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(a) ihJ 

(c) id) 

This discussion is only an introductory one designed more 
as a strong foundation than a complete s truc ture . There are 
many other insights to be explored. such as the relationship 
between the autocorrelation of the pupil function and the OTF. 
and from there. the means of computing and measuring trans­
fer functions (Fig. 11.50)-but for this the reader is directed to 
the literature.* 

PROBLEMS 

Complete solutions to all problems-except those with an asterisk­
can be found ,n the back of the book. 

11.1 Determine the Fourier transform of 1he fum:1ion 

{ 
£11 sin ~ • .r 

£(.r) = 0 

Make a s ke tch of :f{E(x/}. Di,cu,s i1, relalionship to Fig. 11. 11. 

Figure 11. 50 An example 
of the kind of lens design 
information available via com­
puter techniques. (Photos cour· 
tesy Optical Research Associates.) 

·Seethe series of articles "The Evolution of the Transfer Function." by 
F. Abbott, beginning in March 1970 in Optical Spectra; the articles 
"Physical Optics Notebook," by G. B. Parrent. Jr., and B. J. Thompson, 
beginning in December 1964, in the S.P.I.E. Journal, Vol. 3; or "Image 
Structure and Transfer," by K. Sayanagi, 1967, available from the 
Institute of Optics, University of Rochester. A number of books are worth 
consulting for practical emphasis, e.g., Modem Optics, by E. Brown; 
Modern Optical Engineering, by W. Smith; and Applied Optics, by L. Levi. 
In all of these, be careful of the sign convention in the transforms. 

11.2* Determine the Fourier transform of 

{ 
sin1 k,,x 

j(r) = . 0 

Mak.:: a sketch of it. 

11.3 Determine the Fourier transfonn of 

!xi< L 

!xi > L 
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{ 
cos2 w1,t 

f(t) = O 
lrl < T 

Iii> T 

Make a sketch of F(w), then sketch its limiting form as T ➔ ~co. 

11.4* Show that ~ {I}= 2-rrO{k). 

11.5* Determine the Fourier transform of the function f(x) = 
A coskox. 

11.6 Given that ~{f(x)} = F(k) and ~{h(x)} = H(k), if a and bare 

constants, determine ~{af(x) + bh(x)}. 

11.7* Figure P.11.7 shows two periodic functions,f(x) and h(x), 

which are to be added to produce g(x). Sketch g(x); then draw dia­
grams of the real and imaginary frequency spectra, as well as the 

amplitude spectra for each of the three functions. 

Figure P.11.7 /(x) 

h (x) 

11.8 Compute the Fourier transform of the triangular pulse shown in 

Fig. P.11.8. Make a sketch of your answer, labeling all the pertinent 

\'alues on the curve. 

Figure P.11.8 J /x) 
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11.9* Given that ~{f(x)} = F(k), introduce a constant scaling fac­

tor I/ a and determine the Fourier transform off( x/ a). Show that the 
transform off(-x) is F(- k). 

11.10* Show that the Fourier transform of the transform, ~{f(x)}, 

equals 27Tj(-x), and that this is not the inverse transform of the trans­

form, which equals f(x). This problem was suggested by Mr. D. 

Chapman while a student at the University of Ouawa. 

11.11 * The rectangular function is often defined as 

X - Xo I 

I I 1
0, 

rect -a- = t 
l(x - xo)/al > ½ 
l(x - xo)/al = ½ 
l<x - xo)/al < ½ 

where it is set equal to½ at the discontinuities (Fig. P.11.11 ). Deter­
mine the Fourier transform of 

I
x - Xol f(x) = rect -a-

Notice that this is just a rectangular pulse, like that in Fig. 11 lb, 

shifted a distance xo from the origin. 

Figure P.11.11 (x-xo) reel ----;;-

--1--L--L--.L..----x 
0 Xo 

<>---a---1> 

11.12* With the last two problems in mind, show that 

$-{( 1/2-rr) sine (½x)} = rect(k), starting with the knowledge that 

~{rect(x)} = sine (½k), in other words, Eq. (7.58) with L = a, where 

a = I. 

11.13* Utilizing Eq. (I 1.38), show that ~ - 1W{f(x)}} = f(x). 

11.14 • Given ~{f(x)}, show that ~{f(x - x0)} differs from it only 

by a linear phase factor. 

11.15 Prove thatf® h = h ®/directly. Now do it using the convo­

lution theorem. 

11.16* Suppose we have two functions,f(x, y) and h(x, y), where 
both have a value of I over a square region in the xy-plane and are 
zero everywhere else (Fig. P.1 1.16). If g( X, Y) is their convolution, 

make a plot of g(X, 0). 
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558 Chapter 11 Fourier Optics 

Figure P.11.16 y 

~ --2d---

11.17 Referring 10 the previous problem, justify the fact that the 

convolution is zero for I XI 2: d + f when h is viewed as a spread 

functioOOn. 

11.18* Use the method illustrated in Fig. 11.23 to convolve the two 

functions depicted in Fig. P.11.18. 

Figure P.11.18 

• _r---i_ 
---d-

11.19 Given thatf(x)® h(x) = g(X), show that after shifting one of 

the functions an amount x0 , we get f(x - x0 ) ® h(x) = g(X - x0 ). 

11.20* Prove analytically that the convolution of any function/(x) 

with a delta function, o(x), generates the original functionf(XJ. You 

might make use of the fact that o(x) is even. 

11.21 Prove that o(x - x0 ) ® f(x) = f(X - x0 ) and discuss the 

meaning of this result. Make a sketch of two appropriate functions 

and convolve them. Be sure to use an asymmetricalf(x). 

11.22* Show that fF{J(x) cos k0 x} = [F(k - k0 ) + F(k + k0 ) ]/2 

and that fF{J(x) sin kox} = [F(k-ko) - F(k + ko)]/ 2i 

11.23* Figure P.11.23 shows two functions. Convolve them graph­

ically and draw a plot of the result. 

11.24 Given the function 

f ( x) = rect I x : a ! + rect I x : a I 
determine its Fourier transform. (See Problem 11.11.) 

11.25 Given the function/(x) = o(x + 3) + o(x - 2) + 8(x - 5). 

convolve it with the arbitrary function h(x). 

Figure P.11.23 

f(x) 

0 2 3 

h (x) 

4 X 0 I 2 3 

11.26* Make a sketch of the function arising from the convolution 

of the two functions depicted in Fig . P.11.26. 

Figure P.11.26 

11.27* Figure P.11.27 depicts a rect function (as defined above) and 

a periodic comb function. Convolve the two to get g(x). Now sketch 

the transform of each of these functions against spatial frequency 

k/27T = I/ A. Check your results with the convolution theorem. Label 

all the relevant points on the horizontal axes in terms of d-like the 

zeros of the transform of f(x). 

Figure P.11.27 

J/x) 

d 

2 

h (x) 

d 

11.28 Figure P.11.28 shows, in one dimension, the electric field 

across an illuminated aperture consisting of several opaque bars 

forming a grating. Considering it to be created by taking the product 

of a periodic rectangular wave h(x) and a unit rectangular function 

f(x), sketch the resulting e lectric field in the Fraunhofer region. 
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Figure P.11.28 
h(x) X 

0 

11.29 Show (for normally incident plane waves) that if an aperture 

has a center of symmetry (i.e., if the aperture function is even). then 

the diffracted field in the Fraunhofer case also possesses a center of 

symmetry. 

11.30 Suppose a given aperture produces a Fraunhofer field pattern 

E(Y, Z). Show that if the aperture's dimensions are altered such that 
the aperture function goes from Sll(y, z) to Sll(ay, f3z), the newly dif­

fracted field will be given by 

, I (y Z) E(Y,ZJ=-£ -,-
a/3 a f3 

11.31 Show that whenf(t) = A sin (wt + E), Cff(T) = (A 2 /2) cos wt, 

which confirms the loss of phase information in the autocorrelation. 

11.32 Suppose we have a single slit along they-direction of width b 

where the aperture function is constant across it at a value of Silo. 
What is the diffracted field if we now apodize the slit with a cosine 

function amplitude mask? In other words, we cause the aperture func-

Problems 559 

tion to go from Silo at the center to O at ±b/2 via a cosinusoidal 

dropoff. 

11.33* Show. from the integral definitions. that f(x)0 g(x) = 
f(x)®g(-x). 

11.34* Figure P.11.34 shows a transparent ring on an otherwise 

opaque mask. Make a rough sketch of its autocorrelation function, 

taking/ to be the center-to-center separation against which you plot 
that function. 

Figure P.11.34 

11.35 * Consider the function in Fig. 11 .35 as a cosine carrier multi­

plied by an exponential envelope. Use the frequency convolution the­

orem to evaluate its Fourier transform. 
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Thus far in our discussion of phenomena involvimg the super­
position of waves, we've restricted the treatme,nt to that of 
either completely coherent or completely incoherent distur­
bances. This was done primarily as a mathematical conve­
nience, since, as is quite often the case, the extremes in a 
physical situation are the easiest to deal with an:alytically. In 
fact, both of these limiting conditions are more conceptual ide­
alizations than actual physical realities. There is a middle 
ground between these antithetic poles, which is of considerable 
contemporary concern-the domain of partial' coherence. 
Even so, the need for extending the theoretical su-ucture is not 
new; it dates back at least to the mid- l 860s, when Emile 
Verdet demonstrated that a primary source commonly consid­
ered to be incoherent, such as the Sun, could produce observ­
able fringes when it illuminated the closely spa1~ed pinholes 
(:SO.OS mm) of Young's Experiment (Section 9.3),. Theoretical 
interest in the study of partial coherence lay dormant until it 
was revived in the 1930s by P. H. van Cittert and later by Fritz 
Zemike. And as the technology flourished, advanc·ing from tra­
ditional light sources, which were essentially optical frequency 
noise generators, to the laser, a new practical impetus was giv­
en the subject. Moreover, the recent advent of ind!ividual-pho­
ton detectors has made it possible to examine related processes 
associated with the corpuscular aspects of the optical field. 

Optical coherence theory is currently an area of active 
research. Thus, even though much of the excitement in the 
field is associated with material beyond the level of this book, 
we shall nonetheless introduce some of the basic ideas. 

12.1 Introduction 

Earlier (Section 7 .10) we evolved the highly useful picture of 
quasimonochromatic light as resembling a series of randomly 

phased finite wavetrains (Fig. 7 .38). Such a disturbance is 
nearly sinusoidal, although the frequency does vary slowly (in 
comparison to the rate of oscillation, 1015 Hz) about some 
mean value. Moreover, the amplitude fluctuates as well, but 
this too is a comparatively slow variation. The average con­
stituent wavetrain exists roughly for a time t:..tc, which is the 
coherence time given by the inverse of the frequency band­
width t:..v. 

It is often convenient, even if artificial, to divide coherence 
effects into two classifications, temporal and spatial (p. 390). 
The former relates directly to the finite bandwidth of the 
source, the Latter to its finite extent in space. 

To be sure, if the light were monochromatic, t:..v would be 
zero, and t:..tc infinite, but this is, of course, unattainable. How­
ever, over an interval much shorter than t:..tc an actual wave 
behaves essentially as if it were monochromatic. In effect, the 
coherence time is the temporal interval over which we can 
reasonably predict the phase of the lightwave at a given point 
in space. This then is what is meant by temporal coherence; 
namely, if t:..tc is large, the wave has a high degree of temporal 
coherence and vice versa. 

The same characteristic can be viewed somewhat differ­
ently. To that end, imagine that we have two separate points 
P{and P2 lying on the same radius drawn from a quasimono­
chromatic point source (see Fig. 9.4). If the coherence length, 
ct:..tc, is much larger than the distance (r12) between Pf and 
P2, then a single wavetrain can easily extend over the whole 
separation. The disturbance at P 1 would then be highly corre­
lated with the disturbance occurring at P2. On the other hand, 
if this longitudinal separation were much greater than the 
coherence length, many wavetrains, each with an unrelated 
phase, would span the gap r 12 . In that case, the disturbances at 
the two points in space would be independent at any given 
time. The degree to which a correlation exists is sometimes 
spoken of alternatively as the amount of longitudinal coher-
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ence. Whether we think in terms of coherence time (iltc) or 
coherence length (cilrc), the effect still arises from the finite 
bandwidth of the source. 

The idea of spatial coherence is most often used to de­
scribe effects arising from the finite spatial extent of ordinary 
light sources. Suppose then that we have a classical broad 
monochromatic source. Two point radiators on it, separated by 
a lateral distance that is large compared with A, will presum­
ably behave quite independently. That is to say, there will be a 
lack of correlation existing between the phases of the two 
emitted disturbances. Extended sources of this sort are gener­
ally referred to as incoherent, but this description is somewhat 
misleading, as we shall see in a moment. Usually one is inter­
ested not so much in what is happening on the source itself but 
rather in what is occurring within some distant region of the 
radiation field. The question to be answered is really: How do 
the nature of the source and the geometrical configuration of 
the situation relate to the resulting phase correlation between 
two laterally spaced points in the light field? 

This brings to mind Young' s Experiment, in which a pri­
mary monochromatic source S illuminates two pinholes in an 
opaque screen. These in turn serve as secondary sources, S 1 

and S2 , to generate a fringe pattern on a distant plane of obser­
vation, L0 (Fig. 9.8). We already know that if Sis an idealized 
point source, the wavelets issuing from any set of apertures S 1 

and S2 on ~a will maintain a constant relative phase; they will 
be precisely correlated and therefore coherent. A well-defined 
array of stable fringes results, and the field is spatially coher­
ent. At the other extreme, if the pinholes are illuminated by 
separate thermal sources (even with narrow bandwidths), no 
correlation exists; no fringes will be observable with existing 
detectors, and the fields at S1 and S2 are said to be incoherent. 
The generation of interference fringes is then seemingly a very 
convenient measure of the coherence. 

We can gain some important insights into the process by 
returning to the general considerations of Section 9.1 and Eq. 
(9.7). Imagine two scalar waves Ei(t) and E2 (t) traveling 
toward, and overlapping at, point P, as in Fig. 9.2. If the light 
is monochromatic and both beams have the same frequency, 
the resulting interference pattern will depend on their relative 
phase at P. If the waves are in-phase, Ei(t)E2(t) will be posi­
tive for all t as the fields rise and fall in together. Hence, / 12 '= 

2(Ei(t)Ei(t)h will be a nonzero positive number, and the net 
irradiance / will exceed / 1 + /2• Similarly, if the lightwaves 
are completely out-of-phase, one will be positive when the 
other is negative, with the result that the product Ei(t)E2 (t) 

12.1 Introduction 561 

will always be negative, yielding a negative interference term 
/ 12 , and the result that/ will be less than / 1 + /2 • In both cases, 
the product of the two fields moment by moment is oscillato­
ry, but it is nonetheless either totally positive or negative and 
so averages in time to a nonzero value. 

Now consider the more realistic case in which the two 
lightwaves are quasimonochromatic, resembling the distur­
bance in Fig. 7 .38, which has a finite coherence length. If we 
again form the product Ei(t) Ei(t), we see in Fig. 12.1 that it 
varies in time, drifting from negative to positive values. 
Accordingly, the interference term (Ei(t)E2(t)h , which is 
averaged over a relatively long interval compared with the 
periods of the waves, will be quite small, if not zero: / = /1 + 
/ 2. In other words, insofar as the two lightwaves are uncorre­
lated in their risings and failings, they will not preserve a con­
stant phase relationship, they will not be completely coherent, 
and they will not produce the ideal high-contrast interference 
pattern considered in Chapter 9. We should be reminded here 

(\ (\ C\ d' (\ {\ n f\ ; vvvvvvv v 

Figure 12.1 Two overlapping £-fields and their product as functions of 
time. The more uncorrelated the fields, the more nearly the product will 
average to zero. 
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562 Chapter 12 Basics of Coherence Theory 

(a) lhJ 

(cl (dJ 

Figure 12.2 Double-beam interference from a pair of circular aper­
tures. (a) He-Ne laserlight illuminating the holes. Cb) Laserlight once 
again but now a glass plate, 0.5 mm thick, is covering one of the holes. 
(C) Fringes with collimated mercury-arc illumination but no glass plate. 
(d) This time the fringes disappear when the plate 1s inserted using mer• 
cury light. IFrom B. J. Thompson, J. Soc. Photo. Inst. Engr. 4, 7 i 19651.J 

of Eq. ( 11.87). which expresses the cross-correlation of two 
functions- with T = 0. Indeed. if Pis shifted in space (e.g .. 
along the plane of observation in Young's Experiment). 
thereby introducing a relative time delay of T between the two 
lightwaves, then the interference term becomes (£ 1(1)Eit + 
T)h, which is the cross-correlation. Coherence is correlation, 
a point that will be made formally in Section 12.3 . 

Young's Experiment can also be used to demonstrate tem­
poral coherence effects with a finite bandwidth source. Figure 
12.2a shows the fringe patterns obtained with two small circu­
lar apertures illuminated by a He- Ne laser. Before the photo­
graph in Fig. 12.2b was taken, an optically flat piece of glass. 
0.5 mm thick. was positioned over one of the pinholes (say 
S 1 ) . No change in the form of the pattern ( other than a shift in 

its location) is evident. because the coherence length of the 
laser light far exceeds the optical path length difference intro­
duced by the glass. On the other hand. when the same experi­
ment is repeated using the light from a collimated mercury arc 
[(c) and (d) in Fig. 12.21. the fringes disappear. Here the 
cohere nce length is short enough and the additional optical 

path length difference of the glass is long enough for uncorre­
lated wavetrains from the two apertures to arrive at the plane 
o f observation. In other words, o f any two coherent wavetrains 

that leave S 1 and S2• the one from S 1 is now delayed so long in 
the glass that it falls completely behind the other and arrives at 
L,, to meet a totally different wavetrain from S2• 

In both cases of temporal and spatial coherence we are real­
ly concerned with one phenomenon, namely, the correlation 
between optical disturbances. That is, we are generally inter­
ested in determining the effects arising from relative fluctua­
tions in the fields at two points in space-time. Admittedly, the 
term temporal coherence seems to imply an effect that is 
exclusively temporal. However, it relates back to the finite 
extent of the wavetrain in either space or time, and some peo­
ple even prefer to refer tu it as longitudinal spatial rather than 
temporal coherence. Even so, it does depend intrinsically on 
the stability of phase in time, and accordingly we will contin­
ue to use the term temporal coherence. Spatial coherence, or if 
you will, lateral sparial coherence, is perhaps easier to appre­
ciate because it's so closely related to the concept of the wave­
front. T hus if two laterally displaced points reside on the same 
wavefront at a given time, the fields at those points are spa­
tially coherent (see Section 12.3. l ). 

12.2 Visibility 

The quality of the fringes produced by an interferometric sys­

tem can be described quantitatively using the visibility 'V, 
which. as first formulated by Michelson, is given by 

( 12. l) 

This is identical to the modulation of Eq. ( I I .89). Here I max 

and / 111;" are the irradiances corresponding to the maximum 
and adjacent minimum in the fringe system. If we set up 
Young's Experiment, we could vary the separation of the 
apertures or the size of the primary incoherent quasimono­
chromatic source, measure 'V as it changes in turn, and then 
relate all this to the idea of coherence. An analytic expression 
can be derived for the flux-density distribution with the aid of 
Fig. 12.3. * Here we use a lens L 10 localize the fringe pattern 

• This treatment in part follows that given by Towne in Chapter 11 of 
Wave Phenomena. See Klein, Optics, Section 6.3, or Problem 12.6 for 
different versions 
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!~•\ 

;;~J; r-tt-rl-'-1-U ,_.....-1---:-J-'-1 I 1"7++-/4 .. 1-1.J r,-,....,_,_.._. 

(a) 
y 

s,, 
~ t--<>~ >--L------s---------<:,, 

u ~ 
0 y 

Ficure 12.3 Young's Experiment with an extended slit source. (e) A simple representation of 
llow shifted fringes with the same spatial frequency overlap and combine to form a net distur­
bance of that same spatial frequency with a reduced visibility (see Fig. 7. 9). 

y 
(e) 
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564 Chapter 12 Basics of Coherence Theory 

more effectively, that is, to make the cones of light diffracted 
by the finite pinholes more completely overlap on the plane 
l 0 . A point source S' located on the central axis would gener­
ate the usual pattern given by 

( 
Ya7T) I = 4/0 cos

2 
----;- (12.2) 

from Section 9.3. Similarly, a point source above or below S' 
and lying on a line normal to the line S1S2 would generate the 
same straight band fringe system slightly displaced in a direc­
tion parallel to the fringes. Thus replacing S' by an incoherent 
line source (normal to the plane of the drawing) effectively 
just increases the amount of light available. This is something 
we presumably already knew. In contrast, an off-axis point 
source, at say S", will generate a pattern centered about P", its 
image point on l 0 in the absence of the aperture screen. A 
"spherical" wavelet leaving S" is focused at P"; thus all rays 
from S" to P" traverse equal optic paths, and the interference 
must be constructive; in other words, the central maximum 
appears at P". The path difference S1P" - S2P" accounts for 
the displacement P' P". Consequently, S" produces a fringe 
system identical to that of S' but shifted by an amount P' P" 
with respect to it. Since these source points are incoherent, 
their irradiances add on l 0 rather than their field amplitudes 
(Fig. 12.3e). 

The pattern arising from a broad source having a rectangu­
lar aperture of width b can be determined by finding the irra­
diance due to an incoherent continuous line source parallel to 
S 1S2 . Notice, in Fig. 12.3b, that the variable Y0 describes the 
location of any point on the image of the source when the 
aperture screen is absent. With la in place, each differential 
element of the line source will contribute a fringe system cen­
tered about its own image point, a distance Yo from the origin 
on l 0 • Moreover, its contribution to the flux-density pattern di 
is proportional to the differential line element or, more conve­
niently, to its image, dY0, on l 0 • Thus, using Eq. (9.3 1), the 
contribution to the total irradiance arising from d Yo becomes 

di = A dY0 cos
2 

[ :: (Y - Y0 )] (12.3) 

where A is an appropriate constant. This, in analogy to Eq. 
(12.2), is the expression for an entire fringe system of minute 
irradiance centered at Y0 contributed by the tiny piece of the 
source whose image corresponds to dY0 at Y0 . By integrating 
over the extent w of the image of the line source, we effective-

ly integrate over the source and get the entire pattern: 

f
+w/2 

l(Y) = A cos2 [!!!!._ (Y - Yo)] dY0 
- w/ 2 s,\ 

( 12.4) 

After a good bit of stra ightforward trigonometric manipula­
tion, this becomes 

Aw A s,\ (a7T ) ( a1T ) l (Y) = - + - - sin - w cos 2 - Y 
2 2 a7T sA s,\ 

( 12.5) 

The irradiance oscillates about an average value of T = Aw/2, 
which increases with w, which in tum increases with the width 
of the source slit. Accordingly, 

- -- = l + ----'--- cos 2 - Y l(Y) (sin a7TW/s,\) ( a7T ) 
I a7TW/ sA s,\ 

(12.6) 

or - -- = l + sine -- cos 2 - Y l(Y) (a7TW) ( a7T ) 
I sA s,\ 

(12.7) 

It follows that the extreme values of the relative irradiance are 
given by 

/max I (a7TW)I 1 = I+ sine ~ (12.8) 

and 
I 

( 12.9) 

When w is very small in comparison to the fringe width 
(sA/a), the sine function (p. 49) approaches I and I max/ [ = 2, 
while /min/ [ = 0 (see Fig. 12.4). As w increases, /min begins to 
differ from zero, and the fringes lose contrast until they final­
ly vanish entirely at w = sA/a. Between the arguments of71' 
and 27T (i.e., w = sA/a and w = 2sA/a), the sine is negative. 
As the primary slit source widens beyond w = sA/a, the 
fringes reappear but are shifted in phase; in other words, 
whereas previously there was a maximum at Y = 0, now there 
will be a minimum. 

In actuality, the light diffracted by the apertures is localized 
(Section 10.2) so that the fringe system does not continue out 
uniformly indefinitely as Y increases. Instead, the pattern of 
Fig. 12.4a will look more like Fig. 12.5. 

As a rule, the extent of the source (b) and the separation of 
the slits (a) are very small compared with the distances 
between the screens (l) and (s), and consequently we can make 
some simplifying approximations. While the above consider-
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..Y =0.3 

2 
+0.3 
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a 

2 
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0
~ --------- - Y 

2 

(d) - --------
0
'----------- -Y 

Figure 12.4 Fringes with varying source slit size. Here w is the width 
of the image of the slit, and sA / a is the peak-to-peak width of the 
fringes.average to zero. 

ations were expressed in terms of wands, it follows from Fig. 
12.3c, using the central angle 1/, that b = l11 and w = s11; hence 
w/s = b/l. Accordingly, (amv/sA) = (a'TTT//A) = (a7Tb/lA). 
The visibility of the fringes follows from Eq. ( 12.1 ): 

(12.10) 

12.2 Visibility 565 

Figure 12.5 Double-beam interference fringes showing the effect 
of diffraction. 

which is plotted in Fig. 12.6. Observe that "JI is a function of 
both the source breadth and the aperture separation a. Holding 
either one of these parameters constant and varying the other 
will cause 'Y to change in precisely the same way. Note that 
the vis ibilities in both Figs. 12.4a and 12.5 are equal to one 
because I min = 0. Clearly then, the visibility of the fringe sys­
tem on the plane of observation is linked to the way the light is 
distributed over the aperture screen. If the primary source were 
in fact a point, b would equal zero, and the visibility would be 
a perfect I. Shy of that, the smaller ( mrb / IA) is, the better; that 
is, the bigger 'V is and the clearer the fringes are. We can think 
of "JI as a measure of the degree of coherence of the light from 
the primary source as spread over the aperture screen. Keep in 
mind that we have encountered the sine function before, in 
connection with the diffraction pattern resulting from a rec­
tangular aperture. 

When the primary source is circular, the visibility is a good 
deal more complicated to calculate. It turns out to be propor-

I . ((/lfl\')I sine ---:-
s1. 

Figure 12.6 The visibility as given by Eq. (12.10). 
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4 
a,,=O I 1r 1T 

Figure 12. 7 The visibility for a circular source. 

tional to a first-order Bessel function (Fig. 12.7). This too is 
quite reminiscent of diffraction, this time at a circular aperture 
[Eq. ( I 0.56)]. These similarities between expressions for 'V 
and the corresponding diffraction patterns for an aperture of 
the same shape are not merely fortuitous but rather are a man­
ifestation of something called the van Cittert-Zernike theo­
rem, as we will see presently. 

Figure 12.8 shows a sequence of fringe systems in which 
the circular incoherent primary source is increased in size 
while the separation a between S1 and S2 is held constant. 

Figure 12.9 on page 568 results when the separation a is 
increased while the primary incoherent source diameter is held 
constant. Since the width of the fringes is inversely propor­
tional to a, the spatial frequency of the bright and dark bands 
increases as a increases from its value in (a) to that in (f) in 
Fig. 12.9. The visibility decreases from (a) to (d) in the figure, 
then increases for (e) and decreases again at (f) . All the asso­
ciated 'V-values are plotted in Fig. 12.7. Note the shift in the 
peaks, that is, the change in phase at the center of the pattern 
for each point on the second lobe of Fig. 12. 7 (the Bessel func­
tion is negative over that range). In other words, (a), (b), and 
(c) have a central maximum, while (d) and (e) have a central 
minimum, and(/) on the third lobe is back to a maximum. In 

the same way, for a slit source the domain where sine 
(a1rw/sA) in Eq. ( 12.7) is positive or negative will yield a 
maximum or minimum, respectively, in 1(0)/i These in tum 
correspond to the odd or even lobes of the visibility curve of 
Fig. 12.6. Bear in mind that we could define a complex visi­
bility of magnitude 'V, having an argument corresponding to 
the phase shift-we' ll come back to this idea later. 

We should also mention that the effects of the finite band­
width will show up in a given fringe pattern as a gradually 
decreasing value of 'V with Y, as in Fig. l 2. IO (see Problem 
12.3). When the visibility is determined in these cases, using 
the central region of each of a series of patterns, the depen­
dence of 'Von aperture separation will again match Fig. 12.7. 

12.3 The Mutual Coherence 
Function and the Degree 
of Coherence 

Let's now cany the discussion a bit further in a more formal 
fashion. Again suppose we have a broad, nanow bandwidth 
source, which generates a light field whose complex represen­
tation is E(r, t). We'll overlook polarization effects, and there­
fore a scalar treatment will do. The disturbances at two points 
in space S1 and S2 are then E(S,, t) and E(S2 , t) or, more suc­
cinctly, E 1(t) and Ei(t). If these two points are then isolated 
using an opaque screen with two circular apertures (Fig. 
12.1 1, p. 570), we' re back to Young's Experiment. The two 
apertures serve as sources of secondary wavelets, which prop­
agate out to some point P on 1 0 • There the resultant field is 

( 12.1 1) 

where t 1 = r, /c and t2 = r2 /c. This says that the field at the 
space-time point (P, t) can be detennined from the fields that 
existed at S1 and S2 at r1 and t2, respectively, these being the 
instants when the light, which is now overlapping, first 
emerged from the apertures. The quantities K1 and K2, which 
are known as propagators, depend on the size of the apertures 
and their relative locations with respect to P. They mathemat­
ically affect the alterations in the field resulting from its hav­
ing traversed either of the apertures. For example, the 
secondary wavelets issuing from the pinholes in this setup are 
out-of-phase by 1r/2 rad, with the primary wave incident on 
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IX12 = 0 
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IX12 = 0 

a = 0.5cm 

.,,,- = liul = o.703 .,,,- = liiul = 0.132 .,,,- = Iii, 21 = 0.062 

(a) (b) (c> 

Figure 12.8 Double-beam interference patterns. Here the aperture separation was held constant, thereby 
0elding a constant number of fringes per unit displacement in each photo. The visibility was altered by vary• 
ing the size of the primary incoherent source. (From B. J. Thompson, J. Soc. Photo. Inst. £ngr. 4, 7 (1965).1 

the aperture screen, ~a (Section 10.3.1 ). Clearly, someone is 
going to have to tell E(r, t ) to shift phase beyond ~a- that's 
just what the k factors are for. Moreover, they reflect a reduc­
tion in the field that might arise from a number of physical 
causes: absorption, diffraction, and so forth. Here, since there 
is a 1r/2 phase shift in the field, which can be introduced by 
multiplying by exp i1r/2, K1 and K2 are purely imaginary 
numbers. 

The resultant irradiance at P measured over some finite 
time interval, which is long compared with the coherence 
time, is r 

(12.12) 

It should be remembered that Eq. (12. 12) is written sans sev­
eral multiplicative constants. Hence using Eq. (12.1 1), 
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(C) 

Figure 12.9 Double-beam interference patterns using partially coherent light. The photographs corre­
spond to a variation in visibility associated with changes in a,. the separation between the apertures. In the 
theoretical curves Ima, x 1 + 12J1(uJ/ul and /m,n x 1 - 12J11UJ/ ul. Several of the symbols will be discussed 
later. (From B. J. Thompson and E. Wolf, J. Opt. Soc. Am. 47, 895 ,195 h i 

- -. - - ~ 
I = K 1Kf(Ei(1 - 1,)£'i'(1 - 1,J)T 

+ i<~i<~(Ei(1 - 12JE;(1 - 12>> 1 

+ K1Ki( E1(1 - 1,)Ei(I - 12J)T 

It is now assumed that the wave fi eld is s1a1io11arr. as is almo~t 
universally the case in classical Optics: in other words. it does 
not alter its statistical nature with time . so that the time aver-

age is independe nt o f whatever orig in we select. Thus, even 
tho ugh there are fluctuations in the field variables, the time 
o rigin can be shifted, and the averages in Eq. ( 12.13) will be 
unaffected. The particular moment over which we decide to 
measure/ shouldn' t matter. Accordingly, the first two time 
averages can be rewritten as 

where the o rig in was displaced by amounts t 1 and t2, respec-
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.__~ _ _,__..,_____,__....J...__,_____..;,,._....__,,, 
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a= 1.2cm o-l.1cm a= 2.3cm 

1" = IYul = 0.015. 0112 = 11 1" - !Yul - 0. 123, 0112 - 11 1" ,: IYul - 0.035, 0112 ... 0 

(d) 

----------0,c------------Y 

Figure 12.10 A finite bandwidth results in a decreasing value of 'V with 
increasing Y. 

(e) (f) 

tively. Here the suibscripts underscore the fact that these are 
the irradiances at points S1 and S2 . Furthermore, if we let T = 
r2 - 11, we can shift the time origin by an amount t2 in the last 
two terms of Eq. (112.13) and write them as 

But this is a quantity plus its own complex conjugate and is 
therefore just twice its real part; that is, it equals 

2 R,e [kJ-l~·;u\(t + T)Ei'(t))T] 
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Figure 12.11 Young's Experiment. 

- - -* -* -The K-factors are purely imaginary, and so K 1 K 2 = K I K2 = 

lk, llkil- The time-average portion of this term is a cross-cor­
relation function [Section I l .3.4(iii)), which we denote by 

(12.14) 

and refer to as the mutual coherence function of the light 
field at S I and S2. If we make use of all this, Eq. ( 12.13) takes 
the form 

(12.15) 

The terms 1Kil2Is, and I K212Is,, if we again overlook multi­
plicative constants, are the irradiance at P arising when one or 
the other of the apertures is open alone, in other words, K2 = 
0 or K1 = 0, respectively. Denoting these as / 1 and /2, Eq. 
( 12. 15) becomes 

( 12.16) 

Note that when S1 and S2 are made to coincide, the mutual 
coherence function becomes 

or 

f'i 1(T) = (Ei(t + T)Ei(/))T 

[ ii(T) = (Ei(t + T)E;(l))T 

We can imagine that two wavetrains emerge from this coa­
lesced source point and somehow pick up a relative phase 
delay proportional to T. In the present situation T becomes zero 

(since the optical path difference goes to zero), and these func­
tions are reduced to the corresponding irradiances Is = 
- -* - ~* I ( Ei(t) Edt))T and ls, = (Ei(l)E2 (t))T on I a. Hence 

and these are called self-coherence functions. Thus 

Keeping Eq. ( 12.16) in mind, observe that 

Hence the normalized form of the mutual coherence function 
is defined as 

(Ei(t + T) i;(t)h 

Y<liil2><li2l2
> 

(12.17) 

and it's spoken of as the complex degree of coherence, for 
reasons that will be clear imminently. Equation (12.16) can 
then be recast as 

( 12.18) 

which is the general interference law for partially coherent 
Light. 

For quasimonochromatic light, the phase-angle difference 
concomitant with the optical path difference is given by 

27T 
cp = ----=- (r2 - r 1) = 2'TTVT 

A 
(12. 19) 

where X and ii are the mean wavelength and frequency. Now 
y12(T) is a complex quantity expressible as 

( I 2.20) 

The phase angle of ydT) relates back to Eq. ( 12.14) and the 
phase angle between the fields. If we set cl> 12( T) = a Ii( T) - If!, 
then 

Equation ( 12.18) is then expressible as 

I= 11 + /2 + 2 ~I yii(T) I cos [aii(T) - cp] (12.21) 
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It can be shown from Eq. (12.17) and the Schwarz inequality 
that 0 :s: I i'd-r) I :s: I. In fact, a comparison of Eqs. ( 12.21) 
and (9.14), the latter having been derived for the case o:f com­
plete coherence, makes it evident that if I yii(-r)I = 1, J' is the 
same as that generated by two coherent waves out-of-ph ase at 
S1 and S2 by an amount ad-r). If at the other extreme I 'rd-rJ I 
= 0, I = 11 + Ii, there is no interference, and the two distur­
bances are said to be incoherent. When 0 < li'd-rJI < l we 
have partial coherence, the measure of which is liidr)I itself; 
this is known as the degree of coherence. In summary then, 

I ii,2 I = I coherent limit 

I ii, 2 I = 0 incoherent limit 

0 < Ii', 2 I < l partial coherence 

The basic statist ical nature of the entire process must be 
underscored. Clearly f 12(-r) and, therefore, y 12(r) are the key 
quantities in the various expressions for the irradiance distrib­
ution; they are the essence of what we previously called the 
interference term. It should be pointed out that Ei(t + -r) and 
Ei(l) are in fact two disturbances occurring at different points 
in both space and time. We anticipate, as well, that the ampli­
tudes and phases of these disturbances will somehow fluctuate 
in time. If these fluctuations at S1 and S2 are completely inde-

- - -* pendent, then f d-r) = ( Ei(t + -r) E 2(t))T will go to zero, 
since £1 and £2 can be either positive or negative with equal 
likelihood, and their product averages to zero. In that c,ase no 
correlation exists, and f d-r) = ydr) = 0. If the field a1t S1 at 
a time (t + -r) were perfectly correlated with the field at .S2 at a 
time t, their relative phase would remain unaltered despite 
individual fluctuations. The time average of the product of the 
fields would certainly not be zero, just as it would not be zero 
even if the two were only s lightly correlated. 

Both I -yii(r) I and aii(-r) are slowly varying functions of-r 
in comparison to cos 21riir and sin 21rii-r. In other words, as P 
is moved across the resultant fringe system, the point-by-point 
spatial variations in/ are predominantly due to the changes in 
q,as (r2 - r 1) changes. 

The maximum and minimum values of/ occur wh1en the 
cosine term in Eq. ( 12.21) is + l and - 1, respectively. The 
visibility at P (Problem 12.7) is then 

(1[2.22) 

Perhaps the most common arrangement occurs when 1things 

12.3 The Mutual Coherence Function and the Degree of Coherence 571 

are adjusted so that / 1 = /2, whereupon 

(12.23) 

T hat is, the modulus of the complex degree of coherence is 
identical to the visibility of the fringes (take another look at 
Fig. 12.8). 

It is essential to realize that Eqs. ( 12.17) and ( 12.18) clear­
ly suggest the way in which the real parts of [ ii(r) and yii(-r) 
can be determined from direct measurement. When the flux 
densities of two dis turbances are adjusted to be equal, Eq. 
( 12.23) provides an experimental means of obtaining I yii(rJI 
from the resultant fringe pattern. Furthermore, the off-axis 
shift in the location of the central fringe (from cp = 0) is a 
measure of a d-r ), the apparent relative retardation of the 
phase of the disturbances at S I and S2. Thus, measurements of 
the visibility and fringe position yield both the amplitude and 
phase o f the complex degree of coherence. 

By the way, it can be shown* that l iid-rJI will equal I for 
all values of-rand any pair of spatial points, if and only if the 
optical field is strictly monochromatic, and therefore such a 
situation is unattainable. Moreover, a nonzero radiation field 
for which I y1 i(-r) I = 0 for all values of-rand any pair of spa­
tial points cannot exist in free space either. 

12.3.1 Temporal and Spatial Coherence 

Let's now relate the ideas of temporal and spatial coherence to 
the above formalism. 

If the primary source Sin Fig. 12.11 shrinks down to a 
point source on the central axis having a finite frequency 
bandwidth, temporal coherence effects will predominate. The 
optical disturbances at S I and S2 will then be identical. In 
effect, the mutual coherence [Eq. ( 12.14)] between the two 
points will be the self-coherence of the field. Hence 
[(S1, S2 , -r) = [ii(-r) = f, i(-r) or yd-r) = y 1 i(r). The same 
thing obtains when S1 and S2 coalesce, and -y11(r) is some­
times referred to as the complex degree of temporal coher­
ence at that point for two instances of time separated by an 
interval -r. This would be the case in an amplitude-splitting 
interferometer, such as Michelson· s, in which -r equals the 

• The proofs are given in Beran and Parrent. Theory of Partial 
Coherence, Section 4.2. 
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path length difference divided by c. The expression for/, that 
is, Eq. (12.18), would then contain y 11(T) rather tluan yn(T). 

