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Abstract— This paper proposes a power control strategy for
the uplink of cellular MIMO spatial multiplexing systems, with
a linear MMSE receiver applied at the base station and a
single active user per time instant. A fixed per-stream SINR
target is employed that allows guaranteed QoS for delay-sensitive
applications. A straightforward application of single antenna
power control is not possible in the MIMO context due to
coordination between receive antennas and nonlinear dependence
between interference and eigenspaces of the channel matrices.
Two schemes are proposed to solve the problem. The first equally
allocates power to all transmit antennas. Deriving an SINR lower
bound based on an eigenvalue approximation of the composite
interference, allows application of the conventional single antenna
power control framework to solve this problem. To improve
the feasibility performance, a second scheme is proposed that
adaptively allocates power on the transmit antennas, where an
iterative algorithm based on game theory is used to sequentially
update each user’s power distribution. The optimal solution with
full channel knowledge, and a practical near-optimal solution
requiring only partial channel knowledge, are both derived.
Numerical results show that power control, compared to sup-
posedly optimal waterfilling strategies, actually achieves higher
throughput at the low SINRs typical in cellular systems, with
significantly lower overhead and complexity. Due to its better
exploitation of spatial diversity and reduced transmit power (and
hence reduced interference), adaptive power allocation increases
the achievable SINR by an order of magnitude over equal power
allocation, resulting in far better coverage.

Index Terms— MIMO systems, power control.

I. INTRODUCTION

N an interference-limited multiuser system, the perfor-

mance of each user depends not only on its own trans-
mission, but also on the transmissions of the other users.
As one user increases its power to improve its performance,
it generates more interference and degrades the other users’
performance. Power control is a well-known technique to
coordinate the transmitters such that the users can achieve a
balanced Quality of Service (QoS). This paper studies power
control for uplink transmission of a cellular multiple-input
multiple-output (MIMO) system, where antenna arrays are
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used at both the transmitter and receiver. We specifically
consider the spatial multiplexing case where each transmit
antenna sends an independent data substream, with an MMSE
detector at base stations. In particular, we consider one active
mobile per cell at each time instant,! but the extension to
other multi-access schemes with multiple mobiles per cell is
also discussed. The objective is to allow each substream of
each user to meet a certain signal-to-interference and noise
ratio (SINR), while minimizing the sum transmit power, and
therefore, mutual interference.

MIMO systems [1]-[4] have shown great potential in a
single-user link, but their the performance degrades seriously
in a cellular network [5]-[6] which is typically interference-
dominated and operates in a very low SINR regime (i.e.,
significantly below 10 dB, [7]). Novel techniques for dealing
with interference are therefore critical to make MIMO viable
in cellular networks. A significant amount of prior work on
MIMO cellular systems focused on capacity analysis and
receiver design for interference mitigation [8]-[11]. To the best
of our knowledge, however, previous work has not considered
multi-cell MIMO power control. In this paper we adopt a
minimum SINR constraint, because it is a critical QoS metric
for circuit-switching and even packet-switching data networks
[12]-[13]. Many delay-sensitive data applications (e.g., VoIP,
video streaming) need a SINR guarantee to maintain these
services.

Prior power control schemes for single-input single-output
(SISO) cellular systems were primarily based on a fixed SINR
objective [14]-[18]. Several other researchers have studied
SISO power control with a utility-based game theory ap-
proach, where utility is defined as the ratio of throughput to
power [19]-[22]. It was proven that the Nash equilibrium of
the power control game corresponds to the SINR-balanced
point [19][22], where the output SINR of each user is equal
to a fixed value that maximizes an efficiency function. Hence
with such an utility definition, utility-based power control is
a special case of the fixed-SINR power control. Pricing was
introduced in [23]-[24] to further improve the sum utility.
For more complicated multi-dimensional power control prob-
lems, each user needs to determine the power over a higher
dimension (e.g., frequency or spatial domain). For example,
Yu et al. studied power control for a multicarrier interfer-
ence channel in [25], and proposed an iterative waterfilling
algorithm for each user to reach a target rate. This approach
for interference-limited channels (like a cellular network) is
quite different from the well-known iterative waterfilling for

I'This assumption is valid for TDMA, FDMA and orthogonal CDMA
networks, and has been used in existing cellular MIMO literature [10][11]
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the broadcast and MAC channels (like a single-cell system),
where the iteration is performed with individual [26] or sum
power constraints [27]. In [20], utility-based power control
was extended to the multi-carrier CDMA scenario, which is
essentially a set of SISO power control problems.

The cellular MIMO power control problem in this paper is
different from prior power control research in several aspects.
First, it is a non-orthogonal problem where each antenna inter-
feres with all antennas of all users, hence it includes previous
orthogonal multi-carrier algorithms [20][25] as special cases.
Secondly, unlike in the SISO system where interference on
each receive antenna is solely a linear scalar function of the
power, the effect of interference in MIMO system relies on
the specific MIMO receiver structure. Since MIMO receivers
are typically non-linear in terms of transmit power vector,
which will be discussed in Section IV, the interference is
also non-linear and is correlated via the eigenspaces of the
channel matrices. On one hand, interference from one transmit
antenna does not scale linearly with its power. On the other
hand, if one transmit antenna alters its power, interference
from other co-cell transmit antennas to the remaining cells will
also change even if their power remains constant. Given these
fundamental differences, the existing SISO schemes cannot be
directly applied even by considering each transmit antenna as
an independent user.

