Gauss's law for magnetism states that the net mag­
netic flux flowing out of any closed surface is zero. 

• Ampere's law states that the line integral of Hover 
a closed contour is equal to the net current crossing 
the surface bounded by the contour. 

• Vector magnetic potential A is related to B by 
B = \/ X A. 

e Materials are classified as diamagnetic, paramag­
netic, or ferromagnetic, depending on their crys­
talline structure and behavior under the influence of 
an external magnetic field. 

• Diamagnetic and paramagnetic materials exhibit a 
linear behavior between B and H, with µ ::::: µ 0 for 
both. 

• Ferromagnetic materials exhibit a nonlinear hys­
teretic behavior between B and Hand, for some, their 
µ may be as large as 105 µ 0 . 

CHAPTER 5 MAGNETOSTATICS 

• At the boundary between two different media, 
the normal component of B is continuous, and 
the tangential components of H are related by 
H2t - Hit= ls, where ls is the surface current 
density flowing in a direction orthogonal to Hit 

and H2t-

• Inductance of a circuit is defined as the ratio of 
magnetic flux linking the circuit to the current 
flowing through it. 

• Magnetic energy density is given by Wm = ½ µ,H 2. 

GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the follow­
ing terms: 

magnetic flux density B 
magnetic force F rn 

Lorentz force F 
moment arm d 
torque T 
magnetic moment m 
Biot-Savart law 
current density (volume) J 
surface current density Js 
magnetic dipole 
Gauss's law for magnetism 
Ampere's law 
toroidal coil 
vector Poisson's equation 
magnetic flux ct> 
orbital and spin magnetic moments 
magnetization vector M 
magnetic susceptibility Xm 
diamagnetic, paramagnetic, ferromagnetic 
magnetized domains 
magnetization curve 
magnetic hysteresis 
hard and soft ferromagnetic materials 
inductance (self- and mutual) 
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solenoid 
magnetic energy Wm 
magnetic energy density Wm 

PROBLEMS 

Section 5-1: Forces and Torques 

5.1 * An electron with a speed of 4 x 106 mis is projected 
along the positive x-direction into a medium containing 
a uniform magnetic flux density B = (i2- z3) T. Given 
that e = 1.6 x 10-19 C and the mass of an electron is 
me = 9.1 x 10-31 kg, determine the initial acceleration 
vector of the electron (at the moment it is projected into 
the medium). 

5.2 When a particle with charge q and mass m is 
introduced into a medium with a uniform field B such 
that the initial velocity of the particle u is perpendicular 
to B, as shown in Fig. 5-31, the magnetic force exerted 
on the particle causes it to move in a circle of radius a. 
By equating Fm to the centripetal force on the particle, 
determine a in terms of q, m, u, and B. 

5.3* The circuit shown in Fig. 5-32 uses two identical 
springs to support a IO-cm-long horizontal wire with a 
mass of 5 g. In the absence of a magnetic field, the weight 
of the wire causes the springs to stretch a distance of 
0.2 cm each. When a uniform magnetic field is turned on 
in the region containing the horizontal wire, the springs 
are observed to stretch an additional 0.5 cm. What is the 
intensity of the magnetic flux density B? 

5.4 The rectangular loop shown in Fig. 5-33 consists of 
20 closely wrapped turns and is hinged along the z-axis. 
The plane of the loop makes an angle of 30° with the 
y-axis, and the current in the windings is 0.5 A. What 
is the magnitude of the torque exerted on the loop in 

* Answer(s) available in Appendix D. 

'~ Solution available in CD-ROM. 
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0 0 0 0 @B 

0 u 0 l 

0 0 

0 

0 0 0 0 

Figure 5-31: Particle of charge q projected with veloc-
ity u into a medium with a uniform field B perpendicular 
to u (Problem 5.2). 

0 

0 

0 0 0 

1

0 0 0 1 
-1ocm-J 

0B 

0 

Figure 5-32: Configuration of Problem 5.3. 

the presence of a uniform field B = y 1.2 T? When 
viewed from above, is the expected direction of rotation 
clockwise or counterclockwise? 
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z 

t 

r 
0.4 m 

/20 turns 

~ --r--, - ----- y 
0 

-~ 

X 

Figure 5-33: Hinged rectangular loop of Problem 5.4. 

'~J 5.5' In a cylindrical coordinate system, a 2-m-long 
straight wire carrying a current of 5 A in the positive 
z-direction is located at r = 4 cm, ¢ = rr /2, and 
-1 m:::: z:::: 1 m. 

(a) If B = :r 0.2 cos¢ (T), what is the magnetic force 
acting on the wire? 

(b) How much work is required to rotate the wire once 
about the z-axis in the negative ¢-direction (while 
maintaining r = 4 cm)? 

(c) At what angle¢ is the force a maximum? 

5.6 A 20-tum rectangular coil with sides l = 15 cm 
and w = 5 cm is placed in the y-z plane as shown in 
Fig. 5-34. 

(a) If the coil, which carries a current I = 10 A, is in 
the presence of a magnetic flux density 

B = 2 x 10-2 (x + y2) (T) 

determine the torque acting on the coil. 

(b) At what angle¢ is the torque zero? 

(c) At what angle¢ is the torque maximum? Determine 
its value. 

I 

,. ,· 

1'' 
I 

I ,. 
1' 
I 
\ 

X 
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z 

_ _ __ )"( :0-tum coil 

/ /I ., 

I 

'' I 
i ~ ~----,----;-y 

/ 

Figure 5-34: Rectangular loop of Problem 5.6. 

Section 5-2: Biot-Savart Law 

5.7' An 8 cm x 12 cm rectangular loop of wire is 
situated in the x-y plane with the center of the loop at the 
origin and its long sides parallel to the x-axis. The loop 
has a current of 25 A flowing clockwise (when viewed 
from above). Determine the magnetic field at the center 
of the loop. 

5.8 Use the approach outlined in Example 5-2 to 
develop an expression for the magnetic field H at an 
arbitrary point P due to the linear conductor defined by 

the geometry shown in Fig. 5-35. If the conductor extends 
between z 1 = 3 m and z2 = 7 m and carries a current 
I = 5 A, find Hat P(2, ¢, 0). 

5.9* The loop shown in Fig. 5-36 consists of radial lines 
and segments of circles whose centers are at point P • 
Determine the magnetic field Hat Pin terms of a, b, 0, 
and I. 
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z 

' 
I 

' 
' -- " ~---- --- ==-~;. 

r P(r, cp, z) 

Figure 5-35: Current-carrying linear conductor of Prob­

Iem 5.8. 

Figure 5-36: Configuration of Problem 5.9. 

5.10 An infinitely long, thin conducting sheet defined 

over the space O .:5 x .:5 w and -oo .:5 y .:5 oo is 
carrying a current with a uniform surface current density 
Js = y5 (Nm). Obtain an expression for the magnetic 
field at point P(O, 0, z) in Cartesian coordinates . 

5.11 * An infinitely long wire carrying a 50-A current in 
the positive x-direction is placed along the x-axis in the 
vicinity of a 10-turn circular loop located in the x-y plane 
as shown in Fig. 5-37. If the magnetic field at the center 
of the loop is zero, what is the direction and magnitude 
of the current flowing in the loop? 
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.. X 

Figure 5-37: Circular loop next to a linear current 
(Problem 5.11) . 

5.12 Two infinitely long, parallel wires are carrying 6-A 
currents in opposite directions. Determine the magnetic 
flux density at point P in Fig. 5-38. 

, ' Ii= 6A 

p 

- · 0.5m 

- ---2m----• 

Figure 5-38: Arrangement for Problem 5. 12. 

5.13* A long, East-West-oriented power cable carrying 
an unknown current I is at a height of 8 m above the 
Earth's surface. If the magnetic flux density recorded 
by a magnetic-field meter placed at the surface is 12 µ,T 
when the current is flowing through the cable and 20 µ,T 
when the current is zero, what is the magnitude of I? 

INTEL-1014 
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5.14 Two parallel, circular loops carrying a current of 
20 A each are arranged as shown in Fig. 5-39. The first 
loop is situated in the x-y plane with its center at the 
origin, and the second loop's center is at z = 2 m. If the 
two loops have the same radius a = 3 m, determine the 

magnetic field at: 

(a) z = 0 

(b) z =Im 

(c) z = 2 m 

X 

Figure 5-39: Parallel circular loops of Problem 5.14. 

Section 5-3: Forces between Currents 

5.15 The long, straight conductor shown in Fig. 5-40 
lies in the plane of the rectangular loop at a dis­

tanced= 0.1 m. _The loop has dimensions a= 0.2 m 

and b = 0.5 m, and the currents are / 1 = 10 A and 
Ii = 15 A. Determine the net magnetic force acting on 

the loop. 

CHAPTER 5 MAGNETOSTATICS 

b =0.5 m 

._ _____ __. _ _ 

I ·I I ·I 
d = 0.1 m a = 0.2 m 

Figure 5-40: Current loop next to a conducting wire 

(Problem 5.15). 

5.16 In the arrangement shown in Fig. 5-41, each of 
the two long, parallel conductors carries a current I, is 
supported by 8-cm-long strings, and has a mass per unit 
length of 0.3 g/cm. Due to the repulsive force acting 

on the conductors, the angle 0 between the supporting 
strings is 10°. Determine the magnitude of I and the 
relative directions of the currents in the two conductors. 

5.17* An infinitely long, thin conducting sheet of 
width w along the x-direction lies in the x-y plane and 

carries a current I in the - y-direction. Determine the 
following: 

(a) The magnetic field at a point P midway between 
the edges of the sheet and at a height h above it. 
(Fig. 5-42) 

(b) The force per unit length exerted on an infinitely long 
wire passing through point P and parallel to the sheet 
if the current through the wire is equal in magnitude 
but opposite in direction to that carried by the sheet. 

INTEL-1014 
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z 

X 

Figure 5-41: Parallel conductors supported by strings 
(Problem 5.16). 

Figure 5-42: A linear current source above a current sheet 
(Problem 5.17). 

5.18 Three long, parallel wires are arranged as shown 
in Fig. 5-43. Determine the force per unit length acting 
on the wire carrying h 

•~ 5.19'' A square loop placed as shown in Fig. 5-44 has 
2-m sides and carries a current / 1 = 5 A. If a straight, 
long conductor carrying a current h = 10 A is introduced 
and placed just above the midpoints of two of the loop's 
sides, determine the net force acting on the loop. 

Section 5-4: Gauss's Law for Magnetism and Ampere's Law . 
5.20 Current / flows along the positive z-direction in 
the inner conductor of a long coaxial cable and returns 
through the outer conductor. The inner conductor has 
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T 
2m 

t 
Figure 5-43: Three parallel wires of Problem 5.18. 

radius a, and the inner and outer radii of the outer 
conductor are band c, respectively. 

(a) Determine the magnetic field in each of the following 

z 

• y 

X 

Figure 5-44: Long wire carrying current /z, just above a 
square loop carrying /1 (Problem 5.19). 
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regions: 0 ::=; r ::=; a, a ::=; r ::=; b, b ::=; r ::=; c, and 

r 2:: c. 

(b) Plot the magnitude of Has a function of r over the 

range from r = 0 tor = 10 cm, given that / = 10 A, 

a = 2 cm, b = 4 cm, and c = 5 cm. 

5.21 ' A long cylindrical conductor whose axis is coin­

cident with the z-axis has a radius a and carries a current 

characterized by a current density J = zJ0 / r, where 10 is 

a constant and r is the radial distance from the cylinder's 

axis. Obtain an expression for the magnetic field H for 

(a) 0 ::=; r ::=; a 

(b) r > a 

5.22 Repeat Problem 5.21 for a current density J 
zloe-r. 

5.23* In a certain conducting region, the magnetic field 

is given in cylindrical coordinates by 

Find the current density J. 

Section 5-5: Magnetic Potential 

5.24 With reference to Fig. 5-10: 

(a) Derive an expression for the vector magnetic poten­

tial A at a point P located at a distance r from the 

wire in the x-y plane. 

(b) Derive B from A. Show that your result is identical 

with the expression given by Eq. (5.29), which was 

derived by applying the Biot-Savart law. 

~ 5.25 •• In a given region of space, the vector magnetic 

potential is given by A = x5 cos rr y + z(2 + sin rr x) 

(Wb/m). 

(a) Determine B. 

CHAPTER 5 MAGNETOSTATics 

(b) Use Eq. (5.66) to calculate the magnetic flux passing 

through a square loop with 0.25-m-long edges if the 

loop is in the x-y plane, its center is at the origin, 

and its edges are parallel to the x- and y-axes. 

(c) Calculate <I> again using Eq. (5.67). 

5.26 A uniform current density given by 

J = zlo 

gives rise to a vector magnetic potential 

A _ A /J,olo ( 2 + 2) - -z-- X y 
4 

(Wb/m) 

(a) Apply the vector Poisson's equation to confirm the 

above statement. 

(b) Use the expression for A to find H. 

(c) Use the expression for J in conjunction with 

Ampere's law to find H. Compare your result with 

that obtained in part (b). 

5.27 ' A thin current element extending between 

z = - L /2 and z = L /2 carries a current / along +z 
through a circular cross-section of radius a. 

(a) Find A at a point P located very far from the origin 

(assume R is so much larger than L that point P 

may be considered to be at approximately the same 

distance from every point along the current element). 

(b) Determine the corresponding H. 

Section 5-6: Magnetic Properties of Materials 

5.28 In the model of the hydrogen atom proposed by 

Bohr in 1913, the electron moves around the nucleus 

at a speed of 2 x 106 mis in a circular orbit of radius 

5 x 10-11 m. What is the magnitude of the magnetic 

moment generated by the electron's motion? 
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5.29* Iron contains 8.5 x 1028 atoms/m3 . At saturation, 
the alignment of the electrons' spin magnetic moments 
in iron can contribute 1.5 T to the total magnetic flux 
density B. If the spin magnetic moment of a single 
electron is 9.27 x 10-24 (A-m2), how many electrons 
per atom contribute to the saturated field? 

Section 5-7: Magnetic Boundary Conditions 

5.30 The x-y plane separates two magnetic media with 
magnetic permeabilities µ, 1 and µ, 2, as shown in Fig. 5-45. 
If there is no surface current at the interface and the 
magnetic field in medium 1 is 

H, = x.H,x + y H1y + zH1z 

find: 

(a) H2 

(b) 01 and02 

( c) Evaluate H2, 01, and 02 for Hix = 3 (Alm), H1y = 0, 
H1z = 4 (Alm), /J,J = /J,o, and /J,2 = 4µ,o 

z 

I 
I 

tr:"· 
----------------11► x-y plane 

/1,2 

I 

Figure 5-45: Adjacent magnetic media (Problem 5.30). 

5.31 * Given that a current sheet with surface current 
density Js = x 4 (Alm) exists at y = 0, the interface 
between two magnetic media, and H1 = z 8 (Alm) in 
medium 1 (y > 0), determine H2 in medium 2 (y < 0). 
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5.32 In Fig. 5-46, the plane defined by x - y = I 
separates medium 1 of permeability µ, 1 from medium 2 
of permeability µ, 2. If no surface current exists on the 
boundary and 

find B2 and then evaluate your result for µ, 1 = 5µ, 2. 

Hint: Start by deriving the equation for the unit vector 
normal to the given plane. 

Medium 1 
/1,j 

y 

Medium2 

µ,2 

Figure 5-46: Magnetic media separated by the plane 
x - y = I (Problem 5.32). 

&'~ · 5.33 The plane boundary defined by z = 0 separates air 
from a block of iron. If B 1 = x.4 - y6 + z8 in air (z ::::: 0), 
find B2 in iron (z .'.S 0), given thatµ, = 5000µ, 0 for iron. 

5.34 Show that if no surface current densities exist at 
the parallel interfaces shown in Fig. 5-4 7, the relationship 
between 04 and 01 is independent of /J,2. 
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Figure 5-47: Three magnetic media with parallel inter­

faces (Problem 5.34). 

Sections 5-8 and 5-9: Inductance and Magnetic Energy 

5.35* Obtain an expression for the self-inductance per 

unit length for the parallel wire transmission line of 

Fig. 5-27(a) in terms of a, d , andµ , where a is the radius 

of the wires, d is the axis-to-axis distance between the 

wires, andµ is the permeability of the medium in which 

they reside. 

5.36 A solenoid with a length of 20 cm and a radius of 

5 cm consists of 400 turns and carries a current of 12 A. 

If z = 0 represents the midpoint of the solenoid, generate 

a plot for IH(z) I as a function of z along the axis of the 

solenoid for the range - 20 cm ::: z ::: 20 cm in 1-cm 

steps. 

5.37* In terms of the d-c current / , how much magnetic 

energy is stored in the insulating medium of a 2-m-long, 

air-filled section of a coaxial transmission line, given that 

the radius of the inner conductor is 5 cm and the inner 

radius of the outer conductor is 10 cm? 

CHAPTER 5 MAGNETOSTATICS 

5.38 The rectangular loop shown in Fig. 5-48 is copla­

nar with the long, straight wire carrying the current 

I = 20 A. Determine the magnetic flux through the loop. 

z 
~ 

' l 
20A 30cm 

5cm l -- 20cm-l 

/ 
y 

X 

Figure 5-48: Loop and wire arrangement for Problem 

5.38. 
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DYNAMIC FIELDS 

E lectric charges induce electric fields and electric cur­
rents induce magnetic fields. Those are the lessons we 
learned in the preceding two chapters. As long as the 
charge and current distributions remain constant in time, 
so will the fields that they induce. However, if the charge 
and current sources were to vary with time t, not only will 
the fields also vary with time, but much more happens. 
The electric and magnetic fields become interconnected, 
and the coupling between them produces electromagnetic 
waves capable of traveling through free space and in 
material media. Electromagnetic waves, which include 
light waves, x-rays, infrared waves, gamma rays, and 
radio waves [see Fig. 1-15], are an important part of our 
physical world, and their uses are manifested in many 
fields of science and technology. 

To study time-varying electromagnetic phenomena, 
we need to use Maxwell's equations as an integrated 
unit. These equations, which were first introduced in 
the opening section of Chapter 4, are given in both 
differential and integral form in Table 6-1. Whereas 
in the static case (8/8t = 0) we were able to use 
the first pair of Maxwell's equations to study electrical 
phenomena in Chapter 4 and the second pair to study 
magnetic phenomena in Chapter 5, in the dynamic case 
we have to deal with the coupling that exists between 
the electric and magnetic fields, as expressed by the 
second and fourth equations in Table 6-1. The first 
equation represents Gauss's law, and it is equally valid for 
static and dynamic fields. The same is true for the third 
equation, V. B = 0, which basically states that there are 
no such things as magnetic charges. The second and 
fourth equations, however, exhibit different meanings 
for static and dynamic fields. In the dynamic case, a 
time-varying magnetic field gives rise to an electric field 
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(Faraday's law) and, conversely, a time-varying electric 
field gives rise to a magnetic field (Ampere's law). 

Some of the results we will obtain in this and suc­
ceeding chapters might contradict statements made and 
conclusions reached in Chapter 4 and 5. This is because 
the earlier material pertains to the special case of steady 
currents and static charges. When a/ at is set equal to 
zero, the results and expressions for the fields under 
dynamic conditions will reduce to those applicable under 
static conditions. 

We begin this chapter with examinations of Faraday's 
and Ampere's laws and some of their practical appli­
cations. We will then combine Maxwell's equations to 
obtain relations among the charge and current sources, 
Pv and J, the scalar and vector potentials, V and A, 
and the electromagnetic fields, E, D, H, and B, for 
the time-varying case in general and for sinusoidal-time 
variations in particular. 

6-1 Faraday's law 

The close connection between electricity and magnetism 
was established by Oersted, who demonstrated that a 
wire carrying an electric current exerts a force on a 
compass needle and that the needle always turns so as to 
point in the ~-direction when the current is along the z­
direction. The force acting on the compass needle is due 
to the magnetic field produced by the current in the wire. 
Following this discovery, Michael Faraday developed the 
following hypothesis: if a current can produce a magnetic 
field, then the converse should also be true: a magnetic 
field should produce a current in a wire. To prove his 
hypothesis, he conducted numerous experiments in his 
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Table 6-1: Maxwell's equations. 

Reference 

Gauss's law 

Faraday's law 

No magnetic charges 

(Gauss's law for magnetism) 

Ampere's law 

"For a stationary surface S. 

Differential Form 

V·D=Pv 

aB 
VxE=--

at 

V·B=O 

aD 
VxH=J+-

at 

Integral Form 

i D·ds = Q (6.1) 

i E. di = -1 aB . ds 
C s at 

(6.2)* 

i B·ds =0 (6.3) 

t H • dl = ls (J + ~~)- ds (6.4) 

Galvanometer Battery 

Figure 6-1: The galvanometer shows a deflection when­

ever the magnetic flux passing through the square loop 

changes with time. 

laboratory in London over a period of about 10 years, 

all aimed at making magnetic fields induce currents in 

wires. Similar work was being conducted by Joseph 

Henry in Albany, New York. Wires were placed next to 

permanent magnets of all different sizes, but no currents 

were detected in the wires. Current was passed through 

a wire while another wire was placed parallel to it, with 

the expectation that the magnetic field of the current­

carrying wire would induce a current in the other wire, 

but again the result was negative. Eventually, these types 

of experiments led to the true answer, which both Faraday 

and Henry discovered independently at about the same 

time (1831). They discovered that indeed magnetic fields 

can produce an electric current in a closed loop, but only 

if the magnetic flux linking the suiface area of the loop 

changes with time. The key to the induction process is 

change. To explain how the induction process works, let 

us consider the arrangement shown in Fig. 6-1. A square 

conducting loop connected to a galvanometer, which is a 

sensitive instrument used in the 1800s to detect the flow 

of current in a circuit, is placed next to a conducting coil 

connected to a battery. The current in the coil produces 

a magnetic field B whose lines pass through the loop 

as shown in Fig. 6-1. In Section 5-5, we defined the 
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m<!:gl!~ti_c fl_t1_~.<J>~passing_thrn_ugh-a-loop_as-the in~g_ral of 
the normal component of the m~gn~tic flux density oy~:r 

/ ~ ace;_ area ofllie l§op,S, 9r 
.....___,1 

<P = i B • ds (Wb). (6.5) 

Under stationary conditions, the d-c current in the coil pro­
duces a constant magnetic field B, which in tum produces 
a constant flux through the loop. When the flux is constant, 
no current is detected by the galvanometer. However, 
when the battery is disconnected, thereby interrupting the 
flow of current in the coil, the magnetic field drops to 
zero, and the consequent change in magnetic flux causes a 
momentary deflection of the galvanometer needle. When 
the battery is reconnected, the galvanometer again exhibits 
a momentary deflection, but in the opposite direction. 
Thus, current is induced in the loop when the magnetic 
flux changes, and the direction of the current depends on 
whether the flux is increasing (as when the battery is being 
connected) or decreasing (as when the battery is being 
disconnected). It was further discovered that current can 
also flow in the loop, while the battery is connected to the 
coil, if the loop is turned around suddenly or while moving 
it closer to or away from the coil. The physical movement 
of the loop changes the amount of flux linking its surface 
S, even though the field B due to the coil has not changed. 

A galvanometer is the predecessor of the voltmeter and 
ammeter. When a galvanometer detects the flow of current 
through the coil, it means that a voltage has been induced 
across the galvanometer terminals. This voltage is called 
the electromotive force (emf), Vemf, and the process is 
called electromagnetic induction . The emf induced in a 
closed conducting loop of N turns is given by 

Vemf = -Nd<P = -N !!_ f B · ds 
_dt dt}s --------- ' --

(V). (6.6) 

Even though the results leading to Eq. (6.6) were also dis­
covered independently by Henry, Eq. (6.6) is attributed to 
Faraday and is known as Faraday's law. The significance 

of the negative sign in Eq. (6.6) will be explained in the 
next section. 

We note that the derivative in Eq. (6.6) is a total time 
derivative that operates on the magnetic field B, as well 
as the differential surface area ds. Accordingly, an emf 
can be generated in a closed conducting loop under any 
of the following three conditions: 

1. A time-varying magneticfield linking a stationary 
- loop;the inducecfemf is then called the_ transformer 

emf, v;:-nf· ·--2. A moving loop with a time-varying area (relative to 
the normal component of BJ in a static field B; the 
induced emf is then called the motional emf, Ve~f· 

3. A moving loop in a time-varying field B. 

The total emf is given by 

(6.7) 

with Ve~f = 0 if the loop is stationary (case (1)) and 
v;:-nf = 0 if B is static (case (2)). For case (3), neither 
term is zero. Each of the three cases will be examined 
separately in the following sections. 

6-2 Stationary Loop in a Time=Varying 
Magnetic Field 

The single-tum, conducting, circular loop with con­
tour C and surface area S shown in Fig. 6-2(a) is in a 
time-varying magnetic field B(t). As was stated earlier, 
the emf induced when S is stationary and the field is time 
varying is called the transformer emf and is denoted 
v;:-nf· Since the loop is stationary, d / dt in Eq. (6.6) now 
operates on B(t) only. Hence, 

tr f 3B Vemf = - N - • ds, 
sat 

(6.8) 

where the full derivative d/dt has been moved inside 
the integral and changed into a partial derivative a/ at to 
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Increasing B(t) 

I 

+ T/lr 
t'emf 

2 

I 

t t t 
(a) Loop in a changing B field 

l Ri 

R 

2 

(b) Equivalent circuit 

Figure 6-2: (a) Stationary circular loop in a changing 

magnetic field B(t), and (b) its equivalent circuit. 

signify that it operates on B only. The transformer emf i 

the voltage difference that would appear across the small 

opening between terminals 1 and 2, even in the absence of 

theresistor R. Thatis, Ve~= Vi2, where V12 istheopen­

circuit voltage across the open ends of the loop. Under d­

e conctitions, v;~ = 0. For the loop shown in Fig. 6-2(a) 

and the associated definition for Ve1~r given by Eq. (6.8), 

the direction of ds, the loop's differential surface normal, 

can be chosen to be either upward or downward. The 

two choices are associated with opposite designations of 

the polarities of terminals 1 and 2 in Fig. 6-2(a). The 

connection between the direction of ds and the polarity 

of v;~ is governed by the following right-hand rule:.J.! 

~d,.s-points.....along- the-thumb p_f th~_:right h~!.1.Q, __ then __!!l_e 

dir~ction of the contour {: i{!dicated by the four fingers 

IS s.uch that it alway~ gasses a~;oss the opening from llie 

P.osiliYeTe'friiinalof V~o the negative terminal.-

If the loop has an internal resistance Ri, the circuit in 

Fig. 6-2(a) can be represented by the equivalent circuit 

shown in Fig. 6-2(b), in which case the current I flowing 

through the circuit is given by 

(6.9) 

For good conductors, Ri usually is very small, and it 

may be ignored in comparison with practical values of R, 

except when R = 0 (loop is shorted across its ends). 

The polarity of v;~f and hence the direction of / is 

governed by Lenz's law , which states that the current 

in the loop is always in such a direction as to oppose 

the change of magnetic flux <P (t) that produced it. The 

current I induces a magnetic field of its own, Bind, with 

a corresponding flux <Pind· The direction of Bind is 

governed by the right-hand rule; if / is in a clockwise 

direction, then Bind points downward through S and, 

conversely, if / is in a counterclockwise direction, then 

Bind points upward through S. If the original field B(t) is 

increasing, which means that d <P / dt > 0, then according 

to Lenz's law, / has to be in the direction shown in 

Fig. 6-2(a) in order for Bind to be in opposition to B(t). 

Consequently, terminal 2 would be at a higher potential 

than terminal 1, and V;~f would have a negative value. 

However, if B(t) were to remain in the same direction 

but to decrease in magnitude, then d <P / d t would become 

negative, the current would have to reverse direction, and 

its induced field Bind would be in the same direction as 

B(t) so as to oppose the change (decrease) ofB(t). In that 

case, v;~1
f would be positive. It is important to remember 

that Bind erve to oppose the change in B(t), and not 

necessarily B(t) itself. 
Despite the presence of the small opening between 

terminals 1 and 2 of the loop in Fig. 6-2(a), we shall 

treat the loop as a closed path with contour C. We do thi 

in order to establish the link between B and the electri 

field E associated with the induced emf, v;~f· Also, at 

any point along the loop, the field E is related to the 
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6-2 STATIONARY LOOP IN A TIME-VARYING MAGNETIC FIELD 235 

current I flowing through the loop. For contour C, v;~r 
is related to E by 

,v,;~r = i E • di:_ (6.10) 

For N = 1 (a loop with one turn), equating Eqs. (6.8) 
and (6.10) gives 

j E · di = - f aB · ds, 
fc ls at 

(6.11) 

which is the integral form of Faraday's law given in 
Table 6-1 . We should keep in mind that the direction 
of the contour C and the direction of ds are related by the 
right-hand rule. 

By applying Stokes's theorem to the left-hand side of 
Eq. (6.11), we have 

f Cv x E) · ds = - f aB · ds, (6.12) 
ls ls at 

and in order for the two integrals to be equal, their 
integrands have to be equal, which gives 

aB 
v'xE=-­

at 
(Faraday's law). (6.13) 

This differential form of Faraday's law states that a 
time-varying magnetic field induces an electric field E 
whose curl is equal to the negative of the time derivative 
of B. Even though the derivation leading to Faraday's 
law started out by considering the field associated with a 
physical circuit, Eq. (6.13) applies at any point in space, 
whether or not a physical circuit exists at that point. 

Example 6-1 Inductor in a Changing Magnetic Field 

An inductor is formed by winding N turns of a thin 
conducting wire into a circular loop of radius a. The 
inductor loop is in the x-y plane with its center at the 
origin, and it is connected to a resistor R, as shown in 
Fig. 6-3. In the presence of a magnetic field given by 
B = B0(y2+z3) sincvt, wherecvistheangularfrequency, 
find 

z 

'wtums 

Figure 6-3: Circular loop with N turns in the x-y plane. 
The magnetic field is B = Bo(y2 + z3) sin wt (Example 
6-1). 

(a) the magnetic flux linking a single tum of the inductor, 
(b) the transformer emf, given that N = 10, Bo = 0.2 T, 

a = 10 cm, and cv = 103 rad/s, 
(c) the polarity of vet~f at t = 0, and 
(d) the induced current in the circuit for R = 1 kQ 

(assume the wire resistance to be negligibly small). 

Solution: (a) The magnetic flux linking each turn of the 
inductor is 

<I>= ls B ·ds 

= ls [Bo(y2 + z 3) sin cvt] • Z ds = 3n-a2 Bo sincvt. 

(b) To find Ve~' we can apply Eq. (6.8) or we can apply 
the general expression given by Eq. (6.6) directly. The 
latter approach gives 

tr d<I> 
Vemf= -Ndt 

d . = --(3n- Na 2 Bo sm cvt) = -3rr Ncva 2 Bo cos cvt. 
dt 

For N = 10, a= 0.1 m, cv = 103 rad/s, and Bo= 0.2 T, 

v:~r = -188.5 cos 103t (V). 
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(c) At t = 0, d<P/dt > 0 and Ve~ = -188.5 V. 

Since the flux is increasing, the current l must be in the 

direction shown in Fig. 6-3 in order to satisfy Lenz's law. 

Consequently, point 2 is at a higher potential than point 1 

and 

(d) The current I is given by 

I = V
2 

; Vi = l:~/ cos 103t = 0.19 cos 103t (A). 

■ 

EXERCISE 6.1 For the loop shown in Fig. 6-3, what is 

Ve~r if B = y Bo cos wt? Explain. 

Ans. V;~f = 0 because B is orthogonal to the loop's 

surface normal ds. 

EXERCISE 6.2 Suppose that the loop of Example 6-1 is 

replaced with a 10-tum square loop centered at the origin 

and having 20-cm sides oriented parallel to the x- and 

y-axes. If B = zB0x 2 cos 103 t and Bo = 100 T, find the 

current in the circuit. 

Ans. I = -133 sin 103 t (mA). 

Example 6-2 Lenz's Law 

Determine the voltages V1 and Vz across the 2-Q and 

4-Q resistors shown in Fig. 6-4. The loop is located in 

the x-y plane, its area is 4 m2, the magnetic flux density 

is B = -z0.3t (T), and the internal resistance of the wire 

may be ignored. 

Solution: The flux flowing through the loop is 

<P = i B • ds = i (-z0.3t) • z ds 

I 
y 

® ® ® 

Lx + ® 
4Q V2 

® 
Area=4m2 

® ® ® 

Figure 6-4: Circuit for Example 6-2. 

and the corresponding transformer emf is 

tr d<P 
Vemf = -- = 1.2 (V). 

dt 

Since the magnetic flux through the loop is along the 

-z-direction (into the page) and it is increasing in 

magnitude with time t, Lenz's law states that the induced 

current / should be in a direction such that the magnetic 

flux density Bind induced by / counteracts the direction 

of change of <P. Hence, I has to be in the direction shown 

in the circuit because the corresponding Bind is along the 

+z-direction in the region inside the loop area. This, in 

tum, means that Vi and Vz are positive voltages. 

The total voltage of 1.2 V is distributed across two 

resistors in series. Consequently, 

v;~r 1.2 
I=-==--= -- = 0.2A, 

R1 + R2 2 + 4 

and 

Vi= I R1 = 0.2 x 2 = 0.4 V, 

Vz = I R2 = 0.2 x 4 = 0.8 V. ■ 

REVIEW QUESTIONS 

Q6.1 Explain Faraday's law and the function of Lenz's 

= -0.3t x 4 = -1.2t (Wb), law. 
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Q6.2 Under what circumstances is the net voltage 
around a closed loop equal to zero? 

Q6.3 Suppose the magnetic flux density linking the loop 
of Fig. 6-4 (Example 6-2) is given by B = -z 0.3e-1 (T). 
What would the direction of the current be, relative to that 
shown in Fig. 6-4, for t ~ 0? Explain. 

6-3 The Ideal Transformer 

The transformer shown in Fig. 6-5(a) consists of two coils 
wound around a common magnetic core. The coil of the 
primary circuit has N1 turns and that of the secondary 
circuit has N2 turns. The primary coil is connected to 
an a-c voltage source Vi (t) and the secondary coil is 
connected to a load resistor RL. In an ideal transformer 
the core has infinite permeability (µ, = oo ), and the 
magnetic flux is confined within the core. The directions 
of the currents flowing in the two coils, Ii and /z, are 
defined such that, when Ii and /z are both positive, the 
flux generated by /z is opposite that generated by /1. The 
transformer gets its name from the fact that it is used to 
transform currents, voltages, and impedances between 
its primary and secondary circuits. 

On the primary side of the transformer, the voltage 
source Vi generates a current / 1 in the primary coil, which 
establishes a flux <P in the magnetic core. The flux <P and 
the voltage V1 are related by Faraday's law: 

d<P 
Vi= -Ni-, 

dt 

and, similarly, on the secondary side, 

d<P 

(6.14) 

½ = -N2 - . (6.15) 
dt 

The combination of Eqs. (6.14) and (6.15) gives 

Vi 
½ 

(6.16) 

237 

(a) 

(b) 

Figure 6-5:- In a transformer, the directions of /1 and /z 
are such that the flux <P generated by one of them is 
opposite that generated by the other. The direction of 
the secondary winding in (b) is opposite that in (a), and 
so are the direction of ]z and the polarity of Vz. 

In an ideal lossless transformer, all the instantaneous 
power supplied by the source connected to the primary 
coil is delivered to the load on the secondary side. Thus, 
no power is lost in the core, and 

(6.17) 

Since P1 = Ii Vi and P2 = /z V2, and in view of 
Eq. (6.16), we have 

(6.18) 
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Figure 6-6: Equivalent circuit for the primary side of the 

transformer. 

Thus, whereas the ratio of the voltages given by Eq. (6.16) 

is proportional to the corresponding turns ratio, the ratio 

of the currents is equal to the inverse of the turns ratio. 

If Ni/ N2 = 0.1, V2 of the secondary circuit would be 

10 times Vi of the primary circuit but h would be only 

/i/10. 
The transformer shown in Fig. 6-S(b) is identical to that 

in Fig. 6-S(a) except for the direction of the windings of 

the secondary coil. Because of this change, the direction 

of Ji and the polarity of Vi in Fig. 6-S(b) are the reverse 

of those in Fig. 6-5(a). 
The voltage and current in the secondary circuit in 

Fig. 6-S(a) are related by V2 = fiRL. To the input circuit, 

the transformer may be represented by an equivalent input 

resistance Rin, as shown in Fig. 6-6, defined as 

V1 
Rin=-. 

Ii 
Use of Eqs. (6.16) and (6.18) gives 

Rin = Vi (N1 )2 = (N1 )2 RL. 
Ii N2 N2 

(6.19) 

(6.20) 

When the load is an impedance ZL and Vi is a sinu­

soidal source, the input resistance representation can be 

extended to an equivalent input impedance Zin given by 

(6.21) 

6-4 Moving Conductor in a Static 
Magnetic Field 

Consider a wire of length l moving across a static 

magnetic field B = zB0 at a constant velocity u, as 

shown in Fig. 6-7. The conducting wire contains free 

electrons. From Eq. (5.3), the magnetic force Fm acting 

on any charged particle q moving with a velocity u in a 

magnetic field B is given by 

Fm= q(u X B). (6.22) 

This magnetic force is equivalent to the electrical force 

that would be exerted on the particle by an electric 

field Em given by 

Fm 
Em= - =uxB. (6.23) 

q 

The field Em generated by the motion of the charged 

particle is called a motional electric field , and it is in a 

direction perpendicular to the plane containing u and B. 

For the wire shown in Fig. 6-7, E~ is along -y. The 

magnetic force acting on the electrons in the wire causes 

them to move in the direction of -Em; that is, toward 

the end labeled 1 in Fig. 6-7. This in turn induces a 

0 0 0 0 

T 
0 0 1 0 0 y 

L, u 

l 0 0 0 z 

l u 

0 0 0 
'-Magnetic field line 

Movi~g 
0 

( out of the page) 
0 0 0 Wife 

Figure 6-7: Conducting wire moving in a static magnetic 

field. 
\ 
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0 0 0 
y 

I 0 0 0 L x I 1 
+ u z 

f R Ve~f _ - 0 0 0 0 

l 2 u 
1' >'. 0 0 0 0 - Magnetic field B 

x=O __ 
0 0 0 0 \.:_, 

:x-o 

Figure 6-8: Sliding bar in a magnetic field that increases linearly with x; that is, B = zBox (Example 6-3). 

voltage difference between ends 1 and 2, with end 2 being 
at the higher potential. The induced voltage is called a 
motional emf, Ve%f, and is defined as the line integral of 
Em between ends 2 and 1 of the wire, 

Ve%f = Vi2 = 11 

Em· di= 11 

(u x B) • di. (6.24) 

For the conducting wire, u x B = xu x zB0 = -yuB0 

and di= y dl. Hence, 

(6.25) 

In general, if any segment of a closed circuit with contour C 
moves with a velocity u across a static magnetic field B, 
then the induced motional emf is given by 

Ve%f = i (u x B) • di. (6.26) 

Only those segments of the circuit that cross magnetic 
field lines contribute to V d::ir· 

Example 6-3 Sliding Bar 

The rectangular loop shown in Fig. 6-8 has a constant 
width!, bu tits lengthx0 increases with time as a conducting 

bar slides at a uniform velocity u in a static magnetic field 
B = zB0x. Note that B increases linearly with x. The bar 
starts fromx = 0 att = 0. Find the motional emf between 
terminals 1 and 2 and the current / flowing through the 
resistor R. Assume that the loop resistance Ri « R. 

Solution: This problem can be solved by using the 
motional emf expression given by Eq. ( 6.26) or by applying 
the general formula of Faraday's law. We will show that 
the two approaches yield the same result. 

The sliding bar, being the only part of the circuit that 
crosses the lines of the field B, is the only part of contour 
2341 that contributes to Ve%f· Hence, atx = x0 , 

Ve%r= Vi2 = V43= 14 

(u x B) -di 

= 14 

(xu x zBoxo) • y dl = -uBoxol . 

The length of the loop is related to u by x0 = u t. Hence, 

(V). (6.27) 

SinceBisstatic, V;~f = 0and Vemf = Ve%fonly. Toverify 
that the same result can be obtained by the general form of 
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Faraday's law, we start by finding the flux <I> through the 

surface of the loop. Thus, 

<I>= i B • ds 

= i (zBox) • z dx dy 

1-~
0 BalxJ = Bal x dx = -- . 

0 2 
(6.28) 

Substituting x0 = ut in Eq. (6.28) and then taking the 

negative derivative with respect to time gives 

V.mf = _ d<I> = _!!__ (Bolu
2
t

2
) 

e dt dt 2 

= -Bou2lt (V), (6.29) 

which is identical with Eq. (6.27). Since V12 is negative, 

the current/ = Bau2lt / R flows in the direction shown in 

Fig. 6-8. ■ 

Example 6-4 Moving Loop 

The rectangular loop shown in Fig. 6-9 is situated in the 

x-y plane and moves away from the origin at a velocity 

u = y5 (mis) in a magnetic field given by 

B(y) = z0.2e-0•1Y (T). 

If R = 5 Q, find the current / at the instant that the loop 

sidesareaty1 = 2mandy2 = 2.5m. Theloopresistance 

may be ignored. 

Solution: Since u x B is along x, voltages are induced 

across only the sides oriented along x, namely the side 

between points 1 and 2 and the side between points 3 and 4. 

Had B been uniform, the induced voltages would have 

been the same and the net voltage across the resistor would 

have been zero. In the present case, however, B decreases 

exponentially with y, thereby assuming a different value 

over side 1-2 than over side 3-4. Side 1-2 is at y1 = 2 m, 

and the corresponding magnetic field is 

B(y1) = z0.2e-0•1YI = z0.2e-0•2 (T). 

z 

I 

I 
l=2m 

X R 
,-.0 .5 m-+l 

Figure 6-9: Moving loop of Example 6-4. 

The induced voltage Vr2 is then given by 

V12 = fi\u x B(y1)] • di 

f
-l/2 

= (y5 X z0.2e-0•2) • X dx 
//2 

= -e-0•2{ = -2e-0•2 = -1.637 (V). 

Similarly, 

Vi3 = -u B(y2) l = -5 X 0.2e-0•25 X 2 

= -1.558 (V). 

Consequently, the current is in the direction shown in the 

figure and its magnitude is 

I = V43 - V12 = 0.079 = 15 _8 (mA). ■ 
R 5 

Example 6-5 Moving Rod Next to a Wire 

The wire shown in Fig. 6-10 is in free space and carries 

a current/ = 10 A. A 30-cm-long metal rod moves at a 

constant velocity u = z5 mis. Find V12 . 
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B0 @B 

l= lOA 

r Metal rod - u 

I Wire 1 

• ,,., 
i-10 cm ~ I ' 30cm 

B0 @B 

Figure 6-10: Moving rod of Example 6-5 . 

Solution: The current/ induces a magnetic field 

A µof 
B = </> 2nr ' 

2 
- 1 

'I 

where r is the radial distance from the wire and the direction 
of J is into the page at the metal rod side of the wire. The 
movement of the rod in the presence of the field B induces 
a motional emf given by 

1
10cm 

Vi2= (uxB)-dl 
40cm 

= z5 x <t>-0- -r dr 110cm( Aµ/) 

40 cm 2nr 

=- 5µol (10cm dr 

2n 140cm r 

5 X 4Jr X 10-7 
X 10 ( 10) =------- x In - =13.9(µV). ■ 

2rr 40 

EXERCISE 6.3 For the moving loop of Fig. 6-9, find / 
at the instant that the loop sides are at y1 = 4 m and 

241 

Yz = 4.5 m. Also, reverse the direction of motion such 
that u = -y5 (mis). 

Ans. / = -13 (mA). 

EXERCISE 6.4 Suppose that we turn the loop of Fig. 6-9 so 
that its surface is parallel to the x-z plane. What would / 
be in that case? 

Ans. / = 0. 

REVIEW QUESTIONS 

Q6.4 Suppose that no friction is involved in sliding the 
conducting bar of Fig. 6-8 and that the horizontal arms of 
the circuit are very long. Hence, if the bar is given an initial 
push, it should continue moving at a constant velocity, and 
its movement generates electrical energy in the form of 
an induced emf, indefinitely. Is this a valid argument? 
If not, why not? How can we generate electrical energy 
without having to supply an equal amount of energy by 
other means? 

Q6.5 Is the current flowing in the rod of Fig. 6-10 a steady 
current? Examine the force on a charge q at ends 1 and 2 
and compare. 

6-5 The Electromagnetic Generator 

The electromagnetic generator is the converse of the 
electromagnetic motor. The principles of operation ofboth 
instruments may be explained with the help of Fig. 6-11. A 
permanent magnet is used to produce a static magnetic field 
B in the slot between the two poles of the magnet. When a 
current is passed through the conducting loop, as depicted 
in Fig. 6-1 l(a), the current flows in opposite directions in 
segments 1-2 and 3--4 of the loop. The induced magnetic 
forces on the two segments are also opposite, resulting 
in a torque that causes the loop to rotate about its axis. 
Thus, in a motor, electrical energy supplied by a voltage 
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+ ,, 

V(t 'v ,, _ 
0. 

• \ :Xis of rotation 

(a) a-c motor 

,, 

,0(L) 

,, \ Axis of rotation 

(b) a-c generator 

Figure 6-11: Principles of the a-c motor and the a-c 

generator. In (a) the magnetic torque on the wires causes 

the loop to rotate, and in (b) the rotating loop generates 

an emf. 

source is converted into mechanical energy in the form of 

a rotating loop, which can be coupled to pulleys, gears, or 

other movable objects. 

z 

Figure 6-12: A loop rotating in a magnetic field induces 

an emf. 

If, instead of passing a current through the loop to make 

it tum, the loop is made to rotate by an external force, the 

movement of the loop in the magnetic field will produce a 

motional emf, Ve~' as shown in Fig. 6-11 (b ). Hence, the 

motor has become a generator, and mechanical energy is 

being converted into electrical energy. 

Let us examine the operation of the electromagnetic 

generatorinmoredetail using the coordinate system shown 

in Fig. 6-12. The magnetic field is given by 

B = zBo, (6.30) 

and the axis of rotation of the conducting loop is along the 

x-axis. Segments 1-2 and 3-4 of the loop are oflength I 

each, and both cross the magnetic flux lines as the loop 

rotates. The other two segments are each of width w, and 

neither crosses the B lines when the loop rotates. Hence, 

only segments 1-2 and 3-4 contribute to the generation of 

the motional emf, vei::u· 
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As the loop rotates with an angular velocity cv about its and 
own axis, segment 1-2 moves with a velocity u given by 

~ w 
u=ncv 2 , (6.31) 

where fi., the surface normal to the loop, makes an angle a 
with the z-axis. Hence, 

D. X Z = XSina. (6.32) 

Segment 3-4 moves with a velocity -u. Application of 
Eq. (6.26), consistent with our choice of fi., gives 

Ve~ = V14 = 1 \u x B) • di + 13 

(u x B) • di 

= 1_::: [ ( ficv;) x iBo] • x dx 

r-112 

+ 1112 [ (-ncv ;) X iBo]. X dx.(6.33) 

Using Eq. (6.32) in Eq. (6.33), we obtain the result 

Ve~ = wlcvBo sin a = AcvBo sin a, (6.34) 

where A = wl is the surface area of the loop. The angle a 
is related to cv by 

a= cvt + Co, (6.35) 

where Co is a constant determined by initial conditions. 
For example, if a = 0 at t = 0, then Co = 0. In general, 

Ve~ = AcvBo sin(cvt + Co) (V). (6.36) 

This result can also be obtained by applying the general 
form of Faraday's law given by Eq. (6.6). The flux linking 
the surface of the loop is 

<t> = ls B • ds = ls iBo • n ds 

= BoA cos a 

= B0 A cos(cvt + Co), (6.37) 

def> d 
Vemf = -dt = - dt [BoA cos(cvt + Co)] 

= AwBo sin(cvt + C0), (6.38) 

which is identical with the result given by Eq. (6.36). 

REVIEW QUESTIONS 

Q6.6 Contrast the operation of an a-c motor with that of 
an a-c generator. 

Q6.7 The rotating loop of Fig. 6-12 had a single tum. 
What would be the emf generated by a loop with 10 turns? 

Q6.8 The magnetic flux linking the loop shown in 
Fig. 6-12 is a maximum when a = 0 (loop in x-y plane), 
and yet according to Eq. (6.34), the induced emf is zero 
when a = 0. Conversely, when a = 90°, the flux linking 
the loop is zero, but Ve%f is at a maximum. Is this consistent 
with your expectations? Why? 

6-6 Moving Conductor in a Time-Varying 
Magnetic Field 

For the general case of a single-tum conducting loop 
moving in a time-varying magnetic field, the induced emf 
is the sum of a transformer component and a motional 
component. Thus, the sum of Eqs. (6.8) and (6.26) gives 

(6.39) 
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Vemf is also given by the general expression of Faraday's 

law: 

Vemf = - dcI> = _:!._ { B · ds. (6.40) 
dt dt ls 

In fact, it can be shown mathematically that the right-hand 

side of Eq. (6.39) is equivalent to the right-hand side of 

Eq. (6.40). For a particular problem, the choice between 

using Eq. (6.39) or Eq. (6.40) is usually made on the basis 

of which is the easier to apply. If the loop consists of N 

turns, the terms on the right-hand side of Eqs. (6.39) and 

(6.40) should be multiplied by N. 

Example 6-6 Electromagnetic Generator 

Find the induced voltage when the rotating loop of the 

electromagnetic generator of Section 6-5 is in a magnetic 

field B = zBo cos wt. Assume that a = 0 att = 0. 

Solution: In this case the flux <I> is given byEq. (6.37) with 

Bo replaced with Bo cos cut. Thus, 

cI> = Bo A cos2 wt, 

and 

a cI> 
Vemf= -at 

a 2 = -- (BoA cos cut) 
at 

= 2BoAcu cos cut sin cut = BoAcu sin 2wt. ■ 

6-7 Displacement Current 

From Table 6-1, Ampere's law in differential form is given 

by 

ao 
V x H = J + - (Ampere's law). 

at 
(6.41) 

If we take the surface integral of both sides of Eq. (6.41) 

over an arbitrary open surface S with contour C, we have 

{ (V x H) · ds = { J · ds + { aD . ds. 

ls ls ls at 
(6.42) 

The surface integral of J is equal to the conduction current 

/ c flowing through S, and the surface integral of V x H can 

be converted into a line integral of H over the contour C 

by invoking Stokes's theorem. Hence, 

j H · di = le + { aD · ds (Ampere's law). (6.43) 

'fc ls at 

The second term on the right-hand side of Eq. (6.43) has 

to have the same unit (amperes) as the current le, and 

because it is proportional to the time derivative of the 

electric flux density D (which is also called the electric 

displacement), it is called the displacement current lct. 

That is, 

t:. f f aD !ct = Jct • ds = - • ds, 
s s at 

(6.44) 

where Jct = aD/at represents a displacement current 

density . In view ofEq. (6.44), 

i H ·di= le+ lct = I, (6.45) 

where/ i the total current. In electrostatics, ao;a1 = 0 

and therefore !ct = 0 and I = le, The concept of 

displacement current was first introduced by James Clerk 

Maxwell in 1873 in his successful attempt to establi ha 

l 
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Imaginary 
surface S1 

y 

Imaginary 
surface S2 
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Figure 6-13: The displacement current lzct in the insulating material of the capacitor is equal to the conducting current / 1c in 
the wire. 

unified connection between electric and magnetic fields 
under time-varying conditions. 

The parallel-plate capacitor is commonly used as a 
convenient example to illustrate the physical meaning of 
the displacement current lct. The simple circuit shown in 
Fig. 6-13 consists of a capacitor and an a-c source with 
voltage V8 (t) given by 

V8 (t) = Vo cos cvt (V). (6.46) 

According to Eq. (6.45), the total current flowing through 
any surface consists, in general, of a conduction current le 
and a displacement current l d . Let us find le and Id through 
each of the following two imaginary surfaces: ( 1) the cross 
section of the conducting wire, S 1, and (2) the cross section 
of the capacitor (surface S2 in Fig. 6-13). We shall denote 
the conduction and displacement currents in the wire lie 

and lict and those through the capacitor he and fzct-
In a perfect conductor, D = E = 0; hence, Eq. (6.44) 

gives 11ct = 0 in the wire. As to 11e, we know from circuit 
theory that it is related to the voltage across the capacitor Ve 
by 

d¼ d . 
lie= C- = C-(Vocoscvt) = -CVocvsmcvt , 

dt dt 
(6.47) 

where we used the fact that Ve = V8 (t). With 
lict = 0, the total current in the wire is simply 
11 = l1c = -CVocvsincvt . 

We now consider the currents flowing through surface S2 
in Fig. 6-13, which is an imaginary, open surface parallel 
to the capacitor plates and situated somewhere between 
them. The space between the two plates, each of which is 
of area A, is filled with a perfect dielectric material with 
permittivity e. Since electrical charges cannot physically 
move through a dielectric medium, conduction cannot take 
place between the conducting plates of the capacitor, and 
therefore /zc = 0. To determine /zct , we need to apply 
Eq. (6.44). From Example 4-11, the electric field E in the 
dielectric spacing is related to the voltage Ve across the 
capacitor by 

(6.48) 

where d is the spacing between the plates and y is the 
direction from the higher-potential plate toward the lower­
potential plate. The displacement current hct in the 
direction shown in Fig. 6-13 is obtained by applying 
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Eq. (6.44) with ds = y ds: 

lzct = f aD · ds 
ls at 

r [ a ( A s Vo ) ] A = J A at yd cos cvt ·(y ds) 

sA . • 6 9) 
= - d Vocv sm cvt = -C V0cv sm cvt, ( .4 

where we used the relation C = sA/d for the capacitance 

of the parallel-plate capacitor. The expression for l2ct in the 

dielectric region between the conducting plates is identical 

with that given by Eq. (6.47) for the conductioncurrentl1e 

in the wire. The fact that these two currents are equal 

ensures the continuity of current flow through the circuit. 

Even though the displacement current does not carry real 

charge, it nonetheless behaves like a real current. 

In the capacitor example, we treated the wire as a perfect 

conductor, and we assumed that the spacing between the 

capacitor plates is a perfect dielectric. If the wire has a 

finiteconductivityO'w, thenDinthewirewouldnotbezero, 

and therefore the current I I would consist of a conduction 

current 11e as well as a displacement current l1ct; that is, 

11 = lie+ lict- By the same token, if the dielectric spacing 

material has a nonzero conductivity CJ' ct, then charges would 

be able to flow between the two plates and /ze would not 

be zero. In that case, the total current flowing through the 

capacitor would be 12 = lze + /zct, and it would be equal 

to the total current in the wire. That is, !1 = [z. 

Example 6-7 Displacement Current Density 

The conduction current flowing through a wire with 

conductivity CJ' = 2 x 107 Sim and relative permittivity 

er = 1 is given by le = 2 sin cvt (mA). If cv = 109 rad/s, 

find the displacement current. 

Solution: The conduction current le = J A = a EA, 

where A is the cross section of the wire. Hence, 

le 2 X 10- 3 inwt 

E = C5 A = 2 x 107 A 

1 X 10-IO 
---- sincvt 

A 
(V/m). 

Application of Eq. ( 6.44), with D = 8 E, leads to 

lct=lctA 

= sA oE/ot 

=sA- - ---srnwt o ( 1 X 10- LO . ) 

at A 

= 8CV X 10-10 cos cvt = 0.885 X 10-12 cos wt (A) , 

where we used cv = 109 rad/sands = s0 = 8. 85 x 10-12 

F/m. Note that le and lct are in phase quadrature (90° 

phase shift between them). Also, lct is about nine orders of 

magnitude smaller than le, which is why the displacement 

current usually is ignored in good conductors. ■ 

EXERCISE 6.5 A poor conductor is characterized by a 

conductivity CJ' = 100 (S/m) and permittivity s = 4so. 

At what angular frequency cv is the amplitude of the 

conduction current density J equal to the amplitude of the 

displacement current density Jct? 

Ans. c.v = 2.82 x 1012 (rad/s). 

6-8 Boundary Conditions 
for Electromagnetics 

In Chapters 4 and 5 we applied the integral form of 

Maxwell's equations under static conditions to obtain 

boundary conditions that the tangential and normal compo­

nents ofE, D, B, andHmustsatisfy at the interface between 

two contiguous media. These conditions are given in 
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Table 6-2: Boundary conditions for the electric and magnetic fields . 

Field Components General Form 
Medium 1 Medium2 Medium 1 Medium 2 
Dielectric Dielectric Dielectric Conductor 

Tangential E ih X (E1 - E2) = 0 Ett = E2t E1t = E2t = 0 
Normal D n2 ·(D1 - D2) = Ps D in - D2n = Ps Din= Ps D2n = 0 
Tangential H n2 X (H1 - H 2) = Js H1t=H2t H1t = l s H2t =0 
Normal B fi2 • (B 1 - B2) = 0 Bin= B2n Bin= B2n = 0 
Notes: (1) Ps is the surface charge density at the boundary; (2) Js is the surface current density at the boundary; 
(3) normal components of all fields are along fi2, the outward unit vector of medium 2; (4) E1r = E2t implies 
that the tangential components are equal in magnitude and parallel in direction; (5) direction of Js is orthogonal 
to (H1 - H2). 

Section 4-9 for E and D and in Section 5-7 for B and H. 
In the dynamic case, Maxwell 's equations [Table 6-1) 
include two new terms, oB/ot in Faraday's law and oD/ ot 
in Ampere's law. Nevertheless, the boundary conditions 
derived previously for electrostatics and magnetostatics 
remain valid for time-varying fields as well. This is 
because, if we were to apply the same procedures outlined 
in the above-referenced sections, we would find that the 
combination of the aforementioned terms vanish as the 
areas of the rectangular loops in Figs. 4-18 and 5-24 are 
made to approach zero. 

For easy access, the combined set of electromagnetic 
boundary conditions is given in Table 6-2. 

REVIEW QUESTIONS 

Q6.9 When conduction current flows through a material, 
a certain number of charges enter the material on one end 
and an equal number leave on the other end. What's the 
situation like for the displacement current through a perfect 
dielectric? 

Q6.10 Verify that the integral form of Ampere's law 
given by Eq. (6.43) leads to the boundary condition that 

the tangential component of H is continuous across the 
boundary between two dielectric media. 

6-9 Charge-Current Continuity Relation 

Under static conditions, the charge density /Jv and the 
current density J at a given point in a material are totally 
independent of one another. This is not true in the 
time-varying case. To show the connection between /Jv 
and J, we start by considering an arbitrary volume v 
bounded by a closed surface S, as shown in Fig. 6-14. The 
net positive charge contained in vis Q. Since, according 
to the law of conservation of electric charge [Section 1-
2.2), charge can neither be created nor destroyed, the only 
way Q can increase is as a result of a net inward flux of 
positive charge into the volume v and, by the same token, 
for Q to decrease there has to be a net outward flux of 
charge from v. The inward and outward fluxes of charge 
constitute currents flowing across the surface S into and out 
of v , respectively. We define I as the net current flowing 
across S out ofv. Accordingly, I is equal to the negative 
rate of change of Q: 

l=-dQ =-!!:_ [ Pvdv, 
dt dt lv 

(6.50) 
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J 

Figure 6-14: Total current flowing out of a volume Vis 

equal to the flux of current density J through the surface S, 

which in tum is equal to the rate of decrease of the charge 

enclosed in v. 

where Pv is the volume charge density in v. According 

to Eq. ( 4.12), the current I is also defined as the outward 

flux of the current density vector J through the surface S. 

Hence, 

J.J·ds=-!!._ { Pvdv. 
fs dt lv 

(6.51) 

By applying the divergence theorem given by Eq. (3.98), 

we can convert the surface integral of J into a volume 

integral of its divergence V • J, which then gives 

J. J · ds = 1 V • J dv = _!!._ 1 Pv dv. 
fs V dt V 

(6.52) 

For a stationary volume v, the time derivative operates on 

Pv only. Hence, we can move it inside the integral and 

express it as a partial derivative of Pv: 

V·Jdv= - -dv. 1 1 aPv 

V V at 
(6.53) 

In order for the volume integrals on the two sides of 

Eq. (6.53) to be equal for any volume v, their integrands 

have to be equal at every point within v. Hence, 

which is known as the charge-current continuity relation 

or simply as the charge continuity equation . 

If the volume charge density within an elemental vol­

ume 6.. v (such as a small cylinder) is not a function of time 

(i.e., 8pv/8t = 0), it means that the net current flowing 

out of 6.. v is zero or, equivalently, that the current flowing 

into 6.. vis equal to the current flowing out ofit. In this case, 

Eq. (6.54) becomes 

(6.55) 

and its integral-form equivalent [from Eq. (6.51)] is 

i J · ds = 0 (Kirchhoff's current law). (6.56) 

Let us examine the meaning ofEq. (6.56) by considering a 

junction ( or node) connecting two or more branches in 

an electric circuit. No matter how small, the junction 

has a volume v enclosed by a surface S. The junction 

shown in Fig. 6-15 has been drawn as a cube, and its 

dimensions have been artificially enlarged to facilitate the 

present discussion. The junction has six faces (surfaces), 

which collectively constitute the surface S associated with 

the closed-surface integration given by Eq. (6.56). For 

Figure 6-15: Kirchhoff's current law states that the 

algebraic sum of all the currents flowing out of a junction 

is zero. 

INTEL-1014 
U.S. Patent 7,151,430 



6-10 FREE-CHARGE DISSIPATION IN A CONDUCTOR _ 249 

each face, the integration represents the current flowing 
out through that face. Thus, Eq. (6.56) can be rewritten as 

L I; = 0 (Kirchhoff's current law), (6.57) 

where Ii is the current flowing outward through the ith 
face. For the junction of Fig. 6-15, Eq. (6.57) translates 
into(/i +h+h) = 0. Initsgeneralform,Eq.(6.57)isan 
expression of Kirchhoff's current law , which states that 
in an electric circuit the algebraic sum of all the currents 
flowing out of a junction is zero. 

