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C H A P T E R 

6 
MULTILAYER NEURAL 
NETWORKS 

6.1 INTRODUCTION 

We saw in Chapter 5 a number of methods for training classifiers consisting of in-
put units connected by modifiable weights to output units. The LMS algorithm, in 
particular, provided a powerful gradient descent method for reducing the error, even 
when the patterns are not linearly separable. Unfortunately, the class of solutions 
that can be obtained from such networks—comprising hyperplane decision bound-
aries—while surprisingly good on a range of real-world problems, is simply not gen-
eral enough in demanding applications: there are many problems for which linear 
discriminants are insufficient for minimum error. 

With a clever choice of nonlinear (p functions, however, we can obtain arbitrary 
decision regions, in particular those leading to minimum error. The central difficulty 
is, naturally, choosing the appropriate nonlinear functions. One brute force approach 
might be to choose a complete basis set such as all polynomials, but this will not 
work; such a classifier would have too many free parameters to be determined from 
a limited number of training patterns (Chapter 9). Alternatively, we may have prior 
knowledge relevant to the classification problem and this might guide our choice of 
nonlinearity. However, we have seen no principled or automatic method for finding 
the nonlinearities in the absence of such information. What we seek, then, is a way to 
learn the nonlinearity at the same time as the linear discriminant. This is the approach 
of multilayer neural networks or multilayer Perceptrons: The parameters governing 
the nonlinear mapping are learned at the same time as those governing the linear 
discriminant. 

We shall revisit the limitations of the two-layer networks of the previous chap-
ter,* and see how three- and four-layer nets overcome those drawbacks—indeed 

*Some authors describe such networks as single layer networks because they have only one layer of 
modifiable weights, but we shall instead refer to them based on the number of layers of units. 
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6.1 ■ INTRODUCTION 283 

how such multilayer networks can, at least in principle, provide the optimal solu-
tion to an arbitrary classification problem. There is nothing particularly magical 
about multilayer neural networks; they implement linear discriminants, but in a 
space where the inputs have been mapped nonlinearly. The key power provided by 
such networks is that they admit fairly simple algorithms where the form of the 
nonlinearity can be learned from training data. The models are thus extremely pow-
erful, have nice theoretical properties, and apply well to a vast array of real-world 
applications. 

One of the most popular methods for training such multilayer networks is based 
BACK- on gradient descent in error—the backpropagation algorithm or generalized delta 
PROPAGATION m i ^ a natural extension of the LMS algorithm. We shall study backpropagation 

in depth, first of all because it is powerful, useful, and relatively easy to under-
stand, but also because many other training methods can be seen as modifications 
of it. The backpropagation training method is simple even for complex models 
having hundreds or thousands of parameters. In part because of the intuitive graph-
ical representation and the simplicity of design of these models, designers can test 
different models quickly and easily; neural networks are thus a flexible heuristic 
technique for doing statistical pattern recognition with complicated models. The 
conceptual and algorithmic simplicity of backpropagation, along with its mani-
fest success on many real-world problems, make it a mainstay in adaptive pattern 
recognition. 

While the basic theory of backpropagation is simple, a number of heuristics— 
some a bit subtle—are often used to improve performance and increase training 
speed. Guided by an analysis of networks and their function we can make informed 
choices of the scaling of input values and initial weights, desired output values, and 
more. We shall also discuss alternative training schemes, for instance ones that are 
faster, or adjust their complexity automatically in response to training data. 

Network architecture or topology plays an important role for neural net classifica-
tion, and the optimal topology will depend upon the problem at hand. It is here that 
another great benefit of networks becomes apparent: often knowledge of the problem 
domain which might be of an informal or heuristic nature can be easily incorporated 
into network architectures through choices in the number of hidden layers, units, 
feedback connections, and so on. Thus setting the topology of the network is heuris-
tic model selection. The practical ease in selecting models by setting the network 
topology and estimating parameters via backpropagation enables classifier designers 
to try out alternative models fairly simply. 

REGULAR- A deep problem in the use of neural network techniques involves regularization, 

IZATION that is, selecting or adjusting the complexity of the network. Whereas the number of 
inputs and outputs is given by the feature space and number of categories, the total 
number of weights or parameters in the network is not—or at least not directly. If 
too many free parameters are used, generalization will be poor; conversely if too few 
parameters are used, the training data cannot be learned adequately. How shall we 
adjust the complexity to achieve the best generalization? We shall explore a number 
of methods for complexity adjustment, and we will return in Chapter 9 to consider 
their theoretical foundations. 

It is crucial to remember that neural networks do not exempt designers from inti-
mate and detailed knowledge of the data and problem domain. Networks provide a 
powerful and speedy tool for building classifiers, and as with any tool or technique, 
one gains intuition and expertise through analysis and repeated experimentation over 
a broad range of problems. 
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284 CHAPTER 6 ■ MULTILAYER NEURAL NETWORKS 

FIGURE 6.1. The two-bit parity or exclusive-OR problem can be solved by a three-
layer network. At the bottom is the two-dimensional feature x1x2-space, along with the 
four patterns to be classified. The three-layer network is shown in the middle. The input 
units are linear and merely distribute their feature values through multiplicative weights 
to the hidden units. The hidden and output units here are linear threshold units, each 
of which forms the linear sum of its inputs times their associated weight to yield nef, 
and emits a +1 if this net is greater than or equal to 0, and —1 otherwise, as shown 
by the graphs. Positive or "excitatory" weights are denoted by solid lines, negative or 
"inhibitory" weights by dashed lines; each weight magnitude is indicated by the line's 
thickness, and is labeled. The single output unit sums the weighted signals from the 
hidden units and bias to form its nef, and emits a +1 if its nef is greater than or equal 
to 0 and emits a —1 otherwise. Within each unit we show a graph of its input-output 
or activation function—f(net) versus nef. This function is linear for the input units, a 
constant for the bias, and a step or sign function elsewhere. We say that this network 
has a 2-2-1 fully connected topology, describing the number of units (other than the 
bias) in successive layers. 

6.2 FEEDFORWARD OPERATION AND CLASSIFICATION 

Figure 6.1 shows a simple three-layer neural network. This one consists of an input 
HIDDEN LAYER layer, a hidden layer* and an output layer, interconnected by modifiable weights, 

* We call any units that are neither input nor output units "hidden" because their activations are not directly 
"seen" by the external environment—that is, the input or output. 
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6.2 ■ FEEDFORWARD OPERATION AND CLASSIFICATION 285 

BIAS UNIT 

NEURON 

NET ACTIVATION 

represented by links between layers. There is, furthermore, a single bias unit that 
is connected to each unit other than the input units. Cleary, such a network is an 
extension of the two-layer networks we studied in Chapter 5. The function of units 
is loosely based on properties of biological neurons, and hence they are sometimes 
called "neurons." We are interested in the use of such networks for pattern recogni-
tion, where the input units represent the components of a feature vector and where 
signals emitted by output units will be the values of the discriminant functions used 
for classification. 

We can clarify our notation and describe the feedforward operation of such a 
network on what is perhaps the simplest nonlinear problem: the exclusive-OR (XOR) 
problem (Fig. 6.1); a three-layer network can indeed solve this problem whereas a 
linear machine operating directly on the features cannot. 

Each two-dimensional input vector is presented to the input layer, and the output 
of each input unit equals the corresponding component in the vector. Each hidden 
unit computes the weighted sum of its inputs to form its scalar net activation which 
we denote simply as net. That is, the net activation is the inner product of the inputs 
with the weights at the hidden unit. As in Chapter 5, for simplicity we augment both 
the input vector, by appending a feature value xo = 1, as well as the weight vector, 
by appending a value WQ, and we can then write 

SYNAPSE 

net 'j - Y^xiwJi + WJ0 = ^XjWji = WjX, (1) 
i = l ;=o 

where the subscript i indexes units in the input layer, j in the hidden; Wji denotes 
the input-to-hidden layer weights at the hidden unit j . In analogy with neurobiology, 
such weights or connections are sometimes called "synapses" and the values of 
the connections the "synaptic weights." Each hidden unit emits an output that is a 
nonlinear function of its activation, f(net), that is, 

ACTIVATION 
FUNCTION 

yj = f(netj). 

Figure 6.1 shows a simple threshold or sign (read "signum") function, 

f(net) = Sgn(net) = 
1 if net > 0 

-1 if net < 0, 

(2) 

(3) 

but as we shall see, other functions have more desirable properties and are hence 
more commonly used. This /(•) is sometimes called the activation function or 
merely "nonlinearity" of a unit, and it serves as a <p function discussed in Chapter 5. 
We have assumed the same nonlinearity is used at the various hidden and output 
units, though this is not crucial. 

Each output unit similarly computes its net activation based on the hidden unit 
signals as 

"H "H 

j=0 

(4) 
J'=I 

where the subscript k indexes units in the output layer and n» denotes the number 
of hidden units. We have mathematically treated the bias unit as equivalent to one of 
the hidden units whose output is always yo — 1. In this example, there is only one 
output unit. However, anticipating a more general case, we shall refer to its output as 
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286 CHAPTER 6 ■ MULTILAYER NEURAL NETWORKS 

Zk- An output unit computes the nonlinear function of its net, emitting 

Zk = finetk), (5) 

where in the figure we assume that this nonlinearity is also a sign function. Clearly, 
the output Zk can also be thought of as a function of the input feature vector x. When 
there are c output units, we can think of the network as computing c discriminant 
functions Zk = git(x)> and can classify the input according to which discriminant 
function is largest. In a two-category case, it is traditional to use a single output unit 
and label a pattern by the sign of the output z. 

It is easy to verify that the three-layer network with the weight values listed in-
deed solves the XOR problem. The hidden unit computing yx acts like a two-layer 
Perceptron, and it computes the boundary x\ + x2 + 0.5 = 0; input vectors for which 
x\ + x2 + 0.5 > 0 lead to vi = 1, and all other inputs lead to vi = —1. Likewise 
the other hidden unit computes the boundary x\ + x2 — 1.5 = 0. The final output 
unit emits z\ — +1 if and only if vi = +1 and y2 = +1 . Using the terminology of 
computer logic, the units are behaving like gates, where the first hidden unit is an OR 
gate, the second hidden unit is an AND gate, and the output unit implements 

zk = yi AND NOT v2 = (*i OR x2) AND NOT (*, AND x2) (6) 

= xi X0Rx2, 

giving rise to the appropriate nonlinear decision region shown in the figure—the 
XOR problem is solved. 

6.2.1 General Feedforward Operation 

From the above example, it should be clear that nonlinear multilayer networks—that 
is, ones with input units, hidden units, and output units—have greater computational 

EXPRESSIVE or expressive power than similar networks that otherwise lack hidden units. That 
POWER is5 they can implement more functions. Indeed, we shall see in Section 6.2.2 that 

given sufficient number of hidden units of a general type any function can be so 
represented. 

Clearly, we can generalize the above discussion to more inputs, other nonlinear-
ities, and arbitrary number of output units. For classification, we will have c output 
units, one for each of the categories, and the signal from each output unit is the dis-
criminant function g*(x). We gather the results from Eqs. 1, 2, 4, and 5, to express 
such discriminant functions as 

gkOO = Zk = f I ^ WkJ f I Z ^ WJ'Xi + WJ° )+Wk0f- ( 7 ) 

This, then, is the class of functions that can be implemented by a three-layer neural 
network. In general, as we elaborate in Section 6.8.1, the activation function does not 
have to be a sign function. Indeed, we shall often require the activation functions to 
be continuous and differentiable. We can even allow the activation functions in the 
output layer to be different from the activation functions in the hidden layer, or indeed 
have different activation functions for each individual unit. Although we will have 
cause to use such networks later, to simplify the mathematical analysis and reveal 
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6.2 ■ FEEDFORWARD OPERATION AND CLASSIFICATION 287 

the essential concepts, we will temporarily assume that the activation functions are 
all the same. 

6.2.2 Expressive Power of Multilayer Networks 

It is natural to ask if every decision can be implemented by such a three-layer network 
as described by Eq. 7. The answer, due ultimately to Kolmogorov but refined by 
others, is "yes"—any continuous function from input to output can be implemented 
in a three-layer net, given sufficient number of hidden units n H, proper nonlinearities, 
and weights. In particular, any posterior probabilities can be represented by a three-
layer net. Just as we did in Chapter 2, for this c-category classification case we can 
merely apply a max[] function to the set of network outputs, and thereby obtain any 
decision boundary. 

Specifically, Kolmogorov proved that any continuous function g(x) defined on the 
unit hypercube /" (/ = [0, 1] and n > 2) can be represented in the form 

2n+l Id \ 

g(x)=J>; I £>„(*,)! (8) 

for properly chosen functions S7- and r/fy. In any particular probem, we can always 
scale the input region of interest to lie in a hypercube, and thus this condition on the 
feature space is not limiting. Equation 8 can be expressed in neural network termi-
nology as follows: Each of 2« + 1 hidden units takes as input a sum of d nonlinear 
functions, one for each input feature x,. Each hidden unit emits a nonlinear function 
3 of its total input; the output unit merely emits the sum of the contributions of the 
hidden units. 

Unfortunately, the relationship of Kolmogorov's theorem to practical neural net-
works is a bit tenuous, for several reasons. In particular, the functions aj and tyy 
are not the simple weighted sums passed through nonlinearities favored in neural 
networks. In fact those functions can be extremely complex; they are not smooth, 
and indeed for subtle mathematical reasons they cannot be smooth. As we shall soon 
see, smoothness is important for gradient descent learning. Most importantly, Kol-
mogorov's theorem tells us very little about how to find the nonlinear functions based 
on data—the central problem in network-based pattern recognition. 

A more intuitive proof of the universal expressive power of three-layer nets is in-
spired by Fourier's theorem that any continuous function g(x) can be approximated 
arbitrarily closely by a possibly infinite sum of harmonic functions (Problem 2). 
One can imagine a network whose hidden units implement such harmonic functions. 
Proper hidden-to-output weights related to the coefficients in a Fourier synthesis 
would then enable the full network to implement the desired function. Informally 
speaking, we need not build up harmonic functions for Fourier-like synthesis of a 
desired function. Instead a sufficiently large number of "bumps" at different input 
locations, of different amplitude and sign, can be put together to give our desired 
function. Such localized bumps might be implemented in a number of ways, for in-
stance by S-shaped activation functions grouped appropriately (Fig. 6.2). The Fourier 
analogy and bump constructions are conceptual tools, and they do not explain the 
way networks in fact function. In short, this is not how neural networks "work": 
We never find that through training (Section 6.3) simple networks build a Fourier-
like representation, nor do they learn to group S-shaped functions to get component 
bumps. However, these analogies help to explain the reasons for the expressive power 
of multilayer networks. 
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288 CHAPTER 6 ■ MULTILAYER NEURAL NETWORKS 

FIGURE 6.2. A 2-4-1 network (with bias) along with the response functions at different units; each hidden 
output unit has sigmoidal activation function f(-). In the case shown, the hidden unit outputs are paired in 
opposition thereby producing a "bump" at the output unit. Given a sufficiently large number of hidden units, 
any continuous function from input to output can be approximated arbitrarily well by such a network. 

These latter constructions, showing that any desired function can be implemented 
by a three-layer network, are of greater theoretical than practical interest because the 
constructions give neither the number of hidden units required nor the proper weight 
values. Even if there were a constructive proof, it would be of little use in pattern 
recognition because we do not know the desired function anyway—it is related to 
the training patterns in a very complicated way. All in all, then, these results on the 
expressive power of networks give us confidence we are on the right track, but shed 
little practical light on the problems of designing and training neural networks—their 
main benefit for pattern recognition (Fig. 6.3). 

6.3 BACKPROPAGATION ALGORITHM 

We have just seen that any function from input to output can be implemented as a 
three-layer neural network. We now turn to the crucial problem of setting the weights 
based on training patterns and the desired output. 

Backpropagation is one of the simplest and most general methods for supervised 
training of multilayer neural networks—it is the natural extension of the LMS algo-
rithm for linear systems we saw in Chapter 5. Other methods may be faster or have 
other desirable properties, but few are more instructive. The LMS algorithm worked 
for two-layer systems because the error, proportional to the square of the difference 
between the actual output and the desired output, could be evaluated for each output 
unit. Similarly, in a three-layer net it is a straightforward matter to find how the out-
put, and thus the error, depends on the hidden-to-output layer weights. In fact, this 
dependency is the same as in the analogous two-layer case, and thus the learning rule 
is the same. 
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6.3 ■ BACKPROPAGATION ALGORITHM 289 

FIGURE 6.3. Whereas a two-layer network classifier can only implement a linear deci-
sion boundary, given an adequate number of hidden units, three-, four- and higher-layer 
networks can implement arbitrary decision boundaries. The decision regions need not 
be convex or simply connected. 

But how should the input-to-hidden weights be learned, the ones governing the 
nonlinear transformation of the input vectors? If the "proper" outputs for a hidden 
unit were known for any pattern, the input-to-hidden weights could be adjusted to 
approximate it. However, there is no explicit teacher to state what the hidden unit's 

CREDIT output should be. This is called the credit assignment problem. The power of back-
ASSIGNMENT propagation is that it allows us to calculate an effective error for each hidden unit, 

and thus derive a learning rule for the input-to-hidden weights. 
Networks have two primary modes of operation: feedforward and learning. Feed-

forward operation, such as illustrated in our XOR example above, consists of present-
ing a pattern to the input units and passing the signals through the network in order 
to yield outputs from the output units. Supervised learning consists of presenting an 
input pattern and changing the network parameters to bring the actual outputs closer 

TARGET PATTERN to the desired teaching or target values. Figure 6.4 shows a three-layer network and 
the notation we shall use. 

