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Preface 

This second edition of Antenna Theory is designed to meet the needs of electrical 
engineering and physics students at the senior undergraduate and beginning graduate 
levels. and those of practicing engineers as well. The text presumes that the students 
have a knowledge of basic undergraduate electromagnetic theory, including Maxwell's 
equations and the wave equation, introductory physics. and differential and integral 
calculus. Mathematical techniques required for understanding some advanced topics 
in the later chapters are incorporated in the individual chapters or are included as 
appendices. 

The second edition of the book has maintained all of the anractive features of the 
first edition. However there have been many new features added to this edition. In 
particular. an entire new chapter is devoted to the analysis and design of ruicrostrip 
antennas: introductory material ha'i been added for the Fourier transforn1 (spectral 
domain) method. coupling, radar cross section for antennas. aperture-matched and 
multimode horns. near-field to far-field measurements, and COlllpact range chamber 
designs and instrumentation for antenna and RCS measurements. There is an increase 
in design procedures and equations: FORTRAN computer programs at the end of 
most of the chapters that can be used for design and analysis; additional examples. 
end-of-chapter problems, and two- and three-dimensional illustrations: and updated 
material on Moment Method and mutual impedances. 1n addition, a computer program 
has been developed, based on the Finite Difference Time-Domain method to animate 
and visualize radiation. All the computer programs are contained in a 3.5-inch disc, 
which is included with the book. 

The book's main objective is to introduce, in a unified manner. the fundamental 
principles of antenna theory and to apply them to the analysis, design, and measure­
ments of antennas. Because there are so many methods of analysis and design and a 
plethora of antenna structures, applications are made to some of the most basic and 
practical configurations, such as linear dipoles, loops, arrays, broadband and fre­
quency-independent antennas, aperture antennas, horn antennas, microstrip antennas, 
and reflector antennas. 

Introductory material on analytical methods, such as the Moment method and 
Fourier transfonn (spectral) technique, is also included. These techniques. with the 
fundamental principles of antenna theory, can be used to analyze and design almost 
any antenna configuration. A chapter on antenna measurements introduces state-of­
the-an methods used in the measurements of the most basic antenna characteristics 
(pattern, gain, directivity, radiation efficiency, impedance, current, and polarization) 
and updates progress made in antenna instnimentation. antenna range design, and 
scale modeling. Techniques and systems used in near- to far-field measurements and 
transformations are also discussed. 

V 
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vi Preface 

A sufficient number of topics have been covered, some for the first time in an 
undergraduate text. so that the hook will serve not only as a text. hut also as a reference 
for the practicing and design engineer and even the amateur radio huff. These include 
design procedures for Yagi-Uda and log-periodic arrays. horns. and microstrip 
patches; synthesis techniques using the Schelkunol'f. Fourier transform. Woodward­
Lawson. Tschebyscheff, and Taylor methods: radiation characteristics of corrugated. 
apenure-matched, and multimode horns: analysis and design of rectangular and cir­
cular microstrip patches; and matching techniques such as the hinornial, Tschebys­
cheff. T-. gamma, and omega matches. 

The text contains sufficient mathematical detail to enable the average undergrad­
uate electrical engineering and physics students to follow. without too much difficulty. 
the flow of analysis and design. A certain amount of analytical detail. rigor, and 
thoroughness allows many of the topics to be traced to their origin. My experiences 
as a student. engineer. and teacher have shown that a text for this course must not be 
a book of unrelated formulas, and it must not resemble a "cookbook." This book 
begins with the most elementary material. develops underlying concepts needed for 
sequential topics. and progresses to more advanced methods and systems configura­
tions. Each chapter is subdivided into sections or subsections whose individual head­
ings dearly identify the antenna characteristic(s) discussed, examined, or illustrated. 

A distinguished feature of this book is its three-dimensional graphical illustrations 
from the first edition, which have been expanded and supplemented in the second 
edition. In the past, antenna texts have displayed the three-dimensional energy radiated 
by an antenna by a number of separate two-dimensional patterns. With the advent 
and revolutionary advances in digital computations and graphical displays, an addi­
tional dimension has heen introduced for the first time in an undergraduate antenna 
text by displi:iying the radiated energy of a given radiator by a single, three-dimensional 
graphical illustration. Such an image. formed by the graphical capabilities of the 
computer and available at most computational facilities, gives a clear view of the 
energy radiated in all space surrounding the antenna. It is hoped that this will lead to 
a better understanding of the underlying principles of radiation and that it will provide 
a clearer visualization of the pattern formation in all space. 

ln addition. there is an abundance of general graphical illustrations, design data, 
references. and additional problems. Many of the principles are illustrated with ex­
amples, graphical illustrations. and physical arguments. Although students are often 
convinced that they understand the principles. difticulties arise when they attempt to 
use them. An example, especially a graphical illustration. can often better illuminate 
those principles. As they say. "a picture is worth u thousand words." 

Numerical techniques and computer solutions are illustrated and encouraged. A 
number of FORTRAN computer programs and subroutines are included at the end of 
Chapters I, 2, 4. 5. 6. 8, I 0, 11. 13. and 14. The program at the end of Chapter I can 
be used to animate and then visualize radiation by an infinite line source driven by a 
Gaussian pulse and an E-plane sectoral horn energized by a continuous cosinusoidal 
source. To accomplish this, the user needs the professional edition of MATLAB. All 
of the computer programs, especially those at the end of Chapters 6, 11, 13, and 14, 
huve been developed to design. respectively, uniform and nonunifom1 arrays, log­
periodic dipole arrays. horns, and microstrip patch antennas. In some ca.-.es. the 
computer programs also perform analysis on the designs. The prog~ams at the end of 
Chnpters 2. 4, 5. 8. and IO are primarily developed for analysis. A computer disc with 
the source codes is included with the book. These can be used to perform routine 
calculations of complex functions and/or formulations. to carry out numerical inte­
grationN that cannot be performed in closed form. and to display solutions in graphical 
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Preface vii 

fonn. The problems at the end of each chapter can be used to apply the underlying 
principles of antenna theory to the analysis and design of many practical radiators. 

For course use. the text is intended primarily for a two-semester (or two- or three­
quarter) sequence in antenna theory. The first course should be given at the senior 
undergraduate level and should cover most of the material in Chapters I through 7 
and Chapter 16. The material in Chapters 8 through 15 should be covered in a 
beginning graduate-level course. Selected chapters and sections from the book can be 
covered in a single semester. without loss of continuity. However. it is almost essential 
that most of the material in Chapters 2 through 6 be covered in the first course and 
before proceeding to any more advanced topics. To cover all the material of the text 
in the proposed time frame would be. in some cases, a very ambitious task. Sufficient 
topics have been included. however. to make the text complete and to give the teacher 
the flexibility to emphasize, de-emphasize, or omit sections or chapters. Some of the 
chapters and sections can he omitted without loss of continuity. 

In the entire book an ei"'' time variation is assumed, and it is suppressed. The 
International System of Units. which is an expanded form of the rationalized MKS 
system. is used in the text. In some cases. the units of length are in meters (or 
centimeters) and in feet (or inches). Numbers in parentheses ( ) refer to equations. 
whereas those in brackets I I refer to references. For emphasis, the most important 
equations. once they are derived, are boxed. A Solutions Manual for all end of chapter 
problems is available for the instructor. 

1 would like to acknowledge the invaluable suggestions and constructive criticisms 
of the reviewers for the second edition of this book: Dr. Edward B. Joy of Georgia 
Tech. Dr. Stuart A. Long of University of Houston. Dr. David M. Pozar of University 
of Massachusetts, Dr. Ezekiel Bahar of the University of Nebraska and Dr. Paul E. 
Mayes of University of Illinois. Urbana. and those of the first edition from my 
colleague Dr. Thomas E. Tice of Arizona State University and Dr. Charlton H. Walter 
of TRW (formally of Ohio State University). Also I would like to acknowledge the 
suggestions. end of the chapter problems, and figures provided by my colleague Dr. 
James T. Aberle and Dr. Roger D. Radcliff of Ohio University. 

The book, especially the graphical illustrations, computer programs, solutions to 
many of the problems. solutions manual, and proofreading of the galleys and page 
proofs would not have been possible without the contributions from many of my and 
OLher graduate students at Arizona State University. It is a pleasure to acknowledge 
those of Anastas is C. Polycarpou for the development of many of the computer programs 
for Chapters 6, 8, 13, and 14, and preparation of the computer disc; Seong-Ook and 
Jeong-Suk Park for completion of the solutions manual and proofreading the galleys 
and page proofs: Dr. Panayiotis A. Tirkas for the development of the computer programs 
for Yagi-Uda arrays and analysis of horns, and many of the new three-dimensional 
computer generated illustrations; William V. Andrew for the development of the an­
imation-visualization computer program: Craig R. Birtcher for antenna pattern meas­
urements, and material on near- to far-field measurements and compact ranges; Chris 
B. Bishop for the development of the computer program for the design and analysis 
of log-periodic dipole arrays: David M. Kokotoff for revising the Hallen's-Moment 
Method computer program: and Tamara Spreckic, Konstantinos D. Katsibas. and Jian 
Peng for proofreading the galleys and preparation of graphical illustrations. 

Since many of the unique features of this book carry over from the first edition, 
I still acknowledge the contributions of my graduate students at West Virginia Uni­
versity. especially those of John L. Jeffrey. Many thanks go to all those professors. 
practicing engineers, and students. who over the years of the first edition provided 
invaluable suggestions and corrections. [ also want to acknowledge the expert typing 
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viii Preface 

by Linda S. Arneson of the additional material included in the revised manuscript and 
to Kathy Muckenhirn for handling many of the logistics during publication. Many 
thanks to Dr. Atef Z. Elsherbeni and Clayborne D. Taylor, Jr., of University of 
Mississippi for permitting and providing the use of the 2-D An.temw Pattern Plotter: 
Rectangular-Polar computer program. 

To the companies and individuals that provided illustrations and copyright per­
missions. I am most appreciative. I am also grateful to the staff of John Wiley & 
Sons. Inc .. especially Steven Elliot, Wiley editor of electrical engineering. for the 
interest in the publication of the second edition. Special thanks also to Suzanne lngrao 
of Ingrao Associates, production editor ()f this book, for her professional help. Finally, 
I must express my gratitude to Helen. Renie and Stephanie for proofreading the galleys 
and for their encouragement. patience, sacrifice and understanding for the many hours 
of neglect during the completion of the first and second editions of this book. 

Constantine A. Balanis 
Arizona State University 
Tempe, AZ 
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CHAPTER 

1 
ANTENNAS 

1.1 INTRODUCTION 
An antenna is defined by Webster's Dictionary as "a usually metallic device (as a 
rod or wire) for radiating or receiving radio waves." The IEEE Standard Defi11itim1:, 
of Terms for Antennas (IEEE Std 145-1983)* defines the antenna or aerial as ··a 
means for radiating or receiving radio waves." In other words the antenna is the 
transitional structure between free~space and a guiding device, as shown in Figure 
l. l. The guiding device or transmission line may take the form of a coaxial line or a 
hollow pipe (waveguide), and it is used Lo transport electromagnetic energy from the 
transmitting source to the antenna, or from the antenna to the receiver. In the former 
case we have a transmitting antenna and in the latter a receiving antenna. 

A transmission-line Thevenin equivalent of the antenna system of Figure I. I in 
the transmitting mode is shown in Figure 1.2 where the source is represented by an 
ideal generator, the tramission line is represented by a line with characteristic impe­
dance Zc, and the antenna is represented by a load z,, [ZA = (RL + Rr) + jX,.d 
connected to the transmission line. The Thevenin and Norton circuit equivalents of 
the antenna are also shown in Figure 2.21. The load resistance R1. is used to represent 
the conduction and dielectric losses associated with the antenna structure while R,., 
referred to ac; the radiation reJistance, is used to represent radiation by the antenna. 
The reactance XA is used to represent the imaginary part of the impedance associated 
with radiation by the antenna. This is discussed more in detail in Sections 2.13 and 
2.14. Under ideal conditions, energy generated by the source should be totally trans­
ferred to the radiation resistance R,., which is used to represent radiation by the antenna. 
However. in a practical system there are conduction-dielectric losses due to the lossy 
nature of the transmission line and the antenna. as well as the due to reflections 
(mismatch) losses at the interface between the line and the antenna. Taking into 
account the internal impedance of the source and neglecting line and reflection (mis­
match) losses, maximum power is delivered to the antenna under cm,j,,gate matching. 
This is discussed in Section 2. I 3. 

•tEEE Tmnsacrions 011 Antenna.rnnd PropaRatio11. vols. AP- 17. No. 3. May 1969; AP-22. No. I. January 
1974: and AP-31. No. 6. Part II. November 1983. 
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"0 
-.; '7 l'--''--'--'-....... ~-,-..--....... - ................................. __ -r--,,-,.._ 

LI.I 

Source Transmission line Anti:nna Radiated free-spai;e wave 

Figure I. I Antenna as a transition device. 

The reflected waves from the interfocc create. along with the traveling waves 
from the source toward the ancenna. constructive and destructive interference pactcms. 
referred to as sra11dillg wm•e.~. inside the transmission line which represent pockets of 
energy concentrations and storage. typical of resonant devices. A typical standing 
wave pattern is shown dashed in Figure 1.2. while another is exhibited in Figure 1.15. 
If the antenna system is not properly designed, the transmission line could act to a 
large degree as an energy storage element ins1ead of as a wuve guiding and energy 
transporting device. If the maximum field intensities of the standing wave are suffi­
ciently large. they can cause arching inside the transmission lines. 

The losses due to the line. antenna. and the standing waves are undesirable. The 
losses due to the line can be minimized by selecting low-loss lines while those of the 
antenna can he decreased by reducing the loss resistance represented by RL in Figure 
1.2. The standing waves can be reduced, and the energy storage capacity of the line 
minimized. by matching the impedance of the antenna (load) to the characteristic 
impedance of the line. This is the same as matching loads Lu transmission lines. where 
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l 11 ,. (R1 + R,) + JX,,_ 

R, 

figure 1.2 Transmission-line Thevenin equivalent of antenna 
in transmitt ing mode. 

the load here is the antenna, and is discussed more in detail in Section 9.8. An 
equivalent similar lo that of Figure 1.2 is used to represent the antenna system in the 
receiving mode where the source is replaced by a receiver. All other parts of the 
transmission-line equjvaJenL remain the same. The radiation re!>istance R,. is used to 
represent in the receiving mode the transfer of energy from rhe free-space wave to 
the antenna. This is discussed in Section 2. 13 and represented by the Thevenin and 
Norton circuit equivalents of Figure 2.20. 

In addition to receiving or Lnmsmitring energy, an antenna in an advanced wi reless 
~ystem is usually required to optimize or acce11t11ate the radiation energy in some 
dirct:tions and suppress it in others. Thus the antenna must also .l'etVt! as r, direc1io11al 
deFicc in aclditir111 In a pmhing device. It must then take various fonm to meet the 
particular need al hand. and it may be a piece of conducting wire. an aperture, a patch. 
an assembly of clement~ (array). a reflector, a lens. and so forth. 

For wireless communica1ion systems, the antenna is one of the most critical 
components. A good design of the antenna can relax system requirements and improve 
overall system performance. A typical example is TV for which the overall broadcast 
reception can be improved by utilizing a high-performance ,mteana. The amenna 
serves t0 a communication syi;tem the same purpose that eyes and eyeglasses serve 
to a human. 

The field of antcnnm, is vigorous and dynamic, and over the last 50 years antenna 
technology has been an indispensable partner of the communications revolution. Many 
major advances that o<.:currcd t.luring this period are in common use today: however. 
many more i ssues and challenges are facing us today, especially since the demands 
for system perfonnances are even greater. Many of the major advances in antenna 
technology U,at have been uomple,ted in the I 970s tbrough the early 1990s, those that 
were underwuy in the early I 990s, and ~ignuls of Future discoveries and breakthroughs 
were captured in a special issue ()f the Proceedings nf ,he IEEE (Vol. 80. No. I , 
January 1992) devotee.I to Antennru,. The introductory paper of this special issue L 11 
provides a carefully structured. elegant discussion of the fundamental principles of 
radiating elements and has been written as an introducrion for the nonspecialist and 
a review ror the expert. 

1.2 TY'PES OF ANTENNAS 

We will now introdtJce and briefly discus:, some forms of the variou:; antenna 1ypes 
in order 10 get a glance as to what will be encountered in the remainder of the book. 
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4 Chapter I Antennas 

1.2.1 Wire Antennas 

Wire antennas are familiar to the layman because they are seen virtually everywhere­
on automobiles. buildings. ships. aircraft. spacecraft. and so on. There are various 
shapes of wire antennas such as a straight wire (dipole). loop. and helix which are 
shown in Figure J .3. Loop antennas need nol only be circular. They may lake the 
form of a rectangle. square, ellipse. or any other configuration. The circular loop is 
the most common because of its simplicity in consLruction. Dipoles are discussed in 
more detail in Chapter 4, loops in Chapter 5. and helices in Chapter 10. 

1.2.2 Aperture Antennas 

Aperture antennas may be more familiar to the layman today than in the past because 
of the increasing demand for more sophisticated forms of antennas and the utilization 
of higher frequencies. Some forms of aperture antennas are shown in Figure 1.4. 
Antennas of this type are very useful for aircraft and spacecraft applications. hecause 
they can be very conveniently flush-mounted on the sk.in of the aircraft or spacecraft. 
In addition. they can be covered with a dielectric material to protect them from 
hazardous conditions of the environment Waveguide apertures arc discussed in more 
detail in Chapter 12 while horns are examined in Chapter 13. 

1.2.J Microstrlp Antennas 

Microstrip antennas became very popular in the 1970s primarily for spaceborne ap­
plications. Today they are used for government and commerdal applications. These 
antennas consist of a metallic patch on a grounded substrate. The metallic patch can 
take many different configurations, as shown in Figure 14.2. However. the rectangular 
and circular patches, shown in Figure 1.5. are the most popular because of ease of 

(al Dipole 

_J 
I 

J 
l 

lb I Circular (square I loop 

11:1 Helix 

Figure 1.3 Wire antenna configurations. 
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lal Pyru1111dul horn 

(bl Conkru horn 

Cc) l<ecrangular waveguide 

Figure 1.4 Aperture antenna configurations. 

analysis and fabrication. and Iheir attractive radiation characteristics, especially low 
cross-polarization radiation. The micrrn.arip ante,mas are low-profile, comformable to 
plunar and nonplanar surfaces. simple and inexpensive to fabricate using modern 
printed-circui t technology. mechanically robust when mounted on rigid surfaces. com­
patible with MJvUC designs, and very versatile in terms of resonant frequency. polar­
ization. pattern. and impedance. These antennas can be mounted on the surface of 
high-performance aircraft, spacecraft, satellites. missiles. cars, and even handbeld 
mobile telephones. They are djscussed in more detail in Chapter 14. 

1.2.4 Array Antennas 

Many applications require radiation characteristics thal may not be achievable by a 
single element. TL may, however. be possible that an aggregate of radiating elements 
in an electrical and geometrical arrangement (an array) wi ll result in the desired 
rad iation characteristics. The arrangement of lhe array may be such that the radiation 
from the clements adds up to give a radiation maximum in a particular direction or 
<li_rections, minimum in others. or mherwise as desired. Typical examples of arrays 
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/-L-1 

,J. ____ _, 

T 

Ground plane 

Groui\d ph111e 

Subsrmtc 

(a) Rec1nngu lur 

1, 
T 

SUbsuaie 

(bl Circular 

Figure 1.5 Rectangular and circular mic.:rostrip 
(patch) antennas. 

are shown in Figure 1.6. Usually Lhe term array is reserved for an arrangement in 
which the individual radiator:. arc separate as shown in Figures l .6(a-c). However 
the same term is also used to describe an assembly of radiators mounted on a contin­
uous structure, shown in Figure I .6(d). 

1.2.5 Reflector Antennas 

The success in the exploration of outer space has resulted in the advancement of 
antenna theory. Because of the need to commurticate over great distances, sophi'>Li­
cated forms of antennas had to be used in order 10 transmit and receive signals that 
had lo travel millions of miles. A very common antenna form for such an application 
is a parabolic reflector shown in Figures I .7(a) and (b). Antennas or this type have 
been built with diameters as large as 305 m. Such large dimensions are needed to 
achieve the high gain required to transmit or recejve signals after millions of miles 
of lravel. Another form of a reflector. although not as common as the parabolic, js 
the corner reliector. shown in Figure l.7(c). These antennas are examined in detail in 
Chapter LS. 
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lb) Apcnurc ,1rray 

c:::=:> c::::::::::) 

c::::::::::) c::::::::::) 

(c) Micro~lrip patch array (dl Sloued-waveguidc urruy 

Figure 1.6 Typical wire. and aperture and microstrip array configurations. 

1.2.6 Lens Antennas 

Lenses are primarily used to collimate incident divergent energy to prevent it from 
spreading in undesired directions. By properly shaping the geometrical configuration 
and choosing the appropriate material of the lenses, they can transform various fom1s 
of divergent energy into plane waves. They can be used in most of the same appli­
cations as are the parabolic reflectors. especially at higher frequencies. Their dimen­
sions and weight become exceedingly large at lower frequencies. Lens antennas are 
classified according to the material from which they are constructed. or according to 
their geometrical shape. Some forms are shown in Figure 1.8 [2]. 

In summary, an ideal antenna is one that will radiate all the power delivered to it 
from the transmitter in a desired direction or directions. In practice, however, such 
ideal performances cannot be achieved but may be closely approached. Various types 
of antennas are available and each type can take different forms in order to achieve 
the desired radiation characteristics for the particular application. Throughout the 
book, the radiation characteristics of most of these antennas are discussed in detail. 

1.3 RADIATION MECHANISM 

One of the first questions that may be asked concerning antennas would be .. how is 
radiation accomplished?" In other words. how are the electromagnetic fields generated 

INTEL-1045 
U.S. Patent 7,151,430



8 Chapter 1 Antennas 

Rcnector 

( a I Parabohc reflector wtth front feed 

Subrcflector 

(bl Por3bolic relleclor with C':tsscgrain fceJ 

(cl Corner n!lleclor 

Figure 1.7 Typical reflector configurations. 

by the source. contained and guided within the transmission line and antenna. and 
finally ·'detached'· from the antenna to form a free-space wave? The best explanation 
may be given by an illustration. However. let us first examine some basic sources of 
radiation. 

1.3.1 Single Wire 

Conducting wires are material whose prominent characterisic is the motion of electric 
charges and the creation of current flow. Let w, assume that an electric volume charge 
density. represented by q,, (coulombs/m.1). is distributed uniformly in a circular wire 
of cross-sectional area A and volume V. as shown in Figure 1.9. The total charge Q 
within volume Vis moving in the~ direction with a uniform velocity ":. (meters/sec). 
It can be shown that the current density J= (amperes/m2

) over the cross section of the 
wire is given by 131 

(l-la) 
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l onvcx-convex t onvcx-eoncavc 

fat I ens an1tn11J, \vhh ind,·~ of rt'lraclion 11 > I 

(h} Lens un1ennus with 1mJcx ol refra~hon 11 < I 

Figure 1.8 Typical lens amenna configurations. (SOURCI!: L. V. 
Bh1ke, A111t>1111as, Wiley. t ew Yori-. 1966). 

If the wil'e b made or un ideal elecLric conductor. Lhe cu1Tent density J1 (nmpercs/m) 
resides on the surface or the wire and it is given by 

J, = i/.v \I. 

,I 

Figure 1.9 Cbargc uniformJy <.Hs­
tribu1ed in a circular cros~ section 
cylinder. 

( 1- 1 b) 
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IO Chapter 1 Antennas 

where q_1 (coulombs/m2
) is the surface charge density. If the wire is very thin (ideally 

zero radius), then the current in the wire can be represented by 

(I-le) 

where q1 (coulombs/m) is the charge per unit length. 
Instead of examining all three current densities, we will primarily conc~ntrate on 

the very thin wire. The conclusions apply to all three. If the current is time-varying, 
then the derivative of the current of (1-lc) can be written as 

di. dv., 
-- = CJ, -- = q, a. 
dt dt ~ 

where dv~ldl = a: (meters/sec2
) is the acceleration. If the wire is of length /, then 

(l-2) can be written as 

(l-3) 

Equation (1-3) is the basic relation between current and charge. and it also serves as 
the fundamental relation of electromagnetic radiation {4), [5]. lt simply states that to 
create radiation, 1/zere must be a time-varying current or an acceleration (or decel­
eration) of charge. We usually refer to currents in time-harmonic applications while 
charge is most often mentioned in transients. To create charge acceleration (or decel­
eration) the wire must be curved. bent. discontinuous or terminated [ l ], [4]. Periodic 
charge acceleration (or deceleration) or time varying current is also created when 
charge is oscillating in a time-harmonic motion. as shown in Figure 1.17 for a A/2 
dipole. Therefore: 

1. If a charge is not moving. current is not created and there is no radiation. 
2. If charge is moving with a uniform velocity: 

a. There is no radiation if the wire is straight. and infinite in extent. 
b. There is radiation if the wire is curved, bent, discontinuous. terminated, or 

truncated. as shown in Figure 1.10. 
3. If charge is oscillating in a time-motion, it radiates even if the wire is straight. 

A qualitative understanding of the radiation mechanism may be obtained by 
considering a pulse source attached to an open-ended conducting wire, which may be 
connected to the ground through a discrete load at its open end, as shown in Figure 
1.I0(d). When the wire is initially energized, the charges (free electrons) in the wire 
are set in motion by the electrical lines of force created by the source. When charges 
are accelerated in the source-end of the wire and decelerated (negative acceleration 
with respect to original motion) during reflection from its end, it is suggested that 
radiated fields are produced at each end and along the remaining part of the wire. [ 1 ]. 
(4). Stronger radiation wilh a more broctd frequency spectrum occurs if J/ze pulses 
an~ t?/'shorler or more compact duration while conlinuous time-harmonic oscilloting 
charge produces, ideally, radiation of single frequency determined by the frequency 
of n,\·dllation. The acceleration of the charges is accomplished by the external source 
in which forces set the charges in motion and produce the associated field radiated. 
The deceleration of the charges at the end of the wire is accomplished by the internal 
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(.i) Curved 

(b) Bent 

~ ~ 
ti ~l ) 

~ 
tel Discontinuous 

~ ~ 
(I 

} a q 

(d) Terminated 
Ground 

~ ~ 

~ 
l,c) Tru11~·a1ed 

Flgure 1.10 Wire configuration~ for ra-
diation. 

(self) forces associated with the induced field due to the buildup of charge concentra­
tion al the ends of the wire. The internal forces receive energy from the charge buildup 
as its velocity is reduced to zero at the ends of the wire. Therefore, charge acceleration 
due to an exciting electric field and deceleration due to impedance discontinuities or 
smooth curves of the wire are mechanisms responsible for electromagnetic radiation. 
While both current density (Jc) and charge density (q,.) appear as source terms in 
Maxwell's equation, charge is viewed as a more fundamental quantity, especially for 
transient fields. Even though this interpretation of radiation is primarily used for 
transiencs. it can be used to explain steady-state radiation 141. 

1.3.2 Two-Wires 

Let us consider a voltage source connected to a two-conductor transmission line which 
is connected to an antenna. This is shown in Figure 1.11 (a). Applying a voltage across 
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12 Chapter I Antennas 

+ +++ + 

(a) Antenna and electric rield lines 

Cb) Antenna and free-space wave 

Figure 1.11 Source, transmission line, antenna, and detachment of 
electric field lines. 

the two-conductor transmission line creates an electric field between the conductors. 
The electric field has associated with it electric lines of force which are tangent lo the 
electric field at each point and their strength is proportional to the electric field 
intensity. The electric lines of force have a tendency to act on t.he free electrons (easily 
detachable from the atoms) associated with each conductor and force them lo be 
displaced. The movement of the charges creates a current that in tum creates a 
magnetic field intensity. Associated with the magnetic field intensity are magnetic 
Jines of force which are tangent to the magnetic field. 

We have accepted that electric field lines start on positive charges and end on 
negative charges. They also can start on a positive charge and end at infinity. start at 
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1.3 Radiation Mechanism 13 

infinity and end on a negative charge. or form closed Loops neitJ,er starting or ending 
oo any charge. Magnetic lield lines alwayi. form cJosed lonp~ encircling current­
carrying conclucrors because there arc no magnetic charges. In some mm he mat icul 
formulations. it is often convenient 10 introduce magnetic charges and magnetk 
currents to cl.raw a parallel between ... olutions involving electric and magnetic sources. 

The electric lield lines drawn between the rwo conductors help to exhibit U,e 
distribution of charge. u· we m,sume that the vol tage source is sinusoidal. we expect 
the electric fie!J between the wnductors to also be sinu~oitlal wi th a period equaJ to 
that of the applied source. The rclmive magnitude of the electri c field intcm,ity is 
indicated by Lhe density (bum:hing) or the lines of force with Lile arrows ::.howing the 
relative direction (positive or negative). The creation of time-varying electric and 
magnetic fie lds between rhe conductors foni,s clcctromag11ctic waves which travel 
along the tran mission line. as shown in Figure 1. 11 (.1). The electromagnetic waves 
enter the antenna and have a.,;socialed wi lh them clcctri1.: charge~ and corresponding 
currents. Tf we remove part of the antenna structurl!, as shown in Figure 1.11 (b), free­
space waves can be formed by ·\;onnecting"' the open end~ nf Lhe elecu·ic line~ 
(shown dashed). The rree-space wave~ are also periodic but a const,ml phase point P0 
movci. outwardly wilh Lhe speed of light and travcb a distance of M'l (lo P1) in the 
time of one-hair of t1 period. 1L has been shown 161 that close lo the antenna tJ,e 
constant phm,e point P0 moves faster tJ1an tJ1e speed of I ight but approaches the speed 
of light at points far away from the antenna (analogous 10 phase velocity inside a 
rcctnngular waveguide). Figure I . 12 displays the creation anJ travel or free-space 

I ' 

i 

1:, .,, .,..j\.c ~\l, 
I "'" ·l f' >g•~I\I 

I 1111 li~1~Q.:. 1· ,L., ;i1!.·l.ltllil 
tlll\,~~ ), . -'/,,'.'1lilj 

I '!',~~\' \. ~_£:; <~i:.i\ 
• {iii, 

I I 
~ ,, 

- ::;,,' .jz 
,. (cl - ' ' ";~ >- Id) 

Figure I. 12 Elec1ric Held line:, of frce-:,pacc wave fo,· a A/2 :111lcnm1 al I = 0. 
T/8. T/4. nnd ':,T/8. (!iOllRCI!: J. D . Krnus and K . R . Curvcr. l:le,·tn1111,1,11111'/irs. 2nt.1 

ed .. McGrnw-f li ll. New York. 1973. Reprinted with pcrmi:..sio11 nr .I. D. Krau, and 
John D. C'ow.rn. Jr. ) 
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14 Chapter 1 Antennas 

waves by a prolate spheroid with A/2 interfocal distance where A is the wavelength. 
The free-space waves of a center-fed >J2 dipole, except in the immediate vicinty of 
the antenna, are essentially the same as those of the prolate spheroid. 

The question still unanswered is how the guided waves are detached from the 
antenna to create the free-space waves that are indicated as closed loops in Figures 
LI t and l.12. Before we attempt to explain that, let us draw a parallel between the 
guided and free-space waves, and water waves [7] created by the dropping of a pebble 
in a calm body of water or initiated in some other manner. Once the disturbance in 
the water has been initiated, water waves are created which begin to travel outwardly. 
If the disturbance has been removed, the waves do not stop or extinguish themselves 
but continue their course of travel. If the disturbance persists, new waves are contin­
uously created which lag in their travel behind the others. The same is true with the 
electromagnetic waves created by an electric disturbance. If the initial electric distur­
bance by the source is of a short duration, the created electromagnetic waves travel 
inside the transmission line, then into the antenna, and finally are radiated as free­
space waves, even if the electric source has ceased to exist (as was with the water 
waves and their generating disturbance). If the electric disturbance is of a continuous 
nature, electromagnetic waves exist continuously and follow in their travel behind the 
others. This is shown in Figure 1.13 for a biconical antenna. When the electromagnetic 
waves are within the transmission line and antenna, their existence is associated with 
the presence of the charges inside the conductors. However, when the waves are 
radiated, they form closed loops and there are no charges to sustain their existence. 
This leads ""' to conclude that electrk charges are required to excite the fields but 
are not needed to sustairi them and may exist in their absence. This is in direct 
a11alogy with water waves. 

1.3.3 Dipole 

Now let us attempt to explain the mechanism by which the electric lines of force are 
detached from the antenna to form the free-space waves. This will again be illustrated 

Antenna 

Figure 1.13 Electric field lines of free-space wave for biconical an­
tenna. 
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1.3 Radiation Mechanism 15 

by an example of a small dipole antenna where the time of travel is negligible. This 
is only necessary to give a beller physical interpretation of the detachment of the lines 
of force. Although a somewhat simplified mechanism, it does allow one to visualize 
the creation of the free-space waves. Figure 1.14( a) displays the lines of force created 
between the arms of a small center-fed dipolt! in the first quarter of the period during 
which time the charge has reached its maximum value (assuming a sinusoidal time 
variation) and the lines have traveled outwardly a radial distance A/4. For this example, 
let us assume that the number of lines formed are three. During the next quarter of 
the period. the original three lines travel an additional A/4 (a total of A/2 from the 
initial point) and the charge density on the conductors begins to diminish. This can 
be thought of as being accomplished by introducing opposite charges which at the 
end of the 11rst half ot' the periotl huve neutralized the charges on the conductors. The 
lines of force created by the opposite charges are three and travel a distance A/4 
during lhe second quarter of the first half. and they are sl1own dashed in Figure 

(a) / = T/4 (T"' period) 

lh) t"' T/2 IT-= period> 

,~, I= T/2 (T = period) 

l->.14-I 

J 
7 

Figure 1.14 formation and detachment of electric: 
licld lines for short dipole. 
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l.14(b). The end result is that there are three lines of force pointed upward in the first 
>J4 distance and the same number of lines directed downward in the second >J4. 
Since there is no net charge on Lhe antenna. then the lines of force must have been 
forced to detach themselves from the conductors and to unite together to form closed 
loops. This is shown in Figure l.14(c). In the remaining second half of the period, 
the same procedure is followed but in the opposite direction. After that, the process 
is repeated and continue$ indefinitely and electric field patterns, similar to those of 
Figure 1.22, are fom1ed. 

1,3,4 Computer Animation-Visualization of Radiation Problems 

A difficulty that students usually confront is that the subject of electromagnetics is 
rather abstract, and it is hard to visualize electromagnetic wave propagation and 
interaction. With today's advanced numerical and computational methods, and com­
putational and visualizatiC>n software and hardware, this dilemma can, to a large extent. 
be minimized. To address this problem, we have developed and included in Lhis book 
computer programs to animate and visualize three radiation problems. Descriptions 
of the computer programs are listed at the end of this chapter, and the computer 
programs are found un lhe computer disc included in this book. Each problem is 
solved using the Finite-Difference Time-Domain (FD-TD) method [8]-[ 101, a method 
which solves Maxwell's equations as a function of time in discrete time steps at 
discrete points in space. A picture of the fields can then be taken at each time step to 
create a movie which can be viewed as a function of time. 

The three radiation problems that are animated and can be visualized using the 
computer program at the end of the chapter and included in Lhe computer disc are: 

a. Infinite length line source (two-dimen.sional) excited by a .single Gaussian pulse 
and radie1tin11 in an unbounded medium. 

b. brfi11ite Length line source (two-dimensional) excited hy a single Gaussian pulse 
and radiating inside a perfectly electric conducting ( PEC) square cylinder. 

c. E-plane sectoral horn (two-dimensiunc,l form of Figure J 3.2) excited by a con­
timwus cosinusoidal voltage source and radiating in an unbounded medium. 

In order to animate and then visualize each of Lhe three radiation problems, the 
user needs the professional edition of MATU.B [ 11] and the MATLAB M-File, found 
in the computer disc included in the book, ro produce the corresponding FD-TD 
solution of euch radiation problem. For each radiation problem. the M-File executed 
in MATLAB produces a movie by taking a picture of the computational domain every 
third time step. The movie is viewed as a function of time as the wave travels in the 
computational space. 

A. brfinite Line Source in an Unhounded Medium 
The first FD-TD solution is that of an infinite length line source excited by a single 
time-derivative Gaussian pulse. with a duration of approximately 0.4 nanoseconds, in 
a two-dimensional TM2-t.:ompulational domain. The unbounded medium is simulated 
using a six-layer Berenger Perfectly Matched Layer (PML) Absorbing Boundary 
Condition (ABC) [91. I I 01 to truncate the computational space at a finite distance 
without, in principle. creating any reflections. Thus, the pulse travels radially outward 
creating a traveling type of a wavefront. The outward moving wavefronts are easily 
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identified using the coloring scheme for the intensity (or gray scale for black and 
white monitors) when viewing lhe movie. The movie is created by the MATLAB M­
File which produces the FD-TD solution by taking a picture of the computational 
domain every third time step. Each time step is 5 picosecomls while each FD-TD cell 
is 3 mm on a side. The movie is 37 frames long covering 185 picoseconds of elapsed 
Lime. The entire computational space is 15.3 cm by 15.3 cm and is modeled by 2500 
square FD-TD cells (50 x 50), including 6 cells to implement the PML ABC. 

B. Infinite line Source in a PEC Square Cylinder 
This problem is simulated similarly as that of the line source in an unbounded medium. 
including the characteristics of the pulse. The major difference is that the computa­
tional domain of this problem is truncated by PEC walls; therefore thae is no need 
for PML ABC. For this problem the pulse travels in an outward direction and is 
reflected when it reaches the walls of the cylinder. The reflected pulse along with the 
radially outward traveling pulse interfere constructively and destructively with each 
other and create a standing type of a wavefront. The peaks and valleys of the modified 
wavefront can be easily identified when viewing the movie. using the colored or gray 
scale intensity schemes. Sufficient time is allowed in the movie to permit che pulse 
to travel from the source to the walls of the cylinder, return back to the source. and 
then return back to the walls of the cylinder. Each time step is 5 picoseconds and 
each FD-TD cell is 3 mm on a side. The movie is 70 frames long covering 350 
picoseconds of elapsed time. The square cylinder. and thus the computational space. 
has a cross section of 15.3 cm by 15.3 cm and is modeled using an area 50 by 50 
FD-TD ceUs. 

C. £-Plane Sectoral Hom in an Unbounded Medium 
The £-plane sectoral horn is excited by a cosinusoidal voltage (CW) of 9.84 GHz in 
a TE2 computational domain. instead of the Gaussian pulse excitation of the previous 
two problems. The unbounded medium is implemented using an eight-layer Berenger 
PML ABC. The computational space ii; 25.4 cm by 25.4 cm and is modeled using 
100 by 100 FD-TD cells (each square cell being 2.54 mm on a side). The movie is 
70 frames long covering 296 picoseconds of elapsed time and is created by taking a 
picture every third frame. Each time step is 4.23 picoseconds in duration. The horn 
has a total flare angle of 52° and its flared section is 2.62 cm long, is fed by a parallel 
plate I cm wide and 4.06 cm long, and has an aperture of 3.56 cm. 

1.4 CURRENT DISTRIBUTION ON A THIN WIRE 
ANTENNA 

ln the preceding section we discussed the movement of the free electrons on the 
conductors representing the transmission line and the antenna. In order to illustrate 
the creation of the current distribution on a linear dipole. and its subsequent radiation. 
let us first begin with the geometry of a lossless two-wire transmission line. as shown 
in Figure \. \S(a). The movement of lhe charges creates a trave.\lng wave current. of 
magnitude /1/2. along each of the wires. When lhe current arrives at the end of eai:h 
of the wires. it undergoes a complete reflection (equal magnitude and 180° phase 
reversal). The reflected traveling wave, when combined with the incident traveling 
wave, forms in each wire a pure standing wave pattern of sinusoidal form as shown 
in Figure I. l5(a). The current in each wire undergoes a 180° phase reversal between 
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Figure 1.15 Current distribution on n lossless two­
wire transmission line, flared transmission line. and lin­
ear dipole. 

adjoining half cycles. This is indicated in Figure 1.15(a) by the reversal of the arrow 
direction. Radiation from each wire individually occurs because of the time-varying 
nature of the current and the termination of the wire. 

For the two-wire balanced (symmetrical) transmission line, the current in a half­
cycle of one wire is of the same magnitude but 180° out-of-phase from that in the 
corresponding half-cycle of the other wire. If in addition the spacing between the two 
wires is very small (s « A), the fields radiated by the current of each wire are 
essentially cancelled by those of l'he other. The net result is an almost ideal (and 
desired) nonradiating transmission line. 
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As the section of the transmission line between O :s .: :s //2 begins to flare. as 
shown in Figure I. I 5(b), ii can be assumed that the current distribution is essentially 
unaltered in form in each of the wires. However. because the 1wo wires of the flared 
section .\re nm necc~~arily dose \o each other. \he 1-ie\tls radiated by one do no\ 
necessarily cancel those of the other. Therefore ideally there is a net radiation by the 
tnmsmission line system. 

Ultimately the flared section of the transmission line can take the form shown in 
Figure 1. l 5(c). This is lhe geometry of the widely used dipole antenna. Because of 
the standing wave current pattern. it is also classified ns a standing wave antenna (as 
contrasted to the traveling wave antennas which will be discussed in detail in Chapter 
10). lf / < A. the phase of the current standing wave pattern in each arm is the sume 
throughout its length. In addition. spatially it is oriented in the same direction as that 
of the other arm as shown in Figure I .15(c). Thus the fields radiated by the two arms 
of the dipole (vertical parts of a flared transmission line) will primarily reinforce e;1ch 
other toward most directions of ohservation (the phase due to the relative position of 
each small part nf each arm must also be included for a complete description of the 
radiation pattern formation). 

If the diameter of each wire is very small {d << ,\), the ideal standing wave 
pattern of the current along the arms of the dipole is sinusoidal with a null at the end. 
However. its overalJ form depends on the length of each arm. For center-fed dipoles 
with / « A. I = A/2. A/2 < I < ,\ and A < / < 3A/2. the current patterns are illustrnted 
in Figures 1.16(a-d). The current pattern of a very small dipole (usually A/50 < 
/ :s ,\/10) can be approximated by a triangular distribulion since sin(k//2) = k/12 when 
kill ,s very f,ffiall. Th,i- i\; Hlui:.tra\ed in Figure \. \6(a). 

Because of its cyclical spatial variations, the cu1Tent standing wave pauern of a 
dipole longer than A({ > A) undergoes 180° phase reversals between adjoining half­
cycles. Therefore the current in all parts or the dipole does not have the same phase. 
This is demonstrated &rraphically in Figure 1. I 6{d) for A < / < 3,\/2. In turn. the fields 
radiated by some pm1s of the dipole will not reinforce those of the others. As a result. 
significant interfert!ncc and cancelling effects will be noted in the form.1tion of the 
total radiation pattern. 

For a time-harmonic varying system of radian frequency w = 21Tj~ the current 
standing wave patterns of Figure 1.16 represent the maximum current excitation for 
any time. The current variations. as a function of lime. on a A/2 center-fed dipole are 
shown in Figure 1.17 for 0 < r < 7Y2 where Tis U1e period. These variations can be 
obtained by multiplying the current standing wave pattern of Figure LI 6(b) by 
cos(wt). 

1.5 HISTORICAL ADVANCEMENT 
The history of antennas 1121 dates back to fames Clerk Maxwell who unified the 
theories of electricity an<l magnetism. and doque111ly represented their relations 
through a set of profound equations best known as Maxwell's Equation.'>. His work 
wa1-, fir1-,t published in l 87 3 { l 3 I. He al~o showed lhal ligh\ w.,s electmmagnetk and 
that both light ,md ekctromagnetic waves travel by wave disturbances of the same 
speed. In 1886. Professor Heinrich Rudolph Hertz demonstrated the first wireless 
electromagnetic system. He was able to produce in his laboratory at it wavelength of 
4 meters a spark in the gap of a transmitting A/2 dipole which was then detected as a 
spark in the gap of a nearby loop. ft was not until 190 I that Guglielmo Marconi w;:is 
able to send signals over large distances. He performed. in I 90 I. the tin,t transatlantic 
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Figure J. J6 Current distribution on linear dipoles. 

transmission from Poldhu in Cornwall. England. to St. John's Newfoundland. His 
transmitting antenna consisted of 50 vertical wires in the form of a fan connected to 
ground through a spark transmitter. The wires were supported horizontally by a guyed 
wire between two 60-m wooden poles. The receiving antenna at St. John's was a 200-
m wire pulleu and supported by a kite. This was the dawn of the antenna era. 

From Marconi's inception through the 1940s, antenna technology was primarily 
centered on wire related radiating elements and frequencies up to about UHF. h was 
not until World War II that modern antenna technology was launched and new 
elements tsuch as waveguide apenures, horns, reflectors) were primarily imroduced. 
Much of this work is captured in the hook by Silver I 141. A contributing factor to 
this new era was the invention of microwave sources (such as the klystron and 
magnetron) with frequencies of I GHz and above. 

While World War 11 launched a new era in antennas, auvances made in computer 
architecture and technology during the 1960s through the 1990s have had a major 
impact on the advuncc of modern antenna technology. and they are expected to have 
an even greater influence on antenna engineering into the twenty-first century. Begin­
ning primarily in the early I 960s. numerical methods were introduced that a11owed 
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previously intractable complex antenna system configurations to be analyzed and 
designed very accuraLely. In addiLion. asymptotic methods for both low frequencies 
(e.g .. Moment Method (MM), Finite-Difference. Finite-Element) and high frequencies 
(e.g .. Geometrical and Physic,tl Theories of Diffraction) were introduced. contributing 
significanLly Lo Lhe maturity of the antenna field. While in the pasl anlenna design 
may have been considered a secondary issue in <werall system design, today it plays 
a critical role. In fact. many system successes rely on the design and performance of 
the antenna. Also, while in the firsl half of Lhis century antenna technology may have 
been considered almost a "cut and try" operation. today it is truly an engineering 
art. Analysis and design methods are such that antenna system performance can be 
predicted with remarkable accuracy. In fact, many antenna designs proceed directly 
from Lhe initial design stage to the prototype without intermediate testing. The level 
of confidence has increased tremendously. 

The widespread interesL in anlcnnas is reflected by the large number of books 
written on Lhe subject 115 ). These have been classified under four categories: Fun­
damental. Handbooks, Measurements, and Specialized. This is an outstanding collec­
tion of bouks. and it reflects the popularity of the antenna subject, especially since 
the I 950s. Because of space limitations, only a panial list i~ included here 121. 15), 
[7], [ I 6J-[39]. including the first edition of this book in 1982. Some of these books 
are now out of print. 

1.5.1 Antenna Elements 

Prior to World War II most antenna elements were of the wire type (long wires. 
dipoles. helices. rhombuses. fans. etc.). and they were used either as single elements 
or in arrays. During and after World War 11, many other radiators. some of which 
may have been known for some and others of which were relatively new, were put 
into service. This created a need for betler understanding and optimization of their 
radiation characteristics. Many of these antennas were of the aperture type (such as 
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open-ended waveguides, slots. horns, reflectors, lenses), and they have been used for 
communication. radar. remote sensing and deep space applications both on airborne 
and earth-based platforms. Many of these operate in the microwave region and are 
discussed in Chapters 12, 13, 15 and in 1401. 

Prior to the 1950s. antennas with broadband pattern and impedance characteristics 
had bandwidths not much greater than about 2: I. In the 1950s, a breakthrough in 
antenna evolution was created which extended the maximum bandwidth to as great 
as 40: I or more. Because the geometries of these antennas are specified by angles 
instead of linear dimensions. they have ideally an infinite bandwidth. Therefore. they 
are referred to as frequency i11depe11dent. These antennas are primarily used in the 
10-10,000 MHz region in a variety or applications including TV, point-to-point 
communications, feeds for reflectors and lenses, and many others. This class of 
antennas is discussed in more detail in Chapter 11 and in 1411. 

IL was not until almost 20 years later that a fundamental new radiating element. 
which has received a lot of attention and many applications since it!oi inception. was 
introduced. This occurred in the eurfy 1970s when the microstrip or patch antennas 
was reported. This element is simple. lightweight. inexpensive. low profile. and con­
formal to the surface. These antennas are discussed in more detail in Chapter 14 and 
in 1421. 

Major advances in millimeter wave antennas have been made in recent years. 
including integrated antennas where active and passive circuit~ are combined with the 
radiating elements in one compact unit (monolithic form) . These antennas are dis­
cussed in 143J. 

Specific radiation pattern requirements usually cannot be achieved by single 
antenna elements, hccause single clements usually have relatively wide mdiation 
patterns and low values of directivity. To design antennas with very large directivities, 
it is usually necessary to increase the electrical size of the antenna. This can be 
accomplished by enlarging the electrical dimensions of the chosen single element. 
However, mechanical problems are usually associated with very large elements. An 
alternative way to achieve large directivities, without increasing the size of the indi­
vidual elements. is to use multiple single elements to form an array. An array is a 
sampled version of a very large single element. In an array, the mechanical problems 
of large single elements are traded for the electrical problems associated with the feed 
networks of arrays. However. with today's solid-state technology, very efficient and 
low-cost feed networks can be designed. 

Arrays are the most versatile of antenna systems. They find wide applications not 
only in many spacebome systems. but in many earthbound missions as well. In most 
cases, the elements of an array are identical: this is not necessary, hut it is often more 
convenient. simpler. and more practical. With arrays, it is practical not only to syn­
thesize almost any desired amplitude radiation pattern, but the main lobe can be 
scanned by controlling the relative phase excitation between the elements. This is 
most convenient for applications where the antenna system is not readily accessible. 
especially for spacebome missions. The beamwidth of the main lobe along with the 
side lobe level can be controlled by the relative amplitude ex.citation (distribution) 
between the elements of the array. In fact, there is a trade-off between the beamwidth 
and the side lobe level base on the amplitude distribution. Analysis, design. and 
synthesis of arrays are discussed in Chapters 6 and 7. However. advances in array 
technology are reported in [44]-(48]. 
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1.5.2 Methods of Analysis 

There is plethora of antenna elements. many of which exhibit intricate configurations. 
To analyze each as a boundary-value problem and obtain solutions in closed form, 
the antenna strocture must be described by an orthogonal curvilinear coordinate 
system. This places severe restrictions on the type and number of antenna systems 
that can be analyzed using such a procedure. Therefore, other exact or approximate 
methods are often pursued. Two methods that in the last three decades have been 
preeminent in the analysis of many previously intractable antenna problems are the 
Integral Equation (TE) method and the Gemm•trical Theory of Diffrctction (OTO). 

The Integral Equation method casts the solution to the antenna problem in the 
form of an integral (hence its name) where the unknown, usually the induced current 
density, is part of the integrand. Numerical techniques, such as the Moment Method 
(MM). are then used Lo solve for the unknown. Once the current density is found, the 
radiation integrals of Chapter 3 are used to find the fields radiated and other systems 
parameter!'.. This method is most convenient for wire-type antennas and more efficient 
for structures that are small electrically. One of the first objectives of this method is 
to fonnulate the IE for the problem at hand. In general. there are two type of IE's. 
One is the Electric Field Integral Equation ( EF/EJ. and it is based on the boundary 
condition of the total tangential electric field. The other is the Magnetic Field lmegral 
Equation (MFIE), and it is based on the boundary condition that expresses the total 
electric current density induced on the surface in terms of the incident magnetic field. 
The MFIE is only valid for closed surfaces. For some problems, it is more convenient 
to formulate an EFIE, while for others it is more appropriate to use an MFIE. Ad­
vances. applications. and numerical issues of these methods are addressed in Chapter 
8 and in [3) and [49J. 

When the dimensions of the radiating system are many wavelengths. low-fre­
quency methods are not as computationally efficient. However. high-frequency as­
ymptotic techniques can be used to analyze many problems that are otherwise math­
ematically intractable. One such method that has received considerable attention Wld 
application over the years is the GTD. which is an extension of geometrical optics 
(GO). and it overcomes some of the limitations of GO by introducing a diffraction 
mechanism. The Geometrical Theory of Diffraction is briefly discussed in Section 
12.10. However, a detailed treatment is found in Chapter 13 of [31 while recent 
advances and applications are found in [501 and [51 ]. 

For structures that are not convenient to analyze by either of the two methods, a 
combination of the two is often used. Such a technique is ref erred to as a hybrid 
method, and it is described in detail in (52). Another method. which has received a 
lot of attention in scattering, is the Finite-Difference Time-Domain (FDTD). This 
method has also been applied to antenna radiation problems (53]-[56). A method that 
is beginning to gain momentum in its application to antenna problems is the Finite 
Element Method [ 571-1611. 

1.5.3 Some Future Challenges 

Antenna engineering has enjoyed a very successful period <luring the 1 C)40s-l 990s. 
Responsible for its success have been the introduction and technological advances of 
some new clements of radiation. such as aperture antennas. reflectors. frequency 
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independent antennas. and microstrip antennas. Excitement has been created by the 
advancement of the low-frequency and high-frequency asymptotic methods. which 
has been instrumental in analyzing many previously intractable problems. A major 
factor in the success of antenna technology has been the advances in computer 
architecture and numerical computation methods. Today antenna engineering is con­
sidered a truly fine engineering art. 

Although a cenain level of maturity has been attained, there are many challenging 
opportunities and problems to be solved. Phased array architecture integrating mon­
olithic MJC technology is still a most challenging problem. (ntegralion of new ma­
terials into antenna technology offers many opportunities. and asymptotic methods 
will play key roles in their incorporation and system performance. Computational 
electromagnetics using supercomputing and parallel computing capabilitie!!. will model 
complex electromagnetic wave interactions, in both the frequency and time domains. 
Innovative antenna designs lo perform complex and demanding system functions 
always remain a challenge. New basic elements are always welcome and offer refresh­
ing opportunities. New applications include, but are nol limited to cellular telephony. 
direct broadcast satellite systems. global positioning satellites (GPS), high-accuracy 
airborne navigation, global weather, earth resource system!!., and others. Because of 
the many new applications, the lower ponion of the EM spectrum has been saturated 
and the designs have been pushed to higher frequencies, including the millimeter 
wave frequency bands. 
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COMPUTER PROGRAM 
ANIMATION-VISUAUZATION OF RADIATION PROBLEMS 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C nns PROGRAM CONTAINS TIIREE SEPARATE ANIMATION-VISUALIZATION 
C RADIATION PROBLEMS. 
C I. LINE SOURCE-GA OSSIAN PULSE: UNBOUNDED MEDIUM 
C II. LINE SOURCE-GAUSSIAN PULSE: PEC SQUARE CYLINDER 
C Ill. E-PLANE SECTORAL HORN: UNBOUNDED MEDIUM 
C nm OBlECTIVB lS TO ALLOW nm USER TO ANIMATE AND IBEN TO 
C VISUALIZE RADIATION, AS A FUNCI1ON OF TIME, OF THREE DIFFERENT 
C RADIATION PROBLEMS. 
C L LINE SOURCE-GA OSSIAN PULSE: UNBOUNDED MEDIUM 
C nm FIRST ANIMATION-VISUALIZATION PROGRAM IS mAT OF A LINE 
C SOURCE EXCITED BY A SINGLE GAUSSIAN PULSE RADIATING IN AN 
C UNBOUNDED MEDIUM, USING nm FINITE,-DIFFE.RENCE TIME-DOMAIN 
C METHOD. 'IllE UNBOUNDED MEDIUM IS SIMULATED USING A BERENGER 
C PERFECIL Y MATCHED LA YER (PML) ABSORBING BOUNDARY CONDmON 
C (ABC) IN ORDER TO TRUNCATE nm COMPUTATIONAL DOMAIN. TI-IE 
C MATLAB M-FILE PRODUCES THE FD-ID SOLUTION OF AN INFINITE 
C LENGTII LINE SOURCE EXCITED BY A TIME-DERIVATIVE GAUSSIAN 
C PULSE IN A 2-D TMz COMPlITATIONAL DOMAIN. 1liE M-FILE PRODUCES A 
C MOVIE WHICH IS 37 FRAMES LONG BY TAKING A PicrtrRE OF THE 
C COMPlITATIONAL DOMAIN EVERY 3RD TIME STEP. 
C II. LINE SOURCE-GAUSSIAN PULSE: PEC SQUARE CYLINDER 
C 1llE SECOND ANIMATION-VISUALIZATION PROGRAM IS TIIAT OF A 
C LINE SOURCE EXCITED BY A SINGLE GAUSSIAN PULSE RADIATING 
C INSIDE A PERFECIL Y ELECTRIC CONDUCTING (PF.c) SQUARE CYLINDER, 
C USING THE FINITE-DIFFERENCE TIME-DOMAIN MEnlOD. 1llE MATLAB 
C M-FILE PRODUCES THE FD-ID SOLUTION OF AN INFINITE LENGTH LINE 
C SOURCE EXCITED BY A TIME-DERIVATIVE GAUSSIAN PULSE IN A 2-D TMz 
C COMPUTATIONAL DOMAIN. nm M-FILE PRODUCES A MOVIE WHICH IS 
C 70 FRAMES LONG BY TAKING A PIC11JRE OF nm COMPUTATIONAL 
C DOMAIN EVERY 3RD TIME STEP. 
C Ill. E-PLANE SECTORAL HORN: UNBOUNDED MEDIUM 
C nm nmm ANIMATION-VISUALIZATION PROORAM IS TiiAT OF AN 
C E-PLANE SECTORAL (2-D) HORN ANTENNA RADIATING INTO AN 
C UNBOUNDED MEDIUM, USING THE FINITE-DIFFERENCE TIME-DOMAIN 
C ME11IOD. 'IllE UNBOUNDED MEDIUM IS SIMULATED USING A BERENGER 
C PERFECIL Y MATCHED LA YER (PML) ABSORBING BOUNDARY CONDmON 
C (ABC) IN ORDER TO TRUNCATE THE COMPUTATIONAL DOMAIN. nm 
C MATUB M-FILE PRODUCES THE FD-TD SOLUTION OF THEE-PLANE 
C SECTORAL (2-D) HORN ANJ"ENNA EXCITED BY A SINUSOIDAL VOLTAGE IN 
C A TE2 COMPlITATIONAL DOMAIN. THEM-FILE PRODUCES A MOVIE WHICH 
C IS 70 FRAMES LONG BY TAKING A PICTIJRE OF TIIE COMPUTATIONAL 
C DOMAIN EVERY 3RD TIME STEP. 
C ••NOTE: 
C IN ORDER TO ANIMATE AND lHEN VISUALIZE lHESE 1llREE RADIATION 
C PROBLEMS, nm USER NEEDS THE PROFESSIONAL EDmON OF MATLAB 
C AND THE MATI.AB M-FILE FOUND IN 1lffi INCLUDED COMPUTER DISC TO 
C PRODUCE THE CORRESPONDING FD-ID SOLUTION OF EACH RADIATION 
C PROBLEM. TIIE STUDENT EDIDON WILL NOT WORK DUE TO THE 
C RESTRICTIONS ON THE ARRAY SIZE. ADDIDONAL DETAILS ON TI-IE USE 
C OF EACH VISUALIZATION PROBLEM ARE FOUND IN THE COMPUTER DISC 
C INCLUDED WITH 111IS BOOK. 
c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
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CHAPTER 

2 
FUNDAMENTAL PARAMETERS 

OF ANTENNAS 

2.1 INTRODUCTION 

To describe the perfonnance of an antenna, definitions of various parameters are 
necessary. Some of the parameters are interrelated and not all of them need he specified 
for complete description of the antenna performance. Parameter definitions will be 
given in this chapter. Many of those in quotation marks are from the IEEE Standard 
Definitions of Term~· for A11te1mas (IEEE Std 145- I 983 ). * This is a revision of the 
IEEE Std 145-1973. 

2.2 RADIATION PATTERN 

An antenna radiation pattern or antenna pattern is defined as • 'a mathematical func­
tion or a graphical representation of the radiation properties of the antenna as a 
function of space coordinates. In most cases. the radiation pattern is determined in 
the far-field region and is represented as a function of the directional coordinates. 
Radiation properties include power tlux density. radiation intensity. field strength, 
directivity phase or polarization." The radiation property of most concern is the two­
or three-dimensional spatial distribution of radiated energy as a function of the ob­
server's position along a path or surface of constant radius. A convenient set of 
coordinates is shown in Figure 2.1. A trace of the received power at a constant radius 
is called the power pattern. On the other hand. a graph of the spatial variation of the 
electric (or magnetic) tield along a constant radius is called an amplitude.field pattern. 
In practice. the three-dimensional pattern is measured and recorded in a series of two­
dimensional patterns. However, for most practical applications. a few plots of the 
pattern as a function of 8 for some particular values of cf>, plus a few plots as a function 
of cf> for some particular values of 0, give most of the useful and needed information. 

*lf..l:.'E Transactions on 1\nre,ma.I muJ Prop«x111im1, Vols. AP-I7. No. 3. May 1969: Vol. AP-22. No. I. 
January 1974; um.I Vol. AP-:\1. No. 6, Part II, November 1983. 
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I ~111 II 1/(> 

tl, 1 = ,2 ,in O dO tlr:, 

/\zim11\h pl ane 

\' 

Figure 2.1 Coordi-natc <;ystem for an1enna ,111alysis. 

2.2.1 Isotropic, Directional , and Omnidirectional PaUe r11 s 

An isvrrvpic radiator ii- defined as • ·a hypotheticaJ lossless anl'enno having equal 
rnuiation in all directions.'· Although it is ideal and 001 physically realizable. it il. 
often taken as a reference for expressing the directive properties of actual antennas. 
A tlirec1iv11al antcnm1 is one "having the property of ra<liaLing or receiving electro­
magnetic waves more effectively in some directions than in others. This term is usually 
upplicd to an antenna whose maximum directivity is significantly gre;1ter than that of 
a half-wave dipole:· An example of un antenna with n directional radiation pattern 
is shown in Figure 2.2. Jt is seen that this pattern is nondirec1iooal in lhe azimuth 
plane Ifie/>). 0 = r./21 and t.iirecLional in the elevation plane fg{ 0). </> = constant) . 
Thi.,; type of a pattern is designateu as 01111zidirectio11al, and i t is defined as one '·having 
an essential ly nondirectional pattern in a given plane (in this case in azimuth) and a 
directional pattern in any orthogonal plane (in thi!. case in elevation)." An omnidi­
rec1imwl pattern is then a special typt! uf a dirC'ctimwl pattern. 

2.2.2 -Principal Patte rns 

For a linearly polarized antenna. performance is ol'tcn described in terms of irs prin­
cipal £- and H-plane patterns. The £-plane is defined as • 'the plane ~ontaining Lhe 
electric-Held vector and the direction of maximum radiation." and the H-pia11<1 as 
··the plttoe contafoing the magnetic-field vector and the direction of max imum radi­
ution ." Although it is very difficult to illm,trate the principal pallerns without consid­
ering n specific example. it is the usual practice to orient most :rnlcnnas so thut at 
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Radia tion 
pot1crn 

Antenna 

I 

I 
I 
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I 

Figure 2.2 Omn.idireclionul antenna pattern. 
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Figure 2.3 Principal E- and H-plane patterns for a pyramiual horn 
antenna. 
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lca!-l <inc of the principa l plane patterns coincide with one of the geometrica l principa l 
\'lane~. An illu~trnlion it. shuwn in f.igure 2.3. Fm lhili ei<.ample. lhe x--:. plane {elev,11iun 
plane: </J = 0) 1:-. U1e prim.:ipal t:-pl.u1e and the .r-y plane (azimuthal pl ane: f) = w/'2) 
is the principa l fl-plane. Other coordinate orientations can be selected. 

2.2.3 Radiation Pattern Lobes 

Various parts of a radi.tlion pauan arc rcfcn-cd lll as lol>es, which may be subclas-;ified 
into lllt{ior or main, minor . . ,ide. am.I hack lobeN. 

A radiation lobe is a • ·portion of the radiation putlcrn bounded by region!. of 
relatively weak radiation intensity.'' Figure 2.4(a) dt:mt>nstrates a symmeLricaJ three­
uimensional polar pa11ern with a number of radiation lobe~. Some are of greater 

Ht~l 11u\l h<1.·,1mw,J1\\ 
(t·NBW) 

1 lulf-powt•r hcnmw,dch 
1lll'BW) 

13ad: lobe 

Minor lob~ 

Holf-power bcamwldlh( 111'11\V ) 
First nul l heamwidthl FN IJW I 

Minor lobes 

R11dlo11on 
in1c,1s1ty 

ILl'BW 

I 
l'NBW 

lJ 

Ch) 

/ Major lohc 

Sulc lobe 

/ 
/ 

,,. 

Figure 2.4 (a) Raclia1ion lobe:. an<l beamwii.hhs of" m1 .u1tennu pattern. ( b') Linear 
pint or ptiwcr pauern and its a-;srn:ialed lobes a11d he:umvidLhs. 
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radiation intensity th .. tn others. hut all are classified as lobes. Figure 2.4(b) illustrates 
a linear two-dimensional pattern lune plane of Figure 2.4(a)l where the same pattern 
characteristics are indicated. 

A computer program entitled 2-D ANTENNA PAITERN PLOTTER: RECTAN­
GULAR-POLAR [ 11 is included at the end of the chapter to plot two-dimensional 
n•cw11g11/ar and 1wfar graphs. to represent single-plane antenna patterns similar to 
those exhihitl'd in Figure 2.4(a,b) and elsewhere throughout the book. This program 
is well commented to assist the user in its implementation and only the executable 
part is indudcd. Em:h pattern can be plotted in a linear or logarithmic (dB) scale. The 
program is provided courtesy of Dr. Elsherbeni and Taylor (I]. and it is to be used 
only in conjunction with this book and for not any other purpose. 

A IIU{ior lobe (also 1.:alled muin beam) is defined as "the radiation lobe containing 
the direction of maximum radiation.'' In Figure 2.4 the major lobe is pointing in the 
0 = 0 direction. In some antennas, such as split-beam antennas, there may exist more 
than one major lobe. A mi,wr lobe is any lobe except a major lobe. In Figures 2.4(a) 
.. md (b) all the lohes with the exception of the major can be classified as minor lohcs. 
A side lol>e is "a radiation lobe in any direction other than the intended lobe.'' 
(Usually a side lobe is adjacent to the main lohe and occupies the hemisphere in the 
direction of 1hc main b~am.) A back lobt• is ''a radiation Jobe whose a.xis makes an 
angle uf approximately 180° with respect to the beam of an antenna.·· Usually it refers 
to u minor lobe that occupies the hemisphere in a direction opposite to that of the 
m.1jor (main) lobe. 

Minor lobes usually represent radiation in undesired directions. and they should 
be minimized. Side lobes are normally the largest of the minor lobes. The level of 
minor lobes is usually expressed as a ratio of the power density in the lobe in question 
to lhal of the major !ohe. This rntio is often tenncd the side lobe ratio or side lobe 
level. Side lohe levels of - 20 dB or smaller <1re usually not desirable in most 
applications. Attainment of a side lobe Jevel smaller than - 30 dB usually requires 
very careful design and construction. In most radar systems. low side lobe ratjos are 
very important to minimize false target indications through the side lobes. 

2.2.4 Field Regions 

The space surrounding an antenna is usually suhdivided into three regions: (a) reactive 
near-field. (b) radiating near-field (Fresnel) and (c) far-field (Fraunhofer) regions as 
shown in Figure 2.5. These regions are so designated to identify the field structure in 
each. Although no abrupt changes in the field configurations are noted as the bound­
aries are crossed. there are distinct differences among them, The boundaries separating 
1hese region:s are 1101 unique. although various crileria have been established and are 
commonly u~ed to identify the regions. 

Reacrire t1et1r-Jield region is defined as "that portion of the near-tield region 
immediately surrounding the antenna wherein the reactive field predominates.'· For 
most antennas. the outer boundary of this region is commonly taken to exist at a 
distance R < 0.62~ from the antenna surface, where A is the wavelength and 
D is the largest dimension of the antenna. • 'For a very shon dipole. or equivalent 
radiator. the outer boundary is commonly taken to exist at a distance A/21r from the 
antenna surface." 

Rmliariug m•ar~/ielcl (Fresnel) region is defined as ''that region of the lield of an 
antenna between the reactive near-li.eld region and the far-field region wherein radi­
ation fields predominate and wherein the angular field distribution is dependent upon 
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2.2 Radiation Pattern 33 

Na a: 0.62,JD3/)I, 

R2=JD 2/'1,, 

Figure 2.5 Field regions of an antenna. 

the uistance from Lhe an tenna. If l.be antenna has a maxjmum dimension that is not 
large 1.:ompared to Lhe wavelength. this region may not exist. For an untenna focused 
at in~nil'y. the rad iuring near-field region is sometimes referred to as the Fresnel region 
on the bus is of analogy to optical terminology. lf the antenna has a maximum overall 
dimension which is very -;mall compared to the wavelength. this field region may not 
exist." The inner boundary is taken to be the distance R > 0.62~ and the outer 
boundary the distance R < lD~I>, where D is the largest* dimension of the antenna. 
Thi:-; criterion is basell on u L11axjmum phase error of 'Tl'/8. In thi s region the field 
pattern is. in gencrnl. a function of the radial distance and the rad ial field component 
may be appreciuble. 