6m 10 Free-Charge Dissipation 
in a Conductor 

We stated earlier that current flow in a conductoris realized 
by the movement of loosely attached electrons under the 
influence of an externally applied electric field. These 
electrons, however, are not excess charges; they are 
balanced by an equal amount of positive charge in the 
atoms' nuclei. In other words, the conductor material 
is electrically neutral, and the net charge density in the 
conductor is zero (Pv = 0). What happens then if an 
excess free charge q is introduced at some interior point 
in a conductor? The excess charge will give rise to an 
electric field, which will force the charges of the host 
material nearest to the excess charge to rearrange their 
locations, which in tum cause other charges to move, and 
the process will continue until neutrality is reestablished in 
the conductor material and a charge equal to q is supplied 
to the conductor's surface. 

How fast does the excess charge dissipate? To answer 
this question, let us introduce a volume charge density Pvo 
at the interior of a conductor and then find out the rate 
at which it decays down to zero. From Eq. (6.54), the 
continuity equation is given by 

apy 
v'·J=--. 

at 
(6.58) 

In a conductor, the point fo_rm of Ohm's law, given by 
Eq. (4.67), states thatJ = aE. Hence, 

apy 
av'·E=--. 

at 
(6.59) 

Next, we use Eq. (6.1), v' • E = Pv! 8, to obtain the partial 
differential equation 

apy a 
at+ -;Pv = 0. (6.60) 

Given that Pv = Pvo at t = 0, the solution of Eq. (6.60) is 

(Clm3), (6.61) 

whereTr = c/aiscalledtherelaxationtimeconstant . We 
see from Eq. ( 6.61) thatthe initial excess charge Pvo decays 
exponentially at a rate Tr. At t = Tr, the initial charge Pvo 
will have decayed to 1/ e ~ 37% of its initial value, and at 
t = 3Tr,itwillhavedecayedtoe-3 ~ 5%ofitsinitialvalue 
att = 0. For copper, with c ::::'. co = 8.854 x 10-12 Flm 
and a = 5.8 x 107 Sim, Tr = 1.53 x 10-19 s. Thus, the 
charge dissipation process in a conductor is extremely fast. 
In contrast, the decay rate is very slow in a good insulator. 
For a material like mica with c = 6c0 and a = 10-15 Sim, 
Tr= 5.31 x 104 s, or approximately 14.8 hours. 

REVIEW QUESTIONS 

Q6.11 Explain how the charge continuity equation leads 
to Kirchhoff's current law. 

Q6.12 How long is the relaxation timeconstantforcharge 
dissipation in a perfect conductor? In a perfect dielectric? 

EXERCISE 6.6 Determine (a) the relaxation time constant 
and (b) the time it takes for a charge density to decay to 
1 % of its initial value in quartz, given that er = 5 and 
a = 10-17 Sim. 

Ans. (a) Tr = 51.2 days, (b) 236 days. 
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6-11 Electromagnetic Potentials 

Through our discussion of Faraday's and Ampere's laws, 

we examined two aspects of the interconnection that exists 

between the electric and magnetic fields when the fields are 

time varying. We will now examine the implications of this 

interconnection with regard to the electric scalar potential 

V and the vector magnetic potential A. 

For a;at = 0, Faraday's law reduces to 

V x E = 0 (electrostatics), (6.62) 

which states that the electrostatic field E is conservative. 

According to the rules of vector calculus, if a vector field E 

is conservative, it can be expressed as the gradient of a 

scalar. Hence, in Chapter 4 we defined E as 

E=-v'V (electrostatics). 

In the dynamic case, Faraday's law is given by 

aB 
v'xE=-­at • 

(6.63) 

(6.64) 

and in viewoftherelationB = v' x A,Eq. (6.64) becomes 

a 
y' XE= --(v' X A), 

at 

which can be rewritten as 

v' x ( E + ~~) = 0 (dynamic case). 

Let us for the moment define 

, aA 
E=E+-, at 

(6.65) 

(6.66) 

(6.67) 

in which case Eq. (6.66) becomes 

v' x E' = 0. (6.68) 

Following the same logic that led to Eq. (6.63) from 

Eq. (6.62), we define 

E' = -VV. (6.69) 

Upon substituting Eq. (6.67) for E' in Eq. (6.69) and then 

solving for E, we have 

aA 
E=-VV-­at (dynamic case). (6.70) 

Equation (6. 70) reduces to Eq. (6.63) in the static case. 

When the scalar potential V and the vector potential A 

are known, E can be obtained from Eq. (6.70), and B can 

be obtained from 

I B = v' x A. (6.71) I 
Next we examine the relations between the potentials, 

V and A, and their sources, the charge and current 

distributions Pv and J, in the time-varying case. 

6-11.1 Retarded Potentials 

Consider the situation depicted in Fig. 6-16. A charge 

distributionpvexistsovera volumev 'centered at the origin 

of a coordinate system. The surrounding medium is a 

perfect dielectric with permittivity s. From Eq. ( 4.48a), 

the electric potential V (R) at an observation point in space 

specified by the position vector R is given by 

V(R) = _1_ { Pv(~i) dv', 
4:rrs lv ' R 

(6.72) 

where Ri denotes the position vector of an elemental vol­

ume Ll v' containing charge density Pv, and R' = JR - Ril 
is the distance between Ll v' and the observation point. If 
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Charge 
distribution Pv 

X 

z 

Figure 6-16: Electric potential V(R) due to a charge 
distribution Pv over a volume V '. 

the charge distribution is a time-varying function, we may 
be tempted to rewrite Eq. (6.72) for the dynamic case as 

V(R, t) = _1_ f Pv(Ri, t) dv ' , 
41rc }v 1 R' 

(6.73) 

but such a form does not account for "reaction time." If 
V1 is the potential due to a certain distribution Pvt, and if 
Pv1 were to suddenly change to Pv2, it will take a finite 
amount of time before V1 at distance R' changes to V2 . 

In other words, V (R, t) cannot change instantaneously. 
The delay time is equal tot' = R' /up, where up is the 
velocity of propagation in the medium between the charge 
distribution and the observation point. Thus, V (R, t) at 
time t corresponds to Pv at an earlier time, that is, (t - t'). 
Hence, Eq. (6.73) should be rewritten as 

V(R, t) = _1_ f Pv(Ri t - R' /up) , 
41r& ]v 1 R' dv 

(V), 

(6.74) 

and V (R, t) is appropriately called the retarded scalar 
potential. If the propagation medium is vacuum, up is 
equal to the velocity of light c. 
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Similarly, the retarded vector potential A(R, t) is 
related to the distribution of current density J by 

A(R, t) = __I!__ f J(Ri t; R'/up) dv' (Wb/m). 
41r lv, 

(6.75) 

This expression is obtained by extending the expression 
for the magnetostatic vector potential A(R) given by 
Eq. (5.65) to the time-varying case. 

6-11.2 Time-Harmonic Potentials 

The expressions given by Eqs. (6.74) and (6.75) for the 
retarded scalar and vector potentials are valid under both 
static and dynamic conditions and for any type of time 
dependence thatthe source functions Pv andJ may exhibit. 
In the dynamic case, Pv and J are linked to one another 
by the charge continuity relation given by Eq. (6.54). 
Hence, in general, both quantities will have the same 
functional dependence on time t and, by extension, so will 
the potentials V and A and the fields E, D, B, and H. 
Furthermore, because V and A are linearly dependent 
on Pv and J, respectively, and also E and B are linearly 
dependent on V and A, the relationships interconnecting 
all these quantities obey the rules of linear systems. When 
a system is linear, we can take advantage of sinusoidal­
time functions to determine the response of the system 
due to a source with any type of time dependence. As 
was noted in Section 1-6, if the time dependence is 
described by a (nonsinusoidal) periodic time function, it 
can always be expanded into a Fourier series of sinusoidal 
components, and if the time function is nonperiodic, it can 
be represented by a Fourier integral. In either case, if the 
response of the linear system is known for the steady-state 
sinusoidal case, the principle of superposition can be used 
to determine the response for the specified time function. 
Thus, the sinusoidal response of the system constitutes a 
fundamental building block determining the response due 
to a source described by any function of time. The term 
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252 CHAPTER 6 MAXWELL'S EQUATIONS FOR TIME-VARYING FIELDS 

time harmonic is often used in this context as a synonym 

for "steady-state sinusoidal time dependence." 
In this subsection, we will examine the time-harmonic 

responses of the retarded scalar and vector potentials. 

Suppose that Pv(Ri, t) is a sinusoidal-time function with 

angular frequency w, given by 

(6.76) 

Phasor analysis, which was first introduced in Section 

1-6 and then used extensively in Chapter 2 to study wave 

propagation on transmission lines, is a useful tool for 

solving time-harmonic problems. In phasor notation, 

Pv(Ri, t) is written in the form 

(6.77) 

where ,Ov (Ri) is defined as the phasorfunction correspond­

ing to the time function Pv (Ri, t). The phasor function is 

denoted with a tilde (~)over the letter for easy recognition. 

Comparison of Eqs. (6.76) and (6.77) shows that in the 

present case Pv (Ri) = Pv (Ri). 
Next, we express the retarded charge density 

Pv(Ri, t - R' / up) in phasor form by replacing t with 

(t - R' /up) in Eq. (6.77): 

Pv(Ri, t - R'/up) = ryte [,ov(Ri) ejw(t-R '/up)] 

= ryte [,ov (Ri) e- j wR '/up ejwt] 

= ryte [,ov(Ri) e-jkR 'ejwr] (6.78) 

where 

(6.79) 

is called the wavenumber or phase constant of the propa­

gation medium. (In general, the phase constant is denoted 

by the symbol " {J", but for lossless dielectric media, it 

is commonly denoted by the symbol "k" and called the 

wavenumber.) Similarly, we define the phasor V (R) of 
the time function V (R, t) according to 

(6.80) 

Using Eqs. (6.78) and (6.80) in Eq. (6.74) gives 

ryte [V(R) ejwt] = 

ryte [-1-1 Pv(R i) e-JkR' ejwt dv '] . (6.81) 
4ne v' R' 

By equating the quantities inside the square brackets on 
the two sides ofEq. (6.81) and then deleting ejwr from both 

sides, we obtain the phasor-domain expression 

V(R) = _1_ 1 Pv CRi) e -fk R' dv' (V) . (6.82) 
4ne v ' R' 

For any given charge distribution, Eq. (6.82) can be used 

to compute V (R), and then the resultant expression can 

be used in Eq. (6.80) to find V(R, t). In like manner, 

the expression for A(R, t) given by Eq. (6.75) can be 

transformed into 

(6 .83) 

with 

~ µ 1 J (R) e-ikR ' 
A(R) = -

1 
dv ' , 

4n v' R' 
(6.84) 

where J (Ri) is the phasor function corresponding to 

J(Ri, t) . ~ ~ 
The magnetic field phasor H corresponding to A is given 

by 

~ 1 
H = -v' X A. 

µ 
(6.85) 

Recalling that differentiation in the time domain is equiv­

alent to multiplication by j w in the phasor domain, in a 
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nonconducting medium (J = 0), Ampere's law given by 
Eq. (6.4) becomes 

~ 1 ~ 
or E= -VxH. 

jwe 
(6.86) 

Hence, given a time-harmonic current-density distribution 
withphasorJ,Eqs.(6.84)to(6.86)canbeusedsuccessively 
to determine both E and H. The phasor vectors E and H 
also are related by the phasor form of Faraday's law: 

~ ~ ~ 1 ~ 
or H = --. - V x E.(6.87) V xE= -jwµH 

JW/1, 

Example 6-8 

In a nonconducting medium withe = l 6eo andµ = /1,o, 

the electric field intensity of an electromagnetic wave is 
given by 

E(z, t) = x 10 sin(1010t - kz) (V/m). (6.88) 

Determine the associated magnetic field intensity H and 
find the value of k. 

Solution: We begin by finding the phasor E(z) ofE(z, t). 
Since E(z, t) is given as a sine function and phasors are 
defined in this book with reference to the cosine function, 
we rewrite Eq. (6.88) as 

E(z, t) = x 10 cos(1010t - kz - rr /2) 

= !rte [E(z) ejwt] , 

with w = 1010 (rad/s) and 

E(z) = X 10e-jkze-jrr/2 = -xjlOe-jkz_ 

(V/m) 

(6.89) 

(6.90) 

TofindbothH(z) andk, we will perform a "circle": we will 
use the given expression for E(z) in Faraday's law to find 
H(z); then we will useH(z) in Ampere's law to findE(z), 
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whi~h we will then compare with the original expression 
for E(z); and the comparison will yield the value of k. 
Application ofEq. (6.87) gives 

~ 1 ~ 
H(z) = - -. - V x E 

JW/1, 

1 x 
=---

jwµ 
a;ax 

- j lOe-Jkz 

y z 
a;ay a;az 

0 0 

1 [A a ( · 10 -1"kz)] =--.- y- -1 e 
1wµ az 
A • lOk -jkz 

=-yJ-e 
wµ 

(6.91) 

So far, wehaveusedEq. (6.90)forE(r) tofindH(z), butk 
rem~ns unknown. To find k, we use H(z) in Eq. (6.86) to 
findE(z): 

~ 1 ~ 
E(z) = -. - V x H 

]We 

= _l [-x ~ (-j 10k e-jkz)] 
jwe az wµ 

A • 10k2 - 1·kz 
=-XJ--e 

w2µe 

Equating Eqs. (6.90) and (6.92) leads to 

or 

k=wffe 

=4w~ 

4w 4 X 1010 

= - = --- = 133 (rad/m). 
C 3 X 108 

(6.92) 

(6.93) 
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With k known, the instantaneous magnetic field intensity 

is then given by 

H(z, t) = ry{e [H(z) ej"'
1

] 

(Alm). (6.94) 

We note thatk has the same expression as the phase constant 

of a lossless transmission line [Eq. (2.39)]. ■ 

EXERCISE 6. 7 The magnetic field intensity of an electro­

magnetic wave propagating in a lossless medium with 

s = 9s0 andµ, = µ,0 is given by 

H(z, t) = x 0.3 cos(108t - kz + n /4) (Alm). 

FindE(z, t) andk. 

Ans. E(z, t) = -y37.7cos(108t - z + n/4) (Vim); 

k = 1 (rad/m). 

CHAPTER HIGHLIGHTS 

• Faraday's law states that a voltage is induced across 

the terminals of a loop if the magnetic flux linking its 

surface changes with time. 

• In an ideal transformer, the ratios of the primary to 

secondary voltages, currents, and impedances are 

governed by the turns ratio. 

• Displacementcurrentaccounts for the "apparent" flow 
of charges through a dielectric. In reality, charges 

of opposite polarity accumulate along the two ends 

of a dielectric, giving the appearance of current flow 

through it. 

• Boundary conditions for the electromagnetic fields at 

the interface between two different media are the same 

for both static and dynamic conditions. 

"' • The charge continuity equation is a mathematical 

statement of the law of conservation of electric charge. 

• Excess charges in the interior of a good conductor dis­

sipate very quickly; through a rearrangement process, 

the excess charge is transferred to the surface of the 

conductor. 

• In the dynamic case, the electric field E is related to 

both the scalar electric potential V and the magnetic 

vector potential A. 

• The retarded scalar and vector potentials at a given 

observation point take into account the finite time 

required for propagation between their sources, the 

charge and current distributions, and the location of 

the observation point. 

GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the following 

terms: 

Faraday's law 
electromotive force Vemf 

electromagnetic induction 

transformer emf v;~f 
motional emf Ve'::ir 

Lenz's law 
displacement current Id 

charge continuity equation 
Kirchhoff's current law 
charge dissipation 
relaxation time constant 
wavenumber k 
retarded potential 
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PROBLEMS 

PROBLEMS 

Sections 6-1 to 6-6: Faraday's Law 
and its Applications 

6.1 * The switch in the bottom loop of Fig. 6-17 is closed 
at t = 0 and then opened at a later time t1. What is the 
direction of the current I in the top loop ( clockwise or 
counterclockwise) at each of these two times? 

R2 
.----'ll'ML.----11 

Figure 6-17: Loops of Problem 6.1. 

6.2 The loop in Fig. 6-18 is in the x-y plane and 
B = zB0 sin wt with Bo positive. What is the direction 

of/ (4' or-~) at: 

(a) t = 0 

(b) wt= rr / 4 

(c) wt=rr/2 

6.3* A coil consists of 100 turns of wire wrapped around 
a square frame of sides 0.25 m. The coil is centered at the 
origin with each of its sides parallel to the x- or y-axis. 
Find the induced emf across the open-circuited ends of the 
coil if the magnetic field is given by 

* Answer(s) available in Appendix D. 

~ Solution available in CD-ROM. 
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X 

Figure 6-18: Loop of Problem 6.2. 

(a) B = z 1oe- 21 (T) 

(b) B = z 10 cos x cos 103 t (T) 

(c) B = z 10 cos x sin 2y cos 103t (T) 

6.4 A stationary conducting loop with an internal resis­
tance of 0.5 r2 is placed in a time-varying magnetic field. 
When the loop is closed, a current of 2.5 A flows through 
it. What will the current be if the loop is opened to create 
a small gap and a 2-Q resistor is connected across its open 
ends? 

6.5' A circular-loop TV antenna with 0.01-m2 area is 
in the presence of a uniform-amplitude 300-MHz signal. 
When oriented for maximum response, the loop develops 
an emf with a peak value of 20 (mV). What is the peak 
magnitude ofB of the incident wave? 

6.6 The square loop shown in Fig. 6-19 is coplanar with 
a long, straight wire carrying a current 

i (t) = 2.5 COS 2rr X 104t (A) 
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256 CHAPTER 6 MAXWELL'S EQUATIONS FOR TIME-VARYING FIELDS 

( a) Determine the emf induced across a small gap created 
in the loop. 

(b) Determine the direction and magnitude of the current 
that would flow through a 4-Q resistor connected 
across the gap. The loop has an internal resistance 
ofl n. 

z 

l(t) 

/ 
- y 

X 

Figure 6-19: Loop coplanar with long wire (Problem 
6.6). 

6. 7 ' The rectangular conducting loop shown in Fig. 6-20 
rotates at 6,000 revolutions per minute in a uniform 
magnetic flux density given by 

B = y50 (mT) 

Determine the current induced in the loop if its internal 
resistance is 0.5 n. 

6.8 A rectangular conducting loop 5 cm x 10 cm with 
a small air gap in one of its sides is spinning at 7200 
revolutions per minute. If the field B is normal to the loop 

.. 
3cm .. ------► B 

X 

Figure 6-20: Rotating loop in a magnetic field (Problem 
6.7). 

axis and its magnitude is 5 x 10-6 T, what is the peak 
voltage induced across the air gap? 

6.9 ' A 50-cm-long metal rod rotates about the z-axis at 
180 revolutions per minute, with end 1 fixed at the origin 
as shown in Fig. 6-21. Determine the induced emf Vi 2 if 
B = z3 x 10-4 T. 

z 

--B& ... , 0 0 ', 0 
I y 
I 

' 0 ' .. 0 

X 

Figure 6-21: Rotating rod of Problem 6.9. 
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f-lOcm-1 

Ii= lOA T u 

20cm l2 

l u 

Yo 

Figure 6-22: Moving loop of Problem 6.10. 

6.10 TheloopshowninFig.6-22movesawayfromawire 
carryingacurrent/1 = lOAataconstantvelocityu = y5 
(mis). If R = IO Q and the direction of [z is as defined in 
the figure, find [z as a function of Yo, the distance between 
the wire and the loop. Ignore the internal resistance of the 
loop. 

6.11 * The conducting cylinder shown in Fig. 6-23 rotates 
about its axis at 1,200 revolutions per minute in a radial field 
given by 

B = r6 (T) 

The cylinder, whose radius is 5 cm and height is 10 cm, 
has sliding contacts at its top and bottom connected to a 
voltmeter. Determine the induced voltage. 

6.12 The electromagnetic generator shown in Fig. 6-12 
is connected to an electric bulb with a resistance of 100 Q. 

If the loop area is 0.1 m2 and it rotates at3,600 revolutions 
perminuteinauniformmagneticfluxdensity Bo= 0.2T, 
determine the amplitude of the current generated in the 
light bulb. 

257 

z 

T 
10cm 

l 
Sliding contact 

Figure 6-23: Rotating cylinder in a magnetic field 
(Problem 6.11). 

' 6.13* ThecirculardiskshowninFig. 6-24liesin thex-y 
plane and rotates with uniform angular velocity cv about 
the z-axis. The disk is ofradius a and is present in a uniform 
magnetic flux density B = zB0 . Obtain an expression for 
the emf induced at the rim relative to the center of the disk. 

z 

X 

Figure 6-24: Rotating circular disk in a magnetic field 
(Problem 6.13). 
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Section 6-7: Displacement Current 

6.14 The plates of a parallel-plate capacitor have areas 

of 10 cm2 each and are separated by 1 cm. The capacitor 

is filled with a dielectric material withs = 4so, and the 

voltage across itis given by V (t) = 20 cos 2n x l06t (V). 

Find the displacement current. 

6.15* A coaxial capacitor of length l = 6 cm uses an 

insulating dielectric material with Er = 9. The radii of the 

cylindrical conductors are 0.5 cm and 1 cm. If the voltage 

applied across the capacitor is 

V(t) = 100 sin(l201rt) (V) 

what is the displacement current? 

6.16 The parallel-plate capacitor shown in Fig. 6-25 is 

filled with a lossy dielectric material of relative permit­

tivity Er and conductivity CY . The separation between the 

plates is d and each plate is of area A. The capacitor is 

connected to a time-varying voltage source V (t). 

+ 

V(t) '\, 

I 

Figure 6-25: Parallel-plate capacitor containing a lossy 

dielectric material (Problem 6.16). 

(a) Obtain an expression for le, the conduction current 

flowing between the plates inside the capacitor, in 

terms of the given quantities. 

(b) Obtain an expression for lct, the displacement current 

flowing inside the capacitor. 

(c) Based on your expressions for parts (a) and (b), give 

an equivalent-circuit representation for the capacitor. 

(d) Evaluate the values of the circuit elements for A == 
2 cm2, d = 0.5 cm, Er = 4, CY = 2.5 (Sim), and 

V(t) = 10cos(31r x 103t)(V). 

6.17 An electromagnetic wave propagating in seawater 

has an electric field with a time variation given by E == 
zE0 cos wt. If the permittivity of water is 81s0 and its 

conductivity is 4 (Sim), find the ratio of the magnitudes 

of the conduction current density to displacement current 

density at each of the following frequencies: 

(a) 1 kHz 

(b) 1 MHz 

(c) 1 GHz 

(d) 100GHz 

Sections 6-9 and 6-1 O: Continuity Equation and Charge 
Dissipation 

6.18 At t = 0, charge density Pvo was introduced into 

theinteriorof a material with a relative permittivity er = 4. 

If at t = 1 µ,s the charge density has dissipated down to 

10-3 Pvo, what is the conductivity of the material? 

6.19* If the current density in a conducting medium is 

given by 

J(x, y , z; t) = (xz - y3y2 + z2x) cos wt 

determine the corresponding charge distribution 

Pv(x, y , z; t). 
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i,~ 6.20 In a certain medium, the direction of current density 
J points in the radial direction in cylindrical coordinates 
and its magnitude is independent of both¢ and z. Deter­
mine J, given that the charge density in the medium is 

Pv = Por cos wt (Clm3
) 

6.21 If we were to characterize how good a material is as 
an insulator by its resistance to dissipating charge, which 
of the following two materials is the better insulator? 

Dry Soil: Er = 2.5, O' = 10-4 (S/m) 
Fresh Water: Er = 80, O' = 10-3 (Sim) 

Sections 6-11: Electromagnetic Potentials 

6.22 The electric field of an electromagnetic wave prop­
agating in air is given by 

E(z, t) = x4cos(6 x 108t - 2z) 

+ y3 sin(6 x 108t - 2z) 

Find the associated magnetic field H(z, t). 

(V/m) 

6.23* The magnetic field in a dielectric material withs = 
4s0 , µ, = µ, 0 , and O' = 0 is given by 

H(y,t) =x5cos(2rr x 107t+ky) 

Find k and the associated electric field E. 

6.24 Given an electric field 

E = xE0 sin ay cos(wt - kz) 

where E0 , a, w, and k are constants, find H. 

(Alm) 
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6.25* The electric field radiated by a short dipole antenna 
is given in spherical coordinates by 

E(R, 0; t) = 
A 2 X 10-2 

0---sin0 cos(6rr x 108t-2rrR) (Vim) 
R 

FindH(R, 0; t). 

6.26 A Hertzian dipole is a short conducting wire carry­
ing an approximately constant current over its length l. If 
such a dipole is placed along the z-axis with its midpoint 
at the origin, and if the current flowing through it is 
i (t) = Io cos wt, find the following: 

(a) The retarded vectorpotentialA(R, 0, ¢) atanobserva-
tion point Q ( R, 0, ¢) in a spherical coordinate system. 

(b) ThemagneticfieldphasorH(R, 0, ¢). 
Assume l to be sufficiently small so that the observation 
point is approximately equidistant to all points on the 
dipole; that is, assume R' '.::::'. R. 

6.27 The magnetic field in a given dielectric medium is 
given by 

H = y 6 cos 2z sin(2 x 107 t - 0.lx) 

where x and z are in meters. Determine: 

(a) E. 

(b) The displacement current density ld­

(c) The charge density Pv· 

(Alm) 
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UNBOUNDED EM WAVES 

We established in Chapter 6 that a time-varying elec­
tric field E(t) produces a time-varying magnetic field 
H(t) and, conversely, a time-varying magnetic field 
produces an electric field. This cyclic pattern generates 
electromagnetic (EM) waves capable of propagating 
through free space and in material media. When its 
propagation is guided by a material structure, such as 
a transmission line, the EM wave is said to be traveling 
in aguided medium . Earth's surface and ionosphere con­
stitute parallel boundaries of a natural guiding structure 
for the propagation of short-wave radio transmissions in 
the HF band* (3 to 30 MHz); the ionosphere is a good 
reflector at these frequencies, thereby allowing the waves 
to zigzag between the two boundaries [Fig. 7-1]. EM 
waves also can travel in unbounded media ; light waves 
emitted by the sun and radio transmissions by antennas 
are typical examples. 

When we discussed wave propagation on a transmis­
sion line in Chapter 2, we dealt with voltages and currents. 
For a transmission-line circuit such as that shown in 
Fig. 7-2, the a-c voltage source excites an incident wave 
that travels down the coaxial line toward the load, and 
unless the load is properly matched to the line, part ( or 
all) of the incident wave is reflected back toward the 
generator. At any point z on the line, the instantaneous 
total voltage v(z, t) is the sum of the incident and 
reflected waves, both of which vary sinusoidally with 
time. Associated with the voltage difference between 
the inner and outer conductors of the coaxial line is 
a radial electric field E that exists in the dielectric 
material between the conductors, and since v(z, t) varies 
sinusoidally with time, so does E(z, t) . Furthermore, the 

*See Fig. 1-16. 

Figure 7-1: The atmospheric layer bounded by the 
ionosphere at the top and Earth's surface at the bottom 
forms a guiding structure for the propagation of radio 
waves in the HF band. 

Rt 

Figure 7-2: A guided electromagnetic wave traveling in a 
coaxial transmission line consists of time-varying electric 
and magnetic fields in the dielectric medium between the 
inner and outer conductors. 

current flowing through the inner conductor induces an 
azimuthal magnetic field H(z, t) in the dielectric material 
surrounding it. These coupled fields, E(z, t) and H(z, t), 

constitute electromagnetic waves. Thus, we can model 
wave propagation on such a transmission line either in 
terms of the voltages across the line and the currents 
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through its conductors or in terms of the electric and 

magnetic fields in the dielectric medium between the 

conductors. 
In this chapter we focus our attention on wave prop­

agation in unbounded media. We will consider both 

lossless and lossy media. Wave propagation in a lossless 

medium (perfect dielectric such as air) is similar to that 

on a lossless transmission line. In a lossy medium 

characterized by a nonzero conductivity, such as water, 

part of the power carried by the EM wave gets converted 

into heat, just like what happens to a wave propagating 

on a lossy transmission line. 
When energy is emitted by a source, such as an 

antenna, it expands outwardly from the source in the 

form of spherical waves , as depicted in Fig. 7-3(a). Even 

though the antenna may radiate more energy along some 

directions than along others, the spherical wave travels 

at the same speed in all directions and therefore expands 

at the same rate. To an observer very far away from 

the source, the wavefront of the spherical wave appears 

approximately planar, as if it were part of a uniform 

plane wave with uniform properties at all points in the 

plane tangent to the wavefront [Fig. 7-3(b)]. Plane-wave 

propagation can be accommodated by Cartesian coor­

dinates, which are easier to work with mathematically 

than the spherical coordinates needed for describing the 

propagation of a spherical wave. Hence, even though 

strictly speaking a uniform plane wave cannot exist, 

we will nonetheless use it in this chapter to develop a 

physical understanding for wave propagation in lossless 

and lossy media, and then in Chapter 8 we will examine 

how waves, both planar and spherical, are reflected by 

and transmitted through boundaries between dissimilar 

media. The processes of radiation and reception of waves 

by antennas are treated in Chapter 9. 

7-1 Time-Harmonic Fields 

In the time-varying case, the electric and magnetic fields, 

E, D, B, and H, and their sources, the charge density Pv 

CHAPTER 7 PLANE-WAVE PROPAGATION 

(a) Spherical wave 

Uniform plane wave--

./ 
' I 

' I 

' ' , / ' \ 
\ \ Aperture 

' \ I ' \ I 
◊:• 

, __ I .-- ;:::: Observer 
I 

., I 

., '\, I 

I I 
I 

I I 
I 
✓, 

(b) Plane-wave approximation 

Figure 7-3: Waves radiated by an EM source, such as 

a light bulb or an antenna, have spherical wavefronts, as 

in (a); to a distant observer, however, the wavefront across 

the observer's aperture appears approximately planar, as 

in (b) . 

and current density J, are each, in general, a function of 

the spatial coordinates (x, y, z) and the time variable t. 

If their time variation is a sinusoidal function with an 

angular frequency cv, each of these quantities can be 

represented by a time-independent phasor that depends 
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on (x, y, z) only. Thus, the vector phasor E(x, y, z) 
corresponding to the instantaneous field E(x, y, z; t) is 
defined according to 

E(x, y, z; t) = ~e [E(x, y, z) ei"'t], (7.1) 

and similar definitions apply to the other fields and to 
Pv and J. For a linear, isotropic, and homogeneous 
medium characterized by electrical permittivity 8, mag­
netic permeability µ, and conductivity CJ, and recalling 
that differentiation in the time domain corresponds to 
multiplication by jcv in the phasor domain, Maxwell's 
equations given by Eqs. (6.1) to (6.4) assume the follow­
ing form in the phasor domain: 

~ ~ 'vxE=-jcvµH, 

'v ·H= 0, 

'v x H=l + jcv8E, 

(7.2a) 

(7.2b) 

(7.2c) 

(7.2d) 

where we have used the relations D = 8E and B = µH. 
This set of equations defines the starting point for the 
subject matter treated in this chapter. 

7-1.1 Complex Permittivity 

In a medium with conductivity CJ, the current density J is 
related to Eby J = aE. Consequently, Eq. (7.2d) may 
be written as 

'v x H=l + jcv8E 

=(CJ+ jcv8)E = jcv (s - j~) E. (7.3) 

By introducing the complex permittivity 8c defined as 

e, . a 
E:c = 8 - 1- , (7.4) 

CV 
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Eq. (7.3) can be rewritten as 

'v X H = jcvccE. 

The complex permittivity 8c given by Eq. (7.4) is often 
written in terms of a real part 8 1 and an imaginary part 8 11

• 

Thus, 

with 

,CJ!:, I •II (76) 8c = 8 - 1- = 8 - 18 , . 
CV 

81 =8, 
II (J 

c: =­
cv 

(7.7a) 

(7.7b) 

For a lossless medium with CJ = 0, it follows that c:" = 0 
and ec = c:' = c:. 

7-1.2 Wave Equations for a Charge-Free Medium 

A medium is said to be charge free if it contains no excess 
charges, that is, if Pv = 0. UponreplacingEq. (7.2d) with 
Eq. (7.5) and setting Pv = 0 in Eq. (7.2a), Maxwell's 
equations for a charge-free medium become 

'v • E = 0, 
~ 'vxE=-jcvµH, 

'v • H = 0, 

'v X H = jcvc:cE. 

(7.8a) 

(7.8b) 

(7.8c) 

(7.8d) 

To describe the propagation of an EM wave in a charg~ 
free medium, we need to derive wave equations for E 
and H and then solve them to obtain explicit expressions 
for E and Has a function of the spatial variables (x, y, z). 
To this end, we start by taking the curl of both sides of 
Eq. (7.8b) to get 

~ ~ 'v x ('v x E) = - jcvµ('v x H). (7.9) 

Upon substituting Eq. (7.8d) into Eq. (7.9) we have 

'v X ('v XE)= -jcvµ(jcvc:cE) = cv2µ8cE, (7.10) 
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From Eq. (3.113), the curl of the curl of Eis given by 

v x (V x E) = vcv -E) - V2E, (7.11) 

where V2E is the Laplacian of E and is given in Cartesian 

coordinates by 

2~ ( a2 a2 a2 ) ~ 
VE= -2+-2+-2 E. 

ax ay az 
(7.12) 

~ 
In view ofEq. (7.8a), which states that V • E = 0, the use 

of Eq. (7.11) in Eq. (7.10) gives 

2~ 2 ~ 
V E+w µBcE = 0, (7.13) 

which is called the homogeneous wave equation for E. 

Upon introducing the propagation constant y defined 

such that 

(7.14) 

Eq. (7.13) can be rewritten as 

I V2E - y 2E = 0. (7.15) 

In deriving Eq. (7.15), we started by taking the curl of 

botb sides of Eq. (7.8b) and then we used Eq. (7 .8d) to 

obtain an equation in E only. If we rever e the process, 

that is, if we start by taking the curl of both sides of 

Eq. (7.8d) an2 then use Eq. (7.8b), we obtain the wave 

equation for H: 

I v2ii- r'ii ~ o. (7.16) 

~ ~ 
Since the wave equations for E and H are of the same 

form, their solutions will have the same form also. 

CHAPTER 7 PLANE-WAVE PROPAGATION 

7-2 Plane-Wave Propagation 
in Lossless Media 

The propagation properties of an electromagnetic wave 
' 

such as its phase velocity up and wavelength A, are 

governed by the angular frequency w and the three 

constitutive parameters of the medium: s, µ, and a. 

If the medium is nonconducting (er = 0), the wave 

does not suffer any attenuation as it travels through the 

medium, and hence the medium is said to be lossless . 

From Eq. (7.4), Be = B in a lossless medium, in which 

case Eq. (7 .14) becomes 

(7 .17) 

When the medium is lossless, it is customary to introduce 

the wavenumber k defined by 

I k = wffe. (7.18) I 
In view of Eq. (7.17), y 2 = -k2 and Eq. (7.15) becomes 

V2E + k2E = 0. (7.19) 

7-2.1 Uniform Plane Waves 

For an electric field phasor given in Cartesian coordinates 

by 

E = xEx + yEy + zEz, (7.20) 

substitution of Eq. (7.12) into Eq. (7.19) gives 

( 
a2 a2 a2 ) ~ ~ ~ 

ax2 + ay2 + az2 (xEx + yEy + zEz) 

2 ~ ~ ~ 
+ k (xEx + yEy + zEz) = 0. (7.21) 

To satisfy Eq. (7.21), each vector component on the 

left-hand side of the equation has to equal zero. Hence, 

(7.22) 
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and similar expressions apply to Ey and Ez. 
A uniform plane wave is characterized by electric and 

magnetic fields that have uniform properties at all points 
across an infinite plane [see Fig. 7-3(b)]. If this is the x-y 
pl~ne, then E and I!, do not vary with x and y. Hence, 
oEx/ox = 0 and oEx/oy = 0, in which case Eq. (7.22) 
reduces to 

2~ 
d Ex 2 ~ 
dz2 + k Ex= 0, (7.23) 

and similar expressions app,ly to E:t.J ifx, and Hy. The 
r~maini~g components of E '"2,_d H are zero; that is, 
Ez = Hz = 0. To show that Ez = 0, let us consider 
the z-component of Eq. (7.8d), 

A (oHy oHx) A• ~ Z a-.;- - ay = ZJW8Ez. (7.24) 

Since oHy/ox = oHx/oy = 0, it follows that Ez = 0. 
A similar examination involving Eq. (7.8b) reveals that 
Hz = 0. This means that a plane wave has no electric- or 
magnetic-field components along its direction of propa-
gation. ~ 

For the phasor quantity Ex, the general solution of the 
ordinary differential equation given by Eq. (7.23) is 

Ex(z) = e:(z)+E;(z) = E:oe-jkz+E;oejkz, (7.25) 

where E:0 and E;0 are constants to be determined from 
boundary conditions. The solution given by Eq. (7.22) is 
similar in form to the solution for the phasor voltage V (z) 
given by Eq. (2.44a) for the lossless transmission line. 
The first term in Eq. (7.25), containing the negative 
exponential e- jkz, represents a wave with amplitude E:0 

traveling in the +z-direction, and the second term (with 
ejkz) represents a wave with amplitude E;0 traveling in 
!!Je -z-direction. Let us assume for th~ time being that 
~ has only a component along x (i.e., Ey = 0) and that 
Ex consists of a wave traveling in the +z-direction only 
(i.e., E;0 = 0). Hence, 

(7.26) 

With Ey Ez = 0, we apply Eq. (7.8b) to find the 
magnetic field H(z) : 

x y z 
a a a 

v'XE= 
ax ay oz 

e: (z) 0 0 

For a plane wave traveling in the z-direction, 

aE;(z)/ox = aE:(z)/oy = o. 

Hence, Eq. (7.27) gives 

Hx =0, 

~ 1 
H = --

y -jwµ 

1 
Hz=-.­

- ]Wf.l 

aet(z) 

oz 

aEt(z) = o. 
ay 

Use of Eq. (7.26) in Eq. (7.28b) gives 

(7.28a) 

(7.28b) 

(7.28c) 

(7.29) 

where HJo is the amplitude of Hy (z) and is given by 

+ k + 
Hyo = -Exo· 

Wf.l 
(7.30) 

For a wave traveling from the source toward the load 
on a transmission line, the amplitudes of its voltage 
and current phasors, v0+ and 1;, are related by the 
characteristic impedance of the line, Zo. A similar 
connection exists between the electric and magnetic fields 
of an electromagnetic wave. The intrinsic impedance of 
a lossless medium is defined as 

rJ ~ (J): = (J)~ = 1¥ (Q), (7.31) 
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X 

E 

y 

Figure 7-4: A transverse electromagnetic (TEM) wave 

propagating in the direction k = z. For all TEM waves, 

k is parallel to E x H. 

where we used the expression fork given by Eq. (7.18). 

In view of Eq. (7.31), we can summarize our results as 

(7.32a) 

(7.32b) 

The electric and magnetic fields are perpendicular to 

each other, and both are perpendicular to the direction 

of wave travel (Fig. 7-4). These directional properties 

characterize a transverse electromagnetic (TEM) wave. 

Other examples of TEM waves include cylindrical waves 

traveling along coaxial transmi sion lines (Eis along r, 
H is along ~' and direction of travel is along z) and 

pherical waves radiated by antennas. 

In the general case E;0 may be a complex quantity 

compo ed of a magnitude 1£;01 and a phase angle¢+. 

That is, 

(7.33) 

The instantaneous electric and magnetic fields are then 

given by 

E(z, t) =91e [E(z) ejwt] 

=x1E;01 cos(cvt - kz + ¢+) (Vim), -(7.34a) 

CHAPTER 7 PLANE-WAVE PROPAGATION 

H(z, t)=91e [H(z) ejwt] 

IE+I 
=y---"'.2... cos(cvt - kz + ¢+) (Alm). (7.34b) 

rJ 

Because E(z, t) and H(z, t) exhibit the same functional 

dependence on z and t, they are said to be iu phase ; 

when the amplitude of one of them is a maximum the 

amplitude of the other is a maximum also. This in­

phase property is characteristic of waves propagating 

in lossless media. Their time variation is defined by 

the oscillation frequency f = cv /2rr, and their spatial 

variation is characterized by the wavelength Jc. From the 

material on wave motion given in Section 1-3, we deduce 

that the phase velocity of the wave is given by 

CV CV 1 
u --------

p - k - cvffe - ffe (mis), (7.35) 

and the wavelength is 

2rr Up , ___ _ 
/1.- -

k f 
(m). (7.36) 

If the m.ediwn is vacuum, s = s0 andµ,= µ, 0 , in which 

case the phase velocity up and the intrinsic impedance 'I 

given by Eq. (7.31) become 

1 8 
Up= C = --- = 3 X 10 

,.fiiofo 
(mis), (7.37) 

6 /¥oo rJ = rJo = - = 377 (Q) ;:::::: 120rr 
t:o 

(Q), (7.38) 

where c is the velocity of light and rJo is called the 

intrinsic impedance of free space . 

Example 7-1 EM Plane Wave in Air 

This example is analogous to the "Sound Wave in 

Water" problem described by Example 1-1. 

-, 
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X 

1.2n (mV/m) 

y 10 (µAlm) O 
...... c-----
H 

z 

Figure 7-5: Spatial vadations of E and H at t = 0 for the plane wave of Example 7-1. 

The electric field of a 1-MHz plane wave traveling in 
the +z-direction in air points along the x-direction. If 
the peak value of E is 1.2rr (m V /m) and E is maximum 
at t = 0 and z = 50 m, obtain expressions for E(z, t) 
and H(z, t), and then plot these variations as a function 
of z att = 0. 

Solution: At f = 1 MHz, the wavelength in air is given 
by 

C 3 X 108 

A = - = ------,- = 300 m, 
f I X 106 

and the corresponding wavenumber is k = (2rr /300) 
(rad/m). The general expression for an x-directed electric 
field traveling in the +z-direction is given by Eq. (7.34a) 

as 

E(z, t)=x!E;ol cos(wt-kz+¢+) 

=X 1.2rr cos(2rr x 106t - ~~i +¢+) (mV/m). 

The field E(z, t) is maximum when the argument of the 
cosine function equals zero or multiples of 2rr. At t = 0 
and z = 50 m, this condition is 

_ 2rr x 50 + "'-+ _ 0 or 
300 'I-' 

Hence, 

A ( 2rrz rr) E(z,t)=xl.2rrcos 2rrx106t-
300 

+ 3 (mV/m), 
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and from Eq. (7.34b) we have 

H( ) 
A E(z , t) 

z,t =y---
110 

=Y IO cos (2rr x l06t-
2

:rrz + rr) 
300 3 

(µ,Alm), 

where we have used the approximation 1Jo '.:::'. 120:rr (Q) . 

At t = 0, 

E(z, 0) = x 1.2:rr cos (
2

rrz - ~) 
300 3 

(mV/m), 

H(z , 0) = y 10 cos(!~~ - ; ) (µ,Alm). 

Plots of E(z, 0) and H(z, 0) are shown in Fig. 7-5 as a 

function of z. Iii 

7-2.2 General Relation between E and H 

It can be shown that, for any uniform plane wave traveling 

in an arbitrary directioE denoted by the unit vector k, the 

magnet!.9 field phasor H is interrelated to the electric field 

phasor Eby 

~ 1 A ~ 
H= -k x E, 

1J 

E = -11k x H. 

(7.39a) 

(7.39b) 

The cross product can be phrased in terms of the 

following right-hand rule: when we rotate the four fingers 

of the right hand from the direction of E toward the 

direction of H, the rhumb will point in the direccion 

of wove travel, k. The relations given by Eqs. (7.39a 

and b) are valid not only for lossless media, but for lossy 

media as well. As we will see later in Section 7-4, the 

expression for 1J of a lossy medium is different from that 

given by Eq. (7.31). As long as the expression used for 

1J is appropriate for the medium in which the wave is 

traveling, the relations given by Eqs . (7.39a and b) always 

hold. 

CHAPTER 7 PLANE-WAVE PROPAGATION 

Let us apply Eq. (7.39a) to the wave given by 

Eq. (7.32a) . The direction of propagation k = z and 

E = x Ef (z). Hence, 

~ 1 A ~ 1 ~ E + (z) 
H = -k x E = -(z xx) E+(z) = y-x- , (7.40) 

1J 1J X 1J 

which is the same as the result given by Eq. (7.32b). For 

a wave traveling in the -z-direction with an electric field 

given by 

E = x E;(z) = xE;oejkz, (7.41) 

application of Eq. (7 .39a) gives 

H~ 1 ( A A) ~ ) A E; (z) A E:O Jk-= - -z xx E-(z = -y-- = -y- e ' . 
1J X 1J 1J 

(7.42) 

Hence, in this case, H points in the negative y-direction. 

In general, a uniform plane wave traveling in the 

+z-directio~ may have both x- and y-components, in 

which case E is given by 

E = x ff;Cz) + y ff-;cz), (7.43a) 

and the associated magnetic field is 

H = x ii/(z) + y iiY+ (z ). (7.43b) 

Application of Eq. (7.39a) gives 

H = ~ z XE= -x ff;cz) + y E_t(z) . (7.44) 
1J 1J 1J 

By equating Eq. (7.43b) to Eq. (7.44), we have 

if+ = if_tCz) 
y • 

1J 
(7.45) 

These results are illustrated in Fig. 7-6. The wave may 

be considered the sum of two waves, one with (Ef, H/ ) 

components and another with (E;, H_:) components. In 

general, a TEM wave may have an electric field in any 

direction in the plane orthogonal to the direction of wave 

travel, and the associated magnetic field is also in the 

same plane and its direction is dictated by Eq. (7 .39a). 
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y 

Figure 7-6: The wave (E, H) is equivalent to the sum of 
two waves, one with fields (E_"{, H/) and another with 
(E1 , Hf), with both traveling in the +z-direction. 

REVIEW QUESTIONS 

Q7.1 What is a uniform plane wave? Describe its 
properties, both physically and in mathematical terms. 
Under what conditions is it appropriate to treat a spherical 
wave as a plane wave? 

Q7.2 Since E and Hare governed by wave equations 
of th~ sam~ form [Eqs. (7.15) and (7.16)], does it follow 
that E = H? Explain. 

Q7.3 If a TEM wave is traveling in the y-direction, 
can its electric field have components along x, y, and z? 
Explain. 

EXERCISE 7 .1 A 10-MHz uniform plane wave is traveling 
in a nonmagnetic medium with µ, = JJ,o and Sr = 9. 
Find (a) the phase velocity, (b) the wavenumber, (c) 
the wavelength in the medium, and (d) the intrinsic 
impedance of the medium. 

269 

Ans. (a) up = 1 x 108 mis, (b) k = 0.2.rr rad/m, (c) 
).. = 10 m, (d) rJ = 125.67 Q. 

EXERCISE 7 .2 The electric field phasor of a uniform plane 
wave traveling in a lossless medium with an intrinsic 
impedance of 188.5 Q is given by E = z lOe-J4rry 
(mV/m). Determine (a) the associated magnetic field 
phasor and (b) the instantaneous expression for E(y, t) 
if the medium is nonmagnetic(µ, = µ, 0). 

Ans. (a) H x53e-J4rry (µ,Alm), (b) 
E(y, t) = z 10cos(6rr x 108t - 4rry) (mV/m). 

EXERCISE 7 .3 If the magnetic field phasor of a plane 
wave traveling in a medium with intrinsic impedance 
rJ = 100 Q is given by H = (y 10 + z 20)e-J4x (mA/m) 
find the associated electric field phasor. 

Ans. E = (-z + y2)e-J4x (V/m). 

EXERCISE 7 .4 Repeat Exercise 7 .3 for a magnetic field 
given by ii= y(l0e-13

.t - 20ei 3x) (mA!m). 

Ans. E = -z(e-J3x + 2ei3x) (V/m). 

7-3 Wave Polarization 

The polarization of a uniform plane wave describes 
the shape and locus of the tip of the E vector ( in the 
plane orthogonal to the direction of propagation) at a 
given point in space as a function of time. In the most 
general case, the locus of E is an ellipse, and the wave 
is called elliptically polarized . Under certain conditions, 
the ellipse may degenerate into a circle or a segment of a 
straight line, in which case the polarization state is then 
called circular or linear , respectively. 

As was shown in Section 7-2, the z-components of the 
electric and magnetic fields of a z-propagating p~ne wave 
are both zero. Hence, the elestric field phasor E(z) may 
S,?nsist of an x-component, ExCz), and a y-component, 
Ey(z): 

(7.46) 
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with 

E~ ( ) E -jkz 
X Z = xQe , 

E~ ( ) E -jkz y z = yoe , 

(7.47a) 

(7.47b) 

wher~ Exo and Eyo are the complex amplitude of E.t (z) 

and E y(Z), respectively. For the ake of implicity, the 

plus sign super cripc ha been suppre sed throughout· the 

negative sign in e-ik.z is sufficient to remind us that the 

wave is traveling in the positive z-direction. 

The two amplitudes Exo and Eyo are, in general, com­

plex quantities, with each characterized by a magnitude 

and a pha e angle. The phase of a wave is defined relative 

to a reference condition, such as z = 0 and t = 0 or any 

other combination of z and t. Wave polarization depends 

on the pha ·e of Eyo relative to that of E.ro, but ,wt on the 

absol1tte pha ·es of Exo and E vO· Hence for convenience 

we will choose the phase of E~o as our reference (thereby 

assigning E.ro a phase angle of zero), and we will denote 

the phase of Eyo relative to that of E.ro as o. Thu , 8 i 
the phase difference between the y-component of E and 

its x-component. Accordingly, we define Exo and Eyo as 

(7.48a) 

(7.48b) 

where ax = IExol and ay = IEyol are the magnitudes of 

Exo and Eyo, respectively. Thus, by definition, ax and ay 

may not assume negative values. Using Eqs. (7.48a) and 

(7.48b) in Eqs. (7.47a) and (7.47b), the total electric field 

phasor is then given by 

E(z) = (xax + yayej8)e-jkz, 

and the corresponding instantaneous field is 

E(z, t) = SJl:e [E(z) ejwt] 

= xax cos(cvt - kz) 

+ yay cos(cvt - kz + 8). 

(7.49) 

(7.50) 

When characterizing the behavior of an EM wave, two 

properties of particular interest are the intensity and 
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direction of its electric field. The intensity of E(z, t) 

is given by its modulus IE(z, t)I, namely 

IE(z, t)I = [E;(z, t) + E;(z, t)] 112 

= [a; cos2 (cvt - kz) 

+ a; cos2 (cvt - kz + 8)] 112 . (7.51) 

The electric fieldE(z, t) has components along thex- and 

y-directions. At a specific position z, the direction of 

E(z, t) is defined in the x-y plane (at that value of z) 

by the inclination angle 1/f, defined with respect to the 

zero-phase reference component of E(z, t), which is the 

x-component in the present case. Thus, 

1/f(z, t) ~ tan- 1 (Ey(z, t)). 
Ex(z, t) 

(7.52) 

In the general case, both the intensity of E(z, t) and its 

direction are functions of z and t. Next, we examine 

some special cases. 

7-3.1 Linear Polarization 

The polarization state of a wave traveling in the 

z-direction is determined by tracing the tip of E(z, t) as a 

function of time in a plane orthogonal to the direction 

of wave travel. For convenience and without loss of 

generality, we usually choose the z = 0 plane. A wave is 

said to be linearly polarized if Ex(z, t) and Ey(Z, t) are 

in phase (i.e., 8 = 0) or out of phase (8 = l(). This is 

because, at a specified value of z say z = 0, the tip of 

E(0, t) traces a straight line in the x-y plane. At z = 0 

and for 8 = 0 or rr, Eq. (7.50) simplifies to 

E(0, t) = (xax + yay) cos cvt (in-phase), (7 .53a) 

E(0, t) = (xax - yay) coscvt (out-of-phase). (7.53b) 

Let us examine the out-of-phase case. At cvt = 0, 

E(0, 0) = xax - yay which means that E extend from 

the origin in Fig. 7-7 to the point (ax, -ay) in the fourth 

quadrant in the x-y plane. A t increases the modulus 
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h 
z 

Figure 7-7: Linearly polarized wave traveling in the 
+z-direction (out of the page). 

of E(0, t) varies as cos wt: 

IE(0, t) I = [a; + a;] 112 cos wt, (7.54a) 

and the inclination angle defined by Eq. (7.52) is given 
by 

1/f = tan-
1 ( ~:Y) (out-of-phase), (7.54b) 

which is independent of both z and t. Thus, the length 
of the vector representing E(0, t) decreases to zero 
at wt = rr /2, then reverses direction and increases in 
magnitude to [a; + a;] 112 in the second quadrant of the 
x-y plane at wt = rr. Since 1/f is independent of both z 
and t, E(z, t) maintains a direction along the line making 
an angle 1/f with the x-axis. 
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If ay = 0, 1/f = 0° or 180°, and the wave becomes 
x-polarized, and if ax = 0, 1/f = 90° or -90°, and the 
wave becomes y-polarized. 

7-3.2 Circular Polarization 

We now consider the special _sase when the magnitudes of 
the x- and y-components ofE(z) are equal, and the phase 
difference 8 = ±rr /2. For reasons that will become 
evident shortly, the wave polarization is called left-hand 
circular when 8 = rr /2, and it is called right-hand 
circular when 8 = -rr /2. 

Left-Hand Circular (LHC) Polarization 

For ax = ay = a and 8 = rr /2, Eqs. (7.49) and (7.50) 
become 

E(z) = (xa + yaejrr/2)e-jkz 

= a(X + jy)e-Jkz_ 

E(z, t) = ryte [E(z) e1"'1] 

(7.55a) 

= xa cos(wt - kz) + ya cos(wt - kz + rr /2) 

= xa cos(wt - kz) - ya sin(wt - kz). (7.55b) 

The corresponding modulus and inclination angle are 
given by 

IE(z, t) I = [ E;(z, t) + E;(z, t) ]1 12 

= [a 2 cos2(wt - kz) + a2 sin2(wt - kz)] 112 

=a, 

1/f(z, t) = tan-
1 [!:~: ;;] 

_ 1 [ - a sin(wt - kz)] =tan 
a co (wt - kz) 

= -(wt - kz). 

(7.56a) 

(7.56b) 

We observe that in this case the modulus of E is 
independent of both z and t, whereas 1/f depends on 
both variables. These functional dependencies are the 
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Figure 7-8: Circularly polarized plane waves propagat­

ing in the +z-direction (out of the page). 

converse of those applicable to the linear-polarization 

case. 
At a fixed position z, say z = 0, Eq. (7.56b) gives 

1/f = -wt; the negative sign means that the inclination 

angle decreases with increasing time. As illustrated in Fig. 

7-8(a), the tip ofE(t) traces a circle in thex-y plane, and it 

rotates in a clockwise direction as a function oftime (when 

viewing the wave approaching). Such a wave is called left­

hand circularly polarized because, when the thumb of the 

left hand points along the direction of propagation of the 

CHAPTER 7 PLANE-WAVE PROPAGATION 

Transmitting 

z 

tnna 

Left screw sense 
in space 

Right sense of rotation 
in plane 

Figure 7-9: Right-hand circularly polarized wave radi­

ated by a helical antenna. 

wave (the z-direction in this case), the other four fingers 

point in the direction of rotation of E. 

Right-Hand Circular (RHC) Polarization 

For ax = ay = a and 8 = -n /2, we have 

JE(z, t)J = a, 1/f = (wt-kz). (7.57) 

The trace of E as a function oft is shown in Fig. 7-8(b) 

for z = 0. For RHC polarization, the fingers of the right 

hand point in the direction of rotation of E when the thumb 

is along the propagation direction. Figure 7-9 depicts a 

right-hand circularly polarized wave radiated by a helical 

antenna. Note that polarization handedness is defined in 

terms of the rotation of E as a Junction of time in a fixed 
plane orthogo11a/ to the direction of propagation, which 

i opposite of the direction of rotation ofE a a function of 

distance at a fixed point in time. 

Example 7-2 RHC Polarized Wave 

An RHC polarized plane wave with electric field 

modulus of 3 (mV/m) is traveling in the +y-direction in 

INTEL-1014 
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Figure 7-10: Right-hand circularly polarized wave of 
Example 7-2. 

a dielectric medium with s = 4so, µ = µ 0 , and er = 0. 
If the wave frequency is 100 MHz, obtain expressions for 
E(y, t) and H(y, t). 

Solution: Since the wave is traveling in the +y-direc­
tion, its field components must be along the x- and 
z-directions. The rotation of E(y, t) is depicted in 
Fig. 7-10, where y is out of the page. By comparison 
with the RHC polarized wave shown in Fig. 7-8(b), we 
assign the z-component of E(y) a phase angle of zero 
and the x-component a phase shift 8 = -n /2. Both 
components have a magnitude a= 3 (mV/m). Hence, 

E(y) = iEx + ZEz 

= Xae-jrr /Ze-jky + zae-jky 

( A • + A)3 - jky = -XJ Z e (mV/m), 

and application of (7.39a) gives 

~ 1 ~ 
H(y) = -y x E(y) 

T/ 

1 ~ = -y X (-xj + z)3e-J y 
T/ 
3 .k 

(
A , + A) -; y = - ZJ Xe (mA/m). 

T/ 

273 

With cv = 2rrf = 2rr x 108 (raci/s), the wavenumber k 
is 

cv Fr 2n x 108 .J4 4 
k - -- - --- -- - -rr 

- C - 3xl08 -3 (rad/m) , 

and the intrinsic impedance T/ is given by 

T/O 120rr 
T/ = - '.:='. ri = 60.rr (Q). 

./8r -v4 

The instantaneous functions E(y, t) and H(y, t) are then 
given by 

E(y, t)=9le [E(y) ei"'1] 

=9le [ (-xj +z)3e-Jky e1"'1] 

=3[xsin(cvt-ky) + zcos(cvt-ky)] (mV/m), 

H(y, t)=~e [H(y) e1"'1] 

=9le [~(zj+x)e-jkyejwt] 

1 A A 

= -[x cos(cvt-ky )-z sin(cvt-ky)] (mA/m), 
20rr 

with cv = 2rr x 108 (rad/s) and k = 4rr /3 (rad/m). ■ 

7-3.3 Elliptical Polarization 

In the most general case, where ax =I=- 0, ay =I=- 0, and 
8 =I=- 0, the tip of E traces an ellipse in the x-y plane, and 
the wave is said to be elliptically polarized. The shape 
of the ellipse and its handedness (left-hand or right-hand 
rotation) are determined by the values of the ratio (ay/ax) 
and the polarization phase difference 8. 

The polarization ellipse shown in Fig. 7-11 has a major 
axis at; along the~ -direction and a minor axis a,, along the 
17-direction. The rotation angle y is defined as the angle 
between the major axis of the ellipse and a reference 
direction, chosen here to be the x-axis, with y being 
bounded within the range -rr /2 s y s rr /2. The shape 
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Ellipticity angle 

Figure 7-11: Polarization ellipse in the x-y plane, with 

the wave traveling in the z-direction (out of the page). 

of the ellipse and its handedness are characterized by the 

ellipticity angle x, defined as follows: 

aTJ 1 
tan x = ±- = ±...:... , 

a~ R 
(7.58) 

with the plus sign corresponding to left-handed rota­

tion and the minus sign corresponding to right-handed 

rotation. The limit!:. for x are -rr/ 4 :::: x :::: n / 4. 
The quantity R = a~/ ary is called the axial ratio of 

the polarization ellipse, and it varies between 1 for 

circular polarization and oo for linear polarization. The 

polarization angles y and x are related to the wave 

parameters ax , ay, and 8 by* 

tan2y = (tan2ij;0)cos8 (-rr/2:::: y:::: rr/2), (7.59a) 

sin2x = (sin2if;o) sin8 (-rr/4:::: x:::: rr/4), (7.59b) 

where i/Jo is an auxiliary angle defined by 

a y 
tan i/Jo = -

ax 
(7.60) 

*From M. Born and E. Wolf, Principles of Optics, New York: 

Macmillan, 1965, p. 27. 

CHAPTER 7 PLANE-WAVE PROPAGATION 

Sketches of the polarization ellipse are shown in Fig. 7-12 

for various combinations of the angles (y, x). The ellipse 

reduces to a circle for x = ±45° and to a line for x = 0. 

Positive values of x, corresponding to sin 8 > 0, are 

associated with left-handed rotation, and negative values 

of X, corresponding to sin 8 < 0, are associated with 

right-handed rotation. 
Since the magnitudes ax and ay are, by definition, 

nonnegative numbers, the ratio a y / ax may vary between 

zero for an x-polarized linear polarization and oo for 

a y-polarized linear polarization. Consequently, the 

angle i/Jo is limited to the range O :::: ij;0 :::: 90°. 

Application ofEq. (7 .59a) leads to two possible solutions 

for the value of y, both of which fall within the defined 

range from -rr / 2 torr /2. The correct choice is governed 

by the following rule: 

y > 0 if cos 8 > 0, 

y < 0 if cos cl < 0. 

In summary, the sign of the rotation angle y is the same 

as the sign of cos 8 and the sign of the ellipticity angle x 
is the same as the sign of sin 8. 

Example 7-3 Polarization State 

Determine the polarization state of a plane wave with 

electric field 

E(z, t) = x 3 cos(wt - kz + 30°) 

- y4 sin(wt - kz + 45°) (mV/m). 

Solu~ion: We begin by converting the second term into 

a cosine reference, 

E = x 3 cos(wt - kz + 30°) 

- y 4 cos(wt - kz + 45° - 90°) 

= x3 cos(wt - kz + 30°) - y4cos(wt - kz - 45°). 
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X 
Y- -90° -450 oo 45° 90° 

~ 
0 0 0 0 0 45° Left circular polarization 

22.5° Left elliptical polarization 0 0 0 
oo Linear polarization / 

-22.5° Right elliptical polarization 0 0 0 
-45° Right circular polarization 0 0 0 0 0 

Figure 7-12: Polarization states for various combinations of the polarization angles (y, x) for a wave traveling out of the 
page. 

