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Foreword

By Olivier Faugeras

Making a computer see was something that leading experts in the field of Artificia
Intelligence thought to be & the level of difficulty of a summer student's project back
in the sixties. Forty years later the task is till unsolved and seems formidable. A
whole field, called Computer Vision, has emerged as a discipline in itself with strong
connections to mathematics and computer science and looser connections to physics,
the psychology of perception and the neuro sciences.

One df the likely reasons for this half-failure is the fact that researchers had over-
looked the fact, perhaps because of this plague caled naive introspection, that percep-
tion in generad and visual perception in particular are far more complex in animals and
humans than was initialy thought. There is of course no reason why we should pattern
Computer Vision agorithms after biological ones, but the fact of the matter is that

(i) the way biological vision works is still largely unknown and therefore hard to
emulate on computers, and

(i) attempts to ignore biological vision and reinvent a sort of silicon-based vision
have not been so successful asinitially expected.

Despite these negative remarks, Computer Vision researchers have obtained some
outstanding successes, both practical and theoretical.

Onthe side of practice, and to single out one example, the possibility of guiding vehi-
cles such as cars and trucks on regular roads or on rough terrain using computer vision
technology was demonstrated many years ago in Europe, the USA and Japan. This
requires capabilities for real-time three-dimensiona dynamic scene analysis which are
quite elaborate. Today, car manufacturers are dowly incorporating some of these func-
tionsin their products.

On the theoretical side some remarkable progress has been achieved in the area of
what one could call geometric Computer Vision. This includes the description of the
way the appearance of objects changes when viewed from different viewpoints as a
function of the objects' shape and the cameras parameters. This endeavour would not
have been achieved without the use of fairly sophisticated mathematical techniques en-
compassing many areas of geometry, ancient and novel. This book deals in particular
with the intricate and beautiful geometric relations that exist between the images of ob-
jects in the world. These relations are important to analyze for their own sake because

Xl
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M 0 Foreword

thisjs one of thegoals of science toprovide explanationsfor appearances, they area/so
important to analyze because of therange of applicationstheir understanding opens up.

The book has been written by two pioneers and leading experts in geometric Com-
puter Vision. They have succeeded in what was something of a challenge, namely to
convey in a simple and easily accessible way the mathematics that is necessary for
understanding the underlying geometric concepts, to be quite exhaustive in the cover-
age of the results that have been obtained by them and other researchers worldwide, to
analyze the interplay between the geometry and the fact that the image measurements
are necessarily noisy, to express many of these theoretical results in algorithmic form
S0 that they can readily be transformed into computer code, and to present many real
examples that illustrate the concepts and show the range of applicability of the theory.

Returning to the original holy grail of making a computer see we may wonder
whether this kind of work is a step in the right direction. | must leave the readers
of the book to answer this question, and be content with saying that no designer of
systems using cameras hooked to computers that will be built in the foreseeable future
can ignore this work. This is perhaps a step in the direction of defining what it means
for acomputer to see.
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Preface

Over the past decade there has been arapid development in the understanding and mod-
dling of the geometry of multiple views in computer vision. The theory and practice
have now reached alevel of maturity where excellent results can be achieved for prob-
lems that were certainly unsolved a decade ago, and often thought unsolvable. These
tasks and algorithms include:

« Given two images, and no other information, compute matches between the images,
and the 3D position of the points that generate these matches and the cameras that
generate the images.

¢ Given three images, and no other information, similarly compute the matches be-
tween images of points and lines, and the position in 3D of these points and lines
and the cameras.

¢ Compute the epipolar geometry of a stereo rig, and trifocal geometry of a trinocular
rig, without requiring a calibration object.

» Compute the internal calibration of a camera from a sequence of images of natura
scenes (i.e. calibration "on the fly").

The distinctive flavour of these algorithms is that they are uncalibrated — it is not
necessary to know or first need to compute the camera internal parameters (such as the
foca length).

Underpinning these algorithms is a new and more complete theoretical understand-
ing of the geometry of multiple uncalibrated views: the number of parameters involved,
the constraints between points and lines imaged in the views; and the retrieval of cam-
eras and 3-space points from image correspondences. For example, to determine the
epipolar geometry of astereo rig requires specifying only seven parameters, the camera
calibration is not required. These parameters are determined from the correspondence
of seven or more image point correspondences. Contrast this uncalibrated route, with
the previous calibrated route of a decade ago: each camera would first be calibrated
from the image of acarefully engineered calibration object with known geometry. The
calibration involves determining 11 parameters for each camera. The epipolar geome-
try would then have been computed from these two sets of 11 parameters.

This example illustrates the importance of the uncalibrated (projective) approach -
using the appropriate representation of the geometry makes explicit the parameters

X1
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Xiv Preface

that are required at each stage of a computation. This avoids computing parameters
that have no effect on the final result, and results in simpler algorithms. It is aso
worth correcting apossible misconception. In the uncalibrated framework, entities (for
instance point positions in 3-space) are often recovered to within a precisely defined
ambiguity. This ambiguity does not mean that the points are poorly estimated.

More practicaly, it is often not possible to calibrate cameras once-and-for-al; for
instance where cameras are moved (on a mobile vehicle) or internal parameters are
changed (a surveillance camera with zoom). Furthermore, calibration information is
simply not available in some circumstances. |magine computing the motion of a cam-
erafrom avideo sequence, or building avirtua reality model from archive film footage
where both motion and internal calibration information are unknown.

The achievements in multiple view geometry have been possible because of develop-
ments in our theoretical understanding, but also because of improvements in estimating
mathematical objects from images. The first improvement has been an attention to the
error that should be minimized in over-determined systems - whether it be agebraic,
geometric or statistical. The second improvement has been the use of robust estimation
algorithms (such as RANSAC), so that the estimate is unaffected by "outliers' in the
data. Also these techniques have generated powerful search and matching algorithms.

Many of the problems of reconstruction have now reached a level where we may
claim that they are solved. Such problems include:

(i) Estimation of the multifocal tensors from image point correspondences, par-
ticularly the fundamental matrix and trifocal tensors (the quadrifocal tensor
having not received so much attention).

(ii) Extraction of the camera matrices from these tensors, and subsequent projective
reconstruction from two, three and four views.

Other significant successes have been achieved, though there may be more to learn
about these problems. Examples include:

(i) Application of bundle adjustment to solve more genera reconstruction prob-
lems.

(i) Metric (Euclidean) reconstruction given minimal assumptions on the camera
matrices.

(iii) Automatic detection of correspondences in image sequences, and elimination
of outliers and false matches using the multifocal tensor relationships.

Roadplan. The book is divided into six parts and there are seven short appendices.
Each part introduces a new geometric relation: the homography for background, the
camera matrix for single view, the fundamental matrix for two views, the trifocal tensor
for three views, and the quadrifocal tensor for four views. In each case there is a
chapter describing therelation, its properties and applications, and acompanion chapter
describing agorithms for its estimation from image measurements. The estimation
algorithms described range from cheap, simple, approaches through to the optimal
algorithms which are currently believed to be the best available.
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Preface XV

Part 0: Background. This part is more tutorial than the others. It introduces the
centra ideas in the projective geometry of 2-space and 3-space (for example
ideal points, and the absolute conic); how this geometry may be represented,
manipulated, and estimated; and how the geometry relates to various objectives
in computer vision such as rectifying images of planes to remove perspective
distortion.

Part 1: Single view geometry. Here the various cameras that model the perspective
projection from 3-space to an image are defined and their anatomy explored.
Their estimation using traditional techniques of calibration objects is described,
aswell as camera cadlibration from vanishing points and vanishing lines.

Part 2. Two view geometry. This part describes the epipolar geometry of two
cameras, projective reconstruction from image point correspondences, methods
of resolving the projective ambiguity, optimal triangulation, transfer between
views via planes.

Part 3: Three view geometry. Here the trifocal geometry of three cameras is de-
scribed, including transfer of apoint correspondence from two views to athird,
and similarly transfer for aline correspondence; computation of the geometry
from point and line correspondences, retrieva of the camera matrices.

Part 4. N-views. This part has two purposes. First, it extends three view geometry
to four views (a minor extension) and describes estimation methods applica-
ble to N-views, such as the factorization agorithm of Tomas and Kanade for
computing structure and motion simultaneously from multiple images. Sec-
ond, it covers themes that have been touched on in earlier chapters, but can
be understood more fully and uniformly by emphasising their commonality.
Examples include deriving multi-linear view constraints on correspondences,
auto-calibration, and ambiguous solutions.

Appendices. These describe further background material on tensors, statistics, pa
rameter estimation, linear and matrix algebra, iterative estimation, the solution
of sparse matrix systems, and special projective transformations.

Acknowledgements. We have benefited enormoudly from ideas and discussions with
our colleagues: Paul Beardsley, Stefan Carlsson, Olivier Faugeras, Andrew Fitzgibbon,
Jitendra Malik, Steve Maybank, Amnon Shashua, Phil Torr, Bill Triggs.

If there are only a countable number of errors in this book then it is due to Antonio
Criminisi, David Liebowitz and Frederik Schaffalitzky who have with great energy and
devotion read most of it, and made numerous suggestions for improvements. Similarly
both Peter Sturm and Bill Triggs have suggested many improvements to various chap-
ters. We are grateful to other colleagues who have read individual chapters. David
Capel, Lourdes de Agapito Vicente, Bob Kaucic, Steve Maybank, Peter Tu.

Weare particularly grateful to those who have provided multiple figures: Paul Beard-
dey, Antonio Criminisi, Andrew Fitzgibbon, David Liebowitz, and Larry Shapiro; and
for individual figures from: Martin Armstrong, David Capel, Lourdes de Agapito Vi-
cente, Eric Hayman, Phil Pritchett, Luc Robert, Cordelia Schmid, and others who are
explicitly acknowledged in figure captions.
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1

Introduction - aTour of Multiple View Geometry

This chapter is an introduction to the principal ideas covered in this book. It gives an
informal treatment of these topics. Precise, unambiguous definitions, careful agebra,
and the description of well honed estimation algorithms is postponed until chapter 2
and the following chapters in the book. Throughout this introduction we will generally
not give specific forward pointers to these later chapters. The material referred to can
be located by use of the index or table of contents.

11 Introduction - the ubiquitous projective geometry

We are al familiar with projective transformations.When we look at a picture, we see
squares that are not sguares, or circles that are not circles. The transformation that
maps these planar objects onto the picture is an example of a projective transformation.

So what properties of geometry are preserved by projective transformations? Cer-
tainly, shape is not, since acircle may appear as an ellipse. Neither are lengths since
two perpendicular radii of acircle are stretched by different amounts by the projective
transformation. Angles, distance, ratios of distances - none of these are preserved,
and it may appear that very little geometry is preserved by aprojective transformation.
However, a property that is preserved is that of straightness. It turns out that this is
the most general requirement on the mapping, and we may define a projective trans-
formation of aplane as any mapping of the points on the plane that preserves straight
lines.

To see why we will require projective geometry we start from the familiar Euclidean
geometry. This is the geometry that describes angles and shapes of objects. Euclidean
geometry is troublesome in one major respect - we need to keep making an exception
to reason about some of the basic concepts of the geometry - such as intersection of
lines. Two lines (we are thinking here of 2-dimensional geometry) amost aways meet
in apoint, but there are some pairs of lines that do not do so- thosethat we call parallel.
A common linguistic device for getting around thisisto say that parallel lines meet "at
infinity”. However this is not altogether convincing, and conflicts with another dictum,
that infinity does not exist, and is only a convenient fiction. We can get around this by

1
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2 . 1 Introduction — a Tour of Multiple View Geometry

enhancing the Euclidean plane by the addition of these points at infinity where parallel
lines meet, and resolving the difficulty with infinity by calling them “ideal points.”

By adding these points at infinity, the familiar Euclidean space is transformed into a
new type of geometric object, projective space. This is a very useful way of thinking,
since we are familiar with the properties of Euclidean space, involving concepts such as
distances, angles, points, lines and incidence. There is nothing very mysterious about
projective space — it is just an extension of Euclidean space in which two lines always
meet in a point, though sometimes at mysterious points at infinity.

Coordinates. A point in Euclidean 2-space is represented by an ordered pair of real
numbers, (z,y). We may add an extra coordinate to this pair, giving a triple (x,y, 1),
that we declare to represent the same point. This seems harmless enough, since we
can go back and forward from one representation of the point to the other, simply by
adding or removing the last coordinate. We now take the important conceptual step
of asking why the last coordinate needs to be 1 — after all, the others two coordinates
are not so constrained. What about a coordinate triple (x,y,2). It is here that we
make a definition and say that (z,y, 1) and (2z, 2y, 2} represent the same point, and
furthermiore, (kx, ky, k) represents the same point as well, for any non-zero value .
Formally, points are represented by equivalence classes of coordinate triples, where
two triples are equivalent when they differ by a common multiple. These are called the
homogeneous coordinates of the point. Given a coordinate triple (kz, ky, k), we can
get the original coordinates back by dividing by & to get (z, y).

The reader will observe that although (, y, 1) represents the same point as the co-
ordinate pair (xz,y), there is no point that corresponds to the triple (z,y,0). If we try
to divide by the last coordinate, we get the point (z/0,y/0) which is infinite. This is
how the points at infinity arise then. They are the points represented by homogeneous
coordinates in which the last coordinate is zero.

Once we have seen how to do this for 2-dimensional Euclidean space, extending it
to a projective space by representing points as homogeneous vectors, it is clear that we
can do the same thing in any dimension. The Euclidean space IR™ can be extended to
a projective space IP™ by representing points as homogeneous vectors. It turns out that
the points at infinity in the two-dimensional projective space form a line, usually called
the line at infinity. In three-dimensions they form the plane at infinity.

Homogeneity. In classical Euclidean geometry all points are the same. There is no
distinguished point. The whole of the space is homogeneous. When coordinates are
added, one point is seemingly picked out as the origin. However, it is important to
realize that this is just an accident of the particular coordinate frame chosen. We could
just as well find a different way of coordinatizing the plane in which a different point
is considered to be the origin. In fact, we can consider a change of coordinates for the
Euclidean space in which the axes are shifted and rotated to a different position. We
may think of this in another way as the space itself translating and rotating to a different
position. The resulting operation is known as a Euclidean transform.

A more general type of transformation is that of applying a linear transformation
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1.1 Introduction ~ the ubiquitous projective geometry 3

to IR", followed by a Euclidean transformation moving the origin of the space. We
may think of this as the space moving, rotating and findly stretching linearly possibly
by different ratios in different directions. The resulting transformation is known as an
affine transformation.

The result of either a Euclidean or an dffine transformation is that points at infin-
ity remain at infinity. Such points are in some way preserved, & least as a set, by
auch transformations. They are in some way distinguished, or specia in the context of
Euclidean or affine geometry.

From the point of view of projective geometry, points at infinity are not any dif-
ferent from other points. Just as Euclidean space is uniform, so is projective space.
The property that points at infinity have final coordinate zero in a homogeneous co-
ordinate representation is nothing other than an accident of the choice of coordinate
frame. By anaogy with Euclidean or &ffine transformations, we may define aprojec-
tive transformation of projective space. A linear transformation of Euclidean space HI"
is represented by matrix multiplication applied to the coordinates of the point. In just
the same way a projective transformation of projective space IP" is a mapping of the
homogeneous coordinates representing apoint (an (n + 1)-vector), in which the coor-
dinate vector is multiplied by anon-singular matrix. Under such a mapping, points at
infinity (with final coordinate zero) are mapped to arbitrary other points. The points at
infinity are not preserved. Thus, a projective transformation of projective space IP" is
represented by alinear transformation of homogeneous coordinates

X = H(a+i)x(n+1)X.

In computer vision problems, projective space is used as a convenient way of repre-
senting the real 3D world, by extending it to the 3-dimensional (3D) projective space.
Similarly images, usually formed by projecting the world onto a 2-dimensional repre-
sentation, are for convenience extended to be thought of as lying in the 2-dimensional
projective space. In redity, the real world, and images of it do not contain points at
infinity, and we need to keep our finger on which are the fictitious points, namely the
line & infinity in the image and the plane at infinity in the world. For this reason, a-
though we usually work with the projective spaces, we are aware that the line and plane
a infinity are in some way special. This goes against the spirit of pure projective ge-
ometry, but makes it useful for our practical problems. Generaly we try to have it both
ways by treating al points in projective space as equals when it suits us, and singling
out the line a infinity in space or the plane at infinity in the image when that becomes
necessary.

111 Affine and Euclidean Geometry

We have seen that projective space can be obtained from Euclidean space by adding
aline (or plane) at infinity. We now consider the reverse process of going backwards.
This discussion is mainly concerned with two and three-dimensional projective space.

Affine geometry. We will take the point of view that the projective space is initially
homogeneous, with no particular coordinate frame being preferred. In such a space,
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there is no concept of parallelism of lines, since parallel lines (or planes in the three-
dimensional case) are ones that meet at infinity. However, in projective space, there is
no concept of which points are at infinity - dl points are created equal. We say that
parallelism is not a concept of projective geometry. It is smply meaningless to talk
about it.

In order for such aconcept to make sense, we need to pick out some particular line,
and decide that this is the line at infinity. This results in a situation where although
al points are created equal, some are more equal than others. Thus, start with a blank
sheet of paper, and imagine that it extends to infinity and forms a projective space
P?. What we see isjust a small part of the space, that looks a lot like a piece of the
ordinary Euclidean plane. Now, let us draw a straight line on the paper, and declare
that this is the line at infinity. Next, we draw two other lines that intersect at this
distinguished line. Since they meet at the "line at infinity" we define them as being
parallel. The situation is similar to what one sees by looking at an infinite plane. Think
of a photograph taken in a very flat region of the earth. The points a infinity in the
plane show up in the image as the horizon line. Lines, such as railway tracks show
up in the image as lines meeting at the horizon. Points in the image lying above the
horizon (the image of the sky) apparently do not correspond to points on the world
plane. However, if we think of extending the corresponding ray backwards behind the
camera, it will meet the plane at apoint behind the camera. Thus there is a one-to-one
relationship between points in the image and points in the world plane. The points at
infinity in the world plane correspond to area horizon line in the image, and parallel
lines in the world correspond to lines meeting at the horizon. From our point of view,
the world plane and its image are just aternative ways of viewing the geometry of a
projective plane, plus a distinguished line. The geometry of the projective plane and a
distinguished line is known as affine geometry and any projective transformation that
maps the distinguished line in one space to the distinguished line of the other space is
known as an affine transformation.

By identifying a specia line asthe "line a infinity" we are able to define parallelism
of straight lines in the plane. However, certain other concepts make sense as well, as
soon as we can define parallelism. For instance, we may define equalities of intervals
between two points on paralel lines. For instance, if A, B, C and D are points, and
the lines AB and CD are paralel, then we define the two intervals AB and CD to
have equal length if the lines AC and BD are aso parallel. Similarly, two intervals on
the same line are equal if there exists another interval on aparalel line that is equal to
both.

Euclidean geometry. By distinguishing a special line in a projective plane, we gain
the concept of parallelism and with it affine geometry. Affine geometry is seen as
specialization of projective geometry, in which we single out aparticular line (or plane
- according to the dimension) and cal it the line at infinity.

Next, we turn to Euclidean geometry and show that by singling out some special
feature of the line or plane at infinity affine geometry becomes Euclidean geometry. In
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doing so, we introduce one of the most important concepts of this book, the absolute
conic.

We begin by considering two-dimensional geometry, and start with circles. Note that
acircleisnot aconcept of afine geometry, since arbitrary stretching of the plane, which
preserves the line at infinity, turns the circle into an ellipse. Thus, afine geometry does
not distinguish between circles and ellipses.

In Euclidean geometry however, they are distinct, and have an important difference.
Algebraicaly, an ellipse is described by a second-degree equation. It is therefore ex-
pected, and true that two ellipses will most generally intersect in four points. However,
it is geometrically evident that two distinct circles can not intersect in more than two
points. Algebraicaly, we are intersecting two second-degree curves here, or equivar
lently solving two quadratic equations. We should expect to get four solutions. The
question is, what is specia about circles that they only intersect in two points.

The answer to this question is of course that there exist two other solutions, the two
circles meeting in two other complex points. We do not have to look very far to find
these two points.

The equation for acircle in homogeneous coordinates (X, y, w) is of the form

(x —aw)? + (y — bw)? — raw?

This represents the circle with centre represented in homogeneous coordinates as
(%,2/0, WQ)’ = (a, b, 1)". It is quickly verified that the points (x, y, w)” = (1, #i, 0)"
lie on every such circle. To repeat this interesting fact, every circle passes through the
points (1, =i, 0)", and therefore they lie in the intersection of any two circles. Since
their final coordinate is zero, these two points lie on the line a infinity. For obvious
reasons, they are called the circular points of the plane. Note that although the two
circular points are complex, they satisfy apair of real equations: X* + y* — 0; w = 0.

This observation gives the clue of how we may define Euclidean geometry. Euclidean
geometry arises from projective geometry by singling out first a line at infinity and
subsequently, two points called circular points lying on this line. Of course the circular
points are complex points, but for the most part we do not worry too much about
this. Now, we may define a circle as being any conic (a curve defined by a second-
degree equation) that passes through the two circular points. Note that in the standard
Euclidean coordinate system, the circular points have the coordinates (1, +i, 0)". In
assigning a Euclidean structure to a projective plane, however, we may designate any
line and any two (complex) points on that line as being the line at infinity and the
circular points.

As an example of applying this viewpoint, we note that a genera conic may be
found passing through five arbitrary points in the plane, as may be seen by counting
the number of coefficients of ageneral quadratic equation ax® + by? + ... + fw? = 0.
A circle on the other hand is defined by only three points. Another way of looking at
thisisthat it is a conic passing through two specia points, the circular points, as well
as three other points, and hence as any other conic, it requires five points to specify it
uniquely.

It should not be a surprise that as a result of singling out two circular points one
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obtains the whole of the familiar Euclidean geometry. In particular, concepts such as
angle and length ratios may be defined in terms of the circular points. However, these
Concepts are most easily defined in terms of some coordinate system for the Euclidean
plane, as will be seen in later chapters.

3D Euclidean geometry. We saw how the Euclidean plane is defined in terms of
the projective plane by specifying aline at infinity and a pair of circular points. The
same idea may be applied to 3D geometry. Asin the two-dimensional case, one may
look carefully a spheres, and how they intersect. Two spheres intersect in a circle,
and not in a general fourth-degree curve, as the algebra suggests, and as two general
ellipsoids (or other quadric surfaces) do. This line of thought leads to the discovery
that in homogeneous coordinates (x, Y, Z, T)" al spheres intersect the plane at infinity
in acurve with the equations: x> + Y2+ z° = 0; T = 0. This is a second-degree curve
(a conic) lying on the plane at infinity, and consisting only of complex points. It is
known as the absolute conic and is one of the key geometric entities in this book, most
particularly because of its connection to camera calibration, as will be seen later.

The absolute conic is defined by the above eguations only in the Euclidean coor-
dinate system. In genera we may consider 3D Euclidean space to be derived from
projective space by singling out a particular plane as the plane at infinity and specify-
ing aparticular conic lying in this plane to be the absolute conic. These entities may
have quite general descriptions in terms of acoordinate system for the projective space.

We will not here go into details of how the absolute conic determines the complete
Euclidean 3D geometry. A single example will serve. Perpendicularity of lines in
space is not a valid concept in affine geometry, but belongs to Euclidean geometry.
The perpendicularity of lines may be defined in terms of the absolute conic, as follows.
By extending the lines until they meet the plane at infinity, we obtain two points called
the directions of the two lines. Perpendicularity of the lines is defined in terms of the
relationship of the two directions to the absolute conic. The lines are perpendicular if
the two directions are conjugate points with respect to the absolute conic (see figure
3.8(p83)). The geometry and algebraic representation of conjugate points are defined
in section 2.8.1(/758). Briefly, if the absolute conic is represented by a3 x 3 symmetric
matrix n”, and the directions are the points d] and d2, then they are conjugate with
respect to 9.0 if d|n,,d2 = 0. More generally, angles may be defined in terms of the
absolute conic in any arbitrary coordinate system, as expressed by (3.23-/782).

12 Camera projections

One of the principa topics of this book is the process of image formation, namely the
formation of atwo-dimensional representation of athree-dimensional world, and what
we may deduce about the 3D structure of what appears in the images.

The drop from three-dimensional world to atwo-dimensional image is a projection
process in which we lose one dimension. The usual way of modelling this process is
by central projection in which aray from apoint in space is drawn from a 3D world
point through afixed point in space, the centre of projection. This ray will intersect a
specific plane in space chosen as the image plane. The intersection of the ray with the
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1.2 Camera projections 1

image plane represents the image of the point. If the 3D structure lies on a plane then
thereisno drop in dimension.

This mode is in accord with a simple model of a camera, in which aray of light
from apoint in the world passes through the lens of acamera and impinges on afilmor
digital device, producing an image of the point. Ignoring such effects as focus and lens
thickness, a reasonable approximation is that al the rays pass through a single point,
the centre of the lens.

In applying projective geometry to the imaging process, it is customary to model the
world as a 3D projective space, equal to 1R’ aong with points at infinity. Similarly
the mode for the image is the 2D projective plane IP?. Central projection is simply
amap from P3 to IP% If we consider points in |P® written in terms of homogeneous
coordinates (x, Y, Z,T)" and let the centre of projection be the origin (0,0,0,1)7, then
we see that the set of al points (x, Y.Z, T)" for fixed x, Y and z, but varying T form
adngle ray passing through the point centre of projection, and hence al mapping to
the same point. Thus, the final coordinate of (x, Y,Z,T) isirrelevant to where the point
isimaged. In fact, the image point is the point in P? with homogeneous coordinates
(x,Y, z)". Thus, the mapping may be represented by amapping of 3D homogeneous
coordinates, represented by a 3 x 4 matrix P with the block structure P = [13,3|05],
where 13x3 isthe 3 x 3 identity matrix and 03 azero 3-vector. Making allowance for a
different centre of projection, and adifferent projective coordinate frame in the image,
it turns out that the most general imaging projection isrepresented by an arbitrary 3x4
matrix of rank 3, acting on the homogeneous coordinates of the point in P mapping it
to theimaged point in P2. This matrix Pisknown as the camera matrix.

In summary, the action of aprojective camera on apoint in space may be expressed
interms of alinear mapping of homogeneous coordinates as

\
z
VT)

Furthermore, if al the points lie on a plane (we may choose this as the plane Z = 0)
then the linear mapping reduces to

X\

y =Hs

w
which isaprojective transformation.

Cameras as points. In acentra projection, pointsin P* are mapped to points in P?,
dl points in aray passing through the centre of projection projecting to the same point
in an image. For the purposes of image projection, it is possible to consider al points
dong such aray as being equal. We can go one step further, and think of the ray
through the projection centre as representing the image point. Thus, the set of dl
image points is the same as the set of rays through the camera centre. If we represent

Samsung/Google, EX1010, p. 24



8 1 Introduction - a Tour of Multiple View Geometry

Fig. 1.1. The camera centre is the essence, (a) Imageformation: the image points x,. are the inter-
section of a plane with rays from the space points Xj through the camera centre C. (b) If the space
points are coplanar then there is a projective transformation between the world and image planes,
Xj = H3x3Xi. (c) All images with the same camera centre are related by a projective transformation,
¥i = ~3x3%i- Compare (b) and (c) - in both cases planes are mapped to one another by rays through
a centre. In (b) the mapping is between a scene and image plane, in (c) between two image planes, (d)
If the camera centre moves, then the images are in general not related by a projective transformation,
unless (e) all the space points are coplanar.

the ray from (0,0, 0,1)" through the point (x, Y, Z, T)" by its first three coordinates
(x,Y,z)", itis easily seen that for any constant k, the ray k(x, Y, z)" represents the
same ray. Thus the rays themselves are represented by homogeneous coordinates. In
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1.2 Camera projections 9

fact they make up a 2-dimensional space of rays. The set of rays themselves may be
thought of as a representation of the image space IP%. In this representation of the
image, dl that is important is the camera centre, for this aone determines the set of
rays forming the image. Different camera matrices representing the image formation
from the same centre of projection reflect only different coordinate frames for the set
o rays forming the image. Thus two images taken from the same point in space are
projectively equivalent. It is only when we start to measure points in an image, that
aparticular coordinate frame for the image needs to be specified. Only then does it
become necessary to specify a particular camera matrix. In short, modulo field-of-
view which we ignore for now, al images acquired with the same camera centre are
equivaent - they can be mapped onto each other by aprojective transformation without
any information about the 3D points or position of the camera centre. These issues are
illugtrated in figure 1.1.

Calibrated cameras. To understand fully the Euclidean relationship between the im-
age and the world, it is necessary to express their relative Euclidean geometry. As
we have seen, the Euclidean geometry of the 3D world is determined by specifying
aparticular plane in P® as being the plane at infinity, and a specific conic 2 in that
plane as being the absolute conic. For acamera not located on the plane at infinity, the
plane a infinity in the world maps one-to-one onto the image plane. This is because
ay point in the image defines aray in space that meets the plane at infinity in asingle
point. Thus, the plane a infinity in the world does not tell us anything new about the
image. The absolute conic, however being a conic in the plane at infinity must project
to aconic in the image. The resulting image curve is caled the Image of the Absolute
Conic, or IAC. If the location of the IAC is known in an image, then we say that the
camerais calibrated.

In a calibrated camera, it is possible to determine the angle between the two rays
back-projected from two points in the image. We have seen that the angle between two
lines in space is determined by where they meet the plane at infinity, relative to the
absolute conic. In acalibrated camera, the plane a infinity and the absolute conic fi®
are projected one-to-one onto the image plane and the IAC, denoted CJ. The projective
relationship between the two image points and u is exactly equal to the relationship
between the intersections of the back-projected rays with the plane at infinity, and fi”.
Consequently, knowing the IAC, one can measure the angle between rays by direct
measurements in the image. Thus, for a calibrated camera, one can measure angles
between rays, compute the field of view represented by an image patch or determine
whether an ellipse in the image back-projects to acircular cone. Later on, we will see
that it helps us to determine the Euclidean structure of areconstructed scene.

Example 1.1. 3D reconstructions from paintings

Using techniques of projective geometry, it is possible in many instances to reconstruct
scenes from a single image.  This cannot be done without some assumptions being
mede about the imaged scene. Typical techniques involve the analysis of features such
aspardle lines and vanishing points to determine the afine structure of the scene, for
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10 1 Introduction - a Tour of Multiple View Geometry

Fig. 1.2. Single view reconstruction, (a) Original painting - S. Jerome in his study, 1630, Hendrick
van Steenwijck (1580-1649), Joseph R. Ritman Private Collection, Amsterdam, The Netherlands, (b)
(c)(d) Viewsof the 3D model createdfrom thepainting. Figures courtesy of Antonio Criminisi.

example by determining the line at infinity for observed planes in the image. Knowl-
edge (or assumptions) about angles observed in the scene, most particularly orthogonal
lines or planes, can be used to upgrade the &ffine reconstruction to Euclidean.

It is not yet possible for such techniques to be fully automatic. However, projective
geometric knowledge may be built into a system that alows user-guided single-view
reconstruction of the scene.

Such techniques have been used to reconstruct 3D texture mapped graphical models
derived from old-master paintings. Starting in the Renaissance, paintings with ex-
tremely accurate perspective were produced. In figure 1.2 areconstruction carried out
from such apainting is shown. A

1.3 Reconstruction from more than one view

We now turn to one of the mgjor topics in the book - that of reconstructing a scene
from severd images. The simplest case is that of two images, which we will consider
first. As amathematical abstraction, we restrict the discussion to "scenes' consisting
of points only.

The usua input to many of the algorithms given in this book is a set of point cor-
respondences. In the two-view case, therefore, we consider a set of correspondences

Samsung/Google, EX1010, p. 27



10 1 Introduction - a Tour of Multiple View Geometry

Fig. 1.2. Single view reconstruction, (a) Original painting - S. Jerome in his study, 1630, Hendrick
van Seenwijck (1580-1649), Joseph R. Ritman Private Collection, Amsterdam, The Netherlands, (b)
(c)(d) Viewsof the 3D model createdfrom the painting. Figures courtesy of Antonio Criminisi.

example by determining the line at infinity for observed planes in the image. Knowl-
edge (or assumptions) about angles observed in the scene, most particularly orthogonal
lines or planes, can be used to upgrade the afine reconstruction to Euclidean.

It is not yet possible for such techniques to be fully automatic. However, projective
geometric knowledge may be built into a system that alows user-guided single-view
reconstruction of the scene.

Such techniques have been used to reconstruct 3D texture mapped graphical models
derived from old-master paintings. Starting in the Renaissance, paintings with ex-
tremely accurate perspective were produced. In figure 12 areconstruction carried out
from such apainting is shown. A

1.3 Reconstruction from more than one view

We now turn to one of the mgor topics in the book - that of reconstructing a scene
from several images. The simplest case is that of two images, which we will consider
first. As amathematical abstraction, we restrict the discussion to "scenes® consisting
of points only.

The usual input to many of the algorithms given in this book is a set of point cor-
respondences. In the two-view case, therefore, we consider a set of correspondences
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1.3 Reconstruction from more than one view 11

Xj <» X in two images. It is assumed that there exist some camera matrices, P and P
and asat of 3D points X, that give rise to these image correspondences in the sense
thet PXj = X, and PXj = x". Thus, the point X" projects to the two given data points.
However, neither the cameras (represented by projection matrices P and P"), nor the
paints Xj are known. It is our task to determine them.

Itisclear from the outset that it isimpossible to determine the positions of the points
uniquely. This is a general ambiguity that holds however many images we are given,
and even if we have more than just point correspondence data. For instance, given
severd images of a cube, it is impossible to tell its absolute position (is it located in
anight-club in Addis Ababa, or the British Museum), its orientation (which face is
facing north) or its scale. We express this by saying that the reconstruction is possible
a best up to asimilarity transformation of the world. However, it turns out that unless
something is known about the calibration of the two cameras, the ambiguity in the
recongtruction is expressed by a more genera class of transformations - projective
transformations.

This ambiguity arises because it is possible to apply aprojective transformation (rep-
resented by a4 x 4 matrix H) to each point Xj, and on the right of each camera matrix
Pj, without changing the projected image points, thus:

PiXi = (PjH-"HXi). (1.3)

Thereis no compelling reason to choose one set of points and camera matrices over the
other. The choice of H is essentially arbitrary, and we say that the reconstruction has a
projective ambiguity, or is aprojective reconstruction.

However, the good news is that this is the worst that can happen. It is possible to
recongtruct a set of points from two views, up to an unavoidable projective ambiguity.
WEell, to be able to say this, we need to make afew quaifications; there must be suffi-
ciently many points, at least seven, and they must not liein one of various well-defined
critical configurations.

The basic tool in the reconstruction of point sets from two views is the fundamental
matrix, which represents the constraint obeyed by image points x and x' if they are
to be images of the same 3D point. This constraint arises from the coplanarity of the
camera centres of the two views, the images points and the space point. Given the
fundamental matrix F, apair of matching points Xj <» X" must satisfy

X'TFx, = 0

where Fis a3 x 3 matrix of rank 2. These equations are linear in the entries of the
matrix F, which means that if Fisunknown, then it can be computed from aset of point
correspondences.

A pair of camera matrices P and P' uniquely determine a fundamental matrix F, and
conversaly, the fundamental matrix determines the pair of camera matrices, up to a3D
projective ambiguity. Thus, the fundamental matrix encapsulates the complete projec-
tive geometry of the pair of cameras, and is unchanged by projective transformation of
3D.
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12 1 Introduction - a Tour of Multiple View Geometry

The fundamental-matrix method for reconstructing the scene is very simple, consist-
ing of the following steps:

(i) Given several point correspondences x, <> x" across two views, form linear

equations in the entries of Fbased on the coplanarity equations x*"Fx, = 0.

(i) Find F as the solution to a set of linear equations,

(iii) Compute a pair of camera matrices from F according to the simple formula
given in section 9.5(p253).

(iv) Given thetwo cameras (P, P) and the corresponding image point pairs x,. *> x.',
find the 3D point X, that projects to the given image points. Solving for X in
this way is known as triangulation.

The algorithm given here is an outline only, and each part of it is examined in de-
tail in this book. The algorithm should not be implemented directly from this brief
description.

14 Three-view geometry

In the last section it was discussed how reconstruction of a set of points, and the relative
placement of the cameras, is possible from two views of aset of points. The reconstruc-
tion is possible only up to aprojective transformation of space, and the corresponding
adjustment to the camera matrices.

In this section, we consider the case of three views. Whereas for two views, the
basic algebraic entity is the fundamental matrix, for three views this role is played by
the trifocal tensor. The trifocal tensor isa3 x 3 x 3 array of numbers that relate the
coordinates of corresponding points or lines in three views. Just as the fundamental
matrix is determined by the two camera matrices, and determines them up to projective
transformation, so in three views, the trifocal tensor is determined by the three camera
matrices, and in turn determines them, again up to projective transformation. Thus, the
trifoca tensor encapsulates the relative projective geometry of the three cameras.

For reasons that will be explained in chapter 15 it is usual to write some of the indices
of atensor as lower and some as upper indices. These are referred to as the covariant
and contravariant indices. The trifocal tensor is of the form T/¥, having two upper and
one lower index.

The most basic relationship between image entities in three views concerns a corre-
spondence between two lines and a point. We consider a correspondence x <* 1' <> 1"
between apoint x in one image and two lines 1 and 1" in the other two images. This
relationship means that there is apoint X in space that maps to x in the first image, and
to points x' and x" lying on the lines 1'and 1" in the other two images. The coordinates
of these three images are then related via the trifocal tensor relationship:

Ex~7f = Q (1.2)
ijk

This relationship gives a single linear relationship between the elements of the tensor.
With sufficiently many such correspondences, it is possible to solve linearly for the
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dements of the tensor. Fortunately, one can obtain more equations from apoint corre-
soondence X < x' < x". In fact, in this situation, one can choose any lines 1 and 1"
passing through the points X' and x" and generate arelation of the sort (1.2). Since it
ispossible to choose two independent lines passing through x', and two others passing
through x", one can obtain four independent equations in this way. A total of seven
point correspondences are sufficient to compute the trifocal tensor linearly in this way.
It can be computed from a minimum of six point correspondences using a non-linear
method.

The 27 elements of the tensor are not independent, however, but are related by a set
o o cdled internal constraints. These constraints are quite complicated, but tensors
saisfying the constraints can be computed in various ways, for instance by using the
6 point non-linear method. The fundamental matrix (which is a 2-view tensor) also
sidies aninterna constraint but arelatively simple one: the elements obey det F — 0.

As with the fundamental matrix, once the trifoca tensor is known, it is possible to
extract the three camera matrices from it, and thereby obtain a reconstruction of the
scene points and lines. As ever, this reconstruction is unique only up to a3D projective
transformation; it is a projective reconstruction.

Thus, we are able to generalize the method for two views to three views. There are
sverd advantages to using such athree-view method for reconstruction.

(i) Itispossible to use a mixture of line and point correspondences to compute the
projective reconstruction. With two views, only point correspondences can be
used.

(i) Using three views gives greater stahility to the reconstruction, and avoids unsta-
ble configurations that may occur using only two views for the reconstruction.

15 Four view geometry and n-view reconstruction

Itis possible to go one more step with tensor-based methods and define a quadrifocal
tensor relating entities visible in four views. This method is seldom used, however, be-
cause of the relative difficulty of computing a quadrifocal tensor that obey its internal
congraints. Nevertheless, it does provide a non-iterative method for computing a pro-
jective reconstruction based on four views. The tensor method does not extend to more
then four views, however, and so reconstruction from more than four views becomes
more difficult.

Many methods have been considered for reconstruction from severa views, and we
condder afew of these in the book. One way to proceed is to reconstruct the scene
bit by bit, using three-view or two-view techniques. Such a method may be applied to
ay image sequence, and with care in selecting the right triples to use, it will generdly
succeed.

There are methods that can be used in specific circumstances. The task of reconstruc-
tion becomes easier if we are able to apply asimpler camera model, known as the affine
camera. This camera model isafair approximation to perspective projection whenever
the distance to the scene is large compared with the difference in depth between the
back and front of the scene. If a set of points are visible in al of a set of n views
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involving an &ffine camera, then a well-known algorithm, the, factorization algorithm,
can be used to compute both the structure of the scene, and the specific camera models
in one step using the Singular Vaue Decomposition. This algorithm is very reliable
and simple to implement. Its main difficulties are the use of the afine camera model,
rather than afull projective model, and the requirement that al the points be visible in
all views.

This method has been extended to projective cameras in amethod known as projec-
tive factorization. Although this method is generally satisfactory, it can not be proven
to converge to the correct solution in all cases. Besides, it also requires al points to be
visible in dl images.

Other methods for n-view reconstruction involve various assumptions, such as
knowledge of four coplanar points in the world visible in al views, or six or seven
points that are visible in al images in the sequence. Methods that apply to specific mo-
tion sequences, such as linear motion, planar motion or single axis (turntable) motion
have aso been developed.

The dominant methodology for the general reconstruction problem is bundle adjust-
ment. This is an iterative method, in which one attempts to fit a non-linear model to
the measured data(the point correspondences). The advantage of bundle-adjustment is
that it is avery general method that may be applied to a wide range of reconstruction
and optimization problems. It may be implemented in such away that the discovered
solution isthe Maximum Likelihood solution to the problem, that is a solution that isin
some sense optimal in terms of amodel for the inaccuracies of image measurements.

Unfortunately, bundle adjustment is an iterative process, which can not be guaran-
teed to converge to the optimal solution from an arbitrary starting point. Much research
in reconstruction methods seeks easily computable non-optimal solutions that can be
used as a starting point for bundle adjustment. Aninitialization step followed by bundle
adjustment is the generally preferred technique for reconstruction. A common impres-
sion is that bundle-adjustment is necessarily a dow technique. The truth is that it is
quite efficient when implemented carefully. A lengthy appendix in this book deals
with efficient methods of bundle adjustment.

Using n-view reconstruction techniques, it is possible to carry out reconstructions
automatically from quite long sequences of images. An example is given in figure 1.3,
showing areconstruction from 700 frames.

16 Transfer

We have discussed 3D reconstruction from a set of images. Another useful application
of projective geometry isthat of transfer, given the position of apoint in one (or more)
image(s), determine where it will appear in al other images of the set. To do this, we
must first establish the relationship between the cameras using (for instance) a set of
auxiliary point correspondences. Conceptually transfer is straightforward given that a
reconstruction is possible. For instance, suppose the point isidentified in two views (at
x and x") and we wish to know its position x" in athird, then this may be computed by
the following steps:
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Fig. 1.3. Reconstruction, (a) Sevenframes of a 700frame sequence acquired by a hand held camera
whilst walking down a street in Oxford. (b)(c) Two views of the reconstructed point cloud and camera
path (thered curve). Figures courtesy of David Capel and 2d3 (www. 2d3 . com).
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16 1 Introduction - a Tour of Multiple View Geometry

Fig. 14. Projective ambiguity: Reconstructions of a mug (shown with the true shape in the centre)
under 3D projective transformations in the Z direction. Five examples of the cup with different degrees
of projective distortion are shown. The shapes are quite differentfrom the original.

(i) Compute the camera matrices of the three views P, P, P' from other point cor-
respondences X, < X < x".
(ii) Triangulate the 3D point X from x and X" using Pand P.
(iii) Project the 3D point into the third view asx" = P"x.

This procedure only requires projective information. An aternative procedure isto use
the multi-view tensors (the fundamental matrix and trifocal tensor) to transfer the point
directly without an explicit 3D reconstruction. Both methods have their advantages.

Suppose the camera rotates about its centre or that al the scene points of interest
lie on aplane. Then the appropriate multiple view relations are the planar projective
transformations between the images. In this case, apoint seen injust one image can be
transferred to any other image.

1.7 Euclidean reconstruction

So far we have considered the reconstruction of a scene, or transfer, for images taken
with a set of uncalibrated cameras. For such cameras, important parameters such as
the focal length, the geometric centre of the image (the principal point) and possibly
the aspect ratio of the pixels in the image are unknown. If a complete calibration of
each of the cameras is known then it is possible to remove some of the ambiguity of
the reconstructed scene.

So far, we have discussed projective reconstruction, which isal that ispossible with-
out knowing something about the calibration of the cameras or the scene. Projective
reconstruction isinsufficient for many purposes, such as application to computer graph-
ics, since it involves distortions of the model that appear strange to a human used to
viewing a Euclidean world. For instance, the distortions that projective transformations
induce in a simple object are shown in figure 1.4. Using the technique of projective re-
construction, there is no way to choose between any of the possible shapes of the mug
in figure 14, and a projective reconstruction agorithm is as likely to come up with
any one of the reconstructions shown there as any other. Even more severely distorted
models may arise from projective reconstruction.

In order to obtain areconstruction of the model in which objects have their correct
(Euclidean) shape, it is necessary to determine the cdlibration of the cameras. It is
easy to see that this is sufficient to determine the Euclidean structure of the scene.
As we have seen, determining the Euclidean structure of the world is equivalent to
specifying the plane at infinity and the absolute conic. In fact, since the absolute conic
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1.8 Auto-calibration 17

liesin aplane, the plane at infinity, it is enough to find the absolute conic in space.
Now, suppose that we have computed a projective reconstruction of the world, using
cdibrated cameras. By definition, this means that the IAC is known in each of the
images, let it be denoted by UJI in the i-th image. The back-projection of each u>i is
cone in space, and the absolute conic must lie in the intersection of al the cones. Two
conesin generd intersect in afourth-degree curve, but given that they must intersect in
aconic, this curve must split into two conies. Thus, reconstruction of the absolute conic
from two images is not unique - rather, there are two possible solutions in general.
However, from three or more images, the intersection of the cones is unique in general.
Thus the absolute conic is determined and with it the Euclidean structure of the scene.

Of coursg, if the Euclidean structure of the scene is known, then o is the position of
the absolute conic. In this case we may project it back into each of the images, produc-
ing the IAC in each image, and hence calibrating the cameras. Thus knowledge of the
camera calibration is equivalent to being able to determine the Euclidean structure of
the scene.

1.8 Auto-calibration

Without any knowledge of the calibration of the cameras, it is impossible to do better
then projective reconstruction. There is no information in a set of feature correspon-
dences across any number of views that can help us find the image of the absolute
conic, or equivalently the calibration of the cameras. However, if we know just alittle
about the calibration of the cameras then we may be able to determine the position of
the absolute conic.

Suppose, for instance that it is known that the calibration is the same for each of the
cameras used in reconstructing a scene from an image segquence. By this we mean the
following. In each image a coordinate system is defined, in which we have measured
the image coordinates of corresponding features used to do projective reconstruction.
Supposethat in all these image coordinate systems, the IAC isthe same, butjust where
itislocated is unknown. From this knowledge, we wish to compute the position of the
absolute conic.

One way to find the absolute conic is to hypothesize the position of the IAC in one
image; by hypothesis, its position in the other images will be the same. The back-
projection of each of the conies will be acone in space. If the three cones al meet in a
single conic, then this must be apossible solution for the position of the absolute conic,
consistent with the reconstruction.

Note that this is a conceptual description only. The IAC is of course a conic con-
taining only complex points, and its back-projection will be acomplex cone. However,
algebraicaly, the problem is more tractable. Although it is complex, the IAC may be
described by areal quadratic form (represented by areal symmetric matrix). The back-
projected cone is also represented by areal quadratic form. For some value of the IAC,
the three back-projected cones will meet in aconic curve in space.

Generaly given three cameras known to have the same calibration, it is possible
to determine the absolute conic, and hence the calibration of the cameras. However,

Samsung/Google, EX1010, p. 35

a



18 1 Introduction - a Tour of Multiple View Geometry

although various methods have been proposed for this, it remains quite adifficult prob-
lem.

Knowing the plane at infinity. One method of auto-caibration is to proceed in steps
by first determining the plane on whichit lies. Thisis equivaent toidentifying the plane
a infinity in the world, and hence to determining the affine geometry of the world. In
a second step, one locates the position of the absolute conic on the plane to determine
the Euclidean geometry of space. Assuming one knows the plane at infinity, one can
back-project a hypothesised IAC from each of a sequence of images and intersect the
resulting cones with the plane at infinity. If the IAC is chosen correctly, the intersection
curve is the absolute conic. Thus, from each pair of images one has a condition that
the back-projected cones meet in the same conic curve on the plane at infinity. It turns
out that this gives alinear constraint on the entries of the matrix representing the IAC.
From a set of linear equations, one can determine the IAC, and hence the absolute
conic. Thus, auto-calibration is relatively simple, once the plane at infinity has been
identified. Theidentification of the plane at infinity itself is substantially more difficult.

Auto-calibration given square pixels in the image. If the cameras are partialy
calibrated, then it is possible to complete the calibration starting from a projective
reconstruction. One can make do with quite minimal conditions on the calibration
of the cameras, represented by the IAC. One interesting example is the square-pixel
constraint on the cameras. What this means is that a Euclidean coordinate system is
known in each image. In this case, the absolute conic, lying in the plane at infinity in
the world must meet the image plane in its two circular points. The circular pointsin a
plane are the two points where the absolute conic meets that plane. The back-projected
rays through the circular points of the image plane must intersect the absolute conic.
Thus, each image with square pixels determines two rays that must meet the absolute
conic. Given n images, the autocalibration task then becomes that of determining a
space conic (the absolute conic) that meets a set of 2n rays in space. An equivalent
geometric picture is to intersect the set of rays with a plane and require that the set of
intersection points lie on aconic. By asimple counting argument one may seethat there
are only afinite number of conies that meet eight prescribed rays in space. Therefore,
from four images one may determine the calibration, albeit up to a finite number of
possibilities.

19 Thereward 1: 3D graphical models

We have now described al the ingredients necessary to compute realistic graphics mod-
els from image sequences. From point matches between images, it is possible to carry
out first a projective reconstruction of the point set, and determine the motion of the
camera in the chosen projective coordinate frame.

Using auto-calibration techniques, assuming some restrictions on the calibration of
the camera that captured the image sequence, the camera may be calibrated, and the
scene subsequently transformed to its true Euclidean structure.
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1.10 Thereward|l: video augmentation 19

Fig. 15. (a) Three high resolution Images (3000 x 2000 pixels) from a set of eleven of the cityhall in
Leuven, Belgium, (b) Three views of a Euclidean reconstruction computed from the Image set showing
the 11 camera positions and point cloud.

Knowing the projective structure of the scene, it is possible to find the epipolar ge-
omelry relating pairs of images and this restricts the correspondence search for further
matchesto aline- apoint in one image defines aline in the other image on which the
(esyet unknown) corresponding point must lie. In fact for suitable scenes, it is possible
to carry out a dense point match between images and create a dense 3D model of the
imaged scene. This takes the form of atriangulated shape model that is subsequently
sheded or texture-mapped from the supplied images and used to generate novel views.
The steps of this process areillustrated in figure 15 and figure 1.6.

110 Thereward Il: video augmentation

Wefinish thisintroduction with afurther application of reconstruction methods to com-
puter graphics. Automatic reconstruction techniques have recently become widely used
in the film industry as a means for adding artificial graphics objects in real video se-
quences. Computer analysis of the motion of the camera is replacing the previously
used manual methods for correctly aigning the artificia inserted object.

Themost important requirement for realistic insertion of an artificial object in avideo
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Fig. 1.6. Dense reconstructions. Tftese are computed from the cameras and image of figure 1.5. (a)
Untextured and (b) textured reconstruction of thefull scene, (c) Untextured and (d) textured close up of
the area shown in the white rectangle of(b). (e) Untextured and (f) textured close up of the area shown
in the white rectangle of (d). The dense surface is computed using the three-view stereo algorithm
described in [Strecha-02]. Figures courtesy ofChristoph Strecha, Frank Verbiest, and Luc Van Gool.
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1.10 Thereward II: video augmentation 21

Fig. 1.7. Augmented video. The animated robot is inserted into the scene and rendered using the
computed cameras of figure 1.3. (a)-(c) Original frames from the sequence, (d)-(f) The augmented
frames. Figures courtesy of2d3 (www. 2d3 . com).

seguence is to compute the correct motion of the camera. Unless the camera motion
is correctly determined, it is impossible to generate the correct sequences of views of
the graphics model in a way that will appear consistent with the background video.
Generdly, it is only the motion of the camerathat isimportant here; we do not need to
reconstruct the scene, since it is already present in the existing video, and novel views
of the scene visible in the video are not required. The only requirement isto be able to
generate correct perspective views of the graphics model.

Itis essential to compute the motion of the camera in a Euclidean frame. It is not
enough merely to know the projective motion of the camera. This is because a Eu-
clidean object is to be placed in the scene. Unless this graphics object and the cameras
are known in the same coordinate frame, then generated views of the inserted object
will be seen to distort with respect to the perceived structure of the scene seen in the
existing video.

Once the correct motion of the camera, and its cdibration are known the inserted
object may be rendered into the scene in arealistic manner. If the change of the camera
cdibration from frame to frame is correctly determined, then the camera may change
focd length (zoom) during the sequence. It is even possible for the principal point to
vary during the sequence through cropping.

In inserting the rendered model into the video, the task is relatively straight-forward
if itliesinfront of al the existing scene. Otherwise the possibility of occlusions arises,
in which the scene may obscure parts of the model. An example of video augmentation
isshown in figure 17.
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Fig. 17. Augmented video. The animated robot is inserted into the scene and rendered using the
computed cameras of figure 1.3. (a)-(c) Original frames from the sequence, (d)-(f) The augmented
frames. Figures courtesy of2d3 (www. 2d3 . com,).

sequence is to compute the correct motion of the camera. Unless the camera motion
is correctly determined, it is impossible to generate the correct sequences of views of
the graphics model in a way that will appear consistent with the background video.
Generdly, it is only the motion of the camera that is important here; we do not need to
recongtruct the scene, since it is already present in the existing video, and novel views
o the scene visible in the video are not required. The only requirement isto be able to
generate correct perspective views of the graphics model.

It is essential to compute the motion of the camera in a Euclidean frame. It is not
enough merely to know the projective motion of the camera. This is because a Eu-
clidean object is to be placed in the scene. Unless this graphics object and the cameras
are known in the same coordinate frame, then generated views of the inserted object
will be seen to distort with respect to the perceived structure of the scene seen in the
exiging video.

Once the correct motion of the camera, and its calibration are known the inserted
object may be rendered into the scenein arealistic manner. If the change of the camera
cdibration from frame to frame is correctly determined, then the camera may change
focd length (zoom) during the sequence. It is even possible for the principal point to
vay during the sequence through cropping.

Ininserting the rendered model into the video, the task isrelatively straight-forward
if itliesinfront of al the existing scene. Otherwise the possibility of occlusions arises,
inwhich the scene may obscure parts of the model. An example of video augmentation
isshown in figure 1.7.
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Outline

The four chapters in this part lay the foundation for the representations, terminology,
and notation that will be used in the subsequent parts of the book. The ideas and
notation of projective geometry are central to an analysis of multiple view geometry.
For example, the use of homogeneous coordinates enables non-linear mappings (such
as perspective projection) to be represented by linear matrix equations, and points at
infinity to be represented quite naturally avoiding the awkward necessity of taking
limits.

Chapter 2 introduces projective transformations of 2-space. These are the transfor-
mations that arise when a plane is imaged by a perspective camera. This chapter is
more introductory and sets the scene for the geometry of 3-space. Most of the concepts
can be more easily understood and visualized in 2D than in 3D. Specializations of pro-
jective transformations are introduced, including affine and similarity transformations.
Particular attention is focussed on the recovery of afine properties (e.g. paralel lines)
and metric properties (e.g. angles between lines) from a perspective image.

Chapter 3 covers the projective geometry of 3-space. This geometry develops in
much the same manner as that of 2-space, though of course there are extra properties
arising from the additional dimension. The main new geometry here is the plane at
infinity and the absolute conic.

Chapter 4 introduces estimation of geometry from image measurements, which is
one of the main topics of this book. The example of estimating a projective transfor-
mation from point correspondences is used to illustrate the basis and motivation for the
agorithms that will be used throughout the book. The important issue of what should
be minimized in a cost function, e.g. algebraic or geometric or statistical measures, is
described at length. The chapter also introduces the idea of robust estimation, and the
use of such techniques in the automatic estimation of transformations.

Chapter 5 describes how the results of estimation algorithms may be evaluated. In
particular how the covariance of an estimation may be computed.

24
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Projective Geometry and Transformations of 2D

This chapter introduces the main geometric ideas and notation that are required to un-
derdand the material covered in this book. Some of these ideas are relatively familiar,
uch as vanishing point formation or representing conies, whilst others are more es-
oteric, such as using circular points to remove perspective distortion from an image.
Thexe ideas can be understood more easily in the planar (2D) case because they are
more easily visualized here. The geometry of 3-space, which is the subject of the later
pats of thisbook, is only asimple generalization of this planar case.

In particular, the chapter covers the geometry of projective transformations of the
plane. These transformations model the geometric distortion which arises when aplane
isimaged by aperspective camera. Under perspective imaging certain geometric prop-
erties are preserved, such as collinearity (a straight line is imaged as a straight line),
whilgt others are not, for example parallel lines are not imaged as parallel lines in
generd. Projective geometry models this imaging and also provides a mathematical
representation appropriate for computations.

We begin by describing the representation of points, lines and conies in homoge-
neous hotation, and how these entities map under projective transformations. The line
a infinity and the circular points are introduced, and it is shown that these capture the
dfine and metric properties of the plane. Algorithms for rectifying planes are then
given which enable affine and metric properties to be computed from images. We end
with adescription of fixed points under projective transformations.

2.1 Planar geometry

The basic concepts of planar geometry are familiar to anyone who has studied math-
emdics even a an elementary level. In fact, they are so much apart of our everyday
experience that we take them for granted. At an elementary level, geometry isthe study
d points and lines and their relationships.

To thepurist, the study of geometry ought properly to be carried out from a "geomet-
ric' or coordinate-free viewpoint. In this approach, theorems are stated and proved in
terms of geometric primitives only, without the use of algebra. The classical approach
d Eudid is an example of this method. Since Descartes, however, it has been seen that
geometry may be algebraicized, and indeed the theory of geometry may be developed

25
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26 2 Projective Geometry and Transformations of 2D

from an algebraic viewpoint. Our approach in this book will be a hybrid approach,
sometimes using geometric, and sometimes algebraic methods. In the agebraic ap-
proach, geometric entities are described in terms of coordinates and algebraic entities.
Thus, for instance apoint is identified with avector in terms of some coordinate basis.
A line is aso identified with a vector, and a conic section (more briefly, a conic) is
represented by a symmetric matrix. In fact, we often carry this identification so far as
to consider that the vector actualy is a point, or the symmetric matrix is a conic, a
least for convenience of language. A significant advantage of the algebraic approach
to geometry is that results derived in this way may more easily be used to derive algo-
rithms and practical computational methods. Computation and algorithms are a mgjor
concern in this book, which justifies the use of the algebraic method.

2.2 The 2D projective plane

As we al know, a point in the plane may be represented by the pair of coordinates
(%, y) in IR% Thus, it is common to identify the plane with IR?. Considering HI® asa
vector space, the coordinate pair (x, y) isavector - apoint isidentified as avector. In
this section we introduce the homogeneous notation for points and lines on aplane.

Row and column vectors. Later on, we will want to consider linear mappings be-
tween vector spaces, and represent such mappings as matrices. In the usual manner, the
product of amatrix and avector is another vector, the image under the mapping. This
brings up the distinction between "column" and "row" vectors, since a matrix may be
multiplied on the right by a column and on the left by arow vector. Geometric entities
will by default be represented by column vectors. A bold-face symbol such asx aways
represents a column vector, and its transpose is the row vector x'. In accordance with
this convention, a point in the plane will be represented by the column vector ~ (x,y)’,
rather than its transpose, the row vector (x, y). Wewritex = (x, y)", both sides of this
equation representing column vectors.

2.2.1 Pointsand lines

Homogeneous representation of lines. A linein the plane is represented by an equa

tion such asax + by + ¢ — 0O, different choices of a, b and c giving rise to different lines.
Thus, aline may naturally be represented by the vector (a, b, c)". The correspondence
between lines and vectors (a, b, €)' is not one-to-one, since the lines ax + by + ¢ = 0
and (ka)x + (kb)y + (kc) = O are the same, for any non-zero constant k. Thus, the

vectors (a, b, ¢)" and k(a, b, ¢)" represent the same line, for any non-zero k. In fact,
two such vectors related by an overall scaling are considered as being equivaent. An

equivalence class of vectors under this equivalence relationship is known as a homo-

geneous vector. Any particular vector (a, b, ¢) is arepresentative of the equivalence
class. The set of equivalence classes of vectorsin IR® — (0,0, 0)" forms the projective
space F2. The notation —(0, 0, 0) " indicates that the vector (0,0, 0)", which does not

correspond to any line, is excluded.
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Homogeneous representation of points. A point x = (x,y)’ lies on the line 1 =
(a,b,c)"if and only if ax + by + ¢ — 0. This may be written in terms of an inner
product of vectors representing the point as (x, y, 1)(a, b, €)' = (x, y, 1)1 = O; that is
thepoint (x, y)’ in HI? is represented as a 3-vector by adding afinal coordinate of 1.
Note that for any non-zero constant k and line 1 the equation (kx, ky, K\ — O if and
only if (x,y, )1 = 0. It is natural, therefore, to consider the set of vectors (kx, ky, k)’
for varying values of k to be arepresentation of the point (x, y)" in EI%. Thus, just as
with lines, points are represented by homogeneous vectors. An arbitrary homogeneous
vector representative of apoint isof the form x = (X\%, Xs)’, representing the point
(xi/xs, %/xs)" in IR? Points, then, as homogeneous vectors are also elements of P2.
One has asimple equation to determine when apoint lies on aline, namely

Result 2.1. Thepoint x lieson theline 1 if and only z/x'l = 0.

Note that the expression x| isjust the inner or scalar product of the two vectors 1
ad x. The scalar product x'| = I"x = x.I. In genera, the transpose notation |"x
will be preferred, but occasionally, we will use a . to denote the inner product. We
distinguish between the homogeneous coordinates x = (x\, X, X3)' of apoint, which
isa3-vector, and the inhomogeneous coordinates (x, y)', which is a 2-vector.

Degress of freedom (dof). It is clear that in order to specify a point two values must
be provided, namely its x- and y-coordinates. In a similar manner a line is specified
by two parameters (the two independent ratios {a : b : ¢}) and so has two degrees
o freedom. For example, in an inhomogeneous representation, these two parameters
could be chosen asthe gradient and y intercept of the line.

Intersection of lines. Given two lines1 = (g b,c)" and I'= (a,V,c")’, we wish to
find their intersection. Define the vector x = 1x 1, where x represents the vector or
cross product. From the triple scalar product identity (1 x 1) = I'.(I x 1) = 0, we
sethat |'x = 1'™x = 0. Thus, if x isthought of as representing apoint, then x lies on
bath lines 1 and 1', and hence is the intersection of the two lines. This shows:

Reault 2.2. Theintersection of two lines 1 and 1 isthepoint x = 1 x 1.

Notethat the simplicity of this expression for the intersection of the two lines is adirect
consequence of the use of homogeneous vector representations of lines and points.

Example2.3. Consider the simple problem of determining the intersection of the lines
x=1landy = 1 Thelinex = 1lisequivaent to —la; + 1 = 0, and thus has
homogeneous representation 1 = (—1,0,1)". Theliney —1 isequivalent to —ly+1 =
0, and thus has homogeneous representation 1' = (0,—1.1)". From result 2.2 the
intersection point is'

i J kK
X=I1Xr= -1 0 |
0 -1 1
which is the inhomogeneous point (1,1)" as required. A
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Linejoining points. An expression for the line passing through two points x and x'
may be derived by an entirely analogous argument. Defining aline1 by 1 = x x x', it
may be verified that both points x and x' lie on 1 Thus

Result 2.4. Theline through two points x and x' isl = x x X'.

2.2.2 ldeal points and theline at infinity

Intersection of parallel lines. Consider two linesax+by+c = Oand ax+by+d = 0.
These arerepresented by vectors1 = (a, b, ¢)" and 1'= (a, b, ¢')" for which thefirst two
coordinates are the same. Computing the intersection of these lines gives no difficulty,
using result 2.2. Theintersection is1 x 1' = (d — c)(6, —a, 0)", and ignoring the scale
factor (d — c), thisisthe point (b,—a, 0)".

Now if we attempt to find the inhomogeneous representation of this point, we ob-
tain (6/0, —a/0)", which makes no sense, except to suggest that the point of intersec-
tion has infinitely large coordinates. In general, points with homogeneous coordinates
(%, y, 0)" do not correspond to any finite point in IR?. This observation agrees with the
usua ideathat paralel lines meet et infinity.

Example2.5. Consider the two linesx = 1and x = 2. Herethe two lines are parallel,
and consequently intersect "at infinity". In homogeneous notation the lines are 1 =
(—1,0,1)7, 1'= (—1,0,2)", and from result 2.2 their intersection point is

] J
X=1Xr= 10
10
which is the point at infinity in the direction of the -axis A

Ideal points and the line at infinity. Homogeneous vectors x = {X\, X, Xs)' such
that X3 7* 0 correspond to finite points in IR%. One may augment IR? by adding points
with last coordinate .T; = 0. The resulting space is the set of al homogeneous 3-
vectors, namely the projective space P2. The points with last coordinate x; = 0 are
known as ideal points, or points at infinity. The set of all ideal points may be written
(X\,X2, 0)T, with aparticular point specified by theratio X\ : x,. Note that this set lies
on asingle line, the line at infinity, denoted by the vector I* = (0,0,1)". Indeed, one
verifies that (0,0, 1)(x;, X2, 0)" = 0.

Using result 2.2 one finds that aline 1= (a, b, c)" intersects 1" in the ideal point
(6,—a 0)" (since (b,—a, )1 = 0). Aline1 = (a b, d)" parallel to 1 intersects 1*
in the same ideal point (6,—a 0)" irrespective of the value of d. In inhomogeneous
notation (6,—a)" is a vector tangent to the line, and orthogonal to the line normal
(a,b), and so represents the line's direction. As the line's direction varies the ideal
point (6,—a, 0)" varies over I, For these reasons the line at infinity can be thought of
asthe set of directions of lines in the plane.

Note how the introduction of the concept of points at infinity serves to smplify the
intersection properties of points and lines. In the projective plane P?, one may state
without qudification that two distinct lines meet in a single point and two distinct
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K2

Fig. 2.1. A model of the projective plane. Pointsand lines ofW? are represented by rays and planes,
respectively, through the origin in JR®. Lines lying in the X\X2-plane represent ideal points, and the
X\X2-plane represents 1.

points lie on a single line. Thisis not true in the standard Euclidean geometry of P2,
inwhich parallel lines form a special case.

The study of the geometry of I1P? is known as projective geometry. In a coordinate-
free purely geometric study of projective geometry, one does not make any distinction
between points a infinity (ideal points) and ordinary points. It will, however, serve
our purposes in this book sometimes to distinguish between idea points and non-ideal
points. Thus, theline at infinity will at times be considered as aspecial linein projective

Space.

A modd for the projective plane. A fruitful way of thinking of IP* is as a set of
raysin IRA The set of al vectors k(xi,x,, Xs)’ as k varies forms aray through the
origin. Such aray may be thought of as representing a single point in P2. In this
modd, the linesin P? are planes passing through the origin. One verifies that two non-
identical rays lie on exactly one plane, and any two planes intersect in one ray. This
is the andogue of two distinct points uniquely defining aline, and two lines always
intersecting in a point.

Points and lines may be obtained by intersecting this set of rays and planes by the
plane X3 = 1 As illustrated in figure 2.1 the rays representing ideal points and the
plane representing 1" are parallel to the plane x; = 1.

Duality. The reader has probably noticed how the role of points and lines may be
interchanged in statements concerning the properties of lines and points. In particular,
the basic incidence equation 1"x = 0 for line and point is symmetric, since I'x = 0
implies x'I = 0, in which the positions of line and point are swapped. Similarly,
result 2.2 and result 2.4 giving the intersection of two lines and the line through two
paints are essentially the same, with the roles of points and lines swapped. One may
enunciate agenera principle, the duality principle as follows:
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Result 2.6. Duality principle. To any theorem of 2-dimensional projective geometry
there corresponds a dual theorem, which may be derived by interchanging the roles of
points and lines in the original theorem.

In applying this principle, concepts of incidence must be appropriately trandated as
well. For instance, the line through two points is dual to the point through (that is the
point of intersection of) two lines.

Note that is it not necessary to prove the dua of a given theorem once the original
theorem has been proved. The proof of the dua theorem will be the dua of the proof
of the original theorem.

2.2.3 Conies and dual conies

A conic is a curve described by a second-degree equation in the plane. In Euclidean
geometry conies are of three main types: hyperbola, ellipse, and parabola (apart from
so-called degenerate conies, to be defined later). Classically these three types of conic
arise as conic sections generated by planes of differing orientation (the degenerate con-
ies arise from planes which contain the cone vertex). However, it will be seen that
in 2D projective geometry al non-degenerate conies are equivalent under projective
transformations.
The equation of aconic in inhomogeneous coordinates is

a¢ +bxy+cyf+dx+ey+f=0
i.e. apolynomial of degree 2. "Homogenizing" this by the replacements:
X > XilXs, Yy Ht Xfx; gives
ax\ + bX\X2 + cx? + dx\Xg + XXz + IX'32 = 0 (2.1

or in matrix form

x'"Cx =0 (22)
where the conic coefficient matrix C is given by
a b2 d2
b2 c €2 . (2.3
d2 e2 f

Note that the conic coefficient matrix is symmetric. Asin the case of the homogeneous
representation of points and lines, only the ratios of the matrix elements are important,
since multiplying C by anon-zero scalar does not affect the above equations. Thus C is
a homogeneous representation of aconic. The conic has five degrees of freedom which
can be thought of astheratios{a :b:c:d:e:/} oreguivaently the Sx elements of
a symmetric matrix less one for scale.

Five points define a conic. Suppose we wish to compute the conic which passes

through a set of points, x... How many points are we free to specify before the conic
is determined uniquely? The question can be answered constructively by providing an
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dgorithm to determine the conic. From (2.1) each point x» places one constraint on the
conic coefficients, since if the conic passes through (X, y;) then

ax,2 + bxiyi + ¢y’ + dxi + ey, + / = 0.
Thisconstraint can be written as
(X xyi ¥ X% ¥y 1)c=0

whaec = (a,b, c,d, e f)" isthe conic C represented as a 6-vector.
Stacking the constraints from five points we obtain

"e 2 x\yi V\ X\ W

X xv2  \ff %2 |h

X3 XV3 yl X3 V?,

% Xaysa Vi X DA

X xys oyl XV,

and the conic is the null vector of this 5x 6 matrix. This shows that a conic is deter-
mined uniquely (up to scale) by five points in genera position. The method of fitting
ageometric entity (or relation) by determining a null space will be used frequently in
the computation chapters throughout this book.

Tangent lines to conies. The line 1 tangent to aconic a apoint x has a particularly
ample form in homogeneous coordinates:

Reault 2.7. Theline 1 tangent to C at apoint xon C isgiven by 1 = Cx.

Proof. Theline 1= Cx passes through x, since I'x = x'Cx = 0. If 1 has one-point
contact with the conic, then it is atangent, and we are done. Otherwise suppose that 1
mets the conic in another point y. Theny'Cy = Oand x'Cy = |y = 0. From this
it follows that (x + ay)"C(x + ay) = O for al a, which means that the whole line

1= Cxjoining x and y lies on the conic C, which is therefore degenerate (see below).
[ ]

Dual conies. The conic Cdefined above is more properly termed a point conic, as it
defines an equation on points. Given the duality result 2.6 of IP* it is not surprising
thet there is also a conic which defines an equation on lines. This dual (or line) conic
is a0 represented by a 3 x 3 matrix, which we denote as C*. A line 1 tangent to the
conic C satisfies 1'C*1 = 0. The notation C indicates that C* is the adjoint matrix of C
(the adjoint is defined in section A4.2(p580) of appendix 4(p578)). For a non-singular
symmetric matrix C* = C (up to scale).

The equation for a dual conic is straightforward to derive in the case that C has full
rank: From result 2.7, a& a point x on C the tangent is 1= Cx. Inverting, we find the
point x a which the line 1 is tangent to C isx = C-!I. Since x satisfies x'Cx = 0O we
obtain (C~'1)"C(C'1) = 1'C A= 0, the last step following from C~" = C"* because
Cissymmetric.

Dud conies are also known as conic envelopes, and the reason for this is illustrated
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Fig. 2.2. (a) Points x satisfying x"Cx = 0 lie on apoint conic, (b) Lines 1 satisfying 1'C*1 = 0O are
tangent to thepoint conic C. The conic C isthe envelope of the lines1

in figure 2.2. A dua conic has five degrees of freedom. In a similar manner to points
defining apoint conic, it follows that five lines in general position define adual conic.

Degenerate conies. If the matrix C isnot of full rank, then the conic is termed degen-
erate. Degenerate point conies include two lines (rank 2), and a repeated line (rank
1).
Example2.8. The conic

C=1m' +m1'

is composed of two lines 1 and m. Points on 1 saisfy |"x = 0, and are on the conic
sincex'Cx = (x'1)(m"x) + (x'm)(I"x) = 0. Similarly, points satisfying m™x = 0

also satisfy x'Cx = 0. The matrix C is symmetric and has rank 2. The null vector is
x = 1 x m which isthe intersection point of 1 and m. A

Degenerate line conies include two points (rank 2), and arepeated point (rank 1).
For example, the line conic C* = xy' + yx' has rank 2 and consists of lines passing
through either of the two points x and y. Note that for matrices that are not invertible
(Ck)* AN C

2.3 Projective transformations

In the view of geometry set forth by Felix Klein in his famous "Erlangen Program"”,
[Klein-39], geometry is the study of properties invariant under groups of transforma-
tions. From this point of view, 2D projective geometry is the study of properties of
the projective plane IP that are invariant under a group of transformations known as
projectivities.

A projectivity is an invertible mapping from points in 1P (that is homogeneous 3-
vectors) to pointsin P2 that maps lines to lines. More precisely,

Definition 2.9. A projectivity is an invertible mapping h from P? to itself such that
three points Xi, X, and x3 lie on the same lineif and only if /i(xi), /i(x2) and h(x.3) do.

Projectivities form agroup since the inverse of aprojectivity isalso aprojectivity, and
so0 is the composition of two projectivities. A projectivity is also caled a collineation
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(ahdpful name), aprojective transformation or a homography: the terms are synony-
mous

In definition 2.9, a projectivity is defined in terms of a coordinate-free geometric
concept of point line incidence. An equivalent algebraic definition of a projectivity is
possible, based on the following result.

Theorem 2.10. A mapping h : IP* — IP? w a projectivity if and only if there exists a
non-singular 3x 3 matrix H such thatfor any point in I[P represented by a vector x it
istrue that h(x) = Hx.

To interpret this theorem, any point in IP? is represented as ahomogeneous 3-vector,
X, and Hx is alinear mapping of homogeneous coordinates. The theorem asserts that
ay projectivity arises as such alinear transformation in homogeneous coordinates, and
thet conversdly any such mapping is a projectivity. The theorem will not be proved in
ful here. 1t will only be shown that any invertible linear transformation of homoge-
neous coordinates is a projectivity.

Proof. Let Xi, X, and x3 lieon aline 1L Thus ITXj = Q0fori=1,...,3. Let Hbea
non-sngular 3x 3 matrix. One verifies that 1"TH-'HXJ = 0. Thus, the points Hx" al lie
ontheline H-"1, and collinearity is preserved by the transformation.

The converse is considerably harder to prove, namely that each projectivity arises in
thisway. .

As aresult of this theorem, one may give an dternative definition of a projective
transformation (or collineation) as follows.

Definition 2.11. Projective transformation. A planar projective transformation is a
linear transformation on homogeneous 3-vectors represented by anon-singular 3 x 3
meatrix:

(x[\ “Jin hu h; (X
hi h2 h3 a2 (25)
UsJ _hi t2 h33_\ x3

or more briefly, X' = Hx

Note that the matrix H occurring in this equation may be changed by multiplication
by an arbitrary non-zero scale factor without altering the projective transformation.
Consequently we say that His a homogeneous matrix, since as in the homogeneous
representation of apoint, only the ratio of the matrix elements is significant. There are
eight independent ratios amongst the nine elements of H, and it follows that a projective
transformation has eight degrees of freedom.

A projective transformation projects every figure into aprojectively equivaent figure,
leaving al its projective properties invariant. In the ray model of figure 2.1 a projective
transformation is simply alinear transformation of IR,
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Fig. 2.3. Central projection maps points on one plane to points on another plane. The projection
also maps lines to lines as may be seen by considering aplane through the projection centre which inter-
sects with the two planes n and 71". Since lines are mapped to lines, central projection isa projectivity
and may be represented by a linear mapping of homogeneous coordinates x' = Hx.

Mappings between planes. As an example of how theorem 2.10 may be applied,
consider figure 2.3. Projection aong rays through a common point (the centre of pro-
jection) defines amapping from one plane to another. It is evident that this point-to-
point mapping preserves linesin that alinein one plane is mapped to alinein the other.
If acoordinate system is defined in each plane and points are represented in homoge-
neous coordinates, then the central projection mapping may be expressed by x' = Hx
where H isanon-singular 3x 3 matrix. Actualy, if the two coordinate systems defined
in the two planes are both Euclidean (rectilinear) coordinate systems then the mapping
defined by central projection is more restricted than an arbitrary projective transforma-
tion. It is called aperspectivity rather than afull projectivity, and may be represented
by atransformation with six degrees of freedom. Wereturn to perspectivities in section
A7.4(p632).

Example2.12. Removing the projective distortion from a perspective image of a
plane.

Shape is distorted under perspective imaging. For instance, in figure 2.4a the win-
dows are not rectangular in the image, although the originals are. In genera paralléel
lines on a scene plane are not parallel in the image but instead converge to a finite
point. We have seen that a central projection image of aplane (or section of a plane)
is related to the origina plane via a projective transformation, and so the image is a
projective distortion of the original. It is possible to "undo” this projective transforma
tion by computing the inverse transformation and applying it to the image. The result
will be anew synthesized image in which the objects in the plane are shown with their
correct geometric shape. This will be illustrated here for the front of the building of
figure 2.4a. Note that since the ground and the front are not in the same plane, the
projective transformation that must be applied to rectify the front is not the same as the
one used for the ground.

Computation of aprojective transformation from point-to-point correspondences will
be considered in great detail in chapter 4. For now, a method for computing the trans-
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Fg. 24. Removing perspective distortion, (a) The original image with perspective distortion - the
lines of thewindows clearly converge at afinite point, (b) Synthesized frontal orthogonal view of the
front wall. Theimage (a) of the wall is related via a projective transformation to the true geometry of the
wall. Theinverse transformation is computed by mapping thefour imaged window corners to corners
ofan appropriately sized rectangle. Thefour point correspondences determine the transformation. The
transformation is then applied to the whole image. Note that sections of the image of the ground are
subject to afurther projective distortion. This can also be removed by aprojective transformation.

formation is briefly indicated. One begins by selecting a section of the image corre-
gponding to a planar section of the world. Local 2D image and world coordinates are
sdected as shown in figure 2.3. Let the inhomogeneous coordinates of apair of match-
ing points x and x' in the world and image plane be (x,y) and (X\ y") respectively.
We use inhomogeneous coordinates here instead of the homogeneous coordinates of
the points, because it is these inhomogeneous coordinates that are measured directly
from the image and from the world plane. The projective transformation of (2.5) can
be written in inhomogeneous form as

,_X[_hnX +h12y+h13 i,_£2_h2\X+h22y+ h23
X3 hax + hgy + hgg' X3 hgiX + hgy + hgg'
Each point correspondence generates two equations for the elements of H, which
dter multiplying out are

X (hax + hgy + hg) hx + hpy + hgg
Y (hax + hgy + hg) = hax + hpy + hps

These equations are linear in the elements of H. Four point correspondences lead to
eight such linear equations in the entries of H, which are sufficient to solve for H up to
aninggnificant multiplicative factor. The only restriction is that the four points must
bein "genera position", which means that no three points are collinear. The inverse
o the transformation H computed in this way is then applied to the whole image to
undo the effect of perspective distortion on the selected plane. The results are shown
infigure2.4b. A

Three remarks concerning this example are appropriate: first, the computation of
the rectifying transformation H in this way does not require knowledge of any of the
camerds parameters or the pose of the plane; second, it is not always necessary to
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Fig. 2.5. Examples of a projective transformation, x' = Hx, arising in perspective images, (a)
The projective transformation between two images induced by a world plane (the concatenation of two
projective transformations is a projective transformation); (b) The projective transformation between
two images with the same camera centre (e.g. a camera rotating about its centre or a camera varying its
focal length); (c) Theprojective transformation between the image of a plane (the end of the building)
and the image of its shadow onto another plane (the ground plane). Figure (c) courtesy of Luc Van Gool.

know coordinates for four points in order to remove projective distortion: aternative
approaches, which are described in section 2.7, require less, and different types df,
information; third, superior (and preferred) methods for computing projective transfor-
mations are described in chapter 4.

Projective transformations are important mappings representing many more Situa
tions than the perspective imaging of aworld plane. A number of other examples are
illustrated in figure 2.5. Each of these situations is covered in more detail later in the
book.

2.3.1 Transformations of lines and conies

Transformation of lines. It was shown in the proof of theorem 2.10 that if points x;
lie on aline 1, then the transformed points x- = Hx, under a projective transformation
lie on the line I = H~"1. In this way, incidence of points on lines is preserved, since
I'™xA = 1"H-'"HXJ = 0. This gives the transformation rule for lines:

Under the point transformation x' = Hx, aline transforms as

1=H-"1. (2.6)

One may aternatively write 1" = 1"H-%. Note the fundamentally different way
in which lines and points transform. Points transform according to H, whereas lines
(as rows) transform according to H-*. This may be explained in terms of "covariant"
or "contravariant” behaviour. One says that points transform contravariantly and lines
transform covariantly. This distinction will be taken up again, when we discuss tensors
in chapter 15 and isfully explained in appendix 1(p562).