6.3.1 Network Learning 

The basic approach in learning is to start with an untrained network, present a train-
ing pattern to the input layer, pass the signals through the net and determine the 
output at the output layer. Here these outputs are compared to the target values; any 
difference corresponds to an error. This error or criterion function is some scalar 
function of the weights and is minimized when the network outputs match the de-
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290 CHAPTER 6 ■ MULTILAYER NEURAL NETWORKS 

target t t, t2 • • • tk 

input x *i *2 • • • xi • • • xd 

FIGURE 6.4. A d-nH-c fully connected three-layer network and the notation we shall 
use. During feedforward operation, a d-dimensional input pattern x is presented to the 
input layer; each input unit then emits its corresponding component x,. Each of the 
nH hidden units computes its net activation, nefy, as the inner product of the input 
layer signals with weights wy, at the hidden unit. The hidden unit emits yy = f(.netj), 
where f(-) is the nonlinear activation function, shown here as a sigmoid. Each of the 
c output units functions in the same manner as the hidden units do, computing nef* 
as the inner product of the hidden unit signals and weights at the output unit. The 
final signals emitted by the network, zj. = f{netk), are used as discriminant functions 
for classification. During network training, these output signals are compared with a 
teaching or target vector t, and any difference is used in training the weights throughout 
the network. 

sired outputs. Thus the weights are adjusted to reduce this measure of error. Here we 
present the learning rule on a per pattern basis, and we return to other protocols later. 

TRAINING ERROR We consider the training error on a pattern to be the sum over output units of the 
squared difference between the desired output tk given by a teacher and the actual 
output Zk, much as we had in the LMS algorithm for two-layer nets: 

/ ( w ) ^ ^ - z * ) 2 = ^ | | t - z | | 2 , (9) 
1 * = i l 

where t and z are the target and the network output vectors of length c and w repre-
sents all the weights in the network. 

The backpropagation learning rule is based on gradient descent. The weights are 
initialized with random values, and then they are changed in a direction that will 
reduce the error: 

dJ 
Aw = -i) — , (10) 
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6.3 ■ BACKPROPAGATION ALGORITHM 291 

or in component form 

LEARNING RATE 

SENSITIVITY 

Awpq = -T) 
dJ 

dw 
(11) 

/><? 

where rj is the learning rate, and merely indicates the relative size of the change in 
weights. The power of Eqs. 10 and 11 is in their simplicity: They merely demand 
that we take a step in weight space that lowers the criterion function. It is clear from 
Eq. 9 that the criterion function can never be negative; furthermore, the learning 
rule guarantees that learning will stop, except in pathological cases. This iterative 
algorithm requires taking a weight vector at iteration m and updating it as 

w(w + 1) = w(m) + Aw(m), (12) 

where m indexes the particular pattern presentation. 
We now turn to the problem of evaluating Eq. 11 for a three-layer net. Consider 

first the hidden-to-output weights, wy. Because the error is not explicitly dependent 
upon Wjk, we must use the chain rule for differentiation: 

dJ dJ dnetk 

dwkj dnetk dwkj 

where the sensitivity of unit k is defined to be 

8k = —dJ /dnetk, 

dnetk 

' dwkj ' 
(13) 

(14) 

and describes how the overall error changes with the unit's net activation. Assuming 
that the activation function / ( • ) is differentiable, we differentiate Eq. 9 and find that 
for such an output unit, 5^ is simply 

«* = 
dJ dJ dZk 

dnetk dZk dnetk 

The last derivative in Eq. 13 is found using Eq. 4: 

dnetk 

= (tk -Zk)f'(netk). 

dwkj 
yj-

(15) 

(16) 

Taken together, these results give the weight update or learning rule for the hidden-
to-output weights: 

A.wkj = nSkyj = r)(tk - Zk) f '{netk)yj. (17) 

In the case that the output unit is linear—that is, f(netk) = netk and f'(netk) = 1— 
then Eq. 17 is simply the LMS rule we saw in Chapter 5. 

The learning rule for the input-to-hidden units is more subtle, indeed, it is the crux 
of the solution to the credit assignment problem. From Eq. 11, and again using the 
chain rule, we calculate 

37 dJ dyj dnetj 

dujji dyj dnetj dwji 
(18) 
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292 CHAPTER 6 ■ MULTILAYER NEURAL NETWORKS 

The first term on the right-hand side involves all of the weights wkj, and requires just 
a bit of care: 

3J _ d 
dyj dyj 

\"tih-zk)
2 

k=\ 

= ~ £(** ~ Zk) 
k=\ 

c 

= - J2^tk ~Zk) 

Bzk 

*=i dyj 

dZk dnetk 
Jfk-Zk)-

dnet/c dyj 

- ^(h ~ Zk) f {netk)wkj. (19) 
k=\ 

For the second step above we had to use the chain rule yet again. The final sum over 
output units in Eq. 19 expresses how the hidden unit output, yj, affects the error 
at each output unit. This will allow us to compute an effective target activation for 
each hidden unit. In analogy with Eq. 15 we use Eq. 19 to define the sensitivity for a 
hidden unit as 

Sj = f'{netj)'Y^wkj&k (20) 
k=\ 

Equation 20 is the core of the solution to the credit assigment problem: The sensitiv-
ity at a hidden unit is simply the sum of the individual sensitivities at the output units 
weighted by the hidden-to-output weights wkj, all multiplied by f'(netj). Thus the 
learning rule for the input-to-hidden weights is 

Awji = rjXiSj = rj ^2 wkj h 
k=\ 

f'(netj)Xi. (21) 

Equations 17 and 21, together with training protocols described below, give the 
backpropagation algorithm, or more specifically the "backpropagation of errors" al-
gorithm. It is so-called because during training an error must be propagated from the 
output layer back to the hidden layer in order to perform the learning of the input-to-
hidden weights by Eq. 21 (Fig. 6.5). At base then, backpropagation is just gradient 
descent in layered models where application of the chain rule through continuous 
functions allows the computation of derivatives of the criterion function with respect 
to all model weights. 

As with all gradient-descent procedures, the exact behavior of the backpropaga-
tion algorithm depends on the starting point. While it might seem natural to start by 
setting the weight values to 0, Eq. 21 reveals that that would have very undesirable 
consequences. If the weights wkj to the output layer were ever all zero, the back-
propagated error would also be zero and the input-to-hidden weights would never 
change! This is the reason we start the process with random values for weights, as 
discussed further in Section 6.8.8. 

These learning rules make intuitive sense. Consider first the rule for learning 
weights at the output units (Eq. 17). The weight update at unit k should indeed be 
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H" 

input O O O 
FIGURE 6.5. The sensitivity at a hidden unit is proportional to the weighted sum of the 
sensitivities at the output units: Sj = f'(netj) X!£=i wkjh- The output unit sensitivities are 
thus propagated "back" to the hidden units. 

proportional to (tk — Zk)'- If we get the desired output (ik = tk), then there should be 
no weight change. For the typical sigmoidal /(•) we shall use most often, f'(netk) 
is always positive. Thus if yj and (tk — Zk) are both positive, then the actual output is 
too small and the weight must be increased; indeed, the proper sign is given by the 
learning rule. Finally, the weight update should be proportional to the input value; if 
yj = 0, then hidden unit j has no effect on the output and hence the error, and thus 
changing u>;-,- will not change the error on the pattern presented. A similar analysis 
of Eq. 21 yields insight of the input-to-hidden weights (Problem 5). 

Although our analysis was done for a special case of a particularly simple three-
layer network, it can readily be extended to much more general networks. With mod-
erate notational and bookkeeping effort (see Problems 7 and 11), the backpropa-
gation learning algorithm can be generalized directly to feed-forward networks in 
which 

• Input units include a bias unit. 
• Input units are connected directly to output units as well as to hidden units. 
• There are more than three layers of units. 
• There are different nonlinearities for different layers. 
• Each unit has its own nonlinearity. 
• Each unit has a different learning rate. 

Because stability problems arise, it is a more subtle matter to incorporate learning 
into networks having connections within a layer, or feedback connections from units 
in higher layers back to those in lower layers. We shall consider such recurrent net-
works in Section 6.10.5. First, however, we take a closer look at the convergence of 
the backpropagation algorithm in simpler situations. 

6.3.2 Training Protocols 

In broad overview, supervised training consists in presenting to the network those 
patterns whose category label we know—the training set—finding the output of the 
net and adjusting the weights so as to make the actual output more like the desired 
target values. The three most useful training protocols are: stochastic, batch, and 
on-line. In stochastic training patterns are chosen randomly from the training set, 
and the network weights are updated for each pattern presentation. This method is 
called stochastic because the training data can be considered a random variable. In 
batch training, all patterns are presented to the network before learning takes place. 

TRAINING SET 

STOCHASTIC 
TRAINING 

BATCH TRAINING 
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294 CHAPTER 6 ■ MULTILAYER NEURAL NETWORKS 

In virtually every case we must make several passes through the training data. In on-
line training, each pattern is presented once and only once; there is no use of memory 
for storing the patterns.* 

We describe the overall amount of pattern presentations by epoch—where one 
epoch corresponds to a single presentations of all patterns in the training set. For 
other variables being constant, the number of epochs is an indication of the relative 
amount of learning^ The basic stochastic and batch protocols of backpropagation 
for n patterns are shown in the procedures below. 

■ Algorithm 1. (Stochastic Backpropagation) 

1 begin initialize nH, w, criterion 8, n, m +- 0 
2 dorn <— m + 1 
3 xm <— randomly chosen pattern 
4 Wji <- Wjj + rjSjXi; wkj <- wkj + nSkyj 
5 until HV/(w)ll < 0 
6 return w 
7 end 

In the on-line version of backpropagation, line 3 of Algorithm 1 is replaced by se-
quential selection of training patterns (Problem 9). Line 5 makes the algorithm end 
when the change in the criterion function /(w) is smaller than some preset value 6. 

STOPPING While this is perhaps the simplest meaningful stopping criterion, others generally 
CRITERION je a ( i t0 better performance, as we shall discuss in Section 6.8.14. 

In the batch training protocol, all the training patterns are presented first and their 
corresponding weight updates summed; only then are the actual weights in the net-
work updated. This process is iterated until some stopping criterion is met. 

So far we have considered the error on a single pattern, but in fact we want to 
consider an error defined over the entirety of patterns in the training set. While we 
have to be careful about ambiguities in notation, we can nevertheless write this total 
training error as the sum over the errors on n individual patterns: 

n 

J = J2JP- ( 2 2 ) 

In stochastic training, a weight update may reduce the error on the single pattern 
being presented, yet increase the error on the full training set. Given a large number 
of such individual updates, however, the total error as given in Eq. 22 decreases. 

■ Algorithm 2. (Batch backpropagation) 

1 begin initialize nff, w, criterion 9, r), r <- 0 
2 do r <— r + 1 (increment epoch) 
3 m <- 0; Ai«/,- ■*- 0; Au)y «-

*In Chapter 9 we shall discuss a fourth protocol, learning with queries, where the output of the network 
is used to select new training patterns. 
tThe notion of epoch does not apply to on-line training, where the number of pattern presentations is the 
more appropriate measure. 

ON-LINE 
PROTOCOL 

EPOCH 
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4 dorn <- m + 1 
5 xm <— select pattern 
6 Aw;,- <- AiU;,- + rjSjXj; Aw*; <— Aïo^ + rjSkyj 
7 until m = n 
8 u>;,- «- Wji + Au;;,-; wkj •«- u;*; + Au;*; 
9 until ||VJ(w)|| <6> 

10 return w 
11 end 

In batch backpropagation, we need not select patterns randomly, because the weights 
are updated only after all patterns have been presented once. We shall consider the 
merits and drawbacks of each protocol in Section 6.8. 

6.3.3 Learning Curves 

Before training has begun, the error on the training set is typically high; through 
learning the error becomes lower, as shown in a learning curve (Fig. 6.6). The (per 
pattern) training error ultimately reaches an asymptotic value which depends upon 
the Bayes error, the amount of training data, and the expressive power (e.g., the num-
ber of weights) in the network: The higher the Bayes error and the fewer the number 
of such weights, the higher this asymptotic value is likely to be. Because batch back-
propagation performs gradient descent in the criterion function, if the learning rate is 
not too high the training error tends to decrease monotonically. The average error on 
an independent test set is virtually always higher than on the training set, and while 
it generally decreases, it can increase or oscillate. 

In addition to the use of the training set, there are two conceptual uses of inde-
pendently selected patterns. One is to state the performance of the fielded network; 
for this we use the test set. Another use is to decide when to stop training; for this 

VALIDATION SET we use a validation set. As we shall discuss in Section 6.8.14, we stop training at a 
minimum of the error on the validation set. 

J/n 

»- epochs 

1 2 3 4 5 6 7 8 9 10 11 

FIGURE 6.6. A learning curve shows the criterion function as a function of the amount 
of training, typically indicated by the number of epochs or presentations of the full 
training set. We plot the average error per pattern, that is, 1/n!Cp=i V T n e validation 
error and the test or generalization error per pattern are virtually always higher than 
the training error. In some protocols, training is stopped at the first minimum of the 
validation set. 
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Figure 6.6 also shows the average error on a validation set—patterns not used 
directly for gradient descent training, and thus indirectly representative of novel pat-
terns yet to be classified. The validation set can be used in a stopping criterion in 
both batch and stochastic protocols; gradient descent learning of the training set is 
stopped when a minimum is reached in the validation error (e.g., near epoch 5 in the 
figure). We shall return in Chapter 9 to understand in greater depth why this tech-
nique of validation, or more general cross-validation, often leads to networks having 
improved recognition accuracy. 

6.4 ERROR SURFACES 

Because backpropagation is based on gradient descent in a criterion function, we 
can gain understanding and intuition about the algorithm by studying error surfaces 
themselves—the function J(w). Of course, such an error surface depends upon the 
classification task; nevertheless, there are some general properties of error surfaces 
that seem to hold over a broad range of real-world pattern recognition problems. One 
of the issues that concerns us is local minima; if many local minima plague the error 
landscape, then it is unlikely that the network will find the global minimum. Below 
we shall see whether this necessarily leads to poor performance. Another issue is 
the presence of plateaus—regions where the error varies only slightly as a function 
of weights. If such plateaus are plentiful, we can expect training according to Al-
gorithms 1 and 2 to be slow. Because training typically begins with small weights, 
the error surface in the neighborhood of w ~ 0 will determine the general direc-
tion of descent. What can we say about the error in this region? Most interesting 
real-world problems are of high dimensionality. Are there any general properties of 
high-dimensional error functions? 

We now explore these issues in some illustrative systems. 

6.4.1 Some Small Networks 

Consider the simplest three-layer nonlinear network, here solving a two-category 
problem in one dimension; this 1-1-1 sigmoidal network (and bias) is shown in 
Fig. 6.7. The data shown are linearly separable, and the optimal decision bound-
ary, a point near x\ = 0, separates the two categories. During learning, the weights 
descend to the global minimum, and the problem is solved. 

Here the error surface has a single (global) minimum, which yields the decision 
point separating the patterns of the two categories. Different plateaus in the surface 
correspond roughly to different numbers of patterns properly classified; the max-
imum number of such misclassified patterns is four in this example. The plateau 
regions, where weight change does not lead to a change in error, here correspond to 
sets of weights that lead to roughly the same decision point in the input space. Thus 
as w\ increases and W2 becomes more negative, the surface shows that the error does 
not change, a result that can be informally confirmed by looking at the network itself. 

Now consider the same network applied to another, harder, one-dimensional 
problem—one that is not linearly separable (Fig. 6.8). First, note that overall the 
error surface is slightly higher than in Fig. 6.7 because even the best solution 
attainable with this network leads to one pattern being misclassified. As before, 
the different plateaus in error correspond to different numbers of training patterns 
properly learned. However, one must not confuse the squared error measure with 

CROSS-
VALIDATION 
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Hi x* n2 

FIGURE 6.7. Eight one-dimensional patterns (four in each of two classes) are to be 
learned by a 1-1-1 network with steep sigmoidal hidden and output units with bias. 
The error surface as a function of vv0 and Wi is also shown, where the bias weights are 
assigned their final values. The network starts with random weights; through stochastic 
training, it descends to a global minimum in error. Note especially that a low error 
solution exists, which indeed leads to a decision boundary separating the training points 
into their two categories. 

nix* n2 

FIGURE 6.8. As in Fig. 6.7, except here the patterns are not linearly separable; the error 
surface is slightly higher than in that figure. Note too from the error surface that there 
are two forms of minimum error solution; these correspond to —2 < x* < —1 and 
1 < x* < 2, in which one pattern is misclassified. 
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classification error. For instance, here there are two general ways to misclassify 
exactly two patterns, but these have different errors. Incidentally, a 1-3-1 network 
(but not a 1-2-1 network) can solve this problem (Computer exercise 3). 

From these very simple examples, where the correspondences among weight val-
ues, decision boundary, and error are manifest, we can see how the error of the global 
minimum is lower when the problem can be solved and that there are plateaus corre-
sponding to sets of weights that lead to nearly the same decision boundary. Further-
more, the surface near w ~ 0, the traditional region for starting learning, has high 
error and happens in this case to have a large slope; if the starting point had differed 
somewhat, the network would descend to the same final weight values. 

6.4.2 The Exclusive-OR (XOR) 

A somewhat more complicated problem is the XOR problem we have seen be-
fore. Figure 6.9 shows several two-dimensional slices through the nine-dimensional 
weight space of the 2-2-1 sigmoidal network with bias. The slices shown include a 
global minimum in the error. 

Notice first that the error varies a bit more gradually as a function of a single 
weight than does the error in the networks solving the problems in Figs. 6.7 and 
6.8. This is because in a large network any single weight has on average a smaller 
relative contribution to the output. Ridges, valleys, and a variety of other shapes can 
all be seen in the surface. Several local minima in the high-dimensional weight space 
exist, which here correspond to solutions that classify three (but not four) patterns. 
Although it is hard to show it graphically, the error surface is invariant with respect 
to certain discrete permutations. For instance, if the labels on the two hidden units 
are exchanged, and the weight values changed appropriately, the shape of the error 
surface is unaffected (Problem 13). 

