
(b) How many waves span the gap when a glass plate 5 cm thick 

(n = 1.5) is inserted in the path? 

(c) Determine the OPD between the two situations. 

(d) Verify that A/ Ao corresponds to the difference between the solu-

tions to ( a) and (b) above. 

7.6* Determine the optical path difference for the two waves; A and 

B. both having vacuum wavelengths of 500 nm. depicted i1n Fig. 

P.7.6; the glass (11 = 1.52) tank is filled with water (n = 1.33). If the 

waves start out in-phase and all the above numbers are exact. find 

their relative phase difference at the finishing line. 

Figure P.7.6 
0.5cm 

0.5 cm 

~ 
100 cm~~ Finish 

7.7* Using Eqs . (7.9). (7.10). and (7. 1 I). show that the resultant of 

the two waves 

£, = £01 sin [wr - k(x + ill) ! 

and 

is ( kt!.x) [ ( ax)] £ = 2£01 cos -
2
- s in wt - k x + 2 [7.17] 

7.8 Add the two waves of Problem 7 .7 directly to find Eq. (7. 17). 

7.9 Use the complex representation to find the resultant£ = £ 1 + 
£2, where 

£ 1 = £0 cos (kx + wt) and £ 2 = - £ 0 cos (kx - wt) 

Describe the composite wave. 

7.10* Consider the functions £ 1 = 3 cos wt and £ 2 = 4 sin w.r. First 

prove that £ 2 = 4 cos (wt - 7T/2). Then. using phasors and referring 

to Fig. P.7.10. show that £ .1 = £ 1 + £ 2 = 5 cos (wr - cp); dete:rmine 

rp. Discuss the values of £3 wherever either £ 1 = 0 or £ 2 = 0. Does 

£3 lead or lag £ 1? Explain. 

7.11 The electric field of a standing electromagnetic plane wave is 

Problems 321 

Figure P.7.10 

4 

0 f---+--+----+-------<....---
WI 

-2 

- 4 

given by 

E(x, 1) = 2£0 sin kx cos wt [7.30) 

Derive an expression for B(x, 1). (You might want to take another 

look at Section 3.2.) Make a sketch of the standing wave. 

7.12* Considering Wiener's experiment (Fig. 7.14) in monochro­

matic light of wavelength 550 nm. if the film plane is angled at 1.0° 

to the reflecting surface, determine the number of bright bands per 

centimeter that will appear on it. 

7.13* Microwaves of frequency 10 10 Hz are beamed directly at a 

metal reflector. Neglecting the refractive index of air. determine the 

spacing between successive nodes in the resulting standing-wave 

pattern. 

7.14* A standing wave is given by 

E = I 00 sin f7Tx cos 57TI 

Determine two waves that can be superimposed to generate it. 

7.15* Imagine that we strike two tuning forks, one with a frequency 

of 340 Hz, the other 342 Hz. What will we hear? 

7.16* Use the phasor method, described in conjunction with Fig. 

7.17, to explain how two equal-amplitude waves of sightly different 

frequencies generate the beat pattern shown in Fig. 7.16 or Fig. 

P.7. 16a. The curve in Fig. P.7. I 6b is a sketch of the phase of the 

resultant measured with respect to one of the constituent waves. 
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322 Chapter 7 The Superposition of Waves 

Explain its main featu res. When is it zero and why? When does the 

phase change abruptly and why? 

Figure P.7.16 
(a) £ 

Eo 

0 

-£., 

(b) "' 
1T 

2 

0 

- 1T 
-T 

7.11• As we·ve seen. Eq. (7.33) describes the beat pattern. Let"s 

now derive a different versio n of that expression assum ing that the 

two overlapping equal-amplitude cosine waves have angular spatial 

frequencies of k, + Ilk and k, - Ilk, and angular temporal frequencies 

of w,.+ tlw and w, - tlw, respectively. Herek, and w, correspond to 

the central frequencies. Show that the resultant wave is then 

£ = 2£01 cos (ilk x - tlw I ) cos (k, x - w, I) 

Explain how each term re lates back to 

E = 2£01 cos (k,..x - w,,.r) cos (kx - w t) 17.331 

Prove that the speed of the envelope. which is the wavelength of the 

envelope divided by the period of the envelope. equals the grot1p 

velocity. namely. 6.w / t:i.k. 

7.18 Figure P.7. 18 shows a carrier of frequency w, being amplitude­

modulated by a sine wave of frequency w,,,. that is. 

£ = £0( I + a cos w,..t) cos w, I 

Show that this is equivalent to the superposition of three waves of fre­

quencies w,.. w,.+ w,,,, and w, -w,., . When a number of modulating 

freq uencies are present. we write £ as a Fourier series a nd wm over 

all values of w,,,. The terms w, + w,,, constitute what is called the 

upper sideband, and all thew, - w,,. terms form the /011·er sideha11d. 

What bandwidth would you need in order to transmit the complete 

,iudible range? 

Figure P.7.18 

7.19 Given the dispersion relation w = ak2, compute both the phase 

and group velocities. 

7.20• Using the relation 1/v_. = dK/ dv. prove that 

7.21 * In the case of lightwaves. show that 

I 11 11 dn 
- = -+- ­
VR c c dv 

7.22 The speed of propagation of a surface wave in a liquid of depth 

much greater than A is given by 

where g = acceleration of gravity, A = wavelength, p = density. Y 

= surface tension. Compute the group velocity of a pulse in the long 

wavelength limit (these are called gra,·it_,. 11-<ll'es). 

7 .23 • Show that the group velocity can be written as 

dv 
11.=v - A -

., dA 

7.24 Show that the group velocity can be written as 

C 
1' =------

' 11 + lu(dn/ dw) 

7.25 • With the previous problem in mind prove that 

dll(//) 
11, = 11 ( // ) + 11---

dv 
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7.26 * Determine the group velocity of waves when the phase 
velocity varies inversely with wavelength. 

7.27* Show that the group velocity can be written as 

C Ac dn 
11

·" = -;:;- + n~ dA 

7.28* For a wave propagating in a periodic structure for which 
w(k ) = 2w0 sin(ke/ 2). determine both the phase and group velocities. 
Write the former as a sine function. 

7.29* An ionized gas or plasma is a dispers ive medium for EM­
waves. Given that the dispersion equation is 

where w1, is the constant plasma frequency. determine expressions for 

both the phase and group velocities and show that vv.., = c2
. 

7.30 Using the dispersion equation, 

' Nq; ...- ( J, ) n-(w ) = 1 + -- \ 
,4..._.J 2 .2 

€()111,, I W o1 - W 

show that the group velocity is given by 

C 

13,711 

for high-frequency electromagnetic waves (e.g .. X-rays). Keep in 
mind that since fj are the weighting factors. ~,J; = 1. What is the 
phase velocity? Show that vv_, = c2

• 

7.31 * Analytically determine the resultant when the two functions 

£ 1 = 2£0 cos wt and £ 2 = f£ 0 sin 2wt are superimposed. Draw £ 1, 

£2, and£ = £ 1 + £2• Is the resultant periodic; if so. what is its peri­
od in terms of w? 

7.32 Show that 

IA sin akx cos bkx dx = 0 
0 

IA A 
cos akx cos bk.r dx = - 8,,,, 

D 2 

IA A 
sin akx sin bkx dx = - 8.,1, 

0 2 

where a * O. b * 0. and a and bare positive integers. 

17,441 

17.451 

17.46] 

7.33 Compute the Fourier series components for the periodic func­
tion shown in Fig. 7.20. 

Problems 323 

7.34* Given the functionf{x) = A cos ( -rrx/ L). determine its Fouri­
er series. 

7.35* Take the function _{(0 ) = e~ in the interval O < e < 2-rr and 
assume it repeats itself with a period of 2-rr. Now show that the Fouri­
er expansion of that function is 

4-rr
2 ~ ( 4 4-rr ) f(x ) = -- + L -, cos me - - sin 1118 

3 111" Ill 
111 ~ 1 

7.36* Show that the Fourier series representation of the function 
f (0 ) = lsin el is 

2 4 ~ cos 21110 
( (0 ) = - -- L - ,- -
. 7T 7T m = 1 4111· - 1 

7 .37 Change the upper limit of Eq. (7 .59) from x to a and evaluate 
the integral. Leave the answer in terms of the so-called sine i111egral: 

Si(~) = f sine 1r dw 

which is a function whose values are commonly tabulated. 

7.38 Write an expression for the transform A(w) of the harmonic 
pulse of Fig. P.7.38. Check that sine II is 50% or greater for values of 
11 roughly less than -rr/ 2. With that in mind. show that D>V D>I = 1, 
where D>V is the bandwidth of the transform at half its maximum 
amplitude. Verify that ~11 ~, = 1 at half the maximum value of the 
power spectrum as well. The purpose here is to get some sense of the 
kind of approximations used in the discussion. 

Figure P.7.38 
£ ( 1) 

I 
£ o · . - ,., 

1 

- A 

\, \. 

'i' ('\ A 

i 
: 
I 

i 

\, \,, 

- - --6,-- -

£ (1 ) = l"o\.:'O' WP 

7.39 Derive an expression for the coherence length (in vacuum) 
of a wavetrain that has a frequency bandwidth D.11: express your 
answer in terms of the linewidth ~Ao and the mean wavelength An of 
the train. 

7.40 Consider a photon in the visible region of the spectrum emitted 
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324 Chapter 7 The Superposition of Waves 

during an atomic transition of about 10- 8 s. How long is the wave 

packet? Keeping in mind the results of the previous problem (if 

you 've done it), estimate the linewidth of the packet (Ao = 500 nm). 

What can you say about its monochromaticity. as indicated by the 

frequency stability? 

7.41 The first* experiment directly measuring the bandwidth of a 
laser (in this case a continuous-wave Pb0 _88Sno. 12 Te diode laser) was 

carried out in 1969. The laser. operating at A0 = 10 600 nm. was het­

erodyned with a CO2 laser, and bandwidths as narrow as 54 kHz were 
observed. Compute the corresponding frequency stability and coher­

ence length for the lead-tin-telluride laser. 

7.42* A magnetic-field technique for stabilizing a He- Ne laser to 2 

parts in 1010 has been patented. At 632.8 nm, what would be the 

coherence length of a laser with such a frequency stability? 

· o. Hinkley and C. Freed, Phys. Rev. Letters 23, 277 0 969). 

7.43 Imagine that we chop a continuous laserbeam (assumed to be 

monochromatic at A0 = 632.8 nm) into 0.1-ns pulses, using some sort 

o f shutter. Comp1ute the resultant linewidth ~A. bandwidth, and 

coherence length. Find the bandwidth and linewidth that would result 

if we could chop at 1015 Hz. 

7.44* Suppose that we have a filter with a pass band of 1.0 A cen­
tered at 600 nm. and we illuminate it with sunlight. Compute the 

coherence length of the emerging wave. 

7.45 • A filter passes light with a mean wavelength of Ao= 500 nm. 

If the emerging wavetrains are roughly 20A0 long, what is the fre­
quency bandwidth of the exiting light? 

7 .46 • Suppose w,e spread white light out into a fan of wavelengths 

by means of a diffraction grating and then pass a small select region 

o f that spectrum out through a slit. Because of the width of the slit, a 

band of waveleng;ths 1.2 nm wide centered on 500 nm emerges. 

Determine the frequency bandwidth and the coherence length of this 

light. 
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8.1 The Nature of Polarized Light 

It has already been established that light may be treated as a 
transverse electromagnetic wave. Thus far we have considered 
only linearly polarized or plane-polarized light, that is, light 
for which the orientation of the electric fie ld is constant, 
although its magnitude and sign vary in time (Fig. 3.14). In 
that case, the electric field or optical disturbance resides in 
what is known as the plane-of-vibration. Tha t fixed plane 
contains both E and k, the electric field vector and the propa­
gation vector in the direction of motion. 

Imagine two harmo nic, linearly polarized lightwaves of the 
same frequency, moving through the same region of space. in 
the same direction. If their electric field vectors are coli near, 
the superimposing dis turbances will simply combine to form a 
resultant linearly polarized wave. Its amplitude and phase will 
be examined in detail , under a diversity of conditions, in the 
next chapter, when we consider the phenomenon of interfer­
ence. On the other hand, if the two light waves are such that 
their respective electric-field directions are mutually perpen­
dicular, the resultant wave may or may not be linearly polar­
ized. The exact form the light takes ( i.e ., its state of 
polarization) and how we can observe it, produce it, change it, 
and make use of it is the concern of this chapter. 

8.1.1 Linear Polarization 

The two orthogonal optical disturbances that were considered 
above can be represented as 

and 

E,(z, t ) = I Eox cos (kz - wt) 

E_.(z, t ) = i £ 0-" cos (kz - wt + t:) 

(8.1 ) 

(8.2) 

where e is the rellative phase difference between the waves, 
both of which are: traveling in the z-direction. Keep in mind 
from the start that because the phase is in the form (kz - wt), 

the addition of a positive t: means that the cosine func tion in 
Eq. (8.2) will not attain the same value as the cosi ne in Eq. 
(8.1) until a later time (t:/w). Accordingly, £ ,. lags£, bye > 
0. Of course, if e iis a negative quantity, E, leads£, bye < 0. 
The resultant optical disturbance is the vector sum of these 
two perpendicular waves: 

E(z, t) = Ex(z, t ) + E,(z, t ) (8.3) 

If e is zero or an integral multiple of ::t::27T, the waves are said 

Many animals can see variations in polarization just as we see variations 
in color. The pygmy octopus is one such creature. The varying pattern 
of polarized light reflEicted from its surface suggests it might be "com­
municating" with other pygmy octopuses, the way birds display color. 
(Photo courtesy Thomas W. Coronin and Nadav Shashar, University of Maryland.> 
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326 Chapter 8 Polarization 
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Figure 8.1 Linear light. (a) The £-field linearly polarized in the first and third quadrants. (b) That same 
oscillating field seen head on. (c) Light linearly polarized in the second and fourth quadrants. 

to be in-phase. In that case Eq. (8.3) becomes 

E = (i £0,,. + J£ 0J cos (kz - wt) (8.4) 

T he resultant wave has a fixed amplitude equal to (1£01 + 
J£0J; in other words, it too is linearly polarized (Fig. 8. 1 ). The 
waves advance toward a plane of observation where the fields 
are to be measured. There one sees a single resultant E osci l­
latin.ii· along a tilted line, cosinusoidally in time (Fig. 8.1 b). 
The E-field progresses through one complete oscillatory cycle 
as the wave advances along the z-axis through one wave­
length. This process can be carried out equally well in reverse: 
that is. we can resolve any plane-polarized wave into two 
orthogonal components. 

Suppose now that £ is an odd integer multiple of ±7T. The 
two waves are 180° out-of-phase, and 

E = (i£ 0 ,. - J£0 ,.) cos (k::. - wt) (8.5) 

_I' 

l . 

➔ 

E, 

This wave is again linearly polarized, but the plane-of-vibra­
tion has been rotated (and not necessarily by 90°) from that of 
the previous condition. as indicated in Fig. 8.2. Figure 8.2 Linear light oscillating in the second and fourth quadrants. 
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Figure 8.3 Right-circular light. (a) Here the electric field, which has a 
constant amplitude, rotates clockwise with the same frequency with 
which it oscillates. (b) Two perpendicular antennas radiating with a 90° 
phase difference produce circularly polarized electromagnetic waves. 

8.1 The Nature of Polarized Light 327 

8.1.2 Circular Polarization 

Another case aif part icular interest arises when both con­
stituent waves have equal amplitudes (i.e., £0,.. = £ 0_,. = £0 ), 

and in addition, their relative phase difference£ = - 7r/ 2 + 
2m7r, where 111 == 0, ± I, ± 2, .... In other words, £ = -7r / 2 or 
any value increased or decreased from - 7r/2 by whole-num­
ber multiples of 27r. Accordingly 

and 

Ex(z, t) = 1£0 cos (kz - wt) 

Ey(Z, t) = JE0 sin (kz - wt) 

The consequent wave is 

(8.6) 

(8.7) 

E = £ 0[i cos (kz - wt) + j sin (kz - wt)) (8.8) 

(Fig. 8 .3). Notice that now the scalar ampli tude of E, that 
is, (E· E) 11 2 = E0, is a constant. But the direction of Eis time­
varying , and it's not restricted, as before, to a single plane. 
Figure 8.4 depicts what is happening at some arbitrary point 
zo on the axis. Al t = 0 , E lies along the reference axis in 
Fig. 8.4a, and so 

E,.. = ilEo cos kz0 and Ey = JEo sin kzo 

At a later time, .t = kz0/w, Ex= 1£0, E, = 0, and E is along 
the x-axis. The resultant electric-field. vector E is rotating 
clockwise at an angular frequency of w, as seen by an observ-

WI= 0 

WI= n/4 

WI = 11/2 

(a) (b) 

Figure 8.4 Rotation of the electric vector in a 
right-circular wave. Note that the rotation rate is 
wand kz = 7T/ 4. 
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328 Chapter 8 Polarization 

y 

Figure 8.5 Right-circular light. Looking down the z-axis toward the ori­
gin, we see the electric field vector rotates clockwise as the wave 
advances toward the observer. 

er toward whom the wave is moving (i.e., looking back at the 
source). Such a wave is right-circularly polarized (Fig. 8.5), 
and o ne generally simply refers to it as right-circular light. 
The £ -vector makes one complete rotation as the wave 
advances through one wavelength. In comparison. if£ = n/2, 
Sn/2, 9n/2, and so on (i.e.,£ = n/2 + 2nm. where 111 = 0, 
:!: 1, :!:2, :!:3, .. . ), then 

E = £0[i cos (kz - wt) - J sin (k;, - wt)] (8.9) 

The amplitude is unaffected, but E now rotates counrerc/ock­
wise, and the wave is left-circularly polarized. 

A linearly polarized wave can be synthesized from two 
oppositely polarized circular waves of equal amplitude. In par­
ticular, if we add the right-circular wave of Eq. (8.8) to the 
left-circular wave of Eq. (8.9), we get 

E = 2£01 cos (kz - wt) (8.10) 

which has a constant amplitude vector of 2£01 and is therefore 
linearly polarized. 

8. 1-3 Elliptical Polarization 

As far as the mathematical description is concerned, both lin­
ear and circular light may be considered to be special cases of 
elliptically polarized light, or more simply elliptical light. 
This means that. in general. the resultant electric-field vector 

E wi II rotate, and change its magnitude. as well. In such cas­
es the endpoint of E will trace o ut an ellipse. in a fixed-space 
perpendicular to k, as the wave sweeps by. We can see this 
better by actually writing an expression for the curve traversed 
by the tip of E. To that end, recall that 

and 

E, = E0 ,. cos (kz - wt) 

E,. = £0_,. cos (kz - wt +c) 

(8.11) 

(8.12) 

The equation of the curve we are looking for should not be a 
function of e ither position or time; in other words, we should 
be able to get rid of the (kz - wt) dependence. Expand the 
expression for£,. into 

Ej £ 0,, = cos (kz - wt) cos £ - sin (kz - wt) sin £ 

and combine it with Ex/ £ 0 .. to yield 

E.- E, . k . 8 3 -· - - cos c = -sm ( ;, - wt) sm £ ( .1 ) 
Eo.- Eo..-

lt follows from Eq. (8.1 I) that 

sin (kz - wt) = [ 1 - (Ex/ £ 0 ,)2] 11 2 

so Eq. (8.13) leads to 

- - - · cos t: = I - - sm· t: 
( 

£, £ ,. )2 [ ( £, )2] . ~ 
Eo.- Eo, Ea, 

Finally. on rearranging terms, we have 

(
~)

2 

+ (-5..!...)
2 

- 2 (~) (~) cos t: = sin
2 

t: 
£0,. Eox Eo, £0 ,. 

(8.14) 

This is the equation of an ellipse making an angle a with the 
(£1 • £,.)-coordinate system (Fig. 8.6) such that 

2 
2£0,£ 0 ,. cos t: 

tan a= · 
E2ox - E20,· 

(8.1 5) 

Equation (8. 14) might be a bit more recognizable if the princi­
pal axes of the ell ipse were aligned with the coordinate axes, 
that is, a = 0 or equivalently£= :!:n/2, :!:3n/2, :!:Sn/2, ... , 
in which case we have the familiar form 

E~ E; 
- + - = (8.1 6) 
E6, E'5r 

Furthermore. if £ 0 ,. = £ 0 , = £ 0 , this can be reduced to 

E~ + E~ = E6 (8.17) 
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E, 

Figure 8.6 Elliptical light. The endpoint of the electric field vector 
sweeps out an ellipse as ii rotates once around. 

which, in agreement with our previous results. is a circle. If£ 
is an even multiple of 1r, Eq. (8.14) yields 

Eo,• E =~£ 
_v Eox X 

(8.18) 

and similarly for odd multiples of 1r, 

(8.19) 

(a) 

1r/2 

31r/2 

wt 

(b) 

8.1 The Nature of Polarized Light 329 

These are both straight lines having slopes of -:::. £ 0,. / £ 0 ,; in 
other words, we have linear light. 

Figure 8.7 diagrammatically summarizes most of these 
conclusions. This very important diagram is labeled across the 
bottom"£, leads Ev by: 0, 1r/ 4, 1r/ 2, 31r/ 4, .... " where these 
are the positive values of£ to be used in Eq. (8.2). T he same 
set of curves will occur if "Er leads E, by: 21r. 71r/ 4. 31r/ 2, 
51r/ 4, .... " and that happens· when £ equals -21r, -71r/ 4, 
- 31r/ 2, - 51r/ 4, and so forth. Figure 8.7b illustrates how£, 
leading E_, by 1r/ 2 is equivalent to£,. leading£, by 31r/ 2 
(where the sum of these two angles equals 21r). This will be of 
continuing concern as we go on to shift the relative phases of 
the two orthogonal components making up the wave. 

We are now in a position to refer to a particular lightwave 
in terms of its specific state of polarization. We shall say that 
linearly polarized or plane-polarized light is in a gi'>-state, and 
right- or left-circular light is in an 97l- or 2 -state. respectively. 
Similarly, the condition of elliptical polarization corresponds 
to an 'efJ-state. We've already seen that a gi'>-state can be repre­
sented as a superposition of 91l- and 2 -states [Eg. (8.10)], and 
the same is true for an 'efJ-state. In this case, as shown in Fig. 
8.8, the amplitudes of the two circular waves are different. (An 
analytical treatment is left for Problem 8.3.) 

Figure 8. 7 (a) Various polarization configurations. The light would be 
circular with € = 7T / 2 or 37T / 2 if E0, = Eo,, but here for the sake of gener­
ality E0, was taken to be larger than E0,. (b) E, leads E, (or E, lags E,) by 
7T / 2, or alternatively, E, leads E, (or E, lags E,J by 3rr / 2. 
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330 Chapter 8 Polarization 

Figure 8.8 Elliptical light as the superposition of an :Ji. and .'l-state. 

8.1.4 Natural Light 

An ordinary light source consists of a very large number of 
randomly oriented atomic emitters. Each excited atom radiates 
a polarized wavetrain for roughly l0- 8 s. All emissions hav­
ing the same frequency will combine to form a single resultant 
polarized wave, which persis ts for no longer than l0- 8 s. New 
wavetrains are constantly emitted, and the overall polarization 
changes in a completely unpredictable fashion. If these 
changes take place at so rapid a rate as to render any single 
resultant polarization s tate indiscernible, the wave is referred 
to as natural light. It is also known as unpolarized light, but 
this is a misnomer, since in actuality the light is composed of 
a rapidly varying succession of the different polarization 
states. Randomly polarized is probably a better way to speak 
of it. 

We can mathematically represent natural light in terms of 
two arbitrary, incoherent, orthogonal, linearly polarized waves 
of equal amplitude (i.e., waves for which the relative phase 
difference varies rapidly and randomly). 

Keep in mind that an idealized monochromatic plane wave 
must be depicted as an infinite wavetrain. If this dis turbance 
is resolved into two orthogonal components perpendicular to 
the direction of propagation. they. in turn, must have the same 
frequency . be infinite in exte nt, and therefore be mutually 
coherent (i.e., E: = constant). In other words, a perfectly 
monochromatic plane wave is always polarized. In fact. Eqs. 
(8.1) and (8.2) are just the Cartesian components of a trans­
verse (E: = 0) harmonic plane wave. 

Whether natural in origin or artificial. light is generally 
neither completely polarized nor completely unpolarized; 
both cases are extremes. More often, the electric-field vector 
varies in a way that is neither totally regular nor totally irregu-

lar. and such an optical disturbance is partially polarized. 
One useful way of describing this behavior is to envision it as 
the result of the superposition of specific amounts of natural 
and polarized light. 

8.1.5 Angular Momentum and the 
Photoni Picture 

We have already seen that an electromagnetic wave impinging 
on an object can impart both energy and linear momentum to 
that body. Moreover, if the incident plane wave is circularly 
polarized. we cain expect electrons within the material to be set 
into circt1ar mo1tion in response to the force generated by the 
rotating E-field .. Alternatively, we might picture the field as 
being composed of two orthogonal 97>-states that are 90° 
out-of-phase. These simultaneously drive the electron in two 
perpendicular directions with a 1r / 2 phase difference. The 
resulti~ motion is again circular. In effect, the torque exerted 
by the B-field averages to zero over an orbit, and the E-field 
drives the electron with an angular velocity w equal to the fre­
quency of the electromagnetic wave. Angular momentum will 
thus be imparted by the wave to the substance in which the 
electrons are imbedded and to which they are bound. We can 
treat the problem rather simply without actually going into the 
details of the dy1namics. The power delivered to the system is 
the energy transferred per unit time, d~/ dt. Furthermore, the 
power generated by a torquer acting on a rotating body is just 
wf (which is analogous to vF for linear motion). so 

d~ = w[ 
dt 

(8.20) 

Since the torque is equal to the time rate-of-change of the 
angular momentum L, it follows that on the average 

d~ dL - = w-
ell dt 

(8.21 ) 

A charge that absorbs a quantity of energy ~ from the incident 
circular wave wi II simultaneously absorb an amount of angu­
lar momentum L such that 

~ 
L =­

w 
(8.22) 

If the incident wave is in an f1l-state, its E-vector rotates clock­
wise, looking toward the source. This is the direction in which 
a positive charge in the absorbing medium would rotate, and 

 
Page 337

Giesecke+Devrient GmbH, 
Giesecke+Devrient Currency Technology GmbH, 

and Papierfabrik Louisenthal GmbH. - Ex. 1027



the angular momentum vector is therefore taken to point in the 
direction opposite to the propagation direction,* as shown in 
Fig. 8.9. 

According to the quantum-mechanical description. an elec­
tromagnetic wave transfers energy in quantized packets or 
photons such that ~ = hv. Thus ~ = hw (where h == h / 2n"), 
and the intrinsic or spin angular momentum of a photon is 
either - h or + h. where the s igns indicate right- or left-hand­
edness, respectively. Notice that the angular momentum of a 
photon is completely independent of its energy. Whenever a 
charged particle emits or absorbs electromagnetic radiation, 
along with changes in its energy and linear momentum, it will 
undergo a change of ±:.h in its angular momentum. t 

The energy transferred to a target by an incident mono­
chromatic electromagnetic wave can be envisaged as being 
transported in the form of a stream of identical photons. We 
can anticipate a corresponding quantized transport of angular 
momentum. A purely left-circularly polarized plane wave will 

0- ~ ii 
~ .5f-srare 

L p 

0 k 

~ ~ 9'-srare 

L p 

Figure 8.9 Angular momentum of a photon. 

'This choice of terminology is admittedly a bit awkward. Yet its use in 
Optics is fairly well established, even though it is completely antithetic to 
the more reasonable convention adopted in elementary particle physics. 

t As a rather important yet simple example, consider the hydrogen 
atom. It is composed of a proton and an electron, each having a spin of 
ir/2. The atom has slightly more energy when the spins of both particles 
are in the same direction. It is possible, however, that once in a very 
long time, roughly 10' years, one of the spins will flip over and be 
antiparallel to the other. The change in angular momentum of the atom 
1s then 1,, and this is imparted to an emitted photon which carries off the 
slight excess in energy as well. This is the origin of the 21-cm 
microwave emission, which is so significant in radio astronomy. 
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impart angular momentum to the target as if all the constituent 
photons in the beam had their spins aligned in the direction of 
propagation. Changing the light to right circular reverses the 
spin orientation of the photons, as well as the torque exerted 
by them on the target. In 1935, using an extremely sensitive 
torsion pendulum, Richard A. Beth was actually able to per­
form such measurements.* 

Thus far we've had no difficulty in describing purely right­
and left-circular light in the photon picture; but what is linear­
ly or elliptically polarized light? Classically. light in a g}l-state 
can be synthesized by the coherent superposition of equal 
amounts of light in Pll- and 2 -states (with an appropriate phase 
d ifference). Any single photon whose angular momentum is 
somehow measured will be found to have its spin either total­
ly parallel or antiparallel to k. A beam of linear light will inter­
act with matter as if it were composed, at that instant, of equal 
numbers of right- and left-handed photons. There is a subtle 
point that has to be made here. We cannot say that the beam is 
actually made up of precisely equal amounts of well-defined 
right- and left-handed photons; the photons are all identical. 
Rather. each individual photon exists in either spin state with 
equal likelihood. If we measured the angular momentum of 
the constituent photons, -h would result as often as +h. This 
is all we can observe. We are not privy to what the photon is 
doing before the measurement (if indeed it exists before the 
measurement). As a whole, a linearly polarized light beam will 
impart no total angular momentum to a target. 

In contrast, if each photon does not occupy both spin states 
with the same probability, one angular momentum, say +h. 
will be found to occur somewhat more often than the other. 
-h. In this instance, a net positive angular momentum will 
therefore be imparted to the target. The result en masse is 
elliptically polarized light, that is, a superposition of unequal 
amounts of Pll- and 2-light bearing a particular phase 
relationship. 

8.2 Polarizers 

Now that we have some idea of what polarized light is. the 
next logical step is to develop an understanding of the tech­
niques used to generate, change, and manipulate it to fit our 
needs. An optical device whose input is natural light and 

* Richard A. Beth, "Mechanical Detection and Measurement of the 
Angular Momentum of Light," Phys. Rev. 50, 115 ( 1936). 
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332 Chapter 8 Polarization 

whose output is some form of polarized light is a polarizer. 
For example, recall that one possible representation of unpo­
larized light is the superposition of two equal-amplitude. inco­
herent, orthogonal g'>-states. An instrument that separates these 
two components. discarding one and passing on the other, is 
known as a linear polari;,er. Depending on the form of the 
output. we could also have circular or elliptical polarizers. All 
these devices vary in effectiveness down to what might be 
called leaky or par1ial polarizers. 

Polarizers come in many different configurations. but they 
are all based on one of four fundamental physical mecha­
nisms: dichroism, or selective absorption; reflection: scatter­
ing: and birefringence. or double refraction. There is. 
however, one underlying property that they all share: there 
must be some form of asymmetry associated with the process. 
This is certainly understandable, since the polarizer must 
somehow select a particular polarization state and discard all 
others. In truth. the asymmetry may be a subtle one related to 
the incident or viewing angle. but usually it is an obvious 
anisotropy in the material of the polarizer itself. 

8.2. l Malus's Law 

One matter needs to be settled before we go on: how do we 
determine experimentally whether or not a device is actually a 
linear polarizer? 

By definition, if natural light is incident on an ideal linear 
polarizer. as in Fig. 8.10, o nly light in a g/}-state will be trans­
mitted. That .?J>-s tate will have an orientation parallel to a spe­
cific direction called the transmission axis of the polarizer. 
Only the component of the optical field parallel to the trans­
mission axis will pass through the device essentially unaffect­
ed. If the polarizer in Fig 8.10 is rotated about the :::-axis. the 

Natllr~I 
l1£h1 

Figure 8.10 Natural light incident on a linear polarizer tilted at an 
angle o with respect to the vertical. 

reading of the detector (e.g., a photocell) will be unchanged 
because of the complete symmetry of unpolarized light. Keep 
in mind that we are dealing with waves, but because of the 
very high frequency of light, our detector will measure only 
the incident irradiance. Since the irradiance is proportional to 
the square of the amplitude of the electric field [Eq. (3.44)], 
we need only concern ourselves w ith that amplitude. 

Now suppose that we introduce a second identical ideal lin­
ear polarizer. or analyzer, whose transmission axis is vertical 
(Fig. 8. 11 ). If the amplitude of the electric field transmitted by 
the first polarizer is £ 0 1, only its component, £ 0 1 cos 0, paral­
lel to the transmission axis of the analyzer will be passed on to 
the detector (assuming no absorption). According to Eq. 
(3.44). the irradiance reaching the detector is then given by 

CEo 2 2 
1(0) = -£01 cos 0 

2 
(8.23) 

The maximum inadiance, / (0) = CEoE'fi ,/ 2 = / 1, occurs when the 
angle 0 between the transmission axes of the analyzer and polar-

Figure 8.11 A linear polarizer and ana­
lyzer-Malus's Law. Natural light of irradi 
ance /0 is incident on a linear polarizer 
tilted at an angle o with respect to the 
vertical. The irradiance leaving the first 
linear polarizer is / 1 = l (OJ. The irradiance 
leaving the second linear polarizer (which 
makes an angle o with the first) is /(OJ 
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izer is zero. Equation (8.23) can be rewritten as 

1(8) = 1(0) cos2 8 (8.24) 

This is known as Malus's Law. having first been pubilished in 
1809 by Etienne Malus. military engineer and captain in the 
army of Napoleon. 

Keep in mind that/ (0) is the irradiance arriving on the ana­
lyzer. Thus, if 1000 W / m2 of natural light impinges on the 
first linear polarizer in Fig. 8.11, assuming that polarizer is 
ideal, it will pass 500 W / m2 of linear light on to the analyzer; 
that's 1(0). Depending on 8. we can use Eq. (8.24) to calculate 
the transmitted irradiance 1(8). Alternatively. suppose the inci­
dent beam is 1000 W / m2 of linear lig ht parallel to the trans­
mission axis of the first polarized. In that case 1(0) = 1000 
W/ m2

. 

Observe that / (90°) = 0. This arises from the fact that the 
electric field that passed through the polarizer is perpendicular 
to the transmission axis of the analyzer (the two devices so 
arranged are said to be crossed). The field is therefore parallel 
to what is called the extinction axis of the analyzer and has no 
component along the transmission axis. We can use tlhe setup 
of Fig. 8.11 along with Malus's Law to determine whether a 
particular device is a linear polarizer. 

As we'll see presently, the most common kind of linear 
polarizer used today is the Polaroid filter. And although you 
certainly can confirm Malus's Law with two ordinary 
Polaroids. you'll have to be careful to use light in the range 
from ""'450 nm to = 650 nm. Ordinary Polaroids are Ml very 
good at polarizing IR. 

8.3 Dichroism 

In its broadest sense. the term dichroism refers to the s.elective 
absorption of one of the two orthogonal 0>-state components 
of an incident beam. The dichroic polarizer itse lf is physically 
anisotropic, producing a s trong asymmetric or preferential 
absorption of one field component while being essentially 
transparent to the other. 

8.3.1 The Wire-Grid Polarizer 
The simplest device of this sort is a grid of parallel cornducting 
wires, as shown in Fig. 8.12. Imagine that an unpolariz.ed elec­
tromagnetic wave impinges on the grid from the rig;ht. The 
electric field can be resolved into the usual two orthogonal 
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components, in this case, one chosen to be parallel to the wires 
and the other perpendicular to them. The y-component of the 
field drives the conduction electrons along the length of each 
wire, thus generating a current. The electrons in turn collide 
with lattice atoms, imparting energy to them and thereby heat­
ing the wires (joule heat). In this manner energy is transferred 
from the field to the grid. In addition, electrons accelerating 
along the y-axis radiate in both the forward and backward 
directions. As should be expected, the incident wave tends to 
be canceled by the wave reradiated in the forward direction, 
resulting in little or no transmission of the y-component of the 
field. The radiation propagating in the backward direction 
simply appears as a reflected wave. In contrast, the electrons 
are not free to move very far in the x-direction, and the corre­
sponding field component of the wave is essentially unaltered 
as it propagates through the grid. The transmission axis of the 
grid is perpendicular to the wires. It is a common error to 
assume naively that the y-component of the field somehow 
slips through the spaces between the wires. 

One can easily confinn our conclusions using microwaves 
and a grid made of ordinary electrical wire. It is not so easy a 
matter, however, to fabricate a grid that will polarize light, but 
it has been done! In 1960 George R. Bird and Maxfield Par­
rish, Jr., constructed a grid having an incredible 2160 wires per 
mm.* Their feat was accomplished by evaporating a s tream of 
gold (or at other times aluminum) atoms at nearly grazing inci­
dence onto a plastic diffraction grating replica (see Section 
10.2.7). The metal accumulated along the edges of each s tep in 
the grating to form thin microscopic "wires" whose width and 
spacing were less than o ne wavelength across. 

Figure 8.12 A wire-grid polarizer. The grid eliminates the vertical 
component (i.e., the one parallel to the wires) of the £-field and passes 
the horizontal component. 

·G. R. Bird and M. Parrish, Jr., "The Wire Grid as a Near-Infrared 
Polarizer," J. Opt. Soc. Am. 50, 886 (1960). 
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334 Chapter 8 Polarization 

Although the wire grid is useful, particularly in the 
infrared, it is mentioned here more for pedagogical than prac­
tical reasons. The underlying principle is shared by other. 
more common, dichroic polarizers. 

8.3.2 Dichroic Crystals 

Certain materials are inherently dichroic because of an 
anisotropy in their respective crystalline structures. Probably 
the best known of these is the naturally occurring miineral tour­
maline, a semiprecious stone often used in jewelry. Actually 
there are several tourmalines, which are boron silicates of dif­
fering chemical composition [e.g., NaFe3B3Al6Si60 27(0H)4]. 
For this substance there is a specific direction withiin the crys­
tal known as the principal or optic axis, which is deti~rmined by 
its atomic configuration. The electric-field component of an 
incident lightwave that is perpendicular to the principal axis is 
strongly absorbed by the sample. The thicker the crystal. the 
more complete the absorption (Fig. 8.13). A plate cut from a 
tourmaline crystal parallel to its principal axis and several mil­
limeters thick will serve as a linear polarizer. In this instance 
the crystal's principal axis becomes the polarizer's transmis­
sion axis. But the usefulness of tourmaline is rather limited by 
the fact that its crystals are comparatively small. Moreover, 
even the transmitted light suffers a certain amount of absorp­
tion. To complicate matters, this undesirable absorption is 
strongly wavelength dependent, and the specimen will there­
fore be colored. A tourmaline crystal held up to natural white 
light might appear green (they come in other colors as well) 
when viewed normal to the principal axis and ne:arly black 
when viewed along that axis, where all the £ -fields are perpen­
dicular to it (ergo the term dichroic, meaning two colors). 

There are several other substances that display similar char­
acteristics. A crystal of the mineral hypersthene, a ferromag­
nesium silicate, might look green under white light polarized 
in one direction and pink for a different polarization direction. 

