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A Dynamic Risk Measure from Continuous
Glucose Monitoring Data

Stefania Guerra, M.S., Giovanni Sparacino, Ph.D., Andrea Facchinetti, Ph.D.,
Michele Schiavon, M.S., Chiara Dalla Man, Ph.D., and Claudio Cobelli, Ph.D.

Abstract

Background: The quantitative analysis of glucose time-series can greatly help the management of diabetes. In
particular, a static nonlinear transformation, which symmetrizes the distribution of glucose levels by bringing
them in the so-called risk space, was proposed previously for both self-monitoring blood glucose and continuous
glucose monitoring (CGM) and extensively used in the literature. The continuous nature of CGM data allows us
to further refine the risk space concept in order to account for glucose dynamics.

Methods: A new dynamic risk (DR) is proposed to explicitly consider the rate of change of glucose as a threat
factor for the patient (e.g., risk levels in hypoglycemia and hyperglycemia are amplified in the presence of a
decreasing and increasing glucose trend, respectively). The practical calculation of DR is made possible by the
use of a regularized deconvolution algorithm that is able to deal with noise in CGM data and with the ill-
conditioning of the time-derivative calculation, even in online applications.

Results: Results on simulated and real data show that DR can be effectively computed and fruitfully used in real
time (e.g., to generate early warnings of hypo-/hyperglycemic threshold crossings). Further applications of DR
in the quantification of the efficiency of glucose control are also suggested.

Conclusions: Exploiting the information on glucose trends empowers the strength of risk measures in inter-

preting CGM time-series.

introduction

HE COMPREHENSIVE ANALYSIS of glucose time-series is of

great importance for the quantitative understanding
of the glucose-insulin system and may help the definition of
the therapeutic actions needed to achieve optimal glucose
control (see Cobelli et al.' and references quoted therein).
The simplest method for monitoring the glycemic level is
self-monitoring blood glucose (SMBG) (i.e., finger pricks
performed by the patients, usually three or four times a day).
The retrospective analysis of SMBG with variability mea-
sures (see Rodbard? for a recent review on variability mea-
sures and Greven et al.? for an application) has been used in
the last decades in order to extract critical information for the
definition of an insulin-infusion therapy schedule. Recently,
continuous glucose monitoring (CGM) devices have become
available, which are able to provide a measure of the gly-
cemia every 1-5min, hence offering a much richer clinical
insight for interpreting glucose dynamics*® and opening the
possibility of developing online therapeutic tools such as
generators of hypo-/hyperglycemic threshold crossings
alarms”® and the artificial pancreas,’ provided that some

crucial but challenging signal processing issues are properly
dealt with.'%

It has been suggested by Kovatchev et al.'? that the study of
glucose concentration time-series should take into account
that the glycemic range is asymmetric, with the “hypoglyce-
mia range” much narrower than the “hyperglycemia range”
with a much faster increase of health threats when moving
deeper in the first versus the latter range. As an example,
consider glucose levels of 40 mg/dL or 210mg/dL: although
the absolute distance from the hypo-/hyperglycemic thresh-
old (70 and 180 mg/dL, respectively) is the same (30 mg/dL),
the first level corresponds to a situation of severe hypogly-
cemia, whereas the second corresponds to mild hyperglyce-
mia. In other words, the risk for the patient increases much
faster in hypoglycemia than in hyperglycemia when moving
below or above the hypo-/hyperglycemia threshold, respec-
tively. Also, the distribution of glucose concentration values is
skewed within the range. As a consequence, episodes of hy-
poglycemia associated with greater potential danger for the
patient are not sufficiently emphasized and are outmatched
by the numerous mild hyperglycemic events. This means that
the role of a few glycemic values deep in the hypoglycemia

Department of Information Engineering, University of Padova, Padova, Italy.
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FIG.1. Simulated noise-free continuous glucose profile (continuous line) with hypo-/hyperglycemia thresholds (horizontal
lines). Four points (dots) are indicated: A; and A, (65mg/dl, decreasing and increasing trend, respectively) and B; and B,
(180mg/dL, rate of change of +2mg/dL/min and +4mg/dL/min, respectively) with the correspondent tangent (thin line).

