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PREFACE

In the fourth edition of this book we have maintained the objectives of the
previous three editions. For the past 20 years we have attempted to provide
in a single book a relatively complete treatment on the principles of com-
munications suitable for seniors and beginning graduate students in electrical
engineering. In addition to topics in communications, sections have been
included on signals, systems, probability, and random processes, so that all of
the necessary background is included within the pages of a single book. This
has worked well for undergraduates, for new graduate students who may have
forgotten some of the fundamentals, and for the working engineer who may
use the book as a reference or who may be taking a course after hours,

A significant feature of the fourth edition of Principles of Communications is
the inclusion of a number of “computer exercises” at the end of each chapter.
These exercises are designed to make use of a computer in order to illustrate
the principles involved. They follow the end-of-chapter problems in a section
marked by a computer symbol. There are a number of motivations for the
inclusion of these problems. The computer is now accepted as a valuable tool
in engineering education and is becoming integrated into engineering curric-
ula. Computer usage allows students to work more complex problems and to
gain important insights through the working of these problems. While these
problems can all be worked by writing programs in FORTRAN, Pascal, or C,
we strongly recommend the use of scientific problem-solving programs such
as MATLAB®, Mathcad® and Mathematica® to name only a few. Through the
use of these tools, the programming time for the student is significantly min-
imized. In addition, the graphing support provided by these tools allows the
student to plot waveforms and performance characteristics with ease. We also
feel that it is important for students to be familiar with these tools and to use
them in their day-to-day problem solving efforts.

The past twenty years have seen many new applications for communication
systems and a number of new technologies have been developed for the
implementation of these systems. While there is always a strong desire to
include a wide variety of new applications and technologies in a new edition
of a book, we strongly feel that a first course in communications serves the
student best if the emphasis is placed on fundamentals. We feel that appli-
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X Preface

cations and technologies, which often have short lifetimes, are best treated in
subsequent courses after students have mastered the basic theory and analysis
techniques. We have, however, been sensitive to new techniques that are fun-
damental in nature and have added material as appropriate. A new section on
trellis-coded modulation is an example. Other new sections are discussed in
later paragraphs. In addition, a number of new problems and in-chapter exam-
ples have been added, Several less-useful sections have been deleted, resulting
in a fourth edition that is actually a few pages shorter than the previous
edition.

In order to compare the fourth edition of this book with the previous edi-
tion, we briefly consider the changes chapter by chapter. In Chapter 1, the
tables have been updated and a brief discussion on atmospheric characteristics
has been added. Chapter 2, which is essentially a review of signal and system
theory, has been tightened by deleting several examples that seemed super-
fluous and a brief discussion of the decimation-in time FFT algorithm has been

added.
Chapter 3, which is devoted to basic modulation methods, has been signif-

icantly expanded. A number of examples have been added which illustrate the
effect of modulation in the time domain. Students usually find it much easier
to visualize the effect of modulation in the frequency domain than in the time
domain and therefore a number of waveforms corresponding to different mod-
ulation techniques have been added. In addition, the effect of interference in
linear and nonlinear modulation has been combined into a single section. This
section has also been expanded to include a discussion on spike noise resulting
from origin encirclement in FM systems due to signal-tone interference. An
understanding of this simple deterministic process will significantly help the
student understand the origin encirclement phenomenon in the presence of
additive Gaussian noise in Chapter 5 and thresholding in FM systems, studied
in Chapter 6.

Chapters 4 and 5, which deal with probability and stochastic processes, have
changed little from previous editions of this book. The most significant change
in Chapter 4 is the use of the probability Q-function rather than the error
function, erf(x), to represent probabilities of events in a Gaussian environment.
While this really represents only a notational change, it recognizes that the
probability Q-function is now used extensively in communications engineer-
ing. In edition four, a table has been added that gives the most common prob-
ability density functions along with the means and variances of the random
variables described by the density functions. Chapter 5 has been shortened
slightly, and a short section has been added illustrating the determination of
the system equivalent-noise bandwidth from the impulse response.

In Chapter 6, which treats the noise performance of various modulation

13



Preface xi

schemes, the section on threshold extension has been rewritten so that the
results are more general. The thresholding characteristics of an FM discrimi-
nator with a sinusoidal message signal are presented as a special case in an
example problem.

Binary digital data transmission is the subject of Chapter 7. A new section
has been added to this chapter dealing with fading channels. This is an impor-
tant subject in today’s world because of the rapidly expanding use of mobile
communication systems. Chapter 8 treats more advanced topics in data com-
munication systems including M-ary systems, bandwidth efficiency, synchro-
nization, spread-spectrum systems and satellite links.

Chapter 9, which deals with optimum receivers and signal-space concepts
is little changed from the previous edition. The chapter has been tightened,
however, by deleting the topics of Weiner filtering and nonlinear estimation.

Chapter 10 provides the student with a brief introduction to the subjects
of information theory and coding. As mentioned previously, an addition to
this chapter is a brief discussion of the important subject of trellis-coded mod-
ulation, a very useful technique for the implementation of bandwidth and
power efficient communication systems.

We have used this text for a two-semester course sequence for a number
of years. The first course is a first-semester senior-level one covering Chapters
1, 2, 3, and Appendix A. The second course is a one-semester senior-level
one covering Chapters 4 and 5 and selected topics from the remainder of the
book. Some good students who have had a previous course on signal and sys-
tem theory have successfully taken the second course without the first. A
previous course on signal and system theory also allows the material in Chap-
ter 2 to be reviewed rather than covered in detail. Hence, more material from
Chapter 3 can be covered; for example, the coverage of the phase-lock loop
can be expanded. Similarly, a previous course on probability allows the mate-
rial in Chapters 4 and 5 to be reviewed, thereby allowing more topics on
communications to be covered.

Although the text was designed primarily for a two-semester sequence, we
included sufficient material to allow considerable flexibility in structuring
many different course sequences based on the text. A solutions manual is
available from the publisher. This manual contains complete solutions to all
odd-numbered problems and answers to all even-numbered problems. Partial
solutions are given to even-numbered problems in those cases in which we
felt that some extra guidance would be helpful. In addition, complete solu-
tions to all computer exercises are given in the solutions manual.