The corresponding field phasor E(z) is 

E(z) = x3e-iklej300 - y4e-Jkze-j450 

=X3e-Jkzej300 +y4e-Jkze-j45oejl800 

= x 3e-JkzeJ30o + y 4e-Jkzei J350' 

where we have replaced the negative sign of the second 
term with ei 1800 in order to have positive amplitudes for 
both terms, thereby allowing us to use the definitions 
~iven in Section 7-3.3. According to the expression for 
E(z), the phase angles of the x- and y-components are 
ox = 30° and oy = 135°, giving a phase difference 8 = 
8y - 8x = 135° - 30° = 105°. The auxiliary angle 1/fo is 
obtained from 

i/fo = tan-1 (::) = tan-
1 (i) = 53.1°. 

From Eq. (7.59a), 

tan 2y = (tan 21/fo) cos 8 

= tan 106.2° cos 105° 

=0.89, 

which gives two solutions for y, namely y = 20.8° and 
y = -69.2°. Since cos 8 < 0, the correct value of y is 
-69.2°. From Eq. (7.59b), 

sin 2x = (sin 21/fo) sin 8 

= sin 106.2° sin 105° 

= 0.93 or x = 34.0°. 

The magnitude of x indicates that the wave is ellip­
tically polarized and its positive polarity specifies its 
rotation as left handed. ■ 
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REVIEW QUESTIONS 

Q7.4 An elliptically polarized wave is characterized by 

amplitudes ax and ay and by the phase difference 8. If 

ax and ay are both nonzero, what should 8 be in order for 

the polarization state to reduce to linear polarization? 

Q7.5 Which of the following two descriptions defines 

an RHC polarized wave: A wave incident upon an 

observer is RHC polarized if its electric field appears 

to the observer to rotate in a counterclockwise direction 

(a) as a function of time in a fixed plane perpendicular to 

the direction of wave travel or (b) as a function of travel 

distance at a fixed time t? 

EXERCISE 7 .5 The electric field of a plane wave is given 

by 

E(z, t) = x 3 cos(wt - kz) + y 4 cos(wt - kz) (Vim). 

Determine (a) the polarization state, (b) the modulus ofE, 

and ( c) the inclination angle. 

Ans. (a) Linear, (b) JEI = 5 cos(wt - kz) (V/m), (c) 

1/1'0=53.1°. 

EXERCISE 7 .6 If the electric field phasor of a TEM 

wave is given by E = (y - zj)e-Jkx, determine the 

polarization state. 

Ans. RHC polarization. 

7-4 Plane-Wave Propagation 
in Lossy Media 

To examine wave propagation in a conducting medium, 

we return to the wave equation given by Eq. (7.15), 

(7.61) 

CHAPTER 7 PLANE-WAVE PROPAGATION 

with 

(7.62) 

where s' = s and s" = a/ w. Since y is complex, we 

express it as 

y =ct+ J/3, (7.63) 

where ct is the attenuation constant of the medium and 

/3 is its phase constant . By replacing y with (ct+ j /3) in 

Eq. (7.62), we have 

(ct + j /3)
2 = (ct2 

- /3
2

) + j2ct/3 

= -w2 µ,s' + j w2 µ,s". (7 .64) 

The rules of complex algebra require the real and imag­

inary parts on one side of an equation to be respectively 

equal to the real and imaginary parts on the other side. 

Hence, 

2 /32 2 I ct - = -(1) /J,8 , 

2ct/3 = w
2 µ,s". 

(7.65a) 

(7.65b) 

Solving these two equations for ct and f3 gives 

a ~w { /L;' [ I+ (::)'-1] r (Np/m), 

(7.66a) 

µ,s' s" 2 

{ [ ] } 

1/2 

f3=w 2 1+(~) +1 (rad/m). 

(7.66b) 

For a uniform plane wave with an electric field 

E = x Ex (z) traveling in the +z-direction, the wave 

equation given by Eq. (7.61) reduces to 

2 ~ 
d Ex(z) 2 ~ 

dz2 - y Ex(Z) = 0. (7.67) 
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The solution of this wave equation leads to 

E(z) = x.Ex(Z) = x.Exoe-yz = x.Exoe-aze-jf3z_ (7.68) 

The associated magnetic field H can be determined either 
(1) by applying Eq. (7.2b): V x E = - jwµ,H, (2) by 
applying Eq. (7.39a): H = (k x E)/7'/c, where 7'/c is 
the intrinsic impedance of the lossy medium , or (3) 
by analogy with the lossless case. Any one of these 
approaches gives 

~ ~ E (z) E o · H(z) = y Hy(z) = y -x- = y-x-e-aze-Jf3z, (7.69) 
7'/c 7'/c 

where 

(Q). (7.70) 

We noted earlier that in a nonconducting medium, E(z, t) 
is in phase with H(z, t), but because 7'/c is a complex 
quantity in a conducting medium, the fields no longer 
have equal phase (as will be illustrate~ in Example 7-4). 

From Eq. (7.68), the magnitude of Ex(z) is given by 

(7.71) 

which decreases exponentially with z at a ___,rate sp~ified 
by the attenuation constant a. Since Hy = Ex/1'/c, 
the magnitude of Hy also attenuates as e-az. The 
attenuation process converts part of the energy carried 
by the electromagnetic wave into heat as a result of 
conduction in the medium. Through a distance z = Os 
such that 

(m) (7.72) 

the wave magnitude decreases by a factor of e-1 ~ 0.37 
compared with its value at z = 0, as shown in Fig. 7-13. 
This distance Os, called the skin depth of the medium, 
characterizes how well an electromagnetic wave can 
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IEx(z)I/IExol 

L---'---- -=:::::========--- z 
os 

Figure 7-13: Attenuation of the magnitude of Ex(z) with 
distance z. The skin depth Os is the value of z at which 
~ -1 IEx(z)I/IExol = e , or z =Os= I/a. 

penetrate into a conducting medium. In a perfect 
dielectric, er = O; hence, a = 0 and therefore Os = oo. 
Thus, in free space, a plane wave can propagate with no 
loss in magnitude indefinitely. On the other extreme, if 
the medium is a perfect conductor with er = oo, use of 
811 = er/ w in Eq. (7 .66a) leads to a = oo and hence 
Os = 0. In a coaxial cable, if the outer conductor is 
designed to be several skin depths thick, it serves to 
prevent the energy inside the cable from leaking outward, 
as well as to shield against the penetration of outside 
electromagnetic energy into the cable. 

The expressions given by Eqs. (7.66a), (7.66b), and 
(7.70) for a, (3, and 7'/c are valid for any linear, isotropic, 
and homogeneous medium. If the medium is a perfect 
dielectric (er = 0), these expressions reduce to the loss­
less case [Section 7-2], wherein a= 0, f3 = k = wffe, 
and 7'/c = 77. For a lossy medium, the ratio c" / c' = er/ we 
appears in all these expressions and plays an important 
role in determining how lossy a medium is. When 
811 

/ c' « 1, the medium is called a low-loss dielectric , 
and when c" /c' » 1, the medium is characterized as 
a good conductor. In practice, the medium may be 
regarded as a low-loss dielectric if 811 /c' < 10-2 , as a 
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good conductor if £ 11 / £ 1 > 102 , and as a quasi-conductor 

if 10-2 ~ 8 11 /81 ~ 102 . 

7-4.1 Low-Loss Dielectric 

From Eq. (7.62), the general expression for y is given by 

( 
£") 1/ 2 

y = Jw/µ8' 1 - J-;; (7.73) 

For any quantity Jx I « 1, the function (1 - x) 112 can 

be approximated by the first two terms of its binomial 

series; that is, (1 - x) 112 ::: 1 - x /2. By applying such 

an expansion to Eq. (7.73) for a low-loss dielectric with 

x = j £11 / £1 and £11 / £1 « 1, we have 

y ~ jw/µf' (1 - )~). 
2£' 

(7.74) 

The real and imaginary parts of Eq. (7.74) give 

a~ w;" ff;=~/¥ (Np/m), 

/3 ~ w/µ8' = wffe (rad/m). 

(7.75a) 

(7.75b) 

We note that the expression for f3 is the same as that 

for the wavenumber k of a lossless medium. Applying 

the binomial approximation (1 - x)- 112 ::: (1 + x/2) to 

Eq. (7.70) leads to 

{ii ( £") {ii 
T/c ~ y;; 1 + j 

28
, = y-; ( 1 + j 2:J. (7.76a) 

In practice, these approximate expressions for a, /3, 

and T/c are used whenever £
11/ £ 1 = a/ WE < 1 / 100, in 

which case the second term in Eq. (7. 76a) may be ignored. 

Thus, 

(7.76b) 

which is the same as the expression given by Eq. (7.31) 

for the lossless case. 

CHAPTER 7 PLANE-WAVE PROPAGATION 

7-4.2 Good Conductor 

We now examine the case of a good conductor character­

ized by £11 /£1 > 100. Under this condition, Eqs. (7.66a), 

(7.66b), and (7.70) can be approximated as 

/3 =a~ Jrrf µa (rad/m), 

(Np/m), 

(7.77a) 

(7.77b) 

~M,µ ( ·)P!fµ a T/c = J 11 = I+ J -- = (1 + j)-
8 a a 

(S1). 

(7.77c) 

In Eq. (7.77c), we used the relation given by Eq. (1.53): 

,./J = ( 1 + )) / ,,/2. For a pe1fect conductor with a = 
oo, these expressions give a = f3 = oo, and T/c = 0. A 

perfect conductor is equivalent to a short circuit. 

Expressions for the propagation parameters in various. 

types of media are summarized in Table 7 -1 for easy 

reference. 

Example 7-4 Plane Wave in Seawater 

A uniform plane wave is traveling downward in the 

+z-direction in seawater, with the x-y plane denoting 

the sea surface and z = 0 denoting a point just below 

the surface. The constitutive parameters of seawater are 

Er = 80, µr = 1, and a = 4 Sim. If the magnetic field at 

z = 0 is given by H(O, t) = y 100cos(2rr x 103t + 15°) 

(mA/m), 
(a) obtain expressions for E(z, t) and H(z, t), and 

(b) determine the depth at which the amplitude of E is 

1 % of its value at z = 0. 

Solution: (a) Since H is along y and the propagation 

direction is z, E must be along x. Hence, the general 

expressions for the phasor fields are 

~ E o • 
H( ) ~ X -cxz - j{J z 

z =y-e e . 
T/c 

(7.78a) 

(7.78b) 
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7-4 PLANE-WAVE PROPAGATION IN LOSSY MEDIA 279 

Table 7-1: Expressions for a, {3, 1'/c, up, and).. for various types of media. 

Lossless Low-loss Good 
Any Medium Medium Medium Conductor Units 

(a= 0) (s"/s' « 1) (s" /s' » 1) 

a= w [µ;' [ 1+(~:)2 - 1 
]] 

1/2 

0 ~~ /rcf1.w (Np/m) 

{3= w[µ;' [ 1 + ( ~:r + 1 
] ] 

1/2 

wffe wffe /rcf µu (rad/m) 

/¥,( _s")-1/2 

~ ~ 
a 

l'/c = 1-J- (l+j)- (r2) 
s' a 

Up= w/{3 1/ffe 1/ffe J4nf/µ.a (mis) 

A= 2n/f3=up/J Up/f Up/f Up/f (m) 

Notes: s' = s; s" = u/w; in free space, s = so, µ = µ.o; in practice, a material is considered a 

low-loss medium ifs" /s' = u/ws < 0.01 and a good conducting medium ifs" /s' > 100. 

a 
rJc = (1 + j)-

a 
To determine a, f3, and rJc for seawater, we begin by 
evaluating the ratio s" / s'. From the argument of the 
cosine function of H(O, t), we deduce that w = 2n- x 103 

(rad/s), and therefore f = 1 kHz. Hence, 
= ( ✓2 eirr/4) O. ll6 = 0 044eirr/4 (D). (7.79c) 

4 • 

s" (J" (J" 4 
- = - = -- = --------.,.---- -

2n- x 103 x 80 x oo-9 /36n-) 

Since s" / s' » 1, seawater is a good conductor at 1 kHz. 
This allows us to use the good-conductor expressions 
given in Table 7-1: 

a=~ 

= ✓Jr X 103 X 47r X 10-7 X 4 

= 0.126 (Np/m), 

f3 = a = 0.126 (rad/m), 

(7.79a) 

(7.79b) 

As noexplicitinformation has been given abouttheelectric 
field amplitude Exo, we should assume it to be complex; 
that is, Exo = 1Exole1'1>0 . The wave's instantaneous 
electric and magnetic fields are then given by 

E(z, t) = ryte [x1Exolei¢0 e-aze-}Pzejcvt] 

= ilExole-0
•
1262 cos(2;r x 103t - 0.126z + <Po) 

(V/m), (7.80a) 

H( t) = = A IExole -az -Jtlz Jcvt 
[ 

i</>o ] 
z, :.ne y 

0
_
044

eJ,r/4 e e e 

= y22.51Exole-0
•
1262 cos(2n- x 103t 

- 0.126z + ¢0 - 45°) (Alm). (7.80b) 
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Atz = 0, 

H(0, t) = y 22.51Exol cos(2.rr x 103t+¢0 -45°) (Alm). 
(7.81) 

By comparing Eq. (7.81) with the expression given in the 

problem statement, 

H(0, t) = y 100 cos(2.rr x 103t + 15°) 

we deduce that 

(mA/m), 

22.5[Exol = 100 x 10-3 

or 

[Exol = 4.44 (mV/m), 

and 

¢0 - 45° = 15° or ¢0 = 60°. 

Hence, the final expressions for E(z, t) and H(z, t) are 

E(z, t) = x4.44e-0•
126z cos(2.rr X 103! - 0.l26z + 60°) 

(mV/m), (7.82a) 

H(z, t) = y 100e-0•1
26z cos(2rr x 103t - 0.126z + 15°) 

(mA/m). (7.82b) 

(b) The depth at which the amplitude of E has decreased 

to 1 % of its initial value at z = 0 is obtained from 

O.Ol = e-0.126z or 
ln(0.01) 

z = -0.126 = 36 m. ■ 

EXERCISE 7. 7 The constitutive parameter of copper are 

µ, = µo = 4,r x 10- 7 (Him) s =so::::::: (1/36:rr) x 10-9 

(F/m) and a = 5.8 x 107 (S/m). Assuming that 

these parameter are frequency independent, over what 

frequency range of the electromagnetic spectrum [see 

Fig. 1-15] is copper a good conductor? 

Ans. f < 1.04 x 1016 Hz, which includes the radio 

spectrum, the infrared and visible regions, and part of 

the ultraviolet region. 

CHAPTER 7 PLANE-WAVE PROPAGATION 

EXERCISE 7.8 Over what frequency range may dry soil, 

with er = 3, µ,r = 1, and er = 10-4 (S/m), be regarded 

as a low-loss dielectric medium? 

Ans. f > 60 MHz. 

EXERCISE 7.9 For a wave traveling in a medium with a 

skin depth 85 , what is the amplitude of E at a distance 

of 385 compared with its initial value? 

Ans. e-3 ~ 0.05 or 5%. 

7-5 Current Flow in a Good Conductor 

When a d-c voltage is connected across the ends of a 

conducting wire, the current flowing through the wire has 

a uniform current density Jover the wire's cross section. 

That is, J has the same value along the axis of the wire as 

along its outer perimeter [Fig. 7-14(a)]. This is not true 

in the a-c case. A we will see shortly, the current density 

I 

(a) d-c case 

--- J 

I 

Figure 7-14: Current density Jin a conducting wire is 

(a) unifonn across its cross section in the d-c case, but (b) 

in the a-c case, J is highest along the wire's perimeter. 
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7-5 CURRENT FLOW IN A GOOD CONDUCTOR 

in the time-varying case is maximum along the perimeter 
of the wire and decreases exponentially as a function of 
distance toward the axis of the wire [Fig. 7-14(b)]. In 
fact, at very high frequencies most of the current flows 
through a thin outer layer of the wire, and if the wire 
material is a perfect conductor, the current flows entirely 
along the surface of the wire. 

Before we deal with the situation for a wire with cir­
cular cross section, let us consider the simpler geometry 
of a semi-infinite solid, as shown in Fig. 7-15(a). The 
conducting solid is infinite in depth and has a planar 
surface coincident with the x-y plane. If at z = o­
(just above the surface), an x-polarized EM field with 
E = x.E0 and H = yEo/TJ exists in the medium above 
the conductor, a similarly polarized EM field will be 
induced in the conducting medium and will constitute 
a plane wave that travels along the +z-direction. As a 
consequence of the boundary condition mandating that 
the tangential component of E be continuous across the 
boundary between any two contiguous media, at z = o+ 
(just below the boundary) the electric field of the wave is 
E(O) = x.E0 . The fields of the EM wave at any depth z 
in the conductor are then given by 

E(z) = x.Eoe-aze-jf3z, (7.83a) 

~ Eo -13 H(z) = y-e-aze-J z_ (7.83b) 
T/c 

From J = CJ' E, the current flows in the x-direction, and 
its density is 

(7.84) 

with 

(7.85) 

where 10 = CJ' E0 is the magnitude of the current density 
at the surface. In terms of the skin depth 88 = 1 / a defined 
by Eq. (7.72) and in view ofEq. (7.77b), which states that 
a = fJ for a good conductor, Eq. (7.85) can be written as 

(7.86) 

r Eo 
Ho 
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1------------+--+--•x -----
::-1xez) 
+-

z 

(a) Exponentially decaying fx(z) 

-.- - -
I 

z 
(b) Equivalent lo over 

skin depth 88 

Figure 7-15: Exponential decay of current density LCz) 
with z in a solid conductor. The total current flowing 
through (a) a section of width w extending between 
z = 0 and z = oo is equivalent to (b) a constant current 
density lo flowing through a section of depth 88 . 

The current flowing through a rectangular strip extending 
between zero and oo in the z-direction and of width w in 
the y-direction is 

T = w fo
00 

'L(z) dz 

= w {oo loe-(l+j)z/8, dz= low8s 
lo o + J) 

(A). (7.87) 

The numerator of Eq. (7.87) is equivalent to a uniform 
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current density 10 flowing through a thinJ,urface section 
of width w and depth Os. Because Jx(z) decreases 
exponentially with depth z, a conductor with a finite 
thickness d may be treated in practice as infinitely deep as 
longasdisseveralskindepthsinextent. Ifd = 3os [instead 
of oo in the integral of Eq. (7.87)], the error incurred in 
using the result on the right-hand side ofEq. (7.87) is less 

than 5%; and if d = 5o5 , the error is less than 1 %. 
The voltage across a length l at the surface 

[Fig. 7-15(b)] is given by 

~ lo 
V =Eal= -l. 

a 
(7.88) 

Hence, the impedance of a slab of width w, length l, and 

depth d = oo ( or, in practice, d > 5o5 ) is 

V 1 + j l 
Z=--==---

1 aos w 

It is customary to represent Z as 

l 
Z = Zs - , 

w 

(Q). (7.89) 

(7 .90) 

where Zs, which is called the internal or surface impe­
dance of the conductor, is defined as the impedance Z 

for a unit length l = I m and a unit width w = 1 m. 

Thus, 

(Q). (7.91) 

Since the reactive part of Zs is positive, Zs can be defined 

as 

with 

Rs= _1 = ✓rrfµ 
aos a 

(Q), (7.92a) 

(H), (7.92b) 

CHAPTER 7 PLANE-WAVE PROPAGATION 

where we used the relation Os = 1/a ::::: 1/Jrr/ µa given 
by Eq. (7.77a). In terms of the surface resistance Rs, the 
a-c resistance of a slab of width w and length l is 

l l 
R= Rs-= --

w aosw 
(Q). (7.93) 

The expression for the a-c resistance R is equivalent to 
the d-c resistance of a plane conductor of length l and 

cross section A = Os w. 
The results obtained for the planar conductor will 

now be extended to the coaxial cable shown in 

Fig. 7-16(a). If the conductors are made of copper with 

a= 5.8 x 107 Sim, the skin depth Os = 1/Jrrf µa = 
0.066 mm at 1 MHz, and since Os varies as 1/JJ, it 
becomes smaller at higher frequencies. For the inner 
conductor, as long as its radius a is greater than Sos, 

or 0.33 mm at 1 MHz, its "depth" may be regarded 

as semiinfinite, and a similar criterion applies to the 
thickness of the outer conductor. The current flowing 

/ Outer conductor 

,, ,--- --1 
Dlele'ctric .. 1) = 2a 2b 

~"::i!::=====D=iel==ec=tn=· c=== =:::i~r.1': _____ .l 
Inner conductor 

(a) Coaxial cable 

(b) Equivalent inner conductor 

Figure 7-16: The inner conductor of the coaxial cable in 

(a) is represented in (b) by a planar conductor of width 

2rrn and depth Os, as if its skin has been cut along its 

length on the bottom side and then unfurled into a planar 

geometry. 
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7-6 ELECTROMAGNETIC POWER DENSITY 

through the inner conductor is concentrated on its outer 
surface and is approximately equivalent to a uniform 
current flowing through a thin layer of depth 8s and 
circumference 2:rr:a. This is equivalent to a planar 
conductor of width w = 2:rr:a, as shown in Fig. 7-16(b). 
The corresponding resistance per unit length is obtained 
by setting w = 2:rr:a and dividing by l in Eq. (7.93): 

R,_R_!!!_ 
1 - l - 2:rr:a (Wm). (7.94) 

Similarly, for the outer conductor, the current is con­
centrated within a thin layer on the inside surface of the 
conductor adjacent to the insulating medium between the 
two conductors, which is where the EM fields exist. The 
resistance per unit length for the outer conductor with 
radius bis 

, Rs 
Rz = 2:rr:b ([Um), (7.95) 

and the total a-c resistance per unit length is 

R' = R' + R' = _s - + -R (1 1) 
1 2 2rra b 

(Wm). (7.96) 

This expression was used in Chapter 2 for characterizing 
the resistance perunit length of a coaxial transmission line. 

REVIEW QUESTIONS 

Q7.6 How does f3 of a low-loss dielectric medium 
compare to that of a lossless medium? 

Q7. 7 In a good conductor, does the phase of H lead or 
lag that of E and by how much? 

Q7.8 Attenuation means that a wave loses energy as it 
propagates in a lossy medium. What happens to the lost 
energy? 

Q7.9 Is a conducting medium dispersive or dispersion­
less? Explain. 
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Q7.10 Compare the flow of current through a wire in 
the d-c and a-c cases. Compare the corresponding d-c 
and a-c resistances of the wire. 

7-6 Electromagnetic Power Density 

This section deals with the flow of power carried by an 
electromagnetic wave. For any wave with an electric field 
E and magnetic field H, the Poynting vector S is defined 
as 

S = E x H (W/m2). (7.97) 

The unit of S is (Vim) x (Alm) = (W/m2), and the 
direction of S is along the propagation direction of the 
wave, k. Thus, S represents the power per unit area 
(power density) carried by the wave, and if the wave is 
incident upon an aperture of area A with outward surface 
unit vector :fi as shown in Fig. 7-17, then the total power 
that flows through or is intercepted by the aperture is 

P = i S-ndA (W). (7.98) 

For a uniform plane wave propagating in a direction k 
that makes an angle 0 with fi, P = SA cos 0, where 
S= ISi. 

Except for the fact that the units of S are per unit area, 
Eq. (7 .97) is the vector analogue of the scalar expression 

s 

Figure 7-17: EM power flow through an aperture. 
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for the instantaneous power P (z, t) flowing through a 
transmission line; that is, 

P(z, t) = v(z, t) i(z, t), (7.99) 

where v(z, t) and i(z, t) are the instantaneous voltage 
and current on the line. 

Since both E and H are functions of time, so is the 
Poynting vector S. In practice, however, the quantity 
of greater interest is the average power density of the 
wave, Sav, which is the time-average value of S. For a 
transmission line excited by a time-harmonic (sinusoidal) 
source, we showed in Chapter 2 that the time-average 
power flowing toward the load can be computed by 
applying Eq. (2.87): 

PavCz) =½I.Re [V(z) I*(z)], (7.100) 

where V (z) and I (z) are the phasors corresponding 
to v(z, t) and i(z, t), respectively. The analogous 
expression for an electromagnetic wave is 

(W/m2). (7.101) 

7-6.1 Plane Wave in a Lossless Medium 

The general expression for the phasor electric field of a 
uniform plane wave with arbitrary polarization, traveling 
in the +z-direction, is given by 

E(z) = x Ex(Z) + y Ey(Z) 

= (x Exo + y Eyo)e-Jkz, (7.102) 

where, in the general case, Exo and Eyo may be complex 
quantities. The magnitude of Eis 

(7.103) 

CHAPTER 7 PLANE-WAVE PROPAGATION 

The phasor magnetic field associated with E is obtained 
by applying Eq. (7.39a): 

H(z) = ~z x E = ~(-iEyo + yExo)e-Jkz. (7 .104) 
T/ T/ 

The wave c~n b'::., considered to be the SU!E, ofJwo waves, 
one with (Ex, Hy) and another with (Ey, Hx)- Using 
Eqs. (7.102) and (7.104) in Eq. (7.101) leads to 

A 1 2 2 
Sav = z-(IExol + JEyoJ ) 

2TJ 

A JEl 2 

= z- (W/m2), (7.105) 
2TJ 

which states that the power flow is in the z-direction and 
the average power density is equal to the sum of the 
a~ra~ power densities of the (Ex, Hy) wave and the 
(Ey, Hx) wave. Note that, because Sav depends only on 
TJ and JEI, waves characterized by different polarizations 
carry the same amount of average power if their electric 
fields have the same magnitudes. 

Example 7-5 Solar Power 

If solar illumination is characterized by a power density 
of 1 kW/m2 at Earth's surface, find (a) the total power 
radiated by the sun, (b) the total power intercepted by 
Earth, and ( c) the electric field of the power density 
incident upon Earth's surface, assuming that all the solar 
illumination is at a single frequency. The radius of Earth's 
orbit around the sun, Rs, is approximately 1.5 x 108 km, 
and Earth's mean radius Re is 6,380 km. 

Solution: (a) Assuming that the sun radiates isotropi­
cally (equally in all directions), the total power it radiates 
is equal to Sav Asph, where Asph is the area of a spherical 
shell of radius Rs [Fig. 7-18(a)]. Thus, 

Psun = Sav(4n R;) = 1 X 103 
X 4n x (1.5 x 1011

)
2 

= 2.8 X 1026 W. 
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,,/ ;,,----);)\ 

: s : 
\r IR ,,,,.. 

', s ,, ... ., 

Area of/' - Eart; - -

spherical surface 
2 

Asph = 4:rcR5 

(a) Radiated solar power 

Sun 

A - R2.,...-,: 
e - rr e Earth 

(b) Earth intercepted power 

Figure 7-18: Solar radiation intercepted by ( a) a spherical 
smface of radius Rs, and (b) Earth's surface (Example 
7-5). 

(b) With reference to Fig. 7-18(b ), the power intercepted 
by Earth's cross section Ae = n R; is 

Pint= Sav(:rr R~) = 1 X 103 
X Jr X (6.38 X 106

)
2 

= 1.28 X 1017 W. 

(c) The power density Sav is related to the magnitude of 
the electric field I Eo I by 
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where 170 = 377 (Q) for air. Hence, 

IEol = J2170Sav = J 2 X 377 x 103 

= 870 (V/m). ■ 

7-6.2 Plane Wave in a Lossy Medium 
The expressions given by Eqs. (7.68) and (7.69) char­
acterize the electric and magnetic fields of a z-directed, 
x-polarized plane wave propagating in a lossy medium 
with a propagation constant y =a+ jf3. By extending 
these expressions to the more general case of a wave with 
components along both x and y, we have 

E(z) = xEx(z) + yEy(Z) 

= (xExo + yEyo)e-aze-jf3z, (7.106a) 

~ l ( A AE ) -c,z -jf3z (7 106b) H(z) = - -xEyo + y xo e e , . 
17c 

where 17c is the intrinsic impedance of the lossy medium. 
Application of Eq. (7.101) gives 

1 [~ ~*] Sav(Z) = 2 9'le EX H 

= z(IExol
2 

+ [E),01
2

) e-2ctz 9'le (__!_). (7.107) 
2 17~ 

By expressing 17c in polar form as 
·0 

17c = 117c I e1 ry, 

Eq. (7.107) can be rewritten as 

S ( ) A IEol
2 

-2ctz e av Z = z -- e COS 'I 
2111c I 

(7.108) 

(7.109) 

wh~e IEol = [1Exol 2 + IEyol 2
]

112 is _Qie magn~ude 
of E(z) at z = 0. Whereas the fields E(z) and H(z) 
decay with ~ as e-,v:::, the power density Sav decreases 
as e-2ctz. When a wave propagates through a distance 
z = 8s = 1 /a, the magnitudes of its electric and magnetic 
fields decrease to e- 1 ;::,j 37% of their initial values, and 
its average power density decreases to e-2 ;::,j 14% of its 
initial value. 
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7-6.3 Decibel Scale for Power Ratios 

The unit for power Pis watts (W). In many engineering 
problems, the quantity of interest is the ratio of two 
power levels, P1 and P2, such as the incident and 
reflected powers on a transmission line, and often the 
ratio P1 / P2 may vary over several orders of magnitude. 
The decibel (dB) scale is logarithmic, thereby providing a 
convenient representation of the power ratio, particularly 
when numerical values of Pi/ P2 are plotted against some 
variable of interest. If 

(7.110) 

then 

c, (Pi) G[dB]=lOlogG=lOlog p
2 

(dB). (7 .111) 

Table 7-2 provides a comparison between some values of 
G and the corresponding values of G [dB]. Even though 
decibels are defined for power ratios, they can sometimes 
be used to represent other quantities. For example, if 
P1 = Vi2 / R is the power dissipated in a resistor R with 
voltage Vi across it at time t1, and P2 = V} / R is the 
power dissipated in the same resistor at time t2 , then 

G [dB]= l0log (:~) 

(7.112) 

where g = V1/ Vz is the voltage ratio. Note that for 
voltage ( or current) ratios the scale factor is 20 rather 
than JO, which results in G [dB] = g [dB]. 

CHAPTER 7 PLANE-WAVE PROPAGATION 

Table 7-2: Power ratios in natural numbers and in decibels. 

G G [dB] 
IQX lOx dB 
4 6 dB 
2 3 dB 
1 0 dB 
0.5 -3 dB 
0.25 -6dB 
0.1 -IO dB 

10-3 -30dB 

The attenuation rate , representing the rate of decrease 
of the magnitude of Sav(z) as a function of propagation 
distance, is defined as 

A= 10 log [ Sav(z)] 
Sav(0) 

= 10 log(e- lctz) 

= -20az loge 

= -8.68az = -a [dB/m] z (dB), (7.113) 

where 

a [dB/m] fr:. 8.68a [Np/m]. (7.114) 

We also note that, since Sav (z) is directly proportional to 
IE(z)l2, 

A= 10 lo [ IE(z)l2] = 20 lo [ IE(z)I] 
g IE(0)l2 g IE(0)I 

(dB). 

(7.115) 

Example 7-6 Power Received by a Submarine Antenna 

A submarine at a depth of 200 m uses a wire antenna 
to receive signal transmissions at 1 kHz. Determine the 
power density incident upon the submarine antenna due 
to the EM wave of Example 7-4. 
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Solution: From Example 7-4, IEol = IExol = 4.44 
(mV/m), a = 0.126 (Np/m), and 'Y/c = 0.044~ (Q). 

Application of Eq. (7 .109) gives 

S ( ) A 1Eo1
2 

-2az 0 
av Z = Z -- e cos T/ 

2lrJcl 

A (4.44 X 10-3)2 -0252z 450 = z ------ e • cos 
2 X 0.044 

= z 0.16e-0.252z 

At z = 200 m, the incident power density is 

Sav = z(0.16 X 10-3e-0.252x200) 

= 2.1 x 10-26 (W/m2
). ■ 

EXERCISE 7 .10 Convert the following values of the power 
ratio G from natural numbers to decibels: (a) 2.3, (b) 
4 X 103

, (c) 3 X 10-2
. 

Ans. (a) 3.6 dB, (b) 36 dB, (c) -15.2 dB. 

EXERCISE 7 .11 Find the voltage ratio g in natural units 
corresponding to the following decibel values of the 
power ratio G: (a) 23 dB, (b) -14 dB, (c) -3.6 dB. 

Ans. (a) 14.13, (b) 0.2, (c) 0.66. 

CHAPTER HIGHLIGHTS 

• A spherical wave radiated by a source becomes ap­
proximately a uniform plane wave at large distances 
from the source. 

• The electric and magnetic fields of a transverse 
electromagnetic (TEM) wave are orthogonal to each 
other, and both are perpendicular to the direction of 
wave travel. 

• The magnitudes of the electric and magnetic fields of 
a TEM wave are related by the intrinsic impedance 
of the medium. 
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• Wave polarization describes the shape and locus of 
the tip of the E vector at a given point in space as 
a function of time. The polarization state, which 
may be linear, circular, or elliptical, is governed by 
the ratio of the magnitudes of and the difference in 
phase between the two orthogonal components of the 
electric field vector. 

• Media are classified as lossless, low-loss, 
quasi-conducting, or good conducting on the 
basis of the ratio s" / s' = er/ ws. 

• Unlike the d-c case, wherein the current flowing 
through a wire is distributed uniformly across its 
cross section, in the a-c case most of the current is 
concentrated along the outer perimeter of the wire. 

• Power density carried by a plane EM wave traveling 
in an unbounded medium is akin to the power carried 
by the voltage/current wave on a transmission line. 

GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the follow­
ing terms: 

guided medium 
unbounded media 
spherical wave 
uniform plane wave 
complex permittivity cc 
wavenumber k 
TEMwave 
intrinsic impedance 'Y/ 
wave polarization 
elliptical polarization 
circular polarization 
linear polarization 
LHC and RHC polarizations 
attenuation constant a 
phase constant f3 
skin depth 8s 
low-loss dielectric 
quasi-conductor 
good conductor 

INTEL-1014 
U.S. Patent 7,151,430 



288 

internal or surface impedance 
surface resistance Rs 
d-c and a-c resistances 
Poynting vector S 
average power density Sav 

PROBLEMS 

Section 7-2: Propagation in Lossless Media 

7.1 ' The magnetic field of a wave propagating through 
a certain nonmagnetic material is given by 

H = z50cos(109t - Sy) (mNm) 

Find the following: 
(a) The direction of wave propagation. 
(b) The phase velocity. 
(c) The wavelength in the material. 
(d) The relative permittivity of the material. 
( e) The electric field phasor. 

7.2 Write general expressions for the electric and mag­
netic fields of a 1-GHz sinusoidal plane wave traveling 
in the +y-direction in a lossless nonmagnetic medium 
with relative permittivity Sr = 9. The electric field is 
polarized along the x-direction, its peak value is 3 V /m, 
and its intensity is 2 V /m at t = 0 and y = 2 cm. 

7.3* The e~ctric field phasor of a uniform plane wave 
is given by E = y 10e10-2z (V/m). If the phase velocity 
of the wave is 1.5 x 108 mis and the relative permeability 
of the medium is µr = 2.4, find the following: 
(a) The wavelength. 
(b) The frequency f of the wave. 
(c) The relative permittivity of the medium. 
(d) The magnetic field H(z, t). 

* Answer(s) available in Appendix D. 

~ , Solution available in CD-ROM. 

CHAPTER 7 PLANE-WAVE PROPAGATION 

7.4 The electric field of a plane wave propagating in a 
nonmagnetic material is given by 

E = [y 3 sin(2rr x 107 t - 0.4rr x) 

+ z4cos(2rr X 107 t - 0.4rrx)] 

Determine: 
(a) The wavelength. 
(b) Sr, 

(c) H. 

(V/m) 

7 .5* A wave radiated by a source in air is incident upon 
a soil surface, whereupon a part of the wave is transmitted 
into the soil medium. If the wavelength of the wave is 
30 cm in air and 15 cm in the soil medium, what is the 
soil's relative permittivity? Assume the soil to be a very 
low-loss medium. 

7.6 The electric field of a plane wave propagating in a 
lossless, nonmagnetic, dielectric material with Sr = 2.56 
is given by 

E = y 20 cos(8rr x 109t - kz) 

Determine: 
(a) f,up,Jc,k,andri. 
(b) The magnetic field H. 

Section 7-3: Wave Polarization 

(Vim) 

7.7* AnRHC-polarized wave with a modulus of2 (V/m) 
is traveling in free space in the negative z-direction. Write 
the expression for the wave's electric field vector, given 
that the wavelength is 6 cm. 

7 .8 For a wave characterized by the electric field 

E(z, t) = xax cos(wt - kz) + yay cos(wt - kz + 8) 

identify the polarization state, determine the polarization 
augles (y, x), and sketch the locus of E(O, t) for each of 
the following cases: 
(a) ax= 3 V/m, ay = 4 V/m, and8 = 0 
(b) ax = 3 V/m, ay = 4 V/m, and 8 = 180° 
(c) ax = 3 V/m, ay = 3 V/m, and 8 = 45° 
(d) ax = 3 V/m, ay = 4 Vim, and 8 = -135° 
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7.9* The electric field of a uniform plane wave propa­
gating in free space is given by 

E =ex+ jy)20e-jnzi5 (Vim) 

Specify the modulus and direction of the electric field 
intensity at the z = 0 plane at t = 0, 5, and 10 ns. 

7.10 A linearly polarized plane wave of the form 
E = xaxe- jkz can be expressed as the sum of an RHC 
polarized wave with magnitude aR, and an LHC polarized 
wave with magnitude aL. Prove this statement by finding 
expressions for aR and aL in terms of ax. 

7 .11 * The electric field of an elliptically polarized plane 
wave is given by 

E(z, t) = [-x 10 sin(cvt - kz - 60°) 

+ y20cos(cvt - kz)] (Vim) 

Determine the following: 
(a) The polarization angles (y, x). 
(b) The direction of rotation. 

7.12 Compare the polarization states of each of the 
following pairs of plane waves: 
(a) Wave 1: E1 = x2 cos(cvt - kz) + y2 sin(cvt - kz). 

Wave 2: E2 = x2 cos(cvt + kz) + y2 sin(cvt + kz). 
(b) Wave 1: E 1 = x2 cos(cvt - kz) - y2 sin(cvt - kz). 

Wave 2: E2 = x2 cos(cvt + kz) - y2 sin(cvt + kz). 

7.13 Plot the locus of E(0, t) for a plane wave with 

E(z, t) = x sin(cvt + kz) + y 2 cos(cvt + kz) 

Determine the polarization state from your plot. 
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Sections 7-4: Propagation in a Lossy Medium 

7.14 For each of the following combinations of param­
eters, determine if the material is a low-loss dielectric, a 
quasi-conductor, or a good conductor, and then calculate 
a, (3, A, Up, and T/c: 
(a) Glass with /Lr = 1, Sr = 5, and a = 10-12 Sim at 

10 GHz. 
(b) Animal tissue with /Lr = 1, er = 12, and a = 0.3 

Sim at 100 MHz. 
(c) Wood with /Lr = 1, Sr = 3, and a = 10-4 Sim at 

1 kHz. 

7.15 Dry soil is characterized by Sr = 2.5, /Lr = 1, and 
a = 10-4 (Sim). At each of the following frequencies, 
determine if dry soil may be considered a good conductor, 
a quasi-conductor, or a low-loss dielectric, and then 
calculate a, (3, Jc, /1,p, and T/c: 
(a) 60 Hz 
(b) 1 kHz 
(c) 1 MHz 
(d) 1 GHz 

7.16 In a medium characterized by er= 9, /Lr= 1, and 
a = 0.1 Sim, determine the phase angle by which the 
magnetic field leads the electric field at 100 MHz. 

7 .17 Generate a plot for the skin depth c\ versus 
frequency for seawater for the range from 1 kHz to 
10 GHz (use log-log scales). The constitutive parameters 
of seawater are /Lr= 1, Sr= 80, and a = 4 Sim. 

7.18 Ignoring reflection at the air-soil boundary, if the 
amplitude of a 2-GHz incident wave is 10 Vim at the 
surface of a wet soil medium, at what depth will it be 
down to 1 mVlm? Wet soil is characterized by /l,r = 1, 
er= 16, and a= 5 x 10-4 Sim. 

7.19* The skin depth of a certain nonmagnetic conduct­
ing material is 2 µm at 5 GHz. Determine the phase 
velocity in the material. 

7.20 Based on wave attenuation and reflection meas­
urements conducted at 1 MHz, it was determined that the 
intrinsic impedance of a certain medium is 28. l~ (r.l) 
and the skin depth is 5 m. Determine the following: 
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(a) The conductivity of the material. 
(b) The wavelength in the medium. 
(c) The phase velocity. 

7 .21 * The electric field of a plane wave propagating in 
a nonmagnetic medium is given by 

E = z25e-3ox cos(2rr X l09t - 40x) (V/m) 

Obtain the corresponding expression for H. 

Section 7-5: Current Flow in Conductors 

7.22 In a nonmagnetic, lossy, dielectric medium, a 300-
MHz plane wave is characterized by the magnetic field 

phasor 

H- (A '4A) -2y - j9y 
=X-JZe e (Alm) 

Obtain time-domain expressions for the electric and 

magnetic field vectors. 

7.23* A rectangular copper block is 30 cm in height 
(along z). In response to a wave incident upon the 
block from above, a current is induced in the block in 
the positive x-direction. Determine the ratio of the a-c 
resistance of the block to its d-c resistance at 1 kHz. The 
relevant properties of copper are given in Appendix B. 

7.24 The inner and outer conductors of a coaxial cable 
have radii of 0.5 cm and 1 cm, respectively. The 

conductors are made of copper with er= 1, 1-lr = 1, and 
a = 5.8 x 107 Sim, and the outer conductor is 0.1 cm 
thick. At 10 MHz: 
(a) Are the conductors thick enough to be considered 

infinitely thick as far as the flow of current through 

them is concerned? 
(b) Determine the surface resistance Rs. 
(c) Determine the a-c resistance per unit length of the 

cable. 

{~) 

CHAPTER 7 PLANE-WAVE PROPAGATION 

Section 7-6: EM Power Density 

7 .25* The magnetic field of a plane wave traveling in 
air is given by H = x:25 sin(2n x 107t - ky) (mA!m). 
Determine the average power density carried by the wave. 

7.26 A wave traveling in a nonmagnetic medium with 
er = 9 is characterized by an electric field given by 

E = [y3 cos(rr x 107t + kx) 

- z2cos(rr X 107t + kx)] (V/m) 

Determine the direction of wave travel and average power 
density carried by the wave. 

7.27* The electric-field phasor of a uniform plane wave 
traveling downward in water is given by 

(V/m) 

where z is the downward direction and z = 0 is the water 
surface. If a = 4 S/m, 
(a) Obtain an expression for the average power density. 
(b) Determine the attenuation rate. 
(c) Determine the depth at which the power density has 

been reduced by 40 dB. 

7.28 The amplitudes of an elliptically polarized plane 
wave traveling in a lossless, nonmagnetic medium with 

er = 4 are Hyo = 6 (mA/m) and Hzo = 8 (mA/m). 
Determine the average power flowing through an aperture 
in the y-z plane if its area is 20 m2 . 

7.29* A wave traveling in a lossless, nonmagnetic 
medium has an electric field amplitude of 24.56 V /m 
and an average power density of 4 W/m2 . Determine the 
phase velocity of the wave. 

7.:iO At microwave frequencies, the power densiLy 
considered safe for human exposure is 1 (mW/cm2). A 
radar radiates a wave with an electric field amplitude E 
that decays with distance as E(R) = (3, 000/ R) (V/m), 
where R is the distance in meters. What is the radius of 
the unsafe region? 
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PROBLEMS 

l~ 7.31 Consider the imaginary rectangular box shown in 
Fig. 7-19. 
(a) Determine the net power flux P(t) entering the box 

due to a plane wave in air given by 

E = x.Eo cos(wt - ky) (Vim) 

(b) Determine the net time-average power entering the 
box. 

z 

l _____ f2 ____ :. 
, , 

a , I ,' I 
, I , I 

, , I 
(• • • J • • • • • • • I 

I I 
I I I I 

• J • 
c• • • • .. - - .J. - - ••---,"~ Y 

I " I , 
" I , 

I " I , I " , 
✓---------- .. 

X 

Figure 7-19: Imaginary rectangular box of Problems 7 .31 
and 7.32. 
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7 .32 Repeat Problem 7 .31 for a wave traveling in a lossy 
medium in which 

E = x 100e-30
Y cos(2rr x 109t - 40y) (V/m) 

H = -z0.64e-30
Y cos(2rr X 109t - 40y - 36.85°) 

(Alm) 

The box has dimensions A 
c = 0.5 cm. 

7.33 Given a wave with 

1 cm, b = 2 cm, and 

E = x.Eo cos(wt - kz) 

calculate: 
(a) The time-average electric energy density 

(we)av = _!_ {T We dt = -1
- {T sE2 dt 

T lo 2T lo 
(b) The time-average magnetic energy density 

(wm)av = _!_ {T Wm dt = -
1
- {T µH2 dt 

T lo 2T lo 

(c) Show that (we)av = (wm)av• 
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EM WAVES AT BOUNDARIES 

T he sketch in Fig. 8-1 depicts the propagation path 
that a signal travels between a shipboard transmitter 
and a receiver on a submerged submarine. Let us use 
this communication system to examine the wave-related 
processes that take place along the signal path. Starting 
with the transmitter ( denoted Tx for short in Fig. 8-1 ), the 
signal travels along a transmission line to the antenna. 
The relationship between the transmitter (generator) 
output power, Pt, and the power supplied to the antenna 
is governed by the transmission-line equations given in 
Chapter 2. If the transmission line is approximately 
lossless and if it is properly matched to the transmitter 
antenna, then all of Pt is delivered to the antenna. The 
next wave-related process is that of radiation; that is, 
converting the guided wave provided to the antenna 
by the transmission line into a spherical wave radiated 
outward into space. The radiation process is the subject 
of Chapter 9. From point 1, denoting the location of 
the shipboard antenna, to point 2, denoting the point 
of incidence of the wave onto the water's surface, the 
signal is governed by the equations characterizing wave 
propagation in a lossless medium, which we covered 
in Chapter 7. As the wave impinges upon the air­
water boundary, a part of it gets reflected by the surface 
and another part gets transmitted across the boundary 
into the water medium. The transmitted part undergoes 
refraction, wherein the direction of wave travel moves 
closer toward the vertical. The reflection and transmis­
sion processes are treated in this chapter. Wave travel 
from point 3, representing a point just below the water 
surface, to point 4, denoting the location of the submarine 
antenna, is subject to the laws of wave propagation in 
a lossy medium, which also were treated in Chapter 7. 
The final step involves intercepting the wave incident 

293 

Air 

Water 

Receiver 
antenna 

4/ 

Pree 

'Rx 

Figure 8-1: Signal path between a shipboard transmitter 
(Tx) and a submarine receiver (Rx). 

upon the receiver antenna and converting its power into a 
received power, Pree, for delivery via a transmission line 
to the receiver. The receiving properties of antennas are 
covered in Chapter 9. In summary, then, each wave­
related aspect of the transmission process depicted in 
Fig. 8-1, starting with the transmitter and ending up with 
the receiver, is treated in some section or chapter in this 
book. 

This chapter begins with examinations of the reflection 
and transmission properties of plane waves incident 
upon planar boundaries and concludes with sections 
on geometric optics, in which we discuss the imaging 
properties of mirrors and lenses. The in-between topics 
include discussions of power relations, and fiber optics. 

INTEL-1014 
U.S. Patent 7,151,430 



294 CHAPTER 8 WAVE REFLECTION AND TRANSMISSION, AND GEOMETRIC OPTICS 

8-1 Wave Reflection and Transmission 
at Normal Incidence 

We know from Chapter 2 that when a guided wave trav­

eling along a transmission line encounters an impedance 

discontinuity, such as that shown in Fig. 8-2(a) at the 

boundary between two lines with different characteristic 

impedances, the incident wave is partly reflected back 

toward the source and partly transmitted across the 

boundary into the second line. A similar process applies 

to a uniform plane wave propagating in an unbounded 

medium when it encounters a boundary. In fact, the 

situation depicted in Fig. 8-2(b) is exactly analogous to 

the transmission-line configuration of Fig. 8-2(a). The 

Transmission line 1 

Transmission line 2 
Incident wave 

Reflected wave 

Transmitted 
wave 

z=O 

Zo2 

(a) Boundary between transmission lines 

Incident plane wave 

-

Transmitted plane wave 

Reflected plane wave 

Medium 1 

171 

z=O 

Medium 2 

172 

(b) Boundary between different media 

Figure 8-2: Discontinuity between two different trans­

mission lines is analogous to that between two dissimilar 

media. 

boundary conditions governing the relationships between 

the electric and magnetic fields of the incident, reflected, 

and transmitted waves in Fig. 8-2(b) are similar to those 

we developed in Chapter 2 for the voltages and currents 

of the corresponding waves on the transmission line. 

For convenience, we divide our treatment of wave 

reflection by and transmission through planar boundaries 

into two parts: in this section we confine our discussion 

to the normal-incidence case depicted in Fig. 8-3(a), and 

in Sections 8-2 to 8-4 we will examine the more gen­

eral oblique-incidence situation depicted in Fig. 8-3(b ). 

We will show the basis for the analogy between the 

transmission-line and plane-wave configurations so that 

we may use transmission-line equivalent models for 

solving plane-wave problems. 
Before we proceed with our treatment, however, 

we should explain the relationship between rays and 

wavefronts, as both will be used to represent the propa­

gation of electromagnetic waves. A ray is a line drawn 

to represent the direction of flow of electromagnetic 

energy carried by the wave, and therefore it is parallel 

to the propagation unit vector k and orthogonal to the 

wavefront. The ray representation of wave incidence, 

reflection, and transmission shown in Fig. 8-3(b) is 

equivalent to the wavefront representation depicted in 

Fig. 8-3(c). The two representations are complimentary; 

the ray representation is easier to use in graphical illus­

trations, whereas the wavefront representation provides 

greater physical insight when examining what happens 

to a wave when it encounters a discontinuous boundary. 

Both representations will be used in our forthcoming 

discussions. 

8-1.1 Boundary between Lossless Media 

The planar boundary located at z = 0 in Fig. 8-4(a) 

separates two lossless, homogeneous, dielectric media. 

Medium 1, defined for z ::': 0, is characterized by (c1, 1-,1,1), 

and medium 2, defined for z ::::: 0, is characterized 

by (t:2, !-,1,2). In medium 1, an incident x-polarized 

plane wave with fields (Ei, Hi) is traveling in direction 
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8-1 WAVE REFLECTION AND TRANSMISSION AT NORMAL INCIDENCE 295 

Incident wave 

Reflected wave 

Medium I 

r/1 

Transmitted wave 

Medium2 

T/2 

wave 

Medium l 

r/1 

Transmitted 
wave 

---- --

Medium 2 
T/2 

Medium 1 

7/ I 

Medium2 
T/2 

(a) Normal incidence (b) Ray representation of 
oblique incidence 

(c) Wavefront representation of 
oblique incidence 

Figure 8-3: Ray representation of wave reflection and transmission at (a) normal incidence and (b) oblique incidence, and 
(c) wavefront representation of oblique incidence. 

ki = z toward medium 2. Reflection and transmission 
at the discontinuous boundary result in a reflected wave 
(Er, Hr) with kr = -z in medium 1 and a transmitted 
wave (Et , W) with kt = z in medium 2. On the basis of 
the formulations developed in Sections 7-2 and 7-3 for 
characterizing the fields of a TEM wave, the three waves 
can be described in phasor form by: 

Incident Wave 

Reflected Wave 

(8.la) 

(8.lb) 

(8.2a) 

(8.2b) 

Transmitted Wa ve 

(8.3a) 

(8.3b) 

The quantities Eb, Ea, and Eb are, respectively, the 
amplitudes of the incident, reflected, and transmitted 
electric fields, all specified at t = 0 and z = 0 (the 
boundary between the two media). The wavenumber 
and intrinsic impedance of medium 1 are k 1 = w~ 
and T/1 = ✓µ, 1 /E:1 and, similarly, k2 = w~ and 
T/2 = ✓ µ,2/ E:2 for medium 2. 

The amplitude Eb is related to the source responsible 
for generating the incident wave, and therefore it is as-
umed to be a known quantity. Our goal is to relate Ea and 

E6 e~ch to Ej . We do o by applying boundary conditions 
for E and H at z = 0. According to Table 6-2, the 
tangential component of E is always continuous across 
a boundary between two contiguous media, and in the 
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296 CHAPTER 8 WAVE REFLECTION AND TRANSMISSION, AND GEOMETRIC OPTICS 

X 

•--► z 
y 

Medium 1 (c1, /J-,1) 

z=O 
(a) Boundary between dielectric media 

-
z=O 

(b) Transmission-line analogue 

Figure 8-4: The two dielectric media separated by the 

x-y plane in (a) can be represented by the transmission­

line analogue in (b). 

absence of current sources at the boundary, the tangential 

component of H also is continuous across the boundary. 

In the present case, both E and Hof the normally incident 

wave are tangential to the boundary. Consequently, since 

no free charges or currents exist at the boundary, the fields 

of the reflected and transmitted waves will have tangential 

components only. In Fig. 8-4(a) and correspondingly in 

Eqs. (8.2a) and (8.3a), we arbitrarily cho e the directions 

of Er and Et to coincide with the direction ofEi along the 

positive x-direction. Their true directions, relative to the 

assumed directions, will be determined by the polarities 

of the amplitudes E0 and Eh. As we will see shortly, both 

the magnitudes and polarities of these two amplitudes are 

governed by the values of the intrinsic impedances of the 

two media, 'f/r and 'f/2- ~ 
The total electric field E 1 (z) in medium 1 is the sum of 

the electric fields of the incident and reflected wave~, and 

a similar statement applies to the magnetic field H 1 (z). 

Hence, 

Medium 1 

E1 (z) = Ei(z) + Er(z) 

= x(Ebe-jk1z + Ebejk1z), 

H1 (z) = Hi(z) + iir(z) 

= y _!_ (Ebe-jk1z - Eoejk1z). 
'f/ I 

(8.4a) 

(8.4b) 

With only the transmitted wave present in medium 2, the 

fields are 

Medium 2 

E2(z) = Et(z) = xEhe-jk2z, 

~ ~ Eh 'k 
H2(z) = Ht(z) = y-e- 1 2z. 

'f/2 

(8.5a) 

(8.5b) 

At the boundary (z = 0), the tangential components of 

the electric and magnetic fields are continuous. Hence, 

or Eb+ Ea= Eh, 

Ei Er Et 
or ---9. - ---9. = ---9. 

'f/1 'f/1 'f/2 

(8.6a) 

(8.6b) 

Simultaneous solutions for E0 and Eh in terms of Eb give 

Er_ ('f/2 - 'f/1) Ei _ f'Ei 
0 - 'f/

2 
+ 'f/ I O - 0, 

(8.7a) 

E t ( 
2

rJ2 ) Ei Ei 
0 = 0 = T O• 

'f/2 + 'f/I 

(8.7b) 
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8-1 WAVE REFLECTION AND TRANSMISSION AT NORMAL INCIDENCE 297 

where 

r = E~ = 172 - 111 

Eb 172 + 111 
(normal incidence), (8.8a) 

E6 2172 r------- Eb - 172 + 171 
(normal incidence). (8.8b) 

The quantities r and r are called the reflection coef­
ficient and transmission coefficient, respectively. For 
lossless dielectric media, 77 1 and 772 are real quantities; 
consequently, both r and r are real also. As we will 
see in Section 8-1.4, the expressions given by Eqs. (8.8a) 
and (8.8b) are equally applicable when the media are 
conductive, but in that case 17 1 and 772 may be complex, 
and hence rand r may be complex as well. From Eqs. 
(8.8a) and (8.8b), it can be easily shown that r and r are 
interrelated by the simple formula 

I r=l+r (normal incidence). (8.9) 

For nonmagnetic media, 

770 
772= ~' 

v 8 r2 

where 770 is the intrinsic impedance of free space, in which 
case Eq. (8.8a) may be rewritten as 

Fr:--/¾ r = ~----'-- (nonmagnetic media). (8.10) 
Fr:+-/¾ 

8-1.2 Transmission-Line Analogue 

The transmission-line configuration shown in Fig. 8-4(b) 
consists of a lossless transmission line with characteristic 
impedance Z01 , connected at z = 0 to an infinitely 
long lossless transmission line with characteristic impe­
dance Zo2- The input impedance of an infinitely long 
line is equal to its characteristic impedance. Hence, at 
z = 0, the voltage reflection coefficient (looking toward 
the boundary from the vantage point of the first line) is 

r = Zo2 - Zo1 
Zo2 + Zo1 ' 

which is identical in form to Eq. (8.8a). To show 
the basis for the analogy between the plane-wave and 
transmission-line situations, the expressions for the two 
cases are given in Table 8-1. Comparison of the two 
columns shows that there is a one-to-one correspondence 
between the transmission-line parameters (V, T, {3, Zo) 
and the plane-wave parameters (E, H, k, 71). This corre­
spondence allows us to use the techniques we developed 
in Chapter 2, including the Smith-chart method for 
calculating impedance transformations, to solve plane­
wave propagation problems. 

Simultaneous presence of incident and reflected waves 
in a medium, such as medium 1 in Fig. 8-4(a), gives 
rise to a standing-wave pattern. By analogy with 
the transmission-line case, the standing-wave ratio in 
medium I is given by 

S = IE1lmax 

IE1lmin 

I+ !fl 
1- lfl 

(8.15) 

If the two media have equal impedances (77 1 = 772), then 
r = 0 and S = 1, and if medium 2 is a perfect conductor 
with 772 = 0 (which is equivalent to a short-circuited 
transmission line), then r = -1 and S = oo. The 
distances from the boundary to where the magnitude of 
the electric field intensity in medium 1 is at a maximum, 
denoted lmax, are described by the same expression as 
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298 CHAPTER 8 WAVE REFLECTION AND TRANSMISSION, AND GEOMETRIC OPTICS 

Table 8-1: Analogy between plane-wave equations for normal incidence and transmission-line equations, both under lossless 

conditions. 

Plane Wave [Fig. 8-4(a)] 

E1(z) = x.Eb(e-Jk1z + reJk1z) (8.1 la) 

~ Eb .k k 
H1 (z) = y-(e-1 iz - fel 12 ) (8.12a) 

T/ 1 

E2(z) = XT Ebe-Jkzz (8.13a) 

~ Eb 'k 
H2(z) = yr - e-1 22 (8.14a) 

T/2 

r = (T/2 - T/1) /(172 + T/1) 

r:=l+r 

kr = w..,fiirei, kz = w ,Jiizii 

T/1 = ✓11,1/t:1, T/2 = ✓11,2/t:2 

that given by Eq. (2.56) for the voltage maxima on a 

transmission line: 

0r + 2nn 0r11 nl1 
-z=lmax = --- = -- +-

2k1 4n 2 

{ 
n = 1, 2, ... , if 0r < 0, 

n = 0, 1, 2, ... , if 0r ::::: 0, 
(8.16) 

where 1 1 = 2n / k 1 and 0r is the phase angle of r 
(i.e., r = If le1°,, and 0r is bounded in the range 

-n < 0r _:s n). The spacing between adjacent maxima 

is 1 1 /2, and the spacing between a maximum and the 

nearest minimum is 1 1/4. The electric-field minima 

occur at 

lmin = { 
lmax + Ar/4, if lmax < 11/4, 

lmax -11/4, if lmax ::':: 11/4. 
(8.17) 

Transmission Line [Fig. 8-4(b)] 

V1(z) = vo+(e-Jl31z + r ell31z) (8.1 lb) 

~ V.o+ ·13 ·13 
!1 (z) = -(e-1 iz - fel iz) (8.12b) 

Zo1 

Vz(z) = r:V/e-11322 (8.13b) 

~ vo+ ·13 (8.14b) [z(z) = r: - e-1 22 

Zo2 

r = (Zoz - Zo1)/(Zo2 + Zo1) 

T = 1 + f 

/J 1 = W ..,/iirei ' /32 =w~ 

Zo1 and Zoz depend on 
transmission-line parameters 

The expressions for lmax and lmin are valid provided 

that the medium containing the standing-wave pattern is 

either lossless or a low-loss dielectric, but no restrictions 

are imposed on the nature of the reflecting medium. 

8-1.3 Power Flow in Lossless Media 

Medium 1 of Fig. 8-4(a) contains an incident wave and a 

reflected wave, ~hich together produce the electric and 

magnetic fields E1 (z) and H1 (z) given by Eqs. (8. lla) 

and (8.12a) of Table 8-1. Using Eq. (7.101), the net 

average power density flowing in medium 1 is 

l ~ ~* 
Sav 1 (z) = 29'{e[E1 (z) x H1 (z)] 

= ½9'{e[ x.Eb(e-Jk1 z + r elk1z) 

(8.18) 
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8-1 WAVE REFLECTION AND TRANSMISSION AT NORMAL INCIDENCE 299 

which is analogous to Eq. (2.86) for the lossless trans­
mission-line case. The first term in Eq. (8.18) represents 
the average power density of the incident wave, and the 
second term (proportional to Ir 12) represents the average 
power density of the reflected wave. Thus, 

(8.19a) 

with 

i 2 

S
i _ ~ IEol 
av - Z ' 

27}1 
(8.19b) 

1
Eil2 

sr = -z1r12_0_ = -1r12si 
av 27/l av· 

(8.19c) 

Even though r is purely real when both media are lossless 
dielectrics, we chose to treat it as complex, thereby 
providing in Eq. (8.19c) ah expression that is also valid 
when medium 2 is conducting. 

The average power density of the transmitted wave in 
medium 2 is 

[ 

• "k Eb* "k ] = ½!Jte xr Ebe-1 2z X yr*-;; e1 zz 

1
Eil2 

=zlrl 2
-

0
-. 

27/2 
(8.20) 

This expression is applicable when both media are 
lossless, as well as when medium I is conducting and 
only medium 2 is lossless. 