To address these issues, two power control techniques are
proposed in this paper. In the first method, a user’s power
is equally distributed on its transmit antennas. We derive a
lower bound on the post-processing SINR with a linear MMSE
receiver, expressed in terms of an eigenvalue approximation
of both the desired and interfering users’ channel. Using
this bound, we formulate the MIMO power control problem
in a similar framework in the SISO scenario, and derive
closed-form optimal (in terms of the SINR bound) and low-
complexity sub-optimal solutions with either full or partial
channel knowledge. Intuitively, this approach enforces the
worse stream of every user to meet the SINR requirement,
causing excess power on antennas which better channels. To
reduce the infeasibility probability, a second algorithm based
on game theory is proposed that adaptively distributes trans-
mit power on the transmit antennas. The adaptive allocation
solution can more effectively exploit the variation of antenna
array response, thereby resulting in a higher power efficiency.
Numerical results show that adaptive power allocation reduces
the sum power by approximately 80%, and leads to 10-12
dB target SINR improvement under the same infeasibility
probability.

In Section II, we present the multi-cell MIMO system
model. In Section III, an overview of power control is pro-
vided. In Section IV, we systematically investigate the power
control with equal power allocation, including the closed-
form optimal solution, and a low complexity 1-bit iterative
algorithm. A more practical suboptimal algorithm requiring
only the in-cell user’s channel knowledge is proposed in
Section V. In Section VI, we develop the power control with
adaptive power allocation based on game theory. Numerical
results are provided in Section VII, with conclusions drawn

2701

II. SYSTEM MODEL

A. Signal Model

Consider the uplink transmission of a multi-cell system
with K cells. For now we assume each cell consists of one
base station (BS) with NN,. receive antennas, and one active
mobile station (MS) with N, transmit antennas and spatial
multiplexing. A narrow-band quasi-static flat-fading channel
is assumed, where channel remains constant within several
frames. The received signal at the kth BS is represented as

Pkd_pxk,k P»'d_gxk"
yi =\ %Hk,szﬁx;ﬁZ %Hk,jr:ixj“'nk,
ik

(D
is the transmit symbol vector from user

(1]

where x;, € CNex1

=1In,.? Xk,j» dij, and Hy ; denote
the log-normal shadow fading, the distance, and the channel
transfer matrix from the jth MS to the kth BS, respectively.
Pathloss exponent is represented by p and assumed the same
for Vk. We have no specific assumption on the small scale
fading captured in Hy ;, and our work applies to a variety
of MIMO channels (e.g., Rayleigh, Rician, independent or
correlated). Matrix Ty, = diag T,gl’l), R T,(CN“Nt)
the N; x N, diagonal power loading matrix of user k, P
is the transmit power of user k, nj denotes the additive
white Gaussian noise (AWGN) with zero mean and variance
FE (nknL) = UZI ~,- To keep the transmit power of user k at

constant, T, must satisfy

k, satisfying E,
is

Ne 2
trace (TkTL) =Z‘T§j’”‘ =N, k=1,2,... K.
j=1

@

The signal model in (1) applies to a set of multi-dimensional
power control problems. For example, it incorporates the
multi-carrier (OFDM) power control as a special case by
modeling Hj, ; as a diagonal matrix containing the subcarrier
gain. Introducing off-diagonal elements in Hy, ; can represent
an OFDM system with inter-carrier interference, which is
more general.

Spatial multiplexing is used throughout this paper where
each transmit antenna sends an independent stream. Dynami-
cally adjusting the number of substreams has been considered
in the single-user scenario [28]-[29], but the extension to
the multi-cell context is not straightforward. Power control
with other signaling schemes such as beamforming or linear
dispersion codes [30] is an interesting topic for future work.

To avoid the complexity associated with either multiuser
receiver [11] or non-linear single-user receivers (e.g., maxi-
mum likelihood, BLAST [3]), we focus our study on linear
MMSE receiver, and defer the study on other receivers for
future research. It was shown in [33] that the MMSE receiver
maximizes the SINR for each user, while mitigating the
noise enhancement problem. The power control objective is to
enforce the receive SINR v to meet the fixed target I', which
can be adjusted according to the propagation environment.

2(-)T denotes the transpose, ()]L denotes the complex conjugate transpose,
()¢9 represents the element on the sth row and jth column of a matrix,
E; (-) denotes the expectation with respect to variable s, trace () denotes the
summation of the diagonal element of a square matrix, || - || denotes the
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Two levels of channel awareness are studied in this paper.
In the fist case, each BS knows the channel of both its in-cell
user Hy, . and the out-of-cell users Hy, ;,Vj. We refer to this
case as the full-CSI situation. The channel information is sent
back to a central controller to perform power control, or power
distribution is calculated at each BS in a distributed way. In
the second case, each BS knows only the channel information
of its in-cell user, and we refer to this case as the self-CSI
situation. In Sections IV and V, the equal power allocation
is studied under both full-CSI and self-CSI environments. In
Section VI we investigate the adaptive power allocation under
a self-CSI assumption, which is more practical.