Far:fidcl ( Frwmlwfer} re~io11 i~ defineu a!> "that region of the field of an antenna 
where the angular field <li:-,tribution b essentially independent of the distance from the 
nnte1ma. lf the antenna has a maximum* overal l dimension D. the far-field region is 
commonly taken to exist at distances greater than 2D2/A from the antenna, A~ being 
the wavelength. The far-field pmtems of certain antennas, such as mul tibeam reflector 
antennas, are sensitive to variations in phase over their apertures. For the e antennas 
2D2/A may be inadequate. 1n physical media. if' tbe antenna has a maximum overall 
dimension. D. which i:-. large t:omporcd to "IT!lyl. lhe far-field region can be taken to 
oegin approximately at a distance equal to l'YID2/7r from the antenna, y being the 
propagation constant i11 the medjum. For an ~tntenna focused at infinity. the far-field 
regjon is sometimes refe,i-ed to as the Fraunhofer region on the basis of a.naJogy lo 
optical terminology."' ln lhis region, the field components arc essentially transverse 
and the angular distribution is independent of U1e rad ial distance where the measure­
ments are made. The inner bounc.Jary is taken lo be the radial distance R = 2D2

/ A and 
the outer one at infrnity. 

To i l lustrate the pattern variation as a Juuctioo of radial distance. in Figure 2.6 
we have included three patterns of a paraboli1.: reflecwr calcu lated al distauces <.lf 
R = 2D2/A, 4D2/A. and infinity 121. It is observed that the patterns ure almost identical. 

•1To be valid. D mu~t al~o be large compared to lhc wavelength ([) > >. ). 
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U = (,rD/'/\l sin 8 

Figure 2.6 Calculated radiation patterns of a paraboloid 
antenna for different distances from the antenna. (SOL'RCE: 

J. S. Holli~. T. J. Lyon. and L. Clayton, Jr. (eds.). Micro-
11·c11·e A11te1111a Mea.mre111<t11t.1·, Scientific-Atlanta. Jnc., July 
1970) 

except for some differences in the pattern structure around the first null and at a level 
below 25 dB. Because infinite distances are not realizable in practice. the most 
commonly used criterion for minimum distance of far-field observations is 2D2/>... 

2.2.5 Radian and Steradian 

The measure of u plane angle is a radian. One radian is defined as the plane angle 
with its vertex at the center of a circle of radius r that is subtended by an arc whose 
length is r. A graphical illustration is shown in Figure 2.7(a). Since the circumference 
of u circle of radius r is C = 21rr. there are 21r rad (21rr/r) in a full circle. 

The measure of a solid angle is a steradian. One .'itermlian is defined as the solid 
angle with its vertex at the center of a sphere of radius r that is subtended by a 
spherical surface area equaJ to that of a s4uare with each side of length r. A graphical 
illustration is shown in Figure 2.7(b). Since the area of a sphere of radius r is A = 
41Tr~. there are 4?T sr (41Tl·2/r 2) in a closed c;phcrc. 

The infinitesimal urea ,IA on the surface of a sphere of radius r, shown in Figure 
'.!. I. is given hy 

dA = r 2 sin H ,Ill de/> (2- 1) 
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Figure 2.7 Geometrical arrangements l'or defining 
a radian and a ster,1dian. 

Therefore. the element of solid angle dfl of a sphere can be written as 

dA 
dfl =-,,=sin 0d0dcp ,.~ (sr) 

2.3 RADIATIO N POW E R DENSI TY 

(2-2) 

Electromagnetic waves are used to transport information through a wireless medium 
or a guiding structure, from one point to the other. It is then natural to assume that 
power and energy are associateu with electromagnetic fields. The quantity used to 
des,ribe the power associmed with an electromagnetic wave ii. the instantaneous 
Poynting vector defined as 

W =~x,t (2-3) 

W = instantaneous Poynting vector (W/m2
) 

~ = instantaneous electric tield i ntensi ly (V /m) 

'Je = instantaneous magnetic field intensity (Alm ) 

Note that script letters are used to denote instantaneous fields and quantities. while 
roman letterl. arc used to represent their complex counterparts. 
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36 Chapter 2 FundamentaJ Parameters of Antennas 

Since the Poynting vector is a power density, the total power crossing a closed 
surface can be obtained by integrating the normal component of the Poynting vector 
over the entire surface. In et1uation form 

'JP = § 'W • tis = § 'W • fl da 
s s 

(if> = instantaneous total power (W) 

fi = unit vector normal w the surface 

da = infinitesimal area or the dosed surface (m2 ) 

(2-4) 

For applications of time varying fields, it is often more desiruble LO find the average 
power density which is obtained by integrating the instantaneous Poynting vector 
over one period and dividing by the period. For Lime harmonic variations of the fonn 
ei"'1, we deline the complex fields E and H which arc rclaled to their instantaneuus 
counterparts ·-t~ and '.Jt by 

~(x, y, z; t) = Re[E(x, y. z)ej'"'l 

:H:(x, y, z; t) = Re[H(.t, y. =:)e1',,,,) 

Using the dcf1nitions uf (2-5) and (2-6) and the identity Re[Ee1"~1 
E*e jMI. {2-3) can be wrillen as 

'W = '#; x 'Jt', = ½ RclE x H*J + ! RelE x He12,,,') 

(2-5) 

(2-6) 

(2-7) 

The first term of (2-7) is not .1 function of time, and the time variations of the second 
are twice the given fre4uency. The time average Poynting vector (average power 
density) can he written as 

The ! factor appears in ( 2-7) and ( 2-8) because Lhe E and H fields represent peak 
values. and it should be omitted for RMS values. 

A cJnsr ohservatjnn of (2-8) may raise iJ question, Jf the real pan of (E X H*)/2 
represents the average (real) power density. what does the imaginary part of the same 
quantity represent? At this point it will be very natural to assume that the imaginary 
part must represent the reactive (stored) power density associaLed with the eleclro­
magnetii.: fields. In later chapters. it will be shown that the power density a1-,sociated 
with the electromagnetic fields of an antenna in its far-field region is predominately 
real and wm be referred ro w, radimion d1.msity. 

Based upon the definition of (2-8), the average power radiated hy an antenna 
(radiated power) can he written as 

(2-9) 
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2.3 Radiation Power Density 37 

The power pattern of the antenna. whose definition was discussed in Section 2.2. 
is just a measure, as a function of direction. of the average power density radiated by 
the antenna. The observations are usually made on a large sphere of constant radius 
extending into the far-field. In practice. absolute power patterns are usually not desired. 
However. the performance of the antenna is measured in terms of the gain ( to be 
discussed in a subsequent section) and in terms of relative power patterns. Three­
dimensional patterns cannot be measured, but they can be constructed with a number 
of two-dimensional cuts. 

Example 2.1 

The radial component of the radiated pc>wer density of an antenna is given by 

Wrad = a,W,. = §,Ao sin 6/r1 {W/rrh 

where Ao is the peak value of the power density. fJ is the usual spherical coordinate, 
and a, is 1.he radial unil. vector. Detern1ine the Loi.al radia1.ed power. 

SOLUTION 

For a closed surface. a sphere of radius r is chosen. To find the tota1 radiated power. 
the radial component of the power density is integrated over its surface. Thus 

Prat.l = # w nid • n da 
s 

= fr. f' (a,.A0 si;2 IJ) • (arr2 sin H dH d</>) = '1T
1A0 (W) 

A three-dimensional norrmtlized plot of the average power density at a distance of 
r = J m is shown in Figure 2.2. 

An isotropic radiator is an ideal source that radiates equally in aJI direcLions. Although 
iL does not cxis1. in practice. ii. provides a convenient isotropic reference with which 
to compare other antennas. Because of its symmetric radiation. its Poynting vector 
will not be a function of the spherical coordinate angles 8 and cf,. In addition. it will 
have only a radial component. Thus the Lotal power radiated by it is given hy 

and the power densil.y by 

Wu = a,Wo = ar(
4
p

ru
",) 

'1Tr 

wh.ich is unifom1ly distributed over the surt·ace of a sphere of radius r. 

(2-10) 

(2-1 I ) 
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JR Chapter 2 Fundamental Parameters of Antennas 

2.4 RADIATION INTENSITY 
Radiation intensity in a given direction is defined as • 'the power radiated from ari 
antenna per unit solid angle." The radi.1tion intensity is a fur-lidd parameter. and it 
can be obtained by simply multiplying the radiation density by the s4uare of the 
distance. In nmthcmatical form it is express~d as 

lj = r
1

Wrml I 
where 

U = radiation inrcnsity (Wlunit solid angle) 

Wru.i = rndiatiun density ( W /m2
) 

1l1e radiation intensity is also related Lo the far-zone electric field of an antenna by 
1 , ,.- ,.-

UCO. cp) = - !E<r. ll, <bf = - l1E11(r. O. cbll 2 + JE",Cr. O. ,J,)!21 
2-r, 277 

where 

E ( r. IJ. c/>) 

= -:}- I I Ei(U. c/>)J'.! + I E~((I. cJ,) J1l 
-'YJ 

{' - 1,,, 

= far-zone ele.ctric field intensity or the antenna = E0
( O. c/,)­

r 

E,,, E,1, = far-zone electric field components of the a11tcnm1 

r, = intrinsic impedance of the medium 

Thus the power pattern is also a measure of the radiation intensity. 

(2-l 2aJ 

The total power is obtained by integrating the radiation intensity. as given by 
(2-12). over the entire solid angle of 471'. Thus 

P, .... , = ,.f( U dH = 1·:" (ir U sin O d0 elf/, 'jf o Jo 
u 

where dH = element of solid angle = sin 0 dfl d,t,. 

Example 2.2 

For the problem of Example 2.1. find the total radiated power using (2-13). 

SOLUTION 

Using (2-12) 

u = r 1
Wrml = Ao sin 0 

and by ( 2- 13 ) 

PrucJ = (!7r (r. U sin 0 c/8 deb = Au (
2

11" (" sin! 0 d0 d</) = 1T2A
0 Jo Ju · Jo Ji, 

(2-13) 
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2.5 Directivity 39 

which is the same as that obtained in Example 2.1. A three-dimensional plot of the 
relative radiation intensity is also represented by Figure 2.2. 

For an isotropic source. U will he independent of the angles 0 and q,, as was the case 
for Wnw. Thus (2-13) can be written as 

P .. 111 = # Vo dO = Vo# dO = 41rVo 
n u 

or the radiation intensity of an isotropic source as 

2.5 DIRECTIVITY 

V 
_ Prad 

0 -
417' 

(2-14) 

(2-15) 

In the 1983 version of the IEEE Standard De.fi11itio11s of Terms for A11te1111as, there 
has been a suhstantive change in the definition of directivity, compared to the definition 
of the 1973 version. Basically the term directivity in the new 1983 version has been 
used to replace the term directive gain of the old 1973 version. In the new 1983 
version the te1m directive gain has been deprecated. According to the authors of the 
new 1983 standards. "this change brings this standard in line with common usage 
among antenna engineer!-. and with other international standards. notably those of the 
International Electrotechnical Commission (IEC)." Therefore direcrivity of an an­
lemw defined as "the ratio of the radiation intensity in a given direction from the 
antenna to the radiation intensity averaged over all directions. The average radiation 
intensity is equal to the total power radiated by the antenna divided by 417'. If the 
direction is not specified. the direction of maximum radiation intensity is implied." 
Stated more simply. the directivity of a nonisotropic source is equal to the ratio of ils 
radiation intensity in a given direction over that of an isotropic source. In mathematical 
form. using (2-15). it can he written as 

U 41rV 
D=-=--

Uo Prw.J 
(2-16) 

lf the direction is not specified. il implies the direction of maximum radiation intensity 
{maximum directivity) expressed as 

D = directivity (dimensionless) 

D0 = maximum directivity (dimensionless) 

V = radiation intensity (W/unit solid angle) 

V111a~ = maximum radiation intensity (W/unil solid angle) 

U0 = radiation intensity of isotropic source (W/unit solid angle) 

P11111 = total radiated power (W) 

(2- I 6a) 
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40 Chapter 2 Fundamental Parameters of Antennas 

For an isotropic source, it is very obvious from (2-16) or (2-16a) that the directivity 
is unity since U. U,11:u, and U0 are all equal to each other. 

For antennas with orthogonal polarization components. we define the partilll 
directivity ,f cm anren11a for ll ~iven polllriwtion in a given direction as • 'that part of 
the radiation intensity corresponding to a given polarization divided hy the total 
radiation intensity averaged over all directions.'' With this definition for the partial 
directivity, then in a given uireclion ·'the total uirectivity is the sum of the partial 
directivities for any two orthogonal polarizations:· For a spherical coordinate system, 
the total maximum directivity D0 for the orthogonal Hand cJ, components or an antenm, 
can be written as 

while the partial directivities D,, and D<1, are expressed as 

4TrU11 Do=-------
(Prad)() + (P,ai.J),t, 

41rU,i 

where 

(2-17) 

(2-17a) 

(2-l 7b) 

U,7 = radiation intensity in a given direction contained in (:J field component 

U,t, = rauiation intensity in a given direction contained in cf> field component 

<Prad>t1 = radiated power in all directions contained in 0 field component 

(Prad),;, = radiated power in all directions contained in <p field component 

Example 2.3 

As an illustration. find the maximum directivity of the antenna whose radiation inten­
sity is that of Example 2.1. Write an expression for the directivity as a function of 
the directional angles O and ip. 

SOLUTION 

The radiation intensity is given by 

U = r 2
Wrud = Ao sin (I 

The maximum radiation is directed along fJ = r,/2. Thus 

Umax = An 

In Example 2.1 it was found that 

P,,..1 = 1r.!Ao 

Using (2- I 6u). we find that the maximum uircctivity is equal to 

4rrU11111 \ 4 
D0 = --- = - = 1.27 

Pr.id 7T' 
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2.5 Directivity 41 

Since the radiation intensity is only a function of 8, the directivity as a function of 
the directional angles is represented by 

D = D0 sin H = 1.27 sin 9 

Before proceeding with a more general discussion of directivity. it may be proper 
at this time to consider another example, compute its directivity, compare it with that 
of the previous example, and comment on what it actually represents. This may give 
the reader a better understanding and appreciation of the directivity. 

Example 2.4 

The radial component of the radiated power density of an infinitesimal linear dipole 
of length / < A is given by 

where A0 is the peak value of the power density. 8 is the usual spherical coordinate. 
and a, is the radial unit vector. Detcm1ine the maximum directivity of the antenna 
and express the directivity as a function of the directional angles 8 and </>. 

SOLUTION 

The radiation intensity is given by 

U = r 2W, = A0 sin2 fJ 

The maximum radiation is directed along 0 = 1r/2. Thus 

Umax = Ao 

The total radiated power is given by 

Prud = § U dB = Ao l~.,,. L.,,. sin2 0 sin 0 di} def> = A0 (
8t) 

II 

Using (2- l 6a). we find that the maximum directivity is equal to 

41rAo 
81T 

3 CAo) 

3 = -
2 

which is greater than 1.27 found in Example 2.3. Thus the directivity is represented by 

D = D0 sin2 H = 1.5 sin2 0 

At this time it will be proper to comment on the results of Examples 2.3 and 2.4. To 
better understand the discussion, we have plotted in Figure 2.8 the relative radiation 
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42 Chapter 2 Fw1damcn1al Parameters of Antennas 

J 

Figure 2.8 Three-dimensional rntliatitm intcn:-.1ty p:lllcrns. 
(SllvRt 1-.: P. Lurr::iin and D. R. Cor~on. Ef,•c1m111a~m•rir Fil'ftfs 
1111tl Wa1•e.1. 2nd ed .. W. H. Frcc111a_n anti Co. Copyrigh1 .i) 1970) 

intensities of l::.xample 2.3 ( U = A0 sin (}) and Example 2.-1 ( U = Au sin1 fJ) where 
Ao wn~ ~el equal Lo unity. We :-.ee that ho1h pauem~ are omnidiret.:tional hut that of 
Example 2.4 has more directional characteristics (is narrower) in the elcvalion plane. 
Since lhe Jiret.:tivity i1' a ·•figure-of-merit .. describing h\lW we ll the radiator c.lirei.:ts 
energy in a l:ert:1in uircc1ion. it :-.houlc.l be convincing from Figure 2.8 Lhat Lhe direc­
tivity of Example 2A shoukl he higher than lhat of Example 2.3. 

To dernun\trutc the :-.ignilit.:unt.:c of din.:ctivity. kt w, t.:on~ic.ler another ei\ampk; 
in parliculur let u.., ei\aminc the diredivity or a halJ-wuvelength uipole (I = >J2). 
which is derived in Section -t6 of Chapter 4 and can be approximated by 

D = D0 <;i11 ' 0 = l .67sin1 & (2-18) 

since it can he ,;hown that 

sin' /J == [ ""' (f co, o)] 1 

sin fl 
(2- I 8H) 

where e is measured from the axis along lhc length or the dipole. The values repre­
sented by (1-18) and those or <111 isoLropic source CD = I ) are ploueu two- and three­
dimensionally in Figure 2.91n.bl. For rhc three-dimensional graphical representation 
of Figure :!. 9(h). at each observation point only the largest value or the two directivities 
is ploucd. 11 is appurent that when sin 1( 1/ 1.67)111 = 57.44° < () < 112.56°. the 
dipole rmliator has greater directivity (greater intcn~ity concentration) in those direc­
tions than that or an isotropic source. Outside this range or ang les, 1he isotropic 
ratli..itor has higher tlirectivity (more inten~e radiut iun). Tht: maximum directivity of 
the dipole (rclurive to the isotropic radiator) occurs when O = 1rl2. and it is 1.67 (or 
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44 Chapter 2 Fundamental Parameters of Antennas 

2.23 dB) more intense than that of the isotropic radiator (with the same radiated 
power). 

The three-dimensional pattern of Figure 2.9(b), and similar ones. are indu<led 
throughout the book to represent the three-dimensional radiation characteristics of 
antennas. These patterns are plotted using software developed in 131 and 14]. and can 
be useu to visualiLe the three-uimcnsional ra<liation pattern or the anlenna. Many 
examples are demons(r..Ued in [4]. TI1e execucable parl of the computer progrnm of 
141 is incluue<l at the end of the chapter. courtesy of the authors Dr. Elshcrheni and 
Taylor. for use hy the reader. The threc.-<limensional program of 14]. along wiU1 the 
others, can be used effectively toward the design nnd synthesis of antennas. especially 
arrays. as <lemonstrated in 15 I an<l 161. 

The directivity of an isotropic source is unity since its power is rauiated equally 
well in all directions. For all other .,·m,rce.'i. the maximum directivity will always he 
,:rearer than unity, and it i.'i a relati11e • '.figure•<~fmerit ·' which gives an indication ,?f" 
the directional propertie.\' of the autemw m compared with tho,\·e <d' an isotmpic 
so11rn-. In equation form. this is indicatc<l in (2- I 6a). TI1e <lirectivity can he smaller 
than unity: in fact it cnn be equal to zero. For Examples 2.3 and 2.4, the directivity 
is equal to zero in tht: 0 = 0 direction. The i•ulues vf directi,•ity will he equal to or 
grenter than :.em and equal to or less than the maximum directfrity (0 s n s 0 11). 

A more general expression for the directivity cnn he developed to include sources 
with ra<liation patterns that may be functiuns of holh spherical coordinate angles f/ 
an<l </>. In the previous examples we considered intensities that were represcntc<l hy 
only one coordinate angle IJ. in order not to obscure the fundamental concepts hy the 
mathematical det,tils. So it may now be proper, since the basic definitions have been 
illustrated hy simple examples. to formulate the more general expressions. 

Let the radiation intensity of an antenna be of the form 

,/ I I •O ,/. 12 I O ,. 111 U = BoF((I, .,,) = 
211 

t f.fl((J, ..,,) + EJ,W, <,,> (2-19) 

where 80 is a constant, and E:J and EY, arc the antenna· s far-zone electric fiel<l com­
ponents. The maximum value of (2-19) is gi vcn hy 

Umax = Bo F( fl. <Mlm,,x = IJ., Fma\( fl. </>) 

The totul radiate(.) power is f'oun<l using 

# 12rr 1" Pru~ = U( 0, <b> d!1 = 811 F( tJ. c/>) sin 0 dO d</> 
0 0 

n 

<2- I 9ai 

(2-20) 

We now write the general expression for the directivity ,mu maximum directivity 
using ('.!-16) and (2-16a). respectively. as 

D(11, '1>) = 41r 12 rr f,. 
F( 0, cp) sin O dfJ d'1> 

0 U 

F( 0. <b) 

F( 0, cf,)!111:,~ Do = 4,,,...... _________ _ 

rrr f" F( 0, cf,) sin fl dtl d</, Jo Jo 

(2-21 l 

(2-22) 
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2.5 Directivity 45 

Equation (2-22) can also he writlen as 

(2-23) 

where .nA is the beam c;olitl ang le, nnd it is given by 

!l,1 = ~ I J,2 ,,. (" F(O. <I>) sin () d.fl dc/J = j·i .. ( 'IT F,,({j. </J) sin 0 d0 dcp 
F( f). ) lllllX fl J fl {) J () 

(2-24) 
F( 0, cf,) 

F,,( (), <b) = I 
F( v. </,) 111,IX 

(2-25) 

Dividing by F(0. cp)lma~ merely normalizes the radialion intensity F(0. </>). and it 
make!> its maximum value unity. 

/'he /Jea111 solid cmRle H :1 is defined as 1/ie solid a111:le throuxh v.1hich all 1/ze 
f'Oll 'f'I' ,f the cmten11a 1vmtld jiow ij' ils rodiatio11 i11Ie11si1y i., c:011sw111 ( lllld equal rv 
f ll(I 1110.rimum ml11t' <!t' U )./f>r all angll's 111irhi11 !l,1. 

2.5.J Directional Patterns 

lnstcm.l of using the exact expression of (2-23) Lo compute Lbe directivity. it ii,; often 
convenient Lo derivt! ~impler expressions. even if they are approximate. 10 compute 
th~ directivity. These can al:-o be used for design purposes. For antennas wi th one 
narrnw Lll,lior lobe and very negligible minor lobes. the beam solid angle is approxi-
111:uely equal tu Lite prm.luc.:t of Lhe half-power beamwiuths in two perpenc.licular planes 
l 71 shown in Figure 2.1 O(a). For a rotationally i,ymmetric r,atte111 . the half-power 

f:1) Nunsymmclrii:al paltem lhl Sym111cl1 icul t)ll ltem 

Figure 2. 10 Beam solid angles for non~ymmetrical and symmetrical ru­
uiation paucm~. 
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46 Chapter 2 Fundamental Parameters of Antennas 

beamwidths in any two perpendicular planes are lhe same, as illustrated in Figure 
2.IO(b). 

With this approximation, (2-23) can be approximated by 

(2-26) 

The beam solid angle n" has been approximated by 

(2-26a) 

where 

(-<)tr = hulf-power beamwidth in one plane (rad) 

f<) 2, = half-power beam width in a plane at a right angle to lhe other ( rad) 

If the bcamwidths arc known in degrcss, (2-26) can be written as 

(2-27) 

where 

(".l 1,1 = half-power beamwidlh in one plane (degrees) 

02,1 = half-power bcamwidth in a plane at a right angle to the other (degrees) 

For planar arrays, a better approximation to (2-27) is [3 J 

32,400 32,400 
Do= . , = ---

{lA(degreest f-) 1i101i1 
(2-27a) 

The validity of (2-26) and (2-27) is based on a pattern that has only one major 
lobe and any minor lobes, if present, should be of very low intensity. For a pattern 
with two identical major lobes, the value or the maximum directivity using (2-26) or 
(2-27) will be twice its actual value. For patterns with significant minor lobes. the 
values of maximum directivity obtained using (2-26) or (2-27), which neglect any 
minor lobes. will usually be too high. 

Example 2.5 

The radiation intensity of the major lobe of many antennas can be adequately repre­
sented hy 

U = 80 cos l:J 

where B0 is the maximum radiation intensity. The radiation intensity exists only in 
the upper hemisphere (0 < tJ < 1rl2. 0 s cf> ~ 21r). and it is shown in Figure 2.11. 
Find the maximum directivity using (2-26) or (2-27) and compare il with its exact 
value. 
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SOLUTION 

z 

Figure 2. 11 Radiation inten~ity panern 
of lhe form U = cm (I in the upper hemi­
i.pherc. 
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The half-power point of the pallcm occurs at 0 = 60°. Thus the beamwidth in the 0 

dLreclion is 120° ()r 

27T 
0, = ­, 3 

Since the pattern is independent of the <f, coordinate, lhe beamwidth in the other plane 
is also equal 10 

27i 
0, = -., 3 

The maximum directivity. using (2,26). is then equal 10 

4,, 9 
Do = , = - = 2.86 

(2r,/3)- r, 

Now lei us liml the exact value of the maximum directivity and compare the results. 

U = Bf) cos 0 

Umnx = Bo COS Olm,.\ = Bo 
? ,, 

Prml = r-" rm- B u co:-. 0 sin H d0 Jcp = Jo Jo 

f
r,12 

ProJ = r,Bll sin(28) d0 = r,80 
I 

J
rrf'!. 

27TB0 cos t-i sin O df) 
) 

011 
= 41rU111a~ = 41r80 = 4 

Pm.i 1r80 

(dimensionless) 
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The exact maximum direcLivity is 4 and its approximate value. using (2-26). is 2.86. 
Better approximations can he obtained if the patterns have much narrower beam­
widths. which will be demonstrated later in this section. 

Many times it is desirable to express the directivity in decibels (dB) instead of 
dimensionless quantities. The expressions for converting tl1e dimensionless quantities 
of directivity and maximum directivity to decihels (dB) are 

D(dB) = IO logwlD(dimensionlcss)I 

D0(dB) = to logiolD0(dimensionless)] 

(2-28a) 

(2-28b) 

lt has also been proposed 191 that the maximum directivity of an antenna can also 
be obtained approxim,llely by using the formula 

where 

l~o = ~ (~, + 1:J (2-29) 

Di = [ I 1<·>1,-12 ] = 
-- sin (ldll 
2 In 2 " 

D"!. = = 

[ 
I l <+2,12 ] 

-- sin Hdf} 
2 In 2 o 

16 In 2 
a, 
\'."'ljr 

16 In 2 

(~~,. 

(2-29a) 

(2-29h) 

(i-) 1,. und f-) 2,. arc the half-power beamwidths (in radians) of the £- and H-planes. 
respectively. The fommla of (2-29) will be referred to as the arithmetic mean of the 
maximum directivity. Using (2-29a) and (2-29b) we can write (2-29) as 

_I = _I -((")fr + ( .. )~,) = C,-)f ,. + (">t <2-JO) 
/)0 2 In 2 . 16 16 32 In 2 

or 

32 In 2 22.181 
Do = (it + (".lt flf,. + Ai,. (2-30a) 

(2-30b) 

where 0 1,1 and (:<)2,1 arc the half-power beamwidlhs in degrees. Equation ( 2-30a) is lo 
be contrasted with (2-26) while (2-30b) should be compared with (2-27). 

In order to make an evaluation and comparison of the accurncics of (2-26) and 
(2-30a). examples whose radiation intensities (power patterns) can be represented by 

0 ~ 0 < r,/2, 0 ~ q, ~ 27T 

elsewhere 
(2-31) 
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2.S Directivity 49 

where 11 = I - 10. 11.28. 15. and 20 are considered. The maximum directivities 
were computed using (2-26) and (2-30a) and compared with the exact values as 
obtained using (2-22). The results are shown in Table 2.1. From the comparisons it 
is evident that the error due to Tai & Pereira's fommla is always negative (i.e .. it 
predicts lower values of maximum directivity than the exact ones) and monotonically 
decreases as n increases (the pattern becomes more narrow). However. the error due 
to Kraus· formula is negative for small values of n and positive for large values of 11. 
For small values of 11 the error due to Kraus' formula is negative and positive for 
large values of 11: the error is zero when n = 5.497 = 5.5 (half-power bcamwidth of 
56.35°). ln addition, for symmetrically rotational patterns the absolute error due to 
the two approximate formulas is identical when 11 = 11.28. which corresponds lo a 
half-power heamwidth of 39.77°. From these observations we conclude that. Kraus· 
formula is more accurate for small values of 11 (broader patterns) while Tai & Percira·s 
is more accurate for large values of n (narrower patterns). Based on absolute error 
and symmetrically rotational patterns, Kraus' formula leads to smaller error for 
,r < 11.28 (half-power beamwidth greater than 39.77°) while Tai & Pereira's leads to 
smaller error for n > 11.28 (half-power beamwidth smaller than 39.77°). The results 
are shown ploned in Figure 2.12 for O < 11 < 450. 

2.5.2 Omnldlrectional Patterns 

Some antennas (such as dipoles, loops. broadside arrays) exhibit omnidirectional 
patterns. as illustrated by the three-dimensional patterns in Figure 2. 13 (a.b). As single­
lobe directional patterns can be approximuted by (2-31 ). omnidirectional patterns can 
often be approximated by 

U = lsin"(O)I O < fJ < 'TT', 0 !::: </> < 21T (2-32) 

where 11 represents both integer and noninteger values. The directivity of antennas 
with patterns represented by (2-32) c:.in be determined in dosed form using Lhe 

Table 2.1 COMPARISON OF EXACT AND APPROXIMATE VALUES OF MAXJMUM 
DIRECTIVITY FOR U = cos"tJ POWER PATTERNS 

Exact Kraus Tai and Pereira 
Equation Equation Kraus Equation Tai and Pereira 

n (2-22) (2-26) % Error (2-30a) % Error 

l 4 2.86 -28.50 253 - 36.75 
2 6 5.09 - 15.27 4.49 -25.17 
3 8 7.35 -8. 12 6.48 -19.00 
4 10 9.61 -3.90 8.48 - 15.20 
s 12 11 .87 -1.08 10.47 - 12.75 
6 14 14.13 +0.9J 12.46 - I 1.00 

7 16 16.39 + 2.48 14.47 -9.56 
8 18 18.66 +3.68 16.47 -8.50 
9 20 20.93 +4.64 18.47 -7.65 

10 22 23.19 +5.41 20.47 -6.96 
11.28 24.56 26.08 +6.24 23.02 - 6.24 
15 32 34.52 +7.88 30.46 -4.81 
20 42 45.89 +9.26 40.46 -3.67 
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Figure 2.12 Comparison of cxacr mid approximate value, of directivity for di­
rectional U = cns''IJ power patterns. 

dclinitiun or (2- I6a). However. as wa~ done- for the ~inglc- ll>hc pallern~ ur Figure 
2. 10. apprnximute directivity rormula~ have heen tlerived I 101.1111 for antennas wiLh 
omniclirectinmil patterns similar ro the ones shown in Figure 2.13 whn:-.e n1ain lobe i-; 
apprnximalt!<l hy (2-32).The approximate directivity formula for an omnidirectional 
pattern us a f'uncLion of the panern half-power beumwidth ( in degrct:s). whid, is 
reported by McDonald in I IOI. was derived based on the nirny factor or a broadside 
collinear ainy lsee Section 6.4.1 and (6-J8a)I and is given by 

101 
Du = -------------------

HPBW (degrees) 0.0027 IHPBW (Jegrees}f 
(2-.Da) 

However. that reported by Polill" in 11 11 i-. derived baset..l on the exact values obtained 
u!-.ing, (2-32) ant.I then repre1-enting. the ualu in dosec.J-form usjng curve-fining, and il 

is given by 

0 0 = - 172.4 + 191 y'0.818 + I /H PB W (degree-.) (2-33b) 

The approx imate fonnula of (2-3Ja) should. in general. be more accurate for omni­
dircction,11 patterns wi th mj nor lobes. as shown iu Figure 2. 13(aJ. while (2-J3b) shoulu 
he more accurate for omnidirectional pallerns with minor lohes of very low i111ensi1y 

(ideally nu minnr lobes), ar,; shovm in Figure 2. 13(b). 
The appn .. )xjmate formulas of (2-33a) ,rnd (2-33b) can be used to des ign onmiJi­

rccLionul antenna:-. with specified radiation pattern characterisIk~. To fucilital'e this 
procedure. 1hc directivi ty of antenna~ with omnidirectiomtl patterns approximated by 
(2-32) i:-. plotlt:c.l in Figure 2. 14 versus n anti the hall'-powt:r beamwidth (in degree~). 
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., 
1:11 Wirh rninnr l11h,·, 

1h1 Wilhnul minor lnl'IC, 

Figure 2. 13 Omnidirectional patterns with and without minor 
loht)s. 

y 

y 

Three curves are plotted in Figure 2. J 4; one using (2- I 6a) and referred as exact, one 
using (2-33a) and denoted as McDonald, and the third using (2-33b) and denoted as 
Powr. Thus. the curves of Figure 2.14 can be used for design purposes. as follows: 

a. Specify the desired directivity and determine the value of n and half-power 
beamwidth of the omnidirectional antenna pattern, or 

b. Specify the desired value of 11 or half-power beamwidth and determine the direc­
tivity of the omnidirectional antenna pallem. 

To demonstrate the procedure. an example is taken. 

Example 2.6 

Design an antenna with omnidirectional amplitude pallem with a half-power bean1-
width of 90°. Express its radiation intensity by U = sin"H. Determine the value of 11 

and attempt to identify elements that exhibit such a pattern. Determine the directivity 
of the antenna using (2- I 6a). (2-33a), and (2-33b). 
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Figure 2.14 Comparison of exact and approximate values of directivity for 
omnidirectional lJ = sin"O power pauems. 

SOLUTION 

~ 
'2 
:::::.= 

-~ ,. 
·:::i 

<.> 
:!: 
0 

Since lhe half-power hcamwidth is 90°, the angle at which the half-power point occurs 
is O = 45°. Thus 

U (0 = 45°) = 0.5 = sin"(45°) = (0.707)" 

or 

" = 2 

Therefore. the radiation intensity of the omnidirectional antenna is represented by 
U = sin1H. An infinitesimal dipole (sec Chapter 4) or a small circular loop (see 
Chapter 5) are two antennas which possess such a pattern. 

Using Lhe definition or (2-l 6a). the ex.act directivity is 

j•2r, ir, 87T 
Prnd = sin2 0 sin O dO de/> = 

() ti J 

47T 3 
Do = -- = 1 = 1. 761 dB 

81r/3 -

Since the half-power beamwidth is equal to 90°, then Lhe directivity based on (2-33a) 
is equal to 

D = IO I = 1 4825 
0 90 - 0.0027 (90)2 • 

l.71 dB 
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while that based on (2-33b) is equal to 

D0 = -172.4 + 191 V0.818 + 1/90 = 1.516 = 1.807 dB 

The value of n and the three values of the directivity can also be obtained using Figure 
2.14, although they may not be as accurate as those given above because they have 
to be taken off the graph. However, the curves can be used for other problems. 

2.6 NUMERICAL TECHNIQUES 

For most practical antennas, their radiation patterns are so complex that closed form 
mathematical expressions are not available. Even in those cases where expressions 
are available. their form is so complex that integration to find the radiated power, 
required to compute the maximum directivity, cannot be perfonned. lnstead of using 
the approximate expre.~sicms of Kraus. Tai and Pereira, McDonald or Pozar aJternale 
and more accurate techniques may be desirable. With the high-speed computer sys­
tems now available, the answer may be to apply numerical methods. 

Let us assume that the radiation intensity of a given antenna is separable, and it 
is given by 

U = B0 /(0) g(c/,) (2-34) 

where 80 is a constant. The directivity for such a system is given by 

(2-35) 

where 

(2-36) 

which can also be written as 

(2-37) 

If the integrations in (2-37) cannot be performed analytically, then from integral 
calculus we can write a series approximation 

(" N 
Ju /(0) sin 0 dO = ~ [{(01) sin O;] d01 

For N unifonn divisions over the 7T interval, 

7T 
A_(J. = -

I N 

(2-38) 

(2-38a) 
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0; (E4 . 2-38c>..___ 

81 (F.q. 2-38b) • - ·· 

X 

~/ ( l.'.q. :!-39c> 

0 

~1 IEq. 2-39b> 

: 

Figure 2.15 Digitization scheme of pattern in ~phcri• 
cal coordim1tcs. 

Referring I.O Figure .::?.J5. 0, can lake 1mmy uifferenl forms. Two schemes are shown 
in Figure 2.15 such that 

ur 

fl . = ;(11") 
I N' 

1T' 7r 
0, = - + (i - I) N' 

2N 

I. 2. 3 ..... N (2-38h) 

i = I. 2. 3 .. . .. N (2-38c) 

In the former case. H; is taken al the Lrailing edge of each <livision; in the latter case. 
fl; is selected at the middle of each division. The scheme that is more <lcsirahlc will 
depend upon the problem under investigation. Many other schemes are available. 

In a similar manner. we can write for Lhe <I> variations that 

(2-39) 

where for M uniform divisions 

(2-39a) 
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Again refen-ing to Figure 2.15 

c/>i = je:). j = I. 2, 3, .... M (2-39b) 

or 

21T 27T 
<PJ = ZM + (j - I ) M. j = I. 2. 3 .... , M (2-39c) 

Comhining (2-38). (2-38a). (2-39 ), and (2-39a) we can write (2-.~7) as 

P "' ~ s.,(;) ( ~) J, { g ( ~{t /! 9,J sin 9,]} (2-40) 

The double summation of (2-40) is perfom1ed by adding for each value of j 
(j = I. 2. 3 ..... M) all values of i (i = 1. 2. 3 ..... N ). ln a computer program 
flowchart, I.his can be performed by a loop within a loop. Physically. (2-40) can be 
interpreted by referring Lo Figure 2.15. It simply stales that for each value of g( cp) at 
the azimuthal angle cp = <f,1, the values of f(8) sin 8 are added for all values of lJ = 
8; (i = I, 2. 3, .... N). l11e values of fJi and </)1 can be determined by using either 
of the forms as given by (2-38b) or (2-38c) and (2-39b) or (2-39c). 

Since the fJ and <f, varia1ions are separable. (2-40) can also be written as 

(2-41) 

in which case each summation can be performed separately. 
If the 8 and cf> variations are not separable, and the radiation intensity is given by 

U = Bo F(EJ, </,) (2-42) 

the digital form of the radiated power can be written as 

(2-43) 

8; and 'Pi take different forms, two of which were introduced and are shown pictorially 
in Figure 2.15. The evaluation and physical interpretation of (2-43) is similar to that 
of (2-40). 

To examine the accuracy of the technique. two examples will be considered. 

Example 2.7(a) 

The radiation intensity of an antenna is given by 

U( EJ, </>) = { go sin O sin
2 

</>. 0 S (J S TT, Q S tp S 1T 

elsewhere 
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Dctennine the maximum directivity numerically by using (2-4 I) with fJ, and </,1 of 
(2-38b) and (2-39h), respectively. Compare it with the exact value. 

SOLUTION 

Let us divide the O and </> intervals e.ich into l 8 equal.Ii segmen1.1; ( N = M - 18 ). 
Since O < <J, s rr. then Ac/,, = -rr/M and (2--1-1) reduces to 

Prud = 80(!!_).![ f sin2 </,;] [ f sin2 tJ,] 
18 ,~1 1=1 

with 

fJ1 = i( ,:) = i( I0°), 

¢~; = .i( ,;) = j( I 00). 

= ] 1 2. 3 ..... 18 

.i = I, 2. 3 ..... 18 

Thus 

Pr.ill= Boc~r(sin-\10°) + sin2(20°} +. '. + sin2(18<J°)f 

Prn11 = 80c:r (9)
2 = 80(:2) 

41Tll11111x 41r 16 
/)I) = --- = -,- = - = 5.0929 

P rn.i 1T·l4 rr 

The exact value is given hy 

Prnd = Bo f~ sin2 ,f, d<f, J:~ sin2 H dfJ = ; (;) B11 = :

2 

80 

and 

4-rrUmnx - 47T = ~ = 5.0929 Do = -
1
:,-- ,

14 1T- • 1T rn<l 

Which is the same as the value obtained numerically! 

Example 2.7(b) 

Given the same radiation intensity as that in Example 2.7(a). determine the directivity 
using ('.!-41) with 0; and</,; of (2-38c) and (2-39c). 

SOLUTION 

Aguin using 18 divisions in each interval, we can write (2-41) as 

P r:111 = Bu(7T)~[ .f sin:! <Pi][£ sin~ fl;] 
18 ,- I 1 = I 
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wilh 

1T 1T 
O; = 

36 
+ (i - I) l8 = 5° + (i - I) 10°. i = I, 2. 3 .. . . , 18 

<P1 = !!_ + () - I ) !!... = 5° + U - I ) I 0° 
36 18 ' 

j = I. 2. 3 .... , 18 

Because of the symmetry of the divisions about the 0 = 1r/2 and cf> = 77/2 angles. 
we can write 

Pra.i = Bo(!!...)

2

[2 .± sin
2 cf>j] [2 .± sin

2 0;] 
18 1=1 ,=I 

Prad = Boc~r 4[sin2 (5°) + sin2 (15°) + ... + sin2 (85°)]2 

PrJJ = Boc:r 4(4.5,2 = Boc:r (81) = Bo( :2) 
which is identical to that of the previous example. Thus 

41rU111a~ 477 I 6 
Do = --- = 

77214 
= ,..,., = 5.0929 

Pru,I " 

which again is equal to the ex<1ct value! 

It is interesting to note that decreasing the number of divisions (Mand/or N) lo 9, 6. 
4. and even 2 leads lo the same answer. which also happens to be the ex.act value! 
To demonstrate as lo why the number of divisions does not affect the answer for this 
pattern, let us refer to Figure 2.16 where we have plotted the sin2 c/> function and 
divided the 0° :5 cp :5 180° interval into six divisions. The ex.act value of the directivity 
uses the urea under the solid curve. Doing the problem numerically. we find the area 
under the rect.tngles, which is shown shaded. Because of the symmetrical nature of 
the function. it can be shown that the shaded area in section # I (included in the 
numerical evaluation) b equal to the hlank area in section # I 1 (left out by the 
numerical method). The same is true for the areas in sections #2 and #21

• and #3 
and #3'. Thus. there is a one-to-one compensation. Similar justification is applicable 
for the other number of division!.. 

It should he emphasized that all functions. even though they may contain some 
symmetry. do not give the same answers independent of the number of divisions. As 
a matter of fact. in most cases the answer only approaches the exact value as the 
number of divisions is increased to a large number. 

A FORTRAN c<lmputer program called DIRECTIVITY has been developed to 
compute the maximum directivity of any c1ntenna whose radiation intensity is U = 
F( 8. </>) based on the formulation of (2-43 ). The intensity function F does not have 
to be a function of both tJ and <b. The numerical evaluations are made at the trailing 
edge. as defined by (2-38b) and (2-39b). The program is included at the end of this 
chapter. rt contains a SUBROUTINE for which Lhe intensity factor U = F(0. c/>) for 
the reyuired application must be spcdlicd by the user. As an illustration. the antenna 
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Figure 2.1 6 Digitized form of sin1 ,/, function. 

inlensi ty U = sin O sin1 
1/) hm, been inserted in the subroutine. In addi tion. the up­

per anc.J lower l imits llf 11 unc.l <b must be :..pecifiec.l for each applil:Ution ur the :same 
patte rn. 

2.7 GAIN 

Another ust::ful mea:..ure describing the performance or an antenna i:-, the ~ai11. Al­
though the gain of the antenna i:- closely relu1ed 10 the directiv ity. it is a measure that 
takes imo account lhe efficienL·y nf' the antenna as well as i ts directional capabilities. 
Remember lhat directivity is a measure lhat describes only the directional propcrtic~ 
of the antenna, anc.J it is therefore controlletl only by the palteru. 

Ahsoltlll' gain of an antenna (in a given direct ion) is defined as .. the ratio of the 
intensi ty. in a gi ven c.l irecLion. to tl1l' rndimion in tensity that would be obwrnec.l if the 
power accepted by the antenna were r.tc.li atcu is~llropically. The radiation inten:.iLy 
corresponding to Lhe isotropi(.;all y rndintcu power is equal ro the power al'cepred 
(input) by tJ1e antenna div ided by 47T ... In equation form tJ1is can be expressed as 

. radiaLion inLem,i1y U ( 0. </>) 
g.:un = 41r ---------=----- = 4'1T ---

total input (acc.;epted ) power P111 

(dimcnsinnle:-s) (2-44') 

l n most cases we deal wi th relari,·£• gain. which i:- defined as " the rati o of the 
power guin in a given direction to the power gain of a reference antenna in its 
rcforcncccl direction ... The power input must be the same for both antennas. TI1e 
rnfcrcnci..: antenna is usually a dipole, horn. or any other antenna whnsc gain can be 
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Figure 2.17 Reference tem1inals and losses of 
an antenna. 

2.7 Gain 59 

calculated or it is known. In most cases. however. the reference antenna is a lvssfoss 
isotropic snurce. Thus 

G = 41rU( 0, </>) 

P111 (lossless isotropic source) 
(dimensionless) (2-44a) 

Whe.11 the direction is not stated, rite power Rllin is usually taken in the direction 
of maximum radiation. 

Referring to Figure 2. I 7(a). we can write that the total radiated power (Prod) is 
related to the total input power (Pin) by 

(2-45) 

where e,.,1 is the antenna radiation efficiency (dimensionless) which is detined in 
Section 2.14 by (2-90). According to the IEEE Standards. "gain does not include 
losses arising from impedance mismatches (reflection losses) and polarization mis­
matches (losses)." In this edition of the book. we will adhere, in terms of standardi­
zation. to this definition. But in the earlier edition we included both impedance 
(reflection) and polarization losses in the definition of the gain. These two losses are 
defined, respectively. by the reftection (mismatch) efficiency in (2-51) und (2-52), and 
by the polarization loss factor (PLF) in (2-71 ). Both are very important losses and 
they need to be included in the link calculations of a communication system to 
determine the received or radiated power. even if they are not included in the present 
definition of gain. Using (2-45) reduces (2•44a) to 

[ 
U(6. cf,)] G<O. c/>) = e,.d 47r---

Prad 
(2-46) 
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which is related to the directivity of (2-21) by 

I G((I, </,) = e,,cJ D( 8, r/,) I (2-47) 

In a similar manner. the maximum value of the gain is related to the maximum 
direclivity by 

(2-47a) 

As was done with the directivity, we can define the partial gain of w1 amenna 
fnr a given polari:.ation in " given direction as "that part of the radiation intensity 
corresponding to a given polarization divided by the total radiation intensity that 
woulc.1 be obtained if the power accepted by the antenna were radiated isotwpically.'· 
With this definition for the partial directivity. then. in a given direction. "the total 
gain is the sum of the partial gains for any two orthogonal polarizations." For a 
spherical coordinate system. the total maximum gain G0 for the orthogonal O and cp 
components of an antenna can be wrillen, in a similar fonn as was the maximum 
directivity in (2- I 7)-(2- I 7b ). as 

Go= G,, + G.,, 

while the partial gains G11 and Gd, are ex.pressed as 

where 

G 
_ 41rU11 

fl -

P,,, 

(2-48) 

(2-48a) 

(2-48b) 

U O = radiation intensity in a given direction ctmtained in £,, field component 

U,J, = radiation intensity in a given direction contained in E,1> field component 

P1,, = total input (accepted) power 

For many practical antennas an approximate formula for the gain. corresponding 
Lo (2-27) or (2-27a) for the directivity. is 

(2-49) 

In practice, whenever the tenn "gain" i.c, used, it u.suaJJy refers to rhe maximum 
gain as defined by (2-47a). 

Usually the gain is given in terms of decibels instead of the dimensionless quantity 
of (2-47a). l11e conversion fonnula is given by 

G0(dB) = IO logioCe, Do (dirnensionlcss)J (2-50) 

2.8 ANTENNA EFFICIENCY 

The total antenna efficiency e., is used to take into account losses at the input term..inaJs 
and within the structure of the antenna. Such losses may he due, referring to Figure 
2. I 7(b), to 
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1. reflections because of the mismatch between the transmission line and the antenna 

2. fR losses (conduction and dielectric) 

In general. the overall efficiency can be written as 

where 

e0 = total efficiency (dimensionless) 

e, = reflection (mismatch) efficiency = ( I - lfl2
) (dimensionless) 

e, = conduction efficiency (dimensionless) 

ed = dielectril.: efficiency (dimensionless) 

(2-51) 

r = voltage reflection coefficient at the input terminals of the antenna [r = 
(Zio - Zu)/(Zio + Z0 ) where Zio = antenna input impedance, Zn = char­
acteristic impedance of the transmission line! 

Usually e.- aml e,1 are very diflkult Lo compute. but they can be determined 
experimentally. Even by measurements they cannot be separated. and it is usually 
more convenient to write (2-5 I) as 

(2-52) 

where e,.,1 = e,.e,1 = antenna radiation efficiency. which is used lo relate the gain and 
directivity. 

Example 2.8 

A lossless resonant half-wavelength dipole antenna. with input impedance of 73 ohms. 
is Lo be connected to a transmission line whose characteristic impedance is 50 oluns. 
Assuming that the pattern of the antenna is given approximately by 

U = 80 sinJ 8 

find the overall maximum gain of this antenna. 

SOLUTION 

Let us first compute the mnximum directivity of the antenna. For this 

Prad = f~11 f ~ U( 0. c/,) sin 0 dlJ dcp = 21r811 f ~ sin'1 8 d0 = B11 (
3
;~) 

Uma, 16 
Do= 41r--· = - = 1.697 

Prn.i 31r 

Since the antenna was stated to be lossless. then the radiation effkiency 

e,.,, = I 
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Thus, the total maximum gain. as defined in this edition and by IEEE. is equal to 

C11 = e,,1 /)0 = I ( 1.697) = 1.697 

G0(dB) = 10 log 111fl.697) ::;a; 2.297 

whid1 is identical to the directivity hecause the antenna is lossless. 
There is anlllher loss !'actor which is not taken into account in the gain. That is 

the loss due to reflection or mismatch losses between the antenna (load) and the 
transmission line. This loss is accounted for hy the reflection efficiency of (2-51) or 
(2-52). and it is equal to 

e. = u - /r/2) = (r -
73 

-
50 1

\ = o.965 
I 73 + 50 ' 

c•,.(dB) = 10 logw<0.%5) == -0.155 

Thus. the overall efficiency is 

c'o = e,,1,.,1 = 0.965 

C'o (dB) = - 0.155 

Thus. the overall losses are equal to 0.155 dB. 
The gain in dB can also he obtained by converting the directivity and radiation 

efficiency in dB and then adding them. Thus. 

c•,.~dB) = 10 lllgto (1.0) = 0 

0 0(d8) = 10log111 (1.697) = 2.297 

G0(dB) = e,.,1(dB) + Do (dB) = 2.297 

which is the same as obtained previously. 

2.9 HALF-POWER BEAMWIDTH 

The ha((-power beamwidrlr is defined as: "ln a plane containing the direction of the 
maximum of a beam. the angle between the two directions in which the radiation 
intensity is one-half the maximum value of the beam.'' Often the term beamwidth is 
used to describe the angle between any two points on the pattern. such as the angle 
between the I 0-<lB points. In this case the specific points on the pattern must he 
described to avoid confusion. However the term beamwiclth by itself is usually re­
v~riscd lo describe the 3-dB beamwidth. 

The beamwidth of the antenna is a very important figure-of-merit. and it often 
used to as a tradeoff between it and the si<lelobe level: that is. as the beamwidth 
decreases the sidelohe increases and vice versa. In addition. the bcamwidth of the 
anlenm., is also used to describe the resolution capabilities of the antenna to distinguish 
between two adjacent radiating sources or ra<lar targets. The most common resolution 
criterion states that the re..wluti<m capahility <fan antenna fr, diJtinguish between two 
.wmrce.\' is equal to lwlf the first null beamwidth ( FNBW/2), which is u.wwlly usnl to 
approximate Ille' ha(f-pmw'r hec1111wid1h (HPBW) [7), 112). That is. twll sources sep­
arated by angular distances equal or greater than FNBW/2 = HPBW of an antenna 
with a uniform distribution can be resolved. If the separation is smaller. then the 
antenna will tend to smooth the angular separation distance. 
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2.10 BEAM EFFICIENCY 

Another parameter that is frequently used to judge the quality of transmitting and 
receiving antennas is the beam e.fficie11cy. For an antenna with its major lobe directed 
along the :-axis ( 0 = 0). as shown in Figure 2.4(a). the beam efficiency (BE) is 
defined hy 

B 
power transrnilted (received) within cone angle 01 . . 

E = . (d1mens10nless) (2-53) 
power transmitted (received) by the antenna 

where 01 is the half-angle of the cone within which the pcrcenti:.lge of the total power 
is ro he found. Equation (2-53) can be written as 

(211" f 11' U( 0. c/>) sin O dO de/> 
Jo o 

BE = ----------

12
1T (

17 

U(O. <I>> sin fJ d0 d<b 
I Jo 

(2-54) 

If 01 is chosen as the angle where the first null or minimum occurs (see Figme 2.4), 
then the beam cfl'icicncy will indic::1te the amount of power in the major lobe compared 
to lhe total power. A very high beam efficiency (between the nulls or minimums), 
usually in the high 90s. is necessary for antennas used in radiometry. astronomy. 
radar. and other applications where received signals through the minor lobes must be 
minimized. The beam efficiencies of some typical circular and rectangular ,1perture 
antennas will be discussed in Chapter 12. 

2.11 BANDWIDTH 

The bandwidth of an antenna is defined as "the range of frequencies within which 
the performance of the antenna, with respect to some characteristic, conforms to a 
specified standard." The bandwidth can be considered to be the range of frequencies. 
on either side of a center frequency (usually the resonance frequency for a dipole). 
where the antenna characteristics (such as input impedance. pattern, beamwidth. po­
larization, side lobe level. gain. beam direction, radiation efficiency) are within an 
acceptable value of those at the center frequency. For broadband antennas. the band­
width is usua\\y expressed as the ratio of the upper-to-\ower frequencies of acceptab\e 
opcrntion. For example. a IO : I bandwidth indicates that the upper frequency is I 0 
times greater than the Lower. For narJ"owband antennas. the bandwidth is expressed 
as a percentage of the freL1uency difference (upper minus lower) over the center 
frequency of the bandwidth. For example, u 5% bandwidth indicates that the frequency 
difference of acceptable operation is 5% of the center frequency of the bandwidth. 

Because the characteristics (input impedance. pattern. gain. polarization. etc.) of 
an antenna do not necessarily vary in the same manner or arc even critically affected 
by the frequency. there is no unique characterization of lhe bandwidth. The specili­
cations are set in each case to meet the needs of the particular application. Usually 
lhere is a distinction made between pattern and input impedance variations. Accord­
ingly pc11tern bandwidth and impedcmce hw,dwidth are used to emphasize this dis­
tinction. Associated with pattern bandwidth are gain. side lobe level. beamwidth. 
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polarization, .uul beam direction while input impedance and radiation efficiency are 
related 10 impedance bundwidth. For example. the puuem of a linear dipole with 
overnll length less than a hc.11f-wavelength (/ < M2) is insensitive to frequency. The 
limiring factor for chis antenna is its impeuance. and ics handwiJcl1 can be formulated 
in terms of the Q. The Q of antennas or arrays with dimensions large compared lo 
the wavelength. excluding superdirectivc designs, is near unity. Therefore the band­
width is usually formulated in terms or beamwidth, side lobe level. and pattern 
characteristics. For intermediate length antennas. Lite bandwidth may be limited by 
either pallern or impedance variations. depending upon the parti'-=ular application. For 
these antennas. a 2 : I bundwh.hh indkates a good design. For others. large bandwidths 
are needed. Antennas with very lurge bandwidths (like 40 : I or greater) have been 
designed in recent years. These are known as .frequency i11dt'pt111dc11t antennas. and 
they are discussed in Chapter 11. 

The above discussion presumes that the coupling networks (transfomtcrs. baluns. 
etc.) and/nr the dimensions of the antenna are not altered in any manner as the 
frequency is changed. It is possible to increase the acceptable frequency range of a 
narrowband antenna if proper adjustmems '-=,tn be made un the critical dimensions of 
the antenna and/or on the coupling networks as the frequency is changed. Although 
not an e.isy or possible task in general, there are applications where this can be 
accomplished. The most common examples are the antenna of a car radio and the 
"rabbit ears" of a television. Both usually have adjustable lengths which can be used 
to tune the antenna for beller reception. 

2.12 POLARIZATION 

Polari:.atio11 rf an afllfmw in a given direction is defined as "the polarization or the 
wave tnmsmillcd (radiated) by the .mtenna. Note: When the direction is not stated. 
the polarization is taken to be the polarization in the direction of maximum gain ... In 
practice, polarization of the radiated energy varies with the direction from Lite center 
of the antenna. so that different parts of the pattern may have different polarizations. 

Polari:.atirm rf a radiated wal'e is deli ned as • 'that property of an electromagnetic 
wave describing the time vmying direction and relative magnitude of the electric-field 
vector: specifically. the figure traced as a function of time by the extremity of the 
vector at a fixed location in space. and the sense in which it is traced, a.'i observed 
along the direction cf propaglllio11 ... Polarization then is the curve traced by the end 
point of the am>w representing che instantaneous electric field. The field must be 
observed along the direction of propagation. A typical trace as a function of time is 
shown in Figures 2.18(a) and ('b). 

The polarization of a wave can be defined in tem1s of a wave radiated (tra11s­
mi1ted) or received by an antenna in a given dire'-=lion. The polarization of a wave 
radiated hy an antenna in a specilied direction al a point in the far field is defined as 
"the polarization of the (locally) plane wave which is used L<J represent the radiated 
wave at that point At any point in the far field of an antenna the radiated wave can 
be represented by a plane wave whose electric field strength is the same as that of the 
wave and whose direction of propagation is in Lite radial direction from the antenna. 
As the radial dist .. tnce approaches infinity. the radius of curvature of the radiated 
wave' s phase front also approaches infinity and thus in any specified direction the 
wave appears locally as a plane wave.'' This is a far-field characteristic of waves 
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Figure 2.18 Rotation of a plane electromagnelk 
wave and its polarization ellipi;e at z = 0 as a funclion 
of time. 

radiated by aJI practical antennas. and it is illustrated analytically in Section 3.6 of 
Chapter 3. The polarization of a wave received by an antenna is defined as the 
··polarization of a plane wave. incident from a given direction and having a given 
power flux density. which results in maximum available power at the antenna termin­
als." 

Polarization may be classified as linear. circular. or elliptical. 1f the vector that 
describes the electric field at a point in space as a function of time is always directed 
along a line. the fie.Id is said to be linearly polarized. In general. however. the figure 
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that the electric field traces is an ellipse. and the field is said to be elliptically polarized. 
Linear and circular polarizations are special cases of elliptical, and they can be 
obtained when the ellipse becomes a straight line or a circle. respectively. The figure 
of the electric field is traced in a clockwise (CW) or cmmrerclockwise (CCW) sense. 
Clockwise rotation of the electric field vector is designated as rif:ht-hand polari:.ati<m 
and counterclockwise as le.fr-hand polari:.ation. 

In general. the polarization characteristics of an antenna can be represented by 
its po/arization pattern whose one definition is • 'the spatial distribution of the polar­
izations of a field vector excited (radiated) by an antenna taken over its radiation 
sphere. When describing the polarizations over the radiation sphere. or ponion of it. 
reference lines shall be specified over the sphere. in order to measure the tilt tangles 
(see tilt angle) of the polarization ellipses and the direction of polarization for linear 
polarizations. An obvious choice. though by no means the only one, is a family of 
lines tangent al each point on the sphere to either the 0 or cf, coordinate line associated 
with a spherical coordinate system of the radiation sphere. At each point on the 
radiation sphere the polarization is usually resolved into a pair of orthogonal polari­
zations, the co-polarization and cross pnlari:ation. To accomplish this, the co-polar­
ization must be specified at each point on the radiation sphere." 

• 'For certain linearly polarized antennas. it is common practice to define the co­
polarization in the following manner: First specify the orientation of the co-polar 
electric field vector at a pole of the radiation sphere. Then, for all other directions of 
interest (points on the radiation sphere). require that the angle that the co-polar eleL:trk 
field vector makes with each great circle line through the pole remain constant over 
that circle, the angle being that at the pole.•· 

"ln practice, the axis of the antenna's main beam should be directed along the 
polar axis of the radiation sphere. The antenna is then appropriately oriented about 
this axis to align the direction of its polarization with that of the defined co-polarization 
at the pole." • 'This manner of defining co-polarization can be extended to the case 
of elliptical polarization by defining the constant angles using the major axes of the 
polarization ellipses rather than the co-polar electric field vector. The sense of polar­
ization (rotation) must also be specified." 

The polarization of the wave radiated by the antenna can also be represented on 
the Poincare sphere [7], [13]-116J. Each point on the Poincare sphere represents a 
unique polarization. The north pole represents left circular polarization. the south pole 
represents right circular. and points along the e(fuator represent linear polarization of 
different tilr angles. AJI other points on the Poincare sphere represent eHiptical polar­
ization. For details. see Figure 16.24 of Chapter 16. 

The polarization of an antenna is measured using techniques described in Chapter 
1.6. 

2.11.l Linear, Circular, and Elliptical Polarizations 

The instantaneous field of a plane wave. traveling in the negative z direction, can be 
written as 

(2-55) 

According lo (2-5). the instantaneous components are related to their complex counter­
parts by 
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l .,{:; () = RelE, - ejlbll ➔ k~11 = RelE:we.i""' + k: ➔ •l•.,J, 

= E t,,cos( ctJt + k:. + <f>r) 

''it,.(:: t) = Rel.El • ei'"'' f bl = Rer~me.ilult+k:+~y)I 

= Ew,COS( WI + k:. + </>\') 

(2-56) 

(2-57) 

where E.w and £ 1•11 are. respectively. the maximum magnitudes of the x and y com­
ponents. 

A. linear Polariw1io11 

For the wave to have linear polarization. the time-phase difference between the two 
components must be 

J</) = c/>1. - c/>., = ll7r, II - 0. l. 2. 3 ... . (2-58) 

8. Circular Polarization 

Circular plilarization can be achieved onl,v when the magnitudes of the two compo­
nents are the same and the time-phase difference between them is odd multiples of 
1'fl2. That is. 

I(€ ,I = l't,,I ~ E ,\(I = £,.,, 

= { + ( ½ + 211) 7T, 11 = 0. I. 2, . . , ~cp = cp,. - cp, I . 
-(2 + 211)1T. n = 0. I. 2 .... 

for CW 

for CCW 

(2-59) 

(2-60) 

(2-61) 

If the direction of wave propagation is reversed (i.e .. +:. direction). the phases in 
(2-60) and (2-61) fur CW and CCW rotation must be interchanged. 

C. Elliptical Polarization 

Elliptical poJarization can be attained only when the time-phase difference hetwecn 
the two components is odd multiples of Trl2 and their magnitudes are not the same 
or when the time-phase difference between tJ1e two components is not equal to 
multiples of 7T/2 (in-cspet:tive of their magnitudes). Thal is. 

or 

1•~.11 =I= 1'€..1,I ~ £., . ., # E.w• 

when AcfJ = <f,1• - <b., = { + <½ + 2u)'1T for CW 

11 = 0. I. 2.. . . - <! + 2n)7T for CCW 

II 
Acf, = <b1· - </>, =I= ± , '1T = { > o 

11 = 0. I, 2. J. . . . < 0 

for CW 

for CCW 

(2-62a) 

(2-62b) 

(2-63) 

(2-64) 

For elliptical polarization, the curve traced at a given position as a functjon of 
time is, in general. a tilted ellipse. as shown in Figure 2.18(b). The ratio of the nuuor 
axis to the minor uxis is referred to as the axial rntio (AR). and it is equal to 

major axis OA AR=_;.__ __ = 
minor axis OB· 

I ::5 AR< X (2-65) 
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where 

OA U {£~,. + £~,, + I~,, + t.~,, + 2£~,, 1:::,, cos(2d</>)l 112
}]

112 12-66) 

OB= [½lE~., + E~,. - IE;,,+ t.;.,, + 2£.~ .. t.~~ .. cos(2d</,)1 1
'
2
}]

112 (2-67> 

The tilt of the ellipse. relative to th£' y axis. is represented by the angle ; given by 

7r I 1 [ 2 £..,,£1.,, "_,. ] , = - - - tan , • ., cos(~"P) (2-68) 
2 2 £_;,, - E~,, 

When the ellipse is aligned with the principal axes I, = n-rr/2. 11 = 0. I. 2 .... J. 
the rm1jor (minor) axis is equal to E.w(t.~1.,.) or Ey0 (Ew> and the axial ratio is equal to 
Ewl E,,, or Em/l._·111 • 

SUMMARY 
We will summarize the preceding djscussion on polarization by stating the general 
characteristic~. and the 11ece.\·sa,:v a,ul sufficient conditions lhat the wave must have 
in order to possess linear. circular or elliptical polarization. 

Linear P"larization A ti111e-lwr11umic WcH't' is linearly polarized at tl ~ii•en point i11 
space (f the electric field ( or mag11etfr· field) vector at that point i.-. alway ... oril'nted 
along the same sm1i~ht lillt! at eve,:\' instant of time. This is accomplished if the field 
vector (electric or magnetic) possesses: 

a. Only one component, or 
b. Two orthogonal linear components t.hat arc in time phase or 180° (or multiples 

of 180°) out of phase. 

Circular Polarization A time-hamwnh' waV(' is circularly polari:.ed at a Riven poillf 
in space ~f 1/1e l'le,·tril' ( or magnetic) fidd vector at that point traces a circle as a 
.filllction cl time. 

The nece.\·sary wul suj]icient conditions to accomplish this are if the field vector 
( electric or magnetic) possesses all of the following: 

a. The field must have two orthogonal linear components. and 

b. The two components must have the same magnitude. and 

c. The two components must have a time-phase difference of odd multiples of 90°. 

The .\·e11se of rotation is always determined by rotating the phase-leadill,t< componeut 
toward the pha.,·t'-laggi11g cmnpmwnt and observing the .field rotation as the ivave is 
dewed £1J it trm·el.\· away from the ohsen•er. ff the mtatinn is rlockwi.w.>, the wave i.~ 
riglu-lumd ( or dock wise) circularly polarized: if the rotation is counterdock,rise, the 
w,1w1 i.\' h'.(t-lumd ( or cmmu,rclockwise) circularly polarized. The rotation oft he phase­
lemlin~ co1111)(}11ent toward the phase-lagging component should he done along the 
an}(ular .\'('JWratio11 between the two component.\' that i,'i less than 180°. Phases equal 
to or greater than 0° and le.\·s than 180° should be, considered leading 1rherea.\' those 
equal to or greater titan 180" and less than 360° .\·hou(d he considered tagging. 

Elliptical Polarization A tim,1-lumnn11ic wave is elliptically polari:.ed if the tip ,f the 
Jit'ld ,,ector ( electric or magnetic) tracl'.'i an elliptical locus in ,,;pace. Ar various 
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installfs rf time the field vector clwnges contimwusly with time m such a mallner w; 

to descri/Je an elli1>1irnl locus. It is righ1-lw11d ( c/ockwi.,·e) elliptically polarized ~{ the 
field vecwr rotates clockwise. and it is leji-lwml (counterclockwise) elliptically po­
larized {f the .field vector of the ellip!ie rotates cmmrerclockwise f 131. The sense of 
rotation is determined using the same rules as for the circular polarization. In addition 
to the sense of rotation. elliplkally polarized waves are also specified by their axi.d 
ratio whose magnitude is the ratio of the major to the minor axis. 

A wave is elliptically polarized if it is not linearly or drcularly polarized. Although 
linear 1111d circular polarizations are special cases of elliptical. usually in practice 
elliptical polarization refers to other than I incar or circular. The ,u,cessw:v and M~f{i­
ciem conditions to accomplish this are if the field vector (electric or magnetic) pos­
sesses all of the following: 

a. The field must have two orthogonal linear components. and 

b. The two components can be of the same or different magnitude. 

c. (I) If the two components are not of the same magnitude. the time-phase differ­
ence between the two components must not be 0° or multiples of 180° (because 
it wilJ then be linear). (2) If the two components are of the same magnitude. the 
time-phase difference between the two components must not be odd multiples of 
90° (because it will then be circular) . 

If the wave is elliptically polarized with two components not of the same mag­
nitude but with odd multiples of 90° time-phase difference. the polarization ellipse 
will not be tilted but it will be aligned with the principal axes of the field components. 
The major axis of the ellipse will align with the axis of the field component which is 
larger of the two. while the minor axis of the ellipse will align with the axis of the 
field component which is smaller of the two. 

1.11.2 Polarization Loss Factor and Effieieney 

In general. the polarization of the receiving antenna will not be the same as the 
polarization of the irn.'.oming (incident) wave. This is commonly stated as "polari1-ation 
mismatch.·· The amount of power extracted by the antenna from the incoming signal 
will not be maximum because of the pofarization loss. Assuming that the electric lield 
of the incoming wave can be written as 

(2-69) 

where p.,. is the unit vector or the wave. and the polarization of the electric field of 
the receiving antenna can be expressed as 

(2-70) 

where f>11 is its unit vector (polarization vector). the polarization loss can he taken into 
account by introdudng a polarization loss ft1ctor (PLF). It is defined. based on the 
polarization of the antenna in its transmitting mode. as 

PLF = lf>11 • f>,,12 = lcos ~,,,12 (dimensionless) (2-71 > 

where 1/11, is the angle between the two unit vectors. The relative alignment of the 
polarization of the incoming wave and or the antenna is shown in Figure 2.19. lf the 
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" p,.. 

