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Sir Isaac Newton (1642-1727) set forth a Pierre de Fermat (1601-1665) developed the
theory of optics in which light emissions consist principle that light travels along the path of
of collections of corpuscles that propagate least time.

rectilinearly.
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Light is an electromagnetic wave phenomenon described by the same theoretical
principles that govern all forms of electromagnetic radiation. Electromagnetic radiation
propagates in the form of two mutually coupled vector waves, an electric-field wave
and a magnetic-field wave. Nevertheless, it is possible to describe many optical
phenomena using a scalar wave theory in which light is described by a single scalar
wavefunction. This approximate way of treating light is called scalar wave optics, or
simply wave optics.

When light waves propagate through and around objects whose dimensions are
much greater than the wavelength, the wave nature of light is not readily discerned, so
that its behavior can be adequately described by rays obeying a set of geometrical rules.
This model of light is called ray optics. Strictly speaking, ray optics is the limit of wave
optics when the wavelength is infinitesimally small.

Thus the electromagnetic theory of light (electromagnetic optics) encompasses wave
optics, which, in turn, encompasses ray optics, as illustrated in Fig. 1.0-1. Ray optics
and wave optics provide approximate models of light which derive their validity from
their successes in producing results that approximate those based on rigorous electro-
magnetic theory.

Although electromagnetic optics provides the most complete treatment of light
within the confines of classical ontics, there are certain optical phenomena that are
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characteristically quantum mechanical in nature and cannot be explained classically.
These phenomena are described by a quantum electromagnetic theory known as
quantum electrodynamics. For optical phenomena, this theory is also referred to as
quantum optics.

Historically, optical theory developed roughly in the foliowing sequence: (1) ray
optics; — (2) wave optics; — (3) electromagnetic optics; —» (4) quantum optics. Not

Quantum optics

Electromagnetic
optics

Wave optics

Ray optics

Figure 1.0-1 The theory of quantum optics provides an explanation of virtually all optical
phenomena. The electromagnetic theory of light (electromagnetic optics) provides the most
complete treatment of light within the confines of classical optics. Wave optics is a scalar
approximation of electromagnetic optics. Ray optics is the limit of wave optics when the
wavelength is very short.
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POSTULATES OF RAY OPTICS 3

surprisingly, these models are progressively more difficult and sophisticated, having
being developed to provide explanations for the outcomes of successively more complex
and precise optical experiments.

For pedagogical reasons, the chapters in this book follow the historical order noted
above. Each model of light begins with a set of postulates (provided without proof),
from which a large body of results are generated. The postulates of each model are
then shown to follow naturally from the next-higher-level model. In this chapter we
begin with ray optics.

Ray Optics

Ray optics is the simplest theory of light. Light is described by rays that travel in
different optical media in accordance with a set of geometrical rules. Ray optics is
therefore also called geometrical optics. Ray optics is an approximate theory. Although
it adequately describes most of our daily experiences with light, there are many
phenomena that ray optics does not adequately describe (as amply attested to by the
remaining chapters of this book).

Ray optics is concerned with the location and direction of light rays. It is therefore
useful in studying image formation—the collection of rays from each point of an object
and their redirection by an opiical component onio a corresponding poini of an image.
Ray optics permits us to determine conditions under which light is guided within a
given medium,.such as a glass fiber. In isotropic media, optical rays point in the
direction of the flow of optical energy. Ray bundles can be constructed in which the
density of rays is proportional to the density of light energy. When light is generated
isotropically from a point source, for example, the energy associated with the rays in a
given cone is proportional to the solid angle of the cone. Rays may be traced through
an optical system to determine the optical energy crossing a given area.

This chapter begins with a set of postulates from which the simple rules that govern
the propagation of light rays through optical media are derived. In Sec. 1.2 these rules
are applied to simple optical components such as mirrors and planar or spherical
boundaries between different optical media. Ray propagation in inhomogeneous
(graded-index) optical media is examined in Sec. 1.3. Graded-index optics is the basis
of a technology that has become an important part of modern optics.

Optical components are often centered about an optical axis, around which the rays
travel at small inclinations. Such rays are called paraxial rays. This assumption is the
basis of paraxial optics. The change in the position and inclination of a paraxial ray as
it travels through an optical system can be efficiently described by the use of a
2 X 2-matrix algebra. Section 1.4 is devoted to this algebraic tool, called matrix optics.

1.1 POSTULATES OF RAY OPTICS
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4 RAY OPTICS

In this chapter we use the postulates of ray optics to determine the rules governing
the propagation of light rays, their reflection and refraction at the boundaries between
different media, and their transmission through various optical components. A wealth
of results applicable to numerous optical systems are obtained without the need for any
other assumptions or rules regarding the nature of light.

Propagation in a Homogeneous Medium

In a homogeneous medium the refractive index is the same everywhere, and so is the
speed of light. The path of minimum time, required by Fermat’s principle, is therefore
also the path of minimum distance. The principle of the path of minimum distance is
known as Hero’s principle. The path of minimum distance between two points is a
straight line so that in a homogeneous medium, light rays travel in straight lines (Fig.
1.1-1).

Figure 1.1-1 Light rays travel in straight lines.
Shadows are perfect projections of stops.
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POSTULATES OF RAY OPTICS 5
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incidence Mirror
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Figure 1.1-2 (a) Reflection from the surface of a curved mirror. (b) Geometrical construction
to prove the law of reflection.

Reflection from a Mirror
Mirrors are made of certain highly polished metallic surfaces, or metallic or dielectric
films deposited on a substrate such as glass. Light reflects from mirrors in accordance
with the law of reflection:

The reflected ray lies in the plane of incidence;
the angle of reflection equals the angle of incidence.

The plane of incidence is the plane formed by the incident ray and the normal to the
mirror at the point of incidence. The angles of incidence and reflection, 6 and 6, are
defined in Fig. 1.1-2(a). To prove the law of reflection we simply use Hero’s principle.
Examine a ray that travels from point A to point C after reflection from the planar
mirror in Fig. 1.1-2(b). According to Hero’s principle the distance AB + BC must be
minimum. If C’ is a mirror lmage of C, then BC= BC', so that AB + BC' must be a
minimum. This occurs when ABC' is a straight line, i.c., when B coincides with B’ and
6 =26

Reflection and Refraction at the Boundary Between Two Media

At the boundary between two media of refractive indices n, and n, an incident ray is
split into two—a reflected ray and a refracted (or transmitted) ray (Fig. 1.1-3). The

ot
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\
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Figure 1.1-3 Reflection and refraction at the boundary between two media.
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6 RAY OPTICS

The refracted ray lies in the plane of incidence; the
angle of refraction 6, is related to the angle of
incidence 0, by Snell’s law,

nlsin 9] =l1281n 92. (1,1-1)
Snell's Law

Siiell’'s Law. The proof of Sneil’s law is an exercise in the appiication of
Fermat’s principle. Referring to Fig. 1.1-4, we seek to minimize the optical path length
nyAB + n,BC between points A and C. We therefore have the following optimization
problem: Find 6; and 6, that minimize n,d,; sec 6, + n,d, sec 6,, subject to the condition
d,tan 6, + d, tan 6, = d. Show that the solution of this constrained minimization prob-
lem yields Snell’s law.

Figure 1.1-4 Construction
Snell’s law.

The three simple rules—propagation in straight lines and the laws of reflection and
refraction—are applied in Sec. 1.2 to several geometrical configurations of mirrors and
transparent optical components, without further recourse to Fermat’s principle.