6.4.3 Larger Networks 

Alas, the intuition we gain from considering error surfaces for small networks gives 
only hints of what is going on in large networks, and at times can be quite mis-
leading. For a network with many weights solving a complicated high-dimensional 
classification problem, the error varies quite gradually as a single weight is changed. 
Nevertheless, the surfaces can have troughs, valleys, canyons, and a host of shapes. 

FIGURE 6.9. Two-dimensional slices through the nine-dimensional error surface after 
extensive training for a 2-2-1 network solving the XOR problem. 
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Whereas in low-dimensional spaces, local minima can be plentiful, in high di-
mension, the problem of local minima is different: The high-dimensional space may 
afford more ways (dimensions) for the system to "get around" a barrier or local 
maximum during learning. The more superfluous the weights, the less likely it is a 
network will get trapped in local minima. However, networks with an unnecessarily 
large number of weights are undesirable because of the dangers of overfitting, as we 
shall see in Section 6.11. 

6.4.4 How Important Are Multiple Minima? 

The possibility of the presence of multiple local minima is one reason that we resort 
to iterative gradient descent—analytic methods are highly unlikely to find a single 
global minimum, especially in high-dimensional weight spaces. In computational 
practice, we do not want our network to be caught in a local minimum having high 
training error because this usually indicates that key features of the problem have not 
been learned by the network. In such cases it is traditional to reinitialize the weights 
and train again, possibly also altering other parameters in the net (Section 6.8). 

In many problems, convergence to a nonglobal minimum is acceptable, if the error 
is nevertheless fairly low. Furthermore, common stopping criteria demand that train-
ing terminate even before the minimum is reached, and thus it is not essential that 
the network be converging toward the global minimum for acceptable performance. 
In short, the presence of multiple minima does not necessarily present difficulties in 
training nets, and a few simple heuristics can often overcome such problems (Sec-
tion 6.8). 

6.5 BACKPROPAGATION AS FEATURE MAPPING 

Because the hidden-to-output layer leads to a linear discriminant, the novel compu-
tational power provided by multilayer neural nets can be attributed to the nonlinear 
warping of the input to the representation at the hidden units. Let us consider this 
transformation, again with the help of the XOR problem. 

Figure 6.10 shows a three-layer net addressing the XOR problem. For any input 
pattern in the jtiX2-space, we can show the corresponding output of the two hidden 
units in the y\ y2-space. With small initial weights, the net activation of each hidden 
unit is small, and thus the linear portion of their activation function is used. Such a 
linear transformation from x to y leaves the patterns linearly /«separable (Problem 1 ). 
However, as learning progresses and the input-to-hidden weights increase in magni-
tude, the nonlinearities of the hidden units warp and distort the mapping from input 
to the hidden unit space. The linear decision boundary at the end of learning found 
by the hidden-to-output weights is shown by the straight dashed line; the nonlinearly 
separable problem at the inputs is transformed into a linearly separable at the hidden 
units. 

We can illustrate such distortion in the three-bit parity problem, where the output 
is equal to +1 if the number of Is in the input is odd, and — 1 otherwise—a general-
ization of the XOR or two-bit parity problem (Fig. 6.11 ). As before, early in learning 
the hidden units operate in their linear range and thus the representation after the 
hidden units remains linearly inseparable—the patterns from the two categories lie 
at alternating vertexes of a cube. After learning causes the weights to become larger, 
the nonlinearities of the hidden units are expressed and patterns have been moved 
and are linearly separable, as shown. 
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1.5 -1 -0.5 0 0.5 1 1.5 

' ^ __ total error 

error on \ 
individual patterns \ 

epoch 

FIGURE 6.10. A 2-2-1 backpropagation network with bias and the four patterns of the 
XOR problem are shown at the top. The middle figure shows the outputs of the hidden 
units for each of the four patterns; these outputs move across the yiy2-space as the net-
work learns. In this space, early in training (epoch 1 ) the two categories are not linearly 
separable. As the input-to-hidden weights learn, as marked by the number of epochs, the 
categories become linearly separable. The dashed line is the linear decision boundary 
determined by the hidden-to-output weights at the end of learning; indeed the patterns 
of the two classes are separated by this boundary. The bottom graph shows the learn-
ing curves—the error on individual patterns and the total error as a function of epoch. 
Note that, as frequently happens, the total training error decreases monotonically, even 
though this is not the case for the error on each individual pattern. 

Figure 6.12 shows a different two-dimensional two-category problem and the pat-
tern representations in a 2-2-1 and in a 2-3-1 network of sigmoidal hidden units. 
Note that in the two-hidden-unit net, the categories are separated somewhat, but not 
enough for error-free classification; the expressive power of the net is not sufficiently 
high. In contrast, the three-hidden-unit net can separate the patterns. In general, given 
sufficiently many hidden units in a sigmoidal network, any set of different patterns 
can be learned in this way. 
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JO 20 30 40 SO 60 70 
epoch 

FIGURE 6.11. A 3-3-1 backpropagation network with bias can indeed solve the three-
bit parity problem. The representation of the eight patterns at the hidden units (y\y2y-i-
space) as the system learns and the planar decision boundary found by the hidden-
to-output weights at the end of learning. The patterns of the two classes are indeed 
separated by this plane, as desired. The learning curve shows the error on individual 
patterns and the total error j as a function of epoch. 

patterns 
not separated 

y2 

patterns 
separated 

y 1 ~yi 

2-2-1 
x2 

5 

2-3-1 

input 

x, 

FIGURE 6.12. Seven patterns from a two-dimensional two-category nonlinearly sepa-
rable classification problem are shown at the bottom. The figure at the top left shows the 
hidden unit representations of the patterns in a 2-2-1 sigmoidal network with bias fully 
trained to the global error minimum; the linear boundary implemented by the hidden-
to-output weights is marked as a gray dashed line. Note that the categories are almost 
linearly separable in this yiy2-space, but one training point is misclassified. At the top 
right is the analogous hidden unit representation for a fully trained 2-3-1 network with 
bias. Because of the higher dimension of the hidden layer representation, the categories 
are now linearly separable; indeed the learned hidden-to-output weights implement a 
plane that separates the categories. 
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6.5.1 Representations at the Hidden Layer—Weights 

In addition to visualizing on the transformation of patterns in a network, we can 
also consider the representation of learned weights. Because the hidden-to-output 
weights merely lead to a linear discriminant, it is instead the input-to-hidden weights 
that are most instructive. In particular, such weights at a single hidden unit describe 
the input pattern that leads to maximum activation of that hidden unit, analogous 

MATCHED FILTER to a "matched filter" (Section 6.10.3). Because the hidden unit activation functions 
are nonlinear, the correspondence with classical methods such as matched filters is 
not exact, however. Nevertheless, it is occasionally convenient to think of the hidden 
units as finding feature groupings useful for the linear classifier implemented by the 
hidden-to-output layer weights. 

Figure 6.13 shows the input-to-hidden weights, displayed as images, for a simple 
task of character recognition. Note that one hidden unit seems "tuned" or "matched" 
to a pair of horizontal bars while the other is tuned to a single lower bar. Both of these 
feature groupings are useful building blocks for the patterns presented. In complex, 
high-dimensional problems, however, the pattern of learned weights may not appear 
to be simply related to the features we suspect are appropriate for the task. This could 
be because we may be mistaken about which are the true, relevant feature groupings; 
nonlinear interactions between features may be significant in a problem and such 
interactions are not manifest in the patterns of weights at a single hidden unit; or the 
network may have too many weights, and thus the feature selectivity is low. Thus, 
while analyses of learned weights may be suggestive, the whole endeavor must be 
approached with caution. 

It is generally much harder to represent the hidden-to-output layer weights in 
terms of input features. Not only do the hidden units themselves already encode a 
somewhat abstract pattern, there is moreover no natural ordering or arrangement of 
the hidden units analogous to that of the input units in Fig. 6.13. Together with the 

sample training patterns 

learned input-to-hidden weights 

FIGURE 6.13. The top images represent patterns from a large training set used to train 
a 64-2-3 sigmoidal network for classifying three characters. The bottom figures show 
the input-to-hidden weights, represented as patterns, at the two hidden units after train-
ing. Note that these learned weights indeed describe feature groupings useful for the 
classification task. In large networks, such patterns of learned weights may be difficult 
to interpret in this way. 
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fact that the output of hidden units are nonlinearly related to the inputs, this makes 
analyzing hidden-to-output weights somewhat problematic. Often the best we can do 
is list the patterns of input weights for hidden units that have strong connections to 
the output unit in question (Computer exercise 9). 

6.6 BACKPROPAGATION, BAYES THEORY AND PROBABILITY 

While multilayer neural networks may appear to be somewhat ad hoc, we now show 
that when trained via backpropagation on a sum-squared error criterion, they provide 
a least squares fit to the Bayes discriminant functions. 

6.6.1 Bayes Discriminants and Neural Networks 

As we saw in Chapter 5, the LMS algorithm computed the approximation to the 
Bayes discriminant function for two-layer nets. We now generalize this result in two 
ways: to multiple categories and to nonlinear functions implemented by three-layer 
neural networks. We use the network of Fig. 6.4 and let gk(x; w) be the output of 
the kth output unit—the discriminant function corresponding to category cok. Recall 
first Bayes formula, 

D, , , p(x\wk)P(cok) p(x, cok) 
P(cok\x) = —c —-——— = ——, (23) 

L/=! P(x\cOi)p(Wi) p(x) 

and the Bayes decision for any pattern x: Choose the category a)k having the largest 
discriminant function gk(x) = P(cok\x). 

Suppose we train a network having c output units with a target signal according 
to 

, . f 1 if x 6 a>k ,_„. 
" ( X ) = 0 otherwise. ( 2 4 ) 

(In practice, teaching values of ±1 are to be preferred, as we shall see in Section 6.8; 
we use the values 0-1 in this derivation for analytical simplicity.) The contribution 
to the criterion function based on a single output unit k for finite number of training 
samples x is 

/ (w) = ^ [ f t ( x ; w ) - f , ] 2 (25) 
X 

tlk 1 \—\ o fl — Til 1 \—\ n 

— — T, [ft(x; w) - l ]2 + y W x ; w) - 0]2 

where n is the total number of training patterns, nk of which are in wk. In the limit of 
infinite data we can use Bayes formula to express Eq. 25 as (Problem 17) 
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lim - J ( w ) = 7(w) (26) 
n-toc n 

= P(o>k) / L?*(x; w) - l ]2 p(x\a>k)dx + Picota) I g*(x; w)p(x\wi^k) dx 

= / gl(x; w)p(x)dx-2 I gk(x; v/)p(x,a)k)dx+ / p(x,cok)dx 

= l\gkte y)- P((ok\x)]2p(x)dx+ j P(ù>k\x)P(ù)i¥;k\x)p(x)dx. 

independent of w 

The backpropagation rule changes weights to minimize the left-hand side of 
Eq. 26, and thus it minimizes 

jWx; w)-P(cok\x)fp(x)dx. (27) 

Because this is true for each category œk (k = 1, 2 , . . . , c), backpropagation mini-
mizes the sum (Problem 22): 

£ / [ft(x; w) - P(cok\x)]2 p(x) dx. (28) 
* = i -> 

Thus in the limit of infinite data the outputs of the trained network will approximate 
the true a posteriori probabilities in a least-squares sense; that is, the output units 
represent the a posteriori probabilities, 

gk(x; w) ~ P(cok\x). (29) 

We must be cautious in interpreting these results, however. A key assumption un-
derlying the argument is that the network can indeed represent the functions P (cok | x) ; 
with insufficient hidden units, this will not be true. Nevertheless, the above results 
show that neural networks can have very desirable limiting properties. 

6.6.2 Outputs as Probabilities 

In the previous subsection we saw one way to make the c output units of a trained 
net represent probabilities by training with 0—1 target values. While indeed given 
infinite amounts of training data, the outputs will represent probabilities. If, however, 
these conditions do not hold—in particular we have only a finite amount of training 
data—then the outputs will not represent probabilities; for instance, there is not even 
a guarantee that they sum to 1.0. In fact, if the sum of the network outputs differs 
significantly from 1.0 within some range of the input space, it is an indication that 
the network is not accurately modeling the posteriors. This, in turn, may suggest 
changing the network topology, number of hidden units, or other aspects of the net 
(Section 6.8). 

One approach toward approximating probabilities is to choose the output unit 
nonlinearity to be exponential rather than sigmoidal—f(netk) a e"e'k—and for each 
pattern to normalize the outputs to sum to 1.0, 
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pnetk 

Zk = ptietm ' 
(30) 

SOFTMAX 
WINNER-TAKE-
ALL 

while training using 0—1 target signals. This is the softmax method—a smoothed or 
continuous version of a winner-take-all nonlinearity in which the maximum output is 
transformed to 1.0, and all others reduced to 0.0. The softmax output finds theoretical 
justification if for each category wj the hidden unit representations y can be assumed 
to come from an exponential distribution (Problem 20 and Computer exercise 10). 

As we have seen, then, a neural network classifier trained in this manner approxi-
mates the posterior probabilities P(COJ\X), and this depends upon the prior probabil-
ities of the categories. If such a trained network is to be used on problems in which 
the priors have been changed, it is a simple matter to rescale each network output, 
gi(x) — P(tL>i\x), by the ratio of such priors, though this need not ensure minimal 
error. The use of softmax is approriate when the network is to be used for estimat-
ing probabilities. While probabilities as network outputs can certainly be used for 
classification, other representations—for instance, where outputs can be positive or 
negative and need not sum to 1.0—are preferable, as we shall see in Section 6.8.4. 

*6.7 RELATED STATISTICAL TECHNIQUES 

PROJECTION 
PURSUIT 

While the graphical, topological representation of networks is useful and a guide 
to intuition, we must not forget that the underlying mathematics of the feedforward 
operation is governed by Eq. 7. A number of statistical methods bear similarities 
to that equation. For instance, projection pursuit regression, or simply projection 
pursuit, implements 

Z = ^T Wjfj(\'jX + Vjo) + W0. (31) 

RIDGE FUNCTION 

Here each V; and VJQ together define the projection of the input x onto one of j m a x 

different d-dimensional hyperplanes. These projections are transformed by nonlinear 
functions /_,■(•) whose values are then linearly combined at the output; traditionally, 
sigmoidal or Gaussian functions are used. The fj (•) have been called ridge functions 
because for peaked /_,■(•), the system output appears as a ridge in a two-dimensional 
input space. Equation 31 implements a mapping to a scalar function z; in a c-category 
classification problem there would be c such outputs. In computational practice, the 
parameters are learned in groups minimizing an LMS error—for example, first the 
components of Vi and v\o, then \2 and U20 up to Vjmax and Vjmaxo; then the Wj and 
wo, iterating until convergence. 

Such models are related to the three-layer networks we have seen in that the Vy 
and VJO are analogous to the input-to-hidden weights at a hidden unit and the effective 
output unit is linear. The class of functions /_,-(•) at such hidden units are more general 
and have more free parameters than do sigmoids. Moreover, such a model can have 
an output much larger than 1.0, as might be needed in a general regression task. In 
the classification tasks we have considered, a saturating output such as a sigmoid is 
more appropriate. 
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Another technique related to multilayer neural nets is generalized additive models, 
which implement 

z = f\J2Mxi) + w0\, (32) 

where again /(•) is often chosen to be a sigmoid, and the functions fi (•) operating on 
the input features are nonlinear, and sometimes chosen to be sigmoidal. Such models 
are trained by iteratively adjusting parameters of the component nonlinearities /](•)• 
Indeed, the basic three-layer neural networks of Section 6.2 implement a special case 
of general additive models (Problem 24), though the training methods differ. 

An extremely flexible technique having many adjustable parameters is multivari-
ate adaptive regression splines (MARS). In this technique, localized spline functions 
(polynomials adjusted to ensure continuous derivative) are used in the initial process-
ing. Here the output is the weighted sum of M products of splines: 

z = ^2wky[(pkr(xqik,r)) + wo, (33) 
k=l r=\ 

where the fcth basis function is the product of rk one-dimensional spline functions 
(for, and WQ is a scalar offset. The splines depend on the input values xq, such as 
the feature component of an input, and this index is denoted q(k,r). Naturally, in a 
c-category task, there would be one such output for each category. 

In broad overview, training in MARS begins by fitting the data with a spline func-
tion along each feature dimension in turn. The spline that best fits the data, in a 
sum-squared-error sense, is retained. This is the r — 1 term in Eq. 33. Next, each 
of the other feature dimensions is considered, one by one. For each such dimension, 
candidate splines are selected based on the data fit using the product of that spline 
with the one previously selected, thereby giving the product r — 1 —>■ 2. The best 
such second spline is retained, thereby giving the r — 2 term. In this way, splines 
are added incrementally up to some value rk, where some desired quality of fit is 
achieved. The weights wk are learned via gradient descent on an LMS criterion. 

For several reasons, multilayer neural nets have all but supplanted projection pur-
suit, MARS, and earlier related techniques in practical pattern recognition research. 
Backpropagation is simpler than learning in projection pursuit and MARS, espe-
cially when the number of training patterns and the dimension is large; heuristic 
information can be incorporated more simply into nets (Section 6.8.12); nets admit 
a variety of simplification or regularization methods (Section 6.11) that have no di-
rect counterpart in those earlier methods. It is, moreover, usually simpler to refine a 
trained neural net using additional training data than it is to modify classifiers-based 
on projection pursuit or MARS. 

6.8 PRACTICAL TECHNIQUES FOR IMPROVING 
BACKPROPAGATION 

Up to this point we have ignored a number of practical considerations for the sake of 
simplicity. Although the above analyses are correct, a naive application of the proce-
dures can lead to very slow convergence, poor performance or other unsatisfactory 
results. Thus we now turn to a number of practical suggestions for training networks 

GENERALIZED 
ADDITIVE 
MODEL 

MULTIVARIATE 
ADAPTIVE 
REGRESSION 
SPLINE 
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by backpropagation. While it is difficult to give mathematical proofs for them, these 
suggestions can be based on a number of plausible heuristics and have been found to 
be useful in many practical applications. 