Circle C highlights a hypoglycemic threshold crossing event.

zone (e.g., two very dangerous hypoglycemias at 40mg/dL)
would be obscured in simple statistical measures such as
mean and SDs by a large number of mild hyperglycemias. In
the literature, some attempts to overcome this peculiarity of
the glycemic range have been made by computing variability
or control indexes after mapping glucose concentration in a
penalty score (e.g., the Glycemic Risk Assessment Diabetes
Equation proposed by Hill et al.”® and the Index of Glycemic
Control developed by Rodbard,**® which are able to equally
weight hypo-and hyperglycemic episodes) (see Rodbard? for
a comprehensive recent review).

A widely accepted transformation of the glycemic mea-
surement scale has been proposed by Kovatchev et al."* and
extensively exploited for the so-called risk analysis'®™® (see
Clarke et al." for a recent review). In this approach, a non-
linear transformation converts every single glucose reading
into a “static” risk value, which puts more emphasis on values
within the clinically critical regions of hypo- and hypergly-
cemia than in the safe region of normoglycemia. Further de-
velopments in the risk space, used for both SMBG and CGM
data,*? resorted to numerical indexes—the Low and the
High Blood Glucose Index—to quantify the tendency of a
patient to stay in the hypo- or hyperglycemic region. These
indexes have been found to correlate with the number of
observed episodes of severe hypoglycemia and of hypergly-
cemia.'® Recently, a controller exploiting different weights in
hypo-/hyperglycemic regions according to a risk function
was proposed”’ in order to account for the different clinical
risks associated with different glucose levels.

The above-mentioned transformations of glucose levels
and the correspondent indexes are “static” (i.e., a given gly-
cemic level is associated with a specific penalty or risk score).
This was a natural step because these transformations were
originally conceived for SMBG, where information about
glucose trend is unavailable. Today, the availability of CGM

signals opens the possibility of embedding glucose dynamics
information in the evaluation of risk measures. Consider the
example reported in Figure 1, which displays a simulated
continuous glucose profile for 1,000min. The picture high-
lights four particular points, labeled as A;, A,, By, and By,
together with a portion of the tangent line to the glucose
profile in these points. In addition, the circle labeled as C
highlights an hypoglycemia threshold crossing event. It is
notable that A; and A; correspond to a glucose concentration
just below the hypoglycemia threshold (65mg/dL) but with
different derivatives (—2mg/dL/min for A; and +2mg/dL/
min for A,), whereas B; and B, are both placed exactly on the
hyperglycemia threshold (180mg/dL with derivatives of
+2mg/dL/min and +4mg/dL/min, respectively). If only
SMBG were available and using, for example, the function of
Kovatchev et al.,*? points A; and A, would be associated with
the same risk value, and so would B, and B,.

However, by considering the continuous glucose profile of
Figure 1, one easily realizes that the clinical risk associated
with points A; and A, should be different. In fact, the A;
situation is more dangerous for the patient than A, because in
the first case the glycemia is heading deeper in the hypogly-
cemic region, whereas in the second case a recovering from
the hypoglycemia region toward the normoglycemic range is
happening. Similarly, the B, situation is more dangerous than
B, because the glycemic signal is approaching the hypergly-
cemic region faster.

The above examples make it clear that the trend in the
glycemia, which can be inferred from CGM measurements,
should be considered in the risk measure. This is the goal of
the present article. In particular, starting from the original risk
function by Kovatchev et al.,'” in the next section we will
define a dynamic risk (DR) measure, dependent on both level
and trend (measured as the first time-derivative) of actual
glucose. The explicit inclusion of glucose trends in the defi-
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nition of DR will call for an efficient and stable algorithm
able to deal with the noise present in the CGM data (which
renders the time-derivative calculation difficult because of
ill-conditioning). This task will be tackled by exploiting a
regularized deconvolution algorithm that is also usable to
compute DR in online applications. Results on simulated and
real data discussed in the following two sections will show
that DR can be effectively computed and fruitfully used in real
time (e.g., to generate early warnings of hypo-/hyperglycemic
threshold crossings). Further applications of DR in the quan-
tification of the efficiency of glucose control are also suggested
in the discussion that concludes the article.