1.2 SIMPLE OPTICAL COMPONENTS

A. Mirrors

Pilanar Mirrors
A planar mirror reflects the rays originating from a point P; such that the reflected

rays appear to originate from a point P, behind the mirror, called the image (Fig.
1.2-1).

Paraboloidal Mirrors

The surface of a paraboloidal mirror is a paraboloid of revolution. It has the useful
property of focusing all incident rays parallel to its axis to a single point called the
focus. The distance PF= f defined in Fig. 1.2-2 is called the focal length. Paraboloidal
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SIMPLE OPTICAL COMPONENTS 7

Mirror

Figure 1.2-1 Reflection from a planar mirror.

Figure 1.2-2 Focusing of light by a paraboloidal mirror.
mirrors are often used as light-collecting elements in telescopes. They are also used for
making parallel beams of light from point sources such as in flashlights.

Elliptical Mirrors

An elliptical mirror reflects all the rays emitted from one of its two foci, e.g., P;, and
images them onto the other focus, P, (Fig. 1.2-3). The distances traveled by the light
from P, to P, along any of the paths are all equal, in accordance with Hero’s principle.

7

Py

Figure 1.2-3 Reflection from an elliptical mirror.
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8 RAY OPTICS

[

f (=R) {

Figure 1.2-4 Reflection of parallel rays from a concave spherical mirror.

Spherical Mirrors

A spherical mirror is easier to fabricate than a paraboloidal or an elliptical mirror.
However, it has neither the focusing property of the paraboloidal mirror nor the
imaging property of the elliptical mirror. As illustrated in Fig. 1.2-4, parallel rays meet
the axis at different points; their envelope (the dashed curve) is called the caustic curve.
Nevertheless, parallel rays close to the axis are approximately focused onto a single
point F at distance (—R)/2 from the mirror center C. By convention, R is negative for
concave mirrors and positive for convex mirrors.

Paraxial Rays Reflected from Spherical Mirrors

Rays that make small angles (such that sin § = ) with the mirror’s axis are called
paraxial rays. In the paraxial approximation, where only paraxial rays are considered,
a spherical mirror has a focusing property like that of the paraboloidal mirror and an
imaging property like that of the elliptical mirror. The body of rules that results from
this approximation forms paraxial optics, also called first-order optics or Gaussian
optics.

A spherical mirror o
length f = R /2. This is in fact plausible since at points near the axis, a parabola can be
approximated by a circle with radius equal to the parabola’s radius of curvature (Fig.
1.2-5).

madice TN tlhaanfan ando Do o cenanle 1l 1T e £ £umnl
Iadiud N UICICIUIC altd 1IKC 4 pdlavuluildal 11Ul Ul 1utal

C AF P z

£
SRR

Figure 1.2-5 A spherical mirror approximates a paraboloidal mirror for paraxial rays.
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Figure 1.2-6 Reflection of paraxial rays from a concave spherical mirror of radius R < 0.

All paraxial rays originating from each point on the axis of a spherical mirror are
reflected and focused onto a single corresponding point on the axis. This can be seen
(Fig. 1.2-6) by examining a ray emitted at an angle 8, from a point P, at a distance z,
away from a concave mirror of radius R, and reflecting at angle (—#8,) to meet the axis
at a point P, a distance z, away from the mirror. The angle 6, is negative since the ray
is traveling downward. Since 8, = 6, — 6 and (—8,) = 6, + 6, it follows that (—8,) +
0, = 20,. If 8, is sufficiently small, the approximation tan 6, = 6, may be used, so that
6, = y/(—R), from which

7] 0 i 1.2-1
— + = L=
( 2) 1 _R’ ( )

where y is the height of the point at which the reflection occurs. Recall that R is
negative since the mirror is concave. Similarly, if 6, and 6, are small, 6, =y/z,,
(—-6,) =y/z,, and (1.2-1) yields y/z; + y/z, = 2y /(—R), from which

This relation hold regardless of y (i.e., regardless of 8,) as long as the approximation is
valid. This means that all paraxial rays originating at point P, arrive at P,. The
distances z, and z, are measured in a coordinate system in which the z axis points to
the left. Points of negative z therefore lie to the right of the mirror.

According to (1.2-2), rays that are emitted from a point very far out on the z axis
(z; = ») are focused to a point F at a distance z, = (—R)/2. This means that within
the paraxial approximation, all rays coming from infinity (parallel to the mirror’s axis)
are focused to a point at a distance

f= , (1.2-3)
Focal Length of a
Spherical Mirror
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10 RAY OPTICS

which is called the mirror’s focal length. Equation (1.2-2) is usually written in the form
1 1 1

—_—t+ — = —, (1.2-4)

1 Z2 f Imaging Equation

(Paraxial Rays)

known as the imaging equation. Both the incident and the reflected rays must be
paraxial for this equation to be valid.

|
EXERCISE 1.2-1

image Formation by a Sphericai Mirror. Show that within the paraxial approximation,
rays originating from a point P; = (y,, z,) are reflected to a point P, = (y,, z,), where z,
and z, satisfy (1.2-4) and y, = —y,z,/2z, (Fig. 1.2-7). This means that rays from each
point in the plane z = z; meet at a single corresponding point in the plane z = z,, so that
the mirror acts as an image-forming system with magnification —z,/z;. Negative magnifi-
cation means that the image is inverted.

Py=(y1.21)

Q
]
TITT

Laag

Py=(yy 27

Figure 1.2-7 Image formation by a spherical mirror.

B. Planar Boundaries

The relation between the angles of refraction and incidence, 6, and 6,, at a planar
boundary between two media of refractive indices n; and 7, is governed by Snell’s law
{1 1.1} Thig ralatinn 1
L. 1at

- ¢ nlattad in Fige 1 2.9 far twa cacec:
1-1y). 1118 1T 1011 15 PG

A4 1ll s 15. Ld.2&TU 1UL LYYU vAdwO.

w FExternal Refraction (n; < n,). When the ray is incident from the medium of
smaller refractive index, 6, < @, and the refracted ray bends away from the
boundary.

s Internal Refraction (n; > n,). If the incident ray is in a medium of higher
refractive index, 6, > 6, and the refracted ray bends toward the boundary.

In both cases, when the angles are small (i.e., the rays are paraxial), the relation
between 6, and 6, is approximately linear, n,6, = n,0,, or 8, = (n,/n,)8,.

Giesecke+Devrient GmbH,
Page 10 Giesecke+Devrient Currency Technology GmbH,
and Papierfabrik Louisenthal GmbH. - Ex. 1028



SIMPLE OPTICAL COMPONENTS 11

n1=n2
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90°

0 90°

External refraction Internal refraction

Figure 1.2-8 Relation between the angles of refraction and incidence.

Total Internal Reflection

For internal refraction (n, > n,), the angle of refraction is greater than the angle of
incidence, 6, > 6,, so that as 6, increases, 6, reaches 90° first (see Fig. 1.2-8). This
occurs when 8, = 6, (the critical angle), with n sin 6, = n,, so that

n
9, = sin~' —. (1.2-5)
Critical Angle

When 6, > 6,, Snell’s law (1.1-1) cannot be satisfied and refraction does not occur. The
incident ray is totally reflected as if the surface were a perfect mirror [Fig. 1.2-9(a)].
The phenomenon of total internal reflection is the basis of many optical devices and
systems, such as reflecting prisms [see Fig. 1.2-9(b)] and optical fibers (see Sec. 1.2D).

