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2
Technical Challenges of Wireless
Communications
In the previous chapter, we described the requirements for wireless communications systems stem-
ming from the applications and user demands. In this chapter, we give a high-level description of
the technical challenges to wireless communications systems. Most notably, they are as follows:

• multipath propagation: i.e., the fact that a transmit signal can reach the receiver via different
paths (e.g., reflections from different houses or mountains);

• spectrum limitations;
• energy limitations;
• user mobility.

This sets the stage for the rest of the book, where these challenges, as well as remedies, are
discussed in more detail.

As a first step, it is useful to investigate the differences between wired and wireless communica-
tions. Let us first repeat some important properties of wired and wireless systems, as summarized
in Table 2.1.

2.1 Multipath Propagation
For wireless communications, the transmission medium is the radio channel between transmitter
TX and receiver RX. The signal can get from the TX to the RX via a number of different propa-
gation paths. In some cases, a Line Of Sight (LOS) connection might exist between TX and RX.
Furthermore, the signal can get from the TX to the RX by being reflected at or diffracted by differ-
ent Interacting Objects (IOs) in the environment: houses, mountains (for outdoor environments),
windows, walls, etc. The number of these possible propagation paths is very large. As shown in
Figure 2.1, each of the paths has a distinct amplitude, delay (runtime of the signal), direction of
departure from the TX, and direction of arrival; most importantly, the components have different
phase shifts with respect to each other. In the following, we discuss some implications of the
multipath propagation for system design.

2.1.1 Fading

A simple RX cannot distinguish between the different Multi Path Components (MPCs); it just adds
them up, so that they interfere with each other. The interference between them can be constructive
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3
Noise- and Interference-Limited
Systems

3.1 Introduction
This chapter explains the principles of link budgets, and the planning of wireless systems with one
or multiple users. In Section 3.2, we set up link budgets for noise-limited systems and compute the
minimum transmit power (or maximum range) that can be achieved in the absence of interference.
Such computations give a first insight into the basic capabilities of wireless systems and also have
practical applications. For example, Wireless Local Area Networks (WLANs) and cordless phones
often operate in a noise-limited mode, if no other Base Station (BS) is in the vicinity. Even cellular
systems sometimes operate in that mode if the user density is low (this happens, e.g., during the
build-up phase of a network).

In Section 3.3, we discuss interference-limited systems. As we described in the first two
chapters, the unregulated use of spectrum leads to interference that cannot be controlled by the
user. When the spectrum is regulated, the network operator can determine the location of BSs, and
thus impact the Signal-to-Interference Ratio (SIR). For either case, it is important to set up the
link budgets that take the presence of interference into account; Section 3.3 describes these link
budgets. In Chapter 17, we then see how these calculations are related to the cellular principle
and the reuse of frequencies in different cells.

3.2 Noise-Limited Systems
Wireless systems are required to provide a certain minimum transmission quality (see Section 1.3).
This transmission quality in turn requires a minimum Signal-to-Noise Ratio (SNR) at the receiver
(RX). Consider now a situation where only a single BS transmits, and a Mobile Station (MS)
receives; thus, the performance of the system is determined only by the strength of the (useful)
signal and the noise. As the MS moves further away from the BS, the received signal power
decreases, and at a certain distance, the SNR does not achieve the required threshold for reliable
communications. Therefore, the range of the system is noise limited; equivalently, we can call it
signal power limited . Depending on the interpretation, it is too much noise or too little signal power
that leads to bad link quality.
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38 Wireless Communications

Let us assume for the moment that the received power decreases with d2, the square of the
distance between BS and MS. More precisely, let the received power PRX be

PRX = PTXGRXGTX

(
λ

4πd

)2

(3.1)

where GRX and GTX are the gains of the receive and transmit antennas, respectively,1 λ is the
wavelength, and PTX is the transmit power (see Chapter 4 for a derivation of this equation and for
more details).

The noise that disturbs the signal can consist of several components, as follows:

1. Thermal noise: The power spectral density of thermal noise depends on the environmental
temperature Te that the antenna “sees.” The temperature of the Earth is around 300 K, while
the temperature of the (cold) sky is approximately Te ≈ 4 K (the temperature in the direction
of the Sun is of course much higher). As a first approximation, it is usually assumed that the
environmental temperature is isotropically 300 K. Noise power spectral density is then

N0 = kBTe (3.2)

where kB is Boltzmann’s constant, kB = 1.38 · 10−23 J/K, and the noise power is

Pn = N0B (3.3)

where B is RX bandwidth (in units of Hz). It is common to write Eq. (3.2) using logarithmic
units (power P expressed in units of dBm is 10 log10 (P /1 mW)):

N0 = −174 dBm/Hz (3.4)

This means that the noise power contained in a 1-Hz bandwidth is −174 dBm. The noise power
contained in bandwidth B is

−174 + 10 log10(B) dBm (3.5)

The logarithm of bandwidth B , specifically 10 log10(B), has the units dBHz.
2. Man-made noise: We can distinguish two types of man-made noise:

(a) Spurious emissions : Many electrical appliances as well as radio transmitters (TXs) designed
for other frequency bands have spurious emissions over a large bandwidth that includes
the frequency range in which wireless communications systems operate. For urban outdoor
environments, car ignitions and other impulse sources are especially significant sources of
noise. In contrast to thermal noise, the noise created by impulse sources decreases with
frequency (see Figure 3.1). At 150 MHz, it can be 20 dB stronger than thermal noise; at
900 MHz, it is typically 10 dB stronger. At Universal Mobile Telecommunications System
(UMTS) frequencies, Neubauer et al. [2001] measured 5-dB noise enhancement by man-
made noise in urban environments and about 1 dB in rural environments. Note that frequency
regulators in most countries impose limits on “spurious” or “out-of-band” emissions for
all electrical devices. Furthermore, for communications operating in licensed bands, such
spurious emissions are the only source of man-made noise. It lies in the nature of the license
(for which the license holder usually has paid) that no other intentional emitters are allowed
to operate in this band. In contrast to thermal noise, man-made noise is not necessarily
Gaussian distributed. However, as a matter of convenience, most system-planning tools, as
well as theoretical designs, assume Gaussianity anyway.

1 Roughly speaking, “receive antenna gain” is a measure of how much more power we can receive (from a certain
direction) by using a specific antenna, compared with the use of an isotropic antenna; the definition for transmit
antennas is similar. See Chapter 9 and/or Stutzman and Thiele [1997] for details.
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Figure 3.1 Noise as a function of frequency.
Reproduced with permission from Jakes [1974] © IEEE.

(b) Other intentional emission sources : Several wireless communications systems operate in
unlicensed bands. In these bands, everybody is allowed to operate (emit electromagnetic
radiation) as long as certain restrictions with respect to transmit power, etc. are fulfilled. The
most important of these bands is the 2.45-GHz Industrial, Scientific, and Medical (ISM) band.
The amount of interference in these bands can be considerable.

3. Receiver noise: The amplifiers and mixers in the RX are noisy, and thus increase the total noise
power. This effect is described by the noise figure F , which is defined as the SNR at the RX
input (typically after downconversion to baseband) divided by the SNR at the RX output. As
the amplifiers have gain, noise added in the later stages does not have as much of an impact as
noise added in the first stage of the RX. Mathematically, the total noise figure Feq of a cascade
of components is

Feq = F1 + F2 − 1

G1
+ F3 − 1

G1G2
+ · · · (3.6)

where Fi and Gi are noise figures and noise gains of the individual stages in absolute units (not
in decibels (dB)). Note that for this equation, passive components, like attenuators with gain
m < 1, can be interpreted as either having a noise figure of F = 1/m and unit gain of G = 1,
or unit noise figure F = 1, and gain G = m.

For a digital system, the transmission quality is often described in terms of the Bit Error Rate
(BER) probability. Depending on the modulation scheme, coding, and a range of other factors
(discussed in Part III of this book), there is a relationship between SNR and BER for each digital
communications systems. A minimum transmission quality can thus be linked to the minimum
SNR, SNRmin, by this mapping (see Figure 3.2). Thus, the planning methods of all analog and
digital links in noise-limited environments are the same; the goal is to determine the minimum



9
Antennas

9.1 Introduction

9.1.1 Integration of Antennas into Systems

Antennas are the interface between the wireless propagation channel and the transmitter (TX) and
receiver (RX), and thus have a major impact on the performance of wireless systems. This chapter
therefore discusses some important aspects of antennas for wireless systems, both at the Base
Station (BS) and at the Mobile Station (MS). We concentrate mainly on the antenna aspects that
are specific to practical wireless systems.

Antenna design for wireless communications is influenced by two factors: (i) performance consid-
erations and (ii) size and cost considerations. The latter aspect is especially important for antennas
on MSs. These antennas must show not only good electromagnetic performance but must also be
small, mechanically robust, and easy to produce. Furthermore, the performance of these antennas
is influenced by the casing on which they are mounted, and by the person operating the handset.
Antennas for BSs, on the other hand, are more similar to “conventional” antennas. Both size and
cost are less restricted, and – at least for outdoor applications – the immediate surroundings of the
antennas are clear of obstacles (some exceptions to this rule are also discussed in this chapter).

The remainder of this chapter thus distinguishes between MS antennas and BS antennas. Different
types of antennas are discussed, as is the impact of the environment on antenna performance.

9.1.2 Characteristic Antenna Quantities

Directivity

The directivity D of an antenna is a measure of how much a transmit antenna concentrates the
emitted radiation to a certain direction, or how much a receive antenna emphasizes radiation from
a certain direction. More precisely, it is defined as [Vaughan and Andersen 2003]

D(�) = Total power radiated per unit solid angle in a direction �

Average power radiated per unit solid angle
(9.1)

Due to the principle of reciprocity, directivity is the same in the transmit and in the receive case. It
is related to the far-field antenna power pattern G(�).1 It is worth keeping in mind that the antenna

1 Note that G(�) refers to antenna power, while we define G̃(�) as the complex amplitude gain, so that G(�) =
|G̃(�)|2. Both quantities are defined for the far field.
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power pattern is normalized so that

1

4π

∫
G(�) d� = 1 (9.2)

In many cases, antennas have different patterns for different polarizations. In such cases,

D(φ0, θ0) = Gφ(φ0, θ0) + Gθ(φ0, θ0)
1

4π

∫ ∫
(Gφ(φ, θ) + Gθ(φ, θ)) sin(θ) dθ dφ

(9.3)

where θ and φ are elevation and azimuth, respectively, and Gφ and Gθ are the power gains for
radiation polarized in φ and θ , respectively.

The gain of an antenna in a certain direction is related to directivity. However, the gain also has
to account for losses – e.g., ohmic losses. Those losses are described by antenna efficiency, which
is discussed in the next subsection.

Efficiency

Losses in the antenna can be caused by several different phenomena. First, ohmic losses (i.e., due
to the finite conductivity of the antenna material) can occur. Second, polarizations between the
receive antenna and the incident radiated field can be misaligned (see below). Finally, losses can
occur because of imperfect matching. The efficiency can thus be written as

η = Rrad

Rrad + Rohmic + Rmatch
(9.4)

where Rrad is the radiation resistance; it is defined as the resistance of an equivalent network element
so that the radiated power Prad can be written as 0.5|I0|2Rrad, where I0 is the excitation current
magnitude. For example, the input impedance of a half-wavelength dipole is Z0 = 73 + j42 �, so
that the radiation resistance is Rrad = 73 �.

For antennas that are to operate on just a single frequency, perfect matching can be achieved.
However, there are limits to how well an antenna can be matched over a larger band. The so-called
Fano bound for the case that the antenna impedance can be modeled as a resistor and a capacitor
in series reads ∫

1

(2πfc)2
ln

(
1

|ρ(f )|
)

df < πRC (9.5)

where ρ is the reflection coefficient, and R and C are resistance and capacitance, respectively.
High efficiency is a key criterion for any wireless antenna. From the point of view of the

transmit antenna, high efficiency reduces the required power of the amplifier to achieve a given
field strength. From the point of view of the receive antenna, the achievable Signal-to-Noise Ratio
(SNR) is directly proportional to antenna efficiency. Antenna efficiency thus enters the battery
lifetime of the MS, as well as the transmission quality of a link. It is difficult, however, to define
an absolute goal for efficiency. Ideally, η = 1 should be obtained over the whole bandwidth of
interest. However, it must be noted that in recent years the antenna efficiency of MS antennas has
decreased . It has been sacrificed mainly for cosmetic reasons – namely, to decrease the size of the
antennas.

Another factor influencing radiation efficiency is the presence of dielectric and/or conducting
material – namely, the user – in the vicinity of an MS. When computing antenna gain that can be
used in a link budget, this material has to be taken into account, as it leads to strong distortions of
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Figure 9.1 Efficiency of mobile station antennas close to a human body, relative to the efficiency of the patch
antenna in free space. Different users and positions of the MS were used in the ensemble.
Reproduced with permission from Pedersen et al. [1998] © IEEE.

the antenna pattern and absorption of energy. Therefore, radiation efficiency is decreased when these
effects are taken into account. The effective gain should be analyzed for a large number of users in
order to eliminate the specific properties of any one user (at which angle with respect to the head
is the MS being held?, is the user right-handed or left-handed?, what are the dielectric properties of
the hand holding the device?, etc.). Figure 9.1 shows an exemplary cumulative distribution function
for a patch antenna and a helical antenna. Note that the difference between effective antenna gain
and theoretical values can exceed 10 dB. This has a large impact on network planning.

Q-Factor

A fundamental quantity of antennas is their Q-factor, defined as [Vaughan and Andersen 2003]

Q = 2π
Energy stored

Energy dissipated per cycle
(9.6)

The Q-factor can be related to input impedance as

Q = fc

2R

∂X

∂f
(9.7)

where input impedance Z = R + jX. For an antenna contained in a sphere with diameter La, the
Q-factor is given as

Q ≥ 1

(k0La/2)3
+ 1

k0La/2
(9.8)

where k0 is again 2π/λ.
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Mean Effective Gain

The antenna pattern, and thus antenna directivity, is defined for the far field – i.e., assumes the exis-
tence of homogeneous plane waves – and is a function of the considered direction. It is measured
in an anechoic chamber, where all obstacles and distorting objects are removed from the vicinity of
the antenna. The patterns and gains measured this way are very close to the numbers found in any
book on antenna theory – e.g., a Hertzian dipole has a gain of 1.5. When the antenna is operated
in a random scattering environment, it becomes meaningful to investigate the Mean Effective Gain
(MEG), which is an average of the gain over different directions when the directions of incident
radiation are determined by a random environment [Andersen and Hansen 1977, Taga 1990]. The
MEG is defined as the ratio of the average power received at the mobile antenna and the sum of the
average power of the vertically and horizontally polarized waves received by isotropic antennas.

Polarization

In some wireless systems (e.g., satellite TV), the polarizations of the radiation and the receive
antenna should be carefully aligned. This alignment can be measured by the Poincaré sphere. Each
polarization state is associated with a point on the sphere: right-hand circular and left-hand circular
polarizations are the north and south poles, respectively, while the different linear polarization states
are on the equator; all other points correspond to elliptical polarizations. The angle between two
points on the sphere is a measure of their mismatch.

For non-line-of-sight scenarios, requirements for a specific polarization of the antennas are typ-
ically not very stringent. Even if the transmit antenna sends mainly with a single polarization,
propagation through the wireless channel leads to depolarization (see Chapter 7), so that cross-
polarization at the RX is rarely higher than 10 dB. This fact is advantageous in many practical
situations: as the orientation of MS antennas cannot be predicted (different users hold handsets
in different ways), low sensitivity of the antenna to polarization of the incident radiation and/or
uniform polarization of the incident radiation is advantageous.

One situation where good cross-polarization discrimination of antennas is required is the case of
polarization diversity (see Chapter 13). In that case, the absolute polarization of the antennas is not
critical; however, cross-polarization discrimination of two antenna elements plays an important role.

Bandwidth

Antenna bandwidth is defined as the bandwidth over which antenna characteristics (reflection coef-
ficient, antenna gain, etc.) fulfill the specifications. Most wireless systems have a relative bandwidth
of approximately 10%. This number already accounts for the fact that most systems use Frequency
Domain Duplexing ((FDD), see Chapter 17) – i.e., transmit and receive on different frequencies.
For example, in a GSM18002 system (Chapter 24), bandwidth is about 200 MHz, while the carrier
frequency is around 1.8 GHz. As it is desirable to have only a single antenna for TX and RX cases,
the antenna bandwidth must be large enough to include both the TX and RX bands. As we have
mentioned above, a large bandwidth implies that the matching circuits can no longer be perfect.
This effect is the stronger, the smaller the physical dimensions of the antenna are.

Another interesting special case involves dual- or multimode devices. For example, most GSM
phones have to be able to operate at both the 900- and the 1,800-MHz carrier frequencies. Antennas
for such devices can be constructed by requiring good performance across the whole 0.9–2-GHz
band. However, using such an antenna with 50% relative bandwidth would be “overkill,” as the
frequency range from 1 GHz to 1.7 GHz need not be covered. It is therefore better to just design

2 Global System for Mobile communications in the 1,800-MHz band.
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antennas that have good performance in the required bands; this goal is easier to fulfill if the
different carrier frequencies are integer multiples of each other. Still, the design of antennas that
cover two or more bands with high efficiency is a very challenging task. For BS antennas, it
is thus often preferable from a technical point of view to use different antennas for different
frequency bands. However, multiband antennas are to be preferred for esthetical reasons and reduced
visual impact.

9.2 Antennas for Mobile Stations

9.2.1 Monopole and Dipole Antennas

Linear antennas are the “classical” antennas for MSs, and have for long determined the typical
“look” of these devices. The most common ones are electric monopoles, located above a conducting
plane (the casing), and dipoles. The antenna pattern of a short (Hertzian) dipole oriented along the
z-axis is uniform in azimuth, and sine-shaped in polar angle θ (measured from the z-axis):

G̃(ϕ, θ) ∝ sin(θ) (9.9)

with a maximum gain:

Gmax = 1.5 (9.10)

A λ/2 dipole has the following properties (see Figure 9.2):

G̃(ϕ, θ) ∝
cos

(π

2
cos(θ)

)
sin(θ)

(9.11)

and a maximum gain:

Gmax = 1.64 (9.12)

l/2 -dipole

Feed

Elevation pattern

Azimuth patternl/2

Figure 9.2 Shape and radiation pattern of a λ/2 dipole antenna.
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We can thus see that the patterns of the λ/2 dipole and the Hertzian dipole do not differ dramat-
ically. However, the radiation resistance can be quite different. For a dipole with uniform current
distribution , the radiation resistance is

Runiform
rad = 80π2(La/λ)2 (9.13)

For dipoles with a tapered current distribution (maximum at the feed, and linear decrease towards
the end), the radiation resistance is 0.25Runiform

rad .
From the image principle it follows that the radiation pattern of a monopole located above a

conducting plane is identical to that of a dipole antenna in the upper half-plane. Since the energy
transmitted into the upper half-space 0 ≤ θ ≤ π/2 is twice that of the dipole, the maximum gain is
twice and the radiation resistance half that of the dipole. Note, however, that the image principle is
valid only if the conducting plane extends infinitely – this is not the case for MS casings. We can
thus also anticipate considerable radiation in the lower half-space even for monopole antennas.

The reduction in radiation resistance is often undesirable, since it makes matching more difficult,
and leads to a reduction in efficiency due to ohmic losses. One way of increasing efficiency without
increasing the physical size of the antenna is to use folded dipoles. A folded dipole consists of a
pair of half-wavelength wires that are joined at the non-feed end [Vaughan and Andersen 2003];
these increase the input impedance.

The biggest plus of monopole and dipole antennas is that they can be produced easily and
cheaply. The relative bandwidth is sufficient for most applications in single-antenna systems. The
disadvantage is the fact that a relatively long metal stick must be attached to the MS casing. In the
900-MHz band, a λ/4 monopole is 8 cm long – often longer than the MS itself. Even when realized
as a retractable element, it is easily damaged. For this reason, shorter and/or integrated antennas,
which are less efficient, are becoming increasingly widespread. This does not pose a significant
problem in Europe and Japan, where coverage is usually good, and most systems are interference-
limited anyway. However, in the U.S.A. and other countries where coverage is somewhat haphazard
in many regions, this can have considerable influence on performance.

9.2.2 Helical Antennas

The geometry of helical antennas is outlined in Figure 9.3. A helical antenna can be seen as a
combination of a loop antenna and a linear antenna, and thus has two modes of operation. The
dimensions of the antenna determine which mode it is operating in. If the dimensions of the helix
are much smaller than a wavelength, then the antenna is operating in normal mode. It behaves
similar to a linear antenna, and has a pattern that is shaped mainly in the radial direction. This is
the operating condition used in MS antennas. In general, the polarization is elliptical, though it can

h

D

d

Figure 9.3 Geometry of a helical antenna.
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become circular if the ratio 2λd/(πD)2 becomes unity [Balanis 2005]. The polarization becomes
vertical if the helical antenna is arranged over a conducting plane, as the horizontal components of
the actual antenna and its image cancel out. When the circumference of the helix is on the order of
one wavelength, the antenna pattern has its maximum along the axis of the helix, and polarization
is almost circular.

Since the helical antenna in normal mode is similar to a linear antenna, the number of turns
the antenna makes does not influence the antenna pattern. However, the bandwidth, efficiency, and
radiation resistance increase with increasing h. In general, a helical antenna has lower bandwidth
and a smaller input impedance than a monopole antenna; however, a relative bandwidth of 10%
can be achieved by appropriate matching circuits. The main advantage of the helical antenna is its
smaller size; this has made it (together with linear antennas) the most widely used external antenna
for MSs.

9.2.3 Microstrip Antennas

A microstrip antenna (patch antenna) consists of a thin dielectric substrate, which is covered on
one side by a thin layer of conducting material (ground plane), while on the other side there is a
patch of conducting material. The configuration is outlined in Figure 9.4 (see also Fujimoto [2008]
and Fujimoto et al. [1987]).

Ground plane

Substrate

Radiating element
Feed

Figure 9.4 Geometry of a microstrip antenna.

The properties of a microstrip antenna are determined by the shape and dimension of the metallic
patch, as well as by the dielectric properties of the used substrate. Essentially, the patch is a resonator
whose dimensions have to be multiples of the effective dielectric wavelength. Thus, a high dielectric
constant of the substrate allows the construction of small antennas. The most commonly used patch
shapes are rectangular, circular, and triangular.

The patch is usually fed either by a coaxial cable or a microstrip line. It is also possible to feed
the patch via electromagnetic coupling. This latter case uses a substrate where the ground plane
is sandwiched between two layers of dielectric material. On the top of one material is the patch,
while the feedline is at the bottom of the other dielectric layer. Coupling is effected through a slot
(aperture) in the ground plane. These antennas are thus called aperture-coupled patch antennas. This
design has the advantage that the dielectric properties of the two layers can be chosen differently,
depending on the requirements for the patch and the feedline. Furthermore, this design shows a
larger bandwidth than conventional patch antennas.

As mentioned above, the size and efficiency of the microstrip antenna are determined by the
parameters of the dielectric substrate. A large εr reduces the size. This follows immediately from
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the fact that in a resonator the length of one side must be

L = 0.5λsubstrate (9.14)

where

λsubstrate = λ0/
√

εr (9.15)

Unfortunately, a reduction in physical size also leads to a smaller bandwidth, which is usually
undesirable. For this reason, substrates used in practice usually have a very low εr – even air is
used quite frequently. A further possibility for reducing the size of patch antennas is the use of
short-circuited resonators, which reduces the required size of a resonator from λ/2 to λ/4 (see
Figure 9.5).

Ground plane

Short circuit

Feeding pin

Connector Patch

Substrate

Slot

Radiating edge

Side

Figure 9.5 Short-circuited λ/4 patch antenna.

The bandwidth of microstrip antennas can be increased by various measures. The most straight-
forward one is an increase in antenna volume – i.e., the use of thicker substrates with a lower εr.
Alternatives are the use of matching circuits and the use of parasitic elements.

Microstrip antennas have several important advantages for wireless applications:

• They are small and can be manufactured cheaply.
• The feedlines can be manufactured on the same substrate as the antenna.
• They can be integrated into the MS, without sticking out from the casing.

However, they also have serious weaknesses:

• They have a low bandwidth (usually just a few percent of the carrier frequency).
• They have low efficiency.

9.2.4 Planar Inverted F Antenna

Some of the problems of microstrip antennas can be alleviated by a Planar Inverted F Antenna
(PIFA). The shape of the PIFA is similar to that of a λ/4 short-circuited microstrip antenna (see
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Planar element

L2

L1

Short circuit

Feed

x

y

z
H

W

Figure 9.6 Planar inverted-F antenna.

Figure 9.6). A planar, radiating element is located parallel to a ground plane. This element is short-
circuited over a distance W . If W is chosen equal to the length of the edge L, then we obtain a
short-circuited λ/4 microstrip antenna. If W is chosen smaller, then the resonance length increases,
and the current distribution on the radiating element changes.

9.2.5 Radiation Coupled Dual L Antenna

A further improvement is achieved by the so-called Radiation Coupled Dual L Antenna (RCDLA)
(see Figure 9.7 and Rasinger et al. [1990]). It consists of two L-shaped angular structures only one
of which is fed directly (conductively). The other L-shaped structure is fed by the first L by means
of radiation coupling. This increases the bandwidth of the total arrangement. By optimally placing
the antenna on the casing, relative bandwidths of up to 10% can be achieved, which is about twice
the bandwidth of a PIFA.

L-elements

Feed

MS case

Figure 9.7 Radiation-coupled dual-L antenna.

9.2.6 Multiband Antennas

Modern cellular handsets are anticipated to be able to handle different frequencies for communi-
cations. As discussed in Section 9.2.2 a GSM handset, e.g., needs to be able to deal at least with
900 and 1,800 MHz foreseen in the specifications for most countries. As an added difficulty, many
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handsets should also be able to cope with the 1,900-MHz mode used in the U.S.A., as well as
2.4 GHz if Bluetooth connections (e.g., to a wireless headset) are required. The situation becomes
even more complicated for dual-mode devices that can handle both GSM and Wideband Code
Division Multiple Access (WCDMA) (see Chapter 26). The design of internal multiband antennas
is very complicated, and few rules for a closed-form design are available. Figure 9.8 shows an
example of a microstrip multiband antenna.

GSM 1,900

GSM 900

GSM 1,800

BluetoothFive connection
points

Figure 9.8 Integrated multiband antenna.
Reproduced with permission from Ying and Anderson [2003] © Z. Ying.

9.2.7 Antenna Mounting on the Mobile Station

Antennas do not operate in empty space but are placed on top of the casing, which can be considered
to be part of the radiator. Furthermore, antenna characteristics are influenced by the hand and the
head of the user; this influence also depends on the mounting of the antenna on the MS. It is
therefore important to investigate different options for placing the antenna, and to see how this
placement influences performance.

Linear and helical antennas are usually placed on the upper, narrow side of the casing – i.e., they
stick out from that part of the casing. This has mainly ergonomic reasons – if they were sticking
out from the lower side, they would feel uncomfortable to the user, and the hand of the user would
often cover the antenna, leading to additional attenuation.