Suppose a lightwave is divided into two identiical distur­
bances of the form 

(12.24) 

by an amplitude-splitting interferometer, which later recom­
bines them to generate a fringe pattern. Then 

or 

Hence 

and 

(E(t + T)E*(t)h 

liW 

Y11(T) = lim .!. { T / [<f>(1 +-r!-<1><1Jl dr 
T ->"" T Jo 

(12.25) 

( 12.26) 

y1 i(T) = Jim .!. {T (cos !:i.<f> + i sin t:i.q,) dt 
T-> "" T Jo 

where !:i.<J> = <f>(t + T) - </>(t). For a strictly monc,chromatic 
plane wave of infinite coherence length, <f>(t) = k-i: - wt, D.</> 
= -wT, and 

')'11(T) = COS WT - i Sin WT = e - iw-r 

Hence j y11 I = I ; the argument of y11 is just -27T VT, and we 
have complete coherence. In contradistinction, for a quasi­
monochromatic wave where T is greater than the coherence 
time, !:i.<f> will be random, varying between 0 and 2iir such that 
the integral averages to zero, I y1 i(T) I = 0, corresponding to 
complete incoherence. A path difference of 60 cm, produced 
when the two arms of a Michelson Interferomete:r differ in 
length by 30 cm, corresponds to a time delay be:tween the 
recombining beams of T = 2 ns. This is roughly the coherence 
time of a good isotope discharge lamp, and the visibility of the 
pattern under this sort of illumination will be quite poor. If 
white light is used instead, !:i.v is large, D.tc is very small, and 
the coherence length is less than one wavelength. In order for 
T to be less than !:i.tc (i.e., in order that the visibility be good), 
the optical path difference will have to be a small fraction of a 
wavelength. The other extreme is laserlight, in which D.tc can 
be so long that a value of CT that will cause an ajppreciable 
decrease in visibility would require an impractically large 
interferometer. 

We see that f I i(T), being a measure of temporal coherence, 
must be intimately related to the coherence time and therefore 
the bandwidth of the source. Indeed, the Fourier transform of 
the self-coherence function, f 11 ( T ), is the power spectrum, 
which describes the spectral energy distribution of the light 
(Section 11.3.4). 

If we go back to Young's Experiment (Fig. 12.11) with a 
very narrow-bandwidth extended source, spatial coherence 
effects will predominate. The optical disturbances at S I and S2 

will differ, and the fringe pattern will depend on 
[ (S1, S2, T) = f dT). By examining the region about the cen­
tral fringe where (r2 - r 1) = 0, T = 0 and [ n(O) and yn(O) 
can be determined. This latter quantity is the complex degree 
of spatial coherence of the two points at the same instant in 
time. [ n(O) plays a central role in the description of the 
Michelson stellar interferometer to be discussed forthwith. 

There is a very convenient relationship between the com­
plex degree of cohere nce in a region of space and the corre­
sponding irradiance distribution across the extended source 
g iving rise to the light fields. We shall make use of that rela­
tionship, the van Cittert-Zernike theorem, as a calculation­
al aid without going through its formal derivation. Indeed, the 
analysis of Section 12.2 already suggests some of the essen­
tials. Figure 12.12 represents an extended quasimonochromat­
ic incoherent source, S, located on the plane <T and having an 
irradiance given by l(y, z). Also shown is an observation 
screen on which are two points, P 1 and P2 . These are at dis­
tances R1 and R2, respectively, from a tiny element of S. It is 
on this plane that we wish to determine yii(O), which describes 
the correlation of the field vibrations at the two points. Note 
that although the source is incoherent, the light reaching P1 

and P2 will generally be correlated to some degree, since each 
source element contributes to the field at each such point. 

Calculation of yn(O) from the fields at P1 and P2 results in 
an integral that has a familiar structure. The integral has the 
same form and will yield the same results as a well-known 
diffraction integral, provided we reinterpret each term appro­
priately. For instance, l (y, z) appears in that coherence inte­
gral where an aperture function would be if it were, in fact, a 
diffraction integral. Thus, suppose that Sis not a source but an 
aperture of identical size and shape, and suppose that l(y, z) is 
not a description of irradiance, but instead its functional form 
corresponds to the field distribution across that aperture. In 
other words, imagine that there is a transparency at the aper­
ture with amplitude transmission characteristics that corre­
spond functionally to l(y, z). Furthermore, imagine that the 
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Figure 12.12 (a) The geometry of the van Cittert- Zernike theorem. (b) 

The normalized diffraction pattern corresponds to the degree of coher­
ence. Here for a rectangular source slit the diffraction pattern is sine 
('ITby/ 1>-.) 

aperture is illuminated by a spherical wave converging 
1oward the fixed point P2 (see Fig. 12.12b), so that there will 
be a diffraction pattern centered on P 2 • This diffracted field 
distribution, normalized to unity at P2, is everywhere (i.e., at 
P1) equal to the value of yn(O) at that point. This is the van 
Cittert- Zemike theorem. 

When P 1 and P 2 are close together and Sis small com­
pared with l, the complex degree of coherence equals the nor­
malized Fourier transform of the irradiance distribution 

12.4 Coherence and Stellar Interferometry 573 

across the source. Furthermore, if the source has a uniform 
irradiance, then y n(O) is simply a sine function when the 
source is a slit and a Bessel function when it's circular. 
Observe that in Fig:. 12.12b the sine function corresponds to 
that used in Fig. IO .. IO, where /3 = (kb/ 2) sin e and e =sine. 
Thus if P 1 is a dis1tance y from P2, /3 = kb8/2 and 8 = y/l, 
hence lii12(0JI = ls inc (7rby/ l,\)I. This result is explored fur­
ther in the problem set. 

12.4 Cohen~nce and Stellar 
lnterfe rometry 

12.4.1 The Michelson Stellar Interferometer 

In 1890 A. A. Michelson, following an earlier suggestion by 
Fizeau, proposed an interferometric device (Fig. 12. 13) that is 
of interest here both because it was the precursor of some 
important modem t,echniques, and because it lends itself to an 
interpretation in teirms of coherence theory. The function of 
the stellar interfer.ometer, as it is called, is to measure the 
small angular d imensions of remote astronomical bodies. 

Two widely spaced movable mirrors, M 1 and M2 , collect 
rays, assumed to be parallel, from a very distant star. The light 
is then channeled viia mirrors M3 and M4 through apertures S 1 

and S2 of a mask arnd thence into the objective of a telescope. 
The optical paths M 1M3 S I and M2M 4S2 are made equal, so that 
the relative phase-angle difference between a disturbance at 
M1 and M 2 is the same as that between S 1 and S2_. The two 
apertures generate the usual Young's Experiment fringe sys­
tem in the focal plane of the objective. Actually, the mask and 
openings are not really necessary; the mirrors alone could 
serve as apertures. 

Suppose we now point the device so that its central axis is 
directed toward one of the stars in a closely spaced double-star 
configuration. Because of the tremendous distances involved, 
the rays reaching the interferometer from either star are well 
collimated. Furthermore, we assume, at least for the moment, 
that the light has a narrow linewidth centered about a mean 
wavelength of X0 . The disturbances arising at S 1 and S2 from 
the axial star are in-phase, and a pattern of bright and dark 
bands forms, center,ed on P0 . 

Similarly, rays from the other star arrive at some angle 8, 
but this time the disturbances at M1 and M2 (and therefore at S1 

and S2) are out-of-plhase by approximately kohBor, if you will, 
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0 M , 

---
Figure 12.13 Michelson stellar interferometer. 

retarded by a time h 0/ c, as indicated in Fig. 12. 13b. The 
resulting fringe system is centered about a point P shirted by 
an angle 0 ' from P0 such that h0/c = a0 '/c. Since these stars 
behave as though they were incoherent point sources, the indi­
vidual irradiance distributions simply overlap. The separation 
betwee n the fringes set up by either star is equal and depen­
dent solely on a. Yet the visibility varies with h . Thus. if h is 
increased from nearly zero unti l k0 h0 = 7T, that is, until 

h = Ao 
20 

(12.27 ) 

the two fringe systems take on an increasing relative d isplace­
ment, until finally the maxima from one star overlap the mini­
ma from the other, at which point, if the ir irradia nces are 
equal, 'V = 0. Hence, when the fringes vanish. one need only 
measure h 10 de termine the ang ular separation between the 
stars, 0. Notice that the appropriate value of h varies inversely 
with 0. 

Note that even tho ugh the source points. the two stars. are 
assumed to be complete ly uncorrelated. the resulting optical 
fields at any two points (M 1 and M 1 ) are not necessarily inco­
herent. For that matter. ash becomes very small. the light from 
each point source arrives with essentially zero relative phase at 
M 1 and M2 ; 'V approaches I, and the fields at those locations 
are highly coherent. 

In much the same way as with a do uble star system. the 

hsin O,::, hO 

(a) (b) 

angular d iameter ( 0 ) of certain single stars can be measured. 
Once again the fringe visibility corresponds to the degree of 
coherence of the optical field at M I and M2. If the star is 
assumed to be a c irc ular distribution of incoherent po int 
sources suc h that it has a uniform brilliance, its visibility is 
eq ui valent to that already plotted in Fig. 12.7. Earlier, we 
alluded to the fact that 'V for this sort of source was g iven by a 
first-order Bessel function , and in fact it is expressible as 

'V = 1- (OJI = 2 I J i(1rh0( Ao) I 
Y 12 1rh0/ Ao 

( 12.28) 

Recall thatJi(uJ/ u = ½ at u = 0, and the maximum value of 'V 
is I. T he fi rst zero of 'V occurs whe n 1rh0/ A0 = 3.83, as in 
Fig. 10.23. Equivalently, the fringes disappear when 

Ao 
h = 1.22 0 

and as before, one simply measures h to find 0. 

(12.29) 

In Miche lson· s a rrangement, the two outrigged mirrors 
were movable on a long girder, which was mounted on the 
I 00-inch reflector o f the Mo unt Wilson Observatory. Betel­
geuse (a Orio n is) was the first s tar whose angular diameter 
was measured with the device. It ' s the orange-looking star in 
the upper left of the constellation Orion. In fact, its name is a 
contraction for the Arabic phrase meaning the armpit of the 
central one (i.e .. Orion). T he fringes formed by the interfer-
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orneter, one cold December night in I 920, were made to van­
ish at h = 121 inches, and with Ao = 570 nm, 0 = 1.22(570 x 
10-9

)/ 121 (2.54 x 10-2) = 22.6 x 10-s rad, or 0.047 second 
of arc. Using its known distance, determined from parallax 
measurements, the star's diameter turned out to be about 240 
million miles, or roughly 280 times that of the Sun. Actually, 
Betelgeuse is an irregular variable star whose maximum diam­
eter is so tremendous that it's larger than the orbit of Mars 
about the Sun. The main limitation on the use of the stellar 
interferometer is due to the inconveniently long mirror separa­
tions required for all but the largest stars. This is true as well in 
radio astronomy, where an analogous setup has been widely 
used to measure the extent of celestial sources of radiofre­
quency emissions. 

Incidentally, we assume, as is often done, that "good" 
coherence means a visibility of 0.88 or better. For a disk 
source this occurs when TTh0/A0 in Eq. (12.28) equals one, 
that is, when 

Ao 
h = 0.32 0 (12.30) 

For a narrow-bandwidth source of diameter D a distance R 
away, there is an area of coherence equal to 7T(h/2)2 over 
which I-rd 2:: 0.88. Since D/R = 0, 

RA0 
h = 0.32 D (12.31) 

These expressions are very handy for estimating the required 
physical parameters in an interference or diffraction experi­
ment. For example, if we put a red filter over a I-mm-diame­
ter disk-shaped flashlight source and stand back 20 m from it, 
then 

h = 0.32(20)(600 x 10- 9)/ 10- 3 = 3.8 mm 

where the mean wavelength is taken as 600 nm. This means 
that a set of apertures spaced at about h or less should produce 
nice fringes. Evidently, the area of coherence increases with R, 
and this is why you can always find a distant bright streetlight 
to use as a convenient source. 

12.4.2 Correlation Interferometry 

Let's return for a moment to the representation of a distur­
bance emanating from a thermal source, as discussed in Sec­
tion 7.4.3. Here the word thermal connotes a light field arising 
predominantly from the superposition of spontaneously emit­
ted waves issuing from a great many independent atomic 

12.4 Coherence and Stellar Interferometry 575 

sources.* A quasi monochromatic optical field can be repre­
sented by 

E(t) '= £0 (1) cos [e(t) - 21Tiit] (7.65] 

The amplitude is a relatively slowly varying function of time, 
as is the phase. For that matter, the wave might undergo tens 
of thousands of osc illations before either the amplitude (i.e., 
the envelope of the field vibrations) or the phase would change 
appreciably. Thus, jjust as the coherence time is a measure of 
the fluctuation interval of the phase, it is also a measure of the 
interval over which E0(t) is fairly predictable. Large fluctua­
tions in e are generally accompanied by correspondingly large 
fluctuations of £0• Presumably, knowledge of these amplitude 
fluctuations of the field could be related to the phase fluctua­
tions and therefore to the correlation (i.e., coherence) func­
tions. Accordingly,, at two points in space-time where the 
phases of the field are correlated, we could expect the ampli­
tudes to be related as well. 

When a fringe pattern exists for the Michelson stellar inter­
ferometer, it is because the fields at M 1 and M2, the apertures, 
are somehow correlated, that is,fti(O) = (Ei(t)Ei(t))T if= 0. If 
we could measure the field amplitudes at these points, their 
fluctuations would likewise show an interrelationship. Since 
this isn't practicable: because of the high frequencies involved, 
we might instead measure and compare the fluctuations in 
irradiance at the locations of M I and M2 and from this, in some 
as yet unknown way, infer liinfO)I . In other words, if there are 
values of T for which y12( T ) is nonzero, the field at the two 
points is partially coherent, and a correlation between the irra­
diance fluctuations at these locations is implied. This is the 
essential idea behind a series of remarkable experiments con­
ducted in the years 1952 to 1956 by R. Hanbury-Brown in 
collaboration with R. Q. Twiss and others. The culmination of 
their work was the so-called correlation interferometer. 

Thus far we have evolved only an intuitive justification for 
the phenomenon ratlher than a firm theoretical treatment. Such 
an analysis, however, is beyond the scope of this discussion, 
and we shall have to content ourselves with merely outlining 
its salient features.* Just as in Eq. (12.14), we are interested in 

· rhermal light is sometiimes spoken of as Gaussian light because the 
amplitude of the field follows a Gaussian probability distribution (p.12). 

•For a complete discussion, see, for example, L. Mandel, "Fluctuations 
of Light Beams," Progre·ss in Optics, Vol. II, p. 193, or Fran<;:on, Optical 
Interferometry, p. 182. 
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576 Chapter 12 Basics of Coherence Theory 

determining the cross-correlation function, this time, of the 
irradiances at two points in a partially coherent field, (/i(i + 
T)l2(r))T. The contributing wavetrains, which are again repre­
sented by complex fields, are assumed to have been randomly 
emitted in accord with Gaussian statistics, with the final result 
that 

( 12.32) 

The instantaneous irradiance fluctuations 6. / i(t) and 6./2(t) are 
given by the variations of the instantaneous irradiances li(t) 

and l i(t) about their mean values (/ i(t))T and (/i(t))r, as in Fig. 
12.14. Consequently, ifwe use 

and 

and the fact that 

and 

Eqs. (12.32) and (12.33) become 

(Mi(t + T)Mi(t))T = [[ ii(T)[2 

or (6.[i(t + T)Mi(t))T = (/,)T(/2)i YdT)l2 

1(1) 

(12.34) 

(12.35) 

01-------------- - -------
(a) 

t:,./ = I - ( / ) 

·I~✓• 
(b) 

Figure 12.14 lrradiance variations. 

(Problem 12.11 ). These are the desired cross-correlations of 
the irradiance fluctuations. They exist as long as the field is 
partially coherent at the two points in question. Incidentally, 
these expressions correspond to linearly polarized light. When 
the wave is unpolarized. a multiplicative factor of½ must be 
introduced on the right-hand side. 

The validity of the princ iple of correlation interferometry 
was first established in the radiofrequency region of the spec­
trum, where signal detection was a fairly straightforward mat­
ter. Soon afterward, in 1956, Hanbury-Brown and Twiss 
proposed the optical stellar interferometer illustrated in Fig. 
12.15. But the only suitable detectors that could be used at 
optical frequencies were photoelectric devices whose very 
operation is keyed to the quantized nature of the light field. 
Thus 

... it was by no means certain that the correlation would be ful­
ly preserved in the process of photo-electric emission. For 
these reasons a laboratory experiment was carried out as 
described below.* 

That experiment is shown in Fig. 12. 16. Filtered light from a 
Hg arc was passed through a rectangular aperture. and differ­
ent portions of the emerging wavefront were sampled by two 
photomultipliers, PM1 and PM2• The degree of coherence was 
altered by moving PM1, that is, by varying h. The signals from 
the two photomultipliers were presumably proportional to the 
incident irradiances /i(t) and /2(t). These were then filtered 
and amplified, such that the steady, or de, component of each 
of the signals (being proportional to (/ 1)T and (/2)T) was 
removed, leaving only the fluctuations, in other words, 
Mi(t) = li(l) - (/1)T and M 2(t) = l 2(t) - (/2)r The two sig­
nals were then multiplied together in the correlator, and the 
time average of the product, which was proportional to 
(Mi(i)M2 (t))T, was finally recorded. The values of li'12(0Jl2 

for various separations, h, as deduced experimentally via Eq. 
(12.35), were in fine agreement with those calculated from 

theory. For the given geometry, the correlation definitely 
existed; moreover, it was preserved through photoelectric 
detection. 

The irradiance fluctuations have a frequency bandwidth 
roughly equivalent to the bandwidth (6.v) of the incident light, 
in other words, (6.tcr 1, which is about I 00 MHz or more. This 
is much better than trying to follow the field alternations at 

·Taken from R. Hanbury- Brown and R. Q. Twiss, "Correlation Between 
Photons in Two Coherent Beams of Light," Nature 127, 27 (1956). 
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Amplifier I 

Multiplier 

Integrator 

Pa.rallcl 1rays 
from a star 

Amplifier 2 ~---1 Delay line 

Figure 12.15 Stellar correlation interferometer. 

1015 Hz. Even so, fast circuitry with roughly a 100-MHz pass 
bandwidth is required. In actuality the detectors have a finite 
resolving time T, so that the signal currents!}, and !}2 are actu­
ally proportional to averages of li(t) and /2 (t) over T and not 
their instantaneous values. In effect, the measured fluctuations 

Fil1cred 
Hg light---~-' 

t:::> 

Band-limited 
amplifier 

Band-limited 
amplifier 

Integrator 

Figure 12.16 Hanbury-Brown and Twiss experiment. 

12.4 Coherence and Stellar Interferometry 577 

are smoothed out, as illustrated by the dashed curve of Fig. 
12.14b. For T > 6.tc, which is normally the case, this just leads 
to a reduction, by a factor of 6.tc/T, in the correlation actually 
observed: 

(12.36) 

For example, in the preceding laboratory arrangement, the fil­
tered mercury light had a coherence time of about I ns, while 
the electronics had a reciprocal pass bandwidth or effective 
integration time of = 40 ns. Note that Eq. ( 12.36) isn' t any dif­
ferent conceptually from Eq. (12.35)-it's just been made a bit 
more realistic. 

Shortly after their successful laboratory experiment, Han­
bury-Brown and Twiss constructed the stellar interferometer 
shown in Fig. 12.15. Searchlight mirrors were used 10 collect 
starlight and focus it onto two photomultipliers. One arm con­
tained a delay line, so that the mirrors could physically be 
located at the same height, with compensation for any differ­
ences in the arrival times of the light. The measurement of 
(/1!} i(tJ!i!J2(f))T at various separations of the detectors 
allowed the square of the modulus of the degree of coherence, 
I ydOJl2. to be deduced, and this in turn yielded the angular 
diameter of the source, just as it did with the Michelson stellar 
interferometer. This time, however. the separation h could be 
very large, because one no longer had to worry about messing 
up the phase of the waves, as was the case in the Michelson 
device. There, a slight shift in a mirror of a fraction of a wave­
length was fatal. Here, in contrast, the phase was discarded, so 
that the mirrors didn't even have to be of high optical quality. 
The star Sirius was the first to be examined, and it was found 
to have an angular diameter of 0.006 9 second of arc. More 
recently, a correlation interferometer with a baseline of 618 
feet has been constructed at Narrabri, Australia. For certain 
stars, angular diameters of as little as 0.000 5 second of arc can 
be measured with this instrument-that's a long way from the 
angular diameter of Betelgeuse (0.047 second of arc).* 

The electronics involved in irradiance co1Telation could be 
greatly simplified if the incident light were very nearly mono­
chromatic and of considerably higher flux density. Laserlight 
isn't thermal and doesn't display the same statistical fluctua­
tions, but it can nonetheless be used to generate pseudother-

• For a discussion of the photon aspects of irradiance correlation, see 
Garbuny, Optical Physics, Section 6.2.5.2, or Klein, Optics, Section 6.4. 
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- 4 - 2 0 2 4 
h(mm) 

Figure 12.17 A correlation function for a pseudothermal source. !From 
A. B. Haner and N. R. !senor, Am J. Phys. 38, 748 (1970).) 

mal* l ight. A pseudothermal source is composed of an ordi­
nary bright source (a laser is most convenient) and a moving 

• See W. Martienssen and E. Spiller, "Coherence and Fluctuations in 
Light Beams," Am J. Phys. 32, 919 (l 964), and A. B. Haner and N. R. 
/senor, "Intensity Correlations from Pseudothermal Light Sources," Am. 
J. Phys. 38, 748 (1970). Both of these articles are well worth studying. 

PROBLEMS 

Complete solutions to all problems-except those with an asterisk­
can be found in the back of the book. 

12.1 Suppose we set up a fringe pattern using a Michelson Interfer­

ometer with a mercury vapor lamp as the source. Switch on the lamp 

in your mind's eye and discuss what will happen to the fringes as the 

mercury vapor pressure builds to its steady-state value. 

12.2* We wish to examine the irradiance produced on the plane of 

observation in Young's Experiment when the slits are illuminated 

simultaneously by two monochromatic plane waves of somewhat dif­

ferent frequency. £ 1 and £-i. Sketch these against time, taking 

A 1 = 0.8A2• Now draw the product £ 1 £2 (at a point P ) against time. 

medium of nonuniform optical thickness, such as a rotating 
ground glass disk. If the scattered beam emerging from a sta­
tionary piece of ground glass is examined with a sufficiently 
slow detector, the inherent irradiance fluctuations will be 
smoothed out completely. By setting the ground glass in 
motion, irradiance fluctuations appear with a simulated coher­
ence time commensurate with the disk's speed. In effect, one 
has an extremely brilliant thermal source of variable fit, 
(from, say, 1 s to 10-5 s), which can be used to examine a 
whole range of coherence effects. For example, Fig. 12.17 
shows the correlation function, which is proportional to 
[2Ji(u)/(u)J2, for a pseudothermal circular aperture source 
determined from irradiance fluctuations. The experiment set­
up resembles that of Fig. 12. 16, although the electronics is 
considerably simpler.* 

• A good overall reference for this chapter is the review article by L. 
Mandel and E. Wolf, "Coherence Properties of Optical Fields," Revs. 
Modern Phys. 37, 231 (l 965); this is rather heavy reading. Take a look 
at K. !. Kellermann, "Intercontinental Radio Astronomy," Sci. Am. 226, 
72 (February 1972). 

What can you say about its average over a relatively long interval? 

What does (£1 + £2)2 look like? Compare it with Er+£~. Over a 

time that is long compared with the periods of the waves, approxi­

mate ((£ 1 + £2)2 >r 
12.3* With the previous problem in mind, now consider things 

spread across space at a given moment in time. Each wave separate­

ly would result in an irradiance distribution / 1 and /2 . Plot both on the 

same space axis and then draw their sum / 1 + fi. Discuss the mean­

ing of your results. Compare your work with Fig. 7 .16. What happens 

to the net irradiance as more waves of different frequency are added 

in? Explain in terms of the coherence length. Hypothetically, what 
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would happen to the pattern as the frequency bandwidth approached 

infinity? 

12.4 With the previous problem in mind, return to the autocorrela­

tion of a sine function. shown in Fig. 11.37. Now suppose we have a 

signal composed of a great many sinusoidal components. Imagine 
that you take the autocorrelation of this complicated signal and plot 

the result (use three or four components to start with), as in part (e) of 

Fig. 11.37. What will the autocorrelation function look like when the 

number of waves is very large and the signal resembles random 

noise? What is the significance of the T = 0 value? How does this 

compare with the previous problem? 

12.5 • Imagine that we have the arrangement depicted in Fig. 12.3. 

If the separation between fringes (max. to max.) is I mm and if the 

projected width of the source slit on the screen is 0.5 mm, compute 

the visibility. 

12.6 Referring to the slit source and pinhole screen arrangement of 

Fig. P. 12.6, show by integration over the source that 

sin (7ra/ Al)b 
l(Y) ex b + / cos (27TaY/ As) 

7Ta Al 

Figure P.12.6 y 

y 

J. ~ S2 
a 

p 

s I t 

. I '. 
b 

I . ., 

12.7 Carry out the details leading to the expression for the visibility 

given by Eq. (12.22). 

12.8 Under what circumstances will the irradiance on I ,, in Fig. 

P.12.8 be equal to 4/0, where /0 is the irradiance due to either inco­

herent point source alone? 

Figure P.12.8 

s·------~ s-------
0" 

Problems 579 

12.9* Suppose we set up Young's Experiment with a small circular 

hole of diameter 0.1 mm in front of a sodium lamp (Ao = 589.3 nm) 

as the source. If the diistance from the source to the slits is I m, how 

far apart will the sl its be when the fringe pattern disappears? 

12.10 Taking the ang;ular diameter of the Sun viewed from the Earth 

to be about I / 2°. dete1mine the diameter of the corresponding area of 

coherence, neglecting any variations in brightness across the surface. 

12.11 Show that Eqs. (12.34) and ( 12.35) follow from Eqs. ( 12.32) 

and (I 2.33). 

12.12* Return to Eq. (12.21) and separate it into two terms repre­

senting a coherent and an incoherent contribution, the first arising 

from the superposition of two coherent waves with irradiances of 

liidTJl/1 and lii12(TJI /2 having relative phase of a 12(T) - cp, and the 
second from the superposition of incoherent waves of irradiance 

[l- lfd'TJIJ/1 and [I - lfd'T)IJ/2. Now derive expressions for 

fcoh/ l ;ncoh and for l;nco1>/ l,otal· Discuss the physical significance of this 
alternative formulation and how we might view the visibility of 

fringes in terms of it. 

12.13 Imagine that we have Young's Experiment, where one of the 

two pinholes is now covered by a neutral-density filter that cuts the 

irradiance by a factor ,of I 0, and the other hole is covered by a trans­

parent sheet of glass, so there is no relative phase shift introduced. 

Compute the visibility in the hypothetical case of completely coher­

ent illumination . 

12.14* Suppose that Young's double-slit apparatus is illuminated 

by sunlight with a mean wavelength of 550 nm. Determine the sepa­

ration of the slits that would cause the fringes to vanish. 

12.15 We wish to construct a double-pinhole setup illuminated by a 

uniform. quasi monochromatic, incoherent slit source of mean wave­

length 500 nm and width b. a distance of 1.5 m from the aperture 

screen. If the pinholes are 0.50 mm apart, how wide can the source be 

if the visibility of the !fringes on the plane of observation is not to be 

less than 85%? 

12.16* Suppose that we have an incoherent, quasimonochromatic, 

uniform slit source, such as a discharge lamp with a mask and filter in 

front of it. We wish to illuminate a region on an aperture screen 10.0 

m away, such that the modulus of the complex degree of coherence 
everywhere within a r,egion 1.0 mm wide is equal to or greater than 
90% when the wavel,ength is 500 nm. How wide can the slit be? 
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580 Chapter 12 Basics of Coherence Theory 

12.17* Figure P.12.17 shows two incoherent quasimonochromatic 

point sources illuminating two pinholes in a mask. Show that the 

fringes formed on the plane of observation have minimum visibility 

when 

where m = ± I, ±3, ±5 .. .. 

Figure P.12.17 

12.18 Imagine that we have a wide quasimonochromatic source 

(A = 500 nm) consisting of a series of vertical, incoherent. infinites­

imally narrow line sources. each separated by 500 µ,m. This is used to 

illuminate a pair of exceedingly narrow vertical slits in an aperture 

screen 2.0 m away. How far apart should the apertures be to create a 

fringe system of maximum visibility? 
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M,Milem Optics: 
La:sers and 
Otlt.er Tople1 

13.1 Lasers and Laserlight 

During the early 1950s a remarkable device known as the 
maser came into being through the efforts of a number of sci­
entists. Principal among these people were Charles Hard 
Townes of the United States and Alexandr Mikhailovich 
Prokhorov and Nikolai Gennadievich Basov of the USSR, all 
of whom shared the 1964 Nobel Prize in Physics for their 
work. The maser, which is an acronym for Microwave Ampli­
fication by Stimulated Emission of Radiation, is, as the name 
implies, an extremely low-noise, microwave ampllifier. * It 
functioned in what was then a rather unconventional way, 
making direct use of the quantum-mechanical interaction of 
matter and radiant energy. Almost immediately after its incep­
tion, speculation arose as to whether or not the same t,echnique 
could be extended into the optical region of the spectrum. In 
1958 Townes and Arthur L. Schawlow prophetically set forth 
the general physical conditions that would have to be met in 
order to achieve Light Amplification by Stimulated )Emission 
of Radiation. And then in July of 1960 Theodore H. Maiman 
announced the first successful operation of an optical maser or 
laser-certainly one of the great milestones in the history of 
Optics, and indeed in the history of science, had been 
achieved. 

The laser is a quantum-mechanical device that manages to 
produce its "marvelous light" by taking advantage of the sub­
tle ways in which atoms interact with electromagne1tic radia­
tion. To gain a solid, if only introductory, understanding of 
how the laser works and what makes its emissions so special, 
we'll first lay out some basic theory about ordinary thermal 
sources, such as lightbulbs and stars. That will require an 

·see James P. Gorden, "The Maser," Sci. Am. 199, 42 (December 
1958). 

introduction to blackbody radiation, but those insights are 
also basic to any treatment of the interaction of EM-radiation 
and matter. To that will be added a discussion of the Boltz­
mann distribution (p. 586) as applied to atomic energy levels. 
With this to stand on, we can appreciate the central notion of 
stimulated emission via the Einstein A and B coefficients (p. 
586); the rest, more or less, follows. 

13.1.1 Radiant Energy and Matter in 
Equilibrium 

It shouldn't surprise anyone that if physics was to be turned on 
its head, it would be done while trying to figure out what light 
(i.e., radiant energy) was all about. Quantum theory had its 
earliest beginnings back in 1859 with the study of a seeming­
ly obscure phenomenon known as blackbody radiation. That 
year, Charles Darwin published The Origin of Species, and 
Gustav Robert Kirchhoff proffered an intellectual challenge 
that would lead to a revolution in physics. 

Kirchhoff was involved in analyzing the way bodies in 
thermal equilibrium behave in the process of exchanging radi­
ant energy. This thermal radiation is electromagnetic energy 
emitted by all objects, the source of which is the random 
motion of their constituent atoms. He characterized the abili­
ties of a body to emit and absorb electromagnetic energy by an 
emission coefficient e>. and an absorption coefficient o:A. 
Epsilon is the energy per unit area per unit time emitted in a 
tiny wavelength range around A (in units of W /m2 /m): ther­
mal radiation comprises a wide range of frequencies, and an 
energy-measuring device by necessity admits a band of wave­
lengths. Alpha is the fraction of the incident radiant energy 
absorbed per unit area per unit time in that wavelength range; 
it' s unitless. The emission and absorption coefficients depend 
on both the nature of the surface of the body (color, texture, 
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etc.) and the wavelength-a body that emits or absorbs well at 
one wavelength may emit or absorb poorly at another. 

Consider an isolated chamber of some sort in thermal equi­
librium at a fixed temperature T. Presumably, it would be 
filled with radiant energy at a myriad of different wave­
lengths-think of a glowing furnace. Kirchhoff assumed there 
was some formula, or distribution function !:,.. (A), which 
depends on T and which provides values of the energy per 
unit area per unit time at each wavelength; call it the spectral 
flux density within the cavity (or spectral exitance when it 
leaves it). He concluded that the total amount of energy at all 
wavelengths being absorbed by the walls versus the amount 
emitted by them must be the same, or else T would change, 
and it doesn't. Furthermore, Kirchhoff argued that if the walls 
were made of different materials (which behave differently 
with T), that same balance would have to apply for each 
wavelength range individually. The energy absorbed at A. 
namely, a:,..!:,.., must equal the energy radiated, E:,.. , and this is 
true for all materials no matter how different. Kirchhoff's 
Radiation Law is therefore 

E:,.. - = I:,.. (13.1) 
a:,.. 

wherein the distribution I:,.., in units of J/m3,s or W / m3
, is a 

universal function the same for every type of cavity wall 
regardless of material, color, size, and shape and is only 
dependent on T and A. That' s quite extraordinary! Still, the 
British ceramist Thomas Wedgwood had commented long 
before ( 1792) that objects in a fired kiln all turned glowing red 
together along with the furnace walls, regardless of their size, 
shape, or material constitution. 

Although Kirchhoff could not provide the energy distribu­
tion function in general, he did observe that a perfectly absorb­
ing body, one for which a:,.. = I, will appear black and, in that 
special case, I:,.. = E:,... Moreover, the distribution function for a 
perfectly black object is the same as for an isolated chamber at 
that same temperature (visualize such a blackbody at equilib­
rium inside a hot oven). The radiant energy distribution at 
equilibrium within an isolated cavity is in every regard the 
same, "as if it came from a completely blackbody of the same 
temperature." Therefore the energy that would emerge from a 
small hole in the chamber should be identical to the radia­
tion coming from a perfectly black object at the same tem­
perature. 

The scientific community accepted the challenge of exper­
imentally determining I:,.., but the technical difficulties were 
great and progress came slowly. The basic setup (Fig. 13. la) 

0 1000 

T (highl 

2000 

,\ (nm) 

(h ) 

.... .. . 
3000 

Figure 13.1 <al A basic experimental setup for measuring blackbody 
radiation. (bl Values of I, at successive wavelengths as measured by a 
detector. Each curve corresponds to a specific source temperature. 

is simple enough, although coming up with a reliable source 
was a daunting problem for a long time. Data must be extract­
ed that is independent of the construction of the specific detec­
tor, and so the best thing to plot is the radiant energy per unit 
time. which enters the detector per unit area (of the entrance 
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window) per unit wavelength range (admitted by the detector). 
The kind of curves that were ultimately recorded are shown in 
Fig. 13.lb, and each is a plot of /A at a specific temperature. 

Stefan-Boltzmann Law 

In 1865 John Tyndall published some experimental results, 
including the determination that the total energy emitted by a 
heated platinum wire was 11.7 times greater when operating at 
1200°c (1473 K) than it was at 525°C (798 K). Rather amaz­
ingly, Josef Stefan (1879) noticed that the ratio of 
(1473 K)4 to (798 K)4 was 11.6, nearly 11.7, and he sunnised 
that the rate at which energy is radiated is proportional to T 4

. 

In this observation Stefan was quite right (and quite lucky); 
Tyndall's results were actually far from those of a blackbody. 
Still, the conclusion was subsequently given a theoretical 
foundation by L. Boltzmann ( 1884). His was a traditional 
treatment of the radiation pressure exerted on a piston in a 
cylinder using the laws of thermodynamics and Kirchhoff's 
Law. The analysis progressed in much the same way one 
would treat a gas in a cylinder, but instead of atoms, the active 
agency was electromagnetic waves. The resulting Stefan­
Boltzmann Law for blackbodies (which is correct, though 
nowadays we would derive it differently) is 

P = CTAT4 (13.2) 

where P is the total radiant power at all wavelengths, A is the 
area of the radiating surface, Tis the absolute temperature in 
kelvins, and CT is a universal constant now given as 

CT = 5.670 33 X 10- 8 W /m2 
• K4 

The total area under any one of the blackbody-radiation curves 
of Fig. 13.1 b for a specific Tis the power per unit area, and 
from Eq. (13.2) that's just P/A = CTT4

. 

Real objects are not perfect blackbodies; carbon black has 
an absorptivity of nearly one, but only at certain frequencies 
(obviously including the visible). Its absorptivity is much low­
er in the far infrared. Nonetheless, most objects resemble a 
blackbody (at least at certain temperatures and wave­
lengths)-you, for instance, are nearly a blackbody for 
infrared. Because of that, it's useful to write a similar expres­
sion for ordinary objects. This can be done by introducing a 
multiplicative factor called the total emissivity (e), which 
relates the radiated power to that of a blackbody for which 
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e = l, at the same temperature, thus 

Table 13. l provides a few values of E (at room temperature), 
where O < e < I. Note that emissivity is unitless. 

If an object with a total absorptivity of a is placed in an 
enclosure such as a cavity or a room having an emissivity Ee 
and a temperature Te, the body will radiate at a rate roAT4 and 
absorb energy inside the enclosure at a rate a( EeuATc4 ) . Yet at 
any temperature at which the body and enclosure are in equi­
librium (i.e., T = Te), these rates must be equal; hence, at:. = 
e and that has to be true for all temperatures. The net power 
radiated (when T > T0 ) or absorbed (when T < T. ) by the 
body is then 

All bodies not at zero kelvin radiate, and the fact that Tis 
raised to the fourth power makes the radiation highly sensitive 
to temperature changes. When a body at 0°C (273 K) is 
brought up to I 00°C (373 K), it radiates about 3.5 times the 
previous power. Increasing the temperature increas~s _the net 
power radiated; that's why it gets more and more difficult to 
increase the temperature of an object. (Try heating a steel 
spoon to I 300°C.) Increasing the temperature of an object also 
shifts the emitted distribution of energy among the various 
wavelengths present. At the moment when the filament of a 
lightbulb "blows," the resistance, current, and temperature 
rise; it goes from its normal operating reddish-white color to a 
bright flash of blue-white. 

TABLE 13.1 Some Representative Values of 
Total Emissivity* 

Material 

Aluminum foil 
Copper, polished 
Copper, oxidized 
Carbon 
White paint, flat 
Red brick 
Concrete 
Black paint, flat 
Soot 

• T = 300 K, room temperature. 

e 

0-02 
0.03 
0.5 
0.8 
0.87 
0.9 
0.94 
0.94 
0 .95 
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Wien Displacement Law 

Perhaps the last notable success in applying classical theory to 
the problem of blackbody radiation came in 1893 at: the hands 
of the German physicist and Nobel laureate Willhelm Otto 
Fritz Franz Wien ( 1864-1928), known to his friends as Willy. 
He derived what is today called the Displacement ILaw. Each 
blackbody curve reaches a maximum height at a value o f 
wavelength (Amax) that is particular to it and therefore to the 
absolute temperature T. At that wavelength, the blackbody 
radiates the most energy. Wien was able to show that 

AmaxT = constant (13.3) 

where the constant was found experimentally to be 0.002 898 
m· K. The peak wavelength is inversely proportio,nal to the 
temperature . Raise the temperature, and the bulk of the radia­
tion shifts to shorter waveleng1hs and higher f requencies (see 
the dashed curve in Fig. 13.2). As a glowing coal or a blazing 
star gets hotter, it goes from IR warm to red-hot to blue-white. 
A person or a piece of wood, both only roughly blackbodies, 
radiates for the most part in the infrared and would only begin 
to glow fain tly in the visible at around 600°C or 700°C, long 
after either had decomposed. The bright cherry red of a chunk 
of "red" hot iron sets in at around I 300°C. 

In 1899 researchers greatly advanced the state of experi­
mentation by using, as a source of blackbody radiation, a small 
hole in a heated cavity (Fig, I 3.3). Energy enterirng such an 
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1000 1500 

). (nm) 

2000 

Figure 13.2 Blackbody radiation curves. The hyperbola passing 
through peak points corresponds to Wien's Law. 

