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ABSTRACT

In this paper, we show the equivalence of Space-Time
block coding to multipath propagation with respect to
Cyclic Delay Diversity for OFDM systems. Hence, we
can apply existing Space-Time code design criteria and
analyze methods for Space-Time code construction us-
ing Cyclic Delay Diversity OFDM systems in multi-
path propagation environments. i.e. terms like "diversity
gain" and "coding gain" can be used to design, analyze,
compare and understand these OFDM systems from the
Space-Time block coding point of view.

1 INTRODUCTION

Mobile communication systems mainly suffer from
time-varying multipath fading with extremely different
multipath intensity profiles [1]. For systems which work
in multipath environments, an improvement in error per-
formance may become very difficult. In present sys-
tems, a slight improvement in the bit error rate may re-
quire a huge amount of additional transmission power,
which contradicts the goal of economical use of system
resources. It is an enormous challenge to design wireless
communication systems capable of dealing with these
varying scenarios.

Orthogonal frequency division multiplexing (OFDM)
[2] is a suitable technique for broadband transmission
in multipath fading environments and is implemented
in new broadcast standards like terrestrial digital video
broadcasting (DVB-T) [3] as well as wireless local area
network (WLAN) standards [4] such as HIPERLAN/2 or
IEEE 802.11a.

Because of the poor error performance of OFDM in
multipath environments, it is necessary for wireless com-
munications systems to use techniques like interleaving
and channel coding in addition to OFDM. These tech-
niques add redundancy and diversity in time and fre-
quency direction. For many scattering environments, spa-
tial diversity is another effective way to improve the error
performance of wireless radio systems. In [5], [6] space-
time-coding is proposed in order to get the benefits of
channel coding in combination with spatial (antenna) di-
versity. Another approach to achieve spatial diversity ef-
fects for OFDM systems are techniques like Delay Diver-
sity, Cyclic Delay Diversity or Phase Diversity ([7], [8]).
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In this paper we will describe Cyclic Delay Diver-
sity [8] and multipath propagation as a Space-Time block
code. Section 2 first introduces the application of Cyclic
Delay Diversity to OFDM systems. Further more, the
equivalence of Cyclic Delay Diversity with respect to
multipath propagation in OFDM and Space-Time block
coding is shown. In Section 3 we will analyze using
an example the diversity and the coding gain for a CDD
OFDM system in a Rayleigh fading environment.

2 CycLIC DELAY DIVERSITY AND MULTIPATH
PROPAGATION AS SPACE-TIME BLOCK CODE
In this section we introduce Cyclic Delay Diversity
(CDD) and show the equivalence between multipath
propagation and CDD. Then multipath propagation and
CDD are described as Space-Time block codes and ana-
lyzed using techniques from [5] and [9].

2.1 Introduction to Cyclic Delay Diversity for
OFDM

Below we will briefly introduce the application of
CDD to OFDM systems as described in detail in [8].
Fig. 1 shows the block diagram of an N-antenna OFDM
transmitter with CDD. The OFDM modulated signal is
transmitted over N antennas, whereas the particular sig-
nals only differ in an antenna specific cyclic shift. After
cyclic shifting, a cyclic prefix is inserted to avoid inter-
symbol interference and maintain subcarrier orthogonal-
ity for multipath channels. The functional block “UC”
performs an upconversion of the signals from the base-
band into RF-band. ¢y n,m = 1,...,N — 1, denote
cyclic shifts of the OFDM symbol in the time domain.

cyclic
cy 1 extension

i
cyc]:c

Figure 1: Application of CDD to an OFDM transmitter
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2.2 Equivalence of multipath propagation and
CDD

The equivalence between multipath propagation and
CDD is illustrated in Fig. 2. We assume that an OFDM
time signal with cyclic extension — as commonly used
for OFDM systems — is transmitted from antenna 1 (TX-
antenna 1). The cyclic extension allows different OFDM
symbols to be decoded without intersymbol interference
when

TGuard > 6max (Z 61)

TGuard 1s the period of the cyclic extension, and 6,44 1S
the maximum multi-path delay of the channel. For clarity,
one carrier is drawn as a sine wave with a different phase
per OFDM symbol in Fig. 2. We observe that we may
receive the OFDM time signal from TX-antenna 1 super-
imposed with a multi-path signal from antenna 1 delayed
by (51 .

