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are four maxima. and a broadside and an e11d-_fire array have been formed simul­
taneously. 

It b often desired iu some Dolph-Tschebyscheff designs to take advantage of the 
largest possible spacing between the elements while maintaining the same level of all 
minor lobes, including the one toward fl = 0° and 180°. In general, as well as in 
Example 6.8. the only minor lobe that can exceed the level of the others. when the 
spacing exceeds a certain maximum spacing between the elements, is the one toward 
end-tire < fl = 0° or 180° or :-. = - l in Figure 6.19 or Figure 6.20). The maximum 
spadng which can be used while meeting the requirements is obtained using (6-72) 
or 

(
1T(/ ) ;: = ;:0 cos(u) = Zo cos A cos lJ (6-75) 

The requirement not to introduce a minor lobe with a level exceeding the others is 
accomplished by utiH.zing the Tschr.byscheff polynomial up lo, but not going beyond 
- = - 1. Therefore, for O = 0° ur 180° 

(6-76) 

or 

A - •( I) dmax :$ - COS - -:: 
7T ..:.u 

(6-76a) 

The excitation coefficients of a Dolph-Tschebyscheff array can be derived using 
vurious documented techni<.1ues [91-111 l and others. One method. whose results are 
suitable for computer calculations. is that by Barbiere [9]. The coefficients using this 
method can be obtained using 

ll,, = 

f_ I - t}'1-' . ,1(:,,)2" _ 1 (q + M - 2)!(2M - I) 
,,~,, (CJ - n)!(q + 11 - 1 )!(M - q)! 

(6-77a) 

for even 2 M elements 

n = 1. 2 . ... M 

M • 
1 

( + M - 2)1(2M 
L(-l)M - q+l(.::o)~(l/ - 1> q • ) 

,, = 11 • E,,(,, - 11)!(q + ti - 2)!(M - q + I)! 

for odd 2M + I elements 

n = I, 2 .... M + I 
(6-77b) 

where E11 = { i n = I 
ll =;e 1 

C. Beannri,J,J, wui Directil'ity 
For large Dolph-Tschebyscheff arrays scanned not too close to end-fire and with side 
lobes in the range from - 20 co -60 dB. rhe half-power heamwidch and dirt!c:tivity 
t:an be found by introducing a beam broadening factor given approximately by (21 
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6.8 N-Element Linear Array: Uniform Spacing, Nonuniform Amplitude 303 

(6-78) 

where R0 is the major-lo-side lobe voltage ratio. The beam broadening factor is plotted 
in Figure 6.22(a) as a function of side lobe level (in dB). 

The half-power beamwidth of a Dolph-Tscbebyscheff array can be determined 
by 

1. calculating the beamwidth of a uniform array (of the same number of clements 
and spacing) using (6-22a) or reading it off Figure 6.11 

2. mu\tip\ying the beamwidth of part ( \} by the appropriate beam broadening factor 
.f computed using (6-78) or reading il off Figure 6.22(a) 

The same procedure can be used to detennine the beam width of arrays with a cosine­
on-pedeslal distribution [2]. 
The beam broadening factor f can also be used to detennine the direclivily of large 
Dolph-Tschebyschcff arrays, scanned near broadside. wilh side lobes in the -20 to 
-60 dB range [2J. Thal is. 

2R/· 
Do = ---------

,\ 
\ + (Ri - l} f (L + d) 

(6-79) 

which is shown plotted in Figure 6.22(b} as a function of l + d (in wavelengths). 
From the data in Figure 6.22(b) it can he concluded that: 

1. The directivity of a Dolph-Tschehyscheff array. with a given side lobe level. 
increases as the array size or number of elements increases. 

2. For a given array length, or a given number of elements in the array. the directivity 
does not necessarily increase as the side lobe level decreases. As a maner of fact, 
a - 15 dB side lobe array has smaller directivity than a - 20 dB side lobe array. 
Thi!-. may not be the case for all other side lobe levels. 

The heamwidth and the directivity of an array depend linearly, but nm necessarily 
at the same rate, on the overall length or total number of elements of the array. 
Therefore. the beamwidth and directivity must be related to each other. For a unifonn 
broadside array this relation is [2] 

(6-80) 

where 0,1 is the 3-dB beamwidlh (in degrees). The above relation can be used as a 
good appro:x.irnation betwen bearnwidth and directivity for most \inear broadside 
arrays with practical distributions (including the Dolph-Tschebyscheff array). Equa­
tion (6-80) states that for a linear broadside array the product of the 3-dB beamwidth 
and the directivity is approximately equ..tl to 100. This is analogous to the product of 
the gain and bandwidth for electronic amplifiers. 
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Figure 6.22 Beam broadening factor and directivity c,f 
Tschcbyschcff arrays. (SOURCF!.: R. S. Ellioll, ''Bcamwidth 
and Directivity of Large Scanning Arrays.'' First of Two 
Parts, The Microwave Jo11mal, December 1963). 
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6.8 N-Element Linear Array: Uniform Spacing, Nonuniform Amplitude 305 

D. Design 
The design of a Dolph-Tscbebyscheff array is very similar to those of other methods. 
Usually a certain number of parameterl, is specified. and the remaining are obtained 
following a certain procedure. In this section we will outline an alternate method that 
can be used. in addition to the one outlined and followed in Example 6.9. Lo design 
a Dolph-Tschebyscbeff array. This method leads to the excitation coefficients more 
directly. 

Specify 
a. The side lobe level (in dB). 
b. The number of elements. 

Design Procedure 
a. Transform the side lobe level from decibels to a voltage ratio using 

R0 (Voltage Ratio) = [R0 (VR)] = IQR..<,tB1iw (6-81) 

b. Calculate P, which also represents the order of the Tschebyscheff polynomial, 
using 

P = number of elements -

c. Detennine : 0 using (6-73) or 

~, = cosh [ ~ cosh - 1 (R0 (VR))] 

d. Calculate the excitation coefficients using (6-77a) or (6-77b). 
e. Detem1ine the beam broadening factor using (6-78). 

(6-82) 

f. Calculate the half-power beamwidth of a uniform array with the same number of 
elements and spacing between them. 

g. Find the half-power beamwidth of the Tschebyscheff array by mulLiplying the 
half-power beamwidth of the uniform array by the beam broadening factor. 

h. The maximum spacing between the elements should not exceed that of (6-76a). 
i. Detem1ine the directivity using (6-79). 
j. The number of complete minor lobes for the three-dimensional pattern on either 

side of the main maximum. using the maximum permissible spacing. is equal to 
N - I. 

k. Calculate the array factor using (6-61a) or (6-61b). 

This procedure leads to the same results as any other. 

Example 6.10 

Calculate the half-power bcamwidth and the directivity for the Dolph-Tschebyscheff 
array of Example 6.9 for a spacing of A/2 between the elements. 

SOLUTION 

From Example 6.9, 

R11 = 26 dB r:> R0 = 20 ( voltage ratio) 
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306 Chapter 6 Arrays: Linear, Planar, and Circular 

Using (6-78) or Figure 6.22(a), the beam broadening factor.f is equal to 

f = 1.079 

According to (6-22a) or Figure 6.11, the beamwidth of a unifonn broadside array 
with L + d = SA is equal to 

0,, = 10.17° 

Thus the beamwidth of a Dolph-Tschebyscheff array is equal to 

0,, = 10.17~/' = l0.17°(1.079) = 10.97° 

The directivity can be obtained using (6-79), and it is equal to 

2(20)2 

D0 = -------- = 9.18(dimensionless) = 9.63 dB 
I + [(20)2 - I] 1.079 

5 

which closely agrees with the results of Figure 6.22(b). 

6.9 SUPERDIRECTIVITY 
Antennas whose directivities are much larger than the directivity of a reference antenna 
of the same size are known as superdirective antennas. Thus a superdirective array is 
one whose directivity is larger than that of a reference array (usually a unifonn array 
of the same length). In an array, superdirectivity is accomplished by inserting more 
elements within a fixed length (decreasing the spacing). Doing this, leads eventually 
to very large magnitudes and rapid changes of phase in the excitation coefficients of 
the elements of the array. Thus adjacent elements have very large and oppositely 
directed currents. This necessitates a very precise adjustment of their values. Asso­
ciated with this are increases in reactive power (relative to the radiated power) and 
the Q of the array. 

6.9.1 Efficiency and Directivity 

Because of the very large currents in the elements of superdirective arrays. the ohmic 
losses increase and the antenna efficiency decreases very sharply. Although practically 
the ohmic losses can be reduced by the use of superconductive materials, there is no 
easy solution for the precise adjustment of the amplitudes and phases of the array 
elements. High radiation efficiency superdirective arrays can be designed utilizing 
array functions that are insensitive to changes in element values [ 12]. 

In practice, superdirective arrays are usually called .mperga;n. However. super­
gain is a misnomer because such antennas have actual overall gains (because of very 
low efficiencies) less than uniform arrays of the same length. Although significant 
superdirectivity is very difficult and usually very impractical. a moderate amount can 
be accomplished. Superdirective antennas are very intriguing, and they have received 
much attention in the literature. 

The lt:nglh of the array is usually the limiting factor to the directivity of an array. 
Schelkunoff [ 13) pointt:tl out that theoretically very high directivities can be obtained 
from linear end-fire arrays. Bowkamp and de Bruijn [ 14), however, concluded that 
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6.9 Superdircctivity 307 

theoretically there is no limit in the directivity of a linear antenna. More specifically, 
Riblet l8) showed that Dolph-Tschebyscheff arrays with element spacing less than 
>J2 can yield any desired directivity. A numerical example of a Dolph-Tschebyscheff 
array of nine elements, A/32 spacing between the elements (total length of A/4). and 
a 1/19.5 (-25.8 dB) side lobe level was carried out hy Yaru l6]. It w.is found that to 
produce a directivity of 8.5 times greater than that of a single element. the currents 
on the individual elements must be on the order of 14 X I 06 amperes and their values 
adjusted to an accuracy of better than one part in 1011 . The maximum radiation 
intensity produced by such an array is equivalent to that of a single element with a 
current of only 19.5 x 10 • ~ amperes. If the elements of such an array are I-cm 
diameter, copper. A/2 dipoles operating at IO MHz. the efficiency of the array is less 
than 10- 1

"'0k. 

6.9.2 Designs With Constraints 

To make the designs more practical. applications that warrant some superdirectivity 
should incorporate constraints. One constraint is based on the sensitivity factor, and 
it was utilized for the design of superdirective arrays [ 15 I. The sensitivity factor 
{designated as K) is an important parameter which is related to the electrical and 
rnechanicaJ tolerances of an antenna, and it can be used to describe its performance 
(especially its practical implementation). For an N-element array. such as that shown 
in Figure 6.5(a), it can be written as I 151 

I\' 

Lla,p 
II. I K = ...,-------,,... 

I f a,,e-Jk,,,, 2 

11 •0 I 

(6-83) 

where "" is the current excitation of the nth element. and r:, is the distance from the 
11th element to the far-field observation point (in the direction ,f maximum radiation). 

In practice. the excitation coefficients and the positioning of the elements. which 
result in a desired pattern, cannot be achieved as specified. A certain amount of error, 
both electrical and mechanical, will always be present. Therefore the desired pattern 
will not be realized exactly, as require(.). However, if the design is accomplished based 
on specified constraints. the realized pattern will approximate the desired one within 
a specified deviation. 

To derive design constraints. the realized current excitation coefficients c,, • s arc 
related to the desired ones a,,·s by 

c,, = a,, + a,,u,, = <1,,(1 + a11 ) (6-83a) 

where a,,a,, represents the error in the nth excitation coefficient. The mean square 
va\ue of o:,, ,s denoted hy 

{6-83b) 

To take into account the e1Tor associated with the positioning of the cle111ents. we 
introduce 

(6-83c) 
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where <T is the root-mean-square value of the element position error. Combining 
(6-83b) and (6-83c) reduces to 

(6-83d) 

where ~ is a measure of the combined electrical and mechanical errors. 
For uncorrelated errors [ 151 

, average radiation intensity of realized pattern 

K ~- = maximum radiation intensity of desired pattern 

If the realized pattern is to be very close to the desired one, then 

c6-83c) 

Equation (6-83e) can be rewritten. by introducing a safety factor S, as 

ia~0KI (6-83f) 

S is chosen large enough so that ( 6-83e) is satisfied. When A is multiplied by I 00. 
I 00~ represents the percent tolerance for combined electrical and mechanical errors. 

The choice of the value of S depends largely on the required accuracy between 
the desired and realized patterns. For example, if the focus is primarily on the reali­
zation of the muin beam, a value of S == lO wiJI probably be satisfac.tory. For side 
lobes of 20 dB down, S should be about 1.000. ln general, an approximate value of 
S should be chosen according lo 

S = 10 X lOh/10 (6-83g) 

where h represents the pattern level (in dB down) whose shape is to be accurately 
realized. 

The above method can be used to design. with the safety factor K constrained to 
a cc11ain value, arrays with maximum directivity. Usually one first plots, for each 
selected excitation distribution and positioning of the elements. the directivity D of 
the amty under investigation versus the corresponding sensitivity factor K ( using 
6-83) of the same array. The design usually begins with the excitation and positioning 
of a uniform array (i.e., uniform amplitudes. a progressive phase. and equally spaced 
clements). The directivity associated with it is designated as Do while the correspond­
ing sensitivity factor. computed using (6-83 ). is e4ual to Ko = I IN. 

As the design deviates from that of the unifonn array and becomes superdirective. 
the values of the directivity increase monotonically with increases in K. Eventually a 
maximum directivity is auained (designated as Dm.,x ). and it corresponds to a K = 
K111a,: heyond that point (K > Km.ix). the directivity decreases monotonically. The 
antenna designer should then select the design for which D0 < D < Dmax and K0 = 
1/N < K < Km .. x· 

The value uf D is chosen subject to the constraint that K is a certain number 
who~e con·esponding tolerance error~ of (6-83f). for the desired safety factor S. can 
he achieved practically. Tolerance errors of less than about 0.3 percent are usually 
not achievable in practice. In general. the designer must trade-off between directivity 
and sensitivity factor: larger D's (provided D < D111 ... ~) result in larger K ' s (K s 
K111a,. ). and vice-versa. 
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A number of constrained designs can be found in [ 15]. For example, an array of 
cylindrical monopoles above an infinite and perfectly conducting ground plane was 
designed for optimum directivity at/= 30 MHz, with a constraint on the sensitivity 
factor. The spacing d between the elements was maintained uniform. 

For a four-element array. it was found that ford = 0.3A the maximum directivity 
was 14.5 dB and occurred at a sensitivity factor of K = 1. However for d = ().I A 
the maximum directivity was up to 15.8 dB. with the corresponding sensitivity factor 
up to about 103. AL K0 = 1/N = 1/4. the directivities ford = 0.3A and 0.IA were 
about \ \ .3 and 8 dB, respectively. When the sensitivity facto\· was maintained con~tant 
and equal Lo K = I. the directivity ford = 0.3A was 14.5 dB and only 11.6 dB for 
d = 0.1 A. IL should be noted that the directivity of a single monopole above an infinite 
grnund plane is twice that of the corresponding dipole in free-space and equal lo about 
3.25 (or about 5.1 dB). 

6.10 PLANAR ARRAY 
In addition to placing elements along a line (to form a linear array), individual radiators 
can be positioned along a rectangular grid to form a rectangular or planar array. Planar 
arrays provide additional variables which can be used to control and shape the pattern 
of the array. Planar arrays are more versatile and can provide more symmetrical 
patterns with lower side lobes. ln addition, they can be used to scan the main beam 
of the antenna toward any point in space. Applications include tracking radar. search 
radar, remote sensing, communications. and many others. 

6.10.l Array Factor 

To derive the array factor for a planar array. let us refer to Figure 6.23. lf M elements 
are initially placed along the x-axis. as shown in Figure 6.23(a). the array factor of it 
can be written according to (6-52) and (6-54) as 

M 
AF = ~ J eilni - l)(kd,sin8cosd>+,8,J 

~ "'' m=I 
(6-84) 

where /1111 is the excitation coefficient of each element. The spacing and progressive 
phase shift between the clements along the x-ax.is arc represented, respectively, by dx 
and ~.,·· If N such arrays are placed next to each other in they-direction. a distance d), 
apan and with a progressive phase ~v, a rectangular array will be formed as shown 
in Figure 6.23(b). The array factor for the entire planar array can be written as 

or 

where 

AF = ± 1,,, [ f '"''ei<111- ll(kJ,~inllws,,Hp,1] eJl11- IJ1.td.~in8sin¢>+P,) (6-84a) 
11 = 1 111= I 

M 

S.,·m = ~ J,,,,eilm - llCkJ,.~in8co~qH,8,J 
m=I 

(6-85) 

(6-85a) 
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.Y 

(~ I Llnl!ar array 

I 

0 

(bl Pl3nar array 

I 
'-.j 

Figure 6.23 Linear and planar array geometries. 

N 

S - "'J,,,ell11-IJ1k<l,,inflsind,+{J,1 
.I'll - L., 

11 = I 
(6-85b) 

Equation (6-85) indicates that the pattern of a rectangular array is the product of the 
array facJors of the arrays in the .r- and y-djrections. 

If the amplitude excitation coefficients of the elements of the array in the y-
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6.10 Planar Array 3 l t 

direction are proportional to those along the x, the amplitude of the (m. 11)th element 
can be written as 

If in addition the amplitude excitation of the entire array is uniform (/,,111 = /0 ). (6-
84a) can be expressed as 

M N 

AF= lo~ eJ(m-ll(kd,sinll.:os,f,+/J,J ~ ei<11-l)(k,/,sinllsin</,+,B,) (6-87) 
m=I n=l 

According to (6-6), (6-10), and (6-IOc), Lhe normaHzed form of (6-87) can also be 
written as 

AF,,(0, cf,) = 

where 

1/1., = k<t- sin fJ cos cf, + {3, 

,Py = kd~ sin 8 sin <f, + f3:-

1 
sin(I~) 

N ("',·) sin 2 

(6-88) 

(6-88a) 

(6-88b) 

When the spacing between the elements is equal or greater than A/2, multiple 
maxima of equal magnitude can be formed. The principal maximum is referred to as 
the major lobe and the remaining as the grating lol,es. A grating lobe is defined as 
"a lohe. other than the main lobe, produced by an array antenna when the inter 
element spacing is sufficiently large lo permit the in-phase addition of radiated fields 
in more than one direction." To form or avoid grating lobes in a rectangular array, 
the same principles must be satisfied as for a linear array. To avoid grating lobes in 
the x-z and y-z pl.mes. the spacing between the elements in the x- and y-directions, 
respectively. must be less than A/2 (d_, < >J2 and d_~· < A/2). 

For a rectangular array. the major lobe and grating lobes of S,m and S,.11 in (6-85a) 
and (6-85b) are located al • 

kd_, sin 0 cos </> + {3\ = ± 2m1r 

kdv sin (J sin c/J + (3\, = ± 2n1r 

m = 0, l, 2, .. . 

n = 0, I. 2, .. . 

(6-89a) 

(6-89b) 

The pha!ies /31 and /3" are independent of each other. and they can he adjusted so that 
the main beam of Sm, is not the same as that of S",,. However, in most practical 
appHcations it is required that the conical main beams of S.\m and Sw, intersect and 
their maxima be directed toward the same direction. If it is desired to have only one 
main beam that is directed along 0 = 00 and </> = </>0 , the progressive phase shift 
between the elements in the x- and y-directions must be equal to 

/3.,· = -kd, sin 80 cos cfki 

f31• = - ktl" sin 00 sin 'Pl> 

(6-90a) 

(6-90b) 

INTEL-1045 
U.S. Patent 7,151,430



312 Chapter 6 Arrays: Linear, Planar, and Circular 

When solved simultaneously, (6-90a) and (6-90b) can also be expressed as 

/3,.d1 
tan <Pl>= ~ 

/3.id), 

sin
2 

00 = (!J2 

+ 

(6-9la) 

(6-9lb) 

The principal maximum (m = n = 0) and the grating lobes can be located by 

kdAsin 0 cos cp - sin 00 cos c/Jc,) = ±2m1r. m = 0. I. 2 . ... (6-92a) 

kdy(sin 0 sin c/J - sin 60 sin <bu) = ±2n1r, 11 = 0, t. 2 .... (6-92b) 

or 

sin (I cos </, - sin (10 cos r./)0 = mA = o. I. 2 .... (6-93a) +- m 
d.i ' 

sin 0 sin cb - sin 00 sin c/>c1 = nA 
ll = 0, 1, 2, ... (6-93b) +-- d,. ' 

which. when solved simultaneously. reduce to 

_ 1 [ sin 00 sin <bo ± n'Ald,. ] t/> = tan . • 
sm Ho cos </,0 ± mAldx 

(6-94a) 

and 

• ~ 1 [sin 00 cos <PcJ ± mA/d.,,-J . _ 1 [ sin 00 sin <Pti ± nAJd,.] 6 = sm -------- = sin • 
cos cf, sin cb 

(6-94b) 

In order for a true grating lobe to occur, both fonns of (6-94b) must be satisfied 
simultaneously (i.e .. lead to the same 0 value). 

To demonstrate the principles of planar array theory. the three-dimensional pattern 
of a 5 X 5 element array of unifonn amplitude. /3., = /3,. = O. and dx = dv = 'A/4, 
is shown in Figure 6.24. The maximum is oriented along 60 = 0° and only the pattern 
above the x-y plane is shown. An identical pattern is fanned in the lower hemisphere 
which can be diminished by the use of a ground plane. 

To examine the pattern variation as u function of the element spacing. the three­
dimensional pattern of the same 5 X 5 element array of isotropic sources with ,ft = 
d). = A/2 and /3., = /3,. = 0 is displayed in Figure 6.25. As contrasted with Figure 
6·.24. the pattern of Figure 6.25 exhibits complete minor lobes in all planes. Figure 
6.26 displays the corresponding two-dimensional elevation pattemi-. with cuts at 
cJ, = 0° (x-: plane). c/, = 90° (y-z plane). and c/, = 45°. The Lwo principal patterns 
( cJ, = 0° and </) = 90°) are identical. The patterns of Figures 6.24 and 6.25 display a 
four-fold symmetry. 

As discussed previously, arrays possess wide versatility in their radiation char­
acteristics. The most common characteristic of an array is its scanning mechanism. 
To illustrate that. the Lhree-dimensional pattern of the same 5 x 5 element array, with 
its maximum oriented along the 60 = 30°. q,0 = 45°, is plotted in Figure 6.27. The 
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Figure 6.24 Three-dimensional antenna pattern of a planar array or isotropic elements with 
a spacing of d, = d, = A/4. and equal amplitude and phase excitations. 

elemem spacing is <f, = ti,. = A/2. The maximum is found in the first quadrant of the 
upper hemisphere. The small ring around the vertical axis indicates the maximum 
value of the pattc::m along that axis ( fl = 0°). The two-dimensional patterns are shown 
in Figure 6.28. and they exhibit only a two-fold symmetry. The principal plane pattern 
(</J = ()° or q, = 90°) is normalized relative to the maximum which occurs ut 00 = 
30°, <bo = 45°. Its maximum along the principal planes (</:i = 0° or </;i = 90°) occurs 
when f) = 21() and it is 17.37 dB down from the maximum at 80 = 30°. cp.1 = 45°. 

To illustrate the formation of the grnting lobes. when the spacing between the 
elements is large. the three-dimensional pattern of the 5 x 5 element array with d, 
= d,. = .,\ and /3 1 = /31• = 0 arc displayed in Figure 6.29. Its corresponding two­
dimensional elevation patterns at cf, = 0° ( cp = 90°) and cf, = 45° are exhibited in 
Figure 6.30. Besides the maxima along 0 = 0° and 0 = 180°, additional maxima 
with equal intensity, referred to as grating /obe,'i, appear along the principal planes 
(x-;: and)'·: plane~~ when O = 90°. Further increase of the ~pacing to d, = cl'" = 2.>i 
would resuh in additional grating lobes. 

The arrny factor of the planar array has hecn derived assuming that each element 
is an isotropic source. If the antenna is an array of identical elements. the total field 
can be obtained by applying the:: pattern multiplication rule of (6-5) in a manner similar 
as for the linear array. 

When only the central clement of a large planar array is excited and the others 
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,J,. cl,. = X, :'. 
P., = p,, = o 
M = :\' ~ 5 

0 

Rd~tivc 
muinitudc 

1.0 

' 'JO" 
0 

.1•-: pl:111c lit> = 90°) 

Figure 6.2S Three-dimensional antenna pattern of a planar array of isotropic clements with 
a spacing of d, = ti, ::::: M2. and equal amplitude and phase excitations. 

are passively terminated. it has been observed experimentally that additional nulls in 
the pattern of the element arc developed which are not accounted for by theory which 
does not include coupling. The nulls were observed to become deeper and narrower 
( 161 as the number or elements su1Tounding the excited element increased and ap­
proached a large array. These effects became more noticeable for arrays of open 
waveguides. ll has been demonstrated [ 17] that dips at angles interior to grating lobes 
are formed by coupling through surface wave propagation. The coupling decays very 
slowly with distance, so that even distant elements from the driven elements experi­
ence substantial parasitic excitation. The angles where these large variatiuns occur 
can he plnced outside scan angles of interest by choosing smaller element spacing 
than would he used in the ahsence of such coupling. Because of the complexity of 
the problem. it will not be pursued here any further but the interested reader is referred 
to the published literature. 

6.10.2 Beamtt·idth 

The task of finding the heamwidth of nonuniform amplitude planar arrays is quite 
formidable. Instead. a very simple procedure will be outlined which can be used to 
compute these parameters for large arrays whose maximum is not scanned too far off 
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Figure 6.26 Two-dimensional antenna patterns of a planar array of isotropic elements with 
a spacing of d, = d,. : A/2. and equal amplitude and phai.e excitations. 

broadside. The method [ 18) utilizes results of a uniform linear array and the beam 
broadening factor of the amplitude distribution. 

The maximum of the conical main beam of the array is assumed to be directed 
toward 60 • ~> as shown in Figure 6.3 \. To define a beamwidth, two planes are cht)sen. 
One is the elevation plane defined by the angle r/> = r/>o and the other is a plane that 
is perpendicular to it. The corresponding half-power beam width of each is designaled. 
respectively, by 0,, and 'I',. . For example. if the array maximum is pointing along 
80 = 11'l2 and c/>0 = Trl2. C,,)11 represents the beamwidth in the y-z plane and '111,. the 
beamwidth in the x-y plane. 

For a large array. with its maximum near broadside. the elevation plane half­
power beamwidth 0 11 is given approximately by [18] 
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0 

d, = cl;- = >../2 
11. =/1, =-ir/(~y~) 
l}(J = .10°, ¢11 = 45° 
M=N=S 

.-.:-: pl;inc (~ = 0°) 

Rclutivl' 
magnitudi: 

1.0 

0 

-~·-; plan~ (1/l = 90°1 

Figure 6.27 Three-dimensional antenna pattern of a planar array of isotropic ele­
me-nts with a spacing of d, ;; d,. ;; A/2, equal amplitude. and progressive phase 
excitation. 

0,, = (6-95) 

where 0,0 represents Lhe half-power beamwidth of a broadside linear array of M 
elements. Similarly, 0,0 represents the half-power beamwidth of a broadside array of 
N elements. 

The values of (")_rt, and 0,0 can be obtained by using previous results. For a 
uniform distribution, for e.xample, the values of 0_,{I and 01(1 can be obtained by using, 
respectively. the lengths (L, + dJI>.. and (Lv + d1,)/A and ·reading the values from the 
broadside curve of Figure 6.11. For a Tschebyscheff distribution, the values of 0 .dJ 
and 0,0 are obtained by multiplying each uniform distribution value by the beam 
broadening factor of (6-78) or Figure 6.22(a). The same concept can be used to obtain 
the beamwidth of other distributions as long as their corresponding beam broadening 
factors are available. 

For a square array (M = N. 0.rl> = 0,,o). (6-95) reduces to 

(6-95a) 

Equation (6-95a) indicates that for 00 > 0 the beamwidth increases proportionally to 
sec 00 = I /cos 00 . The broadening of the beamwidth by sec 80, as 80 increases. is 
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---- ¢, = 0° (:c-: plane) 
¢, -= 90° (y-z plant:) 

----- ~ = 45° 
d:r = d>, = >./2 
fJ:x = fJ>• = -'lr/(2,/"IJ 
60 °" 30°. o0 = 45° 
M=N=S 

ISD° 

Figure 6.28 Two-dimensional antenna patterns of a planar array of isotropic elements with 
a spacing of d, = (/,. = A/2. equal amplitude, and progressive phase excitation. 

consistent with the reduction by cos 80 of the projected area of the array in the pointing 
direction. 

The half-power bcamwidth '1',,, in the plane that is perpendicular to the cf, = <f,._1 

elevation. is given by I l 8 I 

'1'1, = 

and it does not depend on 00 • For a square array. (6-96) reduces to 

'111, = ~)_.O = (H))O 

(6-96) 

(6-96a) 
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d, =< ti,. = 1' 
(J,,=/i,=O 
M =N=5 

ReJa1ive 
magnitude 

1.0 

x-: pl,111c ((/, .. o•, J1-: plunc 141 = ()0° ) 

Figure 6.29 T lm::c-dimensional antenna pauern of a planar array of isolrnpic clements with 
a spaci ng or d. = d, == A. m1tl equal amplitude and phase excitations. 

The values of 0,0 anu (-) ,<1 ure the same as in (6-95) aud (6-95a). 
For a planar array, it is useful ro define a beam solid angJe !1A by 

n .4 = @11\Jr, .. (6-97) 

as it was done in (2-23). (2-24). and (2-26.t). Using (6-95) aml (6-96). (6-97) can be 
expressed as 

0 ,o~)_,~1 sec fJo .n.-\ - __________ ....:.;._ __________ _ 

[ sin1 <l>o + : 10
: co:::

2 
<Po]

112

[sin" cbii + : n>: cos
1 

c1>o]

112 

,1;() ,<I 

(6-98) 

6.10.3 Directiv ity 

The directiviry of' Lhe array factor AF(0. <J,) whose major beam i!> po1nt111g in the 
0 = 00 and 4> = <Po direction. can be obtained by employing the definition of (2-22) 
n.nd writing it a~ 

47T[AF(0o, c/>o)] f AFWu, c/>o)l*l,11:,~ 

- ('1r f"[AF(O. ch)1 [AF(8. ef>)I* sin O dtl ti</> Jo Ju 
(6-99) 
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Figure 6.30 Two-dimcn:.ion::il antenna patterns ol u planar array of i~otropic clements with 
a :.pacing of d, = cl,, = A. and equal nmpl i1uclc and phase cxdtation1,, 

A novel method has been introduced I IYJ ror integrating the terms of Lhe directivity 
expre'-Sion for ii,otropic and co11i1,;al pallerm,. 

As in U1e case of Lhe beamwidlh. the task or evaluating (6-99) for nonuniform 
amplitude distribution is formidable. Instead. a very simple procedure will be outli11ed 
to compute Lhe directiv ity of a planar array using data from linear arrays. 

\t should b~ pointed out that the directivity of an array wi th bid"1rectional {rwo­
sidcd pauern in free space) would be hair the directivity or Lhc sa1ne array with 
unidirectional (one-sided pattern ) elements (e.g., dipoles over ground plane). 

Por large planar arrays. whkh are nearly hrnac.lsidc. the direc1iv ity reduce., Lo r 181 

(6- 100) 
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e,, 

'- '- I 
I 
I 

-..,,._ I 

I ' '--..__¢fi_____:- .t I 

'l 

Figure 6.3 1 I lalf-r(1wcr bcamwidths ror a conical main beam orienlt:cl tnw,,rd O = 011 , 

1/J = <J,0 . (SOI IRCE: R. S. Elliott, .. Beamwidth and DirecLiviLy nf Large Scanning Arrays,'' 
Las1 of Two Parts, The iV!icro11·tt1',:Jmmwl. January 1964} 

where [)1 und D
1 

are Lhe clircctivitics or broadside J-i.nea.r arrays each. re!,pt:dively, of 
length and number of' elemems L,. M and L.1, N. The factor cos 00 accounts for the 
dei.:rease of the directivity because or the decrea.i::e of Lhe projected area of the array. 
Ench of I.he vaJue,. D, anti D,. can he ohtained by w;ing (6-79) wirh the appropdate 
beam broadening factor,/: For Tscheby!.cheff a1Tays, D., ancJ D 1• can be otllained using 
(6-78) or Figure 6-22(a) and (6-79). A lternatively, Lhey can· be obtained using Lhc 
graphical data of Figure 6.22(b). 

--Por most practical amplitude distributfons. the directivity of (6-100) is related to 
che heam solid angle of I.lie same wTilY by 

(6-101) 

where !1 1 i:- expressed in :c-quare radians or !.4uarc degree~. Equation (6-JOl) should 
he co1t1ptu·e<l witb (2-26) or (2-27) given by Kraus. 

Example 6.11 

Compute the half-power beamwidths. beam solid angle, and directivity or a planar 
square array of I 00 isotropic elements (IO X I 0). A~sume a Tschebyscheff distri­
hUI i1m. A/2 8pw.:ing bcrween the elements, - 26 JB side lobe level, and chc maximum 
oril!ntc<l along 00 == 30°, q,0 = 45°. 
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SOLUTION 

Since in the x- and y-directions 

l, + d~ = L,. + d\. = 5,\ 

and each is equal to L + d of Example 6.10, then 

0.dl = (".') 1,0 = )0.97° 

According lo (6-95a) 

01, = <~.ti sec 00 = I 0.97° sec(30°) = 12.67° 

and (6-96a) 

'{I,, = ~)di = I 0.97° 

and (6-97) 

6.11 Design Considerations 321 

nA = f>1,'111, = 12.67(10.97) = 138.96 (degrees2
) 

The directivity can be obtu.ine<l using (6-100). Since the array is square, D, = D, .. 
each one is equal to the directivity of Example 6.10. Thus • 

D0 = 1rcos (30°)(9.18)(9.18) = 229.28(dimensionless) = 23.60 dB 

Using (6-1 O I ) 

32.400 32.400 . . Do = fl ., = 
38 

= 233. I 6(d1mens1onless) = 23.67 dB 
11(degrees·) l .96 

Obviously we have an excellent agreement. 

6.11 DESIGN CONSIDERATIONS 
Antenna arrays can be designed to control their radiation characteristics by properly 
selecting the phase and/or amplitude distribution between the elements. It has already 
been shown that a control of the phase can significantly alter the radiation pattern of 
an array. In fact. the principle of scanning arrays, where the maximum of the array 
pattern can be pointed in different directions, is based primarily on control of the 
phase excitation of the elements. In addition. it has been shown that a proper amplitude 
excitation taper between the elements can be used to control the beamwidth and 
sidelobe level. Typically the level of the minor lobes can be controlled by tapering 
the distribution across Lhe array: the smoother the taper from the center of the array 
loward the edges, the lower the sidelobe level and the larger the half-power beam­
width, and conversely. Therefore a very smooth taper, such as that represented by a 
binomial distribution or others. would result in very low sidelobe but larger half­
power bcamwidth. In contrast, an abrupt distribution. such as that of uniform illumi­
nation. exhibits the smaller half-power beam width but the highest sidelobe level (about 
-13.5 dB). Therefore. if it is desired to achieve simultaneously both a very low 
sidelobe level. as well as a small half-power heamwidth. a compromise design has to 
be selected. The Dolph-Tschebyscheff design of Section 6.8.3 is one such distribution. 
There are other designs that can be use<l effectively to achieve a good compromise 
between sidelobe level and beamwidth. Two such examples are the Taylor Line-
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Source (Tschehyscheff Error) and the Taylor Line-Source (One-Parameter). These 
are discussed in detail in Sections 7.6 and 7.7 of Chapter 7. respectively. Both 
of these are very similar tu the Dolph-Tschebyscheff. with primarily the following 
exceptions. 

For the Taylor Tschebyscheff Error design, the number of minor lobes with the 
same level can be controlletl a~ part of the tlesign: the level of the remaining one is 
monotonically decreasing. This is in contrast to the Dolph-Tschehyscheff where all 
the minor lobes are of the same level. Therefore, given the same sidelobe level, the 
half-power beamwidth of the Taylor Tschebyscheff Error is slightly greater than that 
of the Dolph-Tschebyschcff. For the Tuylor One-Parameter design. the level or the 
first minor lobe (closest to the major lobe) is controlled as part of the design; thl! level 
of the remaining ones are monotonically tlecreasing. Therefore, given the same side­
lohe level, the half-power heamwidth of the Taylor One-Parameter is slightly greater 
than that of the Taylor Tschehyscheff Error, which in tum is slightly greater than that 
of the Dolph-Tschebyscheff design. More details of these two methods. and other 
ones, can he found in Chapter 7. However there are some other characteristics chat 
can he used to design arrays. 

Uniform arrays are usually preferred in design of direct-radiating active-planar 
arrays with a large number of elements 1201. One design consideration in satellite 
antennas is the beamwidth which can be used to detenninc the "footprint'' area of 
Lhe coverage. ll is importanl to relate the beamwidth to the size of the antenna. In 
addition. it is also important to maximize the directivity of Lhe antenna within the 
angular sector delincd by the beamwidth. especially at the edge-of-the-coverage 
(EOC) 120J. For engineering design purposes, closed-form expressions would be 
desirable. 

To relate the half-power beam width, or any other heamwidth. to the length of the 
array in closed form. iL is easier to represent the uniform array with a large number 
of clements as an aperture. The normalized array faclor for a rectangular array is that 
of (6-88). For broadside radiation ( 00 = 0°) and small spacings between the elements 
(d,1 << A and d1. << A), (6-88) can be used to spproximate the pattern of a uniform 
illuminated aperture. ln one principal plane (i.e .. x-: plane: cJ, = ()°) of Figure 6.23, 
(6-88) reduces for small clement spacing and large number of elements to 

• (Mkd, • ) 

1 
sm 2 stn fJ 

(AF),,( 0, cJ, = 0) = 
M . (kd, . ) sm 2 sm tJ 

• (Mkdr • ) sm -
2
-· sm O 

----- - -
Mkd, -

2
-· sin (J 

• (kl 1 
• ) sm 

2 
srn H 

=-----
kl, 

2 sin 8 

(6-102) 
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where l,l is the length of the array in the x direction. The array foetor of (6-102) c .. m 
be used to represent the field in a principal plane of a unifom1 aperture (see Sections 
12.5.1. 12.5.2 and Table 12.l). Since the maximum ertective areu of a unifom1 arrny 
is equal toil~ physical area Aem = AP [see (12-37)), the maximum directivity is equal 
to 

41T 41r 4 rr 
Do = >..'- Aem = A2 Ap = jf Lxl,y (6-10.l) 

Therefore the normalized power pattern in the x:z;-plaiw .. multiplied b~ the maximum 
directivity, can be written as the product of (6-102) and 16-103). and it can he 
expressed~ 

• (klr • o) 2 

sm -,;- srn 

P(8, <J, = 0) = (41r~it4) kl:-. -- (6-104) 
- - sm 0 

") 

The maximum of (6-104) occurs when 8 = 0°. Howev1:r, for any other anglo! 8 = 0,, 
the maximum of the pattern occurs when 

. (k~ . a) 1 sm 2 sm vr: = (6-105) 

or 

L- 1T __ A:] 
·' - k sin 8 •. - 2 sin t~ 

(6-l05a) 

Therefore to maximize the directivity at the edge (J - 9, of a given ungular sec:tor 
0° s 8 s Oc, the optimum apenure dimension must be cho~en according to (6-105a). 
Doing otherwise leads to a decrease in directivity al tho! edge--of-the-covernge. 

For a square aperture (L\. = L,,) the value of 1he norm11lized power pattern of 
(6-104} occurs when e = 0°," and it is equal to 

P(O = 0°>lmax = 4'1Te:f (6-106) 

while that at the edge of the covering, using the optinmm tlimen~ion, is 

(L )
2('2)2 

P(8 = 9,,) = 4'1T ; ; (6-107) 

Therefore the value of the directivity at the edge of che ch!sired 1..:overage ( 0 = 0,.), 
relative toil~ maximum value at 6 = 0°. is 

P(O = O~) = (2
)

2 

= 0.4053(dimensionkss) = -3.92 dB 
P(8 = 0) 1r 

(6-108) 

Thus the variation of the directivity within the desired co\ crage (0° < (1 < 0.-) is less 
than 4 dB. 

If, for example, the length of the array for a maximum hal f-power beamwidth 
coverage is changed from the optimum or chosen to he C1ptimizcd at another angle, 
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then the directivity at the edge of the half-power beamwidth is reduced from the 
optimum. 

Similar expressions have been derived for circular apertures with uniform. para­
bolic and parabolic with - 10 dB pedestal [20]. and they can be found in Chapter 12, 
Section 12.7. 

6.12 CIRCULAR ARRAY 

The circular array, in which the elements are placed in a cin.:ular ring, is an array 
configuration of very practical interest. Its applications span radio direction finding. 
air and space navigation, underground propagation, radar. sonar. and many other 
systems. 

6.12.1 Array Factor 

Referring to Figure 6.32, let us assume that N isotropic elements are equally spaced 
on the x-y plane along a circular ring of the radius a. The normalized field of the array 
can be written as 

N e-JkR,. 

E,,(r, 0, c/,) = L a,,--
n = I R,, 

(6-109) 

where R,, is the distance from the nth element to the observation point. In general 
., 1 ,,~ 

R,, = (,- + er - 2ar cos 1/1) - (6-109a) 

which for r >> a reduces to 

R/1 = ,. - Cl cos .,,,, = ,. - a(a,,. 8r) = ,. - a sin 0 cos(c/> - c/>11) (6-109b) 

where 

a,,. a,. = (a_, cos c/,,, + a_,. sin cb11) • (a, sin (J cos cf, + i _,. sin /j sin cf, + a~ cos 0) 

= sin 8 cos( cf, - cf,,,) (6-109c) 

Thus (6-109) reduces. assuming that for amplitude variations R,, = r, to 

-)l<r N 

E,,(r. IJ. tf,) = _e_ L a,,e·t-J/«/slnll,;;oslt/•-•/J,.> 
,. II= I 

where 

a,, = excitation coefficients (amplitude and phase) of nth 
element 

<f,,, = 277"(;) = angular position of nth element on x-y plane 

In general, the excitation coefficient of the ,z th element can be wrinen as 

a = J ,,)a. 
II II'-

(6-110) 

(6-111) 
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' 
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Figure 6.32 Gcomelry of an N-elernenl circular array. 

/ 11 = amplitude excitation of the 11th element 

a,, = phase excitation (relative to the array center) of the nth 
element 

With (6-111 ). (6-110) can be expressed as 

where 

- Jkr 

E,,(r; 0, cf,) = _e - f AFCO. <b)J ,. 

N 

AF(8, cf,)= L J,,ellkasinflcu~<<f,-</,.,1+<t.l 

11 ·= I 

(6-112) 

(6-l 12a) 

Equation (6-l 12a) represents the array factor of a circular array of N equally 
spaced elements. To direct the peak of the main beam in the (80 • <f,0 ) direction. the 
phase excitation of the nth clement can be chosen to be 

a,, = - ka sin 011 cos(c/>o - cf,,,) 

Thus the array factor of (6-I I 2a) can be written as 
N 

AF( 0, cp) = L J,,ejkalsm tJcos1tft-· cb.J- sin(~,cos(J,., - c.6.)1 

11-= I 
N 

= L /
11

eJkaJcos ,/1-cosl/l,.) 

rr = I 

(6-113) 

(6-114) 
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ma1?flillld~ 

1.0 

II 
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fsigure 6.33 Thrcc-di mcm,ional amplitude putlern of tile rnrny !'actor for II uni­
form ci rcular um1y of 10 elemenLS (C = ka = 10). 

To reduce (6-114) to a simpler form. we define Po as 

Thus the exponential in (C1- I14) tukcs the form or 

ko(cos 1/1 - co1s 1/10) 

(6-1 15) 

kµol sio (1 cos( c/> - </>,.) - sin Oo cos( </>r, - <J,,,) I - ____ __;__ ______ ..;.._ _____ __;__ _ _;_;__;__ _ _ _ 
l(sin 0 cos </J - sin 00 cos ¢n)J + (sin 0 -; in cf> - sin 00 ~in ¢1,)21 112 

(6-ll6) 

which when expanded redm:es to 

ka( cos 1/1 - cos t/t0) 

_ . { co~ </>,/sin H cos <f,, - sin 00 cos </,0 ) + 1sin </,,,(sin (~ sin <I> - sin 00 sin </>o)} 
- kpo [(sin 0 cos </J - sin 00 cos </>o)~ + (sin () sin </> - sin Ho sin c/>o)1 l112 

(6- l l6a1 
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Figure 6.34 Principal plane umpli1uue paucrn:-. of the array factor for a uniform circular 
array or IO elemenL, (ka : I 0). 

Defi.n.ino 
"' 

.sin (:J cos </> - sin 00 cos c/>0 
C()<; ! = ------------,-------------::-7""=-

[(Sin 0 cos c/J - sin f)0 cos <Ai· + (sin ()sin ¢ - sin 00 sin cf>o)2J112 

(6- 117) 

then 

sin g= r I - cos2 t l 112 

sin 0 sin c/J - ,;in 00 ~in <Po =------ ------,--------------:-:-= I ( sin O cos <b - sin 00 cos cbof + (sin 0 sin </J - sin 00 sin </J0)2 I 112 

(6-118) 
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Thus (6-116a) and (6-114) can he rewrillen. respectively, as 

ka(cos ~, - cos 1/10) = kp0(cos cp,, cos f + sin cp11 sin f) = kµ0 cos(cf,,, - ~) 
(6-119) 

N N 
AF( o. ¢) = L /,,eikll(C(ISl/, ·-co,,/111) = L l11e11r:,~.(co,,J,., - t, 

11=1 11~1 
(6-120) 

where 

_ 1 [ sin li sin cf, - sin (l0 c;;in <Po] 
{ = tan . " . ,.. 

sm (J cos ,fl - sm tlo cos <vo 
(6-l 20a) 

and p0 is defined by (6-115). 
Equations (6-120), (6-115), and C6-120a) can he used to calculate the array factor 

once N, I,,, a, 00 • and </>u are specified. This is usually very time consuming, even for 
moderately large values of N. The three-dimensional pattern of the array factor for a 
IO-element unifonn circular array of ka = 10 is shown in Figure 6.33 . The corre­
sponding two-dimensional principal plane patterns are displayed in Figure 6.34. As 
the radius of the array hecomes very large. the directivity of a uniform circular array 
approaches the value of N, where N is equal to the number of elements. An excellent 
discussion on circular arrays can be fow1d in 121 ]. 

For a unifonn amplitude excitation of each element (/11 = /0 ). (6-120) can be 
written as 

AF( 0. ,,..) = NI °" J (kPr )eJmNI m'2 - fl . . "P O L..J 111N ) (6-121) 

where J,,(x) is the Bessel function of the first kind (see Appendix V). The part of the 
army factor associated with Lhc zero order Bessel function J0 (kp0 ) is called the prin­
cipc,/ term and the remaining tenns are noted as the residuals. For a circular array 
with a large number of elements, the term J0 (kf)r1) alone can be used Lo approximate 
the two-dimensional principal plane patterns. The remaining tenns in (6-121) cumrib­
ute negligibly because Bessel functions of larger orders arc very small. 
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PROBLEMS 
6.1. Three isotropic sources, wilh spacing d between them. are placed along the z-axis. The 

excitation coefficient of each outside element is unity while thal of lhe center clement 
is 2. For a spacing of cl = A/4 between the clemenls. find the 
(a) array factor 
(b) angles (in degrees I where the nulls of the pattern occur (0° s (J s 180°) 
(c) angles (in degrees) where lhc maxima of the patlem occur (0° s fJ s 180°) 

6.2. Two very short dipoles (';infinitesimal··) of equal length are equidistunl from the origin 
wilh their centers lying on the y-axis. and oriented parallel to Lhe .:-axis. They are 
excited with currents of equal amplitude. The current in dipole I (al .v = -d/2) leads 
the current in dipole 2 (al y = + d/2) by 90" in phnsc. The spacing between dipoles is 
one quarter wavelength. To simplify the notation. let E0 equal the maximum magnitude 
of the far field at distance r due to either source alone. 
{a) Derive expressions for the following six principal plane pallems: 

I. 1£i O)I for 4> a= 0° 
2. !£11c H>I for 4> a= 90° 
J. )Ei i/J)I for tJ = 90° 
4. )E4,C {})) for d, = 0° 
5. IE4,< fJJJ for cp a= 90° 
6. 1£¢,< ,Ml ror o = 90° 

(b) Sketch lhe six lield pauems. 
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330 Chapter 6 Arrays: Linear, Planar, and Circular 

6.3. A three-element array of isotropic sources has the phase and magnitude relationships 
shown. The spacing between the elements is d = A/2. 
(a) Find lhe am1y factor. 
(b) Find aJI the null.~. 

.: 

T #2 ., 
d 

+ #I 
-i 

)' 

cl 

1 #3 +I 

6.4. Repeat Problem 6.3 when the excitation coefficients for elements #I. #2 and #3 are, 
respectively. + I. + j and - j. 

6.5. Four isotropic sources arc placed along the .::-axis as shown. Assuming that the ampli­
tudes of elements # I and #2 are + I and the amplitudes of elements #3 and #4 are 
- I {or I 80 degrees out of phai.e with # I and #2), find 
{ a) the array factor in ,\·impl~fied fi:mn 
{b) all the nulls when d = A/2 

~ 

T 
#2 

" ! 
T #I 
tl/2 

t y 

d/2 

t #3 

d 

l #4 

6.6. Three isotropic clements of equal excitation phase are placed along the y-axis. as shown 
in the figure. If the relative amplitude of # I is + 2 and of #2 and #3 is + I, find a 
.~implified expression for the three-dimensional unnormalized array factor. 

------o--d-..j 
------+-----------" 

113 #I #2 

6.7. Design a two-clement unifonn array of isotropic sources, positioned along the .:-axis a 
distance A/4 apart, so that its only maximum occurs along II = 0°. Assuming ordinary 
end-fire conditions, find the 
(a) relative phase excitation of each clement 
(b) array factor of the array 
(c) directivity using the computer program DIRECTIVITY al the end of Chapter 2. 

Compare it with Kraus' approximate fonnula 
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6.8. Repeat the design of Problem 6.7 so that its only maximum occurs along fJ = 180°. 
6.9. Design a four-element ordinary end-fire array with the elements placed along the :-ax.is 

a distance d apart and with the maximum of the array factor directed toward fJ = 0°. 
For a spacing of d = >.12 between the clements find the 
(a) progressive phase excitation between the clements to accomplish this 
(b) angles (in degrees) where the nulJs of the array factor occur 
(c) angles (in degrees) where the maximum of the atT'dY factor occur 
(d) beamwidth (in degrees) between the first nulls of the array factor 
(e) illrectivity (in dB) of the array factor. Verify using the computer program DIREC­

TIVITY at the end of the chapter. 
6.10. Design an ordinary end-fire unifonn linear array with only one maximum so that its 

directivity is 20 dB (above isotropic). The spacing between the elements is >.14. and its 
length is much greater than the spacing. Detennine the 
(a) number of elements 
(b) overall length of the array (in wavelengU1s) 
(c) approximate half-power beamwidUl (in degrees) 
(d) amplitude level (compared to the maximum of the m~jor lobe) of U1e first minor 

lobe (in dB) 
le} progressive phase shift between the elements (in degrees). 

6.11. Redesign the ordinary end-fire uniform array of Problem 6.10 in order to increase its 
directivity while maintaining the same. as in Problem 6.10. the unifonnity. number of 
elements. spacing between them. and end-fire radiation. 
(a) Whal different from the design of Problem 6.10 are you going to do to achieve 

this? Be very specific. and give values. 
(b) By how many decibels (maximum) can you increase the directivity. compared to 

I.he design uf Problem 6.1 O? 
(c) Arc you expecting the half-power beam width to increase or decrease? Why increase 

ur decrease and by how much? 
(d) What antenna figure-of-merit will be degraded by Lhii, design'! Be very specific in 

naming it. and why is it degraded? 
6.12. Ten isotropic clements are placed along the z-axis. Design a Hansen-Woodyard end­

fire array with the maximum directed toward (J = 180°. Find the: 
(a) desired spacing 
(b) progressive phase shift {3 (in radians} 
(c) location of all the nulls (in degrees) 
(d) lirsl null beamwidth (in degrees) 
(e) directivity; verify using the computer program DIRECTIVITY at the end of the 

chapter 
6.13. An array of JO isotropic elements are placed along the :-axis a distance d apart. 

Assuming unifonn distribution, find the progressive phase (in degrees). half. power 
beamwidth (in degrees). first null bcamwidth (in degrees), first side lobe level maximum 
beamwidth (in degrees). relative side lobe levt:I maximum (in dB). and directivity (in 
dB) (using equations and the computer progran1 DIRECTIVITY at the end of Chapter 
2. and compare) for 
(a) broadside ( c J Hansen-Woodyard end. fire 
(b) ordinary end-tire 
arrays when the spacing between the elements is d = >.14. 

6.14. Find the beamwidth and directivity of a JO-element unifonn scanning array of isotropic 
sources placed along the z-axis. The spacing between the elements is A/4 and U1e 
maximum is directed at 45° from its a.xis. 

6.15. Show that in order for a uniform array of N elements not to have any minor lubes. the 
spacing and the progressive phase shift between the clements must be 
(a) d = >JN, {3 = 0 for a broadside array. 
(b) d = >J(2N). {3 = ± kc/ for an ordinary end-lire array. 
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6.16. A uniform array of 20 isotropic elements is placed along the z-axis a distance A/4 apart 
with a progressive phase shift of /3 rad. Calculate /3 (give the answer in radians) for the 
following array types: 
(a) broadside 
(h) end-lire with maximum at O = 0° 
(c) end-fire with m,1ximum at 8 = I 80° 
(d) phased array with maximum aimed at 0 = 30° 
(e) Hansen-Woodyard with maxinu11n at fJ = 0° 
( f) Hansen-Woodyard with maximum al (J = 180° 

6.17. Design a 19-elcmcnl uniform linear scanning array with a spacing of A/4 between the 
clements. 
(a) What is the progressive phase excitation hctween the clements so that the maximum 

of the nrray factor is 30° from the line where the clements are placed'! 
(h) What is the half-power heamwidth (in degrees) of the array factor of part a? Verify 

using the computer program at the end of this chapter. 
(c) What is the value (in dB) of the maximum of the first minor lobe? 

6. J 8. For a uniform bromJsitle Hnear array of IO isotropic: ekm~ms. dctcnnine the approximate 
directivity (in dB) when the spacing between the elements is 
(a) A/4 
(h) A/2 
(c) 3.A/4 
(d) A 

Compare the values with those obtained using the computer program at the end of this 
chapter. 

6.19. The maximum distanced between the clements in a linear scanning: array to suppress 
grating lobes is 

A d :=-----
nwx I + I ( ,, · 1 cos .~o.l 

where 00 is the direction of the pattern maximum. What is the maximum distance 
between the clements. without introducing grating lobes. when the array is designed to 
scan Lo muximum angles of 
(a) /Jo = 30" 
Cb) 00 = 45° 
(C) 00 = 60° 

6.20. An array of 4 isotropic sources is fonned by placing one at the origin. and one along 
the x-, y-. and ::-axes a distanced from the origin. Find the array factor for all space. 
The cxcitat.ion coefficient of each clement is identical. 

6.21. Design a linear array of isotropic elements placed along the z-axis such that the nulls 
of the arrny factor occur at fl = 0° anu O = 45°. Assume that I.he elements are spaced 
a distance of .A/4 apart and that /3 = 0°. 
(a) Sketch and label the visible region on the unit circle 
(b) Find the required number of clements 
h.: I Dt:termine their excitation coefficients 

6.22. Design a linear array of isotropic clelllents placed along the z-axis such that the zeros 
of the array factor occur at fl = 10°. 70°. and 110°. Assume that the elements are spaced 
a distance of 'A/4 apart and that /3 = 45°. 
(a) Sketch and label the visihlc region on the unit circle 
(h) Find the required number of elements 
(c) Determine their excitation coefficients 

6.13. Repeat Problem 6.22 so that the nulls occur at 8 = 0°, 50° and 100°. Assume a spacing 
of M5 and /3 = 0° between the elements. 
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6.24. Design a three-element binomial array of isotropic elements positioned along lhe z-axis 
a distance d apart. Find the 
(a) normali1.ed excitation coefficients (c) nulls of lhe array factor ford = ,\ 
(b) array factor (d) maxima of the array factor ford = ,\ 

6.25. Show lhat a three-element binomiaJ array wilh a spacing of d :s A/2 between lhe 
clements does not have a side lobe. 

6.26. Four isotropic sources are placed symmetrically along lhe .:-axis a distance d apart. 
Design a binomial array. Find lhe 
(a) nonnalized excitation coefficients 
(b) array factor 
(c) angles (in degrees) where lhe array factor nuUs occur when d = 3>J4 

6.27. Five isotropic sources are placed symmetrically along lhe .:-axis. each separated from 
its neighbor by an electrical distance kd = 51rl4. For a binomial array, find 
(a) the excitation coefficients 
(b) the array factor 
(c) the nonnalizcd power pattern 
(d) the angles (in degrees) where the nulls (if any) occur 
Verify parts of lhc problem using the computer program at the end of this chapter. 

6.28. Design u four-clement hinomial array of ,\/2 dipoles. placed symmetrically along the 
x-axis a uistance d apart. The length of each dipole is paraUel to the .::-axis. 
(a) Find lhe normalized excitation coefficients. 
(b) Write the array factor for all space. 
(c) Write expressions for the £-lields for all space. 

6.29. Repeat lhe design of Problem 6.28 when the A/2 dipoles are placed along the y-axis. 
6.30. Design a broadside hinomial array of silt elements placed along lhe z-axis separated by 

a distanced = >J2. 
(a) Find the amplitude excitaLion coefficients (cz,,'s). 
(b) What is lhe progressive phase excitation between lhe clements'? 
(c) Write the array factor. 
(U) Now assume that lhe elements are ,\/4 dipoles oriented in lhe z-direction. Write the 

expression for lhe electric field vector in the far field. 
Verify par~ of lhe problem using the computer program al the end of this chapter. 

6.31. Repeal Problem 6.30 for an array or seven elements. 
6.32. Five isotropic clements, with spacing d between them. arc placed along the :-ax.is. For 

a binomial amplitude diatribution. 
(a) write the array factor in iL'- most simplified form 
(bl compute the directivity (in dB> using lhe computer program at lhe end of lhis 

chapter (d = >J2) 
(c) fjnd Lhe nulls of the array when d = ,H0° :s: I) :a.: 180°) 

6.33. Repeat Lhc design of Problem 6.24 for a Dolph-Tschebyscheff array wilh a side lobe 
level of - 20 dB. 

6.34. Design a lhrce-dement. - 40 dB side lobe level Dolph-Tschebyscheff array of isotropic 
clements placed symmetrically along the .:-axis. Find the 
(a) amplitude excitation coefficients 
(b) array factor 
(c) angles where the nulls occur ford = 3>J4 (0° :s () :5 180°) 
(d) directivity ford = 3>J4 
(e) half-power beamwidth ford = 3>J4 

6.35. Design a four-clement. - 40 dB side lobe level Dolph-Tschebyscheff array of isotropic 
elements placed symmetrically about lhe z-axis. Find lhe 
(a) amplitude excitaLion coefficients (c) angles where the nulls occur 
(b) array factor for d = 3>J4. 
Verify parts of the problem using lhe computer program al lhe end of this chapter. 
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6.36. Repeat the design of Problem 6.35 for a five-element. - 20 dB Dolph-Tschcbyschcff 
array. 

6.37. Repeat the design of Problem 6.35 for a six-clement. - 20 dB Dolph-TschebyschcIT 
anay. 

6.38. Repeat the design of Problem 6.28 for a Dolph-Tschcbyscheff distribution of - 40 dB 
side lobe level and A/4 spacing between the clements. In addition. find the 
(a) directivity of the entire array 
(h) half-power bcamwidths of the entire army in the x-y and y-: planes 

6.39. Repeat the design of Problem 6.29 for a Dolph-Tschebyscheff distribution of -40 dB 
side lobe level and A/4 spacing between the elements. In addition. find the 
(a) directivity of the entire array 
(b) hulf-power heamwidths of the entire array in the x-y and x-: planes 

6.40. Design a live-element, - 40 dB side lohe level Dolph-Tschchyscheff array of isotropic 
clements. The clements arc placed along the x-axis with a spacing of A/4 hctwcen them. 
Determine the 
(a) normali1..cd amplitude coefficients 
(b) array factor 
(c) directivity 
(d) half-power bcamwidth 

6.41. The total length of a discrete-element array is 4.A. For a - 30 dB side lobe level Dolph­
Tschcbysd1eff design and a spacing of A/2 between the elements along the :-axis. find 
the 
(a) number of elements 
(b) excitation coefficients 
(c) di rec ti vity 
(d) half-power beamwidth 

6.42. Design a broadside three-clement. - 26 dB side lube level Dulph-Tschebyscheff array 
of isotopic sources pJaced along the .:-axis. For this design. find the 
(a) normalized excitation coefficients 
(b) army factor 
(c) nulls of the array factor when d = A/2 (in degrees) 
(d) maxima of the array factor when d = .A/2 (in degrees) 
(e) beamwidth (in degrees) uf the array factor when d = >J2 
(f) directivity (in dB) of the array factor when d = >J2 

6.43. Design a broadside uniform array, with its elements placed along the z axis, so that the 
directivity or the array factor is 33 dB (above isotropic). Assuming I.he spacing between 
the clements is A/16. and it is very small compared to the overall length of the array. 
determine the: 
(a) Closest number of integer elements to achieve this. 
(bl Overall length of the array <in wavelengths). 
tc) Half-power beamwidth (in degrees). 
(d) Amplitude level (in dB) of the maximum or the first minor lobe compared to the 

maximum of the major lobe. 

6.44. The design of Problem 6.43 needs to be changed lo a nonunifonn Dolph-Tschebyscheff 
so that to lower the side lobe amplitude level to - 30 dB, while maintaining I.he same 
number of elements and spal"ing. For the new nonuniform design. what is the: 
(a) Half-power heamwidlh (in degrees). 
(b) Directivity (in dB). 

6.45. Design a Dolph-Tschcbyschcff linear array or N clements with uniform spacing hetween 
them. The array factor must meet the following specifications: 
( I) - 40 dB sidclohc level. 
(2) Four complete minor lobes from 0° s fl s 90°; all of the same level. 
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(3) Largest allowable spacing between the elements (in wavelengths) and still meet 
above specifications. 

Dctenninc: 
(a) Number of elements 
(h) Excitation coefficients. nonnalized so that the ones of the edge elements is unity. 
(c) Maximum allowable spacing (in wavelengths) between the elements and still meet 

specifications. 
(dJ Plot (in 1° increments) the normalized (max = 0 dB) array fac1or (in dB). Check 

to see thai the array factor meets the specifications. If 1101. find out what is wrong 
with it. 

Verify parts of the problem using the computer program at the end of this chapter. 

6.46. In high-pcrfonnancc radar arrays low-sidclobes are very desirable. In a particular ap­
plication it is ~ksired to design a broadside linear array which maintains all the sidelohes 
at the same level of - 30 dB. The number of clements must be 3 and the spacing 
between them musl he A/4. 
(a) State the design that will meet the specifications. 
(h) What arc the amplitude excitations of the elements? 
(c) What is the half-power beamwidth (in degrees) of the main lohc'! 
(d) Whal is the directivity (in dB) of the array'! 

6.47. Design a nonunifonn amplitude broadside linear array of 5 clements. The total length 
of the array is 2A. To meet the sidelobc and half-power bearnwidth specifications, the 
amplitude excitations of the elemenls must be that of a cosine-on-a-pedestal dislribution 
represented by 

Amplitude distribution = 1 + cos ( m,/l) 

where x,. is the position of the nth element (in terms of L) mea-;ured from the center of 
the arrny. Determine the amplitude excitation coefficients a/s of the five elements. 
Assume uniform spacing between the clements and the end clements are located al the 
edges of the array length. 

6.48. It is desired to design a uniform square scanning array whose elevation half-power 
beamwidth is 2°. Determine the minimum dimensions of the array when the scan 
maximum angle is 
(a) H0 = 30" 
(b) f/11 = 4S' 
(c) Ho = 60° 

6.49. Detennine the ai.imuthal and elevation angles of the grating lobes for a IO X 10 
element uniform planar array when the spacing between the elements is ,\. The maxi­
mum of the main beam is directed toward 00 = 60°. cAJ = 90° and the array is located 
on the x-y plane. 

6.50. Design a 10 x 8 ( 10 in the x direction and 8 in they) element unifonn planar array so 
that the main maximum is oriented along 80 = 10°. ¢., = 90°. For a spacing of 
d., = d,. = A/8 hetween the clements. tind the 
(a) progressive phase shift between the elements in the x and .r directions 
(b) directivity of lhe arrny 
(c) half-power heamwidths (in two perpendicular planes) of the array 
Verify the design using lhe computer program at the end of this chapter. 

6.51. The main heam maximum of a 10 X 10 planar array of isotropic elements ( 100 
elements) is directed toward 00 = 10° and </Jc, = 45°. Find the directivity. beamwidths 
(in two perpendicular planes). and beam solid angle for a Tschehyscheff dislribution 
design with side lobes or - 26 dB. The array is placed on the x-y plane and the elements 
are equaJly spaced with d = A/4. It should be noted that an array with bidirectional 
(two-sided pattern) elements would have a directivity which would be half of that of 
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the same array but with unidirectional (one-sided pattern) elements. Verify the design 
using the computer program al the end of this chapter. 

6.52. Repeat Problem 6.50 for a Tschebyscheff distribution array of - 30 dB side lobes. 
6.53. In the design of uniform linear arrays, the maximum usually occurs at 0 = 00 at the 

design frequency/ = /0 , which has been used to determine the progressive phase 
between the clements. As I.he frequency shifts [rom the designed center frequency / 0 to 
/ 11 , the maximum amplitude of the array factor at ./' = Ji, is 0.707 the nonnalizcd 
maximum amplitude of unity al/ = f0 . The frequency Ji, is referred to as the half­
power frequency, and it is used to determine the frequency bandwidlh over which the 
pallem maximum varies over an amplitude of 3 dB. Using the array factor of linear 
uniform array, determine an expression for Ute 3-dB frequency bandwidth in 1em1s of 
the length L of the array and the scan angle 80 . 
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COMPUTER PROGRAM • ARRAYS 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C 
C THIS IS A FORTRAN PROGRAM THAT COMPUTES THE 
C RADIATION CHARACTERISTICS OF: 
C 
C I. LINEAR ARRAYS (UNIFORM & BROADSIDE NONUNIFORM) 
C II. PLANAR ARRAY (BROADSIDE UNIFORM) 
C 
C mE UNIFORM AND BROADSIDE NONUNIFORM LINEAR ARRAYS HA VEN 
C ELEMENTS PLACED EQUIDISTANIL Y ALONG TifE Z-AXIS. 
C 
C BROADSIDE PLANAR UNIFORM ARRAY HAS M :x N ELEMENTS PLACED 
C EQUIDISTAN'IL Y ALONG TI-IE X ANDY AXES 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

OPTION I. LINEAR ARRAYS 

OPTION A. UNIFORM 

••CHOICES: ARRAY TYPE 
1. BROADSIDE (Maximum along 8 = 90°) 
2. ORDINARY END-FIRE (Maximum along 8 = 00 or 1800) 
3. HANSEN WOODY ARD END-FIRE (Maximum along 8 = 00 or 1800) 

4. SCANNING (Maximum along 8 = 8max) 

••ARRAY INPUT PARAMETERS 
1. NUMBER OF ELEMENTS 
2. SPACING BE'IWEEN THE ELEMENTS (in A) 
3. DIRECTION OF ARRAY MAXIMUM 8m&Jt (in degrees) 

•• PROGRAM OUTPUT: 
1. NORMALIZED ARRAY FACI'OR 
2. DIRECTIVITY (dimensionless and in dB) USING 

NUMERICAL INTEGRATION OF 1lffi ARRAY FACTOR 
3. HALF-POWER BEAMWIDTH (in degrees) USING AN 

ITERATIVE METIIOD (for all maxima in the pattern) 

OPTION B. NONUNIFORM (BROADSIDE) 

••CHOICES: ARRAY TYPE 
1. BINOMIAL 
2. DOLPH-TSCHEBYSCHEFF 

••BINOMIAL ARRAY INPUT PARAMETERS 
1. NUMBER OF ELEMENTS 
2. SPACING BE1WEEN THE ELEMENTS (in A) 

(continued on ne:xt page) 
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C (continued) 
C 
C 
C ••DOLPH-TSCHEBYSCHEFF ARRAY INPUT PARAMETERS 
C 1. NUMBER OF ELEMENTS 
C 2. SPACING BE'IWEENTiiE ELEMENTS (in)..) 
C 3. SIDE LOBE LEVEL (in posinve dB; i.e., 30 dB) 
C 
C ••PROGRAM OUTPUT: 
C 1. NORMAIJZED EXCITATION COEFFICIENTS (lo) 
C 2. NORMALIZEDARRAYFACIOR 
C 3. DIRECTIVITY (in dB) USING NUMERICAL 
C INTOORATION OF nm ARRAY FACTOR 
C 4. HALF-POWER BEAMWIDTH (in degrees) USING 
C AN ITERA 11VE ME'IHOD (for all maxima in the pattern) 
C 
C 
C OPTION ll. PLANAR ARRAY (BROADSIDE UNIFORM) 
C 
C ••ARRAY INPUT PARAMETERS 
C 1. NUMBER OF ARRAY ELEMENTS IN X-OIREC11ON 
C 2. SPACING BE1WEEN ELEMENTS IN X-DIRECTION (in A) 
C 3. NUMBER OF ARRAY ELEMENTS IN Y-DIREC11ON 
C 4. SPACING BE'IWEEN ELEMENTS IN Y-OIRECTION (in A) 
C 5. MAXIMUM BEAM DIRECTION ANGLE 80 

C 6. MAXIMUM BEAM DIRECTION ANGLE , 0 

C 7. nm AZIMUTIIAL ANGLE ,elevation (in degrees) AT WlilCH 
C TI-IE 2-D ANTENNA PATTERN NEEDS TO BE EVALUATED 
C 
C ••NOTE 
C ONLYnmELEVATIONANIENNAPATIERNIS 
C EVALUATED. nns PATTERN RANGES FROM 8:::()0 TO 
C 8=1800, WHEREAS, REMAINS CONSTANT AT 

C ~valion· IFTIIEPATIERNNEEDSTOBEEVALUATED 
C IN THE BACKSIDE REGION OF 1llE 2-D ARRAY, THEN 
C nm PROGRAM NEEDS TO BE RE-RUN FOR A NEW 
C AZIMUTIIAL ANGLE ci,•e1evatioo = ci,elevation + 18()0. 
C 
C ••PROGRAM OUTPUT: 
C 1. NORMALIZED ARRAY FACIUR EV ALUA1ED AT 
C A GIVEN ANGLE. 
C 2. DIRECTIVITY (in dB) USING NUMERICAL 
C INTOORATION OFllIE ARRAY FACTOR 
C 3. HALF-POWER BEAMWIDTII (in degrees) FOR AU. 
C MAXIMA rnAT OCCUR IN nm ELEVATION PLANE 
C OF1lIE2-DARRAYPATTERN 
C 
c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
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CHAPTER 

7 
ANTENNA SYNTHESIS AND 

CONTINUOUS SOURCES 

7.1 INTRODUCTION 

Thus far in the hook we have concentrated primarily on the analysis and design of 
antennas. In the analysis prohlem an antenna model is chosen. and it is analyzed for 
its radiation characteristics (pattern. directivity. impedance. beam width. efficiency, 
polarization, and bandwidth). This is usually accomplished by initially specifying the 
current distrihution of the antenna. and then analyzing it using standard procedures. 
If the antenna current is not known. it can usualty be determined from integral equation 
formulations. Numerical techniques. such as the Moment Method of Chapter 8. can 
be used to numerically solve the integral equations. 