Transformation of conies. Under apoint transformation x' = Hx, (2.2) becomes

x'Cx = XxT[H-Y"CH-x'
xTH~TCH~'X/
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Fig. 26. Distortions arising under central projection. Images of a tiled floor, (a) Similarity: the
circular pattern isimaged as a circle. A square tile isimaged as a square. Lines which areparallel or
perpendicular have the same relative orientation in the image, (h) Affine: The circle isimaged as an
dlipse. Orthogonal world lines are not imaged as orthogonal lines. However, the sides of the square
tiles, which areparallel in the world areparallel in the image, (c) Projective: Parallel world lines are
imaged as converging lines. Tiles closer to the camera have a larger image than thosefurther away.

which is a quadratic form x'"C'x" with C = H~'CH-". This gives the transformation
rulefor aconic:

Reault 2.13. Under a point transformation x' = Hx, a conic C transforms to
C=HTCH™

The presence of H-* in this equation may be expressed by saying that aconic transforms
covariantly. The transformation rule for a dual conic is derived in a Similar manner.
This gives:

Rexult 2.14. Under a point transformation x!' = Hx, a dual conic C transforms to
C*' = HC*H',

2.4 A hierarchy of transformations

Inthis section we describe the important specializations of aprojective transformation
and their geometric properties. It was shown in section 2.3 that projective transforma-
tionsform agroup. This group is called the projective linear group, and it will be seen
that these specializations are subgroups of this group.

The group of invertible n x n matrices with real elements isthe (real) general linear
group on n dimensions, or GL(n). To obtain the projective linear group the matrices
rlaed by a scaar multiplier are identified, giving PL(n) (this is a quotient group of
GL(n)). In the case of projective transformations of the planen = 3.

Theimportant subgroups of PL(3) include the affine group, which is the subgroup
d PL{3) consisting of matrices for which the last row is (0,0,1), and the Euclidean
group, whichis asubgroup of the affine group for which in addition the upper left hand
2x2 matrix is orthogonal. One may aso identify the oriented Euclidean group in
which the upper left hand 2 x 2 matrix has determinant 1.

We will introduce these transformations starting from the most specialized, the
isometries, and progressively generalizing until projective transformations are reached.
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This defines ahierarchy of transformations. The distortion effects of various transfor-
mations in this hierarchy are shown in figure 2.6.

Some transformations of interest are not groups, for example, perspectivities (be-
cause the composition of two perspectivities is a projectivity, not aperspectivity). This
point is covered in section A7.4(p632).

Invariants. An aternative to describing the transformation algebraically, i.e. asama
trix acting on coordinates of apoint or curve, is to describe the transformation in terms
of those elements or quantities that are preserved or invariant. A (scalar) invariant of a
geometric configuration is afunction of the configuration whose value is unchanged by
aparticular transformation. For example, the separation of two points is unchanged by
aEuclidean transformation (trandation and rotation), but not by a similarity (e.g. trans-
lation, rotation and isotropic scaling). Distance is thus a Euclidean, but not similarity
invariant. The angle between two lines is both a Euclidean and a similarity invariant.

2.4.1 Class!: |sometries

|sometries are transformations of the plane IR? that preserve Euclidean distance (from
is0 = same, metric— measure). An isometry is represented as

( x\ ecos9 —sin6t, ' fx
y = e€n6> cos9 ty y
Vil 0 0 1 (i

where e= 1. Ife = | then the isometry is orientation-preserving and is a Euclidean
transformation (acomposition of atranslation and rotation). If e= —1 then the isome-
try reverses orientation. An example isthe composition of areflection, represented by
the matrix diag(—1,1,1), with aEuclidean transformation.

Euclidean transformations model the motion of arigid object. They are by far the
most important isometries in practice, and we will concentrate on these. However, the
orientation reversing isometries often arise as ambiguities in structure recovery.

A planar Euclidean transformation can be written more concisely in block form as

R t
o' 1
where R is a2 x 2 rotation matrix (an orthogonal matrix such that RR = RR' = 1),
t atranslation 2-vector, and 0 anull 2-vector. Specia cases are a pure rotation (when
t = 0) and apure trandation (when R = 1). A Euclidean transformation is also known
as a displacement.

A planar Euclidean transformation has three degrees of freedom, one for the rotation
and two for the translation. Thus three parameters must be specified in order to define
the transformation. The transformation can be computed from two point correspon-
dences.

X'=H,x = X (2.7)

Invariants. The invariants are very familiar, for instance: length (the distance be-
tween two points), angle (the angle between two lines), and area.

Samsung/Google, EX1010, p. 56



2.4 A hierarchy of transformations 39

Groups and orientation.  An isometry is orientation-preserving if the upper left
hend 2x 2 matrix has determinant 1. Orientation-preserving isometries form agroup,
orientation-reveraVig ones do not. This distinction applies aso in the case of similarity
and dfine transformations which now follow.

242 Class|l: Similarity transformations

A dmilarity transformation (or more smply asimilarity) is anisometry composed with
an isotropic scaling. In the case of aEuclidean transformation composed with a scaling
(i.e no reflection) the similarity has matrix representation

(x\ o —ssint x| «x
y \'= ssn0 scosO y (21
[I 0 0 i Vi
This can be written more concisely in block form as
Rt
x  Hx = of 1 X (29)

where the scalar s represents the isotropic scaling. A similarity transformation is also
known as an equi-form transformation, because it preserves "shape” (form). A planar
smilarity transformation has four degrees of freedom, the scaling accounting for one
more degree of freedom than aEuclidean transformation. A similarity can be computed
from two point correspondences.

Invariants. Theinvariants can be constructed from Euclidean invariants with suitable
provision being made for the additional scaling degree of freedom. Angles between
lines are not affected by rotation, translation or isotropic scaling, and so are similarity
invariants. In particular parallel lines are mapped to paralldl lines. The length between
two points is not a similarity invariant, but the ratio of two lengths is an invariant,
because the scaling of the lengths cancels out. Similarly aratio of areas is an invariant
because the scaling (squared) cancels out.

Metric structure. A term that will be used frequently in the discussion on reconstruc-
tion (chapter 10) is metric. The description metric structure implies that the structure
isdenned up to a similarity.

24.3 Class | 11: Affine transformations

An &fine transformation (or more simply an affinity) is a non-singular linear transfor-
mation followed by atranslation. It has the matrix representation

1 on o2 t' /X
y 3 = o021 «22 Ul y (2.10)
1/ 0 0 1 U
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Fig. 2.7. Distortions arising from a planar affine transformation, (a) Rotation by R(9). (b) A defor-
mation R—>) DR<>). Note, the scaling directions in the deformation are orthogonal.

or in block form

At

X' = Hax = or 1 X

(2.12)
with A a2 x 2 non-singular matrix. A planar afine transformation has six degrees of
freedom corresponding to the six matrix elements. The transformation can be com-
puted from three point correspondences.

A helpful way to understand the geometric effects of the linear component A of
an dfine transformation is as the composition of two fundamental transformations,
namely rotations and non-isotropic scalings. The affine matrix A can always be decom-
posed as

A = R(0)R(-0)DR(0) (2.12)
where R(0) and R((f>) are rotations by 6 and (f> respectively, and D is adiagona matrix:

"Ac O
0 A

This decomposition follows directly from the SVD (section A4A(p5S5j): writing A —
uDV' = (UVT)(\VDV") = R(0) (R(-0) DR(0)), since U and V are orthogonal matrices.

The afine matrix A is hence seen to be the concatenation of a rotation (by <p); a
scaling by Ai and A, respectively in the (rotated) x and y directions; arotation back
(by —(f)); and finally another rotation (by 0). The only "new" geometry, compared to
a similarity, is the non-isotropic scaling. This accounts for the two extra degrees of
freedom possessed by an affinity over asimilarity. They are the angle <f> specifying the
scaling direction, and the ratio of the scaling parameters Ai : A, The essence of an
affinity isthis scaling in orthogonal directions, oriented at aparticular angle. Schematic
examples are given in figure 2.7.
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Invariants Because an afine transformation includes non-isotropic scaling, the sim-
ilarity invariants of length ratios and angles between lines are not preserved under an
dfinity. Three important invariants are:

(i) Paralld lines. Consider two parallel lines. These intersect a a point
(xi,x2,0)" a infinity. Under an affine transformation this point is mapped
to another point at infinity. Consequently, the parallel lines are mapped to lines
which still intersect at infinity, and so are parallel after the transformation.

(i) Ratio of lengths of paralle line segments. The length scaling of aline seg-
ment depends only on the angle between the line direction and scaling direc-
tions. Suppose the line is a angle a to the x-axis of the orthogona scaling
direction, then the scaling magnitude is y Af cos’a + A% sin? a. This scaling is
common to dl lines with the same direction, and so cancels out in aratio of
paralel segment lengths.

(i) Ratio of areas. This invariance can be deduced directly from the decomposi-
tion (2.12). Rotations and translations do not affect area, so only the scalings by
Aj and A, matter here. The effect isthat areaiis scaled by A] A, which isequal to
det A. Thus the area of any shape is scaled by det A, and o the scaling cancels
out for aratio of areas. It will be seen that this does not hold for a projective
transformation.

An dfinity is orientation-preserving or -reversing according to whether det A is positive
o negative respectively. Since det A = A™\, the property depends only on the sign of
the scalings.

244 Class|V: Projective transformations

A projective transformation was defined in (2.5). It is a general non-singular linear
trandformation of homogeneous coordinates. This generalizes an afine transformation,

whichisthe composition of a general non-singular linear transformation of inhomoge-

neous coordinates and a trandation. We have earlier seen the action of a projective
trandformation (in section 2.3). Here we examine its block form

X' = Hpx V’ﬁ \t/ (213

whee the vector v = (vi,v»)'.  The matrix has nine elements with only their ratio
sgnificant, so the transformation is specified by eight parameters. Note, it isnot always
possble to scale the matrix such that v is unity since v might be zero. A projective
transformation between two planes can be computed from four point correspondences,
with no three collinear on either plane. See figure 2.4.

Unlike the case of affinities, it is not possible to distinguish between orientation
presarving and orientation reversing projectivities in P?. We will return to this point
in section 2.6.
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Invariants. The most fundamental projective invariant is the cross ratio of four
collinear points: aratio of lengths on aline is invariant under affinities, but not un-
der projectivities. However, aratio of ratios or cross ratio of lengths on aline isa
projective invariant. We return to properties of this invariant in section 2.5.

245 Summary and comparison

Affinities (6 dof) occupy the middle ground between similarities (4 dof) and projectivi-
ties (8 dof). They generalize similarities in that angles are not preserved, so that shapes
are skewed under the transformation. On the other hand their action is homogeneous
over the plane: for agiven afinity the det A scaling in area of an object (e.g. a square)
is the same anywhere on the plane; and the orientation of atransformed line depends
only on its initial orientation, not on its position on the plane. In contrast, for agiven
projective transformation, area scaling varies with position (e.g. under perspective a
more distant sguare on the plane has a smaller image than one that is nearer, asin
figure 2.6); and the orientation of atransformed line depends on both the orientation
and position of the source line (however, it will be seen later in section 8.6(p213) that
aline's vanishing point depends only on line orientation, not position).

The key difference between a projective and &fine transformation is that the vector
v is not null for a projectivity. This is responsible for the non-linear effects of the
projectivity. Compare the mapping of an ideal point (xs. X2, 0)" under an afinity and
projectivity: First the affine transformation

X]

(2.14)
0

Second the projective transformation

(2.15)

In thefirst case the ideal point remainsided (i.e. a infinity). In the second it is mapped
to afinite point. It is this ability which alows a projective transformation to model
vanishing points.

2.4.6 Decomposition of a projective transformation
A projective transformation can be decomposed into a chain of transformations, where
each matrix in the chain represents a transformation higher in the hierarchy than the
previous one.

Kt K 0" | o At

H—HoWa He — qT ¢ or 1 Vv v (2.16)

with A anon-singular matrix givenby A = RK +1v', and K an upper-triangular matrix

normalized as det K = 1. This decomposition is valid provided v ~ 0, and is unique if
sis chosen oositive.
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2.4 A hierarchy of transformations 43

Each of the matrices Hg, Ha, Hp is the "essence” of atransformation of that type (as
indicated by the subscripts S, A, P). Consider the process of rectifying the perspective
imege of a plane as in example 2.12: Hp (2 dof) moves the line at infinity; Ha (2 dof)
dfects the affine properties, but does not move the line at infinity; and finaly, Hsis a
gened similarity transformation (4 dof) which does not affect the affine or projective
properties. The transformation Hp is an elation, described in section A7.3(p631).

Example2.15. The projective transformation

1707 0586 10
H= 2707 8242 20
10 20 10

mey be decomposed as

2c0s45° -2sn45° 1 05 10" "100
2sin45°  2cos45° 2 0 20 010
0 0 1 0 01 121

A

This decomposition can be employed when the objective is to only partially deter-

mine the transformation. For example, if one wants to measure length ratios from the

perspective image of aplane, then it is only necessary to determine (rectify) the trans-

formation up to a similarity. We return to this approach in section 2.7.
Taking the inverse of H in (2.16) givesH-' = H~' H"H"%. Since Hp,H  andHs

dill projective, affine and similarity transformations respectively, a general projective

transformation may also be decomposed in the form

H-HHH - 10 [ K o [ [ s Rt | OM)
H—HpHAHs— 1 T T 21)
Note that the actual values of K, Rt and v will be different from those of (2.16).

247 Thenumber of invariants

Thequestion naturally arises asto how many invariants there are for agiven geometric
configuration under a particular transformation. First the term "number" needs to be
made more precise, for if aquantity isinvariant, such as length under Euclidean trans-
formations, then any function of that quantity is invariant. Consequently, we seek a
counting argument for the number of functionally independent invariants. By consid-
ering the number of transformation parameters that must be eliminated in order to form
aninvariant, it can be seen that:

Reault 2.16. The number offunctionally independent invariants is equal to, or greater
than, the number of degrees offreedom of the configuration less the number of degrees
offreedom of the transformation.
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Group Matrix Distortion Invariant properties
Concurrency, collinearity, order of contact:
N /in  hu his intersection (1 pt contact); tangency (2 pt con-
Projective hol fi22  hy3 tact): inflections
8dof hi  hg2  hg (3 pt contact with line); tangent discontinuities
and cusps, cross ratio (ratio of ratio of lengths).
Parallelism, ratio of areas, ratio of lengths on
Affine ol 012 & collinear or parallel lines (e.g. midpoints), lin-
6dof @l @ ear combinations of vectors (e.g. centroids).

The line at infinity, loo.

Similarity snooSe ok —* Ratio of lengths, angle. Thecircular points, I, J

adof Stai - S22 (see section 2.7.3).

0 0 1
. "ry n2 ty
s L e oo
0 0 1 |_|

Table 2.1. Geometric properties invariant to commonly occurring planar transformations. The
matrix A = [oy] isan invertible 2x 2 matrix, R= [r"] isa 2D rotation matrix, and (tt,) a2D trans-
lation. The distortion column shows typical effects of the transformations on a square. Transformations
higher in the table can produce all the actions of the ones below. These rangefrom Euclidean, where
only trandations and rotations occur, to projective where the square can be transformed to any arbitrary
quadrilateral (provided no three points are collinear).

For example, aconfiguration of four pointsin general position has 8 degrees of freedom
(2 for each point), and so 4 similarity, 2 &ffinity and zero projective invariants since
these transformations have respectively 4, 6 and 8 degrees of freedom.

Table 2.1 summarizes the 2D transformation groups and their invariant properties.
Transformations lower in the table are specializations of those above. A transformation
lower in the table inherits the invariants of those above.

2.5 The projective geometry of 1D

The development of the projective geometry of aline, P*, proceeds in much the same

way asthat of the plane. A point x on the line is represented by homogeneous coordi-

nates (xi, x»)", and apoint for which x% = Ois an ideal point of the line. We will use
the notation x to represent the 2-vector (x\, X;)". A projective transformation of aline

isrepresented by a2 x 2 homogeneous matrix,

X = Hyy2"

and has 3 degrees of freedom corresponding to the four elements of the matrix less one
for overal scaling. A projective transformation of aline may be determined from three
corresponding points.
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2.5 Theprojective geometry of ID 45

Fig.2.8. Projective transformations between lines. Therearefour setsoffour collinear points inthis
figure. Each set isrelated to the others by a line-to-line projectivity. Since the cross ratio isan invariant
under aprojectivity, the cross ratio has the same valuefor all the sets shown.

Thecrossratio. The cross ratio is the basic projective invariant of P*. Given 4 points
X, thecrossratio is defined as

. XiX]|X 3X
Cross(xi, Xz Xs. Xg) = | XzllX3Xal
[X1X3[|X2X 4]
where
Xn X\
det "7
Xi2 X2

A few comments on the cross ratio:

(i) The value of the cross ratio is not dependent on which particular homogeneous
representative of apoint Xj is used, since the scale cancels between numerator
and denominator.

(i) If each point 5q is afinite point and the homogeneous representative is chosen
such that X'i = 1, then |x.X]j| represents the signed distance from x, to Xj.

(iii) The definition of the cross ratio is also valid if one of the points X is an idedl
point.

(iv) The value of the cross ratio is invariant under any projective transformation of
the line: if X' = Hayxox then

Cross(X'y,Xz2, X3,X4) = Cross(xi,Xz,Xz,Xas). (2.18)

The proof is l€ft as an exercise. Equivalently stated, the cross ratio is invariant
to the projective coordinate frame chosen for the line.

Figure 2.8 illustrates anumber of projective transformations between lines with equiv-

aent cross ratios.
Under a projective transformation of the plane, a ID projective transformation is

induced on any line in the plane.

Concurrent lines. A configuration of concurrent lines is dua to collinear points on
aline. This means that concurrent lines on a plane also have the geometry P*. In
particular four concurrent lines have across ratio asillustrated in figure 2.9a.
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46 2 Projective Geometry and Transformations of 2D

Fig. 2.9. Concurrent lines, (a) Four concurrent lines 1; intersect the line 1 in thefour points x,. The
cross ratio of these lines is an invariant to projective transformations of the plane. Its value is given
by the cross ratio of the points, Cross(5ti, X2, X3,X4). (b) Coplanar points X, are imaged onto a line 1
(also in the plane) by a projection with centre c. Thecross ratio of the image points Xj is invariant to
theposition of the image linel

Note how figure 2.9b may be thought of as representing projection of points in P?
into a 1-dimensional image. In particular, if ¢ represents acamera centre, and the line
1represents an image line (ID analogue of the image plane), then the points x, are the
projections of points Xj into the image. The cross ratio of the points X, characterizes
the projective configuration of the four image points. Note that the actual position
of the image lineisirrelevant as far as the projective configuration of the four image
points is concerned - different choices of image line give rise to projectively equivalent
configurations of image points.

The projective geometry of concurrent lines is important to the understanding of the
projective geometry of epipolar linesin chapter 9.

2.6 Topology of the projective plane

We make brief mention of the topology of P?. Understanding of this section is not
required for following the rest of the book.

We have seen that the projective plane P? may be thought of as the set of dl ho-
mogeneous 3-vectors. A vector of thistype x = (X\, X2, X3)" may be normalized by
multiplication by anon-zero factor sothat X\ + x\ + X\ = 1. Such apoint lies on the
unit spherein PA However, any vector x and —x represent the same point in P?, since
they differ by a multiplicative factor, — 1. Thus, there is atwo-to-one correspondence
between the unit sphere & in P* and the projective plane P?. The projective plane
may be pictured as the unit sphere with opposite points identified. In this representa-
tion, alinein P? ismodelled as agreat circle on the unit sphere (as ever, with opposite
points identified). One may verify that any two distinct (non-antipodal) points on the
sphere lie on exactly one great circle, and any two great circles intersect in one point
(since antipoda points are identified).

In the language of topology, the sphere $* is a2-sheeted covering space of P?. This
implies that P? is not simply-connected, which means that there are loops in P? which
cannot be contracted to a point inside P?. To be technical, the fundamental group of
P2 isthe cyclic group of order 2.
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>

y — .-

Fig. 2.10. Topology of surfaces. Common surfaces may be constructed from a paper square {topo-
logically a disk) with edges glued together. In each case, the matching arrow edges of the square are to
be glued together in such a way that the directions of the arrows match. One obtains (a) a sphere, (b)
atorus, (c) a Klein bottle and (d) a projective plane. Only the sphere and torus are actually realizable
with areal sheet of paper. The sphere and torus are orientable but the projective plane and Klein bottle
are not.

Inthe model for the projective plane as a sphere with opposite points identified one
mey dispense with the lower hemisphere of &, since points in this hemisphere are
the same as the opposite points in the upper hemisphere. In this case, P> may be
condructed from the upper hemisphere by identifying opposite points on the equator.
Since the upper hemisphere of S is topologically the same as a disk, IP* is smply
adisk with opposite points on its boundary identified, or glued together. This is not
physicdly possible. Constructing topological spaces by gluing the boundary of a disk
isa common method in topology, and in fact any 2-manifold may be constructed in this
way. Thisisillustrated in figure 2.10.

A notable feature of the projective plane IP? isthat it is non-orientable. This means
thet it isimpossible to define alocal orientation (represented for instance by apair of
oriented coordinate axes) that is consistent over the whole surface. This is illustrated
in figure 2.11 in which it is shown that the projective plane contains an orientation-
reverang path.

Thetopology of IP'. In a similar manner, the 1-dimensiona projective line may be
identified as a 1-sphere S' (that is, acircle) with opposite points identified. If we omit
the lower hdf of the circle, as being duplicated by the top haf, then the top haf of a
drdeistopologically equivalent to aline segment. Thus IP* istopologically equivalent
toaline segment with the two endpoints identified - namely acircle, S

2.7 Recovery of affine and metric properties from images

Wereturn to the example of projective rectification of example 2.12(p34) where the
am was to remove the projective distortion in the perspective image of aplane to the
extent that similarity properties (angles, ratios of lengths) could be measured on the
origind plane. In that example the projective distortion was completely removed by
specifying the position of four reference points on the plane (a total of 8 degrees of
freedom), and explicitly computing the transformation mapping the reference points to
their images. In fact this overspecifies the geometry - aprojective transformation has
only 4 degrees of freedom more than a similarity, so it is only necessary to specify 4
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Fig. 2.11. Orientation of surfaces. A coordinate frame (represented by an L in the diagram) may

be transported along a path in the surface eventually coming back to the point where it started, (a)

represents aprojective plane. In thepath shown, the coordinate frame (represented by a pair of axes) is

reversed when it returns to the same point, since the identification at the boundary of the square swaps

the direction of one of the axes. Such apath is called an orientation-reversing path, and a surface that

contains such a path is called non-orientable. (b) shows the well known example of a Mobius strip

obtained by joining two opposite edges of a rectangle (M.C. Escher's "Moebius Strip 1l [Red Ants]”,

1963. ©2000 Cordon Art B.V.— Baarn-Holland. All rights reserved). As can be verified, a path once
around the strip is orientation-reversing.

degrees of freedom (not 8) in order to determine metric properties. In projective geom-
etry these 4 degrees of freedom are given "physical substance" by being associated with
geometric objects. the line at infinity 1~ (2 dof), and the two circular points (2 dof)
on loo- This association is often a more intuitive way of reasoning about the problem
than the equivalent description in terms of specifying matrices in the decomposition
chain (2.16).

In the following it is shown that the projective distortion may be removed once the
image of 1" is specified, and the &fine distortion removed once the image of the circu-
lar points is specified. Then the only remaining distortion is a similarity.

2.7.1 Theline at infinity

Under a projective transformation ideal points may be mapped to finite points (2.15),
and consequently 1" is mapped to a finite line. However, if the transformation is an
affinity, then loo is not mapped to afinite line, but remains at infinity. This is evident
directly from the line transformation (2.6-/?36):

T I-T O
1 H7'1

tA" 1
The converse is aso true, i.e. an dffine transformation is the most generd linear trans-
formation that fixes loo, and may be seen as follows. We require that a point at infinity,
say x = (1,0,0)7, be mapped to apoint a infinity. This requires that /zz = 0. Simi-
larly, hs; —O0, so the transformation is an afinity. To summarize,

Result 2.17. Theline at infinity, | isa fixed line under the projective transformation
H if and only ifE isan affinity.

However, 1* is not fixed pointwise under an afine transformation: (2.14) showed
that under an affinity a point on loo (an idea point) is mapped to a point on 1*, but
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Fig. 2.12. Affine rectification. A projective transformation maps \, from (0,0,1)" on a Euclidean
plane 7Ti to a finite line 1 on the plane 7T2 If a projective transformation is constructed such that 1 is
mapped back to (0,0,1)" then from result 2.17 the transformation between the first and third planes
mug be an fine transformation since the canonical position o/loo ispreserved. This means that affine
properties of thefirst plane can be measured from the third, i.e. the thirdplane is within an affinity of the
first.

it is not the same point unless A(xi,X2)" = k(xi,X2)". It will now be shown that
identifying 1” allows the recovery of affine properties (parallelism, ratio of areas).

2.7.2 Recovery of affine properties from images

Once theimaged line at infinity isidentified in an image of aplane, it isthen possible to
meke afine measurements on the origina plane. For example, lines may be identified
aspardld on the origina plane if the imaged lines intersect on the imaged loo- This
follows because parallel lines on the Euclidean plane intersect on loo, and after a pro-
jective transformation the lines still intersect on the imaged loo since intersections are
preserved by projectivities. Similarly, once loo is identified alength ratio on aline may
be computed from the cross ratio of the three points specifying the lengths together
with the intersection of the line with 1 (which provides the fourth point for the cross
ratio), and so forth.

However, aless tortuous path which is better suited to computational agorithms is
smply to transform the identified 1" to its canonical position of I~ = (0,0,1)". The
(projective) matrix which achieves this transformation can be applied to every point
inthe image in order to affindy rectify the image, i.e. after the transformation, affine
measurements can be made directly from the rectified image. The key idea here is
illustrated in figure 2.12.

If theimaged line at infinity istheline1 = (li,h, ~)™> then provided |; » Oasuitable
projective point transformation which will map 1 back to loo = (0,0,1)" is

1 00

010 (2.19)
h h h

H = Hy
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Fig. 2.13. Affine rectification via the vanishing line. The vanishing line of theplane imaged in (a) is
computed (c) from the intersection of two sets of imaged parallel lines. The image is then projectively
warped to produce the affinely rectified image (b). In the affinely rectified image parallel lines are now
parallel. However, angles do not have their veridical world value since they are affinely distorted. See
also figure 2.17.

where H, is any affine transformation (the last row of H is 1"). One can verify that under
the line transformation (2.6-p36) H"'"%, 15, 1)" = (0,0,1)7 = 17,

Example2.18. Affine rectification

In aperspective image of aplane, theline a infinity on the world plane isimaged asthe
vanishing line of the plane. Thisis discussed in more detail in chapter 8. As illustrated

in figure 2.13 the vanishing line 1 may be computed by intersecting imaged paralléel
lines. The image is then rectified by applying a projective warping (2.19) such that 1 is
mapped to its canonical position I* = (0,0,1)". A

This example shows that affine properties may be recovered by simply specifying a
line (2 dof). It is equivalent to specifying only the projective component of the trans-
formation decomposition chain (2.16). Conversely if affine properties are known, these
may be used to determine points and the line a infinity. This isillustrated in the fol-
lowing example.

Example 2.19. Computing a vanishing point from a length ratio. Given two in-
tervals on a line with a known length ratio, the point at infinity on the line may be
determined. A typical case is where three points &, b' and ¢' are identified on alinein
an image. Suppose a, b and ¢ are the corresponding collinear points on the world line,
and the length ratio d(a, b) : d(b, ¢) —a : b isknown (where d(x, y) isthe Euclidean
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Fg. 2.14. Two examples of using equal length ratios on a line to determine the point at infinity. The
line intervals used are shown as the thin and thick white lines delineated by points. This construction
determines the vanishing line of theplane. Compare with figure 2.13c.

distance between the points x and y). It is possible to find the vanishing point using
the crossratio. Equivalently, one may proceed as follows:

(i) Measure the distance ratio in the image, d(a, b") : d(h', ¢) = & :b"

(i) Pointsa, b and ¢ may be represented as coordinates 0, a and a+b in a coordinate
frame on the line (a, b, ¢). For computational purposes, these points are rep-
resented by homogeneous 2-vectors (0,1)", (a, 1)" and (a+ b, 1)". Similarly,
a, b' and ¢' have coordinates 0, a' and a* + b', which may aso be expressed as
homogeneous vectors.

(ili) Relative to these coordinate frames, compute the ID projective transformation
Hx2 mappinga ™ a, b Htb'andc <—> C'.

(iv) Theimage of the point at infinity (with coordinates (1, 0)") under H2 is the
vanishing point on the line (a, b', c').

An example of vanishing points computed in this manner is shown in figure 2.14. A

Example 2.20. Geometric construction of vanishing points from a length ratio.
The vanishing points shown in figure 2.14 may aso be computed by apurely geometric
condruction consisting of the following steps:

(i) Given: three collinear points, &, b' and c', in an image corresponding to
collinear world points with interval ratio a : b.

(i) Draw any line 1through & (not coincident with the line a'c’), and mark off
pointsa = &, b and ¢ such that the line segments (ab), (be) have length ratio
a:b.

(i) Join bb" and cc' and intersect in o.

(iv) Thelinethrough o parallel to 1 meetsthe line a'c' in the vanishing point v'.

This congtruction is illustrated in figure 2.15. A
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0]

Fig. 2.15. A geometric construction to determine the image of the point at infinity on a line given a
known length ratio. The details are given in the text.

2.7.3 Thecircular points and their dual

Under any similarity transformation there are two points on 1* which are fixed. These
are the circular points (also called the absolute points) I, J, with canonical coordinates

1

0

The circular points are apair of complex conjugate ideal points. To see that they are
fixed under an orientation-preserving similarity:

ssin9 ty

T

with an analogous proof for J. A reflection swaps | and J. The converse is aso true,
i.e. if the circular points are fixed then the linear transformation is a similarity. The
proof is left as an exercise. To summarize,

Result 2.21. Thecircular points, I, J, arefixed points under the projective transforma-
tion H if and only ifE isa similarity.

The name "circular points" arises because every circle intersects 1* at the circular
points. To seethis, start from equation (2.1-p30) for aconic. In the case that the conic
isacircle a= cand 6= 0. Then

X\ + X\ + dX\%z+ exox; + fx 0
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whaea has been set to unity. This conic intersects 1" in the (ideal) points for which
Xi - 0, namely
XN +x\ =0

with solution | = (1,i,0)", J = (1. —i, 0)", i.e. any circle intersects L in the circular
paints In Euclidean geometry it iswell known that acircle is specified by three points.

The circular points enable an alternative computation. A circle can be computed using
the generd formula for a conic defined by five points (2.4-p31), where the five points
ae thethree points augmented with the two circular points.

Insection 2.7.5 it will be shown that identifying the circular points (or equivalently
thar dual, see below) allows the recovery of similarity properties (angles, ratios of
lengths). Algebraically, the circular points are the orthogonal directions of Euclidean
geometry, (1,0,0)" and (0,1,0)", packaged into a single complex conjugate entity,
eg

| = (1,0,0)T +i(0,1,0)".

Consequently, it is not so surprising that once the circular points are identified, orthog-
ondlity, and other metric properties, are then determined.
The conic dual to the circular points. The conic

cr=1J"+ 7 (2.20)
isdud to the circular points. The conic C* is a degenerate (rank 2) line conic

(sesection 2.2.3), which consists of the two circular points. In aEuclidean coordinate
sydam it is given by

1A "10 O"
0+ (1 0): 010
oJ 000

The conic C* is fixed under similarity transformations in an analogous fashion to
thefixedproperties of circular points. A conic isfixed if the same matrix results (up to
sde) under the transformation rule. Since C* isadua conic it transforms according to
result 2.14(p37) (C*' = HC*H"), and one can verify that under the point transformation

X' = H,
px T (=* TjT p*
The converse is also true, and we have
lit2.22. The dual conic C” is fixed under the projective transformation H if and
ifE isa similarity.
Some properties of C* in any projective frame:

(i) C* has 4 degrees of freedom: a 3 x 3 homogeneous symmetric matrix has
5 degrees of freedom, but the constraint det C*~ = 0 reduces the degrees of
freedom by 1.
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(i) looisthe null vector of C~. Thisis clear from the definition: the circular points
lie on IQ0, so that 1**~ = J'loo = O; then

crU = (13" + J1Mloc = 1(3"loo) + J(1'10C) = O.

2.7.4 Angles on the projective plane

In Euclidean geometry the angle between two lines is computed from the dot product
of their normals. For the lines 1= (Zsl,, h)" and m = (mi, m,, m3)" with normals
paralel to (li, /5)", (m,i, m,)" respectively, the angleis

o, 6= JNixjgn (2.21)

The problem with this expression is that the first two components of 1 and m do not
have well defined transformation properties under projective transformations (they are
not tensors), and so (2.21) cannot be applied after an afine or projective transforma
tion of the plane. However, an analogous expression to (2.21) which is invariant to
projective transformations is
1t m
cos6 = —=- °° = (2.22)
[(FCAXmTc m)

where C” is the conic dual to the circular points. It is clear that in a Euclidean co-
ordinate system (2.22) reduces to (2.21). It may be verified that (2.22) is invariant
to projective transformations by using the transformation rules for lines (2.6-p36)
(I' = H~T1) and dua conies (result 2.14(p37)) (C*' = HC*H") under the point trans-
formation x' = Hx. For example, the numerator transforms as

Tcrm A 1™H'HCAHH-'m = 17C>.
It may aso be verified that the scale of the homogeneous objects cancels between the

numerator and denominator. Thus (2.22) isindeed invariant to the projective frame. To
summarize, we have shown

Result 2.23.  Once the conic C* is identified on the projective plane then Euclidean
angles may be measured by (2.22).

Note, as a corollary,

Result 224. Lines 1and mare orthogonal if Ve®m = Q.

Geometrically, if 1 and m satisfy 1"™CAm = 0, then the lines are conjugate
(see section 2.8.1) with respect to the conic C".

Length ratios may aso be measured once C* is identified. Consider the triangle
shown in figure 2.16 with vertices a, b, c. From the standard trigonometric sine rule
the ratio of lengths d(b,c) : d(ac) = sina : sin/3, where d(x,y) denotes the Eu-
clidean distance between the points x and y. Using (2.22), both cosa and cos/3 may
be computed from the lines 1 = @ x b'’. m' = ¢ x a ard n' = b' x ¢ for any
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Fg 216. Length ratios. Once C" isidentified the Euclidean length ratio d(b,c) : d(a, c) may be
measuredfrom theprojectively distorted figure. See textfor details.

proedive frame in which C* is specified. Consequently both sina, sin 13, and thence
theratiod(a, b) : d(c, a), may be determined from the projectively mapped points.

275 Recovery of metric properties from images

A completdy analogous approach to that of section 2.7.2 and figure 2.12, where &ffine
properties are recovered by specifying L”, enables metric properties to be recovered
fram an image of aplane by transforming the circular points to their canonical position.
Sppoe the circular points are identified in an image, and the image is then rectified
by aprojective transformation H that maps the imaged circular points to their canonical
pasition (a (1, #i, 0)") on L~. From result 2.21 the transformation between the world
plane and the rectified image is then a similarity since it is projective and the circular
points are fixed.

Méricrectification using C*. The dual conic C" neatly packages al the information
required for ametric rectification. It enables both the projective and affine components
d aprojective transformation to be determined, leaving only similarity distortions.
Thisisevident from its transformation under a projectivity. If the point transformation
isx' = Hx, where the x-coordinate frame is Euclidean and x' projective, C* transforms
according to result 2.14(p37) (C+*' = HC*H"). Using the decomposition chain (2.17-
p43) for H
G — ("PMAHs) C (HpHAHs) — HeHa) (HsC*Hs ) (HaH,
H,HA)C! H, H,
KK™ KKTv
VIKKT  vTKKTv (2.23)

Itis clear that the projective (v) and &ffine (K) components are determined directly from
theimage of C*, but (since C* isinvariant to similarity transformation by result 2.22)
the similarity component is undetermined. Consequently,

Reault 2.25. Once the conic C*” is identified on the projective plane then projective
distortion may be rectified up to a similarity.

Actudly, a suitable rectifying homography may be obtained directly from the iden-
tified C*J in an image using the SVD (section A4.4(>585)): writing the SVD of C /
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O O
O r O
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then by inspection from (2.23) the rectifying projectivity isH = U up to a similarity.
The following two examples show typica situations where C* may be identified in
an image, and thence ametric rectification obtained.

Example2.26. Metric rectification |
Suppose an image has been &ffindy rectified (as in example 2.18 above), then we re-
quire two constraints to specify the 2 degrees of freedom of the circular points in order
to determine a metric rectification. These two constraints may be obtained from two
imaged right angles on the world plane.

Suppose the lines 1, m' in the affindy rectified image correspond to an orthogonal
line pair 1, m on the world plane. From result 2.24 I'"CL/m' = 0, and using (2.23)
withv = 0

KK'

o' -0

(i 12 1%)

which is a linear constraint on the 2 x 2 matrix S = KK'. The matrix S — KK is
symmetric with three independent elements, and thus 2 degrees of freedom (as the
overal scaling is unimportant). The orthogonality condition reduces to the equation
(I[, I')S(M'1,m2)" = 0 which may be written as

(I'ym'yrimg + Lm[,l,mp)s = 0,

where s = (s,, Si2, S22) is Swritten as a 3-vector. Two such orthogonal line pairs
provide two constraints which may be stacked to give a 2 x 3 matrix with s deter-
mined as the null vector. Thus S and hence K, is obtained up to scale (by Cholesky
decomposition, section A4.2.1(p582)). Figure 2.17 shows an example of two orthog-
ona line pairs being used to metrically rectify the affinely rectified image computed
in figure 2.13. A

Alternatively, the two constraints required for metric rectification may be obtained from
an imaged circle or two known length ratios. In the case of acircle, the image conic
isan ellipse in the affinely rectified image, and the intersection of this ellipse with the
(known) 1~ directly determines the imaged circular points.

The conic C*.can alternatively be identified directly in aperspective image, without
firstidentifying 17, asisillustrated in the following example.

Example2.27. Metric rectification 11

We start here from the original perspective image of the plane (not the affinely rectified

image of example 2.26). Suppose lines 1 and m are images of orthogona lines on the
world plane; then from result 2.24 FCj*m — 0, and in asimilar manner to constraining
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2.7 Recovery of affine and metric properties from images 57

kg.2.17. Metric rectification via orthogonal lines . The affine transformation required to metrically

1974 nZ%®  hopCPutedimm ©imagedorthggonal  lines, (a) Two (non-parallel) line pairs

identified on the affinely rectified image (figure 2.13) correspond to orthogonal lines on the world plane
(b)The metrically rectified image. Note that in the metrically rectified image all lines orthogonal in the
world are orthogonal, world squares have unit aspect ratio, and world circles arecircular.

Fg. 2.18. Metric rectification viaorthogonal lines Il. (a) The conic C” isdetermined onthe per-
spective® imaged plane (thefront wall of the building) using the five orthogonal line pairs shown The
conic C determines thecircular points, and equivalently the projective transformation necessary to
metncally rectify the image (b). The image shown in (a) is the same perspective image asthat of figure
2.4(p35), where the perspective distortion was removed by specifying the world position offour image

aconic to contain apoint (2.4-p31), this provides alinear constraint on the elements
d C*, namely

{hmy {lymp + lomy)/2, lamp, (hmg + /5TON)/2, (ke + hmy)/2, |smg) ¢ =0

wherec = (a,6,¢,d, e f)" isthe conic matrix (2.3-/>30) of C" written asa 6-vector
Hve such constraints can be stacked to form a5 x 6 matrix, and ¢ and hence C*

is obtained asthenull vector. This shows that C” can bedetermined linearly from
theimages of fiveline pairs which are orthogonal on the world plane. An example of
metric rectification using such line pair constraints is shown in figure 2.18. A

Stratification. Note, in example 2.27 the affine and projective distortions are deter-
mined in one step by specifying (£,. Inthe previous example 2.26 first the projec-
tive and subsequently the affine distortions were removed. This two-step approach is
termed stratified. Analogous approaches apply in 3D, and are employed in chapter 10
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Fig. 2.19. The pole-polar relationship. Theline 1= Cx isthe polar of the point x with respect to the
conic G and thepoint x = C-'I isthe pole of | with respect to C. Thepolar ofx intersects the conic at
the points oftangency of linesfrom x. Ify ison 1 theny'l = y"Cx = 0. Points x and y which satisfy
y'Cx = Oare conjugate.

on 3D reconstruction and chapter 19 on auto-calibration, when obtaining ametric from
a 3D projective reconstruction.

2.8 More properties of conies

We now introduce an important geometric relation between a point, line and conic,
which is termed polarity. Applications of this relation (to the representation of orthog-
onality) are given in chapter 8.

2.8.1 The pole-polar relationship

A point x and conic Cdefine aline 1= Cx. The line 1 is caled the polar of x with
respect to C, and the point x is thepole of 1 with respect to C.

e Thepolar line 1 = Cx of thepoint x with respect to a conic C intersects the conic in
two points. The two lines tangent to C at these points intersect at x.

This relationship isillustrated in figure 2.19.

Proof. Consider apoint y on C. The tangent line a y is Cy, and this line contains x
if x"Cy = 0. Using the symmetry of C, the condition x'Cy = (Cx)"y = Oisthat the
point y lies on the line Cx. Thus the polar line Cx intersects the conic in the point y a
which the tangent line contains x. .

As the point x approaches the conic the tangent lines become closer to collinear, and
their contact points on the conic also become closer. In the limit that x lies on C, the
polar line has two-point contact at x, and we have:

« If thepoint x ison C then thepolar isthe tangent line to the conic at x.

See result 2.7(p31).
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Example2.28. A circle of radius r centred on the x-axis a X = a has the equation
(x- a)®+ y* = r? and isrepresented by the conic matrix

10 -a
C = 0 10
-a 0 a—r?

Thepolar line of the origin is given by 1= C(0,0,1)" = (—a 0,a®> — r?)". Thisisa
vaticd linea x — (@ —r?)/a. If r = athe origin lies on the circle. In this case the
poar lineisthe y-axis and is tangent to the circle. A

It isevident that the conic induces amap between points and lines of |P*. This map is
aprojective construction since it involves only intersections and tangency, both prop-
etiesthat are preserved under projective transformations. A projective map between
points and lines is termed a correlation (an unfortunate name, given its more common

usage).

Definition 2.29. A correlation is an invertible mapping from points of P? to lines of
P?. Itisrepresented by a3 x 3 non-singular matrix A as 1 = Ax.

A correlaion provides a systematic way to dualize relations involving points and lines.
It need not be represented by a symmetric matrix, but we will only consider symmetric
correlaions here, because of the association with conies.

« Conjugate points. If thepoint y isonthelinel1= Cxtheny'l = y'Cx = 0. Any
two points x, y satisfying y'Cx = 0 are conjugate with respect to the conic C.

The conjugacy relation is symmetric:
* Ifx isonthepolar ofy theny isonthepolar o/x.

Thisfollows ssimply because of the symmetry of the conic matrix - the point x is on
thepolar of y if x'Cy = 0, and the point y is on the polar of x if y'Cx = 0. Since
x'Cy = y'Cx, if one form is zero, then o is the other. There is a dual conjugacy
relationship for lines: two lines 1 and m are conjugate if I"C*m = 0.

282 Clasdfication of conies
This section describes the projective and affine classification of conies.

Projective normal form for a conic. Since C isasymmetric matrix it has real eigen-
vdues, and may be decomposed as a product C = UDU (see section A4.2(/7580)),
where U is an orthogonal matrix, and Dis diagonal. Applying the projective trans-
formation represented by U, conic C is transformed to another conic C = UACIT"? =
U-U'DUU = D. This shows that any conic is equivalent under projective transforma-
tion to one with adiagonal matrix. Let D= diag(eidi, e,d2, ec?@) wheree —+1 or 0
adeach d; > 0. Thus, D may be written in the form

D = diag(si, s, Ss)'diag(es, &, es)diag(si, s, )
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Fig. 2.20. Affine classiflcation of point conies. A conic isan (a) ellipse, (b) parabola, or (c) hyperbola;
according to whether it (a) has no real intersection, (b) istangent to (2-point contact), or (c) has 2 real
intersections with loo. Under an affine transformation 1~ isafixed line, and intersections are preserved.
Thus this classification is unaltered by an affinity.

where § = di. Note that diag(si, s, S5)' = diag(si, S,, °3)- Now, transforming once

more by the transformation diag(si, s, S3), the conic D is transformed to a conic with
matrix diag(ei, e, £3), with each €= +1 or 0. Further transformation by permutation

matrices may be carried out to ensure that values ¢ = 1 occur before values g = —1
which in turn precede values & = 0. Finally, by multiplying by —Lif necessary, one

may ensure that there are at least asmany +1 entries as — 1. The various types of conies
may now be enumerated, and are shown in table 2.2.

Diagonal Equation Conic type

(1,1,1) X +y +w? =0 Improper conic - no rea points.
(1,1,-1) X +y-w=0 Circle

(1,1,0) X +y =0 Single real point (0,0, )7
1,—1,0) ¥ —y =0 Two linesx = #y
(1,0,0) X =0 Single line x = 0 counted twice.

Table 2.2. Projective classiflcation of point conies. Any plane conic isprojectively equivalent to one
of the types shown in this table. Those coniesfor which g = Ofor some i are known as degenerate
conies, and are represented by a matrix of rank less than 3. The conic type column only describes the
real points of the conies-for  example as a complex conic X>+y? = 0 consists ofthe linepair x = =iy.

Affine classification of conies. The classification of (non-degenerate, proper) conies
in Euclidean geometry into hyperbola, ellipse and parabola is well known. As shown
above in projective geometry these three types of conic are projectively equivalent to
acircle. However, in &fine geometry the Euclidean classification is still valid because
it depends only on the relation of 1” to the conic. The relation for the three types of
conic isillustrated in figure 2.20.
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2.9 Fixed points and lines 61

Fg. 2.21. Fixed points and lines of a plane projective transformation. There are three fixed points,
and three fixed lines through these points. The fixed lines and points may be complex. Algebraically,
thefixed points are the eigenvectors, €j, of the point transformation (x' = Hx), and the fixed lines
eigenvectors of the line transformation (V = H "1J. Note, the fixed line is not fixed pointwise: under
the transformation, points on the line are mapped to other points on the line; only thefixed points are
mapped to themselves.

2.9 Fixed pointsand lines

We have seen, by the examples of I and the circular points, that points and lines may
be fixed under aprojective transformation. In this section the ideaisinvestigated more
thoroughly.

Here, the source and destination planes are identified (the same) so that the trans-
formation maps points x to points x' in the same coordinate system. The key idea
isthet an eigenvector corresponds to afixed point of the transformation, since for an
eigenvector e with eigenvalue A,

He= Ae

ad e and Ae represent the same point. Often the eigenvector and eigenvaue have
physicd or geometric significance in computer vision applications.

A 3x 3matrix has three eigenvalues and consequently aplane projective transforma-
tion has up to three fixed points, if the eigenvalues are distinct. Since the characteristic
equation is a cubic in this case, one or three of the eigenvalues, and corresponding
eigenvectors, isreal. A similar development can be given fox fixed lines, which, since
lines transform as (2.6-p36) 1' = FT'1, correspond to the eigenvectors of H'.

The relationship between the fixed points and fixed lines is shown in figure 2.21.
Note the lines are fixed as a set, not fixed pointwise, i.e. apoint on the line is mapped
to another point on the line, but in general the source and destination points will differ.
Thereis nothing mysterious here: The projective transformation of the plane induces a
ID projective transformation on theline. A 1D projective transformation is represented
by a2 x 2homogeneous matrix (section 2.5). This ID projectivity has two fixed points
corresponding to the two eigenvectors of the 2 x 2 matrix. These fixed points are those
of the 2D projective, transformation.

A further specialization concerns repeated eigenvalues. Suppose two of the eigen-
vaues (A, Az say) are identical, and that there are two distinct eigenvectors (e,,€3),
corresponding to A, = As. Then the line containing the eigenvectors e;,e; will be
fixed pointwise, i.e. itis aline of fixed points. For suppose x = ae; + (3es; then

Hx = Asae, + Ay3e; = AxX
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i.e. apoint on the line through two degenerate eigenvectors is mapped to itself (only
differing by scale). Another possibility is that A, = Ags, but that there is only one
corresponding eigenvector. In this case, the eigenvector has algebraic dimension equal
to two, but geometric dimension equa to one. Then there is one fewer fixed point (2
instead of 3). Various cases of repeated eigenvalues are discussed further in appendix
7(p628).

We now examine the fixed points and lines of the hierarchy of projective transforma-
tion subgroups of section 2.4. Affine transformations, and the more speciaized forms,
have two eigenvectors which are ideal points (x3 = 0), and which correspond to the
eigenvectors of the upper left 2x 2 matrix. The third eigenvector is finite in general.

A Euclidean matrix. Thetwo ideal fixed points are the complex conjugate pair of cir-
cular points 1, J, with corresponding eigenvalues {e'°, e~'%, where 6 isthe rotation an-
gle. Thethird eigenvector, which has unit eigenvalue, is called the pole. The Euclidean
transformation is equal to apure rotation by 0 about this point with no translation.

A specia caseisthat of apuretrandation (i.e. where 9 = 0). Here the eigenvalues
are triply degenerate. The line at infinity is fixed pointwise, and there is a pencil of
fixed lines through the point (ty, t, 0)" which corresponds to the tranglation direction.
Consequently linesparallel tot are fixed. Thisis an example of an elation (see section
A7.3(p631)).

A similarity matrix. The two idea fixed points are again the circular points. The
eigenvalues are {I,.se°se~'.  The action can be understood as a rotation and
isotropic scaling by s about the finite fixed point. Note that the eigenvaues of the
circular points again encode the angle of rotation.

An affine matrix. The two ideal fixed points can be real or complex conjugates, but
the fixed line 12 = (0,0,1)" through these points isreal in either case.

2.10 Closure
2.10.1 The literature
A gentle introduction to plane projective geometry, written for computer vision re-
searchers, is given in the appendix of Mundy and Zisserman [Mundy-92]. A more
forma approach is that of Semple and Kneebone [Semple-79], but [Springer-64] is
more readable.

On the recovery of afine and metric scene properties for an imaged plane, Collins
and Beveridge [Collins-93] use the vanishing line to recover dfine properties from
satellite images, and Liebowitz and Zisserman [Liebowitz-98] use metric information
on the plane, such asright angles, to recover the metric geometry.

2.10.2 Notes and exercises
(i) Affine transformations.
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(@ Show that an afine transformation can map acircle to an elipse, but
cannot map an ellipse to ahyperbola or parabola.

(b) Provethat under an affine transformation the ratio of lengths on parallel
line segments is an invariant, but that the ratio of two lengths that are
not paralld is not.

(i) Projective transformations. Show that there is a three-parameter family of
projective transformations which fix (as a set) a unit circle at the origin, i.e. a
unit circle at the origin is mapped to a unit circle at the origin (hint, use result
2.13(p37) to compute the transformation). What is the geometric interpretation
of this family?

(iii) I'sotropics. Show that two lines have an invariant under a similarity transfor-
mation; and that two lines and two points have an invariant under a projective
transformation. In both cases the equality case of the counting argument (result
2.16(p43)) isviolated. Show that for these two cases the respective transforma-
tion cannot be fully determined, although it is partialy determined.

(iv) Invariants. Using the transformation rules for points, lines and conies show:

(& Twollines, li, 1,, and two points, Xi, X,, not lying on the lines have the
invariant
(ITx)(ITx2)
~ (|7X2)(|2rX1)

(see the previous question).
(b) A conic C and two points, x; and X,, in general position have the invari-
ant
j= (xJCx)?
" (X[Cx1)(X2'Cx2)'

(c) Show that the projectively invariant expression for measuring an-
gles (2.22) is equivalent to Laguerre's projectively invariant expression
involving across ratio with the circular points (see [Springer-64]).

(v) The cross ratio. Prove the invariance of the cross ratio of four collinear
points under projective transformations of the line (2.18-/745). Hint, start with
the transformation of two points on the line written as ¥ = AHxXi and
X' = AjH20X3, where equality is not up to scale, then from the properties of
determinants show that |x”-| = A detH,y,|X;X,| and continue from here.
An alternative derivation method is given in [Semple-79].

(vi) Polarity. Figure 2.19 shows the geometric construction of the polar line for a
point X outside an ellipse. Give ageometric construction for the polar when the
point isinside. Hint, start by choosing any line through x. The pole of this line
isapoint on the polar of x.

(vii) Conies. If the sign of the conic matrix C is chosen such that two eigenvalues
are positive and one negative, then internal and externa points may be distin-
guished according to the sign of x"Cx: the point x isinside/on/outside the conic
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Cif x"Cx is negative/zero/positive respectively. This can seen by example from
acircle C= diag(l, 1,-1). Under projective transformations internality isin-
variant, though its interpretation requires care in the case of an ellipse being
transformed to a hyperbola (see figure 2.20).

(viii) Dual conies. Show that the matrix []]«C[l]x represents arank 2 dua conic
which consists of the two points at which the line 1 intersects the (point) conic
C (the notation [l]4 is defined in (A4.5-p581)).

(ix) Special projective transformations. Suppose points on a scene plane are re-

lated by reflection in aline: for example, aplane object with bilateral symmetry.
Show that in a perspective image of the plane the points are related by apro-
jectivity H satisfying H* = |. Furthermore, show that under H there is aline
of fixed points corresponding to the imaged reflection line, and that H has an
eigenvector, not lying on this line, which is the vanishing point of the reflection
direction (H is aplanar harmonic homology, see section A7.2(/7629)).
Now suppose that the points are related by a finite rotational symmetry: for
example, points on a hexagonal bolt head. Show in this case that HM = 1,
where n is the order of rotational symmetry (6 for a hexagona symmetry),
that the eigenvalues of H determine the rotation angle, and that the eigenvector
corresponding to the real eigenvalue is the image of the centre of the rotational
symmetry.
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Projective Geometry and Transformations of 3D

This chapter describes the properties and entities of projective 3-space, or P3. Many
o these are straightforward generalizations of those of the projective plane, described
in chapter 2. For example, in P* Euclidean 3-space is augmented with a set of ideal
points which are on aplane at infinity, ir®. This is the analogue of 1~ in P?. Par-
dld lines, and now parallel planes, intersect on TT”. Not surprisingly, homogeneous
coordinates again play an important role, here with all dimensions increased by one.
However, additional properties appear by virtue of the extra dimension. For example,
two lines always intersect on the projective plane, but they need not intersect in 3-space.

Thereader should be familiar with the ideas and notation of chapter 2 before read-
ing this chapter. We will concentrate here on the differences and additional geometry
introduced by adding the extra dimension, and will not repeat the bulk of the material

o the previous chapter.

3.1 Points and projective transformations

A point X in 3-space is represented in homogeneous coordinates as a 4-vector. Specif-
icdly, the homogeneous vector X = (Xi, X, X3, X4)" with x4 ~ 0 represents the point
(x,Y,z)" of P? with inhomogeneous coordinates

X=XilXyy Y= Xof Xq, Z= X3/ X4.

For example, a homogeneous representation of (x, Y,z)"T isX = (x,Y,Z, 1)". Homo-
geneous points with x4 = Orepresent points at infinity.

A projective transformation acting on P2 is alinear transformation on homogeneous
4-vectors represented by anon-singular 4x4 matrix: X' = HX. The matrix H represent-
ing the transformation is homogeneous and has 15 degrees of freedom. The degrees of
freedom follow from the 16 elements of the matrix less one for overall scaling.

As in the case of planar projective transformations, the map is a collineation (lines
aremapped to lines), which preserves incidence relations such as the intersection point
of alinewith aplane, and order of contact.

65
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66 3 Projective Geometry and Transformations of 3D

3.2 Representing and transforming planes, lines and quadrics

In P? points andplanes are dual, and their representation and development is anal ogous
to the point-line duaity in P?. Lines are self-dual in P3.

3.2.1 Planes
A planein 3-space may be written as

T X + 7Y + TraZ + Ty = 0. 3D

Clearly this equation is unaffected by multiplication by a non-zero scalar, so only the
three independent ratios {ni : TT, : 7r3 : 7rs} of the plane coefficients are significant. It
follows that aplane has 3 degrees of freedom in 3-space. The homogeneous represen-
tation of the plane is the 4-vector 7v = (TTI, 7rp, 7r3, 7T,)".

Homogenizing (3.1) by the replacements X+ X] /X4, Y + Xo/X4, Zi-» X3/X4 gives

TTiXi + 7T2X2 + 7r3X3 + 7T4X4 =0

or more concisely
TT'™X = 0 32

which expresses that the point X is on the plane IT.

The firs 3 components of TT correspond to the plane normal of Euclidean geometry
- using inhomogeneous notation (3.2) becomes the familiar plane equation written in
3-vector notation asn.X + d = 0, wheren = (TT1,T72,7r5), X = (x,Y,2)", Xa = 1
and d = 7r, In this form c?/||n|j is the distance of the plane from the origin.

Join and incidence relations. In P2 there are numerous geometric relations between
planes and points and lines. For example,

(i) A plane is defined uniquely by thejoin of three points, or thejoin of aline and
point, in genera position (i.e. the points are not collinear or incident with the
line in the latter case).

(if) Two distinct planes intersect in aunique line.

(iii) Three distinct planes intersect in a unique point.

These relations have algebraic representations which will now be developed in the
case of points and planes. The representations of the relations involving lines are not
as simple as those arising from 3D vector agebra of P? (eg. 1= x x y), and are
postponed until line representations are introduced in section 3.2.2.

Three points define a plane. Suppose three points X* are incident with the plane
7T. Then each point satisfies (3.2) and thus 7r'Xi = 0, i = 1,..., 3. Stacking these
equations into amatrix gives

X7
xj T=0. (3.3
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Snee three points Xi, X, and X3 in genera position are linearly independent, it fol-
lons that the 3 x 4 matrix composed of the points as rows has rank 3. The plane
T defined by the points is thus obtained uniquely (up to scale) as the 1-dimensiona
(right) null-space. If the matrix has only arank of 2, and consequently the null-space
is2-dimensiona, then the points are collinear, and define a pencil of planes with the
line of collinear points as axis.

In P?, where points are dual to lines, aline 1 through two points x, y can similarly
be obtained as the null-space of the 2 x 3 matrix with x™ and y" asrows. However, a
mare convenient direct formula 1 = x x y is also available from vector algebra. In W
the analogous expression is obtained from properties of determinants and minors.

We dtart from the matrix M = [X, Xi, X3, X3] which is composed of a general point
X and the three points Xj which define the plane iz. The determinant det M = 0 when
X lieson TT since the point X is then expressible as alinear combination of the points
X, % = 1,..., 3. Expanding the determinant about the column X we obtain

det M = XinBs  X2-DI34 + X3L>154  X4D123

whaeDjy isthe determinant formed from thejkl rows of the 4x 3 matrix [Xi, X5, X3
Sncedet M = Ofor points on TV we can then read off the plane coefficients as

7T = (-D234, --DI34, A 24, — DU3)T (3.4)
Thisisthe solution vector (the null-space) of (3.3) above.

Example 3.1. Suppose the three points defining the plane are

) Xi X2 X3
Xi 1 X, 1 1

whee X 'x,Y,z)". Then

YI Y, Ys Yi- Ys Yo- Y3 Y3
g3 = Zi 7, z3 = Zi—1Z3 Z,—173 Z3 Xx-Xa) x (X2-X3))i
1 1 1 0 0 1

and similarly for the other components, giving

(Xj - X3) x (X2 - Xj)
'X3 (Xx X XZ)

7

This is the familiar result from Euclidean vector geometry where, for example, the
plane normal is computed as (Xi — X3) X (X2 — X3). A

Three planes define a point.  The development here is dud to the case of three
points defining a plane. The intersection point X of three planes 7v,; can be computed

straightforwardly as the (right) null-space of the 3 x 4 matrix composed of the planes
a5 rows.

78 X =0 (35)
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Fig. 3.1. A line may be specified by its points of intersection with two orthogonal planes. Each inter-
section point has 2 degrees offreedom, which demonstrates that a line in P* has a total of 4 degrees of
freedom.

A direct solution for X, in terms of determinants of 3 x 3 submatrices, is obtained as
an analogue of (3.4), though computationally a numerical solution would be obtained
by algorithm A5.1(p589).

The two following results are direct analogues of their 2D counterparts.

Projective transformation. Under the point transformation X' = HX, aplane trans-
forms as

TT = H~"TT. (3.6)

Parametrized pointson a plane. The points X on the plane n may be written as
X = Mx 3.7

where the columns of the 4 x 3matrix M generate the rank 3 null-space of 7r',i.e. *'M =

0, and the 3-vector x (which is apoint on the projective plane P?) parametrizes points

on theplane TV. M isnot unique, of course. Suppose theplaneisTV —(a, b, ¢,d)" and ais

non-zero, then M" can be written asM" = [p | 13x3], where p = (—b/a, —cla, —d/a)".
This parametrized representation is simply the analogue in 3D of aline 1in F2

dTefineoI as alinear combination of its 2D null-space as x = fia. + Ab, where |Ta =

I'b =0.

3.22 Lines

A line is defined by thejoin of two points or the intersection of two planes. Lines
have 4 degrees of freedom in 3-space. A convincing way to count these degrees of
freedom is to think of aline as defined by its intersection with two orthogonal planes,
asinfigure 3.1. The point of intersection on each plane is specified by two parameters,
producing atotal of 4 degrees of freedom for the line.

Lines are very awkward to represent in 3-space since a natural representation for an
object with 4 degrees of freedom would be a homogeneous 5-vector. The problem is
that a homogeneous 5 vector cannot easily be used in mathematical expressions to-
gether with the 4-vectors representing points and planes. To overcome this problem
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3.2 Representing and transforming planes, lines and quadrics 69

anumber of line representations have been proposed, and these differ in their math-
ematicd complexity. We survey three of these representations. In each case the rep-
resentation provides mechanisms for a line to be defined by: thejoin of two points,
adud version where the line is defined by the intersection of two planes, and also a
mep between the two definitions. The representations also enable join and incidence
reldions to be computed, for example the point a which aline intersects aplane.

I. Null-space and span representation. This representation builds on the intuitive
geometric notion that alineis apencil (one-parameter family) of collinear points, and is
odfined by any two of these points. Similarly, alineisthe axis of apencil of planes, and
is defined by the intersection of any two planes from the pencil. In both cases the actual
points or planes are not important (in fact two points have 6 degrees of freedom and
aerepresented by two 4-vectors - far too many parameters). This notion is captured
mathematically by representing aline as the span of two vectors. Suppose A, B are two
(non-coincident) space points. Then the linejoining these points is represented by the
goen of the row space of the 2 x 4 matrix W composed of AT and BT asrows:

Then:

(i) The span of W' is the pencil of points AA + //B on the line.
(i) The span of the 2-dimensional right null-space of W is the pencil of planes with
the line as axis.

It is evident that two other points, A’" and BT, on the line will generate a matrix W
with the same span as W, o that the span, and hence the representation, is independent
o the particular points used to define it.

To prove the null-space property, suppose that P and Q are abasis for the null-space.
Then WP = 0 and consequently ATP = B'P = 0, o that P is aplane containing the
points A and B. Similarly, Q is a distinct plane aso containing the points A and B.
Thus A and B lie on both the (linearly independent) planes P and Q, so the line defined
by W is the plane intersection. Any plane of the pencil, with the line as axis, is given by
the span A'P + /J/Q.

The dual representation of aline as the intersection of two planes, P, Q, follows in
asmilar manner. The line is represented as the span (of the row space) of the 2x 4
matrix W composed of PT and Q" asrows:

" PT "

with the properties

(i) The span of W*' is the pencil of planes A'P + //Q with the line as axis,
(i) The span of the 2-dimensional null-space of Wt is the pencil of points on the
line.
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The two representations are related by W W' ww» 02x2, where 0,2 isa2 x 2
null matrix.

Example 3.2. The X-axisisrepresented as

0001 W 00 10
W 10 00 0 10 O

where the points A and B are here the origin and ideal point in the x-direction, and the
planes P and Q arethe XY - and xz-planes respectively. A

Join and incidence relations are also computed from null-spaces.

() The plane TT defined by thejoin of the point X and line W is obtained from the
null-space of

w

M XT

If the null-space of M is 2-dimensional then X is on W, otherwise M# = 0.
(ii) Thepoint X defined by the intersection of the line W with the plane n is obtained
from the null-space of
"Wk
7T’

If the null-space of M is 2-dimensional then thelineW ison IT, otherwise MX = 0.

These properties can be derived almost by inspection. For example, the firgt is equiva
lent to three points defining aplane (3.3).

The span representation is very useful in practical numerical implementations where
null-spaces can be computed simply by using the SVD algorithm (see section A4.4-
(p585)) available with most matrix packages. The representation is also useful in es-
timation problems, where it is often not a problem that the entity being estimated is
over-parametrized (see the discussion of section 4.5(pl 10)).

I1. Pliicker matrices. Here alineisrepresented by a4 x 4 skew-symmetric homo-
geneous matrix. In particular, the linejoining the two points A, B is represented by the
matrix L with elements

Hj © A-Of — DyA
or equivalently in, vector notation as
L= ABT - BAT (3.8)
First afew properties of L:

(i) L has rank 2. Its 2-dimensiona null-space is spanned by the pencil of planes
with the line as axis (in fact LW" = 0, with 0 a4 x 2 null-matrix).

Samsung/Google, EX1010, p. 88



3.2 Representing and transforming planes, lines and quadrics 71

(i) The representation has the required 4 degrees of freedom for aline. Thisis ac-
counted asfollows. the skew-symmetric matrix has 6 independent non-zero ele-
ments, but only their 5ratios are significant, and furthermore because det L = 0
the elements satisfy a (quadratic) constraint (see below). The net number of de-
grees of freedom isthen 4.

(iii) The relation L = ABT — BAT is the generalization to 4-space of the vector
product formula 1= x x y of P? for aline 1 defined by two points x, y all
represented by 3-vectors.

(iv) The matrix L is independent of the points A, B used to define it, since if a
different point C on the line is used, with C = A + /xB, then the resulting
matrix is

AC' CA' A(A' [iBY (A + /XB)A
AB' BA' L.

(v) Under the point transformation X' = HX, the matrix transforms as 1/ = HLH',
i.e. itisavalency-2 tensor (see appendix 1(/?562)).

Example3.3. From (3.8) the X-axisis represented as

00O
0 0 000 O
o (1000) O(000|) 000 0
Vi / Voy 100 O
where the points A and B are (as in the previous example) the origin and idea point in
the x-direction respectively. A

A dud Pliicker representation L* is obtained for aline formed by the intersection of
twoplanes P, Q,

L*=PQ" - QP' (3.9

and has similar properties to L. Under the point transformation X' = HX, the matrix
L* transforms as L*' = H~'LH™. The matrix L* can be obtained directly from L by a
smplerewrite rule:

2 ' A13° A4 ° A23 F U2 e N34 — N34 M2 230 A4 M3 Ao (310)

The correspondence rule is very simple: the indices of the dual and original component
dwaysinclude all the numbers {1, 2, 3,4}, soif the original isij then the dua isthose
numbers of { 1,2, 3,4} which arenot ij. For example 12 3= 34.

Join and incidence properties are very nicely represented in this notation:

(i) The plane defined by thejoin of the point X and line L is
m=1*X
and L*X = 0if, and only if, X isonL.
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(ii) The point defined by the intersection of the line L with the plane TV is
X = L7T
and L7r = Oif, and only if, L ison 7r.

The properties of two (or more) lines Ly. L,,... canbe obtained from the null-space
of the matrix M = [Li,L,,...]. Forexample if the lines are coplanar then M" hasa
1-dimensional null-space corresponding to the plane it of the lines.

Example 3.4. The intersection of the X-axis with the plane X = lisgivenby X = L7r
as

000 1 | fl)
ooo o ( '\
X 000 0 ] 8
100 0 V -i) wvai/
which isthe inhomogeneous point (x, Y, z)" = (1.0,0)". A

I11. Pliicker line coordinates. ThePliicker line coordinates are the six non-zero
elements of the 4 x 4 skew-symmetric Pliicker matrix (3.8) L, namely*

£ = \h-2, hu N4> 223> U2, kit}- (3.11)

This isahomogeneous 6-vector, and thus isan element of P°. It follows from evaluat-
ing det L = Othat the coordinates satisfy the equation

AMOA3A + N2 + ..hj4.23 O, (3.12)

A 6-vector C only corresponds to aline in 3-space if it satisfies (3.12). The geometric
interpretation of this constraint is that the lines of |P* define a (co-dimension 1) surface
in IP> which isknown asthe Klein quadric, aquadric because the terms of (3.12) are
guadratic inthe Pliicker line coordinates.

Suppose two lines C, t are thejoins of the points A, B and A, B respectively. The
lines intersect if and only if the four points arecoplanar. A necessary and sufficient
condition for this isthat det[A,B, A, B] = 0. It canbe shown that the determinant
expands as

det[A,B, A, B] A2NBA + AI2N34 AI3M2 + AI3M2 + ALAN23 + A14N23

(AC). (3.13)

Since thePliicker coordinates areindependent of the particular points used to define
them, the bilinear product (C\C) is independent of the points used in the derivation and
only depends on the lines C and C. Then we have

Result 3.5. Twolines C and C are coplanar (and thus intersect) if and only if (C\C) =
0.

This product appears in anumber of useful formulae:

The element 142 isconventionally used instead of 124 asit eliminates negatives in many of the subsequent formulae.
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(i) A 6-vector C only represents alinein P* if (C\C) = 0. Thisissimpiy repeating
theKlein quadric constraint (3.12) above.

(ii) Supposetwolines C, £ are theintersections of the planes P, Q and P, Q respec-
tively. Then

(C\C) =det[P,Q,P,Q]

and again the lines intersect if and only if (C\C) = O.
(iii) If Cistheintersection of two planes P and Q and C isthejoin of two points A
and B, then

(C\C) = (PTA)(Q'B) - (Q'A)(P'B). (3.14)

Hliicker coordinates are useful in algebraic derivations. They will be used in defining
the map from aline in 3-space to itsimage in chapter 8.

323 Quadrics and dual quadrics
A quadric isa surface in P> defined by the equation

X'QX = 0 (3.15)

where Q is a symmetric 4 x 4 matrix. Often the matrix Q and the quadric surface it
aefines are not distinguished, and we will simply refer to the quadric Q

Many of the properties of quadrics follow directly from those of conies in section
22.3(p30). To highlight a few:

(i) A quadric has 9 degrees of freedom. These correspond to the ten independent
elements of a4 x 4 symmetric matrix less one for scale.

(i) Nine points in general position define a quadric.

(iii) If the matrix Q is singular, then the quadric is degenerate, and may be defined
by fewer points.

(iv) A quadric defines a polarity between apoint and a plane, in a similar manner
to the polarity defined by a conic between a point and aline (section 2.8.1).
The plane TV = QX is the polar plane of X with respect to Q. In the case that Q
is non-singular and X is outside the quadric, the polar plane is defined by the
points of contact with Q of the cone of rays through X tangent to Q If X lieson
Q then QX isthe tangent planeto Q at X.

(v) The intersection of aplane TV with a quadric Q is a conic C. Computing the
conic can be tricky because it requires a coordinate system for the plane. Recall
from (3.7) that acoordinate system for the plane can be defined by the comple-
ment space to TV as X = Mx Points on 7r are on Q if X'QX = x'M'QMx = 0.
These points lie on aconic C, since x'Cx = 0, with C = M'QM.

(vi) Under the point transformation X' = HX, a (point) quadric transforms as

Q= H~qir?. (3.16)

Thedua of aquadric is aso aquadric. Dual quadrics are equations on planes: the
tangent planes n to the point quadric Q satisfy 7r'Q*7r = 0, where @ = adjoint Q
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or CT! if Q isinvertible. Under the point transformation x' = HX, a dua quadric
transforms as

Q" = HQH". (3.17)

The algebra of imaging aquadric is far simpler for adua quadric than apoint quadric.
Thisis detailed in chapter 8.

3.2.4 Classfication of quadrics

Since the matrix, Q, representing a quadric is symmetric, it may be decomposed as
Q = UDUwhere U isarea orthogonal matrix and D is areal diagonal matrix. Further,
by appropriate scaling of the rows of U, one may write Q = H'DH where D is diagonal
with entries equal to 0,1, or —1. We may further ensure that the zero entries of D
appear last along the diagonal, and that the +1 entries appear first. Now, replacement
of Q= HDH by D is equivalent to a projective transformation effected by the matrix
H (see (3.16)). Thus, up to projective equivalence, we may assume that the quadric is
represented by amatrix D of the given simple form.

The signature of adiagonal matrix D, denoted cT(D), is defined to be the number of
+1 entries minus the number of —L entries. This definition is extended to arbitrary
real symmetric matrices Q by definingCT(Q)= <t(D) such that Q= H'DH, where H is
area matrix. It may be proved that the signature is well defined, being independent
of the particular choice of H. Since the matrix representing a quadric is defined only
up to sign, we may assume that its signature is non-negative. Then, the projective type
of aquadric is uniquely determined by its rank and signature. This will alow us to
enumerate the different projective equivaence classes of quadrics.

A quadric represented by a diagonal matrix diag(fiy. dy, ds, di) corresponds to a set
of points satisfying an equation d\X? + <i,Y?+ ¢/sZ> + 02T = 0. Onemay st T= 1 to
get an equation for the non-infinite points on the quadric. See table 3.1. Examples of
quadric surfaces are shown in figure 3.2 - figure 3.4.

Rank a Diagonal Equation Realization
4 4 (1,1,1,1) X2+ Y2+ 272+ 1=0 No real points
2 (1,1,1,-1) X2+ Y2+ Z22=1 Sphere
0 (1,1,-1,-1) X2+ Y2=72+1  Hyperboloid of one sheet
3 3 (1,1,1,0) X2+ Y2+72=0 One point (0,0,0,1)7
I (1,1,-1,0) X2+ Y¥2= 72 Cone at the origin
) (1,1,0,0) X2+Y2=0 Single line (z-axis)
0 (1,-1,0,0) X2 = Y2 Two planes X = +Y
1 1 (1,000 X?2=0 The plane X = 0

Table 3.1. Categorization of point quadrics.
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3.3 Twisted cubics 75

Fg.32. Non-ruled quadrics. This shows plots of a sphere, ellipsoid, hyperboloid of two sheets and
paraboloid. Theyare all projectively equivalent.

Fg. 3.3. Ruled quadrics. Two examples of a hyperboloid of one sheet are given. These surfaces are
given by equations X?> + Y2 = Z2 + 1and XY = z respectively, and are projectively equivalent. Note
that these two surfaces are made up of two sets of digoint straight lines, and that each linefrom one set
meets each line from the other set. The two quadrics shown here are projectively (though not affinely)

equivalent.

Ruled quadrics. Quadrics fal into two classes - ruled and unruled quadrics. A
ruled quadric is one that contains a straight line. More particularly, as shown in
figure 3.3, the non-degenerate ruled quadric (hyperboloid of one sheet) contains two
families of straight lines called generators. For more properties of ruled quadrics, refer
to [Semple-79].

The most interesting of the quadrics are the two quadrics of rank 4. Note that these
two quadrics differ even in their topological type. The quadric of signature 2 (the
sphere) is (obviously enough) topologically a sphere. On the other hand, the hyper-
boloid of 1 sheet is not topologically equivalent (homeomorphic) to a sphere. In fact,
itistopologically atorus (topologically equivalent to S x S"). This gives the clearest
indication that they are not projectively equivalent.

3.3 Twisted cubics

The twisted cubic may be considered to be a 3-dimensiona analogue of a 2D conic
(dthough in other ways it is a quadric surface which is the 3-dimensional analogue of
a2Db conic.)
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Fig. 3.4. Degenerate quadrics. The two most important degenerate quadrics are shown, the cone and
two planes. Both these quadrics are ruled. The matrix representing the cone has rank 3, and the null-
vector represents the nodal point of the cone. The matrix representing the two (non-coincident) planes
has rank 2, and the two generators of the rank 2 null-space are two points on the intersection line of the
planes.

A conic in the 2-dimensiona projective plane may be described as a parametrized
curve given by the equation

a, + a9+ av392
= A a-2i + am® + «23# (3.18)
03 + «3#+ a5

where A isanon-singular 3x 3 matrix.
In an analogous manner, a twisted cubic is defined to be a curve in P* given in
parametric form as

i | a, + a9+ 31392 + a1493 \

X2 ( 9\ \ A + 89 + a9 + a9’ (3.19)
X3 9? «d+ a-329 + agd” + agH :
VXay \e?) Vi + an9 + apd + aud’ J

where A isanon-singular 4 x 4 matrix.

Since atwisted cubic is perhaps an unfamiliar object, various views of the curve are
shown in figure 3.5. In fact, atwisted cubic is aquite benign space curve.

Properties of atwisted cubic. Let ¢ be anon-singular twisted cubic. Then c is not
contained within any plane of P3; itintersects ageneral plane at three distinct points. A
twisted cubic has 12 degrees of freedom (counted as 15 for the matrix A, less 3for a ID
projectivity on the parametrization 9, which leaves the curve unaltered). Requiring the
curve to pass through a point X places two constraints on ¢, since X = A(l, 9,9%9%"
is three independent ratios, but only two constraints once 9 is eliminated. Thus, there
isaunique c through six points in general position. Finaly, al non-degenerate twisted
cubics are projectively equivalent. Thisis clear from the definition (3.19): a projective
transformation A™* maps c to the standard form ¢(9') = (1,9,9%9%)', and since
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Fg. 35. Variousviews of the twisted cubic (t33t,) . The curve is thickened to a tube to aid in
visualization.

dl twisted cubics can be mapped to this curve, it follows that al twisted cubics are
projectively equivalent.

A classfication of the various specia cases of atwisted cubic, such as a conic and
coincident line, are given in [Semple-79]. The twisted cubic makes an appearance as
the horopter for two-view geometry (chapter 9), and plays the central role in defining
the degenerate set for camera resectioning (chapter 22).

3.4 Thehierarchy of transformations

There are anumber of specializations of a projective transformation of 3-space which
will appear frequently throughout this book. The specializations are analogous to the
drata of section 2.4(p37) for planar transformations. Each specidization is a sub-
group, and is identified by its matrix form, or equivalently by its invariants. These are
summarized in table 3.2. This table lists only the additional properties of the 3-space
transformations over their 2-space counterparts - the transformations of 3-space also
have the invariants listed in table 2A(p44) for the corresponding 2-space transforma
tions.

The 15 degrees of freedom of aprojective transformation are accounted for as seven
for asimilarity (three for rotation, three for translation, one for isotropic scaling), five
for afine scalings, and three for the projective part of the transformation.

Two of the most important characterizations of these transformations are parallelism
and angles. For example, after an affine transformation lines which were originaly
parald remain parallel, but angles are skewed; and after a projective transformation
pardldismislost.

In the following we briefly describe adecomposition of aEuclidean transformation
that will be useful when discussing special motions later in this book.

34.1 Thescrew decomposition

A Euclidean transformation on the plane may be considered as a specidization of a
Euclidean transformation of 3-space with the restrictions that the trandlation vector t
liesin the plane, and therotation axisisperpendicular to the plane. However, Euclidean
actions on 3-space are more general than this because the rotation axis and translation
are not perpendicular in general. The screw decomposition enables any Euclidean
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Group Matrix Distortion Invariant properties

Intersection and tangency of sur-

jecti At - - ’
T;éi?lve faces in contact. Sign of Gaussian

curvature.

) Parallelism of planes, volume ra-
Afzf("ni OAT‘ tl tios, centroids. The plane at infin-
12do ity, 7TQQ (see section 3.5).
Similarity RN t The absolute conic, fig
7dof 0" 1 (see section 3.6).

Euclidean R t
6dof o’ 1 Volume.

—
—
—

Table 3.2. Geometric properties invariant to commonly occurring transformations of 3-space. The
matrix A is an invertible 3x 3 matrix, Risa 3D rotation matrix, t = (tx, ty,t2" 2 3D trandation, v
a general 3-vector, v a scalar, and 0 = (0,0, 0)" a null 3-vector. The distortion column showstypical

effects of the transformations on a cube. Transformations higher in the table can produce all the actions
of the ones below. These rangefrom Euclidean, where only trandlations and rotations occur, to projective
where five points can be transformed to any other five points (provided no threepoints are collinear, or
four coplanar).

action (arotation composed with atranslation) to be reduced to a situation almost as
simple asthe 2D case. The screw decomposition is that

Result 3.6. Any particular trandation and rotation is equivalent to a rotation about a
screw axis together with a translation along the screw axis. The screw axis isparallel
to the rotation axis.

In the case of atranslation and an orthogonal rotation axis (termed planar motion), the
motion is equivalent to arotation alone about the screw axis.

Proof. We will sketch a constructive geometric proof that can easily be visualized.
Consider firgt the 2D case - a Euclidean transformation on the plane. It is evident
from figure 3.6 that a screw axis exists for such 2D transformations. For the 3D case,
decompose the trandation t into two componentst = t|| + tj_, parale and orthogona
respectively to therotation axis direction (ty = (t.a)a, tj_ =t — (t.a)a).

Then the Euclidean motion is partitioned into two parts: first arotation about the screw
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the measurement of metric properties. In the projective geometry of 3-space the corre-
sponding geometric entities are the plane at infinity, ", and the absolute conic, fioo.

The plane at infinity has the canonical position TVA = (0,0,0,1)" in &fine 3-space.
It contains the directions D = (Xi, X2,x3, 0)", and enables the identification of affine
properties such as parallelism. In particular:

e Two planes are paralld if, and only if, their line of intersection ison TT.
e Alineisparallel to another ling, or to aplane, if the point of intersection ison 777

We then have in P? that any pair of planes intersect in a line, with parallel planes
intersecting in aline on the plane at infinity.

The plane ir™ is a geometric representation of the 3 degrees of freedom required
to specify dffine properties in a projective coordinate frame. In loose terms, the plane
a infinity is afixed plane under any &ffine transformation, but "sees" (is moved by) a
projective transformation. The 3 degrees of freedom of TV* thus measure the projective
component of a general homography - they account for the 15 degrees of freedom of
this general transformation compared to an affinity (12 dof). More formally:

Result 3.7. Theplane at infinity, TT", isafixed plane under the projective transforma-
tion H if, and only if H isan affinity.

The proof is the analogue of the derivation of result 2.17(p48). It is worth clarifying
two points:

(i) The plane 77" is, in general, only fixed as a set under an affinity; it is not fixed
pointwise.
(ii) Under a particular affinity (for example a Euclidean motion) there may be

planes in addition to n® which are fixed. However, only iv* is fixed under
any &finity.