We wish to thank the many persons who have contributed to the devel-
opment of this textbook and who have suggested improvements for the fourth
edition. We especially thank our colleagues and students at the University of
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Colorado at Colorado Springs and at the University of Missouri-Rolla for their
comments and suggestions. We also express our thanks to the many colleagues
who have offered suggestions to us by correspondence or verbally at technical
conferences. The industries and agencies that have supported our research
deserve special mention since, by working on these projects, we have
expanded our knowledge and insight significantly. These include the National
Aeronautics and Space Administration, the Office of Naval Research, the
National Science Foundation, GE Aerospace, Motorola, Inc., Emerson Electric
Company, Battelle Memorial Institute, and the McDonnell Douglas
Corporation,

We also thank the reviewers of all editions of this book. The reviewers for
the fourth edition deserve special mention, They were:

Derald Cummings, Penn State

Bruce Black, Rose-Hulman Institute of Technology

Steven Bibyk, Ohio State

Michael Fitz, Purdue

Laurence Hassebrook, Kentucky

Donley Winger, California Polytechnic State University (San Luis Obispo)
John Kieffer, Minnesota

Toby Berger, Cornell .

B.V.K. Vijaya Kumar, Carnegie Mellon

John Komo, Clemson

Dan Schonfeld, Illinois (Chicago)

H.K. Hwang, Califurnia State Polytechnic University (Pomona)
Rao Yarlagadda, Oklahoma State

Dr. Ronald Iltis, from the University of California at Santa Barbara, deserves
special mention. He provided a very helpful checkout review by reading the
entire manuscript in page-proof form. All reviewers have contributed signifi-
cantly to the fourth edition of this book. All remaining shortcomings are
solely the responsibility of the authors.

Our students have provided continuing encouragement for our writing proj-
ects, and it is to them that we dedicate this book.

Finally, our wives, Sandy and Judy, deserve much more than a simple thanks
for the patience that they have shown throughout our seemingly endless writ-
lng projects.

R E. 2
W.H.T.
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INTRODUCTION

As we approach the close of the twentieth century, we live in a world in
which electrical communication is so commonplace that we pick up our
cordless telephones without a second thought. Yet the importance of such
communication in today’s world is so crucial that we cannot imagine modern
society without it. We are in an era of change, which some people refer to
as the “information age,” much like the era—more than 100 years ago—
when the world underwent drastic changes because of the industrial revo-
lution. The prosperity and continued development of modern nations will
depend more on the originating and disseminating of information, rather than
of manufactured goods. Examples illustrating that the value of information
is often more than that of goods and services are provided by the fact that
many portable computers are equipped with modems so that persons trav-
eling on business are linked with their offices; by the number of motorists
using cellular telephones in metropolitan areas; and by the fact that more
and more mail transactions are now accomplished through computer, or
electronic, mail.*

This book is concerned with the theory of systems for the conveyance of
information. A system is a combination of circuits and devices put together
to accomplish a desired result, such as the transmission of intelligence from
one point to another. A characteristic of communication systems is the pres-
ence of uncertainty. This uncertainty is due in part to the inevitable presence
in any system of unwanted signal perturbations, broadly referred to as noise,
and in part to the unpredictable nature of information itself. Systems analysis
in the presence of such uncertainty requires the use of probabilistic
techniques.

Noise has been an ever-present problem since the early days of electrical
communication, but it was not until the 1940s that probabilistic systems-
analysis procedures were used to analyze and optimize communication sys-

* For more on this fascinating subject, see the IEEE Communications Magazine, Vol. 30, Oct.
1992 (special issue on *“Realizing Global Communications").
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2 Introduction

tems operating in its presence [Wiener 1949; Rice 1944, 1945].* It is also
somewhat surprising that the unpredictable nature of information was not
widely recognized until the publication of Claude Shannon’s mathematical
theory of communications [Shannon 1948] in the late 1940s. This work was
the beginning of the science of information theory, a topic that will be con-
sidered in some detail later.

A better appreciation of the accelerating pace at which electrical com-
munication is developing can perhaps be gained by the historical outline of
selected communications-related events given in Table 1.1.

With this brief introduction and history, we now look in more detail at
the various components that make up a typical communication system.

1.1 THE BLOCK DIAGRAM OF A COMMUNICATION SYSTEM

Figure 1.1 shows a commonly used model for a communication system.
Although it suggests a system for communication between two remotely
located points, this block diagram is also applicable to remote sensing sys-
tems, such as radar or sonar, in which the system input and output may be
located at the same site. Regardless of the particular application and config-
uration, all information transmission systems invariably involve three major
subsystems—a transmitter, the channel, and a receiver. In this book we will
usually be thinking in terms of systems for transfer of information between
remotely located points. It is emphasized, however, that the techniques of
systems analysis developed are not limited to such systems.

We will now discuss in more detail each functional element shown in

Figure 1.1.

Input Transducer The wide variety of possible sources of information re-
sults in many different forms for messages. Regardless of their exact form,
however, messages may be categorized as analog or digital. The former may
be modeled as functions of a continuous-time variable (for example, pres-
sure, temperature, speech, music), whereas the latter consist of discrete
symbols (for example, written text). Almost invariably, the message pro-
duced by a source must be converted by a transducer to a form suitable for
the particular type of communication system employed. For example, in
electrical communications, speech waves are converted by a microphone to
voltage variations. Such a converted message is referred to as the message
signal. In this book, therefore, a signal can be interpreted as the variation of
a quantity, often a voltage or current, with time.