The DR
Rationale and requisites

Let’s start by recalling the methodology proposed by Ko-
vatchev et al.,'” where, given a generic glycemic level g, the
standard risk function #(g) is defined as

r(g)=10-f(g)* @

where

f@=v-1(In(g)* - ] @)

with «, f, and y being scalars equal to 1.084, 5.381, and 1.509
(assuming glucose expressed in mg/dL). The above function
r(g) maps the glycemic range (20 + 600) mg/dL to the (static)
risk space range (0 -+ 100). From r(g), two quantities, the low
and high glucose risk, r1(g) and r.(g), respectively, are defined

as
_ g iff(g)<0
n@)= { 0 otherwise
[y i f(9)>0

()= { 0 otherwise ®

In order to distinguish the situations A; versus A, and B,
versus B, of Figure 1, below we will modify the risk function
of Eq. 1 and define a DR measure, DR, in order to take into
account not only the actual glycemic level, but also its trend,
measured by the first time-derivative. Conceptually this re-
quires adoption of a DR of the form

DR=¢& ( g, %) ()

In particular, the functional @ should be designed in order
to have two desirable properties:

1. In stationary conditions (i.e., g is constant in time), the
module of DR(g,0) should equal r(g), that is,

DR(g,0)=1(g) ©)

In this way, when glucose is stable, DR will equal the
standard static risk (SR) r(g) of Eq. 1.

2. When glucose is moving toward critical hypo-/hyper-
glycemic regions, #(g) of Eq. 1 should be amplified,
whereas it should be attenuated when g is approaching
normoglycemia. This will be accomplished by choosing
a function @ such that

845

{DR>r(g) if %.SR(g)>0 ©

DR<r(g) if %.SR(g)<0
where SR(g) is defined in the present article as
SR(g)=m(g) —n(g) )
and from now on will be referred to as SR. Note that SR(g) in
Eq. 7 is equivalent to the original definition of risk given by

Kovatchev et al.,'? with the only difference that, when there
is a hypoglycemia risk [i.e., fig) < 0], the sign is changed.

Mathematical definition

In order to obey the requisites of points 1 and 2 in the
preceding section, DR is defined as

dg. [ SR(g)-e*# if SR(g)>0
PR, dt)*{SR@)-e-#% if SR(g)<0 ®)

where r is the function of g of Eq. 1 (for the sake of simplicity,
the dependence on g is not explicitly evidenced) and the scalar
wis a tunable parameter that determines how much SR can be
amplified or attenuated (see Assessment on Real Data for
details). In Eq. 8, given the definition of Eq. 1, one can exploit
the following expression:

dr _drdg - . 1 51_3;
E‘@;ﬁ-{lovz‘[(m(g» —B(In(g)* 1] 20 } o

g
©)

with «, §, and y equal to those defined for Eq. 2.

The function of Eq. 8 is the product of two factors: the static
risk SR of Eq. 7 and an exponential component that has the
role of risk amplifier/damper accordingly to the actual gly-
cemic level and trend. In the design of Eq. 8, the exponential
was selected because of its simplicity and because it meets
requirements 1 and 2 of the preceding section. In fact, when
the first time-derivative of g is 0, one has DR = SR, which is a
condition equivalent to that of Eq. 5. Moreover as required by
Eq. 6, if dr/dt and SR have different sign (i.e., either hypo-
glycemia with increasing trend or hyperglycemia with de-
creasing trend), the DR is given by SR-¢™™ with x >0, and the
risk decreases. On the other hand, if glycemia is heading very
steeply toward euglycemia, the risk drops to 0.

Intuitively summarizing, the idea is multiplying SR, which
is an indicator of the glycemic level and will be negative in
hypoglycemia and positive in hyperglycemia, by a term
(the exponential in this case) that depends on the trend. The
latter term is greater than 1—acting as a risk amplifier—if the
glucose trend is leading the patient to a dangerous zone (e.g.,
increasing trend in a hyperglycemic zone or decreasing
trend in a hypoglycemic zone) and less than l—acting as a
damper—if the trend leads the patient to exiting a dangerous
situation.