We can get a qualitative picture of the mechanism that 
gives rise to crystal dichroism by considering the microscopic 
structure of the sample. (You might want to take at1other look 
at Section 3.5.) Recall that the atoms within a crystal are 
strongly bound together by short-range forces to form a peri­
odic lattice. The electrons, which are responsible for the opti­
cal properties, can be envisioned as elastically ti,ed to their 
respective equilibrium pos itions. Electrons associated with a 
given atom are also under the influence of the srnrrounding 
nearby atoms, which themselves may not be symmetrically 

Figure 8.13 A dichroic crystal. The E-field parallel to the optic axis is 
transmitted without any diminution. The naturally occurring ridges evident 
in the photograph of the tourmaline crystals correspond to the optic 
axis. (Photo by E.H.> 

distributed. As a result, the elastic binding forces on the elec­
trons will be different in different directions. Consequently, 
their response to the harmonic electric field of an incident 
electromagnetic wave will vary with the direction of E. If in 
addition to being anisotropic the material is absorbing, a 
detailed analysis would have to include an orientation-depen­
dent conductivity. Currents will exist. and energy from the 
wave will be converted into joule heat. The attenuation, in 
addition to varying in direction, may be dependent on fre­
quency as well. This means that if the incoming white light is 
in a gll-state, the crystal will appear colored, and the color will 
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depend on the orientation ofE. Substances that display two or 
even three different colors are said to be dichroic or trichroic. 
respectively.* 

8.3.3 Polaroid 

In 1928 Edwin Herbert Land. then a I 9-year-old undergradu­
ate at Harvard College. invented the first dichroic sheet polar­
izer, known commercially as Polaroid }-sheet. It incorporated 
a synthetic dichroic substance called herapathite, or quinine 
sulfate periodide.t Land's own retrospective account of his 
early work is rather informative and makes fascinating read­
ing. It is particularly interesting to follow the sometimes 
whimsical origins of what is now, no doubt. the most widely 
used group of polarizers. The following is an excerpt from 
Land's remarks: 

In the literature there are a few pertinent high spots in the 
development of polarizers . particularly the work of William 
Bird Herapath, a physician in Bristol. England. whose pupil. a 
Mr. Phelps. had found that when he dropped iodine into the 
urine of a dog that had been fed quinine, little scintillating 
green crystals formed in the reaction liquid. Phelps went LO his 
teacher, and Herapath then did something which I [Land) think 
was curious under the circumstances; he looked at the crystals 
under a microscope and noticed that in some places they were 
light where they overlapped and in some places they were 
dark. He was shrewd enough to recognize that here was a 
remarkable phenomenon. a new polarizing mate rial [now 
known as herapathite J ... . 

Herapath's work caught the attention of Sir David Brew­
ster, who was working in those happy days on the kaleido­
scope .... Brewster. who invented the kaleidoscope. wrote a 
book about it. and in that book he mentioned that he would like 
to use herapathite crystals for the eyepiece. When I was read­
ing this book, back in 1926 and 1927, I came across his refer­
ence to these remarkable crystals. and that started my interest 
in herapathite. 

'More will be said about these processes later on when we consider 
birefringence. Suffice it to say now that for crystals classified as uniaxial 
there are two distinct directions, and therefore two colors may be dis­
played by absorbing specimens. In biaxial crystals there are three dis­
tinct directions and the possibility of three colors. 

1E. H. Land, "Some Aspects of the Development of Sheet Polarizers," J. 
Opt. Soc. Am. 41,957 (1951). 
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A pair of crossed polaroids. Each polaroid appears gray because it 
absorbs roughly half the incident light. 1Photo by E.H > 

Land's initial approach to creating a new form of linear 
polari zer was to grind herapathite into mill ions of submicro­
scopic crystals, which were naturally needle-shaped. Their 
small size lessened the problem of the scattering of light. In his 
earliest experiments, the crystals were aligned nearly parallel 
to each other by means of magnetic or electric fields . Later. 
Land found that they would be mechanically aligned when a 
viscous colloidal suspension of the herapathite needles was 
extruded through a long narrow slit. The resulting }-sheet was 
effectively a large flat dichroic crystal. The individual submi­
croscopic crystals s till scattered light a bit, and as a result, } ­
sheet was somewhat hazy. 

In 1938 Land invented H-sheet, which is now probably the 
most widely used linear polarizer. It does not contain dichroic 
crystals but is instead a molecular analogue of the wire grid. A 
sheet of clear polyvinyl alcohol is heated and stretched in a 
given direction. its long hydrocarbon molecules becoming 
aligned in the process . The sheet is then dipped into an ink 
solution rich in iodine. The iodine impregnates the plastic and 
attaches to the s traight long-chain polymeric molecules, effec­
tively forming a chain of its own. The conduction electrons 
associated with the iodine can move aloni the chains as if they 
were long thin wires. The component of E in an incident wave 
that is parallel to the molecules drives the electrons, does work 
on them, and is strongly absorbed. The transmission axis of 
the polarizer is therefore perpendicular to the direction in 
which the film was stretched. 

Each separate miniscule d ichroic entity is known as a 
dichromophore. In H-sheet the dichromophores are of molec­
ular dimensions, so scattering represents no problem. H-sheet 
is a very effective polarizer across the entire visible spectrum. 
but is somewhat less so at the blue end. When a bright white 
light is viewed through a pair of crossed H-sheet Polaroids the 
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336 Chapter 8 Polarization 

extinction color will be a deep blue as a result of this leakage. 
HN-50 would be the designation of a hypothetical, ideal H­
sheet having a neutral color (N) and transmitting 50% of the 
incident natural light while absorbing the other 50%, which is 
the undesired polarization component. In practice, however, 
about 4% of the incoming light will be reflected back at each 
surface (antireflection coatings are not generally used), leav­
ing about 92%. Half of this is presumably absorbed, and thus 
we might contemplate an HN-46 Polaroid. Actually, large 
quantities of HN-38, HN-32, and HN-22, each differing by the 
amount of iodine present, are produced commercially and are 
readily available (Problem 8. lO). 

Many other forms of Polaroid have been developed.* 
K-sheet, which is humidity- and heat-resistant, has as its 
dichromophore the straight-chain hydrocarbon polyvinylene. 
A combination of the ingredients of H- and K-sheets leads to 
HR-sheet, a near-infrared polarizer. And there are commer­
cially available dichroic sheet linear polarizers that function in 
the ultravio let from =300 nm to = 400 nm. 

Remember that sheet dichroic polarizers are designed for a 
specific wavelength range. A pair of crossed sheet I inear 
polarizers intended to block the visible will leak substantially 
below = 450 nm and above = 650 nm. 

Polaroid vectograph is a commercial material at one time 
designed to be incorporated in a process for making three­
dimensional photographs. The stuff never was successful at its 
intended purpose, but it can be used to produce some rather 
thought-provoking, if not mystifying, demonstrations. Vecto­
graph film is a water-clear plastic laminate of two sheets of 
polyvinyl alcohol arranged so that their stretch directions are 
at right angles to each other. In this form there are no conduc­
tion electrons available, and the film is not a polarizer. Using 
an iodine solution, imagine that we draw an X on one side of 
the film and a Y overlapping it on the other. Under natural illu­
mination the light passing through the X will be in a 9J>-state 
perpendicular to the 9J>-state light coming from the Y. In other 
words, the painted regions form two crossed polarizers. They 
will be seen superimposed on each other. Now, if the vecto­
graph is viewed through a linear polarizer that can be rotated, 
either the X, the Y, or both will be seen. Obviously. more 
imaginative drawings can be made. (One need only remember 
to make the one on the far side backward.) 

• See Polarized Light: Production and Use, by Shurcliff, or its more read­
able little brother, Polarized Light, by Shurcliff and Ballard. 

8.4 Birefringence 

Many c rystalline substances (i.e., solids whose atoms are 
arranged in some sort of regular repetitive array) are optically 
anisotropic. Their optical properties are not the same in all 
directions within any given sample. The dichroic crystals of 
the previous section are but one special subgroup. We saw 
there that if the crystal's lattice atoms were not completely 
symmetrically arrayed, the binding forces on the electrons 
would be anisotropic. Earlier, in Fig. 3.38b we represented the 
isotropic oscillator using the simple mechanical model of a 
spherical charged shell bound by identical springs to a fixed 
point. This was fine for optically isotropic substances (amor­
phous solids, such as glass and plastic, are usually, but not 
always, isotropic). Figure 8. 14 shows another charged shell, 
this one bound by springs of differing stiffness (i.e., having 
different spring constants). An electron that is displaced from 
equilibrium along a directio n parallel to one set of "springs" 
will evidently oscillate with a different characteristic frequen­
cy than it would were it displaced in some other direction. 

As was pointed out previously, light propagates through a 
transparent substance by exciting the atoms within the medi­
um. The electrons are driven by the E-field, and they reradiate; 
these secondary wavelets recombine, and the resultant refract­
ed wave moves on. The speed of the wave, and therefore the 
index of refraction, is determined by the difference between 
the frequency of the E -field and the natural frequent:y of tile 

Figure 8.14 Mechanical model depicting a negatively charged shell 
bound to a positive nucleus by pairs of springs having different stiffness. 
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Figure 8.15 Refractive index versus frequency along two axes in a 
crystal. Regions where dn/ dw < 0 correspond to absorption bands. 

atoms. An anisotropy in the binding force will be manifest in 
an anisotropy in the re}i'active index. For example, if gl>-state 
light was to move thro ugh some hypothetical crystal so that it 
e;countered e lectrons that could be represented by Fig. 8.14, 
its speed would be governed by the orientation of E. If E was 
parallel to the stiff springs, that is, in a direction of strong 
binding, here along the x-axis, the electron's natural frequen­
cy would be high (proportional to the square root of the spring 
constant). In contras t, with E along the y-axis, where the bind­
ing force is weaker, the natural frequency would be somewhat 
lower. Keeping in mind our earlier discussion of dispersion 
and the n( w ) c urve of Fig. 3 .41 , the appropriate indices of 
refraction might look like those in Fig. 8. 15. A material of this 
sort, which displays two different indices of refraction, is said 
to be birefringent. * 

If the crystal is such that the frequency of the incident light 
appears in the vicinity of wd, in Fig. 8.15. it resides in the 
absorption band of ny(w). A crysta l so illuminated will be 
strongly absorbing for one polarization direction (y) and trans­
parent for the other (x) . A birefringent material that absorbs 

'The word refringence used to be used instead of our present-day term 
1e/raction. It comes from the Latin refractus by way of an etymological 
route beginning with frangere, me.aniog to break. 
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one of the orthogonal gl>-states. passing on the other. is 
dichroic. Furthermore. suppose that the crysta l symme try is 
such that the binding forces in the y- and z-directions are iden­
tical; in other words, each of these springs has the same natur­
al frequency and they are equally lossy. The x-axis now defines 
the direction of the optic axis. Inasmuch as a crystal can be 
represented by an array of these oriented anisotropic charged 
oscillators, the optic axis is actually a direction and not mere­
ly a single line. The model works rather nicely for dichro!.£ 
crystals, since if light was to propagate along the optic axis ( E 
in the yz-plane), it would be s trongly absorbed. and if it moved 
normal to that axis, it would emerge linearly polarized. 

Often the natural frequencies of birefringent c rystals are 
above the optical range. and they appear colorless. Th is is rep­
resented by Fig . 8.15 where the incident light is now consid­
ered to have frequencies in the region of w,,. Two different 
ind ices are apparent, but absorption for either polarization is 
negligible. Equation (3.7 1) shows that n(w) varies inversely 
with the natural frequency. This means that a large effective 
spring constant (i.e., s trong binding) corresponds to a low 
polarizabili ty, a low dielectric constant, and a low refractive 
index. 

We will construct, if only pictorially. a linear polarizer uti­
lizing birefringence by causing the two orthogonal gl>-states to 
follow different paths and separate. Even mo re fascinating 
things can be done with birefringent crysta ls, as we shall see 
later. 

8.4.1 Calcite 

Let's spend a moment relating the above ideas to a typical 
birefringent crystal, calcite. Calcite or calcium carbonate 
(C aCO3) is a common naturally occurring substance. Both 
marble and limestone are made up of many small calcite crys­
tals bonded together. Of particular interest are the beautiful 
large single crystals, which, although they are becoming rare. 
can s till be found , particularly in India, Mexico. and South 
Africa. Calcite is the most common material for making linear 
polarizers for use with high-power lasers. 

Figure 8.16 shows the distribution of carbon, calcium, and 
oxygen within the calcite s tructure; Fig. 8.17 is a view from 
above, looking down along what has. in anticipation, been 
labeled the optic axis in Fig. 8.16. Each CO3 gro up forms a tri­
angular cluster whose plane is perpendicular to the optic axis. 
If Fig . 8.17 is rotated about a line normal to and pass ing 
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338 Chapter 8 Polarization 

through the center of any one of the carbonate groups, the 
same exact configuration of atoms would appear three times 
during each revolution. The direction designated as the optic 
axis corresponds to a special crystallographic orientation, in 
that it is an axis of 3-fold symmelry. The large birefringence 
displayed by calcite arises from the fact that the carbonate 
groups are all in planes normal to the optic axis. The behavior 
of their electrons, or rather the mutual interaction o f the 
induced oxygen dipoles. is markedly different when Eis either 
in or normal to those planes (Problem 8.25). In any event the 
asymmetry is clear enough. 

Calcite samples can readily be split. forming smooth sur­
faces known as cleavage planes . The crystal is essentially 
made to come apart between specific planes of atoms where 
the interatomic bonding is relatively weak. All cleavage 
planes in calcite (Fig. 8.17) are normal to three different direc­
tions. As a crystal grows, atoms are added layer upon layer. 
fo llowing the same pattern. But more raw material may be 
available to the growth process on one side than on another. 
resulting in a crystal with an externally complicated shape. 
Even so, the cleavage planes are dependent on the atomic con­
figuration, and if one cuts a sample so that each surface is a 
c leavage plane. its form will be related to the basic arrange-

Oxygen O 

I Opric 
I axis 
I 
I 

Figure 8 .16 Arrangement of atoms in calcite. 

Figure 8.17 Atomic arrangement for calcite looking down the 
optical axis. 

ment of its atonns. Such a specimen is referred to as a cleav• 
age form. In the case of calcite it is a rhombohedron, with 
each face a parallelogram whose angles are 78° 5' and 101° 
55' (Fig. 8. 18). 

There are on ly two blunt corners where the surface planes 
meet to form three obtuse angles. A line passing through the 
vertex of either o f the blunt corners, oriented so that it makes 
equal angles with each face (45.5°) and each edge (63.8°), is 
clearly an axis of 3-fold symmetry. (This would be a bit more 
obvious if we cut the rhomb to have edges of equal length.) 
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Figure 8.18 Calcite cleavage form. 

Evidently, such a line must correspond to the optic axis. What­
ever the natural shape of a particular calcite specimen. you 
need only find a blunt corner and you have the optic axis. 

In 1669 Erasmus Bartholinus ( 1625-1692). doctor of med­
icine and professor of mathematics at the University of Copen­
hagen (and incidentally, the father-in-law of Ole Romer. the 
man who in 1679 first measured the speed of light). came 
upon a new and remarkable optical phenomenon in calci te. 
which he called double refraction. Calcite had been discovered 
not long before, near Eskifjordur in Ice land, and was then 
known as Iceland spar. In the words of Bartholinus:* 

Greatly prized by all men is the diamond. and many are the 
joys which similar treasures bring. such as precious stones and 
pearls ... but he. who. on the other hand. prefers the knowledge 
of unusual phenomena to these delights, he will. I hope. have 
no less joy in a new sort of body. namely. a transparent crystal. 
recently brought 10 us from Iceland. which perhaps is one of 
the greatest wonders that nature has produced .... 

As my investigation of this crystal proceeded there showed 
itself a wonderful and extraordinary phenomenon: objects 
which are looked at through the crystal do not show. as in the 
case of other transparent bodies. a single refracted image. but 
they appear double. 

The double image referred to by Bartholinus is quite evi­
dent in the accompanying photograph. If we send a narrow 
beam of natural light into a calcite crystal normal to a cleavage 
plane, it will split and emerge as two parallel beams. To see 
the same effect quite simply. we need only place a black dot 

·w. F. Magie, A Source Book in Physics. 
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Double image formed by a calcite crystal (not cleavage form>. 
!Photo by E.H.1 

on a piece of paper and then cover it with a calcite rhomb. The 
image will now consist of two gray dots (black where they 
overlap). Rotating the crystal will cause one of the dots to 
remain stationary while the other appears to move in a circle 
about it. fo llowing the motion of the crystal. The rays forming 
the fixed dot. which is the one invariably closer to the upper 
blunt corner. behave as if they had merely passed through a 
plate of glass. In accord with a suggestion made by Bartholi­
nus. they are known as the ordinary rays, or o-rays. The rays 
coming from the o ther dot. which behave in such an unusual 
fashion. are known as the extraordinary rays, or e-rays. If 
the crystal is examined through an analyzer. it will be found 
that the ordinary and extraordinary images are linearly polar­
ized (see photo). Moreover, the two emerging g>-states are 
orthogonal. 

A calcite crystal (blunt corner on the bottoml. The transmission axes of 
the two polarizers are parallel to their short edges. Where the image is 
doubled the lower, undeflected one is the ordinary image. Take a long 
look: there's a lot in this one. (Photo by E.H.1 

 
Page 346

Giesecke+Devrient GmbH, 
Giesecke+Devrient Currency Technology GmbH, 

and Papierfabrik Louisenthal GmbH. - Ex. 1027



340 Chapter 8 Polarization 

Any number of planes can be drawn through the rhomb so 
as to contain the optic axis, and these are all called' principal 
planes. More specifically, if the principal plane is a lso normal 
to a pair of opposite surfaces of the cleavage form, it slices the 
crystal across a principal section. Evidently, three of these 
pass through any one point; each is a parallelogram having 
angles of 109° and 7 IO

• Figure 8.19 is a diagrammatic repre­
sentation of an initially unpolarized beam traversing a princi­
pal section of a calcite rhomb. The filled-in circles and arrows 
drawn along the rays indicate that the o-ray has i1ts electric­
field vector normal to the principal section, and the field of the 
e-ray is parallel to the principal section. 

To simplify matters a bit, let E in the incident plane wave 
be linearly polarized perpendicular to the optic axis. as 
shown in Fig. 8.20. The wave strikes the surface of the crys­
tal, thereupon driving electrons into oscillation. and they in 
turn reradiate secondary wavelets. The wavelets superimpose 
and recombine to form the refracted wave, and the process is 
repeated over and over again until the wave emerg<::s from the 
crystal. This represents a cogent physical arglllment for 
applying the ideas of scattering via Huygens" s Principle. 
Huygens himself, though without benefit of electromagnetic 
theory, used his construction to explain many aspects of dou-

Optic 
axis 

E 

109° 

'-
'­

'-

e-ray 

o-ray 

'- Optic axis 

Figure 8.19 A light beam with two orthogonal field components tra­
versing a calcite principal section. 

71° 

E 

o-wave 

Figure 8.20 An incident plane wave polarized perpendicular to the 
principal section. 

ble refraction in calcite as long ago as 1690. It should be 
made clear from the outset, however, that his treatment is 
incomplete,* in which form it is appealingly, though decep­
tively. simple. 

Inasmuch as the E-field is perpendicular to the optic axis, 
one assumes that the wavefront stimulates countless atoms on 
the surface. which then act as sources of spherical wavelets, all 
of which are in-phase. Presumably, as long as the.field of the 
wavelets is everywhere normal to the optic axis, they will 
expand into the crystal in all directio ns with a speed V..1., as 
they would in an isotropic medium. (Keep in mind that the 
speed is a function of frequency.) Since the o-wave displays 
no anomalous behavior, this assumption seems reasonable. 
The envelope of the wavelets is essentially a portion of a plane 
wave. which in turn s timulates a distribution of secondary 
atomic point sources. The process continues, and the wave 
moves straight across the crystal. 

In contrast, consider the incident wave in Fig. 8.2 I whose 
E-field is paralle l to the principal section. Notice that E 
now has a component normal to the optic axis, as well as a 
component parallel to it. Since the medium is birefringent, 
light of a given frequency polarized parallel to the optic axis 
propagates with a speed v1 , where v1 * v ..1.- In particular for 
calcite and sodium yellow light (A = 589 nm), I .486v1 = 
I .658v..1. = c.What kind of Huygens's wavelets can we expect 

• A. Sommerfeld, Optics, p. 148. 
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Figure 8.21 An incident plane wave polarized parallel to the 
principal section. 

c::t> 

now? At the risk of oversimplifying matters, we represent 
each e-wavelet, for the moment at least, as a small sphere 
(Fig. 8.22). But v

11 
> v .1, so that the wavelet will elongate in all 

directions normal to the optic axis. We therefore speculate. as 
Huygens did, that the secondary wavelets associated with the 
e-wave are ellipsoids of revolution about the optic axis. The 
envelope of all the ellipsoidal wavelets is essentially a portion 
of a plane wave parallel to the incident wave. T his plane wave, 
however, will evidently undergo a sidewise displacement in 
traversing the crystal. The beam moves in a direction parallel 
to the lines connecting the origin of each wavelet and the point 

Figure 8.22 Wavelets 
within calcite. 

8.4 Birefringence 341 

of tangency with the planar envelope. This is known as the ray 
direction and corresponds ro rhe direcrio11 in which energy 
propagares. Clearly. in un anisorropic crysral rhe direcrion of 
rhe ray is nor normal ro rhe wavefro11r. 

If the incident beam is natural light, the two situations 
depicted in Figs. 8.20 and 8.21 will exist simultaneously. with 
the result that the beam will split into two orthogonal linearly 
polarized beams (Fig. 8.19). You can actually see the two 
diverging beams within a crystal by using a properly oriented 
narrow laserbeam (E neither normal nor parallel to the princi­
pal plane. which is usually the case). Light will scatter off 
internal flaws. making its path fairly visible. 

The electromagnetic description of what is happening is 
rather complicated but we ll worth examining at this point. 
even if only superficially. Recall from Chapter 3 that the inci­
dent E-field will polarize the dielectric; that is, it will shift the 
dis tribution of charges. thereby creating electric dipoles. The 
field within the dielectric is thus altered by the inclusion of an 
induced field, ~done is led to introduce a new quantity_Jhe 
displacemenr D (see Appendix 1 ). In isotropic media D is 
related to Eby a scalar quantity, and the two are therefore 
always parallel. In anisotropic crystals D and E are related by 
a tensor and are not always parallel. If we now apply 
Maxwell's Equations to the problem of a wave moving 
through such a medium, we find that the fields vibrating with­
in the wavefront are D and Band not, as before. E and B. The 
propagation vector k, which is normal to the surfaces of con­
stant phase. is now perpendicular to D rather than E. In fact, D, 
E. and k are all coplanar. The ray direcrion corresponds to the 
direction of the Poynting vector S = v2eEx B, which is gen­
erally different from that of k. Because of the manner in which 
the atoms are distributed. E and D will, however. be colinear 
when they are both either parallel or perpendicular to the optic 
axis.* This means that the o-wavelet will encounter an effec­
tively isotropic medium and thus be spherical. having Sand k 
colinear. In contras t, the e-wavelets will have S and k, or 
equivalently E and D, parallel only in directions along or nor­
mal to the optic axis. At all other points on the wavelet it is D 

• In the oscillator model, the general case corresponds to the situation in 
which £ is not parallel to any of the spring directions. The field will drive 
the charge, but its resultant motion will not be in the direction of £ 
because of the anisotropy of the binding forces. The charge will be dis­
placed most, for a given force component, in the direction of weakest 
restraint. The induced field will thus not have the same orientation as £. 
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E s 

Figure 8.23 Orientations of the E-, D-, S-, and k-vectors. 

that is tangent to the ellipsoid, and therefore it is always D that 
ends up in the envelope or composite planar wavefront within 
the crystal (Fig. 8.23). 

8.4.2 Birefringent Crystals 

Cubic crystals, such as sodium chloride (i.e., common salt), 
have their atoms arranged in a relatively simple and highl y 
symmetric form. (There are four 3-fold symmetry a xes, each 
running from one comer to an opposite corner, unlike calcite, 
which has one such axis.) Light emanating from a point source 
within such a crystal will propagate uniformly in all directions 
as a spherical wave. As with amorphous solids, there will be 
no preferred directions in the material. It will have a single 
index of refraction and be optically isotropic (see photo). In 
that case all the springs in the oscillator model will evidently 
be identical. 

Crystals belonging to the hexagonal. tetragonal, and 
trigonal systems have their atoms arranged so that light 
propagating in some general direction will e:ncounter 
an asymmetric structure. Such substances are optically 
anisotropic and birefringent. T he optic axis corresponds to 

- -- ---- ---

Crystals of potassium chloride, calcium carbonate (calcite), and sodium 
chloride (table salt). Only the calcite produces a double image. It's 
because of this that calcite is said to be birefringent. <Photo by E.H.J 

a direction about which the atoms are arranged symmetrically. 
Crystals like these, for which there is only one such direction, 
are known as uniaxial. 

A point source of natural light embedded within one of 
these specimens gives rise to spherical a-wavelets and ellip­
soidal e-wavelets. It is the orientation of the field with respect 
to the optic axis that determines the speeds with which these 
wavelets expand. The E-field of the o-wave is everywhere nor-
1nal to the optic axis, so it moves at a speed V.1. in all directions. 
Similarly, thee-wave has a speed V.1. only in the direction of 
the optic axis (Fig. 8.22), along which it is always tangent to 
the o-wave. Normal to this direction, Eis parallel to the optic 
axis, and that portion of the wavelet expands at a speed v1 

(Fig. 8.24). Uniaxial materials have two principal indices of 
refraction, n0 = c/v .1. and ne = c/v11 (Problem 8.36) as indicat­
ed in Table 8. I. 

The difference tJ..n = (ne - n0 ) is a measure of the birefrin­
gence, and it's often called the birefringence. In calcite v11 > 
V.1., (ne- n0 ) is -0. 172, and it is negative uniaxial. In com­
parison, there are other crystals, such as quartz (crystallized 
silicon dioxide) and ice, for which V .1. > v,,. Consequently, the 
ellipsoidal e-wavelets are enclosed within the spherical o­

wavelets, as shown in Fig. 8.25. (Quartz is optically active 
and therefore actually a bit more complicated.) In that case, 
(ne - n0 ) is positive. and the crystal is positive uniaxial. 

The remaining crystallographic systems, namely 
orthorhombic, monoclinic, and triclinic. have two optic axes 
and are said to be biaxial. Such substances, for example, mica 
[KH2Al3(Si04h], have three different principal indices of 
refraction. Each set of springs in the oscillator model would 
then be different. The birefringence of biaxial crystals is mea­
sured as the numerical difference between the largest and 
smallest of these indices. 
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Figure 8.24 Wavelets in a negative uniaxial crystal. The arrows and 
dots represent the E-fields of the extraordinary and ordinary waves, 
respectively. The E-field of the o-wave is everywhere perpendiciular 
to the optic axis. 

8.4.3 Birefringent Polarizers 

It will now be an easy matter, at least conceptually, to make 
some sort of linear birefringent polarizer. Any number of 
schemes for separating the o- and e-waves have been 
employed, all of them relying on the fact that ne * n0 .. 

The most renowned birefringent polarizer was introduced 
in 1828 by the Scottish physicist William Nicol (1768-185 I). 
The Nicol prism is now mainly of historical interest. having 

TABLE 8.1 Refractive Indices of Some 
Uniaxial Birefringent Crystals (A0 = 589.3 nm) 

Crystal n,, Ile 

Tounnaline 1.669 1.638 
Calcite 1.6584 1.4864 
Quartz 1.5443 1.5534 

Sodium ni trate 1.5854 1.3369 

Ice 1.309 1.313 
Rutile (TiO2) 2.6 16 2.903 

8.4 Birefringence 343 

Optic 
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~ / ~ 

u•·n 

Figure 8.25 Wavelets in a positive uniaxial crystal. The arrows and 
dots represent the £-fields of the extraordinary and ordinary waves, 
respectively. The £-field of the o-wave is everywhere perpendicular to 
the optic axis. 

long been superseded by other, more effective polarizers. 
Putting it rather succinctly, the device is made by first grind­
ing and polishing the ends (from 71 ° to 68°; see Fig. 8.20) of a 
suitably lo ng, narrow calcite rhombohedron; after culling the 
rhomb diagonally, the two pieces are polished and cemented 
back together with Canada balsam (Fig. 8.26). T he balsam 
cement is transparent and has an index of 1.55 almost midway 
between ne and n0 • T he incident beam enters the " prism." The 
o- and e-rays are refracted; they separate and strike the balsam 
layer. The critical angle at the calcite- balsam interface for the 
o-ray is about 69° (Problem 8.38). Theo-ray (entering within 
a narrow cone of roughly 28°) will be totally internally reflect­
ed and thereafter absorbed by a layer of black paint on the 
sides of the rhomb. Thee-ray emerges laterally displaced but 
o therwise essentially unscathed, at least in the optical region 
of the spectrum. (Canada balsam absorbs in the ultraviolet.) 

The Gian- Foucault polarizer (Fig. 8.27) is constructed of 
nothing other than calcite, which is transparent from roughly 
5000 nm in the infrared to about 230 nm in the ultraviolet. It 
therefore can be used over a broad spectral range. The incom­
ing ray strikes the surface normally, and E can be resolved into 
components that are either completely parallel or perpendicu­
lar to the optic axis. The two rays traverse the first calcite sec-
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Figure 8.26 The Nicol prism. The little flat on the blunt corner locates 
the optic axis. !Photo by E.H.1 

lion without any deviation. (We'll come back to this point lat­
er on when we talk about retarders.) If the angle-of-incidence 
on the calcite- air interface is 0, one need only arrange things 
so that 11~ < I/ sin 0 < n,, in order for the o-ray, and not the e­
ray. to be totally internally reflected. If the two prisms are now 

cemented together (glycerine or mineral oil are used in the 
ultraviolet) and the interface angle is changed appropriately, 
the device is known as a Clan- Thompson polarizer. Its field 
of view is roughly 30°, in comparison to about I 0° for the 
Gian-Foucault. or Clan- Air, as it is often called. The latter, 
however. has the advantage of being able to handle the con­
siderably higher power levels often encountered with lasers. 
For example, whereas the maximum irradiance for a 
Gian-Thompson could be about I W / cm2 (continuous wave 
as opposed to pulsed), a typical Gian- Air might have an upper 
limit of 100 W / cm2 (continuous wave). The difference is due 
to deterioration of the interface cement (and the absorbing 
paint, if it 's used)1. 

The Wollaston, prism is a polarizing beamsplitter because it 
passes both orthogonally polarized components. It can be 
made of calcite or quartz in the form indicated in Fig. 8.28. 
The two componient rays separate at the diagonal interface. 
There. thee-ray becomes an o-ray, changing its index accord­
ingly. In calcite 11,, < 11,,, and the emerging o-ray is bent toward 
the normal. Similarly, the o-ray. whose field is initially per­
pendicular to the optic axis. becomes an e-ray in the right-hand 
section. This time, in calcite thee-ray is bent away from the 
normal to the interface (see Problem 8.39). The deviation 
angle between the two emerging beams is determined by the 
prism·s wedge angle. 8. Prisms providing deviations ranging 
from about 15° to roughly 45° are available commercially. 
They can be purclhased cemented (e.g., with castor oil or glyc­
erine) or not cemented at all (i.e., optically contacted), depend­
ing on the frequency and power requirements. 

8.5 Scatte1ring and Polarization 

Sunlight streaming into the atmosphere from one direction is 
scattered in all directions by the air molecules (see Section 
4.2). Without an atmosphere. the daytime s ky would be as 
black as the void of space, a point well made in the Apollo 
lunar photographs. You would then see only light that shone 
directly at you. With an atmosphere, the red end of the spec­
trum is. for the most part, undeviated, whereas the blue or 
high-freque ncy end is substantially scattered. This high-fre­
quency scattered light reaches the observer from many direc­
tions. making the entire sky appear bright and blue (Fig. 8.29). 

The smoke rising from the e nd of a lighted cigarette is 
made up of particles that are smaller than the wavelength of 
light, making it appear blue when seen against a dark back­
ground. In contrast. exhaled smoke contains relatively large 
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water droplets and appears white. Each droplet is larger than 
the constituent wavelengths of light and thus contaiins so many 
oscillators that it is able to sustain the ordinary processes of 
reflection and refraction. These effects are not preferential to 
any one frequency component in the incident white light. 

The light reflected and refracted several times by a droplet 
and then finally returned to the observer is therefore also 
white. This accounts for the whiteness of small grains of salt 
and sugar, fog , clouds, paper, powders, ground glass, and, 
more ominously, the typical pallid, polluted city sky. 

" 
' ' , ~--
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Figure 8.27 The Gian-Foucault prism. 
(Photo by E.H.l 

e-ray 

o-ray 

Particles that are approximately the size of a wavelength 
(remember that atoms are roughly a fraction of a nanometer 
across) scatter light in a very distinctive way. A large distribu­
tion of such equally sized particles can give rise to a whole 
range of transmitted colors. In 1883 the volcanic isl.and Kraka­
toa, located in the Sunda Strait west of Java, blew apart in a 
fantastic conflagration. Great quantities of fine volcanic dust 
were spewed high into the atmosphere and drifted over vast 
regions of the Earth. For a few years afterward tlhe Sun and 
Moon repeatedly appeared green or blue, and sunrises and 
sunsets were abnormally colored. Figure 8.28 The Wollaston prism. 
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A half-Earth hanging in the black Moon sky. <Photo courtesy of NASA> 

Figure 8.29 Scattering of sky light. 

8.5.1 Polarization by Scattering 

Imagine a linearly polarized plane wave incident on an air 
molecule, as pictured in Fig. 8.30. The orientatio n of the elec­
tric field of the scattered radiation (i.e., EJ follows the dipole 

( a ) 

J / . ' , . ' 
. .'\ I 

'\ V I I 
I , 

?k'' \, ~ 

Figure 8.30 Scattering of polarized light by a molecule. 

pattern such that E.., the Poynting vector S, and the oscillating 
dipole are all coplanar (Fig. 3.31 ). The vibrations induced in 
the atom are parallel to the E-field of the incoming Iightwave 
and so are perpendicular to the propagation direction. Observe 
once again that the dipole does not radiate in the direction of 
its axis. Now if the incident wave is unpolarized, it can be rep­
resented by two orthogonal, incoherent f1>-states, in which case 
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Figure 8.31 Scattering of unpolarized light by a molecule. 

the scattered light (Fig. 8.31 ) is equivalent to a superposition 
of the conditions shown in Fig. 8.30, a and b. Evidently, the 
scattered light in the forward direction is completely unpolar­
ized; off that axis it is partially polarized, becoming increas­
ingly more polarized as the angle increases. When the 
direction of observation is normal to the primary beam, the 
light is completely linearly polarized. 

You can easily verify these conclusions with a piece of 
Polaroid. Locate the Sun and then examine a region of the sky 
at roughly 90° to the solar rays. That portion of the sky will be 
partially polarized normal to the rays (see photo). It 's not 
completely polarized mainly because of molecular 
anisotropies, the presence of large particles in the air. and the 
depolarizing effects of multiple scattering. The latter condition 
can be illustrated by placing a piece of waxed paper between 
crossed Polaroids (see photo). Because the light undergoes a 
good deal of scattering a nd multiple reflections within the 
waxed paper, a given oscillator may "see'' the superposition of 
many essentially unrelated £-fields. The resulting emission is 
almost completely depolarized. 

As a final experiment, put a few drops of milk in a glass of 
water and illuminate it (perpendicular to its axis) using a 
bright flashlight. The solution will appear bluish white in scat­
tered light and orange in direct light, indicating that the opera-

8. 5 Scattering and Polarization 347 

A pair of crossed polarizers. The upper polaroid is noticeably 
darker than the lower one, indicating the partial polarization of sky 
light. (Photo by E.H.i 

A piece of waxed paper between crossed polarizers. (Photo by EHJ 

tive mechanism is Rayleigh Scattering. The scattered light will 
also be partially polarized. 

Using very much the same ideas. Charles Glover Barkla 
( 1877- 1944) in 1906 established the transverse wave nature of 
X-ray radiation by showing that it could be polarized in certain 
directions as a result of scattering off matter. 
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8.6 Polarization by Reflection 

One of the most common sources of polarized liight is the 
ubiquitous process of reflection from d ielectric media. The 
glare spread across a window pane, a sheet of paper., or a bald­
ing head, the sheen on the surface of a telephone,. a billiard 
ball, or a book jacket are all generally partially polarized. 

The effect was first studied by Etienne Mal us in 1808. T he 
Paris Academy had offered a prize for a mathematiical theory 
of double refraction, and Mal us undertook a study of the prob­
lem. He was standing at the window of his house iin the Rue 
d'Enfer one evening, examining a calcite crystal. The Sun was 
selling, and its image reflected toward him from the windows 
of the Luxembourg Palace not far away. He held up the crys­
tal and looked through it at the Sun's reflection. To his aston­
ishment, he saw one of the double images disappear as he 
rotated the calcite. After the Sun had set, he continued to veri­
fy his observations into the night, using candlelight reflected 
from the surfaces of water and glass.* The significance of 
birefringence and the actual nature of polarized light were first 
becoming clear. At that time no satisfactory explanation of 
polarization existed within the context of the wave theory. 
During the next 13 years the work of many people, principal­
ly Thomas Young and Augustin Fresnel, finally led 10 the rep­
resentation of light as some sort of transverse vibratiion. (Keep 
in mind that all this predates the electromagnetic theory of 
light by roughly 40 years.) 

The electron-oscillator model provides a remarkably sim­
ple picture of what happens when light is polarized on reflec­
tion. Unfortunate ly, it's not a comple te description, since it 
does not account for the behavior of magnetic nonconducting 
materials.t Nonetheless, consider an incoming plane: wave lin­
early polarized so that its E-field is perpendicular to the plane 
of incidence (Fig. 8.32). The wave is refracted at the: interface, 
entering the medium at some transmission angle 0,. Its electric 
field drives the bound electrons, in this case normal to the 
plane-of-incidence, and they in turn reradiate. A IPOrtion of 

·Try it with a candle flame and a piece of glass. Hold the gl21ss at 
0, = 56° for the most pronounced effect. At near glancing incidence 
both of the images will be bright, and neither will vanish as y,ou 
rotate the crystal- Malus apparently lucked out at a good angle to 
the palace window. 

t W. T. Doyle, "Scattering Approach to Fresnel's Equations and 
Brewster's Law," Am. J. Phys. 53, 463 (1985>. 

that reemilled energy appears in the form of a reflected wave. 
It should be clear then from the geometry and the dipole radi­
ation pattern that both the reflected and refracted waves must 
also be in gl>-states normal to the incident plane.* In contradis­
tinction, if the incoming E-field is in the incident plane, the 
electron-oscil lators near the surface will vibrate under the 
influence of the refracted wave, as shown in Fig. 8.32b. 
Observe that a rather interesting thing is happening to the 
reflected wave. Its flux density is now relatively low because 
the reflected ray direction makes a small angle 0 with the 
dipole axis. If we could arrange things so that 0 = 0, or equiv­
alently er+ 0, = 90°, the reflected wave would vanish entire­
ly. Under those circumstances,for an incoming unpolarized 
wave made up of two incoherent orthogonal gl>-states, only the 
component po/adzed normal to the incident plane and there­
fore parallel to the surface will be reflected. The particular 
angle-of-incidence for which this situation occurs is designat­
ed by 0P and referred to as the polarization angle or Brew­
ster's angle , whereupon 0,, + 0, = 90°. Hence, from Snell's 
Law 

n; sin 0,, = n, sin e, 
and the fact that 0, = 90° - 01,, it fo llows that 

and tan 0P = nJn; (8.25) 

This is known as Brewster's Law after the man who discov­
ered it empirically, Sir David Brewster (1781-1868), profes­
sor of physics at St. Andrews University and, of course, 
inventor of the kaleidoscope. 