* References in brackets [ ] refer to Historical References in the Bibliography.
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1.1 The Block Diagram of a Communication System 3

TABLE 1.1 A Brief History of Communications

~ Time Period Year Event
1826 Ohm's law
1838 Samuel F. B. Morse demonstrates telegraph
80 years 1864 James C. Maxwell predicts electromagnetic radiation
1876 Alexander Graham Bell patents the telephone
1887 Heinrich Hertz verifies Maxwell’s theory
1897 Marconi patents a complete wireless telegraph system
1904 Fleming invents the diode
1906 Lee De Forest invents the triode amplifier
1915 Bell System completes a transcontinental telephone line
40 yoars 1918 B.H. .ﬁmstrong perfects the superheterodyne radio
receiver )
1920 J. R. Carson applies sampling to communications
1937 Alec Reeves conceives pulse-code modulation (PCM)
1938 Television broadcasting begins
World Radar and microwave systems are developed; statistical
War ll methods are applied to signal extraction problems
1948 The transistor is invented; Claude Shannon’s “A
20 years Mathematical Theory of Communications" is
published
1950 Time-division multiplexing is applied to telephony
1956 First transoceanic telephone cable
1960 Laser demonstrated by Maiman (1960)

First communication satellite, Telstar 1, launched (1962)
Live television coverage of moon exploration;
to experimental PCM systems; experimental laser
communications; integrated circuits; digital signal
1970 processing; color TV; time-shared computing

10 years

1970 Commercial relay satellite communications (voice and
digital); gigabit signaling rates; large-scale integration;
integrated circuit realization of communications

to circuits; intercontinental computer communication
nets; low-loss light fibers; off-the-shelf optical

10 years communication systems; packet-switched digital data
systems; interplanetary grand tour launched (1977)—
communications accomplished from Jupiter, Saturn,
Uranus, and Neptune (encounter in August, 1989);
microprocessor, computed tomography, and

1980 supercomputers developed

1980 Satellite ““switchboards in the sky''; mobile, cellular
telephone systems; multifunction digital displays;
2 gigasample/s digital oscilloscopes; desktop
publishing systems; programmable digital signal
processors; digitally tuned receivers with autoscan;

(continued )
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4 Introduction

TABLE 1.1 (continued)
Time Period Year Event

10 years to cryptography on a chip; single-chip digital encoders
and decoders; infrared data/control links; compact
disk audio players; 200,000-word optical storage
media; Ethernet developed; Bell system disbands,
allowing competing long-haul telephone services;

1990 digital signal processors developed

1990's Global positioning system (GPS) completed; high-
definition television, very small antenna aperture
satellites (VSATSs), global satellite-based cellular
telephones and integrated services digital network
(ISDN) developed; personal communications systems
come of age

Transmitter The purpose of the transmitter is to couple the message to
the channel. Although it is not uncommon to find the input transducer
directly coupled to the transmission medium, as for example in some inter-
com systems, it is often necessary to modulate a carrier wave with the signal
from the input transducer. Modulation is the systematic variation of some
attribute of the carrier, such as amplitude, phase, or frequency, in accor-
dance with a function of the message signal. There are several reasons for
using a carrier and modulating it. Important ones are (1) for ease of radia-
tion, (2) to reduce noise and interference, (3) for channel assignment, (4) for
multiplexing or transmission of several messages over a single channel, and
(5) to overcome equipment limitations. Several of these reasons are self-
explanatory; others, such as the second, will become more meaningful later.

In addition to modulation, other primary functions performed by the

FIGURE 1.1 Block diagram of a communication system

Message Transmitted Received Output

signal signal signal signal
Input ¥ ¥ ¥ ¥ Output
message Input . : QOutput | Message
e i —> Transmitter —» Channel = Receiver l—-)' resreduce 2

A N
Additive noise, interference,
distortion resulting from band-
limiting and nonlinearities,
switching noise in networks,
electromagnetic discharges
such as lightning, powerline
corona discharge, and so on,

Carrier
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1.2 Channel Characteristics 5

transmitter are filtering, amplification, and coupling the modulated signal to
the channel (for example, through an antenna or other appropriate device).

Channel The channel can have many different forms; the most familiar,
perhaps, is the channel that exists between the transmitting antenna of a
commercial radio station and the receiving antenna of a radio. In this chan-
nel, the transmitted signal propagates through the atmosphere, or free
space, to the receiving antenna. However, it is not uncommon to find the
transmitter hard-wired to the receiver, as in most local telephone systems.
This channel is vastly different from the radio example. However, all chan-
nels have one thing in common: the signal undergoes degradation from
transmitter to receiver. Although this degradation may occur at any point of
the communication system block diagram, it is customarily associated with
the channel alone. This degradation often results from noise and other unde-
sired signals or interference but also may include other distortion effects as
well, such as fading signal levels, multiple transmission paths, and filtering.
More about these unwanted perturbations will be presented shortly.

Receiver The receiver’s function is to extract the desired message from the
received signal at the channel output and to convert it to a form suitable for
the output transducer. Although amplification may be one of the first oper-
ations performed by the receiver, especially in radio communications, where
the received signal may be extremely weak, the main function of the
receiver is to demodulate the received signal. Often it is desired that the
receiver output be a scaled, possibly delayed, version of the message signal
at the modulator input, although in some cases a more general function of
the input message is desired. However, as a result of the presence of noise
and distortion, this operation is less than ideal. Ways of approaching the
ideal case of perfect recovery will be discussed as we proceed.

Output Transducer The output transducer completes the communication
system. This device converts the electric signal at its input into the form
desired by the system user. Perhaps the most common output transducer is
a loudspeaker. However, there are many other examples, such as tape
recorders, personal computers, meters, and cathode-ray tubes, to name only
a few.

1.2 CHANNEL CHARACTERISTICS
Noise Sources

Noise in a communication system can be classified into two broad categories,
depending on its source. Noise generated by components within a commu-
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6 Introduction

nication system, such as resistors, electron tubes, and solid-state active
devices is referred to as internal noise. The second category, external noise,
results from sources outside a communication system, including atmo-
spheric, man-made, and extraterrestrial sources.

Atmospheric noise results primarily from spurious radio waves generated
by the natural electrical discharges within the atmosphere associated with
thunderstorms. It is commonly referred to as static or spherics. Below about
100 MHz, the field strength of such radio waves is inversely proportional to
frequency. Atmospheric noise is characterized in the time domain by large-
amplitude, short-duration bursts and is one of the prime examples of noise
referred to as impulsive. Because of its inverse dependence on frequency,
atmospheric noise affects commercial AM broadcast radio, which occupies
the frequency range from 540 kHz to 1.6 MHz, more than it affects tele-
vision and FM radio, which operate in frequency bands above 50 MHz.