Through the use of Eqs. (8.8a) and (8.8b), it can be 
easily shown that for lossless media (for which r and r 
are real) 

r 2 1 - r 2 

-=-- - (lossless media), (8.21) 
T/2 T/ 1 

This result is as expected from considerations of power 
conservation. 

Example 8-1 Radar Radome Design 

A 10-GHz aircraft radar uses a narrow-beam scanning 
antenna mounted on a gimbal behind a dielectric radome, 
as shown in Fig. 8-5. Even though the radome shape is far 
from planar, it is approximately planar over the narrow 
extent of the radar beam. If the radome material is a 
lossless dielectric with /.,lr = 1 and Sr = 9, choose its 
thickness d such that the radome appears transparent to 
the radar beam. Mechanical integrity requires d to be 
greater than 2.3 cm. 

Solution: The propagation problem is shown in 
Fig. 8-6(a) at an expanded scale. The incident wave 
is approximated as a plane wave propagating in me­
dium 1 (air) with intrinsic impedance T/o, the radome 
(medium 2) is of thickness d and intrinsic impedance T/r, 

and medium 3 is semi-infinite with intrinsic impe­
dance T/o- Figure 8-6(b) is an equivalent transmission­
line model with z = 0 selected to coincide with the 
outside surface of the radome, and the load impedance 
ZL = T/o represents the input impedance of the semi­
infinite medium. 

Antenna beam 

Dielectric 
radome 

which leads to Figure 8-5: Antenna beam "looking" through an aircraft 
radome of thickness d (Example 8-1). 
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Incident wave 

Medium 1 (air) 

l'/o 

Line 1 

Zo1 = l'/o 

Radome Transmitted wave 

Medium 2 Medium 3 (air) 

77r 7Jo 
I I 

I I 
I I 

z =-d z= 0 
(a) 

~ 
I I 

: Line 2 : 

z = -d z = 0 

(b) 

Figure 8-6: (a) Planar section of the radome ofFig. 8-5 at 

aa expanded scale and (b) its transmission-line equivalent 

model (Example 8-1). 

Requiring the radome to "appear" transparent to the 

incident wave simply means that the reflection coefficient 

must be zero at z = -d, thereby achieving total 

transmission of the incident power into medium 3. Since 

ZL = T/o in Fig. 8-6(b ), no reflection will take place 

at z = -d if Zin = T/o, which can be realized by 

choosing d = nA2/2 [see Section 2-7.4], where ).2 is 

the wavelength in medium 2 and n is a positive integer. 

At 10 GHz, the wavelength in air is Ao = c / f = 3 cm, 

and in the radome material 

Ao 3 cm 
Az = - = -- = 1 cm. 

Fr 3 

Hence, if we choose d = 5')..2/2 = 2.5 cm, we will 

satisfy both the no-reflection and the mechanical integrity 

requirements. ■ 

Example 8-2 Yellow Light Incident 
upon a Glass Surface 

A beam of yellow light with wavelength of 0.6 µm 

is normally incident in air upon a glass surface. If the 

surface is situated in the plane z = 0 and the relative 

permittivity of glass is 2.25, determine: 

(a) the locations of the electric field maxima in medium 1 

(air), 
(b) the standing-wave ratio, and 

( c) the fraction of the incident power transmitted into the 

glass medium. 

Solution: (a) We begin by determining the value of 1'/i, 

T/2, and r: 

T/1 = 1¥: = /¥o '.::::'. 120rr (Q), 

r;;;; {iio 1 120rr 
T/2 = y-;:; = y-;; · Fr '.::::'. ,Jz.E = 80rr (Q), 

T/2 - T/ I 80rr - l 2Q;r 
r = -- = - - -- = -0.2. 

T/2 + T/1 80rr + 120n 

Hence, lfl = 0.2 and 0r = rr . From Eq. (8.16), the 

electric-field magnitude is a maximum at 

l 
_ 0rA1 A1 

max- --+n-
4Jr 2 

AJ A1 
=-+n-

4 2 

with ').. 1 = 0.6 µ,m. 

(b) 

(n = 0, 1,2, . . . ) 

1 + lfl 1 + 0.2 
S=--=--= 1.5. 

1 - lfl 1 - 0.2 

(c) The fraction of the incident power transmitted into 

the glass medium is equal to the ratio of the transmitted 
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power density, given by Eq. (8.20), to the incident power 
density, s~v = IEbl2 /2r/[: 

Sav2 = r2 IEb[
2

/ [ 1Eb1
2

] = r2!7.!.. . 
s~v 21']2 21']1 1'/2 

In view of Eq. (8.21), 

S~v2 = 1 - If 12 = 1 - (0.2)2 = 0.96, or 96%. ■ 
s~v 

8-1.4 Boundary between Lossy Media 

In Section 8-1.1 we considered a plane wave in a lossless 
medium incident normally on a planar boundary of 
another lossless medium. We will now generalize our 
expressions to lossy media. In a medium with constitu­
tive parameters ( 8, µ, CJ'), the propagation parameters of 
interest are the propagation constant y = a + j f3 and the 
complex intrinsic impedance 1'/c. The general expressions 
for a, {3, and 1'/c are given by Eqs. (7.66a), (7 .66b), 
and (7. 70), respectively, and approximate expressions are 
given in Table 7-1 for the special cases of low-loss media 
and good conducting media. If medium 1 is characterized 
by (81, JJ-,1 , O'i) and medium 2 by (82, JJ-,2, 0'2), as shown 
in Fig. 8-7, the expressions for the electric and magnetic 
fields in media 1 and 2 can be obtained from Eqs. (8.1 la) 
through (8.14a) of Table 8-1 by replacing j k with y and 
1'J with 1'/c everywhere. Thus, 

Medium J 

Medium 2 

E1 (z) = xEb(e-YtZ + r eYIZ), 

Ei 
H1 (z) = y-o (e-y1z - feY1z), 

1'/c1 

E2(z) = hEbe-m, 

~ A Eb YF H2(z)=yr-e- - , 
1'/c2 

(8.22a) 

(8.22b) 

(8.23a) 

(8.23b) 

E i X 

1rL ki 
Er 

t j H' 
- z 

T/c I T/c2 
Medium I (s1, /J,1, ai) Medium 2 (s2, µz, a2) 

z=O 
(a) Boundary between dielectric media 

I 

I 

I 

I 
I 

z=O 

-
(b) Transmission-line analogue 

Figure 8-7: Normal incidence at a planar boundary 
between two lossy media. 

r - 1'/ci - 17c1 
- Tlc2 + 1'/c1 ' 

(8.24a) 

r=l+f'= 
17c2 + 17c 1 

(8.24b) 

Because Tlc, and 17c2 are, in general, complex, r and r 
may be complex as well. 

Example 8-3 Normal Incidence on a Metal Surface 

A 1-GHz x-polarized TEM wave traveling in the +z­
direction is incident in air upon a metal surface coincident 
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with the x-y plane at z = 0. If the amplitude of 

the electric field of the incident wave is 12 (mV/m) 

and the metal surface is made of copper with /1,r = 1, 

Sr = 1, and a = 5.8 x 107 (Sim), obtain expressions 

for the instantaneous electric and magnetic fields in the 

air medium. Assume the metal surface to be several skin 

depths deep. 

Solution: In medium 1 (air), a= 0, 

ill 2JT X 109 20JT 
fJ - k1 - - - --- - -

- - C - 3 X 108 - 3 (rad/m), 

f/1 = TJo = 377 (Q), 
2JT 

A=- =0.3m. 
k1 

At f = l GHz, copper is an excellent conductor because 

s" a 5.8 x 107 

- - - - --- - = 1 X 109 » 1. 
8 1 W8r80 2rr X 109 X (lQ-9 / 36,r) 

Use of Eq. (7.77c) gives 

TJc2 = (1 + j)~ 

_ 
1 

. [JT x 109 x 4JTx10-
7

]
112 

- ( + ]) 5.8 X 107 

= 8.25(1 + j) (mQ). 

Since TJc2 is so small compared to rio = 377 (Q) for 

air, the copper surface acts, in effect, like a short circuit. 

Hence, 

f = f/c2 - TJo '.::::'. -1. 
f/c2 + TJo 

Upon setting r = -1 in Eqs. (8.1 la) and (8.12a) of Table 

8-1, we have 

E1(z) = x:Eb(e-Jk1z - eiki z) 

= -xj2Eb sin k1z, 

~ Eoi ·k ·k 
H1(z)=y-(e-J iz+e1 iz) 

rJ I 

~ Eb 
= y2 - cos k1z. 

TJ I 

(8.25a) 

(8.25b) 

With Eb = 12 (mV/m), the instantaneous fields corre­

sponding to these phasors are 

E1 (z , t) = 9te[E1 (z) e1w
1

] 

= x2Eh sink1z sin wt 

= x 24 sin(20JT z/ 3) sin(2rr x 109t) (mV/m), 

H1 (z, t) = 9te[H1 (z) e1w
1

] 

Ei 
= y 2___.Q cos k1z cos wt 

TJ 1 

= y64cos(20rrz / 3) cos(2rr x I09t) (µ,Alm). 

Plots of the magnitude ofE1 (z, t) and H1 (z, t) are shown 

in Fig. 8-8 as a function of negative z at various values 

of wt. The standing-wave patterns exhibit a repetition 

period of )..../2, and E and H are in phase quadrature 

(90° phase shift) in both space and time. This behavior 

is identical with that of the standing-wave patterns for 

voltage and current on a shorted transmission line. ■ 

REVIEW QUESTIONS 

Q8.1 What boundary conditions were used in the deli­

vations of the expressions for r and r? 

Q8.2 In the radar radome design of Example 8-1, all the 

incident energy in medium 1 ends up getting transmitted 

into medium 3, and vice versa. Does this imply that no 

reflections take place within medium 2? Explain. 

Q8.3 Explain on the basis of boundary conditions why 

it is necessary that r = -1 at the boundary between a 

dielectric and a perfect conductor. 

EXERCISE 8.1 To eliminate wave reflections, a dielectric 

slab of thickness d and relative permittivity 8r2 is to be 

inserted between two semi-infinite media with relative 

permittivities 8r1 = 1 and 8r
3 

= 16. Use the quarter-wave 
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I \ Wt=lt .. .. , ' ., \ 
I \ 

\ 
\ 
\ I 

E1(z, t) 

24 (mV/m) 

- 24 (mV/m) 

Hi(z, t) 

64 (µ,Alm) 

C 
0 
n 
d 

-z----1----- - ------ ---0 u 
-'A 

\ I 
.. I . 

, 
, , 

C 
t 
0 
r 

- M (µ,Alm) 

Figure 8-8: Standing-wave patterns for fields £1 (z, t) 
and H1 (z, t) of Example 8-3. 

transformer technique to select d and 8 r2 for normally 
incident waves at 3 GHz. 

Ans. 8r2 = 4 and d = (1.25 + 2.5n) (cm), with 
n = 0, 1, 2, .... 

EXERCISE 8.2 Express the normal-incidence reflection 
coefficient at the boundary between two nonmagnetic, 
conducting media in terms of their complex permittivi­
ties. 

Ans. For incidence in medium 1 (8 1, µ,0 , a 1) onto 

303 

medium 2 (c:2, µ,o, a2), 

r= Fc;-~ 
Fc;+~, 

with cc, = (c:1 - Ja1/w) and 8c2 = (c2 - jaz!w). 

EXERCISE 8.3 Obtain expressions for the average power 
densities in media 1 and 2 for the fields described by 
Eqs. (8.22a) through (8.23b), assuming medium 1 is 
slightly lossy with l'/c, approximately real. 

Ans. 

8-2 Snell's Laws 

In the preceding sections we examined the reflection and 
transmission properties of plane waves when incident 
normally upon a planar interface between two different 
media. We now consider the oblique-incidence case 
depicted in Fig. 8-9. The z = 0 plane is the boundary 
between two dielectric media characterized by (8 1·, µ,) 
for medium 1 and (82 , µ 2 ) for medium 2. The two lines 
with direction ki represent rays drawn normal to the 
wavefront of the incident wave and, similarly, those along 
kr and kt represent the reflected and transmitted waves, 
respectively. Defined with respect to the normal to the 
boundary (the z-axis ), the angles of incidence, reflection , 
and transmission (or refraction ) are, respectively, 0i, 0r, 
and 0t. These three angles are interrelated by Snell's laws , 
which we will derive by considering the propagation of 
the wavefronts of the three waves. The incident wave 
intersects the boundary at O and O'. The constant­
phase wavefront of the incident wave is Ai O, and the 
wavefronts of the reflected and transmitted waves are 
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Incident wave 
Medium l (e1, µ,,) 

X 

Figure 8-9: Wave reflection and refraction at a planar 

boundary between different media. 

ArO' and AtO', as shown in Fig. 8-9. The incident and 

reflected waves propagate in medium 1 with the same 

phase velocity up
1 
= 1/ ~. and the transmitted wave 

in medium 2 propagates with a velocity up
2 

= 1 / ~­

The time it takes the incident wave to travel from Ai to 0 1 

is the same as the time it takes the reflected wave to travel 

from O to Ar and also the time it takes the transmitted 

wave to travel from O to At. Since time is equal to 

distance divided by velocity, it follows that 

AiO' OAr OAt 
(8.26) 

From the geometries of the three right triangles in 

Fig. 8-9, we deduce that 

AiO' = 00'sin0i, 

OAr = 00' sin0r, 

OAt = 00' sin 01. 

(8.27a) 

(8.27b) 

(8.27c) 

Use of these expressions in Eq. (8.26) leads to 

0i = 0r (Snell's law of reflection), (8.28a) 

sin 0t Up2 {§_ 
sin0i =¾ =v~ 

(Snell's law of refraction). (8.28b) 

Snell's law of reflection states that the angle of reflection 

is equal to the angle of incidence, and Snell's law of 

refraction provides a relation between sin 0t and sin ei in 

terms of the ratio of the phase velocities. 

The index of refraction of a medium, n, is defined as 

the ratio of the phase velocity in free space (i.e., the speed 

of light c) to the phase velocity in the medium. Thus, 

(8.29) 

In view of Eq. (8.29), Eq. (8.28b) may be rewritten as 

(8.30) 

For nonmagnetic materials, /J.,r 1 = /J.,r2 = 1, in which 

case 

si_ n 0t __ _ n 1 __ /F;r1 __ T/2 

Stn 0i nz Er2 T/1 
(for µ., 1 = /J.,2), (8.31) 

where rJ = 5[s is the intrinsic impedance of a die­

lectric medium. Usually, materials with higher densities 

have higher permittivities. Air, with /J.,r = Er = 1, has 

an index of refraction no = 1. Since for nonmagnetic 

material n = ft; a material is often referred to as more 

dense than a second marerial if tile index of refraction of 

the.first material is greater than that of the second. 

At normal incidence (0i = 0), Eq. (8.31) gives 0t == 

0, as expected, and at oblique incidence 01 < 0i when 

n2 > n I and el > ei when n2 < n I· That is, if the wave 

INTEL-1014 
U.S. Patent 7,151,430 



8-2 SNELL'S LAWS 

'11 

(a) n1 < n2 (b) n1 > n2 

(c) n1 > n2 and 0; = 0c 

Figure 8-10: Snell's laws state that 0r = 0i and sin01 = 
(n1/n2) sin0i. Refraction is (a) inward if n1 < n2 and 
(b) outward if n 1 > n2; and ( c) the refraction angle is 90° 
if n 1 > n2 and 0i is equal to or greater than the critical 
angle 0c = sin-1cn2/n1). 

in medium 1 is incident on a more dense medium, as 
in Fig. 8-JO(a), the transmitted wave refracts inwardly 
toward the z-axis, and the opposite is true if the wave 
is incident on a less dense medium [Fig. 8-JO(b)J. A 
case of particular interest is when 0t = Jr /2, as shown in 
Fig. 8-lO(c); in this case, the refracted wave flows along 
the surface and no energy is transmitted into medium 2. 
The value of the angle of incidence 0i corresponding to 
01 = Jr /2 is called the critical angle 0c and is obtained 
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from Eq. (8.30) as 

. n2 . I n2 sm 0c = - sm 01 = -
n1 0t=rr/2 n1 

(8.32a) 

= If!: (for f.1,1 = /J.,2) . (8.32b) 

If 0i exceeds 0c, the incident wave is totally reflected, and 
the refracted wave becomes a nonuniform surf ace wave 
that travels along the boundary between the two media. 
This wave behavior is called total internal reflection. 

Example 8-4 Light Beam Passing through a Slab 

A dielectric slab with index of refraction n2 is sur­
rounded by a medium with index of refraction n 1, as 
shown in Fig. 8-11. If 0i < 0c, show that the emerging 
beam is parallel to the incident beam. 

Solution: At the slab's upper surface, Snell's law gives 

. 0 n1 • 0 sm 2 = -sm 1 (8.33) 
n2 

and, similarly, at the slab's lower surface, 

. n2 . n2 . 
sm03 = -sm02 = - sm02. (8.34) 

n3 n1 

n1 

Figure 8-11: The exit angle 03 is equal to the incidence 
angle 01 if the dielectric slab has parallel boundaries and 
is surrounded by the same index of refraction on both 
sides (Example 8-4). 
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Substituting Eq. (8.33) into Eq. (8.34) gives 

sin 03 = (:;) (:~) sin 01 = sin 01. 

Hence, 03 = 01. The slab displaces the beam's position, 
but the beam's direction remains unchanged. ■ 

EXERCISE 8.4 In the visible part of the electromagnetic 
spectrum, the index ofrefraction ofwateris 1.33. What is 
the critical angle for light waves generated by an upward­
looking underwater light source? 

Ans. 0c = 48.8°. 

EXERCISE 8. 5 If the light source of Exercise 8 .4 is situated 
at a depth of 1 m below the water surface and if its beam 
is isotropic (radiates in all directions), how large a circle 
would it illuminate when observed from above? 

Ans. Circle's diameter= 2.28 m. 

8-3 Fiber Optics 

By successive total internal reflections, as indicated in 
Fig. 8-12(a), light can be guided through thin dielectric 
rods made of glass or transparent plastic, known as 
optical fibers . Because the light is confined to traveling 
within the rod, the only loss in power is due to reflections 
at the sending and receiving ends of the fiber and 
absorption by the fiber material (because it is not a perfect 
dielectric). Fiber optics is useful for the transmission of 
wide-bandwidth signals and in a wide range of imaging 
applications. 

An optical fiber usually consists of a cylindrical .fiber 
core with an index of refraction nr, surrounded by 
another cylinder of lower index of refraction, nc, called 
a cladding, as shown in Fig. 8-12(b). The cladding 
layer serves to optically isolate the fiber from adjacent 
fibers when a large number of fibers are packed in close 

proximity, thereby avoiding the leakage of light from one 
fiber to another. To satisfy the condition of total internal 
reflection, the incident angle 03 in the fiber core must be 
equal to or greater than the critical angle 0c for a wave 
in the fiber medium (with nr) incident upon the cladding 
medium (with nc)- From Eq. (8.32a), we have 

. nc 
sm0c = - . 

nr 
(8.35) 

To meet the total-reflection requirement that 03 ::: 0c, it 
is then necessary that sin 03 ::: ncl nr. The angle 02 is the 
complement of angle 03, and cos 02 = sin 03. Hence, the 
necessary condition may be written as 

(8.36) 

Moreover, 02 is related to the incidence angle on the face 
of the fiber, 0i, by Snell's law: 

. 0 no • 0 sm 2 = - sm i, (8.37) 
nf 

where no is the index of refraction of the medium 
surrounding the fiber (no = 1 for air and no = 1.33 
if the fiber is in water), or 

[ 

2 ] 1/2 
cos 02 = 1 - ( :: ) sin

2 
0i (8.38) 

Using Eq. (8.38) in the left-hand side of Eq. (8.36) and 
then solving for sin 0i gives 

(8.39) 

The acceptance angle 0a is defined as the maximum value 
of 0i for which the condition of total internal reflection 
remains satisfied: 

. 1 
sm 0a = - (ni - n~) 112 . (8.40) 

no 

INTEL-1014 
U.S. Patent 7,151,430 



8-3 FIBER OPTICS 

(a) Optical fiber 

' \ 
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no 
(b) Successive internal reflections 

Figure 8-12: Waves can be guided along optical fibers as long as the reflection angles exceed the critical angle for total 
internal reflection. 

High-order 
mode Low-order 

mode 

Axial mode 

1-T-l 

⇒ f\f\f\ 
~ 

Figure 8-13: Distortion of rectangular pulses caused by modal dispersion in optical fibers . 

The angle 0a is equal to half the angle of the acceptance 
cone of the fiber. Any ray of light incident upon the 
face of the core fiber at an incidence angle within the 
acceptance cone can propagate down the core. This 
means that there can be a larger number of ray paths, 
called modes, by which light energy can travel in the 
core. Higher-angle rays travel longer paths than rays 
that propagate along the axis of the fiber, as illustrated 
by the three modes shown in Fig. 8-13. Consequently, 
different modes have different transit times between the 
two ends of the fiber. This property of optical fibers is 
called modal dispersion and has the undesirable effect of 
changing the shape of pulses used for the transmission of 

digital data. When a rectangular pulse of light incident 
upon the face of the fiber gets broken up into many 
modes and the different modes do not arrive at the other 
end of the fiber at the same time, the pulse shape gets 
distorted, both in shape and length. In the example shown 
in Fig. 8-13, the narrow rectangular pulses at the input 
side of the optical fiber are of width Ti separated by a 
time duration T. After propagating through the fiber 
core, modal dispersion causes the pulses to look more 
like spread-out sine waves with spread-out width r. If 
the output pulses spread out so much that r > T, the 
output signals will smear out, making it impossible to 
read the transmitted message. Hence, to ensure that the 
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transmitted pulses remain distinguishable at the output 
side of the fiber, it is necessary that r be shorter than T. 
As a safety margin, it is common practice to require that 
T.:::: 2r. 

The spread-out width r is equal to the time delay !1t 
between the arrival of the slowest ray and the fastest ray. 
The slowest ray is the one traveling the longest distance 
and corresponds to the ray incident upon the input face of 
the fiber at the acceptance angle 0a, From the geometry 
of Fig. 8-12(b) and Eq. (8.36), this ray corresponds to 
cos 02 = nc/ nr. For an optical fiber of length l, the 
length of the path traveled by such a ray is 

l nr 
lmax = -- = l - , 

cos 02 nc 
(8.41) 

and its travel time in the fiber at the velocity up = c/nr 
is 

The minimum time of travel is realized by the axial ray 
and is given by 

l l 
trnin = - = - nr. (8.43) 

Up C 

The total time delay is therefore 

lnr (nr ) T = !1t = tmax - tmin = - - - 1 
c nc 

(s). (8.44) 

As we stated before, to retrieve the desired information 
from the transmitted signals, it is advisable that T, the 
interpulse period of the input train of pulses, be no shorter 
than 2r. This, in turn, means that the data rate (in bits per 
second), or equivalently the number of pulses per second, 
that can be transmitted through the fiber is limited to 

(bits/s). (8.45) 

Example 8-5 Transmission Data Rate 
on Optical Fibers 

A I-km-long optical fiber (in air) is made of a fiber core 
with an index of refraction of 1.52 and a cladding with 
an index of refraction of 1.49. Determine 
(a) the acceptance angle 0a, and 
(b) the maximum usable data rate that can be transmitted 

through the fiber. 

Solution: (a) From Eq. (8.40), 

sin0a = __!__(n/-n~) 112 = [(1.52)2 - (1.49)2]112 = 0.3, 
no 

which corresponds to 0a = 17 .5°. 

(b) From Eq. (8.45), 

r.nc , 
/p=-----

2lnr(nr - nc) 

3 X 108 X 1.49 
= 2 x 103 x 1.52(1.52 - 1.49) = 4•9 (Mb/s). • 

EXERCISE 8.6 If the index of refraction of the cladding 
material in Example 8-5 is increased to 1.50, what would 
be the new maximum usable data rate? 

Ans. 7.4 (Mb/s). 

8-4 Wave Reflection and Transmission at 
Oblique Incidence 

For normal incidence, the reflection coefficient r and 
transmission coefficient r of a boundary between two 
different media is independent of the polarization of the 
incident wave, because the electric and magnetic fields of 
a normally incident plane wave are both always tangential 
to the boundary regardless of the wave polarization. 
This is not the case for oblique incidence at an angle 
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ei -1- 0. A wave with any specified polarization may 
be described as the superposition of two orthogonally 
polarized waves, one with its electric field parallel to the 
plane of incidence-and it is called parallel polariza­
tion-and another with its electric field perpendicular to 
the plane of incidence-and it is called perpendicular 
polarization. The plane of incidence is defined as the 
plane containing the normal to the boundary and the 
direction of propagation of the incident wave. These two 
polarization configurations are shown in Fig. 8-14, in 
which the plane of incidence is coincident with the x-z 
plane. Polarization with E perpendicular to the plane of 
incidence is also called transverse electric (TE) polariza­
tion because E is perpendicular to the plane of incidence, 
and that with E parallel to the plane of incidence is called 
transverse magnetic (TM) polarization because in this 
case it is the magnetic field that is perpendicular to the 
plane of incidence. 

Instead of solving the reflection and transmission 
problems for the general case of a wave with an ar­
bitrary polarization, it is more convenient in practice 
to first decompose the incident wave (Ei, Hi) into a 
perpendicularly polarized component (E~, H~) and a 
parallel polarized component (Ej1 , H[1), and then after 
determining the reflected waves (E~, H~) and (E~, H~) 
due to the two incident components, the reflected waves 
can be added together to give the total reflected wave 
corresponding to the original incident wave. A similar 
process applies to the transmitted wave. 

8-4.1 Perpendicular Polarization 

In Fig. 8-15, we show a perpendicularly polarized 
incident plane wave propagating along the Xi-direction 
in dielectric medium 1. The electric field phasor E~ 
points along the y-direction, and the associated magnetic 
field ..e~asor ii~ is along the Yi-axi~_The ~irections ofE~ 
and H~ satisfy the condition that E~ x H~ points along 
the propagation direction, Xi, The expressions for such a 

X 

z=O 
(a) Perpendicular polarization 

X 

z=O 

I\ 

I 

- - ... z 

Medium 2 
(e2, /J,2) 

(b) Parallel polarization 

Figure 8-14: The plane of incidence is the plane contain­
ing the direction of wave travel, k, and the surface normal 
to the boundary, which in the present case is the plane of 
the paper. A wave is (a) perpendicularly polarized when 
its E is perpendicular to the plane of incidence and (b) 
parallel polarized when its E lies in the plane of incidence. 
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X 

X 

Xr = x sin Br - z. cos Br 

-x 9i = -i cos £1i + i sin £1i 

Medium 2 (s2, J-L2) 

z=O 

Figure 8-15: Perpendicularly polarized plane wave incident at an angle 0i upon a planar boundary. 

plane wave are given by 

Ei -y~Ei e-Jk1x; 
..1.- ..LO , (8.46a) 

~ · E ~o ·k H~ = Yi - - e - 1 · 1x ;, 

17 l 
(8.46b) 

where E~0 is the amplitude of the electric field phasor 
at Xi = 0, k 1 = cv~ is the wavenumber, 
and 17 1 = ~ is the intrinsic impedance, both for 
medium 1. From Fig. 8-15, the distance Xi and the unit 
vector Yi may be expressed in terms of the (x, y , z) global 
coordinate system as follows : 

Xi= X sin 0i + Z COS 0i, 

Yi= -XCOS0j +zsin0j. 

(8.47a) 

(8.47b) 

Substituting Eqs. (8.47a) and (8.47b) into Eqs. (8.46a) 
and (8.46b) gives: 

Incident Wa ve 

E~ = yE~Oe -Jki (xs in 0;+zcos0;) , 

ii~= (-xcosei + zsinei) 

Ei 
X _=1cQ e - jk1(xs in 01+zcos01) 

17 l 

(8.48a) 

(8.48b) 

With the aid of the directional relationships given in 
Fig. 8-15 for the reflected and transmitted waves, the 
fields are given by: 
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Reflected Wave 

Ei = yEiae-jk1Xr 

= yEioe-jk1(xsin0r-ZCOS0r), 

~ E_1_r O "k Hi =yr-e-J [Xr 
"f/1 

= (x cos 0r + z sin 0r) 

X Eioe-jk1(xsin0r-ZCOS0r), 
"f/1 

Transmitted Wave 

E:i_ = yEioe-jk2x1 

-yAEt e-Jk2(xsin01+zcos01) 
- J_Q , 

~ EJ_t O "k H:i_=yt-e-12x1 
T/2 

= ( -x cos 0r + z sin 01) 

X Eio e-Jk2(xsin01+zcos01) , 
"f/2 

(8.49a) 

(8.49b) 

(8.49c) 

(8.49d) 

where 0r and 01 are the reflection and transmission angles 
shown in Fig. 8-15 and k2 and ry2 are the wavenumber 
and intrinsic impedance of medium 2. Our goal is to 
characterize the reflected and transmitted fields in terms 
of the parameters of the incident wave, which include 
the incidence angle 0i and the amplitude Eio• The four 
expressions given by Eqs. (8.49a) through (8.49d) contain 
four unknown quantities: EiO, EiO, 0r, and 0t. Angles 
0r and 0r can be related to 0i by Snell's laws, Eqs. (8.28a) 
and (8.28b), but we choose to keep them as unknowns 
for the time being, because we intend to show that Snell's 
laws can also be derived by applying the fields' boundary 
conditions at z = 0. The total electric field in medium 1 
is the sum of the incident and reflected electric fields: 
E i = Ei_ + Ei; and the same is true for the total magnetic 
fieldinmediaml: Hi= H~ +Hi. Bouncl,aryco~itions 
state that the tangential components of E and H must 
each be continuous across the boundary between the two 
media. Field components tangential to the boundary are 

those along x and y. Since the electric fields in media 1 
and] have y-components only, the boundary condition 
for Eis 

(8.50) 

Upon using Eqs. (8.48a), (8.49a), and (8.49c) in 
Eq. (8.50) and then setting z = 0, we have 

E i e-Jk1xsin0i + Er e-Jk1xsin0r _ Et e-Jk2xsin01 
_l_O _l_O - _l_O • 

(8.51) 
The boundary condition for the tangential component of 
the magnetic field (i .e., the x-component) is 

(8.52) 

or 

_ Eio cos 0i e-Jk1xsin0i + Eio cos 0r e-Jk1xsin0, 

~I ~I 

Et 
= _ ____:!:_Q_COS0re-JkzxSm&i_ (8.53) 

"f/2 

To satisfy Eqs. (8.51) and (8.53) for all possible values 
of x (all along the boundary), it follows that all three 
exponential arguments must be equal. That is, 

(8.54) 

which is known as the phase-matching condition . The 
first equality in Eq. (8.54) leads to 

0r = 0i (Snell's law of reflection), (8.55) 

and the second equality leads to 

w~ 
--= - = = -

w~ 

(Snell's law of refraction). (8.56) 

The results expressed by Eqs. (8 .55) and (8.56) are 
identical with those derived previously in Section 8-2 
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through consideration of the ray path traversed by the 
incident, reflected, and transmitted wavefronts. 

In view of Eq. (8.54), the boundary conditions given 
by Eqs. (8.51) and (8 .53) reduce to 

Bio + B~0 = Bj_0 , (8.57a) 

cos ei i r cos 0t t 
--(-B1_0 + B1_0) = --- B1-o· (8.57b) 

'Y/1 'Y/2 

These two equations can be solved simultaneously to 
yield the following expressions for the reflection and 
transmission coefficients in the perpendicular polariza­
tion case: 

E~0 112 cos 0i - r, 1 cos 01 
f 'i_ = - .- = - - - --- - ' 

Ei 0 112 cos 0i + 171 co. 0t 
(8.58a) 

E~0 2 172 cos ni 

• .L =Ri o= l72CO 0i + r} 1 CO 01. 
(8.58b) 

These two coefficients, which formally are known as 
the Fresnel reflection and transmission coefficients for 
perpendicular polarization, are related by 

1 i.1 = 1 + f .1 . (8.59) 1 

If medium 2 is a perfect conductor (r,2 = 0), Eqs. (8.58a) 
and (8.58b) reduce tor 1_ = -1 and r1_ = 0, respectively, 
which means that the incident wave is totally reflected by 
the conducting medium. 

For nonmagnetic dielectrics with µ, 1 = µ,2 = µ,o and 
with the help of Eq. (8.56), the expression for r 1- can be 
written as 

cos 0i - j (ei/ e1) - sin2 0i 
f 1_ = - ----==== = = (for /J,J = /J,2) . 

cos0i + j (ei/e1) - sin2 0i 

(8.60) 

Since (e2/e1) = (nz/n1)2, this expression can also be 
written in terms of the indices of refraction n 1 and n2. 

Example 8-6 Wave Incident Obliquely 
on a Soil Surface 

Using the coordinate system of Fig. 8-15, a plane wave 
radiated by a distant antenna is incident in air upon a plane 
soil surface at z = 0. The electric field of the incident 
wave is given by 

Ei = ylOOcos(wt - rrx - 1.73rrz) (V/m), (8.61) 

and the soil medium may be assumed to be a lossless 
dielectric with a relative permittivity of 4. 
(a) Determine k1, k2, and the incidence angle 0i. 
(b) Obtain expressions for the total electric fields in air 

and in the soil medium. 
(c) Determine the average power density carried by the 

wavt:: Lravding in the soil medium. 

Solution: (a) We begin by converting E4. (8.61) iulu 
phasor form, akin to the expression given by Eq. (8.46a): 

jj;i = yl00e-j rrx - j l.73rr z 

(V/m), (8.62) 

where Xi is the axis along which the wave is traveling, 
and 

k1xi = rrx + 1.73rrz. (8.63) 

Using Eq. (8.47a), we have 

(8.64) 

Hence, 

k1 sin0i = rr, 
k1 cos 0i = 1. 73rr, 

which together give 

k1 = / rr 2 + (1.73rr)2 = 2rr (rad/m), 

1( rr ) o ei = tan- -- = 30 . 
l. 73rr 
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The wavelength in medium 1 (air) is 

2rr 
At= - = 1 m, 

kt 

and the wavelength in medium 2 (soil) is 

At 1 
A2 = -- = - = 0.5 m. 

,le;; J4 
The corresponding wave number in medium 2 is 

2n 
k2 = - = 41r 

A2 
(rad/m). 

Since Ei is along y, it is perpendicularly polarized (y is 
perpendicular to the plane of incidence containing the 
surface normal z and the propagation direction Xi). 

(b) Corresponding to 0i = 30°, the transmission angle 0t 
is obtained with the help of Uq. (8.56): 

. kt . 2n . 0 

sm0r = - sm0i = - sm30 = 0.25 
k2 41r 

or 

0r = 14.5°. 

With e1 = t:o and t:2 = t:r2 £o = 4t:o, the reflection and 
transmission coefficients for perpendicular polarization 
are determined with the help of Eqs. (8.59) and (8.60), 

cos0i - j(t:2/t:1) - sin2 0i 
r j_ = ----====== = -0.38, 

COS0j + j(t:2/t:1) - Sin2 0i 

i1_ = l + r 1_ = 0.62. 

Using Eqs. (8.48a) and (8.49a) with Ei0 = 100 V/m and 
0i = 0r, the total electric field phasor in medium 1 is 

El =E~ +E~ 
= yEioe-Jk1(xsin0;+z cos0;) 

+ yr Eioe-Jk1(xsin8;-zcos8,) 

= ylOOe-J(rrx+l.73,r z) _ y38e-j(rrx-l.73rr z) , 

and the corresponding instantaneous electric field in 
medium 1 is 

El (x, z, t) = 9\e [El eJwt] 

= y[lOO cos(cvt - 1rx - 1.73rrz) 

- 38 cos(cvt - rrx + l.73rrz)] (V/m). 

In medium 2, using Eq. (8.49c) with Ej__O = r1_ Ei0 gives 

Ei = yr Eioe-Jk2(xsin81+zcos81) 

= y62e-j(,rx+3.87rrz) 

and, correspondingly, 

Ej__ (x, z, t) = 9\e [Ei eJwr] 

= y62cos(cot - rrx - 3.87rrz) (Vim). 

(c)Inmedium2, rJ2 = rJo/ ,le;;:::::: 120rr/J4 = 60rr (Q), 
and the average power density carried by the wave is 

st = 1Eio12 = (62)2 = 10.2 (W/m2). ■ 
av 27/2 2 X 60n 

8-4.2 Parallel Polarization 

If we interchange E and H of the perpendicular polariza­
tion situation, while keeping in mind the requirement 
that relates the directions of E and H to the direction 
of propagation for each of the incident, reflected, 
and transmitted waves, we end up with the geometry 
shown in Fig. 8-16 for parallel polarization. Now the 
electric fields lie in the plane of incidence, and the 
associated magnetic fields are perpendicular to the plane 
of incidence. With reference to the directions indicated 
in Fig. 8-16, the fields of the incident, reflected, and 
transmitted waves are given by 
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X 

Medium I (e1, 1,1,1) 

Xi = x sin 0i + z cos 0i 
9i = i cos 0i - i sin 0i 

Xr = x sin 0r - z cos 0r 
9r =~cos Ar+~. sin fir 

Xr = x sin 0t + z cos 0t 
9t = ~ cos 0t - ~ sin 01 

Figure 8-16: Parallel polarized plane wave incident at an 
angle 0i upon a planar boundary. 

Incident Wave 

Ei _ YA Ei e-Jk1xi 
11- i 110 

= (xcos0i - zsin0i)E1\oe-ik1 (xsin 0i +zcos0il, (8.65a) 

Hll = Y E/10 e-jk1x; = Y E /10 e-Jk1(xsin0;+zcos0i), (8.65b) 
Y/ 1 Y/ 1 

Reflected Wave 

Er_ YA Er e-jk 1x, 
11 - r 110 

= (x cos 0r + z sin 0r) Eooe- Jk1 (x sin0,-z cos0,l, (8.65c) 

H~r _ A EIIO -Jk1x, 
11--y-e 

Y/ 1 

= -y EIIO e-ik1(x sinB,-zcosB,) 
Y/ 1 

(8.65d) 

Transmitted Wave 

Et -yA Et e-Jk2x, 
11- t 110 

= (xcos0t - zsin0t)Euoe-Jk2(xsin0,+zcos0,l, (8 .65e) 

Et Et HII = y ~ e-Jk2x, = y~ e-;k2(xsm0,+zcos01). ( 8.65 f) 
Y/2 Y/2 

By matching the tangential components of E and H 
in the two media at z = 0, as we did previously in 
the perpendicular-polarization case, we again obtain the 
relations defining Snell's laws, as well as the following 
expressions for the Fresnel reflection and transmission 
coefficients for parallel polarization: 

E 11o YJ2 cos et - YJ I cos ei 
r11 = -. = -------

E11° Y/2 cos 0t + Y/1 cos 0i 
(8.66a) 

Eno 2YJ2 cos 0i 
L11=-. = 

E 110 Y/2 cos 0r + YJ 1 cos 0i 
(8.66b) 

The preceding expressions can be shown to yield the 
relation 

cos0i 
r11 = (1 + r11)-- . (8.67) 

COS0t 

We noted earlier in connection with the perpendicular­
polarization case that, when the second medium is a 
perfect conductor with ry2 = 0, the incident wave gets 
totally reflected by the boundary. The same is true for 
parallel polarization; setting ry 2 = 0 in Eqs. (8.66a) and 
(8.66b) gives r 11 = -1 and r 11 = 0. 

For nonmagnetic materials, Eq. (8.66a) becomes 

-(cz/£1) cos0i + /(cz/£1) - sin2 0i 
r11 = ---------;::::=====-

(cz/£1) cos ei + /cs2/£1) - sin2 ei 

(for J.,1,1 = µ,2). (8.68) 
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0.2 

Dry soil .. 
Sr=3) __ .... .. 

10 20 30 40 50 

(08 dry soil) (08 wet soil) (08 water) 

Incidence angle 0i (Degrees) 

Figure 8-17: Plots for Ir .1. I and Ir II I as a function of 0i for 
a dry soil surface, a wet-soil surface, and a water surface. 
For each surface, I r11 I = 0 at the Brewster angle. 

To illustrate the angular variations of the magnitudes of 
r .1. and r 11 , in Fig. 8-17 we show plots for waves incident 
in air onto three different types of dielectric surfaces: 
dry soil (er = 3), wet soil (er = 25), and water (er = 
81 ). For each of the surfaces, (1) r .1. = r 11 at normal 
incidence (0i = 0), as expected, (2) If .1.I = Jr11 I = 1 at 
grazing incidence (0i = 90°), and (3) r 11 goes to zero 
at an angle labeled the Brewster angle in Fig. 8-17. For 
nonmagnetic materials, the Brewster angle exists only for 
parallel polarization, and its value depends on the ratio 
(sif s1), as we will see shortly. At the Brewster angle, 
the parallel-polarized component of the incident wave is 
totally transmitted into medium 2. 

8-4.3 Brewster Angle 
The Brewster angle 0B is defined as the incidence angle 0i 
at which the Fresnel reflection coefficient r = 0. 

Perpendicular Polarization 

For perpendicular polarization, the Brewster angle 0B.1. 

can be obtained by setting the numerator of the expression 
for r .1., given by Eq. (8.58a), equal to zero or, equiva­
lently, when 

112 cos 0i = 171 cos 0r. (8.69) 

After (1) squaring both sides of Eq. (8.69), (2) using 
Eq. (8.56), (3) solving for ei, and then denoting ei as eB.L, 
we have 

sin 0B.L = 1- (µ1c2/µ2e1) 
1 - (µr/ /J,2)2 

(8.70) 

Because the denominator ofEq. (8.70) goes to zero when 
µ 1 = µ2, 0a .1. does not exist for nonmagnetic materials. 

Parallel Polarization 

The value of ei, denoted 0B 11 , at which r 11 = 0 can be 
found by setting the numerator of Eq. (8.66a) equal to 
zero. The result is identical with Eq. (8.70), but withµ 
and c interchanged. That is, 

sin 0a11 = 
1 - (s1µ2/c2/J,1) 

1 - (s1/s2)2 

For nonmagnetic materials, 

e . -I 
BIi =Sm 

t -!l2 = an -
81 

(for /J,1 = /J,2). (8.72) 

(8.71) 

The Brewster angle is also called the polarizing angle . 
This is because, if a wave composed of both perpen­
dicular and parallel polarization components is incident 
upon a nonmagnetic surface at the Brewster angle 0B 11 , 
the parallel polarized component is totally transmitted 
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into the second medium, and only the perpendicularly 
polarized component is reflected by the surface. Natural 
light, including sunlight and light generated by most 
manufactured sources, is considered unpolarized because 
the direction of the electric field of the light waves varies 
randomly in angle over the plane perpendicular to the 
direction of propagation. Thus, on average half of the 
intensity of natural light is perpendicularly polarized and 
the other half is parallel polarized. When unpolarized 
light is incident upon a surface at the Brewster angle, 
the reflected wave is strictly perpendicularly polarized. 
Hence, the reflection process acts as a polarizer. 

REVIEW QUESTIONS 

Q8.4 Om total internal reflection take place for a wave 
incident in medium 1 (with nr) onto medium 2 (with n2) 

when n2 > n,? 

QS.5 What is the difference between the boundary 
conditions applied in Section 8-1.1 for normal incidence 
and those applied in Section 8-4.1 for oblique incidence 
with perpendicular polarization? 

QS.6 Why is the Brewster angle also called the polar­
izing angle? 

QS. 7 At the boundary, the vector sum of the tangential 
components of the incident and reflected electric fields 
has to be equal to the tangential component of the 
transmitted electric field. For er, = 1 and er2 = 16, 
determine the Brewster angle and then verify the validity 
of the preceding statement by sketching to scale the 
tangential components of the three electric fields at the 
Brewster angle. 

EXERCISE 8.7 A wave in air is incident upon the flat 
boundary of a soil medium with er = 4 and J.lr = 1 
at 0i = 50°. Determiner J_, rj_, ril• and r 11 , 

Ans. r J_ = -0.48, rj_ = 0.52, r 11 = -0.16, r 11 = 0.58. 

EXERCISE 8.8 Determine the Brewster angle for the 
boundary of Exercise 8.7. 

Ans. 0s = 63.4°. 

EXERCISE 8.9 Show that the incident, reflected, and 
transmitted electric and magnetic fields given by Eqs. 
(8.65a) through (8.65f) all have the same exponential 
phase function along the x -direction. 

Ans. With the help of Eqs. (8.55) and (8.56), all six 
fields are shown to vary as e - jk,xsinei. 

8-5 Reflectivity and Transmissivity 

The reflection and transmission coefficients represent 
the ratios of the reflet:Led and Lrnnsmitted electric field 
amplitudes to the amplitude of the incident wave. We 
now examine power ratios, and we start the process by 
considering the perpendicular polarization case. Figure 
8-18 shows a circular beam of electromagnetic energy 
incident upon the boundary between two contiguous, 
lossless media. The area of the spot illuminated by the 
beam is A, and the incident, reflected, and transmitted 
beams have electric-field amplitudes Ei0, E~0, and Ei0, 

respectively. The average power densities carried by the 
incident, reflected, and transmitted beams are 

(8.73a) 

(8.73b) 

(8.73c) 

where 17 1 and 172 are the intrinsic impedances of media 
1 and 2, respectively. The cross-sectional areas of the 
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pr 

\ ,. 
\ 

\ --
\ ; '( - 0~ I 

Medium 2 (e2, µ2) , , "1\- co"' ., " 

'(_~_.,\ 

Figure 8-18: Reflection and transmission of an incident 
circular beam illuminating a spot of size A on the 
interface. 

incident, reflected, and transmitted beams are 

Ai= Acos0i, 

Ar= A cos0r, 

At= A cos0t, 

(8.74a) 

(8.74b) 

(8.74c) 

and the corresponding average powers carried by the 
beams are 

(8.75a) 

(8.75b) 

(8.75c) 

317 

The reflectivity R (also called reflectance in optics) is 
defined as the ratio of the reflected power to the incident 
power. The reflectivity for perpendicular polarization is 
then 

R1_ = Pt = IE~ol2 cos 0r = I Eio 12 
Pl IEt0 !2 cos0i Et0 

(8.76) 

where we used the fact that 0r = ei, in accordance with 
Snell's law of reflection. The ratio of the reflected to 
incident electric field amplitudes, I Eiol E~0 I, is simply 
equal to the magnitude of the reflection coefficient r 1_. 
Hence, 

and, similarly, for parallel polarization 

P11 2 
Ru = -i = Ifni . (8.78) 

P11 

The transmissivity T (or transmittance in optics) is 
defined as the ratio of the transmitted power to incident 
power: 

(8.79a) 

(8.79b) 

The incident, reflected, and transmitted waves do not 
have to obey any such laws as conservation of electric 
field, conservation of magnetic field, or conservation of 
power density, but they do have to obey the law of con­
servation of power. In fact, in many cases the transmitted 
electric field is larger than the incident electric field. 
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Table 8-2: Expressions for r, r, R, and T for wave incidence from a medium with intrinsic impedance 71 1 onto a medium with 
intrinsic impedance T/2 , Angles 0i and 0r are the angles of incidence and transmission, respectively. 

Normal Incidence Perpendicular Parallel 
Property 0 j = 01 = 0 Polarization Polarization 

Reflection f= 
T/2 - T/1 

r J_ = 
7/2 COS 0i - T/ I COS 0t 7/2 COS 0t - T/ I COS 0i 

r11 = 
coefficient T/2 + T/1 7/2 COS 0i + T/ I COS 0t 7/2 COS 01 + T/ I COS 0i 

Transmission 
2712 2712cos0i 2TJ2 cos 0i 

r= Tl_= r11 = 
coefficient 7/2 + 7/1 ri2 cos 0i + T/1 cos 01 ri2 cos 01 + ri1 cos 0i 

Relation of r to r r=I+r r_1_ = I+ r _1_ 
cos0i 

r11 =(I+ ru)--
COS0t 

Reflectivity R = lfl2 R_1_=1f.11 2 R11 = lf1112 

Transmissivity T = lrl2 (!JJ.) 2 7/1 cos 0t 2 7/i cos 0t 
h = lr_1_I T11 = lr11I 

1)2 772 cos 0i T/2 cos ei 

Relation of R to T T -1 - U h = 1 - R_1_ 711 = 1 - Ru 

Notes: (1) sin01 = ✓µ,1s1 / µ,2s2 sin0i; (2) T/1 = Jµ,1/1::1; (3) 112 = ✓µ,2/s2; (4) for nonmagnetic 
media, 712/771 = ni/n2, 

Conservation of power requires that the incident power be 
equal to the sum of the reflected and transmitted powers. 
That is, for perpendicular polarization, for example, 

or 

(8.83a) 

or 

IEi 12 IP 12 
__::!:Q_ A cos 0i = __::!:Q_ A cos 0r 

21']1 21']1 

IEt 12 
+ __:!:Q_ A cos 01. 

2712 

Use of Eqs. (8.76), (8.79a), and (8 .79b) leads to 

R _1_ + T_1_ = 1, 

R11 + '.fi1 = 1, 

(8 .80) 

(8.81) 

(8.82a) 

(8.82b) 

(8.83b) 

Figure 8-19 shows plots for (R 11 , T11 ) as a function of 0i for 
an air-glass interface. Note that the sum of R11 and T11 is 
always equal to 1, as mandated by Eq. (8.82b). We also 
note that, at the Brewster angle 0B, R11 = 0 and Ti1 = 1. 

Table 8-2 provides a summary of the general expres­
sions for r, r, R, and T for both normal incidence and 
oblique incidence. 
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0s oi=========~-.....:;....~ :::,_--1-J 
0 30 60 90 

0i (degrees) 

Figure 8-19: Angular plots for (R11, T11) for an air-glass 
interface. 

Example 8-7 Beam of Light 

A 5-W beam of light with circular cross section is 
incident in air upon a plant: uuundary of a dielectric 
medium with an index of refraction of 5. If the angle 
of incidence is 60° and the incident wave is parallel 
polarized, determine the transmission angle and the 
powers contained in the reflected and transmitted beams. 

Solution: From Eq. (8.56), 

sin0t = ~ sin0i = ! sin60° = 0.17 
n2 5 

or 

01 = 100. 

With 82/81 = nVnf = (5)2 = 25, the reflection 
coefficients for parallel polarization can be computed by 
applying Eq. (8.68) as follows: 

-(82/ 81) cos ei + ✓ (82/81) - sin2 ei 
ru = --------;::::::=====-

(82/ 81) cos ei + ✓ (82/ 81) - sin2 ei 

- 25 cos 60° + J25 - sin2 60° 
- - -------;:====- = -0.435. 

25 cos 60° + J 25 - sin2 60° 

The reflected and transmitted powers are then 

P11 = P1[1f111 2 = 5(0.435)2 = 0.95 W, 

P1f = P1[ - P 11 = 5 - 0.95 = 4.05 W. ■ 

8-6 Geometric Optics 

319 

In the foregoing material, we examined the reflection and 
refraction behavior of uniform, plane electromagnetic 
waves when incident upon planar boundaries between 
dissimilar materials. In practice, wave interaction with 
matter may involve waves that are neither uniform nor 
plane. Also, the objects that the waves interact with may 
be of any shape and size. How then do we put the results 
we ohtained in the preceding sections to use when dealing 
with practical situations? The answer depends in large 
part on the size of the object and the degree of curvature 
of its surfaces relative to the wavelength of the incident 
wave. We have available to us two fundamental approaches 
for describing wave interaction with matter; these are the 
physical-optics method and the geometric-optics method. 
In physical optics , also known as wave optics , a wave 
is characterized mathematically by all its attributes: its 
amplitude, phase factor, and polarization vector. In 
contrast, in geometric optics , otherwise known as ray 
optics , a wave is represented by a ray denoting the 
direction of travel of the wave's energy. Neither the 
phase nor the polarization of the wave is accounted for 
explicitly in geometric optics. Thus, geometric optics is 
a ray approximation of physical optics. Although it is 
mathematically superior and its formulation is traceable 
back to Maxwell's equations, the physical-optics method 
is mathematically more complicated to apply than the 
geometric-optics method, and therefore physical optics is 
used whenever geometric optics is inapplicable or when 
a greater degree of accuracy is desired than that used 
in geometric optics. In general, the geometric-optics 
method provides fairly accurate results whenever the size 
of the object illuminated by an electromagnetic wave is 
much larger than the wavelength A. There is also the 
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/ Opaque 
screen 

- lll tnmllI 
d » A 

(a) 

d « A 

(b) (c) 

Figure 8-20: A plane wave of wavelength A incident upon an opaque screen with opening of diameter d . The wave emerging 
from the opening (a) maintains its original direction if d » A, (b) gets diffracted by the opening when d ~ A, and (c) behaves 
like a spherical wave e111a11aling from a point source when d « A. 

additional secondary requirement that the curvatures of 
the object's surfaces be relatively smooth relative to A. 

By treating waves as rays of energy, geometric optics 
does not account for the relative phases of multiple 
waves arriving at a given point in space. Consequently, 
interference effects due to phase addition and subtraction 
cannot be predicted on the basis of geometric optics. 
Another wave phenomenon ignored by geometric optics 
is diffraction , which is the deviation of wave propagation 
from the straight-line representation used in geometric 
optics. Diffraction accounts for the "bending" of waves 
around the edges of objects. To explain what we mean by 
diffraction, let us consider the three situations depicted 
in Fig. 8-20. In part (a), a plane wave is incident 
upon an opaque barrier with a circular opening whose 
diameter dis very large relative to the wavelength A. Apart 
from some small edge effects, the wave emerging from 
the opening continues to move in a straight line. This 
situation adheres to the condition of geometric optics, that 
the dimensions of reflecting boundaries (in a transparent 
medium) or, conversely, the dimensions of openings in 

opaque boundaries be much larger than A. The situations 
in Fig. 8-20(b) and (c) are for openings with diameters 
comparable with and smaller than A, respectively. In 
both cases, the incident wave is said to be diffracted by 
the opening; as a consequence, the emerging wave is no 
longer a plane wave. To account for wave interference 

. and diffraction, it is necessary to use the physical-optics 
representation of electromagnetic waves. We should note 
that the term "optics" in the names "geometric optics" 
and "physical optics" is historically based and does not 
imply that these methods are limited to optical systems; the 
methods are applicable across the entire electromagnetic 
spectrum. 

The next two sections are intended to provide an 
overview of geometric optics, with particular emphasis 
on how mirrors and lenses are used as imaging devices. 

8-7 Images Formed by Mirrors 

Mirrors are used throughout the electromagnetic spec­
trum, including the x-ray, ultraviolet, visible, infrared, 
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and radio regions. A mirror is usually made by coating 
a dielectric substrate, such as glass, with a thin layer 
of silver or aluminum. A perfect mirror is a perfectly 
conducting surface with a reflectivity of 1, and it is 
analogous to a short circuit at the end of a transmission 
line. In this section, we will examine how images are 
formed by both plane mirrors and spherical mirrors. 

8-7.1 Images Formed by Plane Mirrors 

The point source at point O in Fig. 8-21 is at a distances, 
called the object distance , in front of a plane mirror. 

1-s-
. . 0 

·; ' ' ' , I 
\ \ \ \ ' 

\ \ \ ' 
, : ' \ 

' ' ' ' ' 

Mirror 

(a) 

1-s- s'-1 
..,0 

, .,.,,.;.., I 
~ ................. .,. ,, ,. .,. 

. ,, 

Mirror 

(b) 

Figure 8-21: The image-formation process due to reflec­
tion from a plane mirror may be represented (a) in terms 
of spherical wavefronts or (b) in terms of rays of light 
emanating from the source at point O. 
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p s A s' P' 

} 
Image 

Mirror 

Figure 8-22: Image location and orientation are deter­
mined by ray optics and Snell's law of reflection. 

The source radiates spherical waves, which may be 
represented by wavefronts, as shown in Fig. 8-21(a), or, 
equivalently, the waves may be represented by light rays, 
as in Fig. 8-21(b). To a viewer at the location shown in 
the figure, the reflected rays appear to come from point / 
located a distance s1, called the image distance , behind 
the mirror. The image is called a real image if the rays 
of reflected light actually pass through the image point, 
and it is called a virtual image if the rays do not actually 
pass through the image point but appear to diverge from 
that point. The image formed by the plane mirror in this 
case is a virtual image . 

By conside1ing a self-luminous or externally illumi­
nated object to consist of a large number of point sources, 
the point-source imaging process can be extended to 
generate the image of the object shown in Fig. 8-22. To 
determine where an image is formed, it is necessary to 
follow at least two rays of light as they are reflected by 
the mirror. Point P1, the image of point P, is at the 
intersection of the horizontal ray to the mirror, which 
reflects back on itself, and the oblique ray that reflects 
at point B on the mirror. Because triangles PA B and 
P 1 AB are congruent, s = s 1 and h = h1 • 
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8-7 .2 Images Formed by Spherical Mirrors 

A spherical mirror is a segment of a sphere painted or 
covered with a highly reflective material. It is called a 
concave mirror when the rays of light are reflected by 
its inner surface, as in Fig. 8-23(a), and it is called a 
convex mirror when the reflection takes place at its outer 
surface, as in Fig. 8-23(b). The center of the sphere (of 

i...-- R---., 

(a) Concave mirror 

... ... 
' ... 

:\ ............ '~ 

(b) Convex mirror 

Figure 8-23: Image formation by (a) a concave mirror 
and (b) a convex mirror. 

which the spherical mirror is a part) is called the center of 
curvature and is denoted by point C, and the radius R is 
called the radius of curvature . The principal axis of the 
mirror is the line connecting point C to point V, the center 
(or vertex) of the spherical segment. In Fig. 8-23(a), 
the object of height h and located at object distance s is 
imaged as an inverted real image of height h' at image 
distances'. From the large triangle with included angle e, 
we have tan 0 = h / s, and the small triangle with angle 0 
gives tan 0 = -h' / s', where the negative sign signifies 
that the image is inverted because h' is negative. The 
lateral magnification of the mirror is defined as the ratio 
of h' to h: 

h' s' 
M---- h - s (8.84) 

From the two similar triangles involving the angles 0', 

h h' 
tan0' = -- = ---

s - R R -s' 
(8.85) 

Upon combining Eqs. (8.84) and (8.85), we obtain the 
mirror equation 

1 1 2 - + - = - . (8.86) 
s s' R 

When the object is very far away from the mirror 
compared to R, we can regard it as being at infinity, in 
which case 1/s :::: 0 ands' :::: R/2. Thus, the image 
point is halfway between the center of curvature C and 
the center of the mirror V, as shown in Fig. 8-24. In this 
case, the image point is called the focal point F, and the 
image distance is called the focal length of the mirror, J. 
That is, 

R 
f=-

2 
(8.87) 
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Table 8-3: Sign convention for spherical mirrors. 

Quantity Sign Condition 
s + if object is in front side of mirror (real object) 
s - if object is in back side of mirror (virtual object) 
s' + if image is in front side of mirror (real image) 
s' - if image is in back side of mirror (virtual image) 

f and R + if C is in front side of mirror (concave) 
f and R - if C is in back side of mirror (convex) 

Notes: (1) The front side of a mirror is defined as the side from which 
the light approaches the mirror, regardless of the mirror's shape. (2) 
An object cannot be virtual in single-mirror reflection, but its image, 
if virtual, can become a virtual object for reflections by additional 
mirrors. 

C 

- --R- --• 

Figure 8-24: A source point at infinity is imaged at the 
focal point F of the mirror. The focal length f = R/2. 

and the mirror equation can be rewritten in terms of f as 

1 1 1 - + - = - . (8 .88) 
s s' f 

An object at infinity is imaged at the focal point and, 
conversely, an object at the focal point is imaged at 
infinity. 

F.q1111tions (8.84) ~nd (8.88) r.~n he med for hoth 
concave and convex mirrors, as long as we adhere to the 
sign convention given in Table 8-3 . The sign convention 
refers to two regions: (1) the front side of the mirror, 
which is the region in which the light rays actually exist, 
and (2) the back side , which is the region where virtual 
images of real objects are formed. For both mirrors in 
Figs. 8-23(a) and (b ), the front sides are the sides to the 
left of the mirrors. Note that f is positive for concave 
mirrors and negative for convex mirrors. 

The magnification and orientation (erect or inverted) 
of the image depend on the type of miirnr ( concave or 
convex) and the location of the object relative to the 
mirror center. A summary of these properties is provided 
in Table 8-4 for various object locations . 

Example 8-8 Image Formed by a Concave Mirror 

A flower is placed at a distance of 20 cm in front of a 
concave mirror with a 15-cm focal length. Locate and 
describe the image. 

Solution: Inserting s = 20 cm and f = 15 cm in 
Eq. (8 .88) gives 
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Table 8-4: Images of real objects formed by spherical mirrors.a 

Concave 
Object Image 

Location Type Location Orientation Relative size 
2f < s < 00 Real 2J > s' > f Inverted Minified 

s = 2f Real s' = 2f Inverted Same size 
f < s < 2f Real oo > s' > 2f Inverted Magnified 

s=J s' = oo 
s<J Virtual ls'I > s Erect Magnified 

Convex 
Objc t Image 

LocaLion Type Location Orientation Relative size 
Anywhere Virtual ls 'I < IJI, Erect Minified 

s > ls ' I 
. . 

3 Adapted from E. Hecht, Optics, second ed1t10n, Addison-Wesley 
Publishing Co., 1990. 

which leads to s' = 60 cm. According to Eq. (8.84), the 
lateral magnification is 

s' 60 
M = -- = - - = - 4. 

s 15 

The magnitude of M means that the image is magnified 
by a factor of 4, and the negative sign means that the 
image is inverted. ■ 

8-8 Images Formed by Spherical Lenses 

Lenses are commonly used to form images in optical in­
strnments, such as cameras, telescopes, and microscopes, 
but their use also extends to nonimaging applications and 
to many parts of the electromagnetic spectrum. A lens is 
characterized in terms of three features: its size, shape, 
and index of refraction. For the present treatment, we will 
limit our discussion to thin lenses with spherical or planar 
surfaces, such as those shown in Fig. 8-25. For each lens, 
the signs of the radii of curvature R1 and R2 of its two 
surfaces are governed by the sign convention discussed 

C 
0 
N 
V 
E 
X 

C 
0 
N 
C 
A 
V 
E 

R1 

"' 
R2 

/ - R1 >0 - R2 <0 

Bi-convex 

1 , 
Ri <0 

R2 >0 
u 

m -concavc 

I R1 = 00 

R2 <0 
(

R1>0 

R2>0 

R1 <R2 

Planar convex Meniscus 
convex 

(
R1>0 

[ 
R1 = 00 

R2 >0 
R2 >0 

R1 >R2 

Planar concave Meniscus 
concave 

Figure 8-25: Convex and concave lenses of various 
shapes. The indicated radii of curvature are for wave 
illumination from the left side of the lens. Convex lenses 
have positive focal lengths, whereas concave lenses have 
negative focal lengths. 

later and summarized in Table 8-5. Convex lenses, which 
also are called converging or positive lenses , are thicker 
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Table 8-5: Sign convention for spherical refracting surfaces and thin lenses. 