When the incident beam is in air n; = I , and if the trans­
mitting medium is glass. in which case n, = 1.5, the polariza­
tion angle is = 56°. Similarly, if an unpolarized beam strikes 
the surface of a pond (n, = 1.33 for H20) at an angle of 53°, 
the reflected beam wi ll be completely polarized with its E­
field perpendicular to the plane-of-incidence or, if you like, 
parallel to the water's surface (see photo on page 350). This 
suggests a rather handy way to locate the transmission axis of 
an unmarked polarizer; one just needs a piece of glass or a 
pond. 

"The angle of reflection is determined by the scattering array, as dis­
cussed in Section 10.2. 7. The scattered wavelets in general combine 
constructively in only one direction, yielding a reflected ray at an angle 
equal to that of the incident ray. 
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Figure 8.32 (a) A wave reflecting and refracting at an interface. (b) Electron-oscillators and 
Brewster's Law. (C) The dipole radiation pattern. (d} The polarization of light that occurs on reflection 
from a dielectric, such as glass, water, or plastic. At f/p, the reflected beam is a ~-state perpendicular 
to the plane-of-incidence. The transmitted beam is strong in g>-state light parallel to the plane-of­
incidence and weak in g>-state light perpendicular to the plane-of-incidence-it's partially polarized. 

The problem immediately encountered in utilizing this phe­
nomenon to construct an effective polarizer lies in the fact that 
the reflected beam, although completely polarized, is weak, 
and the transmitted beam. although strong, is only partially 
polarized. One scheme, illustrated in Fig. 8.33, is often 
refcrrerl lO as a pile-of-plates polarizer . It was invented by 
Dominique F. J. Arago in 18 12. Devices of this kind can be 

fabricated with glass plates in the visible. silver chloride plates 
in the infrared, and quartz o r vycor in the ultraviolet. It's an 
easy mailer to construct a crude arrangement of this sort with 
a dozen or so microscope slides. (The beautiful colors that 
may appear when the slides are in contact are discussed in the 
next chapter.) 

The beamsplitter cube uses the same idea to create two 
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350 Chapter 8 Polarization 

orthogonal linearly polarized beams that are conveniently sep­
arated by 90° (Fig. 8.34). The diagonal face of one of the two 
prisms is coated with multiple layers o f d ifferent transparent 
dielectric films. Because there's little or no absorption, the 
device is well suited for laserbeam applications where you 
would want a high damage threshold and low trnnsmilled 
wavefront distortion. 

Figure 8.33 The pile-of-plates polarizer. 

Light reflecting off a puddle is partially polarized. 
(a) When viewed through a Polaroid filter whose 
transmission axis is parallel to the ground, the 
glare is passed and visible. (bl When the 
Polaroid's transmission axis is perpendicular to 
the water's surface, most of the glare vanishes. 
<Photo courtesy Martin Seymour.) 

Figure 8.34 A polarizing cube contains a mutilayer dielectric thin film 
structure on its diagonal face. Reflection from that structure polarizes 
the incident light, much as would a pile-of-plates. 

8.6.1 An Application of the Fresnel Equations 

In Sectio n 4 .6.2 we obtained a se t of formulas known as the 
Fresnel Equations, which describe the effects of an incoming 
electromagnetic plane wave fa lling on the interface between 
two different dielectric media. These equations relate the 
reflected and transmitted fie ld amplitudes to the incident 
amplitude by way of the angles-of-incidence 0; and transmis­
~ion 0,. For linear light having its E-field para llel to the plane-
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of-incidence, we defined the amplitude reflection coe.fjfrient 
as r 1 = [Eorl Eo;] 11, that is, the ratio of the reflected to incident 
electric-field amplitudes. Similarly, when the electric field is 
normal to the incident plane, we have r.1 = [£0,./ £0,h. The 
corresponding irradiance ratio (the incident and reflected 
beams have the same cross-sectional area) is known as the 
reflectance, and since irradiance is proportional to the square 
of the ampl itude of the field, 

R u = rTi = [Eorl Eo;] f and R.1 = J'j_ = [Eo,./ Eo,Ji 

Squaring the appropriate Fresnel Equations yields 

tan2 (0; - 0,) 
R1=-~---

tan2 (0; + 0,) 

and 
sin2 (0; - 0,) 

R.1 = - ---­
sin2 (0; + 0,) 

(8.26) 

(8.27) 

Whereas R.1 can never be zero, R
11 

is indeed zero when the 
denominator is infinite, that i~ when 0; + 0, = 90°. The 
reflectance, for linear light with E parallel to the plane-of-inci­
dence, thereupon vanishes; £,,, = 0 and the beam is complete­
ly transmitted. This is the essence of Brewster's Law. 

If the incoming light is unpolarized, we can represent it by 
two now familiar orthogonal, incoherent, equal-amplitude'!/'­
states. Inc identally, the fact that they are equal in amplitude 
means that the amount of energy in one of these two polariza­
tion states is the same as that in the other (i.e., 1;11 = /;.1 = 

I;/2), which is quite reasonable. Thus 

and in the same way Ir.1 = R.1fJ2. The reflectance in natural 
light, R = Ir/ I;, is therefore given by 

R = l r 11 ;. f ,-.1 = ½(Ru + R.1) 
I 

(8.28) 

Figure 8.35 is a plot of Eqs. (8.26), (8.27). and (8.28) for the 
particular case when n; = I and n, = 1.5. The middle curve. 
which corresponds to incident natural light. shows that only 
about 7.5% of the incoming light is reflected when 0; = 0". 
The transmitted light is then evidently partially polarized. 
When 0; * 0,, both the transmitted and reflected waves are 
partially polarized. 
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Figure 8. 35 Reflectance versus incident angle. 

It is often desirable to make use of the concept of the 
degree of polarization V, defined as 

I,, 
V = ---

11, + I,, 
(8.29) 

in which /
1
, and /,, are the constituent flux densities of polar­

ized and "unpolarized'' or natural light. For example. if IP= 4 
W / m2 and /,,= 6 W / m2, then V = 40% and the beam is par­
tially polarized. With "unpolarized" light /1, = 0 and obvious­
ly V = 0, whereas at the opposite extreme, if /11 = 0, V = I and 
the light is completely polarized; thus O 5 V 5 1. One fre­
quently deals with partially polarized, linear, quasimonochro­
matic light. In that case, if we rotate an analyzer in the beam, 
there will be an orientation at which the transmitted irradiance 
is maximum (/1113.), and perpendicular to this, a direction 
where it is minimum Umin). Clearly IP = lmax - / min, and so 

l max - /min V=----
l max + /min 

(8.30) 

Note that Vis actually a property of the beam, which may be 
partially or even completely polarized before encountering 
any sort of polarizer. 
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352 Chapter 8 Polarization 

8. 7 Retarders 

We now consider a class of optical elements known as 
retarders, which serve to change the polarization of an inci­
dent wave. In principle, the operation of a retarder is quite 
simple. One of the two constituent coherent ~ -states is some­
how caused to have its phase lag behind that of the other by a 
predetermined amount. Upon emerging from the retarder, the 
relative phase of the two components is different than it was 
initially, and thus the polarization state is different as well. 
Once we have developed the concept of the retarder, it will be 
possible to convert any g iven polarization state into any other 
and in so doing create circular and elliptic polarizers as well. 

8. 7 .1 Wave Plates and Rhombs 

Recall that a plane monochromatic wave incident on a uniax­
ial crystal, such as calcite, is generally divided in two. emerg­
ing as an ordinary and an extraordinary beam. In contrast. we 
can cut and polish a calcite crystal so that its optic axis will be 
normal to both the front and back surfaces (Fil 8.36). A nor­
mally incident plane wave can only have its E-field perpen­
dicular to the optic axis. The secondary spherical and ellip­
soidal wavelets will be tangent to each other in the direction 
of the optic axis. Theo- and e-waves, which are envelopes of 
these wavelets, will be coincident, and a single undeflected 
plane wave will pass through the crystal; there are no relative 
phase shifts and no double images.* 

Now suppose that the direction of the optic axis is arranged 
to be parallel to the front and back surfaces, as shown in Fig. 
8.37. If the E -field of an incident monochromatic plane wave 
has components parallel and perpendicular to the optic axis, 
two separate plane waves will propagate through the crystal. 
Since v1 > V.1, n,, > ne, and thee-wave will move across the 
specimen more rapidly than the o-wave. After traversing a 
plate of thickness d, the resultant e lectromagnetic wave is the 
superposition of thee- and o-waves, which now have a relative 
phase difference of 6rp. Keep in mind that these are harmonic 
waves of the same frequency whose E-fields are orthogonal. 

• If you have a calcite rhomb, find the blunt corner and orient the crystal 
until you are looking along the direction of the optic axis through one of 
the faces. The two images will converge until they completely overlap. 

Op1ic 
axis 

.,__ ____ .. 
A Opticuis B 

Figure 8.36 A calcite plate cut perpendicular to the optic axis. 

The relative optical path length difference is given by 

A = d(lno - 11,,I) (8.3 1) 

and since !:lrp = k0 /\., the phase difference, in radians, is 

27T 
!:lrp = - d( jn,, - nel) 

Ao 
(8.32) 

where Ao, as always, is the wavelength in vacuum. (The form 
containing the absolute value of the index difference is the 
most general statement.) The state of polarization of the 
emergent light evidently depends on the amplitudes of the 
incoming orthogonal field components and of course on 6rp. 

Optic 
axis 

B 

Figure 8.37 A calcite plate cut parallel to the optic axis. 

Optic 
axis 
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The Full-Wave Plate 

If t:.cp is equal to 21r, the relative retardation is one wave­
length; the e- and a-waves are back in-phase, and there is no 
observable effect on the polarization of the incide:nt mono­
chromatic beam. When the relative retardation D.cp. which is 
also known as the retardance, is 360° the device is called a 
full -wave plate or full-wave retarder. (This does not mean 
that d = A.) In general. the quanti ty In,, - nel in Eq. (8.32) 
changes little over the optical range. so that D.cp varies effec­
tively as l /A0. Evidently, a full-wave plate can function only 
in the manner discussed for a particular waveleingth, and 
retarders of this sort are thus said to be chromatic. If such a 
device is placed at some arbitrary orientation between crossed 
linear polarizers, all the light entering it (in this cas:e let it be 
white light) will be linear. Only the one wavelength that satis­
fies Eq. (8.32) will pass through the retarder unaffecl!ed, there­
after to be absorbed in the analyzer. All other wavelengths will 
undergo some retardance and will accordingly emerge from 
the wave plate as various forms of elliptical light. Some por­
tion of this light will proceed through the analyzer, finally 
emerging as the complementary color to that which was extin­
guished. It is a common error to assume that a full-wave plate 
behaves as if it were isotropic at all frequencies; it obviously 
doesn't. 

Recall that in calcite, the wave whose £ -field vibrations are 
parallel to the optic axis travels fastest, that is, v,, > v 1.- The 
direction of the optic axis in a negative uniaxial r,etarder 1s 
therefore often referred to as the fast axis, and the direction 
perpendicular to it is the slow axis. For positive uniaxial crys­
tals, such as quartz, these principal axes are reversed!, with the 
slow axis corresponding to the optic axis. 

The full -wave retarder is often used to e liminate inadver­
tent changes in the polarization state of light passin_g through 
an optical system. For example, linear light reflect,ed from a 
metal-surfaced mirror will have phase shifts introduced that 
cause it to emerge as elliptical light. This can be co1Tected by 
passing the beam through a full-wave plate that has been tilted 
slightly about either its fast or slow axis. 

The Half-Wave Plate 

A retardation plate that introduces a relative phase difference 
of 1r radians or 180° between the a- and e-waves is known as 
a half-wave plate or half-wave retarded. Suppose that the 
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plane-of-vibration of an incoming beam of linear light makes 
some arbi trary angle 0 wi th the fast axis, as shown in Fig. 
8.38. In a negative material the e-wave will have a higher 
speed (same v) and a longer wavelength than the a-wave. 
When the waves emerge from the plate. there will be a relative 
phase shift of Ao/ 2 (that is. 21r / 2 radians), with the effect that 
E will have rotated through 20 (Fig . 8.39). In fact, half-wave 
re tarders are sometimes called polarization rotators for just 
that reason. Going back to Fig. 8.7, it should be evident that a 
half-wave plate will similarly flip elliptical light. In addition. 
it will invert the handedness of circular or elliptical light, 
changing right to left and vice versa. 

As the e- and a-waves progress through any retardation 
plate. their relative phase difference D.cp increases, and the 
s tate of polarization of the wave therefore gradually changes 
from one point in the plate to the next. Figure 8.7 can be envi­
sioned as a sampling of a few of these states at one instant in 
time taken at different locations. Evidently, if the thickness of 

Optic 
axis 

a-wave 

r-......__ 
o; 

Figure 8.38 A half-wave plate showing how a net phase shift accumu­
lates with the retarder. 
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354 Chapter 8 Polarization 

Figure 8.39 A half-wave plate rotates light initially linearly polarized at 
an angle 0 through a total angle of 2e. Here light was incident oscillating 
in the first and third quadrants, and it emerged oscillating in the second 
and fourth quadrants. 

the material is such that 

where m = 0, I, 2, ... , it will function as a half-wave plate (6.<p 
== 1r, 31r, 51r, etc.). 

Although its behavior is simple to visualize, calcite is not 
often used to make retardation plates. It is brittle and difficult 
to handle in thin slices, but more than that, its birefringence. 
the difference between lie and n,,, is a bit too large for conve­
nience. On the other hand, quartz with its much smaller bire­
fringence is frequently used. but it has no natural cleavage 
planes and must be cut, ground, and polished. making it rather 
expensive. The biaxial crystal mica is used most often. Sever­
al forms of mica serve the purpose admirably, for example. 
fluorophlogopite, biotite. or muscovite. The most commonly 
occurring variety is the pale brown muscovite. It is very easi­
ly cleaved into strong, flexible. and exceedingly thin large­
area sections. Moreover, its two principal axes are almost 
exactly parallel to the cleavage planes. Along those axes the 
indices are about 1.599 and 1.594 for sodium light, and 
al though these numbers vary slightly from one sample to the 
next. their difference is fairly constant. The minimum thick­
ness of a mica half-wave plate is about 60 microns. Crystall ine 
quartz. single crystal magnesium fluoride (for the IR range 
from 3000 nm to about 6000 nm), and cadmium sulfide (for 
the IR range from 6000 nm to about 12.000 nm) are also wide­
ly used for wave plates. 

Retarders are also made from sheets of polyvinyl alcohol 
that have been stretched so as to align their long-chain organ-

ic molecules. Because of the evident anisotropy, electrons in 
the material do not experience the same binding forces along 
and perpendicular to the direction of these molecules. Sub­
stances of this sort are therefore permanently birefringent, 
even though they are not crystalline. 

A rather nice half-wave plate can be made by just allaching 
a s trip of old-fashioned glossy cellophane tape over the sur­
face of a microscope slide. (Not all varieties work-the best is 
LePage · s "Transparent Tape.'') The fast axis, that is, the vibra­
tion direction of the faster of the two waves, corresponds to the 
transverse direction across the tape's width. and the slow axis 
is along its length. During its manufacture. cellophane (which 
is made from regenerated cellulose extracted from cotton or 
wood pulp) is formed into sheets, and in the process its mole­
cules become aligned, leaving it birefringent. If you put your 
half-wave plate between crossed linear polarizers, it will show 
no effect when its principal axes coincide with those of the 
polarizers. If. however, it is set at 45° with respect to the polar­
izer, the E -fie ld emerging from the tape will be flipped 90° 
and will be parallel to the transmission axis of the analyzer. 
Light will pass through the region covered by the tape as if ii 
were a hole cut in the black background of the crossed polar­
izers (see photo). A piece of cellophane wrapping will gener­
ally also function as a half-wave plate. See if you can 
determine the orientation of each of its principal axes using the 
tape retarder and crossed Polaroids. (Notice the fine parallel 
ridges on the sheet cellophane.) 

A hand holding a piece of Scotch tape stuck to a microscope slide 
between two crossed polaroids. <Photo by E.H. l 
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The Quarter-Wave Plate 

The quarter-wave plate is an optical element that introduces 
a relat ive phase shift of Acp = 7T /2 between the constituent 
orthogonal o- and e-components of a wave. It follows once 
again from Fig. 8.7 that a phase shift of90° will convert linear 
to elliptical light (or circular light) and vice versa. It should be 
apparent that linear light incident para! lei to either principal 
axis will be unaffected by any sort of retardation plate. You 
can't have a relative phase difference without having two 
components. With incident natural light, the two constituent 
gll. states are incoherent; that is, their relative phase d ifference 
changes randomly and rapidly. The introduction of an addi­
tional constant phase shift by any form of retarder will still 
result in a random phase difference and thus have nio notice­
able effect. When linear light at 45° to either principal axis is 
incident on a quarter-wave plate, its o- and e-components have 
equal ampl itudes. Under these special circumstances, a 90° 
phase shift converts the wave into circular light (Fig. 8.40). 
Similarly, an incoming circular beam will emerge linearly 
polarized. 

Quarter-wave plates are also usually made of quartz, mica, 
or organic polymeric plastic. In any case, the thickn,~ss of the 
birefringent material must satisfy the expression 

You can make a crude quarter-wave plate using household 
plastic food wrap, the thin stretchy stuff that comes on rolls. 
Like cellophane, it has ridges running in the long direction, 
which coincides with a principal axis. Overlap about a half 
dozen layers, being careful to keep the ridges parallel. Position 
the plastic at 45° to the axes of a polarizer and examine it 
through a rotating analyzer. Keep adding one layer al a time 
until the irradiance stays roughly constant as the analyzer 
turns; at that point you will have circular light and a quarter­
wave plate. This is easier said than done in white lightt, but it's 
well worth trying. 

Commerc ial wave plates are generally designated by their 
linear retardation. which might be, for example, 140 nm for a 
quarter-wave plate. This simply means that the device has a 90° 
retardance only for green light of wavelength 560 nm (i.e .. 4 X 

140). The linear retardation is usually not given quite, that pre­
cisely; 140 :::: 20 nm is more realistic. The retardation ,of a wave 
plate can be increased or decreased from its specified value by 
tilting it somewhat. If the plate is rotated about its fas1t axis, the 
retardation will increase, whereas a rotation about the slow axis 
has the opposite effect. In this way a wave plate can be tuned to 
a specific frequency in a region about its nominal valu1e. 
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Figure 8 .40 A quarter-wave plate transforms light initially linearly 
polarized at an angle 45° (oscillating in the first and third quadrants) 
into left circular light (rotating counterclockwise looking toward 
the source). 

Retarders (Wave Plates)-Some General 
Considerations 

A retarder can be one of three general types: zero-order. multi­
ple-order, or compound zero-order. A zero-order retarder has 
the minimum thickness necessary to produce the required phase 
difference . For example, consider a quartz quarter-wave plate 
with a birefringence of only 0 .009 2 at 550 nm. Equation (8.32) 
with Acp = 7T/ 2 tells us that a zero-order quarter-wave retarder 
will be only 15 µ,m thick, and therefore will be rather fragile and 
difficult to fabricate. It does, however. have a large angular 
field-of-view. 

A multiple-order retarder would have a thickness that cor­
responded to a whole number of 27T phase shifts plus the desired 
Acp, whether that's 27T, 7T, or 7T/ 2. These devices are easier to 
make and less expensive, but they tend to be very sensitive to 
wavelength, incident angle. and temperature. and have a nar­
row field-of-view. 

By combining two multiple-order retarders whose retar­
dance difference yields the desi red value of Acp. we arri ve at 
the compound zero-order wave plate. That's accomplished 
by aligning the fast axis of one with the slow axis of the other. 
This compensates for temperature variations that tend to can­
cel, but it, too, has a narrow field-of-view. 

B irefringent polymers have a small birefringence and so 
can conveniently be made into zero-order retarders. They have 
a wide field-of-view and can be made with large aperture~. 
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356 Chapter 8 Polarization 

Figure 8.41 The Fresnel rhomb. 

The Fresnel Rhomb 

We saw in Chapter 4 that the process of total internal reflec­
tion introduced a relative phase difference between the two 
orthogonal field components. The components parallel and 
perpendicular to the plane-of-incidence were shifted in phase 
with respect to each other. In glass (n = 1.51) a shift of 45° 
accompanies internal reflection at the particular incident angle 
of 54.6° (Fig. 4.44e). The Fresnel rhomb shown in Fig. 8.41 
utilizes this effect by causing the beam to be internally reflect­
ed twice, thereby imparting a 90° relative phase shift to its 
components. If the incoming plane wave is linearly polarized 
at 45° to the plane-of-incidence, the field components (£;) rr and 
(E;h will initially be equal. After the first reflection, the wave 
within the glass will be elliptically polarized. After the second 

600 
Figure 8.42 The Mooney rhomb. 

reflection, it will be circular. Since the retardance is almost 
independent of frequency over a large range, the rhomb is 
essentially an achromatic 90° retarder. By combining two 
rhombs end-to-end, we can produce ).0/2 retardation over a 
broad wavelength band ( ""'2000 nm). The Mooney rhomb (n 
= 1.65) shown in Fig. 8.42 is similar in principle, although its 
operating characteristics are different in some respects. 

8. 7 .2 Compensators and Variable Retarders 

A compensator is an optical device that is capable of impress­
ing a co11trollable retardance 011 a wave. Unlike a wave plate 
where 6.cp is fixed, the relative phase difference arising from a 
compensator can be varied continuously. Of the many different 
kinds of compensators, we shall consider only two of those that 
are used most widely. The Babinet compensator, depicted in 
Fig. 8.43, consists of two independent calcite, or more com­
monly quartz, wedges whose optic axes are indicated by the 
lines and dots in the figure. A ray passing vertically downward 
through the device at some arbitrary point will traverse a thick­
ness of c/1 in the upper wedge and d2 in the lower one. The rel­
ative phase difference imparted to the wave by the first crystal 
is 21rd 1 (1110 - nel)/ Ao, and that of the second crystal is 
-2mf2(ln,, - nel )/ A0. As in the Wollaston prism, which this 
system closely resembles but which has larger angles and is 
much thicker, the o- and e-rays in the upper wedge become the 
e- and o-rays, respectively, in the bottom wedge. 

The compensator is thin (the wedge angle is typically about 
2.5°). and thus the separation of the rays is negligible. The 

Figure 8.43 The Babinet compensator. 
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total phase difference. or retardance, is then 

21T 
ticp = -(d, - d2)(l11,, - 11,,I) 

Ao 
(8.33) 

If the compensator is made of calcite, the e-wave leads the o­

wave in the upper wedge, and therefore if d 1 > d2• tlcp corre­
sponds to the total angle by which thee-component leads the 
a-component. The converse is true for a quartz compensator: 
in other words, if d 1 > d2, ticp is the angle by which the o­
wave leads the e-wave. At the center, where d 1 = d2• the effect 
of one wedge is exactly canceled by the other. and 
ticp = 0 for all wavelengths. The retardation will vary from 
point to point over the surface. being constant in narrow 
regions running the width of the compensator along which the 
wedge thicknesses are themselves constant. If light enters by 
way of a slit parallel to one of these regions and if we then 
move either wedge horizontally with a micrometer screw. we 
can get any desired tlcp to emerge. 

When the Babinet is positioned at 45° between crossed 
polarizers, a series of parallel, equally spaced. dark extinction 
fringes will appear across the width of the compensator. These 
mark the positions where the device acts as if it was a full­
wave plate. In white light the fringes will be colored, with the 
exception of the black central band (ticp = 0). The retardance 
of an unknown plate can be found by plac ing it on the com­
pensator and examining the fringe shift it produces. Because 
the fringes are narrow and difficult to "read'' electronically. 
the Babine! has become less popular than it once was. It can be 
modified to produce a uniform retardation over its surface by 
merely rotating the top wedge 180° about the vertical. so that 
its thin edge rests on the thin edge of the lower wedge. This 
configuration will, however. slightly deviate the beam. 

Another variation of the Babinet. which has the advantage 
of producing a uniform retardance over its surface and no 
beam deviation, is the Soleil compensator shown in Fig. 8.44. 
Generally made of quartz (although MgF2 and CdS are used in 
the infrared), it consists of two wedges and one plane-parallel 
slab whose optic axes are oriented as indicated. The quantity 
d1 corresponds to the total thickness of both wedges. which is 
constant for any setting of the positioning micrometer screw. 

8.8 Circular Polarizers 

Earlier we concluded that linear light whose E-field is at 45° 
to the principal axes of a quarter-wave plate will emerge from 
that plate circularly polarized. Any series combination of an 
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Figure 8.44 The Soleil compensator. 

appropriately oriented linear polarizer and a 90° retarder will 
therefore perform as a circular polarizer. The two elements 
function completely independently. and whereas one might be 
birefringent, the other could be of the reflection type. The 
handedness of the emergent circular I ight depends on whether 
the transmission axis of the linear polarizer is at +45° or - 45° 
to the fast axis of the retarder. Either circular state. 2 or ~­
can be generated quite easily. In fact, if the linear polarizer is 
situated between two retarders. one oriented at +45° and the 
other at - 45°. the combination will be "ambidextrous." In 
short, it will yield an ~-state for light entering from one side 
and an 2 -state when the input is on the other side. 

CP-HN is the commercial designation for a popular one­
piece circular polarizer. It is a laminate of an HN Polaroid and 
a stretched polyvinyl alcohol 90° retarder. The input side of 
such an arrangement is evidently the face of the linear polariz­
er. If the beam is incident on the output side (i.e., on the 
retarder). it wil I thereafter pass through the H-sheet and can 
only emerge linearly polarized. 

A circular polarizer can be used as an analyzer to determine 
the handedness of a wave that is already known to be circular. 
To see how this might be done, imagine that we have the four 
elements labeled A. B. C. and Din Fig. 8.45. The first two. A 
and B. taken together form a circular polarizer, as do C and D. 
The precise handedness of these polarizers is unimportant 
now, as long as they are both the same, which is tantamount to 
saying that the fast axes of the retarders are parallel. Linear 
light coming from A receives a 90° retardance from B, at 
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linear 
P<>larizer 

A 
B 

D 

90• 
retarder linear 

P<>lan, c, 

Figure 8.45 Two linear polarizers and two quarter-wave plates. 

which point it is circular. As it passes through C. another 90° 
retardance is added on, resulting once more in a linearly polar­
ized wave. In effect, Band C together form a half-wave plate, 
which merely flips the linear light from A through a spatial 
angle of 20, in this case 90°. Since the linear wave from C is 
parallel to the transmission axis of D, it passes through it and 
out of the system. 

ln this simple process we've actually proved something 
that is rather subtle. If the circular polarizers A + Band C + D 
are both left-handed, we've shown that /ejl-circular /ighl 
enlering a left-circular polariz.er from the oulput side 11"i/l be 
transmilled. Furthermore, it should be apparent, at least after 
some thought. that right-circular light will produce a i'7'-state 
perpendicular to the transmission axis of D and so will be 
absorbed. The converse is true as well: that is, of 1he !ll'o cir­
cularforms, only ligh1 in an rJl.-srare will pass 1hrough o righr­
circular polari-:.er hm·ing entered from rhe outpul side. 

1 

A crumpled piece of 
cellophane placed between 
two crossed Polaroids 
shows a rainbow of colors. 
Depending on its thickness 
and the frequency of the 
light, the cellophane 
rotates the £-field by differ­
ent amounts. Rotating 
either one of the Polaroids 
will shift the colors to their 
complements. 

8.9 Polarization of Polychromatic 
Light 

8.9.1 Bandwidth and Coherence Time 
of a Polychromatic Wave 

By its very nature purely monochromatic light. which is of 
course not a physical reality, must be polarized. The two 
orthogonal components of such a wave have the same fre­
quency. and each has a constant amplitude. If the amplitude of 
either sinusoidal component varied, it would be equivalent to 
the presence of other additional frequencies in the Fourier­
analyzed spectrum. Moreover. the two components have a 
constant relative phase difference: that is, they are coherent. A 
monochromatic disturbance is an infinite wavetrain whose 
properties have been fixed for all time; whether it is in an rJl.-. 
2 -. i'7'-. or ~ -state. the wave is completely polarized. 

Actual light sources are polychromatic; they emit radiant 
energy having a range of frequencies. Let ' s now examine what 
happens on a submicroscopic scale, paying particular attention 
to the polarization state of the emitted wave. Envision an elec­
tron-osci llator that has been excited into vibration (possibly by 
a collision) and thereupon radiates. Depending on its precise 
motion, the oscillator will emit some form of polarized light. 

As in Section 7.4.3. we picture the radiant energy from a 
single atom as a wavetrain having a finite spatial extent!::./,.. 
Assume for the moment that its polarization state is essential­
ly constant for a duration of the order of the coherence time 
t:.1,. (which. as you recall , corresponds to the temporal extent 
of the wavetrain. i.e .. t:.lj c). A typical source generally con­
sists of a large collection of such radiating atoms. which can 
be envisioned as oscillating with different phases at some 
dominant frequency v. Suppose then that we examine the lioht 

, b 

commg from a very small region of the source, such that the 
emitted rays arriving at a point of observation are essentially 
parallel. During a time that is short in comparison with the 
average coherence time, the amplitudes and phases of the 
wavetrains from the individual atoms will be essentially con­
stant. This means that if we were to look toward the source in 
some direction. we would, at least for an instant, "see" a 
coherent superposition of the waves emitted in that direction. 
We would "see" a resultant wave having a given polarization 
state. That state would only last for an interval less than the 
coherence time before it changed, but even so it would corre­
spond to a great many oscillations at the frequency ii. Clearly, 
if the bandwidth 6.v is broad. the coherence time (!::.t,. = I/ !::.v) 
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will be small, and any polarization state will be short-lived. 
Evidently the concepts of polarization and coherence are 
related in a fundamental way. 

Now consider a wave whose bandwidth is very small in 
comparison with its mean frequency, a quasimonochromatic 
wave. It can be represented by two orthogonal harmonic !//>­
states, as in Eqs. (8.1) and (8.2), but here the amplitudes and 
initial phase angles are functions of time. Furthermore. the fre­
quency and propagation number correspond to the mean values 
of the spectrum present in the wave, namely, w and k. Thus 

and 

E x(t) = iE0_,.(t) cos [kz - wt+ t:x(t)J 

E,.(I) = JEo.,(t) cos r kz - WI + E,(I) ] 

(8.34a) 

(8.34b) 

The polarization state, and accordingly E0 ,.(I ), £0 ,.(I ) . t:, (I). 

and E_lt), will vary slowly, remaining essentially constant over 
a large number of oscillations. Keep in mind that the narrow 
bandwidth implies a relatively large coherence time. If we 
watch the wave during a much longer interval, the :amplitudes 
and phase angles w ill vary somehow, either independently or 
in some correlated fashion. If the variations are completely 
uncmTelated, the polarization s tate will remain constant only 
for an interval that is small compared to the cohercrnce time. In 
other words, the ellipse describing the polarization s tate may 
change shape, orientation, and handedness. Since:. speaking 
practically, no existing detector could discern any one partic­
ular state lasting for so short a time, we would conclude that 
the wave was unpolarized. 

Antithetically, if the ratio E0x(I)/ Eov(I) was constant even 
though both terms varied, and if£= t:,.(t) - E, (t) w:as constant 
as well, the wave would be polarized. Here the necessity for 
correlation among these different functions is obvious. Yet we 
can actually impress these conditions on the wave by merely 
passing it through a polarizer, thereby removing any undesired 
constituents. The time interval over which the wave thereafter 
maintains its polarization state is no longer dependent on the 
bandwidth because the wave's components have been appro­
priately correlated. The light could be polychromatic (even 
white), yet completely polarized. It will behave very much like 
the idealized monochromatic waves treated in Section 8. 1. 

Between the two extremes of completely polarized and 
unpolarized light is the condition of partial polarization. In 
fact, it can be shown that any quasimonochromatic wave can 
be represented as the sum of a polarized and an u1npolarized 
wave, where the two are independent and either may be zero. 
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8.9.2 Interference Colors 

Insert a crumpled sheet of cellophane between two Polaroids 
illuminated by white light. Alternatively, take an ordinary 
plastic bag (polyethylene), which shows nothing special 
betwe::en cro~sed Polaroids, and s tretch it. That will align its 
molecules. making it birefringent. Now crumple it up and 
examine it again. The resulting pattern will be a profusion of 
multicolored regions, which vary in hue as either Polaroid 
rotates. These interference colors arise from the wavelength 
dependence of the retardation. The usual variegated nature of 
the patterns is due to local variations in thickness, birefrin­
gence, or both. 

The appearance of interference colors is commonplace and 
can easily be observed in any number of substances. For 
example, the effect can be seen with a piece of multi layered 
mica. a chip of ice, a stretched plastic bag. or finely crushed 
particles of an ordinary white (quartz) pebble. To appreciate 
how the phenomenon occurs, examine Fig. 8.46. A narrow 
beam of monochromatic linear light is schematically shown 
passing through some small region of a birefringent plate 1. 
Over that area the birefringence and thickness are both 
assumed to be constant. The transmitted light is generally 
elliptical. Equivalently, envision the light emerging from 1 as 
composed of two orthog_<znal linear waves (i.e., the x- and y­
components of the total E -field), which have a relative phase 
difference t::..rp, determined by Eq. (8.32). Only the compo­
nents of these two disturbances, which are in the direction of 
the transmission axis of the analyzer, will pass through it and 
on to the observer. 

Now these components, which also have a phase difference 
of t:.rp, are coplanar and can thus interfere. When 6.rp = 7T. 37T. 

--/ i. - -......._ 
\ I ! ._ 

I 

- - LP- ..... 

Figure 8.46 The origin of interference colors. 
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51r, .. .. they are completely out-of-phase and tend to cancel 
each other. When !:,,.cp = 0, 21r, 41r, .. . , the waves are in-phase 
and reinforce each other. Suppose then that the retardance 
arising at some point P1 on l for blue light (Ao = 435 nm) is 
41r. In that case blue will be s trongly transmitted. 
It follows from Eq. (8.32) that A0 !:,,. cp = 21rd( ln0 - n,I) is 
essentially a constant determined by the thickness and the 
birefringence. At the point in question, therefore, A0 t:,,.cp = 
I 7401r for all wavelengths. If we now change to incident yel­
low light (Ao = 580 nm), !:,,.cp = 31r and the light from P I is 
completely canceled. Under white- light illumination that par­
ticular point on l will seem as if it had removed yellow com­
pletely, passing on all the other colors, but none as strongly as 
blue. Another way of saying this is that the blue light emerg­
ing from the region about P1 is linear (!:,,.cp = 41r) and parallel 
to the analyzer' s transmission axis. In contrast, the yellow 
light is linear (!:,,.<p = 31r) and along the extinction axis; the 
other colors are elliptical. The region about P1 behaves like a 
half-wave plate for yellow and full -wave plate for blue. If the 
analyzer were rotated 90°, the yellow would be transmitted, 
and the blue extinguished. 

By de finition two colors are said to be complementary 
when their combination yields white light. Thus when the ana­
lyzer is rotated through 90° it will alte rnately transmit or 
absorb complementary colors. In much the same way there 
might be a point P2 somewhere else on l where !:,,.cp = 41r for 
red (Ao = 650 nm). Then, A0 !:,,.cp = 26001r, whereupon bluish­
green light (Ao= 520 nm) will have a retardance of 51r and be 
extinguished. Clear! y. if the retardance varies from one region 
to the next over the specimen. so too will the color of the light 
transmitted by the analyzer. 

8.10 Optical Activity 

The manner in which light interacts with material substances 
can yield a great deal of valuable information about their mol­
ecular s tructures. The process to be examined next. although 
of specific interest in the s tudy of Optics, has had and is con­
tinuing to have far-reaching effects in the sciences of chem­
istry and biology. 

In 1811 the French physicist Dominique F. J. Arago first 
observed the rather fascinating phenome non now known as 
optical activity. It was then that he discovered that the plane 
of vibration of a beam of linear light underwent a continuous 
rotation as it propagated along the optic axis of a quartz plate 
(Fig. 8.47). At about the same time Jean Baptiste Biol 

Quartz 

Figure 8.47 Optical activity displayed by quartz. 

( 1774- 1862) saw this same effect while using both the 
vaporous and liquid forms of various natural substances like 
turpentine. Any material that causes the £ -field of an incident 
linear plane wave to appear to rotate is said to be optically 
active. Moreover. as Biol found, one must distinguish between 
right- and left-handed rotation. If while looking in the direc­
tion of the source, the plane-of-vibration appears to have 
revolved clockwise, the substance is referred to as dextrorota­
tory, or d-rotatory (from the Latin dextro, meaning right). 
Aliernatively, if E appears to have been displaced counter­
clockwise, the mate rial is levorotatory, or I-rotatory (from the 
Latin Levo. meaning left). 

In 1822 the English astronomer Sir John F. W. Herschel 
( 1792-187 1) recognized that d-rotatory and /-rotatory behav­
ior in quartz actually corresponded to two different crystallo­
graphic structures. A lthough the molecules are identical 
(Si02) , crystal quartz can be either right- or left-handed, 
depending on the arrangement of those molecules. As shown 
in Fig. 8.48, the external appearances of these two forms are 
the same in all respects, except that one is the mirror image of 
the other: they are said to be enantiomorphs of each other. All 
transparent enantiomorphic substances are optically active. 
Furthermore, molten quartz and.fused quartz, ne ither of which 
is crystalline, are not optically active. Evidently. in quartz 
optical activity is associated with the structural distribution of 
the molecules as a who le. T here are many substances, both 
organic and inorganic (e.g., benzil and NaBr03, respectively), 
which, like quartz, exhibit optical activity only in crystal form. 
In contrast, many naturally occurring organic compounds, 
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I 
I 

(a) Right (b) Left 

Figure 8.48 Right- and left-handed Quartz crystals. 

such as sugar, tartaric acid, and turpentine. are optically active 
in solution or in the liquid state. Here the ro1arory power. as ii 
is often referred to, is evidently an attribute of the individual 
molecules. There are also more complicated substances for 
which optical activity is associated with both the molecules 
themselves and their arrangement within the various crystals. 
An example is rubidium tartrare. Ad-rotatory so lution of that 
compound will change to I-rotatory when crystallized. 