Now we transmit a 2°4 CDD OFDM time signal from
TX-antenna 2. As can be seen from Fig. 2, the OFDM
time domain symbols, transmitted from TX-antenna 2,
are built by a cyclic shift dcy of the respective OFDM
time domain symbols at TX-antenna 1.

signal sections used for OFDM demodulation

Signal from
TX-antenna 1

Multipath Signal from ]
TX-antenna 1 |

CDD Signal from
TX-antenna 2

time

Figure 2: Equivalence of CDD and multipath propagation
for OFDM

If we now compare the signal sections which are used
for OFDM demodulation, one can see that a cyclic de-
lay 6.y behaves exactly like a multipath channel delay 6;
based on the channel model. So an arbitrary OFDM re-
ceiver cannot distinguish between multipath propagation
and CDD within this signal range.

2.3 Space-Time Block Code Description of
CDD and Multipath Propagation

As can be seen from the length K IDFT definition

(Eq. 1), a cyclic delay d, in time domain corresponds

ko,

to a phase factor of e 77 & "% in frequency domain.

8((€ — dcy) mod K) = (D)

CDD OFDM time signal

2w

1 K—-1
2 ,
= — Z eI E vk G(k) . I E R
K k=0

1 K-—1
\/EI; s(k)-e

where £ and k denote the discrete time and frequency in-
dices respectively with £,k = 0... K — 1. s({) and S(k)

represent the complex signals in the time and frequency
domain respectively. dcy stands for a cyclic time shift
in samples. We assume that the S(k) are elements of
a signal constellation Q, where the average power over
all elements of Q is 1. Commonly used signal con-
stellations are QAM or PSK. Note, that in time domain
the choice of any integer value for d¢, is possible, but
due to the characteristics (dcy + K) mod K = d¢y and
eI F ey +K) = ¢iF ey | the range of values for Sey can
reasonably be restricted to dcy = 0...K — 1. To sim-
plify notation, we define 6 = dcy in the following. If we
define

(}(5) = dlag (e_j%”‘s'o’ e—j%’"(?-l’ A ’e_j%"‘s'(K_l))

1 0 0
0 e ¥
: 0
0 0 e iFI(K-D

we can express S5 = (S5(0), S5(1),...,S5;(K — 1)) as
Ss =S-®(9),

where S = (5(0),S(1),...,S(K —1)).

Investigations in [5] and [9] were done for indepen-
dent Rayleigh fading with average energy of 1 per path,
i.e. the channel coefficients are complex valued Gaus-
sian random variables with zero mean and variance 0.5
per complex dimension. We introduce real valued nor-
malization coefficients A, ,,, which allow the adjustment
of transmission power for propagation path m from TX-
antenna n such that the overall average received energy is
1. If we have NV TX-antennas and assume M propagation
paths per TX-antenna, then

n = 0...N—1 and
0...M—1.

We define an index £ = m + n - M. If d,, denotes
the cyclic shift at TX-antenna n and dy, ., is the multipath
delay of propagation path m at TX-antenna n, then 6, =
dcy,, + On,m. For simplicity, we define ®(d;) = ®;. Now
the Space-Time codeword matrix can be written as

S+ Ao - ®(do)
S A1 - ®(5y)
W = . 2)
S-Aun—1-®(0mn-1)
M-JFXK
S 0 --- 0 o - B,
| o s : AL- @y
: 0 :
0 --- 0 S AMN-1-®un-1

-—

M-NxK-M-N K-M-NxK

Eq. 2 shows that it does not make any difference
whether the delays are caused by multipath propagation
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AW, W) = (W-W)-(W-W)Z
2 AoA1-
No-last AS®@HTASH
A1Ao-
AS®, B ASH A-|asp?
AMN-1A0-

AS®yN_1BHASH

or CDD. Hence, for OFDM systems, a multipath channel
can be considered as an "inherent" Space-Time block
encoder.

Following analysis in [5] and [9] we define the Her-
mitian difference matrix as a M - N x M - N matrix
A(W, W) as depicted in Eq. 3. where W denotes the
Hermitian of W and AS =S — S, V'S # S. The diago-
nal element of row/column ¢ is defined as

K-1
NioBSPT = NG |ASK] )
m=0

For asymptoticly good channels, the diversity gain (rank

criterion) is defined as [9]
min rank[A (W, W)] (5)

S#§

This parameter determines the asymptotic slope of the er-
ror rate curve with respect to the signal to noise ratio. We

define r and ~y; as the rank and ¢-th nonzero eigenvalue of
the matrix A(W, W), then

min ﬁ Yis (6)

S#5 i1

over all codeword pairs W, W defines the coding gain
(eigen product criterion). This criterion is responsible for
shifting the error rate curve of he chosen construction to
the left for high signal to noise ratios.