In practh:e. it is often necessary to design an antenna system that will yjeld desired 
radiation characteristics. For example. a very common request is to design an antenna 
whose far-field pattern possesses nulls in certain directions. Other common requests 
are for the pattern to exhibit a desired distribution. narrow beamwidth and low side 
lobes. decaying minor lobes. and so forth. The task. in general, is to find not only the 
antenna configuration but also its geometrical dimensions and excitation distribution. 
The designed system should yield. either exactly or approximately. an acceptable 
radiation pattern, and it should satisfy other system constraints. This method of design 
is usually referred to as synthesis. Although synthesis, in its broadest definition, usually 
refers to antenna pattern synthesis. it is often used interchangeably with design. Since 
design methods have been outlined and illustrated previously, in this chapter we want 
to introduce and illustrate antenna pattern synthesis methods. 

Antenna pattern synthesis usually requires that first an approximate analytical 
model is chusen to represent. either exactly or approximately, the desired pattern. The 
second step is to realize the analytical model by an antenna model. Generally speaking, 
antenna pattern synthesis can be classified into three categories. One group requires 
that the antenna patterns possess nulls in desired directions. The method introduced 
by Schelkunoff (I] can be used to accomplish this; it will be discussed in Section 7.3. 
Another category requires that the patterns exhibit a desjred distribution in the entire 
visible region. This is referred to a~ beam shaping, and it can be accomplished using 
the Fourier transform (2] and the Woodward-Lawson [3]. (4] methods. They will be 
discussed and illustrated in Sections 7.4 and 7.5, respectively. A third group includes 
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340 Chapter 7 Antenna Synthesis and Continuous Sources 

techniques that produce patterns with narrow beams and low side lobes. Some methods 
that accomplish this have aleady been discussed: namely the binomial method (S,•.ction 
6.8.2) and the Dolph-Tschebyscheff method (also spelled Tchebyscheff or Chebyshev) 
of Section 6.8.3. Other techniques that belong to this family are the Taylor line-source 
(Tschcbyscheff error) £5] and the Taylor line-source (one-parameter) [6]. They will 
be outlined and illustrated in Sections 7.6 and 7.7, respectively. 

The synthesis methods will be utilized lo design line-sources and linear arrays 
whose space factors [as defined by (4-58aJ] and array factors [as defined by (6-52)] 
will yield desired far-field radiation patterns. The total pattern is fonned hy multiplying 
the sp.iu:e factor (or array factor) by the eJemenl factor {or elemenl paucm) as dkwted 
by (4-59) [or (6-5)]. For very narrow beam patterns. the total pattern is nearly the 
same as the space factor or array factor. This is demonstrated by the dipole antenna 
(I < A) uf Figure 4.5 whose element factor. as given by (4-58a), is sin 0; for vaJues 
of 0 near 90° (0 = 90°). sin O = I. 

The synthesis techniques will be followed with a brief discussion of some very 
popuhu· line-source distributions (triangular. cosine. cosine-squared) and continuous 
aperture distributions (rectangular and circular). 

7.2 CONTINUOUS SOURCES 

Very long (in terms of a wavelength) arrays of discrete elements usually are more 
difficull to implement. more costly. and have narrower bandwidths. For such appli­
cations, antennas with continuous distributions would be convenient lo use. A very 
long wire and a large reflector represent, respectively. antennas with continuous line 
and aperture distributions. Continuous distribution antennas usually have larger side 
lobes, arc more difficult lo scan. and in general. they are not a-; versatile as arrays of 
discrete elements. The characteristics of continuously distributed sources can be ap­
proximated by discrete-element arrays, and vice-versa. and their development follows 
and parallels that of discrete-element arrays. 

7.2.1 Line-Source 

Continuous line-source distributions are functions of only one coordinate. and they 
can be used to approximate linear arrays of discrete elements and vice-versa. 

The array factor of a discrete-element array. placed along the z-axis. is given by 
(6-52) and (6-52a). As the number of elements increases in a fixed-length array, lhe 
source approaches a continuous distribution. In the limit. the array factor summation 
reduces to an integral. For a continuous distribution. the factor that corresponds lo the 
array factor is known as the ."!pace fi1ctor. For a line-source distribution of length I 
placed symmetricaJJy along the :-axis as shown in Figure 7.1 (a), the space factor (SF) 
is given by 

(7-1) 

where /,,(z') and cf,,,(:') represent. respectively, the amplitude and phase distributions 
along the souce. For a constant phase distribution cf,,,(:') = 0. 

Equation (7-1) is a finite one-dimensional Fourier transfonn relating the far-field 
patlcrn of lhe source to it'i excitation distribution. Two-dimensional Fourier transforms 
are used to represent the space factors for two-dimensional source distributions. These 
relations are results of the angular spectrum concept for plane waves, introduced tirst 
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Figure 7.1 Continuous and discrete linear sources. 

by Booker and Clemmow [2]. and it relates the angular spectrum of a wave to the 
excitation distribution of the source. 

For a continuous source distribution. the total field is given by the product of the 
element and space factors as defined in (4-59). This is analogous 10 the pattern 
multiplication of (6-5) for arrays. The type of current mu/ its direction ,f.ffow 011 a 
source determine the element factor. For a finite length linear dipole. for example. 
the toul field of (4-58a) is obtained by summing the contributions of small infinitesimal 
elements which are used to represent the entire dipole. In the limit, as the infinitesimal 
lengths become very small, the summation reduces to an integration. In (4-58a), the 
factor outside the brackets is the element factor and the one within the brackets is the 
space factor and corresponds to (7-1 ). 

7.2.2 Discretization of Continuous Sources 

The radiation characteristics of continuQUS sources can be approximated by <liscrete­
element arrays. and vice-versa. This is illustrated in Figure 7.1 (b) whereby discrete 
elements. with a spacing d between them, are placed along the length ofthe continuous 
source. Smaller spacings between the elements yield better approximations. and they 
can even capture the line details of the continuous distribution radiation characteristics. 
For example. the continuous line-source distribution /11(:') of (7-1) can be approxi­
mated by a discrete-element array whose element excitation coefficients. at lhe 
specified element positions within -//2 < z.' :s; //2, are detem1ined by the sampling 
of I,,(:' )eN,,«='1• The radiation pattern of the digitized discrete-element array will ap­
proximate the pattern of the continuous source. 

The technique can be used for the discretization of any continuous distribution. 
The accuracy increases us the element spacing decreases; in the limit. the two patterns 
will be identical. For large element spacing. the patterns of the two antennas will not 
match well. To avoid this. another method known as root-matching can be used [7]. 
Instead of sampling the continuous current distribution to detennine the element 
excitation coefficients, the root-matching method requires that the nulls of the contin-
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342 Chapter 7 Antenna Synthesis and Continuous Sources 

uous distribution pattern also appear in the initial pattern of the discrete-element array. 
If the synthesized pattern using this method still does not yield (within an acceptable 
accuracy) the desired pattern. a perturbation technique [71 can then be applied to the 
distribution of the discrete-element array to improve its accuracy. 

7.3 SCHELKUNOFF POLYNOMIAL METHOD 

A method that is conducive to the synthesis of arrays whose patterns possess nulls in 
desired directions is that introduced by Schelkunoff [ 11. To complete the design. this 
method requires information on the number of nulls and their locations. The number 
of elements and their excitation coefficients are then derived. The analytical formation 
of the technique follows. 

Referring to Figure 6.5(a), the array factor for an N-element. equally spaced, 
nonuniform amplitude. and progressive phase excitation is given by (6-52) as 

N N 

AF = L a,,ei<11 - ll(k1/co~tl+J3) = ~ a,,ei<11- l)I/J (7-2) 
11= I 11=1 

where a11 accounts for the nonuniform amplitude excitation of each element. The 
spacing between the elements is d and /3 is the progressive phase shift. 

Lening 

(7-3) 

we can rewrite (7-2) as 

N 

AF = L a,,._"- 1 = a, + a2z + a3z
2 + · · · + aNz.N - I (7-4) 

11=1 

which is a polynomial of degree (N - 1 ). From the mathematics of complex variables 
and algebra, any polynomial of degree (N - 1) has (N - I) roots and can be expressed 
as a product of (N - 1) linear terms. Thus we can write (7-4) as 

(7-5) 

where Zi, z2, .:3 , ...• ZN - I are the roots, which may be complex, of the polynomial. 
The magnitude of (7-5) can be expressed as 

(7-6) 

Some very interesting observations can be drawn from (7-6) which can be used 
judiciously for the analysis and synthesis of arrays. Before tackling that phase of the 
problem, let us first return and examine the properties of (7-3). 

The complex variable z of (7-3) can be written in another fonn as 

z = lzleN = lzl Lr/I = 1 Lr/J 

2'7T 
r/J = kd cos l:) + {:3 = A d cos fJ + f3 

(7-7) 

(7-7a) 

It is clear that for any value of d. 0. or f3 the magnitude of :: lies always on a unit 
circle: however its phase depends upon d, fl. and {3. For f3 = 0, we have plotted 
in Figures 7-2(a)-(d) the value of z. magnitude and phase, as 8 takes values of O to 
'7T rad. It is observed that ford = A/8 the values of z. for all the physically observable 
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o = o· 
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I~ 

<b) d=X/4,jJ=0 
II' iii= 2 ..:os8 

(d) d = 3>..i4, p = 0 

iJ, = 
3~ cosO 

Figure 7.2 Visible Region (VR) and Invisible Region (IR) boundaries for complex 
variable z when fJ = 0. 

angles of 0, only exist over lhe part of the circle shown in Figure 7.2(a). Any values 
of :.: outside that arc are not realizable by any observation angle 0 for the spacing 
d = M8. We refer to the realizable part of the circle as the ,•isible rt•gion and the 
remaining as the invisible re~ivn. In Figure 7.2(a) we also observe the path of the z 
values as 8 changes from 0° to 180°. 

In Figures 7.2(b)-(d) we have plotted the values of:.: when the spacing between 
the elements is A/4. A/2, and 3A/4. It is obvious that the visible region can be extended 
by increasing the spacing between the elements. It requires a spacing of at least .V2 
to encompass, at least once, the entire circle. Any spacing greater than A/2 lea<ls to 
multiple values for z. In Figure 7.2(d) we have double values for: for half of the 
circle when cl = 3A/4. 

To demonstrate the versatility of the arrays. in Figures 7.3(a)-(d) we have plotted 
the values of z for the same spacings as in Figures 7.2(a)-(d) but with a {3 = rr/4. A 
comparison between the corresponding figures indicates that the overall visible region 
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IC) d = ;\./1, iJ = 11/4 

lb) d = ~,14, {l = 11/4 
,Ji"' 1 rn,O + f 

(ti) cl= 3~/4, i1 = 11 /4 

,J, = rrcosO + { ,,ti=·\" co~6 + f 
Figure 7.3 Visihle Region (VR) and /nvisihlc Region CIR) boundaries for com­
plex variable :. when /3 = 1r/4. 

for each spacing has not changed but its relative position on the circle has rotated 
counterclockwise by an amount equal to /3. 

We can conclude then that the overaU extent of the visible region can be controlled 
by lhe spacing between the elements and its relative position on the circle by the 
progressive phase excitation of the elements. These two can be used effectively in the 
design of the array factors. 

Now let us return to (7-6). The magnitude of the array factor. its form as shown 
in (7-6). has a geometrical interpretation. For a given value of: in the visible region 
of the unit circle. corresponding lo a value of 0 as determined by (7-3), IAFI is 
proportional to the product of the distances between .: and :1, : 2, .:3, ... , ZN- 1, the 
roots of AF. In addition. apart from a constant, lhe phase of AF is equal to the sum 
of the phases between : and each of the zeros (roots). This is best demonstrated 
geometrically in Figure 7.4(a). If all the roots Zi, z2• z3 • • •. • ZN - i are located in the 
visible region of the unit circle, then each one Clm-esponds to a null in the pattern of 
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(bl Roots of array factor on unit cirdc 
and within visibl,• region 

Figure 7.4 Array factor rools within am.I uutsklc unil drcle. and visible and invisi­
ble regions. 

!AFI because as 6 changes z changes and eventually passes through each of the z,,'s. 
When it does, the length between z and that z,. is zero and (7-6) vanishes. When all 
the zeros (roots) are not in the visible region of the unit circle, but some lie outside 
it and/or any other point not on the unit circle, then only those zeros on the visible 
region will contribute to the nulls of the pattern. This is shown geometrically in Figure 
7.4(b). lf no zeros exist in the visible region of the unit circle, then that pmticular 
array factor has no nulls for any value of 0. However, if a given zero lies on the unit 
circle but not in its visible region. that zero can be included in the pattern by changing 
the phase excitation /3 so that the visible region is rotated until it encompasses that 
root. Doing this. and not changing d, may exclude some other zero(s). 

To demonstrate all the principles, we will consider an example along with some 
computations. 

Example 7.1 

Design a linear array with a spacing between the elements of d = >J4 such that it 
has zeros at fl = 0°, 90". and I 80°. Determine the number of elements. their excitation, 
and plot the derived pattern. Use Schelkunoff's method. 

SOLUTION 

For a spacing of A/4 between the elements and a pha-;e shift /3 = 0°, the visible region 
is shown in Figure 7.2(b). If the desired zeros of the array factor must occur at (J = 
0°. 90°, and 180°. then these correspond to z = j, I, - j on the unit circle. Thus a 
nonnalized fonn of the array factor is given by 

AF= (z - :,)(z - z2><z - Z3) = (z - j)(z - I)(: + j) 

AF = z3 - z2 + z - I 
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Figure 7.5 Amplitude radiation pattern of a four-element array of isotropic 
sources with a spacing of A/4 between lhcm. zero degrees progressive phase 
shift. and zeros al O = 0°. 90°, and 180°. 

Referring to (7-4), the above array factor and the desired radiation characteristics can 
be obtained when there are four elements and their excitation coefficients are equal to 

(l I - -I 

"2 = +I 

a J = -I 
04 = +I 

To illustrate the method, we plotted in Figure 7.5 the pattern of that array: it 
clearly meets the desired specifications. Because of the symmetry of the array, the 
pattern of the left hemisphere is identical to that of the right. 

7.4 FOURIER TRANSFORM METHOD 

This method can be used to detennine, given a complete description of the desired 
pattern, the excitation distribution of a continuous or a discrete source antenna system. 
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1.4 Fourier Transform Method J47 

The derived excitation will yield. either exactly or approximately. the desired antenna 
pattern. The pattern synthesis using this method is referred to as beam ,\·haping. 

7.4.1 Line-Source 

For a continuous line-source distribution of length {, as shown in Figure 7. I. the 
normalized space factor of (7-1) can be written as 

J 
fl'! f /12 

SF(0) = /(z')e11k.:os(J--k,l:' dz' = l(l)eH:' dz' 
-m -m 

- I (e + k:) e = k cos 0 - k: :;;.;. 0 = cos k 

(7-8) 

(7-8a) 

where k:. is the excitation phase constant of the source. For a normalized unifonn 
current distribution of the form /( z') = /0/{, (7-8) reduces to 

[
kl ( k-)] sin 2 cos 0 - k-

SF(H) = lu-------

~ (cos (J - :~) 

(7-9) 

The observation angle O of (7-9) will have real values (visible region) provided that 
- (k + kJ ::;; f :::; (k - k) as obtained from (7-8a). 

Since the current distribution of (7-8) extends only over -1/2 < :' < //2 (and it 
is zero outside it). the limits can be extended to infinity and (7-8) can be written as 

(7- IOa) 

The fonn of (7-IOa) is a Fourier transform. and it relates the excitation distribution 
/(z') of a continuous source co its far~field space factor SF(6). The cransfom1 pair of 
(7-IOa) is given by 

(7-lOb) 

Whether (7-1 Oa) represents the direct transform and (7-1 Ob) the inverse transform. 
or vice-versa. does not matter here. The most important thing is that the excitation 
distribution and the far,field space factor are related by Fourier transfonns. 

Equation (7- I Ob) indicates that if SF<O) represents the desired pattern. the exci­
tation distribution I( z') that will yield the exact de!)ired pattern must in generaJ exist 
for all values of:' ( - :x. s :' s o::: ). Since physically only sources of finite dimensions 
are realizable, the excitation distribution of (7-IOb) is truncated at z' = ± l/2 (beyond 
z' = ± 11'2. it is set to zer<>). Thus the approximate source distribution is given by 

( 

l f ... . ,, 
, /(:/)=- SF(f)e -i~'fdf 

/"( .. ) = 211' -oc 

0 

- f 12 :s. -:,' s 1/2 

elsewhere 
(7-11) 
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and it yields an approximate pattern SF(O)". The approximate pattern is used to 
represent, within certain error. the desired pattern SF(0),1. Thus 

(7-12) 

It can be shown that. over all values of {, the synthesized approximate pattern 
SF( 0),, yields the least mean square error or deviation from the desired pattern SF(O)d. 
However that criterion is not satisfied when the values of e are restricted only in the 
visible region [8], [9]. 

To i11ustrate the principles of this design method, an example is taken. 

Example 7.2 

Determine the current distribution and the approximate radiation pattern of a line­
source placed along the :-axis whose desired radiation pattern is symmetrical about 
0 = 1rl2. and it is given by 

SF(O) =, { ~ 1rl4 < 0 ~ 31rl4 

elsewhere 

This is referred to as a sectoral pattern. and it is widely used in radar search and 
communication applications. 

SOLUTION 

Since the pattern is symmetrical. k-;;: = 0. The values of~. as determined by (7-8a), 
are given by kl "\12 ~ f ~ -kl y'2. In turn. the current distribution is given by 
(7-1 Ob) or 

sin (,.kz;,_) 
l JW""i . . k V .! = - r e -;: t d{ = --

2 7T -k/\/2 1ry2 

and it exists over all values of z' ( - oc s z' s x). Over the extent of the line source, 
the current distribution is approximated by 

l,,(z') == /(z'), -//2 s :' s l/2 

If the derived current distribution /(z') is used in conjunction with (7- l Oa) and it is 
assumed to exist over all values of z', the exact and desired sectoral pattern will result. 
If however it is truncated at z' = ± 112 (and assumed to be zero outside). then the 
desired pattern is approximated by (7-12) or 

f
m. 

SF(0)d = SF(0)11 = l"(z')e1f :.' dz' 
-112 
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7.4 Fourier Transform Method 349 

where Si(.l·) is the sine integral of (4-68bJ. 
The approximate current distribution (normalized so that its maximum is unily) 

is plotted in Figure 7 .6(a) for / = 5 A and / = IO A. The corresponding appmximme 
normalized patterns are shown in Figure 7.6(b) where they are compared with the 
desired pattern. A very good reconstruction is indicated. The longer line source (1 = 
lOA) provides a helter realization. The side lobes are about 0.102 (- 19.83 dB) for 
I = 5 A and 0.081 ( - 21.83 dB) for / = IO A ( relative to the pattern at O = 90°). 

7.4.2 Linear Array 

The array factor of an N-element linear array of equally spaced elements and non­
uniform excitation is given by (7-2). If the reference point is taken at the physical 
center of the array. the array faclor can also be written as 

Odd Number <!{ Elements (N = 2M + 1) 

M 

AF(fl) = AF(1/i) = L a
111

eJml/, 
111=-M 

(7-13a) 

Even Number lf E/emems (N = 2M) 

- I M 

AF(O) = AF(l/1) = L u,,,eill:J.m ~ I j/111/1 + L a,,,e.1111m - l)f.21,/, 
m ~ - M 111 - I 

(7-13b) 

where 

1/1 = kd cos 0 + /3 (7-l 3c) 

For an odd number of elements (N = 2M + I), the elements are placed at 

::;,, = md. m = o. ~ I. ~ 2. . . . . ± M (7-13d) 

and for an even number (N = 2M) at 

2m - I 

2 
d. 

71 == .... ,,. 
2m + I 

2 
d, 

I :5:m:sM 

(7-13e) 
-M:$m:s-l 

An odd number of elements must be utilized to synthesize a desired pattern whose 
average value, over all angles. is not equal to zero. Them = 0 term of (7-13a) is 
analogous to the d.c. term in a Fourier series expansion of functions whose average 
value is nol zero. 

In general. the array factm of an anlcnna is a periodic function of 1/1, and it must 
repeat for every 2 7T radians. In order for the array factor to satisfy the periodicity 
requiremems for real values of fl (visible region). then 2kd = 21r or cl = A/2. The 
periodicity and visible region requirement of d = A/2 can be relaxed: in fact. il can 
be made d < A/2. However. the array factor AF( 1/1) must be made pseudoperiodic by 
using fill-in functions. as is customarily done in Fourier series analysis. Such a 
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construcLinn leads lo nonunique solutions. because each new fill-in function will result 
in a different solution. In addition. spacings smaller than )t.12 lead to superdirective 
arrays that arc undesirahlc and impractical. If d > A/2, the derived pattems exhibit 
unllesirec.l grnting lobes; in addition, they must he restricted to satisfy the periodicity 
requirements. 

If AF( 1/1) represents the desired array factor. the excitation coefficients of the array 
can be obtained by the Fourier fom,ula of 

Odd Number ,f £/emems (N = 2M + I) 

I J m • 1 f" a = - AF(11·k -,m,;,d,/1 = - AF(,f,)e-.lm"'d,/J 
"' T -112 _,, 21r -11 

-M < m :5 M (7-14a) 

E1·e11 Nwnher of Elements (N = 2M) 

1 f T/2 - AF(1/1)e-W211•·• 1>n1v,d,f1 
T - ·m. 

-M:5m:5 -I (7-14bl 
<I,,, -

l<msM (7-14c) 

Simplifications in che forms of (7- l3aJ-(7- l 3b} and (7- I 4aJ-( 7- l4i:) can be obtained 
when the excitations are symmetrical aboUL the physical center of the array. 

Example 7.3 

Dctennine the excitation coefficients and the resultant pattern for a broadside discrete 
element army whose array factor closely approximates the desired symmetrical sec­
toral pattern of Example 7.2. Use 11 elements with a spacing of d = >J2 between 
them. Repeat the design for 21 elements. 

SOLUTION 

Since the array is broadside. the progressive phase shift between the elements as 
required by (6-18a) is zero (/3 = 0). Since the pattern is nonzero only for 1r/4 :5 0 :5 

37T/4, the corresponding values of 1/J are ohtained from (7-13c) or 1r/y2. > if,> -
7T/y2.. The cxcilaLion coeftkients are obtained from (7-14a) or 

I Jmy1 . I a,,,= - _e -,m,;,dl/1 = --
2r, tr1v2 V'2 

• (m1r) sm --
0 

ln'Tr 

0 
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1.0 

---- Line-source (/ = SX) 

-- - - - line-source(/= I0X) 
:-
-!! ... • • • • • • • Lmcar- array(/= S>.. IOX) 
c 
2 o.s 
= u 
'O .. 
. !:! 
;; 

e 
0 z 

(:1) Current distribution 

• • .. • • ••• • • • •• Desired pallern 

~ 

~ 
---- Lln~source (/ = SX) 

IL. 
V) ----- Linc-liOUrcc (/ = 10).) 
... 
B 0.5 
" ..:!! 
!J .... ,. 
C. .,, 

90 

Observallon an~lc O /Jcgrcc5) 

(b) Space factor 

Figure 7.6 Normalized current distribution. desired pattern. and synthesized patterns 
using the Fourier transform method. 

and they are symmetrical about the physical center of the array la111( - z:,,> = a,,,(.;:;11 )j. 
The corresponding array factor is given by (7- I 3a). 

The nonnalized excitation coefficients arc 

Clo = 1.0000 a ±J = 0.0578 a±!! = -0.0496 
a :!: 1 = 0.3582 a ± 5 -0.0895 a±'J = 0.0455 
a ... 2 = -0.2170 a =<> = 0.0518 a 1: 10 = -0.0100 
U1-3 0.0558 a= 7 0.0101 

They are displayed graphically by a dot (•) in Figure 7.6(a) where they are compared 
with the continuous current distribution of Example 7.2. It is apparent that at the 
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--
10 so 

............. • D.!~lre<I pall .. m 

____ Lmcar array 
(N= 11.d = X/:!) 

- - - - - Lin«:ar array 
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-:; 
t... 
< -
0 o.s ;: 

,.;! 
>, ,. 
I: 
< 

CJO 130 
Observation anilc O (d~gr~s) 

-­... 
170 

Figure 7.7 Desired array factor and synthesized normalized patterns for linear 
array of 11 and 21 elemc11ts using the Fourier transform method. 

element positions, the line-source and linear array excitation values are identical. This 
is expected since the two antennas are of the same length (for N = 11. d = A/2 ⇒ 
I = 5A and for N == 21. d = A/2 o / = lOA). 

The corresponding nonnalized array factors are displayed in Figure 7. 7. As it 
should be expected. the larger array CN = 21, d == >J2) provides a better reconstruction 
of the desired pattern. The side lobe levels, relative to the value of the pattern al 6 = 
90°.are0.061 (-24.29dB)forN = 11 and0.108(-19.33dB)forN= 21. 

Discrete element linear arrays only approximate continuous line-sources. There­
fore, their patterns shown in Figure 7.7 do not approximate as well the desired pattern 
as the corresponding patterns of the line-source distributions shown in Figure 7 .6(b). 

Whenever the desired pattern contains discontinuities or its values in a given 
region change very rapidly. the reconstruction pattern will exhibit oscillatory over­
shoots which are referred to as Gibhs • phenomena. Since the desired sectoral patterns 
of Examples 7.2 and 7.3 are discontinuous at ff = 1r/4 and 31r/4, the reconstructed 
patterns displayed in Figures 7 .6( b) and 7. 7 exhibit these oscillatory overshoots. 

7.5 WOODWARD-LAWSON METHOD 

A very p()pular antenna pattern synthesis method used for beam shaping was intro­
duced by Woodward and Lawson [3J, [4]. [10]. The synthesis is accomplished by 
sampling the desired pattern at various discrete locations. Associated with each pattern 
san1ple is a harmonic current of unifonn amplitude distribution and uniform progres-
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7.5 Woodward-Lawson Method 353 

sive phase. whose corresponding field is referred to as a composing fimccio11. For a 
line-source. each composing function is of an b,,, sin( 1/1,")/I/Jm form whereas for a linear 
array it takes an b111 sin(N</>m)IN sin( <Pm) fonn. The excitation coefficient h,,, of each 
harmonic current is such that its field strength is equaJ to the amplitude or the desired 
pattern at its corresponding sampled point. The total excitation of the source is 
comprised of a finite summation of space hannonics. The corresponding synthesized 
pattern is represented by a finite summation of composing functions with each term 
representing the field of a current harmonic with uniform amplitude distribution and 
uniform progressive phase. 

The fonnation of the overall pattern using the Woodward-Lawson method is 
accomplished as follows. The first composing function produces a pattern whose main 
beam placement is determined by the value of its uniforn1 progressive phm;e while its 
intermost side lobe level is about - 13.5 dB; the level of the remaining side lobes 
monotonically decreases. The second composing function has also a similar pattern 
except that its uniform progressive phase is adjusted so that its main lobe maximum 
coincides with the intermost null of the first composing function. This results in the 
filling-in of the intermost null of the pattern of the first composing function; the 
amount or filling-in is controlled by the amplitude excitation of the second composing 
function. Similarly. the uniform progressive phase of the third composing function is 
adjusted so that the maximum of its main lobe occurs at the second intcrmost null of 
1he lirst composing function: it also results in filling-in of the second intermost null 
of the first composing function. This process continues with the remaining finite 
number of composing functions. 

The Woodward-Lawson method is simple, elegant and provides insight into the 
process of pattern synthesis. However, because the pattern of each composing function 
perturbs the entire pattern to be synthesized. it lacks local control over the side lobe 
level in the unshaped region of the entire pattern. ln t 988 and l 989 a spirited and 
welcomed dialogue developed concerning the Woodward-Lawson method 1111-1141. 
The dialogue centered whether the Woodward-Lawson method should be taught and 
even appear in textbooks. and whether it should be replaced by an alternate method 
1151 which overcomes some of the short.comings of the Woodward-Lawson method. 
The alternate method of [ 15] is more of a numerical and iterative extension of 
Schelkunoff's polynomial method which may be of greater practical value because it 
provides superior beamshape and pattern control. One of the distinctions of the two 
methods is that the Woodward-Lawson method deals with the synthesis of .field 
pactems while that of usi deati:. with the synthesis of power purrerns. 

The analytical formulation of this method is similar to the Shannon sampling 
theorem used in communications which states that • 'if a function g ( t) is band-limited, 
with its highest frequency being ./i,. the function g(l) can be reconstructed using 
samples taken al a frequer1cy.fs- To faithfully reproduce the original function g(f), the 
sampling frequency J: should be at least twice the highest frequency .Ii, <J:. == 2/i,) or 
the function should be sampled at points separated by no more than Ar == 1/f; = 
1/(2 Ji,) = T,/2 where T1, is the period of the highest frequency Ji,.' ' In a similar 
manner. the radiation pattern of an antenna can be synthesized by sampling functions 
whose samples are separated by >JI rad, where l is the \ength 01· the source l91, [ \0\. 

7.5.1 Line-Source 

Let the current distribution of a continuous source be represented, within - //2 < 

z' ~ 112, by a finite summation of normalized sources each of constant amplitude and 
linear phase of the fonn 
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- //2 $ z' $ //2 (7-15) 

As it will be shown taler, 8,,, represents the angles where the desired pattern is sampled. 
The total current /( .. 'J is given by a finite summation of 2M (even samples) or 
2M + I (udd samples) current sources each of the form of (7-1.5). Thus 

(7-16) 

where 

m = 0, ± I. ::!:: 2 ..... ± M (for 2M + I odd numher of samples) {7- 16a) 

For simplicity always use mh.l number of samples. 

Associated with each current source of (7-15) is a corresponding field pattern of 
the fonn given by (7-9) or 

s,,,<6) = b,,, 
[

kl ] sin 
2 

(cos 8 - cos 8,,,) 

kl 
2 

(cos (J - cos 8,,,) 

(7-17) 

whose maximum occurs when 0 = 0,,,. The total pattern is obtaineJ by su1nming 
2M + I ( odd samples) terms each of the form gi vcn hy (7-17 ). Thus 

M 

SF(O) = :Z: bm 
m ~ -M 

• [kl ] sm 
2 

(cos 8 - cos 0,,,) 

kl 

2 (cos 8 - cos H,,,) 

(7-18) 

The maximum of each individual tenn in (7-18) occurs when 8 = 8111 , and it is 
equal to SF(O = 0,,,). In addition. when one tenn in (7-18) attains its maximum value 
at its sample at 0 = Om, all other tenns of (7-18) which are associated with the other 
samples are zero at (J = 8111 • In other words, all sampling terms (composing functions) 
of (7-18) are zero at all sampling points other than at their own. Thus at each sampling 
point the total field is equal to that of the sample. This is one of the most appealing 
properties of this method. If the desired space factor is sampled al O = 0,,,. the 
excitation coefficients b,,, can be made equal to its value at the sample points 8111 • Thus 

I b,,, = Sf (8 == 8,,,)J I (7-19) 

The reconstructed pattern is Lhen given by (7-18), and it approximates closely the 
desired paltern. 

In order for the synthesized pattern to satisfy the periodicity requirements of 21r 
for real values of O (visible region) and to faithfully reconstruct the desired pattern, 
each sample should be separated by 

(7-19a) 
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The location of each sample is given by 

c:osfJ"' = 111 a = 111 ( ➔). m = 0. ± I. ± 2 ... for odd samples (7-1%) 

(2111 - I) .l = (2111 - I) (~) 
2 2 I • 

m =+I. +2 ... for ,,,.,,,, samples 
c:os0,11 = 

(2m + I) = (2m + I) (~) 
2 d 2 I . • 

111 = - I. - 2 ... for t'l'e11 samples 

Therefore, M shoul<l he the closest intcg1:r lo M = /IA. 
As long as the 101.:ation of each sample is detennined by (7-19b), the pattern value 

al the sample points is detennincd solely hy that of one sample and it is not correlate<l 
to the field of the other samples. 

Example 7.4 
Repeat the <lcsign of Example 7.2 for I =" 5 A using odd samples and the Woo<lward­
Lawson linc:-soun:e synthesis method. 
SOLUTION 

Since I = 5A. M = 5 and the sampling sepuration is 0.2. The total number of sampling 
points i.s 11. The angles where the sampling is perfnrme<l are given. according to 
(7-1%). by 

m = 0. ±I, . . .. ±5 

The angles and the excitation coefficients at the sample points are listed below. 

m (J,n bm = SFWm)d Ill 11,n h,,, = SF/0111 ),, 

0 90° l 
I 78.46° I -I 101.54° I 
2 66.42° I 

_., 
113.58° I 

3 53.13° I -3 126.87° I 
4 36.87° 0 -4 143.13° 0 
5 oo 0 -5 180° 0 

The computed pattern is shown in Figure 7.8(a) where it is compared with the desired 
pattern. A good reconstruction is indicated. The side lobe level, relative to the value 
of the pattern at fJ = 90°. is 0.160 (- 15.92 dB). 

To demonstrate the synthesis of the pauem using the sampling concept, we have 
plotted in Figure 7.8(b) all seven nonzero composing functions s,,,(0) used for the 
reconstntction of the / = 5A line-source pattern of Figure 7.8(a). Each nonzero 
,\·,,i((J) composing function was computed using (7-17) for m = O. ± I. :'::: 2, ± 3. It 
is evident that at each sampling point all the composing functions are zero. except 
the one that represents that sample. Thus the value of the desired pattern al each 
sampling point is determined solely by the maximum value of a single composing 
function. The angles where the composing functions attain their maximum values are 
listed in the previous table. 
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1.0 

0 90 

Observation ;111glc- R (degrees) 

Desired pancrn 
Linc-source ISF (H)I ( / = 5A) 
l.incnr nrray IAF ((1)1 ( N = 10, t1 = A/2) 

(al ~om1alizcd amplitude patterns 

----- D..-,irt.'<l p.ilh:rn 
--- l.inc-,oum:)SF!91) Cl"-~AI 
--- C'1111lfk1si11g ft111ctin11, I 111 CH), 

111 = 0. ± I. ±I. ±J 

lb> Cumposing rum:tiuns rur line-source (I= 5.ilJ 

Figure 7.8 Del'lircd and synthesized patterns. and composing function:-; for Wood­
wurd-Lawson designs. 
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7.S.Z Linear Array 

The Woodward-Lawson method can also be implemented lo synthesize discrete linear 
arrays. The technique is similar lo the Woodward-Lawson method for line sources 
except that the pattern of each sample, as given by (7-17). ii-: replaced by the array 
factor of a uniform array as given by {6-lOc). The pattern of each sample can be 

written as [N ] 
sin 2 kd(cos 6 - cos 6,,,) 

,f,,,(6) = bm [ ] 
N sin ~ kd{cos 0 - cos 8m) 

(7-20) 

f = Nd assumes the array is equal to the length of the line source (the length t t~/' the line 
includes a distance d/2 beyond eac:h erzd element). The total array factor can be written 
as a superposition of 2M + I sampling. terms (as was done for the line source) each of 
the fonn of (7-20). Thus 

M sin [ ~ kd(cos 8 - cos 9m)] 

AF(0) = L h,,,--------­

'"' -M N sin ukd(cos 8 - cos Om>] 

(7-2 I) 

As for the line sources, the excitation coefficients of the array elements at the 
sample points are equal to the value of the desired array factor at lhe sample points. 

That is, I I 7 2" bm = AF(O = 0m)r1 ( - ... ) 

The sample points are taken at 

cosH,,, = ml:,. == m ( 7 ). m = 0, :: I, :!: 2.. . for ndd samples (7-23a) 

(2m- l)t:,.=(2m-1) (~). 
2 2 Nd 

cos/J,,, = 
m =+I. +2 ... for even samples 

<7-23b) 

(2m + I) t:,. = (2m + I} (~) 
2 2 Nd ' 

111 = - I, - 2 ... for even samples 

The normalized excitation coefficient of each array element. required to give the 
desired pattern. is given by 

M 
I J ~ 'I:, ' " a ( 7 ) = _ """' b e - , -~" cos.,., 

,1 - Nm --M m 
(7-24) 

where zn' indicates the position of the nth element (element in question) symmetrically 
placed about the geometrical center of the array. 

Example 7.5 

Repeat the design of Example 7.4 for a linear .11Tay of 10 clements using the Woodward­
Lawson method with odd s .. 1mples and an element spm:ing or d ==- A/2. 
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SOLUTION 

According to (7-19), (7-l 9b), (7-22) and (7-23a). the excitation coefficients of the array 
at the sampling points are the same as those of the line source. Using the values of 
bm as listed in Example 7.4. the computed array factor pattern using (7-21) is shown 
in Figure 7.8(a). A good synthesis of the desired pattern is displayed. The side lobe 
level. relative to the pattern value at H = 90°, is 0.221 ( - 13.1 dB). The agreement 
between the line-source and the linear array Woodward-Lawson designs arc also good. 

The normalized pattern of the symmetrical discrete array can also be generated 
using the array factor of (6-6la) or (6-61 b), where the normalized excitation coeffi­
cients a,,'s of the array elements are obtained using (7-24). For this example, the 
excitation coefficients of the IO-element array. along with their symmetrical position, 
are listed below. To achieve the nonnalized amplitude pattern of unity at (J = 90° in 
Figure 7.S(a), the array foctor of (6-61 a) must be multiplied by I /Ia,, = I /0.5 = 2.0. 

Element Number Element Position Excitation Coefficient 
n :C'n an 

±I ~0.25A 0.5695717 
±2 ~0.75,\ - 0.0344577 
±3 ± 1.25A - 0.0999999 
±4 ± 1.75A 0.1108508 
±5 ±2.25A -0.0459650 

In general. the Fourier transform synthesis method yields reconsLructed patterns 
whose mean-square error (or deviation) from the desired pattern is a minimum. 
However. the Woodward-Lawson synthesis method reconstructs patterns whose val­
ues at the sampled points are identical to the ones of the desired pattern: it does not 
have any control of the p?.ttern between the sample points, and it docs not yield a 
pattern with least mean-square deviation. 

Ruze [9] points out that the least-mean-square error design is not necessarily the 
best. The particular application will dictate the preference between the two. However. 
the Fourier transfonn method is best suited for reconstruction of desired patterns 
which are analytically simple and which allow the integrations to be performed in 
closed fonn. Today, with the advent of high-speed computers. this is not a major 
restriction since integration can be performed (with high efficiency) numerically. In 
contrast, the Woodward-Lawson method is more flexible, and it can be used to 
synthesize any desired panern. In fact, it can even be used to reconstruct patterns 
which. because of their complicated nature, cannot be expressed analytically. Meas­
ured patterns. either of analog or digital fonn, can also be synthesized using the 
Woodward-Lawson method. 

7.6 TAYLOR LINE-SOURCE 
(TSCHEBYSCHEFF ERROR) 

In Chapter 6 we discussed the classic Dolph-Tschebyscheff array design which yields, 
for a given side lobe level, th,:! smallest possible first null beamwidth (or the smallest 
possible side lobe level for a given first null beamwidth). Another classic design that 
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is closely related to it, but is more applicable for continuous distributions, is that by 
Taylor 151 (this method is different from that by Taylor l61 which will be discussed 
in the next section). 

The Taylor design f 51 yields a pattern that is an optimum compromise between 
beamwidth and side lobe level. In an ideal design. the minor lobes are maintained at 
an equal and specific level. Since the minor lobes are of equal ripple and extend to 
infinity, this implies an infinite power. More realistically, however, the technique as 
introduced by Taylor leads to a pattern whose first few minor lobes (closest to the 
main lobe) are maintained at an equal and specified level: the remaining lobes decay 
monotonically. Praclically, even the level of the closest minor lobes eJt.hibits a slight 
monotonic decay. This decay is a function of the space " over which these minor 
lobes are required to be maintained at an equal level. As this space increases, the rate 
of decay of the closest minor lobes decreases. For a very large space of u (over which 
the closest minor lobes are required to have an equal ripple). the rate of decay is 
ne.gligible. It should be pointed out, however, that the other method by Taylor [6] (of 
Section 7.7) yields minor lobes, all of which decay monotomically. 

The details of the analytical formulation are somewhat complex (for the average 
reader) and lengthy. and they will not be included here. The interested reader is 
referred to the literature [5]. [ 16]. Instead, a succinct outline of the salient points of 
the method and of the design procedure will be included. The design is for far-tield 
patterns. and it is based on the formulation of (7-1 ). 

Ideally the normalized space factor that yields a pattern with equal-ripple minor 
lobes is given by 

cosh [\/( 1rA)2 - u21 
SF(O) = -----­

cosh(1TA) 

I 
u = 1r-cos 0 

A 

(7-25) 

(7-25a) 

whose maximum value occurs when u = 0. The constant A is related to the maximum 
desired side lobe level R0 by 

cosh( 1rA) = R0 ( voltage ratio) (7-26) 

The space factor of (7-25) can be derived from the Dolph-Tschebyscheff array 
formulation of Section 6.8.3, jf the number of elements of the array are allowed to 
become infinite. 

Since (7-25) is ideal and cannot be realized physically, Taylor 151 suggested that 
it be approximated (within a certain error) by a space factor comprised of a product 
of factors whose roots are the zeros of the pattern. Because of its approximation lo 
the ideal Tschebyscheff design, it is also referred to as Tw:hebysdzeff error. The 
Taylor space factor is given by 

ii-I [ ( )2] II I - !!__ 
_ sin(u) 11 = 1 U11 

SF(u, A. n) = -,.,- 'f:r' [ l _ (.!!__).:!] 

11 = I 1111' 

(7-27) 
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I 
II = 1TU = 1TA cos (] (7-27a) 

I 
u,, = 1TV,, = 1TA cos 0,, (7-27b) 

where 0,, represents the locations of the nulls. The parameter Tl is a constant chosen 
by the designer so that the minor lobes for lul = lut1rl < n are maintained at a nearly 
constant voltage level of 1/R0 ; for !vi = lu!1rl > ii the envelope. through the maxima 
of the remaining minor lobes, decays at a rate of 1/v = 1rlu. In addition. the nulls of 
the pattern for /u/ 2 n occur at integer values of v. 

In general. there are ii - 1 inner nulls for lul < n and an infinite number of outer 
nulls for lvl 2 fz. To provide a smooth transition between the inner and the outer nulls 
(at the expense of slight beam broadening.), Taylor introduced a parameter u. It is 
usually referred to as the sea/in!( factor, and it spaces the inner nulls so that they blend 
smoothly with the outer ones. In addition. it is the factor by which the beamwidth of 
the Taylor design is greater than that of the Dolph-Tschebyscheff, and it is given by 

O" = -;:::::::;;:====:::; 
VA2 + (n - ½f 

(7-28) 

The location of the nulls are obtained using 

I {±mTVA2 + (11 - ½>
2 Is 11 < n 

u,, = 1ru,1 = 1r-cos 011 =a (7-29) 
,\ ± 111r n s n s x 

The normalized line-source distribution, which yields the desired pattern. is given 
by 

,\[ ii-I ( -:-')] l(z') = -
1 

l + 2 }: SF(p. A. ii) cos 21rp~ 
p=I I 

(7-30) 

The coefficients SF(p, A., n) represent samples of the Taylor pattern. and they 
can be obtained from (7-27) with u = 1rp. They can also be found using 

[(ii - 1 )!f 'rr' [ I - (1Tp)2] 
SF(p. A. ii) = {; - I + p)!(ii - I - p)! m• 1 "• 

with SF( - p. A, n) = SF(p. A. n). 
The half-power beamwidth is given approximately by [8] 

{
Au [ ( R )~] u:2} ®0 = 2 sin - 1 1rl ( cosh - 1 R0)2 - cosh - 1 \12 

7.6.1 Design Procedure 

To initiate a Taylor design. you must 

IPI 2: ii 
(7-30a) 

(7-31) 

1. specify the nonnalized maximum tolerable side lobe level J/R0 of the pattern. 
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2. choose a positive integer value for ii such that for !vi = !WA) cos OI s n the 
nom1aJizcd level of the minor lohes is nearly cc,nstant at I/R11• For !vi > JI, the 
minor lobes decrease monotonically. In addition, for lul < 11 there exist (II - I) 
nulls. The position of all the nulls is found using (7-29). Small values of ii yield 
source distributions which are maximum at the center and monotonically decrease 
toward the edges. In conu·ast. large values of ii result in sources which are peaked 
simultaneously at the center and at the edges. and they yield sharper main beams. 
Therefore, very small and very large values of JI should be avoided. Typically. 
Lhe value of ii should be al least 3 and al least 6 for designs with side lobes of 
- 25 and -40 dB. respectively. 

To complete the design. you do the following: 

1. Detem1ine A using (7-26), er using (7-28). and the nulls using (7-29). 

2. Compute the space fai..:tor using <7-27). the s<>urcc distribution using (7-30) and 
(7-30a). and the half-power beamwidth using (7-J I). 

Example 7.6 

Design a - 20 dB Taylor dislributiun line-source with n = 5. Plot the pattern and 
the current distribution for / = 7 A( - 7 :!S v = u/7r :!S 7 ). 

SOLUTION 

For a - 20 dB side lobe level 

R11 (voltage ratio) = 10 

Using (7-26) 

I 
A = - cosh - 1( IO) = 0.95277 

Tr 

and by (7-28) 

5 
u = ~=======::; = 1.0871 

y(0.95277)2 + (5 - 0.5)2 

The nulb are given by (7-29) or 

u,, = u,/7r= :t 1.17. ± 1.932. ±2.91 , ±3.943, ±5.00. ±6.U0. ±7.00, ... 

The con-esponding null angles for / = 7 A are 

H,, = 80.38° (99.62°). 73.98° ( 106.02°). 65.45° (114.55°). 

55. 71 ° ( 124.29°), 44.41 ° ( 135.59°), and 31.00° ( 149.00°) 

The half-power be<tmwidth for/ = 7 A is found using (7-31 ). or 

~)0 = 7.95° 

The source distribution. as computed using (7-30) and {7-30a). is displayed in Figure 
7.9(a). The corresponding radiation pattern for - 7 :!S v = 11/rr < 7 (0° ~ (-I< 180° 
for/ = 7A) is shown in Figure 7.9(h). 

All the computed parameters compare well with results reported in 151 and I 161. 
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Figure 7.9 Nom1ulizcd currenl distribulion and far-fie.Id space faclor patlern 
for u - :?0 dB side lobe and ii = 5 Taylor (Tschebyscheff error) line-source of 
I "' 7A. 

7 

0 ' 

7.7 TAYLOR LINE-SOURCE (ONE-PARAMETER) 

The Dolph-Tschebyscheff array design of Section 6.8.J yields minor lobes of equal 
intensity while the Taylor (Tschebyscheff error) produces a pattern whose inner minor 
lobes are maintained at a constant level and the remaining ones decrease mm10toni­
cally. For some applications. such as radar and low-noise systems, it is desirable to 
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7.7 Taylor Line-Source (One-Parameter) 363 

sacrifice some beamwidth and low inner minor lobes to have all Lhe minor lobes decay 
as the angle increases on either side of the main beam. In radar applications this is 
preferable because interfering or spurious signals would be reduced further when they 
try to enter through lhe decaying minor lobes. Thus any significant contributions from 
interfering signals would be through the pattern in the vicinity of the major lobe. 
Since in practice it is easier to maintain pattern symmetry around the main lobe, it is 
also possible to recognize that such signals are false targets. In low-noise applications, 
it is also desirable to have minor lobes that decay away from Lhe main beam in order 
to diminish the radiation accepted through them from Lhe relatively "hot" ground. 

A continuous line-source distribution that yields decaying minor lobes and, in 
addition, controls the amplitude of the side lobe is that introduced by Taylor [6] in 
an unpublished classic memornndum. It is referred to as the Taylor (one-parameter) 
design and its source distribution is given by 

/,,(:,') = 
- 112 s z' s + //2 

elsewhere 

(7-32) 

where J0 is the Bessel function of the first kind of order zero, I is the total length of 
the continuous source lsee Figure 7. l(a)J. and Bis a constant to be determined from 
the specified side lobe level. 

The space factor associated with (7-32) can be obtained by using (7-1 ). After 
some intricate mathematical manipulations, utilizing Gegenbauer's finite integral and 
Gegenbauer polynomials [ 17 ), the space factor for a Taylor amplitude distribution 
line-source with uniform phase [<f,,.(z') = cf,.,1 = 01 can be written as 

SF< (f) = 

where 

sinh[y'(7T8)2 - u2] 

I ,.. I , ' V (1r8)- - u-

sin[y'u2 - (1rB}2] 
/ ----;::::;;::===;;--

y' u1 - ( 1rB)2 

I 
u = 1r-cos 8 

A 

B = constant determined from side lobe level 

I = line-source dimension 

u2 < (1rBf· 

(7-33) 

(7-33a) 

The derivation of (7-33) is assigned as an exercise to the reader (Problem 7 .17). When 
(1TB)2 > i/, (7-33) represents the region near the main lobe. The minor lobes are 
represented by (1r8)2 < 1/- in (7-33). Either form of (7-33) can be obtained from the 
other by knowing that (see Appendix VI) 

sinUx) = j sinh(x) 

sinh(jx) = j sin(x) 
(7-34) 
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364 Chapter 7 Antenna Synthesis and Continuous Sources 

When " = 0 ( 8 = 1r/2 and maximum radiation). the normalized pattern height 
is equal to 

. . sinh( 7TB) 
(SF )mux = 1rB = Ho (7-35) 

For,/-» (1r8)2, the nonnalized fonn of (7-33) reduces to 

sin[\iu1 
- ('rrB)2J sin(u) 

SF({/) = ... 
1 

., , = --
vu- - (1rBt u 

(7-36) 

and it is identical to the pattern of a uniform distribution. The maximum height H1 of 
the side Johe of (7-36) is H1 = 0.217233 (or 13.2 dB down from the maximum), and 
it occurs when (see Appendix l) 

(7-37) 

Using (7-35). the maximum voltage height of rhe side lobe (relal"ive ro the max­
imum H0 of the major lobe) is equal to 

Hi 0.217233 -=-=-----
Ho R0 si nh( 1rB )/( 1TB) 

(7-38) 

or 

Ru =: 1 sinh( 1TB) = 
4

_
603 

sinh( 1TB) 

0.217233 1rB 1r8 
(7-38a) 

Equation (7-38a) can be used to find the constant B when the intensity ratio R0 
of the major-to-the-side lobe is specified. Values of B for typical side lobe levels are 

SIDE LOBE 
LEVEL 

<dBi 

B 

-10 -15 -20 -25 -30 -35 -40 

j0.4597 0.3558 0.7386 1.0229 1.2761 1.5136 1.7415 

The disadvantage of designing an array with decaying minor lobes as compared 
to a design with equal minor lobe level ( Dolph-Tschebyscheff ). is that it yields about 
12 to 15% greater half-power beamwidth. However such a loss in beamwidth is a 
small penalty to pay when the extreme minor lobes decrease as l /u. 

To illustrate the principles. let us consider an example. 

Example 7.7 

Given a continuous line-source. whose total length is 4A, design a Taylor distribution 
array whose side lobe is 30 dB down from the maximum of the major lobe. 

(a) Find Lhe constant B. 

(b) Plot the pattern (in dB) of the continuous line-source distribution. 
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7.7 Taylor Line-Source (One-Parameter) 365 

(c) For a spacing of A/4 between the elements, find the number of discrete 
isotropic elements needed to approximate the continuous source. Assume 
that the two extreme elements are placed at the edges of the continuous line 
source. 

(d) Find the normalized coefficients of the discrete array of part (c). 
(e) Write the array factor of the discrete array of parts (c) and (d). 
(f) Plot the array factor (in dB) of the discrete array of part (e). 
(g) For a corresponding Doi ph-Tschebyscheff array, find the normalized coef­

ficients of the discrete elements. 
(h) Compare the patterns of the Taylor continuous line-source distribution and 

discretized array, and the corresponding Dolph-Tschebyscheff discrete ele­
ment array. 

SOLUTION 

For a - 30 dB maximum side lobe, the voltage ratio of the major-to-the-side lobe 
level is equal to 

30 = 20 logio (R0 ) o R0 = 31.62 

(a) The constant Bis obtained using (7-38a) or 

sinh( 1rB) 
Ro = 31.62 = 4.603 TTB !'.") B = 1.2761 

(b) The normalized space factor pattern is obtained using (7-33), and it is shown 
plotted in Figure 7. I 0. 

(c) Ford = >J4 and with elements at the extremes, the number of elements is 
17. 

(d) The coefficients are obtained using (7-32). Since we have an odd number 
of elements. their positioning and excitation coefficients are those shown in 
Figure 6. I 7(b). Thus the total excitation coefficient of the center element is 

2a1 = In<z'>I..· - o = 1o(.i4.009) = 11.400 o <11 = 5.70 

The coefficients of the elements on either side of the center element are 
identical (because of symmetry). and they are obtained from 

£12 = /(z:' )I:·"' ±>-./4 = lu(j3.977) = 11.106 

The coefficients of Lhe other elements are obtained in a similar manner, 
and they are given by 

<13 = 10.192 

£14 = 8.889 

{/5 = 7.195 

a,, = 5.426 

Cl7 = 3.694 

QK = 2.202 

a9 = l .000 
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-3 
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8. 

1so• 

30" 

I 

I 

\ 
,so• 

I 120° 

Figure 7 .10 Far-field urnplilllde pnllcms of co111inut'>us and discretized Taylor 
(one-parameter) dis1riburion~. 

(e) The array factor is given by (6-61b) and (6-6 lc). or 

•I 

(AF)n = L all cosr2(11 - I )llJ 
11 = 1 

d -rr 
u = 1r A cos 0 = 4 cos 0 

where the coefficients (a,,'s) are tbose found in part (d) . 

(f) The normalized pattern (in dB ) of the discretized distribution (discrete ele­
ment array) is shown in Figure 7.10. 

(g) The nom1alized coefficients of a 17-element Dolph-Tschcbyscheff array. 
with - 30 dB side lobes. are obtained using the method oullinecl in lhe 
Design Section of Section 6.8.3 and are given by 
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'\ 
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~--} -" l 
- / - / 

\ 
' ' 120~· 

180° 

- - - - TJylor (ouc-paramctcrl: Discret11.eJ 

I 
f 

.,,, 1~0· 

Figure 7. ll Far-field amplitude paucrni- of Taylor (discretized) a.nu Dolph-Tschehyscheff 
di~Lribuliom, (I = -U. d = J../4. N = 17). 

UNNORMALlZEI) NORMALIZHO 

l/1 = 2.858 {/111 = 1.680 
t/ 2 = 5.597 L11,, = 3.290 
U3 = 5.249 {13,, = 3.086 
(14 = 4.706 l/~11 = 2.767 
G5 = 4.()22 a,,.,, = 2.364 
11r, = 3.258 a,,,,= 1.915 
l/7 = 2.481 U7,, = 1.459 
llH = 1.750 ax,, = 1.029 

"'' = 1.70 1 a.,,, = 1.000 

As with the discretized Taylor distribution arruy, the coefficients arc 
symmelrical. and lhe form of lhe array factor is l'hat given in part (c). 

(h) Tht:: normalized pattern (in dB } is plottetl in Figure 7. I I where it i~ compared 
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with that of the discretized Taylor distribution. From the patterns in Figures 
7.10 and 7.11. it can be concluded that 

1. the main lobe of the continuous line-source Taylor design is well ap­
proximated by the discretized disu·ibution with a A/4 spacing between 
the clements. Even the minor lobes are well represented, and a better 
approximation can be obtained with more elements and smaller spacing 
between them. 

2. the Taylor distribution array pattern has a wider main lobe than the 
corresponding Dolph-Tschebyscheff. but it displays decreasing minor 
lobes away from the main beam. 

A larger spacing between the elements does not approximate tl1e continuous 
distribution as accurately. The design of Taylor and Dolph-Tschebyschcff arrays for 
I = 4A and d = A/2(N = 9) is assigned as a problem at the end of the chapter 
(Problem 7.18). 

To qualitatively assess the perfom1ance between uniform. binomial, Dolph­
Tschebyscheff. and Taylor (one-parameter) array designs, the amplitude distribution 
of each has been plotted in Figure 7. I 2(a). It is assumed that / = 4A. d = A/4. N = 
17. and the maximum side lobe is 30 dB down. The coefficients are normalized with 
respect to the amplitude of the corresponding element at the center of that array. 

The binomial design possesses the smoothest amplitude distribution (between I 
and U) from the center to the edges (the amplitude toward the edges is vanishingly 
small). Because of this characteristic. the binomial array displays the smallest side 
lohes followed. in order. by the Taylor. Tschebyscheff. and the uniform arrays. In 
4.•ontr.isl. 1he uniform array po.~sesses the sm111Je . ..;1 half-power beamwidrh followed. in 
order. by the Tschebyscheff, Taylor. and binomial arrays. As a rule of thumb. the 
army with the smoothest amplitude distribution (from the center to the edges) ha-; the 
smallest side lobes and the larger half-power heamwidths. The best design is a trade­
off between side lobe level and beamwidth. 

7.8 TRIANGULAR, COSINE, AND 
COSINE-SQUARED AMPLITUDE DISTRIBUTIONS 

Some other very common and simple line-source amplitude distributions are those of 
the triangular. cosine. cosine-squared. cosine on-a-pedestal. cosine-squared on-a­
pedestal. Gaussian. inverse taper, and edge. Instead of including many details. the 
pattern. half-power beamwidth. first-null beamwidth, magnitude of side lobes. and 
directivity for uniform. triangular, cosine. and cosine-squared amplitude distrihutions 
(with constant phase) arc summarized in Tnble 7.1 (18). [191. 

The normalized coefficients for a uniform. triangular. cosine. and cosine-squared 
arrays of/ = 4A. d = A/4. N = 17 are shown plotted in Figure 7.12(b). The array 
with the smallest side lohes and the larger half-power beam width is the cosine-squared, 
be1.:ause it possessc=s the smoothest distribution. lt is followed, in order, by the trian­
gular. cosine. and uniform distributions. This is verified by examining the character­
istics in Table 7. I. 
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1.0 

~ ,' \ 
\ 

'/ I \ 
. I ., \ 
~ I ] \ 

I I "S. \ 

f I i \ -:, 0.5 
I u \ "' 

I i \ e I I 0 \ 
;' I 

z 
\ 

/ I \ I r / ' . .,,.,..,,,, ' . ...... 
8 6 4 :! 0 2 4 (, 8 

• • • • • • • •• • • • • Uniforn1 

----- Binomial 

Element number (from center) 

Tuylor 
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Figure 7 .12 Amplitude distribution or nonuniform amplitude linear arrays. 

Cosine on-a-pedestal distribution is obtained by the superposition of the unifom1 
and the cosine distributions. Thus it can be represented by 

.,, = {'o + /2 cos(; z'). -112 ::S z' < 112 
/,,(,. ) 0 elsewhere (7-39) 
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7.9 Line-Source Phase Distributions 371 

where /0 and /1 are constants. l11e space factor pattern of such a distribution is obtained 
by the addition of the patterns of the unifonn and the cosine distributions found in 
Table 7.1. That is. 

. sin(u) 7r/ cos u 
SFt0) = 101-u- + 12 2 (7r/2)2 _ u2 (7-40) 

A similar procedure is used to represent and analyze a cosine-squared on-a­
pedestal distribution. 

7.9 LINE-SOURCE PHASE DISTRIBUTIONS 
The amplitude distributions of the previous section were assumed to have uniform 
phase variations throughout the physical extent of the source. Practical radiators (such 
as reflectors, lenses. horns. etc.) have nonunifom1 phase fronts caused by one or more 
of the following: 

1. displacement of the reflector feed from the focus 
2. distortion of the reflector or lens surface 
3. feeds whose wave fronts are not ideally cylindrical or spherical (as they are 

usually presumed to be) 
4. physical geometry of the radiator 

These are usually referred to pha.re errors, and they are more evident in radiators with 
tilted beams. 

To simplify the analytical fom1Ulations, most of the phase fronts are represented 
with linear. quadratic. or cubic distributions. Each of the phase distributions can be 
associated with each of the amplitude distributions. ln (7-1 ), the phase distribution of 
the source is represented by c/>,,(z'). For linear. quadratic, and cubic phase variations, 
cf,11 (z') takes the fom1 of 

2 
-//2 < ::.' :S 1/2 (7-41a) li,war: ,p (-'> - /3 _, , ... - ,,.:., 

(2)
2 

quadratic: J I~ - //2 :S z' :-5 1/2 (7~4lb) c/}z( z ) ; /32 1 z ~, 

(")"' cubic: r/>:i.(z'J = f3:i. 7 z'·\ -//2 < z' < l/2 (7-41c) 

and it is shown plotted in Figure 7 .13. The quadratic distribution is used to represent 
the phase variations at the aperture of a horn and of defocused ( along the symmetry 
axis) reflector and lens antennas. 

The space factor patterns corresponding to the phase distributions of (7-4 la)­
(7-4 lc) can be obtained by using (7-1 ). Because the analytical fornrnlations become 
lengthy and complex. especially for the quadratic and cubic distributions. they will 
not be included here. rnstead, a general guideline of their effects will be summarized 
[18).1191. 

Linear phase distributions have a tendency to tilt the main beam of an antenna 
by an angle 80 and to form an asymmetrical pattern. The pattern of this distribution 
can be obtained by replacing the u (for unifonn pha!ie) in Table 7. J by (u - &1). In 
general. the half-power beamwidth of the tilted pattern is increased by I /cos 90 while 
the directivity is decreased by cos 00. This becomes more apparent by realizing that 
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__ ....i,r:: ___ _.._ ___ --'--(J'-'-1 ____ ....._ ___ _._ __ 

-//4 0 //4 
la) Linear 

- //2 -//4 0 //4 // 2 
( b) Quadratic 

fJ.1 

----01-----

L 
0 //2 

(c) Cuhi·. 

Figure 7.13 Linear, quadratic, and cubic phase variations. 

the projected length of the line source toward the maximum is reduced by cos 80. 

Thus the effective length of the source is reduced. 
Quadratic phase errors lead primarily to a reduction of directivity. and an increase 

in side lobe level on either side of the main lobe. The symmetry of the original pattern 
is maintained. In addition, for moderate phase variations, ideal nulls in the patterns 
disappear. Thus the minor lobes blend into each other and into the main beam, and 
they represent shoulders of the main beam instead of appearing as separate lobes. 
Analytical fonnulations for quadratic phase distributions were introduced in Chapter 
13 on horn antennas. 

Cubic phase distributions introduce not only a tilt in the beam but also decrease 
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7.10 Continuous Aperture Sources 373 

the directivity. The newly fomled pauerns are asymmetrical. The minor lobes on one 
side are increased in magnitude and those on the other side are reduced in intensity. 

7.10 CONTINUOUS APERTURE SOURCES 

Space factors for aperture (two-dimensional) sources can be introduced in a similar 
manner as in Section 7 .2.1 for line-sources. 

7.10.1 Rectangular Aperture 

Referring to the geometry of Figure 6.23(h). the space factor for a two-dimensional 
rectangular distribution along the x-y plane is given by 

(7-42) 

where /, w1d /_v are, respectively. the linear dimensions of the rectangular aperture 
along the x and y axes. A,,(x'. y') and c/>,,(x', y') represent. respectively. the amplitude 
and phase distributions on the aperture. 

For many practical antennas (such as waveguides, horns, etc.) the aperture distri­
bution (amplitude and phase) is separable. Thal is, 

A,,(x'. y') = fix') ly(y') 

<!>11<x', y') = </>.,{x') + </>y(.v') 

so that (7-42) can be written as 

where 

(7-42a) 

(7-42b) 

(7-43) 

(7-43a) 

(7-43b) 

which is analogous to the array factor of (6-85)-(6-85b) for discrete-element arrays. 
The evaluation of (7-42) can be accomplished either analytically or graphically. 

If the distribution is separable, as in (7-42a) and (7-42b), the evaluation can be 
performed using the results of a line-source distribution. 

The total field of the aperture antenna is equal to the product of the element and 
space factors. As for the line sources, the element factor for apertures depends on the 
type of current density and its orientation. 

7.10.2 Circular Aperture 

The space factor for a circular aperture can be obtained in a similar manner as for the 
rectangular distribution. Referring to the geometry of Figure 6.32, the space factor 
for a circular aperture with radius a can be written as 
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374 Chapter 7 Antenna Synthesis and Continuous Sources 

Table 7.2 RADIATION CHARACTERISTICS FOR CIRCULAR APERTURES AND 
ClRCULAR PLANAR ARRAYS WITH CIRCULAR SYMMETRY AND 
TAPERED DISTRIBUTION 

Radial Taper 
Distribution Uniform Radial Taper Squared 

Distribution 1{ I - ('::rr ,i[ I - (::r J /2[ I -(~:rr (analytical) 

Distribution .. .. .4 . 

' ' I 

(graphical) 
~ ~-- ~ -· • - :.. - .. :.. . - !. -

Space factor IS F) 
") , 11(11) 

4 
, J.,(11) 

/ 16 
2JJ(II} 

11 = (2,rr:~) sin H 
lo-TT,r-- 1, 1ra---- 2 1Ta --

II II II 

Half-power 
beamwidth 29.2 36.4 42.1 

-- -- --
(degrees) (a/A) (c,/A) (ct/,\) 
a>A 

First null 
hewnwidth 69.9 93.4 116.3 -- -- --
(degrees) (a/A) (a/A) (al A) 
a::)>A 

First side 
lobe max. -17.6 -24.6 -30.6 
<10 main max.) 
<dB) 

Directivity factor (2;,,r (
21T")

1 

0.1s T 0.56 (2:ar 

f
2·1Tf" SF(O, cb) = A,.(p'. c//)eilkp' sintlcus(,f,-,//il~(p' .r//ll p' dp' de// (7-44) 

I) 0 

where p' is the radial distance (0 -5 p' < a). </)' is the azimuthal angle over the 
aperture (0 $: c/,' s 21r for O s p' s a). and A,,(p'. c/,') and (,i(p'. cb') represent. 
respectively. the amplitude and phase distributions over the aperture. Equation (7-44) 
is analogous to the array factor of (6- I I 2a) for discrete clements. 

If the aperture distribution has uniform phase I {11( p'. cf,') = (.1 = OJ and azimuthal 
amplitude symmetry [A,,(p' , c/,') = A,,(p')]. (7-44) reduces, by using (5-48). to 

I
ll 

SF((I) = 21r A,.(p' )Jo(kp' sin8)p' clp' 
ll 

where J0(x) is the Bessel function of the first kind and of order zero. 

(7-45) 

Many practical antennas, such as a parabolic reflector. have distributions that 
taper toward the edges of the apertures. These distributions can be approximated 
reasonably well by func1ions of the fonn 
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0 s p' s a, 11 = 0, l, 2. 3, ... 

elsewhere 

For n = 0. (7-46) reduces to a uniform distribution. 

(7-46) 

The rndfarion characteristics of circular ~pertures or planar circular arrays with 
distributions (7-46) with 11 == 0. 1. 2 are shown tabulated in Table 7.2 [19). It is 
apparent. as before. that distributions with lower taper toward the edges (larger values 
of n) have smaller side Jobes but larger beamwidths. Jn design. a compromise between 
side lobe level and beamwidth is necessary. 
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PROBLEMS 

7.1. A three-element array is placed along the ::-axis. Assuming the spacing between the 
elements is d = A/4 and the relative amplitude excitation is equal to a1 = I, ct2 = :2. 
CIJ = I, 
(a) find the angles where the array factor vanishes when f3 = O. 1r/2. 1r. and '!,7T/2 
(h) plot the relative pattern for each array factor 
Use Schelkunoff's method. 

7 .2. Design a linear array of isotropic elements plal:ed along the ;:-axis such that the zeros 
of the array factor occur at (} = Og, 60g, and 120g. Assume that the elements are spaced 
A/4 apart and that the progressive phase shift between 1hem is 0°. 
(a) Find the required number of elements. 
(b) Dctem1ine their excitation cocrficiems. 
(c) Write 1he array factor. 
(d) Plot the array factor pattern to verify the validity of the design. 