6.8.1 Activation Function 

SIGMOID 

POLYNOMIAL 
CLASSIFIER 

DISTRIBUTED 
REPRESENTA-
TION 

There are a number of properties we seek for / (•) , but we must not lose sight of the 
fact that backpropagation will work with virtually any activation function, given that 
a few simple conditions such as continuity of /(•) and its derivative are met. In any 
given classification problem we may have a good reason for selecting a particular 
activation function. For instance, if we have prior information that the distributions 
arise from a mixture of Gaussians, then Gaussian activation functions are appropri-
ate. 

When not guided by such problem dependent information, what general proper-
ties might we seek in /(■)? First, of course, /(•) must be nonlinear—otherwise the 
three-layer network provides no computational power above that of a two-layer net 
(Problem 1). A second desirable property is that /(•) saturate—that is, have some 
maximum and minimum output value. This will keep the weights and activations 
bounded, and thus keep the training time limited. Saturation is a particularly desir-
able property when the output is meant to represent a probability. It is also desirable 
for models of biological neural networks, where the output represents a neural firing 
rate. It may not be desirable in networks used for regression, where a wide dynamic 
range may be required. 

A third property is continuity and smoothness—that is, that /(■) and /'(■) be 
defined throughout the range of their argument. Recall that the fact that we could 
take a derivative of /(•) was crucial in the derivation of the backpropagation learning 
rule. The rule would not, therefore, work with the threshold or sign function of Eq. 3. 
Backpropagation can be made to work with piecewise linear activation functions, but 
with added complexity and few benefits. 

Monotonicity is another convenient, but nonessential, property for /(•)—we 
might wish that the derivative have the same sign throughout the range of the argu-
ment, for example, / ' ( • ) > 0. If / is not monotonie and has multiple local maxima, 
additional and undesirable local extrema in the error surface may become intro-
duced. Nonmonotonic activation functions such as radial basis functions can be used 
if proper care is taken (Section 6.10.1). Another desirable property is linearity for 
a small value of net, which will enable the system to implement a linear model if 
adequate for yielding low error. 

One class of functions that has all the above desired properties is the sigmoid, 
such as a hyperbolic tangent. The sigmoid is smooth, differentiable, nonlinear, and 
saturating. It also admits a linear model if the network weights are small. A minor 
benefit is that the derivative /'(■) can be easily expressed in terms of /(•) itself 
(Problem 10). 

We mention in passing that polynomial classifiers use activation functions of the 
form X],X2, ■ ■ ■ ,xj,x\,x\,...,x2

d,x\Xi,...,x\Xd, and so forth—all terms up to 
some limit; training is via gradient descent too. One drawback here is that the outputs 
of the hidden units (<p functions) can become extremely large even for realistic prob-
lems (Problem 29). By employing saturating sigmoidal activation functions, neural 
networks avoid this problem. 

A hidden layer of sigmoidal units affords a distributed or global representation 
of the input. That is, any particular input x is likely to yield activity throughout sev-
eral hidden units. In contrast, if the hidden units have activation functions that have 
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LOCAL REPRES-
ENTATION 

significant response only for inputs within a small range, then an input x generally 
leads to fewer hidden units being active—a local representation. (Nearest neighbor 
classifiers employ local representations, of course.) It is often found in practice that 
when there are few training points, distributed representations are superior because 
more of the data influences the posteriors at any given input region. 

The sigmoid is the most widely used activation function for the above reasons, 
and in most of the following we shall employ sigmoids. 

6.8.2 Parameters for the Sigmoid 

Given that we will use the sigmoidal activation function, there remain a number of 
parameters to set. It is best to keep the function centered on zero and antisymmetric— 
or as an "odd" function, that is, f(—net) = —f(net)—rather than one whose value 
is always positive. Together with the data preprocessing described in Section 6.8.3, 
antisymmetric sigmoids lead to faster learning. Nonzero means in the input variables 
and activation functions make some of the eigenvalues of the Hessian matrix large 
(Section 6.9.1), and this slows the learning, as we shall see. 

Sigmoid functions of the form 

f(net) = a tanh(fo net) = a 
~+b net „—b net 

?+b net + e--b net 
(34) 

work well. The overall range and slope are not important, because it is their relation-
ship to parameters such as the learning rate and magnitudes of the inputs and targets 
that affect learning (Problem 23). For convenience, though, we choose a = 1.716 
and b — 2/3 in Eq. 34—values that ensure / ' (0) ~ 0.5, that the linear range is 
— 1 < net < +1 , and that the extrema of the second derivative occur roughly at 
net ~ ±2 (Fig. 6.14). 

6.8.3 Scaling Input 

STANDARDIZE 

Suppose we were using a two-input network to classify fish based on the features of 
mass (measured in grams) and length (measured in meters). Such a representation 
will have serious drawbacks for a neural network classifier: The numerical value of 
the mass will be orders of magnitude larger than that for length. During training, the 
network will adjust weights from the "mass" input unit far more than for the "length" 
input—indeed the error will hardly depend upon the tiny length values. If, however, 
the same physical information were presented but with mass measured in kilograms 
and length in millimeters, the situation would be reversed. Naturally we do not want 
our classifier to prefer one of these features over the other, because they differ solely 
in the arbitrary representation. The difficulty arises even for features having the same 
units but differing in overall magnitude, of course—for instance, if a fish's length and 
its fin thickness were both measured in millimeters. 

In order to avoid such difficulties, the input patterns should be shifted so that the 
average over the training set of each feature is zero. Moreover, the full data set should 
then be scaled to have the same variance in each feature component—here chosen 
to be 1.0 for reasons that will be clear in Section 6.8.8. That is, we standardize 
the training patterns. This data standardization plays a role similar to a whitening 
transformation applied to the training set (Chapter 2), and need be done once, before 
the start of network training. It represents a small one-time computational burden 
(Problem 27). Standardization can only be done for stochastic and batch learning 
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FIGURE 6.14. A useful activation function f(net) is an anti-symmetric sigmoid. For the 
parameters given in the text, f(net) is nearly linear in the range —1 < net < +1 and its 
second derivative, f'(net), has extrema near nef ~ ± 2 . 

protocols, but not on-line protocols where the full data set is never available at any 
one time. Naturally, any test pattern must be subjected to the same transformation 
before it is to be classified by the network. 

6.8.4 Target Values 

For pattern recognition, we typically train with the pattern and its category label, 
and thus we use a one-of-c representation for the target vector. Because the output 
units saturate at ±1.716, we might naively feel that the target values should be those 
values; however, that would present a difficulty. For any finite value of nef*, the 
output could never reach these saturation values, and thus there would be error. Full 
training would never terminate because weights would become extremely large as 
netk would be driven to ± oo. 

This difficulty can be avoided by using teaching values of +1 for the target cat-
egory and —1 for the non-target categories. For instance, in a four-category prob-
lem if the pattern is in category C03, the following target vector should be used: 
t = (—1, —1, +1 , —1)'. Of course, this target representation yields efficient learn-
ing for categorization—the outputs here do not represent a posterior probabilities 
(Section 6.6.2). 
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6.8.5 Training with Noise 

When the training set is small, one can generate virtual or surrogate training patterns 
and use them as if they were normal training patterns sampled from the source distri-
butions. In the absence of problem-specific information, a natural assumption is that 
such surrogate patterns should be made by adding d-dimensional Gaussian noise 
to true training points. In particular, for the standardized inputs described in Sec-
tion 6.8.3, the variance of the added noise should be less than 1.0 (e.g., 0.1) and the 
category label should be left unchanged. This method of training with noise can be 
used with virtually every classification method, though it generally does not improve 
accuracy for highly local classifiers such as ones based on the nearest neighbor. 

6.8.6 Manufacturing Data 

If we have knowledge about the sources of variation among patterns, for instance, 
due to geometrical invariances, we can "manufacture" training data that conveys 
more information than does the method of training with uncorrelated noise (Sec-
tion 6.8.5). For instance, in an optical character recognition problem, an input image 
may be presented rotated by various amounts. Hence during training we can take any 
particular training pattern and rotate its image to "manufacture" a training point that 
may be representative of a much larger training set. Likewise, we might scale a pat-
tern, perform simple image processing to simulate a bold face character, and so on. 
If we have information about the range of expected rotation angles, or the variation 
in thickness of the character strokes, we should manufacture the data accordingly. 

While this method bears formal equivalence to incorporating prior information in 
a maximum-likelihood approach, it is usually much simpler to implement, because 
we need only the forward model for generating patterns. As with training with noise, 
manufacturing data can be used with a wide range of pattern recognition methods. A 
drawback is that the memory requirements may be large and overall training may be 
slow. 

6.8.7 Number of Hidden Units 

While the number of input units and output units are dictated by the dimensionality 
of the input vectors and the number of categories, respectively, the number of hidden 
units is not simply related to such obvious properties of the classification problem. 
The number of hidden units, nw, governs the expressive power of the net—and thus 
the complexity of the decision boundary. If the patterns are well-separated or linearly 
separable, then few hidden units are needed; conversely, if the patterns are drawn 
from complicated densities that are highly interspersed, then more hidden units are 
needed. Without further information there is no foolproof method for setting the 
number of hidden units before training. 

Figure 6.15 shows the training and test error on a two-category classification prob-
lem for networks that differ solely in their number of hidden units. For large nH, the 
training error can become small because such networks have high expressive power 
and become tuned to the particular training set. Nevertheless, in this regime, the test 
error is unacceptably high, an example of overfitting we shall study again in Chap-
ter 9. At the other extreme of too few hidden units, the net does not have enough free 
parameters to fit the training data well, and again the test error is high. We seek some 
intermediate number of hidden units that will give low test error. 
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FIGURE 6.15. The error per pattern for networks fully trained but differing in the num-
bers of hidden units, nH. Each 2 — nH — 1 network with bias was trained with 90 two-
dimensional patterns from each of two categories, sampled from a mixture of three 
Gaussians, and thus n = 180. The minimum of the test error occurs for networks in the 
range 4 < nH < 5, i.e., the range of weights 17 to 2 1 . This illustrates the rule of thumb 
that choosing networks with roughly n/10 weights often gives low test error. 

The number of hidden units determines the total number of weights in the net— 
which we consider informally as the number of degrees of freedom—and thus it is 
plausible that we should not have more weights than the total number of training 
points, n. A convenient rule of thumb is to choose the number of hidden units such 
that the total number of weights in the net is roughly n/10. This seems to work well 
over a range of practical problems. It must be noted, however, that many successful 
systems employ more than this number. A more principled method is to adjust the 
complexity of the network in response to the training data, for instance, start with a 
"large" number of hidden units and "decay," prune, or eliminate weights—techniques 
we shall study in Section 6.11 and in Chapter 9. 

6.8.8 Initializing Weights 

First, we can see from Eq. 21 that we cannot initialize the weights to 0, otherwise 
learning cannot take place. Thus we must confront the problem of choosing their 
starting values. Suppose we have fixed the network topology and thus have set the 
number of hidden units. We now seek to set the initial weight values in order to have 
fast and uniform learning, that is, all weights reach their final equilibrium values at 
about the same time. One form of nonuniform learning occurs when one category is 
learned well before others. In this undesirable case, the distribution of errors differs 
markedly from Bayes, and the overall error rate is typically higher than necessary. 
(The data standarization described above also helps to ensure uniform learning.) 

In setting weights in a given layer, we choose weights randomly from a single 
distribution to help ensure uniform learning. Because data standardization gives pos-
itive and negative values equally, on average, we want positive and negative weights 
as well; thus we choose weights from a uniform distribution —w < w < +w, for 
some w yet to be determined. If w is chosen too small, the net activation of a hidden 
unit will be small and the linear model will be implemented. Alternatively, if w is too 
large, the hidden unit may saturate even before learning begins. Because netj — ±1 
are the limits to its linear range, we set w such that the net activation at a hidden unit 
is in the range —1 < netj < +1 (Fig. 6.14). 

9 13 17 

test 

train 

21 25 29 33 37 total number 
of weights 

UNIFORM 
LEARNING 
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In order to calculate w, we consider a hidden unit accepting input from d input 
units. Suppose too that the same distribution is used to initialize all the weights, 
namely, a uniform distribution in the range — w < w < +w. On average, then, the 
net activation from d random variables of variance 1.0 from our standarized input 
through such weights will be w^fd. As mentioned, we would like this net activation 
to be roughly in the range — 1 < net < +1. This implies that w = \/-/d\ thus input 
weights should be chosen in the range —l/*Jd < Wjt < +l/^/d. The same argu-
ment holds for the hidden-to-output weights, where here the number of connected 
units is nn', hidden-to-output weights should be initialized with values chosen in the 
range - 1 / V ^ H < wkj < +l/jn^. 

6.8.9 Learning Rates 

NONUNIFORM 
LEARNING 

In principle, so long as the learning rate is small enough to ensure convergence, its 
value determines only the speed at which the network attains a minimum in the crite-
rion function 7(w), not the final weight values themselves. In practice, however, be-
cause networks are rarely trained fully to a training error minimum (Section 6.8.14), 
the learning rate can indeed affect the quality of the final network. If some weights 
converge significantly earlier than others (nonuniform learning) then the network 
may not perform equally well throughout the full range of inputs, or equally well for 
the patterns in each category. Figure 6.16 shows the effect of different learning rates 
on convergence in a single dimension. 

The optimal learning rate is the one that leads to the local error minimum in one 
learning step. A principled method of setting the learning rate comes from assuming 
the criterion function can be reasonably approximated by a quadratic, and this gives 

d2J dJ 
3 r dw 

(35) 

as illustrated in Fig. 6.17. The optimal rate is found directly to be 

= (—V1. Vopl (36) 

J 
V < Vopt 

-*-W 
w 

V = Vopt 

~w 

Vopt < V < 2 Vopt 

-w 

r)>2r), 

-*~w 
w*> W w* 

FIGURE 6.16. Gradient descent in a one-dimensional quadratic criterion with different learning rates. If r) < 
r/ap,, convergence is assured, but training can be needlessly slow. If r) = rjapt, a single learning step suffices to 
find the error minimum. If rjcp, < rj < 2 ^ , , the system wil l oscillate but nevertheless converge, but training is 
needlessly slow. If r\ > 2r)opU the system diverges. 
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J 

\ V = Vop, I 

dw 

0 

FIGURE 6.17. If the criterion function is quadratic (above), its derivative is linear (be-
low). The optimal learning rate r}^ ensures that the weight value yielding minimum 
error, W, is found in a single learning step. 

Of course the maximum learning rate that will give convergence is rjmax = 2t]opt. 
It should be noted that a learning rate rj in the range r]op! < rj < 2rjop, will lead to 
slower convergence (Computer exercise 8). 

Thus, for rapid and uniform learning, we should calculate the second derivative 
of the criterion function with respect to each weight and set the optimal learning 
rate separately for each weight. We shall return in Section 6.9 to calculate second 
derivatives in networks, and to alternative descent and training methods. For typical 
problems addressed with sigmoidal networks and parameters discussed throughout 
this section, it is found that a learning rate of rj ~ 0.1 is often adequate as a first 
choice. The learning rate should be lowered if the criterion function diverges during 
learning, or instead should be raised if learning seems unduly slow. 

6.8.10 Momentum 

Error surfaces often have plateaus—regions in which the slope dJ(w)/dxv is very 
small. These can arise when there are "too many" weights and thus the error de-
pends only weakly upon any one of them. Momentum—loosely based on the notion 
from physics that moving objects tend to keep moving unless acted upon by outside 
forces—allows the network to learn more quickly when plateaus in the error surface 
exist. The approach is to alter the learning rule in stochastic backpropagation to in-
clude some fraction a of the previous weight update. Let Aw(m) = w(/n)—w(w — 1), 
and let Aw(,p(m) be the change in w(m) that would be called for by the backpropa-
gation algorithm. Then 

w(/n + 1) = w(/n) + (1 — a)Awbp(m) + aAw(m — 1) (37) 

represents learning with momentum. 
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FIGURE 6.18. The incorporation of momentum into stochastic gradient descent by 
Eq. 37 (red arrows) reduces the variation in overall gradient directions and speeds learn-
ing. 

Those who are familiar with digital signal processing will recognize this as a 
recursive or infinite-impulse-response low-pass filter that smooths the changes in 
w. Obviously, a should not be negative, and for stability a must be less than 1.0. 
If a = 0, the algorithm is the same as standard backpropagation. If a = 1, the 
change suggested by backpropagation is ignored, and the weight vector moves with 
constant velocity. The weight changes are response to backpropagation if a is small, 
and sluggish if a is large. (Values typically used are a ~ 0.9.) Thus, the use of 
momentum "averages out" stochastic variations in weight updates during stochastic 
learning. By increasing stability, it can speed the learning process, even far from 
error plateaus (Fig. 6.18). 

Algorithm 3 shows one way to incorporate momentum into gradient descent. 