3 ANALYSIS

As an example, we analyze a 2-antenna CDD OFDM
system in a Rayleigh fading environment. In this case
N =2, M =1and A\¢g = A; = 1. For the delays we
choose dg = 0 and §; = 1. Then P is an identity matrix
of size K x K.

As modulation alphabet Q, we assume 4-QAM with
|S|? =1, VS @ and equiprobable symbols S as shown
in Fig. 3. If we define AQ = {AS = S —5| 8,5 €
Q}, then the probabilities of the elements ASe AQ are
illustrated in Fig. 4 and

E{|ASP} = E{|SP}+ E{IS’} =2 (D
for independent S and S.
3.1 Rank Criterion

The parameters and assumptions above lead to a Her-
mitian difference matrix as shown in Eq. 8.

2 H H
|AS| AS®HAS ) ®

AW
(W, W) % AS®, ASH |AS[?

(3
AoAMN-1"

AS®o®H | ASH

AMN—2AMN-1"

-AS@yN 2@ ASH
AMN-—1AMN-2- 2 5
'ASQMN—I‘};I/IN_ZASH }‘MN—l‘Asl
Imj
@) 4+ ¢)
_1 V2 _ 1
P=3 p=1
f . -
1 1
—2 /i Re
©, 7%” ©,
P=3 p=1

Figure 3: 4-QAM Constellation and Probabilities
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Figure 4: Differential 4-QAM Constellation and Proba-
bilities

The rank of matrix A is as follows:

1. AS=(0,...,0) € AQX <= rank[A] =0

2.AS = AS-e; € AQK, AS #£ 0,j €
{0,1,...,K -1} <= rank[A]=1
e; is a vector where the jth coordinate is 1, and all
other coordinates are zero.

3. else <= rank[A]=2
Proof: We will first proof the "==-" direction
1. The rank of a null-matrix is 0.
2. In this case:
[AS2>0 =

and
det(A) =0 = rank[A] <2 == rank[A] =1.

rank[A] >0
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3. Let us arbitrarily choose 2 components AS, # 0
and ASy # 0 of the vector AS with @ # b and
a,be {0,1,...,K — 1}. Then

K-1

|AS®;AST| = | Y AS;? e T F
=0
< ||AS,[PeiE 4 |AS,[2e T EY| +
<\Asa|2+|Xsb\2 V a#b
K-1 y
I
i=0 ——
iZaA i#b -1
< |ASL)? + |ASy” +
K-1
+ Y |ASP =|ASf?
it
and therefore det(A) = |AS]> - |AS|” —

AS®, ASH|2 > 0, which means rank[A] = 2.

The cases 1-3 define disjunctive sets of AS. The union
of these sets yields the set of all possible vectors AS.
This implies that the mapping of the sets defined in the
cases 1-3 onto the set {0,1,2} (rank) is a one-to-one
mapping. Therefore, the "<=" direction also holds.

|

Based on the calculations in this section and the sig-
nal constellation probabilities in Fig. 4 we can derive the
probabilities for rank[A] = 0, 1, 2.

1. From this section we know: rank[A] = 0 =
AS = (0,...,0)
This gives

Prob(rank[A] = 0) = (—)K ;

where % is the probability for AS = 0 (see Fig.4).
Note that in fact rank[A] = 0 is not possible be-
cause of the condition AS =S —S, S # SinEq.5
and 6.

2.rank[A] = 1 = AS = AS-e; €
AQK; AS#O7 .7 € {0717"'7K_1}
and consequently

3 71\ K1
Prob(rank[A] =1) = K - 'R (Z) ’

where 2 = 1 — 1 is the probability for AS # 0.

Prob(rank[A] = 2) 1 — Prob(rank[A] = 0)
— Prob(rank[A] = 1)
3K +1

= 1 1K

Therefore, the larger the number of subcarriers, the
higher the probability that we have full rank. Also, the de-
nominator 4% depends directly on the number of signals
in the modulation constellation. Therefore by increasing
the cardinality of the signal constellation we also drive
the full rank probability towards 1.