\ 450

i

(a) (b) fc)

Figure 1.2-9 (a) Total internal reflection at a planar boundary. (b) The reflecting prism. If
ny > V2 and n, = 1 (air), then 6, < 45° since 8, = 45°, the ray is totally reflected. (c) Rays are
guided by total internal reflection from the internal surface of an optical fiber.
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12 RAY OPTICS
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Figure 1.2-10 Ray deflection by a prism. The angle of deflection 6, as a function of the angle
of incidence 6 for different apex angles « when n = 1.5. When both « and 6 are small
6, = (n — Da, which is approximately independent of §. When « = 45° and 8 = 0°, total
internal reflection occurs, as illustrated in Fig. 1.2-9(b).

Prisms

A prism of apex angle a and refractive index n (Fig. 1.2-10) deflects a ray incident at
an angle 6 by an angle

6,=60 —a+ sin'l[(n2 — sin28)""*sin a — sin 6 cos a]. (1.2-6)

This may be shown by using Snell’s law twice at the two refracting surfaces of the
prism. When « is very small (thin prism) and 6 is also very small (paraxial approxima-
tion), (1.2-6) is approximated by

6, =~ (n—1a. (1.2-7)

Beamsplitters

The beamsplitter is an optical component that splits the incident light beam into a
reflected beam and a transmitted beam, as illustrated in Fig. 1.2-11. Beamsplitters are
also frequently used to combine two light beams into one [Fig. 1.2-11(c)]. Beamsplitters
are often constructed by depositing a thin semitransparent metallic or dielectric film on
a glass substrate. A thin glass plate or a prism can also serve as a beamsplitter.

v

!

(@ (b) fe)

Figure 1.2-11 Beamsplitters and combiners: (a) partially reflective mirror; (b) thin glass plate;
(c) beam combiner.
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SIMPLE OPTICAL COMPONENTS 13

C. Spherical Boundaries and Lenses

We now examine the refraction of rays from a spherical boundary of radius R between
two media of refractive indices n, and n,. By convention, R is positive for a convex
boundary and negative for a concave boundary. By using Snell’s law, and considering
only paraxial rays making small angles with the axis of the system so that tan § = 6, the
following properties may be shown to hold:

® A ray making an angle 8, with the z axis and meeting the boundary at a point of
height y [see Fig. 1.2-12(a)] refracts and changes direction so that the refracted
ray makes an angle 8, with the z axis,

ny n, —n
0, = —6, -
n, n,R

y. (1.2-8)

® All paraxial rays originating from a point P; = (y,, z,) in the z = z, plane meet
at a point P, = (y,, z,) in the z = z, plane, where

ny n; n, —ng
— +

=< = 1.2-9
Zy z, R ( )
and
n 2z
= ~— =y, 1.2-1
Y2 - M ( 0)

The z = z, and z = z, planes are said to be conjugate planes. Every point in the
first plane has a corresponding point (image) in the second with magnification

(a)

Py =(y1. 21)

(b)
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14 RAY OPTICS

—(ny/n,)(2,/7;,). Again, negative magnification means that the image is inverted. By
convention P, is measured in a coordinate system pointing to the left and P, in a
coordinate system pointing to the right (e.g., if P, lies to the left of the boundary, then
z, would be negative).

The similarities between these properties and those of the spherical mirror are
evident. It is important to remember that the image formation properties described
above are approximate. They hold only for paraxial rays. Rays of large angles do not
obey these paraxial laws; the deviation results in image distortion called aberration.

(5
EXERCISE 1.2-2

Image Formation. Derive (1.2-8). Prove that paraxial rays originating from P, pass
through P, when (1.2-9) and (1.2-10) are satisfied.

EXERCISE 1.2-3

Aberration-Free Imaging Surface. Determine the equation of a convex aspherical
(nonspherical) surface between media of refractive indices 7, and n, such that all rays (not
necessarily paraxial) from an axial point P, at a distance z, to the left of the surface are
imaged onto an axial point P, at a distance z, to the right of the surface [Fig. 1.2-12(a)}.
Hint: In accordance with Fermat’s principle the optical path lengths between the two
points must be equal for all paths.

Lenses

A spherical lens is bounded by two spherical surfaces. It is, therefore, defined
completely by the radii R, and R, of its two surfaces, its thickness A, and the
refractive index n of the material (Fig. 1.2-13). A glass lens in air can be regarded as a
combination of two spherical boundaries, air-to-glass and glass-to-air.

A ray crossing the first surface at height y and angle 8, with the z axis [Fig.
1.2-14(a)] is traced by applying (1.2-8) at the first surface to obtain the inclination angle
0 of the refracted ray, which we extend until it meets the second surface. We then use
(1.2-8) once more with 8 replacing 8, to obtain the inclination angle 6, of the ray after
refraction from the second surface. The results are in general complicated. When the
lens is thin, however, it can be assumed that the incident ray emerges from the lens at

Figure 1.2-13 A biconvex spherical lens.
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(a) (b)
Figure 1.2-14 (a) Ray bending by a thin lens. (b) Image formation by a thin lens.

about the same height y at which it enters. Under this assumption, the following
relations follow:
® The angles of the refracted and incident rays are related by

6, =06, -, (1.2-11)

where f, called the focal length, is given by

! ( 1)( ! ! ) (1.2-12)
- =(n-— — - —. .2-

f Ri R, Focal Length of a
Thin Spherical Lens

= All rays originating from a point P,

(yy, z;) meet at a point P, = (y,, z,) [Fig.
1.2-14(b)], where

—+ — == (1.2-13)
Imaging Equation

and

Yo = ——Y;. (1.2-14)
Magpnification

This means that each point in the z = z,; plane is imaged onto a corresponding
point in the z = z, plane with the magnification factor —z,/z,. The focal length f of a
lens therefore completely determines its effect on paraxial rays.

As indicated earlier, P, and P, are measured in coordinate systems pointing to the
left and right, respectively, and the radii of curvatures R, and R, are positive for
convex surfaces and negative for concave surfaces. For the biconvex lens shown in Fig.
1.2-13, R, is positive and R, is negative, so that the two terms of (1.2-12) add and
provide a positive f.
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16 RAY OPTICS

H f |

Figure 1.2-15 Nonparaxial rays do not meet at the paraxial focus. The dashed envelope of the
refracted rays is called the caustic curve.

EXERCISE i.2-4
Proof of the Thin Lens Formulas. Using (1.2-8), prove (1.2-11), (1.2-12), and (1.2-13).

It is emphasized once more that the foregoing relations hold only for paraxial rays.
The deviations of nonparaxial rays from these relations result in aberrations, as
illustrated in Fig. 1.2-15.

D. Light Guides

Light may be guided from one location to another by use of a set of lenses or mirrors,
as illustrated schematically in Fig. 1.2-16. Since refractive elements (such as lenses) are
usually partially reflective and since mirrors are partially absorptive, the cumulative loss
of optical power will be significant when the number of guiding elements is large.
Components in which these effects are minimized can be fabricated (e.g., antireflection
coated lenses), but the system is generally cumbersome and costly.

— ’_! A H
\

fa)

(b)

fc)

Figure 1.2-16 Guiding light: () lenses; (b) mirrors; (c) total internal reflection.
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SIMPLE OPTICAL COMPONENTS 17

Core

Cladding
n2

Figure 1.2-17 The optical fiber. Light rays are guided by multiple total internal reflections.