Quantity Sign Condition 
s + if object is in front side of surface (real object) 
s - if object is in back side of surface (virtual object) 
s' + if image is in back side of surface ( real image) 
s' - if image is in front side of surface (virtual image) 
R + if C is in back side of surface 
R - if C is in front side of surface 

f + convex lens 

f - concave lens 
Notes: (1) The front side of a surface is defined as the side from which 
the light approaches the surface. (2) An object cannot be virtual with 
refraction by a single surface, but its image, if virtual, can become a 
virtual object for refraction by another surface. 

at the center than at the ends. In contrast, concave lenses, 
otherwise known as diverging or negative lenses, are 
narrower at the center than at the ends. 

/

Wavefront 
Ray 
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The imaging process performed by a lens involves 
refraction at both of its surfaces. As an initial step toward 
understanding the process, we begin by considering the 
refraction at a spherical boundary between a medium with 
index of refraction n 1 and a second medium with index 
of refraction n2, as shown in Fig. 8-26. Spherical waves 
radiated by a point source at point O are represented by 
rays emanating radially from the source in the direction of 
energy flow. When a ray reaches a point on the spherical 
boundary, it reflects and refracts in accordance with 
Snell's laws as if the surface is part of an infinite plane 
tangent to the surface at that point. Of the total energy 
arriving at point I, the bulk of it is due to rays incident 
upon the central region of the lens. Rays originating at the 
source and refracting at points within the central region of 
the spherical surface are called paraxial rays . These rays 
form an image of the source at a single point, called the 
image point. The imaging process can be demonstrated 
by considering any one of these paraxial rays. One such 
ray is the ray at angle </J relative to the horizontal in 

Figure 8-26: Spherical waves radiated by a source at 0 
are refracted by the spherical boundary of medium 2 ( with 
nz > n1) . 
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Figure 8-27: Ray refraction at a spherical boundary. 

Fig. 8-27. At point A, Snell's law of refraction gives 

(8.89) 

where 01 is the angle between O A and the normal to the 
spherical surface at point A, which originates at C, the 
center of curvature of the spherical surface. Over the 
central region of the spherical surface, angles 01 and 02 

are sufficiently small to allow use of the approximations 
sin 01 :::::::: 01 and sin 02 :::::::: 02. Hence, Eq. (8.89) may be 
rewritten as 

(8.90) 

From the geometry of triangles OAC and A/C, we know 
that the exterior angle 01 is equal to the sum of angles ¢ 
and a and, similarly, angle a is equal to the sum of angles 
02 and f3. Thus, 

01 =¢+a, 

a= 02 + {3. 

(8.91a) 

(8.91b) 

Upon using these relations to replace 01 and 02 in 
Eq. (8.90), we have 

(8.92) 

The paraxial approximation noted earlier can again be 
invoked to allow us to use the approximation tan 0 :::::::: 0 
for angles ¢, a, and f3 . Hence, 

¢::::::::tan¢=~. 
s 
y 

a:::::::: tan a= - , 
R 

/3 :::::::: tan f3 = 2'._ , 
s' 

(8.93a) 

(8.93b) 

(8.93c) 

where s and s' are the source (or object) and image 
distances and R is the radius of curvature of the sphetical 
surface. Upon substituting these relations in Eq. (8 .92) 
and dividing all terms by y, we have 

n1 n2 n.2 - n.1 
- + - = --- (single spherical boundary). 
s s' R 

(8.94) 

Since for a fixed source distance s, the image s' is 
independent of the angle ¢ that the ray makes with the 
axis, all paraxial rays focus at the image point I. 

In contrast to min-ors, where real images are formed 
on the same side as the object, with a refracting surface, 
real images are formed on the side opposite the one 
from which the source of energy originates. The sign 
convention for spherical refracting surfaces is given in 
Table 8-5, which will also be used for thin lenses later. 

We will now extend our results to a lens with two 
spherical surfaces of radii of curvature R1 and R2 , as 
in Fig. 8-28. The lens has an index of refraction n1 and 
is surrounded by a medium with index of refraction nm. 
The imaging process can be analyzed in two different 
ways, which we shall call the actual imaging process and 
the equivalent imaging process. If we have an object or 
source at point O in Fig. 8-28, the rays emanating from 
it will refract at the first surface of the lens, propagate to 
the second surface, and then refract again at the second 
surface. All paraxial rays end up intersecting at the image 
point I . Although this is what actually happens, it is not 
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Surface Sr with radius Rr 

... .,. 
.; 

/ nm 
I 

I 

I 

I 0 

' I 

Figure 8-28: Image fonnation by a thin lens. 

immediately obvious why the rays do intersect at point / 
or how to easily relate the image distances~ to the object 
distance s1. 

These questions can be addressed by using an equiva­
lent imaging process that divides the refractive effects 
of the two surfaces of the lens into two sequential 
steps. Considering the first surface alone and treating 
it as if it were the boundary between the medium 
containing the object and an extended medium of index 
of refraction n1 (i.e., the same as the boundary we treated 
earlier in Fig. 8-27), the object located at point O in 
Fig. 8-29 produces an image / 1, located a distances; from 
surface S 1. Because of the particular choice we made for 
the location of the object in Fig. 8-29, the image / 1 is 
virtual. The relationship governing the distances s 1 ands; 
is obtained from Eq. (8 .94) upon replacing n I with nm and 
n2 with n1: 

nm n1 n1 - nm 
-+- = -- (8.95) 
s1 s; R1 ' 

where R I is the radius of curvature of surface S 1. We now 
repeat the process with respect to surface S2 by treating 

■ 

■ 

■ 

Surface S1 with R1 

t 

Surface S2 with R2 

Figure 8-29: Image Ii of object O can be determined by 
first locating image /1 formed by surface S1 of the lens 
and then using Ii as the object for surface S2 . 

the image / 1 as a virtual object at a distance s2 from 
surface S2 . In this case, we regard S2 as the boundary 
between a medium with index of refraction n1 to its 
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left (and containing its object / 1) and a medium with 
index of refraction nm to its right. Hence, we need 
to reverse the assignments of n1 and nm when using 
Eq. (8.94). Accordingly, for surface S2, the final image Ii 
at distance s~ is related to s2 by 

(8.96) 

As far as surface S2 is concerned, its object / 1 is in its 
front side (the side containing the rays coming from /1). 
Hence, by our sign convention, the distance s2 must be 
positive; that is, s2 = ls21. When we apply the sign 
convention to s;, the image distance due to surface S1, 

we find that s; must be negative because the image was 
formed on the same side as the object O. Hence, s; = 
-Is; 1- From Fig. 8-29, 

(8.97) 

where t is the thickness of the lens. In view of the fact 
thats; is negative and s2 is positive, it follows that 

S2 = -s; + t. (8.98) 

Upon using Eq. (8 .98) in Eq. (8.96) and then adding 
Eqs. (8.95) and (8.96), we have 

nm nm ( 1 1 ) nit -+-=(n1-n) --- +---
s1 s~ m R1 R 2 s; (s; - t) • 

(8.99) 
For a thin lens with thickness t sufficiently small as to 
allow us to ignore the last term, we obtain the thin-lens 
equation given by 

nm nm ( 1 1 ) - + - 1 = (n, - nm) - - - . 
s, s2 R1 R2 

(8 .100) 

We note that, by our sign convention, R1 > 0 and 
R2 < 0 for the bi-convex lens we used in Fig. 8-29. The 
radii of curvature for lenses with various combinations 
of concave, convex, and planar surfaces are given in 
Fig. 8-25. 

Y' 

,,_J 
Figure 8-30: Rotation between object and image for a 
thin lens. 

If the surrounding medium is air (nm= 1), Eq. (8.100) 
reduces to the lensmaker's formula : 

!+!_ = (n-1) (-1 _ _!_) (thin lens), (8.101) 
S S 1 R1 R2 

where we have omitted the subscripts on s1 ands~ and n1 

in Eq. (8.100). Since t is negligibly small, we now refer 
to sand s1 as the object and image distances, respectively, 
and we measure them from the lens center, as shown in 
Fig. 8-30. 

In Section 8-7 .2, we defined the focal length f of a 
reflecting mirror as the image distance when the object is 
moved out to infinity. Applying the same definition for 
the lens leads to 

!_ = (n - I) (_!_ - _1) 
f R1 R2 

(8.102) 

in which case Eq. (8.101) can be rewritten as 

1 1 1 
- + - = - (Gaussian lens formula), (8 .103) 
s s' f 

, 
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(a) (b) 

(c) (d) 

Figure 8-31: An object at infinity is imaged at the focal 
point, as in (a) and (b), and if the object is at the focal 
point, as in (c) and (d), it is imaged at infinity. 

which is known as the Gaussian lens formula and is 
identical in form to Eq. (8.88) for mirrors. The sign 
convention for thin lenses is the same as that outlined 
in Table 8-5 for spherical refracting surfaces. Convex 
lenses have positive focal lengths, and concave lenses 
have negative focal lengths. According to Eq. (8.103), 
if the object is at infinity (s = oo ), then s' = f; 
this means that rays coming from infinity (and therefore 
parallel to the optic axis) are refracted by the lens and 
intersect at the focal point F, as in Fig. 8-3l(a) for 
the positive-focal-length convex lens and in Fig. 8-3l(b) 
for the negative-focal-length concave lens. The convex 
lens is a converging lens, whereas the concave lens is a 
diverging lens. 

The Gaussian lens formula of Eq. (8.103) also states 
that if the object is at the focal point (s = f) thens' = oo; 
the corresponding ray representation is illustrated in Figs. 
8-31(c) and (d). These two properties will prove useful 
in locating the image of an object and in relating the 
size of the image to that of the object. In Fig. 8-30, the 
object at location O is of height h and its tip is denoted 
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by point Y. The image at location I is inverted, it has a 
height h' ( which is negative in this case), and its tip is at 
point Y'. Point Y' is at the intersection ofrays 1, 2, and 3. 
Ray 1 arrives at the lens in a direction parallel to the optic 
axis, whereupon it is refracted by the lens and emerges 
in a direction that passes through the focal point F. (In 
the case of a diverging lens, ray 1 would appear to come 
from the focal point to the left of the lens.) Ray 3, drawn 
from point Y through the focal point F to the left of the 
lens, is refracted by the lens and emerges in a direction 
parallel to the optic axis. A third useful property of thin 
lenses pertains to the ray drawn through the center of the 
lens. Such a ray, labeled 2 in Fig. 8-30, emerges from the 
lens undeviated, meaning that points Y and Y' are joined 
by a straight line that passes through the center of the 
lens. 

For rays emanating from an object to the left of the lens, 
the ray properties of thin lenses may be summarized as 
follows: 

(1) For a converging lens, the ray arriving at the lens 
in a direction parallel to the optic axis, such as ray 1 
in Fig. 8-30, gets diffracted by the lens and emerges in a 
direction that passes through the focal point F to the right 
of the lens. In the case of a diverging lens, the refracted 
ray would appear to come from the focal point to the left 
of the lens, as shown in Fig. 8-3 l(b). 

(2) For both converging and diverging lenses, the ray 
directed toward the center of the lens, such as ray 2 in 
Fig. 8-30, emerges from the lens undeviated in direction. 

(3) For a converging lens, the ray arriving at the lens 
through the focal point to the left of the lens, such as ray 3 
in Fig. 8-30, gets refracted by the lens and emerges in a 
direction parallel to the optic axis. For a diverging lens, 
the ray traveling in the direction of the focal point to the 
right of the lens, such as the rays shown in Fig. 8-3 l(d), 
gets diffracted by the lens and appears to come from the 
left side of the lens along a direction parallel to the optic 
axis. 

The lateral magnification of a thin lens is defined as 
the ratio of the image height h' to the object height h. 
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Table 8-6: Images of real objects formed by thin lenses.a 

Convex 
Object Image 

Location Type Location Orientation Relative size 
2f < s < 00 Real 2 f > s' > f Inverted Minified 

s = 2f Real s' = 2f Inverted Same size 
f < s < 2f Real oo > s' > 2f Inverted Magnified 

s=f s' = oo 
s < f Virtual is'! > s Erect Magnified 

Concave 
Object Image 

Location Type Location Orientation Relative size 
Anywhere Virtual Is'! < lf l, Erect Minified 

s > is' I 
.. 

a Adapted from E. Hecht Optics, second edition, Addison-Wesley 
Publishing Co., 1990. 

From Fig. 8-30, 

h' s' 
M = - = -- . (8 .104) 

h s 

For the example shown in Fig. 8-30, M is negative 
because h' is negative. By our sign convention, both 
s ands' are positive. Hence, in order for M to be positive 
(image is erect), s' has to be negative (assuming that the 
object is real with positive s ), which corresponds to a 
virtual image. Thus, a lens can generate a real inverted 
image to the right of the fells or a11 erect virtual i111age 
to its left. Image properties are summarized in Table 8-6 
for both convex and concave lenses. 

The image-construction process is extendible to imag­
ing systems consisting of multiple lenses. In a two-lens 
system, for example, the image of an object formed by 
the first lens serves as the object for the second lens. 

Example 8-9 Image Formed by a Bi-convex Lens 

A 5-cm-tall pencil is placed at a distance of 25 cm in 
front of a bi-convex lens with radii of curvature of 50 cm 
and 12.5 cm. If the index of refraction of the lens is 
1.5, determine the location of the image and describe its 
properties. 

Solution: A bi-convex lens has a positive focal length f, 
correspondingtoradiiR 1 > 0andR2 < 0[seeFig.8-25] . 
We can choose R1 = 50 cm and R2 = -12.5 cm or 
R1 = 12.5 cm and R2 = - 50 cm . Either choice gives 
the same value for f when applied to Eq. (8.102). The 
first choice gives 

from which we determine that f = 0.2 m. From 
Eq. (8.103), 

1 1 1 
0.25 + ; = 0.2 ' 
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GLOSSARY OF IMPORTANT TERMS 

which gives s' = 1 m. 
The lateral magnification is 

h' s' 1 
M= - = -- =-- = -4. 

h s 0.25 

Hence, the pencil's image is inverted (Mis negative), and 
its height h' = -4 x 5 cm = - 20 cm. ■ 

REVIEW QUESTIONS 

Q8.8 Under what conditions is geometric optics appli­
cable? 

Q8.9 What are paraxial rays and what approximation 
do they allow us to make? 

QS.10 What is the thin-lens approximation? 

EXERCISE 8.10 Show that for a plane refracting surface 
Eq. (8 .94) reduces to s' = -(nif ni)s. 

EXERCISE 8.11 Calculate the focal length of a planar 
concave lens with a radius of curvature of 10 cm and 
an index of refraction of 1.5. 

Ans. f = -20 cm. 

CHAPTER HIGHLIGHTS 

• The relations describing the reflection and transmis­
sion behavior of a plane EM wave at the boundary 
between two different media are the consequence of 
satisfying the conditions of continuity of the tangen­
tial components of E and H across the boundary. 
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• Snell's laws state that 0i = 0r and 

sin0t = (n1/n2) sin0i. 

For media such that n2 < n 1, the incident wave is 
reflected totally by the boundary when 0i ~ 0c, where 
0c is the critical angle given by 0c = sin-1(nz/n1). 

• By successive multiple reflections, light can be 
guided through optical fibers. The maximum data 
rate of digital pulses that can be transmitted along 
optical fibers is dictated by modal dispersion. 

• At the Brewster angle for a given polarization, 
the incident wave is transmitted totally across the 
boundary. For nonmagnetic materials, the Brewster 
angle exists for parallel polarization only. 

• Any plane wave incident on a plane boundary can be 
synthesized as the sum of a perpendicularly polarizeci 
wave and a parallel polarized wave. 

• Transmission-line equivalent models can be used to 
characterize wave propagation, reflection by, and 
transmission through boundaries between different 
media. 

• In geometric optics, waves are represented by rays 
that travel in straight lines. Geometric optics, which 
can be used for constructing images formed by 
mirrors and lenses, is valid as long as the objects 
with which the waves interact are much larger in size 
than the wavelength and their surfaces are relatively 
smooth relative to .11.. 

GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the follow­
ing terms: 

rays 
wavefront 
reflection coefficient r 
transmission coefficient r 
standing-wave ratio S 
Snell's laws 
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angles of incidence, reflection, and transmission 
refraction angle 
index of refraction n 
dense medium 
surface wave 
critical angle 0c 
total internal reflection 
acceptance angle 0a 
modal dispersion 
parallel polarization 
perpendicular polarization 
plane of incidence 
transverse electric (TE) polarization 
transverse magnetic (TM) polarization 
phase-matching condition 
Brewster angle 0n 
polarizing angle 
grazing incidence 
reflectivity (reflectance) R 
transmissivity (transmittance) T 
physical optics (wave optics) 
geometric optics (ray optics) 
interference effects 
diffraction 
object and image distances 
real and virtual images 
center and radius of curvature 
principal axis of mirror or lens 
lateral magnification M 
convex and concave surfaces 
mirror equation 
focal length of mirror or lens, f 
focal point of mirror or lens, F 
front and back sides of mirror or lens 
paraxial rays 
thin-lens equation 
lensmaker's formula 
Gaussian lens formula 

PROBLEMS 

Section 8-1: Reflection and Transmission 
at Normal Incidence 

8.1 * A plane wave in air with an electric field amplitude 
of 10 V /m is incident normally upon the surface of a 
lossless, nonmagnetic medium with er= 25. Determine 
the following: 
(a) The reflection and transmission coefficients. 
(b) The standing-wave ratio in the air medium. 
(c) The average power densities of the incident, re-

flected, and transmitted waves. 

8.2 A plane wave traveling in medium 1 with Erl = 
2.25 is normally incident upon medium 2 with Erz = 4. 
Both media are made of nonmagnetic, non-conducting 
materials . If the electric field of the incident wave is 
given by 

Ei = y4cos(6n x 109t - 30nx) (V/m) 

(a) Obtain time-domain expressions for the electric and 
magnetic fields in each of the two media. 

(b) Determine the average power densities of the inci­
dent, reflected and transmitted waves. 

4 • 8.3 A plane wave traveling in a medium with er1 = 9 is 
normally incident upon a second medium with er2 = 4. 
Both media are made of nonmagnetic, non-conducting 
materials . If the magnetic field of the incident plane wave 
is given by 

Hi = z 2 cos(2n x 109t - ky) (Alm) 

(a) Obtain time-domain expressions for the electric and 
magnetic fields in each of the two media. 

(b) Determine the average power den ities of the inci­
dent, reflected, and transmitted waves. 

* Answer(s) available in Appendix D. 
'(i". Solution available in CD-ROM. 
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8.4 A 200-MHz, left-hand circularly polarized plane 
wave with an electric field modulus of 10 V Im is normally 
incident in air upon a dielectric medium with er = 4, and 
occupies the region defined by z :::: 0. 
(a) Write an expression for the electric field phasor of 

the incident wave, given that the field is a positive 
maximum at z = 0 and t = 0. 

(b) Calculate the reflection and transmission coeffi­
cients. 

(c) Write expressions for the electric field phasors of the 
reflected wave, the transmitted wave, and the total 
field in the region z :: 0. 

(d) Determine the percentages of the incident average 
power reflected by the boundary and transmitted into 
the second medium. 

8.5* Repeat Problem 8.4, but replace the dielectric me-

333 

8.9 The three regions shown in Fig. 8-32 contain perfect 
dielectrics. For a wave in medium 1, incident normally 
upon the boundary at z = -d, what combination of 8r2 

and d produces no reflection? Express your answers in 
terms of 8 r1 , 8r3 and the oscillation frequency of the wave, f. 

Medium I Medium2 Medium 3 

-------------------► z 

dium with a poor conductor characterized by er = 2.25, z = -d 
µr = 1, and a = 10-4 Sim. 

z=O 

8.6 A 50-MHz plane wave with electric field amplitude 
of 30 Vim is normally incident in air onto a semi-infinite, 
perfect dielectric medium with er = 36. Determine the 
following : 
(a) r 
(b) The average power densities of the incident and 

reflected waves. 
(c) The distance in the air medium from the boundary 

to the nearest minimum of the electric field intensity, 

IEI . 

8.7" What is the maximum amplitude of the total 
electric field in the air medium of Problem 8.6, and at 
what nearest distance from the boundary does it occur? 

8.8 Repeat Problem 8.6, but replace the dielectric 
medium with a conductor with er = 1, µr = 1, and 
a = 2.78 x 10-3 Sim. 

Figure 8-32: Dielectric layers for Problems 8.9 to 8.11. 

8.10 For the configuration shown in Fig. 8-32, use 
transmission-line equations (or the Smith chart) to cal­
culate the input impedance at z = -d for 8r1 = 1, 
8r2 = 9, 8r3 = 4, d = 1.2 m, and f = 50 MHz. 
Also determine the fraction of the incident average power 
density reflected by the structure. Assume all media are 
lossless and nonmagnetic. 

8.11 • Repeat Problem 8.10, but interchange 8r1 and 8r3 • 

8.12 Orange light of wavelength 0.61 µmin air enters a 
block of glass with er = 2.25. What color would it appear 
to a sensor embedded in the glass? The wavelength 
ranges of colors are violet (0.39 to 0.45 µm), blue (0.45 
to 0.49 µm), green (0.49 to 0.58 µm), yellow (0.58 to 
0.60 µm), orange (0.60 to 0.62 µm), and red (0.62 to 
0.78 µm). 
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8.13* A plane wave of unknown frequency is normally 
incident in air upon the surface of a perfect conductor. 
Using an electric-field meter, it was determined that the 
total electric field in the air medium is always zero when 
measured at a distance of 2.5 m from the conductor 
surface. Moreover, no such nulls were observed at 
distances closer to the conductor. What is the frequency 
of the incident wave? 

i'!J!/ 8.14 Consider a thin film of soap in air under illumina­
tion by yellow light with >.. = 0.6 µm in vacuum. If the 
film is treated as a planar dielectric slab with er = 1. 72, 
surrounded on both sides by air, what film thickness 
would produce strong reflection of the yellow light at 
normal incidence? 

8.15* A 5-MHz plane wave with electric field amplitude 
of 20 (V /rn) is normally incident in air onto the plane 
surface of a semi-infinite: conducting material with er = 
4, µr = 1, and a = 100 (S/m). Determine the average 
power dissipated (lost) per unit cross-sectional area in a 
2-mm penetration of the conducting medium. 

8.16 A 0.5-MHz antenna carried by an airplane flying 
over the ocean surface generates a wave that approaches 
the water surface in the form of a normally incident plane 
wave with an electric-field amplitude of 3,000 (V/m). 
Seawater is characterized by er = 72, µr = 1, and 
a = 4 (Sim). The plane is trying to communicate a 
message to a submarine submerged at a depth d below 
the water surface. If the submarine's receiver requires 
a minimum signal amplitude of 0.1 (µ,V/m), what is the 
maximum depth d to which successful communication 
is still possible? 

Sections 8-2 and 8-3: Snell's Laws and Fiber Optics 
8.17* A light ray is incident on a prism in air at an 
angle 0 as shown in Fig. 8-33. The ray is refracted at the 
first surface and again at the second surface. In terms of 
the apex angle¢ of the prism and its index of refraction n, 
determine the smallest value of 0 for which the ray will 
emerge from the other side. Find this minimum 0 for 
n = 1.5 and ¢ = 60°. 

Figure 8-33: Prism of Problem 8.17. 

8.18 For some types of glass, the index of refraction 
varies with wavelength. A prism made of a material with 

4 
n = 1.71 - - >..o 30 I 

()1.0 in µm) 

where >..o is the wavelength in vacuum, was used to 
disperse white light as shown in Fig. 8-34. The white 
lighl is incident at an angle of 50°, the wavelength >..0 of 
red light is 0. 7 µ,m, and that of violet light is 0.4 µ,m. 
Determine the angular dispersion in degrees . 

Angular dispersion 

~ 

Figure 8-34: Prism of Problem 8.18. 

8.19* The two prisms in Fig. 8-35 are made of glass with 
n = 1.52. What fraction of the power density carried by 
the ray incident upon the top prism emerges from the 
bottom prism? Neglect multiple internal reflections. 
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Figure S-35: Periscope prisms of PrnhlP-m 8.19. 

8.20 A light ray incident at 45° passes through two 
dielectric materials with the indices of refraction and 
thicknesses given in Fig. 8-36. If the ray strikes the 
surface of the first dielectric at a height of 2 cm, at what 
height will it strike the screen? 

n = 1 n = 1.5 n = 1.3 n=l 

Screen 

T 
2cm 

l. __ ......._--"----L-- - L--------

4cm 5cm 

Figure 8-36: Light incident on a screen through a multi­
layered dielectric (Problem 8.20). 
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8.21 • Figure 8-37 depicts a beaker containing a block 
of glass on the bottom and water over it. The glass block 
contains a small air bubble at an unknown depth below 
the water surface. When viewed from above at an angle 
of 60°, the air bubble appears at a depth of 6.81 cm. What 
is the true depth of the air bubble? 

I 
10cm 

1 
Water 
n = 1.33 

Glass 
n = l.6 0 

_I6.8lcm 

Apparent position 
of air bubble 

Air bubble 

Figure 8-37: Apparent position of the air bubble in 
Problem 8.21. 

8.22 A glass semicylinder with n = 1.5 is positioned 
such that its flat face is horizontal, as shown in Fig. 8-38, 
and its horizontal surface supports a drop of oil, as also 
shown. When light is directed radially toward the oil, 
total internal reflection occurs if 0 exceeds 60°. What is 
the index of refraction of the oil? 

~ ; 8.23 ' A penny lies at the bottom of a water fountain at 
a depth of 30 cm. Determine the diameter of a piece of 
paper which, if placed to float on the surface of the water 
directly above the penny, would totally obscure the penny 
from view. Treat the penny as a point and assume that 
n = 1.33 for water. 
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nou 
_/Oildrop 

ngJass 

Figure 8-38: Oil drop on the flat surface of a glass 
semicylinder (Problem 8.22). 

8.24 Suppose that the optical fiber of Example 8-5 is 
submerged in water (with n = 1.33) instead of air. 
Determine 0a and Jp in that case. 

8.25* Equation (8.45) was derived for the case where 
the light incident upon the sending end of the optical 
fiber extends over the entire acceptance cone shown in 
Fig. 8-12(b). Suppose the incident light is constrained 
to a naffower range extending between normal incidence 
and0', where0 ' < 0a, 
(a) Obtain an expression for the maximum data rate Jp 

in terms of 0' . 
(b) Evaluate Jp for the fiber of Example 8-5 when '~! 

0' = 3°. 

Sections 8-4 and 8-5: Reflection and Transmission 
at Oblique Incidence 

8.26 A plane wave in air with 

Ei = Y 10e-J (3x+4z) (Vim) 

is incident upon the planar surface of a dielectric material, 
with Sr = 4, occupying the half-space z :::: 0. Determine: 
(a) The polarization of the incident wave. 
(b) The angle of incidence. 
(c) The time-domain expressions for the reflected elec­

tric and magnetic fields. 

(d) The time-domain expressions for the transmitted 
electric and magnetic fields . 

( e) The average power density earned by the wave in the 
dielectric medium. 

8.27 Repeat Problem 8.26 for a wave in air with 

(Alm) 

incident upon the planar boundruy of a dielectric medium 
(z :::: 0) with Sr = 9. 

8.28 Natural light is randomly polarized, which means 
that, on average, half the light energy is polarized along 
any given direction (in the plane orthogonal to the 
direction of propagation) and the other half of the energy 
is polarized along the direction orthogonal to the first 
polarization direction. Hence, when treating natural light 
incident upon a planar boundary, we can consider half of 
its energy to he in the form of parallel-polarized waves 
and the other half as perpendicularly polarized waves. 
Determine the fraction of the incident power reflected by 
the planar surface of a piece of glass with n = l .5 when 
illuminated by natural light at 70°. 

8.29* A parallel-polarized plane wave is incident from 
air onto a dielecttic medium with Sr = 9 at the Brewster 
angle. What is the refraction angle? 

8.30 A perpendicularly polarized wave in air is 
obliquely incident upon a planar glass-air interface at an 
incidence angle of 30°. The wave frequency is 600 THz 
(1 THz = 1012 Hz), which coffesponds to green light, and 
the index of refraction of the glass is 1.6. If the electric 
field amplitude of the incident wave is 50 V /m, determine 
the following: 
(a) The reflection and transmission coefficients. 
(b) The instantaneous expressions for E and H in the 

glass medium. 

8.31 Show that the reflection coefficient r _1_ can be 
written in the following form: 

sin(0t - 0i) 
t_1_=----

sin(et + 0i) 
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8.32 Show that for nonmagnetic media, the reflection 
coefficient r II can be written in the following form: 

tan (0c - 0;) 
rll = tan (0c + 0; ) 

8.33* A parallel-polarized beam of light with an elec­
tric field amplitude of 20 (V/m) is incident in air on 
polystyrene with /J,r = 1 and Sr = 2.6. If the incidence 
angle at the air-polystyrene planar boundary is 50°, 
determine the following: 
(a) The reflectivity and transmissivity. 
(b) The power carried by the incident, reflected, and 

transmitted beams if the spot on the boundary illu­
minated by the incident beam is 1 m2 in area. 

Sections 8-6 to 8-8: Geometric Optics 

8.34 A man is 2 m tall. How long ~huulu a mirror be, 
when placed in front of him at a distance d, for him to 
have a full-length view of his reflected image? Does the 
answer depend on d? 

8.35* A gas flame is 2 m from a screen, as shown in 
Fig. 8-39. A concave mirror is used to produce a real 
image of the flame on the screen, magnified four times. 
Determine s and the focal length of the mirror. 

8.36 A dentist uses a concave mirror with a radius of 
curvature of 6 cm to view a filling in a tooth. If the 
mirror is placed 2 cm from the tooth, by how many times 
will the image of the filling be magnified? 

8.37* A flower is 20 cm from a concave spherical mirror. 
If the image of the flower is formed at a distance of 80 cm 
from the mirror, determine the following: 
(a) The mirror's radius of curvature. 
(b) The lateral magnification. 

8.38 A candle in air is placed at a distance of 25 cm to the 
left of a glass medium with a concave spherical boundary 
characterized by a radius of curvature of 50 cm. If the 
index of refraction of glass is 1.5, determine the location 
of the candle's image. 
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Concave 
mirror Screen 

Gas 
flame 

~s---i-----2m--- -i 

Figure 8-39: Imaging configuration of Problem 8.35. 

8.39* A thin bi-convex lens with an index of refraction 
of 1.6 has radii of curvature of 20 cm and 30 cm. 
Determine the location, inagnitication, and orientation 
of an object placed 20 cm from the lens. 

8.40 Repeat Problem 8.39 for an object placed 50 cm 
from a planar-concave lens with a radius of curvature of 
15 cm. 

'!' 8.41 The curved face of a planar convex lens has a radius 
of curvature of 3 cm and the index of refraction of the 
lens material is 1.5. Determine the focal length of the 
lens when: 
(a) The planar surface of the lens faces the light. 
(b) The convex surface of the lens faces the light. 

8.42 An image formed by a convex lens was observed 
to move by a distance of 1 cm when the object was moved 
from far away (essentially at infinity) to only 42 cm from 
the lens. What is the focal length of the lens? 

8.43* Equation (8.102) defines the focal length of a thin 
lens in air. 
(a) Derive an expression for f for the general case of a 

thin lens with index of refraction n1 immersed in a 
medium with index of refraction nm. 
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(b) Determine the focal length of a bi-concave lens with 
radii of curvature of 10 cm and 15 cm and an index 
of refraction of 1.5 when placed (i) in air, and (ii) in 
water (with an index of refraction of 1.33). 

8.44 A positive lens is used to image an object placed 
50 cm in front of it on a screen located 1 m behind the 
lens. What is the focal length of the lens? 

8.45* An imaging system consists of two thin positive 
lenses with focal lengths of 15 cm for the first lens and 
5 cm for the second. If the two lenses are separated by a 
distance of 50 cm, locate the image of an object placed 
25 cm in front of the first lens, relative to the location of 
the second lens . 

8.46 Two thin lenses with focal lengths / 1 and fz are 
placed in contact with each other, as shown in Fig. 8-40. 
Show that F , th~ focal length of the combination, is given 
by 

1 1 1 
-=-+­
F !1 h 

8.47 Two thin lenses of focal lengths f 1 = 5 cm and 
h = -10 cm are separated by a distance of 5 cm, 
as shown in Fig. 8-41. Determine the location of the 
object. 

Figure 8-40: Two lenses in contact. The lenses are so 
thin that they may be considered to be at the same location 
(Problem 8.46). 

h 

Object 

---7.Scm - - ~---5cm---' 

Figure 8-41: Imaging configuration of Problem 8.47. 
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OVERVIEW 

An antenna may be defined as a transducer between 
a guided wave propagating in a transmission line and 
an electromagnetic wave propagating in an unbounded 
medium (usually free space), or vice versa. Figure 
9-1 shows how a wave is launched by a hornlike an­
tenna, with the horn acting as a transition between the 
waveguide and free space. Although any conducting or 
dielectric structure can serve this function, an antenna 
is designed to radiate or receive electromagnetic energy 
with directional and polarization properties suitable for 
Lhe iule11JeJ applkaliu11. Also, Lo minimize reflection at 
the transmission line-antenna juncture, it is important to 
know the impedance of the antenna and to match it to the 
transmission line. 

Antennas are made in various shapes and sizes [Fig. 9-2] 
and are used in radio and television broadcasting and 
reception, radio-wave communication systems, cellular 
telephones, radar systems, and anticollision automobile 
sensors, among many other applications. The radiation 
and impedance properties of an antenna are governed by 
its shape and size and the material of which it is made. The 
dimensions of an antenna are usually measured in units of 
the wavelength of the wave it is launching or receiving; 
a 1-m-long dipole antenna operating at a wavelength of 
2 m exhibits the same properties as a 1-cm-long dipole 
operating at)... = 2 cm. Hence, in most of our discussions 
in this chapter, we will refer to antenna dimensions in 
wavelength units. 

Reciprocity 

The directional function characterizing the relative dis­
tribution of power radiated by an antenna is known as 
the antenna radiation pattern, or simply the antenna 
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Electric field lines 
ofradiated wave 

Ant 

Transmission line 
'v~~~ , 

Generator Guided EM wave 

region 

--

Wave launched 
into free space 

(a) Transmission mode 

atenna 

Transmission line ) ) 
L_____J--=--:-:--:-=-:---=-----!...-' -

Detector Guided EM wave 
or receiver 

Transition 
region 

(b) Reception mode 

Incident 
wave 

Figure 9-1: Antenna as a transducer between a guided 
electromagnetic wave and a free-space wave, for both 
transmission and reception. 

pattern. An isotropic antenna is a hypothetical antenna 
that radiates equally in all directions, and it is often used 
as a reference radiator when describing the radiation 
properties of real antennas. Most antennas are recip-
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(a) Thin dipole 

(f) Parabolic dish 
reflector 

=O 
(b) Biconical dipole (c) Loop 

(g) Hom 
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~ 
Circ~ 
plateurni, I 
reflector 

(d) Helix 

Coaxial feed Dielectric 
substrate 

Ground metal 
plane 

(h) Microstrip 

(e) Log-periodic 

Phase shifters 

Feed 
point 

(i) Antenna array 

Figure 9-2: Various types of antennas. 

rocal devices, exhibiting the same radiation pattern for 
transmission as for reception. Reciprocity means that, 
_if in the transmission mode a given antenna transmits 
in direction A 100 times the power it transmits in 
direction B, then when used in the reception mode it will 
be 100 times more sensitive to electromagnetic radiation 
incident from direction A than B. All the antennas 
shown in Fig. 9-2 obey the reciprocity law, but not all 
antennas are reciprocal devices. Reciprocity may not 
hold for some solid-state antennas composed of nonlinear 
semiconductors or ferrite materials. Such nonreciprocal 
antennas are beyond the scope of this chapter, and 
hence reciprocity will be assumed throughout. The 
reciprocity property is very convenient because it allows 
us to compute the radiation pattern of an antenna in the 
transmission mode, even when the antenna is intended to 
operate as a receiver. 

Antenna performance consists of two aspects: its 
radiation properties and its impedance. The radiation 
properties include its directional radiation pattern and 
the associated polarization state of the radiated wave 
when the antenna is used in the transmission mode. 
This polarization state is called antenna polarization . 
Being a reciprocal device, an antenna, when operating in 
the receiving mode, can extract from an incident wave 
only that component of the wave whose electric field 
is parallel to that of the antenna polarization direction. 
The second aspect, the antenna impedance , pertains to 
the transfer of power from a generator to the antenna 
when the antenna is used as a transmitter and, conversely, 
the transfer of power from the antenna to a load when 
the antenna is used as a receiver, as will be discussed 
later in Section 9-5. It should be noted that throughout 
our discussions in this chapter it will be assumed that 
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the antenna is properly matched to the transmission line 
connected to its terminals, thereby avoiding reflections 
and their associated problems. 

Radiation Sources 

Radiation sources fall into two groups: currents and 
aperture fields. The dipole and loop antennas [Fig. 9-2(a) 
and ( c)] are examples of current sources; the time-varying 
currents flowing in the conducting wires give rise to 
the radiated electromagnetic field. A horn antenna 
[Fig. 9-2(g)] is an example of the second group because 
the electric and magnetic fields across the horn's aperture 
serve as the sources of the radiated field. The aperture 
fields are themselves induced by time-varying currents on 
the surfaces of the horn's walls, and therefore ultimately 
all radiation is due to time-varying currents. The choice 
of currents or apertures as the sources is merely a 
computational convenience dictated by the structure of 
the antenna. We will examine the basic methodology 
used for computing the radiation pattern for each of these 
two types of sources. 

Far-Field Region 

The wave radiated by a point source is spherical in shape, 
with the wavefront expanding outward at a rate equal 
to the phase velocity up (or the velocity of light c if 
the medium is free space). If R, the distance between 
the transmitting antenna and the receiving antenna, is 
sufficiently large that the wavefront across the receiving 
aperture may be considered a plane wave [Fig. 9-3], 
the receiving aperture is said to be in the far-field 
(or far-zone ) region of the transmitting point source. 
This region is of particular significance because, for 
most applications, the observation region of interest 
is indeed in the far-field region of the antenna. The 
far-field plane-wave approximation allows the use of 
certain mathematical approximations that simplify the 
computation of the radiated field and, conversely, provide 
convenient techniques for synthesizing the appropriate 
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Source 

" C!::::::::-- - - ---1.--- -t---=- '---

T~tting"' R :,\' ~:t~~~!ng 

antenna Spherical wave 

Plane-wave 
approximation 

Figure 9-3: Far-field plane-wave approximation. 

antenna structure that would give rise to the desired far­
field antenna pattern. 

Antenna Arrays 

When several antennas are connected together, the com­
bination is called an antenna array [Fig. 9-2(i)] , and the 
array as a whole behaves as if it were a single antenna. 
By controlling the magnitude and phase of the signal 
feeding each antenna individually, it is possible to shape 
the radiation pattern of the array and to steer the direction 
of the beam electronically. These topics are treated in 
Sections 9-9 to 9-11. 

9-1 The Short Dipole 

By regarding a linear antenna as consisting of a series 
of a large number of infinitesimally short conducting 
elements, each of which is so short that current may be 
considered uniform over its length, the field of the entire 
antenna may be obtained by integrating the fields from all 
these differential antennas, with the proper magnitudes 
and phases taken into account. We shall first examine the 
radiation properties of such a differential antenna, known 
as a short dipole , and then in Section 9-3 we will extend 
the results to compute the fields radiated by a half-wave 
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z 

Q(R, 0, ¢) 

X .. 
Figure 9-4: Short dipole placed at the origin of a spherical 
coordinate system. 

dipole, which is commonly used as a standard antenna 
for many applications. 

A short dipole, also called a Hertzia11 dipole, is a thin, 
linear conductor whose length l is very short compared 
with the wavelength )..; to satisfy the uniform-current 
assumption, l should not exceed Aj50. The wire, which 
is oriented along the z-direction as shown in Fig. 9-4, 
carries a sinusoidally varying current given by 

(A), (9.1) 

where Io is the current amplitude. From Eq. (9.1), the 
phasor current T = I0. Even though the current has to go 
to zero at the two ends of the dipole, we shall treat it as 
constant across its entire length. 

The customary approach for finding the electric and 
magnetic fields at a point Q in space [Fig. 9-4] due 
to radiation by a current source is through the retarded 
vector potential A,..:, From Eq. (6.84), the phasor retarded 
vector potential A(R) at a distance vector R froJ:E a 
volume v' containing a phasor current distribution J is 
given by 

~ - "k R' 

A(R) = J-lo 1 Je 1 dv', (9.2) 
4rr v' R' 

CHAPTER 9 RADIATION AND ANTENNAS 

where J-lo is the magnetic permeability of free space 
(because the observation point is in air) and k = w/c = 
2rr / A is the wavenumber. For the dipole, the current 
density is simply J = z(/0/s), where s is the cross­
sectional area of the dipole wire, dv' = s dz, and the 
limits of integration are from z = -l /2 to z = l /2. In 
Fig. 9-4, the distance R' between the observation point 
and a given point along the dipole is not the same as the 
distance to its center, R, but because we are dealing with 
a very short dipole, we can set R' ::: R. Hence, 

~ J-lo e-JkR 1112 
A=--- zfodz 

4n: R -112 

(9.3) 

The function (e - JkR/ R), called the spherical propaga­
tion factor, accounts for the 1/ R decay of the magnitude 
with distance as well as for the phase change represented 
by e-JkR. The direction of A is dictated by the direction 
of flow of the current (z-direction). 

Because our objective is to characterize the directional 
character of the radiated power at a fixed distance R from 
the antenna, the spherical coordinate system shown in 
Fig. 9-5 is deemed appropriate for the presentation of 
antenna pattern plots, with the variables R, 0, and ¢ 
referred to as the range, zenith angle, and azi.!1wth angle, 
respectively. To this end, we need to write A in terms of 
its spherical coordinate components, which is realized 
[with the help of Eq. (3.65c)] by expressing z in terms of 
the unit vectors of the spherical coordinate system: 

z = Rcos0 -0 sin 0. (9.4) 

Upon substituting Eq. (9.4) into Eq. (9.3), we have 

(9.5) 

INTEL-1014 
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9-1 THE SHORT DIPOLE 

,, 
8 = 90° I 

.­.,. 
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¢ = 270° 

8= 180" 

s 

Figure 9-5: Spherical coordinate system. 

with 

( 
"kR ~ µolol 0 e-1 ) 

AR=--COS --
4rr R ' 

~ 

(9.6a) 

(9.6b) 

With the spherical coordinate components of A known, 
the next step is straightforward; we simply apply the free­
space relationships given by Eqs. (6.85) and (6.86), 

~ 1 ~ 
H= -V x A, 

/),Q 

~ 1 ~ 
E=-.-VxH, 

JC.VSQ 

(9.7a) 

(9.7b) 
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to obtain the expressions 

~ Iolk2 _ "kR [ j 1 ] . Hq, = --e 1 - + -- sm 0 
4rr kR (kR)2 

(9.8a) 

~ 210lk2 _ "kR [ 1 J ] ER= --rJoe 1 -- - -- cos 0 (9.8b) 
4rr (kR)2 (kR)3 

~ Iolk2 _ "kR [ j l j ] . 
Ee= ~floe J kR + (kR)2 - (kR)3 sm0, 

(9.8c) 

where f/o = ✓µo/so ~ 120rr (Q) is the intrinsic 
impedance of free space. The remaining components 
(HR, He, and Eq,) are everywhere zero. Figure 9-6 
depicts the electric field lines of the wave radiated by 
the short dipole. 

9-1.1 Far-Field Approximation 

As was stated earlier, in most antenna applications, we are 
primarily interested in the radiation pattern of the antenna 
at great distances from the source. For the electrical 
dipole, this corresponds to distances R such that R » ). 
or, equivalently, kR = 2rr Rf). » 1. This condition 
allows us to neglect the terms varying as l/(kR) 2 and 
1/(kR)3 in Eqs . (9.8a) to (9.8c) in favor of the terms 
varying as 1/ kR , which yields the far-field expressions 

E~ J Iolkf/o ( e-JkR) . 0 e= -- sm 
4rr R 

(V/m), (9.9a) 

~ Ee 
H¢ = - (Alm), 

f/o 
(9.9b) 

and ER is negligible. At the observation point Q 
[Fig. 9-4], the wave now appears to be similar to a uniform 
plane wave with its electric and magnetic fields in time 
phase, related by the intrinsic impedance of the medium 
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Dipole 
axis 

Figure 9-6: Electric field lines surrounding an oscillating dipole at a given instant. 

T/O, and orthogonal to each other and to the direction of 
propagation (R). Both fields are proportional to sin 0 and 
independent of¢ (which is as expected from symmetry 
considerations). 

9-1.2 Power Density 
~ ~ Given E and Hin phasor form, the time-average Poynting 

vector of the radiated wave, which is also called the power 

density , can be obtained by applying Eq. (7.101), that is, 

(W/m2). (9 .10) 

For the short dipole, use of Eqs. (9.9a) and (9.9b) gives 

Sav = RS(R , 0), (9 .11) 
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9-1 THE SHORT DIPOLE 

with 

The directional pattern of any antenna is described in 
terms of the normalized radiation intensity F(0, ¢), 
defined as the ratio of the power density S(R, 0, </J) to 
Smax, the maximum value of S(R, 0, ¢), at a specified 
range R: 

F(e, </J) = S(R, 0, </J) 
Smax 

(dimensionless) . (9 .13) 

For the Hertzian dipole, the sin2 0 dependence in 
Eq. (9.12) indicates that the radiation is maximum in 
the broadside direction (0 = rr /2), corresponding to the 
azimuth plane, and is given by 

rJok21Jz2 
Smax = So= 32rr2 R2 

= 15rr IJ (!_)2 (W/m2), (9.14) 
R2 ). 

where use was made of the relations k = 2rr /)., and rJo '.:::'. 
120rr. We observe that Smax is directly proportional to 
IJ and to /2 (with l measured in wavelengths), and it 
decreases with distance as 1/ R2. 

From the definition of the normalized radiation inten­
sity given by Eq. (9.13), it follows that 

F(0, </J) = F(0) = sin2 0. (9.15) 

Plots of F(0) are shown in Fig. 9-7 in both the elevation 
plane (also called the 0-plane) and the azimuth plane 
(¢-plane). No energy is radiated by the dipole along 
the direction of the dipole axis and maximum radiation 
(F = 1) occurs in the broadside direction. Since F(0) is 
independent of¢, the pattern is doughnut-shaped in 0-<I> 
space. 
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z 

F(0) 

dipole 

' 0.5)', 

' 
' 02 = 135° 

(a) Elevation pattern 

(b) Azimuth pattern 

Figure 9-7: Radiation patterns of a short dipole. 

REVIEW QUESTIONS 

Q9.1 When is an antenna a reciprocal device? 

Q9.2 What is the radiated wave like in the far-field 
region of the antenna? 

Q9.3 How short should the length of a wire antenna be 
so that it may be considered a Hertzian dipole? What 
is the underlying assumption about the current flowing 
through the wire? 

INTEL-1014 
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Q9.4 Outline the basic steps used in order to relate the 
current in the wire to the radiated power density. 

EXERCISE 9.1 A 1-m-long dipole is excited by a 5-MHz 
current with an amplitude of 5 A. At a distance of 2 km, 
what is the power density radiated by the antenna along 
its broadside direction? 

Ans. S0 = 8.2 x 10-8 W/m2 . 

9-2 Antenna Radiation Characteristics 

An antenna pattern describes the far-field directional 
properties of an antenna when measured at a fixed 
distance from the antenna. In general, the antenna pattern 
is a three-dimensional plot that displays the strength 
of the radiated field or power density as a function of 
direction, with direction being specified by the zenith 
angle 0 and the azimuth angle ¢. By virtue of the 
reciprocity theorem, a receiving antenna has the same 
directional antenna pattern as the pattern that it exhibits 
when operated in the transmission mode. 

Consider a transmitting antenna placed at the origin of 
the observation sphere shown in Fig. 9-8. The differential 
power radiated by the antenna through an elemental 
area dA is 

dPrad = Sav. dA = Sav. RdA = s dA (Yv), (9.16) 

where S is the radial component of the time-average 
Poynting vector S av · In the far-field region of any 
antenna, Sav is always in the radial direction. In a 
spherical coordinate system, 

dA = R2 sin0 d0 d¢, (9.17) 

and the solid angle dQ associated with dA, defined as 
the subtended area divided by R2, is given by 

dA 
dQ = R2 = sin 0 d0 d¢ (sr). (9.18) 

X 

CHAPTER 9 RADIATION AND ANTENNAS 

z 

dA = R2 sin 0 d0 cl¢ 
= R2 dQ 

Figure 9-8: Definition of solid angle dQ = sin 0 d0 d¢ . 

Note that, whereas a planar angle is measured in ra­
dians and the angular measure of a complete circle 
is 2rr (rad), a solid angle is measured in steradians 
(sr), and the angular measure for a spherical surface 
is Q = (4rr R 2)/ R2 = 4rr (sr). The solid angle of a 
hemisphere is 2rr (sr). 

Using the relation d A = R2 dQ, d Pract can be rewritten 
as 

dPract = R2 S(R, 0, ¢) dQ. (9.19) 

The total power radiated by an antenna through a 
spherical surface at a fixed distance R is obtained by 
integrating Eq. (9.19): 

Pract=R2 f 2
rr {rr S(R , 0 , </))sin0d0d¢ 

1¢=0 le=o 

= R2Smax f 2
rr f1' F(0, ¢) sin0 d0 d¢ 

1¢=0 le=o 

= R2Smax f 1rr F(0, ¢) dQ (W), (9.20) 
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9-2 ANTENNA RADIATION CHARACTERISTICS 

where F ( 0, cp) is the normalizedradiationintensity defined 
by Eq. (9.13). The 4rr symbol under the integral sign is 
used as an abbreviation for the indicated limits on 0 and c/J. 

Formally, Prad is called the total radiated power. 

9-2.1 Antenna Pattern 

Each specific combination of the zenith angle 0 and 
the azimuth angle c/J denotes a specific direction in the 
spherical coordinate system of Fig. 9-8. The normalized 
radiation intensity F ( 0, cp) characterizes the directional 
pattern of the energy radiated by an antenna, and a plot of 
F(0, cp) as a function of both 0 and c/J constitutes a three­
dimensional pattern, an example of which is shown in 
Fig. 9-9. 

,-.. 0 

~ 
o -5 
"oil 
i:: 
I!.) 

:s -10 
i:: 
0 

-~ -15 
:.a 
ell 
ix 
"d -20 

I!.) 
N 

~ 
E -25 .... 
0 z 

-30 
88 

2 

Figure 9-9: Three-dimensional pattern of a narrow-beam 
antenna. 
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Often, it is of interest to characterize the variation of 
F (0, cp) in the form of two-dimensional plots in specific 
planes in the spherical coordinate system. The two 
planes most commonly specified for this purpose are the 
elevation and azimuth planes. The elevation plane, also 
called the 0 plane, is the plane corresponding to a constant 
value of cp. For example, c/J = 0 defines the x-z plane 
and c/J = 90° defines the y-z plane, both of which are 
elevation planes (Fig. 9-8). A plot of F (0, cp) versus 0 
in either of these planes constitutes a two-dimensional 
pattern in the elevation plane. This is not to imply, 
however, that the elevation-plane pattern is necessarily 
the same in all elevation planes. The azimuth plane, 
also called the c/J plane, is specified by 0 = 90° and 
corresponds to the x-y plane. The elevation and azimuth 
planes are often called the two principal planes of the 
spherical coordinate system. 

Some antennas exhibit highly directive patterns with 
narrow beams, in which case it is found convenient to 
plot the antenna pattern on a decibel scale by expressing 
F in decibels: 

F (dB) = 10 log F. 

As an example, the antenna pattern shown in Fig. 9-lO(a) 
is plotted on a decibel scale in polar coordinates, with 
intensity as the radial variable. This format permits a 
convenient visual interpretation of the directional distri­
bution of the radiation lobes . Another format commonly 
used for inspecting the pattern of a narrow-beam antenna 
is the rectangular display shown in Fig. 9- lO(b ), which 
permits the pattern to be easily expanded by changing 
the scale of the horizontal axis . These plots represent the 
variation in only one plane in the observation sphere, the 
cp = 0 plane. Unless the pattern is symmetrical in ¢, 
additional patterns are required to define the variation of 
F(0 , c/J) with 0 and¢. 

Strictly speaking, the polar angle 0 is always positive, 
being defined over the range from 0° (z-direction) to 
180° ( -z-direction), and yet the 0-axis in Fig. 9-lO(b) is 
shown to have both positive and negative values. This 
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(b) Rectangular Plot 

Figure 9-10: Representative plots of the nonnalized radiation pattern of a microwave antenna in (a) polar fonn and (b) 
rectangular fonn. 

is not a contradiction, but rather a different form of 

plotting antenna patterns. The right-hand half of the 

plot represents the variation of F (dB) with 0 as 0 is 

increased in a clockwise direction in the x-z plane [see 

inset in Fig. 9-l0(b)], corresponding to</>= 0, whereas 

the left-hand half of the plot represents the variation 

of F (dB) with 0 as 0 is increased in a counterclockwise 

direction at </> = 180°. Thus, a negative 0 value simply 

denotes that the direction (0, </>) is in the left-hand half 

of the x-z plane. 

The pattern shown in Fig. 9-lO(a) indicates that the 

antenna is fairly directive, since most of the energy is 

radiated through a narrow range called the main lobe . 
In addition to the main lobe, the pattern exhibits several 

side lobes and back lobes as well. For most applications, 

these extra lobes are considered undesirable because they 
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9-2 ANTENNA RADIATION CHARACTERISTICS 

represent wasted energy for transmitting antennas and 
potential interference directions for receiving antennas. 

9-2.2 Beam Dimensions 

For an antenna with a single main lobe, th_e pattern solid 
angle QP describes the equivalent width of the main lobe 
of the antenna pattern [Fig. 9-11]. it is defined as the 
integral of the normalized radiation intensity F ( 0, </J) 
over a sphere: 

(sr). (9.21) 

For an isotropic antenna with F (0 , </J) = I in all 
directions, QP = 4n (.vr) . 

The pattern solid angle characterizes the directional 
properties of the three-dimensional radiation pattern. 
To characterize lhe wiuth of the main lobe in a given 
plane, the term used is beamwidth . The half-power 
beamwidth , or simply the beamwidth {3, is defined as 
the angular width of the main lobe between the two 

F(0, </J) 

(a) Actual pattern 

F = l within 
the cone 

(b) Equivalent 
solid angle 

Figure 9-11: The pattern solid angle Op defines an 
equivalent cone over which all the radiation of the actual 
antenna is concentrated with equal intensity equal to the 
maximum of the actual pattern. 
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angles at which the magnitude of F (0, ¢) is equal to 
half of its peak value (or -3 dB on a decibel scale). 
For example, for the pattern displayed in Fig. 9- IO(b ), 
/3 is given by 

(9.22) 

where 01 and 02 are the half-power angles at which 
F(0, 0) = 0.5 (with 02 denoting the larger value and 
01 denoting the smaller one, as shown in the figure). 
If the pattern is symmetrical and the peak value of 
F(0, </J) is at 0 = 0, then f3 = 202 . For the short-dipole 
pattern shown earlier in Fig. 9-7(a), F(0) is maximum 
at 0 = 90°, 02 is at 135°, and 01 is at 45°. In this 
case, f3 = 135° - 45° = 90°. The beamwidth f3 is 
also known as the 3-dB beam width . In addition to the 
half-power beamwidth, other beam dimensions may be 
of interest for certain applications, such as the null 
beamwidth .Bnull, which is the width of the spacing 
between the first nulls on the two sides of the peak 
[Fig. 9-IO(b)]. 

9-2.3 Antenna Directivity 

The directivity D of an antenna is defined as the ratio of 
its maximum normalized radiation intensity, Fmax (which 
by definition is equal to 1), to the average value of F(0, </J) 
over 4rr space: 

Fmax 
D=-

Fav 

1 

_l [{ F(0, </J) dQ 
4rr }}4rr 

4rr 
= 

Qp 
(dimensionless), (9.23) 

where QP is the pattern solid angle defined by Eq. (9.21). 
Thus, the narrower QP of an antenna pattern is, the greater 
is the antenna directivity. For an isotropic antenna, QP = 
4rr; hence, its directivity Diso = 1. 
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z z z 

X 

(a) Beam solid angle (b) Half-power beamwidth 
in x-z plane 

(c) Half-power beamwidth 
in y-z plane 

Figure 9-12: The solid angle of a unidirectional radiation pattern is approximately equal to the product of the half-power 
beamwidths in the two principal planes; that is, r2p ::::: f3xz/3y z· 

By using Eq. (9.20) in Eq. (9.23), D can be expressed 
as 

4rr R2 Smax 
D=---­

Prad 

Smax 

Sav ' 
(9.24) 

where Sav = Pract/(4rr R2 ) is the average value of the 
radiated power density and is equal to the total power 
radiated by the antenna, Prad, divided by the surface area 
of a sphere of radius R. Since Sav = Siso, where Siso 

is the power density radiated by an isotropic antenna, 
D represents the ratio of the maximum power density 
radiated by the antenna under consideration to the power 
density radiated by an isotropic antenna, both measured 
at the same range R and excited by the same amount 

of input power. Usually, D is expressed in decibels:* 
D (dB)= 10 log D. 

For an antenna with a single main lobe pointing in the z­
direction as shown in Fig. 9-12, QP may be approximated 
as the product of the half-power beamwidths f3xz and /3yz 
(in radians): 

and therefore 

4rr 4rr 
D=-~-- (9.26) 

Qp - f3x z/3yz • 

(9.25) 

* A note of caution: even though we often express certain dimen­
sionless quantities in decibels, we should always convert their decibel 
values to natural values before using them in the relations given in 
this chapter. 
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9-2 ANTENNA RADIATION CHARACTERISTICS 

Although approximate, this relation provides a useful 
method for estimating the antenna directivity from meas­
urements of the beam widths in the two orthogonal planes 
whose intersection is the axis of the main lobe. 

Example 9-1 Antenna Radiation Properties 

Determine (a) the direction of maximum radiation, 
(b) pattern solid angle, (c) directivity, and (d) half-power 
beamwidth in the y-z plane for an antenna that radiates 
into only the upper hemisphere and its normalized 
radiation intensity is given by F ( 0, </>) = cos2 0. 

Solution: Mathematically, the statement that the antenna 
radiates along directions covering only the upper hemi­
sphere can be written as 

{
• cos2 0, for O :S 0 :S rr /2 

F(0, cp) = F(0) = and O ~ </>.:: 2rr, 
0, elsewhere. 

(a) The function F(0) = cos2 0 is independent of</> and 
is maximum when 0 = 0°. A polar plot of F(0) is shown 
in Fig. 9-13. 

z 

X 

Figure 9-13: Polar plot of F(0) = cos2 0. 
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(b) From Eq. (9.21), the pattern solid angle QP is given 
by 

QP = f 1n: F(0, </>) dQ 

= f 2n: [1 n:/Z cos2 0 sin 0 do] d</) 
J</)=0 9=0 

-12n: [ cos3 0] rr/2 - --- d</> 
¢=0 3 0 

= [2rr ~ d</> = 2n (sr). 
la 3 3 

(c) Application of Eq. (9.23) gives 

D = 4n = 4n (2-) = 6 
QP 2rr ' 

which corresponds to D (dB)= 10log6 = 7.78 dB. 

(d) ThP- hlllf-power heamwidth fi is obtained by setting 
F(0) = 0.5. That is, 

F(0) = cos2 0 = 0.5 , 

which gives the half-power angles 01 

02 = 45°. Hence, 

Example 9-2 Directivity of a Hertzian Dipole 

-45° and 

Calculate the directivity of a Hertzian dipole. 

Solution: Application of Eq. (9.23) with F(0) = sin2 0 
[from Eq. (9.15)] gives 

4rr 
D = ---------

Jin: F(0,</)) sin0d0dcp 

4rr 4rr 
-=-------- = -- = 1.5 l~: fe:0 sin3 0 d0 dc/J Srr / 3 

or, equivalently, 1.76 dB. ■ 
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9-2.4 Antenna Gain 

Of the total power Pt (transmitter power) supplied to the 
antenna, a part, Prad, is radiated out into space, and the 
remainder, P1oss, is dissipated as heat loss in the antenna 
structure. The radiation efficiency ~ is defined as the 
ratio of Prad to Pt: 

(dimensionless). 

The gain of an antenna is defined as 

4JT R 2Smax 
G=----, 

Pi 

(9.27) 

(9.28) 

which is similar in form to the expression given by 
Eq. (9.24) for the directivity D except that it is referred 
to the input power supplied to the antenna, l'i, rnthr.r th<1n 
to the radiated power Prad- In view of Eq. (9.27), 

(dimensionless). (9.29) I 
The gain accounts for ohmic losses in the antenna 
material, whereas the directivity does not. For a lossless 
antenna, ~ = 1. 

