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aperture to find N,1, N,1,. L11, and L,~ of (12-12a)-(l2-l2d) should also be done in 
cylindrical coordinates. It is then desirable to reformulate r' cos 1/, and ds'. as given 
by (l 2- l 5a)-(l 2-16c ). 

The most convenient position for placing the aperture is that shown in Figure 
12.16 (aperture on x-y plane). The transformation between the rectangular and cylin• 
drical components of J., is given by (see Appendix Vil) 

[

1,] [cos q/ 
.!,.. = sin </>' 

·'~ 0 

- sin c/,' 

cos c/,' 

0 

( I 2-41a) 

A similar transfomrntion exist!; for che components of M.,. The rectangular and cylin­
drical coordinates are related by (see Appendix VII) 

x' = p' cos q/ 

\' ' = p' sin <b' 
' .. = z.' 

Using (l2-4Ja). (12-l2a)-(l2-12d) can be written as 

N,1 = II 111, cos O cos(c/J - cp') + lt1, cos (J sin(</> - c/>') - 1: sin Oj 
s 
x e ~ jkr' ... .,, ,1, els' 

N,1, = I I I - 1
1
, sin( </J - cf/) + l ,1, cos ( <f, - <f>' )j £' + Jkr' cos r1, ds' 

s 

L0 = I I I.M,, cos (J cos{ <J, - <J,') + M,1, cos 0 sin( <J, - cp') - M: sin 0] 
s 

X e ·• Jkr' ""' '1' tis' 

Lc1, = II I-M
1
, sin(c/J - c/>') + M,1,cos(cp - <J,')le'iVcu,if,cJs' 

~ 

where r' cos ~and ds' can be written, using (l2-15c) and (12-4lb). as 

r' cos t/1 :::: x' sin 0 cos <b + y' sin 0 sin cb = p' sin 0 cos( cb - cf/) 

ds' :::: dx' dy' = p' dp' d<b' 

(12-4lb) 

( l 2-42a) 

(12-42b} 

( I 2-42c) 

( 12-42d) 

( 12-43a) 

( 12-43b) 

In summary. for a circular aperture antenna the fields radiated can be obtained by 
either of the following: 

1. If the fields over the aperture are known in rccumgular c:ompcmems, use the s~ 
procedure as for the rectangular aperture with ( l 2-43a) and ( l 2-43b) substituted 
in (12-12a)-(l2-12d). 

2. If the fields over the aperture are known in cylindrical componems. use the sam-. 
procedure as for the rectangular aperture with ( I 2-42a}-( I 2-42d). along with (12,.; 
43aJ and ( I 2-43b). taking che place of ( I 2-12a)-( I 2- I 2d). 
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8 

I 
, 1 

Figure 12. 16 Circular aperture mounted un an infinite grounu plane. 

12.6.1 Unllorm Distribution on an Infinite Ground Plane 

To demonstrate the methods. the field radiated by a circular aperture mounted on un 
infini te ground plane wW be formulated. To simplify the mathematical details. the 
field over the aperlllre is assumed Lo be constant and given by 

p' :S n 

where £0 is a conslanl. 

A. Equiw1/e111 and Radiation Fields 
The equivalent problen1 of this is identical to that of Figure 12.7. That is, 

Thus, 

M 
1 

= {; 2ft x E,, = a., 2 Eo 

J, = 0 

p' :Sa l 
elsewhere 

everywhere 

(12-+4) 

( J 2-45) 

( l 2-46) 

( 12-47) 
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606 Chapter 12 Aperture Antennas 

Because 

( 12-48) 

( 12-4 7) can be written as 

(" 
L 11 = 41r£0 cos 0cos <Pj

0 
lo(kp' sin 0)p' dp' ( 12-49) 

where J0(t) is the Bessel function of the first kind ()f order zero. Making the substitution 

r = kp' sin (J 

dr = k sin fJ dp' ( I 2-49a) 

reduces ( 12-49) to 

411E0 cos 0 cos cJ, f ,.,, ~in° 
l. 11 = k . 

0 
~ 1 Jo(l) dt 

( • sm )- o 
( I2-49b) 

Since 

(12-50) 

where 11({3) is the Bessel function of order one. ( I 2-49b) takes the form of 

, { [J 1(ka sin O)]} 
LH = 47Tcr£0 cos tJ cos cp . 

ka sm 0 
(12-51) 

Similarly 

4 'E . -'- [J1(ka sin tJ)] Lib = - 1ra- 0 sm .,,, . 
ka sm 8 

( 12-52) 

Using (12-46). (12-51). and (12-52), the electric field components of (12-IOa)­
(12-I0c) can be written as 

£,:::: 0 

, ka1E1-,e ·· .1kr { • [JI(ka sin 8)]} 
Eo == 1---- sm c/> . 

r ka sm 0 

• . ka
2
£ 0e-

14
' { [J1 (ka sin 0)]} £ 4, == J ---- cos tJ cos cp . 

r ka sm 8 

(12-53a) 

( I2-53b) 

( I 2-53c) 

ln the principal £- and H-planes, the electric field components simplify to 

E-Plane (cf, == TT/2) 

E,. = E,1, = 0 

_ .k1./E0e jkr [li(ka sin 0)] 
E11 -.1---- . 

,. ka s111 0 

ff-Plane (c/, = 0) 

E, = £ 11 = 0 

( 12-54a) 

( I2-54bj 

(12-55a) 
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12.6 Circular Apertures 607 

. _ .ka
2
E1.,e -jkr { . , [J 1(ka sin m]} 

Er1, - ,1---- cos fJ . 
r ka sm 0 

( 12-55b) 

A three-dimensional pallern has been computed for the constant field circular 
aperture of a = I .SA.. and it is i-hown in Figure l 2.17. The pattern of Figure t 2.17 
seems to be symmetrical. However closer observation. especially through the two­
dimensional E- and H-plane patterns. will reveal that nut to be the case. It does. 
however. possess characteristics that are almost symmetric .. tl. 

B. Beamwidth. Side lohe Level. and Diret'til'ity 
Exact expressions fur the beamwidths ~md side Johe levels cannot be obtained easily. 
However approximate expressions arc available. and they are shown tabulated in 
Table 12.2. More exact data can be obtained by numerical methods. 

Since the field distribution over the apenure is constant. the directivity is given 
by 

( 12-56) 

since the maximum effective area A,,"' is equal to the physical area A,, of the aperture 
las shown for the rectangular aperture in ( 12-37)1. 

A summary of the radiation parameters of this aperture is included in Table 12.2. 

II 

//-plane Ix-:.~~ = <>° I 

RclatlvC' 
magnitml..-

1.0 

Figure U.17 Thre~-dimcn~iona\ l1eld pattern of a cnm,lan\ field circular aperture 
mounted on an infinite ground plane (a = 1.5A). 
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6 lO Chapter 12 Aperture Antennas 

12.6.2 TE 11 -Mode Distribution on an Infinite Ground Plane 

A very practical antenna is a circular waveguide of radius a moumed on an infinite 
ground plane. as shown in Figure 12.16. However. the field distribution over the 
aperture is usually that of the dominant TE11 -mode for a circular waveguide given by 

E Eu J (x', I ') • .,_, 
11 = p' I --;;- p Stn IP 

E; = Eo a:,[1, (~' p•)] cos~• 

E: = 0 

x'11 = 1.841 

( 12-57) 

The analysis of this problem is assigned, at the encl of this chapter. as an exercise 
to the reader (Problem 12.33). However, a three-dimensional pattern for a = I.SA 
was calculated. and it is shown in Figure 12. I 8. This pallem should be compared with 
that of Figure 12.17 for the constant apen.ure field distribution. 

The beamwidths and the side lobe levels in the £- and H-plancs are different, and 
exact closed form expressions cannot be obtained. However. they can be calcu]ated 
using iterative methods. and the data arc shown in Figures 12.19 and 12.20 for the E­
and H-planes. respectively. 

A summary of all the radiation characteristics is included in Table 12.2. 

Rd11tivc 
magniluLI~ 

1.0 

II-plane <x-z. o = 0° l f.-1>la11.: ( .v-:. <, = 90") 

Figure 12.18 Three-dimensional field pattern of a TE11-mode circular waveguide 
mounted on an infinite ground plane (" ::: I.SA). 
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Figure 12.19 £-plane beamwidths and first side lobe relative maxi­
mum magnitude for TE11 -modc circular aperture mounted on an infi­
nite ground plane. 

12.6.3 Beam Efficiency 

--,:: 
! 
::i:l .,, 

~ 
i 
] 
·-0 ., 
] 
'i 
E: 
§ 
.s 
~ e ., 
.~ 
~ 
~ 

Beam efficiency. as defined by (2-53) and calculated by (2-54). for circular apertures 
not mounted on infinite ground planes is shown in Figure J 2.21 ( I I]. The lower 
abscissa scale (in degrees) is in terms of the half-cone angle 01 (in degrees). and it 
should be used only when the radius of the aperture is 20A (a = 20A). The upper 
abscissa scale is in terms of u (it = ka sin Oi), and it should be used for any radius 
circular aperture. 

The procedure for finding lhe beam efficiency of a circular aperture is similar to 
that of a rectangular aperture as discussed in Section 12.5.4, illustrated in Figure 
12.15, and demonstrated by Example 12.4. 

12.7 DESIGN CONSIDERATIONS 

As is the ~ase for arrays, aperture antennas can be designed to control their radiation 
characteristics. Typically the level of the minor lobes can be controlled by tapering 
the distribution across the aperture: the smoother the taper from the center of the 
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Figure 12.20 H-plane beamwidths and first side lobe relative maxi­
mum magnitude for TE11 -mode circular waveguide mounted on an infi­
nite ground plane. 

aperture toward the edge, the lower the side lobe level and the larger the half-power 
beamwidth. and conversely. Therefore a very smooth taper. such as that represented 
by a binomial disLribution or others, would result in very low sidelobes but larger 
half-power beamwidths. In contrast. an abrupt distribution, such as that of unifonn 
illumination. exhibits the smaller half-power beamwidth but the highest side lobe 
level (about -13.5 dB). Therefore if it is desired to achieve simultaneously both a very 
low sidelobe level. as well as a small half-power beamwidth. a compromise has to be 
made. Typically an intennediate taper. such as that of a Tschebyscheff distribution or 
any other similar one. will have to be selected. This has been discussed in detail both 
in Chapter 6 for arrays and in Chapter 7 for continuous sources. These can be used 
to design continuous distributions for apertures. 

Aperture antennas. both rectangular and circular, can also be designed for satellite. 
applications where the heamwidth can be used to determine the "footprint" area of 
the coverage. In such designs. it is important to relate the beamwidth to the size of 
the aperture. In addition. it is also important to maximize the directivity of the antennas 
within a desired angular sector defined by the beamwidtb, especially at the edge-oil: 
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Figure 12.21 Beam efficiency versus half-cone angle 01• for u cir­
cular aperture with different fielu distribuLions. The aperture is not 
mounted on an inlinitc grounu plane. !SOURCE: D. G. Fink (ed.), 
£11:'clronics Engineer.~' Hondbook. Scc\,on l 8 lb)' W. F. Crm,we\\), 
McGraw-Hill. New York, 1975) 

coverage (EOC) I 12]. This can be accomplished, using approximate closed-form 
expressions, as outlined in 1121- This procedure was used in Section 6. I I or Chapter 
6 for arrays. and it is applicable for apertures. hoth rectangular and circular. 

12.7.1 Rectangular Aperture 

For a rectangular aperture, of dimensions a and I>. with a uniform distribution the 
procedure to determine the optimum aperture dimensions a,b to maximize the direc­
tivity at an edge angle 0, of a given angular sector (0 :S (J :5 0,. l is identical Lo that 
outlined in Section 6. I 1. Thus to determine the optimum dimension /, of the aperture 
so that the direl'.tivity is maximum al an edge-of-coverage angle 0,.,. of an angular 
sector O :5 H :5 0,,. in the £-plane is given by (6-105a), or 

£-Plane: h = 
2 sin 0,.,. 

A 
( I 2-58a) 

Similarly for the H-plane, the optimum dimension b is determined by 

A 
a= ---

2 sin O"', 
H-Plane: ( 12-58b) 

where flc1, is the angle. in the H-planc, at the edge-of-coverage (EOC) angular sector 
where the directivity needs to he maximized. 
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614 Chapter 12 Aperture Antennas 

Since the aperture antenna is uniformly illuminated, the directivity of (6-103) 
based on the optimum dimensions of ( J2-58a) and ( 12-58b) is 

(12-59) 

12. 7.2 Circular Aperture 

A procedure similar to that for the rectangular aperture can be used for the circular 
aperture. ln fact, it can be used for circular apertures with uniform distributions as 
well as tapered (parabolic or parabolic with a pedestal) [ 12]. 

For a circular aperture with uniform distribution, the normalized power pattern 
multiplied by the maximum directivity can be written as 

(J (2 ., {2J1(ka sin 8)}
2 

P( ) = 1ra)~ . 
ka sm tJ 

( 12-60) 

The maximum value of ( 12-60) occurs when 0 = 0. However. for any other angle 
8 = 9,., the maximum of the pattern occurs when 

ka sin 9,. = 1.841 (12-61) 

or 

1.841 A A 
a= = 

27T sin 8c 3.413 sin (Jc 
(12-6la) 

Therefore to maximize the directivity at the edge fJ = B, of a gjven anguJar sector 
0 :5 8 :5 Oc, the optimum radius of the uniformly illuminated circular aperture must be 
chosen according to ( 12-61 a). 

The maximum value of ( 12-60), which occurs at O = 0, is equal to 

P((J = O)lmax = (27Ta)2 

while at the edge of the angular sector (0 = Be) is equal to 

. {2(0.5818)}
2 

P(8 = 8,.) = (27Ta)2 l.
841 

= (27Ta)2(0.3995) 

(12-62) 

Therefore the value of the directivity at the edge of the desired coverage (8 = Be), 
relative to its maximum value at (J = 0, is 

P(fJ = Oc) = 0.3995 = -3.985 dB 
P(O = 0) 

( 12-64)· 

Since the aperture is uniformly illuminated, the directivity based on the optimum 
radius of (12-61 a) is 

l.0861t 
• 2 £l sm {1c 

(12-65) 

A similar procedure can be followed for circular apertures with radial taper: 
(parabolic) and radial taper squared of Table 7.2, as well as radial taper (parabolic:} 
with pedestal. The characteristics of these, along with those of the uniform, are listed' 
in Table 12.3. 
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12. 7 Design Considerations 615 

Table 12.3 EDGE-OF-COVERAGE (EOC) DESIGNS FOR SQUARE AND CIRCULAR 
APERTURES 

Size 
Square: Side EOC Directivity 

Aperture Distribution Circular: Radius Directivity (relative to peak) 

s,1uarc 
A 1T' 

-3.920 dB Uniform 
2 sin (fl,.) sin2( 8,.) 

Circular Unifonn 
A 1.08671" 

-3.985 dB 
3.413 sin (0,.) sin2(8,) 

Circular Par.ibolic A 1.2637T 
-4.069 dB 

taper 2. 732 sin ( H,.) sin2(8,.) 

Parabolic 

Circular taper with A 1.2277T 
-4.034 dB 

- JO dB .J.064 sin ((J,.) sin2((U 
pedestal 

(SOURCE: K. Praba, "'Optimal Aperture for Maximum Edge-of-Coverage (EOC) Direclivily." IEEE 
Ame1111a,\· & Propa!(ation Magazim. Vol. 36, No. 3, pp. 72- 74, June 1994. © ( 1994) IEEE) 

Example 12.5: 

It is desired Lo design an aperture antenna, with uniform illumination, so that the 
directivity is maximized at an angle 30° from the nonnal to the aperture. Detcnnine 
the optimum dimension and its associated directivity when the aperture is 

(a) Square 

(b) Ci.n::ular 

SOLUTION 

For a square aperture 0, ... = fl""' Therefore the optimum dimension. according to ( 12-
58a) or ( 12-58b ). is 

A 
a = IJ = ---- = ,\ 

2 sin(30°) 

while the directivity, according to ( 12-59). is 

1T 1T 
Do = . ~ = ~ 

0 
= 12.5664 = 10.992 dB 

sur 0,. sin~(30 ) 

The directivity at fJ = 30° is - 3.920 dB from Lhe maximum at lJ = 0°. or 7.072 dB. 
For a circular aperture the optimum radius, according to ( 12-61 a), is 

A A 
a = = ---- = 0.586A 

3.413 si.n(30°) 3.413(0.5) 
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616 Chapter 12 Aperture Antennas 

while the directivity. according to ( 12-65), is 

1.086-rr I .0861r 
D11 = . , = . , = 13.647 -:: 11.35 dB 

sm- 0,. sm-(30°) 

The directivity at 0 = 30° is -3.985 dB from the maximum at (J = 0°, or 7.365 dB. 

12.8 BABINET'S PRINCIPLE 

Now that wire and aperture antennas have been analyzed, one may inquire as to 
whether there is any relationship between them. This can he answered better by first 
introducing Bahinet'.,, principle which in optics states that 1-1-'hen the field behind a 
~·creen with an opening fa· added to the field of a complementary structure, the swn is 
equal to the field when there is no screen. Babinet's principle in optics does not 
consider polarization, which is so vital in antenna theory: it deals primarily with 
absorbing screens. An extension of Babinet' s principle, which includes polarization 
and the more practical conducting screens, was introduced by Booker [ 131, [ 14]. 
Referring to Figure l 2.22(a), let us assume that an electric source J radiates into an 
unbounded medium of intrinsic impedance T/ = (µle) 112 and produces at point P the 
fields E0 • H0 . The same fields can be obtained by combining the fields when the 
electric source radiates in a medium with intrinsic impedance T/ = (µle) 112 in the 
presence of 

1. an infinite, planar, very thin. perfect electri1: conductor with an opening Sa, which 
produces at P the fields E, .. H,. [Figure I 2.22(b)l 

2. a flat, very thin, perfect magnetic conductor S"' which produces at /' the fields 
E,,,, H111 !Figure 12.22(c)I. 

That is, 

Eo = Ef + E,,, 
H0 = H,. + Hm 

( l2-66a) 

The lield produ1:ed by the source in Figure I 2.22(a) can also be obtained by 
combining the fields of 

1. an electric source J radiating in a medium with intrinsic impedance 71 = (µ}E) 112 

in the presence of an infinite. planar, very thin, perfect electric conductor Sa, 
which produces at P the fields E,., H,, I Figure I 2.22(b) I 

2. a magnetic source M radiating in a medium with intrinsic impedance T/d = 
(e/µ) 1

1'1 in the presence of a flat. very thin. perfect electric conductor S". which 
produces at P the fields Ed, Hd [Figure I 2.22(d)] 

That is, 

Eo = E,. + H,, 
H0 = H .. - E,1 

( l2-66b) 

The duaJ of Figure l 2.22(d) is more easily realized in practice than that of Figure 
12.22(c). 

To obtain Figure 12.22(d) from Figure 12.22(c), J is replaced by M. E,,, by 11,i, 
H"' by - E,1, e by µ. and µ by e. This is a form of duality so often used in electro- · 
magnetics (see Section 3. 7, Table 3.2). The electric screen with the opening in Figure 
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.:un<luctc,r 
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(c) 

8 ,,, 
(d) 
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p 
• Ee,. Hu. l'/ = lµ/fl 112 

l' 
• E,. 11,., l'/ '"' (µ/ €)

111 

p Il l 
• E,., , H,,,.11 '"' (/,(/~ ! 

,, 
• Ed , tl0 , f/cJ = (~/ µ )112 

Figure 12.22 EleclTic source in an unbounded medium and Babinet"s principle equivalent:.. 

12.22(b) and the eieclric conductor of Figure I 2.22(d} are also dual. They are usually 
referred to as complementa,~v stmctures, because when combined they form a single 
solid screen with no overlaps. A proof of Babinet's principle am! ili. exlension can be 
found in the literature rs]. 

Usi ng Booker's extension i L cm, be shown I 13 j. 1141 by referring Lo Figure 12.23, 
that if a screen and its complement are immersed in a medium with an intrinsic 
impedun<.:e r, ~mu have terminal impedances of Z., and Zr, re!-pectively, the impedances 
llre rclarcd by 

~ 
~ 

( 12-67) 
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Pcrfccl clc.:t ric 
conduclor 

Transm,ssion--==z====5' 
recd line 

(a) Screen with op,rning 

Tn1n~mlssion 
feed line Perfect 

electric 
conductor 

(bl Complementary dipole 

Figure 12.23 Opening on a saeen nud its Cl)mplementary dipole. 

To obtain the impedance Zc of the complement (dipole) in a practical arrangement, a 
gap must be introduced to represent the feed points. 1n addhion, the far-zone Melds 
radiated by the opening on the screen (£11., E,1,,., H 05, H rJ,i) are related to the far-zone 
fi elds ()f the complement (Enc, Edx·• H 9<·• H ,t,,·) by 

H11., = ( 12-68) 

lnlinite, flat. very tltin conductors are nor realizahle in practice but can be closely 
approximated. IT a slot is cut into a plane coo<luctor lhal is large compared Lo the 
waveleogth nnd chc dimensiom ol' the slot, the behavior predicted hy Babinet'!. prin­
ciple can be realized to a high degree. The impedance properties of the slot may nm 
be affected as much by the finite dimensions of the plane as would be its pattern. The 
s lot of Figure I 2.23(a) will also radiate on botb sides of the screen. Unidirectional 
radiation can be obtained by placing a backing (box or c.:avity) behind the slot. forming 
a so-called cavity-backed slot whose radiation properties (impedance and pattern) arc 
determined by the dimensions of Lhe cavily. 

To demonstrate the application of Babinct' s principle. an example is considered. 

Example L2.6 

A very thin half-wavelength ~lot is CUL on an infinite, planar. very thin, perl'ecLly 
conducring electric screen as shown in Figure I 2.24(a). find ils input impedance. 
Assume it is radiating into free-space. 

SOLUTION 

From Babinct's principle and its extension we know that a very lhio haU'-wavelength 
dipole, shown in Figure 12.24(b). is the complementary structure to the slot. From 
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conductor 
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T 
conductor 

L-:;~=======Transm1ss1on 

I D "''""' 

(bl 'A/ '!. na, thin dipole /W - 0) 

Figure 12.24 Half-wavelength Lhin slot on an electric screen and its complement. 

Chapter 4, the cerminal (input) impedance of the dipole is Zc = 73 + j42.5. Thus 
the terminal (input) impedance of Lhe sloL. using (12-67), is given by 

TJ/ (376.7)2 35.475.72 
z, = 42,. = 4(73 + j42.5) """ 73 + j42.5 

z$ = 362.95 - j2t l.31 

The slot of Figw·e l 2.24(a) can be made to resonate by choosing the dimensions 
of its complement (dipole) so that it is also resonant The pattern of the slot is identical 
in shape to that of the dipole except that the E- and ff-fields are interchanged. When 
a vertical slot is mounted on a vertical screen, as shown in Figure 12.25(a), its electric 
field is horizontally polarized while that of the dipole is vertically polarized [Fig. 
12.25(b)]. Changing the angular orientation of the slot or screen wiU change the 
polarization. 

Tbe slot antenna. as a cavity-backed design, has been ulilized in a variety of law 
enforcement applications. Its main advantage is that it can be fabricated and concealed 
within metallic objects, and with a small transmitter it can provide covert communi­
cations. There are various methods of feeding a slot antenna [ 15 J. For proper operation, 
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\' 

' . 
Ht 

E ./ 

= 

(u) 'A/?. sto1 on a sn~~n 

I bl "/,./l n.1 1 d.ipule 

H 
♦ 
I E 

Figure 12.25 Radial.ion lich.L~ ol' a A/2 sltn on a screen and ol' a A/2 flat dipole. (SOURCE: 

J. D. Kraus. A11ten,u,1s. McGraw-HUI, New York, 1988. Chapter 13) 

the cavity depth musl be equHI l t) otkl multiples or A/ 4. where Ax is lhe guicte 
wavelength. 

12.9 FOURIER TRANSFORM S IN APERTURE 
ANTENNA THEORY 

Previously lhc spatial domain analysis of apertw·e antennas was inlroum:ed. and il 
was applied to reclangular and circular apertures radiati ng in an infi nite, homogeneous. 
lossless medium. The analysi~ of aperture antennas mounted on in finite ground planes, 
covered with lossless und/or lossy dieleccric m~dia, becomes roo complex when it is 
attempted in tbe spatial domain. Considerable simplification can result with the utility 
or the frequency (specLra/) domain. 
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12.9 Fourier Transforms in Aperture Antenna Theory 621 

12.9.1 Fourier Transforms-Spectral Domain 

From Fourier series analysis, any periodic function f(x) with a period T can be 
represented by a Fourier series of cosine and sine tenns. If the functionf(.\·) is aperiodic 
and exists only in the interval of O < x < T. a Fourier series can be formed by 
constructing. in a number of ways. a periodic function. The Fourier series for the 
constructed periodic function represents the actual aperiodic function f(x) only in the 
interval O < x < T. Outside this space. the aperiodic function /(x) is zero and the 
series representation is not needed. A Fourier series for /(x) converges to the values 
of /(x) at each point of continuity and to the midpoint of its values at each disconti­
nuity. 

In addition. J(x) can also be represented as a superposition of discrete complex 
exponentials of the form 

+oc 

f (x) = L c ,,e -112,, .,,,n, (12-69) 

I LT ·1? _,,,. c,, = - f(x)e + 1 ~n,,,, L\d-c 
T o 

( 12-69a) 

or of continuous complex exponentials of the fonn 

I J+et: 
f(x) = - ~(w)e-J.-uu dw 

2'7T -'Y. 

-'.Xl<w<+x (12-70a) 

whose inverse is given by 

J
+x 

:¥( w) = _ 'Xe f(x)e +;wx d.x -oc<x<+oc ( 12-?0b) 

The integral operation in ( 12-70a) is referred to as the direct tramforma1i011 and that 
of ( 12-70h) as the inverse tran.~fonnatimr and hoth fonn a tra11sfom1 pair. 

Another useful identity is Parseval's theorem, which for the transform pair. can 
be written as 

J
+~ J J+x 

f(x)g* (x) ,l.x = - ~(w) C§* (w) dw 
- :x; 21T _,,, 

(12-71) 

where * indicates complex conjugate. 
From the definitions of ( I 2-70a), ( I 2-70b) and (I 2-71 ), the Fourier transforms 

can be expanded to two dimensions and can be written as 

I J + x I + •:.c , 

f (X,") = - (!]i-(w • w,)e_.,,,.,,.r+-w,_\') dw dw, . .. . , 4' 1._ I -1r- -~ - X; 

( 12-72a) 

I
+ ,,. I+"-' 

~( w, .~) = - "' - "' .f(x, _v)e + j(w,., ... "'"Yl d:r dy (12-72b) 

(12-72c) 

= 4~2 J:: J:: ~(w,. w2) ~* (w1, WJ) dw1 d~ 

The process can be continued to n dimensions. 
The definitions, theorems, and principles introduced will be utilized in the sections 

that follow to analyze the radiation characteristics of aperture antennas mounted on 
infinite ground planes. 
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Figure 12.26 Rectangulnr apertures mounted nn infin11c ground planes. 

12.9.2 Radiated Fields 

To apply Fourier transforms (speural 1ech11ique:r) to the analysic; of apcrLUrc anrennas. 
let us c.:onsidcr a rec.:langulm· aperture of dimem,ions a and b mounted on an infinite 
ground plane, as shown in Figure 12.26. In the source-free region (:: > 0), the field 
IJ:(.r, y. z) or a monochromatic wave radiated by the apeliltre can be writ1en as a 
superposition of plane wavei, (all or lhe same fre4ueocy. different amplitudes. and 
traveling in different directions) of lhe fom1 f(k,.. krk - Jk·r [161. [ 17l Tht: (unction 
f(k.n ky) is the vector amplitude of the wave. and k., and k,. are the spectrnl frequencie~ 
which extend over tbe entire frequency spectrum ( - :XJ :::; k.\• ky < w). Thus the liel<l 
E(x. y, z) can be written as 

I J fT f tT 
E(x. y. ::) = --, f'(k,. kv>e -Jk·r dk_,. dk ,. 

47r- "" - "'-' 
{12-73) 

according to t he definition or ( l 2-72a). The object of a plane w.1ve expansion is to 
determine tbe unknown amplitudes f'(k_.., A,.) and tbe direction of propagation or the 
plane waves. Since 

( 12-74) 

and the propagation factor k (often referrtd to m, the 11ec1or wavenumber) can be 
defi ned as 

( 12-75) 

( 12-7J) can be written as 

( 12-76) 

The part of the integrand within Lhe brackets can be regarded as the transform of 
E(x. y. ;:). This al\owi, us to write lhe transfonn pair as 

( 12-77a) 
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(12-77b) 

where 

(l2-77c) 

In principle Lhen, according to ( I 2-77a) and ( 12-77b) the fields radiated by an 
aperture E(x. y. z) can he found provided its transform '#;(k_., k, .. z) is known. To this 
point the transfonn f1eld ~(k_,., kv, z> can only be found provided the actual field 
E(x. y. ~) is known a priori. In other words. the answer must be known beforehand! 
However, as it will be seen from what follows, if the transform field at z = 0 

(12-78) 

is formed, it will be sufficient to determine E(x, y, z). To form the transform "£(k.., k,., 
=: = 0) = f(k_,, kJ, it will be necessary and sufficient to know only the tangential 
components of the E-field at z = 0. For the problem of Figure I 2.26(a), the tangential 
components of the E-field at z = 0 exist only over the bounds of the aperture (they 
vanish outside it because of the presence of the infinite ground plane). 

(n general 

flk.n k1.) = a.J.:.(k.n kv) + aJy(k,, k_J + a:.f:(k_" ky) 

which can also be written as 

f(k:r, k~.) = f,(k .•. k_1.) + aJ-Jkx, k1.) 

( 12-79) 

( I 2-79a) 

(12-79b) 

For aperture antennas positioned along the .9•-plane, the only components of 
f(k_,. ky) that need to be found areJ:. and/~ .. As will be shown in what follows,.f: can 
be found once fr and Ji. are known. This is a further simplification of the problem. 
The functions/, and ./:. are found, using ( 12-77a) and (12-77b), provided the tangential 
components of the E~field over the aperture (E.w and El'(,) are specified. The solution 
of (I 2-77c) is valid provided the z variations of E(k.., k,,, z) are separable. In addition, 
in the source-free region the field E(x. y, z) of ( 12-77a) must satisfy the homugeneous 
vector wave equation. These allow us to relate the propagation constant k~ to k.\• k" 
and k = (w\fµE), by • 

12 = k2 - U?. + k~) . . ' 

or 

k = { + [/2 - (k; + k;:)J 112 when k
2 

:;;:-: ~ + k_~ 
: - j[(K, + ~) - k21"2 when k1 < k; + k~ 

(12-80) 

( 12-80a) 

( 12-80b) 

This is leti as an exercise to the reader. The form of k~ as given by ( 12-80a) conlrihutcs 
to the propagating waves (radiation field) of (12-76) and (12-77a) whereas that of 
( 12-80b) contributes to the evanescent waves. Since the field in the far-zone of the 
antenna is of the radiation type, its contribution comes from the part of the k_,. k,. 
spectrum which satisfies ( I 2-80a). The values of k" and k\. in (12-80)-(12-S0b) are 
analogous to the eigenvalues for the fields inside a rectangular waveguide [ 12]. In 
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addition, I<., is analogous to the propagation constant for waveguides which is used to 
define cutoff. 

To find the relation between f:. and f,., J;., we proceed as follows. In the source­
free region (z > 0) the field E(x, _v, z), in addition to satisfying the vector wave 
equation, must also be solenoidal so that 

V • E(x, y, z) = V • -.., f(kx, kv)e~jk-r dk.l dk,. = 0 (12-81) { 
I J +"" J+"' } 

41r~ _.,._ -QC • • 

Interchanging differentiation with integration and using the vector identity 

V • (aA) = aV • A + A· VQ 

reduces (12-81) to 

since V • f(kx, ky) = 0. Equation ( 12-83) is satisfied provided that 

f · ve-ik-r = -jf • ke·/k•r = 0 

or 

f • k = (f, + a .. /) • k = 0 

or 

f: = (f~k.l' + l,k).) 

k: 

From (l2-84b) it is evident thatf: can be fonned once ft andJ:. are known. 

( 12-82) 

( 12-83) 

(12-84) 

( l2-84a) 

O2-84b) 

All three components off if.t.f,, andf:.) can be found. using (l 2-77b) and (12-78). 
provided the two components of E (Ex, £ 1.) al z = 0, whi.ch is the plane of the aperture 
and ground plane of Figure I 2.26(a), are known. Because E.f and E1. along the z = 0 
plane are zero outside the bounds of the aperture <!xi > a/2, I.vi > b/2), ( l 2-77b) and 
( 12-78) reduce for f~ and h· lo 

( 12-85b) 

where primes indicate source points. E.-a,(x', y', z' = 0) and Ew.(x', y', z' = 0). which 
represent the tangential components of the electric field over the aperture. are the only 
fields that need to be known. Once J: and J;. are found by using (l2-85a) and 
(12-85b),f:. and ~(kx, ky, z) can be fonned using (12-84a) and (12-77c). respectively~ 
Thus, the solution for E(x, y, z) for the aperture in Figure 12.26(a) is given by 

E(x. v, z) = -
1-{J r k1 + k;S ~. ~(k.l' "'" z)e·jlk,r+k,.Y) dkx dk,. 

• 4-n-2 J 1c, = 1P - c~ H ;11 111 
• 

(Eqkation c·muin11tw "" rnp of page 625;~ 
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(12-86) 

( t 2-86a) 

wheref, and/1 are given by (12-85a) and (12-85b). 
In summary. the field radiated by the aperture of Figure 12.26(a) can be found 

by the following procedure: 

1. Specify the tangential components of the E-tield (E__,, and £"") over the bounds 
of the aperture. 

2. Fi.J1df. andJ;. using (12-85a) and (12-85b). respectively. 
3. Find}; using ( 12-85b). 
4. Find 'tl,(kx, k.v, z) using ( I 2-86a). 
S. Formulate E(x. _v. i) uY-ing (12-86). 

This completes the solution for E(x. y, z). However, as is evident from ( 12-86), 
the integration is quite difficult even for the simplest of problems. However, if the 
observations are restricted in the far-field region, many simplifications in perfonning 
the integrations can result. This was apparent in Chapters 4. 5 and in others. In many 
practical problems, the far-zone is usually the region of greatest importance. Since it 
is also known that for all antennas the fields in the far-zone are primarily of the 
radiated type (propagating waves). then only the first integral in ( 12-86) contributes 
in that region. 

In the next section. our attention is directed toward the evaluation of ( I 2-86a) or 
(12-73) in the for-zone region (large values of kr). This is accomplished hy evaluating 
( 12-73) asymptotically for large values of kr by the method of Starimtw)' Phase [ 18], 
[ I 9). 

To complete the fonnulation of the radiated fields in all regions, let us outline the 
procedure to find Ht'<. y. ::.). From Maxwell's equations 

I 
H(x. y. ::) = --. - V x E(x. y, z) 

J ~µ. [ 1 J + ... J + :x: • ] 
= - -. - V X --, f(k.n k,1)e -Jk•r tlk_t dk,. 

JWµ. 41r► "" _ ,,, • • 

Interchanging integration with differentiation and using the vector identity 

V x (aA) = a V x A + (Va) x A 

reduces ( 12-87) to 

I 1+7.,J+" H(x. y. z) = - ., (f X k)e-Jk·rdk,, dk\' 
41r· kr, - "' ·· "' 

since V x f(k~, k.;) = 0 and V(e-ik·r) = -jke Jk•r from (12-84). 

12.9.J Asymptotic Evaluation of Radiated Field 

( 12-87) 

(12-88) 

( 12-89) 

The main objective in this section is the evaluation of ( 12-73) or (I 2-86a) for obser­
vations ma.de in the far-field. For most practical antennas, the field distribution on the 

INTEL-1045 
U.S. Patent 7,151,430



626 Chapter 12 Aperture Antennas 

aperture is such that an exact evaluation of ( 12-73) in closed fonn is not possible. 
However, if the observations are restricted to the far-tield region (large k.r), the integral 
evaluation becomes less complex. This was apparent in Chapters 4, 5, and others. 
The integral of ( 12-73) will be evaluated asymptotically for large values of kr using 
the method of Statimzw:v Phww (Appendix VIII) [18J. [19]. 

The stationary phase method assumes that the main contribution to the integral 
of ( 12-73) comes from values of kx and k._\· where k • r does not change for first order 
changes in kx and k1 .• That is to say k • r remains stationary al those points. For the 
other values of k.r and k\ .. k • r changes very rapidly and the function e-Jk•r oscillates 
very rapidly between the values of + I and - I. Assuming that f(k 0 ky) is a slowly 
varying function of kx and k~·• the integrand of ( 12-73) oscillates very rapidly outside 
the stationary points so that the contrihution to the integral from that region is negli­
gible. As the observation point approaches infinity. the contrihutions to the integral 
from the region outside the stationary points is zero. For practical applications. the 
observation point cannot be at infinity. However. it will be assumed to be far enough 
such tliat tlie major contributions come from the stationary points. 

The first task in the asymptotic evaluation of () 2-73) is to find the stationary 
points of k • r. For that k • r is written as 

k • r = (a.~k.~ + a_l'k1• + i:kJ • a,r 

Using the inverse transformation of (4-5), (12-90) can be written as 

k • r = r(kx sin (} cos cf, + k_,. sin (J sin cf, + k~ cos 9) 

which reduces. using ( I 2-80a) to 

k • r = r[k.l, sin fJ cos <I> + ky sin fJ sin cf, + "Vk2 
- k; - k; cos 0] 

The stationary points can be found by 

iJ(k • r) 
'k • = 0 
ii ·.t 

rl(k • r) = O 
iJky 

Using (12-92) and ( 12-80), (I 2-93a) and (I 2-93b) reduce to 

iJ(k • r) ( . kr ) . = r sm 0 cos <I> - ~ cos 0 = 0 
iJk, k~ 

iJ(k • r) ( . . k\. ) 
. k = r sm 0 sm <I> - ----- cos fJ = O 
iJ i · k_ 

' . 
whose solutions are given, respectively, by 

sin 0 cos </> 
kx = k. ---~ 

• cos (J 

kv = k. sin O sin </.> 

• - cos 0 

Using ( 12-95a) and ( I 2-95b), (12-80) can be written as 

,.2 = k.1 k2 k2 = ,.2 ( I sin2 0) K. Z + X + \" K.: + -, • cos- 0 

( 12-90) 

(12-91) 

(12-92) 

(12-93a) 

( 12-93b) 

(12-94a) 

(12-94b) 

(12-95a), 

< 12-95b} 

(12-96) 
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which reduces for k: to 

k~ = k cos 6 ( 12-97) 

With the aid of ( 12-97). the stationary point of (I 2-95a) and ( I 2-95b) simplify to 

k.,· = k sin (J cos <I> = k1 ( 12-98a) 

k-' = k sin 8 sin cf, = k2 ( 12-98b) 

The function k • r can be expanded into a Taylor series, about the stationary point 
k1, k2, and it can be approximated by the zero, first, and second order tem1s. Thal is. 

r1(k • r) . il(k • r) 
k. r = k. r I<,)., + dk_, k1,k1 Ck,,. - k1) + ak,. k,.k, (k\l - k2) 

IA2(k•r) ,, l<i(k•r) 
+ :, . e (k, - k1t + - , (k_,, - k2f· 

... r} ; k1.k! 2 c1k"y k,.I<, 

,i2ck • r) 
+ -- (k., - k1)(k" - k2) 

c?k,iJk)' k1,~·: ' 
( 12-99) 

Since the second and third terms vanish at the stationary point k, = k1 and k,. = k2, 

(12-99) can be expressed as • 

where 

k·r=k·r 

A= 
I a2(k • r) 

2 ,1k1 
X 

B= I ,12(k • r) 

2 nk~ 

c1 2
(k • r) 

C= 
iJk/Jk.l. kt,f<,2 

{; = (k,.. - k1) 

71 = (ky - k2) 

Using (I 2-97)-(l 2-98b). (12-90) reduces to 

k·r = kr 

(12-100) 

( \2-lOOa) 

(12-I00b) 

(12- IO0c) 

( 12-I00d) 

(12-IO0e) 

(12-101) 

Similarly, with the aid of ( 12-92). A, B, and C can be written, after a few manipula­
tions, as 

sin2 8 cos2 c/,) 
+ , 

cos- 6 
(l2-102a) 

sin2 8 sin2 cb) + , ' 
cos- (J 

< 12-102b) 

• ,, £l r sm~ v . = - --2 - cos <I> sm <I> 
i!kxilk_,. k,.k: k cos fJ 

(12-102c) 
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Thus ( 12-73) can be approximated around the stationary point k.\ = k1 and kv = k2, 

which contributes mosrly to the integral. by 

E(x,y,z)=
4

1 Jff. f(k,. = k1,k
1
• = k2)e-J<kr-A(-1J11"-cf,,>d{d17 (12-I03) 

1T s, .1 

or 

where S1•2 is the surface near the stationary point. 
The integral of ( 12-103a) can be evaluated with the method of Stationary Phase. 

That is. (see Appendix VIII) 

+ I if 4AB > C2 and A > 0 
8 = - I if 4AB > C 2 and A< 0 

-j if 4AB < C 2 

With the aid of (l 2-102a)-(l 2- I 02c), the factor 4AB - C2 is 

4AB - C2 = ( r )
2 

k cos H 

Since 4AB > C:! and A > 0, (12-103) reduces to 

ff . ei<Ae+nr/+C(T/1 <I{ dT/ = j27T k cos ,., 
.~,.~ ,. 

and ( 12-103a) to 

(12-104) 

(I 2-104a) 

(12-105) 

(12-106) 

ke-ikr 
E(r, 0, cp) = j-

2
- !cos H f(k 1 = k sin O cos cp. k2 = k sin O sin c/J)I (12-107) 
1TI' 

In the far-field region, only the O and cp components of the electric and magnetic 
fields are dominant. Therefore, the E" and E"' components uf ( 12-107) can be written 
in tenns of 1.: and ,t; .. With the aid of ( I 2-84b), r can be expressed as 

f "'/' "J' "J' ["' t' + "f' - .. iftk, + 1_;.k,.)] 12 1(8 = a_, A + a_ . -" + a: = = a_t, x a_,: _,, a~ k= ( - ) ) 

At the stationary point (k, = k1 = k sin 0 cos cf,. ky = k2 = k sin O sin cf,, 
k~ == k cos 8), (12-108) reduces t<1 

r ,. [ A r ,. r ,. sin O f, .. ,. f, • ,,. ] 1(k1, K2) = a _,Jx + a,i/\• - a:--( .r cos 'P + \' sm 'I') . . cos f] • (12-109) 

Using the inverse transformation of (4-5). the 8 and cp components off can be written 
as 

, J.~ cos cf, + f v sin cp 
111 = ' 

cos I) 
( 12-1 IOa) 
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124'> = -.ft sin <P + .(-. cos cf, I (12-1 IOb) 

The E-fiekl of ( 12-107) reduces. for the fJ and <P components, to 

E(r. 0, <P) = l:-jkrfi(IU:r cos <P + Ii sin</,)+ a<f; cos 8(-f~ sin cf,+ .1;. cos</,)] 
~wr • • 

and the H-field to 

H(r, 8, </,) = J [A, x E(r, 8. </,)j 

where from ( I 2-85a) and ( I 2-85b) 

= 0) eik(:a:' sin I/cos</,+,.• sinl/~in,,6) dx' ,~v' 

( 12-11 I) 

(12-112) 

( 12-1 I 3a) 

(l2-113b) 

To illustrate the frequency domain (spectml) techniques, the problem of a unifonn 
illuminated aperture. which was previously analyzed in Section I 2.5.1 using spatial 
methods, will be solved again using transfonn methods. 

Example 12.7 

A rectangular ape11ure of dimensions a and b is mounted on an infinite ground plane, 
as shown in Figure I 2.26(a), Find the field radiated by it assuming that over the 
opening the electric field is given by 

-a/2 s :c' s a/2 
-b/2 s y' < b/2 E., = a_..£0, 

where E0 is a constant. 

SOLUTION 

From {12-113a) and (12-l 13b) 

f, = 0 
r = E l -,.. bl]. elk.~' sin tlsin </J dv' J + 

1112 
eikx' ~in IJcos ,;/> dx' 

• •
1 

() - 11/2 • - 11/Z 

which, when integrated. reduces to 

f,, = ahEo(si:X)(si~ Y) 
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X = ~ sin (J cos c/> 

kb • • "· Y = 2 sm (J sm ,y 

The (J and c/> components of ( 12-111 ) can be wrinen as 

E, = /bk::..-J" { sin~ [ si: X] [ si~ Y] } 

E, = /bk::,-1'• { cos 9 cos~ [ •~ X ][ si~ y]} 
which are identical to those of (12-23b) and ( 12-23c), respectively. 

12.9.4 Dielectric Covered Apertures 

The transform (spectral) technique can easily be extended to determine the field 
radiated by dielectric-covered apertures [20], (21]. For the sake of brevity. the details 
will not be included here. However, it can be shown that for a single lossless dielectric 
sheet cover of thickness h, dielectric constant E,.. unity relative permeability, and free­
space phase constant k0, the far-zone radiated field E11, E"' of the covered aperture of 
Figure 12.26(h) are related to Ei, E!}, of the uncovered aperture of Figure 12.26(a) 
by 

Eir, 0, c/>) = f((J) E~(r, 0, <b) (12-l 14a): 

I E,t,(r, 0, <J,) = g(8) E~(r. 0, c/,) I (12-114b) 

where 

E(}, E4, = field components of dielectric covered aperture [Fig. 12.26(b)] 

E~. E~ = field components of uncovered aperture (Fig. 12.26(a) / 

e jk,,, /1 cos (I 

/(0) = . . 
cos ,J, + JZ,, SID 1/J 

e jJc.i Ir co~ (I 

g(~ = . . 
• cos iJ, + JZ,. sm iJ, 

cos 0 z = --;====;;:= 
e y Er - sin2 (J 

(12-l 14c): 

(12-114d)' 

(l2-l 14e):: 

(I 2-ll4f), 
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z,, = 
ye,. - sin2 0 

E,. COS fJ 
(12-l 14g) 

The above relations do not include surface wave contributions which can be taken 
into account but are beyond the scope of this section [20]. 

To investigate the effect of the dielectric sheet, far-zone principal E- and H-plane 
patterns were computed for a rectangular waveguide shown in Figure 12.26(b). The 
waveguide was covered with a single dielectric sheet, was operating in the dominant 
TE111 mode. and was mounted on an infinite ground plane. The £- and H-plane pactems 
are shown in Figure l 2.27(a) and 12.27(b ). respectively. In the £-plane patterns. it is 
evident chat the surface impedance of the modified ground plane forces the nonnal 
electric field component to vanish along the surface (0 = 1r/2). This is similar to the 
effects experienced by the patterns of the vertical dipole above ground shuwn in 
Figure 4.28. Since the H-plane patterns have vanishing characteristics when the ap­
erture is radiating in free-space. the presence of the dielectric sheet has a very small 
overall effect. This is similar to the effects experienced by the patterns of a horizontal 
dipole above ground shown in Figure 4.30. However, both the£- and ff-plane patterns 
become more broad near the surface, and more narrow elsewhere. as the thickness 
increases. 

12.9.5 Aperture Admittance 

Another parameter of interest, especially when the antenna is used as a diagnostic 
tool. is its terminating impedance or admittance. In this section, using Fourier trans­
form (spectral) techniques, the admittance of an aperture antenna mounted on an 
infinite ground plane and radiating inco free-space will be fommlated. Computations 
will be presented for a parallel-plate waveguide. The techniques can best be presented 
by considering u specific antenna configuration and field distribution. Similar steps 
can be used for any other geometry and field distribution. 

The geometrical arrangement of the aperture antenna under consideration is shown 
in Figure I 2.26(a). It consists of a rectangular waveguide mounted on an infinite 
ground plane. le is assumed that the field distribution, above curoff. is that given by 
the TE10 mode, or 

-a/2 =:; x' s a/2 

-h/2 ~ y' s b/2 

where £0 is a constant. The aperture admittance is defined a'i 

2P* 
Yn = IVl:i 

where 

P* = conjugacc of complex power transmitted by the aperture 

V = aperture reference voltage. 

The complex power transmitted by the aperture can be written as 

(12-115) 

(12-116) 

p = 1 L" I [E(x'. y'' z' = 0) X H*(x'. )'1
• 'i,

1 = 0)) • a~ dx' dy' ( 12-117) 

INTEL-1045 
U.S. Patent 7,151,430



632 Chapter 12 Aperture Antennas 

9(1" 1_i _ __J__:_:::=~=~ ... -~11::;...---i:e::::.;--d.!!.=.:..:..__L__L...J90° 

l:'-plunc 
c,=2.1 
h=0.42Ao 

-- Free-space 
--- h-=0.125.t.o 
-·- /r=0.250.t. 0 
••••••••• Ir = o.sooAu 

(a) E-plune 

8 ___.._8 
I 

O" 

90° L_ _ _J_ __ ....,L _ ___:~-......;:,ii~-=-----L-- - .1_- _j()()C 

/I-plane 
E', = 2.1 
"=0.Y45A 0 

-- Frcc-~pace 
--- Ir =0.125.t. 0 

- • - Ir= 0.2~0Ao 
......... Ir= 0.500.t.f) 

(bl H-planc 

Figure 12.27 Amplitude radiation pancrns of a dielectric covered waveguide mounted on 
an infinite ground plane and wieh a TE10 mode aperture field distribution. 

where S11 is the aperture of the antenna. E(x', y', z' = 0) and H(x', y', z' = 0) 
represent the total electric and magnetic fields at the aperture including those of the 
modes which operate below cutoff and contribute to the imaginary power. For the 
field distribution given by (12-115), (12-117) reduces to 

P - _! f f [E ( ' ' ,,, - O)H*( ' ' _, = 0)] dx' d ,, - ,, X • Y , .. - .r X • Y • ~ ) 
2 s" • 

(12-1 l7a) 

The amplitude coefficients of all modes that can exist within the waveguidet 
propagating and nonpropagating, can be evaluated provided the total tangential K­
and/or ff-field al any point within the waveguide is known. Assuming that (12-115) 
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represents the total tangential E-field. it allows the determination of all mode coeffi­
cients. Even though this can be accomplished. the formulation of ( 12- I I 7a) in the 
spatial domain becomes rather complex [22]. 

An alternate and simpler method in the formulation of the aperture admittance is 
lo use Fourier transforms. By Parseval's theorem of ( 12-72c), (12-l 17a) can be written 
as 

'f+"'f+oc P = - - E (x' v' z' = 0) H*( t' }'' z' = 0) dx' dy' 2 - ".Y.· - m )' t •· t X • , • ' 

I J+"' f +"' = - S1r2 _ oc- _,., 'i,,.(k..:, k_v) ';1( !(k..1:, k,,) dk..: d~. ( 12-118) 

where the limits of the first integral have been extended to infinity since 
Ev(x'. y'. z' = 0) vanishes outside the physical bounds of the aperture. %v(kx, k,.) and 
'HAk.r, kv) are the Fourier transforms of the aperture £- and ff-fields, respectively. 

The· Lransform ~(k.0 k_n z = 0) is obtained from (12-78) while 'R(k., k,,, z = 0) 
can be written, by referring to ( 12-89). as 

For the problem at hand, the transforms 'f: 1. and ;'I(. 1 are given by 

%_vCkx, ky) = f,.(k.n k_r) 

~"W I ( ~) 1 (k
2 

- k;) ;h.Ak,. ky) = - kr, k: + k~ J;. = - kT/ ki J;, 

Using ( I 2-77b) and (12-115), (12-120) reduces to 

where 

fy(kx, ky) = Eo COS 1TX1 e1<1t., x· H _, •. ,•'l dx' dy' 
J

+b/2 J+ti/2 ( ) 

-1>a -"12 a 

k k = (1rab) E [ cos X ] [sin Y] 
fv( .n y) 2 0 ( 7T/2)2 _ (X)l y 

X = k_,a 
2 

kyb 
Y=-

2 

Substituting (12-120)-(12-122b) into (12-118) leads to 

(12-119) 

(12-120) 

(12-121) 

(12-122) 

(12-\22a) 

( 12-l 22b) 

p = (1rab~0>
2

J +"' f + oc {(k
2 

- k~) [ c~s X _ ]
2

[sin Y]
2

} dk" dk , 
321r-k71 - -.c _ ,,, k! ( 1r/2J- - (X)2 Y > 

If the reference aperture voltage is given by 

ab 
V=-£0 y'2 

the aperture admittance can be written as 

(12-123) 

( 12-124) 
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luvi,iblt 
region 

tnvisible 
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-----1----k;,; 
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rcgin11 

lnv18{bJe 
rcJion 

Figure 12.28 Vbible and invisible regions ink-space. 

(
k a) 2 

cos ; 
dk~ dky X 

(;f (\af 

( 12-125) 

where~ u, given by ( I 2-80a) and ( I 2-80h). As stated before. the values of k: as given 
by (]2-80al contribute to the ratliatetl (real) power and those of ( l2-80b) contribute 
to the reactive (imaginary) power. Referring to Figure 12.28. values of k.c anti k,. within 
the circle contribute to the aperture conductance. and the space is referred to as the 
visible region. Values of k, and k_, outside the ci rcle contribute to the aperture suscep­
tance and constitute the i11vi.~ible region. Thus ( 12- 125) can be separated into i ts real 
and imaginary parts, and it can be written uii 

{12-126) 

X 
(
k a) cos ; 

2 
( 12- l26a) 
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. (kj,) 2 sm-
iA • 2 { J '"' (~ - '2) 

Jo k>b ~ [(k; + ~) - l?J"2 

2 
2 

(;f -(k:r 
. (k,b) 

2 

inn -·-
• 2 { ("' (k2 - /?) 

kvh Jo [(/(; + xi{;.) - J?Jl/2 

2 

(
ka) cos -t 2 

dk1, 

(12-126b) 

The first tenn in ( 12- I 26b) takes into account the contributions from the strip outside 
the circle for which kv < k, and the second term includes the remaining space outside 
the circle. • 

The numerical evaluation of ( I 2-l 26a) and ( 12- I 26b) is complex and will not be 
attempted here. Computations for the admittance of rectangular apertures radiating 
into lossless and lossy half-spaces have been carried out and appear in the literature 
[23)-[27]. Various ingenious techniques have been used to evaluate these integrals. 

Because of the complicated nature of ( I 2- I 26a) and ( I 2-l 26b) to obtain numerical 
data, a simpler configuration wilt be considered as an example. 

Example 12.8 

A parallel plate waveguide is mounted on an infinite ground plane, as shown in Figure 
12.29. Assuming the total electric field at the aperture is given by 

- b/2 s y' s b/2 

where £0 is a constant. find the aperture admittance assuming the aperture voltage is 
given by V = bE0. 

SOLUTION 

This problem bears a very close similarity to that of Figure 12.26(a). and most of the 
results of this example can be obtained .tlmost directly from the previous formulation. 
Since the problem is two-dimensional, ( 12-120)-( 12-122) reduce to 
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Figure 12.29 Parallel plate waveguide geometry and aperture field distribution. 

and (12-123) to 

Since the aperture voltage is given by V = b£0 • the aperture slot admittance (per unit 
length along the x direction) of (12-125) can be written as 

and the aperture slot conductance and susceptance of ( I 2- l 26a) and ( I 2- I 26b) as 
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k { I. k I B,, = -- ,, , 
27TTJ -7, y'~ - k-

k l"'· B - - ----,=== 
" - 1TTJ k y'~ _ k2 

b 
w = -k 2 .\' 

2 

ki, 
2 

the expressions for the slot conductance and susceptance reduce to 

2 lkl,,? I ( • )1 ~ sm w 
G = - --;I""-~-== -- dw 

" r,A o Y(kb/2)1. - w.! w 

l:,. ( )" 2 I sin w -
B,, = - ,, , -- dw 

r,A kb/2 y' w~ - (kb/2)~ w 

The admittance will always be capacitive since B., is positive. 
The expressions for the slot conductance and susceptance (per unit length along 

the x direction) reduce for small values of kh to [5] 

and for large values of kh to 

/, I 
- <­
A 10 
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b 
-> 
,\ 

Normalized values of AG11 and AB11 as a function of b/A for an aperture radiating into. 
free space are shown plotted in Figure 12.30. 

10 ..---...--.-----.----"T----,.-----.------.---r-----r----. 

8 

2 

\ 
\ 

\ 
\ 
\ 
\ 

' ' ' ' 

-).G,, 
---).,B,, 

' ' ' ',, ... 
....... ...... ---0 '----''------'---'------'------1-----'----'-----'---=~ 

0 0.2 0.4 0,6 O.ll 1.0 

hi). 

Figure 12.30 Nonnalizcd values of conductance and susceptance of narrow slot. 

12.10 GROUND PLANE EDGE EFFECTS: THE 
GEOMETRICAL THEORY OF DIFFRACTION 

Infinite size (physically and/or electrically) ground planes are not realizable in practice, 
but they can be approximated closely by very large structures. The radiation charac­
teristics of antennas (current distribution, pattern, impedance, etc.) mounted on finite 
size ground planes can be modified considerably, especially in regions of very low 
intensity. by the effects of the edges. The ground plane edge diffractions for an 
aperture antenna are illustrated graphically in Figure 12.31. For these problems. 
rigorous solutions do not exist unless the object's surface can be described by curvi­
linear coordinates. Presently there arc two methods that can be used conveniently to 
account for the edge effects. One technique is the Momem Method (MM) 128] dis­
cussed in Chapter 8 and the other is the Geometrical Theory cf DijJ'raction (GTD) 
(29]. 

The Moment Method describes the solution in the form of an integral, and it can 
be used to handle arbitrary shapes. It mostly requires the use of a digital computer 
for numerical computations and, because of capacity limitations of computers, it is 
most computationally efficient for objects that are small electrically. Therefore, it is 
usually referred to as a Jow:f'r,•quency asymptotic method. 

When 1he dimensions of the radiating object are large compared to the wavelength; 
high~/h:>quenc.)' asymptotic teclmique!l' can be used to analyze many otherwise n()t 

mathematically tractable problems. One such technique, which has received consid-
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2d 

(a) Upper-lower 

I 
I 

(b) Lcft-riJlht 

Figure 12.31 Dillra<.:tion mechanism~ for an aperture mounted on a finite si1,e 
ground plane (diffracliorts at upper-lower and left-right edg_ei. of the ground 
plane). 

erable attention in the past few years. is the GeomeLrical Theory of Diffraction (GTD) 
which wi.lS origimtlly developed by Keller [29l The GTD is un extension of the 
cia,1,sicaJ Geometric.ti Optics <GO: direct, reflected, and refracted rays). and it over­
comes some of the limitations of GO by introducing a diffraction mechaojsm (21. 

The diffracted field. which is detem1ined by a generalization of Fermat·s principle 
[2}, l30J. is inili:.1ted a\ poinls on the :-;urface of the object where there is a discnntim1it)' 
in the incident GO field (incident and reflected shadow boundaries). The phase of the 
field on a diffracted ray is assumed Lo be equal to the product or the optical length of 
the ray (from some reference point) and Ihe phase constant of the medium. Appropriate 
phase jumps must be added as a ray passes Lhrough caustics.* The arnplilllde is 
assumed to vary in accordance with the principle of conservation of energy in a 
narrow tube of rays. The inilial value of the field on a diffracted ray is detennined 
from the incident field with the aid of an appropriate diffraction coefficient (which. 
in general, is a dyadic fo1· electromagnetic lieltls). The Lliffraction coefficieot is usually 
detemlined from the asymptotic solutions of the simplesr boundary-value problems 
which have the same local geometry at the points of diffraction a1, the objecl(s) of 
investigation. Geometries of this type ,u·e referred to as ca11011ical problems. One of 
the simplest geometries is a conducting wedge [31 ], (32]. Another is that of a con• 
dueling. :;rnooth and convex, surface [33 i- l 35 I. 

The primary objective in using Lhe GTD lo sol ve complicated geometries is to 
resolve each such problem into smaller componenLi; I8]-ll0], l35]. The partitioning 
is made so that each smaller component represents a canonical geometry of a known 
solution. These techniques have also beeo applied for Lhe modeling and analysis of 
antennas on airplanes 136], and they huve combined both wedge and smooth con-

•A ca11s1ic i~ u poin1 or a line through which all I.he rays of a wave pass. Examples of it are the focal 
poim of a paraholo1d (parabola of revolution) and rhe focal line of a parubollc cylinuer. The fidd at the 
causlic: is iitlinltc because. in principle. an infinite numbef of rays p11J1s through it. 
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Figure 12.32 Aperture geome.try in principal £ -plane (cb == 1r/2). 

/ 

7 
I 

__,,,. 

8+0 

o· 
- --,-----

90• I..----""+--....... ~ ~~-~~.;.....~~-_.,~--

d = 14.825>. 
b = 0 42}1. 

f= 35 GMz 

---- Experiment 

- - - - TI1eory (GO and GTO) 

. . . . ..... . .... Theory (GO) 

180" 

----

" I / 

~· 
\ ' 110• 

\ 
1so0 

Figure 12.33 Principal £-plane amplitude patterns of an aperture UDl<!nm, mounted on a 
linitc size ground plane. 
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Figure 12.34 Measured and computed principal elevation plane ampl itude pat-
terns of u A/4 monopole above infinite and finite square ground planes. 

ducting surface diffractions r33 I. 135 1. The ul Limate solution is a superposition of the 
contributions from each canonical problem. 

Some of the advantages of GTD are 

1. lt i!. simple to use. 

2. It can be used to solve complicaled problems that do not bave exacl solutions. 

3. ll provides physicaJ insjghl into the radiation and scattering mechanisms from the 
various parts of the structure. 

4. l t yields accurate results which compare exu·emely well wi th experimenls and 
other melhods. 

5. lt can be combined with other techniques such as the M oment Method [371. 

The derivation of the diffraction coefficients for a conducting wedge and Lheir 
application are lengthy. and wiJJ not be repeated here. AJ1 extens ive and detailed 
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Figure l2.35 Measured and cumputec.l principal clevaIion plane amplitude patterns of a A/4 
monopole (blade) above a circular ground plane. 

treaLmenl of over I 00 pages. for bl)lh antennas and scattering, can be found in [2l 
However. to demonstrate the versati l ity anti polential of the GTD. three examples are 
considered. The first is the E-plane pattern of' a rectangular aperture or ilimen~ions 
a.b mounted on a finite size ground plane. ac; shown in Figure 12.31. The GTD 
fom1Ulation along the £-plane includes the direct radiation and the field~ diffracted 
by the two edges of the ground plane. as shown in Figure 12.32. The computed E­
planc pattern along with the measured one are shown in Figure 12.33: an excellent 
agreement is indicated. 

The two other examples considered here arc the elevation pattern of a A/4 mono­
pole mounted on square and circular ground planes. The diffrnction mechanism on 
the prindpal ptanei; for these i~ the same as that of the aperture. which is shown in 
Figure 12.32. The corresponding principal elevation pl.ane pattern of the monopole 
on the square ground plane is displayed in Figure 12.34 whi le that on the circular one 
is exhibited in Figure 12.35. For each case an excellent agreement is indkated with 
the measurements. Tc should be noted 1hat tbe minor lobes near the symmetry axis 
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( 0 = 0° and 0 = 180°) for the circular ground plane of Figure 12.35 are more intense 
than the corresponding ones for the square ground plane of Figure 12.34. These effecL-, 
are due to the ring-source mdiation by the rim of the circular ground plane toward 
the symmetry axis (2], 1101. 
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PROBLEMS 
12.1 . A unifonn plane wave traveling in the + z direction. whose magnetic field is expressed 

us 

z SO X 
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impinges upon an aperture on an infinite, Aat, perfect electric conductor whose cross 
section is indicated in the figure. 
(n) Stale the equivalent that must be used to determine the field radiated by the 

aperture to the right of the conductor (z > 0). 
lb) Assuming the aperture dimension in they direction is b, detennine the far-zone 

fields for t. > 0. 
12.2. Repeat Problem 12.1 when the incident magnetic field is polarized in the x direction. 
12.3. Repeal Problem 12.1 when the incident electric field is polarized in the y direction. 
12.4. Repeat Problem 12.1 when the incident electric field is polarized in the .r direction. 
12.5. A perpendicularly polarized plane wave is obliquely inddem upon an aperture, with 

dimension a and b. on a perfectly electric conducting ground plane of infinite extent, 
as shown in the figure. Assuming the field over the aperture is given by the incident 
field (ignore diffractions from the edges of the aperture), find the far-zone spherical 
components of the fields for x > 0. 

------- - --~--►• 

t1!2 < 
.i.._ 

12.6. Repeat Problem 12.5 for a parallelly polarized plane wave (when the incident magnetic 
field is polarized in the z direction. i.e .. the incident magnetic field is perpendicular to 
the x-y plane while the incident electric field is parallel 10 the x-y plane). 

12.7. A narrow rectangular slot of size L by Wis mounted on an infinite ground plane that 
covers the x-y plane. The tangential field over the aperture is given by 

Using the equivalence principle and image theory. we can replace the aperture and 
infinite ground plane with an equivalent magnetic current radiating in free space. 
Determine the 
(a) appropriate equivalent 
(b) far-mne l-ipherica\ electric field component\; for i. > 0 
( c) direction ( 0, cpl in which the radiation intensity is maximum 

,I' 

~I J . )( 

T I. 

12.8. A rectangular aperture. of dimensions a and b. is mounted on an infinite ground plane. 
ai. shown in Figure l 2.6(a). Assuming the tangential field over the aperture is given 
by 

-a/2 s y' s a/2, -b/2 s z' s b/2 

find the far-zone spherical electric and magnetic field components radiated by the 
apenure. 
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12.9. Repeat Problem 12.8 when the same aperture ii, analyzed using the coordinate system 
of Figure 12.6(b). The tangential aperture field distribution is given by 

E., = a.,Eu -b/2 s x' s b/2. -a/2 s :' s a/2 

12.10. Repeal Problem 12.8 when the aperture field is given by 

E,, = a.:Eo cm,(; y') - ,,12 $ y' s c,/2, -h/2 s .::' s b/2 

12.11. Repeat Problem 12.9 when the aperture field distribution is given by 

E,, = a., £0 cos (; ;: ') - bl2 s; x' s; bl2 - al2 s z' s; al2 

12.1'.!. Find the fields radiated by the ape11ures of Problems 
(a) 12.8 (b) 12.9 
(C) 12.IO (d) 12.11 
when each of the apertures with their associated field distributions are not mounted 
on a ground plane. Assume the tangential H-ficld at the aperture is related to the 
E-tielJ by the intrinsic impedance. 

12.13. Find the lields radiated by the rectangular aperture of Section 12.5.3 when it is not 
mounted on an infinite ground plane. 

12.14. For the rectangular aperture of Section 12.5.3 (with a = 4A, b = 3A), compute the 
(a) £-plane bcamwidth (in degrees) between the maxima of the second minor lobe 
(b) £-plane amplitude (in dB) of the maximum of the second minor lobe (relative to 

the maximum of the major lobe) 
(c) approximate directivity of the antenna using Kraus' formula. Compare it with the 

value obtained using the expression in Table 12.1. 
I 2.15. For the rect;mgular aperture of Section 12.5.1 with a = b = 3A, compute the direc­

tivity using ( 12-37) and the DIRECTJVlTY computer program at lhe end of Chap­
ter 2. 

12.16. For the rectangular aperture of Section 12.5.2 with" = b = 3A, compute the direc­
tivity using ( 12-37) and lhe DIRECTIVITY computer program at lhe end of Chap­
ter 2. 

I:?. I 7. Compute the directivity of the aperture of Section 12.5.3, using the DIRECTIVITY 
computer program at the end of Chapter 2, when 
(a) a = 3J\. b = 2.,\ 
(b) a = b = 3A 

12.18. Repeat Problem 12.17 when the aperture is not mounted on an infinite ground plane. 
12.19. For the rectangular aperture of Section 12.5.3 wilh a :;; 3A, b = 2A, compute lhe 

(a) £-plane half-power beamwidth 
(b) H-plane half-power beamwidth 
(c) £-plane first-null beamwidth 
(d) H-plane first-null bcamwidlh 
(e) £-plane lirst side lobe maximum (relative to main maximum) 
(f) H-plane firsl side lobe maximum (relative to main maximum) 
using the formulas of Table 12.1. Compare the results with the darn from Figures 
12.13 and 12.14. 

12.20. A square waveguide aperture, of dimensions a = b and lying on the x-y plane, is 
mdiating into free-space. Assuming a cos( 1rx' la) by cos( 'TTY' lb) distribution over the 
aperture, lind the dimensions of the aperture (in wavelengths) so that the beam effi­
ciency within a 37° total included angle cone is 90%. 

12.21. Verify {12-39a.). ( 12-3%). ( 12-39c). and (12-40). 
12.22. A rectangular aperture mounted on an infinite ground plane has aperture electric field 

distributions and corresponding efficiencies of 
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FIELD DISTRIOUl'lON 
(a) Triangular 
<b) Cosine square 

APERTURE EFFTCrENCY 
75% 
66.67% 

Problems 64 7 

Whal are lhc co□-esponding directives (in d_B) if the <limeni-ions of the aperture are 
a = }J2 and b = )J4'! 

12.23. The physical area of an aperture antenna operating al l(l GH1 is 200 cm' while its 
direcLivity i, 23 dB. Assuming the ,mtenna has an overall radiation efficiency of 90% 
and it is. perfectly maLched 10 the input transmission line. find the aperture efficiency 
of the antenna. 

12.24. Two X-band (8.2-12.4 GHz) rectangular wavcguidci.. each operating in the dominant 
TE11,-rnodc, are used, respectively. as transmHLing and receiviog antennas in a long 
<listance communicatiou sysLem. The dimensions of each waveguide are a = 2.286 
cm (0.9 in.) and b = 1.016 cm (0.4 in.) and the center fre4ueocy of operation is 
IO Gl-17,. Assuming Lhc waveguides are separated by IO kilometers and they arc 
positioned for maximum radiation and reception toward each other. and Lhe radiated 
J'll>Wer i~ I wat\, \ind \he: 
(a) Incident power density al the receiving antenna 
(h) Max imum power that can be delivered to a matched load 
Assume the an1ennai. arc lossless, are polarization matched, and each is mounted on 
an infinite ground plane. 

J 2.25. The normalized far-1.one electric field radiated in the £-plane (x-z plane; c/J = 0°) by 
a waveguide aperture antenna of dimensions a and b, mounted on an infinJte ground 
plane as ,;;hown in the figure, is given by 

-.,- _ 
I?, -

sin (kh cos o) 
~ . "'1µ,bloe 1~' 2 

- a 11J 4'7Tr --kb ___ _ 

2 cos 0 

Determine in the £-plane the: 
(a) Vector effecLive length of lhe antenna. 
Cb) Maximum value of the effective length. 
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State the value of fJ (in degrees) which ma;l{imizes the effective length. 
12.26. A uniform plane wave is incident upon an X-band rectangular waveguide, with di­

mensions of 2.286 cm and 1.016 cm. mounted on an infinite ground plane. Assuming 
the waveguide is operating in the dominant TE10 mode. detcnnine the maximum power 
that can be ddivered to a matched load. The frequency is 10 GHz and the power 
density of the incident plane wave is IO - 4 wans/m2

. 

12.27. Compute the aperture efficiency of a rectangular aperture. mounted on an infinite 
ground plane as shown in Figure 12.7, with an E-field aperture distribution directed 
toward y but with variations 
{a) triangular in the x and uniform in they 
(h) cosine-squared in the x and uniform in they 
(c) cosine in the x and cosine in the J 
(d) cosine-squared in buth the x and)' directions. 
How do they compare with those of a cosine distribution? 

12.28. An X-hand (8.2-12.4 GHz) WR 90 rectangular waveguide, with inner dimensions of 
0.9 in. (2.286 cm) and 0.4 in. ( 1.016 cm). is mounted on an infinite ground plane. 
Assuming the waveguide is operaljng in the dominam TEw-mo<le. find it~ directivity 
atf = 10 GHz using the • 
(a) computer program DIRECTIVITY at the end of Chapter 2 
(b) formula in Table 12. l 
Compare the answers. 

12.29. Repeat Problem 12.28 at[= 20 GHz for a K-band ( 18-26.5 GHz) WR 42 rectangular 
waveguide with inner dimensions of 0.42 in. ( 1.067 cm) and 0.17 in. (0.432 cm). 

12.30. Four rectangular X-band waveguides of dimensions a = 0.9 in. (2.286 cm) and b = 
0.4 in. ( 1.016 cm) and each operating on the dominant TEw-mode, are mounted on 
an infinite ground plane so that their apertures and the ground plane coincide with the 
.\"-y plane. TI1c apertures form a linear array. arc placed along the x-axis with a ccnte~~ 
to-center separation of d = 0.85A apart, and they arc fed so that they fonn a broadside 
Dolph-Tschebyscheff array of - 30 dB minor lobes. Assuming a center frequency of 
IO GHz. detcnuine the overall directivity of the array in decibels. 

12.31. Sixty-four (64) X-band rectangular waveguides are mounted so that the aperture of 
each is mounted on an infinite ground plane that coincides with the x-y plane. and all 
together form an 8 X 8 = 64 planar array. Each waveguide has dimensions of a= 
0.9 in. (2.286 cm). b = 0.4 in. ( 1.086 cm) and the center-to-center spacing between 
the waveguides is cl, = d,. = 0.85,\. Assuming a TE 111-mode operation for each 
waveguide. a center frequency of IO GHz. and the waveguides are fed to form a 
u,1~fon11 broadside planar array. find the directivity of the total array. 

12.32. Find the far-zone fields radiated when the circular aperture of Section 12.6.1 is not 
mounted on an infinite ground plane. 

12.33. Derive the far-zone fields when the circular aperture of Section 12.6.2 
(a) is 
(b) is not 
mounted on an infinite ground plane. 

12.34. A circular waveguide (not mounted on a ground plane). operating in the dominant 
TE 11 mode, is used as an antenna radiating in free space. Write in simplified fonn the 
nomrnlized far-zone electric field components radiated by the waveguide antenna. You 
do not have to derive them. 

12.35. For the circular aperture of Section 12.6.1, compute its directivity, using the DIREC­
TIVITY computer program at the end of Chapter 2, when its radius is 
(a) a = 0.5,\ 
(b) a = 1.5,\ 
(c) a = 3.0,\ 
Compare the results with data from Table 12.2. 

12.36. Repeal Problem 12.35 when the circular aperture of Section 12.6.1 is not mounted oi 
an infinite ground plane. Compare Lhe results with those of Problem 12.35. 
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12.37. For the cin.:ular aperture or Problem 12.33. compute lhe directivity, using the DIREC­
TIVITY computer program at the end of Chapter 2. when its radius is 
(a) a = 0.5A 
(b) a = I .5A 
(c ) a = 3.0A 
Compare lht resul ts with data rmm Table 12.2. 

12.38. For Lhe circular aptrtun.: or Section 12.6.2 with a = 1.5A. compute the 
(al £-plane half-power bcumwidth 
(b) H-planc half-power bea111width 
(cl £-plane firsl-nuJI beamwidth 
(J) H-plane fir!-.t-null beamwithJ1 
(e) £-plane first side lobe u1axfo1u111 (relative lo main max.imum) 
(f) H-plane lin.t side lobe maxj1nu111 (relative IO main maximum) 
u,;ing the formula" of Table 12.2. Compare the re~ull:. with the clata from Figures 
l:!.I9 and 12.20. 

12.39. A circular aperture of radius a is mounted 0 11 an infinite electric ground plane. Assum­
ing. rJ1c opening is on lhe x-y plane ant..l iLs tield dlslributiou is given by 

(a) E,, = a, Eo [ I (
1::r l (1

1 
:S (I 

(bl E., = a .. Eu [ I (~:rJ. p' < a 

find the far-zone electric arnl magnetic lield componcnu. radiated by the anteunu. 
12.40. Rt.1pca1 Problem 12.39 when the electric lield i:. given by 

Ell = ai,Eol I - (p' lci)I, p' :5 a 

Find only the rndiatiCln vectors L and N. Work ai, far m, you can. 1f you rind you 
cannot l'nmplctc the solutiClll in closed fom1, state clearly why you cannot. Simplil'y 
as much us po~siblc. 

12.4 1. A coaxial l ine of inner and outer radii fl and b, respectively, i~ mounted on an inlinite 
electric ground plane. Assuming that the electric field over the aperture or the coax is 

~ V I E =-a----
(/ 

11 eln(bln) p' • 
£J < p' ::;; b 

where V is rhe applied voltage and E is the permiuivity or 1hi.: ctmx medium, find the 
far-zone ~phcrical e.lectrie and magnctil' liclJ componcnrs radiated hy the antenna. 