An ideal mechanism for guiding light is that of total internal reflection at the
boundary between two media of different refractive indices. Rays are reflected repeat-
edly without undergoing refraction. Glass fibers of high chemical purity are used to
guide light for tens of kilometers with relatively low loss of optical power.

An optical fiber is a light conduit made of two concentric glass (or plastic) cylinders
(Fig. 1.2-17). The inner, called the core, has a refractive index n,, and the outer, called
the cladding, has a slightly smaller refractive index, n, < n,. Light rays traveling in the
core are totally reflected from the cladding if their angle of incidence is greater than
the critical angle, & > 6. = sin 1(nz/nl) The rays making an angle 8 = 90° — 6 with
the 0pt1cal axis are therefore confined in the fiber core if 8 < 06, where 0 = 90° -

6. = cos™ Y(n,/n,). Optical fibers are used in optical communication systems (see
Chaps 8 and 22). Some important properties of optical fibers are derived in Exercise
1.2-5.

Trannlnn of I.lnhf in Media of Hlﬂh Refractive Index

Tisaprpoes HL et aCLVE

Itis often difficult for light ongmatmg inside a medium of large refractive index to be
extracted into air, especially if the surfaces of the medium are parallel. This occurs
since certain rays undergo multiple total internal reflections without ever refracting
into air. The principle is illustrated in Exercise 1.2-6.

15—
EXERCISE 1.2-5

Numerical Aperture and Angle of Acceptance of an Optical Fiber. An optical fiber is
illuminated by light from a source (e.g., a light-emitting diode, LED). The refractive
indices of the core and cladding of the fiber are n; and n,, respectively, and the refractive
index of air is 1 (Fig. 1.2-18). Show that the angle 6, of the cone of rays accepted by the

r | Cladding n2

Air

Figure 1.2-18 Acceptance angle of an optical fiber.
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18 RAY OPTICS

fiber (transmitted through the fiber without undergoing refraction at the cladding) is given

by

NA =sin6, = (nf - n%)vz.

(1.2-15)
Numerical Aperture
of an Optical Fiber

The parameter NA = sin 6, is known as the numerical aperture of the fiber. Calculate the
numerical aperture and acceptance angle for a silica glass fiber with n; = 1.475 and

n, = 1.460.
EXERCISE 1.2-6
Light Trapped in a Light-Emitting Diode

(a) Assume that light is generated in all directions inside a material of refractive index n
cut in the shape of a parallelepiped (Fig. 1.2-19). The material is surrounded by air
with refractive index 1. This process occurs in light-emitting diodes (see Chap. 16).
What is the angle of the cone of light rays (inside the material) that will emerge from
each face? What happens to the other rays? What is the numerical value of this angle

for GaAs (n = 3.6)?

Figure 1.2-19 Trapping of light in a paral-
lelepiped of high refractive index.

(b) Assume that when light is generated isotropically the amount of optical power
associated with the rays in a given cone is proportional to the solid angle of the cone.
Show that the ratio of the optical power that is extracted from the material to the total
generated optical power is 3[1 — (1 — 1/n?)1/?], provided that n > V2. What is the

numerical value of this ratio for GaAs?

1.3 GRADED-INDEX OPTICS

A graded-index (GRIN) material has a refractive index that varies with position in
accordance with a continuous function n(r). These materials are often fabricated by
adding impurities (dopants) of controlled concentrations. In a GRIN medium the

Giesecke+Devrient GmbH,
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GRADED-INDEX OPTICS 19

optical rays follow curved trajectories, instead of straight lines. By appropriate choice
of n(r), a GRIN plate can have the same effect on light rays as a conventional optical
component, such as a prism or a iens.

A. The Ray Equation

To determine the trajectories of light rays in an inhomogeneous medium with refractive
index n(r), we use Fermat’s principle,

Ban(r) ds =0,
A

where ds is a differential length along the ray trajectory between A4 and B. If the
trajectory is described by the functions x(s), y(s), and z(s), where s is the length of
the trajectory (Fig. 1.3-1), then using the calculus of variations it can be shown' that
x(s), y(s), and z(s) must satisfy three partial differential equations,

ds

- ax’ ds

o) m Ael)n i)

— —_—=—, —|n— —. 3-1
nds nds dy ds nds (1.31)

By defining the vector r(s), whose components are x(s), y(s), and z(s), (1.3-1) may be
written in the compact vector form

d
E—(HE—) =Vl1, (1.3-2)
g s Ray Equation

Figure 1.3-1 The ray trajectory is described
parametrically by three functions x(s), y(s), and
z(s), or by two functions x(z) and y(z).

*This derivation is beyond the scope of this book; see, e.g., R. Weinstock, Calculus of Variation, Dover,
New York, 1974.
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’_———)\ ——
v >

Figure 1.3-2 Trajectory of a paraxial ray in a graded-index medium.

where Vn, the gradient of #, is a vector with Cartesian components dn /dx, dn/dy, and
dn/dz. Equation (1.3-2) is known as the ray equation.

One approach to solving the ray equation is to describe the trajectory by two
foinntinme wf 2 amd ol 2\ rita do — A1 0 A dw 7 AN2 0 (., 7AN211/2
LULICLIUIDD A\ <L) allu y\L[, WIILC 4y — Usj1 T \u.k/ ucs) n \u_y/ us) |}
(1.3-2) to obtain two partial differential equations for x(z) and y(z). The algebra is
generally not trivial, but it simplifies considerably when the paraxial approximation is

used.

and crilhofifiita den
s AllIU DUUDLILULT 111

The Paraxial Ray Equation
In the paraxial approximation, the trajectory is almost parallel to the z axis, so that
ds = dz (Fig. 1.3-2). The ray equations (1.3-1) then simplify to

d ([ dx on d dy on 133
dz (ndz) T oax’ dz (ndz) Y g’a.ra;(iezl
Ray Equations

Given n = n(x, y, z), these two partial differential equations may be solved for the
trajectory x(z) and y(z).

In the limiting case of a homogeneous medium for which # is independent of x, y,
z,(1.3-3) gives d*x/d*z = 0 and d?y/d*z = 0, from which it follows that x and y are
linear functions of z, so that the trajectories are straight lines. More interesting cases
will be examined subsequently.

B. Graded-Index Optical Components

Graded-Index Slab
Consider a slab of material whose refractive index n = n(y) is uniform in the x and z
directions but varies continuously in the y direction (Fig. 1.3-3). The trajectories of

(y+4y) P
n
n(y)+—d—y—Ay

FARET

Ve o AT : n(y)

wEANY L

Refractive index
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paraxial rays in the y—z plane are described by the paraxial ray equation

d dy dn ]
dz ( dz ) dy’ (1.3-4)
from which
d’y 1lan (35
dz2  ndy’ (1.35)

Given n(y) and the initial conditions (y and dy/dz at z = 0), (1.3-5) can be solved for
the function y(z), which describes the ray trajectories.

Derivation of the Paraxial Ray Equation in a Graded-Index Slab

Using Snell’s Law

Equation (1.3-5) may also be derived by the direct use of Snell’s law (Fig. 1.3-3). Let
6(y) = dy/dz be the angle that the ray makes with the z-axis at the position (y, z).
After traveling through a layer of width Ay the ray changes its angle to 6(y + Ay).
The two angles are related by Snell’s law,

n(y)cos6(y) =n(y + Ay)cosb(y + Ay)

dn do .
= [n(Y) + EM“COS o(y) — d—yAy sin ()|,

where we have applied the expansion f(y + Ay) = f(y) + (df/dy) Ay to the function
f(y) = cos 8(y). In the limit Ay — 0, we obtain the differential equation

dn dae

— —ntan§—. 3-
& n tan & (1.3-6)

For paraxial rays 8 is very small so that tan § = 6. Substituting 8 = dy/dz in (1.3-6),
we obtain (1.3-5).