Figure 13.3 Radiant energy entering a 
tiny hole in a chamber will rattle around 
with little chance of ever emerging through 
the aperture, and so the hole looks black. 
In reverse, the aperture of a heated cham­
ber appears as a blackbody source. 

aperture reflects around inside until it' s absorbed. (The pupil 
o f the eye appears black for precisely the same reason.) A 
near-perfect absorber is a near-perfect emitter, and the region 
of a small hole in the face of an oven is a wonderful source of 
blackbody radia1ion. 

It was at this point in time that classical theory began to fal­
ter. All attempts to fit the entire radiation curve (Fig. 13.2) 
with some theoretical expression based on electromagnetism 
led only to the most limited successes. Wien produced a for­
mula that agreed with the observed data fairly well in the short 
wavelength region but deviated from it substantially at large A. 
Lord Rayleigh and later Sir James Jeans (1877-1946) devel­
oped a description in terms of the standing-wave modes of the 
field within the enclosure. But the resulting Rayleigh- Jeans 
formula matched the experimental curves only in the very long 
wavelength region. The failure of classical theory was totally 
inexplicable; a turning po int in the history of physics had 
arrived. 

Planck Radiation Law 

Max Karl Ernst Ludwig Planck at 42 was the somewhat reluc­
tant father of quantum theory. Like so many other theoreti­
cians at the turn of the century, he, too, was working on 
blac kbody radiation. But Planck would succeed not only in 
producing Kirchhoff's distribution function, but also in turn­
ing physics upside-down in the process. We cannot follow the 
details of his derivation here; besides, the original version was 
wrong. (Bose and Einstein corrected it years later.) Still, it had 
such a powerful impact that it's worth looking at some of the 
features that are right. 

Planck knew that if an arbitrary distribution of energetic 
molecules was injected into a constant-temperature chamber, 
it would ultimately rearrange itself into the Maxwell- Boltz­
mann distribution of speeds as it inevitably reached equilibri­
um. Presumably, if an arbitrary distribution of radiant energy 
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is injected into a constant-temperature cavity, it, too, wi.ll ulti­
mately rearrange itself into the Kirchhoff distribution of ener­
gies as it inevitably reaches equilibrium. 

In October 1900, Planck produced a distribution formula 
that was based on the latest experimental results. This mathe­
matical contrivance, concocted "by happy guesswork:·· fit all 
the data available. It contained two fundamental constants, one 
of which (h) would come to be known as Planck's CoIUstant. 
That much by itself was quite a success, even if it didn't 
explain anything. Although Planck had no idea of it at the 
time, he was about to take a step that would inadvertent!ly rev­
olutionize our perception of the physical Universe. 

Naturally enough, Planck set out to construct a theoretical 
scheme that would logically lead to the equation he had 
already devised. He assumed that the radiation in a chamber 
interacted with s imple microscopic oscillators of some 
unspecified type. These vibrated on the surfaces of the cavity 
walls, absorbing and reemitting radiant energy independent of 
the material. (In fact, the atoms of the walls do exactly that. 
Because of their tightly packed configuration in the solid 
walls, the atoms interact with a huge number of their 1neigh­
bors. That completely blurs their usual characteristic sharp 
resonance vibrations, allowing them to oscillate over a broad 
range of frequencies and emit a continuous spectrum.) T ry as 
he might, Planck was unsuccessful. At that time, he was a 
devotee of E. Mach. who had little regard for the reality of 
atoms, and yet the obstinate insolubility of the problem ulti­
mately led Planck to "an act of desperation." He hesitantly 
turned to Boltzmann's "distasteful" statistical method, which 
had been designed to deal with the clouds of atoms tha1t con­
stitute a gas. 

Boltzmann, the great proponent of the atom, and Planck 
were intellectual adversaries for a while. And now Planck was 
forced to use his rival 's statistical analysis, which-ir0>nical­
ly-he would misapply. If Boltzmann's scheme for counting 
atoms was to be applied to something continuous, such as 
energy, some adjustments would have to be made in the pro­
cedure. Thus, according to Planck, the total energy ,of the 
oscillators had to be thought of, at least temporarily, as appor­
tioned into "energy elements" so that they could be cotUnted. 
These energy elements were given a value proportional to the 
frequency v of the resonators. Remember that he already had 
the formula he was after, and in it there appeared the term hv. 
Planck's Constant, 

6.6260755 X 10- 34 J ·s or 4.1356692 X 10- 15 eV·s 

is a very small number and so hv, which has the units of ener-
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gy, is itself a very small quantity. Accordingly, he set the val­
ue of the energy element equal to it: '& = hv. 

This was a statistical analysis, and counting was central. 
Still, when the method was applied as Boltzmann intended, it 
naturally smoothed out energy, making it continuous as usual. 
Again, we needn't worry about the details. The amazing thing 
was that Planck had stumbled on a hidden mystery of nature: 
energy is quantized-it comes in tiny bursts, but he didn't 
realize it then. 

Planck derived the following formula for the spectral exi­
tance (or spectral irradiance)-which he had already arrived at 
by fitting curves to the data-and it's the answer to Kirch­
hoff s challenge: 

(l 3.4) 

where k8 is Boltzmann's Constant. This is Planck's Radia­
tion Law, and, of course, it fit blackbody data splendidly (Fig. 
13.4). Notice how the expression contains the speed of light, 
Boltzmann's Constant, and Planck's Constant (h). It bridges 
Electromagnetic Theory to the domain of the atom. 

Although Eq. (13.4) represents a great departure from 
previous ideas, Planck did not mean to break with classical 
theory. It would have been unthinkable for him even to sug­
gest that radiant energy was anything but continuous. "That 
energy is forced, at the outset, to remain together in certain 
quanta ... ," Planck later remarked, "was purely a forma l 
assumption and I really did not give it much thought." It was 
only around 1905, at the hands of a much bolder thinker, 
Albert Einstein, that we learned that the atomic oscillators 
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Figure 13.4 The cosmic background radiation of the Universe. Since 
the creation of the Universe with the Big Bang, it has expanded and 
cooled. The data points (measured in the microwave spectrum) were 
detected by the Cosmic Background Explorer (C0BE) satellite. The solid 
line is the Planck blackbody curve for a temperature of 2. 735 :!: 0.06 K. 
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586 Chapter 13 Modern Optics: Lasers and Other Topics 

were real and that their energies were quantized. Each oscil­
lator could only exist with an energy that was a whole-num­
ber multiple of hv (a little like the gravitational-PE of some­
one walking up a flight of stairs). Moreover, radiant energy 
itself is quantized, existing in localized blasts of an amount 
~ = hv. 

13.1.2 Stimulated Emission 

The LAser accomplishes "light amplification" by making use 
of energetic atoms in a medium to reinforce the light field. 
Let's therefore examine the manner in which the energy states 
of a system of atoms at some arbitrary temperature is normal­
ly distributed. The problem is part of the broader discipline of 
Statistical Mechanics and is addressed specifically in terms of 
the Maxwell- Boltzmann distribution. 

Population of Energy Levels 

Imagine a chamber filled with a gas in equilibrium at some 
temperature T. If Tis relatively low, as it is in a typical room, 
most of the atoms will be in their ground states, but a few will 
momentarily pick up enough energy to "rise" into an excited 
state. T he classical Maxwell- Boltzmann distribution main­
tains that, on average, a number of atoms per unit volume, N,. 
will be in any excited state of energy "&; such that 

where N0 is a constant for a given temperature. The higher the 
energy state, that is, the greater the value of"& (the smaller is 
the exponential) and the fewer atoms there will be in 1ha1 s1a1e. 

Since we will be interested in atomic transition between 
arbitrary states, consider the jth energy level where "&1 > "&,. 
Then for it Ni = N0e - "8,/knr, and the ratio of thP. populations 

occupying these two states is 

Ni e- "8,fk"r 

-N = - ·"8/ k8 T ; e . 

This is the relative population, and it follows that 

( 13.5) 

( 13.6) 

where use was made of the fact that a transi tion for the jth­
statc to the ith-state corresponds to an energy change of 

("&1 - "&;) and since such transitions are accompanied by the 
emission of a photon of freque ncy v1;. we can substitute 
("&1 - "ts;) = hv1;. 

The Einstein A and 8 Coefficients 

In 1916 Einstein devised an e legant and ra1her simple theoret­
ical treatmenl of the dynamic equilibrium ex isling for a mate­
rial medium bathed in elec1romagnetic radiation, absorbing 
and reemitting. The analysis was used to affirm Planck's Radi­
ation Law, but more importantly it also created the theoretical 
foundation for the laser. The reader should already be familiar 
wi1h the basic mechanism of absorp1ion (see Fig. 3.35, 
p. 64). Suppose the atom is in its lowest energy or ground-s1a1e 
configuration. A photon having an adequate amount of energy 
interacts with the atom, imparting that e nergy to the atom, 
thereby causing the electron cloud 10 take on a new configura­
tion. The atom jumps in10 a higher-e nergy exci1ed state 
tFig. 13.5). In a dense medium, 1he atom is likely to interact 
with ils jiggling neighbors and pass off its bounly of energy 
via collisions. 

Such an excess-energy config uralion is usually (though not 
always) exceedingly short-lived, and in IO ns or so, wilhout 
the intercession of any external influence, 1he atom will emi1 
its overload of energy as a photon. As it does, ii reverts to a 
stable slate in a process called spon1aneous emission (Fig. 
13.5b). 

The remarkable thing is that there is a third alternative 
process. one firs! appreciated by Einstein and crucial to the 
operation of the laser-which wasn' I invented unti l almost a 
half century later. For a medium inundated with EM-radia­
tion. it ' s possible for a pho1on to interact with an excited atom 
while 1hat atom is still in its higher-energy configuration. The 
atom can !hen dump its excess energy in-slep wi1h 1he incom­
ing photon. in a process now called stimulated emission 
(Fig. 13.5). 

In !he case of absorption, 1he rate-of-change of the number 
of atoms in some initial state. as they leave to some higher 
state. mus! depend on the s1rength of the photon field inundat­
ing those atoms. In 01her words. it mus! depend on the energy 
density u. given by Eq. (3.34), but more specifically it must 
depend on the energy density in the frequency range driving 
!he transition. that is. 1he spec1ral energy density u,,, which has 
units of joules per meter-squared per inverse second (J · s/m2). 
(Note 1ha1 if we consider the radiai ion field as a photon gas, 
the spcc1ral energy dcnsi1y can be 1ho ught of as 1hc photon 
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density per unit frequency range.) The rate-of-change of the 
number of atoms, the transition rate, will also be propo11ion­
al to the population, that is, the number density of atoms in 
that state (N;); the more there are, the more can leave (via 
absorption) per second. Because the process is driven by the 
photon field, let's call it stimulated absorption, whereupon 
the transition rate is 

!stimulated absorption] 

lnilial 

Stimulated 
absorption 

(a) 

Spontaneous 
emission 

(b) 

Stimulated 
emission 

(e) 

(13.7) 

Final 
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Here Bii is a constant of proportionality, and the minus arises 
because N; is decreasing. Similarly, for stimulated emission 

[stimulated emission) ( d;j ) st= -BjiNjuv (13.8) 

In the case of spontaneous emission, the process is indepen­
dent of the field environment and 

[spontaneousemission] (dNj) = -A-N ( 13.9) 
dt sp J' J 

Figure 13.5 A schematic representation of 
(a) stimulated absorption, (b) spontaneous 
emission, and (C) stimulated emission. 
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588 Chapter 13 Modern Optics: Lasers and Other Topics 

Keep in mind that the transition rate, the number of atoms 
making transitions per second, divided by the number of 

atoms, is the probability of a transition occurring per second, 
qp_ Consequently, the probability per second of spontaneous 

emission is qp,p = AJi. 
For a single excited atom making a spontaneous transition 

to a lower s tate, the inverse of the transition probability per 
second is the mean life or lifetime of the excited state T . Thus 
{operating under conditions that exclude any other mechanism 
but spontaneous emission), if N atoms are in that excited state, 
the total rate of transitions, that is, the number of emitted pho­

tons per second, is Nqp sp = NAJi = N /T. A low-transition 
probability means a long lifetime. 

The three constants AJi, Bj;, and B;i are Eins tein's coeffi­
cients. Following his lead, we assume (I) that thermodynamic 
equilibrium exists between the radiation field and the atoms in 

it at any T; (2) that the e nergy density has the characteristics of 
a blackbody at T; and (3) that the number densities of the two 
states are in accord with the Maxwell-Boltzmann distribution. 

Given that the sys tem is in equilibrium, the rate of upward 

(i ➔ j) transitions must equal the rate of downward transitions 
(j ➔ i): 

Dividing both sides by N; and rearranging terms yields 

Nj Bijuv 

N; AJi + BJiuv 

Making use of Eq. ( 13.6), that is, what we found from the 
application of the Maxwell-Boltzmann distribution, this 

becomes 

- hv / k T B;;Uv e Jr B = -~<~-
Aji + B)iu v 

and solving for uv leads to 

A)B .. 
U = JI JI 

v (B
1
/ BJi)e"",.lksT - I 

( 13. I 0) 

Here Einstein pointed out that as T ➔ oc, the spectral energy 
density, that is, the spectral photon density, approaches infini­
ty. Figure 13.3 shows that /A increases with T, and that implies 
that Uv will behave in a like fashion. In fact , / v = {u,,, a point 
we will address presently. In any event, since e0 = I, the only 
way Uv will be large is if 

for large T, but since these constants are temperature indepen­
dent, they must be equal at all T. The probabilities of stimulat­

ed emission and absorption are <!/' s t = Bi;uv and !J'ab = B;p.,, 
respectively. Hence, the probability of stimulated emission 
is identical to the probability of stimulated absorption; an 
atom in the lower state is j ust as likely to make a stimulated 
transition up, as an excited atom is to make a stimulated tran­
sition down. 

Simplifying the notation (let A = Ap), Eq. ( 13. 10) becomes 

u,, =; [ e"",,),r _I] (13.11) 

The ratio A/ B can be expressed via basic quantities by 
comparing this equation with 

21rhc
2 

[ I ] I = --
>.. A 5 he 

eAkaT - I 

[13.4] 

But first transform /A into I ., where these are expressions for 
exitance (which is irradiance going outward) per interval dA 
and dv, respectively. Using the fact that A = cf 11, differentiat­
ing yields dA = - cdv/v2

• Because /Ac/A = lvdv, and drop­
ping the s ign (since it just says that one differential increases 
while the other decreases), we get 1>,,c/ v2 = Iv; and so 

( 13. 12) 

Now as a last step we need only to compare the spectral 
energy density u v in the chamber with the spectral exitance, 

( 13. 13) 

emerging from it. Rather than burden the reader with a com­
plete derivation of this relationship, let it suffice merely to jus­
tify it. Keep in mind that / v corresponds to a flow of energy 
across a unit normal area, in one s ide and out the other-a 
beam leaving the chamber. In Section 3.3.1 we saw that the 
instantaneous flow of power per unit normal area, the Poynt­
ing vector, was given by S = cu and so on average/ = cu for 
a beam. Inside a chamber, however, with light traveling in 
every direction, not all the photons that contribute to u will 
contribute to the exitance in a particular direction. Presum­
ably, inside the chamber a unit area held horizontally would 
have as much energy flowing up through it as down. More­
over, only the components perpendicular to the area contribute 
to S. so a factor of I /4 is not unreasonable. 

 
Page 594

Giesecke+Devrient GmbH, 
Giesecke+Devrient Currency Technology GmbH, 

and Papierfabrik Louisenthal GmbH. - Ex. 1027



From Eqs. ( 13.11 ), ( 13. 12), and (13.14) it follows: that 

A 87Thv3 

B=~ (13.14) 

The probability of spontaneous emission is proportional to the 
probability of stimulated emission; an atom susceptible to one 
mechanism is proportionately susceptible to the other. Lasers 
work by stimulated emission, and anything that enhances 
spontaneous emission (i.e., A) at the price of stimulated emis­
sion (i.e., B) can be expected to work to the detriment of the 
process. Because the ratio of A/ B varies as v3

, it would seem 
that X-ray lasers ought to be very d ifficult to build- they are! 

Imagine a system of atoms in thermal equilibrium h~tving 
only two possible states. Furthermore, require that the a toms 
have a long mean life so that we can ignore spontaneous 
emission. When the system is inundated by photons of the 
proper energy, stimulated absorption depopulates the lower i­
level, while stimulated emission depopulates the upper j­
level. The number of photons vanishing from the system per 
second via stimulated absorption is proportional to ~ .abN;, 

and the number entering it via stimulated emission is propor­
tional to ~st Ni, but from the equality of the B-coefficients it 
follows that ~s1 = ~ ab· Therefore ~ab NJ = ~ 51N1. How,ever, 
if the system is in thermal equilibrium, N; > NJ, which mieans 
that the number of photons vanishing per second exceeds the 
number entering per second; there's a net absorption of pho­
tons by the lower state because there are more atoms i1n the 
lower state at any given temperature. The reverse woulld be 
true if we could create a situation-a population inversi,on­
in which N; < Ni; then stimulated emission would dominate 
over stimulated absorption. 

13.1.3 The Laser 

Consider an ordinary medium in which a few atoms are in 
some excited state; call it Jj) to conform with quantum­
mechanical notation. If a photon in an incident beam is to trig­
ger one of these excited atoms into stimulated emission, it 
must have the frequency vJi, as per Fig. 13.Sc. A remarkable 
feature of this process is that the emitted photon is in-phase 
with, has the polarization of, and propagates in the same 
direction as, the stimulating radiation. The emitted photon is 
said to be in the same radiation mode as the incident wave and 
tends to add to it, increasing its flux density. However, since 
most atoms are ordinarily in the ground state, absorption is 
usually far more likely than stimulated emission. 

13.1 Lasers and Laserlight 589 

This raises an intriguing point: What would happen if a 
substantial percentage of the atoms could somehow be excited 
into an upper state, leaving the lower state all but empty? For 
obvious reasons this is known as population inversion. An 
incident photon of the proper frequency could then trigger an 
avalanche of stimulated photons-al/ in-phase. The initial 
wave would continue to build, so long as there were no domi­
nant competitive processes (such as scattering) and provided 
the population inversion could be maintained. In effect, ener­
gy (electrical, chemical, optical, etc.) would be pumped in to 
sustain the inversion, and a beam of light would be extracted 
after sweeping across the active medium. 

The First (Pulsed Ruby) Laser 

To see how all of this is accomplished in practice, let's take a 
look at Maiman's original device (Fig. 13.6). The first opera­
tive laser had as its active medium a small, cylindrical, syn­
thetic, pale pink ruby, that is, an Al2O3 crystal containing 
about 0.05 percent (by weight) of Cr2O3. Ruby, which is still 
one of the most common of the crystalli ne laser media, had 
been used earlier in maser applications and was suggested for 
use in the laser by Schawlow. The rod's end faces were pol­
ished flat, parallel and normal to the axis. Then both were sil­
vered (one only partially) to form a resonant cavity. 

It was surrounded by a helical gaseous discharge flashtube. 
which provided broadband optical pumping. Ruby appears 
red because the chromium atoms have absorption bands in the 
blue and green regions of the spectrum (Fig. 13.7a). Firing the 
flashtube generates an intense burst of light lasting a few mil­
liseconds. Much of this energy is lost in heat, but many o f the 
Cr3

+ ions are excited into the absorption bands. A simplified 
energy-level diagram appears in Fig. 13.7b. The excited ions 
rapidly relax (in about 100 ns), giving up energy to the crystal 
lattice and making nonradiative transitions. They preferen­
tially drop "down" to a pair of closely spaced, especially 
long-lived, interim states. They remain in these so-called 
metastable states for up to several milliseconds (""'3 ms at 
room temperature) before randomly, and in most cases spon­
taneously, dropping down to the ground state. This is accom­
panied by the emission of the characteristic red fluoresce nt 
radiation of ruby. The lower-level transition dominates, and 
the resulting emission occurs in a relatively broad spectral 
range centered about 694.3 nm; it emerges in all directions 
and is incoherent. 

When the pumping rate is increased somewhat, a popula­
tion inversion occurs, and the first few spontaneously emitted 
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Trigger 
electrode 

Mirror 

(a) 

Pumping energy 

I 
Beam 

Figure 13.6 The first ruby-laser configuration, just about life-sized. 

photons sti mulate a chain reaction. One quantum triggers the 
rapid. in-phase e mission of another, dumping energy from the 
metastable atoms into the evolving lightwave (Fig. 13.6b). 
The wave continues to grow as it sweeps back and forth across 

the active medium (provided enough energy is available to 
overcome losses at the mirrored ends). Since one of those 
reflecting surfaces was partially silvered, an intense pulse of 
red laser light (lasting about 0.5 ms and having a line-width of 
about 0.01 nm) emerges from that end of the ruby rod. 

Notice how neatly everything works out. The broad absorp­
tion bands make the initial excitation rather easy, while the 
long lifetime of the metastable state faci litates the population 
inversion. The atomic system in effect consists of (I) the 
absorption bands, (2) the metastable state, and (3) the ground 
state. Accordingly, it is spoken of as a three-level laser. 

Today's ruby laser is generally a high-power source of 
pulsed coherent radiation used extensively in work on inter­
ferometry, plasma diagnostics, holography, and so forth. Such 
devices operate with coherence lengths of from 0.1 m to IO m. 

2 

0 
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~ 

bsorption 

PUMP 

soo 
), (nm) 
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700 - er••• Ruby laser 

RELAXATION 

states 
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694.3nm 
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Figure 13.7 Ruby-laser energy levels. 
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Modem configurations usually have flat external mirrors, one 
totally and the other partially reflecting. As an oscillato,r, the 
ruby laser generates millisecond pulses in the energy irange 
from around 50 J to 100 J, but by using a tandem oscillator­
amplifier setup, energies well in excess of I 00 J can be pro­
duced. The commercial ruby laser typically operates at a 
modest overall efficiency of less than I%, producing a beam 
that has a diameter ranging from l mm to about 25 mm, with a 
divergence of from 0.25 mrad to about 7 mrad. 

Optical Resonant Cavities 

The resonant cavity, which in this case is of course a 
Fabry-Perot etalon, plays a significant role in the operati.on of 
the laser. In the early stages of the laser process, spontaneous 
photons are emitted in every direction, as are the stimu1lated 
photons. But all of these, with the singular exception of those 
propagating very nearly along the cavity axis, quickly pass 
out of the sides of the ruby. In contrast, the axial beam contin­
ues to build as it bounces back and forth across the a1ctive 
medium. This accounts for the amazing degree of collimiation 
of the issuing laserbeam. which is then effectively a coherent 
plane wave. Although the medium acts to amplify the wave, 
the optical feedback provided by the cavity converts the sys­
tem into an oscillator and hence into a light generator--the 
acronym is thus somewhat of a misnomer. 

In addition, the disturbance propagating within the cavity 
takes on a standing-wave configuration determined by the sep­
aration (L) of the mirrors. The cavity resonates (i.e., sta1nding 
waves exist within it) when there is an integer number (m) of 
half wavelengths spanning the region between the minors. 
The idea is simply that there must be a node at each mirror, 
and this can only happen when L equals a whole number mul­
tiple of A/2 (where A = A0 /n.). Thus 

and 

L 
m=--

A/2 

mv 
v,,,=u (13.15) 

There are therefore an infinite number of possible oscillatory 
longitudinal cavity modes, each with a distinctive frequ1ency 
"m· Consecutive modes are separated by a constant differ,ence, 

V 
Vm+l -vm=~v= 2L (13.16) 
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t 
:; I 

%° A L i 1 
o , A fl 
o. I....._-=.,_,~=--------/{_)-. L ~ - Frequency 

TEM.,.. TEM,,. TEM,..,.. I) TEM,.ff+ I ) 

- - --v/2L - --
- - --v/ 2L---­

(a) 

Cavity modes 
v/2L 

(b) 

(c) 

Figure 13.8 Laser modes: (a) illustrates the nomenclature; (b) com­
pares the broad atomic emission with the narrow cavity modes; 
(C) depicts three operation configurations for a c-w gas laser, first 
showing several longitudinal modes under a roughly Gaussian envelope, 
then several longitudinal and transverse modes, and finally a single 
longitudinal mode. 
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592 Chapter 13 Modern Optics: Lasers and Other Topics 

which is the free spectral range of the etalon [Eq. (9.79)] and, 
incidentally, the inverse of the round-trip time. For a gas laser 
I m long, ~v = 150 MHz. 

The resonant modes of the cavity are considerably narrow­
er in frequency than the bandwidth of the normal spontaneous 
atomic transition. These modes, whether the device is con­
structed so that there is one or more, will be the ones that are 
sustained in the cavity, and hence the emerging beam is 
restricted to a region close to those frequencies (Fig. 13.8). In 
other words, the radiative transition makes available a rela­
tively broad range o f frequencies out of which the cavity will 
select and amplify only certain narrow bands and, if desired, 
even only one such band. This is the origin of the laser's 
extreme quasimonochromaticity. Th us, while the bandwidth 
o f the ruby transition to the ground state is roughly a rather 
broad 0.53 nm (330 GHz)-because of interactions of the 
chromium ions with the lattice- the corresponding laser cavi­
ty bandwidth, the frequency spread of the radiatio n of a single 
resonant mode, is a much narrower 0.000 05 nm (30 MHz). 
This situation is depicted in Fig. 13.8b, which shows a typical 
transition lineshape and a series of corresponding cavity 
spikes-in this case each is separated by v/2L, and each is 30 
MHz wide. 

A possible way to generate only a single mode in the cavi­
ty would be to have the mode separation, as given by Eq. 
( 13. 16), exceed the transition bandwidth. Then only o ne mode 
would fit within the range of available freq uencies provided 
by the transition. For a ruby laser (with an index of refraction 
of 1.76) a cavity length of a few centimeters will easily ensure 
single longitudinal mode operation. The drawback o f this par­
ticular approach is that it limits the length of the active region 
contributing energy to the beam and so limits the output pow­
er of the laser. 

In addition to the long itudinal or axial modes of oscillation, 
which correspond to standing waves set up along the cavity or 
z-axis, transverse modes can be sustained as well. Since the 
fields are very nearly normal to z, these are known as TEM,,,

11 

modes (transverse electric and magnetic). T he m and II sub­
scripts are the integer number of transverse nodal lines in the 
x- and y-directions across the emerging beam. That is to say. 
the beam is segmented in its cross section into one or more 
regions. Each such array is associated with a given TEM 
mode, as shown in Figs. 13.9 and 13.10. The lowest order or 
TEM00 transverse mode is perhaps the most widely used, and 
this for several compelling reasons: the flux density is ideally 

TEMoo TEM 1o 

TEM30 

TEM, o T EM 10 TEM 11 

TEMz 1 TEM22 TEM:n 

Figure 13.9 Mode patterns (without the faint interference fringes 
this is what the beam looks like in cross section). <Photos courtesy Bell 
Telephone Labor atones. 1 

Gaussian over the beam· s cross section (Fig. I 3.1 1 ); there are 
no phase shifts in the electric fie ld across the beam, as there 
are in other modes, and so it is completely spatially coherent; 
the beam·s anguilar divergence is the smallest; and it can be 
focused down to the smallest-sized spot. Note that the ampli­
tude in this mode is actually not constant over the wavefront, 
and it is consequently an inhomogeneous wave. 

A complete specification of each mode has the form 
TEM,,,,,<r where q is the longitudinal mode number. For each 
transverse mode (m, 11) there can be many longitudinal modes 
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TEM00 TEM20 

TEM 11 

Figure 13.10 Mode configurations (rectangular symmetry). Circularly 
symmetric modes are also observable, but any slight asymmetry (such 
as Brewster windows) destroys them. 

(i.e., values of q). Often, however, it's unnecessary to work 
with a particular longitudinal mode, and the q subscript is usu­
ally simply dropped.* 

Several addi tional cavity arrangements are of considerably 
more practical significance than is the original plane-parallel 
setup (Fig. 13.12). For example, if the planar mirrors are 
replaced by identical concave spherical mirrors separated by a 
distance very nearly equal to their radius of curvature, we have 
the confocal resonator. Thus the focal points are almost coin­
cident on the axis midway between mirrors- ergo the name 
confocal. 

If one of the spherical mirrors is made planar, the cavity is 
termed a hemispherical or hemiconcentric resonator. Both of 
these configurations are considerably easier to align than is the 
plane-parallel form. Laser cavities are either stable or unstable 
to the degree that the beam tends to retrace itself and so remain 
relatively close to the optical axis (Fig. 13.13). A beam in an 
unstable cavity will "walk out," going farther from the axis on 
each reflection until it quickly leaves the cavity altogether. By 
contrast, in a stable configuration (with mirrors that are, say, 
100% and 98% reflective) the beam might traverse the res­
onator 50 times or more. Unstable resonators are commonly 

'Take a look at R. A. Phillips and R. D. Gehrz, "Laser Mode Structure 
bperiments for Undergraduate Laboratories," Am. J. Phys. 38, 429 
(1970). 
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used in high-power lasers, where the fact that the beam traces 
across a wide region of the active medium enhances the ampli­
fication and allows for more energy to be extracted. This 
approach will be especially useful for media (like carbon diox­
ide or argon) wherein the beam gains a good deal of energy on 
each sweep of the cavity. The needed number of sweeps is 
determined by the so-called small-signal gain of the active 
medium. The actual selection of a resonator configuration is 
governed by the specific requirements of the system- there is 
no universally best arrangement. 

The decay of energy in a cavity is expressed in terms of the 
Q or quality factor of the resonator. The origin of the expres­
sion dates back to the early days of radio engineering, when it 
was used to describe the performance of an oscillating (tuning) 
circuit. A high-Q, low-loss circuit meant a narrow bandpass 
and a sharply tuned radio. If an optical cavity is somehow dis­
rupted, as for example by the displacement or removal of one 
of the mirrors, the laser action generally ceases. When this is 
done deliberately in order to delay the onset of oscillation in 
the laser cavity, it's known as Q-spoiling or Q-switching. The 
power output of a laser is self-limited in the sense that the pop­
ulation inversion is continuously depleted through stimulated 
emission by the radiation field within the cavity. However, if 
oscillation is prevented, the number of atoms pumped into the 
(long-lived) metastable state can be considerably increased, 
thereby creating a very extensive population inversion. When 
the cavity is switched on at the proper moment, a tremendous-

/(x, y) 

X 

Figure 13.11 Gaussian irradiance distribution. 
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(a) Nearly planar (convex) 
- R,. -R2 >> L 
unstable 

(d) Nearly confocal 
R1, R 2 s! L 
stable 

(g) Concentric 
R 1 = R, = L/2 
marginally stable 

( b) Planar 
R1 = R2 = x 
marginally stable 

( e) Confocal 
R1 = R, = L 
marginally stable 

(h) Nearly concentric 
R1 :S L/2: R2 :S L/2 
unstable 

ly powerfu l giant pulse (perhaps up to several hundred 
megawatts) will emerge as the atoms drop down to the lower 
state almost in unison. A great many Q-switching arrange­
ments utilizing various control schemes, for example, bleach­
able absorbers that become transparent under illumination, 
rotating prisms and mirrors, mechanical choppers, ultrasonic 
cells, or electro-optic shutters such as Kerr or Pockels cells, 
have all been used . 

(b) 

0 

0 i, 

Figure 13.13 Stable and unstable laser resonators. 1Adapted from O'Shea, 
Callen, and Rhodes, An /ntroductron to Lasers and Their App/rcat1ons.) 

(c) Nearly planar (concave) 
R 1, Ri >> L 
Stable 

(f) Nearl y concentric 
R1 ~ L/2: R 2 ~ L/2 
Stable 

(i) Hemi-concentric 
R1 = L: R, = x 

marginally stable 

Gaussian Lascrbcams 

Figure 13.12 Laser cavity configu­
rations. cAdapted from O'Shea. Callen, and 
Rhodes. An lntroduct,on to Lasers and 

Their App/Jcatrons.1 

T he TEM00 mode that develops within a resonator has a 
Gaussian profile (Fig . 13.11 ); that is, the strength of the beam­
like wave falls off transversely following a be ll-shaped curve 
that 's symmetrical around the central axis (Fig . 13. 14a). 
Recall (p. 12) that a Gaussian is a negative exponential that's 
a fu nction o f the square of the variable, in this case, the dis­
tance (r) measured. in a transverse plane, from the central axis 
o f propagation (z). Because the beam trails o ff radially it's 
useful to put an arbitrary boundary to its width. Accordingly, 
let r = w be the beam half-width, the d istance at which the 
electric field of the beam drops from its maximum axial value 
of £ 0 to £ 0/ e or 37%£ 0 . At r = 1r the beam's in-adiance, which 
depends on the square o f the amplitude, is then /0/ e2 which is 
only 14%/0 . Most of the energy of the beam resides within this 
imaginary cylinder of radius w, where (Fig . 13.14b) 

and I = /0 e - 2
, as it 's supposed to, at r = w. 

As can be seen in Fig. 13.13a, when curved mirrors form 
the laser cavity there is a tendency to ' 'focus" the beam, g iving 
it a minimum cross section or waist of radius w0 . Under such 
circumstances. the external di vergence of the laserbeam is 
essentially a continuation of the divergence out from this waist 
(Fig. 13. 15). In general. there will be a beam waist somewhere 
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between the mirrors of a laser resonator; its exact location 
depends on the specific design. For example, a confocal res­
onator (Fig. 13. 12) has a waist halfway between the mirrors. 

A more complete analysis of EM-waves in the cavity, set­
ting z = 0 at the beam waist, yields the expression 

[ ( 
Az )2] 112 w( z) = Wo 1 + 7TW

5 
(13.17) 

for the half-width at any location z. The shape of the beam as 
specified by this expression for w(z) is a hyperbola of revolu­
tion about the z-axis. A practical measure of the divergence of 
the beam is the distance over which its cross-sectional area 
doubles, or equivalently, the value of z for which w(z) 
=V2 w0. This special distance, ZR, is known as the Rayleigh 
range, and it follows from the above equation for w(z) that 

7TW02 
ZR= -­

A 
(13.1 8) 

The smaller the waist (or equivalently, the smaller the mini-

Beam waist 

--
z=O 
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(b) 

0 IV 

Figure 13.14 A Gaussian beam-like wave propa­
gating in the z-direction. 

mum cross-sectional area), the smaller the Rayleigh range and 
the faster the beam diverges. At large distances from the waist 
(z >> ZR) the full-angular width of the beam (0 , in radians) 
approaches 2w(z)/z. In other words, as the line of length z , 
rotates through the angle e, its endpoint sweeps out a distance 
of ""2w(z ). Thus, when z is large and w0 is small, the second 
term in the expression for w(z) is much greater than 1 and 

[ ( 
Az )2]"2 Az 

w(z)"" wo 7TW5 "" 7TWo 

Since 6 ➔ 2w(z)/z, 

e = B._ = o.637 ~ 
7TWo Wo 

Again, the smaller Wo is, the larger will be e, the beam diver­
gence. In part, that's why people used to use megaphones­
waves emerging from a larger aperture diverge less. 

While two plane mirrors forming a laser cavity will pro­
duce a beam that is aperture limited via diffraction, this will 

Figure 13.15 The spreading of a Gaussian beam. 
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596 Chapter 13 Modern Optics: Lasers and Other Topics 

window 

power 

supply 

not now be the case. Recall Eq. ( I0.58), which describes the 
radius of the Airy disk, and divide both sides by f to get the 
half-angular width of the diffracted circular beam of diameter 
D. Doubling this yields 0, the full-angular wid1h or diver­
gence of an aperture-limited laserbeam: 

fJ""' 2.44A/ D 

By comparison, far from the region of minimum cross section, 
the full-angular width of a waisted laserbeam is 

fJ"'- l.27A/ Do ( 13.1 9) 

where D0 = 2w0 , the beam-waist diameter, can be calculated 
from the particular cavity configuration. 

The Helium-Neon Laser 

Maiman' s announcement of the first operative laser came at a 
New York news conference on July 7, 1960.* By February of 
1961 Ali Javan and his associates W.R. Bennett, Jr., and D. R. 
Herriott had reported the successful operation of a conlinuous­
wave (c-w) helium-neon, gas laser at 1152.3 nm. The He-Ne 
laser (Fig. 13. 16) is still among the most popular devices of its 
kind, most often providing a few milliwatts of continuous 
power in the visible (632.8 nm). Its appeal arises primarily 
because it ' s easy to construct, relatively inexpensive, and fair­
ly reliable and in most cases can be operated by a flick of a sin­
gle switch. Pumping is usually accomplished by electrical 
discharge (via either de, ac, or electrodeless rf excitation). Free 
electrons and ions are accelerated by an applied field and, as a 
result of collisions, cause further ionization and excitation of 

'His initial paper, which would have made his findings known in a more 
traditional fashion, was rejected for publication by the editors of Physical 
Review letters- this to their everlasting chagrin. 

Mirror 

Figure 13.16 A simple, early He-Ne laser 
configuration. 

the gaseous medium (typically, a mixture of about 0.8 torr of 
He and about 0.1 torr of Ne). Many helium atoms, after drop­
ping down from several upper levels, accumulate in the long­
lived 2 1 S- and 23S-states. These are metastable states (Fig. 
13.17) from which there are no allowed radiative transitions. 
The excited He atoms inelastically collide with and transfer 
energy to ground-state Ne atoms, raising them in turn to the 
Ss- and 4s-states. These are the upper laser levels, and there 
then exists a population inversion with respect to the lower 4p­
and 3p-states. Transitions between the Ss- and 4s-states are 
forbidden. Spontaneous photons initiate stimulated emission, 
and the chain reaction begins. The dominant laser transitions 

Helium 

Collision 

[::::t> 

Ab orption 

~ Stimulated transition 

-~--::> Spontaneous transition 

Figure 13.17 He-Ne laser energy levels. 

Neon 
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correspond to 1152.3 nm and 339 1.2 nm in the infrared and, of 
course, the ever-popular 632.8 nm in the visible (bright red). 
The p-states drain off into the 3s-state, thus themselves 
remaining uncrowded and thereby continuously sustaining the 
inversion. The 3s-level is metastable, so that 3s-atoms return 
to the ground state after losing energy to the walls of the 
enclosure. This is why the plasma tube's diameter inversely 
affects the gain and is, accordingly, a significant design para­
meter. In contrast to the ruby, where the laser transition is 
down to the ground state, stimulated emission in the He- Ne 
laser occurs between two upper levels. The significance of 
this, for example, is that since the 3p-state is ordinarily only 
sparsely occupied, a population inversion is very easily 
obtained, and this without having to half empty the ground 
state. 

Return to Fig. 13 .16, which pictures the relevant features of 
a basic early He-Ne laser. The mirrors are coated with a multi­
layered dielectric film having a reflectance of over 99%. The 
laser output is made linearly polarized by the inclusion of 
Brewster end windows (i.e., plates tilted at the polarization 
angle) terminating the discharge tube. If these end faces were 
instead normal to the axis, reflection losses (4% at each inter­
face) would become unbearable. By tilting them at the polar­
ization angle, the windows presumably have I 00% transmis­
sion for light whose electric-field component is parallel to the 
plane-of-incidence (the plane of the drawing). This polariza­
tion state rapidly becomes dominant, since the normal compo­
nent is partially reflected off-axis at each transit of the win­
dows. Linearly polarized light in the plane-of-incidence soon 
becomes the preponderant stimulating mechanism in the cav­
ity, to the ultimate exclusion of the orthogonal polarization.* 

Epoxying the windows to the ends of the laser tube and 
mounting the mirrors externally was a typical though dreadful 
approach used commercially until the mid- 1970s. Inevitably, 
the epoxy leaked, allowing water vapor in and helium out. 
Today, such lasers are hard sealed; the glass is bonded direct­
ly to metal (Kovar) mounts, which support the mirrors within 
the tube. The mirrors (one of which is generally = 100% 
reflective) have modem resistive coatings so they can tolerate 
the discharge environments within the tube. Operating life-

'Half of the output power of the laser is not lost in reflections at the 
Brewster windows when the transverse g>-state light is scattered. 
Energy simply isn't continuously channeled into that polarization compo­
nent by the cavity. If it's reflected out of the plasma tube, it's not pre­
sent to stimulate further emission. 
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times of20000 hours and more are now the rule (up from only 
a few hundred hours in the I 960s). Brewster windows are usu­
ally optional, and most commercial He-Ne lasers generate 
more or less "unpolarized" beams. The typical mass-produced 
He- Ne laser (with an output of from 0.5 mW to S mW) oper­
ates in the TEM00 mode, has a coherence length of around 25 
cm, a beam diameter of approximately l mm, and a low over­
all efficiency of only 0.0 I% to about 0.1 %. Although there are 
infrared He-Ne lasers, and even a new green (543.S nm) 
He-Ne laser, the bright red 632.8-nm version remains the 
most popular. 