Man-made noise sources include high-voltage powerline corona dis-
charge, commutator-generated noise in electrical motors, automobile and
aircraft ignition noise, and switching-gear noise. Ignition noise and switching
noise, like atmospheric noise, are impulsive in character, Impulse noise is
the predominant type of noise in switched wireline channels, such as tele-
phone channels. For applications such as voice transmission, impulse noise is
only an irritation factor; however, it can be a serious source of error in appli-
cations involving transmission of digital data.

Yet another important source of man-made noise is radio-frequency trans-
mitters other than the one of interest. Noise due to interfering transmitters
is commonly referred to as radio-frequency interference (RFI). RFI is particularly
troublesome in situations in which a receiving antenna is subject to a high-
density transmitter environment, as in mobile communications in a large
city.

Extraterrestrial noise sources include our sun and other hot heavenly bod-
ies, such as stars. Owing to its high temperature (6000°C) and relatively
close proximity to the earth, the sun is an intense, but fortunately localized
source of radio energy that extends over a broad frequency spectrum. Sim-
ilarly, the stars are sources of wideband radio energy. Although much more
distant and hence less intense than the sun, nevertheless they are collectively
an important source of noise because of their vast numbers. Radio stars such
as quasars and pulsars are also intense sources of radio energy. Considered
a signal source by radio astronomers, such stars are viewed as another noise
source by communications engineers. The frequency range of solar and cos-
mic noise extends from a few megahertz to a few gigahertz.

Another source of interference in communication systems is multiple
transmission paths. These can result [rom reflection off buildings, the earth,
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1.2 Channel Characteristics 7

airplanes, and ships or from refraction by stratifications in the transmission
medium. If the scattering mechanism results in numerous reflected com-
ponents, the received multipath signal is noiselike and is termed diffuse. If
the multipath signal component is composed of only one or two strong
reflected rays, it is termed specular. Finally, signal degradation in a commu-
nication system can occur because of random changes in attenuation within
the transmission medium. Such signal perturbations are referred to as fading,
although it should be noted that specular multipath also results in fading
due to the constructive and destructive interference of the received multiple
signals.

Internal noise results from the random motion of charge carriers in elec-
tronic components. It can be of three general types: the first is referred to
as thermal noise, which is caused by the random motion of free electrons in
a conductor or semiconductor excited by thermal agitation; the second is
called shot noise and is caused by the random arrival of discrete charge car-
riers in such devices as thermionic tubes or semiconductor junction devices;
the third, known as flicker noise, is produced in semiconductors by a mecha-
nism not well understood and is more severe the lower the frequency. The
first two types of noise sources are modeled analytically in Appendix A, and
examples of system characterization using these models are given there.

Types of Transmission Channels

There are many types of transmission channels. We will discuss the charac-
teristics, advantages, and disadvantages of three common types: electromag-
netic-wave propagation channels, guided electromagnetic-wave channels,
and optical channels. The characteristics of all three may be explained on
the basis of electromagnetic-wave propagation phenomena. However, the
characteristics and applications of each are different enough to warrant our
considering them separately.

Electromagnetic-Wave Propagation Channels The possibility of the propa-
gation of electromagnetic waves was predicted in 1864 by James Clerk Max-
well (1831-1879), a Scottish mathematician who based his theory on the
experimental work of Michael Faraday. Heinrich Hertz (1857-1894), a Ger-
man physicist, carried out experiments between 1886 and 1888 using a
rapidly oscillating spark to produce electromagnetic waves, thereby experi-
mentally proving Maxwell’s predictions. Therefore, by the latter part of the
nineteenth century, the physical basis for many modern inventions utilizing
electromagnetic-wave propagation—such as radio, television, and radar—
was already established.

The basic physical principle involved is the coupling of electromagnetic
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8 Introduction

energy into a propagation medium, which can be free space or the atmo-
sphere, by means of a radiation element referred to as an antenna. Many
different propagation modes are possible, depending on the physical config-
uration of the antenna and the characteristics of the propagation medium.
The simplest case—which never occurs in practice—is propagation from a
point source in a medium that is infinite in extent, The propagating wave
fronts (surfaces of constant phase) in this case would be concentric spheres.
Such a moudel might be used for the propagation of electromagnetic energy
from a distant spacecraft to earth. Another idealized model, which approx-
imates the propagation of radio waves from a commercial broadcast antenna,
is that of a conducting line perpendicular to an infinite conducting plane.
These and other idealized cases have been analyzed in books on electro-
magnetic theory. Our purpose is not to summarize all the idealized models,
but to point out basic aspects of propagation phenomena in practical
channels.

Except for the case of propagation between two spacecraft in outer space,
the intermediate medium between transmitter and receiver is never well
approximated by free space. Depending on the distance involved and the
frequency of the radiated waveform, a terrestrial communication link may
depend on line-of-sight, ground-wa\re, or ionospheric skip-wave propagation
(see Fig. 1.2). Table 1.2 lists frequency bands from 3 kHz to 10" GHz, along
with typical uses in each band. Note that the frequency bands are given in
decades; the VHF band has 10 times as much frequency space as the HF
band. Table 1.3 shows some bands of particular interest.

General application allocations are arrived at by international agreement.
The present system of frequency allocations is administered by the Inter-
national Telecommunications Union (ITU), which is responsible for the peri-
odic convening of Administrative Radio Conferences on a regional (RARC)
or a worldwide (WARC) basis.* In the United States, the Federal Commu-
nications Commission (FCC) awards specific applications within a band as
well as licenses for their use. For example, in 1974, the FCC decided to
alleviate congestion of land mobile radio in the 150 and 450 MHz bands by
allocating 115 MHz of bandwidth in the 806 to 947 MHz band to mobile
radio. The reasons for the move to UHF were twofold: (1) frequency space
was available; and (2) a new concept in mobile radio, called cellular mobile
radio, in which the geographic area of coverage is divided into cells with a
base station in each cell and handoff between cells, had emerged.