EXAMPLE 1.3-1. Slab with Parabolic Index Profile. An important particular distri-
bution for the graded refractive index is

n*(y) = n3(1 - a?y?). (1.37)

This is a symmetric function of y that has its maximum value at y = 0 (Fig 1.3-4). A glass

ok with thic me~fila L s Y
slab with this promc is l\quvu b_y the trade name SELFOC. Usual!,, a is chosen to be

sufficiently small so that a?y? < 1 for all y of interest. Under this condition, n(y) =
ngl — a?y)/? = ny(1 — 1a?y?); ie., n(y) is a parabolic distribution. Also, because
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Ny

z no n(;)

Figure 1.3-4 Trajectory of a ray in a GRIN slab of parabolic index profile (SELFOC).

n(y) — ng < ny, the fractional change of the refractive index is very small. Taking the
derivative of (1.3-7), the right-hand side of (1.3-5)is (1/n) dn/dy = —(ny/n)’a’y = —a?y,
so that (1.3-5) becomes

—= = —a?y. (1.3-8)

The solutions of this equation are harmonic functions with period 27 /a. Assuming an
initial position y(0) = y, and an initial slope dy/dz = 6, at z = 0,

[
y(z) =ygcosaz + = sin az, (1.3-9)
2

from which the slope of the trajectory is

dy
6(z) = - = Vo sin @z + 6, cos az. (1.3-10)

The ray oscillates about the center of the slab with a period 27 /a known as the pitch, as
illustrated in Fig. 1.3-4.

The maximum excursion of the ray is y. = [y + (6o/a)?*'/? and the maximum
angle is 6,,,, = @y, The validity of this approximate analysis is ensured if 6, < 1. If
2ymax 1s smaller than the width of the slab, the ray remains confined and the slab serves as
a light guide. Figure 1.3-5 shows the trajectories of a number of rays transmitted through a
SELFOC slab. Note that all rays have the same pitch. This GRIN slab may be used as a
lens, as demonstrated in Exercise 1.3-1.

e

AL

-z
: a -
Figure 1.3-5 Trajectories of rays in a SELFOC slab.
L —
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. _________________________________________________________________________________|
EXERCISE 1.3-1

The GRIN Slab as a Lens. Show that a SELFOC slab of length d < 7/2a and
refractive index given by (1.3-7) acts as a cylindrical lens (a lens with focusing power in the
y—z plane) of focal length

1
= — 1.3-11
f nga sin ad ( )

Show that the principal point (defined in Fig. 1.3-6) lies at a distance from the slab edge

AH = (1/nya)tan(ad/2). Sketch the ray trajectories in the special cases d = m/a and

T/ 4O,

o

: a -

Figure 1.3-6 The SELFOC slab used as a lens; F is the focal point and H is the
principal point.

Graded-Index Fibers

A graded-index fiber is a glass cylinder with a refractive index n that varies as a
function of the radial distance from its axis. In the paraxial approximation, the ray
trajectories are governed by the paraxial ray equations (1.3-3). Consider, for example,
the distribution

n? =n3[1 - a?(x* +y?)]. (1.3-12)

Substituting (1.3-12) into (1.3-3) and assuming that a?(x2 + y2) < 1 for all x and y of
interest, we obtain

e i A (1.3-13)

Both x and y are therefore harmonic functions of z with period 27 /a. The initial
positions (x, y,) and angles (6, = dx/dz and 0,, = dy/dz) at z = 0 determine the
amplitudes and phases of these harmonic functions. Because of the circular symmetry,
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Figure 1.3-7 (a) Meridional and (b) helical rays in a graded-index fiber with parabolic index
profile.

there is no loss of generality in choosing x, = 0. The solution of (1.3-13) is then

x0 .
x(z) = —sinaz
a
(1.3-14)
0y0 .
y(z) = —sinaz + yjcos az.
a
x = 0, i.e., the incident ray lies in a meridional plane (a plane passing through
the axis of the cylmdpr in this case the y—z plane), the ray continues to lie in that

e following a sinusoidal trajectory similar to that in the GRIN slab [Fig. 1.3-7(a)}.
n the other hand, if 6,, = 0, and 6,, = ay,, then

pl

x(z) = ygsinaz

(1.3-15)
y(z) =yscosaz,

so that the ray follows a helical trajectory lymg on the surface of a cylinder of radius y,
[Fig. 1.3-7(b)]. In both cases the ray remains confined within the fiber, so that the fiber
serves as a light guide. Other helical patterns are generated with different incident
rays.

Graded-index fibers and their use in optical communications are discussed in Chaps.
8 and 22.

.|
EXERCISE 1.3-2

Numerical Aperture of the Graded-Index Fiber. Consider a graded-index fiber with
the index profile in (1.3-12) and radius a. A ray is incident from air into the fiber at its
center, making an angle 8, with the fiber axis (see Fig. 1.3-8). Show, in the paraxial
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i
2N £ : i
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Figure 1.3-8 Acceptance angle of a graded-index optical fiber.

approximation, that the numerical aperture is

NA = sin 8, = nyae, (1.3-16)
Numerical Aperture
(Graded-Index Fiber)

where 6, is the maximum angle 8, for which the ray trajectory is confined within the fiber.
Compare this to the numerical aperture of a step-index fiber such as the one discussed in
Exercise 1.2-5. To make the comparison fair, take the refractive indices of the core and
cladding of the step-index fiber to be n; = ng and n, = n(l — a2a®)V? = n(1 — 1a%a?).

*C. The Eikonal Equation

The ray trajectories are often characterized by the surfaces to which they are normal.
Let S(r) be a scalar function such that its equilevel surfaces, S(r) = constant, are
everywhere normal to the rays (Fig. 1.3-9). If S(r) is known, the ray trajectories can
readily be constructed since the normal to the equilevel surfaces at a position r is in the
direction of the gradient vector VS(r). The function S(r), called the eikonal, is akin to
the potential function V(r) in electrostatics; the role of the optical rays is played by the
lines of electric field E = —VV.

To satisfy Fermat’s principle (which is the main postulate of ray optics) the eikonal
S(r) must satisfy a partial differential equation known as the eikonal equation,

) + ’—) —n?, (1.3-17)

TRays
Figure 1.3-9 Ray trajectories are normal to the surfaces of constant

S(r) =constant S(r).
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il <

N

Figure 1.3-10 Rays and surfaces of constant S(r) in a homogeneous medium.

=constant

|VS|* = n2, (1.3-18)
Eikonal Equation

where |VS|? = VS - VS. The proof of the eikonal equation from Fermat’s principle is a
mathematical exercise that lies beyond the scope of this book.” Fermat’s principle (and
the ray equation) can also be shown to follow from the eikonal equation. Therefore,
either the eikonal equation or Fermat’s principle may be regarded as the principal
postulate of ray optics.

Integrating the eikonal equation (1.3-18) along a ray trajectory between two points
A and B gives

S(rg) — S(ry) = fABIVSI ds = fABnds = optical path length between A4 and B.

This means that the difference S(rg) — S(r,) represents the optical path length
between A and B. In the electrostatics analogy, the optical path length plays the role
of the potential difference.