In 1825 Fresnel. without addressing the actual mechanism 
involved. proposed a simple phenomenological description of 
optical activity. Since the incident linear wave can be repre­
sented as a superposition of gjl_ and 2 -states. he suggested that 
these two forms of circular light propagate at different speeds. 
An active material shows circular birefringence; that is, it pos­
sesses two indices of refraction, one for g/i-states (n.11) and one 
for 2 -states (119 ,). In traversing an optically active specimen, 
the two circular waves would get out-of-phase, and the resul­
tant linear wave would appear to have rotated. We can see how 
this is possible analytically by returning to Eqs. (8.8) and (8.9). 

£ 

t=O 

(a) (b) 
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which described monochromatic right- and left-circu lar light 
propagating in the z-direction. II was seen in Eq. (8. 10) that the 
sum of these two waves is indeed linearly polarized. We now 
alter these expressions slightly in order to remove the factor of 
two in the amplitude of Eq. (8. 10). in which case 

- E A A 

E .11 = f [i cos (k.11 ::. - wr) + j sin (k.11 ::. - wr)) (8.35a) 

and 

- E A A 

E_y, = f [i cos (ky •Z - w1) - j sin (k '/::. - w1)] (8.35b) 

represent the right- and left-handed constituent waves. Since w 

is constant, k~ = ~n:YI and ky = k0 n y . The resultant distur­
bance is given by E = E .11 + Ey. and afte r a bit of tri gono­
metric manipulation, it becomes 

E = £0 cos [(kgi + k_y,)::./ 2 - w1][ i cos (k./1 - k 1 )::./ 2 

+ J sin (k.11 - k9 ,)::./ 2) (8.36) 

At the position where the wave enters the medium (::. = 0) it is 
linearly polarized along the x-axis, as shown in Fig. 8.49: 
that is, 

E = £01 cos wl (8.37) 

Notice that at any point along the path, the two components 
have the same time dependence and are therefore in-phase. 
This j us! means that anywhere along the ::.-axis the resultant is 
linearly polarized (Fig. 8.50), although its orientation is cer­
tainly a function of z. Moreover, if n.fl > 11 'I or equivalently k.11 

> k_y,, E will rotate counterclockwise, whereas if k 'I > k.11, the 
rotation is clockwise (looking toward the source). Traditional­
ly, the angle {3 through which E rotates is defined as positive 

I 
(c) 

Figure 8.49 The 
superposition of an 
di· and an 'I -state 
at z = 0. 
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(bl 

when it is clockwise. Keeping this sign convention in mind, it 
should be clear from Eq. (8.36) that the field at point~ makes 
an angle of f3 = -(k.:11 - ky )z/2 with respect to its original 
orientation. If the medium has a thickness d. the angle through 

whi<.:h the plane-of-vibration rotates is then 

7Td 
f3 = ¾ (ny - 11.!II) (8.38) 

where n '/ > n _;i is d -rotatory and n >'II > 11 'I' is I-rotatory 
(Fig. 8.51 ). 

Fresnel was actually able to separate the constituent <&.-

-(k~ - wt) 

\ 

I 

Figure 8.51 The superposition of an ,J/- and an 'l'-state at z = d 
< k 1 > k "' A 1 < A 11, and v 1 < v ,,i. 

E 

E 

(c) 

Figure 8.50 The 
superposition of an 
P/1- and an ;£-state at 
z = z' (k!I' > k>fl). 

and .<t'-states of a linear beam using the composite prism of 
Fig. 8.52. It consists of a number of right- and left-handed 
quartz segments cut with their optic axes as shown. The rJl­
s tate propagates more rapidly in the first prism than in the sec­

ond and is thus refracted toward the normal to the oblique 
boundary. The opposite is true for the .<t'-state, and the two cir­
cular waves increase in angular separation at each interface. 

In sodium light the specific rotatory power, which is defined 
as {3/ d, is found to be 2 1.7° / mm for quartz. It follows that lnz 
- 11,111 = 7.1 X I0- 5 for light propagating a long the optic axis. 

In that particular direction ordinary double refraction vanishes. 
However, with the incident light propagating normal to the 
optic axis (as is frequently the case in polarizing prisms, wave 
plates, and compensators), quartz behaves like any optically 
inactive. positive, uniaxial crystal. There are other birefringent, 
optically active crystals. both uniaxial and biaxial, such as 
c innabar, HgS (n0 = 2.854, ne = 3.20 I), which has a rotatory 
power of 32.5° / m m. In contrast, the substance NaCIO3 is opti­
cally active (3.1 ° / mm) but not birefringent. The rotatory pow­
er of liquids, in comparison, is so relatively small tha t it is 

usually specified in tenns of 10-cm path lengths; for example, 
in the case of turpentine (C IOH6) it is only - 37° /IO cm (I 0°C 

with Ao = 589.3 nm). The rotatory power of solutions varies 
with the concentration. This fact is particularly helpful in deter­
mining. for example. the amount of sugar present in a urine 
sample or a commercial sugar syrup. 

You can observe optical activity rather easily using color­

less corn syrup, the kind available in any grocery store. You 
won't need much of it , since {3/ d is roughly +30°/inch. Put 

about an inch of syrup in a glass container between crossed 
Polaroids and illuminate it with a flashlight. The beautiful col-
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Optic axes 

for all segments ----

Figure 8.52 The Fresnel composite prism. 

ors that appear as the analyzer is rotated arise from the fact that 
f3 is a function of A0, an effect known as rotatory dispersion. 
Using a filter to get roughly monochromatic light, you can 
readily determine the rotatory power of the syrup.* 

The first great scientific contribution made by Louis Pas­
teur (1822-1895) came in 1848 and was associated with his 
doctoral research. He showed that racemic acid, which is an 
optically inactive form of tai1aric acid, is actually composed o f 
a mixture containing equal quantities of right- and left-handed 
constituents. Substances of this sort , which have the same 
molecular formulas but differ somehow in structure. are called 
isomers. He was able to crystallize racemic acid and then sep­
arate the two different types of mirror-image crystals (enan­
tiomorphs) that resulted . When dissolved separately in water, 
they formed cl-rotatory and /-rotatory solutions. This implied 
the existence of molecules that, although chemically the same, 
were themselves mirror images of each other: such molecules 
are now known as optical stereoisomers. These ideas were the 
basis for the development of the stereochemistry of organic 
and inorganic compo unds, where one is concerned with the 
three-dimensional spatial distribution of atoms within a given 
molecule. 

8.10.1 A Useful Model 

The phenomenon of optical activi ty is extremely complicated, 
and although it can be treated in terms of classical Electro­
magnetic Theory, it actually requires a quantum-mechanical 

• A gelatin filter works well, but a piece of colored cellophane will also 
do nicely. Just remember that the cellophane will act as a wave plate 
(see Section 8.7.ll, so don't put it between the polaroids unless you 
align its principal axes appropriately. 
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solution.t Despite this, we will consider a simplified model. 
which will yield a qualitative, yet plausible, description of the 
process. Recall that we represented an optically isotropic 
medium by a homogeneous distribution of isotropic electron­
osci llators that vibrated parallel to the E-field of an incident 
wave. An optically anisotropic medium was similarly depict­
ed as a distribution of anisotropic oscillators that vibrated at 
some angle to the driving E-field. We now imagine that the 
e lec trons in optically active substances are constrained to 
move along twisting paths that, for simplic ity, are assumed to 
be helical. Such a mo lecule is pictured much as if it were a 
conducting helix. The silicon and oxygen atoms in a quartz 
crystal are known to be arranged in either right- or left-handed 
spira ls about the optic axis, as indicated in Fig. 8.53. In the 
present representation this crystal would correspond to a par­
allel array of helices. In comparison, an active sugar solution 
would be analogous to a distribution of randomly oriented 
helices, each having the same handedness.* 

In q uartz we might anticipate that the incoming wave 
would interact differently with the specimen, depending on 
whether it "saw" right- or left-handed helices. T hus we could 
expect different indices for the PA- and £'-components of the 
wave. The detailed treatment of the process that leads to cir­
cular birefringence in crystals is by no means simple, but at 
least the necessary asymmetry is evident. How, then, can a 
random array of helices, corresponding to a solution, produce 
optical activity? Let us examine one such molecule in this sim­
plified representation, for example, one whose axis happens to 
be parallel to the harmonic E -field of the electromagnetic 
wave. That fi eld will drive charges up and down along the 
length of the molecule, effectively producing a time-varying 
electric dipole mo ment /i ( t ), parallel to the axis. In addition, 

tThe review article "Optical Activity and Molecular Dissymmetry,' by S. 
F. Mason, Contemp. Phys. 9, 239 (1968), contains a fairly extensive list 
of references for further reading. 

*In addition to these solid and liquid states, there is a third classification 
of substances, which is useful because of its remarkable optical proper­
ties. It is known as the mesomorphic or liquid crystal state. Liquid crys­
tals are organic compounds that can flow and yet maintain their charac­
teristic molecular orientations. In particular, cholesteric liquid crystals 
have a helical structure and therefore exhibit extremely large rotatory 
powers, of the order of 40000°/mm. The pitch of the screw-like molec­
ular arrangement is considerably smaller than that of quartz. 
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364 Chapter 8 Polarization 

we now have a current associated with the spiraling motion of 
the electrons. This in turn generates an oscillating magnetic 
dipole moment m(t), which is also along the heli)( axis (Fig. 
8.54 ). In contrast, if the molecule was parallel to th,e B-field of 

the wave, there would be a time-varying flux and thus an 
induced electron current circulating around the molecule. This 
would again yield osci llating axial electric and magnetic 
dipole moments. In either case ft (t) and m (l) will be parallel 
or an1iparallel 10 each other, depending on the sense of 1he 
particular molecular helix. Clearly, energy has been removed 
fro m the field, and both oscillating dipoles will s,catter (i.e .. 
reradiate) electromagnetic waves. The electric field E,, emitted 
in a given direction by an e lectric dipole is perpendicular to 
the e lectric field E,,, emitted by a magnetic dipole. The sum of 
these, which is the resultant field E, scattered by a helix. will 
not be parallel to the incide nt field E; along the direction of 
propagation. (The same is of course true for the magnetic 
fields,l The_plane-of-vibration of the resultant trans mitted 
light (E-' + E;) will thus be rotated in a direction determined 
by the sense of the helix. The amount of the rotation wi ll vary 
with the orientation of each molecule, but it will al ways be in 
the same direction for helices of the same sense. 

Although this discussion of optically active molecules as 
helical conductors is admittedly superficial, the analogy is 
wel I worth keeping in mind. In fact. if we di reel a Ii near 3-cm 
microwave beam onto a box filled with a large number of 
identical copper helices (e.g. , I cm long by 0.5 cm i.n diameter 

Optic axis - ~ 

Figure 8.53 Right-handed quartz. 

Figure 8.54 The radiation from helical molecules. 
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and insulated from each other), the transmitted wave will 
undergo a rotation of its plane-of-vibration.* 

8.10.2 Optically Active Biological 
Substances 

Among the most fasc inating observations associated with 
optical activity are those in biology. Whenever organic mole­
cules are synthesized in the laboratory. an equal nlllmber of d­
and /-isomers are produced. with the effect that the compound 
is optically inactive. One might then expect that if they exist at 
all, equal amounts of d- and /-optical stereoisomers will be 
found in natural organic substances. This is by no means the case. 
Natural sugar (sucrose, C 12H22O 11), no mailer where ii is 
grown, whether extracted from sugar cane or sugar beets, is 
always cl-rotatory. Moreover, the s imple sugar dextrose or d­
glucose (C6H12O6), which as its name implies is d-rolatory, is 
the most important carbohydrate in human metabolism. Evi­
dently, living things can somehow dis tinguish between optical 
isomers. 

All proteins are fabricated of compounds known as amino 
acids. These in turn are combinations of carbon, hydrogen. 
oxygen, and nitrogen. There are twenty-odd amino acids, and 
all of them (with the exception of the simplest one, glycine, 
which is not enantiomorphic) are generally /-rotatory. This 
means that if we break up a protein molecule, whether it 
comes from an egg or an eggplant, a beetle or a Beatie, the 
constituent amino acids will be /-rotatory. One important 
exception is the group of antibiotics. such as penicillin, which 
do contain some dextro amino acids. In fact . this may well 
account for the toxic effect penicillin has on bacteria. 

II is intriguing to speculate about the possible origins of life 
on this and other planets. For example, did life on Earth origi­
nally consist of both mirror-image forms? Five amino acids 
were found in a meteorite that fell in Victoria, Australia, on 
September 28, I 969. and analysis has revealed the existence of 
roughly equal amounts of the optically right- and left-handed 
forms. This is in marked contrast to the overwhelming pre­
dominance of the left-handed form found in terrestrial rocks. 
The implications are many and marvelous.t 

· 1. Tinoco and M. P. Freeman, "The Optical Activity of Oriented Copper 
Helices," J. Phys. Chem. 61 , 1196 (1957). 

1See Physics Today, Feb. 1971, p. 17, for additional discu$sion and ref­
erences for further reading. 
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8.11 Induced Optical Effects­
Optical Modulators 

A number of different physical effects involving polarized 
light all share the single common feature of somehow being 
externally induced. In these instances, one ex,erts an external 
influence (e.g., a mechanical force . a magnetic or electric 
field) on the optical medium, thereby changing the manner in 
which it transmits light. 

8.11.1 Photoelasticity 
In I 8 I 6 Sir David Brewster discovered that normally trans­
parent isotropic substances could be made optically anisotrop­
ic by the application of mechanical stress. The phenomenon is 
known as mechanical birefringence, photoelasticity. or stress 
birefringence. Under compression or tension, the material 
takes on the properties of a negative or posi tive uniaxial crys­
tal, respectively. In either case, the effective optic axis is in the 
direction of the stress, and the induced birefringence is pro­
portional to the stress. If the stress is not uniform over the sam­
ple, neither is the birefringence or the retardance imposed on a 
transmitted wave fEq. (8.32)]. 

Photoelas1icity serves as the basis of a technique for study­
ing the stresses in both transparent and opaque mechanical 
structures (see photo). Improperly annealed or carelessly 
mounted glass. whether serving as an automobile windshield 
or a telescope lens, will develop internal stres~es that can eas­
ily be detected. Information concerning the surface strain on 
opaque objects can be obtained by bonding photoelastic coat-

A clear plastic triangle between polaroids. ,Photo by E. H. 1 

 
Page 372

Giesecke+Devrient GmbH, 
Giesecke+Devrient Currency Technology GmbH, 

and Papierfabrik Louisenthal GmbH. - Ex. 1027



366 Chapter 8 Polarization 

ings to the parts under study. More commonly, a transparent 
scale model of the part is made out of a material optically sen­
sitive ro stress. such as epoxy, glyptol, or modified polyester 
resins. The model is then subjected to the forces that the actu­
al component would experience in use. Since the birefringence 
varies from point to point over the surface of the model, when 
it is placed between crossed polarizers, a complicated varie­
gated fringe pattern will reveal the internal stresses. Examine 
almost any piece of clear plastic or even a block of unflavored 
gelatin between two Polaroids; try stressing it further and 
watch the pattern change accordingly (see photos). 

The retardance at any point on the sample is proportional to 
the principal stress difference; that is, (o-1 - o-2), where the 
sigmas are the orthogonal principal stresses. For example, if 
the sample were a plate under vertical tension, o-1 would be the 
maximum principal stress in the vertical direction and o-2 

would be the minimum principal stress. in this case zero, hor­
izontally. In more complicated situations, the principal stress­
es, as well as their differences, will vary from one region to the 
next. Under white-light illumination. the loci of all points on 
the specimen for which (o-1 - o-2) is constant are known as 
isochromatic regions, and each such region corresponds to a 
particular color. Superimposed on these colored fringes will 
be a separate system of black bands. At any point where the E­
field of the incident linear light is parallel to either local prin­
c ipal s tress axis, the wave will pass through the sample 
unaffected, regardless of wavelength. With crossed polarizers. 

(a) 

that light will be absorbed by the analyzer, yielding a black 
region known as an isoc/inic band (Problem 8.49). In addition 
to being beautiful to look at, the fringes also provide both a 
qualitative map of the stress pattern and a basis for quantita­
tive calculat ions. 

8.11.2 The Faraday Effect 

Michael Faraday in 1845 discovered that the manner in which 
light propagated through a material medium could be influ­
enced by the application of an external magnetic field. In par­
ticular, he found that the plane-of-vibration of linear light 
incident on a piece of g lass rotated when a strong magnetic 
field was applied in the propagation direct ion. The Faraday 
Effect was one of the earliest indications of the interrelation­
ship between electromagnetism and light. Although it is remi­
ni scent of optical activity, there is an important distinction. 

The angle {3 (measured in minutes of arc) through which 
the plane-of-vibration rotates is given by the empirically 
determined expression 

/3 = V'Bd (8.39) 

where B is the static magnetic flux density (usually in gauss), 
d is the length of medium traversed (in cm), and o/ is a factor 
of proportionality known as the Verdel constant. The Verdel 
constant for a particular medium varies with both frequency 

(b ) 

(a) A permanently stressed piece of clear plastic between crossed Polaroids. (bl The fringe pat­
tern changes with the application of a force. <Photo by E.H > 
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(dropping off rapidl y as v decreases) and temperature. It is 
roughly of the order of 10- 5 min of arc gauss - 1 cm - l for gas­
es and 10- 2 min of arc gauss- 1 cm - 1 for solids and liquids 
(see Table 8.2). You can get a better feeling for the meaning of 
these numbers by imagining, for example, a I-cm-long sample 
ofH2O in the moderately large field of 104 gauss. (The Earth's 
field is about one half gauss.) In that particular case, a rotation 
of 2° 11 ' would result since 'V == 0.013 I. 

By convention, a positive Verdel constant corresponds to a 
(diamagnetic) material for which the Faraday Effect is [-rota­
tory when the light moves parallel to the applied Il-field and 
d-rotatory when it propagates antiparallel to B. No such 
reversal of handedness occurs in the case of natural optical 
activity. For a convenient mnemonic, imagine the B-field to be 
generated by a solenoidal coil wound about the sample. T he 
plane-of-vibration, when 'V is positive, rotates in the same 
direction as the current in the coil, regardless of the beam 's 
propagation direction along its axis. Consequently, the effect 
can be amplified by reflecting the light back and fort h a few 
times through the sample. 

The theoretical treatment of the Faraday Effect involves the 
quantum-mechanical theory of dispersion, including the 
effects of B on the atomic or molecular energy levels. It will 
suffice here merely to outline the limited classical argument 
for nonmagnetic materials. 

Suppose the incident light to be circular and moniochromat­
ic. An elastically bound electron will take on a steady-state cir­
cular orbit being driven bl the rotating E -field of the wave. 
(The effect of the wave's B-field is neg ligible.) The introduc­
tion of a large constant applied magnetic field perpendicular to 

TABLE 8.2 Verdet Constants for Some Sel,ected 
Substances 

Material 

Light flint glass 
Water 

NaCl 
Quartz 
NH4Fc(SO4 )i.12H2O 

Air* 
CO2* 

Temperature (0 C) 

18 
20 

16 

20 
26 
0 

0 

',\ = 578 nm and 760 mm Hg. 

'V (min of arc 
gauss·-! cm - 1) 

0.0317 
0.0131 
0.0359 
0.0!66 
- 0.00058 
6.27 X 10- 6 

9.39 X I0- 6 

More extensive listings are given in the usual handbooks. 
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the plane of the orbit will result in a radial force FM on the 
electron. That force can point either toward or away from the 
circle's center, depending on the handedness o f the lig ht and 
the directio n of the constant B-field. The total radial force (FM 
plus the elastic restoring force) can therefore have two differ­
ent values, and so too can the radius of the orbit. Consequent­
ly, for a given magnetic field there will be two possible values 
of the electric dipole moment, the polarization, and the per­
mittivity, as well as two values of the index of refraction, n~ 

and n2 . The discussion can then proceed in precisely the same 
fashion as that of Fresnel's treatment of optical activity. As 
before, one speaks of two normal modes of propagation of 
electromagnetic waves through the medium, the r!ll- and 2?­
states. 

For ferromagnetic substances things are somewhat more 
complicated. In the case of a magnetized material f3 is propor­
tional to the component of the magnetization in the direction 
of propagation rather than the component of the applied de 
field. 

There are a number of practical applications of the Faraday 
Effect. It can be used to analyze mixtures of hydrocarbons, 
since each constitue nt has a characteristic magnetic rotation. 
When utilized in spectroscopic studies, it yields information 
about the properties of energy states above the g round level. 
Interesting ly, the Faraday Effect has been used to make opti­
cal modulators. An infrared version, constructed by R. C. 
LeCraw, utilized the synthetic mag netic crystal yttrium-iron 
garnet (YIG), to which has been added a quantity of gallium. 
YIG has a structure similar to that o f natural gem garnets. The 
device is depicted schematically in Fig . 8.55. A linear infrared 
laserbeam enters the crystal fro m the left. A transverse de 
magnetic field saturates the magne tization of the YIG crystal 
in that d irection. The total magnetization vector (arising from 
the constant field and the field of the coi l) can vary in direc­
tion, being tilted toward the axis of the crystal by an amount 
proportional to the modulating current in the coil. Since the 
Faraday rotatio n depends on the axial component of the mag­
netization, the coil current controls {3. The analyzer then con­
verts this polarization modulation to amplitude modulation by 
way of Ma lus's Law [Eq. (8.24)]. In short, the signal to be 
transmitted is introduced across the coil as a modulating volt­
age, and the emerging laserbeam carries that information in 
the form of amplitude variations. 

There are actually several other magneto-optic effects. We 
shall consider only two of these, and rather succinctly at that. 
The Voigt and Cotton-Mouton Effects both arise when a con­
stant mag netic fie ld is applied to a transparent medium per-
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pendicular to the direction of propagation of the incident light 
beam. The former occurs in vapors, whereas the latter. which 
is considerably stronger. occurs in liquids. In either case the 
medium displays birefringence similar to that of a uniaxial 

crystal whose optic axis is in the direction of the de magnetic 
field , that is, normal to the light beam lEq. (8.32)). The two 
indices of refraction now correspond to the situations in which 
the plane-of-vibration of the wave is either normal or parallel 
to the constant magnetic field. Their difference 6.n (i.e., the 
birefringence) is proportional to the square of the applied mag­
netic field. It arises in liquids from an aligning of the optically 
and magnetically anisotropic molecules of the medium with 
that field. If the incoming light propagates at some angle to the 
static field other than O or 7T / 2, the Faraday and Cotton-Mou­
ton Effects occur concurrently, with the former generally 
being much the larger of the two. The Cotton-Mouton is the 
magnetic analogue of the Kerr (electro-optic) Effect, to be 
considered next. 

8.11.3 The Kerr and Pockels Effects 

T he first electro-optic effect was discovered by the Scottish 
physicist John Kerr (I 824- 1907) in I 875. He found that an 
isotropic transparent substance becomes birefringent when 
placed in an electric field E. The medium takes on the charac­
teristics of a uniaxial crystal whose optic axis corresponds to 
the direction o f the applied field . The two indices. n I and n.1. 

are associated with the two orientations of the plane-of-vi bra-

Figure 8.55 A Faraday Effect 
modulator. 

tion of the wave, namely, parallel and perpendicular to the 
applied electric field, respectively. Their d ifference, 6.n, is the 
birefringence, and it is found to be 

6.n = AoKE2 (8.40) 

where K is the Kerr constant. When K is positive, as it most 
often is, 6.n , which can be thought of as ne- n0 , is positive, and 
the substance behaves like a positive uniaxial crystal. Values 
of the Kerr constant (Table 8.3) are often listed in electrostat­
ic units, so that one must remember to enter E in Eq. (8.40) in 
statvolts per cm (one statvolt ""' 300 V). Observe that, as with 
the Cotton- Mouton Effect, the Kerr Effect is proportional to 
the square of the field and is often referred to as the quadratic 
electro-optic effect. The phenomenon in liquids is attributed to 
a partial alignment of anisotropic molecules by the E-field. In 
solids the situation is considerably more complicated. 

Figure 8.56 depicts an arrangement known as a Kerr shut­
ter or optical modulator. It consists of a glass cell containing 
two electrodes, which is filled with a polar liquid. This Kerr 
cell, as it is called, is positioned between crossed linear polar­
izers whose transmission axes are at ±45° to the applied E­
field. With zero voltage across the plates, no light will be 
transmitted; the shutter is closed. The application of a modu­
lating voltage generates a field, causing the cell to function as 
a variable wave plate and thus opening the shutter proportion­
ately. The great value of such a device lies in the fact that it 
can respond effectively to frequencies roughly as high as 1010 

Hz. Kerr cells, usually containing nitrobenzene or carbon 

 
Page 375

Giesecke+Devrient GmbH, 
Giesecke+Devrient Currency Technology GmbH, 

and Papierfabrik Louisenthal GmbH. - Ex. 1027



TABLE 8.3 Kerr Constants for Some Selected 
Liquids (20°C, Ao = 589.3 nm) 

Substance K (in units of 
10·-7 cm statvolt- 2

) 

Benzene C6H6 0.6 

Carbon disulfide cs, 3.2 

Chloroform CHCI, - 3.5 

Water HiO 4.7 
Nitrotoluene C,H7 N02 123 

Nitrobenzene C0 H, N02 220 

disulfide. have been used for a number of years in a variety of 
applications. They serve as shutters in high-speed photogra­
phy and as light-beam choppers to replace rotating toothed 
wheels. As such, they have been utilized in measurements of 
the speed of light. Kerr cel ls are also used as Q-switches in 
pulsed laser systems. 

If the plates functioning as the electrodes have an effective 
length of e cm and are separated by a distance d, the retarda­
tion is given by 

/),,cp = 2TTK ev2 
/ d 2 (8.41) 

where Vis the applied voltage. Thus a nitrobenzene cell in 
which dis one cm and e is several cm will require a rather 
large voltage, roughly 3 X I 04 V, in order to respond as a half­
wave plate. This is a characteristic quantity known as the half­
wave voltage, V,\12. Another drawback is that nitrobenzene is 
both poisonous and explosive. Transparent solid substances, 
such as the mixed crystal potassium tantalate niobate 
(KTao 65Nbo_35O 3), KTN for short, or barium titanate 
(BaTiO3), which show a Kerr Effect. are therefore of interest 
as electro-optical modulators. 

There is another very important electro-optical effect 
known as the Pockels Effect. after the German physicist 
Friedrich Carl Alwin Pockels (1865-19 I 3), who studied it 
extensively in 1893. It is a linear electro-optical effect, inas­
much as the induced birefringence is proportional to the first 
power of the applied E -field and therefore the applied vol tage. 
The Pockels Effect exists only in certain crystals that lack a 
center of symmetry- in other words. crystals having no cen­
tral point through which every atom can be reflected into an 
identical atom. There are 32 crystal symmetry classes, 20 of 
which may show the Pockels Effect. Incidentally, these same 
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20 classes are also piezoelectric. Thus, many crystals and all 
I iquids are excluded from d isplaying a linear electro-optic 
effect. 

The first practical Pockels cell, which could perform as a 
shutter or modulator, was not made until the 1940s, when suit­
able crystals were finally developed. The operating principle 
for such a device is one we've already discussed. In brief, the 
birefringence is varied electronically by means of a controlled 
applied electric field. The retardance can be altered as desired, 
thereby changing the state of polarization of the incident linear 
wave. In this way, the system functions as a polarization mod­
ulator. Early devices were made of ammonium dihydrogen 
phosphate (NH4 H2 PO4), or ADP, and potassium dihydrogen 
phosphate (KH2PO4), known as KDP; both are still in use. A 
great improvement was provided by the introduction of single 
crystals of potassium d ideutcrium phosphate (KD2PO4), or 
KD*P, which yields the same retardation with voltages less 
than half of those needed for KDP. This process of infusing 
crystals with deuterium is accomplished by growing them in a 
solution of heavy water. Cells made with KD*P o r CD* A 
(cesium dideuterium arsenate) have been produced commer­
cially for some time. 

A Pockels cell is simply an appropriate noncentrosymmet­
ric, oriented, single crystal immersed in a controllable electric 
field. Such devices can usually be operated at fairly low volt­
ages (roughly .'i to IO times less than that of an equivalent Kerr 
cell); they are linear, and of course there is no problem with 
toxic liquids. The response time of KDP is quite short, typi­
cally less than IO ns, and it can modulate a light beam at up to 
about 25 GHz (i.e., 25 x 109 Hz). 

Plate electrodes 

Polarizer 

voltage 

Figure 8.56 A Kerr cell. 
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There are two common cell configurations, referred to as 
transverse and longitudinal, depending on whether the applied 
E-field is perpendicular or parallel to the direction of propaga­
tion, respectively. The longitudinal type is illustrated, in its 
most basic form, in Fig. 8.57. Since the beam traverses the 
electrodes, these are usually made of transparent metal-oxide 
coatings (e.g., SnO, InO, or CdO), thin metal films, grids, or 
rings. The crystal itself is generally uniaxial in the absence of 
an applied field , and it is al igned such that its optic axis is 
along the beam's propagation direction. For such an arrange­
ment the retardance is given by 

(8.42) 

where r63 is the electro-optic constant in m/ V, n,, is the ordi­
nary index of refraction, V is the potential difference in volts, 
and ,\0 is the vacuum wavelength in meters.* Since the crystals 
are an isotropic, their properties vary in different directions, 
and they must be described by a group of terms referred to col­
lectively as the second-rank electro-optic tensor rij. Fortunate­
ly, we need only concern ourselves here with one of its 
components, namely, r63 , values of which are given in Table 
8.4. The half-wave voltage corresponds to a value of t:.cp = 'TT, 

in which case 

Polari:r.er 

V 
t:.cp = 7r- -

VA / 2 

Figure 8.57 A Pockels cell. 

(8.43) 

·This expression, along with the appropriate one for the transverse 
mode, is derived rather nicely in A. Yariv, Quantum Electronics. Even so, 
the treatment is sophisticated and not recommended for casual reading. 

TABLE 8.4 Electro-optic Constants (Room 
Temperature, Ao= 546.1 nm) 

r 63 no v.~12 
Material (units of 10- 12 m/V) (approx.) (in kV) 

ADP (NH4H2PO4) 8.5 1.52 9.2 

KDP (KH2PO.) 10.6 151 7.6 
KDA (KH2AsO4 ) - 130 157 - 6.2 
KD*P (KD2PO4 ) - 23.3 1.52 - 3.4 

and from Eq. (8.42) 

(8.44) 

As an example, for KDP, r63 = I 0.6 X 10- 12 m/V, n0 == 
1.51 , and we obtain v.~12 = 7 .6 x 103 V at ,\0 = 546.1 nm. 

Pockels cells have been used as ultra-fast shutters, Q­
switches for lasers, and de to 30-GHz light modulators.* 

8 .12 Liquid Crystals 

In I 888 the Austrian botanist Friedrich Reintzer observed that 
cholesteryl benzoate seemed to have two distinct transition 
points, one at which the crystal changed into a cloudy liquid 
and another where it became transparent. Known today as liq­
uid crystal, he had discovered a new phase of matter that pos­
sessed physical properties between those of ordinary liquids 
and solids. Liquid crystals (LCs) have long cigar-shaped mol­
ecules that can move about, and consequently, like ordinary 
liquids, they lack positional o rder. Nonetheless, like crystals, 
their molecules strongly interact to sustain a large-scale orien­
tational order. There are three types of liq uid crystal distin­
g uished by the ways in which their molecules a lign. We' ll 
focus on the nematic variety where the molecules tend to be 
more or less parallel, even though their positions are fairly ran­
dom (Fig. 8.58). 

To prepare a parallel nematic cell, we first coat one face of 
each of two pieces of flat glass with a transparent electrically 
conducting metallic film, such as indium tin oxide (which has 
maximum transmission from 450 to 1800 nm). These two win-

• The reader interested in light modulation in general should consult D. 
F. Nelson, "The Modulation of Laser Light," Scientific American (June 
1968>. Also see Chapter 14, Vol. II of Handbook of Optics (1995). 
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Figure 8.58 The long cigar-shaped 
molecules of a nematic liquid crystal 
align themselves in a random but 
parallel formation. 

dows will also serve as the electrodes, between which we'll 
place the liquid crystal and across which we'll apply a con­
trolling voltage. We want the LC molecules in contact with the 
windows to be oriented in a direction that is both parallel to 
the glass and to each other. To accomplish that, it's necessary 
to create a template of parallel ridges along which the LC mol­
ecules can align. There are several ways to do that, the sim­
plest being to just carefully rub the indium tin oxide surface 
(or a thin dielectric layer covering it), thereby producing par­
allel microgrooves. 

When the thin space (from just a few microns up to about 
IO µ,m) between two such prepared glass windows is filled 
with nematic LC, the molecules in contact with the micro­
grooves anchor themselves parallel to the ridges. The LC mol­
ecules then essentially drag each other into alignment, and 
soon the entire liquid is similarly oriented (Fig. 8.59a). The 
direction in which the molecules of a liquid crystal are aligned 
is known as the director. 

Because of their elongated shape and ordered orientation, 
the liquid crystal molecules behave en masse as an anisotrop­
ic dielectric, one that's positive uniaxial birefringent. The long 
axis of the molecules defines the direction of the extraordinary 
index or slow axis. A ray of light linearly polarized parallel to 
the LC director will be an extraordinary ray and will experi­
ence an ongoing phase change as it traverses the cell. By con­
trast, a ray linearly polarized at 45° to the director will suffer a 
retardance !:.cp just as if it had passed through a birefringent 
crystal. 

The Liquid Crystal Variable Retarder 

Now suppose we apply a voltage (V) across the cell (Fig. 
8.59b), thereby creating an electric field perpendicular to the 
glass windows. E lectric dipoles are either present or induced, 
and the LC molecules experience torques that cause them to 
try to rotate into alignment with the field. As the voltage 
increases the molecules (except for those anchored to the inner 
surfaces of the windows), more and more turn toward the 
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direction of the field, decreasing the birefringence, !:.n = (ne 
- n,,), and the r,etardance !:.cp as well. Since the birefringence 
(usually from 0.1 to 0.3) is a fu nction of the voltage, tempera­
ture (decreasing: about 0.4% per °C increase), and wavelength 
(decreasing as A0 increases) 

27T 
t.,cp(V,T,A0 ) = - d!:.n(V,T,A0 ) 

Ao 

Maximum retardance (typically = A0/2) obtains when the 
applied voltage is zero. The retardance when Vis large (say, 
20 V) is a miniimum of around 30 nm (or zero, when a com­
pensator is used to cancel the residual retardance of the 
anchored layers). 

When the incident light is polarized parallel to the slow 
axis, the device can be used as a voltage-controlled phase 
modulator. It cain change the phase delay the light will experi­
ence in traversing the cell. Alternatively, when the light has 
components pairallel and perpendicular to the slow axis, the 
LC cell functions as a continuously variable retarder over a 
broad range of frequencies. By placing the cell between 
crossed polarizers (at ±45°), it becomes a voltage-controlled 
irradiance mod"'lator. 

The Liquid Cl".ystal Display 

Imagine that one of the windows of the parallel LC cell in 
Fig. 8.59a is now rotated 90° in its own plane. This drags 
around the nematic liquid so that its molecular layers spiral a 
quarter of a turn about the twist axis normal to the windows 

(a) 

Cb) 

Figure 8.59 (a) A nematic liquid crystal between two transparent 
electrodes. The long molecules align parallel to a set of microgrooves 
on the inside faces of the two electrodes. (b} When a voltage is applied, 
the molecules rotalte into alignment with the field. 
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(a) 

Figure 8.60 (a) A twisted nematic cell. The LC molecules are 
aligned horizontally on the left window and vertically on the right window, 
and they gradually twist (plane upon plane) from one to the other. 
(b) When a voltage is applied across the cell, the molecules align 
with the electric field. 

(much like putting a deck of cards between your two hands 
and fanning it around). The result is a so-called twisted 
nematic cell (Fig. 8.60a). The molecules are aligned vertical­
ly on one window, and gradually they're rotated. layer upon 
layer, until they are horizontal on the other window. The cell 
will rotate the plane of polarization as if it were an optically 
active medium.* For example, a beam of linear light traveling 
normal to the entrance window and polari zed parallel to the 
anchored molecules in Fig. 8.60a, that is ho rizontally. will be 
rotated through 90° and emerge vertically polarized. 

Upon putting a voltage across the cell, an electric field par­
allel to the twist axis is set up throughout the liquid crystal. 
Consequently, the LC molecules (except for those anchored to 
the windows) turn into alignment with the field (Fig. 8.60h). 
The twisted structure of the cell vanishes, and it loses its abil­
ity to rotate the plane of polarization o f incident light. When 
the £ -field is removed. the cell reverts back to its twisted con­
figuration and can again rotate light. If the cell is now placed 
between crossed linear polarizers (Fig. 8.61 ). it becomes a 
voltage-controlled switch that can transmit or absorb an inci­
dent beam of light. 

The simplest liquid crystal display (LCD). the kind found 
in digital watches, clocks, cameras, calculators. and so forth. is 

'For a proof of this, see B. E. A. Saleh and M. C. Teich, Fundamentals 
of Photonics, p. 228. 

illuminated by ambient light. Therein lies its principlal virtue: 
it consumes v,ery little electrical power because it isn' t self­
luminous. 

To make an LCD, we just put a flat mirror beyond the last 
polarizer on the right in Fig. 8.6 1. Ambient light enters from 
the left and is iimmediately linearly polarized, in this case hor­
izontally. With no voltage on the e lectrodes the light emerges 
from the twisted LC cell oscillating vertically. It passes 
through the se:cond polarizer-unaffected by it-strikes the 
mirror. and reflects off to the left still oscillating vertically. It 
then retraces i1ts path back through the LC cell, from which it 
exits traveling to the left. horizontally polarized. Looking into 
the first polarizer, we see a relatively bright field of emerging 
light. 

When a voltage is applied across the cell, the liquid crystal 
reorients itself and loses its ability to rotate the plane of polar­
ization. Horizontal light enters and leaves the cell, only to be 
completely absorbed by the seco nd polarizer; the entrance 
window is now black, and no light emerges. 

By properly configuring the front transparent electrode, the 
black nonrefle:cting reg ion can be confined to the shape of a 
number or lette r, or anything you like. Usually the numbers on 
your calculatoir are produced using seven small bar electrodes 
(Fig . 8.62) that are activated independently (by the decoder­
driver in an integrated circ uit) to create all the digits from Oto 
9. These bars are formed as isolated regions on the front indi­
um tin oxide film. When a voltage is put across a given bar and 
the large continuous back electrode, the £-field just behind the 
bar destroys the LC twist in that small region and that segment 
turns black. 