A Survey of Laser Developments 

Laser technology is so dynamic a field that what was a labora­
tory breakthrough a year or two ago may be a commonplace 
off-the-shelf item today. The whirlwind will certainly not 
pause to allow descriptive terms like "the smallest," "the 
largest," "the most powerful," and so on to be applicable for 
very long. With this in mind, we briefly survey the existing 
scene without trying to anticipate the wonders that will surely 
come after this type is set. Laserbeams have already been 
bounced off the Moon; they have spot welded detached reti­
nas, generated fusion neutrons, stimulated seed growth, served 
as communications links, read CD discs, guided milling 
machines, missiles, ships, and grating engines, carried color 
television pictures, drilled holes in diamonds, levitated tiny 
objects,* and intrigued countless among the curious. 

Along with ruby there are a great many other solid-state 
lasers whose outputs range in wavelength from roughly 170 
nm to 3900 nm. For example, the trivalent rare earths Nd3

+, 

Ho3
+, Gd3

+, Tm3
+, Er3•, Pr3

+, and Eu3
• undergo laser action in 

a host of hosts, such as CaWO4, Y2O3, SrMoO4, LaF3 , yttrium 
aluminum garnet (Y AG for short), and glass, to name only a 
few. Of these, neodymium-doped glass and neodymium­
doped Y AG are of particular importance. Both constitute 
high-powered laser media operating at approximately 1060 
nm. Nd: Y AG lasers generating in excess of a kilowatt of con­
tinuous power have been constructed. Tremendous power out­
puts in pulsed systems have been obtained by operating 
several lasers in tandem. The first laser in the train serves as a 

·see M. Lubin and A. Fraas, "Fusion by Laser," Sci. Am. 224, 21 (June 
1971 ); R. S. Craxton, R. L. McCrory, and J. M. Soures, "Progress in 
Laser Fusion," Sci. Am. 255, 69 (August 1986); and A. Ashkin, "The 
Pressure of Laser Light," Sci. Am. 226, 63 (February 1972). 
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Q-switched oscillator that fires into the next stage, which func­
tions as an amplifier; and there may be one or more such 
amplifiers in the system. By reducing the feedback of the cav­
ity, a laser will no longer be self-oscillatory, but it will ampli­
fy an incident wave that has triggered stimulated emission. 
Thus the amplifier is, in effect, an active medium, which is 
pumped, but for which the end faces are only partially reflect­
ing or even nonreflecting. Ruby systems of this kind, deliver­
ing a few GW (gigawatts, i.e., 109 W) in the form of pulses 
lasting several nanoseconds, are available commercially. 

On December 19, 1984, the largest laser then in existence, 
the Nova at the Lawrence Livermore National Laboratory in 
California, fired all 10 of its beams at once for the first time, 
producing a warm-up shot of a mere 18 kJ of 350-nm radiation 
in a 1-ns pulse (see photo). This immense neodymium-doped 
glass laser was designed to focus up to 120 TW onto a fusion 
pellet- that's roughly 500 times more power than all the elec­
trical generating stations in the United States-albeit only for 
about I 0-9 s. In the late 1900s, the last years of its operation, 
using just one beamline of the Nova, LLNL researchers were 
able to produce 1.25-PW pulses, each lasting 490 fs and cany­
ing 580 J. 

Nova's successor, which came on line in 1980 (with 24 sol­
id state lasers), is housed in the Laboratory for Laser Energet­
ics at the (LLE) University of Rochester. At present, LLE 
operates the 30 to 45 kJ Omega laser and is the world's pre­
mier laser fusion research facility. Upgraded in 1995. Omega 
is a 60-beam neodymium-doped phosphate glass laser that can 
concentrate 60 X I 0 12 W of radiant power onto a pinhead 
sized target. To accomplish that feat, the initial laser output is 
split repeatedly and each beam is subsequently amplified 
using Nd:glass discs and rods. Just before reaching the target 
the several beams are frequency-tripled to 351 nm using KDP 
crystals (p. 641 ). Supplying the needs of a variety of 
researchers, Omega is being operated at its maximum rate of 
one shoot per hour. 

Still under construction, Omega's successor will be housed 
in the Department of Energy' s immense National Ignition 
Facility. Its 192 beams will deliver 50 times more energy to its 
targets than does Omega. 

A large group of gas lasers operate across the spectrum 
from the far IR to the UV (I mm to 150 nm). Primary among 
these are helium-neon, argon, and krypton, as well as several 
molecular gas systems, such as carbon dioxide, hydrogen flu­
oride, and molecular nitrogen (N2). Argon lases mainly in the 
green, blue-green, and violet (predominantly at 488.0 and 
514.5 nm) in either pulsed or continuous operation. Although 

The Nova laser. 1Photo courtesy Lawrence Livermore National Laboratory.1 

Inside the target chamber of the LLE laser-fusion device. Fusion reac­
tions take place in a tiny target-sphere filled with deuterium/tritium and 
irradiated by the 30-kJ Omega laser. ,Photo courtesy Umvers,ty of Rochester's 
Laboratory for Laser fnerge•,r.s •ugene Kowaluk. Image spec,ahsl.l 
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its output is usually several watts c-w, it has gone as high as 
150 W c-w. The argon ion laser is similar in some respects to 
the He-Ne laser, although it evidently differs in its usually 
greater power, shorter wavelength, broader linewidth, and 
higher price. All of the noble gases (He, Ne, Ar. Kr, Xe) have 
been made to lase individually, as have the gaseous ions of 
many other elements, but the former grouping has been stud­
ied most extensively. 

The CO2 molecule, which lases between vibrational modes, 
emits in the IR at I 0.6 µ,m, with typical c-w power levels of 
from a few watts to several kilowatts. Its efficiency can be an 
unusually high 15% when aided by additions of N2 and He. 
While it once took a discharge tube nearly 200 m long to gen­
erate 10 kW c-w, considerably smaller "table models" are now 
available commercially. For a while in the 1970s, the record 
output belonged to an experimental gas-dynamic laser utiliz­
ing thermal pumping on a mixture of CO2, N2 , and H20 10 

generate 60 kW c-w at 10.6 µ,m in multimode operation. 
The pulsed nitrogen laser operates at 337.1 nm in the UV, 

as does the c-w helium-cadmium laser. A number of metal 
vapors (e.g., Zn, Hg, S n, Pb) have displayed laser transitions 
in the visible, but problems such as maintaining uniformity of 
the vapor in the discharge region have handicapped their 
exploitation. The He-Cd laser emits at 325.0 nm and 441.6 
nm. These are transitions of the cadmium ion arising after 
excitation resulting from collisions with metastable helium 
atoms. 

The semiconductor laser-alternatively known as the 
junction or diode laser-was invented in 1962, soon after the 
development of the light-emitting diode (LED). Today it 
serves a central role in electro-optics, primarily because of its 
spectral purity, high efficiency ( = !00% ), ruggedness, ability 
to be modulated at extremely rapid rates, long lifetimes, and 
moderate power (as much as 200 mW) despite its pinhead 
size. Junction lasers have already been used in the millions in 
fiberoptic communications, laser disk audio systems, and so 
forth. 

The first such lasers were made of one material, gallium 
arsenide, appropriately doped to form a p- n junction. The 
associated high lasing threshold of these so-called homostruc­
tures limited them to pulsed mode operation and cryogenic 
temperatures; otherwise the heat developed in their small 
structures would destroy them. The first tunable lead-salt 
diode laser was developed in 1964, but it was not until almost 
a dozen years later that it became commercially available. It 
operates at liquid nitrogen temperatures, which is certainly 
inconvenient, but it can scan from 2 µ,m to 30 µ,m. 
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Later advances have since allowed a reduction in the 
threshold and resulted in the advent of the continuous-wave 
(c-w), room temperature diode laser. Transitions occur 
between the conduction and valence bands, and stimulated 
emission results in the immediate vicinity of the p- n junction 
(Fig. 13.18). Quite generally, as a current flows in the forward 
direction through a semiconductor diode, electrons from then­
layer conduction band will recombine with p-layer holes, 
thereupon emitting energy in the form of photons. This radia­
tive process, which competes for energy with the existing 
absorption mechanisms (such as phonon production), comes 
to predominate when the recombination layer is small and the 
current is large. To make the system lase, the light emitted 

(a) 

,,. 

(b) 

Laserbeam 

+ Current lead to 
power supply 

aAs 
ctive 

layer) 

, 11-GaAIAs 

11-GaAs 

Metal contact 

Figure 13.18 (a) An early GaAs p--n junction laser. (b) A more modern 
diode laser. 
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600 Chapter 13 Modern Optics: Lasers and Other Topics 

from the diode is retained within a resonant cavity, and that's 
usually accomplished by simply polishing the end faces per­
pendicular to the junction channel. 

Nowadays semiconductor lasers are created to meet specif­
ic needs, and there are many designs producing wavelengths 
ranging from around 700 nm to about 30 µ,m. The early 1970s 
saw the introduction of the c-w GaAs/ GaAlAs laser. Operat­
ing at room temperature in the 750-nm to 900-nm region 
( depending on the relative amounts of aluminum and gallium), 
the tiny diode chip is usually about a sixteenth of a cubic cen­
timeter in volume. Figure 13.18b shows a typical heterostruc­
ture (a device formed of different materials) diode laser of this 
kind. Here the beam emerges in two directions from the 
0 .2-µ,m thick active layer of GaAs. These little lasers usually 
produce upward of 20 mW of continuous wave power. To take 
advantage of the low-loss region (,\ ""' I .3 µ,m) in fiberoptic 
glass the GalnAsP / I nP laser was devised in the mid- I 970s 
with an output of 1.2 µ,m to 1.6 µ,m. 

The cleaved- coupled-cavity laser is shown in the accom­
panying photo. In it the number of axial modes is controlled in 
order to produce very-narrow-bandwidth tunable radiation. 
Two cavities coupled together across a small gap restrict the 
radiation to the extremely narrow bandwidth that can be sus­
tained in both resonant chambers.* 

The first liquid laser was operated in January of 1963. t All 
of the early devices of this sort were exclusively r:helates (i.e., 
metallo-organic compounds formed of a metal ion with organ­
ic radicals). That original liq uid laser contained an alcohol 
solution of europium benzoylacetonate emitting at 6 13. l nm. 
The discovery of laser action in nonchelate organic liquids 
was made in 1966. It came with the fortuitous lasing (at 755.5 
nm) of a ch loroaluminum phthalocyanine solution during a 
search for stimulated Raman emission in that substance. t 

A great many fluorescent dye solutions of such families as 
the fluoresceins. coumarins, and rhodamines have since been 
made to lase at frequencies from the IR into the UV. These 

• See Y. Suematsu, "Advances in Semiconductor Lasers," Phys. Today, 
32 (May 1985). For a discussion of heterostructure diode lasers, refer 
to M. 8. Panish and I. Hayashi, "A New Class of Diode Lasers," Sci. Am. 
225, 32 (July 1971 ). 

tsee Adam Heller, "Laser Action in Liquids," Phys. Today (November 
1967), p. 35, for a more detailed account. 

tp_ Sorokin, "Organic Lasers," Sc,. Amer. 220, 30 (February 1969). 

The cleaved-coupled-cavity laser. <Photos courtesy of Bell Laborator1es.J 

have usually been pulsed, although c-w operation has been 
obtained. There are so many organic dyes that it would seem 
possible to build such a laser at any frequency in the visible. 
Moreover, these devices are distinctive in that they inherently 
can be tuned continuously over a range of wavelengths (of 
perhaps 70 nm or so, although a pulsed system tunable over 
170 nm exists). Indeed, there are other arrangements that will 
vary the freq uency of a primary laserbeam (i.e., the beam 
enters with one color and emerges with another, Section 13.4), 
but in the case of the dye laser. the primary beam itself is tuned 
internally. This is accomplished. for example, by changing the 
concentration or the length of the dye cell or by adjusting a 
diffraction grating reflector at the end of the cavity. Multicol­
or dye laser systems, which can easily be switched from one 
dye to another and thereby operate over a very broad frequen­
cy range. are available commercially. 

A chemical laser is one that is pumped with energy 
released via a chemical reaction. The first of this kind was 
operated in 1964, but it was not until 1969 that a continuous­
wave chemical laser was developed. One of the most promis­
ing of these is the deuterium fluoride-carbon dioxide 
(OF-CO2 ) laser. It is self-sustaining in that it requires no 
external power source. In brief, the reaction F2 + D2 ➔ 2DF, 
which occurs on the mixing of these two fairly common gases, 
generates enough energy to pump a CO2 laser. 

There are solid-state, gaseous. liquid, and vapor (e.g., H20) 
lasers: there are semiconductor lasers. free electron (600 nm to 
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3 mm) lasers, X-ray lasers, and lasers with very special prop­
erties, such as those that generate extremely short pulses, or 
those that have extraordinary frequency stability. These latter 
devices are very useful in the field of high-resolution spec­
troscopy, but there is a growing need for them in other 
research areas as well (e.g., in the interferometers used to 
attempt to detect gravity waves). In any event, these lasers 
must have precisely controlled cavity configurations despite 
the disturbing influences of temperature variations, vibrations, 
and even sound waves. To date, the record is held by a laser at 
the Joint Institute for Laboratory Astrophysics in Boulder, 
Colorado, which maintains a frequency stability (p. 315) of 
nearly one part in 1014

. 

13.1.4 The Light Fantastic 
Laserbeams differ somewhat from one type of laser to anoth­
er; yet there are several remarkable features that are displayed, 
to varying degrees, by all of them. Quite apparent is the fact 
that most laserbeams are exceedingly directional, or if you 
will, highly collimated. One need only blow some smoke into 
the otherwise invisible, visible laserbeam to see (via scatter­
ing) a fantastic thread of light stretched across a room. A 
He-Ne beam in the TEM00 mode generally has a divergence 
of only about one minute of arc or less. Recall that in that 
mode the emission closely approximates a Gaussian irradiance 
distribution; that is, the flux density drops off from a maxi­
mum at the central axis of the beam and has no side lobes. The 
typical laserbeam is quite narrow, usually issuing at no more 
than a few millimeters in diameter. Since the beam resembles 
a truncated plane wave, it is of course highly spatially coher­
ent. In fact, its directionality may be thought of as a manifes­
tation of that coherence. Laserlight is quasimonochromatic, 
generally having an exceedingly narrow frequency bandwidth 
(p. 313). In other words, it is highly temporally coherent. 

Another attribute is the large flux or radiant power that can 
be delivered in that narrow frequency band. As we've seen, 
the laser is distinctive in that it emits all its energy in the form 
of a narrow beam. In contrast, a I 00-W incandescent lightbulb 
may pour out considerably more radiant energy in toto than a 
lower-power c-w laser, but the emission is incoherent, spread 
over a large solid angle, and it has a broad bandwidth as well. 
A good lens* can totally intercept a laserbeam and focus 

'Spherical aberration is usually the main problem, since laserbeams 
are, as a rule, both quasimonochromatic and incident along the axis of 
the lens. 
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essentially all of its energy into a minute spot (whose diameter 
varies directly with A and the focal length and inversely with 
the beam diameter)!. Spot diameters of just a few thousandths 
of an inch can readily be attained with lenses that have a con­
veniently short focotl length. And a spot diameter of a few hun­
dred-millionths of an inch is possible in principle. Thus flux 
densities can readily be generated in a focused laserbeam of 
over 1017 W /cm2

, in contrast to, say, an oxyacetylene flame 
having roughly 103 W / cm2

. To get a better feel for these pow­
er levels, note that a focused CO2 laserbeam of a few kilowatts 
c-w can bum a hole through a quarter-inch stainless steel plate 
in about 10 seconds. By comparison, a pinhole and filter posi­
tioned in front of an ordinary source will certainly produce 
spatially and temporally coherent light, but only at a minute 
fraction of the total power output. 

Femtosecond Optical Pulses 

The advent of the mode-locked dye laser in the early part of 
the 1970s gave a great boost to the efforts then being made at 
generating extremely short pulses of light.• Indeed, by 1974 
subpicosecond (I ps = 10- 12 s) optical pulses were already 
being produced, although the remainder of the decade saw lit­
tle significant progress. In 1981 two separate advances result­
ed in the creation of femtosecond laser pulses (i.e., < 0.1 ps or 
< 100 fs)-a group, at Bell Labs developed a colliding-pulse 
ring dye laser, and a team at IBM devised a new pulse-com­
pression scheme. 

Above and beyond the implications in the practical domain 
of electro-optical communications, these accomplishments 
have firmly established a new field of research known as 
ultrafast phenomena. The most effective way to study the pro­
gression of a process that occurs exceedingly rapidly (e.g., car­
rier dynamics in semiconductors, fluorescence, photochemical 
biological processes, and molecular configuration changes) is 
to examine it on a time scale that is comparatively short with 
respect to what's happening. Pulses lasting= 10 fs allow an 
entirely new access into previously obscure areas in the study 
of matter. 

Pulses lasting a mere 8 fs (10- 15 s), which corresponds to 
wavetrains only abciut 4 wavelengths of red light in length, can 
now be produced routinely. One of the techniques that makes 
these femtosecond wavegroups possible is based on an idea 

·see Chandrashekhar Jloshi and Paul Corkum, "Interactions of Ultra­
Intense Laser Light with Matter," Phys. Today 36 (January 1995). 
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602 Chapter 13 Modern Optics: Lasers and Other Topics 

used in radar work in the I 950s called pulse compression. 
Here an initial laser pulse has its frequency spectrum broad­
ened. thereby allowing the inverse or temporal pulse width to 
be shortened-remember that Av a nd At are conjugate Fouri­
er quantities [Eq. (7.63)). The input pulse (several picoseconds 
long) is passed into a nonlinear dispersive medium, namely, a 
single-mode optical fiber. When the light intensity is high 
enough, the index of refraction has an appreciable nonlinear 
term (Section 13.4). and the carrier frequency of the pulse 
experiences a time-dependent shift. On traversing perhaps 30 
m of fiber, the frequency of the pulse is drawn out or 
"chirped." That is, a spread occurs in the spectrum of the 
pulse, with the low frequencies leading and the high frequen­
cies trailing. Next the spectrally broadened pulse is passed 
through another dispersive system (a delay line), such as a pair 
of diffraction gratings. By traveling different paths, the blue­
shifted trailing edge of the pulse is made to catch up to the red­
shifted leading edge, creating a time-compressed output pulse. 

The Speckle Effect 

A rather striking and easily observable manifestation of the 
spatial coherence of laserlight is its granular appearance on 
reflection from a diffuse surface. Using a He-Ne laser (632.8 
nm), expand the beam a bit by passing it through a simple lens 
and project it onto a wall or a piece of paper. The illuminated 
disk appears speckled with bright and dark regions that sparkle 
and shimmer in a dazzling psychedelic dance. Squint and the 
grains grow in size; step toward the screen and they shrink; 
take off your eyeglasses and the pattern stays in perfect focus. 
In fact, if you are nearsighted, the diffraction fringes caused by 
dust on the lens blur out and disappear, but the speckles do 
not. Hold a pencil at varying distances from your eye so that 
the disk appears just above it. At each position, focus on the 
pencil; wherever you focus, the granular display is c rystal 
clear. Indeed, look at the pattern through a telescope; as you 
adjust the scope from one extreme to the other, the ubiquitous 
granules remain perfectly distinct, even though the wall is 
completely blurred. 

The spatially coherent light scattered from a diffuse surface 
fi lls the surrounding region with a stationary interference pat­
tern (just as in the case of the wavefront-splitting arrange­
ments of Section 9.3). At the surface the granules are 
exceedingly small, and they increase in size with distance. At 
any location in space, the resultant field is the superposition of 
many contributing scattered wavelets. These must have a con-

stant relative phase determined by the optical path length from 
each scatterer to the point in question, if the interference pat­
tern is to be sustained. The accompanying photo illustrates this 
point rather nicely. It shows a cement block illuminated in one 
case by laserlight and in the other by co llimated light from a 
Hg arc lamp, both of about the same spatial coherence. While 
the laser's coherence length is much greater than the height of 
the surface features, the coherence length of the Hg light is 
not. In the former case, the speckles in the photograph are 
large, a nd they obscure the surface structure ; in the latter, 
despite its spatial coherence, the speckle pattern is not observ­
able in the photograph, and the surface features predominate. 
Because of the rough texture, the optical path length differ­
ence between two wavelets arriving at a point in space, scat­
tered from different surface bumps, is generally greater than 
the coherence length of the mercury light. This means that the 
relative phases of the overlapping wavetrains change rapidly 
and randomly in time, washing out the large-scale interference 
pattern. 

A real system of fringes is formed of the scattered waves 
that converge in front of the screen. The fringes can be 
viewed by intersecting the interference pattern with a sheet of 
paper at a convenient location. After forming the real image 
in space, the rays proceed to diverge, and any region of the 
image can therefore be viewed directly with the eye appropri­
ately focused. In contrast, rays that initially diverge appear to 
the eye as if they had originated behind the scattering screen 
and thus form a virtual image. 

It seems that as a result of chromatic aberration, normal 
and farsighted eyes tend to focus red light behind the screen. 
Contrarily, a nearsighted person observes the real field in 

(a) (b) 

Speckle patterns. (a) A cement block illuminated by a mercury arc and 
( bl a He-Ne laser. [From B. J. Thompson, J. Soc. Phot. Inst. Engr. 4, 7 (1965).1 
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front of the screen (regardless of wavelength). Thus if the 
viewer moves her head to the right, the pattern will move to 
the right in the first instance (where the focus is beyond the 
screen) and to the left in the second (focus in front). The pat­
tern will follow the motion of your head, if you're viewing it 
very close to the surface. The same apparent parallax motion 
can be seen by looking through a window; outside objects 
will seem to move with your head, inside ones opposit,e to it. 
The brilliant, narrow-bandwidth, spatially coherent laserbeam 
is ideally suited for observing the granular effect, altlhough 
other means are certainly possible.* In unfiltered sunlight the 
grains are minute, on the surface, and multicolored. The effect 
is easy to observe on a smooth , flat-black material (e.g., 
poster-painted paper), but you can see it on a fingernai l or a 
worn coin as well. 

Although it provides a marvelous demonstration, both aes­
thetically and pedagogically. the granular effect can be a real 
practical nuisance in coherently illuminated system:s. For 
example, in holographic imagery the speckle pattern corre­
sponds to troublesome background noise. Incidentally , very 
much the same kind of thing is observable when listening to a 
mobile radio where the signal strength fluctuates froim one 
location to the next, depending on the environment and the 
resulting interference pattern. 

The Spontaneous Raman Effect 

It is possible that an excited atom will not return to its initial 
state after the emission of a photon. This kind of behavior had 
been observed and studied extensively by George Stokes prior 
to the advent of quantum theory. Since the atom drops do,wn to 
an interim state, it emits a photon of lower energy than the 
incident primary photon, in what is usually referred to as a 
Stokes transition. If the process takes place rapidly (roughly 
I0- 7 s), it is called fluorescence, whereas if there is an appre­
ciable delay (in some cases seconds, minutes, or even many 
hours). it is known as phosphorescence. Using ultraviolet 
quanta to generate a fluorescent emission of visible lig lht has 
become an accepted occurrence in our everyday lives. Any 
number of commonplace materials (e.g., detergents, organic 
dyes, and tooth enamel) will emit characteristic visible: pho-

'For further reading on this effect, see L. I. Goldfischer, J. Opt. Soc. 
Am. 55, 247 (1965); D. C. Sinclair, J. Opt. Soc. Am. 55, 575 (1965); 
J. D. Rigden and E. I. Gordon, Proc. IRE 50, 2367 (1962); B. M. Oliver, 
Proc. IEEE 51,220 (1963). 
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tons so that they appear to glow under ultraviolet illumination; 
ergo the widespread use of the phenomenon for commercial 
display purposes and for "whitening" cloths. 

If quasimonochromatic light is scattered from a substance, 
it will thereafter consist mainly of light of the same frequency. 
Yet it is possible to observe very weak additional components 
having higher and lower frequencies (side bands). Moreover, 
the difference between the side bands and the incident fre­
quency v; is found to be characteristic of the material and 
therefore suggests an application to spectroscopy. The Spon­
taneous Raman Effect, as it is now called, was predicted in 
1923 by Adolf Smekal and observed experimentally in 1928 
by Sir Chandrasekhara Vankata Raman (1888- 1970), then 
professor of physics at the University of Calcutta. The effect 
was difficult to put to actual use, because one needed strong 
sources (usually Hg discharges were used) and large samples. 
Often the ultraviolet from the source would further complicate 
matters by decomposing the specimen. And so it is not sur­
prising that little sustained interest was aroused by the promis­
ing practical aspects of the Raman Effect. The situation was 
changed dramatically when the laser became a reality. Raman 
spectroscopy is now a unique and powerful analytical tool. 

To appreciate how the phenomenon operates, let's review 
the germane features of molecular spectra. A molecule can 
absorb radiant energy in the far-infrared and microwave 
regions, converting it to rotational kinetic e nergy. Further­
more, it can absorb infrared photons (i.e., ones within a wave­
length range from roughly I 0- 2 mm down to about 700 nm), 
transforming that energy into vibrational motion of the mole­
cule. Finally, a molecule can absorb energy in the visible and 
ultraviolet regions through the mechanism of electron transi­
tions, much like those of an atom. Suppose then that we have 
a molecule in some vibrational state, which, using quantum­
mechanical notation, we call I b), as indicated diagrammatical­
ly in Fig. 13. 19a. This need not necessarily be an excited state. 
An incident photon of energy hv; is absorbed, raising the sys­
tem to some intermediate or virtual state, whereupon it imme­
diately makes a Stokes transition, emitting a (scattered) 
photon of e nergy hvs < hv;. In conserving energy, the differ­
ence hv; - hv., = hvcb goes into exciting the molecule to a 
higher vibrational energy level le). It is possible that electron­
ic or rotational excitation results as well. 

Alternatively, if the initial state is an excited one ( just heat 
the sample), the molecule, after absorbing and emitting a pho­
ton, may drop back to an even lower state (Fig. 13.19b), there­
by making an anti-Stokes transition. In this instance hv., > 
hv;, which means that some vibrational energy of the molecule 
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Figure 13.19 Spontaneous Raman Scattering. 

(hvho = h v., - hv;) has been converted into radiant energy. In 
either case, the resulting differences between 11, and 111 corre­
spond to specific energy-level differences for the substance 
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Figure 13.20 Rayleigh Scattering . 

under study and as, such yield insights into its molecular struc­
ture. Figure 13 .20. for comparison's sake. depicts Rayleigh 
Scattering where v, = 11; . 

The laser is an ideal source for spontaneous Raman Scat­
tering. It is bright. quasimonochromatic. and available in a 
wide range of frequenc ies. Figure 13.21 illustrates a typical 
laser-Raman system. Complete research instruments of this 
sort are commerci!ally available, including the laser (usually 
helium-neon, argon, or krypton), focusing lens systems, and 
photon-counting e lectronics. The double scanning monochro­
mator provides thie needed discrimination between 11; and vs, 
since unshifted laserlight (11;) is scattered along with the 

Figure 13.21 A laser-Raman system. 
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Raman spectra (11,). Although Raman Scattering associated 
with molecular rotation was observed prior to the use of the 
laser, the increased sensitivity now available makes the 
process easier and allows even the effects of electron motion 
to be examined. 

The Stimulated Raman Effect 

In 1962 Eric J. Woodbury and Won K. Ng rather fortuitously 
discovered a remarkable related effect known as Stimulated 
Raman Scattering. They had been working with a million-watt 
pulsed ruby laser incorporating a nitrobenzene Kerr cell shut­
ter (see Section 8.11 .3). They found that about I 0% of the 
incident energy at 694.3 nm was shifted in wavelength and 
appeared as a coherent scattered beam at 766.0 nm. It was sub­
sequently determined that the corresponding frequency shift of 
about 40 THz was characteristic of one of the vibrational 
modes of the nitrobenzene molecule, as were other new fre­
quencies also present in the scattered beam. Stimulated Raman 
Scattering can occur in solids, liquids, or dense gases under 
the influence of focused high-energy laser pulses (Fig. 13.22). 

Laser frequency 

Red 
Orange 
Yellow 
Green 
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Figure 13.22 Stimulated Raman Scattering. (See R. w. M,nck. 
R. W. Terhune, and C. C. Wang, Proc. 1£££ 54, 1357 cl966).] 

The effect is schematically depicted in Fig. 13.23. Here two 
photon beams are simultaneously incident on a molecule, one 
corresponding to the laser frequency 11;, the other having the 
scattered frequency 11,. In the original setup, the scattered 
beam was reflected back and forth through the specimen, but 
the effect can occur without a resonator. The laserbeam loses 
a photon hv;, while the scattered beam gains a photon hv, and 
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Figure 13.23 Energy-level diagram of Stimulated Raman Scattering. 
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is subsequently amplified. The remaining energy (hvj - hv, = 
hv1,,,) is transmitted to the sample. The chain reaction in which 
a large portion of the incident beam is converted into stimulat­
ed Raman light can only occur above a certain high-threshold 
flux density of the exciting laserbeam. 

Stimulated Raman Scattering provides a whole new range 
of high flux-density coherent sources extending from the 
infrared to the ultraviolet. It should be mentioned that in prin­
ciple each spontaneous scattering mechanism (e.g., Rayleigh 
and Brillouin Scattering) has its stimulated counterpart.* 

13.2 Imagery - The Spatial 
Distribution of 
Optical Information 

The manipulation of all sorts of data via optical techniques 
has already become a technologicalfair accompli. The litera­
ture since the 1960s reflects, in a diversity of areas, this 
far-reaching interest in the methodology of optical data pro­
cessing. Practical applications have been made in the fields of 
te levision and photographic image e nhancement, radar and 
sonar signal processing (phased and synthetic array antenna 
analysis). as well as in pattern recognition (e.g .. aerial pho­
tointerpretation and fingerprint studies), to lis t only a very 
few. 

Our concern here is to develop the nomenclature and some 
of the ideas necessary for an appreciation of this contemporary 
thrust in Optics. 

13.2.1 Spatial Frequencies 

In electrical processes one is most frequently concerned with 
signal variations in time, that is, the moment-by-moment 
alteration in voltage that might appear across a pair of termi­
nals at some fixed location in space. By comparison, in Optics 
we arc most often concerned with information spread across a 
region of space at a fixed location in time. For example. we 

• For further reading on these subJects you might try the review-tu tonal 
paper by Nicolaas Bloembergen, "The Stimulated Raman Effect," Am. J. 
Phys. 35, 989 ( 196 7 ). It contains a fairly good bibliography as well as a 
historical appendix. Many of the papers in Lasers and Light also deal with 
this material and are highly recommended reading. 
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Figure 13.24 A two-dimensional irradiance distribution. 
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can think of the scene depicted in Fig. 13.24a as a two-dimen­
sional flux-density distribution. It might be an illuminated 
transparency, a television picture, or an image projected on a 
screen; in any event there is presumably some function l(y. ;;). 
which assigns a value of I to each point in the picture. To sim­
plify matters a bit, suppose we scan across the screen on a hor­
izontal line (z = 0) and plot point-by-point variations in 
irradiance with distance, as in Fig. 13.24b. The function l(y. 0) 
can be synthesized out of harmonic functions, using the tech­
niques of Fourier analysis treated in Chapters 7 and 11. In this 
instance, the function is rather complicated, and it would take 
many terms to represent it adequately. Yet if the functional 
form of l(y, 0) is known, the procedure is straightforward 
enough. Scanning across another line. for example, z = a. we 
get l(y, a), which is drawn in Fig. 13.24c and which just hap­
pens to tum out to be a series of equally spaced square pulses. 
This function is one that was considered at length in Section 
7.3, and a few of its constituent Fourier components are rough­
ly sketched in Fig. 13.24d. If the peaks in (c) are separated, 
center to center, by say, \-cm intervals, the spatial period 
equals 1 cm per cycle, and its reciprocal, which is the spatial 
frequency , equals 1 cycle per cm. 

Quite generally, we can transform the information associ­
ated with any scan line into a series of sinusoidal functions of 
appropriate amplitude and spatial frequency. In the case of 
either of the simple sine- or square-wave targets of Fig. 13.25. 
each such horizontal scan line is identical, and the patterns are 
effectively one-dimensional. The spatial frequency spectrum 
of Fourier components needed to synthesize the square wave 
is shown in Fig. 7.32. On the other hand, / (y, z) for the wine 
bottle candelabra scene is two-dimensional, and we have to 
think in terms of two-dimensional Fourier transforms (Sec­
tions 7.4.4 and 11.2.2). We might mention as well that, at least 
in principle, we could have recorded the amplitude of the elec­
tric field at each point of the scene and then performed a simi­
lar decomposition of that signal into its Fourier components. 

Recall (Section 11 .3.3) that the far-field or Fraunhofer dif­
fraction pattern is essentially identical to the Fourier transform 
of the aperture function s1(y, z) . The aperture function is pro­
portional to BA(Y, z), the source strength per unit area [Eq. 
(10.37)) over the input or object plane. In other words, if the 
field distribution on the object plane is given by s1(y, ;;), its 
two-dimensional Fourier transform will appear as the field dis­
tribution E(Y, Z) on a very distant screen. As in Figs. 7.43 and 
10.17, we can introduce a lens (L,) after the object in order to 
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Figure 13.25 ca) Sinei-wave target and Cb> square-wave target. 

shorten the distance: to the image plane. That objective lens is 
commonly referred to as the transform lens , since we can 
imagine it as if it were an optical computer capable of gener­
ating instant Fourier transforms. Now, suppose we illuminate 
a somewhat idealized transmission grating with a spatially 
coherent, quasimonochromatic wave, such as the plane wave 
emanating from a laser or a collimated. filtered Hg arc source 
(Fig. 13.26). In either case. the amplitude of the field is 
assumed to be fairly constant over the incident wavefront. The 
aperture function is then a periodic step function (Fig. 13.27): 
in other words, as we move from point to point on the object 
plane, the amplitude of the field is either zero or a constant. If 
a is the grating spacing, it is also the spatial period of the step 
function, and its reciprocal is the fundamental spatial frequen­
cy of the grating. The central spot (111 = 0) in the diffraction 
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pattern is the de term corresponding to a zero spatial frequen­
cy-it' s the bias level that arises from the fact that the input 
$1.(y) is everywhere positive. This bias level can be shifted by 
constructing the step-function pattern on a uniform gray back­
ground. As the spots in the image (or in this case the trans­
form) plane get fa rther from the central axis, their associated 
spatial freque ncies (111/ a) increase in accord with the grating 
equation sin 0 111 = A(m/a). A coarser grating would have a 
larger value o f a, so that a g iven order (m) would lbe concomi­
tant with a lower frequency, (m/ a ), and the spots would all be 
closer to the central or optical axis. 

Had we used as an object a transpare ncy res,~mbling the 
sine target (Fig. 13.25a), such that the aperture furnction varied 
sinusoidally, there would ideally have only bee n three spots on 
the transform plane, these being the zero-freque ncy central 
peak and the first o rder or fundamental (m = ::!:: I) on eithe r 

m = 3 

m = 2 

m = I 

m = 0 

m = - I 

m = - 2 

m = - 3 

Figure 13.26 Diffraction pattern of a grating. 

side of the center. Extending things into two d imensions, a 
crossed grating (or mesh) yields the diffraction pattern shown 
in the accompanying photo. Note that in addition to the obvi­
ous periodicity horizontally and vertically across the mesh, it 
is also repetiti ve, for example. along diagonals. A more 
involved object, such as a transparency o f the surface of the 
Moon, would generate an extremely complex diffraction pat­
tern. Because of the simple periodic nature of the grating, we 
could think of its Fourier-series compo nents, but now we will 
certainly have to think in terms o f Fourier transforms. In any 
case, each spot of light in the d(ffraction pattern denotes the 
presence of a specific spatial f requency, which is proportion• 
a l to its distance from the optical axis (z,ero-f requency loca-
1ion). Frequency compone nts of positive and negative sign 
appear diame trically opposite each other about the central 
axis. If we could measure the electric field at each point in the 
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Figure 13.27 Square wave and its transform. 

rransform plane, we would indeed observe the transform o f the 
aperture function, but this is not practicable. Instead, what w ill 
be detected is the flux-density distribution, where at each po int 
the irradiance is proportional to the time average of the electric 
field squared or equivalently to the square of the amplitud,e of 
the particular spatial frequency contribution at that point. 

Diffraction pattern of 
a crossed grating or 
mesh. 
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13.2.2 Abbe's Theory of Image Formation 

Co nsider the system depicted in Fig. 13.28a, which is just an 
e labo rated version of Fig. 13.28/J. Plane mo nochromatic 
wavefronts emanating from the collimating lens (le) are dif­
fracted by a grating. The result is a distorted wavefront, which 
we resolve into a new set o f plane waves, each corresponding 
to a given order m = 0, ::!: I , ::!:2, ... or spatial freque ncy and 
each traveling in a specific direction (Fig. 13.28b). The objec­
tive lens (l,) serves as a transform lens, forming the Fraun­
hofer diffraction pattern of the grating on the transform plane 
l, (which is also the back focal plane of l,). The waves, of 
course, propagate beyond l , and arrive at the image plane l;. 
There they overlap and interfere to form an inverted image of 
the grating. Accordingly, points G 1 and G2 are imaged at P, 
and P2, respectively. The objective lens forms two distinct pat­
terns of interest. One is the Fourier transform on the focal 
plane conjugate to the plane of the source, and the other is the 
image of the object, formed on the plane conjugate to the 
object plane. Figure 13.29 shows the same setup for a lo ng, 
narrow, horizontal slit coherently illuminated. 

We can envision the points S0 , S1• S2 , and so forth in the 
transform plane of Fig. 13.28a as if they were point emitters of 
Huygens wavelets, and the resulting diffraction pattern on l, 
is then the grating's image. In other words, 1he image arises 
from a double diffraction process. Alternatively, we can imag­
ine that the incoming wave is diffracted by the object. and the 
resulting diffracted wave is then diffracted once again by the 
objective lens. If that lens were not there, a diffraction pattern 
o f the object would appear on l; in place of the image. 

These ideas were first propounded by Professor Ernst Abbe 
(1840- 1905) in 1873.* His interest at the time concerned the 
theory of microscopy, whose relatio nship to the above discus­
sion is clear if we consider L , as a microscope objective. 
Moreover, if the grating is replaced by a piece of some thin 
translucent mate rial (i .e ., the specimen being exa mined), 
which is illuminated by light from a small source and con­
denser, the system certainly resembles a microscope. 

Carl Zeiss ( 1816-1888), who in the mid- I 800s was running 
a small microscope factory in Jena, realized the sho rtcomings 

• An alternative and yet ultimately equivalent approach was put forth in 
1896 by Lord Rayleigh. He envisaged each point on the object as a 
coherent source whose emitted wave was diffracted by the lens into an 
Airy pattern. Each of these in turn was centered on the ideal image point 
(on I,) of the corresponding point source. Thus L, was covered with a 
distribution of somewhat overlapping and interfering Airy patterns. 
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Figure 13.28 Image formation. 