7 .3. The ::-plane array factor of an array of isotropic elements placed along the z-axis is 
given by 

AF= z(z-1 - I) 

Detennine the 
(a) number of elements of the array. If there arc any clements with zero excitation 

coefficients (null elements), so indicate 
(b) position of each clement (including that of null element,;) along the:: axis 
(c) magnitude and phase (in degrees) excitation of each element 
(cl) angles where the pauem vanishes when the total am1y length (including null ele­

ments) is 2,\ 

7.4. Repeat Prob. 7.3 when 

AF= z(z 3 - I) 

7.5. Repeat Example 7.2 when 

SF(H) = { I 40° s II s 140° 
0 elsewhere 

7.6. Repeat the Fourier transform design of Example 7.2 for a line source along 1hc z-axis 
whose sectoral pattern is given by 

SF(ll) = { 
I 60° s 8 s 120° 

0 elsewhere 

Use I = 5A and I 0,\. Compare the reconstructed patterns with the desired one. 
7.7. Repeat the Fourier transform design of Problem 7.6 for a linear array with a spacing 

of d = ,\/2 between the elements and 
(a) N = 11 elements 
(b) N = 2 I elements 

7 .8. Repeat the design of Problem 7 .6 using the Woodward-Lawson method for line-sources. 
7.9. Repeat the design of Problem 7.7 using the Woodward-Lawson method for linear arrays 

for N = 10, 20. 
7. IO. Design. using the Woodward-Lawson method, a line-source of l = 5A whose space 

factor pattern is given by 

Detennine the current distribution and compare the reconstructed pattern with the 
desired pauem. 
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7 .11. Repeal the design of Problem 7. IO for a linear array of N = IO elements with a spacing 
of d = >J2 between them. 

7.12. In target-search, grounding-mapping radars, and in airport beacons it is desirable to 
have the echo power received from a target, of constant cross section, to be independent 
of its range R. 

Generally, the far-zone field radiated by an antenna is given by 

IE<R, 0, 4>)1 = C
0 

IF(ll, q,)I 
R 

where C0 is a constant. According to the geometry of the figure 

R = hlsin ((f) = h csc (8) 

T 
l 
" 

For a constant value of </,, the radiated field expression reduces to 

IE(R, 0, </, = <A,>I = Co IF{O, 'P = CAi)I = C, lf(O)I 
R R 

A constant value of field strength can be maintained provided the radar is flying 
at a constant altitude h and the far-field antenna pattern is equal to 

/(0) = C2 csc(8) 

This is referred to as a cosecant pattern, and it is used to compensate for the range 
variations. For very narrow beam antennas, the total pattern is approximately C{!Ual to 
the space or array factor. Design a line-source, using the Woodward-Lawson method, 
whose space factor is given by 

SF {
0.342 csc( 0), 

(8) == 
0 

20° s (J s 60° 

elsewhere 

Plot the synthesized pattern for / = 20A. and compare it with the desired pattern. 
7.13. Repeat the design of Problem 7.12 for a linear array of N = 41 elements with a spacing 

of d = >J2 between them. 
7.14. For some radar search applications, it is more desirable to have an antenna which has 

a square beam for 0 s fJ s 80, a cosecanl pattern for 00 s fJ s Om, and it is zero 
elsewhere. Design a line-source, using the Woodward-Lawson method, with a space 
factor of 

SF(6) ~ G.342 csc(6) 

15° s O < 20° 

20° s (J s 60° 

elsewhere 

Plot the reconstructed pattern for / = 20A, and compare it with the desired pattern. 
7.15. Repeal the design of Problem 7.14, using the Woodward-Lawson method, for a linear 

array of 41 elements with a spacing of d = >J2 between them. 
7.16. Design a Taylor (Tschebyscheff error) fine-source with a 

(a) - 25 dB side lobe level and n = 5 
Cb) - 20 dB side lobe level and n = l 0 
For each, find the half-power bcamwidth and plot the norn1nJized current distribution 
and the reconstructed pattern when / = l OA. 

7.17. Derive (7-33) using (7-l), (7-32), and Gegenbauer's finite integral and polynomials. 
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7.18. Repeat the design of Example 7.7 for an array with/ = 4A, d = A/2. N = 9. 
7 .19. Design a broadside five-element, - 40 dB side lobe level Taylor ( one-parameter) dis­

tribution array of isotropic sources. The elements are placed along the x-axis with a 
spacing of A/4 between them. Detennine the 
(a) nonnalized excitation coefficients (amplitude and phase) of each clement 
(h) array factor 

7.20. Derive the space factors for uniform. triangular. cosine, and cosine squared line-source 
continuous distributions. Compare with the results in Table 7. I. 

7.21. Compute the half-power beamwidth, first null beamwidth. first side lobe level (in dB), 
and directivity of a linear array of closely spaced elemenb with overall length of 4A 
when its amplitude distribution is 
(a) unifonn (b) triangular 
(c) cosine (d) cosine squared 

7.22. Derive the space factors for the uniform radial taper, and radial taper-squared circular 
aperture continuous distributions. Compare with the results in Table 7.2. 

7.23. Compute the half-power beamwidth, lirst null beamwidth. first side lobe level (in dB), 
and ga.in factor of a circular planar array of closely spaced elements, with radius of 2A 
when its amplitude distribution is 
(a) unifonn 
(b) radial taper 
(c) radial taper-squared 
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CHAPTER 

8 
INTEGRAL EQUATIONS, 

MOMENT METHOD, AND SELF 

AND MUTUAL IMPEDANCES 

8.1 INTRODUCTION 

In Chapter 2 it was shown, by the Thevenin and Norton equivalent circuits of Figures 
2.21 and 2.22, that an antenna can be represented by an equivalent impedance 
Z,,fZ11 = (Rr + RL> + jX,d. The equivalent impedance is attached across two terminals 
(terminals a - b in Figures 2.21 and 2.22) which are used to connect the antenna to 
a generator. receiver, or trnnsm.ission line. In general. t11is impedance is called the 
drivi11g-poin1 impedance. However, when the antenna is radiating in an unbounded 
medium, in the absence of any other interfering elements or objects, the driving-point 
impedance is the same as the se(f-impedance of the antenna. In practice. however. 
there is always the ground whose presence must be taken into account in determining 
the antenna driving-point impedance. The self- and driving point impedances each 
have, in general. a real and an imaginary parl. The real part is designated as the 
resistance and the imaginary part is calJed the reactance. 

The impedance of an antenna depends on many factors incJuding its frequency 
of operation. its geometry. its method of excitation, and its proximity to the surround­
ing objects. Because of their complex geometries. only a limited number of practical 
antennas have been investigated analytically. For many others, the input impedance 
has been determined experimentally. 

The impedance of an antenna al a point is defined as the ratio of the electric to 
the magnetic fields at that point: alternatively, at a pair of terminals it is defined as 
the ratio of the vultage to the current across those terminals. There are many methods 
that can be used to calculate the impedance of an antenna 111. Generally. these can 
be classified into three catogories: (I) the boundary-value method. (2) the transmis­
sion-line method. and (3) the Poynting vector method. Extensive and brief discussions 
and comparisons of these methods have been reported 11 ]. (21. 

The boundary-value approach is the most basic. and it treats the antenna as a 
boundary-value problem. The solution to this is obtained by enforcing the boundary 

379 
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conditions (usually that the tangential electric field components vanish at the con­
ducting surface). In turn, the current distribution and finally the impedance (ratio of 
applied emf to current) are detennined, with no assumptions as to their distribution, 
as solutions to the problem. The principal disadvantage of this method is that it has 
limited applil.:ations. It can only be applied and solved exactly on simplified geomet­
rical shapes where the scalar wave equation is separable. 

The transmission-line method. which has heen used extensively by Schelkunoff 
[3 ]. treats the antenna a'l a transmission line. and it is most convenient for the biconical 
antenna. Since it utilizes tangential electric field houndary conditions for its solution, 
this technique may also be classified as a boundary-value method. 

The bask approach to the Poynting vet.:tor method is to integrate the Poynting 
vector (power density) over a closed surface. The closed surface chosen is usually 
either a sphere of a very large radius r (r ~ 2D2/A where D is the largest dimension 
of the antenna) or a surface that coincides with the surface of the antenna. The large 
sphere closed surface method hm, heen intmduced in Chapters 4 and 5, but it lends 
itself to calculations only of the real part of the antenna impedance (radiation resis­
tance). The method that utilizes the antenna surface has been designated as the induced 
emf method. and it has been utilized [4]-(6] for the calculation of antenna impedances. 

The impedance of an antenna can also be found using an integral equation with 
a numerical technique solution. which is widely referred lo as the Integral Equation­
Merlwd of Momellls f71-r 14 ]. This method. which in the late I 960s was extended to 
include electromagnetic problems. is anulytically simple, it is versatile, but it requires 
large amounts of computation. The limitation of this technique is usually the speed 
and storage L'apacity of the computer. 

In this chapter the integral equation method, with a Moment Method numerical 
solution, will be introduced and used first to find the self- and driving-point impe­
dances. and mutual impedance of wire type of antennas. This method casts the solution 
for the induced current in the form of an integral (hence its name) where the unknown 
induced current density is part of the integrand. Numerical techniques. such as the 
Momelll Merhod (7]-[ 141, can then be used to solve the current density. In particular 
two classical integral equations for linear elements. Pocklington 's and HallcS/1 ':,; ln-
1exral Equatio11.\', will be introduced. This approach is very general, and it can be used 
with todays mudem computational methods and equipment to compute the character­
istics of complex configurations of antenna elements, including skewed arrangements. 
For special cases, closed form expressions for the self, driving point. and mutual 
impedances will be presented using the induced emf method. This method is limited 
to classical geometries. such as straight wires and arrays of collinear and parallel 
straight wires. 

8.2 INTEGRAL EQUATION METHOD 

The objective of the Integral Equation (IE) method for radiation or scattering is to 
cast the solution for the unknown current density. which is induced on the surface of 
the radiation scallerer. in the form of an integral equation where the unknown induced 
current density is part of the integrand. The integral equation is then solved for the 
unknown induced current density using numerical techniques such as the Moment 
Method (MM). To demonstrate this technique. we will initially consider some specific 
problems. For introduction. we will stan with an electrostatics problem and follow it 
with time-harmonic problems. 
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8.2.1 Electrostatic Charge Distribution 

In electrostatics, the problem of finding the potential that is due to a given charge 
distribution is often considered. In physical situations. however, it is seldom possible 
to specify a charge distribution. Whereas we may connect a conducting body to a 
voltage source, and thus specify the potential throughout the body, the distribution of 
charge is obvious only for a few rotationally symmetric geometries. In this section 
we will consider an integra1 equation approach to solve for the electric charge distri­
bution once the electric potential is specified. Some of the material here and in other 
sections is drawn from I 151. ll6]. 

From statics we know that a linear electric charge distribution p( r') creates an 
electric potential, V(r), according to [ 17 J 

I J p(r') , 
V( r) = -- sourc<1 -- di 

4 7T€() ( charge I R 
(8-1) 

where r'(.r', y'. z') denotes the source coordinates, r(x, y, z) denotes the observation 
coonlinates, di' is the path of integration. and R is the distance from any one point 
on the source to the observation point. which is generally represented by 

R(r, r') = Ir - r'I = y(x - x')i + (y - y')2 + (.: - .:'f (8-1 a) 

We see that (8-1) may be used to calculate the potentials that are due to any 
known line charge density. However, the charge distribution on most configurations 
of practical interest. i.e .. complex geometries, is not usually known. even when the 
potential on the source is given. It is the nontrivial problem of determining the charge 
distribution. for a specified potential. that is to be solved here using an integral 
equation-numerial solution approach. 

A. flnite Straight Wire 
Consider a straight wire of length I and radius a. placed along the y axis, as shown 
in Figure 8-1 (a). The wire is given a normalized constant electric potential of I V. 

Note that (8-1) is valid everywhere. including on the wire itself ( Vwirc = I V). 
Thus. choosing the observation along the wire axis (x = z = 0) and representing the 
charge density on the surface of the wire, (8-1) can be expressed as 

where 

1 = - 1- (' p(y' J <Iv' 0 :;;:; y < I 
47TEo Jo R(y. y') ' • 

R(y. y') = R(r, r')l.,=:=o = y'(y - y'f- + ((x')2 + (z')2] 

= y'(y _ y')2 + a2 

(8-2) 

(8-2a) 

The observation point is chosen along the wire axis and the charge density is repre­
sented along the surface of the wire to avoid R(y. y') = 0, which would introduce a 
singularity in the integrand of (8-2). 

lt is necessary to solve (8-2) for the unknown p(y') (an inversion problem). 
Equation (8-2) is an integral equation that can be used to find the charge density 
p( y') based on the [-V potential. The solution may be reached numerically by reducing 
(8-2) to a series of linear a1gebraic equations that may be solved by conventional 
matrix equation techniques. To facilitate this, let us approximctte the unknown charge 
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-

l V= IV 

I a J S11uigh1 wire 

. 

~-.. ,--, -, I\ t-

Cfir'(•-(-•-f:~u,,,iff_E.:-Ef -Ef-•- -· ,. 
/ ,,, ,,, ,;,, .'N-1 •N 

.I' (b) Segmenled wire 

Figure 8.1 Straight wire of conslanl potential and ils scgmcntution. 

di1stribution p(,v') by an expansion o r N known term\!. with corn,tunl. but 1.mknown, 
coefficients, that is, 

N 

P( v' ) = ~ a O (II') . non . 
11=1 

(8-3) 

Thus. (8-'.!) may be wrillen, using (8-3). as 

4'7TEo = ~: R( I •') [i a,1t:11(/)] dy' 
J1 .Y,) 11 - I 

(8-4) 

Because (8-4) is a nonsingulur integral, its integration and summation can be inter­
changed, anti iL can be wriuen as 

4 "'\:' 811 Y) I N Ji' ( I 
1re0 = ,,c., a,1 V , , ,dv 

11 = I ll (y - y )- + a- • 
(8-4a) 

The wire is now dividctl into N uniform segmenL<;, each of length ~ !IN, as 
illustrated in Figure 8. l (b). The g11 (/) function-, in the expansion (8-]) are chosen 
for their ability to accurately model the unknown quantity, while minimizing com­
pulati()n. They are often referred to 3Ji hasis (or expansion) functions, and they will 
be discussed further in Section 8.2.3. To avoid complexity in this solution. subdomain 
piecewise constanl (or " pulse'·) functions will he used. These funcrions, shown in 
Figure S.S. are defi.ned to be of a constant value over one segment and zero elsewhere, 
or 

y' < (n - I )~ 

(11 - J )~ Sy' S 116. 

nd <y' 

(8-5) 
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Many other basis functions are possible. :mme of which will be introduced later in 
Section 8.2.J. 

Replacing y in (8-4) by a fixed point such as y 111 • results in an integrand that is 
solely a function of y', so the integral may be evaluated. Obviously. (8-4) leads to 
one equation with N unknowns a,, written as 

l~ g ( v') J 2
~ g~( v') 

41reo = a 1 
1 

• , dy' + a2 R • • , dy' + • • • 
0 R(_v,,,, _y ) A (y,,,. _\' ) (8-6) 

J,114 g,,(y') I l' g,v(y') , 
+ "" , dv + • • • + a,.., , dv 

,,. - I t.1 R(yn,, y ) ' 1N - I 1.l R(yn,, _v ) ' 

In order to obtain a solution for these N amp1itude constants. N linearly independent 
equacions are necessary. These equations may be produced by choosing N observation 
points y,,, each at the center of each d length element as shown in Figure 8.1 (b). This 
results in one equation of the form of (8-6) corresponding to each observation point. 
For N such points. we can reduce (8-6) to 

J,~ g ( y') l' gN(_v') , 
41r£0 = a 1 

1 
• , dy' + • • · + "N , dv 

I R(y,. y ) N- II~ R(y,. y ) • 

4 81 _\ d , + + gN _\ d I 

1
.1 ( , ') l' ( ·') 

1re = a v • • • a v 
O I l R(yN, y') • N (N- IIA R(YN• y'} ' 

We may write (8-6a) more concisely using matrix notation as 

[Vml = fZ,,,,,][/,,] 

where each Z,,,,, term is equal to 

Z,,,,, = ll Rn (_v') 
---;=====-===dv' 

o \I( v - v' )2 + a2 • 
• hi . 

1,,,3, 1 
= ---,=====.r==..dv' 

,, 11'3. \l(y,,, - _y')2 + a2 •• 

and 

(I,,J = la,,J 

I v,,,1 = f41reoJ -

(8-6a) 

(8-7) 

(8-7a) 

(8-7b) 

(8-7c) 

The V,,, column matrix has all terms equal to 41re0• and the I,, = a,, values are the 
unknown charge distribution coefficients. Solving (8-7) for [/,J gives 

11,,I = la,,) = {Z,,,,,J- 1l V,,,] (8-8) 

Either (8-7) or (8-8) may readily be solved on a digital computer by using any of 
a number of matrix inversion or equation solving routines. Whereas che integrnl 
involved here may be evaluated in closed form hy making appropriate approximations. 
this is not usually possible with more complicated problems. Efficient numerical 
integral computer subroutines are commonly available in easy-to-use forms. 
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One closed form evaluation of (8-7a) is to reduce the integral and represent it by 

(~+F&) 
2 In 

a 
Z,,,n = 

m = II (8-9a) 

m # n but Im - ,zl $ 2 (8-9b) 

Im - nl > 2 (8-9c) 

where 

... fl 
d,;,,, = I,,, + 2 

fl 
d;,,, = I,,, - 2 

(8-9d) 

(8-9e) 

/ 111 is the distance between the mth matching point and the center of the nth source 
point. 

In summary, the solution of (8-2) for the charge distribution on a wire has been 
accomplished by approximating the unknown with some basis functions, dividing the 
wire into segments, and then sequentially enforcing (8-2) at the center of each segment 
to form a set of linear equations. 

Even for the relatively simple straight wire geometry we have discussed. the exact 
form of the charge distribution is not intuitively apparent. To illustrate the principles 
of the numerical solution, an example is now presented. 

Example 8.1 

A 1-m long straight wire of radius a = 0.001 m is maintained at a constant potential 
of l V. Detennine the linear charge distribution on the wire by dividing the length 
into 5 and 20 unifonn segments. Assume subdomain pulse basis functions. 

SOLUTION 

1. N = 5. When the 1-m long wire is divided into five uniform segments each of 
length fl = 0.2 m. (8-7) reduces to 

10.60 1.10 0.51 0.34 0.25 a, I.I I X IO-IO 

1.10 10.60 1.10 0.51 0.34 a2 1. 11 X 10-10 

0.51 I.IO 10.60 1.10 0.51 a:i -
0.34 0.51 1.10 10.60 1.10 ll4 

0.25 0.34 0.51 1.10 10.60 as 1.11 X 10 - to 

Inverting this matrix leads to the amplitude coefficients and subsequent charge 
distribution of 

a 1 = 8.8 lpC/m 

a2 = 8.09pClm 
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Figure 8.2 Charge dislribulion on a 1-m straight wire at I V. 

a3 = 7.97pC/m 

a4 = 8.09pC/m 

a5 = 8.8 I pClm 

The charge distribution is shown in Figure 8.2(a). 
2. N == 20. lncrea~ing the number of segments to 20 results in a much smoother 

distribution, as shown plotted in Figure 8.2(b). As more segments are used, a 
better approximation of the actual charge distribution is attained, which has 
smaller discontinuities over the length of the wire. 

8. Bent Wire 
In order 10 iJlustrate the solurjon of a more cornpJex structure. let us analyze a body 
composed of two noncollinear straight wires; that is. a bent wire. lf a straight wire is 
bent, the charge distribution will be altered, although the solution to find it will differ 
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Figure 8.3 Geometry for bent wire. 

only slightly from the straight wire case. We will assume a bend of angle a. which 
remains on the y;;:-plane, as shown in Figure 8.3. 

For the first segment /1 of the wire. the distance R can be represented by (8-2a). 
However, for the second segment /2 we can express the distance as 

(8-IO) 

Also because of the bend. the integral in (8-7a) must be separated into two parts of 

z = f'' r,,u,> ,,, + r'~ p,,o;,, di' 
m11 Jo R c. • Jo R 2 (8-11 > 

where / 1 and /2 are measured along the corresponding straight sections from their left 
ends. 

Exarnple 8.2 

Repeat Example 8. 1 assuming that the wire has been bent 90° al its midpoint. Sub­
divide the wire into 20 uniform segments. 

SOLUTION 

The charge distribution for this case. calculated using (8- 10) and (8-11 ), is plotted 
in Figure 8.4 for N = 20 segments. Note that the charge is relatively more con­
centrated near the ends of this structure than was the case for a straight wire of 
Figure 8.2(b). Further, the overall density, and thus capacitance, on the structure 
has decreased. 

Arbitrary wire configurations, including numerous ends and even curved sections. 
may be analyzed by the methods already outlined here. As with the simple bent wire. 
the only alterations generally necessary are those required to describe the geometry 
analytically. 
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Figure 8.4 Charge distribution on a 1-m bent wire ( a = 90°. N = 20). 

8.2.2 Integral Equation 

Equation (8-2) for the 1-V potential on a wire of length / is an integral equation. 
which can be used to solve for the charge distribution. Numerically this is accom­
plished using a method, which is usually referred to as Moment Method or Method nf 
Moments Pl-(141. To solve (8-2) nwnerica11y the unknown charge density p(y') is 
represented by N terms. as given by (8-3). ln (8-3) gn(y') are a set of N known 
functions. usually referred to as basis or expansion functions, while an represents a 
set of N constant. hut unknown. coefficients. The basis or expansion functions are 
chosen to hest represent Lhe unknown charge distribution. 

Equation (8-2) is valid at every point on the wire. By enforcing (8-2) at N discrete 
but different points on the wire. the integral equation of (8-2) is reduced to a set of N 
linearly independent algebraic equations, as given by (8-6a). This set is generalized 
by (8-7)-(8-7c). which is solved for the unknown coefficients u., by (8-8) using matrix 
inversion techniques. Since the system of N linear equations each with N unknowns, 
as given by (8-6a)-(8-8). was derived by applying lhe boundary condilion (constant 
1-V potential) at N discrete points on the wire. the technique is referred to as point­
mmdzing (or col/vcatio11) method [7]. [8]. Thus. by finding the elements of the [VI 
and [Z] . and then the inverse [Z]- 1 matrices. we can lhen determine the coefficients 
a,, of the [/] matrix using (8-8). This in lurn allows us to approximate the charge 
distribution p(y'J using (8-3). This was demonstrated by Examples 8.1 and 8.2 for 
the s1raigh1 and bent wires. respectively. 

In general. there are many forms of integral equations. For time-harmonic elec­
tromagnetks. two of the most popular integral equations are the electric field imegral 
equation (EFIE) and the magnetic field imegral equmion (MFIE) [ 14]. The EFIE 
enforces the boundary condilion on the tangential electric field while the MFlE 
enforces the boundary condition on the tangential components of the magnetic field. 
The EFTE is valid for both dosed or open surfaces while the MAE is valid for closed 
surfaces. These integral equations can be used for both radiation and scattering prob­
lems. Two- and three-dimensional EFIE and MAE equations for TE and TM polari­
zations are derived and demonstrated in r 141. For radiation problems, especial.ly wire 
antennas. two popular EFIEs are the Pocklington lntegraJ Equation and the Hallen 
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Integral Equation. Both of these will be discussed and demonstrated in the section 
that follows. 

8.3 FINITE DIAMETER WIRES 

In this section we want to derive and apply two classic three-dimensional integral 
equations. referred to as Pocklington ·s i11te~mcl(ffere11,;af equation and Halle11 's in­
tegral equation 118)-1261, that can be used most conveniently to find the current 
distribution on conducting wires. Hallen's equation is usually restricted lo the use of 
a delta-gctp voltage source model at the feed of a wire antenna. Pocklington's equation. 
however, is more general and it is adaptable to many types of feed sources (through 
aheration of its excitation function or excitation m.itrix), including a magnetic frill 
l27f. In addition. Hallcn·s equation requires the inversion of an N + I order matrix 
(where N is the number of divisions of the wire) while Pocklington's equation requires 
the inversion of an Norder matrix. 

For very thin wires. the current distribution is usually assumed to be of sinusoidal 
fonn as given by (4-56). For tinite diameter wires (usually diameters d of cl > 0.05,\), 
the sinusoidal current distribution is representative but not accurate. To find a more 
accurate current distribution on a cylindrical wire, an integral equation is usually 
derived and solved. Previously. solutions to the integral equation were obtained using 
iterative methods [201; presently. it is most convenient to use moment method tech­
niques (7)-191. 

If we know the voltage at the feed terminals of a wire antenna and find the current 
distribution. the input impedance and radiation pattern can then be obtained. Similarly. 
if a wave impinges upon the surface of a wire scatterer. it induce!-. a current density 
that in turn is used to find the scattered field. Whereas the linear wire is simple. most 
of the information presented here can be readily extended to more complicated struc­
tures. 

8.3.l Pockllngton's Integral Equation 

To derive Pocklington· s integral equation, refer to Figure 8.5. Although this derivation 
is general, it can he used either when the wire is a scatterer or an antenna. Let us 
assume that an incident wave impinges on the surface of a conducting wire. as shown 
in Figure 8.5(a). and it is referred lo as the incide11I electric.field E;(r). When the wire 
is an antenna. the incident field is produced by the feed at the gap, as shown in Figure 
8. 7. Part of the incident field impinges on the wire and induces on its surface a linear 
current density J5 (amperes per meter). The induced current density ls reradiates and 
produces an electrii.: field that is referred lo as the scattered electric .field Es(r). 
Therefore, at any point in space the total electric field E1(r) is the sum of the incident 
and scattered fields. or 

where 

E'(r) = total electric field 

Ei(r) = incident electric field 

E!l(r) = scattered electric field 

(8-12) 

When the observation point is moved to the surface of the wire (r = r ,f) and the 
wire is perfectly conducting. the total tangential electric field vanishes. In cylindrical 
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Cul Ccomc.Lry Cb1 &juivalem current 

Figure 8.5 Unifonn plane wave obliquely incident on a conducting wire. 

coordinalcs. the electric field radiated by the dipole has a rad ial component (E,,) and 
a tangential component (£.!).These are represented by (8-55a) and (8-55b). Therefore 
on the surface of the wire the tangential component of (8-12) reduces to 

(8- 13) 

or 

(8- I 3a) 

In general. the i-.callcred electric field generated by the imluced current density Js 
is given by (3- 15). or 

I 
W(r ) = - jwl\ - ,i-V(V • A) 

wµ.E 

= - .J-1- lk1 A + V(v' • A)l 
wµ.E 

(8-14) 

However, for observations at the wire surface only the ::. component of (8-14) is 
needed, and we can write il as 

1 ( ? iP A.) E~( r ) = - j- /..-A-+~ 
., wµ.e • a:-

(8- 15) 

According to (3-5 l) and neglecting edge effects 

µ. JI e -1kR µ. f Ill'!. f 2" e- Jkl( 
A . = 

4
- J_--d.e = - J_--u d<j)' d-::.' 

• 7r s • R 411 112 o • N 
(8- 16) 

If the wire is very thin. the current density J. is not a function of lhe azimuthal 
angle </>. and we can write it as 

(8-17) 
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Figure 8.6 Dipole segmentation and its equivalent current. 

where l:(z') is assumed to be an equivalent filament line-source current located a 
radial distance p = a from Lhe.:: ax.is. as shown in Figure 8.6(a). Thus (8-16) reduces 
to 

A~= J:!:._ -- liz')--a d,f,' dz' f + 112 [ I f 21r e -JkN ] 

41r - 112 21ra o R 
(8-18) 

R = V<x - x')2 + (y - y')2 + (z - z')2 

= y(,J- + a2 - 2(Xl cos(c/> - c/>') + (z - z.')2 (8-18a) 

where pis the radial distance to the observation point and a is the radius. 
Because of the symmetry of the scatterer. the observatjons are not a function of 

cJ>. For simplicity, let us then choose <I> = 0. For observations on the surface p = a 
of the scatterer (8- 18) and (8-18a) reduce to 

A-(p =a)= µ. /.(z') - _e_d</>' d~' f + 112 ( 1 f 2 r. - jkR ) 

• -112 • 21r o 47TR 

f 
+112 

- .,, ~ -T, _, - µ. I.( ... )G( ... , .. )d;. 
- /fl • 

(8-19) 

(8-19a) 

R(p = a) = (8-19b) 
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Thus for observations at the surface p :: a of the scatterer, the z component of the 
scattered electric field can be expressed as 

1 ( d2) J +1
12 E~(p =a)= -j- k~ + -~ l.(z')G(z. z')dz' 

• wt: d:c -112 -
(8-20) 

which by using (8-13a) reduces lo 

t (d2 ) f + 111 

-j- -d., + k2 l:(z.')G(z. z') dz' = 
W€ z- -112 

-E~(p = a) (8-21) 

or 

( 

,2 ) f +/12 

d
t, + k2 /.(z. 1)G(z. :') dz' = -jwt:E.(p = a) z- - 112 • • ' 

(8-2 la) 

Interchanging integration with differentiation, we can rewrite (8-21 a) as 

I+tn [(',2 ) ] ((:.') -:--:, + e- G(z., z') dz' = - jwt:E~(p = a) 
- 112 az-

(8-22) 

where G(z, z') is given by (8-19a). 

Equation (8-22) is referred to as Pockli11}:tot1 ',\' inte,<ral eq11otio11 11 I, and it can be 
used to determine the equivalent filamentary line-soun;e current of the wire. and thus 
current density on the wire, by knowing the incident field on the surface of the wire. 

If we assume that the wire is very thin (a << ,\) such that (8- I 9a) reduces to 

e ·jkR 

G(z, z') = G(R) = 4TTR 

(8-22) can also be expressed in a more convenient form as 122] 

J
+/12 -jkR 

/.(z'l~l(l + jkR)(2R2 
- 3a2

) + (kaRfl dz' 
-112 - 41rR· 

= - jwt:E~(p = a) 

where for observations along the center of the wire (p = 0) 

R ::::: \/02 + (z - z')2 

(8-23) 

(8-24) 

(8-24a) 

In (8-22) or (8-24), /;(z') represents the equivalent filamentary line-source current 
located on the surface of the wire. as shown in Figure 8.5(b), and it is obtained by 
knowing the incident electric field on the surface of the wire. By point-matching 
techniquei,, this is solved by matching the boundary conditions :.u discrete points on 
the surface of the wire. Often it is easier to choose the matching points to be at the 
interior of the wire, especially along the axis as shown in Figure 8.6(a), where/:(:.') 
is located on the surface of the wire. By reciprocity. the configuration of Figure 8.6(a) 
is analogous to that of Figure 8.6(b) where the equivalent filamentary line-source 
current is assumed ro he located along the center axis of the wire and cl1e mati::hing 
points are selected on the surface of the wire. Either of the two configurations can be 
used to detennine the equivalent filamentary line-source current /J;::'); the choice is 
left to the individual. 
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8.3.2 Hallen's Integral Equation 

Referring: again to Figure 8.5(a), let us assume that the length of the cylinder is much 
larger than its radius (/ >> a) and its radius is much smaller than the wavelength 
(a << A) so Uiat the effects of the end faces of the cylinder can be neglected. Therefore 
the boundary conditions for a wire with infinite conductivity are those of vanishing 
total tangential E fields on the surface of the cylinder and vanishing current at the 
ends of the cylinder [/:(z' = :::!: //2) = 01. 

Since only an electric current density Hows on the cylinder and it is directed along 
the: axis {J = aJ). then according to (3-14) and (3-51) A = i::AJ:'). which for 
small radii is assumed to be only a function of z'. Thus (3-15) reduces to 

(8-25) 

Since the total tangential electric field E.~ vanishes on the surface of the cylinder, 
(8-25) reduces to 

(8-25a) 

Because the current density on the cylinder is symmetrical [J:(z') = JJ - z')l, 
the potential A: is also symmetrical (i.e .. AJz') = A:< - :')). Thus the solution of 
(8-25a) is given hy 

(8-26) 

where B 1 and C 1 are constants. For a current-carrying wire. its potential is also given 
by (3-53). Equating (8-26) to (3-53) leads to 

I +Ir:!. - j/.:R t 
- l:<z')=---

4
' dz.' = -j ~ lB 1 cos(kz.) + c, sin(klzl)] 

- 112 rrR µ, 
(8-27) 

Lf a voltage V; is applied at the input terminals of the wire, it can be shown that lhe 
conslanl C1 = VJ2. The constant B1 is determined from the boundary condition that 
requires the current lo vanish at the end points of the wire. 

Equation (8-27) is referred to as Ha/Len's integral equation for a perfectly con­
ducting wire. It was derived hy solving the differential equation (3-15) or (8-25a) 
with the enforcement of the appropriate boundary conditions. 

8.3.3 Source Modeling 

Let us assume that the wire of Figure 8.5 is symmetrically fed by a vohage source, 
as shown in Figure 8.7(a), and the element acting as a dipole antenna. To use, for 
example. Pocklington's integrodifferential equation (8-22) or (8-23) we need to know 
how to express fi:(p = a). Traditionally there have been two methods used to model 
the excitation to represent E;(p = a, 0 $ rp s 27T, -//2 s : s + //2) at all points 
on the surface of the dipole: One is referred to m; the delta~!:UJJ excitation and the 
olher as the equimlent magnetic ring current (better known as magnetic frill gen­
emtor) 1.27]. 
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Figure 8.7 Cylindrical dipole. its segmentation. and gap modeling. 

A. Delta Gap 
The delta-gap source modeling is the simplest and most widely used of the two. but 
it is also the least accurate. especially for impedances. Usually it is most accurate for 
smaller width gaps. Using the delta gap, it is assumed that the excitation voltage at 
the feed tenninals is of a constant V; value and zero elsewhere. Therefore the incident 
electric field £/:(p = a, 0 < cp < 211', - //2 s :: s + //2) is also a constant (V;/tl. 
where~ is the gap width) over the feed gap and zero elsewhere, hence the name delta 
gap. For the delta-gap model. the feed gap tl. of Figure 8.7(a) is replaced by a narrow 
band of strips of equivalent magnetic current density of 

M " E; ,. " V; ~ V; = - D X = - 8 X 8 - = n _,. -
l( p ~tl. "'tl. (8-28) 

The magnetic current density M11 is sketched in Figure 8.7(a). 

8. MaRnetic Frill Generator 
The magnetic frill generator was introduced to calculate the near- as well as the far­
zone fields from coaxial apertures (27]. To use this model, the feed gap is replaced 
with a circumferentially directed magnetic <.:urrent density that exists over an annular 
aperture with inner radius a. whkh is usuaJly chosen to be the radius of the wire, and 
an outer radius b. as shown in Figure 8.7(b). Since the dipole is usually fed by 
transmission lines, the outer radius b of the equivalent annular aperture of the magnetic 
frill generator is found using the expression for the characteristic impedance of the 
transmission line. 
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Over the annular aperture of the magnetic frill generator. the electric field is 
represented by the TEM moue field distribution of a coaxial transmission line given 
by 

V. 
E,. = a ' " s p' < b 

"2p' ln(bla) 
(8-29) 

Therefore the corresponding equivalent magnetic current density M1 for the magnetic 
frill generator used to represent the aperture is equal to 

M,- :::: - 2ii x Er = - 2a: x a,,£,, = - it/, , I V ~ a s p' s b 
• • p n( la) 

(8-30) 

The fields generated by the magnetic frill generator of (8-30) on the surface of 
the wire are found by using [27) 

·( { ') ~ p = a, 0 s cf, < 21r, - 2 < ::. s 2 

where 

= -v,(k<~ l:(t:;;.{'"" Mk~o + j(t - b';;/)] 
+ :: [ (k~o + j( I - <b'2:t1))(-jk - ;,) 

+ (- ~- + j b
2 

~' a
2
)] }) kRo Ru (8•31) 

Ro= (8-3 la) 

The fields generated on the surface of the wire computed using (8-31) can be 
approximated by those found along the axis (p = 0). Doing this leads to a simpler 
expressiM of the fonn 127} 

where 

R,=~ 

R:i=:~ 

(8-32aJ 

(8-32b) 

To compare the results using the two source modelings (delta-gap and magnetic­
frill generator), an example is performed. 

Example 8.3 

For a center-fed linear dipole of/ = 0.47 ,\ and a = 0.005,\, determine the induced 
voltage along the length of the dipole based on the incident electric field of the 
magnetic frill of (8-32). Subdivide the wire into 21 segments (N = 21 ). Compare the 
induced voltage distribution based on the magnetic frill to that of the delta gap. Assume 
a 50-ohm characteristic impedance with free space between the conductors for the 
annular fee<l. 
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SOLUTION 

Since the characteristic impedance of the annular aperture is 50 ohms. then 

Zc = {;;i.1 ln(b/a) = 50 t::> ~ = 2.3 
✓~ 21r a 

Subdividing the total length (l = 0.4 7 A) of the dipole co 21 segmencs makes 

0.47A 
~ = 2l = 0.0224A 

Using (8-32) to compute £~. the corresponding induced voltages obtained by multi­
plying the value of -£; at each segment by the length of the segment are listed in 
Table 8.1. where they are compared with those of the delta gap. In Table 8.1 11 = I 
represents the outennost segment and n = 11 represents the center segment. Because 
of the symmetry, only values for the center segment and half of the other segments 
are shown. Although the two distributions are not identical, the magnetic-frill distri­
bution voltages decay quite rapidly away from the center segment and they very 
quickly reach aJmost vanishing values. 

Table 8.1 UNNORMALIZED AND NORMALIZED DIPOLE INDUCED VOLT AG Et 
DIFFERENCES FOR DELTA-GAP AND MAGNETIC-FRILL GENERATOR 
(/ ;;;; 0.47A, a = O.OOSA. N = 21) 

Delta-Gap Voltage Segment 
Number Unnor- Normal- Magnetic Frill Generator Voltage 

n malized ized Unnormalized Normalized 
J 0 0 LJJ X 10-" -26.03° 7.30 X 10-5 -26,03° 
2 0 0 1.42 X 10-·• -20.87° 9.34 X 10-' -20.87° 
3 0 0 ).89 X 10-4 -16.13° 1.24 X w-" -16.13° 
4 0 0 2.62 X 10-4 - 11.90° 1.72 X 10-4 - 11.90° 
5 0 0 3.88 X 10 - 4 - 8.23° 2.55 X 10-" -8.23° 
6 () 0 6.23 X 10 -· 4 -s.22° 4.10 X 10--1 -s.22° 
7 0 () I.J4 X 10-J -2.91° 7.5 X 10- 4 - 2.91° 
8 0 0 2.52 X 10-J - 1.330 1.66 X 10·- -' - 1.330 
9 0 0 7.89 X 10-~ -0.43° .5.19 X I() - ~ -0.43° 

10 0 0 5.25 X 10- 1 -0.06° 3.46 X 10-.2 -0.06° 
I J I I 1.52 oo 1.0 oo 

tVoltage differences as dctined here represent the product of the incidcnl electric field at the center of 
each segment and the corresponding segment length. 

8.4 MOMENT METHOD SOLUTION 

Equations (8-22), (8-24), and (8-27) each has the fonn of 

F(g) = I, (8-33) 

where F is a known linear operator. h is a known excitation function, and g is the 
response function. For (8-22) Fis an incegrodifferencial operator while for (8-24) and 
(8-27) it is an integral operator. The objective here is to determine g once F and h 
are specified. 
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While the inverse problem is often intractable in closed form, the linearity of the 
operator F makes a numerical solution possible. One technique. known as the Moment 
Method [7)-1141 requires that the unknown response function he expanded as a linear 
combination of N terms and written as 

N 

g(z'> = ll181(:') + a2g,2(.;:') + · · · + aNgN(.;:') = L a.,g,,(.;:') (8-34) 
11=1 

Each a,, is an unknown constant and each g,,(z') is a known function usually referred 
to as a hasis or expansion function. The domain of the g,,(z') functions is the same 
as that of g(:' ). Substituting (8-34) into (8-33) and using the linearity of the F operator 
reduces (8-33) to 

N 

L Cl11F(g,,) = /, (8-35) 
11=1 

The basis functions g,. are chosen so that each F(g,,) in (8-35) can be evaluated 
conveniently. preferably in closed form or at the very least numerically. The only task 
remaining then is to find the a,, unknown constants. 

Expansion of (8-35) leads to one equation with N unknowns. fl alone is not 
sufficient to determine the N unknown a,, (n = 1. 2, .. .. N) constants. To resofve 
the N constants, it is necessary to have N linearly independent e.quations. This can be 
accomplished by evaluating (8-35) (e.g., applying boundary conditions) at N different 
points. This is referred to as poirtt-matchinR (or collorntio11). Doing this. (8-35) takes 
the form of 

N 

L l,,F(g,,) = h,,,, m = I, 2 .... , N 
11 - 1 

In matrix form, (8-36) can be ex.pressed as 

IZm,,](/,,J = I Vnrl 

where 

Z,,,11 = F(g,,) 

Vm = h,,, 

(8-36) 

(8-37) 

(8-37a) 

(8-37b) 

(8-37c) 

The unknown coefficients"" can be found by solving (8-37) using matrix. inver­
sion techniques. or 

(8-38) 

8.4.1 Basis Functions 

One very important step in any numerical solution is the choice of basis functions. 1n 
general. one chooses as basis functions the set that has the ability lo accurately 
represent and resemhle the anticipated unknown function, while minimizing the com­
putational effort required to employ it 1281-[301. Do not choose basis functions with 
smoother properties than the unknown being represented. 

Theoretically. there are many possible basis sets. However, only a limited number 
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(c) F1111c1ion n:presc111;11iun 

Figure 8.8 Piecewise constant subdomain funclions. 

are used in practice. These sets may be divided into Lwo general dasses. The first 
class consisls of subdomain functions. which arc nonzero only over a part of the 
domain of the function g(x' ); its domain is the surface of the structure. The second 
class contains en lire domain functions thaL exist over the entire domain of the unknown 
function. The entire domain basis function expansion is analogous Lo the well-known 
Fourier series expansion mclhod. 

A. Suhdmnain F1111ctio11s 
Of the two types of basis functions. subdomain functions are the most common. 
Unlike entire domain bases. they may be used wilhout prior knowledge of Lhe nature 
of the function that they must represent 

The suhdomain approach involves subdivision of the slrucLUre into N nonover­
lapping segmenls. as iJlustrated on the axis in Figure 8.8(a). For clarity. the segmcnls 
are shown here lo he colline .. u- and of equal length. although neither condition is 
necessary. The basis functions arc defined in conjunction with the limits of one or 
more of the segments. 

Perhaps the most common of these basis functions is the conceptuaJly simple 
piecewise constant. or "pulse·• function. shown in Figure 8.8(a). It is defined by 

Piecewise Co1tstt111t 

g,,(x'} 
x',,_ 1 ::s. x' ::s. x' 11 

elsewhere 
(8-39) 
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Figure 8.9 Piecewise linear suhdomain functions. 

Once the associated coefficients are determined, this function will produce a staircase 
representation of the unknown function. similar to that in Figures 8.8(b) and (c). 

Another common basis set is the piecewise linear, or ''triangle,'' functions seen 
in Figure 8.9(a). These are defined by 

Piecewise Linear 

g,,(x') = 

x' - x:,- I 

x;,+ 1 - x' 

x;, ... 1 x:, 
0 

(8-40) 

elsewhere 

and are seen lo cover two segments. and overlap adjaccm functions fFigure 8.<J(b)]. 
The resulting representation [Figure 8.9(c)] is smoother than tbul for "pulses," but 
at the cost of increased computational complexity. 

lm:reasing the sophistication of suhdomain basis functions beyond the level of 
the ··triangle" may not be warranted by the possible improvement in accuracy. 
However. there are cases where more specialized functions are useful for other rea­
sons. For example. some integral operators may be evaluated without numerical 
inte&'Talion when their integrands are multiplied by a sin(kx') or cos (k.x') function, 
where x' is the variable of integration. In such examples, considerable advantages in 
computation lime and resistance to errors can be gained hy using basis functions like 
the piecewise sinusoid of Figure 8.10 or truncated cosine of Figure 8.11. These 
functions arc defined by 

INTEL-1045 
U.S. Patent 7,151,430



8.4 Moment Method Solution 399 

(n) Sinl11e 

<hi Multiple 

(cl Fuoclinn rcprcscnlalinn 

Figure 8.10 Piecewise sinusoids subdomain functions. 

Piecewise Sinu.\'oid 

sin[k(x' - x;,_ .>I 
sinlk(x;, - x;,_ 1)] 

g,,(x') = sinlk(x;, + 1 - x' )I 

sin[k<x:,+ 1 - x;JI 
0 

Truncated Cosine 

·' -{cos[+• g,,(.\ ) -
0 

8. Entire Domai11 Functions 

x;, _ 1 < x' :S x;, 

elsewhere 

elsewhere 

(8-41) 

(8-42) 

Entire domain bas.is functions. as their name implies. are defined and are nonzero 
owr the entire length of the structure being considered. Thus no segmentation is 
involved in their use. 

A common entire domain basis set is that of sinusoidal functions. where 

£mire Domain 

[
(2n -

1

1)1TX'] 
g,,(x') = cos 

I I I 
--<t <-

2 • 2 (8-43) 
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Figure 8.11 Truncated cosines subdomain functions. 

Note that this basis set would he particularly useful for modeling the current distri­
bution on a wire dipole. which is known to have primarily sinusoidal distribution. 
The main advantage of entire domain basis functions lies in problems where the 
unknown function is assumed a priori to follow a known pattern. Such entire-domain 
functions may render an acceptable representation of the unknown while using far 
fewer tenns in the expansion of (8-34) than would be necessary for subdomain bases, 
Representation of a function by entire domain cosine and/or sine functions is similar 
to the Fourier series expansion or arbitrary functions. 

Because we are constrained to use a tinite number of functions (or modes, as they 
are sometimes called), entire domain basis functions usually have difficulty in mod­
eling arbitrary or complicated unknown functions. 

Entire domain basis functions. sets like (8-43 ). can be generated using Tschebys­
cheff. Maclaurin. Legendre. and Hennile polynomials, or other convenient functions. 

8.4.2 Weighting (Testing) Functions 

To improve the point-matching solution of (8-36), (8-37), or (8-38) an inner product 
(w. g) can be defined which is a scalar operation satisfying the laws of 

(w, R) = (g, w) 

(hf + cg. w) = b(f. w) + c{g, w) 

(g*. g) > O if g '16 0 

(g*. g) = 0 if g ~ 0 

(8-44a) 

(8-44b) 

(8-44c) 

(8-44cl) 
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where band care scalars and the asterisk(*) indicates complex conjugation. A typical, 
but not unique, inner product is 

(w, g) = Ji. w* • g ds (8-45) 

where the w' s are the weighting (testing) functions and Sis the surface of the structure 
being analyzed. Note that the functions w and g can be vectors. This technique is 
beuer known as the Mvmem Method or Method of Mvmems (MM) 17]. rs). 

The collocation (point-matching) method is a numerical technique whose solu­
tions satisfy the electromagnetic boundary conditions (e.g .. vanishing tangential elec­
tric fields on the surface of an electric conductor) only at discrete points. Between 
Lhese points the boundary conditions may not be satisfied. and we define the deviation 
as a residual (e.g., residual = AEl,an = E (scattered)lum + E (incident>lwn =I: 0 on 
the surface of an electric conductor). For a half-wavelength dipole. a typical residual 
is shown in Figure 8. I 2(a) for pulse basis functions and point-matching and Figure 
8.12(b) exhibits the residual for piecewise sinusoids-Galerkin method (31). As ex­
pected. the pulse basis point-matching exhibits the most ill-behaved residual and the 
piecewise sinusoids-Galerkin method indicates an improved residual. To minimize 
the residual in such a way that its overall average over the entire structure approaches 
zero, the method of weiglued residuals is utilized in conjunction with the inner pruduct 
of (8-45 ). This technique, referred to as the Moment Method (MM). does not lead to 
a vanishing residual at every point on the surface of a conductor, but it forces the 
boundary conditions to be satisfied in an average sense over the entire surface. 

To accomplish this. we define a set of N weighring (or testing) functions {w,,,} = 
w1• w2 • • ••• WN in the domain of the operator F. Forming the inner product between 
each of these functions, (8-35) results in 

N 

L a,,(w,,,.F(g,.)) = (w,,,, h) m = 1, 2, ... , N 
rr=I 

This set of N equations may be written in matrix form as 

lFmnl [a,,] = lhm] 

where 

[

CIJ] 
,a .. , - I 

{wi, F(g2)) 
{w2• F(g2)) 

(8-46) 

(8-47) 

(8-47a) 

(8-47b) 

The matrix of (8-47) may be solved for the a,, by inversion, and it can be wrinen as 

[a,,] = [F,m,I 1l"hml (8-48) 

The choice of weighting functions is important in that the elements of {w,,} must 
be linearly independent, so that the N equations in (8-46) will be linearly independent 
[7]-(9], [29], [30]. Further, it will generally be advantageous to choose weighting 
functions that minimize the computations required to evaluate the inner product. 

The condition of linear independence between elements and the advantage of 
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Figure 8.12 Tangential electric field <>n the conducting surface of a A/2 dipole. (SOURCE: 

E. K. Miller and F. J. Dcadrick ... Some computational aspects of thin-wire modeling· · in 
Numerical and Asymptotic Techniques in Electromagnelics. 1975, Springer-Verlag.) 

computational simplicity are also important characteristics of basis functions. Because 
of this, similar types of functions are often used for both weighting and expansion. A 
particular choice of functions may be to let the weighting and basis function be the 
same, that is. w,, = g,,. This technique is known as Galerkin 's method (32]. 
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It should be noted that there are N2 terms to be evaluated in (8-47a). Each tcm1 
usually requires two or more integrations; at least one to evaluate each F(g,,) and one 
to perform the inner products of (8-45). When these integrations are to be done 
numerically. as i.~ oflen the case. vasl amounts of computation time may be necessary. 
There is. however. a unique set of weighting functions that reduce the number of 
required integrations. This is the set of Dirac delta weighting functions 

[w,,,] = [c5( p - p,,,)] = [o(p - /J1), 5( p - P2), ... ] (8-49) 

where p specifies a position with respect to some reference (01igin) and p111 represents 
a point at which the boundary condition is enforced. Using (8-45) and (8-49) reduces 
(8-46) to 

(o( p - p,,,), h) = I a,, (o( p - Pm), F(g,,)) 111 = I. 2, .... N 
II 

ff .o(p -p,n)hds = La,,JJ .o(p -p,,,)F(g,,)ds m = 1,2, .... N (8-50) 
,\ II .\ 

hl,, ,~p
111 

= La,,F(g11 )lp=p,,, m = 1, 2 .... , N 
II 

Hence. the only remaining integrations are those specified by fl,.:,,). This simplification 
may lead to solutions that would be impractical if other weighting functions were 
used. Physically, the use of Dirac delta weighting functions is seen a-. the relaxation 
of boundary conditions so that they are enforced only at discrete points on the surface 
of the structure. hence the name point-matching. 

An important consideration when using point-matching is the positioning of the 
N points ( p,,,). While equally space points often yield good results, much depends on 
the basis functions used. When using subsectional basis functions in conjunction with 
point-matching, one match point should be placed on each segment (to maintain linear 
independence). Placing the points at the center of the segments usually produces the 
best results. It is important that a match point does not coincide with the "peak" of 
a triangle or a similar discontinuous function, where the basis function is not differ­
entiably continuous. This may cause errors in some situations. 

8.5 SELF IMPEDANCE 

The input impedance of an antenna is a very important parameter, and it is used to 
detennine the efficiency of the antenna. In Section 4.5 the real part of the impedance 
(referred either to the current at the feed tenninals or to the current maximum) was 
found. At that time. because of mathematical complexities, no attempt was made to 
find the imaginary part ('reactance) of the impedance. In this section the self impedance 
of a linear element will be examined using both the Integral Equation-Moment Method 
and the induced emf method. The real and imaginary parts of the impedance will be 
found using be>th methods. 

8.S.I Integral Equation-Moment Method 

To use this method to tind the self impedance of a dipole, the first thing to do is to 
solve the integral equation for the current distribution. This is accomplished using 
either Pocklington· s Integral equation of (8-22) or (8-24) or Hall en· s integral equation 
of (8-27). For Pocklington's integral equation you can use either the delta-gap voltage 
excitation of (8-28) or the magnetic frill model of (8-31) or (8-32). Hallen's integral 
equation is based on the delta-gap model of (8-28). 
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Once the current distribution is found, using either or both of the integral equa­
tions. then the self ( input) impedance ii, determined using the ratio of the voltage to 
current, or 

(8-51) 

A computer program MOMENT METHOD has been developed based on Pockling­
ton· s and Hal Jen· s integral equations. and it is found at the end of this chapter. 
Pocklington·s uses both the delta-gap and magnetic-frill models while Hallen's uses 
only the uelta-gap feed model. Both, however, use piecewise constant subdomain 
functions and point-matching. The program computes the current distribution, nor­
malized amplitude radiation pattern. and input impedance. The user must specify the 
length of the wire. il."i radius /both in wavelength.~). and the type of feed modeling 
(delta-gap or magnetic-frill) and the number of segments. 

To demonstrate the procedure and compare the results using the two-source 
modelings (uelta-gap and magnetic-frill generator) for Pocklington's integral equation, 
c:1n example is performed. 

Example 8.4 

Assume a center-fed linear dipole of / = 0.4 7,\ and a = 0.005A. This is the same 
element of Example 8.3. 

1. Determine the normalized current distribution over the length of the dipole using 
N = 21 segments to subdivide the length. Plot the current distribution. 

2. Determine the input impedance using segments of N = 7, 11. 21. 29, 41, 51. 61, 
71. and 79. 

Use Pocklington's integrodifferential equation (8-24) with piecewise constant sub­
domain basis functions and point-matching to solve the problems. model the gap with 
one segment. and use both the delta-gap and magnetic-frill generator to model the 
excitation. Use (8-J2) for the magnetic-frill generator. Because the current at the ends 
nf the wire v,mishes. the piecewise constant subdomain basis functions are not the 
most judicious choice. However, because of their simplicity. they are chosen here to 
illustrate the principles even though che results are not che most accumce. Assume chat 
the characteristic impedam:e of the annular aperture is 50 ohms and the excitation 
voltage V; is I V. 

SOLUTION 

1. The voltage distribution was found in Example 8.3. and it is listed in Table 8.1. 
The corresponding normalized currents obtained using (8-24) with piecewise 
constant pulse functions and point-matching technique for both the delta-gap and 
magnetic frill-generator are shown plotted in Figure 8.13{a). It is apparent that 
the two uistributions are almost identical in shape. and they resemble that of the 
ideal sinusoidal current distribution which is more valid for very thin wires and 
very small gaps. The distributions obtained using Pocl<lington's integral equation 
do not vanish at the ends because of the use of piecewise constant subdomain 
basis functions. 
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Table 8.2 DIPOLE INPUT IMPEDANCE FOR 
DELTA-GAP AND MAGNETlC­
FRILL GENERA TOR USING 
POCKLINGTON'S INTEGRAL 
EQUATION(/ = 0.47A, a = 0.005,\) 

N 

7 
11 
21 
29 
41 
51 
61 
71 
79 

Delta Gap 

122.8 + jl 13.9 
94.2 + j49.0 
77.7 - j0.8 
75.4 - j6.6 
75.9 - j2.4 
77.2 + j2.4 
78.6 + j6.l 
79.9 + )7.9 
80.4 + j8.8 

Magnetic Frill 

26.8 + j24.9 
32.0 + jl6.7 
47.1 - j0.2 
57.4 - j4.5 
68.0 - jl.0 
73.1 + j4.0 
76.2 + j8.5 
77.9 + jl 1.2 
78.8 + jl2.9 

2. The input impedances using both the delta-gap and the magnetic-frill generator 
are shown listed in Table 8.2. It is evident that the values begin to stabilize and 
compare favorably to each other once 61 or more segments are used. 

To funher illustrate the point on the variation of the current distribution on a 
dipole, it has been computed by Moment Method and plotted in Figure 8.13(b) for 
I = A/2 and I == A for wire radii of a = 10- s A and Io- 3 A where it is compared with 
that based on the sinusoidal distribution. It is apparent that the radius of the wire does 
not influence to a large extent the distribution of the / = A/2 dipole. However it has 
a profound effect on the current distribution of the l = A dipole at and near the feed 
point. Therefore the input impedance of the I = A dipole is quite different for the 
three cases of Figure 8. I 3(bJ. since the zero current at the center of the sinusoidal 
distribution predicts an infinite impedance. In practice, the impedance is not infinite 
but is very large. 

8.5.2 Induced EMF Method 

The induced emf method is a classical method to compute the self and mutual 
impedances II 1-161. (33J. The method is basically limited to straight, parallel and in 
echelon clements. and it is more difficult to account accurately for the radius of the 
wires as well as the gaps at the feeds. However it leads to closed fonn solutions which 
provide very good design data. From the analysis of the infinitesimal dipole in Section 
4.2. it was shown that the imaginary part of the power density. which contributes to 
the imaginary power. is dominant in the near-zone of the element and becomes 
negligible in the far-field. Thus, near-fields of an antenna are required to find its input 
reactance. 

A. Near-Field of Dipole 
In Chapter 4 the far-zone electric and magnetic tields radiated by a finite length dipole 
with a sinusoidal current distribution were found. The observations were restricted in 
the far-field in order to reduce the mathematical complexities. The expressions of 
these fields were used to derive the radiation resistance and the input resistance of the 
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Figure 8.13 Current distribution on a dipole antenna. 

dipole. However, when the input reactance and/or the mutual impedance between 
elements are desired, the near-fields of the element must be known. It is the intent 
here to highlight the derivation. 

The fields are derived based on the geometry of Figure 8.14. The procedure is 
identical to that used in Section 4.2.1 for the infinitesimal dipole. The major difference 
is that the integrations are much more difficult. To minimize long derivations involving 
complex integrations. only the procedure will be outlined and the final results will be 
given. The derivation is left as an end of the chapter problems. The details can also 
he found in the first edition of this book. 

To derive the fields, the first thing is to specify the sinusoidal current distribution 
for a finite dipole which is that of (4-56). Once that is done, then the vector potential 
A of (4-2) is determined. Then the magnetic field is determined using (3-2a), or 
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Figure 8.14 Dipole geornctry for near-field analysi~. 

l .. I ,JA~ 
H = -v x A = - a,,b- -

µ µ, ap 
(8-52) 

It is recommended that cylindrical coordinates are used. By following this procedure 
and after some lengthy analytical details. it can be shown by referring to Figure 
8.14(b) that the magnetic field radiated by the dipole is 

(8-53) 

where 

r = yx2 1 + i 
VP

2 i 
+ y· z- = + :: (8-53a) 

R, = Jr+ .v' + (z - ir = p2 + (z - ~r (8-53b) 

Ri = 
.., 

+ (z + 4f p2 + (z + ~r + y· = (8-53c) 
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The corresponding electric field is found using Maxwell's equation of 

1 
E = -v X H 

jwE 
(8-54) 

Once this is done, it can be shown that the electric field radiated by the dipole is 

where 

(8-55a) 

(8-55b) 

It should be noted that the last term in (8-53). (8-55a), and (8-55b) vanishes when 
the overall length of the element is an integral number of odd half wavelengths 
(I = nM2, 11 = l. 3. 5 . . . . ) because cos(kl/2) = cos(wrr/2) = 0 for n = I. 3, 
5, . ... 

The tields of (8-53). (8~55a), and (8-55b) were derived assuming a zero radius 
wire. In practice all wire antennas have a finite radius which in most cases is very 
small electrically (typically less than M200). Therefore the fields of (8-53), (8-55a), 
and (8-55b) are good approximations for finite, but small. radius dipoles. 

B. Self Impedance 
The technique, which is used in this chapter to derived closed fon11 expressions for 
the self- and driving point impedances of finite linear dipoles, is known a~ the induced 
emf method. The general approach of this method is to form the Poynting vector using 
(8-53). (8-55a), and (8-55b.). and to integrate it over the surface that coincides with 
the surface of the antenna (linear dipole) itself. However. the same results can be 
obtained using a slightly different approach, as will be demonstrated here. The ex­
pressions derived using this method are more valid for small radii dipoles. Expressions, 
which are more accurate for larger radii dipoles, were derived in the previous section 
based on the Integral Equation-Moment Method. 

To find the input impedance of a linear dipole of finite length and radius, shown 
in Figure 8.15. the tangential electric field component on the surface of the wire is 
needed. This was derived previous1y and is represented by (8-55b). Ba.~ed on the 
current distribution and tangential electric field along the surface of the wire. the 
induced potential developed at the terminals of the dipole based on the maximum 
current is given by 

f 
+f/1 

V"' = dV,,, -m 

(8-56) 
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Figure 8.15 Unifonn linear current density over cylindrical surface of wire. 

where /111 is the maximum current. The input impedance ( referred to at the current 
mciximum /111) is defined as 

Z = viii 
Ill 

I,,, 

and can be expressed using (8-56) as 

I f'n Z,,, = -
12 

- fn/Jp =a,::= :.')E:(/J = a,z = z')dz' 
Ill ._ 

(8-57) 

(8-57a) 

Equation (8-57a) can also be obtained by fonning the complex power density, inte­
grating it over the surface of the antenna. and then relating the complex power lo the 
terminal and induced voltages l2J. The integration can be performed either over the 
gap at the tenninals or over the surface of the conducting wire. 

For a wire dipole, the total current I: is unifonnly distributed around the surface 
of the wire. and it forms a linear current sheet 1:.. The current is concentrated primarily 
over a very small thickness of the conductor, as shown in Figure 8.15. and it is given. 
balied on (4-56). by 

I, = 2m/J, = I,.. sin H~ -lz'I)] (8-58) 

Therefore (8-57a) can be written as 

Z = _ _!_ fm sin [k (I - I z'I)] E~(p = ,1, z = z') dz' 
m I -n2 , 

Ill -

(8-59) 

For simplicity. it is assumed that the £-field produced on the surface of the wire 
by a current sheet is the same as if the current were concentrated along a lilament 
placed along the axis of the wire. Then the £-field used in (8-59) is the one obtained 
along a line parallel to the wire al a distance p = a from the filament. 

Lening /111 = /,, and substituting (8-55b) into (8-59) it can be shown. after some 
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lengthy but straightforward manipulations. that the rear and imaginary parts of the 
input impedance (referred to at the current maximum) can be expressed as 

R, = R111 = .2L{c + ln(k/) - C;(k/) + !sin(k/)IS;(2k/) - 2S;(k/)1 
27T 2 

I 
+ 2 cos(k/)lC + ln(k//2) + C1(2k/) - 2C,(k/))} 

Xm = 
4
: { 2S;(k/) + cos(k/)(2S1(k/) - S1(2k/)] 

- sin(k/ { 2C,tk/) - C,(2k/) - c,(2 :•')]} 

(8-60a) 

(8-60b) 

where S,tr) and C1(.x) are the sine and cosine integrals of Appendix lll. Equation 
(8-60a) is identical lo (4-70). In deriving (8-60a) it was assumed that the radim, of 
the wire is negligible (in this case set to zero), and it has little effect on the overall 
answer. This is a valid assumplion provided / » a, and it has been confirmed by 
other methods. 

The input resistance and input reactance (referred 10 at the current at the i11pu1 

terminals) can be obtained by a transfer relation given by (4-79). or 

For a small dipole the input rcactancc is given by [34) 

[ln(l/2a) - 1) 
X;,, = X,,, = - 1 lO tan(kl/2) 

(8-61 a) 

(8-61b) 

(8-62) 

while its input resistance and radiation resistance are given by (4-37). Plots of the self 
impedance. both resistance and reactance. based on (8-60a). (8-60b) and (8-61a), 
(8-61b) for 0 ~ / ~ 3A are shown in Figures 8.16(a.b). The radius of the wire is 
10 - 5 A. It is evident that when the length of the wire is multiples of a wavelength the 
resistances and reactances become infinite: in practice they are large. 

Ideally the radius of the wire does not affect the input resistance. as is indicated 
by (8-60a). However in practice it does have an effect, although it is not as significant 
as iL is for the input reactance. To examine the effect the radius has on the values of 
the reactance. its values as given by (8-60) have been ploued in Figure 8.17 for a = 
10-5,\. 10- 4

.,\. 10-·1.,\, and 10- 2A. The overall length of the wire is taken to be 0 <:: 
I ~ .:u. Jl is apparenL that the reactance can be reduced to zero provided the overall 
length is slightly less than n>J2, n = I. 3 ..... or slightly greater than n>J2. n = 2, 
4, .... This is commonly done in practice for / = >J2 because the input resistance is 
close to 50 ohms, an almost ideal match for the widely used 50-ohm lines. For small 
rndii. the reactance for/ = A/2 is equal to 42.5 ohms. 

From (8-60b) it is also evident that when / = nA/2, n = I, 2, 3, ... , the terms 
within the last bracket do not contribute because sin(k/) = si11(117T) = 0. Thus for 
dipoles whose overall length is an integral number of half-wavelengths. the radius 
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Figure 8.16 Self-resistance and sclf-reactance of dipole antenna with wire radius of 10 - s A. 

has no effect on the antenna reactance. This is illustrated in Figure 8.17 by the 
intersection points of the curves. 

Example 8.S 

Using the induced emf method, compute the input reactance for a linear dipole whose 
lengths are nA/2, where n = I - 6. 

SOLUTION 

The input reactance for a linear dipole based on the induced emf method is given by 
(8-60h) whose values are equal to 42.5 for A/2, 125 .4 for A, 45 .5 for 3 A/2. 133.1 for 
2A, 46.2 for 5>..12. and 135.8 for 3A. 
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Figure 8.17 Reactancc (referred lo the current maximum) of linear dipole wilh sinusoidal 
current distribution for different wire radii. 

8.6 MUTUAL IMPEDANCE BETWEEN 
LINEAR ELEMENTS 
In the previous section. the inpur jmpedance of a Hnear dipoJe was derived when the 
element was radiating into an unbounded medium. The presence of an obstacle, which 
could be another element. would alter the current distribution. the field radiated, and 
in turn the input impedance of the antenna. Thus the antenna performance depends 
not only on its own current but also on the current of neighboring elements. For 
resonant elements with no current excitation of their own. there could be a substantial 
current induced by radiation from another source. These are known as parasitic 
elements. a:s in the case of a Yagi-Uda antenna. and play an important role in the 
overall performance of the entire antenna system. The antenna designer. therefore, 
must take into account the interaction and mutual effects between elements. The input 
impedance of the antenna in the presence of the other elements or obstacles, which 
will be referred to as dril'ing-poinr impedance, depends upon the self impedance 
(input impedance in the absence of any obstacle or other element) and the mutual 
impedance between Lhe driven element and Lhe other obstacles or elements. 

To simplify the analysis. it is assumed that the antenna system consist~ of two 
elements. The system can be represented by a two-port (four-terminal) network, as 
shown in Figure 8.18. and by the voltage-current relations 

V, = Z, 1/1 + Zr!.12} 
V.2 = ~,/, + ~1!:1 

where 

Vi z,, = -
/1 /1=0 

is the input impedance at port # I with port #2 open-circuited, 

v, z,, = -
.. Ii 1, ~o 

(8-63) 

(8-63a) 

(8-63b) 
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Figure 8.18 Two-porl network and its T-equivalent. 

is the mutual impedance at port # l due to a current at port #2 (with port # I open­
circuited), 

V2 z,, = -
- I, IJ=O 

(8-63c) 

is the mutual impedance at port #2 due to a currenl in port # l (with port #2 opcn­
circuited), 

v., 
Zn = ~ 

·- T2 ,, do 
(8-63d) 

is tbe input impedance at port #2 with pmt # l open-circuited. For a reciprocal 
network, Z11 = Zi,. 

The impedances Z11 am! Zz2 are the input impedances of antennas I and 2, 
respectively. when each is radiating in an unboUJ1ded medium. The presence of another 
element modifies the input impedance and the extent and nature of the effects depends 
upon ( l) the antenna type, (2) the relative placement of the elements, and (3) the type 
of feed used to excite the elements. 

Equation (8-63) can also be written as 

(8-64a) 

V2 ('') z)d = - = Zn + Z, I -
- 12 -- - 12 

(8-64b) 

Z1t1 and Z2r1 represent the driving point impedances of antennas I and 2, respectively. 
Each driving point impedance depends upon the current ratio /1//2. the mutual impe­
dance, and the self-input impedance (when radiatiJ1g iJ1to an unbounded medium). 
When anempiing to match any antenna. it is the drjving poilll impedance that musl 
be matched. It is, therefore, apparent that the mutual impedance plays an important 
role in the performance of an antenna and should be investigated. However, the 
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Figure 8.19 Dipole positioning for mutual coupling. 

analysis associated with it is usually quite complex and only simplified models can 
be examined with the induced emf method. Integral Equation-Moment Method tech­
niques can be used for more complex geometries, including skewed arrangements of 
elements. 

Referring to Figure 8.19, the induced open-circuit voltage in antenna 2, referred 
to its current at the input terminals, due to radiation from antenna I is given by 

1 J'-12 
v?, = - - E.?,tz')J.,(z') dz' • /i; -l112 -- • 

(8-65) 

where 

E:21 (::') = £-field component radiated by antenna I, which is parallel to antenna 2 
h, (z') = current distribution along antenna 2 

Therefore the mutual impedance of (8-63c). (referred to at the input current 111 of 
antenna 1 ), is expressed as 

(8-66) 

8.6.1 Integral Equation-Moment Method 

To use this method to find the mutual impedance based on (8-66). an integral equation 
must be formed to find E;:1 1, which is the field radiated by antenna I at any point on 
antenna 2. This integral equation must be a function of the unknown current on 
antenna l, and it can be derived using a procedure similar to that used to form 
Pocklington's Integral Equation of (8-22) or (8-24), or Hallen's Integral Equation of 
(8-27). The unknown current of antenna 1 can be represented by a series of finite 
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number of tenns with N unknown coefficients and a set of known (chosen) basis 
functions. The cun·ent /i(z) must also be expanded into a finite series of N terms with 
N unknown coefficients and a set of N chosen busis functions. Once each of them is 
formulated, then they can be used interactively to reduce (8-66) into an N X N set of 
linearly independent equations to find the mutual impedance. 