A8 C D£FG 

Figure 8.62 A seven-bar electrode array used to display numerals. 
For example, to form the number 9, a voltage is applied between all 
of the following s,egments and the large back electrode, D, E, F, G, A. 
and B. 
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Figure 8.61 (a) A twisted nematic cell between crossed linear polarizers. Light polarized 
vertically emerges from the device. (bl When a voltage is applied across the cell it no longer 
rotates the plane of polarization; light polarized horizontally enters and leaves the LC cell. 
That light is subsequently absorbed by the second polarizer and no light emerges from the device. 

(a) (b ) 

By rotating a linear polarizer in front of a liquid crystal display we can see the numbers 
appear and disappear. Try it with your calculator. (Photo by E.H.) 

8.13 A Mathematical Description of 
Polarization 

Until now we ' ve considered polarized light in terms of the 
electric field component of the wave. The most general repre­
sentatio n was, of course, that of e lliptical light. The endpoint 
of the vector E was envisioned continuously sweeping along 
the path of an ell ipse having a particular shape-the circle and 
line being special cases. The period over which the ellipse was 

traversed equaled that of the lightwave (i.e., roughly I 0- 15 s) 
and was far too short to be detected. In contrast, measurements 
made in practice are generally averages over comparatively 
long time intervals. 

Clearly, it would be advantageous 10 formulate an alterna­
tive description of polarization in terms of convenient observ­
ables, namely, irradiances. Our motives are far more than the 
ever-present combination of aesthetics and pedagogy. The 
formal ism to be considered has far-reaching significance in 
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374 Chapter 8 Polarization 

other areas of study. for example. particle physics (the photon 
is, after all an e lem entary particle) and Quantum Me,chanics. 
It serves in some respects to link the classical and quan­
tum-mechanical pictures. But even more demanding of our 
present attention are the considerable practical advantages to 
be gleaned from this alternative description. 

We shall evolve an elegant procedure for predicting the 
effects of complex systems of polarizing e lements on the ulti­
mate state of an emergent wave. The mathematics, written in 
the compressed form of matrices, will require o nly the sim­
plest manipulation of those matrices. The complicat,ed logic 
associated with phase retardations, relative orientations, and 
so forth , for a tandem series of wave plates and polarizers is 
almost all built in. One need only select appropriate matrices 
from a chart and drop them into the mathematical mill 

8.13. l The Stokes Parameters 

The modern representation of polarized light actua lly had its 
origins in 1852 in the work of G. G. Stokes. He introduced 
four quantities that are functio ns only of observable,s of the 
electromagnetic wave and are now known as the Stokc:s para­
meters.* The polarization state of a beam of light (either nat­
ural or totally or partially polarized) can be described :in terms 
of these quantities. We will first define the parameter:s opera­
tionally and then relate them to electromagnetic theory. 

Imagine that we have a set of four filters, each of which, 
under natural illumination, will transmit half the incident 
light, the other half being discarded. The choice is not a unique 
one, and a number of equivalent possibilities exist. Suppose 
then that the first fi lter is simply isotropic . passing a ll states 
equally, whereas the second and third are linear polarizers 
whose transmission axes are horizontal and at +45° (diagona l 
along the first and third quadrants), respectively. The last filter 
is a circul ar polarizer opaque to !£-states. Each of these fo ur 
filters is positioned alone in the path of the beam under inves-

• Much of the material in this section is treated more extensively in 
Shurcliff's Polarized Light: Production and Use, which is something of a 
classic on the subject. You might also look at M. J. Walker, "Ma1trix 
Calculus and the Stokes Parameters of Polarized Radiation," Am. J. 
Phys. 22, 170 (1954), and W. Bickel and W. Bailey, "Stokes Vectors, 
Mueller Matrices, and Polarized Scattered Light," Am. J. Phys. !>3, 468 
( 1985), 

ligation, and the transmitted irradiances /0 , / 1, / 2, / 3 are mea­
sured with a type of meter that is insensitive to polarization 
(not all of them are). The operational definition of the Stokes 
parameters is then given by the relations 

c°'o = 2/o (8.45a) 

,'>i 1 = 2/ 1 - 2/0 (8.45b) 

$ 2 = 2/i - 2/o (8.45c) 

,'>i3 = 2/3 - 2/o (8.45d) 

Notice that e"o is simply the incident irradiance, and S1, ~­

and $ 3 specify the state of polarization. T hus ci1 reflects a ten­
dency for the polarizatio n to resemble either a horizontal ~ ­
state (whereupon ""J > 0) or a vertical one (in which case S 1 < 
0). When the beam displays no preferential orientatio n with 
respect to these axes(,~, = 0), it may be elliptical at ±45°, cir­
cular, or unpolarized. Similarly, ci2 implies a tendency for the 
light to resemble a g>-state oriented in the direction of +45° 
(when Ji2 > 0) or in the direction of -45° (when ci2 < 0) or 
neither ($2 = 0). In the same way c°'3 reveals a tendency of the 
beam toward right-handedness (ci3 > 0), left-handedness (S3 

< 0), or neither ($ 3 = 0). 
Now recall the expressions for quasi monochromatic light, 

EAi) = 1£0.x(t) cos [(kz - wt) + tAt)] [8.34a] 

and 

Ev(t) = JE0v(t) cos [(kz - wr) + ey(t)] [8.34b) 

where E (t) = E x(t) + Ey(t). Using these in a fairly straight­
forward way, we can recast the Stokes parameters* as 

~o =(£th+ (£6.vh 

""1 = (Eth - (Elvh 

~3 = (2Eo,,Eov sin t:h 

(8.46a) 

(8.46b) 

(8.46c) 

(8.46d) 

Here t: = t:,. - Ex and we've dropped the constant E0c/2, so 

"For the details, see E. Hecht, "Note on an Operational Definition of the 
Stokes Parameters," Am. J. Phys. 38, 1156 (1970). 
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that the parameters are now proportional to irradiances. For 
the hypothetical case of perfectly monochromatic light, E0x(t ), 

E0,,(t), and c(t) are time-independent. and one need only drop 
th~ ( ) brackets in Eq. (8.46) to get the applicable Stokes 
parameters. Interestingly enough, these same results can be 
obtained by time averaging Eq. (8.14), which is the general 
equation for elliptical light.* 

If the beam is unpolarized. (£6.rh = (£6,-h; neither aver­
ages to zero because the amplitude squared is always positive. 
In that case $ 0 = (£6..h + (E6)T, but ,,; 1 = ,,;2 = ,'-3 = 0. The 
latter two parameters go to zero, since both cos £ and sin £ 

average to zero independently of the amplitudes. It is often 
convenient to normalize the Stokes parameters by dividing 
each one by the value of ,,;0_ This has the effect of using an 
incident beam of unit irradiance. The set of parameters (,"o• ,,;1, 

$ 2, $ 3) for natural light in the normalized representation is 
then (I , 0, 0 , 0). If the light is horizontally polarized, it has no 
vertical component. and the normalized parameters are 
(I , I, 0, 0). Similarly, for vertically polarized light we have 
(I , - I, 0, 0). Representations of a few other polarization states 
are listed in Table 8.5. (The parameters are displayed vertical­
ly for reasons to be discussed later.) Notice that for complete­
ly polarized light it follows from Eq. (8.46) that 

(8.47) 

Moreover, for partially polarized light it can be shown that the 
degree of polarization [Eq. (8.29)] is given by 

(8.48) 

Imagine now that we have two quasimonochromatic waves 
described by ( ,li0, ,,;;, ~"2, ,li3) and (,"o• ,,;'{, ,,;2, ,,;'.D, which are 
superimposed in some region of space. As long as the waves 
are incoherent, any one of the Stokes parameters of the resul­
tant will be the sum of the corresponding parameters of the 
constituents (all of which are proportional to irradiance). In 
other words, the set of parameters describing the resultant is 
(cio + $0, ci, + ,,;',, ,"2 + -"2, ,,;3 + ,"3). For example, if a unit­
flux density vertical i?i'-state ( I, - I , 0. 0) is added to an inco­
herent .:t-state (see Table 8.5) of flux density 2, (2, 0, 0, -2), 
the composite wave has parameters (3, - I, 0, -2). It is an 

"E. Collett, "The Description of Polarization in Classical Physics," Am. J. 
Phys. 36, 713 (1968). 

8.13 A Mathematical Description of Polarization 375 

TABLE 8.5 Stokes and Jones Vectors for Some 
Polarization States 

State of polarization Stokes vectors Jones vectors 

Horizontal g>.state rn [~] 
Vertical g>-state rn [~] 

g>-state at +45° rn ~ [:] 

g>.51ate at -45° rn ~ [-\] 

ffi-state rn ~ [!;] 

;E-state [_~ 1 ~ [~] 

ellipse of flux density 3, more nearly vertical than horizontal 
($ 1 < 0), left-handed (c'>3 < 0), and having a degree of polar­
ization of VS/3. 

The set of Stokes parameters for a given wave can be envis­
aged as a vector; we have already seen how two such (inco­
herent) vectors add.* Indeed, it will not be the usual kind of 
three-dimensional vector, but this sort of representation is 
widely used in physics to great advantage. More specifically, 
the parameters ($0 , <li1, S2, $ 3) are arranged in the form of what 

• The detailed requirements for a collection of objects to form a vector 
space and themselves be vectors in such a space are discussed in, for 
example, Davis, Introduction to Vector Analysis. 
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376 Chapter 8 Polarization 

is called a column vector, 

(8.49) 

8.13.2 The Jones Vectors 

Another representation of polarized light, which complements 
that of the Stokes parameters, was invented in 1941 by the 
American physicist R. Clark Jones. The technique he evolved 
has the advantages of being applicable to coherent beams and 
at the same time being extremely concise. Yet unlike the pre­
vious formalism, it is only applicable to polarized waves. In 
that case it would seem that the most natural way to represent 
the beam would be in terms of the electric vector itself. Writ­
ten in column form, this Jones vector is 

if= [E,(rJ] 
Ev(t) 

(8.50) 

where EA!) and E,,(t) are the instantaneous scalar components 
of E. Obviously, knowing E, we know everything about the 
polarization state. And if we preserve the phase information, 
we will be able to handle coherent waves. With this in mind, 
rewrite Eq. (8.50) in complex form; 

E = Ox . - [£ /'P•] 
£0..,e''P• 

(8.51) 

where 'Px and cp., are the appropriate phases. Horizontal and 
vertical !?J>-states are thus given by 

- [Eox/<Pr] - [ 0 ] E,, = O and E1, = Eo_., /<P• (8.52) 

respectively. The sum of two coherent beams, as with the 
Sto kes vectors, is formed by a sum of the corresponding com­
ponents. Since E = E,, + £ 11• when, for example E0 , = £0,. and 
'Px = 'Py,E is given by . 

E = Ox . _ [£ e;"''] 
£0 ,.e'"" 

(8.53) 

or, after factoring, by 

E = E e'"" - . ['] o, 1 (8.54) 

which is a !?J>-state at +45°. This is the case since the ampli­
tudes are equal and the phase difference is zero. 

In many applications it is not necessary to know the exact 
amplitudes and phases. In such instances we can normalize the 
irradiance to unity, thereby forfeiting some information but 
gaining much simpler expressions. This is done by dividing 
both elements in the vector by the same scalar (real or com­
plex) quantity, such that the sum o f the squares of the compo­
nents is one. For example, dividing both terms of Eq. (8.53) by 
V2 E0 ,.e''P' leads to 

(8.55) 

Similarly, in normalized form 

(8.56) 

Right-circular light has Eox = Eo_v, and the y-component leads 
the x-component by 90° . Since we are using the form (kz -
w1), we will have to add - 7r/2 to cp., thus 

Dividing both components by E0,..ei'P, yields 

Hence the normalized complex Jones vector is* 

- I [I] and similarly E "' = --.., V2 i 
(8.57) 

The sum E:111 + E.Y' is 

I [ I + I] 2 [t] 
V2 -i + i = V2 0 

This is a horizontal !?J>-state having an amplitude twice that 
of either component, a result in agreement with our earlier cal­
culation ot Eq. (8.10). The Jones vector for elliptical light can 
be obtained by the same procedure used to arrive atEqi and 

*Had we used (wt - kz) for the phase, the terms in E.91 would have 
been interchanged. The present notation, although possibly a bit more 
difficult to keep straight (e.g., - TT/2 for a phase lead), is more often 
used in modern works. Be wary when consulting references {e.g., 
Shurcliff). 
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E2 , where now Eox may not be equal to £0 ,., and the phase d if­
ference need not be 90°. In essence, for vertical and horizontal 
i-states all we need to do is stretch out the circular form into 
an e ll ipse by multiplying either component by a scalar. Thus 

-
1
- [ 

2 
] (8.58) V5 - i 

describes o ne possible form of horizontal. right-handed, 
elliptical light. 

Two vectors A and B are said to be orthogonal when 
A·B = O; similarly, two complex vectors are orthogonal 
when A· B * = 0. O ne refers to two polarization states as being 
orthogonal when their Jones vectors are o rthogonal. For 
example, 

or it,,• Et = [( l)(0)* + (0)( l)*l = o 
where taking the complex conjugates of real numbe rs obvi­
ously leaves them unaltered. Any polarization state will have 
a correspond ing orthogonal sta te. Notice that 

and 

Such vectors form an orthogonal set, as doE1, and E.,. As we 
have seen, any polarization state can be described by a linear 
combination of the vec tors in either one of the orthonormal 
sets. These same ideas a re of considerable importance in 
Quantum Mecha nics, where one deals with orthonormal 
wavefun ctio ns. 

8.13.3 The Jones and Mueller Matrices 

Suppose that we have a polarized incident beam represented 
by its Jones vector E;. which passes through an optical e le­
ment, e merging as a new vector E, corresponding to the trans­
mitted wave. The optical ele ment has transformed E; into E,, 
a process that can be described mathematically using a 2 X 2 
matrix. Recall that a matrix is just an array o f numbers that has 
prescribed addition and multiplication operations. Let JI' rep­
resent the transformation matrix of the optical element in 
question. Then 

it, = d'E; (8.59) 

8.13 A Mathematical Description of Polarization 377 

,.,,, __ [a,, a,2] 
where .,,, (8.60) 

a21 a22 

and the column vecto rs are to be treated like any o ther matri­
ces. As a reminder, write Eq. (8.59) as 

(8.61 ) 

and, upon expanding, 

Table 8.6 contains a brief lis ting of Jones matrices for vario us 
optical elements. To appreciate how these are used let's exam­
ine a few applications. S uppose that E; represents a 97>-state at 
+45°, which passes through a quarter-wave p late whose fast 
axis is vertical (i.e., in they-direction). The polarization state 
o f the emergent wave is found as fo llows. where we drop the 
constant-amplitude factors for conven ience: 

and thus 

The beam. as you well know, is right-circular. If the wave 
passes through a series of optical elements represented by the 
matricesd'1 ,d'2 , ... ,JI',,, then 

The matrices do not commute; they must be applied in the 
proper order. The wave leaving the first optical element in the 
series is d'1 E,.; after passing through the second e leme nt, it 
becomesd'2d'1 it and so on. To il lustrate the process. return 
to the wave considered above (i.e., a 97>-state at + 45°). but 
now have it pass through two q uarter-wave plates, both with 
their fast axes vertical. Thus, again discarding the amplitude 
facto rs, we have 

whereupon 

E = - [I 
I 0 

- [I E = 
I 0 

~ ][~ ~ ][:] 
~ ][ !; ] 
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TABLE 8.6 Jones and Mueller matrices. 

Linear optical element Jones matrix 

Horizontal linear 
polarizer +-> 

Vertical linear 
polarizer t 

Linear polarizer 
at +45° .!' 

Linear polarizer 
at - 45° '\o 

Quarter-wave plate. 
fast axis vertical 

Quarter-wave plate. 
fast axis horizontal 

Homogeneous circular 
polarizer right Q 

Homogeneous circular 
polarizer left 0 

I [ I -I] 
2 - I I 

m /4 [ I OJ e O i 

Mueller matrix 

_!__r: 
2 0 

0 

_!__ r-\ 2 0 
0 

_!__r~ 
2 I 

0 

r

l 
I 0 

2 -~ 

_!__ r~ 2 0 
- I 

and finally 

The transmitted beam is a g>-state at - 45°, having essentially 
been flipped through 90° by a half-wave plate. When the same 
series of optical elements is used to examine various s tates, it 
becomes desirable to replace the product .9111 • • • .912.911 by the 
single 2 X 2 sys/em matrix obtained by carrying out the multi­
plication. (The order in which it is calculated should be.912.911, 

then .913.912.911• etc.) 
In 1943 Hans Mueller, then a professor of physics at the 

Massachusetts Institute of Technology, devised a matrix 
method for dealing with the Stokes vectors. Recall that the 
Stokes vectors have the attribute o f being applicable to both 
polarized and partially polarized light. The Mueller method 
shares this quality and thus serves to complement the Jones 
method. The latter, however, can easily deal with coherent 
waves, whereas the former cannot. The Mueller, 4 x 4, matri­
ces are applied in much the same way as are the Jones matri­
ces. There is therefore little need to discuss the method at 
length: a few simple examples. augmented by Table 8.6, 
should suffice. Imagine that we pass a unit-irradiance unpolar­
ized w1Jve through a linear horizontal polarizer. The Stokes 
vector of the emerging wave :i-, is 

.!. 

~ = _!_I I O O O O 
[
I I O O]['] [;] 

, , 2 0 0 0 0 0 = o 
0 0 0 0 0 

The transmitted wave has an irradiance of ½(i.e., <"o = f) and is 
linearly polarized horizontally (:> 1 > 0). As another example, 
suppose we have a partially polarized elliptical wave whose 
Stokes parameters have been determined to be, say, (4, 2, 0, 
3). Its irradiance is 4: it is more nearly horizontal than vertical 
(:i- 1 > 0). it is right-handed (:i-3 > 0), and it has a degree of 
polarization of 90%. Since none of the parameters can be larg­
er than ;,-0, a value of :i-3 = 3 is fairly large, indicating that the 
ellipse resembles a circle. If the wave is now made to traverse 
a quarter-wave plate with a vertical fast axis, then 
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and thus 

The emergent wave has the same irradiance and degree of 
polarization but is now partially linearly polarized. 

We have o nly touched on a few of the more important 

PROBLEMS 

Complete solutions to all problems- except those with an ast1~risk­
can be found in the back of the book. 

8.1 Describe completely the state of polarization of each of the fol­

lowing waves: 

(a) E = i £ 0 cos (kz - wt) - J£0 cos (kz - wt) 

(b) E = i£0 sin 27r(z/A - vt) - J£0 sin 27T(z/A - vi) 

(c) E = i£0 sin (wt - kz) + J£0 sin (wt - kz - TT/4) 

(d) E = i£0 cos (wt - kz) + J£0 cos (wt - kz + TT/2). 

8.2 Consider the disturbance given by the expression E(z, t ) = 
[i cos wt + J cos (wt - TT/2))£0 sin kz. What kind of wave is it? 

Draw a rough sketch showing its main features. 

8.3 Analytic ally, show that the superposition of an ~- and an ft. 
state having different amplitudes will yield an g'-state, as shown in 

Fig. 8.8. What must £ be to duplicate that figure? 

8.4 Write an expression for a @I-state light wave of angular frequen­

cy wand amplitude £0 propagating along the x-axis with its plane of 

vibration at an angle o f 25° to the xy-plane. The disturbance is zero at 

t = 0 and x = o. 
8.5 * Write an expression for a @I-state lightwave of angular fre­

quency w and amplitude £ 0 propagating along a line in the! xy-plane 

at 45° to the x-axis and having its plane of vibration corresponding to 

the xy-plane. At t = 0, y = 0, and x = 0 the field is zero. 

8.6 Write an expression for an ~-state lightwave of frequency w 

propagating in the positive x-direction such that at t = 0 and x = 0 

the E -field points in the negative z-direction. 

8.7* A beam of linearly polarized light with its electric field vertical 

impinges perpendicularly on an ideal linear polarizer with a vertical 

Problems 379 

aspects of the matrix methods. The full extent of the subject 
goes far beyond these introductory remarks.* 

• One can weave a more elaborate and mathematically satisfying devel­
opment in terms of something called the coherence matrix. For further, 
but more advanced, reading, see O'Neill, Introduction to Statistical 
Optics. 

trans mission axis. If the incoming beam has an irradiance of 200-

W / m2, what is the irradiance of the transmitted beam? 

8.8 • Given that 300 W / m2 of light from an ordinary tungsten bulb 

arrives at an ideal linear polarizer. What is its radiant flux density on 

emerging? 

8.9* A beam of vert ically polarized linear light is perpendicularly 

incident on an ideal linear polarizer. Show that if its transmission axis 

makes an angle of 60° with the vertical only 25% of the irradiance 

will be transmitted by the polarizer. 

8.10 If light that is initially natural and of fl ux density I; passes 

through two sheets of HN-32 whose transmission axes are parallel. 

what will be the flux density of the emerging beam? 

8.11 • What will be the irradiance of the emerging beam if the ana­

lyzer of the previous problem is rotated 30°? 

8.12 • The irradiance of a beam of natural light is 400 W / m2
. It 

impinges on the first of two consecutive ideal linear polarizers whose 

transmission axes are 40.0° apart. How much light emerges from the 

two? 

8.13* As we saw in Section 8.10, substances such as sugar and 

insulin are optically active; they rotate the plane of polarization in 

proportion to both the path length and the concentration of the solu­

tion. A glass vessel is placed between a pair of crossed HN-50 linear 

polarizers, and 50% of the natural light incident on the first polarizer 

is transmitted through the second polarizer. By how much did the 

sugar solution in the cell rotate the light passed by the first polarizer? 

8 .14 • The light from an ordinary flashlight is passed through a lin­

ear polarizer with its transmission axis vertical. The resulting beam, 

having an irradiance of200 W / m2
, is incident normally on a vertical 
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380 Chapter 8 Polarization 

HN-50 linear polarizer whose transmission axis is tilted at 30° above 

the horizontal. How much light is transmitted? 

8.15 * Linearly polarized light (with an irradiance of 200 W / m2
) 

aligned with its electric-field vector at + 55° from the vertical 

impinges perpendicularly on an ideal sheet polarizer whose transmis­

sion axis is at+ 10° from the vertical. What fraction of the incoming 

light emerges? 

8.16 • Two ideal linear sheet polarizers are arranged with respect to 

normal incidence, bouncing off a mirror, and then going through the 

crystal again. Will the observer see a double image of the spot on l? 

Figure P.8.22 

the vertical with their transmission axis at 10° and 60°, respectively. ,, 

If a linearly polarized beam of light with its electric field at 40° enters 

the first polarizer. what fraction of its irradiance will emerge? 

8.17* Imagine a pair of crossed polarizers with transmission axes 

vertical and horizontal. The beam emerging from the first polarizer 

has flux density / 1, and of course no light passes through the analyz­

er (i.e., /2 = 0). Now insert a perfect linear polarizer (HN-50) with its 

transmission axis at 45° to the vertical between the two elements­

compute /2 . Think about the motion of the electrons that are radiating 

in each polarizer. 

8.18 * Imagine that you have two identical perfect linear polarizers 

and a source of natural light. Place them one behind the other and 

position their transmission axes at 0° and 50° , respectively. Now 

insert between them a third linear polarizer with its transmission axes 

at 25°. If I 000 W / m2 of light is incident, how much will emerge with 

and without the middle polarizer in place? 

8.19* Given that 200 W / m2 of randomly polarized light is incident 

normally on a stack of ideal linear polarizers that are positioned one 

behind the other with the transmission axis of the first vertical, the 

second at 30°. the third at 60°, and the fourth at 90°. How much light 

emerges? 

8.20 * Two HN-50 linear polarizers are positioned one behind the 

other. What angle should their transmission axes make if an incident 

unpolarized 100-W/ m2 beam is to be reduced to 30.0 W/ m2 on 

emerging from the pair'> 

8.21 An ideal polarizer is rotated at a rate w between a similar pair 

of stationary crossed polarizers. Show that the emergent flux density 

will be modulated at four times the rotational frequency. In other 

words. show that 

I 
I = -1.( I - cos 4wl) 8 . 

where / 1 is the flux density emerging from the first polarizer and/ is 

the final flux density. 

8.22 Figure P.8.22 shows a ray traversing a calcite crystal at nearly 

8.23* A pencil mark on a sheet of paper is covered by a calcite crys­

tal. With illumination from above, isn ' t the light impinging on the 

paper already polarized, having passed through the crystal? Why then 

do we see two images? Test your solution by polarizing the light from 

a flashlight and then reflecting it off a sheet of paper. Try specular 

reflection off glass; is the reflected light polarized? 

8.24 Discuss in detail what you see in Fig. P.8.24. The crystal in the 

photograph is calcite, and it has a blunt comer at the upper left. The 

two Po laroids have their transmission axes parallel to their short 

edges. 

Figure P.8.24 

8.25 The calcite crystal in Fig. P.8.25 is shown in three different ori­

entations. Its blunt comer is on the left in (a), the lower left in (b), and 

the bottom in (c). The Polaroid's transmission axis is horizontal. 

Explain each photograph. particularly (b). 

8.26 In discussing calcite, we pointed out that its large birefringence 

arises from the fact that the carbonate groups lie in parallel planes 
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Figure P.8.25a 

s 

Figure P.8.25b 

Figure P.8.25c 

(normal to the optic axis). Show in a sketch and explain why the 

polarization of the group will be less when Eis perpendicular to the 

C03 plane than when E is parallel to it. What does this mean with 

respect to v .L and v11, that is, the wave's speeds when Eis linearly 

polarized perpendicular or paralle l to the optic axis? 

8.27* Imagine that we have a transmiller of microwaves that radi­

ates a linearly polarized wave whose E-field is known to be parallel 

to the dipole direction. We wish to reflect as much energy as possible 

off the surface of a pond (having an index of refraction of 9 .0). Find 

the necessary incident angle and comment on the orientation of the 
beam. 

8.28* At what angle will the reflection of the sky coming off the sur­

face of a pond (n = 1.33) completely vanish when seen through a 

Polaroid filter? 

Problems 381 

8.29* What is Brewster's angle for reflection of light from the sur­

face of a piece of glass (n8 = 1.65) immersed in water (n ... = 1.33)? 

8.30 * A beam of light is reflected off the surface of some unknown 

liquid, and the light is examined with a linear sheet polarizer. It is 
found that when the central axis of the polarizer (that is, the perpen­

dicular to the plane of the sheet) is tilted down from the venical at an 

angle of 54.30°, the reflected light is completely passed, provided the 

transmission axis is parallel to the plane of the interface. From this 

infonnation, compute the index of refraction of the liquid. 

8.31 * Light reflected from a glass (n8 = 1.65) plate immersed in 

ethyl alcohol (n, = 1.36) is found to be completely linearly polarized. 

At what angle will the partially polarized beam be transmitted into 

the plate? 

8.32 * A beam of natural light is incident on an air- glass interface 

(n1; = 1.5) at 40°. Compute the degree of polarization of the reflect­

ed light. 

8.33* A beam of natural light incident in air on a glass (n = 1.5) 

interface at 70° is partially reflected. Compute the overall reflec­

tance. How would this compare with the case of incidence at, say, 
56.3°? Explain. 

8.34 A ray of yellow light is inc ident on a calcite plate at 50° . The 

plate is cut so that the optic axis is parallel to the front face and per­

pendicular to the plane-of-incidence . Find the angular separation 

between the two emerging rays. 

8.35* A beam of light is incident normally on a quanz plate whose 

optic axis is perpendicular to the beam. If A0 = 589.3 nm. compute 
the wavelengths of both the o rdinary and extraordinary waves. What 

are their frequencies? 

8.36 A beam of light enters a calcite prism from the left. as shown in 

Fig. P.8.36. There are three possible orientations of the optic axis of 

panicular interest, and these correspond to the x-, y-, and z-directions. 

Imagine that we have three such prisms. In each case sketch the 

entering and emerging beams. showing the state of polarization. How 

can any one o f these be used to determine n 0 and ne? 

Figure P.8.36 

t; 
X 
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382 Chapter 8 Polarization 

8.37 The electric-field vector of an incident 91'-state makes an angle 

of+ 30° with the horizontal fast axis of a quarter- wave plate. 

Describe, in detail, the state of polarization of the eme-rgent wave. 

8.38 Compute the critical angle for the ordinary ray., that is, the 

angle for total internal reflection at the calcite-balsam layer of a 

Nicol prism. 

8.39• Draw a quartz Wollaston prism, showing all pertinent rays 

and their polari7.ation states. 

8.40 The prism shown in Fig. P.8.40 is known as a Rochon polariz­
er. Sketch all the pertinent rays, assuming 

(a) that it is made of calcite. 

(b) that it is made of quartz. 

(c) Why might such a device be more useful than a dichroic polariz­

er when functioning with high-flux density laser liglht? 

(d) What valuable feature of the Rochon is lacking in th,e Wollaston 

polarizer? 

Figure P.8.40 

8.41 • Take two ideal Polaroids (the first with its axis vertical and 

the second, horizontal) and insert between them a stack of 10 half­

wave plates, the first with its fast axis rotated -rr/ 40 rad firom the ver­
tical, and each subsequent one rotated -rr/ 40 rad from the previous 

one. Determine the ratio of the emerging to incident irradiiance, show­

ing your logic clearly. 

8.42• Suppose you were given a linear polarizer and a quarter-wave 

plate. How could you determine which was which, assuming you also 

had a source of nalllral light? 

8.43• An .:f-state traverses an eighth-wave plate having a horizontal 

fast axis. What is its polarization state on emerging? 

8.44 • Figure P.8.44 shows two Polaroid linear polarizers and 

between them a microscope slide to which is altached a piece of cel­
lophane tape. Explain what you see. 

Figure P.8.44 

8.45 A Babine! compensator is positioned at 45° between crossed 

linear polarizers and is being illuminated with sodium light. When a 

thin sheet of mica (indices 1.599 and 1.594) is placed on the com­

pensator, the black bands all shift by ¼ of the space separating them. 

Compute the retardance of the sheet and its thickness. 

8.46 Imagine that we have randomly polarized room light incident 

almost normally on the glass surface of a radar screen. A portion of it 

would be specularly reflected back toward the viewer and would thus 

tend 10 obscure the display . Suppose now that we cover the screen 

with a right-circular polarizer, as shown in Fig. P.8.46. Trace the inci­
dent and reflected beams, indicating their polarization states. What 

happens to the reflected beam? 

Figure P.8.46 

8.47 Is it possible for a beam 10 consist of two orthogonal incoher­

ent 91'-states and not be natural light? Explain. How might you 

arrange to have such a beam? 
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8.48* The specific rotatory power for sucrose dissolved irn water at 

20°C (Ao = 589.3 nm) is + 66.45° per IO cm of path traversed 

through a solution containing I g of active substance (sugar) per en? 
of solution. A vertical 91'-state (sodium light) enters at one end of a I­
m tube containing I 000 cm3 of solution, of which 10 g is sucrose. At 

what orientation will the 91'-state emerge? 

8.49 On examining a piece of stressed photoelastic material between 

crossed linear polarizers, we would see a set of colored bands 

(isochromatics) and, superimposed on these, a set of dark bainds (iso­

cl in ics). How might we remove the isoclinics. leaving only the 

isochromatics? Explain your solution. Incidentally, th,e proper 

arrangement is independent of the orientation of the pho,toelastic 

sample. 

8.50* Consider a Kerr cell whose plates are separated by a distance 

d. Let t be the effective length of those plates (slightly different from 

the actual length because of fringing of the fie ld). Show tha1t 

[8.411 

8.51 Compute the half-wave voltage for a longitudinal Pockels cell 

made of ADA (ammonium dihydrogen arsenate) at A0 "" 550 nm, 

where r63 = 5.5 X 10- 12 and n,, = 1.58. 

8.52 • The Jones vector for an arbitrary linearly polarized state at an 

angle 0 with respect to the horizontal is 

[
cos 8] 
sm0 

Prove that this matrix is in agreement with the one in Table 8.5 for 

a.@'-state a t +45°. 

8.53 Find a Jones vector E2 representing a polarization stat,e orthog­

onal to 

Sketch both of these. 

8.54 • Two incoherent light beams represented by (I, I, 0, 0) and (3, 

0, 0, 3) are superimposed. 

(a) Describe in detail the polarization states of each of these. 

(b) Determine the resulting Stokes parameters of the combined beam 

and describe its polarization state. 

(c) What is its degree of polarization? 

(d) What is the resulting light produced by overlapping the incoher­

ent beams ( I, I , 0 , 0) and ( I , - I, 0 , 0)? Explain. 

Problems 383 

8.55 • Show by direct calculation. using Mueller matrices. that a 

unit-irradiance beam of natural light passing through a vertical linear 

polarizer is converted into a vertical g/>-state. Determine its relative 

irradiance and degree of polarization. 

8.56 • Show by direct calculation, using Mueller matrices, that a 

unit-irradiance beam of natural light passing through a linear polariz­

er with its transmission axis at +45° is converted into a 91'-state at 

+ 45°. Determine its relative irradiance and degree of polarization. 

8.57* Show by direct calculat ion, using Mueller matrices, that a 

beam of horizontal g/>-state light passing through a :A-plate with its 

fast axis horizontal emerges unchanged. 

8.58* Confirm that the matrix 

will serve as a Mueller matrix for a quarter-wave plate with its fast 

ax is at +45°. Shine linear light polarized at 45° through it. What hap­

pens? What emerges when a horizontal gj}-s tate enters the device? 

8.59* The Mueller matrix 

r 

I 0 
o c2 +s2 cos t:..ip 
0 CS( I - cos 6.ip) 

0 S sin 6.ip 

0 
CS( ! - cos <iip) 

s2 + c2 cos t:..ip 

- C sin 6.ip 

0 1 - S sin 6.ip 

C sin 6.cp 

cos 6.ip 

in which C = cos 2a and S = sin 2a, represents an arbitrary wave­

plate having a retardance 6.<p and a fast axis a t an angle a measured 

with respect to the horizontal. Use it to derive the matrix given in the 

previous problem. 

8.60* Beginning with the Mueller matrix for an arbitrary retarder 

provided in the previous problem, show that it agrees with the matrix 

in Table 8.6 for a quarter-wave plate with a vertical fast axis. 

8.61 Derive the Mueller matrix for a quarter-wave plate with its fast 

axis at -45°. Check that this matrix effectively cancels the one in 

Problem 8.58, so that a beam passing through the two wave plates 

successively remains unaltered. 

8.62* Pass a beam of horizontally polarized linear light through 

each one of the ±A-plates in the two previous questions and describe 
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384 Chapter 8 Polarization 

the states of the emerging light. Explain which field component is 

leading which and how Fig. 8.7 compares with these results. 

8.63 Use Table 8.6 to derive a Mueller matrix for a half-wave plate 

having a vertical fast axis. Utilize your result to convert an 011-state 

into an .S!'-state. Verify that the same wave plate will convert an 2 - to 

an 011-state. Advancing or retarding the relative phase by TT/2 should 

have the same effect. Check this by deriving the matrix for a half­

wave plate with a horizontal fast axis. 

8.64 Cons truct one possible Mueller matrix for a right-circular 

polarizer made out of a linear polarizer and a quarter-wave plate. 

Such a device is obviously an inhomogeneous two-element train and 

will differ from the homogeneous circular polarizer of Table 8.6. Test 

your matrix to determine that it will convert natural light to an qi. 

state. Show that it will pass 011-states, as will the homogeneous 

matrix. Your matrix Should convert ;£-states incident on the input 

side to 011-states, whereas the homogeneous polarizer will totally 

absorb them. Verify this. 

8.65 • If the Pockels cell modulator shown in Fig. 8.57 is illuminat­

ed by light of irrndiance I ;, it will transmit a beam of irradiance I, such 

that 

I, = I ; sin2 (6.<P/2) 

Make a plot of I,/ I; versus applied voltage. What is the significance 

of the voltage that corresponds 10 maximum transmission? What is 

the lowest voltage above zero that will cause I , 10 be zero for ADP (Ao 
= 546.1 nm)? How can things be rearranged 10 yie ld a maximum val­

ue of /1/ I; for zero voltage? In this new configuration what irradiance 

results when V = VA 12? 

8.66 Cons truct a Jones matrix for an isotropic plate of absorbing 

material having an amplitude transmission coefficient of r. It might 

sometimes be desirable 10 keep track of the phase, since even if r = l , 

such a plate is still an isotropic phase retarder. What is the Jones 

matrix for a region of vacuum? What is it for a perfect absorber? 

8.67 Construct a Mueller matrix for an isotropic plate of absorbing 

material having an amplitude transmission coefficient of r. What 

Mue ller matrix will completely depolarize any wave without affect­

ing its irradiance? (It has no physical counterpart.) 

8.68 Keeping Eq. (8.29) in mind, write an expression for the ran­

domly polarized nux density component (/11 ) of a partially polarized 

beam in terms of the Stokes parameters. To check your result, add a 

randomly polarized Stokes vector of nux density 4 to an 011-state of 

nux density I. Then see if you get / 11 = 4 for the resultant wave. 

8.69* An optical filter can be described by a Jones matrix 

[ 
co~ a sin a ] 
- sin a cos a 

Obtain the form of the emerging light for each of the followi ng inci­

dent beams: 

(a) A plane polarized beam polarized at angle Oto the horizomal (see 

Problem 8.52). 

(b) A left-circularly polarized beam. 

(c) A right-circularly polarized beam. 

(d) From the above, identify the filter and explain how it could be 

constructed. 

8.70 An optical filter can be described by a Jones matrix 

[ 
cos2 a cos a sin a ] 

cos a sin a sin2 a 

(a) Obtain the form of the emerging beam when the incident light is 

plane poloarized at angle Oto the horizontal (see Problem 8.52). 

(b) Deduce from the result of part (a) the nature of the filter. 

(c) Confirm your deduction above with at least one other test. 

8. 71 • Two linear optical filters have Jones matrices 

Sil = _l_ -hr/4[ l 
I \/2 e . 2 I :] 

and Sil = _I_ ehr/4[ 1_ 

2 V2 - 1 
-i] 
I . 

Identify these filters. 

8.72* A liq uid cell contain ing an optically active sugar solution has 

a Jones matix given by 

1 [ l+V3 
2\/2 l-V3 

-l +V3 ] 
l+V3 

(a) Determine the polarization of the emerging light if the incident 

beam is a horizontal @'-state. 

(b) De termine the polarizat ion of the emerging light if the incident 

beam is a vertical @'-state. 

(c) Determine the angle o f rotation produced by the optically active 

material. 
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1 lnterfarrenee 
~ 

The intricate color patterns shimmering across an oil slick on 
a wet asphalt pavement (see photo) result from one of the 
more comrnon manifestations of the phenon1e11un of interfer­
ence.* On a macroscopic scale we might consider the related 
problem of the interaction of surface ripples on a pool of 
water. Our everyday experience with this kind of situation 
allows us to envision a complex distribution of disturbances 
(as shown, e.g., in Fig. 9. 1 ). There might be regions where two 
(or more) waves have overlapped, partially or even complete­
ly canceling each other. Still other regions might exist in the 
pattern, where the resultant troughs and crests are even more 
pronounced than those of any of the constituent waves. After 
being superimposed, the individual waves separate and con­
tinue on, completely unaffected by their previous encounter. 