For microstrip antennas, PIFAs, and RCDLAs, there are more options for placements. These
antennas are usually used as internal antennas – i.e., integrated into the casing or enclosed within
the casing. This greatly reduces the danger of mechanical damage. However, there is an increased
probability that users will place their hands over the antenna, which increases absorption of the
electromagnetic energy and thus worsens link performance [Erätuuli and Bonek 1997]. Examples
for the positioning of RCDLAs can be found in Figure 9.9; other types of microstrip antennas can
be placed in a similar way.

The impact of the human body on antenna patterns is discussed in Section 9.3.4.

Figure 9.9 Placement of radiation-coupled dual-L antennas on the casing of a mobile station.
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9.3 Antennas for Base Stations

9.3.1 Types of Antennas

The design requirements for BS antennas are different from those of MS antennas. Cost has a
smaller impact, as BSs are much more expensive in the first place. Also, size restrictions are
less stringent: for macrocells, it is only required that (i) the mechanical stress on the antenna
mast, especially due to wind forces, must remain reasonable and (ii) the “cosmetic” impact on the
surroundings must be small. For micro- and picocells, antennas need to be considerably smaller,
as they are mounted on building surfaces, street lanterns, or on office walls. The desired antenna
pattern is quite different for BS antennas compared with MS antennas. As the physical placement
and orientation of the BS antenna is known, patterns should be shaped in such a way that no
energy is wasted (see also Section 9.3.3). Such pattern shaping can be most easily implemented by
multielement antennas.

For these reasons, macrocellular antennas typically are antenna arrays or Yagi antennas whose
elements are linear antennas. For micro- and picocells, antenna arrays consisting of patch antennas
are common. All considerations from Section 9.2 about bandwidth, efficiency, etc., remain valid,
except for the size requirements which are relaxed quite a bit.

9.3.2 Array Antennas

Array antennas are often used for BS antennas. They result in an antenna pattern that can be
more easily shaped. This shaping can either be done in a predetermined way (see Section 9.3.3) or
adaptively (see Chapters 13 and 20). The pattern of an antenna array can be written as the product
of the pattern of a single element and the array factor M(φ, θ). In the plane of the array antenna,
the array factor of a uniform linear array is (compare Section 8.5.1) [Stutzman and Thiele 1997]

M(φ) =
Nr−1∑
n=0

wn exp[−j cos(φ)2πdan/λ] (9.16)

where da is the distance between the antenna elements,3 and wn are the complex weights of element
excitations. For the case that all |wn| = 1 and arg(wn) = n� the array factor becomes

|M(φ)| =

∣∣∣∣∣∣∣∣
sin

[
Nr

2

(
2π

λ
da cos φ − �

)]

sin

[
1

2

(
2π

λ
da cos φ − �

)]
∣∣∣∣∣∣∣∣

(9.17)

The phase shift � of the feed currents determines the direction of the antenna main lobe. This
principle is well known from the theory of phased array antennas ([Hansen 1998], see also Chapter
8). By imposing ϕn = n�, the degrees of freedom have reduced to one; while the main lobe can
be put into an arbitrary direction, the placement of the sidelobes and the nulls follows uniquely
from that direction.

3 Distance is usually chosen as da = λ/2(da ≤ λ/2 is necessary to avoid spatial aliasing – i.e., periodicities in the
antenna pattern). In the following, we assume that the elements of the linear array are on the x-axis. Obviously,
the same principles are valid when antenna elements are stacked vertically, and the elevation pattern of the array
should be shaped.
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Example 9.1 Consider a BS antenna mounted at a height of 51 m, providing coverage for a cell
with a radius of 1 km. The antenna consists of eight vertically stacked short dipoles, separated
by λ/2. How much should the phase shift � be so that the maximum points at the cell edge at
an MS height of 1 m?

In order to get constructive interference of the contributions from the different antennas in the
direction θ0, the angle � should fulfill

� = 2π

λ
da cos θ0 (9.18)

Obviously, if θ0 = π/2, then � = 0 – i.e., no phase shift is necessary. In our example, we are
looking for a tilt angle:

θ0 = π

2
+ arctan

(
51 − 1

1000

)
= π

2
+ 0.05 (9.19)

The phase shift thus has to be

� = 2π

λ
da cos

(π

2
+ 0.05

)
= −0.05π (9.20)

The impact of the element pattern can be neglected.

9.3.3 Modifying the Antenna Pattern

It is undesirable that a BS antenna radiates isotropically. Radiation emitted in a direction that has
a large elevation angle (i.e., into the sky) is not only wasted but actually increases interference
with other systems. The optimum antenna pattern is achieved when the received power is constant
within the whole cell area, and vanishes outside. The problem is then to synthesize such an elevation
pattern. This can be achieved approximately by means of array antennas, where the complex weights
are chosen in such a way as to minimize the mean-square error of the pattern. An even simpler
approach is to use an antenna array with wn = 1, but tilt the main lobe down by about 5◦. This
downtilt can be achieved either mechanically (by tilting the whole antenna array) or electronically.

The desired azimuthal antenna pattern is either (i) omnidirectional – i.e., uniform in [0, 2π) – or
(ii) uniform within a sector, and zero outside. The angular range of a sector is usually 60◦ or 120◦.
For omnidirectional antennas, which are mostly used in rural macrocells, linear antennas are used.
The antennas are arranged in a linear array that extends only along the vertical axis. For sector
antennas, either linear antennas with appropriately shaped reflectors or microstrip antennas (which
have inherently nonuniform antenna patterns) can be used.

9.3.4 Impact of the Environment on Antenna Pattern

The antenna pattern of BS antennas is usually defined for the case when an antenna is in free space,
or above an ideally conducting plane. This is what is measured in an anechoic chamber, and is
also the easiest to compute. However, at its location of operation, a BS antenna is surrounded by
different objects of finite extent and conductivity. The antenna patterns in such surroundings can
deviate significantly from theoretical patterns. The antenna mast, which is usually metallic, and thus
highly conductive, can lead to distortions. Similarly, roofs made out of certain building materials,
like reinforced concrete, can distort antenna patterns (see Figure 9.10).
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Figure 9.10 Antenna pattern of an omnidirectional antenna close to an antenna mast. Distance from the antenna
mast 30 cm. Diameter of the mast: very small (solid), 5 cm (dashed), 10 cm (dotted).
Reproduced with permission from Molisch et al. [1995] © European Microwave Association.
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Figure 9.11 Distortion in the vertical antenna pattern. (a) Idealized geometry. (b) Real geometry, including the
roof. (c) Distortions in antenna patterns. Properties of all materials: relative dielectric constant εr = 2: conductivity
0.01 S/m; db = 20 m.
Reproduced with permission from Molisch et al. [1995] © European Microwave Association.

Distortions in the vertical pattern are plotted in Figure 9.11. They arise from two effects: the fact
that the (finite extent) roof is much closer to the antenna than the ground and that the dielectric
properties of the roof are different from those of the ground.

The presence of a human body also distorts antenna patterns. One way of taking this into
account is to consider the antenna and the human body as a “superantenna,” whose characteristics
(efficiency, radiation pattern) can be measured and characterized in the same manner as “regular”
antennas. Figure 9.12 shows example measurements of antenna patterns by a human head and
body.
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Figure 9.12 Pattern of antenna distortion by human body in talk and data-browsing position.
Reproduced with permission from Harryson et al. [2010]. Copyright IEEE.

Further Reading
For a general introduction to antenna theory, we just refer to the many excellent books on antenna
theory: Balanis [2005], Kraus and Marhefka [2002], Ramo et al. [1967], and Stutzman and Thiele
[1997], as well as the somewhat more advanced text of Collin [1985]; the latter also devotes a
separate chapter to the properties of receiving antennas. For more details on antenna specifically for
wireless communications, see Godara [2001] and Vaughan and Andersen [2003]. Antennas for the
MS are discussed in Fujimoto [2008] and Hirasawa and Haneishi [1991]. Antenna design for BSs
is surveyed in the monograph of Chen and Luk [2009] and in the conference paper by Beckman
and Lindmark [2007]. Finally, phased array antennas are treated in detail in Hansen [1998] and
Mailloux [1994]. Discussions on beam tilting can be found in Manholm et al. [2003]. The impact
of the human head and body on antenna characteristics is discussed, e.g., in Ogawa and Matsuyoshi
[2001], Kivekaes et al. [2004] and [Harryson et al. 2010].

For updates and errata for this chapter, see wides.usc.edu/teaching/textbook
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Diversity

13.1 Introduction

13.1.1 Principle of Diversity

In the previous chapter, we treated conventional transceivers that transmit an uncoded bitstream
over fading channels. For Additive White Gaussian Noise (AWGN) channels, such an approach can
be quite reasonable: the Bit Error Rate (BER) decreases exponentially as the Signal-to-Noise Ratio
(SNR) increases, and a 10-dB SNR leads to BERs on the order of 10−4. However, in Rayleigh
fading the BER decreases only linearly with the SNR. We thus would need an SNR on the order
of 40 dB in order to achieve a 10−4 BER, which is clearly unpractical. The reason for this different
performance is the fading of the channel: the BER is mostly determined by the probability of
channel attenuation being large, and thus of the instantaneous SNR being low. A way to improve
the BER is thus to change the effective channel statistics – i.e., to make sure that the SNR has a
smaller probability of being low. Diversity is a way to achieve this.

The principle of diversity is to ensure that the same information reaches the receiver (RX) on
statistically independent channels. Consider the simple case of an RX with two antennas. The
antennas are assumed to be far enough from each other that small-scale fading is independent
at the two antennas. The RX always chooses the antenna that has instantaneously larger receive
power.1 As the signals are statistically independent, the probability that both antennas are in a fading
dip simultaneously is low – certainly lower than the probability that one antenna is in a fading dip.
The diversity thus changes the SNR statistics at the detector input.

Example 13.1 Diversity reception in a two-state fading channel.

To quantify this effect, let us consider a simple numerical example: the noise power within the
RX filter bandwidth is 50 pW, the average received signal power is 1 nW, the SNR is thus 13 dB.
In an AWGN channel, the resulting BER is 10−9, assuming that the modulation is differentially
detected Frequency Shift Keying (FSK). Now consider a fading channel where during 90% of
the time the received power is 1.11 nW, and the SNR is thus 13.5 dB, while for the remainder,
it is zero. This means that during 90% of the time, the BER is 10−10; the remainder of the time,

1 We will see later on that this scheme is only one of many different possible diversity schemes.
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it is 0.5; the average BER is thus

0.9 · 10−10 + 0.1 · 0.5 = 0.05 (13.1)

For the case of two-antenna diversity, the probability that the received signal power is 0 at both
antennas simultaneously is 0.1 · 0.1 = 0.01. The probability that the received power is 1.11 nW
at both antennas simultaneously is 0.9 · 0.9 = 0.81; the probability that it is 1.11 nW at one
antenna and 0 at the other is 0.18. Assuming selection diversity, in both the latter cases, the
SNR at the detector is 13.5 dB. The total BER is thus

0.01 · 0.5 + 0.99 · 10−10 = 0.005 (13.2)

This is approximately the square of the BER for a single-antenna system. If we have three
antennas, then the probability that the signal power is 0 at all three antennas simultaneously is
0.13; the total BER is then 0.5 · 0.001 + 0.999 · 10−10 = 0.0005; this is approximately the third
power of the BER for a single-antenna system.

Later sections will give exact equations for the BER with diversity in Rayleigh-fading channels.
The general concepts, however, are the same as in the simple example described above. With Nr

diversity antennas, we obtain a bit error probability ∝ BERNr
oc , where BERoc is the BER with just

one receive channel.2

In the following, we first describe the characterization of correlation coefficients between dif-
ferent transmission channels. We then give an overview about how transmission over independent
channels can be realized – spatial antenna diversity described above is one, but certainly not the
only approach. Next, we describe how signals from different channels can best be combined, and
what performance can be achieved with the different combining schemes.

13.1.2 Definition of the Correlation Coefficient

Diversity is most efficient when the different transmission channels (also called diversity branches)
carry independently fading copies of the same signal. This means that the joint probability density
function (pdf) of field strength (or power) pdfr1,r2,...(r1, r2, . . .) is equal to the product of the
marginal pdfs for the channels, pdfr1

(r1), pdfr2
(r2), . . . Any correlation between the fading of the

channels decreases the effectiveness of diversity.
The correlation coefficient characterizes the correlation between signals on different diversity

branches. A number of different definitions are being used for this important quantity: complex
correlation coefficients, correlation coefficient of the phase, etc. The most important one is the
correlation coefficient of signal envelopes x and y:

ρxy = E{x · y} − E{x} · E{y}√
(E{x2} − E{x}2) · (E{y2} − E{y}2)

(13.3)

For two statistically independent signals, the relationship E{xy} = E{x}E{y} holds; therefore, the
correlation coefficient becomes zero. Signals are often said to be “effectively” decorrelated if ρ is
below a certain threshold (typically 0.5 or 0.7).

2 Since in a Rayleigh-fading channel, BERoc ∝ SNR−1, we find that for a diversity system with Nr independently
fading channels, BER ∝ SNR−Nr . Quite generally in fading channels with diversity, BER ∝ SNR−ddiv , where ddiv

is known as diversity order .
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13.2 Microdiversity
As mentioned in the introduction, the basic principle of diversity is that the RX has multiple copies
of the transmit signal, where each of the copies goes through a statistically independent channel.
This section describes different ways of obtaining these statistically independent copies.

We concentrate on methods that can be used to combat small-scale fading, which are therefore
called “microdiversity.” The five most common methods are as follows:

1. Spatial diversity : several antenna elements separated in space.
2. Temporal diversity : transmission of the transmit signal at different times.
3. Frequency diversity : transmission of the signal on different frequencies.
4. Angular diversity : multiple antennas (with or without spatial separation) with different antenna

patterns.
5. Polarization diversity : multiple antennas with different polarizations (e.g., vertical and

horizontal).

When we speak of antenna diversity, we imply that there are multiple antennas at the receiver .
Only in Section 13.6 (and later in Chapter 20) will we discuss how multiple transmit antennas can
be exploited to improve performance.

The following important equation will come in handy: Consider the correlation coefficient of
two signals that have a temporal separation τ and a frequency separation f1 − f2. As shown in
Appendix 13.A (see www.wiley.com/go/molisch), the correlation coefficient is

ρxy = J 2
0 (k0vτ)

1 + (2π)2S2
τ (f2 − f1)2

(13.4)

Note that for moving Mobile Stations (MSs), temporal separation can be easily converted into spatial
separation, so that temporal and spatial diversity become mathematically equivalent. Equation (13.4)
is thus quite general in the sense that it can be applied to spatial, temporal, and frequency diversity.
However, a number of assumptions were made in the derivation of this equation: (i) validity of
the Wide Sense Stationary Uncorrelated Scatterer (WSSUS) model, (ii) no existence of Line Of
Sight (LOS), (iii) exponential shape of the Power Delay Profile (PDP), (iv) isotropic distribution
of incident power, and (v) use of omnidirectional antennas.

Example 13.2 Compute the correlation coefficient of two frequencies with separation
(i) 30 kHz, (ii) 200 kHz, (iii) 5 MHz, in the “typical urban” environment, as defined in COST
2073 channel models.

For zero temporal separation, the Bessel function in Eq. (13.4) is unity, and the correlation
coefficient is thus only dependent on rms delay spread and frequency separation. Rms delay
spread is calculated according to Eq. (6.39), where the PDP of the COST 207 typical urban
channel model is given in Section 7.6.3. We obtain

Sτ =

√√√√√
∫ 7·10−6

0 e−τ/10−6
τ 2 dτ∫ 7·10−6

0 e−τ/10−6 dτ
−

(∫ 7·10−6

0 e−τ/10−6
τ dτ∫ 7·10−6

0 e−τ/10−6 dτ

)2

= 0.977 μs (13.5)

3 European COoperation in the field of Scientific and Technical research.
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The correlation coefficient thus becomes

ρxy = 1

1 + (2π)2(0.977 · 10−6)2(f1 − f2)2

=
⎧⎨
⎩

0.97, f1 − f2 = 30 kHz
0.4, f1 − f2 = 200 kHz
1 · 10−3, f1 − f2 = 5 MHz

(13.6)

From this, we can see that the correlation between two neighboring 30-kHz bands – as used,
e.g., in the old IS-1364 Time Division Multiple Access (TDMA) cellular system – is very high;
correlation over 200-kHz bands (two neighboring channels in Global System for Mobile com-
munication (GSM) are 200 kHz apart, see Chapter 24) is also appreciable, but two neighboring
channels in Wideband Code Division Multiple Access (WCDMA) (5 MHz apart) are uncorre-
lated in this environment. Furthermore, carriers that are, e.g., 45 MHz apart – used for Base
Station (BS)–MS and MS–BS communication in GSM (see Chapter 24 and also Chapter 17)
are completely uncorrelated.

13.2.1 Spatial Diversity

Spatial diversity is the oldest and simplest form of diversity. Despite (or because) of this, it is
also the most widely used. The transmit signal is received at several antenna elements, and the
signals from these antennas are then further processed according to the principles that will be
described in Section 13.4. But, irrespective of the processing method, performance is influenced
by correlation of the signals between the antenna elements. A large correlation between signals at
antenna elements is undesirable, as it decreases the effectiveness of diversity. A first important step
in designing diversity antennas is thus to establish a relationship between antenna spacing and the
correlation coefficient. This relationship is different for BS antennas and MS antennas, and thus
will be treated separately.

1. MS in cellular and cordless systems : it is a standard assumption that waves are incident from
all directions at the MS (see also Chapter 5). Thus, points of constructive and destructive
interference of Multi Path Components (MPCs) – i.e., points where we have high and low
received power, respectively – are spaced approximately λ/4 apart. This is therefore the distance
that is required for decorrelation of received signals. This intuitive insight agrees very well with
the results from the exact mathematical derivation (Eq. (13.4), with f2 − f1 = 0), given in
Figure 13.1: decorrelation, defined as ρ = 0.5, occurs at an antenna separation of λ/4. Compare
also Example 5.3.

The above considerations imply that the minimum distance for antenna elements in GSM (at
900 MHz) is about 8 cm, and for various cordless and cellular systems at the 1,800-MHz band
it is about 4 cm. For Wireless Local Area Networks (WLANs) (at 2.4 and 5 GHz), the distances
are even smaller. It is thus clearly possible to place two antennas on an MS of a cellular system.

2. BS in cordless systems and WLANs: in a first approximation, the angular distribution of incident
radiation at indoor BSs is also uniform – i.e., radiation is incident with equal strength from all
directions. Therefore, the same rules apply as for MSs.

3. BSs in cellular systems : for a cellular BS, the assumption of uniform directions of incidence is
no longer valid. Interacting Objects (IOs) are typically concentrated around the MS (Figure 13.2,
see also Chapter 7). Since all waves are incident essentially from one direction, the correlation

4 IS-136 is a (now defunct) second-generation cellular system using TDMA.
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coefficient (for a given distance between antenna elements da) is much higher. Expressed dif-
ferently, the antenna spacing required to obtain sufficient decorrelation increases.

To get an intuitive insight, we start with the simple case when there are only two MPCs whose
wave vectors are at an angle α with respect to each other (Figure 13.3, see also Chapter 5).
It is obvious that the distance between the maxima and minima of the interference pattern is
larger the smaller α is. For very small α, the connection line between antenna elements lies on
a “ridge” of the interference pattern and antenna elements are completely correlated.

Numerical evaluations of the correlation coefficient as a function of antenna spacing are shown
in Figure 13.4. The first column shows the results for rectangular angular power spectra; the
results for Gaussian distributions are shown in the second column. We can see that antenna
spacing has to be on the order of 2–20 wavelengths for angular spreads between 1◦ and 5◦
in order to achieve decorrelation. We also find that it is mostly rms angular spread that deter-
mines the required antenna spacing, while the shape of the angular power spectrum has only a
minor influence.
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Figure 13.1 Envelope correlation coefficient as a function of antenna separation.
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Figure 13.3 Interference pattern of two waves with 45◦ (a) and 15◦ (b) angular separation.

13.2.2 Temporal Diversity

As the wireless propagation channel is time variant, signals that are received at different times are
uncorrelated. For “sufficient” decorrelation, the temporal distance must be at least 1/(2νmax), where
νmax is the maximum Doppler frequency. In a static channel, where neither transmitter (TX), RX,
nor the IOs are moving, the channel state is the same at all times. Such a situation can occur, e.g.,
for WLANs. In such a case, the correlation coefficient is ρ = 1 for all time intervals, and temporal
diversity is useless.

Temporal diversity can be realized in different ways:

1. Repetition coding : this is the simplest form. The signal is repeated several times, where the
repetition intervals are long enough to achieve decorrelation. This obviously achieves diversity,
but is also highly bandwidth inefficient. Spectral efficiency decreases by a factor that is equal
to the number of repetitions.

2. Automatic Repeat reQuest ( ARQ): here, the RX sends a message to the TX to indicate whether
it received the data with sufficient quality (see Appendix 14.A at www.wiley.com/go/molisch).
If this is not the case, then the transmission is repeated (after a wait period that achieves
decorrelation). The spectral efficiency of ARQ is better than that of repetition coding, since it
requires multiple transmissions only when the first transmission occurs in a bad fading state,
while for repetition coding, retransmissions occur always. On the downside, ARQ requires a
feedback channel.

3. Combination of interleaving and coding : a more advanced version of repetition coding is forward
error correction coding with interleaving. The different symbols of a codeword are transmitted
at different times, which increases the probability that at least some of them arrive with a good
SNR. The transmitted codeword can then be reconstructed. For more details, see Chapter 14.

13.2.3 Frequency Diversity

In frequency diversity, the same signal is transmitted at two (or more) different frequencies.
If these frequencies are spaced apart by more than the coherence bandwidth of the channel, then
their fading is approximately independent, and the probability is low that the signal is in a deep
fade at both frequencies simultaneously. For an exponential PDP, the correlation between two
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Figure 13.4 Envelope correlation coefficient at the BS for uniform and Gaussian probability density function
(pdf) of the directions of arrival (a) φ0 = 90◦, (b) φ0 = 45◦, (c) φ0 = 10◦, and different values of angular spread Sϕ .
Reproduced with permission from Fuhl et al. [1998] © IEE.

frequencies can be obtained from Eq. (13.4) by setting the numerator to unity as the signals at the
two frequencies occur at the same time. Thus

ρ = 1

1 + (2π)2S2
τ (f2 − f1)2

(13.7)

This again confirms that the two signals have to be at least one coherence bandwidth apart from
each other. Figure 13.5 shows ρ as a function of the spacing between the two frequencies. For a
more general discussion of frequency correlation, see Chapter 6.
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Figure 13.5 Correlation coefficient of the envelope as a function of normalized frequency spacing.

It is not common to actually repeat the same information at two different frequencies, as this
would greatly decrease spectral efficiency. Rather, information is spread over a large bandwidth,
so that small parts of the information are conveyed by different frequency components. The RX
can then sum over the different frequencies to recover the original information.

This spreading can be done by different methods:

• Compressing the information in time: – i.e., sending short bursts that each occupy a large
bandwidth – TDMA (see Chapter 17).

• Code Division Multiple Access (CDMA): (Section 18.2).
• Multicarrier CDMA (Section 19.9) and coded orthogonal frequency division multiplexing

(Section 19.4.3).
• Frequency hopping in conjunction with coding : different parts of a codeword are transmitted on

different carrier frequencies (Section 18.1).

These methods allow the transmission of information without wasting bandwidth and will be
described in greater detail in Chapters 17–19. For the moment, we just stress that the use of fre-
quency diversity requires the channel to be frequency selective. In other words, frequency diversity
(delay dispersion) can be exploited by the system to make it more robust, and decrease the effects
of fading. This seems to be a contradiction to the results of Chapter 12, where we had shown that
frequency selectivity leads to an increase of the BER, and even an error floor. The reason for this
discrepancy is that Chapter 12 considered a very simple RX that takes no measures to combat (or
exploit) the effects of frequency selectivity.

13.2.4 Angle Diversity

A fading dip is created when MPCs, which usually come from different directions, interfere destruc-
tively. If some of these waves are attenuated or eliminated, then the location of fading dips changes.
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In other words, two colocated antennas with different patterns “see” differently weighted MPCs,
so that the MPCs interfere differently for the two antennas. This is the principle of angle diversity
(also known as pattern diversity).

Angular diversity is usually used in conjunction with spatial diversity; it enhances the decorre-
lation of signals at closely spaced antennas. Different antenna patterns can be achieved very easily.
Of course, different types of antennas have different patterns. But even identical antennas can have
different patterns when mounted close to each other (see Figure 13.6). This effect is due to mutual
coupling : antenna B acts as a reflector for antenna A, whose pattern is therefore skewed to the left.5

Analogously, the pattern of antenna B is skewed to the right due to reflections from antenna A.
Thus, the two patterns are different.

The different patterns are even more pronounced when the antennas are located on different parts
of the casing. While dipole antennas are usually restricted to the top of the casing, patch antennas
and inverted-F antennas (see Chapter 9) can be placed on all parts of the casing (see Figure 13.7).
In all of these cases, decorrelation is good even if the antennas are placed very closely to
each other.

Pattern A Pattern B

Antenna A Attenna B

Figure 13.6 Angle diversity for closely spaced antennas.

(a) (b) (c) (d) (e)

Figure 13.7 Configurations of diversity antennas at a mobile station.
Reproduced with permission from Erätuuli and Bonek [1997] © IEEE.

5 This arrangement can also be considered as a Yagi antenna. It depends on the spacing of the two elements whether
antenna B acts as director or reflector, and thus which direction the pattern is skewed into.
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13.2.5 Polarization Diversity

Horizontally and vertically polarized MPCs propagate differently in a wireless channel,6 as the
reflection and diffraction processes depend on polarization (see Chapters 4 and 7). Even if the
transmit antenna only sends signals with a single polarization, the propagation effects in the channel
lead to depolarization so that both polarizations arrive at the RX. The fading of signals with different
polarizations is statistically independent. Thus, receiving both polarizations using a dual-polarized
antenna, and processing the signals separately, offers diversity. This diversity can be obtained
without any requirement for a minimum distance between antenna elements.

Let us now consider more closely the situation where the transmit signal is vertically polarized,
while the signal is received in both vertical and horizontal polarization. In that case, fading of the
two received signals is independent, but the average received signal strength in the two diversity
branches is not identical. Depending on the environment, the horizontal (i.e., cross-polarized)
component is some 3–20 dB weaker than the vertical (co-polarized) component. As we will see
later on, this has an important impact on the effectiveness of the diversity scheme. Various antenna
arrangements have been proposed in order to mitigate this problem.

It has also been claimed that the diversity order that can be achieved with polarization diversity
is up to 6: three possible components of the E-field and three components of the H-field can
all be exploited [Andrews et al. 2001].7 However, propagation characteristics as well as practical
considerations prevent a full exploitation of that diversity order especially for outdoor situations.
This is usually not a serious restriction for diversity systems, as we will see later on that going
from diversity order 1 (i.e., no diversity) to diversity order 2 gives larger benefits than increasing
the diversity order from 2 to higher values. However, it is an important issue for Multiple Input
Multiple Output (MIMO) systems (see Section 20.2).