12.42. It is desired to design a circular aperture antenna with u field clistrihutinn over its 
opening of 

E = crI - (p'/afl 

wncrc C is a coni.tant. a iL<; radius. und p' any point on the aperture, such that its beam 
efficiency within a 60° total indudccl angle eone is 90%. Find its radiw, in wavelength~. 
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12.43. For the ante.nna of Problem 12.42. fiml ill. efficiency within a 40° wwl inclucletl angle 
t.:onc when it~ radius i~ 2A. 

12..l4. l)egign square .iperturcs wi1h unifom1 iUuminalion so that U1e directivity at 60° l'rom 
lhe normal is maximitccl relative to that at (J = 0°. Determine the: 
(u) Dimensions ur the aperture Cin A) 

(b) Maximum directivity (in dB) 
(c) Directivity (in dB) al 60° from the maximum 

12.45. Design a circular apenure with uniform illumination so U1at the directivity at 60° from 
the normal b, muximized rt!lativc lo that al O = 0°. Detem:ti.nc the 
(ul Radius of the apenure (in A) 
(b) Maximum directivity (in uB) 
(c) Directivity (in dB) at 60° from the maximum 

12.46. Repeal Problem 12.45 for a cin:ulur apenure with n parabolic distribution. 
12.-17. Repeal Problem 12.45 for a circular aperture with a parabolic taper on -10 dB 

pedestal. 
12.48. Derive the edge-of-coverage (EOC) t.lei,ign characteristics for a circular aperture with 

a parabolic taper. 
12.49. A vertical dipole is radiating into a frce-spuce medium and produces fields ~ ar)d H0. 

lllus1ratc alternate methods for obtaining the same field~ using -Sabinct's principle und 
extensions of iL 

12.50. (a) (I) Sketch the sLx principal plane patterns. and (1) define the direction of E and 
1-1 along the three principal axes and at 45° to 1he axes. for a thin slol one-hair 
w.ivclength long. cul in a conducting sheet which ha.~ inlinite c.:onduclivi\y and 
extending 10 infinity, and open on both sides. Inside dimensions of the slot art: 
approximutely 0.5,\ by 0.1 A. Assume that tl1e width (0.1 A) of the slol is small 
compared ro a wavelength. Assume a coordinate system such th.it the co11duc1.ing 
plane lies on 1.bc x-y plane with the larger dimension of the slot parallel to the 
y-nxis. 

(h) Skclt.:h the six approximate principal plane pallern!> E 11{c/;, = 0°), E,1J(c/> == 0°). 
£0(</) = 90°). Ett>(c/> = 90°). £0(0 = 90°),E<t,(O = 90°). 

12.S I . A very thin circular annular slot wilh circumference of one wavelenglh is cut 
on a very thin. infinite. flat. perfcct[y electric conduc(ing plate. T he s/01 i, 
radiating into free space. What is Lhe impedance (real and imaginary parL~) of' 
the islol? 

12.52. Repeat Example l 2.7 for a rectangular aperture with an electric field distri­
bution of 

-a/2::; x' .s a/2 
- b/2 ::; y' ::;; b/2 
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CHAPTER 

13 
HORN ANTENNAS 

13.l INTRODUCTION 

One of the simplest and probably the most widely used micmwave antenna is the 
horn. Its existence and early use dates back to the late 1800s. Although neglected 
somewhat in the early 1900s, its revival began in the late 1930s from the interest in 
microwaves and waveguide transmission lines during the period of World War II. 
Since. that time a number of articles have been written describing its radiation mech­
anism. optimization design methods, and applications. Many of the articles published 
since 1939 which deal with the fundamental theory. operating principles, and designs 
of a horn as a rndiator can be found in a book of reprinted papers [I] and chapters in 
handbooks [2], [3]. 

The horn is widely used as a feed element for large radio astronomy, satellite 
tracking. and communication dishes found installed throughout the world. In addition 
to its utility as a feed for reflectors and lenses. it is a common element of phased 
arrays and serves as a universal standard for calibration and gain measurements of 
other high-gain antennas. Its widespread applicability stems from its simplicity in 
construction, ease of excitation, versatility. large gain, and preferred overall perform­
ance. 

An electromagnetic horn can take many different forms. four of which are shown 
in Figure 13.1. The horn is nothing more than a hollow pipe of different cross sections 
which has been tapered (flared) to a larger opening. The type, direction. and amount 
of taper (flare) can have a profound effect on the overall performance of the element 
as a radiator. In this chapter, the fundamental theory of horn antennas will be exam­
ined. In addition, data will be presented that can be used to understand better the 
operation of a horn and its design as an efficient radiator. 

13.2 E-PLANE SECTORAL HORN 
The £-plane sectoral horn is one whose opening is flared in the direction of the £­
field. and it is shown in Figure I 3.2(a). A more detailed geometry is shown in Figure 
13.2(b). 

•Ponions of this chapter on apenurc matched hums, multimode horns. and dielectric-loaded horns were 
first published by the author in [2], Copyright 1988, reprinted by permission of Van Nostrand Reinhold 
Co. 
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lUI £- pfane (b) 1/-plune 

(~\) Pyra111id:1l Cd) Conical 

Figure 13.1 Typical electromagnetic horn antenna configurations. 

13.2. l Aperture Fie lds 

The horn can be Lreated as an aperture antenna. To find its rad iation characteristic~. 
the equivalent principle techniques developed in Cbapter 12 can be utilized. To 
develop an exact equivalent of it. il is necessm·y thal the tangential electric and 
magnetic tield components over a closed surface are known. The closed surface thai 
is usually selected is an infinite plane that coincides with Lhe aperture of the horn. 
When lhe horn is not mounted on an infinite ground plane, the field~ outside the 
aperture are not known and an exact equivalent cannot be formed. However, the usual 
approximation is to assume that lhe fields outside the aperture are zero, as was done 
for the aperture of Section 12.5.2. 

The fields at the aperture of the horn can be found by rreating the horn as a radial 
waveguide r4l-[6J. The fields within the horn can be expressed in terms of cyl indrical 
TE and TM wave funcl'ion~ which include Hankel functions. This method finds the 
fields not only at the aperture of the horn but also within the horn. The process is 
straighlforward but laborious. and it will not be included here. However. it is assigned 
as an exercise al Lhe end of the chapter (Problem 13.1 ). 

I t can be shown that if the ( I l fields of the feed waveguide are those of its 
dominanL TElll mode and (2) horn length is large compared to the aperture dimensions, 
the lowest order mode fields at the apertu1-e of the horn are given by 

£/ = E_,' = H/ = 0 

E, '(x'' v') = £, cos(;x• )e- Jlk)"'111p,)I 

( 13-la) 

(13-lb) 
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H/(x', y') = jE,(k:
71

)sin(:x•)e-j\ky'21
<
1

p,)I 

H./(x 1
• y') = - ~ cos(; .-e )e-J1ty'

1112P,>I 

P l =:: Pc COS 'Pr 

(13-lc) 

(13-1 d) 

(13-le) 

where £ 1 is a constant. The primes are used to indicate the fields at the aperture of 
the horn. The expressions are similar to the fields of a TE10-mode for a rectangular 
waveguide with aperture dimensions of a and b1(b1 > a). The only difference is the 
complex exponential tenn which is used here to represent the quadratic phase varia­
tions of \he fields o\ler \he aperture of the horn. 

The necessity of the quadratic phase tenn in C 13-lb)-( 13-ld) can be illustrated 
geometrically. Referring to Figure I 3.2(b ). let us assume that at the imaginary apex 
of the horn (shown dashed) there exists a line source radiating cylindrical waves. As 
the waves travel in the outward radial direction, the constant phase fronts are cylin-

y' 

-" 

(11) E-plunc horn 

_\' 

I 

!] 
(b) E-plunc view 

Figure 13.2 £-plane horn and coordinate system. 
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654 Chapter 13 Horn Antennas 

drical. At any point y' at the aperture of the horn. Lhe phase of the field will not be 
the same as that at the origin (y' = 0). The phase is different because the wave has 
traveled different distances from the apex to the aperture. The difference in path of 
travel. designated as l>(y'). can be obtained by referring lo Figure l 3.2(b). For any 
point ,v' 

(13-2) 

or 

6(.\") = - P, + [p,2 + (/)211
" = -p, + r.[ I + (;J]'" (13-2a) 

Using the binomial expansion and retaining only the first two terms of it, (13-2a) 
reduces to 

I v - I y' ~ [ ( ,),] ( ") 5(y') = - Pt + p, 1 + 2 ~. = 2 Pl (13-2b) 

When ( 13-2b) is multiplied by the phase factor k. the result is identical to the quadratic 
phase term in (13-1 b)-( 13-ld). 

The quadratic phase variation for the fields of the dominant mode at the aperture 
of a horn antenna has been a standard for many years. and it has been chosen because 
it yields in most practical cases very good results. Because of its simplicity. it leads 
to closed form expressions, in terms of sine and cosine Fresnel integrals. for the 
radiation characteristics (far-zone fields. directivity, etc.) of the horn. It has been 
shown recently 171 that using the more accurate expression of ( l 3-2a) for the phase, 
error variations and numerical integration yield basically the same directivities as 
using the approximate expression of (l3-2b) for large aperture horns (b 1 of Figures 
13.2 or a I of Figure 13.10 greater than SOA) or small peak aperture pha~e error (S = 
Pc - p1 of Figure I 3.2 or T = p,, - fJ2 of Figure 13.10 less than 0.2A). However, 
for intermediate aperture sizes (5A ~ b 1 or a, -::;; 8A) or intermediate peak aperturt! 
phase errors (0.2A -::;; S or T < 0.6A) the more accurate expression of ( l 3-2a) for the 
phase variation yields directivities which are somewhat higher (by as much as a few 
tenths of a decibel) than those obtained using (13-2b). Also it has been shown using 
a full-wave Moment Method analysis of the horn [8] that as the horn dimensions 
become large the amplitude distribution at the aperture of the horn contains higher 
order modes than the TE10 mode and the phase distribution at the aperture approaches 
the parabolic phase front. 

Example 13.1 

Design an £-plane sectoral horn so that the maximum phase deviation at the aperture 
of the horn is 56.72°. The dimensions of the horn are a = 0.5A. b = 0.25.-\, b1 = 
2.75>.. 

SOLUTION 

Using ( I 3-2b) 

, k (b,12)2 ( 1r ) 
Ac/>lmnil = kl>(y )I_\''= b1f1 = 2p, = 56.72 180 
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13.2 £-Plane Sectoral Horn 655 

or 

The total flare angle of the horn should be equal to 

(
bi/2) (2.75/2) 21/1,, = 2 tan - 1 -;;;- = 2 tan·- 1 -

6
- = 25.81 ° 

13.2.2 Radiated Fields 

To find the fields radiated by the horn. only the tangential components of the E- and/ 
or H-tie\ds over a closed surface must be known. The dosed surface is chosen to 
coim.:ide with an infinite plane pussing through the mouth of the horn. To solve for 
the fields, the approximate equivalent of Section 12.5.2 is used. That is. 

£1 (7T ') 'k~( ,·1 J,, = -- cos -x e- 1 "-1
' 

• T'/ {I 
- a/2 $. x' s ll/2 

M.~ = E1 cos(;.e)e-jk~(~•·i 

(13-3) 

and 

J., = M_,. = 0 elsewhere ( I 3-3a) 

Using ( J 2-12a) 

( 13-4) 

where 

( 13-4a) 

(l 3-4h) 

The integral of ( I 3-4b) can also be evaluated in terms of cosine and sine Fresnel 
integrals. To do this. I~ can be written. by completing the square. as 

I 
~,>,12 

h. = e - /lk_r''/(2p,) - k_,,y'I ,Ly' 
-l>,12 

f 
+ 1,,12 

= ej<k}p,121;,1 e - n<ky'-~,11,)1121.,,,1 dy' 
- 1,,n 

( 13-5) 
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where 

k,. = k sin H sin cf> 

Making a change of variable 

r:;;. t = fl (kv' - kp,) 
✓ 2 ✓ 2kii . \ . 

t = jJ;; (ky' - k,p1) 

dt = J¾-,,(v' 

reduces (13-5) lo 

I, = fo ,;v,,m,r ,-,,,,,,,, dt 

(13-Sa) 

( t 3-6a) 

(13-6b) 

(13-6c) 

= fo ,;,',,rnf [ cos(;,,) - j sin(?) }1, (13-7) 

and takes the fonn of 

1, = J":• ,-ilkiP,1"'/[C(t,) - C(r,)J - j[S(l,J - su,J11 (13-8) 

where 

C(x) = {' cos( ;r 1) dr 

S(x) = L sin(;,2) Jr 

( I 3-8a) 

( 13-Sb) • 

( 13-8c) 

( 13-Sd) 

C('x) and S(.1;) are known as the cosine and sine Fresnel integrals and are well tabulated 
[9J (.i.;ee Appendix JV). Computer subroutines are aJso available for efticienl numerical 
evaluation of each [10]. [II]. 

Using ( I 3-4a) and ( I 3-8 ), ( LJ-4) can be written as 

cos 8 sin </) 

T/ 

(
k.-a) cos 2 

(13-9) 
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where 

j k, = k sin fl cos </, j 

j k.1, = k sin 8 sin </, j 

In a similar manner. N <I>· L,,. lt1, of ( 12- I 2b )-( I 2- I 2d) reduce to 

(
k_.a) cos-
2 

l ;: E- --e ,~,µ, =ix 1ra~p, j I . 0 12,1. 
II I 2 k - cos 8 cos </> 

( 13-9a) 

( I 3-9b) 

( 13-9c) 

(13-IOa) 

( 13-IOb) 

( 13-1 0c) 

The electric field components radiated by the horn can be obtained by using 
(12-IOa)-(I2-I0c). und (13-9)-O3- I0c). Thus, 

.a~ Eie-Jk,· 

8r 

a~ E,e - .lkr 

E4, = - j------
8r 

X eilk/µl2.k°l COS cp(COS 8 + I) 

( 13-11 a) 

(13-11 b) 

(
k a) cosT 

(13-I lc) 
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where t 1• t2• k,. k'"' and F<ti, t2) arc given. respectively. by (13-8a). (13-8b). (13-9a), 
( 13-9b ). und (I 3-9c). The corresponding H-tield components are obtained using 
( 12-IOd)-( 12-IOf). 

In the principal £- and H-planes, the electric field reduces to 

E-Plane ( t/J = '11'/2) 
E,. = E.J, = 0 

a~E,e-i"•· { . , ( 2 )
1 } 

Et/= -j 8r -ej(kp,Sin"f¥2); (I + cos lJ)F(r,'. t/) 

a~E,e -,ikr 

8r 

r,' - .{£(-~• - p, sin 11) 

r,' - .{£( + ~• - p1 sin e) 

H-Plane ( ,f, = 0) 

Er = £" = 0 

( 1 + cos 0) 

( I/ -I -

I ,, -
2 -

(
ka ) cos 2 sin lJ 

ka . - 1r 

( )., ( )2 
2 sm 0 - 2 

( I 3-l 2a) 

(l 3-12b) 

(13-12c) 

( 13-12d) 

( I 3-13a) 

0 3-13b) 

{13-13c) 

Cl3-l3d) 

To better understand the perfonnance of an £-plane sectoral horn and gain some 
insight into it8 performance as an efficient radiator. a three-dimensional nonnaliud 
field pattern has been plotted in Figure 13.3 utilizing (13-11 a)-{ 13-1 k). As expected, 
the £-plane pattern is much narrower than the H-plane because of the flaring and 
larger dimensions of the horn in that direction. Figure 13.3 provides an excellent 
visual view of the overall radiation performance of the horn. To display additional 
details. the corresponding normalized £- and H-plane patterns (in dB) are illustrated 
in Figure 13.4. These patterns also illustrate the narrowness of the £-plane and provide 
infonnation on the relative levels of the pattern in those two planes. 

To examine the behavior of the pattern as a function of flaring. the £-plane 
patterns for a horn antenna with p1 = 15A and with flare angles of 20° < 2,J,,. :s 35° 
are plotted in Figure 13.5. A total of four patterns is illustrated. Since each pattern is 
symmetrical. only half of each pattern is displayed. For smaJJ induded angles, the 
pattern becomes narrower as the flare increa'ies. Eventually the pattern begins to 

widen, becomes flatter around the main lobe. and the phase tapering al the aperture 
is such that even the main maximum does not occur on axis. This is illustrated in 
Figure 13.5 by the pattern with 2t/l(' = 35°. As the flaring is extended beyond that 
point. the flatness (with certain allowable ripple) increases and eventually the main 
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0 

c'-plan~ (y-:. r/> "' qo• ) 

Figure 13.3 Three-dimensional field puttcm of £-plane sectoral horn (p1 = 6.A, 
h1 = 2.75.A." = 0.5.A). 

maximum returns again on axis. It is also observed that as the flaring increases. the 
pattern exhibits much sharper cutoff characteristics. In practice, to compensate for the 
phase taper at the opening. a lens is usually placed at the aperture making the pattern 
of the horn always narrower as its flare increases. 

Similar pattern variations occur as the length of the horn is varied while the Hare 
angle is held constant. As the length increases, the pattern begins lo broaden and 
eventually becomes flatter (with a ripple). Beyond a certain length, the main maximum 
does not even occur on axis, and the pattern continues to broaden and to become 
flatter (within an allowable ripple) until the maximum returns on axis. The process 
continues indefinitely. 

An observation of the £-plane pattern, as given by ( I 3-l 2a}-( 13-l 2d). indicates 
that the magnitude of the normalized pattern. excluding the factor ( I + cos 0), can 
be written as 

(13-14a) 

( I 3-14b) 
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P1 : 6X, b1 ,., 2.75X 
a= 0.SX, b = 025X 

---E-plane 

- - - -1/-plilne 

o• 

180° 

I-P1------l 

Figure 13.4 E- and H-planc patterns of an £-plane sectoral horn. 

1,.2 
.'i =--

8Ap1 

(l3-14c) 

(13-1~) 
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-------- 30° 

'/ ' 
/ 

I 

\ 

Pl = 15A 

- --- 2!/I, = 30° 

- - - - 1!/1, ~ 25° - - - - 2,JJ, = 35° 

~1b}1 

I-Pi 

Figure 13.5 E-plane pmtem1, of B-rlanc ~ccLOrnl horn for con-,1an1 length and lliffcrcnt 
included angles. 

For a given value of s, Lhe field or ( L3- I 4a) can be plotted as a function of 
b1/A sin 0, as shown in Figure 13.6 for s = ti· k, ¼. !. ¾, and I. T hese plots are usmllly 
rererred to as universal curves. because from them the normalized £-plane pattern of 
any £-plane sectoral horn can be obtained. This is accomplished by nrst determining 
the value or s from a given b1 and p1 by using ( I 3-14d). For that value of s, the lield 
strength (in dB) as a function of (b1/A)sin 0 (or as a function of 11 for a given hi) is 
obtained from Figure 13.6. Finally the value of (1 + cos fJ). nurnutlizeu lo O d.B a.nu 
wriuen as 20 logu,[(1 + cos 0)/2]. is added lo that number lo urrive at the required 
field strength. 
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13.2 E-Plane Sectoral Horn 663 

Example 13.2 

An £-plane horn has dimensions of a = 0.5A. b = 0.25A. b1 = 2.75A. and p1 = 6A. 
Find its £-plane normalized field intensity (in dB and as a voltage ratio) at an angle 
of fJ = 90° using the universal curves of Figure 13.6. 

SOLUTION 

Using ( 13-14d) 

b1
2 (2.75)2 I 

.\' = - = -- :: 0.1575 =-
8Ap1 8(6) 6.3 

None of the curves in Figure 13.6 represents s = ,6. Therefore interpolation will be 
used between the s = ¼ands = ¾ curves. 

At 0 = 90° 

bi . 
5 

. A sin (8) = 2.7. sm(90°) = 2.75 

and at that point the field intensity between the s = ½ and s = k curves is about - 20 
dB. Therefore the total field intensity at 0 = 90° is equal to 

(
I + cos 90°) 

£ 11 = - 20 + 20 logw 
2 

= - 20 - 6 = - 26 dB 

or as a normalized voltage ratio of 

E1, = 0.05 

which closely agrees with the results of Figure 13.4. 

13.2.3 Directivity 

The directivity is one of the parameters that is often used as a figure-of-merit to 
describe the perfommnce of an antenna. To tind the directivity, the maximum radiation 
is formed. That is. 

, 
Uniar. = U((J, </>)Im"" = ~ IEl~1ax ( 13-15) 

For most horn antennas IElmax is directed nearly along the :-axis ( 0 = 0°). Thus, 

2a~ 
!Elma~ = \fjEJ~iax + IEJ~uL, = 2 1£iljF(t)I (13-16) 

7T r 

Using ( 13-1 lb), ( 13-1 lc), and ( 13-9c) 

2a~ 
IE,Amax = ~ IE1 sin <P F(t)I 

1rr 
(l 3-l 6a) 

( 13-16b) 
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since 

Thus 

where 

k_, = k_,. = O 

,, = -t = - if£= 
t2 = + I = + hi {I__ - _I_,,_ 

2 ✓-;;;. - '\/2¼ 
C(-r) = -C(t) 

S(-1) = -S(I) 

IF<rJI' = [ c2(~) + s2
(~)] 

(13-16c) 

( I 3- I 6d) 

(13-16e) 

(13-16t) 

( I 3-16g) 

(I 3-16h) 

< I 3-l 6i.) 

(13-17) 

(13-17a) 

The lotal power radiated can be found by sjmpJy integrating the average power 
density over the aperture of the horn. Using (13-1 a)-(13-1 d) 

) If I I ~b,l'2 I +a/2 ( ) Prod = - Re(E' x H'*) • ds = - IE.12cos2 1Tx' dx' d_v' 
2 2 r, - " ,12 •• 11/2 (/ .,·,, 

(13-18) 

which reduces to 

as 

( I 3-18a) 

Using ( 13-17) and ( I 3- I 8a), the directivity for the £-plane horn can be written 

(13-19) 

The overall performance of an antenna system can often be judged by hi. beam­
width and/or its directivity. The half-power beamwidth (HPBW), as a function of flare 
angle. for different horn lengths is shown in Figure 13.7. In addition, the directivity 
(normalized with respect to the constant aperture uimension a) is displayed in Figure. 
13.8. For a given length, the horn exhibits a monotonic decrease in half-power beam-
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~ T 
~ lbl 
~-Pl--~ 

40 50 

I 
I 

60 

To tal llare angle 21/,, (1.kgrees l 

Figure 13.7 Half-power beamwidlh of £-plane sectoral horn as a function of included an­
gle and for different lengths. 

width and an increase in directivity up to a certain flare. Beyond that point a monotonic 
increase in beamwidth and decrease in directivity is indicated followed by rises and 
falls. The increase in beamwidth and decrease in directivity beyond a certain flare 
indicate the broadening of the main beam. 

If the values of b1 (in A), which correspond to the maximum directivilies in Figure 
13.8, arc plotted versus their corresponding values of p1 (in A), it can be shown that 
each optimum directivity occurs when 

I "1 = VUPt I (l3-l 9a) 

with a corresponding value of s equal to 

b/ (13-19h) 
=-- = -

4 
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Figure 13.8 Normalized directivity of E-plane sectoral horn as a function of 
aperture size and for different lengths. 

The classic expression of ( 13-19) for the directivity of an E-plane horn has been 
the standard for many years. However, it has been shown that this expression may 
not always yield very accurate values for the on-axis directivity. A more accurate 
expression for the maximum on-axis directivity based on an exact open-ended parallel­
plate waveguide analysis has been derived, and it yields a modification to Lhe on-axis 
value of ( 13-19 ). which provides sufficient accuracy for most designs (12]. [ 13]. Using 
( 13-l 9a). the modified formula for the on-axis value of ( 13-19) can be written as [ 12], 
[ 13] 

D • l6ab1 [c,,( h1 ) s'( b, )] ¥(1 
- f) i(max) = ,, - ---'--- + - --- e ·' 

A·() + A,/A) V2APi V2APi (I 3-19c) 

where A11 is the guide wavelength in the feed waveguide for the dominant TEw mode. 
Predicted values based on ( 13-19) and ( 13- I 9c) have been compared with measure­
ments and it was found that ( 13- I 9c) yielded results which were closer to the measured 
values I I 2). 

The directivity of an £-plane sectoral horn can also be computed by using the 
following procedure [ 14]. 

1. Calculate 8 by 

B=~ f50 
A ✓;:ii,. 

( 13-20a): 
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100 

75 

~5 

,I 
I I I I I I I 

' 4 I, 8 10 I:! 14 Ir, I!! ~o -
B 

Figure 13.9 G,: as a function of B. (SOURCE: Adopted from data by E. H. Braun, "Some 
Data for the Design of Electromagnetic Homs," IRE Trans. llntenncis Propagar., Vol. AP-4. 
No. I. January 1956. \'0 (L956) lEEE'l 

2. Using this value of B, find the corresponding value of GI:.' from Figure 13.9. 11', 
however, the value of' B is smaller than 2. compute Gr: using 

32 
Gr:= -B 

1T 
( I3-20b) 

3. Calculate Df.- by using the value of G,:· from Figure 13.9 or from ( 13-20b). Thus 

a Gt: 
D,.,- = - ------. .\ f50 

✓ ,;:iA 
(13-20c) 

Example 13.3 

An £-plane sectoral horn has dimensions of a = 0.5.\, b = 0.25.\. b 1 = 2.75.\. and 
p1 = 6-\. Compute the directivity using() 3-19) and (13-20c). Compare the answers. 

SOLUTlON 

For this horn 

h1 
-==-
V¾ 

2
-
75 = 0.794 

y2(6) 
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Therefore (from Appendix IV) 

/C(().794)/1 = (0.72/ = 0.5J8 

(S(0.794>12 = (0.24)1 = 0.0576 

Using ( 13-19) 

64(0.5)6 
D,.- = -- (0.518 + 0.0576) = 12.79 = I 1.07 dB 

• 2.757T 

To compute the directivity using ( I 3-20c). the following parameters are evaluated: 

, (2.75)
2 

Pr= A (6)- + 2 = 6.1555A 

{50 = /50 = 2.85 
✓ µ)A ✓ 6.lill 

B = 2.75(2.85) = 7.84 

For B = 7.84, G1:. = 73.5 from Figure 13.9. Thus, using (I 3-20c) 

D1:: = 0.5<
73-5) = 12.89 = I l. to dB 

2.85 

Obviously an excellent agreement betwee.n the results of ( 13-19) and ( I 3-20c). 

13.J H-PLANE SECTORAL HORN 

Flaring the dimensions of a rectangular waveguide in the direction of the H-fie)d1 

while keeping the other constant. forms an ff-plane sectoral horn shown in Figure 
13.l(b). A more detailed geometry b shown in Figure 13.10. 

The analysis procedure for this horn is similar to that for the £-plane horn. which 
was outlined in the previous section. Instead of including all the details of the for­
mulation. a summary of each radiation characteristic will be given. 

13.3.t Aperture Fields 

The fields at the aperture of the horn can he found by treating the horn as a radial 
waveguide forming an imaginary apex shown dashed in Figure 13.10. Using this 
method. it can be shown that at the aperture of the horn 

E/ = H/ = 0 

E/(x') = E:- cos(7T x') e-iklHx'i 
a, 

, , E2 (rr ') ·1cJ<·' ) H., (x ) = - - cos - x e - ' ·' 
7/ £1 I 

5(x') = i t:) 
P2 = Ph cos if,,, 

(13-2Ib) 

(l3,2Je) 
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_v' 

(a) /I-plane s~1:loral horn 

.\' 

I 
Figure 13.10 H-plane sectoral horn and coordinate system. 

JJ.3.2 Radiated Fields 

The fields radiated by the horn can be found by first fonnulating the equivalent current 
densities J., and M_,. Using ( 13-2la)-(13-21c). it can be shown that over the aperture 
of the horn 

( 13-22a) 

(l 3-22b) 

(13-22c) 

and they are assumed to be zero elsewhere. Thus ( I 2- I 2a) can be expressed as 

N,1 = ff J,. C()S fJ cos </, e ~ jkr' i:os 1/1 ds' ::::: 

s 

( 13-23) 

INTEL-1045 
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where 

sin (kb sin H sin cp) 

f
~~ 2 

1, = e ~jkv'smllsmd, dy' = b ______ _ 
-h~ • kb 

- sin O sin cb 2 . 

( I 3-23a) 

l2 = cos 1T x' e -jkJ.51.l')-x's111/Jcosd>) d.x' f ~a,IJ ( ) 

-<1 ,12 a, 
( 13-23b) 

By rewriting cosl( n-/a1 )x' I as 

( ) [

e/(m11,lx
1 +2 <'-/(mu,J.'] 

cos 7T x 1 = 
a, 

( 13-24) 

( l 3-23b.> can be expressed as 

where 

(13-25) 

l,' = 1 jiifa ,1":' '"'--''{[C(t2') - Cit,') I - jJS(t,') - S(t1 ') I} (13-26) 

I 1' = If, ( -~• -k.' p,) (13-26a) 

12, = If, ( + k;, - k.,' Pi) (13-26b) 

. 7T 
k/ = k smO cos cp + - (13-26c) 

a, 

1," = 1 jiifa ei"··' ''""Uc,,,.> - c<,, ·, 1 - j r s<,tl - s<,, "l u (I J-211 

. 1T 
kx" = k sm fJ cos cp - -

a, 

(I 3-27a') 

( 13-27b) 

(13-27c,) 

C(x) and S(x) are the cosine and sine Fresnel integrals of (13-8c) and (13-8d), and 
they are well tabulated (see Appendix IV). 
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With the aid of ( I 3-23a). (13-25). (13-26), and (13-27). ( 13-23) reduces to 

N,,= -£,,~ & 
" - 2 ✓ T 

{
cos 8 sin <b sin Y . } 

X 
71 

-y- [e11•F(t1'. ti') + e1hF<ti", t/)1 (I 3-28) 

( 13-28a) 

(13-28b) 

k ,,zp 
1. - ,\ 2 ., - --
- 2k 

(13-28c) 

kb . . -"-
y = 2 sm 0 sm 'f' (13-28d) 

In a similar manner, N,~, Lfl, and L4, of (12-l 2b)-(12-12d) can be written as 

N;= -E,~fi 

{
cos cJ, sin Y if •r: , } 

X -
11
---y- [e •FU,', t2') + e1 ~F(!,', t/)) ( 13-29a) 

L, = E,i ff 
{ 

sin Y ff, 'f ,, ,, } 
X cos 0cos cf>-y-[e 'F(l1', ti')+ e°FU1 • f.:! )) ( I 3-29b) 

L,, = -£,~ ~ .,. -z ✓T 

X {sin</, si~ y [l>11;F(t 1'. ti') + e1hFCti", t;/')]} (J3-29c) 

The far-zone electric field components of ( 12-1 Oa)-( 12-1 Oc) can then be expressed 
as 

( 13-JOa) 

( I 3-3Ob) 

INTEL-1045 
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, . b feP2 e-Jkr 
E,1, = JEi- ---

8 Tr r 

X { cos cp ( cos O + 

The electric field in the principal £- and H-planes reduces to 

E-Plane ( cf, = w/2) 

E,. = E,t, = 0 

I, fef>l e -,ik1· 
£11 = JEi-8 -- --

1r r 

{ 
sin Y JJ. JJ' } x (I + cos 0)-y- [e •F(t,', t-/) + e !Fu,". rt)I 

kb 
Y = - sin (J 

2 

1T 
k' = -X 

a I 

I
, 1T 

k = -­\' 
(I I 

H-Plane (cf,= 0) 

E, = E" = 0 

. b {I:;; e-ik, 
E<I> = 1£2 g ✓ ----;: - ,.-

x {(cos H + 1) le.if•F(t, '. t-/) + e.ihF(t 1". rt)]} 

I • 'fr 
kx = k sm fJ + -

£1 I 

k/' = k sin IJ - 1T 
a, 

• hj' 1· F( ' ') f ' " " ' ' " d " d fi d • 1 wit i, 2• t 1 • 12 • u, . t2 ). t1 . t2 . 1, . an t2 as e ne prevmus y. 

( l 3-30c) 

(13-31a) 

( I 3-3Jb) 

(13-3Ic) 

(13-3ld) 

( l3-31e) 

(13-32a) 

( 13-32b) 

< 13-32c) 

(J3-32d) 

Computations similar to those for the £-plane sectoral horn were also perfonned 
for the H-plane sectoral horn. A three-dimensional lield pattern of an H-plane sectoral 
horn is shown in Figure 13.11. lts corresponding E- and H-planc patterns arc displayed 
in Figure 13.12. This horn exhibits narrow pattern characteristics in the flared 
H-plane. 

Normalized H-plane patterns for a given length horn (p'2 = I2A) and different 
flare angles are shown in Figure 13.13. A total of four patterns is illustrated. Since 
each pattern is symmetrical, only half of each pattern is displayed. As the included 
angle is increased, the pattern begins to become narrower up to a given flare. Beyond 
that point the pattern begins to broaden, attributed primarily to the phase taper (phase 
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U.S. Patent 7,151,430



13.3 H-Plane Sectoral Horn 673 

Relative 
msgnitude 

l.O 

1/-pl~ne(x-:, ,Ji = 0° ► £-plane: (y-:, ¢ = '10°) 

Figure 13.11 Three-dimensional field pattern of an H-plane sectoral horn I/>~ = 6A, 
a, = 5.5A. b = 0.25AJ. 

error) across the apenure or the horn. To correct this, a lens is usually placed at the 
horn apenure which would yield narrower patterns as the flare angle is increased. 
Similar pattern variations are evident when the flare angle of the horn is maintained 
fixed while its length is varied. 

The ,miver.wl curve.\· for the H-plane sectoral horn arc based on ( I 3-32b). in the 
absence of the factor ( I + cos O ). Neglecting the ( I + cos 8) factor. the normalized 
H-plane electric field of the H-plane sectoral horn can be written as 

()3-33) 

( 13-33::t) 

( )

2 
k .'2p, Pi rr 

Ji = _.\_. = - k sin l:J + -
I 2k 2k ll1 

()( )'[ ( )]' 1r I a1 - I A -
= - - - sin 8 I + -

8 t A • 2 a 1 sin 0 
( 13-33b) 

()( )'[ ( )]' 1r I a 1 . - I A -
= - - - sm 0 I - - . 

8 / A 2 a 1 sm 0 
(I 3-33c) 
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Figure 13. 12 E- and /-I-plane patterns or H-plaac sectoral horn. 

CJ()" 

(l 3-33d) 

( I 3-33e) 

( 13-331') 
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Figure 13.13 H-plaue patte rn:-. of fl-plane sectoral horn for con~tant length and ilifferent 
included angles. 

( I 3-33g) 

( l 3-33h) 
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For a given vaJue of 1. as given by ( J 3-33h). the normalized tield of ( 13-33) is plotted 
in Figure 13.14 as a function of (a11>..> sin fJ for I= 7b. ~- ¼.!,¾and I. Following a 
procedure identical LO that for the £-plane sector.ti horn, the ff-plane pattern of any 
ff-plane sectoral horn ~an be obtained from these curves. The nonnaJized value of 
the ( I + cos 8) factor in dB. written as 20 logw[( I + cos 8)/21, must also be included. 

13.3.J Directivity 

To find the directivity of the H-plane sectoral horn, a procedure similar to that for the 
£-plane is used. As for the £-plane sectoral horn, the maximum radiation is directed 
nearly aJong the z-axis (0 = 0°). Thus 

Since 

C( -x) = - C(x) 

S(-x) = -S(x) 

I £,I""' - I £,I; ~ sin ,/> (I C(u) - C(v) I - j[ S( 11) - S( v)]} 

,, = 1,/ = 

V = l1" = 

Similarly 

( 13-34a) 

( 13-34b) 

( 13-34c) 

( 13-34d) 

( 13-35a) 
( 13-35b) 

{J3-36b)'. 

IEol"~' - 1£,1~ ~ <'<» ,/>{IC(11) - C(v)I - j[S(11) - S(v)]} (13-37) 
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Thus 

1£21 ~ /; H C(u) - C(v)J2 + [S(u) - S(v)f}112 ,. ✓ ii 
(13-38) 

< 13-39) 

The total power radiated can be obtained by simply integrating the ,1verage power 
density over the mouth of the horn. and it is given by 

I l
"ba1 

Pra<l = £2 -
4

TJ (13-40) 

Using ( 13-39) and ( 13-40), the directivity for the H-plane sectoral horn can be written 
as 

where 

( 13-41a) 

(I 3-4lb) 

The half-power beamwidth (HPBW) as a function of flare angle is plotted in Figure 
13.15. The normalized directivity (relative to the constant aperture dimension b) for 
different horn lengths. as a function of aperture dimension a 1• is displayed in Figure 
13.16. As for the £-plane sectoral horn. the HPBW exhibits a monotonic decrease 
and the directivity a monotonic increa~e up to a given flare; beyond that, the trends 
are reversed. 

If the values of ,,1 (in A), which correspond to the maximum directivities in Figure 
13.16. are plotted versus their corresponding values of fJ2 (in A), it can be shown that 
each optimum directivity occurs when 

(13-41c) 

with a corresponding value of r equal tu 

(13-41d) 

The directivity of an ff-plane sectoral horn can also be computed by using the 
following procedure [ 141. 

1. Calculate A by 

( l3-42a) 
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---< i t 
21/ih (J_ a1 

~ ' l 120 
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I 
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Total flare 3nglc 21/11, fJe~r.:esl 

Figure 13.15 Hair-power beamwidth of H-plane sectoral hom as a function or included 
angle and for different lengths. 

2. Using this value of A. find the corresponding value of G11 from Figure 13.17. u· 
the value of A is smaller than 2. then compute G11 using 

32 
Gu= -A 

1T 
( 13-42b) 

3. Calculate D11 hy using the value of Gu from Figure 13.17 or from ( 13-42h). Thus 

( 13-42c) 

This is the actual directivity of the horn. 
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150 

~ ' IN,, u 

~ ' 
;.. Pl - --i 

125 

100 

50 

25 

0 5 10 IS 30 
Horn aperwre .,, I w:iv~•Jrngrhs) 

Figure 13.16 Normalized directivity of H-planc sectoral horn as a function of aperture size 
and for different lengths. 

Example 13.4 

An H-plane sectoral horn has dimensions of a = 0.5A. b = 0.25A, a 1 = 5.5,\, and 
p2 = 6A. Compute the directivity using (13-41) and (13-42.c). Compare the answers. 

SOLUTION 

For this horn 

u = ... IA (y'6 + :·~) = 1.9 
y 2 5.5 y6 

I (y'6 5.5) 
v = y'2 5.5 - y'6 = - 1.273 
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75 

~ 50 

,1 6 8 10 I~ 14 16 18 :!O 

A 

Figure 13.17 G11 as a function of A. (SOURCE: Adopted from data by E. H. Braun. "Some 
Data for the Design of ElectromugneLiL: Horns," IRE Trans. Anlemws Propagat., Vol. AP-4, 
No. I, January 1956. © (1956) IEEE) 

Therefore (from Appendix IV) 

C(l.9) = 0 .. ~94 

C( - 1.273) = - C(l .273) = - 0.659 

S( 1.9) = 0.373 

S( - 1.273) = -S(I .273) = -0.669 

Using ( 13-41 ) 

477'(0.25)6 , .., 
DH = 5.5 [(0.394 + 0.659)~ + (0.373 + 0.669)· ] 

DH = 7.52 = 8.763 dB 

To compute the directivity using ( l3-42c). the following parameters are com­
puted: 

p1, = ,\ V'(6)2 + (5.5/2)2 = 6.6,\ 

- = - = 2.7524 
~

o 
6.6 

A = 5.5(2.7524) = 15.14 

For A = 15.14, G1-1 = 91.8 from Figure 13.17. Thus. using (13-42c) 

0.25(91.8) 
D1-1 = 

2
_
7524 

= 8.338 = 9.21 dB 
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Although there is a good agreement between the results of ( 13-4 l) and ( 13-42c), 
they do not compare as well as those of Example 13.3. 

13.4 PYRAMIDAL HORN 

The most widely used horn is the one which is flared in both directions, as shown in 
Figure I 3. I 8. It is widely referred to as a pyramidul horn. and its radiation character­
istics are essentially a combination of the E- and ff-plane sectoral horns. 

13.4.1 Aperture Fields, Equivalent, and Radiated Fields 

To simplify the anaJysi~ amJ lo maintain a modeling that leads to computations that 
have been shown to correlate well with experimental data. the tangential components 
of the E- and H-fields over the aperture of the horn are approximated by 

E/(x', y') = Eu cos( 7T x') e-j11.u•21p1+lilpi)l:?I 
• a, 

(13-43a) 

H./ (x'. y') = - Eo cos(!!.. x') e - Jlkl.r''lt>, + y':lp,>/21 

TJ a, 
(I 3-43b) 

and the equivalent current densities by 

Eo ( 7T ) Jlk •''I + ••11 '"I J,,(x'.y')= --cos-x' e- 0 Pi' 1>,~ .. 
• TJ a, 

( 13-44a), 

M,(x'. y') = En cos(~ x') e - ;IHt'~tµ1 +.v·~,,,,)1'2, (13-44b} 

The above expressions contain a cosinusoidal amplitude distribution in the x' direction 
and quadratic phase variations in both the x' and y' directions. similar to those of the 
sectoral E- and H-plane horns. 

The N 11 , N4,. Lo and L,t, can now be fonnulated as before, and it can be shown 
that they are given by 

N"= 

Nt/> = 

L11 = 

Lt/>= 

where 

Eo O • </> --cos sin / 1/i 
TJ 

Eu 
- - cos </,/1/2 

r, 
Eo cos O cos </,J,12 

- En sin cp/1/2 

( 13-45a) 

( 13-45b) 

( f 3-45c) 

( 13-45d) 

(13-45e)' 

( 13-45f} 
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y' 

a, 

la) Pyramidal horn 

X 

T 
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(.:) H- plane ~icw 

Figure 13.18 Pyramidal horn and coordinate system. 
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Using ( I 3-23b). ( 13-25), (13-26), and ( 13-27), ( 13-45e) can be expressed as 

/ 1 = ~ fo (el''·" '"''{IC(t,') - C(t1 'Jl - j[S(t,') - S(11 ')]) 
( 13-46) 

+ ej<k."
1
Pi2ki{IC(t1") - C(ti"}] - j[S(t/) - S(ti")]}) 

where t1'. ti', k./, ti", t,t, and kx'' are given by (13-26a)-(13-26c) and (13~27a)-(13-
27c). Similarly. using (13-5H13-8d), /2 of (13-45f) can be written as 

I, = fo ,;,,.',.,""'{IC:(12) - C(11)1 - j[S(r,J - S(r1J]} ( 13-47) 

where k, .. ,,. and t2 are given by (13-5a). (13-8a). and (l3-8b). 
Combining ( l 3-45a)-( 13-45d ), the far-zone E- and H-field components of ( 12-

1 0a)-( 12-1 0c) reduce to 

kejkr 
£ 0 = - j-

4 
[L4, + 1JN,1] 

rrr 
k.E e-Jkr 

= j 11 
\sin cp(I + cos fJ) /1/21 

4rrr 
ke ·Jkr 

E,1, = + j 
4

1r, [l 11 - r,N,J,l 

kE e-jlcr 
= j O I cos cp(cos O + I) li/2) 

41rr 

where !1 and Ii are given by (13-46) and (13-47). respectively. 

(13-48a) 

( 13-4·8b) 

O3-48c) 

The fields radiated by a pyramidal horn. as given by ( 13-48a)-( 13-48c:), are valid 
for all angles of observation. An examination of these equations reveals that the 
prindpaJ E-pJane pauern (</> = 1Tl2) of a pyramidal horn. aside from a nonnaJization 
factor, is identical to the £-plane pattern of an £-plane sectoral horn. Similarly the H­
plane (cp = 0) is identical to that of an H~plane sectoral horn. Therefore the pattern 
of a pyramidal horn is very narrow in both principal planes and, in fact. in all planes. 
This is iHustrated in Figure 13. 19. The corresponding £-plane pattern is shown iu. 
Figure 13.4 and the H-plane pattern in Figure 13.12. 

To demonstrate that the maximum radiation for a pyramidal horn is not necessarily 
directed along its axis, the three-dimensional field pattern for a hnrn with p1 = P2 = 6,\. 
a 1 = 12A, b 1 = 6A, a = 0.50A and b == 0.25A is displayed in Figure 13.20. The 
corresponding two-dimensional £- and H-plane patterns are shown in Figure 13.21. 
The maximum does not occur on axis because the phase error taper at the aperture is 
such that !he rays emanating from the different parts of the aperture toward the axis 
are not in phase and do not add constructively. 

To physically construct a pyramidal horn, the dimension Pe of Figure l 3.18(b). 
given by 

[( )
:? I] 112 

Pe = (hi - bJ :~ - 4 (l3-49a) 
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8 

J-:-plan<' r r-:. ¢ = 90" I 

Figure 13.19 Thrcc-dimcnsion.11 liclll paUi:rn of a pyramidal horn (p1 = p2 = 6A. 
a1 = 5.SA. h 1 = 2.75A." = O.:'iA. /, = 0.25A). 

should he equal to the dimension p1, of Figure 13.18(c) given by 

[( )

1 
J] 

112 

I) - (£1 - £1) ap,I, - -4_ · It - I < 13-49h) 

The dimensions chosen for Figures LU\) and D.20 do satisfy these requirements. 
For the horn of Figure 13.19, p,. =::: 6 .1555..\, p,, = 6.6.,\, and p,. = P1i = 5.4544.,\, 
whereas for I.hat or Figure 13.20. p,. = 6. 7082A. p,, = 8.4853A, and r .. = p,, = 5. 75..\. 
The fields of ( 13-48a)-( 13-48c) provide accurate pauerns for angular regions near the 
main lobe and its closest minor lobes. To atTUrately predict the field intensity of the 
pyramidal and other horn~. especially in the minor Johi.:s, diffraction techniques can 
he ul\l\1.ed l I 5 \-l l 81. These method~ take into accounl diffractions tha\ occur near 
the aperture edges of the horn. l11c diffrnt~tion contributions hecome more dominant 
in regions where the radiation of ( I J~48a)-( I 3-48c) is of very low intensity. 

In uddition to the previous methods. the horn antenna has been examined using 
full-wave analyses. such as the Method of Moments (MoM) [81 and the Finite­
Difference Time-Domain (FDTD) [ 19J. l11esc methods yield more accurate results in 
all regions, and they are able to include many of the other features of the horn, such 
as its wall thickness. etc. Predicted p.itterns based on these methods compare extremely 
well with measurements. even in regions of very low intensity (su~h as the hack 
lobes). An exumple of such a comparison is made in Figure IJ.22 (a.b) for the E- and 
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Figure 13.20 Thrc~-dimcnsional field pattern or a pyramidal horn with maximum 
not on axis (p1 = f'~ = 6A, a1 = 12A. b1 = 6A. a = 0.5.A, b = 0.25.A). 

H-plane pallcms of a 20-dB standard gain horn whose Method of Moment predicted 
values arc compared with measured patterns and with predicted values based on 
( I 3-48a) and ( I 3-48c). which in Figure 13.22 are labeled as approximate. It is apparent 
that the MoM predicted patterns compare extremely well with the measured data. 

AU of the patterns presented previousJy represent the main poJarization of the 
field radiated by the antenna (refen-ed to as co-polarized or en-pol). If the horn is 
symmetrical and it is excited in the dominant mode, idea.Uy there should be no field 
component radiated by the antenna which is onhogonal to lhe main polarization 
(referred to as cross-polariza1io11 or cross-po/), especially in the principal planes. 
However. in practice. either because of nonsymmetries, defects in construction and/ 
or excitation of higher order modes. all antennas exhibit cross-polarized components. 
These cross-pol components are usually of very low intensity compared to those of 
the primarily polarization. For good designs. these should be 30 or more dB below 
the co-polarized fields and arc difficult to measure accurately or be symmetrical, as 
they should be in some cases. 

13.4.2 Directivity 

As for the E- and H-plane sectoral horns, the directivity of the pyramidaJ configuration 
is vital to the antenna designer. The maximum radiation of the pyramidal horn is 
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Figure 13.21 E- and H-plane amplitude patterns of a pyramidal horn with 
maximum nut on-ax.is. 

directed nearly along the z-axis ( (:J = 0°). It is a very simple exercise to show that 
IEolmux• 1£~111111~• and in turn Uma:.can be written. using <13-48b) and (13-48c), as 

~ , ~ , 1£,,lmnx = !En sin </>I -- {[C(u) - C(v)]- + fS(u) - S(v)]·}1'-
r 

(13-50a) 

X C-, 1 + S~ 1 
{ ( b ) ( b )}'n 

v'2APt ~ 
(13-50b) 
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Figure 13.22 Comparison of£- and H-planc paltems for 20-dB standard-gain horn at (0 
GHz. 

.. 
Uma~ = ; IEl~111~ = !£ol2 r~;- {lC(u) - C(v)l2 + [S(u) - S(u)f} 

x { c'(vk) + s'(vk)} (13-~! 

where u and v are defined hy (13-41a) and (13-41b). 
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Since 

(13-51) 

the directivity of the pyramidal horn can be written as 

D
1
, = 4 1rUmax = S1rp,f>2 {LC(u) - C(v)f + [S(u) - S(u)f} 

Pmd a1b1 

X { c0(0XPo) + s'(0XPo)} 
( 13-52) 

which reduces to 

1r>.? 
D,, = 32ab D,! D,, ( 13-52a) 

where D1:. and Du are the directivities of the E- and ff-plane sectoral horns as given 
by ( 13-19) and ( 13-41 ). respectively. This is a well-known relationship and has been 
used extensively in the design of pyramidal horns. 

The directivity (in dB) of a pyramidal horn, over isotropic, can also be approxi­
mated by 

(13-53) 

where L,. and L,. represent. respectively. the losses (in dB) due to phase errors in the 
£- and H-planes of the horn which are found plotted in Figure 13.23. 

The directivity of a pyramidal horn can also be calculated by doing the following 
fl41. 
1. Calculate 

A-~ 0Q 
A ✓ ,;;:i'A 

B = b1 0Q 
A ✓ ;:i"A 

( I 3-54a) 

(13-54b) 

2. Using A and B. find G11 and G£, respectively, from Figures 13. 17 and 13.9. If the 
values of either A or B or both are smaller than 2. then calculate G1: and/or G11 

by 

32 
GE= -8 

1T 

32 
Gu= -A 

1T' 

( 13-54c) 

( 13-54d) 

3. Calculate D1, by using the values of G1, and G11 from Figures 13.9 and 13.17 or 
from (13-54c) and (13-54d). Thus 
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Figure 13.23 Loss figures for£- and H-plancs due Lo phase errors. (SOURCF.: W. C. Jakes, 
in H. Jasik (ed.). Antemw E11gineeri11g Handbook. McGraw-Hill, New York. 1961) 

( 13-54el 

where Dr,, and Dff are. respectively, the directivities of (l 3-20c) and ( 13-42c). This is 
the actual directivity of the horn. The above procedure has led to results accurate to· 
within 0.0 I dB for a horn with p,, = Ph = 50A. 

A commercial X-band (8.2-12.4 GHz) horn is that shown in Figure 13.24. It is a 
lightweight precision horn antenna. which is usually cast of aluminum. and it can be 
used as a 

1. standard for calibrating other antennas 

2. feed for reflectors and lenses 

3. pickup (probe) horn for sampling power 

4. receiving and/or transmitting antenna 
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Figure 13.24 Typlc;il ~landard gain X-ban<l Ot2- 12.4 GHz) pyramidal horn and 
it~ gain chanictcristics (courtesy or The NARDA Microwave Corporation). 

II posses/ic:, an expunential taper. and iLS ilimensions and typical gain cha,w.:tcrist ic:­
are intlicatcd in the figure. The half-power beamwidlh in both lhe £- and /I-planes is 
about 28° while the -;idc lobei, in the £- and H-planes are. respectively. ahout 13 and 
20 dB down. 

Gains ur th~ horn antenna which were measured. predicted and providctl hy the 
manufacturer. whose arnpli1t1dc patterns arc shown in Figure 13.22. are displayed in 
Figure 13.25. A very gootl agrcemenL amongst all three :--eL'i is im.licateJ. 

Example 13.5 

A pyramidal hurn ha~ <limensiom, or p1 = PJ. = 6A. " ' = 5.5A. bi - 2.75A. a 
0.5A. anti b = 0.25A. 

(a) Check to see ii' such a horn can be con~tructed physically. 
(b) Compute Lhe uircc.:t ivi ty ul.ing ( I )-52a). ( 13-53), and ( l 3-54e). 

SOLUTION 

From Examples 13.3 anti 13.4. 

p,. = 6. 1555A 

(}f, = 6.6,\ 
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25 .-----.---,---~--.---..-----,-----,---, 

- M~as11red 
---- C11lcul.11cd 
•••••••• • Prnvid1:d by mfg 

15'-----'----'----'----J..---'----'----'----' 
!! 9 10 II 12 

Frequency rGH1.1 

Figure 13.2S Gains nf lhc pyramidal horn which were mcusured. compuleu and provided 
hy the manufaclurcr. The umpli1udc paucrns of the horn arc shown in Figure 13.:?2. 

Tillls 

!',· = (2.75 - 0.25),\ (
6.1555)2 - ! = 5 .454A 
2.75 4 

pi, = (5.5 - 0.5lA j(
5

6s)' - ~ = 5.454A 

TI1erefore the horn can be constructed physically. 
The directivity can be computed by utiJizing the results of Examples 13.3 and 

13.4. Using ( I 3-52a) with the values or Di; and D11 computed using. respectively, 
(13-19) and (13-41) gives 

-rrA'!. 7r 
V,, = -.,- D,.D11 = .,,, l) 

25 
( 12.79)(7.52) = 75.54 = 18.78 dB 

1, .. ah _,_(0.5 )( . . ) 

Utilizing the values of D1.: and D11 computed using. respectively, (l 3-20c) and (l3-
42c). the directivity of (13-54e) is equal to 

-rrA'!. 7r 
D = -- D,.•D11 = O 

25 
(12.89)(8.338) = 84.41 - 19.26 dB 

'' 32ab • 32(0.5) . 

For this horn 

\" - 1,,:. - <2-75 '
1 

== 0 1575 
• - 8Ap

1 
- 8(6) •• 

a/· (5.5)2 
I = -- = -- = 0.63 

8A1>2 8(6) 
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For these values of s and t 

Lt;= 0.20 dB 

l 11 = 2.75 dB 

from Figure 13.23. Using (13-53) 

D1, = 10{ L008 + logiol5.5(2.75)]} - (0.20 + 2.75) = 18.93 dB 

The agreement is best between the dircctivities of ( I 3-52a) and ( 13-53 ). 

A computer program entitled PYRAMIDAL HORN-ANALYSIS has been de­
veloped to analyze the radiation characteristics of a pyramidal horn and the directiv­
ities of the corresponding £- and ff-plane sectoral horns. The program is found at the 
end of this chapter. 

13.4.3 Design Procedure 

The pyramidal horn is widely used as a standard to make gain measurements of other 
antennas (see Section 16.4, Chapter 16). and as such it is often referred to as a standard 
gui11 horn. To design a pyramidal horn. one usually knows the desired gain Go .ind 
the dimensions a, b of the rectangular feed waveguide. The objective of the design is 
to detern,ine the remaining dimensions (tli, b1, Pe, P1r, p,,, and P1r) that will lead to an 
optimum gain. The procedure that follows can be used to accomplish this [2], [3). 

The design equations are derived by first selecting valuei- of b 1 and a 1 that lead. 
respectively. to optimum directivities for the E- and H-plane sectoral horns using ( 13-
\9a) and ( 13-4\c). Since \he overall effidency (including bo\h t.he antenna and ap­
erture efficiencies) of a horn antenna is about 50% [2], [3 I, the gain of the antenna 
can be related to its physical area. Thus it can be written using ( 12-39c), (I 2-40), and 
(13-19a), (13-41c) as 

since for long horns p2 = p11 and p 1 = p, .. For a pyramidal horn to be physically 
realizable. p,. and p,, of ( l3-49a) and (1349b) must be equal. Using this equality, it 
can be shown that {13-55) reduces to 

where 

( )., ( ff; )., ( ., ) b - G0 3 I a - Get 1 
\/zx - - (2x - I) = - - -- - - - - - I 

A 27T 217" y'x A 6-1r3 X 

Pc -=x 
A 

(13-56) 

( I 3-56a) 

( 13-56b) 
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Equation ( J3-56) i~ the horn design equatjon. 

1. As a first step of the design. find the value of X which satisfies (13-56) for a 
desired gain G0 (dimensionless). Use an iterative technique and begin with a trial 
value of 

. Go 
X (tnal) = XI = .. r,c 

2,ry27T 
(13-57) 

2. Once the correct x has been found. determine P~ and p,, using ( 13-56a) and 
( I 3-56b ). respectively. 

3. Find the corresponding values of a 1 and h1 using (13-19a) and (13-41c) or 

a 1 = ~ = Y3API, = Go {I__ A (13-58a) 
2,r ✓hx 

h1 = ~ = y'2Ap., = V2xA ( I 3-58b) 

4. The values of p,. and p,, can be found using ( I 3-49a) and ( l 3-49b ). 

A computer program entitled PYRAMIDAL HORN-DESIGN has been developed to 
accomplish this, and it is found at the end of this chapter. 

Example 13.6 

Design an optimum gain X-band (8.2-12.4 GHz) pyramidal horn so that its gain 
(above isotropic) atf = 11 GHz is 22.6 dB. The horn is fed by a WR 90 rectangular 
waveguide with inner dimensions of a = 0.9 in. (2.286 cm) and b = 0.4 in. (1.016· 
cm). 

SOLUTION 

Convert the gain G0 from dB to a dimensionless quantity. Thus 

G0 (dB) = 22.6 = 10 loglOGo ~ G0 = 102
•
2

" = 181.97 

Sincef = 11 GHz. A = 2.7273 cm and 

a = 0.8382A 

b = 0.3725,.\ 

l. The initial value of xis taken. using ( 13-57), as 

x, = ~ = 11.5539 
2 27T 

which does not satisfy ( 13-56) for the desired design specifications. After a few 
iterations, a more accurate value is x = 11.1157. 

2. Using ( l 3-56a) and l l 3-56b) 

p,. = 11.1157A = 30.316 cm= 11.935 in. 

p,, = 12.0094A = 32.753 cm = 12.895 in. 
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3. The corresponding values of a, and b 1 are 

"' = 6.002,\ = 16.370 cm = 6.445 in. 

b 1 = 4.715,\ = 12.859 cm = 5.063 in. 

4. The values of p,. and p1, are equal to 

Pr = p,, = 10.005,\ = 27.286 cm = I 0.743 in. 

The same values are obtained using the computer program at the end of this chapter. 
The derived design parameters agree closely with those of a commercial gain 

horn available in the market. A,;; a check. the gain of the de!\igned horn was computed 
using ( l 3-52a) and ( 13-53 ). assuming an antenna efficiency e, of I 00%. and ( 13-55 ). 
The values were 

Go = D0 ='- 22.4 dB 
Go = D0 = 22.1 dB 
G0 = 22.5 dB 

for ( 13-52a) 
for ( 13-53) 
for ( 13-55) 

All three computed values agree closely with the designed value of 22.6 dB. 

13.S CONICAL HORN 

Another very practical micruwave antenna is the conical horn shown in Figure 13.26. 
While the pyramidal. £-. and H-plane sectoral horns are usually fed by a rectangular 
waveguide. the feed of a conical horn is often a circular waveguide. 

The first rigorous treatment of the fields radiated by a conical horn is that of 
Schorr and Beck 1201. The modes within the born are found by introducing a spherical 
coordinate system and are in terms of spherical Bessel functions and Legendre poly­
nomials. The analysis is too involved and will not be attempted here. However data. 
in the form of curves (21 J. wi!J be presented which give a qualitative description of 
the perfomtance of a conical horn. 

Referring to Figure 13.27, it is apparent that the behavior of a conical horn is 
similar to that of a pyramidal or a sectoral horn. As the flare angle increases. the 
directivity for a given length horn increases until it reaches a maximum beyond which 
it begins to decrease. The decrease is a result or the dominance of the quadratic phase 
error at the aperture. In the same tigure, an optimum directivity line is indicated. 

The results of Figure 13.27 behave as those of Figures 13.8 and 13.16. When the 
horn aperture (d111 ) is held constant and its length (L) is allowed to vary, the maximum 
directivity is obtained when the flare angle is zero ( iJ,,. = 0 or L = oc ). This is 
equivalent to a circular waveguide of diameter d,"" As for the pyramidal and sectoral 
horns. a lens is usually placed at the aperture of the conical horn to compensate for 
its quadratic phase error. The result is a narrower pattern as its flare increases. 

The directivity (in dB) of a conical horn. with an aperture efficiency of E,,,. and 
aperture circumference C, can be computed using 

( 13-59) 
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Figure 13.26 Geometry of conical horn. 

where a is the radius of horn at the aperture and 

I l(s) = - IOlogw(ft,p) I ( l 3-59a) 

The first term in ( 13-59) represents the directivity of a uniform circular aperture 
whereas the second term. represented by ( 13-59a). is a correction figure to account 
for the loss in directivity due to the aperture efficiency. Usually the term in ( l 3-59a) 
is referred Lo as loss figure which can be computed (in decibels) using [2]. [3] 

L(s) = (0.8 - 1.71s + 26.25si - l7.79s3) O3-59b) 

where s is the maximum phase deviation (in number of wavelengths), and it is given 
by 

(l3-59c) 

The directivity of a conical horn is optimum when its diameter is equal to 

( 13-60) 

which corresponds to a maximum aperture phase deviation of s = 3/8 (wavelengths.) 
and a loss figure of about 2.9 dB (or an aperture efficiency of about 51 %). 

13.6 CORRUGATED HORN 

The large emphasis placed on horn antenna research in the 1960s was inspired by the 
need to reduce spillover efficiency and cross-polarization losses and increase aperture 
efficiencies of large reflectors used in radio astronomy and satellite communications. 
In the 1970s high-efficiency and rotationally symmetric antennas were needed in 
microwave radiometry. Using conventional feeds, aperture efficiencie.o,; of 50-60% 
were obtained. However. efficiencies of the order of 75-80% can be obtained with 
improved feed systems utilizing corrugated horns. 

The aperture techniques introduced in Chapter 12 can be used to compute the 
pattern of a horn antenna and would yield accurate results only around the main lobe· 
and the first few minor lobes. The antenna pattern structure in the back lobe region, 
is strongly influenced by diffractions from the edges, especially from those that are 
perpendicular to the £-field at the horn aperture. The diffractions lead to undesirabJo 
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Figure 13.27 Directivity of a conical horn as a function of aperture diameter ,tnd for dif­
ferent axial hom lengths. (sotrRCE: A . P. King. "'The Radiation Characteristics of Conical 
Horn Antennus." Proc. IRE, Vol. 38. pp. 249-251. March 1950. «, ( 19.50) IEEE) 

radiation not only in the back lobes but also in the main lobe and in the minor lobes. 
However, they dominate only in low-intensity regions. 

In 1964 Kay (221 realized that grooves on the walls of a horn antenna would 
present the same boundary conditions to all polarilations and would taper the field 
distribution al the aperture in all the planes. The creation of the same boundary 
conditions on all four walls would eliminate the spurious diffructions at the edges of 
the aperture. For a square aperture. this would lead to an almost rotationally symmetric 
pauern with equal £- and H-plane beamwidths. A t·orrtigated (grooved) pyramidal 
horn. with corrugations in the £-plane walls. is shown in Figure 1.l28(a) with a side 
view in Figure I 3.28(h), Since diffractions at the edges of the aperture in the H-plane 
are minimal, corrugations are usually not placed on the walls of that plane. Corru­
gations can also be placed in a conical honi forming a co11icu/ corrugatc1d horn. also 
referred to in 1221 as .\·calar horn. However, instead of the corrugations being formed 
as shown in Figure 13.29(a). prm.:tically it is much easier lo machine them lo have 
the profile shown in Figure U .29(b). 
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Figure 13.28 Pyramidal horn with corrugu1jon!. in the c'-plam:. 

To form an effective corrugated surface. it usually requires IO or more ,;lot, 
(corrugations) per wavelength 123 1. To simpli fy the analysis of an infinite 1.:orrugated 
surface. the followiJ1g assumptions arc usua lly required: 

1. The teeth of the corrugHLiOnl) an:: vanishingly thin. 

2. Reflections from the base or the slot are only those of a TEM mode. 

The second assumption is satislied provided the width of the corrugation (11') is 
1;mall compared to Lhe free-space wavelength (A0 ) and the slot depth (d) (usually 
11· < >.0 / I 0). For a corrugated surface satisfying the above assumptions, its approximate 
,urface reactance i !l given by 124 1 

)I'~ X = -- tan(k0d) 
~r + r , 

when 

II' 
---= I 
w + ( 

which can be satisfied provided r ::s wl l 0. 

( 13-6( ! 

( 13-6 1 a) 
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Figure 13.29 Side view profiles or conical Clltrugated horns. 

The suJface reactance of a corrugated surface. used on rhe walls or a horn, must 
be capacit'1ve 'in order for the surface to force to 1.ero the tangential magnetic field 
parallel to lhe edge at rhe wall. Thus the surface will not support surface waves, will 
prevent iUwnination of lbe £-plane edges. and will diminish diffraetions. This can be 
accompUshed, according to ( 13-61 ), if ,\0 /4 < d < A.012 or more generally when 
(211 + I )A0/4 <d < (11 + I )A0/2. Even though the cutoff depth is also a function of 
lhe slol wjdth w, its influence i~ negligible if w < A0 /l0 and \/4 < d < An/2, 

To study the performance of a corrugated surface. an analytical model was de­
veloped and parametric studies were performed 125 I. Although the details are numer­
ous. only the results will be pre~entcd here. In Pigme I 3.30(a) a corrugated surface 
is sketched and in Figure I 3.30(b) i ts corresponding uncorrugated counterpart L 
shown. 

For a free-space wavelength of ,\0 = 8 t.:111. the following have been plotted for 
point Bin Figure J3.30(a) relative to poinl A in Figure I 3.30(b): 

1. In Figure l3.3l (a) the surface current density decay at B relative LO that at 
ALJ.,(B)/J.(A)] as a function of corrugation number ( for 20 total corrugations) due 
to energy being forced away from the corrugations. A. expected. no decay occurs 
ford = 0.5A0 and the most rapid decay b obtained ford = 0.25A0. 

2. Tn Figure 13.3 1 (b) the surface current density decay al 8 relative lo that in 
A[J.{B)/J/A)I as a function ur the distance~ from the onset of the corrugations 
for four anti eight coTTUgations per wavelength. The results indicate an almost 
independence of current density decay as a function of eorrugation density for 
the cases considered. 

3. ln Figure J3.3l(c) the surface current density decay at B relative to that in 
AIJ.,(8)/1,(A )] as a function of the distance .: from the onset of the cor111gations 
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Figure 13.30 Geometry of corrugated and plane surfaces. (SOURCE: C. A. Mentzer and L. 
Peters, Jr., "Properties of Cutoff Corrugated Surfaces for Comigated Horn Design.· ' IEEE 
Trmu. A111e11111'ls l'ropaRat .. Vol. AP-22. No. 2, March 1974. © (1974) lEEE) 

for wl(w + t) ratios ranging from 0.5 to 0.9. For z < 4 cm == A0 /2. thinner 
corrugations Jlarger wl(w + I) ratios) exhibit larger rates of decay. Beyond that 
point, the rate of decay is approximately constant. This would indicate that in a 
practical design thinner corrugations can be used at the onset followed by thicker 
ones. which are easier to construct. 

The effect of the corrugations on the walls of a horn is to modify the electric field 
di1;tribution in the £-plane from uniform (at the waveguide-horn junction) to cosine 
(at the aperture). Through measurements, it has been shown that the transition from 
uniform to cosine distribution takes place almost at the onset of the corrugations. For 
a horn of about 45 corrugations. the cosine distribution ha~ been established by the 
fifth corrugation (from the onset) and the spherical phase front by the fifteenth (26). 
The £- and H-plane amplitude and phase distributions at the aperture of the horn with 
45 corrugations are shown in Figure l 3.32(a,b). It is clear that the cosine distribution 
is well established. 

Referring to Figure I 3.28(a), the tie Id distribution at the aperture can be written; . 
as 

corresponding to ( l 3-43a) and ( l 3A3b) of the uncorrugated pyramidal horn. Using 
the above distributions. the fields radiated by the horn can he computed in a manner 
analogous to rhal of the pyramjdal horn of Section J 3.4. Pauerns have been comput;ed 
and compare very well with measurements [26]. 
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In Figure 13.33(a) the measured £-plane patterns of an um:orrugated square 
pyramidal horn ( referred ro as the control horn) and a corrugated square pyramidal 
horn arc shown. The aperture size on each side was 3.5 in. (2.96A al 10 GHz) and the 
total !fare angle in each plane wa!-. 50°. it is ~vident that \he \eve\~ l)\' the ll'1inor lobes 
and back lobes are mm:h lower for the corrugated horn than those of the control horn. 
However the corrugated horn also exhibits a wider main beam for small angles: thus 
a larger 3-dB beamwidth (HPBW) but a lower 10-dB beamwidth. This is atlributed 
lo the absence of the diffracted fields from the edges of the corrugated horn which. 
for nearly on-axis observations. add to the direct wave contribution because of their 
in-phase relationship. The fact that the on-axis far-lields of the direct and diffracted 
fields are nearly in-phase is also evident from the pronounced on-axis maximum of 
the control horn. The E- and H-plane patterns of Lhc corrugated horn arc almost 
identical to those of Figure 13.33(a) over the frequency range from 8 to 14 GHz. 
These suggest that the main beam in the £-plane can be obtained fr()m known H­
plane patterns of horn antennas. 

ln Figure I 3.33(b) the measured £-plane patterns of larger control and corrugated 
square pyramidal horns. having an aperture of 9.7 in. on each side (8.2A at 10 GHZ) 
and included angles or 34° and 31° in the£- and fl-planes, respectively. are shown. 
For this geometry. the pattern of the corrugated horn is narrower and its minor and 
back lobe~ are much lower lhan llmse of \he corresponding con\.rol horn. The saddle 
formed on the m.iin lobe of the control horn is attributed to the out-of-phase relations 
between the direct and diffracted rays. The diffracted mys are nearly absent from the 
corrugated horn and the minimum on-axis field is eliminured. The control horn is a 
thick-edged horn which has the same interior dimensions as the com.1gated horn. The 
ff-plane pattern of' the corrugated horn is almost identical to the H-plane pattern of 
the corresponding comrol horn. 

In Figures 13.33(c) and 13.33(d) the back lobe level and the 3-dB beamwidth for 
the smaller size control and corrugated horns. whose £-plane patterns an; shown in 
Figure 13.33(.t), are plotted as a function of frequency. All the observations made 
previously for that horn are well evident in these figures. 

The presence of the corrugations, especially near the waveguide-horn junction. 
can affect the impedance and VSWR of the antenna. The usual practice is to begin 
the corrugations al a small distance away from the junction. This leads to low 
VSWR·s over a broad hand. Previously it was indicated that the width w of the 
com1gations must be small (usually n- < A0 /)()') to approximate a corrugated surface. 
This would cause corona and other breakdown phenomena. However \he large cor­
rugated horn. whose £-plane pattern is shown in Figure l 3.33(h ). has been used 
in a system whose peak power was 20 kW at 10 GHz with no evidence of any 
breakdown phenomena. 

The design concepts of the pyramidal corrugated horn can be extended to 
include circumferentially corrugated conical horns. as shown in Figure 13.29. Several 
designs of conical corrugated horns were investigated in tenns of pattern symmetry. 
low cross polarizntion, low side lobe levels. circular polarization, axial ratio. and 
phase center f271-l36]. For small Hare angles (~,,. less than about 20° to 25°) 
the slots can he machined perpendicular to the axis of the horn. as shown in 
Figure I 3.29(b). and the grooves can he considered sections of parallel-plate TEM­
modc waveguides of depth d. For large Hare angles. however. the slots should 
be constructed perpendicular to the surface of the horn. as shown in Figure I 3.29{a). 
The groove arrangement of Figure I 3.29(b) is usually preferred because it is easier 
to fabricate. 
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?lJ()-7%. July llJ82. © ( 1982> IEEE. (bl R. E. Laurie and L. Peters. Jr .. "Modifications of 
Hom Antennas for Low Side Lobe Levels:· IEEE Tram, Anlennas Propag111., Vol. AP-t4t: 
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13.7 APERTURE-MATCHED HORNS 

A horn which provides significantly better perforn1ance than an ordinary horn (in 
terms of pattern. impedance. and frequency characteristics) is that shown in Figure 
I 3.J4(a), which is referred to as an aperture-matched horn I 37 ). The main modification 
to the ordinary (conventional) horn. which we refer to here as the control horn. consists 
of the attachment of curved surface sections to the outside of the aperture edges. 
which reduces the diffractions that occur at the sharp edges of the aperture and 
provides smooth matching sections between the horn modes and the free-space radi­
ation. 

In contrast to the corrugated horn, which is complex and costly and reduces the 
diffractions at the edges of the aperture by minimizing the incident field. the aperture­
matche<l horn reduces the diffractions by modifying the structure (without sacrificing 
size. weight, bandwidth. and cost) so that the diffraction coefficient is minimized. The 
basic concepts were originally investigated using elliptic cylinder sections, as shown 
in Figure I 3.34(b); however. other convex curved surfaces. which smoothly blend to 
the ordinary horn geometry at the attachment point, will lead to similar improvements. 
This modification in geometry can be used in a wide variety of horns. and includes 
£-plane. H-plane. pyramidal. and conical horns. Bandwidths of 2: I can be anained 
easily with aperture-matched horns having elliptical, circular, or other curved surfaces. 
The radii of curvature of the curved surfaces used in experimental models (37] ranged 
over 1.69A :S a :S 8.47 A with a = h and b = 2a. Good results can be obtained by 
using circular cylindrical surfaces with 2.5A < a :S 5A. 

The basic radiation mechanism of such a horn is shown in Figure I 3.34(c). The 
introduction of the curved sections at the edges does not eliminate diffractions; instead 
it substitutes edge diffractions by curved-surface diffractions which have a tendency 
to provide an essentially undisturbed energy flow across the junction. around the 
curved surface. and into free space. Compared with conventional horns, this radiation 
mechanism leads to smoother patterns with greatly reduced black lobes and negligible 
reflections back into the horn. The size, weight. and construction costs of the aperture­
matched horn are usually somewhat larger and can be held lo a minimum if half (one­
half sections of ,m ellipse) or quadrant (one-fourth sections of an ellipse) sections are 
used instead of the complete closed surfaces. 

To illustrate the improvements provided by the aperture-matched horns. the 
£-plane pattern. back lobe level, and half-power beamwidth of a pyramidal 
2.96A x 2.96A horn were computed and compared with the measured data of corre­
sponding control and corrugated horns. The data are shown in Figures 13.33 (a. c. d). 
It is evident by examining the patterns of Figure I 3.33(a) that the aperture-matched 
horn provides a smoother pattern and lower back lobe level than conventional horns 
(referred to here as control horn): however. it does not provide. for the wide minor 
lobes. the same reduction as the corrugated horn. To achieve nearly the same £-plane 
pattern for all three horns. the overall horn size must be increased. If the modifications 
for the aperture-matched and corrugated horns were only made in the £-plane edges, 
the H-plane patterns for all three horns would be virtually the same except that the 
back lobe level of the aperture-matched and corrugated horns would be greatly re­
duced. 

The back lobe level of the same three horns (control. corrugated. and aperture­
matched) are shown in Figure 13.33(c). The corrugated horn has lower back lobe 
intensity at the lower end of the frequency band. while the aperture-matched horn 
exhibits superior performance at the high end. However. both the corrugated and 
aperture-matched horns exhibit superior back lobe level characteristics to the control 
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Figure 13.34 Geomelry anti uitTraction mechanism of an aperture-matched hom. (SOURCE: 

W. D. Burnside anti C. W. Chuang. "An Arerture-Matchcd I lorn Design." IEEE Trw1,f. 

Antennas Propugat .. Vol. AP-JO. Nu. 4. pp. 790-7%. July 1982. © I 1982) IEEE) 

(conventional) horn throughout almost the entire frequency band. The half-power 
beamwidth characteristics of the same three horns are displayed in Figure 13.33(d). 
Becau1'e Lhe control (conventional) horn has uniform distribution across the com­
plete aperture plane, compared with the tapered distributions for the corrugated and 
nperturc-111<1tched horns, it possesses the smallest bearnwidth almost over the entire 
frequtincy buncJ. 
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l'rcqucncy (GHz) 

Figure 13.35 Measured VSWR fur exponcn1ially tapered pyramidal horns (convcntionnl 
and aperture-matched). (~OllRCE: W. D. Burnside and C. W. Chuang." A.n Aperture­
Matched Hom Design." IEEE Tram. Amemws Propagat .. Vol. AP-30, No. 4. pp. 790-
796, July 1982. © < 1982) IEEE) 

In a conventional horn the VSWR and antenna impedance are primarily inJtuenced 
by \he \hroal am.I aperture reHections. Using the aperlure-matched horn geometry of 
Figure I 3.34(a). the aperture reflections toward the inside of the horn are greatly 
reduced. Therefore the only remaining dominant factors are the throat rellections. To 
reduce the throal reflections it has been suggested that a smooth curved surface be 
used to connect the waveguide and horn walls. as shown in Figure IJ.34(d). Such a 
transition has been applied in the design and consU1Jction of a commerical X-band 
(8.2-12.4 GHz) pyramidal horn (sec Fig. 13.24), whose tapering is of an exponential 
nature. The VSWR's measured in the 8-12 GHz frequency band using the conventional 
exponential X-band horn (shown in Figure 13.24). with and without curved sections 
at its aperture. are shown in Figure I 3.35. 