Transform 

of the trial-and-error development techniques of that era. In 
1866 he enlisted the services of Ernst Abbe. then l.ecturer at 
the University of Jena. to establish a more scientific approach 
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Figure 13.29 The image of a slit. 
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to microscope design. Abbe soon found by experimentation 
that a larger aperture resulted in higher resolution. even though 
the apparent cone of incident light filled only a small portion 
of the objective. Somehow the surrounding "'dark space'' con­
tributed to the image. Consequently. he took the approach tha1 
the then well-known diffraction process that occurs at the edge 
of a lens (leading to the Airy pattern for a point source) was 
not operative in the same sense as it was for an incoherently 
illuminated telescope objective. Specimens. whose size was of 
the order of A. were apparently scattering light into the ''dark 
space'' of the microscope objective. Observe that if, as in Fig. 
13.28b. the aperture of the objective is not large enough to col­
lect all of the diffracted light, the image does not correspond 
exactly to that object. Rather, it relates to a fictitious object 
whose complete diffraction pattern matches the one collected 
by L ,. We know from the previous section that these lost por­
tions of the outer region of the Fraunhofer pattern are associ­
ated with the higher spatial frequencies. And, as we shall see 
presently. their removal will result in a loss in image sharpness 
and resolution . 

Practically speaking, unless the grating considered earlier 
has an infinite width, it cannot be strictly periodic. This means 
that it has a continuous Fourier spectrum dominated by the 
usual discrete Fourier-series terms, the other being much 
smaller in amplitude. Complicated, irregular objects clearly 
display the continuous nature of their Fourier transforms. In 
any eve nt. it should be emphasized that 1111/ess the objecti,•e 
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lens has an inj,nite aperture, it functions as a low-pass filter 
rejecting spatial frequencies above a given value and passing 
all those below (the former being those that extend beyond the 
physical boundary of the lens). Consequently, all practical lens 
systems will be limited in their ability to reproduce the high 
spatial frequency content of an actual object under coherent 
illumination.* It might be mentioned as well that there is a 
basic nonlinearity associated with optical imaging systems 
operating at high spatial frequencies.t 

13.2.3 Spatial Filtering 

Suppose we actually set up the system shown in Fig. 13.28a, 
using a laser as a plane-wave source. If the points S0, S 1, S2, 
and so on are to be the sources of a Fraunhofer pattern, the 
image screen must presumably be located at x = oo (although 
30 or 40 ft will often do). At the risk of being repetitious, recall 
that the reason for using L, originally was to bring the diffrac­
tion pattern of the object in from infinity. We now introduce 
an imaging lens L; (Figs. 13.30 and 13.31) in order to bring in 
from infinity the diffraction pattern of the set of source points 
S0, S1, S2, ... , thereby relocating I; at a convenient distance. 
The transform lens causes the light from the object to con­
verge in the form of a diffraction pattern on the plane I,; that 
is, it produces on I, a two-dimensional Fourier transform of 
the object. To wit, the spatial frequency spectrum of the object 
is spread across the transform plane. Thereafter, L; (the 
"inverse" transform lens) projects the diffraction pattern of the 
light distributed over I, onto the image plane. In other words, 
it diffracts the diffracted beam, which effectively means that it 
generates an (inverted) inverse transform. Thus essentially an 
inverse transform of the data on I, appears as the final image. 

Quite frequently, in practice L, and L; are identical (f, = Ji) 
well-corrected multi-element lenses [for quality work these 
might have resolutions of about 150 line pairs/mm---one line 
pair being a period in Fig. l 3.25bJ. For less demanding appli­
cations, two projector objectives of large aperture (about l00 
mm) having convenient focal lengths of roughly 30 or 40 cm 
serve quite nicely. One of these lenses is then merely turned 

'Refer to H. Volkmann, "Ernst Abbe and His Work," Appl. Opt. 5, l 720 
(1966), for a more detailed account of Abbe's many accomplishments 
in Optics. 

1R. J. Becherer and G. 8. Parrent, Jr., "Nonlinearity in Optical Imaging 
Systems," J. Opt. Soc. Am. 57, 1479 (1967). 
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Figure 13.30 Object, transform, and image planes. 

around so that both their back focal planes coincide with 1,. 
Incidentally, the input or object plane need not be located a 
focal length away from L,; the transform still appears on 1,. 
Moving 1 0 affects only the phase of the amplitude distribu­
tion, and that is generally of little interest. The device shown 
in Figs. 13.30 and 13.31 is referred to as a coherent optical 
computer. It allows us to insert obstructions (i.e., masks or fil­
ters) into the transform plane and in so doing partially or com­
pletely block out certain spatial frequencies, stopping them 
from reaching the image plane. This process of altering the 
frequency spectrum of the image is known as spatial filtering 
(see Section 7.4.4). 

From our earlier discussion of Fraunhofer diffraction we 
know that a long narrow slit at 1 0, regardless of its orientation 
and location, generates a transform at l, consisting of a series 
of dashes of light lying along a straight line perpendicular to 
the slit (see Fig. 10.6) and passing through the origin. 
Consequently, if the straight-line object is described by y = 
mz + b, the diffraction pattern lies along the line Y = - Z/m 
or equivalently, from Eqs. (1 1.64) and (11.65), kr = -kz /m. 
With this and the Airy pattern in mind, we should be able to 
anticipate some of the gross structure of the transforms of var­
ious objects. Be aware as well that these transforms are cen­
tered about the zero-frequency optical axis of the system. For 
example, a transparent plus sign whose horizontal line is 
thicker than its vertical one has a two-dimensional transform 
again shaped more or less like a plus sign. The thick horizon­
tal line generates a series of short vertical dashes, while the 
thin vertical element produces a line of long horizontal dash­
es. Remember that object elements with small dimensions 
diffract through relatively large angles. Along with Abbe, one 
could think of this entire subject in these terms rather than 
using the concepts of spatial frequency filtering and trans­
forms, which represent the more modern influence of com­
munication theory. 
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Figure 13.31 The Fourier trans­
form of the letter E via an optical 
computer. Parts (a) through (g) 
show more and more of the 
detail of the transform as the 
exposure time is increased. 
(Photos by E. H.) 
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(a) Cb) 

Figure 13.32 A fine, slightly dusty mesh and its transform. (Photos from D. Dutton, M. P. 
Givens, and R. E. Hopkins, Spectra-Phys,cs Laser Technical Bulletin Number 3.1 

The vertical portions of the symbol E in Fig. 13.31 gener­
ate the broad frequency spectrum appearing as the horizontal 
pattern. Note that all parallel line sources on a given object 
correspond to a single linear array on the tra nsform plane. 
This, in turn, passe s through the origin on 'i, (the intercept is 
zero), just as in the case of the grating. A transparent figure 5 
will generate a pattern consisting of both a horizontal and ver­
tical distribution of spots extending over a relatively large fre­
quency range. There will also be a comparatively low-fre­
quency, concentric ring-like structure. The transforms of 
disks and rings and the like will obviously be circularly sym­
metric. Similarly, a horizontal elliptical aperture will generate 
vertically oriented concentric elliptical bands. Most often, far­
field patterns possess a center of symmetry (see Problems 
10.14 and 11.29). 

We are now in a better position to appreciate the process of 
spatial fi ltering and to that e nd will consider an experiment 
similar to one published in 1906 by A. B. Porte r. Figure 
13.32a shows a fine wire mesh whose periodic pattern is dis­
rupted by a few particles of dust. With the mesh at Lo, Fig . 
13.32b shows the transform as it would appear on i,. Now the 
fun starts-since the transform informatio n relating to the d ust 
is located in an irregular cloud-like distribution about the cen­
ter point. we can easily e liminate it by inserting an opaq ue 
mask at i,. If the mask has holes at each of the principal max­
ima, thus passing on only those frequencies , the image appears 
dustless (Fig. 13.33a). At the other extreme, if we just pass the 
cloud-like pattern near center, very little of the periodic struc­
ture appears, leaving an image consisting of essentially just 
the dust particles (Fig. 13.33b). Passing only the zero-order 

central spot generates a uniformly illuminated (de) field,just 
as if the mesh were no lo nger in position. Observe that as more 
and more of the higher frequencies are eliminated, the detail of 
the image deteriorates markedly [(d) . (e), and (/) in Fig. 
13.33]. This can be understood quite simply by remembering 
how a function, with what we might call "sharp edges," was 
synthesized out of harmonic components. The square wave o f 
Fig . 7 .29 serves to illustrate the point. It is evident that the 
addition of higher harmonics serves predominantly to square 
up the corners and flatten out the peaks and troughs of the pro­
file. In this way, the high spatial f requencies contribute to the 
sharp edge detail between light and dark regions of the 
image. The removal of the high-frequency terms causes a 
rounding out of the step function and a consequent loss of res­
olution in the two-dimensional case. 

What would happen if we took out the de component (Fig. 
13.33c) by passing everything but the central spot? A point on 
the o riginal image that appears black in the photo de notes a 
near-zero irradiance and perforce a near-zero field amplitude. 
Presumably, all of the various optical field components com­
pletely cancel each other at that point--ergo, no light. Yet 
with the removal of the de term. the point in question must cer­
tainly then have a nonzero field amplitude. When squared(/ :x 

£5/ 2) this will generate a nonzero irradiance. It follows that 
regions that were originally black in the photo will now appear 
whitish, while regions that were white will become grayish, as 
is shown in the accompanying photo. 

Let's now examine some of the possible applications of this 
technique. Fig ure 13.34a shows a composite photograph of 
the Moon consisting of fi lm strips pieced together to form a 
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FIGURE 13.33 Images resulting when various portions of the diffraction pattern of Fig. 13.32b are obscured by 
the accompanying masks or spatial filters. cPhotos from D. Dutton, M. P. Givens. and R. E. Hopkins, Spectra-Phys,cs Laser 
Technical Bulletin Number 3. 
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(a) 

(b) 

Part (b) is a filtered version of (a) where the zeroth order was re,moved. 
(Photos from D. Dutton, M. P. Givens, and R. E. Hopkins, Spectra.Physics Lase,r 
Techrncal Bulletin Number 3.J 

single mosaic. The video data were tele metered to Earth by 
Lunar Orbiter 1. Clearly, the grating-like regular discontinu­
ities between adjacent strips in the object photograph generate 
the broad-bandwidth, vertical-frequency distribution evident 
in Fig. 13.34c. When these freque ncy components are 
blocked, the enhanced image shows no sign of having been a 
mosaic. In very much the same way, one can suppress: extra­
neous data in bubble chamber photographs of subatomiic par-
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ticle tracks.* These photographs are made difficult to analyze 
because of the presence of the unscattered beam tracks (Fig. 
13.35), which, since they are all parallel, are easily re moved 
by spatial filtering. 

Consider the familiar half-tone or facsimile process by 
which a printer can create the illusion of various tones of gray 
while using only black ink and white paper (take a close look 
at a newspaper photograph). If a transparency t o f such a fac­
simile is inserted at Io in Fig. 13.30, its frequency spectrum 
will appear on L,. Once again the relatively high-frequency 
components arising from the half-tone mesh can easily be 
eliminated. This yields an image in shades of gray (Fig. 13.36 
on page 617) showing none of the discontinuous nature of the 
orig inal. One could construct a precise filter to obstruct only 
the square mesh frequencies by actually using a negative 
transparency of the transform of the basic checkerboard array. 
Alternatively, it usually suffices to use a low-pass circular 
aperture filter, and in so doing inadvertently discard some of 
the high-frequency detail of the original scene, at least as long 
as the mesh frequency is comparatively high. 

The same procedure can be used to remove the graininess 
of highly enlarged photographs, which is of value. for exam­
ple, in aerial photo reconnaissance. In contrast, we could 
sharpen up the details in a slightly blurred photograph by 
emphasizing its high-frequency components . This could be 
done with a filter that preferentially absorbed the low-fre­
quency portion of the spectrum. A great deal of effort. begin­
ning in the 1950s, has gone into the study of photographic 
image enhancement, and the ensuing successes have been 
notable indeed. Prominent among these contributors was A. 
Marechal of the Institut d'Optique, Universite de Paris, who 
combined absorbing and phase-shifting filters to reconstitute 
the detail in badly blurred photographs. These filters are trans­
parent coatings deposited on optical flats so as to retard the 
phase of various portions of the spectrum (Section 13.2.4 ). 

As this work in optical data processing continues into the 
coming decades, we will surely see the replace me nt of the 

·o. G. Falconer, "Optical Processing of Bubble Chamber Photographs," 
Appl. Opt. 5, 1365 (1966), includes some additional uses for the coher­
ent optical computer. 

tpolaroid 55 P / N film is satisfactory for medium resolution work, while 
Kodak 649 plates are good where higher resolution is required of the 
transparency. 
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(a) (b) 

(c) Cd) 

Figure 13.34 Spatial filtering. (a) A Lunar Orbiter composite photo of the Moon. (bl 
Filtered version of the photo sans horizontal lines. Cc> A typical unfiltered transform 
(power spectrum) of a moonscape. <d> Diffraction pattern with the vertical dot pat­
tern filtered out. ,Photos courtesy D. A. Ansley, w. A Bhkken, The Conductron Corporation. and 
NASA.) 

(a) 

(b) 

Figure 13. 35 Unfiltered and filtered bubble­
chamber tracks. 
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applied it in the phase-contrast microscope. 

Figure 13.36 A self-portrait of K. E. Bethke consisting of only black and white 
regions as in a halftone. When the high freQuencies are filtered out, shades of gray 
appear and the sharp boundaries vanish. !From R. A. Phillips, Am. J. Phys. 37, 536 (1969,.J 

An object can be "seen" because it stands out 
from its surroundings-it has a color, tone, or 
lack of color, which provides contrast with the 
background. This kind of structure is known as 
an amplitude object, because it is observable by 
dint of variations that it causes in the amplitude 
of the lightwave. The wave that is either reflected 
or transmitted by such an object becomes ampli­
tude modulated in the process. In contradistinc­
tion, it is often desirable to "see" phase objec1s, 
that is, ones that are transparent, thereby provid­
ing practically no contrast with their environs and 
altering only the phase of the detected wave. The 
optical thickness of such objects generally varies 
from point to point as either the refractive index 
or the actual thickness, or both, vary. Obviously, 
since the eye cannot detect phase variations, such 
objects are invisible. This is the problem that led 

photographic stages, in increasi ngly many applications, by 
real-time electro-optical devices (e.g., arrays of ultrasonic 
light modulators forming a multichannel input are already in 
use).* The coherent optical computer will reach a certain 
maturity, becoming an even more powerful tool when the 
input, filtering, and output functions are performed electro­
optically. A continuous stream of real-time data could flow 
into and out of such a device. 

13.2.4 Phase Contrast 

It was mentioned briefly in the last section that the recon­
structed image could be altered by introducing a phase-shift­
ing filter. Probably the best-known example of this technique 
dates back to 1934 and the work of the Dutch physicist Fritz 
Zernike, who invented the method of phase contrast and 

·we have only touched on the subject of optical data processing; a 
more extensive discussion of these matters is given, for example, by 
Goodman in Introduction to Fourier Optics, Chapter 7. That text also 
includes a good reference list for further reading in the journal literature. 
Also see P. F. Mueller, "Linear Multiple Image Storage," Appl. Opt. 8, 
267 (1969). Here, as in much of modern Optics, the frontiers are fast 
moving, and obsolescence is a hard rider. 

biologists to develop techniques for staining 
transparent microscope specimens and in so 

doing to convert phase objects into amplitude objects. But this 
approach is unsatisfactory in many respects, for example, 
when the stain kills the specimen whose life processes are 
under study, as is all too often the case. 

Recall that diffraction occurs when a portion of the surface 
of constant phase is obstructed in some way, that is, when a 
region of the wavefront is altered (either in amplitude or 
phase, i.e., shape). Suppose then that a plane wave passes 

Fritz Zernike (1888-1966) Won 
the Nobel Prize for Physics in 
1953. 

through a transparent par­
ticle, which retards the 
phase of a region of the 
front. The emerging wave 
is no longer perfectly pla­
nar but contains a small 
indentation corresponding 
to the area retarded by the 
specimen; the wave is 
phase modulated. 

Taking a rather simplis-
tic view of things, we can 

imagine the phase-modulated wave EPM(i,r) (Fig. 13.37) to 
consist of the original incident plane wave E;(X, t) plus a local­
ized disturbance Ed(r , t). (The symbol r means that EPM and 
Ed depend on x, y, and z; i.e., they vary over the yz-plane, 
whereas E; is uniform and does not.) Indeed, if the phase retar­
dation is very small, the localized disturbance is a wave of 
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Figure 13.37 Phase-contrast setup. 
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very small amplitude, Eott, lagging by just about Ao/ 4, as in 
Fig. 13.38. There the difference between £pM( r. t) and E;(x, t) 

is shown to be Edfr, t). The disturbance E;(x, t) is called the 
direct or zeroth-order wave, while Ett( r , I) is the diffrac1ed 
wave. The former produces a uniformly illuminated field at L;, 
which is unaffected by the object, while the latter carries all of 
the information about the optical structure of the particle. 
After broadly diverging from the object, these higher-order 
spatial frequency terms (see Section 13.2.2) are caused to con­
verge on the image plane. The direct and diffracted waves 
recombine out-of-phase by 1T /2. again forming the phase­
modulated wave. Since the amplitude of the reconstructed 
wave EPM(r. I) is everywhere the same on L,, even though the 
phase varies from point to point, the flux density is uniform. 
and no image is perceptible. Likewise. the zeroth-order spec­
trum of a phase grating will be 1T/2 out-of-phase with the 
higher-order spectra. 

If we could somehow shift the relative phase between the 
diffracted and direct beams by an additional 1T/2 prior to their 
recombination, they would still be coherent and could then 
interfere either constructively or destructively (Fig. 13.39). In 
either case, the reconstructed wavefront over the region of the 
image would then be amplitude modulated-the image would 
be visible. 

We can see this in a very simple analytical way where 

E;(X, t)lx=O = Eo sin wt 

is the incoming monochromatic lightwave at 1 0 without the 
specimen in place. The particle will induce a position-depen­
dent phase variation <f>(y, z) such that the wave just leaving it 
is 

EpM(r, t)l.,=O = Eo sin [wt + <f>(y, z)J ( 13.20) 
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Figure 13.38 Wavefronts in the phase-contrast process. 
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Figure 13.39 Effect of phase shifts. 
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This is a constant-amplitude wave, which is essentially the 
same on the conjugate image plane. That is, the re are some 
losses, but if the lens is large and aberratio n-free and we 
neglect the orientation and size of the image, Eq. ( 13.20) will 
suffice to represent the PM wave on either L0 or L,. Reformu­
lating that disturbance as 

EPM ( y, z, t) = £0 sin wt cos cp + £0 cos wt sin cp 

a nd limiting ourselves to very small values of cp, we obtain 

EPM(y. z. t) = £ 0 sin wt + E0cp(v, z) cos wt 

The first term is independent of the object. while the second 
term obviously isn' t. Thus. as above. if we change their rela­
tive phase by 'TT / 2, that is, ei ther change the cosine to sine or 
vice versa, we get 

EAM(Y, z. t) = Eol 1 + cp(y. ;:)] sin wt ( 13.21) 

which is an amplitude-modulated wave. Observe that cp(y, ::.) 
can be expressed in terms of a Fo urier expansion, thereby 
introducing the spatial frequencies associated with the object. 
Incidentally, this discussion is precisely analogous to the one 
proposed in 1936 by E. H. Armstrong for converting AM 
radio waves to FM [cp(t ) could be tho ught of as a frequency 
modulatio n wherein the zeroth-order term is the carrier]. An 
electrical bandpass filter was used to separate the carrier from 
the rema ining information spectrum so that the 'TT/2 phase 
shift could be accomplished. Zernike's method of doing essen­
tially the same thing is as follows. He inserted a spatial filter in 
the transform plane L, of the objective, which was capable of 
inducing the 'TT/2 phase shift. Observe that the direct light 
actually forms a small image of the source on the optical axis 
at the location of L,. The filter could then be a sma ll circular 
indentation of depth d etched in a transparent glass plate of 
index n

8
. Ideally, only the direct beam would pass through the 

indentation, and in so doing it would take on a phase advance 
with respect to the diffracted wave of (n~ - 1 )d, which is 
made to equal Ao/ 4. A filter of this sort is known as a phase 
plate, and since its effect corresponds 10 Fig. 13.39h, that is, 
destructive in1erference, phase objects thal are thicker or have 
higher indices appear dark against a bright background. If, 
ins1ead, 1he phase plate had a small raised disk at its center, the 
opposi1e would be true. The former case is called positive­
phase contrast; the latter, negatii•e-phase contrast. 

 
Page 625

Giesecke+Devrient GmbH, 
Giesecke+Devrient Currency Technology GmbH, 

and Papierfabrik Louisenthal GmbH. - Ex. 1027
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In actual practice, a brighter image is obtained by using a 
broad, rather than a point, source along with a substage con­
denser. The emerging plane waves illuminate an annular 
diaphragm (Fig. I 3.40), which, since it is the source plane, is 
conjugate to the transform plane of the objective. The zeroth­
order waves, shown in the figure, pass through the object 
according to the tenets of geometrical optics. They then tra­
verse the thin annular region of the phase plate located at I,. 
That region of the plate is quite small, and so the cone of dif­
fracted rays, for the most part, misses it. By making the annu­
lar region absorbing as well (a thin metal film will do), the 
very large uniform zeroth-order term (Fig. 13.41) is reduced 
with respect to the higher orders, and the contrast improves. 
Or, if you like, £0 is reduced to a value comparable with that 
of the diffracted wave £04. Generally, a microscope will come 
with an assortment of these phase plates having different 
absorptions. 

In the parlance of modem Optics (the still-blushing bride of 

Annular diaphragm 
in back focal plane 
of substage 
condenser 
not shown 

L, 

Slide 

r. 

Figure 13.40 Phase contrast ( only zeroth order shown). 

communications theory), phase contrast is simply the process 
whereby we introduce a 7r/ 2 phase shift in the zeroth-order 
spectrum of the Fourier transform of a phase object (and per­
haps attenuate its amplitude as well) through the use of an 
appropriate spatial filter. 

The phase-contrast microscope, which earned Zemike the 
Nobel Prize in 1953, has found extensive applications (see 
photo), perhaps the most fascinating of which is the study of 
the life functions of otherwise invisible organisms. 

13.2.5 The Dark-Ground and 
Schlieren Methods 

Suppose we go back to Fig. 13.37, where we were examining 
a phase object, and this time rather than retard and attenuate 
the central zeroth order, we remove it completely with an 
opaque disk at S0 • Without the object in place, the image plane 

Phase plate 

Obj~r,ve (rransparent ) tl 
, r, 

Conjugate planes 

-------- r, 
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Figure 13.41 Field amplitude over a circular region on the image 
plane. In one case there is no absorption in the phase plate, and the 
irradiance would be a small ripple on a great plateau. With the zeroth 
order attenuated, the contrast increases. 

(a) ( b) 
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will be completely dark-ergo the name dark ground. With 
the object in position, only the localized diffracted wave will 
appear at L; to form the image. (This can also be accomplished 
in microscopy by illuminating the object obliquely so that no 
direct light enters tlhe objective lens.) Observe that by elimi­
nating the de contribution, the amplitude distribution (as in 
Fig. l 3 .4 l) wi II be lowered and port ions that were near zero 
prior to filtering will become negative. Inasmuch as irradiance 
is proportional to the amplitude squared, this will result in 
somewhat of a contrast reversal from that which would have 
been seen in phase contrast (see Section l 3.2.3 ). In general, 
this technique has not been as satisfactory as the phase-con­
trast method, which generates a flux-density distribution 
across the image th2tt is directly proportional to the phase vari­
ations induced across the object. 

In 1864 A. Toepler introduced a procedure for examining 
defects in lenses, which has come to be known as the 
schlieren method. i, We will discuss it here because of the 
widespread current usage of the method in a broad range of 
fluid dynamics studlies and furthermore because it is another 
beautiful example of the application of spatial filtering. 
Schlieren systems are particularly useful in ballistics, aerody­
namics, and ultrasonic wave analysis (see photo)- indeed, 
wherever it is desirable to examine pressure variations as 
revealed by refractive-index mapping. 

Suppose that we: set up any one of the possible arrange­
ments for viewing IFraunhofer diffraction (e.g., Fig. I 0.3 or 
P.10.5). But now, irnstead of using an aperture of some son as 

·rhe word Schlieren in German means streaks or striae. It's frequently 
capitalized because all 1nouns are capitalized in German and not because 
there was a Mr. Schlien?n. 

(a) A conventional photomicrograph of diatoms, 
fibers, and bacteria. (b) A phase photomicro­
graph of the same scene. 1Photos by T. J. Lowery 

and R. Hawley. l 
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A schlieren photo of a spoon in a candle flame. cPhoto by E. H. 1 

(a) 

Figure 13.42 A schlieren setup. 

the diffracting amplitude object, we insert a phase object, for 
example, a gas-filled chamber (Fig. 13.42). Again a Fraun­
hofer pattern is formed in ~,. and if that plane is followed by 
the objective lens of a camera, an image of the chamber is 
formed on the film plane. We would then photograph any 
amplitude objects within the test area, but, of course, phase 
objects would still be invisible. Imagine that we now introduce 
a knife edge at 1,, raising it from below until it obstructs 
(sometimes only partially) the zeroth-order light and therefore 
all the higher orders on the bottom side as well. Just as in the 
dark-ground method, phase objects are then perceptible. Inho­
mogeneities in the test chamber windows and flaws in the 
lenses are also noticeable. For this reason and because of the 
large field of view usually required, mirror systems (Fig. 
13.43) have not become commonplace. 

(b) 

, 
/ 

/ 
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Figure 13.43 A schlieren setup 
using mirrors. 

Quasimonochromatic illumination is generally made use of 
when resulting data are to be analyzed electronically, for 
example, with a photodetector. Sources with a broad spec­
trum, on the other hand, allow us to exploit the considerable 
color sensitivity of photographic emulsions, and a number of 
color schlieren systems have been devised. 

13.3 Holography 

The technology of photography has been with us for a long 
time, and we've all grown accustomed to seeing the three­
dimensional world compressed into the flatness of a scrapbook 
page. The depthless television pitchman who smiles out of a 
myriad of phosphorescent flashes, although inescapably there, 
seems no more palpable than a postcard image of the Eiffel 
Tower. Both share the severe limitation of being simply irra­
diance mappings. In other words, when the image of a scene is 
ordinarily reproduced, by whatever traditional means, what 
we ultimately see is not an accurate reproduction of the light 
field that once inundated the object, but rather a point-by-point 

record of just the square of the field's amplitude. The light 
reflecting off a photograph carries with it information about 
the irradiance bu1t nothing about the phase of the wave that 
once emanated from the object. Indeed, if both the amplitude 
and phase of the original wave could be reconstructed some­
how, the resulting light field (assuming the frequencies are the 
same) would be indistinguishable from the original. This 
means that you would then see (and could photograph) the re­
formed image in perfect three-dimensionality, exactly as if the 
object were there before you, actually generating the wave. 

13.3.1 Methods 

Dennis Gabor had been thinking along 
these lines for a number of years prior to 
1947, when he began conducting his now 
famous experime1~ts in holography at the 
Research Laboratory of the British Thom­
son-Houston Connpany. His original set­
up, depicted in Fig. 13.44, was a two-step 
lensless imaging process in which he first 

f.6ij' ti i r: 
t . I : 
: \ I : 

I . : 
t . : 
; !,1/>GYAR~ ; !.. .......... _ .. . 

Dennis Gabor 
(1900-1979) 
Hungarian•born British 
physicist won the 
Nobel Prize in 1971. 
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Figure 13.44 Holographic tin-line, recording and reconstruction of an image. 
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photographically recorded an interference pattern. generated 
by the interaction of scattered quasi monochromatic light from 
an object and a coherent reference wave. The resulting pattern 
was something he called a hologram, after the Greek word 
holos, meaning whole. The second step in the procedure was 
the reconstruction of the optical field or image, and this was 
done through the diffraction of a coherent beam by a trans­
parency, which was the developed hologram. In a way quite 
reminiscent of Zernike' s phase-contrast technique (Section 
13.2.4), the hologram was formed when the unscattered back­
ground or reference wave interfered with the diffracted wave 
from the small semitransparent object, S-which was, in those 
early days, often a piece of microfilm. The key point is that the 
interference pattern or hologram contains. by way of the fringe 
configuration, information corresponding to both the ampli­
tude and phase of the wave scattered by the object. 

Admittedly, it 's not at all obvious that by now shining a 
plane wave through the processed hologram one could recon­
struct an image of the original object. Suffice it to say for the 
moment that if the object were very sma ll, the scattered wave 
would be nearly spherical, and the interference pattern a series 
of concentric rings (centered about an axis through the object 
and normal to the plane wave). Except for the fact that the cir­
cular fringes would vary gradually in irradiance from one to 
the next, the resulting flux-density distribution would corre­
spond to a conventional Fresnel zone plate (Section I 0.3.5). 
Recall that a zone plate functions somewhat like a lens in that 
it diffracts collimated light into a beam converging to a real 
focal point, ?,.. In addition, it produces a diverging wave. 
which appears to come from the point P,. and constitutes a vir­
tual image. Thus we can imagine, albeit rather simplistically, 
that each point o n an extended object generates its own zone 
plate displaced from the others and that the ensemble of all 
such partially overlapping zone plates forms the hologram.* 

During the reconstruction step, each constituent zone plate 
forms both a real and virtual image of a single object point, 
and in this way, point by point, the hologram regenerates the 
original light field. When the reconstructing beam has the 
same wavelength as the initial recording beam (which need 
not necessarily be the case, and quite often isn't), the virtual 
image is undistorted and appears at the location formerly 
occupied by the object. Thus it is the virtual image field that 

'See M. P. Givens, "Introduction to Holography," Am. J. Phys. 35, 1056 
(1967). 
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actually corresponds to the original object field. As such. the 
virtual image is sometimes spoken of as the true image, while 
the other is the real or. perhaps more fitting ly. the conjugate 
image. In any event. we envision the hologram as a composite 
of interference patterns, and at least for this very simple con­
figuration, those patterns resemble zone plates. As we will see 
presently. the sinusoidal grating is an equally fundamental 
fringe system making up complex holograms. 

Gabor's research, which won him the 1971 Nobel Prize in 
Physics, had as its motivation an improvement in electron 
microscopy. His work initially generated some interest, but all 
in all it remained in a state of quasi-unnoticed oblivion for 
about 15 years. In the early 1960s there was a resurgence of 
interest in Gabor's wavefront reconstruction process and. in 
particular, in its relation to certain radar problems. Soon, aid­
ed by an abundance of the new coherent laser light and extend­
ed by a number of technological advances, ho lography 
became a subject of widespread research and tremendous 
promise. This rebirth had its origin in the Radar Laboratory of 
the University of Michigan, with the work of Emmett N. 
Leith and Juris Upatnieks. Among other things, they intro­
duced an improved arrangement for generating holograms, 
which is illustrated in Fig. 13.45 on page 626. Unlike Gabor's 
in line-configuration, where the conjugate image was incon­
veniently located in front of the true image, the two were now 
satisfactorily separated off-axis, as shown in the diagram. 
Once again. the hologram is an interference pattern arising 
from a coherent reference wave and a wave scattered from the 
object (this type is sometimes referred to as a side-band Fres­
nel hologram). Figure 13.46 shows the equivalent arrange­
ment for producing side-band Fresnel holograms from 
transparent objects. 

What ' s happening here can be appreciated in two ways­
an essentially pictorial, Fourier-optical way and, alternatively, 
a direct mathematical way. We will look from both perspec­
tives, because they complement each other. First, this is at 
heart an interference (or. if you like, a diffraction) problem, 
and we can again return to the notion of the complicated object 
wavefront being composed of Fourier-component plane waves 
(Figs. 7.43 and 10.7d) traveling in d irections associated with 
the different spatial frequenc ies of the object's light field, 
reflected or transmitted. Each one of these Fourier plane 
waves interferes with the reference wave on the photographic 
plate and thus preserves the information associated with that 
particular spatial frequency in the form of a characteristic 
fringe pattern. 
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Figure 13.45 Holographic (side-band) recording and reconstruction of an image. 

Photo plate X 

Hologram 

Virtual image RECONSTRUCTION 

Mirrors 

Photo plate 

To see how this occurs, examine the simplified two-wave 
version depicted in Fig. I 3.47. Al the moment shown, the ref­
erence wave happens to have a crest along the face of the film 
plane, and the scattered object wavelet, coming in at an angle 
0, similarly has crests at points A, B, and C. These correspond 
to points where interference maxima will occur at the moment 
shown. But as both waves progress to the right, they will 
remain in-phase at these points, trough will overlap trough, 
and the maxima will remain fixed at A, B, and C. Similarly, 
between these points, trough overlaps crest, and minima exist. 
The relative phase (cp) of these two waves, which varies from 
point to point along the film, can be wrinen as a function of x. 
Since cp changes by 2'7T as x goes the length of AB, cpj2'7T = 
x/ AB. Notice that sin 0 = A/AB, and so getting rid of the spe­
cific length AB, the phase in general becomes 

Figure 13.46 A side-band Fresnel holographic setup for a 
transparent object. cp(x) = (2'1Tx sin 0)/A ( 13.22) 
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Figure 13.47 The interference of two plane waves to create 
a cosine grating. 
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If the two waves are assumed to have the same amplitude £0, 

the resultant field follows from Eq. (7. 17): 

E = 2£0 cos ½¢ sin (wt - kx - ½¢) 

and the irradiance distribution, which is proportional to the 
field amplitude squared, by way of Eq. (3.44), has the form 

or (13.23) 

What we have is a cosinusoidal irradiance distribution across 
the film plane with a spatial period of AB and a spatial fre­
quency (I / AB) of sin 0/A. 

Upon processing the film so that the amplitude transmis­
sion profile corresponds to l(x), the result is a cosinusoidal 
grating. When this simple hologram (which essentially corre­
sponds to a structureless object with no information) is illumi­
nated by a plane wave identical to the original reference wave 
(Fig. I 3.47c) three beams will emerge: one zeroth and two 
first order. One of these first-order beams will travel in the 
direction of the original object beam and corresponds to its 
reconstructed wavefront. 

Now suppose we go one step beyond this most basic holo­
gram and examine an object that has some optical structure. 
Accordingly, let's use as the object a transparency with a sim­
ple periodic structure that has a single spatial frequency-a 
cosine grating. A slightly idealized representation (which 
leaves out the weak higher-order terms due to the finite size of 
the beam and grating) is depicted in Fig. 13.48, which shows 
the illuminated grating, the three transmitted beams, and the 
reference beam. What results is three slightly different ver­
sions of Fig. 13.47, where each of the three transmitted waves 
makes a slightly different angle (0) with the reference wave. 
Consequently, each of the three overlap areas will correspond 
to a set of cosine fringes of a slightly different spatial frequen­
cy, from Eq. (13.22). Again when we play back the resulting 
hologram, Fig. 13.48a and b, we have three pieces of business: 
the undiffracted wave, the virtual image, and the real image. 
Observe that it is only where the three beams come together to 
contribute their spatial frequency content that images of the 
original grating are formed. 

When a still more complex object is used, we can anticipate 
that the relative phase between the object and reference waves 
(</)) will vary from point to point in a complicated way, there­
by modulating the basic carrier signal (Fig. 13.49) produced 
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Figure 13.48 Notice that there are three regions with different spatial 
frequencies. Each of these on the reilluminated hologram generates 
three waves. 

by two plane waves when no object is present. We can gener­
alize from Fig. 13.48 and conclude that the phase-angle differ­
ence tf> (which varies with 0) is encoded in the configuration 
of the fringes. Furthermore, had the amplitudes of the refer­
ence and object waves been different, the irradiance of those 
fringes would have been altered accordingly. Thus we can 
guess that the amplitude of the object wave at every point on 

the film plane will be encoded in the visibility of the resulting 
fringes. 

The process depicted in Fig. 13.45 can be treated analyti­
cally as follows. Suppose that the xy-plane is the plane of the 
hologram, 'i.1-f. Then 

Es(x, y) = Eos cos [21TVt + t/>(x, y)] ( 13.24) 

describes the planar background or reference wave at '2.H, 
overlooking considerations of polarization. Its amplitude, Eos, 
is constant, while the phase is a function of position. This just 
means that the reference wavefront is tilted in some known 
manner with respect to 'i.n, For example, if the wave were ori­
ented such that it could be brought into coincidence with '2.H 
by a single rotation through an angle of 0 about y, the phase at 
any point on the hologram plane would depend on its value of 
x. Thus tf> would again have the form 

2n . . 
tf> = - x sm 0 = kx sm 0 

,\ 

being, in that particular case, independent o f v and varying lin­
early with x. For the sake of simplicity, we' ll just write it, quite 
generally, as tf>(x, y) and keep in mind that it's a simple known 
function. The wave scattered from the object can, in turn, be 
expressed as 

EO(x, y) = E00(x, y) cos [21TVt + t/>0(x, y)] (13.25) 

where both the amplitude and phase are now complicated 
functions of position corresponding to an irregular wavefront 
From the communications-theoretic point of view, this is an 
amplitude- and phase-modulated carrier wave bearing all of 
the available information about the object. Note that this infor­
mation is encoded in spatial rather than temporal variations of 
the wave. The two disturbances Es and E0 superimpose and 
interfere to form an irradiance distribution, which is recorded 
by the photographic emulsion. The resulting irradiance, except 
for a multiplicative constant, is l (x, y) = ((Es + E0)2)T, 
which, from Section 9.1 , is given by 

E6s E6o 
l(x, y) = -

2
- + 2 + EosEoo cos (t/> - t/>0 ) (13.26) 

Observe once again that the phase of the object wave deter­
mines the location on '2,N of the irradiance maxima and mini­
ma. Moreover, the contrast or fringe visibili ty 

"V = Uma·, - /min)/ (/max + /min) [12.1) 
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(a) 

Figure 13.49 Various degrees of modulation of hologram fringes. ,Photo courtesy Emmett N. Leith and Sc1ent1f1c American. 

across the hologram plane. which is 

( 13.27) 

contains the appropriate information about the object wave's 
amplitude. 

Once more. in the parlance of communicatio ns theory. we 
might observe that the film plate serves as both the storage 
device and detector or mixer. It produces, over its s urface, a 
distribution of opaque regio ns corresponding 10 a modulated 
spatial waveform. Accordingly. the third or difference fre­
quency term in Eq. (13.27) is both amplitude and phase mod­
ulated by way of the position dependence of £00(.r. r) and 
<f>o(X, y). 

Figure 13.49h is an enlarged view of a portion o f the fringe 
pattern that constitutes the ho logram for a simple. essentially 
two-dimensional, semitransparent object. Were the two inter­
fering waves perfectly planar (as in Fig. 13 .490). the evident 
variations in fringe position and irradiance. which represent 
the information. would be absent. yielding the traditional 
Young's pattern (Sectio n 9.3). The sinusoida l transmission­
grating configuration (Fig. 13.49a) may be tho ught of as the 
carrier waveform, which is then modulated by the signal. Fur­
thermore. we can imag ine that the cohe rent superposition of 
countless zone-plate pallerns. one arising from each point on a 
large object. have metamorphosed into the modulated fringes 

of Fig . 13.49b. Whe n the amount of modulation is further 
greatly increased, as it would be for a large, three-dimension­
al. diffusely reflecting object, the fringes lose the kind of sym­
metry sti ll discernible in Fig. 13.49b and become considerably 
more complicated. Incidentally, holograms are often covered 
with extraneous swirls and concentric ring systems that arise 
from diffraction by dust and the like on the optical elements. 