13.3 Macrodiversity and Simulcast
The previous section described diversity methods that combat small-scale fading – i.e., the fading
created by interference of MPCs. However, not all of these diversity methods are suitable for com-
bating large-scale fading, which is created by shadowing effects. Shadowing is almost independent
of transmit frequency and polarization, so that frequency diversity or polarization diversity are not
effective. Spatial diversity (or equivalently, temporal diversity with moving TX/RX) can be used,
but we have to keep in mind that the correlation distances for large-scale fading are on the order
of tens or hundreds of meters. In other words, if there is a hill between the TX and RX, adding
antennas on either the BS or the MS does not help to eliminate the shadowing caused by this hill.
Rather, we should use a separate base station (BS2) that is placed in such a way that the hill is
not in the connection line between the MS and BS2. This in turn implies a large distance between
BS1 and BS2, which gives rise to the word macrodiversity .

The simplest method for macrodiversity is the use of on-frequency repeaters that receive the
signal and retransmit an amplified version of it. Simulcast is very similar to this approach; the
same signal is transmitted simultaneously from different BSs. In cellular applications the two BSs
should be synchronized, and transmit the signals intended for a specific user in such a way that the
two waves arrive at the RX almost simultaneously (timing advance).8 Note that synchronization

6 For simplicity, we henceforth speak of horizontal and vertical polarization. However, the considerations are valid
for any two orthogonal polarizations.
7 Note that this result is surrounded by some controversy, and (at the time of this writing) there is no general
agreement in the scientific community whether diversity order 6 can really be achieved from polarization only.
8 If the RX cannot easily deal with delay dispersion, it is desirable that the two signals arrive exactly at the same
time. For advanced RXs (Chapters 16–19) it can be desirable to have a small amount of delay dispersion; if the
timing of the BSs and the runtimes of the signals to the RX are exactly known, this can also be achieved.
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can only be obtained if the runtimes from the two BSs to the MS are known. Generally speaking,
it is desirable that the synchronization error is no larger than the delay dispersion that the RX can
handle. Especially critical are RXs in regions where the strengths of the signals from the two BSs
are approximately equal.

Simulcast is also widely used for broadcast applications, especially digital TV. In this case,
the exact synchronization of all possible RXs is not possible – each RX would require a different
timing advance from the TXs.

A disadvantage of simulcast is the large amount of signaling information that has to be car-
ried on landlines. Synchronization information as well as transmit data have to be transported on
landlines (or microwave links) to the BSs. This used to be a serious problem in the early days of
digital mobile telephony, but the current wide availability of fiber-optic links has made this less of
an issue.

The use of on-frequency repeaters is simpler than that of simulcast, as no synchronization is
required. On the other hand, delay dispersion is larger, because (i) the runtime from BS to repeater,
and repeater to MS is larger (compared with the runtime from a second BS), and (ii) the repeater
itself introduces additional delays due to the group delays of electronic components, filters, etc.

13.4 Combination of Signals
Now we turn our attention to the question of how to use diversity signals in a way that improves the
total quality of the signal that is to be detected. To simplify the notation, we speak here only about
the combination of signals from different antenna signals at the RX. However, the mathematical
methods remain valid for other types of diversity signals as well. In general, we can distinguish
two ways of exploiting signals from the multiple diversity branches:

1. Selection diversity , where the “best” signal copy is selected and processed (demodulated and
decoded), while all other copies are discarded. There are different criteria for what constitutes
the “best” signal.

2. Combining diversity , where all copies of the signal are combined (before or after the demodula-
tor), and the combined signal is decoded. Again, there are different algorithms for combination
of the signals.

Combining diversity leads to better performance, as all available information is exploited. On
the downside, it requires a more complex RX than selection diversity. In most RXs, all processing
is done in the baseband. Thus, an RX with combining diversity needs to downconvert all available
signals, and combine them appropriately in the baseband. Thus, it requires Nr antenna elements
as well as Nr complete Radio Frequency (RF) (downconversion) chains. An RX with selection
diversity requires only one RF chain, as it processes only a single received signal at a time.

In the following, we give a more detailed description of selection (combination) criteria and
algorithms. We assume that different signal copies undergo statistically independent fading – this
greatly simplifies the discussion of both the intuitive explanations and the mathematics of the
signal combination. Discussions on the impact of a finite correlation coefficient are relegated
to Section 13.5.

In these considerations, we also have to keep in mind that the gain of multiple antennas is
due to two effects: diversity gain and beamforming gain . Diversity gain reflects the fact that it is
improbable that several antenna elements are in a fading dip simultaneously; the probability for
very low signal levels is thus decreased by the use of multiple antenna elements. Beamforming
gain reflects the fact that (for combining diversity) the combiner performs an averaging over the
noise at different antennas. Thus, even if the signal levels at all antenna elements are identical, the
combiner output SNR is larger than the SNR at a single-antenna element.
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13.4.1 Selection Diversity

Received-Signal-Strength-Indication-Driven Diversity

In this method, the RX selects the signal with the largest instantaneous power (or Received Signal
Strength Indication – RSSI ), and processes it further. This method requires Nr antenna elements,
Nr RSSI sensors, and a Nr-to-1 multiplexer (switch), but only one RF chain (see Figure 13.8). The
method allows simple tracking of the selection criterion even in fast-fading channels. Thus, we can
switch to a better antenna as soon as the RSSI becomes higher there.

1. If the BER is determined by noise, then RSSI-driven diversity is the best of all the selection
diversity methods, as maximization of the RSSI also maximizes the SNR.

2. If the BER is determined by co-channel interference, then RSSI is no longer a good selection
criterion. High receive power can be caused by a high level of interference, such that the
RSSI criterion makes the system select branches with a low signal-to-interference ratio. This is
especially critical when interference is caused mainly by one dominant interferer – a situation
that is typical for Frequency Division Multiple Access (FDMA) or TDMA systems.

3. Similarly, RSSI-driven diversity is suboptimum if the errors are caused by the frequency selec-
tivity of the channel. RSSI-driven diversity can still be a reasonable approximation, because

(a)

(b)

RSSI-driven selection diversity

BER-driven selection diversity

Antenna A

Antenna B

Antenna A

Antenna B

RX filter

RX filter

RX filter

TX sequence

RX filter

Comparison
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Demodulator/detector

Demodulator

Demodulator

Correlation

Correlation

RSSI

RSSI
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Figure 13.8 Selection diversity principle: (a) Received-signal-strength-indication-controlled diversity. (b) Bit-
error-rate-controlled diversity.
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we have shown in Chapter 12 that errors caused by signal distortion occur mainly in the fad-
ing dips of the channel. However, this is only an approximation, and it can be shown that
(uncoded, unequalized) systems with RSSI-driven selection diversity have a BER that is higher
by a constant factor compared with optimum (BER-driven) diversity.

For an exact performance assessment (Section 13.5), it is important to obtain the SNR distribution
of the output of the selector. Assume that the instantaneous signal amplitude is Rayleigh distributed,
such that the SNR of the nth diversity branch, γn, is (see Eq. 12.48)

pdfγn
(γn) = 1

γ
exp

(
−γn

γ

)
(13.8)

where γ is the mean branch SNR (assumed to be identical for all diversity branches). The cumulative
distribution function (cdf) is then

cdfγn (γn) = 1 − exp

(
−γn

γ

)
(13.9)

The cdf is, by definition, the probability that the instantaneous SNR lies below a given level. As
the RX selects the branch with the largest SNR, the probability that the chosen signal lies below
the threshold is the product of the probabilities that the SNR at each branch is below the threshold.
In other words, the cdf of the selected signal is the product of the cdfs of each branch:

cdfγ (γ ) =
[

1 − exp

(
−γ

γ

)]Nr

(13.10)

Example 13.3 Compute the probability that the output power of a selection diversity system is
5 dB lower than the mean power of each branch, when using Nr = 1, 2, 4 antennas.

The threshold is γ|dB = γ |dB − 5 dB, which in linear scale is γ = γ · 10−0.5. Using Eq. (13.10),
the probability that the output power is less than γ · 10−0.5 becomes:

cdfγ (γ · 10−0.5) = [1 − exp(−10−0.5)]Nr

=
⎧⎨
⎩

0.27, Nr = 1
7.4 · 10−2, Nr = 2
5.4 · 10−3, Nr = 4

(13.11)

Example 13.4 Consider now the case that Nr = 2, and that the mean powers in the branches
are 1.5γ and 0.5γ , respectively. How does the result change?

In this case, the probability is

cdfγ (γ · 10−0.5) =
[

1 − exp

(
− 1

1.5
· 10−0.5

)][
1 − exp

(
− 1

0.5
· 10−0.5

)]
(13.12)

= 8.9 · 10−2 (13.13)

This demonstrates that diversity is less efficient when the average branch powers are different.
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Bit-Error-Rate-Driven Diversity

For BER-driven diversity, we first transmit a training sequence – i.e., a bit sequence that is known
at the RX. The RX then demodulates the signal from each receive antenna element and compares it
with the transmit signal. The antenna whose associated signal results in the smallest BER is judged
to be the “best,” and used for the subsequent reception of data signals. A similar approach is the
use of the mean square error of the “soft-decision” demodulated signal, or the correlation between
transmit and receive signal.

If the channel is time variant, the training sequence has to be repeated at regular intervals and
selection of the best antenna has to be done anew. The necessary repetition rate depends on the
coherence time of the channel.

BER-driven diversity has several drawbacks:

1. The RX needs either Nr RF chains and demodulators (which makes the RX more complex), or
the training sequence has to be repeated Nr times (which decreases spectral efficiency), so that
the signal at all antenna elements can be evaluated.

2. If the RX has only one demodulator, then it is not possible to continuously monitor the selection
criterion (i.e., the BER) of all diversity branches. This is especially critical if the channel
changes quickly.

3. Since the duration of the training sequence is finite, the selection criterion – i.e., bit error
probability – cannot be determined exactly. The variance of the BER around its true mean
decreases as the duration of the training sequence increases. There is thus a tradeoff between
performance loss due to erroneous determination of the selection criterion, and spectral efficiency
loss due to longer training sequences.

13.4.2 Switched Diversity

The main drawback of selection diversity is that the selection criteria (power, BER, etc.) of all
diversity branches have to be monitored in order to know when to select a different antenna. As
we have shown above, this leads to either increased hardware effort or reduced spectral efficiency.
An alternative solution, which avoids these drawbacks, is switched diversity . In this method, the
selection criterion of just the active diversity branch is monitored. If it falls below a certain threshold,
then the RX switches to a different antenna.9 Switching only depends on the quality of the active
diversity branch; it does not matter whether the other branch actually provides a better signal
quality or not.

Switched diversity runs into problems when both branches have signal quality below the thresh-
old: in that case, the RX just switches back and forth between the branches. This problem can be
avoided by introducing a hysteresis or hold time, so that the new diversity branch is used for a
certain amount of time, independent of the actual signal quality. We thus have two free parameters:
switching threshold and hysteresis time. These parameters have to be selected very carefully: if the
threshold is chosen too low, then a diversity branch is used even when the other antenna might offer
better quality; if it is chosen too high, then it becomes probable that the branch the RX switches to
actually offers lower signal quality than the currently active one. If hysteresis time is chosen too
long, then a “bad” diversity branch can be used for a long time; if it is chosen too short, then the
RX spends all the time switching between two antennas.

Summarizing, the performance of switched diversity is worse than that of selection diversity; we
will therefore not consider it further.

9 The method is mostly applied when two diversity branches are available.
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13.4.3 Combining Diversity

Basic Principle

Selection diversity wastes signal energy by discarding (Nr − 1) copies of the received signal. This
drawback is avoided by combining diversity, which exploits all available signal copies. Each
signal copy is multiplied by a (complex) weight and then added up. Each complex weight w∗

n can
be thought of as consisting of a phase correction,10 plus a (real) weight for the amplitude:

• Phase correction causes the signal amplitudes to add up, while, on the other hand, noise is added
incoherently, so that noise powers add up.

• For amplitude weighting, two methods are widely used: Maximum Ratio Combining (MRC)
weighs all signal copies by their amplitude. It can be shown that (using some assumptions) this
is an optimum combination strategy. An alternative is Equal Gain Combining (EGC), where
all amplitude weights are the same (in other words, there is no weighting, but just a phase
correction). The two methods are outlined in Figure 13.9.

Maximum Ratio Combining

MRC compensates for the phases, and weights the signals from the different antenna branches
according to their SNR. This is the optimum way of combining different diversity branches – if
several assumptions are fulfilled. Let us assume a propagation channel that is slow fading and flat
fading. The only disturbance is AWGN. Under these assumptions, each channel realization can be
written as a time-invariant filter with impulse response:

hn(τ ) = αnδ(τ ) (13.14)

where αn is the (instantaneous) gain of diversity branch n. This signals at the different branches
are multiplied with weights w∗

n and added up, so that the SNR becomes
∣∣∣∣∣

N∑
n=1

w∗
nαn

∣∣∣∣∣
2

Pn

N∑
n=1

|wn|2
(13.15)

where Pn is the noise power per branch (assumed to be the same in each branch). According to

the Cauchy–Schwartz inequality,
∣∣∣∑N

n=1 w∗
nαn

∣∣∣2 ≤ ∑N
n=1 |w∗

n|2
∑N

n=1 |αn|2, where equality holds
if and only if wn = αn. Thus, the SNR is maximized by choosing the weights as

wMRC = αn (13.16)

i.e., the signals are phase-corrected (remember that the received signals are multiplied with w∗)
and weighted by the amplitude. We can then easily see that in that case the output SNR of the
diversity combiner is the sum of the branch SNRs:

γMRC =
Nr∑

n=1

γn (13.17)

10 Note that in our notation the signals are weighted with the complex conjugate of w; this simplifies notation
later on.
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Figure 13.9 Combining diversity principle: (a) maximum ratio combining, (b) equal gain combining.

If the branches are statistically independent, then the moment-generating function of the total SNR
can be computed as the product of the characteristic functions of the branch SNRs. If, furthermore,
the SNR distribution in each branch is exponential (corresponding to Rayleigh fading), and all
branches have the same mean SNR γ n = γ , we find after some manipulations that

pdfγ (γ ) = 1

(Nr − 1)!

γ Nr−1

γ Nr
exp

(
−γ

γ

)
(13.18)

and the mean SNR of the combiner output is just the mean branch SNR, multiplied by the number
of diversity branches:

γ MRC = Nrγ (13.19)

Figure 13.10 compares the statistics of the SNR for RSSI-driven selection diversity and MRC.
Naturally, there is no difference between the diversity types for Nr = 1, since there is no diversity.



Diversity 265

Normalized SNR/dB

Nr = 2

Nr = 1

Nr = 3

−30 −20 −10 0 10

0.01

0.001

0.1

1

cd
f o

f n
or

m
al

iz
ed

 S
N

R

Figure 13.10 Cumulative distribution function of the normalized instantaneous signal-to-noise ratio γ /γ for
received-signal-strength-indication-driven selection diversity (solid), and maximum ratio combining (dashed) for
Nr = 1, 2, 3. Note that for Nr = 1, there is no difference between diversity types.

We furthermore see that the slope of the distribution is the same for MRC and selection diversity,
but that the difference in the mean values increases with increasing Nr. This is intuitively clear, as
selection diversity discards Nr − 1 signal copies – something that increases with Nr. For Nr = 3,

the difference between the two types of diversity is only about 2 dB.

Equal Gain Combining

For EGC, we find that the SNR of the combiner output is

γECG =

(∑Nr

n=1

√
γn

)2

Nr
(13.20)

where we have assumed that noise levels are the same on all diversity branches. The mean SNR
of the combiner output can be found to be

γ EGC = γ
(

1 + (Nr − 1)
π

4

)
(13.21)

if all branches suffer from Rayleigh fading with the same mean SNR γ . Remember that we
only assume here that the mean SNR is the same in all branches, while instantaneous branch
SNRs (representing different channel realizations) can be different. It is quite remarkable that
EGC performs worse than MRC by only a factor π/4 (in terms of mean SNR). The performance
difference between EGC and MRC becomes bigger when mean branch SNRs are also different.
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Equations for the pdf of the SNR can be computed from Eq. (13.20), but become unwieldy very
quickly (results can be found, e.g., in Lee [1982]).

Optimum Combining

One of the assumptions in the derivation of MRC was that only AWGN disturbs the signal. If it
is interference that determines signal quality, then MRC is no longer the best solution. In order to
maximize the Signal-to-Interference-and-Noise Ratio (SINR), the weights should then be determined
according to a strategy called optimum combining , first derived in the groundbreaking paper of
Winters [1984]. The first step is the determination of the correlation matrix of noise and interference
at the different antenna elements:

R = σ 2
n I +

K∑
k=1

E{rkr†
k} (13.22)

where expectation is over a time period when the channel remains constant, and rk is the receive
signal vector of the kth interferer. We furthermore need the complex transfer function (complex
gain, since we assume flat-fading channels) of the Nr diversity branches; these are written into the
vector hd. The vector containing the optimum receive weights is then

wopt = R−1hd (13.23)

These weights have to be adjusted as the channel changes. It is easy to see that for a noise-limited
system the correlation matrix becomes a (scaled) identity matrix, and optimum combining reduces
to MRC.

A further interesting observation is that minimizing the Mean Square Error (MSE) is equivalent
to maximizing the SINR, which can be written as

SINR = ((w†hdh†
dw)/(w†R w)) (13.24)

This SINR is a generalized Rayleigh quotient, and is maximized by the generalized eigenvalue
corresponding to the maximum generalized eigenvector of

hdh†
dw = λR w (13.25)

The weight vector obtained from this generalized eigenvalue problem is the same as wopt in
Eq. (13.22).

Optimum combining of signals from Nr diversity branches gives Nr degrees of freedom. This
allows interference from Nr − 1 interferers to be eliminated. Alternatively, Ns ≤ Nr − 1 interferers
can be eliminated, while the remaining Nr − Ns antennas behave like “normal” diversity antennas
that can be used for noise reduction. This seemingly simple statement has great impact on wireless
system design! As we discussed in Chapter 3, many wireless systems are interference limited. The
possibility of eliminating at least some of the interferers by appropriate diversity combining opens
up the possibility of drastically improving the link quality of such systems, or of increasing their
capacity (more details can be found in Section 20.1).

Example 13.5 Consider a desired signal with Binary Phase Shift Keying (BPSK) propagat-
ing through a frequency-flat channel with hd = [1, 0.5 + 0.7j]T and a synchronous, interfering
BPSK signal with hint = [0.3,−0.2 + 1.7j]T . The noise variance is σ 2

n = 0.01. Show that weight-
ing the received signal with the weights as computed from Eq. (13.23) leads to mitigation of
interference.
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Let the desired transmitted signal be sd(t), the interfering transmitted signal be sint(t), and n1(t)

and n2(t) be independent zero-mean noise processes. It is assumed that desired and interfering
signals are uncorrelated, and that E{sds

∗
d } = 1, and also E{sints

∗
int} = 1.

The noise-plus-interference correlation matrix is computed according to Eq. (13.22):

R = σ 2
n I +

K∑
k=1

E{rkr†
k} (13.26)

= 0.01

(
1 0
0 1

)
+

(
0.3

−0.2 + 1.7j

)
(0.3 − 0.2 − 1.7j) (13.27)

=
(

0.1 −0.06 − 0.51j

−0.06 + 0.51j 2.94

)
(13.28)

Using Eq. (13.23) and normalizing the weights, we obtain:

w = R−1hd

|R−1hd| (13.29)

=
(

0.979 + 0.111j

0.041 − 0.165j

)
(13.30)

Inserting this value for w into Eq. (13.24), we obtain an SINR of 78. This can be compared to
the SNR = 100, which could be obtained if the receiver would not have to suppress an interferer,
and the SINR of 0.6 that is available at a single antenna.

Hybrid Selection – Maximum Ratio Combining

A compromise between selection diversity and full signal combining is the so-called hybrid selection
scheme, where the best L out of Nr antenna signals are chosen, downconverted, and processed. This
reduces the number of required RF chains from Nr to L, and thus leads to significant savings. The
savings come at the price of a (usually small) performance loss compared with the full-complexity
system. The approach is called Hybrid Selection/Maximum Ratio Combining (H-S/MRC), or some-
times also Generalized Selection Combining (GSC).

It is well known that the output SNR of MRC is just the sum of the SNRs at the different receive
antenna elements. For H-S/MRC, the instantaneous output SNR of H-S/MRC looks deceptively
similar to MRC – namely:

γH−S/MRC =
L∑

n=1

γ(n) (13.31)

The major difference from MRC is that the γ(n) are ordered SNRs – i.e., γ(1) > γ(2) > · · ·>γ(Nr).
This leads to different performance, and poses new mathematical challenges for performance anal-
ysis. Specifically, we have to introduce the concept of order statistics . Note that selection diversity
(where just one of Nr antennas is selected) and MRC are limiting cases of H-S/MRC with L = 1
and L = Nr, respectively.

H-S/MRC schemes provide good diversity gain, as they select the best antenna branches for
combining. Actually, it can be shown that the diversity order obtained with such schemes is
proportional to Nr, not to L. However, they do not provide full beamforming gain. If the signals at
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all antenna elements are completely correlated, then the SNR gain of H-S/MRC is only L, compared
with Nr for an MRC scheme.

The analysis of H-S/MRC based on a chosen ordering of the branches at first appears to be
complicated, since the SNR statistics of the ordered branches are not independent. However, we can
alleviate this problem by transforming ordered branch variables into a new set of random variables.
It is possible to find a transformation that leads to independently distributed random variables
(termed virtual branch variables). The fact that the combiner output SNR can be expressed in
terms of independent identically distributed (iid) virtual branch variables enormously simplifies
performance analysis of the system. For example, the derivation of Symbol Error Probability (SEP)
for uncoded H-S/MRC systems, which normally would require evaluation of nested N-fold integrals,
essentially reduces to evaluation of a single integral with finite limits.

The mean and variance of the output SNR for H-S/MRC is thus

γ H−S/MRC = L

(
1 +

Nr∑
n=L+1

1

n

)
γ (13.32)

and

σ 2
H−S/MRC = L

(
1 + L

Nr∑
n=L+1

1

n2

)
γ 2 (13.33)

13.5 Error Probability in Fading Channels with Diversity
Reception

In this section we determine the Symbol Error Rate (SER) in fading channels when diversity is used
at the RX. We start with the case of flat-fading channels, computing the statistics of the received
power and the BER. We then proceed to dispersive channels, where we analyze how diversity can
mitigate the detrimental effects of dispersive channels on simple RXs.

13.5.1 Error Probability in Flat-Fading Channels

Classical Computation Method

Analogous to Chapter 12, we can compute the error probability of diversity systems by averaging
the conditional error probability (conditioned on a certain SNR) over the distribution of the SNR:

SER =
∫ ∞

0
pdfγ (γ )SER(γ ) dγ (13.34)

As an example, let us compute the performance of BPSK with Nr diversity branches with MRC.
The SER of BPSK in AWGN is (see Chapter 12)

SER(γ ) = Q(
√

2γ ) (13.35)

Let us apply this principle to the case of MRC. When inserting Eqs. (13.18) and (13.35) into
Eq. (13.34), we obtain an equation that can be evaluated analytically:

SER =
(

1 − b

2

)Nr Nr−1∑
n=0

(
Nr − 1 + n

n

)(
1 + b

2

)n

(13.36)
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where b is defined as

b =
√

γ

1 + γ
(13.37)

For large values of γ , this can be approximated as

SER =
(

1

4γ

)Nr
(

2Nr − 1
Nr

)
(13.38)

From this, we can see that (with Nr diversity antennas) the BER decreases with the Nr-th power
of the SNR.

Computation via the Moment-Generating Function

In the previous section, we averaged the BER over the distribution of SNRs, using the “classical”
representation of the Q-function. As we have already seen (Chapter 12), there is an alternative
definition of the Q-function, which can easily be combined with the moment-generating function
Mγ (s) of the SNR. Let us start by writing the SER conditioned on a given SNR in the form
(see Chapter 12):

SER(γ ) =
∫ θ2

θ1

f1(θ) exp(−γMRCf2(θ)) dθ (13.39)

Since

γMRC =
Nr∑

n=1

γn (13.40)

this can be rewritten as

SER(γ ) =
∫ θ2

θ1

f1(θ)

Nr∏
n=1

exp(−γnf2(θ)) dθ (13.41)

Averaging over the SNRs in different branches then becomes

SER =
∫

dγ1pdfγ1
(γ1)

∫
dγ2pdfγ2

(γ2) · · ·
∫

dγNr pdfγNr
(γNr)

∫ θ2

θ1

dθf1(θ)

Nr∏
n=1

exp(−γnf2(θ))

(13.42)

=
∫ θ2

θ1

dθf1(θ)

Nr∏
n=1

∫
dγnpdfγn

(γn) exp(−γnf2(θ)) (13.43)

=
∫ θ2

θ1

dθf1(θ)

Nr∏
n=1

Mγ (−f2(θ)) (13.44)

=
∫ θ2

θ1

dθf1(θ)[Mγ (−f2(θ))]Nr (13.45)

With that, we can write the error probability for BPSK in Rayleigh fading as

SER = 1

π

∫ π/2

0

[
sin2(θ)

sin2(θ) + γ

]Nr

dθ (13.46)
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Example 13.6 Compare the symbol error probability in Rayleigh fading of 8-PSK (Phase Shift
Keying) and four available antennas with 10-dB SNRs when using L = 1 , 2, 4 receive chains.

The SER for M-ary Phase Shift Keying (MPSK) with H-S/MRC can be shown to be

SER
MPSK
e,H-S/MRC = 1

π

∫ π(M−1)/M

0

[
sin2 θ

sin2(π/M)γ + sin2 θ

]L Nr∏
n=L+1

[
sin2 θ

sin2(π/M)γ L
n

+ sin2 θ

]
dθ

(13.47)

Evaluating Eq. (13.47) with M = 8, γ = 10 dB, Nr = 4, and L = 1, 2, 4 yields:

L SER
MPSK
e,H-S/MRC

1 0.0442

2 0.0168

4 0.0090

13.5.2 Symbol Error Rate in Frequency-Selective Fading Channels

We now determine the SER in channels that suffer from time dispersion and frequency dispersion.
We assume here FSK with differential phase detection. The analysis uses the correlation coefficient
ρXY between signals at two sampling times that was discussed in Chapter 12.

For binary FSK with selection diversity:

SER = 1

2
− 1

2

Nr∑
n=1

(
Nr

n

)
(−1)n+1 b0 Im{ρXY }√

(Im{ρXY })2 + n(1 − |ρXY |2)
(13.48)

where b0 is the transmitted bit. This can be approximated as

SER = (2Nr − 1)!!

2

(
1 − |ρXY |2

2(Im{ρXY })2

)Nr

(13.49)

where (2Nr − 1)!! = 1 · 3 · 5 . . . (2Nr − 1).
For binary FSK with MRC:

SER = 1

2
− 1

2

b0Im{ρXY }√
1 − (Re{ρXY })2

Nr−1∑
n=0

(2n − 1)!!

(2n)!!

(
1 − (Im{ρXY })2

1 − (Re{ρXY })2

)n

(13.50)

which can be approximated as

SER = (2Nr − 1)!!

2(Nr!)