" p,, 

Figure 2.19 Polarization unit veclors of inciJenL wave (p..,) 

and antenna (p.,), .ind polarization loss racwr (PLF). 

antenna is polarization matched. its PLF will he unity and the antenna will extract 
maximum power from the incoming wave. 

Another figure-of-merit that is used to describe the polarization characti:ristics of 
a wave and that of an antenna is the polari::.arion efficie/U:J (polaria1rion mismatch or 
loss factor) which is defined as .. the ratio of the power received hy an antenna from 
a given plane wave of arbitrary polarization to th~ power that would be received by 
the same antenna from a plane wave of the same power flux density and direction of 
propagation. whose state of polarization has heen adjusted for a maximum received 
power." This is similar lo the PLF and it is expressed as 

where 

1ft' • Eincj1 

/J,, = lfiflEi111-f 

t" = vector effe1:tive length of the antenna 

E;,,,- = incident electric field 

(2-71.1) 

The vector effective length ( , of the antenna has not yet been defined. and it is 
introduced in Section 2.15. It is a vector that describes the polarization characteristics 
of tbe antenna. Both the PLF and p,. lead to the same answers. 

The conjugate (*) is not used in (2-71 ) or (2-71 a) so thal a right-hand circularly 
polarized incident wave (when viewed in its direction of propagation) is matched to 
right-hand circularly polarized receiving antenna ( when its polarization is detem1ined 
in the transmitting mode). Similarly. a left-hand circularly polarized wave will he 
marched ro a lefl -hand dn:ularJy pol.1rize<l antenna. 

To illustrate the principle of polarization mismatch. two examples will be consid­
ered. 

Example 2.9 

The electric field of a linearly polarized clcctmmngnetic wave given hy 

E A £, ( \,, .. jk-
1 = a_,- ,0 x. y" , ' 

is incident upon a linearly polarized antenna whose electric field polarization can be 
expressed as 

Ell = (a_, + av)E(r. I). <J,) 

Find the polarization loss factor (PLF). 
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SOLUTION 

For the incident wave 

and for the antenna 

A l A A 

Po = \/2 (a.f + By) 

The PLF is then equal to 

PLF = If>.,.• p,,12 = la.,· 0 (a_, + a_,.)12 = ½ 

which in dB is equal to 

2.12 Polarization 7 I 

PLF{dB) = JO log111 PLF{dimensionless} = JO logw (0.5) = -3 

Even Lhough in Example 2.9 bolh the incoming wave and the antenna are linearly 
polarize<l. there is a 3-dB loss in extracted power because the polarization of the 
incoming wave is not aligned with the polarization of the antenna. Tf the polarization 
of the incoming wave is orthogonal to the polarization of the antenna. then there will 
be no power extracted by the antenna from the incoming wave and the PLF will be 
zero or - oc dB . In Figures 2.20(a,b) we illustrate the polarization loss factors (PLF) 
of two types of antennas; wires and apertures. 

We now want to consider an example where the polarization of the antenna and 
the incoming wave are described in terms of complex polarization vectors. 

Example 2.10 

A wave radiated by an antenna is traveling in the outward radial <lirection along the 
+ z axis. Its ra<liated field in the far-zone region is desctibed by its spherical com­
ponents, and its polarization is right-hand (clockwise) circularly polarized. This ra­
diated lield is impinging upon a receiving antenna whose polarization (in the trans­
mitting mode, which is the mode the antenna polarization should always be specified 
according to the definition of TEEE) is also right-handc<l (clo~kwise) circularly polar­
ized and whose polarization unit vector is represented by 

Ell = (a11 - }aq,)E(r. o. cb) 

Determine the polarization loss factor (PLF). 

SOLUTION 

The polarization of the right-hand circularly polarized wave traveling along the +:: 
axis is described by the unit vector 

A = ( 811 + jar/I) 
p.,. \/2 
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Figure 2.20 Pnlarinuion loss factors ( PLF) for aperture and linear wire antennas. 

while that of the antenna is represented by Lhe unit. vector 

~ ( a" - ja"') 
f)t1 = vi 

Therefore the polarizatil)n loss fa<.:tor is 

I 
PLF = IP11• • p,,12 = 41 j + 112 = I = 0 dB 

Sim:e the polarization or the incoming wave matches (including Lhe sense of rotation) 
the polarization of Lbe receiving antenna, lhcre <;hould not be any losses. Obviously 
the answer matches Lhe expectation. 

Based upon Lhe definitions of the wave transmi t.Led and rct:eived by an antenna, 
the polarization of an auteru1a in Lhe receiving mode is related to that in the 1runs­
mihing mode as follow:..: 

1. "ln Lhe same plane of polarization. the polarization el lipses have the same axial 
ratio, Lhe <;ame sense of polarization (rotation) and the same spatial orientation. 
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2. ·•Since 1heir senses of polarization and spalial orientation are specilied hy viewing 
their polarization ellipses in the respective directions in which they are propagat­
ing. one should note th,ll: 

a. Although their senses of polarization arc the same. they would appear to be 
opposite if both waves were viewed in the same direction. 

b. 171eir tilt angles are such that they are the negative of one another with 
respect to a common reference:· 

Since the polarization of an antenna will almost always be defined in its trans­
mitting mode. according to the IEEE Std 145-1983. "the receiving polarization may 
be used Lo specify the polarization characteristic of a nonreciprocal antenna which 
may transmit and receive arbitrarily different polariwtions. • • 

The polarization loss must always be taken into account in the link calculations 
design of a communication system because in some cases it may be ,1 very critical 
factor. Link calculations of communication systems for outer space explorations arc 
very stringent because of limitations in spacecraft weight. In such cases. power is a 
limiting consideration. The design must properly take into account all loss factors to 
ensure a successful operation of Lhe system. 

2.13 INPUT IMPEDANCE 

Input impt1da11ce is defined as "the impedance prescnteLI by an antenna at its tcnninals 
or the ratio of the voltage to curren1 at a pair of terminals or the ratio of Lhe appropriaLe 
components of the electric to magnetic tiekls al a point.·· In this sc<.:tion we are 
primarily interesLed in the input impedance al a pair of terminals which arc the input 
terminals of the antenna. In Figure 2.21 ( a) these terminals are designated as Cl-b. The 
ratio of the voltage to current al these terminals. with no load anached. Lletines the 
impedance of the antenna as 

I z" = R" + jX" 

where 

l,1 = anknna impedance ul terminals a-b (ohms) 

H .. 1 = antenna resistance at terminals a-b (ohms) 

X" = antenna re,\Cltmce al lerminal!- C1-b (ohms) 

In general the resistive part of (2-72) consists of two components; that is 

I R.-1 = R,. + RL I 
where 

H, = radiation resistance of the antenna 

RL = loss resistan<.:e of Lhe antenna 

(2-72) 

(2-73) 

The radiation resistance will he considered in mor~ detail in later chapters. and it will 
be illustrated with examples. 

If we assume that the antenna is uttachcd to a generator with internal impedance 

(2-74) 
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,,, t 

I 

Ge.ncrotor 
(Z,) 

Anrenna 

a 

" 

ca) Antenna m tran~mltting mode 

tl 
R1,. 

"• ~ 
R, 
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Figure 2.21 fran~mi lling nnrenna and iLs equivalent cir-
cui l:-. 

where 

R~ resi\tam.:e ut' gencralnr impedance 

Xq = renctru1ce of gencraInr impedance 

(ohms) 

(ohms> 

anti Lhe anIenna i.~ useJ in 1he lransmitling mode. we can represent lhe antenna and 
gcnernlnr by an equ ivalenl cin.:u i1* shown in Figure 2.2I(b). To linJ tile amount or 
power delivered w R,. for rncJiatinn and the amount dissipated in RL a:-: hc,ll (/ "Rd 2). 
we lIrst tinJ tJ1c current developed within the loop which is given by 

V 
(A) (2-75) 

•f"J Iii., ,·iri.:11i1 ,·an hl' Llsc:c.l to rcpreseru small ancJ ,imple arue,11ws. It cannot bl' used t'ur ttnlt!nnn, with 
l,1,,y dklc,·1r11.. or amc1111a, ol'cr los,y ground because 1hcir loss rcsist.ancc cunnot he rcprcscntcll in ..cric:-. 
\,l1h 1h,· l'lldi:1111)11 rc,btancc. 
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and its magnitude by 

1,111 = _____ l....,,.;~11'--I ___ --,-..,-,--,.,,, 
l(R,. t Rt t R11t + (XA + Xgt] -

(2-75a) 

where V11 is the peak generator voltage. The power delivered to the antenna for 
radiation is given by 

P. = ! J/ !2R = IV_,,,12 [ R, ] (W) (2-76) 
1 

2 .~ r 2 (R,. + R1. + R_J2 + (XA + X!/)2 

and that dissipated as heal by 

p = ! ll l!R - !Vi:l
2 

[ R,. ] ( W) 
1. 2 •11 1. - 2 <Rr + R,. + R1/ + (X" + Xi:)2 (l-7?) 

The remaining power is dissipated as hear on the internal resistance R~ of the generator. 
and it is given by 

p = IViJ:? [ R/l. ] (W) (2-78) 
R 2 <R, + R,. + R11)'!. + (X,\ + x_,>1 

The maximum power delivered Lo the antenna occurs when we have conjugate 
matching; that is when 

For this case 

Rr + Rt = R.~ 

XA = -Xg 

The power supplied by the generator during wnjugate matching is 

P = ! VI* = _!_ V [ Vg* ] = iV,i:12 [ I ] (W) 
.< 2 11 

' 2 g 2(Rr + R,.) 4 R, + R,. 

(2-79) 

(2-80) 

(2-8 I) 

(2-82) 

(2-83) 

(2-84) 

(2-85) 

Of the power that is provided by the generator. half is dissipated as heal in the internal 
resistance (R.~) of the generator and the other half is delivered to the antenna. This 
only happens when we have conjugate matching. Of the power Lhal is delivered to 
the antenna. part is radiated through the mechanism provided by the radiation resis­
tance and the other is dissipated as heat which influences part of the overall efficiency 
of the antenna. If the antenna i.-. lossless ( e,·d = l ). then hall' of the total power supplied 
by the generator is radiated by the antenna during conjugate matching. and the other 
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half is uissipated as heal in the generator. Thus. to radiate half of the available power 
through R, you must dissipate the other half .is heat in the generator through Rw These 
two powers are. respectively. analogous to the power transferred to the load and the 
power scanered by the antenna in lht! receiving modi.!. In Figure 2.21 it is assumed 
that the generator i!.-> directly connected tu the antenna. If there is a a transmission line 
hctwccn the two, which is usually the case, then 211 represents the equivalent impe­
dance or the generator transferred to the input tenninals of the antenna using the 
impedance transfer e4uation. If. in addition, the transmission line is lossy. then the 
available power to he radiated hy the antenna will he reduced hy the losses of the 
transmission line. Figure 2.21 (c) illustrates the Norton equivalent or the antenna and 
its source in the transmitting mode. 

The use of the antenna in the receiving mode is shown in Figure 2.22(a). The 
incident wave impinges upon the antenna, and it induces a voltage V7 which is 
analogous to ~~ of the transmitting mode. The Thevenin equivalent circuit of the 
antenna and its load is shown in Figure 2.22(b) and the Nonon equivalent in Figure 
2.22(c). The discussion for tht: antenna and its load in the receiving mode parallels 
that for the transmitting mode. and it will not be repeated here in detail. Some or the 
results will be summarized in order to discuss some subtle points. Following a pro­
cedure similar to that for the antenna in the transmitting mode, it can be shown using 
Figure 2.22 Lhat in the receiving mode under conjugate matching (R,. + R1_ = R,. and 
X:1 = -X.,.) the powers delivered to R-,.. R,. and R1. arc given. respectively. by 

P-r = IV,f [ R., ,] = 1Vrl2 ( I ) = IV11
2 

8 (R, + RLt 8 R, + RL 8R., 
(2-86) 

IV,12 [ R,. ] IV,f [ R, ] 
P,. = -2- 4(R, + R

1
) 2 = -8- (R, + R,/· (2-87 > 

1Vti1 [ R,_ ] P, = -- ,., 
• 8 (R,. + R,.t 

(2-88) 

while the induced (collecretl or captured) is 

P . = ! V,./f = ! V,. [ Vf ] = IV~2 ( I ) 
' 2 2 2(R,. + R,) 4 R,. + R,. 

(2-89) 

These arc analogous. respectively. to (2-81 )-(2-83) and (2-85). The power P, of 
(2-87) delivered to R,. is referred to as sc(lttered (or reradimed) power. It is clear 
through (2-86)- (2-89) that under conjugate matching or the total power collected or 
captured [Pc of (2-89)] half is delivered to the load R., [P7 of (2-86)1 and the other 
half is scauered or reradiatcd through R, (P,. of (2-87)] and dissipated as heat through 
R1_ IP,_ of (2-88)(. II' the losses are zero (R1_ = 0). then half of the captured power is 
delivered to the load and the other half is scattered. This indicates that in order to 
deliver half of the power to the load you must scatter the other half. This becomes 
important when discussing effective ec1uivalent areas and aperture efticiencies. espe­
cially for high directivity aperture antennas such as wave guides. horns, and reflectors 
with aperture efficiencies .is high as 80 to 90'¼. Apcnure efficiency (e,,,,) i~ detined 
by (2-100) and is Lhe ratio of the maximum effective area to Lhe physical area. The 
effective area is used to determine 1he power delivered to the load, which under 
conjugate matching is only one half of that intercepted: the other hau· is scattered and 
dissipated as heat. Fur a lossless antenna (R1 = 0) under conjugate matching. the 
maximum value of the effective area is equal to the physical area ( e.,,, = I) and the 
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Figure 2.22 Antenna and its cquivalem circuits in lhe 
receiving mode. 

scattering area is also equal to U1e physical area. Thui,, half of the power i" delivered 
lo the load and the olher half is seatLeretl. Using (2-86) to (2-89) we conclude that 
even though the aperture effkiem:it:~ are higher than 50% (they can be as lm·ge as 
100%) all of the power Lhat is captured by the antenna i" not delivered ro the load but 
it includes that wbicb is scattered plus uissipatetl a., heat by the antenna. The mosl 
that can be delivered to the load is only hull' of that captured and that is only under 
conjugate matching and lossless transmission line. 

The input impel.lance of aa antenna i!:> generally a funl.'lion or frequency. Thus the 
antenna wil l be matched to the interconnecting trani,,mii,,sion line and other associated 
equipment on ly within a bandwidth. In addition. the input impedance of rhe antenna 
depentb un many !"actor~ including i ts geometry, it!> method of excitation, and its 
proximity to surrounding objects. Because of their complex geometries. on ly a limited 
number of' prncrical antennas have been investigated ana lytil:ully. For many others, 
the input impedance has been determined experimeotaUy. 
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2.14 ANTENNA RADIATION EFFICIENCY 
The antenna efliciency that take!I. into account the reflection, conduction, and dielectric 
losses was discussed in Section 2.8. The conduction and dielectric losses of an antenna 
are very difficult to compute and in most cases they are measured. Even with meas­
urements. they are difficult to separate and they are usually lumped tugether to form 
the <'n/ efficiency. The resistance R1_ is used to represent the conduction-dielectric 
losses. 

The co11ductio11-dielectric efficiency e,,1 is defined as the ratio of the power deliv­
ered w the radiation resistance R, to the power delivf!red to R,. and Rv Using (2-76) 
and ( 2-77). the radiation efficiency can be written as 

e,.,I = [R ~ R ] 
l. r 

(dimensionless) (2-90) 

For a metal rod of length / and unifonn cross-sectional area A. the de resistance 
is given by 

I / 
RJc = -­

uA 
(ohms) (2-90a) 

If the skin depth Slc5 = Y2/(wµ.orr)I of the metal is very small compared Lu the 
smallest diagonal of the cross section of the rod. the current is con tined to a thin layer 
near the conductor surface. Therefore the high-frequency resistance can he written, 
based un a uniform current distribution, as 

R · = !_ R = !_ r;:;;;, (ohms) (2-90b) 
ht p ., p ✓~ 

where Pis the perimeter of the cross section of the rod (P = C = 21rb for a circular 
wire of radius b ). R., is the conductor surface resistance, w is the angular frequency. 
/J.<J is the permeability of free-space. and a- is the conductivity of the metal. 

Example 2.11 

A resonant half-wavelength dipole is made out of copper (CT= 5.7 X 107 S/m) wire. 
Detcnnine the conduction-dielectric (radiation) efficiency of the dipole antenna at 
.f = JOO MHz if the radius of the wire b is 3 X 10 4A, and the radiation resistance 
of the A/2 dipole is 73 ohms. 

SOLUTION 

At.f = 1ot-1 Hz 

v 3 X IOK 
'- - =3m 
I\ - f - 1011 -

A J 
/=-=-m 

2 2 

C = 2r,b = 277"(3 X 10-·1) A = 677' X 10- 4A 

INTEL-1045 
U.S. Patent 7,151,430



2.15 Antenna Vector Effective Length and Equivalent Areas 79 

For a A/2 dipole with a sinusoidal current distribution R1. = ½ Rhr where Rhf is given 
by (2-90b). See Problem 2.44. Therefore. 

I 0.25 
R,. = - Rhr = -----

2 67T X 10 4 

Thus. 

1r( IOK)(47T x Io ·· 1> 
--------7 -- = 0.349 ohms 

5.7 X 10 

73 
e,,c1 (dimensionless) = ---- = 0.9952 = 99.52% 

73 + 0.349 

e,.tl (dB) = 10 logw(0.9905) = -0.02 

2.15 ANTENNA VECTOR EFFECTIVE LENGTH 
AND EQUIVALENT AREAS 

An antenna in the receiving mode. whether it is in the form of a wire. horn. aperture. 
array. dielectric rod. ch.:., is used to capture (collect) electromagnetic waves anti to 
extract power from them, as shown in figures 2.23Ca) and (h). For each antenna. an 
equivalent length and a number of equivalent areas can then be tlelined. 

These t!quivalent quantities are used to describe the receiving characteristics of 
an antenna. whether it he a linear or an aperture type. when a wave is incident upon 
the antenna. 

2.15.l Vector Effecthe Length 

The effective kngth of an amenna, whether it be a linear or an aperture antenna, is a 
qu,mtity that is used to determine the voltage induced on the open-circuit terminals 
of the antenna when a wave impinges upon it. The vector effective length t,. for an 
antenna is usually a compkx vector 4u;.111Lity represented by 

(2-9 l) 

It should be noted that it is also referred to as the ejJective hdght. It is a far-field 
quantity and it is related to the .far-:,me field E,, radiated by the antenna. with current 
I;,, in its terminals, by I 131-1181 

. kl;,, t· -Jk.1· 
E" = a,if;" + a,,,£,1, = -.1'TJ 

4
- ,.e 

1T1" 
(2-92) 

The effective lt!nglh represents the antenna in its transmitting and receiving modes, 
and it is particularly useful in relating the open-circuit voltage V.,,. of receiving anten­
nas. This rclaLion can be expressed as 

where 

V,,,. = open-l:ircuit voltage at antenna terminals 

E' = inci<lent electric field 

I'.,, = vector effective length 

(2-93) 
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Oin:l"lion of 
pmp~ga1ion 

Figure 2.23 Uniform plane wave incidcm upon dipole and aperture an­
lcniws. 

In (2-93) V.,, can be thought of as the voltage induced in a linear antenna of length 
I = f,, when t,, and E1 are linearly polarized I l 9],f201. From the relation of 
(2-93) the c.lfective length of a linearly polarized antenna receil'ing a pla11t' wave i11 

a ,:i11e11 direclion is defined as ''the ratio of the magnitude of the open-circuit voltage 
developed at the terminals of the antenna to the magnitude of the electric field strength 
in the direction or the antenna polarization. Alternatively. the effective length is the 
length of a lhin straighr conductor oriented perpendicular ro the given direction and 
parallel to 1he antenna polarization. having a unifonn current equal to that ,tt r-he 
antenna tenninab and producing the same far-field strength as the antenna in that 
direction ... 

In addition. as shown in Section 2.12.2, the antenna vector effective length is 
used to determine lhc polarization efficiency of the antenna. To illustrate the usefulness 
of the vector effective length, let us consider an example. 
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Example 2.12 

The far-zone field radiated by a small dipole of length/< ,V)O and with a triangular 
current distribution, as shown in Figure 4.3, is derived in Section 4.3 of Chapter 4 
and it is given by (4-36a), or 

kl I - jkr 
A • ill e • 

E" = a,,JTJ --- sm 0 
81rr 

Detennine the vector effective length of the antenna. 

SOLUTION 

According to (2-92). the vector effective length is 

/) A / • 0 
t:,. = -a

112 
sm 

This indicates. as it should, that the effective length is a function of the direction 
angle 0. and its maximum occurs when (} = 90°. This tells us that the maximum 
open-circuit voltage at the dipole tenninals occurs when the incident direction of the 
wave of Figure 2.23(a) impinging upon the small dipole antenna is nonnal to the axis 
(length) of the dipole ( 0 = 90°). This is expected since the dipole has a radiation 
pattern whose maximum is in the 0 = 90°. In addition, the effective length of the 
dipole to produce the same output open-circuit voltage is only half (50%) of its 
physical length if it were replaced by a thin conductor having a uniform current 
distribution (it can be shown that the maximum effective length of an element with 
an ideal uniform current distribution is equal to its physical length). 

2.15.1 Antenna Equhalent Areas 

With each antenna, we can associate a number of equivalent areas. These are used to 
describe the power capturing characteristics of the antenna when a wave impinges on 
it One of these equivalent areas is the effective area (aperture), which in a given 
direction is defined as • 'Che ratio of the available power at the tenninals of a receiving 
antenna to the power flux density of a plane wave incident on the antenna from that 
direction, the wave being polarization matched to the antenna. If the direction is not 
specified. the direction of maximum radiation intensity is implied.•· In equation fonn 
it is written as 

where 

A~ = effective area (effective aperture) (m2) 

Pr = power delivered to the load (W) 

W; = power density of incident wave (W/m2
) 

(2-94) 
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The effective aperture is the area which when multiplied by the incident power 
density gives the power delivered to the load. Using the equivalent of Figure 2.22. 
we ~·an write (2-94) as 

A,. = !V,,f [ R~ ,] 
2W, ( Rr + R,. + Rr>- + (X,., + X,Y 

(2-95) 

Under conditions of maximum power transfer (conjugate matching). R, + R1. = R,. 
and XA = -X,., the effective area of (2-95) reduces to the maximum effective aperture 
given by 

!V,f [ R., ] IV,-12 [ I ] 
A,.,n = 8W; (R1. + R,f- = 8W, R,. + RL 

(2-96) 

When (2-96) is multiplied by the incident power density, it leads to the maximum 
power delivered to the lo.id of (2-86). 

All of the power that is intercepted, collected, or 1:c1pturcd hy an antenna is not 
delivered to the load, as we have seen using the equivalent circuit of r◄igure 2.22. In 
fact. under conjugate mulching only half of the captured power is delivercu to the 
load: the other half is scattered and dissipated as heat. Therefore to account for the 
scattered and dissipated power we need to define. in addition to the effective area. the 
.,•cafferin,i:. Im·.,· and caplllre equivalent areas. In equation form these can be defined 
similarly to (2-94)-(2-96) for the effective ,irea. 

The smllerin,: t1rea is delined as the equivalent area when multiplied hy the 
incident power density is equal to the scattered or reradiated power. Under conjugate 
matching thb is written. similar to (2-96), as 

/Vif [ R,. ] 
A_, = 8W

1 
<R1 + R,I~ (2-97) 

which when multiplied hy the incident power density gives the scattering power of 
(2-87). 

The loss area is defined as the equivalent area, which when multiplied by the 
incident power density leads to the power dissipated as heat through R,_. Under 
conjugate mntching this is written, similar to (2-96), as 

A - IVl [ RL ] (2-98) 
I. - 8W; (Rl + R,.)2 

which whem multiplied hy the incident power density gives the dissipated power of 
(2-88). 

Finally the rnpture area is defined as the equivalent area. which when multiplied 
by the incident power density leads to the total power captured. collected, or inter­
cepted by the antenna. Under conjugate matching this is written. similar to (2-96), as 

A,. = 1vr12 [Rr + R, + ~l.] (2-99) 
8W, (RL + R,.t 

When (2-99) is multiplied by the incident power density. it leads lo the captured 
power of (2-89). In general, the total capture area is equal to the sum of the other 
three. or 

Cap111re Area = Effective Area + Scal/ering Area + Loss Area 
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This is apparent under conjugate matching using (2-96)-(2-99). However, it holds 
even under nonconjugate matching conditions. 

Now that the equivalent areas have been defined, let us introduce the aperture 
efficiency Ear of an antenna. which is defined as the ratio of the maximum effective 
area A,,111 of the antenna to its physical area A1,, or 

A.,m maximum effective area 
E"" = A

1
, = physical area 

(2-100) 

For aperture type antennas. such a~ waveguides, horns. and reflectors, the maximum 
effective area cannot exceed the physical area but it can equal it {A,..,,, s; AP or O s; 
Ear< I). Therefore the maximum vulue of the aperture efficiency cannot exceed unity 
( 100 % ). For a lossless antenna (R1. = 0) the maximum vaJue of the scattering area 
is also equal to the physical area. Therefore even though the aperture efficiency is 
greater than 50%. for a lossless antenna under conjugate matching only half of the 
captured power is delivered to the load and the other half is scattered. 

We can also introduce a partial effective area of an antenna for a give11 polari­
wtio11 in a given direction. which is defined as ''the ratio of the available power at 
the tenninals of a receiving antenna to the power flux density of a plane wave incident 
on the antenna from that direction and with a specified polarization differing from the 
receiving polarization of the antenna.·· 

The effective area of an antenna is not necessarily the same as the physical 
aperture. 1t will be shown in later chapters that aperture antennas with constant 
amplitude and phase field distributions have maximum effective areas equal to the 
physical areas: they are smaller for nonconstant field distributions. In addition. the 
maximum effective area of wire antennas is greater than the physical area (if taken 
as the area of a cross section of the wire when split lengthwise along its diameter). 
Thus the wire antenna can capture much more power than is intercepted by its physical 
size! This should not come as a surprise. If the wire antenna would only capture the 
power incident on its physical size, it would be almost useless. So electrically, the 
wire antenna looks much bigger than its physical stature. 

To illustrate the concept of effective area, especially as applied to a wire antenna, 
let us consider an example. In later chapters. we will consider examples of aperture 
antennas. 

Example 2.13 

A uniform plane wave is incident upon a very short lossless dipole(/«: A), as shown 
in Figure 2.23(a). Find the maximum effective area assuming that the radiation resis­
tance of the dipole is R,. = 80( rrll A,2. and the incident field is linearly polarized along 
the axis of the dipole. 

SOLUTION 

For R1, = 0, the maximum effective area of (2-96) reduces to 

1Vrl
2 

[ 1 ] 
A,.,,, = 8W

1 
Rr 
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Since the dipole is very sho11. the induced current can be assumed to be constant and 
of uniform phase. The induced volti.lge is 

V.1 = El 

where 

V1 = induced voltage on the dipole 

E = electric field of incident wave 

I = length of dipole 

For a unifom1 plane wave. the incident power density can be written as 

E). 

W-=-
' 2,,, 

where 71 is the intrinsic impedance of the medium ( = 1207T ohms for a free-space 
medium). Thus 

A = (El)! = :u' = 0.119,\2 
,.,,, 8(£2/271)(801r2{2/,\).) 871' 

The above value is only valid for a l<Jssless antenna (the losses of a short dipole are 
usually significant). If the loss resistance is equal to the radiation resistance (R,_ = R,) 
and the sum of the two is equal to the load (receiver) resistance (R,. = R,. + R,_ = 2R,.). 
then the effective area is only one-half or the maximum effective area given above. 

Let us now examine the significance of the effective area. From Example 2.13. 
the maximum effective area ofa short dipole with/<< A was equal to A,,,,, = 0.119 ,\~. 
Typical antennas that fall under this category are dipoles whose lengths are / s ,\/50. 
For the purpose of demonstration, let us assume that / = A/50. Because A,.,,, = 
0.119,\1 = lw,. = (M50)w, .. the maximum effective electrical width of this dipole is 
w,, = 5.95,\. Typical physical diameters (widths) of wire!'I used for dipoles may be 
about wr = A/300. Thus the maximum effective width w .. is about 1785 times larger 
than its physical width. 

2.16 MAXIMUM DIRECTIVITY AND MAXIMUM 
EFFECTIVE AREA 
To derive the relationship between directivity and maximum effective area. the geo­
metrical urrangement of Figure 2.24 is chm;en. Antenna I is used as a transmitter and 
2 as a receiver. The effective areas and direl:tivities of each are designated as A,. A,. 
and D,. Dr- If antenna I were isotropic. its radiated power density at u distance R 
would be 

P, 
Wn = 41TR"!. (2-101 > 

where P, is the total radiated power. Because of the directive properties of the antenna, 
its actual density is 

P,D, 
W, = WoD, = 41TR2 (2-102) 
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Direction of propagation 
of wave 

- ------ R--------i 

-----i T ronsmJ11er Receiver 

Figure 2.24 Two antenna.s separated by a distance R. 

The power collected (received) by the antenna and transferred to the load would be 

(2- l 03) 

or 

P, z 
DA = - (47TR ) I ,- p 

l 

(2-103a) 

Tf antenna 2 is used as a transmitter, 1 as a receiver, and the intervening medium 
is linear, passive. and isotropic, we can write that 

P, ~ 
D,.A, = P, (4'7TR-) (2- 104) 

Equating (2-103a ) and (2- 104) reduces to 

0 1 0 1 -= -
A, A, 

(2- 105) 

Increasing the directivity of an antenna increases its effective area in direct 
proportion. Thus, (2-105) can be written as 

A,,11 A,.111 
(2-106) 

where A,,,. and A,,,, (D 01 and D0,.) are the maxim11m effective areas (directivities) of 
antennas 1 and 2, respectively. 

If antenna 1 is isotropic. then D 11, = I and its maximum effective area can be 
expressed as 

Am, 
A,,,,= -0 

Or 

(2-107) 

Equation (2- 107) states tbal the maximum effective area of an isotropic source is 
equal to the ratio of the maximum effective area to the maximum directivity of any 
other source. For example. let the other antenna be a very short(/ << A) dipole wbose 
effective area (0.l l 9A2 from Example 2.13) and maxi.mum direclivity ( 1.5) are known. 

INTEL-1045 
U.S. Patent 7,151,430



86 Chapter 2 Fundamental Parameters of Antennas 

The maximum effective area of the isOlrupic source is tht!n equal to 

A,.,,, 0.119A:- A:-
A,"' = -D = I c: = 4-

o,- ··' " 

Using (2-108), we can write (2-107) :.ts 

(2-109) 

In gt!neral then, the maximum e.lfectiire aperture <A,,111 ) of any antenna is related to its 
mt1xin111m directivity (D0 ) h_v 

(2-110) 

Tlrns, when (2-1 I 0) is multiplied hy the power density of the inddent wave it leads 
to the maximum power that can be delivered to the load. This assumes that there are 
no condudion <lickctric losses ( radiation l'fficiency e, ,1 is unity), the antenm, is 
matched to the load (reflection efficiency e, is unity). and the polarization of the 
impinging wave matches that of the antenna (polarization loss factor PLF and polar­
ization et'Jkiency p,. are unity). If there are losses associated with an antenna. its 
maximum effective aperture of <2-110} must be modified to account for conduction­
dielectric losses (radiation efficiency). Thus, 

(
A

2
) A,.111 = e..,1 4

1T Do 

The maximum value of (2-111 ) assumes that the antenna is matched to the load and 
the incoming wave is polarization-matched to the antenna. tr reflection and polari­
zation losses are also included, then the maximum effective area of (2-111) is repre­
sented by 

2.17 FRIIS TRANSMISSION EQUATION AND 
RADAR RANGE EQUATION 

(2-112) 

The analysis and design of radar and communications systems often require the use 
of the Friis Trm1smis,'iioll Equation and the Uadar Range Equation. Because of the 
importance f2 I J of the two equations. a few pages will be devoted for their derivation. 

2.17.1 Friis Transmission Equation 

The Friis Transmission Equation relates the power received to the power transmitted 
between two antennas separated by a distan<.'.e R > 2D:!./A, where D is the largest 
dimension of either antenna. Referring lo Figure 2.25. let us assume that the trans-

INTEL-1045 
U.S. Patent 7,151,430



2.17 Friis Transmission Equation and Radar Range Equation 87 

,., •• ~~ 

iP,. c,, o, ... ,.,r,, r,.p,1 R I 
------• Rcccivin[!. antenna 

(P,, G,, D,, t1,.J, .. r,. p,) 

Figure 2.25 Geometrical orientation of transmitting and receiving 
antennas for Friis transmission equation. 

milting antenna is initially isotropic. If the input power at the terminals of the trans­
mitting antenna is P,. then its isotropic power density "'<1 at distance R from the 
antenna is 

P, 
Wo = e, 41rR2 (2-113) 

where e, is the radiation efficiency of the transmitting antenna. For a nonisotropic 
transmitting antenna. the power density of (2-113) in the direction O,. <I>, can be written 
as 

P,G, ( 8,,</>,) P,D,( 8,,</>,) W - ----'-- - e ----'---
, - 41rR2 - I 41rR2 (2-114) 

where G,(H,. cf,,) is the gain and D,(8,, cb,) is the directivity of the transmitting antenna 
in the direction O,, cp,. Since the effective area A, of the antenna is related to its 
efficiency e, and directivity D, by 

A, = e,D, ( 0,.,</>,) (::) (2-115) 

the amount of power P, collected by the receiving antenna can be written, using 
(2-114) and (2-115') as 

A2 A2D,(0,.</>,)D,(8,.cf,,.)P, ,... ... I., 
P,. = e,D,.(O,,cp,) 

4
1T W, = e,e, (

4
1rR)2 P,. P, - (2-116) 

or the ratio of the received to the input power as 

P, A2D,(O,, cf,,)D,(8n</>;.) 
P, = e,e, (41rR)2 (2-117) 

The power received based on (2-117) assumes that the transmitting and receiving 
antennas are marched to their respective lines or loads (reflection efficiencies are 
unity) and the polarization of the receiving antenna is polarization-matched to the 
impinging wave (polarization Joss factor and polarization efficiency are unity). 1f these 
two factors are also included. then the ratio of the received to the input power of 
(2-117) is represented by 
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For reflection and polarization-matched antennas aligned for maximum directional 
radiation and reception. (2-118) reduces to 

(2-1 llJ) 

Equations (2-117 ). (2-118 ). or (2-119) arc known as the Frii.f Transmission Equa­
tion. and it relates the power P, (<leliverc<l to the receiver Load) lo the input power of 
1he transmitting antenna P,. The 1erm ( A/4-rrR)2 is called the .fi"ee-spac·,, lo,\',\. factor, 
and it takes into account the losses due to the spherical spreading of the energy hy 
the antenna. 

2.17.2 Radar Range Equation 

Now let us assume that the transmilled power is incident upon a target. as shown in 
Figure 2.26. We now introduce a quantity known as the radar cross section or echo 
area (c.r) of a target which is defined a.'> the t1rea imercepting that w11m1111 of poll'er 
which, when .w-anaed isotropically, pmdtW<'.\' at the receiver a density which i.\· eq1wl 
to that .\·cartert'd hy thl' act11al target [ 13 ]. In equation forn, 

• [ uW,] l11n --~ = W, 
R- •, 41rR-

(2-120) 

or 

[ 
1 W,] ,r = lim 41rR- - · = 

N .,.:--., W; 
(2-120a) 

where 

,r = radar cross section or echo area (1111> 

R = observation distance from target (m) 

w, = incident power density (W/m1 ) 

w, = scattered power density (W/m2) 

E' (E"') incident (scallered) electric field (V/m) 

H' CW) = incident (scattered) magnetic field (Alm) 

Any of the definitions in (2-120a) can be used to derive the radar cross section of any 
antcnn.1 or l<lrget. For some plllarization one of the definitions hased either on the 
power density, electric field. or magnetir field 1m1y simplify the derivation, although 
all should give the same answers 113 J. 

Using the <lclinition of radar cross section, we can consider that the transmitted 
power incident upon the target is initially captured and then it is reradiatcd isotropi­
cally. insofar as the receiver is concerned. The amount of captured power P,. is 
obtained by multiplying the incident power density of (2-114) by the radar cross 
section " · or 

P,. = rrW, 
P,G,(0,.¢,> 

= tT 
4r.Rf 

P,D,( 8,.c/,,) 
= e1<T ,, 

41rRj 
(2-121) 
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Trm1sm1tun~ antenna 

U',. G,, D1, "cd,, fr P,I 

Receiving umcnnn 
11: .. G, .. D,. "<I'" r,. P,l 

Targeta 

Figure 2.26 Geometricnl arrangement of transmitter. target. and 
receiver for rndar r:uige equation, 

The power captured by the target i s reracliated isotropically. and tJ1e scattered 
power density can be w ritten as 

I', P,D,(0, ,<b,) 
Ws = --? = ect1,<r , 

4r,R2 (4r,R 1R~t 
(2- 122) 

The urnount or power delivered to the receiver load is given by 

_ W _ , P,D,(0,.cp,)D ,(O,.q.,, ) ( A )
2 

P, - A, ' - e,.,1,e,.,1,<T 4 4 R R 
7T 7T I 2 

(2- 123) 

where Ar is the effecti ve area of the receiving antenna as detiued by (2- 11 5). 
Equation (2- 123) can be written as the ratio or Lhe received power w Lhe input 

power, or 

(2-12-4) 

Expression ('2-124) is used to relate Lhe received power to lhe input power, and i t 
take:, into account only concluction-diekcLric losses (radiation efficiency) of the trans­
mitting and receiving antennas. It does not include reflection losses (reflection effi­
ciency) and polarization losses (polarization loss factor or polarization efficiency). If 
these two losses are also included. then (2-1 24) must be expressed as 

where 

p.,, = polarization unit vec.: tor of the scattereu waves 

p, = polarization unit vector of the rei.;eivlng antenntl 

(2- 125) 
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For polarization-matched antennas aligned for maximum direction.ii radiation and 
reception, (2-125) reduces to 

(2-126) 

Equation (2-124), or (2-125) or (2-126) is known as the Radar Range Eq11C1Tion. II 
relate~ the power P, (delivered to the receiver load) to the input power P, transmillcd 
by an .intcnna. after it has been scattered by a 1arget with a radar cross section (echo 
area) of er. 

Example 2.14 

Two /o,\·sle!J.'S X-band (8.2-12.4 GHz) horn antennas are separated by a distance of 
100.-\. The reflection coefficients at the terminals of the transmitting and receiving 
antennas are 0.1 und 0.2. respectively. The maximum directivities of the transmitting 
and receiving antennas (over isotropic) are 16 dB and 20 dB, respectively. Assuming 
that the input power in the lossless transmission line connected to the transmitting 
anlenna is 2 W. ,ind the antennas are aligned for maximum radiation between them 
and are polarization matched. find the power delivered lO the load of the receiver. 

SOLUTJON 

For 1his problem 

e,.t1, = e,.,,, = because antennas are lossless. 

IA A I" P, • Pr - = 
D, = 
D,. = 

Do, -
Do,. = 

because antennas are polarization matched 

Do, } because antennas are aligned for 

D0 ,. maximum radiation between them 

16 dB :..;; 39.81 (dimensionless) 

20 dB o 100 (dimensionless) 

Using (2-125). we can write 

P, [I - (0.lilll - (0.2)1llA/4r.(I00A)fC39.8l)(l00)(2) 

= 4.777 mW 

2.17.3 Antenna Radar Cross Section 

The radar cross section, usmtlly referred to as RCS, is a far-field parameter. which is 
used to characterize the scattering properties of a radar target. For a target. Lhere is 
monnstalic or hacksrn11,,ring RCS when the transmitter and re1.:eiver of Figure 2.26 
are al the same location. and a bistatic RCS when rhe transmitter and receiver .ire not 
al the same 101.:mion. In designing low-observable or low-profile (stealth) targch, it is 
the parameter that you attempt to minimize. For complex targets (such as aircraft. 
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spacecraft. missiles. ships. tanks. automobiles) it is a complex parameter to derive. In 
general. the RCS of a target is a function of the polarization of the incident wave, the 
angle of incidence. the angle of observation. the geometry of the target. the electrical 
properties of the target, and the frequency of operation. The units of RCS of three­
dimensional targets are meters squared (m2

) or for normalized values decibels per 
squared meter (dBsm) or RCS per squared wavelength in decibels (RCSl>..1 in dB). 
Representative values of some typical targets are shown in Table 2.2 [221. Although 
the frequency was not stated, these numbers could be representative at X-band. 

The RCS of a target can be controlled using primarily two basic methods: shaping 
and the use of materials. Shaping is used to attempt to direct the scattered energy 
toward directions other than the desired. However, for many targets shaping ha,;; to 
be compromised in order to meet other requirements. such as aerodynamic specifi­
cations for flying targets. Materials is used to trap the incident energy within the target 
and to dissipate part of the energy as heat or to direct it toward directions other than 
the desired. Usually both methods. shaping and materials. are used together in order 
to optimize the performance of a radar target. One of the "golden rules" to observe 
in order to achieve low RCS is to ''round corners, avoid flat and concave s111.faces. 
and use material treatment in flare spots.'· 

There are many methods of analysis to predict the RCS of a target [131, (221-
(331, Some of them are full-wave methods, others are designated as asymptotic meth­
ods. either low-frequency or high-frequency, and some are considered as numerical 
methods. The methods of analysis are often contingent upon the shape. size, and 
material composition of the target. Some targets, because of their geometrical com­
plexity, are often simplified and are decomposed into a number of basic shapes ( such 
as strips. plates. cylinders, cones. wedges) which when put together represent a very 
good replica of the actual target. This has been used extensively and proved to be a 
very good approach. The topic is very extensive to be treated here in any detail. and 
the reader is referred to the literature [ 13]. [22]-[33]. There is a plethora of references 
but because of space limitations, only a limited number is included here to get the 
reader started on the subject. 

Table 2.2 RCS OF SOME TYPICAL TARGETS 

Typical RCSs [221 

Object RCS (m2
) RCS (dBsm) 

Pickup truck 200 23 
Automobile 100 20 
Jumbo jet airliner 100 20 
Large bomber or 

commerc.:iaJ jet 40 16 
Cabin cruiser boat 10 10 
Large fighter aircraft 6 7.78 
Small fighter aircraft or 

four-passenger jet 2 3 
Adult male I 0 
Conventional winge<l 

missile 0.5 -3 
Bir<l 0.01 -20 
Insect 0.00001 -50 
A<lvunce<l tactical lighter 0.000001 -60 
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Antennas individually are radar targets which many exhibit large radar cross 
section. Jn many applications. antennas are mounted on the .surface of other complex 
targets (such as aircraft, spacecraft. satellites. missiles. automobiles) and become part 
of the overall radar target. In such configurations. many antennas. especially aperture 
types (such as waveguides, horns) become large contributors to the total RCS. mon­
ostatic or bistatic. of the target. Therefore in designing low-ohscrvable targets. the 
antenna type. location and contributions become an important consideration of the 
overall design. 

The scattering and transmitting (radiation) characteristics of an antenna are related 
j34J-l36], There are various methods which can be used lo analyze the fields scattered 
by an antenna. The presentation here parallels that in f2.3]. f.37]-l40l. In general the 
elei:tric field scattered by an antenna with a load impedance z,. can be expressed by 

E''(Z,) = E'(O) - ~ z,. E' 
- I, Z1. + 211 

(2-127) 

where 

E'(Z1.) == electric field scattered by antenna with a load Z1. 

R' (0) = electric field scattered by short-circuited antenna (Z,. = 0) 

I., = shon-circuited current induced by the incident field on the antenna 
with z,. = o 

I, = antenna current in transmitting mode 

ZA = R,1 + jX,, = antenna input impedance 

E' = electric field radiated by the antenna in transmitting mode 

By defining an antenna reflection coefficient of 

r - Zi - ZA 
A - z,. + z" 

the scattered field of (2-127) can be written as 

I~ I 
E-'<ZtJ = E'(O) - t, 2o + rA)E' 

(2-128) 

(2-129) 

Therefore according to (2-129) the scattered field by an antenna with a load z,. is 
equal to the scattered field when the antenna is short-circuited (Z,. = 0) minus a term 
related to lhe reflection coefficient and the field transmitted by the antenna. 

Green has expressed the field scattered by an antenna terniinated with a load z,. 
in a more convenient form which allows it to be separated into the structural and 
ame,m" mode sc,ittering terms [231. f37J-l401. Thi,,,; is accomplished by assuming thal 
the antenna is loaded with a conjugate-matched impedance <Z1. = z=:u. Doing this 
generates using (2-127) another equation for the field scattered by the antenna with a 
load z,. = ~- When this new equation is subu·acted from (2-127) it eliminates the 
short-circuited scattered field. and we can write that the field scattered by the antenna 
with a load Z,.is 

(2-130) 

(2-130a) 
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where 

E''(Zi.) = electric field scattered by the antenna with load ZL 

E-' (Z~) = electric field scattered by the antenna with a conjugate-matched load 

/(21') = current induced by the incident wave at the temlinals matched with a 
conjugate impedance load 

f* = conjugate-matched reflection coefficient 

z,_ = load impedance attached to antenna terminals 

For the short-circuited case and the conjugate-matched transmitting (radiating) 
case. the product of their currents and antenna impedance are related by [341 

(2-131) 

where !!, is the scattering current when the antenna is conjugate-matched (Z1. = ~). 
Substituting (2-131) into (2-130) for Is reduces (2-130) to 

!* 
Es (Z ) = E·'· (Z*) - -2!! f*E1 

I. A I 
I 

(2-132) 

It can aJsCl be shown that if the antenna is matched with a load ZA (instead of~). 
then (2-132) can be written as 

I 
K~<Zi> = E-f<ZA> - ...!!!. rAE1 

I, 
(2-133) 

Therefore the field scattered by an antenna loaded with an impedance z,. is related 
to the field radiated by the antenna in the transmitting mode in three different ways, 
as shown by (2-129). (2-132). and (2-133). According to (2-129) the field scattered 
by an antenna when it is loaded with an impedance Z1. is equal to the field scattered 
by the antenna when it is short-circuited (21. = 0) minus a term related to the antenna 
reflection coefficient and the field transmitted by the antenna. In addition, according 
to (2-132) the field scattered by an antenna when it is terminated with an impedance 
21. is equal to the field scattered by the antenna when it is conjugate matched with an 
impedance Z~ minus the field transmitted (radiated) times the conjugate reflection 
coefficient. The second term is weighted by the two currents. Alternatively, according 
to (2-133 ). the field scattered by the antenna when it is terminated with an impedance 
z,_ is equal to the field scattered by the antenna when it is matched with an impedance 
Z,\ minus the field transmitted (radiated) times the reflection coefficient weighted by 
the two currents. 

In (2-132) the first term consists of the structural scattering term and the second 
of the a11te1111a mode scattering term. The struc:rural scattering term is introduced by 
the currents induced on the surface of the antenna by the incident field when the 
antenna is conjugate-matched, and it is independent of the load impedance. The 
antenna mode scattering term is only a function of the radiation characteristics of the 
antenna. and its scattering pattern is the square of the antenna radiation pattern. The 
antenna mode depends on the power absorbed in the load of a lossless antenna and 
the power which is radiated by the antenna due to a load mismatch. This term vanishes 
when the antenna is conjugate-matched. 

From the scattered field expression of (2-129), it can be shown that the total radar 
cross section of the antenna terminated with a load Zi can be written as (40) 

(2-134) 
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where 

rr = total RCS with antenna tenn,nated with Zt 

<r' = RCS due to structural term 

u" = RCS due to antenna mode tenn 

<I>, = relative phase between the structural and antenna mode tenns 

If the antenna is short-circuited (f11 = - I), then according to (2-134) 

O' short = <r'' 

lf the antenna is open-circuited (f,1 = + 1 ), then according lo (2-134) 

<Topcn = I~ - 2~e.i¢,12 = O'rcs1du11l 

Lastly. if the antenna is matched ZL = Z11 <I',1 = 0), then according to (2-134) 

(2-137) 

Therefore under matched conditions. according to (2-137 ), the range of values 
(minimum to maximum) of the radar cross section is 

lu.- - u"I :::; <T < lcr'· + rr"I (2-138) 

The minimum value occurring when the two RCSs are in-phase while the maximum 
occurs when they are out-of-phase. 

Example 2.15 

The structural RCS of a resonant wire dipole is in-phase and in magnitude slightly 
greater than four times that of the antenna mode. Relate the short-circuited, open­
circuited and matched RCSs to that of the antenna mode. 

SOLUTION 

Using (2-135) 

Using (2-136) 

(Tnpcn = 2<Tantcnnu(O) = 0 or very small 

The matched value is obtained using (2-137), or 

<T111111ch = U,m1,•nn:1 

To produce a zero RCS, (2-134) must vanish. This is accomplished if 

Re( f 11) = - I + cos q,,~ 
Im( f 11 ) = -sin c/>,.~ 

(2-l 39a) 

(2-139b) 

INTEL-1045 
U.S. Patent 7,151,430



2.17 Friis Transmission Equation and Radar Range Equation 95 

Assuming positive values of resistances, the real value of rA cannot be greater than 
unity. Therefore there are some cases where the RCS cannot be reduced to zero 
by choosing ZL. Because ZA can be complex, there is no limit on the imaginary part 
Of fA. 

In general, the structural and antenna mode scattering terms are very difficult to 
predict and usually require that the antenna is solved as a boundary-value problem. 
However. these two terms have been obtained experimentally utilizing the Smith chart 
(37)-(391. The toLal radar cross section u;.1 of the antenna for any i.j receiver-trans­
mitter polarization combination can be represented by 

where 

G0, = gain of the receiving antenna 

G01 = gain of the transmitting antenna 

P; = polarization efficiency of the receiving antenna 

P1 = polarization efficiency of the transmitting antenna 

A,,J = complex parameter independent of the load ZL 

(2-140) 

A1,J and r * can be plotted on the Smith chart for any polarization combination, and 
the changes of the phasor IA;,1 - f*I can be easily examined. Thus by measuring 
u;,J for several values of f*, then A;.1 can be determined using the Smith chart 
[37]-[39J. 

Depending on the location of A on the Smith chart, any arbitrary antenna can be 
classified into one of three possible classes, as follows: 

a. IAI > I. For this class, A lies outside the boundary of the Smith chart, and it is 
not possible to reduce the scattered field to zero using any passive load. However, 
using a purely reactive load, a maximum or a minimum in the scattered field can 
be obtained. Antennas which fall into this class usually have a large structural 
scattering term due either to their construction or strongly excited antenna modes 
which do not couple tu the terminals of interest. 

b. IAI = l. For this class. the values of A lie along the periphery of the Smith chart, 
and a reactive \oad can be found which wi\\ reduce the scattered fie\d to z.ero. 
Thin linear dipole antennas with lengths equal or less lhan half a wavelength 
(I s; At/2) fall into this class. 

c. !Al < I. For this class, the values of A lie within the Smith chart, and a complex 
load can be found to reduce to zero the scattered field. However maximum 
scattering is obtained using a reactive load. Well designed parabolic reflectors 
fall into this cla)<s. 

For a monostatic system the receiving and transmitting antennas are collocated. 
In addition, if the antennas are identical ( Gor = G01 = Go) and are polarization­
matched (P; =Pi= l), Lhen (2-140) for backscattering reduces to 

Al, G2IA - f*l2 
(T = 47T 0 (2-14 l) 
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If the antenna is a thin dipole. then A = I and (2-141) reduces to 

CT = AG Gril I - f*l2 = Al GJ I - ZL - 2X 
41r 41r zl + z,\ 

_ AJ G2 2R,1 
- 0 

41r z,. + Z,t 

2 

(2-142) 

If in addition we assume that the dipole length is I = Ao/2 and is short-circuited 
(Z1_ = 0), then the normalized radar cross section of (2-142) is equal to 

CT G5 ( 1.643)2 
\, = - = = 0.8593 = 0.86 (2-143) 
l\jj 7T 1T 

which agrees with experimental monostatic values reported in the literature (41 J. 142). 
Shown in Figure 2.27 is the measured E-plane monostatic RCS of a half­

wavelength dipole when it is matched to a load. short-circuited (straight wire) and 
open-circuited (gap at the feed). The aspect angle is measured from the normal to the 
wire. As expected. the RCS is a function ()f the observation (aspect) angle. Also it is 
apparent that there are appreciable differences between the three responses. Similar 
responses for the monostatic RCS of a pyramidal horn are shown in Figure 2.28(a) 
for the £-plane and in Figure 2.28(b) for the H-plane. The antenna is a commercial 
X-band (8.2-12.4 GHz) 20-dB standard gain horn with apcnure dimension of 9.2 cm 
by 12.4 cm. The length of the horn is 25.6 cm. As for the dipole, there are differences 
between the three responses for each plane. It is seen that the sho11-circuited rl!sponse 
exhibits the largest return. 

- IO 
-- M:uched-lnud 
- - - Shon-circuited 

- 20 
Opcn-drcuitcll 

Half-wavelength dipule 
.3.7465 cm long x 0.2.\62 cm diame.tcr 

frequency = 4.02 Ol-11. 

Incidence angle I degrees> 

l:"-planc 

Figure 2.27 E-plane monostalk RCS (cr011) versus incidence angle for a half­
wavelengLh dipole. 
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--- Matched-load 
- - - - Short-circuited 
.............. Open-circuiLed 

Standard gain pyramidal horn 
£-plane 

Fm1uency =- IO GHz 

-35~_.__...,___._.....__.___.__ ....... __._ ....... _.__ ........ _....__, ___ ......____,,..,... ....... _...,__, 
--45 -30 -15 0 15 :\0 45 

10 

0 

-]0 

Incidence angle (degrees> 

--- Ma1ched-load 
Short-circuilcd 

....... ....... Open-circuited 

<a> £-plane (cr811 I 

Swndard gain pyr111nidal horn 
II-plane 

frcquenc)· =- HI GHz 

Incidence ungle (degrees) 

lbJ H-plane 10¢¢ > 

Figure 2.28 £. and H-plane monostatic RCS versus incidence angle for a 
pyramidal horn antenna. 
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Antenna RCS from model measurements 143] and microstrip patches [44). 145] 
have been reported. 

2.18 ANTENNA TEMPERATURE 

Every object with a physical temperature above absolute zero (0 K = - 273°C) 
radiates energy 1461. The amount of energy radiated is usually represented by an 
equivalent tempernture T11, better known as brightness temperanire, and it is defined 
as 

(2-144) 

where 

Tn = brightness temperature (equivalent temperature: K) 

E = emissivity (dimensionless) 

T,,, = molecular (physical) temperature (K) 

f(0, </,) = reflection coefficient of the surface for the polarization of the wave 

Since the values of emissivity are O :s E :s I. the maximum value the brightness 
temperature can achieve is equal to the molecular temperature. Usually the emissivity 
is a function of the frequency of operation. polarization of the emitted energy. and 
molecular struc..:ture of the object. Some of the better natural emitters of energy at 
microwave frequencies are (a) the ground with equivalent temperature of about 300 
K and (b) the sky with equivalent temperature nf about 5 K when looking toward 
zenith and about I 00-150 K toward the horizon. 

The brightness temperature emitted by the different sources is intercepted by 
antennas. and it appears at their tcnninals as an antenna temperature. The temperature 
appearing at the terminals of an antenna is that given by (2-144), after it is weighted 
by the gain pattern of the antenna. In equation form. this can be written as 

where 

(21r (1r T11 (1J. </>) G (IJ. </,) sin H dH d</> Jo Jo 
T,, - --(=2r-.-f"-.-G-(0-,-<P-)-s-in_0_d_0_d_</> __ 

Jo Jo 

T,1 = antenna temperature (effective noise temperature of the 
antenna radiation resistance: K) 

G( 8. </>) = gain (power) pattern of the antenna 

(2-145) 

Assuming no losses or other contributions between the antenna and the receiver, the 
noise power transferred to the receiver is given hy 

(2-146) 

where 

P,. = antenna noise power (W) 

k = Boltzmann's constant ( 1.38 X 10 •• 23 J/K) 
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2.18 Antenna Temperature 99 

T,,. = antenna temperature (K) 

Af = bandwidth (Hz) 

If the antenna and transmission line are maintained at certain physical tempera­
tures. and the transmission line between the antenna and receiver is lossy. the antenna 
temperature TA as seen by the receiver through (2-146) must be modified to include 
the other contributions and the line losses. If the antenna itself is maintained at a 
certain physical temperature Tp and a transmission line of length /, constant physical 
temperature Ti., throughout its length. and uniform attenuation of a (Np/unit length) 
is used to connect an antenna to a receiver. as shown in Figure 2.29, the effective 
antenna temperature at the receiver terminals is given by 

(2-147) 

where 

TM, = (:A - I) T,, (2-147a) 

T,, = antenna temperature at the receiver terminals (K) 

TA = antenna noise temperature at the antenna terminals (2-145) (K) 

T,11, = antenna temperature at the antenna terminals due to 
physical temperature (2-147a) (K) 

T,, = antenna physical temperature (K) 

a = attenuation coefficient of transmission line (Np/m) 

eA = thermal efficiency of antenna (dimensionless) 

I = length of transmission line (m) 

T0 = physical temperature of the transmission line (K) 

The antenna noise power of (2-146) must also be modified and written as 

(2-148) 

where T" is the antenna temperature at the receiver input as given by (2-147). 
If the receiver itself has a certain 11oise temperature Tr (due to thermal noise in 

the receiver components), the system noise power at the receiver temii,u1ls is given 
by 

where 

P.\ = system noise power (at receiver terminals) 

T,, = antenna noise temperature (at receiver terminals) 

T, = receiver noise temperature (at receiver terminals) 

(2-149) 

T.. = Tu + Tr = effective system noise temperature (at receiver terminals) 

A graphkal relation of all the parameters is shown in Figure 2.29. The effective 
system noise temperature T,1• of radio astronomy antennas and receivers varies from 
very few degrees (typically= 10 K) to thousands of Kelvins depending upon the type 
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T, = I,,+ I', 

I T, .,______:I -Tc, -c = 
I- Rl.'.cciv~r -,.j.,-- Trnn,1111,~ion line -i-.-A1\tc 1111 ;i - -1 

Pigure 2.29 Antenna. transmis:.ion line. anti recdvcr mrangcmem for 
system nobe power calculaliou. 

or antenna, receiver. and frequency or operarion. Antenna tcmpcrarure changes at lhe 
antenna terminab, clue to variations in the targcl emission~, may be as !>tnail a~ a 
frnc1ion of one degree. To uelet:I sud 1 change.s, u1e receiver mw,I be very ~emiIive 
and be able 10 differentiate change~ of a frat.:tion of u degree. 

Example 2.16 

The cffccl ivc antenna temperature of a 1arget at the input terminals or the antenna is 
150 K. Assuming that the antenna is maintained at a thermal temperature of JOO K 
aud ba~ a Lhermal cl'lickncy of 99% and it is connected to a receiver through an 
X-band (8.2- 12.4 GH z.) rectangular waveguide or 10 m (loss or w.1vegL1iJe = 0. 13 
dB/m) and at a tcmpernture of JOO K, find 1he effective antenna Lemperalu re at the 
receiver terminab. 

SOLUTION 

We fin:;t convcrl the attenuation coefficient from dB LO Np by a(tlB/rn) = '.!0(lug111 e) 
a(Np/m) = 20(0.434)a(Np/m) = 8.6Rcr(Np/m). T hus a(Np/m) = atdB/mJ/8.68 = 
0. 13/8.68 = 0.0149. Tbe effective anIcnm1 temperature at the receiver terminal !> can 
be written. using (2- 147) anJ (2- I 47a). a~ 

T,11, = 300(o.~g - I) = 3.03 

T,, = 15Oe-0. l ,l!>!l l + 3.03e - U. l •l'J< 2) + 300rl - l' - U.14!1(2)] 

= 111.345 + 2.249 + 77.31 = 190.904 K 

The resu l ts of the above example illustnlle that the antenna temperature at tJ1e 
input terminals of the antenna and al the terminals or the receiver can differ by qui te 
a few degrees. For a smaller transmission line or a transmission l ine wi th much smaller 
losse~. the difference can be reduced appreciably and can be as ~mal l as a fraction of 
a degree. 
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PROBLEMS 

2. I. Derive (2-7) given the definitions of (2-5) and (2-6) 
2.2. A hypothetical isotropic antenna is radiating in free space. At a distance of 100 m from 

the antenna. the total electric field (£11 ) is measured to be 5 V /m. Find 
(a) the power density (W ruJ) 

(b) the power mdiated <.Prud) 

2.3. The maximum radiation intensity of a 90% efficiency antenna is 200 mW/unit solid 
angle. Find the directivity and gain (dimensionless and in dB) when the 
(a) input power i:,; 125.66 mW 
(b) radiated power is 125.66 mW 
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Problems I 03 

2.4. The power radiated by a lossless antenna is 10 Watts. The directional characteristics of 
the antenna are represented by the radiation intensity of 

(W/unit solid angle) 0 s fJ s 'TT/2, 0 s cf> s 2'1T 

Find the 
(a) maximum power density (in watts per square meter) at a distance of I 000 m (assume 

far field distance). Specify the angle where this occurs. 
(b) directivity of the antenna (dimensionless and in dB) 
(c) gain of the antenna (dimensionless and in dB) 

2.5. In target-search ground-mapping radars it is desirable to have echo power received 
from a target. of constant cross section. to be independent of its range. For one such 
application, the desirable radiation intensity of the antenna is given by 

U(lJ, </J) = 0.342 csc(O) 20° :5 (J < 60° 0° s cf, s 360° 
{ 

I ()0 :5 El < 20° } 

0 60°stJ:5180° 

Find the directivity (in dB) using the exact formula. 
2.6. A beam antenna has half-power beamwidths of 30° and 35° in perpendicular planes 

intersecting at the maximum of the mainbeam. Find its approximate maximum effective 
apcnurc (in ,\2) using (a) Kraus' and (b) Tai and Pcreira·s formulas. The minor lobes 
are very small and can be neglected. 

2.7. The normalized radiation intensity of a given antenna is given by 
(a) CJ = sin O sin ct, (b) U = sin 8 sin2 cf, 
(c) U = sin 8 sin-' c/, (d) U = sin2 0 sin cf, 
(e) U = sin2 0 sin" cf, (t) U = sin2 fl sin-' cf, 
The intensity exists only in the O s (J s -rr, 0 s cf, :s: '1T region. and it is zero elsewhere. 
Find the 
(a) exact directivity (dimensionless and in dB). 
Cb) azimuthal and elevation plane half-power beamwidths (in degrees). 

2.8. Find the directivity (dimensionless and in dB) for the antenna of Problem '2.7 using 
(a) Kraus' approximate formula (2-26) 
(bJ Tai and Pereira ·s approximate formula (2-30aJ 

2.9. For Problem 2.5. determine the approximate directivity (in dB) using 
(a) Kraus' formula 
(b) Tai and Pereira's formula. 

2.10. The normalized radiation intensity of an antenna is rotationally symmetric in cJ,. and it 
is represented by 

U= 

l 
0.5 
0.1 
0 

0° s 9 < 30° 
30° :s: tJ < 60° 
60° :s: (1 < 90° 
90° :s: (J s 180° 

(a) What is the directivity (above isotropic) of the antenna (in dB)'! 
(b) What is the directivity (above an infinitesimal dipole) of the antenna (in dB)'? 

2.11. The radiation intensity of an antenna is given by 

l/ ( e. </,) = cos4 lJ sin2 </, 

for O s Os 1r/2 and O :s: ¢ :s: 2-rr (i.e .. in the upper half-space). It is zero in the lower 
half-space. 
Find the 
(a) exact directivity (dimensionless and in dB) 
(b) elevation plane half-power beamwidth (in degrees) 
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2.12. The nommlizcd radiation intensity of an antenna is symmetric. and it can be approxi­
mated by 

U(O) = 
cos(O) 

0.866 
0 

0° ::5 IJ < 30° 

30° ::5 {I < 90° 

90° $ 0 $ 180° 

and it is independent of cf,. Find the 
(.1) exact directivity by integrating the function 
(b) approximate directivity using Kraus' formula 

2.1 ]. The maximum gain of a horn antenna is + 20 dB, while the gain of its first sidelohe is 
- 15 dB. What is the difference in gain between the maximum and first sidelobe: 
Utl in dB 
(b) as a ratio of the field intensities. 

2. 14. The normalized radiation intensity of an antenna is approximated by 

U = sin IJ 

where Os IJ s rr. and Os cf, s 2rr. Decermine the directivity using the 
cu) exact rom10lu 
{h) formulas or (2-33a> by McDonald and (2-33bl by Pozar 
(c) computer program DlRECTIVITY at the end of the chapter 

2.15. Repeat Problem 2.14 for a A/2 dipole whose nom1alizcd intensity is approximated by 

2.16. 

2. 17. 

2.18. 

2.19. 

2.20. 

U = sin 1 0 

Compare the value with that of (4-91) or 1.643 (2.156 dB). 
The radiation intensity of a circular loop of radius and" of constant current is given hy 

U = Jf (ka sin 0). 0 s IJ :s rr and O s cf, :s 2-rr 

where J1(x) is the Bessel function of order I. For a loop with radii of" A/10 and 
A/20. detennine the directivity using the: 
(a) formulas (2-33al by McDonald and (2-33b) by Pozar. 
(b) compmcr program DIRECTIVITY at the end of the chapter. 
A subroutine Lo compute the Bessel function can be found in the computer program at 
the end of Chapter 5. Compare the answers with that of a very small loop represented 
by 1.5 or 1.76 JB. 
Find the directivity (dimensionless and in dB) for the antenna of Problem 2.7 using 
numerical techniques with 10° uniform divisions and with the field evaluated at the 
Ca) midpoint 
(b) trailing edge of eat.·h division 
Compute the directivity values of Problem 2.7 using the directivity computer program 
at the end of this chapter. 
The far-zone electric field intensity (array fa1.:tor) of an end-fire two-element array 
antenna, placed along the ;:-axis and radiating into rrec-space, is given by 

E = cos !! (cos (J - l) _e __ 
[ ] 

• 1k1· 

4 • r 

Find the directivity using 
(a) Kraus· approximate formula 
(b) the DIRECTIVITY computer program al Lhc end of this chapter 
Repeat Problem 2.19 when 

E = cos [ I ( cos (J + I)] e -;kr. (}${)~'TT 
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2.21. The radiation intensity is represented by 

U = { l/0 sin ( 1r sin 0), 0 :s; 8 :s; ;r/2 
0 elsewhere 

and O s cJ> :s; 21r 

Find the directivity 
(a) e11.actly 
Cb) using the computer program DIRECTIVITY at the end of the chapter. 

2.22. The radiation inlensity of an apenure antenna. mounted on an infinite ground plnne 
with ::: perpendkular to the apenure. is rotationally symmetric (not a function of </>), 
and it is given by 

U = [sin (1r_sin 0)]
2 

TT sm (J 

Find th~ approximate directivity (dimensionless and in dB) using 
(a) numerical integration. Use lhe DIRECTIVITY computer program at lhe end of this 

chapter. 
(b) Kraus' formula 
(c) Tai and Pereira's formula 

2.23. The nonnalized far-zone field pattern of an antenna is given by 

{

(sin R cos2 q,)w Os Os 1r and Os cf; :s; rr/2. 
E = 31r/1 :s; <I> s 2 1r 

0 elsewhere 

Find the directivity using 
Ca) the exact expression 
(h) Kraus· approximate formula 
(c) Tai and Percira's approximate fom1Ula 
Cd) the computer program DlRECTIVlTY at the end of this chapter 

2.24. The normalized field pattern of the main beam of a conical horn .mtenna. mounted on 
an infinite ground plane with :: perpendicular to the aperture, is given by 

J1(ka sin fl) 

sin tJ 

where " is its radius al the apenure. Assuming that a = A. find the 
(a) halJ-power beamwidth 
(b) directivity using Kraus· approximate formula 

2.25. A uniform plane wave. of a fonn similar to (2-55), is traveling in the positive ::-axis. 
Find thl! polarization (linear. dn:ular, or elliptical). sense of rolation (CW or CCW). 
axial ratio (AR). and lilt angle T (in degrees) when 
la> /~, "" E,. Ai/> = cf,, - </>., = 0 (b) £, 'F £... Acb = cJ,1, - cb, = 0 
(C) 1:.·, = E., 6.<f, = cf,, - ,J,., = 11'12 (<l) £, = £).. Ac/, = cf>,. - </,,. = - rr/2 
(e) t:., = f..',., t>.cf, = cf,, - cf,, = 11'14 (I') E, = £,.. Ai/> = ,j,,. - </>., = - 1rl4 
(gl f.'., = 0.5 E, .. Ac/, = </,1. - <f,,. = rr/2 (h} E,, = 0.5 E,. tJ..,/, = cb" - cJ,, = - rr/2 
In all cases, justify the answer. 

2.26. Derive (2-66), (2-67). and (2-68). 
2.27. Write a general expression for the polarization loss factor (PLF) of two linearly polar­

ized anlcnnas if 
la) both lie in the same plane 
(b) both do not lie in the same plane 

2.28. A linearly polarized wave traveling in the positive ::-direction is incident upon a cil'­
cularly polarized antenna. Find the polarization loss factor PLF (dimensionless and in 
dB) when the antenna is (based upon its transmission mode operation) 
(a) right-handed (CW) (b) left-handed (CCW) 
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2.29. A circularly polari7..ed wave, traveling in the positive z-direction. is incident upon a 
circularly polarized antenna. Find the polarization loss factor PLF (dimensionless and 
in dB) for right-hand (CW) and left-hand (CCW) wave and antenna. 