The amplitude transmission profile o f the processed holo­
gram can be made proportional to l (x. y). In that case. the 
final emerging wave, EF(x. y), is propo rtio nal to the product 
l(x, y)ER(x. y), where ER(x, y) is the reco11structing 1vm·e 
incident on the hologram. Thus if the reconstructing wave, of 
frequency v, is incident obliquely o n "i.H. as was the back­
ground wave, we can write 

(13.28) 

T he final wave (except for a multiplicative constant) is the 
product of Eqs. ( 13.26) and ( 13.28): 

EF/x, y) = f EoR(E°fJB + E°fi0 ) cos [21rv1 + </>(x. r)l 

( 13.29) 

Three terms describe the light issuing from the hologram; the 
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first can be rewritten as 

and is an amplitude-modulated version of the reconstructing 
wave. In effect, each portion of the hologram functions as a 
diffraction grating, and this is again the zeroth-order, unde­
flected, direct beam. Since it contains no information about the 
phase of the object wave, <Po, it is of little concern here. 

The next two or side-band waves are the sum and differ­
ence terms, respectively. These are the two first-order waves 
diffracted by the grating-like hologram. The fi rst of these (i.e., 
the sum term) represents a wave that, except for a multiplica­
tive constant, has the same amplitude as the object wave 
E00(x, y). Moreover, its phase contains a 2<p(x, y) contribution, 
which, as you recall, arose from tilting the background and 
reconstructing wavefronts with respect to "l.H. It' s this phase 
factor that provides the angular separation between the real 
and virtual images. Furthermore. rather than containing the 
phase of the object wave, the sum term contains its negative. 
Thus it 's a wave carrying all of the appropriate information 
about the object but in a way that is not quite right. Indeed, this 
is the real image formed in converging light in the space 
beyond the hologram. that is, between it and the viewer. The 
negative phase is manifest in an inside-out image something 
like the pseudoscopic effect occmTing when the elements of a 
photographic ste reo pair are interchanged. Bumps appear as 
indentations, and object po ints that were in front of and nearer 
to "l-11 are now imaged nearer to but beyond LH· Thus a point 
on the original subject closest to the observer appears farthest 
away in the real image. The scene is turned in on itself along 
one axis in a way that perhaps must be seen to be appreciated. 

For example, imagine you are looking down the holo­
graphic conjugate image of a bowling alley. The "back'" row 
of pins, even though partially obscured by the "front" rows, 
are nonetheless imaged closer to the viewer than is the one­
pin. Despite this. bear in mind that it ' s no t as if you were look­
ing at the array from behind. No light from the very backs o f 
the pins was ever recorded-you' re seeing an inside-o ut front 
view. As a consequence. the conjugate image is usually o f lim­
ited utility. although it can be made to have a normal configu­
ration by forming a second ho logram with the real image as 
the object. 

The differe nce term in Eq. ( 13.29). except for a multi­
plicative constant. has precisely the form of the object wave 
E00(x. r). If you were to peer into (not at) the illuminated 

hologram, as if it were a window looking out onto the scene 
beyond. you would "see" the object exactly as if it were truly 
sitting there. You could move your head a bit and look around 
an item in the foreground in order to see the view it had pre­
viously been obstructing. In other words, in addition to com­
plete three-dimensionality, parallax effects are apparent as 
they are in no other reproducing technique (see photo). 
Imagine that you are viewing the holographic image of a 
magnifying glass focused on a page of print. As you move 
your eye with respect to the hologram plane, the words being 
magnified by the lens (which is itself just an image) actually 
change, just as they would in "real" life with a "real" lens and 
" real" print. In the case of an extended scene having consid­
erable depth, your eyes would have to refocus as you viewed 
different regions of it at various distances. In precisely the 
same way, a camera lens would have to be readjusted if you 
were photographing different regions of the virtual image (see 
photo on page 633). 

Holograms display other extre mely important and interest­
ing features. For example. if you were standing close to a 
window. you could obscure all of it with, say, a piece of card­
board, except for a tiny area through which you could then 
peer and still see the objects beyond. The same is true of a 
ho logram, s ince each s mall fragment of it contains informa­
tion about the e ntire object, at least as seen from the same 
vantage po int. and each fragment can reproduce, albeit with 
diminishing resolution, the entire image. 

Figure 13.50 summarizes picto rially much of what's been 
said so far while also providing a convenient setup for actual­
ly making and viewing a hologram. Here the photographic 
emulsion is shown having some depth, as compared with Fig. 
I 3.47. where it was treated as though it were purely two­
dimensio nal. Of course, any e mulsio n must certainly have a 
finite thickness. Typically, it would be about 10 µ,m thick, as 
compared with the spatial period of the fringes, which might 
average around 1 µ,m or so. Figure 13.51 a is closer to the 
point, showing the kind of three-dimensional fringes that 
actually exist thro ughout the e mulsion. For plane waves, 
these straight paralle l fringe-planes are oriented so as to bisect 
the angle between the reference and object waves. Realize 
that all the holograms considered up to now have been viewed 
by looking through the m; they' re all transmission holo­
grams. and in each case they were made by causing the refer­
ence wave and the object wave to traverse the film from the 
same side. 

Something similar happe ns when the reference and object 

 
Page 636

Giesecke+Devrient GmbH, 
Giesecke+Devrient Currency Technology GmbH, 

and Papierfabrik Louisenthal GmbH. - Ex. 1027



!bl 

(c) (d) 

waves traverse the emulsion from opposite sides, as in Fig. 
13.51 b. If for simplicity we again let both waves be planar, 
the resulting pattern can be visualized by sliding two pencils 
along with the fronts; it should then be clear that the fringes 
are straight bands (planes) lying parallel to the face of the film 
plate. When an actual, highly contorted, object wave is made 
to overlap a p lanar, coherent, reference wave, these fringes 
become modulated with the information describing the 
object. The corresponding three-dimensional diffraction grat­
ing is called a reflection hologram. During playback it scat­
ters the reilluminating beam back out toward the viewer, and 

13.3 Holography 631 

Parts (bl through <d) are three different 
views photographed from the same 
holographic image generated by the 
hologram in (a). 1Photos from Sm,th. 
Prmc,ples of Holography., 

o ne sees a virtual image behind the hologram (as if looking 
into a mirror). 

The zone-plate interpretation has been applicable to the 
various holographic schemes we've considered thus far, and 
this regardless of whether the diffracted wave was of the near­
or far- field variety (i.e., whether we had Fresnel or Fraunhofer 
holograms, respectively). Indeed, it applies generally where 
the interferogram results from the superpositioning of the scat­
tered spherical wavelets from each object point and a coherent 
plane or even spherical reference wave (provided the laller's 
curvature is different from that of the wavelets). An inherent 
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(a) 

Figure 13.50 (a) The creation of a transmission hologram of a toy locomotive. cbl Replay 
of a transmission hologram. 

(b) 
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Figure 13.52 Lensless Fourier-trans­
form holography (a transparent object). 

quency of the fringes could be made constant, the limitations 
imposed by the photographic medium would be considerably 
reduced, and the resolutio n correspondingly increased. As 
long as it could record the average spatial fringe frequency. 
even a coarse emulsion, such as Polaroid P/N, could be used 
without extensive loss of resolution. Figure 13.52 shows an 
arrangement that accomplishes just this by having the diffract­
ed object wavelets interfere with a spherical refere nce wave of 
about the same curvature. The resulting interferogram is 

known as a Fourier-transform hologram (in this specific 
instance, it's of the high-resolution lensless variety). This 
scheme is designed to have the reference wave cancel the qua­
dratic (zone-lens type) dependence of the phase with position 
on }:.fl· But that will occur precisely only for a planar two­
dimensional object. In the case of a three-dimensional object 
(Fig. 13.53) this only happens over one plane, and the result­
ing hologram is therefore a composite of both types, that is, a 
zone lens and Fourier transform. Unlike the other arrange-
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Lens and pinhole 

Pho10 pla1e 

Figure 13.53 lensless Fourier-transform holography 
(an opaque object). 

A reconstruction of a Fourier-transform hologram. [From G. w. Stroke. D. 
l!lumm. and A. Fuokhauser. J. Opt. Soc. Am. 55, 1327 tl 965,.) 

ments, both images generated by a Fourier-transform holo ­
gram are virtual, in the same plane. and oriented as if reflected 
through the origin (see photo). 

The grating-like nature of all previous holograms is evident 
here as well. In fact, if you look through a Fourier- transform 
hologram at a small white-light source (a flashlight in a dark 
room works beautifully), you see the two mirror images, but 
they are extremely vague and surrounded by bands of spectral 

13.3 Holography 635 

colors. The similarity with white light that has passed through 
a grating is unmistakable.* 

13.3.2 Developirnents and Applications 

For years holographty was an invention in search of applica­
tion. that notwithstanding certain obvious possibili ties. such as 
the all too inevitable 3-D billboard. Fortunately, several sig­
nificant technological developments have in recent times 
begun what will sur,ely be an ongoing extension of the scope 
and utili ty of holography. The early efforts in the field were 
typified by countless images of toy cars and trains, chess 
pieces and statuettes-small objects resting on giant blocks of 
granite. They had to be small because of limited laser power 
and coherence length, while the ever-present massive granite 
platform served to isolate the slightest vibrations that might 
blur the fringes and thereby degrade or obliterate the stored 
data. A loud sound or gust of air could result in deterioration 
of the reconstructed image by causing the photographic plate, 
object, or mirrors to shift several millionths of an inch during 
the exposure, which itself might last on the order of a minute 
or so. That was the s.till-life era of holography. But now, with 
the use of new, more sensitive films and the short duration 
(= 40 ns) high-power light flashes from a single-mode pulsed 
ruby laser. even portraiture and stop-action holography have 
become a realit/ (see photo on page 636). 

Throughout the I 960s and much of the 1970s, the empha­
sis in the field was on the obvious visual wonders of hologra­
phy. T his continued in the 1980s with the mass production of 
over a hundred million inexpensive plastic reflection holo­
grams (bonded to cre:dit cards; tucked in candy packages; dec­
orating magazine covers, jewelry, and record albums). The 
development of a photopolymer that is stable. cheap, and able 
to produce high-quality images has stimulated the manufac­
ture of even more of 11hese throwaway holograms. Still there is 

• See DeVelis and Reynolds, Theory and Applications of Holography; 
Stroke, An Introduction to Coherent Optics and Holography; Goodman, 
Introduction to Fourier Optics; Smith, Principles of Holography; or per­
haps The Engineering Uses of Holography, edited by E. R. Robertson and 
J. M. Harvey 

1L. D. Siebert, Appl. Phys. Letters II, 326 (l 967J. and R. G. Zech and 
L. D. Siebert, Appl. Phys. Letters 13, 41 7 (} 968). 
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636 Chapter 13 Modern Optics: Lasers and Other Topics 

A reconstruction of a holographic portrait. 1Photo courtesy L. D. Siebert. , 

now a widespread recognition of the potential of holography 
as a nonpictorial instrumentality, and that new direction is 
finding increasingly important applications. 

Volume Holograms 

Yuri Nikolayevitch Denisyuk of the Soviet Union. in 1962, 
introduced a scheme for generating holograms that was con­
ceptually similar to the early ( I 891) color photographic 
process o f Gabriel Lippmann. In brief. the object wave is 
reflected from the subject and propagates backward, overlap­
ping the incoming coherent background wave. In so doing, the 
two waves set up a three-dimensional pattern of standing 
waves, as in Fig. 13.51. The spatial distributio n of fringes is 
recorded by the photoemulsion throughout its entire thickness 
to form what has become known as a volume hologram. Sev­
eral variations have since been introduced, but the basic ideas 
are the same; rather than generating a two-dimensional grat­
ing-like scattering structure, the volume ho logram is a three­
dimensional grating. In other words. it's a three-dimensional. 
modulated, periodic array of phase or amplitude objects. 
which represent the data. It can be recorded in several media, 
for example. in thick photoemulsions wherein the amplitude 
objects are grains of deposited silver: in photochromic glass: 
with halogen crystals. such as KBr. which respond to irradia­
tion via color-center variations: or with a ferroe lectric crystal. 
such as lithium niobate. which unde rgoes local alterations in 

its index of re fraction. thus forming what might be called a 
phase volume hologram. In any event, one is left with a vol­
ume array o f data. however stored in the medium, which in the 
reconstruction process behaves very much like a crystal being 
irradiated by X-rays. It scatters the incident (reconstructing) 
wave according to Bragg's Law (p. 485). This isn' t very sur­
prising, since both the scattering centers and A have simply 
been scaled up proportionate ly. 

One important feature of volume holograms is the interde­
pende nce [via Bragg's Law, 2d sin 0 = mA, Eq. ( 10.71)] of 
the wavele ngth and the scattering angle; that is, only a given 
color light will be diffracted at a particular angle by the holo­
gram. Anothe r significant property is that by successively 
altering the inc ident angle (or the wavelength), a single-vol­
ume medium can store a great many coexisting holograms at 
o ne time . This latter property makes such systems extremely 
appealing as densely packed memory devices. For example, 
an 8-mm-thic k hologram has been used 10 store 550 pages of 
information, each individually retrievable. In theory, a single 
lithium niobate crystal is capable of easily storing thousands 
of holograms, and any one of them could be replayed by 
addressing the crystal with a laserbeam at the appropriate 
angle. Current research is also focusing on potassium tantalate 
niobate (KTN) as a potential photorefractive crystal-storage 
medium. Imagine a 3-D holographic motion picture; a library; 
or everyone's vital statistics-beauty marks, credit cards, tax­
es. bad habits, income, life history, and so on, all recorded on 
a handful of small transparent crystals. 

Multicolored reconstructions have been formed using 
(blac k and white) volume holographic plates. Two, three, or 
more different colored and mutually incoherent overlapping 
laserbeams are used to generate separate, cohabitating, com­
ponent holograms of the object, and this can be done one at a 
time or all at once. When these are illuminated simultaneous­
ly by the various constituent beams, a multicolored image 
results . 

Another important and highly promising scheme, devised 
by G. W. Stroke and A. E. Labeyrie. is known as white-light 
reflection holography. Here. the reconstructing wave is an 
ordinary white-light beam from, say, a flashlight or projector, 
having a wavefront similar to the original quasi monochromat­
ic background wave. When illuminated on the same side as the 
viewer. only the specific wavelength that enters the volume 
hologram at the proper Bragg angle is reflected off to form a 
reconstructed 3-D virtual image. Thus, if the scene were 
recorded in red laserlight, only red light would presumably be 
refl ected as an image. It is of pedagogical interest to point out, 
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however, that the e mulsion may shrink during the fixing 
process, and if it is not swollen back to its original form chem­
ically (with say triethylnolamine), the spacing of the Bragg 
planes, d, decreases. That means that at a given angle 0, the 
reflected wavelength will decrease proportionately. Hence, a 
scene recorded in He-Ne red might play back in orange or 
even green when reconstructed by a beam of white light. 

If several overlapping holograms corresponding to different 
wavelengths are stored. a multicolored image will result. The 
advantages of using an ordinary source of white light to recon­
struct full-color 3-D images are obvious and far-reaching. 

Holographic Interferometry 

One of the most innovative and practical of recent holograph­
ic advances is in the area of interferometry. Three distinctive 
approaches have proved to be quite useful in a wealth of non­
destructive testing situations where, for example, one might 
wish to study microinch distortions in an object resulting from 
strain, vibration, heat, and so on. In the double exposure tech­
nique, one simply makes a hologram of the undisturbed object 
and then, before processing, exposes the hologram for a sec­
ond time to the light coming from the now distorted object. 
The ultimate result is two overlapping reconstructed waves, 
which proceed to form a fringe pattern indicative of the dis­
placements suffered by the object, that is, the changes in opti­
cal path length (see photo). Variations in index such as those 
arising in wind tunnels and the like will generate the same sort 
of pattern. 

In the real-time method, the subject is left in its o riginal 
position throughout; a processed hologram is formed, and the 
resulting virtual image is made to overlap the object precisely 
(Fig. 13.54). Any distortions that arise during subsequent test­
ing show up, on looking through the hologram, as a system of 
fringes, which can be studied as they evolve in real time. The 
method applies to both opaque and transparent objects. 
Motion pictures can be taken to form a continuous record of 
the response. 

The third method is the lime-average approach and is par­
ticularly applicable to rapid, small-amplitude, oscillatory sys­
tems. Here the film plate is exposed for a relatively long 
duration, during which time the vibrating object has executed 
a number of oscillations. The resulting hologram can be 
thought of as a superposition of a multiplicity of images, with 
the effect that a standing-wave pattern emerges. Bright areas 
reveal undeflected or stationary nodal regions, while contour 
lines trace out areas of constant vibrational amplitude. 

13.3 Holography 637 

Double exposure holographic interferogram. !From s. M. Z1v1 and G. H. 
Humberstone, 'Chest Motion Visualized by Holographic Interferometry." Medical Research 

Eng. p. 5 !June 19701.l Compare this with the radar photo on page 437. 

Lens and pinhole 
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Beam-splitter Lens and pinhole 

Figure 13.54 Real-time holographic interferometry. 

M irror 
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by vinual image 
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Today holographic testing of mechanical systems is a well­
established practice in industry. It continues to serve in a broad 
range of applications, from noise reduction in automobile 
transmissions to routine jet engine inspections. 

Acoustical Holography 

In acoustical holography, an ultra-high-frequency sound wave 
(ultrasound) is used to create the hologram initially, and a 
laserbeam then serves to form a recognizable reconstructed 
image. In one application, the stationary ripple pattern on the 
surface of a water body produced by submerged coherent 
transducers corresponds to a hologram of the object beneath 
(Fig. 13.55). Photographing it creates a hologram that can be 
illuminated optically to form a visual image. Alternatively, the 
ripples can be irradiated from above with a laserbeam to pro­
duce an instantaneous reconstruction in reflected light. 

The advantages of acoustical techniques reside in the fact 
that sound waves can propagate considerable distances in 
dense liquids and solids where light cannot. Thus acoustical 
holograms can record such diverse things as underwater sub­
marines and internal body organs.* In the case of Fig. 13.55, 
one would see something that resembled an X-ray motion pic­
ture of the fish. The accompanying photo is the image of a 
penny formed via acoustical holography using ultrasound at a 
frequency of 48 MHz. In water, that corresponds to a wave­
length of roughly 30 µ,m, and so each fringe contour reveals a 
change in elevation of ½A or 15 µ,m. 

Holographic Optical Elements 

Evidently, when two plane waves overlap, as in Fig. 13.47, 
they produce a cosine grating. This suggests the rather obvious 
notion that holography can be used for nonpictorial purposes, 
like making diffraction gratings. Indeed, the holographic opti­
cal element (HOE) is any diffractive device consisting of a 
"fringe" system (i.e .. a distribution of diffracting amplitude or 
phase objects) created either directly by interferometry or by 
computer simulation thereof. Holographic diffraction gratings, 

·see A. F. Metherell, "Acoustical Holography," Sci. Am. 36, 221, 
(October 1969). Refer to A. L. Dalisa et al., "Photoanodic Engraving of 
Holograms on Silicon,' App/. Phys. Letters 17, 208 (1970>, for another 
interesting use of surface relief patterns. 

I 

Figure 13.55 Acoustical holography. 

Interferometric image of a penny via acoustical holography. cPhoto cour­
tesy Holosonics. lnc.J 

both blazed and sinusoidal, are available commercially (with 
up to around 3600 lines/mm). Although generally less effi­
cient than ruled gratings, they do produce far less stray light, 
which can be important in many applications. 

Suppose we record the interference pattern of a converging 
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beam using a planar reference wave. Upon reilluminating the 
resulting transmission hologram with a matching plane wave. 
out will come a recreated converging wave- the hologram 
will function like a lens (see Fig. 13.44). Similarly. if the ref­
erence beam is a diverging wave from a point source and the 
object is a plane wave, the resulting hologram, reilluminated 
by the point source, will play back a plane wave. In this way a 
holographic optical element can perform the tasks of a com­
plex lens with the added benefit of allowing for an inexpen­
sive, lightweight, compact system design. 

Holographic optical elements are already in use inside 
supermarket check-out scanners that automatically read the 
bar patterns of the Universal Product Code (UPC) on mer­
chandise. A laserbeam passes through a rotating disk com­
posed of a number of holographic lens-prism facets. These 
rapidly refocus, shift, and scan the beam across a volume of 
space, ensuring that the code will be read on the first pass 
across the device. HO Es are used in so-called heads-up dis­
plays in airplane cockpits. These allow reflected data to appear 
on an otherwise transparent screen in front of the pilot's face 
and yet not obscure the view. They' re also in office copy 
machines and solar concentrators. 

As marched spatial filters, HOEs are used in optical corre­
lators to spot defects in semiconductors and tanks in recon­
naissance pictures. In such cases the HOE is a hologram 
formed using the Fourier transform of the target (e.g., a picture 
of a tank or perhaps a printed word) as the object. Suppose the 
problem is to find a word on a printed page automatically, 
using an optical computer like that in Fig. 13.30, that is. to 
cross-correlate the word and the page of words . The target­
transform hologram is placed in the transform plane and illu­
minated with the transform of an entire page of print. The field 
amplitude emerging from this HOE-filter will then be propor­
tional to the product of the transforms of the page and the 
word. The transfonn of this product, generated by the last lens 
and displayed on the image plane, is the desired cross-correla­
tion (recall the Wiener- Khintchine theorem). If the word is on 
the page, there will be a high correlation, and a bright spot of 
light will appear superimposed in the final image everywhere 
the target word occurs.* 

It is possible to synthesize, point by point, a hologram of a 
fictitious object. In other words, in the most direct approach 
holograms can be produced by calculating, with a digital com-

'See A. Ghatak and K. Thyagarajan, Contemporary Optics, p. 214. 
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puter. the irradiance distribution that would arise were some 
object appropriat,ely illuminated in a hypothetical recording 
session. A computer-controlled plotter drawing or cathode ray 
tube read out of the interferogram is then photographed, 
thence to serve as the actual hologram. The result upon illumi­
nation is a three-dimensional reconstructed image of an object 
that never had any real existence in the first place. More prac­
tically, computer-generated HOEs are now routinely being 
produced, often to serve as references for optical testing. Since 
this mating of technologies can in principle generate wave­
fronts otherwise e:ssentially impossible to produce, the future 
is very promising .. 

13.4 Nonlinear Optics 

Generally, the de-main of nonlinear optics is understood to 
encompass those !Phenomena for which electric and magnetic 
field intensities of higher powers than the first play a dominant 
role. The Kerr Effect (Section 8.1 l .3), which is a quadratic 
variation of refractive index with applied voltage, and thereby 
electric field, is typical of several long-known nonlinear 
effects. 

The usual classical treatment of the propagation of light­
superpositio n, retllection, refraction, and so forth-assumes a 
linear relationship between the electromagnetic light field and 
the responding atomic system constituting the medium. But 
just as an oscillatory mechanical device (e.g., a weighted 
spring) can be overdriven into nonlinear response through the 
application of large enough forces, so too we might anticipate 
that an extremely intense beam of light could generate appre­
ciable nonlinear optical effects. 

The electric fields associated with light beams from o rdi­
nary or, if you wi II. traditional sources are far too small for 
such behavior to be easily observable. It was for this reason, 
coupled with an initial lack of technical prowess, that the sub­
ject had to await tlije advent of the laser in order that sufficient 
brute force could be brought to bear in the optical region of the 
spectrum. As an example of the kinds of fields readily obtain­
able with the current technology, consider that a good lens can 
focus a laserbeam down to a spot having a diameter of about 
10- J inch or so, which corresponds to an area of roughly 
I0- 9 m2

. A 200-rnegawatt pulse from, say, a Q-switched ruby 
laser would then produce a flux density of20 X 1016 W / m2. It 
follows (Problem 13.27) that the corresponding electric field 
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amplitude is given by 

(/)1/2 
Eo = 27.4 -;; ( 13.30) 

In this particular case, for n ""' I, the field amplitude is abo ut 
1.2 X I 08 V / m. This is more than enough to cause the break­
down of air (roughly 3 x I 06 V / m) and just several orders of 
magnitude less than the typical fields holding a crystal togeth­
er, the latter being roughly about the same as the cohesive field 
on the electron in a hydrogen atom (5 x 10 11 V / m). The avail­
ability of these and even greater ( 1012 V / m) fields has made 
possible a wide range of important new nonlinear phenomena 
and devices. We shall limit this discussion in the consideration 
of several nonlinear phenomena associated with passive media 
(i.e., media that act essentially as catalysts without making 
their own characteristic frequenc ies evident). Specifically, 
we'll consider optical rectification, optical harmonic genera­
tion, frequency mixing, and self-focusing of light. In contrast, 
Stimulated Raman, Rayleigh, and Brillouin Scattering exem­
plify nonlinear optical phenomena arising in active media that 
do impose their characteristic frequencies on the lightwave. * 

As you may recall, the electromagnetic field of a lightwave 
propagating through a medium exerts forces on the loosely 
bound outer or valence electrons. Ordinarily, these forces are 
quite small, and in a linear isotropic medium the resulting 
electric polarization is parallel with and directly proportional 
to the applied field. In effect, the polarization follows the field; 
if the latter is harmonic, the former will be harmonic as well. 
Consequently, one can write 

p = EoXE ( 13.31) 

where Xis a dimensionless constant known as the electric sus­
ceptibility, and a plot of P versus£ is a straight line . Quite 
obviously in the extreme case of very high fields, we can 
expect that P will become saturated; in other words, it simply 
cannot increase linearly indefinitely with £ (just as in the 
familiar case of ferromagnetic materials, where the magnetic 
moment becomes saturated at fairly low values of H). Thus we 
can anticipate a gradual increase of the ever-present, but usu­
ally insignificant, nonlinearity as E increases. Since the direc­
tions of P and E coincide in the simplest case of an isotropic 

' For a more extensive treatment than is possible here, see N. 
Bloembergen, Nonlinear Optics, or G. C. Baldwin, An Introduction to 
Nonhnear Optics. 

medium, we can express the polarization more e ffectively as a 
series expansion: 

(13.32) 

The usual linear s usceptibility, X, is much greater than the 
coefficients of the nonlinear te rms X2 , x3 , and so on, and hence 
the latter contribute noticeably only at high-amplitude fields. 
Now suppose that a light wave of the form 

E = £ 0 sin wt 

is incident on the medium. The resulting electric polarization 

P E ' ,:;_1 . , = E'oX O Sm WI + EoX2'-'0 sm- WI 

+ EoX £Jsin3 wt + ··· 3 

can be rewritten as 

P = EoXEo sin wt+ EoX2 EJ(I - cos 2wt) 
2 

( 13.33) 

+ EoX3 EJ(3 sin wt - sin 3wt) + ··· (13.34) 
4 

As the harmonic lightwave sweeps through the medium, it cre­
ates what might be tho ught of as a polarization wave, that is, 
an undulating redistribution of charge within the material in 
response to the field. If only the linear term were effective, the 
electric polarization wave would correspond to an oscillatory 
current following along with the incident light. The light there­
after reradiated in such a process would be the usual refracted 
wave generally propagating with a reduced speed v and having 
the same frequency as the incident light. In contrast, the pres­
ence of higher-order terms in Eq. (1 3.33) implies that the 
polarization wave does not have the same harmonic profile as 
the incident field. In fact, Eq. ( 13.34) can be likened to a 
Fourier series representation of the distorted profi le of P(t). 

13.4.1 Optical Rectification 

The second term in Eq. (13.34) has two components of great 
interest. First there is a de or constant bias polarization. vary­
ing as EJ. Conseqiuently, if an inte nse plane-polarized beam 
traverses an appropriate (piezoelectric) crystal, the presence of 
the quadratic nonlinearity will, in part, be manifest by a con­
stant electric polarization of the medium. A voltage difference, 
proportional to the beam's flux density, will accordingly 
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appear across the crystal. This effect. in analogy to it~ 
radiofrequency counterpart. is known a~ optical rectification. 

13.4.2 Harmonic Generation 

The cos 2wt term (Eq. (13.34)1 corresponds to a variation in 
electric polarization at twice the fundamental frequency (i.e .. 
at twice that of the incident wave). The reradiated light that 
arises from the driven oscillators also has a component ,It this 
same frequency, 2w, and the process is spoken of as second­
harmonic generation, or SHG for short. In terms of the pho­
ton representation, we can envision two identical photons of 
energy hw coalescing within the medium to form a single pho­
ton of energy '12w. Peter A. Franken and several coworkers at 
the University of Michigan in 1961 were the fi rst to observe 
SHG experimentally. They focused a 3-kW pulse of red 
(694.3 nm) ruby laserlight onto a quartz crystal. Just about one 
part in 108 of this incident wave was converted to the 347 .15-
nm ultraviolet second harmonic. 

Notice that. for a given material. if P(E) is an odd function, 
that is, if reversi~ the direction of the E -field simply reverses 
the direction of P. the even powers of£ in Eq . ( 13.32) must 
vanish. But this is just what happens in an isotropic medium. 
such as glass or water- there are no special directions in a 
liquid. Moreover, in crystals like calcite, which are so struc­
tured as to have what's known as a ce111er of sy111111e1r_,· or an 
inversion cenler, a reversal of all of the coordinate axes must 
leave the interrelationships between physical quantities unal­
tered. Thus no even harmonics can be produced by materials 
of this sort. Third-harmonic generation (THG), however. can 
exist and has been observed in several materials (p. 598) 
including calcite. The requirement for SHG that a crystal not 
have inversion symmetry is also necessary for it to be piew­
electric. Under pressure a piezoelectric crystal [such as 
quartz, potassium dihydrogen phosphate ( KDP). or ammo­
nium dihydrogen phosphate (ADP)] undergoes an asymmet­
ric distortion of its charge distribution. thus producing a volt­
age. Of the 32 crystal classes. 20 are of th is kind and may 
therefore be useful in SHG. The simple scalar expression [Eq. 
(I 3.32)) is actually not an adequate description of a typical 
dielectric crystal. Things are a good deal more complicated. 
because the field components in several different directions in 
a crystal can affect the electric polarizatio_I! in an_x one direc­
tion. A complete treatment requires that P and E be related 
not by a single scalar but by a group of quantities arranged in 
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the part icular form of a tensor. namely. the susceptibility ten­
sor.* 

A major difficulty in generating copious amounts of sec­
ond-harmonic light arises from the frequency dependence of 
the refractive index, that is, dispersion. At some initial point 
where the incident or w-wave, generates the second-harmonic 
or 2w-wave, the two are coherent. As thew-wave propagates 
through the crystal. it continues to generate additional contri­
butions of second-harmonic light, which all combine totally 
constructively only if they maintain a proper phase relation­
ship. Yet thew-wave travels at a phase velocity v,0 , which is 
ordinarily different from the phase velocity, V 2w, of the 2w­
wave. Thus the newly emitted second harmonic periodically 
falls out-of-phase with some of the previously generated 2w­
waves. When the irradiance of the second harmonic , 12w, 

emerging from a plate of thickness e is computed, t it turns out 
to be 

(13.35) 

(see Fig. 13.56). This yields the result that /2"' has its maxi­
mum value when e = e.., where 

1 Ao e,. = - I I 
4 llw - 11 2w 

( 13.36) 

This is commonly known as the coherence length (although a 
different name would be better), and it ' s usually of the order 
of only about 20A0. Despite this, efficient SHG can be accom­
plished by a procedure known as index matching, which 
negates the undesirable effects of d ispersion: in short, one 
arranges things so that nw = 111"' . A commonly used SHG 
material is KDP. It is piezoelectric, transparent. and also neg­
atively uniaxially birefringent. Furthermore, it has the inter­
esting property that if the fundamental l ight is a linear polar­
ized ordina,y wave. the resulting second harmonic will be an 
extraordinary wave. As can be seen from Fig. 13.57, if light 
propagates within a KDP crystal at the specific angle 00 with 

·Incidentally, there is nothing extraordinary about this kind of behavior­
I1 comes up all the time. There are inertia tensors, demagnetization 
coefficient tensors, stress tensors, and so forth. 

1See, for example, B. Lengyel, lntroduct1on to Laser Physics, Chapter 
VII. This Is a fine elementary treatment. 
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Photomultiplier 

\ 

30 20 10 0 10 20 30 
0 (degrees) 

Figure 13.56 Second-harmonic generation as a function of 0 for a 
0. 78-mm thick quartz plate. Peaks occur when the effective thickness is 
an even multiple of l e- [From P. D. Maker, R. W. Terhune, M. N,senoff, and C. M. 
Savage, Phys. Rev. Letters 8, 21 d 9621.l 

respect to the optic axis, the index, n0,,, of the ordinary funda­
mental wave will precisely equal the index of the extraordi­
nary second harmonic ne2..,. The second-harmonic wavelets 
will then interfere constructive ly, the reupon increasing the 
conversion efficiency by several orders of magnitude. Sec­
ond-harmonic generators, which are simply appropria1tely cut 
and oriented crystals, are available commercially, but do keep 
in mind that 00 is a function of A, and each such device per­
forms at one frequency. Not long ago. a continuous 1-W sec­
o nd-harmonic beam at 532.3 nm was obtained by p llacing a 
barium sodium niobate crystal within the cavity olf a 1-W 
1.06µ laser. The fact that thew-wave sweeps back a1nd forth 
through the crystal increases the net conversion efficiency. 

(a) 

(b) 

KOP 

54° 55° 56° 

0. 

8 

Figure 13.57 Refractive index surface for KDP. (b) 12w versus crystal 
orientation in KDP. 1From Maker et al.1 

Optical harmonic generation soon lost its initial exotic 
quality and became a routine commercial process by the early 
1980s. Still, there were exciting technical accomplishments, 
such as the 74-cm-diameter harmonic conversion array (see 
photo) built for the Nova laser-fusion program, which led to 
the Omega's frequency-tripling system a decade later (p. 598). 
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The KDP frequency converter for 
the Nova laser. <Photo courtesy 
Lawrence Livermore National 
Laboratory.) 

Its function was to convert upwards of 80% of the infrared 
( 1.05 µ,m) emission from the neodymium-glass laser into 
more efficient high-frequency radiation. Because of its great 
size, the converter was an aligned mosaic of smaller KDP sin­
gle-crystal panels forming two layers, one behind the other. To 
generate the second harmonic (green light at 0.53 µ,m) , the 
array is positioned so that each layer functions independently 
to produce two overlapping frequency-shifted components. 
These arise one from each crystal layer and are orthogonally 
polarized. The third hannonic (blue light at 0.35 µ,m) is creat­
ed by reorienting the assembly to the appropriate phase­
matching angle so as to shift about two-thirds of the beam 
energy into the second harmonic as it traverses the first crystal 
layer. The second layer mixes the remaining JR and the sec­
ond-harmonic green light to produce third-harmonic blue. 

13.4.3 Frequency Mixing 

Another situation of considerable practical interest involves 
the mixing of two or more primary beams of different frequen­
cies within a nonlinear dielectric. The process can most easily 
be appreciated by substituting a wave of the form 

(I 3.37) 

into the simplest expression for P given by Eq. (13.32). The 
second-order contribution is then 
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The first two terms can be expressed as functions of 2w1 and 
2w2, respectively, while the last quantity gives rise to sum and 
difference terms, w 1 + w2 and w1 - w2. 

As for the quantum picture, the photon of frequency w 1 + 
w 2 simply corresponds to a coalescing of the two original 
photons into a new photon, just as it did in the case of SHG, 
where both quanta had the same frequency. The energy and 
momentum of the annihi lated photons are carried off by the 
created sum photon. The generation of an w 1 - w2 difference­
photon is a little more involved. Conservation of energy and 
momentum requires that on interacting with an w2-photon, 
only the higher-frequency w 1-photon vanishes. thereby creat­
ing two new quanta, one an wrphoton and the other a differ­
ence-photon. 

As an application of this phenomenon, suppose we beat, 
within a nonlinear crystal a strong wave of frequency w,,. 
called the pump fight , with a weak signal wave of lower fre­
quency w_0 which is to be amplified. Pump light is thereby 
converted into both signal light and a difference wave, called 
idler fight, of frequency w; = wv - w,. If the idler light is then 
made to beat with the pump light, the latter is converted into 
additional amounts of idler and signal light. In this way both 
the signal and idler waves are amplified. This is actually an 
extension into the optical-frequency region of the well-known 
concept of parametric amplification, whose use in the 
microwave spectrum dates back to the late 1940s. The first 
optical-parametric oscillator, which was operated in 1965, is 
depicted in Fig. 13.58. The flat parallel end faces of a nonlin­
ear crystal (lithium niobate) were coated to form an optical 
Fabry-Perot cavity. The signal and idler frequencies (both 
about I 000 nm) corresponded to two of the resonant frequen­
c ies of the cavity. When the flux density of the pumping light 
was high enough, energy was transferred from it into the sig­
nal and idler oscillatory modes, with the consequent buildup 
of those modes and e mission of coherent radiant energy at 
those frequencies. This transfer of energy from one wave to 
another within a lossless medium typifies parametric process­
es . By changing the refractive index of the crystal (via tem­
perature, electric field, etc.), the oscillator becomes tunable. 
Various oscillator configurations have since evolved, with 
other nonlinear materials used as well, such as barium sodium 
niobate . The optical parametric oscillator is a laser-like, 
broadly tunable source of coherent radiant energy in the IR to 
the UV. 
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C:=@ 
Q -switched 
lase r Laserbeam 

1058 nm 

LiNbO , 
crvstal 

IR absorbing 
filter 

LiNb03 crystal 
with coated end faces 
forming a resonant 
cavity 

Figure 13.58 An optical parametric oscillator. [After J. A. G,ordma,ne and R. C. Miller, Phys. Rev. Letters 4 , 973 (1965).J 

13.4.4 Self-Focusing of Light 

When a dielectric is subjected to an electric field that varies in 
space, in other words, when there is a gradient of the field par­
allel to P, an internal force will result. This has the e ffect of 
altering the density, changing the permittivity, and thereby 
varying the refractive index, and this in both linear and non­
linear isotropic media. Suppose then that we shine an intense 
laserbeam with a transverse Gaussian flux-density distribution 
onto a specimen. The induced refractive-index variations will 
cause the medium in the region of the beam to function much 

PROBLEMS 

Complete solutions to all problems-except those with an asterisk-can 
be found in the back of the book. 

13.1 * After a while, a cube of ro ugh stee l ( 10 cm on a side) reaches 

equilibrium inside a furnace at a temperature of 400°C. Knowing that 

its total emissivity is 0.97. detem1ine the rate at which the cube radi­

ates e nergy from each face. 

13.2 A somewhat typical person has a rotal naked area of about 1.4 

m2 and an average skin temperature of 33°C. Determine the ner pow-

as if it were a positive lens. Accordingly, the beam contracts, 
the flux density increases even more, and the contraction con­
tinues in a process known as self-focusing. The effect can be 
sustained until the beam reaches a limiting filament diameter 
(of about 5 X 10- 6 m), being totally internally reflected as if 
it were in a fiberoptic e leme nt embedded within the medium.* 

• See J. A. Giordmaine, ' Nonlinear Optics." Phys. Today, 39 (January 
1969). 

er radiated per unit area, the irradiance or more precisely the exitance, 

if the person' s total emissivity is 97% and the environment is room 
temperature (20°C). How much energy does rhat body radiate per 

second? 

13.3 Suppose that we measure the emitted exitance from a small 

hole in a furnace to be 22.8 W /cm2• using an oprical pyrometer of 

some sort. Compute the internal temperature of the furnace. 

13.4 The temperature of an object resembling a blackbody is raised 

from 200 K to 2000 K. By how muc h does the amounr of energy it 

radiates increase? 

 
Page 650

Giesecke+Devrient GmbH, 
Giesecke+Devrient Currency Technology GmbH, 

and Papierfabrik Louisenthal GmbH. - Ex. 1027



13.5* Your average skin temperature is about 33°C. Assuming you 

radiate as does a blackbody at that temperature, at what wavelength 

do you emit the most energy? 

13.6 * What is the wavelength that carries away the most energy 

when an object resembling a blackbody radiates energy into a room­

temperature (20°C) environment? 

13.7* The surface temperature of a class O blue-white star is around 

40 X 103 K. At what frequency will it radiate most of its energy? 

13.8 * When the Sun's spectrum is photographed, using rockets to 

range above the Earth's atmosphere, it is found to have a peak in its 

spectral exitance at roughly 465 nm. Compute the Sun's surface tem­

perature, assuming it to be a blackbody. This approximation yields a 

value that is about 400 K too high. 