* See A. F. Inglis, Electronic Communications Handbook, New York: McGraw-Hill (1988), Chapter
3.

f See John Oetting, “Cellular Mobile Radio—An Emerging Technology.” IEEE Communica-
tions Magazine, Vol. 21, pp. 10-15, Nov. 1983, Also see IEEE Communications Magazine, Vol. 24,
Feb. 1986 (the whole issue is devoted to mobile radio communications).
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1.2 Channel Characteristics 9

FIGURE 1.2 The various propagation modes for electromagnetic waves
(LOS stands for line of sight)
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WARC-92, the most recent World Administrative Radio Conference, was
attended by 127 out of 166 member countries. It made the following
changes:

1. Added 790 kHz of extra spectrum to the shortwave bands—200 kHz
below 10 MHz and 590 kHz between 11 and 19 MHz

2. Made an allocation between 1.70 and 2.69 GHz for future public land-
mobile telecommunication systems

3. Allocated the 1.605 to 1.675 and 1.800 to 1.805 GHz bands worldwide
for public telephone service to and from commercial aircraft

4. Allocated additional spectrum for low-earth-orbit satellite communica-
tions, mostly below 1 GHz

At lower frequencies, or long wavelengths, propagating radio waves tend
to follow the earth’s surface. At higher frequencies, or short wavelengths,
radio waves propagate in straight lines. Another phenomenon that occurs at
lower frequencies is reflection (or refraction) of radio waves by the iono-
sphere (a series of layers of charged particles at altitudes between 30 and
250 miles above the earth’s surface). Thus, for frequencies below about 100
MHz, it is possible to have skip-wave propagation. At night, when lower
ionospheric layers disappear due to less ionization from the sun (the E, F,,
and F; layers coalesce into one layer—the F layer), longer skip-wave prop-
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TABLE 1.2 Frequency Bands with Typical Uses

Microwave.
! £ Band Letter
[Frequency Band®  Name (GHz)  Designations ~ Typical Uses
3-30 kHz Very low Long-range navigation;
frequency sonar

(VLF)

30-300 kHz Low
frequency { Navigational aids; radio
(LF) beacons

300-3000 kHz Medium [ Maritime radio;
frequency direction finding;

(MF) j distress and calling;

Coast Guard comm.;
| commercial AM radio
(" Search and rescue;
3-30 MHz High aircraft comm. with
frequency < ships; telegraph,

(HF) telephone, and

P & facsimile; ship-to-coast
30-300 MHz Very high R C ([ VHF television
frequency E U | channels; FM radio;

(VHF) V R | land transportation;

I R < private aircraft; air
0O E traffic control; taxi cab;
U N police; navigational
S T \ULaids
0.3-3 GHz Ultrahigh 05-1.0 VHF C ( UHF television
frequency 1.0-2.0 L D | channels;
(UHF) 2.0-3.0 S E radiosonde;
3.0-4.0 S F < nav. aids;
4.0-6.0 C G surveillance radar;
3-30 GHz Superhigh 6.0-8.0 C H | satellite comm.;
frequency 8.0-100 X | | “radio altimeters;

(SHF) 10.0-124 X J microwave links;
12.4-18.0 Ku J airborne radar;
18.0-20.0 K J3 approach radar;
20.0-26.5 K K weather radar;
26.5-40.0 Ka K common carrier

land mobile
30-300 GHz Extremely Railroad service; radar
high landing systems;
frequency { experimental

(EHF)

(continuea)
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1.2 Channel Characteristics 11

TABLE 1.2 (continued)

Microwaye _
Frequency Band®  Name (GHz)  Designations  Typical Uses -
300 GHz-3 THz (0.1-1 mm) Experimental
43-430 THz Infrared (7- Optical comm. systems
0.7 um)
430-750 THz Visible light Optical comm. systems
(0.7-0.4 pm)
750-3000 THz Ultraviolet Optical comm. systems
light (0.4-0.1
pm)

® Abbreviations: kHz = kilohertz = X10° hertz; MHz = megahertz = X 10° hertz; GHz
= gigahertz = X10° hertz; THz = terahertz = X10'? hertz; um = micrometers = 10~°
meters.

agation occurs as a result of reflection from the higher, single reflecting layer
of the ionosphere.

Above about 300 MHz, propagation of radio waves is by line of sight,
because the ionosphere will not bend radio waves in this frequency region
sufﬁciently to reflect them back to the earth. At still higher frequencies, say
above 1 or 2 GHz, atmospheric gases (mainly oxygen), water vapor, and pre-
cipitation absorb and scatter radio waves. This phenomenon manifests itself
as attenuation of the received signal, with the attenuation generally being
more severe the higher the frequency (there are resonance regions for
absorption by gases that peak at certain frequencies). Figure 1.3 shows

TABLE 1.3 Selected Frequency Bands for Public Use
and Military Communications

Use Frequency

Omega navigation 10-14 kHz
Worldwide submarine communication 30 kHz
Loran C navigation 100 kHz
Standard (AM) broadcast 540-1600 kHz
FM broadcast 88-108 MHz
Television: Channels 2-4 54-72 MHz

Channels 5-6 76-88 MHz

Channels 7-13 174-216 MHz

Channels 14-83 420-890 MHz
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Introduction

FIGURE 1.3 Specific attenuation for atmospheric gases and rain. (a)
Specific attenuation due to oxygen and water vapor (concentration of 7.5
gfma). (b) Specific attenuation due to rainfall at rates of 10, 50, and 100 mm/h.

Attenuation, dB/km

0.00001 -

Afttenuation, dB/km

100

10

©
=

o
o
prd

0.001

0.0001 -

100

10

e
2}

0.01

0.001

0.0001

Water vapor

Oxygen

4

i

\
\—

/

<)
100
Frequency, GHz
(a)

350

10
Frequency, GHz

(v)

specific attenuation curves as a function of frequency* for oxygen, water
vapor, and rain [recall that 1 decibel (dB) is ten times the logarithm to the
base 10 of a power ratio]. One must account for the possible attenuation by

* Data from Louis |. Ippolito, Jr., Radiowave Propagation in Satellite Communications. New York,
Van Nostrand Reinhold, 1986, Chapters 3 and 4. )
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1.2 Channel Characteristics 13

such atmospheric constituents in the design of microwave links, which are
used in transcontinental telephone links and ground-to-satellite communi-
cations links.