The matched sections used to create the aperture-matched horn were small cyl­
inder sections. The VSWR's for the conventional horn are very sma!J (less than I.I) 
throughout the frequency band because the throat reflections are negligible compared 
with the aperture retlections. lt is evident. however. that the VSWR's of the corre­
sponding aperture-matched horn arc much superior to those of the conventional horn 
because both the throat and aperture reflections are very minimal. 

The basil.: design of the aperture-matched horn c~m be extended to include cor­
rugations on its inside surface (29]. This type of design enjoys the advantages pre­
sented by both the aperture-matched and corrugated horns with cross-polarized com­
ponents of less than -45 dB over a significant part of the bandwidth. Because of its 
exce1lem cross-polarization characteristics. this horn is recommended for use as a 
reference and for frequency reuse applications in both satellite and terrestrial appli­
cations. 

13.8 MULTIMODE HORNS 
Over the years there has been a need in many applications for horn antennas which 
provide symmetric patterns in all planes. phase center coincidence for the electric and 
magnetic planes, and side lobe suppression. All of these are attractive features for 
designs of optimum reflector systems and monopulse radar systems. Side lobe reduc­
tion is a desired attribute for horn radiators utilized in antenna range, anechoic cham-
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ber, and standard gain applications. while pattern plane symmetry is a valuable feature 
for polarization diversity. 

Pyramidal horns have traditionally been used over the years, with good success, 
in many of these applications. Such radiators. however. possess nonsymmetric beam­
widths and undesirable side lobe levels, especially in the £-plane. Conical horns, 
operating in the dominant TE 11 mode. have a tapered aperture distribution in the E­
plane. Thus. they exhibit more symmetric electric- and magnetic-plane beamwidths 
and reduced side lohes than do the pyramidal horns. One of the main drawbacks of a 
conical horn is its relative incompatibility with rectangular waveguides. 

To remove some or the deficiendes of pyramidal and conical horns and further 
improve some of their attractive characteristics, corrugations were introduced on the 
interior walls of tl1e waveguides. which lead to the corrugated horns that were dis­
cussed in a previous section of this chapter. 1n some other cases designs were sug­
gested to improve the heamwidth equalization in all planes and reduce side lobe levels 
by utilizing horn structures with multiple-mode excitations. These have been desig­
nated as mulrimode horns, and some of the designs will be discussed briefly here. For 
more information the reader should refer lo Lhe cited references. 

One design of a multimode horn is the "diagonal" horn [381. shown in Figure 
13.36, all of whose cross sections are square and whose internal fields consist of a 
superposition of TEw and TE01 modes in a square waveguide. For small liare angles, 
the field structure within the horn is such that the E,field vector is parallel to one of 
the diagonals. Although it is not a muhimode horn in the true sense of the word. 
because it does not make use of higher-order TE and TM modes, it does possess the 
desirable attributes of the usual multimode horns, such as equal beamwidths and 
suppressed beam widths and side lobes in the£- and H-planes which arc nearly equal 
to those in the principal planes. These atu·active features are accomplished, however, 
at the expense of pairs of cross-polarized lobes in the intercardinaJ planes which make 
such a horn unattractive for applications where a high degree of polarization purity is 
required. 

Diagonal horns have been designed. built, and tested [38) such that the 3-, IO~, 
and 30--dB beamwidths are nearly equal not only in the principal £- and H-planes, 
but also in the 45° and 135° planes. Although the theoretical limit of the side lobe 
level in the principal planes is 31.5 dB down, side lobes of at least 30 dB down have 
been observed in those planes. Despite a theoretically predicted level of - 19.2 dB 
in the ::t 45° planes. side lobes with level of - 23 to - 27 dB have been observed. 
The principal deficiency in the side lobe structure appears in the ± 45,,-plane cross­
polarized lobes whose intensity is only 16 dB down; despite this, the overall horn 
efficiency remains high. Compared with diagonal horns. conventional pyramidal 
square horns have ff-plane beamwidths which are about 35% wider than those in the 
£-plane. and side lobe levels in the £-plane which are only 12 to I 3 dB down (although 
those in the H-plane are usually acceptable). 

For applications which require optimum performance with narrow beamwidths, 
lenses are usually recommended for use in conjunction with diagonal horns. Diagonal 
horns can also be converted to radiate circular polarization by inserting a differential 
phase shifter inside the feed guide whose cross section is circular and adjusted so that 
it produces phase quadrature between the two orthogonal modes. 

Another multi mode horn which exhibits suppressed side lobes. equal bearnwidths, 
and reduces cross-polarization is the dual-mode conical horn [391, Basically this horn 
is designed so that diffractions at the aperture edges of the horn. especially those in 
the £-plane, are minimized by reducing the fields incident on the aperture edges and 
consequently the associated diffractions. This is accomplished by utilizing a conical 
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Figure 13.36 Electric-field configuration inside square diagonal horn. (a.I Two coexisting 
equal orthogonal modes. (b) Result of combining the two modes shown in (a). (A./ter Low! 
(381 reprinted with penni.'ision n.f Microwave Journal. Vol. V. No. 3. March 1962) 

horn which at its throat region is excited in both the dominant TE11 and higher-order 
TM 11 mode. A discontinuity is introduced at a position within the horn where two 
modes exist. The horn length is adjusted so that the superposition of the relative 
amplitudes of the two modes at the edges of the aperture is very small compared with 
the maximum aperture field magnitude. In addition. the dimensions of the horn are 
controlled so that the total phase at the apenurc is such that, in conjunction with the 
desired amplitude distribution, it leads to side lobe suppression. beamwidth equali­
zation, and phase center coincidence. 

Qualitatively the pauern formation of a dual-mode conical horn operating in the 
TE 11 and TM11 modes is accomplished by utilizing a pair of modes which have 
radiation functions with the same argument. However. one of the modes, in this case 
the TM 11 mode. contains an additional envelope factor which varies very rapidly in 
the main beam region and remains relatively constant at large angles. Thus, it is 
possible to control the two modes in such a way that their fields cancel in all directions 
except within the main beam. The TM11 mode exhibits a null in its far-field pauern. 
Therefore a dual-mode conical horn possesses less axia1 gain than a conventional 
dominant-mode cortical horn of the same aperture size. Because of that. dual-mode 
horns render better characteristics and are more attractive for applications where 
pattern plane symmetry and side lobe reduction are more important than maximum 
aperture efficiency. A most important application of a dual-mode horn is as a feed of 
Cassegrain reflector systems. 

Dual-mode conical horns have been designed. built. and tested [391 with relatively 
good success in their performance. Generally. however. diagonal horns would be good 
competitors for the dual-mode horns if it were not for the undesirable characteristics 
(especially the cross-polarized components) that they exhibit in the very important 
45° and 135° planes. Improved performance can be obtained from dual-mode horns 
if additional higher-order modes (such as the TE12, TE13 and TM11) are excited 1401 
and if their relative amplitudes and phases can be properly controlled. Computed 
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Figure 13.37 (Continued) 

maximum aperture efficiencies of paraboloidal reflectors. using such horns as fe.eds, 
have reached 90% contrasted with efficiencies of about 76% for reflector systems 
using conventional dominant-mode horn feeds, In practice the actual maximum effi­
ciency achieved is detcrn1ined by the number of modes that can be excited and the 
degree lo which their relative amplitudes and phases can be controlled. 

The techniques of the dual-mode and multimode conical horns can be extended 
to the design of horns with rectangular cross sections. In fact a multimode pyramidal 
horn has been designed. huilt, and tested to he used as a feed in a low-noise Cassegrain 
monopulse system 141 j. This rectangular pyramidal horn utilizes additional higher­
order modes to provide monopulse capability, side lobe suppression in both the 
£- and ff-planes. and beamwidth equalization. Specifically the various pattern mndes 
for the monopulse system are formed in a single horn as follows: 

(a) Sum: Utilizes TE 111 + TE30 instead of only TEiu, When the relative amplitude 
and phase excitations of the higher-order TE30 mode arc properly adjusted, they 
provide side lobe cancellation at the second minor lobe of the TEw-mode pattern 

(b) £-Plane Dif.rererice: Utilizes TE, 1 + TM, 1 modes 
(c) H-Pla11e D{ll'erf!ll<.'e: Utilizes TE20 mode 

ln its input the horn of (411 contained a four-guide monopulse bridge circuitry. a 
multimode matching section, a difference mode phasing section, and a sum mode 
excitation and control section. To illustrate the general concept, in Figure l 3.37(a-c) 
are plots or three-dimensional patterns of the sum, £-plane difference, and H-plane 
difference modes which utilize. respectively. the TE10 + TE30, TE11 + TM 11 • and TE20 
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modes. The relative excitation between the modes has been controlled so that each 
pattern utilizing multiple modes in its formation displays its most attractive features 
for its function. 

13.9 DIELECTRIC-LOADED HORNS 

Over the years much effort has been devoted in enhancing the antenna and aperture 
efficiencies of apenure antennas. especially for those that serve as feeds for reflectors 
(such as the horn). One technique that was proposed and then investigated was to use 
dielectric guiding structures. referred Lo as Die/guides l421, between the primary feed 
and the reflector (or suhreflector). The technique is i;imple and inexpensive to imple­
ment and provides broadband, highly efficient, and low-noise antenna feeds. The 
method negates the compromise between taper and spillover efficiencies. and it is 
based on the principle of internal reflections. which has been utilized frequently in 
optics. Its role bears a very close resemblance to that of a lens, and it is an extension 
of the classical parabolic-shaped lens to other geometrical shapes. 

Another method that has been used to control the radiation pallern of ele~tro­
magnctic horns is to insert totally within them various shapes of dielectric material 
(wedges, slabs, etc.) (431-[51] to control in a predictable manner not only the phase 
distribution over the aperture. as is usually done by using the classi.cal parabolic 
lenses, but also to change the power (amplitude) distribution over the aperture. The 
control or the amplitude and phase distributions over the aperture are very essential 
in the design of very low side lobe antenna patterns. 

Symmetrical loading of the H-plane walls has also been utilized. by proper 
parameter selection. to create a dominant longitudinal section electric (LSE) mode 
and to enhance the aperture efficiency und pauern-shaping capabilities of symmetri­
cally loaded horns [43]. The method is simple and inexpensive. and it can also be 
utilized to realize high efficiency from small horns which can be used in limited scan 
arrays, Apenure efficiencies on the order of 92 to 96% have been uuained, in contrast 
to values of 81 % for unloaded horns. 

A similar technique has been suggested to symmetrically lnad the £-plane walls 
of rectangular horns 145 J-[51] and eventually to line all four of its walls with dielectric 
slabs. Other similar techniques have been suggested. and a summary of these and 
other classical papers dealing with dielectric-loaded horns can be found in I l ]. 

13.10 PHASE CENTER 

Each far-zone field component radiated by an antenna can he written, in general, as 
, - jkr 

E,, = u £( 8. cf, )eN• "·"'1 _t: -
r 

( 13-63) 

where u is a unit vector. The terms E(O, cf,) and~,((:), cp) represent, respectively, the 
( 0, cf,) variations of the amplitude and phase. 

In navigation, tracking. homing, landing. and other aircraft and aerospace systems 
it is usually desirable to assign to the antenna a reference point such that for a given 
frequency, 1f,(0, c/,) of (13-63) is independent of 8 and cJ, (i.e .. rJ,(8. cp) = constant). 
The reference point which makes 1/J( fJ, </;) independent of (:I and cJ, is known ns the 
phase center of the antenna l52J-[56l. When referenced to the phase center, the fields 
radiated by the antenna are spherical waves with ideal spherical wave fronts or 
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equipha-;e surfaces. Therefore a phase center is a reference point from which radiation 
is said to emanate. and radiated fields measured on the surface of a sphere whose 
center coincides with Lhe phase center have the same phase. 

For practical antennas such as arrays, reflectors, and others, a single unique phase 
center valid for all values of O and cf, does not exist; for most, however. their phase 
center moves along a surface. and its position depends on the observation point. 
However. in many antenna systems a reference point can be found such that 
1/1( 0. cf,) = cnnstant. or nearly so. over most of the angular space. especially over the 
main lobe. When the phase center position variation is sufficiently small, that point 
is usually referred to as the t1ppare111 plwse cemer. 

The need for the phase center can best he explained by examining the radiation 
characteristics of a paraboloidal rellector (parabola of revolution). Plane waves inci­
dent on a paraboloidal reflector focus at a single point which is known as the focal 
poi11t. Conversely. spherical waves emanating from the focal point are reflected by 
the paraboloidal surface and form plane waves. Thu~ in the receiving mode all the 
energy is collected at a single point. In the transmining mode. ideal plane waves are 
fonned if the radiated waves have spherical wavefronts and emanate from a single 
point. 

In practice. no antenna is a point source with ideal spherical equiphases. Many 
of them, however. contain a point from which their radiation, over most of the angular 
space. seems tn have spherical wavefronts. When such an antenna is used as a feed 
for a reflector. its phase <.:enter must be placed at the focal point. Deviations of the 
feed from the focal point of the reflector lead to phase errors which result in significant 
gain reductions of the antenna. as illustrated in Section 15.4. l(G) of Chapter 15. 

The analytical fonnulations for locating the phase center of an anLenna are usually 
very laborious and exist only for a limited number of configurations [521-(54]. Ex­
perimental techniques (55]. [561 are available to locate the phase center of an antenna. 
The one reported in [551 is also discussed in some detail in l21, and it will not be 
repeated here. The interested reader is referred to [2] and [55]. 

The horn is a microwave antenna that is widely used as a feed for reflectors [57]. 
To perform as an efficient feed for reflectors. it is imperative that its phase center is 
known and it is located at the focal point of the retlector. Instead of presenting 
analytical formulations for the phase center of a horn. graphical data will be included 
lo illustrate typical phase centers. 

Usually the phase center of a horn is not located at its mouth (throat) or at its 
aperture but mostly between its imaginary apex point and its apenure. The exact 
location depends on the dimensions of the horn, cspecialJy on its flare angle. For large 
flare angles the phase cenler i~ closer Lo the apex. As the tlare angle of the horn 
becomes smaller. the phase center moves toward the aperture of the horn. 

Computed phase centers for an £-plane and an H-plane sectoral horn are 
displayed in Figure l 3.38(a.b). It is apparent that for small flare angles the £­
and H-plane phase centers are identical. Although each specific design has its 
own phase center, the data of Figure I 3.38(a.b) are typical. If the £- and /1-plane 
phase centers of a pyramidal horn are not identical. its phase center can be taken 
to he the average of the two. 

Phase center nomogrnphs for conical corrugated and uncorrugated (TE, 1-mnde) 
horns are available (541, and they can be found in 121 and (54J. The procedure 
to use these in order to locate a phase center is documented in [2] and [54], 
and it is not repeated here. The interested reader is referred to [21 where examples 
are ah,o illustrat~d. 
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PROBLEMS 

13.1. Derive ( 13-la)-(13-lc) by treating the E-plane horn as a radial waveguide. 
13.2. Design an £-plane horn such that the maximum phase difference between two points 

at the aperture. one at the center and the:: other al the c::dge, is 120". Assuming lhal the 
maximum length along its wall (µ,. ). measured from the aperture 10 ili; apex. is I OA. 
find lfie 
(al maximum total flare angle of the hom 
( b) largest uimensiun uf the horn at the aperture 
(c.:) directivity of the horn (dimensionless and in dB) 
(d) gain of the antenna (in dB) when the reflection cocfticient within the waveguide 

feeding the hum is 0.2. Assume only mismatch losses. The waveguide feeding 
the hum has dimensioni; of 0.5.A and 0.25.A 

13.3. For an £:.'-plane horn with p 1 = 6,,\, b, = 3.47.A. and a = 0.5.A. 
(a) compute (in dB) its pattern al 0 = 0". 10°, and 20" using the resulL« of Figure 

13.6. Show all the steps for one angle. 
(b) compute its directivity using ( 13-19) and ( I 3-20c). Compare the answers. 

13.4. Repeat Problem 13.3 for p1 = 6.A. '11 = 6.A. and a = 0.5A. 
13.5. For an E-plune sectoral horn. plot h1 (in A) versus p1 (in A) using ( 13-l 9a). Verify. 

using the data of Figure 13.8; that the maximum directivities occur when ( 13- I 9a) is 
satisfied. 

13.6. For un £-plane sectoral horn with p1 = 20.A. a = 0.5.A 
(a) find its optimum ap~rturc dimensions for maximum nonnalizcd directivity 
(h) compute the total flare angle of the horn 
<c.1 compute its directivity, using ( 13-19). and compare it with the graphical answer 
(d) lind its half-power beamwidth (in degrees) 
(c) compute the directivity using ( 13-20c.:) 

13.7. An £-plane horn is fed by an X-band WR 90 rectangular waveguide with inner 
dimensions of 0.9 in. (2.286 c.:m) and b = 0.4 in. (1.016 cm). Design the horn so that 
its maximum directivity at.f = 11 GHz is 30 ( 14.77 dB). 

13.8. Design an optimum directivity £-plane sectoral horn whose axial length is p1 = IOA. 
The horn b operating at X-band with a desired center frequency equal lof = 10 GHz. 
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The dimensions of the feed waveguide arc a = 0.9 in. (2.286 cm) and b = 0.4 in. 
( 1.016 cm). Assuming an 100% efficient horn (e, = I). find the 
(aJ horn aperture dimensions b 1 and p,. (in wavelengths). and tlare half-angle 1/J, (in 

degrees) 
(h) directivity D1:. (in dB) using (13-20c) 
(c) aperture efficiency 
(d) largest phase difference (in degrees) between center of horn al the aperture and 

any point on Lhe horn aperture along the principal £-plane 
13.9. Derive (l3-21a)-(13-2le) by treating the H-plane horn as a radial waveguide. 

13. LO. For an H-plane sectoral horn with P2 = 6A. a1 = 6,\, and h = 0.25A compute Lhe 
(a) directivity (in dB) using (13-41 ). (I 3-42c) and compare the answers 
(b) normalized field strength (in dB) al IJ = 30°, 45°, and 90°. Approximate it using 

linear interpolation 
13.11. For an H-plane sectoral horn, plot a 1 (in ,\) versus p2 (in A) using ( 13-4 lc). Verify, 

using the data of Figure 13.16, that lhe maximum directivities occur when Cl 3-41c) 
is satisfied. 

13.12. An H-plane sectoral horn is fed hy an X-hand WR 90 rectangular waveguide with 
dimensions of a = 0.9 in. (2.286 cm) and h = 0.4 in. ( 1.016 cm). Design the horn 
so that its maximum directivity at/ = 11 GHz is 16.3 ( 12.12 dB). 

13.13. Repeal the design of Prohlem 13.8 for an H-plune sectoral horn where axial length is 
also pz = I0A. The feed waveguide dimensions and center frequency of operation are 
the same as in Problem 13.8. Assuming an I 00% efficient horn (e, = I), find the 
(ll) hom apcnurc dimensions a 1 and p,. (in wavelengths). and the Rare half-angle l{Jh 

( in degrees) 
(b) dircctiviy D11 (in dB) using (13-42c) 
(c) aperture efficiency 
(d) largest phase difference (in degrees) between center of horn at the aperture and 

any point on the horn aperture along the principal H-planc 
13.14. Show that ( 13-49a) and ( I 3-49b) must be satisfied in order for a pyramidal horn to be 

physical I y realizable. 
13.15. A standard gain X-band (8.2-12.4 GHz) pyramidal horn has dimensions of p1 :::: 13.5 

in. (34.29 cm). p2 == 14.2 in. (36.07 cm). a 1 = 7.65 in. (l 9.43 cm>. h1 = 5.65 in. 
( 14.35 cm)." = 0.9 in. (2.286 cm), and b = 0.4 in. ( 1.016 cm). 
(a) Check lo see if such a horn can be constructed physically. 
(b) Compute the directivity (in dB) al f = 8.2, 10.3. 12.4 GHz using for each 

t I 3-52a). ( 13-53 ), and ( I 3-54e ). Compare the answers. Verify with the computer 
program PYRAMIDAL HORN-ANALYSIS al the end of thii. chapter. 

13.16. A standard gain X-band (8.2-12.4 GHz) pyramidal horn has dimensions of p 1 = 5.3 
in. ( 13.46 cm), /h = 6.2 in. ( 15.75 en,), a 1 = 3.09 in. (7.85 cm), b1 = 2.34 in. (5.94 
cm). a = 0.9 in. (2.286 cm), and b .::: 0.4 in. ( 1.016 cm). 
(a) Check to see if such a horn can be constructed physically. 
(b) Compute the directivity (in dB) al .f = 8.2, 10.3. 12.4 GHz using for each 

(13-52a), (13-53), and (l3-54e). Compare the computed answers with the gains 
of Figure 13.24. Verify with the computer program PYRAMIDAL HORN­
A.NAL YS IS at the end of this chapter. 

13.17. Repeal the design of the optimum X-band pyramidal horn of Example 13.6 so that Lhe 
gain al f = 11 GH1. is 17.05 dB. 

13.18. Design a pyramidal horn antenna with optimum gain at a frequency of 10 GHz. The 
overall length of the antenna from the imaginary vencx of the horn lo the center of 
the aperture is I 0A and is nearly the same in both planes. Determine the 
(a) Aperture dimension of the horn (in cm). 
(b) Gain of the antenna ( in dB) 
(c) Aperture efficiency of the antenna (in%). Assume the reflection. conduction and 

dielectric losses of the antenna arc negligible. 
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(d) Power delivered to a matched load when Lhe incident power density is I()µ. 

wans/nl. 
13.19. Design an optimum gain C-band (3.95-5.85 GHz) pyramidal horn so that its gain at 

f = 4.90 GHz is 20.0 dBi. The horn is fed by a WR 187 rectangular waveguide with 
inner dimensions of u = 1.872 in. (4.755 cm) and b = 0.872 in. (2.215 cm). Refer 
to Figure 13.18 for the horn geometry. Determine in cm. the remaining dimensions of 
the horn: p, .. pi,, a 1• b 1• Pro and p11 • Verify using the computer program PYRAMIDAL 
HORN-DESIGN at the end of this dtapter. 

13.20. For a conical horn. plot d,,, (in A) versus / (in A) using ( I 3-60). Verify. using the data 
of Figure 13.27, Lhat the maximum directivities occur when ( 13-60) is satisfied. 

13.21. A conical horn has dimensions of L = 19.5 in. (49.53 cm). ti,,,= 15 in. (38.10 cm). 
and cl = 2.875 in. (7 .3025 cm). 
(a) Find the frequency (in GHz) which will result in maximum directivity for this 

horn. What is that directivity (in dB)? 
( h) Find the directivity ( in dB) at 2.5 and 5 GHz. 
(c> Compute the cutoff frequency (in GHz) of the TEwmode which can exist inside 

the circular waveguide that is used 10 feed the horn. 
13.22. Design an optimum directivity conical horn. using ( I 3-59H 13-60). so that its direc­

tivity (above isotropic) at/= 11 GHz is 22.6 dB. Check your design with the data 
in Figure 13.27. Compare the design dimensions with those of the pyramidal horn of 
Example 13.6. 

13.23. Design an optimum directivity conical horn so that its directivity al IO GHz ( above a 
standard gain horn of 15 dB directivity) is 5 dB. Determine the horn diameter (in cm) 
and its narc angle (in degrees). 

13.::?4. As pan of a l0-GHz microwave communication system. you purchase a horn antenna 
that is said to have a direct.ivity of 75. The conduction nnd dielectric losses of the 
antenna are negligible, and the horn is polarization matched to the incoming signal. 
A standing wave meter indicates a voltage reflection coefficient of 0. 1 at the antenna­
waveguide junction. 
(a) Calculate the maximum effeclivc aperture of Lhe horn. 
(b) If an impinging wave with a uniform power density of I µ watts/m1 is incident 

upon the horn. what is the maximum power delivered to a load which is connected 
and matched to the lossless waveguide'? 

13.25. For an X-band pyramidal corrugaled horn operating at l0..3 GHz. find the 
(a) smallest lower and upper limits of the com1galion depths (in cm) 
(b) width w of each corrugation (in cm) 
(c) width , of each com1gation tooth (in cm) 

13.26. Find the £- and /-/-plane phase centers (in A) of 
(a) an £-plane (p,. = 5A. a = 0.7 A) 
(h) :in H-planc (p1, = 5A. a = 0.7A) 
sectoral horn with a total included angle of 30°. 
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COMPUTER PROGRAM· PYRAMIDAL HORN: ANALYSIS 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C nns IS A FORTRAN PROGRAM THAT COMPUTES FOR A PYRAMIDAL 
C HORNTIIB: 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

I. FAR-ZONE E- AND H-PLANE AMPLITUDE PATTERNS 
BASED ON THE THEORY OF SECTION 13.4, 
EQUATIONS (13-46) - (13-48c) 

II. DIRECTIVITY (in dB) BASED ON EQUATION (13-S2) 
III. DIRECTIVITY (in dB) OF THE CORRESPONDING E-PLANE 

SECTORAL HORN BASED ON EQUATION (13-19) 
IV. DIRECTIVITY (in dB) OF THE CORRESPONDING ff-PLANE 

SECTORAL HORN BASED ON EQUATION (13-41) 

C TO COMPUI'E 11-IE DESIRED HORN RADIATION CHARAC'IBRISTICS: 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
C 

••INPUT PARAMETERS 
1. Pl = RHOl (in A.) 

2. P2 = RH02 (in >..) 
3. a & b = WAVEGUIDE DIMENSIONS (in A.) 

4. a1 & b1 = HORN APER1URE DIMENSIONS (in>..) 

••NOTES 
1. REFER TO flGURE 13.18 FOR nIB GEOMB'IRY 
2. 1lIB E- AND H-PLANE AMPLrruDE PATI'ERNS ARE STORED IN TW 

DATA FILES; NAMELY. E-theta.dat AND E-phi.dat. RESPECITVEL Y. 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••i 
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COMPUTER PROGRAM • PYRAMIDAL HORN: DESIGN 

c••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C 
C nns IS A FORTRAN PROGRAM THAT DESIGNS AN OPTIMUM GAIN 
C PYRAMIDAL HORN BASED ON 1HE FORMULATION OF SECTION 13.4.3, 
C EQUATIONS (13-55)- (13-58b). 
C 
C TIIE PROORAM COMPUTES TIIE: 
C 
C 
C 

C 
C 

I. HORN DIMENSIONS ai, b1, RHOE Pe• RHOH Ph, Pe and 
Ph (in cm) 

II. HORN FLARE ANGLES PSIE 'Ve AND PSm '1'11 (in degrees) 

C TO DESIGN 1HE HORN: 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

••INPUT PARAMETERS 
1. 0 0 = DES1RBD GAIN (in dB) 
2. F - FREQUENCY (in GHz) 
3. a & b - FEED RECf ANGULAR WAVEGUIDE DIMENSIONS (in cm) 

••NOTES 
1. REFER TO FIGURE 13.18 FOR nIE GEOMETRY 
2. THIS PROGRAM USES A BISEC11ON METiiOD ROUTINE TO FIND 

1HE ROOT OF 1HE DESIGN EQUATION (see NUMERICAL RECIPES 
IN FORTRAN, SECOND EDffiON, PAGE 347) 

c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
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CHAPTER 

14 
MICROSTRIP ANTENNAS 

14.1 INTRODUCTION 

In high-performance aircraft, spacecraft, satellite and missile applications, where size. 
weight. cost. performance. ease of installation, and aerodynamic profile are constraints, 
low profile antennas may be required. Presently there are many other government and 
commercial applications, such as mobile radio and wireless communications. that 
have similar specifications. To meet these requirements. microstrip antennas f 11-1381 
can be used. These antennas are low-profile. conformable to planar and nonplanar 
surfaces, simple and inexpensive to manufacture using modern printed-circuit tech­
nology. mechanically robust when mounted on rigid surfaces. compatible with MMIC 
designs. and when the particular patch shape and mode are selected they are very 
versatile in terms of resonant frequency, polarization. pattern and impedance. In 
addition. by adding loads between the patch and the ground plane. such as pins and 
varactor diodes. adaptive elements with variable resonant frequency. impedance. po­
larization and pattern can be designed I J 8]. [39]-[44]. 

Major operational disadvantages of microstrip antennas are their low efficiency. 
low power, high Q (sometimes in excess of 100). poor polarization purity. poor scan 
performance. spurious feed radiation and very narrow frequency bandwidth, which is 
typically only a fraction of a percent or at most a few percent. In some applications, 
such as in government security systems, narrow bandwidths are desirable. However, 
there are methods. such by increasing the height of the substrate, that can be used to 
ex.lend the efficiency (as large as 90 percent if surface waves are not included) and 
handwidth (up to about 35 percent) [38). However. a!'> the height increases. surface 
waves are introduced which usually are not desirable because they ex.tract power from 
the total available for direct radiation (space waves). The surface waves travel within 
the substrate and they are scattered at bends and surface discontinuities, such as the 
Lruncation of the dielectric and ground plane [45]-[49], and degrade the antenna 
pattern and polarization characteristic!'>. Surface waves can be eliminated, while main­
taining large bandwidths. by using cavities 1501. [51 ]. Stacking. as well as other 
methods. of microstrip elements can also be used to increase the bandwidth [ 13 ), 
[52]-162 I. In addition. microstrip antennas also exhibit large electromagnetic signature 
at certain frequencies outside lhe operating band. are rather large physically at VHF 
and possibly UHF frequencies. and in large arrays there is a tradeoff between band­
width and scan volume l 63H651-
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14.1 Introduction 723 

14.1.l Bas ic Cbaracterls tics 

Microslrip anti.:nnas received considerable auention starting in the 1970s. although 
ll1e idea of a microstrip antenna can be traced to 1953 [I] and a patent in 1955 l21. 
Microstrip antennas, as shown in Figure 14. 1 (a). consist of a very thin (I «: A0 where 
A0 is the free-space wavelength) metallic strip (patch) placed a small fraction of a 
wuvelcn.gth (/, << A11• usually 0.003Ao s h s 0.05A0) above a ground plane. The 
111icros1rip patch is desi!:,111cd so its pattern maximum is normal to the patch (broadside 
rac.liator). This b accomplisheu by properly choosing the mode (field configuration) 
ol' excitation beneath the patch. Eml-lirc radiation can also be accomplished by juili­
cious mode selection. For a rectangular parch. the length l of the element is usually 
A0/3 < L < A0 /2. The strip (patch) and lhe ground plane arc separated by a dielectric 
~heel (referred to as the !-.Ubstrate), a.-; shown in Figure 14.1 (a). 

There are numerous substrates that can be used for the design of mkrostrip 
antennas. and their dielectric constants are usually in the range or 2.2 $ £, $ 12. The 
one), Lhat are most desirable for antenna pcrf()rmance are thick subs1ra1es whose 
dielectric constant is in the lower end of the range because they provide better 
efficiency. larger banclwiclLh, loosely bound fields l"or radiation into space. but at the 
expense of larger element size [38] . Thin substrates with higher dielectric constants 
arc llcsirnhle for microwave circuitry because they require tightly bound fields ro 
mini111i1.c undesircu radiation and coupling, and lead to smaller element sizes: how­
ever, bt:causc of their greater losses, tbey are less efficient and have relatively smaller 
bm1dwiclths 1381. Since micrm,trip antennas are oflen integrated with other mierowave 
ci rcuitry. a compromise has lo be reached between good antenna performance and 
circuit de.sign. 

Often microstrip antennas are also referred to as paid, antennas. The radiMing 
elements .ind the Iced lines are usually photoetchetl on the dielectric substr~1te. The 
rauiating pat<.:h may be s4uare. rectangular. thin .,;trip (dipole). circular. elliptkal. 
tri,u1gular or uny other (.;onfiguration. These and others are illustrated in Figure 14.2. 

Radi:urng 
slot#! 

Ground pl:m~ 

1-L- I 

Patuh 

Ratli111i11g 
,lut #2 

(nJ Micn,~trip :1111cnn11 

- --L~ I 

_j_ J_ 

11'.t-) t \ 1t 
T 

n, &cc, 
C'11·n1111tl 1,111111: :. 

(hi Sick v 1c\\ (;.;) CoonJ 111a1c sy•l~m l"or ~.,ch r.illi:uing ,101 

Figure 14.1 Microst1ip anlcnnn nnd coordinate system. 
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□ DD 0 0 
\a) Square II.ii Rcc1ungular Cc) Dipole /ti) Circulal' (cl 13111p11cul 

0 
<fl Triangular ( g) Dis.: SCCIOr ( h I Circulnr nng (i) Ring sector 

Figure 14.2 Representalivc ~hapcs of microslrip patch elements. 

Square. rcciangular. dipole (st.rip), and drcular art: Lhe most common becau~e of ease 
of analysis and fabrication, and their attractive radiation characteristics, especially 
low c.ross-polarization radiation. Microsu·ip liipoles are attractive because they inher­
ently possess a large bandwidth and occupy less space. which makes them atLractive 
for arrays f 141, [22]. [30 J. [311. L inear and circular polari1.ations can be achieved with 
either single elements or m-rays or microstdp antennas. Arrays or microsLrip eleme11ts, 
with single or multiple feeds, may also be Ul)etl to imrotluce scanning capabilities ,u1J 
achieve grculer directivities. These will be discussed in later sections. 

14.l.2 Feeding Methods 

There arc many conligurations that can be used to feed microstrip antennns. The four 
mosl popular arc the microstrip line. coaxial probe. aperture coupling and proximity 
coupling 11 51, I 161. [301. [35). 1381. [66]-L68]. These are displayed in Figure 14.3. 
One sel of t!4uiva.lent circuits for each one of these is shown in Figure 14.4. The 
microstrip feed line is also a conducting sLrip, usuaUy of much smaller widU1 compared 
to the patch. The microstrip line feed is easy to fabricate, simple to match by con­
trolling tbe inset po~ition and rather simple to model. However as the substrate 
thickness increases surface waves and spurious feed radiation increase. which for 
practit-al designs limit the bandwidth (typically 2- 5%). 

Coaxial-line feeds, where the inner conductor of the coax is attached w the 
radiation patch while the outer conductor is eonnected to the ground plane. are also 
widely used. The coaxial probe feed is also easy to fabricate and match, and it has 
low spurious radiation. However, it also has narrow bandwidth and it is more difficull 
to model. especially for thick substrates (/1 > 0.02A0) . 

Both Lhe microstrip feed line and the probe possess inherent asymmetries which 
generate higber order moues which produce cross-polarized radiation. To overcome 
some of these problems. nonconlacting aperture coupling feeds. as shown in Figures 
I4.3(c,d), have been introduce<l. The aperture coupl ing of Figure I4.3(c) is the most 
uifficu/t of all four to fabricate and it also has narrow handwicll'h. However. it is 
somewhat easier to morJel and has moderate spwfous radiulion. The apert1.1re coupl i.ng 
cons.ists of two substrates separated by a groun<l plane. On the bouom side of the 
lower substrate there is a microstrip feed line whose energy is coupled to the patch 
through a slot on Lhe ground plane separating the two substrates. Thb arrangement 
allows independent optimization of the feed mech,misrn anti lhe rndialing element. 
TypicaJJy a high dielectric material is used for the bottom substrute. and thick low 
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Suh.,trntc: 

Grn11ml pluno: 
Coil.Xia l connector Ground plane 

fol Mkru,1rip lin~ fo,•d fol Ptob..- focd 

tel Apcrt11r.:•C1>upll.ld feed 

Putch 

ri , 

(lll Pm~i rn ity-o:m1pkd fc,·ll 

Figure 14.3 Typical feeds for microstrip antenna~. 

dielectric constant material for the top substrate. The 1:,rroun<l plane between lhe 
substrates also isolates the feed from the radiating element and minimi7,es interference 
of spurious rm.liation for paltern formation and polariLat.ion purily. For this design, 
the suhstratc electrical parameters. feed line width. an<l :-.lot l)ize anti position can be 
used to optimize the design 138]. Typically matching is performed by controlling the 
width of the reed line and the length of the slol. The coupling through the slot can be 
modeled using the theory of Bethe [69]. which is also used to account for coupling 
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ful Microstrip line (bl Probe 

o _ ____.T 
(cl Aper1ure-cuu('lled (di Proxi1ui1y-couplcd 

Figure 14.4 Equivalent circuits for typical feeds of Figure 14.3. 

through a small aperture in a conducting plane. This theory has been successfully 
used to analyze waveguide couplers using coupling through holes [70J . In this theory 
the slot is represented by an equivalent normal electric dipole to account for the 
nonnal component (to the slot) of the electric field and an equivalent horizontal 
magnetic dipole to account for the tangential component (to the slot) magnetic field. 
If the slot is centered below the patch, where ideally for the dominant mode the 
electric field is zero while the magnetic field is maximum, the magnetic coupling will 
dominate. Doing this also leads to good polarization purity and no cross-polarized 
radiation in the principal planes [38J. Of the four feeds described here, the proximity 
coupling has the largest bandwidth (as high as 13 percent). is somewhat easy lo model 
and has low spurious radiation. However its fabrication is somewhat more difficult. 
The length of the feeding stub and the width-to-line ratio of the patch can be used to 
control the match (61 ]. 

14.1.3. Methods of Analysis 

There are many methods of i:lnalysis for microstrip antennas. The most popular models 
are the transmissfrm-line [16], [35], cavity [12], [16]. ll8]. (35]. andfull-wave (which 
include primarily integral equations/Moment Method) [22), (26], [711-[74]. The trans­
mission-line model is the easiest of all. it gives good physical insight, but is less 
accurate and it is more difficult to model coupling [75 J. Compared to the transmission­
line model, the cavity model is more accurate but at the .'lame time more complex. 
However. it also gives good physical insight and is rather difficult to model coupling, 
although it has been used successfully [8]. [76 J. l 771. In general when applied properly, 
the full-wave models are very accurate, very versatile, and can treat single elements, 
finite and infinite arrays, stacked elements, arbitrary shaped elements, and coupling. 
However they are the most complex models and usually give less physical insight. In 
this chapter we will cover the transmission-line and cavity models only. However 
results and design curves from full-wave models will also be included. Since they are 
the most popular and practical. in this chapter the only two patch configurations that 
will he considered are the rectangular and circular. Representative radiation charac­
teristics of some other configurations wW be included. 
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14.2 Rectangular Patch 727 

14.2 RECTANGULAR PATCH 

The rectangular patch is by far the most widely used configuration. It is very easy to 
analyze using both the transmission-line and cavity models, which are most aL:curate 
for thin substrates [78]. We begin with the transmission-line model because ii is easier 
to illustrate. 

14.2.1 Transmission-Line Model 

It was indicated earlier that the transmission-line model is the easiest of all but it 
yields the least accurate results and it lacks the versatility. However. it docs shed 
some physical insight. As it will be demonstrated in Section 14.2.2 using the cavity 
model, a rectangular microstrip antenna can be represented as an array of two radiating 
narrow apen.ures (slots), each of width Wand height h, separated by a distance L. 
Basically the transmission line model represents the microstrip antenna by two slots. 
separated by a low-impedance z .. transmission line of length L. 

A. Fringing E.ffects 
Because the dimensions of the patch are finite along the length and width. the fields 
at the edges of the patch undergo fringing. This is illustrated along the length in 
Figures 14. l(a,b) for the two radiating slots of the microstrip antenna. The same 
applies along the width. The amount of fringing is a function of the dimensions of 
the patch and the height of the substrate. For the principal £-plane (xy-plane) fringing 
is a function of the ratio of the length of the patch L to the height h of the substrate 
(Uh) and the dielectric constant E,. of the substrate. Since for microstrip antennas 
Uh ~ I, fringing is reduced; however. it must be taken into account because it 
influences the resonant frequency of the antenna. The same applies for the width. 

For a microstrip line shown in Figure 14.5(a), typical electric field lines are shown 
in Figure 14.S(b). This is a nonhomogeneous line of two dielectrics: typically the 
substrate and air. As can be seen, most of the electric field lines reside in the suhstrate 
and parts of some lines exist in air. As W/11 >> I and E,. >> l, the electric lield lines 
concentrate mostly in the substrate. Fringing in this case makes the micros1rip line 
look wider electrically compared to its physical dimensions. Since some of the waves 
travel in the substrate and some in air, an effective dielectric constant Ercrr is introduced 
to account for fringing and the wave propagation in the line. 

To introduce the effective dielectric constant. let us assume that the center con­
ductor of the microstrip line with its original dimensions and height above the ground 
plane is embedded into one dielectric, as shown in Figure 14.S(c). The effective 
dielectric constant is defined as the dielectric constant of the un(form dielectric 
material :w that the line nf Figure 14.S(c) has identical electrical characteri.rtic.\', 
particularly propagation constant, as the actual line of Figure 14.5(a). For a line 
with air above the substrate, the effective dielectric constant has values in the range 
of I < Ercff < E,.. For most applications where the dielectric constant of the substrate 
is much greater than unity (E,. >> I). the value of Ererr will be closer to the value of 
the actual dielectric constant E, of the substrate. The effective dielectric constant is 
also a function of frequency. As the frequency of operation increases. most of the 
electric field lines concentrate in the substrate. Therefore the microstrip line behaves 
more like a homogeneous line of one dielecu·ic (only the substrate). and the effective 
dielectric constant approaches the value of the dielectric constant of the suhstrnte. 
Typical variations, as a function of frequency, of the effective dieleL:tric constant for 
a microstrip line with three different substrates are shown in Figure 14.6. 
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1aJ Micro,;tnp hoe rbi Electric field line, 

e,.,,, 

1c) [!ffccllvc dldc~tric CUlhlOnl 

Figure 14.S Mjcromip li ne and its electric lit:lcl line ..... and effective diel<:ctric constant 
geometry. 

For low frequencies 1he cffec.:Live dielectric constant is essentially constant A1 

in1crmcdia1e rrcquencies ir.s valuei. begin to monotonically increa...,e amJ even1ually 
approat;h the values of the dielectric constant of the substrate. The initial values (al 
low frequencies) of Lhe effective <lielectric constant are referred to as the sratic values, 
and they arc given by [79] 

W/h > l 

+ I I + l?-E - I [ h ] -
112 

2 - w ( 14-1 l 

B. EJj'ectil'e l e11grh, Rew11a11r Freq11ell(:y, and Effective Widrh 
Because of the fringing effec.:ts, electrically 1be patch of the microstrip antenna looks 
greater U1an its physical dimensions. For 1he principal £-plane (.9·-plane). this is 

11 -- e, = 10.2 W = 0. 125" = 0.3 175 cm 
- -- £ , = 6.8() II = ().050" = O. I :?70 cm 

';; 10 -
!t!-

- - - - t:, = l,3;1 F, = 10.2 

2 
" ~ 8 L-_ __ 
0 

"' 

() L_ _ ___ -1_ _ ___ .,__ _ ___ .,__ ___ --...J 

I:! l) I() 11 

Log fr.:<1ucnt:y 

Figure 14.6 Effective dielectric constant versus frequency for lypical substrates, 
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14.2 Rectangular Patch 729 

demonstrated in Figure 14.7 where the dimensions of Lhe paLch along its lengtb have 
been extended on each end by a distance tiL. which is a function of lbe effecLive 
dielectric constanl E,cft and the width-to-heighL rntio (Wlh). A very popular and prac­
tical approximate relation for the normal ized extension of the length is [80J 

(Ere,r + 0.3)(: + 0.264) 

AL = 0 4 ?---------

h • 1- (W ) 
(€rcrr - 0.258) Ii + 0.8 

( l 4-2) 

Since the length of U,e patch has been extended by A L on each si.de. the effective 
length uf the patch is now (L = M2 for domin,tnt TM0 w mode with no fringing) 

Leo = L + 2Al ( 14-3) 

For the dominant TM010 mode. the resonant frequency of the microstrip antenna 
is a function of its length. Usually it is given by 

. l vo 

(./,.)010 = 2L· C . I = 2L· C V E, V µ nEo V €, 
( 14-4) 

where u0 is the speed of light in free space. Since (14-4) does not account ror fringing. 
it must be mo<liried 10 include edge effects and shou ld be computed u1-ing 

( 14-5) 

where 

( 1+5a) 

1-M I. .c\L-l 
1---

ii I 
I 
I 

I I IV 
I 

__ J 

I 
I 
I 
1---

(al Tnr vie" 

(b) Side view 

Figure 14.7 Phy!.ical and effective lengths of rec1a11gular micro~lrip putch. 
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730 Chapter 14 Microstrip Antennas 

The q factor is referred to as the fringe Jctctor ( length reduction factor). As the substrate 
height increases. fringing also increases and leads to larger separations between the 
radiating edges and lower resonant frequencies. 

C. Design 
Based on the simplified fonnulation that has been described. a design procedure is 
outlined which leads to practical designs of rectangular microstrip antennas. The 
procedure assumes that the specified information includes the dielectric constant of 
the substrate ( £,.). the resonant frequency (f;.). and the height of the substrate Ji. The 
procedure is as follows: 

::,;,ecij_\,: 

e,, J~ (in Hz), and h 

Derermine: 

W.L 

De:,·ig11 procedure: 

1. For an efficient radiator. a practical width that leads to good radiation efficiencies 
is l r 5 I 

W = 2!,~J,,: I = ;;)~ ( 14-6) 

where v0 is the free-space velocity of light. 

2. Detennine the effective dielectric constant of the microstrip antenna using 04-1). 
3. Once W is found using ( I 4-6 ). detennine the extension of the length tJ..L using 

(J 4-2). 

4. The actual length of the patch can now be determined by solving ( 14-5) for L, or 

I 
L = ---=::::,---= - 2tJ.. L 

2.f,.~ ~ 
( 14-7) 

Example 14.1 

Design a rectangular microstrip antenna using a substrate (RT/duroid 5880) with 
dielectric constant of 2.2. h = 0.1588 cm (0.0625 inches) so as to resonate at lC 
GHz. 

SOLUTION 

V.1,ing ( 14-6). the width W of the patch is 

30f;J; • W = -- == 1.186 cm <0.467 m) 
2(10) 2.2 + 1 
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14.2 Rectangular Patch 73 l 

The effective dielectric constant of the patch is found using ( 14-1 ), or 

_ 2.2 + I 2.2 - I ( ? 0. L588)- l/2 _ 
9 €r.,_cr - 2 + 2 I + L I. I 86 - J. 72 

The extended incremental length of the patch Ill is. using (14-2) 

(1.972 + 0.3)(~.-/5
8
8
6
8 + 0.264) 

tlL = O.l588(0.4 L2)----------

( 1.972 - 0.258)(0'.·,~~8 + 0.8) 

= 0.081 cm (0.032 in) 

The actual length L of the patch i.-. found using ( 14-3), or 

A 30 
L = 1 - 2b. L = ~ ~ - 2(0.08 I ) = 0.906 cm (0.357 in) 

- 2( 10) y 1.972 

Finally the effective length i s 

A 
L, = L + 2tlL = - = l.068 cm (0.42 1 ia) 

2 

D. Cm1duc1tmc:e 
Each radiating slot is represented by a parallel equivalent admittance Y (with cunuuc­
tance G and susceptance B). This b shown in Figure l4.8. The :-lots ure labeled as 
# 1 and #2. The equivalent admillance of slot# l. baseu on an infinitely wide, uniform 
slot, is derived in Example 12.8 of Chapter l2. and i t is given by [8 11 

Y1 = G 1 + j 8 1 ( 14-8) 

where for a slot of finite width W 

W [ I ' ] G, = I20Ao I - 24 (koht 

w 
8 1 = --[ I - 0.636 In (k0h)] 

120A0 

h i 
-< ­
Au 10 

h 1 
-<­
Ao 10 

(bl Tm11sit1is,iu11 mo<ld ~q111vulc111 

(14-8a) 

( 14-8b) 

Figu,e 14.8 Rectangular mic:rosLrip palch an<l its equivalenl circuit Lram,mission model. 
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732 Chapter 14 Microstrip Antennas 

Since slot #2 is identical to slot # 1, its equivalent admittance is 

(14-9) 

The conductance of a single slot can also be obtained by using the field expression 
derived by the cavi.ty model. In general , the conductance is defined as 

2Pnul 

G, = !Vc,12 

Using the electric field of ( 14-41 ). the radiated power is written a1, 

IVol2 lrr [sin(ko; cos e)]~ 
P J = -- ------ sin-\ 8 dO 

ra 211710 0 COS 8 

Therefore the conductance of ( 14-10) can be expressed as 

,. 
G, = 120,r 

where 

= 
rr sm 2 cos 8) 

[ 

• (koW ]
2 

/ 1 f ----- sin3 O dlJ Jo cos 0 

sin( X) 
- -2 + cos(X) + XS;(X) + X 

X = koW 

Asymptotic values of ( 14-12) and ( I 4- I 2a) are 

1
9'0(:r 

G, = J~o(:) W>> Ao 

( 14-IO) 

(14-ll) 

( 14-12) 

(14-12a) 

04-12b) 

(14-13) 

The values of (14-13) for W ::::$> A0 are identical to those given by (14-Sa) for 
Ii<< A0 . A plot of Gas a function of W/A0 is shown in Figure 14.9. 

£. Resonalll Input Re:d.vtance 
The total admittance at slot # 1 (input admittance) is obtained by transferring the 
admittance of slot #2 from the output terminals to input terminals using the admittance 
transformation equation of transmission lines [16], [70). (79]. Ideally the two slots 
should be separated by A/2 where A is the wavelength in the dielectk (substrate). 
However, because of fringing the length of the patch is electrically longer than th~ 
actual length. Therefore the actual separation of the two slots is slightly less than >J2. 
If the reduction of the length is properly chosen using ( 14-2) (typically 0.48A < L < 
0.49A). the transformed admittance of slot #2 becomes 

(14-14) 
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Ch= G, 

82 = -81 

14.2 Rectangular Patch 733 

( 14-1-fa) 

( 14-14b) 

Therefore the total resonant input admittance is real and is given by 

Yin = Y, + Y2 :::: 2G 1 (14-15) 

Since the total input admittance is real. the resonant input impedance is also real. or 

I I 
~n = -y. = Rin :::: '>G • 

Ill - I 

( 14-16) 

The resonant input resistance. as given by ( 14-16). does not take into account 
mutual effects between the slots. l11is can be accomplished by modifying (14-16) 
to 181 

R =-----111 2(G1 ± Gd 
( 14- 17) 

where the plus (+)sign is used for modes with tldd (antisymmetric) resonant voltage 
distrihution beneath the patch and between the slots while the minus ( - ) sign is used 
for modes with even (symmetric) resonant volluge distrihution. The mutual conduc­
tance is defined. in tenns of the for-zone fields. ris 

(14-18) 

where E1 is the electric field radiated by slot# I. H1 is the magnetic field radiated by 
slot #2. V0 is the voltage across the slot, and the integr~ttion is perfom1ed over a 
sphere of large radius. ft can be shown that G12 can he calculated using rs1. 134J 

[ 
(
koW )].! sin - cos 0 

I f" 2 Gu = , ------ J0 (k0 Lsinfl)siff1 0d0 (14-18a) 
I 201r- o cos lJ 

io-1 

10-2 

~ 
r5 w-J 
,.. 
" w--1 C: 
.:3 
u 
::, 

-0 

"' ,~ u,-~ 
,J 

11)·1• 

Ill 7 

io- ll 

10 .l 10 2 111-I IO+I io+2 

Slo1 wid1h W/A., 

Figure 14.9 Slot conductance as a function of slot width. 
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734 Chapter 14 Microstrip Antennas 

where / 0 is 1he Bcs.-.cl function of rhc firsr kind of order zero. For typical microstrip 
antennas, the mutual conductance obtained using ( 14- I 8a) is small compared to the 
:-.elf conductance G 1 or ( 14-8a) or ( 14-12). 

As shown hy ( I 4-8a) and ( I 4-17 ), the input resistance is not strongly dependent 
upon the substrate height It. In fact for very small values or h, such that k0 h << I, the 
input resistance is not dependent on It . Modal-expansion analysis also reveals that the 
input resistance is not strongly inl1uenced by the substrate height /z . ll is apparent 
from ( I 4-8a) and ( 14-17) that the resonant input resistance can be decreased by 
increasing the width W of the patch. This is acceptable as long as the ratio of W/L 
does not exceed 2 hecnusc the aperture efficiency of a single patch begins to drop. as 
H1/l im:reases beyond 2. 

TI1c resonant input resistance, as calculated by ( 14-17 ), is referenced at slot #I. 
However. it ha-; hecn shown that the resonant input resistance can be changed by 
using an inset feed. recessed n distance y0 from slot # 1, as shown in Figure 14. IO(a). 
This techni4ue can he used effectively to match the patch antenna using a microstrip­
line feed whose characteristic impedance is given by [79] 

60 I [8h Wo] Wo r-n-+-. -< 
V Ercff Wo 41, h -

( I 4-l 9a) 

z,. = 12077' Wo > I 

1.393 + 0.667 In (:" + 1.444) r h 

(l4-l9b) 

where W0 is the width of the microstrip line, as shown in Figure 14.10. Using modal­
expansion analysis, the input resistance for the inset-feed is given approximately by 
18J. 1161 

R,.,(y - _v0 ) - 2<G, + G") [ cos' (;.vu) 

+ Gj ;. Bf sin
2 

(~.vo) - !,' sin (
2

1
~.vo)] ( 14-20) 

where Y, = 1/Z, .. Since for most typical microstrips G 1/Y, << I and B 1/Y. << 1, 
( 14-20) reduces lo 

I ., ('77' ) 
R;11(,v = ,Vo) = 2 (Gi ± G,:?) cos· l Yo 

= R;11(,,· = 0) cos.:? (f Yo) ( 14-20a) 

A plul of the normalized value of ( 14-20a) is shown in Figure 14. IO(h). 
The values obtained using ( 14-20) agree fairly well with experimental data. 

However. the inset feed introduces a physical notch. which in turn introduces a 
junction capacitance. The physical notch and its corresponding junction capacitance 
influence slightly the resonance frequency. which typically may vary by about I%. It 
is apparent from (14-20a) and Figure 14.IO(b) that the maximum value occurs at the 
edg~ of the slot (v0 = 0) where the voltage is maximum and the current is minimum: 
typical values are in the 150-300 ohms. The minimum value (zero) occurs at the 

INTEL-1045 
U.S. Patent 7,151,430



S- 0.75 
II 

J 
~ 0.50 
II ,.., 

" ti[ 
0 . .25 

14.2 Rectangular Patch 735 

I 
w 

J0 /L 

(bl :"lormali7..ed input resjs1ance 

Figtirc 14.10 Reces~ed microstrip-linc feed and variation of normalized input resistance. 

center of the patch (Vo = U2) where the voltage is zero am! the current is maximum. 
A~ lhe insel feec.J-point move!:> from the edge toward the center of the patch the resonant 
input impedance decreases monotonically and reaches zero at the center. When the 
value of the inset feed-point approaches the center or the patch (y0 = U2). the 
co~/(-rry,/L) function varies very raplc.Jly: therefore the input resistance also changes 
rapidly with the position of the feed point. To maintain very accurate values, a close 
tolerance must be preserved. 

Example 14.2 

A microstrip antenna with overall dimensions of L = 0.906 cm (0.357 im:hes) and 
W = 1.1 86 cm (0.467 inches). substrate with height h = 0.1588 cm (0.0625 inches) 
nnd dielectric constant of €r = 2.2, is operating at IO GHz. Pinc.J: 

a. The input impedance. 

b. The position of the inset feed-point where the inpul impedance b 50 ohms. 
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736 Chapter 14 Microstrip Antennas 

SOLUTION 

30 
Ao= - :::o. 3 cm 

10 

Using (J4- )2) and (14- 12.a) 

G1 = 0.00157 siemens 

which compares with G 1 = 0.00328 using ( I 4-8a). Using ( 14- 1 Sa) 

G11 = 6. 1683 X rn ··4 

Using (14-17) with Lhe ( +) sign because of the odd field distribution between the 
radialing slo(s for lhc dominnnr TM0111 mode 

Rin = 228.3508 ohms. 

Since the input impedance at the leading radiating edge of the patch is 228.3508 ohms 
while the desired impedance is 50 ohms, the inset feet-point distance .Yo is obtained 
using ( 14-20a). Thus 

50 = 228.3508 cos2 (:.vo) 
or 

.Vu = 0.3126 cm (0.123 inches) 

14.2.2 Cavity Model 

Microstrip antennas resemble dielectric loaded cavities, and they exhibit higher order 
resonances. The normalized fields within the dielectric substrate (between the patch 
and the ground plane) can be found more accurately by tre,1ting that region as a cavity 
bounded by electric conductors (above and below it) and by magnetic walls (to 
simulate an open circuit) along the perimeter of the patch. This is an approximate 
model, which in principle leadc; to a reactive input impedance (of zero or infinite value 
of resonance), and it does not radiate any power. However, assuming that the actual 
fields are approximate to those generated by such a model. the computed pattern, 
input admittance. and resonant frequencies compare well with measurements [12), 
116]. f 18J. This is an accepted approach. and it is similar to the perturbation methods 
which have heen very successful in the analysis of waveguides, cavities, and radiators 
[811. 

To shed some insight into the cavity model. let us attempt to prei,ent a physical 
interpretation into the formation of the fields within the cavity and radiation through 
its side walls. When the microstrip patch is energiz,ed, a charge distribution is estab­
lished on the upper and lower surfaces of the patch, as well as on the surf ace of the 
ground plane. as shown in Figure 14.11. The charge distribution is controlled by two 
mechanisms; an attractive and a repu/sfre mechanism [341 . The attraclive mechanism. 
is between the corresponding opposite charges on the bottom side of the patch and 
the ground plnnc, which tends to maintain the charge concentration on the bottom of 
the patch. The repulsive mechanism is between like charges on the bottom surface of 
the patch, which tends lo push S()me charges from the bottom of the patch. around its 
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14.2 Rectangular Patch 737 

Figure 14.11 Chnrge distribution and current density creaLion on r.nicrm,Lrip patch. 

edges. to it~ lop surface. The movement of these charges creates con-esponding current 
Jensities J,, and J,. at the bottom and lop surfaces of the patch. respectively. as shown 
i.n Figure l4. l l. Since for most practical microstrips the height-to-width ratio is very 
small. the attractive mechanism dominates and most of the charge concentralion and 
current flow remain underneath the p..itch. A small amount of current flows around 
the edges of the patch to its top su1face. However, thi!:i current now decreases as the 
beighHo-width ratio decreases. l n the l imit. the current flow to the top would be zero. 
which ideally would not create any tangential magnetic field componenrs to the edges 
of the parch. This would al low the four side walls to be modelled by perl'ect magnetic 
conducting surfaces which ideally would nut disturb the magnetic lield ancl, in turn, 
the electric lield distributions beneath the patch. Since in practice there is a finite 
heighHu-width ratio, although small, the tangential magnetic fields at the edges would 
not be exactJy zero. However. since they wiU be small. a good approximation 10 the 
cavity model is to lrcal the side walls as perfectly magne6c conducting. Th is model 
produces good nonnalized electric and magnetic field distributions (modes) beneath 
the patch. 

If the microstrip antenna were treated on ly as a cavity, it wou ld not be sufficient 
to fiml the absolute ampli tudes of the electric and magnetic fields. lo fact by trcaling 
the wall~ or the cavity. as well as the matecial within it as lossless, tbe cavity would 
not radiate and its input impedance would be purely reactive. Also the function 
representing the impedance would only have real poles. To account for radiation, a 
loss mechanism ha~ to be introduced. In Figure 2.2 1 of Chapter 2, this was taken into 
accoUJ1t by the radiation resistance R,. and loss resistance RL. These two resistance!:> 
allow the input impedance to be com!Jlex and for its function to have complex poles: 
the imaginary poles representing, through R,, and R1 • the radiation and conduction­
dielectric los~s. To make the micn)strip los~y using the cavity mode\, which would 
then represent an antenna. the loss is taken into account by introducing an effective 
loss tangent o..,11 . The effective loss tangent is chosen appropiiately to represent the 
loss mechanism of the cavi ty. which now behaves as an antenna anc..l is tak:en as the 
reciprocal of Lhe antenna quality factor Q <8..,n = 1/Q). 

Because the thickness of the microstrip is usually very small, the waves generated 
within the dieleclric substrate (between the patch and the ground plane) undergo 
consitll!rable reOectiom, when they arrive at the edge of the patch. Therefore only a 
small fraction of the incident energy is radiated: thus the antenna is considered to be 
very inefficient. Tbe fields beneath the patch form standing waves that can be repre­
sented by cosinusoidal wave functions. Since Lhe height of the substrate is very small 
(h « A where A is the wavelength within the dielectric), thc.: licld varimions along 
the height will be considered constant. In addition. because of the very small substrate 
height. the fringing of the fields along the edges of the palch arc nl~o very small 
whereby the electric field is nearly normal lo the surface of Lhe patch. Therefore only 
TM ' field configurations will be considered within the <.:avity. While the top and 
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738 Chapter 14 Microstrip Antennas 

bottom walls of the cavity arc perfectly electric conducting, the four side walls will 
be modeled as perfectly conducting magnetic walls (tangential magnetic fields vanish 
al()ng those four walls). 

A. Field Cm~figuratimts (modes)-TM ·' 
The field configurations within the cavity can he found using the vector potential 
approach described in detail in Chapter 8 of [791. Referring to Figure 14.12. the 
volume beneath the patch can be treated as a rectangular cavity loaded with a dielectric 
material with dielectric constant E,. The dielectric material of the sub~trate i!-. assumed 
to be truncated and not extended beyond the edges of the patch. The vector potential 
Ax must satisfy the homogeneuus wave equation of 

V2 A . + k2 A = 0 _t .I ( 14-21) 

whose solution is written in general. using the separation of variables. as [791 

Ax = IA I cos(k_..x) + BI sin(kxx)][A2 cos(k,.y) + B2 sin(ks)] 
( 14-22) 

• [A 3 cos(k,:) + 8 3 sin(k,z) I 

where k._, .. k,. and k.~ are the wavenumbers along the x, y and ~ directions. respectively. 
These will .be determined subject to the buundary conditions. The electric and mag­
netic fields within the cavity are related to the vector potential A., by [79] 

• I ( a
2 

") Ex = -1-- -J., + k.- A., H., = 0 
wµ.E ex-

. I riAx 
E_,, = -1-­

wµ.E r:Jxi)_y 

l tiA 
£ • .I ~= -1-~ 

wµ.e nxrJz 

subject to the boundary conditions of 

H.- = 

Ey(x' = 0, 0 s y' s L. 0 < z' < W) 

I cJA_, 

µ. rly 

= £_1,(.t' = lz, 0 s _v' s L, 0 s z' s W) = 0 

H_1.(0 < x' < h, 0 < y' s L. z' = 0) 

= H_,.(0 s x' sh_. 0 < y' < L, z' = W) = 0 

H~(0 s x' s h, y' = 0. 0 s z' s W) 

= H:(O s x' s /J, y' = L, 0 s z' s W) = 0 

(14-23) 

( 14-24) 

The primed coordinates x', y', z' are used to represent the fields within the cavity. 
Applying the boundary conditions Ey(x' = 0. 0 < y' < L, 0 < ::,' s W) = 0 

and E1,(x' = h. 0 s y' s l. 0 s z' < W) = 0, it can be shown that 8 1 = 0 and 

m?T 

k_\ = h' m = 0. I, 2 . ... . (14-25) 

Similarly. applying the boundary conditions H"(O s x' s It. 0 s y' s L. :' = 0) = 
0 and HiO < x' < h. 0 s y' < L. ::,' = W) = 0, it can be shown that B.l = 0 and 

p7T 
k =-
~ w· p = 0, I, 2, .... (14-26) 
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~---w---

Figure 14.12 Rectangular micro:-.trip patch geometry. 

Finally. applying the boundary conditions H_ (0 s x' < h. \' 1 = 0. 0 s : 1 
::: W) = 

0 and H . (() s x' ::: IL, y' = L. 0 s :' s W) = 0. il t:an be shown that 82 = 0 nnJ 

k = wrr 
' L . 11 = 0. I. 2 . . ... ( 14-27) 

Thus the final rom1 for the vector potential A, within the c,wi Iy is 

( 14-28) 

where A1111111 represents the amplitude coefficients of each mnp mode. The wnvenumbers 
k,. k,. , k~ arc equal to 

111 = 0. I . 2, . .. 

11 = 0, I , 2, .. . m=n=p =t: 0 ( 14-29) 

p = 0. ' · 2 .... 

where m, 11, p represent. respectively. the number of half-cycle fielt.1 variations along 
the x. y, : directions. 

Since the wavenumbers k.t • k", and k: are subject to the cons1rajm equation 

k" + ,:1 + ~ = (m'TT')~ + ('17r)2 + (t1Tr) 2 = k-,' = ' 
.1 ~, • II L W w;µ.e 

the resonant frequencies for the cavity m·e given by 

}
. I 

( , ),,,,,,, = ? ~ r-_ 
-'TT'V µe (

Ill 71') J (11 7T) :\ ('' 'TT) J, - + - + -
h L W 

( 14-30) 

( 14-31 l 
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Suhstituting ( 14-28) into ( 14-23 ), lhe electric and magnetic fields within the cavity 
are written as 

(k2 - k2) 
E, = - j • ' A,,,11,, cos(k_..x') cos(kvy') cos (k~z') 

WJJ,E 

E. = 

. k_,.k1, A . k I • I. I I 
- J --· 111,,,, sin( ·_..x ) stn(11.rY ) cos(k_...: ) 

WJJ,E • 

. kxk:. . , k , • , 
-.1-- A,,,,,,, sin(k_,.r ) cos( \·Y } sm(k~ :-: ) 

WJJ,E 

H, = 0 

k. 
H, = - ....:. A,,,,," cos(k,.x') cos(k,.y') sin(k::::') 

µ, 

fl: = k, A,,1111, cos(k_,x') sin(k,.y') cos (k:z'} 
µ, 

(14-32) 

To determine the dominant mode with the lowest resonance, we need to examine 
the resonant frequencies. The mode with the lowest order resonant frequency is 
refe1Ted to as the dominant mode. Placing the resonant frequencies in ascending order 
dctcnnincs the order of the modes of operation. Fur all microstrip antennas t, << L 
and h << W. If L > W > h. the mode with the lowest frequency (dominant mode) is 
the TMi', 111 whose resonant frequency is given by 

. l v0 
(f) - ---= - --= 
• r 11111 - ..,L ... r:: - .,L ... c 

- V µ,E ... V Er 
( I 4-33) 

where v0 is the speed of !ighc in free space. ff in addition L > W > U2 > Ii, the next 
higher order (sctond} mode is the TM001 whose resonant frequency is given by 

( 14-34) 

IL however. L > l/2 > W > h. the second order mode is the TMi\20. instead of the 
TM1'~>1• whose resonant. frequency is given by 

( 14-35) 

If W > L > h. the dominant mode is lhe TM11m whose resonant frequency is 
given by ( 14-34) while if W > W/2 > L > h the second order mode is the TMc',02. 

Based upon ( l4-J2l, lhc disrribution of the tangemia1 electric field along the side 

walls or the cavity for the TM,'110• TMfrn, TM,h, and TMi\112 is as shown. respectively, 
in Figure 14.13. 

In all of the preceding discussion. it was assumed that there is no fringing of the 
lields along tht! edges of the cavity. This is not totally valid, but it is a good assumption. 
However. fringing effects and their inlluence were discussed previously. and they 
should be taken into account in detennining the resonant frequency. This was done 
in ( 14-5) for the dominant TM;\,,, mode. 
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T 1 
" /1 
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~\V~ 

lal TM'uJO 
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(C) TM ·ow (di TM 'oo~ 

Figure 14.13 r'ield configurations (modes) for rectangular microsLrip pntch. 

B. Eq11ivale111 Current Densities 
H has been shown using the cavity model that the microstrip antenna can be modeled 
reasonably we.II by a dielectric-loaded cavity with two perfectly conducting electric 
walls ttop and bottom), and four perfectly conducting magnetic walls (sidewalls). lt 
is assumed that the material or 1hc substrate is truncated and does not extend beyond 
lhe edges of the pa\ch. The four i:.,dewalls repre.senl four narrow apertures (slo\s) 
through which radiation takes place. Using the F ield Equivalence Principle (Huygens' 
Principle) of Section 12.2 of Chapter 12, the microstrip patch is represented by an 
equivalent electric current density J, al the top surface of the patch to account for the 
presence of the patch (tJ1ere is also u current density J b at the bottom of the patch 
which is not needed for this model). The four side slots are represented by the 
equivalem electric current density Js and equivalent magnetic current density M ,,, as 
shown in Figure 14.14(a), each represented by 

( 14-36) 

and 

( L4-37) 

where E11 and H 11 represent. respectively. the electric and magnetic lields at the slots. 
Because it was shown that for microslrip antennas with very small height-to­

width ratio !'he current density J, at the lop of the patch is much smaller than the 
current density J,, at tbe bottom of the patch. it will be assumed il is negligible here 
a11d it will be set to zero. Also it was argued that the tangentia l magnetic fields along 
the edges of the patch are very smal l, ideally zero. Therefore the corresponding 
equivalent electric current density J, will be very small (ideally zero). and it will be 
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lal .l ,. M, Wllh_t:muo,lplanc 

J,=0 

(b) J, :: fl, M ,, wuh ground plane tel M, wilh no i;rc,>1111tl p l1111~ 

Figure 14. 14 equivalent t:urrcnl densities on four sides of re<.:tangular 11m:ros1rip pa1d1. 

set lo zero here. Thus the only nonzero current density i,;; the equivalem magnetic 
cun-ent density M, of ( l ➔-37) along the side periphery of the cavity radiating in chc 
presem:e of the ground plane, ai- o;;hown in Figure I 4. l 4(b). The presence or I.he ground 
plane can be taken into account by image theory which will double the equivalent 
magnelic current tlen,;ity of ( 14-37). Therefore the final equivalent is a magnetic 
current density of twice ( 14-37) or 

(14-38) 

around the side periphery or lhe patch ratliating into free space. as shown in Figure 
1-t 14(c). 

ft was shown. using the (rHnsmission-line model, tha! Che microstrip antenna can 
be represented by two radiating slots along the length of the patch (each of width W 
and height II). Similarly it will be shown here also that wh ile there are a total of four 
:..lots represenring the microstrip antenna, only two Clhe radiating slor::;) accot1nt for 
mos; t of the radi~ttion; the fields radiated by the other two. which ,u·e separated by the 
width W or 1.he patch, cancel along lhe principal planes. Therefore the sume two slots, 
sep;.mned by the length of the patch. are referred to here also as radiatinf( slots. The 
slo~ are separated by a very low impedance parallel-plate tram,mission line of length 
L. which acts as a transformer. The length of the transmission line is approxi111ately 
A/2, where A is the guide wavelength in the ~ubstralc, in order for the fields at the 
aperLUre ot' the two slots to have opposite polarization. This is illustrated in Figures 
14. l (a) uncl 14. 13(a). The two slots fom1 a two-element array with a spacing of A/2 
between the elements. lt wi ll be shown here that in a direction perpendicular to the 
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14.2 Rectangular Patch 743 

ground plane Lhe components of the field ad<l in phase and give a maximum radi al ion 
nonnal Lo tile patch: thus broadside antenna. 

Assuming that the dominant mode within the cavity is the TMtl ltl mode. the 
electric and magnetic field components reduce from (14-32) to 

£, = Eo cos (:.v') 
H , = J/0 sin ( ~y') ( 14-39) 

E, = B, = H, = H I = 0 

where £0 = -jw A010 and H0 = ( -rrl µL) Aow• The electric.: fiel<l 1-tructure within the 
substrate and between the radiating element and the ground plane is sketched in 
Figure. I4. ICa.b) and l 4. J 3(a). lt undergoes a phase reversal along tht: length but it 
is unifom1 along i ts width. The phase reversal aJong Ihe length i<; necessary for the 
antenna to have broadside radiation characteristics. 

Using the equivalence principle of Section J 2.3. each slot radiates the same fields 
as a magnetic dipole wilh current uensity Ms equa.l to ( 14-38). By referring to Figure. 
1-1-.15 the equivnlent magneLic current densities along the two slots. each of width W 
and height J,. are both or the same magnitude and of the 1,ame phal)e. Therefore these 
Lwo slols form a two-element array with lhe sources (current densities) nf the same 
magnitude and phase, and separated by L. Thus these two sources will add in a 
direction normal to the parch and ground plane forming a broadside pattern. This is 
illustrated in Figures I4. I 6(a) where the normalized radiation pattern nr each slot in 
the principal £-plane is sketched individuaUy along wi Ih the 1,otal pattern of Ihc two. 
ln the f/-pl,ine. Lhe normalized pallcrn of each slot anc.l of the two together i-l> U1e 
same, al) shown in Figure I 4. I 6(b). 

The equi valent current c.lensities for Lhe other two slots, each of length L and 
height h. arc shown in Figure 14.17. Since the current densitie~ on each wal l are of 
the same magnitude but of opposite direction, the helds rndiated by thest:: two i,lots 
cancel each other in the principal H-planc. Also since correspond ing slots on opposite 
walls are 180° out of phase. the corresponding radiations cancel each other in the 
principal £-plane. This will be shown analytically. The radiation Crom Lhese two side 
wal ls in nonprindpal planes is \maJI comp.ired to lhe other two side walls. Therefore 
these two <;Jots are w;ually rererred to as 11011radiari11g slot1. . 

',~ . '/ 
✓4/, 

z ' -
#I ~~f,-'-'l 

. l 

i----L---...-i 

Figure 14.15 Rectangular microstrip patch radiating slob and equiva.lt:nl magnetic current 
den~itics. 
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.f .r 

# 1. #2, Total 

8 

(al /:."-plane (h) H-planc 

Figure 14.16 Typical E- and H-plane patterns of each microstrip patch slot, and of the two 
together. 

C. Fields Radiated-TM,\10 Mode 
To find the fields radiated by each slot. we follow a procedure similar to that used to 
analyze the aperture in Section 12.5.1. The total field is the sum of the two-element 
array with each element representing one of the slots. Since the slots are identical. 
this is accomplished by using an array factor for the two slots. 

Radiating Slots Following a procedure similar to that used to analyze the aperture in 
Section l '.!.5.1, the far-zone electric fields radiateLI by each slot. using the equivalent 
current densities of ( 14-38), are written as 

where 

kuh . 
X = 

2 
sm 0 cos <J, 

kuW z = - cos {j 
2 

(14-40a) 

( 14-40b) 

( 14-40c) 

( 14-40d) 

For very small heights (kuh << l ). ( 14-40b) reduces to 

. l sin(ko W cos e) l v'. -Jk,,r 2 
E .ne ·o "' = + 1--- sm ------

wr oos8 . 

( 14-41) 

where V0 = hE0. 
According to the theory of Chapter 6. the array factor for the two elements, of 

the same magnitude and phase. separated by a distance L,. along they direction is 

AF ,.,. (kolc • n • .,i...) J 
( }_0 = .:. cos -

2
- sm u sm o/ ( 4-42) 

where L,. is the effective length of (14-3). Thus. the total electric field for the two 
slots (also for the microstrip antenna) is 
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\' 

Figure 14.17 Currenl den$ilies on 11onrmJiming slt11i. uf rcclaugular mii:rosLrip patch. 

, _ .kohW E0e- Ji.w' { .· sin(X) sin(Z)} 
E,1, - + J Sin 0 z 

r.r X 

(
kol ,, . . ) 

X C()S } SlO (} Sin <p 

where 

ko/1 
X = -sin 0cos </) 2 • 

k0W z = - cos I) 2 • 

For small value~ or/, (k0/t « I), ( 14-43) reduces lo 

i-; in(k(;w cos 0) 
sinO----­

cos H 

where V.1 = '1£11 is the vo!Lage across Lil t:: slol. 