Although the subject could be treated from the perspective 
of QED (p. 139), we'll take a much simpler approach. The 
wave theory of the electromagnetic nature of light provides a 
natural basis from which to proceed. Recall that the expression 
describing the optical disturbance is a second-order, homoge­
neous, linear, partial, differential equation [Eq. (3.22)]. As we 
have seen, it therefore obeys the important Superposition 
Principle. Accordingly, the resultant electric-field intensity E, 
at a point in space where two or more lightwaves overlap. is 
equal to the vector sum of the individual constituent distur­
bances. Briefly then, optical interference corresponds to the 
interaction of two or more lightwaves yielding a resultant 
irradia11ce that deviates from the sum of the component 
irradiances. 

'The layer of water on the asphalt allows the oil film to assume the 
shape of a smooth planar surface. The black asphalt absorbs the 
transmitted light, preventing back reflection, which would tend to 
obscure the fringes. 

These roughly circular interference fringes are due to an oil film on wet 
pavement. They are fringes of equal thickness (see p. 404) and so don't 
change when viewed at different angles. Of course, they appear in a 
rainbow of colors. 

Out of the multitude of optical systems that produce inter­
ference, we will choose a few of the more important to exam­
ine. Interferometric devices will be divided, for the sake of 
discussion, into two groups: wavefront splitting and amplitude 
spliuing. In the first instance, portions of the primary wave­
front are used either directly as sources to emit secondary 
waves or in conjunction with optical devices to produce virtu­
al sources of secondary waves. These secondary waves are 
then brought together, thereupon to interfere. In the case of 
amplitude splitting, the primary wave itself is divided into two 
segments, which travel different paths before recombining and 
interfering. 
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l\lin Max J\lin i\htx l\lin Max Min Max . 
· i\ lm 

Figure 9.1 Water waves from two in-phase point sources in a ripple 
tank. In the middle of the pattern the wave peaks (thin bright bands>, 
and troughs (thin black bands) lie within long wedge-shaped areas 
(maximal separated by narrow dark regions of calm (minimal. Although 
the nodal lines look straight, they're really hyperbolic. The optical equiva­
lent is the electric field distribution depicted in Fig. 9.3c. (Photo courtesy 
PSSC College Phys,cs, 1968, @ 1965 Educational Development Center, Inc. , 

9.1 General Considerations 

We have already examined the problem of the superposition of 
two scalar waves (Section 7.1 ), and in many respects those 
results will again be applicable. But light is, of course, a vec­
tor phenomenon; the electric and magnetic fields are vector 
fields. An appreciation of this fact is fundamental to any kind 
of intuitive understanding of interference. Still. there are many 
situations in which the particular optical system can be so con­
figured that the vector nature of light is of little practical sig­
nificance. We will derive the basic interference equations 
within the context of the vector model. thereafter delineating 
the conditions under which the scalar treatment is applicable. 

In accordance with the Principle of Superposition. the elec­
tric field intinsi_!l E. at a point in space, arising from the sep­
arate fields E 1• E2 •... of various contributing sources is given 

by 

(9.1) 

The optical dis turbance, or light field E, varies in time at an 
exceedingly rapid rate, roughly 

4.3 X 1014 Hz to 7.5 X 1014 Hz 

making the actual field an impractical quantity to detect. On 
the other hand, the irradiance / can be measured directly with 
a wide variety of sensors (e.g., photocells, bolometers, photo­
graphic emulsions, or eyes). The study of interference is there­
fore best approached by way of the irradiance. 

Much of the analysis to follow can be performed without 
specifying the particular shape of the wavefronts, and the 
results are therefore quite general (Problem 9.1 ). For the sake 
of simplicity, however, consider two point sources, SI and S2, 

emitting monochromatic waves of the same frequency in a 
homogeneous medium. Let their separation a be much greater 
than A. Locate the point of observation P far enough away 
from the sources so that at P the wavefronts will be planes 
(Fig. 9.2). For the moment, consider only linearly polarized 
waves of the form 

and (9.26) 

We saw in Chapter 3 that the irradiance at P is given by 

Inasmuch as we will be concerned only with relative irradi­
ances within the same medium, we will, for the time being at 
least, simply neglect the constants and set 

What is meant by (E2 his of course the time average of the 
magnitude of the electric-field intensity squared, or (E · E)-r. 
Accordingly 

where now 

and thus 

(9.3) 
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Figure 9.2 Waves from two point sources overlapping in space. 

Taking the time average of both sides, we find that the irradi­
ance becomes 

provided that 

and 

(9.4) 

(9.5) 

(9.6) 

(9.7) 

The latter expression is known as the interference term. To 
evaluate it in this specific instance, we form 

-._..-.-+- ➔➔ 

E1 •E2 = E 01 • E02 cos (k1 • r - wt+ c:1) 

X cos (k2 . r - wt + £2) (9.8) 

or equivalentl y 

Recall that the time average of some functionf(t) , taken over 
an interval T, is 

f
r+T 

(f(t))T = _!_ f(t') dt' 
T 

(9.10) 

9.1 General Considerations 387 

The period T of the harmonic functions is 27Tjw, and for our 
present concern T > > T. In that case the I / T coefficient in 
front of the integral has a dominant effect. After multiplying 
out and averaging Eq. (9.9) we have 

where use was made of the fact (p. 49) that (cos2 wt)T = ½, 
(sin2 wt)T = ½, and (cos wt sin wt)T = 0. The interference term 
is then 

(9.11) 

~ ➔ ➔ -
and 8, equal to (k 1 • r - k2 • r + c:1 - £2 ), is the phase differ-
ence arising from a combined path length and initial phase­
angle difference. Notice that if Eo, and Eo2 (and therefore E1 

and E2) are perpendicular, / 12 = 0 and I = / 1 + /2. Two such 
orthogonal '?J>-states will combine to yield an !Jl-, :£-,'!/>-,or '&­
state, but the flux-density distribution will be unaltered. 

The most common situation in the work to follow corre­
sponds to E0 1 parallel to E02. In that case, the irradiance 
reduces to the value found in the scalar treatment of Section 
7.1. Under those conditions 

This can be written in a more convenient way by noticing that 

- 2 El, 
/1=(E, )T = 2 (9. I 2) 
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388 Chapter 9 Interference 

and (9.13) 

The interference term becomes 

whereupon the total irradiance is 

(9.14) 

At various points in space, the resultant irradiance can be 
greater, less than, or equal to / 1 + /2 , depending on the value 
of / 12, that is, depending on 8. A maximum irradiance is 
obtained when cos 8 = I , so that 

(9.15) 

when 8 = 0, :!:27T, :!:47T, ... 

In this case of total constructive interference, the phase dif­
ference between the two waves is an integer multiple of 21r. 
and the d isturbances are in-phase. When O < cos 8 < I the 
waves are out-of-phase, 11 + 12 < I < lmax, and the result is 
constructive interference. At 8 = 1r/ 2, cos 8 = 0, the optical 
disturbances are 90° out-of-phase, and/ = / 1 + /2. For O > 
cos 8 > - I we have the condition of destructive inte,ference, 
/ 1 + /2 > / > /min · A minimum irradiance results when the 
waves are 180° out-of-phase, troughs overlap crests, cos 8 = 
-1, and 

(9.16) 

This occurs when 8 = ::!::1r, :!:31r, ::!::51r, ... , and it is referred to 
as total destructive interference. 

Another somewhat special yet very important case arises 
when the amplitudes of both waves reaching Pin Fig. 9.2 are 
equal (i.e., ~ 1 = E02). Since the irradiance contributions from 
both sources are then equal, let / 1 = /2 = lo. Equation (9.14) 
can now be written as 

,, 8 
I = 2/0(1 + cos 8) = 4/o cos- 2 (9.17) 

from which it fol lows that / min = 0 and lmax = 4/o. For an 
analysis in terms of the angle between the two beams, see 
Problem 9.3. 

Equation (9.14) holds equally well for the spherical waves 
emitted by S 1 and S2. Such waves can be expressed as 

and 

The terms r 1 and r2 are the radii of the spherical wavefronts 
overlapping at P; they specify the distances from the sources 
to P. In this case 

(9.19) 

The flux density in the region surrounding S, and S2 will 
certainly vary from point to point as (r1 - r 2 ) varies. None­
theless, from the principle of conservation of energy, we 
expect the spatial average of/ to remain constant and equal to 
the average of / 1 + /2 . The space average of / 12 must therefore 
be zero, a property verified by Eq. (9.11), since the average of 
the cosine term is, in fact, zero. (For further discussion of this 
point, see Problem 9.2.) 

Equation (9.17) will be applicable when the separation 
l.H::lwc::t:n S 1 and S2 is small in comparison with r, and r2 and 

when the interference region is also small in the same sense. 
Under these circumstances, E0 1 and E02 may be considered 
independent of position, that is, constant over the small region 
examined. If the emitting sources are of equal strength, 
E01 = E02, / 1 = /2 = / 0 and we have 

Irradiance maxima occur when 

8 = 27Tln 

provided that 111 = 0, :!: I , :!: 2, ... Similarly, minima, for which 
I = 0 , arise when 

8 = 1rm' 

where m' = :!: 1, :::+:: 3, :!:5, ... , or if you like, 111' = 2m + I. 
Using Eq. (9.19) these two expressions for 8 can be rewritten 
such that maximum irradiance occurs when 

(9.20a) 

and minimum when 

(9.20b) 
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9.1 General Considerations 389 

------------

m= - I 

Figure 9.3 (a) Hyperboloidal surfaces of maximum 
(a) irradiance for two poinlt sources. The quantity 

Either one of these equations defines a family of surfaces, each 
of which is a hyperboloid of revolution. T he vertices of the 
hyperboloids are separated by distances equal to the right­
hand sides of Eqs. (9.20a) and (9.20b). The foci are located at 
S1 and S2• If the waves are in-phase at the emitter. £ 1 - t:2 = 0, 
and Eqs. (9.20a) and (9.20b) can be simplified to 

(ma.,ima] (9.21a) 

(minima] (9.2 1b) 

for maximum and minimum irradiance. respectively. Figure 
9.3a shows a few of the surfaces over which there are irradi­
ance maxima. The dark and light zones that would be seen on 
a screen placed in the region of interference are known as 
interference fringes (Fig. 9.3b). Notice that the central bright 

m is positive where r1 > r2. (b) Here we see 
how the irradiance ma):ima are distributed on a 
plane containing S1 and S2. (cl The electric-field 
distribution in the plane, shown in part (bl. The tall 
peaks, are the point so,urces S1 and S2. Note 
that the spacing of the sources is different in (bl 
and (c). <Photo courtesy, l'he Optics Proiect, M1ss1ss1pp1 

State Umvers1tyJ 

band, equidistant from the two sources, is the so-called zeroth­
order fringe (m = ,0), which is straddled by the m' = ± I min­
ima, and these, in turn, are bounded by the first-order (m = 
± I) maxima, whi ch are straddled by them' = ±3 minima, 
and so forth. 

Since the wavelength A for light is very small, a large num­
ber of surfaces corresponding to the lower values of m will 
exist close to, and on either side of, the plane m = 0. A num­
ber of fairly straight parallel fringes will therefore appear on a 
screen placed perpendicular to that (m = 0) plane and in the 
vicinity of it, and for this case the approximation r 1 ""' r2 will 
hold. If S I and S2 .are then displaced normal to the S 1S2 line, 
the fringes will merely be displaced parallel to themselves. 
Two narrow slits will generate a large number of exactly over­
lapping fringes, thereby increasing the irradiance, leaving the 
central region of the two-point source pattern otherwise 
essentially unchanged. 
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390 Chapter 9 Interference 

9.2 Conditions for Interference 

If two beams are to interfere to produce a stable pattern, they 
must have very nearly the same frequency. A significant fre­
quency diffe rence would result in a rapidly varying, time­
dependent phase difference, which in turn would cause / 12 to 
average to zero during the detection interval (see Section 7.1 ). 
Still, if the sources both emit white light, the component reds 
will interfere with reds, and the blues with blues. A great many 
fairly similar, slightly displaced, overlapping monochromatic 
patterns will produce one total white-light pattern. It will not 
be as sharp or as extensive as a q uasimonochromatic pallern, 
but white light will produce observable inte,jerence. 

The clearest pa11erns exist when the interfering waves have 
equal or nearly equal amplitudes. The central regions of the 
dark and light fringes then correspond to complete destructive 
and constructive interference, respectively, yielding maximum 
contrast. 

For a fringe paltern to be observed, the two sources need 
not be in-phase with each other. A somewhat shifted but oth­
erwise identical interference pallern will occur if there is some 
initial phase difference between the sources, as lo ng as it 
remains cunstant. Such suurces (which may or may not be in 
step, but are always marching together) are coherent.* 

9.2.1 Temporal and Spatial Coherence 

Remember that because of the granular nature of the emission 
process, conventional quasimonochromatic sources produce 
light that is a mix of photon wavetrains. At each illuminated 
point in space there is a net field that oscillates nicely (through 
roughly a million cycles) for less than IO ns or so before it ran­
domly changes phase. This interval over which the lightwave 
resembles a sinusoid is a measure of its temporal coherence. 
The average time interval during which the lightwave oscil­
lates in a predictable way we have a lready designated as the 
coherence time of the radiation. The longer the coherence 
time, the greater the temporal coherence of the source. 

As observed from a fixed point in space, the passing light­
wave appears fairly sinusoidal for some number of oscilla­
tions between abrupt changes o f phase. The corresponding 
spatial extent over which the lightwave oscillates in a regular, 

'Chapter 12 is devoted to the study of coherence, so here we'll merely 
touch on those aspects that are immediately pertinent. 

predictab le way is the coherence length [Eq. (7.64)]. Once 
again, it will be convenient to picture the light beam as a pro­
gression of well-defined, more or less sinusoidal, wavegroups 
of average length 6.lc, whose phases are uncorrelated to one 
another. Bear in mind that temporal coherence is a ma11ifes­
tatio11 of spectral purity. If the light were ideally monochro­
matic, the wave would be a perfect sinusoid with an infinite 
coherence length. All real sources fall short of this, and all 
actually emit a range of frequencies, albeit sometimes quite 
narrow. For instance, an ordinary laboratory discharge lamp 
has a coherence length of several millimeters, whereas certain 
kinds of lasers routinely provide coherence lengths of tens of 
kilometers. 

Figure 9.4 summarizes some of these ideas. In (a) the 
wave, which arises from a point source, is monochromatic and 
has complete temporal coherence. What happens at P; will, a 
mo ment later, happen at P2 and sti ll later at P3- all totally pre­
d ictably. In fact , by watching P~ we can determine what the 
wave will be doing at P1 at any time. Every point on the wave 
is correlated; its coherence time is unlimited. By contrast, Fig. 
9.4b shows a point source that changes frequency from 
moment to moment. Now there's no correlation of the wave at 
poinls that are far apart like P; and P;. T he waves l:-1ck the 
total temporal coherence displayed in (a), but they' re not com­
pletely unpredictable; the behavior at points that are close 
together such as P2 and P3 are somewhat correlated. This is an 
instance of partial temporal coherence, a measure of which is 
the coherence leng th- the shortest distance over which the 
disturbance is sinusoidal, that is, the distance over which the 
phase is predictable. 

Notice, in both parts of Fig. 9.4, that the behavior of the 
waves at points Pi, P 2, and P 3 is completely correlated. Each 
of the two wave streams arises from a single point source and 
P i, P 2, and P 3 lie on the same wavefront in both cases; the dis­
turbance at each of these laterally separated points is in-phase 
and stays in-phase. Both waves therefore exhibit complete 
spatial coherence. By contrast, suppose the source is broad, 
that is, composed of many widely spaced point sources 
(monochromatic ones of period T), as is Fig. 9.5. If we could 
take a picture of the wave pattern in Fig. 9.5 every T seconds, 
it would be the same; each wavefront would be replaced by an 
identical one, one wavelength behind it. The disturbances at 
P1, P2, and P3 are correlated, and the wave is temporally 
coherent. 

Now to insert a little realism; suppose each point source 
changes phase rapid ly and randomly, emi11ing 10-ns long 
sinusoidal wavetrains. The waves in Fig. 9.5 would randomly 
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(a) 

(b) 

Figure 9 .4 Temporal and spatial coherence. (a) Here the waves display 
both forms of coherence perfectly. (b) Here there is complete spatial 
coherence but only partial temporal coherence. 

change phase, shifting, combining, and recombining in a fren­
zied tumult. The dis1urbances at P1, P2, and P3 would only be 
correlated for a time less than 10 ns. And the wave fi eld at 
two, even modestly spaced, lateral points such as P1 and P 2 

would be almost completely uncorrela1ed depending on the 
size of the source. The beam from a candle flame or a shaft of 
sunlight is a multi-frequency mayhem much like this. 

Two ordinary sources, two ligh1bulbs, can be expected to 
maintain a constant relative phase for a time no greater than 
t::.tc, so the interference pallern they produce will randomly 
shift around in space at an exceedingly rapid rate, averaging 
out and making it quite impractical 10 observe. Until the 

9.2 Conditions for Interference 391 

advent of the laser, it was a working principle that no two indi­
vidual sources could ever produce an observable interference 
pattern. The coherence time of lasers, however, can be appre­
ciable, and interference via independent lasers has been 
observed and photographed.* The most common means of 
overcoming this problem with ordinary thermal sources is to 
make one source serve to produce two coherent secondary 
sources. 

9.2.2 The Fresnel-Arago Laws 

In Section 9.1 it was assumed that the two overlapping optical 
disturbance vectors were linearly polarized and parallel. 
Nonetheless, the formulas apply as well 10 more complica1ed 
situations; indeed, the treatment is applicable regardless o f !he 
polarization state of the waves. To appreciate this, recall that 

Figure 9.5 With multiple (here four) widely spaced point sources, the 
resultant wave is still coherent. But if those sources change phase rapid­
ly and randomly, both the spatial and temporal coherence diminish 
accordingly. 

• G. Magyar and L. Mandel, "Interference fringes produced by superpo­
sition of two independent maser light beams," Nature 198, 255 (1963). 
F. Louradour, F. Reynaud, 8. Colombeau, and C. Froehly, "Interference 
fringes between two separate lasers," Am. J. Phys. 61, 242 (1993). L. 
Basano and P. Ottonello, "Interference fringes from stabilized diode 
lasers," Am. J. Phys. 68, 245 (2000). E. C. G. Sudarshan and T. 
Rothman, "The two-slit interferometer reexamined." Am. J. Phys. 59, 
592 (1991). 
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392 Chapter 9 Interference 

(a) (b) 

,, 

(c) 

any polarization state can be synthesized out of two orthogo­
nal C!P-states. For natural light these C!P-states are mutually 
incoherent, but that represents no particular difficulty. 

Suppose that every wave has its propagation vector in the 
same plane, so that we can label the constituent orthogonal C!P ­
states, with respect to that plane, for example, E11 and E.L, 
which are parallel and perpendicular to the plane, respectively 
(Fig. 9.6a). Thus any plane wave, whether polarized or not, 
can be written in the form (E11 + E.L)· Imagine that the waves 
(E111 + E.L1) and (f12 + E.u) emitted from two identical coher­
ent sources superimpose in some region of space. The result­
ing flux-density distribution will consist of two independent, 
precisely, overlapping interference patterns ((E 111 + E112)2)T 

-+ - 2 and ((E .L1 + E.L2) )T. Therefore, although we derived the 
equations of the previous section specifically for linear light, 
they are applicable to any polarization state, including natur­
al light. 

Notice that even though E.L1 and E.L2 are always parallel to 
each other, E111 and E112 , which are in the reference plane, need 
not be. They will be parallel only when the two beams are 
themselves parallel (i.e., k1 = k2). The inherent vector nature 
of the interference process as manifest in the dot-product rep-

" 
I 

: l i 
- - ---!______J 

Figure 9.6 Interfer­
ence of polarized light. 

resentation [Eq. (9. 11)) of / 12 cannot be ignored. There are 
many practical situatio ns in which the beams approach being 
parallel, and in these cases the scalar theory will do nicely. 
Even so, (b) and (c) in Fig. 9.6 are included as an urge to cau­
tion. They depict the imminent overlapping of two coherent 
linearly po larized waves. In Fig. 9.6b the optical vectors are 
parallel, even though the beams aren' t, and interference would 
nonetheless result. In Fig. 9.6c the optical vectors are perpen­
dicular, and / 12 = 0, which would be the case here even if the 
beams were parallel. 

Fresnel and Arago made an extensive study of the condi­
tions under which the interference of polarized light occurs, 
and their conclusions summarize some of the above consider­
ations. The Fresnel-Arago Laws are as follows: 

I. Two orthogonal, coherent C!P-states cannot interfere in the 
sense that / 12 = 0 and no fringes result. 

2. Two parallel, coherent C!P-states will interfere in the same 
way as will natural light. 

3. The two constituent orthogonal C!P-states of natural light 
cannot interfere to form a readily observable fringe pattern 
even if rotated into alignment. This last point is under­
standable, since these C!P-states are incoherent. 
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9.3 Wavefront-splitting 
Interferometers 

The main problem in producing interference is the sources: 
they must be coherent. And yet separate, independent, ade­
quately coherent sources, other than the modern laser, don ' t 
exist! That dilemma was first solved two hundred years ago by 
Thomas Young in his classic double-beam experiment. He 
brilliantly took a single wavefront, split off from it two coher­
ent portions, and had them interfere. 

9.3.1 Young's Experiment 

In 1665 Grimaldj described an experiment he had performed 
to examine the interaction between two beams of light. He 
admitted sunlight into a dark room through two close-together 
pinholes in an opaque screen. Like a camera obscura (p. 215), 
each pinhole cast an image of the Sun on a distant white sur­
face. The idea was to show that where the circles of light over­
lapped, darkness could result. Although at the time he couldn't 
possibly understand why, the experiment failed because the 
primary source, the Sun' s disk (which subtends about 32 min­
utes of arc), was too large and therefore the incident light 
didn't have the necessary spatial coherence in order to proper­
ly simultaneously illuminate the two pinholes. To do that, the 
Sun would have had to subtend only a few seconds of arc. 

A hundred and forty years later, Dr. Thomas Young (guid­
ed by the phenomenon of beats, which was understood to be 
produced by two overlapping sound waves) began his efforts 
to establish the wave nature of light. He redid Grimaldi 's 
experiment, but this time the sunlight passed through an initial 
pinhole, which became the primary source (Fig. 9.7). This had 
the effect of creating a spatially coherent beam that could 
identically illuminate the two apertures. In this way Young 
succeeded in producing a system of alternating bight and dark 
bands- interference fringes. Today, aware of the physics 
involved, we generally replace the pinholes with narrow slits 
that let through much more light (Fig. 9.8a). 

Consider a hypothetical monochromatic plane wave illumi­
nating a long narrow slit. From that primary slit light will be 
diffracted out at all angles in the forward direction and a cylin­
drical wave will emerge. Suppose that this wave, in turn, falls 
on two parallel, narrow, closed spaced slits, S 1 and S2. This is 
shown in a three-dimensional view in Fig. 9.8a. When sym­
metry exists, the segments of the primary wavefront arriving 
at the two slits will be exactly in-phase, and the slits will con-

9.3 Wavefront-splitting Interferometers 393 

stitute two coherent secondary sources. We expect that wher­
ever the two waves coming from S 1 and S2 overlap, interfer­
ence will occur (provided that the optical path difference is 
less than rhe coherence length, c 6.tc). 

Figures 9.8a, b, and c correspond to rhe classic arrange­
menr of Young's Experiment, although !here are orher varia­
tions. Nowadays the first screen is usually dispensed with, and 
plane waves from a laser directly illuminate the aperture 
screen (Fig. 9.8/). In a realistic physical situation, the distance 
between each of the screens (I" and 1 0 ) in Fig. 9.8c would be 
very large in comparison with the distance a between the two 
slits, several thousand times as much, and all the fringes would 
be fairly close to the center O of the screen. The optical path 
difference between the rays along S I P and S2P can be deter­
mined, to a good approximation, by dropping a perpendicular 
from S2 onto S1P. This path difference is given by 

(9.22) 

or 

Continuing with this approximation (see Problem 9.15), 
(r1 - r2 ) = a sin0and so 

since 0 = sin 0. Notice that 

y 
0 = ­

s 

(9.23) 

(9.24) 

Figure 9. 7 The pinhole scatters a wave that is spatially coherent, even 
though it's not temporally coherent. 
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(a) 

------ ..... ..... 

-- ---
--- --- ' ..... ..... 

'­ ..... 

" 

r. 
In accordance with Section 9.1 , constructive interference 

Figure 9.8 Young's Experiment. (a) Cylindrical waves superimposed in the region beyond the aperture 
screen. (b) Overlapping waves showing peaks and troughs. The maxima and minima lie along nearly 
straight hyperbolas. (c) The geometry of Young's Experiment. <d> A path length difference of one wave-
length corresponds to m = :: l and the first-order maximum. (e) <Photo courtesy M. Cagnet, M. Francon, and 
J.C. Thierr: Atlas optlscher Erscheinungen, Berlin-Heidelberg-New York: Springe,, 1962.l (f) A modern version of 
Young's Experiment using a photodetector (e.g., a photovoltaic cell or photodiode like the RS 305-462) 
and an X - Y recorder. The detector rides on a motor-driven slide and scans the interference pattern. 

and so (9.25) will occur when 
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(d) 

p 
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I 
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l,_Ll 

m = - 1 

1111111111 I 

Thus, from the last two relations we obtain 

s 
y,,, = -111>.. 

a 

(9.26) 

(9.27) 

This gives the position of the mth bright fringe on the screen, 
ifwe count the maximum at Oas the zeroth fringe. The angu­
lar position of the fringe is obtained by substituting the last 
expression into Eq. (9.24); thus 

m>.. e,,, =­
a 

(9.28) 

This relationship can be obtained directly by inspecting Fig. 
9.8c. For the mth-order interference maximum, m whole 
wavelengths should fit within the distance r 1 - r2. Therefore, 
from the triangle S1S2B, 

a sine,,, = m>.. (9.29) 
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(f) 

or 

Laser 
beam 

I 

• 
• 

X • Y recorder 

00 00(] 

e,,, = m>../a 

The spacing of the fringes on the screen can be gotten read­
ily from Eq. (9.27). The difference in the positions of two con­
secutive maxima is 

or 

s s 
Ym + I - Ym = - (nl + l )A - - 1111,. 

a a 

s 
.1y = ->.. 

a 

Evidently, red fringes are broader than blue ones. 

(9.30) 

Since this pattern is equivalent to that obtained for two 
overlapping spherical waves (at least in the r 1 = r2 region), we 
can apply Eq. (9.17). Using the phase difference 

8 = k(r1 - r2) 

Eq. (9.17) can be rewritten as 
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396 Chapter 9 Interference 

provided, of course, that the two beams are coherent and have 
equal irradiances /0 . With 

r 1 - r2 = ya/s 

the resultant irradiance becomes 

ya1r 
I = 410 cos2

- ­
sA 

(9.31) 

As shown in Fig. 9.9, consecutive maxima are separated by 
the 6y given in Eq. (9.30). Remember that we effectively 
assumed that each slit was infinitesimally wide, and so the 
cosine-squared fringes of Fig. 9.9 are really an unattainable 
idealization.* The actual pattern, Fig. 9.8e, drops off with dis­
tance on either side of O because of diffraction. 

The Effects of Finite Coherence Length 

As Pin Fig. 9.8c is taken farther above or below the axis, S 1B 
(which is less than or equal to S 1S2) increases. If the primary 
source has a short coherence length, as the optical path differ­
ence increases, identically paired wavegroups will no longer 
be able to arrive at P exactly together. There will be an 
increasing amount of overlap in portions of uncorrelated 
wavegroups, and the contrast of the fringes will degrade. It is 
possible for 6/,. to be less than S18. In that case, instead of two 
correlated portions of the same wavegroup arriving at P, only 
segments of different wavegroups will overlap, and the fringes 
will vanish. 

As depicted in Fig. 9.10a, when the path length difference 
exceeds the coherence length, wavegroup-£1 from source S1 
arrives at P with wavegroup-D2 from S2 . There is interference, 
but it lasts only a short time before the pattern shifts as wave­
group-D1 begins to overlap wavegroup-C2, since the relative 
phases are different. If the coherence length was larger or the 
path difference smaller, wavegroup-D1 would more or less 
interact with its clone wavegroup-D2, and so on for each pair. 
The phases would then be correlated, and the interference pat­
tern stable (Fig. 9. lOb). Since a whitelight source will have a 

*Modifications of this pattern arising as a result of increasing the width of 
either the primary Sor secondary-source slits will be considered in later 
chapters (10 and 12). In the latter case, fringe contrast will be used as a 
measure of the degree of coherence (Section 12.1 ). In the latter, diffrac­
tion effects become significant. 

(a) 

2 (yarr) I= 4/oCOs -:;T 

2As 3.U As ,U - - --~ - - -~ 
y 

Cb) 

0 

Distance f 
rom C 

entral Ma . 
X1mun1, Y 

Figure 9.9 (a) lde.alized irradiance versus distance curve. (b) The 
fringe separation A y varies inversely with the slit separation, as one 
might expect from !Fourier considerations; remember the inverse nature 
of spatial intervals and spatial frequency intervals. (Reprinted from "Graphical 
Representations of fraunhofer Interference and Diffraction,' Am. J. Phys 62, 6 (1994), 
with permission of A.B. Bartlett, University of Colorado and B. Mechtly, Northeast 
Missouri State Univers1~1 and the American Association of Physics Teachers.) 

coherence length of less than about three wavelengths, it fol­
lows from Eq. (9'.27) that only about three fringes will be seen 
on either side of the central maximum. 

Under white ]light (or with broad bandwidth illumination), 
all the constituent colors will a1Tive at y = 0 in-phase, having 
traveled equal distances from each aperture. The zeroth-order 
fringe will be essentially white, but all other higher order max­
ima will show a spread of wavelengths, since y,,, is a function 
of A, according t,o Eq. (9.27). Thus in white light we can think 
of the mth maxinnum as the mth-order band of wavelengths­
a notion that wil ll lead directly to the diffraction grating in the 
next chapter. 

The fringe pattern can be observed by punching two small 
pinholes in a thirn card. The holes should be approximately the 
size of the type symbol for a period on this page, and the sep­
aration between their centers about three radii. A street lamp, 
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car headlight, or traffic signal at night, located a few hundred 
feet away, will serve as a plane-wave source. The card should 
be positioned directly in front of and very close to the eye. The 
fringes will appear perpendicular to the line o f centers. The 
pattern is much more readily seen with slits, as discussed in 
Section 10.2.2, but you should give the pinholes a try. 

Microwaves, because of their long wavelength, also offer 
an easy way to observe double-slit interference. Two slits 
(e.g., A/ 2 wide by A long, separated by 2A) cut in a piece of 
sheet metal or foil will serve quite well as secondary sources 
(Fig. 9.11). 

The Fourier Perspective 

p 

(a) 

(b) 

Figure 9.10 A schematic representation of how light, composed of a 
progression of wavegroups with a coherence length t;.t, , produces inter­
ference wt1en (a) tt1e path length difference exceeds t;./, and (b) the 
path length difference is less than t;./<. 

9.3 Wavefront-splitting Interferometers 397 

Transminer 

Figure 9.11 A microwave interferometer. 

When the plane waves in Fig. 9.8b illuminated the first narrow 
slit, light spilled out (i.e., diffracted) beyond the opaque screen 
in a form resembling a cylindrical wave; the narrower the slit, 
the more nearly cylindrical the wave. Beyond the screen the 
light spread over a very wide range of angles, or equivalently 
a wide range of spatial frequencies. From a Fourier perspec­
tive, this happened because an infinitesimally narrow source 
(i.e., narrow in space) generates a light field that is infinitely 
broad (i.e., broad in spatial frequency). The transform of a 
point source, an ideal one-dimensional signal spike (known as 
a Dirac delta function, p. 524 ), is a continuous constant spec­
trum containing all spatial frequencies, a spherical wave. In 
the same way, an ideal line source results in a cylindrical 
wave. 

In practice, Young's Experiment usually consists of two in­
phase slit sources arranged such thats > > a. As a rule, sis so 
large that the resulting fringe system corresponds to a Fraun­
hofer diffraction pattern (p. 457). The two very thin slits re­
semble two line sources, two ideally narrow signal spikes, and 
the transform of two delta functions is a cosine function-we 
saw that in Fig. 7.42. To the extent that the slits can be consid­
ered infinitesimally narrow, the amplitude of the electric field 
in the diffraction pattern will be cosinusoidal, and the irradi­
ance distribution will vary as the cosine squared, as in Fig. 9.9. 

Several Other Interferometers 

The same physical and mathematical considerations applied to 
Young's Experiment relate directly to a number of other 
wavefront-splitting interferometers. Most common among 
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398 Chapter 9 Interference 

these are Fresnel's double mirror, Fresnel's double prism, and 
Lloyd's mirror. 

Fresnel's double mirror consists of two plane front ­
silvered mirrors inclined lo each other at a very small angle, as 
shown in Fig. 9.12. One portion of the cylindrical wavefront 
coming from slit Sis reflected from the first mirror, and anoth­
er portion of the wavefront is reflected from the second mirror. 
An interference field exists in space in the region where the 
two reflected waves are superimposed. The images (S1 and S2) 

of the slit S in the two mirrors can be considered as separate 
coherent sources, placed at a distance a apart. It follows from 
the Laws of Reflection, as ill ustrated in Fig. 9.12a, that SA= 
S 1A and SB = S2B so that SA + AP = r 1 and SB + BP = r2 • 

The optical path length difference between the two rays is then 
r 1 - r2• The various maxima occur at r 1 - r2 = 111A, as they do 
with Young's Interferometer. Again, the separation of the 
fringes is given by 

s 
~y = - A 

a 

wheres is the distance between the plane of the two virtual 
sources (Si, S2) and the screen. The arrangement in Fig. 9.12 
has been deliberately exaggerated 10 make the geometry some­
what clearer. The angle 0 between the mirrors must be quite 
small if the electric-field vectors for each of the two beams are 
to be parallel, or nearly so. Let E1 and E2 represent the light­
waves emitted from the coherent virtual sources S1 and S2. At 
any instant in time at the point Pin space, each of these vec­
tors can be resolved into components, parallel and perpendic­
ular to the plane of the figure. With k1 and k2 parallel to AP 
and BP, respectively, it should be apparent that the compo­
nents of EI and E2 in the plane of the figure will approach 
being parallel only for small 0. As 0 decreases, a decreases 
and the fringes broaden. 

The Fresnel double prism or biprism consists of two thin 
prisms joined at their bases, as shown in Fig. 9.13. A single 
cylindrical wavefront impinges on both prisms. The top por­
tion of the wavefront is refracted downward, and the lower 
segment is refracted upward. In the region of superposition, 
interference occurs. Here, again, two virtual sources S 1 and S2 

Figure 9.12 (a) Fresnel's double mirror. 
(b) Two waves, one reflected from each mirror, 
interfere. (C) These fringes were obtained at a 
wavelength of only 13. 9 nm using radiation 
from the LURE synchrotron at Orsay, France. 
(Photo courtesy D. Joyeux, lnstitut d' OptiQue.) 
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exist, separated by a distance a, which can be expressed in 
terms of the prism angle a (Problem 9.19), where s > > a. 
The expression for the separation of the fringes is the same as 
before. 

The last wavefront-spli tt ing interferometer that we will 
consider is Lloyd 's mirror, shown in Fig. 9.14. It consists of 
a flat piece of either dielectric or metal that serves as a mirror, 
from which is reflected a portion of the cylindrical wavefront 
coming from slit S. Another portion of the wavefront proceeds 
directly from the s lit to the screen. For the separation a, 
between the two coherent sources, we take the distance 
between the actual slit and its image S I in the mirror. The 
spacing of the fringes is once again given by (s / a)A. The dis­
tinguishing feature of this device is that at glancing incidence 
(9; = TT/2) the reflected beam undergoes a 180° phase shift. 
(Recall that the ampli tude-reflection coefficients are then both 
equal to - I.) With an additional phase shift of :!= TT, 

and the irradiance becomes 

(
Tray) 

I = 410 sin
2 ~ 

9.3 Wavefront-splitting Interferometers 399 

(b) 

Figure 9.13 Fresnel's biprism. (a) The biprism creates two image 
sources. (b) With a slit source the fringes are bright bands. 
( cl Interference fringes observed with an electron biprism arrangement 
by G. Mdllenstedt. Once again electrons behave like photons. <Photo from 
Handbuch der Physik, edited by S. Flugge, Springer-Verlag, He,delberg.l 

The fringe pattern for Lloyd's mirror is complementary to 
that of Young's Interferometer; !he maxima of one pattern 
exist at values of y that correspond to minima in the other pat­
tern. The top edge of the mirror is equivalent toy= 0 and will 
be the center of a dark fri nge rather than a bright one, as in 
Young's device. The lower half of the pattern will be ob­
structed by the presence of the mirror itself. Consider what 

Figure 9.14 Lloyd's mirror. 
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400 Chapter 9 Interference 

would happen if a thin sheet of transparent material were 
placed in the path of the rays traveling directly to the screen. 
The transparent sheet would have the effect of increasing the 
number of wavelengths in each direct ray. The entire pattern 
would accordingly move upward, where the reflected rays 
would travel a bit farther before interfering. Because of the 
obvious inherent s implicity of this device, it has been used 
over a very wide region of the electromagnetic spectrum. The 
actual reflecting surfaces have ranged from crystals for X­
rays, ordinary g lass for light, and wire screening for 
microwaves to a lake or even the Earth' s ionosphere for 
radiowaves. * 

A ll the above interferometers can be demonstrated quite 
readily either using a laser or, for white light, something a bit 
more old-fashioned like a discharge lamp or a carbon arc (Fig. 
9. I 5). 

9.4 Amplitude-Splitting 
Interferometers 

Suppose tha1 a lightwave is incident o n a half-s ilvered mir­
ror, t or s imply on a sheet of glass. Part of the wave is trans­
mitted and part reflected. Both the transmitted and reflected 
waves have lower amplitudes than the original one. It can be 
said figuratively that the amplitude has been "split." 

If the two separate waves could be brought together again 
at a detector, interference would result, as long as the origi­
nal coherence between the two had not been destroyed. If the 
path lengths differed by a d is tance greater than that of the 
wavegroup (i.e., the coherence length), the portions reunited 
at the detector would correspond to different wavegroups. 
No unique phase relationship would exist between them in 
that case, and the fringe pattern would be unstable to the 
point of being unobservable. We will get back to these ideas 
when we consider coherence theory in more detai l. For the 

• For a discussion of the effects of a finite slit width and a finite frequen­
cy bandwidth, see R. N. Wolfe and F. C. Eisen, "lrradiance Distribution in 
a Lloyd Mirror Interference Pattern," J. Opt. Soc. Am. 38, 706 0 948). 

tA half-silvered mirror is one that is semitransparent, because the metal­
lic coating is too thin to be opaque. You can look through it. and 
at the same time you can see your reflection in it. Beamsplitters, as 
devices of this kind are called, can also be made of thin stretched 
plastic films, known as pe//ic/es, or even uncoated glass plate. 