At about 23 GHz, the first absorption resonance due to water vapor
occurs, and at about 62 GHz a second one occurs due to oxygen absorption.
These frequencies should be avoided in transmission of desired signals
through the atmosphere, or undue power will be expended (one might, for
example, use 62 GHz as a signal for cross-linking between two satellites,
where atmospheric absorption is no problem, and thereby prevent an enemy
on the ground from listening in). Another absorption frequency for oxygen
occurs at 120 GHz, and two other absorption frequencies for water vapor
occur at 180 and 350 GHz.

Communication at millimeter-wave frequencies (that is, at 30 GHz and
higher) is becoming more important now that there is so much congestion
at lower frequencies (the Advanced Technology Satellite, to be launched in
the mid-1990s, employs an uplink frequency band around 20 GHz and a
downlink frequency band at about 30 GHz). Communication at millimeter-
wave frequencies is becoming more feasible because of technological
advances in components and systems.

Somewhere above 1 THz (1000 GHz), the propagation of radio waves
becomes optical in character. At a wavelength of 10 um (0.00001 m), the
carbon dioxide laser provides a source of coherent radiation, and visible-
light lasers (for example, helium-neon) radiate in the wavelength region of
1 pm and shorter. Terrestrial communications systems employing such fre-
quencies experience considerable attenuation on cloudy days, and laser com-
munications over terrestrial links are restricted to optical fibers for the most
part. Analyses have been carried out for the employment of laser commu-
nications cross-links between satellites, but there are as yet no optical sat-
ellite communications links actually flying.

Guided Electromagnetic-Wave Channels Perhaps the most extensive exam-
ple of guided electromagnetic-wave channels is the part of the long-distance
telephone network that uses wire lines.* Communication between persons
a continent apart was first achieved by means of voice frequency transmission
(below 10,000 Hz) over open wire. Quality of transmission was rather poor.
By 1952, use of the types of modulation known as double-sideband and single-
sideband on high-frequency carriers was established. Communication over
predominantly multipair and coaxial-cable lines produced transmission of

* For a summary of guided transmission systems as applied to telephone systems, see F. T.
Andrews, Jr., “Communications Technology: 25 Years in Retrospect. Part III, Guided Trans-
mission Systems, 1952-1973." [EEE C ications Society Magazine, Vol. 16, pp. 4-10, Jan.
1978.
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14 Introduction

much better quality. With the completion of the first trans-Atlantic cable in
1956, intercontinental telephone communication was no longer dependent
on high-frequency radio, and the quality of intercontinental telephone ser-
vice improved significantly.

Bandwidths on coaxial-cable links are a few megahertz. The need for
greater bandwidth initiated the development of millimeter-wave waveguide
transmission systems. However, with the development of low-loss optical
fibers, efforts to improve millimeter-wave systems to achieve greater band-
width have ceased. The development of optical fibers, in fact, has made the
concept of a wired city—wherein digital data and video can be piped to any
residence or business within a city—a reality. Modern coaxial-cable systems
can carry only 13,000 voice channels per cable, but optical links are capable
of carrying several times this number (the limiting factor being the current
driver for the light source).

Optical Links The use of optical links was, until recently, limited to short
and intermediate distances. With the installation of trans-Pacific and trans-
Atlantic optical cables in 1988 and early 1989, this is no longer true.* The
technological breakthroughs that have made possible the use of light waves
for communication are the development of small coherent light sources
(semiconductor lasers), low-loss (approximately 1 dB/km) optical fibers or
waveguides, and low-noise detectors.}

A typical fiber-optic communication system has a light source, which may
be either a light-emitting diode or a semiconductor laser, in which the inten-
sity of the light is varied by the message source. The output of this modu-
lator is the input to a light-conducting fiber (analogous to the coaxial cable
of a standard telephone channel). The receiver, or light sensor, typically con-
sists of a photodiode. In a photodiode, an average current flows that is pro-
portional to the optical power of the incident light. However, the exact
number of charge carriers (that is, electrons) is random. The output of the
detector is the sum of the average current—which is proportional to the

* See Inglis, op. cit., Chapter 8.

t For an overview of optical communication systems, see S. D. Personick, “‘Optical Fibers: A
New Transmission Medium,” IEEE Communications Society Magazine, Vol. 13, pp. 20-24, Jan.
1975. Also see S. D. Personick, “Fiber Optic Communications: A Technology Coming of
Age," IEEE Communications Society Magazine, Vol. 16, PP- 12-20, Mar. 1978, For an overview
of future trends in terrestrial optical fiber communications systems see P. Kaiser, J. Midwin-
ter, and S. Shimada, “Status and Future Trends in Terrestrial Optical Fiber Systems in North
America,” [EEE C ications Magazine, Vol. 25, pp- 8-21, Oct. 1987. For an overview on
the use of signal-processing methods to improve optical communications, see ]J. H. Winters,
R. D. Gitlin, and S. Kasturia, “Reducing the Effects of Transmission Impairments in Digital
Fiber Optic Systems,” IEEE Communicativns Magazine, Vol. 31, pp. 68-76, June 1993.
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1.3 Summary of Systems-Analysis Techniques 15

modulation—and a noise component. This noise component differs from the
thermal noise generated by the receiver electronics in that it is “bursty’ in
character. It is referred to as shot noise, in analogy to the noise made by shot
hitting a metal plate. Another source of degradation is the dispersion of the
optical fiber itself. For example, pulse-type signals sent to the fiber are
observed as ‘‘smeared out” at the receiver. Losses also occur as a result of
the connections between cable pieces and between cable and system
components.

Finally, it should be mentioned that optical communications can take
place through free space.*

1.3 SUMMARY OF SYSTEMS-ANALYSIS TECHNIQUES

Having identified and discussed the main subsystems in a communication
system and certain characteristics of transmission media, let us now look at
the techniques at our disposal for systems analysis and design.