To accomplish this requires a lengthy fonnulation. computer programming, and 
usually a digital computer. The process usually requires numerical integrations or 
special functions for the evaluation of the impedance matrices of £~21 and the integral 
of (8-66). There are national computer codes. such as the Numerical Electromagnetics 
Code (NEC) and the simplified version Mini Numerical Electromagnetics Code (MlN­
rNEC). for the evaluation of the radiation characteristics. including impedances. of 
wire antennas 1351-[371. Both of these are based on an Integral Equation-Moment 
Method formulation. lnformation concerning these two codes follows. There are olher 
codes: however, these two seem to be the most popular. especially for wire type 
antennas. 

Another procedure that has been suggested to include mutual effects in arrays of 
linear clements is to use a convergent iterative algorithm [3RI, [391. This method can 
be used in conjunction with a calculator 1381, and it has been used to calculate 
impedances. patterni-. and directivities of arrays of dipoles [39]. 

A. Numerical Electromagnetics Code (NEC) 
The Numerical Electromagnetics Code (NEC) is a user-oriented progn11n developed 
at Lawrence Livermore Laboratory. It is a moment method code for analyzing the 
interaction of electromagnetic waves with arbitrary structures consisting of conducting 
wires and surfaces. h combines an integral equation for smooth surfaces with one for 
wires to provide convenient and accurate modeling for a wide range of applications. 
The code can model nonradiating networks and transmission lines. perfect and im­
perfect conductors, lumped element loading. and perfect and imperfect conducting 
ground planes. It uses the electric field integral equation (EFIE> for thin wires and the 
magnetic field integral equation (MFIE) for surfaces. The excitation can be either an 
applied voltage source or an incident plane wave. The program computes induced 
currents and charges. near- and far-zone electric and magnetic tidds. radar cross 
section. impedances or admittances. gain and directivity. power budget. and antenna­
to-antenna coupling. 

B. Mini-Numerical Electromagnetic:.,· Code ( MINTNEC) 
The Mini-Numerical Electmmagnetics Code (MININEC) [36), [37] is a user-oriented 
compact version of the NEC developed at the Naval Ocean Systems Center (NOSC). 
It is also a moment melbod code. but coded in BASIC. and has retained the most 
frequently used options of the NEC. It is intended to be used in mini, micro, and 
personal computers. as well as work stations. and it is most convenient to analyze 
wire antennas. It computes currents. and near- and far-field patterns. It also optimizes 
the feed excitation voltages that yield desired radiation patterns. 

Infonnation concerning the NEC und MlNlNEC, and their availability. can be 
directed to: 

Professor Richard W. Adler 
Naval Postgraduate School 
Code 62 AB 
Monterey. California 93943 
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8.6.2 Induced EMF Method 

The induced emf method is also based on (8-66) except that /2(:.') is assumed to be 
the ideal current di!itribution of (4-56) or (8-58) while Ez21 (:.') ii-. the electric field of 
(8-55b). Using (8-58) and (8-55b), we can express (8-66) as 

(8-67) 

where r. R1• and R:. are given. respectively, by (8-53a), (8-53b) and (8-53c) but with 
y = d and/ = / 1• / 1m, 11,,, and Ii;. Ii, represent. respectively. the maximum and input 
currents for antennas I and 2. By referring each of the maximum currents to those at 
the input using ( 4-78) and assuming free space. we can write (8~67) as 

30 fl,12 [ (' )] [e-ikR1 

Zrn == j . (kli) . (k/2) -titl sin k "i - lz'I ~ 
Stn 2 Stn 2 

e - jkR1 ( '') e-jkr] I + -- - 2 cos k- -- dz 
R2 2 r 

(8-68) 

The mutual impedance referred to the current maxima is related to that at the input 
of (8-68) by 

(8-69) 

which for identical clements (/ 1 = /2 = I) reduces to 

(8-70) 

wh()se real and imc1ginary parts arc related by 

_ • 2 (k/) 
R21111 - R21; sin 2 (8-70a) 

(8-70b) 

For a two-element array of linear dipoles, there are three classic configurations 
for which close<l-form solution~ for (8-68). in terms of sine and cosine integrals. are 
obtained [331- These ,ire shown in Figure 8.20. and they are referred to as the sicle­
by-.'iicle (Fig. 8.20(a)J. collineClr [Fig. 8.20(b)], and pC1ralle/-in-echelon [Fig. 8.20(c)]. 
For two identical elements (each with odd multiples of A/2. / = nA/2, 11 = I. 3, 5, 
... ) (8-70) reduces for each arrangement to the expressions that follow. Expressions 
for linear elements of any length are much more complex and can be found in (33). 

A computer program referred to as SELF AND MUTUAL IMPEDANCES, based 
on (8-71 a)-(8-73i), is included at the end of the chapter. 
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Figure 8.20 Dipole configuration of two identical elements for mutual 
impedance computations. 

Side-by-Side Co,~fiKumlior, /Figure 8.20(a)/ 

R11m ::::: 
4
: f2C;(Uo) - C;(u,) - C;(tt2)1 

uo = kd 

u1 = k('y'c/1· + f · + /) 

U2 = k(y'd1 + 12 - /) 

Collinear Configuration [Figure 8.20(h)] 

1'/ 
R21111 = -

8
17' cos(v0)[-2C;(2u0 ) + C1(v2) + C;(11I ) - ln(v3)] 

+ 
8
: sin(v0)[2S;(2v0) - S;(u2) - S1(v1)] 

1'/ 
X 1 1m = -

8
17' cos(u0)[2S;(2v0 ) - S;(v2) - S,(vi)] 

+ 
8
: sin(vo>f2C1(2v0) - C1(v2) - C;(v1) - ln(v.,)I 

Vo = kh 

v 1 = 2k(h + /) 

(8-71 a) 

(8-71 b) 

(8-71 c) 

(8-7ld) 

(8-7 le) 

(8-72a) 

(8-72b) 

(8-72c) 

(8-72d) 

(8-72e) 

(8-72t) 

INTEL-1045 
U.S. Patent 7,151,430



418 Chapter 8 lntegral Equations, Moment Method, and Self and Mutual lmpedances 1 

Parallel-in-Echelon Configuration [Figure 8.20(c:)] 

R
21

,,, = -
8
:cos(w

0

)[-2C
1

(w
1

) - 2C;(w,) + C;(w
2

) 

+ C;(wi) + C;(W3) + C;(wm 

+ 
8
: sin(w0)l2S;(w1) - 2S;(wf) - S;(w2) 

+ Si{l-1-'2_) - S;(W:i) + S;(w3)] 

X
21

,,, = - _!]_ cos(w
0

)[2S;(w
1

) + 2S
1

(w;) - S;(w
2

) 

87T . 

- S;(wD - S;(w3 ) - S;(w;)] 

+ ..!1... sin(w
0
)[2C,(w

1
) - 2C;(w;) - C1 (w2 ) + C;(w;i) 

87T 

- C;(~i•3) + C;(wD] 

w0 = kh 

w1 = k(,VcP + '12 + h) 

w1 = k(,Vd 2 + h2 
- h) 

w2 = k[,Vi1 + lh - /)'! + (h - /)] 

W2 = klV'd2 + (h - /)2 - Ch - /)I 

W3 = kf,Vd1 + (h + 02 + (h + l)] 

W:1 = k[,Vc/2 + (11 + {)2 - (h + [)] 

(8-73a) 

(8-73b) 

(8-73c) 

(8-73d) 

(8-73e) 

(8-73t) 

(8-73g) 

(8-73h) 

(8-73i) 

The mutual impedance, referred lo the current maximum, based on the induced 
emf method of a side-by-side and a collinear arrangement of two half-wavelength 
dipoles is shown plotted in Figure 8.21. It is apparent that the side-by-side arrangement 
exhibits larger mutual effects since the antennas are placed in the direction of maxi­
mum radiation. The data is compared with those based on lhe Moment Method/NEC 
[35 J using a wire with a radius of 1 o-5 

,\, A very good agreement is indicated between 
the two sets because a wire with a radius of 10- 5 ,\ for the MM/NEC is considered 
very thin. Variations as a function of the radius of Lhe wire for both Lhe side-by-side 
and collinear arrangements using the MM/NEC are shown. respectively, in Figures 
8.22(a,b). Similar sets of data were computed for the parallel-in-echelon arrangement 
of Figure 8.20(c). and they are shown. respectively. in Figures 8.23(a) and 8.23(b) 
for d = ,\/4, 0 s; h < ,\ and h = ,\/2. 0 < d < A for wire radii of IO - 5 

,\, Again a 
very good agreement between the induced emf and Moment Method/NEC data is 
indicated. 

Example 8.6 

Two identical linear half-wavelength dipoles are placed in a side-by-side arrangement, 
as shown in Figure 8.20(a). Asswning that lhe separation between the elements is 
d = 0.35A, find the driving point impedance of each. 

INTEL-1045 
U.S. Patent 7,151,430



8.6 Mutual Impedance Between linear Elements 419 

l(K) .------r--....----,---,---.--,---.---,---,---,---~--, 

KO 

e 60 
.<: 
0 

i: 

g 
" 20 

l 

-411 

-- R1,m (EMF) 
••••••••• X11m 1,EMfl 
---- R11n, <MoMI 
---X21mlMuM/ 

(/ = l(y-5,, 

-fiO ....__...,__ _ __._ _ _._ _ __., __ .___...,___....._ _ _._ _ __., __ .___..._ _ _, 

;; 
E 

.<: 
0 

§ 
rt 

N 
e ; 
~ 

~ 
E 
~ 
:, 
; 
~ 

0.11 11.S 1.0 1.5 2.11 
1/().. 

(aJ Sidc:-hy-sii.lc: 

30 
I 
I 
I 

' I I 
.20 I 

I 
I 
I 
I 
I 

\ R,1111 
I -
I 
I 
I 
I 
I 
I 

0 , ___ _ 

I 

-10 
0.0 0.5 1.0 2.0 

(b) Collim:nr 

2.5 

-- R21111 !EMF) 
••••••••• X21111 1EMF1 
---- Re im (MuM) 
---X21111 (MoM) 

11 = 10- \\ 

2.5 

3.0 

.l.O 

Figure 8.21 Mutual impedance of two side-by-side and collinear >.12 dipoles using the mo­
ment method and induced emf method. 

SOLUTION 

Using (8-64a) 

21,, = ~• = 2 11 + 2, 2 t~) 
Since the dipoles are identical. 11 = fi. Thus 

2,,, = z., + 212 

From Figure 8.21 (a) 

212 = 25 - }38 
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Figure 8.22 Variations of mutual impedance as a function of wire radius 
for side-by-side and collinear A/2 dipole arrangements. 

Since 

Z11 = 73 + j42.5 

z,d reduces to 

Ztd = 98 + j4.5 

which is also equal to Zia of (8-64b). 

3 ,(X) 
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Figure 8.23 Mutual impedance for two parallel-in-echelon A/2 dipoles with 
wire radii of w- 5 A. 

As discussed in Chapter 2, Section 2.13, maximum power transfer between the 
generator and Lhe transmitting anlenna occurs when their impedances are conjugate­
matched. The same is necessary for the receiver and receiving antenna. This ensures 
maximum power transfer between the transmitter and receiver, when there is no 
interaction between the antennas. In practice. the input impedance of one antenna 
depends on the load connected to the other antenna. Under those conditions. the 
matched loads and maximum coupling can be computed using the Linville method 
[40]. which is used in rf amplifier design. This technique has been incorporated into 
the NEC [35]. Using this method, maximum coupling is computed using 135] 
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where 

-IO.O - Side-by-side 
- - - Collinear 

-60.0 .____.__......__._____.__..._ ____ .___._ ____ __.~ ........ -....___, 
0.00 0.50 I.Oil 150 2.00 2.50 .mo 

s~par:uion ti, .1 ( wavcl,.-ngths) 

Figure 8.24 Maximum coupling for the two A/2 dipoles in side­
by-~i<le and collinear arrangements as a function of separation. 

L == IY,2 Y2il 
2Re(Y11 ) Re(Y22) Re(Y12Y21) 

(8-74) 

(8-74a) 

To em,ure maximum coupling, the admittance of the matched load on the receiving 
antenna should he [15J 

where 

[
I - p ] Y1 == -- + I Re(Yn) - Y1:1 • I + p •• --

p= 
GMAX (Y12 Y21 )* 

IY12 Y2d 

The corresponding input admittance of the transmitting antenna is 

Y21 Y12 

Ym = Y, I - r,_ + Y~2 

(8-75) 

(8-75a) 

(8-76) 

Based on (8-74)-(8-76). maximum coupling for two half-wavelength dipoles in . 
side-by-side and collinear arrangements as a function of the element separation (d for 
side-by-side and s for coJlinear) was computed using the NEC. and it is shown in 
Figure 8.24. As expected. the side-by-side arrangement exhibits much stronger coup­
ling, since the elements are placed along the direction of their respective maximum 
radiation. Similar curves can be computed for the paraffef-in-echelon arrangement. 

8.7 MUTUAL COUPLING IN ARRAYS 

When two antennas arc near each other, whether one and/or both are transmitting or 
receiving, some of the energy that is primarily intended for one ends up at the other. 
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8.7 Mutual Coupling In Arrays 423 

The amount depends primarily on the 

a. radiation characteristics of each 
b. relative separation between them 
c. relative orientation of each 

There are many different mechanisms that can cause this interchange of energy. For 
example, even if both antennas are transmitting, some of the energy radiated from 
each will be received by the other because of the nonideal directional characteristics 
of practical anrenn.a~. Parl of the incident energy on one or both .antennas may be' 
rescattered in different directions allowing them to behave a-; secondary transmitters. 
This interchange of energy is known as .. mutual coupling," and in many cases it 
complicates the analysis and design of an antenna. Furthermore. for most practical 
contigurntions, mutual coupling is difficult to predict analytically but must be taken 
into account because of its significant contribution. Because the mutual effects of any 
antenna configuration cannot be generalized, in this section we want first to briefly 
introduce them in a qualitative manner and then examine their general influence on 
the behavior of the radiation characteristics of the antenna. Most of the material and 
presentation in this section is followed from a well-written document on Lhis subject 
141 ]. 

8.7.1 Coupling In the Transmitting Mode 

To simplify the discussion, let us assume that two antennas m and II of an array are 
positioned relative to each other as shown in Figure 8.25(a). The procedure can be 
extended to a numher of elements. If a source is attached to antenna n, the generated 
energy traveling toward the antenna labeled as (0) will be radiated into space (I) and 
toward the mth antenna (2). The energy incident on the mth antenna sets up currents 
which have a tendency to rescatter some of the energy (3) and allow the remaining 
to travel toward the generator of m (4). Some of the rescattered energy (3) may be 
redirected back toward antenna 11 (5). This process can continue indefinitely. The 
same process would take place if antenna m is excited and antenna 11 is the parasitic 
element. If both antennas, m and n, are excited simultaneously. the radiated and 
rescattered fields by and from each must be added vectorially to arrive at the total 
field at any observation point. Thus, "the total contribution to the far-field pattern of 
a particular e/emellf in the army depends 1101 only upon the excitation furnished by 
its own generator (the direct excitation) but upon the total parasitic excitation as 
well. which depends upon the cmtpling.,frum and the excitcuio11 of the other generators 
[41]." 

The wave directed from the 11 to the m antenna and finally toward its generator 
(4) adds vectorially to the incident and reflected waves of the m antenna itself. thus 
enhancing the existing standing wave pattern within m.. For coherent excitations. the 
coupled wave (4) due to source II differs from the reflected one in m only in phase 
and amplitude. The manner in which these two waves interact depends on the coupling 
between them and the excitation of each. It is evident then that the vector sum of 
these two waves will influence the input impedance looking in at the terminals of 
antenna 111 and will be a function of the position and excitation of antenna n. This 
coupling effect is commonly modeled as a change in the apparent driving impedance 
of the elements and it is usually referred to as mutual impedance wtriation. 

To demonstrate the usefulness of the driving impedance variation. let us assume 
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Figure 8.2S Transmitting mode coupling palhs between antennas m anc.l n (Reprinted with 
pem1ission of MIT Lincoln Laboratory. LcxingLon, MA). 

that a set of elements in an array are excited. For a given element in the array. the 
generator impedance that is optimum in the sense of maximizing the radiated power 
for that element is that which would be a conjugate impedance match at the element 
terminals. This is accomplished by setting a reflected wave which is equal in amplitude 
and phase to the backwards traveling waves induced due to the coupling. Even though 
this is not the generator impedance which is a match to a given element when all 
other elements are not excited. it does achieve maximum power transfer. 

To minimize confusion. let us adopt the following terminology [41 ]: 

1. Ante,rna impt•dance: The impedance looking into a single isolated element. 

2. Passive driving impedance: The impedance looking into a single element of an 
array with all other elements of the array passively terminated in their normal 
generator impedance unless otherwise specified. 

3. Active driving impedance: The impedance looking into a single element of an 
array with all other elements of the array excited. 
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Since the passive driving impedance is of minor practical importance and differs 
only slightly from the antenna impedance. the term driving impedance will be used 
to indicate active' driving impedance, unless otherwise specified. 

Since the driving impedance for a given element is a function of the placement 
and excitation of the other elements, then optimum generntor impc~dance that maxi­
mi;:.es c1rray radiation efficiency (gain) varies with array e.rcitatirm. These changes. 
with element excitation variations, constitute one of the principal aggravations in 
electronic scanning arrays. 

8.7.2 Coupling In the Receiving Mode 

To illustrate the coupling mechanism in the receiving mode. let us again assume that 
the antenna system consists of two passively loaded elements of a large number. as 
shown in Figure 8.25(b). Assume that a plane wave (0) is incident. and it strikes 
antenna m first where it causes current flow. Part of the incident wave will be rescal­
tered into space as (2). the other will be directed toward antenna n as (3) where it will 
add vectorially with the incident wave (0), and part will travel into its feed as (I). It 
is then evident that the amount of energy received by each element of an antenna 
array is the vector sum of the direct waves and those that are coupled to it parasitically 
from the other elements. 

The amount of energy that is absorbed and reradiated by each element depends 
on its match to its terminating in1pedance. Thus, the amount of energy received by 
any element depends upon its terminating impedance as well as that of the other 
element!.. 1n order to maximize the an10unt of energy extracted from an incident wave, 
we like to minimize the total backscattered (2) energy into space by properly choosing 
the tcm1inating impedance. This actually can be accomplished by mismatching the 
receiver itself relative to the antenna so that the reflected wave back to the antenna 
(4) is cancelled by the rescattered wave. had the receiver been matched to the actual 
impedance of each antenna. 

As a result of the previous discussion. it is evident that mutual coupling plays an 
important role in the performance of an antenna. However, the analysis and under­
standing of it may not he that simple. 

8.7.3 Mutual Coupling on Array Performance 

The effects of the mutual coupling on the performance of an array depends upon the 

a. antenna type and its design parameters 

b. relative positioning of the elements in the array 

c. feed of the array elements 
d. scan volume of the array 

These design parameters influence the perfonnance of the antenna array by varying 
its element impedance, reflection coefficients, and overall antenna pattern. In a finite­
element array. the multipath routes the energy follows because of mutual coupling 
will alter the pattern in the absence of these interactions. However. for a very large 
regular array (array with elements placed at regular intervals on a grid and of sufficient 
numbers so that edge effects can be ignored), the relative shape of the pattern will be 
the same with and without coupling interactions. It will only require a scaling up or 
down in amplitude while preserving the shape. This, however, is not true for irregular 
placed elements or for small regular arrays where edge effects become dominant. 
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8.7.4 Coupling in an Infinite Regular Array 

The analysis and understanding of coupling can be considerably simplified by con­
sidering an infinite regular array. Although such an array is not phyl>icaJly realizable, 
it does provide an insight and in many cases answers of practical importance. For the 
infinite regular array we assume that 

a. all the elements are placed at regular intervals 

b. all the elements are identical 

c. all the elements have unifonn (equal) amplitude ex.citation 
d. there can be a linear relative phasing between the elements in the two orthogonal 

directions 

The geometry of such an array is shown in Figure 6.23 with its array factor given by 
(6-87) or (6-88). This simplified model will be used to analyze the coupling and 
describes fairly accurately the behavior of most elements in arrays of modest to large 
size placed on flat or slowly curve surfaces with smoothly varying amplitude and 
phase taper. 

To assess the behavior of the element driving impedance as a function of scan 
angle. we can write the Lenninal voltage of any one element in terms of the currents 
flowing in the others. assuming a single-mode operation. as 

(8-77) 

where Zm,,.1"1 defines the terminal voltage at antenna mn due to a unity current in 
element pq when the current in all the other elements is zero. Thus the Zm,,,p,1 tenns 
represent the mutual impedances when the indices nm and pq are not identical. The 
driving impedance of the mnth element is defined as 

_ V mn _ °" °" ~ Zn,,.,, - I - LJ LJ z,,,,,_p., I 
"'" ,, ,, 11111 

(8-78) 

Since we assumed that the amplitude excitation of the elements of the array was 
unifonn and the phase linear, we can write that 

I = /, ef(p/J, + q/J,> 
/It/ 00 

I = l ei(mP, + 11/J,.) 
""' 00 

Thus, (8-78) reduces to 

(8-79a) 

(8-79b) 

(8-80) 

It is evident that the driving point impedance of mn element is equal to the vector 
sum of the element self impedance (nm = pq) and the phased mutual impedances 
between it and the other elements (mn -:,1: pq), The element self impedance (nuz = 
pq) is obtained when all other elements are open-circuited so that the current at their 
feed points is zero [/1,q(pq # mn) = 0]. For most practical antennas. physically this 
is almost equivalent to removing the pq elements and finding the impedance of a 
single isolated element. 

A consequence of the mutual coupling problem is the change of the array impe­
dance with scan angle. In order not to obscure the basic principle with the complexity 
of the problem, this can best be illustrated by examining the behavior of the reflection 
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Figure 8.26 Geometry for plane wave reflection from resistive sheet (Reprinted 
with permission of MIT Lincoln Laboratory. Lexington, MA.) 

coefficient of a unifonn plane wave in free-space incident on a resistive sheet of 
infinite extent backed by an open circuit so that there are no transmitted fields through 
the sheet, as shown in Figure 8.26(a). Although the open circuit is not physically 
realizable, nevertheless the model is useful. This is accomplished by choosing the 
surface resistivity of the sheet to be that of free-space (170 = 12(l7r) so that the sheet 
is an exact match for a nonnally incident wave. Referring to Figure 8.26(b) for an 
£-plane scan and Figure 8.26(c) for an ff-plane scan. we impose that at the boundary 
(z = 0 for all x and y) the ratio of the total tangential electric field to the total 
tangential magnetic field is equal to the surf ace impedance of lhe sheet. The same 
procedure is used in electromagnetics Lo derive the Fresnel reflection and transmission 
coefficients from planar interfaces for vertical and horizontal polarizations [ 14]. 

Referring to Figure 8.26(b). we can write that the incident and retlected waves 
for the E- and ff-fields as 

H' = -a,.H[-,e-jk,,(-_vsinH,+~costJ, i 

(8-81a) 

(8-81 b) 

(8-8 lc) 

(8-8ld) 
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Applying boundary conditions on the tangential components of the electric and mag­
netic field of (8-8la)-(8-8ld) gives 

Since 

we can write (8-82) as 

£; 
Hi_ 0 

0 - -
'T1o 

H r - E{i 
0 - -

f}o 

Et';(cos 0 1 - I) eiku)'tiin If. = - E[j(cos 0,. + I) eik.,_rsin '1• 

whose only solution independent of y occurs when tJ, = 0;, Thus, 

I~ = £0 = cos 8; ~ (fl') = tan· -
2 " £1;, I + (J cos i 

which can also be written as 

---
E{i 1 - cos 8; cos tJ; z,. - I r .. = E/, = = = 

1 + cos O; 1 z., + l -- + 
cos O; 

(8-82) 

(8-82a) 

(8-82b) 

(8-83) 

(8-84) 

(8-85) 

By comparison with the reflection coefficient r of a transmission line with a normal­
ized load z,. 

f = 21, - I 
ZL + I 

the sheet represents an impedance to the wave that varies as 

I z,. = -­
cos 0; 

This is usually referred to as a normalized directional impedance. 

(8-86) 

(8-87) 

Referring to Figure 8.26(c), it can be shown that for the H-plane scan the reflection 
coefficient is 

r I - cos 81 ~ (H•) 
h = - = -tan· -

1 + cos 0; 2 

and the sheet represents to the wave an iinpedance that varies as 

z,. = cos 0; 

(8-88) 

(8-89) 

lt is clear that even for such a simple problem of a plane wave impinging on a 
resistive sheet. there is a change, as a function of the scan angle, of the apparent 
impedance that the resistive sheet represents to the wave. 

To illustrate the practical importance of the resistive sheet problem. the computed 
reflection coefficient magnitude for the £- and H-plane scans for arrays of half-
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Figure 8.27 Magnitude of reflection coefficient as a function of principal plane 
scan angle. (Reprinted with pennission of MIT Lincoln Laboratory, Lexington, MA.) 

wavelength dipoles for variuus spacings d(d = d.r = d\.) and height h above a ground 
plane are shown in Figures 8.27(a.b) [41). The height .h was chosen to minimize the 
mismatch in the principal planes of scan. The curves are discontinued at the angles 
where major lobes are equally disposed about broadside and retrace themselves be­
yond that point. The angles ()f discontinuity become smaller for wider spacings, It is 
also evident that the reflection coefficient for a given scan angle in the principal plane 
becomes smaller as the elements are brought closer together. In the same figures and 
indicated by small x's is the reflection coefficient of the central element of a large 
array of short dipoles with a spacing of d.r = d\. = 0.1 A but without a ground plane. 
The resistive sheet reflection coefficient is also plotted for comparison purposes. ll 
should be noted that the results of Figure 8.27 were computed assuming the generator 
impedance is matched to the element driving impedance when the array's major lobe 
was toward broadside. This requires the tuning of the driving reactance for broadside 
conditions. which for small spacings is exceedingly large. 

8. 7.S Grating Lobes Considerations 

Because of the periodic nature of an infinite array. the impedance behavior as a 
function of scan volume for different elements and interelement spacing can be 
described in the form of an infinite series. This is accomplished by expressing the 
radiated and stored (real and reactive) powers in the vicinity of the array in terms of 
the current, field distribution or pattern. of a typical element. The analysis, which was 
pioneered by Wheeler [42]; Edelberg and Oliner [43]. [44]: and Stark [45I is straight­
forward. but it will not be included here because it requires a knowledge of Fourier 

INTEL-1045 
U.S. Patent 7,151,430



430 Chapter 8 Integral Equations. Moment Method, and Self and Mutual Impedances 

transfonns. and ii is beyond the scope of the book at this point. However, some 
qualitative results will be briefly discussed. 

It was shown in Section 6.10.1 that grating lobes in an array can be formed 
provided (6-89a) and (6-89b) are satisfied. This was illustrated by the three-dimen­
sional pattern of Figure 6.29. It was indicated there that additional grating lobes can 
be formed by increasing the interelement spacing. The grating lobes disappear as the 
spacing recedes toward zero. In general. grating lobes can be moved into and out of 
the visible region by controlling the spacing and/or relative phase between the ele­
ments. 

The dependence of the element driving impedance Z/)(/3_, .. /31.) on the pointing 
direction (scan) of the main beam of the array is demonstrated by examining it for 
different elements. spacings, and the presence of a ground plane. The discussion is 
restricted to planar arrays and the impedance variations are illustrated for the £-. H-, 
and D-planes. We define D- as the diagonal plane (45° from the£- and H-planes) and 
0,., 011 , and 0,1 as the angles of the main beam from broadside for the E-. H- and 
D-planes. re1;pect1\lely . 

If the elements are polarized in the y-direction. then according to (6-90a) and 
(6-90b) the progressive phase shifts between the elements must be 

/3 = 0 .t 

(3,. = -kdv sin 0" 

/3., = - kd.,· sin 011 

(3~, = 0 

( f3x)
1 

+ (~)'.! = k sin 0,1 d, d1. 

£-plane scan ( cf,0 = 90°. 00 = 0,J (8-90) 

(8-91) 

D-plane scan (</>o = 45°, 80 = 8,1_) (8-92) 

To make the presentation of the results more uniform, the element driving im­
pedance Zv(8) is displayed on a Smith chart in a nonnalized form 

where 

Zn(O) - jXnCO) 
Zv(8)00nn = R[)(O) (8-93) 

Z/)(0) = R0 (0) + jXo(O) 

R1,(0) = R/)(0 = 0°) 

Xn(O) = X1)( 8 = 0°) 
beam pointed at broadside (8-93b) 

In Figure 8.28. we display the nom1alized driving impedance in the £-, H· and 
D-planes for a planar array of half-wavelength dipoles (l = 0.5.\) spaced d, = dy = 
0.55A (411- The £- and H-planes are discontinued at 65°. Physically that angle cor­
responds to a grating lobe at -65". symmetrically disposed relative to the main beam. 
Scanning beyond that point is equivalent to moving the main beam in from 65° or 
retracing the curve. 

for a VSWR of 3: 1, the half-wavelength dipole array of Figure 8.28 can be 
scanned up to 45° in the ff-plane, 79° in the D-plane. and anywhere in the £-plane: 
for a VSWR of 2: I. then the maximum scan angles are 50° in the £-plane. 40° in the 
H-plane. and 77° in the D-plane. For a small dipole (J = 0.1 A) the maximum scans 
are 47° in the H-plane. 79° in the D-plane, and anywhere for the £-plane for a 3:1 
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Figure 8.28 Nonnalized element impedance versus scan angle on the£-. H-. and D-planes 
for a planar array of half-wavelength dipoles (f = 0.5A) with d,.. = d,. = 0.55A and with no 
ground plane. (Reprinted with permission of MIT Lincoln Laboratory~ Lexington. MA.) 

VSWR: maximum scans of 40° in the H-plane, 76° in the D-planc. and anywhere in 
the E-plane fur a 2: I VSWR. The results me summarized in Table 8.3 r 41 J. 

To dcmonstrnte the effects of a ground plane on the element driving impedance. 
the normaJizcd impe.dance of the half-wavelength (/ = 0.5..\) dipole arrays. when 
placed horizontaJiy a height h = 0.25A above an infinite electric ground plane, are 
displayed in Figure 8.29. Physically, the introduction of the ground plane below the 

Table 8.3 MAXIMUM SCAN VOLUME OF SHORT AND HALF­
WAVELENGTH DIPOLE PLANAR ARRAY WlTH d, ;a; d, "" 
0.55A AND WITHOUT GROUND PLANE FOR VSWRs 

VSWR 

3:1 

2:1 

OF 3:1 AND 2:1 
!Reprinted with permission of MIT Lincoln Laboratory. 
Lexington. MAJ 

Scan Plane 

£-Plane 
ff-Plane 
D-Planc 

£-Plane 
ff-Plane 
D-Plane 

Maximum Scan Angle 

Short Dipole Haff.Wavelength 
(/ = 0. lA) Dipole(/ = 0.5A) 

47" 45° 
79° 79° 

50° 
40° 40° 
76° 770 
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Figure 8.29 Normalized element impedance versus scan angle on the £-. H-, and D-planes 
for a planar array of ha1f-wavelength (f. = 0.5A) dipoles with d.,. = d). = 0.55A and placed 
h = 0.25A above a ground plane. (Reprinted with pem1ission of MIT.Lincoln Labor.1.tory, 
Lexington, MA.) 

horizontal electric dipoles prevents them from radiating along the ground plane, so 
the impedance is continuous when a grating lobe moves into the visible region. The 
maximum scan angles for VSWR's of 3:1 and 2:1 are shown listed in Table 8.4141]. 

The impedances of a short dipole (I = 0.1 A) are similar to those of the half­
wavelength dipole shown in Figures 8.28 and 8.29. The most striking variation in 

Table 8.4 MAXIMUM SCAN VOLUME OF SHORT AND HALF­
WAVELENGTH DIPOLE PLANAR ARRAY WITH d •. = d_.. = 
0.55A AND WITH GROUND PLANE (h = 0.25A I FOR VSWRs 
OF 3:1 AND 2:1 

VSWR 

3: I 

2:1 

[Reprinted with pennission of MIT Lincoln Laboratory. 
Le:Kington. MAJ 

Scan Plane 

E-Plane 
H-Plane 
D-Plane 

£-Plane 
ff-Plane 
D-Plane 

Maximum Scan Angle 

Short Dipole Half-Wavelength 
(I = 0.L\) Dipole (I = 0.SA) 

55° 50° 
50° 50° 
62° 62° 

45° 40° 
40° 40° 
52° 50° 
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Figure 8.30 VSWR al Om~" versus height above ground plane for two large planar square 
arrays of half-wavelength ct = O.SA) dipoles. (Reprinted wilh pem1ission of MIT Lincoln 
Laborntory. Lexington, MA.) 

impedance of a given array of dipoles is accomplished by the introduction of the 
ground plane particularly for scan angles near grating-lobe formation. 

By comparing the results of Tables 8.3 and 8.4 it is evident that if for dipole 
arrays the element spacing for allowing grating lobes to appear marginally is used as 
a design criterion. placing the arrays above a ground plane would give vastly better 
(but still poor) VSWR performance at extreme scans. If. however. the element spacing 
is chosen to maintain the maximum VSWR below a given value, there appears little 
difference between the elements but results in a smaller maximum scan for a given 
element spacing. 

To examine the effect the height h above the ground plane has on the maximum 
VSWR (within a specified scan volume), the maximum VSWR as a function of the 
height for£- and ff-plane scans of two large square arrays of half-wavelength dipoles 
with dx = dv = 0.5A and d_, = dv = 0.6A spacing between the elements are displayed 
in Figure 8.30. The maximum scan angle is 40° and the arrays are assumed to he 
matched at broad~ide. ll is evident from the results that as the height is decreased the 
maximum £-plane mismatch becomes very large while that of the ff-plane decreases 
monotonically. The optimum height which leads to equal maximum mismatches in 
the E- and H-planes of scan for a given scan volume is determined by the spacing 
between the elements. The optimum heights for the two arrays are indicated in Figure 
8.30. 

It can be concluded that when an array is placed at its optimum height above the 
ground plane for a given scan volume and the spacing between the elements of the 
array is smaller than that required by the grating lohes. that array will exhibit less 
impedance variations than the one which just satisfies the scan volume requirement. 

To demonstrate the variations of the input reflection coefficient, and thus of the 
input impedance, of an infinite array as a function of scan angle, the input reflection 
coeflicient of an infinite array of circular microstrip patches matched at hroadside is 
shown in Figure 8.31 for the £-plane and ff-plane [461. The variations are due mainly 
to coupling between the elements. The variations are more pronounced for the 
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Figure 8.31 Typical magnitude of input reflection coefficient versus scan angle in E- and 
H-planes for infinite array of microstrip patches (counesy J. T. Aberle and F. Zavosh). 

£-plane than for the H-plane. For microstrip patches, coupling is attributed to space 
waves (with 1/r radial variations), higher order waves (with I /µ2 mdial variations). 
surface waves (with l/p2 radial variations). and leaky waves [with exp( - Ap)/p112 

radial variations]. As is shown in Chapter 14 and Figures 14.36, 14.37, the variations 
of the reflection coefficient can be reduced by suppressing the surface waves supported 
by the substrate using cavities to back the patches [46]. The variations of the reflection 
coefficient as a function of scan angle can lead. due to large values of the reflection 
coefficient (ideally unity). to what is usually referred as array scan blindness [47]­
(50]. This is evident for the £-plane near 72°-73° and is due to excitation in that plane 
of a leaky-wave mode. which is not as strongly excited as the scan angle increases 
beyond those values. Scan blindness is reached at a scan angle of 90°. Also lhere can 
be degradation of side lobe level and main beam shape due to the large variations of 
the reflection coefficient. 

Scan blindness is attributed to slow waves which are supported by the structure 
of the antenna array. These structures may take the form of dielectric layers (such as 
radomes, superstrates and substrates) over the face of the array, or metallic grids or 
fence structures. The scan blindness has been referred to as a • 'forced surface wave" 
[47], [48]. or a ''leaky wave" [49], resonant response of the slow wave structure by 
the phased array. For the microstrip arrays, the substrate layer supports a slow surface 
wave which contributes to scan blindness [50]. 
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PROBLEMS 
8.1. Derive Pocklington's integral equation 8-24 using (8-22) and (8-23). 
8.2. Derive the solution of (8-26) to the differential equation of (8-25a). Show thaL Hall~n•s 

integral equation can be written as (8-27). 
8 .. 1 Show thaL the inciclen1 tangential electric field (~) generated on the surface of a wire 

of radius a by a m.ignetic field generator of (8-30) is given by (8-31 ). 
8.4. Reduce (8-31) to (8-32) valid only along the z axis (p = 0). 
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8.5. For the center-fed dipole of Example 8.3 write the fZJ matrix for N = 21 using for the 
gap the delta-gap generator and the magnetic-frill generator. Use the computer program 
MOMENT METHOD ( POCKLINGTON) at the end of the chapter. 

R.6. For an infinitesimal center-fed dipole of f = A/50 of radius a = 0.005A, derive the 
input impedance using Pocklington·s integral equation with piecewise constant sub­
domain basis functions and point-matching. Use N = 21 and model the gap as a delta­
gap genemtor and as a magnetic-frill generator. Use the MOMENT METHOD (POCK­
LINGTON) computer program at the end of the chapter. 

8.7. Using the MOMENT METHOD IHALLEN) computer program at the end of the 
chapter. compute the input impedance of a A/4 and 3,\/4 dipole with an lid ratio of 
1/d = 50 and 25. Use 20 subsections. Compare the results with the impedances of a 
dipole with lid = I 011

• Plot the current distrjbution and the for-lieJd paltem of each 
dipole. 

8.8. Derive (8-5JH8-55b) using (8-52). (3-2a), and (4-56). 
8.9. For a linear dipole with sinusoidal current distribution. radiating in free-space. find the 

radiation Z,m and the input Z;n impedances when a = A/20. Verify using the computer 
program SELF AND MUTUAL IMPEDANCES at the end of the cbapter. 
( H) / = ,\/4 (b) / = A/2 
(c) l = 3A/4 (d) l = A 

8.10. A A/2 dipole of finite radius is not self-resonant. However. if the dipole is somewhat 
less than A/2. il becomes self-resonant. For a dipole with radius of a = A/200 radiating 
in free-space. find Lhe 
(a) nearesl Jenglh by which the )J2 djpole becomes .'>elf-resonalll 
(b) radiation resistance (referred to the current maximum) of the new resonant dipole 
(c) input resistance 
(d) VSWR when the dipole is connected to a 50-ohm line 

8.11. Find the length, al the tirst resonance. of linear dipole,<; with wire radii of 
Ca) 10 5A (b) 10 - "A 
(c) l0 - -'A (d) 10· 2,\ 

Compute the radiation resistance of each. 
8.12. A quarter-wavelength monopole of radius a = Io - 2 A is placed upon an infinite ground 

plane. Detem1ine the 
(a) impedance of the monopole 
(b> length hy which ii must be shortened lO become seJf-rcsonant (firsl resonance) 
(c) impedance of the monopole when its length is that given in pan h. 
Id) VSWR when the monopole of part bis connected lo a 50-ohm line. 

8.13. For two half-wavelength dipales radiating in free-space, compute (using equations. nor 

curves) the mutual impedance ~ 1"' referred to the current maximum for 
(a) side-by-side arrangement with d = A/4 
(b) collinear configuration withs = A/4 
Verify using the computer program SELF AND MUTUAL IMPEDANCES at the end 
of the chapter. 

8.14, Two identical linear A/2 dipoles are placed in a collinear arrangement a distances = 
(>.35A apart. Find the driving point impedance of each. Verify using the computer 
program SELF AND MUTUAL IMPEDANCES at the end of the chapter. 

8.15. Two identical linear A/2 dipoles are placed in a collinear arrangement. Find the spacings 
between them so that the driving point impedance of each has the smallest reactive 
part. 
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COMPUTER PROGRAM • MOMENT METHOD 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C 
C nus IS A FORTRAN MOMENT METHOD PROORAM USING 
C 
C I. POCKLINGTON'S [Equ. (8-24)] 
C II. HALLEN'S [Equ. (8-27)] 
C 
C INTEGRAL EQUATIONS TO COMPUTE 1HE: 
C 
C 
C 
C 
C 

A. CURRENT DISTRIBUTION 
B . INPUT IMPEDANCE 
C. NORMALIZED AMPLITUDE RADIATION PATTERN 

C OF A LINEAR SYMMETRICALLY EXCITED DIPOLE. 
C 
C nus PROORAM USES PULSE EXPANSION FOR TIIE ELECTRIC 
C CURRENT MODE AND POINT-MATCHING TilE ELECrRIC 
C FIELD AT 1HE CENTER OF EACH WIRE SEGMENT 
C 
C DELTA-OAP FEED MODEL IS USED IN BOIH FORMULATIONS. 
C IN ADDmON, MAGNETIC-FRll..L GENERATOR IS AVAILABLE IN 
C 1llE POCKLINGTON'S INTEGRAL EQUATION 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

OPTION I. POCKLINGTON'S INTEGRAL EQUATION 
OPTION D. HALLEN'S INTEGRAL EQUATION 

••INPUT PARAMETERS 
1. 1L = TOf AL LENGTI{ OF TIIE DIPOLE (in wavelengths) 
2. RA = RADIUS OF 11IE WIRE (in wavelengths) 
3. NM = TOTAL NUMBER OF SUBSECTIONS 

(must be an odd in1eger) 
4. JEX = OPilON TO USE El1HER MAGNETIC-FRilL 

GENERATOR OR DELTA-OAP FEED 
JEX = 1: MAGNETIC-FRil..LGENERATOR 
JEX = 2: DELTA-OAPFEED 

••NOTE 
IGNORE INPUT PARAMETER IEX WHEN CHOOSING OPfION II 
(i.e., HALLEN'S FORMULATION) 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
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COMPUTER PROGRAM • SELF AND MUTUAL IMPEDANCES 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C 
C nns IS A FORTRAN PROORAM lHA T COMPUTES nm: 
C 
C 
C 
C 
C 

I. SELF IMPEDANCE FOR ANY LEN Gm DIPOLE 
II. MUTUAL IMPEDANCE BETWEEN TWO IDENTICAL 

LINEAR DIPOLES 

C BASED ON111E INDUCFD EMF ME1HOD AND 11iE IDEAL CURRENT 
C DISTRIBUTION OF EQUATION (4--56) 
C 
C 1HE IMPEDANCES CAN BE COMPlITED BASED EI1HER ON 111E CURRENT 
C AT nm INPUT. OR ON THE CURRENT MAXlMUM: 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

I. SELF IMPEDANCE (INPUT IMPEDANCE) 

1. BASED ON CURRENT AT nm.INPUT: 
Zn ='Rui+jXm 
Rm = INPUT RESISTANCE [Equs.(8-60a) and (8-61a)] 
Xin = INPUT REACT ANCE [F.qus.(8-60b) and (8-61 b)] 

2. BASED ON CURRENT MAXIMUM: 
Zmm =Rtnm +jXimn 
Rinm = SELF RESISTANCE [Equ. (8-60a)] 
X1nm = SELF REACTANCE [Equ. (8-6()b)l 

IL MUTUAL IMPEDANCE 

1. BASED ON CURRENT AT nm INPUT: 
Zili = R2u + j X2u [Equ. (8-68)] 
R21i = MUTIJAL RESISTANCE 
X2u =MUIUALREACTANCE 

2. BASED ON CURRENT MAXIMUM: 
Zi1m = R21m + j X21m [Equ. (8-70)) 
R21m = MUTUAL RESISTANCE 
X21m = MUTUAL REACTANCE 

C nm DIPOLES FOR MUTUAL IMPEDANCE COMPUTATIONS MUST BE 
C IDENTICAL WITH LENGTH OF ODD MULTIPLES OF ),./2 
C (l = niJ2. n = 1,3.5, .. ). 
C 
C 
C 
C 
C 
C 
C 
C 
C 

OPTION I. SELF IMPEDANCE (INPUT IMPEDANCE) 

••ARRAY INPUT PARAMETERS 
1. l = LENGrn OF TIIE DIPOLE 
2. a = RADIDS OF nm DIPOLE 

(condnued on next page) 
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C (continued) 
C 
C 
C OPTION Il. MUTUAL IMPEDANCE 
C 
C CHOICE A: SIDE-BY-SIDE [see Fig. 8.19(a)] 
C 
C **ARRAY INPUT PARAMETERS 
C 1. l = LENGTII OF THE DIPOLES 
C 2. d =HORIZONTALDISPLACEMENTOFDIPOLES 
C 
C CHOICE B: COLLINEAR [see Fig. 8.19(b)] 
C 
C ••ARRAY INPUT PARAMETERS 
C 1. l = LENGTII OF THE DIPOLES 
C 2. h = VERTICAL DISPLACEMENT OF DIPOLES 
C 
C CHOICE C: PARALLEL-IN-ECHELON [see Fig. 8.19(c)] 
C 
C ••ARRAY INPUT PARAMETERS 
C 1. I = LENGm OF mE DIPOLE 
C 2. h = VERTICAL DISPLACEMENT OF DIPOLES 
C 2. d =HORIZONTAL DISPLACEMENT OF DIPOLES 
C 
C 
C **NOTE 
C AIL 1lIB INPlIT DATA ARE IN WAVELENGTIIS. 
C 
c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
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CHAPTER 

9 
BROADBAND DIPOLES AND 
MATCHING TECHNIQUES 

9.1 INTRODUCTION 

In Chapter 4 the radiation propenies (pattern. directivity, input impedance, mutual 
impedance. etc.) of very thin wire antennas were investigated by assuming that the 
current distribution, which in most cases is sinusoidal, is known. In practice, infinitely 
thin (electrically) wires are not realizable but can be approximated. In addition, their 
radiation characteristics (such as pattern, impedance, gain, etc.) are very sensitive to 
frequency. The degree to which they change as a function of frequency depends on 
the antenna bandwidth. For application!. that require coverage of a broad range of 
frequencies. such as television reception of all channels, wide-band antennas are 
needed. There are numerous antenna configurations, especially of arrays, that can be 
used to produce wide bandwidths. Some simple and inexpensive dipole configurations, 
including the conical and cylindrical dipoles, can be used to accomplish this to some 
degree. 

For a finite diameter wire (usually d > 0.05,\) the current distribution may not 
be sinusoidal and its cff ect on the radiation pattern of the antenna is usually negligible. 
However. it has been shown that the current distribution has a pronounced effect on 
the input impedance of the wire antenna, especially when its length is such that a near 
null in current occurlJ at its input terminals. The effects are much less severe when a 
near current maximum occurs at the input terminals. 

Historically there have been three methods that were used to take into account 
the finite conductor thickness. The first method treats the problem as boundary-value 
problem l 1]. the second as a tapered transmission line or electromagnetic horn [2], 
and the third finds the current distribution on the wire from an integral equation [3]. 
The bounc.lary-vaJue approach is well suited for idealistic symmetrical geometries 
(e.g .. ellipsoids, prolate spheroids) which cannot be used effectively to approximate 
more practical geometries such as the cylinder. The method expresses the fields in 
terms of an infinite series of free oscillations or natural modes whose coefficients are 
chosen to satisfy the conditions of the driving source. For the assumed idealized 
configurations, the method does lead to very reliable data, but it is very difficult lo 
know how to approidmate more practical geometries (such as a cylinder} by the more 
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idealized configurations (such as the prolate spheroid). For these reasons the boundary­
value method is not very practical and will not be pursued any further in this text. 

In the second method Schelkunoff represents the antenna as a two-wire uniformly 
tapered transmission line, each wire of conical geometry, to fonn a biconical antenna. 
Its solution is obtained by applying transmission line theory (incident and reflected 
waves). so well known to the average engineer. The analysis begins by first finding 
the radiated fields which in turn are used. in conjunction with transmission line theory, 
to find the input impedance. 

For the third technique. the main objectives are to find the current distribution on 
the antenna and in turn the input impedance. These were accomplished by Hallen by 
deriving an integral equation for the current distribution whose approximate solution, 
of different orders. was obtained by iteration and application of boundary conditions. 
Once a solution for the current is formed, the input impedance is detennined by 
knowing the applied voltage at the feed terminals. 

The details of the second method wiJI follow in summary form. The integral 
equation technique of Hal/en. a.Jong with that of Pocklington. form the basis of 
Moment Method techniques which were discussed in Chapter 8. 

9.2 BICONICAL ANTENNA 

One simple configuration that can be used to achieve broadband characteristics is the 
biconical antenna formed by placing two cones of infinite extent together. as shown 
in Figure 9.1 (a). This can be thought to represent a uniformly tapered transmission 
line. The application of a voltage V; at the input terminals will produce outgoing 
spherical waves. as shown in Figure 9.1 (b), which in turn produce at any point 
( r. 0 = 8, .. cp) a current / along the surface of the cone and voltage V between the 
cones (Figure 9.2). These can then be used to find the characteristic.: impedance of the 
transmission line. which is also equal to the input impedance of an infinite geometry. 
ModificiJljons to this expression. to take into account the finite lengths of the cones, 
will be made using transmission line analogy. 

9.2.1 Radiated Fields 

The analysis begins by first finding the radiated E- and ff-fields between the cones, 
assuming dominant TEM mode excitation (E and Hare transverse to the direction of 
propagation). Once these are detennined for any point (r, 0, <J,), the voltage V and 
current/ at any point on the surface of the cone (r. (J = 0,., cJ,) will be formed. From 
Faraday's law we can write that 

V x E = -jwµ.H (9-1) 

which when expanded in spherii:al coordinates and assuming that the E-field has only 
an E(I component independent of </>. reduces 10 

Since H only has an H <I> component, necessary to form the TEM mode with £0, 

(9-2) can be written as 

(9-2a) 

INTEL-1045 
U.S. Patent 7,151,430



9.2 BiconicaJ Antenna 443 
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Figure 9. 1 Biconical antenna geometry and radiated spherical waves. 

From Ampere's law we have that 

V x H = +}wEE (9-3) 

which when expanded in spherical coordinates, and assuming only E0 and H4, com­
ponents independent of </>, reduces to 

a, ,7- s'.n 0 [aae (r sin 0H<I>)] - a,1 r s:n 0 [ :, (r sin 0H,~)] = + }w<:.(a(/£11) (9-4) 

which can als<.1 be written as 
a . 

00
(rsin 0H<1>) = 0 (9-4a) 

1 a (r sin 0H ) = -}wEE0 r sin 0 nr ¢, 
(9-4b) 
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Figure 9.2 Electric mid magnetic fields, and ussociaLed volLages and cur­
r..:nt,, for a biconical antenna. 

Rewriting (9-4b) as 

I a 
- - (rHi1,) = -jw£E0 ,. i)r 

and suhstituting it into (9-2a) we form a differential equation for t-1,;, as 

I iJ [iJ ] - -.-~ -(rH~) = -jwµ,Ht/, 
JWU dr i)r 

or 

(9-5) 

(9-6) 

(9-6a) 

A solution for (9-6a) must be obtained to satisfy (9-4a). To meet the eondition of 
(9--4a), Llte IJ variations of H t/i must be or L11e form 

/(r) 
He/!= sin 0 (9-7) 

A solution oJ' (9-6a), whit:h also meets U1e requirement,; of (9-7) and represents an 
outward traveling wave. is 

where 

Ho e jkr 
H =--

cJ, sin e ,. (9-8) 

(9-8a) 

An inward traveling wave is also a solution but does not apply to 1hc intinitcly long 
structure. 
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9.2 Biconical Antenna 445 

Since the field i~ of TEM mode, lhe electric field is related to the magnetk field 
by the intrinsic impedance. and we can write it as 

Ho e-Jkr 
En= TJH"' = 71-.- -- (9-9) 

sm 8 r 

In Figure 9.2(a) we have sketched the electric and magnetic field lines in the space 
between the two conical structures. The voltage produced between two corresponding 
points on the cones. a distance r from the origin, is found by 

or by using (9-9) 

Irr-an. d8 
V(r) = 11Hue-jkr -- = 

,r/'! sin (J 
Fl -jkrl [cot(a/4)] 

'T1 oe n tan(a/4) 

V(r) = 2r,H,><1-ikr In[ cot(i)] (9- IOa) 

The current on the surface of the cones. a distance r from the origin. is found by 
using (9-8) as 

J2TT f 21T 
/(r) = H r sin 8 deb = H e-Jkr . dA,. = 27rH e-Jkr 0 ,/, O II 'Y O (9-11) 

In Figure 9.2(b) we have sketched the voltage and current at a distance r from the 
origin. 

9.2.2 Input Impedance 

A. T,ifinite Cone~ 
Using the voltage of (9-1 Oa) and the cu1Tent of (9-11 ), we can write the characteristic 
impedance as 

V(r) r, [ (a)] z. = -- = - In cot -
'· /(r) 7r 4 

(9-12) 

Since the characteristic impedance is not a function of the radial distance r, it also 
represents the input impedance at the antenna feed terminals of the infinite structure. 
For a free-space medium, (9-12) reduces to 

(9-12a) 

which is a pure resistance. For small cone angles 

z,11 = 71 
ln[cot(~)] = 11 

In[ 
1 

] = 11 
ln(i) 7r 4 7r tan(a/4) TT a 

(9-12b) 

Variations of Zin as a function of the half-cone angle a/2 arc shown plotted in 
Figure 9.3(a) for 0° < a/2 ::::; 90° and in Figure 9.3(b) in an expanded scale for 
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Figure 9.3 Input impedance of an inlinitcly long biconical antenna radiating in free-space. 

00 < ('(/2 ~ 2°. Although the half-cone angle is nol very crilica! in the design. it is 
usually rhosen so thal the l'haracteristic impedance of the biconical conligurntion is 
nearly the same as that of the u·ansmissinn line to which it will he attached. Small 
angle hiconical antennas arc not very praclical but wide-angle configurations (,30° < 
cd2 < 60°) are frequently used as broadband antennas. 

The radiation resistance of (9-12) can also he ohtained by first finding the total 
radi,1ted power 

P,ud W,., • ds J
!r. f "°-,,12 lt:f1 j•.r-111-i 10 

= -
2 

,1. sin 0 dfJ dcp = 1T1JIHol2 -~-
1 "'~ TJ o sm fJ 

INTEL-1045 
U.S. Patent 7,151,430



9.3 Triangular Sheet, Bow-Tie, and Wire Simulation 447 

P ro,1 = 2"'1IHo[2 In [ cn1(:)] (9-13) 

and by using (9-11) evaluated at r = 0 we form 

2PraJ Tl [ (a)] R,. = l /(O)f = 1r In cot 4 (9-14) 

which is identical to (9-12). 

B. Finite Cones 
The input impedance of (9-12) or (9-14) is for an infinitely long structure. To take 
into account the finite dimensions in determining the input impedance, Schelkunoff 
[2] has devised an ingenious method where he assumes that for a finite length cone 
(r = 112) some of the energy along the surface of the cone is reflected while the 
remaining is radiated. Near the equator most of the energy is radiated. This can be 
viewed as a load impedance connected across the ends of the cones. The electrical 
equivalent is a transmission line of characteristic impedance Zc terminated in a load 
impedance z, .. Computed values [ 4] for the input resistance and reactance of small 
angle cones are shown in Figure 9.4. It is apparent that the antenna becomes more 
broadband (its resistance and reactance variations are less severe) as the cone angle 
increases. 

The biconical antenna represents one of the canonical problems in antenna theory, 
and its model is well suited for examining general characteristics of dipole-type 
antennas. 

C. Unipole 
Whenever one of the cones is mounted on an infinite plane conductor (i.e., the lower 
cone is replaced by a ground plane), it forms a unipole and its input impedance is 
one-half of the two-cone structure. Input impedances for unipoles of various cone 
angles as a function of the antenna length I have been measured [5]. Radiation patterns 
of biconical dipoles fed by coaxial lines have been computed by Papas and King [6]. 

9.3 TRIANGULAR SHEET, BOW-TIE, 
AND WIRE SIMULATION 
Because of their broadband characteristics, biconical antennas have been employed 
for many years in the VHF and UHF frequency ranges. However. the solid or shell 
biconial structure is so massive for most frequencies of operation that it is impractical 
to use. Because of its attractive radiation characteristics, compared to those of other 
single antenna~. realistic variations lo its mechanical structure have been sought while 
retaining as much of the desired electrical features as possible. 

Geometrical approximations to the solid or shell conical unipole or biconical 
antenna are the triangular sheet and bow-tie antennas shown in Figures 9.5(a) and (b), 
respectively, each fabricated from sheet metal. The triangular sheet has been inves­
tigated experimentally hy Brown and Woodward [5]. Each of these antennas can also 
be simulated by a wire along the periphery of its surface which re<luces significantly 
the weight and wind resistance of the structure. The computed input impedances and 
radiation patterns of wire bow-tie antennas. when mounted above a ground plane, 
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Figure 9.4 Input impedance la! feed t~rminals} of finite length 1:>iconical an1enna. 
(SOURCE: H. Jasik (ed.), Ame111ia Ent{i11eeri11g Handbook, McGraw-Hill. ;'/ew York. 
1961. Chapter 3) 

II 

have been i,;omputed using Lhe Moment Method 17 I. The impedance is shown plotted 
in Figure 9.6. A comparison of' the results of Figure 9.6 with those of reft:rence ISi 
reveals that tile bow-tie antenna doe~ not exhibit a,<; broadband characteristics (i.e., 
nearly constant resistance and esi;erttially zero reactance over a large frequency range) 
as the con-espondin,g solid biconical antenna for 30° < a < 90°. Also for a given 
Rare angle the resistance and reactance of the bow-tie wire structure tlt1ctuate more 
than l'or a triangular sheet antenna. Thus the wire bow-tie is very narrowband as 
com pa reel co the biconical surf ace of revolution or triangular sheet antenna. 

In order to simulate better the attractive surface of revolution or a biconical 
aoienn,t by low-mass s1rocwres. mul1ielemen1 intersecting wire bow-ties were em­
ployetl a1, shown in Figure 9.S(c). IL has been shown Lhat eight or more intersecting 
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(a) Trlangularsheel (h) Bow-tic le) Wire s1mulQtion 

Figure 9.5 Triangular sheet, bow-tie, and wire simulation of biconical antenna. 

wire-constructed bow-Lies can approximate rensonably well the radiation character­
istics of a conical body-of-revollltion anleona. 

9.4 CYLINDRICAL DIPOLE 

Another simple and inexpensive antenna whose radiation charncteristics are frequency 
dependent is a cyl indrical dipole (i.e .. a wire of finite diameter and length) of the form 
shown in Figure 9.7. Thick dipoles are considered broadband while chin dipoles are 
more narrowband. This geometry can be considered to be a special form of the 
biconical antenna when ex = 0°. A thorough analysis of the current, impedance, 
pattern, and other radiation characteristics can be performed using the Moment 
Method. With that technique the antenna is analyzed in terms of integral formulation 
of the Hallen and Pocklington type which can be evaluated quite efficiently by the 
Moment Method. The analytical formulation of the M oment Method has been pre­
sented in Chapter 8. In this section we want to present. in summary form. some of its 
performance characteristics. 

9.4.l Bandwidth 

As has been pointed out previously, a very thin linear dipole has very narrowband 
input impedance characteristics. Any small perturbations in the operating frequency 
will result in large changes in its operational behavior. One method by which its 
acceptable operational bandwidth can be enlarged will be to decrease the /Id ratio. 
For a given antenna, this can be accomplished by holding the length the same and 
increasing the diameter of the wire. For example. an antenna with a lid= 5,000 has 
an acceptable bandwidth of about 3%, which is a small fraction of the center fre­
quency. An antenna of the same length but with a lid""' 260 has a bandwidth of about 
30%. 

9.4.2 Input Impedance 

The input impedance (resistance and reactancc) of a very th in dipole of length / and 
diameter ti cnn be computed using (8-60a)-(8-61b). As Lhe radius of the wire increases. 
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I/! 

)' 

I 
.... I 

I 
I / 2 ' .J 

X 1 
Figure 9.7 Ccmcr-fetl cylindrical antenna configuration, 

Lhese equations become inaccurate. However. using integral etiuation a.nalyscs such 
as the Moment Mctho<l of Chapter 8. input impedances can be computed for wires 
with different /Id ratios. In general. it has been observed that for a given length wire 
its impedance variations become Jcsi;; i,cn::.itive a::. a function of frequency us tht! lid 
rutiti decreases. Thus more broadband characteristics can be obtained by incrcru.ing 
the diameter of a given wire. To dcmonsLrale th is, i n Figures 9.8(a) and (b) we have 
plotted. as a function of length. the input resistance and reactance of dipoles wilh 
lid= l04(fl = 19.81). 50(fl = 9.21). and 25(!1 = 6.44) where n = 2 ln(2/ld). 
For lid= 104 the values were computed using (8-60a) and (8-61a) and then transferred 
to the input tenninals by (8-60b) anu (8-6 1 b). respectively. T he others were compute<l 
using lhe Moment Method lechniqucs of Chapter 8. It is noted that the variations or 
each are less pronounced as the lid ratio decreases. thus providing greater bandwidth. 

Measured input resistances and reactam:es for a wide range or constant lid ratios 
have been reported (81- These curves are for a cylindrical antenna driven by a coaxial 
cable mounted on a large ground plane on the earth· s surface. Thus they represent 
half or the input impedance or a center-fed cylindrical dipole radiating ll1 free-space. 
The variations of rhe antenna's electrical length were obtained by varying the fre­
quency while the lengtb-to-diameter (//d) ratio was held constant. 

9.4.3. Resonance and Ground Plane Simulation 

The Imaginary part of Lhe input impeuance of a linear dipole c...i n be eliminated by 
making the total lengLh. /, of the wire slightly less than an integral number of half­
wavelengths (i.e .. / . light Jess than nM2. n = I. 2. 3. 4 .... ). The amount or reduction 
in length, is a function of the rat!Jus of the wire. and i t can be determined for thin 
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Figure 9.8 (a) Input resistance and reactance of wire dipoles. 

IJ, 

wires iteratively using (8-60b) and (8-61 b). At the resonance length. the resistance 
can then be determined using (8-60a) and (8-61 a). Empirical equations for approxi­
mating the length. impedance. and the order of resonance of the cylindrical dipoles 
are found in Table 9. I [9]. R,, is called the natural resistance and represents the 
geometric mean resistance at an odd resonance and at the next higher even resonance. 
For a cylindrical stub above a ground plane, as shown in Figure 9.9. the corresponding 
values are listed in Table 9.2 (91. 

To reduce the wind resistance, to simplify the design, and to minimize the costs, 
a ground plane is often simulated, especially at low frequencies, by crossed wires as 
shown in Figure 9.9(b). Usually only two crossed wires (four radials) arc employed. 
A larger number of radials results in a better simulation of the ground plane. Ground 
planes are also simulated by wire mesh. The spacing between the wires is usually 
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9.4 Cylindrical Dipole 453 

Table 9.1 CYLINDRICAL DIPOLE RESONANCES 

First Second Third Fourth 
Resonance Resonance Resonance Resonance 

LENGTH 0.48AF 0.96,\F 1.44,\F l.92AF 
RESlSTANCE 

67 R,.2 
95 

R/ 
(ohms) 67 95 

F= 112a 
+ 

112
a: Rn = \ 50 \og1o<ll2a) 

selected to be equal or smaller than A/10. The flat or shaped reflecting surfaces for 
UHF educational TV are usually realized approximately by using wire mesh. 

9.4.4 Radiation Patterns 

The theory for the patterns of infinitesimally thin wires was developed in Chapter 4. 
Although accurate patterns for finite diameter wires can be computed using current 
distributions obtained by the Moment Method of Chapter 8, the patterns calculated 
using ideal sinusoidal current distributions, valid for infinitely small diameters. pro­
vide a good first-order approximation even for relatively thick cylinders. To illus­
trate this. in Figure 9. 10 we have plotted the relative patterns for / = 3A/2 with 
lid= 104(0 = 19.81),50(0 = 9.21),25(0 = 6.44),and8.7(H = 5.71),where 
n = 2 ln(2//d). For lid = 104 the current distribution was assumed to be purely 
sinusoidal, as given by (4-56); for the others, lhe Moment Method techniques of 
Chapter 8 were used. The patterns were computed using the Moment Method for­
mulations outlined in Section 8.4. It is noted that the pattern is essentially unaffected 
by the thickness of the wire in regions of intense radiation. However. as the radius of 
the wire increases. the minor lobes diminish in intensity and the nulls are replaced by 
low-level radiation. The same characteristics have been observed for other length 
dipoles such as / = A/2, A and 2A. The input impedance for the / = A/2 and / = 
3A/2 dipoles, with /Id = 104, 50. and 25, is equal to 

I= A/2 

Z.1i(//d = 104
) = 73 + j42.5 

Z;n(lld = 50) = 85.8 + j54.9 
Z.11'//d = 25) = 88.4 + j27.5 

I = 3A/2 

Zin(//d = I 04
) = 105.49 + j45.54 

Zi11(Vd = 50-) = 103.3 + j9.2 
Zin(//d = 25) = 106.8 + j4.9 

Table 9.2 CYLINDRICAL STUB RESONANCES 

First Second Third 
Resonance Resonance Resonance 

LENGTH 0.24AF' 0.48AF' 0.72,\F' 
RESlSTANCE 34 

(R,,'f· 
48 

(ohms) 34 

F' = Ila 
: R,,' = 15 1og11i(//a) 

+ Ila 

(9-15) 

Fourth 
Resonance 

0.96AF' 
(R,,'>2 

48 
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(al Cylimlrical monopole 

j 
I h l Wire ,imula I ion of ground plan.: 

Figure 9.9 Cylimlrkal monopole above circular solid and wire-simulated ground planes. 

9.4.5 Equhalent Radii 

Up to now, the fonnulations for the current distribution and the input impedance 
assume that the cross section of the wire is constant and of radius a. An electrical 
equivalent radius can be obtained for some unifonn wires of noncircular cross section. 
This is demonstrated in Table 9.3 where the actual cross sections and their equivalent 
radii arc illustrated. 

The equivalenl radius concept can be used to obtain the antenna or scattering 
characteristics of electrically small wires of arbilrary cross sections. It is accomplished 
by replacing the noncircular cross section wire with a circular wire whose radius is 
the "equivalent" radius of the noncircular cross section. In electrostatics, the equiv­
alent radius represents the radius of a circular wire whost! capacitance is equal to that 
of the noncircular geometry. This detiniLion can be used at all frequencies provided 
tht! wire remains electrically small. The circle with equivalent radius lies between the 
circles which circumscribe and inscribe the geometry and which together bound the 
noncircular cross secLion. 

9.4.6 Dielectric Coating 

Up Lo now it has been assumed that the wire antennas are radiating into free-space. 
The radiation characteristics of a wire antenna (current distribution, far-field pattern, 
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Figure 9.10 Amplitude radiation patterns of a 3A/2 dipole of various lhicknesses. 

input impedance. bandwidth, radiation efficiency, and effective length) coated with a 
layer of electrically and magneticalJy lossless [ I 0] or lossy [ 11] medium. as shown 
in Figure 9.11, will be affected unless the layer is very thin compared to the radius 
and the wavelength. The problem was investigated analytically by the Moment 
Method and the effects on the radiation characteristics can be presented by defining 
the two parameters 

(9-16) 

(9-17) 
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Table 9.3 CONDCCTOR GEOMETRICAL SHAPES AND THEIR EQUIVALENT 
CIRCULAR CYLINDER RADII 

Geometrical Shape 

T 
h 

_1~~-ff 
f.- - -a-.j 

T, 
a I 

l______,..... 
1-.-; _:..J 

Electrical Equivalent Radius 

u,. = 0.25" 

a,. = 0.2(a + I>) 

,,,. = 0.59a 

~::■• 
o 0.~ 0.4 0.6 0.8 1.0 

b/11 

In a,. = (' , 
(.,, + S2)-

X /S1
1 In a 1 + S/ In «2 + 2S1S1 In.\·/ 

S1• S1 = peripheries or conduc1ors C1• C2 

a 1• a2 = cquivalenl radii of conductors C,. C1 
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where 

i:,. = relative (to the ambient medium) complex pennittivity 

µ.,. = relative (to the ambient medium) complex permeability 

a = radius of the conducting wire 

b - a = thickness of coating 

In general: 

1. Increasing the real pan of either P or Q 
a. increases the peak input admittance 

b. increases the electrical length (lowers the resonant frequency) 
c. narrows the bandwidth 

2. Increasing the imaginary part of P or Q 
a. decreases the peak input admittance 

b. decreases the electrical length (increases the resonant frequency) 
c. increases the bandwidth 
d. accentuates the power dissipated (decreases the radiation efficiency) 
e. accentuates the traveling wave component of the current distribution 

Thus the optimum bandwidth of the antenna can be achieved by choosing a lossy 
dielectric material with maximum imaginary parts of P and Q and minimum real 
parts. However. doing this <lecrea~es the radiation efficiency. In practice, a trade-off 
between bundwidth and efficiency is usually required. This ili not a very efficient 
technique to broadband the antenna. 

I 
I 
I 
I 
I 
I 
I 
I 

L""-::r 0 

~~h~ 
Figure 9.11 Coated linear dipol~. 
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9.S FOLDED DIPOLE 

To achieve good directional pattern characteristics and at the same time provide good 
matching to practical coaxial lines with 50- or 75-ohm characteristic impedances. the 
length of a single wire element is usually chosen to be A/4 s:: / < A. The most widely 
used dipole is thal whose overalJ length is / = )J2, and which has an input impedance 
of Zin = 73 + j42.5 and directivity of D0 = 1.643. In practice. there are other very 
common transmission lines whose characteristic impedance is much higher than 50 
or 75 ohms. For example. a "twin lead" transmission line (usually two parallel wires 
separated by about ti; in. and embedded in a low-loss plastic material used for support 
and spacing) is widely used for TV applications and has a characteristic impedance 
of about 300 ohms. 

ln order to provide good matching characteristics, variations of the single dipole 
element must he used. One simple geometry that can achieve this is a folded wire 
which forms a very thin (s << A) rectangular loop as shown in Figure 9. I 2(a). This 
antenna, when the spadng between the two larger sides is very small (usually s < 
0.05A). is known as a folded dipole and it serves a-; a step-up impedance transformer 
(approximately by a factor of 4 when / = A/2) of the single element impedance. Thus 
when / = >J2 and the antenna is resonant. impedances on the order of about 300 
ohms can be achieved. and it would be ideal for connections to • 'twin-lead .. trans­
mission lines. 