Numerical implementation

DR assumes that both glucose profile g(f) and its time-de-
rivative are available. In practical cases the calculation of DR
must be done from noisy glucose samples. In particular, with
real CGM signals, the estimation of the first derivative of the
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glucose signal is difficult because high frequency noise pres-
ent in the data will eventually be amplified by a differentia-
tion operation because of ill-conditioning. In this work, we
deal with this difficulty by estimating the first derivative
through a regularized deconvolution approach. In fact, de-
noting by u(f) the time-derivative of the glucose signal

_dg®)
u(t) = T (10)
it holds
¢
g = /_ u(t)dr (11)
which can be rewritten as
t
g(H)= /‘ h(t — Dyu(x)dr = (h * u)(F) (12)

where h(t) is the unitary step function.”? The deconvolution
problem of reconstructing u(t) of Eq. 10 from noisy samples of
g(t) of Eq. 12 may be solved by a regularization technique, as
explained in De Nicolao et al., > to which we refer the reader

GUERRA ET AL.

for details. To permit online applications of DR, the decon-
volution procedure can be repeated at any sampling time.
Here, in particular, the deconvolution approach® is per-
formed by considering a sliding window of 2-h past data, the
regularization criterion therein indicated as ML2, and a pen-
alty functional of order 1. It is notable that regularization also
returns a smoothed version of the glucose profile g(t), which is
exploited in the numerical calculation of DR by Eq. 8.

Assessment on Simulated Data
Data generation

Simulated continuous glucose profiles of 4 days of average
duration were obtained from the smoothing spline interpo-
lation of 10 frequently sampled blood glucose time-series ta-
ken from a previously published database available on the
web (glucosecontrol.ucsd.edu/data.html). A portion of a
representative glucose profile, limited to 1,000min and al-
ready reported in Figure 1, is displayed again for picture
completeness, in Figure 2, top panel. DR will be computed
simulating real-time conditions and compared with SR, both
in the ideal case of noise-free data (Assessment on noise-free
data) and in a realistic case in which measurement error,

Glucose Concentration
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FIG. 2. (Top panel) Same simulated noise-free glucose profile of Figure 1. (Bottom panel) Static risk (SR) (gray) and
dynamic risk (DR) (dashed black). DR and SR of the highlighted conditions on the top panel are shown as black dots in the
bottom panel. The circle highlights the anticipation in threshold crossing of DR with respect to SR in event C. The horizontal
lines represent the threshold crossings transformed in the risk scale.
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FIG. 3. (Top panel) Reconstructed continuous glucose monitoring (CGM) proﬁle (gray line) and simulated noisy profile

(black line). Variance of the Gaussian noise added to the signals was 4mg /dL?. (Mlddle panels) First time-derivative
calculated from the noise-free signal (black line) and estimated from the noisy signal via finite differences (upper middle,
gray line) and regularization (lower middle, gray line). (Bottom panel) SR (gray line) versus DR (black line).

simulating that of CGM devices, is present (Assessment on
noisy data).

Assessment on noise-free data

Figure 2, bottom panel, shows a representative example of
SR (solid line) versus DR (dashed line). The horizontal lines
represent the transformation of the hypo- and hyperglycemic
thresholds in the risk domain exploiting the SR definition. DR
is calculated with y=2.2 in Eq. 8 (see Remark 1 below). Al-
though SR does not distinguish between A; and Ay, DR for A;
is lower than for A,. This agrees with the perception of health
danger associated with the two situations in which the first
(ie., hypoglycemia with negative trend) is much more
threatening than the second (i.e., transition from hypoglyce-
mia to euglycemia). In the same way, although SR gives the

same risk to B; and B,, DR is able to point out that the B,
condition is more risky than B, because the same hypergly-
cemic value is associated to a positive greater rate of change in
the glucose signal.