Sin le 

Fringe-producing 
system 

Condensi 

Figure 9.15 Bench setup to study wavefront-splitting arrangements 
with a carbon arc source.The water cell is needed to keep things cool. 

moment the discussion is restricted, for the most part, to 
those cases for which the path difference is less than the 
coherence length. 

9.4.1 Dielectric Films-Double-Beam 
Interference 

Interference effects are observable in sheet transparent materi­
als, the thicknesses of which vary over a very broad range, 
from films less than the le ngth of a light wave (e.g. , for green 
light A0 equals about 1!0 the thickness of this printed page) to 
plates several centimeters thick. A layer of material is referred 
to as a thin film for a given wavelength of electromagnetic 
radiation when its thickness is of the order of that wavelength. 
Before the early I 940s, interference phenomena associated 
with thin dielectric films, although well known, had fairly lim­
ited practical value. The rather spectacular color displays aris­
ing from oil s licks and soap films, however pleasing 
aesthetically and theoretically, were mainly curiosities. 

With the advent of suitable vacuum deposition techniques 
in the I 930s, precisely controlled coatings could be produced 
on a commercial scale, and that, in turn, led to a rebirth of 
interest in dielectric films. During the Second World War, 
both sides were finding the enemy with a variety of coated 
optical devices, and by the I 960s multilayered coatings were 
in widespread use. 

Fringes of Equal Inclination 
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Consider the simple case of a transparent parallel plate of 
dielectric material having a thickness d (Fig. 9.16). Suppose 
that the film is nonabsorbing and that the amplitude-reflection 
coefficients at the interfaces are so low that only the first two 
reflected beams E1r and E2r (both having undergone only one 
reflection) need be considered (Fig. 9 .17). In practice, the 
amplitudes of the higher-order reflected beams (E3r, etc.) gen-

Figure 9.16 The wave and ray representations of thin-film interference. 
Light reflected from the top and bottom of the film interferes to create 
a fringe pattern. 

9.4 Amplitude-Splitting Interferometers 401 

s 

Point 
source 

Figure 9.17 Fringes of equal inclination. 

B 

erally decrease very rapidly, as can be shown for the air-water 
and air- glass interfaces (Problem 9.25). For the moment, con­
sider S to be a monochromatic point source. 

The film serves as an amplitude-splitting device, so that E1r 

and E2r may be considered as arising from two coherent virtu­
al sources lying behind the film; that is, the two images of S 
formed by reflection at the first and second interfaces. The 
reflected rays are parallel on leaving the film and can be 
brought together at a point Pon the focal plane of a telescope 
objective or on the retina of the eye when focused at infinity. 
From Fig. 9 .17, the optical path length difference for the first 
two reflected beams is g iven by 

and since (AB) =(BC)= d/cos 0,, 

A = 2n1d0 - n1(AD) 
COS / 

Now, to find an expression for (AD), write 
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402 Chapter 9 Interference 

(AD) = (AC)sin 0; 

Using Snell's Law, this becomes 

where 

- - n1 
(AD) = (AC) - sin 0, 

n1 

(AC) = 2d tan 0, 

The expression for A now becomes 

2n,d 
A = ___,__ ( I - sin2 0,) 

cos 0, 

or finally 

(9.32) 

(9.33) 

The corresponding phase difference associated with the 
optical path le ngth difference is then just the product of the 
free-space propagation number and A, that is, k0A. If the film 
is immersed in a single medium, the index of refraction can 
simpl y be written as n 1 = n2 = n. Realize that n may be less 
than n1, as in the case of a soap film in air, or greater than n1, 

as with an air film between two sheets of glass. In either case 
there will be an additional phase shift arising from the reflec­
tions themselves. Recall that for inc ident angles u1p to about 
30°, regardless of the polarization of the incoming light, the 
two beams, one internally and one externally ref!,ected, will 
experience a relative phase shift of 7T radians (Fig. 4.44 and 
Sectio n 4.3). According ly, 

8 = k0A ± 7T 

and more explicitly 

or 

47Tnf 
8 =--dcos 0, ± 7T 

Ao 

8 = 477
d (n} - n2 sin2 0;)112 ± 7T 

Ao 

(9.34) 

(9.35) 

The sign of the phase shift is immaterial, so we will choose the 
negative sign to make the equations a bit simpler. In reflected 
light an interference maximum, a bright spot, appears at P 
when 8 = 2111?T-in other words, an even multiple of 7T. In that 
case Eq. (9.34) can be rearranged to yield 

Ar 
(maxima] d COS 0, = (2m + 1) 4 (9.36) 

where 111 = 0, I, 2, . . . and use has been made of the fact that A1 

light. Interference minima in reflected light (maxima in trans­
mitted light) result when 8 = (2111 ± I )7T, that is, odd multiples 
of 7T. For such cases Eq. (9.34) yields 

(minima] 
A1 

dcos 0, = 2111 4 (9.37) 

The appearance of odd and even multiples of A1/4 in Eqs. 
(9.36) and (9.37) is significant , as we will see presently. We 
could, of course, have a situation in which n 1 > n1 > n2 or 
n 1 < n1 < n2, as with a fluoride film deposited on an optical 
element of glass immersed in air. The 7T phase shift would 
then not be present, and the above equations would simply be 
modi fled appropriate) y. 

If the lens used to focus the rays has a small aperture, inter­
ference fringes will appear on a small portion of the film. Only 
the rays leaving the point source that are reflected directly into 

Hg lamp 

= Ao/n1. This also corresponds to minima in the tiransmitted Figure 9.18 Fringes seen on a small portion of the film. 
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Extended source 

£ 

Figure 9.19 Fringes seen on a large region of the film. 

the lens will be seen (Fig. 9. 18). For an extended source, light 
will reach the lens from various directions, and the fringe pat­
tern will spread out over a large area of the film (Fig. 9.19). 

The angle 0; or equivalently 0,, determined by the position 
of P, will in turn control o. The fringes appearing at points P 1 

and P2 in Fig. 9 .20 are known as fringes of equal inclination. 
(Problem 9.30 discusses some easy ways to see these fringes.) 
Keep in mind that each source point on the extended source is 
incoherent with respect to the others. When the image of the 
extended source is reflected in the surface, it will be seen to be 
banded with bright and dark fringes. Each of these is an arc of 
a circle centered on the intersection of a perpendicular drop­
ped from the eye to the film. 

As the film becomes thicker, the separation AC between 
E,r and E2r also increases, since 

AC = 2dtan 0, [9.32) 

When only one of the two rays is able to enter the pupil of the 

9.4 Amplitude-Splitting Interferometers 403 

eye, the interference pattern will disappear. The larger lens of 
a telescope can then be used to gather in both rays, once again 
making the pattern visible. The separation can also be reduced 
by reducing 0, and therefore 0;, that is, by viewing the film at 
nearly normal incidence. The equal-inclination fringes that are 
seen in this manner for thick plates are known as Haidinger 
fringes, after the Austrian physicist Wilhelm Karl Haidinger 
( 1795-1871 ). With an extended source, the symmetry of the 
setup requires that the interference pattern consists of a series 
of concentric circular bands centered on the perpendicular 
drawn from the eye to the film (Fig. 9.21 ). As the observer 
moves, the interference pattern follows along. 

Haidinger fringes can be seen in the ordinary window glass 
of a store front. Find one with a neon sign in the window and 
look out at the street, at night, very close 10 the glowing tube. 
You'll see circular fringes centered on your eye floati ng off in 
the distance. 

Figure 9.20 All rays inclined at the same angle arrive at the same 
point. 
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~creen Cretrna, ground glass) 

---
Extended source 

Black background 

Dielectric film 

Fringes of Equal Thickness 

A whole class of interference fringes exists for which the opti­
cal thickness, n1d, is the dominant parameter rather than 0;. 
These are referred to as fringes of equal thickness. Under 
white-light illumination the iridescence of soap !bubbles, oil 
slicks (a few wavelengths thick), and even oxidized metal sur­
faces is the result of variations in film thickness. Unterference 
bands of this kjnd are analogous to the constant-height contour 
lines of a topographical map. Each fringe is the locus of all 
points in the fi lm for which the optical thickness is a constant. 
In general, n1 does not vary, so that the fringes co,rrespond to 

Figure 9.21 Circular Haidinger fringes cen­
tered on the lens axis. 

regions of constant film thickness. As such, they can be quite 
useful in determining the surface features of optical elements 
(lenses, prisms, etc.). For example, a surface to be examined 
may be put into contact with an optical flat.* The air in the 
space between the two generates a thin-film interference pat-

• A surface is said to be optically flat when it deviates by not more 
than about 1/4 from a perfect plane. In the past, the best flats were 
made of clear fused quartz. Now glass-ceramic materials (e.g., CERVlT) 
having extremely small thermal coefficients of expansion (about one­
sixth that of quartz) are available. Individual flats of 1/200 or a bit 
better can be made. 
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tern. If the test surface is flat, a series of straight, equally 
spaced bands indicates a wedge-shaped air film, usual ly 
resulting from dust between the flats. Two pieces of plate 
glass separated at one end by a strip of paper will form a satis­
factory wedge with which 10 observe these bands. 

When viewed at nearly normal incidence in the manner 
illustrated in Fig. 9.22, the contours arising from a nonuniform 
film are called Fizeau fringes. For a thin wedge of small angle 
a, the optical path length difference between two reflected 
rays may be approximated by Eq. (9.33), where dis the thick­
ness at a particular point, that is, 

d = XO' (9.38) 

For small values of 0; the condition for an interference maxi­
mum becomes 

Spacer 

Figure 9.22 Fringes from a wedge-shaped film. 

9.4 Amplitude-Splitting Interferometers 405 

or 

Since n1 = A0/ Ar, x111 may be wriuen as 

_ (m + l/2) 
Xm - 2a Ar (9.39) 

Maxima occur at distances from the apex given by Ar/4a, 
3Ar/ 4a, and so on, and consecutive fringes are separated by a 
distance Li.x, given by 

Lix = Arf2a (9.40) 

Notice that the difference in film thickness between adjacent 
maxima is simply Ar /2. Since the beam reflected from the 
lower surface traverses the film twice (0; = 0, = 0), adjacent 
maxima differ in optical path length by Ar- Note, too, that the 
film thickness at the various maxima is given by 

- I~ d111 - (m + ,) 
2 

(9.41) 

which is an odd multiple of a quarter wavelength. Traversing 
the film twice yields a phase shift of -rr, which, when added to 
the shift of -rr resulting from reflection, puts the two rays back 
in-phase. 

The accompanying photo shows a soap film held vertically 
so that it se11les into a wedge shape under the influence of 
gravity. When illuminated with white light, the bands are var­
ious colors. The black region at the top is a portion where the 
film is less than Ar /4 thick. Twice this, plus an additional 
shift of Ar /2 due 10 the reflection, is less than a whole wave­
length . The reflected rays are therefore out-of-phase. As the 
thickness decreases still further, the total phase difference 
approaches -rr. The irradiance at the observer goes 10 a mini-

A wedge-shaped film made of liquid dishwashing soap. <Photo by E. HJ 
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Fringes created by an air film between two microscope slides. 
(Photo by E. HJ 

mum (Eq. 9. 16), and the film appears black in reflected 
light.* 

Press two well-cleaned microscope slides together. The 
enclosed air film will usually not be uniform. In ordinary room 
light a series of irregular, colored bands (fringes of equal 
thickness) will be clearly visible across the surface. The thin 
glass slides distort under pressure, and the fringes move and 
change accordingly. Tape two slides together with transparent 
(matt-surfaced) tape. It will scatter light and make the reflect­
ed fringes more easily seen. 

If the two pieces of glass are forced together at a point, as 
might be done by pressing on them with a sharp pencil, a 

Newton's rings with two microscope slides. The thin film of air between 
the slides creates the interference pattern. <Photo by E. H.> 

*The relative phase shift of'" between internal and external reflection is 
required if the reflected flux density is to go to zero smoothly, as the 
film gets thinner and finally disappears. 

series of concentric, nearly circular, fringes is formed about 
that point. Known as Newton's rings*, this pattern is more 
precisely examined with the arrangement of Fig. 9.23. Here a 
lens is placed on an optical flat and illuminated at normal inci­
dence with quasi monochromatic light. The amount of unifor­
mity in the concentric circular pattern is a measure of the 
degree of perfection in the shape of the lens. With R as the 
radius of curvature of the convex lens, the relation between the 
distance x and the film thickness d is given by 

x2 = R2 - (R - d)2 

Quas1monochromat1c 

Collimator lens 

d Op1ica l fla1 ~/ 

Black surface -------------

Figure 9.23 A standard setup to observe Newton's rings 

"Robert Hooke (1635-1703) and Isaac Newton independently studied a 
whole range of thin-film phenomena, from soap bubbles to the air film 
between lenses. Quoting from Newton's Opticks: 

I took two Object-glasses, the one a Planoconvex for a fourteen 
Foot Telescope, and the other a large double Convex for one of 
about fifty Foot; and upon this, laying the other with its plane side 
downwards, I pressed them slowly together to make the Colours 
successfully emerge in the middle of the Circles. 
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Interference from the thin air film between a convex lens and the flat 
sheet of glass it rests on. The illumination was quasimonochromatic. 
These fringes were first studied in depth by Newton and are known as 
Newton's rings. <Photo by E.H.1 

or more simply by 

x2 = 2Rd - d 2 

Since R > > d, this becomes 

x2 = 2Rd 

Assume that we need only examine the first two reflected 
beams £ 1, and £ 2, . The mth-order interference maximum will 
occur in the thin film when its thickness is in accord with the 
relationship 

The radius of the mth bright ring is therefore found by com­
bining the last two expressions to yield 

!bright ring] (9.42) 

Similarly, the radius of the mth dark ring is 

ldark ring] (9.43) 

If the two pieces of g lass are in good contact (no dust), the 

9.4 Amplitude-Splitting Interferometers 407 

central fringe at that point (x0 = 0) will clearly be a minimum 
in irradiance, an understandable result since d goes to zero at 
that point. In transmiued light, the observed pauern will be the 
compleme nt of the reflected one discussed above, so that the 
center will now appear bright. 

Newton' s rings, which are Fizeau fringes, can be distin­
guished from the circular patlern of Haidinger's fringes by the 
manner in which the diameters of the rings vary with the order 
m. The central region in the Haidinger pattern corresponds to 
the maximum value of m (Problem 9.29), whereas just the 
opposite applies to Newton's rings. 

An optical shop, in the business of making lenses, will have 
a set of precision spherical test plates or gauges. A designer 
can specify the surface accuracy of a new lens in terms of the 
number and regularity o f the Newton rings that wi ll be seen 
with a particular test gauge. T he use of test plates in the man­
ufacture of high-quality lenses, however, is giving way to far 
more sophisticated techniques involving laser interferometers 
(Section 9.8.2). 

9.4.2 Mirrored Interferometers 

There are a good number of amplitude-splitling interferome­
ters that utilize arrangements of mirrors and beamsplitters. By 
far the best known and historically the most important of these 
is the Michelson Interferometer. Its configuration is illus­
trated in Fig. 9.24. An extended source (e.g ., a diffusing 
ground-glass plate illuminated by a discharge lamp) emits a 
wave, part of which travels to the right. The beamsplitler at 0 
divides the wave into two, one segment traveling to the right 
and one up into the background. The two waves are reflected 
by mirrors M1 and M2 and return to the beamspliller. Part of 
the wave coming from M2 passes through the beamsplitter 
going downward, and part of the wave coming from M 1 is 
deflected by the beamsplitter toward the detector. The two 
waves are united, and interference can be expected. 

Notice that one beam passes through O three times, where­
as the other traverses it only once. Consequently, each beam 
will pass through equal thicknesses of glass only when a com­
pensator plate C is inserted in the arm OM 1• T he compensator 
is an exact duplicate of the beamsplitter, with the exception of 
any possible silvering or thin film coating on the beamsplitter. 
It is positioned at an angle of 45°, so that O and Care parallel 
to each other. With the compensator in place, any optical path 
difference arises from the actual path difference. In addition, 
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because of the dispersion of the beamsplitter, the optical path 
is a function of A. Accordingly, for quantitative work, the 
interferometer without the compensator plate can be used 
only with a quasi monochromatic source. The inclusion of a 
compensator negates the effect of dispersio n, so that even a 
source with a very broad bandwidth will generate discernible 
fringes. 

To understand how fringes are formed, refer to the con­
struction shown in Fig. 9.25, where the physical components 
are represented more as mathematical surfaces. An observer at 
the position of the detector will simultaneously s,ee both mir­
rors M 1 and M2 along with the source I in the beamsplitter. 
We can redraw the interferometer as if all the elements were in 
a straight line. Here M I corresponds to the image of mirror M 1 

in the beamsplitter, and I has been swung over in line with 0 
and M 2. The positions of these elements in the diagram depend 
on their relative distances from O (e.g., M [ can be in front of, 
behind, or coincident with M 2 and can even pass through it). 
The surfaces I I and 1 2 are the images of the source I in mir-

Figure 9.24 The Michelson Interferometer. (a) Circular fringes are cen­
tered on the lens. (bl Top view of the interferometer showing the path 
of the light. (c) A wedge fringe pattern was distorted when the tip of a 
hot soldering iron was placed in one arm. Observe the interesting per­
ceptual phenomenon whereby the region corresponding to the iron's tip 
appears faintly yellow. !Photo by E. H.> 

rors M 1 and M2, respectively. Now consider a single point Son 
the source emitting light in all directions; let's follow the 
course of o ne emerging ray. In actuality a wave from Swill be 
split at 0, and its segments will thereafter be reflected by M1 

and M2 . In our schematic diagram we represent this by reflect­
ing the ray off both M 2 and M 1. To an observer at D, the two 
reflected rays will appear to have come from the image points 
S 1 and S2 • [ Note that all rays shown in (a) and (b) of Fig. 9.25 
share a common plane-of-incidence.] For all practical purpos­
es, S1 and S2 are coherent point sources, and we can anticipate 
a flux-density distribution obeying Eq. (9. 14). 

As the figure shows, the optical path difference for these 
rays is nearly 2d cos 0, which represents a phase difference of 
k02d cos 0. There is an additional phase tenn arising from the 
fact that the wave traversing the arm OM2 is internally reflect­
ed in the beamspliller, whereas the OM 1-wave is externally 
reflected at 0. If the beamsplitter is simply an uncoated glass 
plate, the relative phase shift resulting from the two reflections 
will be 7T radians. Destructive, rather than constructive, inter-

(b) 

------- C 

(C) 

 
Page 415

Giesecke+Devrient GmbH, 
Giesecke+Devrient Currency Technology GmbH, 

and Papierfabrik Louisenthal GmbH. - Ex. 1027



(a) 

Dc1ec1or 

9.4 Amplitude-Splitting Interferometers 409 

I ,,X, Vi -, \ 
/ ( \ 
\ I __ol I 
I _..,,----,- I 
\ \ I 
I \ / 
I \ / I -.... _ _... 

-/ 

r---2d - - -, 

s, . - - -or-:-;--,-. 

I . 
- -· (J 

Jc·~;o 

ference will then exist when 

2d cos 0,,, = mAo 

(b) 

M ' I 

(9.44) 

where mis an integer. If this condition is fulfilled for the point 
S, then it will be equally well fulfilled for any point on l that 
lies on the circle of radius O'S, where O' is located on the axis 
of the detector. As illustrated in Fig. 9.26, an observer will see 
a circular fringe system concentric with the central axis of her 
eye's lens. Because of the small aperture of the eye, the ob­
server will not be able to see the entire pattern without the use 
of a large lens near the beamsplitter to collect most of the 
emergent light. 

If we use a source containing a number of frequency com­
~nents (e.g., a mercwy disc/Juge Jam.,o), 1/Je tle_,oendence o/" 
8,, on >.0 in &). (9. 44) re9uires JhaJ each svcJJ compooeo/ geo­
erate a fringe system of its own. Note, too, that since 
2dcos8m must be \ess \nan \\\e co'nerence \ength o\ the source, 

Figure 9.25 A conceptual 
rearrangement of the Michelson 
Interferometer. 

it follows that laser light will be particularly easy to use in 
demonstrating the interferometer (see Section 9.5). This point 
would be made strikingly evident were we to compare the 
fringes produced by laser light with those generated by 
"white" light from an ordinary tungsten bulb or a candle. In 
the latter case, the path difference must be very nearly zero, if 
we are to see any fringes at all, whereas in the former instance 
a difference of IO cm has little noticeable effect. 

An interference pattern in quasimonochromatic light typi­
cally consists of a large number of alternatively bright and 
dark rings. A particular ring corresponds to a fixed order m. 
As M2 is moved toward M;, d decreases, and according 10 Eq. 
(9.44), cos 0111 increases while 0,,, therefore decreases. The 
rings shrink toward the cenler, with the /J.i.ff/Jes1-order ooe dls-

,1p~.v7/IJ7 w..bepeye,r #' t/ec/ec2.Fc:F ~Y ,10/,? &ca mmt11r11ng rrag 
bro.?den.r ,1.( more lilld more frrnger-: vamsn a( (ne center, unlff 
only a few fill the whole screen. By the timed = 0 has been 
reached, the central fringe will have spread out, filling the 
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410 Chapter 9 Interference 

Figure 9.26 Formation of circular fringes. 

entire field of view. With a phase shift of 7T resulting from 
reflection off the beamsplitter, the whole screen will then be 
an interference minimum. (Lack of perfection in the optical 
elements can render this unobservable.) Moving M2 still far­
ther causes the fringes 10 reappear al the center and move 
outward. 

Notice that a central dark fringe for which 8,,, = 0 in Eq. 
(9.44) can be represented by 

(9.45) 

(Keep in mind that this is a special case. The central region 
might correspond to neither a maximum nor a minimum.) 
Even if d is IO cm, which is fairly modest in laser light, and 
A0 = 500 nm, 1110 will be quite large, namely, 400000. At a 
fixed value of d, successive dark rings will satisfy the expres­
sions 

2d cos 81 = (m0 - l)Ao 

2d cos 82 = (mo - 2)Ao 

2d cos 8" = (mo - p)Ao (9.46) 

The angular position o f any ring, for example, the pth ring, is 
determined by combining Eqs. (9.45) and (9.46) 10 yield 

2d( 1 - cos 8") = pA0 (9.47) 

Since 8,,, = 8,,, both are just the half-angle subtended al the 
detector by the particular ring, and s ince m = m0 - p, Eq. 
(9.47) is equivalent to Eq. (9.44). The new form is somewhat 

more convenient, since (using the same example as above) 
with d = 10 cm, the sixth dark ring can be specified by stating 
that p = 6, or in terms of the order of the pth ring, that m = 
399 994. If 8P is small, 

cos 0,, = 

and Eq. (9.47) yields 

8 = (PA0)1/2 
P d (9.48) 

for the angular radius of the pth fringe. 
The construction of Fig. 9.25 represents one possible con­

figuration, the one in which we consider only pairs of parallel 
emerging rays. Since these rays do not actually meet, they can­
not form an image without a condensing lens of some sort. 
Indeed, that lens is most often provided by the observer's eye 
focused at infinity. The resulting fringes of equal inclination 
(0,,, = constant) located at infinity are also Haidingerfringes. 
A comparison of Figs. 9.25b and 9.3a, both showing two 
coherent point sources, suggests that in addition to these (vir­
tual) fringes at infinity, there might also be (real) fringes 
formed by converging rays. These fringes do in fact exist. 
Hence, if you illuminate the interferometer with a broad 
source and shield out all extraneous light, you can easily see 
the projected pattern on a screen in a darkened room (see Sec­
tion 9.5). The fringes will appear in the space in front of the 
interferometer ( i.e., where the detector is shown), and their 
size will increase with increasing distance from the beamsplit­
ter. We will consider the (real) fringes arising from point­
source illumination a little later on. 

When the mirrors of the interferometer are inclined with 
respect to each other, making a small angle (i.e., when M1 and 
M 2 are not quite perpendicular), Fizeau fringes are observed. 
The resultant wedge-shaped air film between M2 and Mi cre­
ates a pattern of straight parallel fringes. The interfering rays 
appear to diverge from a point behind the mirrors. The eye 
would have to focus on this point in order to make these local­
ized fringes observable. It can be shown analytically* that by 
appropriate adjustment of the orientation of the mirrors M1 

and M2, fringes can be produced that are straight, circular, 
elliptical, parabolic, or hyperbolic- this ho lds as well for the 
real and virtual fringes. 

• See, for example, Valasek, Optics, p.135. 
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The Michelson Interferometer can be used to make 
extremely accurate length measurements. As the moveable 
mirror is displaced by A0/2, each fringe will move to the posi­
tion previously occupied by an adjacent fringe. Using a micro­
scope a1Tangement, one need only count the number of fringes 
N, or portions thereof, that have moved past a reference point 
to determine the distance traveled by the mirror !.ld, that is, 

!.ld = N(A0/2) 

Nowadays this can be done fairly easily by electronic means. 
Michelson used the method to measure the number of wave­
lengths of the red cadmium line corresponding to the standard 
meter in Sevres near Paris.* 

The Michelson Interferometer can be used along with a few 
polaroid filters to verify the Fresnel-Arago Laws. A polarizer 
inserted in each arm will al low the optical path length differ­
ence to remain fairly constant, while the vector field directions 
of the two beams are easily changed. 

A microwave Michelson Interferometer can be constructed 
with sheet-metal mirrors and a chicken-wire beamsplitter. 
With the detector located at the central fri nge, it can easily 
measure shifts from maxima to minima as one of the mirrors is 
moved, thereby determining A. A few sheets of plywood, plas­
tic, or glass inserted in one arm will change the central fringe. 
Counting the number of fringe shifts yields a value for the 
index of refraction, and from that we can compute the dielec­
tric constant of the material. 

The Mach-Zehnder Interferometer is another amplitude­
splitting device. As shown in Fig. 9.27, it consists of two 
beamsplitters and two totally reflecting mirrors. The two 
waves within the apparatus travel along separate paths. A dif­
ference between the optical paths can be introduced by a slight 
tilt of one of the beamsplitters. Since the two paths are sepa­
rated, the interferometer is relatively difficult to align. For the 
same reason, however, the interferometer finds myriad appli­
cations. It has even been used, in a somewhat altered yet con­
ceptually similar form, to obtain electron interference 
fringes. t 

• A discussion of the procedure he used to avoid counting the 3106 327 
fringes directly can be found in Strong, Concepts of Classical Optics, p. 
238, or Williams, Applications of Interferometry, p. 51. 

tL. Marton, J. Arol Simpson, and J. A. Suddeth, Rev. Sci. Instr. 25, 
1099 (I 954), and Phys. Rev. 90, 490 (1953). 
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Ex1ended 

source spline, 

Figure 9.27 The Mach- Zehnder Interferometer. 

DJ 
De1ector 

An object interposed in one beam will alter the optical path 
length difference, thereby changing the fringe pattern. A com­
mon application of the device is to observe the density varia­
tions in gas-flow patterns within research chambers (wind 
tunnels, shock tubes, etc.). One beam passes through the opti­
cally flat windows of the test chamber, while the other beam 
traverses appropriate compensator plates. The beam within the 
chamber will propagate through regions having a spatially 

Scylla IV, an early setup tor studying plasma. <Courtesy of university of 
California. Lawrence Livermore National Laboratory, and the Department of Energy., 
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Figure 9.28 Schematic of Scylla IV. 
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varying index of refrac tion. The resulting disto rtions in the 
wavefront generate 1he fringe contours. A partic ularly nice 
applica1ion is shown in Fig. 9.28. which depicts 1he magnetic 
compression device known as Scylla IV. It was used 10 study 
controlled 1hermonuclear reactions at the Los Alamos Scien­
tific Labora1ory. In 1his case. 1he Mach-Ze hnder ln1erfero me­
ter appears in 1he form of a parallelogram. The two ruby laser 
interferograms. as these photographs are called. show 1he 
background pallern without a plasma in the tube and the den­
sity conlours wi1hin the plasma during a reaclion. 

Another amplitude-splitting device, which differs from 1he 

lnterlerogram without plasma. !Photo courtesy Los Alamos Nat,onal Laboratory., 

lnterferogram with plasma. (Photo courtesy Los Alamos National Laboratory.> 

previous instrumenl in many respects, is the Sagnac Interfer­
ometer. II is very easy to align and quile s1able. An interesting 
application of the device is discussed in 1he last section of this 
chapter, where we consider its use as a gyroscope. One form 
of the Sagnac Interferometer is shown in Fig. 9.29a and anoth­
er in Fig. 9.29b; still 01hers are possible. Notice 1ha1 the main 
feature of the device is that there arc two identical but oppo­
sitely directed paths taken by the beams and that both form 
closed loops before they are united to produce interference. A 
de liberate s light shift in the orientation of one of the mirrors 
will produce a path length d ifference and a resulting fringe 
patte rn. Since the beams are superimposed and therefore 
inseparable. the interferometer cannot be put to any of the con­
\.entional uses. These in general depend on the possibility of 
imposi ng varialions on only one of the constituent beams. 

Real Fringes 

Before we examine the crea1ion of real. as opposed to virtual, 
fringes. lei's fi rs! consider another ampli1ude-splitting inter­
ferometric device, the Pohl fringe-producing system, illus­
trated in Fig . 9.30. It is s imply a thin transparent film 
il luminated by the ligh1 coming from a poi nt source. In this 
case. the fringes are real and can accordingly be intercepted on 
a screen placed anywhere in the vicinity of the interferometer 
without a condensing-lens sys1em. A convenient light source 
to use is a mercury lamp covered with a shield having a small 
hole(=; inch diamete r) in it. As a thin film. use a piece of 
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Figure 9.29 (a) A Sagnac Interferometer. (b) Another variation of the Sagnac Interferometer. 
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Figure 9.30 The Pohl Interferometer. 

Near normal incidence 
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p 
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s 

Figure 9.31 Point-source illumination of parallel surfaces. 

ordinary mica taped to a dark-colored book cover, which 
serves as an opaque backing. If you have a laser, its remark­
able coherence length and high flux density will allow you to 
perform this same experiment with almost anything smooth 
and transparent. Expand the beam to about an inch or two in 
diameter by passing it through a lens (a focal length of 50 to 
I 00 mm will do). Then just reflect the beam off the surface of 
a glass plate (e.g., a microscope slide), and the fringes will be 
evident within the illuminated disk wherever it s trikes a 
screen. 

The underlying physical principle involved with point­
source illumination for all four of the interferometric devices 
considered above can be appreciated with the help of a con­
struction, variat ions of which are shown in Figs. 9.31 and 
9.32. * The two vertical lines in Fig. 9.31, or the inclined ones 
in Fig. 9.32, represent either the positions of the mirrors or the 
two sides of the thin sheet in the Pohl Interferometer. Let's 
assume that point Pin the surrounding medium is a point at 

p 

Figure 9.32 Point-source illumination of inclined surfaces. 

·A. Zajac, H. Sadowski, and S. Licht, "The Real Fringes in the Sagnac 
and the Michelson Interferometers," Am. J. Phys. 29, 669 Cl 961 ). 

Real Michelson fringes using He- Ne laser light. cPhoto by E. HJ 

which there is constructive interfe rence. A screen placed at 
that point wou1ld intercept this maximum, as well as a whole 
fringe pattern, without any condensing system. The coherent 
virtual sources emilling the interfering beams are mirror imag­
es S1 and S2 of the actual point source S. It should be noted that 
this kind of re:al fringe pallern can be observed with both the 
Michelson andl Sagnac Interferometers. If either device is illu­
minated with a.n expanded laserbeam, a real fringe pattern will 
be generated directly by the emerging waves. This is an 
extremely simple and beautiful demonstration. 

9.5 Type!s and Localization 
of Interference Fringes 

Often it is important to know where the fringes produced in a 
given interferometric system will be located, since that is the 
region where we need to focus our detector (eye, camera, tele­
scope). In gen,~ral, the problem of locating fringes is charac­
teristic of a given interferometer; that is, it has to be solved for 
each individual device . 

Fringes can be classified, first, as either real or virtual and, 
second, as either non localized or localized. Real fringes are 
those that can lbe seen on a screen without the use of an addi­
tional focusing system. The rays forming these fringes con­
verge to the point of observation, all by themselves. Virtual 
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fringes cannot be projected onto a screen without a focusing 
system. In this case the rays obviously do not converge. 

Nonlocalized fringes are real and exist everywhere within 
an extended (three-dimensional) region of space. The pattern 
is literally nonlocalized, in that it is not restricted to some 
small region. Young' s Experiment, as illustrated in Fig. 9.8, 
fills the space beyond the secondary sources with a whole 
array of real fringes. Non localized fringes of this sort are gen­
erally produced by small sources, that is, point or line sources, 
be they real or virtual. In contrast, localized fringes are clearly 
observable only over a particular surface. The pattern is liter­
ally localized, whether near a thin film or at infinity. This type 
of fringe will always result from the use of extended sources 
but can be generated with a point source as well. 

The Pohl Interferometer (Fig. 9.30) is particularly useful in 
illustrating these principles, since with a point source it will 

Figure 9.33 A parallel film. The rays are 
drawn neglecting refraction. 

9.5 Types and Localization of Interference Fringes 415 

produce both real nonlocalized and virtual localized fringes. 
The real nonlocalized fringes (Fig. 9.33, upper half) can be 
intercepted on a screen almost anywhere in front of the mica 
film. 

For the nonconverging rays, realize that since the aperture 
of the eye is quite small, it will intercept only those rays that 
are directed almost exactly at it. For this small pencil of rays, 
the eye, at a particular position, sees either a bright or dark 
spot but not much more. To perceive an extended fringe pat­
tern formed by parallel rays of the type shown in the bottom 
half of Fig. 9.33, a large lens will have to be used to gather in 
light entering at other orientations. In practice, however, the 
source is usually somewhat extended, and fringes can general­
ly be seen by looking into the film with the eye focused at 
infinity. These virtual fringes are localized at infinity and are 
equivalent to the equal-inclination fringes of Section 9.4. Sim-

- - ··---------. ------
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s 

(real fringes) 

, ~/ -
1/ 

/ 
P Region of localizarion 

(virtual fringes) 

Figure 9.34 Fringes formed by a wedge-shaped film. 

ilarly, if the mirrors M1 and M2 in the Michelson Interferome­
ter are parallel, the usual circular, virtual, equal-inclination 
fringes localized at infinity will be seen. We can imagine a 
thin air film between the surfaces of the mirrors M2 and M1 
acting to generate these fringes. As with the configuration of 
Fig. 9.30 for the Pohl device, real nonlocalized fringes will 
also be present. 

The geometry of the fringe pattern seen in reflected light 
from a transparent wedge of small angle a is shown in Fig. 
9.34. The fringe location P will be determined by the direction 
of incidence of the incoming light. Newton's rings have this 
same kind of localization, as do the Michelson, Sagnac, and 
other interferometers for which the equivalent interference 
system consists of two reflecting planes inclined slightly to 

Region of -====:= 
localization 

Figure 9.35 Fringes in the Mach-Zehnder Interferometer. 

each other. The wedge setup of the Mach- Zehnder Interfer­
ometer is distinctive in that by rotating the mirrors, one can 
localize the resulting virtual fringes on any plane within the 
region generally occupied by the test chamber (Fig. 9.35). 

9. 6 Multiple Beam Interference 

Thus far we have examined a number of situations in which 
two coherent beams are combined under diverse conditions to 
produce interference patterns. There are, however, circum­
stances under which a much larger number of mutually coher­
ent waves are made to interfere. In fact, whenever the ampli­
tude-reflection coefficients, the r' s, for the parallel plate illus­
trated in Fig. 9.17 are not small, a.:!. wa~reviously the case, 
the higher-order reflected waves E3,, E4 ,, ... become quite 
significant. A glass plate, slightly silvered on both sides so 
that the r's approach unity, will generate a large number of 
multiply internally reflected rays. For the moment, we will 
consider only situations in which the film, substrate, and sur­
rounding medium are transparent dielectrics. This avoids the 
more complicated phase changes resulting from metal-coated 
surfaces. 

To begin the analysis as simply as possible, let the fi lm be 
nonabsorbing and let n1 = n2. The notation will be in accord 
with that of Section 4.1 O; the amplitude-transmission coeffi­
cients are represented by t, the fraction of the amplitude of a 
wave transmitted on entering into the film, and t', the fraction 
transmitted when a wave leaves the film. The rays are actual­
ly lines drawn perpendicular to the wavefronts and therefore 
are also perpendicular to the optical fields E I n E2,, and so 
forth. Since the rays will remain nearly parallel, the scalar the­
ory will suffice as long as we are careful to account for any 
possible phase shifts. 

As shown in Fig. 9.36, the scalar amplitudes of the reflect-
~ ~ ~ I 

ed waves E 1,, E2r, E3,., ... , are respectively E0r, E0tr t', 
E0tr' 3t' , ... , where £0 is the amplitude of the initial incoming 
wave and r = -r' via Eq. (4.89). The minus sign indicates a 
phase shift, which we will consider later. Similarly, the trans­
mitted waves E1,, E2,, E3,, ... will have amplitudes E0tt', 
Eotr'2t' , E0tr' 4t' , .... Consider the set of parallel reflected rays. 
Each ray bears a fixed phase relationship to al l the other 
reflected rays. The phase differences arise from a combination 
of optical path length differences and phase shifts occurring at 
the various reflections. Nonetheless, the waves are mutually 

 
Page 423

Giesecke+Devrient GmbH, 
Giesecke+Devrient Currency Technology GmbH, 

and Papierfabrik Louisenthal GmbH. - Ex. 1027



P' 

coherent, and if they are collected and brvught 10 focus at a 
poinr P by a lens, they will all interfere. The resullant irradi­
ance expression has a particularly simple form for two special 
cases. 

The difference in optical path length between adjacent rays 
is given by 

[9.33] 

All the waves except for the first, E1r , undergo an odd number 
of reflections within the film. It follows from Fig. 4.44 that at 
each internal reflection the component of the field p arallel 10 

the plane-of-incide nce changes phase by either O o r 7T, de­
pending on the internal incident ang le 0; < 0c. The component 
of the field perpendicular to the plane-of-incidence suffers no 
change in-phase on internal reflection when 0; < 0, .. Clearly 
then, no relative change in-phase among these waves results 
from an odd number o f such reflections (Fig. 9.37). As the first 
special case, if A = 111>.., the second, third, fourth, and succes­
sive waves will all be in-phase at P. The wave E, n however, 
because of its reflectio n at the top surface of the fi lm, will be 
out-of-phase by 180° with respect to all the other waves. The 

9.6 Multiple Beam Interference 417 

p 

Figure 9.36 Multiple-beam interference from a parallel film. 