A folded dipole operates basicalJy as an unbalanced transmission line. and it can 
he analyzed by assuming that its current is decomposed into two distinct modes: a 
transmission line mode [Figure 9.12(h)] and an antenna mode [Figure 9.12(c)]. This 
type of an analytic model can he used to predict accurately the input impedance 
provided the Jonger paraJlel wires are dose together electrically {s << ,\). 

To derive an equation for the input impedance. let us refer to the modeling of 
Figure 9.12. For the transmission line mode of Figure 9.12(b). the input impedance 
at the tenninals " - b or e - ,1: looking toward the shorted ends. is obtained from 
the impedance transfer equation 

.. [z,. + jZo tan(k/' )] ·~ (k /) 
Z, = Z, Zu + jZ,_ tan(k/ ' ) ~,=='; = .1Z.1 tan • 2 (9-18) 

where 20 is the char-.icteristic impedance of a two-wire transmission line 

(9-19) 

which can be approximated for s/2 >> a by 

71 [s/2 + y(s/2)
2 

- a2
] 71 (s) (s) Z0 ~ - In ------- = - ln - = 0.73371 logw -

1T a 1T a a 
(9-l 9a) 

Since the voltage between the points a and h is V/2, and it is applied to a transmission 
line of length //2, the transmission line current is given by 

V/2 
I,= -z, (9-20) 

For the antenna mode of Figure 9. I 2(c), the generator points c d and g - Ii 
are each al the same potential and can be connected, without loss of generality, to 
form a dipole. Each leg of the dipole is formed by a pair of closely spaced wires 
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Figure 9.12 Folded dipole and its equivalent transmission line and antenna mode models. 
(SOURCE: 0. A. Thiele. E. P. Ekelman. Jr .. and L. W. Henderson, "On the Accuracy of the 
Transmission Line Model for Folded Dipole:' IEEE Trans. Antennas Propagar .. Vol. AP-
28. No. 5. pp. 700-703, September 1980. © ( 1980) IEEE) 

(s «: A) extending from the feed (c - d or g - h) to the shorted end. Thus the 
current for the antenna mode is given by 

V/2 
I=-
" ZJ 

(9-21) 

where Z" is the input impedance of a linear dipole of length / and diameter d computed 
using (8-60a)-(8-61b). For the configuration of Figure 9.12(c), the radius that is used 
to compute Z,1 for the dipole can be either the half-spacing between the wires (s/2) or 
an equivalent radius a, .. The equivalent radius a,. ls related to the actual wire mdius a 
by (from Table 9.3) 

ln(a.-) = ½In(a) + ½ln(s) = ln(a) + ½In(~) = lnyas (9-22) 

or 

a,.= yas (9-22a) 

It should be expected that the equivalent radius yields the most accw·ate results. 
The total current on the feed leg (left side) of the folded dipole of Figure 9. I 2(a) 

is given by 

I,, V V V(2Zd + Z,) ~ = t+-=-+-=-----
2 2Z, 4ZJ 4Z,Z,, 

(9-23) 

and the input impedance at the feed by 

Z = ~ = 2Z,(4Z,1) = 
111 

/ 2Z 42 in t + d 

(9-24) 
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Figure 9.13 Equivalenc circuits for cwo-elemeac and N-dement (wilh equal radii clements) 
folded dipoles. 

Based on (9-24), the folded dipole be.haves as the equivalent of Figure 9.13(a) in 
which the antenna mode impedan<.:e i!-, stepped up by a ratio of four. The trnnsformed 
impedance is then placed in shunt with twice the impedance of the nonradiating 
(trans1nission line) mode to result in the input impedance. 

When/ = A/2, it can be shown that (9-24) reduces to 

(9-25) 

or that the impedance of the folded dipole is four times greater than that of an isolated 
dipole of the same length as one of its sides. This is left as an exercise for the reader 
(Prob. 9.9). 

The impedance relation of (9-25) for the/ == il./2 can also be derived by referring 
to Figure 9.14. Since for a folded dipole the two vertical arms are clo!iely spaced 
(.'i' << A). the current distribution in each is identical as shown in Figure 9.14(a). The 
equivalent of the folded dipole of Figure 9.14(a) is the ordinary dipole of Figure 
9.14(b). Comparing the folded dipole to the ordinary dipole, it is apparent that the 
currents of tl1e cwo closely spaced and identical arms of che folded dipole arc equal 
to the one current of the ordinary dipole. or 

(9-26) 

where 11 is the currem of the folded dipole and /" is the currem of the ordinary dipole. 
Also the input power of the two dipoles are identical, or 

(9-27) 
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Figure 9.14 Folded dipole and equivalent regular dipole. 

Substituting (9-26) into (9-27) leads to 

Z.r = 4-Zi, (9-28) 

where Zr is the impedance of the folded dipole while Zd is the impedance of the 
ordinary dipole. Equation (9-28) is identical to (9-25 ). 

To better understand the impedance transformation of closely spaced conductors 
(of equal diameter) and fonning a multielement folded dipole. let us refer lo its 
equivalent circuit in Figure 9.13(b). For N elements, the equivalent voltage at the 
center of each conductor is VIN and the current in each is /,,. n = 1, 2, 3 .... , N. 
Thus the voltage across the first conductor can be represented by 

V N 

- = L lnZ1,, 
N ,i-=I 

(9-29) 

where 21,, represents the self or mutual impedance between the first and nth element. 
Because the elements are closely spaced 

I,,= / 1 and Z1,, = Z11 (9-30) 

for all values of n = I, 2, . .. , N. Using (9-30), we can write (9-29) as 

V N N 

- = L l,,Z,,. = ,. L z,,. = N/1Z11 
N 11 = 1 11=1 

(9-31) 

or 

(9-31 a) 

since the self-impedance Z11 of the first element is the same as its impedance Zr in 
the absence of the other elements. Additional impedance step-up of a single dipole 
can be obtained by introducing more elements. For a three-element folded dipole with 
elements of identical diameters and of/ = A/2, the input impedance would be about 
nine times greater than that of an isolated element or about 650 ohms. Greater 
step-up transformations can be obtained by adding more elements; in practice, they 
are seldom needed. Many other geometrical configurations of a folded dipole can be 
obtained which would contribute different values of input impedances. SrnaU varia­
tions in impedance can be obtained by using elements of slightly different diameters 
and/or lengths. 
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To test the validity of the transmission line model for the folded dipole. a number 
of computations were made [ 12] and compared with data (.)btained by the Moment 
Method. which is considered to be more accurate. In Figures 9.15(a) and (b) the input 
resistance and reactance for a two-element folded dipole is plotted as a function of 
II A when the diameter of each wire is d = 2a = 0.00 I A and the spacing between the 
elements is s = 0.00613A. The characteristic impedance of such a transmission line 
is 300 ohms. The equivalent radius was used in the calculations of ZJ, An excellent 
agreement is indicated between the results of the transmission line model and the 
Moment Method. Computations and comparisons for other spacings (s = 0.0213A, 
20 = 450 ohms and s = 0.0742A. 20 = 600 ohms) but with elements of the same 
diameter (d = 0.00IA) have been made [12]. It has been shown that as the spacing 
between the wires increased, the results of the transmission line mode began to 
disagree with those of the Moment Method. For a given spacing. the accuracy for the 
characteristic impedance. and in tum for the input impedance. can be improved by 
increasing the diameter of the wires. The characteristic impedance of a transmission 
line. as given by (9-19) or (9- l 9a), depends not on the spacing but on the spacing-to­
diametcr (s/d) ratio, which is more accurate for smaller sld. Computations were also 
made whereby the equivalent radius was not used. The comparisons of these results 
indicated larger disagreements, thus concluding the necessity of the equivalent radius, 
especially for the larger wire-to-wire spacings. 

A two-element folded dipole is widely used as feed element of TV antennas such 
as Yagi-Uda antennas. Although the impedance of an isolated folded dipole may be 
around 300 ohms. its value will be somewhat different when it is used as an element 
in an array or with a reflector. The folded dipole has better bandwidth characteristics 
than a single dipole of the same size. Its geometrical arrangement tends to behave as 
a short parallel stub line which attempts to cancel the off resonance reactance of a 
single dipole. The folded dipole can be thought to have a bandwidth which is the 
same as that of a single dipole but with an equivalent radius (a < a,: < s/2). 

Symmetrical and asymmetrical planar folded dipoles can also be designed and 
constructed using strips which can be fabricated using printed circuit technology [13). 
The input impedance can be varied over a wide range of values by adjusting the width 
of the strips. In addition, the impedance can be adjusted to match the characteristic 
impedance of printed circuit transmission lines with four-to-one impedance ratios. 

9.6 DISCONE AND CONICAL SKIRT MONOPOLE 

There are innumerable variations to the basic geometrical configurations of cones and 
dipoles. some of which have already been discussed, to obtain broadband character­
istics. Two other common radiators that meet this characteristic are the conical skirt 
monopole and the discone antenna I 14] shown in Figures 9. l 6(a) and (b), respectively. 

For each antenna, the overall pattern is essentially the same as that of a linear 
dipole of length I < A (i.e .. a solid of revolution formed by the rotation of a fi.gure­
eight) whereas in the horizontal (azimuthal) plane it is nearly omnidirectional. The 
polarization of each is vertical. Each antenna because of its simple mechanical design, 
ease of installation, and attractive broadband characteristics has wide applications in 
the VHF (30-300 MHz) and UHF (300 MHz-3 GHz) spectrum for broadcast, tele­
vision, and communication applications. 

The disconc antenna is fonned by a disk and a cone. The disk is attached to the 
center conductor of the coaxial feed line. and it is perpendicular to its axis. The cone 
is connected at its apex to the outer shield of the coaxial line. The geometrical 
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Figure 9.15 Input resislance and reactance of folded dipole. (SOURCE: G. A. Thiele. E. P. 
Ekelman. Jr., and L. W. Henderson. "On the Acc.:uracy of the Transmission Line Model for 
Folded Dipole." IEEE Tran.\'. A11w11nt1s Propagat .. Vol. AP-28, No. 5, pp. 700-703. Septem­
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Figure 9.16 Conical skirt monopole. discone. and wirc,simulated cone surface. 

dimensions and the frequency of operation of two designs 1141 are shown in Table 
9.4. 

In general. the impedance and pattern variations of a discone as a function of 
frequency arc much less severe than those of a dipole of tixed length/. The perfonn­
ance of this antenna as a function of frequency is similar to a high-pass filter. Below 
an effet.~Live cutoff frequency it becomes inefficient. and it produces severe standing 
waves in the feed line. Al cutoff, the slant height of the cone is approximately >J4. 

Measured elevation ( vertical) plane radiation patterns from 250 to 650 MHz, at 
50-MHz intervals. have been published f 141 for a discone with a cutoff frequency of 
200 MHz. No mujor changes in the .. figure-e-ight .. shape of the patterns were evident 
other than at the high-frequency range where the pattern began to tum downward 
somewhat. 

The conical skirt monopole is similar to the discone except that the disk is replaced 
by a monopole of length usually >J4. Its general behavior also resembles that of the 
discone. Another way to view the conical skirt monopole is with a >J4 monopole 
mounted above a finite ground plane. The plane has been tilted downward to allow 
more radiation toward and below the horizontal plane. 

To reduce the weight and wind resistance of the cone. its solid surface can be .. 
simulated by radial wires. as shown in Figure 9.16(c). This is a usual practice in the 
simulation of finite size ground planes for monopole antennas. The lengths of the 
wires used to simulate the ground plane are on the order of about A/4 or greater. 

9.7 SLEEVE DIPOLE 

The radiation patterns of asymmetrically driven wire antennas, with overall length 
less than a half-wavelength(/< A/2), will almost be independent of the point of feed 
along the wire. However for lengths greater than A/2 (/ > A/2) the current variation 
along the wire will undergo a phase reversal while maintaining almost sinusoidal 
amplitude current distribution forced by the boundary conditions at its ends. lt would 
then seem that the input impedance would largely be influenced by the fel!d point. 
Even the patterns may be influenced by the point of excitation for antennas with 
lengths greater than A/2. 
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Table 9.4 FREQUENCY AND DIMENSIONS OF TWO 
DESIGNS 

Frequency (MHz) 

90 
200 

A (cm) 

45.72 
22.86 

B (cm) 

60.96 
31.75 

C(cm) 

50.80 
35.56 

The input impedance Z"·' of an asymmetric (off-center) driven dipole is related 
approximately to the input impedance z., at its center by 

(9-32) 

where ~/ represents the displacement of the feed from the center. Better accuracy can 
be obtained using more complicated formulas [ 15]. 

An antenna that closely resembles an asymme.tric dipole and can be analyzed in 
a similar manner is a sleeve dipole. shown in Figure 9. I 7(a). This radiator is essentially 
the same as that of a base-driven monopole above a ground plane. The outer shield 
of the coaxial line. which is also connected to the ground plane, has been extended a 
distance / along the axis of the wire to provide mechanical ~trength. impedance 
variations, and extended broadband characteristics. 

By introducing the outer sleeve. the excitation gap voltage maintained by the 
feeding transmission line has been moved upward from the conducting plate (.: = 0) 
to z == lz. The theory of images yields the equivalent symmetrical structure of Figure 
9.17(b) in which two generators maintain each equal voltage at z = ± h. 

Because of the linearity of Maxwell's equations. the total current in the system 
will be equal to the sum of the currents maintained independently by each generator 
in each of the two asymmetric excited radiators [161 shown in Figure 9.l7(c). Thus 
the antenna can be analyzed as the sum of two asymmetrically fed radiators. ignoring 
the diameter change in each as in Figure 9. I 7Cd). Since the two structures in Figure 
9. I 7(d) are identical at their feed. the input current is 

/in = la,<z = h) + l".Cz = -h) 

where 

/ 111 = input current at Lhe feed of the sleeve dipole 
[Figure 9.17(a)J 

/ 11.,(z = /,) = current of asymmetric structure al z = h 
!Figure 9.17(d)I 

/,,..{: = - h) = current of asymmetric structure at z = - h 
[Figure 9. I 7(d)J 

and the input admittance is 

J"'.(z = h) + 111.,Cz. = -h) = 111..<z = h) [i + /,..,(z_=_-h>) 
Y;" = V· 

111 Vin 111.1( .. - h) 

= y [ I _la._,(.:_-_-_-_J_1)] 
"·' + l r1.Cz = h) 

where Y",. = IIZa.f as given by (9-32). 

(9-33) 

(9-34) 

Through a number of computations [ 16 j, the frequency response of a sleeve dipole 
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Figure 9.17 Sleeve dipole and its equivalents. (SOURCE: W. L. Weeks. Amenna 
E11gi11eui11g. McGraw-Hill. New York. 1968) 

has been shown to be much superior than either that of a half-wavelength or full­
wavelength dipole. Also the standing wave inside the feed line can he maintained 
reasonably constant by the use of a properly designed reactive matching network. 

9.8 MATCHING TECHNIQUES 

The operation of an antenna system over a frequem:y range is not completely de­
pendent upon the frequency response of lhe antenna element itself but rather on the 
frequency characteristics of the transmission line-antenna element combination. In 
practice. 1he characteristic impedance of the transmission line is usually real whereas 
that of the antenna element is complex. Also the variation of each as a function of 
frequency is not the same. Thus efficient coupling-matching networks must be de­
signed which attempt to couple-match the characteristics of the two elements over the 
desired frequency range. 

There are many coupling-matching network., that can be used to connect the 
transmission line to the antenna element and which can be designed to provide 
acccptahlc frequency characteristics. Only a limited number will be introduced here. 

9.8.1 Stub-Matching 

Ideal matching at a given frequency can be accomplished by placing a short- or open­
circuited shunt ~tub a distance .,· from the transmission line-antenna element connec­
tion. as shown in Figure 9. I 8(a). Assuming a real ch,mlcteristic impedance, the length 
s is controlled so as to make the real pait of the antenna element impedance equal to 
the characteristic impedance. The length / of the shunt line is varied until the suscep­
tance of the stub is equal in magnitude but opposite in phase tu the line input 
susceptance at the point of the transmission line-shunt element connection. The match-
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Figure 9.18 Matching und microstrip techniques. 

ing procedure is illustrated best graphically with the use of a Smith chart. Analytical 
methods, on which the Smith chart graphical solution is based. can also he used. The 
short-circuited stub is more practical because an equivalent short can be created by a 
pin connection in a coaxial cable or a slider in a waveguide. This preserves the overall 
length of the stub line for matchings which may require longer length stubs. 

A single stub with a variable length / cannot always match all antenna (load) 
impedances. A double-stub arrangement positioned a fixed distance .\' from the load. 
with the length of each stuh variable and sepurated by a constant length cl. will maLch 
a greater range of antenna impedances. However. a triple-stub configuration will 
always match all loads. 

An excellent treatment of the analytical and graphical melhods for the single-, 
double-, triple-stub. and other matching techniques is presented by Collin [ 17]. The 
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higher-order stub arrangements provide more broad and less sensitive matchings (lo 

frequency variations) but are more complex to implement. Usually a compromise is 
chosen, such as the douhle-stub. 

9.8.2 Quarter-Wavelength Transformer 

A. Single Section 
Another technique that can be used to match the antenna to the transmission line is 
to use a A/4 transformer. If the impedance of the antenna is real, the transformer is 
attached directly to Lhe load. However if the antenna impedance is complex, the 
transformer is placed a distance .\'o away from the antenna. as shown in Figure 9. I 8(h). 
The distance Jo is chosen so that the input impedance toward the load at s0 is real and 
designated as R;n- To provide a match, the transformer characteristic impedance Z1 
should be 2 1 = ~- where Z, is the characteristic impedance (real) of the input 
transmission line. The transformer is usually another transmission line with the desired 
characteristic impedance. 

Because the characteristic impeuances of most off-the-shelf transmission lines are 
limited in range and values, the quarter-wavelength transformer technique is most 
suitable when useu with microstrip transmission lines. In microstrips. the characteristic 
impedance can be changed by simply varying the width of the center conductor. 

B. Multiple Sections 
Matchings that are less sensitive to frequency variations and that provide broader 
bandwidths. require multiple A/4 sections. In fact the numher and characteristic im• 
pedance of each section can be designed so that the reflection coefficient follows, 
within the desired frequency banuwidth, prescribed variations which are symmetrical 
about the center frequency. The antenna (load) impedance will again be assumed to 
be real; if nol. the antenna element must be connected to the transformer at a point s0 

along the transmission line where the input impedance is real. 
Referring to Figure 9. I 8(c). the total input reflection coefficient fin for an N­

section quarter-wavelength transformer with R1_ > Zi can be written approximately 
as [17) 

where 

rinU') = Po + p,e- 120 + P2e - j4 H + · · · + p,.e--I].NH 

N 

= L p,,e -111111 
11=0 

Z,, +1 -Z,, 
p,, = z z 

11+1 + n 

8= kAI = 21r(Ao) = :!.f-() 
A 4 2 Vo 

(9-35) 

19-3Sa) 

(9-35b) 

In (9-35). p,, represents the reflection coefficient at lhe junction of two infinile lines 
with characteristic impedances Z,, and Z,, + 1 • .fu represents the desjgned center fre­
quency, andf the operating frequency. Equation (9-35) is valid provided the p,,'s at 
each junction are small (RL = 20). If R1_ < Zo. the p,,'s should be replaced by - p,,'s. 
For a real load impedance, the p,,'s and Z,,'s wiU also be real. 
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For a symmetrical transfonner (ro = PN, p 1 = PN-1, etc.), (9-35) reduces to 

r,nCf) = 2e-JN(JlP11 cos NfJ + Pi cos(N - 2) 0 + Pi cos(N - 4)8 + · · ·] (9-36) 

The last term in (9-36) should be 

C. Binomial Design 

Pt<N- l)12JCOS 0 
I 
1,P(N/2) 

for N = odd integer 

for N = even integer 

(9-36a) 

(9-36b) 

One technique. used to design an N-section A/4 transformer. requires that the input 
reflection coefficient of (9-35) have maximally flat passband characteristics. For this 
method, the junction reflection coefficients <Pn • s) are derived using the binomial 
expansion. Doing this, we can equate (9-35) to 

where 

N - N! Cn - ----. 
(N - n)!n! 

n = 0, 1, 2 .... , N 

From (9-35) 

For this type of design, the fractional bandwidth ~f/J,.1 is given by 

~! = 2 <.fo - J;,,) = 2 ( I - f,,,) = 2 ( I -
2 on,) 

Jo Jo Jo 7T 

Since 

fJ = 21r (Ao) = ~ (/,") 
"' Am 4 2 Jo 

(9-39) reduces using (9-37) to 

6._J 4 - I [ p,,. ] 1/N 

Jo = 2 - 7T cos (R,_ - Zc.,)l(RL + Zc.1) 

(9-37) 

(9-37a} 

(9-38) 

(9-39) 

(9-40) 

(9-41) 

where p,,. is the maximum value of reflection coefficient which can be tolerated within 
the bandwidth. 

The usual design procedure is to specify the 

1. load impedance (R,J 
2. input characteristic impedance (Zo} 

3. number of sections (N) 
4. maximum tolerable reflection coefficient (pm) [or fractional bandwidth (fl:flj;1)J 

and to ti nd the 
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1. characteristic impedance of each section 

2. fractionaJ bandwidth lor maximum tolerable rc11cction coefficient (p111 )l 

To illustrate the ptinciple. let us consider an example. 

Example 9.1 

A linear dipole with an input impedance of 70 + j37 is connected to a 50-ohm line. 
Design a two-section A/4 hinomial transformer by specifying the characteristic im­
pedance of each section to match the antenna to the line at f = .fi,. If the input 
impedance (at the point Lhe transformer is connected) is assumed to remain constant 
as a function of frequency, detem1ine the maximum reflection coefficient and VSWR 
within a fractional bandwidth of 0.375. 

SOLUTION 

Since the antenna impedance is not real. the antenna must be connected to the trans­
funner through a transmission line of length s0. Assuming a 50-ohm character­
istic impedance for that section of the transmission line. the input impedance at 
s0 = 0.062A is real and equal to 100 ohms. Using (9-37a) and (9-38) 

_ 2- NRI. - Zoe ,v _ ,.,--NRl. - Zo N! 
P11 - ,, - --R,. + Zo RL + Z, (N - 11)!11! 

which for N = 2. R1. = 100. ~) = 50 

Z1 - Zo I Po = --'---- = - o Z1 = 1.182~1 = 59.09 
Z1 + Zo 12 

II = 0: 

Z2 - Z, I 
Pl = = - w Z2 = 1.39921 = 82.73 

Z2 + Z1 6 
II = I: 

For a fractional handwidth of 0.375 (0111 = 1.276 rad = 73.12°) we can write. using 
(9-41) 

;. = 0,375 = 2 - >o,- 1 [ (RL _ ;;;;R, + z.J" 

which for R1. = 100 and Z0 = 50 gives 

p,,, = 0.028 

The maximum voltage standing wave ratio is 

I+ p,,, vsw~,, = -- = l.058 
I - p,,, 

The magnitude of the reflection coefficient is given by (9-37) as 

.. R1 - .li, ., I "[21r( Au)] I ., [1r(/)] Im = Pin = R,~ + Zl cos- 0 = 3cos- A 4 = 3cos~ 2 ./i, 

which is shown plotted in Figure 9_ 19. and it is compared with the response of a 
single section A/4 transformer. 
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Figure 9.19 Responses of single-sccLion, and two-section binomial and Tschcbyschcff 
4u.irtcr-wavelenglh transformers. 

Microstrip designs are ideally suited for antenna arrays, as shown in Figure 
9.18(d). In general the characteristic impedance of a microstrip line, whose top and 
end views are shown in Figures 9. I 8(e) and (f), respectively. is given by r 18]. 

87 ( 5.98/z ) 2 = -:===== ln --- for /·1 < 0.8w 
' YE,. + 1.41 0.81-1' + r 

where 

E,. = dielectric constant of dielectric substrate (board material) 

h = height of suhstrate 

w = width of microslrip center conductor 

r = thickness or microstrip center conductor 

(9-42) 

Thus for constant values of E,. h. and ,. the characteristic impedance can he 
changed by simply varying the width (w) of the center conductor. 

D. Tschehysche.ff Design 
The reflection coefficient can be made to vary within the bandwidth in an oscillatory 
manner and have equal-ripple characteristics. This can be accomplished by making 
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fin behave according to a Tschebyscheff polynomial. For the Tschebyscheff design, 
the equation that corresponds to (9-37) is 

(9-43) 

where '/,y(x) is the Tschehyscheff polynomial of order N. 
The maximum allowable retlection coeflkient occurs at the edges of the passband 

where H = 0111 and 7:111(.sec 0,,, cos 8)!8= H = I. Thus ., 

Z1. - Zc, I 
p,,, = z 7 .,.. 0 ) ,. + L.(> N(sec ,,, 

(9-44) 

The first few TschebyscbeIT polynomials are given by (6-69). For z = sec 0,,, cos fJ, 
the first three polynomials reduce to 

T1 ( sec 0,,, cos 0) = sec 0111 cos () 

T2(sec 0,,, cos (I) = 2('sec ()111 cos 8)2 - 1 = sec2 0,,, cos 20 + (sec2 Ono 

T_,(sec 0,,, cos fl) = 4(sec 0,,, cos 0)·' - 3(sec 0111 cos 0) 

= !1.eC3 fJ111 CO~ 3(:3 + 3(sce1 ff,,, - sec fJ,,,} COS fJ 

The remaining details of the analysis are found in [ 171. 

- I) 
(9-45) 

The design of Example 9.1 using a Tschebyschcff transformer is assigned as an 
exercise to the reader (Proh. 9.17 ). However its response is shown plotted in Figure 
9.19 for comparison. 

In general. the multiple sections (either binomial or Tschehyscheff) provide 
greater handwidths than a single section. As the nutnher of sections increases, the 
bandwidth also increases. The advantage of the hinomial design is that the reflection 
coefticie11t values within the bandwidth monotonically decrease from hoth ends toward 
the center. Thus the values are always smaller than an acceptable and designed value 
that occurs at the ; 'skirts" of the bandwidth. For the Tschebyschdf design. the 
reflection coefficient values within the designed bandwidth are equal or smaller than 
an acceptahlc and designed value. The number of times the reflection coefficient 
reaches the maximum ripple value within the bandwidth is determined by the number 
of sections. In fact. for an even number of sections the reflection coefficient at the 
designed center frequency is equal to the maximum allowable value, while for an odd 
number of sections it is zero. For a maximum tolerable reflection coefficient, the N­
section Tschehyschcff transformer provides a larger bandwidth than a corresponding 
N-section binomial design. or for a given bandwidth the maximum tolerable reflection 
coefficient is smaller for a Tschebyscheff design. 

9.8.J T-Match 

Another effective shunt-matching technique is the T-match connection shown in 
Figure 9.20(a). With this method the dipole of length / and radius a is connected to 
the transmission line by another dipole of length I'(/'</) and radius cz'. The smaller 
dipole is "tapped" to the larger one at distances I' 12 from the center and the two are 
separated by a sm.tll distance ,\', The transmission line is connected to the smaller 
dipole at its center. The T-match connection is a general form of a folded dipole since 
the two legs are usually not of the same length or diameter. Since the T-match is a 
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1a 
I 

( b) Shorted transmission lmc 
equivale?nl 

l I +a->: I 

(<l) Equivalent circuit for 
T-match 

(I+ co: I 

I fl f'<Jui,·alent of T -match 
resonant connection 

T 
.1· 

_L 

Figure 9.20 T-match anti its associated equivalents. 

symmetrical and balanced system, it is well suited for use with parnllel-conductor 
transmission lines such as the "twin lead." Coaxial lines, which are unsymmetrical 
and unbalanced lines. should he connected to dipoles using the gamma match. 

The design procedure for the T-mmch is developed similarly to that of the folded 
dipole. The T-match is also modeled by transmission line and antenna modes, as 
shown in Figure 9.12 for the folded dipole. The total current at the input terminals is 
divided between the two conductors in a way that depends on the relative radii of the 
two conductors and the spacing between them. Since the two conductors are not in 
general of the same radius. the antenna mode current division is not unity. instead. a 
current division factor is assigned which also applies to the voltage division of the 
transmission line mode. 

Instead of including all the details of the analysis. only the steps that arc applicable 
to a T-match design will be included. 

INTEL-1045 
U.S. Patent 7,151,430



474 Chapter 9 Broadband Dipoles and Matching Techniques 

A. Design Procedure 
I. Calculate the cu1Tent division factor a by 

') 
ln(v) 

a=---------------

(-
u_2_+_t_i_-_l) ln(u) - ln(u) 

cosh- 1 

{I 

u = -
a' 

.\' 
tJ = -

a' 

2vu 

(9-46) 

(9-46a) 

(9-46b) 

2. From Table 9.3. the "equivalent'· ra<lius of the two-wire arrangement can be 
written as 

ln(a,,) = (a' 
1 

, la' 2 In a' + ,1
2 In a + 2a

1
<1 In sl + at 

since S1 = 27Tlt', S2 = 21ra. It can be shown that (9-47) reduces to 

I 
ln(cr,,) = In a' + ( 

1 
, (112 In 11 + 211 In v) 

+ ut 

(9-47) 

(9-47a) 

3. Calculate the impedance at the input terminals for the transmission line mode 
[i.e., two-wire shorted transmission line of length /' /2 with radii a. a' and separation 
s shown in Figure 9.20(bll 

Z, = jZ0 tan ( ki) (9-48) 

where 

Z, = 60 cosh- 1(s2 
- ,/ ,- a'

2
) = 276 log 10 (~ )=:;) 

2aa yaa' 
(9-48a) 

Z, is the characteristic impedance of the two-wire transmission line with ra<lii a, a' 
and separations, as shown in Figure 9.2O(c). 

4. The total input impedance, which is a combination of the antenna (radiating) 
and the transmission (nonra<liating) modes. can be written as 

(9-49) 

and the input admittance as 

I Y., 
Yin = Zn = ( I + a)2 + 22, 

(9-50) 

Z,, = IIY,, is the center point free-space input impedance of the antenna in the absence 
of the T-match connection. 

B. Equivalent Circuit 
Based upon (9-49) or (9-50). the T-match behaves as the equivalent circuit of Figure 
9.2O(d) in which the antenna impedance is stepped up hy a ratio of I + a, 

INTEL-1045 
U.S. Patent 7,151,430



9.8 Matching Techniques 475 

and it is placed in shunt with twice the impedance of lhe nonradiating mode (trans­
mission line) to result in the input impedance. When the current division factor is 
unity (a= l ), the T-match equivalent of Figure 9.20(d) reduces to that of Figure 
9. I 4(a) for the folded dipole. 

For/' = A/2. the transmission line impedance z, is much greater than ( I + a)2Z11 

and lhe input impedance of (9-49) reduces to 

[ Zn = (I + a)2Za I (9-51) 

For two equal radii conductors, the current division factor is unity and (9-51) becomes 

(9-52) 

a relation obtained previously. 
The impedance of (9-49) is generally complex. Because each of the lengths 

(l' /2) of the T-match rods are usuaJly selected to be very small (0.03 to 0.06A). Zin is 
inductive. To eliminate the rcactance (resonate the antenna) at a given center frequency 
and keep a balanced system. two variable series capacitors are usuaUy used. as shown 
in Figure 9.20(e). The value of each capacitor is selected so that Zin of (9-49) is equal 
to R,nlZin = R,11). To accomplish this 

1 
C = 2C111 = fX· 

1T. '" 
(9-53) 

where f is the center frequency, and C111 is the series combination of the two C 
capacitors. The resonant circuit equivalent is shown in Figure 9.20(f). 

The T-match connection of Figure 9.20(e) is used not only to resonate the circuit. 
but also to make the total input impedance equal to the characteristic impedance of 
the feed transmission line. This is accomplished by properly selecting the values of 
I' 12 and C (s is not usually varied because the impedance is not very sensitive to it). 
In most cases, a trial and error procedure is followed. An orderly graphical method 
using the Smith chart is usuaUy more convenient. and it is demonstrated in the 
following section for the gamma match. 

9.8.4 Gamma Match 

Frequently dipole antennas are fed by coaxial cables which are unbalanced transmis­
sion lines. A convenient method to connect the dipole or other antenna.,; (Yagi-Uda. 
log-periodic. etc.) to 50- or 75-ohm "coaxs" and to obtain a match is to use the 
gamma match arrangement shown in Figure 9.21. 

A. Equivalent Circuit 
The gamma match is equivalent to half of the T-match, and it also requires a capacitor 
in series with the gamma rod. The equivalent is shown in Figure 9.2l(b). and its input 
impedance is equal to 

(9-54) 

where Z" is the center point free~space impedance of the antenna in the absence of 
the gamma match connection. The second term of (9-54) is similar in fonn to that of 
(9-49). 

The usual problem encountered is that the length of the wire antenna (/) and the 
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Figure 9.21 Gamma match and its equivalent. 

characteristic impedance of the feed coax (Z,.) arc known. What is required are the 
values of the radii a and a'. the length /' /2, and the capacitance C which will achieve 
a match. Since the aiTangemcnt is similar to the T-match or folded dipole. its analysis 
is based on the same theory. 

Tu accomplish the match. a graphical design technique, which is different from 
that reported in 1191 and 120]. will be demonstrated. This procedure utilizes the Smith 
chart, and it is based on the equivalent or Figure 9.2 l(b). A purely mathematical 
procedure is also available (21 J, but it will not be included here. 

Because the input impedance is not very sensitive to u. C1
1

• and s. the usual 
procedure is to select their values and keep them fixed. The parameters that are usual1y 
varied are then /' /2 and C. In practice. I' /2 is varied by simply using a sliding clamp 
to perfonn the shorted connection al the end of the gamma rod. 

The graphical design method assumes that /' /2 is given. and C that resonates the 
circuit is found . If the input resistance is not equal to the characteristic impedance Z,. 
or the feed Line. another value of /' /2 is selected, and the procedure is repeated until 
Rin = Z, .. The graphical method is suggestive us to how the length /' /2 should be 
changed (smaller or larger) to accomplish the match. 

B. Design Procedure 

L Dctennine the current division factor a by using (9-46)-(9-46b). 

2. Find the free-space impedance (in the absence of the gamma match) of the 
driven element al the center point. Designate it as Z,,. 
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3. Divide Z,, by 2 and multiply it by the step-up ratio ( I + ed. Designate the 
result as Z:?. 

(9-55) 

4. Dctennine the characteristic impedance Z, of the transmission line formed by 
the driven element amt the gamma rod using (9-48a). 

5. Nonnalizc Z:? of (9-55) by 20 and designate it as z2. 

(9-56) 

and enter on the Smith chart. 
6. Inve1t .::2 of (9-56) and obtain its equivalent admittance y2 = g2 + jb2. On the 

Smith chart this is accomplished by moving z2 diagonally across from its posi­
tion. 

7. In shunt with the admittance y2 from step 6 is an inductive reactance due to the 
short-circuited transmission line formed by the antenna element and the gamma 
rod. This is an inductive reactance because the length of the gamma rod is very 
small (usually 0.03 to 0.06,\), hut always much smal.ler than ,\/2. Obtain its 
normalized value using 

.::g = j tan (kf) (9-57) 

and place on Smith chart. The impedance ~11 of (9-57) can also be obtained by 
using exclusively the Smith chart. You begin by locating the sh011-circuited load 
at Z., = 0 + jO. Then you move this point a distance /' /2 toward the generator. 
,Llung the outside perimeter of the Smith chart. The new point represents the 
normalized impedance :i; of (9-57). 

8. Invert the impedance from step 7 (.::i;) to obtain its equivalent admittance y11 = 
g,: + jbl/. On the Smith chart this is accomplished by moving .::J: diagonally 
across from its position. 

9. Add the two parallel admittances (from steps 6 and 8) to obtain the total input 
admittance at the gamma feed. That is, 

Yin = Y:.! + .\'g = (g2 + g11) + j(b2 + b,) 

and locate it on the Smith chart. 

(9-58) 

10. Invert the normalized input admittance _\'in of (9-58) to obtain the equivalent 
normalized input impedance 

(9-59) 

11. Obtain the unnormalized input impedance by multiplying :in by Zi,. 

(9-60) 

12. Select the capacitor C so that its reactance is equal in magnitude to Xin· 

I 1 
-=--=X 
wC 2 7r/i,C '" 

(9-61) 

If all the dimensions were chosen properly for a perfect match, the real part Rin 

of (9-60) should be equal to Z, .. If not. change one or more of the dimensions 
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(usually the length of the rod) and repeat the procedure until Rin = Z, .. Practically 
the capacitor C is chosen lo be variable so adjustments can be made with ease 
to obtain the best possible match. 

Example 9.2 

The driven element impedance of a 20-m (f == 15 MHz; see Appendix Vlll) Yagi­
Uda antenna has a free-space impedance at its center point of 30.44( I - j) ohms 
120]. It is desired to connect it to a 50-ohm coaxial line using a gamma match. The 
driven element and the gamma rod are made of tubing with diameters of 0.95 x 
10-\H0.75in. = l.905cm)and3.175 X 10--1A(0.25in. = 0.635cm),respectively. 
The center-to-center separation between the driven element and the rod is 3.81 x 
10- 3.~ (3 in. = 7.62 cm). Determine the required capacitance to achieve a match. 
Begin with a gamma rod length of 0.036.,\ (28.35 in, = 72.01 cm). 

SOLUTION 

1. Using (9-46)-{9-46b) 

" 11=-=3 
a' 

,\' 3.81 
v=-=---=24 

a' 0.15875 

ln(24) 
a = ----- = 1.528 

ln(24) - ln(3) 

and the step-up ratio 

(I + a/ = (I + 1.528)2 = 6.39 

2. Z,, = 30.44( I - j). as given. 
3. Using (9-55) 

Z:i = ( I + 1.528)2 30,
44<; - j) = 97.25( I - j) 

[ 
2(3.81) ] 

4. Zt1 = 276 logw 1 . . = 315.25 = 315 
\; 0.95(0.3175 J 

97.25 
5. -2 = 315 (I - .i) = (UICI - j) 

6. On the Smith chart in Figure 9.22 locate : 2 and invert it to Y:!· It leads to 

I . 
Y2 = - = 1.6( I + J) 

Z2 

7. On the Smith chru1 locate :., = 0 + jO and advance it toward the generator a 
distance 0.036A to obtain 

z.~ = 0 + J0.23 

8. From the Smith chart 

Yg = :- = -j4.35 
'·c: 
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Figure 9.22 Smith chart for Example 9.2. Copyrigh1 renewal I 976 h)' P. H. Smith. 
Murray Hill. N.J. 

9. Add y2 and y11 

Yin=)'~ + Yi: = 1.6 - j2.75 

which is located on the Smith chart. 

10. Inverting Yin on the Smith chart to Zin gives 

Z;11 = 0.16 + )0.28 

11. Unnormalizing Zin by Z0 = 315. reduces it lo 

Zm = 50.4 + j88.2 

12. The capacitance shuuld be 

C = I = . 
2-n:t;,(88.2) 21r( 15 X 1Ct)(88.2) 

- 120.3 X IO • 12 = 120 pF 
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Figure 9.23 Omega match arrangement. 

Since R111 = 50.4 ohms is nol exaclly equal lo 20 = 50 ohms, one of the physical 
dimensions (usually the length of the rod) can be changed slightly and lhen the process 
can be repeated. However in lhis case they are so close that for prnclical purposes 
this is not re4uired. 

9.8.5 Omega Match 

A slightly modified version of lhe g.amma match is the omega match shown in Figure 
9.23. The only difference between lhe two is that in addition to the series capacitor 
C1 lhere is one in shunt C: which can aid in achieving lhe malch. Usually the presence 
of C2 makes it possible lo use a shorter rod or makes il easier lo match a resonanl 
driven element The primary funclion of C:! is to change Yin in slep 9 of the design 
procedure so lhal when it is inverted its unnormalized real parl is equal lo the 
characteristic impedance of lhe input transmission line. This will possibly eliminale 
lhe need of changing the dimensions of the matching clements. if a match is not 
achieved. 

9.8.6 Baluns and Transformers 

A twin-leud lransmission line (two parallel-conduclOr line) is a symmetrical line 
whereas a coaxial cable is inherently unbalanced. Because lhe inner and outer (inside 
and oulside parts of il) conductors of the coax are nol coupled lo lhe antenna in lhc 
same way. they provide lhe unbalance. The result is a net current flow to ground on 
the outside part of the outer conductor. This is shown in Figure 9.24(a) where an 
electrical equiva1em is also indicated. The amounl of current flow / 1 on the outside 
surface of the outer conduclor is determined by lhe impedance Z,'{ from the outer 
shield to ground. If Z;: can be made very large, /_1 can be reduced significanlly. Devices 
that can be used to balance inherently unbaJanced systems. by canceling or choking 
the outside current. are known as baltms (balance to 1111balance). 

One type of a balun is lhal shown in Figure 9.24(b). referred lo usually as a 
bazooka balun. Mechanically it requires thal a A/4 in length metal sleeve, and shorted 
at its one end. encapsulates the coaxial line. Eleclrically lhe input impedance al th~ 
open end of this A/4 shorted transmission line. which is equivalenl lO Zit• will be very 
large (ideally infinity). Thus the current /1 will be choked, if not completely eliminated, 
and lhe syslem will be nearly balanced. 
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Figure 9.24 Balun configurations. 
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Figure 9.25 Balun :111d ferrite core Lrans!'orrners, 

Anoth\!r iype of a baluJ1 i~ U1al !:iht>wn in Figure 9.24(c). l L reqllires that one encJ 
of a )J4 section of a tram,missiun line be connected Lo the outside shield of the main 
coaxial line while lhe other ii- connected LO the si<lc of the dipole which i anached 
to the center conductor. This balun h, used lo cancel lhe flow of/'?-. The operation of 
it can be explained as follows: In Figure 9.24(a) the voltages between each sMe of 
lhe dipole and Lhe ground are equal in magnilllde bu! 180° out of phase. thus producing 
a current !low on Lhe outside of the coaxial line. Ir the two currents / 1 and hare equal 
in magnitude. /.1 would be zero. Since terminal #2 of the dipole is connected directly 
to the shield of the coax while terminal # I is weakly coupled to it, it produces a 
much larger current /1. llrns Lherc is relatively lillle cancellation in Lhe LWO currents. 

The two currenls, / 1 and /2 . can be made e4ual in magnitude i r Lhc cent.er conductor 
of 1he coax is connc.ctcd directly to the outer ~hie\d. If this connection is made dhectly 
at the antenna lermiJ1als. the Lransmission line and Lhe antenna wouJd be sho11-cir­
cu ited. thus eliminating any radiation. However. the indirect parallel conductor con­
ncclinn of Figure 9.24(c) provides the desired current cancclation wi thout eliminating 
the radiation. The current llow on lhe outer shield of the main line is canceled at the 
bottom end or the >J4 section (where the two join together) by the equal in magnitude, 
but oppo,c;ire in plrn~e. current in the A/4 <;ection of the ut1x il iary line. Ideally then 
there i~ no current flow in Lhe outer surface of the outer sbield or the remaining part 
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of the main coaxial line. It should be stated that the parallel auxiliary line need not 
be made A/4 in length to achieve the balance. It is made >J4 to prevent the upsetting 
of the nonnal operation of the antenna. 

A compact construction of the balun in Figure 9.24(c) is that in Figure 9.24(d). 
The outside metal sleeve is split and a portion of it is removed on opposite sides. The 
remaining opposite parts of the outer sleeve represent electrically the two shorted 
>J4 parallel transmission lines of Figure 9.24(c). All of the baluns shown in Figure 
9.24 are narrowband devices. 

Devices can be constructed which provide not only balancing but also step-up 
impedance transfonnations. One such device is the >J4 coaxial balun, with a 4: 1 
impedance trnnsformation. of Figure 9.25(a). The Li-shaped section of the coaxial line 
must be >J2 long 1221. 

Because all the baluns-impedance transfonners that were discussed so far are 
narrowband devices, the bandwidth can be increased by employing ferrite cores in 
their construction 1231. Two such designs, one a 4: 1 or 1 :4 transfonner and the other 
a I: 1 balun. arc shown in Figures 9.25(b) and (c). The ferrite core has a tendency to 
maintain high impedance levels over a wide frequency range [24 J. A good design and 
construction can provide bandwidths of 8 or even 10 to I. Coil coaxial baluns, 
constructed by coiling the coaxial line itself to form a balun 124). can provide band­
widths of 2 or 3 lo I . 
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PROBLEMS 

9.1. A 300-ohm "twin-kaJ" transmission line is attached to a hiconical antenna. 
(a) Determine the cone angle 1hat will match the line to an infinite length biconical 

antenna. 
(b) For the cone augle or part (a). determine the two smallest cone lengths that will 

resonate the antenna. 
(c) For the cone angle and cone lengths from part (b). what is the input VSWR? 

9.2. Determine the first two resonanl lengths. and the corresponding diameters and input 
resistances. for dipoles with lid = 25. 50. and LO" using 
(a) the data in Figures 9.8(a) and 9.8(b) 
(b) Table 9.1 

9.3. Design a resonant cylindrical stub monopole or length /, diameter cl, and //cl of 50. Find 
the length (in ,\), diameter (in ,\), and the input resistance (in ohm~) al the first four 
resonances. 

9.4. A linear dipole of I/cl = 25. 50, and I()'' is attached to a 50-ohm line. Determine the 
VSWR of each lid when 
(a) / = ,\/2 
(h) I = A 

(C) / = 3,\/2 
9.5. Find the equivalent circular radius a, for a 

(a) very thin flat plate of width ,\/ I 0 
(h) square wire with sides of A/1() 

(c) rectangular wire with sides of ,\/JO and ,\/10() 

(d) elliptical wire wilh major and minor axes of A/10 and A/20 
(c) twin-lead transmission line with wire radii of 1.466 X IO 1 cm and separation of 

0.8 cm 
9.6. Compute the characteristic impedance of a two-wire transmission line with wire di­

ameter of ti = I() - ·' ,\ and center-to-center spacings of 
(a) 6. U X IO . •1,\ 
(b') 2.13 X 10- 1,\ 

(c) 7.42 X I0- 2,\ 

9. 7. Verify (9-47) from the expressions listed in Table 9.3. 
9.8. To increase its bandwidth, a ,\/4 monopole antenna operating al I GHz is made of two 

side-by-side copper wires (u = 5.7 x l07 Simi of drcular cross section. The wires at 
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each end of the ann are connected (shorted) electrically together. The radius of each 
wire is i\/200 and the separation between them is )J50. 
(a) What is the effective radius (in meters) of the two wires? Compare with the physical 

radius of each wire (in meters). 
(b) What is the high-frequency loss resistance of each wire? What is the total loss 

resistance of the two together in a side-by-side shorted at the ends arrangement? 
What is the loss rcsistnce based on the effective radius'! 

(c) What is the radiation efficiency of one wire by itself'? Compare with that of the 
two together in a side-hy-side arrangement. Whal is the radiation efficiency based 
on \he \o~s re~i~tance of the cff ective radius'? 

9.9. Show that the input impedance of a two-element folded dipole of I = A/2 is four times 
greater than that of an isolated element of the same length. 

9.10. Design a two-clement folded dipole with wire diameter of 10 \\ and center-to-center 
spacing of 6.13 X 10 \t 
(a) Determine its shortest length for resonance. 
(b) Compute the VSWR at the first resonance when it is attached to a 300-ohm line. 

9.11. A two-clement folded dipole of identical wires has an lid = 500 and a center-to-center 
spacing of 6.13 x 10- ~,\ between the wires. Compute the 
la) approximate le.ngth of a single wire at its first resonance 
(b) diameter of the wire at the first resonance 
(c) characteristic impedance of the folded dipole transmission line 
(d) input impedance of the transmission line mode model 
(e) input impedance of the folded dipole using as the radius or the antenna mode ( 1) 

the radius of the wire " · (2) the equivalent radius a, of the wires. (3) half of the 
cen1er-to-ce111er spacing (s/2). Compare the results. 

9.12. The input impedance of a 0.47,\ folded dipole operating al 10 MHz is 

z, .. = 306 + }75.3 

l-s--1 

i Input _ _ 
1 

lcrminul~ - l 
-

To resonate the element. it is proposed to place a lumped clement in shunt (parallel) at 
the input tcnninaJs where the impedance is measured. 
(a) Whal kind of an element (capacitor or inductor) should be used to accomplish the 

requirement? 
(h) Whut is the value 11f the element (in farads or henries)? 
(c) What is the new value of the input impedance'! 
(d) Whal is the VSWR when the resonant antenna is connected to a 300-ohm line'! 

9.13. A half-wavelength, two-clement symmetrical folded dipole is connected tn a 300-ohm 
··twin-lead" transmission line. In order for the input impedance of the dipole to he 
real. an energy storage lumped element is placed across its input tenninals. Detennine. 
assumingf = 100 MH1.. the 
(a) capacitance or inductance of the element that mu~t he placed across the tcnninals. 
(b) VSWR at the tcnninals of the transmission line taking into account the dipole and 

the energy storage clement. 
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9. 14. A half-wavelength, two-element symmetrical folded dipole whose each wire has a 
radius of l0- ',\ is connected to a 300-ohm "twin-lead" transmission line. The center­
to-centcr spacing of the two wires is 4 X 10 ~,.\. In order for the input impedance of 
the dipole to be real. dctcnninc. assuming/= 100 MHz. the 
( a) total capucitance C that must he placed in series ut the input terminals. 
(b) capacitance Ci (two of them) that must be placed in series at each of the inpu1 

tenninals of the dipole in order to keep the. antenna symmetrical. 
(c) VSWR at the tenninals of the transmission line connected to the dipole through 

the two cnpacitances. 
9.15. An I= 0.47A folded dipole, whose wire radius is 5 X 10- 1A. is fed by a ··twin lead" 

transmission line with a 300-ohm charncteristk impedance. The center-to-center spacing 
of the two side-by-side wires of the dipole is s = 0.025A. The dipole is operating at 
f = 10 MHz. The input impedance of the "regular'· dipole of/ = 0.47A is z,, = 
79 +jl3. 
(a) Determine the 

i. Input impedance of the folded dipole. 
ii. Amplification factors of the real and imaginary parts of the input impedance of 

the folded dipole. compared to the con-esponding values of the regular dipole. 
iii. Input reffoction coefficient. 
iv. Input VSWR. 

(b) To resonate the folded Jipole and keep the system balanced. two capacitors (each 
C) are connected each symmetricalJy in series at the input terminals of the folded 
dipole. 

1. What should C be lo resonate the dipole'! 
ii. What is the new reflection cueffkient at the input terminals of the "twin lead" 

line'! 
iii. What is the new VSWR? 

9.16. A A/2 dipole is fed asymmetrically at a distance of A/8 from one of its ends. Detennine 
its input im~dancc using (9-32). Compare its value with that obtained using the 
impedance transfer method of Section 4.5 . .5. 

9.17. Repeat the design of Example 9.1 using a Tschebyschcff transfonner. 
9.18. Repeat the design of Example 9.1 for .i three-section 

(a) binomial transfonner 
(b) Tschebyscheff transformer 

9.19. A self-resonant (fir.~, re.w11m1ce) half-wavelength dipole of radius ,1 = 10 • -'A is con­
nected to a JOO-ohm "twin-lead" line through a three-section binomial impedance 
transformer. Determine the impedances of the three-section binomial Lransfonner re­
quired to match the resonant dipole to the "twin-lead'' line. 

9.20. Consider a center-fed thin-wire dipole with wire radius a = 0.005A. 
(a) Determine the resonant length I (in wavelengths) and corresponding input resistance 

Rin of the antenna using assumed sinusoidal current distribution. 
(b) Design a two-section Tschebyscheff quarter-wavelength transformer to match the 

antenna to a 75-ohm transmission line. Design the transformer to achieve an equal 
ripple response tu R;11 over a fractional bandwidth of 0.25. 

(c) Compare the performance of the matching network in part (bl tu an ideal trans­
funner by plotting the input renection coefficient magnitude versus normalized 
frequency fur O :5 Pfo :5 2 for both cases. 

9.21. The free-space impedance at the center point of the driven element of a 15-MHz Yagi­
Uda array is 25 - j25. Assuming the diameters of the wires of a T-match are 1.9 x 
10- ·'A(3.8 cm) and 6.35 x 10 .iA( 1.27 cm), the center-to-center spacing between the 
wires is 7 .62 x IO·· 'A( 15.24 cm), and the length /' /2 of each T-match rod is 0.0285A 
( 57 cm), find the 
(al input impedance of the T-match 
(b) input capacitance C;11 that will resonate the antenna 
(c) capacitance C that must be used in each leg to resonate the antenna 
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9.22. The input impedance of a 145.4 MHz Yagi-Uda antenna is 14 + j3. Design a gamma 
match using diameters of 0.9525 cm (for the antenna) and 0.2052 cm (for the rod). and 
center-to-center spacing between the wires of 1.5316 cm. The match is for a 50-ohm 
inpul coaxial line. Find the shortest gamma rod length and the required capacilance. 
First. do the problem analytically. The design must be such that the real part of the 
designed input impedance is within I ohm of the required 50 ohms. Second, check your 
answers with lhe Smilh chart. 

9.23. Repeat Problem 9.22 for an input impedance of 14 - j3. 
9.24. A ).14 monopole is mounted on a ground plane and has an input impedance of 

34 + j 17 at f = 145.4 MHz. Design a gamma match to match the monopole to a 
50-ohm coaxial line. The wire diameters are identical (0.9525 cm) and the center-to­
center spacing is 3. 1496 cm. Find lhe required capacitance and lhe shortest gamma rod 
length. First. do the problem analytically. The design must be such that the real part of 
lhe designed input impedance is within J ohm of lhe required 50 ohms. Second. check 
your answers wilh the Smith chart. 

9.25. Using a gamma match. a ).12 dipole is connected to an amateur 425 MHz radio receiver 
using a 78-ohm coaxial line. The length of the gamma malch is A/4 and its wire radius 
i~ identical to that of the dipole. 
(a) What is the input impedance of the antenna-gamma match arrangement at the inpul 

terminals in the absence of a matching capacitor'? 
(b) To resonale the antenna. a capacitor is placed in series to the am, !hat is connected 

to the center conductor of the coaxial line. Whal is the value of lhe capacitor? 
(c) When the resonant antenna is connected to a 78-ohm coaxial line. what is the 

magnitude of the reHection coefficient'? What is the VSWR? 
9.26. A 300 MHz resonant ).12 dipole with an input impedance of 67 ohms is connected to 

a coaxial line through a gamma match. The radii of the wires for the dipole and gamma 
match, and the spacing between them. are such that the turns ratio of the lransformer 
is 3: I. The characterislk impedance of the transmission line that the dipnlc und gamma 
match part fom1 is 250 ohms. The overall length of the gamma match is 0. 1 A. 
(a) What is the total input impedance at the input terminals of the gamma match'! 
(b) What value of capacitor placed in series shall be selected so lhal the new input 

impedance is real (resonate the load)? 
9.27. AT-match is connected to the antennus of Problems 9.22 and 9.23. Assuming that the 

wire diameters and lengths for each leg of lhe T-match arc those derived for each 
gamma match. find the 
(aJ input impedance of the T-match 
!b) capacitance C that must be connected in each leg to make the antenna system 

resonant 
9.28. Repeat Problem 9.27 but select lhe lengths /' /2 of lhe T-match rods so that lhe input 

resistance is 300 ohms. Use diameters of 0. 1026 cm (for the rod), 0.9525 cm (for the 
antenna), and center-to-center spacing of 0.7658 cm. This connection is ideal for use 
with a 300-ohm "twin-lead" line. 
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CHAPTER 

10 
TRAVELING WA VE AND 
BROADBAND ANTENNAS 

IO.I INTRODUCTION 

In the previous chapters we have presented the details of classical methods that are 
used to analyze the radiation characteristics of some of the simplest and most common 
fom1s of antennas (i.e .. inJinitely thin linear and circular wires, broadband dipoles and 
arrays). In practice there is a myriad of antenna configurations, and it would be almost 
impossible to consider all of them in this book. In addition, many of these antennas 
have bizzare types of geometries anti it would be almm.t impractical. if not even 
impossible. to investigate each in detail. However. the general perfomiance behavior 
of some of them will be presented in this chapter with a minimum of analytical 
fom1Ulations. Today. comprehensive analytical formulations are available for most of 
them. but they would require so much space that it would he impractical to include 
them in this book. 

10.2 TRAVELING WAVE ANTENNAS 

In Chapter 4. center-fed linear wire antennas were discussed whose amplitude current 
distribution was 

I. constant for infinitesimal dipoles (/ s ,\/50) 
2. linear (triangular) for short dipoles (A/50 < Is A/10) 

3. sinusoidal for long dipoles (/ > A/ 10) 

In all cases the phase distribution was assumed to be constant. The sinusoidal current 
distribution of long open-ended linear antennas is a standing wave constructed by two 
waves of equal amplitude and 180° phase difference at the open-end traveling in 
opposite directions along its length. The voltage distribution has also a standing wave 
pattern except that it has maxima ()oops) al the end of the line instead of nulls (nodes) 
a.~ the current. ln each pauern, lhe maxima and mini.ma repeat every integral number 
of hulf-wavclenglhs. There is also a A/4 spacing between a null and a maximum in 
each of the wave patterns. The current and voltage distrihulions on open-ended wire 
antennas are similar to the standing wave pauems on open-end~d transmission lines. 

488 
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Figure 10.l Beverage (long-wire) antenna above ground. 

Linear antennas that exhibit current and voltage standing wave patterns formed by 
reflections from the open end of the wire are referred to as standing wave or resonant 
antennas. 

Antennas can be designed which have traveling wave (uniform) patterns in current 
and voltage. This can be achieved by properly terminating the antenna wire so that 
the reflections are minimized if not completely eliminated. An example of such an 
antenna is a long wire that runs horizontal to the earth. as shown in Figure lO. l. The 
input terminals consist of the ground and one end of the wire. This configuration is 
known as Beverage nr wave antenna. There are many other configurations of traveling 
wave antennas. In general. alJ antennas whose current and voltage distributions can 
be represented by one or more traveling waves, usualJy in the same direction, are 
referred to as traveling wave or nonresonant antennas. A progressive phase pattern is 
usually associated with the current and voltage distributions. 

Standing wave antennas, such as the dipole. can be analyzed as traveling wave 
antennas with waves propagating in opposite directions (forward and backward) and 
represented by traveling wave currents 11 and I,, in Figure 10.1 (a). Besides the long 
wire antenna there are many examples of traveling wave antennas such as dielectric 
rod (polyrod). helix. and various surface wave antennas. Aperture antennas, such as 
reflectors and horns, can also be treated as traveling wave antennas. In addition. arrays 
of closely spaced radiators (usually less than A/2 apart) can also be analyzed as 
traveling wave antennas by approximating their current or field distribution hy a 
continuous traveling wave. Yagi-Uda. log-periodic, and slots and holes in a waveguide 
are some examples of discrete-element traveling wave antennas. In general, a traveling 
wave antenna is usually one that is associated with radiation from a continuous source. 
An exccJlent bo<lk on traveling wave antennas is one by C. H. Walter 1.1 J. 
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A traveling wave may be classified as a slow wave if its phase velocity v1, (v,, = 
wlk, w = wave angular frequency. k == wave phase constant) is equal or sma11er than 
the velocity of light c in free-space ( v1,/c s 1). A fast wave is one whose phase 
velocity is greater than the speed of light (v1,lc > 1 ). 

In general. there are two types of traveling wave antennas. One is the swface 
wm•e antenna defined as • ·an antenna which radiates power flow from discontinuities 
in the structure that interrupt a hound wave on the antenna surface."* A surface wave 
antenna is. in general. a slow wave structure whose phase velocity of the traveling 
wave is equal to or less than the speed of light in free-space (11,/c :s I). 

For slow wave structures radiation takes place only at nonuniformities, curvatures, 
and discontinuities. Discontinuities can be either discrete or distributed. One type of 
discrete discontinuity on a surface wave antenna is a transmission line terminated in 
an unmatched load, as shown in Figure 10. l(a). A distributed surface wave antenna 
can be ,uialyze<l in terms of the variation of the amplitude and phase of the current 
along its structure. In general. power flows parallel to the structure. except when losses 
are present. and for plane structures the fields decay exponentially away from the 
antenna. Most of the surface-wave antennas are endfire or near-endfire radiators. 
Practical configurations indude line. planar surface. curved. and modulated structures. 

Anoth~r traveling wave antenna is a leaky-wm·e antenna defined as "an antenna 
that coupks power in small increments per unit length, either continuously or dis­
cretely. from a traveling wave structure lo free-spacc"·t Leaky-wave antennas contin­
uously lose energy due to radiation. as shown in Figure 10.2 by a slotted rectangular 
waveguide. The fields decay along the structure in the direction of wave travel and 
increase in others. Most of them are fast wave SU"ltctures. 

10.2.1 Long Wire 

An example of a slow wave traveling antenna is a long wire. as shown in Figure I 0 .1. 
An antenna is usually classified as a long wire antenna if it is a straight conductor 
with a length from one to many wavelengths. A long wire antenna has the distinction 
of being the first traveling wave antenna. 

The long wire of Figure 10. l(a). in the presence of the grnund. can be analyzed 
approximutely using the equivalent of Figure I 0.1 (h) where an image is introduced 
to take into account the presence of the ground. The magnitude and phase of the 
image are detennined using the reflection coefficient for horizontal polarization as 
given by (4-129). The height /, of the antenna above the ground must be chosen so 
that the reflected wave (or wave from the image). which includes the phase due to 
reflection is in phase with the direct wave at the angles of desired maximum radiation. 
However. for typical electrical constitutive parameters of the earth. and especially for 
observation angles near grazing. the rellection coefticient for horizontal polarization 
is approximately - I. Therefore the total field radiated by the wire in the presence of 
the ground can he found by multiplying the tield radiated hy the wire in free space 
by rhe array factor of a rwo-eJemenl array. as was done in Seciion 4.8.2 and represented 
by(4-130). 

The objective now is to find the field radiated by the long wire in free space. This 
is accomplished by referring to Figure 10.3. As the wave travels along the wire from 
the source toward the load, it continuously leaks energy. This can be represented by 

•··IEEE Standard Dclinitions ofTenns for Antennas·· (IEEE Std 145-1983). /£££ Trans. A111e1111aJ crnd 
Pmpagal .. Vol. AP-.11. No. 6. Part II. Nov. 1983. 

tlbid. 
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Figure I0.2 Leaky-wave waveguide slots: upper (broad) and side (narrow) walli,. 

an attenuation coefficient. Therefore the current distribution or the forward traveling 
wave along the structure can be represented by 

( I 0-1) 

where -y(::.'..') is lhe propagatitm coefliciem \-y(z.') = ci{z.') + Jkz(i') where o:{:;'} is lhe 
auenuation constant (nepers/meter) while kll) is the phase constant (radians/meter) 
associated with the traveling wave 1. In addition to the losses due to leakage. there are 
wire and ground losses. The allenuation factor a(z') can also be used to take into 
account the ohmic losses of Lhe wire as well as ground losses. However, these, 
especially the ohmic losses. are usually very small and for simpl icity are neglected. 
In addition. when the radiating medium is air, lhe loss of energy in a long wi re 
(I ~ A) due to leakage is also usually very small. and it can also be neglected. 
Therefore the current distrihution or ( 10- 1) can be approximated by 

( 10- l a) 

where /(z') = /0 is assumed to be constant. Using techniques outlined a:nd u~ed in 
Chapter 4, it can be easily shown that in the far-field 

E1 = E¢, = H , = H11 = 0 
. kl/0e- ikr _ .... , .... ,._co,ui . sin l(k//2)(cos tJ - K)J 

E11 = }1]-~-e ""'Unn • sin ()---'---------' 
41rr (kf/2)(co~ 0 - K) 

E/J 
fl ,1,=-

T/ 

( I 0-2a) 

(I0-2b) 

( 10-2c) 
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Figure 10.3 Long wire antenna. 

where K is used to represent the ratio of the phase constant of the wave along the 
transmission Jine (k:) to that of free-space (k), or 

K = kr = ~ 
k A8 

A8 = wavelength of the wave along the transmission line 

( 10-3) 

Assuming a perfect electric cnnductor for the ground. the total field for Figure 
10. l(a) is obtained by multiplying each of ll0-2a)-(I0-2c) by the array factor sin Och 
sin H ). 

For k: = k (K == 1) the time-average power density can be written as 

,. /10/
2 

sin
2 

8 . ., [kl ] 
Wav = W n141 = Br 17-

8 2 ., ( 2 sm- -
2 

( COS 8 - l) 
7r ,- cos 8 - 1 ) 

(10-4) 

which reduces to 

(10-5) 

From ( I 0-5) it is evident that the power distribution of a wire antenna of length / is a 
multilobe pattern whose number of lobes depend upon its length. Assuming that/ is 
very large such that the variations in the sine function of ( I 0-5) are more rapid than 
those of the cotangent, the peaks of the lobes occur approximately when 

sin2 [k
2
/ (cos 8 - 1 >] = 1 (10-6) 

8EIJ., 

or 

m = 0. 1. 2, 3 .... (10-6a) 
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The angles where the peaks occur are given by 

tJ,,, = cos - 1 [ I ± ~ (2m + I ) ] , m = 0, l, 2, 3 .... ( I 0-7) 

The angle where the maximum of the major lobe occurs is given by 111 = 0 (or 2m + 
I = I). As / becomes very large (/ >> A) the angle of the maximum of the major 
lobe approaches zero degrees and the structure becomes a near endfire array. 

In linding the values or the maxima. the variations of the cotangent term in 
( 10-5) were assumed to be negligible (as compared to those of the sine term). If the 
effects of the cotangent tern, were to be includcc.l. then the values of the 2m + I ler111 
in ( 10-7) should be 

2m + I = 0.742, 2.93. 4.96, 6.97. 8.99. 11. 13 .. ,. (10-8) 

(instead of I. 3. 5. 7, 9, .. . ) for the first, second. third. and so forth maxima. The 
approximate values approach those of the exact for the higher order lobes. 

In a similar manner. the nulls of the pattern can be found and occur when 

sin2 [k_: (cos 0 - I>] = 0 ( 10-9) 
II - II. 

or 

kl 
- (cos O - l) = ± wrr. 2 . n n = I, 2. 3. 4, ... (I0-9a) 

The angles where the nulls occur are given by 

0,, = cos - I ( I ± " 7 ). fl ::;c I . 2, 3. 4, ... ( I 0-10> 

for the first. second. third. and so forth nulls. 
The total radiat~d power can be found by integrating ( 10-5) over a closed sphere 

of radius ,- and reduces lo 

J{ 71 ~ [ (kl) • sin( 2k/)] 
Pr.,.J = 'jj'Wr;ul • ds = ➔ TTl/11j· 1.415 + In 7T' - C;(2k/) + 2k/ 

s 

(10-11) 

where C;lx) is the cosine integral of (4-68a). The radiation resistance is then found 
to be 

2P,00 71 [ (k') sin(2k/ )] 
Rr = lt,.12 = 21T 1.415 + In rr - C;(2k/) + 2k/ (10-12) 

Using ( I 0-5) and ( I 0-11) the directivity can be wrillen as 

,, [ I 1 ( 0.371A)] 2cot- 2cos I - / 

(I 0-13) 

(
2/) sin(2k/) 

1.415 + In - - C1(2k/) + ---
A 2kl 
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I hi S111nJinll w~,·r 

Figure l0.4 Three-dimensional free-space amplitude pauern for traveling and standing 
wave wire antennas of I = 5A. 

A. Ampli111de Paffem.\·, MtLrima, and Nulls 
To verify some of the derivations and illustrate some of the principles. a number of 
computations were made, Shown in Figure I0.4(a) is the three-dimensional pattern of 
a traveling wire antenna with length / = 5A while in Figure I0.4(bJ is the three• 
dimensional pattern for a standing wave wire antenna with length l = 5A. The 
corresponding two- dimensional patterns are shown in Figure I 0 .5. The pattern of 
Figure 10.4(a) is formed by the forward traveling wave current fr= / 1e - jJ..---:. of Figure 
10.l(a) while that of Figure l0.4(b) is formed by the forward 11 plus backward h 
traveling wave cunents or Figure I 0.1 (a). The two currents /1 and Ii, together forn1 a 
st .. mding wave: that is, /., = I,- + It, = I 1 e - i4= - J2e +ik~ = - 2jln sin(kz) when 
/1 = /1 = /0. As expected. for the traveling wave antenna of Figure I 0.4(a) there is 
maximum radiation in the forward direction while for the standing wave antenna of 
Figure I0.4(b) there is maximum radiation in the forward and backward directions. 
The lobe nc~tr the axii; of the wire in the directions of travel is the largest. The 
magnitudes of the other lobes from the main decrease progressively. with an envelope 
propm1innal to cot2 

( 012). toward the other direction. The traveling wave antenna is 
used when it is desired to radiate or receive predominantly from one directil)n. As the 
lcnglh of the wire increases. the maximum of the main lobe shifts closer toward the 
axis and the number of lobes increase. This is illustrated in Figure 10.6 for a traveling-
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Figure 10.S Two-dimensional free-space ampHtudc pauern for traveling and standing wave 
wire antennas of I = 5A. 

wave wire antenna w1\h { = SA. and \OA.. The angles of \he maxima of \he firs\ four 
lobes, computed using ( I0-8). are plotted in Figure 10.7(a) for 0.5.A < / s JO,\. The 
corresponding angles of the first four nulls. computed using ( I 0-10), are shown in 
Figure I 0. 7(b) for 0.5,\ s I s I 0,\. These curves can be used effectively to design 
long wires when the direction of the maximum or null is desired. 

B. Input Impedance 
For traveling wave wire antennas the radiation in the opposite direction from the 
maximum is suppressed by reducing. if not completely eliminating. the current re­
flected from the end of the wire. This is accomplished by increasing the diameter of 
the wire or more successfully by properly tenninating it to the ground, as shown in 
Figure I 0.1. Ideally a complete elimination of the reflections (perfect match) can only 
be accomplished if the antenna is elevated only at small heights (compared to the 
wavelength) above the ground. and it is tenninated by a resistive load. The value of 
the load resistor. to achieve the impedance match, is equal to the characterislil: im­
pedance of the wire near the ground (which is found using image theory). For a wire 
with diameter d and height h above the ground. an approximate value of the tenni­
nation resistance is oblained from 

( l0-14) 

To achieve a reflection-free tennination, the ]oad resistor can be adjusted about this 
value (usually about 200-300 ohms) until there is no standing wave on the antenna 
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- /:5), 
---·I== IOA 

Figure 10.6 Two-dimensional free-space amplin1dc pattern for trav­
eling w.1ve wire amcnm1 of/ = SA and IOA. 

wire. Therefore Lhe inpul impedance is the same as Lhc load impedance or the char­
acteristic impedance of the line. as given by ( 10-14). 