A very interesting feature of DR is that, being the trend of
the glucose signal explicitly incorporated in it, it can be used
to infer for the future in the short term. For example, DR may
be exploited to predict hypo-/hyperglycemia threshold
crossings with some minutes of advance. This can be seen by
looking at the threshold crossings in Figure 2, bottom panel. In
particular, for the event labeled as C, DR anticipates the
threshold crossing by 10 min with respect to SR. On the 10
simulated noise-free data, where a total of 73 and 61 hypo-
and hyperglycemic events were present, respectively, the
median anticipation of the threshold crossing was 12min
(11.99 £ 3.16, mean £ SD).
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FIG. 4. Same as Figure 3, but with variance of the Gaussian noise added to the signal equal to 16 mg?/dL% CGM,
continuous glucose monitoring; DR, dynamic risk; SR, static risk.

Assessment on noisy data

In order to assess DR in more realistic conditions, Gaussian
zero mean white noise with variance equal to 4 mg®/dL? was
added to the simulated glucose profiles generated in Data
generation to mimic measurement noise of CGM time-
series.”* The top panels of Figures 3 and 4 show two repre-
sentative examples of simulated CGM signals obtained from
the same noise-free profile (not shown for clarity of the pic-
ture), but with two different superimposed noise realizations
with variance 4 and 16 mg?/dL?, respectively (black line). The
smoothed glucose profile, obtained as a by-product of the
regularized deconvolution procedure of Numerical im-
plementation, is also shown in the top panel (gray line). In the
middle panels we report the true (black) versus the estimated
first time-derivative (gray line) obtained with conventional
first-order finite differences (upper middle) and via the reg-
ularized deconvolution method of Numerical implementa-
tion (lower middle). Even in presence of high noise (Fig. 4), the

regularized deconvolution approach allows a very satisfac-
tory causal reconstruction of both the glucose signal and its
first time-derivative, allowing the computation of a relatively
smooth DR signal, reported in the lower panel (black) to-
gether with SR (gray line). Both Figures 3 and 4 demonstrate
that practical (online) calculation of DR would be, however,
impossible without proper dealing with the ill-conditioning of
time-derivative estimation. In fact, the error present in the
estimates provided by first-order finite differences (second
panels) is an order of magnitude larger than the target (es-
pecially in Fig. 4).

As can be seen in Figures 3 and 4, even in the presence of
noise, DR allows anticipation of the threshold crossing with
respect to SR. The median anticipation of threshold crossings
is 10 and 9 min, with 11.00 £ 5.94 and 9.59 4+ 5.72 (mean =+ SD)
in the case of noise variance equal to 4 and 16 mg?/dL?, re-
spectively. Of course, in the presence of high noise, DR may
present very rapid oscillations and can lead to some false-
positive threshold crossings. When considering as true events
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FIG. 5. Dynamic risk (DR) assessed on real data. (Top panel) Measured continuous glucose monitoring (CGM) (gray line)
and regularized estimate. (Lower panel) Static risk (SR) (gray line) versus dynamic risk (DR) (black line).

only the threshold crossings generated by the noise-free
CGM and evaluating the number of false-positives and true-
positives generated by DR computed from noisy data (noise
variance of 4 and 16 mgz/ dL?), sensitivity was 88.79% and
89.30%, whereas specificity was 98.11% and 97.07%, respec-
tively. '

Assessment on Real Data

Six CGM time-series (1 min sampling) collected by using
the Abbott (Alameda, CA) Freestyle Navigator™ and taken
from a previously published study*> were considered. Figure 5
shows 1 day of momitoring in a representative subject. In the
top panel, the original CGM signal is depicted (gray line)
versus the smoothed version of the same signal obtained with
the approach of Numerical implementation simulating an
online situation (black line). In the lower panel, SR evaluated
from the smoothed CGM and DR evaluated exploiting also
the estimated time-derivative are reported. DR is able to
correctly anticipate-the critical threshold crossings (see time
250 and 870). The average threshold crossing anticipation for
DR is on the order of 9 min, and the generation of alarms (on a
total of 25 events) was assessed as having 86.10% sensitivity
and 98.73% specificity.