2.30. The electric field radiated by a rectangular apenure. mounted on an infinite ground 
plane with .:: perpendicular to the aperture. is given by 

E = [i0 cos cf, - i,t,sin cf, cos 8) /(r. 0, c/J) 

where .f(r, 8. </>) is a scalar function which describes the field variation of the antenna. 
Assuming that the receiving antenna is linearly polarized along the x-axis, find the 
polarization loss factor (PLF). 

2.31. A circularly polarized wave, traveling in the + ,-direction, is received by an elliptically 
polarized antenna whose reception characteristics near the main lobe are given approx­
imately by 

E,, = f2a, + J4,.J f( r, fl, cf,) 

Find the polarization loss factor PLF (dimensionless and in dB) when the incident wave 
is 
(a) right-hand (CW) 
(b) left-hand (CCW) 
circularly polarized. Repeat the problem when 

E" = [2a_, - fiv1f(r. 9, <f}) 

In each case. what is the polarization of the antenna? How does it match with that of 
the wave? 

2.32. A linearly polarized wave traveling in the negative z direction has a tilt angle (T) of 
45°. his incident upon an antenna whose polarization characteristics are given by 

4a., + fiv 
p., = y'i7 

Find the polarization loss factor PLF (dimensionless and db). 
2.33. An elliptically polarized wave traveling in the negative z-direction is received by a 

circularly polarized antenna whose main lobe is along the 0 = 0 direction. The unit 
vector describing the polarization of the incident wave is given by 

2Ax + ji1, p..., = ---"'--""' vs 
Find the polarization loss factor PLF (dimensionless and in dB) when the wave that 
would be transmitted by the antenna is 
(a) right-hand CP 
(b) left-hand CP 

2.34. A CW circularly polarized uniform plane wave is traveling in the + z direction. Find 
the polarization loss factor PLF (dimensionless and in dB) assuming the receiving 
antenna (in its transmitting mode) is 
(a) CW circularly polarized 
(b) CCW circularly polarized 

2.35. A linearly polarized uniform plane wave traveling in the + z direction, with a power 
density of to milliwatts per square meter, is incident upon a CW circularly polarized 
antenna whose gain is 10 dB at IO GHz. Find the 
(a) maximum effective area of the antenna (in square meters) 
(b) power (in watts) that will be delivered to a load attached directly to the terminals 

of the antenna 
2.36. A linearly polarized plane wave traveling along the negative z-axis is incident upon an 

elliptically polarized antenna (either CW or CCW). The axial ratio of the antenna 
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polarization ellipse is 2: I and its major axis coincides with the principal x-axis. Find 
the polarization loss factor (PLF) assuming the incident wave is linearly polarized in 
the 
(a) x-direction 
(b) y-dircction 

2.37. A wave traveling nonnally outward from the page {toward the reader) is the resultant 
of two elliptically polarized waves. one with components of E given by: 

i:. = 3 cos wt 

.,;: = 7 cos( wt + f) 
and the other with components given by: 

~~. = 2 COS WI 

'I;: = 3 cos( wt - f) 
(a) Whal is the axial ratio of the resultant wave? 
(bl Docs lhe resultant vector E rotate clockwise or counterclockwise? 

2.38. A linearly polarized antenna lying in lhe x-y plane is used to dctennine the polarization 
axial ratio of incoming plane waves traveling in the negative ;:-direction. The polari­
zation of the antenna is described by the unit vector 

0.9 
0.1\ 
0,7 
0,6 

:i 0.5 C. 

0.-l 

<U 
0.2 
0.1 

"o 

p,. = a_. cos ,,, + }a,, sin "' 

50 I 00 150 200 250 300 350 

ljl\dcgl 

lu > Pl.f- versus 'I' 

(), ') 

0.11 

U.7 

0,6 
:J 0.5 C. 

0.4 
0.3 
0.2 
0,1 

0.9 
().8 

(),7 

""' .J 
C. 

().6 

(),5 

(),4 

0 .. , 

0.2 
0.1 

00 

t/l(llcg) 

50 IO0 150 200 250 300 350 

ljl\dci\ 

<hi PLF v.:r,;u, 'I' 

INTEL-1045 
U.S. Patent 7,151,430



I 08 Chapter 2 Fundamental Parameters of Antennas 

where ,J, is an angle describing the orientation in lhe .t-y plane of lhe receiving antenna. 
Below are the polarization loss factor (PLF) versus receiving antenna orienlalion curves 
obtained for three different incident plane waves. For each curve determine the axial 
ratio of the incident plane wave. 

2.39. A JJ2 dipole. with a Lola.I loss resistance of I ohm, is connected lo a generator whose 
internal impedance is 50 + j25 ohms. Assuming thal the peak voltage of !he generator 
is 2 V and the impedance of the dipole. excluding the loss resistance, is 73 + j42.5 
ohms, find lhe power 
(a) supplied by the source (real) 
(b) radiated by the antenna 
(c) dissipated by the antenna 

2.40. The antenna and generator of Problem 2.39 are connected via a 50-ohm A/2-long lossless 
transmission line. Find the power 
(a) supplied by !he source (real) 
(b) radiated by the antenna 
(c) dissipated by the antenna 

2.41. An antenna with a radiation resistance of 48 ohms, a loss resistance of 2 ohms. and a 
reactance of 50 ohms is connected 10 a generator with open-circuit voltage of 10 V and 
internal impedance of 50 ohms via a JJ4-long transmission line with characteristic 
impedance of I 00 ohms. 
(a) Draw the equivalent circuit 
(b) Determine the power supplied by the generator 
(c) Determine the power radiated by the antenna 

2.42. A transmitter, wilh an internal impedance Z0 (real), is connected lo an antenna through 
a lossless transmission line of length / and characteristic impedance 20 • Find a simple 
expression for the ratic.1 between the antenna gain and its realized gain. 

2,. 

v,£.,........i..i--z,, --=...L...-i ----.+ 

Trunsmillcq Tr.1nsmissiun line I Antenna 
I I 

x-=O -.t 

V,. = strength of voltage source 

Z;n = R;n + jX1n = input impedance of the antenna 

Z, = Ru = characteristic impedance of the line 

V(x)-= A le·JkA + f(O)l"+itrJ 

/(x) = A 1c·J,tx _ r(O)C!+Jkrl 
Zo 

Pacccpicd = power accepted by the antenna {P ncceptcd = Re( V(0)/*(O)J} 

Povailnble = power delivered to a matched load [i.e., Z10 = Zlf = ~] 

2.43. The input reactance of an infinitesimal linear dipole of length )J60 and radius a --= A/200 
is given by 

X = - 120 [ln(€/a) - IJ 
111 tan(kf) 

Assuming the wire of the dipole is copper with a conductivityof 5.7 X 1()7 S/m, 
determine at/ = I GHz lhe 
(a) loss resistance 
(b) radiation resistance 
(c) radiation efficiency 
(d) VSWR when the antenna is connected to a 50-ohm line 
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2.44. A <lipole antenna consists of a circular wire of length/. Assuming the l'.Urrent distribution 
on the wire is cnsinusoidal. i.e .. 

/.(:.) = /,, cos(!: r.') .. I - //2 s: :.' s: //2 

where /11 is a consrnnt. derive an expression for the loss resistance R, .. which is one­
half of <2-90b). 

2.45. The E-liekl pattern of an antenna. independent of ,f,. varies as follows: 

{ 

I 0° s fl < 45° 

E = O:~ 45° < 0 s 90° 
, 90° < 0 s I 80° 

la) What is the directivity of this antenna'? 
(h) What is the radiation resistance of the amcnna at 200 m from it if the field is equal 

tn IO V /111 (rms) for fl = on at th.it distance ,mcl the tem1inal current is 5 A (n1lS )'! 

2.46. A 1-m long dipole alllenna is driven by a 150 MHz source having a source resistancl! 
of 50 ohms and a voltage of 100 V. If the ohmic resistance of the antennas is given by 
R1 = 0.625 ohms, tind: 
(a) The current going into the mltenna (l,1111 ) 

(bl The average power dissipated by the antenna 
(c) The average power radiated by the antcnn.1 

ldl The radiation efliciency of the antenna 
2.47. Show that the effective length of a linear antenna can he written tts 

/,. = 

which for a lossless antenna and maximum power transfer reduces to 

I=-, r;c:ii, ,. -✓-;, 
A,. and A,.,,, represent. respectively. the effective an<l maximum effective apenurcs or 
the antenna while 'r/ is lhe intrinsic impedance of the medium. 

2.48. An antenna has a m.iximum effective apenure of 2.147 m1 at its operuting lh~4uency 
of IIKJ MH1. It has no conduction or dielectric losses. The input impedance of the 
antenna itself is 75 ohms. and it is connected to a 50-ohm transmission line. Find the 
dircl·tivily of the antenna system ( "system" meaning includes ,my el'focts of connection 
to the transmission line). Assume no polurization losses. 

2.49. An incoming wave. with a uniform power uem,ity equal lo w- 1 W/m1 is inci<lcnt 
normally upon a lossless horn ,llltenna whose directivity is 20 dB. At a frequency of 
IO GHz. determine the very maximum possible power that can be expected to he 
<lelivcred to a receiver or a loa<l connected to the horn antenna. There are no losses 
between the antenna an<l the receiver or load. 

2.50. For an X-ban<l (8.2-12.4 GHz) rectangular horn. with aperture <limensions of 5.S cm 
an<l 7.4 cm. limJ its maximum effective aperture (in cm~) when its gain (over isotropic) 
is 
(a> 14.8 dB at 8.2 GHz 
(hJ 16.5 dB at 10.3 GHz 
lcJ 18.0 dB at 12.4 GHz 

2.51. A JO-dB. right-circularly polarize<l antenna in a radio link radiates 5 W of power at 2 
GHz. The receiving antenna has an impe<lance mi:-match at its terminals. which lca<ls 
to a VSWR of 2. The receiving antenna is about 95';f efficient and has a field pattern 
near the beam maximum given hy E11 = (2a, + ja,.) Fn(H, r/>J. The uist,lllCl' hctwccn 

INTEL-1045 
U.S. Patent 7,151,430



110 Chapter 2 Fundamental Parameters of Antennas 

the two antennas is 4.000 km, and the receiving antenna is required to deliver 10- •-1 

W to the receiver. Determine the maximum effective aperture of the receiving antenna. 
2.52. The radiation intensity of an antenna can he approximated by 

U( 0. c/,) ;::: with 0° s; cf, $ 360° 
{

cos4
( 0) 0° s; tJ < 90° 

0 90° ~ fl $ 180° 

Determine the maximum effective aperture Un m1
) of the antenna if its frequency of 

operation is/= 10 GHz. 
2.53. A <.'ommunication satellite is in stationary (synchronous) orbit about the earch (assume 

altitude of 22.300 i.tatutc mile!>). Its tmmmtiller generates 8.0 W. Assume the transmit­
ting antenna is isotropic. fo; signal is received by the 210-fl diameter tracking paraho­
loidal antenna on the earth at the NASA trucking station at Gt)ldstone, California. Also 
assume nu resistive loss in either antenna, perfect polarization match, and perfect 
impedance match at both antennas. At a frequency of 2 GHz. determine the: 
(a) power density ( in watts/oh incident on the receiving antenna. 
(h) power received by the grnund-hased antenna whose gain is 60 dB. 

2.54. A lossless (e.,1 :: I) antenna is operating at 100 MHr. and its maximum effective 
aperture is 0. 7162 m1 at this frequency. The input impedcnce of this antenna is 75 
ohms. and it is attached to a 50-ohm transmission line. Find the directivity (dimension­
less) of this antenna if it is polarization matched. 

2.55. A resonant. lossless (_e,.,1 = 1.0) half-wavelength dipole antenna. having a directivity 
of 2.156 dB. has an input impedance of 73 ohms and is connected to a lossless. 50 
ohms transmission line. A wave. having the same polarization as the antenna. is incident 
upon the antenna with a power density of 5 W/m2 at a frequency of JO MHz. Find the 
rec.:eivcd pnwcr available at the end of the transmission line. 

2.56. Two X-band (8.2-12.4 GHz) rectangular horns, with apenure dimensions of 5.5 cm 
and 7.4 cm and each with a gain of 16.3 dB (over isotropic) at to GHz. are used as 
1ransmitting and receiving antennas. Assuming that the input power is 200 mW. the 
VSWR of each is I. I. the conduction-dielectric efficiency ii. 100%. and the antenna,; 
are pol.irization-matched, find the maximum received power when the horns are ~epa­
m1cd in air hy 
(a) 5 Ill 

lh) 50 m 
(C) 50() 111 

2.57. Transmitting and receiving antennas operating at 1 GHz with gains (over isotropic) of 
20 and 15 dB. respectively. are separated by a distance of I km. Find the maximum 
power delivered to the load when the input power is 150 W. Assume that the 
(a) antenm1s are polarization-matched 
(b) transmitting antenna is circularly polarized (either right- or left-hand) and the 

receiving antenna is linearly polarized. 
2.58. Two lossless. polarization matched antennas arc aligned for maximum radiation be­

tween them. and are separated by a distance of 50,\. The antennas arc matched to their 
transmission li.ncs .,ml have directivities of 20 dB. Assuming that the power at the input 
terminals of the transmitting antenna is IO W. find the power at the temtinals of the 
receiving an1enna. 

2.59. Repeat Problem 2.58 for two antennas with 30 dB directivities and separated by IOOA. 
The power at the input terminals is 20 W. 

2.60. Transmitting and receiving antennas operating at I GHz with gains of 20 and 15 dB. 
respectively. are separated by a distance of I km. Find the power delivered to the load 
when the input power is 150 W. Assume the PLF = I. 

2.61. A series of microw;\Ve repeater links operating at 10 GHz are used to relay television 
signals into a valley that is surrounded by steep mountain ranges. Each repeater consists 
of a rccl'iver. transmitter. antennas and associated equipment. The transmitting and 
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receiving antennas are identical horns, each having gain over isotropic of l5 dB. The 
repeaters arc separated in distance by IO km. For acceptable signal-to-noise ratio. the 
power received at each repeater must be greater than 10 nW. Loss due to polarization 
mismatch is not expected to exceed 3 dB. Assume matched loads and free space 
propagation conditions. Determine the minimum transmitter power that should be used. 

2.62. A one-way communication system. operating at I 00 MHz. uses two identical A/2 
vertical. resonant. and lossless dipole antennas .1s transmitting and receiving elements 
separated by IO km. In order for the signal to be detected by the receiver. the power 
level at the receiver terminals must be at least I µ,W. Each antenna is connected to the 
lransmitter and receiver by a lossless 50-U transmission line. Assuming the amconas 
arc pol.triz.ition-matchcd and are aligned so that the maximum intensity of one is 
directed toward the maximum radiation intensity of the other. determine the minimum 
power that must he generated by the transmitter so that the signal will he detected by 
the recdver. Account for the proper losses from the transmitter tn the receiver. 

2.63. In a long-range microwave communication system operating at 9 GHz, the transmitting 
and receiving antennas arc identical, and they are separated by 10,000 m. To meet the 
signal-to-noise ratio of the receiver, the received power must be at least IO µ,W. 
Assuming the two antennas arc aligned for maximum reception to each other, including 
being polarization matched. what should the gains ( in dB I of the transmitting and 
receiving antennas he when the input power to the transmitting antenna is 10 W'? 

2.64. A rectangular X-band horn. with aperture dimensions of 5.5 cm and 7.4 cm and a gain 
of 16.3 dB (over isotropic) at 10 GHz. is used to transmit and receive energy scattered 
from a perfectly conducting sphere of radius a = 5A. Find the maximum scattered 
power delivered to the load when the distance between the horn and the sphere is 
(a) 200A 
(h) 500A 
Assume that the input power is 200 mW. and the radar cross section is equal to the 
geometrical cross section. 

2.65. A radar antenna. used for both transmitting ai,d receiving, has a gain of 150 (dimen­
sionless) ut its operating frequency of 5 GHz. It transmits JOO kW. and is aligned fur 
maximum directional radiation and reception to a target I km away having a radar 
cross section of 3 m'. The received signal matches the polarization of the tntnsmitted 
signal. Find the received power. 

2.66. In an experiment Lo detennine the radar cross-section of a Tomahawk cruise missle. a 
1.000 W. JOO MHz signal was transmitted toward the target. and the received power 
was measured to be 0.1425 mW. The same antenna. whose gain was 75, wm, used for 
both transmitting and receiving. l11e polarizations of both signals were identicaJ 
(PLF = I). and the distance between the antenna and missile was 500 m. What is the 
radar cross section of the cruise mi~sile? 

2.67. Repeat Problem 2.66 for a radar system with 1,000 W, 100 MHz trnnsmittcd signal. 
0.01 W received signal. an antenna with a gain of 75, and separation between the 
antenna and target of 700 m. 

2.68. Transmining and receiving antennas operating at I GHz with gains (over isotropic) of 
20 and 15 dB, respectively. are separated hy a distance of I km. Find the maximum 
power delivered to the load when the input power is 150 W. Assume that the 
(a) antennas arc polarization-matched 
(h) transmitting antenna is circularly polarized {either right• or left-hand) and the 

receiving antenna is linearly polarized. 
2.69. The maximum radar cross section of a resonant linear A/2 dipole is approximately 

0.86A 2• For a monostatk system ( i.e., transmitter and recd ver at the same location), 
find the received power (in W) if the transmitted power ie- 100 W. the distance of the 
dipole from the trnnsmiuing and receiving antennas is I 00 m. the gain of the transmitting 
amJ receiving antennas is 15 dB each. and the frequency of operation is 3 GHz. Assume 
a polarization loss factor of - I dB. 
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112 Chapter 2 Fundamental Parameters of Antennas 

2.70. The effective antenna temperature of an antenna looking toward zenith is approximately 
5 K. Assuming that the temperature of the transmission line (waveguide) is 72°F, find 
cbe effective temperature at che receiver terminals when the attenuation of the trans­
mission line is 4 dB/100 ft and its length is 
(a) 2 ft 
(b) 100 ft 
Compare it to a receiver noise temperature of about 54 K. 

2. 7 I. Derive (2-l 4 7 ). Begin with an expression that assumes that the physical temperature 
and the attenuation of the transmission line are not constant. 
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COMPUTER PROGRAM 
2-D ANTENNA PATTERN PLOTTER: RECTANGULAR • POLAR c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

C THIS PROGRAM IS COPYRIGHTED BY 
C 
C 
C 
C 
C 
C 

Copyright (c) 1995 
Ater Z. Elsherbenl and Clayborne D. Taylor, Jr. 

Electrical Engineering Department 
The University of Mississippi, University, MS 38677 

C PERMISSION IS GRANTED, FOR TiiE EXECUTABLE PART OF TiiE 
C PROORAM, TO TiiE AU'IHOR OF nus BOOK BY nm AU'IHORS 
C OF nm PROGRAM, TO BE USED IN CONJUNCTION WITH nns 
C BOOK AND NOT FOR ANY OTI:IER PURPOSE. 
C 
C 
C 
C 
C 
C 
C 

THIS PROGRAM IS A GENERAL PURPOSE 2D RECTANGULAR 
AND POLAR PATrERN PLOTTER. THE USER INTERFACE FOR 
DOS MAKES THE PROGRAM EASY TO USE. HOWEVER, THERE 
ARE FEW THINGS THE USER SHOULD KNOW TO USE THE 
PROGRAM EFFECTIVELY. 

C nm FORMAT FOR A DATA FILE MUST CONTAIN 2-COLUMN DATA 
C BASICALLY, nm FILED IS READ THROUGH A FORTRAN FREE-FORMAT 
C SPBCIFICA TION. IF ANY ERRORS OCCUR DURING TiiE READ PROCESS, 
C IT IS ABORTED WITH NO PLor GIVEN. nm FIRST COLUMN MUST BE TiiE 
C ANGLE (in degrees). THE SECOND COLUMN SHOULD BE THE FIELD VALUE 
C nlE MAXIMUM NUMBER OF POINTS TIIAT MAY BE READ IS CURREN1L Y 
C 2048 POINfS. IF TiiE FILED IS LONGER. ONLY TIIE FIRST 2048 POINTS 
C WllL BE PLOITED. 
C 
C WHEN IN THE PLOT WINDOW "ON TOP", A PULL-DOWN MENU IS 
C ACCESSIBLE BY HOLDING 1HE LEFT MOUSE BlITTON DOWN ON THE 
C SMALL BOX IN nm TOP LEFT CORNER OF 1HE WINDOW. FROM 1HERE, 
C nm TYPE OF PLOT OR nm PLOT OPTIONS MA y BE SELECTED. WHEN 
C EDITING THE LABEL 1EXT, GREEK CHARACTERS ARE AV All.ABLE BY 
C FIRST TYPING THE,, KEY AND FOLLOW BY TYPING 'A'-'Z' OR 'a'-'z'. 
C A POSTSCRIPf FILE NAMED 'FONTLIST.PS' CONTAINING THE GREEK 
C FONT KEY EQUIVALENTS MAY BE PRINTED FOR REFERENCE. ALSO NOTE 
C TIIAT THE - SYMBOL FROM THE KEYBOARD HAS BEEN REPLACED BY 
C nm DEGREE SYMBOL. 
C 
C HARD COPY OUiPUi IS ONLY AV All..ABLB FOR POSTSCRWr 
C DEVICES. BEFORE PRINTING A PLOT, MAKE SURE THE 
C PRINTER OPTIONS ARE ON nm DESIRED SETllNGS. nus IS 
C DONE BY SELECTION OF THE 'PRINTER SETUP' OPTION. 
C OUTPUT IS WRfITEN TO A FILE BY DEFAULT. PRESSING ANY 
C OF THE PORT BUTTONS Wil..L CHANGE THE OUTPUT TO THAT 
C PORT. NorE THAT TiiE SERIAL PRINTERS CONNECI'ED 
C TiiROUGH TIIE COM PORTS MUST BE PROPERLY CONFIGURE 
C rnROUGH DOS BEFORE RUNNING TIIE PROORAM. ALSO NOTE 
C 1lIA T COLOR POSTSCRIPT IS SUPPORTED BY SELECTING THE 
C "COLOR" BUTTON. 
C 
C (continued on next page) 
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C (continued) 
C 
C DISCLAIMER 
C THE INFORMATION A.ND CODE IS PROVIDED AS DESCRIBED 
CA.BOVE WITHOUT WARRANTY OF ANY KIND. THE AUTHORS 
C WILL NOT BE UA.BLE FOR A.NY DA.MAGES WHATSOEVER 
C INCLUDING DIRECT~ INDIRECT, INCIDENTAL, CONSEQUENTIAL, 
C LOSS OF BUSINESS PROFITS OR SPECIAL DAMAGES DIRECTLY 
C OR INDIRECTLY RELATED TO THE USE OF THIS SOFTWARE. 
C 
C 
C • nm PROTECTED MODE RUN-TIME DOS-EXTENDER IS nm 
C PROPERTY OF RATIONAL SYSTEMS, INC. 
C 
C •• THE FONTS USED BY nns SOFIW ARE PACKAGE ARE nm 
C PROPERTY OF ADOBE SYSTEMS, INC. 
C 
C FOR ADDITIONAL INFORMATION CONCERNING THIS CODE, 
C CONTACT THE AUTHORS OF THE CODE AT THE ABOVE ADDRESS 
C c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
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COMPUTER PROGRAM· DIRECTIVITY 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C 
C THIS IS A FORTRAN PROGRAM TIIAT COMPlITES THE: 
C 
C 
C 
C 

I. RADIATED POWER 
II. MAXIMUM DIRECTIVITY 

C OF ANY ANTENNA 1llE MAXIMUM DIRECI1VITY IS CALCULATED 
C USING THE TRAILING EOOE ME11IOD IN INCREMENTS OF 1 ° IN 
C THETA AND 10 IN PHI. 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

••INPUT PARAMETERS 
1. TL, TU: LOWER AND UPPER LIMITS IN THETA (in degrees) 
2. PL, PU: LOWER AND UPPER LIMITS IN PHI (in degrees) 
3. F(THETA, PHI): THE RADIATION INTENSITY FUNCTION 

••NOTE 
TIIE RADIATION INIENSITY FUNCTION F MUST BE PROVIDED 
FOR A GIVEN ANTENNA. AND SHOULD BE INSERTED INTO 
THE SUBROUTINE U. 

••EXAMPLE 
IF nlE ANTENNA IS RADIATING ONLY IN THE UPPER 
HEMISPHERE. TIIE LIMITS ON THETA ARE 0 AND 90 (degrees) 
AND THE LIMITS IN PHI ARE 0 AND 360 (degrees) 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
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CHAPTER 

3 
RADIATION INTEGRALS AND 

AUXILIARY POTENTIAL 
FUNCTIONS 

3.1 INTRODUCTION 

In the analysis of radiation problems. the usual procedure is to specify the sources 
and then require the fields radiated by the sources. This is in contrast to the synthesis 
problem where the radiated fields are specified. and we are required lo tind the sources. 

It is a very common practice in the analysis procedure to introduce auxiliary 
functions, known as vector potentials, which will aid in the solution of the problems. 
The most common vector potential functions are the A (magnetic vector potential) 
and F (electric vector potential). Another pair is the Hertz potentials n ... and JI,,. 
Althnugh the l'l,•ctric and magnetic .field intensities (E and H) represent ph_vsic:ally 
mea.\"lffC1ble q11a11tities. among most engineer.'! the potentials are strictly mathematical 
tools. The introduction of the potentials often simplifies the solution even though it 
may require determination of additional functions. While it is possible to calculate 
the E and H fields directly from the source-current densities J and M, as shown in 
Figure 3.1. it is usually much simpler to calculate the auxiliary potential functions 
first and then determine the E and H. This two-step procedure is also shown in Figure 
3.1. 

The one-step procedure. through path I. relates the E and H fields to J and M 
by integral relations. The two-step procedure. through path 2. relates the A and F (or 
n,. and 111,) potentials to J and M by integral relations. The E and H are then 
determined ~imply by differentiating A and F (or Il,. and n,,). Although the two-step 
procedure requires both integration and differentiation. where path 1 requires only 
integration, the integrands in the two-step procedure are much simpler. 

The most difficult operation in the two~step procedure is the integration to deter­
mine A and F ( or n,. and n,,). Once the vector potentials are known, then E and H 
can always be determined because any well-behaved function, no matter how complex, 
can always be differentiated. 
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3.2 The Vector PotentiaJ A for an Electric Current Source J 117 

ln1egrntion 
path I 

Vector potenrillls 
A.F 
or 

"t• Jlh 

Radiated lields 
E,H 

Figure 3. 1 Block diagram for compuling rac limed lidds from electric and 
magne1ic '-Ources. 

The integration required to Jelermi11e the potential function!> b reslricted over the 
bounds of the source~ J and M. This will result in the A and F (or ll,. and 0 11 ) to be 
functions of lhc ohscrvatinn point coord inates; the differentiation to derem,inc E and 
R must be done in terms of the observation pojnt coordinate!>. The integration in the 
one-step procedure aJso reqwres Lhat i ts limits be determined by the bound~ or the 
sources. 

The vector Hertz potentfal fl~ is analogou.c; Lo A and 0 1, is analogous to F. The 
funclionaJ relation between them is a proportionality constant which i~ u function of 
1he frequency and the constitutive parameters of the medium. ln lhe solution of a 
problem. only one set. A and F or TTr and IT1,. is required. The author prefers the use 
of A anti F. which will be used throughouL lhe book. The derivation of the func1ional 
relations between A and n e. and F and n ,. are assigned at the end of the chapter as 
problems. (Problems J. I nnd 3.2). 

3.2 THE VECTOR POTENTrAL A FOR AN 
ELECTRIC CURRENT SOURCE .J 

The vector potcnLial A b useful in solving for the EM field generated by a given 
harmonic electric cu ffcn1 J. The magnetic flux B is always solenoidal; that is. 
'v • B = 0. Therefore. it can be reprcscnteu as the curl of anolher vector because it 
obeys the vector iden1ity 

V·VxA =O 

where A is an arbitrary vector. Thus we dclinc 

B 11 = µ,H11 = V x A 

or 

(3- 1) 

(3-2) 

(3-2a) 

where subscript A indicates the field due to the A potential. Substituting (3-2a} into 
Maxwel l' :-. curl cqualion 

(3-3) 
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118 Chapter 3 Radiation Integrals and Auxiliary Potential Functions 

reduces it to 

V x E" = - jwµ.H,.. = - jw V x A 

which can also be written as 

V x [EA + jwA] = 0 

From the vector identity 

V x ( - V cJ,~) = 0 

and (3-5), it follows that 

or 

I EA = - V <J,I' - jwA I 

(3-4) 

(3-5) 

(3-6) 

(3-7) 

(3-7a) 

The scalar function <J,,, represents an arbitrary electric scalar potential which is a 
function of position. 

Taking the curl of both sides of (3-2) and using the vector identity 

V x V x A = V(V • A) - V2A (3-8) 

reduces it to 

For a homogeneous medium, (3-8a) reduces to 

µ,V x HA = V<V • A> - V2A 

Equating Maxwell's equation 

I V x HA = J + jweEA 

to (J-9) leads to 

µ,j + jwµ,eEA = V(V • A) - V2A 

Substituting (3-7 a) into (3-11) reduces it to 

V2A + k?-A = -µ,J + V(V • A) + VUwµ,ecJ,e) 

= - µ,J + V(V • A + Jwµ,EcJ,e) 

where k.2 = w2µe. 

(3-8a) 

(3-9) 

(3-10) 

(3-11) 

(3-12) 

ln (3-2), the curl of A was defined. Now we are at liberty to define the divergence 
of A. which is independent of its curl. ln order to simplify (3-12), let 

I V • A - -jw,µ,,/>, o 0, - -~ V • A I (3-l3) 

which is known as the Lorentz condition. Substituting (3-13) into (3-12) leads to 

I viA + k2A = - µ,J I (3-14) 
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3.3 The Vector Potential F for A Magnetic Current Source M I 19 

In addition. {3-7a) reduces to 

I ll.1 = - V d,, - jwA = - jwA - j-
1
- V(V • A) I 

W/J,E 
( 3-15) 

Once A is known. H,, can be found from {3-2a) and E11 from (3-15 ). EA can just 
as easily be found From MaxweJl's equation (3-10) with J = O. It will be shown later 
how to find A in terms of the current density J. It will be a solution to the inhomo­
geneous Helmholtz equation of (3-14). 

3.3 THE VECTOR POTENTIAL F FOR A 
MAGNETIC CURRENT SOURCE M 

Allhough magnetic currents appear to be physically unrealizable. equivalent magnetic 
currents arise when we use the volume or the surface equivalence theorems. The fields 
generated by a hannonic magnetic current in a homogeneous region. with J = 0 but 
M #: 0. must satisfy V • D == 0. Therefore. E,.- can be expressed as the curl of the 
vector potential F by 

IE, = -~ V X F 

Substituting (3-16) into Maxwell's curl equation 

V x H1.- = jwEE1.• 

reduces it to 

V x ( HF + jwF) = 0 

From the vector identity or (3-6). it follows that 

I H,.- = - V </>,,, - jwF 

{3-16) 

(3-17) 

(3- I 8) 

(3- I 9) 

where r/,,,, represents an arbitrary magnetic scalar potential which is a function of 
position. Taking the curl of (3-16) 

I I ~ v x EF = --v x v x F = -- lV v • F - v-FJ 
E E 

and equating it to Maxwell's equation 

[v x E,-· = -M - jwµ,HF 

leads to 

Substituting ( 3-19) into (3-22) reduces it to 

V1F + k2F = - eM + V(V • F) + VUwµ,E</,,,,) 

(3-20) 

(3-21) 

(3-22) 

(3-23) 
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120 Chapter 3 Radiation Integrals and Auxiliary Potential Functions 

By letting 

reduces (3~23) to 

and (3-19) ro 

1 
V • F = - jwµ.E<Pm ...;. </>111 = - -- V • F 

j<JJµt:. 

-jwF - _LV(V • F) I 
wµ.E 

(3-24) 

(3-25) 

(3-26) 

Once Fis known, EF can be found from (3-16) and Hf· from (3-26) or (3-21) with 
M = 0. It will be shown later how to find F once M is known. It will he a solution 
to the inhomogeneous Helmholtz equation of (3-25). 

3.4 ELECTRIC AND MAGNETIC FIELDS FOR 
ELECTRIC (J) AND MAGNETIC (M) CURRENT 
SOURCES 
In the previous two sections we have developed equations that can be used to find 
the electric and magnetic fields generated by an electric current source J and a 
magnetic current source M. The procedure requires that the auxiliary potential func­
tions A and F generated, respectively, by J and M are found first. In turn, the 
corresponding electric and magnetic fields are then determined (EA, HA due to A and 
EF, HF due to F). The total fields are then obtained by the superposition of the 
individual fields due to A and F (J and M). 

In summary form. the procedure that can he used to find the fields is as follows: 

Summary 

1. Specify J and M (electric and magnetic current density sources). 
2. a. Find A (due to J) using 

which is a solution of the inhomogeneous vector wave equation of (3-14). 
b. Find F (due to M) using 

(3-27) 

(3-28) 

which is a solution of the inhomogeneous vector wave equation of (3-25 ). In 
(3-27) and (3-28), k2 = w2µ.e and R is the distance from any point in the 
source to the observation point. In a latter section, we will demonstrate that 
(3-27) is a solution to (3-14) as (3-28) is to (3-25). 
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3.5 Solution of the Inhomogeneous Vector Potential Wave Equation 121 

3. a. Find H,1 using (3-2a) and E,1 using (3-15). EA can also be found using Max­
weirs equation of (3-10) with J = 0. 

b. Find E,. using <3-16) and Hr using (3-26). l-11. can also be found using Max­
well's equation uf (3-21) with M = 0. 

4. The total fields are then given by 

I 
E = EA + E,.- = - jwA - j-

1
-V(V • A) - !v x F 

. wµ,t: E 
{)-29) 

or 

I I 
E = E11 + Er = -. -V x H,\ - -V x F (3-29a) 

j(IJ(: (: 

and 

I I 
H .. , + H, .. = -V x A - jwF - J-V(V • F) 

µ, CJJµ,t: 
(3-30) 

or 

I l 
= Ht\ + H,. = -v X A - -. -v X E,.- (3-30a) 

µ. JWµ, 

Whether (3-15) or (3-lO) is used to find EA and (3-26) or (3-21) to find H1-
depcnds largely upon the problem. In many instances one may be more complex than 
the other or vice versa. In computing fields in the far-zone. it will be easier to use 
(3-15) for E" and 0-26) for H,.. because, as it will be shown. Lhe second term in each 
expression becomes negligible in that region. 

3.5 SOLUTION OF THE INHOMOGENEOUS 
VECTOR POTENTIAL WAVE EQUATION 

In the previous section we indicated Lhat the solution of the inhomogeneous vector 
wave equation of (3-14) is (3-27). 

To derive ii, let us assume that a source with current density J~. which in the limit 
is an inlinitcsimal source. is placed al the origin of a x, y. : coordinate system. as 
shown in Figure 3.2(a). Sint.:e the current density is directed along the z-axis (./J, only 
an A: component wiH Cli.isl. Thu,- we can write {3- i4} as 

{3-31) 

Al points removed from the source U: = 0), the wave equation reduces to 

V 1A: + k1A: = 0 (3-32) 

Since in the limit the source is a point, it requires that A: is not a function of direction 
(0 ,md cM; in a spherical coordinate system. A : = A:(r) where r is the radial distance. 
Thus (3-32) 1.:an be written as 

~ , I ii [ ~ ilA .( r)] , 
V-A:(r) + k-A:(r) = , ~ r -:· - + k-A~(r) = 0 

r <Jr rlr 
(3-33) 
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z 

(x,y,z) 

8 

X 

(a) Source at origin 

z 

X 

(b) Source not at origin 

Figure 3.2 Coordinate systems for computing radiating fields. 

Yhkh when expanded reduces to 

d 2A-(r) 2 dA.(r) , 2 0 ---~- + - --- + 1rA.(r) = 
dr r dr ' 

(3-34) 

rhe partial derivative has been replaced by the ordinary derivative since A: is only a 
·unction of the radial coordinate. 

The differential equation of (3-34) has two independent solutions 

- Jki 
C e A~,= , -,-

e • jkr 

A::2 = Ci-­
r 

(3-35) 

(3-36) 

~quation (3-35) represents an outwardly (in the radial direction) traveling wave and 
3-36) describes an inwardly traveling wave (assuming an ei")' time variation). For 
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3.5 Solution of the Inhomogeneous Vector Potential Wave Equation 123 

this problem. the source is placed at the origin with the radiated fields traveling in the 
outward radial direction. Therefore. we choose the solution or (3-35). or 

ln the static case (w = O. k = 0). (3-37) simplifies to 

c, 
A.= -.. r 

(3-37) 

0-38) 

which is a solution to the wave equation of (3-32). (3-33). ()r (3-34) when k = 0. 
Thus at points removed from the source. the time-varying and the static solutions of 
(3-37) and <3-38) ditler only by the e-.11:r factor: or the time-varying solution of (3-
37) can be obtained by multiplying the static solution of (3-38) by e-1*'. 

In the presence of the source ( l: =/: 0) and k = 0 the wave equation of (3-31) 
reduces to 

(3-39) 

This equation is recognized to be Poisson's equation whose solution is widely docu­
mented. The most familiar equation with Poisson"s form is that relating the scalar 
electric potential cp to the electric charge density p. This is given by 

whose solution is 

p 

<I> = _I fIJ (!_ dv' 
47TE L r 

V 

(3-40) 

(3-41) 

where r is the distance from any point on the charge density to the observation point. 
Since (3-39) is similar in fonn to (3-40). its solution is similar to (3-4 l). or 

(3-42) 

Equation (3-42) represents the solution to (3-31) when k = 0 (static case). Using the 
comparative analogy between (3-37) and (3-38). the time-varying solution of (3-31) 
can be obtained by multiplying the static solution of (3-42) by e-Jkr. Thus 

fIJ 
- jkr µ (' I 

A. = - J.--dv 
•• 47T •. ,. (3-43) 

\/ 

which is a solution lo (3-31 ). 
If the current densities were in the x- and y-directions (J_, and J _1.), the wave 

equation for each would reduce to 

V 2Ax + k2A_, = - µJ., 

V 2A.,, + k2A,. = - µ.,J,. 

(3-44) 

(3-45) 
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124 Chapter 3 Radiation Integrals and Auxiliary Potential Functions 

with corresponding solutions similar in fonn to (3-43), or 

µ, JIJ e-,kr A=- J-dv' 
X 41T .t r (3-46) 

V 

µ, LJJ~ e-Jkr Av= - J--dv' 
• 41r Y r (3-47) 

V 

The solutions of (3-43), (3-46), and (3-47) allow us to write the solution to the 
vector wave equation of (3-14) as 

rrJ -jkr 
A= :1rL J~dv' (3-48) 

V 

lf the source is removed from the origin and placed at a position represented by 
the primed coordinates (x', y'. z'), as shown in Figure 3.2(b), (3-48) can be written as 

rrJ -jk.R 
A(x, _v, z) = ~ L J(x'. y'. z'>T dv' (3-49) 

V 

where the primed coordinates represent the source, the unprimed the observation 
poinL. and R the distance from any point on the source to the observation point. In a 
similar fashion we can show Lhat the solution of (3-25) is given by 

E JIJ e-Jk.R F(x, y. z) = 
4

7T M(x'. y'. z')R dv' (3-50) 
V 

ff ,J and M represent linear densities (lll - 1), (3-49) and (3-50} reduce to surface 
integrals. or 

JJ 
-jkR 

A = :1T s Js(x', y', z'>T ds' (3-51) 

E ~r e-jkR 
F = - M (r' .,., -')-- ds' 4 S'•J•,(. R 

1T s 
(3-52) 

For electric and magnetic current<, le and Im, they in turn reduce to line integrals of 
the form 

A = .1±. I (x' y' z')-e - di' J 
-jkR 

41T c ,. '· ' R 
(3-53) 
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3.6 Far-Field Radiation 125 

(3-54) 

3.6 FAR-FIELD RADIATION 

The fields radiated by antennas of finite dimensions are spherical waves. For these 
radiators. a general solucion to the vector wave equation of (3-l4J in spherical com­
ponents, each as a function of r, H. </J, takes the general form of 

(3-55) 

The amplitude variations of r in each component of (3-55) are of the form 1/r". 
n = I. 2, ... [I]. Neglecting higher order terms of 1/r" ( 1/r" = 0. n = 2. 3, ... ) 
reduces (3-55) to 

,. ~ oc (J-56) 

The r variations are separable from those of O and cf,. This will be demonstrated in 
the chapters that follow by many examples. 

Substituting (3-56) into (3-15) reduces it to 

(3-57) 

The radial E-field component has no 1/r terms, because its contributions from the first 
and second terms of (3-15) cancel each other. 

Similarly. by using (3-56), we can write (3-2a) as 

H = ! {jw e-.,1:r[a1.(0) + a 0 A;bc0. <p) - a 4,A;,co. cf>>]} + _.; {· · ·} + · · · (3-57a) 
,. T/ ,-

where T/ = \liih is the intrinsic impedance of the medium. 
Neglecting higher order tem1s of 1/r". the radiated E- and H-fields have only (J 

and cf, components. They can be expressed as 

Far-Field Regio11 

H, = 0 

Er= 0 I 
E11 = - jwA11 ⇒ I EA = -jwA 

E4, = - jwAc1, (for the (J and </J components only 
since E,. = 0) 

.w E,1, 
H,, = +.1-Am::::: 

T/ T/ HA = 
a,. E .w,. A 

.w E() 

- X :A = - J- 3r X 
T/ T/ 

(3-58a) 

0-58b) 

H"' = - .1-A11 == +-
1'/ T/ (for the 8 and cf> components only since Hr = 0) 

Radial field components exist only for higher order terms of l/r11
• 
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126 Chapter 3 Radiation Integrals and Auxiliary Potential Functions 

In a similar manner. the far-zone fields due to a magnetic source M (potential F) 
can be written as 

Far-Field Region 

H, = 0 I 
H0 = -jwF0 

H"' = -jwF<b 

Er= 0 

r:::> I HF = - jw Fl 
(for the O and cf, components only 
since Hr= 0) 

(3-59a) 

E11 = -jw71F41 = 
E"' = + jw71F11 = l 

(3-59b) 

(for the 0 and cf, components only since Er = 0) 

Simply stated, the corresponding far-wne E- and H-.field componenttr are or­
thogonal to each other and form TEM (tor) mode fields. This is a very useful relation, 
and it will be adopted in the chapters that follow for the solution of the far-zone 
radiated fields. The far-zone (far-field) region for a radiator is defined in Figure 2.5. 
Its smallest radial distance is 2D2/A where Dis the largest dimension of the radiator. 

3.7 DUALITY THEOREM 
When two equations that describe the behavior of two different variables are of the 
same mathematical form. their solutions wiH also be identical. The variables in the 
two equations that occupy identical positions are known as dual quantities and a 
solution of one can be formed by a systematic interchange of symbols to the other. 
This concept is known as the duality theorem. 

Comparing Equations (3-2a), (3-3), (3-10), (3-14). and (3,15) to (3-16), (3-17), 
(3-21), (3-25), and (3-26). respectively, it is evident that they are to each other dual 
equations and their variables dual quantities. Thus knowing the solutions to one set 
(i.e., J #= 0. M = 0), the solution to the other set (J = 0. M ~ 0) can be formed by 
a proper interchange of quantities. The dual equations and their dual quantities are 
listed in Tables 3.1 and 3.2 for electric and magnetic sources, respectively. Duality 

Table 3.1 DUAL EQUATIONS FOR ELECTRIC (J) AND MAGNETIC 
IM>CURRENTSOURCES 

Electric Sources (J 'F 0, M = 0) 

V x E1 = -jwµ,HA 

V x H,1 = J + jwEEA 

v2A + k2A = -µJ 

A = :1T ff f J e:kR dv' 
,, 

I 
H,1 :::, -v X A 

µ, 
I 

E,1 = -JwA - j-V (V • A) 
wµ,i 

Magnetic Sources IJ = 0, M 'F 0) 

V x HF= JweEF 

- V x E,.. = M + jwµ,HF 

V2F + k2F = - EM 

F = 4~Jff M e;kR dv' 
V 

I 
E,.. = --V X F 

f 

H,.. = - jwF - j -
1
- V (V • F) 

WIJ,f 
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3.8 Reciprocity and Reaction Theorems 127 

Table 3.2 DUAL QUANTITIES FOR ELECTRIC (J) AND MAGNETIC 
(Ml CURRENT SOURCES 

Electric Sources (J 7':- 0. M = 0) 

F.,, 
H,, 
J 
A 
E 

µ. 
k 
·r, 
1/11 

Magnetic Sources CJ = 0. M -:;,t: 0) 

H,, 
-E,.. 
M 
F 
µ. 
E 

k 
1/r, 

1J 

only serves as a guide to form mathematical solutions. It can be used in an abstract 
manner to explain the motion of magnetic charges giving rise to magnetic currents. 
when compared to their dual quantities of moving electric chnrges creating electric 
currents. Lt must, however. be emphasized that this is purely mathematicaJ in nature 
since it is known as of today. that there are no magnetic charges or currents in nature. 

3.8 RECIPROCITY AND REACTION THEOREMS 

We are all well familiar with the reciprocity theorem. as applied to circuits, which 
states that • 'in any network composed of linear. bilateral. lumped elements. if one 
places a constant current (l'l>lrage) generator between two nodes (in any branch> and 
places a voltage (rnrrent) meter between any other two nodes (in any other branch). 
makes observation of the meter reading, then interchanges the lm:ations of the source 
and Lhe meter, the meter reading will be unchanged" 121. We want now lo discuss 
the reciprocity theorem as it applies to electromagnetic theory. This is done best by 
the use of Maxwetl'!-. equations. 

Let us assume that within a linear and isolropic medium. but not necessarily 
homogeneous. there exist two set!) of sources J1• M 1• and J~. M 2 which are allowed 
to radiate simultaneously or individually inside the same medium at the frequency 
and produce fidds E1, H1 and E2, H2• respectively. IL can be shown [I]. f31 Lhat the 
sources and fields satisfy 

-v. {E, X H2 - E:., X H,) = E, • J2 + H~. M, - E2. JI - H, • M2 (3-60) 

which is called the Lorent:. Reciprocity Theorem in differential form. 
Taking a volume integral of both sides of (3-60) and using the divergence theorem 

on the left side, we can write it as 

-# (E I x H2 - E2 x H 1) • els' 
s 

(3-61) 

which is designated us the Lorentz Reciprociry Theorem in integral form. 
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For a source-free (J 1 = J2 = M 1 = M2 = 0) region. (3-60) and (3-61) reduce. 
respectively, to 

(3-62) 

.md 

# (E1 x H2 - E2 x H 1 ) • els' = 0 (3-63) 

.\' 

Equations (3-62) and (3-63) are special cases of the Lorentz Reciprocity Theorem 
and must be satisfied in source-free regions. 

As an example of where (3-62) and (3-63) may be applied and what they would 
represent. consider a section of a waveguide where Lwo different modes. exist with 
fields E., H 1 and E2 , H2 . For the expressions of lhe fields for the two modes to be 
valid, they must satisfy (3-62) and/or (3-63). 

Another useful form of (3-61) is to consider that the fields (Ei, H., E2, H2) and 
the sources (J 1, M1, J2• M2) are within a medium that is enclosed by a sphere of 
infinile radius. Assume that the sources are positioned within a finite region and that 
the fields are observed in the far field (ideally at infinity). Then the left side of (3-61) 
is equal to zero, or 

which reduces (3-61) to 

# (E1 x H1 - E2 x Hi)· els' = O 
s 

III (E, • J2 + H2 • M1 - E2 • J 1 - H1 • M2) clv' = O 
~· 

Equation 3-65 can also be written as 

The reciprocity theorem, as expressed by (3-66), is the most useful form. 

(3-64) 

(3-65) 

(3-66) 

A close observation of (3-61) will reveal that it does not, in general. represent 
relations of power because no conjugates appear. The same is true for the special 
cases represented by (3-63) and (3-66). Each of the integrals in (3-66) can be inter­
preted as a coupling between a set of fields and a set of sources. which produce 
another set of fields. This coupling has been defined as Reaction (4 J and each of the 
integrals in (3~66) are denoted by 

(I. 2) == JJJ (E1 • J2 - H 1 • M 2) dv (3-67) 
V 

(2. I) == III (E2 • J1 - H1 • M 1) dv (3-68) 
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The relation ( I. 2) of (3-67) relates the reaction (coupling) of fields (Ei, H1 ), 
which are produced by sources Ji, MI to sources (J 2, M2), which produce fields E2, 

H2: (2. I) relates the reaction (coupling) of fields (E2, H2) to sources (J1, M1). For 
reciprocity to hold. it requires that the reaction (coupling) of one set of sources with 
the corresponding fields of another set of sources must be equal to the reaction 
(coupling) of the second set of sources with the corresponding fields of the first set 
of sources, and vice versa. In equation fom1, it is written as 

(I. 2) = (2. I) (3-69) 

3.8.1 Reciprocity for Two Antennas 

There are many applications of the reciprocity theorem. To demonstrate its potential. 
an antenna example will be considered. Two antennas, whose input impedances are 
2 1 and 2 2, are separated by a linear and isotropic (but not necessarily homogeneous) 
medium. as shown in Figure 3.3. One antenna ( # 1) is used as a transmitter and the 
other (#2) as a receiver. The equivalent network of each antenna is given in Figure 
3.4. The internal impedance of the generator Zg is assumed to be the conjugate of the 
impedance of antenna # I (211 = Zf = R 1 - jX1) while the load impedance ZL is 
equal to the conjugate of the impedance of antenna #2 (ZL = ~ = R2 - jX2). These 
assumptions are made only for convenience. 

The power delivered by the generator to antenna # l is given by 

- I R / - l [( VgZI ) V: ] - IVl 
P, - 2 e[V1 f I - 2 Re Z + z (Z + Z.)* - 8R 

J .ll I -~ I 

(3-70) 

If the transfer admittance of the combined network consisting of the generator im­
pedance. antennas. and load impedance is Y21 • the current through the load is VRY21 

and the power delivered to the load is 

P1 = ½ Re[Z2(V11 Y2,)(V11 Y21)*l = ½R2IV8'2IY21l2 (3-71) 

The ratio of (3-69) to (3-68) is 

P, I I" p~ = 4R,R2 Y21 - (3-72) 

In a similar manner. we can show that when antenna #2 is transmitting and #I 
is receiving, the power ratio of Pif P2 is gjyen by 

(3-73) 

C 

Figure 3.3 Transmitting and receiving antenna systems. 
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C 

fl /J 

Figure 3.4 Two antenna systems with conjugate loads. 

Under conditions of reciprocity (Y12 

is the same. 
Y2iJ, the power delivered in either direction 

3.8.l Reciprocity for Radiation Patterns 

The radiation pa11ern is a very important antenna characteristic. Allhough it is usually 
most convenient and practical to measure the pattern in the receiving mode, it is 
identical. because of reciprocity, to that of the transmitting mode. 

Reciprocity for antenna pallerns is general provided lhe materials used for the 
antennas and reeds. and the media of wave propagation are linear. Nonlinear devices. 
such as diodes. can make the antenna system nonreciprocal. The antennas can be of 
any shape or size. and they do not have to be matched to their corresponding feed 
lines or loads provided there is a distinct single propagating mode at each pon. The 
only other restriction for reciprocity to hold is for the antennas in the transmit and 
receive modes are polarization matched, including the sense of rotation. This is 
necessary so that the antennas can transmit and receive the same field components. 
and thus total power. If the antenna that is used as a probe to measure the fields 
radiated by the antenna under test is not of the same polarization. then in some 
situations the transmit and receive patterns can still be the same. For example. if the 
transmit antenna is circularly polarized and the probe antenna is linearly polarized. 
then if the linearly polarized probe antenna is used twice and it is oriented one Lime 
to measure the 0-componenl and the other lhe q,-component. then the sum of the two 
compnnents can represent the pattern of the circularly polarized antenna in either the 
transmit or receive modes. During this procedure, the power level and sensitivities 
must be held constant. 

To detail the procedure and foundation of pattern measurements and reciprocity. 
let us refer to Figures 3.5(a) and (b ). The antenna under test is # I while the probe 
antenna ( #2) is oriented to transmit or receive maximum radiation. The voltages and 
currents V1• / 1 at terminals 1-1 of antenn.i # I and V2• / 2 at terminals 2-2 or antenna 
#2 are related by 

where 

Vi = Z11f1 + Z12f1 

V2 = Z21f1 + Z22f2 

2 11 = self-impedance of antenna # I 

2 22 = self-impedance of antenna #2 

2 12• 2~ 1 = mutual impedances between antennas #I and #2 

(3-74) 
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Observation 
sphere 

1 ---~ 

t=~:~ -., 
I 

Tc,;;t antenna (#I) 

(a) 

Figure 3.5 Antenna amingement for pattcm measurements ond reciprocity Lhcorem. 

If a current / 1 is applied at the terminals 1- 1 and voltage V2 (designated as V2"e) 
is measured alt.he open (12 = 0) terminals of antenna #2. then an equal voltage V1, I(" 

will be measured at the open (I 1 = 0) terminals of antenna # 1 provided the current 
/2 of antenna #2 is equal 10 / 1. rn equation form. we can write 

(3-75a) 

(3-75b) 

rf the medium between the two antennas is linear, passive, irmtropic, anu the 
waves monochromatic. then because of reciprocity 

(3-76) 

If in addition / 1 = /2, then 

(3-77) 

The above are valid for any position and any mode of operation between the rwo 
amennas. 

Reciprocity will now be reviewed for two modes of operation. In one mode, 
antenna# I is held stationary while #2 is allowed to move on the surface of a constant 
radius sphere, as shown in Figure 3.S(a). ln the other mode. antenna #2 is maintained 
stationary while # I pivots about a point, as shown in Figure 3.S(b). 

In the mode of Figure 3.S(a), antenna # 1 can be used either ai-; a transmitter or 
receiver. In the transmitting mode, while antenna #2 is moving on the constant radius 
sphere surface, the open terminal voltage V1oc is measured. lo the receiving mode, the 
open terminal voltage V1,,, is recorded. The three-dimensional plots of V:!oc anc.l Vim·, 

as a Function of 0 and<{). have been defined in Section 2.2 as.field partems. Since the 
three-dimensional graph of V2,,.. is identical to that or V1,,,. (due to reciprocity), the 
rrwwnining (V1"'.) and receiving (V1,,<) field pattern~ are also equal. The same con­
clusion can be arrived at if antenna #2 is allowed to remain stationary while # I 
rotates, as shown in Figure 3.5(b). 
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132 Chapter 3 Radiation Integrals and Auxiliary Potential Functions 

The conditions of reciprocity hold whether antenna # I is used as a transmitter 
and #2 as a receiver or antenna #2 as a transmitter and # 1 as a receiver. In practice. 
the most convenient mode of operation is that of Figure 3.5(b) with the test antenna 
used as a t'eceiver. Antenna #2 is usually placed in the far-field of the test antenna 
(# I), and vice-versa, in order that its radiated fields are plane waves in the vicinity 
of# 1. 

The receiving mode of operation of Figure 3.5(b) for the test antenna is most 
widely used to measure antenna patterns. because the transmitting equipment is in 
most cases bulky and heavy while the receiver is small and lightweight. In some 
cases, the receiver is nothing more than a simple diode detector. The transmitting 
equipment usually consists of sources and amplifiers. To make precise measurements. 
especially at microwave frequencies, it is necessary to have frequency and power 
stabilities. Therefore, the equipment mui,;t be placed on stable and vibration-free 
platforms. This can best be accomplished by allowing the transmitting equipment to 
be held stationary and the receiving equipment to rotate. 

An exceHent manuscript on test procedures for antenna measurements of ampli­
tude, phase. impedance. polarization. gain. directivity. efficiency. and others has been 
published by IEEE l5J. A condensed summary of it is found in 161, and a review is 
presented in Chapter 15 of this text. 
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PROBLEMS 

3.1. If Hr = jweV x 11, .. where nr is the electric Hertzian potential. show that 
I 

(a) V2H,. + k21lr = j-J (h) E,. = J?nc + VCV • 11.,) 

I 
le) llr = -j-A 

wµ.e 

WE 

3.2. If E,, = -jwµ.V x 111,. where n,, is the magnetic Hcrtzian potential. show that 

(a) V 211,, + J?n,, = j-1
-M (b) H11 = k1ll,, + VCV • D,,> 

(tJµ. 

I 
(c) n,, = - j - F 

wµ.e 

3.3. Verify that (3-35) und 0-36) are solutions to (3-34). 
3.4. Show that (3-42) is a solution to (3-39) and (3-43) is a solution to (3-31 ). 
3.5. Verify {3-57) and (3-57a). 
3.6. Deriw (3-60) and (3-61 ). 
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CHAPTER 

4 
LINEAR WIRE ANTENNAS 

4.1 INTRODUCTION 
Wire antennas, linear or curved, are some of the oldest. simplest, cheapest, and in 
many cases the most versatile for many applications. It should not then come as a 
surprise to the reader that we begin our analysis of antennas by considering some of 
the oldest, simplest, and most basic configurations. Initially we will try to minimize 
the complexity of the antenna structure and geometry to keep the mathematical details 
to a minimum. 

4.2 INFINITESIMAL DIPOLE 
An infinitesimal linear wire (/ <<A) is positioned symmetrically at the origin of the 
coordinate system and oriented along the z axis, as shown in Figure 4. l ( a). Although 
infinitesimal dipoles are not very practical, they are used to represent capacitor-plate 
(also referred to as top-hat-loaded) antennas. In addition, they are utilized as build­
ing blocks of more complex geometries. The wire, in addition to being very small 
(/ << .,\), is very thin (a << A). The current is assumed to be constant and given by 

l(z') = iJo (4-1) 

where /0 = constant. 

4.2.1 Radiated Fields 

To find the fields radiated by the current element. the two-step procedure of Figure 
3.1 is used. It will be required to determine first A and F and then find the E and H. 
The functional relation between A ,md the source J is given by (3-49). (3-51 ). or 
(3-53 ). Similar relations are available for F and M. as given by (3-50). (3-52), 
and (3-54). 

Since the source onJy carries an electric current le. 1,,, and the potential function 
F are zero. To find A we write 

(4-2) 

133 
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I J4 Chapter 4 Linear Wire Antennas 

.'I" 

Cal Infinitesimal ,Jipok 

(b) Electric field orientation 

Figure 4.1 Geometrical arrangement of an infinitesimal dipole and its as~m:iated electric 
field cmnpnncnts on a spherical surface. 

where (x, y, .:) represent the observation point coordinates, (x', y', :') represent the 
coordinates of the source. R is the distance from any point on the source to the 
observation point. and path C is along the length of the source. For the prohlem of 
Figure 4.1 

I,.(x', y' . .:') = a)u 

x' = y' = .:' = 0 (infinitesimal dipole) 

R = \i(x - x')2 + (y - y'f + (.: - z')2 = 
= r = constant 

di' = d::.' 

(4-3a) 

(4-3b) 

(4-3c') 

(4-3d) 
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4.2 Infinitesimal Dipole 135 

so we can write (4-2) as 

I I H/2 ' I 
A " µ, 0 1'·r d , _ " µ, 0 -i'kr (x. )'', z) = a--e-"' z - a.--e 

• '411-r -112 "'41rr 
(4-4) 

The next step of the procedure is to find HA using (3-2a) and then E,, using (3-15) 
or ( 3-10) with J = 0. To do this. it is often much simpler to transform ( 4-4) from 
rectangular to spherical components and then use (3-2a) and (3-15) or (3- IO) in 
spherical coordinates to find H and E. 

The transfonnation between rectangular and spherical components is given. in 
matrix form. by (see Appendix Vll) 

[

A, j [sin O cos <J, sin 0 sin cp 
A 11 = cos O cos cJ, cos 8 sin <J, 

A& - sin <J, cos <f, 

For this problem. A.,· = A_,. = O. so (4-5) using (4-4) reduces to 

µ,lole-ikr 
Ar = A: cos O = 

4 
cos H 

1Tr 
µ,l le-jiu· 

A 11 = -A. sin 8 = - 0 
sin tJ 

• 4,rr 

Ad>= 0 

(4-5) 

(4-6a) 

(4-6b) 

(4-6c) 

Using the symmetry of the problem (no variations in <J,). (3-2a) can be expanded 
in spherical coordinates and written in simplified form as 

... t [ a aA,.] H = a,1, - - (rA0} - -
µ,r ar iJ8 

Substituting (4-6a}- (4-6c) into (4-7) reduces it to 

H, = Hu= 0 

H 
.k/0 /~in 8 [ I] _ .,,, 

&=1--- I+- e' 
41Tr jkr 

(4-7) 

(4-8a) 

(4-8b) 

The electric field E can now be found using (3-15) or (3-10) with J = 0. That 
is. 

l l 
E = EA = - jwA - j - V (V • A) = -. - V x H 

wµ,E )WE 

Substituting (4-6a)-(4-6c) or (4-8a)-(4-8b) into (4-9) reduces it to 

£ = 1/ol cos B ( I + _I] e - i~r 
' 21r12 jkr 

E . k/0 / sin 8 [ l 1 I ] - ,·1,;, fl=J'TI ___ +---- e 
41Tr jkr (kr)2 

EcJ, = 0 

(4-9) 

(4- lOa) 

(4-IOb) 

(4-lOc) 
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I ]6 Chapter 4 Linear Wire Antennas 

The E- and H-tidd components are valid everywhere. except on the source itself. 
and they are sketched in Figure 4. I (h) on the surface of a sphere of radius r. It is a 
straightforward exercise to verify Equations (4-IOa)-(4-lOc). and this is left as an 
exercise to the reader (Prob. 4.9). 

4.2.2 Power Density and Radiation Resistance 

The input impedance of an antenna. which consists of real and imaginary parts, was 
discussed in Secticm 2.13. For a lossless antenna. the real part of the input impcilimce 
was designated as radiation resistance. It is through the mechanism of the radiation 
resistance that power is transferred from the guided wave to the free-space wave. To 
find the input resistance for a lossless antenna.. the Poynting vector is formed in terms 
of the E- and H-fields radiated by the antenna. By integrating the Poynting vector 
over a closed surface (usually a sphere of constant radius), the total power radiated 
by the source is found. The real part of it is related to the input resistance. 

For the infinitesimal dipole. the complex Poynting vector can be written usi11g 
(4-8a)-(4-8b) and (4-1 Oa)-(4- IOc) as 

W =½<Ex H*) = ½(a,.Er + a."£")>< (a,,,Hf) 
-'<AEH* A£H*) - , a,. 0 ,t, - a" ,. ,t, (4-11) 

whose radial Wr and transverse W o components are given, respectively, hy 

T/ /0 / 
2 sin

2 
H [ 1 • I ] W=-- -- -1-

, 8 A r 2 <kn3 (4-12u) 

_ . kjl0 /j2 cos O sin IJ [ _I_] 
W,1 - 171 , 3 I + , 

• l6-1rr· (krt 
(4-12h) 

The complex power moving in the radial direction is obtained by integrating (4-11 )­
(4-12b) over a closed sphere of radius r. Thus it can he written as 

(4-13) 

which reduces to 

( 4-14) 

The transverse component W11 of the power density does not comrihute to the 
integral. Thus (4-14) does not represent the total complex power radiated by the 
antenna. Since W11, as given by (4-l2b), is purely imaginary. it will not contribute to 
any real radiated power. However. it does contribute to the imaginary (reactive) power 
which along with the second term of ( 4-14) can be used to detcm1i ne the total reactive 
power of the antenna. The reactive power density. which is most dominant for small 
values of kr. has both radial and transverse components. It merely changes between 
outward and inward directions to form a standing wave at a rate of twice per cycle. 
It also moves in the transverse direction as suggested by (4-12b). 
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4.2 Infinitesimal Dipole 137 

Equation (4-13), which gives the real and imaginary power that is moving out­
wardly, can also be written as [4) 

where 

I 1r 10 1 - . 1 
p = - ry E X H* • els = T/ - - · I - J --, ( ) ' [ ] 

2 J. 3 A (kr)· s 
- -= Prnd + j2w(W,,, - W,.) 

P = power (in radial direction) 

Pr.,._1 = time-average power radiated 

(4-15) 

W,,. = time-average magnetic energy density (in radial direction) 

W,. = time-average electric.: energy density (in radial direction) 

2w(Wm - W,.) = time-average imaginary (reactive) power (in radial direction) 

From (4-14) 

and 

-2w(W,,, - W,.) = 

lo/ 
2 

A 

.., 
lo/ -- --
A (kr);1 

(4-16) 

(4-17) 

It is clear from (4-17) that the radial electric energy must be larger than the radial 
magnetic energy. For large values of kr (kr >> I or r >> A). the reactive power 
diminishes and vanishes when kr = xi. 

Since the antenna radiates its real power through the radiation resistance, for the 
infinitesimal dipole it is found by equating (4-16) to 

(4- 18) 

where R, is the radiation resistance. Equation (4-18) reduces to 

(4-19) 

for a free-space medium ( r, = l 201r). It should be pointed out that the radiation 
resistance of (4-19) represents the total radiation resistance since (4-l 2b) does not 
contribute to it. 

For a wire antenna to be classified a~ an infinitesimal dipole. its overall length 
must be very small (usually / :S A/5O). 

Example 4.l 

Find the radiation resistance of an infinitesimal dipole whose overall length is 
I = A/50. 
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138 Chapter 4 Linear Wire Antennas 

SOLUTION 

Using (_4-19) 

R, = 8011' ( ±)' = 8011' (
5
1
0 r = 0.3 I 6 ohms 

Since lhe radiation resistance of an infinitesimal dipole is about 0.3 ohms. it will 
present a very large mismatch when connected to practical transmission lines. many 
of which have characteristic impedances of 50 or 75 ohms. The reflection efficiency 
<er> and hence the overall efficiency (e,) will be very smalJ. 

The reactance of an infinitesimal dipole i:-. capacitive. This can be illustrated by 
considering the dipole as a flared open-circuited transmission line, as discussed in 
Section 1.4. Since the input impedance of an open-circuited transmission line a 
distance l/2 from its open end is given by Zin = - jZ,. cot ( {3//2), where Z, is its 
characteristic impedance, it will always be negative (capacitive) for/ « A. 

4.2.3 Radian Distance and Radian Sphere 

The E- and ff-fields for the infinitesimal dipole. as represented by (4-8a)-(4-8b) and 
(4-IOa)-(4-IOc). are valid everywhere (except on the source itself). An inspection of 
these equations reveals the following: 

(a) At a distance r = >J21r ( or kr = I). which is referred to as the radian distmzce, 
the magnitude of the first and second terms within the brackets of (4-8b) and 
(4-1 Oa) is the same. Also at the radian distance the magnitude of all three terms 
within the brackets of (4-1 Ob) is identical; the only term that co11tributes to the 
total field is the second, because the first and third tenns cancel each other. This 
is illustrated in Figure 4.2. 

(b) At distances less thwi the radian distance r < >J21r (kr < l ), the magnitude of 
the second term within the brackets of (4-8b) and (4-1 Oa) is greater than the first 
term and begins to dominate as r << Al21t. For (4-IObJ and r < Al21t, the 
magnitude of the third tenn within the brackets is greater than lhe magnitude of 
the first and second terms while the magnitude of the second term is greater than 
that of the first one: each of these terms begins lo dominate as r<< >J21r. This 
is illustrated in Figure 4.2. The region ,. < A/21r (kr < I) is referred to as the 
near-field region. 

(c) At distances greater than the radian distance r > A/2r, (kr > I}, the first tem1 
within the brackets of (4-8b) and (4-IOa) is greater than the magnitude of the 
second term and begins to dominate as r »>J21r(kr » I). For (4- IOb) and 
,. > A/21r, the first term within the brackets is greater than the magnitude of the 
second and third Lerms while the magnitude of the second term is greater than 
that of Che lhird: each of these terms begins to dominate as r ~ JJ21r. This is 
illustrated in Figure 4.2. The region r > >J21r (kr > I) is referred to as the 
inrermedit1te-field region while that for r >> >.121r (kr >> I) is referred to as the 
far~fielt/ region. 
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u,! 

5 

~ 

10 ',,, 
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Figure 4.2 Magnitude variation. as a function of the radial distance, of 
the field tenns radiated by an infinitesimal dipole. 

(d) The sphere with radius equal to the radian distance (r = A/211') is referred as 
the radian sphere, and il defines the region within which the reactive power 
density is greater than the radiated power density [ I ]-[3 ]. For an antenna, the 
radian sphere represents the volume occupied mainly by the stored energy of 
the antenna's electric and magnetic fields. Outside the radian sphere the radiated 
power density is greater than the reactive power density and begins to dominate 
as r » A/211'. Therefore the radian sphere can be used as a reference, and it 
defines the transition between stored energy pulsating primarily in the 0 direction 
[represented by (4-12b)I and energy radiating in the radial (r) direction [repre­
sented by the first term of (4-l 2a): the second tenn represents stored energy 
pulsating in the radial {r) directionj. 