(
k11 l ,. . . .1.) cos 2 sm 0sm '¥ 

E-Plane ( 0 = 90°, 0° < cf, .s: 90° and 270° :s <p < 360°) 

( 14-43) 

( l-+-43a) 

( l4-43b) 

( 14-44) 

For the mkrostrip antenna. the x-y plane {U = 90°, 0° s t/J :s 90° anJ 270° ::5. 

</> ,s 360°) js Lbe principaJ £-plane. For thh plane. the expresl.ions for the radiated 
fields of ( 14-43)- ( I4-43b) reduce to 

(
koh ) sin 

2 
cos </> 

koh 
--:;- cos,,, 

(
kol, . ) 

COS 2 S Iil <p ( 14-45) 

ff-Plane ( <p = 0°, 0° ,:s O s 180°) 
The principal H-planc of the microstrip antenna is rhe x-;; plane (<P = 0°, 0° s 

0 s 180°), nnd the exprcs<:ions for the fields radiated of ( 14-43 )-( 14-43b) reduce Lo 
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k WV. J' - Jkur 

E l - _J • (/ (r-
•d, - ,-J 

1T/" 

• (koh • o) . (ko W ) sin 2 sm sm 2 cos 0 

sin 0-----------
kuh k0W 
- sin 0 -- cos 0 
2 2 

( 14-46) 

To illustrate the modeling of the microstrip using the cavity model. the principal 
£- and H-plane paui:ms have been cornpured at / 0 = 10 GHz for the rectangular 
micrnstrip of Example 14. l with Er = 2.2. h = 0.1588 cm. L = 0.906 cm and Lr = 
1.068 cm. These are displayed in Figure 14. I 8(a) for the £~plane and Figure 14. I 8(b) 
for the H-plane where they are compared with measurements. A good agreement is 
indicated. However there are !!Ome differences in the £-plane primarily near grazing 
and in the region below the ground plane. The differences near grazing in the £-plane 
arc primarily because the theory assumes the dielectric material of the substrate is 
tnmcatcd and does not cover the ground plane beyond the edges of the patch while 
those in the back region are because the theory assumes an infinite ground plane. The 
shape of the H-plane patterns are not affected signiticantly by the dielectric cover or 
the edges. E<lge effects can be taken into account using diffraction theory l48 I. [79}. 

1-

90" I 
t 

- Mcasurt!d 
--• Mum.:n1 mcthml 1Councsy D. l'ornr> 
-·- C.1\'ity model 

I a/ E-phmc (fl = ,,oc) 

Figure 14.18 Predicted and measured E- and H-plane pallcrns of rcctangulnr microstrip 
patch(/. = 0.906 cm, W = 1.186 cm. h = 0.1588 cm, y0 = 0.3126 cm. E, == 2.2,_(0 = IO 
GHz). 
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14.2 Rectangular Patch 747 

The noted asymmetry in the measured and Moment Method computed patterns is due 
to the feed which is not symmetrically positioned along the £-plane. The Moment 
Methud analysis accounts for the position of the feed, while the cavity model dues 
not account for it. The pattern for 0° :s. cp :S 180° [ left haU' in Figure 14.18( a)] 
corresponds lo observation angles which lie on the same side of the patch as does the 
feed probe. 

The presence of the dielectric-covered ground plane modifies the reflection co­
efficient, which influences the magnitude and phase of the image. This is similar to 
the ground effects discussed in Section 4.8 of Chapter 4. To account for the dielectric. 
the reflection coefficient for vertical polarization of + 1 must be replaced by the 
reflection coefficient of (4-125) while the reflection coefficient for horizontal polari­
zation of - I must be replaced by the reflection coefficient of (4-129). Basically the 
introduction of the reflection coefficients of (4-125) and (4-129) to account for the 
dielectric cover of the ground plane is to modify the boundary conditions of the 
perfect conductor to one with an impedance surface. The result is for ( 4-125) to 
modify the shape of the pattern in the E-p\ane of the microstrip antenna. primarily 
for observation angles near grazing (near the ground plane). as was done in Figure 
4.28 for the los!iy earth. Similar changes are expected for the microstrip antenna. The 
changes in the pattern near grazing come from the fact that for the perfect conductor 
the reflection coefficient for vertical polarization is + I for all observation angles. 

90° 

11 

180. 1-- -+----t-----""-+oi;::~-~=~-,,::;;_---t--+---f oo t 

90° 

- Measured 
--· Momeni method (Courtesy D. Poiar) 
-· - C,1vi1y modd 

(b) H-pl11nc (¢ = 0°) 

Figure 14.18 (Continued) 

9 
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748 Chapter 14 Microstrip Antennas 

However for the dielectric-covered ground plane (impedance surface). the reflection 
coefticient of (4-129> is nearly + I for ob~ervation angles far away from grazing but 
begins to change very rapidly near grazing and becomes - I at grazing I 791: thus the 
formation of an ideal null at grazing. 

Similarly the reflection coefficient of (4-1.29) should basically control the pattern 
primarily in the H-plane. However, because the reflection coefficient for horizontal 
polarization for a perfect conductor is - I for all observation angles while that of 
( 4-129) for the dielectric covered ground plane is nearly - I for all observation angles, 
the shape of tl1e pattern in the H-plane is basically unaltered by the presence of the 
dielectric cover 1791, This is illustrated in Figure 4.30 for tl1e earth. The pattern also 
exhibits a null along the ground plane. Similar changes are expected for the microstrip 
antenna. 

Nonradiati11g Slots The fields radiated by the so-called nonradiating slots. each of 
effective length L,. and height h. are found using the same procedure as for the two 
radiating slots. Using the fidds of ( J 4-39), the equivalent magnetic current density of 
one of the nonradiating slots facing the + ~ axis is 

,. E ~ (7T •) M, = - 2n x ., = a"2£0 cos L., y (14-47) 

and it is sketched in Figure 14.17. A similar one is facing the - : axis. Using the 
same procedure as for the radiating slots. the normalized far-zone electric field com­
ponents radi.1tcd hy each slot are given by 

. __ k11hl,.Eo(' ·· .ik,,r { v , , ,1. sin X cos Y } j(X + n 
£ 0 - - - - -- , cos '¥ ., .., e 

1-rrr X ( Yr - (-rr/2)-
C l4-48a) 

( 14-48b) 

where 

k0h 
X = - !)in fJ cos ,,. 2 - 'I' 

( I 4-48c) 

k0l,, . . ,1. 
Y = 2 sin O sin '¥ ( 14-48d) 

Since the two nonradiating slots form an array of two elements, of the same 
magnitude hut of opposite phase. separated along the : axis hy a distance W. the array 
factor is 

AF .... . (k"W ) ( )~ = L.j SIil 2 COS 0 ( 14-49) 

Therefore the total far-zone electric field is given by the product of each of ( l4-48a) 
and ( I 4-48h) with the array factor of ( 14-49 ). 

Jn the H-plane ( cb = 0°. 0° ::; 0 :5 180°), ( I 4-48a) and (l 4-48h) are zero because 
the fields radiated by each quarter cycle of each slot are cancelled by the fields radiated 
by the other quarter. Similarly in the E-plane ( O = 90°. 0° :s <J, :5 90° and 270"' ::; cf> 

< 360°) the total fields are also zero because ( 14-49) vanishes. This implies that the 
fields radiated hy each slot are cancelled by the fields radiated by the other. The 
nonradiation in the principal planes by these two slots was discussed earlier and 
demonstrated by the current densities in Figure 14.17. However, these two slots do 
radiate away from the principal planes, but their field intensity in these other planes 

INTEL-1045 
U.S. Patent 7,151,430



14.2 Rectangular Patch 749 

is small compared to that radiated by the two radiating slots such that it is usually 
neglected. Therefore they are referred to as nonradiating slots. 

14.2.J Directivity 

As for every other antenna. the ctirectivity is one of the most important figures-of­
merit whose definition is given by (2- l 6a) or 

( 14-50) 

Single Slot (k0h << 1) Using the electric field of (14-41 ), the maximum radiation 
intensity and radiated power can be written. respectively. as 

!Vol 1rW • 2 ( )~ 
Unmx = 

2
'r]o7T2 ~ ( 14-51) 

[ 
• (koW )]

2 

IVol2 sm 2 cos O 
P <1 = -- (" ----- sin-\ 0 d(J ( 14-52) 

ru 2710 1r Jo cos 0 

Therefore, the directivity of a single slot can be expressed as 

D _ (21rW)
2 

I o- -- -
Ao /1 

(14-53) 

where 

[ 
• (k

0
W )]

2 

= 

, sm 2 cos fl 

/ 1 (" ------ sin~ Od(J Jo cos fJ 

- [ -2 + cos(X) + XS,{X) + sint)] ( 14-53a) 

X = k0W ( 14-53b) 

Asymptotically the values of ( 14-53) vary as 

Do = l :r;r-1ensionless) - 5.2 dB : : : ( 14-54) 

The directivity of a single slot can be computed using (14-53) and (14-53a). In 
addition, it clln also be computed using ( 14-41) and the computer program DIREC­
TIVITY at the end of Chapter 2. Since both are based on the same formulas, they 
should give the same results. Plots of the directivity of a single slot for I, = 0.0 I A0 

and 0.05 Ao as a function of the width of the slot are shown in Figure 14.19. ll is 
evident that the directivity of a single slot is not influenced strongly by the height of 
the substrate, as long as it is maintained electrically small. 

Two Slots (kJ, << 1) For two slots. using ( 14-44), the directivity can be written as 

( 14-55) 
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9.()()..---------------------~ 

... 

4.00 ,__.....__ ... , _ __. _ __.~_.__,_.._, _ _... _ __. _ __._~ 
0.25 0.35 0.45 0.55 0.ti5 0.75 

Width W of puu:h IA.ol 

Figure 14.19 Computed directivity of one and two sluts as a function of lhc slut width. 

where Gru.i is the radiation conductance and 

[ 

• (koW \j 2 

-

rr sm 2 cos 0/ 
[ f. . 3 ~ (ko L,. . • "'-) .,. /, - sm O cos- -

2
- sm fJ sm 'f-' cJ(:) d<p 

- 0 I) cos 0 
( 14-55a) 

The total broadside directivity D2 for the two radiating slots. separated by the 
dominant TMi\w mode field (antisymmetric voltage distribution). can also be written 
as 181, 182] 

where 

D0 = directivity of single slot jas given by (14-53) and (14-53a)I 

DAF = directivity of array factor AF 

[AF= cos (ko
2
l, sin 9 sin <f,)] 

g 12 = nonnalized mutual conductance = G12/G 1 

( 14-56) 

( 14-56a) 

This can also be justified using the array theory of Chapter 6. The normalized mutual 
conductance g12 can be obtained using (14-12), (14-12a), and (14-l8a). Computed 
values based on (14-18a) show that usually g 12 << l: thus (14-56a) is usually a good 
approximation to ( 14-56). 
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Asymptotically the directivity of two slots (microstrip antenna) can be expressed 

6.6 (dimensionless) = 8.2 dB W<< Ao 

W>> Ao 
( 14-57) 

The directivity of the micros trip antenna can now he computed using ( I 4-55) and ( 14-
55a). ln addition, it can also be computed using ( 14-441 and the computer program 
DIRECTIVITY at the end of Chapter 2. Since they are based on the same formulas. 
they should give the same results. Plots of directivity of a microslrip antenna. modeled 
by two slots. for h = 0.01 Ao and O.O5An are shown plotted as a fundion of the width 
of the patch (W/A11 ) in Figure 14.19. lt is evident that the directivity is not a strong 
function of the height. as long as the height is maintained elecuically small. A typical 
plot of the directivity of a patch for a fixed resonant frequency as a function of the 
substrate height (hli\.0 ). for two difterent dielectrics. is shown in Figure 14.20. 

The directivity of the slots also can be approximated by Kraus's. (2-26). and Tai 
& Pereira's, (2-3OaJ, formulas in terms of the £- and H-plane heamwidths. which can 
be approximated by (36] 

( 14-58) 

(,<) = 2 COS I -f!; 11 
2 + k0W 

(14-59) 

The values of the directivities obtained using {14-58) and (14-59) along with either 
(2-26) or (2-3Oa) will not be very accurate since the beamwidths. especially in the 
£-plane. are very large. However. they can serve as guidelines. 

I0.110 ,---.----,--,----,.--.--~--~-~ 

!I.IK) 
•·, = 255 

c:: f, = 10.2 
~ 6.1)(1 

::· 
:~ 
Po c! 

,l.(Kl 0 

2.(K) 

0.00 ,___._ ____ ....__._...___.__..____.__.__. 
0.00 01 .0::! ,().I 

Sub~lratc height 1,/)..,11 

Figure 14.20 Directivity variations as " function of subslmle height for a square microstrip 
patch antenna. (Courtesy or D. M. Pozar) 
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Example 14.3 

For the rectangular microstrip antenna of Examples 14.1 and 14.2. with overall di­
mensions of L = 0.906 cm and W = 1.186 cm. substrate height h = 0.1588 cm. and 
dielectric constant of E., = 2.2, center frequency of 10 GHz. find the directivity based 
on ( 14-56) and ( 14-56a). Compare with the values obtained using ( 14-55) and 
(14-55a). 

SOLUTION 

From the solution of Example 14.2 

G 1 = 0.00157 Siemens 

G 12 = 6.1683 x 10 ~ Siemens 

g,2 = G,iG 1 = 0.3921 

Using ( 14-56al 

2 
---- = 1.4367 = 1.5736 dB 

+ 0.3921 

Using ( 14-53) and ( I 4-53a) 

11 = 1.863 

_ (21TW)
2 

..!_ _ J _ .., D0 - -- - 3.31_ - 5.-01 dB 
Au /1 

According to ( 14-56) 

D:!. = D0 D,11: = 3.3 I 2( 1.4367) = 4.7584 = 6.7746 dB 

Using ( 14-55aJ 

I~ = 3.59801 

Finally, using ( 14-55) 

/), = _-- - = 5.3873 = (
"1rW)2 rr 

- Ao /:! 
7.314dB 

14.3 CIRCULAR PATCH 

Other than the rectangular putch. the next most popular configuration is the circular 
patch or disk, as shown in Figure 14.21. It also has received a lot of attention not 
only as a single element f61, {IOI, [131. (46J, f47J, f51J, but also in arrays [65] and 
174]. The n,odcs supported by the circular patch antenna can be found by treating the 
patch. grounu plane, and the material between the two as a circular cavity. As with 
the rectangular patch. the modes that are supported primarily by a circular microstrip 
antenna whose substrate height is small (h << A) are TM: where : is taken perpen­
di1.:ular to the patch. As far as the dimensions of the patch, there are two degrees of 
freedom w control (length and width) for the reccangular microsrrip antenna. Therefore 
the order or the modes can he changed by changing the relative dimensions of the 
width and length of the patch (width-to-length ratio). However. for the circular patch 
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T t--------:/------< 

i ..._ _____ .:.,,,_,, ____ i;, __ 

.t 

Figure 14.21 Geometry of circular micros1rip patch antenna. 

there is only one degree of freedom to control (radius of the patch). Doing this does 
not change the order of the modes; however, it does change the absolute value of the 
resonant frequency of each [79]. 

Other than using full-wave analysis [SI]. [651. 1741. the circular patch antemia 
can on ly be analyzed conveniently using the cavity model 1101. 1461, 1471. Tbis can 
be accomplished using a procedure similar to that for the rectangular patch but now 
using cylindrical coordinates 179J. The cavity is composed of two perfect electric 
conductors at the top and bottom to represent the patch and lhe ground plane. and by 
a cyUndJ·ical perfect magnetic conductor around the circular periphery of the cavity. 
The dieleclric material or the substrate is assumed to be truncated beyond the extent 
of lhe patch. 

14.3 .1 Elec tric and Magne tic Ficlds- TM!np 

To find Lhe tielcls within Lhe cav ity, we use the vector potemial approach. For TM; 
we need to first find the magneLii.: vecror potential A~, which must satisfy. in cylindrical 
coordinate!., the homogeneous wave equation of 

( 14-60) 

11 can be shown that for TMt modes, whose electric and magnetic fields are related 
10 the vector potenLiaJ A; by f79] 

E,t, = 

l ,lA, 
- j --· 

Wµ.E iJp()z 

. l I rl2 A= 
-1 - ---

(i>J.LE p iJ</>D;:;. 

_1_1_ ( iP
0 

+ I?-) A-
wµ,E oz- ' 

subject ro the boundary conditions of 

I 1 iJA. 
H = ----

,, µ. µ a¢ 

Hd, = 
I 0A1 - --

µ. i.)p 

Ep(O < p' s a, 0 s cf,' < 27T, :.' = ()) = 0 
£1,(0 s p' s a, 0 < cp' s 2TT, z' = /1) = 0 

H"'(p' = a, 0 < <J>' < 2TT, 0 s z' s h) = 0 

(14-61) 

( 14-62) 
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the magnetic vector potential A~ reduces to [79] 

A; = B,,m1.1,,,(k1,p')[A2 cos(mcp') + 82 sin(mcp')] cos(k:::') ( 14-63) 

with the constraint equation of 

(k,/ + (kzf = /?,. = ciJ;µE ( l4-63a) 

The primed cylindrical coordinates p'. cp', z' are used to represent the fields within 
chc cavity while J,,,(x) is the Bessel function of the first kind of order m. and 

kP = x:nnla C l4-63b) 

[)'TT' 
( 14-63c) k. = -• h 

111 = 0. l. 2 .... ( l4-63d) 

11 = I. 2, 3, ... 04-63e) 

p = 0. I. 2 .... ( I 4-63f) 

In ()4-63b) x:1111 represents the zeroes of the derivative of the Bessel function 
J,,,(x). and they detem1ine the order of the resonant frequencies. The first four values 
of x:,,,,, in ascending order, are 

x,, = 1.8412 

X21 = 3.0542 
I 

Xo1 = 1.8:\18 ( 14-64) 

XJI = 4.2012 

14.3.2 Resonant Frequencies 

The resonant frequencies of the cavity, and thus of the microstrip antenna. are found 
using (l 4-63a)-0 4-63f). Since for most typical microstrip antennas the substrate 
height h is very small (typically h < 0.05A0). the fields along z are essentially constant 
and are presented in ( 14-63f) by p = 0 and in ( 14-63c) by k~ = 0. Therefore the 
resonant frequencies for the TM~,,,,) modes can be written using ( 14-63a) as 

<fr)111,,0 = ],r~ (X~"') (14-65) 

Based on the values of (14-64), the first four m<ldes. in ascending order. are TMj.0 , 

TM~rn. TMi>1o, and TM~ 10• The doininant mode is the TMiw whose resonant frequency 
is 

l.8412 J.84l2v0 
(j~)1w == ---- = ---

21ra"\/,ie 2 m,\JEr (14-66) 

where v0 is the speed of light in free space. 
The resonant frequency of ( 14-66) does not take into account fringing. As was 

shown for the rectangular patch. and illustrated in Figure 14.7, frin_ging makes the 
patch look electrically larger and it was taken into account by introducing a length 
correction factor given by ( 14-2). Similarly for the circular patch a correction is 
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14.3 Circular Patch 755 

introduced by using an effective radius ae, to replace the actual radius a. given 
by 16) 

a, = a { I + ::,, [In(;:) + 1.7726] r (14-67) 

Therefore the resonant frequency of (14-66) for the dominant TMt w should be mod­
ified by using ( 14-67) and expressed as 

( 14-68) 

14.3.3 Design 

Based on the cavity model formulation. a design procedure is outlined which leads to 
practical designs of circular microstrip antennas for the dominant TMj ro mode. The 
procedure assumes that the specified information includes the dielectric constant of 
the substrate (Er), the resonant frequency (}~) and the height of the substrate h. The 
procedure is as follows: 

Specify 

E"nf,.(in Hz), am.I h (in cm) 

Determine The actual radius a of the patch. 

Desig,1 Procedure A first-order approximation to the solution of ( 14-67) for a is to 
finu a,. using (14-68) and to substitute that into (14-67) for a,, and for a in the 
logarithmic function. Doing this leads to 

where 

F 

" = { 1 + ~ [1n (1rF) + 1.7726]}
112 

7TE,F 2h 

F = 8.791 X 10
9 

.I~ \/Er 
Remember that h in ( 14-69) must be in cm. 

E"ample 14.4 

( 14-69) 

( 14-69a) 

Design a circular microstrip antenna using a substrate (RT/duroid 5880) with a di­
electric constant of 2.2, h = 0.1588 cm (0.0625 in.) so as to resonate at IO GHz. 

SOLUTION 

Using (l4-69a) 

F = 8.791 X 10
9 = o.5g) 

10 X 109y2.2 
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Therefore using ( 14-69) 

F 
a = -{---

2
-
1
-
1 

_[_(_1r_f_.) _____ 

1
_}_112 = 0.525 cm (0.207 in.) 

I + -- In - + 1.7726 -
rr~,F 2h 

14.3.4 Equivalent Current Densities and Fields Radiated 

As was done for the rectangular patch using the cavity model. the lields radiated by 
the circular patch can be found by using the Equivalence Principle whereby the 
circumferential wall of the cavity is replaced by an equivalent magnetic current density 
of (14-38) as shown in Figure 14.22. Based on (14-61 )-(14-63) and assuming a 
TMf 10 mode field distribution beneath Lhe patch, the nonnaHzed eJectrk and magnetic 
fields within the cavity for the cosine azimuthal variations can be written as 

£1, = Er1, = H; = 0 

E, = Eol,(kp') cos¢' 

. £0 I . 
HP= 1--J,(kp') sm cf/ 

wµ.o P 

E. 
Hr1, = J-11 

Jj(kp') cos cf>' 
WJJ,o 

(14-70a) 

( 14-70b) 

( 14-70c) 

( 14-70d) 

where ' = illdp and cb' is the azimuthal angle along the perimeter of the patch. 
Based on (14-70b) evaluated at the electrical equivalent edge of the disk 

(p1 = a,.). the magnetic current density of ( 14-38) can be written as 

(14-71) 

Since the heighr of rhe substrate is very .smaJJ and the currem density of ( 14-7 l) is 
unifonn along the .:: direction, we can approximate ( 14-71) by a filamentary magnetic 
current of 

I,,, = hM,. = a,t,2'1£0 J 1(ka,.) cos¢' = a 4,2Vo cos cf/ (14-71a) 

where V0 = hE0 11(ka,.) al cf/ = 0. 
Using ( 14-7 la) the microstrip antenna can be treated as a circular loop. Referring 

to Chapter 5 for the loop and using the radiation equations of Sections 12.3 and 12.6, 
we can write that [ IOJ, l 831 

E,. = 0 

102 = lu(ki,µ,, sin 0) - Ji(koa(, sin 6) 

102 = J0(koa,. sin 0) + h,(~,, sin 0) 

(14-72a) 

(14-72b) 

(14-72c) 

(14-72d) 

(14-72e) 
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,I 

Figure 14.22 Cavity model and equivalent rnagnetk current ucnsity for circular mkmslrip 
patch antenna. 

where a,. is the cffocrive radius as given by ( 14-67). T he tieldl> in the principal planes 
reduce ro: 

E-plane ( cp = 0°, 180°, 0° < 0 ::5 90°) 

k \I'. - ik.,r 
E - • l,ac' o C r J' I 

,1 - J 2r o2 

E,1, = 0 

H-plane ( </> = 90°. 270'\ 0° < 9 ::5 90") 

E 11 = 0 
I, n \l'. )e -Jk.,r 

E , l\f)Ut' ( [ £1 I I 
,J1 = j CQS II , ()2.J 

2r 

( I4-73a) 

( 14-73b) 

( I4-74a) 

(14-74b) 

Patterns have been computed for the circular patch of Example 14.4 based on 
( 14-73a)-{ 14-74b). am.J they are shown in Figure 14.23 where they are compared with 
measurement" and M oment M ethod computed patterns. The noted asymmetry in lhc 
measured and Moment Method compuled patterns is due to the feed which b not 
symmetrically positioned along the £ -plane. The M oment M ethod analysis accounts 
for the position of the feed, while the cavity model does not account for i t. The pattern 
for the left half of figure 14.23(a ) corresponds to observation angles which lie on the 
same side o f' the patch as does the feed probe. 

14.3.5 Conductance and Directivity 

The conduc;tance due lo the radiated power and directivity of the ci rcular microstrip 
patch antenna can be computed using their respecti ve definitions of ( 14- 10) and 
( 14-50). For each we need the radiated power. which based on Ihe licld~ of t I 4-72b) 
and ( I4-72c) of the cavity model can be expressed as 

, (,...,. ,~ , 2 . (k . l'J )2 f~ 
P,:,d = !Vol-

960 0 
1102 + cos- 0 1021 sin 0 dO ( 14-75) 
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fl---lJ 

-- M.:a~ul'\!d 
-- • Mn111c111 method 1Cuur1cs~ J. Ahcrlcl 
-·- Cavil}' model 

C a .1 E-planl' ( 41 = I.>" . I llO'' 1 

Figure 14.23 Measured and cnmputcr..l (based on moment method and cavity models) 
E- and H-plane patterns of c.:ircular microstrip patch antenna (11 = 0.525 c.:m. "•· = 0.598 cm, 
p,- = 0.1 c.:m. E, = 2.2. I, = 0.1588 cm.Ji,= 10 GHz. A11 = 3 c.:m). 

Therefore the conductance across the gap between the patch and the ground plane 
at ¢' = 0° based on ( 14-10) and ( 14-75) can be written as 

{koa,.>2 f~ ,, , , . 
Gra,I = 

480 
Jo [ 102 + cos· 0 J,i::d sin O dH ( I 4-76) 

A plot of the conductance of ( 14-76) for the TMi 10 mode is shown in Figure 14.24. 
While the conductance of ( 14-76) accounts for the losses due to radiation. it does not 
take into account losses due to conduction (ohmic) am.I dielectric losses, which each 
can be expressed as 1101 

I
. . 111 

G = e,,,,,1T(1TJ.Lo. ,.) • -l(k )2 - ,,121 
.,, 41,2',/'a- a,. (14-77) 

E,,,,, tan l, [ k , , 
Gr1 = . ( a,.)" - m·l 

4µoh},. 
( 14-78) 

where e,,,,, = 2 form :e 0. E,,.,. = I form * O. and.fr represents the resonant frequency 
of the mnO mode. Thus. the total conductance can he written as 

G, = Gratl + G,. + G,1 ( 14-79) 
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--· Moment method (Councsy J. Aberle) 
-·- Ca\'1ty model 

Ca/ 1/-plunc (cj) = 90' , 270") 

Figure 14.23 (continued) 
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Based on (14-50), (14-72b). (14-72c). (14-75) and (14-76), the directivity for the 
slot at O = 0° can he expressed as 

D _ (kr,a,,>2 
O - 120Grllll 

( 14-80) 

A plot of the directivity of the dominant TMj 10 mode as a function of the radius of 
the disk is shown plotted in Figure 14.25. For very small values of the radius the 
directivity approaches 3 ( 4.8 dB), which is equivalent of that of a slot above a ground 
plane and it agrees with the value of ( 14-54) for W << A0 . 

14.3.6 Resonant Input Resistance 

As was the case for the rectangular patch antenna, the input impedance of a circular 
patch at resonance is real. The input power is independent of the feed point position 
along the circumference. Taken the reference of the feed al c// = 0°, the input re­
sistance at any radial distance p' = Po from the center of the patch can be written as 

R- , = _ _!__ J;,(kpo) 
m<P Po) - G, J;,(kae) ( 14-8 l) 
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Figure 14.24 Radiation conductance versus effective radius for circular microstrip patch 
operating in dominant TMf 111 mode. 

where G, is the total conductance due to radiation, conduction (ohmic) and dielectric 
losses. as given by (l 4-79). As was the case with the rectangular patch. the resonant 
input resistance of a circular patch with an inset feed. which is usually a probe. can 
be written as 

where 

I 
Rin(p' = a,,) = G, 

This is analogous to (l4-20a) for the rectangular paLch. 

14.4 QUALITY FACTOR, BANDWIDTH AND 
EFFICIENCY 

( 14-82) 

( 14-82a) 

The quality factor. bandwidth. and efficiency are antenna figures-of-merit. which are 
interrelated, and there is no complete freedom to independently optimize euch one. 
Therefore there is always a tradeoff between them in arriving at an optimum antenna 
performance. Often, however. there is a desire to optimize one of them while reducing 
the performance of the other. 

The quality factor is a figure-of-merit that is representative of the antenna losses. 
Typically there are radiation. conduction (ohmic), dielectric and surface wave losses. 
Therefore the total quality factor Q, is influenced by all of Lhese losses and is, in 
general. written as [ 16] 

I I 
= - + 

Q, Or.,t.1 Q, 

I I 
+-+-

Qc1 Q.<►I' 
( 14-83) 

where 

Q, == toLal quality facLor 

Q111i.1 == quality factor due to radiation (space wave) losses 
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.... -.... 

IO 

6 

4 ,__._.___..__,__.__.___.___.__._.____.____.___.___._~~~ .................... 
OJI 0.1 0.2 IU 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

a,l~o 

Figure 14.25 Directivity versus effective radius for circular microstrip patch amennu oper­
ating in dominant TMt 10 mode. 

Q,. = qualily fa1.:tor due Lo conducLion (ohmic) losses 

Q,1 = quality factor due to dielectric losses 

Q.,,. = quality factor due to surface waves 

For very thin substrates, the losses due to surface waves are very small and can be 
neglected. However. for thicker substrates they need to be taken into account I 84 ). 
These losses can also be eliminated by ui-ing cavities f 501 and [51 J. 

For very thin suhstrates (11 ~ ,\0 ) of arbitrary shapes (including rectangular and 
circular), there are approximate formulas to represent the quality factors of the various 
losses 1161. f85l. These can be expressed as 

Q,. = h~ (14-84) 

I 
Q,, -::::. tan 8 

2W€r 

Qrad = hG,IIK 

(14-85) 

( 14-86) 

where tan 6 is the loss tangent of the substrate material. u is the conductivity of the 
conductors associated with the patch and ground plane, G,// is the total conductance 
per unit length of the radiating aperture and 

ff,m:nlEl2 dA 
K = 2 ( 14-86a) 

!l>perim~ccr 1£1 di 

For a rectangular aperture operating in the dominant TMiuo mode 

L 
K=-

4 

G - Gntd 
r// - W 

(14-87a) 

(14-87b) 

The Q,a,.1 a~ represented by ( 14-86) is inversely proportional to the height of the 
substrate. and for very thin substrates is usually the dominant factor. 
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The fractional bandwidth of the antenna is inversely proportional to the Q, of the 
antenna, and it is defined by ( 11 -36) or 

tlf 

lo Q, 
I 14-88) 

However, (14-88) may not be as useful because it does not take into account impe­
dance matching at the input termimils of the antenna. A more meaningful definition 
of the fractional bandwidth is over a band of frequendes where the VSWR at the 
input terminals is equal to or Jess than a desired maximum value. assuming that the 
VSWR is unity at rhe design frequency. A modified form of ( 14-88) th.at takes into 
account the impedance matching is [ I 6] 

tlf VSWR - I 

.f<, Q,y'VSWR 
( 14-88a) 

In general it is proportional to the volume, which for a rectangular microstrip 
antenna at a constant resonant frequency can be expressed as 

BW ~ volume = area· height = length • width • height 

~ _I __ I_ VEr = _I_ 
y½Ye, r y½ ( 14-89, 

Therefore the bandwidth is inversely proporlional to the square mot of the dielectric 
constant of the substrate. A typical variation of the bandwidth for a micros trip antenna 
as a function of the nonnnlized height of the substrate, for two different substrates. is 
shown in Figure 14.26. It is evident that the bandwidth increases ,ts the substrate 
height increases. 

The radiation efficiency of an antenna is expressed hy (2-90). and it is defined as 
the power radiated over the input power. It can also he expressed in terms of the 
quality factors, which for a microstrip antenna can be written as 

< 14-90) 

where Q, is given by ( 14-83 ). Typical variations of the efficiency as a function of the 
substrate height for a microstrip antenna. with two different substrates. are shown in 
Figure 14.26. 

14.S INPUT IMPEDANCE 

In the previous sections of this chapter, we derived approximate expressions for the 
resonant input resistance for both rectangular and circular microstrip antennas. Also, 
approximate expressions were stated which describe the variation of the resonant 
input resistance as a function of the inset feed position. which can be used effectively 
to match the antenna element to the input transmission line. In general. the input 
impedance is complex and it includes both a resonant and a nonresonant part which 
is usually reactive. Both the real and imaginary parts of the impedance vary as a 
functiun of frequency. and a typical variation is shown in Figure 14.27. Ideally both 
the resistance and reactance exhibit symmetry about the resonant frequency. and the 
reactance al resonance is equal to the average of sum of its maximum value (which 
is positive) and its minimum value (which is negative). 
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Figure 14.26 Efficiency and bandwidth versus substrate height al constanl rcsonnnl fre­
quency for rectangular microslrip patch for two different substrates (SOURCE: D. M. Po­
zar. "Mkrostrip Antennas," Proc:. IEEE. Vol. 80, No. I, January 1992. @ 1992 IEEE). 

Typically the feed reactance is very smaJI. compared to the resonant resistance, 
for very thin substrates. However. for thick elements the reaclance may be significant 
and needs to be taken into account in impedance matching and in determining the 
resonant frequency of a loaded element [34]. The variations of the feed reactance as 
a function of position can be intuitively ex.plained by considering the cavity mode] 
for a rectangular patch with its four side perfect magnetic conducting walls 1341. J85). 

40 r----r--.---,----,---,----,----,---,--,.--.---.--.--, 

Peak rcsonanl 
rcsistc111cc 

; 
_§ 21) 

-= 
1:l 
j ... 
:1 
I:! 
u 
~ 
-~ I) i---------... ,----''---------+---1 

1,/ 

cit: \ Xmin 
Rcac1ancc, X \ .,. .,, .,, l ' .,..,, 

,_,a. ... ______ _._ 

X,mn + Xm~, 
Xr = feed rc,tcrnnn· = 

2 
- 20 ,..__.__..__.__...___.__...___.__ ....____..__....._---'--'---' 

\ ,2l)I) 1.2'2.S \ ,250 

frequency (MHz) 

Figure 14.27 Typical variation of resistance an<l reactance of rectangular microstrip an­
tenna versus frequency (£/ecrroma1:1wricl'. Vol. 3. Nos. 3 and 4. p. 33. W. F. Richards. J. R. 
Zinecker. and R. D. Clark. Taylor & Francis. Washington. D.C. Reproduced by permission. 
All rights reserved). 
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As far as the impedance is concerned. the magnetic walls can be taken into account 
hy introducing multiple images with current flow in the same direction as the actual 
feed . When the feed point is far away from one of the edges. the magnetic field 
associated with tht! images and th<1t of the actual feed do nor overlap strongly. There­
fore the inductance associated with the magnetil: energy density stored within a small 
testing volume near the feed will he primarily due lo the current of the actual feed. 
However. when the feed is at one of the edges. the feed and one of the images. which 
accounts for the magnetic wall at that edge, c.:oim.:ide. Thus. the associated magnetic 
field stored energy of the equivalent circuit douhles while the respective stored mag­
netic energy density quadruples. However, hecause the volume in the testing region 
of the patch is only half from that when the feed was far removed f mm the edge. the 
net stored magnetic density is only douhle of that of the feed alone. Thus. the 
associated inductance and reactance. when the feed is at the edge. is twice that when 
th!! feed is far removed from the edge. When the feed is at a corner. there will be 
three images in the testing volume of the patch. in addition to the actual feed. to take 
into m.:count the edges that form the comer. Using the same argument as above. the 
associated inductance and reactance for a feed at a corner is four times thal when the 
feed is removed from an edge or a corner. Thus, the largest reactance (about a factor 
of four larger) is when the feed is at or near a corner while the smallest is when the 
feed is for removed from un edge or a comer. 

Although such an argument predicts the relative variations (trends) of the reac­
tance as a fum.:tion of position. they do predict very accurately the nbsolutc values 
especially when the feed is at or very near an edge. In fact it overestimates the values 
for feeds right on the edge; the actual values predicted by the cavity model with 
perfect magnetic conducting walls are smaller (34]. A formula that has heen suggested 
to approximate the feed reactance. which docs not take into account any images. is 

r,kh [ (kd) ] x, = -
211 

ln 4 + 0.577 (14-91) 

where d is the diameter of the feed probe. More accurate predictions of the input 
impedance, hascd on full wave models, have been made for circular patches where 
an attachment current mode is introduced to match the current distribution of the 
probe to that of the patch 1741. 

14.6 COUPLING 

The coupling between two or more microstrip antenna elements can be taken into 
account easily using full-wave analyses. However. it is more diff'icult to do using the 
transmi~sion-line and cavity models. although successful attempts have been made 
using the transmission-line model 1751 and the cavity model 176]. 1771. It can be 
shown that coupling between two patches. as is coupling between two aperture or 
two wire antennas, is a function of the position of one element relative to the other. 
This has been demonstrated in Figures 4.20 for a vertical half-wavelength dipole 
above a ground plane and in Figure 4.27 for a horizontal half-wavelength dipole above 
a ground plane. From these two, the ground effects are more pronounced for the 
horizontal dipole. Also. mutual effects have heen discussed in Chapter 8 for the three 
different arrangements of dipoles. as shown in Figure 8.20 whose side-by-side ar­
rangement exhihits the largest variations of mutual impedance. 

For two rectangular microstrip patches the coupling for two side-by-side elements 
is u function of the relative alignment. When the elements arc positioned collinearly 
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1:11 /£-plane 

Figure 14.28 £- and H-plane arrangements or 1Tti<.:rnsuip patch antenna~. 

alung the £-plane. this arrangement is referred to as the £-plane, as shown in Figure 
14.28(a): when 1he elements are positioned collinem·ly along the H-plane, this arrange­
ment is referred to as the H-plane. as shown in Figure 14.28(b). For an edge-to-edge 
separ:llion ors. the £-plane exhibit!, the smallest coupling isolation for very small 
~pacing (typically s < 0. I OA0) while the H-plane exhibi t!, the smallest coupling for 
large !>pacing (typically s > O. l OAi,). The spacing at which one plane coupli ng over­
takes the other one depends on the electrical properties and geometrical Llimensions 
or the microsuip antenna. Typical variations are shown in Figure 14.29. 

In general. mutual coupling is primarily anributed to the fields that exist along 
the ai r-dielectric imerl'ace. The fields can be decomposed to space waves (with lip 
radial variations). higher order waves (with l/p1 mdial variations). <;urf'ace waves 
(with I//> 111 rndial variations), and leaky waves [with exp( - J..p)/ p 111 radial variation~ 1 
[23 1. 1861. Bci.:au:.e of the spherjcal radial varialion, space (lip) and higher order 
waves ( 1/p2) arc most dominant for very smaU spacing while surface waves, because 

Cl 

10 

-30 

-lO 

II 

I- I -l 

n~1 1~1 
1-L-l 

h-r lum: 

(1.25 0.50 0.75 
~,;,.,. 

II-plane 

• • • M~asurcJ- C.lfVcr (9] 
-- C'ah:ulu1cd- P<>zar 1271 

I.()() 1.25 

Figure 14.29 Measured an<l cakula1e<l mutual coupling between twu coa.x- l'c<l micrnstrip 
untemw~. for both £-plane and H-plane coupling. ( W = J 0.57 cm. l = 6.55 cm. 
I, = 0.1588 cm. E, = 2.ss.J; = 1.410 MHz). (SOURC:P.: D. M . Po:,.ar. "Input Impedance 
and Mutual Coupling of Rectangular Mkrost.rip Antennas,'' IE££ Trc111s. Anrennus Propa­
gul .. Vol. AP-30, No. 6, November 1982. © 1982 (EEE) 
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of their I/ p 112 radial variations are dominant for large separations. Surface waves exist 
and propagate within the dielectric. and their excitation is a functi<m of the thickness 
of the substrate f791. In a given direction, the lowest order (dominant) surface wave 
mode is TM(odd) with zero cutoff frequency followed by a TE(even), and alternatively 
by TM(odd) and TE(cven) modes. For a rectangular microstrip patch. the fields are 
TM in a direction of progagation along the E-planc and TE in a direction of propa­
gation along the H-pJane. Since for the £'-plane arrangement of Figure I 4.28(a) the 
elements are placed collinearly along the £-plane where the fields in the space between 
the elements are primarily TM, there is a stronger surface wave excitation (based on 
a single dominant surface wave mode) between the elements. and the coupling is 
larger. However for the H-plane arrangement of Figure 14.28( b ). the tie Ids in the 
space between the elements are primarily TE and there is not as a strong dominant 
mode surface wave excitatjon: therefore there is less coupling between the elements. 
This does change as the thickness of the substrate increases which allows higher order 
TE surface wave excitation. 

The mut1ial conductance between two rectangular microstrip patches has also 
been found using the basic definition of conductance given by ( 14-18). the far fields 
based on the cavity model, and the array theory of Chapter 6. For the £-plane 
arrangement of Figure 14.28(a) and for the odd mode field distribution beneath the 
patch. which is representative of the dominant mode. the mutual conductance is l8] 

[ ( )]
) 

. k0W -
Sll1 -_,- COS 8 

G12 =..!._ {;(
11 

- sin3 0{2J0 (:2?TsinfJ) 
1T ✓ ; JO cos 0 I\{) 

(
y + L ) (y - L • )} + 10 ---21r sin 0 + ./0 ---27T Sill O dlJ 

Ao Ao 
( 14-92) 

where Y is the center-to-center separation between the slots and J 0 is the Bessel 
function of the first kind of order zero. The first tenn in ( 14-92) represents the mutual 
c:onductance of two slots separated by a distance X along the £-plane while the second 
and third tenns represent. respectively. the conductances of two slots separated along 
lhe E-plane by distances Y + L and Y - L. Typical nonnalized results are shown by 
the solid cw·ve in Figure 14.30. 

For the H-plane arrangement of Figure 14.28(b) and for the odd mode field 
distribution beneath the patch. which is representative of the dominant mode, the 
mutual conductance is l8/ 

_ 
2 
J rr [sin( k(;W <;Os 8 )]

2 

Gp-- f sin3 lJcos(~21rcoso) 
- 1T µ., Jo cos O Ao 

· { 1 + 10 (~,21r sin 0)} dH ( 14-93) 

where Z is the center-to-center separation between the slots and J0 is the Bessel 
functiun of the first kind of order zero. The first term in ( 14-93) represents twice the 
mutual conductance of two slots separated along the H-plane by a distance Z while 
the second term represents twice the conductance hetween two slots separated along 
the £-plane by a distance Land along the H-plane by a distance Z. Typical normalized 
results are shown by the dotted curve in Figure 14.30. By comparing the results of 
Figures 14.30 it is clear that the mutual conductance for the ff-plane arrangement, as 
expected. decreases with distance faster than that of the £-plane. Also it is observed. 
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-t-:-pl,111c 
•••• H-pl1111e 

2.5 

Figure 14.30 E- and H-planc mulual conduclance vcrsm, palch separation for rectangular 
microstrip palch antennas (W = 1.186 cm, L = 0.906 cm, e,. = 2.2. A11 = 3 cm). 

that the mutuaJ conductance for the £-plane arrangement is higher for wider elements 
while it is lower for wider elements for the H-plane arrangement. 

14.7 CIRCULAR POLARIZATION 
The patch elements Lhat we discussed so far. both the rectangular and the circular. 
radiate primarily linearly polarized waves if conventional feeds arc used with no 
modifications. However. circular and elliptical polarizations can be obtained using 
various feed arrangements or slight modifications made to the clements. We will 
discuss here some of these arrangements. 

Cin.:ular polarization can be obtained if two orthogonal modes are excited with a 
90° time-phase difference between them. This can be accomplished by adjusting the 
physical dimensions of the patch and using either single. or two or more feeds. There 
have been some suggestions made and reported in the literature using single patches. 
For a square patch element, the easiest way to excite ideally circular polarization is 
to feed the element at two adjacent edge~, a~ shown in Figures 14.3\(a,b), to excite 
the two orthogonal modes: the TM,\w with the feed at one edge and the ™<~11 with 
the feed at the other edge. The 4uadrature pha~e difference is obtained by feeding the 
element with a 90° power divider or 90° hybrid. Examples of arrays of linear elements 
that generate circular polarization are discussed in [87]. 

For a circular patch. circular polarization for the TM1 w mode is achieved by 
using two foeds with proper angular separation. An example is shown in Figure 
14.31 (c) using two coax feeds separated by 90° which generate fields that are orthog­
onal to each other under the patch, as well as outside the patch. Also with this two­
prohe arrangement, each probe is always positioned at a point where the field gener­
ated by the other probe exhibits a null: therefore there is very little mutual coupling 
between the two probes. To achieve circular polarization. it is also required that the 
two feeds are fed in such a manner that there is 90° time-phase difference hetween 
the fields of the two: this is achieved through the use of a 90° hybrid. as shown in 
Figure 14.31 ( c ). The shorting pin is placed al the center of the patch to ground the 
patch to the ground plane which is not necessary for circular polarization but is used 
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fdJ C,rcular patch feed .1rrJni;emcms for TM i'in Jnd big.be.r on.kr mild~ 
(Source: J. HW1ng, .. Clrcuh1rly l'ol.1ri1cd Conical Pa!l~rn, llom Citcular Micrustrip Anlc:111111,,'' 1£1:.~ Tran, . Anlcn1111., 
Prop:1~01., Vul AP-32. No. IJ. Sept 1984. © 198-l ll:JEE.1 

Figure 14.3 1 Rectangular and c1rculur putch arrangernems for circular polarization. 

to suppress modes with no </J variation~ and also may improve the quality of circular 
polarization. 

For higher order modes. the spacing between the two feedi, to achieve circular 
polarization is different. This is illustratetl in Figure 14.31 (d) and tabulated in Table 
14. 1, for the TMr10 Lsame as in Figure 14.3 1 (c)J. TMi 10 • TM~111 - and TM:; 111 modes 
[881. However to preserve symmetry ~rnu minimize cross polarization, especially for 
relatively thick substrates. two additional feed probes located djametrically opposite 
of the origi nal poleR are usually recommended. The additional probes are used to 
suppress the neighboring (adjacent) mode-; which usually have the next highest mag­
nitudes [88]. For the even modes (TM~in and TM~rn), the rour leeu probes should 
have phases of 0°. 90°, 0° and 90° while the odd modes (TM110 nncl TM~10) should 
have phases of 0°. 90°. 180° and 270°, as shown in Figure 14.31 (cl) /'88 /. 

To overcome the complexities inherent in dual-feed arrangements, circu lar polar­
ization can also he achieved with a ,;ingle feed. One way to accomplish this is to feed 
the patch at a single point to excite two onhogonal degenerate modes (of <;Orne 
resonant frequency) of ideally equal amplillldes. By introducing U11:n i.l proper asym­
metry in the cavity. the degeneracy can be removed wiLh nne mode increa!)ing with 
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Table 14. 1 FEED PROB E ANGULAR SPACrNG OF DIFFERENT MODES FOR 
CIRCULAR POLARlZATlON (after j 881) 

TMuo ™ 210 TMrn1 ™ 410 TMsio 

45° 30° 22.5° 18°. 54° 
90" or or or or 

135° 90° 67.5" 90° 

TMi;1u 

15°, 45° 
nr 

75° 

frequency while Lhe orthogonal mode will be decreasing with freque11cy by the same 
amount. Since the two modes will have slightly different frequencies. by proper de),ign 
the lield of one mode can lead by 45° while that of the other can lag by 45° resulting 
in a 90° phase difference necessary for circular polarization r 161- To achieve this. 
several arrangements have been suggested. 

To illust.rate Lhe procedure, let us consider a square patch. as shown in Figure 
14.32(a) [34]. Initially assume that the dimensions Land Ware nearly the same such 
that the resonant frequencies of the TM·orn and TMoo1 overlap significantly. 1n the 
broadl>ide direction Lo the patch, the TM'orn mode produces an electric far-field £, 
which is linearly polari zed in the y direclioo while the TM,\01 mode produces an 
electric far-field E~ which is linearly polarized in the .: direction. These fields can be 
expressed as 

sio(:y') 

E =c--------
\ Ir( I - j/Q,) - (k,,.)2 

( t4-94a) 

\' .I' 

t t 
/,, I 

., I 
lV', :1 /' 

"Feed I 
"'-/_/_., __ P<>_•_o• __ __, _....__ ~ 
---w---

(hJ u:ll•hand .:1rcula1 CLllC') (c) Rigl1t•hnmJ c:ir,: 111 111 IRltC) 

Figure 14.32 Single-feed arrangements ror circular polarization of rcctangul.1r micro,trip 
patches. 
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1T 
k. =­- w 

(14-94b) 

( l4-94c) 

(14-94d) 

where c (a proportionality constant) and Q, (Q, = I/tan l>crr) are identical in the 
broadside direction for both polarizations. If the feed point (y'. z') is selected along 
the diagonal su that 

y' z' 
- = -
L W 

(14-95) 

then the axial ratio al broadside of the Ev to the E_. field can be expressed as 

E,. k( I - j/2Q,) - k_, 
--- = 
E,: k( I - j/2Q,) - k~ 

(14-96) 

To achieve circular polarization, the magnitude of the axial ratio must be unity while 
the phase must be ± 90°. This is achieved when the two phasors representing the 
numerator anJ denominator are of equal magnitude and 90° out of phase. This can 
occur when (34] 

k 
k,. - k- = -. . Q, (14-97) 

and the operating frequency is selected at the midpoint between the resonant frequen­
cies of the TMi'110 and TM001 modes. The condition of ( 14-97) is satisfied when 

L = w(1 + ~,) (14-98) 

Based on ( 14-98) the resonant frequencies / 1 and / 2 of the bandwidth of (14-8811) 
associated with the two lengths L and W of a rectangular microstrip are (89] 

j . - .fii 
I - \ii + 1/Q, 

./2 = .ti, VI + 1/Q, 

where J;, is the center frequency. 

( 14-99a) 

(_ 14-99b) 

Feeding the element along the diagonal starting at the lower left comer toward 
the upper right corner. shown dashed in Figure 14.32(b), yields ideally left-hand 
circular polarization at broadside. Right-hand circular polarization can be achieve<! 
by feeding along the opposite diagonal, which starts at the lower right comer and 
proceeds toward the upper lcfl corner, ~hown dashed in Figure l4.32(c). 1nstead of 
moving the feed point each time lo change the modes in order to change the type of 
circular polarization. varactor diodes can he used to adjust the capacitance and bias, 
which effectively shifts by electrical means the apparent physical location of the feed 
point. 

This type of a feed to achieve circular polarization al broadside has been shown 

INTEL-1045 
U.S. Patent 7,151,430



14.7 Circular Polarization 77 1 

experimentally llJ extend lo a larger angular region 118]. H owever. the bandwidlh 
over which circular polarization i::. maintained. even at broadside. is very narrow. An 
empirii:al formu la of the percent bandwidth is 134] 

AR 
BW (percent) = 12-

Q, 
( 14-100} 

where the axial ratio i::. specified in dB. The design formulas of (14-98) and ( 14-100) 
yield good result::. for Q values as low as I 0. Belt.er designs are achieved for values 
of Q much greater than I 0. 

Circular polarization can also be achieved by feeding th<.: clement off the main 
diagonals. This can be accomplished if the dimensions of the rectangular patch are 
related by 

L = ( 14--101) 

where 

A=----

cos( 1r ~) 

( 14- 10 I a) 

There arc some other practical ways llf achieving nearly drcular polarintion. For 
a s4uarc patch . this can be accomplished by cutting very thin slot!'\ as shown in Figures 
I4.33(.i.h) with dimension::. 

L W 
c = --= --

2.72 2.72 
( 14-I02a) 

c l W 
d = 10 = 27.2 = 27.2 

(14-102b) 

An alternative way j). to I rim the ends of 1wo opposite comers of a square patch and 
feed at points I or 3. as shown in Figure I 4.34(u). Circular po1aruation can also be 

HI) R1gh1•hand (hi Lefl -liutu.J 

Figure 14.33 Circular polarization for square patch wilh thin slols 011 p.itch (c = \V/2.72 
= U:. .72. d = c/10 = W/27.2 = U27.2). 
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(a) Trimm,,d square <l = W ) (h) Ell ipticul wilh rubs 

Figure 14.34 Circular polarization by trimming Qpposite l:Orncrs of a ~quare patch and by 
making circular-patch slighlly elliptical a_nd utlding labs. 

achieved with a circular patch by making it .,ligh1ly elliptical or hy adding tabs, a~ 
shown in Figure l 4.34(b ). 

Example 14.5 

The fractional ba11dwid1l1 at a center frequency of 10 GH1 of a rectangu lar patch 
antenna whoi.e subslrale is RT/duroid 5880 ( Er = 2.2) with height /, = 0.1588 cm is 
about 5% for a VSWR of 2: l. Within that bandwidth, find resonant frcqtiencies 
associated with t'hc two lengths of the rectangular parch antenna, and the rc/;1tive ratio 
of the two lengths. 

SOLUTION 

The total quaJity factor Q, of the patch antenna is found using ( 14-88a) or 

I 
Q, = --- = 14.14 

0.05V2 

Using ( 14-99a) an<.l ( I 4-99b) 

10 X 109 

ti = --::=== = = 9.664 O1-lz 
• 

1 YI + 1/14.14 
-----

/2 = 10 X 10'} yl + 1/1 4. 14 = 10.348 GHz 

The relative rutiu of the two lengths ,tccordfog lo ( 14-98) is 

L I I 
- = I + - = I + - - = 1.07 
W Q, 14.14 

which makei.. the patch nearly square. 

14.8 ARRA\' S AN D F EED NE TWORKS 

Mierostrip .imennas are used not onJy as single elements but are veI·y popular in arrays 
117]. [23J. f30J, [311. 1501. [SI]. 154], [631-165 1, and P4I-I77I. As discussed in 
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(.ii Sertc~ feed 

(h) Cnrp,1rn1c reed 

Figure 14.35 Feed arrangements for microstrip patch arrays. 

Chapter 6. arrays are very versatile an<l are used, among other things. to synthesize a 
required pattern that cannot be achieved with a single element. In addition. they are 
used to <;can U1e beam of an antenna system, increase the Jircctivity, ant.I perform 
various other functions which would be difficult with any one single d ement. The 
ekmcnts can be fed by a single line. as shown in Figure l 4.35(a). or by multiple l ines 
in a feed network arrangement. as sl1own in Figure I4.35(b). The first is referred to 
a!- a series:feed netwvrk while the second h referred to as a c:011mrateJeed network. 

The corporate-feed network is used to provide power splits of 2" (i.e .. n = 2. 4, 
8. 16, 32. etc.). Thi :; is accompUshed by using ei ther tapered lines. as shown in Figure 
14.36(a), to match 100-ohm patch elements to a 50-ohm input or using quaner­
wavelength impedance transformers. as shown in Figure 14.36(b) l3l. The design of 

l1oon 11JOj° 

IOOU 100 !1 

t00Q 

t:______:j 

'iOil inpUI 

(!l) Tapurotl li nc., 

1llO Q IOCH1 

100n won 

toon 

~ 
sou 10 n I oo ii 10 n 50 12 sonwn 10012 1onso n 

son 

50 .n 70 !l LOO !l 1000 70!2 5ClU 

t 
j() il mptll 

(hl )../4 1r,msfon11crs 

Figure 14.36 Tapered and A/4 impedance Lran~former l ines to maro.:h I 00-uhm patches 10 a 
50-ohm line. (SOURCE: R. E. Munson. ··confonnal M icrostrip Antennas and Micro~trip Phased 
Array:.." IEEE Tram . A111e1111as Propaf.!£ll., Vol. AP-2'.!, No. I. January 1974. © 1974 fEEE) 

INTEL-1045 
U.S. Patent 7,151,430



774 Chapter 14 Microstrip Antennas 

(0) 
.,,.,.-- ..... 

/ ' 

(0') 
' / ' / .... --- / .... / ---

T 
1c 

1 

~-- ..... ---..... ,, ' 

ID
,,', 

(0') I \ 
I II I 
I II~ • I 
I t' I 
\ I ' / / 

' / ' ,, --- ---

(b) Side vie" 

~--, ... ' /0\ (0) 
' - {/ 

' ---;,, 

-1'.--.... .,,/' •: i.~ 

,/o/a",g\~ 
I • \ 
\ / ' • / .... ;,, ---

I 
l 

Figure 14.37 lnlinilc array or circular patche!> b;icked by circular cavi11c:-.. (Cmtrtcsy J. T. 
Aberle and F. Zavosh) 

single- and multiple-:.ection quarter-wavelength impedance transformers is discussed 
in Section 9.8. 

Series-l'ed an·ays can be conveniently fabricated using phoLolithugraphy for both 
the radiating elements and the reed network. However, tnis technique is limited to 
arrays with a fixed beam or those which are scanned by varying the frequency. but it 
can be applied to linear and planar array :-. with single or uual pohirization. Also any 
changes in one of the clements or feed lines affects the performance of the other:.. 
Therefore in a de:,ign it is imporL1:1nt lo be able to take into account tbe:,e and other 
effects. such .l!i mutual coupling.. and internal renections. 

Corpornte-fed arrays are general and versatile. Wilh chis method lhe designer has 
more control of Lhc feed of each element (amplitude and pha,;e) and it is ideal for 
scanning phased arrays. mulribea,n arrays, or shapeu-beam arrays. As discussed in 
Chapter 6, the phase of each element can be controlled using phase shifrers while the 
amplitude can be adjusted using either amplifiers or attenuators. 

Those who have been designing and te:,ting rnicro!->trip arrays indicate that ra<li­
ation from the feed line, using either a serie,; or corporate feed network. is a serious 
problem that limits the cross-polarization and side lobe level or the arrays [~8] . Both 
cross-polariz.ation and side lobe levels can be improved by isolating the l'eed network 
from the radiating face of the array. This can be accomplished using either probe­
feeds or aperture coupling. 

Arrays can be analyzed using the theory of Chapter 6. However, such an approach 
does not take into account mutual coupling effects, which for microstrip patches can 
be significant. Therefore for more accurate results, full-wave )iolutions must be per­
formed. Tn microstrip arrays [631, as in any other array [901. muLUul coupling between 
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F--planc 
(conventional) 

5(1.0 60.(1 70.(1 80.0 9(W 

Scan angle 811 (degrees) 

Figure 14.38 E- and H-plane broadside-matched input reflection coefficient versus scan 
angle for infinite array of circular microstrip patches with and without cavities. (Courtesy 
J. T. Aberle and F. Zavosh) 

elements can introduce seem blindness which limits. for a certain ma;r.imum reflection 
coefficient. the angular volume over which the arrays can be scanned. For mkrostrip 
antennas. this scan limitation is strongly influenced by surface waves within the 
substrate. This scan angular volume can be extended by eliminating surface waves. 
One way to do this is to use cavities in conjunction with microstrip elements [50), 
151 j. Figure 14.37 shows an array of circular patches backed by either circular or 
rectangular cavities. ll has been shown that the presence of cavities, either circular or 
rectangular, can have a pronounced enhancement in the £-plane scan volume, espe­
cially for thicker substrates f.51 ]. The H-plane scan volume is not strongly enhanced. 
However the shape of the cavity. circular or rectangular, does not strongly influence 
the results. Typical results for broadside-matched reflection coefficient infinite array 
of circular patches, with a substrate 0.08A0 thick and backed hy circular and rectan­
gular cavities. are shown in Figure 14.38 for the £-plane and H-plane. The broadside­
matched reflection coefficient f( 0, c/J) is defined as 

Z;,,( 0. c/>) - Z,n<O, 0) 
f( H. c/>) = -'· . () Z1"( H . .,,.) + Z 111(0. ) 

(14-103) 

where ZinC0, c/J) is the input impedance when the main beam is scanned toward an 
angle ( 0. </>). The results are compared with those of a conventional cavity (noncavity 
backed). It is apparent that there is a significant scan enhancement for the £-plane. 
especially for a VSWR of about 2: I. H-plane enhancement occurs for reflection 
coefficients greater than about 0.60. For the conventional array, the £-plane response 
exhibits a large reflection coefficient. which approaches unity. near a scan angle of 
80 = 72.5°. This is evidence of scan blindness which ideally occurs when the reficction 
coefficient is unity. and it is attributed to the coupling between the array clements due 
to leaky waves (63]. Scan blindness occurs for both the £- and ff-planes at grazing 
incidence ( 80 = 90°). 
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PROBLEMS 

14.1. A microstrip line is used as a feed line lo a microstrip patch. 1l1c substrate of the line 
is alumina (E, = 10) while the dimensions of the line are wilt -; 1.2 and t/li = 0. 
Detem1jne the effective dielectric constant and cl1aracteris1ic impedance of the line. 
Compare the computed chara,:tcristic impedance lo that of a 50-ohrn line. 

14.2. A microstrip transmission line of' beryllium oxide (E,. = 6.8) has .t width-to-height 
ratio of wit, = 1.5. Assuming th,u the thickness-to-height ratio is tlh = 0. determine: 
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14.3. 

14.4. 

14.5. 

14.6. 
14.7. 

14.8. 

14.9. 

14.10. 

14.11. 

14.12. 

(a) effective dielectric constant 
(b) characterilail: impedance of the line 
Cellular and mobile telephony, using earth-based repeaters, has received wide accep­
tance and has become an essential means of communication for business, even for the 
household. Cellular telephony by satellites is the wave of the future and communication 
systems are being designed for that purpose. The presenl allocated frequency hand for 
satellites is at L-band (== 1.6 GHz). Various antennas are heing examined for that 
purpose; one candidate is the microstrip patch antenna. Design a rectangular microstrip 
patch antennu, based on the dominant mode. that can be mounted on the roof of a car 
to be used for satellite cellular telephone. The designed center frequency is 1.6 GHz. 
the dielectric constant of the substrate is I 0.2 (i.e., RT/duroid). and the thickness of 
the substrate is 0.127 cm. Detem1ine the 
(a) dimensions of the rectangular patch (in cm) 
(bl resonant inpul impedance. assuming no coupling between the two radiating slots 
(c) mutual conductance between the two radiating slots of the patch 
(d) resonant input impedance. taking into account coupling 
(eJ positi<ln of rhc feed to match tl?c antenna palch lO a 75-ohm line 
Repeat the design of Problem 14.3 using a substrate with a dielectric constant of 2.2 
(i.e., RT/duroid 5880) and with a height of 0.1575 cm. Are the new dimensions of the 
patch realistic for the roof of a personal car'! 
Design a rectangular microstrip patch with dimensions Wand L. over a single substrate. 
whose center frequency is IO GHz. The dielectric constant of the substrate is I 0.2 and 
the height of the substrate is 0.127 cm (0.050 in.). Determine the physical dimensions 
Wand L (in cm) of the patch. taking into account field fringing . 
Using the transmission line model or Figure l4.8(h). derive ( 14-14)-( l ➔-I5). 
To take into account coupling between the two radiating slots of' a rectangular mi­
crostrip patch. ll1c resonant input resistance is represented hy ( 14-17). Justify. explain. 
and/or show why the plus ( +) sign is used for modes with odd (antisymmetric) 
resonant voltage distrihut.ion beneath the patch while the minus ( - ) sign is used for 
modes with even (symmetric) resonant voltage distribution. 
Show that for typical rectangular mk:rostrip patches G.tY, < I and Bi!Y, ~ I so that 
( 14-20) reduces to ( 14-20a). 
A ~ctangular micrrn,trip patch antenna operating al 10 GHz with a suhslrale wit~ 
dimensions of h:ngth L. = 0.-JIII.J7 cm. width W = 0,t\34 cm. and suhstrate height lz = 
0.127 cm. It is desired lo feed the patch using a probe feed. Neglecting mutuul coupling. 
cakulate: 
(a) What is the input impedance of the patch ut one of the radiating edges based on 

the tnmsinission-line model? 
(b) At what distance y0 (in cm) from one of the radiating edges should the coax feed 

he placed so that the input impedance is 50 ohms? 
A rectangular microstrip patch antenna, whose input impedance is 152.44 ohms at its 
leading radiating edge. is fed by a microslrip line as shown in Figure 14. IU. Assum­
ing the width of the feeding line is W,1 = 0.2984 cm. the height of the substrate is 
0.1575 cm and the dielectric constant of the substrate is 2.2. al what distance y0 

should the microstrip patch antenna be fed so as to have a perfect match between 
the line and the radiating clement'! The overall microstrip patch element length is 
0.9068 cm. 
The rectangular microstrip patch of Example 14.2 is fed by a microstrip transmissi()n 
line of Figure 14.5. In order to reduce reflections al the inset feed point between lhe 
line and the patch element. design the microstrip line that its characteristic impedance 
matches that of the radiating element. 
Repeat the design of Example 14.2 so that the input impedance of 1/Je radiating patch 

at the feed point is: 
(a) 75 ohms 
(b) JOO ohms 
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Then. usi.umlng Lhc feed line b a microstrip line. dctem1inc Lhc din1cnsion,, nl' the line 
qo lh.u it~ d1art1clcristic impcduncc matches Lhat of the radiating patch. 

14.1 3. /\ rectangular micro~trip putch antenna ha<. dimensions of L = 0. 906 cm, W = 1.1 86 
cm. and I, = 0.1575 cm. The dielccrric constant of the ~uhslratc is E, = 1.1. u~ing 
Lhe g.eometry of Figure 14.12 and assuming no fring.ing. determine the resonam frc­
quem:y of the first 4 TM'\,.,1, modes. in order of ascending resonant rrcqucncy. 

14.14. Derive Lhe TM/'""" field configuration!; (modes) for rhc rectangulnr microsLrip patch 
based on the geometry or Figure Pl4. I-I-. Determine the: 
(a) eigenvalue;, 
(b \ resonant Crf!4ueucy (fr lnmr, for the mnp mode. 
(cl dominant mode if L > W > Ii 
(d) resonant rre4uency of tile dominant n1t1de. 

--W------/ 
\ ' 

14. 15. Repeat Problem 14. 14 f'or the TM\11111, mode!> based on Lhcgcomctry of Figure Pl 4. l5. 

14.16. 
L-U7. 

1-1-. 18. 

14 19. 

14.20. 
14.2 1. 
1-k:!2. 

14.23. 

Derive we um1y factor t1r ( 14-42). 
Assuming the courdinatc system for the rt!c.:langular microstrip patch i1- that or Problem 
14.1-t. (Fig. P 14. 14), derive basc<l on the cavity motlcl the 
(a) far-zone electric tield rnJiatcd by one of the rndiating ~hm, of tJ1e patch 
(b) am,y l'acwr for the twt1 radi,Hing 1,lots or 1hc patch 
(c:) far-LOnl! total electric lield radfated hy hnth of 1hc radiating ~lot;, 
Repeal Probkm 14. 17 for the rectangular patch geometry of Problem 14. 15 (Fig. 
Pl4.15). 
Dcrerminc the dtrel.'.tivily (in dB) of the re<:tanguh1r micms1rip patc:h llf Example 14.3 
using 
(a) Kraus' approximate formula 
(h) Tai & Pereira'-; uppmximate fomwln 
Derive the directivity (in dB) of the rec:tangular mic.:w~1rip p.ill.:h Ill' Prnblem 14.3. 
Derive the tlircclivi1y (in dB) of the rcc1angul<1r mu:ro~1rip rwtch nl' Prc,hlem 14.4. 
For a ci rcular microstrip patch antenna operating in the un111inant TM1

111, mode, dcnve 
the far-1onc clcctnc fields radiated by 1J1e ratch hascd on the cavi1y model. 
U~ing the caviry model. derive the TM2

""'P resonant l'rcqucncics l'or a micrnstnp patc:h 
whu:-.c shape is that of a half or a c:1rcular patch (semicircle). 
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1-l:24. 
l-L25. 

I' 

Rcreat Problem r 4.23 for a 90° circular disc (angular sector of 90°) 111icrowip patch, 
Repeat Problem 14.::?3 for the circular ~ecwr microstrip patch antenna who~e gellllletry 
is ~hown in Figme P 14.25. 

k-----a -----

;.::,, /;'" ,,,J(i 
~.-/,ii >', ?· ... , ~ / ~ \ 

y . I 

Sid~ view 

1-1.2(,, Repeat Prohlem 14.23 for the annular microstrip patch umcnna whc1se geometry is 
~hown in rigurc Pl-4.16. 

T11p VIC\\' 

\' 

I---/,--++-- h --J 
Pr-I 

• I 

14 . .:!7 . Rept:at Pn,hlem 14.23 for the annular sector mkros11ip patch antenna whose geometry 
1s 'ihown 111 1-'igurc P H .27. 

I' 

Tup view 

f-t1 - --l 
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14.28. 

14.29. 

14.30. 

14.31. 
14.32. 
14.33. 

l4.:.¼. 

14.35. 

14 .. %. 

Problems 783 

Repeal the design of Problem l4.3 for a circular mi.cm1-lrip palch anlennn operating 
in the dominant TMz, 111 mode. 
Repeat the design of Problem 14.4 for a circular microslrip patch antenna operating 
in the dominant TMz I m n1ode. 
For ground-hased cellular telephony. the desired pattern coverage is omnidirectional 
and similar to that of a monopole (with a null toward zenith). This can be accomplished 
using circular microstrip patch antennas operating in higher order modes, such as the 
TM\rn. TM2

i 111, TMz_110, etc. Assuming that the desired resonant frequency is 900 
MHz. design a circular n,icrostrip patch antenna operating in the TM2

i 111 mode. As­
suming a substrate with a dielectric constant of 10.2 and a height of 0.127 cm: 
(a) Derive an expression for the resonant frequency. 
(b) Determi"e the radius of the circular patch. Neglect fringing. 
(cl Derive expressions for the far-zone radiated fields . 
Cd) Plot the nonnalized £- and H-plane amplitude patterns (in dB). 
(e) Plot the normalized azimuthal (xy plane) amplitude pattern (in dB). 
(f) Detenninc the directivity (in dB) using the DIRECTIVITY computer program at 

the end of Chapter 2. 
Repeat Problem 14.30 for the TM2

3 rn mode. 
Repeat Problem 14.30 for the TM2 .uu mode. 
The diameter of a typical probe feed for a microstrip patch antenna is d = 0.1 cm. 
At f = IO GHz. determine the feed reactance assuming a substrate with a dielectric 
constant of 2.2 and hcighl of 0.1575 cm. 
Delermine lhe impedance of a :,ingle-:.ection quarter-wavelength impedance trans­
former to match a l00-ohm patch element to a 50-ohm microstrip line. Determine the 
dimension!> of the line asi.uming a substrate with a dielectric constant of 2.2 and a 
height of 0.1575 cm. 
Repeat the design of Problem 14.34 using a two-section binomial transfonner. Deter­
mine the dimensions of each section of the transfom1er. 
Repeat the design of Problem 14.34 using a two-section Tschebyscheff transformer. 
Dctcnnine the dimensions of each section of the transformer. 
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COMPUTER PROGRAM - MICROSTRIP ANTENNAS 
c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C 
C THIS IS A FORTRAN PROGRAM THAT DESIGNS AND COMPUTES TifB 
C ANIENNA RADIATION CHARACTERISTICS OF: 
C 
C 
C 
C 

I. RECTANGULAR 
II. CIRCULAR 

C MICROSTRIP PATCH ANTENNAS BASED ON nm CAVITY MODEL AND 
C DOMINANT MODE OPERATION FOR EACH. 1HAT IS: 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

A 1'Mo10 MODE FOR 11IE RECTANGULAR PATCH 
B. TM110MODE FOR THE CIRCULAR PATCH 

••INPUT PARAMETERS 
1. FREQ = RESONANT FREQUENCY fr (in GHz) 

2 . EPSR = DIELECTRICCONSTANTOFTHESUBSTRATE Er 
3. HEIGHT = HEIGHT OF 1lfE SUBSTRATE h (in cm) 
4. YO = POSmON OF RECESSED FEED POINf Yo (in cm) 

RELATIVE TO LEADING RADIATING EDGE OF 
RECTANGULAR PATCH. 
NOT NECESSARY FOR CIRCULAR PATCH 

••OUTPUT PARAMETERS 

A. RECTANGULAR PATCH: 

1. PHYSICAL WIDlll OF PATCH W (in cm) 
2. EFFECTIVE LENGlll OF PATCH Le (in cm) 
3. PHYSICAL LENGlll OF PATCH L (in cm) 
4. NORMALIZED E-PLANE AMPLmIDE PATTERN (in dB) 
5. NORMALIZED H-PLANE AMPLmIDE PATIERN (in dB) 
6. E-PLANE HALF-POWER BEAMWIDlll (in degrees) 
7. H-PLANE HALF-POWER BEAMWIDlll (in degrees) 
8. DIRECTIVITY (dimensionless and in dB) 
9. RESONANT INPUT RESISTANCE (in ohms) 

a. AT LEADING RADIATING EDGE (y = 0) 
b. AT RECESSED FEED POINT FROM LEADING 

RADIATING EDGE (y = y0 ) 

B . CIRCULAR PATCH: 

C 1. PHYSICAL RADIUS OF THE PATCH a (in cm) 
C 2. EFFECTIVE RADIUS OF THE PATCH 3e (in cm) 
C 3. NORMALIZED E-PLANE AMPLmIDE PATTERN (in dB) 
C 4. NORMALIZED ff-PLANE AMPLITUDE PATIERN (in dB) 
C 5. E-PLANE HALF-POWER BEAMWIDlll (in degrees) 
C 6. H-PLANE HALF-POWER BEAMWIDlll (in de~) 
C 7. DIRECTIVITY (dimensionless and in dB) 
c•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
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CHAPTER 

15 
REFLECTOR ANTENNAS 

15.1 INTRODUCTION 

Reflector antennas, in one form ur another. have been in use \;ince lhe discovery of 
electromagnetic wave propagation in 1888 by Hertz. However the fine art of analyzing 
and designing reflectors of many various geometrical shapes did not forge ahead until 
the days of World War II when numerous radar applications evolved. Subsequent 
demands of reflectors for use in radio astronomy. microwave communication. and 
satellite tracking resulted in spectacular progress in the development of sophisticated 
analytical and experimental techniques in shaping the reflector surfaces and optimizing 
illumination over their apertures so as Lo maximize the gain. The use of reflector 
antennas for deep space communication, such as in the space program and especially 
their deployment on the surface of the moon. resulted in establishing the rcllcctor 
antenna almost a~ a household word during the 1960s. Although reflector antennas 
take many geometrical contigumtions, some of the most popular shapes are the plane. 
corner, and curved reflectors (especially the paraboloid), as shown in Figure 15.1, 
each of which will be discussed in this chapter. Many articles on various phases of 
the analysis and design of curved reflectors have been published and some of the 
most referenced can be found in a book of reprinted papers 11 I. 

15.2 PLANE REFLECTOR 

The simplest type of reflector is a plane reflector introduced Lo direct energy in a 
desired direction. The arrangement is that shown in Figure 15.1 (a) which has been 
extensively analyzed in Section 4.7 when the radiating source is a vertical or horizontal 
linear element. ll has been clearly demonstrated that Lhe polarization of the radiating 
source and its position relative to the reffocting surface can he used to control the 
radiating properties (pattern. impedance. directivity) of the overall system. Image 
theory has been used to analyze the radiating characteristics of such a system. Al­
though the infinite dimensions of the plane reflector are idealized, the results can be 
used as approximations for electrically large surfaces. Thi.! perturbations introduced 
by keeping the dimensions finite can be accounted for by using special methods 
such as the Geometrical Theory of Diffraction [2]-151 which was introduced in Sec­
tion 12.10. 
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• focal Blockage 
JlOIIII 

---~ 

tel Curv~dliront-fe<ll t J l C'urvc<l (C'usscirain feed) 

Figure 15.1 Geometrical configuration for some reflector systems. 

15.3 CORNER REFLECTOR 

To better collimate the energy in the forward direction, the geometrical shape of the 
plane retlector itself must be changed so as to prohibit radiation in the back and side 
directions. One arrangement which accomplishes that consists of two plane reflectors 
joined so as to form a corner, as shown in Figures 15. )(b) and in I 5.2(a). This is 
known as the comer retlector. Because of its simplicity in construction. it has many 
unique applications. For example. if the retJector is used as a passive target for radar 
or communication applications. it will return the signal exactly in the same direction 
as it received it when its included angle is 90°. This is illustrated geometrically in 
Figure I 5.2(b). Because of this unique feature, military ships and vehicles are designed 
with minimum sharp comers to reduce their detection by enemy radar. Corner reflec­
tors are also widely used a'i receiving elements for home television. 

ln most practical applications. the included angle formed by the plates is usually 
90°; however other angles are sometimes used. To maintain a given system efficiency. 
the ~pacing between the vertex and the feed element must increase as the included 
angle of the reflector decreases, and vice-versa. For reflectors with infinite sides. the 
gain increases as the included angle between the planes decreases. This. however, 
may not be Lrue for finite size plates. For simplicity. in this chapter it will be assumed 
that the plates themselves are infinite in extent (/ = x..). However. since in practice 
the dimensions must be finite, guidelines on the size of the aperture (D,i). length (I). 
and height (h) will be given. 