Remark 1: role of 4. InEq. 8 the scalar u determines how
much SR can be amplified or attenuated in the determination
of DR. Figure 6 shows a detail of SR (gray) and DR (black

lines) of Figure 2. DR is computed with u=1, 2.2, and 4
(continuous, dashed, and dotted lines, respectively). It is
notable that the amplification of the risk and the anticipation
in the threshold crossing increase with u. In practical cases a
higher p is expected to result in higher anticipation in
threshold crossing and sensitivity of the hypo-/hyperglyce-
mia alarms, but also in lower specificity of the hypo-/hyper-
glycemia alarms. Therefore the value of ushould be related to
the signal-to-noise ratio in order to avoid spurious oscillations
in the time-derivative to deteriorate the calculation of DR. In
this article u has been set to 2.2 because this value was ret-
rospectively seen as a good compromise of mean anticipation
in threshold crossing and percentage of false alerts. Also
notice that 4 =0 implies DR = SR for any value of the time-
derivative. '

Conclusions

The analysis of CGM time-series is of major importance for
the management of diabetes with several online possible ap-
plications such as hypo-/hyperglycemia alarm generators
and an artificial pancreas.® The analysis of glucose time-series
in the risk space, rather than simply considering glycemic
levels per se, has been shown advantageous, and some in-
dexes have been proposed, the most popular of which is the
risk measure developed by Kovatchev et al.'> In recent years,
this static risk measure has been successfully applied, espe-
cially with SMBG samples. The continuous nature of CGM
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signals suggests that this static risk formulation can be em-
powered by also accounting for the trend of the signal.

In particular, in this article we have proposed a DR
function, DR, that explicitly incorporates the rate of change
of glucose as an amplifier/damper of the original SR origi-
nally defined by Kovatchev et al.'* This means that a situa-
tion with a given hypoglycemic level with decreasing
glucose concentration is quantified as more risky than the
same hypoglycemic value with increasing glucose. Similarly,
hyperglycemic levels in the presence of a rising glycemia
(heading even to more severe hyperglycemic conditions)
are considered more risky than the same hyperglycemic
levels with falling glucose. This amplification/reduction
of risk is obtained by multiply the standard transformation
of the glucose scale proposed by Kovatchev et al.’* by a
term that explicitly considers the rate of change (trend).
Practical challenges in the DR as implemented in this article
(i.e., numerical calculation due to ill-conditioning of time-
derivative calculation) have been dealt with by using a
causal regularized deconvolution approach. The effective-

ness of DR has been successfully tested on both simulated
and real glucose CGM profiles.

DR has great potential for online use in algorithms for the
generation of alarms for the prevention of glycemic shocks, as
discussed in Assessment on Simulated Data and Assessment
on Real Data. Further work will be carried on to investigate in
detail the use of DR in prediction, in particular for the possi-
bility of calculating DR of predicted time-series and comparing
the results with different approaches (e.g., comparison with
risk scores based on the integral of SR). Moreover, comparison
with prediction algorithms (e.g., AR) will be performed, pos-
sibly evaluating SR of predicted signals as a term of compari-
son. A further possible use of DR, in both retrospective and
online analysis of CGM signals, is suggested by Figure 7, where
trajectories drawn by the pairs (g,dg/dt) are depicted, as pro-
posed in Rahaghi and Gough.?® Here in particular, we plot the
module of DR as a function of glucose concentration and its
first derivative in the DR space (DRS), where red regions are
associated with higher clinical risk [values at derivative equal
to 0 correspond to r(g)]. In the two plots, two subjects taken
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monitoring.

from the dataset used in Data generation are shown. It is no-
table that the trajectories in DRS show that the first subject is
much better controlled than the second one, with a trajectory in
DRS is more concentrated in the safe (green) zone. Possible
exploitation of this concept to assess the quality of glucose
control in real subjects is currently under investigation.

Finally, additional work will investigate further the struc-
ture of Eq. 8 or Eq. 4. In this work an exponential structure is
considered for its simplicity as an amplifier in Eq. 8, but also
other functions (e.g., tanh, atan) could be considered to achieve
the same goal. Also, the information about the integral of risk
could be embedded in a new definition of risk.
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