4.2.4 Near•Fleld (kr << I) Region 

An inspection of ( 4-8a)-{ 4-8b) and { 4-1 Oa)-( 4-1 0c) reveals that for kr « A or 
r ¢: A/271' they can be reduced in much simpler fonn and can be approximated by 

I le-Jkr 
E • 0 LI 

r = - J11 27T'kr3 COS v 

1 I -Jkr 
E . oe • (J 

fl = - JTJ 47T'kr~ sm 

Er/> = H,. = H,1 = 0 

H 
lole-ikr . 

0 ,t> = ., Sill 
4r,r 

kr «: I 

(4-20a) 

(4-20b) 

(4-20c) 

(4-20d) 

The E-field components, Er and £ 11• are in time-phase bul they are in time phase 
quadrature with the H-field component H,t,: therefore there is no time-average power 
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140 Chapter 4 Linear Wire Antennas 

flow associated with them. This is demonstrated by forming the time-average power 
density as 

W - 1 R IE H*I - IR [A E H* - A EH* 1 ,11 - 2 c ~ x - 2 e a,. 11 "' a,, ,. ,1, ( 4-21) 

which by using (4-20a)-{4-20d) reduces tr, 

- ! [- A • !J. fol 
2 

sin
2 

fl ~ . !1 llo/1
2 

sin O cos o] = 0 
w,I\ - 2 Re 3rJ k 411' r' + 811) k 81Tl ,.s (4-22) 

The condiliun of kr « I can be safo;fied at moderate distances away from the antenna 
provided that the frequency of operation is very low. Equations (4-20a) and (4-20b) 
arc similar to those of a static electric dipole and (4-20d) to that of a static current 
element. Thus we usually refer to (4-20a)-(4-20d) as the quasistationaryfi.elds. 

4.2.5 Intermediate-Field (k.r > I) Region 

As the values of kr begin to increase and become greater than unity, the terms that 
were dominant for kr << l become smaller and 1.:ventually vanish. For moderate 
values of kr the E-field components lose their in-phase condition and approach time­
phase quadrature. Since their magnitude is not the same. in general. they form a 
rotating vector whose extremity traces an ellipse. This is analogous to the polarization 
problem except that the vector rotates in a plane parallel to the direction of propagation 
and is usually referred to as the cross field. At these intem1ediatc values of kr, the £ 11 

and H.t, components approach time-phase, which is an indication of the formation of 
time-average power flow in the outward (radial) direction (radiation phenomenon). 

As the values of kr become moderate (kr > I). the field expressions can be 
approximated again but in a different form. In contrast to the region where kr << 1. 
the first term within the brackets in (4-8b) and (4-1 Oa) becomes more dominant and 
the second tem1 can be neglected. The same is true for ( 4-1 Ob) where the second and 
third terms become less dominant than the first. Thus we can write for kr > I 

lnle -J1., 
E,. = "f/ , cos fJ 

21rr 

kl I - ifr . o e • . 
E11 = .l"f/ 4 SIil H 

1T r 

Et/,= H, = H1, = 0 

'·/ I Jkr ·" o e • H,,,=1---sin 0 
41Tr 

The total electric field is given hy 

E = a,.E, + a.0 £" 

whose magnitude can be written as 

kr > I 

(4-23a) 

(4-23b) 

(4-23c) 

(4-23d) 

(4-24) 

(4-25) 
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4.2 Infinitesimal Dipole 141 

4.2.6 Far .. Field (kr >> 1) Region 

Since (4-23a)-(4-23d) arc valid only for values of kr > I (r > A). then E, will be 
smaller than E0 because £, is inversely proportional to r where £ 11 is inversely 
proportional tor. In a region where kr >> I, (4-23a)-(4-23d) can be simplified and 
approximated by 

kl le-jkr 
E . 0 • 8 "= JT1 4 sm 

'TTr 

E, = £ 0 = H, = H t1 = 0 
kl l -ii"· o e . fl 

H tt, = j 47Tr sm • 

The ratio of Ell to H,t, is equal to 

where 

Z,. = wave impedance 

E,1 
Zi,, = - = T/ 

H,1> 

kr >> I 

r, = intrinsic impedance (377 = 1207T ohms for free-space) 

(4-26a) 

(4-26b) 

(4-26c) 

(4-27) 

The E- and ff-field components are perpendicular to each other. transverse to the 
radial direction of propagation, and the r variations are separable from those of 8 and 
</>. The shape of the pattern is not a function of the radial distance r, and the fields 
form a Transverse ElectroMagnetic (TEM) wave whose wave impedance is equal to 
the intrinsic impedance of the medium. As it will become even more evident in later 
chapters. this relationship is applicable in the far-field region of all antennas of finite 
dimensions. Equations (4-26a)-(4-26c) can also be derived using the procedure out­
lined and relationships developed in Section 3.6. This is left as an exercise to the 
reader (Prob. 4.1 I ). 

Example 4.2 

For an infinitesimal dipole determine and interpret the vector effective length. At what 
incidence angle does the open-circuit maximum voltage occurs at the output tenninals 
of the dipole if the electric field intensity of the incident wave is 10 mvolts/meter'? 
The length of the dipole is IO cm. 

SOLUTION 

Using (4-26a) and the effective length as defined by (2-92). we can write that 

kl le -jkr kl e-Jkr 

E • 0 • A u A / • £1) 
t1 = Jr,--- sm O = -a"jr,--- • (-a8 srn u 

47Tr 4~r 
kl -jkr 

= - i11jTJ oe • e,. 
47Tr 
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142 Chapter 4 Linear Wire Antennas 

Therefore. the effective length is 

f,. = - a,,, sin (J 

whose maximum value occurs when O = 90°. and it is equal to/. Therefore. to achieve 
maximum output the wave must be incident upon the dipole at a nonnal incidence 
angle ( (I = 90°). 

The open-circuit maximum voltage is equal to 

max 

= IOx 10 3/=< 10-~volts 

4.2. 7 Direethlty 

The real power Pr.id radiated by the dipole was found in Section 4.2.2. as given by 
(4-16). TI1e same expression can he ohtained by first forming the average power 
density. using (4-26a)-(4-26c). That is. 

I A _I I 12 _ A '!]_ k111 I 2 sin2 0 
wll\" = -2 Re(E x H*) = a, 

2 
E{I - a, , 

4 
, 

T/ - 1T' r 
(4-28) 

Integrating (4-28) over a dosed sphere of radius ,- reduces it to (4-16). This is left as 
an exercise to the reader (Prob. 4.10). 

Associated with the average power density of (4-28) is a radiation intensity U 
which is given by 

,, T/ (k/o/)2 . , ,.2 I . I' U = rWav = - - sm~ 0 = -
2 

E,,(,-, 0, cp)-
2 47T T/ 

(4-29) 

and it confom1s with (2- I 2a). The normalized pattern of (4-29) is shown in Figure 
4.3. The maximum value occurs at 8 = 1r/2 and it is equal to 

( )
, 

71 klof -
Uma~ = 2 4 7T 

Using (4-16) and (4-30), the directivity reduces to 

and the maximum effective aperture to 

( 
>.,2) JA~ 

A,.,,, = 41r Do = 81r 

(4-30) 

( 4-31) 

(4-32) 

The radiation resistance uf the dipole can be obtained by the definition of (4-18). 
Since the radiated power obtained by integrating (4-28) over a closed sphere is the 
same as that of (4-16), Lhe radiation resistance using it will also be the same as 
obtained previously and given by (4-19). 

Integrating the complex Poynting vector over a closed sphere. as was done in 
(4-13). results in the puwcr (real and imaginary) directed in the radial direction. Any 

INTEL-1045 
U.S. Patent 7,151,430



Dip1)ic JlllCIIIIU 

X 

Rmtiat1on p3ltem 
U = sin10 

4.3 Small Dipole 143 

r 
I 
I 
I 
I 
I 
I 

I 
I 
I 

' I ' ~ 
)' 

Figure 4.3 Three-dimensional radiation paLtern of infinitesimal dipole. 

Lransvcrse componenls of power density, as given by (4- I 2b). will not he captured by 
the inlegration even though lhey are part of the overall power. Because of this 
limitation. this method cannot be used Lo derive the input reactance of the ant.enaa. 

4.3 SMALL DlPOLE 
The creation of the current dic;tribution on a thin wire was discussed in Section 1.4. 
and it was illustrated with some examples in Figure l.16. The rad iation properties of 
an inJinitesimal dipole. whkh is usually taken to have a length / s A/50, were 
discussed in the previou:-. section. Tis cun·enl distribution was assumed to be constant 
Although a constant current distribution is not realizable (other than top-hat-loaded 
elements). it is a mathematical quantity Lbal i~ used to represent actual current distri­
butions of antennas thal have been incremented into many small lengths. 

A better approximation of the current distribution of wire antennas. whose lengths 
are usually A/50 < / < Ml O. is Lhc triangular varialion or Figure l. l 6(a). The 
-;inusoidaJ variations of Figures l. I6(b)- (c) arc more accurate representations of the 
current distribution or any length wire antenna. 

The most convenient geometril:al m·rru1gemenl for the analysis of a dipole is 
usually to have it positioned symmetrically about Lhe origin with its lenglh directed 
along the .:-axis, as show11 in Figure 4.4(a). This is not necessary, but it is usualJy the 
most convenient. The crnTent distribution of a small dipole (A/SO < I < Al I 0) is 
shown in Figure 4.4(b), and i1 is given hy 

fi: fo ( I - 7 :') . 0 s z' < //2 

l ,.(x'._v'.l)= ( ) (4-33) 

fi:.ln l + 7" :' , - //2 s :.1 s 0 

where /0 = constant. 
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'-
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X 

(al Dipole and l(COmclry 

, .. 
- I 

m. 

lb) Cum:111 distribution 

Figure 4.4 Geometrical arrangement of dipole and cun-ent distrihutinn. 

FoHowing the procedure established in the previous section, the vector potential 
of (4-2) can be written using (4-33) as 

A(x. y. z) [ f I) ( 2 ) - jl:.N = ~ a: 10 I + - z' ~R d;:,' 
41r --112 I 

f //2 ( ') ) , - ,iM ] + a. 10 I - = z' _e - d:.' 
• I I R 

(4-34) 

Because the overall length of the dipole is very small (usually I ::: A/10), the values 
of R for different values of:.' along the length of the wire ( -112 :::: :.' s 1/2) are not 
much different from r. Thus R can he approximated by R = r throughout the integra­
tion path. The maximum phase error in (4-34) by allowing R = r l'or A/50 < I 
::::A/10, will be kl/2 = 1rll0 rad = 18° for/ = A/10. Smaller values will occur for 
the other lengths. As it will be shown in the next section. this amount of phase error 
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is usually considered negligible and has very little effect on 
characteristics. Performing the integration. (4-34) reduces lo 

A _ .. _ .. ! [µ,lole -,ikr] 
- a-A- - a-

- • •• 2 41rr 

the overall radiation 

(4-35) 

which is one-half of £hat obtained in rhe previous section for the infinitesimal dipole 
and given by (4-4). 

The potential function given by (4-35) becomes a more accurate approximation 
as kr ~ oc, This is also the region of most practical interest. and it has been designated 
as the far-field region. Since the potential function for the triangular distribution is 
one-half of the corresponding one for the constant (uniform) current distribution. the 
corresponding fields of the fonner are one-haJf of the latter. Thus we can write the 
E- and ff-fields radiated by a small dipole as 

kl I -jkr 

E . · oe . n 
n = JT1 8 sm u 

1Tr 

E, = £4> = H, = H" = O 
kl Le- jkr 

H . 0 • (J 
ti>= J 

8 
sm 

1Tr 

with the wave impedance equal. as before. to (4-27). 

kr >> I 

(4-36a) 

(4-36b) 

(4-36c) 

Since the directivity of an antenna is controlled by the relative shape of the field 
or power pattern. the directivity and maximum effective area of this antenna are the 
same as the ones with the constant current distribution given by (4-31) and (4-32), 
respectively. 

The radiation resistance of the antenna is strongly dependent upon the current 
distribution. Using the procedure established for the infinitesimal dipole, it can be 
shown that for the small dipole its radiated power is one-fourth <¼) of (4-18). Thus 
the radiation resistance reduces lo 

(4-37) 

which is also one-founh <¼) of that obtained for the infinitesimal dipole as given by 
(4-19). Their relative patterns (shapes) arc the same and are shown in Figure 4.3. 

4.4 REGION SEPARATION 
Before we attempt to solve for the fields radiated by a finite dipole of any length, it 
would be very desirable lo discuss the separation of the space surrounding an antenna 
into three regions; namely, the rellctive near-field, rl4diating near-field (Fresnel) and 
the far-field (Fraunlwfer) which were introduced briefly in Section 2.2. This is nec­
essary because for a dipole antenna of any length and any current distribution. it will 
become increasingly difficuh to solve for lhe fields everywhere. Appro.i1im.a1ions can 
be made. especially for the far-field (Fraunhofer) region which is usually the one of 
most practical interest. to simplify the formulation lo yield closed fonn solutions. The 
same approximations used to simplify the formulation of the fields radiated by a finite 
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146 Chapter 4 Linear Wire Antennas 

dipole are also used lo formulate the fields radiated by most practical antennas. So it 
will be very important to introduce them properly and understand their implications 
upon the solution. 

The difficulties in obtaining closed form solutions that are valid everywhere for 
any practical antenna stem from the inability to perform the integration of 

JJ, f e -jkH 
A(x. _v. z) = - l,.(x'. v' . .::') -- di' 

41r • R 
(4-38) 

C 

where 

(4-38a) 

For a finite dipole with sinusoidal current distribution, the integral of (4-38) can he 
reduced to a closed form that is valid everywhere! This will be shown in Chapter 8. 
The length R is defined as the distance from any point on the source lo the observation 
point. The integral of (4-38) was used to solve for the fields of infinitesimal and small 
dipoles in Sections 4.1 and 4.2. However in the first case (infinitesimal dipole) 
R = rand in the second ~ase (small dipole) R was approximated hy r (R = r) because 
the length of the dipole was restricted to be / ~ A/ 10. The major simplification of 
(4-38) will be in the approximation of R. 

A very thin dipole of finite length / is symmetrically positioned about the origin 
with its length directed along the :-axis. as shown in Figure 4.5(a). Because the wire 
is assumed to be very thin (x' = y' = 0), we can write (4-38) as 

R = y'(x - x')1 + (y - y')2 + (:: - z')'.! = y'x1 + i + (;: - z')2 (4-39) 

which when expanded can be written as 

R = v'<x1 + y2 + ~:2) + ( - 2zz' + ::'2) = y' r2 + ( - 2r::' cos fJ + ::'2) (4-40) 

where 
, ~ ~ ~ r = x- + y- + z~ 
:: ::::: r cos H 

Using the binomial expansion. we can write (4-40) in a series 

I (-'
2 

) I (-'-~ ) , ,, ' ., ,. . . " 
R = r - :: cos O + - - sm~ () + -;;- - cos O sm~ H 

r 2 ,... 2 

whose higher order terms become less significant provided r >> :.'. 

4.4.l Far-Field (Fraunhofer) Region 

+ ... 

(4-40a) 

(4-40b) 

(4-41_) 

The mosl convenient simplification of (4-41 ), other than R = r. will be to approximate 
it by its first two terms, or 

R = r - z' cos fJ (4-42) 

The most significant neglected term of (4-41) is the third whose maximum value is 

I 
(

_,2 ) _,2 , ' 
- ::.... sin1 fJ = ::.... 
r 2 nm~ 2r 

when fJ = 1r/2 (4-43) 

INTEL-1045 
U.S. Patent 7,151,430



4.4 Region Separation 14 7 
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(a) Finite dipole geometry 
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,p = ,p' ...__ -.... ---
~----i- ---J 

(b) Ccomctricul arra11gemc11t for far-field appro~imation~ 

Figure 4.5 Finite dipole geometry and far-field approximations. 

When (4-43) attains its maximum value, the fourth term of (4-41) vanishes 
because (J = 7r/2. It can be shown that the higher order terms not shown in (4-41) 
also vanish. Therefore approximating ( 4-41) by ( 4-42) introduces a maximum error 
given by ( 4-43 ). 

It has been shown by many investigators through numerous examples that for 
most practical antennas, with twerall length." greater titan a wavelength (I > ,\), a 
maximum total phase error of 7r/8 rad (22.5°) is not very detrimental in their analytical 
formulation. Using that as a criterion we can write, using (4-43), that the maximum 
phase error should always be 

k(z')2 
'TT' 

- ·-<-
2r - 8 

(4-44) 
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which for - //2 s z' s //2 reduces 10 

(4-45) 

Equation (4-45) simply states that to maintain the maximum phase error of an 
antenna equal to or less than 1r/8 rad (22.5°), the observation distance r must equal 
or be greater than 2/2/A where I is the largest* dimension of the antenna structure. 
The usuaJ simplification for the far-field region is to approximate the R in the expo­
nential (e-.i"R) of (4-38) by (4-42) and Lhe R in the denominator of (4-38) by R = r . 
These simplifications arc designated as the fa1·-ficld approximations and arc usually 
denoted in the literature as 

Far-field Approximations 
R -= r - :.' cos fJ for phase terms (4-46) 

R = r for amplitude terms 

provided r satisfies ( 4-45 ). 
It may be advisable to illustrate the approximation (4-46) geometrically. For R = 

r - i: 1 cos 0, where O is the angle measured from the :-axis, the radial vectors R and 
r must be parallel to each other, as shown in Figure 4.5(b). For any other antenna 
whose maximum dimension is D. the approximation of (4-46) is valid provided the 
observmions are made at a distance 

(4-47) 

For an aperture antenna the maximum dimension is taken to be its diagonal. 
For most practical antennas, whose overall length is large compared to the wave­

length, these are adequate approximations which have been shown by many investi­
gators through numerous examples to give valid results in pattern predictions. Some 
discrepancies are evident in regions of low intensity (usually below - 25 dB). This 
is illustrated in Figure 2.6 where the pallems of a paraboloidal antenna for R = 'l.:. 

and R = 2D2/A differ al levels below -25 dB. Allowing R to have a value of R = 
4D1/A gives better results. 

ll would seem that the approximation of R in (4-46) for the amplitude is more 
severe than Lhat for the phase. However a dose observation reveals Lhis is not the 
case. Since the observations are made at a distance where r is very large, any small 
error in the approximation of the denominator (amplitude) will not make much dif­
ference in the answer. However, because of the periodic nature of the pha':le (repcati-. 
every 27T rad). it can be a major fraction of a period. The best way to iJlustrate it will 
be Lo consider un example. 

Example 4.3 

For an antenna with an overall length I = 5A. the observations are made at r = 60>... 
Find the errors in phase and amplitude using (4-46). 

*Provided the ovcroll length Cl l of the antenna is large compared to the wuvelen.!,.'1h [sec IEEE Standord 
Definitions of Tcm1s for Antennas. IEEE Std ( 145-1983 >I-
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SOLUTrON 

For 0 = 90°. z' = 2.5A, and r = 60A, (4-40) reduces to 

R1 = Ay(60)2 + (2.5)2 = 60.052A 

and (4-46) to 

Therefore the phase difference is 

18.74° 

which in an appreciable fraction ( = ¾,) of a ful) period (360°). 
The difference of the inverse values of R is 

I I I ( I I ) 1.44 X JO - 5 

R2 - R1 = A 60 - 60.052 = A 

which should always be a very small value. 

4.4.2 Radiating Near-Field (Fresnel) Region 

If the observation point is chosen to be smaller than r = 2/2/A, the maximum phase 
error by the approximation of (4-46) is greater than 1r/8 rad (22.5°) which may be 
undesirable in many applications. If it is necessary to choose observation distances 
smaller than (4-45), another term (the third) in the series solution of (4-41) must be 
retained to maintain a maximum phase error of 1r/8 rad (22.5°). Doing this. the infinite 
series of (4-41) can be approximated by 

1 (.,.,2 ) R = r - z' cos O + - ::...... sin2 (J 
,. 2 

(4-48) 

The most significant term that we are neglecting from the infinite series of (4-4 I) is 
the fourth. To find the maximum phase error introduced by the omission of the next 
most significant term, the angle 8 at which this occurs must be found. To do Lhis, the 
neglected term is differentiated with respect to (J and the result is set equal to zero. 
Thus 

~ --:; ~ cos 0 sin2 fJ = ~ sin 01 - sin2 6 + 2 cos2 81 = 0 iJ [ I (~':; )] .. ,:i 
110 r 2 2,-

(4-49) 

The angle O = 0 is not chosen as a solution because for that value the fourth term is 
equal to zero. In other words. (I = 0 gives the minimum error. The maximum error 
occurs when the second term of (4-49) vanishes; that is when 

[ - sin2 
() + 2 cos2 

8J11= o1 = O (4-50) 
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or 

(4-50a) 

If the maximum phase error is allowed to be equal or less than rr/8 rad. the distance 
r at which this occurs can be found fmm 

(4-51) 

which reduces to 

'1 ((') ('3) r ~ 
3
0 A = 0.385 A (4-52) 

or 

r 2: 0 .6 2 y'T'fiX (4-52a) 

A value of r greater than that of (4-52a) will lead to an error less than TT/8 rad (22.5°). 
Thus the region where the first three terms of ( 4-41) are significant. and the omission 
of the fourth introduces a maximum phase error of rr/8 rad (22.5°), is defined by 

2(2/A > r 2: 0.62~ (4-53) 

where / is the length of the antenna. This region is designated as radiating 11ear~/ield 
because the radiating power density is greater than the reactive power density and the 
field pattern ( its shape) is a function of the radial distance r. This region is also called 
the Fresnt!I region because the field expressions in this region reduce to Fresnel 
integrals. 

The discussion has centered around the finite length antenna of length / with the 
observation considered to be a point source. If the antenna is not a line source. / in 
(4-53) must represent the largest dimension of the antenna (which for an aperture is 
Lhe diagonal). Also if the transmitting antenna has maximum length I, and rhe receiving 
antenna has maximum length Ir, then the sum of I, and Ir must be used in place of/ 
in (4-53). 

The boundaries for separating the far-field (Fraunhofer), the radiating near-field 
(Fresnel). and the reactive near-field regions are not very rigid. Other criteria have 
also been establh,hed l4] but the ones introduced here are the most "popular." Also 
the fields, as the boundaries from one region to the other are crossed, do not change 
abruptly but undergo a very gradual transition. 

4.4.3 Reactive Near-Field Region 

If the distance of observation is smaller than the inner boundary of the Fresnel region. 
this region is usually designated as reactive near-field with inner and outer boundaries 
defined by 

0.62~>r>O (4-54) 

where/ is the length of the antenna. In this region the reactive power density predom­
inates. as was demonstrated in Section 4.1 for the infinitesimal dipole. 
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In summary. the space surrounding an antenna is divided into three regions whose 
boundaries are determined by 

reactive near-field f0.62v'i53/A > r > O] 

radiating near-field (Fresnel) [2D2/A > r 2: 0.62v'i53/A] 

far-field (Fraunhofer) (co 2: r > 2D2/A] 

where D is the largest dimension of the antenna (D = l for a wire antenna). 

4.5 FINITE LENGTH DIPOLE 

(4-55a) 

(4-55b) 

(4-55c) 

The techniques that were developed previously can also be used to analyze the 
radiation characteristics of a linear dipole of any length. To reduce the mathematical 
complexities, it will be assumed in this chapter that the dipole has a negligible diameter 
(ideally zero). This is a good approximation provided the diameter is considerably 
smaller than the operating wavelength. Finite radii dipoles will be analyzed in Chapters 
8 and 9. 

4.5.1 Current Distribution 

For a very thin dipole (ideally zero diameter), the current distribution can be wrinen, 
to a good approximation, as 

Os z' < //2 

l.,(x' = 0. _v' = O. z') = (4-56) 
-112 < :' s 0 

This distribution assumes that the antenna is centerJed and the cllrrent vanishes at 
the end points (z' = ± 1/2). Experimentally it has been verified that the current in a 
center-fed wire antenna has sinusoidal fonn with nulls at the end points. For / = A/2 
and A/2 < / < A the current distribution of (4-56) is shown plotted in Figures l.16(b) 
and l.12(c). respectively. The geometry of the antenna is that shown in Figure 4.5. 

4.5.2 Radiated Fields: Element Factor, Space Factor, 
and Pattern Multiplication 

For the current distribution of (4-56) it will be shown in Chapter 8 that closed fom1 
expressions for the E- and ff-fields can be obtained which are valid in all regions 
(any observation point except on the source itself). In general. however, this is not 
the case. Usually we are limited to the far-field region. because of the mathematical 
complications provided in the integration of the vector potential A of (4-2). Since 
closed fom1 solutions, which are valid everywhere. cannot be obtained for many 
antennas, the observations will be restricted to the far-field region. This will be done 
first in order to illustrate the procedure. In some cases. even in that region it may 
become impossible to obtain closed form solutions. 

The finite dipole antenna of Figure 4.5 is subdivided into a number of infinitesimal 
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dipoles of length A-:.'. As the number of subdivisions is increased. each infinitesimal 
dipole approaches a lengLh cl'::.'. For an infinitesimal dipole of length dz' positioned 
along 1he .:--axis al -:.'. lhe electric and magnetic field components in the far-field are 
gjven. using (4-26a)-(4-26c), a.s 

k I ( I I I) - JkR 

'

,., ~ . • " x • _v • z e . d-' c r... 11 -Jr,----'------sm 0 .:. 
4-rrR 

dE, = dE,1, = dH, = c/H11 = 0 

kl ( , ,, ') -jiR 

dH ~ . ,, X , .\ , 2 e • , a f•' 
,1, - .J 

4
7TR sm 11 , .., 

where R is given by (4-39) or (4-40). 

(4-57a) 

(4-57b) 

(4-57c) 

Using the far-field appmximations given by (4-46), (4-57a) can be written as 

kl (x' v' "'1 ) ,-Jkr 
IE ~ · •· • • • "· t • n ·•·Jk:' co~lld-' 

' 11 - 111 4 sm ve .:. 
7Tr 

(4-58) 

Summing the contributions from all the infinitesimal elements. the summation reduces. 
in Lhe limit to an integration . Thus 

{4-58a) 

The factor outside the brackets is designated as the elemenr.factor and that within 
the brackets as lhe ,\'/Wee factor. For this antenna. the element factor is equal to the 
field of a unit length infinitesimal dipole located at a reference point (the origin). ln 
general. the clement factor depends on the type of current and its direction of flow 
while the space factor is a function uf the current distribution along the source. 

The total field of the antenna is equal lo the product of the element and space 
factors. Th.is is referred to as parrern multiplication for continuously distributed 
sources, and it can he written as 

total field = (element factor) x (space factor) (4-59) 

The pattern multiplication for continuous sources is analogous to the pattern multi­
plication of c6-5) for discrete-element antennas (arrays). 

For the current distribution of (4-56), (4-58a) can be written as 

£ 11 ~ j71 kl:::' sin 8 { [' ,,, sin[ k(i + ,') ],+;,, ''"
0 d:' 

+ r '" sin[ k(i - :')],' "'''"' 'dz'} (4-601 

Each one of the integrals in (4-60) can he integrated using 

f e':u 
e«., sin (/3x + y) d.x = .., 

13
.., [a sin ({3x + y) - f3 cos ({3x + y)I 

,~- + -
(4-61) 

where 

a = ±jk cos H (4-61 a) 
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/3 = ±k 

r' = k/12 

After some mathematical manipulations, (4-60) takes the form of 

[

cos (kl cos o) - cos (k/)] 
I -)kr 2 2 

E . 1-1! 
H = Jr,-- ----.-----

21rr sm 0 

(4-61 b) 

(4-6 le) 

(4-62a) 

In a similar manner. or by using the established relationship between the £ 11 and 

H,1, in the far-Jield as given by (3-58b) or (4-27). the total Ht/> component can be 

written as 

[

cos (kl cos 0) - cos (k/)] 
E I -Jkr 2 2 

fJ . oe H =-=1--
r/, r, 2 1rr sin 0 

4.5.3 Power Density, Radiation Intensity, and Radiation 
Resistance 

For the dipole, the average Poynting vector can be written as 

(4-62b) 

1 
R E n • 1 

R rA A * 1 
R [A .. E1i] Wu,· = 2 er X *l = 2 e a,1E11X a,,.H,,,J = 2 e a,,Eox at/,-:;; 

~ [cos(~ cos 0) - cos (:)]

2 

Wav=i,Wa\'=a,.2
1.,.,1Enl2 =r,o '' . H (4-63) 
., oTrr sm 

and the radiation intensity as 

(4-64) 

The normalized (to O dB) elevation power patterns, as given by (4-64) for 
I = A/4. A/2, 3A/4, and A are shown plotted in Figure 4.6. The current distribution of 
each is given by (4-56). The power patterns for an infinitestimal dipole / << A 
(U ~ sin2 8) is also included for comparison. As the length of the antenna increases. 
the beam becomes narrower. Because of that. the directivity shoul<l also increase with 
length. ll is found that the 3-dB heamwidth of each is equal to 

I<< A 3-db beamwidth = 90° 

I = A/4 3-dB beamwidth = 87° 

I = A/2 3-dB beamwidth = 78° (4-65) 

I = 3>..14 3-dB beamwidth = 64° 

I= A 3-dB heamwidth = 47.8° 
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150° 
• --.... ---------

180° 

----- I<<>.. 

--- / = >../4 

----J=>../2 

- - - - - I= 3)./4 

.............. , = >.. 

Figure 4,6 Ele\-·arion plane amplitude patterns for a thin dipole with sinusoidal 
current distribution (l = A/4. A/2, 3A/4, A). 

As the length of the dipole increases beyond one wavelength(/> A), the number 
of lobes begin to increase. The normalized power pattern for a dipole with I = 1.25A 
is shown in Figure 4.7. In Figure 4.7(a) the three-dimensional pattern is illustrated 
using the software from [5]. while in Figure 4.7(b) the two-dimensional (elevation 
pattern) is depicted. For the three-dimensional illustration a 90° angular section of the 
pattern has been omitted to illustrate the elevation plane directional pattern variations. 
The current distribution for the dipoles with I = A/4, A/2, A. 3A/2, and 2A, as given 
by (4-56). is shown in Figure 4.8. 
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I' 

1a1 lhn:,•-dirncnsmnal 
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(bl Twu-dimcn~ional 

Figure 4.7 Three- and two-dimensional amplitude patterns for a 
thin dipole of/ = 1.25,\ and sinusoidal current distribution. 
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Figure 4.8 Current distributions along the length of a linear wire antenna. 

To find the total power radiated, the average Poynting vector of (4-63) is inte­
grated over a sphere of radius r. Thus 

12-,, 17T = W,w ,2 sin O d8 d<P 
J 0 

Using (4-63), we can write (4-66) as 

Prnd = (2'11' rr. Wavr2 sin 8 dH dtf, 
Jo Jo 

~ IIul' r• [ cos(Icos o) - cos(¥)]' dO 
11 

41T Jo sin 8 

(4-66) 

(4-67) 
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After some extensive mathematical manipulations. it can be shown that (4-67) 
reduces to 

Prad = TJl
4
lnl

2

{C + ln(k/)- C;(k/) + ~sin(k/)IS;(2k/)- 2S;(k/)] 
~ -

+ !cos(kl)IC + ln(k//2) + C;(2k/) - 2C;(k/)I} (4-68) 

where C = 0.5772 (Euler·s constant) and C;(x) and S;(x) are the cosine and sine 
integrals (see Appendix 111) given by 

fx sin v 
S1(x) = --· dy 

II _\' 

(4-68a) 

(4-68b) 

The derivation of (4-68) from (4-67) is assigned as a problem at the end of the chapter 
(Prob. 4.17). C;(X) is related to (\1(x) by 

where 

q 11 (x) = In( y x) - C;(x) = In( y) + In(.\·) - C;(x) 

= 0.5772 + ln(x) - C1(x) 

L.l ( I - COS V) C (x) = • dv 
m > _\' • 

C,(x). S1(x) and Ci11 (.,·) are tabulated in Appendix Ill. 

(4-69) 

(4-69a) 

The radiation resistance can be obtained using {4-18) and (4-68) and can be 
written us 

?p TJ 
R,. = -

1 

rl~d = -{C + ln(k/) - C;(k/) 
/ 0 - 277' 

+ !sin(k/) X 1S1(2k/) - 2S1(kl)I 
(4-70) 

+ !cos(k/) x IC + ln(k//2) + C;(2k/) - 2C;(k/)1} 

Shown in Figure 4.9 is a plot of R,. as a function of / (in wavelengths) when the 
antenna is radiating into free-space (TJ = I2O1T). 

4.S.4 Directivity 

As was illustrated in Figure 4.6, the radiation pattern or a dipole becomes more 
directional as its length increases. When the overall length is greater than about one 
wavelength. the number of lobes incre,1scs ,tnd the antenna loses its directional prop­
erties. The parameter that is used as a ••figure-of-merit" for the directional properties 
of the antenna is the directivity which was defined in Section 2.5. 
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ll(Kl 

7tXl 

JlK) 

IIKI 

-D,, 
----· R,. 
--- H,n 

1.5 

Dipole length/ 1w11vl!lengths) 

Figure 4.9 Rudiatian resistance, i.npul resistance and directivity of a thin di­
pole with sinusoidal current distribution. 

The directivity was defined mathematicaJJy by (2-22>. or 

D 
_ 

4 
F(fJ, </>)lm11x 

u - 1TJ·" J" F( 8. <b) sin 8 cU:J dcp 
(I (I 

where F( 0. cp) is related to the radiation intensity U by (2-19), or 

U = B 0 F(8. </,) 

From (4-64). the dipole antenna of length / has 

and 

[
cos(~ cos o) - cos(~)]

2 

1•(0. <b> = FW) = ----.---­
stn 8 

Because the pattern is not a function of </,, ( 4, 71) reduces lo 

D 
_ 2 F(&)Jmax 

0 - 17 

( F(8)sin(Jd() Jo 
Equation (4-74) can be wrjften, using (4-67), (4-68), and (4-73), as 

2 F(0)Jmax 
Do= ------'-'c...;;.... 

Q 

(4-71) 

(4-72) 

(4-73) 

(4-73a) 

(4-74) 

(4-75) 
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where 

Q = ~C + ln(k/) - C;(k/) + ½sin(kl)[S;(2k/) - 2S;(k/)] 

+ fcos(k/)IC + ln(k//2) + C;(2kl) - 2C;(kl)I} (4-75a) 

The maximum value of F(O) varies and depends upon the length of the dipole. 
Values of the directivity. as given by (4-75) and (4-75a). have been obtained for 

0 < I :;; 3A and are shown plotted in Figure 4.9. The corresponding values of the 
maximum effective apenurc arc related to 1he directivity by 

A2 

A,.,,, = 41r Do (4-76) 

4.5.5 Input Resistance 
ln Section 2.13 the input impedance was defined as ''the ratio of the voltage to current 
at a pair of tenninals or lhe ratio of the appropriate components of the electric to 
magnetic liclds at a point." The real part of the input impedance was defined a'i the 
input resistance which for a lossless antenna reduces to the radiation resistance. a 
result of the radiation of real power. 

In Section 4.2.2. the radiation resistance of an infinitesimal dipole was derived 
using the definition of (4-18). The radiation resistance of a dipole of length / with 
sinusoidal current distribution, of the form given by (4-56), is expressed by (4-70). 
By this definition, the radiation resistance is referred to the maximum current which 
for some lengths(/ = >J4. JA/4, A. etc.) does not occur at the input tenninals of the 
antenna (see Figure 4.8). To refer the radialion resistance to the input terminals of the 
antenna. the antenna itself is first assumed to he lossless (R,. = 0). Then the power 
at the input terminals is equated to the power at the current maximum. 

Referring Lo Figure 4. 10. we can write 

lt,nl2 
R = ltol2 

R,. 
2 Ill 2 

or 

where 

Rin = radiation resistance at input (feed) terminals 

R,. = radiation resistance at current maximum Eq. (4-70) 

/ 0 = cWTent maximum 

/in = current at input terminals 

(4-77) 

(4-77a) 

Fur a dipole of length /, the current at the input terminals (/in) is related to the 
current maximum (/0 ) refe1Ting to Figure 4 . 10. by 

. (kl) 
/in = /osm 2 (4-78) 
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T 
1/2 

1/2 

1 
Figure 4.10 Current distribution of a linear wire antenna when current maximum does not 
occur al lhe input terminals. 

Thus the input radiation resistance of ( 4-77 a) can be written as 

(4-79) 

Values of Rin for O < ls 3A are shown in Figure 4.9. 
To compute the radiation resistance (in ohms), directivity (dimensionless and in 

dB), and input resistance (in ohms) for a dipole of length I, a FORTRAN computer 
program has been developed. The program is based on the definitions of each as given 
by (4-70), (4-71), and (4-79). The radiated power Prad is computed by numerically 
integrating (over a closed sphere) the radiation intensity of (4-72)-(4-73a). The pro­
gram is included at the end of this chapter and in the computer disc made available 
with the book. The length of the dipole (in wavelengths) must be inserted as an input. 

When the overall length of the antenna is a multiple of A (i.e., l = nA, n = 
l, 2, 3, .. . ), it is apparent from (4-56) and from Figure 4.8 that /in = 0. That is, 

fin = lo sin [k (1 ± z')] :~= o _ = 0 (4-80) 
l - n>., 11-0.1.2 . . 

which indicates that the radiation resistance at the input terminals, as given by 
(4-77a) or (4-79) is infinite. In practice this is not the case because the current 
djstribution does nor foJJow an exacl sjnusojdaJ djstribution, especiaJJy at the feed 
point. It has, however. very high values. Two of the primary factors which contribute 
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4.5 Finite Length Dipole 161 

to che nonsinusoidal current distribution on an actual wire antenna are the nonzero 
radius of the wire and finite gap spacing at the tenninals. 

The radiation resistance and input resistance. us predicted. respectively. by 
(4-70) and (4-79), are based on the ideal current distribution of (4-56) and do not 
account for the finite radius of the wire or the gap spacing at the feed. Although the 
radius of the wire does not strongly influence the resistances. the gap spacing at the 
feed does play a significant role especially when the current at and near the feed point 
is small. 

4.5.6 Finite Feed Gap 

To analytically account for a nonzero current at the feed point for antennas with a 
finite gap at the tenninals. Schelkunoff and Friis ( 61 have changed the current of 
(4-56) by including a quadrature term in the distribution. TI1e additional term is 
inserted to take into account the effects of radiation on the antenna current distribution. 
In other words. once the antenna is excited by the "ideal'' current distribution of 
(4-56). electric and magnetic fields are generated which in turn disturb the .. ideal'" 
current distribution. This reaction is included by modifying (4-56) to 

a:{losin[kH- :•}] +jp/o[cos(kz')- cos(i,)]}. 

l.,(x', y', :.') = 
0 :5 z' s //2 

a,{iosin H1 + ,•)] + jJ>io[cos(kz'I - cos(H]} 

- 112 :5 z' s 0 

(4-81) 

where p is a coefficient that is dependent upon the overall length of the antenna and 
the gap spacing al the tenninals. The values of p become smaller as the radius of the 
wire and the gap decrease. 

When/ = A/2. 

l,.(x'. y'. ;;:') = a)0 (1 + jp) cos(kz') o s lz'I s A14 (4-82) 

and for/ = A 

{
a:/0{sin(kz') + jp[ I + cos(kz')I} 

l,.(x'.y'.z')= { } 
a~/0 - sin (kz') + jp [ I + cos(k;:')] 

0 s z' s A/2 

- A/2 :5 ,' :5 0 

(4-83) 
Thus for/ = A/2 the shape of the current is not changed while for/ = A it is modified 
by the second term which is more dominant for small values of:.'. 

The variations of the current distribution and impedances, especially of wire-type 
antennas, as a function of the radius of the wire and feed gap spacing can be easily 
taken into account by using advanced computational methods and numerical tech­
niques. especially Integral Equations and Moment Method [71-1 121. which are intro­
duced in Chapter 8. 

To illustrate the point. the current distribution of an I = A/'2 and / = A dipole 
has been computed using an integral equation formulation with a moment method 
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numerical solution, and it is shown in Figure 8. I 3(b) where it is compared with the 
ideal distribution of (4-56) and other available data. For the moment method solution, 
a gap at the feed has been inserted. As expected and illustrated in Figure 8. lJ(b), the 
current distribution for the / = >J2 dipole based on (4-56) is not that different from 
that based on the moment method. This is also illustrated by (4-82) . Therefore the 
input resistance ba~ed on these two methods will not be that different. However. for 
the l = ,\ dipole, the current distribution based on (4-56) is 9uite different, especially 
at and near the feed point, compared to that based on the moment method, as shown 
in Figure 8. I 3(b ). This is expected since the current distribution based on the ideal 
current distribution is zero at the feed point; for practical antennas it is very small. 
Therefore the gap at the feed plays an important role on the current distribution at 
and near the feed point. In turn, the values of the input resistance based on the two 
methods will be quite different. since there is a significant difference in the current 
between the two methods. This is discussed further in Chapter 8. 

4.6 HALF-WAVELENGTH DIPOLE 

One of the most commonly used antennas is the half-wavelength (I = >J2) dipole. 
Because its radiation resistance is 73 ohms, which is very near the 75-ohm character­
istic impedance of some transmission lines. its matching to the line is simplified 
especially at resonance. Because of its wide acceptance in practice, we will examine 
in a little more detail its radiation characteristics. 

The electric and magnetic field components of a half-wavelength dipole can be 
obtained from (4-62a) and (4-62b) by letting I = ,\/2. Doing this, they reduce lo 

1 
t! _ Jkr [cos (; cos 0 )] 

E ~ 1·,., o -----
(/ - ., 21rr sin 0 

(4-84) 

1 
e _ jkr [cos (; cos O)] 

H . 0 =1-- -----
"' 21rr sin (J 

(4-85) 

1n tum. the time-avernge power density and radiation intensity can be written, re­
spectively, as 

[

cos (11' cos 0)]
2 

)11)12 2 11 )2 
Tl == Tl~ Siff~ 0 ., -8, "' . 0 ., 8 ' ' 

1r·r sm 1r·r 
(4-86) 

and 

[

cos ( '7T cos 0 )]

1 

llol2 2 llnl2 
. , 

8 ,., = Tl-~ sm·' = .,-8.., . ., , 
1r· sm 0 81r· 
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who.:;e two-dimensional pHnern is shown ploned in Figure 4.6 while 1hc three-dimen­
sional pallern is depicted in Figure 4. l I . For the three-dimensional pattern of Figure 
4.11. a 90° ungular 'icclor has been removed to illusLrate the figure-eight elevation 
plane pattern variations. 

The wtal powcr radiated can be oblained as a special case or (4-67), or 

, cm,1 (: cos & ) 

p = l1ol- ( " - ti() ( 4-88) 
r. .. J 17 47T Jo sin 0 

which when integrated reduces. as a special case of (4-68), to 

lief f1
" ( ' - cosy) Ill C -, 

P ,.MJ = r, - dy = r1 -8 in( -71') 
87T II _\' , 7T 

(4-89) 

By the definilion of C'" (x). as given by (4-69). C111 (11r) i~ c4ual to 

C;0 (2-ri) = 0.5772 + In (21r) - C/27T) = 0.5772 + 1.838 - ( - 0.02) = 2.435 

(+90) 

where C1('.?.11) is obtained from the table~ in Appendix I l l. 
Using (4-87). (4-89), ant.I (4-90). (he <.lirec11vily of the hair-wavelength dipole 

reduce~ to 

1.643 (.4-91) 

The corresponding maximum effective area i, equal LO 

(4-92) 
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and the radiation resistance. for a free-space medium (r, = 12017'), is given by 

2 l'rnd 'rf 
Rr = -I I:? = 

4
-Cin(2?T) = 30(2.435) = 73 

In ?T 
(4-93) 

The radiation resistance of (4-93) is also the radiation resistance at the input 
terminals< input resistance) since the current maximum for a dipole of/ = A/2 occurs 
at the input tenninals (see Figure 4.8). As it will he ~hown in Chapter 8, the imaginary 
p.irt (reactance) associated with the input impedance of a dipole is a function of its 
length (for/ = A/2, it is equal to j42.5 ). Thus the total input impedance for / = A/2 
is equal lo~" = 73 + J42.5. To reduce the imaginary part of the input impedance 
to zero. the antenna is matched or reduced in length until the reactance vanishes. The 
latter i., most commonly used in practice for half-wavelength dipoles. 

Depending on the radius of the wire. the length of the dipole for first resonance 
is ahout / = 0.47 A to 0.48A: the thinner the wire, the closer the length is to 0 .48A. 
Thus. for thicker wires. a larger segment of the wire has to be removed from A/2 to 
achieve resonance. 

4.7 LINEAR ELEMENTS NEAR OR ON 
INFINITE PERFECT CONDUCTORS 

Thus far we have considered the radiation characteristics of antennas radiating into 
an unboundell medium. The presence of an obstacle. especially when it is near the 
radiating eJemem, can signilkant1y airer the overaU radiation propenies of the ~ntenna 
system. In practice the most common obstacle that is always present. even in the 
absence or anything else, is the ground. Any energy from the radiating element 
directed toward the ground undergoes a reflection. The amount of reflected energy 
and ifs direction are controlled by che geometry and constitutive parameters of the 
ground. 

In genernl. the ground is a lossy medium ( fT ¥- 0) whose effective conductivity 
increases with frequency. Therefore it should be expected to act as a very good 
conductor above a certain frequency. depending primarily upon its moisture content. 
T<) simplify the anaJysh,. it will lirst be assumed that the ground is a perfect electric 
conductor. flat, and infinite in extent. The effects of finite conductivity and earth 
curvature will be incorporated later. The same procedure can also be used to inves­
tigate the characteristics of any radiating element near any other infinite, flat. perfect 
electric conductor. Although infinite stntctures are not realistic, the developed pro­
cedures can be used to simulate very large (electrically) obstacles. The effects that 
finite dimensions have on the radiation properties of a radiating element can be 
conveniently accounted for by the use of the Geometrical Theory of Diffraction 
(Chapter 12. Section 12. 10) and/or the Moment Method (Chapter 8, Section 8.4 ). 

4.7.l Image Theory 

To analyze the perfonnance of an antenna near an infinite plane conductor, virtual 
sources (images) will be introduced to account for the reflections. As the name implies, 
these are not real sources but imaginary ones, which when combined with the real 
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4. 7 Linear Elements Near or on Infinite Perfect Conductors 165 

sources. form an equivalent system. For analysis purposes only. the equivalent system 
gives the same radiated field on and above the conductor as the actual system itself. 
Below the conductor. the equivalent system does not give the correct field. However, 
in this region the field is zero and there is no need for the equivalent. 

To begin the discussion. let us assume that a vertical electric dipole is placed a 
distance/, above an infinite, flat. perfect electric conductor as shown in Figure 4. I 2(a). 
The arrow indicates the polarity of the source. Energy from the actual source is 
radiated in all directions in a manner determined by its unbounded medium directionaJ 
properties. For an observation point P 1• there is n direct wave. In addition. a wave 
from 1he actual source radiated toward point R1 of the interface undergoes a reflection. 
The direction is determined by the law of reflection ( 81; = en which assures that 
the energy in homogeneous media travels in straight lines along the shortest paths. 
This wave will pass through the observation point P1. By extending its actual path 
below the interface. it wi II seem tu originate from a virtual source positioned a distance 
h below the boundary. For another observation point P1 the point of reflection is R1 . 

buc the virtual source is the same as before. The same is concluded for all other 
observation points above the interface. 

The amount of reHection is genernlly determined by the respective constitutive 
parameters of the media below and above the interface. For a perfect electric conductor 
below the interface, the incident wave is completely rellected and the field below the 
boundary is zero. According to the boundary conditions, the tangential components 
of the electric field must vanish at all points along the interface. Thus for an incident 
electric field with vertical polarization shown by the arrow~. the polarization of the 
reflected waves must be as indicated in the figure to satisfy the boundary conditions. 
To excite the polarization of the reflected waves, the virtual source must also be 
vertical and with u polarity in 1he same direction as that of the actual source (thus a 
reflection coefficient of + I). 

Another orientation of the source will he to have the radiating element in a 
horizontal position, as shown in Figure 4.21. Following a procedure similar to thal of 
the vertical dipole, the virtual source (image) is also placed a distance h below the 
interface but with a 180° polarity difference relative to the actual source (thus a 
reflection coefficient of - I ). 

In addition lo electric sources, artificial equivalent "magnetic" sources and mag­
netic conductors have been introduced to aid in the analyses of electromagnetic 
boundary value problems. Figure 4. l 3(a) displays the sources ,md their images for an 
electric plane conductor. The single arrow indicates an electric element and the double 
a magnetic one. The direction of the arrow identifies the polarity. Since many problems 
can be solved using duality. Figure 4.13(b) illustrates the sources and their images 
when the obstacle is an infinite. flat. perfect "magnetic'· conductor. 

4.7.l Vertical Electric Dipole 

The analysis procedure for vertical and horiz.ontal electric and magnetic elements near 
infinite electric and magnetic plane conductors, using image theory. was illustrated 
graphically in the previous section. Based on the graphical model of Figure 4.12, the 
mathematical expressions for the fields of a vertical linear element near a perfect 
electric conductor will now be developed. For simplicity. only far-field observations 
will be considered. 
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I 
" 

i 
h 

h 

l 
Virtual soun:e 

(image) 

(n) Vertical electric dipole 

(b) Field components at point of reOectiun 

Figure 4.12 Vertical electric dipole above an infinite, flat, perfect electric conductor. 

Referring to the geometry of Figure 4.14(a), the far-zone direct component of the 
electric field of the infinitesimal dipole of length /, constant current /0 , and observation 
point Pis given according to (4-26a) by 

E
d . k/0 /e-jkr, . ll 

tJ = J'T/ sm u1 411r1 
(4-94) 

INTEL-1045 
U.S. Patent 7,151,430



4.7 Linear Elements Near or on Infinite Perfect Conductors 167 

El!.\c lrk t::ketric Magnetic M:ignetk 

T f t •.,., Act uni source, 

/, 

! u = oo (blccirk conductor) 

" 1 I 

t -•~ Images 

(11) Electric comlucto~ 

Ek.::lri<! Electric Mugnctlc 

(Magncuc conductor! 

/1 

_L I 

♦ 
i • f I 

Cb) Mag11etic conductor 

Figure 4.13 Electric and mngnctic sources and 1hei r images near 
electric and niugnctic conductor!.. 

The reflected component can be accounted for by l'he introduction of the virtual source 
( image). as shown in Figure 4. I 4(a), and it can be written as 

or 

-~ . k 10 Le - ,11:r~ . 
E" = .! R ,/f/ ---'-'----- 1o; m 02 

41rr2 

since the rel1ection coei'ticient Ru is equal Lo uni ty. 

(4-95) 

(4-95a) 

The Lotal field above the interface (:: ~ 0) is equal Lo the sum of the direct and 
reflected components as given by (4-94) and (4-95a). Since u field cannot exist inside 
a perfect elet:tric conductor. it is equal to zero below the interface. To ~imf)lify the 
expression for the total electrk 6ekl, it is refen-eu to the origin of the coordinate 
system fr = O}. 
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X 

(a) Vi;:crtical c,Jectric dipoh, above yround plane 

z 

X 

(b) Fur-liclu observutions 

Figure 4.14 Vertical electric dipole ab<WC ii1fi nite perfect elecLric conductor. 

In general. we can wri1e that 

r, = lr2 + '12 
- 2rh cos 0] 112 

r 2 = [,-2 + h2 
- 2rh cos('7T - 0)J 112 

(4-96a) 

(4-96b) 

For far-lield observations (r >> h). (4-96a) and (4-96b) reduce using the binomial 
expansion to 

r 1 = r - h cos 0 

r2 = r + h cos 0 

(4-97a) 

(4-97b) 

As shown in Pigure 4.14(b), geometrically (4-97a) and (4-97b) represent parallel lines. 
Since the amplitude variations are not as critical 
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I)()' 

-- lt=O --h=H.111 
--- lt=)./K --- I,= ).12 
........... It= )./4 ........... h = .\ 

Figure 4.15 Elevation plane amplitude patterns of a vertical infinitesimal 
electric dipole for different heights above an infinite perfect electric conductor. 

for amplitmJe variations 

Using (4-97a)-(4-98), the sum of (4-94) and (4-95a) can be written as 

k / 1£, -jkr 

£ 11 = .i7J O sin 012 cos(k/, cos 0)1 
41rr 

E11 = 0 

(4-98) 

(4-99) 

Il is evident that the total electric field is equal to the product of the field of a single 
source positione<l symmetrically about the origin an<l a factor I within the brackets in 
(4-99)J which is a function of the antenna height (h) and the observation angle (fl). 
This is refc1Ted to as patrem multiplic'<lfion and the factor is known as the array 
factor. This will be developed and discussed in more detail an<l for more complex 
configurations in Chapter 6. 

The shape and amplitude of the tield is not only controlled by the field of the 
single element but also by the positioning of the element relative to the ground. To 
examine the field variations as a function of the height h. the normalized (lo O dB) 
power patterns for h = 0. A/8. A/4, 3,\/8, A/2, and A have been plotted in Figure 4.15. 
Because of symmetry, only half or each pattern is shown. For It > A/4 more minor 
lobes, in addition lo the major ones, arc formed. As h attains values greater than A, 
an even greater number of minor lobes is introduced. These are shown in Figure 4.16 
for h = 2A and 5A. The introduction or the additional lobes in Figure 4.16 is usually 
called .\·ml/oping. In general. the total number of lobes is equal to the integer that is 
closest to 

2h 
number of lobes = - + 

,\ 
(4-100) 
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Figure 4.16 Elevation plane amplitude patterns of n vertical infinitesimal 
de,:tric dipole for heights of 2A and 5A above an infinite perfect electric con­
<luclor. 

Since the total field of the antenna system is different from that of a single element. 
the directivity and radiation resistance are also different. To derive expressions for 
them. we Jirst tind the total radiated power over the upper hemisphere of radius r 
using 

# I 12'1Ti'ITn 
PraJ = Wa\' • ds = - IE,,11,J. sin O dO d<f, 

2'1') 0 0 s ., 

= 7i r'IT/1 IE,A2 ,2 sin (J d0 
T/ Jo 

which simplifies. with the aid of (4-99). to 

= /0/ ~ [! _ cos(2kh) sin{2kh)] 
p rnd r,r, A 3 (2kh)2 + (2kh)·1 

(4-10 I) 

(4-102) 

As kh ~ oc the radiated power. as given by ( 4-102). is equal to that of an isolated 
element. However. for kh ~ 0. it can be shown by expanding the sine and cosine 
functions into series that the power is twice that of an isolated element. Using (4-99), 
the radiation intensity can be written as 

, ). ( I I 1') T/ lr,I 2 • , , U = rWn" =, - EtJ- = - - sm- 0cos-(kh cos 0) 
271 2 A 

(4-103) 

The maximum value of C 4-103) occurs at ti = 1r/2 and is given, excluding kli ~ ::io, 

by 

2 

I 
r, 10 1 

Umi,.~ = u (I = r,(2 = 2 A (4-103a) 
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Figure 4.17 Elevation plane amplitude pattern of a vertical infinitesimal 
electric dipole al a height of 0.4585A ahove un infinite perfect electric conduc­
tor. 

which is four times greater than that of an isolated element. With (4-102) and 
(4-103a). the directivity can be written as 

47TUrnax 2 
Do = --- = -----------

Pr .. <.1 [ I cos(2kh) sin(2kh)] 
- - ----,-- + ----,--
3 (2k/1)2 (2kh)J 

(4-104) 

whose value for kh = 0 is 3 . The maximum value occurs when kh = 2.881 (h = 
0.4585A). and it is equal to 6.566 which is greater than four times that of an isolated 
element ( 1.5 ). The pattern for h = 0.4585A is shown plotted in Figure 4.17 while the 
directivity. as given by (4-104). is dispJayed in Figure 4.18 for O < h s 5A. 

Using (4-102), the radiation resistance can he written as 

R = 2Prnd = 1T (~)
2 [! _ cos(2kh) + sin(2kh>] (4-IOS) 

r IInf 2 
'17 A 3 (2kh)1 (2kh)·' 

whose value for kh ~ :x: is the same and for kh = 0 is twice that of the isolated 
element as given by (4-19). When kit = O. the value of R,. as given by (4-105) is only 
one-half the value of an /' = 2/ isolated element aci:ording to ( 4-19). TI,e radiation 
resistance, i.11' given hy (4-105 ). is plotted in Figure 4.18 for O s /, s SA when / = 
A/50 and the element is radiating into free-space ( r, = 1207T). ll can be compared to 
the value of R,. = 0.316 ohms for the isolated element of Example 4.1. 

In practice, a wide use has been made of a quarter-wavelength monopole (/ = 
A/4) mounted above a ground plane. as shown in Figure 4. l 9(a). For analysis purposes, 
a A/4 image is introduced an<l it forms Lhe A/2 equivalenL of Figure 4.19(b ). IL should 
be emphasized that the A/2 equivalent of Figure 4. I 9(b) gives the correct field values 
for the actual system of Figure 4. I 9(a) only above the interface (z ~ 0, 0 < 0 s 17'l2). 
Thus, the far-zone electric and magnetic fields for the A/4 monopole above the ground 
plane arc given. respectively, hy (4-84) and (4-85). 
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Figure 4.18 Directivity and radiation resistance of a vertical infinitesimal elec­
tric dipole as a function of its height above an infinite perfect electric conductor. 
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Figure 4.19 Quarter-wavelength monopole on an infinite perfect 
electric conductor. 

INTEL-1045 
U.S. Patent 7,151,430



E! 
N 

4.7 Linear Elements Near or on Infinite Perfect Conductors 173 
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Figure 4.20 Input impedance of a vertical A/2 dipole above a llal lossy electric 
conducting surface. 

From the discussions of the resistance of an infinitesimal dipole above a ground 
plane for kh = 0. it follows that the input impedance of a A/4 monopole above a 
ground plane is equal to one-half that of an isolated >J2 dipole. Thus, referred to the 
current maximum. the input impedance Z;111 is given by 

Zm (monopole) = ½ Z;rn (dipole) = ½(73 + J42.5] = 36.5 + j2l.25 (4-106) 

where 73 + j42.5 is the input impedance (and also the impedance referred to the 
current maximum) of a >J2 dipole. 

The same procedure can be followed for any other length. The input impedance 
Zim = R1m + )Xim (referred to the current maximum) of a vertical A/2 dipole placed 
·near a flat lossy electric conductor, as a function of height above the ground plane. is 
plotted in Figure 4.20. for O ~ /z < A. Conductivity values considered were I o-2_ 
10- 1

• 1, lO Sim, and infinity (PEC). It is apparent that the conductivity does not 
strongly influence the impedance values. The conductivity values used are represen­
tative of dry to wet earth. It is observed that the values of the resistance and reactance 
approach. as the height increases. the corresponding ones of the isolated element (73 
ohms for the resistance and 42.5 ohms for the reactance). 

4.7.3 Approximate Formulas for Rapid Calculations 
and Design 

Although the input resistance of a dipole of any length can be computed using (4-70) 
and (4-79). while that of the corresponding monopole using (4-106), very good 
answers can be obtained using simpler but approximate expressions. Defining Gas 

G = k/12 for dipole 

G = kl for monopole 

(4-107a) 

(4-l07b) 
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where I is the total length of each respective element. it has been shuwn that the input 
resistance of the dipole and monopole can be computed approximately using 110] 

0 < G < 1rl4 
(maximum input resistance of dipole is less than 12.337 ohms) 

Rin (dipole) = 20G
2 0 < / < A/4 

Rin (monopole) = IOG2 0 <: / < A/8 

1r/4 :s G < 1r/2 
(maximum input resistance of dipole is less than 76.383 ohms) 

Rin (dipole) = 24.7G25 >J4 :s l < A/2 

Rin (monopole) = I 2.35G25 A/8 s / < A/4 

'TT'/2 :s G < 2 
(maximum input resistance of dipole is less than 200.53 ohms) 

Rin (dipole) = 11.l4G'·17 >..12 <I< 0.6366>.. 

Rin (monopole) = 5.57G4· 17 >J4 s I< 0.3183>.. 

(4- 108a) 

(4-108b) 

(4-l09a) 

(4-109b) 

(4-l lOa) 

(4-11 Ob) 

Besides being much simpler in form. these formulas are much more convenient 
in design (synthesis) problems where the input resistance is given and it is desired to 
determine the length of the element. These formulas can be verified by plotting the 
actual resistance versus length on a log-log scale and observe the slope of the line 
[ 13 ]. For example. the slope of the line for values of G up to about 1r/4 = 0. 75 is 2. 

Example 4.4 

Determine the length of the dipole whose input resistance is 50 ohms. Verify the 
answer. 

SOLUTION 

Using ( 4-J 09a) 

50 == 24.7G2
•
5 

or 

G = 1.3259 = kl/2 

Therefore 

I = 0.422,\ 

Using (4-70) and (4-79) Rin for 0.422>.. is 45.816 ohms. which closely agrees with 
the desired value of 50 ohms. To obtain 50 ohms using (4-70) and (4-79), l = 0.4363,\. 
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4. 7.4 Antennas for Mobile Communication Systems 

The dipole and monopole are two of Lhe most widely used antennas for wireless 
mobile communication systems l 14J-l 17J. An array of dipole elements is extensively 
used as an antenna at the base station of a land mobile system while the monopole. 
because or its broadband characteristics and simple construction. is perhaps Lo most 
common antenna element for porLable equipments. such as cellular telephones. cord­
less telephones. automobiles, Lrains. etc. The radiation efficiency and gain character­
istics of both of these elements are strongly influenced by their electrical length which 
is related to the frequency of operation. In a hand-held unit. such as .i cellulur 
telephone. the position of the monopole element on the unil inllucnces the pattern 
while it does not strongly affect the input impedance and resonant frequency. ln 
addition Lo its use in mobile communication systems. the quarter-wavelength mono­
pole is very popular in many other applications. An alternative to the monopole for 
the hand-held unit is the loop. which is discussed in Chapter 5. Other elements include 
the inverted F. planar inverted F antenna (PTFAl. microstrip (patch!. spiral. and others 
114)-[ 171. 

4.7.5 Horizontal Electric Dipole 

Another dipole configuration is when the linear element is placed horizontally relalive 
lo the infinite electric ground plane, as shown in Figure 4.21. The analysis procedure 
of this is identical to the one of the vertical dipole. Introducing an image and assuming 
far-field observations. us shown in Figure 4.22(~1.b). the direct component can be 
written as 

k I le -1kr1 

E•,/ . 0 • .,, " = }Tl Sill q,, 
1, 41rr1 

< 4-111) 

and the reflected one by 

kl le ··jkr2 

£ , - "R o , • .,. 
,J, - J 1t'T1 4 Sill 'fl 

1Tr2 
(4-112) 

or 

kl le-ikr~ 
Er - • (I • ,/ ,,, - -.171 4 Sill ,fl 

,, 1Tl"2 
(4-112a) 

since the relkction coerticient is equal to R,, = - I. 
To find the angle 1/1. which is measured from the y-axis toward the observation 

point, we first forn1 

cos,,, = a,,· a,. = a,,· (a,. sin lJ cos <b + a,. sin O sin <b + iic cos 0) = sin () sin </J 

(4-113) 

from which we tind 

sin it, = YI - cos2 ~, = y'J - sin:, 0 sin:, <b (4-114) 
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Figure 4.21 Hori.zomal electric dipole. and its associated image. 
above an infinite. tlat. p!!rfect electric conductor. 

Since for far-field observations 

r I = /" - I, COS (J} 
r1 = r + I, cos 0 

for phase variations 

for amplitude variations 

(4-l 15a) 

(4-l 15b) 

the total field. which is valid only above the ground plane (~ ==:: h; 0 s (J s 1r/2. 0 s 
q, ~ 2 1r), can be written as 

kl I - jk, 

E,tr = E'/; + E~ = .i'T/ ~;,. \f J - sfo2 fJ sin2 cl, f2j .'>in(kh cos O)J 

( 4-116) 

Equal ion (4-116) again consists of the product of the field of a single isolated element 
placed symmetrically at the origin and a factor (within the brackets) known as the 
army factor. This again is the pattern multiplication rule which is discussed in more 
detail in Chapter 6. 

To examine the variations of the total field as a function of the element height 
ahove the ground plane. the two~dimensional elevation plane patterns (normalized to 
0 dB) for q, = 90° (y-z: plane) when h = O. >J8, A/4. 3A/8. A/2, and A are plotted 
in Figure 4.23. Since this antenna system is not symmetric. the azimuthal plane 
(x-_v plane) pattern will not be isotropic. 

To obtain a better visualization of the radiation intensity in all directions above 
the interface. the three-dimensional pattern for Ir = A is shown plotted in Figure 4.24. 
The radial distance on the x-y plane represents the elevation angle (J from 0° to 90°, 
and the ;:-axis represents the normalized amplitude of the radiation field intensity from 
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X 

(3) Horizonial ~Jcctrk lllpolt: ttbove ground plane 

..... .. 
~ 

lb) Far-liclll ob~ervatlons 

Figure 4.22 Horilontal electrk <lipole above an infinite perfect electric conduc1or. 

0 to I. The azimuthal angle q> (0 s <1> s 2'77') is measuretl from the x- toward the 
y-axis on the x-.v plane. 

As the height increases beyond one wavelength (/1 > A). a larger number of lobes 
is again fonncd. This is illustrated in Figure 4.25 for h = 2>. anti SA. The scalloping 
effect is evident here, as in Figure 4- 16 for the vertical dipole. The total number of 
lobe~ is equal to Lhe i11teger that most closely is equal to 

number of 1obes = 2 (~) (4-J J7) 

with uni ty being rhe smallest number. 
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Figure 4.23 Elevation plane ( c/J = 90°) amplitude patterns of a horizontal 

infinitesimal electric dipole for different heights above an infinite pcr1cct clec• 

tric conductor. 
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O" 

-- lr=2A. -- 11=5). 

Figure 4.25 Elevation plane(</> = 90°) amplitude patterns of a horizontal 
infinitesimal electric dipole for heights 2A and SA above an infinite perfect 
electric conductor. 

Following a procedure similar to the one performed for the vertical dipole, the 
radiated power can be written as 

= :!. /0/ 
2 
[~ _ sin(2kh) _ cos(2kh) + sin(2klt)] 

p r:td 11 2 A 3 2kh (2kh)2 (2kh)°?' 
(4-118) 

and the radiation resistance as 

= (!_)2 
r~ _ sin(2kh) _ cos(2kh) + sin(2kh) 

Rr '1/1i A 3 2kh (2kh)1- (2kh)3 (4-J 19) 

By expanding the sine and cosine functions into series, it can be shown that ( 4-119) 
reduces for small values of kh to 

1<11-•o (/)

2

[2 2 8 (27Th)
2

] 3217
3 (')

2

(h)
2 

R = 117T - - - - + - -- = 11-- - -
r A 3 3 15 A 15 A A 

(4-120) 

For kh--+ oc, (4-119) reduces to that of an isolated element. TI1e radiation resistance. 
as given by ( 4-1 I 9), is plotted in Figure 4.26 for O s h s 5A when l = A/5O and the 
antenna is radiating into free space ( 11 = 1207T). 

The radiation intensity is given by 
') 2 ,- I J'> r, lo I . ,, . 2 -'-. • 2 

U = 
211 

Er1~- = 2 A ( 1 - sm- 8 sm 'P) sm (kh cos (J) (4-121) 

The maximum value of (4-121) depend!i on the value of kh (whelher kh s 7T/2, 
h s A/4 or kh > 7T/2, h > A/4). It can be shown that the maximum of (4-121) is: 

') 

11 fol - . , .kh) - - sm-( • 
2 A ' 

Um.1x = 

kit s 1r/2 (h s A/4) 
(0 = 0°) 

kh > 7T/2 (h > A/4) 
[ cf> = 0° and sin(kh cos 8mW<) = 

or 0max = COS - 1(7T/2kh)J 

(4-122a) 

(4-122b) 
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Figure 4.26 Radiation resistance and directivity gain of a horizontal infini­
tesimal electric dipole as a function of its height above an infinite perfect 
electric conductor. 

Using (4-118) and (4-122a), (4-122b), the directivity can he written as 

where 

4rrUmax 
Do= - - - = 

Pnnl 

4 sin2(kh) 
R(kh) 

4 

R(kh) 

kh < rr/2 (h :::; A/4) 

kh > rr/2 (h > A/4) 

R kh = [~ _ sin(2kh) _ cos(2kh) + sin(2kh)] 
( ) 3 2kh (2kh)2 (2kh)J 

For small values of kh (kh ~ 0), (4-123a) reduces to 

M,-o 4 sin2(kh) (sin kh)
2 

D0 = -------- = 7.5 --

[
2 2 8 ] kh - - - + -(kh)2 

3 3 15 

(4-l 23a) 

(4-123b) 

(4-l 23c) 

(4-124) 

For h = 0 the element is shorted and it does not radiate. The directivity. as given by 
(4-l 23a), (4-l 23b) is plotted for O $ h :S 5A in Figure 4.26. It exhibits a maximum 
value of 7.5 for small values of h. Maximum values of 6 occur when h = (0.725 + 
n/2)A. n = 0. I. 2, 3, .... 