The feed element for a corner reflector is almost always a dipole or an array of 
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(bl " = oo· 

Grid 
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SupporllOS 
,1r11dur~ 

Figure 15.2 Side and perspective views ol' soUd and wire-grid comer rcllcclOr\. 

collinear dipole!> placed p.u·aJh!I to the ve1'tex a distance s away. m, ~hown in u 
perspective view in Figure I 5.2(<.:). Greater handwidth is obtained when the feed 
elements arc cylindrical or biconical dipoles instead of thin wires. ln many applica­
tions. e~-peci.ally when the w,wdenglh is h1rge compared to tolerable physical dimen­
siom,. the surfaces of the corner reflector arc frequently made of grid wires rat her than 
solid sheet metal. as shown in Figure 15.2(d). One or the reasons for doing U,at is to 
reduce wind resistance and overalJ sy•Hem weight. The spacing lg) between wires is 
made a smaLI fract ion of a wavelength (u:;uall y gs. M IO). For wire:- that are parallel 
to the length of the dipole, as is the case for the arrangement or Figure L5.2(d). Lhe 
rcfkctivily or the grid-w i.re surface i1, as gootl a~ that of a solitl 1-url'ace. 

Tn praL'lice. Lhe aperture or the corner reflector ({)11 ) ii, usually made between one 
and two wavelengths (A < D,1 < 2.A). The length of thi.: sides or a 90° corner re lleclor 
is most commonJy taken Lo be about twice the tljstance rrom the vertex Lo tJ,e feed 
(/ = 2sJ. For reflectors with smaller included angles, the " ides arc made larger. The 
feed-co-vertex distance (s) is usuaJ ly taken lo be hctwccn A/3 anti 2A/3 (A/3 < s < 
2A/3 ). For each reflector. there- is an optimum reed-to-vertex spai;ing. tr the spacing 
becumes too small. the rndiation resistam:e decreases and bet:omc:; comparable to the 
IO!\S resi~tunce of the '-YSlem which leads 10 an incl'lkient untenna. Fm very large 
spat:ing. the :,ystcm produces undesirable muJLiple lubes, ant.I iL lm,t::s il!-> directional 
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Figure 15.3 Comer rellectors and their images (wilh perpendicultirly pol,1ri1.ed 
feed~ 1 l'or angle),, of 90°. 60°. -+5". and J0°. 

characteristic~. II ha~ hccn cxperin,cnta.l ly observed that increasing the size of lhe 
side,; doe~ not greatly affect the hc,rn,width and directivity. but i l increases the band­
width and radiation resi.')tUJ1t:e. The main lobe is somewhat broader for reflector:; wW1 
finite sides compared to Lhat of infinite dimen.sions. The height (h) of lhe rellcctor if. 
usually taken lo be about 1.2 to 1.5 times greater than lhe total length of the feet! 
element. in order to reduce rad iation toward the back region from lhe ends. 

The analysis for the field radiated by a source in the presence of a corner reflector 
h focjjj11-11cd when the included an.gk ( rv> or rhc reJlector is a = ,,/11, where 11 is an 
integer (a = -rr. -rr/2, 1r/3, rr/4. etc.). For 1hose cases Ccr = 180°. 90°, 60°. 45°, etc.) 
it is possible tn fi nd a system or images. which when properly placed in the absence 
of the reflector plates. fom1 an am1y that yields the sm11e field within the space formed 
by the rd]ector plates as the actual system. The number or image:-. polarity. and 
po:::ition of each i$ controlled by the included ao_gle of the corner reflector and the 
polari-1.:ation or the feed elemenL In Figure 15.3 we display the geometrical and 
eleclrh.:al arrangement of the jmages for comer rcflecton, with included angle!-. of 90°. 
60°. 4:i 0

• anti ]0° aml a feed with perpendicular polarization. The procedure for finding 
the nuruber, lm:ation, and polarity of the images is demonsrrntcd graphicall y in Figure 
15.4 for a corner reJlector with a 90° included angle. It is assumed thm the feed 
clement is u linear dipole placed paraileJ to the vertex. A similar procedure can be 
l'ollowed for all other retlecroni with an included angle of a = 180°/11. where II is an 
integer. 
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Figure 15.4 Geometrical placement and electrical polarity of images for a 90° 
corner rel1ec1or with a parallel polarized feed. 

15.3.1 90° Corner Reflector 

The first corner reflector to be analyzed is the one with an included angle of 90°. 
Because its radiation characteristics are the most attractive. it has become the most 
popular. 

Referring to the reflector of Figure 15.2(c) with its images in Figure 15.4(b), the 
total field of the system can be derived by summing the contributions from the feed 
and its images. Thus 

In lhe far-zone. the normalized scalar field can be written as 

e - jkr, e - }kr, e - jkr, e - Jkr• 

E(r. 0. cb> = _((O, c/,)- - f(tJ, cb)- + f(0. cf,)- - f(O. cf,)-
~ ~ ~ ~ 

- Jkr 
e + Jk.(co~l/,,1 /{ 8. cf,) _e _ (15-2) ,. 
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where 

cos 1/11 = a_r • a, = sin Ocos cf, 
cos if,1 = av • a,. = sin Osin cf> 
cos t/J3 = - it • a, = - sin Ocos <I> 

cos 1/14 = - a~. • a, = - sin Osin cf, 

( I 5-2a) 

( 15-2b) 

(l5-2c) 

( I 5-2d) 

since a, = i_t sin O cos <I> + iv sin f) sin c/> + i: cos 0. Equation ( 15-2) can also be 
written, using ( l 5-2aH I 5~2d): as 

-p:r 

E(r, 6, c/>) = 2[cos(ks sin Hcos cf,) - cos(ks sin 8sin c/>)lf(O, <b)-e- (15-3) 
r 

where for a = Trl2 = 90° 

0 :Sc/>~ a/2 
() === (J < Tr, ( 15-3a) 

2rr - a/2 s cf, :s; 27T 

Letting the field of a single isolated (radiating in free-space) element to be 

e - jkr 

Eo = f(IJ ct,)- (15-4) • ' r 

( 15-3) can be rewritten as 

~ = AF(O. c/>) = 21"cos(ks sin fJ cos c/>) - cos(k..,. sin O sin </>)] 
Eo 

( 15-5) 

Equation ( 15-5) represent!. nol only the ratio of the total field to that of an isolated 
element at the origin but also the array factor of the entire reflector system. In the 
azimuthal plane (fl= 1r/2), (15-5) reduces to 

E - = AF(8 = 1r/2, c/>) = 2[cos(ks cos</>) - cos(ks sin c/>)J 
Eo 

(15-6) 

To gain some insight into the performance of a corner rellector. in Figure 15.5 
we display the normali1.ed patterns for an a = 90° comer reflector for spacings of 
s = 0. IA, 0.7 A. 0.8A. 0.1H. and I.OA. It is evident that for the small spacings the 
pattern consists of a single major lobe whereas multiple lobes appear for the larger 
spacings (s > 0.7A). For s = A the panern exhibits two lobes separated by a null 
along the c/> = 0° axis. 

Another parameter of performance for the comer reflector is the field strength 
along the symmetry axis ( 8 = 90°, cp = 0°) as a function of feed-to-vertex distance 
s [6]. The normalized (relative lo the field of a single isolated element) absolute field 
strength 1£/£01 as a function of s/A (0 s s s IOA) for a = 90° is shown plotted in 
Figure 15.6. It is apparent that the first field strength peak is achieved when s = 0.5A, 
and it is equal to 4. The field is also periodic with a period of !ls/ A = l. 

15.3.2 Other Corner Reflectors 

A similar procedure can be used to derive the array factors and total fields for all 
other corner reflectors with included angles of a = 180°/n. Referring to Figure 15.3, 
it can be shown that the array factors for a = 60°, 45°, and 30° can be written as 
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Figure 15.5 Normalized radiation amplitudl! pa11ems for a = 90° comer reflector. 

a = 60° 

AF(B. 4,) = 4 sin(:) [cos(~) - cos ( \/J ~)] {15-7) 

u = 45° 

AF(H. </>I = 2 [ cos(X) + cos(Y) - 2 cos (0) cos(~)] {15-8) 
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Figure 15.6 Relative field strength along the axis I H ~ 9()°, d> = 0°) of an a = 90° 
comer reflel:tor us a function of feed-to-vertex spacing. 

where 

a= 30° 

AF(O. </>) = 2 [ cos(X) - 2 cos(~ x) cos m 
- cos(Y) + 2 co, G) cos(~ r)] 

X = h sin 8 cos c/> 

Y = ks sin () sin </> 

< 15-9) 

( I 5-9a) 

( 15-9b) 

These are assigned, at the end of lhe chapter, as exercises to the reader (Probrem 
15.2). 

For a comer reflector with an included angle of er = 18O°/n, n = l. 2, 3, ... , 
the number of images is equal to N = (360/a) - I == 211 - I. 

It has also been shown [7] by using long filament wires as feeds. that the azimuthal 
plane (0 = m2) array factor for comer reflectors with a = 18O°/n. where 11 is an 
integer, can also be written as 

n = even (n = 2, 4, 6, .. . ) 
AF( cf,) = 4n( - I )"12( J,, (ks) cos(ncp) + 13,, (h) cos(3m/>) 

+ 15,, (ks) cos(5ncf,) + • · · I ( 15- IOa) 
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11 = odd (11 = 1, 3, 5, .. . ) 
AF(,f,) = 4,(j( - I )1"- 1112 [ ./,,(ks) cos(11cM - 1-:i,,(ks) cos(3nc/,) 

+ 15,,(h) cos(5ncJ,) + ···I ( 15-IOb) 

where Jm(X) is the Bessel function of the first kind of order m (see Appendix V). 
When 11 is not an integer. the field must be round by retaining a sufficient number 

of tenns of the infinite series. It has also been shown 171 that for all values of 11 = m 
(integral or frnctional) that the tiel<l c.m be written as 

AF(q,) = 4mle11111112 .l,,,(ks) cos(m</>) + e1~"'""2 h,,,(h) cos(3mcf,) +••·I (15-11) 

The array factor for a comer reflector. as given by ( 15-1 Oa)-(15-11 ). has a form 
that is similar to the array factor for a uniform circular array. as given by (6-121 ). 
This should he expected since the foed sources and their images in Figure 15.3 form 
a circular array. The number of images increase as the included angle of the corner 
reHector decreases. 

Patterns have been computed for corner reflectors with included angles of 60°. 
45°. and 30°. It has been found that these corner reflectors have also single-lobed 
patterns for the smaller values of s. and they become narrower as the included angle 
decreases. Multiple lobes begin to appear when 

s = O.95.A for a = 60° 

-" = 1.2A for a = 45° 

.,· = 2.5A for a = 30° 

The field strength along the axis of symmetry ( H = 90°. cf, = 0°) as a function 
of the feed-to-vertex distances. has been computed for reflectors with included angles 
of a = 60°. 45°, and 30°. The resulls for (1 = 45° are shown in Figure \5.7 for 
0 < s < IO.A. 

For reflectors with a = 90° and 60°. the normalized tield strength is periodic 
with periods of A and 2A. respectively. However. for the 45° and 30° re0ectors the 
normalized field is not periodic but rather "almos1 periodic" or "pseudoperiodic" 
f8l. For the 45° and 30° reflectors the arguments of the trigonometric functions 
representing the arrays factors. and given by ( 15-8 )-{ I 5-9b ). are related by im1tional 
numbers and therefore the arrays factors do not repeat. However. when plotted they 
look very similar. Therefore when examined only graphically. the observer errone­
ously may conclude that the patterns are periodil: (because they look so much the 
same). However. when the array factors are examined analytically it is conduded that 
the functions are not periodic hut rather nearly periodic. The ticld variations are 
"nearly similar" in form in the range ds = 16.69.A for the a = 45° and ds = 3O.A 
for the a = 30°. Therefore the array fm:tors of (15-8) and (15-9) belong 10 the class 
of nearly periodic fun.r·rion.'i (8]. 

It has also been found that the maximum field strength increases as the included 
angle or the reflector decreases. This is expected since a smaller angle reflecLOr exhibit-. 
better directional characteristics because of the narrowness of its angle. The maximum 
values of 1£/£01 for n = 60°, 45°. and 30° are approximately 5.2, 8, and 9. respcctivdy. 
The first tield strength peak, but not necessarily the ultimate maximum. is achieved 
when 

s = O.65.A for a= 60° 

s = O.85.A for a= 45° 

s= 1.2O.A for lt' = 30° 
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Figure I 5. 7 Relative field strength along Lhe axis ( 0 = 90°. c/J = 0°) for an a = 45° 
corner reHcctor as a function of feed-to-vertex spucing. 

15.4 PARABOLIC REFLECTOR 

The overall radiation characteristics (antenna pattern. antenna efficiency, polarization 
discrimination. etc.) of a reflector can be improved if the structural configuration of 
its surface is upgraded. It has been shown by geometrical optics that if a beam of 
parallel rays is incidem upon a reflector whose geometrical shape is a parabola. the 
radiation will cunverge (focus) at a spot which is known as the focal point. 1n the 
same manner, if a point source is placed at t.be focal point, the rays reflected by a 
parabolic reflector will emerge as a parallel beam. This is one form of the principle 
of reciprocity. and it is demonstrated geometrically in Figure 15. l(c ). The symmetrical 
point on the parabolic surface is known as the vertex. Rays that emerge in a parallel 
formation are usually said to be collimated. In practice. collimation is often used to 
describe the highly directional characteristics of an antenna even though the emanating 
rays are not exactly parallel. Since the transmitter (receiver) is placed at the focal 
point of the parabola. the configuration is usually known as front fed. 

The disadvantage of the front-fed arrangement is that the transmission line from 
the feed must usually be lung enough to reach the transmitting or the receiving 
equipment, which is usually placed behind or below the reflector. This may necessitate 
the use of long transmission lines whose losses may not be tolerable in many appli• 
cations. especially in low-noise receiving systems. In some applications, the trans­
mitting or receiving equipment is placed at the focal point to avoid the need for long 
transmission lines. However, in some of these applications. especially for transmission 
that may require large amplifiers and for low-noise receiving systems where cooling 
and weatherproofing may be necessary, the equipment may be too beavy and bulky 
and wrn provjue undesirable blockage. 

Another arrangement that avoids placing the feed (transminet and/or receiver) at 
the focal point is that shown in Figure 15. l(d), and it is known as the Cassegrain 
feed. Through geomeLrical optics. Ca~segrain. a famous astronomer (hence its name), 
showed that incident parallel rays can be focused to a point by utilizing two reflectors. 
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To accomplish Lhii.. the main (primary) reflector must be a parabola, the secondary 
reflecLor (subreflecLOr) a hyperbola, and the feed placed along the axis or lhe parabola 
usLLalJy at or near the vertex. Cassegrain used this scheme to construct op1ical tele­
scopes, ~md then it!> design was copied for use in radio frequem.:y systems. For this 
arrangement. the ray~ that emanate from the feed illuminate the subreflector and are 
reflected by it in the direction of the primary reflector, as if they originated at the 
focal point or the parabola (primary reflector). The rays are then reflected by the 
primary reflector and are converted to parallel rays. provided the primary reflector is 
a p,u·abola and the subreflector is a hyperbola. Diffractions occur at the edges of the 
subretlector and prjmary reflector, and they must be taken into account Lo accurately 
predict the ovenlll system pallern. e!>pecially in regions of low intensity [9]-f I l]. 
Even in regions of high intensity, diffrnclions must be included if an accurate for­
mation or the fine ripple structure or the patlern is desired. With the Cassegrain-feed 
arrangement. Lhe transmitting ancl/or receiving equipment can be placed behind the 
primary refkctor. This scheme makes the system relatively more accessible for serv­
icing and adjustments. 

A parabolic reflector can take two different fonns. One configuration is that of 
the parabolic light cylinder, shown in Figure I 5.8(a), whose energy is collimated at 
a line that is parallel to the axis of the cylinder through Lhe focal point of the reflector. 
The most witlely used feed for Lhis type or a retlecLOr i!- a linear dipole. a linear array, 
or a slotted waveguide. The other reflector configuration is that of Figure I 5.8(b) 
which is formed by rotating the parabola around its axis, and it is referred to as a 
pamboloitf (parabola of revolution). A pyramidal or a conical html has been widely 
utilized as a feed for this arrangement. 

There are many other types of reflectors whose analysis is widely documented in 
the literatw-e [ 121- 1141. The spherical reflector, for example. has been utilized for 
radioastrnnomy and small eanh station applications. because its beam can be effi­
ciently scanned hy moving its feed. An example of that is the I.000-ft (305-m) 
diameter spherical reflector at Arecibo. Puerto Rico l 12.1 whose primary surface u. 
bLLilt into Lhe ground and scanning of the beam is accomplished by movement of the 
feed. For spherical reflector,; a substantinl blockage may be provided by the feed 
leading to unacceptable minor lobe levels. in addition to tbe inherent reduction in 
gain and less fav()rable cross-polarization discrimination. 

To eliminate some or the deficiencies of' the symmetric configurations. offset­
parabolic reflector tlesigns have been developed for single- and dual-reflector systems 

R<!llcctor 

l 
I par3bolic cylinder, 

Fc~d (dipok) 

ReOector 
(paruboloid) 

Feed (horn\ 

la) 1'3l'abollc right cylinder (bl l'urnboloiu 

Figure 15.8 Parabolic right cylinder ,u1d paraboloid. 
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f 13]. Because of the asymmetry of the system, lhe analysis is more complex. However 
the advent and advances of the computer technology have made the modeling and 
optimization of the offset reflector designs available and convenient. Offset reflector 
designs reduce apt!rture blocking: and VSWR. In addition, they lead to the use of 
larger j'ld ratios while maintaining acceptable structural rigidity. which provide an 
opportunity for improved feed-pattern shaping and better suppression of cross-polar­
ized radiation emanating from the feed. However. offset-reflector configurations gen­
erate cross-polarized antenna radiation when illuminated by a linearly polarized pri­
mary-feed. Circularly polarized feeds eliminate depolarization, but they lead to 
squinting of the main beam from boresight. In addition, the structural asymmetry of 
the system is usually considered a major drawback. 

Paraboloidal reflectors are the most widely used large aperture ground-based 
antennas I 14J. At the time of its construction, the world's largest fully steerable 
reflector was the I 00-m diameter radio telescope [ 15 .I of the Max Planck lnstitute for 
Radioastronomy at Effelsberg, West Germany. while the largest in the United States 
was the 64-m diameter 116 J reflector at Goldstone, California built primarily for deep­
space applicalions. When fed efficiently from the focal point. paraboloidal reflectors 
produce a high gain pencil beam with low side lobes and good cross-polarization 
discrimination characteristics. This type of an antenna is widely used for low-noise 
applications, such as in radioastronomy. and it is considered as a good compromise 
between perfonnance and cost. To build a large reflector requires not only a large 
financial budget but also a difficult structural undertaking, because it must withstand 
severe weather conditions. 

Cassegrain designs, employing dual reflector surfaces, are used in applications 
where pattern control is essential, such as in satellite ground-ba,;ed systems, and have 
efficiencies of 65-80%. They supersede the performance of the single-reflector front­
fed arrangement by about 10%. Using geometrical optics, the classical Cassegrain 
configuration. consisting of a paraboloid and a hyperboloid, is designed to achieve a 
unifonn phase front in the apenure of the paraboloid. By employing good feed designs, 
this arrangement can achieve lower spillover and more uniform illumination of the 
main reflector. In addition. slight shaping of one or both of the dual-reflector's surfaces 
can lead to an aperture with almost uniform amplitude and phase with a substantia) 
enhancement in gain [14). These are referred to as shaped reflectors. Shaping tech­
niques have been employed in dual-reflectors used in earth station applications. An 
example is the 10-m earth station dual-reflector antenna, shown in Figure 15.9, whose 
main reflector and subreflector are shaped. 

For many years horns or waveguides, operating in a single mode. were used as 
feeds for reflector antt:nnas. However because of radioastronomy and eanh-station 
applications, considerable efforts have been placed in designing more efficient feeds 
to illuminate either the main reflector or the subreflector. It has been found that 
corrugated horns that support hybrid mode fields (combination of TE and TM modes) 
can be used as desirable feeds. Such feed elements match efficiently the fields of the 
feeds with the desired focal distribution produced by the reflector. and they can reduce 
cross-polarization. Dielectric cylinders and cones are other antenna structures that 
support hybrid modes [14). Their structural configuration can also be used to suppon 
the subreflector and to provide attractive performance figures. 

There are primarily two techniques that can be used to analyze the performance 
of a reflector system f 17). One technique is the apenure dislribulion method and the 
other the current distribution method. Both techniques will be introduced Lo show the 
similarities and differences. 
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15.4 Parabolic Reflector 797 

Figure 15.9 Shaped I0-m earth ,talion dunl-rcllcclOr antenna (courtesy Andrew Cnrp.). 

15.4.1 Front-Fed Parabolic Reflector 

Parabolic cylinders have wiuely been used as high-gain aperturel- fetl by line sources. 
The anaJysii. of a parabolic cylim.ler (single curved) rcHector is similar. but consid­
erably simpler than that of a paraboloidal (double curved) reflector. The prirtcipal 
characteristics of aperture amplitude. phase. and polari,rntion for a parabolic cylinder. 
a!> contrasted to those of a paraboloid. ure m, follow-.: 

1. The amplitude taper. due Lo variations in distance from the feed to the surface 
of the rcnector, is proportional to lip in a cylinder compared tc) l/r2 in a parnb­
oloid. 

2. The l'm:al region. where incic.leot plane waves converge, is a line-source l'or a 
cylinder and a point i;ource for a paraboloid. 

3. When the fields of the feed are Linearly polarized rnralkl to the axis of the 
cylinder. no cross-polarized components are produce<.! by the parabolic cylinder. 
That i::- noL Lhe case for a paraboloid. 
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798 Chapter 15 Reflector Antennas 

Generally. parabolic cylinders. as compared to paraboloids. (I) are mechanically 
simpler to build. (2) provide larger aperture blockage. and (3) do not possess the 
attractive characteristics of a paraboloid. In this chapter. only paraboloidal reflectors 
will be examined. 

A. Surfac:e Geometry 
The surface of a paraboloidal reflector is fonned by rotating a parabola about its axis. 
Its surface must be a paraboloid of revolution so that rays emanating from the focus 
of the reflector are transformed into plane waves. The design is based on optical 
techniques, and it does not take into account any deformations (diffractions) from the 
rim of the reHector. Referring to Figure 15. 10 and choosing a plane perpendicular to 
the axis of the reflector through the focus. it follows that 

Since 

(15-12) can be written as 

or 

r' = 

d 

OP + PQ = constant = 2/ 

OP= r' 

PQ = r' cos O' 

r' ( I + cos O') = 2.f 

2J = f sec2 (82') 
+ cos 8' 

_,, 
♦ 
I 

M!-------------,~Q 
I 
I 

So 
I 
I 

___ ._. _-_-_-_-_-_-_-/ =-Z(_•-=--=--=--=--=--=--=-==::1 

Figure 15.10 Two-dimensional configuration of a paraboloidal reflector. 

(15-12) 

(15-13) 

(15-14) 

(15-14a} 
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15.4 Parabolic Reflector 799 

Since a paraboloid is a parabola of revolution (about its axis), ( I 5-l 4a) is also the 
equation of a paraboloid in terms of the spherical coordinates r'. 8'. c/>'. Because of 
its rotational symmetry. there are no variations with respect to cf,'. 

Equation ( I 5- I 4a) can also be written in terms of the rectangular coordinates x'. 
y'. z'. Thal is. 

( 15-15) 

or 

(.r')1 + (y',2 = 4.f(f - ;;:') with (x')1 + (y')2 :5 (c//2)2 (15-15a) 

[n the analysis of parabolic reflectors. il is desirable to find a unit vector that is 
normal to the local tangent at the surface reflection point. To do this. ( 15- I 4a) is first 
expressed as 

f - r' cos1 ( ~') = S = 0 ( 15-16) 

and then a gradient is taken to form a normal to the surface. That is, 

[ . '(U')] A I ilS A I as N = V / - ,-' cos- - = a - + a ' - -
2 r rJr' II 1"1 iJ(J' 

A I 1(0') A / (0') , (fJ') = - a cos- - + a cos - sm -
r. 2 H ·2• 2 ( I 5-17) 

A unit vector. normal to S. is fom1ed from ( 15-17) as 

A N • 1 ( f}') A 1 , ( {J') n = !NI = - ar cos 2 + a,1 sin 
2 

(15-18) 

To find the angle between the unit vector ii which is norma1 to the surface al the 
reflection point. and a vector directed from the focus to the reflection point. we form 

COS OI = A / A A [ A I (fJ') - a • n = - a ' • - a cos -r I r 
2 

= cos(:) 

+ AO sin(~)] 
(15-19) 

In a similar manner we can find the ang1e between the unit vector fa and the .;-axis. 
That is. 

a A ,0. A [ A / (8') A / • (8')] cos ~ = - a= • 11 = - a: • - a, cos 
2 

+ a11 sin 
2 

(. 15-20) 

Using the transformation of (4-5). ( 15-20) can be written as 

cos f3 = -(.ii,' cos IY - A,' sin 0') -[ - ii,' cos(:) + ii,' sin(:)] 

= cos(:') 

(15-21) 
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800 Chapter 15 Reflector Antennas 

which is identical to a of ( 15-19 ). This is nothing more than a verification of Snell's 
law of reflection at each differential area of the surface, which has been assumed to 
be flat locally. 

Another expression that is usually very prominent in the analysis of reflectors is 
that relating the subtended angle 00 to the fld ratio. From the geometry of Figure 
15.10 

00 = tan- 1 -(
d/2) 
Zo 

( I 5-22) 

where zu is the distance along the axis of the reflector from the focal point to the edge 
of the rim. From (l 5-l 5a) 

~ _ f _ .\"0:2 + .vi _ . _ (d/2)2 
_ . _ d 2 

~0 - • 4/ - .f 4f - J I 6f 

Substituting ( 15-23) into (I 5-22) reduces it to 

h can also be shown that another form of ( 15-24) is 

B. Induced Current Density 

I 
16 

(15-23) 

(15-24) 

(15-25) 

To determine the radiation characteristic.5 (pattern. gain. effidency. poJarization, ere.) 
of a parabolic reflector. the current density induced on its surface must be known. 

The current density ,J., can be determined by using 

( 15-26) 

where H; and H,. represent. respectively, the incident and reflected magnetic field 
components evaluated at the surface of the conductor, and 6 is a unit vector normal 
to the surface. If the reflecting surface can be approximated by an infinite plane 
swface (this condition is met locally for a parabola). then hy the method of images 

fi X H' = fi X Hr < 15-27) 

and ( 15-26) reduces lo 

f J., = fi x (H' + H'") = 2fi x Hi = 2fi x ur (15-28) 

The current density approximation of ( 15-28) is known as the physical-optics approx­
imation. and it is valid when the transverse dimensions of the reflector, radius of 
curvature of the reflecting object, and the radius of curvature of the incident wave are 
large compared to a wavelength. 
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lf Lhe retle<.:Ling surface i!- in lhe far-field of the source generaling lhc incident 
waves, then ( 15-28) can also be wrinen as 

or 

? 
J, = 2n x H' = = [fi x (s; x E i) I 

T} 

,, 
J, = 20 x H' = -=- tn x <s,. x E') I 

17 

( 15-29) 

( 15-29a) 

wbere T/ is the intrinsic impedance or the medium. s, and s, are radial unit vectors 
along the ray paths of Lile incident and reflected waves (as shown in Figure 15.11 ), 
and E' and E'' are the incident and reflected electric fields. 

C. Aperwre Distributiv11 Me1hod 
It wm, pointed out earlier that the two most commonly L11>ed techniques in analyzi11g 
the radiation characteristics of reflectors are the aperttu·e distrib111io11 and Lhe <"urrent 
diMribut/011 methods. 

For the aperture distribution method. the field reflected by the surface of lhe 
paraboloid is first found over a plane which is normal to the axis of the rellectl)r. 
GeomcLrit:al optics lechniqut:s (ray tracing) are usually employed to accomplish this. 
In most case!->, the plane is taken Lhrough lhe focal point, and i t is designated us the 
aper11m1 plane, as shown in Figure L5. l 2. Equivalent sources are lhen formeu over 
that pl,me. Usually it b assumed lhat the equivalent sources are zero outside the 
projected area of the reflector on the aperture pl ane. These equivaknt sources are then 
used to compute the radiated fields utilizing the aperture teclu1iques of Chapter 12. 

For the rnrre111 distribution 111111/wJ. the physical optics approximation of the 
induced current density J, given by ( 15-28) (.1 .• = 2ft x H' where H' i~ lhc incident 
magnetic Held and n is a unit vector nom,al to the reflector surface) is formulated 
over the illuminated i.ide of Lhe reflector (S1) of Figure 15.11. This current density is 
then integrated over the ::.urfacc of the rcikctor to yield the far-z.one radiation lields. 

For the reflector of Figure I 5.1 I , approx imarions that are common to both melh­
oth. are: 

1. The current density is zero nn the shadow side (S2) of the reflector. 

2. The di'scontinuity of the current density over the rim (1 ) of the reflector is 
neglected. 

3. Direct radiation from the feet! and aperture blockage by the feed are neglected. 

Figure 15.11 Reflecting surface with boundary r. 

INTEL-1045 
U.S. Patent 7,151,430



802 Chapter IS Reflector Antennas 
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Figure 15.12 Three-dimensional geometry of a paraboloidal reflector system. 

These approximations lead to accurate results, using either technique, for the 
radiated fields on the main beam and nearby minor lobes. To predict the panem more 
accurately in all regions, especially the far minor lobes, geometrical diffraction tech­
niques [9]-[ 11] can be applied. Because of the level of the material, it will not be 
included here. The interested reader can refer to the literature. 

The advantage of the aperture distribution method iii that the integration over the 
apenure plane can be performed with equal ease for any feed pattern or feed position 
[18]. The integration over the surface of the reflector as required for the current 
distribution method, becomes quite complex and time consuming when the feed 
pattern is asymmetrical and/or the feed is placed off-axis. 

Let us assume that a y-polarized source with a gain function of GJ.6', cf,') is 
placed at the focal point of a paraboloidal reflector. The radiation intensity of this 
source is given by 

(15-30) 

where P, is the total radiated power. Referring to Figure 15.12, at a point r' in the 
far-zone of the source 

U(fJ', cf>') = 1 Re[E0(8', cf,') X 11°*(8', c/>')] = 
2
1

11 
IE0 (8', c/>')12 (15-31) 

or 

[ 
p ]'/2 IE0(8', 4>'>1 = (271 U((J', 4>'>1 112 = 112~ GJ-8', 4>') (15-3la) 
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The incident ticld. with a direction perpendicular to the radial distance. can then 
be written as 

(l5-32a) 

where e; is a unit vector perpendicular to a,' and parallel to the plane formed by i/ 
and iv, as shown in Figure 15.13. 

IL can be shown [ 19] that on the surface of the reflector 

J.,· = 2 (e [n x (S; x Ei)I = 2 f c, v'G,<0', c/>') e--:kr' u (15-33) 
✓; ✓; . r 

where 

( I 5-33a) 

which reduces to 

u= 
[ 

,. • Ll' ' ((J') • -'-' ..J.1 - a., sin u sm 
2 

sm "P cos "' 

+ 31. COS ( :') (sia2 
</>' COS fl' + COS

2 c/>') 

- i: cos ()' sin <J,' sin ( ~')]/VI - sin2 0' sin2 cJ,' ( 15-34) 

To find the aperture tiel<l E"P at the plane through the focal point, due to the 
reflector currents of ( 15-33), the reflected field Er at r' (the reflection point) is first 
found. This is of the form 

( 15-35) 

where e,. is a unit vector depicting the polarization of the reflected field. From ( I 5-
29a) 

J., - 2 jf;, [fi x (§, x E')] 

Because s,. = - '~• ( 15-36) can be written, using ( 15-35), as 

J.f = 2 (e C1v'Gr(0'. 4>') e-~kr' u 
✓ µ. r 

where 

A ( A A ) A (A A ) A (()') U = 0 X - 8: X er = - 8: 11 • er - er COS 2 

( I 5-36) 

(\5-37) 

(15-37a) 
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>' 

Figure 15.13 Unit vector alignment for a paraboloidal reflector system. 

Since u in (15-37) and (15-37a) is the same as that of (15-33)-( 15-34). it can be 
shown [ 19) through some extensive mathematical manipulations that 

i_,. sin </>' cos cf,' <. I - cos 0') - i 1• (sin2 <f,' cos fl' + cos2 </>') er = ----------:--===--=---------v 1 - sin2 8' sin2 </,,' 

(15-38) 

10 f/d = 0.82 

l == 8.062 in. (20.48 en,) 
d = 9.84 ln. c 24.99 cm) 

Fl'l:(JUi:ncy = 35 GHz 

c 
:J 
0 
~ 

cc 
~ .. 

30 .. 
:J 
8. 
-~ 
] .. 
°' 40 

so 

60.,__ __ __._ ________ _.__ __ ~___...__ _ __._ ....... _ ____. 
0 2 4 6 8 10 

Ob!Wl"\l3tion angle (degrees) 

Figure 15.14 Principal £- or H-plane pattern of a symmetrical front-fed paraboloidal re­
flector (counesy M. C. Bailey. NASA Langley Research Center). 
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Thus the field E,. at the point of reflection r' is given by ( 15-35) where e,. is given 
by ( 15-38). At the plane passing through the focal point. the field is given by 

(15-39) 

where Ew and Em represent the x- and y-components of the reflected field over the 
aperture. Since the field from the reflector to the aperture plane is a plane wave, no 
correction in amplitude i:- needed to account for amplitude spreading. 

Using the reflected electric field components (E.w and £,~,) as given by (15-39), 
an equivalent is formed at the aperture plane. That is, 

( 15-40a) 

( 15-40h) 

The radiated field can he computed using the ( I 5-40a), ( I 5-40b ). and the formulations 
of Section 12.3. The integration is restricted only over the prqjected cross-sectional 
area S0 of the reflector at the aperture plane shown dashed in Figure 15.12. That is. 

£ 11., = --( I - cos 0) ( - Euxcos cf, - 1:.:,ysin </>) 
jke -jkr ff 

41rr 
() 

X ei"-tr'sinllcn~r/>r."'sinHsin,/,} dx' dy' 

jke -jl.r ff = ---(I - cos 8) . (-Ea.rsin cp + £,,"cos cp) 
41Tr 

() 

X e)k (x' sin Ocos d>+ ,. 'sin fl~in d,1 dx I dy' 

(15-4Ia) 

(15-41 b) 

The aperture distribution method has heen used to compute, using efficient nu­
merical integration techniques, the radiation patterns of paraboloidal l J 8] and spherical 
[201 reflectors. The fields given by (15-41 a) and ( 15-41 b) represent only the secondary 
pattern due to scattering from the reflector. The total pattern of the system is repre­
sented by the sum of secondary pattern and the primary pattern of Lhe feed element. 
For most feeds (such as horns), the primary pattern in the boresight (forward) direction 
of the reflector is of very low intensity and usually can be neglected. 

To demonstrate the utility of the techniques, the principal £~ and H-plane sec­
ondary patterns of a 35 GHz reflector, with an./7d = 0.82 L/' = 8.062 in. (20.48 cm). 
d = 9.84 in. (24.99 cm)j and fed by a conical dual-mode horn. were computed and 
they arc displayed in Figure 15.14. Since the feed horn has identical £- and H-plane 
patterns and the reflector is fed symmetrically, the reflector E- and H-plane patterns 
are also identical and do not possess any cross-polarized components. 

To simultaneously display the field intensity associated with each point in the 
aperture plane of the reflector. a computer generated plot was developed [201. The 
field point locations. showing quantized contours of constant amplitude in the aperture 
plane. are illustrated in Figure 15.15. The reflector system has nn f/d = 0.82 with the 
same physical dimensions Lf = 8.062 in. (20.48 cm). cl = 9.84 in. (24.99 cm)I and 
the same feed as the principal pattern of Figure 15.14. One symbol is used to represent 
the amplitude level of each 3-dB region. The field intensity within the bounds of the 
reflector aperture plane is within the 0-15 dB range. 
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Figure 15. 1 S Field point locminns of constant ampl itude contours in the apertu re plane or 
u symmt!lricul fronl-kd paraboloidal reflector (1:ourte.sy M. C. Bailey. NASA Langley Re­
search C'c11tcr). 

D. Cross-Po/ari~(lfio11 
The tiel<l reflectetl hy the paraholoid. as represented by ( 15-35) and (15-38) of 1he 
aperture distribution method. contains x- and y-polarized components wben the inci­
dent tie Id is y-polarized. The y-componenl is designated as the principal poltiri:.a1io11 
and the .N:omponent tL'> the cmss-1,olari :.arion. This is i llus1ratcd in Figure 15.16. It 
is also evident 1ha1 -;ymmetrh:al (with rc~pccl to the principaJ p lanes) cross-polarized 
components are 180° out or phase with one anoLher. However for very narrow beam 
reflectors or for angles near the horcsight ax is ( fl' = 0°}. Lhe cross-polarized x­
component diminishe~ and it v~uijshes on ax is ( 0' = 0°). A similar procedure can be 
used to show that for an incident x-polari icd field. the reflecting sud·ace decomposes 
the wave to ay-polarized field. in addi l ion to i t,; .r-polari7Cd component. 

An interesting observation about the polarizarion phenomenon of a parabolic 
rcOector can be made if we tirst ,ts-.ume that the feed element is an infinitesimal 
electric dipole (/ « A) wilh i t'i length along the y-axi-.. for that feed. 1he lie Id reflected 
by the rellector is given by (15-35) where from ( 4-1 I 4) 

i / - COS- I I 

Tbl:! a11gle ,/1 is measured from 1he y-axis toward the ob.,,;ct vntion pojnt. 

( 15-42) 
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,1' 
t.'-planc 

H-pltmc 

Figure 15.16 Principal fy-direc1ion) and cross-polarizalion (,i;-direction) componenis of a 
paraboloidal reflec1or. (SOL:RCE: S. Silver (ed.), Microwave Antenna Theory mu/ Design 
(MIT Radiation Lab. Series. Vol. 12). McGraw-Hill, New York. 1949) 

When ( 15-42) is inserted in ( 15-35 ), we can write with the aid of ( 15-38) that 

E' = (a .. sin cf/ cos cb'( I - cos fl') - iisin2 <J,' cosO' + cos2 cb')] 

k 1 / -jkr' 
• l(J (! ' 

X JT/ __ _ 
41T r' 

( 15-43) 

Now let us assume that an infinitesimal magnetic dipole, with its length along the 
x-axis (or a small loop with its area parallel to the y-.: plane) and with a magnetic 
moment of - a.,.M, is placed at the focal point and used as a feed. It can be shown 
(21 l-1231 that the field reflected by the reflector has x- and y-components. However 
the x-component has a reverse sign to the _\--component of the electric dipole feed. By 
adjusting the ratio of the electric to the magnetic dipole moments to be equal 10 

y'ji/E. the two cross-polarized retlected components (x-components) can be made 
equal in magnitu<le aml for their sum to vanish (because of reverse signs). Thus a 
cross electric and magnetic dipole combination located at the focal point of a parab­
oloid can be used to induce currents on the surface of the reflector which are parallel 
everywhere. This is illustrated graphicalJy in Figure 15.17. 

The direction of the induced current flow determines the far-tield polarization of 
the antenna. Thus for the crossed electric and magnetic dipole combination feed, the 
far-Held radiation is free of cross-polarization. This type of feed is "ideal" in that it 
does not require that the surface of the reflector be solid but can be formed by closely 
spaced parallel conductors. Because of its ideal characteristics. it is usually referred 
to as a Huygens' source. 

E. Current Distribution Method 
The current distribution method was introduced as a technique that can be used to 
better approximate. as compared to the geometrical-optics (ray-tracing) method. the 
field scattered from a surface. Usually the main difficulty in applying this method is 
the approximation of the current density over the surface of the scatterer. 
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+ 

Eleclrlc-dipole Megm:tic-dipole Resultant 
(small loop) 

Figure 15.17 Electric and magnetic dipole fields combined to form a Huygens· source 
with ideal foed polarization for reflector. (SOURCE: A. W. Love. "Some Highlights in Reflec­
tor Antenna Development," Radio Scienc:e, Vol. 11. Nos. 8. 9. August-September 1976) 

To analyze the reflector using this technique. we refer to the radiation integrals 
and auxiliary potential functions formulations of Chapter 3. While the two-step pro­
cedure of Figure 3.1 often simplifies the solution of most problems, the one-step 
formulation of Figure 3.1 is most convenient for the retlectors. 

Using the potential function methods outlined in Chapter 3. and referring to the 
coordinate system of Figure I 2.2(a). it can be shown 117) that the E- and ff-fields 
radiated by the sources J and M can be written as 

I J e -;tR 
E = EA + E,.· = - j-- [(J • V)V + k2.l + jwEM x V]--dv' 

4~wE R 
V 

( l5-44a) 

e - jk N 

- jwµJ x VI ~dv' 

( 15-44b) 

which for far-tield observations reduce. according to the coordinate system of 
Figure 12.2(b). to 

E = - j W/£ , - '" f [ J - (J • i,)i, + 
4~r 1. 

( 15-45a) 

H = -j~e - jbI[M - (M ·ar)Br - r;,J x a,]e+ikr'·i,dv' (15-45b) 
4,rr V ✓-; 

If the current distributions are induced by electric and magnetic fields incident 
on a perfect electric conducting (er == -::ic) surface shown in Figure 15.18, the fields 
created by these currents are referred to as scattered .fields. [f the conducting sur­
face is closed. the far-lone fields are obtained from ( l 5-45a) and ( I 5-45b) by letting 
M = 0 and reducing the volume integral to a surface integraJ with the surface current 
density J rep(aced by the linear current density J.,. Thus 

< 15-46a) 

( 15-46b) 
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Figure 15.18 Geometrical arrangement of reflecting surface. 

The electric and magnetic tields scattered by the closed surface of the reflector 
of Figure \S.\ Land given hy (\5-46a} and (\5-46b), are valid prnviued the ~omce­
density functions (current and charge) satisfy the equation of continuity. This would 
be satisfied if the scattering object is a smoolh closed surface. For the geometry of 
Figure 15.11. the current distribution is discontinuous across the boundary r (heing 
zero over the shadow area S2) which divides the illuminated (S1) and shadow (S2) 

areas. It can be shown [ 171 that the equation of continuity can be satisfied if an 
appropriate line soun.:e distribution of charge is introduced along the boundary f. 
Therefore the total scattered field would he the sum of the ( I ) surface cwTents over 
the illuminated area, (2) surface charges over the illuminated area. and (3) line charge 
distribution over the boundary r. 

The <.:ontributions from the surface charge density are taken into account by the 
current distribution through the equation of continuity. However it can be shown r 17) 
that in the far-zone the <.:ontribution due to line-charge distribution cancels out the 
longitudinal component introduced by the surface current and charge distributions. 
Sin<.:e in the far-zone the field components are predominantly lransverse. the contri­
bution due to the line-charge distribution need not be included and (15-46a)-(15-46b) 
can be applied to an open surface. 

In this section, (15-46a) and (15-46b) will be used to calculate the field scattered 
from lhe surface of a parabolic renector. Generally the field radiated by the currents 
on the shadow region of the reflector is very small compared to the total licld. and 
the cu1Tents and field can he set equal to zero. The field scattered by the illuminated 
(concave) side of the parabolic reflector can be formuJated. using the current distri­
bution method, by Cl5-46a) and (15-46b) when the integration is restricted over the 
illuminated area. 

The total field of the system <.:an be obtained by a superposition of the radiation 
from the primary source in directions greater than 00 ( 0 > 00 ) and that scattered by 
the surface as obtained by using either the aperture distribution or the current distri­
bution method. 

Generally edge effects are neglected. However the inclusion of diffrncted fields 
[91-[ 11 I from the rim of the reflector not only introdu<.:e tields in the shadow region 
of the refle<.:tor. but also modify those present in the transition and lit regions. Any 
discontinuities introduced by geometrical optics methods along the transition region 
(between lit and shadow regions) are removed by the diffracted components. 

The far-zone electric l"ield of a parabolic reflector. neglecting the direct radiation. 
is given hy (I 5-46a). When expanded, ( I 5-46a) reduces. by referring to the geometry 
of Figure 15.18, to the two components of 
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(b) Sid~-view 

Figure 15.19 Projected cross section and side view of reflector. 

E,, = - j wµ e -jkr ({ &n • J.,e + Jkr'•it, ds' 
41rr JJ 

s, 

Ed, -- • wµ, - ,·1,;,. ~~ ,., J +1·i r',i d , -;--e ' a,• I! ' V 
41Tr ''' " • 

S1 

According to the geometry of Figure 15.19 

ds' ~ dW dN ~ (r' sin 9' d,P') [ r' sec ( ~) dH'] 

= (r')2 sin ff sec ( ~) d0' de/>' 

(15-47a) 

( 15-47b) 

( 15-48) 
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since 

c/W = r' sin 0' d</,' ( 15-48a) 

dH= -a/·c/N= -a,'·ndN 

,- / [ A / (0') A / , ((}')] J ((J') = - a, • - a, cos 2 + a11 srn 2 t N = cos 2 c/N (15-48b) 

dN = sec(:') dH = sec(:') r' elf)' = r'sec (:') dO' ( 15-48c) 

Therefore. it can he shown that ( 15-4 7a) and (15-4 7b) can be expressed, with the aid 
of ( 15-37), (15-37a), and (15-48). as 

where 

• wµ tC -1kr[ao· l] -1- - ,e 
21rr µ a,,,· I 

( 15-49) 

( 15-49a) 

I,= - f 
zr.- f 11" (O') y' G_r( O', c/,') . . . . . . . 

e,COS - -----e-.1kr II - ~mo ~,nocos!,J, -· ,J,1-cos/J ccis/11 
l II 2 r' 

x (r')
2 sin O' sec(~') dO' deb' (15-49b) 

f
:?ir Ill,. y'G,((J'. c/,') 

-a. (ft•e) • , e - 1ki-'ll - sinll'sinllcos<tb'-d>>-cosll'cosf/l 
·, fl r ,-

X (r')2 sin O' sec ( ~') d()' de// ( I 5-49c) 

By comparing ( 15-49) with ( 15-35), the radiated field components formulated by 
the aperture distribution and current distribution methods lead to similar results pro­
vided the I.: contribution of ( \S-49c) is neg\ected. As the ratio of the aperture diameter 
to wavelength (d/A) increases, the current distribution method results reduce tu those 
of the aperture distribution and the angular pattern becomes more narrow. 

For variations near the O = 1T region, the I: contribution becomes negligible 
because 

a1, • [ - ii:(fi • e,>I = [a., sin o cos <J, + a_\· cos o sin </, - a~ sin HI 
• [-aJn • e,)J = (fl· e,) sin 0 (15-50a) 

a,,,· I - a:<n • e,.)J = [ - ax sin <f, + a_\· cos ¢1 • [ - a~(fi • e,>I = o ( t 5-50b> 

F. Directivity and Aperture Efficiency 
ln the design of antennas, the directivity is a very important figure-of-merit. The 
purpose of this section will be to examine the dependence of the directivity and 
aperture efficiency on the primary-feed pattern Gr((}',</,') andf/d ratio (or the included 
angle 280 ) of the reflector. To simplify the analysis. it will be assumed that the feed 
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pattern 0 1-(ll'. cf,') is circularly symmetric (not a function of</,') and that G1(fl') == 0 
for O'> 90°. 

The secondary pattern (formed by the surface of the retlector) is given by 05-
49). Approximating the I of ( 15A9al by I,. the total E-field in the 0 = 1T direction is 
given by either £ 11 or E,1, of ( 15-49). Assuming the feed is circularly syinmetric, linearly 
polarized in they-direction. and by neglecting cross-polarized contributions. it can be 
shown with the aid of ( 15-J4a) that ( 15-49) reduces to 

2wµ,f [ t p ] i,i • 1,J .. .. ;-;:;-:-;:;: ((J') E(r, 0 = 1r) = -j--· - -' e-iW+'lf> v 0 1(8') tan - ,UJ' 
r µ 21T o 2 

( 15-51) 

The power intensity (power/unit solid angle) in the forward direction U(fJ = 1r) 
is given by 

I 1 r; I ,., Ute = 1r) = 2 r ✓-;_ E( r. 8 ::: 1r) - (15-52} 

which by using ( 15-51) reduces to 

l61r
2 

P 1"" (8') 2 

U( fi = 7i) = -y--/~ 
4

~ 
11 

'VG,<(ii tan 
2 

d8' ( l 5-52a) 

The antenna directivity in the forward direction can be written, using ( 15-52a). as 

41rU(8 = 7T) U(O = 7T) 167Ti I {fl" .. ~ (IJ') 1
2 

Do == P, = P,l41r = -y-f2 Jo V G1((J') tan 2 d0' (15-53) 

The focal length is related to the angular spectrum and aperture diameter d by ( 15-25). 
Thus ( 15-53) reduces to 

(15-54) 

The factor ( 1rd/ J..>2 is the directivity of a uniformly iUuminare<l conslant phase aperture; 
the remaining part is Lhe aperture efficiency defined as 

(
/J ) J,f/

11 

((J') 2 
Eur = cot1 

2
° 

0 
~ tan 2 d8' ( 15-55) 

It is apparent by examining ( 15-55) that the aperture efficiency is a function of 
the subtended angle (H0) and the feed pattern G1(0') of the refleclor. Thus for a given 
feed pattern, all paraboloids with the same f/d ratio have identical aperture efficiency. 

To illustrate the variation of the aperture efficiency as a function of the reed 
pattern and the angular extent of the reflector, Silver [ 171 considered a class of feeds 
whose patterns are defined by 

G,(0' I = ' 0 
• { 

G tni cos'' ( 8') 
. 0 

0 :S O' s 7i/2 

1r/2 < ff' s 1r 
(15-56} 

where G0w1 is a constant for a given value of 11. Although idealistic. these patterns 
were chosen because (I) closed form solutions can be obtained, and (2) they often 
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15.4 Parabolic Reflector 813 

are used LO represent a major part of the main lobe of many pnu.:Lical antennas. The 
intensity in the back region ( 1r/2 < 8' s TT') was assumed to be zero in order to avoid 
interference between the direct radiation from the feed and scattered radiation from 
the reflector. 

The constant G0'"' can be determined from the relation 

# GrUJ') d!l = # GI(tJ') sin 81 d0' de/,' = 47T ( 15-57) 
s s 

which for ( 15-56) becomes 

J
rrf.!. 

Gl'' cos" O' sin O' dfJ' = 2 ⇒ Gl11 = 2(11 + I) 
) 

( 15-58) 

Substituting ( 15-56) and ( 15-58) into (15-55) leads, for the even values of fl = 2 
through n = 8. LO 

{ . , (O") [ (Oo)] }2 
, (00) e.,r (11 = 2) = 24 sm- 2 + In cos 2 cot~ 2 

e.,1, (fl = 4) = 40 { sin~ ( ~) + In [ cos ( ~•)] r cot
2 

( ~•) 

•,,(11 -6) - 14{21n [cos(i•)] + fl 

I • , }
2 

, (Ou) + 2sm-(00) cor 
2 

- cos (00)]3 

3 

e,J11 (11 = 8) = 18 { 
1 

- c~s
4 

(8o) -2 ln [ cos (~1)] 

l . , }~ , (80) - 2 sm- (00 ) cot- 2 

[I - cos (00)13 

3 

( l5-59a) 

( 15-59b) 

(15-59c) 

( 15-59d) 

The variations of ( 15-59a)-( 15-59d). as a function of the angular aperture of the 
reflector 00 or the Jld ratio. are shown plotted in Figure 15.20. It is apparent, from the 
graphical illustration, that for a given feed pattern (11 = constant) 

1. There i!I. only one reHeclor wilh a given angular aperture or fld ratio which leads 
to a maximum aperture efficiency. 

2. Each maximum aperture efficiency is in the neighborhood of 82-83%. 
3. Each maximum aperture efficiency, for any one of the given patterns, is almost 

the same as that of any of the others. 

4. As the feed pattern becomes more directive (11 increases), the angular aperture of 
the reflector that leads to the maximum efficiency is smaller. 

The aperture efficiency is generally the product of the 

I. fraction of the total power that is radiated by the feed, intercepted, and collimated 
by the reflecting surface (generally known as spillover efficiency E.v) 

2. uniformity of the amplitude distribution of the feed pattern over the surface of 
the reflector (generally known as taper ej]iciency E1) 

3. phase unifonnity of the field over the aperture plane (generally known as phase 
e~icieflc:v € ) --.,.,. . ,, . 
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(b) Taper and spillover cOiciencies 

Figure 15.20 Aperture. and taper and spillover efficiencies as a function of the reltector 
half-angle 00 ( or f/d ratio) for different feed patterns. 

4. polarization unifonnity of the field over the aperture plane (generally known as 
polarization efficiency € t) 

5. blocka,:e effkiency €h 

6. random error efficiency€,. over the reflector surface 

Thus in general 

( 15-60) 
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For feeds with symmetrical patterns 

f (I" G1(0') sin 0' dO' 
u 

e.,· = -1,,...:-G-,.-, 8-,-)-si_n_(:J_'_c_/6-, 

which by using ( 15-25) can also he written as 

Thus 

15.4 Parabolic Reflector 815 

(15-61) 

(15-62) 

( I 5-62a) 

1. lOO( l - e,) = percent power \o-s-s due to energy from feed spilling past the main 
reflector. 

2. 100(1 - E,) = percent power loss due to nonuniform amplitude distribution over 
the reflector surface. 

3. I 00( I - E,,) = • percent power loss if the field over the aperture plane is not in 
phase everywhere. 

4. 100(1 - E..) = percent power loss if there are cross-polarized fields over the 
antenna aperture plane. 

5. IOO( I - Et,) = percent power loss due to blockage provided hy the feed or 
supporting struts (also hy subreflector for a dual reflector). 

6. I 00( I - E,.) = percent power loss due lo random errors over the reflector surface. 

An additional factor that reduces the antenna gain is the anenuation in the antenna 
feed and associated transmission line. 

For feeds with 

1. symmetrical patterns 
2. aligned phase centers 
3. no cross-polarized field components 

4. no blockage 
5. no random surface error 

the two main factors that contribute to the aperture efficiency are the spillover and 
nonuniform amplitude distribution losses. Because these losses depend primarily on 
the feed pattern. a compromise between spillover and taper efficiency must emerge. 
Very high spillover efficiency can be achieved by a narrow beam pattern with low 
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Figure 15.21 Nonnalized gain palletn of feed for unifonn amplitude illumination of parab­
oloidal reflector with a tolal subtended angle of 80". 

minor lobes at the expense of a very low taper efficiency. Uniforlll illumination and 
ideal taper efficiency can be obtained when the feed power pattern is 

{ 
sec4 (

0
') 0 :5 8' s Or} 

G_rC 6') = 
0
' 2 ( 15-63) 

6' > 60 

which is shown plotted in Figure 15.21. Although such a pattern is "ideal" and 
impractical to achieve. much effon has been devoted to develop feed designs which 
attempt to approximate it 1141. 

To develop guidelines for designing practical feeds which result in high aperture 
efficiencies, it is instructive to examine the relative field strength at the edges of the 
reflector's bounds ( O' = 60 ) for patterns that lead to optimum efficiencies. For the 
patterns of (15-56). when used with reflectors that result in optimum efficiencies as 
demonstrated graphically in Figure lS.20, the relative field strength at the edges of 
their angular bounds ( 8' = 00) is shown plotted in Figure 15.22. Thus for n = 2 the 
field strength of the pattern al 6' = 00 is 8 dB down from the maximum. As the 
pattern becomes more narrow (n increases). the relative field strength at the edges for 
maximum efficiency is further reduced as illustrated in Figure 15.20. Since for 11 = 2 
through 11 = IO the field strength is between 8 to 10.5 dB down. for most practical 
feeds the figure used is 9-fO dB. 

Another parameter lo examine for the patterns of(] 5-56). when used with reflec­
tors that lead lo optimum efficiency. is the amplitude taper or illumination oflhe main 
aperture of the reflector which is defined as the ratio of the field .vtrength at the edge 
of the reflector surface tn that at the ,·e,tex. The apcnure illumination is a function 
of the feed pattern and the fld ratio of the reflector. To obtain that, the ratio of the 
angular variation of the pattern toward the two points IGr(8' = 0)/Gr<ff = 80 )1 is 
multiplied by the space attenuation factor (r0 ~f>2. where .f is the focal distunce of the 
reflector and r0 is the distance from the focal point to the edge of the reflector. For 
each of the patterns, the reflector edge iJlumination for maximum efficiency is 11 dB 
down from that at the vertex. 

The results obtained with the ideaHzed patterns of ( 15-56) should only be raken 
as typical. because it was assumed that 

1. the field intensity for 8' > 901, was zero 
2. the feed was placed al the phase center of the system 
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Figure 1S.22 Relative lield strength of feed pattern along reflector edge bounds as a func­
tion of primary feed pattern number (cos"H). (SOURCE: S. Silver (ed.). Microwave A111emw 
Theory a11J Design (MIT Radiation Lab. Series, Vol. 12). McGraw-Hill. New York. 1949) 

3. the panerns were symmetrical 
4. there were no cross-polarized field components 
5. there was no blockage 

6. there were no random errors at the surface of the reflector 

Each factor can have a significant effect on the efficiency, and each has received 
much anention which is well documented in the open literature l l J. 

In practice. maximum reflector efficiencies are in the 65-80% range. To dem­
onstrate that. paraboloidal rc11ector efticiencies for square corrugated horns feeds were 
computed, and they are shown plotted in Figure 15.23. l11e corresponding amplitude 
taper and spillover efficiencies for the aperture efficiencies of Figures 15.20(a) and 
15.23 are displayed. respectively. in Figures 15.20(b) and 15.24. For the data of 
Figures 15.23 and 15.24. each horn had aperture dimensions of 8,\ X 8,\. their patterns 
were assumed to be symmetrical (by averaging the £- and H-planes), and they were 
computed using the techniques of Section 13.6. From the plotted data. it is apparent 
that the maximum aperture efficiency for each feed pattern is in the range of 74-79%. 
and that the product of the taper and spillover efficiencies is approximately equal to 
the total aperture efficiency. 

We would be remiss if we left the discussion of this section without reporting the 
gain of some of the largest reflectors that exist around the world [23]. The gains are 
shown in Figure 15.25 and include the 1,000-ft (305-m) diameter spherical reflector 
I 121 at Arecibo, Puerto Rico, the I 00-m radio telesc.·ope [ 15) al Effelsberg. West 
Germany. the 64-m reflector [ 16) at Goldstone. California. the 22-m reflector at Krim, 
USSR. and the 12-m telescope at Kitt Peak, Arizona. The dashed portions of the 
curves indicate extrapolated values. For the Arecibo retlector, two curves are shown. 
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Figure 15.23 Parabolic reflector aperture efficiency as a function of 
angular aperture for 8,\ X 8,\ square com1gated horn feed wilh total 
flare angles of 21/Jo = 70", 85°, and 100°. 

90 

The 215-m diameter curve is for a reduced apenure of the large reflector (305-m) for 
which a line feed at 1,415 MHz was designed [12). 

G. Phase Errors 
Any departure of the phase, over the aperture of the antenna. from uniform can lead 
to a significant diminution of its directivity [24). For a paraboloidal reflector system, 
phase errors result from [ 171 

1. displacement (defocusing) of the feed phase center from the focal point 
2. deviation of the reflector surface from a paraboJic shape or random errors at the 

surface of the reflector 
3. departure of the feed wave fronts from spherical shape 

The defocusing effect can be reduced by first locating the phase center of the 
feed antenna and then placing it at the focal point of the reflector. In Chapter J 3 
(Section 13.10) it was shown that the phase center for horn antennas, which are widely 
utilized as feeds for reflectors, is located between the aperture of the horn and the 
apex formed by the intersection of the inclined waJls of the horn [25]. 

Very simple expressions have been derived [24] to predict the loss in directivity 
for rectangular and circular apertures when the peak values of the aperture phase 
deviation is known. When the phase errors are assumed to be relatively small, it is 
not necessary to know the exact amplitude or phase distribution function over the 
aperture. 

Assuming the maximum radiation occurs along the axis of the reflector, and that 
the maximum phase deviation over the aperture of the reflector can be represented by 

pSa (15-64) 

where </,(p) is the aperture phase function and </,(p) is its average value, then the ratio 
of the directivity with (D) and without (D0 ) pha'ie errors can be written as [24] 
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Figure 15.24 Parabolic reflector taper and spillover efficiencies as a 
function of reflector aperture for different corrugated horn feeds. 

80 

.,. .... 
~ 

ai 
~ 

;; 
v 

70 

{i 
,v. 

1-----+--------+---'lr--1----'lr---+---_..;----+-....... ~ .... 
y ' 
' 

90 

1>0 .__ __ ...,__...,____.____._.__._L..L..L---_.__,....,__.___. .................... ..___.., _ _._ ____ _, 
0.1 0.2 o.s s 10 20 30 

Wawlength >. (cm) 

Figure 15.25 Gains of some worldwide large rellector antennas, 
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D directivity with phase error ( _ n
2
,2)

2 

D0 = directivity without phase error ~ 1 ( 15-65) 

and the maximum fractional reduction in directivity as 

-=---:=:,n- 1--iiD Do - D ~( m
1
) 

Do D0 4 
( 15-66) 

Relatively simple expressions have also been derived [24] to compute the maximum 
possible change in haJf-power beamwidth. 

Example 1S.1 

A IO-m diameter reflector, with an fld ratio of 0.5. is operating at/ = 3 GHz. The 
reflector is fed with an antenna whose primary pattern is symmetrical and which can 
be approximated by G1 ( tJ') = 6 cos2 8'. Find its 

(a) apenure efficiency 
(b) overall direc1ivity 
(c) spillover and taper efficiencies 
(d) directivity when the maximum aperture phase deviation is 71'/8 rad 

SOLUTION 

Using (15-24 ). half of the subtended angle or the reflector is equal to 

60 = tan - ~ 
1 

= 53.13° I 

[ 

0.5(0.5) ] 

(0.5)- - 16 

(a) The apenure efficiency is obtained using ( I 5-59a). Thus 

Eup = 24{sin2(26.57°) + ln[cos(26.57°)]}2 cot2(26.57°) 
= 0.75 = 75% 

which agrees with the data of Figure 15.20. 
(b) The overall directivity is obtained by (15-54), or 

D = 0.75[ 71'{ 100)]2 = 74,022.03 = 48.69 dB 

(c) The spillover efficiency is computed using ( 15-61) where the upper limit of 
the integral in the denominator has been replaced by 71'12. Thus 

l
!LU.~0 

cos2 6' sin 8' dlJ' 
0 _ 2 cos3 6' lfiJ. u• _ _ o. 

Es = -J.--,Qfj""'u.-------- -
2 

3 'l')()Q - 0.784 - 78.4 ~ 
cos1 8' sin 6' d8' cos 8 0 

II 

In a similar manner, the taper efficiency is computed using < 15-62). Since 
the numerator in ( 15-62) is identical in form to the aperture efficiency of 
(15-55), the taper efficiency can be found by multiplying (15-59a) by 2 and 
dividing by the denominator of ( 15-62). Thus 
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2(0.75) 
E1 = 

1 
_
568 

= 0.9566 = 95.66% 

The product of e}' and E, is equal to 

E,E, = (),784(0.9566) = 0.75 

and it is identical to the total aperture efficiency computed above. 
(d) The directivity for a maximum phal)e error of m = 71/'l, = 0.3927 rad can 

be computed using ( I 5-65). Thus 

D ( m
2
)
2 

[ (0.3927)2]
2 

Do ~ I -
2 

= I -
2 

= 0.8517 = - 0.69 dB 

or D ~ 0.8517D0 = 0.8517(74,022.03) = 63,046.94 = 48.0 dB 

Surface roughness effects on the directivity of the antenna were first examined 
by Ruze [26) where he indicated that for any reflector antenna there is a wavelength 
(Amu~) at which the directivity reaches a maximum. This wavelength depends on the 
RMS deviation ( CT) of the reflector surface from an ideal paraboloid. For a random 
roughness of Gaussian distribution. with co1Telaticm interval large compared to the 
wavelength. they arc related by 

(15-67) 

Thus the directivity of the antenna, given by ( 15-54), is modified to include surface 
roughness and can be written as 

7Td - , D = _ e e - (4mrl,W ( )' A ar 

Using ( 15-67), the maximum directivity of ( 15-68) can be written as 

- 211 :___ ( -1) 
Dma~ - 10 fap 

16 

where q is the index of smoothness defined by 

d 
- = 
u 

In dccihels, ( 15-69) reduces to 

[?ma~(dB) = 20q - 16.38 + 10 logio(f3µ) 

(15-68) 

(15-69) 

(15-70) 

(15-71) 

For an aperture efficiency of unity (Eur = l ), the directivity of ( 15-68) is plotted 
in Figure 15.26, as a function of (c//A), for values of q = 3.5. 4.0, and 4.5. It is 
apparent that for each value of q and a given reflector diameter d, there is a maximum 
wavelength where the directivity reaches a maximum value. This maximum wave­
length is given by (15-67). 

H. Feed Design 
The widespread use of paraboloidal reflectors has stimulated interest in the develop­
ment of feeds to impwve the aperture efficiency and to provide greater discrimination 
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Figure 15.26 RcHeclor surfac.:e roughness effects on antenna direc.:livity. 
(SOURCE: A. W. Love, "Some Highlights in Reflector Antenna Develop­
ment." Radio Science, Vol. 11. Nos 8, 9, August-September 1976J 

against noise radiation from the ground. Thi.s can be accomplished by developing 
design techniques that pennit the synthesis of feed patterns with any desired distri­
bution over the bounds of the reflector, rapid cutoff at its edges, and very low minor 
lobes in all the other space. In recent years, the two main problems that concerned 
feed designen; were apenure efficiency and low cross-polarization. 

In the receiving mode, an ideal feed and a matched load would he one that would 
absorb all the energy intercepted by the aperture when uniform and linearly polarized 
plane waves are nonnally incident upon it. The feed field structure must be made to 
match the focal region field structure formed by the reflecting, scattering. and diffract­
ing characteristics of the reflector. By reciprocity, an ideal feed in the transmitting 
mode would be one that radi,1les only within the solid angle of the aperture and 
establishes within it an identical outward traveling wave. For this ideal feed system, 
the transmiuing and receiving mode field structures within the focal region are iden­
tical with only the direction of propagation reversed. 

An optical analysis indicates that the focal region rields. formed by the reflccrion 
of linearly polarized plane waves incident nonnally on an axially symmetric reflector. 
are represented by the weU-known Airy rings described mathematicaUy by the ampli­
tude distribution intensity of [2 J 1(u)/u]2. This description is incomplete. because it is 
a scalar solution. and it does not take into account polarization effects. In addition. it 
is vaJid only for reflectors with large fld ratios. which are commonly used in optical 
systems. and it would be significantly in error for reflectors with.f/d ratios of 0.25 to 
0.5. which are commonly used in microwave applications. 

A vector solution has been developed [271 which indicates that the fields near the 
focal region can be expressed by hybrid TE and TM modes propagating along the 
axis of the reflector. This representation provides a clear physical picture for the 
understanding of the focal region tield formation. The boundary conditions of the 
hybrid modes indicate that these field structures can be represented by a spectrum of 

INTEL-1045 
U.S. Patent 7,151,430



1S.4 Parabolic Reflector 823 

hybrid waves that are linear combinations of TE1,, and TM 111 modes of circular 
waveguides. 

A single hollow pipe cannot simultaneously satisfy hoth the TE and TM modes 
because of the different radial periodicities. However. it has heen shown that A/4 deep 
annular slots on the inner surface of a circular pipe force the boundary conditions on 
E and H to be the same and provide a single anisotropic reactance surface which 
satisfies the boundary conditions on both TE and TM modes. This provided the genesis 
of hybrid mode waveguide radiators [28] and corrugated horns [291, Corrugated horns, 
whose aperture size and Hare angle are such that at le,lst 180° phase error over their 
aperture is assured, are known as "scalar·· horns IJOl. Design data for uncorrugaLed 
horns that can be used to maximize the aperture efficiency or to produce maximum 
power transmission to the feed have been calculated [311 and are shown in graphical 
form in Figure 15.27. 

A software package for computer-aided analysis and design of reflector antennas 
has been developed 1321. The program computes the radiation of parabolic and spheri­
cal reflectors. In addition it provides spatial and spectral methods lo compute radiation 
due to an aperture distribution. The software package can also be used to investigate 
the directivity, heamwidth, sidelobe level, polarization, and near-to-far-zone Jields. 
The program can be obtained through CAEME. Center of Excellence for Multimedia. 

15.4.2 Cassegraln Reflectors 

To improve the performance of large ground-based microwave reflector antennas for 
satellite tracking and communication. it has been proposed that a two-reflector system 
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be utilized. The arrangement suggested was the Cassegrain dual-reflector system [33] 
of Figure 15.1 (d). which was often utilized in the design of optical telescopes and it 
was named after its inventor. To achieve the desired collimation characteristics, the 
larger (main) reflector must be a paraboloid and the smaller(secondary) a hyperboloid. 
The use of a second retlector. which is usually referred lo as the subreflector or 
subdish. gives an additional degree of freedom for achieving good performance in a 
number of different applications. For an accurate description of its performance, 
diffraction techniques must be used lo take into account diffractions from the edges 
of the subreflector. especially when its diameter is small f34). 

l.n general. the Cassegrain arrangement provides a variety of benefits, such 
as the • 

1. ability to place the feed in a convenient location 
2. reduction of spillover and minor lobe radiation 
3. ability to obtain an equivalent focal length much greater than the physical length 
4. capability for scanning and/or broadening of the beam by moving one of the 

rellecting surfaces 

To achieve good radiation characteristics, the subreflector or subdish must be 
several. at least a few. wavelengths in diameter. However. its presence introduces 
shadowing which is the principal limitation of its use as a microwave antenna. The 
shadowing can significantly degrade the gain of the system, unless the main reflector 
is several wavelengths in diameter. Therefore the Ca-;segrain is usually attractive for 
applications that require gains of 40 dB or greater. There are. however. a variety of 
techniques that can be used to minimize apenure blocking hy the suhrefle.ctor. Some 
of them are [33] (I) minimum blocking with simple Cassegrain, and (2) twisting 
Cassegrains for least blocking. 

The first comprehensive published analysis of the Cassegrain arrangement as a 
microwave antenna is that by Hannan 1331- He uses geometrical optics to derive the 
geometrical shape of the reflecting surfaces, and he introduces the equivalence con­
cepts of the vinual feed and the equivalent parabola. Although his analysis does not 
predict fine details, it docs give reasonably good results. Refinements to his analysis 
have been introduced [34]-(361. 

To improve the aperture efficiency, suitable modifications to the geometrical 
shape of the reflecting surfaces have been suggested [37]-[39]. The reshaping of the 
reflecting surfaces is used to generate desirable amplitude and phase distributions over 
one or both of the reflectors. The resultant system is usually referred to as shaped 
dual-reflector. The reflector antenna of Figure 15.9 is such a system. Shaped reflector 
surfaces. generated using analytical models. are illustrated in (391. It also has been 
suggested [35] that a flange is placed around the subreflector to improve the aperture 
efliciency. 

Since many reflectors have dimensions and radii of curvature large compared to 
the operating wavelength, they were traditionally designed based on geometrical optics 
(GO) [39]. Both the single- and double-reflector (Cassegrdin) systems were designed 
to convert a spherical wave at the source (focal point) into a plane wave. Therefore 
the reflecting surfaces of both reflector systems were primarily selected lo convert the 
phase of the wavefront from spherical to planar. However. because of the variable 
radius of curvature at each point of reflection. the magnitude of the reflected field is 
also changed due to spatial attenuation or amplitude spreading factor [40] or diver­
gence factor (4-131) of Section 4.8.3, which are functions of the radius of curvature 
of the surface at the point of reflection. This ultimately leads lo amplitude taper of 
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the wavefront at the aperture plane. This is usually undesirable. and it can sometimes 
be compensated to some extent by the design or 1he patlcm of the feed element or of 
the reflecting sur face. 

For a shaped-dual reflector system. there are two surfaces or degrees of freedom 
lhat can be utilized to compensate for any variations in rhe phase and amplitude or 
the field :.11 the aperture plane. To determine how each surface may be reshaped to 
control lhc phase and/or amplitude of the field at the aperture plane. let us use 
geomeu·ical optics anu m,surne lhal Lhe field radiated by the feed (pattern) i.~ repre­
senred. both in ampli tude and phase. by a bundle or rays which has a well-defined 
periphery. This bundle of rays is initially inlecepted by the subreOector and then by 
the main reflector. Ultimately the outpuL after two reflection~. is also a bundle or rays 
with prescribeu phase and amplitude distributions. and a prescribed periphery, as 
shown in Figure 15.28(a) [4]1. l t bas been shown in [42 l that ror a two-reflector 
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system with high magnification (i.e .. large ratio of main reflector diameter to sub­
reflector diameter) that over the aperture plane the 

{a) amplitude distribution is controlled largely by the subreflector curvature. 
{b) phase distribution is controlled largely by the curvature of the main reflector. 

Therefore in a Cassegrain two-reflector system the reshaping of the paraboloid main 
rellector can be used to optimize the pha'ie distribution while the reshaping of the 
hyperboloid subreflector can be used to control the amplitude distribution. This was 
used effectively in 1421 to design a shaped two-reflector system whose field reflected 
by the subreflector had a nonspherica] phase but a csc4

( 8/2) ampHtude pattern. How­
ever, the output from the main rellector had a perfect plane wave phase front and a 
very good approximate uniform amplitude distribution. as shown in Figure 15.28(b). 

Because a comprehensive treatment of this arrangement can be very lengthy. only 
a brief introduction of the system will be presented here. The interested reader is 
referred to the referenced literature. 

A. Classirnl Cassegrain Form 
The operntion of the Cassegrain arrangement can be introduced by referring to Figure 
15.1 (d) and assuming the system i~ operating in the receiving or transmitting mode. 
To illustrate the principle. a receiving mode is adopted. 

Let us assume that energy. in the form of parallel rays. is incident upon the 
reflector system. Energy intercepted by the main reflector, which has a large concave 
surface, is reflected toward the subreflector. Energy collected by the convex surface 
of the subdish is reflected by it, and it is directed toward the vertex of the main dish. 
lf the incident rays are parallel, the main reflector is a paraboloid, and the subreflector 
is a hyperboloid, then the collected bundle of rays is focused at a single point. The 
receiver is then placed at this focusing point. 

A similar procedure can be used to describe the system in the transmitting mode. 
The feed is placed at the focusing point. and it is usually sufficiently smaJI so that the 
subdish is located in its far-field region. In addition. the ,1;ubretfector is large enough 
that it intercept<i most of the radiation from the feed. Using the geometrical arrange­
ment of the paraboloid and the hyperboloid. the rays reflected by the main dish will 
be parallel. The amplitude taper of the emerging rays is detennined by the feed pattern 
and the tape1ing effect of the geometry. 

The geometry of the classical Cassegrain system. employing a concave paraboloid 
as the main dish and a convex hyperboloid as the subreflector. is simple and it can 
be described completely by only four independent parameters (two for each reflector). 
The analytical details can be found in 1331. 

To aid in the understanding and in predicting the essential performance of a 
Cassegrain. Lhe concept of 11h1ualfeed [331 is useful. By this principle, the real feed 
and the subreflector are replaced by an equivalent system which consists of a virtual 
feed located at the focal point of the main reflector, as shown by the dashed lines of 
Figure I 5.29(a). For anaJysis purposes then, the new system is a single-reflector 
arrangement with the original main dish. a different feed. and no subreflector. 

The configuration of the vinual feed can be decennined by finding the optical 
image of the real feed. This technique is only accurate when e:itamining the effective 
aperture of the feed and when the dimensions of the reaJ and vinual feeds are larger 
than a wavelength. In fact, for the classical Cassegrain arrangement of Figure 15.29( a), 
the vinual feed has a smaller effective aperture, and a corresponding broader beam­
width, lhan the real feed. The increase in beamwidth is a result of the convex curvature 
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of the suhrcflector, and it can be detennined by equaling the ratio of the vi11ual to 
real-feed bcamwidlhs to the ratio of the angles H.,/Or. 

The ability to obtain a different effective aperture for the virtual feed as compared 
to that of the real feed is useful in many applications such as in a monopulse antenna 
1.331 . To maintain efficient and wideband performance and effective utilization of che 
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main aperture. this system requires a large feed aperture. a corresponding long focal 
length. and a large antenna structure. The antenna dimensions can be maintained 
relatively small by employing the Cassegrain configuration whi.ch utilizes a large feed 
and a short focal length for the main reflector. 