(
1 − |ρXY |2

2(Im{ρXY })2

)Nr

(13.51)

This formulation shows that MRC improves the SER by a factor Nr! compared with selection
diversity. A further important consequence is that the errors due to delay dispersion and random
Frequency Modulation (FM) are decreased in the same way as errors due to noise. This is shown
by the expressions in parentheses that are taken to the Nr-the power. These terms subsume the
errors due to all different effects. The SER with diversity is approximately the Nr-th power of the
SER without diversity (see Figures 13.11–13.13).
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Figure 13.11 Bit error rate of minimum shift keying (MSK) with received-signal-strength-indication-driven selec-
tion diversity (solid) and maximum ratio combining (dashed) as a function of the signal-to-noise ratio with Nr

diversity antennas.
Reproduced with permission from Molisch [2000] © Prentice Hall.

1

0.1

0.01

0.001

1.10−4

1.10−4 0.001 0.01

Normalized Doppler frequency nmaxTB

B
E

R

0.1 1

1.10−5

1.10−6

1.10−7

1.10−8

1.10−9

1.10−10

Nr = 1

Nr = 2

Nr = 3

Figure 13.12 Bit error rate of MSK with received-signal-strength-indication-driven selection diversity (solid) and
maximum ratio combining (dashed) as a function of the normalized Doppler frequency with Nr diversity antennas.
Reproduced with permission from Molisch [2000] © Prentice Hall.
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Figure 13.13 Bit error rate of MSK with received-signal-strength-indication-driven selection diversity (solid) and
maximum ratio combining (dashed) as a function of the normalized rms delay spread with Nr diversity antennas.
Reproduced with permission from Molisch [2000] © Prentice Hall.

For Differential Quadrature-Phase Shift Keying (DQPSK) with selection diversity, the average
BER is

BER = 1

2
− 1

4

Nr∑
n=1

(
Nr

n

)
(−1)n+1

[
b0Re{ρXY }√

(Re{ρXY })2 + n(1 − |ρXY |2)

+ b′
0Im{ρXY }√

(Im{ρXY })2 + n(1 − |ρXY |2)

]
(13.52)

where (b0, b
′
0) is the transmitted symbol.

For DQPSK with MRC:

BER = 1

2
− 1

4

Nr−1∑
n=0

(2n − 1)!!

(2n)!!

[
b0Re{ρXY }√

1 − (Im{ρXY })2

(
1 − |ρXY |2

1 − (Im{ρXY })2

)n

+ b′
0Im{ρXY }√

1 − (Re{ρXY })2

(
1 − |ρXY |2

1 − (Re{ρXY })2

)n
]

(13.53)
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More general cases can be treated with the Quadratic Form Gaussian Variable (QFGV) method
(see Section 12.3.3), where Eq. (12.103) is replaced by

P(D<0) = QM(p1, p2) − I0(p1p2) exp

[
−1

2
(p2

1 + p2
2)

]

+ I0(p1p2) exp
[− 1

2 (p2
1 + p2

2)
]

(1 + v2/v1)2Nr−1

Nr−1∑
n=0

(
2Nr − 1

n

)(
v2

v1

)n

+ exp
[− 1

2 (p2
1 + p2

2)
]

(1 + v2/v1)2Nr−1
·

Nr−1∑
n=1

In(p1p2)

Nr−1−n∑
k=0

(
2Nr − 1

k

)

×
[(

p2

p1

)n (
v2

v1

)k

−
(

p1

p2

)n (
v2

v1

)2Nr−1−k
]

(13.54)

RSSI-driven diversity is not the best selection strategy when errors are mostly caused
by frequency selectivity and time selectivity. It puts emphasis on signals that have a large
amplitude, and not on those with the smallest distortion.11 In these cases, BER-driven selection
diversity is preferable. For Nr = 2, the BER of Minimum Shift Keying (MSK) with differential
detection becomes

BER ≈
(π

4

)4
(

Sτ

TB

)4

(13.55)

compared with the RSSI-driven result:

BER ≈ 3
(π

4

)4
(

Sτ

TB

)4

(13.56)

13.6 Transmit Diversity
For many situations, multiple antennas can be installed at just one link end (usually the BS). For
the uplink transmission from the MS to BS, multiple antennas can act as receive diversity branches.
For the downlink, any possible diversity originates at the transmitter . In this section, we will thus
discuss ways of transmitting signals from several TX antennas and achieve a diversity effect with it.
Note that this section specifically refers to antenna diversity (which encompasses spatial diversity,
pattern diversity, and polarization diversity). Time diversity and frequency diversity inherently
involve the TX, and thus need not be discussed again here.

The question of how transmit diversity can be combined with multiple antenna elements at the
RX is discussed in Chapter 20.

13.6.1 Transmitter Diversity with Channel State Information

The first situation we analyze is the case where the TX knows the channel perfectly. This knowledge
might be obtained from feedback from the RX, or from reciprocity principles; a more detailed
discussion of this issue can be found in Section 20.1.6. In this case, we find that (at least for

11 For a similar reason, MRC is not the best combining strategy.



274 Wireless Communications

the noise-limited case) there is a complete equivalence between transmit diversity and receive
diversity. In other words, the optimum transmission scheme linearly weights signals transmitted
from different antenna elements with the complex conjugates of the channel transfer functions from
the transmit antenna elements to the single receive antenna. This approach is known as maximum
ratio transmission .

13.6.2 Transmitter Diversity Without Channel State Information

In many cases, Channel State Information (CSI) is not available at the TX. We then cannot simply
transmit weighted copies of the same signal from different transmit antennas, because we cannot
know how they would add up at the RX. It is equally likely for the addition of different components
to be constructive or destructive; in other words, we would just be adding up MPCs with random
phases, which results in Rayleigh fading. We thus cannot gain any diversity (or beamforming).

In order to give benefits, transmission of the signals from different antenna elements has to be
done is such a way that it allows the RX to distinguish different transmitted signal components.
One way is delay diversity . In this scheme, signals transmitted from different antenna elements are
delayed copies of the same signal. This makes sure that the effective impulse response is delay
dispersive, even if the channel itself is flat fading. So, in a flat-fading channel, we transmit data
streams with a delay of 1 symbol duration (relative to preceding antennas) from each of the transmit
antennas. The effective impulse response of the channel then becomes

h(τ) = 1√
N r

Nt∑
n=1

hnδ(τ − nTs) (13.57)

where the hn are gains from the nth transmit antenna to the receive antenna, and the impulse
response has been normalized so that total transmit power is independent of the number of antenna
elements. The signals from different transmit antennas to the RX act effectively as delayed MPCs.
If antenna elements are spaced sufficiently far apart, these coefficients fade independently. With
an appropriate RX for delay-dispersive channels – e.g., an equalizer as described in Chapter 16, or
a Rake RX as described in Chapter 18 – we get a diversity order that is equal to the number of
antenna elements.

If the channel from a single transmit antenna to the RX is already delay dispersive, then the
scheme still works, but care has to be taken in the choice of delays for different antenna elements.
The delay between signals transmitted from different antenna elements should be at least as large
as the maximum excess delay of the channel.

An alternative method is phase-sweeping diversity . In this method, which is especially useful if
there are only two antenna elements, the same signal is transmitted from both antenna elements.
However, one of the antenna signals undergoes a time-varying phase shift. This means that at the
RX the received signals add up in a time-varying way; in other words, we are artificially introducing
temporal variations into the channel. The reason for this is that – even if the TX, RX, and the IOs
are stationary – the signal does not remain stuck in a fading dip. If this scheme is combined with
appropriate coding and/or interleaving, it improves performance.

Yet another possibility for achieving transmit diversity is space–time coding . This method is
discussed in Chapter 20.

13.7 Appendix
Please go to www.wiley.com/go/molisch
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Further Reading
Spatial (antenna) diversity is the oldest form of diversity, and is discussed in textbooks on wire-
less propagation channels (see, e.g., Vaughan and Anderson [2003]). Evaluations of the antenna
correlation coefficient for different angular spectra can be found in Fuhl et al. [1998] and Roy and
Fortier [2004]. For antennas on a handset, results are given in Ogawa et al. [2001]. Taga [1993]
also shows the effect of mutual coupling on pattern diversity and thus the correlation coefficient,
as do a number of recent papers written in the context of MIMO systems [Waldschmidt et al. 2004
and Wallace and Jensen 2004]. Polarization diversity is discussed in more detail, e.g., in Narayanan
et al. [2004] and Shafi et al. [2006]; joint spatial, polarization, and pattern (angle) diversity is
discussed in Dietrich et al. [2001]. Different combination strategies for antenna signals, and the
resulting channel statistics, are discussed in Proakis [2005], and in many papers in the primary
literature. The situation is similar to that mentioned in Chapter 12: each type of fading statistics
and each combination strategy merits at least one paper. Application of these fading statistics to
computation of BERs gives rise to an even greater variety of papers. A nice, unified treatment can
be found in Simon and Alouini [2004], who include different fading statistics and antenna com-
bination strategies for a variety of modulation formats. For Rayleigh or Rice fading, the classical
QFGV method of Proakis [1968] is applicable; Adachi and Ohno [1991] and Adachi and Parsons
[1989] compute the performance for DQPSK and FSK, respectively. The virtual path method for
H-S/MRC was introduced in Win and Winters [1999]; Simon and Alouini [2004] also investigate
this case. General mathematical aspects of order statistics can be found in David and Nagaraja
[2003]. Discussions on the impact of diversity on systems in frequency-selective channels can be
found in Molisch [2000, ch. 13]. Maximum ratio transmission was first suggested in Lo [1999].
Delay diversity was suggested by Winters [1994] and Wittneben [1993]. An overview of various
transmit diversity techniques can be found in Hottinen et al. [2003].

For updates and errata for this chapter, see wides.usc.edu/teaching/textbook





20
Multiantenna Systems
Since the 1990s, there has been enormous interest in multiantenna systems. As spectrum became
a more and more precious resource, researchers investigated ways of improving the capacity of
wireless systems without actually increasing the required spectrum. Multiantenna systems offer
such a possibility.

When discussing multiantenna systems, we distinguish between smart antenna systems (systems
with multiantenna elements at one link end only), and Multiple Input Multiple Output (MIMO)
systems, which have multiantenna elements at both link ends. Both of these systems are discussed
in this chapter.

20.1 Smart Antennas

20.1.1 What are Smart Antennas?

Let us start out with a general definition: (receiver (RX)) smart antennas are “antennas with mul-
tiple elements, where signals from different elements are combined by an adaptive (intelligent)
algorithm”; for the transmit case, the signals at the antenna elements are created by the algorithm.1

Intelligence (smartness) is not in the antenna, but rather in signal processing. In the simplest
case, combination of antenna signals is a linear combination using a weight vector w. The ways of
determining w essentially differentiates smart antenna systems. We see immediately that there is a
strong relationship between multiantenna systems and diversity systems – as a matter of fact, an RX
with antenna diversity is a smart antenna. This chapter thus reuses many results from Chapter 13,
while concentrating more on system aspects and the impact smart antennas have on multiple access.

The definition of smart antennas as a combiner of different antenna signals stresses the fact
that we exploit signals from different spatial locations . Alternatively, we can also say that smart
antennas exploit the directional properties of the channel . Remember from Chapter 8 and 13 that
an RX with multiantenna elements can distinguish Multi Path Components (MPCs) with different
Directions Of Arrival (DOAs). Thus, one way to interpret smart antennas is as a spatial Rake2 RX
that distinguishes between MPCs with different DOAs and processes them separately. This allows
the RX to coherently add up the different MPCs, and thus reduce fading; MPCs from interferers
can also be suppressed.

1 In most practical situations, smart antennas are located at the Base Station (BS), and this is also the case we
assume in this section, unless otherwise specified.
2 A device that enables Code Division Multiple Access (CDMA) systems to deal with a channel’s MPCs (see
Section 18.2).
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Yet another interpretation is that the smart antenna adaptively forms an antenna array pattern
that enhances (coherently combines) the desired MPCs, e.g., by pointing a beam with strong gain
in the direction of desired MPCs. Furthermore, the antenna arrays can also form notches in their
patterns. The latter is important for suppressing co-channel interference. If there are only few
interferers, the ability to suppress interferers makes a bigger contribution to the improvement of
the Signal-to-Interference Ratio (SIR) than the enhancement of the desired signal.

20.1.2 Purpose

Smart antennas can be used for various purposes:

1. Increase of coverage: assume that the smart antenna is at the RX. Now, if the spatial (angular)
position of the transmitter (TX) is known, the RX can form an array pattern in the direction of
the TX (beamforming). This results in higher receive power – e.g., an antenna array with eight
elements can increase the Signal-to-Noise Ratio (SNR) by 9 dB compared with a single antenna.
In a noise-limited cellular system, an improvement in the SNR increases the area that can be
covered by one BS. Conversely, the coverage range can be kept constant while the transmit
power is decreased.

2. Increase of capacity : smart antennas can increase the SIR, e.g., through the use of optimum
combining (see Chapter 13); this in turn allows the number of users in the system to be increased.
This is the practically most important advantage of smart antennas, and are discussed in more
detail below.

3. Improvement of link quality : by increasing signal power and/or decreasing interference power,
we can also increase the transmission quality on each single link.

4. Decrease of delay dispersion: by suppressing MPCs with large delays, delay dispersion can be
reduced. This feature can be especially useful in systems with a very high data rate.

5. Improvement of user position estimation: knowledge of the DOAs, especially for the (quasi-)
Line Of Sight (LOS) component, improves geolocation. This is of value both for location-based
services and for the ability to locate users in case of emergency.

It is not possible to have all these advantages simultaneously to their fullest extent. For example,
we can use the capability of smart antennas to reduce interference in order to either improve the
quality of a single link or have more users in the system or to slightly increase both the quality
per link and the number of users. For system design, the engineer has to decide which aspect is
the most important.

20.1.3 Capacity Increase

As mentioned above, increasing the capacity is the most important application of smart antennas.
Depending on whether the considered system uses Time Division Multiple Access (TDMA), Fre-
quency Division Multiple Access (FDMA), or CDMA, there are different approaches for achieving
such capacity gains (Figure 20.1):

1. Spatial Filtering for Interference Reduction (SFIR): this is used in TDMA/FDMA systems to
reduce the reuse distance. A conventional TDMA/FDMA system cannot reuse the same fre-
quency in each neighboring cell since the interference from the adjacent cells would be too
strong (Section 17.6). Rather, there is a “cluster” of cells where each cell uses a different fre-
quency, and then a neighboring cluster uses the same set of frequencies. Cluster size is a measure
for how spectrally efficient a cellular network is: for Global System for Mobile communications
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Figure 20.1 Principle behind spatial filtering for interference reduction and space division multiple access.

(GSM)-like systems, it is usually between 3 and 7. Smart antennas reduce interference. For
this reason we can put cells with the same frequency closer together – in other words, reduce
the cluster size. It is immediately obvious that this leads to an improvement in area spectral
efficiency: when frequencies can be used in more cells, then the number of users per area is
increased proportionately. Simulations have shown that eight antennas increase capacity by a
factor of 3 [Kuchar et al. 1997], while field tests with prototypes [Dam et al. 1999] have shown
a somewhat smaller gain of approximately 2.

2. Space Division Multiple Access (SDMA): this is an alternative way of increasing the capacity
of TDMA/FDMA systems. In this method, cluster size (frequency reuse) remains unchanged,
while the number of users within a given cell is increased. Multiple users can be served on
the same time/frequency slot, because the BS distinguishes them by means of their different
spatial signatures. To understand this mechanism, imagine a situation where there are multiple
directional horn antennas at the BS, each of which can be pointed mechanically at a different
user, independently of each other. An actual system realizes these directional antennas as the
different beams of an antenna array (remember that an antenna array can form multiple beams
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simultaneously).The capacity gain that can be achieved with SDMA is larger than with SFIR;
however, the required modifications within a system, especially at the BS and the BS controller
software, are considerably larger.

3. Capacity increase in CDMA systems: smart antennas can also be used to increase capac-
ity in CDMA systems. The way this capacity increase is achieved is subtly different from
TDMA/FDMA systems, in that it is based on the enhancement of the desired signal (and not
the suppression of a few interferers). In the following, we develop an approximate mathematical
model for the capacity enhancement. In a CDMA system, all Mobile Stations (MSs) use the same
carrier frequency, and are distinguished only by the spreading codes they employ. The suppres-
sion of users with other codes is not perfect, and a cell is judged to be “full” when the residual
interference from all the other K users becomes comparable to the admissible SIR (refer to
Chapter 18 for more details and a discussion of the assumptions):

SIRthreshold = Pdesired∑
Pinterfere

(20.1)

where, for the case of perfect power control,
∑

Pinterfere = K · Pinterfere. For typical (voice)
CDMA systems, the number of users is on the order of 30 per cell. Thus, there are a large
number of possible interferers, each of which contributes only a small part of the interference.
It is thus not possible to completely suppress interference (remember that the maximum number
of interferers that can be suppressed is smaller than the number of antenna elements). Rather,
the goal of the smart antenna is to enhance the received signal power. An Nr− element antenna
can increase the received signal power by a factor of Nr, so that approximately:

Pdesired = Mc · Nr · Pinterfere (20.2)

where Mc is the spreading gain. In that case, the number of admissible users in the cell becomes

K = Mc · Nr

SIRthreshold
(20.3)

and thus increases linearly with the number of antenna elements. In practice, such an enormous
increase in capacity does not occur; typically, capacity can be doubled with an eight-element
array. This is comparable with the gains that can be achieved in a TDMA system. Note that
this derivation is based on numerous simplifying assumptions, especially with respect to the
channel model. It furthermore assumes that there are a large number of users in a CDMA
system, and that all of them contribute to interference in a similar way. This assumption holds
for second-generation CDMA systems – e.g., IS-953 – which are mainly tuned to voice users.

4. Capacity increase in third-generation CDMA systems : in third-generation networks, high-rate
data transmission is considered an important application. Such a high-rate user creates consider-
ably more interference due to the lower spreading factor, such that suppression of such a user by
placing a null in its direction becomes desirable. In other words, high-rate users lead to scenarios
and results that are more similar to the SFIR approach than the traditional CDMA approach.

Example 20.1 Consider a CDMA system with spreading factor 128 for voice users, and 4 for
data users, and an SIR threshold of 9 dB. There is one data user. How many voice users can be
accommodated without smart antennas? How many can be accommodated with a two-element
smart antenna?

3 See Chapter 25.
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The SIR threshold (on a linear scale) is 8. Without smart antennas, the capacity of the system
(in units of voice users) can be obtained from

K = 128

8
= 16 (20.4)

Since the spreading factor for data users is smaller by a factor of 32 compared with voice users,
each data user contributes (approximately) 32 times the interference. The data user thus requires
a capacity of Kdata = 32, so that 16 − 32 = 0 voice users can be accommodated.

Consider now the case with smart antennas. When smart antennas are used solely for enhance-
ment of the desired signal power, the capacity of the cell (in units of voice users) becomes

K = 128.2

8
= 32 (20.5)

so that now 32 − 32 = 0 voice users can be serviced.
If, however, smart antennas are used to suppress data users, higher capacity can be achieved:

as we saw in Chapter 13, we can suppress 1 interferer completely using two antennas, while
retaining a diversity order of 1 for the desired signal. Thus, in our example, we can suppress the
data user while retaining Nr = 1 for voice users. Thus, the capacity for voice users becomes

128

8
= 16 (20.6)

20.1.4 Receiver Structures

In this section, we describe RX structures that can be used for separation and processing of MPCs.
Since our emphasis is on smart antennas at the BS, this implies that we consider the uplink case
(see Section 20.1.6 for the downlink). We distinguish between switched-beam antennas, adaptive
spatial processing, space–time processing , and space–time detection .

Switched-Beam Antennas

A switched-beam antenna is an antenna array that can form just a small set of patterns – i.e.,
beams pointing in certain discrete directions. A switch then selects one of the possible beams4 for
downconversion and further processing; it selects the beam that is best in the sense that it gives the
highest SNR or the highest Signal-to-Interference-and-Noise Ratio (SINR). This approach greatly
simplifies RX design.

There are many different ways of realizing switchable beams. For example, the antenna can
contain multiple directional elements, oriented in different directions, and the switch selects from
them. Another, more popular, variant is a linear array followed by a spatial Fourier transformation.
The output of such a spatial Fourier transformation is a number of beams that are all orthogonal
to each other, and point in different directions. The spatial Fourier transformation can be realized
as a so-called Butler matrix . It has a structure that is essentially the butterfly structure that is well
known from software implementations of the Fast Fourier Transform (FFT). The elements of each
stage are simple phaseshifters that can be realized in the Radio Frequency (RF) domain.

The main advantage of the switched-beam approach is its simplicity: all processing (spatial FFT
and selection) is done in the RF domain, so that only a single signal has to be downconverted to
the baseband and processed there. Since downconversion circuits are among the most expensive

4 More precisely, it selects the signal associated with one of the possible beams.
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components in today’s wireless systems, this is a significant advantage. The drawback of this
scheme is its limited flexibility. The main beam can only be pointed in certain fixed directions,
such that gain in the actual direction of the MS might not be the maximum achievable value. Even
more importantly, nulls cannot be pointed in arbitrary directions, so that nulling of interferers is
very ineffective. For these reasons, switched-beam antennas seem to be more suitable for CDMA
applications, where signal enhancement is critical, and not for SDMA or SFIR applications, where
interference suppression is essential.

Example 20.2 For a switched-beam antenna, compute the maximum gain and the maximum
relative loss due to mismatch of DOA and beam direction for a uniform linear array with Butler
matrix and number of antenna elements (spaced λ/2 apart) equal to Nr = 2, 4, 8.

Let us first write down the FFT matrix for Nr elements:

WFFT,k,n = wn(k) = exp

(
−j

2π

Nr

)kn

(20.7)

The array factor for a uniform linear array was given in Eq. (9.16):

Mk(φ) =
Nr−1∑
n=0

wn(k) exp[−j cos(φ)2πdan/λ] (20.8)

With da = λ/2, this becomes

Mk(φ) =
Nr−1∑
n=0

exp

[
−j2πn

(
cos(φ)

2
+ k

Nr

)]
(20.9)

and the magnitude of the array factor is (compare Eq. 9.17)

|Mk(φ)| =
∣∣∣∣∣∣
sin

[
Nr
2

(
π cos φ − 2π k

Nr

)]

sin
[

1
2

(
π cos φ − 2π k

Nr

)]
∣∣∣∣∣∣ (20.10)

The crossover points between patterns at FFT output k and k + 1 are at:
∣∣∣∣∣∣
sin

[
Nr
2

(
π cos φ − 2π k

Nr

)]

sin
[

1
2

(
π cos φ − 2π k

Nr

)]
∣∣∣∣∣∣ =

∣∣∣∣∣∣
sin

[
Nr
2

(
π cos φ − 2π k+1

Nr

)]

sin
[

1
2

(
π cos φ − 2π k+1

Nr

)]
∣∣∣∣∣∣ (20.11)

Figure 20.2 shows the array factor for different values of Nr. We see that in all cases the value
of the array factor of the crossover point is approximately 0.7. The exact values can be found
in Table 20.1:

Table 20.1

Nr Max gain (dB) Max relative loss due to
direction-of-arrival mismatch (dB)

2 3.01 1.51
4 6.02 1.84
8 9.03 1.93
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Figure 20.2 Normalized array factor of switched-beam antenna with 2 (a), 4 (b), and 8 (c) elements.
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Adaptive Spatial Processing

The adaptive spatial processing approach uses a linear combination of signals (see Figure 20.3),
where antenna weighting and summing is done in the baseband. For this reason, there are no restric-
tions with respect to weights, and they can also be adapted according to the current channel state. In
other words, the RX can point maxima and nulls of the array pattern into (almost) arbitrary direc-
tions. On the downside, this approach requires in general Nr complete downconversion chains for
Nr antenna elements, and is thus considerably more expensive, and consumes more power as well.
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Figure 20.3 Linear combination of antenna signals.

If weights are adapted based on a training sequence, and change whenever the channel realization
changes, then adaptive spatial processing is identical to diversity combining. It is thus possible to
suppress K = Nr − 1 interferers, or alternatively to achieve high gain in the SNR (up to a factor
of Nr) with such an approach (for more details, see Section 13.4.3).

Alternatively, antenna weights can be chosen based on angular spectrum (Angular Delay Power
Spectrum (ADPS), see Section 6.7), but not adapted to the instantaneous amplitude of MPCs arriving
from different directions. In this case, interference suppression capabilities are usually smaller. This
aspect is discussed in more detail in Section 20.1.5.

Adaptive Space–Time Processing

The adaptive spatial processing described in the previous section first performs spatial processing
and then puts out a single signal for further temporal processing. In other words, Rake reception
or equalization is done only on the single signal that is put out from the spatial processor. This
approach works well only if the temporal properties of the signal (delay dispersion) are the same
at all antenna elements, or, conversely, if spatial properties are independent of delay. While this
situation can occur in some cases (see also Chapter 7 for channel models that correspond to
such an assumption), it is certainly not universally valid. If delay and angular properties cannot
be decomposed multiplicatively, then spatial processing followed by temporal processing is no
longer optimum.

In order to fully exploit the possibilities of different MPCs, adaptive space–time processing has
to be used. The optimum linear RX is a two-dimensional Rake RX – i.e., a linear combiner that
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Figure 20.4 Space–time filter.

weights all resolvable (in the space–time domain) MPCs and adds them up. Figure 20.4 shows
such a space–time processor. If the Rake RX (or equalizer) has L taps, then the total processor
has NrL weights. The output from that processor is sent on to a decoder.

Space–Time Detection

For optimum reception, space–time processing and decoding/detection have to be done jointly.
The special properties of the received signal, including finite-alphabet properties, can be taken
into account for detection. The optimum detector is a generalized Maximum Likelihood Sequence
Estimation (MLSE) RX. However, these structures are not always used in practice, because they
are too complex, and the performance gain compared with linear processing does not always justify
the additional effort.

20.1.5 Algorithms for Adaptation of Antenna Weights

Algorithms for adaptation of antenna weights can be broadly classified into Spatial Reference (SR)
and temporal reference (TR) algorithms.5 The distinction between these algorithms is subtle, but
important. Let us first discuss their common features: both algorithms are based on linear weighting
and addition of signals from different antenna elements. Both algorithms effectively form a beam
pattern – the weights for any linear combining scheme can be associated with a “beam pattern” even
when it sometimes looks somewhat strange, with many maxima and minima. The key difference
is which information is used for the choice of the linear weights. In SR algorithms weights are
chosen according to the spatial structure (DOAs) of the arriving signal combined with information
about the array structure. TR algorithms optimize the SINR after the combiner with the help of a
training sequence.