9-2.5 Radiation Resistance 

To the transmission line connected to its terminal, an 
antenna is merely an impedance. If the transmission line 
is matched to the antenna impedance, part of Pi, the power 
supplied by the generator, is radiated out into space, 
and the remainder is dissipated as heat in the antenna. 
The resistance part of the antenna impedance may be 
defined as consisting of a radiation resistance Rrad and 
a loss resistance R1oss - The corresponding time-average 
radiated power Prad and dissipated power P1oss are 

(9.30a) 

(9.30b) 

CHAPTER 9 RADIATION AND ANTENNAS 

where Io is the amplitude of the sinusoidal current 
exciting the antenna. As defined earlier, the radiation 
efficiency is the ratio of Prad to Pi , 

(9.31) 

The radiation resistance Rrad can be calculated by inte­
grating the far-field power density over a sphere to obtain 
Prad and then equating the result to Eq. (9.30a). 

Example 9-3 Radiation Resistance and Efficiency 
of a Hertzian Dipole 

A 4-cm-long center-fed dipole is used as an antenna at 
75 MHz. The antenna wire is made of copper and has a 
radius a = 0.4 mm. From F.qs. (7.92a) and (7.94), the 
loss resistance of a circular wire of length l is given by 

Rtoss = -2
1 Jrrfµ,, , 
na O'c 

(9.32) 

where µ c and ac are the magnetic permeability and 
conductivity of the wire, respectively. Calculate the 
radiation resistance and the radiation efficiency of the 
dipole antenna. 

Solution: At 75 MHz, 

C 3 X 108 

A. = - = --- = 4 m. 
f 7.5 X 107 

The length to wavelength ratio is l/A. = 4 cm/4 m = 
10-2 . Hence, this is a short dipole. From Eq. (9.24), Prad 

is given by 

(9.33) 
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9-3 HALF-WAVE DIPOLE ANTENNA 

For the Hertzian dipole, Smax is given by Eq. (9.14), and 
from Example 9-2 we established that D = 1.5. Hence, 

p = 4:rr R2 X 15:rr IJ (~) 2 

rad 1.5 R2 )., 

=40:rr2 IJ (~Y (9.34) 

Equating this result to Eq. (9.30a) and then solving for 
the radiation resistance Rrad gives 

I Rrad ~ 80rr 2(1/J.)2 (Q). (9.35) I 

For lj)., = 10-2, Rract = 0.08 Q. 

Next, we will find the loss resistance R10 55 . For copper, 
Appendix B gives /J,c :::: µ,0 = 4:rr x 10-7 Him and 
Cle = 5.8 x 107 Sim. Hence, 

R1oss = - '- / ,r f I', 
2:rr a Cle 

= 4x10-2 [ rrx75 x 106 x4:rrxl0-7 ] 112 

2:rr x 4x 10-4 5.8 x 107 

= 0.036 Q , 

and therefore the radiation efficiency is 

~ = Rroct 
R rad + R1oss 

0.08 = 0.69 
0.08 + 0.036 ' 

or 69% efficient. ■ 

REVIEW QUESTIONS 
Q9.5 What does the pattern solid angle represent? 

Q9.6 What is the magnitude of the directivity of an 
isotropic antenna? 

Q9.7 What physical and material properties affect the 
radiation efficiency of a fixed-length Hertzian dipole 
antenna? 
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EXERCISE 9.2 An antenna has a conical radiation pattern 
with a normalized radiation intensity F(0) = 1 for e 
between 0° and 45° and zero intensity fore between 45° 
and 180°. The pattern is independent of the azimuth 
angle ¢. Find (a) the pattern solid angle and (b) the 
directivity. 

Ans. (a) QP = 1.84 sr, (b) D = 6.83 or, equivalently, 
8.3 dB. 

EXERCISE 9.3 The maximum power density radiated by 
a short dipole at a distance of 1 km is 60 (nW/m2). If 
Io = 10 A, find the radiation resistance. 

Ans. Rract = 10 mQ. 

9-3 Half-Wave Dipole Antenna 

In Section 9-1 we developed expressions for the electric 
and magnetic fields radiated by a short dipole of length 
much shorter than A. We shall now use these expressions 
as building blocks to obtain expressions for the fields 
radiated by a half-wave dipole antenna, so named because 
its length l = ).,/2. As shown in Fig. 9-14, the half­
wave dipole consists of a thin wire fed at its center by 
a generator connected to the antenna terminals via a 
transmission line. The current flowing through the wire 
has a symmetrical distribution with respect to the center 
of the dipole, and the current has to be zero at the ends. 
Mathematically, i (t) is given by 

i (t) = Io cos wt cos kz = 9le [ /0 cos kz e1w1] , (9.36) 

whose current phasor is 

l(z) = Io cos kz, (9.37) 

and k = 2:rr/A. Equation (9.9a) gives an expression 
for E0 , the far field (at distance R) radiated by a short 
dipole of length l when excited by a current I0. Let us 
adapt that expression to an infinitesimal dipole segment 
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I Transmissio, 
1 = )..12 l=in=e=~ =~ 

l Dipole,,,..-­
amenna 

(a) 

(b) 

Current distrubution 
l(z) = Io cos kz 

-._/ 
' ' t i(t) \ 

t i(t) / 

Figure 9-14: Center-fed half-wave dipole. 

of length dz, excited by a current I (z) and located at 
a distances from the observation point [Fig. 9-14(b)]. 
Thus, 

'k ( -jks) ~ J 1'/o ~ e 
dE0(z) = -- l(z) dz -- sin0s, 

4rr s 

and the associated magnetic field is 

dH,t,(z) = dE0(z) 
1'/0 

(9.38a) 

(9.38b) 

The far field due to radiation by the entire antenna is 
obtained by integrating the fields from all the Hertzian 

CHAPTER 9 RADIATION AND ANTENNAS 

dipoles making up the antenna: 

[
)./4 

E0 = dE0. 
z=-)./4 

(9.39) 

Before we calculate this integral, we shall make the 
following two approximations. The first approximation 
relates to the magnitude part of the spherical propagation 
factor, 1/s. In Fig. 9-14(b), the distances between the 
current element and the observation point Q is considered 
so large in comparison to the length of the dipole that the 
difference between s and R may be neglected in terms of 
its effect on 1 / s. Hence, we may set 1 / s '.:::'. 1 / R, and by 
the same argument we set 0s '.:::'. 0. The error b.. betweens 
and R is a maximum when the observation point is along 
the z-axis and it is equal to >-./4 (corresponding to half 
of the antenna length). If R » >-., this error will have 
an insignificant effect on 1/ s. For the phase factor e-iks, 

such an error in distance corresponds to an error in phase 
of kb.. = (2rr/>-.)(>-./4) = rr/2. As a rule of thumb, a 
phase error greater than rr /8 is considered unacceptable 
because it may lead to a significant error in the computed 
value of the field £0 . Hence, the approximation s '.:::'. R is 
too crude for the phase factor and cannot be used. A more 
tolerable option is to use the parallel-ray approximation 
given by 

s '.:::'. R - z cos 0, (9.40) 

as illustrated in Fig. 9- l 4(b ). 
Substituting Eq. (9.40) for s in the phase factor of 

Eq. (9.38a) and replacing s with R and 0s with 0 
elsewhere in the expression, we have 

dE0 = -- /(z) dz -- sin0 e1kzcos 0. (9.41) ~ Jk110 ~ (e-JkR) • 

4rr R 

After (1) inserting Eq. (9.41) into Eq. (9.39), (2) using 
the expression for I(z) given by Eq. (9.37), and (3) 
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carrying out the integration, the following expressions 
are obtained: 

E =. 6 [co [(rr/2) cos0]](e-jkR) (9.42a) 
0 J 0io . 0 R , 

Sm 

~ Ee 
H¢=-, 

T/O 
(9.42b) 

and the corresponding time-average power density is 

~ 2 

S(R,0)= @:tl_ 
27/0 

= l5IJ- [cos2[(rr/:) cos0]] , 
rr R2 in-0 

. 1 (W/m2). (9.43) = ·C'o [co 2[(rr_/
2
2) oos0]] 

Sill 0 

Examination of Eq. (9.43) reveals that S(R, 0) is maxi­
mum at 0 = rr /2, and its value is 

15I2 
Smax = So = --0- . 

(rr R2) 

Hence, the normalized radiation intensity is 

S(R, 0) [cos[ (rr / 2) cos 0] ] 2 
F(0) =--= 

So sin 0 
(9.44) 

The radiation pattern of the half-wave dipole exhibits 
roughly the same doughnutlike shape shown earlier in 
Fig. 9-7 for the short dipole. Its directivity is slightly 
larger (1.64 compared to 1.5 for the short dipole), but 
its radiation resistance is 73 Q (as will be shown later in 
Section 9-3.2), which is orders of magnitude larger than 
that of a short dipole. 
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9-3.1 Directivity of A/ 2 Dipole 

To evaluate both the directivity D and the radiation 
resistance Rrad of the half-wave dipole, we first need 
to calculate the total radiated power Prad by applying 
Eq. (9.20): 

Prad = R2 f 1" S(R, 0) dQ 

= l5IJ- [2" [" [cos[(n(2) co 
rr lo lo sm0 

0]]2 sin0 d0 d</J. 

(9.45) 

The integration over </J is equal to 2rr, and numerical 
evaluation of the integration over 0 gives the value 1.22. 
Consequently, 

Prad = 36.6 IJ (W). (9.46) 

From Eq. (9.43), we found that Smax = 15!J /(rr R2). 

Using this in Eq. (9.24) gives the following result for the 
directivity D of the half-wave dipole: 

4rrR2Smax 4rrR2 (15IJ) D = - --- = --2 --2 = 1.64 
Prad 36.6I0 rr R 

(9.47) 

or, equivalently, 2.15 dB. 

9-3.2 Radiation Resistance of A/2 Dipole 

Using Eq. (9.30a) to relate the radiation resistance Rrad 
to the total radiated power Prad, we have 

2Prad 2 X 36.615 
Rrad = - 2- = 2 '.::::'. 73 r2. 

Io Io 
(9.48) 

As was noted earlier in Example 9-3, because the 
radiation resistance of a short dipole is comparable in 
magnitude to that of its loss resistance R1oss, its radiation 
efficiency ~ is quite small. For the 4-cm-long dipole 
of Example 9-3, Rrad = 0.08 Q (at 75 MHz) and 
Rioss = 0.036 Q . If we keep the frequency the same 
and increase the length of the dipole to 2 m (A = 4 m 
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at f = 75 MHz), Rract becomes 73 Q and Rioss increases 
to 1.8 ~- The radiation efficiency increases from 69% for 
the short dipole to 98% for the half-wave dipole. More 
significant is the fact that it is practically impossible to 
match a transmission line to an antenna with a resistance 
on the order of 0.1 Q, while it is quite easy to do so when 
Rract = 73 Q. 

Another interesting feature of the half-wave dipole 
pertains to its reactance. As seen by a transmission line, 
an antenna may be represented by an input impedance 
connected to the line at the antenna terminals. The input 
impedance Zin consists of a real part Rin and an imaginary 
part Xin: 

(9.49) 

where Rin is the sum of the radiation resistance Rrad and 
the loss resistance R1oss, 

Rin = Rract + R toss · (9.50) 

For the half-wave dipole, R1oss is much smaller than Rrad 

and can be ignored. Hence, 

(9.51) 

Deriving an expression for Xin for the half-wave dipole 
is fairly complicated and beyond the scope of this book. 
However, it is significant to note that Xin is a strong 
function of l/},., and it decreases from 42 Q at l/},. = 0.5 
down to zero at l/},. = 0.48, whereas Rrad remains 
approximately unchanged. Hence, by reducing the 
length of the half-wave dipole by 4%, Zin becomes purely 
real and equal to 73 Q, thereby making it possible to 
match the dipole to a 75-Q transmission line without 
resorting to the use of a matching network. 

CHAPTER 9 RADIATION AND ANTENNAS 

9-3.3 Quarter-Wave Monopole Antenna 

When placed over a conducting ground plane, a 
quarter-wave monopole antenna excited by a source at 
its base [Fig. 9-15(a)] exhibits the same radiation pattern 
in the region above the ground plane as a half-wave 
dipol~ in free space. This is because, from image theory 
[Section 4-12], the conducting plane can be replaced 
with the image of the ),_/4 monopole, as illustrated in 
Fig. 9-15(b). Thus, the ),./4 monopole will radiate an 
electric field identical to that given by Eq. (9.42a), and 
its normalized radiation intensity is given by Eq. (9.44); 

T 
' t ).../4 

~ 

11 

(a) 

I t 'Image 

(b) 

Conducting 
plane 

/ 

Figure 9-15: A quarter-wave monopole above a conduct­
ing plane is equivalent to a full half-wave dipole in free 
space. 
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but the radiation is limited to the upper half-space defined 
by 0 ::: 0 ::: rr /2. Hence, a monopole radiates only half 
as much power as the dipole. Consequently, for a )../4 
monopole, Prad = 18.3/J and its radiation resistance is 
Rrad = 36.5 Q. 

The approach used for the quarter-wave monopole is 
also valid for any vertical wire antenna placed above a 
conducting plane, including a Hertzian monopole. 

REVIEW QUESTIONS 

Q9.8 What is the physical length of a half-wave dipole 
operating at (a) 1 MHz (in the AM broadcast band), 
(b) 100 MHz (FM broadcast band), and (c) 10 GHz 
(microwave band)? 

Q9.9 How does the radiMion pilttern of ;:i h;:ilf-w;:ive 
dipole compare with that of a Hertzian dipole? How 
do their directivities, radiation resistances, and radiation 
efficiencies compare? 
Q9.10 How does the radiation efficiency of a quarter­
wave monopole compare with that of a half-wave dipole, 
assuming that both are made of the same material and 
have the same cross section? 

EXERCISE 9.4 For the half-wave dipole antenna, evaluate 
F(0) versus 0 in order to determine the half-power 
beamwidth in the elevation plane (the plane containing 
the dipole axis). 

Ans. f3 = 78°. 

EXERCISE 9.5 If the maximum power density radiated 
by a half-wave dipole is 50 (µ W/m2) at a range of 1 km, 
what is the current amplitude Io? 

Ans. Io= 3.24 A. 
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9-4 Dipole of Arbitrary Length 

So far, we have examined the radiation properties of the 
short Hertzian dipole and of the half-wave dipole. We 
will now consider the more general case of a linear dipole 
of any arbitrary length l, relative to A. For a center-fed 
dipole, as depicted in Fig. 9-16, the currents flowing 
through its two halves are symmetrical and must go to 
zero at its ends. Hence, the current phasor I(z) can be 
expressed as a sine function with an argument that goes 
to zero at z = ±l /2: 

I(z) = 

I Io sin [k (l/2 - z)], 

Io sin [k (l/2 + z)], 

for 0 ::: z ::: l /2, 
(9.52) 

for - //2 ::: z < 0, 

where Io is the current amplitude. The procedure 
for calculating the electric and magnetic fields and the 

... 
' J(z) 

' \ 
' ... l(z) 

' ' I 
\ .,, 
I 

.,, 
... , l (z) I ,, 

' .,, ,, 

' 
.,, I 

\ 
; 

I 
I I 

I 
... 

' ... .,, 
' ' ,, 
' 

... ... 
\ 

' 
... ... 

' I ' .,, \ 
; I ; 

I .,, ,, 
; 

(a) l = J../2 (b) l = J.. (c) l = 3M2 

Figure 9-16: Current distribution for three center-fed 
dipoles. 
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associated power density of the wave radiated by such an 
antenna is basically the same as that used previously in 
connection with the half-wave dipole ~ntenna. The only 
difference is the current distribution I (z). If we insert 
the expression for /(z) given by Eq. (9.52) in Eq. (9.41), 
we obtain the following expression for the differential 
electric field d Ee of the wave radiated by an elemental 
length dz at location z along the dipole: 

dEe = J 7/0 0 _e__ sin 0 eikzcos0 dz 'k l ( -JkR) 
4rr R 

{ 
sin [k (l/2 - z)], 

x sin [k (l/2 + z)], 

forO :C:: z :=== l/2, 

for - l /2 :::: z < 0. 

(9.53) 

The total field radiated by the dipole is 

1//2 

Ee= dEe 
- // 2 

= ( !2 dEe + lo dEe 
lo -112 

jk71olo (e-JkR) . 0 =-- -- sm 
4rr R 

x [11/2 eikzcose sin[k(l/2 - z)] dz 

+ lo eikzcose sin[k(l/2 + z)] dz] . (9.54) 
-l/2 

If we apply Euler's identity to express eikzcose as 
[cos(kz cos 0)+ j sin(kz cos 0)], we can integrate the two 
integrals and obtain the result 

( 
- JkR) 

Ee =}6O/o T 
X [ COS ( ¥ COS~) - COS ( ¥) ] . 

sm0 
(9.55) 
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The corresponding time-average power density radiated 
by the dipole antenna is given by 

~ 2 
S(0) = IEel 

2710 

= 15/J [cos (:1 cos0) - cos (:1)] 2 

rr R2 sin 0 ' (9•56) 

where we have used the relations 7/o ~ 120rr (Q) 
and k = 2rr /).. . For l = A /2, Eq. (9 .56) reduces to 
the expression given by Eq. (9.43) for the half-wave 
dipole. Plots of the normalized radiation intensity, 
F(0) = S(R, 0)/ Smax, are shown in Fig. 9-17 for dipoles 
with lengths of A/2, A, and 3A/2. The dipoles with 
l = A /2 and l = ).. have similar radiation patterns with 
maxima along 0 = 90°, but the half-power beamwidth 
of the wavelength-long dipole is narrower than that of 
the half-wave dipole, and Smax = 60/J / (rr R 2) for the 
wavelength-long dipole, which is four times that for the 
half-wave dipole. The pattern of the dipole with length 
l = 3A/2 exhibits a multiple lobe structure, and its 
direction of maximum radiation is not along 0 = 90°. 

9-5 Effective Area of a Receiving Antenna 

So far, we have examined the radiation characteristics 
of antennas by treating them as radiators of the energy 
supplied by a source. Now we shall consider the reverse 
process, that is, how a receiving antenna extracts energy 
from an incident wave and delivers it to a load. The 
ability of an antenna to capture energy from an incident 
wave of power density Si (W/m2) and to convert it into 
an intercepted power Pint (W) for delivery to a matched 
load is characterized by the effective area Ae: 

Other commonly used names for Ae include effective 
aperture and receiving cross section . The antenna 
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z 

(a) l = A/2 

(h) l = A 

(c) l=3J../2 

Figure 9-17: Radiation patterns of dipoles with lengths 
of J../2, A, and 3J../2. 

rece1vmg process may be modeled in the form of a 
Thevenin equivalent circuit as shown in Fig. 9-18, where 
Voe is the open-circuit voltage phasor induced in the 
receiving antenna by the incident wave, Zin is the antenna 
impedance, and Z L is the impedance of the load for which 
the received power is intended. In general, both Zin and 
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,----------
1 I 

, Incident ~ 
1 wave I z 
I - L 
I 
, : Load 
1 Antenna 1 L----------

(a) Receiving antenna 

I - - I 

1 Z in = Rrad + )X;n I---+---, 

+ 

I 

: Antenna equivalent circuit I Load --------------- -' 
(b) Equivalent circuit 

Figure 9-18: Receiving antenna represented by an 
equivalent circuit. 

ZL are complex: 

Zin= Rrad + jXin,. 

ZL= RL+ jXL, 

(9.58a) 

(9.58b) 

where Rrad denotes the radiation resistance of the an­
tenna, and it is assumed that the antenna loss resistance 
is much smaller than Rrad and can be ignored. As we will 
see later in Example 9-4, for maximum power transfer, 
the load impedance must be chosen such that ZL = Zin• 
or RL = Rrad and XL = - Xin, in which case the circuit 
reduces to a source Voe connected across a resistance 
equal to 2Rrad· Since Voe is a sinusoidal voltage phasor, 
the time-average power delivered to the load is 

~ 2 ~ 2 
1 ~ 2 1 [!Voci] !Voci 

PL= 2Jhl Rrad = 2 2Rrad Rrad = 8Rrad ' 

(9.59) 
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where h V0c/ (2Rract) is the phasor current flowing 
through the circuit. Since the antenna is lossless, all the 
intercepted power Pint ends up in the load resistance RL. 
Hence, 

~ 2 
!Voci 

Pint = PL = -- • 
8Rract 

(9.60) 

For an incident wave with electric field E i parallel to the 
antenna polarization direction, the power density carried 
by the wave is 

IEi1 2 IEil2 
Si= - = -- . (9.61) 

2170 240rr 

The ratio of the results provided by Eqs. (9 .60) and (9 .61) 
gives 

~ 2 
Pint 30rr I Voe I 

Ae=-=--~- . 
S\ Rrad I t-'il 2 

(9.62) 

The open-circuit voltage Voe inducej in the receiving 
antenna is due to the incident field Ei, but the relation 
between them depends on the specific antenna under 
consideration. By way of illustration, let us consider the 
case of the short-dipole antenna of Section 9-1. Because 
the length l of the short dipole is small compared to >-., 
the current induced by the incident field will be uniform 
across its length, and the open-circuit voltage will simply 
be Voe = Eil . Noting that Rract = 80rr 2 (l / >-.) 2 for 
the short dipole [see Eq. (9.35)] and using Voe = Eil, 
Eq. (9.62) simplifies to 

3>-.2 
Ae =-

8rr 
(m2) (short dipole). (9.63) 

In Example 9-2 it was shown that for the short dipole the 
directivity D = 1.5. In terms of D, Eq. (9.63) can be 
rewritten in the form 

(m2) (any antenna). (9.64) 

CHAPTER 9 RADIATION AND ANTENNAS 

Despite the fact that the relation between Ae and D given 
by Eq. (9.64) was derived for a short dipole, it can be 
shown that it is also valid for any antenna under matched­
impedance conditions. 

Example 9-4 Maximum Power Transfer 

The circuit shown in Fig. 9- l 8(b) consists of a generator 
comprised of a voltage phasor Voe and an internal 
impedance Zin connected to a load ZL, If 

what values of RL and XL yield the maximum transfer of 
power from the generator into the load? 

Solution: The current phasor flowing through the circuit 
is 

and the time-average power dissipated in the load resis­
tance RL is 

Our task is to specify the load parameters, RL and XL, 
that maximize PL. This is achieved by differentiating the 
expression for PL with respect to RL, equating it to zero, 
and then repeating the process with respect to XL· The 
first of these two steps gives 
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which yields the result 

(Xin + XL) 2 - Rf + Rfad = 0. (9.67) 

Application of the second step gives 

8PL _ 1 ~ 2 [ -2RL(Xin + XL) ]- 0 
-- - 2 IVoc I 2 - ' 
axL ((Rrac1 + RL)2 + (Xin + XL)2] 

which yields a second condition, 

(9.68) 

To satisfy this result, we have to choose either RL = 0, 
which is not an acceptable result because it means that 
PL= 0, or 

I XL= -Xin· (9.69a) 

Using Eq. (9.69a) in Eq. (9.67) gives 

I RL = Rrad• (9.69b) 

These two results can be combined into 

I ZL = Zin, (9.70) I 
where Zin is the complex conjugate of Zin· Thus, for 
maximum power transfer, the load impedance should 
be equal to the complex conjugate of the generator 
impedance. ■ 

EXERCISE 9.6 The effective area of an antenna is 9 m2. 

What is its directivity in decibels at 3 GHz? 

Ans. D = 40.53 dB . 

EXERCISE 9.7 At 100 MHz, the pattern solid angle of an 
antenna is 1.3 sr. Find (a) the antenna directivity D and 
(b) its effective area Ae . 

Ans. (a) D = 9.67, (b) Ae = 6.92 m2. 
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9-6 Friis Transmission Formula 

The two antennas shown in Fig. 9-19 are part of a 
free-space communication link, with the separation be­
tween the antennas, R, being large enough for each 
antenna to be in the far-field region of the other. The 
transmitting and receiving antennas have effective areas 
At and Ar and radiation efficiencies ~t and ~r, respectively. 
Our objective is to find a relationship between Pt, the 
transmitter power supplied to the transmitting antenna, 
and Pree, the power delivered to the receiver by the 
receiving antenna. As always, we assume that both 
antennas are impedance matched to their respective 
transmission lines. Initially, we shall consider the case 
where the two antennas are oriented such that the peak 
of the radiation pattern of each antenna points in the 
direction of the other. 

LeL us slarl by Lreating the transmitting antenna as a 
lossless isotropic radiator. In this case, the power density 
incident upon the receiving antenna at a distance R from 
an isotropic transmitting antenna is simply equal to the 
transmitter power Pt divided by the surface area of a 
sphere of radius R: 

(9.71) 

The real transmitting antenna is neither lossless nor 
isotropic. Hence, the power density Sr due to the real 

Transmitting 
antenna 

R 

Receiving 
antenna 

Figure 9-19: Transmitter-receiver configuration. 
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antenna is given by 

ttDtPt 
Sr = GtSiso = ~tDtSiso = 41( R2 , (9.72) 

where, through the gain Gt = ttDt, tt accounts for the 
fact that only part of the power Pt supplied to the antenna 
actually is radiated out into space, and Dt accounts for 
the directivity of the transmitting antenna (in the direction 
of the receiving antenna). Using Eq. (9.64), Eq. (9.72) 
can be expressed in terms of the effective area At of the 
transmitting antenna: 

S _ ttAtPt 
r - )..2R2 • (9.73) 

On the receiving-antenna side, the power intercepted 
by the receiving antenna is equal to the product of the 
incident power density Sr and the effective area Ar: 

ttAtArPt 
I'int - SrAr = --;y: R2 • (9.74) 

The received power Pree delivered to the receiver is equal 
to the intercepted power Pint multiplied by the radiation 
efficiency of the receiving antenna, tr• Thus, Pree = 
trPint, which leads to the result 

(9.75) 

This relation is known as the Friis transmission formula , 
and Pree/ P1 is sometimes called the power transfer ratio . 
In deriving the form of the Friis formula involving the 
gains Gt and Gr of the transmitting and receiving anten­
nas, we used the factthat t 1A1 = ~tD1).. 2 /4rr = Gt). 2 /4rr, 
and similar relations apply to the receiving antenna. 

If the two antennas are not oriented in the direction of 
maximum power transfer, Eq. (9.75) can be rewritten in 
the general form 

(9.76) 
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where Ft(0t, </Jt) is the normalized radiation intensity 
of the transmitting antenna, evaluated at the direction 
(01, </Jt) corresponding to the direction of the receiving 
antenna ( as seen by the antenna pattern of the transmitting 
antenna), and a similar definition applies to Fr(0r, </Jr) for 
the receiving antenna. 

Example 9-5 Satellite Communication System 

A 6-GHz direct-broadcast TV satellite system trans­
mits 100 W through a 2-m-diameter parabolic dish 
antenna from a distance of approximately 40,000 km 
above Earth's surface. Each TV channel occupies a 
bandwidth of 5 MHz. Due to electromagnetic noise 
picked up by the antenna as well as noise generated by the 
receiver electronics, a ground home receiving TV station 
has a noise level given by 

(W), (9.77) 

where Tsys [measured in kelvins (K)] is a figure of merjt 
called the system noise temperature that characterizes 
the noise performance of the receiver-antenna combina­
tion, K is Boltzmann' constant [1.38 x 10-23 (J/K)], and 
B is the receiver bandwidth in Hz. 

The signal-to-lloise ratio Sn (which should not be 
confused with the power density S) is defined as the ratio 
of Pree, the signal power received from the transmitter, 
to Pn: 

(dimensionless). (9.78) 

For a receiver with Tsys = 580 K, what minimum 
diameter of a parabolic dish receiving antenna is required 
for high-quality TV reception with Sn = 40 dB? The 
satellite and ground receiving antennas may be assumed 
lossless, and their effective areas may be assumed equal 
to their physical apertures. 

Solution: The following quantities are given: 

Pi= 100 W, f = 6 GHz= 6 x 109 Hz, Sn= 104, 

Transmit antenna diameter dt = 2 m, 
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Tsys = 580 K, 

R = 40, 000 km = 4 x 107 m, 

B = 5 MHz = 5 x 106 Hz. 

The wavelength "A = c / f = 5 x 10-2 m, and the area of 
the transmitting satellite antenna is At = (rrd'f /4) = rr 
(m2). From Eq. (9.77), the receiver noise power is 

Pn = KTsysB = 1.38 X 10-23 X 580 X 5 X 106 

=4 X 10-14 W. 

Using Eq. (9.75) for lossless antennas C~t = ~r = 1), the 
received signal power is 

= 7.85 X 10-l l Ar. 

The area of the receiving antenna, Ar, can now be 
determined by equating the ratio Pree! Pn to Sn = 104 : 

4 7.85 X 10-ll Ar 
10 =-----

4 X 10-14 

which yields the value Ar = 5.1 m2. The required 
minimum diameter is dr = J4Arfrr = 2.55 m. ■ 

REVIEW QUESTIONS 

Q9.11 For an a-c generator connected to a load, what 
is the condition for maximum transfer of power from the 
generator to the load? 

Q9.12 If the two antennas of a communication system 
have constant radiation efficiencies and effective areas, 
how does the power transfer ratio vary with "A? Explain 
in terms of how the antenna beams vary with "A. 
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EXERCISE 9.8 Suppose that the operating frequency of 
the communication system described in Example 9-5 
were to be doubled to 12 GHz. What would then be 
the minimum required diameter of a home receiving TV 
antenna? 

Ans. dr = 1.27 m. 

EXERCISE 9.9 A 3-GHz microwave link consists of two 
identical antennas each with a gain of 30 dB. If the 
transmitter output power is 1 kW and the two antennas 
are 10 km apart, find the received power. 

Ans. Pree = 6.33 x 10-4 W. 

EXERCISE 9.10 The effective area of a parabolic dish 
antenna is approximately equal to its physical aperture. 
If the directivity of a dish antenna is 30 dB at 10 GHz, 
what is its effective area? If the frequency is increased to 
30 GHz, what will be its new directivity? 

Ans. Ae = 0.07 m2 , D = 39.54 dB. 

9-7 Radiation by Large-Aperture 
Antennas 

For wire antennas, the sources of radiation are the 
infinitesimal current elements comprising the current 
distribution along the wire, and the total radiated field 
at a given point in space is equal to the sum, or integral, 
of the fields radiated by all the elements. A parallel ar­
rangement applies to aperture antennas, except that now 
the source of radiation is the electric-field distribution 
across the aperture. Consider the horn antenna shown 
in Fig. 9-20, which is connected to a source through a 
coaxial transmission line, with the outer conductor of 
the coaxial line being connected to the metal body of 
the horn and the inside conductor made to protrude, 
through a small hole, partially into the throat end of 
the horn. The protruding conductor acts as a monopole 
antenna, generating waves that radiate outwardly toward 
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Figure 9-20: A horn antenna with aperture field distribu­
tion Ea(Xa, Ya), 

the horn's aperture. The electric field of the energy 
arriving at the aperture, which may vary as a function of Xa 

and Ya over the horn's aperture, is called the electric-field 
aperture distribution, £ 0 (.ru, y0 ). Tnsirle the horn, wave 
propagation is guided by the horn's geometry; but as the 
wave transitions from a guided wave into an unbounded 
wave, every point of its wavefront serves as a source of 
spherical secondary wavelets. The aperture may then 
be represented as a distribution of isotropic radiators, 
each with an intensity proportional to the electric field 
Ea(Xa, Ya) at its location (xa, Ya). At a distant point Q, 
the combination of all the waves arriving from all of 
these radiators constitutes the total wave that would be 
observed by a receiver placed at that point. 

The radiation process described for the horn antenna 
is equally applicable to any aperture upon which an 
electromagnetic wave is incident. For example, if a 
light source is used to illuminate an opening in an 
opaque screen through a collimating lens, as shown in 
Fig. 9-21(a), the opening becomes a source of secondary 
spherical wavelets, much like the aperture of the horn 
antenna. In the case of the parabolic reflector shown in 
Fig. 9-21(b), it can be described in terms of an imaginary 
aperture representing the electric-field distribution across 
a plane in front of the reflector. 

Two types of mathematical formulations are available 
for computing the electromagnetic fields of waves radi-

CHAPTER 9 RADIATION AND ANTENNAS 

(a) Opening in an opaque screen 

(b) Parabolic reflector antenna 

Figure 9-21: Radiation by apertures: (a) an opening in 
an opaque screen illuminated by a light source through 
a collimating lens and (b) a parabolic dish reflector 
illuminated by a small horn antenna. 

ated by apertures. The first type is a scalar formula­
tion based on Kirchhoff's work and is used commonly 
in optical diffraction problems and for large-aperture 
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antennas. The second type is a vector formulation 
based on Maxwell's equations. Although theoretically 
superior, the vector approach generally is more difficult 
to apply. Hence, it is used mostly in connection with 
antenna apertures whose dimensions are comparable to 
or smaller than a wavelength, because in this case the 
scalar approach is inapplicable. 

In this section, we shall limit our presentation to the 
scalar diffraction approach, in part because of its inherent 
simplicity and also because it is applicable to a wide 
range of practical applications. The key requirement for 
the validity of the scalar formulation is that the antenna 
aperture be at least several wavelengths long along each 
of its principal dimensions. A distinctive feature of such 
an antenna is its high directivity and correspondingly 
narrow beam, which makes it attractive for radar and 
free-space microwave conununication systems. The 
freqmmr.y rnnge cnmmnnly 11secl for these ~pplir.Minns 
is the 1- to 30-GHz microwave band. Because the cor­
responding wavelength range is 30 to 1 cm, respectively, 
it is quite practical to construct and use antennas (in this 
frequency range) with aperture dimensions that are many 
wavelengths in size. 

The Xa-Ya plane in Fig. 9-22, denoted plane A, contains 
an aperture with an electric field distribution Ea(Xa, Ya), 
usually called the aperture illumination . For the sake of 
convenience, the opening has been chosen to be rectangu­
lar in shape, with dimensions lx along Xa and ly along Ya, 
even though the formulation we are about to discuss is 
general enough to accommodate any two-dimensional 
aperture distribution, including those associated with 
circular and elliptical apertures . At a distance z from 
the aperture plane A in Fig. 9-22, we have an observation 
plane O with axes (x, y). The two planes have parallel 
axes and are separated by a distance z that is sufficiently 
large so that any point Q in the observation plane is in 
the far-field region of the aperture. To satisfy the far-field 
condition, it is necessary that 

367 

where d is the longest linear dimension of the radiatino 
b 

aperture. 
The position of observation point Q is specified by the 

range R between the center of the aperture and point Q 
and by the angles 0 and ¢ shown in Fig. 9-22, which 
together define the direction of the observation point 
relative to the coordinate system of the aperture. The 
electric field phasor of the wave incident upon point Q 
is denoted E ( R, e, </J). Kirchhoff's scalar diffraction 
theory provides the following relationship between the 
radiated field E(R, e, </J) and the aperture illumination 
Ea(Xa, Ya): 

~ J e ~ • ( -JkR) 
E(R, e, ¢) =;: ~ h(e, ¢), (9.80) 

where 

h(0, </J) = 11-: Ea(Xa, Ya) 

• exp [j k sin 0 (xa cos </J +Yasin </J )] dxa dya, 

(9.81) 

We shall refer to h(0, </J) as the formfactor of E(R, 0, </J). 

Its integral is written with infinite limits, with the 
understanding that Ea(Xa, Ya) is identically zero outside 
the aperture. The spherical propagation factor (e-JkR/ R) 
accounts for wave propagation between the center of the 
aperture and the observation point, and h (0, </J) represents 
an integration of the exciting field Ea(Xa, Ya) over the 
extent of the aperture, taking into account [through 
the exponential function in Eq. (9 .8 1)] the approximate 
deviation in distance between R and s, where s is the 
distance to any point (xa, Ya) in the aperture plane [see 
Fig. 9-22]. The polarization direction of the radiated 
field E ( R, 0, </J) is the same as that of the aperture field 
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AJJt:flure plane A 

Observation plane 0 

Figure 9-22: Radiation by an aperture in the xa-Ya plane at z = 0. 

Ea(Xa, Ya), and the power density of the radiated wave is 
given by 

lh(e, ¢)12 

2'f/0A2 R2 • 
(9.82) 

9-8 Rectangular Aperture with Uniform 
Aperture Distribution 

By way of illustrating the scalar diffraction technique, 
let us consider a rectangular aperture of height lx and 
width ly, both at least a few wavelengths long. The 

aperture is excited by a uniform field distribution given 
by 

I Eo, for - lx/2::: Xa .:5 lx/2 
Ea(Xa Yu) = and - Ly/2 ::: Ya .:5 ly/2 

0, otherwi e. 
(9.83) 

To keep the mathematics simple, let us confine our 
examination to the radiation pattern at a fixed range R 
in the x-z plane, corresponding to ¢ = 0. In this case, 
Eq. (9.81) simplifies to 

~ 1ly/2 llx/2 
h(0) = _ Eoexp[jkxasin0]dxadYa• 

Y,--ly/2 x ,=-lx/2 
(9.84) 
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In preparation for performing the integration in 
Eq. (9.84), we introduce the intermediate variable u 
defined as 

. 2:n: sin 0 
u =ksm0 = --­

)., 

in which case Eq. (9.84) becomes 

l
lx/2 lly/2 

h(0) = Eo eJuxa dxa · dya 
-lx/2 -ly/2 

[
eJuld 2 _ e - Julx/2 ] 

= E0 . • ly 
JU 

= 2Eoly [ eju/.tf2 - ~ - jlllx/2 ] 

u 2J 

2Eoly . 
= -- sm(ulx/2). 

u 

(9.85) 

(9.86) 

Upon replacing u with its defining expression, we have 

~ 2Eoly . . 
h(0) = ( 2:n: . ) sm(rrlx sm0/}..,) 

-sm0 
)., 

l l sin(rrlx sin 0/,\) = Eo x y - ----­
rrlx sin 0 j)., 

= EoAp sinc(rrlx sin0 j).,), (9.87) 

where Ap = lxly is the physical area of the aperture and 
where we have used the standard definition of the sine 
function, which, for any argument t, is defined as 

. sin t 
smct = -- . 

t 
(9.88) 

Using Eq. (9.82), we obtain the following expression for 
the power density of the radiated wave at the observation 
point: 

S(R, 0) = So sinc2(rrlx sin0/}..,) (x-z plane), (9.89) 

where So = E5A~/(2rJoA2R2). The sine function is at 
a maximum when its argument is equal to zero and its 
value is equal to unity. This occurs when 0 = 0. Thus, at 
a fixed range R, Smax = S ( 0 = 0) = So. The normalized 
radiation intensity is then given by 

F(0) = S(R, 0) 
Smax 

= sinc2 (rrlx sin0/}..,) 

= sinc2 (rry) (x-z plane), (9.90) 

and it is plotted (on a decibel scale) in Fig. 9-23 as a 
function of the intermediate variable y = (l x /).,) sin 0. 
The pattern exhibits nulls at nonzero integer values of y. 

9-8.1 Beamwidth 

The normalized radiation intensity F(0) is symmetrical 
in the x-z plane, and its maximum is along the boresight 
direction (0 = 0, in this case). Its half-power beamwidth 
f3x z = 02 - 01, where 01 and 02 are the values of 0 at 
which F(0, 0) = 0.5 (or -3 dB on a decibel scale), as 
shown in Fig. 9-23. Since the pattern is symmetrical with 
respect to 0 = 0, 01 = -02 and f3xz = 202. The angle 02 
can be obtained from a solution of 

F(02) = sinc2(rrlx sin0/}..,) = 0.5. (9.91) 

From tabulated values of the sine function, it is found that 
Eq. (9.91) yields the result 

or 

rrlx • 0 39 - sm 2 = 1. , 
)., 

. )., 
sm02 = 0.44 - . 

lx 

(9.92) 

(9.93) 

Because ).,j Ix « 1 (a fundamental condition of scalar 
diffraction theory is that the aperture dimensions be much 
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Figure 9-23: Normalized radiation pattern of a uniformly 
illuminated rectangular aperture in the x-z plane (¢ = 0). 

3 

larger than the wavelength A), 02 is a small angle, in which 
case we can use the approximation sin 02 := 02. Hence, 

(rad). (9.94a) 

A similar solution for the y-z plane (</J = rr / 2) gives 

A 
{Jyz = 0.88-

ly 
(rad) . (9.94b) 

It is worth noting that the uniform aperture distribu­
tion (Ea = E0 across the aperture) gives a far-field 

CHAPTER 9 RADIATION AND ANTENNAS 

pattern with the narrowest possible beamwidth. The 
first sidelobe level is 13.2 dB below the peak value [see 
Fig. 9-23], which is equivalent to 4.8% of the peak value. 
If the intended application calls for a pattern with a lower 
sidelobe level (to avoid interference with signals from 
sources along directions outside the main beam of the 
antenna pattern), this can be accomplished by using a 
tapered aperture distribution , one that is a maximum at 
the center of the aperture and decreases toward the edges. 
A tapered distribution provides a pattern with lower side 
lobes , but the main lobe becomes wider. The steeper the 
taper, the lower are the side lobes and the wider is the 
main lobe. In general, the beamwidth in a given plane, 
say the x-z plane, is given by 

where kx is a constant related to the steepness of the taper . 
For a uniform distribution with no taper, kx = 0.88, and 
for a highly tapered distribution, kx := 2. In the typical 
case, kx := 1. 

To illustrate the relationship between the antenna 
dimensions and the corresponding beam shape, we show 
in Fig. 9-24 the radiation patterns of a circular reflector 
and a cylindrical reflector. The circular reflector has a 
circularly symmetric pattern, whereas the pattern of the 
cylindrical reflector has a narrow beam in the azimuth 
plane corresponding to its long dimension and a wide 
beam in the elevation plane corresponding to its narrow 
dimension. For a circularly symmetric antenna pattern, 
the beamwidth f3 is related to the diameter d by the 
approximate relation f3 ::::::: A/ d . 

9-8.2 Directivity and Effective Area 

In Section 9-2.3, we derived an approximate expression 
[Eq. (9.26)] for the antenna directivity D in terms of 
the half-power beamwidths f3x z and {Jyz for antennas 
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Sidelobes 

(a) Pencil beam 

zJ 

(b) Fan beam 

Figure 9-24: Radiation patterns of (a) a circular reflector 
and (b) a cylindrical reflector (side lobes not shown). 

characterized by a single major lobe whose boresight is 
along the z-direction: 

4rr 
D~-­

- f3x z/3 yz • 

If we use the approximate relations f3x z 
/3yz '.:::'. ).j ly, we have 

(9.96) 

).j Ix and 

(9.97) 

For any antenna, its directivity is related to its effective 
area Ae by Eq. (9.64): 

4rr Ae 
D---- ')._2 • (9.98) 

371 

Hence, for aperture antennas, their effective apertures 
are approximately equal to their physical apertures; that 
is, Ae '.:::'. Ap, 

EXERCISE 9.11 Verify that Eq. (9.92) is a solution of 
Eq. (9.91) by calculating sinc2 t fort= 1.39. 

EXERCISE 9.12 With its boresight direction along z, 
a square aperture was observed to have half-power 
beamwidths of 3° in both the x-z and y-z planes. 
Determine its directivity in decibels. 

Ans. D = 4,583.66 = 36.61 dB. 

EXERCISE 9.13 What condition must be satisfied in order 
to use scalar diffraction to compute the field radiated 
by an aperture antenna? Can we use it to compute the 
directional palle111 uf lhe eye's pupil (d ~ 0.2 cm) in the 
visihle part of the spectrum()" = 0.35 to 0.7 µ,m)? What 
would the beamwidth of the eye's directional pattern be 
at). = 0.5 µ,m if we assume that the pupil is uniformly 
illuminated? 

Ans. f3 = 0.88 ).jd = 2.2 x 10- 4 rad = 0.76' (arc 
minute, with 60' = 1 °). 

9-9 Antenna Arrays 

AM broadcast services operate in the 535- to 1605-kHz 
band. The antennas they use are basically vertical 
dipoles mounted along tall towers. The antennas range 
in height from )./6 to 5')../8, depending on the operating 
characteristics desired and other considerations. Their 
physical heights vary from 46 m (150 ft) to 274 m (900 ft); 
the wavelength at 1 MHz, approximately in the middle 
of the AM band, is 300 m. Because the field radiated 
by a single dipole is uniform in the horizontal plane (as 
discussed in Sections 9-1 and 9-3), it is necessary to 
use more than one antenna tower to direct the horizontal 
antenna pattern along directions of interest ( such as a city) 
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I 

9 Stories 
high 

Figure 9-25: The AN/FPS-85 Phaserl A rrny R;idar Facility in the Florida panhandle, near the city of Freeport. A several-mile 
no-fly zone surrounds the radar installation as a safety concern for electroexplosive devices, such as ejection seats and 
munitions, carried on military aircraft. 

and to minimize it along directions of low population 
density or a direction corresponding to an area serviced 
by another station operating at the same frequency (to 
avoid undesirable interference effects). When two or 
more antennas are used together, the combination is 
called an antenna array . 

The AM broadcast antenna array is only one appli­
cation example of antenna arrays; they are used exten­
sively in numerous communication systems and radar 
applications as well. Antenna arrays provide the antenna 
designer the flexibility to obtain high directivity, narrow 
beams, low side lobes, steerable beams, and shaped 
antenna patterns . Figure 9-25 shows a photograph of a 
very large radar system consisting of a transmitter array 

composed of 5,184 individual dipole antenna elements 
and a receiver anay composed of 4,660 elements. The 
radar system, part of the Space Surveillance Network 
operated by the U.S. Air Force, operates at 442 MHz and 
transmits a combined peak power of 30 MW! 

Although an array need not consist of similar radiating 
elements, most arrays usually use identical elements, 
such as dipoles, slots, horn antennas, or parabolic dishes, 
excited by the same type of current or field distribution. 
The antenna elements comprising an array may be 
arranged in various configurations, but the most common 
are the linear one-dimensional configuration, wherein the 
elements are arranged along a straight line, and the two­
dimensional lattice configuration, wherein the elements 
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form a rectangular grid. The desired shape of the far­
field radiation pattern of the array can be synthesized by 
controlling the relative amplitudes of the array elements. 
Also, through the use of electronically controlled solid­
state phase shifters, the beam direction of the antenna 
array can be steered electronically by controlling the rel­
ative phases of the array elements. This flexibility of the 
array antenna has led to numerous applications, including 
electronic steering and multiple-beam generation . 

The purpose of this and the next two sections is to 
introduce the reader to the basic principles of array theory 
and to the design techniques used in shaping the antenna 
pattern and steering the main lobe. The presentation 
will be confined to the one-dimensional linear array with 
equal spacing between adjacent elements. 

A linear array of N identical radiators is arranged along 
the z-axis as shown in Fig. 9-26. The radiators are fed 
by a rnuu11un uscillalor Lhrnugh a branching network. In 
each branch, an att~mrntor (or ::implifier) and phase shifter 
are inserted in series to control the amplitude and phase 
of the signal feeding the antenna element in that branch. 

In the far-field region of aEy radiating element, the pha­
sor electric-field intensity Ee(R, 0, ¢) may be expressed 
as a product of two functions, the spherical propagation 
factore-JkR/ R, which accounts for the dependence on the 
range R, and le ( 0, ¢), which accounts for the directional 
dependence of the element's electric field. Thus, for an 
isolated element, the radiated field is 

(9.99) 

and the corresponding power density Se is 

1 ~ 2 
Se(R , 0, ¢) = -IEe(R, 0 , ¢)1 

2TJo 

1 ~ 2 = 2TJoR 2 lfe(0,¢)1. (9.100) 

With regard to the elements in the array shown in 
Fig. 9-26(b ), the far-zone field due to element i at range R; 

Phase Amplifiers 
shifters (or attenuators) Antenna 

elements 
--- -1 aN- J 

(a) Array elements with individual 
amplitude and phase control 

373 

z Q(Ro, e, ¢) 

-, dI Element N-1 
Element N- 2 

(N-l)d Element i ' 

l dI Element 1 

Element o- ----.. y 

(b) Array geometry relative to 
observation point 

Figure 9-26: Linear-array configuration and geometry. 

from the observation point Q may then be written in the 
form 

~ e-JkR; ~ 
E;(R;, 0, ¢)=A;-- fe(0, ¢), 

R; 
(9.101) 

where A; = aieii/f; is a complex feeding coefficient rep­
resenting the amplitude ai and phase Vii of the excitation 
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giving rise to E;, relative to a reference excitation. In 
practice, the excitation of one of the elements is used as 
reference. Note that R; and A; may _2e different for the 
different elements in the array, but fe(0, ¢) is the same 
for all the elements since they are assumed to be identical 
and hence exhibit identical directional patterns. 

The total field at the observation point Q(Ro, 0, ¢) is 
the sum of the fields due to the N elements: 

N-1 

E(Ro, e, ¢) = L E;(R;, e, ¢) 
i=O 

=[~A; ,-~:R;] 1,(0, ¢), (9.102) 

where Ro denotes the range of Q from the center of the 
coordinate system, chosen to be at the location of the 
zeroth element. To satisfy the far-field condition given 
by Eq. (9.79) for an array oflength l = (N - l)d, where 
d is the interelement spacing, the range Ro should be 
sufficiently large that 

212 2(N - I)2d2 

Ro 2'.: T = >-. (9.103) 

This condition allows us to ignore differences in the 
distances from Q to the individual elements as far as 
the magnitude of the radiated field is concerned. Thus, 
we can set R; = Ro in the denominator in Eq. (9.102) 
for all i. With regard to the phase part of the propagation 
factor, we can use the parallel-ray approximation given 
by 

R; '.:::'. Ro - Z; cos 0 = Ro - id cos 0, (9.104) 

where z; = id is the distance between the ith element 
and the zeroth element [Fig. 9-27). Employing these two 
approximations in Eq. (9 .102) leads to 

(
e-jkRo) 

E(Ro , 0, ¢) = fe(0, ¢) ~ 

[
N-1 ] 

X L A;eiikdcos0 , 

1=0 

(9.105) 
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dT Element N-1 

l.. Element N-

1 
Element 

Element 1 

z Q 
• 

Figure 9-27: The mys hetween the elements and a 
faraway observation point are approximately parallel 
lines. Hence, the distance R; '.:::'. Ro - id cos&. 

and the corresponding array-antenna power density is 
given by 

1 ~ 2 
S(Ro, e, ¢) = -IE(Ro, e, ¢)1 

21'/o 

N-1 2 

1 ~ 2""' = 2 R2 lfe(0, c/J)I ~ A;ejikdcos0 

1'/0 0 i=O 

N-1 2 

S (R 0 A..) '°'A,-eiikdcos0 = e O, ,'I' ~ ,(9.106) 

where use has been made of Eq. (9.100). This ex­
pression is a product of two factors. The first factor, 
Se (Ro, 0, ¢), is the power density of the energy radiated 
by an individual element, and the second, usually called 
the array factor , is a function of the positions of the 
individual elements and their feeding coefficients, but not 
a function of the specific type of radiators used. The array 
factor represents the far-field radiation intensity of the 
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(a) Dipole array (b) Observation plane (c) Horizontal-plane pattern 

Figure 9-28: Two half-wave dipole array of Example 9-6. 

N elements, had the elements been isotropic radiators. 
Denoting the array factor by 

N-1 2 

Fa(0) = L A;ejikdcos0 , (9.107) 
i=O 

the power density of the antenna array is then written as 

S(Ro, 0, ¢) = Se(Ro, 0, ¢) Fa(0). (9.108) 

This equation is called the pattern multiplication prin­
ciple. It allows us to find the far-field power density of 
the antenna array by first computing the far-field power 
pattern with the array elements replaced with isotropic 
radiators, which yields the array factor Fa(0), and then 
multiplying the result by Se(Ro, 0, ¢), the power density 
for a single element (which should be the same for all the 
elements). 

The feeding coefficient A; is, in general, a complex 
amplitude consisting of an amplitude factor a; and a phase 
factor 1/,r;: 

(9,109) 

Insertion of Eq. (9.109) into Eq. (9.107) leads to 

N-1 2 

Fa(0) = L a;eii/r;ejikdcos0 (9.110) 
i=O 

The array factor is governed by two input functions: 
the array amplitude distribution given by the a; 's and 
the array phase distribution given by the 1/1; 's. The 
amplitude distribution serves to control the shape of the 
array radiation pattern, while the phase distribution can 
be used to steer its direction. 

Example 9-6 Array of Two Vertical Dipoles 
An AM radio station uses two vertically oriented 

half-wave dipoles separated by a distance of )./2, as 
shown in Fig. 9-28(a). The vector from the location 
of the first dipole to the location of the second dipole 
points toward the east. The two dipoles are fed with 
equal-amplitude excitations, and the dipole farther east 
is excited with a phase shift of -rr /2 relative to the other 
one. Find and plot the antenna pattern of the antenna 
array in the horizontal plane. 
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Solution: The array factor given by Eq. (9.110) was 
deiived for radiators arranged along the z-axis. To keep 
the coordinate system the same, we choose the easterly 
direction to be the z-axis as shown in Fig. 9-28(b), and 
we place the first dipole at z = -).,/4 and the second 
at z = ).,j4. A half-wave dipole radiates uniformly 
in the plane perpendicular to its axis, which in this 
case is the horizontal plane. Hence, Se = So for all 
angles 0 in Fig. 9-28(b), where So is the maximum 
value of the power density radiated by each dipole 
individually. Consequently, the power density radiated 
by the two-dipole array is 

S(R, 0) = So Fa(0). 

For two elements separated by d = ).,j2 and excited with 
equal amplitudes (a0 = a1 = 1) and with phase angles 
Vfo = 0 and V/1 = -rr/2, Eq. (9.110) gives 

I 2 

Fa(e) = La;eN;e}ikdcos0 

i=O 

=II+ e-jrrf2ej(2,r/).)()./2)cos0l2 

=II+ ej(rrcos0-rr/2)1 2 . 

A function of the form 11 + ejx 12 can be evaluated by 
factoring out ejx/2 from both terms: 

11 + eixl2 = le}x /2(e-jx /2 + ejx/2) l2 

= lejx /2 12 le-jx / 2 + ej.x/2l2 

. I [e-jx /2 + eixf2 ] 12 = leJx /212 2------
2 

The absolute value of ejx/2 is equal to I, and we recognize 
the function inside the square bracket as cos(x /2). 
Hence, 

11 + ejxl 2 = 4cos2 (~). 

Applying this result to the expression for Fa(0), we have 

Fa(0) = 4cos2 (; cos0 - :) . 
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The power density radiated by the array is then 

S(R, 0) = SoFa(0) = 4S0 cos2 (; cos0 - :) . 

This function has a maximum value Smax = 4So, and it 
occurs when the argument of the cosine function is equal 
to zero. Thus, 

77: 77: 
-case - - = 0 
2 4 ' 

which leads to the solution: 0 = 60°. Upon normalizing 
S(R, 0) by its maximum value, we obtain the normalized 
radiation intensity given by 

S(R, 0) (rr rr) F(0) = . • = cos2 - cos e - - . 
~max 2 4 

The pattern of F(0) is shown in Fig. 9-28(c). ■ 

Example 9-7 Pattern Synthesis 

In Example 9-6, we were given the array parameters 
ao, a1, Vfo, VII, and d, and we were then asked to 
determine the pattern of the two-element dipole array. 
We will now consider the reverse process; we will be 
given specifications on the desired pattern, and we are 
then asked to specify the array parameters to meet those 
specifications. 

Given two vertical dipoles, as depicted in Fig. 9-28(b), 
specify the array parameters such that the array exhibits 
maximum radiation toward the east and no radiation 
toward the north or south. 

Solution: From Example 9-6, we established that be­
cause each dipole radiates equally along all directions 
in the y-z plane, the radiation pattern of the two-dipole 
array in that plane is governed solely by the array 
factor Fa(0). The shape of the pattern of the array 
factor depends on three parameters: the amplitude ratio 
a1/ao, the phase difference V't - Vfo, and the spacing d 
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-y(North) 

----------1► z (East) 
a0 = I 
1/ro = 0 

(a) Array arrangement 

F(0) 

y 

(b) Array pattern 

Figure 9-29: (a) Two vertical dipoles separated by a 
distanced along the z-axis; (b) normalized array pattern 
in the y- z plane for ao = a1 = 1, 1/r1 = 1/ro = -rr, and 
d = ).,_/2. 

[Fig. 9-29(a)]. For convenience, we choose ao = 1 and 
1/ro = 0. Accordingly, Eq. (9.107) gives 

l 2 

Fa(0) = Laieiifr;e}ikdcose 

i=O 

377 

Let us now consider the given specification requiring 
that Fa be equal to zero when 0 = 90° (north and 
south directions in Fig. 9-29(a)). For any observation 
point on the y-axis, the ranges Ro and R1 shown in 
Fig. 9-29(a) are equal, which means that the propagation 
phases associated with the time travel of the waves 
radiated by the two dipoles to that point are identical. 
Hence, to satisfy the stated condition, we need to choose 
a1 = ao and 1/11 = ± :n-. With these choices tbe signals 
radiated by the two dipoles will have equal amplitudes 
and opposite pha es, thereby interfering de tructively. 
This conclusion can be ascertained by evaluating the 
array factor at 0 = 90°, with a0 = a 1 = 1 and 1/r1 = ±rr: 

Fa(0 = 90°) = 11 + le±Jrrl2 = 11- 11 = 0. 

The Lwu values of ·1/fr, rr and -Jr, lead to the same solu­
tion for the spacing d when we consider the specification 
that the array radiation pattern should have a maximum 
toward the east, corresponding to 0 = 0°. Let us choose 
1/r1 = -:,rand examine the array factor at 0 = 0°: 

Fa(0 = 0) = 11 + e-irreJ2rrd/). 12 

= I 1 + ei (-rr +2rrd/ ).) 12-

For Fa(0 = 0) to be a maximum, we require the phase 
angle of the second term to be zero or a multiple of 2rr: 

or 

2nd 
- :,r + - - = 2nrr 'A , 

J... 
d = (2n + 1)-, 

2 
n = 0, I, 2, .. . 

In summary, the two-dipole array will meet the given 
specifications if ao = a1, 1/r1 - 1/ro = -n, and 
d = (2n + l)'A/2. 
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Ford = )./2, the array factor at any angle 0 is given 
by 

Fa(0) = [1 + e-jJ!"ejrrcos0l2 

= ll _ ejrrcos0 l2 

I 

. [eJ(rr/2lcose _ e-J(ir/2)cos0 ] 12 
= 2J' e-J (rr /2) cos0 

2j 

= 4 sin2 (~ cos 0) . 
The array factor has a maximum value of 4, which is the 
maximum level attainable from a two-element array with 
unit amplitudes. The directions along which Fa(0) is a 
maximum are those corresponding to 0 = 0 (east) and 
0 = 180° (west), as shown in Fig. 9-29(b). ■ 

EXERCISE 9.14 Derive an expression for the array factor 
of a two-element array excited in phase with a0 = 1 and 
a1 = 3. The elements are positioned along the z-axis and 
are separated by )./2. 

Ans. Fa(0) = [10 + 6 cos(rr cos 0)]. 

EXERCISE 9.15 An equally spaced N-element array ar­
ranged along the z-axis is fed with equal amplitudes and 
phases; that is, A; = 1 for i = 0, 1, . .. , N - 1. What 
is the magnitude of the array factor in the broadside 
direction? 

Ans. Fa(0 = 90°) = N 2. 

9-10 N-Element Array with Uniform 
Phase Distribution 

We now consider an array of N elements with equal 
spacing d and equal-phase excitations; that is, 1/;; = 1/,0 

for i = 1, 2, .. . , N - 1. Such an array of in-phase 
elements is sometimes referred to as a broadside array 
because the main beam of the radiation pattern of its array 
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factor is always in the direction broadside to the array 
axis. From Eq. (9.110), its array factor is given by 

N-1 2 

Fa(0) = eji/10 L a ; ejikdcos0 

i=O 

N -1 L a;e}ikdcos0 

i=O 

N-1 

= L a;e}ikdcos0 

i=O 

2 

2 

(9.111) 

The phase difference between the fields radiated by 
adjacent elements is 

2nd 
y = kd cos(;}= -- cos(;}. 

). 
(9.112) 

In terms of y, Eq. (9.111) takes the compact form 

N-1 

Fa(Y) = L a;ejiy 

i=O 

2 

(uniform phase). (9.113) 

For a uniform amplitude distribution with a; = l for 
i = 0, 1, ... , N - I, Eq. (9.113) becomes 

Fa(Y) = 11 + ejy + e12Y + · · · + ej(N-l)yl 2 . (9.114) 

This geometric series can be rewritten in a more compact 
form by applying the following procedure. First, we 
define 

(9.115) 

with 

fa(Y) = [1 + ejy + ej2y + · · · + ei(N-l)Y]. (9.116) 

Next, we multiply fa(Y) by e jy to obtain 

(9.117) 
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9-10 N-ELEMENT ARRAY WITH UNIFORM PHASE DISTRIBUTION 379 

Broadside (0 = 90°) 

Figure 9-30: Normalized array pattern of a uniformly excited six-element array with interelement spacing d = '),,/2. 

Subtracting Eq. (9.117) from Eq. (9.116) gives 

fa(Y) (1 - ejy) = 1 - ejNy, (9.118) 

which, in tum, gives 

1 - ejNy 

fa(Y) = 1 - eir 

ejNy/2 (e-jNy/2 _ ejNy/ 2) 

ejy/2 (e-jy/2 - ejy/2) 

= ej(N-l )y/2 sin(Ny /2) . (9.119) 
sin(y /2) 

After multiplying fa(Y) by its complex conjugate, we 
obtain the result: 

sin2 (Ny/2) 
Fa(Y) = sin2(y /2) 

(uniform amplitude and phase). (9.120) 

The maximum value of Fa (y) can be shown to occur 
at y = 0 (or 0 = rr /2) and is equal to N 2 , which is easy 
to verify by evaluating Eq. (9.114) for y = 0. Hence, 
the normalized array factor is given by 

Fa(Y) sin2(Ny / 2) 
Fan(Y) = -- = 2 

Fa.max N 2 sin (y /2) 

sin2 [ N:d cos 0] 
= ----,,,....----=- . (9 .121) 

N 2 sin2 [ rrt cos 0] 

A polar plot of Fan (0) with N = 6 is shown in Fig. 9-30 
for d = >.. /2. The reader is reminded that this is a plot 
of the radiation pattern of the array factor alone; the 
pattern for the antenna array is equal to the product of this 
pattern and that of a single element, as discussed earlier 
in connection with the pattern multiplication principle. 
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Figure 9-31: Normalized array pattern of a two-element array with spacing d = n/2. 