To determine the ray trajectories in an inhomogeneous medium of refractive index
n(r), we can either solve the ray equation (1.3-2), as we have done earlier, or solve the
eikonal equation for S(r), from which we calculate the gradient VS.

If the medium is homogeneous, i.e., n(r) is constant, the magnitude of VS is
constant, so that the wavefront normals (rays) must be straight lines. The surfaces
S(r) = constant may be parallel planes or concentric spheres, as illustrated in Fig.
1.3-10.

1.4 MATRIX OPTICS

Matrix optics is a technique for tracing paraxial rays. The rays are assumed to travel
only within a single plane, so that the formalism is applicable to systems with planar
geometry and to meridional rays in circularly symmetric systems.

A ray is described by its position and its angle with respect to the optical axis. These
variables are altered as the ray travels through the system. In the paraxial approxima-
tion, the position and angle at the input and output planes of an optical system are

TSee, e.g., M. Born and E. Wolf, Principles of Optics, Pergamon Press, New York, 6th ed. 1980.
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yi

Optical axis
—_—

Figure 1.4-1 A ray is characterized by its coordinate y and its angle 6.

related by two linear algebraic equations. As a result, the optical system is described by
a 2 X 2 matrix called the ray-transfer matrix.

The convenience of using matrix methods lies in the fact that the ray-transfer matrix
of a cascade of optical components (or systems) is a product of the ray-transfer
matrices of the individual components (or systems). Matrix optics therefore provides a
formal mechanism for describing complex optical systems in the paraxial approxima-
tion.

A. The Ray-Transfer Matrix

Consider a circularly symmetric optical system formed by a succession of refracting and
reflecting surfaces all centered about the same axis (optical axis). The z axis lies along
the optical axis and points in the general direction in which the rays travel. Consider
rays in a plane containing the optical axis, say the y-z plane. We proceed to trace a ray
as it travels through the system, i.e., as it crosses the transverse planes at different axial
distances. A ray crossing the transverse plane at z is completely characterized by the

. . . . A
coordinate y of its crossing point and the angle 8 (Fig. 1.4-1).

An optical system is a set of optical components placed between two transverse
planes at z; and z,, referred to as the input and output planes, respectively. The
system is characterized completely by its effect on an incoming ray of arbitrary position
and direction (y,, 8,). It steers the ray so that it has new position and direction (y,, 8,)
at the output plane (Fig. 1.4-2).

y
Input
plane Output
4 plane
¥ vl o
Optical
21 zo 2 axis
Input . Output
- Optical system —
(y1.61) P Y (¥2162)

Figure 1.4-2 A ray enters an optical system at position y, and angle 6, and leaves at position
y, and angle 6,.
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In the paraxial approximation, when all angles are sufficiently small so that sin § = 6,
the relation between (y,, 8,) and (y,, 6,) is linear and can generally be written in the
form

8, = Cy, + D6, (1.4-2)

where A, B, C and D are real numbers. Equations (1.4-1) and (1.4-2) may be
conveniently written in matrix form as

Ya| A Bl[n
6,1 |C D6, |
The matrix M, whose elements are A, B,C, D, characterizes the optical system

completely since it permits (y,, 8,) to be determined for any (y,, 6,). It is known as the
ray-transfer matrix.

|
EXERCISE 1.4-1

Special Forms of the Ray-Transfer Matrix. Consider the following situations in which
one of the four elements of the ray-transfer matrix vanishes:

(a) Show that if A = 0, all rays that enter the system at the same angle leave at the same
position, so that parallel rays in the input are focused to a single point at the output.

(b) What are the special features of each of the systems for which B =0, C =0, or
D=0?

B. Matrices of Simple Optical Components

Free-Space Propagation

Since rays travel in frec space along straig T

altered in accordance with y, =y, + 6,d and 6, = 6,. The ray-transfer matrix is
therefore

a dictance d ig
aistance g 18

- M [(1) d (1.4-3)

Refraction at a Planar Boundary

At a planar boundary between two media of refractive indices n; and n,, the ray angle
changes in accordance with Snell’s law n, sin 6, = n, sin 6,. In the paraxial approxima-
tion, n,6, = n,8,. The position of the ray is not altered, y, = y;. The ray-transfer
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matrix is

ny | n2

Refraction at a Spherical Boundary

MATRIX OPTICS 29

(1.4-4)

The relation between 6, and 0, for paraxial rays refracted at a spherical boundary
between two media is provided in (1.2-8). The ray height is not altered, y, = y,. The

ray-transfer matrix is

Convex, R >0; concave, R <0

Transmission Through a Thin Lens

(1.4-5)

(ny —ny) nyof,
l

n,R )

The relation between 6, and 6, for paraxial rays transmitted through a thin lens of
focal length f is given in (1.2-11). Since the height remains unchanged (y, = y,),

Convex, f >0; concave, f <0

Reflection from a Planar Mirror

(1.4-6)

Upon reflection from a planar mirror, the ray position is not altered, y, = y,. Adopting
the convention that the z axis points in the general direction of travel of the rays, i.c.,
toward the mirror for the incident rays and away from it for the reflected rays, we
conclude that 6, = 6,. The ray-transfer matrix is therefore the identity matrix

Reflection from a Spherical Mirror

(1.4-7)

Using (1.2-1), and the convention that the z axis follows the general direction of the

rays as they reflect from mirrors, we similarly obtain

~C M-

(-R)

Concave, R < Q; convex, R >0

(1.4-8)

[r———
x| =
_ O
)
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Note the similarity between the ray-transfer matrices of

ransf a spherical mirror (1.4-8) and a
thin lens (1.4-6). A mirror with radius of curvature R bends rays in a manner that is
identical to that of a thin lens with focal length f = —R/2.

C. Matrices of Cascaded Optical Components

A cascade of optical components whose ray-transfer matrices are M;, M,,..., My, is
equivalent to a single optical component of ray-transfer matrix

My M2 e My M=M, - MM,. (1.4-9)
Note the order of matrix ma}tlplication The matrix of the system that is crossed by the
rays first is placed to the right, so that it operates on the column matrix of the incident
ray first,

EXERCISE 1.4-2

A Set of Parallel Transparent Plates. Consider a set of N parallel planar transparent
plates of refractive indices ny, n,,...,ny and thicknesses d,,d,,...,dy, placed in air
(n = 1) normal to the z axis. Show that the ray-transfer matrix is

ny np ny
Vv 22 1 - L
N di
. m-|! Lo (1.4-10)
0 1
dp dp dy

Note that the order of placing the plates does not affect the overall ray-transfer matrix.
What is the ray-transfer matrix of an inhomogeneous transparent plate of thickness d,, and
refractive index n(z)?

EXERCISE 1.4-3

A Gap Followed by a Thin Lens. Show that the ray-transfer matrix of a distance d of
free space followed by a lens of focal length f is

£
I

o]

EXERCISE 1.4-4

Imaging with a Thin Lens. Derive an expression for the ray-transfer matrix of a system
comprised of free space/thin lens/free space, as shown in Fig. 1.4-3. Show that if the
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imaging condition (1/d, + 1/d, = 1/f) is satisfied, all rays originating from a single point
in the input plane reach the output plane at the single point y,, regardless of their angles.
Also show that if d, = f, all parallel incident rays are focused by the lens onto a single
point in the output plane.

——

|-<———d1—+f4———d2——->-{ Figure 1.4-3 Single-lens imaging system.