Although the concept of virtual feed can furnish useful qualitative information 
for ,1 Cussegrain system, it is not convenient for an accurate quantitative analysis. 
Some of the limitations of the virtual feed concept can be overcome by the concept 
of the equivalent parabola [33J. 

By the technique of the equivalent parabola, the main dish and the subreflector 
are replaced by an equivalent focusing surface at a certain distance from the real focal 
point. This surface is shown dashed in Figure l 5.29(b). and it is defined as [33] .. the 
locus of intersection of incoming rays parallel to the antenna axis with the extension 
of the corresponding rays converging toward the real focal point." Based on simple 
geometrical optics ray tracing. the equivalent focusing surface for a Ca~scgrain con­
figuration is a paraboloid whose focal length equals the distance from its vertex to 
the real focal point. This equivalent system also reduces to a single-reflector arrange­
ment. which has the same feed but a different main reflector. and it is accurate when 
the subreflecwr is only a few wavelengths in diameter. More accurate re:,ult1; can be 
obtained by including diffraction patterns. It also has the capability to focus toward 
the real focal point an incoming plane wave. incident from the opposite direction. in 
exactly the same manner as the actual main dish and the subreflector. 

B. Cassegrain and Gregorian Forms 
In addition to the classical Cassegrain forms, there are other configurations that employ 
a variety of main reflector and subreflector surfaces and include concave. convex, and 
flat shapes [33]. In one form. the main dish is held invariant while its feed beamwidth 
progressively increases and the axial dimensions of the antenna progre~si'lely de­

crease. In another form. the feed beamwidth is heJd invarfant while the main reflector 
becomes progressively flatter and the axial dimensions progressively increase. 

A series of configurations in which the feed bcarnwidth is progressively increased, 
while the overall antenna dimensions are held lixed, are shown in Figure 15.30. The 
first five are referred to as Cassegrain forms while the last two are Gregorian forms. 
whose configurations are similar to the Gregorian telescope. A number of parameter 
ranges. along with distinguishing characteristics. are indicated alongside each config­
uration sketch. The main dish for the fourth configuration has degenerated to a flat 
contour, the subreflectorto a parabolic contour. and they can be separated by distances 
where the ray-tracing approximation is valid. For the fifth configuration, the sub­
reflector has degenerated to a ridiculous extreme concave elliptical contour and the 
main dish to a convex parabolic form. with the former being larger than the latter. 

For the last two configurations. which are referred to as Gregorian forms. the 
focal point of the main dish has moved to the region between the two dishes and the 
subreflector has attained a concave ellipti.cal contour. When the overall size and the 
feed beamwidth of the classical Gregorian are identical to those of the classical 
Cassegrain. the Gregorian form requires a shorter focal length for the main dish. The 
feed for the second of the Gregorian forms has moved to a location between the frx:us 
of the main dish and the subreflector while the main dish has kept the same dimensions 
as the first form. In general, this configuration has several major disadvantages that 
make it unattractive for many antenna applications. 

From the data in Figure 15.30, the relative sizes of the effective apertures of lhe 
virtual and real feeds can be inferred. When the subreflector is flat, the real and virtual 
feeds are identical. The virtual feeds of the Cassegrain configurations. which have a 
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concave subretlector. possess smaller beamwidths and larger effective apertures than 
their corresponding real feeds. However. the virtual feed of the classical Gregorian 
conliguration. which also has a concave subreflector, possesses an effective aperture 
which is smaller than that of the real feed. 

The equivalent parabola concept is applicable to all the Cassegrain and Gregorian 
fonns. and they arc shown dashed in Figure 15.30. The classical Cassegrain and 
Gregorian configurations have equivalent focal lengths which are greater than the 
focal lengths of the corresponding main dishes. For the Cassegrain arrangement with 
the flal subreflector, the equivalent focal length is equal to the focal length of the 
main dish. In general, the equivalent focal lengths of the Cassegrain configurations 
which have a concave subreflector are shorter than the focal lengths of their corre­
sponding main dishes. For the configuration with the flat main dish, the equivalent 
parabola is identil.:al with the subreftector. 

The equivalent parabola concept can also be used to determine the amplitude 
taper across the aperture of a Cassegrain arrangement. As for the front-fed configu­
ration. the amplitude taper or aperture illumination is detennined hy the radiation 
pattern of the feed modified by the space attenuation factor of the reflector. The 
,1mpHrnde taper of a Ca:,;segrain configuration is identical to that of a front-fed ar­
rangement whose feed is the actual feed and whose focal length is the equivalent 
focal length. In other words. the process is identical to that of a front-fed configuration 
except that the equivalent/,./d rntio is used. 

15.S SPHERICAL REFLECTOR 

The discussion and results presented in the previous sections illustrate that a parabo­
loidal reflector is an ideal collimating device. However. despite all of its advantages 
and many applications it is severely handicapped in angular scanning. Although 
scanning can be accomplished by (I) mechanical rotation of the entire structure, and 
(2) displacement of the feed alone, it is thwarted by the large mechanical moment of 
inertia in the first case and by the large coma and astigmatism in the second. By 
contrast. the spherical reflector can make an ideal wide-angle scanner because of its 
perfectly symmetrical geometrical configuration. However, it is plagued by poor 
inherent collimating properties. If, for example, a point source is placed at the focus 
of the sphere. it docs not produce plane waves. The departure of the reflected wave­
front from a plane wave is known as spherical abermtion, and it depends on the 
diameter and focal length of the sphere. By reciprocity. plane waves incident on a 
spherical retlector surface parallel to its axis do not coverge at the focal point. However 
a spherical reflector has the capability of focusing plane waves incident at various 
angles by translating and orientating the feed and by illuminating different parts of 
the structural geometry. The J ,000-ft diameter reflector [ 12] at Arecibo, Pueno Rico 
is a spherical reflector whose surface is built into the earth and the scanning is 
accomplished by movement of the feed. 

The focusing characteristics of a typical spherical reflector is illustrated in Fil!IJre 
15.31 for three rays. The point F in the figure is the paraxial focus, and it is equal to 
one-half the radius of the sphere. The caustic* surface is an epicycloid and is generated 

* A caustiL' i~ a point. a line. or a surface through which all the r.i.ys in a bundle pass and where the 
intensity is infinite. The L'aUstic also represents the geometrical loci of all the centers of curvature of the 
wave smfaces. Examples of it include the focal line for cylindrical parabolic reflector and the focal point 
of a paraboloidal reflector. 
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hy the reflection of parallel rays. A degenerate line FV of this caustic is parallel to 
the incident rays and extends from the paraxial focus to the vertex of the reflector. If 
one draws a ray diagram of plane waves incident within a 120° cone, it will he shown 
that all energy must pass through the line FV. Thus, the line FV can be used for the 
placement of the feed for the interception of plane waves incident parallel to the axial 
line. It can thus he said that a spherical reflector possesses a line focus instead of a 
point. However, amplitude and phase corrections must be made in order to realize 
maximum antenna efticiency. 

Ashmead and Pippard (43] proposed to reduce spherical aberration and to mini­
mize path error by placing a point source feed not at the parnxial focus F (half radius 
of the sphere). as taught in optics. but displaced slightly toward the reflector. For an 
aperture of diameter d. the correct location for placing a point source is a distance .fo 
from the vertex such that the maximum path error value is (43] 

a = er 
mux 2000fc/ 

( 15-72) 

and the maximum phase error does not differ from a paraboloid by more than one­
eighth of a wavelength. This, however. leads to large .fld and to poor area utilization. 
A similar result was obtained by Li 1441. He stated that the total phase error (sum of 
maximum abs())utc values of positive and negative phase errors) over an aperture of 
radius a is least when the phase error at the edge of the aperture is zero. Thus the 
optimum focal length is 
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I J,,,, = ~ (R + \/R' - •'> I 

where 

R = radius of the spherical reflector 

a = radius of the utilized aperture 

(15-73) 

Thus when R = 2a. the optimum focal length is 0.4665R and the corresponding total 
phase error, using the formula found in (441, is 0.02643(R/A) rad. Even though the 
optimum focal length leads to minimum total phase error over a prescribed aperture, 
it does not yield the best radiation pattern when the illumination is not unifonn. For 
a tapered amplitude distribution, the focal length that yields the best radiation pattern 
will be somewhat longer, and in practice, it is usually determined by experiment 
Thus for a given maximum aperture size there exists a maximum value of total 
allowable phase error. and it is given by [ 44 J 

(
~)~ = 14.7 (A/A),~,w1 
R mnx (RIA) 

(15-74) 

where (A/ A) is the total phase error in wavelengths. 

Example 1S.2 

A spherical reflector has a 10-ft diameter. tr al 11.2 GHz the maximum allowable 
phase error is A/ 16, find the maximum permLc;sible aperture. 

SOUJTION 

Atf = 11.2 GHz 

>.. = 0.08788 ft 

(~)
4 

= 14.7 ( 
1116 

) = 0.01615 
R mux 56.8957 

a4 = 10.09 

a = 1.78 ft 

To overcome the shortcoming of a point feed and minimize spherical aberration, 
Spencer, Sletten, and Walsh 145] were the first to propose the use of a line source 
feed. Instead of a continuous line source, a set of discrete feed elements can be used 
to reduce spherical aberration when they arc properly placed along the axis in the 
vicinity of the paraxial focus. The number of elements, their position, and the portion 
of the reflector surface which they illuminate is dictated by the allowable wavefront 
distortion. size. and curvature of the reflector. This is shown in Figure 15.32 (461. A 
single feed located near the paraxial focus will illuminate the central portion of the 
reflector. If the reflector is large. additional feed elements along the axis toward the 
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Figure 15.32 Rellector illumination by feed i.ccti trns plucc<l between paraxinl f()CUs und 
verte.x. (SOUl(l'E: A. C. Si.:heU. ''The Diffraction Theory c,f Large-Aperture Spherical Rcfiec­
lor Antennas,·· IRE Tmns. A11Iemws Propagm., Vol. AP- I I. No. 4. July 1963. @ ( I %3) 
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vertex will be needed to minimize the phase error,;; in the aperture. The ultimate feed 
design will be a compromise between a !>ingle element and a line-somce JisLribution . 

An 1::x.tensive el'forl ha." been placed on Lhe analysis and cKperiment ol' ~pherical 
relleccor,, ~tnd most or it can be found well documented in a book of' reprinted papers 
11 J. In addition. ,t number of' twcHJimcnsiooal patterns and aperture plmle l'~)ll~tam 

amplitude contours. fur :,yrnmetricaJ and offset reeds, have heen computctl 1201. 
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PROBLEMS 

15.1. An infinite Linc source. of constant electric current /0 . is placed a distance .1· above u 
llat aml infinite electric ground plane. Derive the array factor. 

15.2. for comer rdlectors with included angles of a ;::: 60°. 45°. and 30°: 
(a) Derive the array factors or ( 15-7)-( 15-9h). 
{h) Plot the tield sLrength along the axis CO = 90°. <b = 0°) a.,; a runction of the feed­

to-vertex spacing. 0 :5 s/>. :s JO. 
15.3. Consider u comer reflector with an includi!d angle of a = 36°. 

(a) Derive the array t°al'.tor. 
(bl Plot the relative ticld strength along the axis ((J = 90°. ,/J ;::: 0°) as a function of 

the feed-to-vertex spacing s. for O :s s/ >. :s I 0. 
{c:) Determine the spacing that yields the lirst maximl1m possible field strength along 

the axis. For this spacing, what is the ratio of the;: fiel<l strength of the corner 
rctlcctor along the axis to the field strength of the feed element alone'! 

(d) For the spacing in part c, plot lhc nommlizcd power pattern in the azimuthal plane 
((I ;::: 90°). 
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15.4. A 6U° corner rcllccror. in conjunction with a A/2 dipole feed. is used in a radar tracking 
system. One of the requirements for such a system is that I.he antenna. in one of its 
modes of operation. has a null along the forward symmetry axis. In order to accomplish 
this. whal should he the feed spacing from the vertex (in wavelengths)? To get credit. 
give all the possible values or lhe feed-lo-vertex spacing. 

I :i.5. For a parabolic reflector, derive ( 15-25) which relates the /Id ratio to its subtended 
angle 011• 

15.6. Show that for a parabolic reflector 
(a) 0 s fld s 0.25 relates to 180° ~ 00 2: 90° 
(h) 0.25 s fld s x. relates lo 90° 2: 811 2: 0° 

15. 7. The diumeler of a pamboloidal reflector antenna (dish), used for public television 
s1a1ions. is IO meters. Find lhe far-zone distance if the antenna is used al 2 and 4 GHz. 

15.8. Show that the directivity of a uniformly illuminated circular apenure of diameter dis 
equal to (·rrc//Af. 

15.9. Verify ( I 5-33) and ( l 5-33a). 
15.10. The lield radiated by a paraboloidal reflector with an jld ralio of 0.5 is given by 

E = (a, + ay sin cf, cos </,) l'(r, 0, cf,) 

wh~re the .,·-componenl is the co-pol and lhe y-componenl is the cross-pol. 
(a) Al what observation angle(.~) (in degrees) (0° - 180°) is the cross-pol minimum? 

What is the minimum value'! 
(b) At what uhscrvation angle(s) (in degrees) (0° - 180°) is the cross-pol maximum? 

Whal is the maximum value'? 
( c) What is the polarization loss fuctor when the recci ving antenna is linearly polarized 

in the ,,·-direction. 
(d) What is the polari1..ation loss factor when the receiving antenna is linearly polari1.ed 

in the y-dircclion. 
(el What should the polarization of the receiving antenna be in order to eliminate the 

losses due to polariza1ion'? Write an expression for the polarization of the receiving 
antenna lo achieve this. 

15.1 I. Verify ( 15-49) and I 15-54). 
15.1 :?. A smnll parJbolic reflector (dish) of revolution. referred to as a paraboloid, is now 

heing advertised as a TV antenna for direct broadcast. Assuming the diameter of the 
reflector is I mc1er. dctcnnine at 3 GHz the directivity (in dB) of the ancenna if the 
feed is such that 
(a) the illumination over the aperture is uniform (ideal) 
(b) the taper efficiency is 80% while the spillover efficiency is 85<Yo. Assume no other 

losses. Whal is the lotal aperture efficiency of the antenna On dB)? 
I.S.13. The 140-fl (42.672-m) paraboloidal reflector al the National Radio Astronomy Ob­

servatory. Green Bank. W. Va, has an .f/d ratio of 0.4284. Detcnnine the 
(a) subtended angle of the rcl1ector 
th) aperture efficiency assuming the feed panern is symmetrical and its gain patlem 

is given by 2 cos2 ( 0' /2), where O' is measured from the axis of the reflector 
(c) directivity of the entire system when the antenna is operating al to GHz, and it is 

illuminalt:d by the Iced J)allem of part (b) 
(d) directivity of the entire system at 10 GHz when the reflector is illuminated by the 

feed pallcm of part (b) and the maximum aperture phase deviation is '11116 rad 
15.14. A paraboloidal reflector has an//d ratio of 0.38. Determine 

(a) which cos" O' symmetrical feed pattern will maximize its aperture efficiency 
(bl lhe directivity of the reflector when the focal length is IOA 
(cl the value of the feed pattern in d/J (relative to the main maximum) along the edges 

of 1hc reflector 
15. 15. Verify that the idcaJ parabolic reflector feed pattern. for uniform amplitude taper and 

no spillover, is that represented by sec4 
( O' 12). 
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l5.16. The symmetrical feed pauern for a paraboloidal rcfleclor is given by 

G ~(0
') 0 ::5 (J' ~ 1Tl2 Gi = 10 cos 2 

O elsewhere 

where G0 is a constant. 
(al Evaluate the constant G11. 

(bl Derive an expression for the aperture efficiency. 
(c) Find 1hc subtended angle of the reflector that will maximize the aperture efficiency. 

What is the maximum aperture efficiency? 
15.17. A paraholoidal reflector is operating at a frequency of 5 GHz. It is 8 meters in diameter, 

wilh a.nffd ratio of 0.25. h ii; fed with an antenna whose primary pattern is symmeuical 
and which can be approximated by 

I IO cos~ (J' 0 ::5 tJ' ::5 rr/2 

G1 = o elsewhere 

Find its 
(a) aperture efficiency 
(b) overall directivity 
(c) spillover efficiency 
(d) taper efficiency 

15.l&. A parabolic reficclor has~ diameter of 10 meter'.'. and ha~ an 1ncluded ang\e of 00 = 
30°. The directivity at the operating frequency of 25 GHz is 5.420.000. The phase 
efficiency, polarization efficiency. blockage efficiency. and random error efficiency 
are all 100%. The feed has a phi-symmetric pattern given by 

l G,, cos Ill f)' oo :5 (I' ::5 900 

G1 = o elsewhere 

Find Lhe taper, spillover. and overall efficiencies. 
15.19. A 10-meter diameter paraboloidal reflector is used as a TV satellite antenna. The 

focus-to-diameter ratio of the rcliector is 0.536 and the pattern of the feed in the 
forward region can be approximated by cm?( e• ). Over the area of the reflector. the 
incident power density from the satellite can be approximated by a unifonn plane 
wave with a power density of lO µ waus/m2. At a center frequency of 9 GHz: 
(a) What is the maximum directivity of the reflector (in dB)'! 
(b) Assuming no losses of any kind. what is the maximum power that can be delivered 

to a TV receiver connected to the rellcctor through a lossless transmission line'? 
15.20. A 3-mcter diameter parat>olic reflector is used as a receiving antenna for satellite 

television reception at 5 GHz. The reflector is connected to the television receiver 
through a 78-ohm coaxial cahlc. The aperture efficiency is appmximately 75%. As­
suming Lhc maximum incident power density from the satellite is 10 mkrowatts/square 
meter and the incident wave is polarization-matched lo the reflector antenna, what is 
the: 
(a) Directivity of lhe antenna (in dB) 
(b) Maximum power (in watts) that can he delivered to the receiving TV'! Assume 

no losses. 
(cl Power (in watts.) delivered to the receiving TV if the reflection coefficient at the 

transmission line/receiving TV tenninal junction is 0.2. Assume no other losses. 
15.21. A reflector antenna with a total subtended angle of 120° is illuminated at IO GHz with 

a specially designed feed so that its aperture efficiency is nearly unity. The focal 
distance of the reflector i~ 5 meters. Assuming lhc radiation pattern is nearly sym­
metric, determine the: 
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(aJ Half-power heamwidth (in degrees). 
(b) Sidclobc level tin dB). 
(c) Directivity <in dB). 
(d) Directivity (in dB) hased on Kraus· formula and Tai & Pereira's formula. 
(c) Loss in directivity (in dB) if the surface has nus random roughness of0.64 rnm. 

15.22. A front-fed paraboloidal reflector with an Jld radio of 0.357. whose diameter is 10 
meters and which operates at 10 GHL, is fed hy an antenna whose power pat~rn is 
rotationally symmetric and it is represented by cos1

( fJ/2). All the power is radiated in 
the forward region (0° :s; O' :s; 90°) of the feed. Determine the 
(a) spillover efficiency 
Cb) taper cfliciency 
(c) overall aperture efficiency 
(d) directivity of the reflector (in dB) 
(e) directivity of the rellector (in dB) if the RMS. rcnector surface deviation frorn an 

ideal paraboloid is .VIOO. 
15.23. Design pyramidal horn antennas that will maximize the aperture efficiency or produce 

maximum power Lrnnsmission tu the feed. for paraboloidal reflectors with.Pd ratios of 
(a) 0.50 
(b) 0.75 
(c) 1.00 
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CHAPTER 

16 
ANTENNA MEASUREMENTS 

16.1 INTRODUCTION 

In the previous fifteen chapters. analytical methods have been outlined which can he 
used to analyze, synthesize. and numerically compute the radiation characteristics of 
antennas. Often many antennas, because of their complex structural configuration and 
excitation method, cannot be investigated analytically. Although the number of rndi­
ators that fall into this category has diminished, because special analytical methods 
(such as the GTD. Moment Method. Finite-Difference Time-Domain and Finite Ele­
ment) have been developed during the past few years. there are still a fair number 
that have not been examined analytically. In addition. experimental results arc often 
needed to validate theoretical data. 

As was discussed in Chapter 3. Section 3.8.1, it is usually most convenient to 
perfonn antenna measurements with the test antenna in its receiving mode. If the test 
antenna is reciprocal. the receiving mode characteristics (gain, radiation pattern. etc.) 
are identical to those transmitted by the antenna. The ideal condition for measuring 
far-field radiation characteristics then. is the illumination of the test antenna by plane 
waves: uniform amplitude and phase. Although this ideal condition is not achievable, 
it can be approximated by separating the test antenna from the illumination source by 
a large di~tance on an ou\door range. At \arge radii, the curvature of \he spherkal 
phasefront produced by the source antenna is small over the test antenna aperture. lf 
the separation distance is equal to the inner boundary of the far-field region, 2D2/A, 
then the maximum phase error of the incident field from an ideal plane wave is about 
22.5°, as shown in Figure 16.1. In addition to phasefronl curvature due to finite 
separation distances. reflections from the ground and nearby objects are possible 
sources of degradation of the test antenna illumination. 

Experimental investigalions suffer from a number of drawbacks such as: 

1. For pattern measurements, the distam.:e to the far-field region (r > 2/.Y/A) is too 
long even for outside ranges. It also becomes difficult to keep unwanted rellections 
from the ground and the surrounding objects below acceptable levels. 

2. In many cases, it may be impractical to move the antenna from the operating 
environment to the me,tsuring site. 

3. For some antennas. such as phased arrays, the Lime required to measure the 
necessary characteristics may be enormous. 

8~9 
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Figure 16. l Phase error at the edge!> of a te~l antenna in the f ar-lield when illuminated by 
a sphcricaJ wave. 

4. Outside measuring systems provide an uncontrolled environment, and they do 
not possess an all-weather capability. 

5. Enclosed measuring systems usually cannot accommodate large antenna systems 
(such as ships. aircraft, large spacecraft. etc.). 

6. Measurement techniques. in general. are expensive. 

Some of the above shortcomings can he overcome by using special techniques, such 
as inc.Joor measurements, far-field pattern prediction from near-field measurements 
[ 1 )-{ 4 J. scale model measurements, and automated commercial equipment specificaJly 
designed for antenna measurements and utilizing computer assisted techniques. 

Because of the accelerated progress made in aerospace/defense related systems 
(with increasingly small design margins). more accurate measurement methods were 
necessary. To accommodate these requirements, improved instrumentation and meas­
uring techniques were developed which include tapered anechoic.: chambers [5], com­
pact and extrapolation ranges [2], near-field probing techniques [2)-[4]. improved 
polarization techniques and swept-frequency measurements [6], indirect measure­
ments of antenna characteristics, and automated test systems. 

The parameters that often best describe an antenna system's performance are the 
pattern (amplitude and phase}. gain. directivity. efficiency. impedance, current distri­
bution. and polarization. Each of these topics wilJ be addressed briefly in this chapter. 
A more extensive and exhaustive treatment of these and other topics can be found in 
the IEEE Sumdard Test Procedures for Anlenna.-r [7], in a summarized journal paper 
[8]. and in a book on microwave antenna measurements (6]. Most of the material in 
this chapter is drawn from these three sources. The author recommends that the IEEE 
publication on test procedures for antennas becomes part of the library of every 
practicing antenna and microwave engineer. 

16.2 ANTENNA RANGES 

The testing and evaluation of antennas are perfonued in antenna ranges. Antenna 
facilities are categorized as outdoor and indoor ranges. and limitations are associated 
with both of them. Outdoor ranges are not protected from environmental conditions 
whereas indoor facilities are limited by space restrictions. Because some of the antenna 
characteristics are measured in the receiving mode and require far-field criteria. the 
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Figure 16.2 Gcomclrical arrangement for rcllection range. (SOlJRCE: L. H. Hemming and 
R. A. 1-lcaton. '"Antenna Gain Calibration un a Ground Reflection Range."' IEEE Trans. 
A11te1111a.,· PmpaRt1l .. Vol. AP-21. No. 4. pp. 532-537. July 1973. © ( 1973) IEEE) 

ideal field incident upon the tcsl antenna should be a uniform plane wave. To meet 
this specilkalion. a large space is usually re4uired and it limits the value or indoor 
facilities. 

16.2.1 Reflection Ranges 

In general. there arc two basic types of antenna ranges: the reflection and the .fi"ee­
space ranges. The reflection rnnges. if judiciously designed [9]. can create a construc­
tive interference in the region of the test antenna which is referred to as the "quiet 
zone.'· This is accomplished by designing the ranges so that speculi:ir reflections from 
the ground, as shown in Figure 16.2, combine constructively with direct rays. 

Usuully it is desirahle for the illuminating field to have a small and symmeu·ic 
amplitude taper. This can be achieved by adjusting the lransmiuing antenna height 
while maintaining constant that of the receiving antenna. These ranges are of the 
outdoor type. where the ground is the reflecting surface. and they arc usually employed 
in the UHF region for measurements of panerns of moderately broad antennas. They 
are also usetl for systems operating in the UHF to the 16-GHz frequency region. 

16.2.2 Free-Space Ranges 

Free-space ranges arc designed to suppress the contributions from the surrounding 
environment and include eleva1<!d ranges, slant ranges 11 OJ, a11edwil' chambers, 
compact rangeJ f2]. and near-Jield ranges 14]. 

A. Elel'llted Ranges 
Elevated ranges are usually designed to operate mostly over smooth tenains. The 
antennas are mounted on towers or roofs of adjacent buildings. These ranges are used 
to test physically large antennas. A geometrical configuration is shown in Figure 
l6.3(a). The contributions from the surrounding environment are usually reduced or 
eliminated by 171 
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Figure 16.3 Geometries of elevated and slant ranges. (sotlRCES: IEEE: Sta11@rd Test Pro­
cedure:r for A11te1111t1s, IEEE Std 149----1979, puhlished by IEEE. [nc., 1979, distributed by 
Wiley: and P. W. Arnold ... The 'Slant' Antenna Range," IEEE Trans. Ante11nas Propagur., 
Vol. AP-I4. No. 5. pp. 658-659. Sept. 1966. i:> (1966,l IEEE) 

1. careful.ly selecting. the direcrivity and side lobe level of the source antenna 
2. clearing the line-of-sighr herween the antennas 

3. redirccling or absorbing any energy that is reflected from the range surface and/or 
from any obstacles that cannot be removed 

4. utilizing special signal processing techniques such as modulation tagging of the 
desired signal or by using short pulses 

In some applications, such af,j between adjacent mountains or hilltops, the ground 
terrain may he iffegular. For these cases, it is more difficult to locate the specular 
reflection points (points that reflect energy toward the test antenna). To talce into 
account the irregular surface. scaled drawings of the vertical profile of the range are 
usually constructed from data obtained from the U.S. Geological Survey. The maps 
show ground contours [11 ], and they give sufficient details which can be used to 
locate the specular reflection points. determine the level of energy reflected toward 
the test antenna, and make corrections if it is excessive. 
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B. Slant Ranges 
Slant ranges [ I OJ are designed so that the test antenna. along with its positioner, are 
mounted at a fixed height on a nonconducting tower while the source (transmitting) 
antenna is placed near the ground, as shown in Figure 16.3(b). The source antenna is 
positioned so that the pattern maximum, of its free-space radiation. is oriented toward 
the center of the test antenna. The first null is usually directed toward the ground 
specular reflection point to suppress reflected signals. Slant ranges, in general. are 
more compact than elevated ranges in that they require less land. 

C. Anechoic Chamber,\· 
To provide a controlled environment. an all-weather capability, and security, and to 
minimize electromagnetic interference, indoor anechoic chambers have been devel­
oped as an alternative to outdoor testing. By this method. the testing is performed 
inside a chamber having walls that are covered with RF absorbers. The availability 
of commercial high-quality RF absorbing material, with improved electrical charac­
teristics, has provided the impetus for the development and proliferation of anechoic 
chambers. Anechoic chambers are mostly utilized in the microwave region, but ma­
terials have been developed f 12) which provide a reflection coefficient of -40 dB at 
nom1al incidence at frequencies as low as 100 MHz. In general, as the operating 
frequency is lowered, the thickness of RF absorbing material must be increased to 
maintain a given level of reflectivity performance. An RF absorber that meets the 
minimum electrical requirements at the lower frequencie11 usually possesses improved 
perf onnance at higher frequencies. 

Presently there are two basic types of anechoic chamber designs: the rectangular 
and the tapered chamber. The design of each is based on geometrical optics tech­
niques, and each attempts to reduce or to minimize specular reflections. The geomet­
rical configuration of each. with specular reflection points depicted. is shown in 
Figures 16.4(a) and 16.4(b). 

The rectangular chamber [ 13] is usually designed to simulate free-space condi­
tions and maximize the volume of the quiet zone. The design takes into account the 
pattern and location of the source. the frequency of operation. and it assumes that the 
receiving antenna at the test point is isotropic. Reflected energy is minimized by the 
use of high-quality RF absorbers. Despite the use of RF absorbing material, significant 
specular reflections can occur. especially at large angles of incidence. 

Tapered anechoic chambers l14l take the form of a pyramidal horn. They begin 
with a tapered chamber which leads to a rectangular configuration at the test region 
as shown in Figure 16.4(b). At the lower end of the frequency band al which the 
chamber is designed. the source is usually placed near the apex so that the reflections 
from the side walls. which contribute to the region of the test antenna. occur near the 
source antenna. For such paths, the phase difference between the direct radiation and 
that reflected from the walls near the source can be made very small by properly 
locating the source antenna near the apex. Thus the direct and reflected rays near the 
test antenna region add vectorially and provide a relatively smooth amplitude illu­
mination taper. This can be illustrated by ray tracing techniques. 

As the frequency of operation increases, it becomes increasingly difficult to place 
the source sufficiently close 10 the apex that the phase difference between the direct 
and specularly reflected rays can be maintained below an acceptable level. For such 
applications, reflections from the walls of the chamber are suppressed by using high­
gain source antennas whose radiation toward the walls is minimal. In addition. 
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Figure 16.4 Rectangular and tapered anechoic chambers and the corresponding side-wall 
specular reflections. (SOURCE: W. H. Kummer and E. S. Gillespie, "'Antenna Measure­
mems-1978," Proc. IEEE. Vol. 66. No. 4, pp. 483-507, April 1978. © (1978) IEEE) 

the source is moved away from the apex. and it is placed closer to the end of the 
tapering section so a.-; tu simulate ,l rectangular chamber. 

16.l.3 Compact Ranges 

Microwave antenna measurements require that the radiator under test be illuminated 
by a uniform plane wave. This is usually achieved only in the far-field region, which 
in many cases dictates very large distances. The requirement of an ideal plane wave 
illumination can be nearly achieved by utilizing a compact range. 

A Compact Antenna Test Range (CATR) is a collimating device which generates 
nearly planar wavefronts in a very short distance (typically I 0-20 meters) compared 
to the 2D2

/ A (minimum) distance required to produce the same size test region using 
the standard system configuration of testing shown in Figure 16. L Some attempts 
have been made to use dielectric lenses as collimators 115 I, but generally the name 
compact antenna test range refers to one or more curved metal reflectors which 
perform the collimating function. Compact antenna test ranges are essentially very 
large reflector antennas designed to optimize the planar characteristics of the fields .in 
the near-field of the aperture. Compact range configurations are often designated 
according to their analogous reflector antenna configurations: parabolic, Cassegrain, 
Gregorian. and so l'orth. 

One compact range configuration is that shown in Figure 16.5 where a source 
antenna is used as an offset feed that illuminates a paraboloidal reflector, which 
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Figure 16.S A Compact Amcnna Test Range CCATR) synthesizes planar phasefronts by 
collimating. spherical waves with a section of paraboloidal reflector. 

converts the impinging spherical waves to plane waves 12]. Geometrical Optics (00) 
is used in Figure 16.5 to illustrate general CA TR operation. The rays from a feed 
antenna can, over the main beam. be viewed as emanating from a point at its phase 
center. When the phase center of the feed is located at the prime focus of a parabolic 
reflector. all rays that are reflected hy the reflector and arrive at a plane transverse to 
the axis of the parahola have traveled an equal distance. Sec Chapter 15. Section 15.4 
for details. Therefore. the tield at the aperture of the reflector has a uniform phase; 
i.e .. that of a plane wave. In addition to Geometrical Optics. analysis and design of 
CA TRs have been performed with a number of other analytical methods. Compact 
range test zone fields have been predicted by the Method or Moments (MoM). but at 
high frequencies, the large electrical size of the CA TR system makes the use of MoM, 
Finite-Difference Time-Domain (FDTD), and Finite Element Method (FEM) imprac­
tical. High-frequency techniques. however. are well suited for compact range analysis 
because the fields of interest are near the specular reflection direction, and the reflector 
is electrically large. The Geometrical Theory of Diffraction (OTO) is, in principle, an 
appropriate technique. but it is difficult to implement for serrated-edge reflectors due 
to the large number of diffracting edges. To date, Physical Optics (PO) is probably 
the most practical and efficient method of predicting the performance of CATRs [ 161, 
I I 7]. 

The major drawbacks of compact ranges are aperture blockage. direct radiation 
from the source to the test antenna. diffractions from the edges of the reflector and 
feed support. depolarization coupling between the two antennas. and wall reflections. 
The use of an offset teed eliminates aperture blockage and reduces diffractions. Direct 
radiation and diffractions can be reduced further if a reflector with a long focal length 
is chosen. With such a reflector, the feed can then be mounted below the test antenna 
and the depolarization effects associated with curved surfaces are reduced. Undesirahle 
radiation toward the test antenna can also be minimized hy the use of high-quality 
absorbing material. These and other concerns will he discussed briefly. 

A. CATR Performance 
A perfect plane wave would be produced by a CATR if the reflector has an ideal 
parabolic curvature, is infinite in size and is fed by a point source located at its focus. 
Of course CA TR reflectors are of finite size. and their surfaces have imperfections; 
thus the test zone fields they produce can only approximate plane waves. Although 
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there are different configurations of CATR. their test zone fields have some common 
characteristics. The usable portion of the test zone consists of nearly planar wavefronts 
and is referred to as the ·'quiet zone." Outside the quiet zone. the amplitude of the 
fields decreases rapidly as a function of distance transverse to the range axis. The size 
of the quiet zone is typically about 50%-60% of the dimensions of the main reflector. 
Although the electromagnetic field in the quiet zone is often a very good approxi~ 
mation, it is not a "perfect" plane wave. The imperfections of the fields in the quiet 
zone from an ideal plane wave are usually represented by phase errors, and ripple and 
taper amplitude components. These discrepancies from an ideal plane wave, that occur 
over a specified test zone dimension, are the primary figures-of-merit of CATRs. For 
most applications phase deviations of less than I 0°. peak-to-peak amplitude ripples 
of less than I dB. and amplitude tapers of less than I dB are considered adequate. 
More stringent quiet zone specifications may be required to measure. within acceptable 
error levels, low-side lobe antennas and low-observable scatterers. The sources of 
quiet zone taper and ripple arc well known. hut their minimization is a source of 
much debate. 

Amplitude taper across the quiet zone can be attributed to two sources: the feed 
pattern and space-attenuation. That portion of the radiation pattern of the feed antenna 
which illuminates the CA TR reflector is directly mirrored into the quiet zone. For 
example. if the 3-dB beamwidth of the feed is equal to about 60% of the angle formed 
by lines from the reflector edges to the focal point, then the feed will contribute 3 dB 
of quiet zone amplitude taper. In general. as the directivity of the feed antenna 
increases, quiet zone amplitude taper increases. Usually, low-gain feed antennae; are 
designed to add less than a few tenths of a dB of amplitude taper. The 1/i space­
attenuation occurs with the spherical spreading of the uncollimated radiation from the 
feed. Although the total path from the feed to the quiet zone is a constant. the distance 
from the feed to the reflector varies. These differences in the propagation distances 
from the feed to various points across the reflector surf ace cause amplitude taper in 
the quiet zone due to space-attenuation. This taper is asymmetric in the plane of the 
feed off set. 

Amplitude and phase ripple are primarily caused by diffractions from the edges 
of the reflector. The diffracted fields are spread in all directions which. along with the 
specular reflected signal, form constructive and destructive interference patterns in 
the quiet zone, as shown in Figure 16.6(a). Considerable research has been done on 
reflector edge terminations in an effort to minimize quiet zone ripple. Reflector edge 
treatments are the physicul anulogues <>f windowing function.~ used in Fourier trans­
forms. Edge treatments reduce the discontinuity of the reflector/free-space boundary, 
caused by the finite size of the reflector. by providing a gradually tapered transition. 
Common reflector edge treatments include serrations and rolled edges, as shown in 
Figure 16. 7(a,b). The serrated edge of a reflector tapers the amplitude of the reflected 
fields near Lhe edge. An alternate interpretation of the effects of serrations is based 
on edge diffraction. Serrations produce many low-amplitude diffractions as opposed 
to, for example, the large-amplitude diffractions that would be generated by the four 
straight edges and comers of a rectangular knife-edged reflector. These small diffrac­
tions are quasi-randomized in location and direction: hence, they are likely to have 
cancellations in the quiet zone. Although most serrated-edge CA TRs have triangular 
serrations. curving the edges of each serration can result in improved performance at 
high frequencies [ 18]. A number of blended, rolled edge treatments have been sug­
gested as alternatives to serrations, and have been implemented to gradually redirect 
energy away from the quiet zone, as shown in Figure 16.6(b) [19]-(21]. In 
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Figure 16.6 Amplitude and phase ripple in lhe quiet zone fields produced by a compact 
antenna test range caused by the phasor sum of the reflected and diffracted rays from the 
reflector {SOURCE: W. D. Burnside, M. C. Gilreath, B. M. Kent and G. L. Clerici. "Curved 
Edge Modilkalion uf Compact Range Reflectors," IEEE Tm11.,·. An1,,1111e1s Prop11ge11 .. Vol. 
AP-35, No. 2. pp. I 7(>-182. February 1987. © ( 1987 l IEEE) 

these designs, the concave parabolic surface of the reflector is blended into a convex 
surface which wraps around the edges of the reflector and terminates behind it. The 
predicted quiet zone fields produced by a knife-edged reflector compared lo those 
produced by a rolled-edged reflector are shown. respectively. in Figures 16.8(a,h) and 
demonstrate the effectiveness of this edge treatment. Another method of reducing 
quiet zone ripple is to taper the illumination amplitude near the reflector edges. This 
can he accomplished with a high-gain feed or the feed can consist of an array of small 
elements designed so that a null in the feed pattern occurs al the reflector edges [22)­
f25]. Finally. the surface currents on the reflector can be terminated gradually at the 
edges by tapering the conductivity and/or the impedance of the rellector via the 
application of lossy material. 
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Figure l 6.7 Two common CATR rcncctor edge treatments that arc used lO reduce the 
diffracted field~ in the quiet 1.one. 

The frequency of operation or a CATR is determined by the size of the reflector 
and its i.,urfoce accuracy. The low-frequency limit i~ usually encountered when the 
rellector i::. about 25 tu 30 wavelengths in diameter 126]. Quiet zone ripple become.~ 
large at Lhc low-frequency limi1. AL hlgh frequencies. reflector surface imperfections 
contribute to the quiet zone ripple. A rule of thumb used in the design of CATR.s i~ 
that the surface must dev iate less tban about 0.007 >. from that of a true paraboloid 
1271. Sin<.:e the effects or reflector surface imperfections are additive, dual reflector 
systcmi- must maintain twice the surface precision or a ,ingle reflector system to 
operate at the same rrequency. Many CATR systems operate typically from I GHz 
to 100 GHz. 

B. CA TR Designs 
Four rene~tur conligurnLions that have been c.:omrnercially developed will be briclly 
discu-.;sed: rhe single pt1rnho/oid, rhe dual parabolic cy/ind<'r. the dual sltapl'd­
reflector, and rite single parabolil' cylinder systems. The first three conligurntions arc 
relatively common fully collimaLing compact ranges: Lbe fourth is a hybrid approach 
which comhincs aspect, or compact range technology with near-field/far-field (NF/ 
FF) Lecbniquel,, 

The i.ingk paraboloidal reflec.:LOr CATR design was iUuslratetl in Figure 16.5. A~ 
with all compact range designs. the feed antenna is offset by some angle from the 
propagalion direction of the collimated energy. This is done to eliminate blockage 
and to reduce scattering or the collimated fit-Ids by the feed. To achieve this offset. 
the reflector i" a sector of' a paraboloid that does not include the vertex. This design 
is referred to as a "l'imwl 11t 1,1ex" comp,icr range. With only one reflecior. the 
paraboloidal CATR ba.-, a minimum number ol' surfaces and edges that can be source\ 
or quiet-zone ripple. Feed ,pi llover into the quiet zone is also low with this design 
-,ince the feed antenna is pointed almost directly away from the test z.one. On Lbe 
other hand. it is more diflicult anu costly to produce a high-precision surfaee that is 
curved in two planes (three-dimensional) compared to producing a Teflector tbat i~ 
curved in only one plane (two-dimensional}. Ln addition. it has been reported that the 
single paraboloidal rellector de~ign depolarize the incident fields lo a greater degree 
than other CA TR designs. This is due to the relatively low f/d rutio needed to slmul­
taneous ly maintain Lhe feed antenna between the test 1.onc and 1'11e reflector while 
keeping the test Lone as close as possible to the rellei.:tor aperttire f28J. 

The dual parabolic-cylinder reflector concept is i llustnHed in Figure 16.9, and it 
consii;ts of two parabolic cylinders arranged so that one is curved in one plane (vertical 
or horitontal) while the other i.-. curved in the orthogonal plane. The spherical phasc­
front~ radiated by Lhe feed antenna are collimated first in the horizontal or vcnical 
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Figure 16.8 Predicted quiet zone field amplitude versus transverse distance for knife-edge 
and rolled-edge reflectors. (sot:RCE: W. D. Burnside. M. C. Gilreath. 8. M. Kent, and G. L. 
Clerici. "Curved Edge Modification of Compact Range Reflectors." fEEE TranJ. Antennas 
Propag<II .. Vol. AP-35. No. 2. pp. 176-182. February 1987. © 0987) IEEE) 

plane by the first reflector. t.hen are l:ollimated in Lhe orthogonal plane by t.he second 
reflector 1291. Bec:ause the boresight of the feed antenna is directed at almost 90° to 
the plane wave propagation direction, direct illumination of the test zone by the feed 
can be relatively high. In practice, quiet zone contamination from feed spillover is 
virtually eliminated through the use of range gating. Relatively low cross polarization 
is produced with this design because the doubly folded optics results in a long focal 
length main reflector. 

The dual shaped-reflector CA TR. shown schematically in Figure 16.10. is similar 
in design to a Cassegrain antenna. but the reflector surfaces are altered from the 
classical parabolic/hyperbolic shapes. An iterative design process is used to determine 
the shapes of t.he subrellector and main reflector needed to yield the desired quiet 
zone perfom1ance. The shape of the subreflector maps the high-gain feed pattern into 
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Figure 16.9 Dual paraboUc-cylinder compact range collimates lhe fields in one plane with 
first reHector and then collimates the fields in the orthogonal plane with second reflector. 

a nearly optimum illumination of the main reflector. An almost uniform energy density 
ilJuminates the central part of the main reflector while the amplitude tapers toward 
the reflector edges. This design results in a very high illumination efficiency (the 
power of the collimated quiet zone fields relative- to the system input power) [30]. 
Two of the consequences of this high illumination efficiency are (I) the reduction of 
spillover into the chamber reduces range clutter, and (2) the increased RF power 
delivered lo the target increases system sensitivity. 

The single parabolic cylinder reflector system is essentially half of the dual 
parabolic-cylinder CATR. The reflector has a parabolic curvature in the vertical plane 
and is flat in the horizontal plane. This scmicompact antenna test range collimates the 
fields only in the vertical plane, producing a quiet zone which consists of cylindrical 
waves, as shown in Figure 16.11 [31]-[33]. Such a compact range configuration is 
utilized in the ElectroMagnetic Anechoic Chamber (EMAC) al Arizona State Uni­
versity [32], [33]. 

This Single-Plam• Collimating Range (SPCR) approach results in a number of 
advantages and compromises compared to conventional CA TR systems and near­
field/far-field (NF/FF) systems. For antennas that are small compared to the curvature 
of the cylindrical phasefronl, far-field radiation patterns can be measured directly. 
Because of the folded optics, the radius of the cylindrical phasefront produced by the 
SPCR is larger than the radius of the spherical phasefront obtainable by separating 
the source antenna from Lhe test antenna in a direct illwnination configuration within 
the same anechoic chamber. Thus, with the SPCR it is possible to measure, directly, 
the far-field patterns of larger antennas compared to those directly measurable .on an 
indoor far-field range. When the size of the antenna is significant relative to the 
curvature of the cylindrical phasefront. a NF/FF transformation is used to obtain the 
far-field pattern. However, because the fields are collimated in the vertical plane, only 
a one-dimensional transformation is required. This greatly simplifies the transfonna-

Main 

Suhretlcctor 

Figure 16.10 Dual shaped-reflector compact range analogous to a Cassegrain system. 
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Figure 16.11 ASU Single-Plane Collimating Range (SPCR) produce~:, cylindrical w.ivc in 
the quiet zoni.:: (artisl rendering by Michael Hagelberg). 

Lion algorithm. M ost importantly. there is a one-to-one con·elation between a single 
azimuthal pattern cul measured in the near-field. anc.l the predictec.l r~u·-lield pattern. 
The data acquisition Lime is ic.lemi<:al to that of conventional CATRs. and the NF/FF 
calculation Lime i_s nearly negligible. Another advantage of the SPCR is the size of 
the quiet zone. In the vertical plane, the quiet zone dimension compared to the SPCR 
reflectc,r is similar to that or conventional CATRs (about 50% to 60%). However. in 
1be horizontal plane. Lhe quiet zone is nearly I ()0% of the horizontal dimension of the 
reflector. For a given size anechoic chmnbcr anc.l reflector. targets having much larger 
horizontal dimensions (yaw pallcrns or aircraft. for example) can be measured u~ing 
the SPCR than is possible using a conventional CATR. The SPCR ~ystcm is relatively 
inexpensive; the manufacturer estimutes 1ha1 its cost is about 60'¾ of conventional 
CA TR systems. 

In addition to the aJc.led complexity of NF/FF transformation considerations, this 
cylindrical wave approad1 has other disadvantages compared to conventional CATR 
designs. Because Lhe quiet zone fields are exp,mding cylindrically as they prnpngate 
along the ax_is of the range. a large portion of the :mechoic chmnber is directly 
illumimned. This should be carefully considered in the design of the side wall& or the 
anechoic chamber lo eontrol range clutter. Also. '-Orne 111easl1remcn1 sensiti vity is 
sacrificed f'ur the same reason. 

Compact antenna test ranges enable the measurement or ful l-sized antennas in 
very short distances, usually within the control led environment or an unechoic.: cham­
ber. A compact antenna teM range can be used Lo accomplish any type of antenna 
testing (including radiation patterns. gai.n, efficiency. etc.) that can be performed on 
an outdoor facility. 
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16.2.4 Near-Field/Far-Fleld Methods 

The dimensions of a conventional test range can be reduced by making measurements 
in the near-field, and then using analytical methods Lo transform the measured near• 
field data Lo compute the far-field radiation characteristics [2)-[4], (34]. These are 
referred to as 11ear~field 10 far-field (NF/FF) methods. Such techniques are usually 
used to measure palterns. and they are oflen performed indoors. Therefore, they 
provide a controlled environment and an all•weather capability, the measuring system 
is time and cosL effective, and the computed patterns are a.c; accurate as those measured 
in a far-field range. However, such methods require more complex and expensive 
systems, more extensive calibration procedures, more sophisticated computer soft. 
ware, and the patterns are not obtained in real time. 

The near.field measured data (usually amplitude and phase distributions) are 
measured hy a scanning field probe over a preselected surface which may be a plane, 
a cyli11cler, or a sphere. The measured data are then transformed to the far-field using 
analytical Fourier transfonn methods. The complex.ity of the analytical transformation 
increases from the planar to the cylindrical, and from the cylindrical to the spherical 
surfaces. The choice is primarily determined by the antenna to be measured. 

In general. Lhe planar system is better suited for high-gain antennas, especially 
planar phased arrays. and it requires the lea,;t amount of computations and no move• 
ment of the antenna. Although the cylindrical system requires more computations 
than Lhe planar. for many antennas its measuring. positioning. and probe equipment 
are the least expensive. The spherical system requires the most expensive computation, 
and antenna and probe positioning equipment, which can become quite significant for 
large antenna systems. This system is best suited for mea'lurements of low-gain and 
omnidirectional antennas. 

Generally, implementation of NF/FF transformation techniques begins with meas­
uring the magnitude and phase of the tangential electric field components radiated by 
the test antenna at regular intervals over a well-defined surface in the near-field. By 
the principle of modal expansion, the sampled E-field data is used to determine the 
amplitude and phase of an angular spectrum of plane, cylindrical. or spherical waves. 
Expressing Lhe total field of the test antenna in terms of a modal expansion. allows 
the calculation of the field at any distance from the antenna. Solving for the fields at 
an infinite d.Lcitance results in the far-field pattern. 

A consideration of the general case of scanning with ideal probes over an arbitrary 
surface [341 reveals that the choice of scanning surfaces is limited. Morse and Fesh• 
bach I 3S:I show that derivation of the far-zone vector field from the near-field depends 
on vector wave functions that are orthogonal to that surface. Planar. circular cylin­
drical. spherical, elliptic cylindrical. parabolic cylindrical. and conical are the six 
coordinate systems that support orthogonal vector wave solutions. The first three 
coordinate systems are conducive lo convenient data acquisition. but the last three 
require scanning on an elliptic cylinder. a parabolic cylinder. or a sphere in conical 
coordinates l34). Thus, the Lhree NF/FF techniques that have been developed and are 
widely used are based on planar, cy/indricu/, and J'pheric:ul near-field scanning 
surfaces. 

Acquisition of planar near-field data is usually conducted over a rectangular J.·Y 
grid. as shown in Figure 16.12(a), with a maximum near-field sample spacing of 
Ax = Ay = M2 [36] . It is also possible to acquire the near-field measurements on 8 
plane-polar grid 1371 or a bipolar grid [38]. The test antenna is held stationary while 
the probe (typically an open-ended waveguide or smaU horn) is moved to each grid 
location on Lhe plane. As the probe location varies, its orientation relative to the test 

INTEL-1045 
U.S. Patent 7,151,430



16.2 Antenna Ranges 853 

a __..i 1 ,-
t,~; 

T b J.. 

l 
l'l.: L 
T 

1 
t..y 

(h) Cylimlrk.tl ~anning tel Spherical sca1111in~ 

(a/ Plannr scunning 

Figure 16.12 Three near-field scanning surfaces that pem1it convenient data acquisition 
(planar. cylindrical, and spherical). 

antenna changes, as illustrated in Figure 16.13. This directive property of the probe. 
as well as its polarization, must be taken into account using the technique of probe 
compensation [3], l4J. Probe compensation methods use the well-known Lorentz 
reciprocity theorem l<J couple the far-zone fields of the test antenna to those of the 
measuring probe. 

The principal advantage of the planar near-field to far-field transformation. over 
the cylindrical and spherical techniques. is its mathematical simplicity. Furthermore, 
the planar transformation i~ suitable for applying the computationally efficient Fas\ 
Fourier Transform (FFT') algorithm l39). Assuming that the number of near-tie Id data 
points is 2" (or artificially padded to that number with points of zero value) where " 
is a positive integer. the full planar far-field transformation can be computed in a time 
proportional to (ka)2!og2(ka) where a is the radius of the smallest circle that insaibes 
the test antenna (341. Planar NF/FF techniques are well suited for measuring antennas 
which have low backlobes. These include directional antennas such as horns, reflector 
antennas, planar arrays. and so forth. The primary disadvantage of probing the near­
field on a planar surface to calculate the far-field is that the resulting for-field pattern 
is over a limited angular span. If the planar scanning surface is of infinite extent, one 
complete hemisphere of the far-field can be computed. 

A complete set of near-field measurements over a cylindrical surface includes the 
information needed to compute complete azimuthul patterns for all elevation angles . 

• 

• 
Figure 16.13 Probe compensation of near-field measurcmc.nts due to nonisotropic radiation 
paucm of the probe. 
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854 Chapter 16 Antenna Measurements 

exclucling the conical regions at the top and bottom of the cylinder axis. Since the 
numerical integrations can be perfom1ed with the FFf. the cylindrical transformation 
exhibits numerical efficiencies and proportional computation times similar to those of 
the planar transformation. The angular modal expansion. however. is expressed in 
tenns of Hankel functions. which can be more difficult to calculate, especially for 
large orders. 

The cylindrical scanning grid is shown in Figure I 6. I 2(b). The maximum angular 
and vertical sampfe spacing is 

o.cf, - A 
2(a + ,\) (1~1) 

and 

where A is the wavelength and a is the radius of the smallest cylinder that encloses 
the lest antenna. 

A typical cylindrical scanning system is illustrated in Figure I 6. I 4(a). The ~ 
muthal location of the antenna is held constant while the fields are probed at discrete 
locations in the venical direction at some fixed distance from the antenna. At the 
completion of each vertical scan. the test antenna is rotated to the nexr angular position. 
The orientation of the probe with respect to the test antenna changes as the vertical 
location of the probe changes. thus a probe correction is generally required as in the 
planar case. In addition to directional antennas. the radiation patterns of antennas with 
narrow patterns along the vertical axis (horizontal fan beam antennas and vertical 
dipoles for example) can be predicted efficienUy with the cylindrical NF/FF technique. 

The information obtained by scanning the near-field radiation over a spherical 
surface enclosing a test antenna makes possible the most complete prediction of the 
far-field radiation pattern. The spherical scanning grid is illustrated in Figure 16.12(c). 
When sampled at the rate of 

(1~3) 

and 

I t.<J, - 2(a ~ AJ (l6-4) 

aff of the spatial radiation characteristics of the test antenna are included in the 
b·ansformation. Any far-field pattern cut can be computed from a complete near-field 
measurement with the spherical scanning scheme. Typically. a spherical scan is ac­
complished by fixing the location and orientation of the probe and varying the angular 
orientation of the test antenna with a dual-axis positioner, as shown in Figure 16.14(b). 
Since the probe is always pointed directly toward the test antenna. probe correction 
can be neglected for sufficiently large scan radii (34j. However, in general. probe 
correction is necessary. 

The primary drawback of the spherical scanning technique lies in the mathemat• 
icaJ transfonnation. A significant portion of the transfonnation cannot be accom­
plished via FFTs. Numerical integrations. matrix operations. and simultaneous solu-
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Figure 16.14 Schematic reprt:sentation of typical cylindric.ii and spherical surface near­
field posi1ioning systems. 

tion of equations are required. This increases the computational time and difficulty of 
the transformation considerably over those of the planar and cylindrical transfor­
mations. 

A. Modal Expansion Method for Planar Systems 
The mathematical formulations of the planar NF/FF system are hased on the plane 
wave (modal) expansion using Fourier transform (spectral) techniques. Simply stated. 
any monochromatic, hut otherwise arbitrary. wave can be represented as a super­
position or plane waves traveling in different directions. with different ,tmplitudes. 
but all of the same frequency. The objective of the plane wave expansion is to 
detcm1inc the unknown amplitudes and directions of propagation of the plane waves. 
The results comprise what is referred to as a modal expansion of the arhitrary wave. 
Similarly. cylindrical wave and spherical wave expansions are used to determine far­
field patterns from fields measured in the near-field over cylindrical and spherical 
surfaces. respectively. 

The relationships between the near-zone £-field measurements and the far-zone 
fields for planar systems follow from the transform (spectral) techniques of Chapter 
12. Section 12.9, represented by (12-73)-( 12-75), or 

where 

f(k.,., k\') = aAf,(k.,. ky) + a~ . .J;.<"k.t• k_,., + a./; (k,. kv> 

k = a.,.k., + al'k,. + ii:k: 

l 16-5) 

( I 6-5a) 

(16-5b) 

( 16-5c) 

where f(k_... k,.) represents the plane wave spectrum of the field. The x and y compo­
nents of the electric field measured over a plane surface (z = 0) from ( 16-5) are 

Em(X. _'V,: = 0) == 
4
:2 f ~"' f ~xf,(k,, k,,)e ~.iCk,x + k,.,•) c/k,dk,. (16-6a) 
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I Jx f"" . E (x V "' = 0) = - j' (k k )e-JCk,xH,yl dk dk ~·a " . • "' 4"n'2 - x - x, _,, _,.. .,.. .r .v (16-6b) 

The x and y components of the plane wai•e spectrum, f~(k_~. k,.) and h,(kx, k.v>• are 
determined in terms of the near-zone electric field from the Fourier transforms of 
(16-6a) and (16-6b) as given by ( 12-85a). ( 12-85b). or 

(l6-7b) 

The far-field pattern of the antenna, in terms of the plane wave spectrum function f, 
is then that of ( 12-107) 

ke-Jkr 
E(r, H. <J,) = j--tcos 8 f(k.,, k1.)l 2Trr • ( 16-8) 

or (12-111) 

(16-9a) 

ke-i"' 
E,t,(r. O, q,) = j--cos fJ( -J,.sin q, + / 1.cos </>) 

27Tr • 06-9b) 

The procedure then to determine the far-zone field from near-field measurements 
is as follows: 

I. Measure the electric field components E.rn (x'. y'. :.' = 0) aad E_vu (x', y', z' = 0) 
in the near-field. 

2. Find the plane wave spectrum functions f , and /v using (( 6-7a) and ((6-7b). 
3. Determine the far-zone electric field using (16-8) or (16-9a) and O6-9b); 

Similar procedures are used for cylindrical and spherical mea~uring systems 
except that the constant surfaces are, respectively. cylinders and spheres. However, 
their corresponding analytical expressions have different forms. 

It is apparent once again, from another application problem. that if the tangential 
field components are known along a plane. the plane wave spectrum can be found, 
which in turn permits the evaluation of the field al any point. The computations 
become more convenient if the evaluation is restricted to the far-field region. 

B. Measurements and Computations 
The experimental procedure requires that a plane surface. a distance : 11 from the test 
antenna, be selected where measurements are made a'i shown in Figure l 6.12(a). The 
distance ¼, should be at least two or three wavelengths away from the test antenna to 
be out of its reactive near-field region. The plane over which measurements are made 
is usually divided into a rectangular grid of M x N points spaced ax and fly apan 
and defined by the coordinates (max, na_v. 0) where - M/2 < m < M/2 - 1 and 
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- N/2 :; 11 :; N/2 - 1. The values of M and N are determined by the linear dimensions 
of the sampling plane divided by the sampling space. To compute the far-field pattern, 
it requires that borh polarization components of the near-field are measured. This can 
be accomplished by a simple rotation of a linear probe about the longitudinal axis or 
by the use of u dual-polarized probe. The probe used to make the measurements must 
not be circularly polarized, and it must not have nulls in the angular region of space 
over which the test antenna pattern is detem1ined because the probe coJTection coef­
ficients become infinite. 

The measurements are carried out until the signal at the edges of the plane is of 
very low intensity. usually about 45 <lB below the largest signal level within the 
measuring plane. Defining a and h the width and height. respectively, of the measuring 
plane, M and N are determined using 

IM~ :x+ I I 

~ 
~ 

(16-lOa) 

(16- lOb) 

The sampling points on the measuring grid are chosen to be less than A/2 in order 
to satisfy the Nyquist sampling criterion. If the plane z = 0 is located in the far-lield 
of the source. the sample spacings can increase to their maximum value of A/2. Usually 
the rectangular lattice points arc separated by the grid spacings of 

8] -
, 

( 16-11 a) 

(16-llb) 

where k_,,, and k1.,, are real numbers and represent the largest magnitudes of k., and 
k\', respectively. ·such that f(k..- k,.) = 0 for lkxl > k.f" or lk,,j > k"w 
• At the grid sample points. the tangential electric field components, £.f and f.,~I'• are 

recorded. The subscripts x and y represent, respectively. the two polarizations of the 
probe. The procedure for probe compensation is neglected here. A previously per­
formed characterization of the probe is used to compensate for its directional effects 
in what is essentially an application of its "transfer function." The electric field 
components over the entire plane can be reconstructed from the samples taken at the 
grid points, and each is given by 

N/1-1 M/2-1 

E.,,,(x. y. z = 0) = L L h.\(m~x. n~y. 0) 
tr = - NI:!. m = - Mil. 

sin(k.wx - m1r) sin(kw,Y - n1r) 
X --- --- -~----

k _wX - 1111T k.,.,y - 111r 
( 16-12a) 

N/2- I Ml1 - I 

Ern (x. y, ;: = 0) = L L Er(nuix. ,uiy, 0) 
11 = - Nil m = - Ml}. 

sin(kxqX - m1r) sin(k,.,,y - t11T) 
X ------ -~--'-----

kx,,X - 11'/1T k,./Jy - ll1T 
( l 6-12b l 
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Using (16-12a) and (16-12b),j~ and ./;, of (16-7a) and 06-7b) can be evaluated, 
using a FFT algorithm, at the set of wavenumbers explicitly defined by the discrete 
Fourier transform and given by 

21Ttll 

k., = Mllx. 

21rn 
k_,. = Nlly' 

M M 
--:Sm:S--

2 2 
(16-lla) 

N N 
--<11<--I 

2 2 (L~13b) 

The wavenumber spectrum points are equal to the number of points in the near­
field distribution, and the maximum wavenumber coordinate of the wavenumber 
spectrum is inversely proportional to the near-field sampling spacing. While the 
maximum san1pling spacing is >J2. there is no minimum spacing restrictions. How­
ever, there are no advantages to increasing the near-field sample points by decreasing 
the sample spacing. The decreased sample spacing will increase the limits of the 
wavenumber spectrum points, which are in the large evanescent mode region, and do 
not contribute to increased resolution of the far-field pattern. 

Increased resolution in the far-field power pattern can be obtained by adding 
artificial data sampling points (with zero value) at the outer extremities of the near­
field distribution. This artificially increases the number of sample points without 
decreasing the sample spacing. Since the sample spacing remains fixed, the wave­
number limits also stay fixed. The additional wavenumber spectrum points are all 
within the original wavenumber limits and lead to increased resolution in the computed 
far-field patterns. 

To validate the techniques, numerous comparisons between computed far-field 
pauerns. from near-field measurement1>. and measured far-field patterns have been 
made. In Figure 16.15. the computed and mea .. ured sum and difference far-field 
azimuth plane patterns for a four-foot diameter parabolic reflector with a nominal g!tln 
of 30 dB are displayed 14). Two measured far-field patterns were obtained on two 
different high-quality far-field ranges, one at the Georgia Institute of Technology and 
the other at Scientific-Atlanta. The third trace represents the computed far-field pattern 
from near-field measurements made al Georgia Tech. There are some minor discrep­
ancies between the two measured far-field patterns which were probably caused by 
extraneous range reflections. The best agreement is between the computed far-field 
panen1 and lhe one measured at Scientific Atlanta. Many other comparisons have 
been made with similar success. The limited results shown here. and the many others 
published in the literature [4], [40]-1421 clearly demonstrate the capability of the near­
field technique. 

The near-field technique provides the antenna designers infonnation not previ­
ously available to them. For example, if a given far-field pattern does not meet required 
specifications, it is possible lo use near-field data to pinpoint lhe cause l43]. Near­
field measurements can he applied also to antenna analysis and diagnostic tasks [44], 
and it is most attractive when efficient near-field data collection and transfonnation 
methods are employed. 

16.3 RADIATION PATTERNS 

The radiation patterns (amplitude and phase). polari1..ation, and gain of an antenna, 
which are used to characterize its radiation capabilities, are measured on the surface 
of a constant radius sphere. Any position on lhe sphere is identified using the standard 
spherical coordinate system of Figure I 6.16. Since the radial distance is maintained 
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Figure 16.15 Measured and computed sum and difference mode principal plane for-licld 
patterns for a four-foot parabolic reflector (SOURCE: E. D. Joy, W. M. Leach, Jr .. G. P. 
Rodrique, and D. T. Paris. •• Applications of Probe Compensated Near-Field Measurements." 
IEEE Trans. Antennas l'ropagat .. Vol. AP-26. No. 3. pp. 379-389. May 1978. «;:) ( 1978) 
IBEE) 

fixed. only the two angular coordinates ( fl, cf,) are needed for posirional identification. 
A representadon of the radiation characteristics of the radiator m, a function or ti anu 
cf, for a constant radial distance and frequency. is <lefineu as the pattern of the antenna. 

In general. the pattern of an antenna is three-dimensional. Because it is impractical 
to measure a three-dimensional pattern. a number of I wo-dimensional patterns. as 
uefined in Section 2.2. are measured. They are used to construct a thrt:e-uimensional 
pattern. The number of two-dimensional patterns needed to construct faithfully a 
three-dimensional graph is detennined by the functional requirements of the descrip­
tion. and the available time and funds. The minimum number of two-dimensional 
patterns is two. and they are usually chosen to represent the orthogonal principal E­
and H-plane patterns. as defined in Section 2.2. 
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= 

, \111~11n.1 
lll)\ilion 

0 = l~O~ 

Figure 16.16 Spherical i.:oordinale system geometry. (SOllRCF: IEE£ Sta11dard 'l'C'st f)rm·e• 
d11res p,r A11te1111as, IEEE Std 149• 1979, published by TEEE. lnc .. 1979. distributed by 
Wiley) 

A l wo•dimern,iomtl patcern is also referred lo as a pattern c111. and it is obtained 
by fixing one of the angles C ll or cp) while varying the other. For example. by referring 
ro Figure 16. 16, pallern cuts can be obtained by lixing </>; (0 s </J1 s 21r) und varying 
fl (0 s IJ s 180°). These are referred lo as elevation patterns. and they are aho 
diiiplayi!d in Figure 2. 15. Simi larly f:J can be maintained fixed (0 s 01 s 7T) while ,b 
is varied (0 < <b :S 2 rr). These are designated as uzimulhal patterns. Part (0 s q, < 

7r/'2) of the f:11 = 7T/1 azimuthal pattern is displayed in Figure 2. l5. 
The pa1tern:. of an antenna can be measun·d iJ1 the Lransmiuing or receiving moue. 

The mode is diclated by the application. However. if the radiator is recj proc:al. a\ i~ 
che case for most practical antennas. rhcn either the transmiuing or receiving mot!e 
can be utiliLed. For such cases. the receiving mode is selected. The analytical for­
mulations upon which an amplitude pallcrn is based. along with I.he advantages anJ 
disadvantages for ma.king measurements in the transmitting or receiving mode. are 
found in Sectil)n 3.8. 1. The ana.lylical basis or a phase pattern is discussed in Sectinn 
13.10. Unless otherwise sped lied. it will he assumed here that th!.! measurements arc 
pe1formed in the receiving mode. 

16.J .1 Ins trumentation 

The instrumentation required lo accomplish a measuri ng task Jepends largely un the 
runctional requirements of the design. An antenna range ins1rumentation musI be 
designed 10 operate over a wide range of frequencies. and it usuall y can be classified 
into five calcgcirics 171: 

INTEL-1045 
U.S. Patent 7,151,430



16.3 Radiation Patterns 861 

1. source antenna and transmitting system 
2. receiving system 

3. positioning system 
4. recording system 
5. data-processing system 

A hlock di.igrnm of a system that possesses these capabilities is shown in Figure 
16.17. 

The source antennm; are usually log-periodic antennas for frequencies below 1 
GHz. families of parabolas with broadhand feeds for frequencies above 400 MHz, 
and even large horn antennas. The system must be capable of controlling the polari­
zalion. Continuous rotation of the polarization can be accomplished by mounting a 
linearly polarized source antenna on a polarization positioner. Antennas with circular 
polarization can also be designed. such as crossed log-periodic arrays. which are often 
used in measurements. 

The trnnsmitting RF source must be selected so that it has [7] frequency control. 
frequency stahility. spectral purity. power level, and modulation. The receiving system 
coul<l be as simple as a bolometer detector. followed possibly by an amplifier, and a 
recorder. More elaborate aml expensive receiving syslems that provide greater sen­
sitivity. pn:cision, and dymunic range can be designed. One such system is u hetero­
dyne receiving system l7 I, which uses double conversion and phase locking. and it 

Receiver 
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Posltioncr 
control 

t t 
Pattern 

nu:ordcr 

Test 
posltiorier 
indicato~ 

Source 
ant-=nna 

SOllTQe 
rower 

lndl~t9i's 

Signal 
source 

Sour.:1: 
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Soun:e 
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control 
Source· 
control 

Figure 16.17 Instrumentation for typical antenna-range measuring system. (SOURCE: IEEE 
Sw11dard Te.l't l'roced1tre.\'for Antt~mw.~. IEEE Std 149- 1979, puhlishcd hy IEEE. Inc .. I 979. 
distributed by Wiley) 
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Figure 16.18 Azimulh-ovt:!r-elevation and eleva1ion-over-a1.imulh rota1iom1l mounts. 
(sou Rec: IEEE Sw,ulard Tes/ Prrxed11re:; for A111e111ws, lEEE Std 149-1979, published by 
rEEE, Inc .. 1979. uistribl1tcd by Wiley) 

can be used for amplitude measurements. A dual-channel heterodyne system design 
is also available 17 J. and it can be used for phase measurements. 

To achieve the desired plane cuts. the mounting structure::; of the system must 
have the capability to rotate in various pltmes. This can be accomplished by utiLiLing 
rotalional mounts (pedestals), two of whicb ,u·e shown in Figure 16.18. Tower-model 
elevation-over-azimuth pedestals are also ayajlable [7]. 

There are primarily two types of recorders; one rhat prnvides a linear (rectangular) 
plot and the other a polar plot. The polar plots are most popular because Lhey provide 
a bener visualization of 1he rndfaUon distJ'ibution in space. u~ually the recording 
equipment is designed to graph the relative pattern. Absolure patterns are obtained by 
making. in addition, gain measurements which will be discussed in the next section. 
The recording instrumemation is usuaUy calibrated to record relative field or power 
pallems. Power pattern calibrations are in decibeli-. with dynamic ranges of 0-60 dB. 
For most appUcatfons. a 40-dB dynamic range is usually adequate and i t provides 
sufficient resolution to extunine the pattern structure of the main lobe and the minor 
lobes. 

In an indoor antenna range. the recording equipment is usually plai..:cd in a room 
that adjoins the ,mechoic chamber. To provide an interference free environment, the 
chamber is closed during measurements. To monitor the procedures. windows or 
closed-ci rcuit TVs are utilized. ln addition. the recording equipment is connected. 
Ihrough synchronous servo-ampUfier systems. Lo the rotational mounts (pcdestab} 
using the traditional ystem shown in Figure I 6. I 9(a). The syi.lcm can record rectan­
guJar or polar plotl>. Position references are recorded simultam:ow,ly with meai.ure­
ments. and they arc used for angular positional idenLifkation. As the rotational mount 
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86..J Chapter 16 Antenna Measurements 

moves. the paucrn is graphed simultancou, ly hy the recorder on a moving chart. One 
of tbe axes or the chart is LJseJ Lo record the amplitude of t.he pattern \Vhile the other 
identifie!> the rc.lativc pos.ition or Lhe radiator. A modern configuration lo mca~ure 
antenna and RCS pattern:-., using a network analyzer and being computer automated. 
is sh<>Wn in Figure 16.19(b). 

16.3.2 Amplitude Pattern 

The w tal amplitude pallern of an antenna i1-, Jestribed by tbe vector ~um of the two 
orthogona.l ly polarized radiated field component,. The pattern on a convenlional an­
tenna range can be mea!>ured using the system of Figure 16.17 or Figure 16.19 with 
an appropriate detector. The receiver may be a simple bolometer (followed possibly 
by an amplifier). a double conversion phase-locking heterodyne system (7. Fig. l~J. 
or any other design. 

I n many applications, the movement o l' the an tenna to the antenna range can 
signilicuntly alter rhe operatiomll env ironment. Therefore. in <;Orne cases, antennll 
pallern measurements must be made in sir11 to pre:-ervc the environmental performance 
churm:teristi<.:s. A typical system arrangement that can be used to accomplish this is 
shown in Figure 16.20. The source is mounted on an airborne vehicle, which is 
maneuvered through space around th!! test antenna and in it~ far-field. to produce n 
plane wuve und to provide the desired pauem cut!>. The tracking dev ice provides tn 

the recording equipment the angular position data or the source relative to a rclerencc 
direction. The measurements can be conducted either by a point-by-point or hy a 
continuous 111e1hou. Usually the continuous technique is preferred. 

16.3.3 J>hase Measurements 

Pha~e measurement~ .ire ha,ed on Lhe analytical fonnulation::. or Seclion 13. 10. The 
phase pattern of the field. in the direction o f the unit vector u. is given by the if1((J, 1/,l 
pbase function or ( 13-63). For linear polarization u is real. und i.t may represent 511 m 
a4, in the direction or lJ or c/>. 

Pu,sihlc 
rcfrrc11cc ~ ~ 

,1n1cn11~ f~ 
I I 
I I 
I I 

I 

Anhmna 
under 

L _ __ _ 

ru rccordcr 

~ 
I 

Source 
.mtcnnJ 

TrJckinl! 
,lcv,c~ 

ro rccor<lc1 

Figure 16.20 Sy~tem arrangement for in situ antenna pattern measurements. (SOURCE: 

I EE£ Srwulartl Te.\t Pmc:t!dure.\ fi,r Ante111ws, lEEE Std 149- 1979, puhl i~hcd by LEEE. Inc .. 
1979, uis1rihu1cu by Wiley) 
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Antenna I 
Source under test I 

6)-------~x---<J : 

~ I 

PhGSI! 
measurement 

cl:rcu1t 

Phase 
meas.urement 

circuit 

Rclcrcn~'C 

lu I Ncar-ficltl 

I 
/ 

Refercnct <] I- Ixcd 

I 
:intcnno 

lottu·y 
TesL join t 

! ~ /'1Antcnna 
~under test 

Rorary c::::;:J 
mount (___) 

(bJ Far-field 

\ 
I 

I Movubk 
probe 

Flexible 
cable 

Oistunt 
sour.;c 

l>---e 

Figure 16.21 Nenr-tield and far-field phase pattern measuring sy~tcms. (S< JIIRCE: IEEE 
Sta11durd Test Procetf11res for Antennas. CEEE Sld J 49- 1979. published by IEbl· .. Inc., 
1979, uistributcll by Wiley) 

The phase or an antenna b periodic, and iL is defined in multiples of 360°. In 
addition. the phnse i:- a relative quantity, and a rererencc muM be provid~d during. 
measurements for comparison. 

Two basic i.ysLem techniques U1at can be used to measure phuse patlcrm, at short 
and long distancei, from the antenna are shown respectivel y. in Figures 16.21 (a) and 
16.21 (b). For the design of Figure 16.21 (a), a refereuce signal is coupkd f'rom the 
transmi ssion Line, and it is useu to compare, in un appropriate network. the phu,c or 
the receiveu signal. For large disl'anccs, this merhod does not pem1it a direct compar­
ison between the reference and the received signal. In Lhcsc casei.. the aiTangemeot 
of Figure 16.21 (b) can be used i_n which the signal frc>m the source ,tntennu b received 
simultaneou<,ly hy u fixed anlenna 11nd Lhi.: antenna under test The phase pattern is 
recorded as Lhe antenna under test is rotated while the fixed aulenna serves a:-. a 
reference. The phase measuring circuit may be the dual-channel heterodyne system 
[7. Fig. 15J. 

16.4 GAIN MEASUREM ENTS 

The most important figure-or-meri t that describe~ the performance of a radiator is Lbe 
gain. There are various Lechniques and antenna rungei. Lhat are used lo mea!lure the 
gain. The choice of either depends largely on the frequency or opl!rntion. 

Usually free-space ranges are used to measure the gain above I GHz. In addition. 
microwave techniques. which ulilize waveguide <.:omponents, cun be u~ed. At lower 
frequencies. it is more difficult to simulate free-space conditions bccuusc or thi.: longer 
wavelengths. Therefore between 0. 1- 1 GHz. g.rnund-reflcction ranges arc utilized 
Scale models can also be u5e<.l in Lhis frequem:y range. However. sint:e the cc.-m<.luclivity 
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866 Chapter l 6 Antenna Measurements 

Callbrnced 
coupling nel work 
[-- ------ ,-- ___ -i..!.r ___ -----, 

I uner ..--------, Tuner I Tuner I Tuner I 
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I ...--''-----, I 
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re1:onlcr sy~t~.m 

(bl Swept frequency 

Precision 
varl~blc 

attcnuoror 

Figure l6.22 Typical two- .u1tl thrcc:.-,tntcnna measuring systems for single anti 
swept rrcqm:ncy mea.~uremenls. (SCJURCE: J. S. Hollis. T . .I . Lyon. and L. Clayton. 
Jr .. Miaoll'lll't! Ame1111a M<'a.1·11ren,e111s. Sdentific-Atlant,t. Luc .. AtJanta. Georgia, 
July 1970) 

and loss factors of the structures cim1,01 he scaled conveniemly. Lhe efficiency of Ihe 
full scale model must be found by other methoc.ll! Lo determine the gain of the amenna. 
This is accomplishe<.I by multiplying the directivity by the efficiency Lo result in tJ1e 
gain. Below 0. 1 GHz, directive ancemms are phy.,.ically large and Lhe ground effects 
become increasingly pronounced. UsuaUy the gain at the. c frequencies is measured 
in .1·i111. Antenna gains are not usually measured al frc4ucncicN below I MHz. instead. 
measurements are conducted on the field strength of the ground wave radiated by tbe 
antenna. 