B. Multiple Mobiles Per Cell

In most practical deployments of MIMO, multiple MSs in
each cell will likely be orthogonalized by TDMA, OFDMA
or orthogonal CDMA to maintain the highest possible SINR
[10][11]. Although the above model implicitly assumes
TDMA, other multi-access options such as SDMA, non-
orthogonal CDMA can also apply our proposed approaches.

o With SDMA, multiple mobiles in the same cell occupy
the same spectrum and are detected at the base station
simultaneously. Suppose there are L users in the kth cell.
If N, > LN, the base station antenna array provides
sufficient spatial diversity to decode L users with a linear

receiver, therefore we can stack x; = {x{l, ... ,ka,’ Ll\r s
where xy,; is the lth user’s signal vector. If N, < LN,
the receive antenna array has insufficient spatial diversity
to separate multiple users with a linear receiver. In such
a case, SIC can be used to detect the users sequentially,
and our proposed work can be applied by treating users
decoded afterwards as interference. The MIMO power
control techniques proposed in the rest of this paper can
be applied to both these scenarios.

o With non-orthogonal CDMA, each user also receives
interference from intra-cell users which is attenuated by
a spreading factor. Our approaches can be applied by
treating the system as a KL pseudo-cell system, where
K is the actual cell number, L is the number of mobiles
per cell.

III. OVERVIEW OF POWER CONTROL

Conventional power control objective functions include a
fixed SINR target, a fixed capacity target or the maximization
of utility, defined as the throughput per unit of power.

A. SISO Power Control With Fixed SINR Target

Many SISO cellular power control algorithms aim to
achieve a pre-defined SINR requirement [14]-[18]. Define
P = (P P, -, Pxk) as the power vector. Let I (P) =
(I (P),I2(P),...,Ix (P)) represent the interference vec-
tor, where I, (P) denotes the effective interference that user
k must overcome. The users’ SINR requirement can be
described by a vector inequality of the form
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We say that a solution is feasible if there exists P > 0 such
that I (P) that satisfies (3).3

Power control for SISO systems is typically a non-convex
optimization problem and difficult to solve. Prior work showed
that if the interference function satisfies the standard property,
then a unique optimal solution can be found by resorting to
the following iterative algorithm

Pit+1)=1(P(), “4)

where ¢ denotes the time instant. An interference function
I (P) is standard if it satisfies [15]:

1) Positivity: I (P) >0
2) Monotonicity: If P > P’, then I (P) > I (P’)
3) Scalability: For all « > 1, ol (P) > I (aP)

If I (P) is a standard interference function, the iteration (4)
is called standard power control algorithm and we have the
following theorems [15].

Theorem 1: If the standard power control algorithm has a
fixed point, then it is unique.

Theorem 2: 1f I (P) is feasible, then for any initial power
vector P, the standard power control algorithm converges to
a unique fixed point P*.

B. Power Control With Fixed Capacity Target

In [25], Yu et al. studied the power control for a multi-
carrier DSL system. The interference channel was modeled
as a noncooperative game where self-interested users compete
with each other to reach their target capacity. A distributed
iterative algorithm was proposed, where each user applied
waterfilling to maximize its own capacity, and then adjusted
the power iteratively until the capacity target was obtained.
This algorithm can also be applied to the cellular MIMO
systems, by applying the power allocation in the frequency
domain to the spatial domain.

C. Power Control for Utility Maximization

Utility can be defined in different ways. In most utility-
based power control research, the fundamental definition is the
throughput per unit of energy, expressed as u = %fﬂ), where
L and M are the number of information bits and total number
of bits in a packet, R is the transmission rate, P is the transmit
power, and f(v) is the efficiency function representing the
packet success rate. It was shown in [21]-[23] that in a utility
maximizing power control game, there exists a unique Nash
equilibrium where no user can improve its utility given the
power level of other users. This equilibrium corresponds to a
point where all users are SINR-balanced with the output SINR
equal to v*, which satisfies f(v*) = v*f'(v*). Hence, when
utility is defined as above, the utility-based power control
corresponds to a special case of the fixed SINR target power
control problem.

31f we let Iy, (P) denote the interference received by user k, the equation
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IV. MIMO POWER CONTROL WITH EQUAL POWER
ALLOCATION AND FULL-CSI

We start from a simple case where each user’s transmit
power is equally distributed to its antenna array, i.e. T}, = Iy,
fork=1,..., K.

The basic idea in this section is to enforce a group of
antennas associated with the same user to transmit at the
same power, and enforces the worse channel to reach the
SINR target. Although this is a suboptimal approach where
user with better channel is allocated with excess power, it
significantly simplifies the problem formulation and enables
to approximate the interference as a linear function of the
power vector, therefore a similar framework as in the SISO
case can be applied. We present a necessary and sufficient
condition on the existence of a feasible solution, and develop
the closed-form solution optimal in terms of a SINR lower
bound. We also show that this problem falls into the standard
power control category, and then propose a low-complexity
1-bit power control algorithm. Full CSI is assumed through
this section.

A. Signal Model

With a linear MMSE receiver, an MMSE weighting matrix
Gy, is applied to the received signal yj to obtain the estimate

Xk = Gryk. )

According to [11][31][32], the linear MMSE receiver is given
as

Ny

Gk = - -5
Ped, Xk

-1
Dol gy ML) )
%k Prdy Xk 7 Pedy Xk

Denoting the post-processing SINR of the kth user’s sth
stream as 7y, we can derive a lower bound on the minimum
SINR of the kth user.

Lemma 1: Consider a cellular MIMO system with K cells.
With the linear MMSE receiver, the minimum post-processing
SINR of the kth user is bounded as

Yk,min = min Vk,s
SE[1,N¢]
Pkd;;sz,k

>
Fmax (Zj;ék Pydy Xk, Qg1 + Ntffiﬂk,j,z)

» (1)

where

t ot t t -t
Qi1 = (Hk’ka,k) H; Hi ;H; Hpp (Hk,ka,k)
)]

-1
Qo= (HLHer) ©)

and fimax (+) is the maximum eigenvalue of a Hermitian

matrix.