These points areillustrated in more detail by the following example.
Example 3.8. Consider the Euclidean transformation represented by the matrix

cos9 —sn9 0 0
_ R O sin9 cos9 0 O
Ho= or 1 O 0 10 (3.20)

0 0 01

This is a rotation by 9 about the Z-axis with a zero trandation (it is a planar screw
motion, see section 3.4.1). Geometrically it is evident that the family of XY -planes or-
thogonal to the rotation axis are simply rotated about the Z-axis by this transformation.
This means that there is a pencil of fixed planes orthogonal to the z-axis. The planes
are fixed as sets, but not pointwise as any (finite) point (not on the axis) is rotated in
horizontal circles by this Euclidean action. Algebraically, the fixed planes of H are the
eigenvectors of H (refer to section 2.9). In this case the eigenvalues are {ew n'o/oel,]_}
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and the corresponding eigenvectors of Ej are

(M /M
0 0

E, = 0 Eo 0 E, | E.i 0
Voy Vol Voy Vil

Theelgenvectors Ei and E, do not correspond to real planes, and will not be discussed
further here. The eigenvectors E; and E, are degenerate. Thus there is a pencil of
fixed planes which is spanned by these eigenvectors. The axis of this pencil is the line
d intersection of the the planes (perpendicular to the Z-axis) with TTQO, and the pencil
indudes ir”. A

The example aso illustrates the connection between the geometry of the projective
plane, IP%, and projective 3-space, P®. A plane TT intersects TT” in a line which is
the line at infinity, 17, of the plane IT. A projective transformation of P® induces a
subordinate plane projective transformation on ir.

Affine properties of areconstruction. Inlater chapters on reconstruction, for exam-
ple chapter 10, it will be seen that the projective coordinates of the (Euclidean) scene
can be reconstructed from multiple views. Once -K” isidentified in projective 3-space,
i.e its projective coordinates are known, it is then possible to determine &ffine prop-
eties of the reconstruction such as whether geometric entities are parallel - they are
pardld if they intersect on -K~.

A more algorithmic approach is to transform P* o that the identified TT"is moved
toits canonical position a iv® = (0,0.0,1)". After this mapping we then have the
situation that the Euclidean scene, where ™ has the coordinates (0, 0,0,1)", and our
reconstruction are related by aprojective transformation that fixes-K* at (0,0,0,1)". It
follows from result 3.7 that the scene and reconstruction are related by an &fine trans-
formation. Thus &ffine properties can now be measured directly from the coordinates
d the entities.

3.6 The absolute conic
The absolute conic, fi?, isa(point) conicon N, Inametric frame TVA = (0,0, 0,1)",
and points on Q" satisfy

x2 + x2 + x2 321
o (321)

Note that two equations are required to define Q™.
For directions on ir® (i.e. points with x4, = 0) the defining equation can be written

(X1,X2,X3)1(X1,X2,X35)" = 0

<0 that QU0 corresponds to a conic Cwith matrix C = 1. It is thus a conic of purely
imaginary points on -n".,
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The conic Q" is a geometric representation of the 5 additional degrees of freedom
that are required to specify metric properties in an &ffine coordinate frame. A key
property of fioo is that it is a fixed conic under any similarity transformation. More
formally:

Result 3.9. The absolute conic, fi®, isa fixed conic under the projective transformation
H if and only if H isa similarity transformation.

Proof. Since the absolute conic lies in the plane at infinity, atransformation fixing it
must fix the plane at infinity, and hence must be affine. Such atransformation is of the
form

Restricting to the plane at infinity, the absolute conic isrepresented by the matrix |zxs,
and since it is fixed by Ha, one has A-TIA-! = | (up to scale), and taking inverses gives
AAT = |. This means that Ais orthogonal, hence a scaled rotation, or scaled rotation
with reflection. This completes the proof. D

Even though fi* does not have any real points, it shares the properties of any conic -
such asthat aline intersects a conic in two points; the pole-polar relationship etc. Here
are afew particular properties of O

(i) QVisonly fixed as a set by a general similarity; it is not fixed pointwise. This
means that under a similarity a point on Q. may travel to another point on fi*,
but it is not mapped to a point off the conic.

(i) All circles intersect 0." in two points. Suppose the support plane of the circle
is TV. Then n intersects 7?" in aline, and this line intersects Q." in two points.
These two points are the circular points of TT.

(iii) All spheres intersect ir® in fi~

Metric properties. Once 0.4 (and its support plane 77*) have been identified in
projective 3-space then metric properties, such as angles and relative lengths, can be
measured.

Consider two lines with directions (3-vectors) di and d,. The angle between these
directions in a Euclidean world frame is given by

iy
/(dIdTXdJa™

coH» = (3.22)

This may be written as

(d]"fiood,) ..
cos0 = = (3.23)
Ad]"figod1) (d2 Nocd2)
where dy and d, are the points of intersection of the lines with the plane 7 containing
the conic @Q*, and n” is the matrix representation of the absolute conic in that plane.
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d

a b

Hg 3.8. Orthogonality and fioo- (a) On -Kx orthogonal directions d* d, are conjugate with respect
toflo<j.(b) Aplane normal direction d and the intersection line 1 of the plane with TT" arein pole-polar

relation with respect to fioo-

Theexpression (3.23) reduces to (3.22) in a Euclidean world frame where QA — 1.
However, the expression is valid in any projective coordinate frame as may be verified
fram the transformation properties of points and conies (see (iv)(b) on page 63).

There is no simple formula for the angle between two planes computed from the
directions of their surface normals.

Orthogonality and polarity. We now give a geometric representation of orthogo-
ndity in aprojective space based on the absolute conic. The main device will be the
pole-polar relationship between apoint and line induced by aconic.

Animmediate consequence of (3.23) is that two directions di and d, are orthogonal
if dfiood2 = 0. Thus orthogonality is encoded by conjugacy with respect to 0.*. The
gredt advantage of this is that conjugacy is aprojective relation, so that in a projective
frame (obtained by a projective transformation of Euclidean 3-space) directions can
beidentified as orthogonal if they are conjugate with respect to Q" in that frame (in
generd the matrix of Q.~ isnot | in aprojective frame). The geometric representation
d orthogonality is shown in figure 3.8.

This representation is helpful when considering orthogonality between rays in a
camerg, for example in determining the normal to a plane through the camera cen-
tre (see section 8.6(p213)). If image points are conjugate with respect to the image of
floo then the corresponding rays are orthogonal .

Again, amore algorithmic approach is to projectively transform the coordinates so
thetfioois mapped to its canonical position (3.21), and then metric properties can be
determined directly from coordinates.

3.7 The absolute dual quadric

Recdl that 0.7, is defined by two equations - it is a conic on the plane at infinity. The
dud of the absolute conicftoois adegenerate dual quadric in 3-space called the absolute
dual quadric, and denoted Q*. Geometrically Q" consists of the planes tangent to ftoo,
thaftooisthe "rim" of Q*. Thisiscaled arimquadric. Think of the set of planes
tangent to an ellipsoid, and then squash the ellipsoid to apancake.

Algebraicaly Q" isrepresented by a4 x 4 homogeneous matrix of rank 3, which in

Samsung/Google, EX1010, p. 101



84 3 Projective Geometry and Transformations of 3D
metric 3-space has the canonical form

&= o o (3.24)

We will show that any plane in the dual absolute quadric envelope is indeed tangent
tofioo,s0 the Q is truly adua of 9,A,. Consider aplane represented by -K —(v', k).
This plane is in the envelope defined by Q* if and only if 7rTQjX)7r = 0, which given
the form (3.24) is equivalent to v'v = 0. Now, (see section 8.6(p213)) v represents
the line in which the plane (v', k)’ meets the plane at infinity. This line is tangent to
the absolute conic if and only if v'Iv = 0. Thus, the envelope of Q" is made up of
just those planes tangent to the absolute conic.

Since this is an important fact, we consider it from another angle. Consider the ab-
solute conic asthe limit of a series of squashed ellipsoids, namely quadrics represented
by the matrix Q= diag(l, 1,1,k). As k — 00, these quadrics become increasingly
close to the plane at infinity, and in the limit the only points they contain are the points
(Xi, X2, X3,0)T with X\ + xI + X3= 0, that is points on the absolute conic. However,
the dual of Q isthe quadric Q¥ = Q= diag(l, 1,1, A;'l), which in the limit becomes
the absolute dua quadric Q" = diag(l, 1,1, 0).

The dual quadric Q" isadegenerate quadric and has 8 degrees of freedom (a symmet-
ric matrix has 10 independent elements, but the irrelevant scale and zero determinant
condition each reduce the degrees of freedom by 1). It is ageometric representation of
the 8 degrees of freedom that are required to specify metric properties in a projective
coordinate frame. Q" has a significant advantage over fi” in algebraic manipulations
because both ir® and fl* are contained in a single geometric object (unlike !),,, which
requires two eguations (3.21) in order to specify it). In the following we give its three
most important properties.

Result 3.10. The absolute dual quadric, ¥ isfixed under the projective transforma-
Hon H if, and only if, H isa similarity.

Proof. This follows directly from the invariance of the absolute conic under a simi-
larity transform, since the planar tangency relationship between Q" and 0~ is transfor-
mation invariant. Nevertheless, we give an independent direct proof.

Since Q" isadua quadric, it transforms according to (3.17-//74), soit is fixed under H
if and only if Q* = HQH™. Applying this with an arbitrary transform

At
H= T
we find
| 0" At " 1 o [Alv
0" 0 vi k3 0 tT ok
AAT  Av
vIAT vTv
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which must be true up to scale. By inspection, this equation holdsif and only if v = 0
ad A is ascaled orthogonal matrix (scaing, rotation and possible reflection). In other
words H is asimilarity transform. .

Result3.11. Theplane at infinity ir® isthe null-vector ofQ".

Thisis easily verified when Q" has its canonical form (3.24) in ametric frame since
then, with = (0,0,0,1)7, Q™00 = 0. This property holds in any frame as may
be readily seen algebraically from the transformation properties of planes and dua
quadrics: if X' = HX, then Q™' = HQ MHT, TT" = H~"7r, and

QMTTA = HQHDH-7T, = HQTTm = 0.
Reault 3.12. The angle between two planes ivy and 7T, isgiven by

Cosij - (3.25)
I(TTIQM) (7r]"QNTrp)

Prodf. Consider two planes with Euclidean coordinates iA = (nd,di)’,
7= (nJ,dy)".  In a Euclidean frame, Q" has the form (3.24), and (3.25) reduces
o

cost) —

(njni) (njnz)

which is the angle between the planes expressed in terms of a scalar product of their
normals

If the planes and Q" are projectively transformed, (3.25) will still determine the angle
between planes due to the (covariant) transformation properties of planes and dua
quedrics. .

The details of the last part of the proof are left as an exercise, but are a direct 3D
andogue of the derivation of result 2.23(p54) on the angle between two lines in P2
computed using the dual of the circular points. Planes in IP® are the analogue of lines
in F2, and the absolute dual quadric is the analogue of the dual of the circular points.

3.8 Closure
381 Theliterature

The textbooks cited in chapter 2 are also relevant here. See also [Boehm-94] for a gen-
erd background from the perspective of descriptive geometry, and Hilbert and Cohn-
Vosn [Hilbert-56] for many clearly explained properties of curves and surfaces.

An important representation for points, lines and planes in IP?, which is omitted
in this chapter, is the Grassmann-Cayley algebra. In this representation geometric
operations such as incidence andjoins are represented by a "bracket algebra’ based on
matrix determinants. A good introduction to this area is given by [Carlsson-94], and
itsapplication to multiple view tensors isillustrated in [Triggs-95].
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Faugeras and Maybank [Faugeras-90] introduced fi” into the computer vision liter-
ature (in order to determine the multiplicity of solutions for relative orientation), and
Triggs introduced Q" in [Triggs-97] for use in auto-calibration.

3.8.2 Notes and exercises
() Pliicker coordinates.

(&) Using Pliicker line coordinates, C, write an expression for the point of
intersection of aline with aplane, and the plane defined by a point and
aline.

(b) Now derive the condition for apoint to be on aline, and aline to be on
aplane.

(c) Show that parallel planesintersect in alineonir®. Hint, start from (3.9-
pll) to determine the line of intersection of two parallel planes L*.

(d) Show that parallel lines intersect on 7TQQ

(ii) Projective transformations. Show that a (real) projective transformation of
3-space can map an ellipsoid to aparaboloid or hyperboloid of two sheets, but
cannot map an ellipsoid to a hyperboloid of one sheet (i.e. a surface with red
rulings),

(iii) Screw decomposition. Show that the 4 x 4 matrix representing the Euclidean
transformation {R,t} (with a the direction of therotation axis, i.e. Ra= a) has
two complex conjugate eigenvalues, and two equa real eigenvalues, and the
following eigenvector structure:

(@ if aisperpendicular tot, then the eigenvectors corresponding to the rea
eigenvaues are distinct;

(b) otherwise, the eigenvectors corresponding to the real eigenvalues are
coincident, and on TV~

(E.g. choose simple cases such as (3.20), ancther case is given on page 495).
In the first case the two real points corresponding to the real eigenvalues define
a line of fixed points. This is the screw axis for planar motion. In the second
case, the direction of the screw axisis defined, but it is not aline of fixed points.
What do the eigenvectors corresponding to the complex eigenvalues represent?
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4

Estimation - 2D Projective Transformations

Inthis chapter, we consider the problem of estimation. In the present context this
will be taken to mean the computation of some transformation or other mathematical
quartity, based on measurements of some nature. This definition is somewhat vague,
0 to make it more concrete, here are anumber of estimation problems of the type that
we would like to consider.

(i) 2D homography. Given a set of points x* in IP? and a corresponding set of
points Xj likewise in |P%, compute the projective transformation that takes each
Xj to x'. Inapractical situation, the points Xj and x* are points in two images
(or the same image), each image being considered as a projective plane |P2.

(i) 3D to 2D camera projection. Given aset of points Xj in 3D space, and a set
of corresponding points Xj in an image, find the 3D to 2D projective mapping
that maps Xj to Xj. Such a3D to 2D projection is the mapping carried out by a
projective camera, as discussed in chapter 6.

(i) Fundamental matrix computation. Given a set of points X, in one image,
and corresponding points X in another image, compute the fundamental matrix
F consistent with these correspondences. The fundamental matrix, discussed
in chapter 9, isasingular 3x 3 matrix F satisfying x~"FxJ = Ofor al i.

(iv) Trifocal tensor computation. Given a set of point correspondences Xj <
X.'t< X" across three images, compute the trifocal tensor. The trifocal tensor,
discussed in chapter 15, isatensor T? relating points or lines in three views.

These problems have many features in common, and the considerations that relate to
oned the problems are also relevant to each of the others. Therefore, in this chapter,
the firg of these problems will be considered in detail. What we learn about ways of
solving this problem will teach us how to proceed in solving each of the other problems
s well.

Apart from being important for illustrative purposes, the problem of estimating 2D
projective transformations is of importance in its own right. We consider a set of point
correspondences x; < X" between two images. Our problem is to compute a3 x 3
matrix H such that HXJ = x* for each i.

87
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Number of measurements required. The first question to consider is how many
corresponding points x* <= x" are required to compute the projective transformation H
A lower bound is available by a consideration of the number of degrees of freedom ad
number of constraints. On the one hand, the matrix H contains 9 entries, but is defined
only up to scale. Thus, the total number of degrees of freedom in a2D projective trans
formation is 8. On the other hand, each point-to-point correspondence accounts for two
congtraints, since for each point x* in the first image the two degrees of freedom of the
point in the second image must correspond to the mapped point Hx,. A 2D point hes
two degrees of freedom corresponding to the x and y components, each of which mey
be specified separately. Alternatively, the point is specified as ahomogeneous 3-vector,
which also has two degrees of freedom since scale is arbitrary. As aconsequence, it is
necessary to specify four point correspondences in order to constrain H fully.

Approximate solutions. It will be seen that if exactly four correspondences are given,
then an exact solution for the matrix H is possible. This isthe minimal solution. Such
solutions are important as they define the size of the subsets required in robust edima
tion algorithms, such as RANSAC, described in section 4.7. However, since points ae
measured inexactly ("noise"), if more than four such correspondences are given, then
these correspondences may not be fully compatible with any projective transformation,
and one will be faced with the task of determining the "best" transformation giventhe
data. This will generally be done by finding the transformation H that minimizes some
cost function. Different cost functions will be discussed during this chapter, together
with methods for minimizing them. There are two main categories of cost function:
those based on minimizing an algebraic error; and those based on minimizing ageo-
metric or statistical image distance. These two categories are described in section 4.2.

The Gold Standard algorithm. There will usualy be one cost function whichis

optimal in the sense that the H that minimizes it gives the best possible estimate of the
transformation under certain assumptions. The computational algorithm that engbles

this cost function to be minimized is called the "Gold Standard" algorithm. The results

of other agorithms are assessed by how well they compare to this Gold Standard. In

the case of estimating a homography between two views the cost function is (4.8), the
assumptions for optimality are given in section 4.3, and the Gold Standard is agorithm

4.3(pll4).

4.1 TheDirect Linear Transformation (DLT) algorithm

We begin with a simple linear agorithm for determining H given a set of four 2D to 2D
point correspondences, X; > X£. The transformation is given by the equation ¥ = Hx».

Note that thisis an equation involving homogeneous vectors; thus the 3-vectors x* ad
Hx, are not equal, they have the same direction but may differ in magnitude by anon

zero scale factor. The equation may be expressed in terms of the vector cross product

as Xj x Hxj = 0. This form will enable a simple linear solution for H to be derived.
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4.1 TheDirect Linear Transformation (DLT) algorithm
If thej-th row of the matrix H is denoted by ", then we may write

hiTx, \
HX,

Writing x* = (2*, y"W"j , the cross product may then be given explicitly as
I y-h*Tx; - ~h?Tx,
X x HXJ = w-h'TXj - xAhTXj
V Ah%Tx, - yAhTX
SneW™Xj = xjh! forj = 1...., 3, this gives a set of three equations in the entries
d H, which may be written in the form

0T e £
wrf o 2 41)
-vtf o'

Thexe equations have the form A% = 0, where A, isa 3 x 9 matrix, and h is a 9-vector
mede up of the entries of the matrix H,

ht \ he h, h
h2 ., H= hi hs hg (4.2)
h® ) ~h hg he

with hi the i—th element of h. Three remarks regarding these equations are in order
here

(i) The equation A% = 0 is an equation linear in the unknown h. The matrix
elements of A" are quadratic in the known coordinates of the points.

(ii) Although there are three equations in (4.1), only two of them are linearly inde-
pendent (since the third row is obtained, up to scale, from the sum of X\ times
the first row and W\ times the second). Thus each point correspondence gives
two equations in the entries of H. It is usual to omit the third equation in solv-
ing for H ([Sutherland-63]). Then (for future reference) the set of equations
becomes

hl

o' .

W'Xj OT %J| AX - 0. (43)

This will be written
Ah=20

where ko, is now the 2x 9 matrix of (4.3).

(iii) The equations hold for any homogeneous coordinate representation (xyl, iu,’)"
of the point xE. One may choose W\ — 1, which means that (x"yl) are the
coordinates measured in the image. Other choices are possible, however, as
will be seen later.
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Solving for H

Each point correspondence gives rise to two independent equations in the entries of H.
Given a st of four such point correspondences, we obtain a set of equations Ah = 0,
where A isthe matrix of equation coefficients built from the matrix rows k,_ contributed
from each correspondence, and h is the vector of unknown entries of H. We seek a
non-zero solution h, since the obvious solution h = 0 isof nointerest to us. If (4.1) is
used then A has dimension 12 x 9, and if (4.3) the dimension is 8 x 9. In either case
A hasrank 8, and thus has a 1-dimensiona null-space which provides a solution for h.
Such a solution h can only be determined up to anon-zero scale factor. However, H is
in general only determined up to scale, so the solution h gives the required H. A scale
may be arbitrarily chosen for h by arequirement on its norm such as ||h|| = 1.

4.1.1 Over-determined solution

If more than four point correspondences x* <= x* are given, then the set of equations
Ah = 0 derived from (4.3) is over-determined. If the position of the points is exact
then the matrix A will still have rank 8, a one dimensional null-space, and there is an
exact solution for h. Thiswill not be the case if the measurement of image coordinates
isinexact (generally termed noise) - there will not be an exact solution to the over-
determined system Ah — O apart from the zero solution. Instead of demanding an
exact solution, one attempts to find an approximate solution, namely a vector h that
minimizes a suitable cost function. The question that naturally arises then is. what
should be minimized? Clearly, to avoid the solution h = 0 an additional constraint is
required. Generally, acondition on the norm is used, such as ||h|| = 1. The vaue of
the norm is unimportant since H isonly defined up to scale. Given that there is no exact
solution to Ah = 0, it seems natura to attempt to minimize the norm |JAh|| instead,
subject to the usual constraint, |[h|| = 1. Thisisidentica to the problem of finding
the minimum of the quotient ||Ah]|/[|h]|. As shown in section A5.3(p592) the solution
is the (unit) eigenvector of A'A with least eigenvalue. Equivalently, the solution is the
unit singular vector corresponding to the smallest singular value of A. The resulting
algorithm, known asthe basic DLT agorithm, is summarized in algorithm 4.1.

4.1.2 Inhomogeneous solution

An alternative to solving for h directly as a homogeneous vector is to turn the set of
equations (4.3) into a inhomogeneous set of linear equations by imposing a condition
hj — 1for some entry of the vector h. Imposing the condition hj = lisjustified by
the observation that the solution is determined only up to scale, and this scale can be
chosen such that hj = 1. For example, if the last element of h, which corresponds to
Hass, is chosen as unity then the resulting equations derived from (4.3) are

0 00 Xivi yiwi WWi Xyl ey
XXWA y* Wiwl 0 0 0 —xr —yix\

where h is an 8-vector consisting of the first 8 components of h. Concatenating the
equations from four correspondences then generates a matrix equation of the form
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4.1 TheDirect Linear Transformation (DLT) algorithm 91
Objective

Given n > 4 2D to 2D point correspondences {x* <> x'}, determine the 2D homography
matrix H such that xE = HXx,.

Algorithm
(i) For each correspondence x; <»x”" compute the matrix Aj from (4.1). Only the first two
rows need be used in general.

(ii) Assemble then 2 x 9 matrices A, into asingle 2n x 9 matrix A.

(iii) Obtain the SVD of A (section A4.4(p585)). The unit singular vector corresponding to
the smallest singular value is the solution h. Specificaly, if A = UDV with D diagonal
with positive diagonal entries, arranged in descending order down the diagonal, then h
is the last column of V.

(iv) The matrix H is determined from h asin (4.2).

Algorithm 4.1. Thebasic DLTfor H (but see algorithm 4.2(pl09) which includes normalization).

Vh = b, where M has 8 columns and b is an 8-vector. Such an equation may be solved
for h using standard techniques for solving linear equations (such as Gaussian elimina
tion) in the case where M containsjust 8 rows (the minimum case), or by |least-squares
techniques (section A5.1(/?588)) in the case of an over-determined set of equations.
However, if in fact hj — O is the true solution, then no multiplicative scale k can
exig such that khj — 1. This means that the true solution cannot be reached. For this
reason, this method can be expected to lead to unstable results in the case where the
chosen hj is close to zero. Consequently, this method is not recommended in general.

Example4.1. It will be shown that hg = Hgs is zero if the coordinate origin is mapped
toapoint a infinity by H. Since (0,0,1)" represents the coordinate origin x,, and
d20(0,0,1)" represents the line at infinity 1, this condition may be written as|"Hx, =
(0,0,1)H(0,0,1)" = 0, thus HB = 0. In a perspective image of a scene plane the line
ainfinity isimaged as the vanishing line of the plane (see chapter 8), for example the
horizon is the vanishing line of the ground plane. It is not uncommon for the horizon to
passthrough the image centre, and for the coordinate origin to coincide with the image
centre. In this case the mapping that takes the image to the world plane maps the origin
tothe line at infinity, so that the true solution has HB = /iy = 0. Consequently, an
hg — 1 normalization can be a serious failing in practical situations. A

4.1.3 Degenerate configurations

Condder aminimal solution in which ahomography is computed using four point cor-
respondences, and suppose that three of the points X;. X, X3 are collinear. The question
iswhether this is significant. If the corresponding points Xj, X», X3 are aso collinear
then one might suspect that the homography is not sufficiently constrained, and there
will exist afamily of homographies mapping X, to x'. On the other hand, if the corre-
sponding points X'5 X'z, X3 are not collinear then clearly there can be no transformation
H teking X to x', since a projective transformation must preserve collinearity. Never-
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theless the set of eight homogeneous eguations derived from (4.3) must have anon-zero
solution, giving rise to amatrix H. How is this apparent contradiction to be resolved?

The equations (4.3) express the condition that x* x HXJ = O for i —1,..., 4, and
so the matrix H found by solving the system of 8 equations will satisfy this condition.
Suppose that X, ..., X3 are collinear and let 1 be the line that they lie on, sothat I'x,. =
Ofori = 1,..., 3. Now define H = x.'4)°, whichis a3 x 3matrix of rank 1. Inthis case,
one verifies that H*Xj = X'4(\"Xi) = Ofori = 1,..., 3, since|'x, = 0. On the other
hand, H*X4 = X,(\"xs) = kxs. Therefore the condition x* x H*Xj = 0 is satisfied for
al i. Note that the vector h* corresponding to H* isgiven by h*" = (xI", yzd’, w,\"),
and one easily verifies that this vector satisfies (4.3) for dl i. The problem with this
solution for H* isthat H is arank 1 matrix and hence does not represent a projective
transformation. As a consequence the points H*xg = O for i = 1,..., 3 are not wdll
defined.

We showed that if x4, X2, X5 are collinear then H* = x',|" isasolution to (4.2). There
are two cases: either H* is the unique solution (up to scale) or thereis afurther solution
H. In the first case, since H* is a singular matrix, there exists no transformation taking
each X to X This occurs when Xi,..., X3 are collinear but X[...., X3 are not. In the
second case, where a further solution H exists, then any matrix of the form a H* + f3H
isasolution. Thus a2-dimensiona family of transformations exist, and it follows that
the 8 equations derived from (4.3) are not independent.

A situation where aconfiguration does not determine a unique solution for a particu-
lar class of transformation is termed degenerate. Note that the definition of degeneracy
involves both the configuration and the type of transformation. The degeneracy prob-
lem isnot limited to aminimal solution, however. If additional (perfect, i.e. error-freg)
correspondences are supplied which are aso collinear (lie on 1), then the degeneracy is
not resolved.

4.1.4 Solutions from lines and other entities

The development to this point, and for the rest of the chapter, is exclusively in terms of
computing homographies from point correspondences. However, an identical develop-
ment can be given for computing homographies from line correspondences. Starting
from the line transformation ' = H'1A a matrix equation of the form Ah = 0 can be
derived, with aminimal solution requiring four lines in general position. Similarly, a
homography may be computed from conic correspondences and so forth.

There isthe question then of how many correspondences are required to compute the
homography (or any other relation). The genera rule is that the number of constraints
must equal or exceed the number of degrees of freedom of the transformation. For
example, in 2D each corresponding point or line generates two constraints on H, in
3D each corresponding point or plane generates three constraints. Thus in 2D the
correspondence of four points or four linesis sufficient to compute H,since4x2 = 8,
with 8 the number of degrees of freedom of the homography. In 3D a homography has
15 degrees of freedom, and five points or five planes are required. For aplanar fine
transformation (6 dof) only three corresponding points or lines are required, and so on.
A conic provides five constraints on a2D homography.
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Fg. 4.1. Geometric equivalence of point-line configurations. A configuration of two points and two
lines isequivalent to five lines withfour concurrent, or five points withfour collinear.

Care has to be taken when computing H from correspondences of mixed type. For
example, a 2D homography cannot be determined uniquely from the correspondences
o two points and two lines, but can from three points and one line or one point and three
lines, even though in each case the configuration has 8 degrees of freedom. The case of
threelines and one point is geometrically equivalent to four points, since the three lines
odfine atriangle and the vertices of the triangle uniquely define three points. We have
g that the correspondence of four points in general position uniquely determines a
homography, which means that the correspondence of three lines and one point also
unigquely determines a homography. Similarly the case of three points and aline is
equivaent to four lines, and again the correspondence of four lines in general position
(i.e no three concurrent) uniquely determines a homography. However, as a quick
sketch shows (figure 4.1), the case of two points and two lines is equivalent to five
lineswith four concurrent, or five points with four collinear. As shown in the previous
section, this configuration is degenerate and a one-parameter family of homographies
map the two-point and two-line configuration to the corresponding configuration.

.
4.2 Different cost functions
We will now describe a number of cost functions which may be minimized in order to
determine H for over-determined solutions. Methods of minimizing these functions are
described later in the chapter.

421 Algebraic distance

TheDLT agorithm minimizes the norm ||Ah||. The vector e = Ahiscalled the residual
vector and it isthe norm of this error vector that is minimized. The components of this
vector arise from the individual correspondences that generate each row of the matrix
A. Each correspondence x, <> x' contributes apartial error vector & from (4.1) or (4.3)
towards the full error vector e. This vector ey, is the algebraic error vector associated
with the point correspondence x, <> x" and the homography H. The norm of this vector
isascalar which is called the algebraic distance:

OT

A 2 — g
dalg(x 1HXI) I.Iev WX, OT XAA:

(4.4)

More generally, and briefly, for any two vectors Xi and x, we may write

ndg(i>*2)% = a\ + a\l wherea = (ai,a, ag)' = Xi X Xo.
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The relation of this distance to a geometric distance is described in section 4.2.4.
Given aset of correspondences, the quantity e = Ahisthe algebraic error vector for
the complete set, and one sees that

>aig(xi Hx,)? = J2 INIZ = 1A% = INI™ (4-5)

The concept of algebraic distance originated in the conic-fitting work of Book-
stein [Bookstein-79]. Its disadvantage is that the quantity that is minimized is not
geometrically or statistically meaningful. As Bookstein demonstrated, the solutions
that minimize algebraic distance may not be those expected intuitively. Nevertheless,
with agood choice of normalization (aswill be discussed in section 4.4) methods which
minimize algebraic distance do give very good results. Their particular advantages are
alinear (and thus a unique) solution, and computational cheapness. Often solutions
based on algebraic distance are used as a starting point for a non-linear minimization
of ageometric or statistical cost function. The non-linear minimization gives the solu-
tion afind "polish".

4.2.2 Geometric distance

Next we discuss aternative error functions based on the measurement of geometric
distance in the image, and minimization of the difference between the measured and
estimated image coordinates.

Notation. Vectors x represent the measured image coordinates; X represent estimated
values of the points and x represent true values of the points.

Error in one image. We start by considering error only in the second image, with
points in the first measured perfectly. Clearly, this will not be true in most practical
situations with images. An example where the assumption is more reasonable is in
estimating the projective transformation between a calibration pattern or aworld plane,
where points are measured to a very high accuracy, and its image. The appropriate
guantity to be minimized is the transfer error. This is the Euclidean image distance
in the second image between the measured point X' and the point Hx & which the
corresponding point x is mapped from the first image. We use the notation d(x, y) to
represent the Euclidean distance between the inhomogeneous points represented by x
and y. Then the transfer error for the set of correspondences is

EALHX,)2. (46)
The estimated homography H is the one for which the error (4.6) is minimized.

Symmetric transfer error. Inthe morerealistic case whereimage measurement errors
occur in both the images, it is preferable that errors be minimized in both images, and
not solely in the one. One way of constructing a more satisfactory error function isto

Samsung/Google, EX1010, p. 112



4.2 Different costfunctions 95

consider the forward (H) and backward (H-") transformation, and sum the geometric
errors corresponding to each of these two transformations. Thus, the error is

J2 d(*i, H" 1M)2 4 d(xj, Hx,)? 4.7)

Thefirg term in this sum is the transfer error in the first image, and the second term is
thetransfer error in the second image. Again the estimated homography H is the one
for which (4.7) is minimized.

423 Reprojection error - both images

An dternative method of quantifying error in each of the two images involves esti-
mating a "correction" for each correspondence. One asks how much it is necessary
to correct the measurements in each of the two images in order to obtain a perfectly
meatched set of image points. One should compare this with the geometric one-image
trandfer error (4.6) which measures the correction that it is necessary to make to the
measurements in one image (the second image) in order to get a set of perfectly match-
ing points.

In the present case, we are seeking a homography H and pairs of perfectly matched
points Xj and x* that minimize the total error function

~d(xj,x,)%+ d(x-,x-)? subject to x- = Hx, Vi. (4.8)

Minimizing this cost function involves determining both H and a set of subsidiary cor-
respondences {XJ} and {x"}. This estimation models, for example, the situation that
meesured correspondences X, <~ x" arise from images of points on aworld plane. We
wigh to estimate a point on the world plane X; from x* "+ x which is then reprojected
to the estimated perfectly matched correspondence x, <-> x~.

This reprojection error function is compared with the symmetric error function
infigured.2. 1t will be seen in section 4.3 that (4.8) isrelated to the Maximum Likeli-
hood estimation of the homography and correspondences.

424 Comparison of geometric and algebraic distance
We return to the case of errors only in the second image. Let x* = (X3 V[, wY’ and

ddfine avector {x[,\\, w;)" = x| = Hx,. Using this notation, the I&ft hand side of (4.3)
becomes
\owix - xw J

This vector isthe algebraic error vector associated with the point correspondence Xj «+
x- and the camera mapping H. Thus,

rfag(®x:)? = (yA§ - wMf + (W& - XW)\

For points x* and x* the geometric distance is

dxJ*J) = (Cywxyw” + o iyMydw )
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H
V® -
Hl

image 1

Fig. 4.2. A comparison between symmetric transfer error (upper) and reprojection error (lower) when
estimating a homography. Thepoints x and x' are the measured (noisy) points. Under the estimated
homography the points x' and Hx do not correspond perfectly (and neither do thepoints x and H~*x').
However, the estimated points, x and x', do correspond perfectly by the homography x = Hx. Using
the notation d(x, y) for the Euclidean image distance between x andy, the symmetric transfer error is
d(x, H-*x")2 + d(x', Hx)? the reprojection error isd(x, x)? + d(x', x")°.

= ddg X e, XA)/WiWi-

Thus, geometric distance is related to, but not quite the same as, algebraic distance.
Note, though, that ifw® = wA —1, then the two distances are identical.

One can aways assume that Wi = 1, thus expressing the points x, in the usua form
X, = (X, i/i, 1)". For one important class of 2D homographies, the values of W\ will
always be 1 as well. A 2D affine transformation is represented by a matrix of the
form (2.10-p39)

/in h12 h13
H A= h21 h22 h23 . (49)
o 0 1

One verifies immediately from x* = HpXj that w = 1if Wi = 1. This demonstrates
that in the case of an affine transformation geometric distance and agebraic distance are
identical. The DLT agorithm iseasily adapted to enforce the condition that the last row
of H has the form (0, 0,1) by setting h; = hg = 0. Hence, for &fine transformations,
geometric distance can be minimized by the linear DLT agorithm based on agebraic
distance.

4.2.5 Geometric interpretation of reprojection error

The estimation of ahomography between two planes can be thought of asfitting a" sur-
face" to pointsin a4D space, IR*. Each pair of image points x, x' defines asingle point
denoted X in a measurement space IR*, formed by concatenating the inhomogeneous
coordinates of x and x'. For agiven specific homography H, the image correspondences
X A x'that satisfy x' x (Hx) = O define an algebraic variety’ Vi in IR* which is the

1 A variety is the simultaneous zero-set of one or more multivariate polynomials denned in IR”.
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intersection of two quadric hypersurfaces. The surface is aquadric in IR* because each

row of (4.1) is adegree 2 polynomial in x, y, X, y'. The elements of H determine the
codffident of each term of the polynomial, and so H specifies the particular quadric.

Thetwo independent equations of (4.1) define two such quadrics.

Given points X* = {x,yixi.y))* in IR* the task of estimating a homography be-
comes the task of finding avariety V that passes (or most nearly passes) through the
points Xj. In general, of course, it will not be possible to fit avariety precisely. In this
cae, let Vi be some variety corresponding to a transformation H, and for each point
X; let Xj = (£i, i)i, x;,y;)" bethe closest point to Xj lying on the variety Vi+ One sees
immediately that

1IX .- X, |j2

{xf o+ {yyf )t Yy

d(xj,Xj)? + d(x*,x-)°.

Thus geometric distance in IR* is equivalent to the reprojection error measured in both

theimages, and finding the variety Vy and points X, on V that minimize the squared

am of distances to the measured points Xj is equivaent to finding the homography H

and the estimated points x, and x" that minimize the reprojection error function (4.8).
The point X on Vy that lies closest to a measured point X is a point where the line

between X and X is perpendicular to the tangent plane to V a X. Thus

dx,xf  +d(x")? = dfXi, Vi)

where d+(X, V) isthe perpendicular distance of the point X to the variety V. As may
be seen from the conic-fitting analogue discussed below, there may be more than one
auxch perpendicular from X to Vi

Thedistance dj_(X, V4 isinvariant to rigid transformations of IR?, and this includes
asaspecia case rigid transformations of the coordinates (x, y), (X, y) of each image
individudly. This point is returned to in section 4.4.3.

Conic analogue. Before proceeding further we will first sketch an analogous estima-
tion problem that can be visualized more easily. The problem is fitting a conic to 2D
points, which occupies a useful intermediate position between fitting a straight line
(no curvature, too simple) and fitting a homography (four dimensions, with non-zero
curvaure).

Consider the problem of fitting a conic to a set of n > 5 points (Xj,y;)" on the
plane such that an error based on geometric distance is minimized. The points may
be thought of as "correspondences’ x; ™ yi. The transfer distance and reprojection
(perpendicular) distance areillustrated in figure 4.3. It is clear from this figure that d+
islessthan or equal to the transfer error.

The algebraic distance of apoint x from aconic C is defined as djig(x, C)* = x"Cx.
A linear solution for C can be obtained by minimizing J2i g« C)*"i™ @ suitable
normalization on C. There is no linear expression for the perpendicular distance of
apoint (x,y) to a conic C, since through each point in IR? there are up to 4 lines
perpendicular to C. The solution can be obtained from the roots of a quartic. However,
afunction d+(x, C) may be defined which returns the shortest distance between a conic

Samsung/Google, EX1010, p. 115



98 4 Estimation - 2D Projective Transformations

Fig. 4.3. A conic may be estimated from a set of 2D points by minimizing "symmetric transfer error"
dy + dy or the sum of squared perpendicular distances d\. Theanalogue of transfer error isto consider
x asperfect and measure the distance d, to the conic inthey direction, and similarly for d,. For point
aitisclear that d+ < d, and d+ < d,. Also d+ ismore stable than d, or d, as illustrated by point b
where dy cannot be defined.

and apoint. A conic can then be estimated by minimizing J2-; d+(Xi, C) over the five
parameters of C, though this cannot be achieved by alinear solution. Given aconicC
and ameasured point X, acorrected point x is obtained simply by choosing the closest
point on C.

We return now to estimating a homography. In the case of an affine transformation
the variety is the intersection of two hyperplanes, i.e. it is alinear subspace of dimen-
sion 2. This follows from the form (4.9) of the affine matrix which for X' = Hax yields
one linear constraint between x, X', y and another between x, y, y', each of which de-
fines a hyperplane in IR*. An analogue of this situation is line fitting to points on the
plane. In both cases the relation (affine transformation or line) may be estimated by
minimizing the perpendicular distance of points to the variety. In both cases there isa
closed form solution as discussed in the following section.

4.2.6 Sampson error

The geometric error (4.8) is quite complex in nature, and minimizing it requires the
simultaneous estimation of both the homography matrix and the points x,,x*. This
non-linear estimation problem will be discussed further in section 4.5. Its complexity
contrasts with the simplicity of minimizing the algebraic error (4.4). The geometric
interpretation of geometric error given in section 4.2.5 leads to afurther cost function
that lies between the algebraic and geometric cost functions in terms of complexity, but
gives aclose approximation to geometric error. We will refer to this cost function as
Sampson error since Sampson [Sampson-82] used this approximation for conic fitting.

As described in section 4.2.5, the vector X that minimizes the geometric error ||[X —
X||? is the closest point on the variety V, to the measurement X. This point can not be
estimated directly except via iteration, because of the non-linear nature of the variety
V4. The idea of the Sampson error function is to estimate a first-order approximation
to the point X, assuming that the cost function is well approximated linearly in the
neighbourhood of the estimated point. The discussion to follow is related directly to
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the 2D homography estimation problem, but applies substantially unchanged to the
ather estimation problems discussed in this book.

For agiven homography H, any point X = (x,y, X, )" that lies on Vi will satisfy
the equation (4.3-p89), or Ah = 0. To emphasize the dependency on X we will write
thisingtead as Cy(x) = 0, where Cy(x) isin this case a 2-vector. To first order, this
ood function may be approximated by a Taylor expansion

dc
Cu(X + «55)=Cu(X) + " (5x . (4.10)

If wewrite <5 —X — X and desire X to lie on the variety Vi so that Cy4(X) = 0, then
the result is Cp(x) + (dCi/dX)S, = 0, which we will henceforth write as J(5x = —e
where J is the partia -derivative matrix, and e is the cost Cy(X) associated with X. The
minimization problem that we now face is to find the smallest <5 that satisfies this
egution, namely:

* Find thevector 8, that minimizes [<$x|| subject to X5¢ = —e

The standard way to solve problems of this type is to use Lagrange multipliers. A
vector A of Lagrange multipliers is introduced, and the problem reduces to that of
finding the extrema of <5,d, — 2AT(J5x + €), where the factor 2 is smply introduced
for convenience. Taking derivatives with respect to 5x and equating to zero gives

2£, - 2ATJ= 0"

from which we obtain S, —J'A. The derivative with respect to A gives J5x + e = 0,
the origina constraint. Substituting for 8 leads to

J'A = -e
which may be solved for A giving A = —(JJ")-'e, and o findly
5x = -J7(JJ")-te, (4.11)
ad X — X + dy. Thenorm ||<5|F is the Sampson error:
[[<5x|F = <Betx = e'(JJ7)-e. (4.12)

Example4.2. Sampson approximation for a conic
We will compute the Sampson approximation to the geometric distance d+(x, C) be-
tween apoint X and conic Cshown in figure 4.3. In this case the conic variety V. is
odfined by the equation x'Cx = 0, sothat X = (X, y)’ isaz2-vector, e = x'Cx isa
Lda, and Jisthe 1 x 2 matrix given by
rd(x"Cx) d(x"Cx)
dx dy

Thismeans that JJ" is a scalar. The elements of J may be computed by the chain rule
&

d(x'Cx)  9(x'Cx) dx

T T ;
dx dx dx 2x C(1,0,0)" = 2(Cx)i
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where (Cx)j denotes the i-th component of the 3-vector Cx. Then from (4.12)
oo Vo JT 42 + (Cx))

A few points to note:

(i) For the 2D homography estimation problem, X = (x, y, X, y')’ where the 2D
measurements arex = (x,y, 1) and x' = (X, y', 1)".
(ii) e = CH(X) isthe algebraic error vector A™h - a2-vector - and A, is defined in
(4.3-p89).
(iii) J = <9Cy(x)/dX isa2 x 4 matrix. For example

Jn = di-wptjh?  + yAJtivdx = -wihy + y[ha

(iv) Note the similarity of (4.12) to the algebraic error ]| = e’e. The Sampson
error may be interpreted as being the Mahalanobis norm (see section A2.1-
(p565)), lellyt.

(v) One could alternatively use A defined by (4.1-p89), in which case J has di-
mension 3x 4 and e is a 3-vector. However, in general the Sampson error,
and consequently the solution <5, will be independent of whether (4.1-p89) or
(4.3-p89) is used.

The Sampson error (4.12) is derived here for a single point pair. In applying this to
the estimation of a2D homography H from several point correspondences x, * X, the
errors corresponding to dl the point correspondences must be summed, giving

Va_ = J2e)(Nr'e (4.13)

where e and J both depend on H. To estimate H, this expression must be minimized
over al values of H. Thisis asimple minimization problem in which the set of variable
parameters consists only of the entries (or some other parametrization) of H.

This derivation of the Sampson error assumed that each point had isotropic (circular)
error distribution, the same in each image. The appropriate formulae for more general
Gaussian error distributions are given in the exercises at the end of this chapter.

Linear cost function

The algebraic error vector Cy(x) = A(X)h istypically multilinear in the entries of X.
The case where A(x)h is linear is, however, important in its own right. The first point
to note isthat in this case, the first-order approximation to geometric error given by the
Taylor expansion in (4.10) is exact (the higher order terms are zero), which means that
the Sampson error isidentical to geometricerror.

In addition, the variety V,, defined by the equation Cy(x) = 0O, aset of linear equa
tions, is a hyperplane depending on H. The problem of finding H now becomes a
hyperplane fitting problem - find the best fit to the data X, among the hyperplanes
parametrized by H.
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Asan example of thisidea alinear algorithm which minimizes geometric error (4.8)
for an dfine transformation is developed in the exercises at the end of this chapter.

427 Another geometric interpretation

It was shown in section 4.2.5 that finding a homography that takes a set of points Xj
to another set x* is equivalent to the problem of fitting a variety of a given type to a
s of points in IR*. We now consider a different interpretation in which the set of al
measurements is represented by a single point in ameasurement space 1R".

The estimation problems we consider may al be fitted into a common framework.
In abstract terms the estimation problem has two components,

« ameasurement space 1R" consisting of measurement vectors X, and

» amodel, which in abstract terms may be thought of ssimply as a subset S of pointsin
IR A measurement vector X that lies inside this subset is said to satisfy the model.
Typicaly the subspace that satisfies the model is a submanifold, or variety in IRV,

Now, given ameasurement vector X in IR”, the estimation problem isto find the vector
X, cdosest to X, that satisfies the model.

It will now be pointed out how the 2D homography estimation problem fits into this
framework.

Error in both images. Let {x* < x4} be a s&t of measured matched points for
i = 1,...,n Inal, there are 4n measurements, namely two coordinates in each of
two images for n points. Thus, the set of matched points represents a point in IR”,
whae N —An. The vector made up of the coordinates of al the matched points in
both images will be denoted X.

Of course, not al sets of point pairs Xj < x* are related via ahomography H. A set
d point correspondences {x" <» x"} for which there exists a projective transformation
H satisfying x* = Hx. for al i constitutes the subset of JR" satisfying the model. In
generd, this set of points will form a submanifold Sin IR" (in fact avariety) of some
dimensgon. The dimension of this submanifold is equa to the minimal number of
parameters that may be used to parametrize the submanifold.

Oremay arbitrarily choose n points x; in thefirst image. In addition, a homography
H may be chosen arbitrarily. Once these choices have been made, the points X" in
the second image are determined by iq = HXJ Thus, afeasible choice of points is
determined by a set of 2n + 8 parameters. the 2ra coordinates of the points x;, plus
the 8 independent parameters (degrees of freedom) of the transformation H. Thus, the
submanifald S C IR has dimension 2n + 8, and hence codimension 2n — 8.

Given a set of measured point pairs {x* <> x"}, corresponding to apoint X in 1R",
ad an estimated point X e JR" lying on S, one easily verifies that

IX - XIF =Y, rf(xi, Xiy’ +  d{"X?-

Thus finding the point X on S lying closest to X in JR is equivalent to minimizing
thecost function given by (4.8). The estimated correct correspondences X; N iq are
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those corresponding to the closest surface point X in M*. Once X is known H may be
computed.

Error inoneimageonly. Inthe case of error in oneimage, one has aset of correspon-
dences {XJ <* x"}. The points x, are assumed perfect. The inhomogeneous coordinates
of the x* congtitute the measurement vector X. Hence, in this case the measurement
space has dimension N = In. The vector X consists of the inhomogeneous coor-
dinates of the mapped perfect points {Hxi, HX»,..., Hx,}. The set of measurement
vectors satisfying the model is the set X as Hvaries over the set of all homography
matrices. Once again this subspace is avariety. Its dimension is 8, since this isthe total
number of degrees of freedom of the homography matrix H. As with the previous case,
the codimension is 2a— 8. One verifies that

[IX-X][? = X>(*>"7)2-

Thus, finding the closest point on S to the measurement vector X is equivaent to min-
imizing the cost function (4.6).

4.3 Statistical cost functions and Maximum Likelihood estimation

In section 4.2, various cost functions were considered that were related to geometric
distance between estimated and measured points in an image. The use of such cost
functions is now justified and then generalized by a consideration of error statistics of
the point measurements in an image.

In order to obtain abest (optimal) estimate of H it is necessary to have amodel for
the measurement error (the "noise"). We are assuming here that in the absence of mea
surement error the true points exactly satisfy a homography, i.e. x* = Hx*. A common
assumption is that image coordinate measurement errors obey a Gaussian (or normal)
probability distribution. This assumption is surely not justified in general, and takes no
account of the presence of outliers (grossly erroneous measurements) in the measured
data. Methods for detecting and removing outliers will be discussed later in section 4.7.
Once outliers have been removed, the assumption of a Gaussian error model, if still not
strictly justified, becomes more tenable. Therefore, for the present, we assume that
image measurement errors obey azero-mean isotropic Gaussian distribution. This dis-
tribution is described in section A2.1(p565).

Specifically we assume that the noise is Gaussian on each image coordinate with
zero mean and uniform standard deviation a. This means that X —x + Ax, with Ax
obeying a Gaussian distribution with variance a°. If it is further assumed that the noise
on each measurement isindependent, then, if the true point is x, the probability density
function (PDF) of each measured point X is

pr(X) = (-L) edXxx)V(2<h (4 14)

Error in one image. First we consider the case where the errors are only in the
second image. The probability of obtaining the set of correspondences {XJ <» x"} is
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smply the product of their individual PDFs, since the errors on each point are assumed
independent. Then the PDF of the noise-perturbed datais

Pr(K}H) =] (-V) e="nr 415

Thesymbol Pr({x"}|H) istobeinterpreted as meaning the probability of obtaining the
measurements {x"\} given that thetrue homography isH. Thelog-likelihood of the set
o correspondencesis

logPr({x;}IH) = - o V\" ,HXif+ constant.

TheMaximum Likelihood estimate (MLE) of the homography, H, maximizes thislog-
likdlihood, i.e. minimizes

£d(x;,Hx)>.

Thus we note that ML estimation isequivalent to minimizing the geometric error func-
tion (4.6).

Error in both images. Following a similar development to the above, if the true
correspondences are { X, <->¢ HXJ = x"}, then the PDF of the noise-perturbed datais

Vo pRxH e =En(-y etV

The additional complication here is that we have to seek "corrected" image measure-
mentsthat play therole of the true measurements (Hx above). Thus the ML estimate of
the projective transformation H and the correspondences { x, < x"}, isthe homography
H and corrected correspondences {x" < x"\} that minimize

A(xNigf + dhx-)?

with x| = HX]. Note that inthis case, the ML estimate isidentical with minimizing the
reprojection error function (4.8).

Mahalanobis distance. In the genera Gaussian case, one may assume a vector of
measurements X satisfying a Gaussian distribution function with covariance matrix
E Thecases above are equivaent to a covariance matrix which is amultiple of the
idertity.

Maximizing the log-likelihood is then equivalent to minimizing the Mahaanobis
distance (see section A2.1(p565))

X - xH2 = (X - X)'E-(X - X).

In the case where there is error in each image, but assuming that errors in oneimage
ae independent of the error in the other image, the appropriate cost function is

HX-XA + [IX-X112,
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where E and Y are the covariance matrices of the measurements in the two images.

Finaly, if we assume that the errors for al the points x, and x* are independent,
with individual covariance matrices E, and Z'; respectively, then the above expression
expands to

EN-ATL +EHY-A[] 416

This equation alows the incorporation of the type of anisotropic covariance matrices
that arise for point locations computed as the intersection of two non-perpendicular
lines. In the case where the points are known exactly in one of the two images, errors
being confined to the other image, one of the two summation termsin (4.16) disappears.

4.4 Transformation invariance and nor malization

We now start to discuss the properties and performance of the DLT algorithm of
section 4.1 and how it compares with algorithms minimizing geometric error. The
firg topic is the invariance of the algorithm to different choices of coordinates in the
image. It is clear that it would generally be undesirable for the result of an agorithm
to be dependent on such arbitrary choices as the origin and scale, or even orientation,
of the coordinate system in an image.

4.4.1 Invariance to image coordinate transformations

Image coordinates are sometimes given with the origin at the top-left of the image,
and sometimes with the origin at the centre. The question immediately occurs whether
this makes a difference to the results of computing the transformation. Similarly, if
the units used to express image coordinates are changed by multiplication by some
factor, then isit possible that the result of the algorithm changes also? More generdlly,
to what extent is the result of an agorithm that minimizes a cost function to estimate
a homography dependent on the choice of coordinates in the image? Suppose, for
instance, that the image coordinates are changed by some similarity, affine or even
projective transformation before running the algorithm. Will this materially change the
result?

Formally, suppose that coordinates x in one image are replaced by x — Tx, and
coordinates x' in the other image are replaced by x' = T'x', where Tand T' are 3 x 3
homographies. Substituting in the equation x' = Hx, we derive the equation x' =
T'HT-*x. This relation implies that H = T'HT™ is the transformation matrix for the
point correspondences x <> x'. An alternative method of finding the transformation
taking Xj to x" is therefore suggested, as follows.

(i) Transform the image coordinates according to transformations Xj = Txj and
(il) Find the transformation H from the correspondences x; <» X",
(ili) SetH = T-HT.

The transformation matrix H found in this way applies to the origina untransformed
point correspondences X; < x£. What choice should be made for the transformations T
and T" will be left unspecified for now. The question to be decided now is whether the
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outcome of this algorithm is independent of the transformations T and T' being applied.
Idedlly it ought to be, at least when T and T' are similarity transformations, since the
choice of a different scale, orientation or coordinate origin in the images should not
materially affect the outcome of the algorithm.

In the subsequent sections it will be shown that an algorithm that minimizes geo-
metric error is invariant to similarity transformations. On the other hand, for the DLT
algorithm as described in section 4.1, the result unfortunately is not invariant to simi-
larity transformations. The solution isto apply anormalizing transformation to the data
before applying the DLT algorithm. This normalizing transformation will nullify the
effect of the arbitrary selection of origin and scale in the coordinate frame of the image,
and will mean that the combined algorithm is invariant to a similarity transformation
o the image. Appropriate normalizing transformations will be discussed later.

442 Non-invariance of the DLT algorithm

Consider a set of correspondences Xj <> x" and amatrix H that is the result of the DLT
algorithm applied to this set of corresponding points. Consider further a related set
o correspondences X, <> x" where x, = Tx" and x* = T'X'., and let Hbe defined by
H = T'HT™. Following section 4.4.1, the question to be decided here is the following:

» Does the DLT algorithm applied to the correspondence set 5q <> x”yield the trans-
formation H?

We will use the following notation: Matrix Aj isthe DLT equation matrix (4.3-p89)
derived from apoint correspondence x, <> xj, and Aisthe In x 9 matrix formed by
stacking the AN Matrix A" is similarly defined in terms of the correspondences x, <> X,
whereiq = Tx» and x* = T'x* for some projective transformations T and T'.

Result 4.3. Let T' be a similarity transformation with scale factor s, and let T be an
arbitrary projective transformation. Further, suppose Hisany 2D homography and let
H be defined by H= T'HT®. Then |JAh|| = s||Ah|| where h and h are the vectors of
entries of H andB..

Proof. Define the vector ; = x x Hx". Note that A*h is the vector consisting of the
first two entries of e». Let & be similarly defined in terms of the transformed quantities
asf] = xE x Hx,. One computes:

€ XN X HXi = T x (T'HTATX]
T'X- X THXj = T*(X- X Hx»)

= Twe,

where T* represents the cofactor matrix of T' and the second-last equality follows
from lemma A4.2(p581). For a general transformation T, the error vectors Ajh and
Ajh (namely the first two components of e, and £$) are not simply related. However, in

. . L . . RNt
the special case where T' is a similarity transformation, one may write T' = T

where Ris arotation matrix, t is atranslation and s is a scaling factor. In this case, we
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R O

scethat T* = s -tTR s

sees that

. Applying T* just to the first two components of &, one

Ah= (eu &)’ = sR(e,e2)’ = sRAh.

Since rotation does not affect vector norms, one sees that ||Ah|| = g||Ahjj, as required.
This result may be expressed in terms of algebraic error as

dalg(x- HXi) = Stag(x"HXi).
D

Thus, there is a one-to-one correspondence between H and H giving rise to the same
error, except for constant scale. It may appear therefore that the matrices Hand H
minimizing the algebraic error will be related by the formula H= T'WY"!, and hence
one may.retrieve H as the product T-*HT. This conclusion is false however. For,
athough Hand H so defined give rise to the same error g the condition |H|| = 1,
imposed as a constraint on the solution, is not equivalent to the condition |H|| = 1.
Specificaly, |[H|| and |H]| are not related in any simple manner. Thus, there is no one-
to-one correspondence between H and H giving rise to the same error e, subject to the
constraint ||H|| — [H|| = 1. Specificaly,

minimize ~da|g(x'., Hx,)? subject to [H] = 1
> minimize ’\daig(x",ij)Z subject to |H|| = 1

<ft minimize ~G?4j4(x., Hx,)* subject to [H|| = 1.

Thus, the method of transformation leads to a different solution for the computed
transformation matrix. This is arather undesirable festure of the DLT algorithm as it
stands, that the result is changed by achange of coordinates, or even simply achange of
the origin of coordinates. If the constraint under which the norm ||Ah|| is minimized is
invariant under the transformation, however, then one sees that the computed matrices
H and H are related in the right way. Examples of minimization conditions for which H
is transformation-invariant are discussed in the exercises at the end of this chapter.

4.4.3 Invariance of geometric error

It will be shown now that minimizing geometric error to find H isinvariant under sim-
ilarity (scaled Euclidean) transformations. As before, consider apoint correspondence
X <> x' and atransformation matrix H. Also, define arelated set of correspondences
x <x' wherex = Tx andx' = T'x', and let H be defined by H = T'HT". Suppose that
T and T' represent Euclidean transformations of |P?. One verifies that

d(x',Hx) = d(TV, T'ffrtx) = d(T'x'T'Hx) = d(x',Hx)

where the last equality holds because Euclidean distance is unchanged under a Eu-
clidean transformation such as T'. This shows that if H minimizes the geometric error
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for aset of correspondences, then H minimizes the geometric error for the transformed
& of correspondences, and so minimizing geometric error isinvariant under Euclidean
transformations.

For similarity transformations, geometric error is multiplied by the scale factor of
thetransformation, hence the minimizing transformations correspond in the same way
asin the Euclidean transformation case. Minimizing geometric error is invariant to
smilarity transformations.

444 Normalizing transformations

Aswas shown in section 4.4.2, the result of the DLT algorithm for computing 2D
homographies depends on the coordinate frame in which points are expressed. In fact
the result is not invariant to similarity transformations of the image. This suggests
the question whether some coordinate systems are in some way better than others for
computing a 2D homography. The answer to this is an emphatic yes. In this section a
method of normalization of the data is described, consisting of trandlation and scaling
d image coordinates. This normalization should be carried out before applying the
DLT agorithm. Subsequently an appropriate correction to the result expresses the
computed H with respect to the original coordinate system.

Apart from improved accuracy of results, data normalization provides a second de-
drable benefit, namely that an algorithm that incorporates an initial data normalization
sep will be invariant with respect to arbitrary choices of the scale and coordinate ori-
gin. This is because the normalization step undoes the effect of coordinate changes,
by effectively choosing a canonical coordinate frame for the measurement data. Thus,
agebraic minimization is carried out in afixed canonical frame, and the DLT agorithm
isin practice invariant to similarity transformations.

Isotropic scaling.  As afirst step of normalization, the coordinates in each image are
trandaed (by adifferent tranglation for each image) so as to bring the centroid of the
s of al points to the origin. The coordinates are also scaled so that on the average a
paint x isof the form x = (x, y, w)', with each of x, y and w having the same average
maghitude. Rather than choose different scale factors for each coordinate direction, an
isotropic scaling factor is chosen so that the x and y-coordinates of apoint are scaled
equdly. To this end, we choose to scale the coordinates so that the average distance of
apoint x from the origin is equal to \"2. This means that the "average" point is equa
0(1,1.1)". In summary the transformation is as follows:

(i) The points are translated o that their centroid is at the origin.
(i) The points are then scaled o that the average distance from the origin is equal
to\/2.
(ili) Thistransformation is applied to each of the two images independently.

Why is normalization essential? The recommended version of the DLT algorithm
with data normalization is given in algorithm 4.2. We will now motivate why this
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version of the algorithm, incorporating data normalization, should be used in prefer-
ence to the basic DLT of algorithm 4.1(/?91). Note that normalization is also called
pre-conditioning in the numerical literature.

The DLT method of algorithm 4.1 uses the SVD of A= UDV' to obtain a solution
to the overdetermined set of equations Ah = 0. These equations do not have an exact
solution (since the 2n x 9 matrix A will not have rank 8 for noisy data), but the vector
h, given by the last column of V, provides a solution which minimizes [|Ah|| (subject
to ||h|]| = 1). Thisis equivalent to finding the rank 8 matrix A which isclosest to A in
Frobenius norm and obtaining h as the exact solution of Ah — 0. The matrix A is given
by A = UDV" where D is D with the smallest singular value set to zero. The matrix A has
rank 8 and minimizes the difference to A in Frobenius norm because

IA- All- = JUDV' - UDV'[e = |D - Dlfe.

where |.|IF is the Frobenius norm, i.e. the square root of the sum of sgquares of all
entries.

Without normalization typical image points x*x* are of the order (xyw)' =
(100,100,1)", i.e, x, y are much larger than w. In A the entries xx, xy', yX, yy' will
be of order 10, entries xw', yw' etc. of order 10% and entries ww' will be unity. Re-
placing A by A means that some entries are increased and others decreased such that
the square sum of differences of these changesisminimal (and the resulting matrix has
rank 8). However, and this is the key point, increasing the term ww' by 100 means a
huge change in the image points, whereas increasing the term xx' by 100 means only a
slight change. This is the reason why al entries in A must have similar magnitude and
why normalization is essential.

The effect of normalization isrelated to the condition number of the set of DLT equa-
tions, or more precisely the ratio d\jd,-\ of the firgt to the second-last singular vaue
of the equation matrix A. This point isinvestigated in more detail in [Hartley-97c]. For
the present it is sufficient to say that for exact data and infinite precision arithmetic the
results will be independent of the normalizing transformation. However, in the pres-
ence of noise the solution will diverge from the correct result. The effect of alarge
condition number is to amplify this divergence. Thisistrue even for infinite-precision
arithmetic - this is not around-off error effect.

The effect that this data normalization has on the results of the DLT agorithm is
shown graphically in figure 4.4. The conclusion to be drawn here is that data normal-
ization gives dramatically better results. The examples shown in the figure are chosen
to make the effect easily visible. However, a marked advantage remains even in cases
of computation from larger numbers of point correspondences, with points more widely
distributed. To emphasize this point we remark:

« Data normalization isan essential step inthe DLT algorithm. It must not be consid-
ered optional.

Data normalization becomes even more important for less well conditioned problems,
such as the DLT computation of the fundamental matrix or the trifocal tensor, which
will be considered in later chapters.
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Objective

Given n > 4 2D to 2D point correspondences {XJ <> xj-}, determine the 2D homography
matrix H such that x'{ = HXJ.

Algorithm

(i) Normalization of x: Compute asimilarity transformation T, consisting of a translation
and scaling, that takes points x» to a new set of points Xj such that the centroid of the
points Xj is the coordinate origin (0, 0)7, and their average distance from the origin is
V2.

(i) Normalization of x': Compute a similar transformation T' for the points in the second
image, transforming points x; to xj.

(iii) DLT: Apply agorithm 4.1(p91) to the correspondences x, <> x[ to obtain a homogra-
phy H.

(iv) Denormalization: SetH = T/HT.

Algorithm 4.2. The normalized DLTfor 2D /tomographies.

+ + + +
+ + + + + +

Hg. 4.4. Results of Monte Carlo simulation (see section 5.3(pl49) of computation of 2D homographies).
A set of 5points (denotedby large crosses) was used to compute a 2D homography. Each of the 5 points
is mapped (in the noise-free case) to the point with the same coordinates, so that homography H isthe
identity mapping. Now, 100 trials were made with each point being subject to 0.1 pixel Gaussian noise
in one image. (For reference, the large crosses are 4 pixels across.) The mapping H computed using the
DLT algorithmwas then applied to transfer afurther point into the second image. The 100 projections
ofthispoint are shown with small crosses and the 95% ellipse computed from their scatter matrix is also
shown, (@) are the results without data normalization, and (b) the results with normalization. The left-
and rightmost reference points have (unnormalized) coordinates (130,108) and (170,108).

Non-isotropic scaling. Other methods of scaling are also possible. In non-isotropic
«ding, the centroid of the points is translated to the origin as before. After this trans-
lation the points form a cloud about the origin. Scaling is then carried out so that
thetwo principal moments of the set of points are both equa to unity. Thus, the set
d paoints will form an approximately symmetric circular cloud of points of radius 1
ebout the origin. Experimental results given in [Hartley-97c] suggest that the extra -
fat required for non-isotropic scaling does not lead to significantly better results than
isotropic scaling.

A further variant on scaling was discussed in [Muehlich-98], based on a statistical
andyds of the estimator, its bias and variance. In that paper it was observed that some
columns of A are not affected by noise. This applies to the third and sixth columns in
(4.3-p89), corresponding to the entry Wiw'j — 1. Such error-free entriesin A should not
ke varied in finding A, the closest rank-deficient approximation to A. A method known
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as Total Least Squares - Fixed Columns is used to find the best solution. For estimation
of the fundamental matrix (see chapter 11), [Muehlich-98] reports dlightly improved
results compared with non-isotropic scaling.

Scaling with points near infinity. Consider the case of estimation of a homography
between an infinite plane and an image. If the viewing direction is sufficiently oblique,
then very distant points in the plane may be visiblein theimage - even points at infinity
(vanishing points) if the horizon is visible. In this case it makes no sense to norma-
ize the coordinates of points in the infinite plane by setting the centroid at the origin,
since the centroid may have very large coordinates, or be undefined. An approach to
normalization in this case is considered in exercise (iii) on page 128.

45 |terative minimization methods

This section describes methods for minimizing the various geometric cost functions
developed in section 4.2 and section 4.3. Minimizing such cost functions requires
the use of iterative techniques. This is unfortunate, because iterative techniques tend
to have certain disadvantages compared to linear algorithms such as the normalized
DLT algorithm 4.2:

(i) They are dower.
(ii) They generally need an initial estimate at which to start the iteration,
(iii) They risk not converging, or converging to a local minimum instead of the
global minimum.
(iv) Selection of a stopping criterion for iteration may be tricky.

Consequently, iterative techniques generally require more careful implementation.
The technique of iterative minimization generally consists of five steps:

(i) Cost function. A cost function is chosen as the basis for minimization. Dif-
ferent possible cost functions were discussed in section 4.2.

(ii)y Parametrization. The transformation (or other entity) to be computed is ex-
pressed in terms of afinite number of parameters. It is not in general necessary
that this be aminimum set of parameters, and there are in fact often advantages
to over-parametrization. (See the discussion below.)

(iii) Function specification. A function must be specified that expresses the cost
in terms of the set of parameters.

(iv) Initialization. A suitable initid parameter estimate is computed. This will
generaly be done using alinear algorithm such asthe DLT algorithm.

(v) lteration.  Starting from the initial solution, the parameters are iteratively
refined with the goal of minimizing the cost function.

A word about parametrization

For a given cost function, there are often severa choices of parametrization. The gen
era strategy that guides parametrization is to select a set of parameters that cover the
complete space over which one is minimizing, while at the same time alowing oneto
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compute the cost function in aconvenient manner. For example, H may be parametrized
by 9 parameters - that is, it is over-parametrized, since there are really only 8 degrees
d freedom, overal scale not being significant. A minimal parametrization (i.e. the
same number of parameters as degrees of freedom) would involve only 8 parameters.

Ingeneral no bad effects are likely to occur if aminimization problem of thistypeis
over-parametrized, as long as for dl choices of parameters the corresponding object is
o thedesired type. In particular for homogeneous objects, such asthe 3x 3 projection
mealrix encountered here, it is usually not necessary or advisable to attempt to use a
minimd parametrization by removing the scale-factor ambiguity.

The reasoning is the following: it is not necessary to use minimal parametrization
because a well-performing non-linear minimization algorithm will "notice" that it is
nat necessary to move in redundant directions, such as the matrix scaling direction.
The algorithm described in Gill and Murray [Gill-78], which is a modification of the
Gauss-Newton method, has an effective strategy for discarding redundant combina-
tions of the parameters. Similarly, the Levenberg-Marquardt algorithm (see section
A6.2(p600)) handles redundant parametrizations easily. It is not advisable because it
isfound empirically that the cost function surface is more complicated when minimal
parametrizations. are used. There is then a greater possibility of becoming stuck in a
locd minimum.

One other issue that arises in choosing a parametrization is that of restricting the
transformation to aparticular class. For example, suppose H isknown to be ahomology,
then as described in section A7.2(p629) it may be parametrized as

H=1+ (Ji-1)f,

where/J, isascaar, and v and a 3-vectors. A homology has 5 degrees of freedom which
correspond here to the scalar /j, and the directions of v and a. If H is parametrized by its
9matrix entries, then the estimated H is unlikely to exactly be a homology. However,
if H is parametrized by \i, v and a (a tota of 7 parameters) then the estimated H is
guaranteed to be ahomology. This parametrization is consistent with ahomology (it is
a0 an over-parametrization). We will return to the issues of consistent, local, minimal
ad over-parametrization in later chapters. The issues are aso discussed further in
gopendix A6.9(p623).

Function specification

It has been seen in section 4.2.7 that ageneral class of estimation problemsis concerned
with a measurement space TR" containing a model surface S, Given a measurement
X e R* the estimation task is to find the point X lying on S closest to X. In the case
where a non-isotropic Gaussian error distribution is imposed on JR", the word closest
isto be interpreted in terms of Mahalanobis distance. Iterative minimization methods
will now be described in terms of this estimation model. In iterative estimation through
parameter fitting, the model surface S is locally parametrized, and the parameters are
alowed to vary to minimize the distance to the measured point. More specificaly,

(i) One has ameasurement vector X & JR" with covariance matrix E.
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(ii) A set of parameters are represented as avector P € IRM.

(iii) A mapping / : IR —» IR is defined. The range of this mapping is (at least
locally) the model surface S in TRY representing the set of allowable measure-
ments.

(iv) The cost function to be minimized is the squared Mahalanobis distance

X -1(P)[IM(X-/(P))"E"*(X-/(P)).

In effect, we are attempting to find a set of parameters P such that /(P) = X, or fail-
ing that, to bring /(P) asclose to X as possible, with respect to Mahalanobis distance.
The Levenberg-Marquardt algorithm is ageneral tool for iterative minimization, when
the cost function to be minimized is of this type. We will now show how the various
different types of cost functions described in this chapter fit into this format.

Error in oneimage. Here onefixesthe coordinates of points x» in the first image, and
varies H so as to minimize cost function (4.6-p94), namely

EAHX,)%.

The measurement vector X is made up of the 2n inhomogeneous coordinates of the
points xE. One may choose as parameters the vector h of entries of the homography
matrix H. The function / is defined by

[:h™"(Hyx,HX2,...,HXp)

where it is understood that here, and in the functions below, HXJ indicates the inhomo-
geneous coordinates. One verifies that [[X — /(h) j|’ is equal to (4.6-/794).

Symmetric transfer error. Inthe case of the symmetric cost function (4.7-p95)

I
one chooses as measurement vector X the An-vector made up of the inhomogeneous
coordinates of the points x4 followed by the inhomogeneous coordinates of the points
x™. The parameter vector as before is the vector h of entries of H, and the function / is
defined by

[:hi-> (H-X'1,....,H-1x;,HX1,...,HX,).
Asbefore, wefind that ||x - /(h) | is equal to (4.7-p95).

Reprojection error.  Minimizing the cost function (4.8-p95) is more complex. The
difficulty is that it requires a simultaneous minimization over al choices of points X]
as well as the entries of the transformation matrix H. If there are many point corre-
spondences, then this becomes a very large minimization problem. Thus, the problem
may be parametrized by the coordinates of the points x, and the entries of the matrix
H - atotal of 2n + 9 parameters. The coordinates of 59 are not required, since they
are related to the other parameters by 50 = HXJ. The parameter vector is therefore
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P= (h,xi,...,Xn). The measurement vector contains the inhomogeneous coordi-
netes of al the points Xj and x'. The function / is defined by

I (h,xi,..o . %,) HY (XAXi, ..M )

wherex'. = Hx,. One verifies that |[X — /(P) ||, with X a4n-vector, is equal to the cost
function (4.8-p95). This cost function must be minimized over adl 2n + 9 parameters.

Sampson approximation.  In contrast with 2n + 9 parameters of reprojection error,
minimizing the error in one image (4.6-/794) or symmetric transfer error (4.7-p95)
requires a minimization over the 9 entries of the matrix H only - in general a more
tractable problem. The Sampson approximation to reprojection error enables reprojec-
tion error also to be minimized with only 9 parameters.

This is ah important consideration, since the iterative solution of an m-parameter
non-linear minimization problem using a method such as Levenberg-Marquardt in-
vavesthe solution of an m X m set of linear equations at each iteration step. Thisisa
problem with complexity O(m%). Hence, it is appropriate to keep the size of m low.

The Sampson error avoids minimizing over the 2n + 9 parameters of reprojection er-
ror because effectively it determines the 2n variables {x,} for each particular choice of
h. Consequently the minimization then only requires the 9 parameters of h. In prac-
ticethis approximation gives excellent results provided the errors are small compared
to the measurements.

Initialization

Aninitid estimate for the parametrization may be found by employing alinear tech-
nique For example, the normalized DLT algorithm 4.2 directly provides H and thence
the 9-vector h used to parametrize the iterative minimization. In genera if there are
| > 4 correspondences, then al will be used in the linear solution. However, aswill be
Fmin section 4.7 on robust estimation, when the correspondences contain outliers it
mey be advisable to use a carefully selected minimal set of correspondences (i.e. four
correspondences). Linear techniques or minimal solutions are the two initialization
techniques recommended in this book.

Anadternative method that is sometimes used (for instance see [Horn-90, Horn-91])
isto carry out a sufficiently dense sampling of parameter space, iterating from each
sampled starting point and retaining the best result. Thisis only possible if the dimen-
don of the parameter space is sufficiently small. Sampling of parameter space may be
dore either randomly, or else according to some pattern. Another initialization method
is amply to do without any effective initialization at all, starting the iteration at agiven
fixed point in parameter space. This method is not often viable. Iteration is very likely
tofdl into afase minimum or not converge. Even in the best case, the number of
iteration steps required will increase the further one starts from the final solution. For
this reason using a good initialization method is the best plan.
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Objective

Given n > 4 image point correspondences {x, <> x"}, determine the Maximum Likelihood
estimate H of the homography mapping between the images.

The MLE involves also solving for a set of subsidiary points {x,}, which minimize

where x'. = HXJ.
Algorithm

(i) Initialization: Compute an initial estimate of H to provide a starting point for the ge-
ometric minimization. For example, use the linear normalized DLT agorithm 4.2, or
use RANSAC (section 4.7.1) to compute H from four point correspondences.

(i) Geometric minimization of - either Sampson error:

., * Minimize the Sampson approximation to the geometric error (4.12-p99).
* The cost is minimized using the Newton algorithm of section A6.1(p597) or
Levenberg-Marquardt algorithm of section A6.2(/J600) over a suitable parametriza-
tion of H. For example the matrix may be parametrized by its 9 entries.

or Gold Standard error:

» Compute an initid estimate of the subsidiary variables {x"} using the measured
points {x,} or (better) the Sampson correction to these points given by (4.1 1-p99).
* Minimize the cost

E(fcnr + e’

over Hand Xj,i = 1,..., n. The cost is minimized using the Levenberg-Marquardt
algorithm over 2n+9 variables: 'In for the n 2D points Xj, and 9 for the homography
matrix H.

If the number of points is large then the sparse method of minimizing this cost func-
tion given in section A6.4(p607) is the recommended approach.

Algorithm 4.3. The Gold Sandard algorithm and variations for estimating H from image correspon-
dences. The Gold Sandard algorithm ispreferred to the Sampson method for 2D homography compu-
tation.

Iteration methods

There are various iterative methods for minimizing the chosen cost function, of which
the most popular are Newton iteration and the Levenberg-Marquardt method. These
methods are described in appendix 6(p597). Other general methods for minimizing
a cost function are available, such as Powell's method and the simplex method both
described in [Press-88].

Summary. The ideas in this section are collected together in algorithm 4.3, which
describes the Gold Standard and Sampson methods for estimating the homography
mapping between point correspondences in two images.

Samsung/Google, EX1010, p. 132



4.6 Experimental comparison of the algorithms 115

Fg. 4.5. Threeimages of a plane which are used to compare methods of computing projective transfor-
mationsfrom corresponding points.

Method Pair 1 Pair 2
figure45a& b figure 45a&¢c

Linear normalized 0.4078 0.6602
Gold Standard 0.4078 0.6602
Linear unnormalized 0.4080 26.2056
Homogeneous scaling 0.5708 0.7421
Sampson 0.4077 0.6602
Error in 1view 0.4077 0.6602
Affine 6.0095 2.8481
Theoretical optimal 0.5477 0.6582

Table 4.1. Residual errorsinpixelsfor the various algorithms.

4.6 Experimental comparison of the algorithms

Theagorithms are compared for the images shown in figure 4.5. Table 4.1 shows the
results of testing several of the algorithms described in this chapter. Residual error is
shown for two pairs of images. The methods used are fairly self-explanatory, with a
fav exceptions. The method "affine” was an attempt to fit the projective transformation
with an optimal affine mapping. The "optimal” is the ML estimate assuming a noise
levd of one pixel.

Thefirst pair of images are (8) and (b) of figure 4.5, with 55 point correspondences.
It gppears that al methods work almost equally well (except the affine method). The
optimd residual is greater than the achieved results, because the noise level (unknown)
is lessthan one pixel.

Image (c) of figure 4.5 was produced synthetically by resampling (&), and the second
par consists of (a) and (c) with 20 point correspondences. In this case, amost dll
mehods perform amost optimally, as shown in the table 4.1. The exception is the
dfine method (expected to perform badly, since it is not an &fine transformation) and
the unnormalized linear method. The unnormalized method is expected to perform
bedy (though maybe not this badly). Just why it performs well in the first pair and
vay badly for the second pair is not understood. In any case, it is best to avoid this
method and use anormalized linear or Gold Standard method.

A further evaluation is presented in figure 4.6. The transformation to be estimated is
the one that maps the chessboard image shown here to a square grid aligned with the
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Noise Level Noise level

C d

Fig. 4.6. Comparison of theDLT and Gold Standard algorithms to the theoretically optimal resid-
ual error, (a) The homography is computed between a chessboard and this image. In all three graphs,
the resultfor the Gold Standard algorithm overlap and are indistinguishable from the theoretical mini-
mum, (b) Residual error as afunction of the number of points, (c) The effect of varying noise level for
10points, and (d) 50 points.

axes. As may be seen, the image is substantially distorted, with respect to a square grid.
For the experiments, randomly selected points in the image were chosen and matched
with the corresponding point on the square grid. The (normalized) DLT algorithm
and the Gold Standard algorithm are compared to the theoretical minimum or residual
error (see chapter 5). Note that for noise up to 5 pixels, the DLT agorithm performs
adequately. However, for anoise leve of 10 pixelsit fails. Note however that in a 200-
pixel image, an error of 10 pixels is extremely high. For less severe homographies,
closer to the identity map, the DLT performs amost as well as the Gold Standard
algorithm.

4.7 Robust estimation

Up to this point it has been assumed that we have been presented with a set of corre-
spondences, {Xj <> x"}, where the only source of error is in the measurement of the
point's position, which follows a Gaussian distribution. In many practical situations
this assumption is not valid because points are mismatched. The mismatched points
are outliers to the Gaussian error distribution. These outliers can severely disturb the
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Fg. 4.7. Robust line estimation. The solid points are inliers, the open points outliers, (a) A least-

squares (orthogonal regression) fit to the point data is severely affected by the outliers, (b) In the
RANSAC algorithm the support for lines through randomly selected point pairs is measured by the num-
ber of points within a threshold distance of the lines. The dotted lines indicate the threshold distance.
For thelines shown the support is 10for line (a, b) (where both of thepoints a and b are inliers); and
2for line (c, d) where thepoint ¢ isan outlier.

edimated homography, and consequently should be identified. The goal then isto de-
termine a set of inliers from the presented "correspondences’ so that the homography
can then be estimated in an optimal manner from these inliers using the algorithms de-
<cribed in the previous sections. This is robust estimation since the estimation is robust
(tolerant) to outliers (measurements following a different, and possibly unmodelled,
error distribution).

471 RANSAC

We start with a simple example that can easily be visualized - estimating a straight
line fit to a set of 2-dimensional points. This can be thought of as estimating a 1-
dimensiond &fine transformation, X' — ax + b, between corresponding points lying on
twolines.

The problem, which is illustrated in figure 4.7a, is the following: given a set of 2D
daa points, find the line which minimizes the sum of squared perpendicular distances
(orthogona regression), subject to the condition that none of the valid points deviates
from this line by more than t units. This is actualy two problems: alinefit to the data;
ad aclassification of the datainto inliers (valid points) and outliers. The threshold t is
s according to the measurement noise (for examplet = 3a), and is discussed below.
There are many types of robust algorithms and which one to use depends to some extent
anthe proportion of outliers. For example, if it is known that there is only one ouitlier,
then each point can be deleted in turn and the line estimated from the remainder. Here
we describe in detail a general and very successful robust estimator - the RANdom
SAmple Consensus (RANSAC) algorithm of Fischler and Bolles [Fischler-81]. The
RANSAC algorithm is able to cope with alarge proportion of outliers.

Theideais very simple: two of the points are selected randomly; these points define
aline. The support for this line is measured by the number of points that lie within a
distance threshold. This random selection is repeated a number of times and the line
with most support is deemed the robust fit. The points within the threshold distance are
theinliers (and constitute the eponymous consensus set). The intuition is that if one of
thepoints is an outlier then the line will not gain much support, seefigure 4.7b.
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Furthermore, scoring aline by its support has the additional advantage of favouring
better fits. For example, the line (a, b) in figure 4.7b has a support of 10, whereas the
line (a, d), where the sample points are neighbours, has a support of only 4. Conse-
quently, even though both samples contain no outliers, the line (a. b) will be selected.

More generally, we wish to fit amodel, in this case aline, to data, and the random
sample consists of aminimal subset of the data, in this case two points, sufficient to
determine the model. If the modd is a planar homography, and the data a set of 2D
point correspondences, then the minimal subset consists of four correspondences. The
application of RANSAC to the estimation of ahomography is described below.

As stated by Fischler and Bolles [Fischler-81] "The RANSAC procedure is opposite
to that of conventional smoothing techniques: Rather than using as much of the data as
possible to obtain an initial solution and then attempting to eliminate the invaid data
points, RANSAC uses as small an initial data set as feasible and enlarges this set with
consistent data when possible".