EXERCISE 1.4-5

Imaging with a Thick Lens. Consider a glass lens of refractive index n, thickness d, and
two spherical surfaces of equal radii R (Fig. 1.4-4). Determine the ray-transfer matrix of
the system between the two planes at distances d; and d, from the vertices of the lens.
The lens is placed in air (refractive index = 1). Show that the system is an imaging system
(i.e., the input and output planes are conjugate) if

1 1
—+ — = : or &8, =12 (1.4-12)
21 z; f ' !
where
z,=d,+h sy=z,—f (1.4-13)
z,=d, +h, s;=2,—f (1.4-14)
and
(n-1)fd
= 1.4-15
h nR ( )
1 n—1 n—-1d
1. )|, - — (1.4-16)
f R n R

The points F; and F, are known as the front and back focal points, respectively. The

nainte D and D ars known ac tha firgt and cecond nreincinal nainte rocnectively Show
OINlS 1) and 5 aré KNown as uid st andad SCCONG prindipar pOinss, ICS5PpEiively. Sniow
1 ] J

the importance of these points by tracing the trajectories of rays that are incident parallel
to the optical axis.

d
e
A
e d1——> & ety >
“1 i ! “2

Figure 1.4-4 Imaging with a thick lens. P; and P, are the principal points and F; and F,
are the focal points.
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D. Periodic Optical Systems

...... y=ue=in

A periodic optical system is a cascade of identical unit systems. An example is a
sequence of equally spaced identical relay lenses used to guide light, as shown in Fig.
1.2-16(a). Another example is the reflection of light between two parallel mirrors
forming an optical resonator (see Chap. 9); in that case, the ray traverses the same unit
system (a round trip of reflections) repeatedly. A homogeneous medium, such as a glass
fiber, may be considered as a periodic system if it is divided into contiguous identical
segments of equal length. A general theory of ray propagation in periodic optical
systems will now be formulated using matrix methods.

Difference Equation for the Ray Position

A periodic system is composed of a cascade of identical unit systems (stages), each with
a ray-transfer matrix (A, B, C, D), as shown in Fig. 1.4-5. A ray enters the system with
initial position y, and slope 6. To determine the position and slope (y,,, 8,,,) of the ray

at the exit of the mth stage, we apply the ABCD matrix m times,

-l of I8

6, |C DI |6,

We can also apply the relations
Ym+1 = Av,, + B6,, (1.4-17)
0,,.1 =Cy,, + D6, (1.4-18)

iteratively to determine (y,,8;) from (y,, 6;), then (y,, 8,) from (y,,8,), and so on,
using a computer.
It is of interest to derive equations that govern the dynamics of the position y,,,
m =0,1,..., irrespective of the angle 8,. This is achieved by eliminating 6,, from
(1.4-17) and (1.4-18). From (1.4-17)
_ Ym+1 — Aym

0,=———. 1.4-19

Replacing m with m + 1 in (1.4-19) yields

Ym+2 =AY
0, .1 = _'"% (1.4-20)

Substituting (1.4-19) and (1.4-20) into (1.4-18) gives

ym+2=2bym+1"F2ym’ (14-21)
Recurrence Relation
for Ray Position

Yo| A B [%1] A B A B A B |Yml A B |Ymsl
6 | ¢ D |6] ¢ D c D C D |6m| C D |bms1
1 2 m -1 m m+1

Figure 1.4-5 A cascade of identical optical components.
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A+D
b=
2

(1.4-22)

F2? = AD - BC = det[M], (1.4-23)

and det[M] is the determinant of M.

Equation (1.4-21) is a linear difference equation governing the ray position y,,. It
can be solved iteratively on a computer by computing y, from y, and y,, then y; from
y, and y,, and so on. y; may be computed from y, and 6, by use of (1.4-17) with
m = 0.

It is useful, however, to derive an explicit expression for y,, by solving the difference
equation (1.4-21). As in linear differential equations, a solution satisfying a linear
difference equation and the initial conditions is a unique solution. It is therefore
appropriate to make a judicious guess for the solution of (1.4-21). We use a trial
solution of the geometric form

Ym = Yoh™, (1.4-24)

where 4 is a constant. Substituting (1.4-24) into (1.4-21) immediately shows that the
trial solution is suitable provided that A satisfies the quadratic algebraic equation

h? — 2bh + F? = 0, (1.4-25)

from which
h=b+j(F-b?)"" (1.4-26)
The results can be presented in a more compact form by defining the variable

b
=cos ! —, 1.4-27
@ = COS F ( )

so that b = Fcos ¢, (F? — b?)"/? = Fsin ¢, and therefore h = F(cos ¢ + jsin ¢) =
F exp(+jo), whereupon (1.4-24) becomes y,, = yoF™ exp(+jme).

A general solution may be constructed from the two solutions with positive and
negative signs by forming their linear combination. The sum of the two exponential
functions can always be written as a harmonic (circular) function, so that

Ym = Ymax F™ sin(me + @), (1.4-28)

where y... and ¢, are constants to be determined from the initial conditions y, and
y;. In particular, y_ .. = yo/sin ¢,.

The parameter F is related to the determinant of the ray-transfer matrix of the unit
system by F = det!/?[M). It can be shown that regardless of the unit system, det[M] =
n,/n,, where n; and n, are the refractive indices of the initial and final sections of the
unit system. This general result is easily verified for the ray-transfer matrices of all the
optical components considered in this section. Since the determinant of a product of
two matrices is the product of their determinants, it follows that the relation det[M] =
n,/n, is applicable to any cascade of these optical components. For example, if
det{M,;] = n,/n, and det[M,] = n,/n,, then detlM,M,] = (n,/n3Xn,/n,) = n,/n;.
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In most annlications n. = n-
....... applications n; = n,, 1 M

for the ray position is

Ym = Ymax SIN(M@ + @¢). (1.4-29)
Ray Position in
a Periodic System

We shall assume henceforth that F = 1.

Condition for a Harmonic Trajectory
For y,, to be a harmonic (instead of hyperbolic) function, ¢ = cos™! b must be real.
This requires that

AS)

bl < 1 or

IA
—_

(1.4-30)
Condition for a
Stable Solution

|+

If, instead, |b] > 1, ¢ is then imaginary and the solution is a hyperbolic function (cosh
or sinh), which increases without bound, as illustrated in Fig. 1.4-6(a). A harmonic
solution ensures that y,, is bounded for all m, with a maximum value of y,.,. The
bound |b| < 1 therefore provides a condition of stability (boundedness) of the ray
trajectory.

The ray angle corresponding to (1.4-29) is also a harmonic function 6, =
Opmax Sin{me + @), where 6, and ¢, are constants. This can be shown by use of
(1.4-19) and trigonometric identities. The maximum angle 6., must be sufficiently
small so that the paraxial approximation, which underlies this analysis, is applicable.
Condition for a Periodic Trajectory
The harmonic function (1.4-29) is periodic in m if it is possible to find an integer s such
that y,,,, =y, for all m. The smallest such integer is the period. The ray then

Ym
” ._4’,0,47
0 10 20 m
Ym
™~ » > -
®) AR ANEGAYIANERANEVA .
7 4 4 K
0 NN T TR [N
ym
N AN ~ —q N -
e} /1 N / '\\ ,,J \\ ,f \[20 -
R
° V2 \\ /( I W 4 \'\. 4 ~¢/ "

Figure 1.4-6 Examples of trajectories in periodic optical systems: (a) unstable trajectory
(b > 1); (b) stable and periodic trajectory (¢ = 67 /11; period = 11 stages); (c¢) stable but
nonperiodic trajectory (¢ = 1.5).
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retraces its path after s stages. This condition is satisfied if s¢ = 2mq, where ¢ is an
integer. Thus the necessary and sufficient condition for a periodic trajectory is that
®/2 is a rational number q/s. If ¢ = 67 /11, for example, then ¢ /27 = 3 and the
trajectory is periodic with period s = 11 stages. This case is illustrated in Fig. 1.4-6(b).