■ Algorithm 3. (Stochastic Backpropagation with Momentum) 

1 begin initialize nH, w, a (< I), 6, rj,m <- 0,bjt <- 0, bkj <- 0 
2 dorn <— m + 1 
3 xm •«- randomly chosen pattern 
4 bji <- T](\ - a)SjXj + abjC, bkj <- r/(l - a)Skyj + abkj 

5 Wji <- Wji + bjr, wkj <r- wkj + bkj 

6 until||V7(w)|| < 9 
1 return w 
8 end 

6.8.11 Weight Decay 

One method of simplifying a network and avoiding overfitting is to impose a heuristic 
that the weights should be small. There is no principled reason why such a method of 
"weight decay" should always lead to improved network performance (indeed there 
are occasional cases where it leads to degraded performance), but it is found in most 
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6.8.12 Hints 

cases that it helps. The basic approach is to start with a network with "too many" 
weights and "decay" all weights during training. Small weights favor models that 
are more nearly linear (Problems 1 and 41). One of the reasons weight decay is so 
popular is its simplicity. After each weight update, every weight is simply "decayed" 
or shrunk according to 

wnew = wold{l _ e ) > ( 3 g ) 

where 0 < e < 1. In this way, weights that are not needed for reducing the error 
function become smaller and smaller, possibly to such a small value that they can 
be eliminated altogether. Those weights that are needed to solve the problem will 
not decay indefinitely. In weight decay, then, the system achieves a balance between 
pattern error (Eq. 67) and some measure of overall weight. It can be shown (Prob-
lem 42) that the weight decay is equivalent to gradient descent in a new effective 
error or criterion function: 

Jef = 7(w) + — w'w. (39) 

The second term on the right-hand side of Eq. 39 is sometimes called a regulariza-
tion term (cf. Eq. 67) and in this case preferentially penalizes a single large weight. 
Another version of weight decay includes a decay parameter that depends upon the 
value of the weight itself, and this tends to distribute the penalty throughout the net-
work: 

2e v-^ w,2/(w'w) 
Jef = /(w) + - £ . 'j/

2 ,. , . • (40) 
r] j-f 1 + wjj/iw'vr) 

Often we have insufficient training data for the desired classification accuracy and we 
would like to add information or constraints to improve the network. The approach 
of learning with hints is to add output units for addressing an ancillary problem, 
one different from but related to the specific classification problem at hand. The 
expanded network is trained on the classification problem of interest and the ancillary 
one, possibly simultaneously. For instance, suppose we seek to train a network to 
classify c phonemes based on some acoustic input. In a standard neural network we 
would have c output units. In learning with hints, we might add two ancillary output 
units, one which represents vowels and the other consonants. During training, the 
target vector must be lengthened to include components for the hint outputs. During 
classification, the hint units are not used; they and their hidden-to-output weights can 
be discarded (Fig. 6.19). 

The benefit provided by hints is in improved feature selection. So long as the 
hints are related to the classification problem at hand, the feature groupings useful 
for the hint task are likely to aid category learning. For instance, the feature groupings 
useful for distinguishing vowel sounds from consonants in general are likely to be 
useful for distinguishing the /b/ from /oo/ or the /g/ from /ii/ categories in particular. 
Alternatively, one can train just the hint units in order to develop improved hidden 
unit representations. 
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categories hints 
ujj LJ2 UJ3 ijjc h, h2 

FIGURE 6.19. In learning with hints, the output layer of a standard network having c 
category units is augmented with hint units. During training, the target vectors are also 
augmented with signals for the hint units. In this way the input-to-hidden weights learn 
improved feature groupings. The hint units are not used during classification, and thus 
they and their hidden-to-output weights are removed from the trained network (red). 

Learning with hints illustrates another benefit of neural networks: Hints are more 
easily incorporated into neural networks than into classifiers based on other algo-
rithms, such as the nearest-neighbor or MARS. 

6.8.13 On-Line, Stochastic or Batch Training? 

Each of the three leading training protocols described in Section 6.3.2 has strengths 
and drawbacks. On-line learning is to be used when the amount of training data is so 
large, or when memory costs are so high, that storing the data is prohibitive. Most 
practical neural network classification problems are addressed instead with batch or 
stochastic protocols. 

Batch learning is typically slower than stochastic learning. To see this, imag-
ine a training set of 50 patterns that consists of 10 copies each of five patterns 
(x1, x 2 , . . . , x5). In batch learning, the presentations of the duplicates of x1 provide 
as much information as a single presentation of x1 in the stochastic case. For ex-
ample, suppose that in the batch case the learning rate is set optimally. The same 
weight change can be achieved with just a single presentation of each of the five dif-
ferent patterns in the batch case, so long as the learning rate is set correspondingly 
higher. Of course, true problems do not have exact duplicates of individual patterns; 
nevertheless, actual data sets are generally highly redundant, and the above analysis 
holds. 

For most applications—especially ones employing large redundant training sets— 
stochastic training is hence to be preferred. Batch training admits some second-order 
techniques that cannot be easily incorporated into stochastic learning protocols and 
hence in some problems should be preferred, as we shall see in Section 6.9. 

6.8.14 Stopped Training 

In three-layer networks having many weights, excessive training can lead to poor 
generalization as the net implements a complex decision boundary "tuned" to the 
specific training data rather than the general properties of the underlying distribu-
tions. In training the two-layer networks of Chapter 5, we can usually train as long 
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' *-Wl 

FIGURE 6.20. When weights are initialized with small magnitudes, stopped training 
leads to final weights that are smaller than they would be after extensive training. As 
such, stopped training behaves much like a form of weight decay. 

as we like without fear that it would degrade final recognition accuracy because the 
complexity of the decision boundary is not changed—it is always simply a hyper-
plane. For this reason the general phenomenon should be called "overfitting," not 
"overtraining." 

Because the network weights are initialized with small values, the units operate in 
their linear range and the full network implements linear discriminants. As training 
progresses, the nonlinearities of the units are expressed and the decision boundary 
warps. Qualitatively speaking, then, stopping the training before gradient descent is 
complete can help avoid overfitting. In practice, it is hard to know beforehand what 
stopping criterion 0 should be set in line 5 of Algorithm 1. A far simpler method 
is to stop training when the error on a separate validation set reaches a minimum 
(Fig. 6.6). In Chapter 9 we shall explore the theory underlying this technique of 
validation and more generally cross-validation. We note in passing that weight decay 
behaves much like a form of stopped training (Fig. 6.20). 

6.8.15 Number of Hidden Layers 

The backpropagation algorithm applies equally well to networks with three, four, or 
more layers, so long as the units in such layers have differentiable activation func-
tions. Because, as we have seen, three layers suffice to implement any arbitrary func-
tion, we would need special problem conditions or requirements to recommend the 
use of more than three layers. 

One possible such requirement is translation, rotation or other distortion invari-
ances. If the input layer represents the pixel image in an optical character recognition 
problem, we generally want such a recognizer to be invariant with respect to such 
transformations. It is easier for a four-layer net to learn translations than for a three-
layer net. This is because each layer can generally easily learn an invariance within a 
limited range of parameters—for instance, a lateral shift of just two pixels. Stacking 
multiple layers, then, allows the full network to learn shifts of up to four pixels as 
the full invariance task is distributed throughout the net. Naturally, the weight initial-
ization, learning rate, and data preprocessing arguments apply to these networks too. 
Some functions can be implemented more efficiently (i.e., with fewer total units) in 
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networks with more than one hidden layer. It has been found empirically that net-
works with multiple hidden layers are more prone to getting caught in undesirable 
local minima, however. 

In the absence of a problem-specific reason for multiple hidden layers, then, it is 
simplest to proceed using just a single hidden layer, but also to try two hidden layers 
if necessary. 

6.8.16 Criterion Function 

The squared error of Eq. 9 is the most common training criterion because it is simple 
to compute, is nonnegative, and simplifies the proofs of some theorems. Neverthe-
less, other training criteria occasionally have benefits. One popular alternative is the 
cross entropy which measures a "distance" between probability distributions. The 
cross entropy for n patterns is of the form: 

n c 

■/«(W) = ^2^2 tmkMtmk/Zmk), (41) 
m = l k=l 

where tmk and zmk are the target and the actual output of unit k for pattern m. Of 
course, to interpret J as an entropy, the target and output values must be interpreted 
as probabilities and must fall between 0 and 1. 

MINKOWSKI Yet another criterion function is based on the Minkowski error. 
ERROR 

n c 

Jmnkfyr) = J2 Yl l ^ ( x ) _ '«*«!*' <42) 
m=\ k=\ 

much as we saw in Chapter 4. It is a straightforward matter to derive the backpropa-
gation rule for this error (Problem 30). While in general the rule is a bit more complex 
than for the (R = 2) sum-squared error we have considered, the Minkowski error for 
1 < R < 2 reduces the influence of long tails in the distributions—tails that may 
be quite far from the category decision boundaries. As such, the designer can adjust 
the "locality" of the classifier indirectly through choice of R; the smaller the R, the 
more local the classifier. 

Most of the heuristics described in this section can be used alone or in combina-
tion. While they may interact in unexpected ways, all have found use in important 
pattern recognition problems and classifier designers should have experience with all 
of them. 

*6.9 SECOND-ORDER METHODS 

We have used a second-order analysis of the error in order to determine the opti-
mal learning rate. We can use second-order information more fully in other ways, 
including the elimination of unneeded weights in a network. 

6.9.1 Hessian Matrix 

We derived the first-order derivatives of a sum-squared-error criterion function in 
three-layer networks, summarized in Eqs. 17 and 21. We now turn to second-order 
derivatives, which find use in rapid learning methods as well as in some pruning 
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or regularization algorithms. We treat the familiar sum-squared-error criterion for a 
network with a single output, 

J(y) = \ £>« - Zm)\ (43) 
m=l 

where tm and zm are the target and output signals, and n the total number of training 
patterns. The elements in the Hessian matrix are thus 

/ 

a2/(w) l 
dwjidwik n 

\ 

E dJ dJ x—\ s 3 J 
â—ä— + 2^(z ~ lh—ä— 

m = , dwji dwik ^ dWjidwik 

\ 0(||t-z||) / 

(44) 

where we have used the subscripts to refer to any weight in the network; hence i, j,l, 
and k could all take on values that describe input-to-hidden weights, or that describe 
hidden-to-output weights, or mixtures. Of course the Hessian matrix is symmetric. 
The second term in Eq. 44 is of order 0( | | t — z||), which is generally small and 
thus often neglected. This approximation guarantees that the resulting approximation 
is positive definite and thus gradient descent will progress. In this outer product 
approximation our Hessian reduces to: 

H=-£x[m]'X[' (45) 

where the superscript [m] indexes the pattern and X = 37/3w can be broken into 
two parts as 

X = x„ (46) 

Here X„ refers to derivatives with respect to the hidden-to-output weights, and X„ 
refers to the input-to-hidden weights. For ad — nu — 1 neuron three-layer network, 
these vectors of derivatives can be written (Problem 31) 

X'v = (f'(net)yu...,f(net)ynH) (47) 

and 

x « = {f'(net)f'{net\)yxxi,..., f'(net)f'(net„Hxd)) (48) 

Equations 45, 47 and 48, enable the approximation to the Hessian be computed in a 
straightforward fashion. 

6.9.2 Newton's Method 

We can use a Taylor series to describe the change in the criterion function due to a 
change in weights Aw as 

Autonomous Ex. 2008 p. 41 of 71 
Tesla v. Autonomous 

IPR2024-00745



320 CHAPTER 6 ■ MULTILAYER NEURAL NETWORKS 

A J(w) = 7(w + Aw) - /(w) 

(̂ y A w + - A w ' H Aw, (49) 

where H is the Hessian matrix. We differentiate Eq. 49 with respect to Aw and find 
that A7(w) is minimized for 

m + HAw = 0. (50) 

Therefore, the optimum change in weights can be expressed as 

Ä „ = _„-.f!i(=>\ (51) - H - ' ( ^ ) 

as we saw in Fig. 6.17. Thus, in gradient descent using Newton's algorithm, if we 
have an estimate for the weights at iteration m (that is, w(/n)), we can get an im-
proved estimate using the weight change given by Eq. 51, that is, 

w(m + 1) = w(m) + Aw (52) 

= w(m)-H-'(m) 
(3J(y 
\ 3w 

In Newton's algorithm we iteratively recompute w according to Eq. 52. 
Alas, there are several drawbacks to this simple version of Newton's algorithm. 

The first is that for a network having N weights, the algorithm requires computing, 
storing and inverting the N x N Hessian matrix, which has complexity 0(N3), mak-
ing it impractical for all but small problems. Second, and more severe, is the fact that 
the algorithm need not converge in nonquadratic error surfaces, which often occur 
in practice. Nevertheless, an understanding of Newton's algorithm is excellent back-
ground for understanding more sophisticated methods, such as conjugate gradient 
descent (Section 6.9.4). 

6.9.3 Quickprop 

One of the simplest methods for using second-order information to increase train-
ing speed is the Quickprop algorithm. In this method, the weights are assumed to 
be independent, and the descent is optimized separately for each. The error surface 
is assumed to be quadratic and the coefficients for the particular parabola are deter-
mined by two successive evaluations of J(w) and dJ(w)/dw. The single weight w 
is then moved to the computed minimum of the parabola (Fig. 6.21). It can be shown 
(Problem 35) that this approach leads to the following weight update rule, 

±L\ 
A w ( m + 1 ) = dJ\ Aw(m). (53) 

du> Im —1 du) \m 

where the derivatives are evaluated at iterations m and m — 1, as indicated. 
If the third- and higher-order terms in the error are nonnegligible, or if the as-

sumption of weight independence does not hold, then the computed error minimum 
will not equal the true minimum, and further weight updates will be needed. When a 
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J(W) 

M / 

fdJ\ 
t Aw(m)f/ ~3w\ 

Aw(m+l)/dJ I 
-*—■ * - J» ~~i— 

FIGURE 6.21. The quickprop weight update takes the error derivatives at two points 
separated by a known amount, and by Eq. 53 computes the next weight value. If the 
error can be fully expressed as a second-order function, then the weight update leads 
to the weight (w*) leading to minimum error. 

number of obvious heuristics are imposed—to reduce the effects of estimation error 
when the surface is nearly flat, or the step actually increases the error—the method 
can be significantly faster than standard backpropagation. Another benefit is that 
each weight has, in effect, its own learning rate, and thus weights tend to converge at 
roughly the same time, thereby reducing problems due to nonuniform learning. 

Conjugate Gradient Descent 

Another fast learning method is conjugate gradient descent, which employs a series 
of line searches in weight or parameter space. One picks the first descent direction 
(for instance, the simple gradient) and moves along that direction until the local 
minimum in error is reached. The second descent direction is then computed: This 
direction—the "conjugate direction"—is the one along which the gradient does not 
change its direction, but merely its magnitude during the next descent. Descent along 
this direction will not "spoil" the contribution from the previous descent iterations 
(Fig. 6.22). 

More specifically, we let Aw(m — 1) represent the direction of a line search on 
step m — 1. Note especially that this is not an overall magnitude of change, which will 
be determined by the line search. We demand that the subsequent direction, Aw(m), 
obey 

Aw'f/n - l)HAw(m) = 0, (54) 

where H is the Hessian matrix. Pairs of descent directions that obey Eq. 54 are called 
"conjugate." If the Hessian is proportional to the identity matrix, then such directions 
are orthogonal in weight space. Conjugate gradient requires batch training, because 
the Hessian matrix is defined over the full training set. 

The descent direction on iteration m is in the direction of the gradient plus a 
component along the previous descent direction: 

Aw(m) = -V7(w(m)) + ßmAvr(m - 1); (55) 

the relative proportions of these contributions is governed by ßm. This proportion can 
be derived by ensuring that the descent direction on iteration m does not spoil that 
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^ H*I 
w2 

H = I 

w, 

FIGURE 6.22. Conjugate gradient descent in weight space employs a sequence of line searches. If Aw(1) is 
the first descent direction, the second direction obeys Aw' (1)HAw(2) = 0. Note especially that along this 
second descent, the gradient changes only in magnitude, not direction; as such, the second descent does not 
"spoil" the contribution due to the previous line search. In the case where the Hessian is diagonal (right), the 
directions of the line searches are orthogonal. 

from direction m — 1, and indeed all earlier directions. It is generally calculated in 
one of two ways. The first formula (Fletcher-Reeves) is 

ßm = 
V/'(w(m))V/(w(/n)) 

VJ'(w(m - l))V/(w(m - 1))' 
(56) 

A slightly preferable formula (Polak-Ribiere) that is more robust in nonquadratic 
error functions is 

ßm = 
V7'(w(m))[V7(w(m)) - V/(w(/n - 1))] 

V/'(w(m - l))VJ(w(m - 1)) ' 
(57) 

Equations 55 and 37 show that conjugate gradient descent algorithm is analogous 
to calculating a "smart" momentum, where ßm plays the role of a momentum. If 
the error function is quadratic, then the convergence of conjugate gradient descent is 
guaranteed when the number of iterations equals the total number of weights. 

EXAMPLE 1 Conjugate Gradient Descent 

Consider finding the minimum of a simple quadratic criterion function centered 
on the origin of weight space, J(w) = 1/2(.2wl

2 + w | ) = 1/2w'Hw, where by 
simple differentiation the Hessian is found to be H = Q °). We start descent at 
a randomly selected position, which for this figure happens to be w(0) = (zl)-
The first descent direction is determined by a simple gradient, which is easily 
found to be -V7(w(0)) = -(^<m) ~ (Y) - l n typical complex problems in high 
dimensions, the minimum along this direction is found using a line search; in 
this simple case the minimum can be found by calculus. We let s represent the 
distance along the first descent direction, and we find its value for the minimum 
of 7(w) according to 
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d_ 
ds :aK.TO[(><?) = 0, 

which has solution s = 0.562. Therefore the minimum along this direction is 

w(1 ) = w(0) + 0.562(-A7(w(0))) 

-&+<"* C.J)- Co-)' 
Now we turn to the use of conjugate gradients for the next descent. The simple 

gradient evaluated at w(1) is 

/Aw,C\)\ ( 2.48 \ 
-vy(w(1)) = - ( 2 ^ ) = (_o_99). 

(It is easy to verify that this direction, shown as a black arrow in the figure, does 
not point toward the global minimum at w* = 0.) We use the Fletcher-Reeves 
formula (Eq. 56) to construct the conjugate gradient direction: 

V/(w(1))V7(w(1)) _ ( -2 .48 .99)(-2
99

48) = 7.13 

V/(w(0))VV(w(0)) ( -3.2 8 ) ( - ^ 74 (-3.2 8 ) ( - | 2 ) 
: 0.096. 