1f the antenna i~ not pmperly Jenninated. waves reflected from rhe loild traveling 
in Lhe opposiLe direclion from Lhe incident waves creaLe a standing wave pattern. 
Therefore Lhe inpul impedmtce or Lhe line is noL equal Lo Lhe load impedance. To find 
the i11pul impedance, the transmission line impedance transfer equation of (9-18) can 
be used. Doing this we can write that Lhe impedance al the input terminals of Figure 
JO. Ha) is 

C. Polari:ation 

= z [RL + jZc lan(/3/)] 
,. Z,- + jR1. tan(/3/) 

< 10-15) 

A long wire antenna is linearly polarized, and it is always parallel to the plane formed 
by Lhe wire and radial vector from Lhe center of the wire to the observation point. The 
direction of the linear polarization is not the same in all parts of the pattern. but it is 
perpendicular to the radial vector (and parallel to the plane formed by it and the wire). 
Thus the wire anLenna of Figure I 0.1, when its height above the ground is !.mall 
compared to the wavelength and its main beam is near Lhe ground, is not an effective 
element for horizontal polarization. Instead it is usually used to transmil or receive 
waves that have an appreciable vector component in the vertical plane. This is what 
is known us a Be,·erage antemw which is used more as a receiving rather than a 
transmitting element because of its poor radiation efficiency due to power absorbed 
in lhe load resistor. 
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Figure 10.7 Angles versus length of wire antenna where maxima and nulls occur. 

When a TEM wave travels parallel to an air-conductor interface, il creates a 
forward wave tilt (21 which is determined by applying the boundary conditions on 
the tangential fields along the interface. The amount of tilt is a function of the 
constitutive parameters of the ground. If the conductor is a perfect electric conductor 
(PEC). then the wave tilt is zero because the tangentia] electric field vanishes along 
the PEC. The wave tilt increases with frequency and with ground resistivity. Therefore, 
for a Beverage wire antenna, shown 111 Figure l 0.1 ( c) in the receiving mode. reception 
is influenced by the tilt angle of the incident vertically polarized wavefront. which is 
formed by the lo-sses of the local ground. The electric fie\d vector of the incidenl 
wavefront produces an electric force that is parallel to the wire. which in turn induces 
a current in the wire. The current flows in the wire toward the receiver, and it is 
reinforced up to a certain point along the wire by the advancing wavefront. The wave 
along the wire is transverse magnetic. 
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D. Resonam Wires 
Resonant wire antennas are formed when the load impedance of Figure 10.1 (a) is not 
matched to the characteristic impedance of the line. This causes reflections which 
with the incident wave form a standing wave. Resonant antennas. including the dipole, 
were examined in detail in Chapter 4, and the electric and magnetic field components 
of a center fed wire of total length/ are given, respectively. by (4-62a) and (4-62b). 
Other radiation characteristics (.including directivity. radiation resistance, maximum 
effective area. etc.) are found in Chapter 4. 

Resonant antenna!. can also be formed using long wires. It can be shown that for 
re.w11a111 long wires with lengths odd multiple of half wavelength (I = nA/2, n = I. 
3. 5 .. .. ). the radiation resistance is given approximately (wichin 0.5 ohms) by 
[3J, 14) 

Rr= 73 + 69logw(n) (10-16) 

This expression gives a very good answer even for n = I. For the same elements. 
the angle of maximum radiation is given by 

Omax = COS -
1 (

11 
: l) (10-17) 

This fonnula is more accurate for small values of 11, although it gives good results 
even for large values of 11. It can also he shown that the maximum directivity is related 
to the radiation resistance by 

120 
D0 = . , ( I 0-18) 

R, sm- omll~ 

The values based on (10-18) are within 0.5 dB from those based on (4-75). It is 
apparent that all three expressions, (10-16)-(10-18), lead to very good results for the 
half-wavelength dipole (11 = I). 

Long wire antennas (both resonant and nonresonant) are very simple. economical. 
and effective directional antennas with many uses for transmitting and receiving waves 
in the MF (300 K.Hz-3 MHz) and HF (3-30 MHz) ranges. Their properties can be 
enhanced when used in arrays. 

10.2.2 V Antenna 

For some applications a single long wire antenna is not very practical because ( I ) its 
directivity may be low. (2) its side lobes may be high, and (3) its main beam is 
inclined at an angle. which is controlled by its length. These and other drawbacks of 
single long wire antennas can be overcome by utilizing an array of wires. 

One very practical array of long wires is the V amenna formed by using two 
wires each with one of its ends connected to a feed line as shown in Figure 10.8(a). 
ln most applications. the plane formed by the legs of the V is parallel to the ground 
leading to a horizontal V array whose principal polarization is parallel to the ground 
and the plane of the V. Because of increased sidelobes. the directivity of ordinary 
linear dipoles begins to diminish for lengths greater than about 1.25,t as shown in 
Figure 4.8. However by adjusting the included angle of a V dipole. its directivity can 
be made greater and its side lobes smaller than those of a corresponding linear dipole. 
Designs for maximum directivity usually require smaller included angles for longer 
V's. 

Most V antennas are symmetrical (01 = 02 = 00 and /1 = /2 = /). Also V 
antennas can be designed to have unidirectional or bidirectional radiation panems, as 
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(a) Vruncnna 

lb! Umuirccuonal 

(u) Bidiruc11nnul 

FigUie to.8 Unidirec:tionul and t,idircc1io11al V antennas. 

shown in Figures I 0.8(b) and (c). respectively. To achieve the unidirecLionul charac.:­
tcristics. the wires of the V antenna mu!>L be norn·e~onanL wh id1 can be m:complished 
by minimi z.ing. if not completely eliminating renections from ihc ends of the wire. 
The reflected waves can be reduceu by making lhe incli11cd wires of' the V relatively 
thick. In theory. the reflections can even be eliminated by properly 1ermina1ing the 
open end~ of lhe V lealli.ng to a purely \rnvel_ing w,wc antenn~1. One W~1'j of tenT1i.m1ting 
Lhe V amcnnu will be 10 ,mach a load. usually a resistor equal in value LO the open­
end ch,lracteri,;tic impedance of the V-wire transmissiun line. as shown in Figure 
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(h) GroundtJ 

Figure 10.9 Tenninatcd V antennas. 

10.9(a). The terminating rcsistam:e can also be divided in half and each half connected 
10 lhe ground leading to lhc termination ()f Figure J 0.9(b). lf the Jengrh of each leg 
of the V is very long (typically / > 5A). there will be sufficient leakage of the field 
along each leg that when the wave: reaches the end of the V it will be sufficiently 
reduced that there will not ne1.:essarily be a need for a tennination. Of course, tenni­
nation with a load is not possible without a ground plane. 

The patterns of the individual wires of the V antenna are conical in form and are 
inclined al an angle from their corresponding axes. The angle of inclination is deter­
mined by the length of e.tch wire. For the patterns of each leg or a symmetrical V 
antenna tu add in the direction of the line bisecting the angle of the V and to fonn 
one major lobe. the total included angle 200 of the V should be equal to 20,,,, which 
is twice the angle that the cone of maximum radiation of each wire makes with its 
axis. When this is done. beams 2 and 3 of Figure 10.8(b) are aligned and add 
constructively. Similarly for Figure 10.8(c), beams 2 and 3 arc aligned and add 
constructively in the forward direction. while beams 5 and 6 arc aligned and add 
constructively in the backward direction. If the total included angle of the V is greater 
than 20111 (2H0 > 2.fJ,,,) the main lobe is split into two distinct beams. However, if 
200 < 20,,,. then the maximum of the single major lobe is still along the plane that 
bisects the V but it is tilled upward from the plane of the V. This may be a desired 
designed characteristic when the ,mtenna is required to transmit waves upward toward 
the ionosphere for optimum reflection or Lo receive signals reflected downward by the 
ionosphere. For optimum operation, typically the included angle is chosen to be 
approximately H0 = 0.80,,,. When this is done, the reinforcement of the fields from 
the rwo leg.,;; of lhc V lead to a WWI directivily for the V of approximately lwice the 
directivity of one leg of the V. 

For a symmetrical V antenna with legs each of length /. there is an optimum 
included angle which leads to the largest directivity. Design data for optimum included 
angles of V dipoles were computed [5] using Moment Method techniques and are 
shown in Figure 10. IO(a). The corresponding directivitics are shown in Figure 
10.1 O(b ). In each Hgure the dots ( ·) represent values computed using the Moment 
Method while the solid curves represent second- or third-order polynomials fitted 
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Figure 10.10 Optimum included angle for maximum directivity as a function of arm 
length for V dipoles. (SOURCE: G. A. Thiele and E. P. Ekelman. Jr .. ''Design Fommlas for 
Vee Dipoles," IEEE Tran.~. A,uemW.\' Prnpagat .. Vol. AP·28, pp. 588-590. July 1980. © 
(1980) IEEE) 
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through the computed data. The polynomials for optimum included angles and max­
imum directivities are given hy 

( /)l (')~ (') - r 49.3 A + 603.4 A - su<J.s A + 443.6 ( JO-f9a) 

for 0.5 s; //A< 1.5 
2ll0 = 

13.39(±r- 78.27(±) + 169.77 ( 10-l 9b) 

for I .5 < If A < 3 

for0.5 s; //As; 3 ( 10-20) 

The dashed curves represent data obtained from empirical formulas J6J. The corre­
sponding input impedance::; of the V's are slightly smaller Lhan those of straight 
dipoles. 

Another form of a V antenna is shown in the insert of Figure I 0.11 (a). The V is 
formed by a monopole wire. bent at an angle over a ground plane. and by its image 
shown dashed. The included angle of the V as well as the length can be used to tune 
rhe antenna. For induucu angles grea1er lhan J 20° (28<1 > J 20°). the antenna exhibit~ 
primarily vertical polarization with radiaLion pauerns almost identical to those of 
straight dipoles. As the included unglc hecomes smaller than about 120°. a horizontally 
polarized field component is excited which tends to fill the pattern toward the hori­
zontal direction. making it a very attractive communication antenna for aircraft. The 
computed impedance of the ground plane and free-space V configurations obtained 
by the Moment Melhod f7J is shown plotted in Figure- IO. I l(a). 

Another practical form of a dipole antenna. particularly useful for airplane or 
ground-plane applications, is the 90° hem wire configuration of Figure 10.l l(b). The 
computed impedance of the antenna. obtained also by the Moment Method [7]. is 
shown plotted in Figure 1().1 l(b). This antenna can be tuned by adjusting its perpen­
dicular and paraJlel lengths I, 1 and h2. The radiation pattern in the plane of the antenna 
is nearly omnidirectional for h1 '$ 0. 1 A. For h 1 > 0. f A the pattern approaches that of 
vertical A/2 dipole. 

10.2.J Rhombic Antenna 

A. Geome11y ,md Radiation Clwrarteristics 
Two V antennas can be connected at their open ends to fom, a diamond or rhombic 
antenna, as shown in Figure 1 0. l 2(a). The antenna is usually terminated at one end 
in a resistor. usually about 600-800 ohms. in order to reduce if not eliminate reflec­
tions. However. if cal·h leg is long enough (typically greater than SA) sufficient leakage 
occurs along each leg that the wave that reaches the far end of the rhombus is 
suffidentJy reduced thal ii may nor be necessary IO tenninate lhe rhombus. To achieve 
the single main lobe. beams 2. 3. 6, and 7 are aligned and add constructively. The 
other end is used to feed the antenna. Another conliguration of a rhombus is that of 
Figure 9. I 2(b) which is formed hy an invened V and its iinage (shown dashed). The 
inverted V is connected to the ground through a resistor. As with the V antennas. the 
pattern of rhombic antennas can be controlled by varying the element lengths. angles 
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Figure 10.11 Computed impedance (R + jX) of V and hent wire antennas above ground. 
(SOURCE: D. G. Fink (ed.), Electronics £,rgineer's Handbook, Chapter 18 (by W. F. 
Croswell), McGraw-Hill, New York. 1975) 
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+ 
V 160 

cal Rhombus formed by 2 V's 

(bl Rhombu, formed by invenc,1 V over 1,,round 

Figure 10.12 Rhombic antenna configurations. 

between elements, and the plane of the rhombui>. Rhombic anteooas are usually 
preferred over V" s for nonrcsonant and unidirectional pattern applications hecause 
they are less difficult lo tcnninace. Adclitional directivity and reduction in side lobes 
can be obtained by stacking, venh:aJly or horizontally, a number of rhombic and/or 
V aotenuai. lO fonn arrays. 

The field radiated by a _rhombus cw, be found by adding the fields radinted by it,; 
four legs. For a symmetrical rhombus with equal leg~. this can be accomplished using 
array theory and pattern multiplication. When this is done, a number of design equa­
tions can be derived l8]-l 1 L ). For this design, Lhc plane formed by the rhombu~ h 
placed paraJJet and a height h above a perfect electric conductor. 

8. Design Equations 
Let us assume that it is desired Lo design a rhombus such Lhat the maximum of the 
main lobe of lhe pattern, in a plane which bisects the V of the rhombus, is directed nl 

an angle 1/10 above the ground plane. The design can be optimized if the height /r is 
selected according to 

hm m 
-= 
Au 4 cos(90° - c/lof 

m = I . . l 5, .. . ( 10-21 ) 

with 111 = I representing Lhe minimum height. 
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The minimum optimum length of each leg of a symmetrical rhomhus must be 
selected according to 

/ 0.371 
= ----------

A0 - sin(90° - ~10 )cos 00 

The best choice for the included angle of the rhombus is selected to satisfy 

fl0 :::: cos - 1fsin(90° - ~tc1)j 

10.3 BROADBAND ANTENNAS 

( 10-22) 

( 10-23) 

In Chapter 9 hroadhand dipole antennas were discussed. There are numerous other 
antenna designs that exhibit greater broadband characteristics than those orthe dipoles. 
Some of these antenna can also provide circular polarization, a desired extra feature 
for many applications. In this section we want to discuss briefly some of the most 
popular hroadband antennas. 

10.3.1 Helical Antenna 

Another basic, simple. and practical configuration of an electromagnetic radiator is 
that of a conducting wire wound in the form of a screw thread forming a helix. as 
shown in Figure I 0.13. In most cases the helix is used with a ground plane. The 
ground plane l'an take different forms. One is for the ground to he flat. as shown in 
Figure 10.13. Typically the diameter of the ground plane should be at least 3A/4. 
However. the ground plane can also be cupped in the form of a cylindrical cavity or 
in the form of a frustrum cavity 181- In addition, the helix is usually connected to the 
cemer conductor of a coaxial transmission line ell I.he feed point with the outer 
conductor of the line attached to the ground plane. 

The geometrical configuration of a helix consists usually of N turns. diameter D 
and spacing S between each turn. The total length of the antenna is L = NS while 
the total length of the wire isl,, = Nl--o = N'\IS1 + C1 where L., = '\1S1 + CJ. is 
the length of the wire between each turn and C = 1rD is the circumference of the 
helix. Another important parameter is the pitch angle a which is the angle formed by 
a line tangent to the helix wire and a plane perpendicular to the helix axis. The pitch 
angle is defined by 

( I 0-24) 

When a = 0°, then the winding is flattened and the helix reduces to a loop 
antenna of N turns. On the other hand. when a = 90° then the helix reduces to a 
linear wire. When 0° < a < 90°. then a true helix is formed with a circumference 
greater th.in zero but less than the circumference when the helix is reduced to a loop 
(a = 0°). 

The radiation charal:teristics of the antenna can he varied by controlling the size 
of its geometrical properties compared to the wavelength. The input impedance is 
critically dependent upon the pitch angle and the size of the conducting wire, espe­
cially near the feed point. and it can be adjusted hy controlling their values. The 
general polarization of the antenna is elliptical. However circular and linear polari­
zations can be achieved over different frequency ranges. 
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- - ()-

l 

Figure 10.13 Helical antenna wilh ground plane. 

The helical antenna can operate in many modes; however the two principal ones 
are the normal (broadside) and the axial (endtire) modes. The axial (em.Hire) mode is 
usuaJly the most practical because it can achieve circular polarization over a wider 
bandwidth (usually 2: I) and it is more efficient. 

Because an elliptically polarized antenna can be represented as the sum of two 
orthogonal linear components in time-phase quadrature. a helix can always receive a 
signal transmitted from a rotating linearly polarized antenna. Therefore helices are 
usually positioned on the ground for space telemetry applications of satellites, space 
probes. and ballistic missiles to transmit or receive signals that have undergone 
Faraday rotation by traveling through the ionosphere. 

A. Nonna/ Modt1 

In Lhe nomml mode of operation the field radiated by the antenna is maximum in a 
plane nonnal lo the helix axis and minimum along its axis. as shown sketched in 
Figure IO. I 4(a). which is a figure-eight rotated about its axis similar to that of a linear 
dipole of I < Am a small loop (o << A). To achieve the normal mode of operation, 
the dimensions of the helix are usually small compared to the wavelength (i.e., 
Nlo << A). 

The geometry of the helix reduces to a loop of diameter D when the pitch angle 
appmache.\ zt·rn anu 10 a linear wire of length S when ii approaches 90°. Since the 
limiting geometries of the helix are a loop and a dipole, the far~field radiated by a 
small helix in the normul mode can he described in tenns of E11 and Ed> components 
of the dipole and loop. respectively. ln the normal mode. it can be thought that the 
helix consists of N small loops and N short dipoles connected together in series as 
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la) t,lonnal mode (bl l.:guiwJenl 

Figure 10.14 Normal (broadside) mode for helical antenrn.1 and its equivalent. 

shown in Figure IO.l4(b). The ticlds are obtained by superposition of the fields from 
these elemental radiators. The planes or the loops are parallel to each other and 
perpendiculat to the axe., of the vertical dipoles. The axes of the loops and dipoles 
coincide with the axis of the heHx. 

Since in the normal mode the helix dimensions are small. the current throughout 
its length can be us!;umed to be constant nnd its relative far-field pattern to be 
independenr of the number of loops and short dipoles. Thus its operation can be 
described accurately by the sum of lhe fields radiated by a smal l loop of radius D and 
a sbott dipole of length S, with il~ axis perpendicular to the plane of the loop, and 
each with the same constant current distriburion. 

The far-2.one electric field radiated by a short dipole of length S and constant 
cun-ent /0 is £fl, and it is given by (4-26a) as 

( 10-25) 

where / is being replaced by S. Ln addition rhe electric field radiated by a loop is E.,,, 
and it is given by (5-27b) as 
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( 10-26) 

where D/2 is substituted for a. A comparison of ( 10-25) and (I 0-26) indicates that 
the two components are in time-phase quadrature, a necessary but not sufficient 
condition for circular or elliptical polarization. 

The ratio of the magnitudes of the £ 8 and Et1, components is detined as the axial 
ratio (AR). and it is given by 

(I 0-27) 

By varying the D and/or S the axial ratio attains values of O < AR ::S x. The value 
of AR = 0 is a special case and occurs when £ 1, = 0 leading to a linearly polarized 
wave of horizontal polarization (the helix is a loop). When AR = oc, Er1, = O 
and the radiated wave is linearly polarized with vertical polarization (the helix is a 
vertical djpoJe). Another special case js the one when AR is unity ( AR = I) and 
occurs when 

2AS 
--~= 
(11D)-

(10-28) 

or 

C = rrD = ·\j'2sA ( 10-28a) 

for which 

S rrD 
rana=-=-

rrD 2A 
( J0-29) 

When the dimensional parameters of the helix satisfy the above relation, the radiated 
field is circularly polarized in all direcrion.1· other than 0 = 0° where the fields vanish. 

When the dimensions of the helix do not satisfy any of the above special cases, 
the field radiated by Lhe antenna is not circularly polarized. The progression of polar­
ization ,:hange can be described geometrically by beginning with the pitch angle of 
zero degrees ta = 0°). which reduces the helix to a loop with linear horizontal 
polarization. As c:Y increases, the polarization becomes ellipitical with the major axis 
being horizontally polarized. When a. is such that C/"A = -y2fil, AR = I and we 
have circular polarization. For greater values of a, the polarization ag.tin becomes 
elliptical but with the major axis vertically polarized. Finally when a = 90° Lhe helix 
reduces to a JfoearJy poJarjzed vertical dipole. 

To achieve the normal mode of operation. it ha!-. been assumed that the current 
throughout the length of the helix is of constant magnitude and phase. This is satisfied 
to a large extent provided the total length of the helix wire Nl0 is very small compared 
to the wavelength (l,, << A) and its end is terminated properly to reduce multiple 
reflections. Because of the critical dependence of iu; radiation characteristics on iL~ 
geometrical dimensions. which must be very small compared tl1 the wavelength, this 
mode of operation is very narrow in bandwidth and its radiation efficiency is very 
small. Practically this mode of operation is limited, and it is seldom utilized. 
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Figure 10.1S Axial (endfire) mode of helix. 

A more practical mode of operation, which can be generated with great ease, is the 
axial or endfire mode. In this mode of operation, there is only one major lobe and its 
maximum radiation intensity is along the axis of the hefuc., as shown in Figure I 0.15. 
The minor lobes are at oblique angles to the axis. 

To excite this mode, the diameter D and spacing S must be large fractions of the 
wavelength. To achieve circular polarization, primarily in the major lobe, the circum­
ference of the helix must be in the¾< C/A < 1 range (with CIA = 1 near optimum), 
and the spacing about S = >J4. The pitch angle is usually 12° s as 14°. Most often 
the antenna is used in conjunction with a ground plane, whose diameter is at least >J 
2, and it is fed by a coaxial line. However other types of feeds (such as waveguides 
and dielectric rods) are possible, especially at microwave frequencies. The dimensions 
of the helix for this mode of operation are not as critical, thus resulting in a greater 
bandwidth. 

C. Desig,i Procedure 
The terminal impedance of a helix radiating in the axial mode is nearly resistive with 
values between I 00 and 200 ohms. Smaller values, even near 50 ohms, can be obtained 
by properly designing the feed. Empirical expressions, based on a large number of 
measurements, have been derived [8] and they are used to determine a number of 
parameters. The input impedance (purely resistive) is obtained by 
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I R = 14o(i) I 
which is accurate to about ± 20%, the half-power beamwidth by 

52A312 

HPBW (degrees) = ... ~ 
CyNS 

Lhc beamwidth between nulls by 

the directivity by 

1 I 5A312 

FNBW (degrees) = 
4 

~ 
CyNS 

D 
. . I c2s 

0 (d1mens10n ess) = 15N-3 A 

the axial ratio (for the condition of increased directivity) by 

I 
2N + 

. AR= _2_N_ 

and the normalized far-field pattern by 

where 

E 
. ( 1r) sin[(N/2)1/1] 

= SIO - COS fl-.---
2N sm[ 1/1/2] 

p =------

(
2N + I) 

For ordinary end-fire radiation 

For Hansen-Woodyard end-fire 
radiation 

S/Ao + 2N 

( 10-30) 

(10-31) 

(I 0-32) 

(10-33) 

( I 0-34) 

(J0-35) 

( I0-35a) 

(I 0-35b) 

{10-35c) 

AU these relations are approximately valid provided 12° < a< 14°, ¾ < CIA.< i, 
and N > 3. 

The far-field pattern of the helix. as given by ( I 0-35 ), has been developed by 
assuming that the helix consists of an array of N identical turns (each of nonuniform 
current and identical to I hat of the others), a unifonn spacing S between them, and 
the elements are placed along the z-axis. The cos fl tenn in ( I 0-35) represents the 
field pattern of a single turn, and the last term in ( 10-35) is the array faclor of a 
uniform array of N elements. The total field is obtained by multiplying the field from 
one turn with the array factor (pattern multiplication). 

INTEL-1045 
U.S. Patent 7,151,430



10.3 Broadband Antennas 511 

The value of,, in ( I 0-35a) is the ratio of the wave velocity along the helix wire 
to that in free space. and it is selected according to ( I0-35b) for ordinary end-fire 
radiation or ( I0-35c) for Hansen-Woodyard end-tire radiation. These are derived as 
follows. 

For ordinary end-lire the relative phase ~1 among the various turns of the helix 
(elements of the array) is given by (6-7a). or 

1/1 = koS cos O + /3 ( 10-36) 

where d == Sis the spacing between the turns of the helix. for an end-lire design, the 
radiation from each one of the turns along O = 0° must be in-phase. Since the wave 
along the helix wire between turns travels a distance L0 with a wave velocity v = 
pv0 ( p > I where v0 is the wave velocity in free space) and the desired maximum 
radiation is c1long 0 = 0°, then ( I 0-36) for ordinary end~fire radiation is equal 10 

"'= (~,Scos 0 - kLo),1-oO' = k.{s- - ~)) = -2mn. 117 = 0. I, 2 ... . (10-37) 

Solving ( 10-37) for pleads to 

L.../Ao 
p= 

S/A0 + m 
(10-38) 

Form = 0 and p = I, Li.., = S. This corresponds to a straight wire (a = 90°), and 
not a helix. Therefore the next value is m == I, and it corresponds to the first 
transmission mode for a helix. Substituting m = I in ( I 0-38) leads to 

41>.n 

'
) -

S/Ao + I 
(I0-38a) 

which is that of ( 10-35b). 
In a similar manner, it can be shown that for Hansen-Woodyard end-lire radiation 

(10-37) is equal to 

1/1 = (k0 Scos H - kL...J>t1=0" = k0 (s -~1
) == -(21r111 + ~). 111 = 0.1. 2 .... 

< I 0-39) 

which when solved for p leads to 

p= 

(
2mN + ') S/Ao + 2N 

( 10-40) 

Form = I. ( 10-40) reduces to 

(10-40a) 

which is identical L() ( I 0-35c). 

D. Feed Desigfl 
The nominal impedance of a helical antenna operating in the axial mode. computed 
using ( I 0~30), is I 00-200 ohms. However. many practical transmission lines (such 
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as a coax) have chan1cteristic impedance of about 50 ohms. In order to provide a 
better match, the input impedance of the helix must be reduced to near that value. 
There may he a number of ways by which this can be accomplished. One way to 
effectively control the input impedance of the helix is lo properly design the first 1/4 
turn of the helix which is next to the feed [ 8 ). l I 2]. To bring the input impedance of 
the helix from nearly I ~0 ohms down to 50 ohms, the wire of the first 1/4 turn should 
be flat in the form of ,t strip und the transition into a helix should he very gradual. 
This is acwmplished by making the wire from the feed, al the beginning of the 
fonn.ition of rhe helix. in the fonn of a strip of width w by flattening il and nearly 
touching the ground plane which is covered with a dielectric slab of height [2] 

w 
,, = -----

377 

Vfr.Zo 
2 

where 

w = width of strip conductor of the helix starting at the feed 

Er = dielectric const,mt of the dielectric slab covering the ground plane 

Zi, = characteristic impedance of the input transmission line 

( 10-41) 

Typically the strip configuration of the helix transitions from the strip to the 
regular drc.·ular wire and the designed pitch angle of the helix very gradually within 
the first I /4-J /2 tum. 

This modification decreases the characteristic impedance of the conductor-ground 
plane effective transmission line. and it provides a lower impedance over a substantial 
but reduced bandwidth. For example. a 50-ohm helix has a VSWR of less than 2:1 
over a 40% hand width compared to a 70% bandwidth for a J 40-ohm helix. In addition, 
the 50-ohm helix has a VSWR of less than 1.2: I over a 12% bandwidth as contra11ted 
lo a 20% bandwidth for one of 140 ohms. 

A simple am.I effective way or increasing the thickness of the conductor near the 
feed point will he to hond a thin metal strip to the helix conductor [ 12J. For example, 
a metal strip 70-mm wide was used to provide a 50-ohm impedance in a helix whose 
conducting win! was 13-mm in diameter and it was operating at 230.77 MHz. 

10.J.2 Electric-Magnetic Dipole 

It has been shown in the previous section that the cin.:ular polarization of a helical 
antenna operating in the normal mode was achieved by assuming that the geometry 
of the helix is represented by a number of horizontal small loops and vertical infini­
tesimal dipoles. It would then seem reasonable that an antenna with only one loop 
and a single vertical dipole would. in theory. represent a radiator with an elliptical 
polarization. ldeaJly drcular polarization. in all space. can be achieved if the current 
in cm.:h clement can be: con1rolled. by dividing the available power equally between 
the dipole and the loop. so that the magnitude of the field intensity ra<.liated by each 
is equal. 

Experimental mo<.lcls of such an ~mtenna were designed and built 113 J one oper­
ating around 350 MHz and the other near 1.2 GHz. A sketch of one of them is shown 
in Figure I 0.16. The measured VSWR in the 1.15-1.32 GHz frequency range was 
less than 2: I . 

This type of an antenna is very useful in UHF communicati<.lrt networks where 
considernble amount of fading may exist. ln such cases the fading of the horizontal 
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Figure 10.16 Elcclric-mugnelic dipole configuration. (SOURCE: A. G. Kunduian, • ·n1rec 
New Antt:nnu Type:, and Their Applications.'' Pmc:. IRE, Vol. 34 pp. 70W- 75W. Pcbrm1ry 
1946. © ( 1946) JEER) 

and vertical components are affecred differently and will not vary in Lhe same mnnner. 
Hopel'uJly, even in severe cases, lhere wilJ always be one component all Lhc time 
which is bt:ing affected less Lhan the olher. thus providing continuous commun ication. 
The same resu lts would apply in VHF and/or UHF broadcasting. In addition. a 
Lransmitting antenna or this type would also provide the versatility to receive with 
horizontall y ur vertically polaritcd clements, prov it.ling a convenience in lhe architec­
tural design or the receiving station. 

10.3.3 Yagi-Uda Array of Linear Elements 

Another very practical radiator in the HF (3- 30 Ml-:lz). VHF (30-300 MHz). and UHF 
(300-3.000 MHz) ranges is the Yagi-U<la antenna. This antenna consists of a number 
of linear dipole clements. as shown in Figure I 0. 17. one of which is energized directly 
by a feed transmission line while the others act as parasitic radiators whose cunents 
are induced by mutual coupling. The most common feet.I element for a Yagi-Uda 
antenna is a folded t.lipole. Thfa radiator is exclusively designed Lo operate as an 
cndtire array, and this is accomplished by having the parasitic clements in the forward 
beam act as uirecwrs wbile those in the rear act as reflectors. Yagi designated tbe row 
of directors as a "wave canaL" The Yagi-Uda array ii- widely used as a home T V 
antenna: so il should be familiar to most of the readers. if no1 to the general public. 

The original design and operating principles of this radiator were first described 
in Japanese in articles publrshed in the Journal of l.E.E. of Japan by S. Uda of the 
Tohoku Imperial University in Japan [ 14J. In a later, but more widely circulated and 
read art icle I 151. one or Professor Uda·s colleagues H. Yagi described lhe operation 
or the same radiawr in Englic;h. This paper has been considered a classic. and it was 
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Figure 10.17 Yagi-Uda antenna configuration. 

reprinted in 1984 in its original form in the Proceedings ,f tlw IEEE 115] as part of 
lEEE's centennial celebration. Despite the fact that Yagi in his English written paper 
acknowledged the work of Professor Uda on beam radiators al a wavelength of 
4.4 m. it became customary throughout the world lo refer lo this radiator a,; a Yagi 
antenna. a generic term in the antenna dictionary. However, in order for the name to 
retlect more appropriately the contributions of both inventors, it should be called a 
Yagi-Uda antenna. a name that will be adopted in this book. Although the work of 
Uda and Yagi was done in the early 1920s and published in the middle 1920s, full 
acclaim in the United States was not received until 1928 when Yagi visited the United 
States and presented papers at meetings of the Institute of Radio Engineers (fRE) in 
New York. Washington. and Hartford. In addition. his work was puhlished in the 
Proceedings of JRE. June 1928, where J. H. Dellinger. Chief of Radio Division, 
Bureau of Standards. Washington. D.C .. and himself a pioneer of radio waves, char­
acterized as "exceptionally fundamental'' and wrote "I have never listened to a paper 
that I felt so sure was destined to be a classic." So true!! 

The Yagi-Vda antenna ha.Ii received exhaustive analytical and experimenra1 in­
vestigations in the open literature and elsewhere. It would be impractical to list all 
the contributors. many of whom we may not be aware. H()wever, we will attempt to 
summarize the salient point of the analysis. descrihe the general operation of the 
radiator. and present some design data. 

To achieve the endtire beam formation. the parasitic elements in the direction of 
the beam are somewhat smaller in length than the feed element. Typically the driven. 
element is resonant with its length slightly less thun A/2 (usually 0.45--0.49AJ whereas 
the lengths of the directors will be about 0.4 to 0.45A. However, the directors are not 
necessarily of the same length and/or diameter. The separation between the directors 
is typically 0.3 to 0.4A, and it is not necessarily uniform for optimum designs. It has 
been shown experimentally that for a Yagi-Udu array of 6A total length the overall 
gain was independent of director spacing up lo about 0.3A. A significant drop (5-7 dB) 
in gain was noted for director spacings greater than CUA. For that antenna. the gain 
was also independent of the radii of the directors up to about 0.024A. The length of 
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the reflector is somewhat greater than that of the feed. In addition, the separaLion 
between the driven element and the reflector is somewhat smaller than the spacing 
between the driven element and the nearest director, and it is found Lo be near optimum 
at 0.25A. 

Since lhe length of each director is smaller than its corresponding resonant length. 
the impedance of each is capacitive and its current leads the induced emf. Similarly 
the impedances of the reflectors is inductive and the phases of the currents lag those 
of the induced emfs. The total phase of the currents in the directors and reflectors is 
not determined solely by their lengths but also by their spacing to the adjacent 
elements. Thus. properly spaced elements with lengths slightly less than their corre­
sponding resonant lengths (less than A/2) act as directors because they form an array 
with currents approximately equal in magnitude and with equal progressive phase 
shifts which will reinforce the field of the energized element toward the directors. 
Similarly. a properly spaced element with a length of A/2 or slightly greater will act 
a,;; a reflector. Thus a Yagi-Uda array may be regarded as a structure supporting a 
traveling wave whose performance is determined by the current distribution in each 
element and the phase velocity of tht: traveling wave. It should be noted that the 
previou~ discussion on the lengths of the directors. reflectors. and driven clements is 
based on the first resonance. Higher resonances are available near lengths of,\, 3A/2, 
and so forth. but are seldom used. 

In practice. the major role of the reflector is played by lhe first element next 
to the one energized. and very little in the performance of a Yagi-Uda antenna is 
gained if more than one (al the most two) elements are used as reflectors. However. 
considerable improvements can be achieved if more directors are added to the array. 
Practically there is a limit beyond which very little is gained by the addition of 
more directors because of the progressive reduction in magnitude of the induced 
currents on the more extreme clements. Usually most antennas have about 6 to 12 
directors. However, many arrays have been designed and built with ~0 lo 40 el­
ements. Array lengths on the order of 6A have been mentioned 116) as typical. A 
gain (relative to isotropic) of about 5 to 9 per wavelength is typical for such arrays. 
which would make the overall gain on the order of about 30 to 54 ( 14.8-17.3 dB) 
typical. 

The radiation characteristics that are usually of interest in a Yagi-Uda antenna 
are thefmward and bac/....,rnrd {?ains. input impedance, Jumdwidth,.front-to-hack ratio, 
and ma1:ni1,,de £f minor lobes. The lengths and diameters of the directors and reflec­
tor~. as well as their respective spacings, determine the optimum characteritics. For a 
number of years optimum designs were accomplished experimentally. However. with 
the advent of high-speed computers many different numerical techniques, based on 
analytical formulations. have been utilized to derive the geometrical dimensions of 
the array for optimum operational performance. Usually Yagi-Uda arrays have low 
input impedance and relatively narrow bandwidth (on the order of about 2%). Im­
provements in both can be achieved at the expense of others (such as gain, magnitude 
of minor lobes. etc.). Usually a compromise is made. and it depends on the panicular 
design. One way to increase the input impedance without affecting the performance 
of other parameters is to use an impedance step-up element as a feed (such as a two­
element folded dipole with a step-up ratio of about 4). Front-to-hack ratios of about 
30 (=I 5 dB) can be achieved at wider than optimum element spacings, but they 
usually are compromised somewhat to improve other desirable characteristics. For 
optimum designs, the minor lobes are about 30"k or less ( - 5.23 dB or smaller) of 
the maximum. 
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The Yagi-Uda array can be summarized by saying that its performance can be 
considered in three parts: 

1. the reflector-feeder arrangement 

2. the feeder 
3. the rows of directors 

It has been concluded, numerically and experimentally. that the reflector spacing and 
size have (I) negligihle effects on the forward gain and (2) large effects on the 
backward gain (front-to-back ratio) and input impedance, and they can be used to 
control or optimize antenna parameters without affecting the gain significantJy. The 
feeder length and radius has a small effect on the forward gain hut a large effect oil 
the backward gain and input impedance. Its geometry is usually chosen to control the 
input impedance that most commonly is made real (resonant element). The size and 
spacing of the directors have a large effect on the forward gain. backward gain. and 
input impedance, and they are considered to be the most critical element~ of the array. 

Yagi-Uda arrays are quite common in practice because they are lightweight. 
simple to build, low cost, and provide moderately desirable characteristics ( including 
a unidirectional beam) for many applications. The design for a small number of 
elements (typically five or six) is simple but the design becomes quite critical if a 
large number of elements are used to achieve a high directivity. To increase the 
directivity of a Yagi-Uda array or to reduce the beamwidth in the £-plane. several 
rows of Yagi-Uda arrays can be used 117) to form a curtain antenna. To neutralize 
the effects of the feed transmission line, an odd number of rows is usually used. 

A. Theory: Integral Equatio11-Mome11t Method 
There have heen many experimental [ 18). [ 19] investigations and analytical (20)-(29] 
formulations of the Yagi-Uda array. A method L24] based on rigorous integral equa­
tions for the electric field radiated by the clements in the array will be presented and 
it will be used to describe the complex current distributions on all the elements, the 
phase velocity. and the corresponding radiation patterns. The method is similar to that 
of [24j, which is based on Pocklington's integral equation of (8-24) while the one 
presented here follows that of 1241 but is based on PockJington's integral equation of 
(8-22) and formulated by Tirkas 1.25]. Mutual interactions are also included and, in 
principle. there are no restrictions on the number of elements. However, for compu­
tational purposes. point-matching numerical methods, based on the techniques of 
Section 8.4. are used to evaluate and satisfy the integral equation at discrete points 
on the axis of each element rather than everywhere on the surface of every element. 
The number of discrete points where boundary conditions are matched must be 
sufficient in number to allow the computed data to compare well with experimental 
results. 

The theory is based on PockJington·s integral equation of (8-22) for the total field 
generated by an electric current source radiating in an unb(>unded free space, or 

where 

f--- 112 (c12 ) e - iktr 
!(:') - , + k2 --dz' = j41rwf<.,E~ 

- 112 • iJr R ' 

R 

(10-42) 

( I0-42a} 
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Since 

( 10-43) 

( I 0-42) reduces to 

J

+//1 .,., 02 (e-jkU) ..,, J+Vl e-jkR 
/(.,). ,'1 R d., + k2 l(z')--d-/ 

-112 cJz - -112 R • 

= J41rwE0 E! (10-44) 

We will now concentrate in the integration of the first term of ( 10-44). Integrating 
the first term of ( 10-44) by parts where 

reduces it to 

u = l(z') 

d/(z') 
clu = --dz' 

d
_, 
<, 

a2 ("-jkR) 1 i) [ iJ (e-jkR)] , dv=- -- d- =- - -- d-
iJr.'1 R .. ,i::' a..1 R .. 

iJ (e-JkR) , .. =---
iJ:.' R 

I+ Ill ,p (e -.JkR) 
/(:.')~ -R dz' 

-112 <IZ -
1 [ fJ (e-jkR)] +ll2 = /(z) -.-, --

dz R __ 112 

_ J+/12 3,(e-pc1t) di(~') d::' 
- 112 <1z R dz 

( I0-45) 

( I0-45a) 

( 10-46) 

( I 0-46a) 

( I 0-47) 

Since we require that the current at the ends of each wire vanish [i.e., I:(::' = + //2) 
= /_'.(z' = -112) = OJ, ( 10-47) reduces to 

f +112 , ;,2 (e-.ikR) _, = -J+//2 ~(e ·· jkR) d,.,._,dl(z') 
/(z)~ -Rd., , , 

- v:1. r1z - - 112 az R dz 
( 10-48) 

Integrating ( I 0-48) by parts where 

dl(z') 
ll = -_-,-

{/,:. 
(10-49) 

<12 l(z') 
du = dz.'2 dz' ( 10-49a) 

dv = - _e_ dz' 
a ( - j/cR) 

ilz' R 
( I 0-50) 

e-JkR 
I-' = --

R 
( 10-50a) 
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reduces ( 10-48) lo 

I+ 112 _, i/2 (e ·· jkX) _, 
/( .. ) . ,, R d.. -

- 1/2 cJ:. -

(10-51) 

When (10-51) is substituted for the first tenn of (10-44) reduces (10-44) lo 

dl(z') e .11.R ~112 f +112 [ 2 ' d2/(·/)] e-Jf.:R , - . , 
- -_-,- -- + k /(:. ) + 

1
_,2 -- dz - J471'wt:0 E: 

d.. R 112 -1a , .. R 
( 10-52) 

For small diameter wires the current on each element can be approximated by a 
finite series of odd-ordered even modes. Thus. the current on the nth element can be 
written as a Fe>urier series expansion of the fonn [26) 

/,,(z') = f I,,,,, cos [(2m - I I 1r:.'] (10-53) 
m= I /,, 

where l,,111 represents the complex current coefficient uf mode m on element " and I,, 
represents the corresponding length of the 11 element. Taking the first and second 
derivatives of (10-53) and suhstituting them. along with ( 10-53). into (10-52) reduces 
it to 

M {<2m - 1 )'TT' . [ . 1r:;,] e-jkR H,,12 [ , (2m - 1)21r2] "°' I ----sm (2m - 1)- -- + k- - ., 
LJ,.,,, I IR I 

111 = I 11 11 - 1,/2 ;; 

x f _,i,,n. cos [c2m - 1) 7rlz;,] _e-_J"_R d:;,} = j471'wt:0 E~ 
11,12 ,, R 

(10-54) 

Since the cosine is an even function. ( 10-54) can be reduced by integrating over only 
0 ~ -:..' s //2 to 

:f, { m+I (2m - l)1r ( _, , _ /,1) [ 2 (2m - 1)271'
2
] 

~ J,,111 ( - l) / G2 x. ,t , y, y I..., -
2 

+ k -
1
2 

111- I II I/ 

I I I lfl - 71' '-II I J,1,,12 [(2 l) -'] } X 
11 

G2(x, x. y, y /:.. z,,) cos 
111 

ti:.,, = j4TTwt:0 E~ 

( 10-55) 

where 

e -· jkR - e •• ,ikN + 
G,(x. x'. v. v'h. :;,) = --- + ---

- • • R_ R+ 

R± = \i(x - x')1 + Cv - y')2 + a1 + (z ± z'f­

" = I. 2, 3 ..... N 
N = total number of elements 

where 

( 10-55a) 

( 10-55b) 

R :t is the distance from the center of each wire radius to the center of any other 
wire. as shown in Figure I 0. l 8{a). 

The integral equation of ( I 0-55) is valid for each element, and it assumes that the 
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I t ', y', .:'I 

R 

It. I . - , 

,l (~-f-~--~---n-t--► .\' 

In) Scpnnllton cJ1Mu11c.: 

1c) Driven elem~III 

Figure 10. 18 Geomelry of Yagi- Uda array for Moment Method formulaIion (souRcr: 
G. A. Thiele ... Yagi-Uda Type Antennas,'· fEEE Trans. Antennas Propa~nt .. Vol. AP· 
17. No. I. pp. 24--3 I. January 1969. @ ( 1969) IEEE) 

uumber M of current modes is lhe ))(une for eu.ch elemenl. To apply the Moment 
Method ~olurion 10 the integral equation of ( I 0-55), each wire element is subdivided 
in M segments. On each elemenl, other than lhe driven element lhe matching is done 
at the center of the wire. and it is required Lhat £;, or ( I 0-55) vanishes at each matching 
point of each segment [i.e., E~(:, = ::,) = OJ , us -;hown in Figure 10.18(b). On lhe 
driven element the matchfog is done on Lhe c;urface of the wire, and it is required that 
~ of (10-55) v,mishes at M - I poi nls, even though there are m modes, and it 
excludes the segment at the feed as shown in Figure I 0. I 8(c). This generates M - ·1 
equations. The Mth equation on the feed elemem is generated by the constraint that 
the normalized current for all M modes at the feed point(;:' = 0) of the driven element 
is equal to unity [24]. [26], or 

M 

~ L l ,1m (z ' 0) = (10-56) 
111 =1 n= N 
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520 Chapter 10 Traveling Wave and Broadband Antennas 

Based on the above procedure. a system of linear equations is generated by taking 
into account the interaction of 

a. each mode in each wire segment with each segment on the same wire. 
b. each mode in each wire segment with each segment on the other wires. 

This system of linear equations is then solved to find the complex amplitude coeffi­
cients of the current distribution in each wire as represented by ( 10-53). This is 
demonstrated in 124) for a three-element array (one director. one reflector and the 
driven element) with two modes in each wire. 

B. For-Field Pattem 
Once the current distribution is found, the far-zone field generated by each element 
can be found using the techniques outlined in Chapter J. The total field of the entire 
Yagi-Uda atTay is obtained by summing the contributions from each. 

Using the procedure outlined in Chapter 3, the far-zone electric field generated 
by the M modes of the 11th element oriented parallel to the z axis is given by 

( 10-57) 

where x,,. y,, represent the position of the 11th element. The total field is then obtained 
by summing the contributions from each of the N elements. an<l it can be written as 

N 

E,, = L En,,= -jwA11 ( 10-58) 
11 = I 

An= 
N 

L An,. ,,.,,, , 
-.1kr N { = - ~sin O L ejk(., ,. ,1110,·n,,t,+ 1",.,lnll,in,/,1 

4,rr ,,.,,, 1 

(I 0-58a) 

For each wire, the currelll is represented by ( I 0-53). Therefore the la~t integral 
in ( I 0-58a) can be written as 

J
+i,,12 · .. • , . ,.,, J ... ,,,12 [<2m - l)1r::;,] ... ,,. , 

I ,,Jkl.,co, e d·' = "' I cos • 1,Jk ....... , II d-
111:. ..... II ,L.i IUU '· I ~ ..... ,, 

- 1,,1! 111 - I - ,,,a 11 

( I 0-59) 

Since the cosine is an even function. ( 10-59) can also be expressed as 

f + 1,,12 M J. + 11,11 [(2 _ I ) _,] 
I Jk:;,,•us tJ d .. ' = °" / 2 ' 111 1T ... ,, _ ,,e •. ,, L., 11111 cos / 

/,,I! nl"-1 () II 

[ 
eik,;, co~ {I + C' - jkz:, cos"] - I 

X 
2 

cL,, 

(t.'qtttllionco111i1111es on Wp of page .52/.) 
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= ~ I l' 1,,r-, [<2111 - l),r,~] 
L.. nm - COS 

m : :- I O /,. 

X cos( k:.:, cos fl) cl:.;, 

Using the trigonometric ldentily 

2 cos(a) cos(/3) = cos(a + {3) + cos(a - /3) 

( I 0-60) can be rewritten as 

I 10-60) 

( 10-61) 

J+l,/2 M {J+f,/2 [(2 . - I) ] l,,eJk:.;,cir,; fl d:;, = ~ l,
1111 

cos m 
1 

1T + k cos 8 :::;, d:;, 
- I,,,_ ~ ,,. 111- I O 11 

r I t,,t!. [(2m - I )7T ] 
+ Jo cos I,, - k cos O =.;, dz.;, ( I 0-62) 

Since 

l
,r/2 

cos ((b ± c):::) d::: 
I 

,~ sin l(b ± c) 11 
=------- (10-63) 

( I 0-62) can he reduced to 

f 
., 1

'
12 

l,,ejk~~c"~ 11 dz;, = f 1 [ sin(Z' ) + sin(Z- >] ~ 
-f,/2 m= I 

11111 z+ z- 2 
( 10-64) 

Z + [(2m - I )1r k ] /,, = ---- + cos tJ -
I,, 2 

( 10-64a) 

z- = [< 2111 
- I )TT - k cos o] ~ 
I,, 2 

( I0-64b) 

Thus. the lolal field represented by ( l0-58) and ( I0-58a) can be written as 

N 

£ 0 = L £ 1,,, = -jwA (10-65) 
n"' I 

A1.1 = L Afln = - µ.e sin () L ejk(x.sinllcosd>+_v.sin(lsin~) 
N --Jkr N { 

11~1 41rr n-=1 

. i:, I [sin(z+) + sin(z- >]} !!! ( I 0_65a) 
Ill"', ,,,,, z.. z- 2 

There have been other analyses 127). [28] based on the integral equation formu­
lation lhal allows the conversion lo algebraic equations. In order not to belabor further 
the analytical formulations. which in call cases are complicated because of the antenna 
structure, it is appropriate at this time to present some results and indicate design 
procedures. 

C. Computer Pm.~1wn and R,,sults 
Based on the preceding formulation, a computer program has been developed [25) 
that computes the £- and H-planc patterns. their corresponding half-power beam­
widths, and the directivity of the Yagi-Lida array. The program is inctudeu at the end 
of this chapter. The input parameters include the total number of elements (N), the 
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number of current modes in each element (M). the length of each element, and the 
spacing between the elements. The program assumes one reflector. one driven element, 
and N - 2 directors. For the development of the formulation and computer program, 
the numbering system (n = I. 2 ..... N) for the elements begins with the first director 
(n = I ). second director (11 = 2). etc. The reflector is represented by the next to the 
last element (n. = N - I), while the driven element is designated as the last element 
(11 = N ), a"i shown in Figure l 0.17. 

One Yagi-Uda a.JTay design is considered here. which is the same as one of the 
two inc:luded in 124]; the other one is assigned as an end of the chapter problem. The 
patterns. beam widths, and direclivities were computed based on the computer program 
developed here. 

Example 10.1 

Design a Yagi-Uda array of 15 elements ( 13 directors. one reflector and the exciter). 
Compute and plot the £- and H-planc patterns, nonnalized current at the center of 
each element, and directivity and front-to-back ratio as a function of reflector spacing 
and director spacing. Use the computer program al the end of the chapter. The 
dimensions of the array are as follows. 

N = total number of elements = 15 
number of directors = 13 
number of reflectors = I 

number of exciters = I 
total lenglh of reflector = 0.5A 

total length of feeder = 0.4 7 A 
total length of each director = 0.406,\ 

spacing between reflector and feeder= 0.25,\ 
spacing between adjacent directors = 0.34A 

a = radius of wires = 0.003.A 

SOLUTION 

Using the computer program at the end or the chapter, the computed £- and H-plane 
patterns of this design are shown in Figure I 0.19. The corresponding beamwidlhs are: 
E-plane (0,. = 26.98°). H-plane (011 = 27.96°) while the directivity is 14.64 dB. A 
plot of the current at the center of each element versus position of the element is 
shown in Figure 10.20: the current of the feed element at its center is unily. as required 
by (10-56). One important.figure-of-merit in Yagi-Uda array is thejiwu-to-bac:k ratio 
of the pattern [20 log 10 E(O = 90°. cp = 90°)/£(0 = 90°, </, = 270°)1 as a function 
of the spacing of the reflector with respect to the feeder. This, along with the direc­
tivity, is shown in Figure 10.2 l for spacing from O. IA-0.5A. For this design, the 
maximum front-to-b.1ck ratio occurs for a reflector spacing of about 0.23A while the 
directivity is monotonically decreasing very gradually. from about 15.2 dB at a spacing 
of 0.1 A down to about I 0.4 dB at a spacing of 0.5A. 

Another important parametric investigation is the variation of the front-to-back 
ratio and directivity as a function of director spacing. This is shown in Figure 10.22 
for spacings from 0.1 A to 0.5A. It is apparent that the directivity exhibits a slight 
increase from about 12 d.B at a spacing of about 0.1 A to about 15.3 dB at a spacing 
of about 0.45A. A steep drop in directivity occurs for spacings greater than about 
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-E-plani.-
____ H-phme 180° 

Figure 10.19 £. and ff-plane amplitude pattem11 of 15-elemcnt Yagi-Uda array. 
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Figure 10.20 Nonnalized current at the center of each element of a 15-element Yagi-Uda 
array. 
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Figure 10.21 Directivity and froDl-to-back ratio, as a fu111.:tion (lf reflector spacing, of a 15-
elemem Yagi-Uda array. 

0.45A. This agrees with the conclusion arrived al in 1181 and 1271 that large reductions 
in directivity occur in Yagi-Uda array designs for spacings greater than about 0.4A. 
For this design, the variations of the front-to-back ratio arc much more sensitive as a 
function of director spacing. as shown in Figure I 0.22: excursions on the order of 
20-25 dB are evident for changes in spacing of about 0.05A. Such variation~ in front­
to-back ratio as shown in Figure I 0.22, us a function of director spacing, .tre not 
evident in Yagi-Uda array designs with a smaller number of elements. However, they 
are even more pronounced for designs with a larger number of elements. Both of 
these are demonstrated in design problem!-i assigned at the end of the chapter. 
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Figure 10.22 Directivity and front-tu-back ratio. as a function of director spacing. for 15-
clement Yagi-Lida array. 
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Table JO.I DIRECTIVITY OPTIMIZATION FOR SIX-ELEMENT YAGI-UDA 
ARRAY <PERTURBATION OF DIRECTOR SPACINGS>. 11 = 0.51A. 
I! = 0.50A, / 1 = l.1 = 15 = le. :::: 0.43A, a = 0.003369,\ 

Directivity 
(dB) 

INITIAL ARRAY 
OPTIMIZED ARRAY 

0.250 
0.250 

0.310 
0.336 

0.310 
0.398 

0.310 
0.310 

0.310 
0.407 

11.21 
12.87 

SOURCE: D. K. Cheng and C. A. Chen. "Optimum Spacings for Yagi-Uda Arrays," IEEE Trans. 
Anrn1r111l Pm11t1g .. Vol, AP-21. pp. 615--623. September 197.3. (t.) (1973) IEEE. 

D. Oplimi:arfrm 
The radiation characteristics of the array can be adjusted by controlling the geometrical 
parameters of the array. This was demonstrated in Figures 10.21 and 10.22 for the 
15-elcmcnt array using uniform lengths and making uniform variations in spacings. 
However. these and other array characteristics can be optimized by using nonuniform 
director lengths and spacings between the directors. For example. the spacing between 
the directors can be varied while holding the reflector-exciter spacing and the lengths 
of all elements constant. Such a procedure was used by Cheng and Chen 1271 to 
optimize the directivity of a six-element (four-director, reflector, exciter) array using 
a perturbational technique. The results of the initial and the optimized (perturbed) 
array are shown in Table 10.1. For the same array. they allowed all the sp.tcings to 
vary while maintaining constant a11 other parameters. The resulls are shown in Table 
10.2. 

Another optimization procedure is to maintain the spacings between all the cle­
ments constant and vary the lengths so as to optimize the directivity. The results of a 
six-element array [28] are shown in Table I 0.3. The ullimate optimization is to vary 
both the spacings and lengths. This was accomplished by Chen and Cheng 1281 
whereby they first optimized the array by varying the spacing. while maintaining the 
lengths constant. This was followed. on the same array. with perturbations in the 
lengths while maintaining the optimized spacings constant. The results of this pro­
cedure are shown in Table 10.4 with the corresponding H-plane (0 = Trl2. cp) far­
field patterns shown in Figure I 0.23. In all, improvements in directivity and front-to­
back ratio are noted. The ideal optimization will be to allow the lengths and spacings 
to vary simultaneously. Such an optimization was not performed in (271 or 1281. 
although it could have been done iteratively by repeating the procedure. 

Table 10.2 DIRECTlVlTY OPTfMIZAT(ON FOR SIX-ELEMENT YAGI-VOA 
ARRAY (PERTURBATION OF AU ELEMENT SPACINGS). 
11 = 0.51 A. 11 = 0.50A. l.1 = 14 = I~ = le, = 0.43A. a = 0.003369,\ 

Directivity 
S21/A s_,2/A s.ufA SsJA S65/A (dB) 

INITIAL ARRAY 0.280 0.310 0.310 0.310 0.310 10.92 
OPTIMIZED ARRAY 0.250 0.352 0.355 0.354 0.373 12.89 

SOURCE: D. K. Cheng and C. A. Chen. "Optimum Spacings for Yagi-Lida Arruys." IF.El-.' Tran.~. 
A111e1111e1.,· l'mpag .. Vol. AP-21. pp. 615-623. Scpll!mhcr 1973. © {1973) IEEE. 
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Table 10.3 DIRECTIVITY OPTIMIZATION FOR SIX-ELEMENT Y AGI-UDA 
ARRAY (PERTURBATION OF A.LL ELEMENT LENGTHS>. s:? 1 = 0.250,\. 
s 3~ = S43 = s 54 = S1,5 = o.~ \ O>.. a = 0.003369 i\ 

Directivity 
11/A l2IA liA J.JA '5/A JJ,\ (dB) 

INITIAL ARRAY 0.510 0.490 0.430 0.430 0.430 0.430 10.93 
LENGTH-PERTURBED 

ARRAY 0.472 0.456 0.438 0.444 0.432 0.404 12.16 

SOURCE: C. A. Chen mu.ID. K. Cheng. "Optimum Element Lengths for Yagi-Uda Arrays." IEEE Tra11,f. 
Ame,mus Pmpag., Vol. AP-2.l pp. 8--15. fanuary 1975. tJ f 1975) IEEE. 

Another parameter that was investigated for the directivity-optimized Yagi-Uda 
antenna was the frequency bandwidth [291. The results of such a procedure are shown 
in Figure I 0.24. The antenna was a six-element array optimized al a center frequency 
.fo. The array was designed, using space perturbations on all the elements. lo yield an 
optimum directivity at J;,. The geometrical parameters are listed in Table I 0.2. The 
3-dB han<lwidth seems lo he almost the same for the initial and the optimized arrays. 
The rapid decrease in the directivity of the initial and optimized arrays at frequencies 
higher than fc1 and nearly constant values below /c1 may he attributed to the structure 
of the antenna which can support a • 'traveling wave•' at f < Jo but not at f > .Iii• It 
has thus h~en suggested that an increase in the bandwidth can be achieved if the 
geometrical dimensions of the antenna arc chosen slightly smaller than the optimum. 

1,0 

O.R 

0./, 

----Optimum ~rray 

- - - - - Initial arrJy 

•• • ••• ••••••• Spadng-pcrlurbct.l array 

I'"' 
I \ ,.. ', ' ••. •, \ 

\ \ . . 
,., 

I \ 
I \ 

\ 
\ 

Observation an111c: 41 (dc11rcesl 

Figure 10.23 Nonnalizcd amplitude antenna patlems of initial. penurbed. and optimum 
si"-element Yagi-Uda arrays (Table 10.4). (SOURc.:E: C. A. Chen and D. K. Cheng. ' 'Opti• 
munt Element Lengths for Yagi-Uda Arrays,' ' IEEE Trans. Amennus Pmpagat., Vol. AP-23, 
pp. 8- 15, January 1975. © ( 1975) IEEE) 
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14 

10 

----lnili.il 11rray 

- - - - Optimum array 

4 

\ 
\ 
\ 
\ 

' ' \ 
\ 

0'------'------'---...__ _ ___. __ ~--~~---~--~--
0.'l0 0.CJ4 0.9H 1.0 1.04 I.OH 

Nom,alizcd frequency 1///o I 

Figure 10.24 Bandwidth of initial and optimum six-clement Yagi-Uda array with 
perturbation of all element spacings (Table 10.21. (SOURCE: N. K. Takla and L.-C. 
Shen. "'Bandwidth of a Yagi Array with Optimum Directivity." IEEE Trans. An­
tenna.~ Pmpagat .. Vol. AP-25. pp. 913-914. November 1977. © (1977) IEEE) 

E. Input Impedance and Matching Techiques 
The input impedance of a Yagi-Uda array, measured at the center of' the driven 
element, is usually small and it is strongly influenced by the spacing between the 
reflector and feed element. For a 13-element array using a resonant driven element, 
the measured input impedances are listed in Table 10.5 [20j. Some of these values 
are low for matching to a 50-, 78-. or 300-ohm transmission Jines. 

There are many techniques that can be used to match a Yagi-Uda array to a 
transmission line and eventually to the receiver, which in many cases is a television 
set which has a large impedance (on the order of 300 ohms). Two common matching 
techniques are the use of the folded dipole. of Section 9.5. as a driven element and 
simultaneously as an impedance transfonner, and the Gamma-match of Section 9.8.4. 
Which one of the two is used depends primarily on the transmission line from the 
antenna to the receiver. 

The coaxial cable is now widely used as the primary transmission line for tele­
vision, especially with the wide spread and use of cable TV: in fact. most television 
sets are already prewired with coaxial cable connections. Therefore. if the coax with 
a characteristic impedance of about 78 ohms is the transmission line used from the 
Yagi-Uda antenna to the receiver and since the input impedance or the antenna is 
typically 30-70 ohms (as illustrated in Table 10.5), the Gamma-match is the most 
prudent matching technique to use. This has heen widely used in commercial designs 
where a damp is usually employed to vary the position of the short to achieve a best 
match. 

If, however, a "twin-lead" line with a characteristic impedance of ahout ·300 
ohms is used as the transmission line from the antenna to the receiver. as was used 
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Table 10.5 INPUT IMPEDANCE OF A 15-ELEMENT YAGI­
UD A ARRAY (REFLECTOR LENGTH = 0.5A: 
DIRECTOR SPACING = 0.34A; DIRECTOR 
LENGTH = 0.406A) 

Reflector Spacing 
(S21/A) 

0.25 
0.18 
0.15 
0.13 
0.10 

Input Impedance 
(ohms) 

62 
50 
32 
22 
12 

widely some years ago. then it would be most prudent to use a folded dipole as the 
driven element which acts as a step-up impedance transformer of about 4: I (4: I when 
the length of the element is exactly A/2. This technique is also widely used in com­
mercial designs. 

Another way to explain the endfire beam formation and whether the parameters 
of the Yagi-Uda array are properly adjusted for optimum directivity is by drawing a 
vector diagram of the progressive phase delay from element-to-element. If the current 
amplitudes throughout the array arc equal, the total phase delay for maximum direc­
tivity should be about 180°, as is required by the Hansen-Woodyard criteria for 
improved endfire radiation. Since the currents in a Yagi-Uda array are not equal in 
all the elemenb, the phase velocity of the traveling wave along the antenna structure 
is not the same from element-to-element but it is always slower than the velocity of 
light and faster than the corresponding velocity for a Hansen-Wouuyard design. For 
a Yagi-Uda array. the decrease in the phase velocity is a function of the increase in 
total array length. 

In general then. the phase velocity. and in turn the phase shift. of a traveling wave 
in a Yagi-Uda array structure is controlled by the geometrical dimensions of the array 
and its elements, and it is not unifonn from element-to-element. 

F. Design Procedure 
A government document [30) bas been published which provides extensive data of 
experimental investigations carried out by the National Bureau of Standards to deter­
mine how parasitic element diameter, element length, spacings between elements, 
supporting booms of different cross-sectional areas, various reflectors, and overall 
length affect the measured gain. Numerous graphical data is included to facilitate the 
design of different length antennas to yield maximum gain. ln addition. design criteria 
are presented for stacking Yagi-Uda arrays either one above the other or side-by-side. 
A step-by-step design procedure has been established in detennining the geometrical 
parameters of a Yagi-Uda array for a desired directivity (over that of a A/2 dipole 
mounted at the same height above ground). The included graphs can only be used to 
design arrays with overall lengths (./rum reflector element to last director) of 0.4. 0.8, 
1.2, 2.2, 3.2. and 4.2A with corresponding directivities of 7. I. 9.2, I 0.2, 12.25, 13.4, 
and 14.2 dB, respectively, and with a diameter-to-wavelength ratio of 0,001 s cl/A 
s 0.04. Although the graphs do not cover all possible designs. they do accommodate 
most practical requests. The driven element used to derive the data was a A/2 folded 
dipole, and the measurements were carried out at .f = 400 MHz. To make the reader 
aware of the procedure. it will be outlined by the use of an example. The procedure 
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Table 10.6 OPTIMIZED UNCOMPENSATED LENGTHS OF PARASITIC ELEMENTS 
FOR Y AGI-UDA ANTENNAS OF SIX DIFFERENT LENGTHS 

d!A = 0.0085 LENGTH OF Y AGI-UDA CIN WAVELENGTHS) 

s 1~ = 0.2A 0.4 0.8 1.20 2.2 3.2 4.2 

LENGTH OF 
REFLECTOR (/1/A) 0.482 U.482 0.482 0.482 0.482 0.475 

/.l 0.442 0.428 0.428 0.432 0.428 0.424 

'~ 0.424 0.420 0.415 0.420 0.424 

'~ 0.428 0.420 0.407 U.407 0.420 

~ '" 0.428 U.398 0.398 0.407 

vi /7 0.390 0.394 0.403 
~ 
C 

111 0.390 0.390 0.398 !3 
UJ /,, 0.390 0.386 0.394 
°' 25 lw 0.390 0.386 0.390 
u. 

{ II (!.:\()& 0.386 0.390 0 
::r: 

/ 12 0.407 0.386 0.390 r 
c., 

0.386 0.390 z lu 
L:J 
...J 

11-1 0.386 0.390 

,,~ U.386 0.390 

111, 0.386 

/17 0.386 

SP ACING BETWEEN 
DIRECTORS (.~,iA) 0.20 0.20 0.25 0.20 0.20 0.308 

DIRECTIVITY RELATIVE 
TO HALF-WAVE 
DIPOLE (dB) 7.1 9.2 I0.2 12.25 13.4 14.2 

DESIGN CUR VE 
(SEE FIGURE 10.25) (A) (B) (8) (C) (8) (D) 

SOURCE: Peter P. Viezbicke. Yagi Anu·nne1 Design. NBS Technical Note 688. December 1976. 

is identical for all other designs at freqencies where included data can accommodate 
Lhe specifications. 

The he.irt of the design is the data included in 

1. Table 10.6 which represents optimized antenna panuueters for six different 
lengths and for a di A = 0.()()85 

2. Figure 10.25 which represents uncompensated director and reflector lengths for 
0.001 s dlA s 0.04 

3. Figure 10.26 which provides compensation length increase for all the parasitic 
elements (directors and reflectors) as a function of boom-to-wavelength ratio 
0.001 s DIA s 0.04 

The specified information is usually the center frequency. antenna directi vi Ly. di A and 
DI A ratios. and it is required to find the optimum parasitic element lengths (directors 
and reflectors). The spacing between the directors is uniform but not the same for all 
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Figure 10.25 Design curves to detennine element lengths of Yagi-Udn arrays. 
(SOURCE: P. P. Viezbickc, ''Yagi Antenna Design," NBS Technical Note 688, 
U.S. Department of Commerce/National Bureau of Standards. December 1976) 

designs. However. Lhere is only one reflector and its spacing is s 
designs. 

Example 10.2 

0.2A for all 

Design a Yagi-Uda array with a directivity (relative to a A/2 dipole at the same height 
above ground) or 9.2 dB at .fo = 50.1 MHz. The desired diameter of the parasitic 
elements is 2.54 cm and of the metal supporting boom 5.1 cm. Find the element 
spacings. lengths. and total array length. 

SOLUTION 

(a) At .Ii, = 50.1 MHz the wavelength is A = 5.988 m = 598.8 cm. Thus 
di>. = 254/598.8 = 4.24 x I0- 3 and DIA = 5.11598.8 = 8.52 x 10-3, 

(b) From Table I 0.6. the desired array would have a total of five elements (three 
directors. one reflector. one feeder) . For a dlA == 0,0085 ratio the optimum 
uncompensated lengths would be those shown in the second column of 
Table 10.6 (/3 = 15 = 0.428A. /4 = 0.424A. and / 1 = 0.482A). The overall 
antenna length would be L = (0.6 + 0.2)A = 0.8A, the spacing between 
directors 0.2A. and the rellector spacing 0.2A. It is now desired to find the 
optimum lengths of the parasitic elements for a di A = 0.00424. 

(c) Plot the optimized lengths from Table 10.6 O:i" = Is" = 0.428A. /,/ = 
0.424A, and Ii" = 0.482A) on Figure I0.25 and mark them by a dot(·). 

(d) In Figure 10.25 draw a vertical line through dlA = 0.00424 intersecting 
curves (B.l at director uncompensated lengths // = Is' = 0.442A and 
reflector length /1' = 0.485A. Mark these points by an x. 
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Figure 10.26 Increase in optimum length of parasitic elements as ,t function of metal 
boom diameter. (SOURCE: P. P. Viezbicke." Yagi Antenna Design:· NBS Technical Note 
688, U.S. Department of Commerce/National Bureau of Standards. December 1976) 

(e) With a divider. measure the distance (L11) along director curve (B} between 
points l.i" = Is" = 0.428..\ and (4" = 0.424..\. Transpose this distance from 
the point I/ = I/ = 0.442A on curve (B), established in step (d) and marked 
by an 1', downward along the curve and determine the uncompensated length 
14 ' = 0.438A. Thus the boom uncompensated lengths of the array at Ji, = 
50.1 MHz are 

f/ = Is' = 0.442.A 
I./ = 0.438A 
11' = 0.485A 

(f) Correct the element lengths to compensate for the boom diameter. From 
Figure 10.26. a boom diameter-tu-wavelength ratio of 0.00852 requires a 
fractional length increase in each element of about 0.005A. Thus the final 
lengths of the elements should be 

/_1 = /5 = (0.442 + 0.005)..\ = 0.447 A 

14 = (0.438 + 0.005)A = 0.443A 

11 = (0.485 + 0.005),\ = 0.490A 

The design data were derived from measurements carried out on a nonconducting 
Plexiglas boom mounted 3A above the ground. The driven clement was a A/2 folded 
dipole matched to a 50-ohm line by a double-stub tuner. All parasitic elements were 
constructed from aluminum tubing. Using Plexiglas booms, the data were repeatable 
and represented the same values as air-dielectric: booms. However that was not the 
case for wooden booms because of differences in the moisture. which had a direct 
affect on the gain. Data on metal booms was also repeatable provided the element 
lengths were increased to compensate for the metal boom structure. 
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Figure 10.27 Yagi-Uda array of circular loops. 