Example 9-8 Multiple-Beam Array 

Obtain an expression for the array factor of a 
two-element array with equal excitation and a separation 
d = 7A./2, and then plot the array pattern. 

Solution: The array factor for a two-element array 
(N = 2) with equal excitation (a0 = a 1 = 1) is given 
by 

2 

Fa(Y) = L a,ejiy 

i=O 

= 11 + ejy[ 2 , 

= lejy f2 (e-jy /2 + ejy/2)12 

= [ejy/212 le-jy/2 + ejy /2 12 

=4cos2(y/2), 

where y = (2rr d /).,) cos 0. The normalized array 
pattern, shown in Fig. 9-31, consists of seven beams, all 
with the same peak value, but not the same angular width. 
The number of beams in the angular range between 0 = 0 
and 0 = rr is equal to the separation between the array 
elements, d, measured in units of }..,/2. ■ 

9-11 Electronic Scanning of Arrays 

The discussion in the preceding section was concerned 
with uniform-phase arrays, for which the phases of the 
feeding coefficients, i/fo to '1/fN-l, are all equal. In this 
section, we examine the use of phase delay between 
adjacent elements as a tool for electronically steering 
the direction of the array-antenna beam from broadside 
at 0 = 90° to any desired angle 00 . In addition to 
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Figure 9-32: The application of linear phase. 

eliminating the need to mechanically steer an antenna 
to change its beam's direction, electronic steering allows 
beam scanning at very fast rates. 

Electronic steering is achieved by applying linearly 
progressive phase delays from element to element across 
the array, as shown in Fig. 9-32. Relative to the phase of 
the zeroth element, the phase of the ith element is 

1/f; = -io, (9.122) 

where 8 is the incremental phase delay between adjacent 
elements. Use of Eq. (9.122) in Eq. (9.110) leads to 

N- 1 2 

Fa(e) = L a;e-Ji8ejikdcos0 

i=O 

where 

N-1 2 

_ L a;eji(kdcos0-8) 

i=O 

N-1 2 

= La;eJiy ' ~ Fa(y'), 

i=O 

y ' = kd cos 0 - 8. 

381 

(9.123) 

(9.124) 

For reasons that will become clear later, let us define the 
phase shift 8 in terms of an angle 00, which we shall call 
the scan angle , as follows: 

8 = kdcos0o. (9.125) 

In this case, y ' becomes 

I JI' = kd(cos e - cos 00). (9.126) 

The array factor given by Eq. (9.123) has the same 
functional form as the array factor developed earlier for 
the case of the uniform-phase array [see Eq. (9.113)], 
except that y is replaced with y 1. Hence, for any 
amplitude distribution across the array, the array factor 
of an array excited by a linear-phase distribution may be 
obtained from the expression developed for the array as­
suming a uniform-phase distribution simply by replacing 
y with y '. For an amplitude distribution symmetrical 
with respect to the array center, the array factor Fa(Y ') 
is maximum when its argument y' = 0. When the phase 
is uniform (8 = 0), this condition corresponds to the 
direction 0 = 90°, which is why the uniform-phase case 
is called a broadside array. According to Eq. (9.126), 
in the more general case of a linearly phased array, 
y' = 0 corresponds to 0 = 00 . Thus, by applying linear 
phase across the array, the array pattern is shifted along 
the cos 0-axis by an amount cos 0o, and the direction 
of maximum radiation is steered from the broadside 
direction (0 = 90°) to the direction 0 = 00. To steer the 
beam all the way to the end-fire direction (0 = 0), the 
incremental phase shift 8 should be equal to kd radians. 
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Broadside (0o == 90°) 

Figure 9-33: Normalized array pattern of a 10-element array with ).. / 2 spacing between adjacent elements. All elements are 
excited with equal amplitude. Through the application of linear phase across the array, the main beam can be steered from 
the broadside direction (0o = 90°) to any scan angle 0o. Equiphase excitation corresponds to 0o = 90°. 

9-11.1 Uniform-Amplitude Excitation 

To illustrate the process with an example, let us con­
sider the case of the N -element array excited by a 
uniform-amplitude distribution. Its normalized array 
factor is given by Eq. (9.121). Upon replacing y with 
y ', we have 

, in2(Ny '/2) 
Fan (y ) = N 2 sin2(y , /2) ' (9.127) 

with y' defined by Eq. (9.126). The expression 
given by Eq. (9.127) now characterizes the array factor 
of an array excited with equal amplitudes (a; = I 
for i = 0, l, .. . , N - I) and with incremental phases 
('t/ri = -i8) . 

For N = l O and d = A / 2, plots of the main lobe of 
Fan(0) are shown in Fig. 9-33 for 00 = 0°, 45°, and 90°. 
We note that the half-power beamwidth increases as the 
array beam is steered from broadside to end fire. 

9-11.2 Array Feeding 

According to the foregoing discussion, to steer the 
antenna beam to an angle 00, two conditions must 
be satisfied: (1) the phase distribution must be lin­
ear across the array, and (2) the magnitude of the 
incremental phase delay 8 must satisfy Eq. (9 .125). 
The combination of these two conditions provides the 
necessary translation of the phase front from 0 = 90° 
(broadside) to 0 = 00. This can be accomplished 
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lo 

'2 =lo+ 2! 

l3 =lo+ 3l 

Figure 9-34: An example of a feeding arrangement for 
frequency-scanned arrays. 

by controlling the excitation of each radiating element 
individually through the use of electronically controlled 
phase shifters. Alternatively, a technique known as 
frequency scanning can be used to provide control of 
the phases of all the elements simultaneously. Figure 
9-34 shows an example of a simple feeding arrangement 
employed in frequency scanning arrays. A common 
feed point is connected to the radiating elements through 
transmission lines of varying lengths. Relative to the 
zeroth element, the path between the common feed point 
and a radiating element is longer by l for the first element, 
by 21 for the second, and by 31 for the third. Thus, the 
path length for the i th element is 

(9.128) 

where lo is the path length of the zeroth element. Wave 
propagation at a frequency f on a transmission line of 
length l; is characterized by a phase factor e-Jf3L;, where 
f3 = 2rr f / up is the phase constant of the line and up is 
its propagation velocity. Hence, the incremental phase 
delay of the ith element, relative to the phase of the zeroth 

element, is 

2rr 
1/Ji(f) = -f3(l; - lo)= - -f(l; - lo) 

Up 

383 

2rri = - -fl. (9.129) 
Up 

Suppose that at a given reference frequency Jo we choose 
the incremental length l such that 

(9.130) 

where no is a specific positive integer. In this case, the 
phase delay i/f 1 (Jo) becomes 

(9.131) 

and, similarly, i/1'2 (!0 ) = -4norr and i/f3 (Jo) = -6norr . 
That is, at Jo all the elements will have equal phase (within 
multiples of 2rr) and the array radiates in the broadside 
direction. If f is changed to Jo + t,;,. J, the new phase shift 
of the first element relative to the zeroth element is 

2rr 
i/1'1Uo + /:,;,.f) =--(Jo+ t,;,.f)l 

Up 

__ 2rrJol _ (2rrl) t,;,.f 
Up Up 

= - 2noTC - 2norr (Jo) 
= -2noTC - 8, (9.132) 

where use was made of Eq. (9.130) and 8 is defined as 

8 = 2norr (Jo) . (9.133) 
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Similarly, i/,2(!0 + D.f) = 21/,1 and if,3(!0 + D.f) = 31/,1. 
Ignoring the factor of 2rr and its multiples (since they 
exercise no influence on the relative phases of the radiated 
fields), we see that the incremental phase shifts are 
directly proportional to the fractional frequency deviation 
(D.J /Jo). Thus, in an array with N elements, controlling 
D.J provides a direct control of 8, which in turn controls 
the scan angle 00 according to Eq. (9.125). Equating 
Eq. (9.125) to Eq. (9.133) and then solving for cos 0o 
leads to 

(9.134) 

As J is changed from Jo to Jo + D.J, k = 2n /A = 
2nJ / c also changes with frequency. However, if D.J/Jo 
is small, we may treat k as a constant equal to 2nJ0/c; 
the error in cos 00 resulting from the use of this approxi­
mation in Eq. (9.134) is on the order of D.J / Jo. 

Example 9-9 Electronic Steering 

Design a steerable six-element array with the following 
specifications: 

1. All elements are excited with equal amplitudes. 

2. At Jo = 10 GHz, the array radiates in the broadside 
direction, and the interelement spacing d = Ao/2, 
where Ao = c/ Jo = 3 cm. 

3. The array pattern is to be electronically steerable in 
the elevation plane over the angular range extending 
between 00 = 30° and 00 = 150°. 

4. The antenna array is fed by a voltage-controlled 
oscillator whose frequency can be varied over the 
range from 9.5 to 10.5 GHz. 

5. The array uses a feeding arrangement of the type 
shown in Fig. 9-34, and the transmission lines have 
a phase velocity up = 0.8c. 

CHAPTER 9 RADIATION AND ANTENNAS 

z 
0o = 30 

0o = 150 

Figure 9-35: Steerable six-element array (Example 9-9). 

Solution: The array is to be steerable from 00 = 30° 
to 00 = 150° (Fig. 9-35). For 00 = 30° and kd = 
(2rr / Ao)(Ao/2) = rr , Eq. (9.134) gives 

! = 2n0 (D.J). (9.135) 
2 Jo 

We are given that Jo = 10 GHz and the oscillator 
frequency can be varied between (!0 - 0.5 GHz) and 
(Jo + 0.5 GHz). Thus, D.J max = 0.5 GHz. To satisfy 
Eq. (9.135), we need to choose no such that D.J is as 
close as possible to, but not larger than, D.J max· Solving 
Eq. (9.135) for no with D.J = D.J max gives 

no= Jo = 10 GHz = 5_ 
4 D.f max 4 X 0.5 GHz 

Since no is an integer, we do not need to modify its value; 
otherwise, we would have had to round it upward to the 
next whole-integer value. 

Application of Eq. (9 .130) specifies the magnitude of 
the incremental length l: 

l noup 5 x 0.8 x 3 x 108 
= -- = ------ =012m= 12cm. fo IO IO • 
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In summary, with N = 6 and kd = n, Eq. (9.127) gives 
the following expression for the normalized array pattern: 

F , = sin2(3y ') 
an(Y ) 36 sin2(y '/2) ' 

where, according to Eq. (9.126), 

y' = kd(cos 0 - cos 00) = rr(cos 0 - cos 0o), 

and, from Eq. (9.134), 

coseo = 2n0n (!if)= 10 (I -10 GHz). 
kd Jo 10 GHz 

(9.136) 
The shape of the array pattern is similar to that shown in 
Fig. 9-30, and its main-beam direction is along 0 = 0n. 
For f = Jo = 10 GHz, 00 = 90° (broadside direction); 
for f = 10.5 GHz, 0o = 30u; and for f = 9.5 GHz, 
00 = 150°. For any other value of 00 between 30° and 
150°, Eq. (9.136) provides the means for calculating the 
required value of the oscillator frequency f. ■ 

REVIEW QUESTIONS 

Q9.13 Why are antenna arrays useful? Give examples 
of typical applications. 

Q9.14 Explain how the pattern multiplication principle 
is used to compute the radiation pattern of an antenna 
array. 

Q9.15 For a linear array, what roles do the array 
amplitudes and phases play? 

Q9.16 Explain how electronic beam steering is accom­
plished. 

Q9.17 Why is frequency scanning an attractive tech­
nique for steering the beam of an antenna array? 

385 
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• An antenna is a transducer between a guided wave 
propagating on a transmission line and an EM wave 
propagating in an unbounded medium, or vice versa. 

• Except for some solid-state antennas composed of 
non-linear semiconductors or ferrite materials, an­
tennas are reciprocal devices; they exhibit the same 
radiation patterns for transmission as for reception. 

• In the f ar-fieldregion of an antenna, the radiated energy 
is approximately a plane wave. 

• The electric field radiated by current antennas, such as 
wires, is equal to the sum of the electric fields radiated 
by all the Hertzian dipoles making up the antenna. 

• The radiation resistance Rrad of a half-wave dipole is 
T?, Q, which can be easily matched to a transmission 
line. 

• The directional properties of an antenna are described 
by its radiation pattern, directivity, pattern solid angle, 
and half-power beamwidth. 

• The Friis transmission formula relates the power 
received by an antenna due to that transmitted by 
another antenna at a specified distance away. 

• The far-zone electric field radiated by a large aperture 
(measured in wavelengths) is related to the field 
distribution across the aperture by Kirchhoff's scalar 
diffraction theory. A uniform aperture distribution 
produces afar-field pattern with the narrowestpossible 
beam width. 

• By controlling the amplitudes and phases of the 
individual elements of an antenna array, it is possible 
to shape the antenna pattern and to steer the direction 
of the beam electronically. 

• The pattern of an array of identical elements is equal to 
the product of the array factor and the antenna pattern 
of an individual antenna element. 
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GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the follow­
ing terms: 

antenna 
isotropic antenna 
radiation pattern 
antenna impedance 
far-field (or far-zone) region 
short dipole (Hertzian dipole) 
spherical propagation factor 
power density S(0, ¢) 
broadside direction 
solid angle 
radiation intensity (normalized) F 
elevation and azimuth planes 
radiation lobes 
pattern solid angle QP 

beamwidth f3 
antenna directivity D 
antenna gain G 
radiation efficiency ~ 
radiation resistance Rrad 

loss resistance Rtoss 

effective area (effective aperture) Ae 
Friis transmission formula 
system noise temperature Tsys 

signal-to-noise ratio S0 

aperture distribution 
antenna array 
electronic steering 
feeding coefficient 
pattern multiplication principle 
array factor Fa(0, ¢) 
end-fire direction 
frequency scanning 
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PROBLEMS 

Sections 9-1 and 9-2: Short Dipole and Antenna Radiation 
Characteristics 

9.1 * A center-fed Hertzian dipole is excited by a current 
Io = 10 A. If the dipole is ).../50 in length, determine the 
maximum radiated power density at a distance of 1 km. 

9.2 A 1-m-long dipole is excited by a 1-MHz current 
with an amplitude of 12 A. What is the average power 
density radiated by the dipole at a distance of 5 km in a 
direction that is 30° from the dipole axis? 

!i 9.3* Determine the following: 
(a) The direction of maximum radiation. 
(b) Directivity. 
(c) Beam solid angle. 
(d) Half-power beamwidth in the x-z plane. 
for an antenna whose normalized radiation intensity is 
given by 

F 0 = { 1, for O :::: 0 :::: 60° and O :::: ¢ :::: 2rr 
( ' ¢) 0, elsewhere. 

Suggestion: Sketch the pattern prior to calculating the 
desired quantities. 

9.4 Repeat Problem 9.3 for an antenna with 

{ 
sin2 0 cos2 ¢ for O .:::: 0 ::S rr 

F(0, ¢) = and -rc/2:::: ¢:::: rr/2 
0 el ewhere 

9.5 ' A 2-m-long center-fed dipole antenna operates in 
the AM broadcast band at 1 MHz. The dipole is made of 
copper wire with a radius of 1 mm. 
(a) Determine the radiation efficiency of the antenna. 
(b) What is the antenna gain in decibels? 
(c) What antenna current is required so that the antenna 

will radiate 20 W, and how much power will the 
generator have to supply to the antenna? 

* Answer(s) available in Appendix D. 

·£, Solution available in CD-ROM. 
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9.6 Repeat Problem 9.5 for a 20-cm-long antenna 
operating at 5 MHz. 

9.7* An antenna with a pattern solid angle of 1.5 (sr) 
radiates 30 W of power. At a range of 1 km, what is the 
maximum power density radiated by the antenna? 

9.8 An antenna with a radiation efficiency of 90% has 
a directivity of 6.7 dB. What is its gain in decibels? 

9.9* The radiation pattern of a circular parabolic­
reflector antenna consists of a circular major lobe with 
a half-power beamwidth of 2° and a few minor lobes . 
Ignoring the minor lobes, obtain an estimate for the 
antenna directivity in dB. 

9.10 The normalized radiation intensity of a certain 
antenna is given by 

F(0) = exp(-2002) for O < 0 :<: rr 

where 0 is in radians. Determine: 
(a) The half-power beamwidth. 
(b) The pattern solid angle. 
(c) The antenna directivity. 

Sections 9-3 and 9-4: Dipole Antennas 

9.11* Repeat Problem 9.5 for a 1-m-long half-wave 
dipole that operates in the FM/TV broadcast band at 
150MHz. 

9.12 Assuming the loss resistance of a half-wave di­
pole antenna to be negligibly small and ignoring the 
reactance component of its antenna impedance, calculate 
the standing-wave ratio on a 60-~ transmission line 
connected to the dipole antenna. 
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Figure 9-36: Triangular current distribution on a short 
dipole (Problem 9.13). 

approximation that ensures that the current goes to zero 
at the ends is to describe J(z) by the triangular function 

I(z) = { lo(l - 2z/ l), for O ~ z ~ l/2 
• lo(l + 2z/l), for -l/2:::: z:::: 0 

as shown in Fig. 9-36. Use this current distribution to 
determine the following: 

(a) The far-field E(R, 0, ¢). 
(b) The power density S(R, 0, ¢) . 
(c) The directivity D . 
(d) The radiation resistance Rract• 

9.14 For a dipole antenna of length l = 3).../2, 
(a) Determine the directions of maximum radiation. 
(b) Obtain an expression for Smax• 

(c) Generate a plot of the normalized radiation pattern 
F(0) . 

(d) Compare your pattern with that shown in 
Fig. 9-17(c). 

9.15 Repeat parts (a)-(c) of Problem 9.14 for a dipole 
of length l = 3).../4. 

9.13* For a short dipole with length I such that l « A, 
instead of treating the current I(z) as constant along ,~ ) 9.16 Repeat parts (a)-(c) of Problem 9.14 for a dipole 
the dipole, as was done in Section 9-1, a more realistic of length l = A. 
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9.17* A car antenna is a vertical monopole over a 
conducting surface. Repeat Problem 9.5 for a 1-m-long 
car antenna operating at 1 MHz. The antenna wire is 
made of aluminum with /.le = /.lo and <Ye = 3.5 x 107 

Sim, and its diameter is 1 cm. 

Sections 9-5 and 9-6: Effective Area and Friis Formula 

9.18 Determine the effective area of a half-wave dipole 
antenna at 100 MHz, and compare it to its physical cross­
section if the wire diameter is 1 cm. 

9.19* A 3-GHz line-of-sight microwave communica­
tion link consists of two lossless parabolic dish antennas, 
each 1 m in diameter. If the receive antenna requires 
1 n W of receive power for good reception and the distance 
between the antennas is 40 km, how much power should 
be transmitted? 

9.20 A half-wave dipole TV l>rouJcasL antenna trans­
mits 1 kW at 50 MHz. What is the power received by a 
home television antenna with 13-dB gain if located at a 
distance of 30 km? 

9.21* A 150-MHz communication link consists of 
two vertical half-wave dipole antennas separated by 
2 km. The antennas are lossless, the signal occupies a 
bandwidth of 3 MHz, the system noise temperature of the 
receiver is 600 K, and the desired signal-to-noise ratio is 
20 dB. What transmitter power is required? 

9.22 Consider the communication system shown m 
Fig. 9-37, with all components properly matched. If 
Pt = 10 W and f = 6 GHz: 
(a) What is the power density at the receiving antenna 

(assuming proper alignment of antennas)? 
(b) What is the received power? 
(c) If Tsys = 1,000 K and the receiver bandwidth is 

10 MHz, what is the signal-to-noise ratio in decibels? 

Sections 9-7 and 9-8: Radiation by Apertures 

9.23* A uniformly illuminated aperture is of length 
lx = 20A. Determine the beamwidth between first nulls 
in the x-z plane. 

CHAPTER 9 RADIATION AND ANTENNAS 

Gr= 23 dB 

) 
1-+-----20 km----.i 

Rx 

Figure 9-37: Communication system of Problem 9.22. 

9.24 The 10-dB beamwidth is the beam size between 
the angles at which F(0) is 10 dB below its peak value. 
Determine the 10-dB beamwidth in the x-z plane for a 
uniformly illuminated aperture with length lx = lOA .. 

9.25 ' A uniformly illuminated rectangular aperture 
situated in the x-y plane is 3 m high (along x) and 1 m 
wide (along y ). If f = l O GHz, determine the following: 
(a) The beamwidths of the radiation pattern in the 

elevation plane (x- z plane) and the azimuth plane 
(y-z plane). 

(b) The antenna directivity Din decibels. 

9.26 An antenna with a circular aperture has a circular 
beam with a beamwidth of 1.5° at 20 GHz. 
(a) What is the antenna directivity in dB? 
(b) If the antenna area is doubled, what will be the new 

directivity and new beamwidth? 
(c) If the aperture is kept the same as in (a), but the 

frequency is doubled to 40 GHz, what will the 
directivity and beamwidth become then? 

9.27* A 94-GHz automobile collision-avoidance radar 
uses a rectangular-aperture antenna placed above the 
car's bumper. If the antenna is 1 min length and 10 cm 
in height, determine the following: 

~ · (a) Its elevation and azimuth beamwidths. 
(b) The horizontal extent of the beam at a distance of 

300 ID. 
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PROBLEMS 

9.28 A microwave telescope consisting of a very sensi­
tive receiver connected to a 100-m parabolic-dish antenna 
is used to measure the energy radiated by astronomical 
objects at 10 GHz. If the antenna beam is directed toward 
the moon and the moon extends over a planar angle of 0.5° 
from Earth, what fraction of the moon's cross-section will 
be occupied by the beam? 

Sections 9-9 and 9-11: Antenna Arrays 

9.29* A two-element array consisting of two isotropic 
antennas separated by a distance d along the z-axis 
is placed in a coordinate system whose z-axis points 
eastward and whose x-axis points toward the zenith. If 
ao and a 1 are the amplitudes of the excitations of the 
antennas at z = 0 and at z = d, respectively, and if 8 is 
the phase of the excitation of the antenna at z = d relative 
to that of the other antenna, find the array factor and plot 
the pattern in the x-z plane for the following : 
(a) ao = a 1 = 1, 8 = rr/4, and d = ).../2 
(b) a0 = 1, a1 = 2, 8 = 0, and d =)... 

(c) a0 = a 1 = 1, 8 = -rr/2, and d = ).../2 
(d) ao = 1, a 1 = 2, 8 = rr/4, andd = ).../2 
(e) ao = 1, a 1 = 2, 8 = rr/2, andd = ).../4 

9.30 If the antennas in part (a) of Problem 9.29 are 
parallel, vertical, Hertzian dipoles with axes along the 
x-direction, determine the normalized radiation intensity 
in the x-z plane and plot it. 

9.31* Consider the two-element dipole array of 
Fig. 9-29(a). If the two dipoles are excited with identical 
feeding coefficients (ao = a 1 = 1 and 1/Jo = 1/J1 = 0), 
choose (d/)...) such that the array factor has a maximum 
at0=45°. 

9.32 Choose (d/)...) so that the array pattern of the array 
of Problem 9.31 has a null, rather than a maximum, at 
0 = 45°. 

9.33 ' Find and plot the normalized array factor and 
determine the half-power beamwidth for a five-element 
linear array excited with equal phase and a uniform 
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amplitude distribution. The interelement spacing is 
3).../4. 

9.34 A three-element linear array of isotropic sources 
aligned along the z-axis has an interelement spacing of 
).../4 (Fig. 9-38). The amplitude excitation of the center 
element is twice that of the bottom and top elements, and 
the phases are -Jr /2 for the bottom element and Jr /2 for 
the top element, relative to that of the center element. 
Determine the array factor and plot it in the elevation 
plane. 

z 

T 1 /rr12 ◄ • 

A./4 

t 2 i.sL 
).../4 

1 I /..rr12 41 

Figure 9-38: Three-element array of Problem 9.34. 

9.35* An eight-element linear array with ).../2 spacing 
is excited with equal amplitudes. To steer the main beam 
to a direction 60° below the broadside direction, what 
should be the incremental phase delay between adjacent 
elements? Also, give the expression for the array factor 
and plot the pattern. 

9.36 A linear array arranged along the z-axis consists 
of 12 equally spaced elements with d = ).../2. Choose 
an appropriate incremental phase delay 8 so as to steer 
the main beam to a direction 30° above the broadside 
direction. Provide an expression for the array factor of 
the steered antenna and plot the pattern. From the pattern, 
estimate the beamwidth. 
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APPLICATION EXAMPLES 

T his concluding chapter presents overviews of the 
principles of operation of satellite communication 
systems and radar sensors, with emphasis on 
electromagnetic-related topics. 

10-1 Satellite Communication Systems 

Today's world is connected by a vast communication 
network that provides a wide array of voice, data, 
and video services to both fixed and mobile terminals 
[Fig. 10-1]. The viability and effectiveness of the 
network are attributed in large measure to the use of 
orbiting satellite systems that function as relay stations 
with wide area coverage of Earth's surface. From a 
geostationary orbit position at 35,786 km above the 
equator, a satellite can view over one-third of Earth's 

Land 
network 

Satellite~ 

Figure 10-1: Elements of a satellite communication 
network. 
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N 
c:6 

' s 
(a) Geostationary satellite orbit 

(b) Worldwide coverage by three 
satellites spaced 120° apart 

Figure 10-2: Orbits of geostationary satellites. 

surface and can connect any pair of points within its 
coverage [Fig. 10-2]. The history of communication 
satellite engineering dates back to the late 1950s when 
the U.S. navy used the moon as a passive reflector to 
relay low-data-rate communications between Washing­
ton, D.C., and Hawaii. The first major development 

INTEL-1014 
U.S. Patent 7,151,430 



392 CHAPTER 10 SATELLITE COMMUNICATION SYSTEMS AND RADAR SENSORS 

Earth 

/.Sate I Lite 

+-.....:=---i~ ---.;...:..,'----------....::::::;=-e Ms 

Us= 11,070 (km/hr) 

Re= 6,378 km 
at equator 

Ro= Re+ h =42,164 km 

Figure 10-3: Satellite of mass ms in orbit around Earth. For the orbit to be geostationary, the distance Ro between the satellite 
and Earth's center should be 42,164 km. At the equator, this corresponds to an altitude of 35,786 km above Earth's surface. 

involving artificial Earth satellites took place in October 
1957 when the Soviet Union launched Sputnik I and 
used it for 21 days to transmit (one-way) telemetry 
information. This was followed by another telemetry 
satellite, Explorer I , which was launched by the United 
States in January 1958, and in December of that year 
the satellite Score was launched and used to broadcast 
President Eisenhower's Christmas message, marking the 
first instance of two-way voice communication via an 
artificial satellite. 

These achievements were followed by a flurry of 
space activity, leading to the development of operational 
communication satellites by many countries for both 
commercial and governmental services. This section 
provides an overview of the satellite communications 
link, including transmitter-receiver power calculations, 
propagation aspects, frequency allocations, and antenna 
design considerations. 

A satellite is said to be in ageostationa,y orbit around 
Earth when it is in a circular orbit in a plane identical 
with Earth's equatorial plane and at such an altitude 
that the orbital period is identical with Earth's rotational 
period. A satellite of mass Ms in circular orbit around 

Earth [Fig. 10-3] is subject to two forces, a gravitational 
force Fg and a repelling centrifugal force Fe. The 
magnitudes of these two forces are given by 

GMsMe 
Fg = 2 ' 

Ro 
(10.1) 

Msu; 2 
Fe = -- = Msw Ro, 

Ro 
(10.2) 

where G = 6.67 x 10-11 (N-m2/kg2) is the universal 
gravitational constant, Me = 5.98 x 1024 kg is Earth's 
mass, Ro is the distance between the satellite and the 
center of Earth, and u8 is the satellite velocity. For 
a rotating object, u5 = wR0, where w is its angular 
velocity. In order for the satellite to remain in orbit, the 
two opposing forces acting upon it have to be equal in 
magnitude, or 

MsMe 2 
G--2 - = M5w Ro, 

Ro 

which yields a solution for Ro given by 

[ GMe]I/3 
Ro= - ­

w2 

(10.3) 

(10.4) 
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10-2 SATELLITE TRANSPONDERS 

To remain stationary with respect to Earth's surface, the 
satellite's angular velocity has to be the same as that of 
Earth's own angular velocity around its own axis. Thus, 

2rr 
w=-

T' 
(10.5) 

where T is the period of one sidereal day in seconds. A 
sidereal day, which takes into account Earth's rotation 
around the sun, is equal to 23 hours, 56 minutes, and 4.1 
seconds. Using Eq. (10.5) in Eq. (10.4) gives 

( GMeT2 ) 113 
Ro= 

4rr 2 
(10.6) 

and upon using the numerical values for T, Me, and G, we 
obtain the result Ro= 42, 164km. Subtracting 6,378 km 
for Earth's mean radius at the equator gives an altitude 
of h = 35, 786 km above Earth's surface. 

From a geostationary orbit, Earth subtends an angle 
of 17.4°, covering an arc of about 18,000 km along 
the equator, which corresponds to a longitude angle 
of about 160°. With three equally spaced satellites in 
geostationary orbit over Earth's equator, complete global 
coverage of the entire equatorial plane can be achieved, 
with significant overlap between the beams of the three 
satellites. As far as coverage toward the poles, a global 
beam can reach Earth stations up to 81 ° of latitude on 
either side of the equator. 

Not all satellite communication systems use spacecraft 
that are in geostationary orbits; because of transmitter 
power limitations or other considerations, it is sometimes 
necessary to operate from much lower altitudes, in which 
case the satellite is placed in a highly elliptical orbit 
(to satisfy Kepler's law) such that for part of the orbit 
(near its perigee) it is at a range of only a few hundred 
kilometers from Earth's surface. Whereas only three 
geostationary satellites are needed to provide global 
coverage of Earth's surface, a much larger number is 
needed when the satellites used are in highly elliptical 
orbits. 

393 

10-2 Satellite Transponders 

A communication satellite functions as a distant repeater 
that receives uplink signals from Earth stations, pro­
cesses the signals, and then retransmits them on the 
downlink to their intended Earth destinations. The 
International Telecommunication Union has allocated 
specific bands for satellite communications [Table 10-1]. 
Of these, the bands used by the majority of U.S. 
commercial satellites for domestic communications are 
the 4/6 GHz band (3.7- to 4.2-GHz downlink and 
5.925- to 6.425-GHz uplink) and the 12/14 GHz band 
(11.7- to 12.2-GHz downlink and 14.0- to 14.5-GHz 
uplink). Each uplink and downlink segment has been 
allocated 500 MHz of bandwidth. By using different 
frequency bands for Earth-to-satellite uplink segment 
and for the satellite-to-Earth downlink segments, the 
same antennas can be used for both functions while 
simultaneously guarding against interference between 
the two signals. The downlink segment commonly uses a 
lower-frequency carrier than the uplink segment, because 
lower frequencies suffer lower attenuation by Earth's 
atmosphere, and thus eases the requirement on satellite 
output power. 

We shall use the 4/6 GHz band as a model to facilitate 
discussion of the satellite-repeater operation, while keep­
ing in mind that the functional structure of the repeater is 
basically the same regardless of which specific satellite 
communication band is used. 

Figure 10-4 shows a generalized block diagram of a 12-
channel repeater as implemented in a typical communi­
cations satellite. The path of each channel from the point 
of its reception by the antenna, followed by its transfer 
through the repeater up to the point of its retransmission 
through the antenna, is called a transponder. The 
available 500-MHz bandwidth is allocated to 12 channels 
(transponders) of 36-MHz bandwidth per channel and 
4-MHz separation between channels . The basic func­
tions of each transponder are isolation of neighboring 
radio frequency (RF) channels, frequency translation, 
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394 CHAPTER 10 SATELLITE COMMUNICATION SYSTEMS AND RADAR SENSORS 

Table 10-1: Communications satellite frequency allocations. 

Downlink Frequency Uplink Frequency 
Use (MHz) (MHz) 

Fixed Service 
Commercial (C-band) 3,700-4,200 5,925-6,425 
Military (X-band) 7,250-7,750 7,900-8,400 
Commercial (K-band) 

Domestic (USA) 11,700-12,200 14,000-14,500 
International 10,950-11,200 27,500-31 ,000 

Mobile Service 
Maritime 1,535-1,542.5 1,635-1,644 
Aeronautical 1,543.5-1,558.8 1,645-1 ,660 

Broadcast Service 
2,500-2,535 2,655-2,690 

11,700-12,750 

Telemetry, Tracking, and Command 
137-138, 401-402, 1,525-1 ,540 

and amplification. With frequency-division multiple 
access (FDMA)-one of the schemes commonly used 
for information transmission-each transponder can ac­
commodate thousands of individual telephone channels 
within its 36 MHz of bandwidth (telephone speech 
signals require a minimum bandwidth of 3 kHz, and the 
nominal frequency spacing usually used is 4 kHz per 
telephone channel), several TV channels (each requiring 
a bandwidth of 6 MHz), millions of bits of digital data, 
or combinations of all three. 

When the same antenna is used for both transmission 
and reception, a duplexer is used to perform the signal 
separation. Many types of duplexers are available, but 
among the simplest to understand is the circulator shown 
in Fig. 10-5. A circulator is a three-port device that uses 
a ferrite material placed in a magnetic field induced by 
a permanent magnet to achieve power flow from ports 1 

to 2, 2 to 3, and 3 to 1, but not in the reverse directions. 
With the antenna connected to port 1, the received signal 
is channeled only to port 2; with port 2 being properly 
matched to the band-pass filter, no part of the received 
signal will be reflected from port 2 to 3; and with the 
transmitted signal connected to port 3, the circulator 
channels it to port 1 for transmission by the antenna. 

Following the duplexer shown in Fig. 10-4, the received 
signal passes through a receiver band-pass filter that en­
sures isolation of the received signal from the transmitted 
signal. The receiver filter covers the bandwidth from 
5.925 to 6.425 GHz, which encompasses the cumulative 
bandwidths of all 12 channels; the first received channel 
extends from 5,927 to 5,963 MHz, the second one from 
5,967 to 6,003 MHz, and so on until the twelfth channel, 
which covers the range from 6,367 to 6,403 MHz. The 
next subsystem along the received signal path is the 
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Wide-band receiver 
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Figure 10-4: Elements of a 12-channel (transponder) communications system. 

wideband receiver, which consists of three elements: a 
low-noise wideband amplifier, a frequency translator, and 
an output amplifier. The frequency translator consists 
of a stable local oscillator that generates a signal at a 
frequency Jo = 10, 105 MHz, connected to a nonlinear 
microwave mixer. The mixer serves to convert the 
frequency fr of the received signal (which covers the 
range from 5,927 to 6,403 MHz) to a lower-frequency 
signal ft = Jo - fr• Thus, the lower end of the 
received signal frequency gets converted from 5,927 to 
4,178 MHz and the upper end gets converted from 6,403 
to 3,702 MHz. This translation results in 12 channels 
with new frequency ranges, but their signals carry the 
same information (modulation) that was present in the 

received signals. In principle, the receiver output signal 
can now be further amplified and then channeled to the 
antenna through the duplexer for transmission back to 
Earth. Instead, the receiver output signal is separated 
into the 12 transponder channels through a multiplexer 
followed by a bank of narrow band-pass filters, each 
covering the bandwidth of one transponder channel. 
Each of the 12 channels is amplified by its own high­
power amplifier (HPA), and then the 12 channels are 
combined by another multiplexer that feeds the combined 
spectrum into the duplexer. This channel separation and 
recombination process is used as a safety measure against 
losing all 12 channels should a high-power amplifier 
experience degradation in performance or total failure. 
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Circulator 

Received signal 

Transmitted 
Antenna signal 

s ignal to be 
transmitted 

From output 
multiplexer 

Figure 10-5: Basic operation of a ferrite circulator. 

LHC 

~ From output multiplexer 
i (ch 1-12) 

To receiver 
(ch 1-12) 

~-+---1 Duplexer To receiver t_ (ch 13-24) 

From output multiplexer 
(ch 13-24) 

Figure 10-6: Polarization diversity is used to increase the 
number of channels from 12 to 24. 

The information carrying capacity of a satellite repeater 
can be doubled from 12 to 24 channels over the same 500-
MHz bandwidth by using polarization diversity . Instead 
of transmitting one channel of information over channel 1 
(5,927 to 5,963 MHz), for example, the ground station 
transmits to the satellite two signals carrying different 
information and covering the same frequency band, 
but with different antenna polarization configurations, 
such as right-hand circular (RHC) and left-hand circular 
(LHC) polarizations. The satellite antenna is equipped 
with a feed arrangement that can receive each of the two 

circular polarization signals individually with negligible 
interference between them. Two duplexers are used in 
this case, one connected to the RHC polarization feed 
and another connected to the LHC polarization feed, as 
illustrated in Fig. 10-6. 

10-3 Communication-Link Power Budget 

The uplink and downlink segments of a satellite commu­
nication link [Fig. 10-7] are each governed by the Friis 
transmission formula [Section 9-6], which states that the 
power Pr received by an antenna with gain Gr due to the 
transmission of power A by an antenna with gain Gt at 
a range R is given by 

(10.7) 

The expression given hy Eq. (10.7) applies to a lossless 
medium, such as free space. To account for attenuation 

Earth Earth 
station station 

Figure 10-7: Satellite transponder. 
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by clouds and rain in Earth's atmosphere (when present 
along the propagation path), as well as absorption by 
certain atmospheric gases (primarily oxygen and water 
vapor), we should rewrite Eq. (10.7) in the following 
form: 

Pri = Y(0) Pr= Y(0) PiGtGr (-A-)
2 

4:rr R 
(10.8) 

where now Pri represents the input power at the receiver 
with atmospheric losses taken into account, and Y(0) 
is the one-way transmissivity of the atmosphere at 
zenith angle 0 . In addition to its dependence on 0, 
Y(0) is a function of the microwave frequency of the 
communication link and the rain-rate conditions along 
the propagation path. At frequencies below 10 GHz, 
which include the 4/6 GHz band allocated for satel­
lite communic:M.ions, ahsorption hy atmospheric gases 
is very small, and cloud and rain attenuation is also 
relatively small. Consequently, the magnitude of Y(0) 
is typically on the order of 0.5 to 1 for most conditions. 
A transmissivity of 0.5 means that twice as much power 
needs to be transmitted (compared with the free-space 
case) in order to receive a specified power level. Among 
the various sources of atmospheric attenuation, the most 
serious is rainfall, and its attenuation coefficient in­
creases rapidly with increasing frequency. Consequently, 
atmospheric attenuation assumes greater importance 
with regard to transmitter power requirements as the 
communication-system frequency is increased toward 
higher bands in the microwave region. 

The noise appearing at the receiver output, Pno, consists 
of three contributions: (1) noise internally generated 
by the receiver electronics, (2) noise picked up by the 
antenna due to external sources, including emission by 
the atmosphere, and (3) noise due to thermal emission 
by the antenna material. The combination of all noise 
sources can be represented by an equivalent system noise 
temperature , Tsys, defined such that 

(10.9) 
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where K is Boltzmann's constant, Gree is the receiver 
power gain, and B is its bandwidth. This output noise 
level is the same as would appear at the output of a 
noise-free receiver with input noise level 

- Pno 
Pni = -- = KTsysB, 

Gree 
(10.10) 

The signal-to-noise ratio is defined as the ratio of the 
signal power to the noise power at the input of an 
equivalent noise-free receiver. Hence, 

(10.11) 

The performance of a communication system is gov­
erned by two sets of factors . The first set encompasses the 
signal-processing techniques used to encode, modulate, 
combine, and transmit the signal at the transmitter end 
and to receive, separate, demodulate, and decode the 
signal at the receiver end. The second set of factors is 
the gains and losses in the communication link, and they 
are represented by the signal-to-noise ratio, Sn , For a 
given set of signal-processing techniques, Sn determines 
the quality of the received signal, such as the bit error rate 
in digital data transmission and sound and picture quality 
in audio and video transmissions. Very high quality 
signal transmission requires very high values of Sn; in 
broadcast-quality television by satellite, some systems 
are designed to provide values of Sn exceeding 50 dB (or 
a factor of 105) . 

The performance of a satellite link depends on the 
composite performance of the uplink and downlink seg­
ments. If either segment performs poorly, the composite 
performance will be poor, regardless of how good the 
performance of the other segment is. It is for this reason 
that system-power calculations are performed for each 
segment separately. 
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10-4 Antenna Beams 

Whereas most Earth-station antennas must provide 
highly directive beams to avoid interference effects, the 
satellite antenna system is designed to produce beams 
tailored to match the areas served by the satellite. For 
global coverage, beamwidths of 17.4° are required. In 
contrast, for transmission to and reception from a small 
area, beamwidths on the order of 1 ° or less may be 
needed [Fig. 10-8]. An antenna with a beamwidth fJ 

(a) Zone coverage 

Individual spot 
areas or footprints , ~-----

Individual transmitters 
and horn antennas 

(b) Multi-spot beams 

Figure 10-8: Spot and multi-beam satellite antenna sys­
tems for coverage of defined areas on Earth 's surface.) 

of 1 ° would produce a spot beam on Earth covering an 
area approximately 630 km in diameter. 

Beam size has a direct connection to antenna gain and, 
in turn, to transmitter power requirements. Antenna 
gain G is related to the directivity D by G = t D, 
where t is the radiation efficiency, and D is related to 
the beamwidth fJ by the approximate expression given 
by Eq. (9.26). For a circular beam, 

4rr 
G =; /32 ' (10.12) 

where /J is in radians. For a lossless antenna (; = 1), a 
global beam with fJ = 17.4° (= 0.3 rad) corresponds to 
a gain G = 136, or 21.3 dB. A narrow 1° beam, on the 
other hand, corresponds to an antenna gain of 41,253, or 
46.2 dB. 

To accommodate the various communication functions 
associaLeJ will1 salellite systems, four main types of 
antennas are nserl*: 

1. Dipoles and helices at VHF and UHF for telemetry, 
tracking, and command functions; 

2. Horns and relatively small parabolic dishes (with 
diameters on the order of a few centimeters) for 
producing wide-angled beams for global coverage; 

3. Parabolic dishes fed by one or more horns to provide 
a beam for zone coverage [Fig. 10-8(a)] or multiple 
spot beams [Fig. 10-8(b)] ; 

4. Antenna arrays consisting of many individual radi­
ating elements for producing multi-spot beams and 
also for beam steering and scanning. 

REVIEW QUESTIONS 

QlO.l What are the advantages and disadvantages of el­
liptical satellite orbits in comparison to the geostationary 
orbit? 

*R. G. Meadows and A. J. Parsons, Satellite Communications, 
Hutchinson Publishers, London, 1989. 
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Ql0.2 Why do satellite communication systems use 
different frequencies for the uplink and downlink seg­
ments? Which segment uses the higher frequency and 
why? 

Ql0.3 How does the use of antenna polarization in­
crease the number of channels carried by the commu­
nication system? 

Ql0.4 What are the sources of noise that contribute to 
the total system noise temperature of a receiver? 

10-5 Radar Sensors 

The term radar is a contracted form of the phrase radio 
detection and ranging, which conveys some, but not 
all, the features of a modern radar system. Historically, 
radar systems were first developed and used at radio 
frequencies, including the microwave band, but we now 
also have light radars, or lidars, that operate at optical 
wavelengths. Over the years, the name radar has lost its 
original meaning and has come to signify any active elec­
tromagnetic sensor that uses its own source to illuminate 
a region of space and then measure the echoes generated 
by reflecting objects contained in the illuminated region. 
In addition to detecting the presence of a reflecting object 
and dete1mining its range by measuring the time delay of 
short-duration pulses transmitted by the radar, a radar is 
also capable of specifying the position (direction) of the 
target and its radial velocity. Measurement of the radial 
velocity of a moving object, which is the component of 
the object's velocity vector along the direction from the 
object to the radar, is realized by measuring the Doppler 
frequency shift produced by the moving object, which 
is equal to the difference between the frequencies of the 
transmitted and received signals. Also, the strength and 
shape of the reflected pulse carry information about the 
shape and material properties of the reflecting object. 

Radar is used for a wide variety of civilian and military 
applications, including air traffic control, aircraft naviga­
tion, law enforcement, control and guidance of weapon 
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systems, remote sensing of Earth's environment, weather 
observations, astronomy, and collision avoidance for 
automobiles. The frequency bands used for the various 
types of radar applications extend from the megahertz 
region to frequencies as high as 225 GHz. 

10-5.1 Basic Operation of a Radar System 

The block diagram shown in Fig. 10-9 contains 
the basic functional elements of a pulse radar sys­
tem. The synchronizer-modulator unit serves to 
synchronize the operation of the transmitter and the 
videoprocessor-display unit by generating a train of di­
rect current (d-c) narrow-duration, evenly spaced pulses. 
These pulses, which are supplied to both the transmitter 
and the videoprocessor- display unit, specify the times 
at which radar pulses are transmitted. The transmitter 
contains a high-power radio-frequency (RF) oscillator 
with an on/off control voltage actuated by the pulses 
supplied by the synchronizer- modulator unit. Hence, 
the transmitter generates pulses of RF energy equal in 
duration and spacing to the d-c pulses generated by 
the synchronizer-modulator unit. Each pulse generated 
by the transmitter is supplied to the antenna through a 
duplexer, which allows the antenna to be shared between 
the transmitter and the receiver. The duplexer, which 
often is called the transmitter/receiver (T/R) switch, 
connects the transmitter to the antenna for the duration of 
the pulse, and then connects the antenna to the receiver for 
the remaining period until the start of a new pulse. Some 
duplexers, however, are passive devices that perform 
the sharing and isolation functions continuously. The 
circulator shown in Fig. 10-5 is an example of a passive 
duplexer. After transmission by the antenna, a portion of 
the transmitted signal is intercepted by a reflecting object 
( often called a target) and is reradiated in many direc­
tions. The energy reradiated by the target back toward 
the radar is collected by the antenna and delivered to the 
receiver, which processes the signal to detect the presence 
of the target and to extract information on its location and 
relative velocity. The receiver converts the reflected RF 
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r--- Synchronizer/modulator 1----►' 
unit 

Transmitter 

Receiver Video 
~ processor 

'. ~-• _· - - - ► •••t' ---------1.---, I - - Servo , ... - - -' 

Figure 10-9: Basic block diagram of a radar system. 

signals into lower-frequency video-frequency signals and 
supplies them to the videoprocessor-display unil, whid1 
displays the extracted information in a format suitable 
for the intended application. The servo unit positions the 
orientation of the antenna beam in response to control 
signals provided by either an operator, a control unit with 
preset functions, or a control unit commanded by another 
system. The control unit of an air traffic control radar, 
for example, commands the servo to rotate the antenna 
in azimuth continuously. In contrast, the radar antenna 
placed in the nose of an aircraft is made to scan back and 
forth over only a specified angular range. 

10-5.2 Unambiguous Range 

The collective features of the energy transmitted by a 
radar are called the signal waveform. For a pulse radar, 
these features include ( 1) the carrier frequency f, (2) the 
pulse length r, (3) the pulse repetition frequency Jp 
(number of pulses per second), or equivalently the 
interpulse period Tp = 1/Jp, and (4) the modulation 
(if any) within the pulses. Three of these features are 
illustrated in Fig. 10-10. Modulation, which refers to 
control of the amplitude, frequency, or phase of the 

Pulse waveform 

,. 
RF frequency f I ,. 

------Tp = 1/fp----..i 

Figure 10-10: A pulse radar transmits a continuous train 
of RF pulses at a repetition frequency /p-

signal, is beyond the level of the present treatment and 
therefore will not be considered. 

The range to the target is determined by measuring the 
time delay T taken by the pulse to travel to the target and 
back. For a target at range R, 

2R 
T=-, 

C 
(10.13) 

where c = 3 x 108 mis is the speed of light, and 
the factor 2 accounts for the two-way propagation. 
The maximum target range that a radar can measure 
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unambiguously, called the unambiguous range Ru, is 
determined by the interpulse period Tp and is given by 

cTp c 
Ru=-=- . 

2 2Jp 
(10.14) 

The range Ru corresponds to the maximum range that 
a target can have such that its echo is received before 
the transmission of the next pulse. If Tp is too short, an 
echo signal due to a given pulse might arrive after the 
transmission of the next pulse, in which case the target 
would appear to be at a much shorter range than it actually 
is. 

According to Eq. ( 10.14 ), if a radar is to be used 
to detect targets that are as far away as 100 km, for 
example, then fp should be less than 1.5 kHz, and 
the higher the pulse repetition frequency (PRF), the 
shorter is the unambiguous range Ru, Consideration 
of Ru alone suggests selecting a low PRF, but other 
considerations suggest selecting a very high PRF. As 
we will see later in Section 10-6, the signal-to-noise 
ratio of the radar receiver is directly proportional to fp, 
and hence it would be advantageous to select the PRF 
to be as high as possible. Moreover, in addition to 
determining the maximum unambiguous range Ru , the 
PRF also determines the maximum Doppler frequency 
(and hence the target's maximum radial velocity) that the 
radar can measure unambiguously. If the requirements 
on maximum range and velocity cannot be met by the 
same PRF, then some compromise may be necessary. 
Alternatively, it is possible to use a multiple-PRF radar 
system that transmits a few pulses at one PRF followed by 
another series of pulses at another PRF, and then the two 
sets of received pulses are processed together to remove 
the ambiguities that would have been present with either 
PRF alone. 

10-5.3 Range and Angular Resolutions 

Consider a radar observing two targets located at ranges 
R1 and R2, as shown in Fig. 10-11. Lett = 0 denote the 
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\ ------- Ji. 
-- - 1.,.....,. ---:_ 
-- 1- - R2 ~ -- ............. 

Antenna beam - - - - - - - __ 

Figure 10-11: Radar beam viewing two targets at ranges 
R1 and Rz. 

timr: cxl1-rr:spondine, tn the st,1rt of the trnns111ittr.ci pulse. 
The pulse length is r. The return due to target 1 will 
arrive at Ti = 2R,/c and will have a length r (assuming 
that the pulse length in space is much greater than the 
radial extent of the target). Similarly, the return due to 
target 2 will arrive at T2 = 2R2/c. The two targets will 
be resolvable as distinct targets as long as T2 ~ T1 + r 
or, equivalently, 

2R2 2R1 
->-+r. 

C - C 
(10.15) 

The range resolution of the radar, b.R, is defined as the 
minimum spacing between two targets necessary to avoid 
overlap between the echoes from the two targets. From 
Eq. (10.15), this occurs when 

I b.R = R2 - R, = cr/2. (10.16) 

Some radars are capable of transmitting pulses as short 
as 1 ns in duration or even shorter. For r = 1 ns, 
b.R = 15 cm. 

The basic angular resolution of a radar system is 
determined by its antenna beamwidth /3, as shown in 
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Figure 10-12: The azimuth resolution ~x at a range R 
is equal to f3 R. 

Fig. 10-12. The corresponding azimuth resolution ~x 
at a range R is given by 

~x = /3R, (10.17) 

where f3 is in radians. In some cases, special techniques 
are used to improve the angular resolution down to 
a fraction of the beam width f3. One example is the 
monopulse tracking radar described in Section 10-8. 

10-6 Target Detection 

Target detection by radar is governed by two factors : 
(1) the signal energy received by the radar receiver 
due to reflection of part of the transmitted energy by 
the target, and (2) the noise energy generated by the 
receiver. Figure 10-13, which depicts the output of a 
radar receiver as a function of time, shows the signals 
due to the targets displayed against the noise contributed 
by external sources as well as by the devices making 
up the receiver. The random variations exhibited by the 
noise may at times make it difficult to distinguish the 
signal reflected by the target from a noise spike. In 
Fig. 10-13, the mean noise-power level at the receiver 
output is denoted by Pno = Grec Pni , where Gree is the 
receiver gain and Pni is the noise level referred to the 
receiver's input terminals. The power levels Pr1 and Pr2 

represent the echoes of the two targets observed by the 
radar. Because of the random nature of the noise, it is 
necessary to set a threshold level, Pr min , for detection. For 
the threshold level 1 indicated in Fig. 10-13, the radar 
will detect the presence of both targets, but it will also 

Jl:1r~shold_d~t~cliq_nje_v~l l, ________ _ ___________________ c Pr . (2) 
rec mm 

F 1 -Target2 
a se 

Threshold detection level l ________ _ 
alarm 

Target l 

Mean noise level ___ _ 

Time_. 

Figure 10-13: The output of a radar receiver as a function of time. 
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--- --- --
I Transmitter I 

Receiver --- - - -- -' 

------
Figure 10-14: Bistatic radar system viewing a target with radar cross section (RCS) O-t. 

detect a false alarm . The chance of Lhis ot:wrring is 
callecl the false-alarm probability . On the other hand, if 
the threshold level is raised to level 2 to avoid the false 
alarm, the radar will not detect the presence of the first 
target. Correct detection of targets is called the detection 
probability . The setting of the threshold signal level 
relative to the mean noise level is thus made on the basis 
of a compromise that considers both probabilities. 

To keep the noise level at a minimum, the receiver is 
designed such that its bandwidth B is barely wide enough 
to pass most of the energy contained in the received pulse. 
Such a design, called a matched-filter design , requires 
that B be equal to the reciprocal of the pulse length r 
(i.e., B = 1/r). Hence, for a matched-filter receiver, 
Eq. (10.10) becomes 

KTsys 
Pni = KTsysB = -- . 

r 
(10.18) 

The signal power received by the radar, Pr, is related 
to the transmitted power level, Pt, through the radar 
equation. We will first derive the radar equation for the 
general case of a bistatic radar configuration in which 
the transmitter and receiver are not necessarily at the 
same location, and then we will specialize the results 
to the monostatic radar case wherein the transmitter and 

receiver are colocated. In Fig. 10-14, the target is at a 
range Rt from the transmitter and at a range Rr from the 
receiver. The power density illuminating the target is 
given by 

(10.19) 

where (Ptf 4rr Rt ) represents the power density that 
would have been radiated by an isotropic radiator, and 
Gt is the gain of the transmitting antenna in the direction 
of the target. The target is characterized by a radar 
cross section (RCS) at (m2), defined such that the power 
intercepted and then reradiated by the target is 

(W) . (10.20) 

This reradiated power spreads out over a spherical 
surface, resulting in a power density Sr incident upon 
the receiving radar antenna and given by 

(10.21) 
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With an effective area Ar and radiation efficiency ~r, the 
receiving radar antenna intercepts and delivers (to the 
receiver) power Pr given by 

where we have used Eqs. (9.29) and (9.64) to relate the 
effective area of the receive antenna, Ar, to its gain Gr, 
For a monostatic antenna that uses the same antenna for 
the transmit and receive functions, Gt = Gr -£ G and 
Rt = Rr -£ R. Hence, 

(10.23) 

Unlike the one-way communication system for which the 
dependence on R i a l/ R2, the range dependence given 
by the above radar equation goes a 1 / R4 which in effect 
is the product of two one-way propagation processes. 

The detection process may be based on the echo from 
a single pulse or on the addition (integration) of the 
echoes from several pulses. We will consider only the 
single-pulse case here. A target is said to be detectable 
if its echo signal power Pr exceeds Pr . , the threshold nun 

detection level indicated in Fig. 10-13. The maximum 
detectable range Rmax is the range beyond which the 
target cannot be detected, and it corresponds to the range 
at which Pr= Prmin in Eq. (10.23). Thus, 

[ 
p c 2).. 2a ] 1/4 R _ t t 

max - (4n)3 P, 
f ndn 

(10.24) 

The signal-to-noise ratio is equal to the ratio of the re­
ceived signal power Pr to the mean input noise power Pni 
given by Eq. (10.18): 

S Pr Prr 
n=-=--, 

Pni KTsys 
(10.25) 

and the minimum signal-to-noise ratio Smin corresponds 
to when Pr = Prm;n: 

S . = Prmin r 
mm KT. • 

sys 
(10.26) 

Use of Eq. (10.26) in Eq. (10.24) gives 

[ 
P G212 ] 1/ 4 

R _ t! A~ 

max -
(4n) 3 KTsysSmin 

(10.27) 

The product Pt r is equal to the energy of the transmitted 
pulse. Hence, according to Eq. (10.27), it is the energy of 
the transmitted pulse rather than the transmitter power 
level alone that determines the maximum detectable 
range. A high-power narrow pulse and an equal­
energy, low-power long pulse will yield the same radar 
performance as far as maximum detectable rnnge is 
concerned. However, the range-resolution capability of 
the long pulse is much poorer than that of the short pulse 
[see Eq. (10.16)]. 

The maximum detectable range Rmax can also be 
increased by improving the signal-to-noise ratio. This 
can be accomplished by integrating the echoes from 
multiple pulses in order to increase the total amount of 
energy received from the target. The number of pulses 
available for integration over a specified integration time 
is proportional to the PRF. Hence, from the standpoint 
of maximizing target detection, it is advantageous to use 
as high a PRF as allowed by other considerations. 

10-7 Doppler Radar 

The Doppler effect is a shift in the frequency of a wave 
caused by the motion of the transmitting source, the 
reflecting object, or the receiving system. As illustrated 
in Fig. 10-15, a wave radiated by a stationary isotropic 
point source forms equally spaced concentric circles as 
a function of time travel from the source. In contrast, a 
wave radiated by a moving source is compressed in the 
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10-7 DOPPLER RADAR 

(_._ A 

(wave moving 
in direction 
opposite to that 
of the source) 

(a) Stationary source 

(b) Moving source 

A\ 
(wave moving 
in the same 
direction as 
the source) 

Figure 10-15: A wave radiated from a point source when 
(a) stationary and (b) moving. The wave is compressed 
in the direction of motion, spread out in the opposite 
direction, and unaffected in the direction normal to 
motion. 

direction of motion and is spread out in the opposite direc­
tion. Compressing a wave shortens its wavelength, which 
is equivalent to increasing its frequency. Conversely, 
spreading it out decreases its frequency. The change 
in frequency is called the Doppler frequency shift Jct , 

That is, if ft is the frequency of the wave radiated by the 
moving source, then the frequency fr of the wave that 
would be observed by a stationary receiver is 

(10.28) 
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The magnitude and sign of fct depend on the direction of 
the velocity vector relative to the direction of the range 
vector connecting the source to the receiver. 

Consider a source transmitting an electromagnetic 
wave with frequency ft as shown in Fig. 10-16. At 
a distance R from the source, the electric field of the 
radiated wave is given by 

(10.29) 

where Eo is the wave's magnitude, CVt = 2rcft, and 
k = 2rc / At, where At is the wavelength of the transmitted 
wave. The magnitude depends on the distance R and the 
gain of the source antenna, but it is not of concern as far 
as the Doppler effect is concerned. The quantity 

2rc 
¢ = CVtf - k R = 2rc ftt - - R 

A[ 

(10.30) 

is the phase of the radiated wave relative to its phase at 
R = 0 and to a reference time t = 0. If the source is 
moving toward the receiver, as in Fig. 10-16, ( or vice 
versa) at a radial velocity Ur, then 

R = Ro - Urt, (10.31) 

where Ro is the distance between the source and the 
receiver at t = 0. Hence, 

(10.32) 

This is the phase of the signal detected by the receiver. 
The frequency of a wave is by definition equal to the time 
derivative of the phase¢ divided by 2rc. Thus, 

1 de/) Ur 

fr = 2rc dt = ft + At • (10.33) 

Comparison of Eq. (L0.33) with Eq. (10.28) leads to 
Jct = ur/At, For radar, the Doppler shift happens twice, 
once for the wave from the radar to the target and again 
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~ - - - - - - - - - - - - r--ur 
I I 

: ~ : Mf\f\A --
1 ------ - - - ---' 

[>-EJ 
Transmitter moving 

with velocity u 
Stationary receiver 

Figure 10-16: Transmitter with radial velocity Ur approaching a stationary receiver. 

.. u 

Velocity vector 

(a) 

u---- .......... ~-B . . . . . __ ,,,--" 

(b) 

Figure 10-17: The Doppler frequency shift is negative for 
a receding target (0 S 0 S 90°), as in (a), and positive 
for an approaching target (90° S 0 S 180°), as in (b). 

for the wave reflected by the target back to the radar. 
Hence, Jct = 2ur/At, The dependence of fct on direction 
is given by the dot product of the velocity and range unit 

vectors, which leads to 

Ur 2u 
fct = -2- = --cos 0, 

At At 
(10.34) 

where Ur is the radial velocity component of u and 0 
is the angle between the range vector and the velocity 
vector as shown in Fig. 10-17, with the direction of the 
range vector defined from the radar to the target. For a 
receding target (relative to the radar), 0 :::: 0 ::: 90°, and 
for an approaching target, 90 :::: 0 :::: 180°. 

10-8 Monopulse Radar 

On the basis of information extracted from the echo due to 
a single pulse, a monopulse radar can track the direction 
of a target with an angular accuracy equal to a fraction 
of its antenna beamwidth. To track a target in both 
elevation and azimuth, a monopulse radar uses an antenna 
such as a parabolic dish, with four separate small feeds 
at its focal point, as illustrated by the horns shown in 
Fig. 10-18. Monopulse systems are of two types; the first 
is called amplitude-comparison monopulse because the 
tracking information is extracted from the amplitudes of 
the echoes received by the four horns, and the second type 
is called phase-comparison monopulse because it relies 
on the phases of the received signals instead. We shall 
limit our present discussion to the amplitude-comparison 
scheme. 

INTEL-1014 
U.S. Patent 7,151,430 



r 
10-8 MONOPULSE RADAR 

1-----..... 
2------
3------""" 
4--------' 

(a) 

(b) 

Phasing 
network 

EA 
r u 1 z 
a m e i 
n v m 
~ a u 
m t t 
i i h 
t 0 

n 

Radar 

Figure 10-18: Antenna feeding arrangement for an 
amplitude-comparison monopulse radar: (a) feed horns 
and (b) connection to phasing network. 