For this and all quadratic error surfaces, the Polak-Ribiere formula (Eq. 57) would 
give the same value as the Fletcher-Reeves formula. Thus the conjugate descent 
direction is 

/ 1 . 6 \ / 2 . 7 8 8 \ 
Vw(1 ) = -V7(w(1 )) + ß i l \ = [ \. 

Conjugate gradient descent in a quadratic error landscape (indicated by the shading), 
shown in the density plot, starts at a random point w(0) and descends by a sequence 
of line searches. The first direction is given by the standard gradient and terminates at a 
minimum of the error—the point w(1 ). Standard gradient descent from w(1 ) would be 
along the black vector, "spoiling" some of the gains made by the first descent; it would, 
furthermore, miss the global minimum. Instead, the conjugate gradient (red vector) does 
not spoil the gains from the first descent, and it properly passes through the global error 
minimum atw* = (°). 
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As above, rather than perform a traditional line search, we use calculus to find 
the error minimum along this second descent direction: 

[[w(1 ) + sAw(1 ) ] ' H [w(1 ) + sAw(1 )]] = 
ds 

d_ 
ds 

Y - 6 . 2 0 2 \ / 2 . 7 8 8 \ V / - 2 0 \ r / - 6 . 2 0 2 \ / 2 . 7 8 8 \ " | 1 „ 

. ( 0.496 ) + S(-.223 j J ( 0 1 ) [{ 0.496 ) + V.223)\\ = °' 

which has solution s = 2.23. This yields the next minimum to be 

/ - 6 . 2 0 2 \ / 2 . 7 8 8 \ / 0 \ 
w ( 2 ) = w ( 1 ) + S A w ( 1 ) = ( 0 4 9 6 ) + 2 . 2 3 ( _ 2 2 3 ) = g . 

Indeed, the conjugate gradient search finds the global minimum in this 
quadratic error function in two search steps—the number of dimensions of the 
space. 

*6.10 ADDITIONAL NETWORKS AND TRAINING METHODS 

We now consider some alternative networks and training methods that have proven 
effective in special classes of problems. 

6.10.1 Radial Basis Function Networks (RBFs) 

We have already considered several classifiers, such as Parzen windows, that employ 
densities estimated by localized basis functions such as Gaussians. In light of our 
discussion of gradient descent and backpropagation in particular, we now turn to a 
different method for training such networks. A radial basis function network with 
linear output units implements 

zk(x) = ^2wkj(j)j(x), (58) 
j=o 

where we have included a j = 0 bias unit. If we define a vector <f> whose components 
are the hidden unit outputs, along with a matrix W whose entries are the hidden-to-
output weights, then Eq. 58 can be rewritten as z(x) = W $ . Minimizing the criterion 
function 

•/(w) = ^ | | y ( x m ; w ) - m 2 (59) 
1 m=\ 

is formally equivalent to the linear problem we saw in Chapter 5. We let T be the 
matrix consisting of target vectors and let <f> be the matrix whose columns are the 
vectors <f>, then the solution weights obey 

4>'4>W = <f>'T, (60) 

and the solution can be written directly: W = 4>fT. Recall that <£>+ is the pseudo-
inverse of (f>. One of the benefits of such radial basis function or RBF networks 
with linear output units is that the solution requires merely such standard linear tech-
niques. Nevertheless, inverting large matrices can be computationally expensive, and 
thus the above method is generally confined to problems of moderate size. 
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If the output units are nonlinear, that is, if the network implements 

z*(x) = /(X>*,</>j(x)j (61) 

rather than Eq. 58, then standard backpropagation can be used. One need merely 
take derivatives of the localized activation functions. For classification problems it 
is traditional to use a sigmoid for the output units in order to keep the output values 
restricted to a fixed range. Some of the computational simplification afforded by 
sigmoidal activation functions in the hidden units functions is lost, but this presents 
no conceptual difficulties (Problem 38). 

6.10.2 Special Bases 

Occasionally we may have special information about the functional form of the dis-
tributions underlying categories, and then it makes sense to use corresponding hidden 
unit activation functions. In this way, fewer parameters need to be learned for a given 
quality of fit to the data. This is an example of increasing the bias of our model and 
thereby reducing the variance in the solution, a crucial topic we shall consider again 
in Chapter 9. For instance, if we know that each underlying distribution comes from 
a mixture of two Gaussians, naturally we would use Gaussian activation functions 
and use a learning rule that set the parameters, for instance as the mean and en-
tries of the covariance matrix. This is very closely related to the model-dependent 
maximum-likelihood techniques we saw in Chapter 3. 

6.10.3 Matched Filters 

In Chapter 2 we treated the problem of designing a classifier in the ideal case that 
the full probability structure is known. Now we consider the design of a detector 
for a specific known pattern. This will lead us to the concept of a matched filter. 
While it comes as no surprise that the optimal detector for a pattern must "match" 
that pattern (in a way that will become clear), our treatment here lends deeper under-
standing of why this should be so. Matched filters appear in a wide range of detection 
problems, particularly those of time-varying signals. Although not a neural network, 
such filters have close relations to convolutional neural networks we will consider in 
Section 6.10.4. Furthermore, the maximum response in a hidden unit in a traditional 
three-layer network occurs when the input pattern "matches" the pattern of input 
weights leading to that hidden unit (Section 6.5.1). 

Consider the problem of detecting a continuous signal x(t) by a linear detec-
IMPULSE tor. We describe such a detector by its impulse response, h(t), or, better yet, by its 
RESPONSE time-reversed impulse response w(t) = h{—t). The output of a linear detector to an 

arbitrary input x (f) is given by the integral 

+oo 

z(T) = I x(t)w(t - T) dt. (62) 
— 00 

where T is the relative offset of the signal. 
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Our goal in designing an optimal detector is thus to find the response function that 
gives the maximum output z; we denote this unknown filter function w(t). Of course 
the output can be made arbitrarily large by choosing a large w(t). Such a solution is 
uninformative; we are interested in the shape of w(t). For this reason, we impose a 
constraint 

-t-oc 

/ 
w2(t) dt = const (63) 

ENERGY where the constant is sometimes called the energy of the filter, in analogy with the 
total energy of a physical signal such as a sound wave or light wave. 

The optimization problem, then, is to find the response that maximizes the output 
of Eq. 62 subject to the constraint of Eq. 63. Because we are searching for the func-
tion that leads to the maximum output, we employ calculus of variations. Specifically, 
we take the functional derivative of Eq. 63 and add Eq. 62 times an undetermined 
multiplier X, and set it to zero. Without loss of generality, we can arbitrarily assign 
the offset to be T — 0, and thus we find 

<5z(0) = S\ [w2(t) + Xx(t)w(t)] dt\=0 (64) 

or 

I [2w(t)Sw(t) + Xx(t)Sw(t)] dt = 0. (65) 

—oo 0 for extremum 

Because Eq. 65 is true for all Sw(t), the integrand must vanish and this gives our 
solution: the optimal filter response is 

w(t) = —x{t). (66) 

In short, the optimal detector has a time-reversed impulse response proportional 
to the target signal (Fig. 6.23). The overall magnitude is determined by the energy 
constant, as conveyed by X; it is easy to show that X is negative. Finally, we should 
mention that technically speaking the above the derivation proves only that we have 
an extremum; nevertheless, it can be shown that indeed this solution gives a maximum 
(Problem 36). 

6.10.4 Convolutional Networks 

We can incorporate prior knowledge into the network architecture itself. For instance, 
TIME DELAY if we demand that our classifier be insensitive to translations of the pattern, we can 
NEURAL effectively replicate the recognizer at all such translations. This is the approach taken 

in time delay neural networks (or TDNNs). 
Figure 6.24 shows a typical TDNN architecture; while the architecture consists 

of input, hidden and output layers, much as we have seen before, there is a crucial 
difference. Each hidden unit accepts input from a restricted spatial range of positions 
in the input layer. Hidden units at "delayed" locations (i.e., shifted to the right) accept 

NETWORK 
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FIGURE 6.23. The left column shows a signal x(f); beneath it is an arbitrary response 
function wa(t). At the bottom is the response of the filter as a function of the offset T, 
as given by Eq. 62. The right column shows the the case where the input and response 
function "match." The two response functions, wa(t) and w*(t) here have the same 
energy. Note particularly at the bottom that the maximum output in this case is greater 
than in the nonmatching case at the left. 

'OO/ 

yoooooooooo/ 
'OOOOOOOOOO/ 

time 

FIGURE 6.24. A time delay neural network (TDNN) uses weight sharing to ensure that 
patterns are recognized regardless of shift in one dimension; in practice, this dimension 
generally corresponds to time. Thus all weights shown in red are forced to have the 
same value. In this example, there are five input units at each time step. Because we 
hypothesize that the input patterns are of four time steps or less in duration, each of 
the hidden units at a given time step accepts inputs from only 4 x 5 = 20 input units, 
as highlighted in gray. An analogous translation constraint is also imposed between the 
hidden and output layer units. 
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inputs from the input layer that are similarly shifted. Training proceeds as in standard 
backpropagation, but with the added constraint that corresponding weights (that is, 
shifted to the right or left) are forced to have the same value—an example of weight 
sharing. In this way, the weights learned do not depend upon the position of the 
training pattern so long as the full pattern lies in the domain of the input layer. 

The feedforward operation of the network during recognition is the same as in 
standard three-layer networks, but because of the weight sharing, the final output 
does not depend upon the position of the input pattern. The network gets its name 
from the fact that it was developed for and finds greatest use in speech and other 
temporal phenomena, where the shift corresponds to delays in time. Such weight 
sharing can be extended to translations in an orthogonal spatial dimensions, and has 
been used in optical character recognition systems, where the location of an image 
in the input space is not precisely known. 

6.10.5 Recurrent Networks 

Up to now we have considered only networks which use feedforward flow of in-
formation during classification; the only feedback flow was of error signals during 
training. Now we turn to feedback or recurrent networks. In their most general form, 
these have found greatest use in time series prediction, but we consider here just one 
specific type of recurrent net that has had some success in static classification tasks. 

Figure 6.25 illustrates such a recurrent architecture, one in which the output unit 
values are fed back and duplicated as auxiliary inputs, augmenting the traditional 
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FIGURE 6.25. The form of recurrent network most useful for static classification has the 
architecture shown at the bottom, with the recurrent connections in red. It is functionally 
equivalent to a static network with many hidden layers and extensive weight sharing, as 
shown above. 
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feature values. During classification, a static pattern x is presented to the input units, 
the feedforward flow is computed, and the outputs are fed back as auxiliary inputs. 
This, in turn, leads to a different set of hidden unit activations, new output activations, 
and so on. Ultimately, the activations stabilize, and the final output values are used for 
classification. As such, this recurrent architecture, if "unfolded" in time, is equivalent 
to the static network shown at the top of the figure, where it must be understood that 
many sets of weights are constrained to be the same, as indicated. 

Recurrent networks have proven effective in learning time-dependent signals 
whose structure varies over farily short periods. Such nets are less successful when 
applied to problems where the structure is longer term, since during training the 
error gets "diluted" when passed back through the layers many times. 

6.10.6 Cascade-Correlation 

The central notion underlying the training of networks by cascade-correlation is quite 
simple. We begin with a two-layer network and train to minimum of an LMS error. 
If the resulting training error is low enough, training is stopped. In the more com-
mon case in which the error is not low enough, we fix the weights but add a single 
hidden unit, fully connected from inputs and to output units. Then these new weights 

-o 
FIGURE 6.26. The training of a multilayer network via cascade-correlation begins with 
the input later fully connected to the output layer (black). Such weights, w^, are fully 
trained using an LMS criterion, as discussed in Chapter 5. If the resulting training error 
is not sufficiently low, a first hidden unit (labeled 1, in red) is introduced, fully inter-
connected from the input layer and to the output layer. These new red weights are fully 
trained, while the previous (black) ones are held fixed. If the resulting training error is 
still not sufficiently low, a second hidden unit (labeled 2) is likewise introduced, fully 
interconnected; it also receives a the output from each previous hidden unit, multiplied 
by — 1 . Training proceeds in this way, training successive hidden units until the training 
error is acceptably low. 
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are trained using an LMS criterion. If the resulting error is not sufficiently low, yet 
another hidden unit is added, fully connected from the input layer and to the output 
layer. Furthermore, the output of each previous hidden unit is multiplied by a fixed 
weight of —1 and presented to the new hidden unit; this prevents the new hidden 
unit from learning function already represented by the previous hidden units. Then 
the new weights are trained on an LMS criterion. Thus training proceeds by alterna-
tively training weights, then (if needed) adding a new hidden unit, training the new 
modifiable weights, and so on. In this way the network grows to a size that depends 
upon the problem at hand (Fig. 6.26). The benefit of cascade-correlation is that it is 
often faster than traditional backpropagation since fewer weights are updated at any 
time. 

■ Algorithm 4. (Cascade-Correlation) 

1 begin initialize a, criterion 6,77, k •«- 0 
2 do m <- m + 1 
3 wki <r- wki - t]VJ(w) 
4 until HV7(w)H < 9 
5 if /(w) > 9 then add hidden unit else exit 
6 dorn <— m + 1 
7 wji -e- Wji - r]Vj(w); wkj <- wkj - rçV/(w) 
8 until HVy(w)ll < 9 
9 return w 

10 end 

6.11 REGULARIZATION, COMPLEXITY ADJUSTMENT 
AND PRUNING 

Whereas the number of inputs and outputs of a three-layer network are determined 
by the problem itself, we do not know ahead of time the number of hidden units, 
or weights. If we have too many weights and thus degrees of freedom and train too 
long, there is a danger of overfitting. If we have too few weights, the training set 
cannot be learned. 

One general approach of regularization is to make a new criterion function that 
depends not only on the classical training error we have seen, but also on classifier 
complexity. Specifically the new criterion function penalizes highly complex models; 
searching for the minimum in this criterion is to balance error on the training set with 
complexity. Formally, then, we can write the new error as the sum of the familiar 
error on the training set plus a regularization term, which expresses constraints or 
desirable properties of solutions: 

J — Jpat + XJreg. (67) 

The parameter X is adjusted to impose the regularization more or less strongly. 
Clearly weight decay (Section 6.8.11) can be cast in this form, where Jreg is large 
for large weights. 

Another approach is to eliminate—prune—weights that are least needed. It is 
natural to imagine that after training it is the weights with the smallest magnitude 
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WALD STATISTIC 

OPTIMAL BRAIN 
DAMAGE 
OPTIMAL BRAIN 
SURGEON 

that can be eliminated. Such magnitude-based pruning can work, but is provably 
nonoptimal; sometimes weights with small magnitudes are important for learning 
the training data. 

The fundamental idea in Wald statistics is that we can estimate the importance 
of a parameter in a model, and then eliminate the parameter having the least such 
importance. In a network, such a parameter would be a weight. The Optimal Brain 
Damage (OBD) algorithm and its descendent, Optimal Brain Surgeon (OBS), use a 
second-order approximation to predict how the training error depends upon a weight, 
and eliminate a weight that leads to the smallest increase in the training error. 

Optimal Brain Damage and Optimal Brain Surgeon share the same basic approach 
of training a network to local minimum in error at weight w*, and then pruning a 
weight that leads to the smallest increase in the training error. The predicted func-
tional increase in the error for a change in full weight vector <5w is 

SJ (awj ' 
1 

<5wH— <5w 
2 

=H 

■Sw+0(\\Syr\n (68) 

where H is the Hessian matrix. The first term vanishes because we are at a local 
minimum in error; we ignore third- and higher-order terms. The general solution for 
minimizing this function given the constraint of deleting one weight is (Problem 44): 

<5w — — - wa 

[H 
H" and Lq = 

<?<? 

1 

2 [H -n 
(69) 

\qq 

Here, uq is the unit vector along the qth direction in weight space and Lq is ap-
SALIENCY proximation to the saliency of weight q—the increase in training error if weight q is 

pruned and the other weights updated by the left equation in Eq. 69 (Problem 45). 
We saw in Eq. 45 the outer product approximation for calculating the Hessian ma-

trix. Note that Eq. 69 requires the inverse of H. One method to calculating this inverse 
matrix is to start with a small value, HQ ' = a - 1 1 , where a is a small parameter— 
effectively a weight decay constant (Problem 43). Next we update the matrix with 

J(w) 

FIGURE 6.27. The saliency of a parameter, such as a weight, is the increase in the 
training error when that weight is set to zero. One can approximate the saliency by 
expanding the true error around a local minimum, w", and setting the weight to zero. In 
this example the approximated saliency is smaller than the true saliency; this is typically, 
but not always, the case. 
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each pattern according to 

H; m+l = H: 
Hm Xm+iXm+1Hm 

^ + Xm+1Hm Xm+i 
(70) 

where the subscripts correspond to the pattern being presented and am decreases with 
m. After the full training set has been presented, the inverse Hessian matrix is given 
by H_ 1 = H"1. Figure 6.28 illustrates the effects of pruning based on OBD, OBS, 
and the magnitude of a weight in a network. 

In algorithmic form, the Optimal Brain Surgeon method is: 

■ Algorithm 5. (Optimal Brain Surgeon) 

1 begin initialize nH,v/,0 
2 
3 
4 

5 

6 

train a reasonably large network to minimum error 
do compute H_ 1 by Eq. 70 

q* -s-argminu;2/(2[H-1]9?) (saliency Lq) 

w w — [H-

until /(w) > 6 
return w 

V 

8 end 

Optimal Brain Damage method is computationally simpler because the calcu-
lation of the inverse Hessian matrix in line 3 is particularly simple for a diagonal 
matrix. The above algorithm terminates when the error is greater than a criterion ini-
tialzed to be 6. Another approach is to change line 6 to terminate when the change 
in J (w) due to the elimination of a weight is greater than some criterion value. 