Proof: see the Appendix. 0
It is easy to see that the MIMO receiver Gy, relies on the

matrix channel and is non-linear in P, hence the interference
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histogram

Fig. 1. Histogram of the normalized approximation error x.

the non-linearity, it is very difficult to obtain a closed-form
optimal solution by solving P = I (P), thus the conventional
SISO power control framework cannot be directly applied.

B. Problem Formulation

The multi-cellular MIMO power control aims to minimize
the sum transmit power Py, = Zszl Py, subject to

Yk,min > Fk . ( 1 0)
The constraint functions (10) of the optimization
problems are in terms of the maximum eigenvalue

Hmax (Z#k Pid; Xk, Qi1+ NtGZQk,j,z) in (7),
which cannot be expressed as a linear function of P to
obtain a closed-form solution as in the SISO case. To ease
the problem, we wish to relax the constraint function to be a
linear function of the power. The following theorem regarding
the eigenvalues of a composite matrix proves to be useful.

Theorem 3: (Weyl [39]) Let A,B € C"*™ be Hermitian
and let the eigenvalues py (A), ux (B), and py (A + B) be
arranged in increasing order. For each £k = 1,2,...,n, we
have

pr (A) +p1 (B) < i (A+B) < (A) + 1 (B). (1)

Choosing k = n, the above theorem states that the max-
imum eigenvalue of a composite matrix is upper bounded
by the sum of the maximum eigenvalue of each matrix. The
tightness of this bound can be evaluated by the relative error

B Hmax (HIH];) + fimax (H2H;) — [max (H1HI + HzHg)

pimos (L H] + HHY )

T

(12)
where elements of H;, Hy are i.i.d. complex Gaussian random
variables with zero mean and variance 1. Fig. 1 plots the
histogram of x obtained with 4 x 10% independent channel
realizations. It is shown that for 95% of the channel realiza-
tions, the approximation error is less than 30%, and almost
never exceeds 40%. Therefore we consider this upper bound
reasonably tight.

Extending the above theorem to K matrices, we can easily
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Corollary 1: Let A1, As,...,Ax € C"*™ be Hermitian,
then for 1 < k < K,1 < j <n, we have

Z Hmin (Ak) < Hj (Z Ak) < Z Hmax (Ak) . (13)

k
Hence the constraint in (10) is relaxed to

N Prody . Xn
’ [max (Zj;ék Pydy Xk, Qg1 + NtU%sz)
- Pyd, Xk k
Tk P X tmax (S2,5,1) + 02 Neftmax (S2,,2)

(14)
Problem Formulation: The objective of the multi-cellular
power optimization problem is to minimize the sum transmit
K .
power Py, =Y, Py subject to

d? T _

Py > S | Y P Xt () +
Xhk \ ik
UiNtNmax (Qk,j,Z)) ) (15)

Note that this formulation is based on the proposed SINR
bound under the equal allocation assumption, and the remain-
ing discussion in this section is based on this bound.

C. Optimal Solution

With the derivation in the previous section, the interference
function I (P) is expressed as

I(P)=A(FP+N), (16)

where A = diag{I'y,I's,..., 'k} is a diagonal target SINR
matrix for the K users. Referring to (15), F is given as

0 ke

i = g . 17)
d;yf”ixk,kumax (Qk,j,l) k#]

N is a N; x 1 noise vector where the kth element is

d;\;’;i ~imax (,j2). Recall that € ;o is Hermitian and
poéitivé semi-definite, thus we have pmax (Qk,52) > 0, N >
0.

To find a feasible power vector P that achieves the target
SINR, the parameters of the system must allow for a feasible
solution. The following lemma describes the necessary and
sufficient conditions for the existence of a feasible solution.

Lemma 2: The multi-cell MIMO power control problem
has a feasible power vector P satisfying the SINR constraint, if
pc < 1 where G £ AF, pg is the spectral radius (magnitude
of maximum singular value) of G.

Proof: Proof for this lemma can be found in [16][38]. O

If the MIMO power control is feasible, the closed-form
feasible power vector is derived as

P* = (I- AF) ' AN.

(18)

It is a fixed point because it satisfies P = I (P). We will prove
in the next section that it is optimal in terms of minimum sum
power. After the optimal solution is achieved, each BS only
needs to send P} to its MS, therefore the feedback overhead
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D. Standard Power Control Algorithm

The main complexity of the closed-form solution (18)
comes from the matrix inversion and computing the maximum
eigenvalues. An alternative method is to apply the iterative
algorithm (4) that avoids matrix inversion. As discussed in
Section III, if the interference function I (P) is standard,
the iterative algorithm (4) converges to a unique fixed point
whenever a feasible solution exists. In view of this fact, we
prove that I (P) in (15) is standard.

Lemma 3: The cellular MIMO power control problem in
(15) satisfies the positivity, monotonicity and scalability prop-
erties and is therefore standard. Given it is feasible, for any
initial power vector P, the standard power control algorithm
converges to a unique fixed point P*.

Proof: The positivity, monotonicity and scalability can be
proven by noting that €2, ; 1, €21, ; » are positive semi-definite,
and hence fimax (%,5,1) > 0, fimax (2, j,2) > 0. For brevity,
the full proof is not included in the paper. O

Now we have proven that the iterative algorithm converges
to a fixed point, whenever the problem is feasible. Because the
fixed point for any standard power control problem is unique
(see Theorem 1), the solution obtained with the iterative
approach should be exactly the same as the closed form
solution (18). Finally according to Lemma 1 in [15], this
unique fixed point achieves the minimum sum power among
all feasible power P, hence we conclude that this fixed point
is the optimal solution.