I0.3.4 Yagl-Uda Array of Loops 

Aside from the dipole, the loop antenna is one of the most basic antenna elements. 
The pauern of a very small loop is similar to that of a very small dipole and in the 
far-field region it has a null along its ax.is. As the circumference of the loop increases, 
the radiation along its axis increases and reaches near max.imum at about one wave­
length l31 J. Thus loops can be used as the basic elements, instead of the linear dipoles, 
to form a Yagi-Uda array as shown in Figure 10.27. By properly choosing the 
dimensions of the loops and their spacing. they can fonn a unidirectional beam along 
the axis of the loops and the array. 

It has been shown that the radiation characteristics of a two-element loop array, 
one driven element and a pan1sitk reflector. resl\lted in the elimination of corona 
problems at high ,iltitudes [321. In addition. the radiation characteristics of loop arrays 
mounted above ground are less affected by the electrical properties of the soil. as 
compared with those of dipoles 133J. A two-element loop array also resulted in a 1.8 
dB higher gain than a corresponding array of two dipoles 1321. A two-element anay 
of square loops (a feeder and a reflector) in a boxlike construction is called a • 'cubical 
quad" or simply a "quad" antenna. and it is very popular in amateur radio applica­
tions (34]. The sides of ca<.:h square loop are A/4 (perimeter of A). and the loops are 
usually supported by a tiberglass or bamboo cross-arm assembly. 

The general performance of a loop Yagi-Uda array is controlled by the Si:lme 
geometrical parameters (refle<.:tor. feeder. and director sizes. and spacing between 
elements). and il is inHuenced in the same manner as an mTay of dipoles (35 I. 

In a numerical parametric study of coaxial Yagi-Uda arrays of circular loops [36) 
of 2 to IO directors, it has been found that the optimum parameters for maximum 
forward gain were 

1. circumference of feeder 21rb2 = I.IA. where b2 is its radius. This radius was 
chosen so that the input impedance for an isolated element is purely resistive. 

2. circumference of the reflector 21rh 1 = 1.O5A, where h 1 is its radius. The size of 
the reflector docs not strongly influence the forward gain but has a major effect 
on the backward gain and input impedance. 

3. feeder-reflector spacing of about 0.1 A. Be<.:ause it has negligible effect on the 
forward gain. it can be used to control the ba<.:kward gain ancVor the input 
impedan<.:e. 

4. circumference of directors 21rh = 0. 7 A. where b is the radius of any director and 

INTEL-1045 
U.S. Patent 7,151,430



534 Chapter 10 Traveling Wave and Broadband Antennas 

it was chosen to be the same for all. When the circumference approached a value 
of one wavelength, the array exhibited its cutoff properties. 

5. spacing of directors of about 0.25A, and it was uniform for all. 

The radius " or all the elements was retained constant and was chosen to satisfy 
n = 2 ln(21rbi/a) = 11 where b2 is the radius of the feeder. 
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PROBLEMS 
IO.I. Given the current distribution of(I0-la). show that the 

(a) far-zone electric field inteni.ity is given by ( I0-2a) and ( 10-2b) 
(b) average power density is given by (10-4) and (10-5) 
(c) radiated power is given by ( 10-11) 

10.2. Determine the phase velocity (compared to free-space) of the wave on a Beverage 
antenna (terminated long wire) of length / = 50A so that the maximum occurs at 
angles of 
(a) 10° 
(b) 20° 
from the a;(is of the wire. 

HU. The current distribution on a terminated and matched long linear (traveling wave) 
antenna of length I. positioned along the x-axis and fed at its one end. is given by 

I = a_,./0e ,1c.,, 0 :s x' :s / 

Find the far field electric and magnetic lield components in .,·umdcml spherical coor­
dinafc's. 

10.4. A long linear (traveling wave) antenna of length I. positioned along the ;:-axis and fed 
at the ;: = 0 end. is terminated in a load at the z = L end. TI1ere is a nonzero reflection 
at the load such that the current distribution on the wire is given by 

Determine as a function of R and / the 
(a) far-zone spherical electric field components 
(b) radiation intensity in the fJ = rr/2 direction 

10.5. Design a Beverage antenna so that the first maximum occurs at 10° from its axis. 
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10.6. 

10.7. 
10.8. 

10.9. 

10.10. 

10.11. 

10.12. 
10.13. 

10.14. 

10.15. 

10.16. 

Assuming the phase velocity of the waVl' on the line is the same as that of free-space. 
find the 
(a) lengths (exact and approximate) lo accomplish that 
(b) angles (exad and approximate) where the next six maxima occur 
(c) angles (exact and approximate) where the nulls, between the maxima found in 

parts (a) and (bJ, occur 
(d) radiation resistance using the exact and approximate- lengths 
(e) directivity using the exact and approximate lengths 
It is desired to place the first maximum of a long wire trnvcling wave antenna at an 
angle of 25° from the axis of the wire. For the wire antenna. find the 
(a) exact required lenglh 
(b) radiation resistance 
(c) directivity (i11 dB) 
The wire is radiating into free space. 
Compute the directivity of a long wire with lengths of / = 2,\ and 3,\. 
A long wire of diameter d is placed (in the air) at a height h above the ground. 
(a.) Find its characteristic impedance assuming h ~ d. 
(h) Compare this value with ( 10-14). 
Beverage (long wire) antennas arc used for over-the-horizon communication where 
the maximum of the main beam is pointed few degrees above the horizon. Assuming 
the wire antenna of length I and radius A/200 is placed horizontally parallel to the z­
axis u heigh! h = A/20 above a {far. pl!rfcct electric conJuccing plane uf intinicc extent 
(x-axis i!, perpendicular to the ground plane). 
(a) Derive the array factur for the e4uivalent two-clement array. 
(b) Whal is the nonnalized total electric lield of the wire in the presence of the 

conducting plane? 
(c) What value of load resistance should be placed at the tem1inating end to eliminate 

any reflections and not create a standing wave'? 
Compute the optimum directivities of a V antenna with leg lengths of / = 2,\ and 
/ ::::: 3,\. Compare these values with those of Problem 10.7. 
Design a synunetrical V antenna so that ils optimum directivity is 8 dB. Find lhe 
lengths or each leg (in A) and the total included angk of the V (in degrees). 
Repeat the design of Problem 10.11 for an optimum directivity of 5 dB. 
It is desired to design a V-dipole with a maximized directivity. The length of each 
arm is 0.5A (overall Ieng.th of the entire V-dipole is,\). To meet the requirements of 
the design, what is the 
( a) total included angle of the V-dipole ( in degrees)'! 
(bJ directivity (in dB)'? 
(c) gain (in dl3) if the overall antenna efficiency is 35%'? 
Ten identical elements of V antennas are placed along the :-axis to form a uniform 
broadside array. Each clement is designed to have a maximum directivity of 9 dB. 
Assuming each element is placed so that its maximum is also broadside (0 = 90°) 
and the clements are spaced ,\/4 apart. find the 
(a) ann length of each V (in A) 

(b) included angle (in degrees) of each V 
(c) approximate total directivity of the array (in dB) 
Design a resonant 90° bent. ,\/4 long. 0.25 X 10 t,\ radius wire antenna placed above 
a ground plane. Find the 
fa) height where the hent must be made 
(h) input resistance of the antenna 
(C) VSWR when the antenna is connected to a SO-ohm line 
Design a five-tum helical antenna which at 400 MHz operates in the non11al mode. 
The spacing between tums is A/.50. It is desired that the antenna possesses circular 
polarization. Determine the 
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(a) circumference of the helix On ,\ and in meters) 
(b) length of a single tum (in A and in meters) 
(c) overall length of the entire helix (in ,\ and in meters) 
(d) pitch angle (in degrees) 

Problems 537 

10.17. Design a five-rum helical antenna which at 300 MHz operates in the axial mode and 
possesses circular polarization in the major lobe. Determine the 
(a) near optimum circumrerence (in A and in meters) 
(b) spacing (in A and in meters) for near optimum pitch angle design 
(c) input impedance 
(d) half-power beamwidth (in degrees), first null beamwidth (in degrees), directivity 

(uimensionless and in dB). and axial ratio 
(e) VSWR when the antenna is connected to 50- and 75-ohm coaxial lines 

l0.18. For Problem 10.17, plot. using the 2-D ANTENNA PATTERN PLOTTER: REC­
TANGULAR-POLAR computer progrum at the end of Chapter 2, the nonnalized 
polar amplitude pattern Cin dB) assuming phasing for 
(a) ordinary end-fire 
(b) Hansen-Woodyard end-fire 
(c) p = I 

10.19. For Problem 10.17. compute U1e directivity (in dB) using the computer program 
DIRECTlVlTY al lh~ end of Chapter 2 a."'suming phasing for 
(a) ordinary end-lire 
(b) Hansen-Woodyard end-lire 
(c) p = I 
Compare with the value obtained using (10-33). 

I 0.20. Repeat the design of Problem I 0.17 at a frequency of 500 MHz. 
10.21. Design an end-fire right-hand circularly polarized hdix having a half-power beam­

width of 45°, pitch angle of 13°. and a drcumfcrence of 60 cm at a frequency of 500 
MH1.. Dctcm1ine the 
(a) turns needed 
(h) directivity (in dB) 
(c) axial ratio 
(d) lower and upper frequencies of the handwidlh over which the require(.] parameters 

remain relatively constant 
(e) input impedance at the center frequency and the edges of the hand from part (d). 

10.22. Design a helical antenna with a directivity of 15 dB that is operating in the axial mode 
and whose polarization is nearly circular. 111e spacing between the turns is A/10. 
Determine the 
(a) Number of turns. 
(b) Axial ratio, b01h a.~ cm dimen.~innles.\' quantity and in dB. 
(c) Directivity (in dB) ba:-;ed on Kraus· formula and Tai & Pereira's formula. How 

uo they compare with the desired value? 
(d) Progressiw phase shifts (in degrees) between the turns to achieve the a,dal mode 

radiation. 
10.23. Design a IO-turn helical antenna so that at the center frequency of 10 GHz. the 

circumference of each tum is 0.95A. Assuming a pitch angle of 14°. determine the 
(a) mode in which the antenna operates 
(b) half-power beamwidth (in degrees) 
(c) directivity (in dB). Compare Lhis answer with what you get using Kraus' 

formula. 
10.24. A lo.u/e.\·J IO-tum helical antenna with a circumference of one-wavelength is con­

nected to a 78-ohm coax.in) line, and it is used as a transmitting antenna in a 500-
MHz spacecraft communication system. The spacing between turns is ,VI0. The 
power in the coaxial line from the transmitter is 5 watts. Assuming the antenna 
is lossless: 
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538 Chapter 10 Traveling Wave and Broadband Antennas 

(a) Whal is radiated power'! 
(b) If the antenna were isotropic, what wnufd the power density (watts/nr2) be at a 

distance of HJ kilometers'! 
(c) What is the power density (in walls/m]) al the same distance when the transmilling 

antcnn.1 is the l{l-tum helix and the ohservations arc made along the maximum 
of the major lohe'! 

(cl) If ut 10 kilometers along the maximum of the major lobe an identical 10-tum 
helix was placed as .1 receiving antenna. which was polarizatio11-ma1ched to the 
incoming wave. what is the maximum power (in walls) that can be received'? 

10.25. A 20-turn helical antenna operating in the axial mode is u~ed as a transmitting antenna 
in a 500-MHz long distance communication system. The receiving antenna is a linearly 
polarized ell~mcnt. Because the transmitting and receiving elements are not matched 
in polarization, approximately how many dB or losses are introduced because of 
polari7.111ion mismatch'? 

I0.26. A Yagi-Uda array of linear clement~ is used as a TV antenna receiving primarily 
channel 8 whose center frequency is 183 MHz. With a regular resonant A/2 dipole as 
the feed clement in the array. the input impedance is approximately 68 ohm~. The 
antenna is to be connected to the TV using a "twin-lead'' line with a characteristic 
impedance of nearly 300 ohms. Al the center frequency of 183 MHz 
(a) what should the smallest input impedance of the array he it' ii is desired to maintain 

a VSWR e4ual or less than 1.1? 
(b) what is the best way 10 modify the present feed to meet the desired VSWR 

specifications? Be very specilic in ex.plaining why your recommendation will 
accomplish this. 

10.27. Evaluate approximately the effect of the spacing between the director and driven 
element in the three-element Yagi-Udn array shown in the accompanying figure. 
Assume that the far-zone (radiated) tiefd of the antenna is given by 

where s11 is the spacing between the reneclor and the driven clement. and s21 is the 
spacing between the director and the driven element. For this problem. set s 11 = 0.2A 
and let s2_, = ().15A. 0.:!OA. 0.25A. 
(al Generate polar plots of the r.i<liation power patterns in both E- and H-planes. 

Normalize the power pallem 10 its value for fl = rr/2 and cf, = rr/2. Generate two 
plots. one for E-plane and one for fl-plane. 

(h) Compute the fronl-lo-h;ick ratio (FBR) in the £-plane given hy 

P" ( 8 = f · <b = f) 
FBRl1, - ,,,,,,,,. = ---------

( 
7T' - rr) P,, fl = 2. c/J aaa -2-

Rl'llm:tt1r Driven cll,mCrtl Din::clor 

_._/ __ If.l--+-f--.,~_\ _,.__/ __ ~ \" 

X 

Leave your answers for both parts in terms of numbcn;, not dB. 
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10.28. Analyze a 27-clement Yagi-Uda array. using the computer program YAGI-UDA 
ARRAY at the end of this chapter, having the following specifications: 

N = total number of elements 

Number of directors 

Number of reflectors 

Total length of reflector 

Total length of feeder 

Total length of each director 

= 27 

= 25 

= l 

= 0.5A 

= 0.47A 

= 0.406A 

Spacing between reflector and feeder = 0.125A 

Spacing between adjacent directors = 0.34A 

a = radius of wires = 0.003A 

Use 8 modes for each element. Compute the 
(a) l"ar-field £- and H-plane amplitude patterns (in dB). 
(b) directivity of the array (in dB). 
(c) E-plane half-power beamwidth (in degrees). 
(d) H-plaue half-power beamwidth (in degrees). 
le) E-p,ane front-lo-back ratio (in dB). 
(f) H-pla11c front to back ratio (in dB). 

10.29. Repeat the analysis or Problem 10.28 for a three-element array having the following 
specifications: 

N = total number of clements 

Number of directors 

Number of reflectors 

Total length of reflector 

Total le.ngth of feeder 

Total length of director 

= 3 

=I 

= 0.5A 

= 0.475A 

= 0.45A 

Spacing between reflector and feeder = 0.2A 

Spacing between feeder and director = 0.16A 

a = radius of wires = 0.005A 

Use 8 modes for each clement. 
10.30. Design a Yagi-Uda array of linear dipoles to cover all the VHF TV channels (starting 

with 54 MHz for channel 2 and ending with 216 MHz for channel 13. See Appendix 
[X). Perfom1 the design at.f0 = 216 MHz. Since the gain is not affected appreciably 
at .f < Jo, as Figure I 0.24 indicates. this design should accommodate all frequencies 
below 216 MHz. The gain of the antenna should be 14.4 dB (above isotmpic) . The 
elements and the supporting boom should be made of aluminum tubing with outside 
diameters of¾ in.(= 0.95 cm) and~ in. (= 1.90 cm). respectively. Find the number 
or elements. their lengths and spacingi,;. and the total length of the arr.1y (in A. meters, 
and feet). 

10.31. Repeat the design of Problem 10.30 for each of the following: 
(a) VHF-TY channels 2-6 (54-88 MHz. Sec Appendix IX) 
(b) VHF-TV channel~ 7-\3 ( l74--2l6 MHz. See Appendix. IX) 

10.32. Design a Yagi-Uda antenna to cover the entire FM band of 88-108 MHz ( 100 channels 
spaced at 200 KHz apart. See Appendix IX). The desired gain is 12.35 dB (above 
isotropic). Perfonn the design nt lo = 108 l\ffiz. The elements and the supporting 
boom should be made of aluminum tubing with outside diameters of~ in. ("" 0.95 

INTEL-1045 
U.S. Patent 7,151,430



540 Chapter 10 Traveling Wave and Broadband Antennas 

cm) and ¾ in. ( = 1.90 cm). respectively. Find the number of elements. their lengths 
and spacings. and the total length of the array (in A, meters, and feet). 

10.33. Design a Yagi-Udo antenna to cover the UHF TV channels (512-806 MHz. See 
Appendix IX). The desired gain is 12.35 dB ( above isoLropic ). Perform the design al 
/ 11 = 806 MHz. The clements and the supporting boom should be made of wire with 
outside diameters or t'J. in.(= 0.2375 cm) and tt; in.(= 0.475 cm). respectively. Find 
the number of clements. their lengths and spacings. and the total length of the array 
(in A, meters. and feet). 
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COMPUTER PROGRAM. YAGI-UDA ARRAY 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C THIS IS A FORTRAN PROGRAM TIIATCOMPUTES, FOR THE YAGI-ODA 
C ANTENNA ARRAY, THE: 
C 
C 
C 
C 
C 
C 
C 
C 

I. FAR-ZONE E- AND H-PLANE AMPLITUDE PATTERNS (in dB} 
II. DIRECTIVITY OF THE ARRAY (in dB) 
III. E-PLANE HALF-POWER BEAMWIDTff (ln degrees) 
IV. ff-PLANE HALF-POWER BEAMWIDTH (in degrees) 
V. E-PLANE FRONT-TO-BACK RA TIO (in dB) 
VI. ff-PLANE FRONT-TO-BACK RATIO (in dB) 

C TIIB PROGRAM IS BASED ON POCKLINGTON'S INI'EGRAL 
C EQUATION FORMlil..ATION OF SECllON 10.3.3, EQUATIONS 
C (10-42) - (10-65a). M ENTIRE DOMAIN COSINUSOIDAL (FOURIER) 
C BASIS MODES ARE USED FOR EACH OF TIIE ANI'ENNA 
C ELEMENTS. 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

••INPUT PARAMETERS 
1. M = NUMBER OF ENTIRE DOMAIN BASIS MODES 
2. N = NUMBER OF ANTENNA ELEMENTS 
3. L = LENG'IH OF EACH ELEMENT ln (in A) 
4. ALPHA = RADIUS OF BACH ELEMENT a (in A) 
5. S = SEPARATIONBE1WEENTIIEELEMENTSsn (inA) 

••NOTES 
l. REFER TO FIGURE 10.17 FOR THE GEOMETRY. 
2. DRIVEN ELEMENT IS AT TIIE ORIGIN. 
3. FIRST ELEMENT (N = 1) IS THE FIRST DIRECTOR. 
4. REFLECTOR IS TIIB N-1 ELEMENT~ ONLY ONE REFLECrOR. 
5. DRIVEN ELEMENT IS N. 
6. 11IB RADIDS OF ALL TIIE ELEMENTS IS TI-IE SAME. 

c••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••-
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CHAPTER 

11 
FREQUENCY INDEPENDENT 
ANTENNAS AND ANTENNA 

MINIATURIZATION 

I I.I INTRODUCTION 

The numerous appli«.:ations uf electromagnetics to the advances of technology have 
ne<:essitated the explorati<Jn and utiliz,ttion of most of the electromagnetic spectrum. 
ln addition. the advent of broadband systems have demanded the design of broadband 
radiators. The use of simple, small. lightweight. and economical antennas. designed 
to operate over the entire frequency band of a given system. would be most desirable. 
Although in practice all the desired fearures and benefits cannot usually be derived 
from a single radiator. mosc can cffe1.:tively be accommodated. Previous to rhe 1950s, 
ant.cnnas with broadband pattern and impedance characteristics had bandwidths not 
greater than 2: I. In the 1950s, a breakthrough in antenm, evolution was made which 
extended the bandwidth lo as great as 40: I or more. The antennas introduced by the· 
breakthrough were referred lo as.frequency i11depende111. and they had geometries that 
were specified by angles. These antennas arc primarily used in the 10-10,000 MHz 
region in a variety of practical applications such as TV, point-to-point communication. 
feeds for relkctors and lenses, and so forth. 

In antenna scale modeling, characteristics such as impedance. pauern. polariza­
tion, and so forth. are invariant to a change of the physical size if a similar change is 
also made in the opt!rnting frequem:y or wavelength. For example, if all the physical 
dimensions are reduced by a factor of two, the performance of the antenna wilJ remain 
um:hanged if the operating frequency is increased by a factor of two. In other words, 
the performance is invariant if the electrical dimensions remain unchanged. This is 
the principle on which antenna scale model measurements are made. For a complete 
and thorough discussion of scaling. the reader is referred to Section 16.10 entitled 
"Scale Model Mcasurcrnenls." 

The sc,tling characteristics of antenna model measurements also indicate that if 
the shape of the antenna were completely specified by angles, its performance would 
have to he independent of frequency 111. The infinite biconical dipole of Figure 9.1 
is one such strucrure. To make infinite structures more practical. the designs usually 
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11.2 Theory 543 

require that lhe current on the structure decrease with distance away from the input 
terminals. After a certain point the current is negligible, and the structure beyond that 
point to infinity can be truncated and removed. Practically then the truncated antenna 
has a lower cutoff frequency ahove which its radiation characteristics are the same as 
those of the infinite structure. The lower cutoff frequency is that for which the current 
at the point of truncation becomes negligible. The upper cutoff is limited to frequencies 
for which the dimensions of the feed transmission line cease to look like a "point'' 
(usually about A2/8 where A2 is the wavelength at the highest desirable frequency). 
Practical bandwidths are on the order of about 40: I. Even llighcr ratios (i.e., 1,000: I) 
can be achieved in antenna design but they are not necessary. since they would far 
exceed the bandwidths of receivers and transmitters. 

Even though the shape of the bicunical antenna can be completely specified by 
angles. the current on its structure does not diminish with distance away from the 
input terminals, and its pattern does not have a limiting form with frequency. This 
can be seen by examining the current distribution as given by (9-11 ). It is evident that 
there are phase bul no amplitude variations with the radial distance r. Thus the 
biconical structure cannot be truncated to form a frequency independent antenna. In 
practice, however. antenna shapes exist which satisfy the general shape equation, as 
proposed by Rumsey [I]. to have frequency independent characteristics in pattern, 
impedance. polarization, and so forth, and with current distribution which diminishes 
rapidly. 

Rumsey's general equation will first be developed, and it will be used as the 
unifying concept to link the major forms of frequency independent antennas. Classical 
shapes of such antennas include lhe equiangular geometries of planar and conical 
spiral sl.rUctures investigated thoroughly by Dyson l2}, \3\, and the logarithmicall)' 
periodic structures proposed and developed by Du Hamel and Isbell 14 ]. [5]. 

Fundamental limitations in electrically small antennas will be discus!ied in Section 
11.5. These will be derived using spherical mode theory. with the antenna enclosed 
in a virtual sphere. Minimum Q curves, which place limits on the achievable band­
width, will be included. 

11.2 THEORY 

The analytical treatment of frequency independent antennas presented here parallels 
that introduced by Rumsey r I] and simplified by Elliott 161 for three-dimensional 
configurations. 

We begin by assuming that an antenna. whose geometry is best described by the 
spherical coordinates (r. 0, cf,), has both terminals infinitely close to the origin and 
each is symmetrically disposed along the 0 = 0, ?T-axes. It is assumed that the antenna 
is perfectly conducting. it is surrounded by an infinite homogeneous and isotropic 
medium. and its surface or an edge on its surface is described by a curve 

r = F(8, cf,) (11-1) 

where r represents the distance along the surface or edge. If the antenna is to be scaled 
to a frequency that is K times lower than the original frequency, the antenna's physical 
surface must be made K limes greater to maintain the same electrical dimensions. 
Thus the new surface is described by 

r' = K F(O. cp) ( 11-2) 

The new and old surfaces are identical; that is. not only are they similar but they art! 
also congruent (if both surfaces are infinite). Congruence can be establii-hed only by 
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544 Chapter 11 Frequency Independent Antennas and Antenna Miniaturization 

rotation in </>. Translation is not allowed because the terminals of both surfaces are al 
the origin. Rotation in 0 is prohibited because both terminals are symmetrically 
disposed along the fl = 0. 1r-axes. 

For the second ,mtenna lo achieve congruence with the first, it must be rotated 
hy an angle C so that 

K F( 0, <M = F( 0, c/> + C) {11-3) 

The angle of rotation C depends on K hut neither depends on fl or cf,. Physical 
congruence implies that the original antenna electrically would behave the same at 
hoth frequencies. However the radiation panern will he rotated azimuthally through 
an angle C. For unrestricted values of K (0 '.'.S K < oc ). the pattern will rotate hy C in 
<f, with frequency. because C depends on K. but its shape wiH be unaltered. Thus the 
impedance and pattern will he frequency independent. 

To obtain the functional representation of FUJ, cf,). hoth sides of (11-3) arc dif­
ferentiated with respect Lu C to yidJ 

d dK r1 
dC 1.K F(lJ, cp}I = dCF((J. <P) = ac (F(0. cb + C)J 

ii 
= ,1-. C IF( 0. <f, + C >] 

ii( 'I' + ) 
( 11-4) 

and with respect Lo cJ, to give 

ii ilF( O. </>) a 
- [KF(O, cb>I = K-- = - (F(fl, ,1,. + C)] 
Ac/, • act, act, o/ 

a 
= --- IF<0. <f, + C>I (11-5) 

il(c/> + C) 

Equating ( 11-5) to ( 11-4) yields 

dK '1F(0. </>) 
dC F( tJ. </,) = K n<f, ( 11-6) 

Using. ( 11-1) we can write (f 1-6) as 

1 dK I ilr 
--=--
K dC r r1</, 

( 11-7) 

Since the left side of (11-7) is independent of O and ct,. a general solution for the 
surface r = F(O, q,) of the antenna is 

where 
I dK 

a=--
KdC 

and .f( 0) is a completely arbitrary function. 

(11-8) 

( 11-Sa} 

Thus for any antenna to have frequency independent characteristics, its surface 
must he described hy ( 11-8). This can be accomplished by specifying the function 
f( ()) or its derivatives. Subsequently, interesting. practical. and extremely useful an­
tem1a conligurations will be introduced whose surfaces are described by ( 11-8). 
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11.3 Equiangular Spiral Antennas 545 

11.3 EQUIANGULAR SPIRAL ANTENNAS 

The equiangular spiral is one geometrical configuration whose surface can be de­
scribed by angles. It thus fulfills all the requirements for shapes that can be used to 
design frequency independent antennas. Since a curve along its surface extends 10 

infinity, it is necessary to designate the length of the ann to specify a finite size 
antenna. The lowest frequency of operation occurs when the total arm length is 
comparable to the wavelength [21. For all frequencies above this. the pattern and 
impedance characteristics are frequency independent. 

11.3.1 Planar Spiral 

The shape of an equiangular plane spiral curve can be derived by letting the derivative 
of/(8) in (11-8) be 

df (w ) dO ~ .f'W> = AB 2 - 0 (11-9) 

where A is a constant and c5 is the Dirac delta function. Using (I 1-9) reduces 
(11-8) to 

where 

In wavelengths. ( 1 1-10) can be written as 

where 

Another form of ( 11-10) is 

I 
<f,, = - In( A) 

a 

() = w/2 

elsewhere 

q, = ~In(~) = tan f/, In(~) = tan 1/,(ln p - In A) 

(11-10) 

(I 1-I0a) 

(11-11) 

(II-Ila) 

(11-12} 

where Ila is the rate of expansion of the spiral and t/1 is the angle between the radial 
distance p and the tangent to the spiral. as shown in Figure 11. l(a). 

IL is evident from ( 1 1- 11) that changing the wavelength is equivalent to varying 
<Po which results in nothing more than a pure rotation of the infinite structure pattern. 
Within limitations imposed by the arm length. similar characteristics have been ob­
served for finite structures. The same result can be concluded by examining l 11-12). 
Increasing the logarithm of the frequency (In/) by C0 is equivalent to rotating the 
structure by C0 tan 1/1. As a result. the pattern is merely rotated but otherwise unaltered. 
Thus we have frequency independent antennas. 
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(al Single spiral lb) Two spiral (~11 == 0. irl 

(cl Multiple spiral (d) Multiple spinil 
(</Jo = 0, rr/2. IT. h/2) l~o = 0, IT/2. IT, .311/2) 

Figure 11.1 Spiral wire antennas. 

The totaJ length L of the spiral can be calculated by 

L = r k(~:r + Ir dp (11-13) 

which reduces, using ( I 1-10). to 

(11-14) 

where p0 and p1 represent the inner and outer radii of the spiral. 
Various geometrical arrangements of the spiral have been used to fonn different 

antenna systems. U c/,0 in { 11-10) is O and 7T, the spiral wire antenna takes the form 
of Figure 11.1 {b). The arrangements of Figures 11.1 {c) and 11. l (ti) are each obtained 
when c/>0 = 0. 7T/2, 1T. and 31r/2. Numerous other combinations are possible. 

An equiangular metallic solid surface, designated as P, can be created by defining 
the curves of its edges, using ( I 1-10), as 

Pi = p/ea,p 

p3 = p/ e"tl> = Pi.' e"(<I> ·· s, 

(ll-15a) 

(ll-15b) 
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such that 
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K = P.1 = e -,,.<; < 
Pi 

( I I- I 5c) 

(11-16) 

The two curves. which specify the edges of the conducting surface. are of identical 
relative shape with one magnified relative to the other or rotated by an angle <5 with 
respect to the other. The magnification or rotation allows the arm of conductor P to 
have a finite width, as shown in Figure I I .2(a). 

The metallic arm of a ~econd conductm. ues1g.nated as Q. can he defined by 

where 

P~' = lh' e - ll'rr 

Ps = Ps 'e""' = p/ e"'t/,- 81 = p/ e"'"•- ,,_ &, 

where 

(11-17) 

(11- l7a) 

( I 1-18) 

( I I- I 8a) 

The system composed of the two conducting arms, P and Q, constitutes a balanced 
system, and it is shown in Figure I l.2(a). The finite size of the strncture is specified 
by the fixed spiraling length L., along the centerline of the arm. The entire structure 
can be completely specified by the rotation angle /3. the ann length /A,1, the rate of 
spiral I/ct, and the terminal size p2'. However, it has been found that most character­
istics Ci.lll be described adequately by only three: that is, 4,, P2'. and K = e - oil as 
given hy ( 11-16). r n addition each ann is usually tapered at its end. shown by uashed 
lines in Figure I l.2(a). to provide a better matching termination. 

The pre,•inus analy\ica.l formulations can he used to de.scribe two different anten­
m,~. One antenna would consist of two metallic arms suspended in free-space. as 
shown in Figure I I .2(a). and the other of a spiraling slot on a large conducting plane. 
as shown in Figure I I .2(b). The second is also usually tapered to provide better 
matching termination. The slot antenna is the most practical. because it can be con­
veniently fed by a balanced coaxial arrangement [21 to maintain its overall balancing. 
The antenna in Figure l l.2(a) with 8 = TT/2 is self-complementary. us defined by 
Babinet's principle l7], and its input impedance for an infinite structure should be 
Z, = z, == 188.5 = 6077' ohms (for discussion of Babinet"s Principle see Section 
12.8). Experimentally. measured mean input impedances were found to be only about 
164 ohms. The uiffercnce between theory and experiment is attributed to the finite 
ann length, finite thickness of the plate, and nonideal feeding conditions. 

Spiral slot antennas. with good radiation characteristics. can be built with one­
half to three turns. The most optimum design seems to be that with 1.25 to 1.5 turns 
with an overall length equal to or g.reater than one wavelength. The rate of expam,ion 
should not exceed about IO per turn. The patterns arc bidirectional. single-lobed, 
broadside (maximum normal to the plane), and must vanish along the directions 
occupied by the infinite structure. The wave is circularly polarized near the axis of 
the main lobe over the usable part of the bandwidth. For a fixed cut, the beamwidth 
will vary with frequency since the pattern rotates. Typical variations are on the order 
of !0°. rn general, however, slot antenna-; with more broad arms and/or more lightly 
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I 
I 
\ 

' 

(al Spir:11 pLtl~ 

"'-, I 
'..l 

11,, Spi tal slot 

Figure 11.2 Spiral plate and slot antennas. 

wound spirals exhibit smoother and more uniform patterns with smaller variations in 
beamwidth with frequency. For symmetrical structures. the pattern is also symmetrical 
with no tilt to the lohc strm.:ture. 

To maintain Lhc symmetrical characteristics. the antenna must be fed by an 
electricalJy and gcomelrically bnlanced line. One method that achieves geometrical 
balancing requires that the coax is cm bedded into one of the arms of the spiral. To 
maintain symmetry. a dummy cable is usually placed into the other arm. No appre­
dable currents flow on the foed cables hecause of the rapid altenuation of the fields 
along the spiral. If the feed line is electrically unbalanced, a halun must be used. This 
limits the handwidth of the system. 

The polarization of the radiated wave is controlled by the length of the arms. For 
very low frequencies, such that the total ann length is small compared to the wave. 
length. the radiated tield is linearly polarized. As Lhe frequency increases. the wave 
become~ elliplically polarized and eventually achieves circular p()iarizacion. Since the 
pallem is essentially unaltered through this frequency range, the polarization chang~ 
with frequency can be used us a convenient criterion to select Lhe lower cutoff 
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Frequency (GHz) 

Figure 11.3 On-axis polarization as a function of frequency for one-turn spiral slot. 
(SOURCE: J. D. Dyson, "The Equiangular Spira] Antenna." IRE Trans. Antennas Pmpagat., 
Vol. AP-7, pp. 181-187, April 1959. © (1959) LEEE') 

frequency of the usable bandwidth. In many practical cases, this is chosen to be the 
point where the axial ratio is equal or less than 2 to l. and it occurs typically when 
the overall armlength is ab()ut one wavelength. A typical variation in axial ratio of 
\he on-ml.is fie\d as a function of frequency for a one-tum ~\ot antenna i~ shown in 
Figure 11.3. The off-axis radiated field has nearly circular polarization over a smaller 
part of the bandwidth. In addition to the limitation imposed on the bandwidth by the 
overall length of the arms. another critical factor that can extend or reduce the 
bandwidth is the construction precision of the feed. 

The input irnpedance of a balanced equiangular slot antenna converges rapidly 
as the frequency is increased, and it remains reasonably constant for frequencies for 
which the arm length is greater than about one wavelength. Measured values for a 
700-2.500 MHz antenna [2] were about 75-100 ohms with VSWR's of less than 2 
to I for 50-ohm I ines. 

For slot antennas radiating in free-space, without dielectric material or cavity 
backing, typical measured efficiencies are about 98% for am1 lengths equal to or 
greater than one wavelength. Rapid decreases arc observed for shorter anns. 

11.3.2 Conical Spiral 

The shape of a nonplanar spiral can be described by defining the derivative of /(fl) 
to be 

elf f' ~ - · = (fl) = Ao(/3 - 8) 
d0 

(11-19) 

in which /3 is allowed to take any value in the range 0 ~ /3 < 1r. For a given value 
of {3, (11 - 19) in conjunction wilh ( 11-8) describes a spiral wrapped on a conical 
surface. The edges of one conic:aJ spiral surface are defined by 

r2 = 1·2' e<11sin tt,)tb = r2' e""' 

r_l = r/enslntl,,,t, = ,
2
'e" ~ina,(,t,- 8 ) 

(l l-20a) 

(ll-20b) 
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where 

J' I = r_, I(' fdStrl fi,)c5 
.l ( ll -20c l 

and 00 is half of the total in<.:lmkd cone angle. Larger value~ of lJn in 0 ::; 0 5 rr/~ 
represent less tightly W0Ltnd spi rals. These equations correspond to ( 11 - 1 Sa)- ( 1 l - I 5c J 

for the planar surface. The second arm of a ba lanced system can be defined by shifting 
each or ( I I -20a)-( I l -20t) by 180°. as was done for lhe planar suii"ace by ( 11 -171-
( 11- I 8a). A conical spiral metal Mrip antenna of elliptical polarization i~ shown in 
Fi!!u1·e l l .4 f8J . 

Tht:! conducting conical spiral :,,urfacc can be t.:onstrucled C()nveniently by funning. 
using printed circuit techniquei.. lhe conical arms on the dielectric cone which is abo 
used a!. a support. The feed cable can be bonded ln 1he metal arms which are wrapped 
uround the cone. Symmeu·y cau be preserved by ob:,,erving the same precautions. lil..c 
the use of a dummy cable, us was done for the planar surface. 

A distinct difference between the planar and conicul -;pirals j-, that the lmrcr 
providei. unidirectional ratl iation (single lobe) toward the apex of the cone wi1h the 
maximum along the ax is. Circular pol,u·b..ation and relutively constant impedances me 
pre. erved over large bandwidlhs. Smoother pallem!-. have been observed ror unidirec­
tional tlesigns. Conical sp.irnb can be used in conjunction with a ground plane. with 
a reduction in bandwidth when they are flush-mounted on the plane. 

Figure 11.4 Conical spiral metal strip nntcnm,. (SOURCE: l\111e111ws, A11/c1111a Masrs and 
M o 11111i11~ At/(lptnrs. American Electronic Laboratories. lnc .. Lansdale. Pa .. CaLa1og 7.5M-
7-79. Courtc~y of American Elec1rorric Labon:llories, lnc .. Montgomeryvillc. PA 18936 USA) 
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Radit1tion 
pattern 

(a\ Metal slrip log-1n~rioi.lic ronftguration 

( b) Log-periodic metal stri1, antenna 

Ot./ 2 
___ _;_ 

-
Pattern goes 
10 :z.cro 

---L 1-
/J 
j_ 

Pa 11cm goes 
to 1.cro 

--~! 
Figure 11.5 Typical metal strip log-periodic configuration and antenna structure. 

11.4 LOG-PERIODIC ANTENNAS 

Another type of an antenna configuration, which closely para11els the frequency in­
dependent concept. is the log-periodic structure introduced by DuHamel and Isbell 
14). Because the entire shape of it cannot be solely specified by angles. it is not truly 
frequency independent. 

11.4.1 Planar and Wire Surfaces 

A planar log-periodic structure is 11.hown in Figure l l .S(a). lt consists of a metal strip 
whose edges are specified by the angle a/2. However. in order lo specify the length 
from the origin to any point on the structure. a distance characteristic must be included. 

In spherical coordinates (r, 0, c/>) the shape of the structure can be written as 

0 = periodic function of [b ln(r)] 

An example of it would be 

(11-21) 

(l 1-22) 

It is evident from ( 11-22) that the values of 8 are repeated whenever the logarithm of 
the radial frequency ln(w) = ln(277:f) differs by 21r/b. The performance of the system 
is then periodic as a function of the logarithm of the frequency: thus the name 
logarirhmic-periodic or log-periodic. 

A typical log-periodic antenna configuration is shown in Figure 1 l .5(b}. It consists 
of two coplanar arms of the Figure l l.5(a) geometry. The pattern is unidirectional 
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1a1 Planar (bl Win: 

Figure 11.6 Planar and wire logarithmically periodic antennas. 

toward the apex of the cone formed by the two arm!->. and it is linearly polarized. 
Although lhe pacrcms of this and ocher log-periodic structures are not completely 
frequency independent. the amplitude variations of certain designs are very slight. 
Thus practically I.hey are frequency independent. 

Log-periodic wire antennas were introduced by DuHamel 14). While investigating 
the current distribution on log-periodic surface structures of I.he form shown in Figure 
I l.6(a). he discovered that the tields on the conductors attenuated very sharply with 
di!.tance. This suggested that perhaps I.here was a strong current concentration at or 
near the edges of the conductors. Thus removing part of the inner surface to form a 
wire antenna a." shown in Figure J l .6(b) should not seriously degrade the performance 
of the antenna. To verify I.his. a wire antenna, with geometrical shape identical to the 
pattern formed by the edges of the conducting surface. wa-, built and it was investigated 
experimentally. As predicted, it was found that the performance of this antenna was 
almost identical to that of Figure l l .6(a); thus the discovery of a much simpler, lighter 
in weight. cheaper, and less wind resistant antenna. Nonplanar geometries in the form 
of a V. formed by bending one arm relative to the other. are also widely used. 

If the wires or the edges of the plates are linear (instead of curved), the geometries 
of Figure I 1.6 reduce. respectively. to the trapezoidal tooth log-periodic structures of' 
Figure 11.7. These simplifications result in more convenient fabrication geometries 
with no loss in operational performance. There are numerous other hizarre hut practical 
configurntions of log-periodic structures, including: log-periodic arrays. 

lf the geometries of Figure 11.6 use uniform periodic teeth. we define the geo­
metric ratio of the log-periodic structure by 

R,, 
-r=--

R,,+1 
(11-23), 
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(al Planar (bl Wire 

Figure 11.7 Planar and wire trapezoidal toothed log-periodic antennas. 

and the width of the antenna slot by 

r,, x=­
R,,+ I 

(lt-24) 

The geometric ratio ; of ( 11-23) defines the period of operation. For example, if two 
frequencies f 1 and .h are one period apart. they are related to the geometric ratio r by 

f' - f' , 2 /', I 01-25) 

Extensive studies on the perfonnam:e of the antenna of Figure l l.6(b) as a 
t'unc1ion of a, {3, r, and X, have hecn performed [91. In general. these structures 
perfonned almost as well as the planar and conical structures. The only major differ­
ence is that the log-periodk configurntions are linearly polariied instead of circular. 

A commercial lightweight. cavity-backed. linearly polarized. flush-mounted log­
periodic slol antenna and its associated gain characteristics are shown in Figures 
l l.8(a) and (b) 18]. Typical electrical characteristics are: VSWR-2: I: £-plane beam­
width-70°: H-plane beamwidth-70°. The maximum diameter of the cavity is about 
2.4 in. ( 6.1 cm). the depth is l. 75 in. ( 4.445 cm), and the weight is near 5 oz (0.14 kg). 

JJ.4.2 Dipole Array 

To the layman. the most recognized log-periodic antenna structure is the configuration 
introduced by lsbe II r 5 I which is shown in Figure l l. 9( a). It consists of u sequence 
of side-by-side parallel linear dipoles forming a coplanar array. Although this antenna 
has similar directivities as the Yagi-Uda array ( 7-12 dB), they are achievable and 
maintained over much wider bandwidths. There are. however. major differences be­
tween them. 

While the geometrical dimensions of the Yagi-Uda array elements do not follow 
any set pattern, the lengths (l/s). spacings (R,,"s). diameters (d,,"s). and even gap 
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r, 

~ 

= ~ 
~ 

C ;; 

" 0 

-1 

- -l 
2 

Frequency (GHz) 

(,11 ,\111~11113 

Figure I l.8 Linearly polariz.c::d flusll-111ou111ed cavi1y-bucl..1.!d log-periodic slol an-
h.:nna and typic.:al gain cbarnc.:1eri1-aics. (SOllRC'F: A111c•1t11{H, A111,•111,n Musts mid 
Mou111i11g Atlapt11r.,. American Electronic Labonuorics, Inc .. Lan~dalc. Pa .. Catalog 
7.5M-7-79. C'11u11esy ur Americau Electronic: Lahoratorics. Inc .. Montgomcryvillc. 
PA 189.1,o USA) 

18 

spacings at dipole center~ (s,, • s) of Lhe log-periodic array im.:retl',e logarithmically as 
<.!dined by thl.! inverse of the gcoinetric ratio r. That b, 

I~ I,, 1 , R2 R,. _ 1 d~ d,,+ 1 ,·2 s,, _ 1 
- =- = -- = -=-- = - =-- = - =--
T ,, l ,i R, R,, d, d,, S 1 s,, 

( 11 -2(1) 

Another parain~(er rhac i~ usually associated wich a dipole wrny is lite spac:ing factor 
(T delineu by 

R,, , I - Rn 
rr = 

2/,,~ I 
( I l -26al 

Straight lines through the dipole ends meet to form an angle 2a which is a character­
istic of frequency independent structures. 

Because it is usually very dirficull to obtain wires or Lubing of many tliffcre111 
ilia.meters aml to mainLain tolcran~es of very small gap spacings. constant dimensions 
in these can he used. These relatively minor fa<..:t0rs will not sufficiently degrade the 
overall perfornmn<..:e. 

While only one demenl of th<.: Yngi-Uda array is directly energized by rhe feed 
line. while the others operate in a parasitic mode, all the elements or the log-pericidic 
array are connected. 111cre are two hasic lllt!lhod~. ai, ~hown in Figure!-> l I .9(b) anti 
I I .9(c). wbit:11 could be used to connect and feed the element<; or a log-periodic dipole 
array. ln both cases the antenna i:-; fed at the ~mall end of the structure. 

The currents in the clement'> of Figure I l.9Cb) have the same phase relationship 
a~ the termina l phases. If in addition the clements arc closely spaced, the phase 
progression or the currents is Lo the right. This produces an cndilre beam in Lhe 
dirccti(>n of' the longer elements an<.! interference effect~ Lo the pallern result. 

IL was rccngnizeu that by mechanically crisscrossing or transposing the teed 
between aujacunt elemenll>. as shown in Figure l I.9(c). a 180° phase is added to the 
terminal or each element. Since the phase between Lbe adjacent dosely spaced shon 
dements is almost in opposition. very little energy is radiated by them and rheir 
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(a) Dipol~ 11rny 

-Rf o l n ~ ~ 
( n 

.:____ a t o l 0 ~ ~ 
I] 

Cb) Straight connection 

(cl Crisscross ,:onnc.:tion 

HO Coaxial con111:cliu11 

Figure 11.9 Log-periodic dipole array and associated connections. 
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interference effects are negligible. However. at the same time. the longer and larger 
spaced elements radiate. The mechanical phase reversaJ between these clements pro­
duces a phase progression so that the energy is beamed endfirc in the direction of the 
sho11er elements. The most active elements for this feed arrangement arc chose chat 
are near resonant with a combineu radiation pattern toward the vertex of the array. 

The feed arrangement of Figure I I .9(c) is convenient provided Lhe input feed line 
is a balanced line like the two-conductor transmission line. Using a coaxial cable as 
a feed line. a practical method to achieve the 180° phase reversal between adjacent 
elements is shown in Figure l l .9(d). This l'eed arrangement provides a built-in broad­
band balun resulting in a balanced overnll system. The elements and the feeder line 
of this array are usually made of piping. The coaxial cable is brought to the feed 
through the hollow part of one of the feeder line pipes. While the outside conductor 
of the coax is connected to that conductor at the feed, its inner conductor is extended 
and it is connected to the other pipe of the feeder line. 

If the geometrical pattern of the log-periodic array. as defined by ( 11-26). is to 
be maintained to achieve a tmly log-periodic configuration. an infinite structure would 
result. However. to he useful as a practical broadband radiator. the structure is trun­
cated at both ends. This limits the frequency of operation to a given bandwidth. 

The cutoff frequencies of the tmncated structure can be detem1ined by the elec-
1rical lengths of the longe.-.1 and .shoriesr elements of the struciure. The lower cutoff 
frequency occurs approximately when the longest element is Af2: however, the high 
cutoff frequency occurs when the shortest element is nearly ).12 only when the active 
region is very narrow. Usually it extends beyond that element. The active region of 
the log-periodic dipole array is near the elements whose lengths are nearly or slightly 
smaller than Af2. The role of active clements is passed from the longer tu the shorter 
elements as the frequency increases. Also the energy from the shorter active elements 
traveling toward the longer inactive elements decreases very rapidly so that a negli­
gible amount is reflected from the truncated end. The movement of the active region 
of the antenna. and its assodated phase center, is an undesirable characteristic in the 
design of feeds for retlector and lens antennas. 

The decrease of energy toward the longer inactive elements is demonstrated in 
Figure 11 . 1 O(a). The curves represent typical computed and measured transmission 
line voltages (amplitude and phase) on a log-periodic dipole array 110) as a function 
of distance from its apex. These are feeder-line voltages at the base of Lhe elements 
of an array with , = 0. 95, £T = 0.0564. N = 13. and /,,Id,, = 177. The frequency of 
operation is .'iuch that element No. IO is i,,/2. The amplitude voltage is nearly constant 
from the first (the feed) to the eighth clement while the corresponding phase is 
unifom1ly progressive. Very rapid decreases in amplitude and nonlinear phase varia­
tions are noted beyond the eighth element. 

The region of constant voltage along the structure is referred to as the transmission 
region. bet:ause it resembles that of a matched transmission line. Along the structure. 
Lhere is about 150° phase change for every ).14 free-space length of transmission line. 
This indicates that the phase velocity of the wave traveling along the structure is 
½• = 0,6t\i, where t\i is the free-space velocity. The smaller velocity results from th~ 
shunt capacitive loading of the line by the smaller elements. The loading is almost 
constant per unit length because there are larger spacings between the longer elements . . 

The corresponding current distribution is shown in Figure 11 . l O(b). It is noted 
that the rapid decrease in voltage is associated with strong current excitation of 
elements 7-10 followed by a rapid decline. The region of high current excitation is. 
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,.. . ., 
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C. 
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1011(/11 

Logarithm or frequency 

Figure 11.11 Typical input impedance variation of a log-periodic antenna 
as a function of thl.! logarithm of the frequency. 

designated as the active ,-egion, and it encompasses 4 to 5 elements for this design. 
The voltage and current excitations of the longer elements (beyond the ninth) are 
relatively small. reassuring that the truncated larger end of the structure is not affecting 
the performance. The smaller elements, because of their length. are not excited effec­
tively. As the frequency changes, the relative voltage and current patterns remain 
esi.entia11y the same. but they move toward Lhe direction of the active region. 

There is a linear increase in currenc phase. especially in the active region, from 
the shorter to the longer elements. This phase shift progression is opposite in direction 
to that of an unloaded line. lt suggests that on the log-periodic antenna structure there 
is a wave that travels toward the feed forming a unidirectional endfire pattern toward 
the vertex. 

The radiated wave of a single log-periodic dipole array is linearly polarized, and 
it has horizontal polarization when the plane of the antenna is parallel to the ground. 
Bidirectional patterns and circular polarization can he obtained by phasing multiple 
log-periodic dipole arrays. For these, the overall effective phase center can be main­
tained at the feed. 

If the input impedance of a log-periodic antenna is plotted as a function of 
frequency. it will be repetitive. However, if it is plotted as a function of the logarithm 
of the frequency, it will be periodic (not necessarily sinusoidal) with each cycle being 
exactly identical Lo the preceding one. Hence the name log-periodic, hecause the 
variations are periodic with respect to the logarithm of the frequency. A typical 
variation of the impedance as a function of frequency is shown in Figure 11.11. Other 
parameters that undergo similar variations are the pattern. directivity, beamwidth, and. 
side lobe level. 

The periodicity of the structure does not ensure broadband operation. However, 
if the variations of the impedance, pattern. directivity. and so forth within one cycle 
are made sufficiently small and acceptable for the corresponding bandwidth of the 
cycle. broadband characteristics are ensured within acceptable limits of variation. The 
total bandwidth is determined by the number of repetitive cycles for the given trun• 
cated structure. 

The relative frequency span~ of each cycle is determined by the geometric ratio · 
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11.4 Log-Periodic Antennas 559 

TABLE 11.1 INPUT RESISTANCES (R;,, IN OHMS) AND DIRECTIVITIES 
!dB ABOVE ISOTROPIC') FOR LOG-PERIODIC DlPOLE ARRAYS 

Ct -r = 0.81 T = 0.89 T = 0.95 
R;11(ohms) DuldB) R;nCohms) D0(dB) R;.,(ohms) Do(dB) 

H} 98 - 82 9.~ 77.5 i0.7 

12.S - - 77 - - -
15 - 7.2 - - - -
\7.5 - - 76 7.7 62 R.& 

20 - - 74 - - -
25 - - 63 7.2 - 8.0 

30 80 - 64 - 54 -

35 - - 56 6.5 - -
45 65 5.2 59 6.2 - -

sou1trn: D. E. Isbell ... Log Periodic Dipole Arrays." IRE Tmns. A111e1111t1.~ Pmpagar., Vol. AP-lt pr,. 
260-167. May 1%0.@ ( 1960) IEEE. 

as defined by < l l~251 and ( l l-26\.* Taking the logarithm of both ~idei- in ( l l-25) 
reduces Lo 

~ = ln(/2) - ln(.(1) = In(;) (11-27) 

The variations that occur within a given cycle (./'1 :5 f :5 .'2 = .f/r) will repeat 
identically at other cycles of the bandwidth defined by /i/T11

-
1 sf s / 1/T". 11 = I. 

2. 3 .... . 
Typical designs of log-periodic dipole arrays have apex half angles of 10° < a 

:5 45° .ind 0.95 > T ~ 0.7. There is a rel.ition between the values of a and -r. As a 
increases, the c01Tesponding -r values dei:rease. and vice versa. Larger values of a or 
smaller values of r result in more compact designs which require smaller number of 
elements separated by larger distances. In contrast, smaller values of a or larger values 
of T require a larger number of elements that are closer together. For this type of a 
design. there are more elements in the ai:tive region which are nearly l\/2. Therefore 
the variations of the impedance and oth~r characteristics as a function of frequency 
are smaller. because of the smoother transition between the elements. and the gains 
are larger. 

Experimental models of log-periodic dipole arrays have been built and measure­
ments were made 151. The input impedances (purely resistive) and corresponding 
directivities (ubm·t isotropic) for three different designs are listed in Table I I. l. 
Larger directivities can be achieved by arraying multiple log-periodic dipole arrays. 
There are other contigurations of log-periodic dipole array designs, including those 
with V instead of linear elements ( I 11. This array provides moderate bandwidths with 
good directivities at rhc higher frequencies, and it is widely used as a single TV 
antenna covering the entire fre'-1uency spectrum from the lowest VHF channel (54 
MHz) to the highcsl UHF (806 MHz). Typical gain. VSWR. and E- and H, plane half-

*In NOITIC Cll~er lhc impedance (bu1 not the paltern l may vary with a period whi<:h iN one-half of ( 11-27 l, 
Thal is. ~ = 1 In( IIT). 
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Figure 11.12 Typical gain. VSWR, and half-power heamwidth of commercial 
Ing-periodic dipole arrays. (S<Jl!RCE: Ante1111a.,·. A11te1111a Ma.\'ts and Mounting 
A,Japrors. American Elcctronk Laboratories. Inc., Lansdale, Pa .. Catalog 7.5M-7-
79. Courtesy of American Electronic Lahoratorics. Inc .. Montgomcryville. PA 
18936 USA) 

power bemnwidths of commercial log-periodic dipole arrays are shown in Figures• 
I 1.12<a). (b). (c). respectivdy f8l. The overaU length of each of these antennas i$:

1 
about I 05 in. ( 266. 70 cm) while the largest element in each has an C>verall length Q~ 

about 122 in. ( 309 .88 cm). The weight of each antenna is about 31 lb ( = 14 kg). 
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11.4.3 Design of Dipole Array 

The ultimate goaf of any antenna configuration is the design that meets certain spec­
ifications. Probably the most introductory, complete, and practical design procedure 
for a log-periodic dipole array is that by Carrel [ I 0). To aid in the design, he has a 
set of curves and nomographs. The general configuration of a log-periodic array is 
described in terms of the design parameters T, a. and u related by 

[
I - T] a= tan- 1 ~ (11-28) 

Once two of them are specified. the other can he found. Directivity (in dB) contour 
curves as a function of T for various values of u are shown in Figure 11.13. 

The original directivity contour curves in [ I 0) are in error because the expression 
for the £-plane tieJd pattern fo r J 01 is in error. To correct the error, the leading sin( B) 
function in front of the summation sign of equation 47 in [ lOJ should be in the 
denominator and not in the numerator [i.e., replace sin 0 by 1/sin(0)] (12]. The 
intlucnce of this error in the contours of Figure 11.13 is variable and leads to 1-2 dB 
higher directivities. However it has been suggested that, as an average. the directivity 
of each original contour curve be reduced hy about I dB. This has been implemented 
already. and the curves in Figure I 1.13 are more accurate as they now appear. 

0.22 

0.20 

~,~J II. IX -
0.16 -c 

$' W.5 dli it 0.14 
"' 
~ 10.IR ·.:: 0.12 !'! 
" 0: 

0.10 9.5 dB 

0 .08 
9 !18 

0 .0(, 
8 !IH 7.5 dB 7 dR 6.5 dB 

0.(14 
1.0 0.% 0.92 0.88 0.84 0.110 0.76 

Scale factor r 

Figure 11.13 Computed contours of constant directivity versus o- and r 
for log periodic dipole arrays. (SOURCE: R. L. Carrel, "Analysis and Design 
of the Log-Periodic Dipole Antenna." Ph.D. Dissertation. Elec. Eng. Dept.. 
University or Illinois. 196 I. University Microfilms. Inc .. Ann Arbor 
Michigan) 
Note: 1l1e initial curves led lo designs whose dircctivities are 1-2 dB too 
high. They have been reduced by an average of tdB (see P. C. Butson and 
G. T. Thompson, "A Note on the Calculation or the Gain of Log-Periodic 
Dipole Antennas ," IEEE Tran.\·, A11te1111(1.'i Pmpagat .. AP-24, pp. !05- 106, 
January 1976). 
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A. Design Equations 
In Lhis seclion a number of equations will be introduced thal can be used to design a 
log-periodic dipole array. 

While the bandwidth of the system determines the lengths of the shortest and 
longest elements of the structure, the width of the active region depends on the specific 
design. Carrel [I 01 has introduced a semiempirical equaliun to calculale the bandwidth 
of the active region Bu, related to a and r by 

I /J,,,. = I.I + 7.7(1 - r)
2 cot a I (11-29) 

In practice a slightly larger bandwidth (B.J is usually designed than that which is 
required <B). The two are related by 

18.,=BB,u-=B(I.I +7.7(1- ricotcx] (IJ-30) 

where 

B, = designed bandwidth 

B = desired bandwidth 

8 11, = active region bandwidth 

The total length of the stmcture L, from the shortest (101;") to the longest Umax) 
element, is given by 

L __ A,
4
nax ( I I ) - - cot a 

B., 
(11-31) 

where 

(11-3la) 

From the geometry of the system. the number of elements are determined by 

N = I + ln(B,.) 
In( 1/r) 

(I 1-3-2) 

The center-to-center spacing. s of the feeder \ine conductors can be determined 
by specifying the required input impedance (a.,sumed to be real). and lhe diameter of 
the dipole elements and the feeder line conductors. To accomplish this. we first define 
an average characteristic impedance of the elements given by 

(11-33) 

where l,,ld11 is the length-to-diameter ratio of the nth element of the array. For an ideal 
log-periodic design. this ratio should be the same for all the elements of the array, 
Practically. however. the clements are usually divided into one, two, three or more 
groups with all the clements in each group having the same diameter but not the same· 
length. The number of groups is determined by the total number of elements of the: 
array. Usually three groups (for the small. middle, and large clements) should be; 
sufficient. 
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Figure 11.14 Relative characteristic impedance of a feeder line as a function of 
relative characteristic impedance of dipole element (SOURCE: R. L Carrel. 
··Analysis and Design of the Log-Periodic Dipole Antenna." Ph.D. Dissertation. 
Elec. Eng. Dept.. University of Illinois. I 961, University Microfilms. Inc .. Ann 
Arbor. Michigan) 

The effective loading of the dipole elements on the input line is characterized by 
lhe graphs shown in Figure 11 .14 where 

a-' = <rlVT :::: relative mean spacing 

Z,, average characteristic impedance of the elements 
Rin = input impedance (real) 
Z, = characteristic impedance of the feeder line 

The center-to-center spacing .,· between the two rods of the feeder line. each of 
identical diameter d. is determined by 

( 11-34) 

B. DeJign Procedure 
A design procedure is outlined here. based on the equations introduced above and in 
the previous page, and assumes that the directivity (in dB), input impedance R;0 (real), 
diameter of elements of feeder line (d ). and the lower and upper frequencies (B = 
!maxi/min) of the bandwidth are specified. It then proceeds as fo11ows: 

1. Given D0 (dB). determine u and , from Figure 11.13. 
2. Determine a using ( I 1 •28). 
3. Determine 811,. using ( l l-29) and B, using ( 11-30). 
4. Find L using (II .3 I) and N using (11-32). 
5. Detennine Z., using ( 11-33) and u' = ul'\j7'. 
6. Detennine Z/ R;0 using Figure 11.14. 
7. Finds using (11-34). 
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Example 11.1 

Design a log-periodic dipole antenna. of the fonn shown in Figure I I .9(d). to cover 
all the VHF TV channels (starting with 54 MHz for channel 2 and ending with 216 
MHz for channel 13. See Appendix IX.) The desired directivity is 8 dB and the input 
impedance is 50 ohms (ideal for a match lo 50-ohm coaxial cable). The elements 
should be made of aluminum tubing with¾ in. ( I .9 cm) outside diameter for the largest 
element and the feeder line and 'fi. in. (0.48 cm) for the smallest element These 
diameters yield identical lid ratios for the smallest and largest elements. 

SOLUTION 

1. From Figure 1 I. I 3, for D0 = 8 dB lhe optimum u 1s CT = 0.157 and the 
corresponding T is r = 0.865. 

2. Using ( I 1-28) 

I [ I - 0.865] 12. I 30 = I 20 
a=tan 4(0.157) = 

3. Using ( 11-29) 

80 ,. =I.I+ 7.7(1 - 0.865)2 cot(J2.)3°) = 1.753 

and from ( I 1-30) 

B,t = BB", = 
2

5
1
4
\ 1.753) = 4(1.753) = 7.01 

4. Using (I 1-3 I a) 

V 3 X 108 

Am:ix = /.~ = 4 tO" = 5.556 m (18.227 ft) 
mm 5 X 

From (11-31) 

5.556 ( I ) 0 • L = -
4

- I -
7

_
01 

cot(l2.13) = 5.541 m (18.178 fl) 

and from (l 1-32) 

ln(7.01) 
N = 1 + ln(l/0.S65) = 14.43 ( 14 or 15 elements) 

5. er' = . u,r: = ~ = 0.169 
y 7' 0.865 

At the lowest frequency 

Amax 18.227 
/nlDll = 2 = 2 = 9. I 135 ft 

/lll3ll 9.1135(12) - = --- = 145.816 
dm:u 0.75 

Using (11-33) 

Za = 120[1n(.145.816) - 2.25J = 327.88 ohms 
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Thus 

z" = 327 .88 = 6_558 
Rin 50 

6. From Figure I I .14 

Zo = l.2Rin = 1.2(50) = 60 ohms 

7. Using ( 11-34 ). assuming the feeder line conductor is made of the same size tubing 
as the largest clement of the array, the center-to-center spacing of the feeder 
conductors is 

3 ( 60) s = 4 cosh 
120 

= 0.846 = 0.85 in. 

which allows for a 0.1-in. separation between their conducting surfaces. 

For such a high-g,1in antenna, this is obviously a good practic,II design. If a lower 
gain is specified and designed for, a smaller length will result. 

C. Design and Analy.ris Computer Pro~ram 
A computer program entitled LOG-PERIODIC DIPOLE ARRAY has been developed 
based on the design equations of (11-28)-(11~34), and Figures 11.13 and 11.14, to 
design a log-periodic dipole array whose geometry is shown in Figure 1 l.9(a). Al­
though most of the program is based on the same design equations as outlined in the 
design subsection. this program takes into account more design specifications than 
those included in the previous design procedure. and it is more elaborate. Once the 
design is completed, the computer program can be used to analyze the design of the 
antenna. lt is included at the end of this chapter. and the listing is found in the 
computer disc available with this book. The program has been developed based on 
input specifications. which are listed in the program at the end of the chapter. It can 
be used as a design tool to determine the geometry of the array (including the number 
of elements and their corresponding lengths, diameters. and positions) along with the 
radiation characteristics of the array (including input impedance. VSWR. directivity. 
front-lo-back ratio.£- and H-plane patterns. etc.) ba-;ed on desired specifications. The 
input data includes the desired directivity, lower and upper frequency of the operating 
band. length-to-diameter ratio of the elements, characteristic impedance of the input 
transmission line. desired input impedance. termination (load) impedance. etc. These 
and others are listed in the program at the end of the chapter. 

The program assumes that the current distribution on each antenna element is 
sinusoidal. This approximation would be very accurate if the elements were very far 
from each other. However, in the active region the elements are usually separated by 
a distance of about 0.1 A when a = 15° and -r = 0.9. Referring to Figure 8.21, one 
can see that two A/2 dipoles separated by 0.1 A have a mutual impedance (almost real) 
of about 70 ohms. If this mutual impedance is high compared to the resistance of the 
transmission line (not the characteristic impedance). then the primary method of 
coupling energy to each antenna will be through the transmission line. If the mutual 
impedance is high compared to the self-impedance of each element. then the effect 
on the radiation pattern should be small. In practice. this is usually the case. and the 
approximation is relatively good. However. an integral equation formulation with a 
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Moment Method numerical solution would he more accurate. The program uses (8-
60a) for the self-resistance and (8-60h) for the self-reactance. lt uses (8-68) for the 
mutual impedance, which for the side-by-side configuration reduces to the sine and 
cosine integrals in I 13]. similar in form to (8-7la)-(8-7le) for the/= A/2 dipole. 

The geometry of the designed log-periodic dipole array is that of Figure 11.9, 
except that the program also allows for an input transmission line (connected to the 
first/shortest element). a termination transmission line (extending beyond the last/ 
longest element). and a termination (load) impedance. The length C>f the input Lrans­
mission line changes the phase of computed data (such as voltage, current. reflection 
coefficient. etc.) while its characteristic impedance is used to calculate the VSWR, 
which in tum affects the input impedance meusured at the source. The voltages and 
currents are found based on the admittance method of Kyle l 141. The termination 
transmission line and the termination (load) impedance allow for the insertion of a 
matching section whose primary purpose is to absorh any energy which manages to 
continue past the active region. Without the termination (load) impedance, this energy 
would be reflected ,dong lhe transmission line ba<.·k into the active region where it 
would affect the radiation characteristics of the array design and perfonnance. 

ln designing the array. the user has the choice to select er and T (but not the 
directivity) or to select the directivity (but not a and T). In the latter case. the program 
finds ,rand 'Thy assuming an opthnum design as defined hy the dashed line of Figure 
11.13. For the geometry of the array. the program assumes that the elements are placed 
along the ::-axis (with the shortest at :: = 0 and the longest along the positive z-axis). 
Each linear element of the array is directed along the _v-axis (i.e., the array lies on the 
yz-plane). The angle fJ is measured from the : axis toward the .\y-plane while angle 
cf, is measured from the x-axis (which is normal to the plane of the array) toward the 
y-axis along the xy-plane. The £-plane of the array is the yz-plane (cf., = 90°. 270°; 
0° :5 tJ < 180°) while the H-plane is the x~-plane ( rf, = 0°. 180°; 0° :5 fJ :5 180°). 

11.S FUNDAMENTAL LIMITS OF ELECTRICALLY 
SMALL ANTENNAS 

In all areas of electrical engineering, especially in electronic devices and computers, 
the attention has been shifted toward miniaturization. Electromagnetics, and antennas 
in particular, are of no exception. A large emphasis in the last few years has been 
placed toward electrically small antennas. including printed hoard designs. However, 
there are fundamental limits as to how small the antenna elements can be made. The 
basic limitations are imposed by the free-space wavelength to which the antenna 
element must couple to, which has not heen or is expected to be miniaturized [ 15). 

An excellent paper on the fundamental limits in antennas has been published I 15], 
and most of the material in this section is drawn from it. It reviews the limits of 
electrically small. superdirective, super-resolution. and high-gain antennas. The limits 
on electrically small antennas are derived by assuming that the entire antenna structure 
(with a largest linear dimension of 2r), anc.1 its transmission line and oscillator are all 
enclosed within a sphere of radius r as shown in Figure l I. I 5(a). Because of the 
arbitrary current or source distribution of the antenna inside the sphere. its radiated 
field outside the sphere is expressed as a complete set of orthogonal spherical vector 
waves or modes. For vertically polarized omnidirectional antennas, only TMmo cir• 
cularly symmetric (no a1jmuthal variations) modes are required. Each mode is used 
to represent a spherical wave which propagates in the outward radial direction. This 
approach was introduced first by Chu I 16), and it was followed by Hw-rington [17]. 
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ta) Hiconicol 11n1cnna within a sphen: 
(after C. J. Chu 1131 I 

C1 Cl 

..... 

Input 
..... ---- anhmna 

struclllrc 

lhl t:_quiva\tn\ 11'¢\WOTk of 11 '\/CT\il:a\1-y-polorb.eu 
omnidirectional antenna (after C. J. C"hu ( 13) I 

•---ti -------1---..---.. •·········~------

___________ ......, __ ···········------
I c) 1.-:quivalcnl circuit for ,V spherical mod cs 

Figure I 1.15 Antenna within a sphere of radius r, and its equivalent circuit modeling. 
(SOURC:t::: C. J. Chu, "Physil:al Limitations of Omnidirectional Antennas," J. Appl. Phys., 
Vol. 19, pp.1163- 1175. December 1948) 

Earlier papers on the fundamental limitations and performance of small antennas were 
published by Wheeler [181-120]. He derived the limits of a small dipole and a small 
loop (used as a magnetic dipole) from the limitations of a capacitor and an inductor. 
respectively. The capacitor and inductor were chosen to occupy, respectively. volumes 
equal to those of the dipole and the loop. 

Using the mathematical fonnulation introduced by Chu 116), the source or current 
distribution of the antenna system inside the sphere is not uniquely determined hy the 
field distribution outside the sphere. Since it is possible to determine an infinite number 
of difterenl source or current distributions inside the sphere, for a given field config­
uration outside the sphere. Chu 116) confined his interest to the most favorable source 
distribution and its corresponding antenna structure that could exist within the sphere. 
This approach was taken to minimize the details and to simplify the task of identifying 
the antenna structure. It was also assumed that the desired current or source distribution 
minimizes the amount of energy stored inside the sphere so that the input impedance 
al a given frequency is resistive. 