The input impedance Zim = Rim + jXim (referred to the current maximum) of a 
horizontal A/2 dipole above a flat lossy electric conductor is shown plotted in Figure 
4.27 for O :S h ~ A. Conductivities of 10- 2• 10- 1, 1, IO Sim, and infinity (PEC) were 
considered. (t is apparent that the conductivity does have a more pronounced effect 
on the impedance values. compared to those of the vertical dipole shown in Figure 
4.20. The conductivity values used are representative of those of the dry to wet earth. 
The values of the resistance and reuctnnce approach. as the height increases. the 

INTEL-1045 
U.S. Patent 7,151,430



4.8 Ground Effects 181 

120 ---...---,,---,.----,.--------~--~------

100 I 
I 
I 

() 0.2 0.4 

-- <1=0.ot Sim 
••• •••• •• <1 = 0. 10 S/m 
---- a= 1.00 S/m 
• • • • • <1 = IO.O Sim 
--- PEC(a:oo) 

- - - No ground 

0.6 
l-lcighl Ii 1wavcleng1hs1 

11.8 

f=200MHz 
a= I0 5A 

f.,= 10.0 

Figure 4.27 Input impedance of a horizontal A/2 above a Hat lossy electric conducling 
surface. 

1.0 

corresponding values of the isolated element (73 ohms for the resistance and 42.5 
ohms for the reactance). 

4.8 GROUND EFFECTS 
In the previous two sections the variations of the radiation characteristics (pattern. 
radiation resistance, directivity) of infinitesimal vertical and horizontal linear elements 
were examined when they we.re placed above plane perfect electric conductors. Al­
though ideal electric conductors (u = oc) are not realizable. their effects can be used 
as guidelines for good conductors (u >> WE, where Eis the pennittivity of the medium). 

One obstacle that is not an ideal conductor, and it is always present in any antenna 
system. is the ground (earth). ln addition. the earth is not a plane surface. To simplify 
the analysis. however. Lhe earth will initially be assumed to be flat. For pattern analysis. 
this is a very good engineering approximation provided the radius of the earth is large 
compared to the wavelength and the observation angles are greater than about 57.3/ 
(ka)113 degrees from grazing (a is the earth radius) 118]. Usually these angles are 
greater than about 3°. 

In general, the characteristics of an antenna at low (LF) and medium (MF) 
frequencies are profoundly influenced by the lossy eanh. This is particularly evident 
in the input resistance. When Lhe antenna is located at a height that is small compared 
to the skin depth of the conducting earth, the input resistance may even be greater 
than its free-space values [ 18]. This leads to antennas with very low efficiencies. 
Improvements in the efficiency can be obtained by placing radial wires or metallic 
disks on Lhe ground. 

The analytical procedures that are introduced to examine the ground effects are 
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based on the geometrical optics models of the previous sections. The image (virtual) 
source is again placed a distance h below the interface to account fur the reflection. 
However, for each polarization nonunity reflection coefficients are introduced which. 
in general. will he a function of the angles of incidence and the constitutive parameters 
of the two media. Although plane wave reflection coefficients are used. even though 
spherical waves are radiated by the source. the error is small for conducting media 
[ 19]. The spherical nature of the wavefront begins to dominate the reflection phenom­
enon at grazing angles (i.e., as the point of reflection approaches the horizon) (20]. 
If the hei ,ht h) of the antenna above Lhe interface is much less than the skin depth 
of 8 = 2/( wµ.rr)l of the ground, the image depth It below the interface should be 
increased 1.191 by a complex distance 8<. I - .i ). 

The geometrical optics formulations are valid provided the sources are located 
inside the lossless medium. When the sources are placed within the ground, the 
fonnulations should include possible surface-wave contributions. Exact boundary­
value solutions, based on Sommerfeld integral fonnulations. are available [181. How­
ever the:v arc too complex to he included in an introductory chapter. 

4.8.t Vertical Electric Dipole 

The field radiated by an electric infinitesimal dipole when placed above the ground 
can be obtained by referring tu the geometry of Figures 4.14(a) and (b). Assuming 
the earth is flat and the observations are made in the far-field. the direct component 
of the field is given by (4-94) and the reflected by (4-95) where the reflection coeffi­
cient R11 is given by 

Tio cos H; - T/1 cos 81 R,, = ...;_ _______ = -R11 
Tio cos O; + Tl, cos 81 

where R
11 

is the reflection coefficient for parallel polarization [7] and 

'l<• ~ Ji!, ~ intrinsic impe<lanc-e of free-space (air) 

jwµ., ---- = intrinsic impedance of the ground 
<T1 + jwE1 

8; = angle of incidence (relative to the normal) 

0, = angle of refraction (relative to the nonnal) 

The angles 8; and 0, are related by Snell's law of refraction 

'Yo sin fl; == y1 sin tJ, 

where 

'Yo = jk11 = propagation constant for free-space (air) 

k0 = phase constant for free-space (air) 

y1 (a1 + jki) = propagation constant for the ground 

a 1 = attenuation i:onstant for the ground 

k1 = phase constant for the ground 

(4-125) 

(4-126) 
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Figure 4.28 Elcvalion plane amplitude pallems of an infinitesimal venicle 
dipole above a perfect electric conductor (er1 = oc) and a flat earth (er1 = 0.01 
Sim. Er1 = 5. f = I GHz). 

Using the far-field approximations of (4-97a)-{4-98), the total electric field above 
the ground(::: ~ 0) can be written as 

k I Jkr lu e- ·L, " ·k1 H £,, = jr, 4 sin Ole'~ ,cos" + R,,e - J •cos ] 
Trr 

(4-127) 

where Rio is given by (4-125J. 
The permittivity and conductivity of the earth are strong functions of the ground's 

geological constituents, especially its moisture. Typical values for the relative per­
mittivity Er (dielectric constant) are in the range of 5-100 and for the conductivity er 
in the range of 10-.i - 1 S/m. 

A nonnalized (to O dB) pattern for an infinitesimal dipole above the ground with 
h = A/4, Eri = 5. f = I GHz. rr1 = Io- 2 S/m is shown plotted in Figure 4.28 
(dashed curves) where it is compared with that (solid curve) of a perfect conductor 
(u1 = oo). In the presence of the ground. the radiation toward the vertical direction 
(60° > 6 > 0°) is more intense that for the perfect electric conductor. but it vanishes 
for grazing angles ( 0 = 90°). The null tield toward the horizon ( iJ = 90°) is fanned 
because the reflection coefficient R,, approaches -1 as 8; ---+ 90°. Thus the ground 
effects on the pattern of a vertically polarized antenna are significantly different from 
those of a perf eel conductor. 

Significant changes also occur in the impedance. Because the formulation for the 
impedance is much more complex ll81. it will not he presented here. Gmphical 
illustrations for the impedance change of a vertical dipole placed a height h above a 
homogeneous lossy half-space. a!\ compared to those in free-space. are shown in 
Figure 4.29. They are based on numerical results obtained by Vogler and Noble f21 I. 
The variations in impedance are expressed in tenns of changes in resistance (/)..R/R0) 
and in reactance (/)..X/R0), where R0 is the radiation resistance of an infinitesimal 
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dipole radiating in an infinite free-space [as given by (4-19)]. The parameter N1 1s 

defined by 

u 1 + ,·we, ·(;; ) . . = INile-1 :i - ,,, 
JWEn 

(4-128) 

where u 1, e1 are the conductivity and permittivity. respectively. of the homogeneous 
lossy half-space, e0 is the free-space permittivity. and q, is phase angle uf N1• 

The curve in Figure 4.29(a) represenls the d.ita for a perfectly conducting ( IN1 I 
= oo) half-space. As expected, the magnitude of !1R/R0 approaches unity as 2k11 h ~ 
0, which corresponds to doubling the radiation resistance. while the magnitude of ll.X 
approaches infinity as 2k0 h ~ 0. The l:urves for both ilR and Il.X become oscillatory 
as 2k0 '1 exceeds approximately 7T or the height h exceeds A0 /4. 

For the finite conductivity half-space, the q, = 'TT/4 curves correspond to a perfect 
dielectric half-space (u1 = 0) while the 1/J = 0 curves represent negligible displace­
ment currents in the lossy half-space. The curves for (N/( = 100 are not too different 
from that of a perfectly conducting half-space ( !Nil = oc). Significant changes are 
evident as Lhe values of IN/I decrease particularly in the resistive portion of the ~, = 
0 curves. 

The curves of Figure 4.29 can be used as design data to determine the changes 
in tbe input impedance of an infinitesimal vertical dipole when it is placed above a 
lossy medium. To demonstrate the procedure. let us consider the following example. 

Example 4.5 

An infinitesimal vertical dipole of length / = A0/50 is placed a height h = A0 /I 0 
above the earth. Assume the earth is locally flat with a dielectric constant of 4 and 
conductivity of 10- 3 Sim at a frequency of 100 MHz. Determine the changes in input 
resistance and reactance of the dipole. 

SOLUTION 

For i.l frequency of I 00 MHz 

u, 10- 3 

- = ----:---------:-:- = 1.99 X 10-' << l 
we, 27T X 10K X 4 X 8.854 X 10· 12 

Therefore according to (4-125) 

or 

N, = ~- V4 ~ 2 

'TT 

4 
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4.8 Ground Effects 185 

For a height of A0 /10 

2k0h = 2 (
2

7T) (Ao) = 1.257 
Ao 10 

Using Figure 4.29(d) and the curve for 1r/4 - r/J = 0 al 2k0 h = 1.257. the relative 
changes in resistance and rcactance are. respectively. equal lo 

!::.R 
- = 0.767 
Ro 

tlX 
Ro = 1.2 

Since for a Ac/50 dipole the radiation resistance according to (4-19) and Example 4.1 
is equal lo 

Rr = Ru = 0.316 ohms 

then the changes in resistance and reactance are. respectively. equal to 

!::.R = 0.767(0.316) = 0.242 ohms 

!::.X = 1.2(0.316) = 0.379 ohms 

4.8.2 Horizontal Electric Dipole 

The analytical formulation of lhe horizontal dipole above the ground can also be 
obtained in a !-.imilar manner as for the vertical electric dipole. Referring to Figure 
4.22(a) and (b). the direct component is given by (4-111) and the reflected by (4-112) 
where the reflection coefficient R,, is given by 

{
R,. for cf, = 0°. 180° plane 

R, = 
' R11 for cp = 90°. 270° plane 

(4-129) 

where R11 is the reflection coefficient for parallel polarization. as given by (4-125). 
and ..1.. is the reflection coefficient for perpendicular polarization given by 171-

711 cos 0; - 110 cos 0, R,._ = .....;.._-----'----'-
111 cos 0; + 110 cos (J, 

(4-l 29a) 

The angles 0; and IJ, are again related by Snell's law of refraction as given by (4-126). 
Using the far-field approximations of (4-l 15a) and 4-l 15b). the total field above 

the ground ( z .2: I,) can be written as 

where R 1, is given by (4-129). 
The normalized (lo 0 dB) pattern in the _v-z plane (cp = 90°) for h = A/4 is 

shown plotted in Figure 4.30 (dashed curve) where it is compared with that (solid 
curve) of a perfect C()nductor ( u 1 = x,), In the space above the interface. the relative 
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188 Chapter 4 Linear Wire Antennas 

I 
I 

/ 
i 
I 

qo'· I_ . .. -

/ 

/ 
/ 

' ·· 

II' 
I 

R.:lmiw power 
!dB d11w111 

Ir= .Al-I.~"' 90'' -- a 1 ="" --- 111 = IO 1 Sim, fr1 ~ 5.f= I GH1. 

Figure 4.30 Elevation plane(</, = 90°) amplitude patterns of an intini­
tesimal horizontal dipok above a perfect electric comluctor (a1 = oc) and a 
tlal earth ( ,r1 =- 0.0 I Sim. E, 1 = 5-.f = I GHz). 

pattern in the presence of the ground is not significantly different from that of a perfect 
conductor. This becomes more evident by examining R1, as given by (4-129), For a 
ground medium. the values of R11 for most observation angles are not much different 
frotn - I (the value of R1, for a perfect conductor). For grazing angles ( 0; - 90°). the 
values of R1, for the lossy ground approach - 1 very rapidly. Thus the relative pattern 
of a horizontal dipole uhove a lossy surface is not significantly different from that 
above a perfect conductor. 

4.8.J Earth Curvature 

Antenna pattern measurements on aircraft can be made using either scale models or 
full scale in-flight. Scale model measurements usu.tlly are made indoors using elec­
tromagnetic anechoic chambers, as described in Chapter 16. The indoor facilities 
provide a controlled environment. and all-weather capability. security. and minimize 
electromagnetic interference. However. scale model measurements may not always 
simulate real-life outdoor conditions. such as the reflecting surface of sea water. 
Therefore full-scale model measurements may be necessary. For in-flight measure­
ments. reflecting surfm:es. such as sea water. introduce reflections. which usually 
interfere with the direct signal. These unwanted signals are usually referred to as 
mu/tiparh. Therefore the total measured signal in an outdoor system configuration is 
the combination of the direct signal and that due to multipath. and usually it cannot 
be easily separated in its parts using m~asuring techniques. Since the desired signal 
is that due to the direct path, it is neet:ss,1ry to be able to subtract from the total 
response the contributions due to multipath. This can he accomplished hy developing 
analytical models to predict the contributions due to multipath. which can then be 
subtracted from the total signal in order to be left with the desired direct path signal. 
In this seL·tion we will briefly describe techniques that have been used to accomplish 
this 1221, 1231. 
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4.8 Ground Effects 189 

The analytical fonnulations of Sections 4.8.1 and 4.8.2 for the patterns of vertical 
and horizomal dipoles assume that the eanh is flat. This is a good approximation 
provided the curvature of the earth is large compared to the wavelength and the angle 
of observation is greater than about 3° from grazing I or more accurately greater than 
about 57.3/(ka)w degrees, where a is the radius of the eanhj from grnzing 124). The 
curvature of Lhe earth has a tendency to spread out (weaken, diffuse, diverge) the 
reflected energy more than a corresponding flat surface. The spreading of the reflected 
energy from a curved surface as compared to that from a flat surface is taken into 
account by introducing a divergence factor D [20]. [221, [23 ), defined as 

. reflected field from curved surface 
D = divergence factor = ------------­

reflected field from flat surface 
(4-131) 

The formula for D can be derived using purely geometrical considerations. It is 
accomplished by comparing the ray energy density in a small cone reflected from a 
sphere near the principal point of reflection with the energy density the rays (within 
the same cone) would have if they were reflected from a plane surface. Based on the 
geometrical optil;s energy conservation law for a bundle of rays within a cone. the 
reflected rays within the cone will subtend a circle on a perpendicular plane for 
reflections from a flat surface. as shown in Figure 4.3 l(a). However, according to the 
geometry of Figure 4.31 (b}. it will subtend an ellipse for a spherical reflecting surface. 
Therefore the divergence factor of (4-131} can also be defined as 

D - ii -[ :: ;::.::\~ :i::;~: r 
where 

E_~ = reflected field from spherical surface 

E1 = reflected field from flat surface 

(4·132) 

Using the geometry of Figure 4.32, the divergence factor can he wrinen as [7] 
and [23] 

D=--------
s' 

(_4-133) 

s' + s 

where p1 and p2 arc the principnl radii of curvature of the reflected wavefront al the 
point of refiection and are given. according to rhe geometry of Figure 4.32, by 

1 I 1 
-=-+---+ 
pj' s' p sin ~, ( p sin 1/1)2 (4-l 33a) 

1 I I 
-=-+---
P5 :t' p sin it, 

(4-133b) 

a 
p = I + sin2 ~, 

(4-l 33c) 
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Obs1:n·ation pl3IIC 

fo.1 R\'llc:d ion frllm :1 11.tt su rfaet' 

Obsl!rvatil.ln 
plane 

tb, R<!ll~ction from a spherical surfuc.: 

Figure 4.31 Reflection from a flat and spherical surfaces. 
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I;' 

Ohscrvatiun 
O' 

Figure 4.32 Geometry for reflections from a :.pherical surface. 

A simplified form of the divergence factor is that of [25] 

[ 
2s' S ] - II~ [ 2-,' S J-112 

D = I +------ • l+---
a(s' + s) sin 1/t a(s' + s) 

(4- 134) 

Both (4-133) and (4-134) take into account the earth curvature in two orthOg()na1 
planes. 

Assumjng that the djvergence of ray~ in the azimuthal plane (plane vertical to tbe 
page) is negligible. the divergence facror can be written as 

D - [ I + 2-·\_·s'_] -
112 

ad tan 1/1 
(4-135) 

where if, is the grazing angle. Thus the divergence factor of (4-135) takes into account 
energy spreading primarily i n the elevation plane. According to Figure 4.32 

hj = height of the sow·ce above the earth (with respect to the tangent at the 
point of reflect.ion) 

hi = beight of the observation point above the earth (with respect to Lhe tan­
gent at the point of reflection) 

ti = range (along tbe surface of the earth) between the source and the obser­
vation point 

a = radius of Lhe earth (3 .959 mi). Usually a ~ radius (= 5,280 mi) is used. 

t/J = reflection angle (with respect to the tangent at rhe point of reflection). 

d1 = distance (along the surface of the earth) from the source to the reflection 
point 

d2 = distance (along the surface of lbe earth) from the observation point to the 
reflection point 
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192 Chapter 4 Linear Wire Antennas 

The divergence faccor can be included in the formulation of the fields radiated by 
a vertical or a horizontal dipole, in the presence of the earth. by modifying ( 4-127) 
and (4-130) and writing them, respectively, as 

kl le-jkr . 
E • 0 sin O(e-'*hcosfl + DR e- j/,;ltcu~ll·1 

ff = }T/ 47Tr II 
(4-136a) 

(4-136b) 

While the previous fonnulations are valid for smooth surfaces, they can still be 
used with rough surfaces, provided the surface geometry satisfies the Rayleigh crite­
rion (20] and (25] 

A 
h,,, < 8 . .,, sm .,, 

(4-137) 

where hm is the maximum height of the surface roughness. Since the dividing line 
between a smooth and a rough surface is not that well defined, ( 4-137) should only 
he used as a guideline. 

The coherenl contributions due to scattering by a surface with Gaussian rnugh 
surface statistics can be approximately accounted for by modifying the vertical and 
horizontal polarization smooth surface reflection coefficients of (4-125) and 
( 4-129) and express them m; 

(4-138) 

where 

R;,,,, = reflection coefficient of a rough surface for either vertical or horizonlal 
polarization 

R,,,,, = reflection coefficient of a smooth surface for either vertical (4-125) or 
horizontal ( 4-129) polarization 

hJ = mean-square roughness height 

A slightly rough su,:f'ace is defined as one whose nns height is much smaller thim the 
wavelength, while a very rough siuj'ace is defined as one whose nns height is much 
greater than the wavelength. 

Plots of the divergence factor as a function of the grazing angle I/; (or as a function 
of the observation point hi') for different source heights are shown in Figure 4.33. It 
is observed that the divergence factor is somewhat different and smatler than unity 
for small grazing angles, and it approaches unity as the grazing angle becomes larger. 
The variations of D displayed in Figure 4.33 are typical but not unique. For different 
positions of the source and observation point. the variations will be somewhat differ­
ent. More detailed infonnation on the variation of the divergence factor and its effect 
on the overall field pattern is available (23 ). 

The most difficult task usually involves the determination of the reflection point 
from a knowledge of the heights of the source and observation points, and the range 
d between them. Procedures to do this have been developed [20]. [22]-[26]. 

However, lhe one presented here is more accurate and does not require either 
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Figure 4.33 Divergence factor for a 4/3 radius earth (t1, = 5.280 mi 
= 8.497.3 km) as a function of grazing angle iJ,. 

iterative or graphical solutions. To find d1 and d2 (given cl, h 1• and h2). the cubic 
equation of (20] is utilized 

(4-139) 

wilh solution given by 

,1 (n + 1r) c/1 = 2 + p cos 
3 

(4-139a) 

(4-139b) 

2 
p=-

0 
(4-l 39c) 

(4- 139d) 

Equation (4-139) i!i valid provided that a - f3 is small. such that sin(a - {3) = 
a - {3, cos(a - /3) = I - (a - {3)2/2, sin (3 = {3. and cos /3 = I - ( {3)2/2. Once 
d1 and d2 are found, then successively /3, ')', .~', s, 1/J, r 1, r2 , aj', a11• a 2. and ai can be 
detennined using the geometry of Figure 4.31. 

Using the analytical model developed here, computations were made to see how 
well the predictions compared with measurements. For the computations it was as­
sumed that the reflecting surface is sea water possessing a dielectric constant of 81 
and a conductivity of 4.64 Sim f22), (23]. To account for atmospheric refraction. a 4/ 
3 earth was assumed [20). (22]. (27) so the atmosphere above the earth can be 
considered homogeneous with propagation occurring along straight lines. 

For computations using lhe earth as the reflecting surface. all lhree divergence 
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Figure 4.34 Measured and calculated height gain over the ocean ( E, = 
81. ,r = 4.64 S/m) for vertical polarization. 

1-t 

facLors of (4-133 )- (4-135) gave the same results. However. for nonspherical reflecting 
surfaces and for those with smaller radii of curvature. the divergence factor of 
(4-133) is slightly superior followed by (4-134) and then by (4-135). ln Figure 4.34 we 
display and compare the predicted and measured height gain versus range d (4 < d 
< 14 nautical miles) for a vertical-vertical polarization system configuration at a 
frequency of 167.5 MHz. The height gain is defined as the ratio of the total field in 
the presence of the earth divided by the total field in the absence of Lhe eanh. A good 
agreement is noted between the two. The peaks and nulls are formed hy constructive 
and destructive interferences between the direct and reflected components. 1f the 
reflecting surface were perfectly conducting. the maximum height gain would be 2 (6 
dB). Because the modeled reflecting surface of Figure 4.34 was sea water with a 
dielectric constant of 81 and a conductivity of 4.64 Sim. the maximum height gain is 
less than 6 dB. The measurements were taken by aircraft and facilities of the Naval 
Air Warfare Center. Patuxent River. MD. Additional measurements were made but 
are not included here: they can be found in 1281 and [291. 
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PROBLEMS 

4.1. A horizontal infinitesimal electric dipole of constant. current /0 is placed symmetrically 
about the origin and directed along the x-axis. Derive the 
(a) far-zone fields radiated by the dipole 
(b) directivity of rhe antenna 

4.2. Repeat Problem 4.1 for a horizontal infinitesimal electric dipole directed along they­
axis. 

4.3. For Problem 4.1 dctcnnine the polarization of the radiated fur-zone electric fields (£11 , 

£ 4,) and nonm1lized amplitude pu11cm in the following planes: 
(a) c/> = 0° 
(b) </> "" 90° 
(c) 0 = 90° 

4.4. Repeut Problem 4.J for the horizontal infinitesimal electric dipole of Problem 4.2. 
which is directed along Lhe y-uxi.,;. 

4.5. An infinitesimal magnclic dipole of conslant current /,,, ,md length / is symmetrically 
placed about the origin along lhe .:-axis. Find the 
(a) spherical E- and ff-field components radiated by the dipole in all space 
(b) directivity of the antenna 

4.6. For the infinitesimal magnetic dipole of Problem 4.5. find the far-zone lields when the 
element is placed along the 
la) x-axis 
(b) y-axis 

4.7. An infinitesimal electric dipole is centered al the origin and lies on the .t-y plane along 
a line whil·h is al un angle of 45° with respect In the x-axis. Find the far-z.one electric 
and magnetic fields radiated. The answer should be a function of spherical coordin.tles. 

4.R. Repeat Problem 4.7 for an infinitesimal mngnetic dipole. 
4.9. Derive (4-I0a)-(4-I0cJ using (4-Ma)-(4-9). 

4 .10. Derive the radiated power of ( 4-16) hy forming the average power density. using 
14-26aH4-26c.:J. and integrating it over u sphere of radius r. 

4.11. Derive the far-zone fields of an infinitesimal electric dipole, of length / and constant 
current /0 , using (4-4) and the procedure outlined in Scdion 3.6. Compare the results 
with (4-26a)-(4-26c). 

4.12. Derive the fifth term of (4-41 ). 
4.13. For an antenna with a maximum linear dimension of D. find the inner and outer 

boundaries of the Fresnel region so that the maximum phase error does not exceed 
(u) 1r/l6 rad 
(b) rr/4 rad 
(c) 18° 
(d) 15° 

4.14. The boundaries of the far-field (Fraunhofer) and Fresnel regions were selected based 
on a maximum phase error of 22.5°. which occur, respectively. al directions of 90° and 
54.74° from Lhe axis along the largest dimension of lhe amenna. For an antenna of 
maximum length of 5A. what do these maximum phase errors reduce to at an angle of 
30° from the axis along the length of the antenna'? Assume that the phase error in each 
cuse is totally contributed by the respective first higher order term that ii, being neglected 
in the infinite series expansion of the distance from the source to the observation point. 

4.1.5. The current distribution on a terminated and matched long linear (traveling wave) 
antenna of length /. positioned along the z-axis and fed at its one end, is given by 

I;:::: aJoe - ik~'. 0 :'.=. ;:' ~ l 

where /0 is a constant. Derive expressions for the 
(a) far-zone spherical electric and magnetic tield components 
(b) radiation power density 
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4.16. A line source of infinite length and constant current /0 is positioned along the :-axis. 
Find the 
( a) vector potential A 
(b) cylindrical E- and H-lield components radiated 

f 
• 2' e -Jfl',.,liT+? 

Hint· --==::::;- dt = -1·1rH '21(fJ.b) . v, , o,., .. -,,,- + ,-

where H0
121(ax) is the Hankel function of the second kind of order iero. 

4.17. Show that (4-67) reduces to (4-68) and (4-88) to (4-89). 
4.18. A thin linear dipole of length / is placed symmetrically about the z-axis. Find the far­

zone spherical electric and magnetic components radiated by the dipole whose curre.nt 
distribution can be approximated by 

(b) /~(z') = /11 cos(fz'). -//2 s z' s //2 

(c) Ii:.') = 111 cos2(fz'). -//2 :5 z' S //2 

4.19. A center-fed electric dipole of length/ is attached to a balanced lossless transmission 
line whose characteristic impedance is 50 ohms. Assuming the dipole is resonant al the 
given length. find the input VSWR when 
(a) / = >J4 (b) / = >J2 
(c) / = 3A/4 (d) / = A 

4.20. Use the equations in the book or the computer program at the end of the chapter. Find 
the radiation efficiency of resonant linear electric dipoles of length 
(a) / = >J50 (b) / = >J4 
(c > / = >J2 (d) I = A 
Assume that each dipole is made out of copper Lcr = 5.7 X 107 S/mJ, has a radius of 
l(l' 4 A, and is operating at/= 10 MHz. Use the computer program at the end of the 
chapter to find the radiation resistances. 

4.21. Write the far-zone electric and magnetic fields radiated by a magnetic dipole of / = 
A/2 aligned with the z-axis. Assume a sinusoidal magnetic current with maximum value 
Im.,. 

4.22. A resonant center-fed dipole is connected to a 50-ohm line. lt is desired to maintain 
the input VSWR = 2. 
(a) What should the largest input resistance of the dipole he to maintain the VSWR = 

2? 
(b) What should the length (in wavelengths) of the dipole be to meet the specification? 
(c) What is the radiation resistance of the dipole'! 

4.23. The radiation field of a particular antenna is given by: 

The values A I and A2 depend on the antenna geometry. Obtain an expression for the 
radiation resistance. What is the polarization of the antenna'? 
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4.24. For n A/2 1.Jjpolc placed symmetrical along the .:-axis. t.leteani.ne the 
(a) vector effective height 

4.25. 

4.26. 

4.27. 

4.28. 

4.19. 

(b) m.iximum value (magnitude) of the vector effective height 
(c) ruti(1 (in pert.:ent) or the maximum value (magnitude.) of Lhe vector effei.:Live height 

w its total length 
(d) maximum open-circuit nut put voltage when a uniform plane wave wil.h aa eleclcic 

field of 

E'ltJ - 'XI" = - fi11 10 J volts/wavelength 

impinges al broadside incidence on the dipole 
A A/2 dipole situated with its center at the origin radiates a time-averaged power of 
600 Wat a frequency of JOO MHz. A second )../2 dipole is placed with its center at a 
point P(r. 0. <f,). where r = 200 rn. H = 90°. </> = 40°. II is oriented so rhat its axis is 
parallel ro that of the transmitting antenna. What is the available power ar rhe terminals 
of the secoml (receiving) dipole? 
A half-wave dipole is radiating inlll free space. The coordinate ,;ysu::m ii. defined so 
that the origin is at the center of the dipole and the z-axi:-, is aligned with the dipole. 
Input power to the dipole is IOU W. Assuming an overall efficiency of 50%. find the 
power density (in W/nl) at r = 500 m. fJ = 60°. ¢ = 0°. 
The input impedance or a A/2 <l.ipole. assuming the input (fei:dl terminals are al the 
cenii::r or the dipole, is t>qual to 73 + j4l.5. Assuming I.he dipole is lossles:-.. lind U1e 
(.i) input impedance (real and imaginary parts) a:.suming the input (feed) termLnals 

have been shiJtcd lo a point on the dipole which is M8 from either end pQint ur Lbe 
uipolc length 

{b) capacitive or inductive reactance that must be placed across the new inpul terminals 
of part (a) so that the dipole is self-resonant 

(c) VSWR at the new input terminals when the self-resClnanl dipole of p.irt (bl is 
conncct1.:d LO a "twin-lead" JOO-ohm line 

A l inear half-wavelength dipole i~ open11ing at a frequency of I GHz. determine the 
capacitance or inductance that must he placed across lhe inpul terminals ol' the dipole 
~o that Ihe antenna becomes resonant (make i:he total input impedance real). Whal i~ 
then the VSWR of the rc,;onant half-wavelength dipole when it is connected to a 50-
ohm line'! 
The field radiated by an infinitesimal electric dipole. placed along the .::-axis a distance 
s along the x-axi~. is incidcnr upon u wuvcguidc aperture antcmia of dimensions a and 
b. mounted on an infinlle grm111tl plane. as shown in the figure. The normalized elcclrit 
field radiated by the aperture in the E-plane (x-.:: plane; </> = 0°) is given by 

. sin(kb cos 11) , 
W"'•f (! - 1k1 2 

E = - aiJ ~ o -----
41rr kb 

2 cos o 
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Assuming the dipole and aperture antennas arc in the far field of each other. detennine 
the polarization loss (in dB) between the two antennas. 

4.30. We are given 1he following infonnation about antenna A: 
(a) When A is transmitting, its radiated far-field expression for the E field is given by: 

E,,(z) = E0 :~: ( a., ✓i~) V/rn 

(b) When A is receiving an incident plane wave given by: 

E1(z) = a,.,elr. Vim 

its open-circuit voltage is V1 = 4eiW" V. 
If we use the same antenna to receive a second incident plane given by: 

E2(z) = 10(2a. + i,.£1-lO')ejlc; Vim 

find its received open-circuit voltage V2• 

4.31. A 3-c:m long dipole carries a phasor current /0 = I Oe.i60 A. Assuming that ,\ = 5 cm. 
determine the E- and H-fields at 10 cm away from the dipole and at IJ = 45°. 

4.32. The radiation resistance of a thin, lossless linear electric dipole of length / = 0.6,\ is 
120 ohms. What is the input resistance? 

4.33. A lossless. resonant, center-fed 3..V4 linear dipole. radiating in free space is attached to 
a balanced. lossless transmission line whose characteristic impedence is 300 ohms. 
Calculate the 
(a) radiation resistance (referred to lhe current maximum) 
(b) input impedance (referred to lhe input lerminals) 
(c) VSWR on the tmnsmission line 
For pans (a) and (b) use the computer program al the end of the chapter. 

4.34. Repeat Problem 4.33 for a center-fed 5.V8 dipole. 
4.35. A dipole antenna. with a triangular current distribution, is used for communication with 

submarines al a frequency of 150 kHz. The overall length of lhe dipole is 200 m. and 
its radius is l m. Assume a loss resistance of 2 ohms in series with lhe radiation 
resistance of the antenna. 
(a) Evaluate the input impedance of the antenna including the loss resistance. The input 

reactance can be approximated by 

X = _ .
120 

(ln(//2a) - I J 
"' 1 tan(1r/l,\) 

(b) Evaluate the radiation efficiency of the antenna. 
(c) Evaluate the radiation power factor of the antenna. 
(d) Design a conjugate-matching network to provide a perfect match between the 

antenna and a 50 ohms transmission line. Give the value of the series reactance X 
and the tum!. ratio n of the ideal lransfonner. 

(e) Assuming a conjugate match, evaluate the instantaneous 2 : 1 VSWR bandwidth 
of the antenna. 

4.36. Derive (4-102) using (4-99). 
4.37. Determine the smallest height that an infinitesimal vertical electric dipole of/ = ,\/50 

must be placed above an electric ground plane so that its pnuern has only one null 
(aside from the null toward the vertical), and it occurs at 30° from the vertical. For that 
height, find che directivity and radiation resistance. 

4.38. A A/5O linear dipole is placed vertically at a height I, = 2A above an intini1e eleclric 
ground plane. Detcnnine the angles (in degrees) where all the nulls of its pattern occur. 

4.39. A linear intinitesimal dipole of length I and constanl current is placed venically a 
distance h above an infinite electric ground plane. Find the first five smallest heights 
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(i11 ascentling urder) so Iha! a nuU i, formed (for each height) in the far-fit:lt.l pallel'n Ht 

an angle or (>Oc from the vcrLic.il. 
4.40. A ver1ical inliniH::si111ul lin1.:ar dipole is placed a djstance Ii = 3A/2 above an intinile 

perreclly con<lucliug Hat ground plane. Determine the 
(u) angles (i11 deyreel from 1he wnical ) where the urmy factor- of the syi-tem will 

achicvt: its 11wsi11111111 value 
( b} angk (in degree1 from the vcrt ical) whac the maxi mum of the total ji.,,fc! wi 11 occur 
(c) relative (compared to it-; maximum) licld strength (in dB) of the total field at the 

angles where the arrny factor of the ~y~tem ::ichicves its maximum value (as obtained 
in part aJ 

4.4 1. A half-wavelength dipole is placed vcrticnlly on an infinite electric ground plane. 
Assuming that the dipole is fed :ll its bu:-.c, li nd the 
(a) radiation impedance (referred tn the current m:1ximum) 
(h) input impedance (referred to 1he inpul rrm1inals) 
(c) VSWR when rhe antennn is connected to u lnsslcs~ 50-ohm transmission line 

4.4'.!. An infinitesimal dipole l)f lcnglh /. i1- placed a tlistance ,\ From an .iir-conductor interface 
and at an angle of O = 60° from the vertical axis. as shown in the figure. Determine 
the location and di rection of the image source which can be u~ed to account for 
rclkctions. Be very dear in indicating. the lm:ution und direction uf the image. Your 
answer can be in the form of a very d e,u· sketch. 

+oo 

-
' 

4.4J. It is desired lo design an antenna sysicrn. which utilizes a vertical infinile~imul dipole 
of length ( placed n height /r uhove a tl::it , perfect electric conductor of infinite extent. 
The dcsib'll ,pccifications require 1hat 1he pallern of the urrny factor t)f the suurce and 
its image ha., only lltle maximum, t1nd that maximum i.~ r,ninted.at an angle of 60° from 
the verticnl. Deteoniac ( in wavclcngt hs) the heigh1 or the source lo achieve this desired 
design specification. 

4.-M. A very <;hort (/ :,;: A/50) vertical electric dipole is mounted on a pole a height h above 
the ground, which is assumed to be 11ru. perfectly conducting. and of infi nite extent. 
The djpolc is used as a trans mi !Ling antenna in a VHF Cf = 50 MHL.) ground-to-air 
communication syslem. In ~1rder for the communication syi,lcm tr:111smi1Ung anh:nna 
i;ignal 11 0 1 l(l interfere with u nearby rmlio station. it i~ ncccsi.ary to pl al.:C a null in the 
vertical dipole sy~tem pattern at an angle of 80° fh1111 the vertic.tl. What should the 
shortest height (in meters) or the uip~ilc be to achieve the dc~ired ~pecilications'! 

-t45. Deri ve (4- 11 8) using (4-- 1161. 
4.46. An inlinitesimal horizontal electric dipole of length / = A/50 is placed parallel to the 

y-axis n height h above an infinite electric ground plane. 
(a) Find the smalle:.t height/, (excluding /, = 0) that the antenna must be elevated 1,0 

Lltal a null in the </> = 90° plane will be formed HI u11 angk nf (/ = 45° from the 
vertical uxih. 

(h) Fur the hc::ighl or part (a). dl·tcrmine the ( I l racliutinn resistancc and (2) directi vity 
(for O = 0°) ol the antenna sysl'em. 
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4.47. A horizontal A/50 infinitesimal ilipole of constant current and length/ is placed parallel 
to the y-axis a distance h = 0. 707,\ above an infinite electric ground plane. Find t11l 
the nulls formed by the antenna system in the cf, = 90° plane. 

4.48. An infinitesimal magnetic dipole is placed vertically a distance h above an infinite, 
perfectly conducting electric ground plane. Derive the far-zone fields radiated by the 
element above Jhe ground pJane, 

4.49. Repeat Problem 4.48 for an electric dipole above an infinite. perfectly conducting 
magnetic ground plane. 

4.50. Repeat Problem 4.48 for a magnetic dipole above an infinite. perfectly conducting 
magnetic ground plane. 

4.5 I. An infinitesimal vertical electric dipole is placed at height h above an infinite PMC 
(perfect magnetic conductor) ground plane. 
(a) Find the smallest height II (excluding h = 0) to which the antenna must be elevated 

.,o that a null is formed at an angle 8 = 60° from the vertical axis 
(b) For the value of/, found in part (a), determine 

I. the directive gain of the antenna in the fl = 45° direction 
2. the radiation resistance of the antenna normalizd to the intrinsic impedance of 

the medium above the ground plane 
Assume that the length of the antenna is / = .&· 

4.52. A vertical ,\/2 dipole. operating at I GHz. is placed a distance of 5 m (with respect to 
the tangent at the point of reflections) above the earth. Find the total field at a point 20 
km from the source (ti = 20 x 10·' m), at a height of 1.000 m (with respect to the 
tangent) above the ground. Use a~ radius earth and assume that the electrical parameters 
of the earth arc E, = 5. " = 10 ~ Sim. 

4.53. Two astronauts equipped with handheld radios land on different parts of a large asteroid. 
The radios are identical and transmit .5 W average power at 300 MHz. Assume the 
asteroid is a smooth sphere with physical radius of I ,O(X) km. has no atmosphere. and 
consist.~ of a Jossles.~ die1ectric material with relative pemuuivity E, = 9. A,.,sume that 
the radios· antennas can be modeled as vertical infinitesimal electric dipoles. Detem1ine 
the signal power (in microwatts) received by each radio from the other, if the astronauts 
are separated by a range (distance along the asteroid's surface) of 2 km. and hold their 
radios vertically at heights of 1.5 m above the asteroid's surface. 

Addirimwl /nformatio11 Required w An.rwer this Que.v1io11: Prior to landing on the 
asteroid the astronauts calibmted their raclios. Separating themselves in outer space by 
10 km. the astronauts fount! the received signal power at each radio from the other was 
10 rnicrowatts, when both antennas were oriented in the same direction. 

4.54. A satellite S transmitts an electromagnetic wave, at IO GHz. via its transmitting antenna. 
The characteristics of the satellite-based transmitter are: 
(a) The power radiated from the satellite antenna is 10 W. 
(h) The distance between the satellite antenna and a point A on the earth's surface is 

3.7 x 1()7 m. and 
(c) The satellite transmitting antenna directivity in the direction SA is 50 dB 
Ignoring ground effects. 

I. Determine the magnitude of the £-field at A. 
2. If the receiver at point A is a A/2 dipole, what would be the voltage reading at 

the terminals of the antenna? 
4.55. Derive <4-134) based on geometrical optics us presented in section 13.2 of f71, 
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COMPUTER PROGRAM • UNEAR DIPOLE 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C 
C nns IS A FORTRAN PROGRAM THAT COMPUTES nm: 
C 
C 
C 
C 
C 

I. MAXIMUM DIRECTIVITY (DIMENSIONLESS AND IN dB) 
II. RADIATION RESISTANCE 
III. INPUT RESISTANCE 

C FOR A SYMMETRICAL DIPOLE OF FINITE LENGTH. TIIE DIPOLE IS 
C RADIATING IN FREE SPACE. 
C 
C THE DIRECTIVITY, RADIATION RESISTANCE AND INPlIT 
C RESISTANCE ARE CALCULATED USING TiiE TRAil.JNG BOOE 
C METHOD IN INCREMENTS OF 1 ° IN THETA 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

••INPUT PARAMETERS 
1. L: DIPOLE LENGTH (in wavelengths) 

••NOTE 
1HE FAR-ZONE ELECTRIC FIELD COMPONENT Ee 
EXISTS FOR ()O~ 0 ~18()0 AND ()O~ c%> s36()0. 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
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CHAPTER 

5 
LOOP ANTENNAS 

5.1 INTRODUCTION 

Another simple. inexpensive. and very versatile antenna type is the loop antenna. 
Loop antennas take many different fonns such as a rectangle, s9uare. triangle. ellipse. 
circle. and many other configurations. Because of the simplicity in analysis and 
construction. the circular loop is the most popular and has received the widest atten­
tion. It will be shown that a small loop (circular or square) is equivalent to an 
infinitesimal magnetic dipole whose axis is perpendicular to the plane of the loop. 
That is. the fields radiated by an electrically small circular or square loop are of the 
same mathematical form as those radiated by an infinitesimal magnetic dipole. 

Loop antennas are usually classified into two categories. electrically small and 
electrically large. Electrically small antennas are those whose overalJ length (number 
of turns times circumference) is usually less than about one-tenth of a wavelength 
(N X C < ,\/10). However. electrically large loops are those whose circumference is 
about a free-space wavelength (C ~ ,\). Most of the applications of loop antennas are 
in the HF (3-30 MHz), VHF (30-300 MHz), and UHF (300-3,000 MHz) bands. 
When used as field probes, they find applications even in the microwave frequency 
range. 

Loop antennas with electrically small circumferences or perimeters have small 
radiation resistances that are usually smaller than their loss resistances. Thus they are 
very poor radiators. and they are seldom employed for transmission in radio com­
munication. When they are used in any such application, it is usually in the receiving 
mode. such as in portable radios and pagers, where antenna efticiency is not as 
important as the signal-to-noise ratio. They are also used as probes for field measure­
ments and as directional antennas for radiowave navigation. The field pattern of 
electrically small antennas of any shape (circular. elliptical. rectangular. s,1m1re. etc.) 
is similar to that of an infinitesimal dipole with a null perpendicular to the plane of 
the loop and with its maximum along the plane of the loop. As the overall length of 
the loop increases and its circumference approaches one free-space wavelength. the 
maximum of the pattern shifts from the plane of the loop to the axis of the loop which 
is perpendicular to its plane. 
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The radiation resistance of the loop can be increased. and made comparable to 
the characteristic impedance of practical transmis,'iion lines, by increasing (electrically J 
its perimeter and/or the numbe.r of turns. Another way to increase the radiation 
resistance of the loop is to insert, within its circumference or perimeter, a ferrite core 
of very high permeability which will raise the magnetic field intensity and hence the 
radiation resistance. This forms the so-called ferrite loop. 

Electrically large loops are used primarily in directional arrays. such as in helical 
antennas (see Section 10.3.1 ), Yagi-Uda arrays (see Section 10.3.3). quad arrays (see 
Section 10.3.4 ). and so on. For these and other similar applications, the maximum 
radiation is directed toward the axis of the loop forming an end-fire antenna. To 
achieve such directional pattern characteristics, the circumference (perimeter) of the 
loop ~hould be about one free-space wavelength. The proper phasing between turns 
enhances the overall directional properties. 

S.2 SMALL CIRCULAR LOOP 

The most convenient geometrical arrangement for the field analysis of a loop antenna 
is to position the antenna symmetrically on the x-y plane, at z = 0. as shown in Figure 
5.1 (a). The wire is assumed to be very thin and the current distribution is given by 

l,t, = /0 (5-1) 

where /11 is a constant. Although this type of current distribution is accurate only for 
a loop antenna with a very small circumference, a more complex distribution makes 
the mathematical formulation quite cumbersome. 

5.2.1 Radiated Flelds 

To find the fields radiated by the loop. the same procedure is followed as for the 
linear dipole. The potential function A given by (3-53) as 

f 
-jkR 

' 7 = J!:... I ,I _1 _e - I A(x.\,~) 
4 

l,,(x,y,.,) di 
• 7r • R 

C 

(5-2) 

is first evaluated. Referring to Figure 5. l{a), R is the distance from any point on the 
loop to the observation point and di' is an infinitestimal section of the loop antenna. 
In generaJ. the current distribution l.,(x'. y', z') can be written as 

l.,(x', y', :') = aJ,(x'. y'. z') + a_Jy(x', y'. z') + a.zfjx'. y' . z') (5-3) 

whose form is more convenient for linear geometries. For the circular loop antenna 
of Figure 5. l(a), whose current is directed along a circular path, it would be more 
convenient to write the rectangular current components of (5-3) in tenns of the 
cylindrical components using the transfonnation (see Appendix VII) 

-sin cJ,' 

cos <J,' 

0 

(5-4) 
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.t 

-- ¢ ---

I 
I 
I 
I 
I 

- I 

lal li;:umctr)· ior circular loop 

"~os "' :!.' "'a~ . a,,,=­
utsin Q cos ,:i' cos,:, 

----- 1/) - -

I 

---+--7ilfll"~--- 1·' 
I 

I 
,_j 

/hi Geometry for far- fidJ ubscrva11m1s 

Figure S.1 Geometrical arrangement for loop antenna analysis. 

which when expanded can be written as 

I, = I cos cp' 1,1, sin cp'} ,, 
Ir = JP sin c// + l,t, cos c// 

I:. = I; 
(5-5) 

Since the radiated fields arc usually determined in spherical components. the 
rectangular unit vectors of (5-3) are transformed to spherical unit vectors using the 
transformation matrix given by (4-5). That is. 

a, = a,. sin (} cos cb + a,, cos o cos c/> - a<fo sin cJ,} 
a,. = Dr sin H sin cp + a" cos H sin cb + a,1, cos <f, (5-6) 

a~ = a,. cos o a,, sin 0 
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Substituting (5-5) and (5-6) in (5-3) reduces it to 

I,. = a, l/,J sin 0 cos( cp - cp') + /"' sin 8 sin( cp - cp') + Ii cos 81 
+ a,,[lµCOS Ocos(cp - cp') + /,1,COS 6sin(cp - cp') - (sin 61 

+ a,J,[ - ,,, sin( cp - cp') + '"' cos( <P - cp')I (5-7) 

It should he emphasized that the source coordinates are designated as primed 
(p'. cp', :') mid the observation coordinates as unprimed (r. 0, cfi). For the circular 
loop. the current is tfowing in the cp direction (/,b) so that (5-7) reduces to 

I,.= a,./</,sin Osin(q, - cb') + a,/4>COS Osin(cp - cp')+ 8<t,lc1,cos(cp - cf,') (5-8) 

The distance R. from any point on the loop to the observation point. can be written 
as 

Since 

V , ., ,, . ,., 
R =(x - x )- + lv - y' t + (z - z' t 

.r = r sin O cos cf> 

y = r sin O sin cp 
.: = r cos 0 

.\2 + y2 + z2 = ,2 

x' = a cos</,' 

y' = a sin </,' 

z' = o 
, ., ,., , .., ..., 

x-+y-+z-=,r 

(5-9) reduces lo 

R = y' r + a 2 
- 2ar sin O cos(cb - cf,') 

By referring to Figure 5.1 (a). the differential element length is given by 

di' = ad</>' 

Using (5-8), (5- I I). and (5-12). the ~component of (5-2) can be written as 

I l
21r i' - Jkyr1 + a' - 2ar,in//cos(q'>- ,//) 

C µ • .J..I ~;::::;;:::===.========== ' A ,,, = - 11, cos ( cb - ,,J ) ... 1 , , d cf> 
• 411 o y ,- + a- - 2arsin8cos(cf,- cf,') 

(5-9) 

(5-10) 

(5-11) 

(5-12) 

(5-13) 

Since the current / t/, as given by (5-1) is constant, the field radiated by the loop 
will not be a function of the observation angle ct,. Thus any observation angle q, can 
be chosen; for simplicity cp = 0. Therefore (5-13) can be written as 

aµlo 1·21, ,I,.' e - Jt.v
1
,.1 .. a' - 2<1r~ind.:os,tl' .A.' 

A,1, = -- cos ,p ... 1 ., 1 d,p 
47T o v ,- + a- - 2arsin0coscf>' 

(5-14) 

The integration of (5-14) cannot be carried out without any approximaLions. For 
small loops. the function 

e -JkVr i · "- - 211r.~in/Jcos</>' 

f = V , , 2 • o </>' r + a- - ar sm cos 
(5-15) 
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which is part of the integrand of (5-14). can be expanded in a Maclaurin series in a 
using 

j • ~ J"(O) + f" (0) a + _!_j."(0) a'!. + ... + I f(n •• I 1(0) an - I + 
• 2! (n - I H 

(5-l 5a) 

where f' (0) = iifliJal11 = 0 ,.f"(O) = cl~f/a,?I,, =O• and so fonh. Taking into account only 
the first two terms of (5- I 5a). or 

e -,ikr 

f(O} = - ,. (5-I5b) 

.f'(O) = (jk + _!_) e--,ikr sin 0 cos cf,' 
,. ,.2 

(5-15c) 

f = [; + • t': + ~) sin 9 cos ,P' ] e - •• (5-15d) 

reduces (5-14) m 

A, = --0 cos q,' - + a - + -:; sin 8 cos cf,' e-1",. dcf,' aµ.l li;r [ I (jk I) ] _ 
/, 41T f) ,. ,. ,-

A a
2
µ./0 __ 1•1u (jk + 1) • () ,b = --e - -:; srn 
4 ,- ,- (5-16) 

In a similar manner, the r- and 0-components of (5-2) can be written as 

aµ../0 • f 2 17 

• [ I (jk I) • ] 'k Ar= -- sm 0 sm cf,' - + a ·- + -:; sin 0 cos cf,' e-1 r de// 
47'1' (I ,. ,. ,-

(5- I 6a) 

aµ../0 f 2'" • , [ I (jk l) . ] _ .,. A,,= - -- cos 0 sm cf, - + Cl - + -; srn 8 cos cf,' e 1 r def,' 
47T () , ,. ,-

which when integrated reduce to zero. Thus 

,. <?· µ../0 . 'k • [jk I ] . A = a A = a -- e-.1 
1 

- + -:; sin 8 
(/> "' ,f> 4 ,. ,-

,. _kµ.ci2!11 sin () [ I ] _ .k . 
=a,---- I+- e.1 1 

"'· 4r jkr 

Substituting (5-17) into (3-2a) reduces the magnetic field components to 

. ka
2 
lo cos 6 [ l I ] - fkr Hr= J , + -. - e 
2r ,1kr 

(ka)
2

/ 0 sin 0 [ I I ] - /J.r H = ----- I+---- e · 
u 4r jkr (k,-)2 

H<t, = 0 

(5-I6b) 

(5-17) 

(5- l 8a) 

(5-18b) 

(5-I8c) 
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Using (3-15) or (3- 10) with J = 0. the corresponding electric field components can 
be written as 

E, = £ 11 = 0 

(ka)
2

/ 0 sin O I 
Ei1, = 11 4r 1 

+ _I] e ·-jlcr 

jkr 

5.2.2 Small Loop and Infinitesimal Magnetic Dipole 

(5-19a) 

(5-19b) 

A comparison of (5-18a)-(5-19b) with those of the infinitesimal magnetic dipole 
indicates that they have similar forms. In fact. the electric and magnetic field com­
ponents of an infinitesimal magnetic dipole of length / and constant "magnetic'' 
current /111 are given by 

Er = E,, = Ht/> = 0 (5-20a) 

.kl,,,! sin R [ 1 ] _11r 
£"' = -1 4 I + - e 

1rr jkr 
(5-20b) 

H = /111 / COS fJ [ ) _J] _ jkr ,· ., + e 
21T71r'" Jkr 

(5-20c) 

. kl,,, I sin 0 [ I I I ] _ Jkr H" = 1---- + - - -- e 
41rr,r jkr (kr)2 (5-20d) 

These can be obtained from the fields of an infinitesimal electric dipole, (4-8a)­
(4-l0c). When (5-20a}-(5-20d) are compared with (5-18a)-(5-l 9h), they indicate that 
a magnetic dipole ,f nwgnetic moment f,,,I is equivalent to a small electric loop of 
radiu.r a and con.rta111 e/ecll-fr' current /0 provided that 

(5-2 l) 

where S = -rra1 (area of the loop). Thus. for analysis purposes, the small electric loop 
can be replaced by a small linear magnetic dipole of constant current. The geometrical 
equivalence is illustrated in Figure 5.1 (a) where the magnetic dipole is directed along 
the z-axis which is also perpendicular to the plane of the loop. 

5.2.3 Power Density and Radiation Resistance 

The fields radiated by a small loop. as given by (5- l 8a)-(5-l 9b ). are valid everywhere 
except at the origin. As was discussed in Section 4.1 for the infinitesimal dipole. the 
power in the region very dose to the antenna (near-field. kr << 1) is predominantly 
reactive and in the far-field (kr >> I) is predominantly real. To illustrate this for the 
loop. the complex power density 

W =½(EX ff*)= ½[(a,/,£¢,) X (arH*r + aHH"'11>l 

(5-22) 
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is first formed. When (5-22) is integrated over a closed sphere, only its radial com­
ponent given by 

W = {ka>4 ll l2 sin
2 

f} [ + 1• -'-] r 'Tl 32 o ,.2 I . (k,-)3 (5-22a) 

contributes to the complex power P,.. Thus 

which reduces to 

P, = '1 (i~) (ka)'IT,il' [ I + j (k~)'] (5-23a) 

and whose real part is equal to 

PrwJ = TJ ( 
1
~) (ka)

4
llol

2 (5-23h) 

For small values of kr (kr «: I). the second term within the brackets of (5-23a) 
is dominant which makes the power mainly reactive. In the far-field (kr >> l), the 
second term within the brackets diminishes which makes the power real. A comparison 
between (5~23a) with (4-14) indicates a difference in sign between the tenns within 
the brackets. Whereas for the infinitesimal dipole the radial power density in the near­
field is capacitive. for the small loop it is inductive. This indicates that the radial 
magnetic energy is larger than the electric energy. 

The radiation resistance of the loop is found by equating (5-23b) to 1Inl2 R,.12. 
Doing this, the radiation resistance can be written as 

1T .., .., , 277 kS ., C S-
( ) ( )2 ( )"' ( ') R, = TJ 
6 

(k'a·)- = 113 A = 207T· A = 31.171 A4 
(5-24) 

where S = 1Ta
2 is the area and C = 21ra is the circumference of the loop. 

The radiation resistance as given by (5-24) is only for a single-turn loop. If the 
loop antenna has N turns wound so that the magnetic field passes through all the 
loops. the radiation resistance is equal to that of single tum multiplied by N2. That is. 

-'TT .. ., ., ,, ., (,., ) (ks)2 (c)4 (s2

) R, = TJ 3 A N- = 201r- A N· = 31.171 N- ,\4 
(5-24a) 

Even though the radiation resistance of a single tum loop may be small. the overall 
value can be increased by including many turns. This is a very desirable and practical 
mechanism that is not available for the infinitesimal dipole. 

Example 5.1 

Find the radiation resistance of a single-tum and an 8-turn small circular loop. The 
radius of the loop is A/25 and the medium is free-space. 
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210 Chapter S Loop Antennas 

SOLUTION 

7r,,\2 

625 

(
2 7T) (2 7T 

2
);! R, (single tum) = 1207T ~ -- = 0.788 ohms 

, 625 

R ,. ( 8 rums) = 0. 788(8)2 = 50.43 ohms 

The radiation and loss resistances of an antenna determine the radiation efficiency, 
u...; defined by (2-90). The loss resistance of a single-tum small loop is, in general. 
much larger than its radiation resistance; thus the corresponding radiation efficiencies 
are very low and depend on the loss resistance. To increase the radiation efficiency. 
multiturn loops are often employed. However, because the current distribution in a 
multiturn loop i~ quite complex. great confidence has not yet been placed in analytical 
methods for determining the radiation efficiency. Therefore greater reliance has been 
placed on experimental procedures. Two experimental techniques that can be used to 
measure the radiation efficiency of a small multitum loop are those that are usually 
referred to as the Wheeler method and the Q method [ 1 ]. 

Usually it is assumed that the loss resistance of a small loop is the same as that 
of a straight wire whose length is equal to the circumference of the loop, and it is 
computed using (2-90b). Although this assumption is adequate for single-turn loops. 
it is not valid for multiturn loops. In a multiturn loop, the current is not uniformly 
distributed around the wire but depends on the skin and proximity effects [2]. In fact. 
for close spacings between turns. the contributicm to the loss resistance due to the 
pm:11imhy effect c.an be Jarger than that due to the skin effect 

The total ohmic resistance for an N-tum circular loop antenna with loop radius 
a. wire radius b. and loop separation 2c. shown in Figure 5.2(a) is given by 13) 

where 

Na (~ ) 
Ruhmic = ---,;R, Ro + I 

R, = ffi = ,urface impedance of conductor 

R1, = ohmic resistance per unit length due to proximity effect 

NR., 
R0 = -- == ohmic skin effect resistance per unit length (ohms/m) 

21rb 

(5-25) 

The ratio of R1,IR0 has been computed [3) as a function of the spacing clb for loops 
with 2 s N s 8 and it is shown plotted in Figure 5.2(b). lt is evident that for close 
spacing the ohmic resistance is twice as large as that in the absence of the proximity 
effect (R1,IR0 = 0). 

Example S.2 

Find the radiation efficiency of a single-tum and an 8-turn small circular loop at 
f = 100 MHz. The radius of the loop is >../25, the radius of the wire is 10--1 A. and 
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1.5 

1.0 

1.5 

1.0 

0.5 

N=R 

Ca I N-1urn circular loop 

N = number of wir..-s 

Rp = adc.k<l rc~is1:111cc <luc to proximity cffecl 

Ro = resistance ncglcclmg proxmuty effect 

: .o 
Spacini cih 

4.0 

~ 

Cb) Ohmic rcsiscancc due 10 proxim,tv (11rtcr U. N Smilh) 

S.O 

Figure 5.2 N-turn circular loop and ohmic rcsistru1ce due to proxim­
ity effect. (SOURCE: G. S. Smith. "Radiation Efficiency of Electrically 
Small Multiturn Loop Antennas." IEEE Tran.~. An.rem,as Propa~at., 
Vol. AP-20. No. 5. pp. 656-657. Sept. 1972,c, 0972) IEEE). 

the turns are spaced 4 X 10--t A apart. Assume the wire is copper with u conductivity 
of 5.7 x 107 (Sim) and the antenna is radiating into free-space. 

SOLUTlON 

From Example 5.1 

R,. (single tum) 0.788 ohms 

R, (8 turns) = 50.43 ohms 
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The loss resistance for a single turn is given, according to (2-90b). by 

a~ I 
R,_ = R1,r = b ✓ T;; = 25(10 -t) 

1T( I 08)(4 7T X 10 - 7) 

5.7 X 107 

= 1.053 ohms 

ru,J the raJiation efticiency, according lo (2-90). by 

0.788 
e .-,, = ----- = 0.428 = 42.8% 

0. 788 + 1.053 

From Figure 5.2(b) 

~ = 038 
Ro .. 

and from (5-25) 

7T( 1011)(41T X. 10 - 7
) ->g -

5.7 X 107 (I.., ) - l l.62 

Thus 

50.43 
£',.,,= =0.813=81.3% 

50.43 + I 1.62 

5.2.4 Near-Field (Ju << l) Region 

The expressions for the fields. as given by (5-18aH5-19b). can be simplified if the 
observations are made in the near-field (kr << I). As for the infinitesimal dipole. the 
predominant tem1 in each expression for the field in the near-zone region is the last 
one within the parentheses of (5~ I 8a)-(5- I 9b). Thus for kr << I 

kr¢: I 

(5-16a) 

(5-26b) 

(5-26c) 

(5-26d) 

The two H-field components are in time-phase. However. they are in time quad­
rature with those of the electric field. This indicates that the average power (real 
power> is zero. as for the infinitesimal electric dipole. The condition of kr << I can 
be satisfied at moderate distances away from the antenna provided the frequency of 
operution is very low. The fields of (5-26aH5-26d) are usually referred to as qua.~i­
stationary. 
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S.2.5 Far-Field (k.r >> 1) Region 

The other space of interest where the fields can be approximated is the far-field 
(kr >> 1) region. In contrast to the near-field. the dominant term in (5-18a)-(5-19b) 
for kr >> I is the first one within the parentheses. Since for kr > I the Hr component 
will be inversely proportional to r 2 whereas H II will be inversely proportional to r . 
for large values of kr (kr » I) lhe Hr component will be small compared to H11• Thus 
it can be assumed that it is approximately equal to zero. Therefore for kr >> I , 

k2ct210e -,ikr 

E,1,=T/ 
4

, sinO= 

Hr= H,1, = Er = E0 = 0 

1rSl e - jkr 
(I • LI 
i., s1n u 
I\-,. 

1rS1 e - jkr 
0 • (J 

11 i ~ sm 
I\ - r 

where S = 1ra1 is the geometrical area of the loop. 

kr >> I 

Forming the ratio of - E,~IH0, the wave impedance can be written as 

E,1, 
z ... = - Ho= T/ 

where 

Z.., = wave impedance 

T'J = intrinsic impedance 

(5-27a) 

(5-27b) 

(5-28) 

As for the infinitesimal dipole. the E- and H-tield components of lhe loop in the far­
field (kr >> I) region are perpendicular lo each other and transverse to the direction 
of propagation. They form a Trnnsverse Electro Magnetic (TEM) field whose wave 
impedance is equal to the intrinsic impedance of the medium. Equations (5-27a)­
(5-27c) can also be derived using the prm.:edure outHned and relationships developed 
jn Section J .6. This is left as an exercise to the reader (Prob. 5.5). 

5.2.6 Radiation Intensity and Directivity 

The real power Prad radiated by the loop was found in Section 5.2.3 and is given by 
(5-23b). The same expression can be obtained by forming the average power density, 
using (5-27a)-(5-27c). and integrating it over a closed sphere of radius r. This is left 
as an exercise to the reader (Prob. 5.4). Associated with the radiated power P rad is an 
average power density W av • It has only a radial component W, which is related to the 
radiation intensity U by 

( 
.. ')2 'l , k-,r , . 7 ,-- ., 

U = ,.-wr = !!. - llol- sm- 0 = ,IE(b(r. 8. <,b)i-
2 4 -T/ 

(5-29) 

and it conforms to (2- I 2a). The normalized pattern of the loop, as given by (5-29), is 
identical to that of the infinitesimal dipole shown in Figure 4.2. The maximum value 
occurs at O = 7Tl2. ,md it is given by 

r, k·a- , 
( 

, ")2 
Um:"' = VI O= ,r/2 = 2 4 I Joi- (5-30) 
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Using (5-30) and (5-23b), the directivity of the loop can be written as 

(5-31) 

and its maximum effective aperture as 

(
A

2
) 3A

2 

A,.,,, = 41r Do = 87T (5-32) 

It is observed that the directivity. and as a result the maximum effective area. of a 
small loop is the same a.-. that of an infinitesimal electric dipole. This should be 
expected since their patterns are identical. 

The far-lield expressions for a small loop. as given by (5-27a)-(5-27c), will be 
obtained by another procedure in the next section. In that section a loop of any radius 
but of constant current will be analyzed. Closed form solutions will be possible only 
in the fur-field region. The small loop far-field expressions will then be obtained as a 
special case of that problem. 

Example 5.3 

The radius of a small loop of constant current is A/25. Find the physical area of the 
loop and compare it with its maximum effective aperture. 

SOLUTION 

S (physical) = mt2 = 'TT' - = 7T - = 5.03 ( 
A )

2 
A., 

25 625 • 

3,\2 
A;.,,, = S1r = 0.119A2 

A,.,,, = 0.119>..:? _ ,, 
6 5.03 X 10-J,~2 - -

3•6 s 

Electrically the loop is about 24 times larger than its physical 8ize. which should not 
be surprising. To be effective. a small loop must he larger electrically than its physical 
size. 

5.2. 7 Equivalent Circuit 

A small loop is primarily inductive. and it can be represented by a lumped element 
equivalent circuit similar to those of Figure 2.22. 
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A. Transmitting Mode 
The equivalent circuit for its input impedance when the loop is used as a transmitting 
antenna is that shown in Figure 5.3. This is similar to the equivalent circuit of Figure 
2.22(b). Therefore its input impedance Ztn is represented by 

where 

R,. = radiation resistance as given by (5-24) 

RL = loss resistance of loop conductor 

XA = external inductive reactance of loop antenna = wLA 

Xi = internal high-frequency reactance of loop conductor = wl,. 

(5-33) 

In Figure 5.3 the capacitor Cr is used in parallel to (5-33) to resonate the antenna; 
it can also be used to represent distributed stray capacitances. In order to detem1ine 
the capacitance of Cr at resonance. it is easier lo represent (5-33) by its equivalent 
admittance Yin of 

=-=---- (5-34) 

where 

(5-34a) 

(5-34b) 

At resonance. the susceptance Br of the capacitor C, must be chosen to eliminate the 
imaginary part B in of (5-34) and (5-34a). This is accomplished by choosing C, ac­
cording to 

C, = B, = _ Bin = _1_ , Xin 
1 

21rf 21rf 21rf RTn + Xrn 
(5-35) 

Under resonance the input impedance z:11 is then equal to 

' 1 ' 

Z, R' I R'fn + X rn = R· Xrn 
in= in=-G- _ _..;.;.; __ = m+-

m Rin Rin 
(5-36) 

la R1. x, 

+ R, 

'\., v.~ c, 
I 

Z;'n Z.11 XA 

I I 

·" Figure 5.3 Equivalent circuit of loop antenna in transmitting mode. 

INTEL-1045 
U.S. Patent 7,151,430



216 Chapter 5 Loop Antennas 

The loss resistance RL. of the loop conductor can be computed using techniques 
illustnued in Example 5.2. The inductive reaccance X,1 of Che loop is computed using 
the inductance L-" of: 

Circular loop of radius a and wire radius b: 

(5-37a) 

StJuare loop with sides a and wire radius h: 

L, = 2µ0 :[In(~) - 0.774] (5-37b) 

The internal reactance of the loop conductor X1 can be found using the internal 
inductance L, of the loop which for a single turn can be approximated by 

L; = ~p.ff; = ;,~ (5-38) 

where / is the length and P is the perimeter of the wire of the loop 

B. Receiving Mode 
The loop antenna is often used as a receiving antenna or as a probe to measure 
magnetic Hux density. Therefore when a plane wave impinges upon it. as shown in 
Figure 5.4{a). an open-circuit voltage develops across its tenninals. This open-circuit 
voltage is related according tu (2-93) to its vector effective length and incident electric 
field. This open-circuit voltage is proportional to the incident magnetic flux density 
B~, which is normal to the plane of the loop. Assuming the incident field is unifonn 
over the pfane of the loop. the open-circuit voltage for a single-tum loop can he 
written as [5) 

(5-39) 

Defining in Figure 5.4(a) the plane of incidence as the plane fom1cd by the z axis and 
radical vector. then the open-circuit voltage of (5-39) can be related to the magnitude 
of the incident magnetic and electric fields by 

(5-39a) 

where 1/J; is the angle between the direction of the magnetic field of the incident plane 
wave and the plane of incidence. as shown in Figure 5.4(a). 

Since the open-circuit voltage is also related to the vector effective length by 
(2-93 ). then the effective length for a single tum loop can be written as 

(5-40) 

where S is the area of the loop. The factor cos ~,; sin 0; is introduced because the 
open-circuit voltage is proportional tu the magnetic flux density component Bt which 
is normal to the plane of the loop. 

When a load impedance z,. is connected to the output terminals of the loop as 
shown in Figure 5.4(b). the voltage V,_ across the load impedance z,. is related to the 
input impedance z;n of Figure 5.4(b) and the open-circuit voltage of (5-39a) by 
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( h) 171c vcnin c<1u rvalcnt 

!:ii Planr w3vc tnc1tlent on a rc<:civinf,! loop (G,S. Smith. "Loop ArHcnna.,. ' 
Cnpyright © 19R4. M~Ciraw-llill , 111,, Pcnnission hy McGruw-Hill, Inc.) 

Figure 5.4 Loop antenna aml its equivalent in receiving mocJe. 

(5-4 1) 

5.3 CIRCU LAR LOOP O F C O N STAN T CURRENT 

Let us now recon:-.ider the loop antenna llf Figure 5.1 (a) bul with a rndius 1htt1 may 
noL necessari ly be small. The current in the loop will ag~iin be assumed to be constant. 
as given by (5- l ). For this current distribution, the vecror po ten Li al is given by (S- l 4 ). 
Without using the ~maJJ radius approximation. Lhe integration in (5- l-+) cannot he 
carded out. However. if the obscrvlltions are resLTicted in the far-field (r ~ o) region, 
1he small radiu), approximation is not needed to integrate (5- 14). 

AJLhough Lhe uniform current distribution along the perimeter of the loop i), only 
valid provided Lhe circumference is less lhan Hhout 0.2A (radiu~ less 1han about 0.03A), 
the procedure developed here for a constant current cal) be followed lo find the far 
i~,\"\e fieldi, of any '>iz.e loop wilh nn\ nece:-;sarily unifon1, current. 