13.9 * An object resembling a blackbody emits a maximum amount 

of energy per unit wavelength in the red end of the visible spectrum 

(A = 680 nm). What's its surface temperature? 

13.10* The energy per unit area per unit time per wavelength inter­

val emitted by a blackbody at a temperature Tis given by 

I ---_ 27rhc
2 

[ I ] 
A A5 ..!!!:_ 

eAk0 T - I 

At a specific temperature, the total power radiated per unit area of the 

blackbody is equal to the area under the corresponding /A versus A 
curve. Use this to derive the Stefan-Boltzmann Law. [Hint: To clean 

up the exponential, change variables in the integral so that 

he 
x=--

L
"° dx AkaT 

Use the fact that x''~ = f(n + I) t (n + I ) where the gamma 
" - I 

function is given by f(n + I) = n! and the Riemann zeta function 
7T4 

forn = 3 ist(4) = -.] 
90 

13.11 * In the atomic domain, energy is often measured in electron­

volts. Arrive at the following expression for the energy of a light­

quantum in eV when the wavelength is in nanometers: 

~ = 1239.8 eV · nm 

A 

What is the energy of a quantum of 600-nm light? 

13.12 Figure P.13. I 2 shows the spectral irradiance impinging on a 

horizontal surface, for a clear day, at sea level, with the Sun at the 

zenith. What is the most energetic photon we can expect to encounter 

(in eV and in J)? 

Figure P.13.12 

400 

200 

Problems 645 

0 L-L-L--L-.......JL-.......J'---'--'----'---'------'----_,__ _ _.._ 

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 

~(µm) 
I micron= lµm= Ix w - •m 

13.13* Suppose we have a 100-W yellow lightbulb (550 nm) 100 m 

away from a 3-cm diameter shuttered aperture. Assuming the bulb to 

have a 2.5% conversion to radiant power. how many photons will 

pass through the aperture if the shutter is opened for ,~ s? 

13.14 The solar constant is the radiant flux density at a spherical 

surface centered on the Sun having a radius equal to that of the 

Earth's mean orbital radius; it has a value of0.133-0.14 W/cm2
. If 

we assume an average wavelength of about 700 nm, how many pho­

tons at most will arrive on each square meter per second of a solar 

cell panel just above the atmosphere? 

13.15 A 50.0-cm3 chamber is filled with argon gas to a pressure of 

20.3 Pa at a temperature of 0°C. All but a neg ligible number of these 

atoms are initially in their ground states. A flash tube surrounding the 

sample energizes I .0% of the atoms into the same excited state hav­

ing a mean life of 1.4 X 10 - ss. What is the maximum rate at which 

photons are subsequently emitted by the gas. of course it falls off with 

time? Assume both that spontaneous emission is the only mechanism 

al work and that the medium is an ideal gas. 

13.16* Show that for a system of atoms and photons in equilibrium 

at a temperature T the ratio of the transi tion rates of stimulated to 

 
Page 651

Giesecke+Devrient GmbH, 
Giesecke+Devrient Currency Technology GmbH, 

and Papierfabrik Louisenthal GmbH. - Ex. 1027



646 Chapter 13 Modern Optics: Lasers and Other Topics 

spontaneous emission is given by 

13.17* A system of atoms in thermal equilibrium is emitting and 

absorbing 2.0-eV light photons. Determine the idtio of the transition 

rates of stimulated emission to spontaneous emission at a temperature 
of 300 K. Discuss the implications of your answer. [Hint: See, the pre­

vious problem.] 

13.18 Redo the previous problem for a temperature of30.0 X 103 K 
and compare the results of both calculations. 

13.19* For a system of atoms (in equilibrium) having two energy 

levels, show that at high temperatures where k8 T > > 't; -- 't,, the 

number densities of the two states tend to become equal. [Him: Forni 

the ratio of the transition rates for total emission to absorption.] 

13.20* Radiation at 2 I cm pours down on the Earth from outer 
space. Its origin is great clouds of hydrogen gas. Taking the back­

ground temperature of space to be 3.0 K. determine the ratiio of the 

transition rates of stimulated emission to spontaneous emission and 
discuss the result. 

13.21 * The beam (A = 632.8 nm) from a He- Ne laser. which is ini­

tially 3.0 mm in diameter, shines on a perpendicular wal I I 00 m 
away. Given that the system is diffraction limited, how large is the 

circle of light on the wall? 

13.22* Make a rough estimate of the amount of energy tha.t can be 

delivered by a ruby laser whose crystal is 5.0 mm in diameter and 

0.050 m long. Assume the pulse of light lasts 5.0 X 10- 6 s. The den­

sity of aluminum oxide (Al20 3) is 3.7 x 103 kg/ m3
. Use the data in 

the discussion of Fig. 13.6 and the fact that the chromium iotns make 

a 1.79 eV lasing transition. How much power is avai lable per pulse? 

13.23 What is the transition rate for the neon atoms in a He- Ne laser 

if the energy drop for the 632.8 nm emission is 1.96 eV and the pow­

er output is 1.0 mW? 

13.24* Given that a ruby laser operating at 694.3 nm has a frequen­

cy bandwidth of 50 MHz, what is the corresponding lin,ewidth? 

13.25* Determine the frequency difference between adjacent axial 

resonant cavity modes for a typical gas laser 25 cm long (11 = I). 

13.26* A He- Ne c-w laser has a Doppler-broadened transition 

bandwidth of about 1.4 GHz at 632.8 nm. Assuming 11 = 1.0. deter-

mine the maximum cavity length for single-axial mode operation. 

Make a sketch of the transition linewidth and the corresponding cav­

ity modes. 

13.27 Show that the maximum electric-field intensity, Emax, that 

exists for a given irradiance / is 

( 
/)1/2 

Emax = 27.4 -; in units of V /m 

where n is the refractive index of the medium. 

13.28* A He-Ne laser operating at 632.8 nm has an internal beam­

waist diameter of0.60 mm. Calculate the full-angular width. or diver­

gence. of the beam. 

13.29 What would the pattern look like for a laserbeam diffracted by 

the three crossed gratings of Fig. P.13.29? 

Figure P.13.29 

13.30 Make a rough sketch of the Fraunhofer diffraction pattern that 
would arise if a transparency of Fig. P. l 3.30a served as the object. 

How would you filter it to get Fig. P. I 3.30b? 

Figure P.13.30 
(a) ( bl 

 
Page 652

Giesecke+Devrient GmbH, 
Giesecke+Devrient Currency Technology GmbH, 

and Papierfabrik Louisenthal GmbH. - Ex. 1027



13.31 Repeat the previous problem using Fig. P. 1.,.31 in,tead. 

Figure P.13.31 (Photos courtesy R. A. Phillips.) 

(a) (b) 

13.32* Repeat the previous problem using Fig. P. LU2 this time. 

Figure P.13.32 
(Photos courtesy R. 
A. Phillips.) 

Cb) 

13.33 Returning to Fig. 13.32. what kind of spatial filter would pro­

duce each of the patterns shown in Fig. P. 13.33? 

Figure P.13.33 
(Photos courtesy 0. 

Dutton, M. P. Givens, 
and R. E. Hopkins.) 

Ca) 

(bl 

Problems 647 

13.34 With Fig. 13.31 in mind. show that the transverse magnifica­

tion of the system is given by - f, / f, and draw the appropriate ray dia­

gram. Draw a ray up through the center of the first lens at an angle 0 

with the axis. From the point where that ray intersects 1,. draw a ray 

downward that passes through the center of the second lens at an 

angle <l>. Prove that cl>/ 0 = f, /f; . Using the notion of spatial frequen­

cy. from Eq. ( 11.64), show that k0 at the object plane is related to k, 
at the image plane by 

What does this mean with respect to the size of the image whenf. > 
f,? What can then be said about the spatial periods of the input data as 

compared with the image output? 

13.35 A diffraction grating having a mere 50 grooves per cm is the 

object in the optical computer shown in Fig. 13.31 . If it is coherently 

illuminated by plane waves of green lig ht (54 3.5 nm) from a He- Ne 

laser and each lens has a 100-cm focal length. what wil l be the spac­

ing of the diffraction spots on the transform plane? 

13.36* Imagine that you have a cosine grating (i.e .. a transparency 

whose amplitude transmission profik is cosinusoidal) with a spatial 
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648 Chapter 13 Modern Optics: Lasers and Other Topics 

period of 0 .0 I mm. The grating is illuminated by quasimonochro­

matic plane waves of A =a 500 nm. and the setup is the sam,e as that 

of Fig. 13.31. where the focal lengths of the transform and imaging 

lenses are 2.0 m and 1.0 m. respective ly. 

a) Discuss the resulting pattern and design a filter that will pass 011/y 

the fi rst-order terms. Describe it in detail. 

b) What will the image look like on I; with that filter in place? 

c) How might you pass only the de term. and what would the image 

look like then? 

13.37 Suppose we insert a mask in the transform plane of th1e previ­

ous problem. which obscures everything but the 111 = + I diffraction 

contribution. What will the reformed image look like on l ,? Explain 

your reasoning. Now suppose we remove only the 111 = + I ,or the 111 

= - I term. What will the re-formed image look like? 

13.38* Referring to the previous two proble ms with the cosiine grat­

ing oriented horizontally. make a sketch of the electric-field ampli­

tude along y' with no filtering. Plot the corresponding image 

irradiance distribution. What will the electric field of the image look 

like if the de term is filtered out? Plot it. Now plot the new irradiance 

distribution. What can you say about the spatial frequency of the 

image with and without the filter in place? Relate your answers to 

Fig. 11.1 3. 

13.39 Replace the cos ine grating in the previous problem with a 

"square .. bar grating. that is. a series of many fine alternating opaque 

and transparent bands o f equal width. We now filter out all tterms in 

the transform plane but the zeroth and the two first-order diffraction 

spots. These we determine to have relative irradiances of 1.00. 0.36. 

and 0.36: compare them with Figs. 7.32a and 7.33. Derive an expres­

sion for the general shape of the irradiance distribution on the image 

plane- make a sketch of it. What will the resulting fringe syste m 

look like? 

13.40 A fine square wire mesh with 50 wires per cm is placed verti­

cally in the object plane of the op1ical computer of Fig. I 3 30. If the 

lenses each have 1.00-m focal lengths. what must be the illuminating 

wavelength. if the diffraction spots on the transform plane arc:· to have 

a horizontal and vertical separation of 2 .0 mm? What will be the 

mesh spacing as it appears on the image plane? 

13.41 * Imagine that we have an opaque mask into which are 

punched an ordered array of circular holes. all of the same size. locat­

ed as if at the corners of the boxes of a checkerboard. Now suppose 

our robot puncher goes mad and makes an additional batch of holes 

essentially randomly all across the ma~k. If this screen is no,w made 

the object in Problem IJ.39. what wil l the diffraction pattern look 

like? Given that the ordered holes are separated from their nearest 

neighbors on the object by 0.1 mm. what will be the spatial frequen­

cy of the corresponding dots in the image? Describe a filter that will 

remove the random holes from the final image. 

13.42* Imagine that we have. a large photographic transparency on 

which there is a picture of a student made up of a regular array of 

small circular dots. all of the same size, but each with its own densi­

ty. so that it passe s a spot of light with a particular field amplitude. 

Considering the transparency to be illuminated by a plane wave, dis­

cuss the idea of representing the electric-field amplitude just beyond 

it as the product (on average) of a regular two-dimensional array of 

top-hat functions (Fig. 11.4. p. 523) and the continuous two-dimen­

sional picture function: the former like a dull bed of nails, the latter an 

ordinary photograph. Applying the frequency convolution theorem, 

what does the distribution of light look like on the transform plane? 

How might it be fi ltered to produce a continuous output image? 

13.43* The arrangement shown in Fig. P.13.43 is used to convert a 

collimated laserbeam into a spherical wave. The pinhole cleans up 

the beam ; that is. it eliminates diffraction effects due to dust and the 

like on the lens. How does it manage it? 

Figure P.13.43 (a) and (b) A high-power laserbeam before and after 
spatial filte ring. 1Photos courtesy Lawrence Livermore National Laboratory.) 

(a) 

(c) 

Laserbeam~ 

(b) 

Microscope 
objective 

13.44 What would happen to the speckle pattern if a laserbeam were 

projected onto a ~u~pension such as milk rather than onto a smooth 

wall? 
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Appendix 1 

Electromagnetic Theory 

MAXWELL'S EQUATIONS IN DIFFERENTIAL FORM 

The set of integral expressions that have come to be known as 
Maxwell's Equations are 

f- ➔ ff aii ➔ E·dl = - - · dS 
C A di 

[3.5] 

[3.13] 

[3.7] 

and 

J! - ➔ 'Jl B·dS = 0 [3.9] 

where the units. as usual, are SI. 
Maxwell's Equations can be written in a differential form, which 

is more useful for deriving the wave aspects of the electromagnetic 
field. This transition can readily be accomplished by making use of 
two theorems from vector calculus, namely, Gauss's Divergence 
Theorem, 

{f F·dS =ff J.v•FdV (Al.I) 

and Stokes's Theorem 

J- ➔ ff - ➔ Jc F·dl= AV xF·dS (A l .2) 

Here the quantity Fis not one fixed vector but a function that depends 
on the position variables. It is a rule that associates a single vector, for 
example, in Cartesian coordinates, F(x, y, z), with each point (x, y, z) 

in space. Vector-valued functions of this kind, such as E and B, are 
known as vector fields. 

Applying Stokes's Theorem to the electric field intensity, we have 

(Al.3) 

If we compare this with Eq. (3.5), it follows that 

ff - ... ff aii ... ~ x E·dS = - --;;;·dS (A 1.4) 

This result must be true for all surfaces bounded by the path C. This 
can only be the case if the integrands are themselves equal. that is, if 

- aii VxE = -- (A 1.5) 
dt 

A similar application of Stokes's Theorem to ii, using Eq. (3.13), 
results in 

(A 1.6) 

Gauss's Divergern.:e Theorem applied to the electric field intensity 
yields * E·dS =ff f V·EdV (A 1.7) 

If we make use of Eq. 0.7). thi~ becomes 

a nd since this is to be tr ue for any volume (i.e., for an arbitrary closed 

649 
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650 Appendix 1 Electromagnetic Theory 

domain), the two integrands must he equal. Consequently, at any 
point (x, y, z, t) in space-lime 

(A 1.9) 

In the same fashion, Gauss's Divergence Theorem applied to the B­
field and combined with Eq. (3.9) yields 

V·B = 0 (A l.IO) 

Equations (A l.5), (Al.6), (A l.9), and (A l.IO) are Maxwell's Equa­
tions in differential form. Refer back 10 Eqs. (3.18) through (3.2 1) for 
the simple case of Cartesian coordinates and free space (p = J = 0, 
E = Eo, µ, = JJ.o). 

ELECTROMAGNETIC WAVES 

To derive the electromagnetic wave equation in its most general 
form, we must again consider the presence of some medium. We saw 
in Section 3.5.1 that there is a need to introduce the polarization vec­
tor P, which is a measure of the overall behavior of the medium, in 
that it is the resultant electric dipole moment per unit volume. Since 
the field within the materia l has been altered, we are led to define a 
new field quantity, the displacement D: 

(A l.I I ) 

Clearly then. 
... o r 
E = - - -

Eo Eo 

The internal electric field if is the difference between the field D/Eo, 
which would exist in the absence of polarization. and the field P / Eo 

arising from polarization. 
For a homogeneous, linear, isotropic dielectric, P and if are in the 

same direction and are mutually proportional. It follows that D is 
therefore also proportional to E: 

o =eE (A 1.12) 

Like E, D extends throughout space and is in no way limited to the 
region occupied by the dielectric, as is P. The lines of D begin and 
end on free, movable charges. Those of E begin and end on e ither 
free charges or bound polarization charges. If no free charge is pre­
sent, as might be the case in the vicinity of a polarized dielectric or in 
free space. the lines ofD close on themselves. 

Since in general the response of optical media to B-fields is only 
s lightly diffe rent from that of a vacuum, we need not describe the 
process in detail. Suffice it to say that the material will become polar­
ized. We can define a magnetic polarization or magnetization vector 

M as the magnetic dipole moment per unit volume. In order to deal 
with the influence of the magnetically polarized medium, we intro· 
duce an auxiliary vector ii, traditionally known as the magnetic field 
intensity 

(Al.13) 

For a homoge neous, linear (nonferromagnetic). isotropic medium. B 
and ii are parallel and proportional: 

(A l. 14) 

Along with Eqs. (Al.l2) and (Al.14), there is one more constitutive 
equation, 

1 =aE (Al.IS) 

Known as Ohm's Law, it is a stateme nt of an experime ntally deter­
mined rule that holds for conductors at constant te mperatures. The 
electric field intensity, and therefore the force acting on each electron 
in a conductor. dete rmines the flow of charge. The constant of pro­
portionality relating E and J is the conductivity of the particular 
medium,a. 

Consider the rather general environment of a linear (nonferroelec­
tric and nonferromagnetic), homogeneous, isotropic medium, which 
is physically at rest. By making use of the constitutive relations, we 
can rewrite Maxwell's Equations as 

V•if = £. [A l.9] 
E 

V ·B = O [Al.IO] 

... aii 
VxE =--

a, [A l.SJ 

and ... - aif VxB = µ,aE + µ,e-
iJt 

(A!.16) 

If these expressions are somehow to yield a wave equation (2.61), we 
had best form some second derivatives with respect to the space vari­
ables. Taking the curl of Eq. (A l . 16), we obtain 

.... ~ a ~ 
V x ('t ' x B) = µ,a(V x E ) + µ,e - (V x E) a, (Al.17) 

where, since E is assumed 10 be a well-behaved function, the space 
and time derivatives can be interchanged. Equation (A 1.5) can be 
substituted to obtain the needed second derivative with respect to 
time: 

... aii a2ii 
Vx (VxB) = - µ,a - - µ,e -

i)t ar 
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The vector triple product can be simplified by making use of the 
operator identity 

V X (V x ) = V(V · ) - V2 (A l.19) 

so that 

where in Canesian coordinates 

- 2 - <iii ,le <ii 
(V•V)B =V Bs-+-+-

ax2 ay2 az2 

Since the divergence ofB is zero, Eq. (Al.18) becomes 

2- -
2 - a B aB 

V B = µ,e-- - µ,a- = 0 
ar at 

(Al.20) 

A similar equation is satisfied by the electric field intensity. Fol­
lowing essentially the same procedure as above, take the curl of Eq. 
(Al.5): 

- a -V x(V xE) = --(VXB) 
at 

Eliminating ii this becomes 

- aE a2E 
Vx(VxE) = - µ,a- - µ,e-

ar a? 
and then by making use of Eq. (Al.19). we arrive at 

_ a2E ai 
V2 E - µ,e- - µ,a- = V(p/e) 

a? at 

having utilized the fact that 

V(V•E) = V(p/e) 

For an uncharged medium (p = 0) and 

2- -
i-~ a E aE 

V E-µ,e-- -µ,a-= 0 
a?- a, 

(Al.21) 

Appendix 1 Electromagnetic Theory 651 

Equations (A 1.20) and (A 1.2 1) are known as the equations of 
telegraphy.* 

In nonconductinJg media a = 0. and these equations become 

-+ a2B 
V2 B - µ,e- = 0 

a?-
(A l .22) 

(Al.23) 

and similarly 

(Al.24) 

and (Al.25) 

In the special nonconducting medium of a vacuum (free space) where 

p=O a=O 

these equations become simply 

- a2i V2E = Jl,o£o--
ar 

(Al.26) 

and (A l.27) 

Both of these expressions describe coupled space- and time-depen­
dent fields, and both have the form of the differential wave equation 
(see Section 3.2 for further discussion). 

*For a pair of parallel •wires that might serve as a telegraph line, the 
finite wire resistance r,esults in a power loss and joule heating. An elec­
tromagnetic wave advancing along the line has less and less energy 
available to it. The firstt-order time derivatives in Eqs. (Al.20) and 
(Al.21 > arise from the conduction current and lead to the dissipation or 
damping. 
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Appendix 2 

The Kirchhoff Diffrctction Theory 

To solve the Helmholtz Equation [Eq. ( 10.113)1, suppose that we 
have two scalar functions U1 and U2 for which Green's theorem is 

(A2.l) 

It is clear that if U1 and U2 are solutions of the Helmholtz Equation, 
that is, if 

and v2u2 + k2u2 = o 

then §s (U1VU2 - U2VU1)·dS = 0 (A2.2) 

Let U1 = 'i, the space portion of an unspecified scalar opticall distur­
bance [Eq. (10.112)]. And let 

where r is measured from a point P. Both of these choices clearly sat­
isfy the Helmholtz Equation. There is a singularity at point P', where 
r = 0, so that we surround it by a small sphere in order to exdude P 
from the region enclosed by S (see Fig. A2.l). Equation (A2.2) now 
becomes 

§J iv( e:') -e:' v~} dS 

+ §s.[~v(e:') - e:' v~}ds = o (A2.3) 

652 

Now expand out the portion of the integral corresponding to S'. On 
the small sphere, the unit normal ii points toward the origin at P, and 

V(
eikr) _ ( l ik) ikrA - - --- e n 

r ? r 

since the gradient is directed radially outward. In terms of the solid 
angle (dS = r2dO) measured at P, the integral over S' becomes 

~ - ik~r + r- eikr d!l § (- - a~) . 
5

, cir 
(A2.4) 

where vi ·dS = -(ai/ar)?dn. As the sphere surrounding p 
shrinks. r ➔ 0 on S' and exp (ikr) ➔ l. Because of the continuity of 
~ its value at any point on S' approaches its value at P. that is. ~p­

The last two terms in Eq. (A2.4) go to zero, and the integral becomes 
41tiP. Finally then, Eq. (A2.3) becomes 

I [i! ikr J! (e'k') ] 
~p = 41T 1!'s ~ V~ ·dS - 1!'s iv-,- ·dS 

[10. 114] 
which is known as the Kirchhoff Integral Theorem. 
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Table 1 

THE SINC FUNCTION 
••••••••••••••••••••••••••••n•••••u•O.••••••••••••••••••••••••••--•n••••••••••••••••••••••••ou, .. ,,,, .. , .. ,o+o••••••••• .. ••••••••••h••• •• .. •••••••••••••••••• • • •--•••• .. •••••••• ••--••••• ••••••••••••••--••••••••••••• ••• .. ••••••••••• • ••••••••••••••u••• 

(sin u)/u 

u 0.00 0.01 0.02 0,03 0.04 0.05 0.06 0.07 0.08 0.09 
- -·-- ·-- -

0.0 1.000000 0.999983 0.999933 0.999850 0.999733 0.999583 0.999400 0.999184 0.998934 0.998651 
0.1 0.998334 0.997985 0.997602 0.997186 0.996737 0.996254 0.995739 0.995190 0.994609 0.993994 
0.2 0.993347 0.992666 0.991953 0.991207 0.990428 0.989616 0.988771 0.987894 0.986984 0.986042 
0.3 0.985067 0.984060 0.983020 0.981949 0.980844 0.979708 0.978540 0.977339 0.976106 0.974842 
0.4 0.973546 0.972218 0.970858 0.969467 0.968044 0.966590 0.965105 0.963588 0.962040 0.960461 
0.5 0.958851 0.957210 0.955539 0.953836 0.952104 0.950340 0.948547 0.946723 0.944869 0.942985 
0.6 0.941071 0.939127 0.937153 0.935150 0.933118 0.931056 0.928965 0.926845 0.924696 0.922518 
0.7 0.920311 0.918076 0.915812 0.913520 0.911200 0.908852 0.906476 0.904072 0.901640 0.899181 
0.8 0.896695 0.894182 0.891641 0.889074 0.886480 0.883859 0.881212 0.878539 0.875840 0.873114 
0.9 0.870363 0.867587 0.864784 0.861957 0.859104 0.856227 0.853325 0.850398 0.847446 0.844471 

1.0 0.841471 0.838447 0.835400 0.832329 0.829235 0.826117 0.822977 0.819814 0.816628 0.813419 
I.I 0.810189 0.806936 0.803661 0.800365 0.797047 0.793708 0.790348 0.786966 0.783564 0.780142 
1.2 0.776699 0.773236 0.769754 0.766251 0.762729 0.759188 0.755627 0.752048 0.748450 0.744833 
1.3 0.741199 0.737546 0.733875 0.730187 0.726481 0.722758 0.719018 0.715261 0.711488 0.707698 
1.4 0.703893 0.700071 0.696234 0.692381 0.688513 0.684630 0.680732 0.676819 0.672892 0.668952 
1.5 0.664997 0.661028 0.657046 0.653051 0.649043 0.645022 0.640988 0.636942 0.632885 0.628815 
1.6 0.624734 0.620641 0.616537 0.612422 0.608297 0.604161 0.600014 0.595858 0.591692 0.587517 
1.7 0.583332 0.579138 0.574936 0.570725 0.566505 0.562278 0.558042 0.553799 0.549549 0.545291 
1.8 0.541026 0.536755 0.532478 0.528194 0.523904 0.519608 0.515307 0.511001 0.506689 0.502373 
1.9 0.498053 0.493728 0.489399 0.485066 0.480729 0.476390 0.472047 0.467701 0.463353 0.459002 

2.0 0.454649 0.450294 0.445937 0.441579 0.437220 0.432860 0.428499 0.424137 0.419775 0.415414 
2. 1 0.411052 0.406691 0.402330 0.397971 0.393612 0.389255 0.384900 0.380546 0.376194 0.371845 
2.2 0.367498 0.363154 0.358813 0.354475 0.350141 0.345810 0.341483 0.337161 0.332842 0.328529 
2.3 0.324220 0.319916 0.315617 0.311324 0.307036 0.302755 0.298479 0.294210 0.289947 0.285692 
2.4 0.281443 0.277202 0.272967 0.268741 0.264523 0.260312 0.256110 0.251916 0.247732 0.243556 
2.5 0.239389 0.235231 0.231084 0.226946 0.222817 0.218700 0.214592 0.210495 0.206409 0.202334 
2.6 0.198270 0.194217 0.190176 0.186147 0.182130 0.178125 0.174132 0.170152 0.166185 0.162230 
2.7 0.158289 0.154361 0.150446 0.146546 0.142659 0.138786 0.134927 0.131083 0.127253 0.123439 
2.8 0.119639 0.115854 0.112084 0.108330 0.104592 0.100869 0.097163 0.093473 0.089798 0.086141 
2.9 0.082500 0.078876 0.075268 0.071678 0.068105 0.064550 0.061012 0.057492 0.053990 0.050506 

3.0 0.047040 0.043592 0.040163 0.036753 0.033361 0.029988 0.026635 0.023300 0.019985 0.016689 
3.1 0.013413 0.010157 0.006920 0.003704 0.000507 - 0.002669 - 0.005825 - 0.008960 - 0.012075 -0.015169 
3.2 - 0.018242 -0.021294 - 0.024325 - 0.027335 - 0.030324 - 0.033291 - 0.036236 -0.039160 -0.042063 - 0.044943 
3.3 -0.047802 -0.050638 -0.053453 -0.056245 -0.059014 -0.061762 -0.064487 -0.067189 -0.069868 -0.072525 
3.4 -0.075159 -0.077770 - 0.080358 - 0.082923 - 0.085465 -0.087983 -0.090478 -0.092950 -0.095398 -0.097823 
3.5 -0.100224 - 0.102601 -0.104955 -0.107285 -0.109591 -0.111873 - 0.114131 - 0.116365 - 0.118575 -0. 120761 
3.6 -0.122922 - 0.125060 - 0.127173 - 0.129262 -0.131326 - 0.133366 -0.135382 -0.137373 -0.139339 - 0.141282 
3.7 -0.143199 -0.145092 -0.146960 -0.148803 -0.150622 -0.152416 -0.154186 -0.155930 -0.157650 -0.159345 
3.8 -0.161015 -0.162661 -0.164281 -0.165877 -0.167448 -0.168994 - 0.170515 - 0.172011 -0.173482 -0.174929 
3.9 - 0.176350 -0.177747 - 0.179119 - 0.180466 - 0.181788 - 0.183086 - 0.184358 - 0.185606 -0.186829 -0.188027 

 
Page 659

Giesecke+Devrient GmbH, 
Giesecke+Devrient Currency Technology GmbH, 

and Papierfabrik Louisenthal GmbH. - Ex. 1027



654 Table 1 

TABLE 1 (CONTINUED) 
························································ ....................................................................................................................................................................................................... 
(sin u)/u 

u 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 
------ - ·- ------ --· - - ·- -- - -~--- ----- --- --- - --

4.0 -0.189201 - 0.190349 - 0.191473 - 0.192573 -0.193647 - 0.194698 -0.195723 -0.196724 -0.197700 -0.198652 
4.1 -0.199580 - 0.200483 -0.201361 - 0.202216 -0.203046 - 0.203851 -0.204633 - 0.205390 -0.206124 -0.206833 
4.2 - 0.207518 - 0.208179 -0.208817 - 0.209430 - 0.210020 - 0.210586 - 0.211128 - 0.211647 -0.212142 -0.212614 
4.3 -0.213062 -0.213487 -0.213888 -0.214267 -0.214622 -0.214955 -0.215264 -0.215550 - 0.215814 - 0.216055 
4.4 -0.216273 -0.216469 -0.216642 -0.216793 -0.216921 -0.217028 -0.217112 -0.217174 -0.217214 - 0.217232 
4.5 -0.217229 -0.217204 - 0.217157 -0.217089 -0.217000 -0.216889 -0.216757 -0.216604 -0.216430 -0.216235 
4.6 -0.216020 - 0.215784 - 0.215527 - 0.215250 -0.214953 -0.214635 -0.214298 -0.213940 -0.213563 - 0.213166 
4.7 -0.212750 -0.212314 -0.211858 -0.211384 -0.210890 -0.210377 -0.209846 -0.209296 -0.208727 -0.208140 
4.8 -0.207534 - 0.206911 - 0.206269 - 0.205609 - 0.204932 - 0.204236 -0.023524 - 0.202794 -0.202046 -0.201282 
4.9 -0.200501 -0.199702 - 0.198887 -0.198056 - 0.197208 - 0.196344 -0.195464 - 0.194568 - 0.193656 - 0.192728 

5.0 - 0.191785 -0.190826 -0.189853 -0.188864 - 0.187860 - 0.186841 -0.185808 - 0.184760 - 0.183699 - 0.182622 
5.1 -0.181532 -0.180428 -0.179311 -0.178179 -0.177035 -0.175877 -0.174706 -0.173522 -0.172326 -0.171117 
5.2 - 0.169895 -0.168661 -0.167415 -0.166158 -0.164888 -0.163607 -0.162314 -0.161010 - 0.159695 - 0.158369 
5.3 -0.157032 -0.155684 -0.154326 -0.152958 -0.151579 -0.150191 -0.148792 -0.147384 -0.145967 -0. 144540 
5.4 -0.143105 -0.141660 - 0.140206 -0.138744 -0.137273 -0.135794 -0.134307 -0.132812 - 0.131309 -0.129798 
5.5 -0.128280 -0.126755 -0.125222 - 0.123683 -0.122137 - 0.120584 -0.119024 - 0.117459 - 0.1 15887 - 0. 114310 
5.6 - 0.112726 - 0.111137 - 0.109543 - 0.107943 -0.106338 - 0.104728 -0.103114 - 0.101495 - 0.099871 - 0.098243 
5.7 - 0.096611 -0.094976 -0.093336 -0.091693 -0.090046 - 0.088396 -0.086743 -0.085087 - 0.083429 - 0.081768 
5.8 - 0.080104 -0.078438 - 0.076770 - 0.075100 - 0.073428 - 0.071755 - 0.070080 - 0.068404 - 0.066726 - 0.065048 
5.9 -0.063369 -0.061689 -0.060009 -0.058329 -0.056648 -0.054967 -0.053287 -0.051606 - 0.049927 - 0.048248 

6.0 -0.046569 -0.044892 - 0.043216 -0.041540 -0.039867 -0.038195 - 0.036524 -0.034856 -0.033189 -0.031525 
6.1 - 0.029863 - 0.028203 - 0.026546 - 0.024892 - 0.023240 - 0.021592 - 0.019947 - 0.018305 - 0.016667 -0.015032 
6.2 -0.013402 - 0.011775 - 0.010152 - 0.008533 - 0.006919 - 0.005309 - 0.003703 - 0.002103 -0.000507 0.001083 
6.3 0.002669 0.004249 0.005824 0.007393 0.008956 0.010514 0.012066 0.013612 0.015151 0.016684 
6.4 0.018211 0.019731 0.021244 0.022751 0.024250 0.025743 0.027228 0.028706 0.030177 0.031640 
6.5 0.033095 0.034543 0.035983 0.037414 0.038838 0.040253 0.041661 0.043059 0.044449 0.045831 
6.6 0.047203 0.048567 0.049922 0.051268 0.052604 0.053931 0.055249 0.056558 0.057857 0.059146 
6.7 0.060425 0.061695 0.062955 0.064204 0.065444 0.066673 0.067892 0.069101 0.070299 0.071487 
6.8 0.072664 0.073830 0.074986 0.076130 0.077264 0.078386 0.079498 0.080598 0.081688 0.082765 
6.9 0.083832 0.084887 0.085930 0.086962 0.087982 0.088991 0.089987 0.090972 0.091945 0.092906 

7.0 0.093855 0.094792 0.095717 0.096629 0.097530 0.098418 0.099293 0.100157 0.101008 0.101846 
7.1 0.102672 0.103485 0.104286 0.105074 0.105849 0.106611 0.107361 0.108098 0.108822 0.109533 
7.2 0.110232 0.110917 0.111589 0.112249 0.112895 0.113528 0.114149 0.114756 0.115350 0.115931 
7.3 0.116498 0.117053 0.117594 0.118122 0.118637 0.119138 0.119627 0.120102 0.120563 0. 121012 
7.4 0.121447 0.121869 0.122277 0.122673 0.123055 0.123423 0.123779 0.124121 0.124449 0.124765 
7.5 0.125067 0.125355 0.125631 0.125893 0.126142 0.126378 0.126600 0.126809 0.127005 0.127188 
7.6 0.127358 0.127514 0.127658 0.127788 0.127905 0.128009 0.128100 0.128178 0.128243 0.128295 
7.7 0.128334 0.128360 0.128373 0.128373 0.128361 0.128335 0.128297 0.128247 0.128183 0.128107 
7.8 0.128018 0.127917 0.127803 0.127677 0.127539 0.127388 0.127224 0.127049 0.126861 0.126661 
7.9 0.126448 0.126224 0.125988 0.125739 0.125479 0.125207 0.124923 0.124627 0.124320 0.124000 
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Table 1 655 

TABLE 1 (CONTINUED) 
............................................................................................................................................................................................................................................................... 
(sin u)/u 

u 0.00 0.01 O.o2 0.03 0.04 0.05 0.06 0.07 0.08 0.09 
---· -- ---- .. -- ····---- ----

8.0 U.123670 0.123328 U.122974 0.122609 U.122232 0.121845 0.121446 U.12IU36 0.120615 0.120183 
8.1 0.119739 0.119286 0.118821 0.118345 0.117859 0.117363 0.11685.'i 0.116338 0.11.5810 0.115272 
8.2 0.114723 0.114165 0.113596 0.113018 0.112429 0.111831 0.111223 0.110605 0.109978 0.109341 
8.3 0.108695 0.108040 0.107376 0.106702 0.106019 0.105327 0. 104627 0.103918 0.103200 0.102473 
8.4 0.101738 0.100994 0.100243 0.099483 0.098714 0.097938 0.097154 0.096362 0.095562 0.094755 
8.5 0.093940 0.093117 0.092287 0.091450 0.090606 0.089755 0.088896 0.088031 0.087159 0.086280 
8.6 0.085395 0.084503 0.083605 0.082701 0.081790 0.080874 0.079951 0.079023 0.078089 0.077149 
8.7 0.076203 0.075253 0.074296 0.073335 0.072369 0.071397 0.070421 0.069439 0.068453 0.067463 
8.8 0.066468 0.065468 0.064465 0.063457 0.062445 0.061429 0.060410 0.059386 0.058359 0.057328 
8.9 0.056294 0.055257 0.054217 0.053173 0.052127 0.051077 0.050025 0.048970 0.047913 0.046853 

9.0 0.045791 0.044727 0.043660 0.042592 0.041521 0.040449 0.039375 0.038300 0.037223 0.036145 
9.1 0.035066 0.033985 0.032904 0.031821 0.030738 0.029654 0.028569 0.027484 0.026399 0.025313 
9.2 0.024227 0.023141 0.022055 0.020970 0.019884 0.018799 0.017714 0.016630 0.015547 0.014464 
9.3 0.013382 0.012301 0.011222 0.010143 0.009066 0.007990 0.006916 0.005843 0.004772 0.003703 
9.4 0.002636 0.001570 0.000507 - 0.000554 - 0.001612 - 0.002669 - 0.003722 - 0.004774 - 0.005822 - 0.006868 
9.5 - 0.007911 - 0.008950 - 0.009987 - 0.011021 - 0.012051 - 0.013078 - 0.014101 - 0.015121 - 0.016138 - 0.017150 
9.6 - 0.018159 - 0.019164 - 0.020165 - 0.021161 - 0.022154 - 0.023142 - 0.024126 - 0.025106 - 0.026081 - 0.027051 
9.7 - 0.028017 - 0.028977 - 0.029933 - 0.030884 - 0.031830 - 0.032771 - 0.033707 - 0.034637 - 0.035562 - 0.036482 
9.8 -0.037396 - 0.038304 -0.039207 -0.040104 -0.040995 -0.041881 -0.042760 - 0.043633 -0.044500 -0.045361 
9.9 -0.046216 -0.047064 -0.047906 -0.048741 -0.049570 -0.050392 -0.051208 -0.052017 -0.052819 -0.053614 

10.0 - 0.054402 - 0.055183 - 0.055957 - 0.056724 - 0.057484 - 0.058237 - 0.058982 - 0.059720 - 0.060450 - 0.061173 
IO.I -0.061888 -0.062596 -0.063296 -0.063988 -0.064673 -0.065350 - 0.066019 - 0.066680 - 0.067333 -0.067978 
10.2 -0.068615 -0.069244 -0.069865 -0.070477 -0.071082 -0.071678 -0.072266 -0.072845 -0.073416 -0.073979 
10.3 -0.074533 -0.075078 - 0.075615 -0.076143 -0.076663 - 0.077174 - 0.077677 - 0.078170 - 0.078655 -0.079131 
10.4 - 0.079599 - 0.080057 - 0.080507 - 0.080947 - 0.081379 - 0.081802 - 0.082216 -0.082620 - 0.083016 - 0.083403 
105 - 0.083781 - 0.084149 - 0.084509 - 0.084859 - 0.085200 - 0.085532 - 0.085855 - 0.086169 - 0.086473 - 0.086768 
10.6 - 0.087054 -0.087331 - 0.087599 - 0.087857 - 0.088106 - 0.088346 - 0.088576 - 0.088797 - 0.089009 - 0.089212 
10.7 - 0.089405 -0.089589 - 0.089764 -0.089929 - 0.090085 - 0.090232 - 0.090370 -0.090498 - 0.090617 - 0.090727 
10.8 - 0.090827 -0.090919 -0.091001 -0.091073 -0.091137 -0.091191 -0.091236 -0.091272 -0.091299 - 0.091316 
l0.9 -0.091324 -0.091324 -0.091314 -0.091295 -0.091267 -0.091229 -0.091183 - 0.091128 -0.091064 -0.090990 