Figure 9.37 Phase shifts arising purely from the reflections 
(internal 8, < 8ii), 
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phase shift is embodied in the fact that r = -r' aind r' occurs 
only in odd powers. The sum of the scalar amplitudes. that is, 
the total re.fleeted amplitude at point P, is then 

or £0 ,. = E0r - E0 trt'(I + r 2 + r4 + · · ·) 

where since A= mA, we've j ust replaced r' by - · r. The geo­
metric series in parentheses converges to the finite sum 
1/(1 - r 2

) as long as r 2 < I, so that 

(9.49) 

It was shown in Section 4.10, when we considered Stokes's 
treatment of the principle of reversibility (Eq. 4.86). that 11' = 
I - ,-2

, and it follows that 

Thus when A = mA the second, third, fourth, and successive 
waves exactly cancel the first reflected wave, as shown in Fig. 
9.38. In this case no light is reflected; all the incoming energy 
is transmitted. The second special case arises when A = (111 + 
;)A. Now the first and second rays are in-phase. and all other 
adjacent waves are A /2 out-of-phase; that is, the second is out­
of-phase with the third, the third is out-of-phase with the 
fourth. and so on. The resultant scalar mnplitude is then 

or 

6 --­. . 

£0 ,. = Eor + E0r11'(I - 1·
2 + r4 

- · · '") 

4 

5 

£0 : = 0 (Resullant amplit ude) 

Figure 9.38 Phasor diagram. 

2 

4 

5 

~ 
1 --­. . --------,---.,.,..-....,.-,-~-----~· 

(Resullant amplitude) £0, 

Figure 9.39 Phasor diagram. 

The series in parentheses is equal to I / ( I + r2
), in which case 

Again, ll' 

[ 
11' ] £0, = E0 r I + 2 ( I + ,- ) 

- r 2
; therefore, as illustrated in Fig. 9.39, 

2,-
Eo, = (I + ,.2) Eo 

Since this particular arrangement results in the addition of the 
first and second waves, which have relatively large ampli­
tudes, it should yield a large reflected flux density. The irradi­
ance is proportional to £~,/2, so from Eq. (3.44) 

(9.50) 

That this is in fact the maximum, (/,)max, will be shown later. 
We will now consider the problem of multiple-beam inter­

ference in a more general fashion, making use of the complex 
representation. Again let 11 1 = 112, thereby avoiding the need to 
introduce different reflection and transmission coefficients at 
each interface. The optical fields at point P are given by 

£1, = Eorei(l)t 

E2, = Eotr't'/1
(1)

1- 8) 

£3, = Eotr'3t' /t,or- 215) 

where £1/'"
1 is the incident wave. 
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The terms o, 2o, ... , (N - l)o are the contributions lo the 
phase arising from an optical path length difference between 
adjacent rays (8 = k0 /\.). There is an additional ph.ase contri ­
bution arising from the optical distance traversed iin reaching 
point P, but this is common to each ray and has been omitted. 
The relative phase shift undergone by the first ray as a result of 
the reflection is embodied in the quantity r'. The resultant 
reflected scalar wave is then 

E, = £,, + £2, + £3, + ... + EN,­

or upon substitution (Fig. 9.40) 

E, = Eore;,,,, + Eotr' t' e'<,01- 8> + ... + Eotr'<.2N-3>,, 

X e'lw1- cN- I Ji5J 

This can be rewritten as 

E,. = Eoe',,,'/r + r' tt'e- 18[1 + (r'2e- ;8) 

+ (r'2e - ;r,)2 + ... + (r' 2e - ;r,t- 2]) 

If lr'2e- '8 l < I, and if the number of terms in the series 
approaches infinity, the series converges. The resultant wave 

becomes 

[ 

/ I - j{, ] - - iw, r tt e E,. - E0e r + ,2 - ;r, 
I - r e 

(9.5 I) 

In the case of zero absorption, no energy being taken out of the 
waves, we can use the relations r = - r' and tt' = I - r2 to 
rewrite Eq. (9 .51) as 

E = E e;w, [r(I -e- 18)] 
r o I - r 2e - ,8 

Figure 9.40 Phasor diagram. 
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The reflected flux density at Pis then/, = £, £; / 2, that is, 

I = E~r2(1 - e - ;.s )(I - e +'ll ) 

,. 2(1 - r 2e- '8 )(1 - r 2e+ 'li ) 

which can be transformed into 

2r2( 1 - cos o) 
I = /.- ----- - -
,. '(l+r4 ) - 2r2 cos o 

(9.52) 

The symbol I; = E't,/ 2 represents the incident flux density, 
since, of course, £ 0 was the amplitude of the incident wave. 
Similarly, the amplitudes of the transmitted waves given by 

£ 1, = E0tt' e''v' 

£2, = Eott' ,.,2('i( lv/- O) 

£3, = Eott' r'4e'<<v1- 28) 

can be added to yield 

E =Ee;,.,,[ 
, o I (9.53) 

(Because we are interested in the irradiance, a common factor 
of e - i i5!2, arising from the transmission through the film, was 
omitted. It contributes to the fact that there is a phase differ­
ence of 7T,2 between the reflected and transmitted waves, but 
that is of no concern here.) 

Multiplying Eq . (9.53) by its complex conjugate yields 
(Problem 9.39) the irradiance of the transmitted beam 

f;(tt' )2 
I = 
' ( I + r4) - 2r2 cos o (9.54) 

Using the trigonometric identity cos o = I - 2 sin2 (8/ 2), 
Eqs. (9.52) and (9.54) become 

[2r/ (I - r 2)]2sin2(o/2) 
(9.55) 

and I = /.-----------
' I I + [2r/ (I - r 2)]2 sin2 (o/2) 

(9.56) 

where energy is not absorbed, that is, tt' + r 2 = I. If indeed 

 
Page 426

Giesecke+Devrient GmbH, 
Giesecke+Devrient Currency Technology GmbH, 

and Papierfabrik Louisenthal GmbH. - Ex. 1027



420 Chapter 9 Interference 

none of the incident energy is absorbed, the flux density of the 
incoming wave should exactly equal the sum of the flux den­
sity reflected off the film and the total transmilled Jflux density 
emerging from the film. It follows from Eqs. (9.55) and (9.56) 
that this is indeed the case, namely, 

(9.57) 

This will not be true, however, if the dielectric film is coated 
with a thin layer of semitransparent metal. Surface currents 
induced in the metal will dissipate a portion of the incident 
electromagnetic energy. 

Consider the transmitted waves as described by Eq. (9.54). 
A maximum will exist when the denominator is as small as 
possible, that is, when cos 8 = I, in which case 8 = 21Tm and 

Under these conditions, Eq. (9.52) indicates that 

(/,)min = 0 

as we would expect from Eq. (9.57). Again, from Eq. (9.54) it 
is clear that a minimum transmitted flux densit)/ will exist 
when the denominator is a maximum, that is, when cos 8 = 
- I. In that case 8 = (2m + I )7T and 

(I - r 2)2 
(/,)min = I; (I + r2)2 (9.58) 

The corresponding maximum in the reflected flu;< density is 

4r2 

(9.59) 

Notice that the constant-inclination fringe pattern htas its max­
ima when 8 = (2m + 1)7T or 

4my 
-- d cos 0, = (2m + l)7T 

Ao 

which is the same as the result we arrived at previously, in Eq. 
(9.36), by using only the first two reflected waves .. Note, too, 
that Eq. (9.59) verifies that Eq. (9.50) was indeed a maximum. 

The form of Eqs. (9.55) and (9.56) suggests that we intro­
duce a new quantity, the coefficient of finesse F, such that 

F=(~)2 
I - r2 (9.60) 

whereupon these equations can be wrillen as 

-1T 

Figure 9.41 Airy function. 

I , 

I; 

and 
I, 

I; 

F sin2 (8/ 2) 

I + F sin2 (8/2) 

I + F sin2(8/ 2) 

,, = 0.046 

, , = 0 18 

F = 200 

r, 

(9.61) 

(9.62) 

The term [ I + F sin2 (8 / 2)]- 1 = .si.(0) is known as the Airy 
function. It represents the transmitted flux-density distribu­
tion and is plol!ed in Fig. 9.41. The complementary function 
[I - d(0)] , that is, Eq. (9.6 1), is plotted as well, in Fig. 9.42. 
When 8/ 2 = nm, the Airy function is equal to unity for all 
values of F and therefore r. When r approaches I , the trans­
mitted flux density is very small, except within the sharp 
spikes centered about the points 8/ 2 = 1111T. Multiple-beam 
interference has resulted in a redistribution of the energy den­
sity in comparison to the sinusoida l two-beam pattern (of 

I -:.-=-- ---:::-, -:;;-=-- --., 

~ 0.5 

I 
I 
I 
I 
I 
I 

Figure 9.42 One minus the Airy function. 

=-- =::--, 
F = 200 I 

r
2 = 0 .87 

, , = 0.046 

4rr 8 
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which the curves corresponding to a small reflectance are rem­
iniscent). This effect will be further demonstrated when we 
consider the diffraction grating. At that time we will see this 
same peaking effect, resulting from an increased number of 
coherent sources contributing to the interference pattern. 
Remember that the Airy function is, in fact, a function of 0, or 
0; by way of its dependence o n 8, which fol lows from Eqs. 
(9.34) and (9.35), ergo the notation d (0). Each spike in the 
flux-density curve corresponds to a particular 8 and therefore 
a particular 0;. For a plane-parallel plate, the fringes, in trans­
mitted light, will consist of a series of narrow bright rings on 
an almost completely dark background. In reflected light, the 
fringes will be narrow and dark on an almost uniformly bright 
background. 

Constant-thickness fringes can also be made sharp and nar­
row by applying a light silver coating to the relevant reflecting 
surfaces to produce multiple-beam interference. 

9.6.1 The Fabry-Perot Interferometer 

The multiple-beam interferometer, first constructed by Charles 
Fabry and Alfred Perot in the late I 800s, is of considerable 
contemporary interest. Besides being a spectroscopic device of 
extremely high resolving power, it serves as the basic laser res­
onant cavity. In principle, the device consists of two plane, par­
allel, highly reflecting surfaces separated by some distanced. 
This is the simplest configuration, and as we shall see, other 
forms are also widely in use. In practice, two semisilvered or 
aluminized g lass optical flats form the reflecting boundary sur­
faces. The enclosed air gap generally ranges from several mil­
limeters to several centimeters when the apparatus is used 
interferometrically, and often to considerably greater lengths 
when it serves as a laser resonant cavity. If the gap can be 
mechanically varied by moving one of the mirrors, it' s referred 
to as an interferometer. When the mirrors are held fixed and 
adjusted for parallelism by screwing down on some sort of 
spacer (invar or quartz is commonly used), it ' s said to be an 
etalon (although it is still an interferometer in the broad sense). 
If the two surfaces of a single quartz plate are appropriately 
polished and silvered, it too will serve as an etalon; the gap 
need not be air. The unsilvered sides of the plates are often 
made to have a slight wedge shape (a few minutes of arc) to 
reduce the interference pattern arising from reflections off 
these sides. 

The etalon in Fig. 9.43 is shown illuminated by a broad 
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source, which might be a mercury arc or a He-Ne laserbeam 
spread out in diameter to several centimeters. This can be done 
rather nicely by sending the beam into the back end of a tele­
scope focused at infinity. The light can then be made diffuse 
by passing it through a sheet of ground glass. Only one ray 
emitted from some point S1 on the source is traced through the 
etalon . Entering by way of the partially silvered p late, it is 
multiply reflected within the gap. The transmitted rays are col­
lected by a lens and brought to a focus on a screen, where they 
interfere to form either a bright or dark spot. Consider this par­
ticular plane-of-incidence, which contains all the reflected 
rays. Any other ray emitted from a different point S2 , parallel 
to the original ray and in that plane-of-incidence, will form a 
spot at the same point Pon the screen. As we shall see, the dis­
cussion of the previous section is again applicable, so that Eq. 
(9.54) determines the transmitted flux density I,. 

The multiple waves generated in the cavity, arriving at P 
from either S 1 or S2, are coherent among themselves. But the 
rays arising from S 1 are completely incoherent with respect to 
those from S2, so that there is no sustained mutual interfer­
ence. The contribution to the irradiance I, at P is just the sum 
of the two irradiance contributions. 

All the rays incident on the gap at a given angle will result 
in a single circular fri nge of uniform irradiance (Fig. 9.44). 
With a broad diffuse source, the interference bands will be 
narrow concentric rings, COJTesponding to the multiple-beam 
transmission pattern. 

The fringe system can be observed visually by looking 
directly into the etalon, while focusi ng at infinity. The job of 
the focusi ng le ns, which is no longer needed, is done by the 
eye. At large values of d, the rings will be close together, and 
a telescope might be needed to magnify the pattern. A rela­
tively inexpensive monocular will serve the same purpose and 
will allow for photographing the fringes localized at infinity. 

s, 
Broad 
source 

Figure 9.43 Fabry-Perot etalon. 

It 
Focusing lens 

p 

Scretn 
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422 Chapter 9 Interference 

(a) 

(b) 

As might be expected from the considerations of Section 9.5, 
it is possible to produce real nonlocalized fringes using a 
bright point source. 

The partially transparent metal films that are often used to 
increase the reflectance (R = r 2

) will absorb a fraction A of the 
flux density; this fractio n is referred to as the absorptance. 

The expression 

tt' + r 2 = I 

or T+R=I [4.60] 

where Tis the transmittance, must now be rewritten as 

T + R + A = I (9.63) 

One further complication introduced by the metallic films is 
an additional phase shift cf>(0;), which can differ from either 
zero or 'TT. The phase difference between two successively 
transmitted waves is then 

-J 

Lens 

Screen 

Figure 9.44 (a) Fabry-Perot etalon. (b) The axially symmetric 
fringes seen looking into the etalon. <Photo by E. HJ 

o = 4
7Tnr dcos 0 + 2,1.. 
Ao ' 'I' 

(9.64) 

Fo r the present conditions, 0; is small and cf> may be consid­
ered to be constant. In general, dis so large, and A0 so small, 
that cf> can be neg lected. We can now express Eq. (9.54) as 

I, T 2 

I; I + R2 
- 2R cos o 

or equivalently 

I, ( T )
2 

I 
I; = T=°R I + [4R/(I - R)2] sin2 (8/2) 

(9.65) 

Making use of Eq. (9.63) and the definition of the Airy func­
tion, we obtain 

....!_ = I - --- st/.(0) I [ A ]
2 

I; (1 - R) 
(9.66) 
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as compared with the equatio n for zero absorption 

I , 
- = sl1(0) 
I; 

[9.62] 

Inasmuch as the abso rbed portion A is never zero, the trans­
milled flux-density maxima (/,)mu will always be somewhat 
less than I ;. [Recall that for (/,)max, sl1(0) = I.] 

According ly, the peak transmission is defined as(/ / / -) · , , mnx· 

(/,)max = [ I _ A ]
2 

I; (1 - R) 
(9.67) 

A silver film 50 nm thick would be approaching its maximum 
value o f R (e.g., about 0.94). while T and A might be, respec­
tively, 0.0 I and 0.05. In this case, the peak transmission will 
be down to ! -The relative irradiance of the fringe pa11em w ill 
still be deterrnined by the Airy function , s ince 

I , 
-(/ ) = sl1(0) 

, max 
(9.68) 

A measure of the sharpness of the fringes, that is, how 
rapidly the irradiance drops off on e ither side of the maximum, 
is given by the half-width y . Shown in Fig. 9.45, y is the width 
of the peak, in radians, when I , = (/,)max/2. 

Peaks in the transmission occur at specific values of the 
phase difference c5max = 2m11. Accordingly, the irradiance 
will drop to half its maximum value [i.e .. st/,(0) = +] whenever 
6 = c5ma, :±: c5 1; 2. Inasmuch as · 

1.0 

J ..... 
5 0.5 y 

a,... = 2nm 
I I 

6 = am .. - 61,2 6 =a,. .. + 6,12 

Figure 9.45 Fabry-Perot fringes. 

F = 200 

R = 0.81 

6,.., - 2rc(m + I) 6 
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the n when 

it follows that 

c51 12 = 2 sin - 1 ( I /VF) 

Since Fis generally rather large, s in- 1 ( I /VF) == I /VF, and 
therefore the half-width, y = 2c5 112, becomes 

y = 4/ VF (9.69) 

Recall that F = 4R/( I - R)2, so that the larger R is, the sharp­
er the trans mission peaks will be. 

Another quantity o f particular interest is the ratio o f the 
separation of adjacent maxima to the ha lf-width. Known as the 
finesse, :!f = 2'1T/y or, from Eq. (9.69), 

a;; 'TTVF 
';J'=--

2 
(9.70) 

Over the visible spectrum. the finesse of most ordinary Fab­
ry- Perot instruments is about 30. The physical limitation on g; 
is set by deviations in the mirrors from plane parallelis m. 
Keep in mind that as the finesse increases, the half-w idth 
decreases, but so too does the peak transmission. Incidenta lly. 
a finesse of about I 000 is attainable with curved-mirror sys­
tems using dielectric thin- film coatings.* 

Fabry- Perot Spectroscopy 

The Fabry-Perot Interferome ter is frequently used 10 examine 
the detailed structure of spectral lines. We will not a11empt a 
complete treatment of interference spectroscopy. but rather 
will de fine the relevant terminology, briefl y o utlining appro­
priate derivations. t 

·The paper "Multiple Beam Interferometry: by H. D. Polster, Appl. Opt. 
8, 522 < I 969), should be of interest. Also look at "The Optical 
Computer: E. Abraham, C. Seaton, and S. Smith, Sci. Am. <Feb. I 983), 
p. 85, for a discussion of the use of the Fabry- Perot Interferometer as 
an optical transistor. 

tA more complete treatment can be found in Born and Wolf, Principles 
of Optics, and in W. E. Williams, Applications of Interferometry, to name 
only two. 
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424 Chapter 9 Interference 

As we have seen. a hypothetical, purely monochromatic 
lightwave generates a particular circular fringe system. But 8 
is a function of Ao, so that if the source were made up of two 
such monochromatic components. two superimposed ring sys­
tems would result. When the individual fri nges partially over­
lap. a certain amount of ambiguity ex ists in deciding when the 
two systems are individually discernible. that is, when they are 
said to be resolved. Lord Rayleig h' s* criterion for resolving 
two equal-irradiance overlapping slit images is well accepted, 
even if somewhat arbitrarily in the present application. Its use, 
however, will allow a comparison with prism or grating instru­
ments. The essential feature of this criterion is that the fringes 
are just resolrable when the combined irradiance of both 
fri nges at the center, or saddle point. of the resultant broad 
fringe is 8 1T

2 times the maximum irradiance. This simply 
means that one would see a broad bright fringe with a grey 
central region. To be a bit more analytic about it, examine Fig. 
9.46, keeping in mind the previous derivation of the half­
width. Consider the case in which the two constituent fringes 
have equal irradiances, (/,,)ma, = (/i,)111 ax· The peaks in the 
resultant. occ urring at 8 = 8" and 8 = 81,, will have equal 
irradiances. 

(/,)max = (/")ma, + /' (9.71 ) 

At the saddle point, the i1Tadiance (8/n 2)(1,)max is the sum of 

I 
r--- -· 
I 

2,r - -

I ----·---
~ - (/o)m4::-, --t-r."tff7-<lr- ( /b)m,;;--- - ---

• 8/n' 1-------#-ttt--tt-----

J .... -
-::::: --

Figure 9.46 Overlapping fringes. 

• The criterion will be reconsidered with respect to d1ffract1on m the next 
chapter <see Fig 10.26>. 

the two constituent irradiances. so that. recalling Eq. (9.68), 

, (/,)max 
(8/ 1T-)-- = ld(0Jlo= o.,+~012 + ld <0)l1> =1>,.+~1>n 

(/")max 

(9.72) 

Using (/,)max given by Eq. (9.71). along with the fact that 

I' 
-(/ ) = [ d ( 0)] 15= 0.,+~1> 

(I 111.li\. 

we can solve Eq. (9. 72) for t:.8. For large values of F, 

4.2 
(M) ""' VF (9.73) 

This then represents the smallest phase incre ment, (t:.8)min, 
separating two re~olvable fringes. It can be related to equiva­
lent minimum increments in wavelength (f:.Ao)min, frequency 
(flv)m111, and wave number (f:.klmin• From Eq. (9.64), for 8 = 
2nm. we have 

</>Ao 
mA0 = 2111 d cos 0, + --

1T 
(9.74) 

Dropping the term <f>A0 / 7T, which is clearly neglig ible, and 
then differentiating, yields 

Ill 
or 

The minus will be omitted, s ince it means only that the order 
increases when Ao decreases. When 8 changes by 2n, 111 

changes by I. 

and thus 
Ao 21T111 

(t:.Ao) (M) 
(9.75) 

T he ratio of Ao to the least resolvable wavelength d ifference, 
(f:.Ao)min, is known as the chromatic resolving power 1lJl, of any 
spectroscope. At nearly normal incidence 

Ao ,,,, q;; 2111d 9A =-~- ,J' 

(f:.A o)min Ao 
(9.76) 

or 

For a wavelength of 500 nm. 111d = IO mm. and R = 90%, the 
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resolving power is well over a million. a range achieved by the 
finest diffraction gratings. It fo llows as well. in this example, 
that (L\Ao)min is less than a millionth of A0 . In terms of fre­
quency, the minimum resolvable bandwidth is 

C 
(L\v)m,n = a;;;z d 

v II( 

inasmuch as IL\vl = lc!\Ao/Ai\l. 

(9.77) 

As the two components present in the source become 
increasingly different in wavelength, the peaks shown over­
lapping in Fig. 9.46 separate. As the wavelength d ifference 
increases, the mth-order fringe for one wavelength A0 will 
approach the (m + I )th-order for the other wavelength 
(A 0 - L\A0 ). T he particular wavelength difference at which 
overlapping takes place, (L\A0)r,,. is known as the f ree spectral 
range. From Eq. (9.75), a change in o of 21r corresponds to 
(L\Ao)rsr = A0/ m, or at near normal incidence, 

(9.78) 

and similarly 

(9.79) 

Continuing with the above example (i.e., A0 = 500 nm and 
n1d = IO mm), (L\A0 )r,, = 0.012 5 nm. If we attempt to 
increase the resolving power by merely increasing d, the free 
spectral range will decrease, bringing with it the resulting con­
fusion from the overlapping of orders. What is needed is that 
(l.'.Ao)min be as small as possible and (L\A0 )r,, be as large as 
possible. But lo and behold, 

(9.80) 

This result should not be too surprising in view of the original 
definition of f¥. 

Both the applications and configurations of the Fabry- Per­
ot Interferometer are numerous indeed. Etalons have been 
arranged in series with other etalons. as well as with grating 
and prism spectroscopes, and multilayer dielectric films have 
been used to replace the metallic mirror coatings. 

Scanning techniques are now widely in use. These take 
advantage of the superior linearity of photoelectric detectors 
over photographic plates, to obtain more reliable flux-density 
measurements. The basic setup for central-spot scanning is 
illustrated in Fig. 9.47. Scanning is accomplished by varying 
8, by changing n1 or d rather than cos 0,. In some arrange­
ments, nr is smoothly varied by altering the air pressure with-
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~"=~/ 
!~ 

Pinhole 
screen 

Etalon 

Figure 9.47 Central spot scanning. 

Pinhole 
screen 

in the etalon. Alternatively, mechanical vibration of one mir­
ror with a d isplacement of A0/ 2 will be enough to scan the free 
spectral range, corresponding as it does to L\o = 21r. A popu­
lar technique for accomplishing this utilizes a piezoelectric 
mirror mount. This kind of material will change its length, and 
therefore d, as a voltage is applied to it. T he voltage profile 
determines the mirror motion. 

Instead of photographically recording irradiance over a 
large region in space, at a single point in time. this method 
records irradiance over a large region in time. at a single point 
in space. 

The actual configuration of the etalon itself has also under­
gone some significant variations. Pierre Connes in 1956 first 
described the spherical-mirror Fab,y-Perot /11tetfero111eter. 
Since then, curved-mirror systems have become prominent as 
laser cavities and are also finding increasing use as spectrum 
analyzers. 

9. 7 Applications of Single and 
Multilayer Films 

The optical uses to which coatings of thin dielectric films have 
been put in recent times are many indeed. Coatings to elimi­
nate unwanted reflections off a diversity of surfaces, from 
showcase glass to high-quality camera lenses. are now com­

monplace (see photo on page 426). Multilayer, nonabsorbing 
beamsplitters and dichroic mirrors (color-selective beamsplit­
ters that transmit and reflect particular wavelengths) can be 
purchased commercially. 

Figure 9.48 is a segmented diagram illustrating the use of a 
cold mirror in combination with a heat reflector to channel 
infrared radiation to the rear of a motion-picture projector. The 
intense unwanted infrared radiation emitted by the source is 
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426 Chapter 9 Interference 

This glass disk has an antireflection coating in the shape of a circle 
applied to the central region of both its sides. (Photo by E. H.l 

removed from the beam to avoid heating problems at the pho­
tographic film. The top half of Fig. 9.48 is an ordlinary back­
silvered mirror shown for comparison. Solar cells, which are 
one of the prime power-supply systems for space vehicles, and 
even the astronauts' helmets and visors, are shielded with sim­
ilar heat control coverings. 

Multilayer broad and narrow band-pass filters that transmit 
only over a specific spectral range can be made to span the 
region from infrared to ultraviolet. In the visible, ~or example, 
they play an important part in splitting up the image in color 
television cameras, and in the infrared they're used in missile 
guidance systems, CO2 lasers, and satellite horiz.on sensors. 
The applications of thin-film devices are manifold,, as are their 

Visible and IR 

Hear reflecror 

Visible 

nd- --­
lR 

Back 
silvered 
mirror 

Cold 
mirror 

Figure 9.48 A composite drawing showing an ordinary system in the 
top half and a coated one in the bottom. 

structures, which extend from the simplest single coatings to 
intricate arrangements of one hundred or more layers. 

The treatment of multilayer film theory used here will deal 
with the total electric and magnetic fields and their boundary 
conditions in the various regions. This is a far more practical 
approach for many-layered systems than is the multiple-wave 
technique used earl ier.* 

9.7.1 Mathematical Treatment 

Consider the linearly polarized wave shown in Fig. 9.49, 
impinging on a thin dielectric film between two semi-infinite 
transparent media. In practice, this might correspond to a 
dielectric layer a fraction of a wavelength thick, deposited on 

d 

11~] _ _ 

Figure 9.49 Fields at the boundaries. 

• For a very readable nonmathematical discussion, see P. Baumeister 
and G. Pincus, "Optical Interference Coatings," Sci. Amer. 223, 59 
/December 1970). 
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the surface o f a lens . a mirro r, o r a prism. One point must be 
made clear at the outset: each wave E,,. E;,., Em, and so forth, 
represents the res ultant of all possible waves traveling in that 
direction, at that point in the medium. The summation process 
is therefore built in. As discussed in Section 4.6.2, the bound­
ary conditions require that the tangential components of both 
the electric (E) and magnetic (ii = B/ µ) fields be continuo us 
across the boundaries (i.e., equal on both sides). At boundary I 

(9.81) 

and 

(9.82) 

where use is made of the fact that E and ii in nonmagnetic 
media are related through the index of refraction and the unit 
propagation vector: 

At boundary II 

Eu = E;u + E,11 = E,11 (9.83) 

and 

r;; 
Hu = y Ji;; E,1111s cos 0,11 (9.84) 

the substrate having an index n,. In accord with Eq. (9.33), a 
wave that traverses the film once undergoes a shift in-phase of 
kO(2n1d cos 0;11)/ 2. which will be de no ted by kOh, so that 

(9.85) 

and (9.86) 

Equations (9.83) and (9.84) can now be written as 

These last two equations can be solved for £,1 and £;11, which 
when substituted into Eqs. (9.81) and (9.82) yie ld 

and 

where 

9.7 Applications of Single and Multilayer Films 427 

£1 = E11 cos k0h + H11(i sin k0h)/ Y 1 

Hi = EuY 1i sin ko/i + Hu cos koh 

Y 1 = g_n 1 cos 0m yJi;; 

(9.89) 

(9.90) 

When Eis in the plane-of-incidence. the above calculations 
result in similar equations, provided that now 

Y 1 .as /ff;n,/cos 0m 

ln matrix notation, the above linear relations take the form 

[ !:] = [ Y ~~:i:0
:

0
11 (i s~::fiy 1

] [ !:: ] <9 · 9 1) 

or (9.92) 

The characteristic matrix.Jl,1 relates the fields at the two adja­
cent boundaries. It fo llows, therefore. that if two overlaying 
fil ms are deposited o n the substrate, there will be three bound­
aries or interfaces, and now 

(9.93) 

Multiplying both s ides o f this expression by -"-,. we obtain 

[ !; ] = -"-1-"-11 [ !;;;] (9.94) 

In general, if pis the number of layers, each with a particu­
lar value of n and h, then the fi rst and the last boundaries are 
re lated by 

[ !: ] = -"-1-"-11 .. · Alp [ !:: : : ] (9.95) 

The characteristic matrix o f the entire system is the resultant 
of the product (in the pro per sequence) of the individual 
2 X 2 matrices. that is. 

(9.96) 

To sec how all this lits together, we will derive expressions 
for the amplitude coeffici ents of reflectio n and transmission 
using the above scheme. By re formulating Eq. (9.92) in terms 
of the boundary conditions ((9.8 1 ). (9.82). and (9.84) I and 
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setting 

and Y -RO s - - nsCOS 0,11 
µo 

we obtain 

[ 
(£ii + Eri) ] _ .A(, [ Em ] 

(£ii - E,1)Yo - 1 £,11Y., 

When the matrices are expanded, the last relation becomes 

and 

inasmuch as 

Consequently, 

and 

r = E,i/ Eil and t = Em/ Eil 

(9.97) 

(9.98) 

To find either r or t for any configuration of films, we need 
only compute the characteristic matrices for each film, multi­
ply them, and then substitute the resulting matrix elements 
into the above equations. 

9.7.2 Antireflection Coatings 

Now consider the extremely important case of normal inci­
dence, that is, 

0;1 = 0;11 = 0,u = 0 

which in addition to being the simplest, is also quite frequent­
ly approximated in practical situations. If we put a subscript on 
r to indicate the number of layers present, the reflection coef­
ficient for a single film becomes 

n1(no - ns) cos koh + i(nons - n~)sin koh 
r -

1 
- n 1(n0 + n,) cos k0 h + i(nons + nf)sin k0 h 

(9.99) 

Multiplying r 1 by its complex conjugate leads to the re­
flectance 

This formula becomes particularly simple when k0 h = hr, 
which is equivalent to saying that the optical thickness h of the 
film is an odd multiple of ¼A 0 . In this cased= ¼A1, and 

(9.101) 

which, quite remarkably, will equal zero when 

(9.102) 

Generally, dis chosen so that h equals ¼Ao in the yellow-green 
portion of the visible spectrum, where the eye is most sensi­
tive. Cryolite (n = 1.35), a sodium aluminum fluoride com­
pound, and magnesium fluoride (n = 1.38) are common 
low-index films. Since MgF2 is by far the more durable, it is 
used more frequently. On a glass substrate, (ns ""' 1.5), both 
these films have indices that are still somewhat too large to 
satisfy Eq. (9.102). Nonetheless, a single ¼Ao layer of MgF2 

will reduce the reflectance of glass from about 4% to a bit 
more than I%, over the visible spectrum. It is now common 
practice to apply antireflection coatings to the elements of 
optical instruments. On camera lenses, such coatings produce 
a decrease in the haziness caused by stray internally scattered 
light, as well as a marked increase in image brightness. At 
wavelengths on either side of the central yellow-green region, 
R increases and the lens surface will appear blue-red in re­
flected light. 

For a double-layer, quarter-wavelength antireflection 
coating, 

or more specifically 

(9.103) 

At normal incidence this becomes 

(9.104) 
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Substitut ing the appropriate matrix elements into Eq. (9.97) 
yields r2, which, when squared, leads to the reflectance 

(9.105) 

For R2 to be exactly zero at a particular wavelength, we need 

(9.106) 

This kind of film is referred to as a double-quarter, single­
minimum coating. When 11 1 and 112 are as small as possible, the 
reflectance will have its single broadest minimum equal to 
zero at the chosen frequency. It should be clear from Eq. 
(9.106) that 112 > 111; accordingly, it is now common practice 
to designate a (glass)- (high index}-(low index)-(air) system 
as gHLa. Zirconium dioxide (11 = 2.1), titanium dioxide (11 = 

2.40), and zinc sulfide (11 = 2.32) are commonly used for 
H-layers, and magnesium fluoride (11 = 1.38) and cerium flu­
oride (11 = 1.63) often serve as L-layers. 

Other double- and triple-layer schemes can be designed to 
satisfy specific requirements for spectral response, incident 
angle, cost, and so on. The accompanying photo is a scene 
photographed through a 15-element zoom lens, with a 150-W 
lamp pointing directly into the camera. The lens elements 
were covered with a single layer of MgF2. When a triple-layer 
antireflection coating is used (see photo), the improved con­
trast and glare reduction are apparent. 

Lens elements coated with a single layer of MgF2. (Photo courtesy Opt,cal 
Coating laboratory, Inc. Santa Rosa, CA.) 

9.7 Applications of Single and Multilayer Films 429 

Lens elements coated with a multilayer film structure. (Photo courtesy 
Optical Coating Laboratory, Inc., Santa Rosa, CA.l 

9. 7 .3 Multilayer Periodic Systems 

The simplest kind of periodic system is the quarter-wave 
stack, which is made up of a number of quarter-wave layers. 
The periodic structure of alternately hig h- and low-index 
materials, illustrated in Fig. 9 .50, is designated by 

g(HL/a 

Figure 9.51 illustrates the general form of a portion of the 
spectral reflectance for a few multilayer filters. The width of 

n, Glass substrate 

gHLa 

Double-quarter 

Glass substrate 

gHLHLHLa 
g(HL )'a 

Qua rt er-wave stack 

Figure 9.50 A periodic structure. Refraction has been omitted for 
simplicity. 

n, 
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Figure 9.51 Reflectance and transmittance for several periodic 
structures. 

the high-reflectance central zone increases with increasi ng 
values of the index ratio 11H 11L, and its height increases with 
the number of layers. Note that the maximum reflectance of a 
periodic s tructure such as g(HL)"'a can be increased further by 
adding another H- layer. so that it has the form g(HL)"'Ha . 
Mirror surfaces with very hig h re flectance can be produced 
using this arrangement. 

The small peak on the short-wavelength side of the central 
zone can be decreased by adding an eighth-wave low-index 
film to both ends of the stack, in which case the whole 
arrangement will be denoted by 

g(O.SL)(HL)"'H (0.5L)a 

This has the effect of increasing the short-wavelength high­
freque ncy transmittance and is therefore known as a high-pass 

.filler. Similarly, the structure 

g(0.5H)L(HL)m(0.5H)a 

merely corresponds to the case in which the end H-layers are 
A.0 18 thick. It has a higher transmittance a t the long-wave­
length, low-frequency range and serves as a low-pass Jilter. 

At nonnormal incidence. up to about 30°. there is quite fre­
quently little degradation in the response of thin-film coatings. 
In general, the effect of increasing the incident angle is a shift 
in the whole reflectance curve down to slightly shorter wave­
lengths. This kind of behavior is evidenced by several natural­
ly occurring periodic struc tures. for exa mple . peacock and 
hummingbird feathers. butterfly wings. and the backs of sev­
eral varieties of beetles. 

The last multilayer system to be considered is the i111e,j'er­
ence, or more precisely the Fahr_Y- Perol. _filler. If the separa-

tion between the plates of an etalon is of the order of A, the 
transmission peaks will be widely separated in wavelength. It 
will then be possible to block all the peaks but one by using 
absorbing filters of colored glass or gelat in. The transmitted 
light corresponds to a single sharp peak, and the etalon serves 
as a narrow band-pass filter. Such devices can be fabricated by 
depositing a semitransparent metal film onto a g lass support. 
followed by a MgF2 spacer and another metal coating. 

All-dielectric, essentially nonabsorbing Fabry-Perot fi lters 
have an analogous s tructure, two possible examples of which 
are 

g HLH LL HLH a 

and g HLHL HH LHLH a 

The characteristic matrix for the first of these is 

but from Eq. (9. 104) 

[

- I 
.A(,L .A(,L = Q 

or 

where # is the unity o r identity matrix. The central double 
layer, corresponding to the Fabry- Perot cavity, is a half­
wavelength thick (d = ½A1) . It therefore has no effect on the 
reflectance al !he particular wavelength under consideration. 
Thus, it is said to be an absentee layer. and as a consequence, 

The same conditions prevail over and over again at the center 
and wil l finally result in 

At the special frequency for which the filter was designed, rat 
normal incidence. accord ing to Eq. (9.97). reduces to 

r = 

the value for the uncoated substrate. In particular, for glass 
(11 , = 1.5). in air (110 = I) the theoretical peak transmission is 
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96% (neglecting reflections from the back surface of the sub­
strate, as well as losses in both the blocking filter and the films 
themselves). 

9.8 Applications of Interferometry 

There have been many physical applications of the principles 
of interferometry. Some of these are only of historical or ped­
agogical significance, whereas others are now being used 
extensively. The advent of the laser and the resultant avail­
ability of highly coherent quasimonochromatic light have 
made iit particularly easy to create new interferometer config­
urations. 

9.8. l Scattered-Ught Interference 

Probably the earliest recorded study of interference fringes 
arising from scattered light is to be found in Sir Isaac New­
ton's Optiks (I 704, Book Two, Part IV). Our present interest 
in this phenomenon is twofold. First, it provides an extremely 
easy way to see some rather beautiful colored interference 
fringes. Second, it is the basis for a remarkably simple and 
highly useful interferometer. 

To see the fri nges, lightly rub a thin layer of ordinary tal­
cum powder onto the surface of any common back-silvered 
mirror (dew will do as well). Neither the thickness nor the uni­
formity of the coating is particularly important. The use of a 
bright point source, however, is crucial. A satisfactory source 
can be made by taping a heavy piece of cardboard having a 
hole about ± inch in diameter over a good flashlight. Initially, 
stand back from the mirror about 3 or 4 feet; the fringes will be 
too fine and closely spaced to see if you stand much nearer. 

9.8 Applications of Interferometry 431 

In Fig. 9 .16 the optical path length 
difference depends on,\ (i.e., the 
color of the light) and on the viewing 
angle. In a similar way the ink used 
to print the denominations on U.S. 
currency now contains structured 
particles that produce interference 
colors. The ink is infused with tiny 
flakes all oriented in the same direc­
tion. Each flake is a multilayered 
interference filter. Here the number 
20 changes from black to green as 
the viewing angle changes. 

Hold the flashlight alongside your cheek and illuminate the 
mirror so that you can see the brightest reflection of the bulb in 
it. The fringes will then be clearly seen as a number of alter­
nately bright and dark bands. 

In Fig. 9.52 two coherent rays leaving the point source are 
shown arriving at point P after traveling d ifferent routes. One 
ray is reflected from the mirror and then scattered by a single 
transparent talcum grain toward P. The second ray is first scat­
tered downward by the grain, after which it crosses the mirror 

Silvered 
surface 

• 
Scanering 

• grains 

• 

• 
d­

Mirror 

Figure 9.52 Interference of scattered light. 
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