Because the spherical wave modes outside the sphere are orthogonal, the total 
energy (electric or magnetic) outside the sphere and the complex power transmitted 
across the closed spherical surface are equal . respectively. to the sum of the energies 
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and complex powers associated wilh each corresponding spherical mode. Therefore 
there is no coupling, in energy or power. between any two modes outside the sphere. 
As a result. the space outside the sphere can be replaced hy a numher of independent 
equivalent drcuits as shown in Figure 11.15( b). The number of equivalent l:ircuits is 
equal to the number of spherical wave modes outside the sphere. plus one. The 
tenninals of each equivalent circuit arc connected to a hox which represents the inside 
of the sphere. and from inside the hox a pair of terminals are drawn to represent the 
input terminals. Using this procedure. the antenna space problem has been reduced to 
one of equivalent circuits. 

The radiated power of the antenna is calculated from the propagating modes while 
all modes contribute to the reactive power. When the sphere (which encloses the 
antenna element) becomes very small. there exist no propagating nwdes. Therefore 
the Q of the system becomes very large since alJ modes are evanescent (below 
cutoff) and contribute very little power. However. unlike dosed waveguides. each 
evanescent mode here has a real part ( even though it is very small). 

For a lossless antenna (radiation efficiency en1 = 10{)%), the equivalent circuit 
of each spherical mode is a single network section with a series C and a shunt L. The 
total circuit is a ladder network of L - C sections (one for each mode) with a final 
shunt resistive load. as shown in Figure I I .15(c). The resistive load is used to represent 
the nonnalized antenna radial.ion resistance. 

From this circuit stnicture, the input impedance is found. The Q of each mode is 
formed hy the ratio of its stored to its radiated energy. When several modes are 
supported. the Q is formed from the contributions of all the modes. 

lt has been shown that the higher order modes within a sphere of radius r become 
evanescent when kr < I. Therefore the Q of the system. for the lowest order TM 
mode. reduces to 1151 

( 11-35) 

When two modes are excited. one TE and the other TM. the values of Qare halved. 
Equation ( 11-35 ), which relates the lowest achievable Q to the largest linear dimension 
of an electrically small antenna, is independent of the geometrical configuration of 
the antenna within the sphere of radius r. The shape of the radiating element within 
the bounds of the sphere only detennines whether TE. TM, or TE and TM modes are 
excited. There.f<,re ( 11-35) represellts the .fundamental limit 011 the electrical size of 
an antenna. ln practice. this limit is only approached but is never exceeded or even 
equaled. 

The losses of an antenna can be taken into account by including a loss resistance 
in series with the radiation resistance. as shown by the equivalent circuits of Figures 
2.2l(b) and 2.22(b). This influences the Q of the system and the antenna radiation 
efficiency as given hy (2-90). 

Computed values of Q versus kr for idealized antennas enclosed within a sphere 
of radius r. and with radiation efficiences of ecd = I 00, 50. 10, and 5. are shown 
plotted in Figure 1 1.16. These curves represent the minimum values of Q that can be 
obtained from an antenna whose structure can be enclosed within a sphere of radius 
rand whose radiated field, outside the sphere. can be represented by a single spherical 
wave mode. 

INTEL-1045 
U.S. Patent 7,151,430



11.5 Fundamental Limits of Electrically Small Antennas 569 

100 

(,0 

40 
®Dipole 

:!O 

::)I 
.; 
.9 
u 
~ 10 
~ 
"3 
:, 
:,, 

(; @Dipole 

4 

0Goubau 

~ 

'~-~--~------------~ 
0 .1 0.3 o.s 0.7 0.9 I.I l.J l.S 

Sphc r~ size, kr 

Figure 11.16 Fundamental Jimils of Q versus antenna size (enclosed within a sphere of 
radiu!. r) for single-mode anle11nas of various radiaLion efficiencies. (SOURCE: R. C. Hansen, 
"FundamenLal Limilalions in Anlennus," Proc. IEEE. Vol. 69. No. 2, February 1981. (('.> 

( 1981 > IEEE) 

For antenna~ with equivalent circuits of fixed values, the fractional bandwidth is 
related to the Q of the system by 

fractional bandwidth = FBW 

where 

.fo = center frequency 

Af = bandwidth 

AJ I = - = 
Jo Q 

(11-36) 

The relationship of ( 11-36) is valid for Q >> l since the equivalent resonant circuil 
with fixed values is a good approximation for an antenna. For values of Q < 2. 
( 11-36) is not accurate. 

To compare the results of the minimum Q curves of Figure 11.16 with values of 
practical antenna structures, data point~ for a small linear dipole and a Goubau [211 

INTEL-1045 
U.S. Patent 7,151,430



570 Chapter 11 Frequency Independent Antennas and Antenna Miniaturization 

antenna are included in the same figure. For a small linear dipole of length / and wire 
radius a. its impedance is given by 115] 

( 11-37) 

and its corresponding Q by 

( 11-38) 

The real part in (I 1-37) is identical to (4-37). The computed Q values of the small 
dipole were For kl/2 = kr = 0.62 and 1.04 with 112a = lid = 50. and of the Goubau 
antenna were for kr = 1.04. 

It is apparent that the Q's of Lhe dipole are much higher tJ1an the corresponding 
values of the minimum Q curves even for the 100% efficient antennas. However the 
Goubau antenna, of the same radius sphere, demonstrates a lower value of Q and 
approaches the values of the 100% minimum Q curve. This indicates that the fractional 
bandwidth of the Goubi.lU antenna, which is inversely proportiomll to its Q as defined 
by ( I 1-36). is higher than that of a dipole enclosed within the same radius sphere. In 
tum, the bandwidth of an idealized antenna. enclosed within the same sphere, is even 
larger. 

From the above, it is concluded that the bandwidth of an ,mtemw (which can be 
closed within a sphere of radius r) can be improved only if the antemut utilizes 
efficiently, with its geometrical cm~figuration, the available volume within rlw sphere. 
The dipole. being a one-dimensional structure, is a poor utilizer ()f the available 
volume within Lhe sphere. However a Goubau antenna, being a clover leaf dipole with 
coupling loops over a ground plane (or a double cover leaf dipole without a ground 
plane). is a more effective design for utilizing the available three-dimensional space 
within the sphere. A design that utilizes the space even more efficiently than the 
Goubau antenna would possess a lower Q and a higher fractional bandwidth. Ulti­
mately, the values would approach the minimum Q curves. In practice. these curves 
are only approached but are never exceeded or even equaled. 
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PROBLEMS 
I I. I. Design a symmetrical two-wire plane spiral (cf,0 = 0, 1r) al .f = IO MH1. with total 

feed terminal separation of to •1A. The total length of each spiral should he one 
wavelength and each wire should be of one tum. 
(a) Determine the rate of spiral of each wire. 
(b) Find the radius (in A and in meters) of each spiral al its terminal point. 
(c) Plot the geometric shape or one wire. Lise meters for its length. 

11.2. Verify (11 -'.!8). 
11.3. Design log-periodic dipole arro.ys, of the fomt shown in Figure I l .9(d). each with 

directivities of 9 dB. input impedance of 75 ohms, and each with the following addi­
tional specilications: Cover the (sec Appendix lX) 
(a) VHF TV channels 2-13 (54-216 MHz). Use aluminum lubing with outside diam­

eters or¾ in. ( 1.905 cm) and it in. (0.476 cm) for the largest and smallest elements, 
respectively. 

(b) VHF TV channels 2-6 (54-88 MHz). Use diameters of 1.905 and 1.1169 cm for 
the largest and smallest elements, respectively. 

(c) VHF TV channels 7-13 (174-216 MHz). Use diameters of 0.6 and 0.476 t'lll for 
the largest and smallesl elements. respectively. 

INTEL-1045 
U.S. Patent 7,151,430



5r!. Chapter 11 Frequency Independent Antennas and Antenna Miniaturization 

(d) UHF TV channels (512-806 MHz). TI1e largest and smallest elements should have 
diameters of 0 .2 and 0.128 cm. respectively. 

(e) FM band of 88-I08 MHz ( 100 channels at 200 KHz apart). The largest and 
smallest elements should have diameters or 1.169 and 0.9525 cm. respectively. 

In each design. the feeder line should have the same diameter as lhe largest elemenL 
11.4. For each design in Problem 11.3. detcnnine the 

(a) span of each period over which the radiation characteristics will vary slightly 
(b) number of periods (cycles) wilhin lhc desired bandwidth 

11.5. Using the LOG-PERIODIC DIPOLE ARRAY computer program and Appendix IX, 
design an array which covers the VHF television band. Design the antenna for 7 dBi 
gain optimized in tem1s of u-,. The antenna should he matched to a 75-ohm coaxial 
input cable. For this problem, set the input line length to O meters, the source resistance 
to O ohms. the termination line length to O meters, the tennination impedance to 100 
Kohms, lhe length-to-diameter ratio to 40. and the boom diameter to IO cm. To make 
the actual input impedance 75 ohms. one must iteratively find the optimal desired 
input impedance. 
(a) Plot the gain. magnitude of the input impedance. and VSWR versus frequency 

from 30 MHz lo 400 MHz. 
(h) Based on the ripples in the plot of gain versus frequency. what is -r? Compare this 

value 10 the value calculated by the computer program. 
(c) Why docs the gain decrease rapidly for frequencies less than the lower design 

frequency yet decrease very slowly for frequencies higher than lhe upper design 
frequency'! 

11 .6. For the antenna of Prohlem 11.5. replace the 100-Kohm load wilh a 75-ohm resistor. 
(a) Plot the gain, magnitude of the input impedance. and YSWR versus frequency 

from 30 MH:l to 400 MHz. 
(h) What docs the termination resistor do which makes this antenna an improvement 

over the antenna of Problem I 1.5? 
11.7. For the antenna of Problem I 1.5. replace the 100-Kohm 1ennination (load) with a 75. 

ohm resistor and make lhc source resistance IO ohms. This resistance represents the 
internal resistam:e of the power supply al'> well as losses in the input line. 
(a) Plot the gain versus frequency from 30 MHz to 400 MHz. 
{b) What is the antenna efficiency of this antenna'! 
(c) Based on your result from parts (a) and (b), what should the gain versus frequency 

plot look like for Problem l l .6? 
11.8. Design a log-periodic dipole array which operates from 470 MHz to 806 MHz (UHF 

band) with 8 dBi gain. This antenna should be matched to a 50-ohm cable of length 
2 meters with no source resistance . The termination should be left open. Select the 
lenglh-lo-diamcter ratio to be 25. Al 600 MHz, do the following. Use the computer 
program al the end of this chapter. 
(i.l) Plot the E- and H- plane panems. 
(b) Calculate the E- and H-plane half-power beamwidlhs. 
(c) Find the front-lo-back ratio. 
(d) Why does the E-plane pattern have deep nulls while the H-plane pattern does not? 

11.lJ. The overall length of a small linear dipole antenna (like a hiconical antenna. or cylhi­
drical dipole, or any other) is A/1r. Assuming the antenna is 100~ efficient. what is: 
(a) The smallest possible value of Q for an antenna of such a length? Practically it 

will be larger than thac value. 
(h) The largest fractional bandwidth ( tif!J;, where./;, is the center frequency) 

I I. I 0. It is desired to design a I 00% efficient biconical dipole antenna whose overall length 
i!i A/20. The design guidelines specify a need to optimize the frequency response 
(bandwidlh). To accomplish this. the quality factor Q of the antenna should be mini­
mized. In order lo gel some indications as 10 the fundamemal limits of the design: 
{a) Whal is the lowest possible limit of the Q for this size antenna? 
(b) In order to upproach this lower fundamental limil. should the included angle of 

the biconical amenna be made larger or smaller. and why? 
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COMPUTER PROGRAM • WO-PERIODIC DIPOLE ARRAY 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
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THIS IS A FORTRAN PROGRAM, AND ll' DESIGNS AND ANALfZES A 
LOG-PERIODIC DIPOLE ARRAY BASED ON THE GEOMETRY OF flGURE 
l 1.9(a), TIIE DATA IN FIGURES 11.13 AND 11.14, AND THE DESIGN 
EQUATIONS OF (11-28) - (11-34). 

1lIE USER CAN TAILOR TifE DESIGN AND ANALYSIS BY FOLLOWING 
1lIE LISTED STEPS AND SELECTING nm APPROPRIATE OPTIONS. 
FOR MORE DETAILS, SEE nm LPDA.DOC FILE IN THE COMPUI'ER DISC. 

••DESIGN PROCEDURE 

STEP I: CHOOSE ONE OF THE FOLLOWING OPTIONS 
• SPECIFY a AND 't. nns SETS TIIE DIRECTIVITY. 
• SPECIFY nm DIRECTIVITY. nns SETS a AND 'C FOR 

OPTIMUM DIRECTIVITY DESIGN. 
STEP D: CHOOSE ONE OF THE FOLLOWING OPTIONS 

• CHOOSE TIIE BOOM SPACING AND BOOM DIAMETER. nns 
SETS THE CHARACTERISTIC IMPEDANCE OF THE 
TRANSMISSION LINE. 

• CHOOSE THE DESIRED INPlIT IMPEDANCE AND BOOM 
DIAMETER. TIIIS SETS 1llE BOOM SPACING. 

STEP W: CHOOSE ONE OF THE FOLLOWING OPTIONS 
• ROUND THE CALCULATED BLEMENT DIAMETERS 101lIE 

NEAREST AV AD...ABLE WIRE DIAMETERS. 
• DO NOT ROUND nm CALCULATED ELEMENT DIAMETERS. 

AFTER CHOOSING THE DESIGN OPTIONS, PROCEED 10 THE 
ANALYSIS. 11:IE OUfPUT DEPENDS ON ANALYSIS OPTIONS CHOSEN. 

••ANALYSIS PROCEDURE 

STEP JV: SELECT ANY COMBINATION OF THE FOLLOWING OPTIONS 
(DO ONE, 1WO, THREE OR ALL OF THE FOUOWING) 

• NO ANALYSIS 
OUTPUT: •DESIGN SUMMARY (lists physical parameters and geometry) 

• ANAL Y2E DESIGN AT A SINGLE FREQUENCY 
OUTPUI':. •DESIGN SUMMARY (lists physical parameters and geometty) 

•E- AND H-PLANB PATI'ERN ANALYSIS 
•CRITICAL PARAMETERS AT ANALYSIS FREQUENCY 

• ANAL YZB DESIGN AT A SINGLE FREQUENCY 
OUTPUI':. •DESIGN SUMMARY (lists physical parameters and geometry) 

•CUSTOM-PLANE PATI'ERN ANALYSIS 
•CRITICAL PARAMETERS AT ANALYSIS FREQUENCY 

• ANAL Y2E OF.SIGN OVER A FREQUENCY BAND 
OUTPUT: •DESIGN SUMMARY (lists physical parameters and geometry: 

•CRITICAL PARAMETERS AS A FUNCTION OF 
FREQUENCY, INCLUDING GAIN AT BORESIGlIT 

(continued on next page) 
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(continued) 

TO COMPLETB TIIE DESIGN AND ANALYSIS OF ANY OPTION. lHE 
FOLLOWING INPUT AND OUI'PUT PARAMETERS WILL GENERAl.L Y BE 
ErmER SPECIFIED OR CALCULATED. NOT ALL THE PARAMETERS ARE 
REQUIRED FOR ALL DESIGN AND DESIGN OPTIONS. 

••INPUT PARAMETERS FOR ARRAY DESIGN 
l. TitJe 
2. 00 
3. Fhigh 
4. Flow 
5. Rs 
6. ZCin 
7. Rin 

8. LLin 

9. Zout 

10. l.Lout 

11. ID 
12. Navail 
13. Davail 
14. SB 
15. DB 
16. AFSEH 
17. AFSC 
18. AFhigh 
19. AFlow 
20. Phi 

= NAME OF DESIGN 
= DESIRED DIRECTIVITY (dBi) 
= UPPER DESIGN FREQUENCY (MHz) 
= LOWER DESIGN FREQUENCY (MHz) 
= SOURCE RESISTANCE (ohms) 
= CHARACTERISTIC IMPEDANCE OF INPUT LINE (ohms) = DESIRED INPUT IMPEDANCE (REAL); TYPICALLY 

EQUAL TO CHARACTERISTIC IMPEDANCE ZCin 
= LENGrn OF nm INPUT TRANSMISSION LINE; FROM 

THE SOURCE TO FIRST/SHORTEST ELEMENT (m) 
= 'IERMINATION IMPEDANCE (ohms); TYPICAIL Y EQUAL 

TO CHARACTERISTIC IMPEDANCE ZCin 
= LENG1ll OF TIIE TERMINATION TRANSMISSION LINE; 

fROM 1HE LAST-LONGEST ELEMENf TO THE LOAD (m) 
= DESIRFD LENG'IH-TO-DIAMEI'ER RATIO OF ELEMENTS 
= NO. OF AV AILABLB ELEMENI' DIAMETERS (dimensionless) 
= DIAMETERS OF AV All.ABLE WIRES OR TUBES (cm) 
= CENTER-TO-CENTER BOOM SPACING (cm) 
= DIAMETER OF BOOM TIJBES OR WIRES (cm) 
= ANALYSIS FREQ. FORE- AND H-PATIERNS (MHz) 
= ANALYSIS FREQ. FOR CUSTOM PLANE PATTERN (MHz) 
= 1-IlGHEST FREQ. FOR SWEPT FREQUENCY DATA (MHz) 
= LOWEST FREQ. FOR SWEPI' FREQUENCY DATA (MHz) 
= ANGLE OF PLANE [(E-, H-) AND/OR CUSTOM] (degrees) 

C ••PROGRAM OUTPUT OF ARRAY DESIGN 
C 1. N = NUMBER OF ANTENNA ELEMENTS (integer) 
C 2. L = LENGTIIS OF ANTENNA ELEMENTS (m) 
C 3. 2L = STATION (POSIDON) OF EACH ARRAY ELEMENT (m) 
C 4. D = DIAME1'EROFEACHARRAYELEMENT(cm) 
C 5. VSWR = VSWR IN INPUT TRANSMISSION LINE 
C 6. 2'mA = AcruAL INPUT IMPEDANCE OF DESIGN (ohms) 
C 7. OOA = ACI'UAL DIRBCTIVITY OF DESIGN ALONG (dBi) 
C 8. PDO = PEAK DIRECTIVITY ALONG ANY AXIS (dBi) 
C 9. FI'BR = FRONT-TO-BACK RATIO OF AMPLrruDE PATIERN (dB) 
C 10. FSLL = FRONT-TO-MAXIMUM SIDE LOBE LEVEL (dB) 
C 11. Iin = CURRENT IN INPUT TRANSMISSION LINE (A) 
C 12. Jel = CUR.RENTS IN ARRAY ELEMENTS (A) 
C 13. lout = CURRENT IN TERMINATION TRANSMISSION LINE (A) 
C 14. Vm = VOLTAGE AT 1llE SOURCE (V) 
C 15. Vel = VOLTAGESOFARRAYELEMENTS(V) 
C 16. Vout = VOLTAGEATlHELOAD(V) 
C 17. F.pat = E-PLANE PATTERN (dBi) 
C 18. Hpat = H-PLANE PAITERN (dBi) 
C 19. Cpat = ANYDESIREDCUSTOMPLANEPATIERN(dBi) 
c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
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CHAPTER 

12 
APERTURE ANTENNAS 

12.1 INTRODUCTION 

Apenure antennas are most common at microwave frequencies. There are many 
different geometrical configurations of an aperture antenna with some of the most 
popular shown in Figure 1.4. They may take the form of a waveguide or a horn whose 
apenure may be square. rectangular. circular. elliptical. or any other configuration. 
Apenure antennas are very practical for space applications. because they can be flush­
mounted on the surface of the spacecraft or aircraft. Their opening can be covered 
with a dielectric material to protect them from environmental conditions. This type 
of mounting does not disturb the aerodynamic profile of the craft. which in high­
speed applications is critical. 

In this chapter. the mathematical tools will be developed to analyze the radiation 
characteristics of apenure antennas. The concepts will he demonstrated by examples 
and illustrations. Because they are the most practical. emphasis will be given to the 
rectangular and circular configurations. Due to mathematical complexities. the obser­
vations will be restricted to the far-field region. The edge effects. due to the finite size 
of the ground plane to which the aperture is mounted. can be taken into account by 
using diffraction methods such as the Geometrical Theory of Diffraction, better known 
as GTD. This is discussed briefly and only qualitatively in Section 12.10. 

The radiation characteristics of wire antennas can be determined once the current 
distribu\ion on \he wire is known. For many configurations. however. \he curren\ 
distribution i~ not known exactly and only physical intuition or experimental mea­
surements can provide a reasonable approximation to it. This is even more evident in 
aperture antennas (slits. slots, waveguides. horns. reflectors, lenses). lt is therefore 
expedient to have alternate methods to compute the radiation characteristics of anten­
nas. Emphasis will be placed on techniques that for their solution rely primarily not 
on the current distribution but on reasonable approximations of the fields on or in 
the vicinity of the antenna structure. One such technique is the Field Equfralence 
Principle. 

12.2 FIELD EQUIVALENCE PRINCIPLE: 
HUYGENS' PRINCIPLE 

The .field equivalence is a principle by which actual sources. such as an antenna and 
transmitter. are replaced by equivalent sources. The tictitious sources are said to be 
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576 Chapter 12 Aperture Antennas 

equivalent within a region because Lhey produce the same .fields wiLhin that region, 
The fonnulations of scattering and diffraction problems by the equivalence principle 
are more suggestive to approximations. 

The field equivalence was introduced in 1936 by S. A. Schelkunoff r I]. [2]. and 
it is a more rigorous fonnulation of Huygens· principle [31 which states that "each 
poilll 011 a primary wavefrom can be considered to be a new source of a secondary 
spherical wave and thcll a secondary wavefro111 can be co11.\·tructed as the envelope 
of these secondary spherical waves [4]." The equivalence principle is based on the 
uniqueness theorem which states that ··afield in a lossy region is uniquely specified 
by the source.~ within Lhe region plus the t£111ge11tial c<Jmpone111s of the electric: field 
over the boundary, or the tangential components of the magnetic field over the 
boundary, or the fonner over part of the boundary and the latter over the rest o.f the 
boundar.r [2 ]. [5]." The lield in a lossless medium is considered to be the limit, as 
the losses go to zero. of the corresponding field in a lossy medium. Thus if the 
tangential electric and magnetic fields are completely known over a closed surface, 
the fields in the source-free region can be detenninetl. 

By the equivalence principle, the fields outside an imaginary clused surface are 
obtained by placing over the closed surface suitable electric- and magnetic-current 
densities which satisfy the boundary conditions. The current densities are selected so 
that the fields inside the closed surface are zero and outside lhey are equal to the 
radiation produced by the actual sources. Thus the technique can be used to obtain 
the fields radiated outside a closed surface by sources enclosed within it. The for­
mulation is exact but requires integration over the closed surface. The degree of 
accuracy depends on the knowledge of the tangential components of the fields over 
the closed surface. 

In most applications, lhe closed surface is selected so lhat most of it coincides 
with the conducting parts of the physical structure. This is preferred because the 
vanishing of the tangential electric field components over the conducting parts of the 
surface reduces the physical limits of integration. 

The equivalence principle is developed by considering an actual radiating source, 
which electrically is represented by current densities JI and M1, as shown in Figure 
12.1 (a). The source radiates lields E 1 and ff I everywhere. However. it is desired to 
develop a method that will yield the fields outside a closed surface. To accomplish 
this. a closed surface Sis chosen, shown dashed in Figure 12.1 (a). which encloses the 
current densities JI and M 1. The volume within S is denoted by V1 and outside S by 
V2. The primary task will be to replace the original problem, shown in Figure 12,/(a), 

V2 
E1, 11 1 V2 E1,H1 

-----..... .,,. ----- ..... " 
., 

v, v, 
S1 

/ ' S1 
/ ',.?," ' / ..:, ... , \ I 

I I I I µ,.e, 
I µ, . £1 Iµ,, £1 I 

E,H 
I 

I I I I 
I I I I 

f /4 /M• .,.,,."'"' I 
/ 

/ ., 
I ,,,"' J_, = n x (H 1 HI \ J, / \ µ,.F1 ' .,,"' ' ,, ...... ___ ,,,, --~-" " M, = -n x IF.1 - F.I 

(a) Actual problem (b) Equivalent problem 

Figure 12.l Actual and equivalent problem models. 
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12.2 Field Equivalence Principle: Huygens' Principle 577 

by cm equivalent one which yields the same _fie/d,'I E 1 and H 1 0111side S (within V2), 
The fonnulation of the problem can be aided eminently if the closed surface is 
judiciously chosen so that field~ over most. if not the entire surface. are known a 
wiori. 

An equivalent problem of Figure 12. 1 (a) is shown in Figure 12.1 (b). The original 
sources JI and M 1 .u-e removed. and we assume that there exist fie\ds E and H in~ide 
S and fields E I and H I outside of S. For these fields to exist within and outside S, 
they must satisfy the boundary conditions on the tangential electric and magnetic field 
components. Thus on the imaginary surface S there must exist the equivalent sources 

J .t = fi X [HI - HJ 

M_, = -ii X IE1 - El 

( 12-1) 

(12-2) 

and they radiate into an unbounded space (same medium everywhere). The ('//rrent 
den.\'ilies <?I" ( J 2-J > cmd ( 12-2) are said to be eq11i11ale11t only within V2• because they 
prod1u:e lhe original fields (E 1• H 1) only outside S. Fields Jc.:. H. differellf from the 
originals (E 1. H 1 ), rt!,rn/t within V1. Since the currents of ( 12-1) and ( 12-2 l radiate in 
an unbounded space, the fields can he determined using (3-27H3-30al and the ge­
ometry of Figure 12.2(a). In Figure I 2.2(a). R is the distance from any point on the 
surface S. where J., and M., exist, to the observation point. 

So far. the tangential components of both E and H have been used in setting up 
the equivalent problem. From eleclromagnetic uniqueness concepts, it is known that 
the langential components of only E or H are needed to determine the fields. ll will 
be demonstrated that equivalent problems can be found which require only the mag­
netic current densitie~ (tangential E) or only electric current densities (tangential H). 

This requires modifications to the equivalent problem of Figure 12.1 (b). 
Since the fields E. H within Scan be anything (this is not the region of interest). 

it can be assumed that they are zero. In I.hat case the equivalent problem of Figure 
12.1 (b) reduces to that of Figure I 2.3(a) with the equivalent current densities being 
equal to 

J., = n x (H, - H)ltt : o = n x "• 

M J = - n X (E, - E>l1-:-o = -ii XE, 

( 12-3 > 

( 12-4) 

This form of the field equivalence principle is known as u,,•e 's Equi\'(//ence Prindple 
[2]. [6J. Since the current densities of ( 12-3) and (12--4) radiate in an unbounded 
medium (sameµ.,, E everywhere). they can be used in conjunction with (3-27)-(3-30a) 
to find the fields ~verywhere. 

Love's Equivalence Principle of Figure I 2.3(a) produces a null field within the 
imaginary surface S. Since the value of the E = H = 0 within S cannot be disturbed 
if the properties of the medium within it are changed. let us assume that it is replaced 
by a perfect electric conductor (<T = oo). The introduction of the perfect conductor 
will have an effect on the equivalent source J.,·• and it will prohibit the use of (3-27)­
(3-30a} since the current densities no longer radiate into an unbounded medium. 
Imagine that the geometrical configuration of the electric conductor is identical to lhe 
profile of the imaginary surface S, over which J., and M., exist. As the electric 
conductor takes its place. as shown in Figure l :?..3(b), the electric current density .1,,. 
which is tangent to the surface S. is short-circuited by the electric conductor. Thus 
the equivalent problem of Figure 12.J(a) reduces to that of Figure I 2.3(b). There 
exists only a magnetic current density M., over S. and it radiates in the presence of 
the electric conductor producing outside S the original fields E 1, H 1• Within S the 
fields are zero hut, as before, this is not a region of interest. The difficulty in trying 
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Figure 12.2 Coordinate system ror aperture antenna analysis. 

Lo use the equivalent problem of Figure I 2.3(b) is that (3-27)-(3-30a) cannot be used, 
because the current densities do not radiate into an unbounded medium. The problem 
of a magnetic current density radiating in the presence of an electric conducting 
surface must be solved. So it seems that the equivalent problem is just as difficult as­
the original problem itself. 

Before some special simple geometries arc considered and some suggestions are 
made for approximating complex geometries. let us introduce another equivalent 
problem. Referring to Figure l 2.3(a). let us assume that instead of placing a perfect 
electric conductor within S we introduce a perfect magnetic conductor which will 
short out the magnetic current density and reduce the equivalent problem to that 
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12.2 Field Equivalence Principle: Huygens' Principle 579 

(:1) Love's equivalent (bl Ele.ctric conductor cquiv,ilcnt 

(c) Mugnclic conductnr cquivull-nt 

Figure 12.3 Equivalence principle models. 

shown in Figure I 2.3(c). As was with the equivalent problem of Figure 12.3(b), 
(3-27)-(3-30a) cannot be used with Figure 12.3(c) and the problem is just as difficult 
as that of Figure 12.3( b) or the original of Figure 12.1 (a). 

To begin to see the utility of the field equivalence principle. especially that of 
Figure 12.3( b ). let us assume that the surface of the electric conductor is flat and 
extends to infinity as shown in Figure I 2.4(n). For this geometry, the problem is to 
detennine how a magnetic source radiates in the presence of a flat electric conductor. 
From image theory. this problem reduces to that of Figure I 2.4(b) where an imaginary 
magnetic source is introduced on the side of the conductor and takes its place (remove 
conductor). Since the imaginary source is in the same direction as the equivalent 
source. the equivalent problem of Figure I 2.4(b) reduces to that of Figure I 2.4(c). 
The magnetic current density is doubled. it radiates in an unbounded medium. and 
(3-27)-(3-30a) can be used. The equivalent problem of Figure 12.4(c) yields the 
correct E. H fields Lo the right side of the interface. If the surface of the obstacle is 
nol flat and inlinite. but its curvature is large compared lo the wavelength. a good 
approximation is the equivalent problem of Figure l 2.3(c). 

SUMMARY 
In the analysis of electromagnetic problems. many times il is easier to form equivalent 
problems that yield the same solution within a region of interest. This is the case for 
scattering, diffraction, and aperture antenna problems. In this chapter. the main interest 
is in aperture antennas. The concepts will be demonstrated with examples. 

The steps that must be used to form an equivalent and solve an aperture problem 
are as follows: 
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Figure 12.4 Equivalcnl models for magnetic source radiation near a perfect 
electric conductor. 

1. Select an imaginary surface !hat encloses the actual sources (the aperture). The 
surface must be judiciously chosen so that the tangential components of the 
electric and/or the magnetic field are known, exactly or approximately. over its 
entire span. In many cases this surface is a flat plane extending to infinity. 

2. Over the imaginary surface form equivalent current densities JP M., which take 
one of the following fonns: 
a. J., and M., over S assuming that the E- and H-tields within S are not zero. 
b. or Js and M ., over S assuming that the E- and H-lields within S are zero 

(Love's theorem) 
c. or M, over S (J,. = 0) assuming thaL within S the medium is a perfect electric 

conductor 
d. or J, over S (M., = 0) assuming that within S the medium is a perfect 

magnetic conductor 
3. Solve the equivalent problem. For forms (a) and (b). (3-27H3-30a) can be used. 

For form (c). the problem of a magnetic current source next to a perfect electric 
conductor must be solved [(3-27)-(3-J0a) cannot be used directly. because the 
current density does not radiate into an unbounded medium!. If the electric 
conductor is an infinite flat plane the problem can be solved exactly by image 
theory. For form (d), the problem of an electric current source next to a perfect 
magnetic conductor must be solved. Again (3-27)-(3-30a) cannot be used directly. 
If the magnetic con<luctor is an infinite flat plane, the problem can be solved 
exactly by image theory. 

To demonstraLe the usefulness and application of the fiel<l equivalence theorem 
to aperture antenna theory. an example is considered. 

Example 12. l 

A waveguide aperture is mounted on an inlinite ground plane. as shown in Figure 
I 2.5(a). Assuming that the tangential components of the electric field over the aperture 
arc known, and are given by E11 , find an equivalent problem that will yield the same 
lields E. H radiated by the aperture to the right side of the interface. 
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Figure 12.S 
ground plane. 

Equivalent models for waveguide aperture mounted on an infinite Hat electric 

SOLUTION 

First an imaginary closed surface is chosen. For this problem it is appropriate to select 
a Hat plane extending from minus infinity to plus infinity. as shown in Figure 12.S(b). 
Over the infinite plane, the equivalent current densities J., and M_,. are formed. Since 
the tangential components of E do not exist outside the aperture. because of vanishing 
boundary conditions, the magnetic current density Ms is only nonzero over the aper­
ture. The electric current density J,, is nonzero everywhere and is yet unknown. Now 
let us assume that an imaginary flat electric conductor approaches the surface S, and 
it shorts out the current density J., everywhere. M.i exists only over the space occupied 
originally by the aperture, and it radiates in the presence of the conductor 1sec Figure 
12.5(c)l. By image theory, the conductor can be removed and replaced by an imaginary 
(equivalent) source Ms as shown in Figure l 2.5(d), which is analogous to Figure 
12.4(b). Finally, the equivalent problem of Figure 12.5(d) reduces to that of Figure 
12.5(e). which is analogous to that of Figure 12.4(c). The original problem has been 
reduced to a very simple equivalent and (3-27)-(3-30a) can be utilized for its solution. 

In this chapter the theory will be developed to compute the fields radiated by an 
aperture, like that shown in Figure 12.5(a), making use of its equivalent of Figure 
12.5( e ). For other problems, their equivalent forms will not necessarily be the same 
as that shown in Figure I 2.5(e). 
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12.3 RADIATION EQUATIONS 
ln Chapter 3 and in the previous section it was stated that the fields radiated by sources 
Js and M_, in an unbounded medium can be computed by using (3-27)-(3-30a) where 
the integration must be performed over the entire surface occupied by J.~ and Ms. 
These equations yield valid solutions for all observation points [2], [7]. For most 
problems, the main difficulty is the inability to perform the integrations in (3-27) and 
(3-28). However for far-field observations, the complexity of the fommlation can be 
reduced. 

As was shown in Section 4.4.1, for far-field observations R can most commonly 
be approximated by 

R = r - r' cos 1/1 

R = r 

for phase variations 

for amplitude variations 

( 12-Sa) 

( l2-5b) 

where t/J is the angle between the vectors rand r'. a,; shown in Figure 12.2(b). The 
primed coordinates (x', y', -:.', or r'. 8'. c//) indi.cate the space occupied by the sources 
J.,· and M.,, over which integration must be performed. The unprimed coordinates 
(x. y, z or r. 0. cf,) represent the observation point. Geometrically the approximation 
of (12-5a) assumes that the vectors Rand rare parallel, as shown in Figure 12.2(b). 

Using ( I 2-5a) and ( 12-Sb), (3-27) and (3-28) can be written as 

µ.. ff e -,ikR µ..e - ikr 
A = - J.--ds' == -'----N 

41r s • R 41rr 
( I 2-6) 

N = JI JseJkr'cosl/1 ds' (12-6a) 
s 

E ff e - JkR Ee - Jkr 
F = - M,--ds' = - - L 

41r s • R 41Tr 
(12-7) 

L = JI M _,.eikr'w~lf, ds' (l2-7a) 
s 

In Section 3.6 it wai; shown that in the far-field only the (J and <f, components of 
the E- and ff-fields are dominant. Although the radiaJ components are not necessarily 
zero, they are negligible compared to the 8 and </, components. Using (3-58a}-(3-
59b), the E,, of (3-29) and HF of (3-30) can be written as 

(E.ti )8 = - jwA11 

(E,1)r1> = -jwAd> 

(H,--)8 = - jwF,1 

(HF),J, = - jwF4, 

and the E,., of (3-29) and H .. , of (3-30}, with the aid of ( 12-8a)-( 12-8d), as 

(E,-·)(1 = + r,(H1.-),,, = -jwr,Ft/, 

(Er--),1, = - r,(Hp) 0 = + jwr,fi, 

O2-8a) 

< l 2-8b) 

( 12-8c) 

( l 2-8d) 

( 12-9a) 

O2-9b) 
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(.H ) __ (£,1)"' _ + . A.,,, 
All- - ]W-

T/ T/ 
( I 2-9c) 

(J-IA),t, = + (£,,),i = - jw A" ( l 2-9d) 
T/ 1] 

Combining (I 2-8a)-(12-8d) with (I 2-9a)-(l2-9d). and making use of (12-6)­
( 12-7a) the total E- and ff-fields can he written as 

E,. = 0 

ike-Jkr 
E11 = - ·--(L.,,, + 11Na) 

4-,rr 

jke •• Jkr 
E<!J = + --(L11 - 71N,t,) 

4-,rr 

H,.= 0 

jke - fkr ( Lo) 
H"=-- N.,,,- -

47rr 1] 

jke - JJ.:,· ( L,1,) 
H r1> = - -- N,, + -

41rr 1] 

(12-IOa} 

(12-IOh) 

( 12-IOc) 

(12-IOd) 

(12-We) 

(12-1 Of) 

The N0 , N,,,. L11 • and L.,, can be obtained from ( I 2-6a) and ( I 2-7a). Thal is. 

N = ff J,e+ikr'co~,11 d'i1 = ff (a,.J, + a,.J,. + a.J~)e•Jkr'cos,J, ds' (12-1 la) 
s s 

L = ff M _,.e+jkr',·n~v-, ds' = ff (axMx + a,.MI' + a:MJe 1 ikr'co,,1, ds' 
s s <12-llb) 

Using lhe reclangular-to-spherical component transfonnation, obtained by taking the 
inverse (in this case also the transpose) of (4-5). (12-1 la) and (12-11 b) reduce for the 
0 and cf, components to 

N11 = ff[], cos {J cos cJ, + J_,, cos 0 sin cJ, - J~ sin e1e+ikr'culo,/I ds' 
s 

Nd>= ff [-],sin c/> + J,. cos 4>]e+Jkr'coS,/I ds' 
s 

Ln = ff [M, cos 0cos cf>+ M_,. cos 8sin cf> - M~ sin 01,,+Jkr' ~0
••1•ds' 

s 

L,1, = ff f - M, sin cJ, + M,. cos cJ,]e+Jkr'coS,/, d<;' 
s 

SUMMARY 

(l2-12a) 

( 12-l2h) 

(12-J2c) 

( 12-l2d) 

To summarize the results, the procedure that must be followed Lo solve a problem 
using the radiation integrals will be outlined. Figures 12.2(a) and l 2.2(b) are used to 
indicate lhe geometry. 
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l. Select a closed surface over which the total electric and magnetic fields E0 and 
H,, are known. 

2. Form the equivalent current densities J,( and M, over S using ( 12-3) and ( 12-4) 
with H1 = H,, and E1 = E,,. 

3. Determine the A and F potentials using (12-6)-(12-7a) where the integration is 
over the closed surface S. 

4. Determine the radiated E- and ff-fields using {3-29) and (3-30). 

The above steps are valid for all regions (near-field and far-field) outside the 
surface S. If. however. the observation point is in the far-field. steps 3 and 4 can be 
replaced by 31 and 41

• That is, 

3 '. Determine N11• N,!>· L11 and L,1, using ( I 2-l 2a )-( I 2- I 2dJ. 

4'. Determine the radiated E- and H-fields using ( 12- lOa)-(l 2- lOf). 

Some of the steps outlined above can be reduced by a judicious choice of the 
equivalent model. In the remaining sections of this chapter, the techniques will be 
applied and demonstrated with examples of rectangular and circular apenures. 

12.4 DIRECTIVITY 
The directivity of an aperture can be found in a manner similar to that of other 
antennas. The primary task is Lo fonnulate the radiation intensity U(fJ, </>), using the 
far-zone electric and magnetic field components. as given by (2-l 2a) or 

U((-J, cf,) = ~ Rcl(i11E11 + 0<1>£,1,) X (ft11H11 + a,,,H,1,)*] = 2\.,CIEt'f + !Et) 
( 12-13) 

which in normalized form reduces to 

( l 2-l 3a) 

The directive properties can then be found using (2-19)-(2-22). 
Because the radiation intensity U(O. cp) for each aperture antenna will be of a 

different form, a general equation for the directivity cannot be fonned. However, a 
general FORTRAN computer program, designated as DIRECTIVITY. has been writ­
ten to compute the directivity of any antenna, including an apenure, once the radiation 
intensity is specified. The program is hased on the formulations of ( l 2-13a), (2-19}­
(2-20). and (2-22). and it is shown at the end of Chapter 2. In the main program. it 
requires the lower and upper limits on 0 and cf>. The radiation intensity for the antenna 
in question must be specified in the subroutine U ( fJ. cf>, F) of the progrnm. 

Expressions for the directivity of some simple aperture antennas. rectangular and 
circular. will be derived in later sections of th.is chapter. 

12.5 RECTANGULAR APERTURES 
In practice, the rectangular aperture is probably the most common microwave antenna 
Because of its configuration, the rectangular coordinate system is the most convenient 
system to express the fields at the aperture and to perform the integration. Shown in 
Figure 12.6 are the three most common and convenient coordinate positions used for 
the solution of an aperture antenna. In Figure l 2.6(a) the apenure lies on the y-z plane, 
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Figure 12.6 Rectangular aperture posiLions for antenna system analysis. 

in Figure 12.6(b) on the .r-;: plane, and in Figure l 2.6(c) on the x -y plane. For a given 
tield djstribution, Lhe analytical form!- for the fields for each of the arrangements are 
not the same. However the computed values will be the same. since the physical 
problem is identical in aJJ cases. 

For each of the geometries shown in Figure l 2.6. the only difference in the 
analysis is in Lhe formulation of 

1. the components or Lhe equivalent t.:urrcnt tlensities (J,, J" . .T: , M,. M". MJ 
2. the difference in paths from lhe source to the observation point ( r' cos t/1) 

3. the differential area ds' 

fn genera l, Lhe nonzero components of J., and M , are 

J,. J:, M_,. M . 

J,. J,, Mx, M,, 

lFigure 12.6(a)J 

[Figure 12.6(b) I 

[Figure I 2.6(c)] 

( I 2-l4a) 

( I2- I4b) 

( I 2- I4c) 
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The differenlial puthil take U1e form of 

r' cos 1/1 = r ' ·a,. = (a,.y' + a,::')· Ca.\ sin 0cos </) + a,.sjn 0 sin <J, + az c:os fJ) 

= y' sin fJsin cp + ::'cos O !Figure I2.6(a)] (12-15aJ 

r' COS 1/1 = r' • 8r = (a,.e + a:::' )· (arsin 0CO!i ,:P + iiysin 0sin </> + 82 COS tJ) 

= x' sin (Jcos <f> + ::' cos O [F1gure I 2.6(b)] ( 12-1 Sb) 

r' cos 1/1 = r' . ar = (a,x' + a_,.y') • (a, sin ()cos c/) + al'sin (:I sin cf., + a; cos fJ) 

= x' sin Ocos <I> + y' sin 0sin cp I Figure I2.6(c)] ( I2-I Sc) 

and the differential areas are represented by 

d:/ = dy' dz.' 

ds' = dr' dz' 

ds' = dx' dy' 

[Figmc I2.6(a)I 

fFigure l 2.6(b)J 

I Figure I 2.6(c)] 

12.5.J Uniform Distribution on an Infinite Ground Plane 

(l2-16a) 

(12-16b) 

( 12-I6c) 

The first apenure examined is a rectangular aperture mounted on an in11nite ground 
plane, as shown in Figure 1.2.7. To reduce the mathematical complexities, initially 
Lhe field over t11e open ing is assumed to be constant and gjven by 

- a/2 < .t' ~ a/2, -h/2 < y' < b/2 ( 12- 17) 

where £0 b a con~taot. The task is lo find the fields radiated by it. the pattern 
bearnwidlhs, the ..;ide loht! levels of the pattern. and Lbe directivity. To accornpli~h 
these, the equivalent will be formed first. 

X 

Figure L2.7 Rccuingular aperture oo an infinite electric ground plane. 
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A. Equivalelll 
To form the equivalent. a closed surface is chosen which extends from - oc to + x 
on the x-y plane. Since the physical problem of Figure 12.7 is identical to that of 
Figure 12.5(a), its equivalents are those of Figures 12.5(a)-(e). Using the equivalent 
of Figure 12.5(e) 

M. = { ~ 2n x Ell = -2a;: x a-'.Eo = +a_.2Eo 

Js = 0 

B. Rc,diation Field.\': Elemem and Space Factors 

-a/2 s x' s a/2 
- b/2 < y' s h/2 
elsewhere 
everywhere 

(12-18) 

The far-zone fields radiated by the aperture of Figure 12. 7 can be found by using ( 12-
toa)-( 12-1 Of), ( l 2-12a)-(12-l 2d), (12-14c ), ( I 2-15c ). (l 2-16c ). and (12-18 ). Thus. 

Nil= No1, = 0 02-19) 

Lo = I+ h/2 I+ "
12 

[M_( cos (J cos cf,] eJUr'sinfh.:os,t, + y'sinO~in,/>) dx' dy' 
- h/2 - :ti::! 

[f +b/2 f +tt/2 ] L,
1 
= COS fJ COS cJ, M_,eJk(x'sinllcos</, + 1•'smOsintbl dx' dy' 

-1,(2 -11n. 

l\2-19a) 

In ( I 2- I 9a), the integral within the brackets represents the s11ace factor for a two­
dimensional distribution. It is analogous to the space factor of (4-58a) for a line source 
(one-dimensional distribution). For the L,1 component of the vector potential F, the 
element factor is equal to the product of the factor outside the brackets in ( I 2- l 9a) 
and the factor outside the brackets in ( 12- toc ). The total field is equal to the product 
of the element and space factors, as defined by (4-59). and expressed in (12-1 Ob) and 
(12-IOc). 

Using the integral 

f +c1
2 

ei«: dz = c[sin(i c)] 
-d2 O' -c 

2 

(12-19a) reduces to 

[ (
sin X) (sin Y)] L 11 = 2abEo cos O cos <b X y 

where 

Similarly it can he shown that 

ka 
X = 2 sin 0 cos <I> 

y kb. 8 . ..1. = 2 sm sm sp 

[ (
sin X) (sin Y)] l<P = -2ahE0 sin <f, X -y-

( 12-20) 

( 1.2-21) 

(12-2l a) 

(J2-2lb) 

( 12-22) 
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588 Chapter 12 Aperture Antennas 

Substituting () 2-19), ( 12-21 ), and (12-22) into ( 12-1 0a)-{ 12-1 Of). the fields radiated 
by the aperture can he written as 

E,. = 0 

, . ubk£0e-Jkr [ • -'- (sin X) (sin Y)] En = J ---- sm ,,.. -- --
211.,. X Y 

• . abkE0e - ikr [ a ..1. (sin X) (sin Y)] Ed = J ---- cos u cos "' -- --
' 21rr X Y 

Hr= 0 

H11 = - Se 
Tl 

E 
H,t, = + ....!! 

T/ 

{ l 2-23a) 

(l2-23b) 

( l 2-23c) 

O2-23d) 

( l 2-23e) 

( l 2-23t) 

Equations ( l 2-23a)-( 12-231') represent the three-dimensional distributions of the 
far-zone fields radiated by the aperture. Experimentally only two-dimensional plots 
can be measured. To reconstruct experimentally a three-dimensional plot. a series of 
rwu-dimensionaJ pJ01s mu.st be made. ln many applications, however. only a pair of 
two-dimensional plots are usually sufficient. These are the principaJ £- and H-plane 
patterns whose definition was stated in Section 2.2.2 and illustrated in Figure 2.3. 

For the problem in Figure 12.7. the £-plane pattern is on they-.: plane (cf,= Tr/2) 
and the ff-plane is on the x-z plane ( <f, = 0). Thus 

E-Plane ((/, = Tr/2) 

ff-Plane (<f, = 0) 

Er= £ 1, = 0 

. abkEoe - ,ikr 
En= 1----

21rr 

£,. = £,, = 0 

• (kh • ) sm 2 sm 8 

kb . 
-sm (:J 2 • 

sm 2 sm 11 

abkE e-jkr 
E 

. () 
-1 "' - 2m· 

cos 0 

·(ka . a) 

ka 

2 sin 0 

02-24a) 

(l2-24b) 

(l 2-25a) 

(I 2-25b) 

To demonstrate the techniques, three-dimensional patterns have been plotted in 
Figures 12.8 and 12.9. The dimensions of the aperture are indicated in each figure. 
Multiple lobes appear, because the dimensions of the aperture are greater than one 
wavelength. The number of lobes increases as the dimensions increase. For the ap­
erture whose dimensions are u = 3A and b = 2A (Figure 12.8), there are a total of 
five lobes in the principal H-plane and three lobes in the principal £-plane. The panem 
in the H~plane is only a function of the dimension a whereas that in the £-plane is 
only influenced by b. In the £-plane, the side lobe fonned on each side of the major 
lobe is a result of A < h < 2A. In the ff-plane, the first minor lobe on each side of 
the major lobe is fonned when A < a :5 2A and the second side lobe when 2A < a 
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Figure 12.8 Three-dimensional field pattern of a constant field rectangular apenurc 
mounted on an infinite ground plunc (a = 3A. h = 2A). 

s 3,\. Additional lobes arc formed when one or both of the apenure dimensions 
increase. This is illustrated in Figure 12.9 for an apenure with" = /J = 3,\. 

The two-dimensional principal plane patterns for the aperture with a = 3,\, b = 
2A are shown in Figure 12.10. For this and for all other size apertures mounted on an 
infinite ground plane, the H-plane patterns along the ground plane vanish. This is 
dktated by the boundary conditions. The £-plane patterns. in general. do not have to 
vanish along the ground plane. unless the dimension of the aperture in that plane (in 
this case b) is a multiple of a wavelength. 

The patterns computed above assumed that the ape1turc was mounte<l on an 
infinite ground plane. In practice. infinite ground planes are not realizable, but they 
can he approximatc<l by large structures. E<lge effects. on the patterns or apertures 
mounte<l on linite size groun<l planes, can be accounte<l for by diffraction techniques. 
They will be introduce<l an<l illustrated in Section 12.9. Computed results, which 
include diffractions, agree extren1e\y well with mea~urement~ 181-\ Hll. 

C. Beumwidths 
For the £-plane pattern given by ( I 2-24b ). Lhe maximum radiation is directed along 
the ::-axis ( 8 = 0). The nulls (zeroes) occur when 

kb 

2 
sin l~ll= IJ. = 111T, 11 = I, 2. 3 .... ( 12-26) 
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II 

RclJtlvc 
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0 

/J-plan~ (x-;, </I:= 0° l /:"-pl:1111: (y-z. </J:: tl0°) 

Figure 12.9 Three-dimensional field pattern of a constant field square aperture 
mounted un an inlinite ground plane (a = b = 3A). 

or at the angles of 

0,, = sin - 1 (
2

wrr) = sin 1 (nA) rad 
kb h 

• 1 ("A) = 57.3 sm b degrees, 

If b >> nA. ( l2-26a) reduces approximately to 

1)11 = ,~A rad = 57.3 ('~A} degrees, 

The total beamwidth bet»·een nulls is given by 

N,, = 20,, = 2 sin - 1 ('~A} rad 

, I (IIA) = 114.6 sm- ,; degrees. 

or approximately (for large apertures. b >> n>..) by 

(><},, ~ 2;:A rad = 114.6 (':) degrees, 

n = I. 2, 3 .... 

n = I, 2, 3, . .. 

n = I, 2. 3, ... 

11 = 1, 2. 3 .... 

( 12-26a) 

(12-26b) 

( 12-27] 

( I 2-27a) 
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o-+-o 

180° 
a= 3>., b = 1>. 

---E-plam: 

- - - - II-plan~ 

Figure 12.10 £- and H-plane amplilude patterns for unifonn distributilln aper­
ture mounted on an infinite ground plane (a = 3.A, b = 2A). 

The .first null beamwidrh (FNBW) is obtained by letting n = I. 
The half-power point occurs when (see Appendix I) 

kb 

2 sin 01(/= 11,, = 1.391 (12-28) 

or at an angle of 

• 1(2.782) • 1(0.443A) 01, = sm - M == sm - h rad 
(I 2-28a) 

• (0.443A) = 57.3 sm- 1 fJ degrees 

lf b >> 0.443A, ( 12-28a) reduces approximately to 

011 ~ ( 0.443 ~) rad == 25.38 (~) degrees (I 2-28b) 
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Thus the total half-power beamwidth (HPBW) is given by 

0 1, = 201, = 2 sin - 1 ((>-~
3

A) rad = 114 6 sin- •(
0

•
443

A) degrees . . b . 

or approximately (when b >> 0.443,.\f by 

c➔,, = ( 0.886 i) rad = 50.8 (i) degrees 

The maximum of the first side lobe occurs when (see Appendix I) 

kb 
- sin OI 11_ a = 4.494 2 - .. , 

or at an angle of 

• -•(8.988) • _ 1(1.43A) • _ 1(1.43A) o .. = sm --,;;;- = sm -b- rad = 57.3 srn -b- degrees 

If b >> 1.43A, ( 12~30a) reduces to 

0., = l .43(i) rad = 8 t.9(M degrees 

The total hea111width between first side lobes (FSLBW) is given by 

• 1 ( 1.43A) • _ 1(1.43A) 0., = 20., = 2 sm -b- rad = 114.6 sm -b- degrees 

or approximately (when h >> 1.43A) by 

<➔ .• = 2.86 (~) rad = 163.s(i) degrees 

D. Side lobe l<~rel 

(12-29) 

(l 2-29a) 

( 12-30) 

( l 2-30a) 

Cl2-30b) 

(12-30c) 

( 12-30d) 

The maximum of ( l 2-24h) at the first side lobe is given by (see Appendix l) 

. sin(4.4~4) 
jf.,,( 0 = H..>I = 4.494 = 0.217 = - 13.26 dB ( 12-31) 

which is 13.26 dB down from the maximum or the main lobe. 
An approximate value of the maximum of the first side lobe can be obtained byi 

assuming that the maximum of ( 12-24b) occurs when its numerator is maximum. n.t 
is, when 

(12-32~ 

INTEL-1045 
U.S. Patent 7,151,430



12.5 Rectangular Apertures 593 

Thus. 

I 
IEo(O = 0s)I = 

3
11"

12 
= 0.212 = -13.47 dB (12-33) 

These values are very close to the exact ones gi vcn by (12-31 ). 
A similar procedure can be followed to find the nulls, 3-dB points, beamwidth 

between nulls and 3-dB points. angle where the maximum of first side lobe occurs. 
and its magnitude at that point for the ff-plane pattern of (12-25b). A comparison 
between the £- and ff-plane patterns of ( I 2-24b) and ( I 2-25h) shows that they are 
similar in form except for the additional cos 9 tenn that appears in (12-25b). An 
ex.amination of the term:i. in (l2-25b) reveals that the cos 6 term is a much slower 
varying function than the sin(ka sin 9/2)/(ka sin 0/2) tenn. especially when a is large. 

AlS a first approximation. (12-26)-(12-33). with b replaced by a. can also be used 
for the ff-plane. More accurate expressions can be obtained by also including the cos 
0 term. In regions well removed from the major lobe, the inclusion of the cos () term 
becomes more essential for accurate results. 

E. Directivity 
The directivity for the aperture can be found using (12-23a)-(12-23c). (12-13)-(l2-
13a), and (2-19)-(2-22). The analytic.al details using this procedure. especially the 
integration to compute the radiated power (Prnd>• are more cumbersome. 

Because the aperture is mounted on an infinite ground plane. an alternate and 
much simpler method can be used to compute the radiated power. The average power 
density is first fonned using the fields at the aperture. and it is then integrated over 
the physical bounds of the opening. The integration is confined to the physical bounds 
of the opening. Using Figure 12.7 and assuming that the magnetic field at the aperture 
is given hy 

H A Eu 
,J = -ax- ( I 2-34) 

TJ 

where T/ is the intrinsic impedance, the radiated power reduces to 

p_,d = J! W . ds = 1Enl2 ff d\' = ab IE. ol2 
'" 1f "" 2 • .., 

s 71 s. -T/ 
( 12-35) 

The maximum radiation intensity (Umux), using the fields of ('2-23a)-(12-23b), 
occurs toward (J ~ 0° and it is eqml1 to 

( 12-36) 

Thus the directivity is equal to 

41TU111ax. 41T 411" 411" 
D0 = --- :::::: -, ab = -:;- A,, = -., Aem 

Prnd A- A~ >.,-
( 12-37) 

where 

A,, = physical area of the aperture 

Acm = maximum effective area of the aperture 
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Using the definition of (2- I I 0), it is shown that the physical and maximum 
effec1ive areas li tl constant distribution aperwre are equal. 

The beamwidths, side lobe levels. and directivity of this and other apertures are 
summarized in Table 12. I. 

Example 12.2 

A rectangular aperture with a constant field distribution. with a = 3A and b = 2.\, 
is mounted on an infinite ground plane. Compute the 

(a) FNBW in the £-plane 

(b) HPBW in the £-plane 

(c) FSLBW in the £-plane 

(d) FSLMM in the £-plane 

(e) directivity using ( 12-37) 

(f} directivity using the DlRECTIVJTY computer program at the end of Chapter 
2, the fields of ( I 2-23a)-( I 2-23t), and the formulation of Section I 2.4 

SOLUTION 

(a) Using ( I 2-27) 

~) 1 = 114.6 sin- 1(!) = 114.6(0.524) = 60° 

(b) Using ( 12-29) 

• I (0.443) <--),, = 114.6 sin - -
2

- = 114.6(0.223) = 25.6° 

(c) Using (12-30c) 

I ( 1.43) ®· = 20,,. = I 14.6 sin- -
2
- = 

(d) Using ( I 2-3 I) 

IE,1lo~ 11, = 0.2 I 7 = - I 3.26 dB 

(e) Using ( 12-37) 

I 14.6(0.796) = 91.3° 

D11 = 41r(3)(2) = 75.4 = 18.77 dB 

(f) Using the computer program al lhe end of Chapter 2 

Do= 80.4 ""' 19.05 dB 

The difference in directivity values using (12-37) and the computer program is not 
attributed to the accuracy of the numerical method. The main contributor is the 
aperture tangential magnetic field of ( 12-34), which was assumed to be related to the 
aperture tangential electric field by the intrinsic impedance. Allhough this is a good 
assumption for large size apertures, it is not exact. Therefore the directivity valu~ 
computed using the computer program should be considered to be the more accurate. 
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12.5.2 Uniform Distribution In Space 

The second aperture examined is that of Figure 12. 7 when it is 1101 mounted on an 
infinite ground plane. The field distribution is given by 

- a/2 < .-\:' :5 a/2 

H" ::: - h/2 :s; y' s b/2 
( 12-38) 

where E0 is a constant. The geometry of the opening for this prnb\em is identica\ to 
the previous one. However the equivalents and radiated tields are different. because 
thii,; time the aperture is not mounted on an infinite ground plane. 

A. Equivale111 
To form the equivalent. a closed surface is chosen which again extends from - :io to 
+ -:t.· on the x-y plane. Over the entire surface J., and M, are fom1ed. The difficulty 
encountered in this problem is that both J., and M., are not zero outside the opening, 
and expressions for them arc not known there. The replacement of the semi-infinite 
medium to the left of the boundary (negative z) by an imaginary electric or magnetic 
conductor only eliminates one or the other current densities (J,. or M.,) but not both. 
Thus. even though an exact equivalent for this problem exists in principle. it cannot 
be used practically because the fields outside the opening are not known a priori. We 
are therefore forced to adopt an approximate equivalent. 

The usual and most accurate relaxation is to assume that both Eu and H11 (and in 
turn M,. and J . .> exist over the opening but are zero outside it. II has been shown. by 
comparison with measurements and uther available data, that this approximate equiv­
alent yields the best results. 

8. Radiared Fields 
Using a procedure similar 10 that of the previous section. the radiation characteristics 
of this aperture can be derived. A summary of them is shown in Table 12.1. 

The field components of this aperture are identical in fonn to those of the aperture 
when it is mounted on an infinite ground plane if the ( I + ws 0) term in each 
component is replaced by 2. Thus for small values of 8 (in the main lobe and especially 
near its maximum). the patterns of the two apertures are almost identical. Th.is pro­
cedure can he used. in general. to relate the fields of an aperture when it is and it is 
not mounted on an infinite ground plane. However, the coordinate system chosen 
must have the z-axis perpendicular to the aperture. 

A three-dimensional pattern for an aperture with a = 3.A. b = 2.A was computed. 
and it is shown in Figure 12.11. The dimensions of this aperture are the same as those 
of Figure 12.8. However the angular limits over which the radiated fields now exist 
have been extended to 0° < H s 180°. Although the general structures of the two 
patterns are similar. they are not identical. Becuse of the enlarged space over which 
fields now exist. additional minor lobes arc fonned. 

C. Beamwidrhs and Sidr lobe Level.\' 
To find the beamwidths and the angle at which the maximum of the side lobe occurs. 
it is usually assumed that the ( I + cos 0) term is a much slower varying function 
than the sin(ka sin 0/2)/(ka sin (J/2) or the sin(kb sin fJ/2)/(kb sin ll/2) tenns. This is 
an approximation. and it is more valid for large apertures (large a and/or h) and for 
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0 

Relative 
magnitu,k 

1.0 

0 

1/-plani:-tx-:. ,:i = 09
) £-plane (J'-Z, ~ = 90~) 

Figure 12.11 Three-dimensional field pattern of a constant field rectangular aper­
ture (a = 3A. b = 2A). 

angles near the main maximum. More accurate results can be obtained by considering 
the (I + cos 9) tem1. Thus ( 12-26)-((2-33) can be used. to a good approximation, 
to compute the beamwidths and side lobe level. A summary is included in Table 12.I. 

D. Directivity 
Although the physical geometry of the opening of this problem is identical to that of 
Section 12.5. 1. their directivities are not identical. This is evident by examining their 
far-zone field expressions or by realizing that the fields outside the aperture along the 
x-y plane are not exactly the same. 

To derive an ex.act expression for lhe directivity of this aperture would be a very. 
difficult task. Since the patterns of the apertures are nearly the same. especially at the 
main lobe. their directivities are almost the same. To verify this, an ex.ample is taken. 

Example 12.3 

Repeat the problem of Example 12.2 for an aperture that is not mounted on an infinite 
ground plane. 

SOLUTION 

Since the £-plane patterns of the two apertures are identical, the FNBW, HPBW~ 
FSLBW. and FSLMM are the same. The directivities as computed by (12-37), ~ 
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12.S Rectangular Apertures 599 

also the same. Since the fields radiated by the two apenures are not identical. their 
directivities computed using the far-zone fields will not be exactly the same. Therefore 
for this problem 

Do= 81.16 (dimensionless) = 19.09 dB 

As with Example 12.2. the directivities computed using ( 12-37) and the computer 
program do not agree exactly. For this problem. however, neither one is exact. For 
( 12-37), it has been assumed that the aperture tangential magnetic field is related lo 
the aperture tangential electric field by the intrinsic impedance 71. This relationship is 
good but not exact. For the computer program. the fonnulation is based on the 
equivalent of this section where the fields outside the aperture were assumed to be 
negligible. Again this is a good assumption for some problems. but it is not exact. 

A summary of the radiation characteristics of this aperture is included in Table 
12. I where it is compared with that of other apertures. 

12.S.3 TE10-Mode Distribution on an Infinite Ground Plane 

In practice, a commonly used aperture antenna is that of a rectangular waveguide 
mounted on an infinite ground plane. At the opening, the field is usually approximated 
by lhe dominant TEIO-mode. Thus 

A (7T ') E" = a,.Eo cos - x . a {
-a/2 s x' s +a/2 
-b/2 < y' < +b/2 

A. Equivalent, Radiated Fields. Beamwidths. aud Side Lobe Levels 

(12-39) 

Because the physical geometry of this antenna is identical to that of Figure 12. 7. their 
equivalent,; and the procedure to analyze each one are identical. They differ only in 
the field distribution over the aperture. 

The details of the analytical formulation are not included. However. a summary 
of its radiation characteristics is included in Table 12.1. The £-plane pattern of this 
aperture is identical in fonn (with the exception of a nonnalization factor) to the 
£-plane of the aperture of Section 12.5.1. This is expected. since the TEw-mo<le field 
distribution along the £-plane (y-z plane) is also a constant. That is not the case for 
the ff-plane or at an other points removed from the principal planes. To demonstrate 
that. a three-dimensional pattern for the TEw-mode aperture with a = 3A. h = 2A 
was computed and it is shown in Figure 12.12. This pattern should be compared with 
that of Figure 12.8. 

The expressions for the beamwidths and side lobe level in the £-plane are identical 
to those given by ( 12-26)-( 12-33). However those for the ff-plane are more complex. 
and a simple procedure is not available. Computations for the HPBW. FNBW. 
FSLBW. FSLMM in the £- and ff-planes were made, and they are shown graphiea11y 
in Figures 12.13 and 12.14. 

B. Directivity and Apermre Efficiency 
The directivity of this aperture is found in the same manner as that of the unifonn 
distribution aperture of Section 12.5.1. Using the aperture electric field of ( 12-39), 
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R1ilativc 
mugnitudc-

1.0 

0 

/1-illam: ( x-:, ti> = o• ·1 £-plan.: 1 _,,-.:. rt, "' 90" l 

Figure 12.12 Three-dimensional field pattern of a TEw-modc rectangular wave­
guide mounted on an infinite ground plane (a =< 3A, b = 2A). 

and assuming that the aperture magnetic field is related to the electric field by the 
intrinsic impedance Tf, the radiated power can be written as 

if( d IEol2 

Prud = 'jf W,"· • S == ab 4 s Tf 
( l2-39a) 

The maximum radiation intensity occurs at 0 = 0°, and it is given by 

(l2-39b) 

Thus the directivity is equal to 

In general. the maximum effective area Acm is related to the physical area Ap bf 

( 12-4()) 

where Eap is the aperture efficiency. For this problem Eap = 8/TT2 == 0.81. The apenum 
efficiency is a figure-of-merit which indicates how efficiently the physical area of~ 
antenna is utilized. Typically. aperture antennas have aperture efficiencies from a~ 
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Figure 12.13 £:'-plane bcamwid1hs and tirsl side lohc relative maximum magnitude for 
TEw-modc rectangular waveguide moumcJ on an infinite ground plane. 

30% to 90%, horns from 35% to 80%, (optimum gain horns have Ear = 50%), and 
circular reflectors fmm 50% lo 80%. 

For reflectors. the ape11ure efficiency is a function of many factors. The most 
prominent are the spillover. amplitude taper. phase distribution. polarization unifor­
mity. blockage. and swface random error).. These arc discussed in detail in Section 
15.4.1 of Chapter 15. 

12.5.4 Beam Efficiency 

The beam efficiency for an antenna was introduced in Section 2.10 and was defined 
by (2-53 ). When the aperture is mounted on the x-y plane. Lhe beam ef'ficiem:y can 
be calculated using. (2-54). The beam efficiency can be used to judge the ability of 
the antenna to discriminate between signals received through its main lobe and those 
through the minor lobes. Beam efficiencies for rectangular ape11ures with different 
aperture field distributions are plotted. versus the half-cone angle Hi, in Figure 12.15 
[11 ]. The uniform field distribution aperture has the least ability to discriminate 
between main lobe and minor lobe signals. The aperture radiates in m1 unbounued 
medium, and it is not mounted on an infinite ground plane. The lower abscissa scale 
is in terms of 01 (in degrees), and it should be used only when a = h = 20.,\. The 
upper abscissa scale is in terms of ulu = (ka/2)sin01 = (kb/2)sin 01 I. and it should 
be used for any square aperture. 
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Figure 12.14 H-plane beamwidlhs and first side lobe relative maxi­
mum magnitude for TEio-mode rectangular waveguide mounted on un 
infinite ground phmc. 

Example 12.4 

Detennine the beam efficiency, within a cone of half-angle 01 = I 0°. for a squan 
aperture with uniform field distribution and with 

(a) a = b = 20A 
(b) ct = b = 3A 

SOLUTION 

The solution is carried out using the curves of Figure 12.15. 

(a) When a = b == 20A. the lower abscissa scale can be used. For 81 = H>°i 
the efficiency for the unifonn aperture is about 94%. 

(h) For a = b = :u and 01 = 10° 

ka 
11 = 2 sin 81 = 3 -rr sin( I 0°) = 1.64 
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Figure 12.15 Beam efficiency versus half-cone angle 01• for a square aperture with differ­
ent field distributions. The aperture is not mounted on an infinite ground plane. (SOURC!l: 

D. G. Fink (ed.), Electronics Engineers' Handbook. SecLion 18 (by W. F. Croswell), 
McGraw-Hill, New York. 1975) 

Using the upper abscissa scale, the efficiency for the uniform aperture at 
tt = 1.64 is about 58%. 

12.6 CIRCULAR APERTURES 

A widely used microwave antenna is the circular aperture. One of the attractive 
fean1res of this configuration is its simplicity in construction. In addition, closed form 
expressions for the fields of all the mode!, that can exist over the aperture can be 
obtained. 

The procedure followed to determine the tields radiated by a circular aperture is 
identical to that of the rectangular. as summarized in Section 12.3. The prin1ary 
differences lie in the formulation of the equivalent current densities (J,, '~·• 1:, M.., 
M, , M;), the differential paths from the source to the observation point (r' cos 1/1). and 
the differential area (ds'). Before un example h com,idered, these differences will be 
reformulated for the circular aperture. 

Because of the circular profile of the aperture. it is often convenient and desirable 
to adopt cylindrical coordinates for the solution of the fields. In most cases. therefore, 
the electric and magnetic field components oYer the circular opening will be known 
in cylindrical form; that is. EP. £ 4,, Ee. H,,. H,,,. and H~ . Thus the components of the 
equivalent current densities M.f and J., would also be conveniently expressed in cylin­
drical form (MP. M<t,, Mz , Jp , lrt,, JJ. In addition, the required integration over the 
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