Usual ly there are two basic methoc.li, that can be ui,ec.l to measure lhe gain of an 
electromagnetic radiator: absolwe-gain and gai11 -11w1,tf'er (or gai11-comparis011) meas­
urements. The absolute-gain method is used to calibrate antennas that can then be 
used as swndards for gain measurements. and i l requires no a r1riori knowledge ol 
Ihe gains of' the antennas. Gai n-transfer methods must be used in conjunction with 
stantl,1rtl gain antennru. lo detem1ine the absolute gain of Ihe antenna under Lest 
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16.4 Gain Measurements 867 

The two antennas that are most widely used and universally accepted as gain 
standards are Lhe resonant >J2 dipole (with a gain of aboul 2.1 dB) and the pyramidal 
horn antenna (with a gain ranging from 12-25 dB). Both antennas possess linear 
polarizations. The dipole. in free-space. exhibits a high degree of polarization purity. 
However. because of its broad pattern. its polarization may be suspect in other than 
reflection-free environmencs. Pyramidal horns usually possess. in free-space. slightly 
elliptical polarization (axial ratio of about 40 to infinite dB). However. because of 
their very directive pallerns. they are less affected by the surrounding environment. 

16.4.1 Absolute-Gain Measurements 

There are a number of techniques lhat can be employed to make absolute-gain meas­
uremenls. A very brief review of each will be included here. More details can be 
found in [61-181. All of these methods are based on Friis transmission formula [as 
given by (2-118)) which assumes that the measuring system employs, each time, two 
antennas (as shown in Figure 2.25). The antennas are separated by a distance R. and 
it must satisfy the far-field criterion of each antenna. For polarization matched anten­
nas. aligned for maximum directional radiation. (2-118) reduces to (2-119). 

A. Two-Antenna Method 
Equation ( 2-1 J 9) can be wriuen in a logarithmic decibel fonn as 

(
41rR) (Pr) (G0,>.m + (G0,.Jim = 20 logru A + 10 log10 P, 

where 

(Go,)dH = gain of the transmitting antenna (dB) 

(G0,.)d 13 = gain of the receiving antenna (dB) 

P,. = received power (W) 

P, = transmitted power (W) 

R = antenna separation (m) 

A = operating wavelength (m) 

( 16-14) 

If the transmilling and receiving antennas are identical (G0, = Gor), (16-14) reduces 
to 

I [ (41rR) (P,·)] (Go,)dH = (Gor)dH = 2 20 log,o A + 10 logw P, ( 16-15) 

By measuring R. A. and the ratio of P,.IP,, the gain of the antenna can be found. 
At a given frequency. this can he accomplished using the system of Figure I 6.22(a). 
The system is simple and the procedure straightforward. For continuous multifre­
quency measurements. such as for broadband antennas, the swept frequency instru­
mentation of Figure I 6.22(b) can be uti Ii zed. 

B. Three-Antemw Method 
Ir the two antennas in the measuring system are not identical. three antennas (a. b. c ) 

must be employed and three measurements must be made (using all combinations of 
the three) to determine the gain of each of the three. Three equations (one for each 
combination) can be written. and each Lakes the fonn of (16-14 ). Thus 
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868 Chapter 16 Antenna Measurements 

(a-b Combination) 

(G)de + (Gb)t1a = 20 log,o(
4
:R) + 10 logio(~:) 

(a-c Combination) 

(G.,)dB + (Gc)de = 20 log,o (
4:R) + 10 log 11l (::) 

(b-c Combination) 

(41rR) (p'·) (G,,)dB + (G,.)da = 20 log10 A + 10 log111 P,h 

(16--l6a) 

(l6-16b) 

(16-16c) 

From these three equations, the gains ( G")de. ( G,,)dS. and ( G,.)dB can be detennined 
provided R. A. and the ratios of P11,/P111 , P,,.IP,11 • and Pn.lP,1, are measured. 

The two- and three-antenna methods are both subject to errors. Care mus.t be 
utilized so 

1. the system is frequency stable 
2. the antennas meet the far-field criteria 
3. the antennas are aligned for boresight radiation 
4. all the components are impedance and polarization matched 
S. there is a minimum of proximity effects and multipath interference 

lmpedance and polarization errors can be accounted for by measuring the appro­
priate complex reflection coefficients and polarizations and then correcting accord­
ingly the measured power ratios. The details for these corrections can be found in [7], 
l8]. There are no rigorous methods to account for proximity effects and multipath 
interference. These, however. can be minimized by maintaining the antenna separation 
by at least a distance of 2D2/A, as is required by the far-field criteria. and by utilizing 
RF absorbers to reduce unwanted reflections. The interference pattern that is created 
by the multiple reflections from the antennas themselves. especially at small separa­
tions. is more difficult to remove. It usually manifests itself as a cyclic variation in 
the measured antenna gain as a function of separation. 

C. Extrapolation Method 
The extrapolation method is an absolute-gain method, which can be used with the 
three-antenna method, and it was developed [ 15] to rigorously account for possible 
errors due to proximity. multipath. and nonidentical antennas. u· none of the antennas 
used in the measurements are circularly polarized. the method yields the gains and 
polarizations of all three antennas. If only one antenna is circularly polarized, this 
method yields only the gain and polarization of the circularly polarized antenna The 
method fails if two or more antennas are circularly polarized. 

The method requires both amplitude and phase measurements when the gain and 
the polarization of the antennas is to be detennined. For the determination of gains, 
amplitude measurements are sufficient The details of this method can be found in 
[SJ, l45]. 

D. Ground-Re.flection Range Method 
A method that can be used to measure the gain of moderately broad beam antennas, 
usually for frequencies below I GHz. has been reported [46]. The method takes into 
account the specular reflections from the ground (using the system geometry of Figure 
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16.4 Gain Measurements 869 

16.2). and it can be used with some restrictions and modifications with the two- or 
three-antenna methods. As described here, the method is applicable to linear antennas 
that couple only the electric field. Modifications must be made for loop radiators. 
Using this method, it is recommended that the linear vertical radiators be placed in a 
horizontal position when measurements are made. This is desired because the reflec­
tion coefficient of the earth. as a function of incidence angle, varies very rapidly for 
vertically polarized waves. Smoother variations are exhibited for horizontally polar­
ized field,;. Circularly and elliptically polarized antennas are excluded, because the 
earth exhibits different reflective properties for vertical and horizontal fields. 

To make measurements using this technique, the system geometry of Figure 16.2 
is utilized. Usually it is desirable that the height of the receiving antenna h,. be much 
smaller than the range R0 (/1, << R0 ). Also the height of the transmitting antenna is 
adjusted so that the field of the receiving antenna occurs at the first maximum nearest 
to the ground. Doing this. each of the gain equations of the two- or three-antenna 
methods take the fom1 of 

-20 log 1o ( ~ + 
1
;;

1
) 06-17) 

D .. , and D8 are the directivities (relative lo their respective maximum values) along 
R0 , and they can be determined from amplitude patterns measured prior to the gain 
measurements. Rn, RR, ..\, and P,.IP, are also measured. The only quantity that needs 
lo be determined is the factor r which is a function of the radiation patterns of the 
antennas. the frequency of operation. and the electrical and geometrical properties of 
the antenna range. 

The factor r can be found by lirst repealing the above measurements but with the 
transmitting antenna height adjuste<l so that the field at the receiving antenna is 
minimum. The quantities measured with this geometry are designated by the same 
letters as before but wilh a prime (') to distinguish them from those of the previous 
measurement. 

By measuring or determining the parameters 

1. RH, Rv. P,. DA, and D8 at a height of the transmitting antenna such Lhat the 
receiving antenna is at the first maximum of the pattern 

2. RH, Ri,. P;, n;,, and D11 at a height of the transmitting antenna such that the 
receiving antenna is at a field minimum 

it can be shown (46] that r can be determined from 

,. = (RHR~) [V<P,./P;.}(D~D11) R/) - ~R'n] 

Rn Rn W,ir:> RR + RH 

Now all parameters included in ( 16-17) can either be measured or computed from 
measurements. The free-space range system of Figure I 6.22(a) can be used to perform 
these measurements. 

16.4.2 Gain-Transfer (Gain-Comparison) Measurements 

The method most commonly used to measure the gain of an antenna is the gain­
transfer method. This technique utilizes a gain standard (with a known gain) to 
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870 Chapter 16 Antenna Measurements 

detennine absolute gains. Initially relative gain measurements are performed, which 
when compared with the known gain of the standard antenna. yield absolute values. 
The method can be used with free-space and reflection ranges, and for in situ meas. 
urements. 

The procedure requires two sets of measurements. In one set, using the test 
antenna as the receiving antenna, the received power (Pr) into a matched load ,js 
recorded. In the other set, the test antenna is replaced by the standard gain antenna 
and the received power (Ps) into a matched load is recorded. In both sets. the g~ 
metrical arrangement is maintained intact (other than replacing the receiving anten­
nas), and the input power is maintained the same. 

Writing two equations of the fonn of ( 16-14) or (16-17). for free-space-or reflec­
tion ranges, it can be shown that they reduce to (71 

( G-,.)11s = ( Gs)du + 10 log w (;:) (16-19) 

where (G7')dH and (Gs)118 are the gains (in dB) of the test and standard gain antennas. 
System disturbance during replacement of the receiving antennas can be mini­

mized by mounting the two receiving antennas back-to-back on either side of the axis 
of an azimuth positioner and connecting both of them to the load through a common 
switch. One antenna can replace the other by a simple, but very precise. 180° rotation 
of the positioner. Connection to the load can be interchanged by proper movement of 
the switch. 

1f the test antenna is not too dissimilar from the !ilandard gain antenna, this method 
is less affected by proximity effects and multipath interference. Impedance anq po­
larization mismatches can be corrected by making proper complex reflection coeffi­
cient and polarization measurements (8). 

If the test antenna is circularly or elliptically polarized, gain measurements using 
the gain-transfer method can be accomplished by at least two different methods. One 
way would be to design a standard gain antenna that possesses circular or elliptical 
polarization. This approach would be attractive in mass productions of power-gain 
measurements of circularly or elliptically polarized antennas. 

The other approach would be to measure the gain with two orthogonal linearly 
polarized standard gain antennas. Since circularly and elliptically polarized waves can 
be decomposed to linear ( vertical and horizontal) components, the total power of the 
wave can be separated into two orthogonal linearly polarized components. Thus the 
total gain of the circularly or elliptically polarized test antenna can be written as 

(16-20) 

Grv and Gm are, respectively, the partial power gains with respect to verticat.:Jinear 
and horizontal-linear polarizations. 

Grv is obtained, using (16-19). by performing a gain-transfer measurement with 
the standard gain antenna possessing venical polarization. The measurements are 
repeated with the standard gain antenna oriented for horizontal polarization. This 
allows the determination of Gm, Usually a single linearly polarized standard gain 
antenna (a linear >J2 resonant dipole or a pyramidal horn) can be used. by rotating it 
by 90°, to provide both vertical and horizontal polarizations. This approach is very 
convenient. especial.ly if the antenna possesses good polarization purity in the two 
orthogonal planes. 

The techniques outlined above yield good results provided the transmitting and 
standard gain antennas exhibit good linear polarization purity. Errors will be intro-
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16.S Directivity Measurements 871 

duced if either one of them possesses a polarization with a finite axial ratio. In addition, 
these techniques are accurate if the tests can be performed in a free-space, a ground­
reflectfon, or an extrapoJation range. The.se requirements place a low-frequency Jimi1 
of 50 MHz. 

Below 50 MHz, the ground has a large effect on the radiation characteristics of 
the antenna, and it must be taken into account. It usually requires that the measure­
ments are performed on full scale models and in situ. Techniques that can be used to 
measure the gain of large HF antennas have been devised 1471-1491. 

16.5 DIRECTIVITY MEASUREMENTS 

If the directivity of the antenna cannot be found using solely analytical techni<.1ues, it 
can be computed using measurements of its radiation pattern. One of the methods is 
based on the approximate expressions uf <2~27) by Kraus or (2-30h) by Tai and 
Pereira, whereas the other relies on the numerical techniques that were developed in 
Section 2.6. The computations can be performed very efficiently and economically 
with modem computationaJ facilities and numerical techniques. 

The simplest, but least accurate method. requires that the following procedure is 
adopted: 

1. Measure the two principal £- and H-plane patterns of the test antenna. 

2. Determine the half-power beamwidths (in degrees) of the E- and H-plane patterns. 

3. Compute the directivity using either (2-27) or (2-30b). 

The method is usually employed to obtain rough estimates of directivity. It is more 
accurate when the pattern exhibits only one major lobe, and its minor lobes are 
negligible. 

The other method requires that the directivity he computed using (2-35) where 
Prw.1 is evaluated numerically using (2-43 ). The F( O;, <J,,-) function represents the 
radiation intensity or radialion pattern. as defined by (2-42). and il will be obcained 
by measurements. Umux in (2-35) represents the maximum radiation intensity of 
F( 0, <P) in alJ space, as obtained by the measurements. 

The radiation pattern is measured hy sampling the field over a sphere of 
radius r. The pattern is measured in two-dimensional plane cuts with c/,; consta111 
(0 :s: <Pi :s: 27T) and tJ variable (0 :s: 0 < 7T), as shown in Figure 2.15, or with 01 fixed 
(0 < 0; :s: 7i) and </> variable (0 :s: </> s 27T). The first are referred to as elevation or 
great-circle cuts. whereas the second represent azimuthal or conical cuts. Either meas­
uring method can be used. Equation (2-43) is written in a form that is most convenient 
for elevation or great-circle cuts. However. it can be rewritten to accommodate azi­
muthal or conical cuts. 

The spacing between measuring points is largely controlled hy the directive 
properties of the antenna and the desired accuracy. The method is most accurate for 
broad beam antennas. However. with the computer facjHties and the numerical meth­
ods now available, this method is very attractive even for highly directional antennas. 
To maintain a given accuracy. the number of sampling points must increase as the 
pattern becomes more directional. The pattern data is recorded digitally on tape. aml 
it can be entered to a computer at a later time. If on-line computer facilities are 
available, the measurements can be automated to provide essentially real-time com­
putations. 

The above discussion assumes that all the radiated power is contained in a single 
polarization. and the measuring probe possesses that polarization. If the antenna is 
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872 Chapter 16 Antenna Measurements 

polarized such that the field is represented by both 8 and </,, components. the partial 
directivilies D11(0, </>) and D,,.(8. </,,) of (2-17}-(2-17b) must each be found. This is 
accomplished from pattern measurements with the probe positioned. respectively, to 
sample the () and </,, components. The total directivity is then given by (2-l 7H2-l 7b), 
or 

where 

Do = D11 + D,1, 

4-rrU</J 
D1,=------'---

~ (P rwJ)11 + (Prud),t, 

(16-21) 

(l6-2la) 

(l6-2lb) 

U11, (Prdd),, and U,1, . <Pnxi),JJ represent the radiation intensity and radiated power as 
contained in the two orthogonal () and </,, field component,;, respectively. 

The same technique can be used to measure the field intensity and to comput~ 
the directivity of any antenna that possess two orthogonal polarizations. Many anten­
nas have only one polarization ( 8 or </,,). This is usually accomplished by design 
and/or proper selection of the coordinate system. In this case. the desired polarization 
is defined as the primary polarization. Ideally, the other polarization should be zero. 
However. in practice, it is non-varishing, but it is very small. Usually it is ref-erred to 
as the cross-polarization. and for good designs it is usually below -40 dB. 

The directivity of circularly or elliptically polarized antennas can also be meas­
ured. Precautions must be taken [71 as to which component represents the primary 
polarization and which the cross-polarization contribution. 

16.6 RADIATION EFFICIENCY 

The radiation efficiency is defined as the ratio of the total power radiated by the 
antenna to the total power accepted by the antenna at its input terminal-; during 
radiation. System factors. such as impedance and/or polarization mismatches, do not 
contribute to the radiation efficiency because it is an inherent property of the antenna. 

The radiation efficiency can also be defined. using the direction of maximum 
radiation as reference, as 

di 
. . .. . gain 

ra at10n efllc1ency = . . . 
direct1v1ty 

(16-22) 

where directivity and gain, as defined in Sections 2.5 and 2.7. imply that they are 
measured or computed in the direction of maximum radiation. Using techniques that 
were outlined in Sections 16.4 and 16.5 for the measurements of the gain and direc­
tivity, the radiation efficiency can then be computed using ( 16-22). 

If the antenna is very small and simple. it can be represented as a series network 
as shown in Figures 2.2l(b) or 2.22(b). For antennas that can be represented by such 
a series network. the mdiation efficiency can also be defined by (2-90) and it can be 
computed by another method [50). For these antennas. the real part of the input 
impedance is equal to the total antenna resistance which consists of the radiation 
resistance and the loss resistance. 

The radiation resistance accounts for the radiated power. For many simple anten­
nas (dipoles, loops, etc.), it can be found by analytically or numerically integrating 

INTEL-1045 
U.S. Patent 7,151,430



16.7 Impedance Measurements 873 

the pattern. relating it to the radiated power and to the radiation resistance by a relation 
similar to (4-18). The loss resistance accounts for the dissipated power. and it is found 
by measuring the input impedance (input resistance - radiation resistance = loss 
resistance). 

Because the loss resistance of antennas coated with lossy dielectrics or antennas 
over lossy ground cannot be represented in series with the radiation resistance, this 
method cannot be used to determine their radiation efficiency. The details of this 
method can be found in [50]. 

16.7 IMPEDANCE MEASUREMENTS 

Associated with an antenna there are two types of impedances: a self and a mutual 
impedance. When the antenna is radiating into an unbounded medium and there is no 
coupling between it and other antennas or surrounding obstacles, the self-impedance 
is also the driving-point impedance of the antenna. If there is coupling between the 
antenna under test and other sources or obstacles, the driving-point impedance is a 
function of its self-impedance and the mutual impedances between it and the other 
sources or obstacles. ln practice. the driving-point impedance i!I usually referred to as 
the input impedance. The definitions and the analytical formulations that underlie the 
self. mutual. and input impedances are presented in Chapter 8. 

To attain maximum power transfer between a source or a source-transmission 
line and an antenna (or between an antenna and a receiver or transmission line­
receiver), a conjugate match is usually desired. In some applications, this may not be 
the most ideal match. For example, in some receiving systems, minimum noise is 
attained if the antenna impedance is lower than the load impedance. However. in 
some transmitting systems, maximum power transfer is attained if the antenna impe­
dance is greater than the load impedance. If conjugate matching does not exist. the 
power lost can be computed 17] using 

= 
Pavailable 

where 

2 
211111 - Zt, 
Zani + Zc,t 

z ... 111 = input impedance of the antenna 

( 16-23) 

Zee, = input impedance of the circuits which are connected to the antenna at 
its input terminals 

When a transmission line is associated with the system. as is usually the case, the 
matching can be performed at either end of the line. In practice, however. the matching 
is performed near the antenna terminals. because it usually minimizes line losses and 
voltage peaks in the line and maximizes the useful bandwidth of the system. 

In a mismatched system, the degree of mismatch detennines the amount of 
incident or available power which is reflected at the input antenna terminals into the 
line. The degree of mismatch is a function of the antenna input impedance and the 
characteristic impedance of the line. These are related lo the input reflection coefficient 
and the input VSWR at the antenna input terminals by the standard transmission line 
relationships of 

Pretl 
-= 

VSWR -

VSWR + 

2 

( 16-24) 
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where 

r = lfle,IY = voltage reflection coefficient al the antenna input terminals 

VSWR = voltage standing wave ratio at the antenna input tenninals 

Zc = characteristic impedance of the transmission line 

Equation ( 16-24) shows a direct relationship between the antenna input impedance 
(2.i,11 ) and the VSWR. In fact, if Zun, is known, the VSWR can be computed using 
(16-24 ). ln practice, however. that is not the case. What is usually measured is the 
VSWR. and it alone does nor provide sufficient information to uniquely determine 
the complex input impedance. To overcome this. the usual procedure is to measure 
the VSWR. and to compute the magnitude of the reflection coefficient using (16-24). 
The phase of the reflection coefficient can be determined by locating a voltage max­
imum or a voltage minimum ( from the antenna input tenninals) in the transmission 
line. Since in practice the minima can be measured more accurately than the maxima, 
they are usually preferred. In addition. the first minimum is usually chosen unless the 
distance from it to the input terminals is too small to measure accurately. The phase 
'Y of the reflection coefficient is then computed using [511 

4'1T 
'Y = 2{3x,, ± (2n - I )7T = -x,, ± (211 - I )'1T, 

-" .. c: 
n = I, 2. 3, . . . (16-25) 

where 

11 = the voltage minimum from the input terminals (i.e., 11 = I is used to locate 
the first voltage minimum) 

x,, = distance from the input terminals to the nth voltage minimum 

,\~ = wavelength measured inside the input transmission line (it is twjce the 
distance between two voltage minima or two voltage maxima) 

Once the reflection coefficient is completely described by its magnitude and phase, 
it can be used to determine the antenna impedam:e by 

z,,. = z [: ~ ~] = z, [: ~ :~::::] 06-26) 

Other methods, utilizing impedance bridges, slotted lines, and broadband swept• 
frequency network analyzers. can be utilized to determine the antenna impedance 
(51]-[53]. 

The input impedance is generally a function of frequency, geometry, method of 
excitation. and proximity to its surrounding objects. Because of its strong dependence 
on the environment, it should usually be measured in situ unless the antenna possesses 
very narrow beam characteristics. 

Mutual impedances. which take into account interaction effects. are usually best 
described and measured by the cross-coupling coefficients Sn,,, of the device's (anten­
na's) scattering matrix. The coefficients of the scattering matrix can then be related 
to the coefficients of the impedance matrix [54]. 

16.8 CURRENT MEASUREMENTS 

The current distribution along an antenna is another very important antenna parameter. 
A complete description of its amplitude and phase pennit the calculation of the 
radiation pattern. 
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There are a number of techniques that can be used to measure the current distri­
bution 155]-(58]. One of the simplest methods requires that a small sampling probe, 
usually a small loop. be placed near the radiator. On the sampling probe. a current is 
induced which is proportional to the current of the test antenna. 

The indicating meter can be connected to the loop in many different ways [55]. 
lf the wavelength is very long, the meter can be consolidated into one unit with the 
measuring loop. At smaller wavelengths. the meter can be connected to a crystal 
rectifier. ln order not to disturb the field distribution near the radiator, the rectifier is 
attached to the meter using long leads. To reduce the interaction between the meas­
uring instrumentation and the test antenna and to minimize induced currents on the 
leads. the wires are wound on a dielectric support rod to form a helical choke. Usually 
the diameter of each tum. and spacing between them. is about A/50. The dielectric 
rod can also be used as a support for the loop. To prevent a de short circuit on the 
crystal rectifier, a bypass capacitor is placed along the circumference of the loop. 

There are many other methods, some of them more elaborate and accurate. and 
the interested reader can refer to the literature [55]-158 ). 

16.9 POLARIZATION MEASUREMENTS 

The polarization of a wave was defined in Section 2.12 as rhe curve traced by the 
insralltaneous electric field, at a given frequency, in a plane perpendicular to the 
direction of wai·e travd. The far-field polarization of an antenna is usually measured 
at distances where the tield radiated by the antenna forms, in a small region, a plane 
wave that propagates in the outward radial direction. 

In a similar manner. the polarization of the antenna is defined as the curve traced 
by the im,tantcmeous electric field radimed by the antemw in u plane perpencliculc,r 
to the mdial direction, as shown in Figure l6.23(a). The locus is usually an ellipse. 
In a spherical coordinate system. which is usually adopted in antennas, the polarization 
ellipse is formed by the orthogonal electric field components of £ 11 and£.,,. The sense 
of rotation, also referred to as the sense of polarization. is defined by the sense of 
rotation of the wave as it is observed along the direction of propagation [see Figure 
16.23(b)]. 

The general polarization of an antenna is characterized by the axial ratio (AR). 
the sense of rotation (CW or CCW. RH or LH), and the tilt angle T. The till angle is 
used to identify the spatial orientation of the ellipse. and it is usually measured 
cJockwjse from the reference dfrectjon. Thjs is demonstral'ed in Figure J 6.23( a) where 
Tis measured clockwise with respect to afl, for a wave traveling in the outward radial 

direction. 
Care must be exercised in the characterization of the polarization of a receiving 

antenna. lf the tilt angle of an incident wave that is polarization matched to the 
receiving antenna is T,,,. it i~ related to the till angle T, of a wave transmitted by the 
same antenna by 

T1 = )80° - T,,, ( 16-27) 

if a single coordinate system and one direction of view are used to characterize the 
polarization. If the receiving antenna has a polarization that is different from that of 
the incident wave. the polarization loss factor (PLF) of Section 2.12.2 can be used to 
account for the polarization mismatch losses. 

The polarization of a wave ancVor an antenna can best be displayed and visualized 
on the surface of a Poincare sphere [59]. Each polarization occupies a unique point 
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(o \ f'v lurii11 tio11 cll ip~c 

Oarechon 
- oJ' prop<ij!a tlon 

Right hand 

(:\~ Direction -4 ~ - oCpropaga llon 

(hl Sense ~,r 1<)1allo11 

Figure 16.23 Polarization cllip~c and .~cnsc of rowcion for antenna coordinate system. 
(souRre: IEEE Srundard Test Procedures fo r /\111e111ws. IEEE Std 149-1979. published by 
IEEE, Inc .. 1979. disuihuted hy Wiley) 

on the sphere, as shown in Figure 16.24. Ir one or the two poims on Lhe Poincare 
sphere i~ u!-:ed to define the polarization or the incident wave and the othel' ~,e 
polarization of the receiving antenna. the angular separation can be used to determi.ne 
the polarization losses. The procedure requi res that the compkx polarization ratios of 
each are determined, and they are used to compute the polarization efficiency in a 
number of different ways. The details of this procedure arc well documented, aHd 
u,cy CUil be round Lil [71, l8J. 

Prac.:t iculty i t is very difficult to design radiator~ lhal maintuin the same polari­
zatioo state in all parts of their pattern. A complete description requires a number of 
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Figure 16.24 Polarilalion representation on Pnincarc '>pherc. 
(SUIJRCF.: W. H. Kummer ,mu E. S. Gillc~pic. "Amcnna Mcasurc­
menLS-1978;· Prm·. IEEE, V.ol. 66, No. 4. pp. 483- 507. April 1978. 
~ ( 1978) LEEE) 

measurements in all parts or the pattern. The number of measurements is determined 
by Lhe rtquireu degree or polarizalion descriplion. 

There .ire a number of techniques Lhat can be used to measure the polarization 
state of a rnJiator 17 I. [8 ]. and they can be classified into three main 1.:atcgorie<;: 

1. Those that yield partial polarization infom1aLion. They do not yielu a un iqm: point 
lJn Ihc Poinc.:arc sphere. 

2. Thn~e 1haI yield complete polarization infomunion hul requin: a polari1.ation 
,;tanc.lard for compari.,on. They are referred to as crn11pari.,·011 111('(/wds. 

3. Those that yield complete polarization information and require nn a priori polar­
ization knowledge ur no polarization standard, Tbey are Jcsignated as abso/111e 
methods. 

The method selected depends on such factors as the type of antenna. the required 
accuracy, and the time an<l l'unds avai lable. A complete description requires not only 
lhe polarizaLion eUipsc (uxial ratio and tilt angle), but also its sense of rotation (CW 
or CCW, RH or LH). 

In this text. a method wi ll be c.liscussc<I whid1 cun be usetl to determine the 
polarization ellipse (axial ratio and till angle) of an antenna but not iL-; sense of rotation. 
Tbis technique is referred to as the polariza1in11-pa11ern method. The sense or polar­
ization or rotation can be found by p!.!rt'orming auxiliary measurements or by using 
other methods l 7 j. 

To p~rt·om, tbe measurements. the antenna under test can be used either in lhe 
transmilling or in the recei ving mu<le. Uwally the u·ansmitting mode is adopted. The 
mcth()d requires that a linearly polarized antenna. usually a dipole. be u~ed 10 probe 
the polarizatfon in the plane that contains the direction of the desired polarization. 
The am1ngement is shown in Figure l 6.25(a). The dipole is ro101etl in the plane of 
the polarizntion, which is taken 10 be normal to the direclirn1 of Lite inciue,11 tielu. anti 
the output voltage or the probe is recorded. 

II' lhe test antenna is linearly polarized. the output voltage rl!sponse will he 
proporti onal to sin 1/1 (which is lhe far-zone fielJ pallern of' an inlinitesimal tl ipolc). 
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Figure 16.25 Polarization measuring system and 1ypical pallems. 

The pattern forn1s a figure-eight, as shown in Figure I 6.25(b). where ,J, is the rotation 
.111gle of the pmbe relative to a reference direction. For an elliptically polarized test 
antenna. the nulls of the figure-eighl are filled and a dumbbell polarization curve 
(usually referred to as po/urh.ation pattern) is generated. as shown in Figure l6.25(b). 
The dashed curve represents Lhe polarization ellipse. 

The polarizalion ellipse is tangent to the polarization pattern. and it can be used 
to form Lhe axi .. ,1 rnLio and Lhe Lill angle of the Lest anlenna. The polarization pattern 
will be a circle. as shown in Figure 16.2S(b), if the test anlenna is circularly polarized. 
Ideally. this process must be repeated al every point of the antenna pattern. Usually 
it is performl!d al a numher of points Lhal describe sufficienLly well Lhe polari1.ation 
of the antenna at Lhe 1m~jor and the minor lobes. 

In some cases Lhe polarizalion needs LO be known over an cnlirc plane. The axial 
rntio part of the polarization state can be measured using the arrangement of Fi'gure 
I 6.15(a) where the Lest probe antenna is used usually as a source while the polarization 
pattern of the test antenna is being recorded while the tesl antenna is rotated over the 
desired plane. This arrangemenL does not yield the tilt angle or sense of rotation of 
the polarization state. In order to ohtain the desired polarization pattern. the rate of 
rotmion of the linear probe antenna (usually a dipole) is much greater than the rotation 
r~1te of the posiLioner over which the test antenna is mounted and rotated to allow, 
ideally. the prohe anLenna to measure the polarization response of the test antenna al 

that direction before moving to another angle. When Lhis is performed over an entire 
plane. a typical pattern recorded in decibels is shown in Figure I 6.26 [60). and it is 
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Figure 16.26 Pattern of a circularly polarized test antenna taken with a 
rolating. linearly polarized, source antenna lE. S. Gillespie. "Measure­
ment of Antenna Radiation Characteristics on Far-Field Ranges." in An­
temw Hcmdlwok (Y. T. Lo & S. W. Lee. eds.). 1988. \~ Van Nostrand 
Reinhold Co .. Inc.) 

referred as the uxial raliv pattern. It is apparent that the axial ratio pattern can be 
inscribed by inner and outer envelopes. At any given angle. the ratio of the outer and 
inner envelope responses represent the nxial ratio. If the pattern is recorded in decibels, 
the axial ratio is the difference between the outer and inner envelopes (in dB); zero 
dB difference represents circular polarization (axial ratio of unity). Therefore the 
polarization pattern of Figure 16.26 indicates that the test nntenna it represents 
is nearly circularly polarized (within I dB: axial ralio less than 1.122) at and near 
8 = 0° and deviates from that almost monotonically at greater angles (typically by 
about 7 dB maximum: maximum axial ratio of about 2.24). 

The sense of rotation can be determined by performing auxiliary measurements. 
One method requires that the responses of two circularly polarized antennas. one 
responsive to CW and the other to CCW rotation. be compared [55). 171e sense of 
rotation corresponds to the sense of polarization of the antenna with the more intense 
response. 

Another method would be to use a dual-polarized probe antenna, such as a dual­
polarized horn. and to record simultaneously the ampl.itude polarization pattern and 
the relative phase between the two orthogonal polarizations. This is referred to as the 
plwsc'-an1plitttdt• method, and it can he accomplished using the instrumentation of 
Figure 16.27. Double-conversion phase-locked receivers can be used to perform the 
amplitude and phase comparison measurements. 

Another absolute polarization method. which can he used to completely describe 
the polarization of a test antenna, is refen-ed to as the three-anm,rw method I 71, [8]. 
As its name implies. it requires three antennas. two of which must not be circularly 

INTEL-1045 
U.S. Patent 7,151,430



880 Chapter 16 Antenna Measurements 

Anlennu 
under h:51 w 

Dual polari1.cd 
li.lmpling antenna 

Phase 
amplitude 
mo~ 

---6,. 

Figure 16.27 System contiguralion for measurements of polarization amplitude and phru;e. 
(SOURCE: W. H. Kummer and E. S. Gillespie. "Antenna Measurements-1978." Proc. 
IEEE. Vol. 66. No. 4. pp. 483-507. April 1978. © ( 1978) IEEE) 

polarized. There are a number of transfer methods [7), [8], but they require calibration 
standards for complete description of the polarization state. 

16.10 SCALE MODEL MEASUREMENTS 

In many applications (such as with antennas on ships. aircraft. large spacecraft, etc.), 
the antenna and its supporting: structure are so immense in weight and/or size that 
they cannot be moved or accommodated by the facilities of a measuring antenna 
range. In addition. a movement of the stmcture to an antenna range can eliminate or 
introduce environmental effects. To satisfy these system requirements, ;,, situ meas­
urements are usually executed. 

A technique that can be used to perform antenna measurements associated with 
large structures is gC!mrwtriml smle modeling. Geometrical modeling is employed to 

1. physically accomm<>date, within small ranges or enclosures, measurements that 
can be related to large structures 

2. provide experimenh,I control over the measurements 

3. minimize costs associated with large structures and corresponding experimental 
parametric studies 

Geometrical scale modeling by a factor of 11 (11 smaller or greater than unity) 
requires the scaling indicated in Table 16.1. The primed parameters represent the 
scaled model while the unprimed represent the full scale model. For a geometrical 
scale model. all the linear dimensions of the antenna and its associated structure are 
divided by II whereas the operating frequency and the conductivity of the antenna 
material and its structure are multiplied by 11. In practice. the scaling factor n is usually 
chosen greater than unity. 

Ideal scale modeling for .mtenna measurements requires exact replicas, both 
physically and electrically. of the full scale structures. In practice. however, this is 
closely approximated. The most difficult scaling is that of the conductivity. If the full 
scale model possesses excellent conductors. even better conductors wilJ be required 
in the scaled models. At microwave and millimeter wave frequencies this can be 
accomplished by utilizing clean polished surfaces. free of films and other residues. 

Geometrical scaling is often used for pattern measurements. However, it can also 
be employed to measure gain. directivity. radiation efficiency, input and mutual im­
pedances, and so forth. For gain measurements, the inability to properly scale the 
conductivity can be overcome by measuring the directivity and the antenna efficiency 
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Table 16.1 GEOMETRICAL SCALE MODEL 

Scaled Parameters 

Length: 
Time: 
Wavelength: 
Capacitance 
Inductance: 
Echo area: 
Frequency: 
Conductivity: 

I'= Vn 
t' = tin 
A'= >Jn 
C'= C/n 
l'= Un 

A..'= A~ln2 

.f'= nf 
er'= ncr 

References 881 

Unchanged Parameters 

Penniuivity: 
Penncability: 
Velocity: 
Impedance: 
Antenna gain: 

E' = E 

µ! = µ, 
ti = ti 

Z'= Z 
Go'= Go 

and multiplying the two to determine the gain. Scalings that permit additional param­
eter changes are available [61]. The changes must satisfy the theorem of similitude. 
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X sin(x)/x 

0.C) l .0<1000 
0.1 0.99833 
0.2 0.99335 
(U 0.98507 
0.4 0.97355 
0.5 0.95885 
0.6 0.94I07 
0.7 0.92031 
0.8 0.89670 
0.9 0.87036 
1.0 0.84147 
I.I 0.81019 
1.2 0.77670 
u 0.74120 
1.4 0.70389 
1.5 0.66500 
1.6 0.62473 
1.7 0.58333 
1.8 0.54103 
1.9 0.49805 
2.0 0.45465 
2.1 0.41105 
2.2 0.36750 
2.3 0.32422 
2.4 0.28144 
2.5 0.23939 
2.6 0.19827 
2.7 0.15829 

APPENDIX 

I 
f(x) 

X 

2.8 . 
2.9 
3.0 
3.1 
3.2 
3.3 
3.4 
3.5 
3.6 
3.7 
3.8 
3.9 
4.0 
4.1 
4.2 
4.3 
4.4 
4.5 
4.6 
4.7 
4.8 
4.9 
5.0 
5.1 
5.2 
5.3 
5.4 
5.5 

885 

sin(x) 
X 

sin(x)/x 

0.11964 
0.08250 
0.04704 
0.01341 

-0.01824 
-0.04780 
-0.07516 
-0.10022 
-0.12292 
-0.14320 
-0.16101 
-0.17635 
-0.18920 
-0.19958 
- 0.20752 
-0.21306 
-0.21627 
-0.21723 
-0.21602 
-0.21275 
-0.20753 
-·0.20050 
- 0.19179 
-0.18153 
-0.16990 
- 0.15703 
-0.143 IO 
-0.12828 

X sin(x)/x 

5.6 -0.11273 
5.7 -0.09661 
5.8 -0.08010 
5.9 -0.06337 
6.0 -0.04657 
6.1 -0.02986 
6.2 -0.01340 
6.3 0.00267 
6.4 0.01821 
6.5 0.03309 
6.6 0.04720 
6.7 0.06042 
6.8 0.07266 
6.9 0.08383 
7.0 0.09385 
7.1 0.10267 
7.2 0.11023 
7.3 0.11650 
7.4 0.12145 
7.5 0.12507 
7.6 0.12736 
7,7 0.12833 
7.8 0.12802 
7.9 0.12645 
8.0 0.12367 
8.J 0.11974 
8.2 0.11472 
8.3 0.10870 
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886 Appendixes 

X sin(x)/x X sin(x)/x X sin(x)l.r 
8.4 0.10174 10.7 -0.08941 13.0 0.03232 
8.5 0.09394 10.8 -0.09083 13.1 Q.03883 
8.6 0.08540 10.9 - 0.09132 13.2 0.04485 
8.7 0.07620 11.0 -0.09091 LU 0.05034 
8.8 (l.06647 11.1 -().(}896(} 13.4 0.05525 
8.9 0.05629 11.2 -0.08743 13.5 0.05954 
9.0 0.04579 11.3 -0.08443 13.6 0.06317 
9.1 0.03507 11.4 -0.08064 13.7 0.06613 
9.2 0.02423 11.5 - 0.07613 13.8 0.06838 
9.3 0.01338 11.6 -0.07093 13.9 0.06993 
9.4 0.00264 11.7 -0.06513 14.0 0.07076 
9.5 -0.00791 11.8 -0.05877 14. l 0.07087 
9.6 -0.01816 11.9 -0.05194 14.2 0.07028 
9.7 -0.02802 12.0 -0.04471 14.3 0.06901 
9.8 -0.03740 12.l -0.03716 14.4 0.06706 
9.9 -0.04622 12.2 -0.02936 14.5 0.06448 

10.0 -0.05440 12.3 -0.02140 14.6 0.06129 
IO.I -0.06189 12.4 -0.01336 14.7 0.05753 
10.2 -0.06861 12.5 -0.()()531 14.8 0.05326 
10.3 -0.07453 12.6 0.00267 14.9 0.04852 
10.4 -0.07960 12.7 0.01049 15.0 0.04335 
10.5 -0.08378 12.8 0.01809 
10.6 -0.08705 12.9 0.02539 

1.0 

0.5 

";i 
!; 0 
C: 

-~ 

-0.5 

-1.0 
0 5 10 15 :o ~5 )0 .l5 40 4S so 

X 

Figure 1.1 Plot of sin (.t)fr function. 
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N 

X /1(X) 

0.0 1.00000 
0.1 1.00000 
0.2 1.00000 
0.3 1.00000 
0.4 1,()()000 
0.5 1.00000 
0.6 1.00000 
0.7 1.0()()0() 
0.8 1.00000 
0.9 1.00000 
1.0 I . OlK)(lO 
I. I I.UD00O 
1.2 1.0()(){)() 
1.3 1.000()() 
1.4 1.00000 
1.5 1.00000 
1.6 1.00000 
1.7 1.00000 
1.8 1.00000 
1.9 1.00000 
2.0 1.00000 
2.1 1.00000 
2.2 1.00000 
2.3 1.()()000 
2.4 1.0000[) 
2.5 1.00000 
2.6 1.00000 
2.7 1.00000 
2.8 1.00000 
2.9 1.00000 
3.0 1.00000 
3.1 1.00000 
-~, 1415 1.00000 

APPENDIX 

II 
sin(Nx) 
Nsin(x) 

1, 3, 5, 10, 20 

f3(X) fs(X) /rn(X) 

1.00000 1.00000 1.00000 
0.98671 0.96045 0.84287 
0.94737 0.84711 0.45769 
0.88356 0.67508 0.04775 
0.79780 0.46700 0.19434 
0.69353 0.24966 U.2(X)(ll 
0.57490 0.()4998 0.04948 
0.44664 0.10890 0.10198 
0.31387 0.21100 0.13792 
0. 18186 0.24958 0.05261 
0.05590 0.22792 U.06465 
0.05900 0.15833 0.11221 
0.15826 0.05996 0.05757 
0.23793 0.04465 0.04361 
0.29481 0.13334 0.10052 
0.32666 0.18807 0.06519 
0.33220 0.19796 0.02880 
0.31120 0.16104 0.0%95 
0.26451 0.08464 0.07712 
0.19398 0.01588 0.01584 
0.10243 0.11966 0.10040 
0.00649 0.20382 0.09692 
0.12844 0.24737 0.00109 
0.25856 0.23480 0.11348 
0.39167 0.15888 0.13407 
0.52244 0.02216 0.0'.?.211 
0.64568 0.16301 0.14792 
0.75646 0.37615 0.22378 
0.85038 0.59143 0.08087 
0.92368 0.78152 0.27738 
0.97345 0.92161 0.70013 
0.99769 0.99309 0.97172 
1.0()()00 1.00000 1.00000 

887 

/2o(x) 

1.00000 
0.45540 
0.19047 
0.()4727 
0.12703 
0.05674 
0.04751 
0.07688 
0.02007 
0.04794 
0.05425 
U.00050 
0.()4858 
0.03957 
0.01375 
0.04953 
0.02758 
0.02668 
0.05092 
0.01566 
0.04097 
0.05309 
0.00109 
0.06047 
0.05687 
0.02192 
0.09570 
0.06537 
0.07785 
0.20750 
0.10799 
0.88885 
1.00000 
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APPENDIX 

III 
COSINE AND SINE INTEGRALS 

Also 

l., sin( r) 
S;(X) = --dT 

I T 

C 
f 

x cos( T) d f .,· cos( r) d 
,(X) = - -- T = -- T 

X T "" T 

C . _ 1·' I - cos( r) d 
i11(X) - --- T 

0 T 

Ci11(x) = ln(-yx) - C;(.t) = ln(-y) + ln(x) - C;(X) 

Ci11(x) = In( 1.781) + ln(x) - C;(x) = 0.577215665 + ln(x) - C;(.t) 

oc ( - l{x'JJ.·al 

S;(x) = ~1 (2k + I )(2k + 1 )! 

.,._. ·11,: 

"' k ., 
C;(X) = C + ln(x) + "~' ( - I) 2k(2k)! 

889 

( 111-2) 

(III-3) 

(111-4) 
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X S1(x) C;(X) Cin(X) X S1(x) C1(x) Crn(X) 
(I.() ().() -Xi 0.00000 5.1 1.53125 -0. 18348 2.38993 
0.1 0,()9994 -1.72787 0.(){)250 5.2 1.51367 -0.17525 2.40113 
0.2 0. 19956 - 1.04221 0.00998 5.3 1.49732 -0.16551 2.4l043 
0.J 0.29850 -0.64917 0.02242 5.4 1.48230 -0.15439 2.41800 
CU IU9646 -0.37881 0.03973 5.5 1.46872 -0.14205 2.42402 
0.5 0.49311 -0.17778 0.06185 5.6 1.45667 -0.12867 2.42865 
0.6 0.58813 -0.02227 0.08866 5.7 1.44620 -0.11441 2.43209 
(I_ 7 0.68122 0.!0051 0.12003 5.8 1.43736 -0.09944 2.43451 
0.8 0.77210 0.19828 0.15579 5.9 l.43018 -0.08393 2.43610 
0.9 0.86047 0.27607 0. 19579 6.0 1.42469 -0.()6806 2.43703 
1.0 0.94608 0.33740 0.23981 6.1 1.42087 -0.05198 2.43749 
I .I l.02lW> 0.38487 0.28765 6.2 1.41871 -0.03587 2.43764 
1.2 1.10805 0.42046 0.33908 6.3 1.41817 -0.01989 2.43765 
u 1.18396 0.44574 0.39384 6.4 1.41922 -0.0()418 2.43770 
1.4 1.25623 0.46201 0.45168 6.5 1.42179 0.01110 2.43792 
1.5 1.32468 0.47036 0.51132 6.6 r .42582 0.02582 2.43846 
1.6 1.38918 0.47173 0.57549 6.7 1.43121 0.03986 2.43947 
1.7 1.44959 0.46697 0.64088 6.8 1.43787 0.05308 2.44106 
1.8 1.50582 0.45681 0.70819 6.9 1.44570 0.06539 2.443'34 
1.9 1.55778 0.44194 0.77713 7.0 1.45460 0.07670 2.44643 
2.0 1.60541 0.42298 0.84738 7. 1 1.46443 0.08691 2.45040 
2.1 1.64870 0.41Xl51 0.91864 7.2 1.47509 0.09596 2.45534 , , l.68762 0.37507 0.99060 7.3 1.48644 0.10379 2.46130 
.:u 1.72221 0.34718 1.06295 7.4 1.49834 0.11036 2.46834 
2A 1.75249 0.31729 J.13539 1.5 1.51068 0. I 1563 2.47649 
2.5 1.77852 0.28587 1.20764 7.6 1.52331 0.11960 2.48577 
2.6 1.80039 0.25334 1.27939 7.7 l.53611 0.12225 2.49619 
2.7 1.81821 0.22008 1.35038 7.8 1.54894 0.12359 2.50775 
2.8 l.83210 0.18649 1.42035 7.9 1.56167 0.12364 2.52044 
1.9 1.84219 0.15290 1.48903 8.0 l.57419 0.12243 2.53422 
3.0 1.84865 0.11963 1.55620 8.1. 1.58637 0.12002 2.54906 
3.1 1.85166 0.08699 1.62163 8.2 1.59810 0.11644 2.56491 
.1.2 1.85140 0.05526 1.68511 8.3 1.60928 0.11177 2.58170 
.U 1.84808 0.02468 1.74646 8.4 1.61981 0.10607 2.59938 
J.4 1.84191 -0.00452 1.80551 8.5 1.62960 0.09943 2.61785 
J .5 UD313 -0.03213 1.86211 8.6 1.63857 0.09194 2.63704 
3.6 1.82195 - 0.05797 1.91612 8.7 1.64665 0.08368 2.65686 
3.1 1.80862 -0.08190 1.96745 8.8 1.65379 0.07476 2.67721 
3.8 1.79339 - 0.10378 2.01599 8.9 1.65993 0.(>6528 2.69799 
.1.9 1.77650 -0.12350 2.06169 9.0 1.66504 0.05535 2.71909 
4.0 1.75820 -0.14098 2.10449 9.1 1.66908 0.()4507 2.74042 
4.1 1.73874 -0.15617 2.14437 9.2 1.67205 0.03455 2.76186 
4., 1.71837 -0. 16901 2.18131 9.3 1.67393 0.02391 2.78332 
4 .. 1 1.69732 - 0.17951 2.21534 9.4 1.67473 0.01325 2.80467 
4.4 1.67583 -0.18766 2.24648 9.5 1.67446 0.()()268 2.82583 
4.5 1.65414 - 0.19349 2.27478 9.6 1.67316 -0.00771 2.84669 
4.(l 1.63246 -0.19705 2.30032 9.7 1.67084 - 0.01780 2.86715 
4.7 1.61101 -0.19839 2.32317 9.8 1.66757 -0.02752 2.88712 
4.8 1.58998 -0.19760 2.34344 9.9 1.663.18 -0.03676 2.90651 
4.9 1.56956 -0.19478 2.36123 10.0 1.65835 - 0.04546 2.92526 
5,0 1.54993 -0.19003 2.37668 Ill.I 1.65253 - 0.05352 2.94327 
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X S1(x) C;(X) Cin(X) X S1(x) C;(X) Cin(X) 

10.2 1.64600 -0.06089 2.96050 15.3 1.62865 0.02955 .l27552 
10.3 1.63883 -0.06751 2.97687 15.4 I .6309;l 0.02345 3.28813 
10.4 1.63112 -0.07332 2.99234 15.5 1.63258 0.01719 3.30086 
10.5 1.62294 -0.07828 3.00687 15.6 1.63359 0.01084 3.31364 
10.6 1.61439 -0.08237 3.02044 15.7 1.63396 0.00447 3.32641 
10.7 1.60556 -0.08555 3.03301 15.8 1.63370 -(l.00187 3.33910 
10.8 1.59654 -0.08781 3.04457 15.9 1.63280 -().00812 3.35165 
10.9 1.58743 -0.08915 3.05513 16.0 1.63130 -0.01420 3.36400 
11.0 1.57831 -0.08956 3.06467 16.1 1.62921 -0.02007 3.37610 
I I.I 1.56927 -0.08907 3.07323 16.2 1.62657 -0.02566 3.38789 
11.2 1.56042 -0.08769 .l08082 16.3 1.62339 -0.03093 3.39931 
11.3 1.55182 -0.08546 3.08748 16.4 J.61973 -0.03583 3.41033 
11.4 1.54356 -0.08240 3.09323 16.5 1.61563 -0.04031 3.42088 
11.5 1.53571 -0.07857 3.09813 16.6 1.611 I 2 -0.04433 3.43095 
11.6 1.52835 -0.07401 3.10224 16.7 1.60627 -0.04786 3.44049 
I 1.7 1.52155 -0.06879 3.10560 16.8 1.60111 -0.05087 3.44947 
I 1.8 1.51535 -0.06297 3.10828 16.9 1.59572 -0.05334 3.45787 
11.9 1.50981 -0.05661 3.11036 17.0 1.59014 -0.05524 3.46567 
12.0 1.50497 -0.04978 3.11190 17.1 1.58443 -0.05657 3.47287 
12.1 1.50088 -0.04257 3.11299 17.2 1.57865 -0.05732 3.47945 
12.2 1.49755 -0.03504 3. 11369 17.3 1 .57285 -0.05749 3.48541 
12.3 1.49501 -0.02729 3.114IO 17.4 1.56711 -0.05708 3.49076 
12.4 1.49327 -0.01938 3.11429 17.5 1.56146 -0.05610 3.49552 
12.5 1.49234 -0.01141 3.11435 17.6 1.55598 -0.05458 3.49969 
12.6 1.49221 -0.00344 3.11436 17.7 1.55070 -0.05252 3.50330 
12.7 1.49287 0.00443 3.11439 17.8 1.54568 -0.04997 3.50638 
12.8 1.49430 O.(H214 3. 11452 17.9 1.54097 -0.()4694 3.50895 
12.9 1.49647 0.01961 3.11484 18.0 1.53661 -0.()4348 3.51106 
13.0 1.49936 0.02676 3.11540 18. I 1.53264 -0.03962 3.51274 
13.1 1.50292 0.03355 3.11628 18.2 1.52909 -0.03540 3.51404 
13.2 1.50711 0.03989 3.11754 18.3 1.52600 -0.03088 3.51500 
13.3 1.51188 0.04574 3.11924 18.4 1.52339 -0.02610 3.51566 
13.4 1.51716 0.05104 3.12143 18.5 1.52128 -U.02111 3.51609 
13.5 1.52291 0.05576 3. 12415 18.6 1.51969 -0.01596 3.51634 
13.6 1.52905 0.05984 3.12744 18.7 1.51863 -0.01071 3.51644 
13.7 1.53552 0.06327 3.131:\4 18.8 1.51810 -0.00540 3.51647 
13.8 1.54225 0.06602 3.13587 18.9 1.51810 -().00010 .151648 
13.9 1.54917 0.06806 J.14104 19.0 1.51863 0.00515 J.51650 
14.0 1.55621 0.06940 3.14688 19.1 1.51967 0.01029 3.51661 
14.1 1.56330 0.07002 3.15337 19.2 1.52122 0.01528 3.51685 
14.2 1.57036 0.06993 3.16053 19.3 1.52324 0.02006 3.51726 
14.3 1.57733 0.06914 3.16834 19.4 t.52572 0.02459 3.51790 
14.4 1.58414 0,(}6767 3.17678 19.5 1.52863 0.02883 3.51880 
14.5 1.59072 0.06554 3.18583 19.6 1.53192 0.03274 3.52000 
14.6 1.59702 0.06278 3.19546 19.7 1.53557 0.03629 3.52155 
14.7 1.60296 0.05943 3.20563 19.8 1.53954 0.03943 3.52347 
14.8 1.60851 0.05554 3.21631 19.9 1.54378 0.(>4215 3.52579 
14.9 1.61360 0.05113 3.22744 20.0 1.54824 0.()4442 3.52853 
15.0 1.61819 0.04628 3.23899 
15.1 1.62226 0.04l02 3.25089 
15.2 1.62575 0.03543 3.26308 

INTEL-1045 
U.S. Patent 7,151,430



892 Appendixes 

5 

4 

J 

l 

-, 

0 10 10 :25 
.t 

30 35 40 

Figure ID. I Plots of sine an<l cosine integrals. 

C'inlx) 

S11,\"I 

4S 50 

INTEL-1045 
U.S. Patent 7,151,430



APPENDIX 

IV 
FRESNEL INTEGRALS 

1.t COS('T) 
Co(x) = yf.m d'T 

) 21T'T 
(IV-I) 

1 
.. sin('T) 

So(X) = yf.m ci'T 
0 271"T 

(]V-2) 

C(x) = L cos(; .,.i) d'T (IV-3) 

lx (1T ) S(x) = 
0 

sin 2 -r
1 ci'T (lV-4) 

C,(x) = L~ cos(T2) dr (IV-5) 

S,(x) = L"' sin(-r2)d'T (IV-6) 
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X C1(X) S1(X) C(x) S(x) 

0.0 0.62666 0.62666 0.0 0,0 
0.1 0.52666 0.62632 0. I OlX lO 0.00052 
0.2 0.42669 0.62399 0.19992 0.00419 
0.3 0.32690 0.61766 0.29940 0.01412 
0.4 0.22768 0.60536 0.39748 0.03336 
0.5 0.12977 0.58518 0.49234 0.06473 
0.6 0.03439 0.55532 0.58110 0.11054 
0.7 -0.05672 0.51427 0.65965 0.17214 
0.8 -0.14119 0.46092 0.72284 0.24934 
0.9 -0.21606 0.39481 0.76482 0.33978 
1.0 -0.27787 0.31639 0.77989 0.43826 
I.I -0.32285 0.22728 0.76381 0.53650 
1.2 -0.34729 0.13054 0.71544 0.62340 
1.3 -0.34803 0.03081 0.63855 0.68633 
1.4 -0.32312 -0.06573 0.54310 0.71353 
1.5 -0.27253 -0.15158 0.44526 0.69751. 
1.6 -0.19886 -0.21861 0.36546 0.63889 
1.7 -0.10790 -0.25905 0.32383 0.54920 
1.8 -0.00871 -0.26682 0.33363 0.45094 
1.9 0.08680 -0.23918 0.39447 0.37335 
2.0 0.16520 -0.17812 0.48825 0.34342 
2.1 0.2 I 359 -0.09141 0.58156 0.37427 
2.2 0.22242 0.00743 0.63629 0.45570 
2~3 0.18833 0.10054 0.62656 0.55315 
2.4 0.11650 0.16879 0.55496 0.61969 
2.5 0.02135 0.19614 0.45742 0.61918 
2.6 -0.07518 0.17454 0.38894 0.54999 
2.7 -0.14816 0.10789 0.39249 0.45292 
2.8 -0.17646 0.01329 0.46749 0.39153 
2.9 -0.15021 -0.08181 0.56237 0.41014 
3.0 -0.07621 -0.14690 0.60572 0.49631 
3.1 0.02152 -0.15883 0.56160 0.58181 
3.2 0.1079 .1 -0.11181 0.46632 0.59335 
3.3 0.14907 -0.02260 0.40570 0.51929 
3.4 0.12691 0.07301 0.43849 0.42965 
3.5 0.04965 0.13335 0.53257 0.41525 
3.6 -0.04819 0.12973 0.58795 0.49231 
3.7 -0.11929 0.06258 0.54195 0.57498 
3.8 -0.12649 -0.03483 0.44810 0.56562 
3.9 -0.06469 -0.11030 0.42233 0.47521 
4.0 0.03219 -0.12048 0.49842 0.42052 
4.1 0.10690 -0.05815 0.57369 0.47580 
4.2 0.11228 0.03885 0.54172 0.56320 
4.3 0.04374 0.!0751 0.44944 0.55400 
4.4 -0.05287 0.10038 0.43833 0.46227 
4.5 -0.10884 0.02149 0.52602 0.43427 
4.6 - 0.08188 -0.07126 0.56724 0.51619 
4.7 0.00810 -0.10594 0.49143 0.56715 
4.8 0.08905 -0.05381 0.43380 0.49675 
4.9 0.09277 0.04224 0.50016 0.43507 
5.0 0.01519 0.()9874 0.56363 0.49919 
5.1 -0.07411 0.06405 0.49979 0.56239 
5.2 -0.09125 - 0.03004 0.43889 0.49688 
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X C1(x) S1(x) C(x) S(x) 

5.3 -0.01892 -0.09235 0.50778 0.44047 
5.4 0.07063 -0.05976 0.55723 0.51403 
5.5 0.08408 0.03440 0.47843 0.55369 
5.6 0.(l0641 0.08900 0.45171 0.47004 
5.7 -0.07642 0.04296 0.53846 0.45953 
5.8 -0.06919 -0.05135 0.52984 0.54604 
5.9 0Jll998 -0.08231 0.44859 0.51633 
6.0 0.08245 - 0.ol l81 0.49953 0.44696 
6.1 0.03946 0.07180 0.54950 0.51647 
6.2 -0.05363 0.06018 0.46761 0.53982 
6.3 -0.07284 -0.03144 0.47600 0.45555 
6.4 0.00835 - 0.07765 0.54960 0.49649 
6.5 0.07574 -0.01326 0.48161 0.54538 
6.6 (l.03183 0.06872 0.46899 0.46307 
6.7 -0.05828 0.04658 0.54674 0.49150 
6.8 -(>.05734 -0.04600 0.48307 0.54364 
6.9 0.03317 - 0.IX>440 0.4732:? 0.46244 
7.0 0.06832 0.02077 0.54547 0.49970 
7.1 -0.()()944 0.06977 0.473:,2 0.53602 
7.2 -0.06943 0.00041 0.48874 0.45725 
7.3 -0.00864 -0.06793 0.53927 0.51894 
7.4 0.06582 - 0.01521 0.46010 0.51607 
7.5 0.02018 0,0635.~ 0.5160 1 0.46070 
7.6 - 0.(16137 0.02367 0.51564 0.53885 
7.7 - 0.02580 -0.05958 0.46278 0.48202 
7.8 0.05828 -0.02668 0.53947 0.48964 
7.9 0.02638 0.05752 0.47598 0.53235 
8.0 -0.05730 0.02494 0.49980 0,46021 
8.1 -0,02238 -0.05752 0.52275 0.53204 
8.2 0.05803 -0.01870 0.46384 0.48589 
8.3 0.01387 0.05861 0.53775 0.49323 
8.4 -0.05899 0.00789 0.47092 0.52429 
8.5 -0.00080 -0.05881 0.51417 0.46534 
8.6 0.05767 0.00729 0.50249 0.53693 
8.7 -0.01616 0.05515 0.48274 0.46774 
8.8 -0,05079 -0.02545 0.52797 0.52294 
8.9 0.03461 -0.04425 0.46612 0.48856 
9.0 0.03526 0.04293 0.53537 0.49985 
9.1 -0,04951 0.02381 0.46661 0.5 I042 
9.2 -0.01021 -0.05338 0.52914 0.48135 
9.3 0.05354 ().()()485 0.47628 0.52467 
9.4 - 0.020:?0 0.()4920 0.51803 0.47134 
9.5 -0.03995 -0,03426 0.48729 0.53100 
9.6 0.04513 -0,02599 0.50813 0.46786 
9,7 0.00837 0.05086 0.49549 0.53250 
9.8 -0.()4983 -0.1)1094 0,50192 0.46758 
9,9 0.02916 -0.04124 0.49961 0.53215 

10.0 0.02554 0.04298 0.49989 0.46817 
10.1 -().04927 0.1.)0478 0.49961 0.5.,151 
I0,2 0.01738 -0.04583 0.50186 0.46885 
10.3 0,032:B 0.03621 0.49575 0.53061 
10.4 -0.04681 0.01094 0.50751 0.47033 
10.5 0.01360 - 0.04563 0.48849 0.52804 
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l' C1(x) S'a(X) C(x) S(x) 

10.6 0.03187 0.03477 0.51601 0.47460 
10.7 -0.04595 0.(J0848 0.47936 0.52143' 
10.8 0.01789 -0.04270 0.52484 0.48413 
10.lJ (l.02494 0.03850 0.472'11 0.50867 
l 1.0 -0.04541 -0.00202 0.52894 0.49991 

I. 1 0.02845 -0.03492 0.47284 0.49079 
1.2 0.01008 0.04349 0.52195 0.51805 
u -0.03981 - 0.01930 0.48675 0.47514 
1.4 0.04005 - 0.01789 0.50183 0.52786 
1.5 -0.01282 0.04155 0.51052 0.47440 
1.6 - ().()2188 -0.03714 0.47890 0.51755 
1.7 0.04164 0.00962 0.52679 0.49525 
1.8 -0.03580 0.02267 0.47489 0.49013 
1.9 0.00977 -0.04086 0.51544 0.52184 
2.0 0.02059 0.03622 0.49993 0.47347 
2.1 -0.03919 -0.01309 0.48426 0.52108 
2.2 0.03792 -0.01555 0.52525 0.49345 

12.3 -0.01914 0.03586 0.47673 0.48867 
12.4 -0.00728 -0.03966 0.50951 0.52384 
12.5 0.02960 0.02691 0.50969 0.47645 
12.6 -0.03946 -0.00421 0.47653 0.50936 
12.7 0.03445 -0.01906 0.52253 0.51097 
12.8 -0.01783 0.03475 0.49376 0.47593 
12.9 -0.00377 -0.03857 0.48523 0.51977 
1.Hl 0.02325 0.03064 0.52449 0.49994 
1.U -0.03530 -0.01452 0.48598 0.48015 
13.2 0.03760 -().{)()459 0.49117 0.52244 
13.J - 0.03075 0.02163 0.52357 0.49583 
13.4 0.01744 -0.03299 0.48482 0.48173 
13.5 -0Jl0129 0.03701 0.49103 0.52180 
13.6 -(l.01421 -0.03391 0.52336 0.49848 
n.7 0.02639 0.02521 0.48908 0.47949 
13.8 - 0.03377 -0.01313 0.48534 0.51781 
13.9 0.03597 - 0.00<)()2 0.52168 0.50737 
14.0 -0.03352 0.01232 0.49996 0.47726 
14. I 0.02749 - 0.02240 0.47844 0.50668 
14.2 - 0.01916 0.02954 0.51205 0.51890 
14.J 0.00979 -0.03357 0.51546 0.48398 
14.4 -0.00043 0.03472 0.48131 0.48819 
14.5 -0.00817 -0.03350 0.49164 0.52030 
14.6 0.01553 0.03052 0.52113 0.50538 
14.7 -0.02145 -0.0264() 0.50301 0.47856 
14.8 0.02591 0.02168 0.47'853 0.49869 
14.9 -0.02903 -0.01683 0.49971 0.52136 
15.0 0.03103 0.01217 0.52122 0.49926 
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APPENDIX 

V 
BESSEL FUNCTIONS 

Bessel's equation can be written as 

~ d2r dv , , 
r __:,, + x-.:.. + (.r - p-) r = O 

d.r dx • 

Using the method of Frobenius. we can write its solutions as 

or 

where 

p =;c O or imeger 

p = n = 0 or inleger 

"' ( - I )"'(x/2 )2,n ·t- '' 

1,,<x> = I --,----
m = O 111.(111 + p)! 

" ( - I )"'(x/2)2111
- ·" 

1-r<x>= I 
111 = 0 m!(m - p)! 

J,,(x) cos( p1r) - J - p(x) 
Y,(.1:) = . -1 sm( prr) 

m!=f(m+ I) 

(V-1) 

(V-2) 

(V-3) 

(V-4) 

(V-5) 

(V-6) 

(Y-7) 

J1,(x) is referred to as the Bessel function of Lhe firsL kind of order p. Y,,(x) as the 
Bessel function of the second kind of order p. and f(x) as the gamma funclion. 