The RANSAC algorithm is summarized in agorithm 4.4. Three questions immedi-
ately arise:

Objective

Robust fit of amodel to adata set S which contains outliers.
Algorithm

(i) Randomly select a sample of s data points from S and instantiate the model from this
subset,

(ii) Determine the set of data points S which are within adistance threshold t of the model.
The set S, isthe consensus set of the sample and defines the inliers of 5.

(iii) If the size of S (the number of inliers) is greater than some threshold T,
re-estimate the model using al the pointsin S and terminate.

(iv) If the size of S islessthan T, select anew subset and repeat the above,

(v) After N trials the largest consensus set S is selected, and the model is
re-estimated using dl the points in the subset S.

Algorithm 4.4. The RANSAC robust estimation algorithm, adapted from [Fischler-81]. A minimum of s
data points are reguired to instantiate thefree parameters of the model. The three algorithm thresholds
t, T, and N arediscussed in the text.

1. What isthe distance threshold? Wewould like to choose the distance threshold, t,
such that with aprobability a the point is an inlier. This calculation requires the prob-
ability distribution for the distance of an inlier from the model. In practice the distance
threshold is usualy chosen empirically. However, if it is assumed that the measure-
ment error is Gaussian with zero mean and standard deviation a, then avalue for t may
be computed. In this case the square of the point distance, d\, is a sum of squared
Gaussian variables and follows a X%, distribution with m degrees of freedom, where
m equals the codimension of the model. For aline the codimension is 1- only the
perpendicular distance to the line is measured. If the model is apoint the codimension
is 2, and the square of the distance is the sum of squared x and y measurement errors.
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The probability that the value of aXm random variableisless than k* is given by the cu-
mulative chi-squared distribution, F(k) —f, Xm(0*- Both of these distributions
ae described in section A2.2(p566). From the cumulative distribution

inlier dz, < t2 5 49 T R
outier A>t* ~t? = FHa)a (4.17)

Uaudly a is chosen as 0.95, so that there is a95% probability that the point is an inlier.
Thismeans that an inlier will only be incorrectly rejected 5% of the time. Vaues of t
fora = 0.95 and for the models of interest in this book are tabulated in table 4.2.

Codimension m Model t?
1 line, fundamental matrix ~ 3.84 &
2 homography, camera matrix ~ 5.99 a?
3 trifocal tensor 7.81 &

Tade4.2. 77zedistance threshold t* = F,’ (a)a® for aprobability of a = 0.95 that the point (corre-
spondence) isan inlier.

2 How many samples? It is often computationally infeasible and unnecessary to try
evay possible sample. Instead the number of samples N is chosen sufficiently high
to ensure with a probability, p, that a least one of the random samples of s points is
free from outliers. Usualy p is chosen at 0.99. Suppose w is the probability that any
sected data point is an inlier, and thus 6= 1 — w isthe probability that it is an outlier.
Then a least A" selections (each of s points) are required, where (1 — w)" = 1—p,
9D that

™ = log(l -p)/log(l - (1- €)d. (4.18)

Tede 4.3 gives examples of N for p = 0.99 for agiven sand e

Sample size Proportion of outliers r
s 5% 10% 20% 25% 30% 40% 50%
2 2 3 5 6 7 n 17
3 3 4 7 9 n 19 35
4 3 5 9 13 17 K7 72
5 4 6 12 17 26 57 146
6 4 7 16 24 37 97 293
7 4 8 20 33 54 163 588
8 5 9 26 44 78 272 1177

Tade4.3. Thenumber N of samples required to ensure, with a probability p = 0.99, that at least one
sample has no outliersfor agiven size of sample, s, and proportion of outliers, e.

Example 4.4. For the line-fitting problem of figure 4.7 there are n —12 data points, of
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which two are outliers so that e = 2/12 = 1/6. From table 4.3 for aminimal subset
of sizes = 2, a least N —5 samples are required. This should be compared with
the cost of exhaustively trying every point pair, in which case Q%) = 66 samples are
required (the notation (£) means the number of choices of 2 among n, specificaly,
») =n(n - 1)/2). A

Note

(i) The number of samples is linked to the proportion rather than number of out-
liers. This means that the number of samples required may be smaller than the
number of outliers. Consequently the computational cost of the sampling can
be acceptable even when the number of outliersis large.

(ii) The number of samples increases with the size of the minimal subset (for a
given eand p). It might be thought that it would be advantageous to use more
than the minimal subset, three or more points in the case of aline, because then
abetter estimate of the line would be obtained, and the measured support would
more accurately reflect the true support. However, this possible advantage in
measuring support is generally outweighed by the severe increase in computa
tional cost incurred by the increase in the number of samples.

3. How large is an acceptable consensus set? A rule of thumb is to terminate if the
size of the consensus set is similar to the number of inliers believed to be in the data
s, given the assumed proportion of outliers, i.e. for n datapoints T = (1 — e)n. For
the line-fitting example of figure 4.7 a conservative estimate of eis e = 0.2, so that
T = (1.0-0.2)12 = 10.

Determining the number of samples adaptively. It is often the case that e the
fraction of data consisting of outliers, is unknown. In such cases the agorithm is
initialized using a worst case estimate of e and this estimate can then be updated as
larger consistent sets are found. For example, if the worst case guess ise = 0.5 and
aconsensus st with 80% of the data is found as inliers, then the updated estimate is
e= 02

This idea of "probing" the data via the consensus sets can be applied repeatedly in
order to adaptively determine the number of samples, N. To continue the example
above, the worst case estimate of e = 0.5 determines an initial N according to (4.18).
When a consensus set containing more than 50% of the data is found, we then know
that there is a least that proportion of inliers. This updated estimate of e determines a
reduced N from (4.18). This update is repeated at each sample, and whenever a con-
sensus set with elower than the current estimate is found, then TV is again reduced. The
algorithm terminates as soon as N samples have been performed. It may occur that a
sample isfound for which edetermines an N less than the number of samples that have
aready been performed. In such acase sufficient samples have been performed and the
algorithm terminates. In pseudo-code the adaptive computation of iV is summarized
in algorithm 4.5.

This adaptive approach works very well and in practice covers the questions of both
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4.7 Robust estimation 121

* N = oo, sample_count= 0.
o While Nl > sample_count Repeat

- Choose a sample and count the number of inliers

- Sete=1— (number of inliers)/(total numberof points)
- Set Nfrom eand (4.18) with p = 0.99.

- Increment the sample_count by 1.

* Terminate.

Algorithm 4.5. Adaptive algorithm for determining the number of RANSAC samples.

[o] o

a b

Fig. 48. Robust ML estimation. 77/egreypoints are classified asinliers to the line, (a) A line defined
by points (A, B) fes asupport of four (from points {A, B, C, D}). (fo 7722 ML linefit (orthogonal

least-squares) to thefour points. Thisisa much improvedfitover that defined by {A, B). 10points are
classified asinliers.

the number of samples and terminating the algorithm. The initial e can be chosen
& 10, in which case the initia TV will be infinite. It is wise to use a conservative
probability p such as 0.99 in (4.18). Table 4.4 on page 127 gives example €s and TV's
when computing a homography.

472 Robust Maximum Likelihood estimation

The RANSAC agorithm partitions the data set into inliers (the largest consensus set)
ad outliers (the rest of the data set), and also delivers an estimate of the model, Mo,
computed from the minimal set with greatest support. The final step of the RANSAC
dgorithm is to re-estimate the model using al theinliers. This re-estimation should be
optima and will involve minimizing a ML cost function, as described in section 4.3.
Inthecase of aline, ML estimation is equivalent to orthogonal regression, and a closed
fam solution is available. In general, though, the ML estimation involves iterative
minimization, and the minimal set estimate, My, provides the starting point.

The only drawback with this procedure, which is often the one adopted, is that the
inlier-outlier classification is irrevocable. After the model has been optimallyfittedto
the consensus set, there may well be additional points which would now be classified
asinliersif the distance threshold was applied to the new model. For example, suppose
theline (A, B) in figure 4.8 was selected by RANSAC. This line has asupport of
four points, al inliers. After the optimal fitto these four points, there are now 10 points
whichwould correctly be classified asinliers. These two steps: optimafittoinliers; re-
dassfy inliers using (4.17); can then be iterated until the number of inliers converges.
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A least-squares fit with inJiers weighted by their distance to the model is often used at
this stage.

Robust cost function. An dternative to minimizing C = Y.i d\i over the inliersisto
minimize arobust version including all data. A suitable robust cost function is

B-ETfe) wih-(Q={£ 2<£ ~ (419

Here d+i are point errors and 7(e) is a robust cost function [Huber-81] where outliers
are given afixed cost. The x* motivation for the threshold is the same as that of (4.17),
wherei? isdefined. The quadratic cost for inliers arises from the Gaussian error model,
as described in section 4.3. The constant cost for outliers in the robust cost function
arises from the assumption that outliers follow adiffuse or uniform distribution, thelog-
likelihood of which is a constant. It might be thought that outliers could be excluded
from the cost function by simply thresholding on d+i. The problem with thresholding
alone is that it would result in only outliers being included because they would incur
no cost.

The cost function V alows the minimization to be conducted on al points whether
they are outliers or inliers. At the start of the iterative minimization V differs from C
only by a constant (given by 4 times the number of outliers). However, as the min-
imization progresses outliers can be redesignated inliers, and this typically occurs in
practice. A discussion and comparison of cost functions is given in appendix A6.8-
(p616).

4.7.3 Other robust algorithms

In RANSAC a modd instantiated from aminimal set is scored by the number of data
points within a threshold distance. An dternative is to score the model by the me-
dian of the distances to al points in the data. The model with least median is then
selected. Thisis Least Median of Squares (LMS) estimation, where, asin RANSAC,
minimum size subset samples are selected randomly with the number of samples ob-
tained from (4.18). The advantage of LMS isthat it requires no setting of thresholds or
apriori knowledge of the variance of the error. The disadvantage of LMS isthat it fails
if more than half the data is outlying, for then the median distance will be to an outlier.
The solution isto use the proportion of outliers to determine the selection distance. For
example if there are 50% ouitliers then a distance below the median value (the quartile
say) should be used.

Both the RANSAC and LMS agorithms are able to cope with alarge proportion of
outliers. If the number of outliersis small, then other robust methods may well be more
efficient. These include case deletion, where each point in turn is deleted and the model
fitted to the remaining data; and iterative weighted least-squares, where a data point's
influence on the fit is weighted inversely by its residual. Generally these methods
are not recommended. Both Torr [Torr-95b] and Xu and Zhang [Xu-96] describe and
compare various robust estimators for estimating the fundamental matrix.

Samsung/Google, EX1010, p. 140



4.8 Automatic computation of a homography 123
Objective
Compute the 2D homography between two images.
Algorithm

(i) Interest points: Compute interest points in each image.
(ii) Putative correspondences: Compute a set of interest point matches based on proxim-
ity and similarity of their intensity neighbourhood.
(iii) RANSAC robust estimation: Repeat for N samples, where N is determined adap-
tively asin algorithm 4.5:

(a) Select arandom sample of 4 correspondences and compute the homography H.

(b) Calculate the distance d+ for each putative correspondence.

() Compute the number of inliers consistent with H by the number of correspon-
dences for which d* < t = y/5.99a pixels.

Choose the H with the largest number of inliers. In the case of ties choose the solution
that has the lowest standard deviation of inliers.

(iv) Optimal estimation: re-estimate H from al correspondences classified as inliers, by
minimizing the ML cost function (4.8-p95) using the Levenberg-Marquardt algorithm
of section A6.2(p600).

(v) Guided matching: Further interest point correspondences are now determined using
the estimated H to define a search region about the transferred point position.

The last two steps can be iterated until the number of correspondences is stable.

Algorithm 4.6. Automatic estimation of a homography between two images using RANSAC.

4.8 Automatic computation of a homography

This section describes an algorithm to automatically compute a homography between
two images. The input to the algorithm is simply the images, with no other a priori
information required; and the output is the estimated homography together with a set
d interest points in correspondence. The algorithm might be applied, for example, to
two images of aplanar surface or two images acquired by rotating a camera about its
centre.

The firgt step of the algorithm isto compute interest points in each image. We are
then faced with a "chicken and egg" problem: once the correspondence between the
interest points is established the homography can be computed; conversely, given the
homography the correspondence between the interest points can easily be established.
Thisproblem is resolved by using robust estimation, here RANSAC, as a"search en-
ging'. Theideaisfirg to obtain by some means a set of putative point correspondences.
It is expected that a proportion of these correspondences will in fact be mismatches.
RANSAC is designed to deal with exactly this situation - estimate the homography
ad dso a set of inliers consistent with this estimate (the true correspondences), and
outliers (the mismatches).

The agorithm is summarized in algorithm 4.6, with an example of its use shown
infigure4.9, and the steps described in more detail below. Algorithms with essentially
the same methodology enable the automatic computation of the fundamental matrix
ad trifocal tensor directly from image pairs and triplets respectively. This computation
is described in chapter 11 and chapter 16.
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Determining putative correspondences. The aim, in the absence of any knowledge
of the homography, isto provide aninitial point correspondence set. A good proportion
of these correspondences should be correct, but the am is not perfect matching, since
RANSAC will later be used to eliminate the mismatches. Think of these as "seed"
correspondences. These putative correspondences are obtained by detecting interest
points independently in each image, and then matching these interest points using a
combination of proximity and similarity of intensity neighbourhoods as follows. For
brevity, the interest points will be referred to as ‘corners’. However, these corners need
not be images of physical corners in the scene. The corners are denned by a minimum
of the image auto-correlation function.

For each corner at (x, y) in image 1 the match with highest neighbourhood cross-
correlation in image 2 is selected within a square search region centred on (X, y). Sym-
metrically, for each corner in image 2 the match is sought in image 1. Occasionally
there will be a conflict where a corner in one image is "claimed" by more than one
corner in the other. In such cases a "winner takes all" scheme is applied and only the
match with highest cross-correlation is retained.

A variation on the similarity measure isto use Squared Sum of intensity Differences
(SSD) instead of (normalized) Cross-Correlation (CC). CC is invariant to the afine
mapping of theintensity values (i.e./ +> al+]3, scaling plus offset) which often occurs
in practice between images. SSD is not invariant to this mapping. However, SSD is
often preferred when there is small variation in intensity between images, because it is
amore sensitive measure than CC and is computationally cheaper.

RANSAC for a homography. The RANSAC algorithm is applied to the putative
correspondence set to estimate the homography and the (inlier) correspondences which
are consistent with this estimate. The sample size is four, since four correspondences
determine a homography. The number of samplesis set adaptively asthe proportion of
outliers is determined from each consensus set, as described in algorithm 4.5.

There aretwo issues: what isthe "distance" in this case? and how should the samples
be selected?

() Distance measure: The simplest method of assessing the error of a corre-
spondence from a homography His to use the symmetric transfer error, i.e
Mrader = °KS H-x')? + d(x', Hx)?, where x < X' is the point correspon-
dence. A better, though more expensive, distance measure is the reprojection
error, d?. = d(x, x)? + d(x', x')?, where x' = Hx is the perfect correspondence.
This measure is more expensive because x must also be computed. A further
dternative is Sampson error.

(ii) Sample selection: There are two issues here. First, degenerate samples should
be disregarded. For example, if three of the four points are collinear then a
homography cannot be computed; second, the sample should consist of paints
with a good spatia distribution over the image. This is because of the extrap-
olation problem - an estimated homography will accurately map the region
straddled by the computation points, but the accuracy generally deteriorates

Samsung/Google, EX1010, p. 142



4.8 Automatic computation of a homography 125

with distance from this region (think of four points in the very top corner of the
image). Distributed spatid sampling can be implemented by tiling the image
and ensuring, by a suitable weighting of the random sampler, that samples with
points lying in different tiles are the more likely.

Robug ML estimation and guided matching. The aim of this fina stage is two-
fold: first, to obtain an improved estimate of the homography by using al the inliersin
the estimation (rather than only the four points of the sample); second, to obtain more
inlying matches from the putative correspondence set because amore accurate homog-
rgohy is available. An improved estimate of the homography is then computed from
theinliers by minimizing an ML cost function. This final stage can be implemented
intwo ways. One way is to carry out an ML estimation on the inliers, then recompute
theinliers using the new estimated H, and repeat this cycle until the number of inliers
converges. The ML cost function minimization is carried out using the Levenberg-
Marquardt algorithm described in section A6.2(/?600). The aternative is to estimate
the homography and inliers simultaneously by minimizing a robust ML cost function
of (4.19) as described in section 4.7.2. The disadvantage of the simultaneous approach
isthe computational effort incurred in the minimization of the cost function. For this
reason the cycle approach is usually the more attractive.

481 Application domain

Theagorithm requires that interest points can be recovered fairly uniformly across the
image, and this in turn requires scenes and resolutions which support this requirement.
Soenes should be lightly textured - images of blank walls are not ideal.

The search window proximity constraint places an upper limit on the image motion
d corners (the disparity) between views. However, the algorithm is not defeated if this
condraint is not applied, and in practice the main role of the proximity constraint isto
reduce computational complexity, as a smaller search window means that fewer corner
meatches must be evaluated.

Ultimately the scope of the algorithm is limited by the success of the corner neigh-
bourhood similarity measure (SSD or CC) in providing disambiguation between cor-
respondences. Failure generaly results from lack of spatial invariance: the measures
aeonly invariant to image trandation, and are severely degraded by transformations
outsde this class such as image rotation or significant differences in foreshortening
between images. One solution is to use measures with a greater invariance to the ho-
mogrgphy mapping between images, for example measures which are rotationaly in-
vaiant. An aternative solution is to use an initia estimate of the homography to map
between intensity neighbourhoods. Details are beyond the scope of this discussion,
but are provided in [Pritchett-98, Schmid-98]. The use of robust estimation confers
moderate immunity to independent motion, changes in shadows, partial occlusions etc.
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Jills

mmmmm. &

Fig. 4.9. Automatic computation of a homography between two images using RANSAC. The mo-
tion between views is a rotation about the camera centre so the images are exactly related by a homog-
raphy. (a) (b) left and right images ofKeble College, Oxford. The images are 640 x 480 pixels, (c) (d)
detected corners superimposed on the images. There are approximately 500 corners on each image. The
following results are superimposed on the left image: (€) 268 putative matches shown by the line linking
corners, note the clear mismatches; (f) outliers - 117 of the putative matches; (g) inliers - 151 corre-
spondences consistent with the estimated E; (h) final set of 262 correspondences after Sguided matchi ng
andMLE.
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482 Implementation and run details

Interest points are obtained using the Harris [Harris-88] corner detector. This detec-
tor localizes corners to sub-pixel accuracy, and it has been found empirically that the
correspondence error is usualy lessthan apixel [Schmid-98].

When abtaining seed correspondences, in the putative correspondence stage of the
dgorithm, the threshold on the neighbourhood similarity measure for match acceptance
isdeliberately conservative to minimize incorrect matches (the SSD threshold is 20).
For the guided matching stage this threshold is relaxed (it is doubled) so that additional
putative correspondences are available.

iberof 1-e Adaptive
inliers N

6 2% 20,028,244

10 3% 2,595,658

4 16% 6,922
58 21% 2,291
73 26% 911
151 56% 43

Table 4.4. The results of the adaptive algorithm 4.5 used during RANSAC to compute the homograph}'
forfigure4.9. N isthe total number of samples required as the algorithm runsfor p = 0.99 probability
ofno outliers in the sample. The algorithm terminated after 43 samples.

For the example of figure 4.9 the images are 640 x 480 pixels, and the search window
1320 pixels, i.e. the entire image. Of course amuch smaller search window could have
been used given the actua point disparities in this case. Often in video sequences a
search window of +40 pixels suffices (i.e. a square of side 80 centred on the current
position). The inlier threshold wast —1.25 pixels.

A total of 43 samples were required, with the sampling run as shown in table 4.4.
The guided matching required two iterations of the MLE-inlier classification cycle.
The RMS values for d. pixel error were 0.23 before the MLE and 0.19 &fter. The
Levenberg-Marquardt algorithm required 10 iterations.

49 Closure

This chapter has illustrated the issues and techniques that apply to estimating the ten-
rsrepresenting multiple view relations. These ideas will reoccur in each of the com-
putation chapters throughout the book. In each case there are a minimal number of
correspondences required; degenerate configurations that should be avoided; algebraic
and geometric errors that can be minimized when more than the minimal nhumber of
correspondences are available; parametrizations that enforce internal constraints on the
tensor etc.

491 The literature

The DLT algorithm dates back at least to Sutherland [Sutherland-63]. Sampson's clas-
sc paper on conic fitting (an improvement on the equally classic Bookstein algorithm)
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appeared in [Sampson-82]. Normalization was made public in the Computer Vision
literature by Hartley [Hartley-97c].

Related reading on numerical methods may be found in the excellent Numerical
Recipes in C [Press-88], and aso Gill and Murray [Gill-78] for iterative minimization.

Fischler and Bolles' [Fischler-81] RANSAC was one of the earliest robust algo-
rithms, and in fact was developed to solve a Computer Vision problem (pose from
3 points). The origina paper is very clearly argued and well worth reading. Other
background material on robustness may be found in Rousseeuw [Rousseeuw-87]. The
primary application of robust estimation in computer vision was to estimating the fun-
damental matrix (chapter 11), by Torr and Murray [Torr-93] using RANSAC, and,
Zhang et al. [Zhang-95] using LMS. The automatic ML estimation of a homography
was described by Torr and Zisserman [Torr-98].

4.9.2 Notes and exercises
(i) Computing homographies of IP". The derivation of (4.1-p89) and (4.3-/789)
assumed that the dimension of x- is three, so that the cross-product is defined.
However, (4.3) may be derived in a way that generalizes to al dimensions.
Assuming that w[ = 1, we may solve for the unknown scale factor explicitly by
writing Bng = k(x,y.n 1)". From the third coordinate we obtain k = h3'x,,
and substituting this into the original equation gives

h'™x, \  / ,~h%Tx,
h™x, ) ~ \ ~h®Tx,

which leads directly to (4.3).

(i) Computing homographies for ideal points. If one of the points x" is an
ideal point, so that w'; — O, then the pair of equations (4.3) collapses to a single
equation although (4.1) does contain two independent equations. To avoid such
degeneracy, while including only the minimum number of equations, a good
way to proceed is as follows. We may rewrite the equation x* = HXJ as

[XPHXi = 0

where [x']” is a matrix with rows orthogonal to x' so that [x-J*x' = 0. Each
row of [xX'J* leads to a separate linear equation in the entries of H. The matrix
[x"]-* may be obtained by deleting the first row of an orthogonal matrix M satis-
fying MX = (1,0,...,0)". A Householder matrix (see section A4.1.2(p580))
is an easily constructed matrix with the desired property,

(iii) Scaling unbounded point sets. In the case of points at or near infinity in a
plane, it is neither reasonable nor feasible to normalize coordinates using the
isotropic (or non-isotropic) scaling schemes presented in this chapter, since the
centroid and scale are infinite or near infinite. A method that seems to give
good results is to normalize the set of points x, = (x,, yi, Wi)" such that
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Note that the coordinates x, and y,s appearing here are the homogeneous co-
ordinates, and the conditions no longer imply that the centroid is a the origin.
Investigate methods of achieving this normalization, and evaluate its properties.

(iv) Transformation invariance of DLT. We consider computation of a 2D ho-
mography by minimizing algebraic error ||Ah|| (see (4.5-p94)) subject to vari-
ous constraints. Prove the following cases:

(@ If ||Ah|| is minimized subject to the constraint kg —Hx = 1, then the
result is invariant under change of scale but not trandation of coordi-

nates.
(b) If instead the constraint is H™ + H|, = 1 then the result is similarity
invariant.
(c) Affine case: The sameistruefor the constraint Hy = Hy = 0; Hp = 1L
(v) Expressions for image coordinate derivatives. For the map x' =
(xy,w)’  —Hx, derive the following expressions (where x' = (xy)’ =
(X, yw)" are the inhomogeneous coordinates of the image point):
(@) Derivative wrt x
, IT xh¥
ax/dx. = W :ZT y/n3T (4.20)
where h'T isthej—th row of H.
(b) Derivative wrt H
dx/dh = — * XX (4.22)

T
W 0 x -y'X
with h as defined in (4.2-p89).
(vi) Sampson error with non-isotropic error distributions. The derivation of
Sampson error in section 4.2.6(p98) assumed that points were measured with

circular error distributions. In the case where the point X = (xyX,y) is
measured with covariance matrix Ey it is appropriate instead to minimize the

Mahaanobis norm [|5,]]]- —*x"x"x- Show that in this case the formulae
corresponding to (4.11-p99) and (4.12-p99) are

5. = -S,JT(JE,J")-te (4.22)
and

HXIIL = eT(JEJT)-'e. (4.23)

Note that if the measurements in the two images are independent, then the co-
variance matrix E4 will be block-diagonal with two 2 x 2 diagonal blocks cor-
responding to the two images,

(vii) Sampson error programming hint. In the case of 2D homography estima-
tion, and in fact every other similar problem considered in this book, the cost
function Cy(X) = A(x)h of section 4.2.6(p98) is multilinear in the coordinates
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4 Estimation — 2D Projective Transformations

Objective

Given n > 4 image point correspondences {x" <> x"}, determine the affine homography Ha
which minimizes reprojection error in both images (4.8-p95).

Algorithm

(a8 Express points as inhomogeneous 2-vectors. Translate the points X by a translation t
so that their centroid is at the origin. Do the same to the points X" by atranslation t'.
Henceforth work with the translated coordinates.

(b) Form then x 4 matrix A whose rows are the vectors

X3 = (*7>*D = {4, Vixiyi).

(c) Let Vi and V, be theright singular-vectors of A corresponding to the two largest (sic)
singular values.
(d) Let Hp, = CBM, where B and C arethe 2 x 2 blocks such that

r
. B
[VlVZ] = C
(e) The required homography is
HoX2  Hoaxot — t
HA - ST 2><21 .

and the corresponding estimate of the image points is given by
X, = (MV] + VaVj)X<

Algorithm 4.7. The Gold Sandard Algorithm for estimating an affine homography Bafrom image cor-
respondences.

(viii)

of X. This means that the partial derivative <9C,(x)/<9 may be very smply
computed. For instance, the derivative

dCe(x, v, X, y)ldx = Cu(x+ Ly, X, ¥) - Ci(X, ¥, X, Y)

is exact, not a finite difference approximation. This means that for pro-
gramming purposes, one does not need to code a specia routine for taking
derivatives - the routine for computing Cy(x) will suffice. Denoting by Ej
the vector containing 1 in the i-th position, and otherwise O, one sees that
dCe(X)/dXi = Cy(X + Ei) - Cu(X), and further

T =Y, (CHX + E) - Cu(X)) (C,(X + E) - Cu(X))".
|

Also note that computationally it is more efficient to solve JJ'A = —e directly
for A, rather than take the inverse as A = — (JJ")~"e.

Minimizing geometric error for affine transformations.  Given a set of
correspondences (X, yi) (X" y[), find an afine transformation Ha that mini-
mizes geometric error (4.8-p95). We will step through the derivation of alinear
algorithm based on Sampson's approximation which is exact in this case. The
complete method is summarized in algorithm 4.7.
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(& Show that the optimum &ffine transformation takes the centroid of the x,
to the centroid of x£, so by trandating the points to have their centroid
a the origin, the trandlation part of the transformation is determined. It
is only necessary then to determine the upper-left 2x 2 submatrix Hoy,
of Ha, which represents the linear part of the transformation.

(b) ThepointXi = (XT.x-")T lieson V4 if and only if [Hag] - 12x2]x = O.
S0 Vy is acodimension-2 subspace of 1R,

(c) Any codimension-2 subspace may be expressed as [Hx2 — I]x = 0
for suitable H,y,. Thus given measurements Xj, the estimation task is
equivalent to finding the best-fitting codimension-2 subspace.

(d) Given a matrix M with rows xj, the best-fitting subspace to the Xj is
spanned by the singular vectors Vi and V, corresponding to the two
largest singular values of M.

(e) The Hy, corresponding to the subspace spanned by Vi and V is found
by solving the equations [Haxx,| — I][ViV,] = 0.

(ix) Computing homographies of IP* from line correspondences. Consider
computing a4 x 4 homography H from lines correspondences alone, assuming
the lines are in general position in P®. There are two questions. how many
correspondences are required?, and how to formulate the algebraic constraints
to obtain a solution for H? It might be thought that four line correspondences
would be sufficient because each linein P* has four degrees of freedom, and
thus four lines should provide 4 x 4 — 16 constraints on the 15 degrees of
freedom of H. However, a configuration of four lines is degenerate (see section
4.1.3(p91)) for computing the transformation, as there is a 2D isotropy sub-
group. This is discussed further in [Hartley-94c]. Equations linear in H can be
obtained in the following way:

THEXj =0, z=1,2, J= 1,2,

where H transfers a line defined by the two points (Xi, X,) to aline defined
by the intersection of the two planes (7ri,7ry). This method was derived in
[Oskarsson-02], where more details are to be found.
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This chapter describes methods for assessing and quantifying the results of estima-
tion algorithms. Often it is not sufficient to smply have an estimate of a variable or
transformation. Instead some measure of confidence or uncertainty is also required.

Two methods for computing this uncertainty (covariance) are outlined here. The
firg is based on linear approximations and involves concatenating various Jacobian
expressions. The second is the easier to implement Monte Carlo method.

5.1 Bounds on performance

Once an algorithm has been developed for the estimation of a certain type of trans-
formation it is time to test its performance. This may be done by testing it on rea or
on synthetic data. In this section, testing on synthetic data will be considered, and a
methodology for testing will be sketched.

We recall the notational convention:

* A quantity such asx represents a measured image point.
» Estimated quantities are represented by ahat, such asx or H.
» True values are represented by abar, such asx or H.

Typically, testing will begin with the synthetic generation of a set of image corre-
spondences X, <* X, between two images. The number of such correspondences will
vary. Corresponding points will be chosen in such away that they correspond via a
given fixed projective transformation H, and the correspondence is exact, in the sense
that x'. = HXj precisely, up to machine accuracy.

Next, artificia Gaussian noise will be added to the image measurements by perturb-
ing both the x- and y-coordinates of the point by a zero-mean Gaussian random vari-
able with known variance. The resulting noisy points are denoted x,. and x'. A suitable
Gaussian random number generator is given in [Press-88]. The estimation agorithm
is then run to compute the estimated quantity. For the 2D projective transformation
problem considered in chapter 4, this means the projective transformation itself, and
also perhaps estimates of the correct original noise-free image points. The agorithm
is then evaluated according to how closely the computed model matches the (noisy)
input data, or aternatively, how closely the estimated model agrees with the original

132
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5.1 Bounds on performance 133

noise-free data. This procedure should be carried out many times with different noise
(i.e. adifferent seed for the random number generator, though each time with the same
noise variance) in order to obtain a statistically meaningful performance evaluation.

5.1.1 Error in one image

Toillustrate this, we continue our investigation of the problem of 2D homography es-
timation. For simplicity we consider the case where noise is added to the coordinates
o the second image only. Thus, x, = x, for al i. Let x, # x- be a set of noisy
matched points between two images, generated from aperfectly matched set of data by
injection of Gaussian noise with variance a in each of the two coordinates of the sec-
ond (primed) image. Let there be n such matched points. From this data, a projective
transformation H is estimated using any one of the algorithms described in chapter 4.
Obvioudy, the estimated transformation H will not generally map X,: to xj, nor Xj tox*
precisely, because of the injected noise in the coordinates of x*. The RMS (root-mean-
squared) residua error

measures the average difference between the noisy input data (x.) and the estimated
points X* = Hxj. It is therefore appropriately called residual error. It measures how
wdl the computed transformation matches the input data, and as such is a suitable
quaity measure for the estimation procedure.

Thevalue of theresidual error isnot in itself an absolute measure of the quality of the
solution obtained. For instance, consider the 2D projectivity problem in the case where
the input data consists of just 4 matched points. Since a projective transformation is
defined uniquely and exactly by 4 point correspondences, any reasonable agorithm
will compute an H that matches the points exactly, in the sense that x* = Hx This
means that the residual error is zero. One cannot expect any better performance from
an algorithm than this.

Note that H matches the projected points to the input data x'., and not to the original
noise-free data, x*. In fact, since the difference between the noise-free and the noisy
coordinates has variance a2, in the minimal four-point case the residual difference be-
tween projected points Hx. and the noise-free data x* also has variance a. Thus, in the
case of 4 points, the model fits the noisy input data perfectly (i.e. the residua is zero),
but does not give avery close approximation to the true noise-free values.

With more than 4 point matches, the value of the residua error will increase. In
fact, intuitively, one expects that as the number of measurements (matched points)
increases, the estimated model should agree more and more closely with the noise-free
true values. Asymptotically, the variance should decrease in inverse proportion to the
number of point matches. At the same time, the residua error will increase.
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134 5 Algorithm Evaluation and Error Analysis

Fig. 5.1. As the values of theparameters P vary, thefunction image traces out a surface S, through the
true value X.

5.1.2 Error in both images
In the case of error in both images, the residua error is

12
ws — L YAMA? + £d(x] x$) (52)
An o 1=1

where Xj and X" are estimated points such that x' = Hx».

5.1.3 Optimal estimators (MLE)

Bounds for estimation performance will be considered in a generd framework, and
then specialized to the two cases of error in one or both images. The goa isto derive
formulae for the expected residual error of the Maximum Likelihood Estimate (MLE).
As described previously, minimization of geometric error is equivalent to MLE, and
s0 the goal of any algorithm implementing minimization of geometric error should be
to achieve the theoretical bound given for the MLE. Another algorithm minimizing a
different cost function (such as algebraic error) can bejudged according to how close
it gets to the bound given by the MLE.

A general estimation problem is concerned with a function / from 1R to IRV as
described in section 4.2.7(pl01), where 1R is a parameter space, and IR is a space
of measurements. Consider now apoint X G TR" for which there exists a vector of
parameters P S IRV such that /(P~) = X (i.e. apoint X in therange of / with preimage
P). In the context of 2D projectivities with measurements in the second image only,
this corresponds to a noise-free set of points x* = Hx,. The x- and y-components of the
n points x,i = 1,..., n congtitute the A-vector X with N = 2n, and the parameters
of the homography constitute the vector P which may be an 8- or 9-vector depending
on the parametrization of H.

Let X be a measurement vector chosen according to an isotropic Gaussian distribu-
tion with mean the true measurement X and variance Na? (this notation means that
each of the A* components has variance a%). As the value of the parameter vector P
varies in a neighbourhood of the point P, the value of the function /(p) traces out a
surface Sy in IR™ through the point X. Thisisillustrated in figure 5.1. The surface Sy
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5.1 Bounds on performance 135

Fig. 5.2. Geometry of the errors in measurement space using the tangent plane approximation to Sy.
The estimated point X isthe closest point on Sy to the measured point X. The residual error isthe
distance between the measured point X and X. The estimation error isthe distancefrom X to the true
point X.

is given by the range of /. The dimension of the surface as a submanifold of IR is
equal to d, where disthe number of essential parameters (that is the number of degrees
of freedom, or minimum number of parameters). In the single-image error case, this
equals 8, since the mapping determined by the matrix H is independent of scale.

Now, given a measurement vector X, the maximum likelihood (ML) estimate X is
the point on Sy closest to X. The ML estimator isthe one that returns this closest point
to X that lies on this surface. Denote this ML estimate by X.

We now assume that in the neighbourhood of X, the surface is essentially planar and
iswell approximated by the tangent surface - at least for neighbourhoods around X of
the order of magnitude of noise variance. In this linear approximation, the ML estimate
X isthe foot of the perpendicular from X onto the tangent plane. The residual error is
the distance from the point X to the estimated value X. Furthermore, the distance from
X to (the unknown) X is the distance from the optimally estimated vaue to the true
value as seen in figure 5.2. Our task isto compute the expected value of these errors.

Computing the expected ML residual error has now been abstracted to a geomet-
ric problem as follows. The total variance of an A'-dimensional Gaussian distribution
is the trace of the covariance matrix, that is the sum of variances in each of the ax-
id directions. This is, of course, unchanged by a change of orthogona coordinate
frame. For an iV-dimensional isotropic Gaussian distribution with independent vari-
ances a’ in each variable, the total variance is Na®. Now, given an isotropic Gaussian
random variable defined on TR" with total variance Na> and mean the true point X,
we wish to compute the expected distance of the random variable from a dimension
d hyperplane passing through X. The projection of a Gaussian random variable in
IR* onto the d-dimensional tangent plane gives the distribution of the estimation er-
ror (the difference between the estimated value and the true result). Projection onto the
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(TV —d)-dimensiona normal to the tangent surface gives the distribution of the residual
error.

By arotation of axes if necessary, one may assume, without loss of generdlity, that
the tangent surface coincides with the first d coordinate axes. Integration over the
remaining axial directions provides the following result.

Result 5.1. Theprojection of an isotropic Gaussian distribution defined on IR with to-
tal variance No? onto a subspace of dimension s isan isotropic Gaussian distribution
with total variance sa’.

The proof of this is straightforward, and is omitted. We apply this in the two cases
wheres = dand s= N — d to obtain the following results.

Result 5.2. Consider an estimation problem where N measurements areto be modelled

by afunction depending on a set ofd essential parameters. Suppose the measurements
are subject to independent Gaussian noise with standard deviation a in each measure-
ment variable.

(i) The RMSresidual error (distance of the measuredfrom the estimated value)
for the ML estimator is

€es = E[WX xfIN]"? = af\ - dIN)*? (5.3)

(i) The RMS estimation error (distance of the estimated from the true value) for
the ML estimator is

e = E[\X - XW/N]¥2 = o(d/N)'I? (5.4)

where X, X and X are respectively the measured, estimated and true values of the
measurement vector.

Result 5.2 follows directly from result 5.1 by dividing by N to get the variance per
measurement, then taking a sguare root to get standard deviation, instead of variance.

These values give lower bounds for residual error against which a particular estima-
tion algorithm may be measured.

2D homography - error in oneimage. For the 2D projectivity estimation problem
considered in this chapter, assuming error in the second image only, we have d = 8 and
N = 2n, where n isthe number of point matches. Thus, we have for this problem

Eres = (7(1-4/n)''?
e = a(ANn)Y2 (5.5)

Graphs of these errors as n varies are shown in figure 5.3.

Samsung/Google, EX1010, p. 154



5.1 Bounds on performance 137

Fig. 5.3. Optimal error when noise ispresent in (a) one image, and in (b) both images as the number of
points varies. An error level of one pixel isassumed. The descending curve shows the estimation error
€.« and the ascending curve shows the residual error €es.

Error in both images. Inthiscase, N —Anand d = 'In + 8. As before, assuming
linearity of the tangent surface in the neighbourhood of the true measurement vector
X, result 5.2 gives the following expected errors.

4\1/2

2n s
Eest = O n +_ A (5.6)
2ri
Grgphs of these errors as n varies are aso shown in Figure 5.3.

An interesting observation to be made from this graph is that the asymptotic error
with respect to the true values is a/y/2, and not 0 asin the case of error in one image.
This result is expected, since in effect, one has two measurements of the position of
eech point, one in each image, related by the projective transformation. With two
measurements of a point the variance in the estimate of the point position decreases
by afactor of \pl. By contrast, in the previous case where errors occur in one image
only, one has one exact measurement for each point (i.e. in the first image). Thus, asthe
transformation H is estimated with greater and greater accuracy, the exact position of the
point in the second image becomes known with uncertainty asymptotically approaching
0.

Mahalanobis distance. The formulae quoted above were derived under the assump-
tion that the error distribution in measurement space was an isotropic Gaussian distri-
bution, meaning that errors in each coordinate were independent. This assumption is
not essential. We may assume any Gaussian distribution of error, with covariance ma
trix E The formulae of result 5.2 remain true with ebeing replaced with the expected
Mahalanobis distance E[\WX — XWI/N]**2. The standard deviation a also disappears,
dgnceit is taken care of by the Mahalanobis distance.

This follows from a simple change of coordinates in the measurement space IR"
to make the covariance matrix equal to the identity. In this new coordinate frame,
Mahalanobis distance becomes the same as Euclidean distance.
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5.1.4 Determining the correct convergence of an algorithm

The relations given in (5.3) and (5.4) give asimple way of determining correct conver-
gence of an estimation algorithm, without the need to determine the number of degrees
of freedom of the problem.  As seen in figure 5.2, the measurement space corre-
sponding to the model specified by the parameter vector P forms a surface Sy. If near
the noise-free data X the surface is nearly planar, then it may be approximated by its
tangent plane, and the three points X, X and X form aright-angled triangle. In most
estimation problems this assumption of planarity will be very close to correct at the
scale set by typical noise magnitude. In this case, the Pythagorean equality may be
written as

X - X|P = X - £\ + IX- X]P (5.7)

In evaluating an agorithm with synthetic data, this equality allows a smple test to see
whether the agorithm has converged to the optimal value. If the estimated value X
satisfies this equality, then it is a strong indication that the algorithm has found the
true global minimum. Note that it is unnecessary in applying this test to determine the
number of degrees of freedom of the problem. A few more properties are listed:

» Thistest can be used to determine on arun-by-run basis whether the algorithm has
succeeded. Thus, with repeated runs, it allows an estimate of the percentage success
rate for the algorithm.

e This test can only be used for synthetic data, or at least data for which the true
measurements X are known.

» The equality (5.7) depends on the assumption that the surface S, consisting of valid
measurements is locally planar. If the equality is not satisfied for aparticular run of
the estimation algorithm, then this is because the surface is not planar, or (far more
likely) because the algorithm is failing to find the best solution.

» Thetest (5.7) is atest for the agorithm finding the global, not alocal solution. If X
settles to alocal cost minimum, then the right-hand-side of (5.7) is likely to be much
larger than the left-hand-side. The condition is unlikely to be satisfied entirely by
chance if the algorithm finds the incorrect point X.

5.2 Covariance of the estimated transfor mation

In the previous section the ML estimate was considered, and how its expected average
error may be computed. Comparing the achieved residua error or estimation error of
an algorithm against the ML error is a good way of evaluating the performance of a
particular estimation algorithm, since it compares the results of the algorithm against
the best that may be achieved (the optimum estimate) in the absence of any other prior
information.

Nevertheless, the chief concern is how accurately the transformation itself has been
computed. The uncertainty of the estimated transformation depends on many factors,
including the number of points used to compute it, the accuracy of the given point
matches, as well as the configuration of the points in question. To illustrate the impor-
tance of the configuration suppose the points used to compute the transformation are
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close to a degenerate configuration; then the transformation may not be computed with

greet accuracy. For instance, if the transformation is computed from aset of points that

lie close to a straight line, then the behaviour of the transformation in the dimension

perpendicular to that line is not accurately determined. Thus, whereas the achievable
residud error and estimation error were seen to be dependent only on the number of

point correspondences and their accuracy, by contrast, the accuracy of the computed

transformation is dependent on the particular points. The uncertainty of the computed

transformation is conveniently captured in the covariance matrix of the transformation.

Snce H is amatrix with 9 entries, its covariance matrix will be a9 x 9 matrix. In this
section it will be seen how this covariance matrix may be computed.

521 Forward propagation of covariance

The covariance matrix behaves in apleasantly simple manner under affine transforma:
tions, as described in the following theorem.

Result 5.3. Let v be arandom vector in IR™ with mean v and covariance matrix E, and
suppose that f : IRM — 1R" isan affinemapping defined by /(v) = /(v) + A(v — V).
Then /(v) isa random variable with mean /(v) and covariance matrix AEA".

Note that it is not assumed that A is a square matrix. Instead of giving a proof of this
theorem, we give an example.

Example5.4. Let x and y be independent random variables with mean 0 and standard
deviations of 1and 2 respectively. What are the mean and standard deviation of X' =
f(xy) =3x+ 2y-r>

Themean isx' = /((), 0) = —7. Next we compute the variance of X'. In this case, E

isthematrix ,, . and A isthe matrixL[S 21. Thus, the variance of x' is AEAT = 25,
[0 4] '

Thus 3x + 2y — 7 has standard deviation 5. A

Example5.5. Let X' = 3x+2y andy = 3x—2y. Find the covariance matrix of (:/;, y),
given that x and y have the same distribution as before.

In this case, the matrix A = : _22 . One computes AEAT = 2? 257 Thus,
onesees that both X' and y' have variance 25 (standard deviation 5), whereas X' and y'
aenegatively correlated, with covariance E\Xy\ = —7. A

Non-linear propagation. If v is arandom vector in IR® and/ : IR" — E" isa
non-linear function acting on v, then we may compute an approximation to the mean

and covariance of /(v) by assuming that / is approximately &fine in the vicinity of the

meen of the distribution. The &ffine approximation to / is/(v) ss/(v) + J(v — V),
where J is the partial derivative (lacobian) matrix df/dv  evauated a v. Note that J

hesdimension N x M. Then we have the following result.

Reault 5.6. Let v be a random vector in IR with mean v and covariance matrix E,
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and let f : IR — JR" be differentiable in a neighbourhood of v. Then up to afirst-
order approximation, ,/(v) isa random variable with mean /(v) and covariance JEJ',
where J isthe Jacobian matrix of f, evaluated at v.

The extent to which this result gives a good approximation to the actual mean and
variance of /(v) depends on how closely the function / is approximated by a linear
function in aregion about v .commensurate in size with the support of the probability
distribution of v.

Example5.7. Let x = (x,y)" be a Gaussian random vector with mean (0,0)" and
covariance matrix cridiag(l, 4). Let X = f(x, y) = ¥* + 3x — 2y + 5. Then one may
compute the true values of the mean and standard deviation of f(x, y) according to the
formulae

P(x,y)f(x,y)dxdy

°lI> = P,y)(f(xy) - Xfdxdy

where
dira?
is the Gaussian probability distribution (A2.1-p565). One obtains

X = 5+ CP
a4, = 25a%+ 2a*

Applying the approximation given by result 5.6, and noting that J = [3 — 2], wefind
that the estimated values are

X = 5

a%, a’[3-2]!

- T = 2
4 [B- 2] 25a°.
Thus, as long as a is small, this is a close approximation to the correct values of the
mean and variance of X'. The following table shows the true and approximated values
for the mean and standard deviation of f(x, y) for two different values of a.

a=02 a=05

X ov X ai
estimate 5.0000 1.25000 5.00 2.5000
true 5.0625 125312 525 25249

For reference, in the case a = 0.25, one sees that as long as x| < 2a (about 95%
of the total distribution) the value f(x, y) —x° + 3x — 2y + 5 differs from its linear
approximation 3x — 2y + 5by no more than x* < 0.25. A
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Example5.8. More generaly, assuming that x and y are independent zero-mean Gaus-
dan random variables, one may compute that for the function f(x, y) = a + bxy +

oy +adx+ ey + /,

mean
variance

aa® + coy + /
2a%0% + bA(T5a’, + 2c’ar + d’& + eV?

which are close to the estimated values mean = /, variance = d?0%+ €°a® aslong as
a, and oy, are small. A

522 Backward propagation of covariance

The material in thisand thefollowing section 5.2.3 ismore advanced. The examplesin
section 5.2.4 show the straightforward application of the results of these sections, and
can bereadfirst.

Consider a differentiable mapping / from a "parameter space”, 1R" to a "measure-
ment space”" IRV, and let a Gaussian probability distribution be defined on MM with
covariance matrix E. Let Sy be the image of the mapping /. We assumethat M < N
and that Sy has the same dimension M as the parameter space IRM. Thus we are
not considering the over-parametrized case at present. A vector P in JRM represents
aparametrization of the point /(p) on Sy- Finding the point on S, closest in Maha
lanobis distance to a given point X in IR" defines amap from JR" to the surface Sy.
We call this mapping rj : JRY — S,. Now, / isby assumption invertible on the surface
Su, and we define fA* 1 S, — 1R to be theinverse function.

By composing the map r\ : IR — S, and /-* : Sy —IR" we have a mapping.
/- orj : IRY —>« JRY. This mapping assigns to a measurement vector X, the set of
parameters P corresponding to the ML estimate X. In principle we may propagate the
covariance of the probability distribution in the measurement space M to compute a
covariance matrix for the set of parameters P corresponding to ML estimation. Our
god isto apply result 5.3 or result 5.6.

We consider first the case where the mapping / is an affine mapping from IR™ into
IR®. We will show next that the mapping /-* or\is aso an dfine mapping, and
a specific form will be given for f~' orj, thereby alowing us to apply result 5.3 to
compute the covariance of the estimated parameters P = f~' or/(x).

Since / is dfine, we may write /(P) = /(p) + J(P — P), where /(P) = X isthe
mean of the probability distribution on JR". Since we are assuming that the surface
Sv = /(IRY) has dimension M, therank of Jis equal to its column dimension. Given
a measurement vector X, the ML estimate X minimizes ||[x — X]||j; = [IX — /(P)|]J;.
Thus, we seek P to minimize this latter quantity. However,

lix - /(P = lix - x) - IP- Ple
and thisis minimized (see (A5.2-/7591) in section A5.2.1(p591)) when

(P-P) = (J"E-1J)-TE"1(X-X)
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Writing P = /"*X and P = /-*X, we seethat
[-Wx) =P
(JTE-10)-1ITE-H(X-X) + ,r(x)
(TE-1))-TITE-H(X-X) + ,rto?,(x) .

This shows that /-* orjis dfine and (J'E~'J)~*J"E~' is its linear part. Applying
result 5.3, we see that the covariance matrix for P is

[(JTE-10)-YTE-Y] E[(ITE-1))-WTE-Y]T = (JTE-1))-YTE-*EE-NJ(ITE-1))-?
(3r-1 )",

recalling that Eis symmetric. We have proved the following theorem.

Result 5.9 Backward transport of covariance - affine case. Let f : JR™ —> JR"be
an affine mapping of theform /(P) = /(P) + J(P — P), where J has rank M. Let
X be a random variable in JR" with mean X = /(P) and covariance matrix E. Let
 or\: TRY — IR Z&fre mapping that maps a measurement X to ffie v o/
parameters corresponding to the ML estimate X. 77ien P = /- orj(x) isa random
variable with mean P and covariance matrix

Ep=(J"J)-1. (5.8)

In the case where / is not &fine, an approximation to the mean and covariance may
be obtained by approximating / by an &fine function in the usud way, as follows.

Result 5.10 Backward transport of covariance -non-linear case. Let f : 1IRY —
1RY be a differentiable mapping and let J be its Jacobian matrix evaluated at a point
P. Suppose that J has rank M. Then f is one-to-one in a neighbourhood of P. Let
X be a random variable in 1R" with mean X = /(P) and covariance matrix E,. Let
Z"' orj : JRY —IRM be the mapping that maps a measurement X to the set of pa-
rameters corresponding to the ML estimate X. Then tofirst-order, P = /-! 0 %(x) isa
random variable with mean P and covariance matrix (J E~'J)™ .

5.2.3 Over-parametrization

One may generalize result 5.9 and result 5.10 to the case of redundant sets of parame-
ters - the over-parametrized case. In this case, the mapping / from the parameter space
IRM to measurement space IRV is not locally one-to-one. For instance, in the case of
estimating a2D homography as discussed in section 4.5(pl 10) there isamapping /(p)
where Pisa 9-vector representing the entries of the homography matrix H. Since the
homography has only 8 degrees of freedom, the mapping / is not one-to-one. In par-
ticular, for any constant k, the matrix fH represents the same map, and so the image
coordinate vectors /(P) and f(kP) are equal.

In the general case of amapping / : IRY — IR" the Jacobian matrix J does not
have full rank M, but rather a smaller rank d < M. Thisrank d is called the number
of essential parameters. The matrix J'E~*J in this case has dimension M but rank

Samsung/Google, EX1010, p. 160



5.2 Covariance of the estimated transformation 143

Fig.5.4. Back propagation (over-parametrized). Mapping f maps constrained parameter surface to
measurement space. A measurement X is mapped (by a mapping rj) to the closest point on the surface
f(Sp) and then back via /- to theparameter space, providing the ML estimate of the parameters. The
covariance o/ X istransferred via/-* or\ to a covariance of the parameters.

d< M. Theformula (5.8), Er = (J'Ex'J)"?, clearly does not hold, since the matrix
ontheright side is not invertible.

In fact, it is clear that without any further restriction, the elements of the estimated
vector P may vary without bound, namely through multiplication by an arbitrary con-
dant k. Hence the elements have infinite variance. It is usual to restrict the estimated
homography matrix H or more generally the parameter vector P by imposing some con-
draint. The usual constraint isthat ||plj = 1 though other constraints are possible, such
as demanding that the last parameter should equal 1 (see section 4.4.2(pl05)). Thus,
the parameter vector P is constrained to lie on a surface in the parameter space H°, or
generally 1R, In the first case the surface ||P|| = 1is the unit sphere in IR™. The
congtraint P, = 1represents aplane in IR, In the general case we may assume that
the estimated vector P lies on some submanifold of IR asin the following theorem.

Rewult 5.11. Backward transport of covariance - over-parametrized case. Let
1 :1RY — WA\ be a differentiable mapping taking a parameter vector P to a mea-
surement vector X. Let S be a smooth manifold of dimension d embedded in IRY
passing through point P, and such that the map f is one-to-one on the manifold S in
a neighbourhood ofP, mapping S locally to a manifold f(S5) in]RY. Thefunction f
has alocal inverse, denoted /-*, restricted to the surface f(S») ina neighbourhood of
X. Let a Gaussian distribution on JR" be defined with mean X and covariance matrix
Eqcandletr; : IR" — f(S) be the mapping that takes a point in JRY to the closest
pointon f(S5) with respect to Mahalanobis norm \\ «\\z, . Viafr"' o7 the probability
distribution on IR" with covariance matrix E, induces a probability distribution on
3R with covariance matrix, to first-order equal to

Epr = ("ENJI)N = AATIEXNIA) AT (5.9)
where A isany m x d matrix whose column vectors span the tangent spaceto S at P.

This is illustrated in figure 5.4. The notation (jTE,"J)**, defined by (5.9), is dis-
cussd further in section A5.2(p590).
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Proof. The proof of result 5.11 is straightforward. Let d be the number of essential
parameters. One defines amap g : IR? — IR mapping an open neighbourhood
U in!IR? to an open set of S containing the point P. Then the combined mapping
fog: IR" «> IR* is one-to-one on the neighbourhood U. Let us denote the partial
derivative matrices of / by J and of g by A. The matrix of partial derivativesof / ogis
then JA. Result 5.10 now applies, and one sees that the probability distribution function
with covariance matrix E on IR" may be transported backwards to a covariance matrix
(ATI'E~'JA)™ on IRA Transporting this forwards again to K™, applying result 5.6,
we arrive at the covariance matrix A(ATJ'E-*JA)AT on S. This matrix, which will
be denoted here by (JTE-'J)**, isrelated to the pseudo-inverse of (J'E-J) as defined
in section A5.2(/7590). The expression (5.9) is not dependent on the particular choice of
thematrix A aslong asthe column span of A isunchanged. In particular, if A is replaced
by AB for any invertible d, x d matrix B, then the value of (5.9) does not change. Thus,
any matrix A whose columns span the tangent space of S at P will do. .

Note that the proof gives a specific way of computing amatrix A spanning the tangent
space - namely the Jacobian matrix of g. In many instances, as we will see, there are
easier ways of finding A. Note that the covariance matrix (5.9) is singular. In particular,
it has dimension M and rank d < M. This is because the variance of the estimated
parameter set in directions orthogonal to the constraint surface S is zero - there can
be no variation in that direction. Note that whereas J'E~' J is non-invertible, the d x d
matrix AT J"E-*JA has rank d and isinvertible.

An important case occurs when the constraint surface is locally orthogona to the
null-space of the Jacobian matrix. Denote by N(1) the left null-space of matrix X,
namely the space of &l vectors x such that x'X = 0. Then (as shown in section A5.2-
(p590)), the pseudo-inverse X is given by

X+ = X+A - A(ATXA)nlAT

if and only if N.(h) = NL(X). The following result then derives directly from
result 5.11.

Result 5.12. Let f : IRY — IRV be a differentiable mapping taking P to X, and let J
be the Jacobian matrix of f. Let a Gaussian distribution on IR be defined at X with
covariance matrix E, and let f'* or; : IR" — H™ asin result 5.11 be the mapping
taking a measurement X to the MLE parameter vector P constrained to lie on a surface
S locally orthogonal to the null-space of J. Then f~' or] induces a distribution on
IRM with covariance matrix, to first-order equal to

Ep = (J'Ex™J) +. (5.10)

Note that the restriction that P be constrained to lie on a surface locally orthogonal
to the null-space of J is in many cases the natural constraint. For instance, if P is
a homogeneous parameter vector (such as the entries of a homogeneous matrix), the
restriction is satisfied for the usua constraint ||P]| = 1. In such acase, the constraint
surface is the unit sphere, and the tangent plane & any point is perpendicular to the
parameter vector. On the other hand, since P is a homogeneous vector, the function
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/(P) isinvariant to changes of scale, and so J has anull-vector in the radial direction,
thus perpendicular to the constraint surface.

In other cases, it is often not critical what restriction we place on the parameter set
for the purpose of computing the covariance matrix of the parameters. In addition,
since the pseudo-inversion operation is its own inverse, we can retrieve the original
matrix from its pseudo-inverse, according to J’A* J = Ep\ One can then compute the
covariance matrix corresponding to any other subspace, according to

'z = BN

where the columns of A span the constrained subspace of parameter space.

524 Application and examples

Error in oneimage. Let us consider the application of this theory to the problem of
finding the covariance of an estimated 2D homography H. First, we look at the case
where the error is limited to the second image. The 3 x 3 matrix H is represented by
a9-dimensiona parameter vector which will be denoted by h instead of P s0 as to
remind us that it is made up of the entries of H. The covariance of the estimated h
isa9 x 9 symmetric matrix. We are given a set of matched points Xj < x.[. The
points Xj are fixed true values, and the points x.[ are considered as random variables
subject to Gaussian noise with variance a® in each component, or if desired, with a
more general covariance. The function / : H® — IR® is defined as mapping a 9-
vector h representing a matrix H to the 2n-vector made up of the coordinates of the
points x* = HX]. The coordinates of x' make up a composite vector in TR", which we
dencte by X'. Aswe have seen, ash varies, the point /(h) traces out an 8-dimensional
surface S in 1IR*". Each point X' on the surface represents a set of points x* consistent
with the first-image points Xj. Given a vector of measurements X', one selects the
closest point X on the surface S with respect to Mahalanobis distance. The pre-image
h = /-!(x), subject to constraint ||h|] = 1, represents the estimated homography
matrix H, estimated using the ML estimator. From the probability distribution of values
o X' one wishes to derive the distribution of the estimated h. The covariance matrix Eh
isgiven by result 5.12. This covariance matrix corresponds to the constraint ||h|] = 1.

Thus, a procedure for computing the covariance matrix of the estimated transforma
tionis as follows.

(i) Estimate the transformation H from the given data.
(ii) Compute the Jacobian matrix Jf = dx/dh, evaluated at h.
(i) The covariance matrix of the estimated h isgiven by (5.10): B, (j}1 E",%J)".

We investigate the two last steps of this method in dightly more detail.

Computation of the derivative matrix. Consider firg the Jacobian matrix
J = dx/dh.  This matrix has a natura decomposition into blocks so that J =
GINijeo jT,.... 30T where Jj = <9V<ch A formula for dx.'Jdh is given in
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(4.21-pl 29):

T o
3 = <Oo7<oh = 0" Xpy (5.11)

O'T
where x; represents the vector  (Xi,y,l).

Stacking these matrices on top of each other for &l points X, gives the derivative
matrix dx/dh.  Animportant case iswhen the image measurements X" are independent
random vectors. Inthiscase E = diag(Ei,..., E,) whereeach E; isthe 2x 2 covariance
matrix of the zth measured point x*. Then one computes

Ev= (JTIEj)*= EA~"'J (512

Example5.13. We consider the smple numerical example of a point correspondence
containing just 4 points as follows:

xi =(1,0)7 (1,007 = x4
x2 = (0,)7 (0,1)" = x,
Xs= (-1,0)7 (-M)T  x
X, = (0,A1)7 (0,-D7 =x»

namely, the identity map on the points of a projective basis. We assume that points Xx,
are known exactly, and points x* have one pixel standard deviation in each coordinate
direction. This means that the covariance matrix E,' is the identity.

Obviously, the computed homography will be the identity map. For simplicity we
normalize (scaleit) o that it is indeed the identity matrix, and hence [[H|? = 3 instead
of the usual normalization |H|| = 1. Inthis case, dl thew[ in (5.11) are equd to 1. The
matrix J is easily computed from (5.11) to equal

1 ol O O0O0S-1 o0 -1
0 00 1 0 1 0 0 0
0 11 0 00 0 0 0
0 00 0 11 0o -1 -1
-1 0 1 0 0 0 -1 0 1
0 0 0 -1 0 1 0 0 0
0 -1 1 0 0 0 0 0 0
0O 00 O0 -1 1 o0 -l 1
Then
r 2 9 oo 0o 0 0 0 -21
002 00 0O O O 0 o0
00 40 0 0 -2 0 o0
00 02 0O 0O 0O 0 o0
a7 00 00O 2 0 0 0 -2 (5.13)
00 0O O 4 0 -2 0
00 -2 0 O 0 2 @ 0
00 00 0 -2 0o 2 o0
L-2 0 0 0 -2 0 0 0 4]
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To take the pseudo-inverse of this matrix, we may use (5.9) where A is amatrix with
columns spanning the tangent plane to the constraint surface. Since His computed
subject to the condition |H|> = 3, which represents a hypersphere, the constraint sur-
face is perpendicular to the vector h corresponding to the computed homography H.
A Householder matrix A (see section A4.1.2(p580)) corresponding to the vector h has
the property that Ah = (0,..., 0,1)7, so the first 8 columns of A (denoted Ai)are per-
pendicular to h as required. This allows the pseudo-inverse to be computed exactly
without using SVD. Applying (5.9) the pseudo-inverse is computed to be

500 o -4 0 0 0 -1"
0900 00 0 O O
00 90 00 9 O 0
1 0009 0O0O O O 0
Enz JJ = AAY'QTDA; -~ = -4 000 50 0 0 -1
18 0000 O9 0 9 O
0090 0O011B8 0 O
0 00O O0O9 0 18 0
-1 000 -1 0 0 O 2.
(5.14)
The diagonals give the individual variances of the entries of H. A

This computed covariance is used to assess the accuracy of point transfer in
example 5.14.

525 Error in both images

Inthe case of error in both images, computation of the covariance of the transformation
isabit more complicated. As seen in section 4.2.7(/?101), one may define a set of 2n+8
parameters, where 8 parameters describe the transformation matrix and 2n parameters
Ij represent estimates of the points in the first image. More conveniently, one may
over-parametrize by using 9 parameters for the transformation H. The Jacobian matrix
naturally splits up into two parts as J = [A | B] where A and B are the derivatives with
respect to the camera parameters and the points x, respectively. Applying (5.10) one
computes

T 1

JTEv Y = T X ATExlB
B'EX'A B'Ex'B

The pseudo-inverse of this matrix is the covariance of the parameter set and the top-left

block of this pseudo-inverse is the covariance of the entries of H. A detailed discussion

o this is given in section A6.4.1(p608), where it is shown how one can make use of

the block structure of the Jacobian to simplify the computation.

In example 5.13 on estimating the covariance of H from four points in the previous
section, the covariance turns out to be E, —2(J'E~,*j)+, namely twice the covariance
computed for noise in one image only. This assumes that points are measured with the
same covariance in both images. This simple relationship between the covariances in
the one and two-image cases does not generally hold.
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5.2.6 Using the covariance matrix in point transfer

Once one has the covariance, one may compute the uncertainty associated with agiven
point transfer. Consider anew point x in the first image, not used in the computation
of the transformation, H. The corresponding point in the second image is X' = Hx.
However, because of the uncertainty in the estimation of H, the correct location of the
point X' will also have associated uncertainty. One may compute this uncertainty from
the covariance matrix of H.

The covariance matrix for the point X' is given by the formula

Eo = JnEnjE (5.15)

where J, = dx.'/dh. A formula for <9x/<Shis given in (4.21-pl29).
If in addition, the point x itself is measured with some uncertainty, then one has
instead
E, = JWENT + KEGT (5.16)

assuming that there is no cross-correlation between x and h, which isreasonable, since
point x is assumed to be anew point not used in the computation of the transformation
H. A formula for the Jacobian matrix J, = <9x/<9x isgiven in (4.20-pl29).

The covariance matrix EJ/ given by (5.15) is expressed in terms of the covariance
matrix Ey, of the transformation H. We have seen that this covariance matrix E;, depends
on the particular constraint used in estimating H, according to (5.9). It may therefore
appear that E/ aso depends on the particular method used to constrain H. It may
however be verified that these formulae are independent of the particular constraint A
used to compute the covariance matrix Ep = (J'EAMJ)™.

Example5.14. To continue example 5.13, let the computed 2D homography H be given
by the identity matrix, with covariance matrix Eh asin (5.14). Consider an arbitrary
point (x,y) mapped to the point x' = Hx. In this case the covariance matrix E/ =
JEh Jj may be computed symbolically to equal

ov.7 2- X+ x'+ Y+ XV Xy(o¢ + Yy - 2
W+ D) 2o Yyt el XY

Note that a,>,> and a,>,> are even functions of x and y, wheress 0,>,i is an odd func-
tion. This is a consequence of the symmetry about the x and y axes of the point set
used to compute H. Also note that <JJ,> and o-,y differ by swapping x and y, which is
afurther consequence of the symmetry of the defining point set.

As may be seen, the variance aji, varies as the fourth power of x, and hence the
standard deviation varies as the square. This shows that extrapolating the values of
transformed points x' = Hx far beyond the set of points used to compute His not
reliable. More specificaly, the RMS uncertainty of the position of x' is equa to
[adtd + (Ty'yi) * — iltrace(E,/) which one finds is equal to (1 + (¢ + y)H)™?

(1+ r"*?, wherer istheradial distance from the origin. Note the interesting fact that
the RMS error is only dependent on the radia distance. In fact, one may verify that
the probability distribution for point x' depends only on the radia distance of x', its

Samsung/Google, EX1010, p. 166



5.3 Monte Carlo estimation of covariance 149

8 !

0.5 1 15 2 25 3

Fig.5.5. "MSerror in theposition of aprojected point x' as afunction of radial distance of y?from the
origin. The homography H is computed from 4 evenly spaced points on a unit circle around the origin
with errorsin the second image only. The RMS error isproportional to the assumed error in the points
used to compute H, and the vertical axis is calibrated in terms of this assumed error.

two principal axes pointing radially and tangentialy. Figure 5.5 shows the graph of the
RMS error in x' as afunction of r. A

This example has computed the covariance of atransferred point in the minimal case
o four point correspondences. For more than four correspondences, the situation is
not substantially different. Extrapolation beyond the set of points used to compute the
homography is unreliable. In fact, one may show that if H is computed from n points
evenly spaced around a unit circle (instead of 4 as in the computation above) then the
RMS error is equal to a/xi + a>,> = 41+ r’)/n, so the error exhibits the same
quadratic growth.

5.3 Monte Carlo estimation of covariance

The method of estimating covariance discussed in the previous sections has relied on
an assumption of linearity. In other words, it has been assumed that the surface /(h)
islocaly flat in the vicinity of the estimated point, at least over aregion corresponding
to the approximate extent of the noise distribution. It has also been assumed that the
method of estimation of the transformation H was the Maximum Likelihood Estimate.
If the surface is not entirely flet then the estimate of covariance may be incorrect. In
addition, a particular estimation method may be inferior to the ML estimate, thereby
introducing additional uncertainty in the values of the estimated transformation H.

A general (though expensive) method of getting an estimate of the covariance is
by exhaustive simulation. Assuming that the noise is drawn from a given noise dis-
tribution, one starts with a set of point matches corresponding perfectly to a given
transformation. One then adds noise to the points and computes the corresponding
transformation using the chosen estimation procedure. The covariance of the trans-
formation H or afurther transferred point is then computed statistically from multiple
trils with noise drawn from the assumed noise distribution. This is illustrated for the
case of the identity mapping in figure 5.6.

Both the analytical and the Monte Carlo methods of estimating covariance of the
transformation H may be applied to the estimation of covariance from real data for
which one does not know the true value of H. From the given data, an estimate of
H and the corresponding true values of the points x' and x, are computed. Then the
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+ *eyy, + -
+ o+ + o+

Fig. 5.6. Transfer of a point under the identity mapping for the normalized and unnormalized DLT
algorithm. See alsofigure 4.4(pl09) for further explanation.

covariance is computed as if the estimated values were the true vaues of the matched
data points and the transformation. The resulting covariance matrix is assumed to be
the covariance of the true transformation. This identification is based on the assumption
that the true values of the data points are sufficiently close to the estimated values that
the covariance matrix is essentially unaffected.

5.4 Closure

An extended discussion of bias and variance of estimated parameters is given in
appendix 3(p568).

5.4.1 The literature

The derivations throughout this chapter have been considerably simplified by only us-
ing first-order Taylor expansions, and assuming Gaussian error distributions. Similar
ideas (ML, covariance ...) can be developed for other distributions by using the Fisher
Information matrix. Related reading may be found in Kanatani [Kanatani-96], Press et
al. [Press-88], and other statistical textbooks.

Criminisi et al. [Criminisi-99b] give many examples of the computed covariances
in point transfer as the correspondences used to determine the homography vary in
number and position.

5.4.2 Notes and exercises

(i) Consider the problem of computing abest line fit to a set of 2D points in the
plane using orthogona regression. Suppose that N points are measured with
independent standard deviations of a in each coordinate. What is the expected
RMS distance of each point from afitted line? Answer : a ((n — 2)/n)* .

(i) (Harder): In section 18.5.2(p450) a method is given for computing a projective
reconstruction from aset of n+4 point correspondences across m views, where
4 of the point correspondences are presumed to be known to be from a plane.
Suppose the 4 planar correspondences are known exactly, and the other n image
points are measured with 1 pixel error (each coordinate in each image). What
isthe expected residual error of ||x° — P*Xj||?
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Camera Geometry and Single View
Geometry

The Cyclops, c. 1914 (oil on canvas) by Odilon Redon (1840-1916)
Rijksmuseum Kroller-Muller, Otterlo, Netherlands /Bridgeman Art Library
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Outline

This part of the book concentrates on the geometry of a single perspective camera. It
contains three chapters.

Chapter 6 describes the projection of 3D scene space onto a 2D image plane. The
camera mapping is represented by a matrix, and in the case of mapping points it is a
3x 4 matrix Pwhich maps from homogeneous coordinates of aworld point in 3-space
to homogeneous coordinates of the imaged point on theimage plane. This matrix hasin
general 11 degrees of freedom, and the properties of the camera, such as its centre and
focal length, may be extracted from it. In particular the internal camera parameters,
such as the foca length and aspect ratio, are packaged in a 3 x 3 matrix K which
is obtained from P by a simple decomposition. There are two particularly important
classes of camera matrix: finite cameras, and cameras with their centre at infinity such
as the affine camera which represents parallel projection.

Chapter 7 describes the estimation of the camera matrix P, given the coordinates
of a sat of corresponding world and image points. The chapter also describes how
constraints on the camera may be efficiently incorporated into the estimation, and a
method of correcting for radial lens distortion.

Chapter 8 has three main topics. First, it covers the action of a camera on geometric
objects other than finite points. These include lines, conies, quadrics and points at
infinity. The image of points/lines at infinity are vanishing points/lines. The second
topic is camera calibration, in which the internal parameters K of the camera matrix
are computed, without computing the entire matrix P. In particular the relation of the
internal parameters to the image of the absolute conic is described, and the cdibration
of acamerafrom vanishing points and vanishing lines. Thefina topic isthe calibrating
conic. Thisis a simple geometric device for visualizing camera calibration.

152
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6

Camera Models

A camera is a mapping between the 3D world (object space) and a 2D image. The
principad camera of interest in this book is central projection. This chapter develops a
number of camera models which are matrices with particular properties that represent
the camera mapping.

It will be seen that all cameras modelling central projection are speciaizations of
the general projective camera. The anatomy of this most general camera model is
examined using the tools of projective geometry. It will be seen that geometric entities
o the camera, such as the projection centre and image plane, can be computed quite
smply from its matrix representation. Specializations of the general projective camera
inherit its properties, for example their geometry is computed using the same algebraic
expressions.

The specialized models fal into two mgor classes - those that model cameras with
afinite centre, and those that model cameras with centre "at infinity". Of the cam-
eas a infinity the affine camera is of particular importance because it is the natural
generalization of parallel projection.

This chapter is principally concerned with the projection of points. The action of a
camera on other geometric entities, such aslines, is deferred until chapter 8.

6.1 Finite cameras

Inthis section we start with the most specialized and simplest camera model, which is
the basic pinhole camera, and then progressively generalize this model through a series
o gradations.

The models we develop are principally designed for CCD like sensors, but are also
applicable to other cameras, for example X-ray images, scanned photographic nega-
tives, scanned photographs from enlarged negatives, etc.

Thebasic pinhole model. We consider the central projection of points in space onto a
plane. Let the centre of projection be the origin of aEuclidean coordinate system, and
consder the plane Z = /, which is called the image plane orfocal plane. Under the
pinhole camera model, a point in space with coordinates X = (x, Y, z)" is mapped to
the point on the image plane where alinejoining the point X to the centre of projection
meets the image plane. This is shown in figure 6.1. By similar triangles, one quickly

153
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principal axis

mage plane

Fig. 6.1. Pinhole camera geometry. C isthe camera centre and p the principal point. The camera
centre is here placed at the coordinate origin. Note the image plane isplaced infront of the camera
centre.

computes that the point (x,Y.z)" is mapped to the point (/x/z, IYIZ,!)" on the
image plane. Ignoring the find image coordinate, we see that

X.,Y,Z (IX1Z,1Y1Z) (6.1

describes the central projection mapping from world to image coordinates. This isa
mapping from Euclidean 3-space IR® to Euclidean 2-space IR%.

The centre of projection is called the camera centre. It is aso known as the optical
centre. The line from the camera centre perpendicular to the image plane is caled the
principal axis or principal ray of the camera, and the point where the principal axis
meets the image plane is caled the principal point. The plane through the camera
centre parallel to the image plane is called the principal plane of the camera

Central projection using homogeneous coordinates. If the world and image points
are represented by homogeneous vectors, then central projection is very simply ex-
pressed as a linear mapping between their homogeneous coordinates. In particular,
(6.1) may be written in terms of matrix multiplication as

Y Y
z z

V1) Vil

The matrix in this expresson may be written as diag(/,/, [l |d where
diag(/, /, 1) isadiagonal matrix and [l | o] represents amatrix divided up into a3 x 3
block (the identity matrix) plus a column vector, here the zero vector.

We now introduce the notation X for the world point represented by the homoge-
neous 4-vector (x,Y,Z.1)", X for the image point represented by a homogeneous 3-
vector, and P for the 3x4 homogeneous camera projection matrix. Then (6.2) iswritten
compactly as

6.2

x = PX
which defines the camera matrix for the pinhole model of central projection as

P= diag(/,/,1)[1]0].
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Fig. 6.2. Image (x, y) and camera (xcam; Jcam) coordinate systems.

Principal point offset. The expression (6.1) assumed that the origin of coordinatesin
theimage plane is at the principal point. In practice, it may not be, so that in genera
thereis a mapping

(X,Y.Z)™ (Wz+p,fYIz+p))’

where (pX,py)T are the coordinates of the principa point. Seefigure 6.2. This equation
may be expressed conveniently in homogeneous coordinates as

X
v (fx+zo \ / pxo [\
5 1Y + Zp, / Py O Y (6.3)
. z 10 7.
Vi / Vi)
Now, writing
/ Px
K = f Py (6.9
1
then (6.3) has the concise form
Kl OX, (6.5)

The matrix K is called the camera calibration matrix. In (6.5) we have written
(x,Y,Z,1)" as X am to emphasize that the camera is assumed to be located at the
origin of aEuclidean coordinate system with the principal axis of the camera pointing
sraight down the Z-axis, and the point X ..m is expressed in this coordinate system.
Such a coordinate system may be called the camera coordinate frame.

Camera rotation and translation. In general, points in space will be expressed in
terms of adifferent Euclidean coordinate frame, known as the world coordinate frame.
The two coordinate frames are related via arotation and atranslation. See figure 6.3.
If X is an inhomogeneous 3-vector representing the coordinates of apoint in the world
coordinate frame, and X .4m represents the same point in the camera coordinate frame,
then we may write X cam = R(X —C), where C represents the coordinates of the camera
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R,t

Fig. 6.3. The Euclidean transformation between the world and camera coordinate frames.

centre in the world coordinate frame, and R isa 3 x 3rotation matrix representing the
orientation of the camera coordinate frame. This equation may be written in homoge-
neous coordinates as

R -RC™ Y 'R -RC"

Xeam— o 4 7 0o 1 X. (6.6)
Vi)
Putting this together with (6.5) leads to the formula
x = KRfl | -CIX (6.7)
where X is now in aworld coordinate frame. This is the general mapping given by a
pinhole camera. One seesthat agenera pinhole camera, P = KRJI | —c], has 9 degrees

of freedom: 3 for K (the elements fp,Py), 3for R and 3 for C. The parameters
contained in K are caled the internal camera parameters, or the internal orientation
of the camera. The parameters of R and C which relate the camera orientation and
position to aworld coordinate system are called the external parameters or the exterior
orientation.

Itis often convenient not to make the camera centre explicit, and instead to represent
the world to image transformation as X cam = RX +1. In this case the camera matrix is
simply

P=KR|1] (6.8)

where from (6.7) t = —RC.

CCD cameras. The pinhole camera model just derived assumes that the image coor-
dinates are Euclidean coordinates having equa scales in both axia directions. In the
case of CCD cameras, there isthe additional possibility of having non-square pixels. If
image coordinates are measured in pixels, then this has the extra effect of introducing
unequal scale factors in each direction. In particular if the number of pixels per unit
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distance in image coordinates are m, and m, in the x and y directions, then the trans-
formation from world coordinates to pixel coordinates is obtained by multiplying (6.4)
ontheleft by an extrafactor diag(rny ni.  1). Thus, the general form of the calibration
matrix of aCCD camerais
a To
K= “@ (69)
[
wheea, = fm¢ and &y = fm, represent the focal length of the camera in terms
o pixd dimensions in the x and y direction respectively. Similarly, Xo = (Xo,Yo)
isthe principal point in terms of pixel dimensions, with coordinates x, = myp, and
= rriyPy. A CCD camera thus has 10 degrees of freedom.

Finite projective camera. For added generality, we can consider a calibration matrix
o the form

<o (6.10)
1

The added parameter s is referred to as the skew parameter. The skew parameter
will be zero for most normal cameras. However, in certain unusual instances which are
described in section 6.2.4, it can take non-zero values.

A camera

P= KRI (6.11)

for which the calibration matrix K is of the form (6.10) will be called afinite projective
camera. A finite projective camera has 11 degrees of freedom. Thisisthe same number
o degrees of freedom as a3 x 4 matrix, defined up to an arbitrary scale.

Note that the left hand 3x 3 submatrix of P, equa to KR, isnon-singular. Conversely,
awy 3x4 matrix P for which the left hand 3 x 3 submatrix is non-singular is the
camera matrix of some finite projective camera, because P can be decomposed as P =
KRl | —C]. Indeed, letting M be the left 3 x 3 submatrix of P, one decomposes M as
aproduct M = KRwhere K is upper-triangular of the form (6.10) and Ris a rotation
matrix. This decomposition is essentially the RQ matrix decomposition, described in
section A4.1.1(/?579), of which more will be said in section 6.2.4. The matrix P can
therefore be written P= M[l | M-'p)] = KR]l | — where p, is the last column of P.
In short

» The set of camera matrices of finite projective cameras is identical with the set of
homogeneous 3x 4 matricesfor which the left hand 3x 3 submatrix isnon-singular.

General projective cameras. The find step in our hierarchy of projective camerasis
to remove the non-singularity restriction on the left hand 3 x 3 submatrix. A general
projective camera is one represented by an arbitrary homogeneous 3x 4 matrix of rank
3. It has 11 degrees of freedom. The rank 3 requirement arises because if the rank is
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Camera centre. The camera centre isthe 1-dimensiona right null-space C of P,i.e. PC = 0.

o Finite camera M isnot singular) C = | i |

o Camera at infinity M issingular) C = | ,,  whered isthe null 3-vector of M,
i.eeMd= 0.
Column points. Fori = 1,..., 3, the column vectors p" are vanishing points in the image

corresponding to the x, Y and z axes respectively. Column p, is the image of the
coordinate origin.

Principal plane. The principal plane of the camera is P*, the last row of P.

Axis planes. Theplanes P* and P? (the first and second rows of P) represent planes in space
through the camera centre, corresponding to points that map to the image linesx = 0
andy = O respectively.

Principal point. Theimage point x, = Mm® isthe principal point of the camera, where m3"
is the third row of M.

Principal ray. The principal ray (axis) of the camera is the ray passing through the camera
centre C with direction vector m3". The principal axis vector v = det(M)m® is
directed towards the front of the camera.

Table 6:1. Summary of the properties of a projective camera P. The matrix is represented by the block
forom P= M| p4].

less than this then the range of the matrix mapping will be aline or point and not the
whole plane; in other words not a 2D image.

6.2 The projective camera

A genera projective camera P maps world points X to image points x according to
x = PX. Building on this mapping we will now dissect the camera modd to reveal
how geometric entities, such as the camera centre, are encoded. Some of the properties
that we consider will apply only to finite projective cameras and their specializations,
whilst others will apply to general cameras. The distinction will be evident from the
context. The derived properties of the camera are summarized in table 6.1.

6.2.1 Camera anatomy

A general projective camera may be decomposed into blocks accordingto P= M |p4],
where M isa 3 x 3 matrix. It will be seen that if M is non-singular, then this is a finite
camera, otherwise it is not.

Camera centre. The matrix P has a 1-dimensiona right null-space because its rank
is 3, whereas it has 4 columns. Suppose the null-space is generated by the 4-vector
C, that is PC = 0. It will now be shown that C is the camera centre, represented as a
homogeneous 4-vector.

Consider the line containing C and any other point A in 3-space. Points on this line
may be represented by thejoin

X(A) = AA + (1- AC
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Fig. 6.4. The three image points defined by the columns Pi,i = 1, ., 3, of theprojection matrix are
thevanishing points of the directions of the world axes.

Under the mapping x = PX points on this line are projected to
x = PX(A) = APA + (1- A)PC = APA

snce PC = 0. That is dl points on the line are mapped to the same image point PA,
which means that the line must be aray through the camera centre. It follows that C
isthe homogeneous representation of the camera centre, since for al choices of A the
line X(A) is aray through the camera centre.