E. Low Complexity Iterative Power Control

The closed-form and the iterative solutions are based on
the assumption that a centralized controller has perfect instan-
taneous channel information (e.g. Hy ; and dj ;, VEk,j). In
wireless communication, the radio propagation channel varies
constantly due to the changing in the environment, hence
updating channel information instantaneously requires a lot
of feedback overhead to the centralized controller. These facts
motivate a distributed power control scheme, which allows
each BS to determine the power of its MS independently.

A fixed-step, 1-bit binary control algorithm was proposed
in [18]. In this algorithm, each BS measures the SINR value
and commands its associated mobile to increase/decrease its
power if the SINR is below/above I'j;, expressed as

[ SPun) if Pu(n) < I (P(n)
Pk(n-i-l)—{ 5—'fpk(n) if PZ(n) >fi (P(n))

where 6 > 1 is the power control step size. This scheme
requires only 1-bit UP/DOWN command every power control
cycle. In addition, it is simple to implement because each
receiver independently determines the power control command
based on a single comparison [16].

The convergence of this 1-bit algorithm for the standard
power control problem was proven in [18] for different step
sizes. Since we have proven that multi-cell MIMO power con-
trol is standard, the proof of convergence follows implicitly.

19)

V. MIMO POWER CONTROL WITH EQUAL POWER
ALLOCATION AND SELF-CSI

In the previous section, we developed the optimum power
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system is full-CSI aware. The perfect CSI requirement, how-
ever, is usually not satisfied in a practical cellular system. In
this section, we propose an enhanced multi-cell MIMO power
control scheme that requires only self-CSI information. The
fundamental idea is to estimate the covariance matrix of the
composite noise and interference at each BS, and then perform
power control with the estimated covariance matrix. Only
the sum interference covariance is required, instead of each
interfering users’ true channels (e.g. Hy ; and dy ;, VE, 7).

A. Problem Formulation

The received signal model is the same as in (1). In contrast
to the full-CSI aware system, the kth BS has only knowledge
of its in-cell user’s channel Hy, ;,, while Hy, ;,j # k are not
known.

The kth BS detects the kth user’s symbol x; and obtains
the estimate X;. The kth user’s contribution to the kth BS is
subtracted from y, to obtain the composite noise estimate

. Prd i Xk ( %)
= _— Xp — X
Yk N, kk ( Xk k
Pjdy Xk,
+y oy R ’;VJ LH;. %, + 1y, (20)
t

J#k

where the first item on the right hand side is the cancelation
error. With a properly chosen I'y, and channel coding, it is
reasonable to assume an acceptably low SER and accurate
composite noise estimate. In addition, the noise variance U,QL
is normally estimated with a separate subroutine, therefore
we can subtract it and obtain the estimate of the interference
covariance matrix as

_ de;g)(k,j
Sp=)_ TZH,CJHLJ_.
itk

Using the estimated covariance matrix, the post-processing
SINR lower bound for <jmin is derived in (22), where
Q4.,j,1, Q5,2 can be found in (8)(9).

As a result, the multi-cell MIMO power control problem
with self-CSI is formulated as

2n

P
dk,k

Xk,k

Py > pmax | D Pydy Xk, Qi

itk
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Note that this formulation is similar to the case with perfect
channel knowledge as in (15). The key observation is that
it involves the maximum eigenvalue of the composite noise
covariance matrix which can be estimated, rather than the
covariance matrix of each user.

B. Standard Power Control Algorithm

Similar to the full-CSI scenario, we can prove that I (P) in
(23) is a standard function, therefore the self-CSI problem is
a standard power control problem.

Lemma 4: The interference function in (23) satisfies the
positivity, monotonicity and the scalability properties, there-
fore the self-CSI power control problem is standard.

Proof: The positivity, monotonicity and scalability can be
proven by noting €2y, ; 1, {21 ;2 are positive semi-definite and
Pmax (Qk,5,1) > 0, pmax (Qk,j,2) > 0. For brevity, the full
proof is not included in the paper. ]

Because the self-CSI power control is standard, we can
use the iterative algorithm in (4) to obtain the fixed point.
Following Theorem 1 and 2, if the problem is feasible, then
there exists a unique fixed point and the iterative algorithm
converges to this unique point regardless of the initial power.

C. Discussion on Synchronization

For easier analysis, this paper has assumed perfect syn-
chronization among the multiple cells and users. Although
this is clearly unrealizable in current systems, this assumption
does not jeopardize the integrity of the results. In [15], it was
proven that if 7 (P) is feasible, the standard power control
algorithm converges asynchronously, where some users adjust
their power more frequently than other users and perform
power updates with the outdated information of the other
users’ interference. Because we have proven that both the
full-CSI and self-CSI scenarios are standard, it follows that
the proposed schemes are valid for asynchronous systems.

VI. MIMO POWER CONTROL WITH ADAPTIVE POWER
ALLOCATION

A common issue for any power control problem is the
infeasibility. Typically, users with poor channels (e.g., located
near cell edge) are commanded to use more power, and
generate significant interference to the adjacent cells. Other
cells then need to increase their power to meet their own SINR

+ U»,ZLNtMmax (ijg)) Ty, (23) target, which consequently force the original cell to increase
Pod, P Xk k
Yk, min > 1 =t 1 1 (4,3)
N, max; { (H;kﬂk,k) Hf  S.H,, (Hz,ka,k) + o2 (Hl)ka,k) }
Ppd.”?
> kG 1 Xk k

Pkd;;/;iXk,k

—1 _ —1 —1
Nt/"max ((HL’ka,k) Hiykzka,k (HLka,k’) > + O—EL,UJmax ((HL’ka,k) )

Hmax (Zj;ﬁk deIZSXk,ij,j,l) + 02 Nifimax (e j.2)

(22)
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its power in response. In certain channel settings, the target
SINR cannot be achieved by all users simultaneously, thus
infeasibility occurs.