5 In the literature, there is often a distinction between diversity and beamforming algorithms. However, this dis-
tinction is problematic as diversity (slope of the effective SNR distribution) and beamforming (change in mean
SNR) are effects that, among others, depend on antenna arrangement and channel constellation.
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Spatial Reference Algorithms

In the spatial reference (SR) case, the antenna tries to form a beam pattern that puts maxima in the
direction of the main DOAs of the desired user, and nulls in the direction of MPCs coming from
interferers. An SR algorithm thus proceeds in the following three steps (see Figure 20.5):

1. Determination of the DOAs, φn, of the MPCs: as we will see below, a main advantage of
using these DOAs is that they show only small variations over time and frequency. The directly
observable quantities are the signals at the antenna elements; it is thus necessary to extract the
DOAs from these signals. This can be done by the same methods as those for channel sounding
(see Chapter 8): spatial Fourier transformations (not recommended) or high-resolution algorithms
(Minimum Variance Method MVM, Estimation of Signal Parameters by Rotational Invariance
Technique ESPRIT, Space Alternating Generalized Expectation – maximization SAGE) can be
applied. There are some important practical differences from the evaluation of channel sounder
data: the SNR for the reception of data can be considerably worse than that used for channel
sounding – this makes DOA determination more difficult. On the other hand, a lot of data are
transmitted within a relatively short time. This allows the use of either averaging or track-
ing algorithms that observe the change in DOAs [Kuchar et al. 2002]. Note that some DOA
estimation algorithms (e.g., ESPRIT) do not require a training sequence, since they are based
exclusively on the correlation matrix of the received signal, and can thus estimate the DOA from
user data that are unknown. Other algorithms, like SAGE, can eschew the training sequence only
at the price of greatly complicating the algorithm.6

2. Association of DOAs with specific users: in contrast to channel sounding, where we have just
a single possible source for the arriving signal, MPCs during communications can stem from
different users – the desired user as well as interferers. It is thus necessary to separate desired
and interfering users. For this identification problem, it is necessary to have a training sequence
or some other property that is unique for each user.

3. Forming of the beam pattern that maximizes the SINR: this beam pattern is used for actual
reception of data.

We note that many DOA estimation algorithms require the validity of a certain channel model
(e.g., that the received signal can be written as a finite sum of plane waves). If this model is not
valid, the performance of the algorithms, and of the ensuing beamforming, deteriorates.

Temporal Reference Algorithms

Temporal reference algorithms are based on the use of a training signal, which serves as a “temporal
reference” to which we try to match the output from the smart antenna – thus the name. The antenna
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Azimuth
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user/interferer

User identification

Azimuth

Weight
adaptation

Beamforming

Azimuth

Figure 20.5 Using smart antennas with spatial reference algorithms.

6 However, when SAGE is used in conjunction with a training sequence, it usually outperforms ESPRIT.
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weights w are adapted directly in such a way that the deviation of the combiner output from the
(known) training sequence is minimized. As a criterion for the deviation we can use the SIR, the
Minimum Mean Square Error (MMSE), the Bit Error Rate (BER) during the training sequence,
or any other suitable criterion. These criteria and their advantages and disadvantages have already
been discussed in Chapter 13 (we stress again that smart antennas with diversity combining at the
RX is the “standard” diversity that we have discussed in Chapter 13). In particular, the SINR is
maximized by optimum combining. The linear weights lead to the creation of an effective antenna
array pattern, but this pattern need not have an intuitive interpretation. There are also no assumptions
about the existence of discrete DOAs.

A major difficulty in TR algorithms is the fact that the RX must be synchronized to the incoming
signal before the determination of the antenna weights can be done. This is required because the
sampling instants for the determination of the training sequence have to be known before the
weights can be adapted. However, the SINR for the (spatially unfiltered) receive signal can be very
poor and can make synchronization to the desired training sequence difficult.

In summary, the TR algorithms proceed according to the following steps (see Figure 20.6):

1. During a training phase, the smart antenna receives the signal at all antenna elements, and adjusts
the weights in such a way that the deviation from the known signal is minimized.

2. During the transmission of the user data, the antenna weights stay fixed and are used to weight
the incoming signals before they are combined and decoded/demodulated.
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Figure 20.6 Principle behind temporal reference algorithms.

We now look at more details of step 1. Assume that we have determined the channel coefficient,
and we want to determine the optimum antenna weights. Paraphrasing the main insights from
Section 13.4.3, those optimum antenna weights maximize the SINR. Define the power-weighted
channel and interference correlation matrices as

R̃(k) = Pkh(k)(h(k))†, R̃ni,k = σ 2
n I +

∑
l �=k

Plh(l)(h(l))† (20.12)

where Pk is the power of the k-th user. Then the optimum antenna weights w(k) for the k-th user
are obtained by maximization of the SINR, i.e.,

w(k)
opt = arg max

|w|2=1
SINRk = arg max

|w|2=1

w†R̃(k)w

w†R̃(k)
ni w

(20.13)
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which is the solution of a generalized eigenvalue problem. An even simpler RX, called
“decorrelating RX,” can be achieved by setting σn = 0. This RX completely suppresses the
interference, but considerably enhances the noise (compare also the discussion of zero-forcing and
MMSE equalizers in Chapter 16).

The above derivation assumed that the interference for a specific user is fixed. We can get
better results for the average throughput if we can influence the transmit powers of the different
users – this requires feedback commands from the BS to the MS (to instruct the MSs about which
power level to use), as well as power control capabilities of the MSs; most second- and third-
generation cellular MSs have such capabilities. Finding the optimum MS transmission powers
together with the optimum receive antenna weights is complicated because adjusting the power for
one MS affects the SINR for all users. There is therefore no closed-form solution; rather, we iterate
the following two steps until convergence:

1. Fix the transmit powers of the MSs and obtain the BS antenna weights for the reception of the
different users by Eq. (20.13).

2. Then, leave the set of antenna weights w(k) unchanged and compute the optimum power allo-
cations Pk . This computation itself does not have a closed-form solution but can be obtained
through various numerical optimization methods that depend on the target of the optimization.
For example, if we want to optimize the sum throughput, the RX iterates the following equation
to convergence (where n is the iteration counter) [Chrisanthopoulou and Tsoukatos 2007]:

P
(n+1)
k = min

⎡
⎢⎢⎢⎣Pmax, P

(n)
k + α

⎛
⎜⎜⎜⎝

1

P
(n)
k

−
∑
l �=k

(w(l))†R̃(k)w(l)

σ 2
n +

∑
m�=l

(w(l))†R̃(m)w(l)

⎞
⎟⎟⎟⎠

⎤
⎥⎥⎥⎦ (20.14)

where Pmax is the maximum power an MS can transmit, and α is a parameter determining the
convergence rate; if P n+1

k < 0, we set it to 0.
Further performance improvements can be achieved when the RX is not restricted to lin-

ear combining of the antenna signals. In particular, the MMSE RX can be combined with a
successive-interference canceller (see Section 18.4.3): the BS first decodes a particular user, and
subtracts the contribution of this signal from the overall received signal. When now decoding
the signal for the next user, a better SINR is available. This decoding strategy is theoretically
optimum, but is (like all serial interference cancellation strategies) sensitive to error propaga-
tion. It is also noteworthy that the resulting RX has strong similarity to the Horizontal Bell labs
LAyered Space Time (H-BLAST) RX that is discussed in Section 20.2.8.

Blind Algorithms

TR algorithms rely on the existence of a training sequence, while SR algorithms rely on the existence
of a certain spatial structure of the arriving signal. Yet another group of algorithms, dubbed blind
algorithms, makes neither of those assumptions. Rather, they exploit the statistical properties of the
transmit signal.

Let us start out by describing the received signal by the equation

ri = hdsi (20.15)

where ri is the receive signal vector created by the transmit signal si related to the ith bit, and
hd is the desired channel vector – we omit the noise contribution for convenience. A more general
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representation, which also includes possible intersymbol interference, is obtained by stacking signals
corresponding to a large number of bits into matrices:

Y = HstackX (20.16)

where the matrix Hstack is related to channel impulse responses at different antenna elements. The
channel description is thus similar to the TR approach in the sense that there is no assumption
about spatial structure, and the channel is characterized by impulse response (or transfer function)
alone. However, a blind algorithm does not learn the values of Hstack from a training sequence.
Rather, it tries to compute a factorization of the matrix Y according to Eq. (20.16), such that signal
matrix X fulfills certain properties – namely, known properties of the transmit signal.

Example 20.3 Consider a system with one transmit antenna and three receive antennas. Let
the impulse response for each of the antenna elements last for two symbol durations, denoted as
hil , l = 0, 1, i = 1, 2, 3. For a five-symbol-long transmit signal, x(n), n = 1, . . . , 5, write the
explicit form of Y = HstackX, assuming that impulse responses stay constant over the duration
of the transmit signal.

Writing the nth received symbol at the ith antenna element as yi(n), we can easily see that

yi(n) =
L−1∑
l=0

hi,lx(n − l) (20.17)

where hi,l is the channel impulse response to the signal at the ith antenna element in the lth
channel delay tap, L is the duration of the channel impulse response, and N is the number of
transmitted symbols. Let us then define a matrix X as [Laurila 2000]

X =

⎡
⎢⎢⎢⎣

x(1) x(2) · · · x(N)

x(0) x(1) · · · x(N − 1)
...

...
...

...

x(−L + 2) x(−L + 3) · · · x(N − L + 1)

⎤
⎥⎥⎥⎦ (20.18)

which in our case becomes

X =
[

x(1) x(2) x(3) x(4) x(5)

x(0) x(1) x(2) x(3) x(4)

]
(20.19)

The channel matrix gets the block form:

Hstack =

⎡
⎢⎢⎢⎣

h1,0 h1,1 · · · h1,L−1

h2,0 h2,1 · · · h2,L−1
...

...
...

...

hNr,0 hNr,1 · · · hNr,L−1

⎤
⎥⎥⎥⎦ (20.20)

which in our case becomes

Hstack =
⎡
⎣ h1,0 h1,1

h2,0 h2,1

h3,0 h3,1

⎤
⎦ (20.21)
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Inserting Eqs. (20.19) and (20.21) into Eq. (20.16), we get:

Y =
⎡
⎣ y1(1) y1(2) y1(3) y1(4) y1(5)

y2(1) y2(2) y2(3) y2(4) y2(5)

y3(1) y3(2) y3(3) y3(4) y3(5)

⎤
⎦ (20.22)

=
⎡
⎣ h1,0x(1) + h1,1x(0) · · · h1,0x(5) + h1,1x(4)

h2,0x(1) + h2,1x(0) · · · h2,0x(5) + h2,1x(4)

h3,0x(1) + h3,1x(0) · · · h3,0x(5) + h3,1x(4)

⎤
⎦ (20.23)

which can easily be seen to be in agreement with Eq. (20.17).

Depending on which signal properties are exploited, we get different algorithms for the determi-
nation of X. If there is oversampling in the temporal and/or spatial domain, then cyclostationarity
of the sampled signal can be used. Another group of algorithms exploits higher order statistics.
Also the finite-alphabet property can be exploited: e.g., we know that for a Binary Phase Shift
Keying (BPSK) signal, the elements of X have to be ±1.

Blind algorithms have a number of advantages:

• No assumptions about the channel are required. The method works even for channels that do not
exhibit discrete DOAs or separable MPCs.

• Blind algorithms do not require any calibration of the antenna array, and make no assumptions
about the specific structure of the array.

• The detection process can be done in one step, yielding directly the desired user data.
• Blind algorithms eliminate the need for a training sequence, thus increasing the spectral efficiency

of the system.

However, these advantages are bought at a price:

• Most of the blind algorithms assume that the channel impulse response does not change over the
time it takes to establish the statistics of Y. For a good estimate of these statistics, we have to
collect samples over a long time, and the assumption of a time-invariant impulse response might
be violated. The number of samples that forms the basis of the statistics is thus a compromise
between the need to have a large-enough basis for obtaining good statistics and the need to use
only samples that correspond to the same channel state.

• Initialization of the estimate for the channel is critical. For this reason, so-called semi-blind
algorithms have been proposed, which use a very short training sequence at the beginning of
transmission. This sequence is chosen to be short enough not to significantly influence the
spectral efficiency of the system, but helps to avoid possible convergence problems of the blind
algorithms.

These drawbacks are essentially the same as for blind equalization (see Chapter 16), and have
prevented widespread use of this method.

20.1.6 Uplink versus Downlink

Up to now, we have considered smart antennas at the RX; since we consider cellular systems in
which smart antennas are at the BS, this means that we have been looking at the uplink. The next
question is how a smart antenna system behaves in the downlink. The answer to this question
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depends critically on whether we are considering a Time Domain Duplex (TDD) or a Frequency
Domain Duplexing (FDD) system.

Time Domain Duplexing

In a TDD system in a static environment – i.e., no movement of either the TX or the RX – the
channel impulse response is the same for uplink and downlink. Let us make this statement more
precise. The transfer function from the MS antenna to the mth BS antenna, (hd)m, is the same as
the transfer function from the mth BS antenna to the MS antenna. Thus, if we have chosen antenna
weights in such a way that they constructively add signals from the antenna elements during the
uplink, the same antenna weights, when used in the downlink, will ensure that the signals from
different BS antenna elements add up constructively at the MS antenna. Furthermore, if BS antenna
weights are chosen to supress interference from other MSs during the uplink, the BS will also cause
little or no interference to these other MSs in the downlink transmission phase.

However, interference is not completely reciprocal for the uplink and downlink: the interference
that the MS sees stems from other BSs , not from other MSs (see Figure 20.7). However, antenna
weights w that are determined during the uplink cannot take this into account – the desired BS
does not even “see” these other BSs. Thus, interference suppression for the downlink cannot be as
effective as suppression in the uplink.7

Interfering
User 2

Interfering
User 1 Desired

User

Desired
User

Co-channel
User 1

Co-channel
User 2

(a) (b)

Figure 20.7 Interference situation for the uplink (a) and downlink (b) for a base station with smart antennas.

All we have stated up to now is that the channel is reciprocal. However, since antenna weights
are determined in the baseband, we also have to require that RF elements and frequency conversion
chains – i.e., everything from antenna connectors to the baseband – are reciprocal. This is not self-
evident and, in fact, will not be the case for many transceivers. The problem can be eliminated or, at
least, mitigated by a calibration procedure: during the setup of the call, the BS estimates the channel

7 An exception would be if an MS found itself in a position to notify all the BSs in its surroundings about the
details of the interference it sees from them, and the BSs were in a position to cooperate in order to provide as
little interference as possible to all users. Such schemes have been proposed, but are rather complex.
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impulse response both from the reciprocity principle and by means of feedback from the MS. From
the difference of these two measurement methods, the impact of RF circuits can be determined.

Finally, we have to take into account that the channel need not be completely static in the time
between uplink and downlink transmission (duplexing time). If the duplexing time is too long
(becomes comparable with the coherence time of the channel), then the impulse response of the
channel changes due to small-scale fading. The impact of such a decorrelation between the uplink
and downlink channel is discussed in the next subsection.

Frequency Domain Duplexing

In an FDD system, the uplink and downlink happen at different frequencies; the frequency separation
(duplexing distance) for cellular systems is typically on the order of 100 MHz. This is much larger
than the coherence bandwidth of the channel (typically on the order of 1 MHz); as a consequence,
small-scale fading of the channel impulse response in the uplink and in the downlink are completely
decorrelated. In other words, small-scale fading is created by superposition of MPCs with different
phases. The relative phase shifts depend, among other things, on the carrier frequency. For a
large-enough duplexing distance, phase shifts are sufficiently different in uplink and downlink that
superposition of MPCs occurs in different ways.

For this reason, we find that small-scale fading and, thus, the instantaneous impulse response
of the channel, are different for uplink and downlink (a similar situation occurs in a TDD system
when the duplexing time is much larger than the coherence time of the channel). What remains
constant in uplink and downlink is the average channel state: in other words, the correlation matrix
(averaged over small-scale fading), as well as the DOAs, delays, and mean powers of the MPCs.

It is still possible to obtain performance enhancements in the downlink for FDD. Antenna weights
are now chosen based on the average channel state. For example, the beam pattern is chosen so
that it points in the direction of the MPC that is strongest on average. Now, it is possible that this
MPC is not the strongest instantaneously , and that it would therefore be better to choose a different
beam pattern. However, since we do not know the instantaneous channel, optimizing on average is
the best that we can do with the available information.

These considerations also show the usefulness of SR algorithms. Since these algorithms extract
average Channel State Information (CSI), they can be easily used in FDD systems.

Feedback

Up to now, we have relied on reciprocity (either for the channel impulse response or for DOAs)
to provide information about the channel. An alternative approach is to use feedback. Consider an
FDD system. Let the BS transmit a training sequence from the first antenna element, then from the
second antenna element, and so on. This enables the MS to learn all the separate impulse responses
(hd)m. It then feeds the information back to the BS on a separate feedback channel. In that case,
the BS knows exactly how to adjust weights such that signals from antenna elements add up in the
right way at the MS antenna.

This approach is very effective, but has two drawbacks: first, we have to make sure that feedback
occurs within a time that is less than the coherence time of the channel. Second, the feedback
channel decreases the spectral efficiency of the system. The information carried on that channel is
not user data. System designers thus have to consider carefully how often to feed CSI back, and
with what accuracy. Naturally, the performance of the smart antenna gets better the more accurate
the feedback information is, but the performance penalty because of wasted resources can become
prohibitive. A more detailed discussion can be found in Section 20.2.11.
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20.1.7 Algorithms for the Adaptation of the Antenna Weights
in the Downlink

Determination of the optimum transmission strategy for the downlink can be considerably more
complicated than for the uplink, because changing the transmit strategy (e.g., the antenna weights)
for one user influences the SINR for every other user.8

We will in the following only consider linear (beamforming) transmission schemes. The BS has
a constraint on the total (summed over the signals for all users) transmit power

∑
k

Pk ≤ Pmax,

which is reasonable, because the total power is limited both by the characteristics of the power
amplifier, and by the intercell interference that we are willing to allow. We assume that the BS has
complete CSI, i.e., it knows h(k) for all the k users. For the following mathematical treatment, it
is useful to create an overall channel matrix H = [(h(1))T , (h(2))T , . . . (h(K))T ]T . We also define s̃
as the signal vector transmitted to the BS antenna array, which in the case of beamforming (linear
precoding) is

s̃ = Ts. (20.24)

Let us first establish how many users can communicate simultaneously with the BS. We know
that in the uplink, the number of users is limited by the number of antenna elements in the BS, NBS.
This follows from the principle of “optimum combining” that every additional antenna elements
can suppress one interfering signal; thus, one set of BS antenna weights can deal with 1 desired
user and NBS − 1 interferers simultaneously. The key insight is now that this admissible number
of users is the same for the downlink, i.e., a BS with NBS antenna elements can transmit to NBS

different MSs at the same time. Intuitively, this result follows from reciprocity: if – by adapting its
weights – the BS in the uplink forms an antenna pattern that nulls out an interferer, then the same
BS will not create any interference at this user when the BS transmits.9

Let us now formulate these insights mathematically. If the k-th MS should see no interference
intended for other users, the transmit signal for the k-th MS must lie in the nullspace of the channel
vectors for all other users. The precoding vector for the k-th MS is then the k-th column of the
pseudoinverse of H, so that the transmit signal is

s̃ = H† (HH†)−1
�s (20.25)

where � is a diagonal matrix that contains the power allocations for the different users. Thus,
the beamforming can be combined with a power allocation strategy that either maximizes the sum
throughput (for the given shape of the antenna patterns), optimize some “sum MSE,” or tries to
guarantee a certain minimum quality of service (SINR) for each user.

Clearly, zero interference can only be achieved if no more than Nt users are served at one given
time, so we assume henceforth K ≤ Nt. The key disadvantage of zero-forcing TXs is that in the case
of ill-conditioned channel matrices, the transmit power along a particular dimension can become
very large, and since the total transmit power is limited, this means that transmit power is used very
inefficiently. In other words, if two users are “effectively” very close together (in the sense that

8 There are some useful dualities between the uplink and downlink case, which can be exploited to derive good
transmission schemes. For example, it can be shown that the same SINRs can be achieved for all users with
the same overall transmit power (though the powers associated with each user in the uplink and downlink are
different). However, most algorithms developed in the literature for the downlink antenna weights do not make
explicit use of this duality.
9 Note, however, that the optimum power assignments are different for uplink and downlink, because noise and
interference levels are not necessarily reciprocal.
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their channel vectors are almost the same – they do not have to be close together geographically),
then it is very difficult to transmit to one user while simultaneously canceling out transmissions to
the other. This situation is dual to the effect of “noise enhancement” by a decorrelation RX.

The performance can be improved by so-called “regularization” that trades off noise enhancement
and interference. The transmit signal becomes

s̃ = H† (HH† + ζ I
)−1

�s (20.26)

where ζ is the so-called “regularization parameter.” This is obviously a dual of an MMSE (optimum
combining) RX.

A joint beamforming/power allocation strategy that leads to a maximization of the sum throughput
is given – for the case Nt = K in [Stojnic et al. 2006]. It is noteworthy that if we want to maximize
the sum rate, fairness is no criterion – in other words, the data streams for some MSs have very
high data rates, while other MSs are not serviced at all. Alternative beamforming/power allocation
criteria thus try to guarantee a minimum rate for each user. Furthermore, the random beamforming
discussed later in this section can be used to provide greater fairness.

There are many similar, but subtly different, optimization problems. For example, the “power
control problem” aims to minimize the total transmitted power while guaranteeing a certain mini-
mum SINR (and thus a certain rate) for every user. A number of such resource allocation problems
can be tackled by “convex optimization” techniques [Boyd and Vandenberghe 2004].

20.1.8 Network Aspects

In order to really increase capacity by means of smart antennas, it is usually not sufficient to
just insert an applique – i.e., replace the single-antenna RF front end and baseband demodulator
with their multiantenna counterparts. Rather, the network has to provide additional functionalities.
Consider a TDMA/FDMA system that uses SDMA. It can put two different users on the same
time/frequency slot and separate them by their DOAs. However, when the two users get too close,
such a separation is no longer possible. In such a case, the network has to swap one of these two
users with one that is on a different time/frequency slot and sufficiently far away in the angular
domain. In other words, the network has to provide intracell handover capabilities. Thus, the control
software of the BS has to be designed specifically for the use of SDMA.

Another major problem is the call setup phase. In this phase, the position and thus DOAs of the
various users are not known yet, and the call setup information has to be transmitted in all possible
directions simultaneously. Compared with actual data transmission, network planning, link budgets,
etc., can thus be different for this phase.

20.1.9 Multiuser Diversity and Random Beamforming

Throughout this book, we have assumed that the BS and the MS transmit at predetermined times,
irrespective of the channel state. However, it has recently been established that the performance
of cellular systems can be improved significantly by scheduling transmission depending on the
channel state. It can also be shown that the use of multiple antennas can enhance this idea even
further. In the following, we will explain this idea in more detail.

Scheduling and Multiuser Diversity

Let us first consider the downlink in a system where the BS as well as the MSs have only a single
antenna, and multiple MSs communicate with one BS. All links undergo flat Rayleigh fading;
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we assume for the moment that the mean power is the same for all users. Let us further assume
a conventional TDMA system, so that each user is assigned a fixed timeslot and communicates
during that timeslot. The probability for user k to “see” a certain SNR γ is then given by the
exponential distribution:

Pr(rk ≤ γ ) = 1 − exp

(
−γ

γ̄

)
(20.27)

This probability is independent of user k, and is also independent of the number of users K . The
scheme, also called round-robin , is the best we can do if the TX (BS) does not know anything
about the channel. Obviously, it treats users fairly in the sense that each user gets the same amount
of time to communicate.

However, we can do better if the BS knows the CSI for the downlink of all users. At any given
point in time, chances are that there is a very good link to some users, while there are bad links
to other users. The optimum strategy for the BS is now to communicate always with the user who
has the best link – i.e., the highest instantaneous path gain – and thus the highest instantaneous
SNR γ . As the channel changes, different users k become “instantaneously best.” The cumulative
distribution function for the active user – i.e., the instantaneously best user – is the same as for
selection diversity (see Eq. 13.10). Multiple users thus act like diversity branches – however, we
do not need any additional antennas to realize that diversity. This scheme is thus called multiuser
diversity ; it is optimum in the sense that capacity is maximized.

In a cellular system, users that are very close to the BS have a much better SNR than users
that are far away. In that case, the danger of selecting the user with the best SNR is that the MS
closest to the BS gets to use the channel most often, while MSs that are far away are almost never
“instantaneously best,” and thus are chosen much less frequently. As a consequence, the data rate
for users at the cell boundary is much lower than for users near the BS. This problem can be
solved by proportionally fair scheduling. The BS communicates not with the absolutely best user
but rather with the user whose ratio of instantaneous to average SNR γ /γ̄ is the highest. In such
a case, each user is assigned the same amount of time if the normalized fading statistics of the
different users are identical – e.g., all users are Rayleigh fading.

A key requirement for scheduling is that the BS has knowledge of the instantaneous downlink
channel. As we have discussed in Section 20.1.6, in an FDD system this requires that the MSs
feed back their instantaneous SNRs to the BS. The rate of this feedback depends on the coherence
time of the channel. Furthermore, it also involves a system design tradeoff. If feedback is done
too rarely, then the BS picks a suboptimum user. If feedback is done too often, then the overhead
for this feedback becomes prohibitive. It is also noteworthy that all MSs have to feed back their
SNRs, even though only one will ultimately be picked for communication.10

All the above considerations were for the downlink; however, the scheme works for the uplink
as well. In this case, the BS determines the quality of the uplink channel, and then broadcasts which
MS is allowed to transmit.

Delay Considerations and Random Beamforming

Another key problem of multiuser diversity is the inherent delay. If the BS always uses proportion-
ally fair scheduling, it retains communication with the chosen user for approximately one coherence
time of the channel. If user mobility is low, the coherence time can be quite large. Remember that

10 Some tricks can be used to alleviate this problem: e.g., an MS that sees an SNR below a certain threshold does
not need to feed its information back since the chance that it will be picked is very low. Again, the choice of this
threshold involves an engineering tradeoff: if the threshold is too low, it does not lead to significant savings; if it
is too high, then there are times when no MS provides feedback, and the BS thus cannot pick the best user.
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each user has to wait until its γ /γ becomes instantaneously largest and it can communicate; this
waiting time (latency) is roughly KTcoh. In a system with many users and large coherence times,
this latency can become prohibitively large.

An ingenious solution to this problem, called random beamforming , uses multiple antennas at the
BS [Viswanath et al. 2002]. Signals transmitted from the different antenna elements of the BS are
multiplied by time-varying complex coefficients. This can be interpreted in two (equivalent) ways:

1. Each vector of transmit weight coefficients can be associated with a beam pattern. No matter
what beam is formed, it will enhance the channel to some MS. Scheduling (as discussed above)
then makes sure that the enhanced MS is chosen for communication. Every time the coefficients
are changed, the beam pattern changes, and a different MS gets enhanced.

2. The combination of multiple antennas (with weighting coefficients) and physical channel can
be viewed as an “equivalent” channel. By varying the coefficients for antenna elements, we are
enforcing time variations on the channel, and thus reducing the coherence time Tcoh. The effective
channel exhibits Rayleigh fading with a coherence time that is approximately the smaller of the
coherence time of the physical channel and the time over which antenna weights change.

The main difference from transmit diversity or beamforming (as discussed at the beginning of
this section) is the following:

• For conventional transmit diversity , the BS needs to know the amplitude and phase of the transfer
function from all MSs. It then chooses weights for the signals from different antenna elements
in such a way that the different transmit signals add up in an optimum way at the destined
MS. Coefficients are changed only if the transfer function between the BS and the chosen MS
changes, or if the BS decides to communicate with another MS.