This result is not unexpected since the image point (0.0,0)" = PC is not defined,
and the camera centre is the unique point in space for which the image is undefined. In
the case of finite cameras the result may be established directly, snceC = (C ,1)"
is clearly the null-vector of P = KR[I | —C]. The result is true even in the case where
thefirst 3x 3 submatrix M of Pissingular. In this singular case, though, the null-vector
hestheform C = (d, 0)" where Md = 0. The camera centre is then apoint at infinity.
Cameramodels of this class are discussed in section 6.3.

Column vectors. The columns of the projective camera are 3-vectors which have a
geometric meaning as particular image points. With the notation that the columns of P
[rePi,i = 1,..., 4, then pi, p2, P3 are the vanishing points of the world coordinate X,
Y and z axes respectively. This follows because these points are the images of the axes
directions. For example the x-axis has direction D = (1, 0.0,0)", which isimaged at
P! = PD. Seefigure 6.4. The column p4 isthe image of the world origin.

Row vectors. The rows of the projective camera (6.12) are 4-vectors which may be
interpreted geometrically as particular world planes. These planes are examined next.
We introduce the notation that the rows of Pare P'" so that

Pu Pu PI3 Pu pIZT -
P21 P22 P23 P24 = P27 (6.12)
P31 P32 P33 >3 P
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principa plane
Fig. 6.5. Two of the threeplanes defined by the rows of the projection matrix.

The principal plane. The principa plane is the plane through the camera centre par-
alel to the image plane. It consists of the set of points X which are imaged on the line
a infinity of the image. Explicitly, PX = (x, y, 0)". Thus apoint lies on the principal
plane of the camera if and only if P°"X = 0. In other words, P* is the vector repre-
senting the principal plane of the camera. If C is the camera centre, then PC = 0, and
soin particular P°"C = 0. That is C lies on the principa plane of the camera.

Axis planes. Consider the set of points X on the plane P*. This set satisfies P'™X = 0,
and soisimaged a& PX = (0,y, w)’ which are points on the image y-axis. Again it
follows from PC = O that P'"C = 0 and so C lies also on the plane P*. Consequently
the plane P' is defined by the camera centre and the line x = 0in the image. Similarly
the plane P? is defined by the camera centre and the liney = 0.

Unlike the principal plane P?, the axis planes P* and P? are dependent on the image
x- and y-axes, i.e. on the choice of the image coordinate system. Thus they are less
tightly coupled to the natural camera geometry than the principal plane. In particular
the line of intersection of the planes P* and P? is alinejoining the camera centre and
image origin, i.e. the back-projection of the image origin. This line will not coincide
in genera with the camera principal axis. The planes arising from P* are illustrated
in figure 6.5.

The camera centre C lies on al three planes, and since these planes are distinct (as
the P matrix has rank 3) it must lie on their intersection. Algebraicaly, the condition
for the centre to lie on al three planes is PC = 0 which isthe original equation for the
camera centre given above.

The principal point. The principa axis is the line passing through the camera centre
C, with direction perpendicular to the principal plane P?. The axis intersects the image
plane at the principal point. We may determine this point as follows. In general, the
normal to aplane n = (TTI,TT, 7rs, 7T,)" is the vector (TTI, 7r,7r5)". This may alterna-
tively be represented by apoint (TTI, TT,, #3, 0)" on the plane at infinity. In the case of
the principal plane P® of the camera, this point is {p3i,P32,P's3, 0)", which we denote
P . Projecting that point using the camera matrix P gives the principal point of the
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camera PP . Note that only the left hand 3x 3 part of P= M| p4] isinvolved in this
formula. In fact the principal point is computed as xo = Mn? where m*" is the third
row of M.

Theprincipal axis vector. Although any point X not on the principa plane may be
mapped to an image point according to x = PX, inreality only half the pointsin space,
those that lie in front of the camera, may be seen in an image. Let P be written as
P= M| P4]. It hasjust been seen that the vector m*® points in the direction of the
principd axis. We would like to define this vector in such away that it points in the
direction towards the front of the camera (the positive direction). Note however that P
isonly defined up to sign. This leaves an ambiguity as to whether m*® or —m?® points
inthe positive direction. We now proceed to resolve this ambiguity.

We start by considering coordinates with respect to the camera coordinate frame.
According to (6.5), the equation for projection of a 3D point to a point in the image
isgiven by x = PaamXcam = K[l | 0] X¢am, Where X cam is the 3D point expressed in
camera coordinates. In this case observe that the vector v = det(M)m® = (0, 0.1)"
points towards thefront of the camera in the direction of the principal axis, irrespective
o the scaling of Pcan For example, if P.gm —e ~Pcam then v —fc*vwhich has the
same direction.

If the 3D poaint is expressed in world coordinates then P = /KR | —RJ = M| p4],
where M = fcKR. Since det(R) > 0 the vector v = det(M)m?® is again unaffected by
scding. In summary,

e v = det(M)m isa vector inthedirection of theprincipal axis, directed towardsthe
front of the camera.

6.2.2 Action of a projective camera on points

Forward projection. As we have aready seen, a genera projective camera maps a
point in space X to an image point according to the mapping x = PX. Points D =
(d", 0)" on the plane at infinity represent vanishing points. Such points map to

X=PD= M1 pyJD =Md
and thus are only affected by M, the first 3x 3 submatrix of P.

Back-projection of pointstorays. Given apoint X in an image, we next determine
the set of points in space that map to this point. This set will constitute aray in space
passing through the camera centre. The form of the ray may be specified in severa
ways, depending on how one wishes to represent alinein 3-space. A Pliicker represen-
tetion is postponed until section 8.1.2(pl96). Here the line is represented as thejoin of
two points.

We know two points on the ray. These are the camera centre C (where PC = 0)
and the point P*x, where P" is the pseudo-inverse of P. The pseudo-inverse of Pisthe
matrix P+ = P"(PPT)~*, for which PP+ = | (see section A5.2(p590)). Point P+x lies
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(o =

X.m?3

Fig. 6.6. If the camera matrix P = M | P4] is normalized so that ||m®|| = 1and detM > 0, and
x = wXx v, 1) = PX, where X = (x,Y.Z 1)7, then w is the depth of thepoint 'X.from the camera
centre in the direction of theprincipal ray of the camera.

on the ray because it projects to x, since P(P+x) IXx = Xx. Then the ray is the line
formed by thejoin of these two points

X(A) = P+x + AC. (6.13)

In the case of finite cameras an alternative expression can be developed. Writing
P = M I p4], the camera centre is given by C = —M-'p,. An image point x back-
projects to aray intersecting the plane at infinity at the point D = ((M~'x)", 0)7, and
D provides a second point on the ray. Again writing the line as thejoin of two points
on the ray,

M (/ix-pa;

X(IN=1i( o L !

(6.14)

6.2.3 Depth of points

Next, we consider the distance a point lies in front of or behind the principal
plane of the camera. Consider a camera matrix P = M | p4], projecting a point
X = (x,Y,z,1)" = (X ,1)" in 3-space to theimage point x —w(x, y, 1)T = PX. Let
C = (C,1)" be the camera centre. Thenw = P*TX = P®T(X - C) since PC = 0 for
the camera centre C. However, P3T’(X —C  m®(x — C) where m? isthe principal
ray direction, sow = m3T(x — C) can be interpreted as the dot product of the ray from
the camera centre to the point X, with the principal ray direction. If the camera matrix
isnormalized so that det M > 0 and ||m®|| = 1, then m® is aunit vector pointing in the
positive axial direction. Then w may be interpreted as the depth of the point X from the
camera centre C in the direction of the principal ray. Thisisillustrated in figure 6.6.

Any camera matrix may be normalized by multiplying it by an appropriate factor.
However, to avoid having always to deal with normalized camera matrices, the depth
of apoint may be computed as follows:

Result 6.1. Let X = (x,Y,Z T)" bea3D point and P = M | ps] be a camera matrix
for a finite camera. Suppose P(x, Y,Z.T)" = w(x. y, 1)". Then
sign(detM)u»

depth(X: P) = (6.15)
T nrd
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Isthe depth of thepaint X infront of theprincipal plane of the camera.

Thisformula is an effective way to determine if apoint X isin front of the camera. One
verifies that the value of depth(X; P) is unchanged if either the point X or the camera
matrix Pis multiplied by a constant factor k. Thus, depth(X; P) is independent of the
particular homogeneous representation of X and P.

6.24 Decomposition of the camera matrix

Let P be acamera matrix representing agenera projective camera. We wish to find the
camera centre, the orientation of the camera and the internal parameters of the camera
from P.

Finding the camera centre. The camera centre C is the point for which PC = 0.
Numericaly this right null-vector may be obtained from the SVD of P, see section
A4.4(p585). Algebraically, the centre C = (x, Y, Z,T)" may be obtained as (see (3.5-
167))

x = det([pz, ps,pj) Y = - det([pi, ps, pal)
.z = dct([pi,p2,ps]) T =-det([pi,p2,ps]).

Finding the camera orientation and internal parameters. In the case of a finite
camera, according to (6.11),

P=MI-MC] =KR -RC

We may easily find both K and R by decomposing M as M = KR using the RQ-
decomposition. This decomposition into the product of an upper-triangular and orthog-
ond matrix is described in section A4.1.1(p579). The matrix R gives the orientation of
the camera, whereas K isthe calibration matrix. The ambiguity in the decomposition is
removed by requiring that K have positive diagonal entries.

The matrix K has the form (6.10)

o, 8 X
0 °y b
0O 0 |

where

* 3, isthe scale factor in the x-coordinate direction,
* a, isthe scale factor in the y-coordinate direction,
L sisthe skew,
* (20, yo)" are the coordinates of the principal point.
Theaspectratiois  ay/a.
Example6.2. The camera matrix
353553 e+2  3.39645 e+2 277744 e+2 -1.44946 e+6

-1.03528 e+2 233212 e+1 459607 e+2 -6.32525 e+5
7.07107 e-1 -3.53553 e-1 6.12372 e-1 -9.18559 e+2

Samsung/Google, EX1010, p. 181



164 6 Camera Models

with P = M | -M(], has centre C = (1000.0, 2000.0,1500.0)*", and the matrix M
decomposes as

468.2 91.2 300.0 041380 0.90915 0.04708"
427.2 200.0 -0.57338  0.22011 0.78917
10 0.70711 -0.35355 0.61237

A

Wheniss” 0? Aswasshown in section 6.1 atrue CCD camera has only four internal
camera parameters, since generaly s = 0. If s A 0 then this can be interpreted as
a skewing of the pixel elements in the CCD array <o that the x- and y-axes are not
perpendicular. This is admittedly very unlikely to happen.

In realistic circumstances anon-zero skew might arise as aresult of taking an image
of an image, for example if aphotograph is re-photographed, or anegative is enlarged.
Consider enlarging an image taken by a pinhole camera (such as an ordinary film cam-
era) where the axis of the magnifying lens is not perpendicular to the film plane or the
enlarged image plane.

The most severe distortion that can arise from this "picture of apicture” processisa
planar homography. Suppose the original (finite) cameraisrepresented by the matrix P,
then the camera representing the picture of apicture is HP, where H is the homography
matrix. Since H is non-singular, the left 3 x 3 submatrix of HP is non-singular and can
be decomposed as the product KR - and K need not have s = 0. Note however that the
K and R are no longer the calibration matrix and orientation of the original camera.

On the other hand, one verifies that the process of taking apicture of apicture does
not change the apparent camera centre. Indeed, since H isnon-singular, HRC = 0 if and
only if PC = 0.

Where is the decomposition required? If the camera P is constructed from (6.11)
then the parameters are known and a decomposition is clearly unnecessary. So the
question arises - where would one obtain acamera for which the decomposition is not
known? In fact cameras will be computed in myriad ways throughout this book and
decomposing an unknown camera is a frequently used tool in practice. For example
cameras can be computed directly by calibration - where the camerais computed from
a set of world to image correspondences (chapter 7) - and indirectly by computing a
multiple view relation (such as the fundamental matrix or trifocal tensor) and subse-
quently computing projection matrices from this relation.

A note on coordinate orientation. In the derivation of the camera model and its
parametrization (6.10) it is assumed that the coordinate systems used in both the image
and the 3D world are right handed systems, as shown in figure 6.1(pl54). However,
a common practice in measuring image coordinates is that the y-coordinate increases
in the downwards direction, thus defining a left handed coordinate system, contrary to
figure 6.1 (pi54). A recommended practice in this case is to negate the y-coordinate of
the image point so that the coordinate system again becomes right handed. However, if
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the image coordinate system is left handed, then the consequences are not grave. The
relationship between world and image coordinates is still expressed by a3 x 4 camera
matrix. Decomposition of this camera matrix according to (6.11) with K of the form
(6.10) is still possible with a, and a, positive. The difference isthat R now represents
the orientation of the camera with respect to the negative z-axis. In addition, the depth
o points given by (6.15) will be negative instead of positive for points in front of the
camera. If thisis borne in mind then it is permissible to use left handed coordinates in
theimage.

6.25 Euclidean vs projective spaces

The development of the sections to this point has implicitly assumed that the world
and image coordinate systems are Euclidean. Ideas have been borrowed from projec-
tive geometry (such as directions corresponding to points on n®) and the convenient
notation of homogeneous coordinates has allowed central projection to be represented
linearly.

In subsequent chapters of the book we will go further and use a projective coordinate
frame. This is easily achieved, for suppose the world coordinate frame is projective;
then the transformation between the camera and world coordinate frame (6.6) is again
represented by a4 x 4 homogeneous matrix, X.om = HX, and the resulting map from
projective 3-space |P° to the image is still represented by a3 x 4 matrix Pwith rank 3.
Infact, at its most general the projective camera is amap from IP? to IP?, and covers
the composed effects of a projective transformation of 3-space, a projection from 3-
space to an image, and a projective transformation of the image. This follows simply
by concatenating the matrices representing these mappings:

100 0"
P=[3x 3homography] 0 1 0 O [4x4 homography]
0010

which resultsin a3 x 4 matrix.

However, it isimportant to remember that cameras are Euclidean devices and simply
because we have aprojective model of acamera it does not mean that we should eschew
notions of Euclidean geometry.

Euclidean and affine interpretations. Although a (finite) 3x 4 matrix can aways be
decomposed as in section 6.2.4 to obtain arotation matrix, a calibration matrix K, and
o forth, Euclidean interpretations of the parameters so obtained are only meaningful if
theimage and space coordinates are in an appropriate frame. In the decomposition case
aEuclidean frame is required for both image and 3-space. On the other hand, the in-
terpretation of the null-vector of P as the camera centre is valid even if both frames are
projective - the interpretation requires only collinearity, which is a projective notion.
Theinterpretation of P* asthe principal plane requires at least afine frames for the im-
age and 3-space. Finally, the interpretation of m* asthe principal ray requires an afine
image frame but a Euclidean world frame in order for the concept of orthogonality (to
the principal plane) to be meaningful.
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perspective weak perspective
increasing focal length

increasing distance from camera

4 J*
wmmf

Fig. 6.7. Asthefocal length increases and the distance between the camera and object also increases,
the image remains the same size but perspective effects diminish.

6.3 Cameras at infinity

We now turn to consider cameras with centre lying on the plane at infinity. This means
that the left hand 3 x 3 block of the camera matrix Pissingular. The camera centre
may be found from PC = Ojust as with finite cameras.

Cameras a infinity may be broadly classified into two different types, affine cameras
and non-affine cameras. We consider firgt of al the &fine class of cameras which are
the most important in practice.

Definition 6.3. An affine camera is one that has acamera matrix Pin which the last row
P37 isof the form (0,0,0,1).

Itiscalled an affine camerabecause points at infinity are mapped to points at infinity.

6.3.1 Affine cameras

Consider what happens as we apply a cinematographic technique of tracking back
while zooming in, in such away asto keep objects of interest the same size'. This
is illustrated infigure 6.7. We are going tomodel this process by taking the limit as
both the focal length and principal axis distance of the camera from the object increase.

In analyzing this technique, we start with afinite projective camera (6.11). The

1 See 'Vertigo' (Dir. Hitchcock, 1958) and 'Mishima' (Dir. Schrader, 1985).
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camera matrix may be written as

AT 1T
KR | 2T f2TC (6.16)
3T _3T¢

wherer'" isthei-th row of the rotation matrix. This camera islocated at position C and
has orientation denoted by matrix Randinternal parameters matrix K of the form given
in (6.10-/7157). From section 6.2.1 the principal ray of the camera isin the direction
of the vector r*, andthevalue d, = —r3"C isthedistance of the world origin from the
camera centre in thedirection of the principal ray.

Now, we consider what happens if the camera centre ismoved backwards along the
principal ray at unit speed for atime t, so that the centre of the camera is moved to
C — tr®. Replacing Cin (6.16) by C — tr® gives the camera matrix at time t:

T _rlT(C —trd < 0T _plTooe
p=K 2T -r2(c- t® =K 2T _2T¢C (6.17)
3T _r3T(C 4r3 3T dt
where theterms r*Tr® arezero fori 1,2 because Ris arotation matrix. The scalar
d; = —r®TC +'t isthedepth of theworld origin with respect to the camera centre in

the direction of the principal ray r® of the camera. Thus

» Theeffect of tracking along the principal rayistoreplace the (3,4) entry of the matrix
by the depth d; of the camera centre from the world origin.

Next, we consider zooming such that the camera focal length isincreased by a factor
k. This magnifies theimage by afactor k. It isshown in section 8.4.1(p203) that the
effect of zooming by afactor k isto multiply thecalibration matrix K on theright by
jiiag(fe, k, 1).

Now, we combine the effects of tracking and zooming. We suppose that the magni-
fication factor isk = d/dy sothat theimage size remains fixed. Theresulting camera
matrix at time t, derived from (6.17), is

dt/do TlT o piTe AT -r*’c
dt/do 2T p2Tc dt 2T -r27c
1 3T g4 d  ¥dyd, do

and one can ignore the factor d/do. When t = 0, the camera matrix P, corresponds
with (6.16). Now, inthelimit asd, tends to infinity, this matrix becomes

T T
= limpP, =k 2T _¢2TC (6.18)
t—
>00 OT do

which isjust theoriginal camera matrix (6.16) with the first three entries of the last row
set to zero. From definition 6.3 P* isaninstance of an affine camera.
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6.3.2 Error in employing an affine camera

It may be noted that the image of any point on the plane through the world origin
perpendicular to the principal axis direction r* is unchanged by this combined zooming
and motion. Indeed, such apoint may be written as

ar +(3V
1

One then verifies that PoX = PX — PyX for al t, sincer®"(ar! + fir®) = 0.

For points not on this plane the images under P, and Roo differ, and we will now
investigate the extent of this error. Consider a point X which is a a perpendicular
distance A from this plane. The 3D point can be represented as

ar + @y Ard
X
1
and isimaged by the cameras Py and Roo at
/

PnX = K y Xoffir PooX = K
do + A \

< X

proj

o

0
wherex a r C,y—[3—r? C.Now, writing the calibration matrix as

22 X0
0 1
where K22 is an upper-triangular 2x 2 matrix, gives

KZXZX + (dO + A)XO ee: K2x2X + doXo
X proj do+ A affine ~ do

The image point for P, is obtained by dehomogenizing, by dividing by the third
element, as Xpro] = Xo + Kox2/(*0 + A), and for Roo the inhomogeneous image point
iSXafgne = X + Kaex/<io- The relationship between the two points is therefore

do + AN
*affine ~ *0 do Proj *oJ

which shows that

The effect of the affine approximation Roo to the true camera matrix Foisto movethe
image of apoint X radially towards or awayfrom the principal point xo by a factor
equal to (dp + A)/do = 1+ A/d,.

Thisisillustrated in figure 6.8.
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Affine imaging conditions. From the expressions for Xyro] and X.ffine We can deduce
that

“affine  *proj do Xproj ~ X0 ) (6.19)

which shows that the distance between the true perspective image position and the
position obtained using the affine camera approximation P~ will be small provided:

(i) The depth relief (A) is small compared to the average depth (do), and
(ii) The distance of the point from the principal ray is small.

The latter condition is satisfied by a small field of view. In general, images acquired
using alens with alonger foca length tend to satisfy these conditions as both the field
of view and the depth of field are smaller than those obtained by a short foca length
lens with the same CCD array.

For.scenes a which there are many points at different depths, the affine camerais
not a good approximation. For instance where the scene contains close foreground as
well as background objects, an affine camera model should not be used. However, a
different affine model can be used for each region in these circumstances.

6.3.3 Decomposition of P»
The camera matrix (6.18) may be written as

&2x2 X R t
6 i 0" dy,

where R consists of the two first rows of a rotation matrix, t is the vector
(—r''C, —r?Tc)", and 6 the vector (0.0). The 2x 2 matrix K»2 is upper-triangular.
One quickly verifies that

22 Xo' ROt do K2x2 X" R t"

6" 1 0" do_ 6" 1 0 1
0 we may replace Koyo by do K2 and assume that do = 1. Multiplying out this
product gives

P _ K2x2R  Kaxaot + Xp Kx2 0 R t+ KyoXo
! ng; 6T i OT i

Ko Koot + X0 R 0

6" i o' 1

Thus, making appropriate substitutions for t or xo, we can write the afine camera
matrix in one of the two forms

nx2 6" R Ot" K2x2 X0 R 0
6" i 0" 14 6 1 0" 1

Consequently, the camera P" can be interpreted in terms of these decompositions in

(6.20)
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weak
per spective

Fig. 6.8. Perspective vs weak perspective projection. The action of the weak perspective camera is
equivalent to orthographic projection onto aplane (at Z = do), followed by perspective projection from
theplane. The difference between the perspective and weak perspective image point depends both on
the distance A of thepoint X.from theplane, and the distance of the point from theprincipal ray.

one of two ways, either with xo = 0 or witht —0. Using the second decomposition
of (6.20), the image of the world origin is RC (0.0,0,1)" = (xJ,1)". Consequently,
the value of xq is dependent on the particular choice of world coordinates, and hence
isnot an intrinsic property of the camera itself. This means that the camera matrix P
does not have aprincipa point. Therefore, it is preferable to use the first decomposition
of RO in (6.20), and write

n2x2 0 R t
-T

6.21
o i 0 1 (6.21)

where the two matrices represent the internal camera parameters and external camera
parameters of P~.

Parallel projection. In summary the essential differences between P* and a finite
camera are;

1000
Theparallel projection matrix o0 10 o replacesthe canonical projection ma-
0 001
trix [I | o] of afinite camera (6.5-pl55).
\ Kx2 6 -
The calibration matrix ., T replacesK of a finite camera  (6.10-pl57).
L° i

Theprincipal point is not defined.

6.34 A hierarchy of affine cameras

In a similar manner to the development of the finite projection camera taxonomy
in section 6.1 we can start with the basic operation of parallel projection and build
ahierarchy of camera models representing progressively more general cases of parallel
projection.
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Orthographic projection. Consider projection along the z-axis. This is represented
by a matrix of the form
"L 00 O"
P= 0 10 0 . (6.22)
000 1_

This mapping takes a point (x, Y,Z, 1)" to the image point (x,Y, 1)", dropping the
z-coordinate.

For a general orthographic projection mapping, we precede this map by a 3D Eu-
clidean coordinate change of the form

H o' 1

Writing t = [\, t, ti)", we see that ageneral orthographic camera is of the form

rei T U1l
— 2T
P= |_ N h1 (6.23)

An orthographic camera has five degrees of freedom, namely the three parameters de-
scribing the rotation matrix R, plus the two offset parameters t\ and i,- An orthographic
projection matrix P = M t] is characterized by amatrix M with last row zero, with the
first two rows orthogonal and of unit norm, and t; = 1.

Scaled orthographic projection. A scaled orthographic projection isan orthographic
projection followed by isotropic scaling. Thus, in general, its matrix may be written in
the form

k ATy r" u
P = k 2T = 2T (6.24)
0" | o' 1/

It has six degrees of freedom. A scaled orthographic projection matrix P = M| t] is
characterized by amatrix M with last row zero, and the first two rows orthogonal and of
equal norm.

Weak perspective projection. Analogous to a finite CCD camera, we may consider
the case of a camera at infinity for which the scale factors in the two axial image
directions are not equal. Such a camera has a projection matrix of the form

n, re'T ot
P = W, rzT t2 (625)
1 o' 1

It has seven degrees of freedom. A weak perspective projection matrix P = M | t]
is characterized by a matrix M with last row zero, and first two rows orthogonal (but
they need not have equal norm as is required in the scaled orthographic case). The
geometric action of this cameraisillustrated in figure 6.8.
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The affine camera, Pa. As has dready been seen in the case of P*, ageneral camera
matrix of the affine form, and with no restrictions on its elements, may be decomposed

as

LT
s h
&, 2T
r

I of 1
It has eight degrees of freedom, and may be thought of asthe parallel projection version
of the finite projective camera (6.11-/?7157).
In full generality an afine camera has the form

mu mu rnjz t-i
m2i my, m23 t

0 0 0 1

It has eight degrees of freedom corresponding to the eight non-zero and non-unit matrix
elements. We denote the top left 2x 3 submatrix by Mx3- The sole restriction on the
afine camerais that Mx3 has rank 2. This arises from the reguirement that the rank of
Pis 3.

The &ffine camera covers the composed effects of an &ffine transformation of 3-space,
an orthographic projection from 3-space to an image, and an &fine transformation of
the image. This follows simply by concatenating the matrices representing these map-
pings:

10 0 O"
P, = [3x3 dfindg 0 10 O
0001

which results in a3 x 4 matrix of the affine form.
Projection under an afine camerais alinear mapping on inhomogeneous coordinates
composed with a trandation:

m, My M3
Mol My Mys

which is written more concisely as

5= MpygX + t (6.26)

Thepointt = (t\, t,)’ istheimage of the world origin.

The camera models of this section are seen to be afine cameras satisfying additional
constraints, thus the affine camera is an abstraction of this hierarchy. For example, in
the case of the weak perspective camera the rows of My, are scalings of rows of a
rotation matrix, and thus are orthogonal.

6.3.5 More properties of the affine camera
The plane at infinity in space is mapped to points &t infinity in the image. Thisis easily
seen by computing Pa(x, Y,Z,0)" = (x,Y, 0)". Extending the terminology of finite
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projective cameras, we interpret this by saying that the principal plane of the camerais
the plane at infinity. The optical centre, since it lies on the principa plane, must also
lieon the plane at infinity. From this we have

(i) Conversely, any projective camera matrix for which the principal plane is the
plane a infinity is an affine camera matrix.

(ii) Parallel world lines are projected to parallel image lines. This follows because
paralel world lines intersect at the plane at infinity, and this intersection point
is mapped to apoint at infinity in the image. Hence the image lines are parallel.

(iii) The vector d satisfying Mx3d = 0 is the direction of parallel projection, and

(d", 0)" the camera centre since Pa = 0.

Any camera which consists of the composed effects of afine transformations (ei-
ther of space, or of the image) with parallel projection will have the affine form. For
example, para-perspective projection consists of two such mappings: the first is par-
dld projection onto a plane n through the centroid and paralel to the image plane.
Thedirection of parallel projection isthe ray joining the centroid to the camera centre.
This parallel projection is followed by an afine transformation (actually a similarity)
between n and the image. Thus a para-perspective camera is an afine camera.

6.3.6 General cameras at infinity

An &fine camera is one for which the principal plane is the plane &t infinity. As such,
its camera centre lies on the plane at infinity. However, it is possible for the camera
centre to lie on the plane at infinity without the whole principal plane being the plane
a infinity.

A camera centre lies at infinity if P= M | pj with M a singular matrix. This is
clearly a weaker condition than insisting that the last row of M is zero, asis the case
for afine cameras. If M is singular, but the last row of M is not zero, then the camerais
not affine, but not a finite projective camera either. Such a camera is rather a strange
object, however, and will not be treated in detail in this book. We may compare the
properties of afine and non-affine infinite cameras:

Affine camera Non-affine camera

Camera centre on n* yes yes
Principal planeis-K* yes no
Image of points on TT"on 1" yes no in genera

In both cases the camera centre is the direction of projection. Furthermore, in the case
o an afine camera al non-infinite points are in front of the camera. For a non-affine
camera space is partitioned into two sets of points by the principa plane.

A general camera a infinity could arise from a perspective image of an image pro-
duced by an affine camera. This imaging process corresponds to left-multiplying the
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Line of motion

Image plane

*" Orthographic

axis
V
Perspective
axis
I nstantaneous
view plane

Fig. 6.9. Acquisition geometry of a pushbroom camera.

afine camera by ageneral 3 x 3 matrix representing the planar homography. The re-
sulting 3x 4 matrix is gill a camera a infinity, but it does not have the affine form,
since parallel linesin the world will in general appear as converging linesin theimage.

6.4 Other camera models
6.4.1 Pushbroom cameras

The Linear Pushbroom (LP) camera is an abstraction of atype of sensor common in
satellites, for instance the SPOT sensor. In such a camera, alinear sensor array is
used to capture a single line of imagery at atime. As the sensor moves the sensor
plane sweeps out aregion of space (hence the name pushbroom), capturing the image
asingle line a atime. The second dimension of the image is provided by the motion of
the sensor. In the linear pushbroom model, the sensor is assumed to move in a straight
line a constant velocity with respect to the ground. In addition, one assumes that the
orientation of the sensor array with respect to the direction of travel is constant. In
the direction of the sensor, the image is effectively a perspective image, whereas in the
direction of the sensor motion it is an orthographic projection. The geometry of the LP
camera isillustrated in figure 6.9. It turns out that the mapping from object space into
the image may be described by a3 x 4 camera matrix, just as with agenera projective
camera. However, the way in which this matrix isused is somewhat different.

e Let X = (x,Y.z 1)" be an object point, and let P be the camera matrix of the
LP camera. Suppose that PX = (x,y, w)’. Then the corresponding image point
(represented as an inhomogeneous 2-vector) is (X, y/w).

One must compare this with the projective camera mapping. In that case the point
represented by (x, y, w)" is (x'w, y/w)’. Note the difference that in the LP case, the
coordinate x is not divided by the factor w to get the image coordinate. In this formula,
the x-axis in the image is the direction of the sensor motion, whereas the y-axis isin
the direction of the linear sensor array. The camera has 11 degrees of freedom.
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6.4 Other camera models 175

Another way of writing the formula for LP projection is

x=PUX y=yr = P2T (6.27)
PAX
where (,x, y) is the image point.

Note that the y-coordinate behaves projectively, whereas the x is obtained by orthog-
onal projection of the point X on the direction perpendicular to the plane P*. The vector
P! represents the sweep plane of the camera at timet = O- that is the moment when
the line with coordinates x = 0 is captured.

Mapping of lines. One of the novel features of the LP camera is that straight lines in
space are not mapped to straight lines in the image (they are mapped to straight lines
in the case of a projective camera - see section 8.1.2). The set of points X lying on a
3D line may be written as X, + aD, where X, = (x, Y, Z, 1)T is apoint on the line and
D = (Dx-Dy, Dz 0)7 isthe intersection of this line with the plane at infinity. In this
case, we compute from (6.27)

x = PT(Xq+ iD)
P? « (Xp + tD)

v P3T(X, + £D)

This may be written as apair of equations x = at+bt and (c+dt)y = et+ft. Eliminating
t from these equations leads to an equation of the form axy + fix + -yy+ 5= 0, which
is the equation of a hyperbola in the image plane, asymptotic in one direction to the
lineax + 7 = 0, and in the other direction to the line ay + (3= 0. A hyperbola is
made up of two curves. However, only one of the curves making up the image of aline
actually appears in the image - the other part of the hyperbola corresponds to points
lying behind the camera.

6.4.2 Line cameras

This chapter has dealt with the central projection of 3-space onto a 2D image. An
analogous development can be given for the central projection of aplane onto a ID line
contained in the plane. See figure 22.1(p535). The camera model for this geometry is

! X
X _ P11 Pu Pis,

y\ P21 P22 P23 _

PG, X
VA

which is a linear mapping from homogeneous representation of the plane to a homo-
geneous representation of the line. The camera has 5 degrees of freedom. Again the
null-space, ¢, of the P,,3 projection matrix is the camera centre, and the matrix can be
decomposed in a similar manner to the finite projective camera (6.11-pl57) as

2x3 N2Xx21"2x2 12x2
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where c is the inhomogeneous 2-vector representing the centre (2 dof), R22 is arota
tion matrix (1 dof), and

the internal calibration matrix (2 dof).

6.5 Closure

This chapter has covered camera models, their taxonomy and anatomy. The subsequent
chapters cover the estimation of cameras from aset of world to image correspondences,
and the action of a camera on various geometric objects such as lines and quadrics.
Vanishing points and vanishing lines are also described in more detail in chapter 8.

6.5.1 The literature

[Aloimonos-90] defined a hierarchy of camera models including para-perspective.
Mundy and Zisserman [Mundy-92] generalized this with the affine camera. Faugeras
developed properties of the projective camera in his textbook [Faugeras-93]. Further
details on the linear pushbroom camera are given in [Gupta-97], and on the 2D camera
in [Quan-97b].

6.5.2 Notes and exercises

() Let |y be a projective image, and I\ be an image of |, (an image of an image).
Let the composite image be denoted by I'. Show that the apparent camera
centre of I' is the same as that of 1Q. Speculate on how this explains why a
portrait's eyes "follow you round the room.” Verify on the other hand that all
other parameters of /' and | may be different.

(ii) Show that the ray back-projected from an image point X under a projective
camera P (asin (6.14-pl62)) may be written as

L* = P'[x],P (6.28)

where L* isthe dua Pliicker representation of aline (3.9-p71).
(iii) The affine camera.

(@ Show that the affine camera is the most genera linear mapping on ho-
mogeneous coordinates that maps parallel world lines to parallel image
lines. To do this consider the projection of points on n®,, and show that
only if P has the afine form will they map to points at infinity in the
image.

(b) Show that for parallel lines mapped by an &ffine camera the ratio of
lengths on line segments is an invariant. What other invariants are there
under an afine camera?

(iv) Therational polynomial camera isagenera camera model, used extensively
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in the satellite surveillance community. Image coordinates are defined by the
ratios

X = Nx(X)Dx(X)  y = NX)/Dy(X)

where the functions N,, Dy, Ny, D, are homogeneous cubic polynomials in the
3-space point X. Each cubic has 20 coefficients, so that overall the camera has
78 degrees of freedom. All of the cameras surveyed in this chapter (projective,
affine, pushbroom) are specia cases of the rational polynomial camera. Its dis-
advantage is that it is severely over-parametrized for these cases. More details
are given in Hartley and Saxena [Hartley-97€].

A finite projective camera (6.11-p 157) Pmay be transformed to an orthographic
camera (6.22) by applying a4 x 4 homography H on the right such that

1000"

H=KRI -CH 0100 *orthog
0001

(the last row of H is chosen so that H has rank 4). Then since
x = PHHX = (PH)(H-'X) = PomnogX'’

imaging under Pis equivaent to first transforming the 3-space points X to X' =
H-'X and then applying an orthographic projection. Thus the action of any
camera may be considered as a projective transformation of 3-space followed
by orthographic projection.
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Computation of the Camera Matrix P

This chapter describes numerical methods for estimating the camera projection matrix
from corresponding 3-space and image entities. This computation of the camera matrix
is known as resectioning. The simplest such correspondence is that between a 3D
point X and its image x under the unknown camera mapping. Given sufficiently many
correspondences X, <+ X, the camera matrix P may be determined. Similarly, P may
be determined from sufficiently many corresponding world and image lines.

If additional constraints apply to the matrix P, such as that the pixels are square, then
arestricted camera matrix subject to these constraints may be estimated from world to
image correspondences.

Throughout this book it is assumed that the map from 3-space to the image is linear.
This assumption isinvaid if there is lens distortion. The topic of radial lens distortion
correction is dealt with in this chapter.

The internal parameters K of the camera may be extracted from the matrix P by the
decomposition of section 6.2.4. Alternatively, the internal parameters can be computed
directly, without necessitating estimating P, by the methods of chapter 8.

7.1 Basic equations

We assume a number of point correspondences Xy, «> Xj between 3D points Xj and
2D image points Xj are given. We are required to find a camera matrix P, namely a
3x 4 matrix such that x; = PX; for al i. The similarity of this problem with that of
computing a 2D projective transformation H, treated in chapter 4, is evident. The only
difference is the dimension of the problem. In the 2D case the matrix H has dimension
3x 3, whereas in the present case, Pisa3 x 4 matrix. As one may expect, much of the
material from chapter 4 applies almost unchanged to the present case.
Asin section 4.1(p88) for each correspondence X, < xg we derive a relationship

o' wX> X
WiXj o' X Pi =0. (7.0
i XX 0

where each P'T is a 4-vector, the i-th row of P. Alternatively, one may choose to use

178
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only the first two equations:

o awxJ  yxJ 1l %z \

X 0= XMlyls)-
since the three equations of (7.1) are linearly dependent. From a set of n point corre-
spondences, we obtain a 2re x 12 matrix A by stacking up the equations (7.2) for each
correspondence. The projection matrix Pis computed by solving the set of equations
Ap = 0, where p is the vector containing the entries of the matrix P.

{12)

Minimal solution. Since the matrix P has 12 entries, and (ignoring scale) 11 degrees
of freedom, it is necessary to have 11 equations to solve for P. Since each point corre-
spondence leads to two equations, at aminimum 5| such correspondences are required
to solve for P. The \ indicates that only one of the equations is used from the sixth
point, so one needs only to know the x-coordinate (or alternatively the y-coordinate)
o the sixth image poaint.

Given this minimum number of correspondences, the solution is exact, i.e. the space
points are projected exactly onto their measured images. The solution is obtained by
solving Ap = 0 where Ais an 11 x 12 matrix in this case. In general A will have rank
11, and the solution vector p isthe 1-dimensiond right null-space of A.

Over-determined solution. If the data is not exact, because of noise in the point
coordinates, and n > 6 point correspondences are given, then there will not be an exact
solution to the equations Ap — 0. Asin the estimation of a homography a solution for
P may be obtained by minimizing an algebraic or geometric error.

In the case of algebraic error the approach is to minimize [|Ap|| subject to some
normalization constraint. Possible constraints are

(i) Pl =i
(i) |IP’[| = 1, where p® isthe vector (psy,pyiilhyi)’, namely the first three entries
in the last row of P.

The firgt of these is preferred for routine use and will be used for the moment. We
will return to the second normalization constraint in section 7.2.1. In either case, the
resdud Ap is known as the algebraic error. Using these equations, the complete DLT
agorithm for computation of the camera matrix P proceeds in the same manner as that
for H given in algorithm 4.1(p91).

Degenerate configurations. Analysis of the degenerate configurations for estimation
d P is rather more involved than in the case of the 2D homography. There are two
types of configurations in which ambiguous solutions exist for P. These configurations
will be investigated in detail in chapter 22. The most important critical configurations
aeas follows:

(i) The camera and points dl lie on atwisted cubic.
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(i) The points dl lie on the union of aplane and a single straight line containing
the camera centre.

For such configurations, the camera cannot be obtained uniquely from the images
of the points. Instead, it may move arbitrarily along the twisted cubic, or straight line
respectively. If datais close to a degenerate configuration then apoor estimate for Pis
obtained. For example, if the camerais distant from a scene with low relief, such asa
near-nadir aerial view, then this situation is close to the planar degeneracy.

Data normalization. It isimportant to carry out some sort of data normalization just
asin the 2D homography estimation case. The points X, in the image are appropriately
normalized in the same way as before. Namely the points should be translated so that
their centroid is a the origin, and scaled so that their RMS (root-mean-squared) dis-
tance from the origin is y/2. What normalization should be applied to the 3D points
X, is alittle more problematical. In the case where the variation in depth of the points
from the camera isrelatively dight it makes sense to carry out the same sort of hormal-
ization. Thus, the centroid of the points is translated to the origin, and their coordinates
are scaled so that the RM S distance from the origin is \/3 (so that the "average” point
has coordinates of magnitude (1,1,1,1)"). This approach is suitable for a compact
distribution of points, such as those on the calibration object of figure 7.1.

In the case where there are some points that lie at agreat distance from the camera,
the previous normalization technique does not work well. For instance, if there are
points close to the camera, as well as points that lie at infinity (which are imaged as
vanishing points) or close to infinity, as may occur in oblique views of terrain, then
it is not possible or reasonable to translate the points so that their centroid is at the
origin. The normalization method described in exercise (iii) on page 128 would be
more appropriately used in such a case, though this has not been thoroughly tested.

With appropriate normalization the estimate of Pis carried out in the same manner
as algorithm 4.2(pl09) for H.

Line correspondences. It is a simple matter to extend the DLT algorithm to take
account of line correspondences aswell. A linein 3D may be represented by two points
Xo and Xi through which the line passes. Now, according to result 8.2(pl97) the plane
formed by back-projecting from the image line 1 is equal to P'1. The condition that the
point Xj lies on this planeis then

FPXJ- = 0 for j =0,1. (7.3

Each choice of j gives a single linear equation in the entries of the matrix P, so two
equations are obtained for each 3D to 2D line correspondence. These equations, being
linear in the entries of P, may be added to the equations (7.1) obtained from point
correspondences and a solution to the composite equation set may be computed.

7.2 Geometric error

Asin the case of 2D homographies (chapter 4), one may define geometric error. Sup-
pose for the moment that world points X, are known far more accurately than the
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Objective
Given n > 6 world to image point correspondences {Xj <> Xj}, determine the Maxi-
mum Likelihood estimate of the camera projection matrix P, i.e. the P which minimizes

Algorithm
(i) Linear solution. Compute an initial estimate of P using a linear method such as
algorithm 4.2(pl09):

(8 Normalization: Use a similarity transformation T to normalize the image
points, and a second similarity transformation U to normalize the space points.
Suppose the normalized image points are x, = TXJ, and the normalized space
points are X,; = UX].

(b) DLT: Form the 2n x 12 matrix A by stacking the equations (7.2) generated by
each correspondence X ; <> Xj. Write p for the vector containing the entries of
the matrix P. A solution of Ap = 0, subject to ||p|| = 1, is obtained from the
unit singular vector of A corresponding to the smallest singular value.

(i) Minimize geometric error. Using the linear estimate as a starting point minimize the
geometric error (7.4):

APF (X, PXi)®

over P, using an iterative algorithm such as Levenberg-Marquardt.
(iii) Denormalization. The camera matrix for the origina (unnormalized) coordinates is
obtained from P as

P=T-'PU.

Algorithm 7.1. The Gold Sandard algorithm for estimating P from world to image point correspon-
dences in the case that the world points are very accurately known.

measured image points. For example the points Xj might arise from an accurately
mechined calibration object. Then the geometric error in the image is

£<*(Xi, X

where Xj is the measured point and X is the point PXs i.e. the point which is the exact
image of Xj under P. If the measurement errors are Gaussian then the solution of

mpin~d(xj,PXj)? (7.4)
isthe Maximum Likelihood estimate of P.

Just as in the 2D homography case, minimizing geometric error requires the use of
iterative techniques, such asLevenberg-Marquardt. A parametrization of P is required,
and the vector of matrix elements p provides this. The DLT solution, or a minimal
solution, may be used as a starting point for the iterative minimization. The complete
Gold Standard algorithm is summarized in algorithm 7.1.

Example7.1. Camera estimation from a calibration object
We will compare the DLT agorithm with the Gold Standard algorithm 7.1 for data
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182 7 Computation of the Camera Matrix P

Fig. 7.1. An image of a typical calibration object. The black and white checkerboard pattern (a "Tsai
grid") isdesigned to enable the positions of the corners of the imaged squares to be obtained to high
accuracy. A total of 197 points were identified and used to calibrate the camera in the examples of this
chapter.

fv IJx1Jy Skew Xo % residual

linear 16733 10063 139 37996 30578 0.365
iterative 16755 1.0063 143 379.79 30525 0.364

Table 7.1. DLT and Gold Sandard calibration.

from the calibration object shown in figure 7.1. The image points x* are obtained from
the calibration object using the following steps:

(i) Canny edge detection [Canny-86].
(i) Straight line fitting to the detected linked edges,
(iii) Intersecting the lines to obtain the imaged corners.

If sufficient care is taken the points x, are obtained to alocalization accuracy of far
better than 1/10 of apixel. A rule of thumb is that for agood estimation the number
of constraints (point measurements) should exceed the number of unknowns (the 11
camera parameters) by afactor of five. This means that at least 28 points should be
used.

Table 7.1 shows the calibration results obtained by using the linear DLT method
and the Gold Standard method. Note that the improvement achieved using the Gold
Standard algorithm is very dlight. The difference of residua of one thousandth of a
pixel isinsignificant. A

Errorsin theworld points

It may be the case that world points are not measured with "infinite" accuracy. In this
case one may choose to estimate P by minimizing a 3D geometric error, or an image
geometric error, or both.

If only errors in the world points are considered then the 3D geometric error is de-
fined as
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7.2 Geometric error

Fig. 7.2. The DLT algorithm minimizes the sum of squares of geometric distance A between the point
Xj and thepoint X£ mapping exactly onto x, and lying in the plane through X, parallel to the principal
plane of the camera. A short calculation shows that wd = /A.

where Xj is the closest point in space to Xj that maps exactly onto Xj viax, = PXj.
More generaly, if errors in both the world and image points are considered, then a
weighted sum of world and image errorsisminimized. Asin the 2D homography case,
this requires that one augment the set of parameters by including parameters Xj, the
estimated 3D points. One minimizes
n

E ‘Mah(” PX,)? + dyah(Xj, X,)?
where dMah represents Mahalanobis distance with respect to the known error covari-
ance matrices for each of the measurements x, and Xj. In the smplest case, the Maha-
lanobis distance is smply aweighted geometric distance, where the weights are chosen
to reflect the relative accuracy of measurements of the image and 3D points, and aso
the fact that image and world points are typically measured in different units.

7.2.1 Geometric interpretation of algebraic error

Suppose dl the points Xj in the DLT agorithm are normalized such that

X,= (Xj,Y},Zj,1)", and Xj = (xi, iji,1)". In this case, it was seen in section 4.2.4-
(p95) that the quantity being minimized by the DLT agorithm is ~(y)j<i(x4,X]))?,
where Wi{xi,yi, 1)" = PX.. However, according to (6.15-pl62),

Wi = %||p®|| depth(X;P) .

Thus, the value W{ may be interpreted as the depth of the point Xj from the camerain
thedirection along the principal ray, provided the camerais normalized so that ||p*||* =
Pti + P32 + Pxi = 1- Referring to figure 7.2 one sees that w)jd(xj, X|) is proportional to
fd(X', X), where / isthe foca length and X” is a point mapping to x, and lying in a
plane through X, parallel to the principal plane of the camera. Thus, the algebraic error
being minimized isequal to / J2i d(X, X2

The distance d(X;,X';) is the correction that needs to be made to the measured 3D
points in order to correspond precisely with the measured image points x,. Therestric-
tion is that the correction must be made in the direction perpendicular to the principal
axis of the camera. Because of this restriction, the point X" is not the same as the clos-
et point Xj to Xj that maps to x,.. However, for points X, not too far from the principal
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184 7 Computation of the Camera Matrix'?

ray of the camera, the distance <i(X|, X") is areasonable approximation to the distance
(i(Xj, Xj). The DLT dlightly weights the points farther away from the principal ray by
minimizing the squared sum of d(Xj, X"), which is dightly larger than d(Xj, Xj). In
addition, the presence of the focd length / in the expression for algebraic error sug-
gests that the DLT algorithm will be biased towards minimizing focal length at a cost
of adlight increase in 3D geometric error.

Transformation invariance. We have just seen that by minimizing ||Ap|| subject
to the constraint ||p || = 1one may interpret the solution in terms of minimizing 3D
geometric distances. Such an interpretation isnot affected by similarity transformations
in either 3D space or the image space. Thus, one is led to expect that carrying out
translation and scaing of the data, either in the image or in 3D point coordinates, will
not have any effect on the solutions. This is indeed the case as may be shown using the
arguments of section 4.4.2(p 105).

7.2.2 Estimation of an affine camera

The methods developed above for the projective cameras can be applied directly to
dfine cameras. An &fine camera is one for which the projection matrix has last row
(0,0,0,1). Inthe DLT estimation of the camera in this case one minimizes ||Ap|| sub-
ject to this condition on the last row of P. Asin the case of computing 2D affine trans-
formations, for affine cameras, algebraic error and geometric image error are equal.
This means that geometric image distances may be minimized by alinear algorithm.

Suppose as above that all the points Xj are normalized such that X, = (x, Yj,Zj,1)",
and Xj = (XJ,yj, 1), and also that the last row of P has the afine form. Then (7.2) for
a single correspondence reduces to

“ ¥ (S)'UH

which shows that the squared algebraic error in this case equals the squared geometric
error

[1AP12 = E (<" PITX%)2 + Vi ~ PPTX,)? = I.\d(xj,xj)z-

This result may also be seen geometrically by comparison of figure 6.8(pl70) and
figure 7.2.

A linear estimation algorithm for an affine camera which minimizes geometric error
is given in agorithm 7.2. Under the assumption of Gaussian measurement errors this
isthe Maximum Likelihood estimate of Pa.

7.3 Restricted camera estimation

The DLT agorithm, as it has so far been described, computes a general projective
camera matrix P from a set of 3D to 2D point correspondences. The matrix P with
centre a a finite point may be decomposed as P = KR | —R(] where Risa 3 x 3
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7.3 Restricted camera estimation 185

Objective

Given n > 4 world to image point correspondences { Xj <> x,}, determine the Maximum
Likelihood Estimate of the affine camera projection matrix Pa, i.e. the camera P which mini-
mizes J2; d(xi, PXj)? subject to the affine constraint P*T = (0,0, 0,1).

Algorithm

(i) Normalization: Use asimilarity transformation T to normalize the image points, and a
second similarity transformation U to normalize the space points. Suppose the normal-
ized image points are X,, = Tx,, and the normalized space points are X, = UX;, with
unit last component.

(ii) Each correspondence Xj <> x» contributes (from (7.5)) equations

T

Xj o PL A I Xi
0 X P21 Wi

which are stacked into a 2n x 8 matrix eguation Agps = b, where pg is the 8-vector
containing the first two rows of Pa.
(iif) The solution is obtained by the pseudo-inverse of Ay (see section A5.2(p590))

Ps=4 b

andP"*"" = (0,0,0,1).
(iv) Denormalization: The camera matrix for the origina (unnormalized) coordinates is
obtained from P, as

Pa = T-lpAU

Algorithm 7.2. The Gold Standard Algorithm for estimating an affine camera matrix P, from world to
image correspondences.

rotation matrix and K has the form (6.10-/?157):

B s 9 (7.6)

1

The non-zero entries of K are geometrically meaningful quantities, the internal cali-
bration parameters of P. One may wish to find the best-fit camera matrix P subject to
restrictive conditions on the camera parameters. Common assumptions are

(i) The skew sis zero.
(ii) Thepixels are square: a, = a.
(iii) The principal point (XQ, yo) is known.
(iv) The complete camera calibration matrix K is known.

In some cases it is possible to estimate a restricted camera matrix with a linear algo-
rithm (see the exercises at the end of the chapter).

As an example of restricted estimation, suppose that we wish to find the best pinhole
camera model (that is projective camera with s = Oand a, = a) that fits a set of
point measurements. This problem may be solved by minimizing either geometric or
algebraic error, as will be discussed next.
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186 7 Computation of the Camera Matrix P

Minimizing geometric error. To minimize geometric error, one selects a set of pa-
rameters that characterize the camera matrix to be computed. For instance, suppose we
wish to enforce the constraints s = 0 and a, = a,. One can parametrize the camera
matrix using the remaining 9 parameters. These are Xo, Y0, 8, plus 6 parameters rep-
resenting the orientation R and location C of the camera. Let this set of parameters be
denoted collectively by g. The camera matrix P may then be explicitly computed in
terms of the parameters.

The geometric error may then be minimized with respect to the set of parameters
using iterative minimization (such as Levenberg-Marquardt). Note that in the case
of minimization of image error only, the size of the minimization problem is 9 x 'In
(supposing 9 unknown camera parameters). In other words the LM minimization is
minimizing afunction / : IR’ — IR™. In the case of minimization of 3D and 2D error,
the function / is from IR**® —> R, since the 3D points must be included among the
measurements and minimization also includes estimation of the true positions of the
3D points.

Minimizing algebraic error. It is possible to minimize algebraic error instead, in
which case the iterative minimization problem becomes much smaler, as will be ex-
plained next. Consider the parametrization map taking a set of parameters g to the
corresponding camera matrix P = KR | —RC]. Let this map be denoted by g. E-
fectively, one has amap p = g(q), where p is the vector of entries of the matrix P.
Minimizing algebraic error over all point matches is equivalent to minimizing \\Ag(q) \\.

The reduced measurement matrix. In genera, the 2n x 12 matrix A may have a
very large number of rows. It is possible to replace A by asquare 12x12 matrix A such
that |JAp|l = p'ATAp = ||Ap|| for any vector p. Such a matrix A is called areduced
measurement matrix. One way to do this is using the Singular Vdue Decomposition

(SVD). Let A = UDV" be the SVD of A, and define A = DV'. Then

A'A = (vDU"YUDV') = (VD)DV') = A'A

as required. Another way of obtaining A isto use the QR decomposition A = QA, where
Q has orthogonal columns and A is upper triangular and square.

Note that the mapping q = kg(q) is amapping from IR® to IR This is asmple
parameter-minimization problem that may be solved using the Levenberg-Marquardt
method. The important point to note is the following:

* Given a set of n world to image correspondences, Xj <» Xj, the problem of find-
ing a constrained camera matrix P that minimizes the sum of algebraic distances
J2i ~alp(*i; PXj)? reduces to the minimization of afunction IR’ — IR independent
of the number n of correspondences.

Minimization of ||Ap(q)|| takes place over al values of the parameters g. Note that if
P= KR j —RJwith K asin (7.6) then P satisfies the condition p%; +p\, +P33 = L since
these entries are the same as the last row of the rotation matrix R Thus, minimizing
A(/() will lead to amatrix P satisfying the constraints s = 0 and a, = a, and scaled
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7.3 Restricted camera estimation 187

auch that plx + p\2 + p?iz= 1, and which in addition minimizes the algebraic error for
dl point correspondences.

Initialization. One way of finding camera parameters to initialize the iteration is as
follows.

(i) Use alinear algorithm such as DLT to find an initial camera matrix.
(i) Clamp fixed parameters to their desired values (for instance set 6 = 0 and set
&x —?% '° ™€ average of their values obtained using DLT).
(hi) Set variable parameters to their values obtained by decomposition of the initial
camera matrix (see section 6.2.4).

Idedlly, the assumed values of the fixed parameters will be close to the vaues ob-
tained by the DLT. However, in practice thisis not always the case. Then dtering these
parameters to their desired values results in an incorrect initial camera matrix that may
leed to large residuals, and difficulty in converging. A method which works better in
practice is to use soft constraints by adding extra terms to the cost function. Thus, for
the casswhere s = Oand &, = a,, one adds extratermsws® + w(a, —a.,)* to the cost
function. In the case of geometric image error, the cost function becomes

2d(x,PXi)?  + ws + w@a - a)°
i
Ore begins with the values of the parameters estimated using the DLT. The weights
begin with low values and are increased at each iteration of the estimation procedure.
Thus the values of s and the aspect ratio are drawn gently to their desired values.
Finaly they may be clamped to their desired values for afind estimation.

Exterior orientation. Suppose that al the interna parameters of the camera are
known, then al that remains to be determined are the position and orientation (orpose)
of the camera. This is the "exterior orientation" problem, which is important in the
andysis of calibrated systems.

To compute the exterior orientation a configuration with accurately known position
in aworld coordinate frame is imaged. The pose of the camera is then sought. Such
astuation arises in hand-eye calibration for robotic systems, where the position of
thecamera s required, and also in model-based recognition using alignment where the
position of an object relative to the camera s required.

There are six parameters that must be determined, three for the orientation and three
for the position. As each world to image point correspondence generates two con-
draints it would be expected that three points are sufficient. This is indeed the case,
and the resulting non-linear equations have four solutions in general.

Experimental evaluation

Results of constrained estimation for the calibration grid of example 7.1 are given in
table 7.2.
Both the algebraic and geometric minimization involve an iterative minimization

Samsung/Google, EX1010, p. 205
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fv fx/fy skew Xo o residual

algebraic 16334 10 00 37121 29363 0.601
geometric  1637.2 10 00 37132 293.69 0.601

Table 7.2. Calibrationfor a restricted camera matrix.

over 9 parameters. However, the algebraic method is far quicker, since it minimizes
only 12 errors, instead of 2n = 396 in the geometric minimization. Note that fixing
skew and aspect ratio has atered the values of the other parameters (compare table 7.1)
and increased the residual.

Covariance estimation. The techniques of covariance estimation and propagation of
the errors into an image may be handled injust the same way asin the 2D homography
case (chapter 5). Similarly, the minimum expected residual error may be computed
as in result 5.2(/?7136). Assuming that al errors are in the image measurements, the
expected ML residual error is equal to

aes= a(l - d/2n)*?

where d is the number of camera parameters being fitted (11 for afull pinhole camera
model). This formula may also be used to estimate the accuracy of the point mea-

surements, given aresidual error. In the case of example 7.1 where n = 197 and
<?&s — 0.365 this results in avalue of a —0.37. This value is greater than expected.
The reason, as we will see later, lies in the camera model - we are ignoring radial

distortion.

Example 7.2. Covariance €ellipsoid for an estimated camera

Suppose that the camera is estimated using the Maximum Likelihood (Gold Stan-
dard) method, optimizing over a set of camera parameters. The estimated covari-
ance of the point measurements can then be used to compute the covariance of
the camera model by back-propagation, according to result 5.10(/?142). This gives
Ecamga = (*"points-) *“h®"® Jis the Jacobian matrix of the measured points in
terms of the camera parameters. Uncertainty in 3D world points may also be taken
into account in this way. If the camera is parametrized in terms of meaningful param-
eters (such as camera position), then the variance of each parameter can be measured
directly from the diagonal entries of the covariance matrix.

Knowing the covariance of the camera parameters, error bounds or ellipsoids can
be computed. For instance, from the covariance matrix for al the parameters we may
extract the subblock representing the 3 x 3 covariance matrix of the camera position,
E.. A confidence €ellipsoid for the camera centre is then defined by

(C-C)TEY(C-C) = K

where k? is computed from the inverse cumulative xi distribution in terms of the de-
sired confidence level a: namely k¥ = FA'(a) (see figure A2.1(p567)). Here n isthe
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7.4 Radial distortion 189

Fg. 7.3. Camera centre covariance ellipsoids, (a) Five images of Sanislas square (Nancy, France),

for which 3D calibration points are known, (b) Camera centre covariance ellipsoids corresponding to

each image, computed for cameras estimated from the imaged calibration points. Note, the typical cigar
shape of the ellipsoid aligned towards the scene data. Figure courtesy of Vincent Lepetit, Marie-Odile
Berger and Gilles Smon.

number of variables - that is 3in the case of the camera centre. With the chosen level
o certainty a, the camera centre lies inside the ellipsoid.

Figure 7.3 shows an example of elipsoidal uncertainty regions for computed camera
centres. Given the estimated covariance matrix for the computed camera, the tech-
niques of section 5.2.6(pl48) may be used to compute the uncertainty in the image
positions of further 3D world points. A

7.4 Radial distortion

The assumption throughout these chapters has been that alinear model is an accurate
modd of the imaging process. Thus the world point, image point and optical centre
are collinear, and world lines are imaged as lines and so on. For real (non-pinhole)
lenses this assumption will not hold. The most important deviation is generally aradia
digtortion. In practice this error becomes more significant asthefoca length (and price)
o the lens decreases. See figure 7.4.

The cure for this distortion isto correct the image measurements to those that would
have been obtained under aperfect linear camera action. The cameraisthen effectively
agan alinear device. This process is illustrated in figure 7.5. This correction must
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idamfh

Jollli===,

Fig. 7.4. (a) Short vs(b) longfocal lengths. Note the curved imaged lines at the periphery in (a) which
are images of straight scene lines.

radial distortion linear image

correction

Fig. 7.5. The image of a square with significant radial distortion is corrected to one that would have
been obtained under aperfect linear lens.

be carried out in the right place in the projection process. Lens distortion takes place
during theinitial projection of the world onto the image plane, according to (6.2-/?154).
Subsequently, the calibration matrix (7.6) reflects a choice of afine coordinates in the
image, translating physical locations in the image plane to pixel coordinates.

We will denote the image coordinates of a point under ideal (non-distorted) pinhole
projection by (x, y), measured in units of focal-length. Thus, for a point X we have
(see (6.5-pI55))

(xy,D" = [adxr

where X N isthe 3D point in camera coordinates, related to world coordinates by (6.6-
p\56). The actual projected point is related to theideal point by aradial displacement.
Thus, radial (lens) distortion is modelled as

Xd
» L{f) (7.7)

where

* (X, y) istheidea image position (which obeys linear projection).

* (xd, yd) is the actual image position, after radial distortion.

« ristheradia distance y'x* + y* from the centre for radial distortion.
* L(f) isadistortion factor, which is afunction of the radius f only.
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Correction of distortion. Inpixel coordinates the correction is written

X = Xc + LIN(X - xo) y=Ye+ LINY - Yo

where (x.y) are the measured coordinates, (x, y) are the corrected coordinates, and
(X Yo) is the centre of radial distortion, with r> = (x — x)?> + (y — yo)>. Note, if the
aspect ratio is not unity then it is necessary to correct for this when computing r. With
this correction the coordinates (x, y) are related to the coordinates of the 3D world
point by alinear projective camera

Choice of the distortion function and centre. The function L(r) isonly defined for
positive values of r and L(0) = 1. An approximation to an arbitrary function L(r)
may be given by a Taylor expansion L(r) = 1+ K\r + ny? + Kar* + .... The coef-
ficientsfor radial correction {K\, K, K3, ..., X, Y} are considered part of the interior
calibration of the camera. The principal point is often used as the centre for radial
distortion, though these need not coincide exactly. This correction, together with the
camera calibration matrix, specifies the mapping from an image point to aray in the
camera coordinate system.

Computing the distortion function. The function L(r) may be computed by mini-
mizing a cost based on the deviation from alinear mapping. For example, agorithm
7.1 (pi 81) estimates P by minimizing geometric image error for calibration objects such
asthe Tsai grids of figure 7.1. The distortion function may be included as part of the
imaging process, and the parameters Ki computed together with P during the iterative
minimization of the geometric error. Similarly, the distortion function may be com-
puted when estimating the homography between asingle Tsai grid and its image.

A simple and more general approach is to determine L(r) by the requirement that
images of straight scene lines should be straight. A cost function is defined on the
imaged lines (such as the distance between the linejoining the imaged line's ends and
its mid-point) after the corrective mapping by L(r). This cost is iteratively minimized
over the parameters Ky, of thedistortion function and the centre of radial distortion. This
isavery practical method for images of urban scenes since there are usually plenty of
lines available. It has the advantage that no specia calibration pattern is required asthe
scene provides the calibration entities.

Example7.3. Radial correction. The function L(r) is computed for the image of
figure7.6a by minimizing acost based on the straightness of imaged scene lines. The
image is 640 x 480 pixels and the correction and centre are computed as K\ = 0.103689,
K, = 0.00487908, K; = 0.00116894, K, = 0.000841614, x. = 321.87, y. = 241.18
pixels, where pixels are normalized by the average half-size of the image. Thisisa
correction by 30 pixels a the image periphery. The result of warping the image is
shown in figure 7.6b. A

Example 7.4. We continue with the example of the calibration grid shown in figure 7.1
and discussed in example 7.1(~181). Radial distortion was removed by the straight line
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Fig. 7.6. Radial distortion correction, (a) The original image with lines which are straight in the
world, but curved in the image. Several of these lines are annotated by dashed curves, (b) The image
warped to remove the radial distortion. Note that the lines in the periphery of the image are now straight,
but that the boundary of the image is curved.

method, and then the camera calibrated using the methods described in this chapter.
The results are given in table 7.3.

Note that the residuals after radia correction are substantially smaller. Estimation of
the error of point measurements from the residual leads to avalue of a = 0.18 pixels.
Since radial distortion involves selective stretching of the image, it is quite plausible

that the effective foca length of the image is changed, as seen here. A
fv Ny skew X 2  residud
linear 15805 10044 075 377.53 299.12  0.179

iterative  1580.7 1.0044 070 37742 299.02 0.179
algebraic 15560 10000 0.00 37242 291.86 0.381
iterative 1556.6 10000 0.00 37241 291.86 0.380

linear 16733 10063 139 379.96 30578 0.365
iterative 16755 10063 143 379.79 30525 0.364
algebraic 16334 10000 000 37121 29363 0.601
iterative 16372 10000 000 37132 29369 0.601

Table 7.3. Calibration with and without radial distortion correction. The results above the line
are after radial correction - the results below for comparison are without radial distortion (from the
previous tables). The upper two methods in each case solve for the general camera model, the lower two
arefor a constrained model with square pixels.

In correcting for radial distortion, it is often not actually necessary to warp the image.
Measurements can be made in the original image, for example the position of a corner
feature, and the measurement simply mapped according to (7.7). The question of where
features should be measured does not have an unambiguous answer. Warping the im-
age will distort noise models (because of averaging) and may well introduce aliasing
effects. For this reason feature detection on the unwarped image will often be prefer-
able. However, feature grouping, such as linking edgels into straight line primitives,
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is best performed after warping since thresholds on linearity may well be erroneously
exceeded in the origina image.

75 Closure
7.5.1 The literature

The original application of the DLT in [Sutherland-63] was for camera computation.
Estimation by iterative minimization of geometric errors is a standard procedure of
photogrammetrists, e.g. see [Slama-80].

A minimal solution for acalibrated camera (pose from the image of 3 points) was the
original problem studied by Fischler and Bolles [Fischler-81] in their RANSAC paper.
Solutions to this problem reoccur often in the literature; a good treatment is given in
[Wolfe-91] and also [Haralick-91]. Quasi-linear solutions for one more than the mini-
mum number of point correspondences X, < x* are in [Quan-98] and [Triggs-99a].

Another class of methods, which are not covered here, is the iterative estimation of a
projective camera starting from an afine one. The algorithm of "Model based pose in
25 lines of code" by Dementhon and Davis [Dementhon-95] is based on this idea. A
similar method is used in [Christy-96].

Devernay and Faugeras [Devernay-95] introduced a straight line method for com-
puting radia distortion into the computer vision literature. In the photogrammetry
literature the method is known as "plumb line correction”, see [Brown-71].

7.5.2 Notesand exercises
(i) Given 5 world-to-image point correspondences, X, < x,, show that there are
in genera four solutions for acamera matrix Pwith zero skew that exactly maps
the world to image points.

(i) Given 3 world-to-image point correspondences, X, <» X,, show that there are
in genera four solutions for a camera matrix P with known calibration K that

exactly maps the world to image points,

(iif) Find alinear algorithm for computing the camera matrix P under each of the
following conditions:

(8) The camera location (but not orientation) is known.

(b) The direction of the principal ray of the camera is known.

(c) The cameralocation and the principal ray of the camera are known.

(d) The cameralocation and complete orientation of the camera are known.

(e) The camera location and orientation are known, as well as some subset
of the internal camera parameters (a,, ay, S, X and Yo).

(iv) Conflation of focal length and position on principal axis. Compare the im-
aged position of apoint of depth d before and after an increase in camera foca
length A/, or adisplacement At; of the camera backwards along the principa
axis. Let (x, y)" and (X, y')’ bethe image coordinates of the point before and
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v)

7 Computation of the Camera Matrix P
after the change. Following a similar derivation to that of (6.19-pl69), show

T (H))**te)

where k-" = A/// for afoca length change, or K® = —Aty/d for adisplace-
ment (here skew s= 0,and a, —ay = /).

For a set of calibration points X7 with depth relief (Aj) small compared to the
average depth (do),

K = -At/di = -At{dy, + A) « -Atg/do

i.e fcr3is approximately constant across the set. It follows that in calibrating
from such a set, similar image residuals are obtained by changing the foca
length k/ or displacing the camera k. Consequently, the estimated parameters
of focal length and position on the principal axis are correlated,

Pushbroom camera computation.  The pushbroom camera, described in
section 6.4.1, may aso be computed using aDLT method. The x (orthographic)
part of the projection matrix has 4 degrees of freedom which may be determined
by four or more point correspondences Xj * x*; they (perspective) part of the
projection matrix has 7 degrees of freedom and may be determined from 7 cor-
respondences. Hence, a minimal solution requires 7 points. Details are given
in [Gupta-97].
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More Single View Geometry

Chapter 6 introduced the projection matrix as the model for the action of a camera
on points. This chapter describes the link between other 3D entities and their images
under perspective projection. These entities include planes, lines, conies and quadrics;
and we develop their forward and back-projection properties.

The camera is dissected further, and reduced to its centre point and image plane.
Two properties are established: images acquired by cameras with the same centre are
related by a plane projective transformation; and images of entities on the plane a
infinity, TV", do not depend on camera position, only on camera rotation and internal
parameters, K.

The images of entities (points, lines, conies) on TVA. are of particular importance. It
will be seen that the image of apoint on TT"is a vanishing point, and the image of
aline on TV*avanishing line; their images depend on both K and camera rotation.
However, the image of the absolute conic, 0J, depends only on K; it is unaffected by the
cameras rotation. The conic u isintimately connected with camera calibration, K, and
therelation UJ= (KKT)-!is established. It follows that u defines the angle between
rays back-projected from image points.

These properties enable camera relative rotation to be computed from vanishing
points independently of camera position. Further, since K enables the angle between
rays to be computed from image points, in turn K may be computed from the known
angle between rays. In particular K may be determined from vanishing points corre-
sponding to orthogonal scene directions. This means that a camera can be calibrated
from scene features, without requiring known world coordinates.

A final geometric entity introduced in this chapter is the calibrating conic, which
enables a geometric visualization of K.

8.1 Action of a projective camera on planes, lines, and conies

In this section (and indeed in most of thisbook) it is only the 3 x 4form and rank of the
camera projection matrix P that is important in determining its action. The particular
properties and relations of its elements are often not relevant.

195
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196 8 More Single View Geometry

Fig. 8.1. Perspective image of points on a plane. The XY-plane of the world coordinate frame is
aligned with the plane n. Points on the image and scene planes are related by a plane projective
transformation.

8.1.1 On planes

The point imaging equation x = PX isamap from apoint in aworld coordinate frame,

to apoint in image coordinates. We have the freedom to choose the world coordinate

frame. Suppose it is chosen such that the XY-plane corresponds to aplane TV in the
scene, S0 that points on the scene plane have zero z-coordinate as shown in figure 8.1

(it is assumed that the camera centre does not lie on the scene plane). Then, if the

columns of P are denoted as p,, the image of apoint on 7 is given by

£\
X=PX= pi p2 ps Pa B = Pi P2
Vild
So that the map between points x; = (X, Y, 1)" on K and their image x is a general

planar homography (a plane to plane projective transformation): x = Hx", with H a
3x 3 matrix of rank 3. This shows that:

« Themost general transformation that can occur between a sceneplane and animage
plane under perspective imaging isaplane projective transformation.

If the camera is &ffine, then a similar derivation shows that the scene and image planes
are related by an affine transformation.

Example8.1. For acalibrated camera (6.8-pl56) P = KR | t], the homography be-
tween aworld plane e z = 0 and the image is

H=K 1)*2) U)
where r, are the columns of R A

8.1.2 Onlines

Forward projection. A line in 3-space projects to aline in the image. This is easily
seen geometrically - the line and camera centre define a plane, and the image is the
intersection of this plane with the image plane (figure 8.2) - and is proved algebraically
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8.1 Action of aprojective camera on planes, lines, and conies 197

Fig. 8.2. Line projection. Aline L in 3-space isimaged asaline 1 by aperspective camera. The image
line 1 isthe intersection of the plane TV, defined by L and the camera centre C, with the image plane.
Conversely an image line 1 back-projects to a plane IT in 3-space. Theplane is the "pull-back” of the
line.

by noting that if A. B are points in 3-space, and a, b their images under P, then a point
X(/z) = A + /iB on aline which isthejoin of A, B in 3-space projects to a point

x(ju)

P(A + pJB) = PA + /iPB
a+ fib

which is on the linejoining a and b.

Back-projection of lines. The set of points in space which map to aline in the image
isaplane in space defined by the camera centre and image line, as shown in figure 8.2.
Algebraically,

Result 8.2. The set of points in space mapping to a line 1 via the camera matrix Pis the
plane P1.

Proof. A point x lies on 1if and only if x'I = 0. A space point X maps to a point
PX, which lies on the line if and only if X"P"1 = 0. Thus, if P'1is taken to represent a
plane, then X lies on this plane if and only if X maps to a point on the line 1 In other
words, P'1is the back-projection of the line 1 .

Geometrically there is astar (two-parameter family) of planes through the camera cen-
tre, and the three rows of the projection matrix P*" (6.12-/7159) are abasis for this star.
Theplane P'1is alinear combination of this basis corresponding to the element of the
star containing the camera centre and the line 1 For example, if 1= (0,1,0)" then the
planeis P?, and is the back projection of the image x-axis.

Pliicker line representation. Understanding this material on Pliicker line mapping is
not required for following the rest of the book.

We now turn to forward projection of lines. If aline in 3-space is represented by
Fliicker coordinates then its image can be expressed as a linear map on these coordi-
nates. We will develop this map for both the 4 x 4 matrix and 6-vector line representa-
tions.
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198 8 More Sngle View Geometry

Result 8.3. Under the camera mapping P, a line in 3-space represented as a PlUcker
matrix L, as defined in (3.8—070), isimaged as theline 1 where

m PLP (8.2)
where the notation [l]x isdefined in (A4.5-p581).

Proof. Suppose as above that a = PA, b = PB. The Plucker matrix L for the line
through A, B in 3-space isL = ABT — BA'. Then the matrix M = PLP' = ab’" — ba’
is 3 x 3 and antisymmetric, with null-space a x b. Consequently, M = [a x b],, and

since the line through the image pointsis given by 1 = a x b, this completes the proof.
[ ]

It is clear from the form of (8.2) that there is a linear relation between the image line
coordinates 1o, and the world line coordinates Lj,, but that this relation is quadratic
in the elements of the point projection matrix P. Thus, (8.2) may be rearranged such
that the map between the Plucker line coordinates, C (a 6-vector), and the image line
coordinates 1 (a 3-vector) is represented by asingle 3x 6 matrix. It can be shown that

Definition 8.4. The lineprojection matrix V isthe 3x 6 matrix of rank 3 given by

p2 ap3
\% P® AP (8.3)
P'AP
where P'T are the rows of the point camera matrix P, and P' A P’ are the Plucker line
coordinates of the intersection of the planes P' and V2.

Then the forward line projection is given by

Result 8.5. Under the line projection matrix V, a line in IP? represented by PlUcker
line coordinates C, as defined in (3.11—p72), ismapped to the imageline

(P2AP3|E)
- (PPAPYE) (8.4)
\ Ve (P* AP?|E)
where the product (C\C) isdefined in (3.13-p72).

Proof. Suppose the line in 3-space is thejoin of the points A and B, and these project
toa —PA.b = PB respectively. Then the image line 1= a x b = (PA) x (PB).
Consider the first element

(PZTA)(P3TB) (PZTB)(PSTA
(P2AP3|E)

Ix

where the second eguality follows from (3.14—p73). The other components follow in a
similar manner. .
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8.1 Action of aprojective camera onplanes, lines, and conies 199

Theline projection matrix V playsthe samerole for lines as P doesfor points. The rows
of V may beinterpreted geometrically aslines, in asimilar manner to the interpretation
of the rows of the point camera matrix P asplanes given in section 6.2.1 (pi58). The
rows P'T of P are the principal plane and axis planes of the camera. The rows of V
are the lines of intersection of pairs of these camera planes. For example, the first
row of V isP? AP?, and this is the 6-vector Pliicker line representation of the line of
intersection of they = 0 axis plane, P?, and the principal plane, P®. The three lines
corresponding to the three rows of V intersect a the camera centre. Consider linesC
in 3-space for which VC = 0. These lines are in the null-space of V. Since each row
o V isaline, and from result 3.5(p72) the product (£||£2) = Oif two lines intersect,
if follows that £ intersects each of the lines represented by the rows of V. These lines
are the intersection of the camera planes, and the only point on al 3 camera planes is
the camera centre. Thus we have

« ThelinesC in P*for which VC = 0 pass through the camera centre.

The 3x 6 matrix V has a 3-dimensional null-space. Allowing for the homogeneous
scale factor, this null-space is a two-parameter family of lines containing the camera
centre. Thisisto be expected since thereis astar (two parameter family) of linesin IP?
concurrent with a point.

8.1.3 On conies

Back-projection of conies. A conic C back-projects to acone. A coneis adegenerate
quadric, i.e. the 4x 4 matrix representing the quadric does not have full rank. The cone
vertex, in this case the camera centre, is the null-vector of the quadric matrix.

Result 8.6. Under the camera P the conic C hack-projects to the cone

Qo = P'CP.

Proof. A point x lieson C if and only if x"Cx = 0. A space point X maps to a point
PX, which lies on the conic if and only if X"P'CPX = 0. Thus, if Qu = P'CP is taken
to represent a quadric, then X lies on this quadric if and only if X maps to apoint on
the conic C. In other words, Qy, is the back-projection of the conic C. .

Note the camera centre C is the vertex of the degenerate quadric since
QuC= P'C(PC) = 0.

Example8.7. Suppose that P = K[l | 0]; then the conic C back-projects to the cone

nKT _"KK 0"
or CKIO= "4

The matrix Qy hasrank 3. Its null-vector is the camera centre C = (0,0,0,1)". A
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Apparent
generator F contour Y

a

Fig. 8.3. Contour generator and apparent contour, (a)for parallel projection; (b)for central projec-
tion. The rayfrom the camera centre through x istangent to the surface at X. The set of such tangent
points X defines the contour generator, and their image defines the apparent contour. In general the
contour generator isa space curve. Figure courtesy of Roberto Cipolla and Peter Giblin.

8.2 Images of smooth surfaces

The image outline of a smooth surface S results from surface points at which the imag-
ing rays are tangent to the surface, as shown in figure 8.3. Similarly, lines tangent to
the outline back-project to planes which are tangent planes to the surface.

Definition 8.8. The contour generator T is the set of points X on S a which rays are
tangent to the surface. The corresponding image apparent contour 7 isthe set of points
x which aretheimage of X, i.e. 7 istheimage of T.

The apparent contour is also called the "outline” and "profile”. If the surface is viewed
in the direction of X from the camera centre, then the surface appears to fold, or to have
aboundary or occluding contour.

It is evident that the contour generator r depends only on the relative position of the
camera centre and surface, not on the image plane. However, the apparent contour 7
is defined by the intersection of the image plane with the rays to the contour generator,
and so does depend on the position of the image plane.

In the case of parallel projection with direction k, consider al the rays parallel to k
which are tangent to S see figure 8.3a. These rays form a "cylinder" of tangent rays,
and the curve dong which this cylinder is tangent to S is the contour generator r. The
curve in which the cylinder meets the image plane is the apparent contour 7. Note that
both r and 7 depend in an essential way on k. The set r dips over the surface as the
direction of k changes. For example, with S a sphere, r is the great circle orthogonal
to k. In this case, the contour generator r is aplane curve, but in general r is a space
curve,

We next describe the projection properties of quadrics. For this class of surface
algebraic expressions can be developed for the contour generator and apparent contour.
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8.3 Action of aprojective camera on quadrics 201

Fig. 84. The cone of rays for a quadric. The vertex of the cone is the camera centre, (a) The contour
generator T of a quadric is a plane curve (a conic) which is the intersection of the quadric with the
polar plane of the camera centre, C.

8.3 Action of a projective camera on quadrics

A quadric is a smooth surface and so its outline curve is given by points where the
back-projected rays are tangent to the quadric surface as shown in figure 8.4.

Suppose the quadric is a sphere, then the cone of rays between the camera centre
and quadric is right-circular, i.e. the contour generator is a circle, with the plane of
the circle orthogonal to the line joining the camera and sphere centres. This can be
seen from the rotational symmetry of the geometry about this line. The image of the
sphereis obtained by intersecting the cone with theimage plane. Itis clear that thisisa
classica conic section, so that the apparent contour of a sphereis aconic. In particular
if the sphere centre lies on the principal (z) camera axis, then the conic is acircle.

Now consider a 3-space projective transformation of this geometry. Under this map
the sphere is transformed to a quadric and the apparent contour to a conic. However,
since intersection and tangency are preserved, the contour generator is a (plane) conic.
Consequently, the apparent contour of ageneral quadric isaconic, and the contour gen-
erator is also aconic. We will now give algebraic representations for these geometric
results.

Forward projection of quadrics. Since the outline arises from tangency, it is not
surprising that the dual of the quadric, @, isimportant here since it defines the tangent
planes to the quadric Q.

Reault 8.9. Under the camera matrix P the outline of the quadric Q isthe conic C given
by

C = PQ*P". (8.5)
Proof. This expression is simply derived from the observation that lines 1 tangent to

the conic outline satisfy 1'C*1 = 0. These lines back-project to planesiz = P'1that are
tangent to the quadric and thus satisfy 7'Q*7T = 0. Then it follows that for each line

7Te*7T =  1"PQ*P"1
1'c1=0
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and since thisistrue for al lines tangent to C the result follows. .

Note the similarity of (8.5) with the projection of aline represented by a Pliicker ma-
trix (8.2). An expression for the projection of the point quadric Qcan be derived
from (8.5) but it is quite complicated. However, the plane of the contour generator
is easily expressed in terms of Q

» Theplane of Tfor a quadric Q and camera with centre C isgiven by 7r, = QC.

This result follows directly from the pole-polar relation for a point and quadric of
section 3.2.3(p73). Its proof is left as an exercise. Note, the intersection of a quadric
and plane isaconic. Sor isaconic and itsimage 7, which is the apparent contour, is
also a conic as has been seen above.

We may also derive an expression for the cone of rays formed by the camera centre
and quadric. This cone is a degenerate quadric of rank 3.

Result 8.10. The cone with vertex V and tangent to the quadric Q is the degenerate
quadric

Q= (VIQV)Q-(QV)(QV)".

Note that Qv = 0, so that V is the vertex of the cone as required. The proof is
omitted.

Example 8.11. We write the quadric in block form:

no [ 6 g
[o} 244

Then if V = (0,0,0,1)", which corresponds to the cone vertex being at the centre of

the world coordinate frame,

n_ [ 54Q8X3- qq’ 0
- n oT

Weo Q

which is clearly adegenerate quadric. A

8.4 Theimportance of the camera centre

An object in 3-space and camera centre define a set of rays, and an image is obtained
by intersecting these rays with aplane. Often this set is referred to as a cone of rays,
even though it is not a classical cone. Suppose the cone of rays is intersected by two
planes, as shown in figure 8.5, then the two images, / and /', are clearly related by a
perspective map. This means that images obtained with the same camera centre may
be mapped to one another by aplane projective transformation, in other words they are
projectively equivalent and so have the same projective properties. A camera can thus
be thought of as a projective imaging device - measuring projective properties of the
cone of rays with vertex the camera centre.