Time and Frequency-Domain Analyses

From circuits courses or prior courses in linear systems analysis, you are well
aware that the electrical engineer lives in the two worlds, so to speak, of
time and frequency. Also, you should recall that dual time-frequency anal-
ysis techniques are especially valuable for linear systems for which the prin-
ciple of superposition holds. Although many of the subsystems and
operations encountered in communication systems are for the most part lin-
ear, many are not. Nevertheless, frequency-domain analysis is an extremely
valuable tool to the communications engineer, more so perhaps than to
other systems analysts. Since the communications engineer is concerned pri-
marily with signal bandwidths and signal locations in the frequency domain,
rather than with transient analysis, the essentially steady-state approach of
the Fourier series and transforms is used. Accordingly, we will discuss the
Fourier series, the Fourier integral, and their role in systems analysis in
Chapter 2. We postpone a more complete discussion of these tools for sys-
tems analysis until then.

Modulation and Communication Theories

Modulation theory employs time and frequency-domain analyses to analyze and
design systems for modulation and demodulation of information-bearing sig-
nals. To be specific, consider the message signal m(t), which is to be trans-

* See Joseph Katz, “Semiconductor Optoelectric Devices for Free-Space Optical Communi-
cations,” JEEE Communications Society Magazine, Vol. 21, pp- 20-27, Sept. 1983.
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16 Introduction

mitted through a channel using the method of double-sideband modula-
tion. The modulated carrier for double-sideband modulation is of the form
x.(t) = Am(t) cos wt, where w, is the carrier frequency in radians per second
and A, is the carrier amplitude. Not only must a modulator be built that can
multiply two signals, but amplifiers are required to provide the proper power
level of the transmitted signal. The exact design of such amplifiers is not of
concern in a systems approach. However, the frequency content of the mod-
ulated carricr, for example, is important to their design and therefore must
be specified. The dual time-frequency analysis approach is especially helpful
in providing such information.

At the other end of the channel, there must be a receiver configuration
capable of extracting a replica of m(t) from the modulated signal, and one
can again apply time and frequency-domain techniques to good effect.

The analysis of the effect of interfering signals on system performance
and the subsequent modifications in design to improve performance in the
face of such interfering signals are part of communication theory, which, in
turn, makes use of modulation theory.

This discussion, although mentioning interfering signals, has not explicitly
emphasized the uncertainty aspect of the information-transfer problem.
Indeed, much can be done without applying probabilistic methods. However,
as pointed out previously, the application of probabilistic methods, coupled
with optimization procedures, has been one of the key ingredients of the
modern communications era and led to the development during the 1950s
and 1960s of new techniques and systems totally different in concept from
those which existed before World War II.

We will now survey several approaches to statistical optimization of com-
munication systems.

1.4 PROBABILISTIC APPROACHES TO
SYSTEM OPTIMIZATION

The works of Wiener and Shannon, previously cited, were the beginning of
modern statistical communication theory. Both these investigators applied
probabilistic methods to the problem of extracting information-bearing sig-
nals from noisy backgrounds, but they worked from different standpoints. In
this section we briefly examine these two approaches to optimum system
design.

Statistical Signal Detection and Estimation Theory

Wiener considered the problem of optimally filtering signals from noise,
where “optimum” is used in the sense of minimizing the average squared
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1.4 Probabilistic Approaches to System Optimization 17

error between the desired and the actual output. The resulting filter struc-
ture is referred to as the Wiener optimum filter. This type of approach is most
appropriate for analog communication systems in which the demodulated
output of the receiver is to be a faithful replica of the message input to the
transmitter.

Wiener's approach is reasonable for analog communications. However, in
the early 1940s, North [1943] provided a more fruitful approach to the dig-
ital communications problem, in which the receiver must distinguish
between a number of discrete signals in background noise. Actually, North
was concerned with radar, which requires only the detection of the presence
or absence of a pulse. Since ﬁdelity of the detected signal at the receiver is
of no consequence in such signal-detection problems, North sought the filter
that would maximize the peak-signal-to-rms-noise ratio at its output. The
resulting optimum filter is called the matched filter, for reasons that will
become apparent in Chapter 7, where we consider digital data transmission.
Later adaptations of the Wiener and matched-filter ideas to time-varying
backgrounds resulted in adaprive filters. We will consider a subclass of such
filters in Chapter 7 when equalization of digital data signals is discussed.

The signal-extraction approaches of Wiener and North, formalized in the
language of statistics in the early 1950s by several researchers [see Middle-
ton 1960, p. 832, for several references|, were the beginnings of what is
today called statistical signal detection and estimation theory. Woodward and
Davies [1952], in considering the design of receivers utilizing all the infor-
mation available at the channel output, determined that this so-called ideal
receiver computes the probabilities of the received waveform given the pos-
sible transmitted messages. These computed probabilities are known as a
posteriori probabilities. The ideal receiver then makes the decision that the
transmitted message was the one corresponding to the largest a posteriori
probability. Although perhaps somewhat vague at this point, this maximum a
posteriori (MAP) principle, as it is called, is one of the cornerstones of detection
and estimation theory. We will examine these ideas in more detail in Chap-
ters 7 through 9.

Information Theory and Coding

The basic problem that Shannon considered is, “Given a message source,
how shall the messages produced be represented so as to maximize the
information conveyed through a given channel?” Although Shannon for-
mulated his theory for both discrete and analog sources, we will think here
in terms of discrete systems. Clearly, a basic consideration in this theory is
a measure of information. Once a suitable measure has been defined (and
we will do so in Chapter 10), the next step is to define the information-
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18 Introduction

carrying capacity, or simply capacity, of a channel as the maximum rate at
which information can be conveyed through it. The obvious question that
now arises is, “Given a channel, how closely can we approach the capacity
of the channel, and what is the quality of the received message?”” A most
surprising, and the singularly most important, result of Shannon’s theory is
that by suitably restructuring the transmitted signal, we can transmit infor-
mation through a channel at any rate less than the channel capacity with arbitrarily
small error, despite the presence of noise, provided we have an arbitrarily
long time available for transmission. This is the gist of Shannon's second the-
orem. Limiting our discussion at this point to binary discrete sources, a proof
of Shannon’s second theorem proceeds by selecting codewords at random
from the set of 2" possible binary sequences n digits long at the channel
input. The probability of error in receiving a given n-digit sequence, when
averaged over all possible code selections, becomes arbitrarily small as n
becomes arbitrarily large. Thus many suitable codes exist, but we are not tald
how to find these codes. Indeed, this has been the dilemma of information the-
ory since its inception and is an area of active research. In recent years, great
strides have been made in finding good coding and decoding techniques that
are implementable with a reasonable amount of hardware and require only
a reasonable amount of time to decode. Several basic coding techniques will
be discussed in Chapter 10.