• For random beamforming , the BS chooses the coefficients completely at random and changes
them according to system parameters (related to latency), but independently of the channel.

The time over which weighting coefficients are kept constant constitutes a compromise between
the resulting latency and system overhead for feeding back channel quality.

Impact on System Design

Multiuser diversity is mainly useful for data communications. For voice, stringent delay require-
ments (total delay less than about 100 ms) preclude the use of “conventional” multiuser diversity,
especially when users are stationary or slowly moving (pedestrian speeds), though random beam-
forming can alleviate this problem somewhat. On the other hand, the scheme seems very well suited
to data communications, where larger delays are acceptable.

From a scientific point of view, it is also noteworthy that multiuser diversity leads to a paradigm
change in physical-layer design. Many of the transceiver structures and signal-processing methods
we have encountered in Chapters 10–20 aim at combating fading by reducing variations in SNR
for a specific link. For multiuser diversity, however, we exploit and possibly enhance the variations
in SNR.

20.2 Multiple Input Multiple Output Systems

20.2.1 Introduction

MIMO systems are systems with Multiple Element Antennas (MEAs) at both link ends. Originally
suggested in Winters [1987], they attracted great attention through theoretical investigations in the



Multiantenna Systems 465

1990s ([Foschini and Gans 1998] and [Telatar 1999]). Since that time, research in these systems
has exploded and practical systems based on MIMO have been developed.

The MEAs of a MIMO system can be used for four different purposes: (i) beamforming, (ii)
diversity, (iii) interference suppression, and (iv) spatial multiplexing (transmission of several data
streams in parallel). The first three concepts are the same as for smart antennas. Having multiple
antennas at both link ends leads to some interesting new technical possibilities, but does not change
the fundamental effects of this approach. Spatial multiplexing, on the other hand, is a new concept,
and has thus drawn the greatest attention. It allows direct improvement of capacity by simultaneous
transmission of multiple data streams. We will show below that the (information-theoretic) capacity
for a single link increases linearly with the number of antenna elements.

In the early years of MIMO research, the main emphasis was on information-theoretic limits, and
this section will also mostly concentrate on these aspects. After 2000, emphasis shifted more to the
question of how the theoretical gains of MIMO can be realized in practice. Advances in practical
implementation of MIMO systems have also greatly helped in their adoption by international
standards organizations. MIMO was included in fourth-generation cellular systems (see Chapters 27
and 28) as well as high-throughput wireless Local Area Networks (LANs) (IEEE 802.11n, see
Chapter 29).

20.2.2 How Does Spatial Multiplexing Work?

Spatial multiplexing uses MEAs at the TX for transmission of parallel data streams (see Figure 20.8).
An original high-rate data stream is multiplexed into several parallel streams, each of which is sent
from one transmit antenna element. The channel “mixes up” these data streams, so that each of the
receive antenna elements sees a combination of them. If the channel is well behaved, the received
signals represent linearly independent combinations. In this case, appropriate signal processing at
the RX can separate the data streams. A basic condition is that the number of receive antenna
elements is at least as large as the number of transmit data streams. It is clear that this approach
allows the data rate to be drastically increased – namely, by a factor of min(Nt, Nr).

S/P
Space-time
layering and
coding

Propagation channel

Space-time

processing and

decoding
P/S

Figure 20.8 Principle behind spatial multiplexing.

For the case when the TX knows the channel, we can also develop another intuition (see
Figure 20.9). With Nt transmit antennas, we can form Nt different beams. We point all these
beams at different Interacting Objects (IOs), and transmit different data streams over them. At the
RX, we can use Nr antenna elements to form Nr beams, and also point them at different IOs. If all
the beams can be kept orthogonal to each other, there is no interference between the data streams;
in other words, we have established parallel channels. The IOs (in combination with the beams
pointing in their direction) play the same role as wires in the transmission of multiple data streams
on multiple wires.
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Propagation channel

Figure 20.9 Transmission of different data streams via different interacting objects.

From this description, we can also immediately derive some important principles: the number of
possible data streams is limited by min(Nt, Nr, Ns), where Ns is the number of (significant) IOs.
We have already seen above that the number of data streams cannot be larger than the number of
transmit antenna elements, and that we need a sufficient number of receive antenna elements (at
least as many as data streams) to form the receive beams and, thus, be able to separate the data
streams. But it is also very important to notice that the number of IOs poses an upper limit: if two
data streams are transmitted to the same IO, then the RX has no possibility of sorting them out by
forming different beams.

The above intuitive pictures are somewhat simplified. A more exact mathematical treatment
follows in subsequent sections.

20.2.3 System Model

Before going into further details, let us first establish the generic system that will be considered for
capacity computations. Figure 20.10 exhibits a block diagram. At the TX, the data stream enters an
encoder, whose outputs are forwarded to Nt transmit antennas. From the antennas, the signal is sent
through the wireless propagation channel, which is assumed to be quasi-static and frequency-flat
if not stated otherwise. By quasi-static we mean that the coherence time of the channel is so long
that “a large number” of bits can be transmitted within this time.

We denote the Nr × Nt matrix of the channel as

H =

⎛
⎜⎜⎜⎝

h11 h12 · · · h1Nt

h21 h22 · · · h2Nt

...
... · · · ...

hNr1 hNr2 · · · hNrNt

⎞
⎟⎟⎟⎠ (20.28)

whose entries hij are complex channel gains (transfer functions) from the j th transmit to the ith
receive antenna.

The received signal vector
r = Hs + n = x + n (20.29)

contains the signals received by Nr antenna elements, where s is the transmit signal vector and n
is the noise vector.
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Figure 20.10 Block diagram of a multiple-input multiple-output system.

20.2.4 Channel State Information

Algorithms for MIMO transmission can be categorized by the amount of CSI that they require. We
distinguish the following cases:

1. Full CSI at the TX (CSIT) and full CSI at the RX (CSIR): in this ideal case, both the TX and the
RX have full and perfect knowledge of the channel. This case obviously results in the highest
possible capacity. However, it is difficult to obtain the full CSIT (as we have discussed in
Section 20.1.6).

2. Average CSIT and full CSIR: in this case, the RX has full information of the instantaneous
channel state, but the TX knows only the average CSI – e.g., the correlation matrix of H or the
angular power spectrum. As we have discussed in Section 20.1.6, this is easier to achieve and
does not require reciprocity or fast feedback; however, it does require calibration (to eliminate
the nonreciprocity of transmit and receive chains) or slow feedback.

3. No CSIT and full CSIR: this is the case that can be achieved most easily, without any feedback
or calibration. The TX simply does not use any CSI, while the RX learns the instantaneous
channel state from a training sequence or using blind estimation.

4. Noisy CSI : when we assume “full CSI” at the RX, this implies that the RX has learned the
channel state perfectly. However, any received training sequence will be affected by additive
noise as well as quantization noise. It is thus more realistic to assume a “mismatched RX,”
where the RX processes the signal based on the observed channel Hobs, while in reality the
signals pass through channel Htrue

Htrue = Hobs + � (20.30)

Some papers have taken this into account by ad hoc modification of noise variance (replacing
σ 2

n by σ 2
n + σ 2

e , where σ 2
e is the variance of the entries of �).

5. No CSIT and no CSIR: it is remarkable that channel capacity is also high when neither the
TX nor the RX have CSI. We can, e.g., use a generalization of differential modulation. For
high SNR, capacity no longer increases linearly with m = min(Nt, Nr), but rather increases as
m̃(1 − m̃/Tcoh), where m̃ = min(Nt, Nr�Tcoh/2�), and Tcoh is the coherence time of the channel
in units of symbol duration.
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20.2.5 Capacity in Nonfading Channels

The first key step in understanding MIMO systems is the derivation of the capacity equation for
MIMO systems in nonfading channels, often known as “Foschini’s equation” [Foschini and Gans
1998]. Let us start with the capacity equation for “normal” (single-antenna) Additive White Gaussian
Noise (AWGN) channels. As Shannon showed, the information-theoretic (ergodic) capacity of such
a channel is (see also Chapter 14)

Cshannon = log2

(
1 + γ · |H |2) (20.31)

where γ is the SNR at the RX, and H is the normalized transfer function from the TX to the
RX (as we are for now dealing with the frequency-flat case, the transfer function is just a scalar
number). The key statement of this equation is that capacity increases only logarithmically with
the SNR, so that boosting the transmit power is a highly ineffective way of increasing capacity.

Consider now the MIMO case, where the channel is represented by matrix Eq. (20.28). Let us
then consider a singular value decomposition11 of the channel:

H = W�U† (20.32)

where � is a diagonal matrix containing singular values, and W and U† are unitary matrices
composed of the left and right singular vectors, respectively. The received signal is then

r = Hs + n (20.33)

= W�U†s + n (20.34)

Then, multiplication of the transmit data vector by matrix U and the received signal vector by W†

diagonalizes the channel:

W†r = W†W�U†Ũs + W†n

r̃ = �̃s + ñ (20.35)

Note that – because U and W are unitary matrices – ñ has the same statistical properties as n – i.e.,
it is independent identically distributed (iid) white Gaussian noise. The capacity of the system
Eq. (20.35) is the same as that of system Eq. (20.29). Now, computation of the capacity of
Eq. (20.35) is rather straightforward. The matrix � is a diagonal matrix with RH nonzero entries
σk , where RH is the rank of H (and thus defined as the number of nonzero singular values), and
σk is the kth singular value of H. We have therefore RH parallel channels (eigenmodes of the
channel), and it is clear that the capacity of parallel channels just adds up.

The capacity of channel H is thus given by the sum of the capacities of the eigenmodes of
the channel:

C =
RH∑
k=1

log2

[
1 + Pk

σ 2
n

σ 2
k

]
(20.36)

where σ 2
n is noise variance, and Pk is the power allocated to the kth eigenmode; we assume that∑

Pk = P is independent of the number of antennas. This capacity expression can be shown to

11 Singular value decomposition is similar to eigenvalue decomposition, but exists also for rectangular matrices
(more rows than columns, or vice versa). It decomposes any matrix into a product of three matrices: a unitary
matrix corresponding to the row space, a diagonal matrix describing the strength of different eigenmodes, and a
unitary matrix describing the column space.
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be equivalent to

C = log2

[
det

(
INr + γ

Nt
HRssH†

)]
(20.37)

where INr is the Nr × Nr identity matrix, γ is the mean SNR per RX branch, and Rss is the
correlation matrix of the transmit data (if data at the different antenna elements are uncorrelated,
it is a diagonal matrix with entries that describe the power distribution among antennas).12 The
distribution of power among the different eigenmodes (or antennas) depends on the amount of
CSIT; we also assume for the moment that the RX has perfect CSI. The equations above confirm
our intuitive picture that capacity increases linearly with min(Nt, Nr, Ns), as the number of nonzero
singular values RH is upper-limited by min(Nt, Nr, Ns).

No Channel State Information at the Transmitter and Full CSI at the Receiver

When the RX knows the channel perfectly, but no CSI is available at the TX, it is optimum to
assign equal transmit power to all TX antennas, Pk = P/Nt, and use uncorrelated data streams.
Capacity thus takes on the form:

C = log2

[
det

(
INr + γ

Nt
HH†

)]
(20.38)

It is worth noting that (for sufficiently large Ns) the capacity of a MIMO system increases linearly
with min(Nt, Nr), irrespective of whether the channel is known at the TX or not.

Let us now look at a few special cases. To make the discussion easier, we assume that Nt =
Nr = N :

1. All transfer functions are identical – i.e., h1,1 = h1,2 = . . . = hN,N . This case occurs when all
antenna elements are spaced very closely together, and all waves are coming from similar
directions. In such a case, the rank of the channel matrix is unity. Then, capacity is

CMIMO = log2(1 + Nγ ) (20.39)

We see that in this case the SNR is increased by a factor of N compared with the single antenna
case, due to beamforming gain at the RX. However, this only leads to a logarithmic increase in
capacity with the number of antennas.

2. All transfer functions are different such that the channel matrix is full rank, and has N eigenvalues
of equal magnitude. This case can occur when the antenna elements are spaced far apart and
are arranged in a special way. In this case, capacity is

CMIMO = N log2(1 + γ ) (20.40)

and, thus, increases linearly with the number of antenna elements.
3. Parallel transmission channels – e.g., parallel cables. In this case, capacity also increases linearly

with the number of antenna elements. However, the SNR per channel decreases with N , so that
total capacity is

CMIMO = N log2

(
1 + γ

N

)
(20.41)

Figure 20.11 shows capacity as a function of N for different values of SNR.

12 Note that the H and R must be normalized to ensure that γ is the mean SNR.
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Figure 20.11 Capacity of multiple-input-multiple-output systems in additive white Gaussian noise channels.

Full Channel State Information at the Transmitter and Full CSI at the Receiver

Let us next consider the case where both the RX and TX know the channel perfectly. In such a
case, it can be more advantageous to distribute power not uniformly between the different transmit
antennas (or eigenmodes) but rather assign it based on the channel state. In other words, we
are faced with the problem of optimally allocating power to several parallel channels, each of
which has a different SNR. This is the same problem that we considered in Section 19.7.2, and
therefore the answer is the same: waterfilling . This is another nice example of how the same
mathematics can be applied to different communications problems: replace the word “subchannel”
or “subcarrier in an Orthogonal Frequency Division Multiplexing (OFDM) system” by “eigenmode
in a MIMO system,” and we can apply the whole discussion of Section 19.7.2 to MIMO systems
with CSIT.

20.2.6 Capacity in Flat-Fading Channels

General Concepts

In the previous section, we considered capacity for one given channel realization – i.e., for one
channel matrix H. In wireless systems, we are, however, faced with channel fading. In this
case, entries in channel matrix Eq. (20.28) are random variables. If the channel is Rayleigh
fading, and fading is independent at different antenna elements, the hij are iid zero-mean, cir-
cularly symmetric complex Gaussian random variables with unit variance – i.e., the real and
imaginary part each has variance 1/2. This is the case we will consider for now, unless stated
otherwise. Consequently, the power carried by each hij is chi-square-distributed with 2 degrees
of freedom. This is the simplest possible channel model; it requires the existence of “heavy
multipath” – i.e., many MPCs of approximately equal strength (see Chapter 5) as well as a sufficient
distance between the antenna elements. Since fading is independent, there is a high probabil-
ity that the channel matrix is full rank and the eigenvalues are fairly similar to each other;
consequently, capacity increases linearly with the number of antenna elements. Thus, the exis-
tence of heavy multipath, which is usually considered a drawback, becomes a major advantage in
MIMO systems.

Because the entries of the channel matrix are random variables, we also have to rethink the
concept of information-theoretic capacity. As a matter of fact, two different definitions of capacity
exist for MIMO systems:
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• Ergodic (Shannon) capacity : this is the expected value of the capacity, taken over all realizations
of the channel. This quantity assumes an infinitely long code that extends over all the different
channel realizations.

• Outage capacity : this is the minimum transmission rate that is achieved over a certain fraction
of the time – e.g., 90% or 95%. We assume that data are encoded with a near-Shannon-limit-
achieving code that extends over a period that is much shorter than the channel coherence time.
Thus, each channel realization can be associated with a (Shannon) capacity value. Capacity thus
becomes a random variable (rv) with an associated cumulative distribution function (cdf); see
also the discussion in Section 14.9.1.

No Channel State Information at the Transmitter and Perfect CSI at the Receiver

Now, what is the capacity that we can achieve in a fading channel without CSI? Figure 20.12
shows the result for some interesting systems at a 21-dB SNR. The (1, 1) curve describes a Single
Input Single Output (SISO) system. We find that the median capacity is on the order of 6 bit/s/Hz,
but the 5% outage capacity is considerably lower (on the order of 3 bit/s/Hz). When using a (1, 8)
system – i.e., 1 transmit antenna and 8 receive antennas – the mean capacity does not increase that
significantly – from 6 to 10 bit/s/Hz. However, the 5% outage capacity increases significantly from
3 to 9 bit/s/Hz. The reason for this is the much higher resistance to fading that such a diversity
system has. However, when going to a (8, 8) system – i.e., a system with 8 transmit and 8 receive
antennas – both capacities increase dramatically: the mean capacity is on the order of 46 bit/s/Hz,
and the 5% outage probability is more than 40 bit/s/Hz.

The exact expression for the ergodic capacity was derived in [Telatar 1999] as

E{C} =
∫ ∞

0
log2

[
1 + γ

Nt
λ

]m−1∑
k=0

k!

(k + n − m)!

[
Ln−m

k (λ)
]2

λn−m exp(−λ) dλ (20.42)
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Figure 20.12 Cumulative distribution function of capacity for 1 × 1, 1 × 8, and the 8 × 8 optimum scheme.
Reproduced with permission from Foschini and Gans [1998] © Kluwer.
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where m = min(Nt, Nr) and n = max(Nt, Nr) and Ln−m
k (λ) are associated Laguerre polynomi-

als. Exact analytical expressions for the cdfs of capacity are rather complicated; therefore, two
approximations are in widespread use:

• Capacity can be well approximated by a Gaussian distribution, such that only the mean – i.e.,
the ergodic capacity given above – and variance need to be computed.

• From physical considerations, the following upper and lower bounds for capacity distribution
have been derived in [Foschini and Gans 1998] for the case Nt ≥ Nr:

Nt∑
k=Nt –Nr+1

log2

[
1 + γ

Nt
χ2

2k

]
< C <

Nt∑
k=1

log2

[
1 + γ

Nt
χ2

2Nr

]
(20.43)

where χ2
2k is a chi-square-distributed random variable with 2k degrees of freedom.13 These two

bounds have very clear physical interpretations. The lower bound corresponds to capacity that
can be achieved with a Bell labs LAyered Space Time (BLAST) system; this system and its
operating principle are described below. The upper bound corresponds to an idealized situation
where there is a separate array of receive antennas for each transmit antenna; it receives the
signal in such a way that there is no interference from other transmit streams. As can be seen
from Figure 20.13, the lower bound is fairly tight, while the upper bound can become rather
loose especially for large number of antennas.
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Figure 20.13 Exact capacity, upper bound, and lower bound of a multiple-input-multiple-output system in an
independent identically distributed channel at a 21-dB signal-to-noise ratio, with Nr = Nt = N equal to 4 and 8.
Reproduced with permission from Molisch and Tufvesson [2005] © Hindawi.

Perfect Channel State Information at the Transmitter and Receiver

The capacity gain by waterfilling (compared with equal-power distribution) is rather small when
the number of transmit and receive antennas is identical. This is especially true in the limit of large
SNRs: when there is a lot of water available, the height of “concrete blocks” in the vessel has little
influence on the total amount that ends up in the vessels. When Nt is larger than Nr, the benefits
of waterfilling become more pronounced (see Figure 20.14). We can interpret this the following
way: if the TX has no channel knowledge, then there is little point in having more transmit than
receive antennas – the number of data streams is limited by the number of receive antennas. Of
course, we can transmit the same data stream from multiple transmit antennas, but this does not

13 Equation 20.43 is a slight abuse of notation, indicating as it does that the cdf of the capacity is bounded by the
cdfs of the random variables given by the equations on the left and right sides.
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Figure 20.14 Capacity with and without channel state information at the transmitter with Nt = 8 antennas and a
signal-to-noise ratio of 5 dB.
Reproduced with permission from Molisch and Tufvesson [2005] © Hindawi.

increase the SNR for that stream at the RX; without channel knowledge at the TX, the streams add
up incoherently at the RX.

On the other hand, if the TX has full channel knowledge, it can perform beamforming, and direct
the energy better toward the receive array. Thus, increasing the number of TX antennas improves the
SNR, and (logarithmically) capacity. Thus, having a larger TX array improves capacity. However,
this also increases the demand for channel estimation.

20.2.7 Impact of the Channel

Up to now, we have discussed the capacity of a channel with flat-fading and iid zero-mean complex
Gaussian coefficients. Channels occurring in practice are more complicated, and deviations of the
channel from idealized assumptions can have a significant impact on capacity. In the following, we
describe some of the more important effects.

Channel Correlation

Correlation of the signals at different antenna elements can significantly reduce the capacity of a
MIMO system. This can be shown the following way: the capacity is determined by the distribution
of the singular values of the channel matrix. For a given SNR, maximum capacity is achieved
when the channel transfer matrix has full rank and the singular values of H are equally strong. If
the coefficients of the channel matrix are iid Rayleigh fading, then this situation is approximately
fulfilled (though the ordered eigenvalues still have different values). But if the fading of the channel
coefficients is correlated, then the singular value spread – i.e., the difference between the largest
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and the smallest singular values – becomes much bigger. This, in turn, leads to a reduction in
system capacity because some of the “parallel channels” of Eq. (20.36) have extremely low SNRs.

Correlation is influenced by the angular spectrum of the channel as well as the arrangement and
spacing of antenna elements (see Chapter 13). For antennas that are spaced half a wavelength apart,
a uniform angular power spectrum leads approximately to a decorrelation of incident signals. A
smaller angular spread of the channel leads to an increase in correlation. Since we are now looking
at a MIMO system, we have to consider correlation both at the TX and at the RX. A popular model
(the so-called Kronecker model) assumes that correlation at the TX is independent of correlation
at the RX (see Section 7.4.7).14 Realization of the channel matrix can then be obtained as

Hkron = 1

E{tr(HH†)}R1/2
RX GGR1/2

TX (20.44)

where GG is a matrix with iid complex Gaussian entries with unit variance.
Analytical computation of capacity is much more complicated in the case of correlated channels.

It is easier to obtain simulation results by generating realizations of the channel matrix from
Eq. (20.44), and then inserting them into Eq. (20.38) or Eq. (20.37).

Figure 20.15 shows the ergodic capacity of a 4 × 4 MIMO system with uniform linear arrays
at the TX and RX as a function of angular spread at one link end.15 We see that a small angular
spread leads to a drastic reduction in capacity.

Frequency-Selective Channels

The previous sections assumed frequency-flat channels. Fortunately, generalization to the frequency-
selective case is straightforward. As Shannon has shown, the use of an OFDM-like scheme is
optimum for dealing with the frequency-selective channel, converting it into a number of paral-
lel flat-fading channels. Thus, capacity per unit bandwidth is a straightforward generalization of
Eq. (20.37)

C = 1

B

∫
B

log2

[
det

(
INr + γ

Nt
H(f )Rss(f )H(f )†

)]
df (20.45)

where B is the bandwidth of the considered system.
This equation also implies that frequency selectivity offers additional diversity that increases the

slope of the capacity cdf. If one of the frequency subchannels shows poor capacity, there is a good
chance that another subchannel has high quality. Figure 20.16 shows an example of a measured
capacity cdf in a microcellular environment. We see that the capacity cdf becomes steeper as the
bandwidth increases.

Line-of-Sight Versus Non-Line-of-Sight

In some situations, there is an LOS connection between the TX and RX, resulting in different
fading statistics. As we saw in Chapter 5, the fading statistics of an SISO link becomes Ricean
instead of Rayleigh. For a MIMO system, the channel matrix can be written as

H =
√

KLOS

KLOS + 1
ĤLOS +

√
1

KLOS + 1
Ĥres (20.46)

14 For a discussion of this assumption, and a more general model, see Weichselberger et al. [2006]
15 Note that this figure is based on the idealized assumption that there is no mutual coupling between antenna
elements; investigations have shown that mutual coupling influences capacity by introducing pattern diversity as
well as changing the average power received in different antenna elements.
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where KLOS is the ratio of powers in the LOS to those in residual components, ĤLOS is a
purely deterministic matrix, and Ĥres has (uncorrelated or correlated) zero-mean Gaussian entries.16

If the distance between the TX and RX is large – i.e., larger than the Rayleigh distance (see
Chapter 4) – the LOS gives rise to a matrix ĤLOS that has rank 1 (a single wave can only be
associated with one singular value of the channel matrix!). This in turn implies that the singular
value spread of matrix Eq. (20.46) is much larger than for a Non Line Of Sight (NLOS) matrix.
Consequently, the capacity of a LOS channel is lower than for an NLOS channel when assuming
equal SNR. One should however note that the SNR is often better in the LOS case compared with
the NLOS case. For a power-limited scenario with realistic channels, the LOS case often gives the
highest capacity, despite the imbalance between singular values.

It is also noteworthy that a strong LOS component leads to a larger spread of eigenvalues if the
LOS component is a plane wave. A spherical wave leads to a transfer function matrix that can
have full rank if antenna elements are spaced appropriately. The curvature of waves is noticeable
up to one Rayleigh distance – i.e., typically a few meters.

Example 20.4 Capacity in a channel with LOS. The transmit and receive arrays are uniform
linear arrays with element spacing λ between the elements and Nr = Nt = 8. The arrays are
perpendicular to the LOS connection. The DOA of the NLOS components is uniformly distributed
between 0 and 2π . Estimate the mean capacity if the TX does not have CSI for an SNR of 20 dB,
and KLOS = 0 and 20 dB.

As a first step, we have to determine the channel matrix. Since the transmit and receive arrays
are linear arrays that are oriented perpendicular to the LOS, we find that ĤLOS is the all-l’s
matrix if transmit and receive arrays are sufficiently far apart from each other. Furthermore,
Ĥres has unit energy, iid complex Gaussian entries because the angular spectrum is uniformly
distributed and the antenna elements are more than λ/2 apart from each other. From Eq. (20.38),
capacity is then:

C = log2

[
det

(
INr + γ

Nt
HH†

)]
(20.47)

= log2

[
det

(
INr + γ

Nt

[
KLOS

KLOS + 1
ĤLOSĤ†

LOS

+
√

KLOS

KLOS + 1

(
ĤresĤ

†
LOS + ĤLOSĤ†

res

)
+ 1

KLOS + 1
ĤresĤ†

res

])]
(20.48)

Using Jensen’s inequality, the expected value of the capacity can be approximated as

E{C} 
 log2

[
det

(
INr + γ

Nt

[
KLOS

KLOS + 1
E{ĤLOSĤ†

LOS} (20.49)

+
√

KLOS

KLOS + 1
E{ĤresĤ

†
LOS + ĤLOSĤ†

res} + 1

KLOS + 1
E{ĤresĤ†

res}
])]

(20.50)

= log2

[
det

(
INr + γ

Nt

[
KLOSNt

KLOS + 1
1 + 1

KLOS + 1
E{ĤresĤ†

res}
])]

(20.51)

= log2

[
det

([
1 + γ

KLOS + 1

]
INr +

[
γ

KLOS

KLOS + 1
1
])]

(20.52)

16 Both ĤLOS and Ĥres are normalized to E{|Ĥ|2F } = NtNr, where |Ĥ|F is the Frobenius norm of Ĥ.
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where 1 is an Nr × Nr matrix where each entry is 1; such a matrix has only a single nonzero
eigenvalue, whose magnitude is Nr. Equation (20.52) can be further approximated as

E{C} 
 Nr log2

[
1 + γ

KLOS + 1

]
+ log2

[
1 + γKLOSNr

KLOS + 1

]
(20.53)

Using Eq. (20.53), we find that capacity for KLOS = 0 and 20 dB is 54 and 17 bit/s/Hz, respec-
tively. Note that the above is a rather crude approximation, but it gives correct trends. Monte
Carlo simulations give 40 and 15 bit/s/Hz, respectively.17

Limited Number of Interacting Objects

In the intuitive picture of Section 20.2.1, we have already seen that a certain number of IOs are
required to act as relays for data streams. Relating this to the mathematics of the previous section,
we note that a certain number of IOs are needed in order to guarantee that the channel coefficients
in matrix H are independent. While the number of existing IOs is always large, the number of
significant IOs might be limited in practice. After all, IOs that are too weak to provide appreciable
SNR (and thus capacity) are not useful in carrying data streams.