5.3.l Radiated Fields 

To fintl the fields i.11 lhe far-field region. the distance R can be approximated by 

/? = Y? + a2 - 2ar sjJ1 0 cos cf,' = V r2 - 2ar sin fJ cos cj/ for r >> a 

(5-42) 

which can be reduced, using the binomial expansion. lo 

R = r 

2a . 
~ - Sll1 () COS cp' ,. - r - a sin O co~ </>' = r - a cos 1/1n l 

for phase termf. 

for amplitude terms 

(5-43) 
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since 

cos ~'o = a,/ • a, I di ~ 0 = (a_, cos <J>' + a_,. sin <I>'> 

• (a, sin (J cos cJ> + a,. sin 0 sin ¢ + a .. cos ml~,,, 0 

= sin 0 cos cf,' (5-43a) 

The geometrical relation between R and r. for any observation angle cf, in the far­
field region. is shown in Figure 5.l(b). For observations at cf:, = 0, it simplifies to that 
given by (5-43) and shown in Figure 5.5. Thus (5-14) can be written as 

A = aµ. of cos <J,'e+jkasin/Jcos,/> de/>' l ,-jl;r l:?1r 

<1> 41rr o 
(5-44) 

and it can he separated into two terms as 

A,1,= Clµ. of' cos cf,'e+.il.:usinflcost/,' def,' l -11r.r [Jr. 
4,r,- I) 

+ I:1r COS <// e-t-jlu,~in ficos,/>' def,'] 

(5-45) 

The second term wi1hjn the brackets can he rewritten by making a change of variable 
of the form 

cf/ = <I>" + 1T (5-46) 

Thus (5-45) can also be written as 

A , = aµ.loe j/.;r [J,1rcos cb'e+Jkusinllco~,, .. de/>' - iu1rcos cp"e-jku.sinllco~,Jf de//'] 
r/ 41rr o 

(5-47) 

z 

u i:os ~o = a(a~ , a,IIQ=- o = u sm O 1:05 ~• 

Figure 5.5 Geometry for far-field analysis of a loop antenna. 
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Each of the integrals in (5-47) can be integrated by the fonnula (see Appendix V) 

7rj"J,,(z) = f 11cos(rzcf,)e + i ~cos t/> def, 
II 

(5-48) 

where J,,(z) is the Bessel function of the lirst kind of order n. Using (5-48) reduces 
(5-47) lo 

aµl e-_lkr 

At/>= 
0 I 1rjJ1(ka sin 0) - 1rjJ1 ( -ka sin O)l 

41rr 
(5-49) 

The Bessel function of the first kind and order n is defined (see Appendix V) by 
the infinite series 

°" < - 1 rcz12)" + 211
' 

J,,<z) = I 
111=0 m!{m + n)! 

By a simple substitution into (5-50), it can he shown that 

J,,( - z> = ( - I )"J,,(z) 

which for 11 = 1 is equal to 

J,{-z) = -J,<z> 
Using (5-52) we can write (5-49) as 

. aµlue - jla . 
A,1, = J --- J1(ka sm 0) 

2r 

(5-50) 

(5-5 l) 

(5-52) 

(5-53) 

The next step is to find the E- and H-fields associated with the vector potential 
of (5-53). Since (5-53) is only valid for far-field observations, the procedure outlined 
in Section 3.6 can be used. The vector potential A. as given by (5-53). is of the fonn 
suggested by (3-56). That is. the r variations are separable from those of (J and cf,. 
Therefore according to (3-58a)-(3-58b) and (5-53) 

akle -,ikr 
;,. J 1 (ka sin tJ) 

5,3.2 Power Density, Radiation Intensity, Radiation 
Resistance, and Dlrecthlty 

(5-54a) 

(5-54b) 

(5-54c) 

(5-54d) 

The next objective for this problem will be to find the power density, radiation 
intensity. radiation resistance. and directivity. To do this. the time-average power 
density is fonned. That is. 

W - ! R lE H*] - ! R l" ,. * ·1 - ... -
1 

I 12 
a~· - .., e X - ,, e a,1,E,1, X BoH ii - a,.., E,t, 

- - -11 
(5-55) 
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220 Chapter 5 Loop Antennas 

which can be written using (5-54b) as 

,. ,. (awµ.)2llol 2 
2 . 

Wav = arWr = &r 
8 

, J, (ka sm 8) 
17,-

(5-56) 

with the radiation intensity given by 

U = ::iw = (awµ.f 1Iol2 J 2(k • fJ) 
1 r 

877 
1 a sm (5-57) 

The radiation patterns for a = All 0, JJ5, and }J2 are shown in Figure 5.6. These 
patterns indicate that the field radiated by the loop along its axis (6 = 0°) is zero. 
Also the shape of these patterns is similar to that of a linear dipole with I ~ A (a 

-1 / 
I 
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I 

\, 
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Figure 5.6 Elevation plane amplitude patterns for a circular loop of constant current 
(a = 0.1.,\, 0.2A, and 0.5A). 
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5.3 Circular Loop of Constant Current 221 

figure-eight shape). As the radius a increases beyond 0.5,t the field intensity along 
lhe plane of the loop (0 = 90°) diminishes and eventu~11ly it forms a null when a = 
0.61 A. This is left as an exercise to the reader for verification ( Prob. 5.13 ). Beyond a 
= 0.61 A, the radiation along the plane of the loop begins to intensify and the patlem 
attains a multilobe fonn. 

The patterns represented by (5-57) (some of them are illusu·ated in Figure 5.6) 
assume that the current distribution, no matter what the loop size. is constant. This is 
not a valid assumption if the loop circumference C (C = 21ra) exceeds about 0.2A 
(i.e., tl > 0.032A) [6]. For radii much greater than about 0.032A. the current variation 
along the circumference of the loop begins to attain a distribution that is best repre.­
sented by a Fourier series [SJ. Although a most common assumption is that the current 
distribution is nearly cosinusoidal. it is not satisfactory particulary near the driving 
point of the antenna. 

It has been shown [7] that when the circumference of the loop is about one 
wavelength ( C = A), its maximum radiation is along its axis ( 0 = 0°) which is 
perpendicular to the plane of the loop. This feature of the loop antenna has been 
utilized to design Yagi-Uda arrays whose basic elements (feed. directors, and reflec­
tors) are circular loops [8]-[ IO]. Because of its many applications. the one wavelength 
circumference circular loop antenna is considered as fundamental as a half-wavelength 
dipole. 

The radiated power can be written using (5-56) as 

Ly '111., lrr 1rl,aw t n - ,., . . . 
P = W • ds = µ J -cka sm 0) sm 0 dO rnd av 4 I ' 

77 0 
s 

(5-58) 

The integral in (5-58) cannot be integrated exactly. However. it can be rewritten 
I 111 as 

J1
2(ka sin 0) sin (J dtJ = J_ Ji(x) d.x f 11 l2ko 

o ka o 
(5-59) 

Even though (5-59) still cannot be integrated. approximations can be made depending 
upon the values of the upper limit (the radius of the loop). 

A. u1rge Loop Approximation (a "2:: >J'l) 
To evaluate (5-59). the lirst approximation will be to assume that the radius of the 
loop is large (a > A/2). For Lhat case, the integral in (5-59) can be approximated by 

(5-60) 

and (5-58) by 

p - 1T(awµ)2llol' (5-61) 
nu.1 - 411(ka) 

The maximum radiation intensity occurs when ka sinO = 1.84 so that 

VI (Clwµ.i'llol
2 

., k • I = (aw~~llol
2 

(O .. c:S4 ):? 62 rn11~ = 
817 

J,-( 'tl Sin (J) lcasinO = 1.8d ., (5- ) 
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Thus 

2Pro.d 21r(awµ,)2 ('TT') 2 ~ (C) 
Rr = IIol:? = 411(ka) = 11 2 ka = 601r (ka) = 60,r A (5-63a) 

Umux ka(0.584}2 ~ (C) D0 = 47r-- = 41r--- = 2ka(0.584)- = 0.682 -
P~ 21r A 

(5-63b) 

A=,=:>.= ::[o.682(~)] = 5.43 x 10- 2Ac (5-63c) 

where C (circumference) = 21ra and 71 = 1201r. 

B. lntermedime Loop Approximation (A/6'TT' :s; a < A/2) 
If the radius of the loop is A/61r :s; a < 'A/2, the integral of (5-59) can be approximated 
by 

("Ji2(k" sin 8) sin O d8 = _kl (2""J.i(x)dx Jo a Ju 

= ~ [ - 2J 1(2ka) + L""' J0 (y) d_v] (5-64) 

where 10 ( _y) is the Bessel function of the first kind of zero order. No further simpli­
fkations can be made. The integral of J0 (y) appearing in (5-64) is a tabulated function 
which is included in Appendix V. The radiation resistance, directivity, and maximum 
effective area can be found using (5-64) to evaluate the Prud of (5-58). 

C. Small Loop Approximation (a <: A/67r} 
If the radius of the loop is small (a < 'A/61r). the expressions for the fields as given 
by (5-54a)-(5-54d) can be simplified. To do this, the Bessel function 11(ka sin (J) is 
expanded. by the definition of (5-50). in an infinite series of the form (see Appen­
dix V) 

(5-65) 

For small values of ka (ka < ~). (5-65) can be approximated by its first term, or 

ka sin 0 
11(ka sin 8) = 

2 

Thus (5-54aH5-54d) can be written as 

Er= £11 = 0 

a2wµ,kloe - J"' . ,i2k2!0e-Jkr . (J 
E,t, = 4r sm (J = 11 4r sin 

Hr=H,f,=O 

0:?{J)µkJ;.,e - jkr , 
H 11 = ------sm 0 = 

471, 

21.21, - )kr a I( . ,,e . 
4r sm 0 

Cl< 'AJ6'TT' 

(5-65a) 

(5-66a) 

(5-66b} 

(5-66c) 

(5-66d) 
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Figure 5.7 Radia1ion rcsis1ance for a cons1a111 currem circular 
loop antenna based un 1he approxima1ion of (5-65a). 

which are identical to those of (5-27a)-(5-27c). Thus the expressions for the radiation 
resistance, radiation intensity, directivity. maximum effective aperture. and radiation 
resistance are those given by (5-24), (5-29). (5-31 ). and (5-32). 

To demonstrate the variation of the radiation resistance as a function of the radius 
a of the loop, it is plotted in Figure 5.7 for ,\/100 < a s A/30. based on the 
approximation of (5-65a). It is evident that the values are extremely low (less than I 
ohm), and they are usually smaller than the loss resistances of the wires. These 
radiation resistances also lead to large mismatch losses when connected to practical 
transmission lines of 50 or 75 ohms. To increase the radiation resistance, it would 
require multiple turns as suggested by (5-24a). This. however, also increases the loss 
resistance which contributes to the inefficiency of the antenna. A plot of the radiation 
resistance for O < ka = Cl>.. < 20. based on the evaluation of (5-59) by numerical 
techniques. is shown in Figure 5.8. The dashed line represents the values based on 
the large loop approximation of (5-60) and the dotted (· • • • •) represents the values 
based on the small loop approximation of (5-65a). 

In addition to the real part of the input impedance. there is also an imaginary 
component which would increase the mismatch losses even if the real part is equal to 
the characteristic impedance of the lossless transmission line. However. the imaginary 
component can always. in principle at least, be eliminated by connecting a reactive 
element (capacitive or inductive) across the terminals of the loop to make the antenna 
a resonant circuit 

To fad\itate the computations for the directivity and radiation resistance of a 
circular loop with a constant current distribution, a FORTRAN computer program has 
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Figure 5.8 Radiation resistance and directivity for circular loop of constant cur­
rent. (SOI.IRCE: E. A. Wolff, At11e1111a Analysis, Wiley, New York, 1966) 

been developed. The program utilizes (5-62) and (5-58) to compute the directivity 
I (5-58) is integrated numerically). The program requires as an input the radius of the 
loop (in wavelenglhs). A Bessel function subroutine is contained within the program. 
A listing of the program is included at the end of this chapter and in the computer 
disc included with the book. 

5.4 CIRCULAR LOOP WITH 
NONUNIFORM CURRENT 

The analysis in the previous sections was based on a uniform current. which would 
be a valid approximation when the radius of the loop is small electrically (usually 
a < 0.03A). As Lhe dimensions of the loop increase. the current variations along Lhe 
circumference of the loop must be taken into account. As stated previously, a very 
common assumption for the current distribution is a cosinusoidal variation 112). 113]. 
This. however, is nol a satisfactory approximation particularly near the driving point 
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5.4 Circular Loop with NotJunifonn Current 225 

of the antenna 161. A better distribution wuuld be to represent the current by a Fourier 
series [ 14] 

/1-1 

l(c//) = 10 + 2 L /11 cos(n</>') (5-67) 
11=1 

where cf>' is measured from the feed point of the loop along the circumference, as 
shown at the inset of Figure 5.lJ. 

A complete analysis of the fields radiated by a loop with nonuniform current 
distribution is somewhat complex, laborious. and quite lengthy. Instead of auempting 
to include the analytical formulations. which are cumbersome but well documented 
in the cited references, a number of graphical iJlustrntions of nume.ricaJ and experi­
mental data is presented. These curves can be used in facilitating designs. 

To illustrate that the current distribution of a wire loop antenna is not uniform 
unless its radius is very sma11. the magnitude and phase of it have been plotted in 
Figure 5.9 as a function of cf>' (in degrees). The loop circumference C is ka = CIA 

ka =0.1 
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..-

:!a-

/)~· 
... \' 

< 
(1.0 l E 

u .,, 
.J O.! 
C. 4.0 
~ 
= O.J ... 
!: 
C .?.O 

0 40 80 120 160 

4i' td~grees) 

(a) Magnitu,.k 

. 1.53 

.; 
e 
u 
"' .., 

-1.5S .c 
Clo 

~ ; 
w 

- l.57 

0 40 80 120 160 

,:i' tdcgrecs) 

lb) Phase 

Figure 5.9 Current magni1ude and phase disl.ributions on small circular loop antennas. 
(S<>URCI:: J. E. Scorer. • ·Impedance of Tltin-Wire Loop Antennas. ' ' A/EE Tran.r., Vol. 
75. November 1956. © 1956 IEEE) 
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Figure 5.10 Directivity of circular-loop antenna for ff = O. 'TT' versus clecLrical size (cir­
cumforence/wavelength). (SOURCE: G. S. Smith, "Loop Antt!nnas;· copyright ~() Mc­
Graw-Hill. Inc. Permission by McGraw-Hill. Inc.) 

= 0. I. 0.2. 0.3. and 0.4 and rhe wire size was chosen so that n = 2 ln(21ra/b) = 
10. It is apparent that for ka = 0.1 the current is nearly unifom1. For ka = 0.2 the 
variations are slightly greater and become even larger as k£I increases. On the basis 
of these resulls, loops much larger than ka = 0.2 (radius much greater than 0.03-
0.04A) cannot be considered small. 

As was indicated earlier. the maximum of the pattern for a loop antenna shifts 
from the plane of the loop ( 0 = 90°) to its axis ( 8 = 0°. 180°} as the circumference 
of the loop approaches one wavelength. Based on the nonuniform current distribution 
of (5-67). the directivity of the loop along l:J = 0° has been computed. and it is plotted 
in Figure 5.10 versus the circumference of the loop in wavelengths 151. The maximum 
directivity is about 4.5 dB. and it occurs when the circumference is about I .4A. For 
a one wavelength circumference. which is usually the optimum design for a helical 
amenna, the directivity is about 3.4 dB. It is also apparent that Lhe directivity is 
basically independent of the radius of the wire, as long as the circumference is equal 
or less than about 1.3 wavelengths; there are differences in directivity as a function 
of the wire radius for greater circumferences. 

Computed impedances, based on the Fourier series representation of the current. 
are shown plotted in Figure 5.11. The input resistance and reactance are plotted as a 
function of the circumference C (in wavelengths) for O s ka = Cl A s 2.5. The 
diameter of the wire was chosen so that H = 2 ln(21Ta/b) = 8, 9, 10, 11, and 12. It 
is apparent that the first antiresonance occurs when the circumference of the loop is 
about A/2. and it is extremely sharp. It is also noted that al> the loop wire increases in 
thickness, there is a rapid disappearance of the resonances. As a matter of fact, for 
n < lJ there is only one antiresonance point. These curves (for C > A) are similar. 
both qualitatively and quantitatively. Lo those or a linear dipole. The major difference 
is that the loop is more capacitive (by about 130 ohms) than a dipole. This shift in 
reactance allows the dipole to have several resonances and antiresonances while 
moderately thick loops (0 < 9) have only one antiresonance. Also small loops are 
primarily inductive while small dipoles are primarily capacitive. The resistance curves 
for the loop and the dipole are very similar. 
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n = 2 In( 2,ra/b) 
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Figure 5.11 Input impedance of circular loop antennas. (SOURCE: J. E. Sto­
ver. "Impedance of Thin-Wire Loop Antennas." A/EE Trans., Vol. 75, No­
vember l 956. © l 956 IEEE). 
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228 Chapter 5 Loop Antennas 

To verify the analytical formulations and the numerical computations. loop an­
tennas were built and measurements of impedance were made [6]. The measurements 
were conducted using a half-loop over an image plane. and it was driven by a two­
wire line. An excellent agreement between theory and experiment was indicated 
everywhere except near resonances where computed conductance curves were slightly 
higher lhan those measured. This is expected since ohmic losses were not taken into 
account in the analytical formulation. It was also noted that lhe measured susceptance 
curve was slightly displaced vertically by a constant value. This can be attributed to 
lhe "end effect" of the experimental feeding line and the "slice generator .. used in 
the analytical modeling of the feed. For a dipole. Lhe correction to the analytical model 
is usually a negative capacitance in shunt with the antenna [ 151. A similar correction 
for the loop would result in a better agreement between the computed and measured 
susceptances. Computations for a half-loop above a ground plane were also performed 
by J.E. Jones 116] using the Moment Method. 

The radiation resistance of a loop antenna, with a cosinusoidal current distribution, 
was computed [ 17] by evaluating triple integrals numerically. The result,; are shown 
in Figure 5.12 where they are compared with those of a uniform current distribution. 
It is evident that when the circumference of the loop is less lhan about 0.8A, the 
constant current radiation resistances agree quite well with those of the cosinusoidal 
distribution. 
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Figure 5.12 Radiation resistance of circular loop with constant and sinusoidal current dis­
tributions. (SOURCE: A. Richtscheid, ·•calculation or the Radia1ion Resistance of Loop An­
tennas with Sinusoidal Current Distribution,'' IEEE Trans. Antennas Propagat., Vol. AP-24. 
November 1976. © 1976 IEEE) 
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5.4.1 Arrays 

ln addition to be used as single elements. loop antennas are widely used in arrays. 
Two of the most popular arrays of loop antennas are the helical antenna and the Yagi­
Uda array. The loop is also widely used to form a solenoid which in conjunction with 
a ferrite cylindrical rod within its circumference is used as a receiving antenna and as 
a tuning element, especially in transistor radios. This is discussed in Section 5.7. 

The helical antenna. which is discussed in more detail in Section I 0.3.1, is a wire 
antenna. which is wound in the form of a he1ix, as shown in Figure I 0. l3. ll is shown 
that it can be modeled approximately by a series of loops and vertical dipoles, as 
shown in Figure 10.14. The helical antenna possesses in general elliptical polarization. 
but it can be designed to achieve nearly circular polarization. There are two primary 
modes of operation for a helix. the normal mode and the a,dal mode. The helix 
operates in its normal mode when its overall length is small compared to the wave­
length. and it has a pattern with a null along its axis and the maximum along the 
plane of the loop. This pattern (figure eight type in the elevation plane) is similar to 
that of a dipole or a small loop. The helix operates in the axial mode when the 
circumference of the loop is between 3/4..\ < C < 4/3..\ with an optimum design when 
the circumference is nearly one wavelength. When the circumference of the loop 
approaches one wavelength, the maximum of the pattern is along its axis. In addition, 
the phasing among the turns is such that overall the helix forms an end-fire antenna 
with attractive impedance and polarization characteristics. In general. the helix is a 
popular communication antenna in the VHF and UHF bands. 

The Yagi-Uda antenna is primarily an array of linear dipoles with one element 
serving as the feed while the others act as parasitic. However this arrangement has 
been extended to include arrays of loop antennas. a.'i shown in Figure I0.27. As for 
the helical antenna, in order for this array to perform as an endfire array, the circum­
ference of each of Lhe elements is near one wavelength. More details can be found in 
Section 10.3.4 and especially in (81-1101. A special case is the quad antenna which 
is very popular amongst ham radio operators. It consists of two square loops. one 
serving as the excitation while the other is acting as a reflector: there are no directors. 
The overall perimeter of each loop is one wavelength. 

S.4.2 Design Procedure 

The design of small loops is based on the equations for the radiation resistance 
(5-24). (5-24a). directivity (5-31 ), maximum effective aperture (5-32). resonance ca­
pacitance (5-35). resonance input impedance (5-36) and inductance (5-37a), (5-37b). 
In order Lo resonate the element, the capacitor C,. of Figure 5.3 is chosen based on 
{5-35) so as to cancel out lhe imaginary part of the input impedance Ziw 

For large loops with a nonuniform current distribution. the design is accomplished 
using the curves of Figure 5 .10 for the axial directivity and those of Figure 5 .11 for 
the impedance. To resonate the loop, usually a capacitor in parallel or an inductor in 
series is added. depending on the radius of the loop and that of the wire. 

Example 5.4 

Design a resonant loop antenna to operate at 100 MHz so that the pattern maximum 
is along the axis of the loop. Determine the radius of the loop and that of the wire (in 

INTEL-1045 
U.S. Patent 7,151,430



230 Chapter 5 Loop Antennas 

meters). the axial directivity (in dB). and the parallel lumped clement (capacitor in 
parallel or inductor in series) that must be used in order to resonate the antenna. 

SOLUTION 

ln order for the pattern maximum to be along the axis of the loop. the circumference 
of the loop must be large compared to the wavelength. Therefore the current distri­
bution will be nonuniform. To accomplish this. Figure 5. 1 l(a) should be used. There 
is not only one unique design which meets the specifications. but there are many 
designs that can accomplish the goal. 

One design is to select a circumference where the loop is self-resonant, and there 
is no need for a resonant capacitor. For example, referring to Figure 5. 11 (b) and 
choosing an H = 12. the circumference of the loop is nearly 1.125,t Since the free­
space wavelength at 100 MHz is 3 meters, then the circumference is 

circumforence = 1.125(3) = 3.375 meters 

while the radius of the loop is 

3.375 
radius = ,, = -..,- = 0.5371 meters 

-1T 

The radius of the wire is obtained using 

(
21Tll) n = 12 == 21n ,;-

or 

T, = 64.2077 

Therefore the radius of the wire is 

(./ 0.5371 3 
b = --- = 

64
. __ J

077 
= 0.8365 cm = 8.365 x 10 • meters 

• 64.2077 

Using Figure 5.10, the axial directivity for this design is approximately 3.6 dB. Using 
Figure 5.11 ( a), the input impedance is approximately 

Zin = z;11 = 125 ohms 

Since the antenna chosen is self-resonant. there is no need for a lumped element to 
resonate the radiator. 

Another design will be lo use another circumference where the loop is not self 
resonant. This will necessitate the use of a capacitor Cr to resonate the antenna. This 
is left as an end of the chapter exercise. 

5.5 GROUND AND EARTH CURVATURE EFFECTS 
FOR CIRCULAR LOOPS 

The presence ()f a lossy medium can drastically alter the performance of a circular 
loop. The parameters mostly affected are the pattern. directivity. input impedance, 
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Figure 5.13 Directivity of circular-loop antenna, C = ka -a I. for fJ = 0 versus distance 
frorn reflector 1,/A. Theoretical curve is fur infinite planar reflector; measured points are for 
square reHcctor. (SOURCE: G. S. Smith. "Loop Antennas." copyright© McGraw-Hill, Inc. 
Permission by McGrnw-Hill. Inc:. I 

and antenna efficiency. The amount of energy dissipated as heat by the lossy medium 
directly affects the antenna efficiency. As for the linear elements. geometrical optics 
techni4ues can be used to analyze the radiation characteristics of loops in the presence 
of conducting surfaces. The rel1ections are taken into account by introducing appro­
priate image (virtual) sources. Divergence factors are introduced to take into account 
the effects or the ground curvature. Because the techniques are identical to the for­
mulations of Section 4.8. they will not be repeated here. The reader is directed to that 
section for the details. It should be pointed out, however. that a horizontal loop has 
horizontal polarization in contrast to the vertical polarization of a vertical electric 
dipole. Exact boundary-value solutions. based on Sommerfeld integral fommlations. 
are available l 16]. However they are too complex to be included in an introductol)' 
chapter. 

By placing the loop above a reflector. the pattern is made unidirectional and the 
directivity is increased. To simplify the problem, initially the variations of the axial 
directivity (0 == 0°) of a circular loop with a circumference of one wavelength 
(ka = I) when placed horizontally a height h above an infinite in extent perfect 
electric conductor are examined as a function of the height above the ground plane. 
These were obtained using image theory and the array factor of two loops, and they 
are shown for 10 < n < 20 in Figure 5.13[5]. 118]. Since only one curve is shown 
for 10 < n < 20. it is evident that the directivity variations as a function of the height 
are not strongly dependent on the radius of the wire of the loop. lt is also apparent 
that for 0.05A < h < 0.2A and 0.65A < h < 0.75A the directivity is about 9 dB. For 
the same size loop, the corresponding variations or the impedance as a function of 
the height are shown in Figure 5.14[51. I 18]. While the directivity variations are not 
strongly influenced by the radiu.,; of the wire. the variation.s of lhe in1pe<lance do show 
a dependence on the radius of the wire of the loop for l 0 < n < 20. 
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Figure 5.14 lnput impedance of circular-loop antenna C = ka = I versus distance l'rom 
reflector hi A. Theoretical curves are for infinite planar retlector; measured points are for 
square reflector. (SOURCE: G. S. Smith, .. Loop Antennas." copyright CG 1984. McGraw-Hill. 
Inc. Permission by McGraw-Hill. Inc.) 

A qualitative criterion thal can be used to judge the antenna performance is the 
ratio of the ra<liation resistance in free-.'!i[XJCe w that in the presence of the homo­
geneous lossy medium [ 19]. This is a straightforward but very tedious approach. A 
much simpler method 120] is to find directly the self-impedance changes (real and 
imaginary) Lhat result from the presence of the conducting medium. 

Since a small horizontal circular loop is equivalent to a small vertical magnetic 
dipole (sec Section 5.2.2). computations [21 I were carried out for a vertical magnetic 
dipole placed a height h above a homogeneous lossy half-space. The changes in the 
self-impedance, normalized with respect to the free-space radiation resistance R0 given 
by (5-24}. are shown plotted in Figure 5.15. The parameter N1 is defined by (4-124). 

As for the vertical electric dipole. the magnitude changes of ARIR0 in Figure 
5. l5(a) approach unity as the height h of the antenna above a perfectly conducting 
<INrl = -xi) ground plane approaches zero (2kuh --+ 0). For the magnetic dipole (or 
the loop) this corresponds to a vanishing resistance. Also. as expected. the magnitude 
of AX approaches infinity as 2k0 h ---+ 0. Both AR and AX become oscillatory as 
2k0 h exceeds approximately 7T or when h exceeds about .,\0 /4. 

The effect lhe finite conductivity has on the resistance (AR) and reactance (AX) 
changes for INrl = 100. 25, 4 are shown in Figures 5.15(b) and (CJ. Significanl 
modifications, compared to those of a perfect conductor. are indicated. The effects 
that a stratified lQssy half-space have on the characteristics of a horizontal small 
circular loop have also been investigated and documented (22]. It was found that 
when a resonant loop is close to the interface. the changes in the input admittance as 
a function of the antenna height and the electrical properties of the lossy medium 
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5.6 Polygonal Loop Antennas 233 

were very pronounced. This suggests that a resonant loop can he used effectively to 
sense and to determine the electrical properties of an unknown geological structure. 

5.6 POLYGONAL LOOP ANTENNAS 

The most attractive polygonal loop antennas are the square. rectangular. triangular. 
and rhombic. These antennas can be used for practical applications such as for aircraft. 
mjssiles, and communication.'> systems. However. because of their more complex 
structure. theoretical analyses seem to be unsuccessful [23 ]. Thus the application of 
these antennas has received much less attention. However design curves, computed 
using the Moment Method, do exist l24I and can be used to design poly.gonal loop 
antennas for practical applications. Usually the circular loop has been used in the 
UHF range because of its higher directivity while triangular and square loops have 
been applied in the HF and UHF bands because of advantages in their mechanical 
construction. Broadband impedance characteristics can be obtained from the different 
polygonal loops. 

5.6.t Square Loop 

Next to the circular loop, the square loop is the simplest loop configuration. The far­
field pattern for a small loop. in each of its principal planes, can be obtained by 
assuming that each of its sides is a small linear dipole of constant current /0 and length 
l. Referring to Figure 5.16, the field in they-;, plane is given according to (4-26a) by 

klol[e-Jkr, e-ikrJ] 
E,1, = E,t,1 + E,1,2 = -jr,- -- - --

4,r ,, '2 
(5-68) 

since the pattern of each element is omnidirectional in that plane. Using I.he far-field 
approximations of 

I . 
r, = r - 2sm 8 

I . IJ r, = r + -sm 
- 2 

for phase variations 

for amplitude variations 

(5-68) can he written a-; 

k I le -,ikr (kl ) 0 . . 
Et1, = 71 

2 
sm - sm /J 

• 'TT'/" 2 

For small values of/ (/ < A/50), (5-69) reduces to 

(k/)1 l - jkr 1rSl e - jkr 
l:' l)e • LI O • (J 
i:. = n sm u = 71 , sm • ., 4,rr kr 

(5-68a) 

(5-68b) 

(5-69) 

(5-70) 

where S = /2 is the geometrical area of the loop. The corresponding magnetic field 
is given by 

Et1, 
--= 

71 

Sl - jkr n oe . 
8 , Sill 

A·r 
(5-71) 
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236 Chapter 5 Loop Antennas 

'--- 0 

X 

Figure 5.16 S4uare loop geometry for far-field nhservations on the y-z plane. 

Equations (5-70) and (5-71) are identic.al to (5-27b) and (5-27a). respectively. for the 
small circular loop. Thus the far-zone principal-plane fields of a small square loop 
are identical to those of a small circular loop. The fields in the other planes are more 
difficult to obtuin. and they will not be attempted here. However design curves are 
included which can be used for practical design applications. 

S.6.2 Triangular, Rectangular, and Rhombic Loops 

Shown in Figure 5.17 are the polygonal loops for which design data will be presented. 
They consist of top- and base-driven triangular loops, a rectangular loop. and a 
rhombil' loop. The top-driven triangular loop has its feed al the top corner of lhe 
isosceles triangle while the base-driven configuration has its terminals at the base. 
The rectangular loop has its feed at the center of one of its sides while the rhombic 
configuration has its terminals at one of its corners. 

The parameter f3 defines the angle of the top corner of the isosceles triangle for 
the triangular and rhombic loops while y = Wlfl is used to identify the relative side 
dimension!l. of lhe rectangular loop. The perimeter of each loup is given by P: for the 
rectangular loop. P = 2(H + W). For all configuration~. the radius of the wire is b. 

Shown in Figure 5 .18 are the input impedance ( Z = R + jX) variations, as a 
function of P (in wavelengths). of the four configurations shown in Figure 5.17. The 
interval between adjacent points on each curve is !).Pf>. = 0.2. Depending on the 
parameters /3 or y. the input resistance of polygonal loops near the resonance fre­
quency changes drastically. The rcactance goes to zero when a loop approaches a 
short-cin.:uitcd A/2 long transmission line. In design then. the shape ur the loop can 
be chosen so that the input impedance is equal to the characteristic impedance of the 
transmission line. Although the curves in Figure 5.18 are for specifi~· wire radii. the 
impedance variations of the polygonal antennas as a function of the wire diameter are 
similar to those of the dipole. 

Because the radius of the impedance locus for the f3 = 60° of the top-driven 
triangular loop I Figure 5. l 8(a) I is smaller than for the other values of {3. the f3 = 60° 
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5.6 Polygonal Loop Antennas 237 

fol Tnp-drivcn 1riangular (hi Bast:-ilrlvcn trian~ular 

I. II 

r '"\, 

w 

l 
(cl l{cc1angular (ill Rhumhil: 

Figure 5. 17 Typical c.:onligurations of polygonal loop antennas. 
(SOURCE: T. Tsukiji and S. Tou. ··on Polygonal Loop Antennas," IEEE 
Tram. Amemw.,· Pro11agctt .. Yul. AP-28, No. 4. July 1980. © 1980 IEEE) 

has the broadest impedance bandwidth compared with other triangular shapes or with 
the same shape hut different feed points. Similar broadband impedance characteristics 
are incticatcd in Figure 5. I 8(c J for a rectangular loop with 'Y = 0.5 (the side with the 
feed point is twice as large as the other). 

Tl can then he concluded that if the proper shape and feed point arc chosen, a 
polygonal loop can have hroadhand impedance characteristics. The most attractive 
are the top-driven triangular loop with {3 = 60° and the rectangular loop with 
-y == 0.5. A 50-70 ohm coaxial cabk can be matched with a triangular loop with 
f3 == 40°. Rectangular loops with greater directivilies, but with less ideal impedance 
characteristics, are those with larger values of ')', 

The frequency characteristics of a polygonal loop can he estimated by inspecting 
its current distrihution. When the current standing wave pattern has. al its antiresonanl 
frequency. a null at a sharp corner of the loop, the loop has a very low current standing 
wave and. hence. broadband impedance characteristics. 

Radiation patterns for the {3 = 60° top- and base-driven triangular loops and the 
-y ::::: 4 rectangular loop. for various values nf P (in wavelengths). were also computed 
[24]. It was noted that for low frequencies near the resonance. the patterns of the top­
and base-driven triangular loops were nol too different. However, for higher frequen­
cies the base-driven triangular loop had a greater gain than its corresponding top­
driven configuration. ln general. rectangular loops with larger -y's have greater gains. 
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240 Chapter S Loop Antennas 

5.7 FERRITE LOOP 
Because the loss resistance is comparable to the radiation resistance. electrically small 
loops are very poor radiators and are seldom used in the transmitting mode. However, 
they are oflen used for receiving signals, such as in radios and pagers, where the 
signal-to-noise ratio is much more important than the efficiency. 

5. 7.1 Radiation Resistance 

The radiation resistance. and in tum the antenna efficiency. can be raised by increasing 
the circumference of the loop. Another way to increase the radiation resistance, 
without increasing the electrical dimensions of the antenna. would be to insert within 
its circumference a ferrite core that has a tendency to increase the magnetic flux, the 
magnetic field, the open-circuit voltage, and in tum the radiation resistance of the 
loop [25]-(27]. This is the so-calledferrire loop and the ferrite material can be a rod 
of very few inches in length. The radiation resistance of the ferrite loop is given by 

where 

Rf= radiation resistance of ferrite loop 

R, = radiation resistance of air core loop 

µ,.,. = effective permeability of ferrite core 

µ0 = permeability of free-space 

µ,.rr = relative effective permeability of ferrite core 

(5-72) 

Using (5-24), the radiation resistance of (5-72) for a single-tum small ferrite loop can 
be written as 

(5-73) 

and for an N-tum loop. using (5-24a), as 

(5-74) 

The relative effective permeability of the ferrite core µ,w is related lo the relative 
intrinsic permeability of the unbounded ferrite material µf,. (/J.:rr = µ11 µ,.1) by 

µ,.,, µ,,, 
µ =-= 

m µ,.1 I + D(JLJ-,. - I ) 
(5-75) 

where D is the demagnetization factor which has been found experimentally for 
different core geometrics. as shown in Figure 5.19. For most ferrite material. the 
relative intrinsic permeability µ1,. is very large (µfr>> I) so that the relative effective 
permeability of the ferrite core µ,.,,r is approximately inversely proportional to the 
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Figure 5.19 Demagnetization factor as a function of core leng1h/<liameter ratio. (SOURCE: 

E. A. Wolff. Antenna Analy.fi,f, Wiley. New York. 1966) 

I 
demagnetization factor, or µ.,w - 1/D = o- 1• In general, the demagnetization factor 
is a function of the geometry of the ferrite core. For example, the demagnetization 
factor for a .sphere js D = ¼ whiJe that for an ellipsojd of Jength 2/ and radius a, such 
that / >> a. is 

S. 7.2 Ferrite-Loaded Receiving Loop 

Because of their smallness, ferrite loop antennas of few turns wound around a small 
ferrite rod are used as antennas especially in pocket transistor radios. The antenna is 
usually connected in parallel with the RF amplifier tuning capacitance and, in addition 
to acting as an antenna. it furnishes the necessary inductance to form a tuned circuit. 
Because the inductance is obtained with only few turns, the loss resistance is kept 
small. Thus the Q is usually very high, and it results in high selectivity and greater 
induced voltage. 

The equivalent circuit for a ferrite loaded loop antenna is similar to that of Figure 
5.3 except that a loss resistance RM, in addition to Rv is needed to account for the 
power losses in the ferrite core. Expressions for the loss resistance RM and inductance 
L,,. For the ferrite loaded loop of N turns can be found in [4] and depend on some 
empirical factors which are determined from an average of experimental results. The 
inductance l 1 is the same as that of the unloaded loop. 

INTEL-1045 
U.S. Patent 7,151,430



242 Chapter 5 Loop Antennas 

S.8 MOBILE COMMUNICATION SYSTEMS 
APPLICATIONS 

As was indicated in Section 4.7.4 of Chapter 4, the monopole is one of the most 
widely used elements for handheld units of mobile communication systems. An al­
ternative to the monopole is the loop. [28]-[3 l ], which has been often used in pagers 
hut has found very few applications in handhcld transceivers. This is probably due to 
loop's high resistance and inductive reactance which are more difficult to match to 
standard feed lines. The fact that loop antennas are more immune to noise makes 
them more attractive for an interfering and fading envimnmcnr. like that of mobile 
communication systems. In addition, loop antennas become more viable candidates 
for wireless communication systems which utilize devices operating at higher fre­
quency hands, particularly in designs where balanced amplifiers must interface with 
the antenna. Relative to top side of the handheld unit, such as the telephone, the loop 
can be placed either horizontally 1291 or vertically 131 ]. Either configuration presents 
auractive radiation characteristics for land-hased mobile systems. 
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PROBLEMS 

5.1. Derive 
(a) (5-18a)-(5-18c) using (5-17) and (3-2a) 
(b) (5-19a)-(5-19b) using (5-1KaH5-18c) 

5.2. Write the fields of an infinitesimal linear magnetic dipole of constant current /,,,, length 
I. and po.'lilione.d along Ihl' z-axis. Use the fields of an infinitesimal electric dipole. 
(4-8aH4-10c), and apply the principle of duality. Compare with (5-20aH5-20d). 

5.3. Find the rucliaLion efficiency of a i;inglc-tum and a 4-tum circular loop each of radius 
Al(I0rr) and operating al 10 MHz. The radius of the wire is 10·\\ and the tums are 
spaced 3 x 10 • 3,\ upart. Assume th~ wire is copper with a conductivity of 5.7 X 107 

Sim. and the antenna is radiating into free~space. 
5.4. Find the power radiated by a small loop by fonning Lhe average power density, using 

(5-27a)-(5-27cJ. and intc&,ir,Hing over a sphere of radius r. Compare the answer with 
(5-23b). 
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5.5. For a small loop of constant current. derive it~ far-wnc fields using (5-17) and the 
procedure outlined and relationships developed in Section 3.6. Compare the answen; 
with (5-27a)-(5-27b). 

5.6. Design a lossless resonant circular loop operating al 10 MHz so that its single tum 
radiation resistance is 0.73 ohms. ·me resonant loop is to be connected to a matched 
load through a balanced .. twin-lead" 300-ohrn transmission line. 
(a) Determine the radius of the loop (in meters and wavelengths). 
(h) To minimize the matching renections between the resonant loop and the 300-ohm 

transmission line. determine the closest numher of integer turns the loop must have. 
(c) For the loop of part h. determine the maximum power that can be expected to be 

delivered to a receiver matched-load if the incident wave is polari1-ation matched 
to the lossless resonant loop. The power density of the incident wave is 10- 6 

walls/m2• 

5.7. A resonant 6-tum lonp of clo.\·ely spaced rums is opernting at 50 MHz. The radius of 
the loop is A/30, and the loop is connected 10 a 50-ohm transmission line. The radius 
of the wire is A/300. its conductivity is (1' = 5.7 X 107 Sim, and the spacing between 
the turns is A/ I 00. Determine the 
(a) directivity of the antenna (in dB) 
(b) radiation efficiency taking into account the proximity effects of the turns 
(c) reflection efficiency 
(d) gain of the antenna (in dB) 

5.8. Find the radiation efficiency (in percent) of an 8-turn circular loop antenna operating 
at 30 MHz. The radius of each tum is a = 15 cm. the radius of the wire is b = I mm, 
anJ the spacing between turns is 2c = 3.6 mm. Assume the wire is copper ((1' = 5.7 
x 107 S/mJ. and the antenna is radiating into free space. Account for the proximity 
effect. 

5.9. A very small circular loop of radius a(a < A/6-rr) and constant current /11 is symmetricully 
placed about the orig.in at .,· = 0 and with the plane of iL'l area. parallel to the y-:::. plane. 
Find Lhe 
(a) spherical E- and H-field components radiated by the loop in the far-zone 
(b) directivity of the antenna 

5.10. Repeal Problem 5.9 when the plane of the loop is parallel to the x-.: plane at .v = 0. 
5.11. Using the computer program at the end of this chapter. compute the radiation resistance 

and the directivity of a circular loop of constant current with a radius of 
(a) a = A/50 (b) " = A/10 
(c) a = A/4 (d) a = A/2 

5.12. A constant current circular loop of radius a = SA/4 is placed on the ,\"•Y plane. Find 
the two smallest angles (excluding fJ = 0°) where a null is formed in the far-lield 
panem. 

5.13. Design a circular loop of constant current such that its field intensity vanishes only al 
e = 0° (0 = 180°) and 90°. Find its 
(a) radius 
(b) radiation resistance 
(c) directivity 

5.14. Design a constant current circular loop so that its lirst minimum, aside from O = 0°, 
in its far-field pattern is at 30° from a nonnal 10 the plane of the loop. Find the 
(a) smallest radius of the antenna (in wavelengths) 
(b) relative (to the maximum) radiation intensity (in dB) in the plane of the loop 

5.15. Design a constant current circular loop so that its pattern has a null in the plane of the 
\(X,p, aml two null~ ·.-.bo-.e and two nu\\~ heklw the plane of the loop. Find the 
(a) radius of the loop 
(b) angles when:: the nulls occur 
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5.16. A constant current circular loop is placed on the x-y plane. Find die far-field position, 
relative to that of the loop. that a linearly polarized probe antenna must have so that 
1he polarization loss factor (PLF) is maximized. 

5.17. A very small (a < Al circular loop of constant current is placed a distance h above an 
infinite electric ground plane. Assuming z is perpendicular to the ground plane, lind the 
total far-wne field radiated by the loop when its plane is paraUel to the 
(a) x-z plane 
(b) y-z plane 

5.18. A very small loop antenna (a < A/30) of constant current is placed a height h above 
a llat. perfectly conducting ground plane of infinite extent. The area plane of the loop 
is parallel to the interface (x-y plane). For far-field observations 
(a) find the total electric field radiated by the loop in the presence of the ground plane 
(b) all the angles (in d~grces) from the vertical to the interface where the total field 

will vanish when the height is A 
(c) the smallest nonzero height (in A) such that the total far-zone field exhibits a null 

at an angle of 60° from 1he vertical 

5.19. A small circular loop. with its area parallel 10 the x-: plane. is placed a height h above 
an infinite tlat perfectly electric <.'.Onducting ground plane. Detennine 
(a) the array factor for the equivalent prohlem which allows you to find the total field 

on and above the ground plane 
(b) angle(s) (J (in degrees) where the array factor will vanish when the loop is placed 

at a height A/2 above lhe ground plane 

T 
I, ___ _._ __________ _\' 

.,· 

5.20. For the loop of Problem 5. I 7(a). find the smallest height h so that a null is formed in 
the y-z. plane at an angle of 45° above the ground plane. 

. ' 
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5.21. A small single-tum circular loop of radius a = 0.05,\ is operating al 300 MHz. 
Assuming the radius of the wire is 10- 4

,\, delem1ine the 
(a) loss resistance 
(b) radiation resistance 
(c) loop inductance 
Show lhal the loop inductive reaclance is much greater than the loss resistance and 
radiation resistance indicating that a small loop acts primarily as an inductor. 

5.22. Detennine the radiation resistance of a single-tum small loop, assuming the geometrical 
shape of the loop is 
(a) rectangular with dimensions a and h (a, b < A) 
(b) elliptical with major axis a and minor axis b (a. b. < A) 

5.23. Show that for the rectangular loop the radiation resistance is represented by 

(
,,7-1,2) 

R, = 31.171 A4 

while for the elliptical loop is represented by 

Assuming the direction of the magnetic tield of the incident plane wave coincides with 
the plane of incidence, derive the effective length of a small circular loop of radius a 
based on the definition of (2-92). Show that iLo;; effective length is 

I,. = i,1,JkS sin(9) 

where S = -rr,i1. 

5.24. A circular loop of nonconstant current distribution. with circumference of I .4A. is 
attached to a 300-ohm line. Assuming the radius of the wire is 1.555 X l0- 2 A, find 
the 
(a) input impedance of the loop 
(b) VSWR of the system 
(c) inductance or capacitance that must be placed across the feed points so that the 

loop becomes resonant at/ = I 00 MHz 
5.25. A very popular antenna for amateur radio oper-.itors is a square loop antenna (referred 

to as quad antenna) whose circumference is one wavelength. Assuming the radiation 
characteristics of the square loop arc well represented by those of a circular loop: 
(a) What is the input impedance (real and imaginary parts) of the antenna? 
(b) Whal element (inductor or capacitor), and of what value, must be placed in series 

with the loop at the feed point to resonate the radiating clement at a frequency of 
1 GHz? 

(c) What is the input VSWR. having the inductor or capacitor in place, if the loop is 
connected to a 78-ohm coaxial cable'! 

5.26. Design circular loops of wire radius b, which resonate at the first resonance. Find 
(a) four values of alb where the first resonance occurs (e1 is the radius of the loop) 
(b) the circumferem:e of the loops and the corresponding radii of the wires for the 

antennas of part (a) 
5.27. Consider a circular loop of wire of radius a on the x-y plane and centered about the 

origin. Assume the current on the loop is given by 

I qi( cp') = lo cos( cp') 
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(a) Show that the far-zone electric field of the loop is given by 

£ 
)'T]ka!. e-ik•·11(kasintJ) ". ,,. 

fl =:; -- o -- ,. . CO!!. (, Sin 'I' 
2 ,- ,,;a sm H 

J-,,ka e -;k,· 
E,1, ""' -.,- /0 -- J, '(ka sin fJ) cos 4, 

- r 

where 

J 
'( . dJ,Cx) 

X) =--
1 • cb: 

Problems 24 7 

(b) Evaluate the radiation intensity U( 0. </,) in the direction O "" 0 and f/J = fas a 
function of ka. 

5.28. A very small circular loop, of constant current and radius of A./25. is placed a height 
h above a perfed conductor and it is radiating in free-space. 
(a) Find the smallest height Ii Ch < -'.0 ) where the changes of its reactance arc the 

smallest. 
(b) AL tht.: height from pan (a). find the radiation resistance of the loop. 

5.29. A single-tum small loop of constant current 10• radius a = A0/(I01r), and wire radius 
h = A0 /(50<hr) is placed a height h above a lossy ground plane. with the plane of the 
loop parallel to the ground. Asi,;uming the lossy medium is flat eanh with a conductivity 
of <T1 "" 10- 4 Sim. relative pennittivity (dielectric constant) of Er1 = 4, nnd an operating 
frequency of I GHz, find the 
(a) input resistance and reactance of the loop. assuming the wire of the loop is perfectly 

conducting and the loop is radiating in air (neglect ground effects) 
(b) changes in the input resistance and input reactancc when the loop is placed a height 

h = 0.06A0 above a flat. lossy earth 
(c) total input resistance and input reactance when the loop is placed a distance h = 

0.06,\0 above a flat. lossy earth 
(d) input reflection coefficient when the loop is connected to a 300-ohm ''twin-lead"' 

transmis~ion line 
(e) input VSWR when the loop is connected to the 300-ohm transmission line 
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COMPUTER PROGRAM - CIRCULAR LOOP 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C 
C nns IS A FORTRAN PROGRAM THAT COMPUTES TIIE: 
C 
C 
C 
C 

I. MAXIMUM DIRECTIVITY (DIMENSIONLESS AND IN dB) 
II. RADIATION RESISTANCE 

C FOR A SMALL (CONSTANr CUR.REN11 LOOP. THE LOOP IS 
C RADIATING INTO FREE SPACE. 
C 
C THE DIRECTIVITY ANDRADIATIONRESISTANCEARE 
C CALCULATED USING 1lIB 1RAILING EDGE ME111OD IN 
C INCREMENTS OF 1 o IN TIIETA 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

••INPUT PARAMETERS 
1. A: LOOP RADil.JS (in wavelengths) 

••NOTE 
1HE FAR-ZONE ELECI'RIC FIEW COMPONENT Ecp 

EXISTS FOR OOs 9 sl 800 AND ()Os CZ, ~6()0. 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

248 
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CHAPTER 

6 
ARRAYS: LINEAR, PLANAR, 

AND CIRCULAR 

6.1 INTRODUCTION 

In the previous chapter. the radiation characteristics of single-element antennas were 
discussed and analyzed. Usually the radiation pattern of a single clement is relatively 
wide. and each element provides low values of directivity (gain). ln many applications 
it is necessary to design antennas with very directive characteristics (very high gains) 
to meet the demands of long distance communication. This can only be accomplished 
by increasing the electrical size of the antenna. 

Enlarging the dimensions of single elements often leads to more directive char­
acteristics. Another way to enlarge the dimensions of the antenna, without necessarily 
increasing the size of the individual elements, is to form an assembly of radiating 
elements in an electrical and geometrical configuration. This new antenna, fonned by 
multielements. is referred to as an array. In most cases. the elements of an array are 
identical. This is not necessary. but it is often convenient. simpler. and more practical. 
The individual elements of an array may be of any form (wires, apertures. etc.). 

The total field of the array is determined by the vector addition of the fields 
radiated by the individual elements. This m;sumes that the current in each element is 
the ,;ame as that of the isolated element. This is usuaUy not the case and depends on 
the separation between the elements. To provide very directive patterns, it is necessary 
that the fields from the elements of the array interfere constructively (add) in the 
desired directions and interfere destructively (cancel each other) in the remaining 
space. Ideally this can be accomplished. but practically it is only approached. In an 
array of identical elements, there are five controls that can be used to shape the overall 
pattern of the antenna. These are: 

1. the geometrical configuration of the overall array (linear. circular. rectangular, 
spherical. etc.) 

2. the relative displacement between the elements 

3. the excitation amplitude of the individual elements 
4. the excitation phase of the individual elements 

S. the relative pattern of the individual elements 
249 
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250 Chapter 6 Arrays: Linear, Planar, and Circular 

The inffuenc:e that each one of the above has on the overall radiation characteristics 
will be the subject of this chapter. In many cases the techniques will be illustrated 
with examples. 

The simplest and one of the most practical arrays is formed by placing the 
elements along a line. To simplify the presentation and give a better physical inter­
pretation of the techniques, a two-element array will first be considered. The analysis 
of an N-element array will then follow. Two-dimensional analysis will be the subject 
at first. In latter sections, three-dimensional techniques will be introduced. 

6.2 TWO-ELEMENT ARRAY 

Let us assume that the antenna under investigation is an array of two infinitesimal 
horizontal dipoles positioned along the z-axis, as shown in Figure 6. l(a). The total 
field radiated by the two elements, assuming no coupling between the elements, is 
equal to the sum of the two and in the y-::: plane it is given by 

~ . k fol { e - Jlkr, - 1p/2l1 e- j[kr2 + t./fJ211 } 
E, = E 1 + E2 = a1,1r,- ----cos 01 + ----cos lh, 

4,r r, r2 
(6-1) 

where f3 is the difference in phase excitation between the elements. The magnitude 
excitation of the radiators is identical. Assuming far-field observations and referring 
to Figure 6. 1 (b ), 

o, = 82::::: 8 (6-2a) 

,., = ,. - ~d2 cos fJ I 
for phase variations 

r-. = r + - cos (J 
- 2 

(6-2b) 

r 1 = r 2 ::::: r for amplitude variations (6-2c) 

Equation 6-1 reduces to 

kl f -jkr 
E, = &.oiTJ ~ e cos OLe+j(ktlcosH•.8112 + e·i(kdcos0+,8)121 

Trr 

k I ole - jkr [ I ] 
E, = a"j'r1 

4
Trr cos fJ 2 cos 2 (kd cos 8 + {3) (6-3) 

It is apparent from (6-3) that the total field of the array is equal to the field of a 
single element positioned al the origin multiplied by a factor which is widely referred 
to as the array.factor. Thus for the two-element array of constant amplitude, the array 
factor is given by 

AF = 2 cos( }(kd cos fJ + t3)l 

which in normalized form can he written as 

(AF),, = cos[½(kd cos fJ + /3)] 

(6-4) 

(6-4a) 

The array factor is a function of the geometry of the array and the excitation phase. 
By varying the separation d and/or the pha~e f3 between the elements, the character­
istics of the array factor and of the total field of the array can be controlled. 
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d/1 

1 
(a) Two infinitesimal dipoles 

T 
J/1 

t 
JI' 

I 
..1... 

(b"I F11r-l1cld obscr.'ations 

Figure 6.1 Geometry of a two-element array positioned along the z-axis. 

It has been illustrated that the far-zone field of a unifonn two-element array of 
identical elements is equal to the product <i the .field of a single dement, at a selected 
reference poinl (usual~y Jhe or(r:i11), and the array factor of rlwt array. That is, 

E(total) = [E(single element at reference point)] X [array factor] (6-5) 

This is referred to as pattern multiplication for arrays of identical elements, and it is 
analogous to the pattern multiplication of (4-59) for continuous sow·ces. Although it 
has been illustrated only for an array of two elements, each of identical magnitude. it 
is also valid for arrays with any number of identical elements which do not necessarily 
have identical magnitudes. phases. and/or spacings between them. This will be dem­
onstrated in this chapter by a number of different arrays. 

Each array has its own array factor. The array factor, in general, is a function of 
the number of elements, their geometrical arrangement, their relative magnitudes, 
their relative phases, and their spacings. The array factor will be of simpler fonn if 
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252 Chapter 6 Arrays: Linear, Planar, and Circular 

the elements have identical amplitudes, phases. and spacings. Since the array factor 
does not depend on the directional characteristics of the radiating elements themselves, 
it can be fonnulated by replacing the actual elements with isotropic (point) sources. 
Once the array factor has been derived using the point-source array. the total field of 
the actual array is obtained by the use of (6-5). Each point-source is assumed to have 
the amplitude, phase. and location of the corresponding element it is replacing. 

In order lo synthesize the total pattern of an an-ay, the designer is not only required 
to select the proper radiating elements but the geometry (positioning) and excitation 
of the individual elements. To illustrate the principles. let us consider some examples. 

Example 6.1 

Given the array of Figures 6. l(a) and (b). find the nulls of the total field when 
d = Al4 und 

(a) (3 = 0 
1T' 

(b) (3 = +-
2 

(c) /3 = 

SOLUTION 

(a) /3 = 0 

'TT' 

2 

The normalized field is given by 

E1n = cos 0 cos(: cos o) 
The nulls are obtained by setting the total field equal to zero, or 

E = cos 8 cos(7T cos 0)1 - = 0 rn 4 fl- fl,, 

Thus 

cos 8,, = 0 Q 8,1 = 90° 

and 

cos(: cos On) = 0 o ; cos fJ,, = ; . - ; q On = docs not exist 

The only null occurs at fJ = 90° and is due to the pattern of the individual 
elements. The array factor does not contribute any additional nulls because there is 
not enough separation between the elements to introduce a phase difference of 180° 
between the elements. for any observation angle. 

1T 
(b} (3 = +-

2 
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The normalized tiel<l is given by 

E,,, = cos Ocos[; (cos O + I)] 

The nulls are found from 

E,. = cos 8 co{: (cos 8 + I)] I,-• = 0 

Thus 

cos 0,, = 0 .::;. 811 = 90° 

and 

and 

6.2 Two-Element Array 253 

1T 1T 
c. 

4 
( cos 0,. + I ) = - 2 o 0,, = does not exist 

The nulls of the array occur at (J = 90° and 0°. The null at 0° is introduced by 
the arrangement of the elements (array factor). This can also be shown by physical 
reasoning., as shown in Figure 6.2(a). The element in the negative z-axis has an initial 
phase lag of 90° relative to the other clement. As the wave from that element travels 
toward the positive z-axis ( lJ = D° direction). it undergoes an additional 90° phase 
retardation when it arrives at the other element on the positive z-axis. Thus there is a 
total of 180° phase difference between the waves of the two elements when travel is 

... 

6=0° 

H=W #I 

#I t' 1.l1tl4 A/8 

,,itr/.1 

AIR 
;\. /8 

£\<I= 90° 

AIR #2 

,,- j rl/4 

112 
0 = IR0° 

(a) 8= 0° direc1inn (h) 6= l!IO'· direction 

Figure 6.2 Phase accumulation for two-elemeni array for null fonnation toward H == 0° 
and 180°. 
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toward the positive z-axis ( 0 = 0°). The waves of the two elements are in phase when 
they travel in the negative ;:-axis ( 0 = 180°), as shown in Figure 6.2(b). 

1T 
(c) /3 = --

2 

The normalized field is given by 

E,. = cos Bcos( ~ (cos 8 - I)] 

and the nulls by 

E,,, = cos O co,[; (cos B - I) Ji•·•· = 0 

Thus 

cos H,, = 0 i..:;; H,, = 90° 

and 

co{; (cos 8,, - I)] = 0 ⇒ ; (cos O,, - I) = ; c> 0,, = does not exist 

and 

1T 1T 
o - (cos O - I) = - - o 0 = 180° 

4 " 2 " 

The nulls occur al 90° and 180°. The element at the positive :-axis has a phase lag of 
90° relative lo the other, and the phase difference is 180° when travel is restricted 
toward the negative z-axis. There is no phase difference when the waves travel toward 
the positive :-axis. A diagram similar to that of Figure 6.2 can be used to illustrate 
this case. 

To better illustrate the pattern multiplication rule, the normalized patterns of the single 
element, the array factor, and the total array for each of the above array examples are 
shown in Figures 6.3. 6.4(a), and 6.4(b). In each figure, the total pattern of the array 
is obtained by multiplying the pattern of the single element by that of the array factor. 
In each case, the pattern is normalized to its own maximum. Since the array factor 
for the example of Figure 6.3 is nearly isotropic (within 3 dB). the element pattern 
and the total pattern are almost identical in shape. The largest magnitude difference 
hetween the two is about 3 dB, and for each case it occurs toward the direction along 
which the phases of the two elements are in phase quadrature (90° out of phase). For 
Figure 6.3 this occurs along (J = ()° while for Figures 6.4(a.b) this occurs along 
0 = 90°. Becuuse the array factor for Figure 6.4(a) is of cardioid form, its correspond­
ing element and total patterns are considerably different. In the total pattern, the null 
at O = 90° is due to the element pattern while that toward 8 = 0° is due lo the array 
factor. Similar results are displayed in Figure 6.4(b). 
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1so• 

Element 

180° 

Total 

6.2 Two-Element Array 255 

180° 

Array fa\:tor 

Figure 6.3 Element, array factor, and total field patterns of a two-element ar­
ray of infinitesimal horizontal dipoles with identical phase excitation (/J = 0°, 
d = ,V4). 

Example6.2 

Consider an array of two identical infinitesimal dipoles oriented as shown in Figures 
6.l(a) and (b). For a separation d and phase excitation difference {3 between the 
elements, find the angles of observation where the nulls of the array occur. The 
magnitude excitation of the elements is the same. 

SOLUTION 

The normalized total field of the array is given by (6-3) as 

Et,, = cos O cos [½(kd cos 8 + /3)] 
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o-+-o 
o· 

30'' i -... JO" 

\/ is..; 10_ 

180° 

Elc m~nt 

., . 
' ~ ~ 

<,()· '· \ ~: 

X 90'' 1-+-+---+- -t--3t!r-+---t--+-+-l 90° 

o•+o 
o· 

.l0° ---7 ...... , 30° 

' &.- 10 7'-.... 
·: E i --..... I "'· 

180° 

Arra)' factor 

60° .• 60° 

I 

= 90°~ • ~-+-~ll!-ot,:::i..t---t--, 90° 
I 
I 

180° 

Total 

Figure 6.4 Pattern multiplication of element, array factor, and total array patterns 
of a two-element array of infinitesimal horizontal dipoles with (a) {3 = + 90°, 
d = >J4. 

To find the nulls, the field is set equal to zero, or 

Em = cos e cos[½(kd cos 8 + f3)lle: 8• = 0 

Thus 

COS 8n = 0 0 8n = 90° 

and 

=[i<lcdcos 8, + /l)] = OO~(lcdcos 8, + /3) = ±(2
"; 

1
)1r 

o ll, = co,-'(
2

~ [-/3 ± {2n + l),r]), 

n = 0, 1, 2, ... 
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1so· 
Element 

1so0 

Total 

1xo0 

Array factor 

Figure 6.4 (b) Continued (/3 = -90°. d = A/4). 

The null at 0 = 90° is attributed to the pattern of the individual elements of the array 
while the remaining ones are due to the formation of the array. For no phase difference 
between the elements (/3 = 0). the separation d must be equal or greater than half a 
wavelength (cl> A/2) in order for at least one null, due to the formation of the array, 
lo occur. 

6,3 N-ELEMENT LINEAR ARRAY: 
UNIFORM AMPLITUDE AND SPACING 

Now that the arraying of elements has been introduced and it was illustrated by the 
two-element array. let us generalize the method to include N elements. Referring to 
the geometry of Figure 6.5(a). let us assume that all the elements have identical 
amplitudes but each succeeding element has a /3 progressive phase lead current 
excitation relative to the preceding one (/3 represents the phase by which the current 
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#I 

(a) Gi:omclry lh) Phasot diagram 

Figure 6.5 Far-lield geometry and phasor diagram of N-element array of isotropic sources 
positioned along the z-axis. 

in each element leads the current of the preceding element). An array ,~{ identical 
eleme11ts all of identirnf magnitude and each with a progressive phase is referred to 
as a uniform array. The array factor can be obtained by considering the elements to 
be point .'murces. If the actuaJ elements are not isotropic sources, lhe total field can 
be formed by multiplying the array factor of the isotropic sources by the field of a 
single element. This is the p,ltlem multiplication rule of (6-5), and il applies only for 
arrays of identical elements. The array factor is given by 

AF = 1 + e+j(/.:,J.:osfl·t·fJ) + e + j2(k,/~oslH·/JI + ... + eiCN-1)(/;dm,fl+/JI 

N 

AF = L eif11- t)(1.:t1c:1•~fl+/J> (6-6) 
11 = 1 

which can be written as 

N 

AF = L eft11 - 11i1, 

n = I 

where 1/J = kd cos (:) + f3 (6-7a} 

Since the total array factor for the uniform array is a summation of exponentials, it 
can be represented by the vector sum of N phasors each of unit amplitude and 
progressive phase 1/1 relative to the previous one. Graphically this is illustrated by the 
phasor diagram in Figure 6.S(b). It is apparent from the phasor diagram that the 
amplitude and phase of the AF can be controlled in uniform arrays by properly 
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U.S. Patent 7,151,430



6.3 N-Element Linear Array: Uniform Amplitude and Spacing 259 

;electing the relative phase q, between the elements; in nonunifonn aiTays. the am­
>litude as well as the phase can be used to control the fonnation and distribution of 
he total array factor. 

The array factor of (6-7) can also be expressed in an alternate. compact and closed 
_.orm whose functions and their distributions are more recognizable. This is accom­
Jlished as follows. 

Vlultiplying both sides of (6-7) by eN, it can be wrinen as 

(AF)eHi = eilfi + ei11/1 + e131/1 + ... + eJ1N- l)IJ1 + eJNf/, (6-8) 

5ubtracting (6-7) from (6-8) reduces to 

AF(e1'1' - I) = ( - I + e.iN,J,) 

which can also be written as 

AF = ___ = eiHN - , ,n1w 
[

e,;N,/1 _ 1] . [eJ1Nl'211/, _ e -.;_,.:v,2,,,,] 
eN _ 1 ei(l/211/, _ e-11112,.,, 

= eJICN - 1)121•/I 

sin (iv1) 

sin H~) 

(6-9) 

(6-10) 

lf the reference point is the physical center of the array, the array factor of (6-10) 
reduces to 

(6-1 Oa) 

For small values of q,, the above expression can be approximated by 

AF= (6-!0b) 

The maximum value of (6-lOa) or (6-1 Ob) is equaJ to N. To normalize the array factors 
so that the maximum value of each is equal to unity, ( 6- I Oa) and ( 6-lOb) are written 
in nonnalized form as (see Appendix ff) 

(6-lOc) 
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and (see Appendix I) 

{AF}i, = (6-lOd) 

To fiml the nulls of the array. (6-IOc) or (6-IOd) are set equal to zero. That is. 

sin(;~,)= 0 c.> ~ ~!,-~ = ±n,ro 9, = cos- •[
2

~ (-{:l ± ~ ,r)] 
( 6-11) 

11 = I, 2. 3 ... . 
11 #- N. 2N. 3N . ... with (6-1 Oc) 

For 11 = N. 2N. 3N . .... (6-lOc) attains its maximum values because it reduces to a 
sin({))/0 fom1. The values of n detennine the order of the nulls (first, second, etc.). 
For a zero to exist. the argument of the arccosine cannot exceed unity. Thus the 
number of nulls that can exist will be a function of the element separation d and the 
phase excitation difference {3. 
TI1e maximum values of (6- lOc) occur when 

* = ~ (kd cos O + /:lll,,.~, = ± m,r o Om = cos - 1 L~( - f:l ± 2m,r)] 

m = 0. 1. 2,... (6-12) 

The ,may factor of (6-IOd) hns only one maximum and occurs when m = 0 in 
(6-12). llmt is. 

-i( A/3) 0111 = cos 2 'TT'd (6-13) 

which is the observation angle that makes 1/, = 0. 
The 3-dB point for the array factor of (6-lOd) occurs when (see Appendix 1) 

N N 

21/J = 2<kd cos fJ + f3)in=n,, = ± 1.391 

o o,, = cos {i~d (- f:l ± 
2 

:
2
)] (6-14) 

which can also he written as 

7T • _ I [ ). ( a 2. 782)] o,, = 2 - sm 27Td - ,.., ± --,;;- (6-l4a) 

For large values of d(d >> A), it reduces to 

0,, = [~ _ ~ (-/3 ± 2.782)] 
2 27Td N 

(6-14b) 
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6.3 N-Element Linear Array: Uniform Amplitude and Spacing 261 

The half-power beamwidth C,.)1, can be found once the angles of the first maximum 
(8111 ) and the half-power point (8,,) are found. For a symmetrical pattern 

(6-14c) 

For the array factor of (6-IOd), there are secondary maxima (maxima of minor 
lobes) which occur approximately when the numerator of (6-1 Od) attains its maximum 
value. That is, 

• (N ) • [N ] N sm 
2

1/1 = sm 
2

(k,I cos fJ + /3) li,=I( = ± I Q 
2

(kd cos H + /3)1 1,=n, 

( 2s + 1) { A [ (2s + 1) ] } = ± 2 1T Q 6., = cos - I 21T'd - f3 ± N 11' • 

s = I. 2. 3 .... (6-15) 

which can also be written as 

s = I, 2, 3.... (6-15a) 

For large vaJues of d(d >> A), it reduces to 

11' A [ (2s + 
fJ,. = 2 - 21Td -{3 ± N s = l, 2, 3 .... (6-15b) 

The maximum of lhe first minor lobe of (6-1 Oc) occurs appoximmely when (see 
Appendix I) 

N N (37T) 2"' = 2 (kd cos fJ + 13>1/J=I~. = ± 2 

or when 

- I{ ,\ [ 311']} f).< = cos 21Td - f3 ± N 

At that point, the magnitude of (6-1 Od) reduces to 

(AF),,= 

which in dB is equal to 

N 
-t/1 
2 II= fl, 

.f = I 

2 
= 31T = 0.212 

(AF),, = 20 log 10 (/7r) = - 13.46 dB 

(6-16) 

(6- I 6a) 

(_6-17) 

(6-17a) 

Thus the maximum of the first minor lobe of the array factor of (6-IOd) is 13.46 dB 
down from the maximum at the major lobe. More accurate expressions for the angle. 
beamwidth, and magnitude of first minor lobe of the array factor of ( 6-1 Od) can be 
obtained. These will be discussed in Chapter 12. 
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6.3.1 Broadside Array 

In many applkations it is desirable to have the maximum radiation of an array directed 
normal to the axis of the array (broadside; 0 = 90° of Figure 6.5(a)). To optimize the 
design. the maxima of the single element and of the array factor should hoth be 
directed toward fJ = 90°. The requirements of the single elements can be accomplished 
by the judicious choice of the radiators. and those of the array factor by the proper 
separation and excitation of the individual radiators. In this section. the requirements 
that allow the array factor to "radiate" efficiently broadside will be developed. 