When p = 11 = integer. using (Y-5) and (Y-7) it can be shown that 

J_"(x) = (-l)"J,,(x) (V-8) 

and no longer are the two Bessel functions independent of each other. Therefore a 
second soluLion is required and it is given by (V-3 ). It can also be shown that 

. y . _ 
1
. Je(x) cos( p1r> - J _,,(x) 

Y,,(x) = 11111 ,,(.\) - 1m -'----.""-----'-
,.,_,, ,,_,, sin( prr) 

(V-9) 
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When the argument of the Bessel function is negative and p = 11, using (V-4) leads 
lo 

J,, ( - x) = ( - I )" J,. (x) (V-10) 

ln many applications Bessel functions of small and large arguments are required. 
Using asymplolic methods, ic can be shown that 

and 

as 

J0(x) = I 
? (')'X) Yo(x) = ;In 2 X--i-O 

y = 1.781 

I ( )'
1 

] 1,(x) = p! ~ X--i-0 

( p 7T l)! (-x2)" p > 0 r,,(.\') = 

J,(x) = ff co, (x - ; - p;) 
X--i' oo 

Y (x) = /2 sin (x - 1T - p1r) " ✓ -:;; 4 2 

(V-11) 

(V-12) 

For wave propagation it is often convenient to introduce Hankel functions defined 

H,.111(x) = J,.(x) + j Y1,(x) 

H,,11'(x) = J,.(x) - jY,,(x) 

(V-14) 

(V-15) 

where H,.<' '(x) is the Hankel function of the first kind of order p and H/2,(x) is the 
Hankel function of the second kind of order p. For large arguments 

or 

. H ,Cl '(x) = - e'lx-ptm':?1 - m'41, 
f 

H,P·'(x) = /2 e-Jl.r-p(llf2)- 71f4l, 

✓~ 
A derivative can be taken using either 

x ➔ :xi 

d . p 
- [Z (ax)] = aZ,, _ 1(ax) - -Z,,(ax) 
dx " X 

d ·1 /1 
- [Z,(ax) = - aZ1,+ 1(ax) + -Z,.(ax) 
ell: ' X 

(V-16) 

(V-17) 

(V-18) 

(V-19) 

where ZP can be a Bessel function ( 11,. Y1,) or a Hankel function [H,;', or H/2l]. 
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A useful identity relating Bessel functions and their derivalives is given oy 

I I 2 
J,,(x)Y,, (x) - Y1,(x)J,, (x) = -

1TX 
(V-20) 

and il is referred to as the Wronskian. The prime (') indicates a dcrivalive. Also 

2 . 
J,,(x)J~

1,(x) - J_
1
,(x)J,,'(x) = - -sm(p'TT') 

1TX 

Some useful integrals of Bessel functions are 

Ix"+ 1 J,,(ax) dx = .!. x"+ 1 Jp+- l (ax) + C 
O' 

f x'-"J,,(ax)d.x= -~x1
- 1'J,,_ 1(ax) + C 

f x 3 10(x) dx = x3 .f1(x) - 2x2 Ji(x) + C 

f x6 J,<x) dx = x6 h .. {x) - 4.t5 J:,.(x) + 8x4 J4'x) + C 

f h<x),fr = -J.i(x) - ~J1(x) + C 

f xJ 1 (x) ch= - xJ0(x) + f J0(x) cfr + C 

f x- 1 J 1(x)dx = -J1(x) + f J0(x)dx + C 

f J2(x)dx= -2J1(x) + f J0(x),lx + C 

f x"' J,,(x) d.t = x"' 1,,+ 1(x) - (m - 11 - I) f x 111
-

1 J,,.t- 1 {X) d.r 

fxmJ,,(x)d\'= --t"'J,,_ 1(x) + (m + n - l)fx111
-

1J,, . 1(x)dx 

? i-:,(2 
J1(x) =.::. sin(x sin 0) sin 0 dH 

7T' () 

I 21..n. -::J,(x) = - cos(x sin 0) cos2 H dH 
-~ 1T () 

? f"ITl2 
h,(x) =-=- cos(x sif) fl) cos 28 dO 

7T 0 

(V-21) 

( V-22> 

(Y-23) 

( V-24) 

(V-25) 

(V-26) 

(V-27) 

(V-28) 

(V-29) 

(V-30) 

(V-31) 

(V-33) 

(V-34> 

(V-35) 
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The integrals 

l,,(x) =1- cos(n cf,) eJ.,co~,J, def> ·-11 i" 
1T f) 

.I,, (x) = .!. (" cos(x sin <f, - n cf,) d<f, 
1T' Jo 

J
.,,,~ 

.. - 2 .. . . . ,, . 
.12,, (.\) - - cos(.\ sm <f,) cos( .. n </,) dcp 

1T' ' 

., 1"'2 
/ 2,, (.r) = ( - l )" .=. cos(x cos </>) cos(211 </>) d</> 

1T (I 

f' Jo( T) ,11' and (x Y0( -.) dT Jo Jo 

(V-36) 

(V-.37) 

(V-38) 

(V-39} 

(V-40) 

often appem· in solutions of problems but cannot be integrated in closed form. Graphs 
and tables for each, obtained using numerical techniques, are included. 
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X Jo(X) J,(x) Yu(X) Y1(x) 

0.0 1.00000 0.0 -:,; -o:: 

0.1 0.99750 0.()4994 - 1.53424 -6.45895 
0.2 0.99003 0.09950 - 1.08110 -3.32382 
0.3 0.97763 0.14832 -0.80727 -2.29310 
0.4 0.96040 0.19603 -0.60602 - 1.78087 
0.5 0.93847 0.24227 -0.44452 - 1.47147 
0.6 0.91201 0.28670 -0.30851 - 1.26039 
0.7 0.88120 0.32900 -0.19066 - 1.10325 
0.8 0.84629 0.36884 -0.08680 -0.97814 
0.9 0.80752 0.40595 0,()0563 -0.87313 
1.0 0.76520 0.44005 0.08826 -0.78121 
I. I 0.71962 0.47090 0.16216 -0.69812 
I.:! 0.67113 0.49829 0.22808 -0.62114 
1.3 0.62009 0.52202 0.28654 -0.54852 
1.4 0.56686 0.54195 0.337~9 -0.47')15 
1.5 0.51183 0.55794 (.l.38245 -0.41231 
1.6 0.45540 0.56990 0.42043 - 0.34758 
1.7 (U9799 0.57777 0.45203 -0.28473 
1.8 0.33999 0.58152 0.47743 -0.22366 
1.9 0.28182 0.58116 0.49682 -0.16441 
2.0 0.22389 0.57673 0.51038 -0.10703 
2.1 0.16661 0.56829 0.51829 -0.05168 
2.2 0.11036 0.55596 0.52078 0.00149 
2.3 (l.05554 0.53987 0.51807 0.05228 
2.4 0,()()251 0.52019 0.51041 0.10049 
2.5 -0,()4838 0.49710 0.49807 0.14592 
2.6 -0.09681 0.47082 0.48133 0.18836 
2.7 -0.14245 0.44161 0.46050 0.22763 
2.8 -0.18504 0.40972 0.43592 0.26354 
2.9 -0.22432 0.37544 0.40791 0.29594 
3.0 -0.26005 0.33906 0.37686 0.32467 
3.1 -0.29206 0.30092 0.34310 0.34963 
3.2 - 0 .. 12019 0.26134 0.30705 0.J7071 
3.3 -0.J4430 0.22066 0.26909 0.38785 
3.4 - 0.J64J0 0.17923 0.22962 0.40101 
3.5 -0.J801 J 0.13738 0.18902 0.41019 
3.6 -0.39177 0.09547 0.14771 0.41539 
3.7 - 0.39923 0.05383 0.10607 0.41667 
3.8 -0.40256 0.01282 0.06450 0.41411 
3.9 -0.40183 -0.02724 0.02338 0.40782 
4.0 -0.39715 -0.06604 -0.01694 0.39793 
4.1 -0 .. 18868 -0.10328 -0.05609 0.38459 
4.2 -CU7657 - 0.13865 -0.09375 0.36801 
4.3 -0.36102 -0.17190 -0.12960 0..14839 
4.4 - 0.34226 - 0.:!0278 -0.16334 0.32597 
4.5 -0.32054 -0.23106 -0.19471 0.30100 
4.6 -0.29614 -0.25655 -0.22346 0.27375 
4.7 -0.26933 -0.27908 -0.24939 0.24450 
4.8 -0.24043 -0.29850 -0.27230 0.21356 
4.9 -0.20974 -0.31470 -0.29205 0.18125 
5.0 -0.17760 -0.32758 -0.30852 0.14786 
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X Jo(X) JJ(X) Yo(x) Y1(x) 

5. 1 -0. 14434 -0.33710 -0.32160 0.11374 
5.2 -0.11029 -0.34322 -0.33125 0.07919 
5.3 -0.07580 -0.34596 -0.33744 0.04455 
5.4 -0.04121 -(U4534 -0.34017 0.01013 
5.5 -0.00684 -0.34144 -0.33948 -0.02376 
5.6 0.02697 - 0.33433 -0.33544 -0.05681 
5.7 0.05992 -0.32415 -0.32816 -0.08872 
5.8 0.09170 -0.31103 -0.31775 -0.11923 
5.9 0.12203 -0.29514 -0.30437 -0.14808 
6.0 0. 15065 -0.27668 -0.28819 -0.17501 
6.l 0.17729 -0.25587 -0.26943 -0. 19981 
6.2 0.20175 -0.23292 -0.24831 -0.22228 
6.3 0.22381 -0.20809 -0.22506 -0.24225 
6.4 0.24331 -0.18164 -0.19995 -0.25956 
6.5 0.26009 -0.15384 -0.17324 -0.27409 
6.6 0.27404 -0.12498 -0.14523 -0.28575 
6.7 0.28506 -0.09534 -0.11619 -0.29446 
6.8 0.29310 -0.06522 -0.08643 -0.30019 
6,9 0.29810 -0.03490 -0.05625 -0.30292 
7.0 0.30008 -0.00468 -0.02595 -0.30267 
7.1 0.29905 +0.02515 0.()()418 -0.29948 
7.2 0.29507 0.05433 0.03385 -0.29342 
7.3 0.28822 0.08257 0.()6277 -0.28459 
7.4 0.27860 0.10962 0.09068 -0.2731 I 
7.5 0.26634 0.13525 0.117.l I -0.25913 
7.6 0.25160 0.15921 0.14243 -0.24280 
7.7 0.23456 0.18131 0.16580 -0.22432 
7.8 0.21541 0.20136 0.18723 -0.20388 
7.9 0.19436 0.21918 0.20652 -0.18172 
8.0 0.17165 0.23464 0.22352 -0.15806 
8.1 0.14752 0.24761 0.23809 -0.13315 
8.2 0. 12222 0.25800 0.25012 -0.10724 
8.3 0.09601 0.26574 0.25951 -0.0!!060 
8.4 0.()6916 0.27079 0.26622 -0.05348 
8.5 0.04194 0.27312 0.2702 1 -0.02617 
8.6 0.01462 0.27276 0.27146 0.00108 
8.7 -0.01252 0.26972 0.27000 0.02801 
8.8 -0.03923 0.26407 0.26587 0.05436 
8.9 -0.06525 0.25590 0.25916 0.07987 
9.0 -0.09033 0.24531 0.24994 0.10431 
9.1 -0.11424 0.23243 0.23834 0.12747 
9.2 -0.13675 0.21741 0.22449 0.14911 
9.3 -0.15765 0.20041 0.20857 0.16906 
9.4 -0.17677 0.18163 0.19074 0.18714 
9.5 -0.19393 0.16126 0.17121 0.20318 
9.6 -0.20898 0.13952 0.15018 0.21706 
9.7 -0.22180 0.11664 0.12787 0.22866 
9.8 -0.23228 0.09284 0.10453 0.23789 
9.9 -0.24034 0.06837 0.08038 0.24469 

l0.0 -0.24594 (1.04347 0.05567 0.24902 
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X Jo(x) J,(x) Y0 (x) Y1(x) 

10.1 - 0.24903 0.01840 0.03066 0.25084 
I0.2 -0.24962 -0.00662 0.00558 0.25019 
l0.3 -0.24772 -0.03132 -0.01930 0.24707 
10.4 -0.24337 -0.05547 -0.04375 0.24155 
10.5 -0.23665 - 0.07885 -0.06753 0.23370 
I0.6 -0.22764 -0.10123 -0.09042 0.22363 
10.7 -0.21644 -0.12240 -(l.l 1219 0.21144 
10.8 -0.20320 -0.14217 -0.13264 0.19729 
10.9 -0.18806 -0.16035 -0. 15158 0.18132 
I 1.0 -0.17119 -0.17679 -0.16885 0. 16371 
I I.I -0.15277 -0.19133 -0.18428 0.14464 
11.2 -0.13299 -0.20385 -0.19773 0.12431 
11.3 -0.11207 -0.21426 - 0.20910 0.10294 
11.4 -0.09021 -0.22245 -0.21829 0.08074 
11.5 -0.06765 -0.22838 -0.22523 0.05794 
11.6 -0.04462 -0.23200 -0.22987 0.03477 
11.7 -0.02133 -0.233.:m - 0.23218 0.01145 
I 1.8 0.00197 -0.23229 -0.23216 -0.01179 
11.9 0.02505 -0.22898 - 0.22983 -0.03471 
12.0 0.(>4769 -0.22345 - 0.22524 -0.05710 
12.1 0.06%7 -0.21575 -0.21844 - 0.07874 
12.2 0.09077 -0.20598 -0.20952 - 0.()()942 
12.3 0. 11080 -0.19426 - 0.19859 - 0.11895 
12.4 0. 12956 -0.18071 - 0.18578 - 0. IJ714 
12.5 0.14689 -0.16549 -0.17121 -0.15384 
12.6 0.16261 -0.14874 -0.15506 -0.16888 
12.7 0.17659 -0.13066 - 0.13750 -0.18213 
12.8 0.18870 -Cl.I 1143 - 0.I 1870 -0.19347 
12.9 0.19885 -0.09125 - 0.09887 -0.20282 
13.0 0.20693 -0.07032 -0.07821 - 0.21008 
13.1 0.21289 -0.04885 - 0.05692 -0.21521 
13.2 0.21.669 -0.02707 - 0.03524 -0.21817 
13.3 0.21830 -().()0518 - 0.01336 -0.21895 
13.4 0.21773 0.01660 0.00848 -0.21756 
13.5 0.21499 0.03805 0.0J008 -0.21402 
l3.6 0.210l3 0.058% (l.05 l21 -0.20839 
13.7 0.20322 0.07914 (l.07169 - 0.20074 
13.8 0.19434 0.09839 0.09130 - 0.19116 
13.9 0.18358 0.11653 0.10986 -0.17975 
14.0 0.17108 0.13338 0.12719 -0.16664 
14.1 0.15695 0.14879 0.14314 -0.15198 
14.2 0.14137 0.16261 0. 15754 -0.13592 
14.3 0.12449 0.17473 0.17028 -0.11862 
14.4 0.10649 0.18503 0.18123 -0.10026 
14.5 0.0!O55 0.19343 0.19030 - 0.08104 
14.6 0.06787 0. 19986 u. 19742 -0.()6115 
14.7 0.04764 0.20426 0.20252 - 0.()4079 
14.8 0.02708 0.20660 0.20557 - 0.02016 
14.9 0.00639 0.20688 0.20655 0.00053 
15.0 -0.01422 0.20511 0.20546 0.02107 
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J1(x)/x FUNCTION 

X J1(x)/x X J1(x)/.x X J1(x)/x 

0.0 0.500()() 5.1 -0.06610 10.2 -0.00065 
0.1 U.49938 5.2 -0.06600 10.3 -0.00304 
0.2 0.49750 5.3 -0.06528 10.4 -0.00533 
0.3 0.49440 5.4 -0.06395 10.S -0.00751 
0.4 0.49007 5.5 -0.06208 10.6 -0.00955 
0.5 0.48454 5.6 -0.05970 10.7 -0.01144 
0.6 0.47783 5.7 -0.05687 10.8 -0;01316 
0.7 0.46999 5.8 -0.05363 10.9 -0.01471 
O.X 0.46105 5.9 -0.050()2 11.0 -0.01607 
0.9 0.45105 6.0 - 0.<>461 I I I. I -0.01724 
1.0 <J.44005 6.1 -0.04194 l 1.2 -0.01820 
I. I 0.42809 6.2 -0.03757 11.3 -0.01896 
1.2 0.41524 6.3 -0.03303 11.4 -0.01951 
1.3 0.40156 6.4 -0.02838 11.5 -0.01986 
1.4 0.38710 6.5 -0.02367 11.6 -0.02000 
1.5 0.37196 6.6 -0.01894 11.7 -0.01994 
1.6 0.35618 6.7 - 0.01423 11.8 -0.01969 
1.7 0.33986 6.8 -0.00959 l J.9 -0.01924 
1.8 0.32306 6.9 -0.00506 12.0 -0.01862 
1.9 0.30587 7.0 - 0.()()()6 7 12.1 -0.01783 
2.0 0.28836 7.1 0.00354 12 2 -0.01688 
2.1 0.27061 7.2 0.00755 12.3 -0.01579 
2.2 0.25271 7.3 (>.01131 12.4 -0.01457 
2.3 0.23473 7.4 0.01481 12.5 -0.-01324 
2.4 0.21674 7.5 0.01803 12.6 -0.01180 
2.5 0.19884 7.6 0.02095 12.7 -0.01029 
2.6 0.18108 7.7 0.02355 12.8 -0.00871 
2.7 0.16356 7.8 0.02582 12.9 -0.00707 
2.8 0.14633 7.9 0.02774 13.0 -0.00541 
2.9 0.12946 8.0 0.02933 13. l -0.00373 
J.0 0.11302 8. 1 0.03057 13.2 -0.00205 
3.1 0.09707 8.2 0.03146 13.3 -0.00039 
J.2 0.08167 8.3 0.03202 I 3.4 0.00124 
3.3 O.Ol'it'i87 8.4 0.03224 13.5 0.00282 
3.4 ().05271 8.5 0.03213 13.6 0.00434 
3.5 0.03925 8.6 0.03172 13.7 0.00578 
3.6 0.02652 8.7 0.03100 13.8 0.00713 
3.7 0.01455 8.8 0.03001 13.9 0.00838 
3.8 0.00337 8.9 0.02875 14.0 0.00953 
3.9 - 0.00699 9.0 0.02726 14.J 0.01055 
4.0 -0.01651 9.1 0.02554 14.2 0.01145 
4.1 -0.02519 9.2 0.02363 14.3 0.01222 
4.2 -0.0330l 9.3 0.02155 14.4 0.01285 
4.3 -0.03998 9.4 0.01932 14.5 0.01334 
4.4 -0.04609 9.5 0.01697 14.6 0;0!369 
4.5 -0.05135 9.6 0.01453 14.7 0.01389 
4.6 -0.05578 9.7 0.01202 14.8 O.Ol396 
4.7 -0.05938 9.8 0,()()947 14.9 0.01388 
4.8 -0.062l9 9.9 0.(>0691 15.0 O.Ol367 
4.9 -0.06423 10.0 0.00435 
5.0 -0.06552 lO.I 0.(>0182 
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l
' ./0 ( T') tl-r AND l' ti,( T') d-r FUNCTIONS 
) 0 

X Lx Jo(r)d-r L" Yn(T) dr X L.Y Jn( T) d-r L" Y0(r) dr 

' ' I Cl 

0.0 0.00000 0.00000 5.1 0.69920 0.16818 
0.1 0.09991 -0.21743 5.2 0.68647 0. 13551 
0.2 (U9933 -0.34570 5.3 0.677\6 0. \02{)5 
0.3 0.29775 -0.4392~ 5.4 0.67131 0.06814 
0.4 0.39469 -0.50952 5.5 0.66891 0.03413 
0.5 0.48968 -0.56179 5.6 0.66992 0.00035 
0.6 0.58224 -0.59927 5.7 0.67427 -0.03284 
0.7 0.67193 -0.62409 5.8 0.68187 -0.06517 
0.8 0.75834 -0.63786 5.9 0.69257 -0.09630 
0.9 0.84106 -0.64184 6.0 0.70622 -0.12595 
1.0 0.91973 -0.63706 6.1 0.72263 -0.15385 
I. I 0.99399 -0.62447 6.2 0.74160 -0.17975 
1.2 1.06355 -0.60490 6.3 0.76290 -0.20344 
u I. I 2X 13 -0.57911 6.4 0.78628 -0.22470 
1.4 1.18750 -0.54783 6.5 0.81147 -0.24338 
1.5 1.24144 -0.51175 6.6 0.83820 -0.25931 
1.6 1.28982 -0.47156 6.7 0.86618 -0.27239 
1.7 U3249 -0.42788 6.8 0.89512 -0.28252 
1.8 1.36939 -0.38136 6.9 0.92470 -0.28966 
1.9 1.40048 -0.33260 7.0 0.95464 -0.29377 
2.0 1.42577 -0.28219 7.1 0.98462 - 0.29486 
2. 1 1.44528 - 0.23071 7.2 1.01435 -0.29295 
.., .., 
M-'- 1.45912 -n.17871 7.3 1.04354 -0.28811 
2.3 1.46740 -0.12672 7.4 1.07190 -0.28043 
2.4 1.47029 -0.07526 7.5 1.09917 -0.27002 
2.5 1.46798 -0.02480 7.6 1.12508 -0.25702 
2.6 1.46069 0.02420 7.7 1.14941 -0.24159 
2.7 1 .44871 {).()7132 7.8 1.17192 -0.22392 
2.8 1.43231 0. 11617 7.9 1.19243 -0.20421 
2.9 1.41181 0. 15839 8.0 1.21074 -0. 18269 
3.0 1.38756 0.19765 8.1 1.22671 -0.15959 
3.1 1.35992 0.23367 8.2 1.24021 -0.13516 
3.2 1.32928 0.26620 8.3 1.25112 -0.10966 
.Ll 1.29602 0.29502 8.4 1.25939 -0.08335 
3.4 1.26056 0.31996 8.5 1.26494 -0.05650 
3.5 1.22330 0.34090 8.6 1.26777 -0.02940 
3.6 1.18467 0.35775 8.7 1.26787 -0.00230 
':i .7 1.14509 0.37044 8.8 1.26528 0.02451 
':i.8 1.10496 0.37896 8.9 1.26005 0.05078 
3.9 1.06471 (l.38335 9.0 1.25226 0.07625 
4.0 1.02473 0.38366 9.1 1.24202 0.10069 
4. 1 0.98541 0.38000 9.2 1.22946 0.12385 
4.2 0.94712 0.37250 9.3 1.21473 0.14552 
4.3 0.9l02 l (U613I 9.4 1.19799 0.16550 
4.4 0.87502 0.34665 9.5 1.17944 0.18361 
4.5 0.84186 0.32872 9.6 1.15927 0.19969 
4.6 0.81100 0.30779 9.7 1.13772 0.21360 
4.7 0.78271 0.28413 9.8 1.11499 0.22523 
4.8 0.75721 0.25802 9.9 1.09134 0.23448 
4.9 0.73468 0.22977 10.0 1.06701 0.24129 
5.0 0.71531 0. 19971 
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Figure V.3 Plot of J 1(x)/x function. 
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Figure V.4 Plots of J.' J0(T)dr and J.·' Y0(T)dr functions. 
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APPENDIX 

VI 
IDENTITIES 

VI.I TRIGONOMETRIC 

I. Sum or difference: 
a. sin(x + y) = sin x cosy + cos x sin y 
b. sin(.r - y) = sin x cosy - cos x sin y 
c. cos(x + y) = cos x cosy - sin x sin y 
d. cos(x - y) = cos x cos y + sin x sin _v 

tan x + tan y 
e. tan(x + y) = ------

1 - tan .r tan y 
tan .\· - Utn y 

f. tan(x - y) = ------
1 + tan x tan v . , , I • g. sm- x + cos- x = 

h. tan2 x - sec:? .r = - I 
i. cot2 

.\' - csc2 x = - I 
2. Sum or difference into products: 

a. sin x + sin v = 2 sin ~(x + v) cos {(x - v) 
h. sin x - sin·\· = 2 cos ·hx + • v) sin !ct - ·v) 

c. cos x + cos· r = 2 cos kr + ·v) cos-~(.\' - • v) 

d. cos x - cos :r = -2 si~ ½(x + y) si~ ½<x _: y) 

3. Products into sum or difference: 
a. 2 sin x cosy = sin(x + y) + sin(x - y) 

b. 2 cos x sin y = sin( .. \' + y) - sin(.\· - y) 
c. 2 cos x cosy = c<ls(x + y) + cos(x - y) 

d. 2 sin x sin y = -cos(x + y) + cos(.r - y) 

4. Double and half-angles: 
a. sin 2x = 2 sin x cos x 
b. cos 2x = cm/ x - sin2 x = 2 cos.! x - I = I - 2 sin2 x 

2 tan x 
c. tan 2x = , 

1 - tan- X 

d 
.1 + ~ ., 

• stn 2 x = _ ✓ ~ or 2 sm· 8 = I - cos 28 

911 
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I I + cos X 
e. cos 2x = ± 

2 
or 2 cos2 8 = I + cos 28 

I - cosx I 
f. Lan 2x = ± 

+ cosx 

sin x - cos x ~---------+ cos x sin x 
5. Series: 

ell - e - i~ x3 x'i x1 

a. sin x = = x - - + - - - + 
2j 3! 5! 7! 

eix + e-}.\' r x4 x6 

b. cos X = = l - - + - - - + 
2 2! 4! 6! 

e1' - e-J., x3 2x'i 17x7 

C, tan X = , . . . = X + - + - + -- + 
J ( e1•

1 + e - J.') 3 15 3 15 

Vl.2 HYPERBOLIC 

1. Definitions: 
a. Hyperbolic sine: sinh x = {Ce'" - e - ·') 
h. Hyperbolic cosine: cosh x = }(e 1 + e-r) 

. sinh x 
c. Hyperbohc tangent: tanh x = -­

cosh x 
. I cosh x 

d. Hyperbohc cotangcnl': coth x = -- = -.--
tanh .x smh x 

e. Hyperbolk secant: sech x := 
1 

cosh x 

f. Hyperbolic cosecant: csch .t = -.-
1
-

smh x 
2. Sum or difference: 

a. cosh(x + y) = cosh x cosh .v + sinh x sinh y 
b. sinh(x - y) = sinh x cosh y - cosh x sinh y 
c. cosh(x - y) = cosh x cosh y - sinh x sinh y 

tanh x + tanh y 
d. tanh(x + y) = --------'--

) + tanh x tanh y 
tanh x - tanh y 

e. tanh(x - y) = _____ _.:..,_ 
I - tanh x tanh ,. 

f. cosh2 x - sinh1 x = I • 
g. tanb2 x + sech2 x = I 
h. coth2 

.t - csch2 x = I 
i. cosh(x ± jy) = cosh x cos .v ± .i sinh x sin y 
j. sinh(x ± jy) = sinh x cos y ± .i cm,h x sin y 

3. Series: 
e·' - e - 1 x' .\""'i x1 

a. sinh x = 
2 

= x + - + - + - + 
3! 5! 7! 

e-r + e - -~ x2 x4 x6 

b. cosh x = 
2 

= I + - + - + - + 
2! 4! 61 

,r x3 x4 

+r+-+-+-+ 
- 2! 3! 4! 
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VI.3 LOGARITHMIC 
1. logh(MN) = logh M + log,, N 
2. log1,(M/N) = logt, M - logh N 
3. log,,(1/N) = - log,, N 
4. logh(M") = n log,. M 

I 
S. log1,(M11

") = - log,, M 
II 

6. log" N = log,, N • log., b = log,, N/lo&, a 
7. log,. N = log 11, N • log,. 10 = 2.302585 log10 N 
8. log10 N = loge N • logw e = 0.434294 log, N 

Appendix VJ 91J 
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APPENDIX 

VII 
VECTOR ANALYSIS 

VII.I VECTOR TRANSFORMATIONS 

In this appendix we present the vector transformations from rectangulaMo-cylindrical 
(and vice-versa), from cylindrical-to-spherical (and vice-versa), and front rectangular­
to-spherical (and vice-versa). The three coordinate systems are shown in Figure VII.I. 

VII.I.I Rectangular-to-Cylindrical (and Vice-Versa) 

The coordinate transformation from rectangular (x, y, ;::) to cylindrical (p, <f,, z) is 
given. referring to Figure Vil. I (b) 

X = p COS c/,} 
y = p sin c/, 

z = : 
In the rectangular coordinate system we express a vector A as 

A = a,tA.\ + a,,A.v + i:A: 

(VII-I) 

(VII-2) 

where a.,. a,., a, are the unit vectors and A_ •. A"" A: are the components of the vector 
A in the rectangular coordinate system. We wish to write A as 

(Vll-3) 

where a,., a,1,, i: are the unit vectors and A,,, A.,,, A_ are the vector components in the 
cylindrical coordinate system. The :-axis is common to both of them. 

Referring to Figure Vll.2. we can write 

a .f = a,, cos c/, - a,b sin "'} 
a_,. = a,, sin cf, + 8t1, cos c/, 

a:.= i: 

Using (Vll-4) reduces (Vll-2) to 

A = (a,, cos </> - ic/> sin </>) A., + (a1, sin cf, + a0 cos t/>) A_,. + a_ A: 

(VTI-4) 

A = a,,CA., cos cf, + Ay sin cf,) + a.,,( -A., sin cf, + A,. cos c/,) + a: A~ (VTI-5) 
914 
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Y. 

X 
X 

la) l<o.:dan11ular (hl Cyllmlri~ul 

X 
Id Sph~mal 

Figure VI I. I Rectangular, cylindrical. and spherical coordinate systems. 

which when compared with (YII-3) leads to 

A,, : A_, co\c/, + A,. sin <I>_ } 
A,.,, - -A_,. sm cl, + Av cos cf, 

A: = A~ 

In malrix form. I_Yll-6) can be wrillen as 

sin cf, 
cos ct, 

0 

{YU-6) 

{VII-6al 

INTEL-1045 
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y 

/ ~ 
/ 

Va,. 
a,. 

• 
/,_ ,,, a, 

•>---..__------------------► z 

(al Ceometry for unit vector a, 

y 

•>-----'--- -----------------•X 
z 

(b) Ceometry for unit vector a~ 
Figure VIl.2 Geometrical represcntalion of transformalions between unit vectors of rectan­
gular and 1,;ylindrkal 1,;oordinate systems. 

where 

[ 

cos cf, 

IAI,., = -sin</> 
0 

sin cf> 

cos"' 
0 

is the transformation matrix for rectangular-to-cylindrical components. 

(VII-6b) 

Since [A],.. is an orthonormal matrix (it~ inverse is equal to its transpose), we can 
write the transformation matrix for cylindrical-w-rectanguJar components as 

[

cos</> 

lAL = [A);.. 1 = [A]~ = s~ cf, 

- sin c/, 

cos cf, 

0 

(Vll-7) 

INTEL-1045 
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or 

or 

A_, = A,, cos </> - Ar.b sin cp} 

A_,. : A,, sin </> + A,~ cos cp 
A~ - A: 

Vll.1.2 Cyllndrlcal-to-Spberical (and Vice-Versa) 

(Vil-7a) 

(V0-7b) 

Referring to Figure VII. I (c;), we c;an write that the cylindrical and spherical coordinates 
are related hy 

p = ,. sin o} 
::: = r cos 0 

(Vll-8) 

ln a geometrical approach similar to the one employed in the previous section. we 
can show that the cylindrical-to-spherical transformation of vector components is 
given by 

A, : A,, sin 0 ~ A: c~s 0} 
A 11 - A,, cos 0 Az sm 0 

A,1, = A,~ 

or in matrix form hy 

(

A,.) (sin (:J 0 
A,, = cos 0 0 

A,~ 0 I 

Thus the cylindrical-to-spherical transformation matrix can be written as 

IA].., = cos 0 0 
[ 

sin f:J () 

- sin (J 
cos /J] 

0 I 0 

The [A],., matrix is also orthonormal so that its inverse is given by 

[ 

sin (J 

[AJ.,,. = [AJ.-::, I = (Al:-, = () 

cos (j 

CO[\ 0 0] 
O I 

-sin 8 0 

and the spherical-to-cylindrical transfonuation is accomplished by 

(
A,,) _ ( sin fJ 
A,1> - 0 

A~ cos 0 

cos {J 

0 

-sin 0 

0) (A,.) I A11 

0 A,t, 

(Vll-9) 

(VIJ-9a) 

(Vll-9b) 

( VTI-10) 

(VTI- IOa) 

INTEL-1045 
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or 

AP = A,. sin 0 + A,,, cos o} 
A.,.,= A~ 

At = Ar cos fJ - Au sin 8 
(VII-lOb) 

This time the component A.,, and coordinate cf, are the same in both systems. 

Vll.1.3 Rectangular-to-Spherical (and Vice-Versa) 

Many times it may be required that a transformation be performed directly from 
rectangular-to-spherical components. By referring to Figure VII. I. we can write that 
the rectangular and spherical coordinates are related by 

x = r sin (J cos "'} 
y = r sin fJ sin cf, 
z = r cos 0 

and the rectangular and spherical components by 

Ar = At sin O cos cf, + Ay sin O si_n cf, + A: c~s 0} 
A,, = A., cos 8 cos cf, + A_,. cos 8 sm cf, - A.: sm (:J 

A'-6 = -A, sin c/, + A,. cos c/, 

(VIl-11) 

which can also be obtained by substituting (Vll-6) into (Vll-9). In matrix fonn, (Vll-
12) can be written as 

(

Ar) (sin 0cos cf, sin 8si_n cf, 
A,, = cos fJ cos cf, cos 0 Slfl cf, 
Ac1, - sincf, cos cf, 

with the rectangular-to-spherical transformation matrix being 

( 

sin (J cos cf, sin (:J sin cf, cos 0) 
[A lr.w = cos 0 cos cf, cos 8 sin cf, - sin 8 

- sincf, cos cf, 0 

(VII-12a) 

(VIl-l2b) 

The transformation matrix of (VII-I 2b) is also orthonormal so that its inverse can 
be written as 

(

sin fJ cos cf, cos 0 cos cf, 

[Alu = lA 1;.s 1 = [Al~ = sin 8 sin cf, cos 0 sin cf, 
cos0 -sin 8 

- sin cf,) 
cos cf, 
() 

and the spherical-to-rectangular components related hy 

or 

(

Ax) (sin IJ cos cf, 
A_,. = sin 8 sin cf, 

A: cosfJ 

cos IJcos </J 
cos (J sin cf, 

~sin 0 

A_, = A, s'.n 8 c~s cf, + A0 cos (J c~s c/, - A.J> sin cf,} 
A\' = Ar Sin 8 Sin cf, + An cos (J Sin c/, + A,1, cos c/, 

A~ =Ar cos 8 - A"sin 0 

(Vll-13) 

(Vll-13a) 

(Vll-13b) 

INTEL-1045 
U.S. Patent 7,151,430



Appendix VII 919 

Vll.2 VECTOR DIFFERENTIAL OPERATORS 

The differential operators of gradient of a scalar (VrJ,). divergence of a vector (v' ·Al. 
curl of a vector (V x A), Laplacian of a scalar (V2t/,), and Laplacian of a vector (V~ A) 
frequently encountered in electromagnetic field analysis will be listed in the rectan­
gular, cylindrical. and spherical coordinate systems. 

VII.2.1 Rectangular Coordinates 

,. iii/I .. i>rJ, .. ill/I 
V1/1= a,.- + a1.- + a--

• nx . ay - dZ 

ilAx i>A1. clA: 
V·A=-+-· +-

iJx iJy ilz 

.. (aA: cJA 1·) .. (aA, ilA ~) .. (''A I aA ') VxA=a ---· +a.--- +a----
.. ay iJz .1 iJz iJx - iJx rty 

, rt
1 
"' ;,1 r/J 1f· r/J 

V • Vrf, = v·rJ, = -:-,;- + ~ + -, 
r1.r ar A:-

V2A = i.,V2A., + iyV2A_1, + i:V1A: 

VII.2.2 Cylindrical Coordinates 

,. iii/I ,. I orJ, ,. ilrJ, 
Vt/1 = a,,-:;-- + a,.b- ,

1
,1,. + a: -ii 

np pr~ Z 

or in an expanded form 

(Vll-14) 

(V11-l5) 

(Vll-16) 

(VU-17) 

(Vlf-18) 

(Vll-19) 

(Vll-20) 

(Vll-21) 

(Vll-22) 

(Vll-231 

(Vll-23a) 

In the cylindrical coordinate system V2A # a,, V2A,, + i 4, V
2A,,. + a~ V2A~ because 

the orientation of the unit vectors a,, and a.,, varies with the p and c/> coordinates. 

INTEL-1045 
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Vll.2.3 Spherical Coordinates 

... ill/J ... I ,1«/J ,. fJ4/1 
VtJ, = a - + a - - + a<f>-- -

r nr II I' of) r sin tJ iJ<p (VD-24) 

l d , a . I aA,p 
V·A =--, -(rAr> + -- -(A"sm 0) + -- -

r ilr r sin (J Ml r sin 0 nc/, 
(VII-25) 

ar [ iJ • iJA,,] i,1 [ I ilAr il ] 
V X A= . il :-(At/) sm fl) - . ,L + - ~o ~ - -(rA,p) 

,- sm u nO n'P r sin a'P or 

a,.b [ iJ ,1Ar] + - -(rA 0) - -
r ctr iJ(J 

, I ii ( -; <1~') I iJ (. aniJ,) I ,11,fl v·l/J = -- r- + --- sm u- + -----
,.2 <1r iJr r sin 0 il0 ilO r sin.:? fJ itcJ,2 

V2A = V(V • A) - V XV X A 

or in an expanded fonn 

(VII-26) 

(Vll-27) 

(Vll-28) 

,A A (n2A, 2 <1Ar 2 I i>2Ar cot O iJAr I 1iAr v- =a -+----A.+--+----+-----, a,2 ,. IJr ? I r iJ02 , 2 an ?- sfo2 8 atj,2 

2 ilA,, 2 cot 8 2 aA,t,) 
- ,2 i/0 - 12 A,q - ,2 sin 8 c1c/, 

... (it2A 11 2 <1A 0 A9 I il2A0 cot fJ iJA0 
+ a,1 -. -, + - - - , . , + --, -. -, + -.,- --

rJr r ar r sm· 0 r rJO- r ilfJ 

I il2A0 2 ilAr _ 2 cot (J ilA,1,) +, . , ,+, . .. 
r sm· O a<f,- r nH r2 sm 0 nc/, 

... (iPA,1, 2 iJA<f> I A I r12At/> cot 0 ilA,p 
+ 8c1> -,- + - -.- - ., . , '" + , --., + -,-or r ilr ,- sm· 0 ,- ;,o- ,.,. i){J 

I ,iA,p 2 aAr 2 cot fJ ,MH) 
+ , . ., -.- + , . - + . -

,- sm· 0 iJc/,2 r sm fJ il<p ,.2 sm (J <le/, (VIl-28a) 

Again note that V 2A 7F' irV2Ar + a11V2A11 + i<1>V2Ad> since the orientation of the unit 
vectors i,., a0, and i 41 varies with the r, 8, and <p coordinates. 

VII.J VECTOR IDENTITIES 

Vll.3.1 Addition and Multlpllcatlon 

A·A = IAl2 

A·A* = IAl2 

A+B = B+A 

A·B = B·A 

AxB= -Bx A 

(A + B) • C = A· C + B • C 

(A + B) X C = A X C + B X C 

(VU-29) 

(VIl-30) 

(VII-31) 

(VIl-32) 

(Vll-33) 

(VIJ-34) 

(VIl-35) 
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A·B X C = B·C X A= C·A X B 

Ax (8 x C) = (A· C)B - (A• B)C 

(AX B) • (C X D) = A· BX (C X D) 

= A· (B • DC - B • CD) 

= (A· C)(B • D) - (A· D)(B • C) 

(AX B) X (C X D) = (AX B. D)C - (AX B. C)D 

VTI.J.2 Differentiation 

V·CVxA)=O 

V x V,J, = 0 

V(<f> + 1/1) = Ve/,+ VI/I 

V( cpl/I) = <f>V 1/1 + I/IV <J, 

V·(A + B) = V·A + V·B 

V X (A + B) = V X A + V X B 

V·(iJ,A) = A·V1/J + 1/1V·A 

V x ( rJ,A) = Vr/J x A + I/IV x A 

V(A. B) = (A· V)B + (B • V)A + AX (V X B) + BX (V X A) 

V·<AxB) = B·VxA-A·VxB 

v x <Ax B) = AV·B - BV·A + (B•V)A - (A·V)B 

VxVxA = V(V•A)-V2A 

Vll.3.3 Integration 

p A· di= ff (V x A)• ds Stoke's theorem 
C S 

#A· ds = ff f (v • A) dv Divergence theorem 
s ~-

p 1/Jdl =ff fix Vi/Ids 
r s 

(Yll-36) 

(Vll-37) 

(VJl-38) 

(Vll-39) 

(Vll-40) 

(VIl-41) 

(Vll-42) 

(VII-43) 

(Vll-44) 

(Vfl-45) 

(Vll-46) 

(YIJ-47) 

(Vll-48) 

(YII-49) 

(Vll-50) 

(Yll-51) 

(Vll-52) 

(Vll-53) 

(VII-54) 

(Vll-55) 

(Vll-56) 
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VIII 
METHOD OF 

STATIONARY PHASE 

In many problems. lhe following integral is often encountered and in most cases 
cannot be integrated exactly: 

l(k) = fh fd F(x. y)eJJ:f<,.yi cb: dy (Vlli-1) 
II C 

where 

k = real 

f(x. y) = real. independent of k. and nonsingular 

F(x. y) = may be complex. independent of k. and nonsingular 

Often, however. lhe above integral needs to be evaluated only for large values of k, 
but the task is still formidable. An approximate technique, known as the Method of 
Stationary Pltm,e, exists that can he used to obtain an approximate asymptotic ex­
pression. for large values of k. for the above integral. 

The method is justified by the asymptotic approximation of the single integral 

f
l, 

l'(k) = F(.x)elkfM dx 
" 

(Vlll-2) 

where 
k = real 

f(x, y) = real, independent of k, and nonsingular 

F(x. y) = may be complex. independent of k, and nonsingular 

which can be extended to include double integrals. 
The asymptotic evaluation of (VITI- I ) for large k is based on the following: 

.f(x, y) is a well behaved function and its varialion near the stationary points xJ, Y.i 
detennined by 

ar 
--=- - = f' (x v .) = 0 a .{- .l ,\ .l ·" y ., .5 

.x y=.r,, 

922 
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(VUI-3b) 

is slow varying. Outside these regions. the function J(x, y) varies faster such that the 
exponential factor explj~f"(x, y)] of the integrand oscillates very rapidly between the 
values of + I and - I, for large values of k. Assuming F(x, y) is everywhere a slow 
varying function. the contributions to the integral outside the stationary points tend 
to cancel each other. Thus the only contributors to the integral. in an approximate 
sense. nre the srntionary points and their neighborhoods. Thus, we can write (VITI- I) 
approximately as 

(Vlll-4) 

where the limits have been extended. for convenience. to in1inity since the net con· 
Lribution outside the stationary points and their near regions is negligible. 

In the neighborhood of the stationary points, the function f(x, y) can be approxi­
mated by a truncated Taylor series 

/(x. :V) = f(xs, y_,.) + ~(x - xi? J:c<x.., Ys) + icv - y_.)2 J:,'.,,(x,. y,.) 

+ (x - Xs)(y - )'.,.).f~(x., . .v.~) (VITI-5) 

:-ince 

by (VI11-3a) and (VII1-3b). For convenience. we have adopted the notation 

;iJ 
- =J"(x v) .J'> .T=X,, .U .<•,S 
r.X- ''=\' . . , 

For brevity, we write (VIII-5) as 

j(x. y) = /(xn y,.) + Af + BT12 + C{r, 

where 

I /'" A = 2' .u(X.,' Y.,) 

1 J'" B = 2 ,._,(x,., J\) 

C = ,r;~.<x,. _v,) 

(Vlll-6) 

(VIII-7a) 

(V1Il-1b) 

(VIII-7c) 

(VIU-8) 

(Vlll-8a) 

(VIJl-8b) 

(VUl-8c) 
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~= (x - x.,) 

11 = (y - .v~> 
Using (Vill-8)-(VID-8e) reduces (VID-4) to 

/(k) = F(x.~. y,.>ellif1.i.s,1 J_+: J:: eJk(Af!-t-11,f+c~, ,it d11 

(VUI-8d) 

(VllT-8e) 

(Vill-9) 

We now write the quadratic factor of the exponential, by a proper rotalion of the 
coordinate axes g, 11 to µ. ,\, in a diagonal form as 

At2 + Br,2 + ce11 == A' µ 2 + B' ,\:i (VTII-10) 

related to A. B. and C by 

I 
A' = 2 [(A + B) + y'(A + 8)2 - (4AB - C1)] 

which are found by solving the secular detenninant 

(A - {) 

C/2 
C/2 = O 

(B - {) 

(VIll-lOa) 

(VIII-lOb) 

(VJII-11) 

with {1 = A' and {2 = B'. Substituting (Vlll-10) into (VIIT-9) we can write 

/(k) = F(x~. Y.1)eikll_\,,\·,1 J:"""' J:~"' eik<A'µi .... s•Ai,dµ t/,\ 

J(k) = F(x~. ,','Jeikfl.t, •. , •• i J: .. "' e ±-iklA'Iµ! dµ J:: e ±ik!B'IA
1 d,\ (VIII-12) 

where the signs in the exponents are determined by the signs of A' and B', which in 
tum depend upon A and B. as given in (VIU-10a) and (Vlll-10b). The two integrals 
in (VIII-12) are of the same form and can be evaluated by examining the integral 

I+~ J~ 
/ "(k) = e :1:Jkl•~1: di = 2 e .tiAl"l1 ' di 

- 7. (J 
(VIIl-13) 

where a can represent either A' or B' of (Vlll-12). Making a change of variable by 
letting 

(Vlll-13a) 

(Vlll-131:,) 

we can rewrite ( Vlll-13) as 

(Vlll-14) 

The integral is recognized as being the complex Fresnel integral whose value is 

(Vlll-15) 
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The result of (VIfl-16) can be used to reduce (VIH-12) to 

r, Tr rr 
If A' and B' are both positive, then e '1-:i e ±i-:; = e t-i2 = + j 

tr _r, '(j 

If A' and B' are both negative. then e ~:j""i e :1:r~- = e -J2 = -j 
;r 1T 

1f A' and B' have different signs. then e ±.,~ e :!:.i"".i = I 
Thus. ( VIJl-17) can be cast into the form 

l · i ;rJ I (k) = F (x . r .) e1 /{.\,._,.,, --· ---,,,== 
' .I • • k v1A'TI7n 

where 

if A' and B' are both pe>sitivc 

if A' and 8' are both negative 

if' A' and B' have different signs 

Examining (YllI-IOa) and (Vffi-lOb), it is clear that 

(a) A' and B' arc real (because A. B. and C are real) 

(b) A' + B' = A + B 

(c) A' B' = (4AB - C 2)/4 

Using the results of (Yill-19). we reduce (Vlll-18) to 

. . . j21r8 
/(k) = F(x .. v .) e1•ft, __ _ ,,, ---====:;:: 

·' • ' k\il4AB - c2j • 

To determine the signs of A' and 8', let us refer to (VIIl-19). 

(Ylll-16) 

(VIIl-17) 

(Vlll-18) 

(VIIT-l 8a) 

(Vlll-19) 

(YJTI-20) 

(a) If 4AB > C 2, then A and 8 have the same sign and A' B' > 0. Thus. A' and B1 

have the same sign. 

t. If A > 0 then B > 0 and A' > O. B' > 0 
2. If A < 0 then B < 0 and A' < O. B' < 0 

(b) If 4AB < C1
• then A' B' < 0. and A' and 8' have different signs. Summarizing 

the results we can write that 

1. lf 4AB > C 2 and A > 0, then A' and B' are both positive 
2. If 4AB > C 2 and A < 0. then A' and B' arc both negaliw 
3. rr 4AB < C2

, then A' and B' have different signs 

Using the preceding deductions. we can write the sign information of (Ylll-18a) as 

if 4AB > C:!. and A > 0 

if 4AB > C~ and A < 0 

if 4AB < C~ 
( VIll-21) 
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in the evaluation of the integral in 

f
+T·f ·I· '>' 

/(k) = F(x_..yJeJkfl.r,.y,) _ ,._ _.,. elkcA( ➔-ll,i~ct,,>dtd'TJ 

(VIIl-22) 
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IX 
TELEVISION, RADIO, 

TELEPHONE, AND RADAR 
FREQUENCYSPECTRUMS 

IX.I TELEVISION 

IX.I.I Very High Frequency (VHF) Channels 

CHANNEL 
NUMBER 2 3 4 5 6 7 8 9 10 II 12 

FREQUENCY 

13 

(MJ-lz) 54•6ot66•12 76"82'"88 174 t I 80i I 86i I 92~ 198~204 t 210-·216 

IX.1.2 lfltra fflgh Frequency (UHF) Channels* 

CHANNEL 
NUMBER 14 15 16 17 18 19 20 ... 82 83 

FREQUENCY 
(MHz) 470i 476i 482"488t494 T .500i.506"5 I 2 ... 878 .. 884i890 

For bolh VHF and UHF channels. each channel has a 6-MHz bandwidth. For each 
channel. Lhe carrier frequency for the video pan is equal to Lhe lower frequency of 
the bandwidth plus 1.25 MHz while the carrier frequency for the audio part is equal 
to the upper frequency of the bandwidth minus 0.25 MHz. 

~ ln tO\l ten urban area" in the Unile<l Stales. la!l<l mohile i~ a.llowe<l in lhl! lirsl SC\'CI\ UHF TV channels 
(470-SL! MHZ). 

927 
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Examples: Channel 2 (VHF): .Iii (video) = 54 + 1.25 = 55.25 MHz 
.fi, (audio) = 60 - 0.25 = 59.75 MHz 

Channel 14 (UHF): /c,<video) = 470 + 1.25 = 471.25 MHz 
fo (audio) = 476 - 0.25 = 475.75 MHz 

IX.2 RADIO 

IX.2.1 Amplitude Modulation (AM) Radio 

Number of channels: 107 (each with 10-kHz separation) 
Frequency range: 535-1605 kHz 

IX.2.2 Frequency Modulation (FM) Radio 

Number of channels: 100 (each with 200-kHz separation) 
Frequency range: 88-108 MHz 

IX.3 AMATEUR BANDS 

Band 

160-m 
80-m 
40-m 
20-m 
15-m 
10-m 
6-m 

Frequency (MHz) 

1.8-2.0 
J.5-4.0 
7.0-7.3 

14.0-14.35 
21.0-21.45 
28.()-29.7 
50.0-54.0 

Band 

2-m 

IX.4 CELLULAR TELEPHONE 

IX.4.1 Land Mobile Systems 

Uplink: 

Downlink: 

MS to BS ( mobile station to base station) 

BS to MS (base station 10 mobile station) 

United States of America (IS-54 ): 

Europe-Asia (GSM): 
Global System for Mobile 
communications 

Japun (NIT): 
Nippon Telegraph & 
Telephone Corporation 

UPLINK (MHz) 

869-894 

890-915 

870-885 

Frequency (MHz) 

l 44.0-148.0 
220-225 
420-450 

1215-1300 
2300-2450 
3300-3500 
5650-5925 

DOWNLINK (MH:t.) 

824-849 

935-960 

925-940 
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IX.4.2 Cordless Telephone 

United States of America: 46-49 MHz 

Appendix IX 929 

Digital European Cordless Telecommunications (DECT): 1.880-1.990 GHz 

IX.5 RADAR IEEE BAND DESIGNATIONS 

HF (High Frequency): 3-30 MHz 
VHF (Very High Frequency): 30-300 MHz 
UHF (Ultra High Frequency): 300-1.000 MHz 
L-band: 1-2 GHz 
S-band: 2-4 GHz 
C-band: 4-8 GHz 
X-hand: 8-12 GHz 
K,,-band: 12-18 GHz 
K-band: 18-27 GHz 
K,,-band: 27-40 GHz 
MilLimeter wave band: 40-300 GHz 
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Index 

A 
Absolute-gain measurements. 867-869 
Active driving impedance. 424 
Amateur band radio frequency spec1rum. 

928 
Amplitude Modulation (AM) radio frequency 

spectrum, 928 
Amplitude patterns 

antenna measurements, 864 
long wire antennas. 494-495 
3-D. thin dipoles. 155 

Analysis methods, for antennas. 23. I 16-126 
microstrip antennas. 726 
vector unalysis: See Vector analysis 

Anechoic chambers. 843- 844 
Antenna impedance. 73-77. 424 
Antenna measuremenL-;, 839-- 883 

antenna ranges and. 840-858 
compact ranges. 844- 85 I 
free-space ranges. 841 - 844 
near-field/far-field methods. 852-858 
rellection ranges. 841 

current. 874----,875 
direa.:1iviry. 87 l-872 
gain, 865-871 

absolute-gain, 867- 869 
gain-transfer (gain-comparison). 869-

871 
impedance. 873- 874 
polarization, 875- 880 
radiation eftkiency. 872- 873 
radiation patterns. 858- 865 

amplitude pattern. 864 
instrumentation and. 860- 864 
phase measurements. 864-865 

scale models and. 880- 881 
Antenna mode scattering. 92- 93 

Antenna pauerns: Sec also Radiation pat­
tl!rns 

plotter for. 2-D. 113-11-' 
Antt!nna nmges: Se,1 Antenna me,L-;urements 
Antennas 

.umlysis methods. 23. 726 
aperture: Sc'<' Aperture antennas 
circular: Sc~e Loop antennas 
defined. 1-2 
as directional device. J 
elements for. 21- 22 
frequency independent: See Frequency in-

dcpcndcnt antennas 
future direction of. 23-24 
gain and: Sc•e Gain 
historical advancement of. 19- 24 
linear: See Linear wire antennas 
loop: See Loop antennas 
for mobile communications systems, 175 
radiation efficiency of. 60-62. 78- 79. 

872-873 
thin wire: See Thin wire antennas 
as transitions device. 1-2 
traveling wave: 5£'£' Trav~ling wm't.' anien­

nas 
types of. 3-7 

Antenna synthesis. 339-378 

931 

continuous sources and, 340- 342 
apertures. 373- 375 
discretization of. 341- 342 
line source distributions. 340-341 

cosine distributions. 368- 371 
cosine•squared distribution~. 368- 371 
Fourier trnnsfom1 method, 346--352 

line-source distribution. 347- 349 
N-elemcm linear arrays. 349- 352 

line-source phase distributions. 371 - 373 
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9.32 Index 

Antenna synthesis (Co111i1111ed) 

Schdkunoff polynomial melhoc.l. 342-346 
T.iylor line-source. 358-368 
triangular disu·ibutions. 368-371 
Woodward-Lawson method. 352-358 

linear arrays .md, 357- 358 
line-source distribution. 353-356 

Aperture admittance. 631-638 
Aperture antennm,, 4. 57.5-650 

Babinet's principle. 616-620 
drn1lar. 603-611 

heain eflicicncy. 611 
design considerations, 614-616 
TE11-mode distribution. 610-611 
unifonn distribution, 605-610 

design l:l>nsidcrntions, 611-616 
direi:tivity. 584 
ltcld equivalence principle. 575-581 
Fourier trnnsfonns und, 620-638 

apcnun: admittance. 631-638 
:1symptotii: evaluation of radiated field. 

62.5-630 
dielectric covered apertures. 630-631 
mdiated fields, 622-630 
spectr:11 domain. 621-622 

geometric.ii theory of diffraction, 638-643 
ground plane edge cllcc1s. 638-643 
Huygens· principle. 575-581 
radiation equations. 582-584 
rec1a11gular. 58+-603 

heam efliciem:y. 601-603 
design considerations. 613-614 
TEw-modc distribution, 599-6() I 
unifonll distribution, 586-599 

Aperture distribution method. 801-806 
Aperture cfliciency. 599-60 I. 811-8 I 8 
Aperture ticlds 

£-plane sectoral horns, 652-655 
//-plane scc.:toral horns, 668-(,69 
1,yrmnidal horns, 6X2-68(l 

Apcrturc-miltchcd horns. 705-707 
Array :mtcnnas, 56. 249- 329 
t\m,y foctor. 169. 250. 258-260 

.drcular arrays. :U.i.-328 
Dolph-Tschcbyscheff arrays. 294-296 
N-clement arrays, 289- 290 
r,lanar arrays. 309- 3 I 4 

Arrays. 249-338 
broadside. 3 I 6 
1.:ircular. 324-328 
,md circular loop antennas. 229 
cnmpurer progrJms for. 337- 338 
design considerations. 282- 283. 321-324 

dipole. log-periodic anlennas, 553-566 
and feed networks, microstrip anlennas, 

772-775 
infinite regular. 426-429 
mutual c.:oupling in: See Mutual coupling 

in arrays 
N-dcment: See N-clcmcnt arrays 
performance of, mutual coupling and. 425 
planar. 309-321 

array factor. 309-314 
hcam width and, 314-318 
computer programs for, 338 
directivity. 318-321 

rectangular-to-polar graphical solution, 
287-288 

superdirectivity. 306-309 
designs with constrai11ts. 307-309 
efficiency and. 306-307 

1wo-clcment, 250-257 
Asymptotic evaluation of radiated field, ap­

erture antennas, 625-630 
Attractive mechanisms. 736-737 

B 
Babinet's principle, 616-620 
Back lobes. 32 
Back.scaltering rndar cross section (RCS), 90 
Baluns and transfonners. 480-483 
Bandwidth, 63-64. 449. 760-762 
Basis functions. 387. 396--400 
Bazooka balun. 480 
Beam efficiency, 63, 601-603. 611 
Beamwidths 

broadside arrays. 265 
circular aperture antennas. 607-609 
Dolph-Tschebyschcff arrays, 302- 304 
half-power. 62 
N-element hinomial arrays. 302-304 
ordinary end-fire arrays. 268 
planar array~. '.H4-318 
rectangular aperture antennas, 589-592, 

595-598.599 
Bessel functions. 899-910 
Biconical antennas. 442-447 
Binomial arrays. N-element. 290-294 
Binomial matching transformers. 469-471 
Bistatic radar cross section (RCS). 90 
Bow-tie i.imulation. 447-449 
Broadband antennas, 505-534 

electric-magnl!tic dipoles, 512-513 
helical antenna,;. 505-512 
Yagi-Uda arrays. 513-534 

Broadband dipoles, 441-487 
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biconical antennas. 442-447 
conical skirt monopoles. 462--464 
cylindrical dipoles. 449-457 

bandwidth. 449 
dielectric coating, 454-457 
equivalent radii, 454 
input impedance. 449-451 
radiation patterns, 453 
resonance and ground plane simulation. 

451-453 
discone monopoles. 462-464 
folded dipoles. 458-462 
matching techniques: St•e Matching tech­

niques 
sleeve dipolei;, 464-466 
triangular sheet. bow-Lie. and wire simula­

tion. 447-449 
Broadside atTays. 316 

C 

computer programs for. 337-338 
N-elcmenl linear. 262-264, 276-279 

Cassegrnin parabolic rel1ec1ors: See Reflector 
antennas, parabolic: 

Cavity model. 736-749 
Cellular telephone frequency spcctrums, 

928-92Y 
Circular aperture anlcnnas: See Aperture an-

tennas 
Circular aperture sources. 373- 375 
Circular arrays. 324-328 
Circular loop antennas: See Loop antennas 
Circular patch microstrip antennas: See Mi-

crostrip antennas 
Circular polarization. 66---69, 767-772 
Clockwise polarization. 66 
Compact antenna test range <CA TR). 844-

851 
Composing funclion. 353 
Computer programs 

arrays. 337-338.573-574 
2-D antenna pattern plotters. I I 3-114 
dipole arrays. 573-574 
direcLiviLy. 57-58, 115 
linear dipoks. 202 
maximum directivity. 115 
microstrip antennas, 784 
Moment Method (MM). 438 
mutual impedam.:e. 439-440 
pyramidal horns. 720-721 
radiated power. 11 S 
self-impedance. 439-440 
Yagi-Uda array. 521-525 

Index 933 

Conductance, 731-732. 757-759 
Conduction-dielectric efficiency. 78-79 
Conical hnms. 695~96 
Conical skirt monopoles. 462-464 
Conical spiral antennas. 549-550 
Conjugate matching. I 
Continuous sources. 340-342. 373-375 
Co-polarization. 66 
Cordless cellular telephones, 928 
Corner reflector antennas. 786-793 
Corporate-feed network. 773 
Corrugated horns, 696-704 
Cosine distributions. 368-3 71 
Cosine integrals. 889-893 
Cosine-squared distributions. 368-371 
Counterclockwise polarization. 66 
Coupling 

microstrip antennas, 764-767 
mutual. in arrays: See Mutual coupling in 

arrays 
Cross licld, 140 
Cross-polarization. 66, 806-807 
Cubic phase distributions. 371-373 
Current, measurement of, 874-875 
Current distribution 

finite length dipoles. 151 
front-fed parabolic reflectors. 807-811 
linear wire antennas. 151. 156 
thin wire antenna. 17-19 

Cylindrical coordimucs. vector analysis and. 
919 

Cylindrical dipoles: See Broadband dipoles 
Cylindrical-to-rectangular vector analysis, 

914-917 
Cylindrical-to-spherical vector analysis, 

917-918 

D 
Density. radiation power, 35-37 
Design procedures 

aperture antennas. 611---616 
arrays. 282-283. 321-324 
circular loop antennas. 229-230 
circular p,ttch microstrip antennas. 755-

756 
with constraints. 307-309 
Dolph-Tschebyscheff arrays, 296-302. 

305-306 
N-element binomial arrays. 292-294. 

296-306 
pyramidal horns. 693-695 
rectangular patch microstrip antennas, 

730-731 
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934 Index 

Design procedures (Continued) 
Taylor line-source (Tschebyscheff error). 

360-362 
Dielectric coating. 454-457. 630-631 
Dielectric-loaded horns, 712 
Differentiation. vector identities and. 921 
Dipole arrayi.. 553-566 

computer programs for. 573-574 
Dipole radiation mechanism. 14-16 
Dipoles 

broadband: See Broadband dipoles 
electric-magnetic, 512-513 
folded. 458-462 
ground effects, 182-188 
half-wavelength. 42-44 
horizontal electric. 185-188 
infinitesimal: See Linear wire antennas 
near-field of, 405-408 
i-lccvc. 464-466 
small. 143-145 
thin, 154. 155 
vertical electric. 182-185 

Directional device, antennas us. 3 
Directional radiation patterns, 29, 45-49 
Directive gain. 39 
Directivity. 39-53: See also Radiation pat­

terns 
apcnure antennas. 584 

circular. 607-609 
computer programs for, 57-58, 115, 202. 

248 
directional radiation pauerm; and. 45-49 
£-plane sectoral horns, 663-668 
frun 1-fed parabolic rellectors, 811-8 18 
of half-wavelength rupoles. 42-44 
H-plane sectoral horns. 676--682 
isotropic, 42~ 
linear dipoles, 202 
linear wire anttmnas. 142-143 

finite length dipoles. 157-159 
loop antennas, circular, 219-224, 248 
mrutimum, 39-41. 49. 84-86 

computer programs for, 202. 248 
numerical technique.-. for, 53-58 

measurement of. 871-872 
N-element arrays, 276-282. 302-304 
omnidirectional radiation patterns and, 

49-53 
partial, 40 
patch microstrip antennas, circular. 757-

759 
pla11ar arrays. 318-321 
pyramidal horns, 686-693 

reclangular aperture antennas, 593-594, 
598~1 

rectangular patch microstrip antennas, 
749-752 

small circular loop antennas. 213-214 
superdirectivity, 306-309 

Disconc monopoles. 462-464 
Dolph-Tschebyschcff arrays, 294-306 
Driving-point impedance, 412 
Duality theorem. 126-127 
Dual parabolic-cylinder reflector, 848-850 

E 
Earth curvature cff ects. 188-194, 230-233 
Effective area. maximum, 84-86 
Effective length. 79-81. 728-730 
Effective width, 728-730 
Efficiency 

antenna radiation, 60-62, 78-79 
microstrip antennas. 760-762 
polarization. 70-73 
supcrdirectivity. 306-307 

Electric and magnetic fields•TM" mnp. 753-
754 

Electric current sources, 117-119, 120-121 
Electric field inlegral equation (EFIE). 387 
Electric field I incs. 12-15 
Electric fields, 120-121 
Electrostalic charge distribution, 381-387 
Elcmt:nt factor, 151-153 
Elements, used in antennas. 21-22 
Elevaled ranges. 84J-84J 
EllipLical polarization, 6!r69 
EMF method. induced: See Induced EMF 

melhod 
End-fire arrnys 

Hansen-Woodyard. N-element linear, 
271-276. 281-282 

ordinary. N-elcment linear. 264-266. 268, 
279-280 

Entire domain functions, 399-400 
£-plane radiation patterns. 17, 27, 29. 30 
£-plane sectoral horns: See Homs 
Equiangular spiral antennas. 545-550 
Equivalent areas. 81-84 
Equivalent circuits. 214-217 
Equivalem current densities, 741-744, 756-

757 
Equivalent magnetic ring current. 392 
Equivalent radii. cylindrical dipoles. 454 
Equivalents 

antennas. 73-77 
circular aperture antenna-., 605-607 
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pyramidal horns. 682-686 
rectangular aperture antennas. 587. 595, 

599 
Excitation coefficients. 290-292 
Expansion functions. 387 
Extrapolation method. 868 

F 
Far-field method. antenna ranges and. 852-

858 
Far-fielc.J pattern. Yagi-Uda array. 520-521 
Far-field radiation. 125- 126 
Far-field region, 33-34 

linear wire antennas. 138. 141-142 
region separation and. 145, 146-149 

and smaU circular loop antennas, 213 
Feed design. 821-823 
Feeding methods, 724-726 
Feed networks, 772-775 
Ferrite loop antennas, 240-241 
Field configurations (modes)-TM\ 738-741 
Field equivalence principle. aperture anten-

nas, 575-58 J 

Field regions, in radiation patterns, 32-34 
Fields radiated 

circular patch microstrip antennas, 756-
757 

-TM \,111 mode. 744-749 
Finite cones, 447 
Finite diameter wires. 388-395 

Hallen's integral equation, 392 
Pocklington· s integral equation, 388-391 
source modeling. 392-395 

Finite-Difference Time-Domain (FD-TDl 
method, 16-17. 23 

Finite feed gap. 161-162 
Finite length dipoles: See Linear wire anten-

nas 
Finite straight wire. 381 - 385 
Folded dipoles. 458-462 
Formulas. linear wire antennas. 173- 174 
Fourier transforms 

antenna synthesis, 346-352 
aperture antennas and: See Aperture an-

tennas 
Fraunhofer region, 33-34 
Free-space ranges. 841- 844 
Frequency independent antennas. 64. 542-

574 
conical spiral antennas, 549- 550 
equiangular spiral antennas. 545-550 
limits of electricalJy 1;mall antennas. 566-

570 

Index 935 

log-periodic antennas.551-566 
dipole arrays. 553-566 
planar and wire surfaces, 551-553 

planar spiral antennas. 545-549 
1heory. 543-544 

Frequency Modulation (FM) rndio frequency 
spectrum. 928 

Fresnel integrals, 893-898 
Fresnel region. 32- 33 
Friis transmission equation, 86-88 
Fringing effcc1s. 7'27-728 
Front-fed parabolic reflector antennas: See 

Reflector antennas. parabolic 

G 
Gain, 58-60 

measurements. 865-87 I 
Galerkin's method, 401-402 
Gamma match. 475-480 
Geometrical theory of diffraction, 638-643 
Grating lobes. 311-314. 429-434 
Gregorian reflectors. 828-830 
Ground effects 

circulur loop antennas. 230-233 
linear wire antennas: See Linear wire an­

tennas 
Ground plane and resonance simulation. 

451-453 
Ground plane edge effects. 638-643 
Ground-reflection method. 868-869 

H 
Half-power beamwidth. 62 
Half-wavelength dipoles. 42-44. 162- 164 
Hallen's integral equation. 392 
Hansen-Woodyard end-lire arrays. 271-276. 

281- 282 
Helical antennas. 505-512 
Hertz. Heinrich Rudolph. 19 
Historical advancement, of untennas. 19-24 
Horizontal electric dipoles. 175- 181. 185-

188 
Homs. 651-721 

aperture-matched. 705-707 
conical, 695-6% 
corrugated. 696-704 
dielectric-loaded. 712 
E-plane sectoral, 651-668 

apenure fields. 6:52-655 
directivity, 663-668 
radiated fields. 655-663 

H-planc secroral. 668-682 
aperture fields. 668-669 
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936 Index 

Horns (Colllinued) 
directiviry. 6 76-682 
radiated fields. 669-676 

rnonopulse. 711 
rnultimode. 707-712 
phase center, 712-714 
pyramidal. 682-695 

aperture fields. 682-686 
computer programs for. 720-721 
design procedure, 693--695 
directivity. 686-693 
equivalents, 682-686 
radiated fields, 682-686 

H-plane radiation patterns, 29, 30 
H-plane sectoral horns: See Homs 
Huygens' principle. 575-581 
Hyperbolic identities, 912 

l 
Identities, 911-913 
I muge theory, 164-165 
Impedance 

active driving. 424 
antenna. 424 
bandwidth of. 63-64 
driving-point, 412 
input: See Input impedance 
measurement of, 873-874 
mutual: See Mutual impedance 
passive driving. 424 
self-impedance: See Self-impedance 

Incident electric field - E'(r). 388-391 
Induced current density, 800-801 
Induced EMF method, 405-412. 416-422 
Inlinile cones. 445-447 
Infinite line source radiation problem. 16-17 
Infinite regular arrays, 426-429 
Infinitesimal dipoles: See c,lso Linear wire 

antennas 
small circular loop antennas, 208 

Input impedance, 73-77 
biconical antennas, 445-447 
cylindrical dipoles, 449-451 
long wire antennas, 495-496 
microstrip antennas. 762-764 
Yagi-Uda army . .528-529 

Input resistance. 159-161, 202 
Instrumentation. radiation patterns and. 860-

864 
Integral equation method. 380-388: See also 

Moment Method (MM) 

electrostaric charge distribution aad, 381-
387 

bent wire, 385-387 
fin.ice strnighf wire. 381-385 

iotegrai e4uati<1n, 387-388 
mutual impedance, between linear ele-

ments. 414-416 
Pocklington· s. 388-39 J 
self-impedance, 403-405 
Yagi-Uda array . .516-520 

Integration, vector identities and, 921 
Intensity. radiation. 38-39 
lmcrmediatc-field region, 138. 140 
lntennediate loop approximation. 222 
Invisible region. 343-344 
Isotropic radiation patterns. 29. 42-44 

L 
Land mobile cellular telephones, frequency 

spectrum. 928 
Large loop approximation, 221-222 
Lens antenna-.. 7. 9 
Linear arrays: See N-element arrays 
Linear dipoles. 202 
Linear elements 

near or on infinite perfect conductors: See 
Linear wire antennas 

Yagi-Uda array ot: 513-532 
Linear phase distributions. 37 J-373 
Linear polarization. 66-69 
Linear wire antennas, 133-202 

current distributions, 156 
finite length dipoles, 151-162 

current distribution. 151 
directivity, 157-159 
element factor, 151-1.53 
finite feed gap. 161-162 
input resistance and. 1.59-161 
pattern multiplication. 151-153 
power density. 153-157 
radiated fields, 151-153 
radiation intensity. 15 3-15 7 
radiation resistance. 1.53-157 
space factor, 151-153 

ground effects. 181-194 
earth curvature, 188-194 
horizontal electric dipoles, 185-188 
vertical electric dipoles. 182-185 

half-wavelength dipoles, 162-164 
infinitesimal dipoles. 133-143 

directivity. 142-143 
far-field region, 138, 141-142 
incermediace-tield region, 138. 140 
near-field region, 138-140 
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power density and radiation resistance. 
136-138 

radian distance and radian sphere. 138-
1]9 

radiated liclds and. 1.13-136 
linear elements near or on infinite perfect 

conductors. 164-181 
antennas for mohile communications 

systems. 175 
fom1Ula~. rapid calculation and design. 

173-174 
horizontal electric dipoles. 175-181 
image theory. 164-165 
vertical electrical dipoles, 165-173 

region separation and. 145-151 
far-licld (Fraunhofer) region. 14.5. 146-

149 
radiating near-field region (Fresnel). 

145. 149-150 
reactive near-tietd region. 14.5. 150-1.51 

small dipole, 143-145 
Line-source distributions 

antenm1 synthesis. Woodward-Lawson 
method. 353-356 

continuous sources and. 340-341 
Fourier transform method. 347-349 

Linc-source-Gaussian pulse radiation prob-
lem. 27 

Linc-source phase distributions. 371-373 
Lohes. of mdiation patterns. 31-32 
Logarithmic identities. 913 
Log-periodic antennas: See Frequency inde­

pendent untennas 
Long wire antennas. 490-498 
Loop antennas. 203-248 

circular 
compu1cr programs for. 248 
with constant current. 217-224 
directivity. 219-224 
earth curvature effects, 230- 233 
ground effects. 230-233 
with nonuniform current, 224-230 
power density. 219-224 
radiated fields. 217-2 I 9 
radialion inlensily, 219-224 
radiation resistance. 219224 

ferrite. 240-241 
ferrite loaded receiving loops. 241 
radiation resistance, 240-24 l 

mobile communications applications. 242 
polygonal. 233-239 

rectangular. 236-239 
rhombic. 236-239 

square loop. 233-236 
triangular. 236-239 

small circular. 204-217 
directivity, 213-214 

Index 937 

c4uivalcnt circuits for. 214-217 
for-field region. 213 
infinitesimal magnetic dipoles and. 208 
near-lleld region. 212 
power density and radiation resistanct! 

in. 208-212 
radiated liclds and. 204-208 
radiation intensity. 213-214 

Yagi-U<la a1Tay of. 533-534 
Lorentz Reciprocity Theorem. 127-128 
Loss factor. polarization ( PLF). 69-73 

M 
Magnetic and electric current sourcel-. I 19-

121 
Magnetic and electric ticlds. -TM',,1111,. 753-

7.54 
Magnetic field integral equation (MFIE). 387 
Magnetic frill generator. 392-39.5 
Major lohcs. 32 
Marconi. Guglielmo. 19-20 
Matching techniques. 466-483 

b,1luns and transfonncrs. 480-483 
binomial. 469-471 
g,1mma match. 475-480 
omega match. 480 
quarter-wavelength transfunne.rs. 468--472 
stub-matching. 466-468 
T-match, 472-475 
Tschebyschcff. 471-472 
Yagi-Uda aiTay, 528-529 

MATLAB computer program. 16. 17 
Maxima, long wire antennas. 494-495 
Maximum directivity. 3941. 49. 84-86 

computer programs for. 115, 202, 248 
numerical Ledmiqucs for. 53-.58 

Maximum effective area. 84-86 
Maxwell. James Clerk. 19 
Maxwell's Equations, 19 
Method of stationary phase. 922-926 
Microstrip antennas, 45. 722-784 

analysis methods. 726 
arrays and feed networks, 772-775 
bandwidth, 760- 762 
circular patch, 752-760 

conductance. 7.57-759 
design. 755- 756 
directivity, 757-759 
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<J~8 Index 

Mil-rm.trip antennas (Comi1111ed) 

dcctric and magnetic tields-TM1. mnp. 

753-754 
equivalent current densities. 756-757 
fields radiated. 756-757 
resonant frequencies, 754-755 
resonant input resistance. 759-760 

circular polarization. 767-772 
computer programs for. 784 
coupling. 764-767 
efficiency. 760-762 
feeding methods. 724- 726 
feed net works, arrays and. 772-775 
input impedance. 762-764 
quality factor. 760-762 
rectangular patch, 727-752 

cavity model. 736-749 
conductance. 731-731 
Jcsign procedure. 730-731 
directivity, 749-752 
cffoctive length. 728-730 
dfo.:tive width. 728- 730 
e4uivalent current densities. 741-744 
lield configurations (modcs)-TM". 738-

741 
f1dds radiatcd-TM\110 mode. 744-749 
fringing effects, 727-728 
resonant rrc,1uency. 728-730 
resonant input resistance. 732-736 
transmission line model. 727-736 

Miniuturizution. 566- 574 
Mini-Numerical F..lectromagnctics Code 

<MININEC). 415 
Minor lohcs. 32 
Mohile communications systems, 175. 242, 

9'.!X-929 
Modal expansion method. 855-856 
Moment Method (MM): See t1lso Integral 

equation method 
'-·omputer programs for, 438 
Galerkin's method. 401-402 
solution for. 395--403 

basis functions, 396-400 
entire domain functions. 399-400 
subdomain runctions. 397-399 
weighting (testing) functions. 400-403 

Monup{,ks. 462--464 
Monopulsc horns, 710-71 I 

E-planc. 7 IO 
H-pkmc. 711 
SUIU. 71() 

Monostatic radar cross section (RCS). 90 
Multimodc horns, 707- 712 

Mutual coupling in arrays, 422-434 
array performance. 4-:,5 
grating lobes considerutions. 429-434 
infinite regular arrnys. 426-429 
in receiving mode, 425 
in transmitting mode, 423--425 

Mutual impedance 

N 

computer programs for, 439-440 
between linear elements. 412-422 

induced EMF method. 41 Cr-422 
integral equation-moment method. 414-

416 
Mini-Numerical Electromagnetics Code 

(MININEC). 415 
Numerical Electromagnetics Code 

(NECJ. 415 

Near-field/far-field methods, 852-858 
Near-field of dipole, 405--408 
Near-field region 

linear wire antennas, 138-140 
small circular loop antennas. 2 J 2 

N-elcment arrays 
linear 

hroadside arrays, 262-264. 276-279 
computer pmgrams for. 337 
directivity. 276-282 
Fourier transform method, 349-352 
Hansen-Woodyard end-fire arrays. 271-

276. 281-282 
ordinary encl-fire arrays. 264-266, 279-

280 
phased (scanning) arrays. 266-271 
3-D characteristics. 283-286 
uniform amplitude and spacing. 257-

276 
broadside arrays. 262-264 
ordinary end-fire urrays. 264--266 

Woodward-Lawson method, 357-358 
X- or Y-axis. 284-286 
2-axis. 283--284 

uniform spacing. nonuniform amplitude, 
288-306 

array factor. 289-290 
binomial arrays. 290-294 
Dolph-Tschebyschcff arrays, 294-306 

90° comer reflector antennas, 789-790 
Nonradiating slots. rectangular patch anten­

nas. 748-749 
Nulls. long wire antennas. 494-495 
Numerical Elcctromagnetics Code (NEC), 

415 
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Index 939 

Numerical Lechniques: See al:w Computer Q 
pmgrams 

for radiation pauerns. 53-58 

0 
Omega match. 480 
Omnidirectional radiation patterns. 29. 30. 

49-53 
One-parameter Taylor line-source antenna 

synthesis, 362-368 
Optimization, Yagi-Uda array. 525-528 
Ordinary end-fire arrays, 264-266, 279-280 

p 
Parabolic reflector antennas: See Reflector 

antennas 
Partial directivity, 40 
Passive driving impedance, 424 
Patch antennas: See Microstrip antennas 
Paucrn bandwidth. 63-64 
Pattern multiplication. 151-153. I 69 
PEC square cylinder. 17. 27 
Phase center horns. 712-714 
Phase errors 

line sources. 371-373 
reflectors. 818-821 

Phase measurements. 864-865 
Piecewise constant function. 397-398 
Piecewise linear function. 398 
Piecewise sinusoid function. 399 
Planar and wire surfaces. 551-553 
Planar arrays: See Arrays 
Planar spiral antennas. 545-549 
Plane reflector antennas. 785-786 
Pocklington's integral equation. 388-391 
Poincare sphere. 65-68. 878 
Polarization. 64-73 

circular. microstrip antennas. 767-772 
long wire antennas, 496-497 
measurement of. 875-880 
Poincarc sphere. 65-68, 878 

Polarization efficiency. 70-73 
Polarization loss factor (PLF), 69-73 
Polygonal loop antennas: See Loop antennas 
Power de.nsity. 35-36 

circular loop antennas, 208-212, 219-224 
linear wire antennas. 136--138, 153-157 
radiation. 35-37 
and radiation resistance, 136---138. 208-

212 
Power patterns. 28, 353 
Principal radiation patterns, 29-31 
Pyramidal horns: See Homs 

Quadratic phase distributions. 371-373 
Quality factor. 760-762 
Quarter-wavelength transformers. 468-472 
Quasistationary fields, 212 

R 
Radar cross section (RCS), 90-98. 91 
RADAR IEEE band designations. 929 
Radar range equation. 88-90 
Radian. 34-35, 138-139 
Radiated fields 

aperture antennas, 622-630 
biconical antennas. 442-445 
circular loop antennas. 204-208, 217-219 
£-plane sectoral horns, 655-663 
H-plane sectoral horns, 669-676 
linear wire antennas, 133-136 

finite length dipoles. 151-153 
pyramidal horns. 682-686 
rectangular aperture antennas. 587-589. 

595.599 
Radiated power, 115 
Radiated (transmitted) wave polarization. 

64-65 
Radiating near-field (Fresnel) region, 32-33. 

145, 149-150 
Radiating slots. rec1angular patch microstrip 

antennas. 744-748 
Radiation efficiency. 872-873 
Radiation equations, 582-584 
Radiation fields. 605-607 
Radiation integrals and auxiliary potential 

funclions. 116-132 
duality theorem. 126-127 
electric and magnetic fields. 120-121 
far-field radiation. 125-126 
reciprocity and reaction theorems, 127-

132 
for radiation patterns. 130-132 
for two antennas. 129-130 

vector potentials. 116 
for electric current source, 117-1 I 9 
for magnetic current source. 119-120 
wave equation. 121-125 

Radiation intensity, 38-39 
circular loop antennas, 219-224 
linear wire antennas. 153-157 
small circu Jar loop antennas. 213- 214 

Radiation mechanism. 717 
Radiation patterns. 28-35: See also Directiv­

ity 
antenna measurements and, 858-865 
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940 Index 

Radiation patterns ( Co11li11ue,I) 
cylindrical dipoles. 453 
directional, 29 
field regions, 32-34 
isotropic, 29 
lobes of, 31-32 
numerical techniques for. 53-58 
omnidirectional. 29 
principal. 29-31 
radian and steradian, 34-35 

Radiation power density. 35-37 
Radiation resistance. I 

circular loop antennas. 219-224. 248 
computer programs for. 202. 248 
and ferrite loop antennas. 240-241 
linear wire antennas. finite length dipoles, 

153-157 
power density and. 136-138, 208-212 

Radio frequency spectrums. 927-928 
Reactive oear-tield region. 32. 145. 150-151 
Received wave polarization, 64-65 
Receiving mode 

antenna e4uivalent, 76-77 
circular loop, 216-2 I 7 
coupling.425 

Reciprocity and reaction theorems, 127-132 
Rectangular aperture antennas: See Aperture 

antennas 
Rectangular aperture sources, 373 
Recta11gular coordinates, vector analysis and, 

919 
Rectangular loop amennas. 236-239 
Rectangular patch microstrip antennas: See 

Microstrip antennas 
Rectangular-to-cylindrical vector analysis. 

914-917 
Rectangular-to-polar grnphicaJ solution, 

287-288 
Rectangular-to-spherical vector analysis. 918 
Reflection ranges, 841 
Reflector antennas. 6, 785-838 

comer. 786-793 
pambolic. 794-830 

Ca,;segrain. 823-830 
classical fonn. 826-828 
Gregorian form. 828-830 

front-fed. 797-823 
aperture dislribution method. 801-

806 
aperture efficiency, 811-818 
cross-polarization. 806-807 
current distribution method, 807-811 
directivity, 811-818 

feed design. 821-823 
induced current density, 800-801 
pha.1oe error.'>, 818-821 
surface geometry. 798-800 

plane. 785-786 
spherical. 830-833 

Region separation. 145-151 
Repulsive mechanism. for micmstrip 

patches. 736-737 
Resonance and ground plane simulation, cy­

lindrical dipoles. 451-453 
Resonant frequencies. 728-730. 754-755 
Resonant input resistance. 732-736, 759-

760 
Resonant wires. 
Rhombic antennas. 236-239. 502-505 
Root-macching. for continuous source dis-

cretization. 341 

s 
Scale models, 880-881 
Scattered electric field - E'(r). 388-391 
Schelkunuff polynomial method. 342-346 
Self-impedance, 379, 403-412 

computer programs for, 439-440 
induced EMF method. 405-412 
integral equation-moment method, 403-

405 
Series-feed network, 773 
Side lobe levels, 592-599, 607-609 
Sine function tables. 885-889 
Sine integrals. 889-893 
Single paraboloidal reHector. 848-850 
Single-plane collimaling range (SPCR). 850--

851 
Single wire radiation mechanism. 71 l 
Slant ranges. 843 
Sleeve dipoles, 464-466 
Small circular loop antennas: See Loop an-

tennas 
Small dipoles. 143-145 
Small loop approximation. 222-223 
Source modeling. 392-395 

delta gap. 393 
magnetic frill generator. 393-394 

Space factor. 151-153 
Spectral domuin. 621-622 
Spherical coordinates, 920 
Spherical reflectors. 830-833 
Spherical-to-cylindlical vector analysis, 917-

918 
Spherical-to-rectangular vector analysis, 918 
Square loop antennas, 233-236 
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Standing waves. 2 
Stationary phase. method of, 922-926 
Sterudian. 34-35 
Structural scattering, 93 
Stub-matching, 466-468 
Subdomain functions, 397-399 
Superdircctivity. 306-309 
Supergain. 306 
Surface geometry. front-fed parabolic reflec­

tors. 798-800 
Synthesis: Set' Antenna synthesis 

T 
Taylor line-source, 321-322. 358-368 
Television frequency spectrums. 927-928 
TE1 1-modc distribution. circulur aperture. 

610-611 
TE 111-mode distribution. rectangular aperture. 

599-601 
Temperature, of antennas, 98-100 
Thin dipoles, 154 
Thin wire antennas 

on current distribution. 17-19 
linear: See Linear wire antennas 

Three-antenna method, gain measurements. 
867-868 

Three-dimensional amplitude pallems. 155 
Three-dimensional characteristics, 283-286 
T-match. 472-475 
Total electric field - E'(r), 388-391 
Transfonners. baluns and. 480-483 
Transmission line model. rectangular micros-

trip antennas, 727-736 
Transmitting mode. 74-76. 215-216. 423-

425 
Traveling wave antennas. 488-505 

long wire, 490-
rhombic antennas. 502- 505 
V antennas. -502 

Triangular distributions, 36%-37 l 
Triangular loop antennas, 236--239 
Triangular sheet simulation, 447-449 
Trigonometric identities. 911-912 
Tnmcated cosine function. 399 
Tschebyscheff error. Taylor line-source, 

321-322. 358-362 

Index 941 

Tschcbyscheff matching transformers, 471-
472 

Two-antenna method, gain measurements. 
867 

Two-element arrays. 250-257 
Two wire radiation mechanism. 1114 

u 
Ultra High Frequency (UI-IF) channels. 927-

928 
Unifonn distribution on an infinite ground 

plane, 586-594, 605-610 
Unipoles. 447 

V 
V antennas. -502 
Vector analysis. 914-921 
Vector effective length. 79-81 
Vector potentials: .,·ee also Radiation inte­

grals and auxiliary potential func­
tions 

wave equations and. 121-125 
V crtical electric dipoles, 165-173. 182-185 
Very High Frequency ( VHF) channels. 927-

928 
Virtual foed, 826 
Visible region. 343-344 

w 
Weighted residuals. 401 
Weighting ( testing) functions. 400-403 
Wire antennas. 4 

linear: See Linear wire antennas 
thin wire: See Thin wire antennas 

Wireless communication antennas. 175, 242. 
928-929 

Wire simulation. 447--449 
Woodward-Lawson method, 352-358 

y 
Yugi-Uda arrays 

computer programs for. 521-525, 541 
of linear elements. 513-532 
of loops. 533--534 
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