The result that the two images / and /' are related by a homography will now be
derived algebraically to obtain aformula for this homography. Consider two cameras

P.= KR[I|-C], P =KRJ I-C]
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Fig. 8.5. The cone of rays with vertex the camera centre. An image is obtained by intersecting this
cone with aplane. A ray between a 3-space point X and the camera centre C pierces the planes in the
image points x and x'. All such image points are related by aplanar homography, x' = Hx.

with the same centre. Note that since the cameras have a common centre there is a
simple relation between them, namely P = (KR)(KR) *P. It then follows that the
images of a 3-space point X by the two cameras are related as

X' = P'x = (K'RXKR'PX = (K'R)(KR)-X.

That is, the corresponding image points are related by a planar homography (a3 x 3
matrix) as x' = Hx, where H = (K'RXKR)™

We will now investigate several cases of moving the image plane whilst fixing the
camera centre. For simplicity the world coordinate frame will be chosen to coincide
with the camera's, so that P = K]l | g (and it will be assumed that the image plane
never contains the centre, as the image would then be degenerate).

8.4.1 Moving theimage plane

Consider first an increase in focal length. To a first approximation this corresponds
to a displacement of the image plane along the principa axis. The image effect isa
simple magnification. This is only a first approximation because with a compound
lens zooming will perturb both the principal point and the effective camera centre.
Algebraically, if x, x" are the images of apoint X before and after zooming, then

X K[l | O]X
X' KT [O)X = KA (K[l 1 0)X) = K'K™x

so that x” = Hx with H = K'K™. If only the focal lengths differ between K and K' then
a short calculation shows that

where X, is the inhomogeneous principal point, and k = /'// is the magnification
factor. This result follows directly from similar triangles: the effect of zooming by a
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Fig. 8.6. Between images (a) and (b) the camera rotates about the camera centre. Corresponding points
(that is images of the same 3D point) are related by a plane projective transformation. Note that 3D
points at different depths which are coincident in image (a), such as the mug lip and cat body, are also
coincident in (b), so there isno motion parallax in this case. However, between images (a) and (c) the
camera rotates about the camera centre and trandates. Under this general motion coincident points of
differing depth in (a) are imaged at different points in (c), so there is motion parallax in this case due to
the camera trandation.

factor k isto move the image point x on aline radiating from the principa point x, to
thepoint x' =fcx + (1- K)+,. Algebraicaly, using the most general form (6.10-pl57)
of the calibration matrix K, we may write

‘ fc (1- Kxo ki 1~ 7)x A X
K = 0 0
o' 1 o' 1 o’ 1
Kk Xo fcl
o 1 =K

This shows that

» Theeffect of zooming by afactor k isto multiply the calibration matrix K on theright
by diag(/c, k, 1).

8.4.2 Camera rotation

A second common example is where the camera is rotated about its centre with
no change in the internal parameters. Examples of this "pure" rotation are given
in figure 8.6 and figure 8.9. Algebraicaly, if x, x' are the images of a point X be-
fore and after the pure rotation

X K[l | 0]X
X' KR|0 X KRK-*ri | olX = KRK-'x

so that X' ~ Hx with H= KRK '. This homography is a conjugate rotation and is
discussed further in section A7.1(p628). For now, we mention afew of its properties
by way of an example.

Example 8.12. Properties of a conjugate rotation

The homography H = KRK?! has the same eigenvalues (up to scale) as the rotation
matrix, namely {//, pe\ fie’®}, wherefi isan unknown scale factor (if H is scaled such
that det H = 1, then X = 1). Consequently the angle of rotation between views may be
computed directly from the phase of the complex eigenvalues of H. Similarly, it can be
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i Ml 1

b c

Fig. 8.7. Synthetic views, (a) Source image, (b) Fronto-parallel view of the corridor floor generated
from (a) using thefour corners of a floor tile to compute the homography. (cj Fronto-parallel view of the
corridor wall generated from (a) using thefour corners of the door frame to compute the homography.

shown (see exercises) that the eigenvector of H corresponding to the real eigenvaueis
the vanishing point of the rotation axis.

For example, between images (a) and (b) of figure 8.6 there is a pure rotation
of the camera. The homography His computed by agorithm 4.6(pl23), and from
this the angle of rotation is estimated as 4.66°, and the axis vanishing point as
(—0.0088,1, 0.0001)", i.e. virtually at infinity in the y direction, so the rotation axis
is aimost parallel to the %-axis. A

The transformation H = KRK™ is an example of the infinite homography mapping
HQO that will appear many times through this book. It is defined in section 13.4(/7338).
The conjugation property is used for auto-calibration in chapter 19.

8.4.3 Applications and examples

The homographic relation between images with the same camera centre can be ex-
ploited in severa ways. Oneis the creation of synthetic images by projective warping.
Another is mosaicing, where panoramic images can be created by using planar homo-
graphies to "sew" together views obtained by arotating camera.

Example8.13. Synthetic views

New images corresponding to different camera orientations (with the same camera

centre) can be generated from an existing image by warping with planar homographies.
In a fronto-parallel view a rectangle is imaged as a rectangle, and the world and

image rectangle have the same aspect ratio. Conversely, afronto-parallel view can be

synthesized by warping an image with the homography that maps a rectangle imaged

asaquadrilateral to arectangle with the correct aspect ratio. The algorithm is:

(i) Compute the homography H which maps the image quadrilateral to arectangle
with the correct aspect ratio,
(ii) Projectively warp the source image with this homography.

Examples are shown in figure 8.7. A
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Fig. 8.8. Three images acquired by a rotating camera may be registered to theframe of the middle one,
as shown, by projectively warping the outer images to align with the middle one.

Example 8.14. Planar panoramic mosaicing

Images acquired by a camera rotating about its centre are related to each other by a
planar homography. A set of such images may be registered with the plane of one of
the images by projectively warping the other images, asillustrated in figure 8.8.

if.

o

\.Y&-9%* -

*ﬁ*.

Fig. 8.9. Planar panoramic mosaicing. Eight images (out of thirty) acquired by rotating a camcorder
about its centre. The thirty images are registered (automatically) using planar homographies and com-
posed into the single panoramic mosaic shown. Note the characteristic "bow tie" shape resulting from
registering to an image at the middle of the sequence.

In outline the algorithm is:

(i) Choose one image of the set as a reference.

(ii) Compute the homography H which maps one of the other images of the set to
this reference image.
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(iii) Projectively warp the image with this homography, and augment the reference
image with the non-overlapping part of the warped image.
(iv) Repeat the last two steps for the remaining images of the set.

The homographies may be computed by identifying (at least) four corresponding
points, or by using the automatic method of agorithm 4.6(pl23). An example mo-
saic is shown in figure 8.9. A

8.4.4 Projective (reduced) notation

It will be seen in chapter 20 that if canonical projective coordinates are chosen for
world and image points, i.e.

X!'=(1,0,00)7, X, = (0,1,0,0)7, X5 = (0,0,1,0)", X4 = (0,0,0,1)",
and
*xi = (1,0,0)7, x, = (0,1,0)7, x5 = (0,0,1)", x4 = (1,1,1)7,

then the camera matrix

a 00 -d~
0b o -d 86)
0 0c -d_
satisfies x* = PXj, i —1,... ,4, and dsothatP(a-!, 6-*,c*, aT)’ = 0, which means

that the camera centre is C = (a~'b~',c~d~)".  This is known as the reduced
camera matrix, and it is clearly completely specified by the 3 degrees of freedom of
the camera centre C. This is a further illustration of the fact that all images acquired
by cameras with the same camera centre are projectively equivaent - the camera has
been reduced to its essence: aprojective device whose action is to map P2 to P? with
only the position of the camera centre affecting the result. This camera representation
isused in establishing duality relations in chapter 20.

8.45 Moving the camera centre

The cases of zooming and camerarotation illustrate that moving the image plane, whilst
fixing the camera centre, induces a transformation between images that depends only
on the image plane motion, but not on the 3-space structure. Conversely, no information
on 3-space structure can be obtained by this action. However, if the camera centre is
moved then the map between corresponding image points does depend on the 3-space
structure, and indeed may often be used to (partially) determine the structure. Thisis
the subject of much of the remainder of this book.

How can one determine from the images aone whether the camera centre has
moved? Consider two 3-space points which have coincident images in the first view,
i.e. the points are on the same ray. If the camera centre is moved (not along that ray)
the image coincidence is lost. This relative displacement of previously coincident im-
age points is termed parallax, and isillustrated in figure 8.6 and shown schematically
in figure 8.10. If the scene is static and motion parallax is evident between two views
then the camera centre has moved. Indeed, aconvenient method for obtaining a camera

Samsung/Google, EX1010, p. 225



208 8 More Sngle View Geometry

Fig. 8.10. Motion parallax. The images of the space points Xi and X2 are coincident when viewed by
the camera with centre C. However, when viewed by a camera with centre C, which does not lie on the
line L through Xi and X2, the images of the space points are not coincident. Infact the line through
the image points x[ and x, isthe image of the ray L, and will be seen in chapter 9 to be an epipolar
line. The vector between thepoints x[ and x, isthe parallax.

motion that is only arotation about its centre (for example for a camera mounted on a
robot head) is to adjust the motion until there is no parallax.

An important specia case of 3-space structure is when al scene points are coplanar.
In this case the images of corresponding points are related by a planar homography
even if the camera centre is moved. The map between images in this case is discussed
in detail in chapter 13 on planes. In particular vanishing points, which are images of
points on the plane Tr”, are related by a planar homography for any camera motion.
We return to thisin section 8.6.

8.5 Camera calibration and theimage of the absolute conic

Up to this point we have discussed projective properties of the forward and back-
projection of various entities (point, lines, conies ...). These properties depend only
on the 3x4 form of the projective camera matrix P. Now we describe what is gained if
the camera internal calibration, K, is known. It will be seen that Euclidean properties,
such as the angle between two rays, can then be measured.

What doescalibration give? Animage point x back-projects to aray defined by x and
the camera centre. Calibration relates the image point to the ray's direction. Suppose
points on theray are written as X = Ad in the camera Euclidean coordinate frame, then
these points map to the point x = K[l | 0](Ad", 1)" = Kd up to scale. Conversely the
direction d is obtained from theimage point x asd = K”x. Thus we have established:

Result 8.15. The camera calibration matrix K is the (affine) transformation between
x and the ray's direction d = K”~x measured in the camera's Euclidean coordinate
frame.

Note, d = K-'x isin general not aunit vector.
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8.5 Camera calibration and the image of the absolute conic 209

Fig. 8.11. The angle 6 between two rays.

The angle between two rays, with directions di, d, corresponding to image points
Xi, X, respectively, may be obtained from the familiar cosine formula for the angle
between two vectors:

did; K-+1X 1) T(K-1X,;
did! djd, (K-ix2) T(K-ix1)u/ (K-ix2)"(K-'x,
x T x,
XJCK-TR-"Xi XJA-TR-~X,

cos6

8.7)

The formula (8.7) shows that if K, and consequently the matrix K~"K-, is known,
then the angle between rays can be measured from their corresponding image points.
A camerafor which K isknown istermed calibrated. A calibrated camerais adirection
sensor, able to measure the direction of rays - like a2D protractor.

The calibration matrix K aso provides arelation between an image line and a scene
plane:

Result 8.16. An image line 1 defines a plane through the camera centre with normal
direction n = K'1 measured in the camera's Euclidean coordinate frame.

Note, the normal n will not in general be a unit vector.
Proof. Points x on theline 1 back-project to directionsd = K x which are orthogonal

to the plane normal n, and thus satisfy d n = x K n 0. Since points on 1 satisfy
x'l = 0, itfollows that 1 = K~"n, and hence n = K"1. .

8.5.1 Theimage of the absolute conic
We now derive a very important result which relates the calibration matrix K to the
image of the absolute conic, UJ. First we must determine the map between the plane
at infinity, 77, and the camera image plane. Points on 77" may be written as X =
(d", 0)", and are imaged by a general cameraP = KR[l | —C as

X = PX, KRl = KRd.

This shows that
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» the mapping between TT” and an image is given by the planar homography x = Hd
with

H= KR (8.8)

Note that this map is independent of the position of the camera, C, and depends only
on the camera internal calibration and orientation with respect to the world coordinate
frame.

Now, since the absolute conic Q" (section 3.6(/?81)) is on TT" we can compute its
image under H, and find

Result 8.17. The image of the absolute conic (the 1AC) is the conic
w = (KKt = K"TK-1,

Proof. From result 2.13(/?37) under a point homography x ~ H x a conic Cmaps as
CK~ HT.TcH-. It follows that Q. which is the conic C= QA = | on TT», maps to
u) = (KR)-TI(KR)-' = K~'RR~'KAt = (KK)"'. Sothe IACu = (KK')"%. .

Like QY the conic u) is an imaginary point conic with no real points. For the moment it
may be thought of as a convenient algebraic device, but it will be used in computations
later in this chapter, and also in chapter 19 on camera auto-calibration.

A few remarks here:

(i) The image of the absolute conic, u>, depends only on the internal parametersK
of the matrix P; it does not depend on the camera orientation or position,

(i) It follows from (8.7) that the angle between two rays is given by the simple
expression

XTa"Xo
B> = — 7= . (8.9)
yixuxi - y/xja;xz
This expression isindependent of the projective coordinate frame in the image,
that is, it is unchanged under projective transformation of the image. To see this
consider any 2D projective transformation, H. The points x, are transformed
to Hx", and OJ transforms (as any image conic) to H~"ct>H™. Thus, (8.9) is
unchanged, and hence holds in any projective coordinate frame in the image,
(iii) A particularly important specialization of (8.9) is that if two image points Xi
and x, correspond to orthogonal directions then

xTux, = 0. (8.10)

This equation will be used at several points later in the book as it provides a
linear constraint on u.

(iv) We may also define the dual image of the absolute conic (the DIAC) as
UJF=u~ =KK’. (8.11)

Thisisadual (line) conic, whereas UJ is apoint conic (though it contains no real
points). The conic cv* is the image of Q" and is given by (8.5) u* = PQ"P’.
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(V) Result 8.17 shows that once UJ (or equivaently u;*) is identified in an image
then K is also determined. This follows because a symmetric matrix u> may be
uniquely decomposed into a product UJF* = KK' of an upper-triangular matrix
with positive diagonal entries and its transpose by the Cholesky factorization
(see result A4.5(/7582)).

(vi) It was seen in chapter 3 that a plane n intersects i in aline, and this line
intersects ftoo in two points which are the circular points of 7r. The imaged
circular points lie on UJ a the points a which the vanishing line of the plane n
intersects UJ.

These fina two properties of UJ are the basis for a calibration algorithm, as shown in
the following example.

Example 8.18. A simple calibration device

The image of three squares (on planes which are not parallel, but which need not be
orthogonal) provides sufficiently many constraints to compute K. Consider one of the
sguares. The correspondences between its four corner points and their images define
the homography H between the plane n of the square and the image. Applying this
homography to circular points on IT determines their images as H(l, +z, 0)". Thus we
have two points on the (as yet unknown) UJ. A similar procedure applied to the other
sguares generates atotal of six points on UJ, from which it may be computed (since five
points are required to determine a conic). In outline the algorithm has the following
steps:

(i) For each sguare compute the homography H that maps its corner points,
(0,007, (1,0)7, (0,1)7, (1,1)", to their imaged points. (The alignment of the
plane coordinate system with the square is a similarity transformation and does
not affect the position of the circular points on the plane).

(ii) Compute the imaged circular points for the plane of that square as H(l, i, 0)'.
Writing H = [his hy, h3], the imaged circular points are hi + ih,.

(iii) Fit aconic UJ to the six imaged circular points. The constraint that the imaged
circular points lie on UJ may be rewritten as two real constraints. If hi + zh,
lieson UJ then (hi £ zhY) UJ (hi = ih.2) = 0, and the imaginary and real parts
give respectively:

h{u;h, =0 and h~hi = h]ujh, (8.12)
which are eguations linear in UJ. The conic UJ is determined up to scale from

five or more such eguations.
(iv) Compute the calibration K from UJ = (KK™)-* using the Cholesky factorization.

Figure 8.12 shows a calibration object consisting of three planes imprinted with
sguares, and the computed matrix K. For the purpose of internal calibration, the squares
have the advantage over a standard calibration object (e.g. figure 7.1(pl82)) that no
measured 3D co-ordinates are required. A
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11083 -9.8 525.8
K= 0 1097.8 395.9
0 0 1

Fig. 8.12. Calibration from metric planes, (a) Three squaresprovide a simple calibration object. The
planes need not be orthogonal, (b) The computed calibration matrix using the algorithm of example 8.18.
The image size is 1024 x 768 pixels.

\)(

image image

Fig. 8.13. Orthogonality represented by conjugacy and pole-polar relationships, {a) Image points
Xi, X, back-project to orthogonal rays if thepoints are conjugate with respect tou, i.e. xju>X2 = 0. (b)
Thepoint x and line 1 back-project to a ray and plane that are orthogonal ifx and 1 arepole-polar with
respect touo, i.e. 1 = u>x. For example (see section 8.6.3), the vanishing point of the normal direction to
aplane and the vanishing line of the plane are pole-polar with respect to UJ.

We will return to camera calibration in section 8.8, where vanishing points and lines
provide constraints on K. The geometric constraints that are used in example 8.18 are
discussed further in section 8.8.1.

85.2 Orthogonality and w

The conic LC is adevice for representing orthogonality in an image. It has already been
seen (8.10) that if two image points X, and X, back-project to orthogonal rays, then the
points satisfy xjcux2 = 0. Similarly, it may be shown that

Result 8.19. A point x and line 1 back-projecting to a ray and plane respectively that
are orthogonal arerelated by 1 = CIX.

Geometrically these relations express that image points back-projecting to orthogonal
rays are conjugate with respect to U3 (X7<x>x, = 0), and that a point and line back-
projecting to an orthogonal ray and plane are in a pole-polar relationship (1 = u>X).
See section 2.8.1(p58). A schematic representation of these two relations is given
in figure 8.13.
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8.6 Vanishing points and vanishing lines 213

These geometric representations of orthogonality, and indeed the projective repre-
sentation (8.9) of the angle between two rays measured from image points, are smply
specializations and a recapitulation of relations derived earlier in the book. For ex-
ample, we have already developed a projective representation (3.23-p82) of the angle
between two lines in 3-space, namely

d7ftood,
Y/ d7fiood/dIfiood,

where di and d, are the directions of the lines (which are the points a which the lines
intersect ir"). Rays arelinesin 3-space which are coincident at the camera centre, and
0 (3.23-p82) may be applied directly to rays. This is precisely what (8.9) does - itis
simply (3.23-p82) computed in the image.

Under the map (8.8) H = KR which is the homography between the plane TT" in
the world coordinate frame and the image plane, Q* k» H'UH = (KR)'u(KR) and
d = H A = (KR)x. Substituting these relations into (3.23-/782) gives (8.9).
Similarly the conjugacy and pole-polar relations for orthogonality in the image are
a direct image of those on n*, as can be seen by comparing figure 3.8(p83) with
figure 8.13.

In practice these orthogonality results find greatest application in the case of vanish-
ing points and vanishing lines.

COsV —

8.6 Vanishing points and vanishing lines

One of the distinguishing features of perspective projection is that the image of an
object that stretches off to infinity can have finite extent. For example, an infinite scene
lineisimaged as aline terminating in avanishing point. Similarly, parallel world lines,
such as railway lines, are imaged as converging lines, and their image intersection is
the vanishing point for the direction of the railway.

8.6.1 Vanishing points

The perspective geometry that gives rise to vanishing pointsisillustrated in figure 8.14.
It is evident that geometrically the vanishing point of alineis obtained by intersecting
the image plane with aray parallel to the world line and passing through the camera
centre. Thus a vanishing point depends only on the direction of aline, not on its
position. Consequently a set of parallel world lines have a common vanishing point, as
illustrated in figure 8.16.

Algebraically the vanishing point may be obtained as a limiting point as follows:
Points on aline in 3-space through the point A and with direction D = (d', 0)" are
written as X(A) = A+ AD, seefigure 8.14b. Asthe parameter A variesfrom 0to oo the
point X(A) varies from the finite point A to the point D at infinity. Under a projective
camera P= K]l | o], apoint X(A) isimaged a

X(A) = PX(A) = PA + APD = a + AKd

where a is the image of A. Then the vanishing point v of the line is obtained as the
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Fig. 8.14. Vanishing point formation, (a) Plane to line camera. The points X",i = 1,... ,4 are
equally spaced on the world line, but their spacing on the image line monotonically decreases. In the
limit X —> 0o the world point isimaged at x = v on the vertical image line, and at X' = v' on the
inclined image line. Thus the vanishing point of the world line is obtained by intersecting the image
plane with a ray parallel to the world line through the camera centre C. (b) 3-space toplane camera.
The vanishing point, v, of alinewith direction d isthe intersection of the imageplane with a ray parallel
to d through C. The world line may be parametrized as X(A) = A + AD, where A isapoint on the
line, and~D = (d",0)".

limit
v = lim x(A) = lim (a+ AKd) = Kd.
A—"o0 A”oo

From result 8.15, v = Kd means that the vanishing point v back-projects to aray with
direction d. Note that v depends only on the direction d of the line, not on its position
specified by A.

In the language of projective geometry this result is obtained directly: In projective
3-space the plane at infinity n* isthe plane of directions, and al lines with the same
direction intersect ir® in the same point (see chapter 3). The vanishing point is smply
the image of this intersection. Thus if aline has direction d, then it intersects ir® in
the point Xoo = (d', 0). Then v isthe image of X

V=PXA=K[I10f QJ=Kd.

To summarize:

Result 8.20. The vanishing point of lines with direction d in 3-space is the intersection
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v of the image plane with a ray through the camera centre with direction d, namely
v = Kd.

Note, lines parallel to the image plane areimaged as parallel lines, since v is et infinity
in the image. However, the converse - that parallel image lines are the image of parallel
scenelines - does not hold since lines which intersect on the principal plane are imaged
asparallel lines.

Example8.21. Camera rotation from vanishing points

Vanishing points are images of points at infinity, and provide orientation (attitude) in-
formation in asimilar manner to that provided by the fixed stars. Consider two images
of a scene obtained by calibrated cameras, where the two cameras differ in orientation
and position. The points at infinity are part of the scene and so are independent of the
camera. Their images, the vanishing points, are not affected by the change in camera
position, but are affected by the camera rotation. Suppose both cameras have the same
calibration matrix K, and the camera rotates by R between views.

Let a scene line have vanishing point v; in the first view, and v- in the second. The
vanishing point v* has direction d* measured in the first camera's Euclidean coordi-
nate frame, and the corresponding vanishing point v has direction d[ measured in the
second camera's Euclidean coordinate frame. These directions can be computed from
the vanishing points, for example d, = K-'Vj/||[K-'Vj||, where the normalizing fac-
tor ||KVj|| is included to ensure that d, is a unit vector. The directions dj and d-
arerelated by the camerarotation as d* = Rdj, which represents two independent con-
straints on R Thus the rotation matrix R can be computed from two such corresponding
directions. A

The angle between two scene lines. We have seen that the vanishing point of a scene
line back-projects to aray paralel to the scene line. Consequently (8.9), which de-
termines the angle between rays back-projected from image points, enables the angle
between the directions of two scene lines to be measured from their vanishing points:

Result 8.22. Let Vi and v, be the vanishing points of two lines in an image, and let UJ
be the image of the absolute conic in the image. If 6 is the angle between the two line
directions, then

v7u?VX )

cosO = - ;=™ (8.13)

A note on computing vanishing points

Often vanishing points are computed from the image of a set of parallel line segments,
though they may be determined in other ways for example by using equal length in-
tervals on a line as described in example 2.18(p50) and example 2.20(/?51). In the
case of imaged parallel line segments the objective is to estimate their common image
intersection - which is the image of the direction of the parallel scene lines. Due to
measurement noise the imaged line segments will generally not intersect in a unique
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Fig. 8.15. ML estimate of a vanishing point from imaged parallel scene lines, (a) Estimating the
vanishing point v involves fitting a line (shown thin here) through v to each measured line (shown thick
here). The ML estimate of v is the point which minimizes the sum of squared orthogonal distances
between the fitted lines and the measured lines' end points, (b) Measured line segments are shown in
white, and fitted lines in black, (c) A close-up of the dashed square in (b). Note the very slight angle
between'the measured and fitted lines.

point. Commonly the vanishing point is then computed by intersecting the lines pair-
wise and using the centroid of these intersections, or finding the closest point to al the
measured lines. However, these are not optimal procedures.

Under the assumption of Gaussian measurement noise, the maximum likelihood es-
timate (MLE) of the vanishing point and line segments is computed by determining a
set of lines that do intersect in a single point, and which minimize the sum of squared
orthogonal distances from the endpoints of the measured line segments as shown in
figure 8.15(a). This minimization may be computed numerically using the Levenberg-
Marquardt algorithm (section A6.2(/7600)). Note that if the lines are defined by fitting
to many points, rather than just their end points, one can use the method described in
section 16.7.2(/?404) to reduce each line to an equivalent pair of weighted end points
which can then be used in this agorithm. Figure 8.15(b)(c) shows an example of a
vanishing point computed in this manner. It is evident that the residuals between the
measured and fitted lines are very small.

8.6.2 Vanishing lines

Parallel planes in 3-space intersect TZ* in a common line, and the image of this line
is the vanishing line of the plane. Geometrically the vanishing line is constructed,
as shown in figure 8.16, by intersecting the image with a plane parallel to the scene
plane through the camera centre. It is clear that a vanishing line depends only on the
orientation of the scene plane; it does not depend on its position. Since lines parallel
to a plane intersect the plane at ir®, it is easily seen that the vanishing point of a
line parallel to aplane lies on the vanishing line of the plane. An example is shown
in figure 8.17.

If the camera calibration K is known then a scene plane's vanishing line may be used
to determine information about the plane, and we mention three examples here:

(i) The plane's orientation relative to the camera may be determined from its van-
ishing line. From result 8.16 a plane through the camera centre with normal
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Fig. 8.16. Vanishing line formation, (a) The two sets of parallel lines on the scene plane converge to
the vanishing points v+ and v, in the image. The line 1 through vi and v, isthe vanishing line of the
plane, (b) The vanishing line 1 of aplane iz is obtained by intersecting the image plane with a plane
through the camera centre C and parallel to IT.

Fig. 8.17. Vanishing points and lines. The vanishing line of the ground plane (the horizon) of the
corridor may be obtained from two sets of parallel lines on theplane, (a) The vanishing points of lines
which are nearly parallel to the image plane are distant from thefinite (actual) image, (b) Note the
monotonic decrease in the spacing of the imaged equally spaced parallel lines corresponding to the
sides of the floor tiles, (c) The vanishing point of lines parallel to a plane (here the ground plane) lies
on the vanishing line of the plane.
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direction n intersects the image plane in the line 1= K~"n. Consequently, 1
is the vanishing line of planes perpendicular to n. Thus aplane with vanishing
line 1 has orientation n = K'1 in the camera's Euclidean coordinate frame.

(if) The plane may be metrically rectified given only its vanishing line. This can be
seen by considering a synthetic rotation of the camerain the manner of example
8.13(/?205). Since the plane normal is known from the vanishing line, the cam-
era can be synthetically rotated by a homography so that the plane is fronto-
parallel (i.e. parale to the image plane). The computation of this homography
is discussed in exercise (ix).

(iii) The angle between two scene planes can be determined from their vanishing
lines. Suppose the vanishing lines are li and 1, then the angle 9 between the
planes is given by

cos6>= L (8.19)
yllj*h A1+ 12

The proof is left as an exercise.

Computing vanishing lines

A common way to determine a vanishing line of a scene plane is first to determine
vanishing points for two sets of lines parallel to the plane, and then to construct the
line through the two vanishing points. This construction is illustrated in figure 8.17.
Alternative methods of determining vanishing points are shown in example 2.19(p51)
and example 2.20(p51).

However, the vanishing line may be determined directly, without using vanishing
points as an intermediate step. For example, the vanishing line may be computed given
an imaged set of equally spaced coplanar paralel lines. This is a useful method in
practice because such sets commonly occur in man-made structures, such as. stairs,
windows on thewall of abuilding, fences, radiators and zebra crossings. The following
example illustrates the projective geometry involved.

Example 8.23. Thevanishing line given the image of three coplanar equally spaced

parallel lines

A set of equally spaced lines on the scene plane may be represented as ax' + by' +

A = 0, where Atakes integer values. This set (a pencil) of lines may be written as
\'"= (ab,n)" = (a60)" + n(0,0,1)", where (0,0,1)" isthe line at infinity on the
scene plane. Under perspective imaging the point transformation is x = Hx', and the
corresponding linemapisl, = H~"1" = 1, + n\, where 1, theimage of (0,0,1), isthe
vanishing line of the plane. The imaged geometry is shown in figure 8.18(c). Note al

lines |, intersect in acommon vanishing point (which isgivenby \;x L,, for i * j) and

the spacing decreases monotonically with n. The vanishing line 1 may be determined
from three lines of the set provided their index (n) is identified. For example, from

the image of three equally spaced lines, 1Q li and 1,, the closed form solution for the

vanishing lineis:

1= (Lox 1)"(Lix 1) i + 2((Lox 1Mh X 1)) h- (8.15)
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Fig. 8.18. Determining a planes vanishing line from imaged equally spaced parallel lines, (a) Image
of a verticalfence with equally spaced bars, (b) The computed vanishing line | from three equally spaced
bars (12 apart). Note the vanishing point of the horizontal lines lies on this vanishing line, (c) The
spacing between the imaged lines \, monotonically decreases with n.

The proof is left as an exercise. Figure 8.18(b) shows avanishing line computed in this
way. A

8.6.3 Orthogonality relationships amongst vanishing points and lines

It is often the case in practice that the lines and planes giving rise to vanishing points
are orthogonal. In this case there are particularly simple relationships amongst their
vanishing points and lines involving &;, and furthermore these relations can be used to
(partialy) determine OJ, and conseguently the camera calibration K as will be seen in
section 8.8.

It follows from (8.13) that the vanishing points, vi, v,, of two perpendicular world
lines satisfy vjcw, = 0. This means that the vanishing points are conjugate with
respect to u>, asillustrated in figure 8.13. Similarly it follows from result 8.19 that the
vanishing point v of adirection perpendicular to aplane with vanishing line 1 satisfies
1= cw. This means that the vanishing point and line are in apole-polar relation with
respect to u>, asis also illustrated in figure 8.13. Summarizing these image relations:

(i) The vanishing points of lines with perpendicular directions satisfy
vju>v, = 0. (8-16)

(i) If aline is perpendicular to aplane then their respective vanishing point v and
vanishing line 1 are related by

| = wv (8.17)

and inversely v = UJ¥\.
(hi) The vanishing lines of two perpendicular planes satisfy \[uJ*\2 = 0.
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Fig. 8.19. Geometry of avertical vanishing point and ground plane vanishing line, (a) The vertical
vanishing point v isthe image of the vertical "footprint" of the camera centre on the ground plane 7r. (b)
The vanishing line 1 partitions all points in scene space. Any scene point projecting onto the vanishing
line is at the same distance from theplane n as the camera centre; if it lies "above" theline it is farther
from the plane, and if "below" then it is closer to the plane than the camera centre.

For example, suppose the vanishing line 1 of the ground plane (the horizon) is identified
in an image, and the internal calibration matrix K isknown, then the vertical vanishing
point v (which is the vanishing point of the norma direction to the plane) may be
obtained from v = LJ*\.

8.7 Affine 3D measurements and reconstruction

It has been seen in section 2J.2(p49) that identifying a scene plane's vanishing line
alows dfine properties of the scene plane to be measured. If in addition a vanishing
point for a direction not parallel to the plane is identified, then affine properties can
be computed for the 3-space of the perspectively imaged scene. We will illustrate this
idea for the case where the vanishing point corresponds to a direction orthogona to
the plane, although orthogonality is not necessary for the construction. The method
described in this section does not require that the internal calibration of the camera K
be known.

It will be convenient to think of the scene plane as the horizontal ground plane, in
which case the vanishing line is the horizon. Similarly, it will be convenient to think of
the direction orthogonal to the scene plane asvertical, sothat v isthe vertical vanishing
point. This situation isillustrated in figure 8.19.

Suppose we wish to measure the relative lengths of two line segments in the vertical
direction as shown in figure 8.20(a). We will show the following result:

Result 8.24. Given the vanishing line of the ground plane 1 and the vertical vanishing
point v, then the relative length of vertical line segments can be measured provided
their end point lies on the ground plane.

Clearly the relative lengths cannot be measured directly from their imaged lengths
because as a vertical line recedes deeper into the scene (i.e. further from the camera)
then its imaged length decreases. The construction to determine the relative lengths
proceeds in two steps:
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1T
Ti«t
r v
N~ T
" [,<e'e? "2
/ [# 11 /
‘%t 1
iy,
I v \2 -v32
L\/>.7- BV 1
y*21 I y*>21
vy n“,/yk ' L]
/- X]é / imege it e, moge

Fig. 8.20. Computing length ratios of parallel scene lines, (a) 3D geometry: The vertical line seg-
ments Li = (Bi, Ti) and L2 = (B2, T2) have length d\ and 62 respectively. The base points Bi, B2
are on the ground plane. Wewish to compute the scene length ratio d\ : di from the imaged configu-
ration, (b) In the scene the length of the line segment Li may be transferred to L, by constructing a
line parallel to the ground plane to generate thepoint Ti. (c) Image geometry: 1 isthe ground plane
vanishing line, and v the vertical vanishing point. A corresponding parallel line construction in the
image requiresfirst determining the vanishing point ufrom the images hi o/Bj, and then determining
ti (the image ofTi) by the intersection of 12 and the line (ti, u). (d) The line I3 isparallel toli in
the image. Thepoints t\ and t2 are constructed by intersecting I3 with the lines (ti,ti) and (ti,t2)
respectively. The distance ratio d(b2, ti) : d(h2, €2) isthe computed estimate of d\ : d*

Step 1. Map the length of one line segment onto the other. In 3D the length of
Li may be compared to L, by constructing a line paralel to the ground plane in the
direction (Bi, B,) that transfers Ti onto L,. This transferred point will be denoted Ti
(see figure 8.20(b)). In the image a corresponding construction is carried out by first
determining the vanishing point u which is the intersection of (bi, b;) with 1 Now
any scene line parallel to (Bi, By) isimaged as aline through u, o in particular the
image of the line through T, parallel to (Bi,B,) is the line through ti and u. The
intersection of the line (ti, u) with 1, defines the image ti of the transferred point Ti
(see figure 8.20(c)).

Step 2: Determine the ratio of lengths on the scene line.  We now have four
collinear points on an imaged scene line and wish to determine the actual length ra-
tio in the scene. The four collinear image points are b,, ti, t, and v. These may be
treated as images of scene points at distances O, di, d, and 00, respectively, along the
scene line. The dfine ratio d\ : <i; may be obtained by applying a projective transfor-
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Objective

Given the vanishing line of the ground plane 1 and the vertical vanishing point v and the top
(ti,tz) and base (bi,b,) points of two line segments as in figure 8.20, compute the ratio of
lengths of the line segments in the scene.

Algorithm

(i) Compute the vanishing point u = (bi x b) x 1
(ii) Compuite the transferred pointti = (ti x u) x 1, (where 1= v x by).
(iii) Represent the four points b,,ti,t, and v on the image line b by their distance from
b,, as 0, i\, ti and v respectively,
(iv) Compute a ID projective transformation H,x, mapping homogeneous coordinates
(0,1) + (0,1) and (v, 1) H> (1,0) (which maps the vanishing point v to infinity).
A suitable matrix is given by

Hz;

(v) The (scaled) distance of the scene points Ti and T, from B, on L, may then be ob-
tained from the position of the points Haxo(ti, 1)7 and Haxa(£2,1)". Their distance
ratio is then given by

ii{v-t)
d2 ty(v-iy)

Algorithm 8.1. Computing scene length ratiosfrom a single image.

mation to the image line which maps v to infinity. A geometric construction of this
projectivity is shown in figure 8.20(d) (see example 2.20(p51)).

Details of the algorithm to carry out these two steps are given in agorithm 8.1.

Note, no knowledge of the camera calibration K or pose is necessary to apply the
algorithm. In fact, the position of the camera centre relative to the ground plane can
also be computed. The algorithm is well conditioned even when the vanishing point
and/or line are a infinity in the image. For example, under affine image conditionings,
or if the image plane is parallel to the vertical scene direction (so that v is at infinity).
In these cases the distance ratio smplifiesto j - = I,

Example 8.25. Measuring a person's height in a single image

Suppose we have an image which contains sufficient information to compute the
ground plane vanishing line and the vertical vanishing point, and also one object of
known height for which the top and base are imaged. Then the height of a person
standing on the ground plane can be measured anywhere in the scene provided that
their head and feet are both visible. Figure 8.21(a) shows an example. The scene con-
tains plenty of horizontal lines from which to compute a horizontal vanishing point.
Two such vanishing points determine the vanishing line of the floor (which is the hori-
zon for this image). The scene also contains plenty of vertical lines from which to
compute a vertical vanishing point (figure 8.21(c)). Assuming that the two people
are standing vertically, then their relative height may be computed directly from their
length ratio using algorithm 8.1. Their absolute height may be determined by comput-
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Fig. 8.21. Height measurements using affine properties, (a) Theoriginal image. We wish to measure
the height of the two people, (b) The image after radial distortion correction (see section 7.4(pl89)).
(c) The vanishing line (shown) is computed from two vanishing points corresponding to horizontal di-
rections. The lines used to compute the vertical vanishing points are also shown. The vertical vanishing
point is not shown since it lies well below the image, (d) Using the known height of the filing cabinet on
the left of the image, the absolute height of the two people are measured as described in algorithm 8.1.
The measured heights are within 2cm of ground truth. The computation of the uncertainty is described
in [Criminisi-00].

ing their height relative to an object on the ground plane with known height. Here the
known height is provided by the filing cabinet. The result is shown in figure 8.21(d).
A

8.8 Determining camera calibration K from a single view

We have seen that once UJ is known the angle between rays can be measured. Con-
versaly if the angle between rays is known then a constraint is placed on u>. Each
known angle between two rays gives a constraint of the form (8.13) on UJ. Unfor-
tunately, for arbitrary angles, and known vi and v,, this gives a quadratic constraint
on the entries of u>. If the lines are perpendicular, however, (8.13) reduces to (8.16)
v|o;v2 = 0, and the constraint on CJ is linear.

A linear constraint on u> also results from avanishing point and vanishing line arising
from aline and its orthogonal plane. A common example is a vertica direction and
horizontal plane asin figure 8.19. From (8.17) 1 = wv. Writing thisas1 x (o;v) = 0
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Condition constraint type # constraints

vanishing points vi, v, W — ;
corresponding to orthogonal lines viuvz =0 linear L
vanishing point v and vanishing
line 1 corresponding to [ITxwv = 0 linear 2
orthogonal line and plane

metric plane imaged with known hjtuhs = 0 linear 2

homography H = [his h, hg] hla>hi = hj u;h,

zero skew U\ — A21 linear 1
i U2 =721 =0 ;

sguare pixels Lon = Uio linear 2

Table 8.1. Scene and internal constraints on u>.

removes the homogeneous scaling factor and results in three homogeneous equations
linear in the entries of a?. These are equivalent to two independent constraints on u>.

All these conditions provide linear constraints on u>. Given a sufficient number of
such constraints u> may be computed and hence the camera calibration K also follows
sincelJ = (KK")-%.

The number of entries of UJ that need be determined from scene constraints of this
sort can be reduced if the calibration matrix K has amore speciaized form than (6.10-
pl57). In the case where K is known to have zero skew (s = 0), or square pixels
(ax = a, and s = 0), we can take advantage of this condition to help find UJ. In
particular, it is quickly verified by direct computation that:

Result 8.26. If s= K  Othenuj\2 = U21 = 0. If inadditiona, Kn=K 22 p.
then Lou = 622

Thus, in solving for the image of the absolute conic, one may easily take into account
the zero-skew or square-aspect ratio constraint on the camera, if such a constraint is
known to exist. One may also verify that no such simple connection as result 8.26
exists between the entries of K and those of UJ* — KK'.

We have now seen three sources of constraints on u>;

(i) metric information on a plane imaged with a known homography, see (8.12-
p2u)
(ii) vanishing points and lines corresponding to perpendicular directions and
planes, (8.16)
(iii) "internal constraints' such as zero skew or square pixels, asin result 8.26

These constraints are summarized in table 8.1. We now describe how these constraints
may be combined to estimate u? and thence K.

Since al the above constraints (including the internal constraints) are described al-
gebraically as linear equations on u;, it is a ssmple matter to combine them as rows of
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Objective
Compute K via UJ by combining scene and internal constraints.
Algorithm
(i) Represent UJ as ahomogeneous 6-vector w = (U>i, wp, wa, WAW", WQ)" where:

W W, w4
W2 W3 Ws
tw, ws W J

(i) Each available constraint from table 8.1 may be written asa'w = 0. For exam-
ple, for the orthogonality constraint u'u;v = 0, where u = (ui, Uy Uus)' and
v = (Vi, Vs V3, the 6-vector aisgiven by

a-= (ViUX,Vle + VLUuVoUo, iUz + V3UiVoUs +V3U2,V3U3)T.

Similar constraints vectors are obtained from the other sources of scene and internal
constraints. For exam[?le ametric plane generates two such constraints,

(iii) Stack the equations a'w = 0 from each constraint in the foom Aw = 0, where A isa
n x 6 matrix for n constraints.

(iv) Solve for w using the SVD asin agorithm 4.2(pW9). This determines UJ.

(v) Decompose u> into K using matrix inversion and Cholesky factorization (see section

A4.2.1(p582)).
Algorithm 8.2. Computing Kfrom scene and internal constraints.

aconstraint matrix. All constraints may be collected together so that for n constraints
the system of equations may be written as Aw = 0, where A isan x 6 matrix and w
is a 6-vector containing the six distinct homogeneous entries of UJ. With a minimum
of 5 constraint equations an exact solution is found. With more than five equations, a
|east-squares solution is found by algorithm A5.4(p593). The method is summarized
in algorithm 8.2.

With more than the minimum required five constraints, we have the option to apply
some of the constraints as hard constraints - that is, constraints that will be satisfied
exactly. This can be done by parametrizing UJ so that the constraints are satisfied ex-
plicitly (for instance setting @ = ™2 = 0 for the zero skew constraint, and also
tun = c32 for the square-pixel constraint). The minimization method of algorithm
AS5.5(/7594) may aso be used to enforce hard constraints. Otherwise, treating all con-
dtraints as Soft constraints and using algorithm A5.4(p593) will produce a solution in
which the constraints are not satisfied exactly in the presence of noise - for instance,
pixels may not be quite square.

Finally, an important issue in practice is that of degeneracy. This occurs when the
combined constraints are not independent and results in the matrix A dropping rank.
If the rank is less than the number of unknowns, then a parametrized family of so-
Iutions for UJ (and hence K) is obtained. Also, if conditions are near degenerate then
the solution is ill-conditioned and the particular member of the family is determined
by "noise". These degeneracies can often be understood geometrically - for example
in example 8.18 if the three metric planes are parallel then the three pairs of imaged

Samsung/Google, EX1010, p. 243



226 8 More Sngle View Geometry

Fig. 8.22. For the case that image skew is zero and the aspect ratio unity the principal point is the
orthocentre of an orthogonal triad of vanishing points, (a) Original image, (b) Three sets of parallel
lines in the scene, with each set having direction orthogonal to the others, (c) Theprincipal point isthe
orthocentre of the triangle with the vanishing points as vertices.

circular points are coincident and only provide atotal of two constraints instead of six.
A pragmatic solution to the problem of degeneracy, popularized by Zhang [Zhang-00],
is to image a metric plane many times in varying positions. This reduces the chances
of degeneracy occurring, and aso provides avery over-determined solution.

Example8.27. Calibration from three orthogonal vanishing points
Suppose that it is known that the camera has zero skew, and that the pixels are square
(or equivaently their aspect ratio is known). A triad of orthogona vanishing point
directions supplies three more constraints. This givesatotal of 5constraints- sufficient
to compute LJ, and henceK.

In outline the algorithm has the following steps:

() Inthe case of square pixels UJ has the form

vi 0w,
GO 0 wm ws
w2 W3 W4

(i) Each pair of vanishing points Vj, Vj generates an equation viudy; = 0, which
is linear in the elements of to. The constraints from the three pairs of vanishing
points are stacked together to form an equation Aw = 0, where Aisa3 x 4
matrix.

(iii) Thevector w is obtained asthe null vector of A, and this determinesUJ. The ma-
trix K is obtained from UJ = (KK™)-! by Cholesky factorization of u>, followed
by inversion.

An example is shown in figure 8.22(a). Vanishing points are computed corre-
sponding to the three perpendicular directions shown in figure 8.22(b). The image
is 1024 x 768 pixels, and the calibration matrix is computed to be

1163 0 548
K= 0 1163 404
o 0 1
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Fig. 8.23. Geometric construction of the principal point. The vanishing line 1; back-projects to a
plane ir with normal n. The vanishing point V3 back-projects to a line orthogonal to the plane TV. (a)
Thenormal n of theplane n through the camera centre C and theprincipal axis define a plane, which
intersects the image in the line 1= (v3,x). The line 13 is the intersection of T: with the image plane,
and isalso its vanishing line. Thepoint v; isthe intersection of the normal with the image plane, and
isalso its vanishing point. Clearly the principal point lieson 1, and 1 and 13 are perpendicular on the
image plane, (b) Theprincipal point may be determined from three such constraints as the orthocentre
of the triangle.

Fig. 8.24. Geometric construction of the focal length, (a) Consider the plane defined by the camera
centre C, principal point and one of the vanishing points, e.g. V3 as shown infigure 8.23(a). The rays
from C to V3and x areperpendicular to each other. Thefocal length, a, isthe distancefrom the camera
centre to the image plane. By similar triangles, & = d(p, V3)d(p,x), where d(u, v) is the distance
between the points u and v. (b) In the image a circle is drawn with diameter the line between V3 and
X. A line through p perpendicular to (vs, X) meets the circle in two points a and b. Thefocal length
equals the distance d(p, a).

The principal point and focd length may also be computed geometrically in this
case. The principal point is the orthocentre of the triangle with vertices the vanishing
points. Figure 8.23 shows that the principal point lies on the perpendicular line from
one triangle side to the opposite vertex. A similar construction for the other two sides
shows that the principal point is the orthocentre. An algebraic derivation of this result
is left to the exercises. The focal length can aso be computed geometrically as shown
in figure 8.24.

As a cautionary note, this estimation method is degenerate if one of the vanishing
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Fig. 8.25. Plane rectification via partial internal parameters (a) Original image, (b) Rectification
assuming the camera has square pixels and principal point at the centre of the image. Thefocal length
iscomputed from the single orthogonal vanishing point pair. The aspect ratio of a window in the rectified
image differsfrom the ground truth value by 3.7%. Note that the two parallel planes, the upper building
facade and the lower shopfront, are both mapped tofronto-parallel planes.

points, say the vertical, is at infinity. In this case A drops rank to two, and there is a
one-parameter family of solutions for cvand correspondingly for K. This degeneracy
can be seen geometricaly from the orthocentre construction of figure 8.23. If vs isat
infinity then the principa point p lies on theline 13= (vi, v3), but its X position is not
defined.

Example 8.28. Determining the focal length when the other internal parameters
are known

We consider a further example of calibration from a single view. Suppose that it is
known that the camera has zero skew, that the pixels are square (or equivalently their
aspect ratio isknown), and also that the principal point is a the image centre. Then only
the focal length is unknown. In this case, the form of UJ is very simple: it is a diagonal
matrix diag(l//%, 1//?,1) with only one degree of freedom. Using agorithm 8.2, the
focal length / may be determined from one further constraint, such as the one arising
from two vanishing points corresponding to orthogonal directions.

An example is shown in figure 8.25(8). Here the vanishing points used in the con-
straint are computed from the horizontal edges of the windows and pavement, and the
vertical edges of the windows. These vanishing points also determine the vanishing
line 1 of the building facade. Given K and the vanishing line 1, the camera can be syn-
thetically rotated such that the facade is fronto-parallel by mapping the image with a
homography as in example 8.13(p205). The result is shown in figure 8.25(b). Note,
in example 8.13 it was necessary to know the aspect ratio of arectangle on the scene
plane in order to rectify the plane. Here it is only necessary to know the vanishing
line of the plane because the camera calibration K provides the additional information
required for the homography. A

8.8.1 The geometry of the constraints
Although the algebraic constraints given in table 8.1 appear to arise from distinct
sources, they are in fact all equivalent to one of two simple geometric relations: two
points lying on the conic u>, or conjugacy of two points with respect to u>.

For example, the zero skew constraint is an orthogonality constraint: it specifies that
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the image x and y axes are orthogonal. These axes correspond to rays with directions
in the camera's Euclidean coordinate frame, (1,0,0)" and (0,1, 0)", respectively, that
are imaged a v, —(1,0,0)" and vy = (0,1, 0)" (since the rays are parallel to the
image plane). The zero skew constraint UJU = w2 = 0isjust another way of writing
the orthogonality constraint (8.16) vruJvy = 0. Geometrically skew zero is equivalent
to conjugacy of the points (1, 0,0)" and (0,1, 0)" with respect to UJ.

The square pixel constraint may be interpreted in two ways. A square has the prop-
erty of defining two sets of orthogonal lines. adjacent edges are orthogonal, and so
are the two diagonals. Thus, the square pixel constraint may be interpreted as a pair
of orthogonal line constraints. The diagonal vanishing points of a square pixel are
(1,1,0)" and (—1,1,0)". The resulting orthogonality constraints lead to the square
pixel constraints given in table 8.1.

Alternatively, the square pixel constraint can be interpreted in terms of two known
points lying on the IAC. If the image plane has square pixels, then it has a Euclidean
coordinate system and the circular points have known coordinates (1, +i, 0)". It may be
verified that the two square pixel equations are equivalent to (1, +i, O)u;(l, #z,0)" = 0.

This is the most important geometric equivalence. In essence an image plane with
sguare pixels acts as ametric plane in the scene. A square pixel image plane is equiv-
alent to a metric plane imaged with a homography given by the identity. Indeed if
the homography H in the "metric plane imaged with known homography" constraint of
table 8.1 is replaced by the identity then the square pixel constraints are immediately
obtained.

Thus, we see that dl the constraints given in table 8.1 are derived either from known
points lying on LJ, or from pairs of points that are conjugate with respect to u). Deter-
mining o may therefore be viewed as a conic fitting problem, given points on the conic
and conjugate point pairs.

It is well to bear in mind that conic fitting is a delicate problem, often unstable
([Bookstein-79]) if the points are not well distributed on the conic. The same observa
tion is true of the present problem, which we have seen is equivalent to conic fitting.
The method given in agorithm 8.2 for finding the calibration from vanishing points
amounts to minimization of algebraic error, and therefore does not give an optimal so-
lution. For greater accuracy, the methods of chapter 4, for instance the Sampson error
method of section 4.2.6(/?98) should be used.

8.9 Single view reconstruction

As an application of the methods developed in this chapter we demonstrate now the
3D reconstruction of atexture mapped piecewise planar graphical model from a single
image. The camera calibration methods of section 8.8 and the rectification method of
example 8.28 may be combined to back project image regions to texture the planes of
the model.

The method will be illustrated for the image of figure 8.26(a), where the scene con-
tains three dominant and mutually orthogonal planes: the building facades on the left
and right and the ground plane. The parallel line sets in three orthogonal directions de-
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Fig. 8.26. Single view reconstruction, (a) Original image of the Fellows quad, Merton College, Oxford,
(b) (c) Views of the 3D model created from the single image. The vanishing line of the roof planes is
computed from the repetition of the texture pattern.

fine three vanishing points and together with the constraint of square pixels the camera
calibration may be computed using the method described in section 8.8. From the van-
ishing lines of the three planes, likewise determined by the vanishing points, together
with the computed u>, homographies may be computed to texture map the appropriate
image regions onto the orthogonal planes of the model.

In more detail taking the left facade as areference planein figure 8.26(a), its correctly
proportioned width and height are determined by the rectification. The right facade
and ground planes define 3D planes orthogona to the reference (we have assumed
the orthogonality of the planes in computing the camera, so relative orientations are
defined). Scaling of the right and ground planes is computed from the points common
to the planes and this completes athree orthogona plane model.

Having computed the calibration, the relative orientation of planes in the scene that
are not orthogonal (such as the roof) can be computed if their vanishing lines can be
found using (8.14-p218). Their relative positions and dimensions can be determined
if the intersection of a pair of planes is visible in the image, so that there are points
common to both planes. Relative size can be computed from the rectification of a
distance between common points using the homographies of both planes. Views of the
model, with texture mapped correctly to the planes, appear in figure 8.26(b) and (c).
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8.10 The calibrating conic

The image of the absolute conic (IAC) is an imaginary conic in an image, and hence
is not visible. Sometimes it is useful for visuaization purposes to consider a different
conic that is closely related to the calibration of the camera. Such a conic is the cal-
ibrating conic, which is the image of a cone with apex angle 45° and axis coinciding
with the principal axis of the camera.

We wish to compute aformula for this cone in terms of the calibration matrix of the
camera. Since the 45° cone moves with the camera, its image is clearly independent
of the orientation and position of the camera. Thus, we may assume that the camera is
located at the origin and oriented directly along the z-axis. Thus, let the camera matrix
be P= K[l | o]. Now, any point on the 45° cone satisfies X*> + Y? = z°. Points on this
cone map to points on the conic

K"t (8.18)

as one easily verifies from result 8.6(pl99). This conic will be referred to as the cal-
ibrating conic of the camera. For acalibrated camera with identity calibration matrix

K = I, the calibrating conic is aunit circle centred at the origin (which is the principal
point of the image). The conic of (8.18) is ssimply this unit circle transformed by an
affine transformation according to the conic transformation rule of result 2.13(p37):
(C\—> H~"CH~Y). Thus the calibrating conic of acamera with calibration matrix K isthe
affine transformation of a unit circle centred on the origin by the matrix K.

The calibration parameters are easily read from the calibrating conic. The principa
point isthe centre of the conic, and the scale factors and skew are easily identified, asin
figure 8.27. In the case of zero skew, the calibrating conic has its principal axes aigned
with the image coordinate axes. An example on area image is shown in figure 8.29.

Example 8.29. Suppose K = diag(/, /, 1), which isthe caibration matrix for a camera
of foca length / pixels, with no skew, square pixels, and image origin coincident
with the principal point. Then from (8.18) the calibrating conic is C = diag(l, 1, —/?),
which isacircle of radius / centred on the principal point. A

Orthogonality and the calibrating conic

A formula was given in (8.9-p210) for the angle between the rays corresponding to
two image points. In particular the rays corresponding to two points x and x' are
perpendicular when xTcc = 0. As shown in figure 8.13(p212) this may be interpreted
asthe point x' lying on the line CIX, which is the polar of x with respect to the IAC.

We wish to carry out a similar analysis in terms of the calibrating conic. Writing
C= K-'DK-*, where D = diag(l, 1,-1), wefind

C= (K""KH)(KDK™) =Los
where S= KDK™. However, for any point X, the product Sx represents the reflection of
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« s j

\Y CCx /
Vv (fo'yo) J (xoyo) !

Fig. 8.27. Reading theinternal camera parameters K from the calibrating conic, (a) Skew s is zero,
(b) Skew s is non-zero. The skew parameter ofK (see (6.10-pl57), isgiven by the x-coordinate of the
highest point of the conic.

Fig. 8.28. Toconstruct the line perpendicular to the ray through image point x proceed asfollows: (i)
Reflect x through the centre ofC to get point x (i.e. at the same distance from the centre as xj. (ii) The
desired line isthepolar ofic.

the point x through the centre of the conic C, that is, the principal point of the camera.
Representing this reflected point by x, one finds that

XM ux = X" Cx (8.19)

This leads to the following geometric result:

Result 8.30. The line in an image corresponding to the plane perpendicular to a ray
through imagepoint x isthepolar Cx of the reflected point x with respect to the cali-
brating conic.

This construction isillustrated in figure 8.28.

Example 8.31. The calibrating conic given three orthogonal vanishing points

The calibrating conic can be drawn directly for the example of figure 8.22. Again
assume there is no skew and square pixels, then the calibrating conic is acircle. Now
given three mutually perpendicular vanishing points, one can find the calibrating conic
by direct geometric construction as shown in figure 8.29.

(i) First, construct the triangle with vertices the three vanishing points vy, v, and

V3.
(i) The centre of C is the orthocentre of the triangle.
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Fig. 8.29. The calibrating conic computed from three orthogonal vanishing points, (a) The geometric
construction, (b) The calibrating conicfor the image of figure 8.22.

(iii) Reflect one of the vanishing points (say Vi) in the centre to get Vi.
(iv). Theradius of C is determined by the condition that the polar of Vi is the line
passing though v, and vs.

A

8.11 Closure
8.11.1 Theliterature

Faugeras and Mourrain [Faugeras-95a], and Faugeras and Papadopoulo [Faugeras-97]
develop the projection of lines using Pliicker coordinates. Koenderink [Koenderink-84,
Koenderink-90], and Giblin and Weiss [Giblin-87] give many properties of the contour
generator and apparent contour, and their relation to the differential geometry of sur-
faces.

[Kanatani-92] gives an dternative, calibrated, treatment of vanishing points and
lines, and of the result that images acquired by cameras with the same centre are re-
lated by aplanar homography. Mundy and Zisserman [Mundy-92] showed this result
geometrically, and [Hartley-94a] gave a ssmple algebraic derivation based on camera
projection matrices. [Faugeras-92b] introduced the projective (reduced) camera ma
trix. The link between the image of the absolute conic and camera calibration was first
given in [Faugeras-92a].

The computation of panoramic mosaics is described in [Capel-98, Sawhney-98,
Szeliski-97]. The ML method of computing vanishing points is given in Liebowitz &
Zisserman [Liebowitz-98]. Applications of automatic vanishing line estimation from
coplanar equally spaced lines are given in [Schaffditzky-OOb] and aso [Se-00]. Affine
3D measurements from a single view is described in [Criminisi-00, Proesmans-98].

The result that K may be computed from multiple scene planes on which metric
structure (such as a square) is known was given in [Liebowitz-98]. Algorithms for
this computation are given in [Liebowitz-99a, Sturm-99c, Zhang-00]. The advantage
in using u;, rather than u>*, when imposing the skew zero constraint was first noted
in [Armstrong-96b]. The method of internal calibration using three vanishing points
for orthogonal directions was given by Caprile and Torre [Caprile-90], though there
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is an earlier reference to this result in the photogrammetry literature [Gracie-68]. A
simple formula for the focal length in this case is given in [Cipolla-99, Hartley-02b].
A discussion of the degeneracies that arise when combining multiple constraints is
given in [Liebowitz-99b, Liebowitz-01]. Single view reconstruction is investigated
in [Criminisi-99a, Criminisi-O1, Horry-97, Liebowitz-99a, Sturm-99a].

8.11.2
()

(i)

(iii)

-(v)

Notes and exercises

Homography from a world plane. Suppose H is computed (e.g. from the
correspondence between four or more known world points and their images)
and K known, then the pose of the camera {R,t} may be computed from the
camera matrix [rq, o, Iy X I, t], where

[r1, T, t] = £K 'H/||K *H]|.

Note that there is a two-fold ambiguity. This result follows from (8.1-p196)
which gives the homography between a world plane and calibrated camera P =
KR | t].

Show that the homography x = HX between points on a world plane (n", d)"
and the image may be expressed as H = K(R — tn' /d). The points on the plane
have coordinates X = (X, Y, Z)".

Line projection.

(a) Show that any line containing the camera centre lies in the null-space of
the map (8.2-p198), i.e. it is projected to the line 1 = 0.

(b) Show that the line £ = PTx in IP? is the ray through the image point x
and the camera centre. Hint: start from result 3.5(p72), and show that
the camera centre C lies on L.

(¢) What is the geometric interpretation of the columns of P?

Contour generator of a quadric. The contour generator T of a quadric con-
sists of the set of points X on Q for which the tangent planes contain the camera
centre, C. The tangent plane at a point X on Q is given by w = (X, and the
condition that C is on 7w is C'w = CTQX = 0. Thus points X on T satisfy
C'QX = 0, and thus lie on the plane wp = QC since wL X = C¢TQX = 0. This
shows that the contour generator of a quadric is a plane curve and furthermore,
since 7 = QC, that the plane of T is the polar plane of the camera centre with
respect to the quadric.
Apparent contour of an algebraic surface. Show that the apparent contour
of a homogeneous algebraic surface of degree n is a curve of degree n(n — 1).
For example, if n = 2 then the surface is a quadric and the apparent contour
a conic. Hint: write the surface as F'(X,Y,Z, W) = 0, then the tangent plane
contains the camera centre C if
oF . OF or aF

OX&+CYYT(),'Y' +CZ§Z’+C 5\; :O

which is a surface of a degree n — 1.
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(v) Rotation axisvanishing point for H = KRK . The homography of a conjugate

(vi)

(vii)

(viii)

(ix)

rotation H = KRK™ has an eigenvector Ka, where a is the direction of the
rotation axis, since HKa= KRa= Ka The last equality follows because Ra =

la, i.e. aistheunit eigenvector of R It follows that () Kais afixed point under
the homography H; and (b) from result 8.20(/?215) v = Kais the vanishing
point of the rotation axis.

Synthetic rotations. Suppose, as in example 8.12(p205), that a homography

is estimated between two images related by a pure rotation about the camera
centre. Then the estimated homography will be a conjugate rotation, so that
H = KR(9)K"! (though K and R are unknown). However, H* applied to the
first image generates the image that would have been obtained by rotating the
camera about the same axis through twice the angle, since H> = KR*K™ =

KR(26)K-%.

More generally we may write H* to represent arotation through any fractional

angle X9. To make sense of H*, observe that the eigenvalue decomposition of H
isH@# = Udiag(l, €*,e~'%) U-*, and both 9 and U may be computed from the
estimated H. Then

H' = Udiag(l,e”,e-"%)U-* = KRANK".

which is the conjugate of arotation through angle X9. Writing O instead of X9,
we may use this homography to generate synthetic images rotated through any
angle <fi. The images are interpolated between the original images (if 0 < 0 <
9), or extrapolated (if 0 > 9).

Show that the imaged circular points of a perspectively imaged plane may be
computed if any of the following are on the plane: (i) a square grid; (ii) two
rectangles arranged such that the sides of one rectangle are not parallel to the
sides of the other; (iii) two circles of equal radius; (iv) two circles of unequal
radius.

Show that in the case of zero skew, u> is the conic

\ a J \ a J

which may be interpreted as an elipse aligned with the axes, centred on the
principal point, and with axes of length ia, and ia, in the x and y directions
respectively,

If the camera calibration K and the vanishing line 1 of a scene plane are known
then the scene plane can be metric rectified by a homography corresponding
to a synthetic rotation H = KRK™ that maps 1to 17, i.e. it is required that
H Tl = (0,0,1)". This condition arises because if the plane is rotated such that
its vanishing lineis 1~ then it is fronto-parallel. Show that H~'1= (0,0,1)" is
equivalent to Rn = (0,0,1)", where n = K'1 is the normal to the scene plane.
This is the condition that the scene normal is rotated to lie along the camera Z
axis. Note the rotation is not uniquely defined since arotation about the plane's
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)

(xi)

(xii)

(xiii)

(xiv)

(xv)

8 More Sngle View Geometry

normal does not affect its metric rectification. However, the last row of R equals
n, sothat R= [r7ry, n]T where n, ri and r, are atriad of orthonormal vectors.
Show that the angle between two planes with vanishing lines i and 1, is

cost/ = - =.

Derive (8.15-/7218). Hint, the line 1 lies in the pencil defined by |i and 1,, 0
it can be expressed as 1= a\\ + (3\,. Then use therelations \, = 1+ n\ for
n = 1,2to solvefor a and (3.

For the case of vanishing points arising from three orthogonal directions, and
for an image with square pixels, show algebraically that the principal point is
the orthocentre of the triangle with vertices the vanishing points. Hint: suppose
the vanishing point a one vertex of the triangle is v and the line of the opposite
side (through the other two vanishing points) is 1 Then from (8.17-p219) v =
Ur\since v and 1 arise from an orthogonal line and plane respectively. Show
that the principal point lies on the line from v to 1 which is perpendicular in
the image to 1 Since this result is true for any vertex the principal point is the
orthocentre of the triangle.

Show that the vanishing points of an orthogonal triad of directions are the ver-
tices of a self-polar triangle [Springer-64] with respect to LO.

If acamera has sguare pixels, then the apparent contour of a sphere centred on
the principal axis is acircle. If the sphere is translated parallel to the image
plane, then the apparent contour deforms from a circle to an ellipse with the
principal point on its mgor axis.

(8 How can this observation be used as a method of internal parameter
calibration?

(b) Show by a geometric argument that the aspect ratio of the ellipse does
not depend on the distance of the sphere from the camera.

If the sphereis now trandated parallel to the principal axis the apparent contour
can deform to a hyperbola, but only one branch of the hyperbola is imaged.
Why is this?

Show that for ageneral camerathe apparent contour of asphereisrelated to the
IAC as:

c=C+ vv'

where Cis the conic outline of the imaged sphere, and v is a 3-vector that
depends on the position of the sphere. A proof is given in [Agrawal-03]. Note
this relation places two constraints on LJ, S0 that in principle LJ, and hence
the calibration K, may be computed from three images of a sphere. However,
in practice this is not a well conditioned method for computing K because the
deviation of the sphere's outline from acircle is small.
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Part 1

Two-View Geometry

TheBirth of Venus (detail), ¢. 1485 (tempera on canvas) by Sandro Botticelli (1444/5-1510)
Galleria degli Uffizi, Florence, Italy/Bridgeman Art Library
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Outline

This part of the book covers the geometry of two perspective views. These views may be acquired
simultaneously as in a stereo rig, or acquired sequentially, for example by a camera moving relative to
the scene. These two situations are geometrically equivalent and will not be differentiated here. Each
view has an associated camera matrix, P, P, where ' indicates entities associated with the second view,
and a 3-space point X isimaged as x = PX in the first view, and X' = P'X in the second. Image points
x and x' correspond because they are the image of the same 3-space point. There are three questions
that will be addressed:

(i) Correspondence geometry. Given an image point x in the first view, how does this constrain
the position of the corresponding point x' in the second view?
(ii) Camera geometry (motion). Given aset of corresponding image points
{XJ =x"},i = 1,..., n, what are the cameras P and P' for the two views?
(iii) Scene geometry (structure). Given corresponding image points x <> x' and cameras P, P,
what is the position of (their pre-image) X in 3-space?

Chapter 9 describes the epipolar geometry of two views, and directly answers the first question: a
point in one view defines an epipolar line in the other view on which the corresponding point lies. The
epipolar geometry depends only on the cameras - their relative position and their internal parameters.
It does not depend at all on the scene structure. The epipolar geometry is represented by a 3 x 3
matrix called thefundamental matrix F. The anatomy of the fundamental matrix is described, and its
computation from camera matrices P and P' given. It isthen shown that P and P' may be computed from
F up to a projective ambiguity of 3-space.

Chapter 10 describes one of the most important results in uncalibrated multiple view geometry - a
reconstruction of both cameras and scene structure can be computed from image point correspondences
alone; no other information isrequired. This answers both the second and third questions simultaneously.
The reconstruction obtained from point correspondences aone is up to aprojective ambiguity of 3-space,
and this ambiguity can be resolved by supplying well defined additional information on the cameras or
scene. In this manner an affine or metric reconstruction may be computed from uncalibrated images. The
following two chapters then fill in the details and numerical algorithms for computing this reconstruction.

Chapter 11 describes methods for computing F from a set of corresponding image points {x* <
X"}, even though the structure (3D pre-image Xj) of these points is unknown and the camera matrices
are unknown. The cameras P and P' may then be determined, up to a projective ambiguity, from the
computed F.

Chapter 12 then describes the computation of scene structure by triangulation given the cameras
and corresponding image points - the point X in 3-space is computed as the intersection of rays back-
projected from the corresponding points x and x' via their associated cameras P, P'. Similarly, the 3D
position of other geometric entities, such as lines or conies, may aso be computed given their image
correspondences.

Chapter 13 covers the two-view geometry of planes. It provides an aternative answer to the first
question: if scene points lie on aplane, then once the geometry of this plane is computed, theimage x of
apoint in one image determines the position of x' in the other image. The points are related by a plane
projective transformation. This chapter also describes aparticularly important projective transformation
between views - the infinite homography, which is the transformation arising from the plane at infinity.

Chapter 14 describes two-view geometry in the specialized case that the two cameras P and P are
affine. This case has a number of simplifications over the general projective case, and provides a very
good approximation in many practical situations.

238
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9

Epipolar Geometry and the Fundamental Matrix

The epipolar geometry is the intrinsic projective geometry between two views. It is
independent of scene structure, and only depends on the cameras' interna parameters
and relative pose.

The fundamental matrix F encapsulates this intrinsic geometry. It isa3 x 3 matrix
of rank 2. If apoint in 3-space X isimaged as x in thefirst view, and x' in the second,
then theimage points satisfy the relation x'"Fx = 0.

We will first describe epipolar geometry, and derive the fundamental matrix. The
properties of the fundamental matrix are then elucidated, both for general motion of
the camera between the views, and for several commonly occurring special motions. It
is next shown that the cameras can be retrieved from F up to aprojective transformation
of 3-space. This result is the basis for the projective reconstruction theorem given in
chapter 10. Finaly, if the camerainternal calibration is known, it is shown that the Eu-
clidean motion of the cameras between views may be computed from the fundamental
matrix up to afinite number of ambiguities.

The fundamental matrix is independent of scene structure. However, it can be com-
puted from correspondences of imaged scene points alone, without requiring knowl-
edge of the cameras' internal parameters or relative pose. This computation is de-
scribed in chapter 11.

9.1 Epipolar geometry

The epipolar geometry between two views is essentially the geometry of the inter-
section of the image planes with the pencil of planes having the baseline as axis (the
baseline is the linejoining the camera centres). This geometry is usually motivated by
considering the search for corresponding points in stereo matching, and we will start
from that objective here.

Suppose apoint X in 3-space isimaged in two views, a X in the first, and X' in the
second. What is the relation between the corresponding image points x and x'? As
shown in figure 9.1a the image points x and x', space point X, and camera centres
are coplanar. Denote this plane as 7r. Clearly, the rays back-projected from x and x'
intersect at X, and the rays are coplanar, lying in TT. It is this latter property that is of
most significance in searching for a correspondence.

239
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240 9 Epipolar Geometry and the Fundamental Matrix

Fig. 9.1. Point correspondence geometry, (a) The two cameras are indicated by their centres C and
C and image planes. The camera centres, 3-space point X, and its images x and X' lie in a common
plane iz. (b) An image point X back-projects to a ray in 3-space defined by the first camera centre, C,
and x. Thisray isimaged as a line V in the second view. The 3-space point X which projects to x must
lie on this ray, so the image of~K in the second view must lie on V.

Fig. 9.2. Epipolar geometry, (a) The camera basdline intersects each image plane at the epipoles e
and €. Any plane TZ containing the baseline is an epipolar plane, and intersects the image planes in
corresponding epipolar lines 1 and \/*. (b) As theposition of the 3D point X varies, the epipolar planes
"rotate" about the baseline. Thisfamily of planes is known as an epipolar pencil. All epipolar lines
intersect at the epipole.

Supposing nhow that we know only x, we may ask how the corresponding point X' is
constrained. The plane TT is determined by the baseline and the ray defined by x. From
above we know that the ray corresponding to the (unknown) point x' lies in 7r, hence
thepoint x' lies on theline of intersection 1 of TT with the second image plane. Thisline
T'is the image in the second view of the ray back-projected from x. It is the epipolar
line corresponding to x. In terms of a stereo correspondence algorithm the benefit is
that the search for the point corresponding to x need not cover the entire image plane
but can be restricted to the line 1.

The geometric entities involved in epipolar geometry are illustrated in figure 9.2.
The terminology is

* The epipole is the point of intersection of the linejoining the camera centres (the
baseline) with the image plane. Equivaently, the epipole is the image in one view
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9.2 Thefundamental matrix F 241

Fig. 9.3. Converging cameras, (a) Epipolar geometry for converging cameras, (b) and (c) A pair of
images with superimposed corresponding points and their epipolar lines (in white). The motion between
the views isa trandation and rotation. In each image, the direction of the other camera may be inferred
from the intersection of the pencil of epipolar lines. In this case, both epipoles lie outside of the visible
image.

of the camera centre of the other view. It is also the vanishing point of the baseline
(translation) direction.

* An epipolar plane is a plane containing the baseline. There is a one-parameter
family (apencil) of epipolar planes.

* An epipolar lineis the intersection of an epipolar plane with the image plane. All
epipolar lines intersect at the epipole. An epipolar plane intersects the left and right
image planes in epipolar lines, and defines the correspondence between the lines.

Examples of epipolar geometry are given in figure 9.3 and figure 9.4. The epipolar
geometry of these image pairs, and indeed al the examples of this chapter, is computed
directly from the images as described in section 11.6(/7290).

9.2 The fundamental matrix F

The fundamental matrix is the algebraic representation of epipolar geometry. In the
following we derive the fundamental matrix from the mapping between apoint and its
epipolar line, and then specify the properties of the matrix.

Given apair of images, it was seen in figure 9.1 that to each point X in one image,
there exists a corresponding epipolar line 1 in the other image. Any point X' in the
second image matching the point X must lie on the epipolar line 1'. The epipolar line
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Fig. 9.4. Motion parallel to theimage plane. In the case of a special motion where the trandlation is
parallel to the image plane, and the rotation axis isperpendicular to the image plane, the intersection
of the baseline with the image plane isat infinity. Consequently the epipoles are at infinity, and epipolar
lines are parallel, (a) Epipolar geometry for motion parallel to the image plane, (b) and (c) a pair of
imagesfor which the motion between views is (approximately) a trandation parallel to the x-axis, with
no rotation. Four corresponding epipolar lines are superimposed in white. Note that corresponding
points lie on corresponding epipolar lines.

is the projection in the second image of the ray from the point x through the camera
centre C of the first camera. Thus, thereis amap

from apoint in one image to its corresponding epipolar line in the other image. It is
the nature of this map that will now be explored. It will turn out that this mapping
is a (singular) correlation, that is a projective mapping from points to lines, which is
represented by amatrix F, the fundamental matrix.

9.2.1 Geometric derivation

We begin with a geometric derivation of the fundamental matrix. The mapping from
apoint in one image to a corresponding epipolar line in the other image may be de-
composed into two steps. In the firgt step, the point x is mapped to some point X' in
the other image lying on the epipolar line 1. This point X' is a potential match for the
point x. In the second step, the epipolar line 1'is obtained as the linejoining X' to the
epipole €'.

Step 1. Point transfer via a plane. Refer to figure 9.5. Consider aplane n in space
not passing through either of the two camera centres. The ray through the firs camera
centre corresponding to the point x meets the plane IT in apoint X. This point X is
then projected to apoint X' in the second image. This procedure is known as transfer
via the plane 7r. Since X lies on the ray corresponding to x, the projected point x'
must lie on the epipolar line 1' corresponding to the image of this ray, asillustrated in
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9.2 Thefundamental matrix F 243

Fig. 9.5. A point x in one image is transferred via the plane TT to a matching point x' in the second
image. The epipolar line through X' is obtained byjoining x' to the epipole €. In symbols one may
write x' = HAx and V = [€], X' = [e]x H*X = Fx where F = [€] H" isthefundamental matrix.

figure 9.1b. The points x and x' are both images of the 3D point X lying on a plane.
The st of al such points x* in the first image and the corresponding points x* in the
second image are projectively equivalent, since they are each projectively equivaent to
the planar point set Xj. Thus there is a2D homography H* mapping each x* to x".

Step 2: Constructing theepipolar line.  Given thepoint x' the epipolar line V passing
through x' and the epipole €' can bewrittenas1' = €' x X' = [€]«x X" (the notation [€\
is defined in (A4.5-/7581)). Since X' may be written asx' = H”x, we have

[ = ¢ H%=FKX
where we define F = [€]4H7, the fundamental matrix. This shows

Result 9.1. Thefundamental matrix F may be written as F = [€]H"”, where H" isthe
transfer mapping from one image to another via any plane iz. Furthermore, since [e€']«
has rank 2 and H* rank 3, Fisa matrix of rank 2.

Geometrically, F represents a mapping from the 2-dimensional projective plane P>
of the first image to the pencil of epipolar lines through the epipole €. Thus, it rep-
resents a mapping from a 2-dimensional onto a 1-dimensiona projective space, and
hence must have rank 2.

Note, the geometric derivation above involves a scene plane n, but a plane is not
required in order for Fto exist. The plane is simply used here as ameans of defining a
point map from one image to another. The connection between the fundamental matrix
and transfer of points from oneimage to another viaaplaneis dealt with in some depth
in chapter 13.

9.2.2 Algebraic derivation

The form of the fundamental matrix in terms of the two camera projection matri-
ces, P, P, may be derived algebraically. The following formulation is due to Xu and
Zhang [Xu-96].

Samsung/Google, EX1010, p. 261



244 9 Epipolar Geometry and the Fundamental Matrix

The ray back-projected from x by P is obtained by solving PX = x. The one-
parameter family of solutions is of the form given by (6.13-pl62) as

X(A) = P*x + AC

where P* is the pseudo-inverse of P, i.e. PP* = 1, and C its null-vector, namely the
camera centre, defined by PC = 0. The ray is parametrized by the scalar A. In
particular two points on the ray are P*x (at A = 0), and the first camera centre C
(a A = 00). These two points are imaged by the second camera P a P'P*x and PC
respectively in the second view. The epipolar lineisthe linejoining these two projected
points, namely 1 = (P'c) x (P'P+x). The point PC isthe epipole in the second image,
namely the projection of the first camera centre, and may be denoted by €. Thus,
1= [e]x(P'P)x = Fx, where Fis the matrix

F=[e]xPP+. 9.0
This is essentially the same formula for the fundamental matrix as the one derived in
the previous section, the homography H* having the explicit form H* = P'P* in terms
of the two camera matrices. Note that this derivation bresks down in the case where

the two camera centres are the same for, in this case, C is the common camera centre
of both Pand P, and so P'c = 0. It follows that F defined in (9.1) is the zero matrix.

Example 9.2. Suppose the camera matrices are those of acalibrated stereo rig with the
world origin at the first camera
P=K][l |0 P = KR [t].
Then
LIt
P* =

and

T
1

[P'c]P'P*
[KixK'RK" = K-T[t],RK-' = K-TR[Rt],K-* = K"TRKT[KRt]4 (9.2)

where the various forms follow from result A4.3(p582). Note that the epipoles (defined
as the image of the other camera centre) are

e=P(~*™)=KRt €=P(°A =Kt (9.3)

Thus we may write (9.2) as
F= [eXKRK" = k'-TaxRK"* = K-TR[R™],K~' = K-TRK[€],. (9.4)
A

The expression for the fundamental matrix can be derived in many ways, and indeed
will be derived again several times in this book. In particular, (17.3-p412) expresses F
in terms of 4 x 4 determinants composed from rows of the camera matrices for each
view.
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9.2 Thefundamental matrix F 245

9.2.3 Correspondence condition
Up to this point we have considered the map x —% 1 defined by F. We may now state
the most basic properties of the fundamental matrix.

Result 9.3. Thefundamental matrix satisfies the condition thatfor any pair of corre-
sponding points x <= X' in the two images

x'TFx = 0.

This is true, because if points x and x' correspond, then x' lies on the epipolar line
1 = Fx corresponding to the point x. In other words 0 = x.""V = x/"Fx. Conversely,
if image points satisfy the relation x'"Fx = 0 then the rays defined by these points are
coplanar. Thisis anecessary condition for points to correspond.

The importance of the relation of result 9.3 is that it gives away of characterizing
the fundamental matrix without reference to the camera matrices, i.e. only in terms of
corresponding image points. This enables F to be computed from image correspon-
dences alone. We have seen from (9.1) that F may be computed from the two camera
matrices, P, P, and in particular that F is determined uniquely from the cameras, up
to an overdl scaling. However, we may now enquire how many correspondences are
required to compute F from x'TFx = 0, and the circumstances under which the ma-
trix is uniquely defined by these correspondences. The details of this are postponed
until chapter 11, where it will be seen that in genera at least 7 correspondences are
required to compute F.

9.2.4 Properties of the fundamental matrix
Definition 9.4. Suppose we have two images acquired by cameras with non-coincident
centres, then the fundamental matrix Fisthe unique 3x 3 rank 2 homogeneous matrix
which satisfies

xXTFx = 0 (9.5)
for al corresponding points x <-+ Xx'.

We now briefly list a number of properties of the fundamental matrix. The most
important properties are also summarized in table9.1.

(i) Transpose: If Fisthe fundamental matrix of the pair of cameras (P, P'), then
F' is the fundamental matrix of the pair in the opposite order: (P, P).

(ii) Epipolar lines. For any point x in the first image, the corresponding epipolar
lineis 1' = Fx. Similarly, 1= F'x' represents the epipolar line corresponding
to x' in the second image,

(iii) The epipole: for any point X (other than €) the epipolar line 1T = Fx contains
the epipole e'. Thus €' satisfies € (Fx) = (¢/"F)x = Ofor all x. It follows that
€F = 0, i.e. e istheleft null-vector of F. Similarly Fe = 0, i.e. eis the right
null-vector of F.
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» Fisarank 2 homogeneous matrix with 7 degrees of freedom.
» Point correspondence: If x and x' are corresponding image points, then
x'TFx = 0.
* Epipolar lines:
o F = Fx isthe epipolar line corresponding to x.
0 1= F'x' isthe epipolar line corresponding to x'.
» Epipoles:
o Fe=0.
o Fle = 0.
« Computation from camera matrices P, P":
0 General cameras,
F = [e']«P'P+, where P+ isthe pseudo-inverse of P, and € = P'C, with PC = 0.

o Canonical cameras, P= [l |0], PP = M |m],
F= [€]xM = M~"[e],, wheree' = m ande = M~'m.

0 Cameras not at infinity P= K[l | 0], P = K[R It],
F= K-T[tI,RK-! = [KtXK'RK"™ = K-TRKY[KR™] .

Table 9.1. Summary offundamental matrix properties.