FIGURE 6.28. The figure shows a quadratic error surface as a function of weights, 7(w), 
and the global minimum at w*. In the second-order approximation to the criterion func-
tion, Optimal Brain Damage assumes the Hessian matrix is diagonal, while Optimal 
Brain Surgeon uses the full Hessian matrix. 
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SUMMARY 

Multilayer nonlinear neural networks—nets with two or more layers of modifiable 
weights—trained by gradient descent methods such as backpropagation perform a 
maximum-likelihood estimation of the weight values in the model defined by the 
network topology. The nonlinear activation function f(net) at the hidden units al-
lows such networks to form an arbitrary decision boundary, so long as there are 
sufficiently many hidden units. 

One of the great benefits of learning in such networks is the simplicity of the 
learning algorithm, the ease in model selection, and the incorporation of heuristic 
information and constraints. Such heuristics include weight decay (which penalizes 
large weights and thus effectively simplifies the classifier) and learning with hints (in 
which the network also learns an ancillary related task). The parameters of the non-
linear activation function f{net), preprocessing of patterns, target values and weight 
initialization can all be founded on statistical principles that will ensure fast and 
uniform learning. The three primary learning protocols are stochastic, batch, and on-
line. Discrete pruning algorithms such as Optimal Brain Surgeon and Optimal Brain 
Damage correspond to priors favoring few weights and can help avoid overfitting. 

Alternative networks and training algorithms have benefits. For instance, radial 
basis functions are most useful when the data clusters. Cascade-correlation networks 
are generally faster than backpropagation. 

BIBLIOGRAPHICAL AND HISTORICAL REMARKS 

One of the earliest discussions of what we would now recognize as a neural network 
was due to the pioneer of modern computer science, Alan Turing, who in a 1948 
paper described his "B-type unorganized machine," which consisted of networks of 
NAND gates [79]. (This forward-looking work was dismissed as a "schoolboy essay" 
by the head of the lab where Turing worked, Sir Charles Darwin, the grandson of 
the great English biologist and naturalist.) McCulloch and Pitts provided the first 
principled mathematical and logical treatment of the behavior of networks of sim-
ple neurons [51]. This early work addressed nonrecurrent as well as recurrent nets 
(those possessing "circles" in their terminology), but not learning. Its concentration 
on all-or-none or threshold function of neurons indirectly delayed the consideration 
of continuous valued neurons that would later dominate the field. These authors later 
wrote an extremely important paper on featural mapping, invariances, and learning in 
nervous systems and thereby advanced the conceptual development of pattern recog-
nition [58]. 

Rosenblatt's work on the (two-layer) perceptron (cf. Chapter 5) [64,65] was some 
of the earliest to address learning and was the first to include proofs about con-
vergence. A number of stochastic methods, including Pandemonium [69, 70], were 
developed for training networks with several layers of processors, though in keep-
ing with the preoccupation with threshold functions, such processors generally com-
puted logical functions (AND or OR), rather than some continuous functions favored 
in later neural network research. The limitations of networks implementing linear 
discriminants—linear machines—were well known in the 1950s and 1960s and dis-
cussed by both their promoters [65] and their detractors [53]. 

A popular early method was to design by hand three-layer networks with fixed 
input-to-hidden weights, and then train the hidden-to-output weight; reference [86] 
provides a review. Much of the difficulty in finding learning algorithms for all lay-

Autonomous Ex. 2008 p. 55 of 71 
Tesla v. Autonomous 

IPR2024-00745



334 CHAPTER 6 ■ MULTILAYER NEURAL NETWORKS 

ers in a multilayer neural network came from the prevalent use of linear threshold 
units. Because these do not have useful derivatives throughout their entire range, the 
current approach of applying the chain rule for derivatives and the resulting "back-
propagation of errors" did not gain more adherents earlier. 

The development of backpropagation was gradual, with several steps, not all of 
which were appreciated at the time they were introduced. The earliest application 
of adaptive methods that would ultimately become backpropagation came from the 
field of control [6]. Kaiman filtering from electrical engineering used an analog error 
(difference between predicted and measured output) for adjusting gain parameters 
in predictors, as described in references [30] and [39]. Bryson, Denham, and Drey-
fus showed how Lagrangian methods could train multilayer networks for control, as 
presented in reference [7]. We saw in the last chapter the work of Widrow, Hoff, and 
their colleagues [87, 88] in using analog signals and the LMS training criterion ap-
plied to pattern recognition in two-layer networks. Werbos [83, 84], too, discussed a 
method for calculating the derivatives of a function based on a sequence of samples, 
which, if interpreted carefully, carried the key ideas of backpropagation. Parker's 
early "Learning logic" [55, 56], developed independently, showed how layers of lin-
ear units could be learned by a sufficient number of input-output pairs. This work 
lacked simulations on representative or challenging problems and terminology in the 
field, and alas was not appreciated adequately. Le Cun independently developed a 
learning algorithm for three-layer networks [10, in French] in which target values 
are propagated, rather than derivatives; the resulting learning algorithm is equivalent 
to standard backpropagation, as was pointed out shortly thereafter [11], 

Without question, the paper by Rumelhart, Hinton and Williams [67], later ex-
panded into a full and readable chapter [68], brought the backpropagation method 
to the attention of the widest audience. These authors clearly appreciated the power 
of the method, demonstrated it on key tasks (such as XOR), and applied it to 
pattern recognition more generally. An enormous number of papers and books of 
applications—speech perception, optical character recognition, data mining, finance, 
game playing, and much more—continues unabated. One view of the history of 
backpropagation is presented in reference [84]; two collections of key papers in the 
history of neural processing more generally, including many in pattern recognition, 
are presented in references [2] and [3]. One novel class of such networks includes 
generalization in the production of new patterns [22, 23]. 

Clear elementary papers on neural networks can be found in [37] and [48], and 
several good textbooks, which differ from the current one in their emphasis on neural 
networks over other pattern recognition techniques, can be recommended, particu-
larly textbooks [4, 29, 31, 61] and [63]. An extensive treatment of the mathematical 
aspects of networks, much of which is beyond that needed for mastering the use of 
networks for pattern classification, can be found in reference [21]. There is continued 
exploration of the strong links between networks and more standard statistical meth-
ods; White presents an overview [85], and books such as references [9] and [71] 
explore a number of close relationships. The important relation of multilayer per-
ceptrons to Bayesian methods and probability estimation can be found in references 
[5,14, 25,45,54,62] and [66]. Original papers on projection pursuit and MARS can 
be found in references [16] and [35], respectively, and a good overview can be found 
in reference [63]. 

Shortly after its wide dissemination, the backpropagation algorithm was criticized 
for its lack of biological plausibility; in particular, Grossberg [24] discussed the non-
local nature of the algorithm—that is, that synaptic weight values were transported 
without physical means. Somewhat later, Stork devised a local implementation of 
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backpropagation [47, 75], and pointed out that it was nevertheless highly implausi-
ble as a biological model. 

The discussions and debates over the relevance of Kolmogorov's theorem [40] to 
neural networks—such as references [13,20,34,38,41,42] and [44]—have centered 
on their expressive power. The proof of the universal expressive power of three-layer 
nets based on bumps and Fourier ideas appears in reference [32]. The expressive 
power of networks having non-traditional activation functions was explored in ref-
erences [76], [77], and elsewhere. The fact that three-layer networks can have local 
minima in the criterion function was explored in reference [52], and some of the 
properties of error surfaces were illustrated in reference [36]. 

The outer product approximation to the Hessian matrix and deeper analysis of 
second-order methods can be found in references [26, 46, 50] and [60]. Three-layer 
networks trained via cascade-correlation have been shown to perform well compared 
to standard three-layer nets trained via backpropagation [15]. Although there was 
little new from a learning theory presented in Fukushima's neocognitron [17, 18], 
its use of many layers and mixture of hand-crafted feature detectors and learning 
groupings showed how networks could address shift, rotation, and scale invariance. 
The method of matched filters predates neural networks; Stork and Levinson used 
matched filters to explore human visual response functions, as described in refer-
ences [74] and [78]. 

A simple method of weight decay was introduced in reference [33], and it gained 
greater acceptance due to the work of Weigend and others [82]. The method of hints 
was introduced in reference [1]. While the Wald test [80, 81] has been used in tra-
ditional statistical research [72], its application to multilayer network pruning began 
with the work of Le Cun et al.'s Optimal Brain Damage method [12], later extended 
to include nondiagonal Hessian matrices [28, 26, 27], including some speedup meth-
ods [73]. An extensive review of the computation and use of second-order derivatives 
in networks can be found in reference [8], and a good review of pruning algorithms 
can be found in reference [60]. 

Section 6.2 

1. Show that if the activation function of the hidden units is linear, a three-layer 
network is equivalent to a two-layer one. Use your result to explain why a three-
layer network with linear hidden units cannot solve a nonlinearly separable prob-
lem such as XOR or d-bit parity. 

2. Fourier's theorem can be used to show that a three-layer neural net with sig-
moidal hidden units can approximate to arbitrary accuracy any posterior func-
tion. Consider two-dimensional input and a single output, z{x\, X2). Recall that 
Fourier's theorem states that, given weak restrictions, any such function can be 
written as a possibly infinite sum of cosine functions, as 

z(xi,x2) « ^2^2 A/,/2cos(/i*i) cos(/2x2), 
/1 h 

with coefficients A/,/2. 
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(a) Use the trigonometric identity 

1 1 
cos(or) cos()8) = - cos(a + ß) + - cos(a — ß) 

to write z(xi, x2) as a linear combination of terms cos(/i*i + f2x2) and 
cosC/^] - f2x2). 

(b) Show that cos(x) or indeed any continuous function f{x) can be approxi-
mated to any accuracy by a linear combination of sign functions as: 

N 

fix) * /(*o) + J2 [fUi+l) - f(Xi)] 
j = 0 

where the Xj are sequential values of x; the smaller Xj+\ — x,, the better the 
approximation. 

(c) Put your results together to show that z(x\, x2) can be expressed as a linear 
combination of step functions or sign functions whose arguments are them-
selves linear combinations of the input variables x\ and x2. Explain, in turn, 
why this implies that a three-layer network with sigmoidal hidden units and 
a linear output unit can approximate any function that can be expressed by 
a Fourier series. 

(d) Does your construction guarantee that the derivative df(x)/dx can be well 
approximated too? 

Section 6.3 

3. Consider a d — HH — c network trained with « patterns for me epochs. 

(a) What is the space complexity in this problem? (Consider both the storage of 
network parameters as well as the storage of patterns, but not the program 
itself.) 

(b) Suppose the network is trained in stochastic mode. What is the time com-
plexity? Because this is dominated by the number of multiply-accumulates, 
use this as a measure of the time complexity. 

(c) Suppose the network is trained in batch mode. What is the time complexity? 

4. Prove that the formula for the sensitivity S for a hidden unit in a three-layer net 
(Eq. 21) generalizes to a hidden unit in a four- (or higher-) layer network, where 
the sensitivity is the weighted sum of sensitivities of units in the next higher 
layer. 

5. Explain in words why the backpropagation rule for training input-to-hidden 
weights makes intuitive sense by considering the dependency upon each of the 
terms inEq. 21. 

6. One might guess that the backpropagation learning rules should be inversely 
related to f'(net)—that is, that weight change should be large where the output 
does not vary. In fact, as shown in Eq. 17, the learning rule is linear in f'{net). 
Explain intuitively why the learning rule should be linear in f'(net). 

7. Show that the learning rule described in Eqs. 17 and 21 works for bias, where 
XQ — yo = 1 is treated as another input and hidden unit. 

1 + Sgn(x - Xj) 
2 
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8. Consider a standard three-layer backpropagation net with d input units, n# hid-
den units, c output units, and bias. 

(a) How many weights are in the net? 

(b) Consider the symmetry in the value of the weights. In particular, show that 
if the sign is flipped on every weight, the network function is unaltered. 

(c) Consider now the hidden unit exchange symmetry. There are no labels on 
the hidden units, and thus they can be exchanged (along with corresponding 
weights) and leave network function unaffected. Prove that the number of 
such equivalent labelings—the exchange symmetry factor—is thus n//2"w. 
Evaluate this factor for the case nH = 10. 

9. Write pseudocode for on-line version of backpropagation training, being careful 
to distinguish it from stochastic and batch procedures. 

10. Express the derivative of a sigmoid in terms of the sigmoid itself in the following 
two cases (for positive constants a and b): 

(a) A sigmoid that is purely positive: f(net) = 1+J, nel. 

(b) An antisymmetric sigmoid: f(net) = a tanh(b net). 

11. Generalize the backpropagation to four layers, and individual (smooth, differen-
tiable) activation functions at each unit. In particular, let xt, yj, v\ and ik denote 
the activations on units in successive layers of a four-layer fully connected net-
work, trained with target values ?*. Let fa be the activation function of unit i in 
the first layer, fa in the second layer, and so on. Write a program, with greater 
detail than that of Algorithm 1, showing the calculation of sensitivities, weight 
update, and so on, for your general four-layer network. 

Section 6.4 

12. Explain why the input-to-hidden weights must be different from each other (e.g., 
random) or else learning cannot proceed well (cf. Computer exercise 2). Specif-
ically, what happens if the weights are initialized so as to have identical values? 

13. If the labels on the two hidden units are exchanged (and the weight values 
changed appropriately), the shape of the error surface is unaffected. Consider 
ad — nu— c three-layer network. How many equivalent relabellings of the units 
(and their associated weights) are there? 

14. Show that proper preprocessing of the data will lead to faster convergence, at 
least in a simple network 2-1 (two-layer) network with bias. Suppose the train-
ing data come from two Gaussians, p(x\u>\) ~ N(—.5,1) and p(x\ü)2) ~ 
N(+.5,1). Let the teaching values for the two categories be t = ±1 . 

(a) Write the error as a sum over the n patterns of a function of the weights, 
inputs, and other parameters. 

(b) Differentiate twice with respect to the weights to get the Hessian matrix H. 

(c) Consider two data sets drawn from p(x\o)i) ~ Af(/m,-, I) for i = 1,2 and I is 
the 2-by-2 identity matrix. Calculate your Hessian matrix in terms of /*,. 

(d) Calculate the maximum and minimum eigenvalues of the Hessian in terms 
of the components of /m,. 

(e) Suppose fi\ = (1,0)' and fi2 = (0, 1)'. Calculate the ratio of the eigenval-
ues, and hence a measure of the convergence time. 
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(f) Now standardize your data, by subtracting means and scaling to have unit 
covariances in each of the two dimensions. That is, find two new distri-
butions that have overall zero mean and the same covariance. Check your 
answer by calculating the ratio of the maximum to minimum eigenvalues. 

(g) If T denotes the total training time for the unprocessed data, express the 
time required for the preprocessed data (cf. Computer exercise 12). 

15. Consider the derivation of the bounds on the convergence time for simple gradi-
ent descent. Assume that the error function can be well described by a Hessian 
matrix H having d eigenvalues X\, A.2,..., A.</, where Xmax and Xmj„ are the max-
imum and minimum values in this set. Assume that the learning rate has been 
set to the optimum for one of the dimensions, as based on Eq. 36. 

(a) Express the optimum rate in terms of the appropriate eigenvalue, that is, 
either Xmax or Xmin. 

(b) State a convergence criterion for learning. 

(c) In terms of the variables given, compute the time for your system to meet 
your convergence criterion. 

16. Assume that the criterion function J(w) is well-described to second order by a 
Hessian matrix H. 

(a) Show that convergence of learning is ensured if the learning rate obeys r\ < 
2/A.ma;c, where Xmax is the largest eigenvalue of H. 

(b) Show that the learning time is thus dependent upon the ratio of the largest 
to the smallest nonnegligible eigenvalue of H. 

(c) Explain why "standardizing" the training data can therefore reduce learning 
time. 

(d) What is the relation between such standardizing and the whitening transform 
described in Chapter 2? 

Section 6.6 

17. Fill in the steps in the derivation leading to Eq. 26. 

18. Confirm that one of the solutions to the minimum squared-error condition yields 
outputs that are indeed posterior probabilities. Do this as follows: 

(a) To find the minimum of /(w) in Eq. 28, calculate its derivative 3/(w)/3w; 
this will consist of the sum of two integrals. Set 37(w)/3w — 0 and solve 
to obtain the natural solution. 

(b) Apply Bayes rule and the normalization P((Ok\x) + P(«,^/i|x) = 1 to prove 
that the outputs Zk = gt (x; w) are indeed equal to the posterior probabilities 
P(c>k\x). 

19. In the derivation that backpropagation finds a least squares fit to the posterior 
probabilities, it was implicitly assumed that the network could indeed repre-
sent the true underlying distribution. Explain where in the derivation this was 
assumed, and what in the subsequent steps may not hold if that assumption is 
violated. 

20. Show that the softmax output (Eq. 30) indeed approximates posterior probabili-
ties if the hidden unit outputs, y, belong to the family of exponential distributions 
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as 

P(y\*)k) = exp[A(w*) + ß(y, </>) + v/'ky] 

for «//-dimensional vectors w^ and y, and scalar <f> and scalar functions A(-) and 
B(-, ■). Proceed as follows: 

(a) Given /?(y|&>,t), use Bayes theorem to write the posterior probability P(cok |y). 

(b) Interpret the parameters A(-), w*, B(-, •), and 4> in light of your results. 

21. Consider a three-layer network for classification with output units employing 
softmax (Eq. 30), trained with 0-1 signals. 

(a) Derive the learning rule if the criterion function (per pattern) is sum squared 
error, that is, 

1 k=\ 

(b) Repeat for the criterion function is cross-entropy, that is, 

c t 

22. Clearly if the discriminant functions g*,(x; w)andg^2(x; w) were independent, 
the derivation of Eq. 28 would follow from Eq. 27. Show that the derivation is 
nevertheless valid despite the fact that these functions are implemented using the 
same input-to-hidden weights. Are the discriminant functions independent? 

Section 6.7 

23. Show that the slope of the sigmoid and the learning rates together determine the 
learning time. 

(a) That is, show that if the slope of the sigmoid is increased by a factor of 
y, and the learning rate decreased by a factor l/y, the total learning time 
remains the same. 