EXAMPLE 1.4-1. A Sequence of Equally Spaced Identical Lenses. A set of identi-
cal lenses of focal length f separated by distance d, as shown in Fig. 1.4-7, may be used to
relay light between two locations. The unit system, a distance d of free space followed by a
lens, has a ray-transfer matrix given by (1.4-11); A=1,B=d,C= -1/f,D=1-d/f.

The parameter b = (A + D)/2 =1 — d/2f and the determinant is unity. The condi-
tion for a stable ray trajectory, |bf < 1 or —1 < b < 1, is therefore

0 <d<4f, (1.4-31)

so that the spacing between the lenses must be smaller than four times the focal length.
Under this condition the positions of paraxial rays obey the harmonic function

d
Ym = Ymax SI(Me + ¢g), @ = cos“(l - 2—f). (1.4-32)

When d =2f, ¢ =m/2 and ¢/27 = }, so that the trajectory of an arbitrary ray is

NN
|
I
I
|

vV
o—]

Figure 1.4-7 A periodic sequence of lenses.
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Figure 1.4-8 Examples of stable ray trajectories in a periodic lens system: (a) d = 2f;
b d=f.

periodic with period equal to four stages. When d = f, ¢ = m/3 and ¢ /27 = ¢, so that

the ray trajectory is periodic and retraces itself each six stages. These cases are illustrated
in Fig. 1.4-8.

EXERCISE 1.4-6

A Periodic Set of Pairs of Different Lenses. Examine the trajectories of paraxial rays
through a periodic system composed of a set of lenses with alternating focal lengths f, and

Figure 1.4-9 A periodic sequence of lens pairs.

f> as shown in Fig. 1.4-9. Show that the ray trajectory is bounded (stable) if

(=57 (- 7]
051—2],/1—2{/51. (1.4-33)

EXERCISE 1.4-7

An Optical Resonator. Paraxial rays are reflected repeatedly between two spherical
mirrors of radii R, and R, separated by a distance d (Fig. 1.4-10). Regarding this as a
periodic system whose unit system is a single round trip between the mirrors, determine

the condition of stability of the ray trajectory. Optical resonators will be studied in detail in
Chap. 9.
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Figure 1.4-10 The optical resonator as a periodic optical system.
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PROBLEMS

1.2-1 Transmission through Planar Plates. (a) Use Snell’s law to show that a ray entering

a planar plate of width d and refractive index n, (placed in air; n = 1) emerges
parallel to its initial direction. The ray need not be paraxial. Derive an expression for
the lateral displacement of the ray as a function of the angle of incidence 6. Explain
your results in terms of Fermat’s principle.
(b) If the plate is, instead, made of a stack of N parallel layers of thicknesses d,
d,,...,dy and refractive indices n,, n,,...,n,, show that the transmitted ray is
parallel to the incident ray. If ,, is the angle of the ray in the mth layer, show that
n,sinf, =sinf, m=12,....

1.2-2  Lens in Water. Determine the focal length f of a biconvex lens with radii 20 cm and
30 cm and refractive index n = 1.5. What is the focal length when the lens is
immersed in water (n = %)?

1.2-3 Numerical Aperture of a Claddless Fiber. Determine the numerical aperture and the
acceptance angle of an optical fiber if the refractive index of the core is n; = 1.46
and the cladding is stripped out (replaced with air n, = 1).

1.2-4 Fiber Coupling Spheres. Tiny glass balls are often used as lenses to couple light into
and out of optical fibers. The fiber end is located at a distance f from the sphere.
For a sphere of radius @ = 1 mm and refractive index n = 1.8, determine f such
that a ray parallel to the optical axis at a distance y = 0.7 mm is focused onto the
fiber, as illustrated in Fig. P1.2-4.

1.2-5 Extraction of Light from a High-Refractive-Index Medium. Assume that light is
generated isotropically in all directions inside a material of refractive index n = 3.7
cut in the shape of a parallelepiped and placed in air (n = 1) (see Exercise 1.2-6).
(a) If a reflective material acting as a perfect mirror is coated on all sides except the
front side, determine the percentage of light that may be extracted from the front
side.
(b) If another transparent material of refractive index n = 1.4 is placed on the front
side, would that help extract some of the trapped light?

1.3-1 Axially Graded Plate. A plate of thickness d is oriented normal to the z-axis. The
refractive index n(z) is graded in the z direction. Show that a ray entering the plate
from air at an incidence angle 6, in the y-z plane makes an angle 6(z) at position z
in the medium given by n(z)sin 6(z) = sin 8,. Show that the ray emerges into air
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parallel to the original incident ray. Hint: You may use the result

aral wcide You of Problem 1.2-1,

ults
Show tha the ray position y(z) inside the plate obeys the differential equation
(dy/dz)* = (n%/sin®@ — 1)~ .

1.3-2 Ray Trajectories in GRIN Fibers. Consider a graded-index optical fiber with cylin-
drical symmetry about the z axis and refractive index n(p), p = (x% + y?)'/2 Let
(p, &, z) be the position vector in a cylindrical coordinate system. Rewrite the
paraxial ray equations, (1.3-3), in a cylindrical system and derive differential equa-
tions for p and ¢ as functions of z.

1.4-1 Ray-Transfer Matrix of a Lens System. Determine the ray-transfer matrix for an
optical system made of a thin convex lens of focal length f and a thin concave lens of
focal length —f separated by a distance f. Discuss the imaging properties of this
composite lens.

1.4-2 Ray-Transfer Matrix of a GRIN Plate. Determine the ray-transfer matrix of a
=

SELFOC n]atp l'- .e.. a sraded-index material with parabolic refractive index n(y

Ui NN PRALL [1.0., @ p1alGUUTIUCA Qi paraoonc reiractive 1Ingex nly

no(l — 3a?y?)] of width d.

1.4-3 The GRIN Plate as a Periodic System. Consider the trajectories of paraxial rays
inside a SELFOC plate normal to the z axis. This system may be regarded as a
periodic system made of a sequence of identical contiguous plates of thickness d
each. Using the result of Problem 1.4-2, determine the stability condition of the ray
trajectory. Is this condition dependent on the choice of d?

1.4-4 4 X 4 Ray-Transfer Matrix for Skewed Rays. Matrix methods may be generalized to
describe skewed paraxial rays in circularly symmetric systems, and to astigmatic
(non-circularly symmetric) systems. A ray crossing the plane z = 0 is generally
characterized by four variables—the coordinates (x, y) of its position in the plane,
and the angles (6,, 6) that its projections in the x-z and y-z planes make with the
z axis. The emerging ray is also characterized by four variables linearly related to the
initial four variables. The optical system may then be characterized completely,
within the paraxial approximation, by a 4 X 4 matrix.

(a) Determine the 4 X 4 ray-transfer matrix of a distance d in free space.

(b) Determine the 4 X 4 ray-transfer matrix of a thin cylindrical lens with focal
length f oriented in the y direction (Fig. P1.4-4). The cylindrical lens has focal
length f for rays in the y-z plane, and no focusing power for rays in the x-z plane.

X

N

N\

N

Figure P1.4-4 Cylindrical lens.
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