In Sections IV and V, antennas of the same user are
allocated with the same power, which is chosen such that the
worst antenna can reach the SINR target. Because antennas
with better channels are allocated with more than necessary
power, this approach results in excess interference and leads to
a higher infeasibility rate. An intuitively better approach is to
adaptively distribute a user’s power to its antenna array, such
that its power is minimized subject to the SINR constraint. In
contrast to the equal allocation scheme whose feasible region
is a set of scalars, the feasible region of the adaptive schemes is
a set of both scalars and matrices (i.e., P, and T}), therefore it
has an exponentially increasing number of possible solutions.
More importantly, due to the non-linearity of the composite
interference in terms of P, obtaining a closed-form solution is
very difficult. In this section we will propose a game theory
based algorithm where users sequentially update their own
power until converging at a fixed point.

A. Signal Model

The signal model follows (1), where T}, € CNt*Nt ig the
diagonal power loading mgtrix of user k satisfying sum power
constraint Zi\il (T,(Cj’j)> = N;,k=1,2,..., K. Following
similar derivation in the Appendix, the post-processing SINR
of stream s for cell k is given as

P, (Tf’s)f

-1,
Ck,s

Ve,s = 24

where
Chs = difoxe s HE | Y Py xe jHy T, THH]
7k

_1\ (5:9)
_ 1 !
+N;o 1) 1Hk,ﬁ—I) ) (25)
Py

denotes the effective interference after MMSE processing. An
estimate of (j ; can be obtained at the kth BS by the method
in Section V, therefore we assume a partial-CSI in this section.

Denote T = [T7,... ,TIT<]T, the objective is to find
K
{PopU Topt} = arg min Z Py,
P>0, trace(T,T})=Ny, k€[1,K] et

such that v, s > T, Vs € [1, N¢] , k € [1, K].

B. Iterative Algorithm for Adaptive Power Allocation

Obtaining a closed-form optimal solution {Py, Top } for
the adaptive scheme is very difficult. In this section, we will
propose a low-complexity suboptimal approach based on game
theory. The basic idea is to sequentially update each user’s
transmission, by treating other users as fixed interference,
until all users converge to a fixed point. We will first specify
a necessary condition of the fixed point to minimize sum
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user to satisfy this necessary condition at each iteration of our
algorithm, thus if the algorithm converges at a fixed point,
the necessary condition will be satisfied and the sum power
is minimized.

Lemma 5: Consider a K-user system. At the fixed point,
{Popt, Topt } enforces the effective SINR of the kth user’s N
substreams to be equal to I'y,, for k=1,..., K.

Proof: Without loss of generality, consider user k. The
remaining K — 1 users are treated as fixed interference, and
the problem reduces to deciding { Py, Tx} such that the N;
streams of user k£ meet I'y. It is well known in the power
control literature that for a set of parallel N; eigenchannels
and fixed power P, the optimal approach for maximizing
the minimum SINR is channel inversion, i.e., allocate power
inverse proportionally to the effective channel gain C% In
other words, under a given I'y, Py is minimized by enforcing
Vi,s = L, for s € [1,Ny], otherwise P, can always be
decreased while meeting I'. [

Lemma 5 suggests that the optimum power loading fol-
lows the channel inversion principle. If we consider O% as
the effective channel gain, antennas with good channels are
allocated less power, while antennas in deep fades are given
more power to meet the SINR target. This is different from
the waterfilling approach where more power is given to better
channels.

The merit of Lemma 5 is that it specifies a criterion to
perform power adaptation for each user. Our game-theory
based algorithm is proposed as follows. At each iteration,
{Pk, Tk} is optimized from user 1 to user K in numerical
order. For each user k, we treat the other users as interference
and assume they maintain the power in the previous iteration,
and optimize {Pj,T)}. Power optimization is conducted
according to channel inversion (e.g., Lemma 5) to minimize
the power of each single user. This process repeats until a
fixed point is reached.

Algorithm 1: Iterative Channel Inversion Power Control

1) Let ¢ = 0, set the initial power vector PO =

(1,1,...,1), where P = 1 is the initial power level
for user k. Let TV = [T?; . .;T%] = [In,;..-;1In,]
be the initial power loading matrix.

2) Leti=1d+1.

Fork=1to K,

a) Given {P~! T~'}, compute the effective in-
terference (s = f (P!, T°"1) as in (25), for
s € [1, Nyl

b) Calculate the optimum loading matrix T, as

Ck,sNt
Ny
Zj:l Ck.j

¢) Calculate the optimum transmit power P}, accord-
ing to

(Tﬁ;)(s"s) = Vs e[l,N]. @7)

Ck,s
2
(()™”)

P = (T +1),Vs € [1,Ny].

(28)

end.
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3) If maxy, | P} — P H|/Pi™" > n, go to step 2), other-
wise stop. 7 is a small value scalar to determine whether
convergence is reached.

After the optimum strategy of user k is obtained, the kth BS
send Ny + 1 numbers (i.e. Py opt, Tk opt) to the kth mobile,
where T, op is diagonal. The feedback can be implemented on
the specific feedback channel, such as in WiMAX/IEEE802.16
[35].