(iv) Fhas seven degrees of freedom: a3 x 3 homogeneous matrix has eight indepen-
dent ratios (there are nine elements, and the common scaling is not significant);
however, F also satisfies the constraint det F — 0 which removes one degree of
freedom.

(v) Fisacorrelation, aprojective map taking apoint to aline (see definition 2.29-
(p59)). In this case a point in the first image x defines aline in the second
1 = Fx, which is the epipolar line of x. If 1 and 1 are corresponding epipolar
lines (see figure 9.6a) then any point x on 1 is mapped to the same line 1. This
means there is no inverse mapping, and Fis not of full rank. For this reason, F
isnot aproper correlation (which would be invertible).

9.25 The epipolar line homography

The set of epipolar lines in each of the images forms a pencil of lines passing through
the epipole. Such a pencil of lines may be considered as a 1-dimensiona projective
space. It is clear from figure 9.6b that corresponding epipolar lines are perspectively
related, so that there is ahomography between the pencil of epipolar lines centred at e
in the first view, and the pencil centred a €' in the second. A homography between two
such 1-dimensional projective spaces has 3 degrees of freedom.

The degrees of freedom of the fundamental matrix can thus be counted as follows. 2
for e, 2for €', and 3 for the epipolar line homography which maps aline through e to a
line through €. A geometric representation of this homography is given in section 9.4.
Here we give an explicit formula for this mapping.
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Fig. 9.6. Epipolar line homography. (a) Thereisapencil of epipolar lines in each image centred on the
epipole. The correspondence between epipolar lines, \i <> \[, isdefined by thepencil of planes with axis
the baseline, (b) The corresponding lines are related by a perspectivity with centre any point p on the
baseline. Itfollows that the correspondence between epipolar lines in thepencils isa ID homography.

Result 9.5. Suppose 1 and V are corresponding epipolar lines, and k is any line not
passing through the epipole e, then 1 and Vare related by V = F[K]«l. Symmetrically,
i = F[K']yr.

Proof. The expression [K]x1 = k x 1isthe point of intersection of the two lines k and
1, and hence apoint on the epipolar line 1 - call it x. Hence, F[K] x 1 = Fx isthe epipolar
line corresponding to the point x, namely the line 1. .

Furthermore a convenient choice for k isthe line e, sincek'e = e'e ~ 0, so that
the line e does not pass through the point e asis required. A similar argument holds
for the choice of k' = €. Thus the epipolar line homography may be written as

I'= Fle]d | = F[exl' »

9.3 Fundamental matrices arising from special motions

A special motion arises from aparticular relationship between the trandation direction,
t, and the direction of the rotation axis, a. We will discuss two cases: pure trangation,
where there is no rotation; and pure planar motion, where t is orthogona to a (the
significance of the planar motion case is described in section 3.4.1(p77)). The 'pure’
indicates that there is no change in the internal parameters. Such cases are important,
firstly because they occur in practice, for example a camera viewing an object rotating
on aturntable is equivaent to planar motion for pairs of views; and secondly because
the fundamental matrix has a specia form and thus additional properties.

9.3.1 Pure translation

In considering pure translations of the camera, one may consider the equivalent situ-

ation in which the camera is stationary, and the world undergoes atrandation —t. In
this situation points in 3-space move on straight lines parallel to t, and the imaged in-

tersection of these parallel lines is the vanishing point v in the direction of t. Thisis
illustrated in figure 9.7 and figure 9.8. It is evident that v is the epipole for both views,

and the imaged parallel lines are the epipolar lines. The algebraic details are given in

the following example.
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248 9 Epipolar Geometry and the Fundamental Matrix

Fig. 9.7. Under apure trandational camera motion, 3D points appear to slide along parallel rails. The
images of these parallel lines intersect in a vanishing point corresponding to the translation direction.
The epipole e is the vanishing point.

anr

Fig. 9.8. Puretranslational motion, (a) under the motion the epipole isafixed point, i.e. has the same
coordinates in both images, and points appear to move along lines radiating from the epipole. The
epipole in this case is termed the Focus of Expansion (FOE), (b) and (c) the same epipolar lines are
overlaid in both cases. Note the motion of the posters on the wall which slide along the epipolar line.

Example 9.6. Suppose the motion of the cameras is a pure trandation with no rotation
and no change in the internal parameters. One may assume that the two cameras are
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9.3 Fundamental matrices arisingfrom special motions 249
P=K][l |0 and P = K[l | tj. Then from (9.4) (usng R= | and K = K
F=[e%KK" = [}k
If the camera translation is parallel to the x-axis, thene' = (1,0,0)7, so

00 O
F= 0 0-1
01 0

The relation between corresponding points, xX''Fx = 0, reducestoy = Y, i.e the
epipolar lines are corresponding rasters. This is the situation that is sought by image
rectification described in section 11.12(/?7302). A

Indeed if the image point x is normalized asx = (x,y, 1)", then from
x = PX,.= K[l | o]X, the space point's (inhomogeneous) coordinates are (x, Y, z)" =
zK-'x, where z is the depth of the point X (the distance of X from the camera centre
measured along the principal axis of the first camera). It then follows from x' = PX =
K[l [t]X that the mapping from an image point x to an image point X' is

X' = X + Kt/z. (9.6)

The motion X' = x + Kt/z of (9.6) shows that the image point "starts" a x and then
moves along the line defined by x and the epipole e = €' = v. The extent of the motion
depends on the magnitude of thetranglation t (which is not ahomogeneous vector here)
and the inverse depth z, so that points closer to the camera appear to move faster than
those further away - a common experience when looking out of atrain window.

Note that in this case of pure trandation F = je] is skew-symmetric and has only
2 degrees of freedom, which correspond to the position of the epipole. The epipolar
lineof x is1 = Fx = [e],x, and x lies on thisline since x"[e],x = 0, i.e. x, X' and
e = €' are collinear (assuming both images are overlaid on top of each other). This
collinearity property is termed auto-epipolar, and does not hold for general motion.

General motion. The pure translation case gives additional insight into the general
motion case. Given two arbitrary cameras, we may rotate the camera used for thefirst
image so that it is aligned with the second camera. This rotation may be simulated
by applying a projective transformation to the first image. A further correction may
be applied to the first image to account for any difference in the calibration matrices
of the two images. The result of these two corrections is a projective transformation
H of the first image. If one assumes these corrections to have been made, then the
effective relationship of the two cameras to each other is that of a pure trandation.
Consequently, the fundamental matrix corresponding to the corrected first image and
the second image is of the form F = je],, satisfying x'"Fx = 0, wherex = Hxis the
corrected point in the first image. From this one deduces that x'"[€],Hx = 0, and so
the fundamental matrix corresponding to the initial point correspondences x <> X' is
F —[€1«H. Thisisillustrated in figure 9.9.
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Fig. 9.9. General camera motion. The first camera (on the left) may be rotated and corrected to
simulate a pure translational motion. Thefundamental matrix for the original pair istheproduct F =
[€]«xH, where [€e']« isthefundamental matrix of the trandation, and H is theprojective transformation
corresponding to the correction of the first camera.

Example 9.7. Continuing from example 9.2, assume again that the two cameras are
P= K[l |0 and P = K[R | t]. Then as described in section 8.4.2(p204) the requisite
projective transformation is H= K'RK" = H”, where H” is the infinite homography
(see section 13.4(p338)), and F = [e"HA.

If the image point x is normalized as x = (xy, 1)7, as in example 9.6, then
(x,Y,z)" = zK'x, and from x = PX = KJR | t]X the mapping from an image
point X to an image point X' is

x" = KRKZX + K't/z. 9.7)

The mapping is in two parts: the first term depends on the image position aone, i.e.
X, but not the point's depth z, and takes account of the camera rotation and change
of internal parameters; the second term depends on the depth, but not on the image
position x, and takes account of camera translation. In the case of pure trandation
R=1,K =K (9.7) reduces to (9.6). A

9.3.2 Pureplanar motion

In this case the rotation axis is orthogona to the trandation direction. Orthogonality
imposes one constraint on the motion, and it is shown in the exercises at the end of
this chapter that if K= K then F, the symmetric part of F, has rank 2 in this planar
motion case (note, for a general motion the symmetric part of F has full rank). Thus,
the condition that det Fs = Ois an additional constraint on F and reduces the number
of degrees of freedom from 7, for ageneral motion, to 6 degrees of freedom for apure
planar motion.

9.4 Geometric representation of the fundamental matrix

This section is not essential for a first reading and the reader may optionally skip to
section 9.5.

In this section the fundamental matrix is decomposed into its symmetric and skew-
symmetric parts, and each part is given ageometric representation. The symmetric and
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skew-symmetric parts of the fundamental matrix are
Fs= (F+F)/2 Fa=(F- F) /2

sothat F= Fq + F,.

To motivate the decomposition, consider the points X in 3-space that map to the
same point in two images. These image points are fixed under the camera motion
so that x = x'. Clearly such points are corresponding and thus satisfy x'Fx = 0,
which is anecessary condition on corresponding points. Now, for any skew-symmetric
matrix A the form x'Ax is identically zero. Consequently only the symmetric part of
F contributes to x"Fx = 0, which then reduces to x"Fsx = 0. As will be seen below
the matrix Fs may be thought of as aconic in the image plane.

Geometrically the conic arises as follows. The locus of dl points in 3-space for
which x = x" isknown asthe horopter curve. Generally thisis atwisted cubic curvein
3-space (see section 3.3(p75)) passing through the two camera centres [Maybank-93].
The image of the horopter is the conic defined by Fs. We return to the horopter in
chapter 22.

Symmetric part. The matrix Fg is symmetric and is of rank 3in general. It has 5
degrees of freedom and is identified with a point conic, caled the Seiner conic (the
name is explained below). The epipoles e and €' lie on the conic Fs. To see that the
epipoles lie on the conic, i.e. that e Fse = 0, start from Fe = 0. Then e'Fe = 0 and
soe'Fse + e"F.e = 0. However, e"F,e = 0, since for any skew-symmetric matrix
S x"Sx = 0. Thus e"F¢e = 0. The derivation for € follows in a similar manner.

Skew-symmetric part. The matrix F, is skew-symmetric and may be written as
Fa = [Xalx, Where x, is the null-vector of F,. The skew-symmetric part has 2
degrees of freedom and is identified with the point X ,.

The relation between the point x , and conic Fs is shown in figure 9.10a. The polar
of X 5 intersects the Steiner conic F at the epipoles e and €' (the pole-polar relation is
described in section 2.2.3(p30)). The proof of this result is left as an exercise.

Epipolar line correspondence. It isaclassica theorem of projective geometry due
to Steiner [Semple-79] that for two line pencils related by a homography, the locus
of intersections of corresponding lines is a conic. Thisis precisely the situation here.
The pencils are the epipolar pencils, one through e and the other through €. The
epipolar lines arerelated by a 1D homography as described in section 9.2.5. The locus
of intersection isthe conic Fs.

The conic and epipoles enable epipolar lines to be determined by a geometric con-
struction as illustrated in figure 9.10b. This construction is based on the fixed point
property of the Steiner conic Fs. The epipolar line 1 = x x ein the first view defines
an epipolar plane in 3-space which intersects the horopter in a point, which we will
cal X.. The point X. is imaged in the first view a X, which is the point a which 1
intersects the conic F¢ (since F is the image of the horopter). Now the image of X is
also X, in the second view due to the fixed-point property of the horopter. So x. is the
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Fig. 9.10. Geometric representation of F. (a) The conic Fs represents the symmetric part ofF, and the
point x , the skew-symmetric part. The conic F isthe locus of intersection of corresponding epipolar
lines, assuming both images are overlaid on top of each other. It is the image of the horopter curve. The
line la isthepolar o/x, with respect to the conic Fs. It intersects the conic at the epipoles e and €.
(b) The epipolar line V corresponding to apoint x isconstructed asfollows: intersect the line defined by
the points e and x with the conic. This intersection point isx.. Then V isthe line defined by the points
Xc and €.

image in the second view of apoint on the epipolar plane of x. It follows that x. lies
on the epipolar line 1 of x, and consequently 1 may be computed as 1' = x. x €.

The conic together with two points on the conic account for the 7 degrees of freedom
of F: 5 degrees of freedom for the conic and one each to specify the two epipoles on
the conic. Given F, then the conic Fs, epipoles e, € and skew-symmetric point x , are
defined uniquely. However, Fs and x, do not uniquely determine F since the identity
of the epipoles is not recovered, i.e. the polar of x, determines the epipoles but does
not determine which one is e and which one €'.

9.4.1 Pure planar motion

We return to the case of planar motion discussed above in section 9.3.2, where Fs has
rank 2. It is evident that in this case the Steiner conic is degenerate and from section
2.2.3(/>30) is equivaent to two non-coincident lines:

Fs=\W\] + Llj

as depicted in figure 9.11a. The geometric construction of the epipolar line 1 corre-
sponding to apoint x of section 9.4 has a ssimple algebraic representation in this case.
As in the general motion case, there are three steps, illustrated in figure 9.11b: first
theline 1 = e x xjoining e and x is computed; second, its intersection point with the
"conic" X = ls x 1is determined; third the epipolar line I' = €' x X isthejoin of X
and €. Putting these steps together we find

I'=ex[lsx (exx)J= [eulls][e]xx.
It follows that F may be written as
F=[eT.{lsIx[e]x. (©8)

The 6 degrees of freedom of F are accounted for as 2 degrees of freedom for each of
the two epipoles and 2 degrees of freedom for the line.
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Ih

In
e cS =) *a

image
a b

Fig. 9.11. Geometric representation of F for planar motion, (a) The lines Is and 1 constitute the
Seiner conic for this motion, which is degenerate. Compare this figure with the conic for general
motion shown in figure 9.10. (b) The epipolar line V corresponding to a point X is constructed as
follows: intersect the line defined by the points e and x with the (conic) line \s. This intersection point
isx.. Then Y isthe line defined by thepoints x. and €".

The geometry of this situation can be easily visualized: the horopter for this motion
is a degenerate twisted cubic consisting of acircle in the plane of the maotion (the plane
orthogonal to the rotation axis and containing the camera centres), and aline parallel
to the rotation axis and intersecting the circle. The line is the screw axis (see section
3.4.1(/777)). The motion is equivalent to a rotation about the screw axis with zero
translation. Under this motion points on the screw axis are fixed, and consequently
their images are fixed. The line \s is the image of the screw axis. The line 1* is the
intersection of the image with the plane of the motion. This geometry is used for auto-
calibration in chapter 19.

9.5 Retrieving the camera matrices

To this point we have examined the properties of F and of image relations for a point
correspondence x 4 x'. We now turn to one of the most significant properties of F,
that the matrix may be used to determine the camera matrices of the two views.

9.5.1 Projectiveinvariance and canonical cameras

It isevident from the derivations of section 9.2 that the map 1 = Fx and the correspon-
dence condition x'TFx = 0 areprojective relationships: the derivations have involved
only projective geometric relationships, such asthe intersection of lines and planes, and
in the algebraic development only the linear mapping of the projective camera between
world and image points. Consequently, the relationships depend only on projective co-
ordinates in the image, and not, for example on Euclidean measurements such as the
angle between rays. In other words the image relationships are projectively invariant:
under aprojective transformation of the image coordinates x = Hx, X' = H'X', thereisa
corresponding map 1 = Fx with F= H FH the corresponding rank 2 fundamental
matrix.

Similarly, F only depends on projective properties of the cameras P, P'. The camera
matrix relates 3-space measurements to image measurements and so depends on both
the image coordinate frame and the choice of world coordinate frame. F does not
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depend on the choice of world frame, for example a rotation of world coordinates
changes P, P/, but not F. In fact, the fundamental matrix is unchanged by a projective
transformation of 3-space. More precisely,

Result9.8. IfH is a 4 x 4 matrix representing a projective transformation of 3-space,
then the fundamental matrices corresponding to the pairs of camera matrices (P,P')
and (PH, P'H) are the same.

Proof. Observe that PX = (PH)(H 'X), and similarly for P’. Thus if x « x’ are
matched points with respect to the pair of cameras (P, P’), corresponding to a 3D point
X, then they are also matched points with respect to the pair of cameras (PH,P'H),
corresponding to the point H'X. |

Thus, although from (9.1-p244) a pair of camera matrices (P, P') uniquely determine a
fundamental matrix F, the converse is not true. The fundamental matrix determines the
pair of camera matrices at best up to right-multiplication by a 3D projective transfor-
mation. It will be seen below that this is the full extent of the ambiguity, and indeed the
camera matrices are determined up to a projective transformation by the fundamental
matrix.

Canonical form of camera matrices. Given this ambiguity, it is common to define
a specific canonical form for the pair of camera matrices corresponding to a given
fundamental matrix in which the first matrix is of the simple form [I | 0], where I is
the 3 x 3 identity matrix and O a null 3-vector. To see that this is always possible, let
P be augmented by one row to make a 4 x 4 non-singular matrix, denoted P*. Now
letting H = P*~1, one verifies that PH = [I | 0] as desired.

The following result is very frequently used

Result9.9. The fundamental matrix corresponding to a pair of camera matrices P =
[I|0]andP’ = [M|m)]isequal to [m], M

This is easily derived as a special case of (9.1-p244).

9.5.2 Projective ambiguity of cameras given F

It has been seen that a pair of camera matrices determines a unique fundamental matrix.
This mapping is not injective (one-to-one) however, since pairs of camera matrices that

. differ by a projective transformation give rise to the same fundamental matrix. It will
now be shown that this is the only ambiguity. We will show that a given fundamental
matrix determines the pair of camera matrices up to right multiplication by a projective
transformation. Thus, the fundamental matrix captures the projective relationship of
the two cameras.

Theorem 9.10. Let F be a fundamental matrix and let (P,P') and (P, ') be two pairs of
camera matrices such that ¥ is the fundamental matrix corresponding to each of these
pairs. Then there exists a non-singular 4 x 4 matrix H such that P = PH and P = PH
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Proof. Suppose that a given fundamental matrix F corresponds to two different pairs
of camera matrices (P,P) and (P,P). As afirst step, we may smplify the problem
by assuming that each of the two pair of camera matrices is in canonical form with
P = P — I | 0], since this may be done by applying projective transformations to
each pair as necessary. Thus, supposethat P = P = [l |[o andtha P = [A | 4
and P = [A | @. According to result 9.9 the fundamental matrix may then be written
F= [a]xA= [a]A.

We will need the following lemma:

Lemma 9.11. Suppose the rank 2 matrix F can be decomposed in two different ways
asF —[a],A and F = [&],A; thena —ka and A = k~'(k + av')/cr some non-zero
constant k and 3-vector v.

Proof. First, note that a'F = a'[a],A = 0, and similarly, a'F = 0. Since F has
rank 2, it follows that a = ka asrequired. Next, from [a,A = [a,A it follows that
[l (KA —Aj =0, and so kk —A = av' for somev. Hence, A= k~'(k + av') as
required. .
Applying this result to the two camera matrices P and P shows that P = [A | g and
P = [A™ (A+av') | ka] if they areto generate the sameF. It only remains now to show

that these camera pairs are projectively related. Let H be thematrix H = kﬂ T 0
Then one verifies that FH = fc[I | 0] = fc*P, and furthermore,

PH=[A|dH= [AT' A+ av') |ka] = A|d = p’
so that the pairs P, P and P, P are indeed projectively related. .

This can be tied precisely to a counting argument: the two cameras P and P' each
have 11 degrees of freedom, making atotal of 22 degrees of freedom. To specify a
projective world frame requires 15 degrees of freedom (section 3.1(p65)), so once the
degrees of freedom of the world frame are removed from the two cameras 22— 15= 7
degrees of freedom remain - which corresponds to the 7 degrees of freedom of the
fundamental matrix.

9.5.3 Canonical cameras given F

We have shown that F determines the camera pair up to a projective transformation of
3-space. We will now derive a specific formula for a pair of cameras with canonical
form given F. We will make use of the following characterization of the fundamental
matrix F corresponding to apair of camera matrices.

Result 9.12. A non-zero matrix F isthefundamental matrix corresponding to apair of
camera matrices Pand P' if and only if P"FP is skew-symmetric.

Proof. The condition that PTFP is skew-symmetric is equivalent to X"PTFPX = 0
for all X. Setting x' = PX and x = PX, thisis equivalent to x'"Fx = 0, which is the
defining equation for the fundamental matrix. .
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One may write down a particular solution for the pairs of camera matrices in canon-
ical form that correspond to a fundamental matrix as follows:

Result 9.13. Let F be a fundamental matrix and S any skew-symmetric matrix. Define
the pair of camera matrices

P=[I|0] and P =|SF|¢€],

where €' is the epipole such that € 'F = 0, and assume that P’ so defined is a valid
camera matrix (has rank 3). Then F is the fundamental matrix corresponding to the
pair (P,P').

To demonstrate this, we invoke result 9.12 and simply verity that

TaT TaT
57 | &/ "F[1 | o] = { P } - { I } 9.9)
which is skew-symmetric.

The skew-symmetric matrix S may be written in terms of its null-vector as S = [s]«.
Then [[s]<F | €] has rank 3 provided s"e’ # 0, according to the following argument.
Since €'F = 0, the column space (span of the columns) of F is perpendicular to ¢’. But
if sTe’ # 0, then s is not perpendicular to €/, and hence not in the column space of F.
Now, the column space of [s]F is spanned by the cross-products of s with the columns
of F, and therefore equals the plane perpendicular to s. So [s]F has rank 2. Since €’
is not perpendicular to s, it does not lie in this plane, and so [[s]<F | €] has rank 3, as
required.

As suggested by Luong and Viéville [Luong-96] a good choice for S is S = [e/]«, for
in this case e'Te’ # 0, which leads to the following useful result.

Result9.14. The camera matrices corresponding to a fundamental matrix F may be
chosen asP = [I] 0] and P’ = [[¢/]<F | €].

Note that the camera matrix P’ has left 3 x 3 submatrix [e'] <F which has rank 2. This
corresponds to a camera with centre on 7.,. However, there is no particular reason to
avoid this situation.

The proof of theorem 9.10 shows that the four parameter family of camera pairs in
canonical form P = [I | 0], B’ = [A + av" | ka] have the same fundamental matrix as
the canonical pair, P = [I | 0], P’ = [A | a]; and that this is the most general solution.
To summarize:

Result 9.15. The general formula for a pair of canonic camera matrices corresponding
to a fundamental matrix F is given by

P=(I|0] P =[e].F+ev’|Are] (9.10)

where v is any 3-vector, and A\ a non-zero scalar.

Samsung/Google, EX1010, p. 274



9.6 Theessential matrix 257

9.6 The essential matrix

The essential matrix is the specidization of the fundamental matrix to the case of
normalized image coordinates (see below). Historicaly, the essential matrix was in-
troduced (by Longuet-Higgins) before the fundamental matrix, and the fundamental
matrix may be thought of as the generalization of the essential matrix in which the
(inessential) assumption of calibrated cameras is removed. The essential matrix has
fewer degrees of freedom, and additional properties, compared to the fundamental ma-
trix. These properties are described below.

Normalized coordinates. Consider a camera matrix decomposed as P = KR | t],
and let x = PX be apoint in theimage. If the calibration matrix K is known, then we
may apply its inverse to the point x to obtain the point x = K™*x. Then x = [R] t]x,
where x is the image point expressed in normalized coordinates. It may be thought of
astheimage of the point X with respect to acamera [R | t] having the identity matrix |
as calibration matrix. The camera matrix K™*P = [R| ] is called anormalized camera
matrix, the effect of the known calibration matrix having been removed.

Now, consider apair of normalized cameramatricesP = [l |oland P = [R|t]. The
fundamental matrix corresponding to the pair of normalized cameras is customarily
called the essential matrix, and according to (9.2-/7244) it has the form

E= [t]\R = R[R"t],.
Definition 9.16. The defining equation for the essential matrix is
XTEx = 0 (9.12)
in terms of the normalized image coordinates for corresponding points x <* x'.

Substituting for x and x' gives xX"K'~TEK”Ax = 0. Comparing this with the relation
x'TFx = 0 for the fundamental matrix, it follows that the relationship between the
fundamental and essential matricesis

E= K"FK. (9.12)

9.6.1 Properties of the essential matrix

The essential matrix, E = [t]xR, has only five degrees of freedom: both the rotation
matrix R and the translation t have three degrees of freedom, but there is an overal
scale ambiguity - like the fundamental matrix, the essential matrix is a homogeneous
quantity.

The reduced number of degrees of freedom translates into extra constraints that are
satisfied by an essential matrix, compared with a fundamental matrix. We investigate
what these constraints are.

Result 9.17. A 3x 3matrix isan essential matrix if and only if two of itssingular values
are equal, and the third is zero.
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Proof. Thisiseasily deduced from the decomposition of Eas [t]xR= SR, where Sis
skew-symmetric. Wewill usethe matrices

"0 -1 0" 0O 10"
1 0 O and Z= -10 O
0 0 1 0 0O

It may be verified that W is orthogonal and Z is skew-symmetric. From Result A4.1-
(/7581), which gives ablock decomposition of a general skew-symmetric matrix, the
3x 3 skew-symmetric matrix Smay be written as S = /dJZU" where U is orthogonal.
Noting that, upto sign, Z = diag(l, 1,0)W, then upto scale, S= Udiag(l, 1, OWU', and
E= R= Udiag(l, 1, )(WU'R). Thisis asingular value decomposition of E with two
equal singular values, asrequired. Conversely, amatrix with two equal singular values
may befactored as R in this way. .

SinceE = Udiag(l, 1,0)V', it may seem that E has six degrees of freedom
and not five, since both U and V have three degrees of freedom. However, be-
cause the two singular values are equal, the SVD is not unique - in fact there is
a one-parameter family of SVDs for E. Indeed, an aternative SVD is given by
E = (Udiag(Rxx2,1)) diag(l, 1, 0)(diag(Rjx2, 1))V for any 2 x 2rotation matrix R

9.6.2 Extraction of cameras from the essential matrix

The essential matrix may be computed directly from (9.11) using normalized image
coordinates, or else computed from the fundamental matrix using (9.12). (Methods
of computing the fundamental matrix are deferred to chapter 11). Once the essential
meatrix is known, the camera matrices may beretrieved from E aswill bedescribed next.
In contrast with the fundamental matrix case, where there is aprojective ambiguity, the
camera matrices may be retrieved from the essential matrix up to scale and a four-fold
ambiguity. That is there are four possible solutions, except for overal scale, which
cannot be determined.

We may assume that the first camera matrix isP = [l | 0]. In order to compute the
second camera matrix, P, it is necessary to factor Einto the product SR of a skew-
symmetric matrix and arotation matrix.

Result 9.18. Suppose that the SVD of E is Udiag(l, 1,0)V". Using the notation of
(9.13), there are(ignoring signs) two possible factorizations E = Ras follows:

S=uUzZU" R=UW or UWV' . (9.14)
Proof. That the given factorization is valid is true by inspection. That there are no
other factorizations is shown asfollows. Suppose E= SR Theform of Sis determined

by the fact that its left null-space is the same asthat of E. Hence S = UZU'. The
rotation R may be written as UXV', where X is some rotation matrix. Then

Udiag(l, 1,0)V' = E= R= (UZU"(UXV") = UZX)V'

from which one deduces that 2X = diag(l, 1,0). Since X isarotation matrix, it follows
that X = W or X = W', asrequired. .
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The factorization (9.14) determines the t part of the camera matrix P', up to scale,
from S = [t]x. However, the Frobenius norm of S = UzU" is \/2, which means
that if S = [t]x including scale then |[|t|]| = 1, which is a convenient normaliza-
tion for the baseline of the two camera matrices. Since St = 0, it follows that
t = U(0,0,1)7 = us, thelast column of U. However, the sign of E, and consequently t,
cannot be determined. Thus, corresponding to a given essential matrix, there are four
possible choices of the camera matrix P', based on the two possible choices of R and
two possible signs oft. To summarize:

Result9.19. For agiven essential matrix E= Udiag(l, 1,0)V", and first camera matrix
P = [l | 0], there arefour possible choices for the second camera matrix P, namely

P'= [WW' | +us] or [WW' |-us] or [UWVT |+uz] or [UWV' |-us].

9.6.3 Geometrical interpretation of the four solutions
Itis clear that the difference between the first two solutions is simply that the direction
of the translation vector from the first to the second camera is reversed.

The relationship of the first and third solutions in result 9.19 is alittle more compli-
cated. However, it may be verified that

VWWHVT
[UWVT Tus] = [UW' | ug] 1

and VWW'VT = Vdiag(—1, —1,1)V" is arotation through 180° about the line joining
the two camera centres. Two solutions related in this way are known as a "twisted
pair".

The four solutions are illustrated in figure 9.12, where it is shown that a reconstructed

point X will bein front of both cameras in one of these four solutions only. Thus, testing
with a single point to determine if itisin front of both cameras is sufficient to decide
between the four different solutions for the camera matrix P'.
Note. The point of view has been taken here that the essential matrix is a homogeneous
quantity. An alternative point of view is that the essential matrix is defined exactly by
the equation E = [t]xR, (i.e. including scale), and is determined only up to indetermi-
nate scale by the equation x'TEx = 0. The choice of point of view depends on which
of these two equations one regards as the defining property of the essential matrix.

9.7 Closure
9.7.1 The literature

The essential matrix was introduced to the computer vision community by Longuet-
Higgins [LonguetHiggins-81], with a matrix analogous to E appearing in the pho-
togrammetry literature, e.g. [VonSanden-08]. Many properties of the essential matrix
have been elucidated particularly by Huang and Faugeras [Huang-89], [Maybank-93],
and [Horn-90].

The realization that the essential matrix could also be applied in uncalibrated situa-
tions, as it represented a projective relation, developed in the early part of the 1990s,
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260 9 Epipolar Geometry and the Fundamental Matrix

Fig. 9.12. The four possible solutions for calibrated reconstruction from E. Between the left and
right sides there is a basdline reversal. Between the top and bottom rows camera B rotates 180° about
the baseline. Note, only in (a) is the reconstructed point infront of both cameras.

and was published simultaneously by Faugeras [Faugeras-92b, Faugeras-92a], and
Hartley et al. [Hartley-92a, Hartley-92c].

The special case of pure planar motion was examined by [Maybank-931 for the
essential matrix. The corresponding case for the fundamental matrix is investigated
by Beardsley and Zisserman [Bearddey-95a] and Vieville and Lingrand [Vieville-951,
where further properties are given.

9.7.2 Notes and exercises

(i) Fixating cameras. Suppose two cameras fixate on a point in space such that
their principal axes intersect at that point. Show that if the image coordinates
are normalized so that the coordinate origin coincides with the principa point
then the F33 element of the fundamental matrix is zero.

(if) Mirror images. Suppose that a camera views an object and its reflection in a
plane mirror. Show that this situation is equivalent to two views of the object,
and that the fundamental matrix is skew-symmetric. Compare the fundamental
matrix for this configuration with that of: (a) apure translation, and (b) a pure
planar motion. Show that the fundamental matrix is auto-epipolar (asis (a)).

(iii) Show that if the vanishing line of a plane contains the epipole then the plane is
parallel to the baseline.

(iv) Steiner conic. Show that the polar of x ; intersects the Steiner conic F at the
epipoles (figure 9.10a). Hint, start from Fe = Fse + F,e = 0. Since e lieson
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the conic Fg, then li = Fse isthetangent linea e, and 12 = F,e = [xa]xe =
Xa X eisalinethrough x, and e.

The afine type of the Steiner conic (hyperbola, ellipse or parabola as given in
section 2.8.2(p59)) depends on the relative configuration of the two cameras.
For example, if the two cameras are facing each other then the Steiner conic
is ahyperbola. This is shown in [Chum-03] where further results on oriented
epipolar geometry are given,

Planar motion. It is shown by [Maybank-93] that if the rotation axis direction
is orthogonal or parallel to the trandation direction then the symmetric part of
the essential matrix has rank 2. We assume here that K = K'. Then from (9.12),
F=K"TEK"\ and s0

Fs = (F+ FT)/2 = K-(E+ ENK-V2 = KAEGK™™.

It follows from det(Fs) = det(K™)? det(Es) that the symmetric part of Fis
also singular. Does this result hold if K » K*?

Any matrix F of rank 2 isthe fundamental matrix corresponding to some pair of
cameramatrices (P, P) This follows directly from result 9.14 since the solution
for the canonical cameras depends only on the rank 2 property of F.

Show that the 3D points determined from one of the ambiguous reconstructions
obtained from E are related to the corresponding 3D points determined from
another reconstruction by either (i) an inversion through the second camera
centre; or (ii) aharmonic homology of 3-space (see section A7.2(p629)), where
the homology plane is perpendicular to the baseline and through the second
camera centre, and the vertex is the first camera centre,

Following a similar development to section 9.2.2, derive the form of the fun-
damental matrix for two linear pushbroom cameras. Details of this matrix are
given in [Gupta-97] where it is shown that affine reconstruction is possible from
apair of images.
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10

3D Reconstruction of Cameras and Structure

This chapter describes how and to what extent the spatial layout of a scene and the
cameras can be recovered from two views. Suppose that a set of image correspondences
XN <o XM are given. It is assumed that these correspondences come from a set of 3D
points Xi, which are unknown. Similarly, the position, orientation and calibration of
the cameras are not known. The reconstruction task is to find the camera matrices P
and P, as well asthe 3D points Xj such that

X, = PX* x-=P¥% foralli.

Given too few points, this task is not possible. However, if there are sufficiently many
point correspondences to alow the fundamental matrix to be computed uniquely, then
the scene may be reconstructed up to a projective ambiguity. Thisis avery significant
result, and one of the magjor achievements of the uncalibrated approach.

The ambiguity in the reconstruction may be reduced if additional information is sup-
plied on the cameras or scene. We describe a two-stage approach where the ambiguity
is first reduced to affine, and second to metric; each stage requiring information of the
appropriate class.

10.1 Outline of reconstruction method
We describe amethod for reconstruction from two views as follows.

(i) Compute the fundamental matrix from point correspondences,
(i) Compute the camera matrices from the fundamental matrix,
(iii) For each point correspondence x* <«» x-, compute the point in space that
projects to these two image points.

Many variants on this method are possible. For instance, if the cameras are calibrated,
then one will compute the essential matrix instead of the fundamental matrix. Further-
more, one may use information about the motion of the camera, scene constraints or
partial camera calibration to obtain refinements of the reconstruction.

Each of the steps of this reconstruction method will be discussed briefly in the fol-
lowing paragraphs. The method described is no more than a conceptua approach to
reconstruction. The reader is warned not to implement areconstruction method based
solely on the description given in this section. For real images where measurements

262
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10.1 Outline of reconstruction method 263

Fig. 10.1. Triangulation. The image points x and x' back project to rays. If the epipolar constraint
x'TFx = Oissatisfied, then these two rays lie in aplane, and so intersect inapoint X in 3-space.

are "noisy" preferred methods for reconstruction, based on this general outline, are
described in chapter 11 and chapter 12.

Computation of the fundamental matrix. Given aset of correspondences Xj < X[
in two images the fundamental matrix F satisfies the condition x*Fx* = Ofor al i. With
the Xj and x* known, this equation is linear in the (unknown) entries of the matrix F. In
fact, each point correspondence generates one linear equation in the entries of F. Given
a least 8 point correspondences it is possible to solve linearly for the entries of Fup to
scale (anon-linear solution is available for 7 point correspondences). With more than
8 equations aleast-squares solution isfound. Thisisthe genera principle of a method
for computing the fundamental matrix.

Recommended methods of computing the fundamental matrix from a set of point
correspondences will be described later in chapter 11.

Computation of the camera matrices. A pair of camera matrices P and P' corre-
sponding to the fundamental matrix F are easily computed using the direct formula in
result 9.14.

Triangulation. Given the camera matrices P and P, let x and X' be two points in the
two images that satisfy the epipolar constraint, xX'"Fx = 0. As shown in chapter 9 this
constraint may be interpreted geometrically in terms of the rays in space corresponding
to the two image points. In particular it means that x' lies on the epipolar line Fx. In
turn this means that the two rays back-projected from image points x and x’ liein a
common epipolar plane, that is, aplane passing through the two camera centres. Since
the two rays lie in a plane, they will intersect in some point. This point X projects
via the two cameras to the points x and x' in the two images. This is illustrated in
figure 10.1.

The only points in 3-space that cannot be determined from their images are points on
the baseline between the two cameras. In this case the back-projected rays are collinear
(both being equal to the baseline) and intersect along their whole length. Thus, the point
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264 10 3D Reconstruction of Cameras and Structure

X cannot be uniquely determined. Points on the baseline project to the epipoles in both
images.

Numerically stable methods of actually determining the point X at the intersection
of the two rays back-projected from x and x’ will be described later in chapter 12.

10.2 Reconstruction ambiguity

In this section we discuss the inherent ambiguities involved in reconstruction of a scene
from point correspondences. This topic will be discussed in a general context, without
reference to a specific method of carrying out the reconstruction.

Without some knowledge of a scene’s placement with respect to a 3D coordinate
frame, it is generally not possible to reconstruct the absolute position or orientation
of a scene from a pair of views (or in fact from any number of views). This is true
independently of any knowledge which may be available about the internal parameters
of the cameras, or their relative placement. For instance the exact latitude and longitude
of the scene in figure 9.8(p248) (or any scene) cannot be computed, nor is it possible to
determine whether the corridor runs north-south or east-west. This may be expressed
by saying that the scene is determined at best up to a Euclidean transformation (rotation
and translation) with respect to the world frame.

Only slightly less obvious is the fact that the overall scale of the scene cannot be
determined. Considering figure 9.8(p248) once more, it is impossible based on the
images alone to determine the width of the corridor. It may be two metres, one metre.
It is even possible that this is an image of a doll’s house and the corridor is 10 cm
wide. Our common experience leads us to expect that ceilings are approximately 3m
from the floor, which allows us to perceive the real scale of the scene. This extra
information is an example of subsidiary knowledge of the scene not derived from image
measurements. Without such knowledge therefore the scene is determined by the image
only up to a similarity transformation (rotation, translation and scaling).

To give a mathematical basis to this observation, let X; be a set of points and P, P’
be a pair of cameras projecting X; to image points x; and x;. The points X; and the
camera pair constitute a reconstruction of the scene from the image correspondences.

Now let
R t
HS:[OT )\}

be any similarity transformation: R is a rotation, t a translation and A~! represents over-
all scaling. Replacing each point X; by HyX; and cameras P and P’ by PH; ! and P'H; !
respectively does not change the observed image points, since PX; = (PH,')(HsX;).
Furthermore, if P is decomposed as P = K[R; | tp], then one computes

PH;! = K[ReR ™' | t/]

for some t’ that we do not need to compute more exactly. This result shows that multi-
plying by H;! does not change the calibration matrix of P. Consequently this ambiguity
of reconstruction exists even for calibrated cameras. It was shown by Longuet-Higgins
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10.2 Reconstruction ambiguity 265

Fig. 10.2. Reconstruction ambiguity, (a) If the cameras are calibrated then any reconstruction must
respect the angle between rays measured in the image. A similarity transformation of the structure
and camera positions does not change the measured angle. The angle between rays and the baseline
(epipoles) isalso unchanged, (b) If the cameras are uncalibrated then reconstructions must only respect
the image points (the intersection of the rays with the image plane). A projective transformation of the
structure and camera positions does not change the measured points, although the angle between rays
isaltered. The epipoles are also unchanged (intersection with baseline).

([LonguetHiggins-81]) that for calibrated cameras, thisis the only ambiguity of recon-
struction. Thus for calibrated cameras, reconstruction is possible up to a similarity
transformation. Thisisillustrated in figure 10.2a

Projective ambiguity. If nothing is known of the caibration of either camera, nor the
placement of one camera with respect to the other, then the ambiguity of reconstruction
is expressed by an arbitrary projective transformation. In particular, if Hisany 4x 4
invertible matrix, representing a projective transformation of 1P?, then replacing points
Xi by HX* and matrices P and P by PH-' and P'H™* (as in the previous paragraph)
does not change the image points. This shows that the points X~ and the cameras can
be determined at best only up to a projective transformation. It is an important result,
proved in this chapter (section 10.3), that thisisthe only ambiguity in the reconstruction
of points from two images. Thus reconstruction from uncalibrated cameras is possible
up to aprojective transformation. Thisisillustrated in figure 10.2b.

Other types of reconstruction ambiguity result from certain assumptions on the types
of motion, or partial knowledge of the cameras. For instance,

(i) If the two cameras are related via a trandlational motion, without change of
calibration, then reconstruction is possible up to an &ffine transformation,

(i) If the two cameras are calibrated apart from their focal lengths, then reconstruc-
tion is still possible up to a similarity transformation.

These two cases will be considered later in section 10.4.1 and example 19.8(p472),
respectively.

Terminology. In any reconstruction problem derived from real data, consisting of
point correspondences x* «> x-, there exists atrue reconstruction consisting of the ac-
tual points Xj and actual cameras P, P' that generated the measured observations. The
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266 10 3D Reconstruction of Cameras and Structure

reconstructed point set X, and cameras differ from the true reconstruction by a trans-
formation belonging to a given class or group (for instance a similarity, projective or
affine transformation). One speaks of projective reconstruction, affine reconstruction,
similarity reconstruction, and so on, to indicate the type of transformation involved.
However, the term metric reconstruction is normally used in preference to similarity
reconstruction, being identical in meaning. The term indicates that metric properties,
such as angles between lines and ratios of lengths, can be measured on the reconstruc-
tion and have their veridical values (since these are similarity invariants). In addition,
the term Euclidean reconstruction is frequently used in the published literature to mean
the same thing as a similarity or metric reconstruction, since true Euclidean recon-
struction (including determination of overall scale) is not possible without extraneous
information.

10.3 The projective reconstruction theorem

In this section the basic theorem of projective reconstruction from uncalibrated cameras
is proved. Informally, the theorem may be stated as follows.

e [f a set of point correspondences in two views determine the fundamental matrix
uniquely, then the scene and cameras may be reconstructed from these correspon-
dences alone, and any two such reconstructions from these correspondences are pro-
Jectively equivalent.

Points lying on the line joining the two camera centres must be excluded, since such
points cannot be reconstructed uniquely even if the camera matrices are determined.
The formal statement is:

Theorem 10.1 (Projective reconstruction theorem). Suppose that x;, — x| is a set
of correspondences between points in two images and that the fundamental matrix F
is uniquely determined by the condition x."Fx; = 0 for all i. Let (P,P},{Xy;}) and
(Pa, P, {Xs:}) be two reconstructions of the correspondences x; < x.. Then there
exists a non-singular matrix H such that Py = P/ H™}, P, = P’lH’] and Xq; = HXy; for
all i, except for those i such that Fx; = x,'F = 0.

Proof. Since the fundamental matrix is uniquely determined by the point correspon-
dences, one deduces that F is the fundamental matrix corresponding to the camera pair
(Py,P}) and also to (P2, P}). According to theorem 9.10(p254) there is a projective
transformation H such that P, = PyH™! and P, = P{H ! as required.

As for the points, one observes that Po(HX;;) = P;H'HX,; = P;Xy; = x;. On the
other hand Py Xy; = x;, 80 Po(HX;;) = PyXy,. Thus both HXy; and X,; map to the same
point x; under the action of the camera P,. It follows that both HX;; and Xs; lie on the
same ray through the camera centre of Py. Similarly, it may be deduced that these two
points lie on the same ray through the camera centre of P,. There are two possibilities:
either Xo; = HX,, as required, or they are distinct points lying on the line joining the
two camera centres. In this latter case, the image points x; and x| coincide with the
epipoles in the two images, and so Fx; = x/TF = 0. O
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Fig. 10.3. Projective reconstruction, (a) Original image pair, (b) 2 views of a 3D projective re-
construction of the scene. The reconstruction requires no information about the camera matrices, or
information about the scene geometry. Thefundamental matrix F is computed from point correspon-
dences between the images, camera matrices are retrievedfrom F, and then 3D points are computed by
triangulation from the correspondences. The lines of the wireframe link the computed 3D points.

This is an enormously significant result, since it implies that one may compute a
projective reconstruction of a scene from two views based on image correspondences
alone, without knowing anything about the calibration or pose of the two cameras in-
volved. In particular the true reconstruction is within aprojective transformation of the
projective reconstruction. Figure 10.3 shows an example of 3D structure computed as
part of aprojective reconstruction from two images.

In more detail suppose the true Euclidean reconstruction is (Pg, Pg, {Xgi}) and the
projective reconstruction is (P, P, { X"}), then the reconstructions are related by anon-
singular matrix H such that

Pe = PITY, Pg= p'H~\ and Xg, = HX, (10.2)

where H isa4 x 4 homography matrix which is unknown but the same for all points.
For some applications projective reconstruction is al that is required. For example,
guestions such as "at what point does a line intersect a plane?’, "what is the mapping
between two views induced by particular surfaces, such as aplane or quadric?' can be
dealt with directly from the projective reconstruction. Furthermore it will be seen in
the sequel that obtaining aprojective reconstruction of a scene is the first step towards

affine or metric reconstruction.

10.4 Stratified reconstruction

The "stratified" approach to reconstruction is to begin with aprojective reconstruction
and then to refine it progressively to an affine and finally a metric reconstruction, if
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possible. Of course, as has just been seen, afine and metric reconstruction are not
possible without further information either about the scene, the motion or the camera
calibration.

10.4.1 The step to affine reconstruction

The essence of afine reconstruction is to locate the plane at infinity by some means,
since this knowledge is equivalent to an afine reconstruction. This equivalence is
explained in the 2D casein section 2.1(p47). To seethis equivalence for reconstruction,
suppose we have determined a projective reconstruction of a scene, consisting of a
triple (P, P, { Xi}). Suppose further that by some means a certain plane TT has been
identified as the true plane at infinity. The plane n is expressed as a 4-vector in the
coordinate frame of the projective reconstruction. In the true reconstruction, n has
coordinates (0,0,0,1)", and we may find a projective transformation that maps 7T to
(0,0,0,1)". Considering the way a projective transformation acts on planes, we want
to find H such that H~"7T = (0,0, 0,1)". Such atransformation is given by

1|0

77"

H (10.2)
Indeed, it is immediately verified that H'(0,0,0,1)" = n, and thus H~"7r =
(0,0,0,1)", as desired. The transformation H is now applied to al points and the two
cameras. Notice, however that this formula will not work if the final coordinate of 7r
is zero. In this case, one may compute a suitable H by computing H-T as a Househol der
matrix (A4.2-/7580) such that H~"7r = (0,0, 0,1)".

At thispoint, the reconstruction that one hasis not necessarily the true reconstruction
- al one knows is that the plane at infinity is correctly placed. The present reconstruc-
tion differs from the true reconstruction by a projective transformation that fixes the
plane at infinity. However, according to result 3.7(p80), a projective transformation
fixing the plane at infinity is an affine transformation. Hence the reconstruction differs
by an affine transformation from the true reconstruction - it is an affine reconstruction.

An fine reconstruction may well be sufficient for some applications. For example,
the mid-point of two points and the centroid of a set of points may now be computed,
and lines constructed parallel to other lines and to planes. Such computations are not
possible from aprojective reconstruction.

As has been stated, the plane at infinity cannot be identified unless some extra in-
formation is given. We will now give several examples of the type of information that
suffices for this identification.

Trandational motion

Consider the case where the camera is known to undergo a purely translational motion.
In this case, it is possible to carry out affine reconstruction from two views. A simple
way of seeing this is to observe that a point X on the plane at infinity will map to the
same point in two images related by atrandation. Thisis easily verified formaly. Itis
also part of our common experience that as one moves in astraight line (for instance in
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acar on a straight road), objects a a great distance (such as the moon) do not appear
to move - only the nearby objects move past the field of view. This being so, one may
invent any number of matched points Xj <> x$ where apoint in one image corresponds
with the same point in the other image. Note that one does not actually have to observe
such a correspondence in the two images - any point and the same point in the other
image will do. Given a projective reconstruction, one may then reconstruct the point
Xj corresponding to the match x* <» X,. Point X" will lie on the plane at infinity.
From three such points one can get three points on the plane at infinity - sufficient to
determine it uniquely.

Although this argument gives a constructive proof that affine reconstruction is pos-
sible from a trandating camera, this does not mean that this is the best way to pro-
ceed numericaly. In fact in this case, the assumption of translational motion implies
a very restricted form for the fundamental matrix - it is skew-symmetric as shown in
section 9.3.1. This specia form should be taken into account when solving for the
fundamental matrix.

Result 10.2. Suppose the motion of the cameras is apure translation with no rotation
and no change in the internal parameters. As shown in example 9.6(p249) F = [€]x =
[€]«, andfor an affine reconstruction one may choose the two camerasasP = [l ||
and? = [l |€].

Scene constraints

Scene constraints or conditions may also be used to obtain an affine reconstruction.
As long as three points can be identified that are known to lie on the plane a infin-
ity, then that plane may be identified, and the reconstruction transformed to an &ffine
reconstruction.

Parallel lines. The most obvious such condition is the knowledge that 3D lines arein
reality parallel. The intersection of the two parallel lines in space gives apoint on the
plane at infinity. The image of this point is the vanishing point of the line, and is the
point of intersection of the two imaged lines. Suppose that three sets of parale lines
can be identified in the scene. Each set intersects in a point on the plane a infinity.
Provided each set has adifferent direction, the three points will be distinct. Since three
points determine aplane, this information is sufficient to identify the plane 7r.

The best way of actually computing the intersection of lines in space is a somewhat
delicate problem, since in the presence of noise, lines that are intended to intersect
rarely do. It is discussed in some detail in chapter 12. Correct numerical procedures
for computing the plane are given in chapter 13. An example of an &ffine reconstruction
computed from three sets of parallel scenelinesis given in figure 10.4.

Note that it is not necessary to find the vanishing point in both images. Suppose
the vanishing point v is computed from imaged parallel lines in the first image, and
1 is a corresponding line in the second image. Vanishing points saisfy the epipolar
congtraint, so the corresponding vanishing point v' in the second image may be com-
puted as the intersection of 1' and the epipolar line Fv of v. The construction of the
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Fig. 10.4. Affine reconstruction. Theprojective reconstruction of figure 10.3 may be upgraded to affine
using parallel scene lines, (a) There are 3 sets of parallel lines in the scene, each set with a different
direction. These 3 sets enable theposition of theplane at infinity, ir®, to be computed in the projective
reconstruction. The wireframe projective reconstruction offigure 10.3 is then affinely rectified using the
homography (10.2). (b) Shows two orthographic views of the wireframe affine reconstruction. Note that
parallel scene lines areparallel in the reconstruction, but lines that areperpendicular in the scene are
not perpendicular inthe reconstruction.

3-space point X can be neatly expressed algebraicaly as the solution of the equations
([v]xP)x = 0 and (1"P)X = 0. These equations expresses the fact that X maps to v
in the first image, and to apoint on 1'in the second image.

Distance ratios on a line. An aternative to computing vanishing points as the in-
tersection of imaged parallel scene lines is to use knowledge of dffine length ratios in
the scene. For example, given two intervals on a line with a known length ratio, the
point a infinity on the line may be determined. This means that from an image of a
line on which aworld distance ratio is known, for example that three points are equally
spaced, the vanishing point may be determined. This computation, and other means of
computing vanishing points and vanishing lines, are described in section 2.7(p47).

The infinite homography

Once the plane at infinity has been located, so that we have an afine reconstruction,
then we also have an image-to-image map called the "infinite homography". This map,
which is a 2D homography , is described in greater detail in chapter 13. Briefly, it is
the map that transfers points from the Pimage to the P image via the plane at infinity
as follows: the ray corresponding to apoint x is extended to meet the plane at infinity
in apoint X; this point is projected to apoint x' in the other image. The homography
from x to X' iswritten asx' = H”x.

Having an afine reconstruction is equivalent to knowing the infinite homography as
will now be shown. Given two camerasP= M| m] and P = M | m'] of an &fine
reconstruction, the infinite homography is given by H* = M'M™ This is because a
point X —(X , 0)" on theplane at infinity mapstox = MX in oneimage and x' = MX
in the other, so x' = M'M-x for points on n®. Furthermore, it may be verified that
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this is unchanged by a 3-space &ffine transformation of the cameras. Hence, the infinite
homography may be computed explicitly from an affine reconstruction, and vice versa:

Result 10.3. If an affine reconstruction has been obtained inwhich the camera matrices
are P= [l |0 and P = [M | €1, then the infinite homography is given by HO = M.
Conversely, if the infinite homography H” has been obtained, then the cameras of an
affine reconstruction may be chosen asP = [l |o] and P' = [H" | €.

The infinite homography may be computed directly from corresponding image en-
tities, rather than indirectly from an affine reconstruction. For example, H" can be
computed from the correspondence of three vanishing points together with F, or the
correspondence of a vanishing line and vanishing point, together with F. The correct
numerical procedure for these computations is given in chapter 13. However, such
direct computations are completely equivalent to determining n* in a projective re-
construction.

One of the cameras is affine

Another important case in which affine reconstruction is possible is when one of the
cameras is known to be an affine camera as defined in section 6.3.1(/?166). To see that
this implies that affine reconstruction is possible, refer to section 6.3.5(/?172) where it
was shown that the principal plane of an affine camera isthe plane at infinity. Hence to
convert aprojective reconstruction to an affine reconstruction, it is sufficient to find the
principal plane of the camera supposed to be affine and map it to the plane (0,0,0,1)".
Recall (section 6.2(pl58)) that the principal plane of a camerais simply the third row
of the camera matrix. For example, consider a projective reconstruction with camera
matrices P = [l | o] and P, for which the first camera is supposed to be affine. To map
the third row of Pto (0,0, 0,1) it is sufficient to swap the last two columns of the two
camera matrices, while at the same time swapping the 3rd and 4th coordinates of each
Xj. Thisis a projective transformation corresponding to a permutation matrix H. This
shows:

Result 10.4. Let (P, P, {X"}) be aprojective reconstruction from a set of point corre-
spondences for which P = [l | 0]. Suppose in truth, Pis known to be an affine camera,
then an affine reconstruction is obtained by swapping the last two columns ofP and P'
and the last two coordinates of each Xj.

Note that the condition that one of the cameras is affine places no restriction on
the fundamental matrix, since any canonical camera pair P = [l | o] and P' can be
transformed to a pair in which Pis affine. If both the cameras are known to be affine,
then it will be seen that the fundamental matrix has the restricted form given in (14.1-
/?345). In this case, for numerical stability, one must solve for the fundamental matrix
enforcing this special form of the fundamental matrix.

Of course there is no such thing as areal affine camera - the affine camera model
is an approximation which is only valid when the set of points seen in the image has
small depth variation compared with the distance from the camera. Nevertheless, an
assumption of an affine camera may be useful to effect the significant restriction from
projective to affine reconstruction.
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10.4.2 The step to metric reconstruction

Just as the key to &fine reconstruction is the identification of the plane at infinity, the
key to metric reconstruction is the identification of the absolute conic (section 3.6-
(/?81)). Since the absolute conic, fioo, is a planar conic, lying in the plane at infinity,
identifying the absolute conic implies identifying the plane at infinity.

In a dretified approach, one proceeds from projective to afine to metric reconstruc-
tion, so one knows the plane at infinity before finding the absolute conic. Suppose one
has identified the absolute conic on the plane at infinity. In principle the next step is
to apply an afine transformation to the affine reconstruction such that the identified
absolute conic is mapped to the absolute conic in the standard Euclidean frame (it will
then have the equation X + X\ + x| = 0, on 77%). The resulting reconstruction is
then related to the true reconstruction by a projective transformation which fixes the
absolute conic. It follows from result 3.9(/782) that the projective transformation is a
similarity transformation, so we have achieved ametric reconstruction.

In practice the easiest way to accomplish this isto consider the image of the absolute
conic in one of the images. The image of the absolute conic (as any conic) is a conic
in the image. The back-projection of this conic is a cone, which will meet the plane at
infinity in a single conic, which therefore defines the absolute conic. Remember that
the image of the absolute conic is a property of the image itself, and like any image
point, line or other feature, is not dependent on any particular reconstruction, hence it
is unchanged by 3D transformations of the reconstruction.

Suppose that in the &ffine reconstruction the image of the absolute conic as seen
by the camera with matrix P = M | m] is a conic u>. We will show how LJ may be
used to define the homography H which transforms the affine reconstruction to a metric
reconstruction:

Result 10.5. Suppose that the image of the absolute conic is known in some image to
be us, and one has an affine reconstruction in which the corresponding camera matrix
isgiven by P= M | m|. Then, the affine reconstruction may be transformed to a metric
reconstruction by applying a 3D transformation of the form

where A is obtained by Choleskyfactorization from the equation AA" = (MTu;M)--

Proof. Under the transformation H, the camera matrix P is transformed to a matrix
pv = PH- = My | mu]. If H'Y is of the form

then My = MA. However, the image of the absolute conic isrelated to the camera matrix
Pv of aEuclidean frame by the relationship

u* =M
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This is because the camera matrix may be decomposed as My, = KR and from (8.11-
/7210) UF* = w2 * = KK". Combining this with My = MA gives u>~'= MAAM', which
may be rearranged as AAT = (M'uM)~. A particular value of A that satifies this
relationship is found by taking the Cholesky factorization of (M'aM)~". This latter
matrix is guaranteed to be positive-definite (see result A4.5(/7582)), otherwise no such
matrix A will exist, and metric reconstruction will not be possible. .

This approach to metric reconstruction relies on identifying the image of the absolute
conic. There are various ways of doing this and these are discussed next. Three sources
of constraint on the image of the absolute conic are given, and in practice a combination
of these constraints is used.

1. Constraints arising from scene orthogonality. Pairs of vanishing points, vi and
V,, arising from orthogonal scene lines place a single linear constraint on UJ:

VAUTV, = 0.

Similarly, a vanishing point v and avanishing line 1 arising from adirection and plane
which are orthogonal place two constraints on UJ:

1= uv.

A common example is the vanishing point for the vertical direction and avanishing line
from the horizontal ground plane. Finally an imaged scene plane containing metric
information, such as a square grid, places two constraints on UJ.

2. Constraints arising from known internal parameters. |If the calibration matrix
of acamerais equal to K, then the image of the absolute conic is UJ = K~TK™. Thus,
knowledge of the internal parameters (6.10-/7157) contained in K may be used to con-
strain or determine the elements of UJ. In the case where K isknown to have zero skew
(s=0),

LUy = CU21 = 0

and if the pixels are square (zero skew and a, = a,) then

A1 = A22-

These first two sources of constraint are discussed in detail in section 8.8(p223) on
single view calibration, where examples are given of calibrating a camera solely from
such information. Here there is an additional source of constraints available arising
from the multiple views.

3. Constraints arising from the same cameras in all images. One of the properties
of the absolute conic is that its projection into an image depends only on the calibration
matrix of the camera, and not on the position or orientation of the camera. In the case
where both cameras P and P have the same calibration matrix (usually meaning that
both the images were taken with the same camera with different pose) one has that
UJ = UJ, that is the image of the absolute conic is the same in both images. Given
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Fig. 10.5. Metric reconstruction. The affine reconstruction of figure 10.4 is upgraded to metric by
computing the image of the absolute conic. The information used is the orthogonality of the directions
of the parallel line sets shown in figure 10.4, together with the constraint that both images have square
pixels. The sguare pixel congtraint is transferred from one image to the other using Hro. (a) Two
views of the metric reconstruction. Lines which areperpendicular in the scene areperpendicular inthe
reconstruction and also the aspect ratio of the sides of the house is veridical, (b) Two views of a texture
mapped piecewise planar model builtfrom the wireframes.

sufficiently many images, one may use this property to obtain a metric reconstruction
from an dfine reconstruction. This method of metric reconstruction, and its use for
self-calibration of acamera, will be treated in greater detail in chapter 19. For now, we
givejust the general principle.

Since the absolute conic lies on the plane a infinity, its image may be transferred
from one view to the other via the infinite homography. This implies an equation (see
result 2.13(p37))

J = HAH-? (10.3)

where u and UJ' are images of fi* in the two views. In forming these equations it is
necessary to have an &fine reconstruction aready, since the infinite homography must
be known. If u = a/, then (10.3) gives a set of linear equations in the entries of u>. In
genera this set of linear equations places four constraints on u>, and since UJ has 5 de-
grees of freedom it is not completely determined. However, by combining these linear
equations with those above provided by scene orthogonality or known interna param-
eters, LO may be determined uniquely. Indeed (10.3) may be used to transfer constraints
on to to constraints on u/. Figure 10.5 shows an example of a metric reconstruction
computed by combining constraints in this manner.
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10.4.3 Direct metric reconstruction using UJ

The previous discussion showed how knowledge of the image of the absolute conic
(IAC) may be used to transform an &ffine to ametric reconstruction. However, knowing
u) it is possible to proceed directly to metric reconstruction, given at least two views.
This can be accomplished in at least two different ways. The most evident approach
is to use the IAC to compute calibration of each of the cameras, and then carry out a
calibrated reconstruction.

This method relies on the connection of UJto the calibration matrix K, namely
UJ = (KK")"%. Thus one can compute K from UJ by inverting it and then applying
Cholesky factorization to obtain K. If the IAC is known in each image, then both
cameras may be calibrated in this way. Next with calibrated cameras, a metric recon-
struction of the scene may be computed using the essential matrix, asin section 9.6.
Note that four possible solutions may result. Two of these arejust mirror images, but
the other two are different, forming atwisted pair. (Though al solutions but one may
be ruled out by consideration of points lying in front of the cameras.)

A more conceptual approach to metric reconstruction is to use knowledge of the
IAC to directly determine the plane at infinity and the absolute conic. Knowing the
camera matrices P and P’ in aprojective frame, and a conic (specificaly the image of
the absolute conic) in each image, then Q.” may be explicitly computed in 3-space.
This is achieved by back-projecting the conies to cones, which must intersect in the
absolute conic. Thus, Q.”and its support plane n* are determined (see exercise (X)
on page 342 for an algebraic solution). However, two cones will in general intersect in
two different plane conies, each lying in a different support plane. Thus there are two
possible solutions for the absolute conic, which one can identify as belonging to the
two different reconstructions constituting the twisted pair ambiguity.

10.5 Direct reconstruction - using ground truth

It is possible to jump directly from a projective reconstruction to a metric reconstruc-
tion if "ground control points” (that is points with known 3D locations in a Euclidean
world frame) are given. Suppose we have a set of n such ground control points { Xg;}
which are imaged at x* < x*. We wish to use these points to transform the projective
reconstruction to metric.

The 3D location {x"} of the control pointsin the projective reconstruction may be
computed from their image correspondences Xj <» x". Since the projective reconstruc-
tion isrelated by ahomography to the true reconstruction we then have from (10.1) the
equations:

XEZ T HXA, | = 1,..., Ti.

Each point correspondence provides 3 linearly independent equations on the elements
of H, and since H has 15 degrees of freedom a linear solution is obtained provided
n > 5 (and no four of the control points are coplanar). This computation, and the
proper numerical procedures, are described in chapter 4.

Alternatively, one may bypass the computation of the X and compute H by relating
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Fig. 10.6. Direct reconstruction. The projective reconstruction of figure 10.3 may be upgraded to
metric by specifying the position of five (or more) world points: (&) the five points used; (b) the cor-
responding points on the projective reconstruction of figure 10.3; (c) the reconstruction after the five
points are mapped to their world positions.

the known ground control points directly to image measurements. Thus asin the DLT
algorithm for camera resection (section 7.1(pl78)) the equation

provides two linearly independent equations in the entries of the unknown H"?, al other
guantities being known. Similarly equations may be derived from the other image if
X" is known. It is not necessary for the ground control points to be visible in both
images. Note however that if both x* and xj are visible for a given control point Xg,
then because of the coplanarity constraint on x and x', the four equations generated in
this way contain only three independent ones.

Once H has been computed it may be used to transform the cameras P, P of the
projective reconstruction to their true Euclidean counterparts. An example of metric
structure computed by this direct method is shown in figure 10.6.

10.6 Closure

In this chapter we have overviewed the steps necessary to produce ametric reconstruc-
tion from apair of images. This overview is summarized in agorithm 10.1, and the
computational procedures for these steps are described in the following chapters. As
usua the general discussion has been restricted mainly to points, but the ideas (trian-
gulation, ambiguity, stratification) apply equally to other image features such aslines,
conies etc.

It has been seen that for a metric reconstruction it is necessary to identify two enti-
tiesin the projective frame; these are the plane at infinity n® (for affine), together with
the absolute conic Q" (for metric). Conversaly, given F and apair of caibrated cam-
eras then 74®Mand fi* may be explicitly computed in 3-space. These entities each have
an image-based counterpart: specification of the infinite homography, H,., is equiva
lent to specifying n* in 3-space; and specifying the image of the absolute conic, u,
in each view is equivalent to specifying TT" and Q" in 3-space. This equivalence is
summarized in table 10.1.

Finally, it is worth noting that if metric precision is not the goal then an accept-
able metric reconstruction is generally obtained directly from the projective if approx-
imately correct internal parameters are guessed. Such a "quasi-Euclidean reconstruc-
tion" is often suitable for visualization purposes.
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Objective

Given two uncalibrated images compute a metric reconstruction (Py, P?, { X\;}) of the cam-
eras and scene structure, i.e. areconstruction that is within a similarity transformation of the
true cameras and scene structure.

Algorithm

(i) Compute a projective reconstruction (P, P', {X"}):

(8 Compute the fundamental matrix from point correspondences Xj <> x.[ be-
tween the images.

(b) Camera retrieval: compute the camera matrices P, P' from the fundamental
matrix.

(c) Triangulation: for each point correspondence Xj <> x-, compute the point X
in space that projects to these two image points.

(i) Rectify the projective reconstruction to metric:

« either Direct method: Compute the homography H such that Xgj = HXj from five
or more ground control points Xgj with known Euclidean positions. Then the metric
reconstruction is

M , P. —PH , AM,; — HX;

or Stratified method:

(a) Affine reconstruction: Compute the plane at infinity, 77, as described
in section 10.4.1, and then upgrade the projective reconstruction to an affine
reconstruction with the homography

1o
H

(b) Metric reconstruction: Compute the image of the absolute conic, u, as
described in section 10.4.2, and then upgrade the affine reconstruction to a
metric reconstruction with the homography

H=

where A is obtained by Cholesky factorization from the equation AAT =
(MTu;M)-, and M is the first 3x 3 submatrix of the camera in the affine
reconstruction for which u> is computed.

Algorithm 10.1. Computation of a metric reconstruction from two uncalibrated images.

10.6.1 The literature

Koenderink and van Doom [K oenderink-91] give avery elegant discussion of stratifica-
tion for affine cameras. This was extended to perspective in [Faugeras-95b], with devel-
opments given by Luong and Vieville [Luong-94, Luong-96]. The possibility of projec-
tive reconstruction given F appeared in [Faugeras-92b] and Hartley et al. [Hartley-92c].

The method of computing &ffine reconstruction from pure trandation first appeared
in Moons et al. [Moons-94]. Combining scene and internal parameter constraints over
multiple views is described in [Faugeras-95c¢, Liebowitz-99b, Sturm-99c].
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Image information View relations and 3-space  Reconstruction
provided projective objects  objects ambiguity
Point correspondences F Projective
Point correspondences F, Hoc TT00 Affine
including vanishing points

Point correspondences and F,HA Tm™ Metric
internal camera calibration u>,a/ fioc

Table 10.1. The two-view relations, image entities, and their 3-space counterparts for various classes
of reconstruction ambiguity.

10.6.2 Notes and exercises
(i) Using only (implicit) image relations (i.e. without an explicit 3D reconstruc-
tion) and given the images of aline L and point X (not on L) in two views,
together with H between the views, compute the image of the line in 3-space
parallel to L and through X. Other examples of this implicit approach to com-
putation are given in [Zeller-96].
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Computation of the Fundamental Matrix F

This chapter describes numerical methods for estimating the fundamental matrix given
a set of point correspondences between two images. We begin by describing the equa
tions on F generated by point correspondences in two images, and their minimal solu-
tion. The following sections then give linear methods for estimating F using algebraic
distance, and then various geometric cost functions and solution methods including the
MLE ("Gold Standard") algorithm, and Sampson distance.

An algorithm is then described for automatically obtaining point correspondences,
so that F may be estimated directly from an image pair. We discuss the estimation of F
for specia camera motions.

The chapter also covers amethod of image rectification based on the computed F.

11.1 Basic equations
The fundamental matrix is defined by the equation
x"Fx = 0 (11.2)

for any pair of matching points x <» X' in two images. Given sufficiently many point
matches x* < x (at least 7), equation (11.1) can be used to compute the unknown
matrix F. In particular, writing x = (x,y, 1)" and x' = (X’,y, 1)" each point match
gives rise to one linear equation in the unknown entries of F. The coefficients of this
equation are easily written in terms of the known coordinates x and x'. Specificdly,
the equation corresponding to apair of points (X, y, 1) and (X', A 1) is
X'xIn + X'y, + Xfig 4yxf2i + yyi22 + yi23 + xfy + yfap+ £33 = 0. (11.2)
Denote by f the 9-vector made up of the entries of F in row-mgjor order. Then (11.2)
can be expressed as avector inner product
XX, XY, X, Y% VY, YL XY, D f = 0.
From a set of n point matches, we obtain a set of linear equations of the form
iyt o oyix Ve Vo w1
Af 0. (11.3)
Xn  Xadn o Xn Yn o Yo Yo %N VNRA

279

Samsung/Google, EX1010, p. 297



280 11 Computation of the Fundamental Matrix F

Fig. 11.1. Epipolar lines, (a) the effect of a non-singular fundamental matrix. Epipolar lines computed
asV = Fx/or varying x do not meet in a common epipole. (b) the effect of enforcing singularity using
the SVD method described here.

This is ahomogeneous set of equations, and f can only be determined up to scale. For
a solution to exist, matrix A must have rank a most 8, and if the rank is exactly 8, then
the solution is unique (up to scale), and can be found by linear methods - the solution
is the generator of the right null-space of A.

If the data is not exact, because of noise in the point coordinates, then the rank of
A may be greater than 8 (in fact equal to 9, since A has 9 columns). In this case, one
finds aleast-squares solution. Apart from the specific form of the equations (compare
(11.3) with (4.3-p89)) the problem is essentialy the same as the estimation problem
considered in section 4.1.1(/?90). Refer to the algorithm 4.1(p9l). The least-squares
solution for f is the singular vector corresponding to the smallest singular value of
A, that is, the last column of V in the SYD A = UDV". The solution vector f found
in this way minimizes |Af || subject to the condition |ff || = 1. The agorithm just
described is the essence of a method called the 8-point algorithm for computation of
the fundamental matrix.

11.1.1 Thesingularity constraint

An important property of the fundamental matrix is that it is singular, in fact of rank
2. Furthermore, the left and right null-spaces of F are generated by the vectors rep-
resenting (in homogeneous coordinates) the two epipoles in the two images. Most
applications of the fundamental matrix rely on the fact that it has rank 2. For instance,
if the fundamental matrix is not singular then computed epipolar lines are not coinci-
dent, asis demonstrated by figure 11.1. The matrix F found by solving the set of linear
equations (11.3) will not in genera have rank 2, and we should take steps to enforce
this constraint. The most convenient way to do this is to correct the matrix F found
by the SVD solution from A. Matrix Fis replaced by the matrix F' that minimizes the
Frobenius norm ||F — F'|| subject to the condition det F — 0. A convenient method of

Samsung/Google, EX1010, p. 298



11.2 The normalized 8-point algorithm 281

doing thisisto again use the SVD. In particular, let F = UDV' bethe SVD of F, where D
is adiagonal matrix D = diag(r, s, t) satisfying r > s > t. Then F' = Udiag(r, s, V'
minimizes the Frobenius norm of F— F'.

Thus, the 8-point algorithm for computation of the fundamental matrix may be for-
mulated as consisting of two steps, as follows.

() Linear solution. A solution Fis obtained from the vector f corresponding to
the smallest singular value of A, where A is defined in (11.3).

(i) Constraint enforcement. Replace F by F', the closest singular matrix to F
under aFrobenius norm. This correction is done using the SVD.

The agorithm thus stated is extremely simple, and readily implemented, assuming
that appropriate linear algebra routines are available. As usua normalization is re-
quired, and we return to thisin section 11.2.

11.1.2 The minimum case - seven point correspondences

The equation X~ATFxJ = 0 gives rise to a set of equations of the form Af = 0. If A has
rank 8, then it is possible to solve for f up to scale. In the case where the matrix A has
rank seven, it is gill possible to solve for the fundamental matrix by making use of the
singularity constraint. The most important case is when only 7 point correspondences
are known (other cases are discussed in section 11.9). Thisleadsto a7 x 9 matrix A,
which generally will have rank 7.

The solution to the equations Af = 0in this caseisa2-dimensional space of the form
aFi + (1—a)F,, where a isascaar variable. The matrices Fi and F, are obtained asthe
matrices corresponding to the generators fi and f, of theright null-space of A. Now, we
use the constraint that det F = 0. This may be written as det(aFi + (1— a)F,) = 0.
Since Fi and F, are known, this leads to a cubic polynomia equation in a. This poly-
nomial equation may be solved to find the value of a. There will be either one or three
real solutions (the complex solutions are discarded [Hartley-94c]). Substituting back
in the equation F = aFi + (1 — a)F, gives one or three possible solutions for the
fundamental matrix.

This method of computing one or three fundamental matrices for the minimum num-
ber of points (seven) is used in the robust algorithm of section 11.6. We return to the
issue of the number of solutions in section 11.9.

11.2 The normalized 8-point algorithm

The 8-point algorithm is the simplest method of computing the fundamental matrix,
involving no more than the construction and (least-squares) solution of a set of linear
equations. If care is taken, then it can perform extremely well. The origina algo-
rithm is due to Longuet-Higgins [LonguetHiggins-81]. The key to success with the
8-point algorithm is proper careful normalization of the input data before constructing
the equations to solve. The subject of normalization of input data has applications to
many of the algorithms of this book, and is treated in genera terms in section 4.4-
(p\04). In the case of the 8-point algorithm, a simple transformation (trandation and

Samsung/Google, EX1010, p. 299



282 11 Computation ofthe Fundamental Matrix F

Objective
Given n > 8 image point correspondences {x"* * x"}, determine the fundamental matrix F
such that X'."FXJ = 0.

Algorithm

(i) Normalization: Transform the image coordinates according to x, = Tx, and x' =
T'x", where T and T' are normalizing transformations consisting of a translation and
scaling.

(i) Find the fundamental matrix F corresponding to the matches Xj <> x ¢« by

(@ Linear solution: Determine F from the singular vector corresponding to the
smallest singular value of A, where A is composed from the matches X, <= x4
as defined in (11.3).

(b) Constraint enforcement: Replace Fby F such that det F = 0 using the SVD
(see section 11.1.1).

(iii) Denormalization: Set F= T'TF T. Matrix F is the fundamental matrix corresponding
to the origina data x; <» Xx[.

Algorithm 11.1. The normalized 8-point algorithmfor F.

scaling) of the points in the image before formulating the linear equations leads to an
enormous improvement in the conditioning of the problem and hence in the stability of
the result. The added complexity of the algorithm necessary to do this transformation
is insignificant.

The suggested normalization is atrandation and scaling of each image o that the
centroid of the reference pointsis at the origin of the coordinates and the RMS distance
of the points from the origin is equal to y/2. Thisis carried out for essentialy the same
reasons as in chapter 4. The basic method is analogous to algorithm 4.2(/?109) and is
summarized in algorithm 11.1.

Note that it is recommended that the singularity condition should be enforced before
denormalization. For ajustification of this, refer to [Hartley-97c].

11.3 The algebraic minimization algorithm

The normalized 8-point algorithm includes a method for enforcing the singularity con-
straint on the fundamental matrix. The initial estimate F is replaced by the singular
matrix F' that minimizes the difference ||F'— F||. Thisis done using the SVD, and has
the advantage of being simple and rapid.

Numerically, however, this method is not optimal, since al the entries of F do not
have equal importance, and indeed some entries are more tightly constrained by the
point-correspondence data than others. A more correct procedure would be to compute
a covariance matrix from the entries of F in terms of the input data, and then to find
the singular matrix F' closest to Fin terms of Mahalanobis distance with respect to this
covariance. Unfortunately, minimization of the Mahalanobis distance ||F— F'~ cannot
be done linearly for a genera covariance matrix E, so this approach is unattractive.

An alternative procedure is to find the desired singular matrix F' directly. Thus, just
as Fis computed by minimizing the norm |JAf || subject to ||f || = 1, so one should am
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to find the singular matrix F' that minimizes 1L Af11 subject to ||f || = 1. It turns out
not to be possible to do this by linear non-iterative means, chiefly because det F = 0

is a cubic, rather than alinear constraint. Nevertheless, it will be seen that a smple

iterative method is effective.

An arbitrary singular 3x 3 matrix, such asthe fundamental matrix F, may be written
asaproduct F = M[g x where M isanon-singular matrix and [€ x isany skew-symmetric
matrix, with e corresponding to the epipole in the first image.

Suppose we wish to compute the fundamental matrix F of the form F = M[€], that
minimizes the algebraic error |JAf || subject to the condition |[f || = 1. Let us assume
for now that the epipole e is known. Later we will let e vary, but for now it is fixed.
The equation F — M[d x can be written in terms of the vectors f and m comprising the
entries of Fand M as an equation f = Em where Eisa 9 x 9 matrix. Supposing that
f and m contain the entries of the corresponding matrices in row-major order, then it
can be verified that E has the form

(11.4)

Since f = Em, the minimization problem becomes: *
Minimize JAEM11 subject to the condition |[Em|| = 1. (H-5)

This minimization problem is solved using algorithm A5.6(p595). For the purposes of
this algorithm one observes that rank(E) = 6, since each of its diagonal blocks has rank
2.

11.3.1 lterative estimation

The minimization (11.5) gives away of computing an algebraic error vector Af given
avalue for the epipole e. This mapping e i— Af is amap from H* to H®. Note that the
vaue of Af isunaffected by scaling e. Starting from an estimated value of e derived as
the generator of the right null-space of an initia estimate of F, one may iterate to find
the final F that minimizes algebraic error. The initial estimate of F may be obtained
from the 8-point algorithm, or any other simple algorithm. The complete algorithm for
computation of Fis given in algorithm 11.2.

Note the advantage of this method of computing F is that the iterative part of the
algorithm consists of avery small parameter minimization problem, involving the es-
timation of only three parameters (the homogeneous coordinates of €). Despite this,
the algorithm finds the fundamental matrix that minimizes the agebraic error for dl
matched points. The matched points themselves do not come into the final iterative
estimation.

It does not do to minimize ||AEm|| subject to the condition ||m|| = 1, since a solution to this occurs when m is aunit vector
in the right null-space of E. In this case, Em = 0, and hence [|[AEm|| = 0.
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Objective
Find the fundamental matrix F that minimizes the algebraic error ||Af]| subject to ||f|| = 1 and
detF = 0.

Algorithm

(i) Find a first approximation Fq for the fundamental matrix using the normalized §-point
algorithm 11.1. Then find the right null-vector eq of F.

(ii) Starting with the estimate e; = e for the epipole, compute the matrix E; according to
(11.4), then find the vector f; = E;m; that minimizes | Af;|| subject to ||f;|| = 1. This
is done using algorithm AS5.6(p595).

(iii) Compute the algebraic error €; = Af,. Since f; and hence €; is defined only up to sign,
correct the sign of €; (multiplying by minus 1 if necessary) so that eiTe,i,l > 0 for
7 > 0. This is done to ensure that €; varies smoothly as a function of e,.

(iv) The previous two steps define a mapping IR® — IR® mapping e; + ;. Now use
the Levenberg—Marquardt algorithm (section A6.2(p600)) to vary e; iteratively so as to
minimize ||€;]|.

(v) Upon convergence, f; represents the desired fundamental matrix.

Algorithm 11.2. Computation of F with detF = 0 by iteratively minimizing algebraic error.

11.4 Geometric distance

This section describes three algorithms which minimize a geometric image distance.
The one we recommend, which is the Gold Standard method, unfortunately requires the
most effort in implementation. The other algorithms produce extremely good results
and are easier to implement, but are not optimal under the assumption that the image
errors are Gaussian. Two important issues for each of the algorithms are the intitial-
ization for the non-linear minimization, and the parametrization of the cost function.
The algorithms are generally initialized by one of the linear algorithms of the previous
section. An alternative, which is used in the automatic algorithm, is to select 7 corre-
spondences and thus generate one or three solutions for F. Various parametrizations
are discussed in section 11.4.2. In all cases we recommend that the image points be
normalized by a translation and scaling. This normalization does not skew the noise
characteristics, so does not interfere with the optimality of the Gold Standard algo-
rithm, which is described next.

11.4.1 The Gold Standard method

The Maximum Likelihood estimate of the fundamental matrix depends on the assump-
tion of an error model. We make the assumption that noise in image point measure-
ments obeys a Gaussian distribution. In that case the ML estimate is the one that
minimizes the geometric distance (which is reprojection error)

> d(xi,%)” + d(x],%x})* (11.6)

where x; < x| are the measured correspondences, and x; and f(i are estimated “true”
correspondences that satisfy X.TF%; = 0 exactly for some rank-2 matrix F, the esti-
mated fundamental matrix.
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Objective
Given n > 8 image point correspondences {x* <> x"}, determine the Maximum Likelihood
estimate F of the fundamental matrix.

The MLE involves also solving for a set of subsidiary point correspondences {x" <= x"}, such
that x*TFxi = 0, and which minimizes

A (X4, X1)2 + d(x?x-)2.

Algorithm

(i) Compute an initial rank 2 estimate of F using alinear algorithm such as algorithm 11.1.
(i) Compute an initial estimate of the subsidiary variables {x", x"} as follows:
(8 Choose cameramatricesP = [l | 0] and P' = [[€]] xF | €], where €' is obtained
from F. n
(b) From the correspondence x, <>Xx ¢ and F determine an estimate of X using the
triangulation method of chapter 12.

(c) The correspondence consistent with Fis obtained as Xj = PXj, x* = P'XA.
(iii) Minimize the cost
ACNAXN +AYA ) 2

over Fand Xj, i = 1,..., n. The cost is minimized using the Levenberg-Marquardt
algorithm over 3n + 12 variables: 3n for the n 3D points X;, and 12 for the camera
matrix P = M |t], with F = [f]xM, and X, = PX;, x- = P'X,.

Algorithm 11.3. The Gold Standard algorithmfor estimating ¥from image correspondences.

This error function may be minimized in the following manner. A pair of camera
matrices P = [l |[of and P = M | t] are defined. In addition one defines 3D points
Xj. Now letting x, = PX* and x* = P'Xj, one varies P' and the points X" so0 as to
minimize the error expression. Subsequently Fis computed as F = [t]yM. The vectors
Xj and x* will satisfy x-TFxJ = 0. Minimization of the error is carried out using the
Levenberg-Marquardt algorithm described in section A6.2(p600). An initial estimate
of the parameters is computed using the normalized 8-point agorithm, followed by
projective reconstruction, as described in chapter 12. Thus, estimation of the funda
mental matrix using this method is effectively equivalent to projective reconstruction.
The steps of the algorithm are summarized in algorithm 11.3.