Referring to (6-1 Oc) or (6-1 Od). the maximum of the array factor occurs when 

,J, = kd cos 0 + fi = 0 (6-18) 

Since it is desired to have the maximum directed toward 8 = 90°, then 

] i1, = kdcos 0 + filH=90° = fi = oj (6-l 8a) 

Thus to have the maximum of the array factor of a uniform linear array directed 
broadside to the axis of the array, it is necessary that all the elements have the same 
pha-.e excitation (in addition to the same amplitude excitation). The separation be­
tween the elements can be of any value. To ensure that there are no principal maxima 
in other directions, which are referred to as grating lobes, the separation between the 
elements should not he equal to multiples of a wavelength (d :;I:: n A, n = 1, 2, 3 ... ) 
when fi = 0. If d = n A. n = I. 2 .3 .... and fi = 0, then 

,/, = kt.l cos (J + fil 'I' d ~ nA = 27Tn cos el IJ=o·.iso• = ± 2111r (6-19) 

II ~ I. 2. l ... 

This value of if, when substituted in (6-1 Oc) makes the array factor anain its maximum 
value. Thus for a uniform array with fi = 0 and d = nA, in addition to having the 
maxima of the array factor directed broadside (6 = 90°) to the axis of the array, there 
are additional maxima directed along the axis ( 0 = 0°, I 80°) or the array (end-fire 
radiation). 

One of the objectives in many designs is to avoid multiple maxima, in addition 
to the main maximum, which are referred lo as grating Jobes. Often it may be required 
to select the largest spacing between the elements but with no grating lobes. To avoid 
any grating lobe the largest spacing between the elements should be less than one 
wavelength (dmnr. < A). 

To illustrate the method, the three-dimensional array factor of a I 0-element (N 
= I 0) uniform array with f3 = 0 and cl = A/4 is shown plotted in Figure 6.6(a). A 
90° angular sector ha,; been removed for better view of the pattern distribution in the 
elevation plane. The only maximum occurs at broadside (0 = 90°). To form a 
comparison. the three-dimensional pattern of the same array but with d = A is also 
plotted in Figure 6.6(b). For this pattern. in addition to the maximum at 8 = 90°, 
there are additional maxima directed toward 0 = 0°, 180°. The corresponding two­
dimensional patterns of Figures 6.6(a.b) are shown in Figure 6.7. 

If the spacing between the elements is chosen between A < d < 2A, then the 
maximum of Figure 6.6 toward fJ = 0° shifts toward the angular region 0° < 8 < 
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.I' 

.1' 

fl>1 Hromhi1k/i:ml-fh"i: 

Figure 6.6 Three-dimensional amplitude panems for broadside. and broadside/end-fire 
arrays. 
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Figure 6.7 Array factor pauems of a 10-elemenl uniform amplitude broadside 
array (N = IO. {3 = 0). 

90() while the maximum toward 0 = 180° shifts toward 90° < 0 < 180°. When d = 
2A, there are maxima toward 0°. 60°. 90°, 120° and 180°. 

In Tables 6.1 and 6.2 the expressions for the nulls. maxima. half-power points. 
minor lobe maxima, and beamwidths for broadside arrays have been listed. They are 
derived from the more general ones given by (6-10c)-(6-16a). 

6.3.2 Ordinary End-Fire Array 

Instead of having the maximum radiation broadside to the axis of the array. it may 
be desirable to direct it along the axis of the array (end-fire). As a matter of fact, it 
may be necessary that it radiate!-. toward only one direction (either fl = 0° or 180° of 
Figure 6.5 ). 
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Table 6.1 NULLS. MAXJMA. HALF-POWER 
POINTS. AND MINOR LOBE MAXIMA 
FOR UNIFORM AMPLITUDE 
BROADSIDE ARRAYS 

NULLS 

MAXlMA 

HALF-POWER 
POINTS 

MINOR LOBE 
MAXTMA 

ll ::::e COS - I ( + ~ ~) 1111 
• - Nd 

n = I. 2, 3 ... . 
n et, N. 2N. 3N . . . . 

(},,, = COS - l ( ~ 11
/') 

m = 0, 1.2, .. . 

_ I ( 1.391,\) 0 =cos +--
" - 'TT'Nd 

rrd/A < I 

0, = cos I [ ± 2~l2s; I)] 
.,· = I. 2, 3 ... . 
7rd/A «: I 

Tu direct Lhe maximum toward H = 0°. 

I iJ, = kd cos fJ + /3 I /J= u· = kd + f3 = 0 o /3 = - kd 

lf the maximum is desired Lo ward O == 180°. then 

I iJ, = kd cos 0 + /31 II= I !!(I° = - kd + f3 = 0 rJ f3 = kd I 

(6-20a) 

(6-20b) 

Thus end-fire radiation is accomplished when f3 = - kd (for O = 0°) or f3 = kd (for 
6 = 180°). 

If the clement se.paration is d = A/2, end-fire radiation exists in both directions 
(8 = 0° and 0 = 180°). If the element spacing is a multiple of a wavelength (d = ,r A. 

Table 6.2 BEAMWIDTHS FOR UNIFORM AMPLITUDE 
BRO . .\DSJDE ARRAYS 

FIRST NULL ~ _ , [:!!_ _ 1 (~)] 
BEAMWTDTH <FNBW) @,. - .. 2 cos Nd 

HALF-POWER 
BEAMWIDTl-1 cHPBW1 

FIRST SIDE LOBE 
BEAMWIDTH cFSLBW) 

[
71' I (J.J91,\)] (-)1 = '> - - cos· --, - 2 • 1rNd 

rrd/A < I 

(-l . =., [! -cos · 1 (~)] ' -2. 2dN 

rrdlA < I 
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. \' 

.\ 

c :11 fl =- O'" thltl=ll!lJ· 

Figure 6.8 Three-dimensional amplitude patterns for end-fire arrays toward O = 0° and 
180°. 

, . 

11 = I. 2. 3 . .. . ), then in addition to having end-fire radiation in both directions. there 
also exist maxima in the broadside directions. Thus ford = nA, n = I. 2. 3 ... . there 
exist four maxima; two in the broadside directions and two along the axis of the array. 
To have only one end~fire maximum and to avoid any grating lobes, the maximum 
spacing between the elements should be less than dmu < A/2. 

The three-dimensional radiation patterns of a I 0-clement (N = I 0) array with d 
= A/4, {3 = + kd are plotted in Figure 6.8. When {3 :::::: -kd. the maximum is directed 
along O = 0° and the three-dimensional pattern is shown in Figure 6.8(a). However, 
when {3 = + kd. the maximum is oriented toward 0 = I 80°. and the three-dimensional 
panern is shown in Figure 6.8(b). The two-dimensional patterns of Figures 6.8(a, b) 
are shown in Figure 6.9. To form a comparison. the array factor of the same array (N 
= I 0) but with d = A and /3 = - kd has been calculated. Its pattern is identical to 
that of n broadside array with N = I 0. d = A. and it is shown plotted in Figure 6.7. 
It is seen that there are four maxima; two broadside and two along the axis of the 
array. 

The expressions for the nulls. maxima. half-power points. minor lobe maxima. 
and beamwidths, as applied to ordinary end-fire arrays, are listed in Tables 6.3 
and 6.4. 

6.3.3 Phased (Scanning) Array 

In the previous two sections it was shown how to direct the major radiation from an 
array, by controlling the phase excitation between the elements. in directions nonnal 
(broadside) and along the axis (end-fire) of r·he array. 11 i.'i then logkaJ to as.'mme that 
the mmdmum radiation can be oriented in any direction to form a scanning array. The 
procedure is similar to that of the previous two sections. 
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8+8 

180° 

----/3=+kd 

----- /3 = -·kd 
Figure 6.9 Array factor pnucms of a I 0-clemen1 uniform amplitude end-fire 
array CN = 10, d = A/4). 

Let us assume that the maximum radiation of the array is required lo be oriented 
at an angle (10 (0° s f/0 s 180°). To accomplish this. the phase excitation /3 between 
the elements must be adjusted so that 

1/1 = kdco!I. 8 + f3lo =o,, = kdcos 00 + {3 = o o {3 = -kdcos 00 (6-21) 

Thus by controlling rhe progressive phase difference between lhe elements. the max­
imum radiation can be squinted in any desired direction ro form a scanning array. 
This is rhe basic principle of electronic scanning phased array operation. Since in 
phased array technology the scanning must be continuous, the system should be 
capable of continuously varying the progressive phase between the elements. In 
practice, this is accomplished electronically by the use of ferrite or diode phase 
shifters. For ferrite phase shifters, the phase shift is controlled by the magnetic field 
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TabJe 6.3 NULLS, MAXIMA. HALF-POWER 
POINTS. AND MINOR LOBE MAXIMA 
FOR UNIFORM AMPLITUDE 
ORDINARY END-ARE ARRAYS 

NULLS 

MAXIMA 

HALF-POWER 
POINTS 

MINOR LOBE 
MAXIMA 

0 = cos- 1 I - -( 
nA) 

" Nd 
n = I. 2. 3 .. . . 
n r= N. 2N. 3N, ... 

81,, = cos - 1 ( I - ,:A) 
m = 0, I. 2 .... 

( 
1.391A) 

01, = cos - 1 I - --
trdN 

7rd/A < I 

- I [ I C:h + I )A] 0 =cos - ---1 2Nd 
s;;;;; I, 2. 3, ... 
7rd/A <" I 

within the ferrite, which in tum is controlled by the amount of current flowing through 
the wires wrapped around the phase shifter. 

For diode phase shifter using balanced, hybrid-coupled varaclors. the actual phase 
shift is controlled either by varying the analog bias de voltage (typically 0-30 volts) 
or by a digital command through a digital-to-analog (D/A) converter [ J ). 

To demonstrate the principle of scanning, the three-dimensional radiation pattern 
of a IO-element array, with a separation of A/4 between the elements and with the 
maximum squinted in the 00 = 60° direction, is plotted in Figure 6. IO(a). The 
corresponding two-dimensionaJ pattern is shown in Figure 6.IO(b). 

The half-power beam width of the scanning array is obtained using (6- I 4) with 
(3 = - kd cos 80 . Using the minus sign in the argwnent of the inverse cosine function 
in (6-14) lo represent one angle of the half-power beamwidth and the plus sign to 

Table 6.4 BEAMWIDTHS FOR UNIFORM AMPLITUDE 
ORDINARY END-FIRE ARRAYS 

FIRST NULL (-),, = 2 COS - I (] - :) BEAMWIDTH (FNBW) 

HALF-POWER <➔,, = 2 cos - 1 ( I _ 1.391,\) 

BEAMWIDTH (HPBW) 7rdN 
7rd/A < I 

FIRST SIDE LOBE (➔, = 2 cos - 1 ( I -;~) 
BEAMWIDTH 0:SLBW) 

7rd/A < I 
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z 

I' 

., 

1a I ll111:1••J1111c11,io11:1I 

fl 8 

(h) Two-dimensional 

Figure 6.10 Three- and two-t.limcnsional array fac1or pattem1- of a 1O-clcmenl unifonn am­
plitude scanning array (N = 10, f3 = - kd cos 00, 00 = 60°, d = A/4.) 
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270 Chapter 6 Arrays: Linear, Planar, and Circular 
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Figure 6.11 Half-power beamwidlh for broadside, ordinary 
end-fire. and scanning uniform linear arrays. (SOl.1RCE: R. S. 
Elliou. ··Beamwidlh and Directivity of Large Scanning Ar­
rays.'· First of Two Parts, The Micrm1't11'I' Jnurnal. Decem­
ber 1963) 

represent the other angle. then the total beamwidth is the difference between these 
two angles and can be wriuen as 

L.\ 1 ( A ( 2.782)] 1 ( .,\ ( 2.782)] 
\'"Ji, = cos - 21rd kd cos 811 - N - cos- 21rd kd cos 80 + N 

I ( 2.782) I ( 2.782) = cos - cos 80 - Nkd - cos - cos Ho + Nktl 

Since N = (L + d)ld, (6-22) reduces to [2] 

e,, - co, - ' [ cos 11o - o.443 (L : d)] 

- cos - 1 [cos/lo + 0.443 (L : di] 

(6-22) 

(6-22a) 

where L is lhe length of the array. Equation (6-22a) can also be used to compute the 
half-power beamwidth of a broadside array. However. it is not valid for an end-fire 
array. A plot of the half-power beamwidth (in degrees) as a function of the array 
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6.3 N-Element Linear Array: Uniform Amplitude and Spacing 271 

length is shown in Figure 6.11. These curves are valid for broadside, ordinary end­
fire. and scanning uniform arrays (constant magnitude but with progressive phase 
shift). In a later section it will be shown that the curves of Figure (i 11 can be used, 
in conjunction with a beam broadening factor 12J, to compute the directivity of 
nonuniform amplitude arrays. 

6.3.4 Hansen-Woodyard End-Fire Array 

The conditions for an ordinary end-fire array were discussed in Section 6.3.2. It was 
concluded that the maximum radiation can be directed along the axis of the uniform 
array by allowing the progressive phase shift {3 between elements to be equal to 
(6-20a) for H = (>° and (6-20b) for 0 = 180°. 

To enhance the directivity of an end-fire array without destroying any of the other 
characteristics, Hansen and Woodyard [3] in 1938 proposed that the required phase 
shift between closely spaced elements of a vel)'' lung array"t should be 

/3 = - ( kd + 
2z2

) = - ( kc/ + :) = for maximum in 0 = 0° (6-23a) 

( 
2 CJ?) ( iT) /3 = + kd + ~ - = + kd + N = for maximum in e = 180° (6-23b) 

These requirements are known today as the Hansen-Woodyard co11ditiu11s for end­
fire radiatinn. They lead to a larger directivity than the conditions given by (6-20a) 
and (6-20b). It should be pointed out, however. that these cmulition'i do not necessarily 
yield the muximum possible directil'ity. In fact, the maximum may not even occur at 
() = 0° or 180°, its value found using (6-IOc) or (6-I0d) may not be unity. and the 
side lobe level may not be - 13.46 dB. Both of them, maxima and side lobe levels, 
depend on the number of array elements, as will be illustrated. 

To realize the increase in directivity as a result of the Hansen-Woodyard condi­
tions. it is necessary that. in addition to the conditions of (6-23a) and (6-23b). II/JI 
assumes values of 

For maximum radiation along O = 0° 

1T 
I~~ = lkd cos O + f:11 11.; tr = N and I~~ = lkd cos H + J3lt1~ IMO" = 7T (6-24a) 

For maximum radiation along 0 = 180" 

7T 
I~~ = Ike/ cos H + f3lo= 1~1r = N and 11/11 = lkd cos O + 13111=<1" = 7T (6-24b) 

The condition of 11/~ = 1r/N in (6-24a) or <6-24b) is realized by the use of (6-23a) or 
{6-23b), respectively. Care must be exercised in meeting the requirement of 11/~ = 1r 

tin principle, the Hansen-Woodyard condition was derived for an infinitely long antenna with continuous 
distribution. It thus give~ good results for very long, finite length discrete arrays with closely spaced 
elements. 
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272 Chapter 6 Arrays: Linear, Planar, and Circular 

for each array. For an array of N elements, the condition of II/JI =1r is satisfied by 
using (6-23a) for fl = 0°. (6-23b) for O = 180°, and choosing for each a spacing of 

d =-- (N N- J) _4A - (6-25) 

lf 1he nutnber of elements is large, (6-25) can be approximated by 

,\ 
d=4 (6-25a) 

Thus for a large unifomt array. the Hansen-Woodyard condition can only yield an 
improved directivity provided the spacing between the elements is approximately >J4. 

To illustrate the principles. the patterns of a to-element (N = 10) array with 
d = ,\/4 (/3 = -31r/5) and d = A/2 (/3 = -ll?T/10) have been plotted in Fi.gure 
6.12. In both cases the desired maximum radiation sh()uld be toward (J = 0°1/3 == 
- (k,I + 1r/N)]. It is apparent that the main lobe of the d = ,\/4 pattern is much 
narrower when contrasted to its counterpart of Figure 6.9 using the ordinary end-fire 
conditions of (6-20a). In fact, the 3-dB beamwidth of the d = ,\/4 pattern in Figure 
6.12 is equal to 37° compared to 74° for that of Figure 6.9. 

To make the comparisons more meaningful, the directivities for each of the 
pauerns of Figures 6. 9 and 6.12 have been calculated, using numerical integmtion, 
and it is found that they are equal to 11 and 19. respectively. Thus the Hansen­
Woodyard conditions realize a 731:k increase in directivity for this case. 

As will be shown in Section 6.4 and listed in Table 6.7. the directivity of a 
Hansen-Woodyard end-lire array is always approximately 1.789 times (or 2.5 dB) 
greater than the directivity of an ordinary end-lire array. The increase in directivity 
of the pattern in Figure 6. 12 for d = ,\/4 over that of Figure 6.9 is at the expense of 
an increase of about 4 dB in side lobe level. Therefore in the design of an array. there 
is a trade-off between directivity (or half-power beamwidth) and side lobe level. 

To show that (6-23a) and (6-23b) do not lead to improved direclivities over those 
of (6-20a) and (6-20b) if (6-24a) and (6-24b) are not .satisfied, the pattern for the same 
array (N = I 0) but with d = ,\/2 ( /3 = - 111r/ 10) that was plotted in Figure 6.12 
will be tliscussed. Even though this pattern exhibits a very narrow lobe in the 0 = 0° 
direction, its back lobes are larger than its main lobe. The d = ,\/2 pattern fails to 
realize " larger directivity because the necessary II/JI,, = 1110° = 7T condition of (6-24a) 
is not satisfied. That is. 

)1/4 = /(kdcosO + {3)/e,,, 1,.",. = )-(2kd + 1TIN)li1=AIZ:::: 2.J7T (6-26) 
/3 = -(kJ+7r//l/1 N=IO 

which is not equal to 7T as required by (6-24a). Similar results occur for spacings 
other than those specified by (6-25) or (6-25a). 

To better understand and appreciate the Hansen-Woodyard conditions. a succinct 
derivation of (6-23a) will be outlined. The procedure is identical to that reported by 
Hansen and Woodyard in U1eir clas$ic paper l3]. 

The array factor of an N-element array is given by (6-lOcJ as 

I sin [ ~ (kd cos 8 + /3)] 
(AF). = -

II N (6-27) 
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Figure 6.12 Array factor patterns of a 10-element uniform amplitude Hansen-Woodyard 
end-fire array [N = 10, f3 = -(kd + 1r/M] 

and approximated, for small values of t/J ( r/J = kd cos 8 + /3), by (6-1 Od) or 

sin [; (kd cos 6+ /3)] 

(AF),, ~ ---------

[; (kd cos 8 + /3)] 

If the progressive phase shift between the elements is equal to 

f3 = -pd 

where p is a constant, (6-27a) can be written as 

{
sin[q(k cos 8 - p)J} [sin(Z)] (AF),, = ------"-- = --

q(k cos O - p) Z 

(6-27a) 

(6-28) 

(6-29) 
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274 Chapter 6 Arrays: Linear, Planar, and Circular 

where 

Nd 
q =-

2 

Z = q ( k cos 0 - p) 

The radiation intensity can be written as 

2 [sin(Z)]
2 

U < 0) = l( AF),, I = ~ 

whose value at H = 0° is equal to 

.
1 

{sinlq(k cos 8 - p)J}
2 

__ {sin[q(k - p)]}
2 

U(Oln=« = . 
q(k cos 0 - p) 

11
~w q(k - p) 

(6-29a) 

(6-29b) 

(6-30) 

(6-3Oa) 

Dividing (6-30) by (6-30a), so that the value of the array factor i~ equal lo unity at 
£J = 0°, leads to 

{ 
q(k - p) sin. [q(k cos O - p)l}

2 
[ u sin(Z)]

2 

uun,, = -------'----- = ---- <6-31) 
sin(q(k - p)] lq(k cos 8 - p)I sin(v) Z 

where 

V = q(k - p) 

Z = q (k cos O - p) 

The directivity of the array factor can be evaluated using 

41TUma.'t Umax 
Do=---= --

Pr.,J U0 

where U0 is the average radiation intensity and it is given by 

P I J,1 rrJ,·rr 
U0 = 

rad 
= - U(0) sin tJ d0 d<b 

47T 41T o o 

~ H.i;.JJ: [•in;~ r sin 8d8 

By using (6-3 la) and (6-31 b). (6-33) can be written as 

I [ q(k - p) ]
2
J,"[sinlq(k cos 0 - p)l]

2 
• U0 = - -----'---'---- ------- s111 lJ dO 

2 sin[q(k - p)] o q(k cos 8 - p) 

(6-31 a) 

(6-3 lb) 

(6-32) 

(6-33) 

(6-33a) 

To maximize the directivity. as given by (6-32). (6-33a) must be minimized. 
Perfonning the integration. (6-33a) reduces to 

J [ u ] 
2 

[ 7r [cos(2v) - 11 ] Uu = - -- - + ----- + Si(2v) 
2kq sin(v) 2 2v 

where 

u = q(k - p) 

l 
= -g(tJ) 

2kq 
(6-34) 

(6-34a) 
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Figure 6.13 Variation of g(v) (see Eq. 6-34c) as a function of v. 

f
-sin t 

S;(z) = - dt 
0 / 

g(v) = [-v-]
2 

[-rr + _[c_o_s(_2_v)_-_I_] + S;(2v>] 
sin(v) 2 2u 

(6-34b) 

(6-34c) 

The function g(u) is plotted in Figure 6.13 and its minimum value occurs when 

Thus 

Nd 
v = q(k - p) = -(k - p) = -1.46 

2 

( 
2.92) /3 = -pd= - kd + N 

(6-35) 

(6-36) 

whlch is the condition for end-fire radiation with improved directivity (Hansen-Wood­
yard condition) along tJ = 0°, as given by (6-23a). Similar procedures can be followed 
to estahlish (6-23b). 

Ordinarily. (6-36) is approximated by 

( 
2.92) ( ,,,) {3=-kd+N =-kd+N (6-37) 

with not too much relaxation in the condition since the curve of Figure 6.13 is very 
flat around the minimum point v = - 1.46. lts value at v = - 1.57 is almost the 
same as the minimum at v = - 1.46. 

The expressions for the nulls. maxima, half-power points. minor lobe maxima, 
and beamwidths are listed in Tables 6.5 and 6.6. 
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276 Chapter 6 Arrays: Linear. Planar, and Circular 

Table 6.5 NULLS, MAXIMA. HALF.POWER POINTS, AND 
MINOR LOBE MAXIMA FOR UNIFORM 
AMPLITUDE HANSEN•WOODYARD 
END•FIRE ARRAYS 

NULLS 8,, = cos-'[ I + ( I - 211) 
2
;N] 

11 = I, 2, 3 . ... 
11 --1- N. 2N. 3N .... 

MAXIMA 8,,, = cos '{ I + ll - (2nr + I)] 
2
~d} 

HALF·POWER 
POlNTS 

MINOR LOBE 
MAXIMA 

Ill= I. 2. J, ... 
1rd/A << I 

01, =cos-'( I - 0.1398 ;) 

1rd/A << I 
Nlarge 

e., = cos- 1
(1 - ~J) 

s = I. 2. 3, .. . 
7rd/A << I 

6.4 N-ELEMENT LINEAR ARRAY: DIRECTIVITY 

The criteria lhal must be met lo achieve broadside and end-fire radiation by a unifonn 
linear array of N elements were discussed in the previous section. ll would he inslruc• 
live to investigate the directivity of each of the arrays. since it represents a figure•of• 
merit on the operation of the system. 

6.4.l Broadside Array 

As a result of the criteria for broadside radiation given by (6· I 8a), the array factor 
for this form of the array reduces to 

sin (1 kd cos o) 

(~38) 

which for a small spacing between the elements (d << A) can be approximated by 

sin (i kd cos 0) 

(~ kd cos e) 

(6-38a) 
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6.4 N-EJement Linear Array: Directivity 277 

Table 6.6 BEAMWIDTHS FOR UNLFORM AMPLITUDE 
HANSEN-WOODY ARD END-FIRE ARRAYS 

FIRST NULL 0,, = 2cos - '( I - 2,A/N) 
BEAMWIDTH (FNBW) 

HALF-POWER 
BEAMWIDTI-1 (HPBW) 

FIRST SIDE LOBE 
BEAMWIDTH 1FSL8W) 

The radiation intensity can be written as 

0 1, = 2cos 1(1 - U.1398 ;) 

1rdl>i<< 1 
N large 

(i = 2cos- 1(1 -~.) 
·' Nd 

rrd/A<< I 

sin(;kdcoso) 
2 

U(9) = (( AF),. J' = N = [ sin;Z) r 
2kd cos 0 

N 
Z = -kd cos 0 

2 

(6-39) 

(6-39a) 

The directivity can be obtained using (6-32) where Um11x of (6-39) is equal to 
unity (Umnx = I) and it occurs al () = 90°. The aver.ige value U11 of the intensity 
reduces to 

I I 1.,,.[sin{Z)]
2 

• Uo =-Prod= - -- sm 8dli 
41T 2 0 z 

sin (N
2 

kd cos o) 
1 

= -1 J.1T sin fJ dO 
2 0 N 

-kd cos O 2 • 

(6-40) 

By making a change of variable. that is. 

N 
Z = 2 kd cos 0 (6-40a) 

dZ = - N kd sin O dO 
2 ' 

(6-40b) 

(6-40) can be written as 

_ l J-Nktl/2[sinZ]
1 

_ l J +Nkd/2[sinZ]
2 

Vo--- --dZ-- --dZ 
Nkd ➔• Nl«V2 z Nkd - Nktl/2 z (6-41) 
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278 Chapter 6 Arrays: Linear, Planar, and Circular 

For a large array (Nkd/2 ~ large), (6-41) can be approximated by extending the limits 
to infinity. That is. 

I 1-NA,l/l [sin Z]
2 

I J ... "[sin Z]
2 

U -- -- dZ=- -- clZ 
O - Nkd · NI.,//! Z Nkd .. "' Z (6-4 la) 

Since 

(6-4lb) 

(6-41 a) reduces to 

(6-41c) 

The directivity of (6-32) can now be written as 

Do = Uma.x = Nkd = 2N(~) 
Vo TT ,.\ 

(6-42) 

Using 

L = (N - I )cl 

where L is the overall length of the array. (6-42) can be expressed as 

(6-44) 

which for a large array (L >> cl) reduces to 

(d) ( L) (d) ,_.,,,,.,, (L) 
D0 = 2N A = 2 I + d A = 2 A (6-44a) 

Example 6.3 

Given a linear, broadside, unifonn array of IO isotropic elements. (N = I 0) with a 
separation of )J4 (d = A/4) between the elements, find the directivity of the array. 

SOLUTION 

Using (6-44a) 

D0 = 2N(1) = 5(dimensionless) = 10 log 11,(5) = 6.99 dB 
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6.4 N-Element Linear Array: Directivity 279 

6.4.2 Ordinary End-Fire Array 

For ,mend-fire array. with the maximum radiation in the O = 0° direction, the array 
factor is given by 

(AF),, = 
sin [ I kd(cos 8 - I)] 

N sin [ 3-kd(cos 8 - I)] 

(6-45) 

which. for a small spacing between the elements (d « A). can be approximated by 

sin [ i kd(cos O - I)] 

(AF),,= 

[~kd(cos 8 - I)] 

(6-45a) 

The corresponding radiation intensity can be written as 

sin [: kd(cos 6 - I>] :? 

= [
sin

2
(Z)]

2 

U((J) = ((AF),, j2 = 
N 
:;kd(cos (J - I) 

(6-46) 

N 
Z = -kd(cos 0 - I) 2 . (6-46a) 

whose maximum value is unity (Um:.x = I) and it occurs at 0 = 0°. The average 
value of lhe radiation intensity is given by 

sin [ N kd(cos 8 - I)] 
2 

U
0 

= _I r1r {1T 
2 

sin O dO dq;, 
41r Jo Jo N 

- kd ( cos 0 - I ) 2 • 

__ ~• ~>'11' sinN[ Ikd(cos 8 - I)] 

2 

, Ji sin 0 d0 

2kd(cos H - I) 
(6-47) 

By letting 

N 
Z = 2kd(cos 0 - 1) (6-47a) 

dZ = - ; kd sin 0 dO (6-47b) 
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280 Chapter 6 Arrays: Linear, Planar. and Circular 

(6-47) can be written as 

I J N/.:J[sin(Z)]
2 

d I JN"d[sin(Z)]
1 

Vo= -- -- Z=- -- dZ 
Nkd n Z Nkd u Z 

(6-48) 

For a large array (Nkd 4' large), (6-48) can be approximated by extending the limits 
to intinity. That is, 

I JNk,I [sin(Z)]
2 

/ 1 f"' [sin(Z)]
2 

U0 = - -- cZ = - -- dZ 
Nkd o Z Nkd o Z 

(6-48a) 

Using (6-4 lb) reduces (6-48a) to 

(6-48b) 

and the directivity to 

Um.ix 2Nkd (") Do = -- = -- = 4N -
Uo 'TT A 

(6-49) 

Another form of (6-49), using (6-43), is 

Do= 4N(~) = 4(1 + ~) (1) (6-49a) 

which for a large array (L >> d) reduces to 

Do= 4N (~) = 4 ( I + ~) (1) '·:'1 

4 (~) (6-49b) 

It should be noted that the directivity of the end-lire array. as given by (6-49)­
(6-49b). is twice that for the broadside array as given by (6-42)-(6-44a). 

Example 6.4 

Given a linear, end-tire, unifom1 array of 10 elements (N = IO) with a separation of 
>J4 (d = ,\/4) between the elements, find the directivity of the array factor. This array 
is identical to the broadside array of Example 6.3. 

SOLUTION 

Using (6-49) 

Do= 4N(~) = IO(dimensionless) = 10 logwO0) = IO dB 

This value for the directivity (D0 = I 0) is approximate. based on the validity of 
(6-48a). However, it compares very favorably with the value of Do = 10.05 obtained 
by numerically integrating (6-45) using the computer program at the end of Chap­
ter 2. 
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6.4 N-Element Linear Array: Directivity 281 

6,4,3 Hansen-Woodyard End-Fire Array 

For an end-fire array with improved directivity (Hansen-Woodyard conditions) and 
maximum radiation in the (J = 0° direction, the radiation intensity (for small spacing 
between the elements, d << A) is given by (6-31 )-(6-31 b). The maximum radiation 
intensity is unity ( Umu.~ = I), and the average radiation intensity is given by (6-34) 
where q and v are defined. respectively, by (6-29a) and (6-34a). Using (6-29a), 
(6-34a), (6-35), and (6-37), the radiation intensity of (6-34) reduces to 

I 1r - 1r 2 0.871 ( )~ [ ] Uo = Nkd 2 2 + 1r - l.S5 I5 = Nkd (6-50) 

which can also be written as 

0.871 1.742 ( 1r ) 

Uo = Nkd = 2Nkd = 0•554 2Nk,J (6-50a) 

The average value of the radiation intensity as given by (6-50a) is 0.554 times that 
for the ordinary end-lire array of (6-48b). Thus the directivity can be expressed, using 
(6-50a). as 

Umax 1 [2Nkd] [ (d)] Do = U:: = 0_554 --;- = 1.805 4N A (6-51) 

which is 1.805 times that of the ordinary end-fire array as given by (6-49). Using 
(6-43), (6-51) can also be written as 

Do = 1.8()5 [ 4N(f)] = 1.805 [ + + ~) f] (6-51a) 

which for a large array (l >> d) reduces to 

D" = 1.805 [ 4N(~)] = 1.80+ ( I + ~) tf)] 
- 1.805 H~) J (6-51 b) 

Example 6.5 

Given a linear, end-fire (with improved directivity) Hansen-Woodyard, uniform array 
of 10 elements (N = 10) with a separation of >J4 (d = >J4) between the elements. 
find the directivity of the array factor. This array is identical to that of Examples 6.3 
(broadside) and 6.4 (ordinary end-fire). und iris used for comparison. 

SOLUTION 

Using (6-51 b) 

D0 = 1.805 [ 4N(~)] = 18.05(dimensionless) = 10 log.,1(18.05) = 12.56 dB 

INTEL-1045 
U.S. Patent 7,151,430



282 Chapter 6 Arrays: Linear, Planar. and Circular 

The value of this directivity (D0 = 18.05) is 1.805 times greater than that of 
Example 6.4 (ordinary end-lire) and 3.578 times greater than that found in Example 
6.3 (broadside). 

Table 6.7 lists the directivities for broadside. ordinary end-fire. and Hansen- 1 

Woodyard arrays. 

6.5 DESIGN PROCEDURE 

In the design of any antenna system. the most important design parameters are usually 
the number of elements. spacing between the elements. excitation (amplitude and 
phase). half-power bearnwidth, directivity. and side lobe level. 1n a design procedure 
some of these parameters are specified and the others are then determined. 

The parameters that are specified and those that are determined vary among 
designs. For a unifonn array. other than for the Hansen-Woodyard end-fire, the side 
lobe is always approximately - 13.5 dB. For the Hansen-Woodyard end-tire array 
the side lobe level is somewhat compromised above the - 13.5 dB in order to gain 
about 1.805 (or 2.56 dB) in directivity. The order in which the other parameters are 
specified and determined varies among designs. For each of the uniform linear arrays 
that have been discussed, equations and some graphs have been presented which can 
be used to determine the half-power beamwidlh and direclivily, once U1e number of 
elements and spacing (or the total length of the array) are specified. In fact, some of 
the equations have been boxed or listed in tables. This may be considered more of an 
analysis procedure. The other approach is to specify the half-power beamwidth or 
directivity and to determine most of the others. This can be viewed more as a design 
approach, and can be accomplished to a large extent with equations or graphs that 
have been presented. More exact values can be obtained, if necessary, using iterative 
methods. 

Example 6.6 

Design a unifonn linear scanning array whose maximum of the array factor is 30° 
from the axis of the array ( fJ = 30°). The desired half-power beamwidth is 2° while 
the spacing between the elements is A/4. Determine the excitation of the elements 
(amplitude and phase). length of the array (in wavelengths). number of elements. and 
directivity (in dB). 

SOLUTION 

Since the desired design is a uniform linear scanning array. the amplitude excitation 
is uniform. However. Lhe progressive phase between the elements is. using (6-21) 

{3 = -kd cos 00 = -
2
; (1) cos(30°) = - 1.36 radians = -77.94° 

The length of the array is obtained using an iterative procedure of (6-22) or its 
graphical solution of Figure 6.11. Using the graph of Figure 6.11 for a scan angle of 
30° and 2° half-power beamwidth, the approximate length plus one spacing (L + d} 

INTEL-1045 
U.S. Patent 7,151,430



6.6 N-Element Linear Array: Three-Dimensional Characteristics 283 

Table 6.7 DIRECTTVITIES FOR BROADSIDE AND END-FIRE ARRAYS 

Array 

BROADSIDE 

END-FIRE 
(ORDINARY) 

Directivity 

Do = 2 N ( 1) = 2 ( I + ~) ~ = 2 ( ~) 

Nml/A-+,:x;,L>>d 

Do = 4N (1) = 4 ( I + ~) ~ = 4 (~) 

2N1rd/A ~ ,x,, l >> d 

END-FIRE 
(HANSEN­
WOODYARD) 

Do= l.805[4N(~)] = 1.805[4(1 +~)1] = l.805[4(i)] 

2N1rd/A--+ x. L >> d 

of the array is 50A. For the 50A length plus one spacing dimension from Figure 6.11 
and 30° scan angle, (6-22) leads to a half-power beamwidth of 2.03°, which is very 
close to the desired value of 2°. Therefore. the length of the array for a spacing of 
A/4 is 49.75A. 

Since the length of the array is 49.75.,\ and the spacing between the clements is 
A/4, the total number of elements is 

N = !:_ + I = (l + d) = SO = 200 
d d IM 

The directivity of the array is obtained using the radiation intensity and the computer 
program DIRECTIVITY al the end of Chapter 2. and it is equal to 100.72 or 
20.03 dB. 

6.6 N-ELEMENT LINEAR ARRAY: 
THREE-DIMENSIONAL CHARACTERISTICS 
Up to now. the two-dimensional array factor of an N-elemenl linear array has been 
investigated. Although in practice only twl1-dimeni-ic.mal pattemi- can be measured, a 
collection of them can be used to reconstruct the three-dimensional characteristics of 
an array. It would then be instructive to examine the three-dimensional patterns of an 
array of elements. Emphasis will be placed on the array factor. 

6.6.1 N-Elements Along Z-Axis 

A linear array of N isotropic elements are positioned along the z-axis and are separated 
by a distanced, as shown in Figure 6.5(a). The amplitude excitation of each clement 
is a,. and there exists a progressive phase excitation f3 between the elements. For far­
field observations, the array factor can be written according to (6-6) as 

N N 

AF = L u.,e/(11 - l)(ktlcos ,,.,_ /ii = L a,,e.1<11- l 11/1 (6-52) 
11 = I 11 ~ I 

~I = kd cos 'Y + f3 (6-52a) 
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z 

(J 

' ' ' ' ' ' ', I 
' I '- I 

' I 

_ _____-/,'' : 

X 

' I 
', I 

..... 

Figure 6.14 Linear array of N isotropic clements positioned along the x-axis. 

where the a,,· s arc the amplitude excitation coefficient~ and 'Y is the angle between 
the axis of the array (:.-axis) and the radial vector from the origin to the observation 
point. 

In general. the angle 'Y can be obtained from the dot product of a unit vector 
along the axis of the array with a unit vector directed toward the observation point. 
For the geometry of Figure 6.5(a) 

cosy = a:· a,. = a:· (a, sin O cos cf, + a\ sinO sin cp + Hz cos 0) = cos O <> y = 8 
(6-53} 

Thus (6-52) along with (6-53) is identical to (6-6), because lhe system of Figure 6.5(a) 
possesses a symmetry around lhe ~-ax.is (no <f, variations). This is not the case when 
the elements are placed along any of the other axes, as will be shown next. 

6.6.2 N-Elements Along X- or Y-Axls 

To demonstrate the facility that a ··sound'' coordinate system and geometry can 
provide in the solution of u problem. let us consider an array of N isotropic elements 
along the x-axis, as shown in Figure 6.14. The far-zone array factor for this array is 
idemical in form to that of Figure 6.5(a) except for lhe phase factor ,J,. For this 
geometry 

cosy= ii.,· a,.= a_1 • (a.,. sin Hcos <f, + ii\ sinfJsin cf, + a~ cos fl) = sin Ocos <f, 
(6-54) 

cos 'Y = sin H cos <f, r:-- y = cos - 1 (sin (J cos </,} (6-54a) 
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The array factor of this array is also given by (6-52) but with y defined by 
(6-54a). For this system, the array factor is a function of both angles (8 and </>). 

In a similar manner, the array factor for N isotropic elements placed along the 
y-axis is that of (6-52) but with y defined by 

cos y = a.I'. 3r = sin (J sin <PO y = cos - 1(sin (J sin</>) (6-55) 

Physically placing the elements along the z-. x-. or y-axis does not change the 
characteristics of the array. Numerically they yield identical patterns even though 
their mathematical forms are different. 

Example 6.7 

Two half-wavelength dipole (I = A/2) are positioned along the x-axis and are separated 
by a distance d. as shown in Figure 6. 15. The lengths of the dipoles are parallel to 
the ::-axis. Find the total field of the array. Assume uniform amplitude excitation and 
a progressive phase difference of /3. 

SOLUTION 

The field pattern of a single element placed at the origin is given by (4-84) as 

Using (6-52), (6-54a), and (6-lOc), the array factor can be written as 

sin(kd sin £J cos <I> + /3) (AF)n = ________ ..;___ 
2 sin(½(kd sin 0 cos c/> + /3)1 

The total field of the array is then given, using the pattern multiplication rule of 
(6-5), by 

cos (::: cos 0) 

£ F 
_ . l0e - ikr 

2 [ sin(kd sin 0 cos <I> + /3) ] 
o· (A ),. -111-----. ---

21rr sm £J 2 sin[ !(kd sin 6 cos <I> + /3)] 

To illustrate the techniques. the three-dimensional patterns of the two-element 
array of Example 6. 7 have been sketched in Figures 6. l 5(a) and (b). For both, the 
element separation is A/2 (d = A/2). For the pattern of Figure 6.15(a), the phase 
excitation between the elements is identical (/3 = 0). In addition to the nulls in the 0 
= 0° direction. provided by the individual elements of the array. there are additional 
nulls along the x-axis ( 0 = 1rl2. <I> = 0 and <I> = 1r) provided by the formation of 
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: 

.\ 

(h) ~ = ± 180° 

Figure 6.15 Three-dimensional p,llterns for 1wo A/2 dipole~ ~paced A/2. (SOURCE: P. Lor­
rain and D. R. Corson, Electrrmwg11etic 1-'ield., anti Wt111t's, '.!nd ed .. W. 11. Freeman and Co., 
Cnpyrighl © 1970). 

the array. The 180° phase difference required lO f'orm the nu! ls along the x-axis is a 
resull of the separnlion of the element~ [kd = (21r/A)(A/2) = 1rj. 

To fo1111 a comparison. the three-dimensional pauern of the same array but wilh 
a 180° phasi:: exc:i taLiun (/3 = 180°) between Lhe dcmenls is skctl:hcd in Figure 6.15(b). 
The overall pattern or this array b quite different from that shown in F igure 6. I 5(a). 
In addi tion to the nulls along the ;::-axii,, ( 0 = 0°) provided by the ind ividual elements. 
there are nulb along the y-axis formed by the 180° excitation phase difference. 
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6.7 RECTANGULAR-TO-POLAR GRAPHICAL 
SOLUTION 

In antenna theory. many solutions are of the fonn 

f({) = f(C cos y + l>) (6-56) 

where C and 8 are constants and y is a variable. For example, the approximate array 
factor of an N-elemenl. uniform amplitude linear array I Equation (6-lOd) I is that of 
a sin({)/{ fonn with 

where 

N 
C = -kd 

2 

N 
5 = - /3 

2 

N N 
{ = C cos y + I> = 2 ,/J = 2 (kd cos 0 + /3) (6-57) 

(6-57a) 

(6-57b) 

Usually the .f({) function can be sketched as a function of { in rectilinear coor­
dinates. Since { in (6-57) has no physical analog, in many instances it is desired that 
a graphical representation of jf( { )j be obtained as a function of the physically observ­
able angle 8. This can be constructed graphically from the rectilinear graph. and it 
fonns a polar plot. 

The procedure that must be followed in the construction of the polar graph is as 
follows: 

1. Plot. using rectilinear coordinates, the function j/(()1. 
2. a. Draw a circle with radius C and with its center on the abscissa at { = 8. 

b. Draw vertical lines to the abscissa so that they will intersect the circle. 
c. From the center of the circle. draw radial Lines through the points on the circle 

intersected by the vertical lines. 
d. Along the radial lines. mark off corresponding magnitudes from the linear 

plot. 
e. Connect all points to form a continuous graph. 

To better illustrate the procedure. the polar graph of the functiun 

51T 51T 
{ = 2 cos 0 - 4 (6-58) 

has been constructed in Figure 6. 16. The function/({) of (6-58) represents the array 
factor of a I 0-elemenl (N = 10) unifonn linear array with a spacing of A/4 (d = A/4) 
and progressive phase shift of - 1r/4 (/3 = - 1r/4) between the elements. The con­
structed graph can be compared with its exact form shown in Figure 6.10. 

From the construction of Figure 6.16, it is evident that the angle at which the 
maximum is directed is controlled by the radius of the circle C and the variable 8. 
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lnvlsibk 
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Invisible region 
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soo0 2so0 0° 2so0 s00° 

0 

Figure 6.16 Rectangular-to-polar plot graphical solution. 

For the array factor of Figure 6.16. the radius C is a function of the number of 
elements (N) and the spacing between the elements (d}. In Lurn. 8 is a function of the 
number of e]ements (N) and the progressive phase shift between the elements (/3). 
Making 8 = 0 directs the maximum toward O = 90° (broadside array). The part of 
the linear graph that i~ used to construct the polar plot is determined by the radius of 
the circ1e and the relative position of its center along the abscissa. The usable part of 
the linear graph is referred to as the visible region and the remaining part as the 
invisible region. Only Lhe visible region of the linear graph is related lo the physically 
observable angle B (hence its name}. 

6.8 N-ELEMENT LINEAR ARRAY: 
UNIFORM SPACING, NONUNIFORM AMPLITUDE 

The theory to analyze linear arrays with uniform spacing. uniform amplitude. and a 
progressive phase between the elements was introduced in the previous sections of 
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this chapter. A number of numerical and graphical solutions were used to illustrate 
some of the principles. In this section. broadside arrays with uniform spacing: but 
nonuniform amplitude distribution will be considered. Most of the discussion will be 
directed toward binomial L4J and Dulph-Tschebyscheff [5] broadside arrays (also 
spelled Tchebyscheff or Chebyshev). 

Of the three distributions (uniform, binomial. and Tschebyscheff ). a unifonn 
amplitude array yields the smallest half-power beamwidth. It is followed. in order, by 
the Dolph-Tschebyscheff and binomial an·ays. In contrast. binomial arrays usually 
possess the smallest side lubes followed, in order. by the Dolph-Tschebyscheff and 
uniform arrays. As a matter of fact. binomial arrays with elemelll spacing equal or 
less than A/2 have no side lobes. II is apparent that the designer must compromise 
between side lobe level and beamwidth. 

A criterion that can be used to judge the relative beamwidth and side lobe level 
of one design to another is the amplitude distribution (tapering) along the source. It 
has been shown analytically that fur a given side lobe level the Dolph-Tschebyschcff 
array produces the smallest beamwidth between the first nuns. Conversely. for a given 
beamwidth between the first nulls, the Dolph-Tschebyscheff design leads to the small­
est possible side lobe level. 

Uniform w-rays usually possess the largest directivity. However. superdirective 
(or super gain as most people call them) antennas possess directivities higher than 
those of a uniform array 16]. Although a certain amount of superdircctivity is practi­
cally possible, superdirective arrays require very large currents with opposite phases 
between adjacent clements. Thus the net total current and efficiency of each array are 
very small compared to the corresponding values of an individual element. 

Before introducing design methods for specific nonuniform amplitude distribu­
tions. let us first derive the array factor. 

6.8.1 Array Factor 

An array of an even number of isotropic elements 2M (where M is an integer) is 
positioned ~ymmetrically along the .::-axis. as shown in Figure 6. l 7(a). The separation 
between the clements is d. and M elements are placed on each side of the origin. 
Assuming that the amplitude excitation is symmetrical about the origin. the array 
factor for a nonuniform amplitude broadside array can be written as 

(AFhM = a,e+f(l/2)/.:dcos// + a2e+/{3/2lktfrosl/ + ... 

+ a,o\-le + il<~f - l1f2lkdcosO 

+ a,e-.i<l/2)/i,/co~/I + a
2
e-JOl21ktlco~fl + 

+ Cl Me- i1<2M- 11/21 kdcns 11 

(AfhM = 2 f Cln COS [-(2J_z_-__ l) kd COS 0] 
11=1 2 

which in normalized form reduces to 

~ [(211 - l) ] ( AF h,1,1 = ,f='i a,, cos 
2 

kd cos 0 

where a,/s are the excitation coefficients of the array elements. 

(6-59) 

(6-59a) 

If the total number of isotropic elements of the array is odd 2M + I (where M 
is an integer). as shown in Figure 6. l 7(b ), the array factor can be written as 
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(AF)2M+ I = 2a, + a2e.;·Jk,lcos(I + a:{e,i'lkdcostl + ... + a,.11- ,eiMkdcosH 

+ Cl
2
e-Jkrlcosll + a-,,e-j2/ulcos/J + . .. + a,W + I e-jMkclcosO 

M ➔ I 

(AFhAh 1 = 2 L a,, cos[(n - I) kd cos 01 
11= I 

which in normalized form reduces to 
M· 1 

(AFhM+ 1 = L 0 11 cos[(n - 1) kd cos 0] 
11= I 

The amplitude excitation of the center element is 2a1• 

Equations (6-59a) and (6-60a) can be written as 

M 

(AFhM (even) = L a,, cos[(2n - I )11) 
11= I 

M.;- 1 

(AFhM+ 1 (odd) = L t1,, cos[2(n - 1 )uj 
II= I 

where 

1T(/ 

u = A cos o 

(6-60) 

(6-60a) 

(6-6 I a) 

(6-61 h) 

(6-6lc) 

The next step will be to determine the values of the excitation coefficients (a11's). 

6.8.2 Binomial Array 

The an-ay factor for the binomial array is represented by (6-61a)-(6-61c) where the 
a,,'s are the excitation coefficients which wiU now be derived. 

A. Excilatim, Coejlic:ienl.\' 
To determine the excitation coefticients of a binomial array, J. S. Stone [41 suggested 
that the function (I + x)"'- 1 be written in a series. using the binomial expansion. as 

(m - I )(m - 2) , 
(l+x)m- 1 =t+(m-l)x+ 

2
! -~ 

(m - l)(m - 2)(m - 3) 
+ \J+··· J! • (6-62) 

The positive coefficients of the series expansion for different values of m are 

,,, = 1 
m=2 1 
m = 3 2 
Ill= 4 l 3 3 l 
m.=5 4 6 4 

(6-63) 
m=6 5 10 10 5 
m = 7 6 15 20 15 6 
m=8 7 21 35 35 21 7 
111 = 9 8 28 56 70 56 28 8 
111 = 10 9 36 84 126 126 84 36 9 
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(a) Evrn number of elements (b) Odd number of elements 

Figure 6.17 Nonunifonn amplitude arrays of even and odd number of elements. 

The above represents Pascal's triangle. If the values of m are used to represent the 
numher of elements of the array. then the coefficients of the expansion represent the 
relative amplitudes of the elements. Since the coefficients are determined from a 
binomial series expansion. the array is known as a binomial array. 

Referring to (6-6la), (6-6lb). and (6-63). the amplitude coefficients for the fol­
lowing arrays are: 

1. Two elements (2M = 2) 

2. Three elements (2M + = 3) 

2a1 = 2 c:> a1 = 1 

a2 = 1 

3. Four elements (2M = 4) 
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4. Five elements (2M + I = 5) 

2a 1 = 6 ~ a 1 = 3 

a2 = 4 

ll.1 = I 

The coefficients for other arrays can be detennined in a similar manner. 

B. Design Procedure 
One of the objectives oF any method is its use in a design. For the binomial method. 
as for any other nonuniform am1y method. one of the requirements is the amplitude 
excitation coefficients for a given number of element~. This can be accomplished 
using either ( 6-62) or the Pascal triangle of (6-63) or extensions of it. Other figures 
of merit are the directivity, half-power beamwidth and side lobe level. It already has 
been stated that the binomial arrays do not exhibit any minor lobes provided the 
spacing between the elements is equal or less than one-half oF ,, wavelength. Unfor­
tunately, closed form expressions for the directivity and half-power beamwidth for 
hinomial arrays of any spacing between the elements are not availahlc. However, 
because the design using a >J2 spacing leads to a pattern with no minor lobes. 
approximate dosed fonn expressions For the half-power beamwidth and maximum 
directivity for the d = >J1 spacing only have been derived [71 in tenns of the numbers 
of elements or the length of the array. and they arc given. respectively. by 

1.06 1.06 0.75 
HPBW Cd = >J2) = ~ = y2iJi.. = yUA 

Do = r1r[ (1T -)]2cN- Ii 
Jo cos 

2 
cos 0 sin 8 d0 

(2N - 2)(2N - 4) • • • 2 
Do = ----------

(2N - 3)(2N - 5) • • • I 

Do = l.77yN = l.77y'I + 2UA 

(6-64) 

(6-65) 

(6-65a) 

(6-65b) 

These expressions can be used effectively to design binomial arrays with a desired 
half-power beamwidth or directivity. The value of the directivity as ohtained using 
(6•65) w (6-65b> can be compared with the value u~ing the array factor anu the 
computer program DIRECTIVITY at the end of Chapter 2. 

To illustrate the method, the patterns of a IO-element binomial array (2M = I 0) 
with spacings between the elements of >J4. >J2. 3>J4. and A. respectively. have been 
plotted in Figure 6.18. The patterns are plotted using ( 6-6 ht) and (6-6 I c) with the 
coefficients of a 1 = 126, a2 = 84. a-' = 36. a-l = 9, and a~ = I. Tt is observed that 
there are no minor lobes for the arrays with spacings of >J4 and >J2 between the 
elements. While binomial arrays have very low level minor lobes. they exhibit larger 
beamwid1hs (compared to uniform and Dolph-Tschebyscheff designs). A major prac­
tical disadvantage of hinomial arrays is the wide variations between the amplitudes 
of the diff erenl elements of an array, especially for an array with a large number of 
elements. This leads to very low efficiencies, and it makes the method not very 
desirable in practice. For example, 1he relative amplitude coefficient of the end ele­
ments of a 10-element array is I while that of the center element is 126. Practically, 
it would he difficult 10 obtain and maintain such large amplitude variations among 
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Figure 6.18 Array factor power patterns for a I 0-clcmenl broadside binomial 
array with N = 10 and d = A/4. A/2. 3A/4. and A. 

the elements. They would also leau It> very inefficient antenna.,;. Because the magni­
tude distribution is monotonica lly decreasing from the center toward the edges and 
the magnitude of 1he extreme elements is negligible compared co those toward the 
center. a very low side l obe level is expected. 

Example 6.8 

For a I 0-element binomial array with a spacing of A/2 between the elements, whose 
ampli tude pattern is displayed in Pigure 6.18. determine the half-power bcamwidlh 
(in degrees) and the maximum dfrccrivity (in dB). Compare the answers wilh other 
available Jata. 
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SOLUTION 

Using (6-64). the half-power beamwidth is equal to 

1.06 1.06 
HPBW = .. ~ = -· - = 0.353 radians = 20.23° 

v IO - I 3 

The value obtained using the array factor. whose pattern is shown in Figure 6.18, is 
20.5° which compares well with approximate value. 

Using (6-65a). the value of the directivity is equal for N = I 0 

D0 = 5.392 = 7 .32 dB 

while the value obtained using (6-65b) is 

D0 = 1.77yl0 = 5.597 = 7.48 dB 

The value obtained using the array factor and the computer program DIRECTIVITY 
is D0 = 5.392 = 7.32 dB. These values compare favorably with each other. 

6.8.3 Dolph-Tschebyscbeff Array 

Another array. with many practical applications, is the Dolph-Tschehyscheff array. 
The method was originally introduced by Dolph 151 and investigated afterward by 
others [8]-[ 11 ]. It is primarily a compromise between unifonn and binomial arrays. 
Its excitation coefficients are related to Tschebyscheff polynomials. A Dolph­
Tschebyscheff array with no side lobes ( or side lobes of - oc dB) reduces to the 
binomial design. The excitation coefficients for this case, as obtained by both methods. 
would be identical. 

A. Array F(lc/or 
Referring to (6-6la) and (6-61 b). the array factor of an array of even or odd number 
of elements with symmetric amplitude excitation is nothing more than a summation 
of M or M + l cosine terms. The largest harmonic of the cosine terms is one less 
than the total number of elements of the array. Each cosine term. whose argument is 
an integer times a fundamental frequency, can be rewritten as a series of cosine 
functions with the fundamental frequency as the argument. That is, 

m = 0 cos(mu) = l 
m = l cos(mu) = cos u 
m = 2 cos(mu) = cos(2u) = 2 cos2 LI - I 
m = 3 cos(mu) = cos(3u) = 4 cos·1 

LI - 3 cos u 
111 = 4 cos(mu) = cos(4u) = 8 cos4 u - 8 cos2 tt + 
m = 5 cos(mu) = cos(5u) = 16 cos!i u - 20 cos·' u + 5 cos u (6-66) 
m = 6 cos(mu) = cos(6u) = 32 cos6 u - 48 cos4 tt + 18 cos2 u - l 
m = 7 cos(mu) = cus(7u) = 64 cos7 u - 112 cos!i tt + 56 cos3 u - 7 cos u 
m = 8 cos(mu) = cos(8u) = 128 cos11 u - 256 cos6 u + 160 cos4 u 

- 32 cos2 u + l 
m = 9 cos(mu) = cos(9u) = 256 cos9 u - 576 cos 7 u + 432 cos5 u 

- 120 COSJ ti + 9 COS U 
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The above are obtained by I.be use of Euler's formula 

[e,'"]"' = (cos u + j sin u)"' = ei11111 = cos(mu) + j sin(mu) 

and the trigonometric identity sin2 u = 1 - cos2 u. 
If we let 

(6-66) can be written as 

m = 0 cos(mu) = 1 :::: 7j1(.:) 
m = I cos(mu) = z == T1(z) 

.: = COS II 

m = 2 cos(mu) = 2zi - I = T-J.{z) 
m = 3 cos(mu) = 4z1 

- 3:: = T\(z) 
m = 4 cos(mu) = 8z4 

- 8z2 + i ~ T4(z) 
m = 5 cos(mu) = 16z:i; - 20z·' + 5z = T<;(Z) 

m = 6 cos(mu) = 32z6 - 48:" + l8z 2 -· l ~ T6(z) 
m = 7 cos(mu) = 64l7 - 112::5 + 56z 3 

- 7: = T7(z) 

m = 8 cos(mu) = I 28zt< - 256z(' + I 60z4 
- 32z2 + I = T11(z) 

m = 9 cos(mu) = 256z9 
- 576;: 7 + 432.:5 

- 120::3 + 9:: = T9(z) 

(6-67) 

(6-68) 

(6-69) 

and each is related to a ischebyscheff ( Chebyshev) polynomial T,,, (:. ). These relations 
between the cosine functions and the Tschebyscheff polynomials are valid only in the 
-1 !5 z !5 + I range. Because lcos(mu>I < I, each Tschebyscheff polynomial is 
IT,n(z)I !5 I for - I < .: s + 1. For lzl > 1, Lhe Tschebyscheff polynomials are 
related to the hyperbolic cosine functions. 

The recursion fon11ula for Tschebyscheff polynomials is 

/ 1~1(z) = 2zT,11 _ ,(z) - r,,,_2(:) I (6-70) 

It can be used to tind one Tschebyscheff polynomial if the polynomials of the previous 
two orders are known. Each polynomial can also be computed using 

T,,,(z) = cos[m cos- 1(::)) 

T,,,(z) = cosh[m cosh- 1(:.)]t 

-1:S::s+t 

::<-1.::>+ 
(6-71a) 

(6-71b) 

In Figure 6.19 Lhe first six Tschebyscheff polynomials have been plotted. The follow­
ing properties of the polynomials are of interest: 

1. All polynomials, of any order. pass through the point ( l. l ). 
2. Within the range - I :S : :S I, the polynomials have values within - 1 to + I. 
3. All roots occur within - I s :: !5 1, and all maxima and minima have values of 

+ I and - 1. respectively. 

Since the array factor or an even or odd number of elements is a summation of 
cosine terms whose form is the same as Lhe Tschebyscheff polynomials. the unknown 
coefficients of the array factor can be determined by equating the series representing 
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Figure 6.19 Tschebyscheff polynomials of orders zero through five. 

the cosine tcnm of the array factor to the appropriate Tschebyscheff polynomial. The 
order ti the polynomial should be one less than the total number of elements uf the 
Cil"r<ly. 

The design procedure will be outlined first, and it will be illustrated with an 
example. In outlining the procedure, it will be assumed that the number of elements, 
spacing between the elements. and ratio of major-to-minor lobe intensity (R0 ) are 
known. The requirements will be to detem,ine the excitation coefficients and the array 
factor of a Dolph-Tschcbyscheff array. 

8. Arr,,y Design 

Stateme111. Design a broadside Dolph-Tschebyscheff array of 2M or 2 M + 1 elements 
with spacing d hetwecn the clements. The side lohes are R0 dB below the maximum 
of the major lobe. Find the excitation coefficients and fonn the array factor. 
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Procedure 

a. Select the appropriate array factor as given by (6-6la) or (6-6lb). 
b. Expand the array factor. Replace each cos(nu,) function (m = 0. I. 2. 3 .... ) by 

its appropriate series expansion found in (6-66). 
c. Determine the point z = :i., such that T,,,fo,) = R0 (voltage ratio). The order m 

of the Tschebysche,tf polynomial is alv.·ay!i/ one less than the total ,iwnber of 
elemems. The design procedure requires Lhat the Tschebyscheff polynomial in 
the - I s :: ~ : 1• where .:1 is the null nearest to :: = + I. be used to represent 
the minor lobes of the array. The major lobe of the pattern is fonned from the 
remaining part of the polynomial up to point z0 (z1 < :: s .:ol. 

d. Substitute 

z 
cos(u) = -

z., 
(6-72) 

in the array factor of step 2. The cos(u) is replaced by z/.:0• and rwt by z, so that 
(6-72) would be valid for 1.:1 s l.r.c>I• At 1.:1 = lzul, (6-72) attains its maximum 
value of unity. 

e. Equate the array factor from step 2. after substitution of (6-72), to a T,,,{::) from 
(6-69). The T,11(.z) chosen should be of C>rder m where mis an integer equal to one 
less than the total number of elements of the designed array. This will allow the 
detennination of the excitation coefficients a,,'s. 

f. Write the array factor of (6-61 a) or (6-61 b) using the coefficients found in step 5. 

Example 6.9 

Design a broadside Dolph-Tschebyscheff array of 10 elements with spacing d between 
the elements and with a major-to-minor lobe ratio of 26 dB. Find the excitation 
coefficients and form the array factor. 

SOLUTfON 

1. The array factor is given by (6-6la) and (6-61c). That is, 
M = '5 

(AF.hM = L llnCOS[(2n - I )11) 
11 = I 

TTd 
u = -cos 0 

A 
2. When expanded. the array factor can be written as 

(AF_)i0 = a 1 cos(u) + a 2 cos (3u) 

+ a3 cos(5u) + a4 cos(7u) + a5 cos(9u) 

Replace cos(11). cos(3u). cos(5u), cos(7u), and cos(9u) by their series expansions 
found in (6-66). 

3. R0 (dB) = 26 = 20 loglO(R0 ) or Ro (voltage ratio) = 20. Determine : 0 by 
equating Ru to T9(Zo). Thus 

R0 = 20 = T9(z0) = cosh[9 cosh- 1(z0)1 
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Figure 6.20 Tschebyscheff polynomial of order nine (a) amplitude (b) magnitude. 

z11 = cosh[f, cosh- 1(20)] = 1.0851 

Another equation which can. in general, be used to find : 0 and does not require 
hyperbolic functions is [8] 

(6-73) 

where Pis an integer equal to one less than the number of array elements (in this 
case P = 9). R0 = H0 /H1 and z0 are identified in Figure 6.20. 
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4. Substitute 

z '" cos(u) = - = ---
Zo ) .085) 

in the array factor found in step 2. 

5. Equate the array factor of step 2. after the substitution from step 4, to T9 (z). The 
polynomial T9 (;:) is shown plotted in Figure 6.20. Thus 

(AF)\\) = ::{(ct1 - 3a2 + Sal - 7a4 + 9a5)ho1 
+ z·l[(4<,2 - 20a.1 + 56a4 - 120a:-)h:ll 

+ =~r (I 6'/l - I l 2a4 + 432a5)h:1/J 

+ z71(64a,1 - 576as>lzo7J 
+ z

1
'1(256c1s)IZo

1

') 

= 9z - 120;:J + 432:::5 
- 576z7 + 256.::'1 

Matching similar terms allows the determination of the a,,'s. That is, 

256asfZo'> = 256 f:':' ll5 = 2.0860 

(64a4 - 576a5)/zo7 = - 576 ~ a4 = 2.8308 

(16aJ - I 12a4 + 432a5)/zl = 432 ° a3 = 4.1184 

(4a2 - 20a3 + 56a,1 - I 20a5)/Zo·l = - 120 o a2 = 5.2073 

o a 1 = 5.8377 

In normalized form, the a,, coefficients can be written as 

U5 = 
(l4 = 1.357 

(I~ = L.974 

ll2 = 2.496 
a1 = 2.798 

or 

(15 = 0.357 

Cl,1 = 0.485 
a3 = 0.706 

ll1 = 0.89() 

a 1 = I 

The first (left) set is normalized with respect to the amplitude of the elements at 
the edge while the other (right) is normalized with respect to the amplitude of the 
center element. 

6. Using the tir~t (\ef\) set of normalized coefficients. the array factor can be written 
as 

(AF)w = 2.798 cos(u) + 2.496 cos(3u) + 1.974 cos(5u) 
+ 1.357 cos(7u) + cos(9u) 

where u = l<trd/A) cos 01. 

The array factor patterns of Example 6.9 for d = >J4 and )./2 are shown plotted 
in Figure 6.21 . Since the spacing is less than A(d < A), maxima exist only at broadside 
UJ = 90°). However when the spacing is equal to A(d = A), two more maxima appear 
(one toward 0 = 0° and the other toward O = 180°). Ford = A the array has four 
maxima, and it acts as an end-fire as well as a broadside array. 
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Figure 6.21 Array factor power pattern of il I 0-element broadside Dolph­
Tschebyscheff array. 

To better illustrate how the patlern of a Dolph-Tschebyscheff array is fo011ed 
from the TschebyschetJ polynomial. lel us again consider the I 0-element array whose 
corresponding Tschebyscheff polynomial is ol' order 9 and is shown plotted in Figure 
6.20. The abscissa of Figure 6.20, in terms of the spacing between the elements (d) 
and the angle 0, is given by (6-72) or 

(
1Td ) (1rd ) : = ::o cos u = Zo <.:OS A cos 0 = 1.085 I cos A cos H (6-74) 

For d = >..14, A/2, JA/4. and A the values of:: for angles from 8 = 0° to 90° to 
180° are shown tabulated in Table 6.8. Referring to Table 6.8 and Figure 6.20, it is 
interesting to discuss the panem fom,ation for the different spacings. 

1. d = A/4, N = I 0, Ru = 20 

At 0 = 0° the value of: is equal to 0.7673 (point A). As 0 allains larger values. 
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Table 6.8 VALUES OF THE ABSCISSA ;:; AS A FUNCTION OF ii FOR A 
10-ELEMENT DOLPH-TSCHEBYSCHEFF ARRAY WrTH R0 = 20 

d = >J4 d = >J2 d = 3A/4 d = ,\ 
tJ z (Eq. 6-74) z (Eq.6-74) z (Eq. 6-74) z (Eq. 6-74) 

00 0.767:\ o.n -0.7673 - \.085\ 
10° 0.7764 0.0259 -0.7394 - 1.0839 
20° 0.8028 0.1026 -0.6509 - 1.0657 
30° 0.8436 0.2267 -0.4912 -0.9904 
40° 0.8945 0.3899 -0.2518 -0.8049 
50° 0.9497 0.5774 0.0610 -0.4706 
60° 1.0025 0.7fi73 0.4153 0.0 • 
70° 1.0462 0.9323 0.7514 0.5167 
80° 1.0750 1.0450 0.9956 O.Y276 
90° 1.0851 1.0851 1.0851 1.0851 

100° 1.0750 1.0450 0.9956 0.9276 
110° 1.0462 0.9323 0.7514 0.5167 
120° 1.0025 0.7673 0.4153 0.0 
130° 0.9497 0.5774 0.0610 - 0.4706 
140° 0.8Y45 0.3899 -0.2518 -(U!049 
150° 0.8436 0.2267 -0.4912 -0.9904 
160° 0.8028 0.1026 -0.6509 - 1.0657 
170° 0.7764 0.()259 -0,7394 -1.0KW 
180° 0.7673 0.0 -0.7673 - 1.0851 

: increases unLil il reaches its maximum value of 1.0851 for IJ = 90°. Beyond 90°. z 
begins to decrease and reaches its original value of 0.7673 for O = 180°. Thus for cl 
= A/4, only the Tschebyscheff polynomial belween the v.ilues 0.7673 s z ~ 1.0851 
(A ~ z s ::0 ) is used to form the pauem or the array factor. 

2. d = A/2. N = I 0, Ro == 20 

At IJ = 0° Lhe value of;;, is equal Lu 0 (poinl B). As tJ becomes larger . .: increases 
until it reaches its maximum value of 1.0851 for fl = 90°. Beyond 90°, :: decrease~ 
and comes hack LO the original point for () = 180°. Ford = M2. a larger part of the 
Tschehyschcff polynomial is used (0 ~ ::: < 1.0851: B s z < :.0 ). 

3. d = 3A/4. N = I 0, Ro = 20 

For this spacing, the va\ue of;, for O = 0° is -0.7673 tpoint C), and it increases 
as 0 becomes larger. It attains its mnximum value or 1.0851 ,1t IJ = 90°. Beyond 90°. 
it traces back to its original value (-0.7673 ::::; :. < :~1: C < z s z0 ). 

4. d = A. N = I 0, Ro = 20 

As t11e spacing increases. a larger portion of the Tschebyscheff polynomial is 
used to form the pattern of the array fi.,ctor. When d = A. the value of :. ror (I = 0° 
is equal to - 1.0851 (point D) whil:b in magnitude is equal to Lhc maximum value ()f 

.::. As 0 attains values larger than 0°. :. increases until it reuches its maximum value of 
1.0851 for O = 90°. At that point the polynomial (and thus Lhe array factor) again 
re.aches its maximum value. Beyond fl = 90°. z nnd in turn the polynomial and array 
faclor retrace their values ( - 1.0851 < z. s + I .0851: D < z s ::i, ). Ford = A there 
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