3.2 Calculation of the Determinant
In the case of our example, det A(W, W) is

det A(W, W) =
= |AS]* - |AS|* — AS®, AST . ASBF ASH
— |AS - |AS]? — |AS®, ASH|”. ©)

The determinant of A(W, W) is closely related to the
coding gain criterion which is based on the product of
non-zero eigenvalues.

The minimum product of non-zero eigenvalues will
give the coding gain in asymptotically good channels.
However, by calculating the average determinant value,
we can see how the statistics depend on the chosen code
parameters. The mean value p of det|A (W, W)] is:

po= E{detA(w,V”V)}
= E{|AS|2-|AS|2

—AS®,ASH - (As®,A87)"]

K—-1 K-1
- E { D IAS D |AS,

=0 m=0

K 2
R o ()

£=0

K1 .
- 2 - '_ -
> |AS|* - exp (j 7 m)}
K-1

E{|AS|*|ASy|*}

3

£,m=0
R 27
- Z E {|AS¢|* - |ASm|*} - exp (jf -(m —z))
£,m=0
K-1 K-1
= Y E{|AS|ASHIP}+ > E{|AS*}
22::0 =0
K-1 o
- Z E{|AS,|* - |ASm|*} - exp (jE - (m — e))
£,m=0
££m

K—-1
- > E{lasd"}
£=0

E{|ASPY - K(K —1) - E{|AS]*}" -

K-1

Y e (5% o)

£,m=0

1#£m

E{|ASPY - K(K - 1)
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~B{asPy | X ew (i - on-0)
I )

= E{|ASPY KK -1)

K-—1
—E{|AS|2}2- Z exp (j%-(m—ﬁ)) -K
£, m=0
~
p = K>-E{AsP) (10)

Equation 10 shows that the average value of the de-
terminant will increase with K, the number of OFDM
carriers and the average separation between signals
E{|AS |2}2. Therefore densely packed signal constel-
lations would be expected to have a low coding gain ad-
vantage.

3.3 Channel Coding

From the calculations in Section 3.1 and 3.2 we can
see that unfortunately ming g rank[A (W, W)] = 1,
i.e. for the considered example, multipath propagation or
antenna diversity does not provide full diversity gain, if it
is used on its own. The calculations in Section 3.1 imply
that we have to guarantee a minimum Hamming Weight
of 2 for AS. This can be fulfilled by using a single parity
check code in the real and imaginary part of the consid-
ered 4-QAM alphabet.

4 CONCLUSIONS

In this paper we have presented a system model which
uses multiple antennas to transmit cyclic delayed copies
of an OFDM symbol. We term this technique Cyclic De-
lay Diversity (CDD). Furthermore, we extend the trans-
mission model to include multipath components, and de-
rive a condition on the antenna delays which insure that
multipath and antenna delay components have equivalent
descriptions from the receiver point of view.

In Section 2.3 the Hermitian difference matrix of a
CDD codeword pair with multipath components is de-
rived. The rank and non-zero eigen product of this ma-
trix determines the diversity and coding gain of the code
as presented in [5].

Section 3 gives a method for finding a bound for non-
full spacial diversity codeword pairs for a specific sce-
nario. In general, it was shown that by increasing the
number of OFDM carriers, or the cardinality of the sig-
nal space, the probability of having full rank codeword
pairs approaches 1. The determinant between codeword
pairs was shown to increase with the number of OFDM
carriers, and the average separation among signal con-
stellation points. The determinant is closely related to
the product of non-zero eigen values which determine the
space-time coding gain. Though a general proof of the di-
versity properties of CDD systems has not yet been com-
pleted, the similarity with traditional temporal delay di-

versity schemes which achieve full spatial diversity ([5])
motivates further theoretical research in this direction.

The requirements for full rank derived in our example
can easily be met with a single parity check code. This
motivates further investigations of combining cyclic de-
lay diversity with coding.

The error rate performance improvement of CDD on
practical systems has already been shown through sim-
ulations ([8]) using a standard OFDM receiver. A link
to Space-Time codes may lead to better receiver designs
which exploit the inherent CDD diversity, or to modifi-
cations of CDD which improve error rate performance,
complexity, or information rate.
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