It may seem that this method for computing F will be expensive in computing cost.
However, the use of the sparse LM techniques meansthat it is not much more expensive
than other iterative techniques, and details of this are given in section A6.5(p609).

11.4.2 Parametrization of rank-2 matrices

The non-linear minimization of the geometric distance cost functions requires a
parametrization of the fundamental matrix which enforces the rank 2 property of the
matrix. We describe three such parametrizations.
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Over-parametrization. One way that we have aready seen for parametrizing Fis to
write F = [t]}yM, where M isan arbitrary 3 x 3 matrix. This ensures that F is singular,
since [t] « is. This way, Fisparametrized by thenine entries of M and thethree entries
of t - atota of 12 parameters, more than the minimum number of parameters, which

is 7. In genera this should not cause asignificant problem.

Epipolar parametrization. An aternative way of parametrizing Fisby specifying
the first two columns of F, aong with two multipliers a and (3such that the third
column may bewritten asalinear combination f; = af i + (3"2- Thus, the fundamental
matrix isparametrized as

a b aa+(3b
c d ac+ (3d (11.7)
e f ae+ (3f

This hasatotal of 8 parameters. To achieve aminimum set of parameters, one of the
elements, for instance /, may beset to 1. In practice whichever of a,..., / has greatest
absolute value is set to 1. This method ensures a singular matrix F, while using the
minimum number of parameters. Themain disadvantage isthat it has a singularity -
it does not work when thefirst two columns of F arelinearly dependent, for then itis
not possible to write column 3in terms of the first two columns. This problem can be
significant, sinceitwill occur in the case where the right epipole lies at infinity. For then
Fe = F(ei, e, 0)" = 0 andthefirst two columns arelinearly dependent. Nevertheless,
this parametrization is widely used and works well if steps are taken to avoid this
singularity. Instead of using thefirst two columns as abasis, another pair of columns
can be used, in which case the singularity occurs when the epipole is on one of the
coordinate axes. In practice such singularities can be detected during the minimization
and the parametrization switched to oneof the aternative parametrizations.

Note that (a, (3, —1) is theright epipole for this fundamental matrix - the coor-
dinates of the epipole occur explicitly in the parametrization. For best results, the
parametrization should be chosen so that the largest entry (in absolute value) of the
epipole istheonesetto 1.

Note how the complete manifold of possible fundamental matrices isnot covered by
a single parametrization, but rather by a set of minimally parametrized patches. Asa
path istraced out through the manifold during aparameter minimization procedure, it
is necessary to switch from one patch to another as the boundary between patchesis
crossed. In this case there are actually 18 different parameter patches, depending on
which of a,..., / isgreatest, and which pair of columns aretaken asthe basis.

Both epipoles asparameters. The previous parametrization uses one of the epipoles
as part of the parametrization. For symmetry one may useboth the epipoles as param-
eters. The resulting form of F is

a b aa+ (3b
c d ac+ (3d (11.8)
aa +(3c ab+ (3d aaa +a(3b+(3ac (3(3d
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The two epipoles are (a/3, -1)" and (a’,/?,-1)". As above, one can set one of
a, b, c,dto 1. To avoid singularities, one must switch between different choices of the
two rows and two columns to use as the basis. Along with four choices of which of
a, 6,c,dto set to 1, there are atotal of 36 parameter patches used to cover the complete
manifold of fundamental matrices.

11.4.3 First-order geometric error (Sampson distance)

The concept of Sampson distance was discussed at length in section 4.2.6(p98). Here
the Sampson approximation is used in the case of the variety defined by x'"Fx = Oto
provide afirst-order approximation to the geometric error.

The general formula for the Sampson cost function is given in (4.13-pl00). In the
case of fundamental matrix estimation, the formula is even simpler, since thereis only
one equation per point correspondence (see also example 4.2(/?100)). The partial-
derivative matrix J has only one row, and hence JJ" isascalar and (4.12-/799) becomes

ge - (x:"Fx,)?

7 JJ’
From the definition of J and the explicit form of A*= xTFx” given in the left hand side
of (11.2), we obtain

T = (Fx,)?+ (F*)5+ (F'xDI + (F'x?

where for instance (Fx,)’ represents the square of thej-th entry of the vector FXJ. Thus,
the cost function is
IT 2
X Fx
\Y/ X (119)
vV (F*)?+ (Fx,)l + (F*)? + (FTxOr .

This gives a first-order approximation to geometric error, which may be expected to
give good results if higher order terms are smal in comparison to the first. The ap-
proximation has been used successfully in estimation algorithms by [Torr-97, Torr-98,
Zhang-98]. Note that this approximation is undefined at the point in IR* determined by
the two epipoles, as here JJ" is zero. This point should be avoided in any numerical
implementation.

The key advantage of approximating the geometric error in this way isthat the result-
ing cost function only involves the parameters of F. This means that to first-order the
Gold Standard cost function (11.6) is minimized without introducing a set of subsidiary
variables, namely the coordinates of the n space points X,. Consequently a minimiza-
tion problem with 7 + 3n degrees of freedom is reduced to one with only 7 degrees of
freedom.

Symmetric epipolar distance. Equation (11.9) is similar in form to another cost
function

£ d(x;, Fx,)2 +  rf(x,F'x;)?
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= E«"FX,)? [(Fxiya+ (Fxs>)i + (pTx)2 + (FTx)2] di-10)

which minimizes the distance of apoint from its projected epipolar line, computed in
each of the images. However, this cost function seems to give dightly inferior results
to (11.9) (see [Zhang-98]), and hence is not discussed further.

11.5 Experimental evaluation of the algorithms

Three of the algorithms of the previous sections are now compared by estimating F
from point correspondences for anumber of image pairs. The algorithms are:

(i) The normalized 8-point algorithm (algorithm 11.1).
(i) Minimization of algebraic error whilst imposing the singularity constraint
(algorithm 11.2).
(iii) The Gold Standard geometric algorithm (algorithm 11.3).

The experimental procedure was as follows. For each pair of images, a number n of
matched points were chosen randomly from the matches and the fundamental matrix
estimated and residua error (see below) computed. This experiment was repeated 100
times for each value of n and each pair of images, and the average residual error plotted
against n. This gives an idea of how the different algorithms behave as the number of
points is increased. The number of points used, n, ranged from 8 up to three-quarters
of the total number of matched points.

Residual error
The error is defined as

i N
-Ed(x;.,Fx,)? + <i(x,,F'x;)?

where <i(X, 1) here is the distance (in pixels) between apoint x and aline 1 The error is
the squared distance between apoint's epipolar line and the matching point in the other
image (computed for both points of the match), averaged over al N matches. Note the
error is evaluated over all N matched points, and not just the n matches used to com-
pute F. The residual error corresponds to the epipolar distance defined in (11.10). Note
that this particular error is not minimized directly by any of the algorithms evaluated
here.

The various algorithms were tried with 5 different pairs of images. The images are
presented in figure 11.2 and show the diversity of image types, and placement of the
epipoles. A few of the epipolar lines are shown in the images. The intersection of the
pencil of lines isthe epipole. There was awide variation in the accuracy of the matched
points for the different images, though mismatches were removed in a pre-processing

step.

Results. Theresults of these experiments are shown and explained in figure 11.3. They
show that minimizing algebraic error gives essentialy indistinguishable results from
minimizing geometric error.
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Calibration rig

Fig. 11.2. Image pairs usedfor the algorithm comparison. In the top two the epipoles arefar from the
image centres. In the middle two the epipoles are close (Grenoble) and in the image (Corridor). For the
calibration images the matched points are known extremely accurately.

11.5.1 Recommendations

Several methods of computing the fundamental matrix have been discussed in this
chapter, and some pointers on which method to use are perhaps desirable. Briefly,
these are our recommendations:

* Do not use the unnormalized 8-point algorithm.

e For aquick method, easy to implement, use the normalized 8-point algorithm 11.1.
This often gives adequate results, and isideal as afirst step in other algorithms.

« If more accuracy is desired, use the algebraic minimization method, either with or
without iteration on the position of the epipole.

« As an dternative that gives excellent results, use an iterative-minimization method
that minimizes the Sampson cost function (11.9). This and the iterative algebraic
method give similar results.

» To be certain of getting the best results, if Gaussian noise is a viable assumption,
implement the Gold Standard a gorithm.
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Fig. 11.3. Results of the experimental evaluation of the algorithms. In each case, three methods of
computing F are compared. Residual error isplotted against the number of points used to compute F.
In each graph, the top (solid line) shows the results of the normalized 8-point algorithm. Also shown
are the results of minimizing geometric error (long dashed line) and iteratively minimizing algebraic
error subject to the determinant constraint (short dashed line). Inmost cases, the result of iteratively
minimizing algebraic error is almost indistinguishable from minimizing geometric error. Both are no-
ticeably better than the non-iterative normalized 8-point algorithm, though that algorithm also gives
good results.

11.6 Automatic computation of F

This section describes an algorithm to compute the epipolar geometry between two
images automatically. The input to the algorithm is simply the pair of images, with no
other apriori information required; and the output is the estimated fundamental matrix
together with a set of interest points in correspondence.

The algorithm uses RANSAC asasearch engine inasimilar manner to its usein
the automatic computation of ahomography described in section 4.8(pl23). The ideas
and details of the algorithm are given there, and are not repeated here. The method is
summarized in algorithm 11.4, with an example of its use shown infigurell.4.

A few remarks on the method:

(i) The RANSAC sample. Only 7 point correspondences are used to estimate F.
This has the advantage that arank 2 matrix is produced, and it is not necessary
to coerce the matrix to rank 2 asin the linear algorithms. A second reason for
using 7 correspondences, rather than 8 say with alinear agorithm, is that the
number of samples that must be tried in order to ensure ahigh probability of no
outliersis exponential in the size of the sample set. For example, from table 4.3-
(pl 19) for a99% confidence of no outliers (when drawing from aset containing
50% outliers) twice as many samples are required for 8 correspondences as for
7. The dight disadvantage in using 7 correspondences is that it may result in3
real solutions for F, and al 3 must be tested for support.
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Objective Compute the fundamental matrix between two images.

Algorithm

(i) Interest points: Compute interest points in each image.
(ii) Putative correspondences. Compute a set of interest point matches based on proxim-
ity and similarity of their intensity neighbourhood,

(iii) RANSAC robust estimation: Repeat for N samples, where A" is determined adap-

tively asin agorithm 4.5(/?121):

(8) Select arandom sample of 7 correspondences and compute the fundamental
matrix F as described in section 11.1.2. There will be one or three real solutions.

(b) Calculate the distance d+ for each putative correspondence.

(c) Compute the number of inliers consistent with F by the number of correspon-
dences for which d+ < t pixels.

(d) If there are three real solutions for F the number of inliers is computed for each
solution, and the solution with most inliers retained.

Choose the F with the largest number of inliers. In the case of ties choose the solution
that has the lowest standard deviation of inliers.

(iv) Non-linear estimation: re-estimate F from all correspondences classified as inliers

by minimizing a cost function, eg. (11.6), using the Levenberg-Marquardt algorithm
of section A6.2(/?600).

(v) Guided matching: Further interest point correspondences are now determined using
the estimated F to define a search strip about the epipolar line.

The last two steps can be iterated until the number of correspondences is stable.

Algorithm 11.4. Algorithm to automatically estimate thefundamental matrix between two images using
RANSAC.

(i)

(iii)

(iv)

The distance measure.  Given a current estimate of F (from the RANSAC
sample) the distance d+ measures how closely a matched pair of points satis-
fies the epipolar geometry. There are two clear choices for d+: reprojection
error, i.e. the distance minimized in the cost function (11.6) (the value may
be obtained using the triangulation algorithm of section 12.5); or the Sampson
approximation to reprojection error (d\ is given by (11.9)). If the Sampson
approximation is used, then the Sampson cost function should be used to itera-
tively estimate F. Otherwise distances used in RANSAC and elsewhere in the
algorithm will be inconsistent.

Guided matching. The current estimate of F defines a search band in the sec-
ond image around the epipolar line Fx of x. For each corner x amatch is sought
within this band. Since the search area is restricted aweaker similarity thresh-
old can be employed, and it is not necessary to enforce a "winner takes al"
scheme.

Implementation and run details. For the example of figure 11.4, the search
window was £300 pixels. The inlier threshold wast = 125 pixels. A tota
of 407 samples were required. The RMS pixel error after RANSAC was 0.34
(for 99 correspondences), and after MLE and guided matching it was 0.33 (for
157 correspondences). The guided matching MLE required 10 iterations of the
Levenberg-Marquardt algorithm.
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j N9 M MtASSh

Fig. 11.4. Automatic computation of the fundamental matrix between two images using RANSAC.
(a) (b) left and right images of Keble College, Oxford. The motion between views is a transation and
rotation. The images are 640 x 480 pixels, (c) (d) detected corners superimposed on the images. There
are approximately 500 corners on each image. Thefollowing results are superimposed on the left image:
(e) 188 putative matches shown by the line linking corners, note the clear mismatches; (f) outliers - 89
of the putative matches, (g) inliers - 99 correspondences consistent with the estimated F; (h) final set of

157 correspondences after guided matching and MLE. There are still afew mismatches evident, e.g. the
long line on the left.
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image

Fig. 11.5. For apure trandation the epipole can be estimated from the image motion of two points.

11.7 Special cases of F-computation

Certain special cases of motion, or partially known camera calibration, alow computa-
tion of the fundamental matrix to be simplified. In each case the number of degrees of
freedom of the fundamental matrix isless than the 7 of general motion. We give three
examples.

11.7.1 Puretrandational motion

This is the simplest possible case. The matrix can be estimated linearly whilst si-
multaneously imposing the constraints that the matrix must satisfy, namely that it is
skew-symmetric (see section 9.3.1(/?7247)), and thus has the required rank of 2. In this
case F = [€], and has two degrees of freedom. It may be parametrized by the three
entries of €'.

Each point correspondence provides one linear constraint on the homogeneous pa-
rameters, as is clear from figure 11.5. The matrix can be computed uniquely from two
point correspondences.

Note, in the general motion case if al 3D points are coplanar, which is a structure
degeneracy (see section 11.9), the fundamental matrix cannot be determined uniquely
from image correspondences. However, for pure translational motion this is not aprob-
lem (two 3D points are adways coplanar). The only degeneracy isif the two 3D points
are coplanar with both camera centres.

This special form aso simplifies the Gold Standard estimation, and correspondingly
triangulation for structure recovery. The Gold Standard estimation of the epipole from
point correspondences under pure translation isidentical to the estimation of avanish-
ing point given the end points of a set of imaged parallel lines, see section 8.6.1(/7213).

11.7.2 Planar motion

In the case of planar motion, described in section 9.3.2(/?250), we require that the
symmetric part of F has rank 2, in addition to the standard rank 2 condition for
the full matrix. It can be verified that the parametrization of (9.8-/7252), namely
F= [€jx[ldx [€«, satisfies both these conditions. If unconstrained 3-vectors are used
to represent €', Is and e then 9 parameters are used, whereas the fundamental matrix
for planar motion has only 6 degrees of freedom. Asusua this over-parametrization is
not a problem.
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An dternative parametrization with similar properties is
F=a[xa]x+/?(Ul + Wj) with x£EU =0

where a and /3 are scalars, and the meaning of the 3-vectors x4, |s and 2 is evident
from figure 9.1 1(p253)(a).

11.7.3 The calibrated case

In the case of calibrated cameras normalized image coordinates may be used, and the
essential matrix E computed instead of the fundamental matrix. As with the fundamen-
tal matrix, the essential matrix may be computed using linear techniques from 8 points
or more, since corresponding points satisfy the defining equation x-"Ex® = 0.

Where the method differs from the computation of the fundamental matrix is in the
enforcement of the constraints. For, whereas the fundamental matrix satisfies det F =
0, the essential matrix satisfies the additional condition that its two singular values are
equal. This constraint may be handled by the following result, which is offered here
without proof.

Result 11.1. Let E be a 3 x 3 matrix with SVD given by E = UDV', where D =
diag(a, 6,c) with a > b > c. Then the closest essential matrix to E in Frobenius
norm isgiven byE = UDV', where D = diag((a + b)/2, (a+ 6)/2,0).

If the goal is to compute the two normalized camera matrices P and P' as part of a
reconstruction process, then it is not actually necessary to compute E by multiplying out
E = UDV". Matrix P' can be computed directly from the SVD according to result 9.19-
(p259). The choice between the four solutions for P is determined by the consideration
that the visible points must liein front of the two cameras, as explained in section 9.6.3-
(p259).

11.8 Correspondence of other entities

So far in this chapter only point correspondences have been employed, and the question
naturally arises. can F be computed from the correspondence of image entities other
than points? The answer is yes, but not from dl types of entities. We will now discuss
some common examples.

Lines. The correspondence of image lines between views places no constraint at al on
F. Here alineis an infinite line, not aline segment. Consider the case of corresponding
image points: the points in each image back-project to rays, one through each camera
centre, and these rays intersect at the 3-space point. Now in genera two lines in 3-
space are skew (i.e. they do not intersect); so the condition that the rays intersect places
a constraint on the epipolar geometry. In contrast in the case of corresponding image
lines, the back-projection is a plane from each view. However, two planes in 3-space
always intersect so there isno constraint on the epipolar geometry (thereis a constraint
in the case of 3-views).

In the case of parald lines, the correspondence of vanishing points does provide a
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Fig. 11.6. Epipolar tangency. (a)for a surface; (b)for a space curve -figure after Porrill and Pol-
lard [Porrill-91]". In (a) the epipolar plane CC'X istangent to the surface at X. The imaged outline
is tangent to the epipolar lines at x and x' in the two views. The dashed curves on the surface are the
contour generators. In (b) the epipolar plane istangent to the space curve. The corresponding epipolar
lines 1 < 1' are tangent to the imaged curve.

constraint on F. However, avanishing point has the same status as any finite point, i.e.
it provides one constraint.

Space curves and surfaces. Asillustrated in figure 11.6, a points a which the epipo-
lar plane is tangent to a space curve the imaged curve is tangent to the corresponding
epipolar lines. This provides aconstraint on the 2 view geometry, i.e. if an epipolar line
is tangent to an imaged curve in one view, then the corresponding epipolar line must
be tangent to the imaged curve in the other view. Similarly, in the case of surfaces,
a points a which the epipolar plane is tangent to the surface the imaged outline is
tangent to the corresponding epipolar lines. Epipolar tangent points act effectively as
point correspondences and may be included in estimation algorithms as described by
[Porrill-91].

Particularly important cases are those of conies and quadrics which are algebraic
objects and so algebraic solutions can be developed. Examples are given in the notes
and exercises at the end of this chapter.

11.9 Degeneracies
A st of correspondences {x, <-> x.;.i = 1,....n} is geometricaly degenerate with
respect to Fif it fails to uniquely define the epipolar geometry, or equivalently if there
exist linearly independent rank-2 matrices, Fj,j —1,2, such that

XAFixJ" =0 and xJ'Fpx, = 0 I<i<n .

The subject of degeneracy is investigated in detail in chapter 22. However, a brief
preview is given now for the two important cases of scene points on aruled quadric, or
on aplane.

Provided the two camera centres are not coincident the epipolar geometry isuniquely
defined. It can always be computed from the camera matrices P, P as in (9.1-p244)
for example. What is at issue here are configurations where the epipolar geometry
cannot be estimated from point correspondences. An awareness of the degeneracies of
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dim(JV) = 1: Unique solution - no degeneracy.
Arises from n > 8 point correspondences in general position. If n > 8 then the point
correspondences must be perfect (i.e. noise-free).

dim(JV) = 2: 1lor 3 solutions.

Arises in the case of seven point correspondences, and also in the case of n > 7
perfect point correspondences where the 3D points and camera centres lie on aruled
quadric referred to as acritical surface. The quadric may be non-degenerate (a hyper-
boloid of one sheet) or degenerate.

dim(A") = 3: Two-parameter family of solutions.
Arisesif n > 6 perfect point correspondences are related by ahomography, x « = HXJ.

» Rotation about the camera centre (a degenerate motion).
« All world points on aplane (a degenerate structure).

Table 11.1. Degeneracies in estimating Ffrom point correspondences, classified by the dimension of the
null-space Nof kin (11.3-p279).

estimation algorithms is important because configurations "close t0" degenerate ones
are likely to lead to a numerically ill-conditioned estimation. The degeneracies are
summarized in table 11.1.

11.9.1 Pointson aruled quadric

It will be shown in chapter 22 that degeneracy occurs if both camera centres and
al the 3D points lie on a (ruled) quadric surface referred to as the critical sur-
face [Maybank-93]. A ruled quadric may be non-degenerate (a hyperboloid of one
sheet - acooling tower) or degenerate (for instance two planes, cones, and cylinders)
- see section 3.2.4(p74); but a critical surface cannot be an ellipsoid or hyperboloid
of two sheets. For acritical surface configuration there are three possible fundamental
matrices.

Note that in the case of just 7 point correspondences, together with the two camera
centres there are 9 pointsin total. A general quadric has 9 degrees of freedom, and one
may always construct a quadric through 9 points. In the case where this quadric is a
ruled quadric it will be acritical surface, and there will be three possible solutions for
F. The case where the quadric is not ruled corresponds to the case where there is only
onerea solution for F.

11.9.2 Pointson a plane

An important degeneracy is when dl the points lie in a plane. In this case, dl the
points plus the two camera centres lie on aruled quadric surface, namely the degenerate
quadric consisting of two planes - the plane through the points, plus a plane passing
through the two camera centres.

Two views of a planar set of points are related via a 2D projective transformation
H. Thus, suppose that a set of correspondences x* *> x- is given for which x* =
HXJ. Any number of points X* and the corresponding points x- = H¥* may be given.
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The fundamental matrix corresponding to the pair of cameras satisfies the equation
XATEXJ = xAT(FH-Y)xM = 0. This set of equations is satisfied whenever FH * is skew-
symmetric. Thus, the solution for Fis any matrix of the form F = SH, where Sis
skew-symmetric. Now, a 3 x 3 skew-symmetric matrix Smay be written in the form
S= [f]«, for any 3-vector t. Thus, S hasthree degrees of freedom, and consequently so
does F. More precisely, the correspondences x* «> x" lead to a three-parameter family
of possible fundamental matrices F (note, one of the parameters accounts for scaling
the matrix o there is only a /wo-parameter family of homogeneous matrices). The
equation matrix A derived from the sat of correspondences must therefore have rank no
greater than 6.

From the decomposition of F = &H, it follows from result 9.9(/?254) that the pair
of camera matrices [I | o] and H | t] correspond to the fundamental matrix F. Here,
the vector t may take on any value. If point x* = (x. y, 1)" and X = Hx", then one
verifies that the point Xj = (x,y, 1,0)" maps to x* and x* through the two cameras.
Thus, the points X" constitute areconstruction of the scene.

11.9.3 No trandation

If the two camera centres are coincident then the epipolar geometry is not defined. In
addition, formulae such asresult 9.9(/?254) give avaue of O for the fundamental matrix.
In this case the two images are related by a 2D homography (see section 8.4.2(/?7204)).
If one attempts to find the fundamental matrix then, as shown above, there will be
a least a 2-parameter family of solutions for F.  Even if the camera motion involves
no trandation, then a method such as the 8-point algorithm used to compute the fun-
damental matrix will still produce a matrix F satisfying x-'Fx, = 0, where F has the
form F = SH, H is the homography relating the points, and Sis an essentialy arbitrary
skew-symmetric matrix. Points x* and x- related by H will satisfy this relationship.

11.10 A geometric interpretation of F-computation

The estimation of F from a set of image correspondences {x;, < x*} has many sim-
ilarities with the problem of estimating a conic from a set of 2D points {xi, yi} (or a
quadric from a set of 3D points).

The equation x'TFx = Oisasingle constraint inx, y, X, y* and so defines a surface
(variety) V of codimension 1 (dimension 3) in IR*. The surface is a quadric because
the equation is quadratic in the coordinates x, y, X, y' of IR®. There is anatural map-
ping from projective 3-space to the variety V that takes any 3D point to the quadruple
(x, v, X, y)" of the corresponding image points in the two views. The quadric form is
evident if x'TFx = Oisrewritten as

0 0 /1 /2 =
0 0 /2 12 t=
(xyx y 1 4 n2 0 0 53
/20 322 0 0 23
it finons gz 233

The case of conic fitting is a good (lower-dimensional) model of F estimation. To
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Fig. 11.7. Estimating a conic from point data (shown as ) may be poorly conditioned. All of the conics
shown have residuals within the point error distribution. However, even though there is ambiguity in the
estimated conic, the tangent line is well defined, and can be computed from the points.

bring out the analogy between the two estimation problems: a point (x;, ;) places onc
constraint on the 5 degrees of freedom of a conic as described in section 2.2.3(p30):

ax? + bryy; + ey + dx; + ey + f = 0.

Similarly, a point correspondence (;, y;, 2, y.) places one constraint on the (8) degrees
of freedom of F as (11.2-p279):

xix; fi1 + 2y fr2 + @) fis + i for + Yiyifoz + Yl fos + 20 fa1 + Yifs2 + fy3 = 0.

It is not quite an exact analogy, since the defining relationship expressed by the fun-
damental matrix is bilinear in the two sets of indices, as is also evident from the zeros
in the quadric matrix above, whereas in the case of a conic section the equation is an
arbitrary quadratic. Also the surface defined by F must satisfy an additional constraint
arising from det(F) = 0, and there is no such constraint in the conic fitting analogue.

The problems of extrapolation when data has only been fitted to a small section of a
conic are well known, and similar issues arise in fitting the fundamental matrix to data.
Indeed, there are cases where the data is sufficient to determine an accurate tangent line
to the conic, but insufficient to determine the conic itself, see figure 11.7. In the case of
the fundamental matrix the tangent plane to the quadric in IR* is the affine fundamental
matrix (chapter 14), and this approximation may be fitted when perspective etfects are
small.

11.11 The envelope of epipolar lines

One of the uses of the fundamental matrix is to determine epipolar lines in a second
image corresponding to points in a first image. For instance, if one is seeking matched
points between two images, the match of a given point x in the first image may be
found by searching along the epipolar line Fx in the second image. In the presence
of noise, of course, the matching point will not lie precisely on the line Fx because
the fundamental matrix will be known only within certain bounds, expressed by its
covariance matrix. In general, instead of searching along the epipolar line only, it will
be necessary to search in a region on either side of the line Fx. We will now consider
how the covariance matrix of the fundamental matrix may be used to determine the
region in which to search.

Let x be a point and F be a fundamental matrix for which one has computed a co-
variance matrix L. The point x corresponds to an epipolar line | = Fx, and one
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may transfer the covariance matrix Egto acovariance matrix Z\ according to result 5.6-
{p\39). Also by result 5.6(p 139), the mean value of the epipolar lineisgiven by! — Fx.
To avoid singular cases, the vector 1 representing an epipolar line is normalized so that
[1] = 1. Then the mapping x += 1lisgiven by 1= (Fx)/j|Fx||. If Jis the Jacobian
matrix of this mapping with respect to the entries of F, then Jisa 3 x 9 matrix, and

B = JEpJ .

Though the constraint |I[j = 1is the most convenient constraint, the following analy-
sis applies for any constraint used to confine the vector representing the epipolar lineto
vary on a2-dimensional surface in IR, In this case, the covariance matrix Y.\ is singular,
having rank 2, since no variation is allowed in the direction normal to the constraint
surface. For a particular instance of 1, the deviation from the mean, | — 1, must be
along the constraint surface, and hence (in the linear approximation) perpendicular to
the null-space of Ei.

For the remainder of this derivation, |, the vector representing the mean epipolar line,
will be denoted by m, so asto avoid confusing notation. Now, assuming a Gaussian
distribution for the vectors 1 representing the epipolar line, the set of dl lines having a
given likelihood is given by the equation

(I-m)TE+(I-m) = K (11.12)

where k is some constant. To analyze this further, we apply an orthogonal change of
coordinates such that B becomes diagonal. Thus, one may write
ro~/ i
ueuU'=g= E O
0" 0

where § isa 2 x 2 non-singular diagonal matrix. Applying the same transformation
to the lines, one defines 2-vectors m' = Umand 1 = Ul. Since I — m' is orthogonal
to the null-space (0,0,1)" of Ej, both m' and 1' have the same third coordinate. By
multiplying U by a constant as necessary, one may assume that this coordinate is 1.
Thus we may write ' = (17, 1) and m' = (m'", 1)" for certain 2-vectors 1 and m'.
Then, one verifies that

'S (I-m)TE+(1-m)
(1'-m")TEJ*(I'- m')

('-mHTErt(1-m’y.

This equation expands out to
fTETT - m'Tfr'l' - IV W +rhh -kK=0

which may be written as

(A1 e manVm
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or equivalently (asone may verify)

" 1 i T [
d a’,~>'[ h rhmn 32 1”‘ = 0. (11.12)
Finaly, this is equivalent to
I'[m'm'T-fc%i:'y]-1" = 0. (11.13)

This shows that the lines satisfying (11.11) form aline conic defined by the matrix
(m'm'T — fc?EJ)™. The corresponding point conic, which forms the envelope of the
lines, is defined by the matrix m'm’" — k?Z[. One may now transform back to the orig-
ina coordinate system to determine the envelope of the lines in the original coordinate
system. The transformed conic is

C=U"(mm™ - AHU=mm" - fc’E,. (11.14)

Note that when k = 0, the conic Cdegenerates to mm", which represents the set of
points lying on the line m. As k increases, the conic becomes a hyperbola the two
branches of which lie on opposite sides of the line m.

Suppose we want to choose k so that some fraction a of the epipolar lines lie in-
side the region bounded by this hyperbola. The value k¥ — (1— m)"EA(l — m)
of (11.11) follows a xi distribution, and the cumulative chi-squared distribution
Fo{k’) = £5 Xn(£)dE represents the probability that the value of axi random vari-
able is less than K2 (the xi " F, distributions are defined in section A2.2(p566)).
Applying this to arandom line 1, one sees that in order to ensure that a fraction a of
lines lie within region bounded by the hyperbola defined by (11.14), one must choose
I? such that Fo(k®) = a (n = 2 since the covariance matrix B has rank 2). Thus,
k¥ = F~'(a), and for avalue of a = 0.95, for instance, one finds that k¥ = 5.9915.
The corresponding hyperbola given by (11.14) is C= mm'™ — 5.9915 Ej. To sum up
this discussion:

Result 11.2. If | is a random line obeying a Gaussian distribution with mean 1 and
covariance matrix 2\ of rank 2, then the plane conic

C=ITT-fc%Ei (11.15)

represents an equal-likelihood contour bounding somefraction of all instances of I. If
FA{k?) representsthe cumulative X\ distribution, and k® ischosen such that F,{k%) =
a, then afraction a of all lines lie within the region bounded by C. In other words with
probability a the lines lie within thisregion.

In applying this formula, one must be aware that it represents only an approxima-
tion, since epipolar lines are not normally distributed. We have consistently made the
assumption that the distributions may be correctly transformed using the Jacobian, that
is an assumption of linearity. This assumption will be most reasonable for distribu-
tions with small variance, and close to the mean. Here, we are applying it to find the
region in which as many as 95% of samples fdl, namely almost the whole of the error
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distribution. In this case, the assumption of a Gaussian distribution of errors is less
tenable.

11.11.1 Verification of epipolar line covariance

We now present some examples of epipolar line envelopes, confirming and illustrating
the theory developed above. Before doing this, however, a direct verification of the
theory will be given, concerning the covariance matrix of epipolar lines. Since the
3 x 3 covariance matrix of aline is not easily understood quantitatively, we consider
the variance of the direction of epipolar lines. Given aline 1= (7i, |, I-.i)’, the angle
representing its direction is given by 6 = arctan(—/i/7,). Letting J equal the 1 x 3
Jacobian matrix of the mapping 1 — 6, one finds the variance of the angle 6 to be
u] = JEIJ". This result may be verified by simulation, as follows.

One considers apair of images for which point correspondences have been identified.
The fundamental matrix is computed from the point correspondences and the points are
then corrected so as to correspond precisely under the epipolar mapping (as described
in section 12.3). A set of n of these corrected correspondences are used to compute
the covariance matrix of the fundamental matrix F. Then, for afurther set of "test"
corrected points x, in the first image, the mean and covariance of the corresponding
epipolar line ' = FXx, are computed, and subsequently the mean and variance of the
orientation direction of thisline are computed. This givesthe theoretical values of these
guantities.

Next, Monte Carlo simulation is done, in which Gaussian noise is added to the co-
ordinates of the points used to compute F. Using the computed F, the epipolar lines
corresponding to each of the test points are computed, and subsequently their angle,
and the deviation of the angle from the mean. This is done many times, and the stan-
dard deviation of angle is computed, and finally compared with the theoretical value.
The results of this are shown in figure 11.8 for the statue image pair of figure 11.2-
(p289).

Epipolar envelopes for statue image. The statue image pair of figure 11.2(j7289)
is interesting because of the large depth variation across the image. There are close
points (on the statue) and distant points (on the building behind) in close proximity
in the images. The fundamental matrix was computed from severa points. A point
in the first image (see figure 11.9) was selected and Monte Carlo simulation was used
to compute severa possible epipolar lines corresponding to anoise level of 0.5 pixels
in each matched point coordinate. To test the theory, the mean and covariance of the
epipolar line were next computed theoretically. The 95% envelope of the epipolar lines
was computed and drawn in the second image. The results are shown in figure 11.10
for different numbers of points used to compute F. The 95% envelope for n = 15
corresponds closely to the simulated envelope of the lines.

The results shown in figure 11.10 show the practical importance of computing the
epipolar envelopes in point matching. Thus, suppose one is attempting to find a match
for the foreground point in figure 11.9. If the epipolar line is computed from just
10 point matches, then epipolar search is unlikely to succeed, given the width of the
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0 2 4 6 8 10 12 14 16 6 8 10 12 14
Point Number Point Number

Fig. 11.8. Comparison of theoretical and Monte Carlo simulated values of orientation angle ofepipolar
linesfor 15 test points form the statue image pair offigure 11.2(p289). The horizontal axis represents
the point number (1 to 15) and the vertical axis the standard deviation of angle, (a) the results when
the epipolar structure (fundamental matrix) is computed from 15 points, (b) the results when 50 point
matches are used. Note : the horizontal axis of these graphs represent discrete points numbered 1to 15.
The graphs are shown as a continuous curve onlyfor visual clarity.

envelope. Even for n — 15, the width of the envelope at the level of the correct match
is severa tens of pixels. For n = 25, the situation is more favourable. Note that this
instability is inherent in the problem, and not the result of any specific agorithm for
computing F.

An interesting point concerns the location of the narrowest point of the envelope.
In this case, it appears to be close to the correct match position for the background
point in figure 11.9. The match for the foreground point (leg of statue) lies far from
the narrowest point of the envelope. Though the precise location of the narrow point of
the envelope is not fully understood, it appears that in this case, most points used to the
computation of F are on the background building. This biases towards the supposition
that other matched points lie close to the plane of the building. The match for a point
a significantly different depth is less precisely known.

Matching points close to the epipole - the corridor scene. In the case where the
points to be matched are close to the epipole, then the determination of the epipolar
line is more unstable, since any uncertainty in the position of the epipole results in
uncertainty in the slope of the epipolar line. In addition, as one approaches this unstable
position, the linear approximations implicit in the derivation of (11.14) become less
tenable. In particular, the distribution of the epipolar lines deviates from a normal
distribution.

11.12 Image rectification

This section gives a method for image rectification, the process of resampling pairs
of stereo images taken from widely differing viewpoints in order to produce a pair
of "matched epipolar projections’. These are projections in which the epipolar lines
run parallel with the x-axis and match up between views, and consequently disparities
between the images are in the rc-direction only, i.e. there isno'y disparity.
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Fig. 11.9. (a) Thepoint in the first image used to compute the epipolar envelopes in the second images.
Note the ambiguity of which point is to befound in the second image. The marked point may represent
the point on the statue's leg (foreground) or the point on the building behind the statue (background).
In the second image, these two points are quite separate, and the epipolar line must pass through them
both, (b) Computed corresponding epipolar lines computed from n = 15point matches. The different
lines correspond to different instances of injected noise in the matched points. Gaussian noise of 0.5
pixels in each coordinate was added to the ideal matched point positions before computing the epipolar
line corresponding to the selected point. The ML estimator (Gold Sandard algorithm) was used to
compute F. This experiment shows the basic instability of the computation of the epipolar lines from
small numbers of points. To find the point matching the selected point in the image at |eft, one needs to
search over the regions covered by all these epipolar lines.

The method is based on the fundamental matrix. A pair of 2D projective transfor-
mations are applied to the two images in order to match the epipolar lines. It is shown
that the two transformations may be chosen in such away that matching points have
approximately the same ~-coordinate as well. In this way, the two images, if overlaid
on top of each other, will correspond as far as possible, and any disparities will be
paralel to the x-axis. Since the application of arbitrary 2D projective transformations
may distort the image substantially, the method for finding the pair of transformations
subjects the images to aminimal distortion.

In effect, transforming the two images by the appropriate projective transformations
reduces the problem to the epipolar geometry produced by apair of identical cameras
placed side by side with their principal axes parallel. Many stereo matching algorithms
described in previous literature have assumed this geometry. After this rectification the
search for matching points is vastly simplified by the simple epipolar structure and by
the near-correspondence of the two images. It may be used as a preliminary step to
comprehensive image matching.

11.12.1 Mapping the epipole to infinity

In this section we will discuss the question of finding a projective transformation H of
an image that maps the epipole to a point at infinity. In fact, if epipolar lines are to
be transformed to lines parallel with the .x-axis, then the epipole should be mapped to
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Fig. 11.10. The 95% envelopes of epipolar lines are shown for a noise level of 0.5 pixels, with F being
computedfrom n = 10,15,25 and 50 points. In each case, Monte Carlo simulated results agreed closely
with these results (though not shown here). For the case n = 15, compare with figure 11.9. Note that
for n = 10, the epipolar envelope is very wide (> 90 degrees), showing that one can have very little
confidence in an epipolar line computed from 10 points in this case. For n = 15, the envelope is till
quite wide. For n = 25and n = 50, the epipolar line is known with quite good precision. Of course,
theprecise shape of the envelope depends strongly onjust what matched points are used to compute the
epipolar structure.

the particular infinite point (1,0,0)". This leaves many degrees of freedom (in fact
four) open for H, and if an inappropriate H is chosen, severe projective distortion of the
image can take place. In order that the resampled image should look somewhat like the
original image, we may put closer restrictions on the choice of H.

One condition that leads to good results is to insist that the transformation H should
act asfar aspossible as arigid transformation in the neighbourhood of a given selected
point X, of the image. By this is meant that to first-order the neighbourhood of xo may
undergo rotation and tranglation only, and hence will look the same in the origina and
resampled images. An appropriate choice of point X, may be the centre of the image.
For instance, this would be a good choice in the context of aerial photography if the
view is known not to be excessively oblique.

For the present, suppose X, is the origin and the epipole e = (/. 0,1)" lies on the

Samsung/Google, EX1010, p. 322



11.12 Image rectification 305

a-axis. Now consider the following transformation

1 00"
0 10 (11.16)
.1/ 01

This transformation takes the epipole (/, 0,1)" to the point at infinity (/, 0,0)" as
required. A point (x,y, 1)" ismapped by G to the point (x,y, 1)" = (x,y. 1 — x/f)".
If Wf\ < 1then we may write

0y, D= (y, 1- )T = (xU +xF o+ ), y( + )+ L), )T

The Jacobian is
d{x,y) "1+ 2x/f 0
d(x.y) yif i + xf

plus higher order termsin x and y. Now if x = y = Othen this is the identity map. In
other words, G is approximated (to first-order) at the origin by the identity mapping.

For an arbitrarily placed point of interest xo and epipole e, the required mappingH
isaproduct H = GRT where T is atrandation taking the point x, to the origin, Ris a
rotation about the origin taking the epipole €' to apoint (/, 0,1)" on the x-axis, and G
is the mapping just considered taking (/, 0,1)" to infinity. The composite mapping is
to first-order arigid transformation in the neighbourhood of Xo.

11.12.2 Matching transformations

In the previous section it was shown how the epipole in one image may be mapped to
infinity. Next, it will be seen how a map may be applied to the other image to match
up the epipolar lines. We consider two images J and J'. The intention is to resample
these two images according to transformations H to be applied to J and H' to be applied
to J'. The resampling isto be done in such away that an epipolar line in J is matched
with its corresponding epipolar linein J. More specificaly, if 1 and 1' are any pair of
corresponding epipolar lines in the two images, then H~"1 = H~"T1", (Recall that H~" is
the line map corresponding to the point map H) Any pair of transformations satisfying
this condition will be called amatched pair of transformations.

Our strategy in choosing a matched pair of transformations is to choose H'first to be
some transformation that sends the epipole €' to infinity as described in the previous
section. We then seek amatching transformation H chosen so as to minimize the sum-
of-squared distances

~d(Hyi,H'x02. (11.17)
1
The first question to be determined is how to find a transformation matching H'. That
guestion is answered in the following result.

Result 11.3. Let J and J' be images withfundamental matrix F = [€]xM, and let H' be
aprojective transformation of J'. A projective transformation H of J matches H' if and
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only ifE is of the form
H= (I + Hea)H'M (11.18)
for some vector a
Proof. If x isapoint in J, then e x x isthe epipolar linein the first image, and Fx is the
epipolar line in the second image. Transformations H and H' are a matching pair if and

only if JT"(e x xX) — H'~TFx. Since this must hold for al x we may write equivalently
H-T[e]x = H™TF = H'-T[e']4M or, applying result A4.3(p582),

[Hel H= [HeXHM. (11.19)

In view of lemma 9.11(p255), thisimplies H= (I + H'€a")H'M as required.
To prove the converse, if (11.18) holds, then

He = (I + Hea)H'Me = (I + H'e¢a")H'e
(1+ a'H'e')H'e = He.

This, along with (11.18), is sufficient for (11.19) to hold, and so H and H' are matching
transformations. *

We are particularly interested in the case when H' is a transformation taking the
epipole €' to apoint at infinity (1,0,0). Inthiscase, | + H'e¢a" = | + (1,0,0)"a" is
of the form

a b c
Ha= 0 10 (11.20)
0 01

which represents an affine transformation. Thus, a special case of result 11.3 is

Corollary 11.4. Let J and J' be images with fundamental matrix F = [€]\M, and let
E' be a projective transformation of J mapping the epipole € to the infinite point
(1,0, O)T. A transformation Hof J matches E' if and only ifE is of theform E = HaHo,
where Hyp = HM and H, is an affine transformation of theform (11.20).

Given H' mapping the epipole to infinity, we may use this corollary to make the
choice of a matching transformation Hto minimize the disparity. Writing x' = Hx*
anditj = HgXj, the minimization problem (11.17) isto find Ha of the form (11.20) such
that

J>(Haxx:)? (11.21)

is minimized.

In particular, let x, = (%, ¥y 1)7, and let x'. = (xi. {)[, 1)". Since H and M are knowr
these vectors may be computed from the matched points x,. # x'. Then the quantity to
be minimized (11.21) may be written as

IT@aTj + bxji + c- xif + (yi - y?
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Since (y« — y[)? is a constant, this is equivalent to minimizing

J2(ax + by +  cx)%

This is a simple linear least-squares parameter minimization problem, and is easily
solved using linear techniques (see section A5.1(p588)) to find a, band c. Then Hp
is computed from (11.20) and H from (11.18). Note that alinear solution is possible
because Ha is an dfine transformation. If it were simply a projective transformation,
this would not be alinear problem.

11.12.3 Algorithm outline

The resampling algorithm will now be summarized. The input is a pair of images
containing a common overlap region. The output is apair of images resampled o that
the epipolar lines in the two images are horizontal (parallel with the x-axis), and such
that corresponding points in the two images are as close to each other as possible. Any
remaining disparity between matching points will be along the the horizontal epipolar
lines. A top-level outline of the agorithm is as follows.

(i) Identify aseed set of image-to-image matches x, <= X' between the two images.
Seven points at least are needed, though more are preferable. It is possible to
find such matches by automatic means,

(ii) Compute the fundamental matrix F and find the epipoles e and €' in the two
images,

(iii) Select a projective transformation H' that maps the epipole €' to the point at
infinity, (1,0, 0)". The method of section 11.12.1 gives good results,

(iv) Find the matching projective transformation H that minimizes the least-squares
distance

A(HxMH'X',). (11.22)

The method used is a linear method described in section 11.12.2.

(v) Resample the first image according to the projective transformation H and the
second image according to the projective transformation H'.

Example 11.5. Mode house images

Figure 11.11 (a) shows apair of images of some wooden block houses. Edges and ver-
tices in these two images were extracted automatically and a small number of common
vertices were matched by hand. The two images were then resampled according to the
methods described here. The results are shown in figure 11.11(b). In this case, because
of the wide difference in viewpoint, and the three-dimensional shape of the objects, the
two images even after resampling look quite different. However, it is the case that any
point in the first image will now match a point in the second image with the same y-
coordinate. Therefore, in order to find further point matches between the images only
a 1-dimensiona search isrequired. A
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Fig. 11.11. Image rectification, (a) A pair of images of a house, (b) Resampled images computed
from (a) using a projective transformation computed from F. Note, corresponding points in (b) match
horizontally.

Fig. 11.12. Image rectification using affinities, (a) A pair of original images and (b) a detail of the
images rectified using affine transformations. The average y-disparity after rectification is of the order
of 3pixels ina 512 x 512 image. (For correctly rectified images the y-disparity should be zero.)

11.12.4 Affine rectification

The theory discussed in this section can equaly be applied to afine resampling. If
the two cameras can be well approximated by affine cameras, then one can rectify the
images using just afine transformations. To do this, one uses the afine fundamental
matrix (see section 14.2(p345)) instead of the general fundamental matrix. The above
method with only minor variations can then be applied to compute a pair of match-
ing afine transformations. Figure 11.12 shows a pair of images rectified using afine
transformations.

11.13 Closure
11.13.1 The literature

The basic idea behind the computation of the fundamental matrix is given in
[LonguetHiggins-81], which is well worth reading. It addresses the case of calibrated
matrices only, but the principles apply to the uncalibrated case as well. A good refer-
ence for the uncalibrated case is [Zhang-98] which considers most of the best methods.
In addition, that paper considers the uncertainty envelopes of epipolar lines, following
earlier work by Csurka et al. [Csurka-97]. A more detailed study of the 8-point algo-
rithm in the uncalibrated case is given in [Hartley-97c]. Weng et al. [Weng-89] used
Sampson approximation for the fundamental matrix cost function. The SVD method
of coercing the estimated F to have rank 2 was suggested by Tsai & Huang [Tsai-84].
There is a wedth of literature on conic fitting - minimizing algebraic distance
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[Bookstein-79]; approximating geometric distance [Sampson-82, Pratt-87, Taubin-91];
optimal fitting [Kanatani-94]; and fitting specia forms [Fitzgibbon-99].

11.13.2 Notes and exercises

@)

(if)

(iii)

Six point correspondences constrain e and €' to a plane cubic in each image
([Faugeras-93], page 298). The cubic aso passes through the six points in
each image. A sketch derivation of these results follows. Given six correspon-
dences, the null-space of Ain (11.3-"279) will be 3-dimensional. Then the
solution isF = a{F\ + aF2 + (K33 where F, denotes the matrices correspond-
ing to the vectors spanning the null-space. The epipole satisfies Fe = 0, 0
that [(Fie), (F2e). (Fs€)](as, a, Q3" = 0. Since this equation has a solution it
follows that det[(Fie), (F.€), (Fs€)] = O which isacubic ine.

Show that the image correspondence of four coplanar points and a quadric
outline determines the fundamental matrix up to a two-fold ambiguity (Hint,
see algorithm 13.2(p336)).

Show that the corresponding images of a (plane) conic are equivaent to two
congtraints on F. See [Kahl-98b] for details.

(iv) Suppose that a stereo pair of images is acquired by acamera trandating forward

along its principal axis. Can the geometry of image rectification described in
section 11.12 be applied in this case? See [Pollefeys-99a] for an aternative
rectification geometry.
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Structure Computation

This chapter describes how to compute the position of apoint in 3-space given itsimage
in two views and the camera matrices of those views. It is assumed that there are errors
only in the measured image coordinates, not in the projection matrices P, P

Under these circumstances naive triangulation by back-projecting rays from the mea-
sured image points will fail, because the rays will not intersect in general. It is thus
necessary to estimate abest solution for the point in 3-space.

A best solution requires the definition and minimization of a suitable cost function.
This problem is especidly critical in &ffine and projective reconstruction in which there
is no meaningful metric information about the object space. It is desirable to find a
triangulation method that isinvariant to projective transformations of space.

In the following sections we describe the estimation of X and of its covariance. An
optimal (MLE) estimator for the point is developed, and it is shown that a solution can
be obtained without requiring numerical minimization.

Note, this is the scenario where F is given apriori and then X is determined. An
alternative scenario is where F and {Xi} are estimated simultaneously from the im-
age point correspondences {x, <> x'J, but this is not considered in this chapter. It
may be solved using the Gold Standard algorithm of section 11.4.1, using the method
considered in this chapter as an initial estimate.

12.1 Problem statement

It is supposed that the camera matrices, and hence the fundamental matrix, are pro-
vided; or that the fundamental matrix is provided, and hence a pair of consistent cam-
era matrices can be constructed (as in section 9.5(p253)). In either case it is assumed
that these matrices are known exactly, or at least with great accuracy compared with a
pair of matching points in the two images.

Since there are errors in the measured points x and X', the rays back-projected from
the points are skew. This means that there will not be apoint X which exactly satisfies
x = PX, x' = P'X; and that the image points do not satisfy the epipolar constraint
x'TFx = 0. These statements are equivalent since the two rays corresponding to a
matching pair of points x < x" will meet in space if and only if the points saisfy the
epipolar constraint. Seefigure12.1.

310
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12.1 Problem statement 311

Fig. 12.1. (a) Rays back-projected from imperfectly measured points x,x"' are skew in 3-space in gen-
eral, (b) The epipolar geometry for x, x'. The measured points do not satisfy the epipolar constraint.
Theepipolar lineV = Fx isthe image of the ray through x, and 1 = F'x' isthe image of the ray through
Xx'. Since the rays do not intersect, x' does not lie on \/, and x does not lieon 1

A desirable feature of the method of triangulation used is that it should be invariant
under transformations of the appropriate class for the reconstruction - if the camera
matrices are known only up to an affine (or projective) transformation, thenitisclearly
desirable to use an afine (resp. projective) invariant triangulation method to compute
the 3D space points. Thus, denote by r atriangulation method used to compute a 3D
space point X from apoint correspondence x < x' and a pair of camera matrices P
and P. We write

X = r(x,x',P,P").
The triangulation is said to be invariant under atransformation H if
r(x, x', P,P) = H-'r(x, x', PITY, P'ITY).

This means that triangulation using the transformed cameras results in the transformed
point.

It is clear, particularly for projective reconstruction, that it is inappropriate to min-
imize errors in the 3D projective space, |P®. For instance, the method that finds the
midpoint of the common perpendicular to the two rays in space is not suitable for
projective reconstruction, since concepts such as distance and perpendicularity are not
vaid in the context of projective geometry. In fact, in projective reconstruction, this
method will give different results depending on which particular projective reconstruc-
tion is considered - the method is not projective-invariant.

Here we will give atriangulation method that is projective-invariant. The key idea
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isto estimate a 3D point X which exactly satisfies the supplied camera geometry, o it
projects as

x=PX x'=PX

and the aim is to estimate X from the image measurements x and x'. As described
in section 12.3 the maximum likelihood estimate, under Gaussian noise, is given by
the point X which minimizes the reprojection error - the (summed squared) distances
between the projections of X and the measured image points.

Such atriangulation method is projective-invariant because only image distances are
minimized, and the points x and x' which are the projections of X do not depend on
the projective frame in which X is defined, i.e. adifferent projective reconstruction will
project to the same points.

In the following sections simple linear triangulation methods are given. Then the
MLE is defined, and it is shown that an optimal solution can be obtained via the root of
a sixth-degree polynomial, thus avoiding anon-linear minimization of acost function.

12.2 Linear triangulation methods

In this section, we describe simple linear triangulation methods. As usual the estimated
point does not exactly satisfy the geometric relations, and is not an optimal estimate.

The linear triangulation method is the direct analogue of the DLT method described
in section 4.1(p88). In each image we have a measurement x = PX, x' = PX, and
these eguations can be combined into aform AX = 0, which is an equation linear in X.

First the homogeneous scale factor is eliminated by a cross product to give three
equations for each image point, of which two are linearly independent. For example
for thefirst image, x x (PX) = 0 and writing this out gives

x(p™X) - (p*'X) = 0
iI(p*'X) - (p*'X) = 0
X(P°™X) - y(p*'x) = 0

where p' T are the rows of P. These equations are linear in the components of X.
An equation of the form AX = 0 can then be composed, with

' HT 1T
Xp3T E)T
yp — P
A Poar— Plar
) .Xp3T- P 27
LyPITL Pl

where two eguations have been included from each image, giving atota of four equa
tions in four homogeneous unknowns. This is aredundant set of equations, since the
solution is determined only up to scale. Two ways of solving the set of equations of the
form AX = 0 were discussed in section 4.1(p88) and will be considered again here.

Homogeneous method (DLT). The method of section 4.1.1(p90) finds the solution
as the unit singular vector corresponding to the smallest singular value of A, as shown
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in section A5.3(p592). The discussion in section 4.1.1 on the merits of normalization,
and of including two or three equations from each image, applies equally well here.

Inhomogeneous method. In section 4.1.2(/790) the solution of this system as a set

of inhomogeneous equations is discussed. By setting X = (x,Y,Z,1)" the set of

homogeneous equations, AX — 0, is reduced to a set of four inhomogeneous equations
in three unknowns. The least-squares solution to these inhomogeneous equations is
described in section A5.1(p588). As explained in section 4.1.2, however, difficulties
arise if the true solution X has last coordinate equal or close to 0. In this case, it is not

legitimate to set it to 1 and instabilities can occur.

Discussion. These two methods are quite similar, but in fact have quite different prop-
erties in the presence of noise. The inhomogeneous method assumes that the solution
point X is not at infinity, for otherwise we could not assume that X = (xy,z, 1)".
Thisis a disadvantage of this method when we are seeking to carry out aprojective re-
construction, where reconstructed points may lie on the plane at infinity. Furthermore,
neither of these two linear methods is quite suitable for projective reconstruction, since
they are not projective-invariant. To see this, suppose that camera matrices P and P
are replaced by PH-! and P'H™. One sees that in this case the matrix of equations,
A, becomes AH™. A point X such that AX = e for the original problem corresponds
to apoint HX satisfying (AH-)(HX) = e for the transformed problem. Thus, there is
a one-to-one correspondence between points X and HX giving the same error. How-
ever, neither the condition ||x|| = 1for the homogeneous method, nor the condition
X = (x,Y,z. 1) for the inhomogeneous method, is invariant under application of the
projective transformation H. Thus, in genera the point X solving the origina problem
will not correspond to a solution HX for the transformed problem.

For afine transformations, on the other hand, the situation is different. In fact, a-
though the condition ||x]| = 1is not preserved under affine transformations, the condi-
tion X = (x, Y,z 1) ispreserved, since for an &fine transformation, H(x, Y, z, 1) =
(x',Y',Z', 1)T. This means that there is a one-to-one correspondence between a vector
X = (x,Y,z, 1)" suchthat k(x, y, z, 1)" = e and the vector HX = (x', Y', Z', 1)" such
that (AH-Y)(x', Y',Z', 1)" = e The error is the same for corresponding points. Thus,
the points that minimize the error ||e|| correspond as well. Hence, the inhomogeneous
method is affine-invariant, whereas the homogeneous method is not.

In the remainder of this chapter we will describe a method for triangulation that is
invariant to the projective frame of the cameras, and minimizes ageometric image error.
This will be the recommended triangulation method. Nevertheless, the homogeneous
linear method described above often provides acceptable results. Furthermore, it has
the virtue that it generalizes easily to triangulation when more than two views of the
point are available.

12.3 Geometric error cost function

A typical observation consists of a noisy point correspondence x <> x' which does
not in general satisfy the epipolar constraint. In redlity, the correct values of the cor-
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Fig. 12.2. Minimization of geometric error. Theestimated 3-space point X projects to the two images
atx. x'. -The corresponding imagepoints X, X satisfy the epipolar constraint, unlike the measured points
x and x'. Thepoint X ischosen so that the reprojection error d? + d is minimized.

responding image points should be points x <> x" lying close to the measured points
x <>x' and satisfying the epipolar constraint x'TFx = 0 exactly.
We seek the points x and x' that minimize the function

C(x,x') = d(x.x)? + d(x'.x')? subjectto x"Fx = 0 (12.2)

where d(*, *) isthe Euclidean distance between the points. This is equivalent to mini-
mizing the reprojection error for apoint X which is mapped to x and x' by projection
matrices consistent with F, as illustrated in figure 12.2.

As explained in section 4.3(/?102), assuming a Gaussian error distribution, the points
x' and x are Maximum Likelihood Estimates (MLE) for the true image point corre-
spondences. Once x' and x are found, the point X may be found by any triangulation
method, since the corresponding rays will meet precisely in space.

This cost function could, of course, be minimized using a numerical minimization
method such as Levenberg-Marquardt (section A6.2(p600)). A close approximation
to the minimum may also be found using a first-order approximation to the geometric
cost function, namely the Sampson error, as described in the next section. However,
in section 125 it is shown that the minimum can be obtained non-iteratively by the
solution of a sixth-degree polynomial.

12.4 Sampson approximation (first-order geometric correction)

Before deriving the exact polynomia solution we develop the Sampson approxima
tion, which is valid when the measurement errors are small compared with the mea
surements. The Sampson approximation to the geometric cost function in the case
of the fundamental matrix has aready been discussed in section 11.4.3. Here we are
concerned with computing the correction to the measured points.

The Sampson correction 5x to the measured point X = (x,y, X, y¥)" (note, in this
section X does not denote ahomogeneous 3-space point) is shown in section 4.2.6(/798)
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=FXx

(e«\ e

image 1 image 2

Fig. 12.3. 77z projections x anrf x of aeestimated 3D point X fie oreapaV of corresponding epipolar
lines. The optimal x and x WWV fieat thefoot of the perpendiculars from the measured points x and
x'. Parametrizing the corresponding epipolar lines as a one-parameter family, the optimal estimation of
X isreduced to a one-parameter search for corresponding epipolar lines so as to minimize the squared
sum of perpendicular distances d? + d2

tobe(4.11-p99)
&= -37(37)
and the corrected point is
X=X+ (5= X- J(II)-e.

As shown in section 11.4.3 in the case of the variety defined by x'"Fx = 0, the error
e = x'"Fx, and the Jacobian is

J = de/Dx = [(F'x")p (F'X")2, (FX)1. (FX)2]

wherefor instance (F'x'); = fnx+f2iy'+f3i,  etc. Then the first-order approximation
to the corrected point is simply

X } X ( (F'xOi \
y y x'TFx (F'x),
X xt Ff  (FX)| + (F'x)? + (F'x; (Fx)i

v ) W/ V (Fx), J

The approximation is accurate if the correction in each image is smal (less than
apixel), and is cheap to compute. Note, however, that the corrected points will not
satisfy the epipolar relation x'"Fx = 0 exactly. The method of the following section
computes the points x, X' which do exactly satisfy the epipolar constraint, but is more
costly.

125 An optimal solution

In this section, we describe amethod of triangulation that finds the global minimum of
the cost function (12.1) using a non-iterative algorithm. If the Gaussian noise model
can be assumed to be correct, this triangulation method is then provably optimal.

12.5.1 Reformulation of the minimization problem

Given ameasured correspondence x X', we seek apair of points x' and x that mini-
mize the sum of squared distances (12.1) subject to the epipolar constraint x'"'Fx = 0.
The following discussion relates to figure 12.3. Any pair of points satisfying the
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epipolar constraint must lie on apair of corresponding epipolar lines in the two images.
Thus, in particular, the optimum point x lies on an epipolar line 1 and x' lies on the
corresponding epipolar line 1'. On the other hand, any other pair of points lying on the
lines 1 and 1 will also satisfy the epipolar constraint. This is true in particular for the
point XL on 1 lying closest to the measured point x, and the correspondingly defined
point Xj_on 1. Of al pairs of points onthe lines 1 and 1, the points xj_ and X'+ minimize
the squared distance sum of (12.1). It follows that x' = x and X = xj_, where x* and
Xj_ are defined with respect to apair of matching epipolar lines 1 and 1'. Consequently,
we may write d(x, x) = d(x, 1), where d(x, 1) represents the perpendicular distance
from the point x tothe line L A similar expression holds for d(x', x").

In view of the previous paragraph, we may formulate the minimization problem dif-
ferently as follows. We seek to minimize

<i(x, 1) + d(x', 12 (12.2)

where 1 and 1 range over al choices of corresponding epipolar lines. The point X is
then the closest point on the line 1 to the point x and the point X' is similarly defined.
Our strategy for minimizing (12.2) is as follows:

(i) Parametrize the pencil of epipolar lines in the first image by aparameter t. Thus
an epipolar line in the first image may be written as I(t).
(if)y Using the fundamental matrix F, compute the corresponding epipolar line Y(t)
in the second image,
(iii) Express the distance function d(x, I(t))? + d(x', I'(i))? explicitly as a function
oft.
(iv) Find the value of t that minimizes this function.

In this way, the problem is reduced to that of finding the minimum of afunction of a
single variable t, i.e.

minC = d(x,x)? + d(x',x)? = minC = d(x,I(i))? + d(x, I'(i))2
X *

It will be seen that for a suitable parametrization of the pencil of epipolar lines the
distance function isarational polynomial function oft. Using techniques of elementary
calculus, the minimization problem reduces to finding the red roots of apolynomial of
degree 6.

12.5.2 Details of the minimization

If both of the image points correspond with the epipoles, then the point in space lies
on the linejoining the camera centres. In this case it is impossible to determine the
position of the point in space. If only one of the corresponding points lies a an epipole,
then we conclude that the point in space must coincide with the other camera centre.
Conseguently, we assume that neither of the two image points x and x' corresponds
with an epipole.

In this case, we may simplify the analysis by applying arigid transformation to each
image in order to place both points x and x' a the origin, (0,0,1)" in homogeneous
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coordinates. Furthermore, the epipoles may be placed on the x-axis at points (1,0, f)’
and (1,0,f') T respectively. A value / equal to O means that the epipole is at infin-
ity. Applying these two rigid transforms has no effect on the sum-of-sguares distance
function in (12.1), and hence does not change the minimization problem.

Thus, in future we assume that in homogeneous coordinates, x = x' = (0,0,1)"
and that the two epipoles are at points (1,0,/)" and (1,0,/')". In this case, since
F(l, 0,)" —(1,0,/")F = 0, the fundamental matrix has a special form

fc  -fd \
a b . (12.3)
C dJ

Consider an epipolar line in the first image passing through the point (0, t, 1)" (still in
homogeneous coordinates) and the epipole (1,0, f)'. We denote this epipolar line by
[(t). The vector representing thislineis given by the cross product (0,t, 1) x (1,0,/) =
(tf, 1, —t), so the squared distance from the line to the origin is

Using the fundamental matrix to find the corresponding epipolar linein the other image,
we see that

I'(t) = FO,t, )T = (-/'(ct + d),at + b,ct + d)”. (12.4)

This is the representation of the line Y(t) as a homogeneous vector. The squared dis-
tance of this line from the origin is equal to

oD~ @+ b+ At +  df
The total squared distance is therefore given by
t2 (ct + d)?
ST THFZ T Jat + bf + et + d)” (1209

Our task is to find the minimum of this function.
We may find the minimum using techniques of elementary calculus, as follows. We
compute the derivative

2t 2(ad-bc)(at  + b)(ct + d)
Y@+ ((at+ b+ At + d))” € o

Maxima and minima of sit) will occur when s(t) = 0. Collecting the two terms in
s{t) over acommon denominator and equating the numerator to O gives a condition

oft) = t((at + b)?+ et + d)?)?
s(ad - 60)(1+ ft?)> (at + b)(ct + d)
-0 (12.7)

The minima and maxima of s(t) will occur at the roots of this polynomial. Thisisa
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Objective

Given a measured point correspondence x <> x', and a fundamental matrix F, compute the
corrected correspondences x <> x' that minimize the geometric error (12.1) subject to the
epipolar constraint x'TFx = 0.

Algorithm
(i) Define transformation matrices

1 x
T= andT' i~y
|

These are the translations that takex = (x, y, 1)" and x' = (X, y, 1)" to the origin.

(i) Replace Fby T'-"FT-*. The new F corresponds to translated coordinates.

(in) Compute the right and left epipoles e = (ei, &, es)” and e = (¢, € ei)" such that
e"F = 0 and Fe = 0. Normalize (multiply by ascale) e such that €\ + e| = 1and do
the same to €'.

(iv) Form matrices

ei <2
-e; et and R =
1. 1
and observe that R and R are rotation matrices, and Re = (I|0,e3)T and

RV = (I,0,e3)".
(v) Replace F by RFR". The resulting F must have the form (12.3).
(VI) Set/ = 63,/' = e, a= Fy, b= Fos, €= Fa andd = Fss.

(vii) Form the polynomial g(t) asapolynomial int according to (12.7). Solve for t to get 6
roots.

(viii) Evaluate the cost function (12.5) at the real part of each of the roots of g(t) (aterna-
tively evaluate at only the real roots of 9{;)). Also, find the asymptotic value of (12.1)
fort = 00, namely 1//% + c¥(a® + ).  Select the value ty,, of t that gives the
smallest value of the cost function.

(ix) Evaluate the two lines 1= (tf, 1, —t) and 1 given by (12.4) & tm;, and find x and x'
asthe closest points on these lines to the origin. For ageneral line (A, /.t, v), the formula
for the closest point on the line to the origin is (—\v, —fiv, A p

(X) Transfer back to the original coordinates by replacing x by T *R"x and x' by
T-iR'Tx'".

(xi) The 3-space point X may then be obtained by the homogeneous method of section 12.2.

Algorithm 12.1. The optimal triangulation method.

polynomial of degree 6, which may have up to 6 real roots, corresponding to 3 minima
and 3 maxima of the function s(t). The absolute minimum of the function s(t) may be

found by finding the roots of g(t) and evaluating the function s(t) given by (12.5) at

each of the real roots. More simply, one checks the value of s(t) at the real part of each

root (complex or real) of g(t), which saves the trouble of determining if aroot is rea

or complex. One should also check the asymptotic value of s(t) ast — 00 to seeif the
minimum distance occurs when t = 00, corresponding to an epipolar line fx = 1in

the first image.

The overall method is summarized in algorithm 12.1.
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Fig. 12.4. (a) Example of a costfunction with three minima, (b) This isthe costfunction for a perfect
point match, which nevertheless has two minima.

12.5.3 Local minima

The fact that g(t) in (12.7) has degree 6 means that s(t) may have as many as three
minima. In fact, thisisindeed possible, as the following case shows. Setting f = f =
1 and

4 -3 -4
-3 2 3
-4 3 4
gives a function
(3i + 4)°

)= 182+ (2t+ 32+ 3Bt + 42

with graph as shown in figure 12.4a". The three minima are clearly shown.
As asecond example, we consider the casewhere/ = /' = !, and

In this case, the function s(t) is given by

x(*) = fs'-ITl 24 (2i - |)2

and both terms of the cost function vanish for avalue of t = 0, which means that
the corresponding points x and x' exactly satisfy the epipolar constraint. This can
be verified by observing that x'"TFx = 0. Thus the two points are exactly matched.
A graph of the cost function s(t) is shown in figure 12.4b. Apart from the absolute
minimum a t —O there is also alocal minimum a t = 1. Thus, even in the case of
perfect matches local minima may occur. This example shows that an algorithm that
attempts to minimize the cost function in (12.1), or equivaently (12.2), by an iterative

1 |n this graph and also figure 12.4b we make the substitution t = tan(#) and plot for 0 in the range —TT2 < 0 < 7r/2, D as
to show the whole infinite range for t.
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search beginning from an arbitrary initial point isin danger of finding alocal minimum,
even in the case of perfect point matches.

12.5.4 Evaluation on real images

An experiment was carried out using the calibration cube images shown in figure 11.2-
(p289) with the goal of determining how the triangulation method effects the accuracy
of reconstruction. A Euclidean model of the cubes, to be used as ground truth, was es-
timated and refined using accurate image measurements. The measured pixel locations
were corrected to correspond exactly to the Euclidean model, requiring coordinate cor-
rections averaging 0.02 pixels.

At this stage we had amodel and a set of matched points corresponding exactly to the
model. Next, a projective reconstruction of the points was computed and a projective
transformation H computed that brought the projective reconstruction into agreement
with the Euclidean model. Controlled zero-mean Gaussian noise was introduced into
the point coordinates, and triangulation using two methods was carried out in the pro-
jective frame, the transformation H applied, and the error of each method was measured
in the Euclidean frame. Figure 12.5 shows the results of this experiment for the two tri-
angulation methods. The graph shows the average reconstruction error over al points
in 10 separate runs at each chosen noise level. It clearly shows that the optimal method
gives superior reconstruction results.

In this pair of images the two epipoles are distant from the image. For cases where
the epipoles are close to the images, results on synthetic images show that the advantage
of the polynomial method will be more pronounced.

0.15

Fig. 12.5. Reconstruction error comparison of triangulation methods. The graph shows the recon-
struction error obtained using two triangulation methods: (i) selection of the midpoint of the common
perpendicular to the rays in the projective frame (top curve), and (ii) the optimal polynomial method
(lower curve). On the horizontal axis isthe noise, on the vertical axis the reconstruction error. The units
for reconstruction error are relative to a unit distance equal to the side of one of the dark sguares in the
calibration cube imagefigure 11.2(p289). Evenfor the best method the error islargefor higher noise
levels, because there is little movement between the images.
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Fig. 12.6. Uncertainty of reconstruction. The shaded region in each case illustrates the shape of the
uncertainty region, which depends on the angle between the rays. Points are less precisely localized
along the ray as the rays become moreparallel. Forward motion inparticular can give poor reconstruc-
tions since rays are almost parallel for much of thefield of view.

12.6 Probability distribution of the estimated 3D point

An illustration of the distribution of the reconstructed point is given in figure 12.6.
A good rule of thumb is that the angle between the rays determines the accuracy of
reconstruction. Thisis abetter guide than simply considering the baseline, which is the
more commonly used measure.

More formally the probability of aparticular 3D point X depends on the probability
of obtaining itsimage in each view. We will consider a simplified example where the
objective is to estimate the probability that a point on aplane has position X = (x, Y)'
givenitsimagesx = /(x) and X' = /'(x) intwo line cameras. (The projections / and
/" are expressible in terms of 2 x 3 projection matrices P,3 and Px3 respectively -
see section 6.4.2(/?175)). The imaging geometry is shown in figure 12.7(a).

Suppose that the measured image point is a X in the first image, and the measure-
ment process is corrupted by Gaussian noise with mean zero and variance a2, then the
probability of obtaining X, given that the true image point is/(X), is given by

p(X\x) = (27n7%)-"Pexp (-|/(X) - xf/(2a?)) .
with asimilar expression forp(x'\x). We wish to compute the aposteriori distribution:

p(X\x, x') = p(x, X'\X)p(x)/p(x, X').

Assuming a uniform prior probability p(x), and independent image measurements in
the two images, it follows that

pOX\XX')  ~p(XX'\X) = pxX\X)p(x'\x).
Figure 12.7 shows an example of this Probability Density Function (PDF). The bias
and variance of this example is discussed in appendix 3(p568).

12.7 Line reconstruction

Suppose a line in 3-space is projected to lines in two views as 1 and 1. The line in
3-space can be reconstructed by back-projecting each line to give a plane in 3-space,
and intersecting the planes.
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Fig. 12.7. PDF for a triangulated point, (a) The camera configuration. There are two line cameras
with centres at Ci and C,. The image lines are the left and lower edge of the square. The bar indicates
the 20 range of the noise. The plots show the PDFfor a triangulated point computed from the two
perspective projections. A large noise variance o® ischosen to emphasize the effect, (b) The PDF shown
as an image with white representing a higher value, (b) A contour plot of the PDF. Note that the PDFis
not a Gaussian.

Fig. 12.8. Line reconstruction. The image lines 1,1' back-project to planes it, it' respectively. The
plane intersection determines the line L in 3-space. If the line in 3-space lies on an epipolar plane then
itsposition in 3-space cannot be determined from itsimages. In this case the epipoles lie on the image
lines.

The planes denned by the lines are IT = P'1and IT = PT1". Itis often quite con-
venient in practice to parametrize the line in 3-space by the two planes defined by the
image lines, i.e. to represent the line asthe 2 x 4 matrix

1P

I'TPI
as described in the span representation of section 3.2.2(p68). Then for example a point
X lieson the line if LX = 0.

In the case of corresponding points the pre-image (i.e. the point in 3-space that
projects to the image points) is over-determined since there are four measurements

Samsung/Google, EX1010, p. 340



12.8 Closure 323

on the three degrees of freedom of the 3-space point. In contrast in the case of lines
the pre-image is exactly determined because aline in 3-space has four degrees of free-
dom, and the image line provides two measurements in each view. Note, here we are
considering the lines asinfinite, and not using their endpoints.

Degeneracy. As illustrated in figure 12.8 lines in 3-space lying on epipolar planes
cannot be determined from their images in two views. Such lines intersect the cam-
era baseline. In practice, when there is measurement error, lines which are close to
intersecting the baseline can be poorly localized in a reconstruction.

The degeneracy for lines is far more severe than for points. in the case of points
there is a one-parameter family of points on the baseline which cannot be recovered.
For lines there is athree-parameter family: one parameter for position on the baseline,
and the other two for the star of lines through each point on the baseline.

I nter section of more than two planes

In later chapters (particularly chapter 15) we will be considering reconstruction from
three or more views. To reconstruct the line that results from the intersection of severa
planes it is appropriate to proceed as follows. Represent each plane 7Tj by a 4-vector
and form an n x 4 matrix A for n planes with rows irj. Let A = UDV' be the singular
vaue decomposition. The two columns of V' corresponding to the two largest singular
vaues span the best rank 2 approximation to A and may be used to define the line of
intersection of the planes. If the planes are defined by back-projecting image lines,
then the Maximum Likelihood estimate of the line L in 3-space is found by minimizing
ageometric image distance between L projected into each image and the measured line
in that image. This is discussed in section 16.4.1(p396).

12.8 Closure

It is not evident how to extend the polynomial method of triangulation to 3 or more
views. However, the linear method extends in an obvious manner. More interestingly,
the Sampson method also may be extended to 3 or more views, as is described in
[Torr-97]. The disadvantage is that the computational cost (and also coding effort)
increases noticeably with more views.

12.8.1 The literature
The optimal triangulation method was given by Hartley & Sturm [Hartley-97b].

12.8.2 Notes and exercises

(i) Derive amethod for triangulation in the case of pure translational motion of the
cameras. Hint, see figure 12.9. A closed form solution for the parameter 6 is
possible. This method was used in [Armstrong-94].

(if) Adapt the polynomial triangulation method to apair of afine cameras (or more
generaly, to cameras with the same principal plane). In this case, the funda
mental matrix has a simple form, (14.1-p345), and the method reduces to a
linear agorithm.
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324 12 Sructure Computation

Fig. 12.9. The epipolar geometry for pure translation. In this case, corresponding epipolar lines are
identical (see section 11.7.1(p293)). The epipolar line (parametrized by 0) that minimizes d? + di? can
be computed directly.

(iii) Show that the Sampson method (section 12.4) is invariant under Euclidean co-
ordinate changes in the images (and the corresponding change in F).

(iv) Derive the analogue of the polynomial solution for triangulation in the case of
a planar homography, i.e. given ameasured correspondence X <» X', compute
points x and X' that minimize the function

C(x.x") = GAX,x)% + cAX, x')? subject to X' = Hx.

See [Sturm-97b], where it is shown that the solution is a degree 8 polynomial
in one variable.
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13

Scene planes and homographies

This chapter describes the projective geometry of two cameras and aworld plane.

Images of points on a plane are related to corresponding image points in a second
view by a (planar) homography as shown in figure 13.1. This is a projective relation
since it depends only on the intersections of planes with lines. It is said that the plane
induces ahomography between the views. The homography map transfers points from
one view to the other asif they were images of points on the plane.

There are then two relations between the two views: first, through the epipolar ge-
ometry apoint in one view determines aline in the other which is the image of the ray
through that point; and second, through the homography apoint in one view determines
apoint in the other which is the image of the intersection of the ray with aplane. This
chapter ties together these two relations of 2-view geometry.

Two other important notions are described here: the parallax with respect to aplane,
and the infinite homography.

Fig. 13.1. The homography induced by a plane. The ray corresponding to a point X is extended to
meet theplane n inapoint x,; thispoint isprojected to apoint x' in the other image. The map from
x to x' is the homography induced by the plane IT. There is a perspectivity, x = Hzx,-, between the
world plane n and the first image plane; and a perspectivity, X' = H2,xz, between the world plane and
second image plane. The composition of the two perspectivities isa homography, x' = t*H”" x = Hx,
between the image planes.

325
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13.1 Homogr aphies given the plane and vice versa

We start by showing that for planes in general position the homography is determined
uniquely by the plane and vice versa. General position in this case means that the plane
does not contain either of the camera centres. If the plane does contain one of the
camera centres then the induced homography is degenerate.

Suppose aplane 7v in 3-space is specified by its coordinates in the world frame. We
first derive an explicit expression for the induced homography.

Result 13.1. Given the projection matricesfor the two views
P=1Ti|o P=[Alg

and aplane defined by 7r'X = Owithn —(v', 1)", then the homography induced by
theplane isx' = Hx with

H=A-av'. (13.2)

We may assume that 7r, = 1 since the plane does not pass through the centre of thefirst
cameraat (0,0,0,1)".

Note, there is athree-parameter family of planes in 3-space, and correspondingly a
three-parameter family of homographies between two views induced by planes in 3-
space. These three parameters are specified by the elements of the vector v, which is
not a homogeneous 3-vector.

Proof. To compute H we back-project a point x in the first view and determine the
intersection point X of this ray with the plane TV. The 3D point X isthen projected into
the second view.

For thefirst view x = PX = [l | o]X and so any point ontheray X = (x', p)’ projects
to x, where p parametrizes the point on the ray. Since the 3D point X isonivit satisfies
7r™X = 0. This determines p, and X = (x', -v"x) . The 3D point X projects into the
second view as

><-
I

Px = I laX

Ax—av'x = (A—av'] x

as required. C

Example 13.2. A calibrated stereorig.
Suppose the camera matrices are those of acalibrated stereo rig with the world origin
a the first camera

Pe = K[10] Pe = K'[RIt],

and the world plane 7re has coordinates 7re = (n', d)’ so that for points on the plane
n'X + d = 0. We wish to compute an expression for the homography induced by the
plane.
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From result 13.1, with v = n/d, the homography for the cameras
P=1110,P=R]|tis
H=R- tn'/d.

Applying the transformations K and K' to the images we obtain the cameras Pz =
K[l I'g], Pc = K[R It] and the resulting induced homography is

H=K(R- tn"/V/) K-\ (13.2)

This is a three-parameter family of homographies, parametrized by n/d. It is defined
by the plane, and the camera internal and relative external parameters. A

13.1.1 Homographies compatible with epipolar geometry

Suppose four points X are chosen on a scene plane. Then the correspondence x,. <= x*
of their images between two views defines a homography H, which is the homography
induced by the plane. These image correspondences also obey the epipolar constraint,
i.e x'TFx( = 0, since they arise from images of scene points. Indeed, the correspon-
dence x « X' = Hx obeys the epipolar constraint for any X, since again x and x' are
images of a scene point, in this case the point given by intersecting the scene plane
with the ray back-projected from x. The homography His said to be consistent or
compatible with F.

Now suppose four arbitrary image points are chosen in the first view and four ar-
bitrary image points chosen in the second. Then a homography H may be computed
which maps one set of points into the other (provided no three are collinear in either
view). However, correspondences X <>x' = Hx may not obey the epipolar constraint.
If the correspondence x <> x' = Hx does not obey the epipolar constraint then there
does not exist a scene plane which induces H.

The epipolar geometry determines the projective geometry between two views, and
can be used to define conditions on homographies which are induced by actual scene
planes. Figure 13.2 illustrates severa relations between epipolar geometry and scene
planes which can be used to define such conditions. For example, since correspon-
d/eTnces X « Hx obey the epipolar constraint if His induced by a plane, then from
X' Fx =0

(Hx)"Fx = x"H'Fx = 0.
Thisistrue for al x, so:

» A homography H is compatible with afundamental matrix F if and only if the matrix
H'F is skew-symmetric:

HF+FH=0 (13.3)

The argument above showed that the condition was necessary. The fact that this is a

aufficient condition was shown by Luong and Vieville [Luong-96]. Counting degrees

of freedom, (13.3) places six homogeneous (five inhomogeneous) constraints on the 8
degrees of freedom of H. There are therefore 8 — 5 = 3 degrees of freedom remaining
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Fig. 13.2. Compatibility constraints. The homography induced by a plane is coupled to the epipolar
geometry and satisfies constraints, (a) The epipole is mapped by the homography, as € = He, since
the epipoles are images of the point on the plane where the baseline intersects n. (b) Epipolar lines
are mapped by the homography as E™Y, = l.. (c) Any point x mapped by the homography lies on its
corresponding epipolar linel’, sol'e= Fx = x' x (HXx).

for H; these 3 degrees of freedom correspond to the three-parameter family of planesin
3-space.

The compatibility constraint (13.3) is an implicit equation in H and F. We now de-
velop an explicit expression for a homography H induced by a plane given F which is
more suitable for a computational agorithm.

Result 13.3. Given thefundamental matrix F between two views, the three-parameter
family of homographies induced by a world plane is

H=A- eV’ (13.4)

where [€],A = Fisany decomposition of thefundamental matrix.

Proof. Result 13.1 has shown that given the camera matrices for the view pair P =

[I |o], P = [A]|a] aplane TV induces ahomography H = A —av' wherelT= (v', 1)".
However, according to result 9.9(p254), for the fundamental matrix F = [€] x A one can
choose thetwo camerastobe fl | d and [A 1 €. .

Remark. The above derivation, which is based on the projection of points on a
plane, ensures that the homographies are compatible with the epipolar geometry. Al-
gebraically, the homography (13.4) is compatible with the fundamental matrix since it
obeys the necessary and sufficient condition (13.3) that F'H is skew-symmetric. This
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