(b) Must the input be rescaled for this relationship to hold? 

24. Show that the basic three-layer neural networks of Section 6.2 are special cases 
of general additive models by describing in detail the correspondences between 
Eqs. 7 and 32. 

25. Show that the sigmoidal activation function acts to transmit the maximum infor-
mation if its inputs are distributed normally. Recall that the entropy (a measure 
of information) is defined as H — f p(y)ln[p(y)] dy. 

(a) Consider a continuous input variable x drawn from the density p(x) ~ 
N(0, a2). What is entropy for this distribution? 

(b) Suppose samples x are passed through an antisymmetric sigmoidal function 
to give y = f(x), where the zero crossing of the sigmoid occurs at the peak 
of the Gaussian input, and the effective width of the linear region equal to 
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the range —a < x < +cr. What values of a and b in Eq. 34 ensure this? 
(c) Calculate the entropy of the output distribution p(y). 
(d) Suppose instead that the activation function were a Dirac delta function 

S (x — 0). What is the entropy of the resulting output distribution p(v)? 
(e) Summarize your results of (c) and (d) in words. 

Section 6.8 

26. Consider the sigmoidal activation function: 

f(net) = a tanh(£ net) — a 
l-e -2b net 1 

l+e -2b net l+e 

2a 
— a. -2b net 

(a) Show that its derivative f'(net) can be written simply in terms of f(net) 
itself. 

(b) What are f{net), f'(net) and f"(net) at net = -oo? 0? +00? 
(c) For which value of net is the second derivative f"(net) extremal? 

27. Consider the computational burden for standardizing data, as described in the 
text. 

(a) What is the computational complexity of standardizing a training set of n 
d-dimensional patterns? 

(b) Estimate the computational complexity of training. Use the heuristic for 
choosing the size of the network (i.e., number of weights) described in Sec-
tion 6.8.7. Assume that the number of training epochs is nd. 

(c) Use your results from (a) and (b) to express the computational burden of 
standardizing as a ratio. (Assume unknown constants have value 1.0.) 

28. Derive the gradient descent learning rule for a three-layer network with linear 
input units and sigmoidal hidden and output units for the Minkowski error of 
Eq. 42 with arbitrary R. Confirm that your answer reduces to Eqs. 17 and 21 for 
R = 2. 

29. Consider a d — nu — c three-layer neural network whose input units are lin-
ear and output units are sigmoidal but each hidden unit implements a particular 
polynomial function, trained on a sum-square error criterion. Specifically, let the 
output of hidden unit j be given by 

Oj = WjiXi + WjmXm + qjXiXm 

for two prespecified inputs, i and m ^ i. 

(a) Write gradient descent learning rule for the input-to-hidden weights and 
scalar parameter qj. 

(b) Does the learning rule for the hidden-to-output unit weights differ from that 
in the standard three-layer network described in the text? 

(c) What might be some of the strengths and the weaknesses of such a network 
and its learning rule? 

30. Derive the backpropagation learning rules for the Minkowski error defined in 
Eq. 42. Confirm that your result reduces to the standard learning rules for the 
case R = 2. Repeat your derivation for the Manhattan metric directly, that is, 
without referring to R. 

Autonomous Ex. 2008 p. 62 of 71 
Tesla v. Autonomous 

IPR2024-00745



PROBLEMS 341 

Section 6.9 

31. Show intermediate steps in the derivation of the full Hessian matrix for a sum-
square-error criterion in a three-layer network, as given in Eqs. 47 and 48. 

32. Repeat Problem 31 but for a cross-entropy error criterion. 

33. Suppose a Hessian matrix for an error function is proportional to the identity 
matrix, that is, H oc I. 

(a) Prove that in this case both the Polak-Ribiere and the Fletcher-Reeves for-
mulas, Eqs. 57 and 56, used in conjugate gradient descent give ß — 0. 

(b) Interpret your result. In particular state why for a Hessian matrix propor-
tional to the identity matrix the two methods would give the same ß, and 
moreover why the resulting value for ß will be 0. 

34. Consider an error surface that can be well approximated by a positive definite 
Hessian matrix associated with a sum-square error on the training set. Let w* de-
note a network's optimal weight vector, that is, at the global error minimum, and 
let Aw = w — w* denote the difference between an arbitrary weight vector and 
this global minimum. Prove that moving along the direction given in conjugate 
gradient descent initially shrinks || Aw||, and thus the process converges. 

35. Based on the discussion in the text, derive the quickprop learning rule in Eq. 53. 
Be sure to state any assumptions you need to make. 

Section 6.10 

36. Prove that the matched filter given in Eq. 66 gives a maximum (not merely an 
extremum) as follows. Throughout the fixed signal desired is x(t). 

(a) Let w(t) — w*(t) + h(t) be a trial weight function, where w*(t) is the 
matched filter. We demand that the constraint of Eq. 63 be obeyed for this 
trial weight function, that is, 

+00 

f w2(t) dt= f w*2(t) dt 
—oo —oo 

Expand the left-hand side of this equation to prove 

+oo +oo 

- 2 f h(t)w*(t)dt = I h{t)w*{t)dt= I hz(t)dt>0. (71) 

(b) Let z* be the output of the matched filter to the target input, according to 
Eq. 62. Use your result in (a) to show that the output for the trial weights is 

i/ 
+00 

2 / z = z* r / h\t) dt. 
-00 

(c) The sign of A. is determined by the sign of z*. Use Eq. 66 to show that A. has 
the opposite sign to that of z*. 
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(d) Use all your above results to prove that z* = z if and only if h{t) = 0 for 
all t, i.e., that the matched filter w*(t) ensures the maximum output, and 
moreover w*{t) is unique. 

37. Derive the central equations (i.e., analogous to Eq. 69) for OBD and OBS in a 
three-layer sigmoidal network for a cross-entropy error. 

38. Derive the learning rule for a three-layer radial basis function neural network in 
which the hidden units are spherical Gaussians whose mean fi and amplitude 
are learned in response to data. 

Section 6.11 

39. Consider a general constant matrix K and variable vector parameter x. 

(a) Use summation notation with components explicit to derive the formula for 
the derivative: 

— [x'Kx] = (K + K')x. 
dx 

(b) Show simply that for the case where K is symmetric (as for instance the 
Hessian matrix H = Hr), we have 

— [x'Hx] = 2Hx 
dx 

as was used in the derivation of the Optimal Brain Damage and Optimal 
Brain Surgeon methods. 

40. Weight decay is equivalent to doing gradient descent on an error that has a "com-
plexity" term. 

(a) Show that in the weight decay rule w"jw = wfjd(l—e) amounts to perform-
ing gradient descent in the error function Jef = J(w) + — w'w (Eq. 39). 

(b) Express y in terms of the weight decay constant e and learning rate rj. 

(c) Likewise, show that if w%r
w = w°J,f(l - emr) where emr = 1/(1 + w2

mr)
2, 

that the new effective error function is Jef = J(w) + y J2mr
 wmr/(^ + wmr)-

Find y in terms of r\ and emr. 
(d) Consider a network with a wide range of magnitudes for weights. Describe 

qualitatively how the two different weight decay methods affect the network. 

41. Show that the weight decay rule of Eq. 38 is equivalent to a prior on models that 
favors small weights. 

42. Prove that the weight decay rule of Eq. 38 leads to the Jreg of Eq. 39. 

43. Equation 69 for Optimal Brain Surgeon requires the inverse of H. One method 
to calculating this inverse matrix is to start with a small value, H^1 = a~' l and 
iteratively estimate H_ 1 by Eq. 70. In this context, show that a acts as a weight 
decay constant. 

44. Derive the key equation in the Optimal Brain Surgeon algorithms, Eq. 69, from 
the Taylor expansion of the criterion function expressed in Eq. 68. 

45. Consider the computational demands of the Optimal Brain Surgeon procedure 
as follows: 
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9 

(a) Find the space and the time computational complexities for one step in the 
nominal OBS method. 

(b) Find the space and the time computational complexities for pruning the first 
weight in OBS. What is it for pruning subsequent weights, if one uses Shur's 
decomposition method? 

(c) Find the space and the time computational complexities for one step of OBD 
(without retraining). 

(d) Find the saliency in Optimal Brain Damage, where one assumes H,, = 0 
for/ ^ j . 

COMPUTER EXERCISES 

Several exercises will make use of the following three-dimensional data sampled 
from three categories, denoted <u,. 

sample 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

Xl 

1.58 
0.67 
1.04 

-1.49 
-0.41 

1.39 
1.20 

-0.92 
0.45 

-0.76 

Section 6.2 

a>i 

X2 

2.32 
1.58 
1.01 
2.18 
1.21 
3.16 
1.40 
1.44 
1.33 
0.84 

* 3 

-5 .8 
-4.78 
-3.63 
-3.39 
-4.73 

2.87 
-1.89 
-3.22 
-4.38 
-1.96 

Xl 

0.21 
0.37 
0.18 

-0.24 
-1.18 

0.74 
-0.38 

0.02 
0.44 
0.46 

U>2 

Xl 

0.03 
0.28 
1.22 
0.93 
0.39 
0.96 
1.94 
0.72 
1.31 
1.49 

* 3 

-2.21 
-1.8 

0.16 
-1.01 
-0.39 
-1.16 
-0.48 
-0.17 
-0.14 

0.68 

X\ 

-1.54 
5.41 
1.55 
1.86 
1.68 
3.51 
1.40 
0.44 
0.25 

-0.66 

(03 

Xl 

1.17 
3.45 
0.99 
3.19 
1.79 

-0.22 
-0.44 

0.83 
0.68 

-0.45 

*3 

0.64 
-1.33 

2.69 
1.51 

-0.87 
-1.39 

0.92 
1.97 

-0.99 
0.08 

1. Consider a 2-2-1 network with bias, where the activation function at the hidden 
units and the output unit is a sigmoid v7 = a tanh(& netj) for a = 1.716 and 
b = 2/3. 

(a) Suppose the matrices describing the input-to-hidden weights (WJJ for j = 
1, 2 and i — 0, 1, 2) and the hidden-to-output weights (w^j for k = 1 and 
y = 0, 1, 2) are, respectively, 

and 

The network is to be used to place patterns into one of two categories, based 
on the sign of the output unit signal. Shade a two-dimensional x\X2 input 
space (—5 < x\,xi < +5) black or white according to the category given 
by the network, 

(b) Repeat part (a) with the following weight matrices: 

and 
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Section 6.3 

2. Create a 3-1 -1 sigmoidal network with bias to be trained to classify patterns from 
a)\ and CÙ2 in the table above. Use stochastic backpropagation (Algorithm 1) with 
learning rate r\ = 0.1 and sigmoid as described in Eq. 34 in Section 6.8.2. 

(a) Initialize all weights randomly in the range — 1 < w < + 1 . Plot a learning 
curve—the training error as a function of epoch. 

(b) Now repeat (a) but with weights initialized to be the same throughout each 
level. In particular, let all input-to-hidden weights be initialized with Wp — 
0.5 and all hidden-to-output weights with wy = —0.5. 

(c) Explain the source of the differences between your learning curves (cf. Prob-
lem 12). 

3. Consider the nonlinearly separable categorization problem shown in Fig. 6.8. 

(a) Train a 1-3-1 sigmoidal network with bias by means of batch backpropaga-
tion (Algorithm 2) to solve that problem. 

(b) Display your decision boundary by classifying points along the *-axis. 

(c) Repeat with a 1-2-1 network. 

(d) Inspect the decision boundary for your 1-3-1 network (or construct by hand 
an optimal one) and explain why no 1-2-1 network with sigmoidal hidden 
units can achieve it. 

4. Write a backpropagation program for a 2-2-1 network with bias to solve the 
XOR problem (cf. Fig. 6.1). 

(a) Show the input-to-hidden weights and analyze the function of each hidden 
unit. 

(b) Plot the representation of each pattern as well as the final decision boundary 
in the yi^-space. 

(c) Although it was not used as a training pattern, show the representation of 
x = 0 in your yi^-space. 

5. Write a basic backpropagation program for a 3-3-1 network with bias to solve 
the three-bit parity problem where each input has value ± 1. That is, the output 
should be +1 if the number of inputs that have value +1 is even, and should be 
— 1 if the number of such inputs is odd. 

(a) Show the input-to-hidden weights and analyze the function of each hidden 
unit. 

(b) Retrain several times from new random points until you get a local (but not 
global) minimum. Analyze the function of the hidden units now. 

(c) How many patterns are properly classified for your local minima? Explain. 

6. Explore the effect of the number of hidden units on the accuracy of a 2 — nH — 1 
neural network classifier (with bias) in a two-dimensional two-category problem 
with /j(x|ü»i) ~ N(0,1) and p(x\co2) ~ N(Q, (] \)). 

(a) Generate a training set of 100 points, 50 from each category, as well as an 
independent set of 40 points (20 from each category). 

(b) Train your network fully with with different number of hidden units, 1 < 
"H 5 10, and for each trained network plot the training and test error, as in 
Fig. 6.15. What number of hidden units gives the minimum training error? 
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What number of hidden units gives the minimum test error? (Call this last 
number«^.) 

(c) Re-initialize a 2 — n*H — 1 network and train it. Plot learning curves, that 
is, the training error and the validation error as a function of the number 
of epochs. Suppose you were to stop training at the the minimum of this 
validation error. What is the value of the validation error at such a stopping 
point? 

(d) Compare and explain the difference between the minimum of the validation 
error in part (c) with the corresponding validation error for n*H hidden units 
in part (b). 

7. Train a 2-4-1 network having a different activation function at each hidden unit 
on a two-dimensional two-category problem with 2k patterns chosen randomly 
from the unit square. Estimate k such that the expected error is 25%. Discuss 
your results. 

Section 6.4 

8. Construct a 3-1-3 network (with bias) having sigmoidal activation functions. 
Train your network on the data in the table above. 

(a) Compute the Hessian matrix H. 

(b) Find the eigenvalues and eigenvectors of H. 

Section 6.5 

9. Show that the hidden units of a network may find meaningful feature groupings 
in the following problem based on optical character recogntion. 

(a) Let your input space consist of and 8 x 8 pixel grid. Generate a 100 train-
ing patterns for a B category in the following way. Start with a block-letter 
representation of the B where the "black" pixels have value —1.0 and the 
"white" pixels +1.0. Generate 100 different versions of this prototype B by 
adding independent random noise independently to each pixel. Let the dis-
tribution of noise be uniform between —0.5 and +0.5. Repeate the above 
for 0 and E. In this way you have created a set V of 300 training patterns. 

(b) Train a 64-3-3 network (with bias) using your training set V. 

(c) Display the input-to-hidden weights as 8 x 8 images, separately for each 
hidden unit. 

(d) Interpret the patterns of weights displayed in part (c). 

Section 6.6 

10. Consider training a three-layer network for estimating probabilities of four, 
equally probable three-dimensional distributions in the following. 

(a) First generate a training set V of 4000 patterns, 1000 each from the follow-
ing Gaussian distributions p(x\coi) ~ N(fii, 2,) for i = 1, 2, 3,4: 

i M< S , 

1 0 I 
/ 0 \ / I 0 1 \ 

2 1 1 1 0 2 2 
V 0 / \ 1 2 5 ■ / 
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i ^ 2,-

(-A 
3 0 

V ! / 
4 (?) 

(b) Train a 3-3-4 network (with bias) using the 4000 patterns in V. Use the 
softmax target values as given in Eq. 30. 

(c) Use your trained network to estimate the posterior probabilities of each of 
the following five test patterns: xi = (0,0,0)', x2 = (—1,0, 1)', X3 = 
(.5, - . 5 , 0)', X4 = ( - 1 , 0,0)', and x5 = (0,0, 1)'. 

(d) Use your network to classify each of the five test patterns. 
(e) Use the techniques of Chapter 2 to calculate the a posteriori probabilities of 

the five test points. Compare these answer to your answers in part (c). 

Section 6.7 

11. Consider several gradient descent methods applied to a criterion function in one 
dimension: simple gradient descent with fixed learning rate T], optimized de-
scent, Newton's method, and Quickprop. Consider first the criterion function 
J(w) = w2 which of course has minimum J = 0 at w = 0. In all cases, start the 
descent at w(0) = 1. For definiteness, we consider convergence to be complete 
when J (w) < 0.001. 

(a) Plot the number of steps until convergence as a function of t] for rj = 
0.01,0.03,0.1,0.3,1,3. 

(b) Calculate the optimum learning rate r}opt by Eq. 36, and confirm that this 
value is consistent with your results in part (a). 

(c) Calculate the weight update by the Quickprop rule of Eq. 53. 

Section 6.8 

12. Demonstrate that preprocessing data can lead to significant reduction in time of 
learning. Consider a single linear output unit for a two-category classification 
task, with teaching values ±1 and squared-error criterion. 

(a) Write a program to train the three weights based on training samples. 

(b) Generate 20 samples from each of two categories P{co\) = P(a)2) — .5 and 
/?(x|&>,) ~ N(iJLi), I, where I is the 2 x 2 identity matrix and ju.i = (0, 1)' 
and M2 = (1 , -1 ) ' . 

(c) Find the optimal learning rate empirically by trying a few values. 
(d) Train to minimum error. Why is there no danger of overtraining in this case? 
(e) Why can we be sure that it is at least possible that this network can achieve 

the minimum (Bayes) error? 

(f) Generate 100 test samples, 50 from each category, and estimate the error 
rate. 

(g) Now preprocess the data by subtracting off the mean and scaling standard 
deviation in each dimension. 

(h) Repeat the above, and find the optimal learning rate. 

Diag[2,6,l] 

Diag[2,l,3] 
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(i) Find the error rate on the (transformed) test set. 
(j) Verify that the accuracy is virtually the same in the two cases (any differ-

ences can be attributed to stochastic effects), 
(k) Explain in words the underlying reasons for your results. 
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