Figure 20.17 shows some measurement results for capacity as a function of the number of
antenna elements. Measurements were taken in a microcellular scenario where the number of IOs
was rather small. We find that capacity, especially for the LOS scenario, does not increase linearly
with the number of antenna elements N when N exceeds 4. This is a clear sign that the number
of IOs limits the achievable capacity.
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Figure 20.17 Ten percent outage capacity as a function of the number of antenna elements at the transmitter and
RX in measured line-of-sight and non-line-of-sight scenarios.
Reproduced with permission from Molisch et al. [2002] © IEEE.

Keyhole Channels

There are some special cases where capacity is low even though the signals at antenna elements are
uncorrelated. These cases are often referred to as keyholes or pinholes . An example of a keyhole
scenario is a rich scattering environment at both the TX and RX ends; between them there is only

17 Note that the step from Eq. (20.52) to (20.53) involves approximations that are not detailed further here. It leads
to a result that is somewhat similar to the result of [Ayadi et al. 2002]
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one propagation path with just one degree of freedom. Such a scenario can occur when the TX and
RX are surrounded by IOs, and the two IO groups are separated by a long stretch of empty space
(greenfield). Another scenario is the case when IO areas are connected by a single-mode waveguide
or by a diffraction edge. In all these cases, the total transfer function is proportional to

H = R1/2
RX GG,1R1/2

RX−TXGG,2R1/2
TX (20.54)

where GG,1 and GG,2 are both iid complex Gaussian matrices, and where RRX−TX describes the
correlation of the channel matrix between the TX and RX environments; in a keyhole channel,
this is a low-rank matrix. It can also be seen from this description that the statistics of the entries
are no longer Gaussian – this explains why it can be possible to have low correlation and low
capacity at the same time. It should, however, be noted that keyhole channels occur very seldom
in practice. While Almers et al. [2003] measured one in a controlled environment, it seems to be
a rare occurrence in “normal” environments.

20.2.8 Layered Space–Time Structure

Up to now, we have only discussed the information-theoretic limits of MIMO systems. The big
question is how to realize these capacities in practice. One possibility is joint encoding of the
data streams that are to be transmitted from different antenna elements, combined with maximum-
likelihood detection. When this technique is combined with (almost) capacity-achieving codes, it
can closely approximate the capacity of a MIMO system. For a small number of antenna elements
and for a small modulation alphabet (BPSK or Quadrature-Phase Shift Keying (QPSK)), such a
scheme can actually be gainfully employed. However, for most practical cases, the complexity
of a joint MLSE is rather high. For this reason, so-called layered space–time structures have
been proposed, which allow us to break up the demodulation process into several separate pieces,
each of which has lower complexity. These structures are also widely known under the name of
BLAST architectures .

Horizontal BLAST

H-BLAST is the simplest possible layered space–time structure.18 The TX first demultiplexes the
data stream into Nt parallel streams, each of which is encoded separately . Each encoded data
stream is then transmitted from a different transmit antenna. The channel mixes up the different
data streams; the RX separates them out by successive nulling and interference subtraction. In other
words, the RX proceeds in the following steps (Figure 20.18):

• It considers the first data stream as the useful one, and regards the other data streams as interfer-
ence. It can then use optimum combining for suppression of interfering streams (see Chapter 13).
The RX has Nr ≥ Nt antenna elements available. If Nr = Nt, it can suppress all Nt − 1 interfer-
ing data streams and receive the desired data stream with diversity order 1. If the RX has more
antennas, it can receive the first data stream with better quality. But in any case, interference
from the other streams can be eliminated.

• The desired stream can now be demodulated and decoded. Outputs from that process are firm
decisions on the bits of stream 1. Note that since we have separate encoding of different data
streams, we only need knowledge of the first stream to complete the decoding process.

18 This scheme was originally called V-BLAST (for Vertical BLAST) but the name was changed later by Foschini
et al. [2003].



Multiantenna Systems 479

Data
source

S/P
conversion

Stream 1

Stream 2

Stream 3

Coder/
modulator

Coder/
modulator

Coder/
modulator

Signal 1

Signal 2

Signal 3

CHANNEL
MMSE
Combin
ing

Signal 1

Signal 2

Stream 1Demodualtion /
decoding

Remodualtion /
recoding

Demodualtion /
decoding

Stream 2

Signal 3 Stream 3

Remodualtion /
recoding

MMSE
Combin
ing

Demodulation /
decoding

MMSE
Combin
ing

Figure 20.18 Block diagram of a horizontal BLAST transceiver.

• The bits that have thus been decoded are now re-encoded, and remodulated. Multiplying this
symbol stream by the transfer function of the channel, we obtain the contribution that stream 1
has made to the total received signal at the different antenna elements.

• We subtract these contributions from the signals at the different antenna elements.
• Now we consider the “cleaned-up” signal and try to detect the second data stream. We again

have Nr received signals, but only Nt − 2 interferers. Using optimum combining again, we can
now receive the desired data stream with diversity order 2.

• The next step is again decoding, recoding, and remodulating the considered data stream (stream
2 now), and subtraction of the associated signal from the total signal at the receive antenna
elements obtained in the previous step. This cleans up the received signal even more.

• The process is repeated until the last data stream is decoded.

This scheme is actually very similar to multiuser detection (Section 18.4): if different transmit
streams were to come from different users, then H-BLAST would be normal serial interference
cancellation. Note also that the encoding scheme does not require “cooperation” between different
antenna elements (or users). Similar to serial interference cancellation, H-BLAST also faces the
problem of error propagation, especially since the first decoded data stream has the worst quality.
In other words: if data stream 1 is decoded incorrectly, then we subtract the “wrong” signal from
the remaining signals at the antenna elements. Thus, instead of “cleaning up” the receive signal,
we introduce even more interference. This in turn increases the likelihood that the second data
stream is decoded incorrectly, and so on. In order to mitigate this problem, stream ordering should
be used: the RX should first decode the stream that has the best SINR, then the one with the next
best, and so on.

Diagonal BLAST

The main problem with H-BLAST is that it does not provide diversity. The first stream, which has
diversity order 1, dominates the performance at high SNRs. A better performance can be achieved
with the so-called D-BLAST scheme. In this approach, streams are cycled through the different
transmit antennas, such that each stream sees all possible antenna elements. In other words, each
single transmit stream is subdivided into a number of subblocks. The first subblock of stream 1 is
transmitted from antenna 1, the next subblock from antenna 2, and so on (compare Figure 20.19).

Decoding can be done stream by stream; again, each decoded block can be subtracted from
signals at the other antenna elements and, thus, enhances the quality of the residual signal.

The difference from H-BLAST is that each stream is sometimes in a “good” position in the sense
that the other streams have already been subtracted, and thus the SINR is very high, while sometimes
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Figure 20.19 Assignment of bitstreams to different antennas for horizontal BLAST and diversity BLAST.

it is in a bad position, in the sense that it suffers full interference. Thus, each stream experiences
full diversity. More precisely, each data stream alternatingly sees a channel with diversity order 1
(whose SNR has a pdf that is a chi-square distribution with 2 degrees of freedom χ2

2 ), diversity
order 2 (chi-square with 4 degrees of freedom, χ2

4 ), and so on. Therefore, total capacity in the case
when Nt = Nr:

CD-BLAST =
Nt∑

k=1

log2

[
1 + γ̄

Nt
χ2

2k

]
< C (20.55)

This actually achieves the lower capacity bound of Eq. (20.43) [Ariyavisitakul 2000].

Structures for Channel State Information at the Transmitter

When full CSI is available at the TX, transceiver schemes become much simpler, at least conceptu-
ally. By multiplying transmitted and received signal vectors by the right and left singular vectors of
the channel matrix, respectively, diagonalization of the channel is achieved. Therefore, the different
data streams do not interfere with each other; rather, we just have a number of parallel channels,
each of which can be separately encoded and decoded. The difficulties lie instead in the practical
aspects of obtaining and using CSIT (as discussed in Section 20.1.6).

20.2.9 Diversity

Multiple antennas can also be used to provide pure diversity. Again, we have to distinguish between
systems that have CSIT and systems that do not. The former can achieve beamforming gain in
addition to diversity gain, while the latter is restricted to achieving better resistance to fading.

Diversity with Channel State Information at the Transmitter

Having the CSIT leads to a conceptually simple transceiver structure in the diversity case, just as
it did for spatial multiplexing. The transmit vector consists of weighted replica of a single data
symbol, s = uc. Consider again the singular value decomposition of the channel matrix, Eq. (20.34).
We then find that the received signal is

r = W�U†uc + n (20.56)

The RX performs a linear combination (summation) of the signals at the different antenna
elements, such that the output of the combiner is c̃ = wr. Choosing w = (W)1, and u = (U)1 maxi-
mizes the SNR at the RX, where (W)1 is the left singular vector corresponding to the largest singular
value (and similarly for U). In other words, we choose the transmit and receive weights according
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to the singular value decomposition of the channel. The SNR that can be achieved this way is

γ = P

σ 2
n

σ̃ 2
max (20.57)

where σ̃max is the largest singular value of matrix H. For the case when we have only one
transmit antenna, the scheme reduces to maximum-ratio combining; for the case of a single receive
antenna, it becomes maximum-ratio transmission. Figure 20.20 shows the cdf of the SNR that
can be achieved this way. We can see that the slope of the largest eigenvalue is identical to the
slope of the sum of the eigenvalue. In a 4 × 4 MIMO system, the diversity order is 16, and SNR
distribution is almost a step function – in other words, the required fading margin is very small.
We also find that there is an enhancement of the average SNR, but it is smaller than NrNt = 16
(12 dB) (see also Section 20.2.10).
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Figure 20.20 Cumulative distribution function of the signal-to-noise ratio in 2 × 2 (left) and 4 × 4 (right)
multiple-input-multiple-output diversity with independent identically distributed Rayleigh fading at all antenna
elements.
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Example 20.5 Consider a 2 × 2 MIMO system with a 10-dB average SNR at each of the
antenna elements. What is the probability that the SNR is smaller than 7 dB?

As shown in Andersen [2000], the pdf for the largest eigenvalue of matrix HH† in a 2 × 2
system is

pdfλmax(λ) = exp(−λ)[λ2 − 2λ + 2] − 2 exp(−2λ) (20.58)

and the cdf is

cdfλmax(x) = 1 − exp(−x)(x2 + 2) + exp(−2x) (20.59)

Here λ describes the normalized SNR. We now want to identify the probability that the largest
eigenvalue is 3 dB below the mean value of HH†; i.e.,

cdfλmax(0.5) = 3 · 10−3 (20.60)

Of course, we can also ascribe capacity to a diversity system. This capacity follows immediately
from SNR statistics:

C = log2

[
1 + P

σ 2
n

max
k

(σ̃ 2
k )

]
(20.61)

Diversity Without Channel State Information at the Transmitter – Space–Time Coding

If the channel is unknown at the TX, then we try to transmit different versions of the data stream
from the different transmit antennas. In Chapter 13, we have already encountered some methods
that achieve this – especially, delay diversity. Another approach that has gained enormous attention
is space–time coding. In this approach, redundancy is introduced by sending from each transmit
antenna a differently encoded (and fully redundant) version of the same signal. There are multiple
ways in which encoding can be done. In the following, we will first describe the Alamouti code, the
most popular form of space–time block codes . Subsequently, we mention the basic principles of
space–time trellis codes . The codes we consider here work independently of the number of receive
antennas, and can thus be seen as a form of transmit diversity (see also Chapter 13).

Orthogonal Space–Time Block Codes

The idea behind Space Time Block Codes (STBCs) is to transmit data in a way that guarantees
high diversity, while allowing a simple decoding process. The most popular STBC is the Alamouti
code [Alamouti 1998]. Its idea is simple yet ingenious. Consider a flat-fading channel, where the
complex channel gain from TX antenna 1 is given by h1 and the gain from TX antenna 2 to the RX
by h2. Now, transmit the two symbols, c1 and c2, from the two transmit antennas at time instant 1:

s1 = 1√
2

(
c1

c2

)
(20.62)

At the second time instant, transmit the vector:

s2 = 1√
2

( −c∗
2

c∗
1

)
(20.63)
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The factor 1/
√

2 stems from the necessity to keep the energy constant, as we are now using two
transmit antennas. Then the received signal can be written as

r =
(

r1

r∗
2

)
= 1√

2

(
h1 h2

h∗
2 −h∗

1

)(
c1

c2

)
+ n = Hc + n (20.64)

We have thus created a “virtual” MIMO system. It is important to note that the columns of the
“virtual” channel matrix H are orthogonal. Therefore, H†H becomes a scaled identity matrix αI.
For decoding, we thus first multiply the received signal vector by H†. Then we get

r̃ = H†r = H†Hc + H†n = αc + ñ (20.65)

Since the columns of H are orthogonal, the components of ñ are still uncorrelated zero-mean
Gaussian, and have variance ασ 2

n . Therefore, decoding of data c1 and c2 becomes decoupled;
which greatly reduces the computational effort in the RX.

As far as performance is concerned, we find that α describes the “effective” channel power gain,
which is

α = |h1|2 + |h2|2
2

(20.66)

Consequently, the diversity order is 2: both h1 and h2 would have to be in a fading dip for the
effective channel gain to be low. We also see that the scheme can only increase diversity, but not
beamforming gain, since it does not have CSIT.

There have been many attempts to generalize the Alamouti code to more than two transmit
antennas. Unfortunately, it can be shown that orthogonal STBCs for more than two antennas have
a rate smaller than 1 – in other words, we cannot even achieve the rate that we could have with a
single-antenna system [Tarokh et al. 1999].

Space–Time Trellis Codes STBCs provide full diversity order, but no coding gain. Such coding
gain can be obtained from Space Time Trellis Codes (STTCs). Given Nt transmit antennas, the
STTC maps each symbol from the information source to a vector of N1 transmit symbols that are
sent from the different antenna elements. Decoding requires a vector Viterbi decoder. The error
probability – i.e., the probability of confusing one codeword C = (c1, c2, · · · , cL) of length Lc with
another codeword C̃ – is upper-bounded by

P(C → C̃) ≤
(

Re
�
i=1

λi

)−Nr
(

ES

4N0

)−ReNr

(20.67)

where Rc and λi are the rank and eigenvalues, respectively, of the error matrix:

Lc∑
i=1

(ci − c̃i )(ci − c̃i )
† (20.68)

The term (
Re
�
i=1

λi

)−Nr

(20.69)

represents the coding gain, while the term

(
ES

4N0

)−ReNr

(20.70)
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describes diversity gain. In order to achieve full diversity, the rank of the error matrix should thus
be as high as possible (rank criterion); in order to achieve high coding gain, the determinant of the
error matrix should be maximized (determinant criterion). The rank criterion and the determinant
criterion provide important guidelines on how to design STTCs.

The main drawback with STTCs is their complexity. The requirement for a vector Viterbi RX
has proved to be a major obstacle in their application in practical systems.

20.2.10 Tradeoffs between Diversity, Beamforming Gain,
and Spatial Multiplexing

MIMO systems can be used to achieve spatial multiplexing, diversity, and/or beamforming. How-
ever, it is not possible to attain all of those goals simultaneously at their full extent. First, we find
that there is a tradeoff between beamforming and diversity gain; this tradeoff also depends on the
environment in which we are operating. Consider first an LOS scenario. In this case, it is obvious
that the achievable beamforming gain is NtNr: we form beams at the TX (with gain Nt) and at the
RX (with gain Nr), and point them at each other. The gains thus multiply. On the other hand, there
is obviously no diversity gain, since there is no fading in an LOS scenario – in other words, the
slope of the SNR distribution curve does not change.

In a heavily scattering environment, the slope of SNR distribution changes drastically due to
the use of multiantenna elements. If the channel is known at the TX, we can choose our antenna
weights in such a way that it is unlikely that the receive signals are in a fading dip; furthermore,
even if this happens, it is unlikely that all the receive signals are in a fading dip. In other words,
it is easy to make sure that at least one receive signal has good quality. As discussed in Chapter
13, the diversity order is the slope of the BER versus SNR curve for very high SNRs:

ddiv = − lim
γ̄→∞

log[BER(γ )]

log(γ )
(20.71)

it can also be related to the slope of the SNR distribution at very low values of the SNR, and is thus
a measure for the likelihood that all signals are in a bad fading dip simultaneously. The maximum
diversity order in a heavily scattering environment can be shown to be NtNr. On the other hand, it
also turns out that the maximum beamforming gain in such a heavily scattering environment is upper
limited by (

√
N t + √

N r)
2. The reason is that it is not possible to form the transmit beam pattern

in such a way that MPCs overlap constructively at all receive antenna elements simultaneously .
Note the key tradeoff here between achieving full diversity order and beamforming gain.

There is also a fundamental tradeoff between spatial multiplexing and diversity. Zheng and Tse
[2003] showed that the optimum tradeoff curve between diversity order and rate r is piecewise
linear, connecting the points:

ddiv(r) = (Nt − r)(Nt − r), r = 0, . . . , min(Nt, Nr) (20.72)

This implies the maximum diversity order, NtNr, and maximum rate, min(Nt, Nr), cannot be
achieved simultaneously.

20.2.11 Feedback for MIMO

As we have discussed previously, performance of MIMO systems can be improved by CSIT. Such
channel knowledge might be obtainable from the principle of reciprocity in TDD systems, but
requires significant amount of feedback (and thus overhead) in FDD systems, see also Section 20.1.6.
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A naive approach to CSI feedback requires quantizing the entries of the transfer function matrix,
resulting in a large number of bits in the feedback message.

The problem is compounded by the fact that quantization of the channel coefficients has to be
done with a fine resolution, because the eigenstructure of a channel matrix is fairly sensitive to
changes in the coefficients. In other words, if some of the entries of the channel matrix change even
by a small amount (due to the quantization), then the eigenvectors computed from this perturbed
matrix can be quite different from the eigenvectors of the original matrix. Since the optimal beam-
forming vectors are usually along the eigenvectors of the matrix, we thus find a strong sensitivity
of beamforming vectors (and resulting SNR) to the quantization.

Example 20.6 We consider a typical example for a cellular MIMO system: let the BS have 8
antenna elements, and each MS have 2 antenna elements. The system has 5 MHz bandwidth cen-
tered at 2 GHz carrier frequency, and operates in a channel with 250 kHz coherence bandwidth.
The coherence time is 5 ms, corresponding to typical vehicular speeds. With 30 users in the cell,
what is the total overhead data rate for the feedback?

Assume that real and imaginary part are quantized with 6 bits each, and a rate 2/3 code is used
to protect the feedback information. The total number of feedback bits per second is

2 · 6 · 1

2/3
· K · Nt · Nr · B

Bcoh
· 1

Tcoh
(20.73)

= 2 · 6 · 1

2/3
· 30 · 8 · 2 · 5000

250
· 1

0.005
(20.74)

= 34.6 · 106 (20.75)

Thus, the total feedback load is tens of Mbit/s, which is clearly unacceptable. Note that we have
assumed here that the CSI from all the MSs has to be fed back, even though at a given point
in time the number of data streams is limited to 8 by the dimensionality constraint mentioned
previously; the feedback of all MSs’ CSI might be required for the purpose of scheduling as
discussed below. But even when considering only 4 active users, the overall feedback data rate
is 4.6 Mbit/s – about as much as the typical cell capacity for a 5 MHz system. This example
shows clearly that feedback reduction techniques are extremely important.

If the TX uses linear precoding (beamforming), an effective way for reducing feedback is the
use of limited feedback codebooks . In this approach the RX does not feed back the channel transfer
function matrix itself, but rather the index of a specific setting of the precoder matrix that it wants
the TX to use. Codebook sizes (i.e., number of possible precoder settings) are usually very small (8
or 16 entries, requiring 3 or 4 bits to communicate the index of the entry), and thus the savings can
be significant: instead of feeding back 12 · Nt · Nr bits in each coherence time and each coherence
bandwidth (192 bits in the example above), only 3 or 4 bits need to be transmitted – a saving of
almost two orders of magnitude.

The advantages of using codebooks are compounded if the number of spatial streams is smaller
than the number of antenna elements. The channel coefficients are the entries into a matrix, whose
size is proportional to NtNr. On the other hand, the number of codebook indices that have to be
fed back is L, i.e., the BS has to know for each spatial stream what codeword (precoder setting)
to use.

Good performance can, however, only be achieved with a good design of the entries of the
codebook. The basic idea of codebook design is to exploit the intrinsic geometry of the underlying
vector spaces. Note that the correlation structure of the channel (which in turn depends on the
antenna array and the propagation channel) influences the characteristics of the vector space.
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In the following, we consider only feedback for a single user, and assume a flat-fading channel.
A generalization to frequency-selective channels is given at the end of this section.

Feedback for Single-Data-Stream Transmission

We first discuss the situation where the BS transmits a single data stream to an MS with multiple
antenna elements. Assume we have a codebook C (set of quantized precoding vectors t with unit
norm) of size Q, so that feedback of one codebook entry takes log2 Q bits. For a given t(q), the
SNR available at the MS is

SNRq = γ ||Ht(q)||22 (20.76)

where γ is again the SNR obtained in a SISO AWGN channel of unit gain, and H is the Nr × Nt

transfer function matrix. The RX measures the transfer function matrix, and defines the best possible
precoding vector as

t̃ = arg max
t(q)∈C

SNRq (20.77)

where t̃ depends on H, even though we do not explicitly write this dependence. The MS can deter-
mine the desired t̃ for a given (measured) H, e.g., by a brute-force search over the whole codebook.

But before the codebook can be used, we first have to define what its entries are (clearly, the
codebook has to be known a priori to the TX and the RX). It is desirable to have a codebook that
minimizes – on average – the loss of SNR at the RX

ζ = EH
{
γ ||Ht(opt)||22 − γ ||H̃t||22

}
(20.78)

Now it can be shown that this loss can be upper-bounded as

ζ ≤ ζ̂ ≤ EH
{
γ ||H||22

}
EH

{
1 − max

t(q)∈C
|v∗t(q)|2

}
(20.79)

where v is the right singular vector of H corresponding to the largest singular value. Furthermore
ζ̂ can be upper-limited as

ζ̂ ≤ EH
{
γ ||H||22

}(( δ

2

)2 (
δ

2

)2(Nt−1)

Q +
[

1 −
(

δ

2

)2(Nt−1)

Q

])
(20.80)

where

δ = min
p �=q

√
1 − |[t(q)]†t(p)|2 (20.81)

i.e., the minimum over the subspace distance between t(p) and t(q). Finding the optimum codebook
thus means that we have to maximize the minimum of the subspace distances – a problem that is
related to so-called Grassmannian line packing . An example codebook for Nt = 2 and Q = 4 is
given in Table 20.2.

Note that the codebook design is not unique – a multiplication with a constant phase (for all
entries) does not change the SNR (and that multiplication is undone at the RX anyway).

The above derivation derives the codebook for iid complex Gaussian fading channels. Let us now
consider the case where the channel is correlated at TX and RX, and let us consider the Kronecker
model of Section 7.4.7.

H = R1/2
RX GGR1/2

TX , (20.82)
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Table 20.2 Codebook entries for limited feedback with Nt = 2
and Q = 4. [Love et al. 2003]

q = \ t
(q)

1 t
(q)

2

1 −0.1612 − 0.7348j −0.5135 − 0.4128j
2 −0.0787 − 0.3192j −0.2506 + 0.9106j
3 −0.2399 + 0.5985j −0.7641 − 0.0212j
4 −0.9541 0.2996

where GG is a matrix with independent identically distributed (iid) complex Gaussian entries. It
is intuitive that the transmit correlation should have a strong impact on the codebook: there is a
relationship between the correlation matrix and the angles in which the radiation is transmitted.
Clearly, there is no sense in quantizing finely in directions which are never used to transmit energy.
This statement can be put into a more quantitative form by the following precoder design recipe:
the codebook vectors t̂(q) are the codebook vectors from the uncorrelated case, scaled by the
correlation matrix

t̂(q) = R†/2
TX t(q)

||R†/2
TX t(q)||2

. (20.83)

Note, however, that this approach requires the TX and the RX to know the TX correlation matrix.
An even simpler codebook consists simply of the coefficients of a Discrete Fourier Transform

(DFT) matrix. In that case, the entries of the codebook are just beams pointing to different directions.
Clearly such a codebook works well if the angular spread of the signal is small, as often happens
at macrocellular BSs.

Feedback for Space–Time Block Codes and Spatial Multiplexing

The design of the precoding codebook becomes more complicated when the TX employs orthogonal
space–time block coding. In that case, the precoding vector t has to be replaced by a precoding
matrix T of size Nt × L̃, where L̃ is a dimension of the space–time code (e.g., 2 for an Alamouti
code). The optimization goal is still the maximization of the overall SNR at the RX (note that there
is only a single data stream, even though it is space–time coded)

SNRq = γ ||HT(q)||22 (20.84)

A bound to the SNR loss due to the quantization can be derived as

ζ = EH
{
γ ||HT(opt)||22 − γ ||HT̃||22

} ≤ EH
{
γ λ2

1(H)
}{

L̃ +
(

δ

2
√

L̃

)2NtL̃+O(Nt)

Q

[(
δ

2

)2

− L̃

]}

(20.85)

where the minimum subspace distance is now defined as the minimum chordal distance

δ = min
p �=q

1√
2
||T(p)(T(p))† − T(q)(T(q))†||F (20.86)

The codebook entries are not unique – clearly a multiplication with a unitary matrix does not change
the characteristics of T. This is similar to the case of a single data stream, where multiplication
with a constant phase does not change the optimality.
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One might now ask the question why to consider space–time block codes, in particular Alamouti
codes, in a setting where feedback is available – after all, Alamouti codes perform worse than
maximum-ratio transmission (which is approximated by the beamforming based on the feedback).
However, there are situations where CSI becomes uncertain (due to noise) or quickly outdated. In
this case, it is advantageous to supplement the partial-CSI-based beamforming with extra diversity
from the space–time coding. If average CSI is available, then the precoder should be used to
appropriately “color” the transmission signal (i.e., align with the correlation matrix information)
before transmission.

When spatial multiplexing is used in the transmission, finding the optimum precoding codebook
becomes even more difficult, because – depending on the RX type – different criteria can be used
for optimization.

Finally, we note that antenna selection at the transmitter can be interpreted as precoding with
very simple precoder settings (entries of T are 1 or 0. Consequently, feedback of the precoder
settings is also very simple.

Feedback in Frequency-Selective Channels

Consider now an OFDM system operating in a frequency-selective channel. The brute-force
approach would be to feed back the codebook entry index for each subcarrier separately. However,
this would be highly wasteful, since channels on adjacent subcarriers are correlated, and therefore
also the optimum beamformers are correlated. As an intuitive improvement is thus easy to group
the subcarriers, and just feed back one index for each group (e.g., the index for the subcarrier at
the center of the group). More sophisticated approaches use interpolation (each group might have
to be multiplied with a different phase factor; this phase factor also has to be fed back).

