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ln Linear algebra and geometry, hyperptanes, subspaces, and hatfspaces are

fundamental concepts used to describe and anatyze the properties and

behaviors of mutti-dimensionaI spaces. These concepts have significant

applications in various fietds, including machine learning, optimization, and

engineering.

This articLe exp[ores the definitions, properties, and applications of

hyperplanes, subspaces, and ha[f-spaces.
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A hyperplane is a flat affine subspace of one dimension Less than its ambient

space. ln an n-dimensional space, a hyperplane has n-1 dimensions. lt can be

defined by a linear equation.

Hyperptane Definition

ln n-dimensionat space, a hyperplane can be represented os El1X1 * d2x2*"

+anxn = b

where d1, 82,......., an are coefficients and b is a constant.

Hyperptane Example

ln a 3-dimensional space (n=3), a hyperplane is a 2-dimensional plane defined

by an equation Like 2x + 3y - z = 5.

Properties of Hyperptane

. A hyperplane divides the space into two hatf-spaces.

. At[ points on one side of the hyperpLane satisfy d1X1 * d!12*..... + anxn > b,
white those on the other side satisfy a1x1 * d2x2 + ..... + anxn < b

Hyperp[ane ee
A Hyperplane in R2 ia a line A Hyperplane rn FP is a plane

4
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Subspace
A cr rhcn=ro ic r cr rhcaf nf : rror-fnr cl1..a th:t ic alcn : rrarfnr cr.rara r rnrlar tha

We use cookies to ensure you have the best browsing experience on ourwebsite. By using our

site, you acknowledge that you have read and understood our Cookie Policy & Privacy-Pqticy-
 
 
 
Page 2

Giesecke+Devrient GmbH, 
Giesecke+Devrient Currency Technology GmbH, 

and Papierfabrik Louisenthal GmbH. 
IPR2024-00838 - Ex. 1053



Subspace Definition

A subspace W of a vector space V must satisfy three conditions:

1. The zero vector of V is in W.

2. W is closed under vector addition.

3. W is closed under scaLar multiplication.

Subspace Exampte

ln R3 the set of aLL vectors Lying on the xy plane is a subspace. lt includes the

zero vector (0,0,0), is ctosed under vector addition and scatar muttiplication.

Properties of Subspace

. Subspaces can be of any dimension from 0 up to n, where n is the dimension

of the ambient space.

o Every subspace passes through the origin.

Hatfspace
A halfspace is one of the two regions into which a hyperplane divides the

ambient space. lt includes atl points on one side of the hyperptane and can be

either open or ctosed.

Hatfspace Definition

A halfspace can be defined by a linear inequality

d1X1 * d2X2*

O1X1 * d2X2*..... + anXn < b

Halfspace Exampte

ln R3 , the region defined by 2x + 3y - z< 5 is a closed hatfspace
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. A hatfspace inctudes a[L points satisfying the inequality defining it.

. A hyperplane is the boundary between two haLfspaces.

Hatf-space

ee

Halfspace

Apptications in Engineering

1. Machine Learning

ln machine learning, hyperplanes are used in algorithms such as Support

Vector Machines (SVMs) to classify data. The hyperplane serves as a decision

boundary separating different cLasses of data points.

2. Optimization

ln linear programming, the feasible region is often defined by a set of linear

inequalities, each representing a halfspace. The optimal sotution lies within the

intersection of these halfspaces.

3. Signat Processing

ln signaL processing, subspaces are used in techniques [ike PrincipaI

Component Analysis (PCA) to reduce the dimensionaLity of data while

^v^^Ari rina im^ar*aa.L infa-*all^^
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ln control systems, state space representations use subspaces to describe the

set of atl possible states of the system, heLping in the analysis and design of

controLLers.

5. Computer Graphics

ln computer graphics, hyperplanes are used for clipping aLgorithms, which

determine which parts of objects are visible within a viewing volume.

Conctusion
Understanding hyperpLanes, subspaces, and hatfspaces is cruciaI for anatyzing

and solving problems in mutti-dimensional spaces. These concepts are

fundamentaL in various fiel.ds of engineering, offering powerfuI toots for

ctassification, optimization, signaI processing, and more.

Solved Examples on Hyperptane, Subspace and Halfspace

Hyperptane

Examp[e: Consider the 2-dimensionaI space (R2). A hyperplane (which is a line

in this case) can be given by:

3x+4Y=t2

SoLution:

. To find the points on this [ine, set v = 0: 3x + 4(0) = L2, which gives x = 4.

Thus, the point (4, 0) Lies on the [ine.

. To find another point, set x = 0: 3(0) + 4y - 12, which gives v = 3. Thus, the

point (0, 3) Lies on the [ine.

. So, the line (hyperplane in R2) passes through the points (4, 0) and (0, 3).

Subspace

Exampte: Consider V = R3 and W defined by:

rA, _ rr., -lrD1 1.,,
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. The zerovector (0, 0, 0) is in W since 0 + 0 + 0 = 0.

. lf u - (x1, y7,211and v - (x2,y2,22)are in W, then: x1 + y1 + 27 = 0 x2 + y2

+ z2 =0 Their sum, u + v = (x1 + x2,yt + y2, 21, + z2l,satisfies: (x1 + x2l +

(y1 + V2l + lzt + z2l = (x1 + yl + z1-l + (x2 + y2 + z2\ -0 Thus, W is ctosed

under addition.

. lf u = (X,y, z) is in W and cis a scalar,then cu = (cx,cy, cz) satisfies: cx+cy+
cz = c(x + y + zl = c. 0 = 0 Thus, W is ctosed under sca[ar multip[ication.

. Therefore, W is a subspace of R3.

Hatfspace

Exampte: Consider the haLfspace in R2 given by

2x+y<3

Solution:

. To verify if the point (1, 1) lies within the halfspace, substitute x = 1 and y -
1.:2(ll + 1 S 3, which gives 3 < 3. The point (1, 1) satisfies the inequatity and

is in the hatfspace.

. To verify if a point (2,2],lies within the haLfspace, substitute x = 2 and y = 2'

2l2l + 2 < 3, which gives 6 < 3. The point (2, 2l does not satisfy the

inequatity and is not in the halfspace.

Hyperptane, Subspace and Hatfspace - Practice Problems

Hyperptane

l-. Determine the equation of the hyperptane in R3 that passes through the

points (1,0,0), (0, 1, 0), and (0,0, 1).

2. Find the distance from the point (3, 4) to the hyperplane given by 2x + 3y =

6 in R2.

3. Find the points of intersection with the axes for the hyperptane given by 4x

- 3y + z= 1.2 in R3.
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2. Determine ifthe setW = {(x, y, z) e R3 | xn2 + Yn2 + zA2= 1} is a subspace

of R3.

3. Determine if the setW = {(x, y, z) E R3 | x -2y +32 = 0} is a subspace of R3

Hatfspace

1. ldentify if the point (2, -1) lies in the haLfspace defined by 3x - 2y < 7 in R2.

2. Given the halfspace x + y > 4 in R2, find a point that lies in this halfspace

and a point that does not.

3. ldentify if the point (-7,2l,lies in the halfspace defined by x - 4y > -5.
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