Individually, each horn would produce its own beam, 
with the four beams pointing in slightly different direc­
tions. Figure 10-19 shows the beams of two adjacent 
horns. The basic principle of the amplitude-comparison 
monopulse is to measure the amplitudes of the echo 
signals received through the two beams and then to 
apply the difference between them to repoint the an­
tenna boresight direction toward the target. Using 
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- ----+ 
Error 

Figure 10-19: A target observed by two overlapping 
beams of a monopulse radar. 

computer-controlled phase shifters, the phasing net­
work shown in Fig. 10-18 can combine the signal deliv­
ered to the four-element horn array by the transmitter 
or by the echo signals received by them in different 
ways. Upon transmission, the network excites all 
four feeds in phase, thereby producing a single main 
beam called the sum beam. The phasing network 
uses special microwave devices that allow it to provide 
the desired functionality during both the transmit and 
receive modes. Its equivalent functionality is described 
by the circuits shown in Fig. 10-20. During the 
receive period, the phasing network uses power di­
viders, power combiners, and phase shifters so as 
to generate three different output channels. One of 
these is the sum channel, corresponding to adding 
all four horns in phase, and its radiation pattern 
is depicted in Fig. 10-21(a). The second channel, 
called the elevation-difference chamiel, is obtained by 
first adding the outputs of the top-right and top-left 
horns [Fig. 10-20(b)], then adding the outputs of the 
bottom-right and bottom-left horns, and then subtracting 
the second sum from the first. The subtraction process is 
accomplished by adding a 180° phase shifter in the path 
of the second sum before adding it to the first sum. 
The beam pattern of the elevation-difference channel is 
shown in Fig. 10-21(b). The third channel (not shown in 
Fig. 10-20) is the azimuth-difference channel , and it is 
accomplished through a similar process that generates 
a beam corresponding to the difference between the 
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Top right 

Top left 

Bottom right 
- ---- --l Transmitter 

Bottom left 

(a) Transmit mode 

Top right 

Top left 

Bottom right 

Bottom left 

Sum channel 

E vevation-difference 
channel 

Angle 
error 
signal 

(b) Receiver mode for elevation 

Figure 10-20: Functionality of the phasing network in (a) the transmit mode and (b) the receive mode for the 
elevation-difference channel. 

sum of the two right horns and the sum of the two left 
horns. If the observed target is centered between the 
two elevation beams, the receiver echoes will have the 
same strength for both beams, thereby producing a zero 
output from the elevation-difference channel. If it is 
not, the amplitude of the elevation-difference channel 
will be proportional to the angular deviation of the target 
from the boresight direction, and its sign will denote the 
direction of the deviation. In practice, the output of the 
difference channel is multiplied by the output of the sum 
channel to increase the strength of the difference signal 
and to provide a phase reference for extracting the sign 
of the angle error. This product, called the angle error 
signal , is displayed in Fig. 10-21(c) as a function of the 
angle error. The error signal activates a servo-control 
system to reposition the antenna direction. By applying 
a similar procedure along the azimuth direction using the 

product of the azimuth-difference channel and the sum 
channel, a monopulse radar provides automatic tracking 
in both directions. The range to the target is obtained by 
measuring the round-trip delay of the signal. 

REVIEW QUESTIONS 

Ql0.5 How is the PRF related to unambiguous range? 

Ql0.6 Explain how the false-alarm probability and the 
detection probability are related to the noise level of the 
receiver. 

Ql0.7 In terms of the geometry shown in Fig. 10-17, 
when is the Doppler shift a maximum? 

Ql0.8 What is the principle of the monopulse radar? 
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(a) Sum pattern 

(b) Elevation-difference pattern 

(c) Angle error signal 

Figure 10-21: Monopulse antenna (a) sum pattern, (b) 
elevation-difference pattern, and ( c) angle error signal. 

CHAPTER HIGHLIGHTS 

• Three equally spaced satellites in geostationary orbit 
can provide coverage of most of Earth's surface. 

• The use of polarization diversity makes it possible to 
double the number of channels per unit bandwidth 
carried by a satellite repeater. 

• A satellite antenna system is designed to produce 
beams tailored to match the areas served by the 
satellite. Antenna arrays are particularly suitable for 
this purpose. 
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• A radar is an electromagnetic sensor that illuminates 
a region of space and then measures the echoes due 
to reflecting objects. From the echoes, information 
can be extracted about the range of a target, its radial 
velocity, direction of motion, and other characteris­
tics. 

• Due to the random nature of the receiver noise, target 
detection is a statistical process characterized by 
false-alarm and detection probabilities. 

• A moving object produces a Doppler frequency shift 
that is proportional to the radial velocity of the object 
relative to the radar and inversely proportional to A. 

• A monopulse radar uses multiple beams to track the 
direction of a target, with an angular accuracy equal 
to a fraction of its antenna beam. 

GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the follow­
ing terms: 

geostationary orbit 
uplink and downlink 
transponder 
duplexer 
circulator 
multiplexer 
polarization diversity 
atmospheric transmissivity Y 
radial velocity Ur 

Doppler frequency shift /d 

pulse length r 
pulse repetition frequency (PRF) /p 
interpulse period Tp 

unambiguous range Ru 
range resolution 
azimuth resolution 
false-alarm probability 
detection probability 
matched filter 
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bistatic radar 
monostatic radar 
radar cross section CTt 

threshold detection level 
maximum detectable range Rmax 

monopulse radar 
sum and difference channels 

PROBLEMS 

Sections 10-1 to 10-4: Satellite Communication Systems 

10.1 * A remote sensing satellite is in circular orbit 
around Earth at an altitude of 1,000 km above Earth's 
surface. What is its orbital period? 

10.2 A transponder with a bandwidth of 500 MHz uses 
polarization diversity. If the b<1nclwidth allocated to 
transmit a single telephone channel is 4 kHz, how many 
telephone channels can be carried by the transponder? 

10.3* Repeat Problem 10.2 for TV channels, each 
requiring a bandwidth of 6 MHz. 

10.4 A geostationary satellite is at a distance of 40,000 
km from a ground receiving station. The satellite 
transmitting antenna is a circular aperture with a 1-
m diameter, and the ground station uses a parabolic 
dish antenna with an effective diameter of 30 cm. If 
the satellite transmits 1 kW of power at 12 GHz and 
the ground receiver is characterized by a system noise 
temperature of 1,000 K, what would be the signal-to­
noise ratio of a received TV signal with a bandwidth 
of 6 MHz? The antennas and the atmosphere may be 
assumed lossless. 

* Answer(s) available in Appendix D. 
,"'!_1 Solution available in CD-ROM. 

Sections 10-5 to 10-8: Radar Sensors 

10.5* A collision avoidance automotive radar is de­
signed to detect the presence of vehicles up to a range 
of 1 km. What is the maximum usable PRF? 

10.6 A 10-GHz weather radar uses a 30-cm-diameter 
lossless antenna. At a distance of 1 km, what are the 
dimensions of the volume resolvable by the radar if the 
pulse length is 1 µs? 

10.7* A radar system is characterized by the following 
parameters: Pt = 1 kW, r = 0.1 µs, G = 30 dB, 
).., = 3 cm, and Tsys = 1, 500 K. The radar cross section 
of a car is typically 10 m2. How far away can the car 
be and remain detect.able by the radar with a minimum 
signal-to-noise ratio of 13 dB? 

10.8 A 3-cm-wavelength radar is located at the origin 
of an x-y coordinate system. A car located alx - 100 m 
and y = 200 mis heading east (x-direction) at a speed 
of 120 km/hr. What is the Doppler frequency measured 
by the radar? 

INTEL-1014 
U.S. Patent 7,151,430 



APPENDIX A: 
SYMBOLS, QUANTITIES, AND UNITS 

Symbol Quantity SI Unit Abbreviation 
A Magnetic potential (vector) weber/meter Wb/m 
B Susceptance siemens s 
B Magnetic flux density tesla or weber/meter2 TorW/m2 
-

Capacitance farad F 
D Directivity (antenna) (dimensionless) -
J: Electric-field intensity volt/meter ,Yim 
Jj Electric flux density coulomb/meter2 ~ C/m2 

F Radiation intensity (normalized) (dimensionless) -
F Force newton N ..,,.,~-- --
f Focal length meter m 
f Frequency hertz Hz 
G Conductance siemens s 
G Gain (power) (dimensionless) -
H Magnetic field intensity ampere/meter Alm 
I Current flTTlpf':rf': A 

J Current density (volume) ampere/meter2 A/mz 

Js Current density (surface) ampere/meter Alm 
k Wavenumber radian/meter rad/m 
L Inductance henry H 
l Length meter m 
M,m Mass kilogram kg 
M Magnetization vector ampere/meter Alm 
m Magnetic dipole moment ampere-meter2 A-mz 

n Index of refraction (dimensionless) -
p Power watt w _. 

p Electric polarization vector coulomb/meter2 C/m2 

p Pressure newton/meter2 N/m2 

p Electric dipole moment coulomb-meter C-m 
Q,q Charge coulomb C 
R Reflectivity (reflectance) (dimensionless) -
R Resistance ohm n 
s Standing-wave ratio (dimensionless) -
s Poynting vector watt/meter2 W/m2 

Sav Power density watt/meter2 W/m2 

T Temperature kelvin K 

411 
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412 APPENDIX A SYMBOLS, QUANTITIES, AND UNITS 

Symbol Quantity SI Unit Abbreviation 
µ:_... Torque newton-meter ~ 

T Transmissi vi ty (transmittance) (dimensionless) -
t Time second s 
u Velocity meter/second mis 
V Electric potential volt V 
V Voltage volt V . 
Vemf Electromotive force (emf) volt V 

, I!'- Energy (work) joule J 
/'··-

w Energy density joule/meter3 J/m3 
X Reactance ohm Q 

y Admittance siemens s 
z Impedance ohm Q 

(Y_ Attenuation constant neper/meter Np/m 
f3 Phase constant radian/meter rad/m 
r Reflection coetficient (dimensionless) -
y Propagation constant metec 1 111 - 1 

8s Skin depth meter m 
e, eo Permittivity farad/meter F/m 
f r Relative permittivity (dimensionless) -
1'/ Impedance ohm Q 

>.. Wavelength meter m 
µ, , /.,l,O Permeability henry/meter Him 
/J., r Relative permeability (dimensionless) -
/.,l,e, /.,l,h Mobility (electron, hole) meter2 /volt-second m2N-s 

Pl Charge density (linear) coulomb/meter Clm 

Ps Charge density (surface) coulomb/meter2 C/m2 

Pv Charge density (volume) coulomb/meter3 C/m3 

Cl Conductivity siemens/meter Sim 

Clt Radar cross section meter2 m2 

r Transmission coefficient (dimensionless) -
r Pulse length seconds s 
<l> Magnetic flux weber Wb 

------- - ,_ 
1/1 Gravitational field newton/kilogram N/kg 

Xe Electric susceptibility (dimensionless) -
Xm Magnetic susceptibility (dimensionless) -
Q Solid angle steradian sr 
CV Angular frequency radian/second rad/s 
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APPENDIX 8: 
MATERIAL CONSTANTS 
OF SOME COMMON MATERIALS 

Table B-1: RELATIVE PERMITTIVITY er OF COMMON MATERIALSa 

s = BrBo and so = 8.854 x 10- 12 F/m. 
Material Relative Permittivity, Br Material Relative Permittivity, Br 

Vacuum 1 Dry soil 2.5-3.5 
Air (at sea level) 1.0006 Plexiglass 3.4 
Styrofoam 1.03 Glass 4.5-10 
Teflon 2.1 Quartz 3.8-5 
Petroleum oil 2.1 Bakelite 5 
Wood (dry) 1.5--4 Porcelain 5.7 
Paraffin 2.2 Formica 6 
Polyethylene 2.25 Mica 5.4-6 
Polystyrene 2.6 Ammonia 22 
Paper 2 4 Seawater 72-80 
Rubber ? .. ?.--4 . l Distilled water 81 
aThese are low-frequency values at room temperature (20° C). 
Note: For most metals, Br :.:: 1. 

Table B-2: CONDUCTIVITY a OF SOME COMMON MATERIALSa 

Material Conductivity, a (Sim) Material Conductivity, a (Sim) 
Conductors Semiconductors 

Silver 6.2 X 107 Pure germanium 2.2 
Copper 5.8 X 107 Pure silicon 4.4 X 10-4 

Gold 4.1 X 107 Insulators 
Aluminum 3.5 X 107 Wet soil ~ 10-2 

Tungsten 1.8 X 107 Fresh water ~ 10-3 

Zinc 1.7 X 107 Distilled water ~ 10-4 

Brass 1.5 X 107 Dry soil ~ 10-4 

Iron 107 Glass 10-12 

Bronze 107 Hard rubber 10-15 

Tin 9 X 106 Paraffin 10-15 

Lead 5 X 106 Mica 10-15 

Mercury 106 Fused quartz 10-17 

Carbon 3 X 104 Wax 10-17 

Seawater 4 
Animal body (average) 0.3 (poor cond.) 

aThese are low-frequency values at room temperature (20° C). 
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414 APPENDIX B MATERIAL CONSTANTS OF SOME COMMON MATERIALS 

Table B-3: RELATIVE PERMEABILITY µ,r OF SOME COMMON MATERIALSa 

µ = µrµo and /.LO = 4n x 10-7 Him. 
Relative 

Material Permeability, µ,r 
Diamagnetic 

Bismuth 0.99983::::: 1 
Gold 0.99996::::: 1 
Mercury 0.99997::::: 1 
Silver 0.99998 '.:::'. 1 
Copper 0.99999 '.:::'. 1 
Water 0.99999 '.:::'. 1 

Paramagnetic 
Air 1.000004::::: 1 
Aluminum 1.00002 '.:::'. 1 
Tungsten 1.00008 '.:::'. 1 
Titanium 1.0002::::: 1 
Platinum 1.0003 '.:::'. l 

Ferromagnetic (nonlinear) 
Cobalt 250 
Nickel 600 
Mild steel 2,000 
Iron (pure) 4,000-5,000 
Silicon iron 7,000 
Mumetal ~ 100,000 
Purified iron ~ 200,000 

aThese are typical values; actual values depend on 
material variety. 
Note: Except for ferromagnetic materials, /J.,r '.:::'. 1 
for all dielectrics and conductors. 
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APPENDIX C: 
MATHEMATICAL FORMULAS 

Trigonometric Relations 

sin(x ± y) = sinx cosy± cosx sin y 

cos(x ± y) = cos x cosy =r= sin x sin y 

2 sinx sin y = cos(x - y) - cos(x + y) 

2 sin x cosy = sin(x + y) + sin(x - y) 

2 cos x cosy= cos(x + y) + cos(x - y) 

sin 2x = 2 sin x cos x 

cos 2x = 1 - 2 sin2 x 

( x+y) (x-y) sinx + sin y = 2sin ,- 2- , cos ,- 2- , 

• • (x+y). (x-y) Slll.t - Slll )' = 2 COS - 2 - Slll - 2-

('x + y)' ('x-y)' cosx +cosy= 2cos - 2- cos - 2 -

cos x - cos y = - 2 sin ( x : Y) sin ( x ; Y) 

cos(x ± 90°) = =f sin x 

cos(-x) = cosx 

sin(x ± 90°) = ± cos x 

sin(-x) = - sinx 

ejx = cos x + j sin x (Euler's identity) 
e j x - e-Jx 

sinx=-- --
2j 

COSX=----
2 

415 

Approximations for Small Quantities 

For lxl « 1, 

(1 ±x)n '.:::' 1 ±nx 

(1 ± x)2 '.:::' 1 ± 2x 
X 

v'!±x'.:::'1±2 

l X 
---~I=r=­v!I±x - 2 

x2 
ex = I + x + - + , · · '.:::' 1 + x 

2! 
ln(l + x) ==- .x 

x3 XS 
sin X = X - - + - + . . ' '.:::' X 

3! 5! 
x2 x4 x2 

cos X = I - - + - + . .. '.:::' I - -
2! 4! 2 

. sinx 
hm -- = 1 
X--->0 X 
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APPENDIX D: 
ANSWERS TO ODD-NUMBERED PROBLEMS 

Chapter 1 

1.1 p(x, t) = 24cos(8n x 103 t - 24.24nx + 42°) (N/m2) 

1.3 ),., = 12.5 cm 

1.5 up = 0.83 (mis); ),., = 10.47 m 

1.7 (a) YI (x, t) is traveling in positive x-direction, while 
yz(x, t) is traveling in negative x-direction. 

(b) x = (n/60 + 2nn/30) cm; IYslmax = 1.9 
(c) x = nn/30; IYslmin = 0 

1.9 T = 1.5 s; up = 0.56 mis; ),., = 0.84 m 

1.11 yz(t) lags y1(t) by 60°. 

1.13 a = 5 x 10-3 (Np/m) 

1.15 (a) z1 = 3.6e-i33•70 ; z2 = 4.5ei 153.4° 
(b) lz1 I = 3.60 
(c) z1z2 = 16.2ei119•70 

(d) ZJ/z2 = 0.80e-i 187•10 

(e) Zj = 46.66e-JIOl.1° 

1.17 (a) t = 3.16ei 18.430 ; s = 5.10ei78.69° 

(b) t = 2.83 e-1450 ; s = 2.83 ei450 

(c) t = 5.2; s = 3 ei 900 

(d) t = O; s = 6ei300 

1.19 ln(z) = 1.61 - }0.93 

1.21 vc(t) = 8.5 cos(2n x 103t - 62.1 °) V 

1.23 (a) v(t) = 3 cos(wt - 2n /3) V 
(b) v(t) = 6cos(wt + 3n/4) V 
(c) i (t) = 5 cos(wt + 53.1 °) A 
(d) i(t) = 3.61 cos(wt + 146.31°) A 
(e) i(t) = -sin wt A 
(f) i(t) = 2cos(wt + 3n/4) A 

417 

Chapter 2 

2.1 (a) //),., = 6.67 x 10-6; transmission line may be 
ignored. 

(b) lj),., = 0.01; borderline. 
(c) lj),., = 0.2; transmission line effects should be 

included. 
(d) //),., = 0.33; transmission line effects should be 

included. 

2.3 R' = 1.0 (Q/m); L' = 167 (nH/m); G' = 0; C' = 172 
(pF/m) 

2.5 rY. = 0.14 Np/rn; fi = 11. 'i rnd/rn; 
Zo = (27.7 + }0.098) Q; up= 2 x 108 mis 

2.7 R' = 2 (Q/m); L' = 200 (nH/m); G' = 800 (µ,Sim); 
C' = 80 (pF/m); ),., = 1 m 

2.9 R' = 0.8 Q/m; L' = 38.2 nH/m; G' = 0.5 mS/m; 
C' = 23.9 pF/m 

2.11 (a) b = 3.5 mm 
(b) up = 1.98 x 108 mis 

2.13 ZL = (90- }120) Q 

2.15 Zo = 55.9 Q 

2.17 Zin= (60 + }20) Q 

2.21 (a) r = 0.62e-129•70 

(b) Zin = (12.5 - j 12.7) Q 
(c) Vi= l.40e-134•00 (V); 7: = 78.4e-i 11.50 (mA) 

2.23 (a) Zin1 = (35.20 - }8.62) Q 
(b) ZL = (17.6 - }4.31) Q 
{c) Zin= (107.57 - }56.7) Q 

2.25 l = ),.,/4 + n),.,/2 

2.27 Zin= 240 Q 

2.29 l = 0.29A 

2.31 (a) Zin= (41.25 - }16.35) Q 
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418 APPENDIX D ANSWERS TO ODD-NUMBERED PROBLEMS 

(b) 'i; = l.08ejtO.L60 A; Vj = 47.86e-jll.460 V 

(c) Pin= 24 W 
(d) VL = 6oe-j540 V; IL = 0.8 e-j54° A; 

Pt, = Pin = 24 W 
(e) Pzs = 29.15 W; Pg = 53.15 W 

2.33 Plv = 10.0 mW; Ptv = -1.1 mW; P~v = 8.9 mW 

2.35 (a) r = 0.5 
(b) r = 0.6? / - 29.7, 

(c) r = 1.0/- 53.1° 
(d) r = l.O~ 

2.37 Zo1 = 40 Q; Zo2 = 250 Q 

2.39 (a) Zin = - j 154 Q 
(b) 0.074)., + (n).,/2), n = 0, 1, 2, ... 

2.41 (a) ZL + j95 Q 

(h) l = 0.246)., 

2.43 ZL = (41 - j 19.5) Q 

2.45 Zin = (95 - j70) Q 

2.47 First solution: Stub at d = 0.199)., from antenna and 
stub length l = 0.125A. Second solution: d = 0.375)., 
from antenna and stub length l = 0.375).,. 

2.49 Zin = 100 Q 

2.53 Vg = 19.2 V; Rg = 30 Q; l = 525 m 

Chapter 3 

3.1 a= 0.45 + z0.89 

3.3 Area= 9 

3.5 (a) A= vl4; aA = (x + y2 - z3)/vl4 
(b) -12/5 
(c) 0Ac = 15.8° 
(d) Ax C = x + y4 + z3 
(e) A· (B x C) = 13 
(t) A x (B x C) = x54 - y57 - z20 
Cg) xx B = -z4 
(h) (A x y) • z = 1 

37 A(l ,- l , 2) =-x0.17-~0.70+z0.70 
• IA( l,-1 ,2)1 y 

3.9 a= -c+s, Y + z2)/C5 + y2)1;2 

3.11 a= c2 + z4) / .J20 

3.13 A = 0.8 + y 1.6 

3.1s = o.37 + s,o.56 + z0.74 

3.19 (a) Pi = (2.24, 63.4°, 0) in cylindrical; 
Pi = (2.24, 90°, 63.4°) in spherical 

(b) P2 = (0, 0°, 3) in cylindrical; 
P2 = (3, 0°, 0°) in spherical 

(c) P3 = (1.41, 45°, 2) in cylindrical; 
P3 = (2.45, 35.3°, 45°) in spherical 

(d) P4 = (4.24, 135°, -3) in cylindrical; 
P4 = (5.2, 125.3°, 135°) in spherical 

3.21 (a) P1 (0, 0, 5) 
(b) P2(0, rr, 5) 
(c) P3(3,rr,0) 

3.23 (a) V = 21rr/2 
(b) V - 1:2.Srr /3 

3.25 (a) En= -r4 
(b) Et= z4 

3.27 (a) eAn = 90° 
(b) ±(r 0.487 + ~ 0.228 + z 0.843) 

3.29 (a) d = ./7, 
(b) d = 2.67 
(c) d = 5 

3.31 (a) A(P1) =R.2.856-02.888+~2.123 
(b) B(P2) = -R.0.896 + 00.449 - ~5 
(c) C(P3) = R.0.854 + 00.146 - ~0.707 
(d) D(P4) = R.3 .67 -01.73-~0.707 

3.33 T(z) = 10 + (I - e-2z)/2 

3.35 dV /dl = -3/./5 

3.37 dU /dl = -3.125 x 10- 2 

3.39 (a) j E • ds = -8/3 

(b) / / / V • E dv = -8/3 

3.41 (a) j D • ds = 150rr 

,.. 
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(b) / / / V • D dv = 150rr 

3.43 (a) f E • di = - 1 

(b) / / v x E • ds = - I 

3.45 (a) fc B • d i = 8 

(b) ls (''il x 8 ) • ds = 8 

3.48 (a) A is solenoidal, but not conservative. 
(b) B is conservative, but not solenoidal. 
(c) C is neither solenoidal nor conservative. 
(d) Dis conservative, but not solenoidal. 
(e) Eis conservative, but not solenoidal. 
(t) F is conservative and solenoidal. 
(g) G is ue.ilhe.r cuuse.rvalive. 11ur sule.11uillal. 
(h) H is conservative, but not solenoidal. 

Chapter 4 

4.1 Q = 2.62 (mC) 

4.3 Q = 0.173 C 

4.5 (a) Q = 0 
(b) Q = rra 2Pso/ 2 
(c) Q = 2rrp5o[l - e-a (1 + a)] 
(d) Q =rrPso[l - e- 0 (1 +a)] 

4.7 I = 1,570.8 A 

4.9 E = z25 .61 kV/m 

4.11 q2 = - 63 .13 (µ,C) 

106c-ro.02 + zz) 
4.13 E(O, 0, z) = (4 x 10_4 + 22) 3/ 2 (Vim) 

(a) E(O, 0, 0) = -rl.76 (MV/m) 
(b) E(O, 0, 5 cm) = - r90.4 + z226 (kV Im) 
(c) E(O, 0, -5 cm) = - r90.4 - z226 (kV Im) 

4.15 E = z (Psoh/2co)[✓a2 + h2 + h 2 /✓a2 + h2 - 2h] 

4.17 E = 0 

4.21 (a) Pv = y2z3 

(b) Q = 64/ 3 (C) 
(c) Q = 64/3 (C) 

4.23 Q = 4rr poa3 (C) 

4.25 D = r Pvo(r2 - 1) / 2r, for l ::: r ::: 3 m 
D = r4pvo / r, for r ::: 3 m 

4.29 (b) E = z(p1a / 2co)[z/ (a 2 + z2) 312] (Vim) 

4.31 V(b) = (p[/4rr c) 
x ln[(l + ✓z2 + 4b2 )/(-l + ✓12 + 4b2)] (V) 

4.35 VAB = -78.06 V 

4.37 (a) er = 4.32 x 10-4 (Sim) 
(b) I = 542.9 (nA) 

(c) Ue = -13E/IEI (mis); llh = 5E/ IEI (mis) 
(d) R = 9.21 (MQ) 
(e) P = 2.7(µ,W) 

4.41 R = 2.1 (mQ) 

4.43 0 = 42° 

4.45 E 1 = R.6 cos 0 - 03 sin 0 (Vim); 
D1 = co(R.18 cos 0 - 09 sin 0) (Clm2) 

4.47 01 = 71.6°; 02 = 78 .7°; 03 = 81.9°; 04 = 45° 

4.49 (a) IEI is maximum at r = a. 
(b) Breakdown voltage for the capacitor is V = 1.39 

(MV). 

4.51 We = 4.62 X 10- 9 (J) 

4.53 (a) C = 3.1 pF 
(b) C = 0.5 pF 
(c) C = 0.31 pF 

Chapter 5 

5.1 a = -y2.1 x 1018 (mls2) 

5.3 IBI = 410 (mT) 

5.5 (a) F = -1.41 N 
(b) W = 0 
(c) ¢ = 0 

5.7 B = -z0.3 (mT) 
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A/0(b-a) . Ab. f 5.9 H = z--- , with z emg out o the page 
4nab 

5.11 h = 0.8 A; direction is clockwise, as seen from above. 

5.13 I= 320 A 

5.15 F = -x0. l (mN), where xis the direction away from the 
wire, in the plane of the loop. Thus, the force is pulling 
the loop toward the wire. 

5.17 (a) H(0, 0, h) = -x-1- tan-1 (~) (Alm) 
nw 2h 

{b) F:n = / 2µ,o tart-1 (~) (N) 
nw 2h 

Force is repulsive. 

5.19 F = y 4 x 10-5 N 

5.21 (a) H1 = 4>1o for O :S r :S a 
(b) H2 = 4>1o(a / r) for r 2: a 

5.23 J = z 16e-2r A/m2 

5.25 (a) B = z5rr sin rry - yrr cos rr x (T) 
(b) <I> = 0 
(c) ct> = 0 

5.27 (a) A= µ,o/L / (4rr R) 
(b) H = (/ L/4rr)[(-y + y x)/(x2 + y2 + z2)3f2] 

5.29 ne = 1.5 electrons/atom 

5.31 H2 = z4 

5.35 L = (µ,l / n) ln[(d - a) / a] (H) 

5.37 Wm = 139/2 (nJ) 

Chapter 6 

6.1 At t = 0, current in top loop is momentarily clockwise. 
At t = t1, current in top loop is momentarily 
counterclockwise. 

6.3 (a) Vern£= 125e- 21 (V) 
(b) Vern£= 62.3 sin 103t (kV) 
(c) Vemf = 0 

6.5 Bo = 1.06 (nT) 

6.7 find= 37.7 sin(200rrt) mA 

6.9 V12 = - 707 (µ, V) 

6.11 V12 = -3.77 V 

6.13 V = wBoa2 /2 

6.15 / = 1.63 cos(120rrt) (µ,A) 

6.19 Pv = (6y / w) sin wt+ Co, where Co is a constant of 
integration. 

6.23 k = (4rr/ 30) rad/m; E = -z94lei4JTY/ 30 (Vim) 

6.25 H = 4> ~ sin 0 cos ( 6n x 108 t - 2n R) (µ,Alm) 

Chapter 7 

7.1 (a) Positive y-dircction 
(b) u11 - 2 x 108 mis 
(c) A= 1.26 m 
(d) ~ = 2.25 _ 
(e) E = - xl2.57e- 15Y (V/m) 

7.3 (a) A= 31.42 m 
(b) f = 4.77 MHz 
(c) er = 1.67 
(d) H(z, t) = x22.13 cos(9.54n x 106t + 0.2z) 

(mA/m) 

7.5 er = 4 

7.7 E = ,/2 cos(rr x 10 10t + 104.72 z) 
- ,/2 sin(n x 10 10 t + 104.72 z) (V/m) 

7.9 IEI = 20; ,fr(t = 0) = 0; ,fr(t = 5 ns) = - 45°; 
,jf (t = 10 ns) = -90° 

7.11 (a) y = 65.5° and x = -11.79° 
(b) Right-hand elliptically polarized 

7.19 Up = 6.28 X 104 (mis) 

7.21 H = -y0.l6e-3ox cos(2rr x 109t - 40x - 36.85°) 
(Alm) 

7.23 (Rae/ Rctc) = 143 .55 

7.25 Sav = y0.12 (W/m2) 
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7.27 (a) Sav = z500e-o.4z (Wlm2) 

(b) A= -l.74z (dB) 
(c) z = 23.03 m 

7.29 Up = 6 X 107 (m/s) 

Chapter 8 

8.1 (a) r = -0.67; r = 0.33 
(b) S = 5 
(c) Siv = 0.13 (Wlm2); S~v = 0.06 (Wlm2); 

S~v = 0.07 (Wlm2) 

8.5 (a) Ei = lO(x + jy)e-J4rr zl3 (Vim) 
(b) r = -0.2; r = 0.8 
(c) Er= -2(x + jy)ei4rrz/3 (Vim); 

Et= 8(x + jy)e-l.26x!0-2ze-J2rrz (Vim); 
E1 - lO(x + jy)[e-J4rrz/3 - o.2eJ4rrz/3J (Vim) 

(d) % of reflected power= 4%; 
% of transmille<l power = 96% 

8.7 JE1 lmax = 51.3 (Vim); lmax = 1.5 m 

8.9 er2 = Jer1er3 ; d = c/[4f(er1er) 114] 

8.11 Zin :::::: (100 - j 127) Q; reflected fraction of incident 
power= 0.24 

8.13 f = 60 MHz 

8.15 P1 = 4.04 x 10-4 Wlm2 

8.17 0rrun = 27.92° 

st 
8.19 ---=- = 0.835 

s1 

8.21 d = 15 cm 

8.23 d = 68.42 cm 

8.25 Jp = 166.33 (Mbls) 

8.29 0t = 18.44° 

8.33 (a) R = 6.4 x 10-3 ; T = 0.9936 
(b) pi = 0.34 W; pr = 2.2 x 10-3 W; pt = 0.338 W 

8.35 s = 0.5 m; f = 0.4 m 

8.37 (a) R = 32 cm 
(b) M = -4 

8.39 s' = -25 cm; M = 1.25; image is virtual and erect. 

8.43 (a) ]._ = (n1 - nm) (__!_ - __!_) 
f nm R1 R2 

(b) f = -60 cm in air; f = -235 cm in water. 

8.45 s~ = 8.34 cm 

8.47 s~ = oo 

Chapter 9 

9.1 Smax = 1.9 (µ.,Wlm2) 

9.3 (a) Direction of maximum radiation is a circular cone 
120° wide, centered around the +z-axis. 

(b) D = 4 = 6 dB 
(c) QP = rr (sr) = 3.14 (sr) 
(d) f3 = 120° 

9.5 (a) ~ = 29.7% 
(b) G = 0.44 = -3.5 dB 
(c-) To= 11.R A; Pr= 67.3 W 

9.7 Smax = 2 x 10-5 (Wlm2) 

9.9 D = 40.13 dB 

9.11 (a) ~ = 99.3% 
(b) G = 1.63 = 2.1 dB 
(c) Io= 0.74 A; Pr = 20.1 W 

9.13 
~ A~ A IolkrJo (e-JkR) 

(a) E(R,0,¢) =8Ee =8)-- -- sin0 
8rr R 

(b) ~~~~:) = ( TJok
2 ~'Jl:) sin2 0 (Wlm2) 

128n R-

(c) D = 1.5 
(d) Rrad = 20rr2 (l/),,)2 (Q) 

9.17 (a) ~ = 62% 
(b) G = 0.93 = -0.3 dB 
(c) Io= 47.5 A; Pt= 32.3 W 

9.19 Pt= 25.9 (mW) 

9.21 Pt= 0.15 (mW) 

9.23 .Bnull = 5.73° 

9.25 (a) f3xz = 0.5°; /3yz = 1.5° 
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(b) D = 5.41 x 104 = 47.3 dB 

9.27 (a) f3e = 1.8°; f3a = 0.18° 
(b) ~y = f3aR = 0.96 m 

9.29 (a) Fa(0) = 4cos2 [i(4cos0 + 1)] 
(b) Fa(0) = 5 +4cos(2rrcos0) 
(c) Fa(0) = 4 cos2 (½ cos 0 - % ) 
(d) Fa(0) = 5 + 4 cos(rr cos 0 + % ) 
(e) Fa(0) = 5 - 4sin(f cos0) 

9.31 dj). = 1.414 

9.33 Fan (0) = sin2[(15n/ 4) cos0) ; f3 = 13_50 
25 in2[(3rr/ 4) cos0] 

9.35 8 = - 2.72 (rad)= -155.9° 

Chapter 10 

10.1 T = 105.08 minutes 

10.3 166 channels 

10.5 (/p)max = 150 kHz 

10.7 Rmax = 5.75 km 

APPENDIX D ANSWERS TO ODD-NUMBERED PROBLEMS 
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Admittance, 75 
Air line, 43, 45 

E X 

Ampere's circuital law, 202, 232 
Amperian contour, 203 
Angle 

azimuth, 109, 344 
Brewster, 315 
critical, 305 
incidence, 303 
polarizing, 315 
reflection, 303 
refraction, 303 
scan, 381, 384 
zenith, 113, 344 

Anisotropic medium, 162 
Antenna arrays, 342, 371 

broadside, 378 
endfire, 381 
frequency scanned, 383 
linear, 373 
phased, 381 

Antenna properties 
beam width, 351 
directivity, 351 
effective area, 360 
gain, 354 
input impedance, 361 
pattern, 341, 348 
polarization, 342 
radiation efficiency, 354 
radiation resistance, 354 

Antenna types 
electric dipole, 342 
half-wave dipole, 355-358 
horn, 342 
isotropic, 341 
linear dipole, 359 
loop, 342 
multiple beam, 373 
parabolic dish, 342 

quarter-wave monopole, 358 
satellite, 4, 364, 398 
short (Hertzian) dipole, 343 

Aperture illumination, 367 
Approximations, 415 
Array factor, 374 

multiple-beam array, 380 
phased array, 381 
two-vertical dipoles, 375 
uniform array, 378 

Array feeding, :58'.l 
Atmospheric opacity, 20 
Atom, 8, 156, 161 
Attenuation constant, 276 

good conductor, 278, 279 
lossless line, 47 
low-loss dielectric, 278, 279 
transmission line, 45 

Attenuation factor, 17 
Average power density, 284, 346 
Axial ratio, 274 
Azimuth angle, 109, 244 
Azimuth resolution, 401 

Band designations, 21 
Base vectors 

Cartesian coordinates, 102 
cylindrical coordinates, 109 
spherical coordinates, 113 

Beamwidth, 351 
half-wave dipole, 361 
rectangular aperture, 369 
short dipole, 347, 351 
wavelength-long dipole, 361 

Biot-Savart law, 10, 205 
Boltzmann's constant, See inside front cover 
Bounce diagram, 88 
Boundary conditions 

between a dielectric and a perfect conductor, 166 
between two dielectric media, 166 
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Boundary conditions ( cont.) 
current density, 168 
electromagnetic fields, 246-247 
electrostatic fields, 164 
magnetostatic fields, 213 

Breakdown voltage, 163 
Brewster angle, 315 
Broadcast service, 394 
Broadside array, 378 

Capacitance, 169 
cylindrical capacitor, 171 
parallel-plate capacitor, 170 

Capacitance per unit length 
coaxial line, 41 42, 171 
parallel-plate line, 41 
two-wire line, 41 

Carlesia11 cuordinales, 109 
Characteristic impedance, 45, 49 
Charge-continuity equation, 248 
Charge density 

line, 140 
surface, 140 
volume, 140 

Charge dissipation, 249 
Charge, electric 

conservation property, 8 
electron, 7 

Circular polarization, 271 
Circulation of a vector field 
Circulator, 3, 394, 396 
Coaxial cable, 3 

capacitance, 41, 42, 171 
conductance,. 41, 42, 160 
electrostatic field, 171 
inductance, 41, 42,218 
magnetic field, 217 
resistance, 41, 42, 283 

Communication satellite, See Satellite. 
Complex conjugate, 23 
Complex feeding coefficient, 373 
Complex number, 22 
Complex permittivity, 269 
Concave lens, 324,325 
Concave mirror, 322 
Conductance, 159 
Conductance per unit length, 159 

coaxial line, 41, 42, 160 
parallel-plate line, 41, 42 
two-wire line, 41, 42 

Conduction current, 142 
Conduction current density, 157 
Conductivity, 11, 157 

materials, 156, 413 
Conductors, 156 

charges on, 167 
good, 277 

Conservative (or irrotationa]) field, 129, 152 
Constitutive parameters, 11, 156 
Convection current, 142 
Converging lens, 324 
Convex lens, 324 
Convex mirror, 322 
Coordinate systems 

Cartesian, 109, 110 
cylindrical, 109, 110 
spherical, 110, 113 
transformations between, l l 5-119 

Coulomb, Charles Augustin de, 7 
Coulomb's law, 7, 143 
Critical angle, 305 
Cross product, 105 
Curl operator, 127-129, See also inside back cover 
Current 

conduction, 142 
convection, 142 
displacement, 244 

Current density 
conduction, 157 
convection, 142 
surface, 196 
volume, 196 

Cylindrical coordinates, 109 

Decibel scale, 286 
Del operator, 120 
Depth of penetration, 277 
Detection 

maximum range, 404 
probability, 403 
threshold level, 404 

Diamagnetism, 211 
Dielectric breakdown, 163 
Dielectric constant, 9, 143 

INDEX 
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Dielectric strength, 163 
Dielectrics, 156, 163, 413 
Dipole 

electric, 154 
half-wave, 355 
linear, 359 
magnetic, 199 

Diffraction, 320 
Dipole moment 

electric, 154 
magnetic, 194 

Directional derivative, 121 
Directivity, 351 

aperture antenna, 371 
half-wave dipole, 357 
Hertzian dipole, 353 

Disk of charge, 14 7 
Dispersion, 37 

optical fibers, 307 
Dispersive medium, 48 
Displacement current, 244, 246 
Distance vector, 

Cartesian coordinates, 104, 119 
cylindrical coordinates, 112, 119 
spherical coordinates, 119 

Distortionless line, 93 (Problem 2.6) 
Divergence, 123-125, See also inside back cover 
Divergence theorem, 123 
Divergenceless field, 125 
Diverging lens, 325 
Domain wall, 211 
Doppler frequency shift, 399, 405 
Dot product, 104 
Downlink, 4, 393, 394 
Duplexer, 394 

Earth's 
atmospheric opacity, 20 
mass, 392 
period, 393 
radius, 392, 393 

Effective area 
any antenna, 362 
aperture antenna, 3 71 
short dipole, 362 

Effective aperture, See Effective area 

EHF, 21 
Electric charge 

conservation of, 8 
electron, 7 

Electric dipole, 9, 154 
Electric dipole antenna, 342, 359 

half-wave dipole, 354-357 
quarter-wave monopole, 357 
short (Hertzian) dipole, 343 

Electric dipole moment, 154 
Electric displacement, 244 
Electric field intensity 

charge distribution, 146 
circular disk of charge, 14 7 
electric dipole, 154 
infinite line of charge, 150 
point charges, 8, 144, 149 
ring of charge, 146 

Electric flux density, 9 
Electric force, 7, 173 
Electric permittivity, See permittivity 
Electric potential, scalar, 151 

retarded, 251 
Electric susceptibility, 162 
Electromagnetic 

fields, 231 
force, 6, 188 
generator, 241 , 244 
induction, 233 
operator, 241, 244 
potentials, 250 
spectrum, 19-22 

Electromotive force, 233 
motional, 233 
transformer, 233 

Electron 
charge of, 7 
drift velocity, 156 
mobility, 157 

Electronic steering, 373, 380, 384 
Electrostatic energy, 172 
Electrostatics, 11, 12, 139 
ELF, 20, 21 
Elliptical polarization, 273 
Ellipticity angle, 274 
EM, 19 
Endfire direction, 381 

427 
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Energy 
electric, 172 
magnetic, 219 

Equipotential medium, 157 
Euler's identity, 22 
Explorer I, 392 

False-alarm probability, 403 
Far-field (or far-zone) region, 343 

aperture antennas, 367 
short dipole, 344 

Faraday, Michael, 231 
Faraday's law, 231,232,235 
Feeding coefficient, 373 
Ferromagnetism, 211 
Field, 6 

conservative, 129, 1 :'i2 
divergenceless, 125 
electrostaliL:, 11, 139 
irrotational, 129, 152 
magnetostatic, 11, 187 
solenoidal, 214 

Flux 
density, 123 
lines, 123 
linkage, 216 

Focal length 
mirror, 322 
thin lens, 328 

Forces 
centrifugal, 392 
electric, 7, 1 73 
electromagnetic, (Lorentz), 188 
gravitational, 6, 392 
magnetic, 187 

Form factor, of radiated field, 367 
Free space 

constants of, See inside front cover 
intrinsic impedance of, 266 
permeability of, 10 
permittivity of, 7 
velocity of light in, 11 

Frequency, 16 
Frequency-division multiple access (FDMA), 393 
Frequency scanning, 383 
Fresnel reflection coefficient, 312 
Fresnel transmission coefficient, 312 

Friis transmission formula, 363 
Fringing Fields, 170 

Gausss law, 148, 232 
Gauss's law for magnetism, 201, 232 
Gaussian lens formula, 328 
Gaussian surface, 148 
Geometric optics, 319 
Geostationary orbit, 392 

INDEX 

Gradient operator, 120-122, See also inside back cover 
Gravitational 

field, 6 
force, 6, 392 

Grazing incidence, 315 

Henry, Joseph, 232 
Hertzian dipole, 344 

directivily, 353 
effective urea of, 362 
electromagnetic fields, 345 
radiation pattern, 34 7 
radiation resistance, 354 

HF, 20, 21 
Hole drift velocity, 157 
Hole mobility, 157 
Homogeneous, 11, 156, 162 
Hysteresis, 212 

Image distance, 321 
Image method, 173 
Impedance 

characteristic, 45, 49 
input, 55 
intrinsic, 265 
load, 48 
matching network, 80 
open-circuited line, 60 
shorted line, 58 
surface (or internal), 282 

Incidence 
angle of, 303 
plane of, 309 

Index of refraction, 304 
Inductance, 214 
Inductance per unit length 

coaxial line, 41, 42, 218 
long solenoid, 215 
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parallel-plate line, 41, 42 
two-wire line, 41, 42 

Insulator, 156 
Internal impedance, 282 
International system of units, 4 
Interpulse period, 400 
Intrinsic impedance 

free space, 266 
good conductor, 278-279 
low-loss dielectric, 278-279 
medium, 265, 277 

Irrotational (or conservation) field, 129, 152 
Isotropic, 156, 162 

Joule's law, 160 

Kirchhoff's cmTent law, 248 
Kirchhoff's voltage law, 152 

Laplace's equation, 155 
Laplacian operator, 130-131 , See also inside back cover 
Lateral magnification 

spherical mirror, 322 
thin lens, 330 

Left-hand circular (LHC) polarization, 271 
Lenses, 324-331 
Lensmaker's formulae, 328 
Lenz's law, 234, 236 
LF, 20, 21 
Lidar, 399 
Line of charge, 140, 150 
Linear medium, 162 
Linear polarization, 269 
Load impedance, 48 
Lorentz force, 188 
Lossless medium, 14, 262 
Lossless transmission line, 47 
Lossy medium, 17,262 

Magnet, bar, 10, 200 
Magnetic dipole, 199 
Magnetic dipole moment, 194 
Magnetic energy, 219 
Magnetic field intensity, 11, 195 

circular loop, 199 
current distributions, 196 

current element, 195 
infinite current sheet, 205 
linear conductor, 196, 204 
magnetic dipole, 199 
pie-shaped loop, 198 
solenoid, 215 
toroidal coil, 205 

Magnetic flux, 208, 233 
Magnetic flux density, 10, 187 
Magnetic flux linkage, 216 
Magnetic force, 187 

between conductors, 200 
conductor, 189 
relation of torque to, 192 
semicircular conductor, 191 

Magnetic hysteresis, 212 
Magnetic materials, 211 
Magnetic permeability, See permeability 
Magnetic potential, vector, 206 
Magnetic susceptibility, 210 
Magnetic torque, 192 
Magnetite, 9 
Magnetization curve, 211 

hard ferromagnetics, 212 
soft ferromagnetics, 212 

Magnetization vector, 209 
Magnetized domains, 210 
Magnetostatics, 11, 12, 139, 187 
Main lobe of antenna pattern, 350 
Maxwell, James Clerk, 139 
Maxwell's equations 

differential form, 139, 232 
integral form, 232 
source-free, 263 
time-harmonic, 263 

Medium 
anisotropic, 162 
guided, 261 
homogeneous, 11, 156, 162 
isotropic, 156, 162, 
linear, 162 
lossless, 14, 262 
lossy, 17, 262 
unbounded, 261,294 

MF, 20, 21 
Microstrip lines, 37, 38 
Microwave band, 21, 22 
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Mirror 
plane, 321 
concave, 322 
convex, 322 
equation, 322 
focal length, 322 
spherical, 322 

Mixer, 3 
Mobile service, 394 
Mobility 

electrons, 157 
holes, 157 

Monopulse radar, 406 
Motional emf, 233, 239 
Multiple-beam antenna, 3, 373 
Multiplexer, 395 
Mutual inductance, 218 

Negative lens, 325 
Neper, 17 
Noise temperature, 364 
Nonmagnetic, 11 
Nonpolar materials, 161 
Nuclear force, 5 

Object distance, 321 
Oersted, Hans, 10 
Ohm's law, 157 
Open-circuited line, 60 
Optical fibers, 3, 38, 306 

acceptance angle, 306 
cladding, 306 
dispersion in, 307 
fiber core, 306 
modes in, 307 

Orbital magnetic moment, 209 
Orthogonal coordinate systems, 108 

Parallel polarization, 309, 313-315 
Paramagnetism, 211 
Paraxial rays, 325 
Pattern multiplication principle, 375 
Pattern solid angle, 351 
Perfect conductor, 11, 42 
Perfect dielectric, 11, 42 
Period, 14 
Periscope,335 

Permeability, 11, 12, 209 
common materials, 414 
free space, 10, 12 
relative, 210 

Permittivity, 9, 12, 143 
air, 9 
common materials, 163, 413 
complex, 263 
free space, 7, 12, 143 
relative, 9, 143 

Perpendicular polarization, 209-213 
Phase, 14 

lag, 16 
lead, 16 

Phase constant, 16, 276 
good conductor, 278-279 
lossless line, 47 
low-loss dielectric, 278-279 
transmission linP-, 45 

Phase delay, 381 
Phast: mald1ing condition, 311 
Phase velocity, 15, 16, 36, 49 

good conductor, 279 
lossless line, 47, 49 
lossless medium, 266 
low-loss dielectric, 279 

Phased array, 381 
Phasor representation, 5, 25 
Physical optics, 319 
Plane mirror, 321 
Plane of incidence, 309 
Plane wave, 262 

polarization of, 269 
propagation, 264 

Point charges, 8, 144, 149 
Poisson's equation for electric potential, 155 
Poisson's equation for magnetic potential, 207 
Polar materials, 162 
Polarization field, 161, 162 
Polarization of materials, 9 
Polarization state, 269, 275 

circular, 271-273 
diversity, 396 
elliptical, 273 
left hand circular, 271 
linear, 270 
parallel, 309 

INDEX 
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perpendicular, 209-213 
right hand circular, 272 

Polarizing angle, 315 
Position vector, 103 

Cartesian coordinates, 103 
cylindrical coordinates, 110 
spherical coordinates, 110, 113 

Positive lens, 324 
Potential 

retarded, 251 
scalar electric, 151 
vector magnetic, 206 

Power density, 284, 346 
Power on transmission line, 

instantaneous, 64 
time average, 65 

Power transfer, maximum, %2 
Power transfer, ratio, 364 
Poynting vector, 283 
Prefixes, multiple and submultiple, 5, See also inside of front 

cover 
Principal axis, 322 
Principal planes, 349 
Principle of superposition, 8 
Prism, 334 
Propagation constant, 264 

good conductor, 278-279 
low-loss dielectric, 278-279 
transmission line, 45, 49 

distortionless, 93 (Problem 2.6) 
lossless, 47, 49 

Propagation velocity, See Phase velocity 
Proton, charge of, 7 
Pulse length, 400 
Pulse repetition frequency (PRF), 400 

Quarter-wave monopole, 358 
Quarter-wave transformer, 62 

Radar, 399 
azimuth resolution, 401 
bistatic, 403 
cross section, 403 
Doppler, 404 
false-alarm and detection probabilities, 403 
monopulse, 406 

monostatic, 403 
PRF, 401 
range resolution, 401 
target detection, 402 
unambiguous range, 401 

Radar cross section, 403 
Radar equation, 404 
Radial distance, 109 
Radiation 

efficiency, 354 
intensity, 347 
lobes, 349 
pattern, 341, 348 
resistance, 354 

half-wave dipole, 357 
Hertzian dipole, 357 
quarter-wave monopole, 360 

Radius of curvature, 322 
Radome, 299 
Range coordinate, 113, 344 
Range resolution, 40 l 
Ray, 294 
Ray optics, 319 
Real image, 321 
Receiving antenna, 361 
Rectangular aperture, 368 
Rectangular coordinates, 109 
Reflection 

angle of, 303 
Snell's law of, 304 

Reflection coefficient 
normal incidence, 297 
parallel polarization, 314, 318 
perpendicular polarization, 312, 318 
voltage, 50 

Reflectivity (reflectance), 317 
Refraction 

angle of, 303 
index of, 304 
Snell's law of, 304 

Refractive index, 304 
Relaxation time constant, 249 
Resistance, 158 
Resistance per unit length 

coaxial line, 41-42, 283 
parallel-plate line, 41 
two-wire line, 41 
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Retarded potential 
scalar, 253-254 
vector, 253-254 

Right-hand circular (RHC) polarization, 272 
Right-hand rule, 

Ampere's law, 203 
magnetic torque, 194 
relation between E and H, 268 
vector (cross) product, 106 

Ring of charge, 146 
Rotation angle, 273 

Satellite 
communication, 3, 364, 391 

antenna beams, 398 
Explorer I, 392 
Score, 392 
Sputnik I, 392 

geostationary, 392 
telemetry and tracking, 394 
transponder, 393 

Scalar, 101 
gradient of, 120 
product, 104 
triple product, 107 

Scalar formulation, 366 
Scan angle, 381 , 384 
Score, 392 
Seawater, 278, 413 
Self inductance, 216 
Semiconductors, 156 
SHF, 21 
Short-circuited line, 58 
SI units, 4 
Sidelobes of antenna pattern, 350 
Sidereal day, 393 
Sign convention 

spherical mirrors, 323 
thin lenses, 325 

Signal-to-noise ratio, 364, 397, 404 
Single-stub matching, 80 
Skin depth, 277 
Slotted line, 54 
Smith chart, 66 

angle of reflection coefficient, 70 
SWR circle on, 71 
unit circle, 66 

wavelengths toward generator (WTG), 71 
wavelengths toward load (WTL), 71 

Snell's law 
reflection, 304, 311 
refraction, 304, 311 

Solenoidal, 214 
Solid angle, 348 
Spectrum of electromagnetic waves, 20 
Spherical coordinates, 113 
Spherical mirror, 322 
Spherical propagation factor, 344 
Spin magnetic moment, 209 
Sputnik I, 392 
Standing-wave, 46, 51 

pattern, 52 
ratio circle on Smith chart, 71 
ratio (SWR), 54, 71 , 297 

Stokes's theorem, 129 
Striplincs, 37, 38 
Stub tuner, 80 
Superconductors, 156 
Surface impedance, 282 
Susceptance, 75 
Susceptibility, magnetic, 210 
System noise temperature, 364, 397 

Tai, C.T., 126 
Telegraphers equations, 38, 44 
Tesla, Nikola, 10 
Thevenin circuit, 361 
Thin-lens equation, 328 
Time-harmonic electromagnetics, 251 
Toroid (or torus), 205 
Torque, magnetic, 192 
Total internal reflection, 305 
Transformer emf, 233 
Transformers, 

ideal, 237 
quarter-wave, 62 

Transmission coefficient 
normal incidence, 297 
parallel polarization, 314, 318 
perpendicular polarization, 312, 318 

Transmission line, 3, 38, 41 
attenuation constant of, 45, 49 
characteristic impedance of, 45, 49 
circuit elements, 59 

INDEX 

INTEL-1014 
U.S. Patent 7,151,430 



l 

INDEX 

coaxial, 3, 38, 41, 49 
distortionless, 93 (Problem 2.6) 
half-wave sections of, 62 
impedance matching of, 62, 80 
infinite, 96 (Problem 2.33) 
input impedance of, 55 
microstrip line, 38 
open-circuited, 60 
parallel-plate, 38, 41, 49 
phase constant of, 45, 49 
power flow on, 64 
propagation constant of, 45, 49 
short-circuited, 58 
strip line, 38 
transient response on, 84 
two-wire, 38, 41, 49 
voltage maximum on, 53 
voltage minimum on, 54 

Transmission-line parameters, 39----42 
Transmissivity (transmittance), 317 
Transponder, 393 
Transverse electric (TE) wave, 309 
Transverse electromagnetic (TEM), 37, 266 
Transverse magnetic (TM) wave, 309 
Trigonometric relations, 415 

UHF, 21 
Unambiguous range, 401 
Uniform aperture distribution, 368 
Uniform plane wave, 265 
Unit vector, 101 
Units, 

derived quantities, 41 1, 412 
fundamental, 5 
SI system, 4 

Universal constants, See inside front cover 
Uplink, 4, 393, 394 

Vector, 101 
addition and subtraction, 103 
mu! tiplication, 104 
product, 105 

Vector formulation, 367 
Vector identities, See inside back cover 
Vector potential, magnetic, 206 

retarded, 251 

Velocity 
light in free space, 11 
phase, 15, 16, 36, 49 
radial, 399, 405 

VHF, 20, 21 
Virtual image, 321 
Visible light, 19,333 (Problem 8.12) 
VLF, 20,21 
Voltage 

breakdown, 163 
electrostatic, 151 
induced, 233 
maximum, 53 
minimum, 54 
reflection coefficient, 50 

Wave 
circularly polarized, 271 
r.nntinnons harmonic, 12 
cylindrical, 12, 13 
electromagnetic, 266 
elliptically polarized, 273 
lossless media, 266 
lossy media, 276 
interference, 30 (Problem 1.7), 52 
linearly polarized, 270 
one-dimensional, 12 
sound, 18 
spherical, 12, 13, 262 
standing, 46, 51 
three-dimensional, 12, 13 
transient, 12 
transverse electric (TE), 309 
transverse electromagnetic (TEM), 37, 266 
transverse magnetic (TM), 309 
two-dimensional, 12, 13 
uniform plane, 262 

Wave equation, 43, 264 
Wave optics, 319 
Wavefront, 294 
Wavelength, 14 
Wavenumber, 16, 252, 264 
Weak interaction force, 5 
WTG (wavelengths toward generator), 71 
WTL (wavelengths toward load), 71 

Zenith angle, 113, 344 
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CARTESIAN (RECTANGULAR) COORDINATES (x, y, z) 

VxA = 

CYLINDRICAL COORDINATES (r, $, z) 

SPHERICAL COORDINATES (R, e, $) 

vv = Rav 0!_ av _L~_1_ av 
aR + R ae I 'I' R sine a(j> 

1 a 2 1 a . 1 aAq, 
V•A = R2 aR(R AR)+ Rsin8 ae(Aesme)+ Rsin8 ~ 

R 0R ~Rsin8 

VxA = 1 a a a 
R2 sin8 aR ae acj> 

AR RAe (Rsin0)Aq, 

= R-~ - r~(Aq,sin8)- aAe] + 9!_ [-. 1_ oAR - i_(RAq,)] + ~!_ [i_(RAe) - oAR] 
Rsm8 ae o(j> R sm8 o(j> oR R oR 08 

1 a ( 2 av) 1 a ( . av ) 1 a2v 
V2V = R2 oR R aR + R2 sin8 08 sme 08 + R2 sin2 0 a(j>2 
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S O M E U S E F U L V E. C T O R I D E N T I T I E S 

A· B = AB cos 8A8 Scalar ( or dot) product 

A x B = fiAB sin 8 AB Vector ( or cross) product, fl normal to plane containing A and B 

A·(BxC) =B·(Cx A)= C·(Ax B) 

A x (B x C) = B ( A · C) - C ( A x B) 

V(U + V) =VU+ VV 

V(UV) = UVV + VVU 

V·(A+B)=V·A+V·B 

V· (UA) =UV·A+A·VU 

V x (U A)= UV x A+ VU x A 

V X (A+ B) = V X A+ V X B 

V ·(Ax B) = B · (V x A) -A· (V x B) 

V-(Vx A) =0 

V x vv = 0 

v-vv = v2v 
Vx Vx A= V(V·A)-V2A 

j (V • A) d'V = 1 A• ds Divergence theorem (S encloses 'V) 
•v ls 

J (V x A)· ds = l A• di Stokes's theorem (S bounded by C) 
s le 
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END USER LICENSE AGREEMENT 

You. should carefully rea~ the following terms and conditions before breaking the seal on the CD-ROM envelope. Among other things, this 
Agreement licenses the enclosed software to you and contains warranty and liabil_ity disclaimers. By breaking the seal on the CD-ROM enve­
lope, you are accepting and agreeing to the terms and conditions of this Agreement. 1f you do not agree to the terms of this Agreement do 
not break the seal. You hould promptly returrr the package unopened. • 
LICENSE • 

Prentice-Hall, Inc. (the "Company") provides this Software to you and licenses its use as follows: 

a. use the Software on a single computer of the type identified on the package; 

b. make one copy of the Software in machine-readable form solely for back-up purposes. 

LIMITED WARRANTY 
The Company warrants the physical CD-ROM(s) on which the Sof~vare is furnished to be free from defects in materials and workmanship 
under normal use for a period of sixty-(60) days from the date of purchase as evidenced by a copy of your receipt. 

DISCLAIMER . 
THE SOFTWARE IS PROVIDED "AS IS" ANO COMPANY SPECIF1CALLY DISCLAIMS ALL WARRANTIES OF ANY KIND, 
EITHER EXPRESS OR IMPLIED, INCLUDING, BUT NOT LIMITED TO, THE IMPLIED W~TIES OF MERCHANTABlLl"l'Y 
AND FITNESS PORA PAlfflCULAR PURPOSE. IN NO EVENT WILL COMPANY BE LIABLE TO YOU FOR ANY OAMAGES 
INCLUDING ANY LOSS OF PROFIT OR OTHER INCIDENTAL, SPECIAL OR CONSEQUENTIAL DAMAGES EVEN IF COMPANY 
HAS BEEN ADVISED OF THE POSSIBILITY OF SUCH DAMAGES. 

SOME STATE DO NOT ALLOW THE EXCLUSION OF IMPLIED WARRANTIES OR LIMITATION OR EXCLUSION OF LIABILITY 
FOR INCIDENTAL OR CONSEQUENTIAL DAMAGES, SO THE ABO)'."E EXCLUSIONS AND/OR LIMITATIONS MAY NOT APPLY 
TOYOU. 

LIMITATIONS OF REMEDIES 
The Company's entire liability and your exclusive remedy shall be: 
1. the replacement of uch CD-ROM if you return a defective CD-ROM during the limited warranty period, or 

2. if the Company is unable to deliver a replacement CD-ROM that is free of defects in materials or 
workmanship, you may terminate this Agreement by returning the Software. 

GENERAL 
You may not sublicense, assign, or transfer the license of the Software or make or di tribute copies of the Software. Any attempt otherwise to 
sublicense, assign, or transfer any of the rights, duties or obligations hereunder is void. 

Should you have any questions concerning this Agreement, you may contact Prentice-Hall, Inc. by writing to: 

Prentice Hall 
Engineering 
One Lake Street 
Upper Saddle River, NJ 07458 
Attention: Mechanical Engineering Editor 

YOU ACKNOWLEDGE.THAT YOU HAVE READ THIS AGREEMENT, UNDERSTAND IT, AND AGREE TO BE BOUND BY ITS 
TERMS AND CONDITIONS. YOU FURTHER AGREE THAT IT IS THE COMPLETE AND EXCLUSIVE STA~MENT OF THE 
AGREEMENT BETWEEN US THAT SUPERSEDES ANY PROPOSAL OR PRIOR AGREEMENT, ORAL OR WRITTEN, AND ANY 
OTHER COMMUNICATIONS BETWEEN US RELATING TO THE SUBJECT MATTER OF THIS AGREEMENT. 
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THIS CD-ROM CONTAINS: 

(a) A generic copy of the Smith Chart used in Chapter 2 
(b) Solutions of selected end-of-chapter problems 
( c) Copies of all figures in the book 
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