20.3 Multiuser MIMO
We now turn our attention to the question of how MIMO systems work in a cellular scenario
where the BS communicates with multiple users at the same time. As we see in the following, this
situation requires some new paradigms for the usage of the degrees of freedom provided by the
multiple antenna elements. As a matter of fact, many of the issues are more related to SDMA (see
Section 20.1.5 and 20.1.7) than to the single-user MIMO discussed previously in Section 20.2.

The system model we consider in the following is outlined in Figure 20.21. A single BS with
NBS antenna elements communicates with K MSs with N

(k)
MS antenna elements each. We assume

that NBS >N
(k)
MS, but that NBS <

∑
k

N
(k)
MS. This is the case normally occurring in a cellular network,

and also the one with the most interesting effects for multiuser MIMO. A typical fourth-generation

Base station

MS1

MS1

MS2
MSK

Figure 20.21 Multiuser MIMO system setup.
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cell would have NBS = 8, N
(k)
MS = 2, and K = 20. There is no requirement that all MSs are active

all the time; rather the BS can schedule the communication with specific users according to their
channel state. However, certain fairness and delay criteria must be fulfilled for the different users.

It is tempting to think of a multiuser MIMO system simply as a single-user system where the
antennas of the RX are distributed over different locations. This point of view is helpful in many
aspects but must be taken with a grain of salt, since it can lead to some erroneous conclusions
especially for the downlink case. The key differences between single-user MIMO and multiuser
MIMO are as follows:

• Cross-layer design (scheduling) is critical, and can greatly reduce the probability of a breakdown
of the overall capacity due to peculiarities of the channel state. If there are more MSs than
there are BS antennas (a typical case in a cellular setting), then a judicious scheduling algorithm
can greatly reduce the possibility that the channels to two users are (almost) linearly dependent
(which would make spatial multiplexing to them inefficient).

• CSIT has a dramatic impact on the performance of a multiuser MIMO system in the downlink.
One might wonder why the CSIT is so critical for the performance of this situation – after all, in
the single-user case, the capacity difference between systems with and without CSIT is marginal.
If the different MSs could collaborate in the reception of the signals, then indeed the capacity with
and without CSIT would hardly differ; since by assumption NBS <

∑
k

N
(k)
MS, the RX could decode

all the data streams that the BS sends out. However, in reality, the MSs cannot collaborate, and
each MS can decode at most N

(k)
MS data streams. Thus, without CSIT, the following situations

could occur: (i) the BS transmits only mink(N
(k)
MS) streams, which drastically limits the capacity

of the downlink; (ii) the BS transmits NBS data streams, but since the MSs cannot decode that
many data streams, the SINR at each MS is extremely bad, and thus the capacity is low. With
CSIT, however, the BS can “null out” undesired streams in the direction of the different MSs,
and thus transmit more data streams while still enabling a good SINR at each MS.

20.3.1 Performance Limits

In a first step, we want to explore the fundamental limits of multiuser MIMO, i.e., how many users
can be supported, and at what rate. We will not discuss in detail concepts of information theory,
but mostly restrict ourselves to intuitive results that we can draw from the analogy with single-user
MIMO and smart antennas.

Uplink

First consider the uplink: We have K MSs with N
(k)
MS antenna elements each, and a BS with

NBS antenna elements. Each of the MSs is capable of transmitting multiple data streams, or of
transmitting one data stream from multiple antenna elements. It is clear that such an arrangement
is very similar to a single-user MIMO system with

∑
k

N
(k)
MS transmit antenna elements and NBS

receive antenna elements. The only difference lies in the fact that the different MSs cannot cooperate
in transmitting their information; however, this hardly influences the capacity: consider the extreme
case that each MS has only a single antenna: then the system is identical to an H-BLAST system;
it is known that as long as the transmit rates from the different antenna elements are allowed to be
different, an H-BLAST system can achieve capacity. Thus the capacity of the uplink system grows
with NBS, the number of BS antenna elements (remember that we assume NBS <

∑
k

N
(k)
MS). The RX

at the BS can be, e.g., an H-BLAST RX that combines MMSE reception with serial interference
cancellation.
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The optimum power assignments for the different users follows from the principle of “iterative
waterfilling” [Yu et al. 2004], in which we iterate the following algorithm to convergence:

• for k = 1 to K

◦ for a given user k, compute the covariance matrix of the noise and the interference from all
other users;

◦ obtain the optimum signal correlation matrix from the waterfilling principle as described in
Section 20.2.5.

Downlink

Let us now turn to the downlink. The received signal r(k) at the k-th MS is

r(k) = H(k)s̃ + n (20.87)

Here s̃ is the signal transmitted to the users; it consists of a superposition of the data intended for all
the different users s̃ =

∑
k

s̃(k). The s̃(k) are linearly or nonlinearly encoded versions of the signal

streams intended for the different users. The RXs, i.e., the MSs, cannot cooperate for the decoding

of the datastreams. This has much more significant consequences for the practical implementation
than the inability to cooperate for the encoding: access of the decoder to all the data streams is
critical for interference suppression. Consequently, the only way to avoid interference is via a TX
precoding that eliminates interference at the RX (and which requires CSIT).

In the 1980s, a remarkable result was discovered: if interference is known at the TX, then the
desired signal can be precoded in such a way that the RX does not “see” any interference. This result
is also known as “writing on dirty paper,” and codes that achieve or approximate such interference
suppression are called “dirty paper codes” or “Costas codes.” The name derives from the principle
that if one knows the position of dirt on a paper, one can write letters in such a way that the dirt
does not hinder the reading of the letters [Peel 2003]. There are numerous ways on how such dirty
paper codes can be approximated, e.g., through Tomlinson-Harashima precoding.

When performing the encoding of multiple data streams, the order in which the streams are
encoded is very important. The encoder for the k-th MS treats the interference from data streams
for MS 1, . . . k − 1 as known (which can therefore be completely suppressed), while the interference
for users k + 1, . . . K has the same effect as noise. Consequently, the first encoded stream has a
poor SINR, while later encoded streams have good SINR. This situation is dual to the one in the
uplink (with a Successive Interface Cancellation (SIC) RX), where the first-decoded data stream has
a poor SINR, while the later-decoded streams (which are derived from the “cleaned-up” signals)
have a good SINR.

20.3.2 Scheduling

If the number of data streams for users is larger than NBS, then the BS has to determine which users
it wants to serve at a given time. The criterion for the serving might be the maximization of the
overall throughput (without regard to fairness), or it might want to ensure that each user is served
with a certain minimum data rate. Different ways of selecting users (and possibly, grouping users
together in certain timeslots) lead to different overall capacity and quality of service. Optimizing
such criteria in principle requires an exhaustive search over all scheduling assignments which
becomes infeasible if the number of users is large. It is thus popular to perform a “greedy” search,
where the first user to be selected is the one that gives, e.g., the highest overall capacity. The next



Multiantenna Systems 491

user that is selected from the remaining ones is the user that increases the capacity by the most
significant amount, and so on. Simulations indicate that such a greedy algorithm gives performance
that is quite close to the optimum scheduling.

20.3.3 Linear Precoding – Uplink

The simplest practical implementation of multiuser MIMO processing is based on linear processing
at TX and RX. The RX (the BS) has all signals available, and can thus perform optimum (linear)
processing for interference suppression. The optimum transmit and receive weights depend on each
other (changing the TX weights at the MS changes the amount of useful power and interference for
all the users at the BS), therefore an iterative determination of the optimum weights is necessary.
The details depend on the optimization criterion; in the following we consider the minimization of
the overall Mean Square Error (MSE).

The MSE can be written as

MSE = tr

{ K∑
k=1

{ K∑
j=1

(T(j))
†
(H(j))

†
W(k)(W(k))†H(j)T(j) − (T(k))

†
(H(k))

†
W(k) (20.88)

−(W(k))
†
H(k)T(k) + I + σ 2

n (W(k))
†
W(k)

}}

where (W(k))
†

is the receive matrix for the k-th user. The goal is then to minimize this MSE under
the power constraints

tr
{
(T(k))†T(k)

} ≤ P max
k (20.89)

The TX weights are functions of the receive weights of all users, while the optimum RX weights
depend on the transmit weights of all users. Thus, the RX weights and transmit weights can be
computed with the following iteration:

1. Update for all users (k = 1, . . . K)

(W(k))
† = (T(k))†(H(k))

†

⎡
⎣σ 2

n I+
K∑

j=1

H(j)T(j)(T(j))†(H(j))†

⎤
⎦

−1

(20.90)

2. Update for all users (k = 1, . . . K)

X(k)(μ′
k) =

⎡
⎣μ′

kI+
K∑

j=1

(H(k))†W(j)(W(j))
†
H(k)

⎤
⎦

−1

(H(k))†W(k) (20.91)

μk = max
[
argμ′

k

(
tr

{
X(k)(μ′

k)
(
X(k)(μ′

k)
)†
}

= P max
k

)
, 0

]
(20.92)

T(k) =
⎡
⎣μkI+

K∑
j=1

(H(k))†W(j)(W(j))
†
H(k)

⎤
⎦

−1

(H(k))†W(k) (20.93)

Typically, 10 to 20 iterations are sufficient for convergence.
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20.3.4 Linear Precoding – Downlink

Also for the downlink, the linear precoding is the method that can be implemented most easily.
In the case of beamforming (linear precoding) at the TX, the total transmit signal intended for the
k-th user is the source signal, multiplied with a beamforming matrix T(k)

s̃(k) = T(k)s(k) (20.94)

where the T(k) is the precoding matrix (beamformer) for the k-th user. The correlation matrix of the
k-th user’s signal is R(k)

s̃̃s = E{̃s(k)s̃(k)†}, and the power allocated to the k-th user is Pk = tr{R(k)
s̃̃s } =

Trace{T(k)T(k)†}, since we assume that the modulation symbols have unit energy R(k)
ss = I. Usually

the BS has a constraint on the total transmit power
∑

k

Pk ≤ Pmax.

Block Diagonalization

Consider the case where each MS has multiple antenna elements (N(k)
r ≥ 1) and the BS transmits

N
(k)
r data streams to each user. A simple solution can be achieved by imposing the dimensionality

constraint
∑

k

N(k)
r = Nt. This constraint is very much along the lines of interpreting the multiple

MSs as a “distributed array,” and the dimensionality constraint ensures that the number of data
streams does not exceed the number of RX chains that can demodulate the signal. To couch it in
the language of Section 20.1: each antenna is treated as a separate (single-antenna) user, and the
BS preprocessing makes sure that data streams arriving at the antennas are well separated. This
eases the design of the MS, which does not have to do any additional processing.

However, the constraint
∑

k

N(k)
r = Nt is actually too strict. According to this constraint, adding

receive antennas at the MS decreases the number of users that can be transmitted to at a given
point in time; this is obviously not a reasonable constraint, as additional receive antennas serve to
improve the reception quality. Rather, it is the number of data streams that intended for the MSs
that is limited, and data streams intended for different MSs have to be kept apart by appropriate
beamforming at the BS side.

Keeping the data streams of different MSs apart is achieved by a block diagonalization technique
[Spencer et al. 2004b]. Define for each user an interference channel matrix H̃(k)

H̃(k) = [(H
(1)

)T , . . . (H(k−1))T (H(k+1))T , . . . (H(K))T ]T (20.95)

Any precoding matrix T(k) that lies in the nullspace of H̃(k) leads to a situation where the data
streams intended for the other MSs do not influence the k-th MS. Consequently, there is now a
new dimensionality constraint. Let Jk be the rank of H̃(k). Then the block diagonalization can be
achieved if

Nt > max
k

(J1, J2, . . . JK) (20.96)

If the propagation channels are all full rank, this means that the number of transmit antennas must
be no smaller than the number of data streams. Define then the SVD of H̃(k)

H̃(k) = Ũ(k)
̃(k)[Ṽ(k)
fc Ṽ(k)

lc ]† (20.97)

where Ṽ(k)
fc contains the first Jk and Ṽk

lc the last Nt − Jk right singular vectors; Ṽk
lc thus forms

an orthonormal basis of the nullspace of H̃(k). We define a new “overall effective channel matrix”

Ĥ =
⎡
⎣ H(1)Ṽ(1)

lc 0 0
0 .. 0
0 0 H(K)Ṽ(K)

lc

⎤
⎦ (20.98)
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We next find the SVD of this overall effective matrix; due to the block-diagonal structure of Ĥ,
this can be done in an efficient (block-by-block) manner. For the k-th block,

Ĥ(k) = Û(k)

[

̂(k) 0

0 0

]
[V̂(k)

fc V̂(k)
lc ]† (20.99)

The total beamforming/power allocation matrix T is then

T =
[
Ṽ(1)

lc V̂(1)
fc Ṽ(2)

lc V̂(2)
fc . . . . . . Ṽ(K)

lc V̂(K)
fc

]
�1/2 (20.100)

where � is a diagonal matrix that performs waterfilling on the elements of
⎡
⎢⎢⎣


̂(1) 0

̂(2)

. . .

0 
̂(K)

⎤
⎥⎥⎦ (20.101)

Coordinated Beamforming

Note that if the RX has a linear filter, then H(j) should be replaced by the concatenation of filter
and channel matrix. Consequently, the rank of H̃(k) is influenced by all the RX filters. Let signals
at the k-th MS be multiplied with a matrix W(k)†. The overall received signal is then

r(k) = W(k)†H(k)T(k)s(k) + W(k)†H(k)
∑
l �=k

T(l)s(l) + W(k)†n (20.102)

The second term on the r.h.s. now describes the interference. Essentially, the RX processing means
the creation of an “effective” channel W(k)†H(k) for each user. Changing this effective channel
indirectly requires changes in the transmit beamforming matrix as well. The computation of the
weights T and W thus has to be done in an iterative fashion: start out with a set W(k)† (e.g., the
weights for maximum-ratio combining at the k-th MS), and compute the optimum transmit weights
according to one of the strategies described above. With the new T compute the signal statistics at
the MSs, and recompute the optimum linear weights according to a certain criterion (e.g., MMSE).
These new RX weights create a new set of effective channel, which then forms the basis for a
recomputation of T, and so on. The iteration is stopped when the weights (or the performance
measures) do not change appreciably anymore.

Figure 20.22 shows the capacity for various types of precoding. We see that with a pure channel
inversion, the capacity first increases as the number of users increases, but then starts to decrease
again as K starts to approach the number of antenna elements at the BS. This is due to the increased
probability of an ill-conditioned channel matrix. When the RX has more antennas, the difference
between channel inversion and regularized channel inversion (see below) becomes much smaller
(see Figure 20.23).

Joint Wiener Filtering

Block diagonalization can be seen as a generalization of zero-forcing. Similarly, channel regular-
ization (which aims to minimize the MSE at the RX) can be generalized to joint Wiener filtering .
The MSE (MSE) metric is, as usual, defined as

MSEk = E
[‖rk − zk‖2] (20.103)
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Figure 20.22 Multiuser MIMO capacity as function of the number of users K when each MS has only one
antennas. Nt = 10, γ = 10 dB. Different precoding methods are shown.
Reproduced from Tsoulos [2006] © CRC Press.
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Figure 20.23 Multiuser MIMO capacity as function of the number of users K when each MS has multiple
antenna; Nt = 10, γ = 10 dB. Different precoding methods are shown.
Reproduced from Tsoulos [2006] © CRC Press.

where the expectation is over the random data vectors, {sk}Kk=1, and the noise, {nk}Kk=1. The opti-
mization problem is then{

Topt
k

}K

k=1
= arg min

{Tk}K
k=1

∑
k

MSEk for k = 1, . . . , K. (20.104)

s. t. Tr

{∑
k

T†
kTk

}
≤ Pmax
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To solve this optimization problem, take an eigendecomposition V�V† of the following matrix

H†
k

⎡
⎣σ 2

n I +
∑
j �=k

HiTj T†
j H†

j

⎤
⎦Hk = [Vk Vk]

[
�k

�k

]
[Vk Vk]† (20.105)

where Vk is a square matrix of dimension rank(Hk) Then the optimum precoding matrix is

Tk = Vk

⎡
⎣ 0 0 .. 0 ξ1,k 0 0

.. .. .. .. 0 .. 0
0 .. .. 0 0 0 ξL,k

⎤
⎦ (20.106)

where L is the number of spatial streams and

ξi,k = max

[
1

μ1/2[�k]1/2
i,i

− 1

[�k]i,i
, 0

]
(20.107)

and μ is chosen to satisfy the total power constraint.
For a given transmit precoder, the optimum RX filter matrix is the Wiener filter

Wk =
⎡
⎣HkTkT†

kH†
k +

⎡
⎣σ 2

n I +
∑
j �=k

HiTj T†
j H†

j

⎤
⎦
⎤
⎦

−1

HkTk (20.108)

Joint Leakage Suppression

In joint leakage suppression, the precoding matrices are designed to maximize the ratio of the power
of the desired signal received by the k-th MS and the sum of the noise and the total interference
power (leakage) due to the transmit signal intended for the k-th user at all the other MSs (note that
this is different from the SINR at the k-th MS). The key motivation for this criterion is that it allows
an easier optimization (often in closed form) than the SINR at the RX. However, performance of
systems that maximize Signal-to-Leakage and Noise Ratio (SLNR) is slightly worse than systems
that maximize SINR. The SLNR of the k-th user is

SLNRk = E{skT†
kH†

kHkTksk}
Nrσ 2

n + E{∑i �=k

∑
j �=k skT†

kH†
i Hj Tksk}

(20.109)

which can be simplified to

SLNRk = T r{T†
kH†

kHkTk}
T r{T†

k

[
Nrσ 2

n I + H̃†
kH̃k

]
Tk}

(20.110)

The BS thus needs to find precoding matrices Tk that maximize the SLNRk subject to a transmit
power constraint T r{T†

kTk} = Pmax. Note that we assume here an absence of power control, so
that the powers for each user are fixed to a certain value – this decouples the optimization of the
different users. We then define an auxiliary matrix A as a matrix that fulfills

A†
kH†

kHkAk = �k

A†
k

[
Nrσ

2
n I + H̃†

kH̃k

]
Ak = I (20.111)

where �k is a diagonal matrix with (arbitrary) nonnegative entries, sorted in descending order. The
precoding matrix T is then the first Lk columns of A.
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For the special case that each user has only one data stream, Lk = 1, the beamforming matrix
becomes a vector, and can be obtained in a simple way: perform an eigendecomposition of the matrix

[
Nrσ

2
n I + H̃†

kH̃k

]−1
H†

kHk (20.112)

The optimum precoding vector is the eigenvector associated with the largest eigenvalue of
this matrix.

Iterative Waterfilling

If we want to maximize the sum rate over all users, the optimization problem is

{
Topt

k

}K

k=1
= arg max

{Tk}K
k=1

K∑
k=1

Rk, (20.113)

s. t. Tr

{
K∑

k=1

T†
kTk

}
≤ Pmax, for k = 1, . . . , K.

The bandwidth-normalized information rate, Rk , of MS k is given as

Rk = log

∣∣∣∣∣∣∣
INR

+
⎡
⎣σ 2

n I +
∑
j �=k

HiTj T†
j H†

j

⎤
⎦

−1

HkTkT†
kH†

k

∣∣∣∣∣∣∣
. (20.114)

There is no closed-form solution for this problem, but it can be tackled by iterative solution
techniques.

20.3.5 Closed-Loop Systems and Quantized Feedback

As discussed in Section 20.2.11, limited-feedback codebooks provide a good way of reducing the
feedback overhead for transmit beamforming. However, for multiuser MIMO, the technique is much
more difficult. First of all, the quantization of the transmit precoding vector has to be much finer
than in the single-user case. This can be explained the following way:19 in a single-user case the BS
forms a beam pattern that shows a maximum in the direction of the targeted MS. Slight deviations
from the optimum beam pattern, due to the quantization effects, do not lead to a significant loss
of SNR. In the multiuser case, in order to achieve good SINR at the MSs, we need to guarantee
low interference by signals from other users; in other words, each transmit beam pattern needs to
place nulls toward the users it should not cover. Now we know already from Section 20.1 that
nulls are much more sensitive to perturbations of the antenna weights than “main beams.” Thus,
quantization in multiuser settings must be finer.

Another complication arises from the fact that the optimum settings of the precoder depend
on the channels of all users, and the MS therefore cannot easily compute the precoding matrix
settings that it needs to optimize its performance. A feasible way out of this dilemma are projection
techniques . Here the BS first sends out a number of training signals on Q = K different beams
g(q). The k-th MS then forms the quantities

γk = max
q

|h(k)(g(q))T |2
σ 2

n +
∑
p �=q

|h(k)(g(p))T |2
(20.115)

19 Compare also the description of smart-antenna beamforming in Section 20.1
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which is simply the maximum SINR it can achieve if the BS transmits to this MS on the beam
that is optimum for it, and to all the other MSs on different beams, without any power control. The
k-th MS then just feeds back the index q with which it achieves this SINR. Of course, problems
can occur when two MSs claim the same beam for themselves. This problem can be tackled, e.g.,
by having each MS transmit not just the index for the best beam but also for the second best, so
that the BS is aware of a “fallback solution” that gives a certain MS an acceptable (though not
optimum) SINR.

In the spirit of the “random beamforming” approach described in Section 20.1.9, it can be
advantageous to change the beams onto which the projection takes place. In other words, the g(q)

can be generated randomly. Then, the probability is more evenly distributed for each MS to “see”
a channel that maximizes its SINR and thus increase its throughput.

If the BS knows the long-term CSI (correlation matrix), then it can also adjust the vectors g(q)

to reduce the probability that a beam is not aligned with any user. This is especially important if
there are few users, and they are not spatially uniformly distributed.

20.3.6 Base Station Cooperation

In a cellular system, the existence of multiple users − and thus interferers − influences the capacity,
and decreases the data rate that is possible for a single user. A first investigation into this topic
by [Catreux et al. 2001] looked at a cellular TDMA system with MMSE detection. Under these
assumptions, it was shown that the cellular capacity of a MIMO system is hardly larger than that of
a system with multiple antennas at the BS only (as described in Section 20.1). The reason for this
somewhat astonishing result is that in a cellular system with multiple antennas at the BS only, those
antennas can be used to suppress adjacent cell interference, and thus decrease the reuse distance.
For a cellular MIMO system with Nr = Nt, the degrees of freedom created by the multiple BS
antennas are all used for the separation of the multiple data streams from a single user, and none
for the suppression of interfering users. Thus, we can use neither SDMA nor SFIR for the increase
of the cellular capacity (remember that those can easily double or triple the capacity).

However it seems possible to combine MIMO with other techniques for multiple-access inter-
ference. For example, multiuser interference can be eliminated by BS cooperation. For the uplink,
cooperating BSs can be viewed as a giant MIMO system with NrNBS antenna elements at one
link end, where NBS is the number of cooperating BSs. The capacity for such a system can be
approximated by inserting the generalized channel matrix into Eq. (20.36).

For the downlink, the effect of interfering BSs can be minimized by appropriate preprocessing if
the BSs cooperate and each BS has the CSI for all MSs. Those methods are mathematically similar
to the ones applied in multiuser MIMO. One fundamental distinction of multi-BS systems arises
from the fact that the interference arriving at the undesired MSs is fundamentally asynchronous.
Assuming perfect timing synchronization among cooperative BSs, the timing-advance mechanisms
can ensure that the desired signals for an MS that are transmitted from multiple BSs reach the
MS at the same time. However, the undesired signals do not arrive synchronously anymore; this
leads to a change in the interference statistics, and requires modifications of how to compute the
precoding coefficients. Another key difference to multiuser MIMO is that we have multiple power
constraints – one for each BS; this complicates the precoder design.

Base Station Cooperation is also known in the literature as “network MIMO” or “Cooperative
Multi-Point” (CoMP). Since it can greatly enhance performance in particular at the cell edge, it is
envisioned for use in fourth-generation cellular systems.

Further Reading
An overview of smart antennas is given in the paper by Godara [1997], and the paper collections
[Rappaport 1998] and [Tsoulos 2001]. The topic of space–time processing, which forms a basis
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for smart antenna systems, involves many topics we have already discussed in previous chapters
(diversity in Chapter 13, Rake RXs in Chapter 18; an overview can be found in Paulraj and Papadias
[1997]. Smart antennas for CDMA systems are discussed in Liberti and Rappaport [1999].

For the topic of MIMO systems, the books by Paulraj et al. [2003] and Tse and Visvanath [2005]
give a good introduction, especially into the spatial-multiplexing aspects. A number of recent books
cover a wide range of MIMO-related topics, from fundamental considerations to space–time codes
and RX designs. In particular the monographs [Oestges and Clerckx 2007], [Biglieri et al. 2007] and
the edited books [Tsoulos 2006] and [Boelcskei et al. 2008] and an upcoming book by Heath [2011].
Also the review papers by Gesbert et al. [2003] and Diggavi et al. [2004] are “must-reads” for an
introduction to the topic. For understanding the basic concept of capacity in MIMO systems and
the derivations of the capacity distributions and bounds, the original papers by Foschini and Gans
[1998] and Telatar [1999] are still worth reading. Also, Andersen [2000] gives important intuitive
insights both into capacity and diversity aspects. For the case of channels that are known at the
TX, Raleigh and Cioffi [1998] is the first paper, and still very interesting to read. The possibility
for a signaling scheme that allows MIMO communications without CSI at the RX was first pointed
out by Marzetta and Hochwald [1999]. Goldsmith et al. [2003] review the information-theoretic
capacity for different assumptions about the CSI. The impact of channel correlation on the capacity
is described in Shiu et al. [2000] and Chuah et al. [2002]. In frequency-selective channels, MIMO
is most often combined with OFDM, see Stueber et al. [2004] and Jiang and Hanzo [2007]. The
book chapter [Lozano et al. 2008] debunks several common myths about MIMO capacity.

Foschini et al. [2003] is devoted to reviewing different layered space–time structures. MIMO
systems with antenna selection are reviewed in Molisch and Win [2004]. For space–time coding,
Diggavi et al. [2004] gives an extensive introduction to space–time coding, while Tarokh et al.
[1998] and Tarokh et al. [1999] give more mathematical details for space–time trellis codes and
space–time block codes, respectively. The books of Jafarkhani [2005] and Larsson and Stoica
[2008] are mostly dedicated to space–time codes. Limited-feedback considerations for MIMO
were initiated by the seminal paper of Love et al. [2003]; a comprehensive review of limited-
feedback can be found in Love et al. [2008]. Overviews of the multiuser downlink can be found in
Spencer et al. [2004a], 2006] and Gesbert et al. [2007]. Leakage-based precoding was introduced by
Sayed and coworkers, see, e.g., Sadek et al. [2007]. Iterative waterfilling was first suggested in the
context of Asymmetric Digital Subscriber Line (ADSL) in Yu et al. [2002]; see also the discussion
in Kobayashi and Caire [2006] for MMSE-based multiuser downlinks, see Zhang and Lu [2006]
as well as Shi et al. [2007] and references therein. An early (though nonpublic) suggestion of BS
cooperation is Molisch [2001]. A number of algorithms for BS cooperation are reviewed in Zhang
and Dai [2004].

For updates and errata for this chapter, see wides.usc.edu/teaching/textbook
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