In terms of complexity, waterfilling performs SVD and
calculates the optimum water-level in each iteration, so is
highly computationally demanding. In contrast, equal power
allocation power control is much less complicated because it
only requires the largest eigenvalue, and adaptive power allo-
cation requires no eigenvalue computation at all. The feedback
overhead of power control and waterfilling are approximately
the same, as the power on each antenna is the information to
be fed back.

C. Discussion on Convergence of Adaptive Power Allocation

For MIMO power control with adaptive power allocation,
it is straightforward to obtain the following corollary.

Corollary 2: For the multi-cell MIMO power control with
adaptive power allocation, if the power loading matrices
{T;C}f:1 are arbitrarily fixed and not considered for opti-
mization, the power control problem is standard and therefore
converges, if a feasible solution exists. The equal power
allocation case (e.g., Ty = Iy,) is a special case of this
category.

It is difficult to analyze the convergence if we also consider
the loading matrix T optimization in each iteration. The
feasible region %f T, is non-linear due to the power constraint,
PO <T,(f’s)) = N;. As a result, the problem is not
standard and it is impossible to evaluate the monotonicity
(e, I(P) > I(P") if P > P’), and the scalability
(I (aP) > ol (P), if > 1, P > I(P)) without violating
the power constraint. Since the power control problem is no
longer standard, we are not able to theoretically prove the
convergence of the iterative channel inversion power control
algorithm at this point. Numerical results, however, indicate
that algorithm 1 converges within less than 10 iterations if the
problem is feasible.

VII. NUMERICAL RESULTS

Simulation results are provided to demonstrate the perfor-
mance of our proposed schemes. All cells are hexagonal and
have radius of R = 1000 meters. A universal frequency reuse
pattern is applied, and mobiles are uniformly distributed within
the cells. The pathloss exponent is p = 3 for Vk, and the
variance of log-normal shadow-fading is 8 dB. For brevity, a
system with N; transmit and /V, receive antennas is denoted
as a Ny x N, system.

A. MIMO Power Control With Equal Power Allocation

Fig. 2 presents the convergence of the 1-bit algorithm in a
7-cell system. The target SINR is 6 dB, and the AWGN noise
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Fig. 2. Convergence of the 1-bit power control algorithm with equal power
allocation and different step size §: K =7, a% =0.01, I" =6 dB.

mean square error (NMSE) for each iteration NMSE =
[P — P*||?/||P*||?, averaged over 1000 independent channel
realizations. Fig. 2 confirms the convergence with step size §
ranging from 0.2 dB to 1 dB, with either self-CSI and full-CSI.
As expected, larger ¢ allows faster convergence, but smaller §
allows finer resolution and lower steady-state NMSE. Because
a finer resolution can help more if the available channel
information is more abundant, the full-CSI case enables more
NMSE reduction and provides a higher advantage than the
self-CSI case, as § decreases.

B. MIMO Power Control With Adaptive Power Allocation and
Self-CSI

Fig. 3 compares the infeasibility probability of equal and
adaptive power allocation, where 19 cells are considered. For
each target SINR, 1000 independent channel realizations are
simulated. For each channel realization, infeasibility occurs
if the iterative algorithm does not converge after 1000 loops.
Simulation results suggest that the adaptive algorithm substan-
tially reduces the infeasibility probability, and consequently
increases the achievable target SINR under a certain infeasi-
bility rate. For example, for a 2 x4 system, if the infeasibility is
required to be less than 10%, the maximum achievable target
SINR with equal power allocation is 7 dB, while adaptive
power allocation can achieve a target SINR up to 17 dB.

Fig. 4 plots the ratio of average sum transmit power
obtained with these two approaches, when both algorithms
obtain a feasible solution. It is shown that the adaptive
allocation scheme substantially reduces the sum power, by
up to 80%. Additionally, we find that the power reduction
is more effective when the number of users K, the number of
transmit antennas N, and the target SINR I' are large. This
is because adaptive power allocation efficiently exploits the
multiuser MIMO channels (e.g., multiuser diversity), hence
power reduction is more significant with larger K. A larger
receive antenna number N,, however, reduces the channel
variation by providing more receive diversity, and diminishes
the improvement of the adaptive scheme.

Convergence of the adaptive scheme is evaluated in Fig. 5
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Fig. 3. Probability of infeasibility with equal power allocation and adaptive
power allocation: K = 19, 02 = 0.01.
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Fig. 4.  Average ratio of sum transmit power between adaptive power
allocation and equal power allocation power control: o2 = 0.01.

and o2 = 0.01, averaged over 1000 channel realizations. It
is shown that if there exists a feasible solution, the algorithm
typically requires less than 10 iterations to converge. Conver-
gence is slightly faster with a larger receive antenna array or
a smaller transmit antenna array, due to the higher receive
diversity N, — N; + 1. Similarly, a smaller number of cells
lead to a faster convergence.

C. Cell Coverage With Equal and Adaptive Power Control

In this section we investigate the cell coverage capability by
evaluating the coverage radius D(Pyy, I'), defined such that if
all MSs are within D meters from their associated BSs, the
infeasibility probability is less than Py (D,T"), under a target
SINR of I'. Likewise, Poy (D,T") is defined as the outage
probability.