11.0 - 0.090908 - 0.090817 - 0.090717 - 0.090608 - 0.090490 - 0.090364 - 0.090228 - 0.090084 - 0.089931 - 0.089770 
II.I - 0.089599 - 0.089420 - 0.089233 - 0.089037 - 0.088832 - 0.088619 - 0.088397 - 0.088167 - 0.087929 - 0.087682 
11.2 - 0.087427 - 0.087163 - 0.086891 - 0.086612 - 0.086324 - 0.086027 - 0.085723 - 0.085411 - 0.085091 - 0.084763 
11.3 - 0.084426 - 0.084083 - 0.083731 - 0.083371 - 0.083004 - 0.082630 - 0.082247 - 0.081857 - 0.081460 -0.081055 
11.4 - 0.080643 - 0.080223 -0.079796 -0.079362 -0.078921 - 0.078473 - 0.078017 -0.077555 - 0.077086 - 0.076609 
11.5 - 0.076126 -0.075636 -0.075140 -0.074637 -0.074127 -0.073611 -0.073088 -0.072559 -0.072023 -0.071481 
11.6 -0.070934 - 0.070379 - 0.069819 - 0.069253 - 0.068681 - 0.068103 - 0.067519 - 0.066929 - 0.066334 - 0.065733 
11.7 - 0.065127 - 0.064515 -0.063898 - 0.063275 - 0.062647 - 0.062014 - 0.061376 -0.060733 - 0.060084 - 0.059431 
11.8 - 0.058773 - 0.058111 - 0.057443 - 0.056771 - 0.056095 - 0.055414 - 0.054728 -0.054039 - 0.05334.'i - 0.052646 
11.9 -0.051944 - 0.051238 -0.050528 - 0.049814 -0.049096 -0.048375 -0.047650 -0.046921 - 0.046189 - 0.045453 
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656 Table 1 

TABLE 1 (CONTINUED) 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••h••••••••••••••••••••••••••••••♦uooooOooO♦♦.ooOOOooOHOOoOHooooooooOHoooUOooo♦♦OOoooOHooooooooo 

(sin u)yu 

u 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 - ---~-~-- -- - ·- -----·······-- - -- - ---M- --- - ·-·---
12.0 -0.044714 -0.043972 -0.043227 -0.042479 -0.041727 -0.040973 -0.040216 -0.039456 -0.038694 -0.037929 
12.1 -0.037161 -0.036391 -0.035618 -0.034844 -0.034067 -0.033288 -0.032506 -0.031723 -0.030938 -0.030152 
12.2 -0.029363 -0.028573 -0.027781 - 0.026988 -0.026193 -0.025398 -0.024600 -0.023802 - 0.023003 -0.022202 
12.3 -0.021401 -0.020599 -0.019796 - 0.018992 - 0.018188 - 0.017384 - 0.016578 - 0.015773 - 0.014967 - 0.014161 
12.4 - 0.013355 - 0.012549 - 0.Dll743 - 0.010937 - 0.010131 - 0.009326 - 0.008521 - 0.0077 16 - 0.006912 -0.006109 
12.5 - 0.005306 - 0.004504 - 0.003702 - 0.002902 - 0.002103 - 0.001304 - 0.000507 0.000289 0.001083 0.001877 
12.6 0.002668 0.003459 0.004248 0.005035 0.005820 0.006603 0.007385 0.008164 0.008942 0.009717 
12.7 0.010491 0.011262 0.012030 0.012797 0.013560 0.014321 0.015080 0.015836 0.016589 0.017339 
12.8 0.018087 0.018831 0.019572 0.02031 I 0.021046 0.021778 0.022506 0.023231 0.023953 0.024671 
12.9 0.025386 0.026097 0.026804 0.027507 0.028207 0.028903 0.029594 0.030282 0.030966 0.031645 

13.0 0.032321 0.032992 0.033658 0.034321 0.034978 0.035632 0.036281 0.036925 0.037564 0.038199 
13.1 0.038829 0.039454 0.040075 0.040690 0.041300 0.041905 0.042506 0.043101 0.043690 0.044275 
13.2 0.044854 0.045428 0.045996 0.046559 0.047117 0.047669 0.048215 0.048756 0.049291 0.049820 
13.3 0.050344 0.050861 0.051373 0.051879 0.052379 0.052873 0.053361 0.053843 0.054319 0.054788 
13.4 0.055252 0.055709 0.056160 0.056605 0.057043 0.057476 0.057901 0.058321 0.058733 0.059140 
13.5 0.059540 0.059933 0.060320 0.060700 0.061073 0.061440 0.061800 0.062154 0.062500 0.062840 
13.6 0.063174 0.063500 0.063820 0.064132 0.064438 0.064737 0.065029 0.065314 0.065593 0.065864 
13.7 0.066128 0.066385 0.066636 0.066879 0.067115 0.067344 0.067566 0.067781 0.067989 0.068190 
13.8 0.068384 0.068570 0.068750 0.068922 0.069087 0.069245 0.069396 0.069540 0.069677 0.069806 
13.9 0.069929 0.070044 0.070152 0.070253 0.070346 0.070433 0.070512 0.070584 0.070649 0.070707 

14.0 0.070758 0.070801 0.070838 0.070867 0.070889 0.070904 0.070912 0.070913 0.070907 0.070893 
14.1 0 .070873 0.070846 0.07081 I 0.070770 0.070721 0.070666 0.070603 0.070534 0.070457 0.070374 
14.2 0.070284 0.070186 0.070082 0.069971 0.069854 0.069729 0.069598 0.069460 0.069315 0.069163 
14.3 0.069005 0.068840 0.068668 0.068490 0.068305 0.068114 0.067916 0.0677 12 0.067501 0.067283 
14.4 0.067060 0.066829 0.066593 0.066350 0.066101 0.065845 0.065584 0.0653 16 0.065042 0.064762 
14.5 0.064476 0.064183 0.063885 0.063581 0.063271 0.062954 0.062633 0.062305 0.061971 0.061632 
14.6 0.061287 0.060936 0.060580 0.060218 0.059851 0.059478 0.059100 0.058717 0.058328 0.057933 
14.7 0.057534 0.057 129 0.056719 0.056304 0.055884 0.055459 0.055029 0.054594 0.054154 0.053710 
14.8 0.053260 0.052806 0.052347 0.051884 0.051416 0.050944 0.050467 0.049985 0.049500 0.049010 
14.9 0.048516 0.048017 0.047515 0.047008 0.046497 0.045983 0.045464 0.044942 0.044416 0.043886 

15.0 0.043353 0.042815 0.042275 0.041730 0.041183 0.040632 0.040077 0.039520 0.038959 0.038395 
IS.I 0.037828 0.037257 0.036684 0.036108 0.035529 0.034948 0.034363 0.033776 0.033187 0.032595 
15.2 0.032000 0.03 1403 6.030803 0.030202 0.029598 0.028992 0.028383 0.027773 0.027161 0.026547 
15.3 0.025931 0.025313 0.024693 0.024072 0.023450 0.022825 0.022199 0.021572 0.020944 0.020314 
15.4 0.019683 0.019051 0.018418 0.017783 0.017148 0.016512 0.015875 0.015237 0.014599 0.013960 
15.5 0.013320 0.012680 0.012040 0.011399 0.010758 0.010116 0.009475 0.008833 0.008191 0.007549 
15.6 0.006907 0.006266 0.005624 0.004983 0.004342 0.003702 0.003062 0.002422 0.001783 0.001145 
15.7 0.000507 - 0.000130 - 0.000766 - 0.001401 - 0.002035 - 0.002668 - 0.003300 - 0.003931 - 0.004561 - 0.005190 
15.8 -0.005817 - 0.006443 - 0.007067 -0.007690 -0.00831 1 -0.008931 - 0.009549 -0.010166 -0.010780 -0.011393 
15.9 - 0.012004 - 0.012613 - 0.013219 - 0.013824 -0.014427 - 0.015027 -0.015625 - 0.016221 - 0.016814 - 0.017405 
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Table l 657 

TABLE 1 (CONTINUED) 
............................................................................................................................................................................................................................................................... 
(sin u)/u 

u 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 
-- ·-- --·-~ - - --- ·•· .. 

16.0 -0.017994 - 0.018580 -0.019163 - 0.019744 -0.020322 - 0.020898 -0.021470 - 0.022040 -0.022607 -0.023170 
16.1 -0.023731 -0.024289 -0.024843 - 0.025395 -0.025943 -0.026488 -0.027030 - 0.027568 -0.028I03 -0.028634 
16.2 - 0.029162 -0.029686 -0.030207 -0.030724 -0.031237 -0.031747 -0.032252 -0.032754 - 0.033252 - 0.033746 
16.3 - 0.034236 -0.034722 - 0.035204 - 0.035682 - 0.036156 - 0.036626 - 0.037091 - 0.037552 - 0.038009 - 0.038461 
16.4 -0.038909 -0.039352 - 0.039792 - 0.040226 - 0.040656 -0.04I081 - 0.041502 - 0.041918 -0.042330 -0.042737 
16.5 - 0.043139 -0.043536 - 0.043928 -0.044315 -0.044698 -0.045076 - 0.045448 - 0.045816 - 0.046179 - 0.046536 
16.6 - 0.046889 -0.047236 - 0.047578 - 0.047915 - 0.048247 - 0.048574 - 0.048895 -0.049212 - 0.049522 -0.049828 
16.7 - 0.050128 - 0.050423 -0.050713 - 0.050997 -0.051275 - 0.051548 -0.051816 -0.052078 -0.052335 -0.052586 
16.8 -0.052831 -0.053071 -0.053306 -0.053535 -0.053758 -0.053975 -0.054187 -0.054393 -0.054594 - 0.054789 
16.9 -0.054978 -0.055161 -0.055339 -0.055511 -0.055677 -0.055837 -0.055992 -0.056141 -0.056284 -0.056421 

17.0 - 0.056553 -0.056678 -0.056798 - 0.056912 - 0.057021 -0.057123 - 0.057220 -0.0573IO - 0.057395 -0.057474 
17.1 - 0.057548 -0.057615 - 0.057677 - 0.057732 - 0.057782 - 0.057826 - 0.057865 - 0.057897 - 0.057924 - 0.057944 
17.2 - 0.057959 - 0.057968 - 0.057972 - 0.057969 - 0.057961 - 0.057947 - 0.057927 - 0.057902 - 0.057870 - 0.057833 
17.3 - 0.057790 - 0.057742 - 0.057688 - 0.057628 - 0.057562 - 0.057491 - 0.057414 - 0.057331 - 0.057243 - 0.057149 
17.4 -0.057049 -0.056944 -0.056834 -0.056717 -0.056596 -0.056468 -0.056336 -0.056197 -0.056054 -0.055905 
17.5 -0.055750 -0.055590 -0.055425 -0.055254 -0.055078 -0.054897 -0.0547IO -0.054518 -0.054321 -0.054119 
17.6 -0.053912 -0.053699 -0.053481 -0.053258 -0.053031 -0.052798 -0.052560 -0.052317 -0.052069 -0.051816 
17.7 -0.051558 -0.051296 -0.051028 -0.050756 -0.050479 -0.050198 - 0.049911 -0.049620 -0.049324 -0.049024 
17.8 -0.048719 -0.048410 - 0.048096 -0.047778 - 0.047455 -0.047128 - 0.0467% -0.046461 - 0.046121 -0.045776 
17.9 - 0.045428 -0.045075 - 0.044718 - 0.044358 - 0.043993 - 0.043624 - 0.043251 - 0.042875 - 0.042494 - 0.0421 IO 

18.0 -0.041722 - 0.041330 -0.040934 - 0.040535 -0.040132 - 0.039726 - 0.039316 - 0.038902 - 0.038485 - 0.038065 
18.1 - 0.037642 - 0.037215 - 0.036785 - 0.036351 - 0.035915 - 0.035475 - 0.035033 - 0.034587 - 0.034139 - 0.033687 
18.2 -0.033233 -0.032775 -0.032315 -0.031853 -0,031387 -0.030919 - 0.030449 - 0.029976 -0.029500 - 0.029022 
18.3 -0.028541 -0.028059 - 0.027574 - 0.027086 -0.026597 -0.026I05 - 0.025612 -0.025 116 -0.024619 - 0.024119 
18.4 - 0.023618 - 0.023114 -0.0226IO -0.022I03 -0.021594 -0.02I085 -0.020573 - 0.020060 - 0.019546 - 0.019030 
18.5 - 0.018512 - 0.017994 -0.017474 - 0.016953 -0.016431 - 0.015908 -0.015384 -0.014859 -0.014333 -0.013806 
18.6 - 0.013278 - 0.012750 - 0.012220 - 0,011691 - 0.011160 -0.010629 -0.010098 -0.009566 -0.009033 -0.008501 
18.7 - 0.007968 - 0.007435 - 0.006901 -0.006368 -0.005834 -0.005301 -0.004767 -0.004234 -0.003701 - 0.003168 
18.8 - 0.002635 - 0.002I02 - 0.001570 - 0.00I038 - 0.000507 0.000024 0.000554 0.00I083 0.001612 0.002140 
18.9 0.002668 0.003194 0.003720 0.004245 0.004769 0.005292 0.005813 0.006334 0.006853 0.007371 

19.0 0.007888 0.008404 0.008918 0.009431 0.009942 0.010452 0.010960 0.011466 0.01 1971 0.012474 
19.1 0.012976 0.013475 0.013973 0.014468 0.014962 0.015454 0.015944 0.016431 0.016917 0.017400 
19.2 0.017881 0.018360 0.018836 0.0193IO 0.019782 0.020251 0.020717 0.021181 0.021643 0.022102 
19.3 0.022558 0.023011 0.023462 0.0239IO 0.024355 0.024797 0.025236 0.025672 0.026I05 0.026535 
19.4 0.026962 0.027386 0.027807 0.028224 0.028638 0.029049 0.029457 0.029861 0.030262 0.030659 
19.S 0.03I053 0.031444 0.031831 0.032214 0.032594 0.032970 0.033342 0.033711 0.034076 0.034437 
19.6 0.034794 0.035148 0.035497 0.035843 0.036185 0.036522 0.036856 0.037186 0.037512 0.037833 
19.7 0.038151 0.038464 0.038774 0.039079 0.039379 0.039676 0.039968 0.040256 0.040540 0.040820 
19.8 0.041095 0.041365 0.041632 0.041893 0.042151 0.042404 0.042652 0.042896 0.043135 0.043370 
19.9 0.043600 0.043826 0.044047 0.044263 0.044475 0.044682 0.044885 0.045082 0.045275 0.045464 

•••·••••••uo••••••••••o•o•••••••••••••••••••••••••••••••••••••• 

Adapted from L. Levi, Applied Optics. 
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Solutions to 

Selected Problems 

Chapter 2 

2.1 (0.003) (2.54 x I0- 2)/580 X 10- 9 = number of waves = 131; 
c = vA, A= c/v = 3 X 108/1010

, A= 3 cm. Waves extend 3.9 m. 

2.6 v = vA = 1498 m/s = (440 Hz)A; ,\ = 3.40 m. 

2.16 ,fr = A sin 21r (KX - vt), ,fr1 = 4 sin 21r (0.2x - 3t) 
(a) v = 3 (b) A = 1/0.2 (c) -r = 1/3 
(d) A = 4 (e) v = 15 (f) positive x 
,fr = A sin (kx + wt), ,fr2 = ( 1/2.5) sin (7x + 3.5t) 
(a) v = 3.5/2'7T (b) A = 21r/7 (c) -r = 21r/3.5 
(d) A = I /2.5 (e) v = ½ (f) negative x 

2.21 Vy = -wA cos (kx - wt + e), ay = -w2y. Simple harmonic 
motion since ay ex y. 

2.22 T = 2.2 X I0- 15 s; therefore v = 1/-r = 4.5 X 1014 Hz; v = 
vA, 3 X 108 m/s = (4.5 X 1014 Hz)A; A = 6.6 X 10- 7 m and k = 
21r/A = 9.5 X 106 m- 1

• ,fr(x, t) = (103 V /m) cos [9.5 X 106 m- 1 X 

(x + 3 x 108 m/s t)]. It's cosine because cos 0 = 1. 

2.23 y(x. t) = C/[2 + (x + vth 

> 

I /=2 I ,=O 

~ ~ ~~:•••I• 
-2 - I O I ft 2 3 

2.25 No, not twice differentiable (in a nontrivial way) and not a 
solution of the rufferential wave equation. 

d,fr iJ,fr dx iJ,fr dy d,fr 
2.27 - = - - + - - and let v = t, whereupon - = 

dt iJx dt iJy dt · dt 
iJ,fr iJ,fr 
- (:tv) + - = 0 and the desired result follows immediately. 
iJx iJt 

~ ~~ ~ ~ .. . 2.28 -d = - - + - = 0 = k - - kv, and thts ts zero provtd-
t iJx dt iJt dt 

~ 
ed dt = ±v, as it should be. For the particular wave of Problem 2.20, 

dq> iJq> iJq> 
- = - (±V) + - = ~ X 106(:!:v) + 1r9 

X 1014 = 0 and the 
dt iJy iJt 

speed is - 3 X 108 m/s. 

2.30 ,fr(z. 0) = A sin (kz + e); 

,fr(-A/ 12, 0) = A sin ( - 1r/6 + e) = 0.866 

,fr(A/6, 0) = A sin (1r/3 + e) = 1/2 

,fr(A/4, 0) = A sin (1r/2 + e) = 0 

A sin (1r/2 + e) = A (sin 1r/2 cos e + cos 1r/2 sine) 

= A cos e = 0, e = 1r/2 

A sin (1r/3 + 1r/2) = A sin (5'7T/6) = I /2 

therefore A= I , hence ,fr(z. 0) = sin (kz + 1r/2). 

2.31 Both (a) and (b) are waves since they are twice differentiable 
functions of (z - Vt) and (x + vt), respectively. Thus for (a) ,fr = 
a2<z - bt/a)2 and the velocity is b/a in the positive z-direction. For (b) 
,fr = a2(x + bt/ a + c/ a)2 and the velocity is b/ a in the negative x­

direction. 
2.33 ,fr(x, t) = 5.0 ex~a(x + Vb/at)2

], the propagation direction 
is negative x; v =Vb/a= 0.6 m/s. ,fr(x, 0) = 5.0 exp (-25.r); 

X 

"' ....... ......... 
0.6 0.0006 
0.4 0.09 
0.2 1.8 

,J, 
0.0 5.0 

-0.2 1.8 
-0.4 0.09 
-0.6 0.0006 
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2.35 30° corresponds to i>< or (1/12)3 X 108 /6 X 1014 = 42 nm. 

2.36 VI= A sin 2,{f :t ~) 

VI = 60 sin 27{400 : 10-9 - 1.33 ; 10- 15) 

>.. = 400nm 

V = 400 X 10- 9/1.33 X 10- 15 = 3 X 108 m/s 

v = (1/ 1.33) x 10+15 Hz, T = 1.33 x 10- 15 s. 

2.39 VI = A exp i(k,.x + kyy + k,z) 

~=~ Is, = ~ ~=fy 

lkl = [(ka)2 + (k/3>2 + (ky/]112 = k[a2 + {32 + Yl112 

2.41 >.. = h/mv = 6.6 X 10- 34 / 6(1) = I.I X 10- 34 m 

2.42 k can be constructed by forming a unit vector in the proper 
direction and multiplying it by k. The unit vector is 

[(4 - O)i + (2 - O)j + (1 - O)kl /\/42 + 22 + 12 

= (4i + 2j + k )/"V21 

and k = k(4i + 2J + k)/Y21. 
r =xi + yj + zk 

hence VI (x, y, z, t) = A sin [(4k/"V21)x 

+ (2k /"V21)y + (k/"V21)z - wt]. 

2.44 V1(r 1, rJ = VI fr2 - <rz - ; ,J, 11 = V1(k. ; " tJ 

= ni- r2 - k· <r2 - r,J. 11 

= VI (k · r2, t) = V1(r 2, t) 

since k. <r2 - r1) = o 

Chapter 3 

3.1 Ey = 2 cos [27T X 1014 (t - x/c) + 1r/2J 

Ey = A cos [21rv(t - x/v) + 1r/2l from Eq. (2.26) 

(a) v = l014 Hz, v = c, and >.. = c/v = 3 x 108/ 1014 = 3 x 10- 6 m, 
moves in positive x-direction, A = 2 V / m, e = 1r/2 linearly 
polarized in y-direction. 

2 
(b) Bx = 0, By = 0, B. = - cos [21r X 1014(t - x/ c) + 1r /2]. 

C 

3.2 E, = 0, Ev = Ex = E0 sin (kz - wt) or cosine; B, = 0, By = 
- Bx= Ey/c, or if you like, 

Solutions to Selected Problems 659 

- Eo• • - Eo·• E = • r- (I + j) sin (kz - wt), B = • r- (j - i) sin (kz - wt). 
v2 cv2 

3.6 The field is linearly polarized in the y-direction and varies sinu­
soidally from zero al z = 0 to zero at z = zo. Using the wave equation 

,PE ,PE ,PE l ;J2 E 
..:c....:2 + ..::....::2+..:c....:2 - -..:c....::2'..= 0 
ax2 ay2 az2 c2 at2 

[ 
,,r2 w

2
] 7TZ - k2 - 2 + 2 Eo sin - cos (kx - wt) = 0 

Zo C Zo 

and since this is true for all x, z. and t, each term must equal zero 

and sok = ~ Jl - (:)2 
C 

Moreover, V = ~ = JI - ( :~r 
f

t+T 
~ - I ~ -3.10 (cos2 (k • r - wt)) = - cos2 (k • r - wt') dt'. 

T 

Let k . r - vt' = x; then 

(cos2 (k • r - wt)) = - 1
- f cos2 xdx 

- wT 

=-1-J I+ cos2x dx 
- wT 2 

= - _I_[~+ sin 2x] k·i'-w11+n 

wT 2 4 k·r- wl 

3.17 E0 = (-E0/V2)i + (E0/V2)}; k =(21r/>..)(i/V2 + 
j V2), hence E = ( I/V2)(- l0i + lOJ} cos [(V21r/>..)(x + y) -

wt] and I = ½cEoE5 = 0.13 W /m2
• 

3.18 

(a) l = c At = (3.00 X 108 m/s)(2.00 x 10- 9 s) = 0.600 m. 

(b) The volumeofonepulseis(0.600m)(1rR2) = 2.945 X 10- 6 m3; 

therefore (6.0 J)/(2.945 X I0- 6 m3
) = 2.0 X 106 J/m3

• 

3.20 
(power)(t) (10- 3 W)(t) 10- 3 W 

u = (volume) = (m ·2)(ct) = 7T(l0- 3)2(3 X 108) 

10-s 
u = --J/ m3 = 1.06 x 10- 6 J/ m3 

37T 
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660 Solutions to Selected Problems 

3.22 h = 6.63 X 10- 34, E = hv 

/ 19.88 X 10- 2 

hv = (6.63 X 10- 34) (100 X 106) 

= 3 x 1024 photons/m2 s 

All photons in volume V cross the unit area in one second 

V = (ct) ( I m2
) = 3 X 108 m3 

3 X 1024 = V (density) 

density = 1016 photons/m3 

3.24 Pe= iV = (0.25)(3.0) = 0.75 W. This is the electrical power 
dissipated. The power available as light is P1 = (0.0l)Pe = 75 X 
10- 4 w_ 

(a) Photon flux 
= Pi/hv = 75 X 10-4 >./he 

= 75 X 10- 4 (550 X 10- 9)/(6.63 X 10- 34)3 X 108 

= 2.08 x 1016 photons/s 

(b) There are 2.08 X 1016 in volume (3 X 108)(1s)(l0- 3 m2); 

2 08 X 1016 

· OS = photons/m3 = 0.69 X 10 11 

3 X 1 
(c) /=75X 10- 4 W/lOX l0-4 m2 =7.5 W/m2 

3.26 Imagine two concentric cylinders of radius r 1 and r2 sunound­
ing the wave. The energy flowing per second through the first cylin­
der must pass through the second cylinder; that is, (S1)2-rrr1 = 
(Si)2-rrr2, and so (S)2-rrr = constant and ~varies inversely with r. 
Therefore, since (S) ex: £~, £0 varies as Y I/ r. 

3.28 

A= area. (W') = _.!_ (dp) = _I (dW) = !_ 
A dt Ac dt c 

3.30 ~ = 300 W( IOOs) = 3 X 104 J 

p =~Jc= 3 X 104/3 X 108 = 10-4 kg-m/s 

3.31 
(a) (W') = 2(S)/c = 2( 1.4 X 103 W /m2)/(3 x 108 m/s) = 9 x 

l0- 6 N/m2• 

(b) S, and therefore W', drops off with the inverse square of the dis­
tance, and hence (S) = [(0.7 x 109 m)- 2/(1.5 x 10 11 m)- 21 x 
( 1.4 X 103 W /m2

) = 6.4 X 107 W /m2
, and (W') = 0.21 N/m2

• 

3.34 (S)= 1400W/m2 

((!]>) = 2(1400 W /m2/3 x 108 m/s) = 9.3 x 10- 6 N/m2 

(F) =A((!]>)= 2000m2 (9.3 X 10- 6 N/m2
) = 1.9 X 10- 2 N 

3.35 (S) = (200 X 103 W)(500 X 2 X 10-6 s)/A(ls) 

(F) = A((!]>)= A(S)/c = 6.7 X 10- 7 N 

3.36 (F) =A((!]>)= A(S)/c = IO W 8 = 3.3 X 10- 8 N 
3 X 10 

a = 3.3 X 10-8/100 kg = 3.3 x 10-10 m/s2 

v =at= f x l0-9(t) = IOm/s 

t = 3 X 1010 s I year = 3.2 X 107 s 

3.37 B surrounds v in circles, and Eis radial; hence E X B is tan­
gent to the sphere, and no energy radiates outward from it. 

3.42 n = c/v = (2.998 X 108 m/s)/( 1.245 X 108 m/s) = 2.41 

3.47 Thermal agitation of the molecular dipoles causes a marked 
reduction in K, but has little effect on n. At optical frequencies n is 
predominantly due to electronic polarization, r01acions of the molec­
ular dipoles having ceased to be effective at much lower frequencies. 

3.48 From Eq. (3. 70), for a single resonant frequency we get 

n = l + .!:!!J.i.. 2 2 [ 
N, 2 ( I )]1/2 
e0 m, w0 - w 

since for low-density materials n = I, the second term is<< l , and 
we need only retain the first two terms of the binomial expansion of 
n. Thus Vl+x = l + x/2 and 

n=l+ - .!'!.!1..i. 2 2 
11v,2( I ) 
2 e0 m, w0 - w 

3.50 The normal order of the spectrum for a glass prism is R, 0, Y. 
G, B, V, with red (R) deviated the least and violet (V) deviated the 
most. For a fuchsin prism, there is an absorption band in the green, 
and so the indices for yellow and blue on either side (ny and n8 ) of it 
are extremes, as in Fig. 3.26; that is, ny is the maximum, n8 the min­
imum, and ny > n0 > nR > nv > n8. Thus the spectrum in order of 
increasing deviation is B. V. black band. R. 0. Y. 

n(wl 

ROYGBV 
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Solutions to Selected Problems 661 

3.52 With w in the visible, (wij - w2
) is smaller for lead glass and 4.18 

larger for fused silica. Hence n(w) is larger for the former and small-
er for the latter. 

3.54 C1 is the value that n approaches as.\ gel~ larger. 

3.55 The horizontal values of n{w) approached in each region 
between absorption bands increase as w decreases. 

Chapter 4 

VE0; VE0; VK . 
4.1 Eos ex -- = K --; thus - must be umtless. and so K has 

r r r 
units of (length)- 2

• The only quantity unaccounted for is,\, and so we 
conclude that K = ,\ -2

, and JJ 1., ex K2 ex ,\ - 4
_ 

4.4 Xo(-w2 + Wij + iyw) = (qeEo/me)ia = (qeEo/me)(cos a+ 
i sin a); squaring both s ides yields Xij[(wij - w2)2 + yw2

] = 
(q,,Eo/me)2<cos2 a + sin2 a). x0 follows immediately. As for a. 
divide the imaginary parts of both sides of the first equation above, 
namely, xOyw = (qeEo/me) sin a, by the real parts, x0(wij - w2

) = 
(q,.£0/m,)cosatogeta = tan- 1 [yw/(wij - w2)].arangescontinu­
ously from Oto Tr/2 to Tr. 

4.5 The phase angle is retarded by an amount (n ay 27r/A) -
a y2Tr/.\ or (n - I ) a yw/c. Thus 

Ep = Eo exp iw[t - (n - l)ay/c - y/c] 

or Ep = En exp [-iw(n - l)ay/c] exp iw(t - y/c) 

if n = 1 or ay < < I . Since e' = 1 + x for small x, 

exp (- iw(n - !Jay/cl= 1 - iw(n - oay/c 

and since exp (-iTr/2) = - i, 

4.9 

E = E + w(n - J)ay E -i-rr/2 
p u C ue 

n; sin 0; = n, sin 0, 

sin 30° = 1.52 sin 0, 

0, = sin- 1 (1/3.04) 

0, = 19° 13' 

n, c/v, V; 11.\; A; 
4.14 n,; = -= -- = - = - = -

n; c/V; v, 11.\ 1 .\, 

therefore .\1 = .\;3/ 4 = 9 cm 

sin 0; = n,; sin 0, 

sin - 1 [¾(0.707)] = 0, = 32° 

8; (degrees) 8, (degrees) 

0 0 
10 6.7 
20 13.3 
30 19.6 
40 25.2 
50 30.7 
60 35.1 
70 38.6 
80 40.6 
90 41.8 

----141.8° 

6, 

900 

4.26 The number of waves per unit length along AC on the interface 
equals (BC/.\;)/BC sin 0;) = (AD/.\,)(AD/sin 0,). Snell's Law fol­
lows on multiplying both sides by c/v. 

4.28 Let T be the time for the wave to move along a ray from b 1 to 
b2, from a, to a2, and from a 1 to a3• Thus a 1a2 = b,b2 = v,,r and 

4.29 

sin 0, = a1a3/ a1b2 = v,/ a,b2 

sin 0, = a 1a2/ a 1b2 = v;/ a,b2 

sin °; = V; = !!:!.. = n . and 0- = 0 
sin 0, v, n; " ' ' 

n; sin 0; = n, sin 0, 

n;(k; X Un) = n,(k, X Un) 

where k;, k, are unit propagation vectors. Thus 

n,(k, x Un) - n;(k; x u,,) = 0 

(n,k, - n;k;) XU,, = 0 

Let n,fc, - n;k; = r = ru,, 
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662 Solutions to Selected Problems 

f is often referred to as the astigmatic constant; f = the difference 
between the _e_rojAections of n,k, and n;k; on Un; in other words. take 
dot producr f · Un: 

f = n1 COS 8, - n;COS 8; 

~.3(] SinAce 8; =A 8,.., k.i., = k,_.,and k;y = - k,y, and since (k;• Un)Un = 
k;y, k; - k, = 2(k; • Un)Un, 

X 

4.31 Since SB' > SB and B' P > BP, the shortest path corresponds 
to B' coincident with B in the plane-of-incidence. 

4.34 n1 sin 8; = n2 sin 8, 

n1 sin 8; = n1 sin 8; and 8; = 0; 

cos 8, = d/AB 

sin (81 - 8,) =a/AB 

sin (8; - 8,) = ~cos 8, 

d sin (8; - 81) 

cos 8, 
=a 

4.36 Rather than propagating from B point S to point P in a straight 
line, the ray traverses a path that crosses the plate at a sharper angle. 
Although in so doing the path lengths in air are slightly increased. the 
decrease in time spent within the plate more than compensates. This 
being the case, we might expect the displacement a to increase with 
n21 . As n21 gets larger for a given 0;, 0, decreases, (0; - 8,) increas­
es, and from the results of Problem 4.30, a clearly increases. 

4.37 J. f. dl = - ff aii . ds Jc A ar [3.5] 

This reduces in the limit to Ei_.,(BC) - E1;,c(AD) = 0, since Area ➔ 0 
and i)P,/i)r is finite. Thus E2x = Eix• 

4.38 From Eq. (4.40) 

1.52 cos 30° - cos 19°13' 
r, -
II - cos I 9°13' + 1.52 cos 30° 

where from Problem 4.9 8, = 19°13'. Similarly 

2cos 30 
111 = cos 19°13' + 1.52 cos 30° 

1.32 - 0.944 
ru = 0.944 + 1.32 = 0.165 

111 = l.
732 = 0.766 

0.944 + 1.32 

4.39 Starting with Eq. (4.34), divide top and bottom by n; and 
replace n,; with sin 8;/sin 0, to get 

sin 8, cos 01 - sin 81 cos 0, 
r.1_ = . 8 8 . 8 ll sm , cos ; + sm ; cos u, 

which is equivalent to Eq. (4.42). Equation (4.44) follows in exactly 
the same way. To find r11 sta rt the same way with Eq. (4.40) and get 

sin 0; cos 0; - cos 8, sin 0, 

r• = cos 8, sin 8, + sin 0; cos 8; 
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There are several routes that can be taken now: one is to rewrite r11 as 

(sin 01 cos 0, - sin 0, cos 01)(cos 0; cos 0, - sin 01 siin 0,) 

ri, = (sin 01 cos 0, + sin 0, cos 0;)(cos 01 cos 0, + sin 0; siin 0,) 

sin (01 - 0,) cos (0; + 0,) tan (01 - 0,) 
and so r11 = = 

· sin (01 + 0,) cos (01 - 0,) tan (01 + 0,) 

We can find 111, which has the same denominator, in a similar way. 

4.50 [Eo,h + [£0;].i. = [£0,].i.; tangential field in incident medium 
equals that in transmitting medium, 

[Eo,/Eo;].i. - [Eo,/Eo;li. = I, 
Alternatively, from Eqs. (4.42) and (4.44), 

+sin (01 - 0,) + 2 sin 0, cos 01 -----------~. 
sin (01 + 0,) 

sin 01 cos 0, - cos 01 sin 0, + 2 sin 0, cos 01 

sin 0; cos 8, + cos 81 sin 0, = 1 

4.59 From Eq. (4.73) we see that the exponential will be in the form 
k(x - vt), provided that we factor out k, sin 0;/ n,1, leaving the second 
term as wn,11/k, sin 0,, which must be v,t. Hence wn,/(2TT/A,)n1 X 
sin 0; = v, and so v, = c/n1 sin 0, = vJsin 01• 

4.60 From the defining equation f3 = k,[(sin2 0;/n;;) - 1]112 = 
3.702 x I06 m- 1

, and since y/3 = l, y = 2.7 x w-1 m. 

4.61 The beam scatters off the wet paper and is mostly transmitted 
until the critical angle is attained, at which point the light is reflected 
back toward the source. tan Be= (R/2)/d, and so n,1 = l/n1 = 
sin[tan- 1 (R/2d)]. 

4.62 1.000 29 sin 88.7° = n sin 90° 

(1.00029) (0.99974) = n; n = 1.00003 

4.64 01 + 0, = 90° when 0, = 0P 

11, sin (JP = n, sin 0, = n, cos 0p 

tan (JP = n,/ n, = 1.52, 0P = 56°40' 

4.66 tan 0p = n,/n, = ni/n1 

tan e; = n1/n2 , tan 0p = I/tan 8; 
sin 0 cos 0' .:.:::.:....::. = ~ .-. sin 0 sin 0' - cos 0 cos 8' = ,o 
cos (JP sin 0/ P P P P 

cos (Bp + 0;) = o. 0P + e; = 90° 

4.67 From Eq. (4.92) 
r.1. 

Ian -y, = r.1.[Eo;].i./r11[E'o;]1 = - tan)'; 
ru 

[8.25] 
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and from Eqs. (4.42) and (4.43) 

4.69 
1.0 

Ian 'Yr = 
cos (0; - 0,) 

tan -y1 
cos (0; + 0,) 

(
n, cos 0,) .2 , 4.70 T.1. = ,, ll· From Eq. (4.44) and Snell s Law, 
n1 cos u; 

= ( sin 0; cos 0,) ( 4 sin
2 

0, cos
2 

0;) = sin 281 sin 28, 
T.1. sin 0, cos 01 sin2 (01 + 0,) sin2 (01 + 0,) 

Similarly for 7;1• 

4.72 If <l>1 is the incident radiant flux or power and Tis the transmit­
tance across the first air-glass boundary. the transmitted flux is the 
T<l>;. From Eq. (4.68) at normal incidence the transmittance from 
glass to air is also T. Thus a flux T<l>1T emerges from the first slide, 
and <l>1T 2

N from the last one. Since T = I - R. T, = ( I - R)2
N from 

Eq. (4.67). 
R = (0.5/2.5)2 = 4%, T = %% 

T, = (0.%)6 = 78.3% 

4.73 T = l(y) = e-,,y, 
lo 

T, = (l - R)2N(T1l 

(
n, - n,)2 

4.74 At 01 = 0,R = R11 = R.1. = -­
n, + n; 

As n,1 ➔ l, n, ➔ n; and clearly R ➔ 0. 
At 01 = 0, 

4n1n; 
T=Ti1= T.1. 2 

(n, + n;) 

and since n, ➔ n1, lim T = 4n'f/(2n;)2 = I. 
nd➔l 

[4.67) 

From Problem 4.61, and the fact that as n, ➔ n1 Snell's L<iw says thl)t 
81 ➔ 8,, we have 

Jim T.1. = l 
n,;➔ I 
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From Eq. (4.43) and the fact that Ru = ~ and 0, ➔ 0; , Jim Ru= 0. 
• · . n,.➔ l 

S1rrularly from Eq. (4.42) hm R.l. = 0. 
n,1➔ 1 

4.76 For 01 > 0c, Eq. (4.70) can be written 

cos 0; - i(sin2 01 - n;1) 112 

r.l. = cos 01 + i(sin2 01 - n;1) 112 

Similarly rurt = I. 

4.77 

2 sin 0i cos 01 
tu = 

sin (01 + 0i) cos (01 - Bi) 

2 sin 01 cos 0i tu= ----------
sin (01 + Bi) cos (Bi - 0,) 

, sin 201 sin 20i 
It = --,,---~--,e-~--
U 

11 sin2 ( 01 + 0i) cos2 ( 01 - 0i) 

= 7j1 from Eq. (4.98) 
Similarly t.l.tl = T.l. 

r.-[tan(01 - 0i)]2 - [-tan(Bi- 0,)]2 

1 - tan (01 + 0i) - tan (01 + Bi) 

[ 
2 sin 0~ cos 0e ] 

x sin (0p + 0~) cos (0p - 0~) 

sin 20~ sin We 

cos2 (0p - 0~) 

sin2 20 p 

since 0p + e~ = 90° 

since sin 20~ = sin 20P 
COS

2 (0p - 0~) 

sin2 20P --,e---~--- = J 
cos2 (20p - 90°) 

4.80 Can be used as mixer to get various proportions of the two inci­
dent waves in the emitted beams. This could be done by adjusting 
gaps. [For some further remarks, see H. A. Daw and J . R. Izatt, J. 
Opt. Soc. Am. 55,201 (1%5).J 

4.81 From Fig. 4 .62 the obvious choice is silver. Note that in the 
vicinity of 300 nm, n1 = nR = 0.6, in which case Eq. (4.83) yields 
R = 0.18. Just above 300 nm n1 increases rapidly, while nR decreases 
quite strongly. with the result that R = 1 across the visible and then 
some. 

4.82 Light traverses the base of the prism as an evanescent wave, 
which propagates along the adjustable coupling gap. Energy moves 
into the dielectric film when the evanescent wave meets certain 
requirements. The film acts like a waveguide, which will support 
characteristic vibration configurations or modes. Each mode has 
associated with it a given speed and polarization. The evanescent 
wave will couple into the film when it matches a mode configuration. 

Chapter 5 

5.1 All OPLs from S to P must be equal; therefore e0 n1 + e,n2 = 
s0 n1 + s;ni = constant; drop a perpendicular from A to the optical 
axis, the point where it touc hes is B. BP = s0 + s; - x and the rest 
follows from the Pythagorean Theorem. 

5.2 Using e0n 1 + e,n2 = constant, C0 + C;3/2 = constant, 5 + 
(6) 3/2 = 14. Therefore U 0 + 3e, = 28 when e0 = 6, C, = 5.3, 
e0 = 7, e, = 4.66. Note that the arcs centered on Sand P have to 
intercept for physically meaningful values of C0 and e;. 
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