Fig. 6 shows the outage probability P, with different
coverage radius D and target I', for both equal and adap-
tive allocation schemes. The adaptive power allocation can
dramatically reduce the outage probability under the same
coverage and SINR constraint. Fig. 7 depicts the cell coverage
rate D? (Poy, ') /R? for both schemes. The adaptive power

NMSE (dB)
®
R
i

18 20
iteration index

Fig. 5. Convergence of the adaptive allocation power control given that the
channel provides a feasible solution: I' = 6 dB, O’% = 0.01.
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Fig. 6. Outage probability P,y with equal power allocation and adaptive
power allocation when all MSs are within D meters to their BS: cell radius
R = 1000, K =19, Ny = 4, N, =6, 02 = 0.01.

example at Py, = 10% and ' = 8 dB, the equal power
allocation covers only 50% of the cell, while adaptive power
allocation can serve the entire cell.

D. Comparison of Power Control and Iterative Waterfilling

Fig. 8 compares the throughput per user for both iterative
waterfilling and our proposed power control schemes in a 7-
cell system. The probability of infeasibility is compared in
Fig. 9. The target SINR I translates into the target throughput
for iterative waterfilling as ' = Ny log,(1+T"). The simulation
setting is given as follows:

« The throughput is calculated at the fixed point obtained

by each algorithm.

o For iterative waterfilling, the mobile’s maximum power
P,.ax is chosen to be significantly higher than P, which
is the average power at the fixed points of power control.
Note that waterfilling can transmit at any power level
from O to Prax.

« Waterfilling is infeasible if one or more users do not
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Fig. 7.  Cell coverage D? (Poyt,I") /R? of equal and adaptive power
allocation power control: K = 19, Ny =4, N,, = 6, afL = 0.01.
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Fig. 8. Throughput per user of the proposed power control algorithms and
the iterative waterfilling algorithm: K = 7, 02 = 0.01.

o The throughput of power control is defined to be zero in
the case of infeasibility, while iterative waterfilling has
a non-zero throughput even when infeasible. To make a
fair comparison, the throughput is averaged over channels
that are feasible for both power control and iterative
waterfilling.

Fig. 8 shows that the power control schemes obtain
higher average throughput than waterfilling at low-to-moderate
SINRs. For 2 x 4 or 2 x 6 cases, the average throughput of
power control is approximately 2 bps/Hz higher than iterative
water-filing, when I' < 18 dB. For 4 x 6 case, power
control has 3-5 bpz/Hz higher throughput when I" < 14 dB.
The throughput of power control drops quickly to zero at
high SINRs due to infeasibility, while waterfilling can still
maintain a link. Note that power control and waterfilling are
performed with completely different objectives (e.g., target
SINR vs target rate). The throughput in Fig. 8 is obtained
at the fixed point of different algorithms, which is different
from the conventional problem of throughput maximization
with a fixed sum power. Additionally, the complexity of
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Fig. 9. Probability of infeasibility of proposed power control algorithms and
the iterative waterfilling algorithm: K =7, o2 = 0.01.

SVD operations. Hence we conclude that power control is
more effective at low-to-moderate SINRs, which is the more
common case in cellular networks. Waterfilling is well suited
to high SINRs, so is probably more appropriate for wireless
LANSs.

The performance gain of power control over waterfilling is
possibly the result from the non-convexity of the sum capacity
in terms of the power vector P. In a single-user MIMO link, it
is well-known that waterfilling is optimal due to the convexity
of the capacity with regards to the power. In cellular systems,
however, the sum capacity is no longer convex because each
user’s power appears in the denominator of the other users’
SINR.

Fig. 9 compares the infeasibility probability of power con-
trol and waterfilling. We find that the adaptive power allocation
power control significantly outperforms the equal allocation
scheme, approximately achieving a SINR improvement of
10-12 dB in most channel settings. Waterfilling outperforms
power control in terms of infeasibility probability by 1-2
dB SINR improvement, at the cost of higher computational
cost and reduced throughput at lower SINR. In summary,
power control - suitably modified for MIMO systems - is a
promising means for alleviating the interference problem in
cellular MIMO systems.

VIII. CONCLUSIONS

This paper studied the multi-dimensional power control
problem for an uplink cellular MIMO spatial multiplexing
system. Our work include several previous OFDM power
control algorithms as special cases by taking inter-carrier in-
terference into account, and included many utility maximizing
power control as special cases if the utility maximizing SINR
is used as the target. Solutions were provided where each
user’s power is equally or adaptively allocated to its antenna
array. Simulation results showed that the average throughput
of adaptive power control outperforms iterative waterfilling
by 2-5 bps/Hz at low-to-moderate SINRs (e.g., below 10 dB),
while iterative waterfilling is more effective at high SINR.
In terms of the probability of infeasibility, adaptive power
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the same infeasibility probability, compared to equal power
allocation, which effectively increases the cell coverage and
reduces power consumption at mobile terminals. Waterfilling
outperforms the adaptive power allocation power control by
1-2 dB target SINR gain at the same infeasibility probability,
at the cost of much higher computational complexity.

APPENDIX

For simplicity of notation, denote

de];?Xk',j

Z, = Z — Hkijj,
Zi \ Predi i Xen
N,
n, = +nk (29)
Prody Xk k
Pidy X,
R, = B (zma)) =Y B HGHL L (G0)
izr Prdi Xk
N, 2
Rs, = B (fyf] ) = - 31)
Prody e Xk

The estimate X, is given as X, = Gy, and the estimation
error matrix with the MMSE receiver is given as [32]

—1
S, = (HL,C (Ry, +Ra,) "Hyp + I) 32)

The minimum post-processing SINR of the kth user is
bounded as (36). The factor -1 in step (33) removes the
estimation bias [31], and e; in (34) denotes the ith column
of a N; x N, identity matrix. Step (35) follows the Rayleigh-
Ritz theorem [39], which has widely used in deriving a SNR
bound for MIMO systems [36][37].
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