1.5 PREVIEW OF THIS BOOK

From the previous discussion, the importance of probability and noise char-
acterization in analysis of communication systems should be apparent.
Accordingly, after presenting basic signal, system, and noiseless modulation
theory in Chapters 2 and 3, we shall discuss probability and noise theory in
Chapters 4 and 5. Following this, we apply these tools to the noise analysis
of analog communications schemes in Chapter 6. In Chapters 7 and 8, we
use probabilistic techniques to find optimum receivers when we consider
digital data transmission. Various types of digital modulation schemes are
analyzed in terms of error probability. In Chapter 9, we approach optimum
signal detection and estimation techniques on a generalized basis and use
signal-space techniques to provide insight as to why systems that have been
analyzed previously perform as they do. As already mentioned, information
theory and coding are the subjects of Chapter 10. This provides us with a
means of comparing actual communication systems with the ideal. Such
comparisons are then considered in Chapter 10 to provide a basis for selec-
tion of systems.

In closing, we must note that large areas of communications technology—
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Further Reading 19

such as optical, computer, and military communications—are not touched
on in this book. However, one can apply the principles developed in this
text in those areas as well.

FURTHER READING

The references for this chapter were chosen to indicate the historical devel-
opment of modern communications theory and by and large are not easy
reading. They are found in the Historical References section of the Bibli-
ography. You also may consult the introductory chapters of the books listed
in the Further Reading sections of Chapters 2 and 3. These books appear in
the main portion of the Bibliography.
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SIGNAL AND LINEAR
SYSTEM ANALYSIS

The study of information transmission systems is inherently concerned with
the transmission of signals through systems. Recall that in Chapter 1 a signal
was defined as the time history of some quantity, usually a voltage or cur-
rent. A system is a combination of devices and networks (subsystems) chosen
to perform a desired function. Because of the sophistication of modern com-
munication systems, a great deal of analysis and experimentation with trial
subsystems occurs before actual building of the desired system. Thus the
communications engineer’s tools are mathematical models for signals and
systems.

In this chapter, we review techniques useful for modeling and analysis of
signals and systems used in communications engineering.* Of primary con-
cern will be the dual time-frequency viewpoint for signal representation, and
models for linear, time-invariant, two-port systems. It is important always
to keep in mind that a model is not the signal or the system, but a mathe-
matical idealization of certain characteristics of it that are most important
to the problem at hand.

With this brief introduction, we now consider signal classifications and
various methods for modeling signals and systems. These include frequency-
domain representations for signals via the complex exponential Fourier
series and the Fourier transform followed by linear system models and tech-
niques for analyzing the effects of such systems on signals.

2.1 SIGNAL MODELS
Deterministic and Random Signals

In this book we are concerned with two broad classes of signals, referred to
as deterministic and random. Deterministic signals can be modeled as com-

* More complete treatments of these subjects can be found in texts on linear system theory.
(See, for example, Ziemer, Trantcr, and Fannin (1993).)
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2.1  Signal Models 21

pletely specified functions of time. For example, the signal
x(t) = A cos wyt, i = ol o £ =dlo o) (2.1)

where 4 and w, are constants, is a familiar example of a deterministic signal.

Another example of a deterministic signal is the unit rectangular pulse,
denoted as II(t) and defined as

Lo ] <3
0, otherwise

II(x) = [ 2.2)
Random signals are signals that take on random values at any given time
instant and must be modeled probabilistically. They will be considered in
Chapter 5. Figure 2.1 illustrates the various types of signals just discussed.

FIGURE 2.1 Examples of various types of signals. (a) Deterministic
(sinusoidal) signal. (b) Unit rectangular pulse signal. (c) Random signal.
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22 Signal and Linear System Analysis

Periodic and Aperiodic Signals

The signal defined by (2.1) is an example of a periodic signal. A signal x(t) is
periodic if and only if

Xt + Ty = x(t), —o0<t<oo (2.3)

where the constant T is the period. The smallest such number satisfying
(2.3) is referred to as the fundamental period (the modifier “fundamental” is
often excluded). Any signal not satisfying (2.3) is called aperiodic.

Phasor Signals and Spectra
A useful periodic signal in system analysis is the signal

%) = At —co<it< oo 2.4)

which is characterized by three parameters: amplitude 4, phase f in radians,
and frequency w, in radians per second or f = wy/27 hertz. We will refer
to £(t) as a rotating phasor to distinguish it from the phasor A¢”, for which
¢’“*" is implicit. Using Euler’s theorem,* we may readily show that () =
£(t + T,), where T, = 2m/w,. Thus £(t) is a periodic signal with period
27/ wg.

The rotating phasor Ae
A cos (wot + 0) in two ways. The first is by taking its real part,

/€t +9) can be related to a real, sinusoidal signal

x(t) = A cos (wot + 6) = Re £(t)
= Re A4e/“*t? (2.5)

and the second is by taking one-half of the sum of #(t) and its complex
conjugate,

A cos (wot + 0) = 17(t) + 3*(r)
%Aeﬂwnr-l-ﬂ + %Ae—'j(wor'i'ﬂ) (2.6)

Figure 2.2 illustrates these two procedures graphically.

Equations (2.5) and (2.6), which give alternative representations of the
sinusoidal signal x(¢) = 4 cos (wot + 0) in terms of the rotating phasor (t)
= A exp [j(wgt + 0)], are time-domain representations for x(t). Two equiv-
alent representations of x(t) in the frequency domain may be obtained by
noting that the rotating phasor signal is completely specified if the param-
eters A and 0 are given for a particular f,. Thus plots of the magnitude and
angle of Ae” versus frequency give sufficient information to characterize (z)
* Euler’s theorem, given in Appendix C, is ei"" = cos u t+ j sin u. Also recall that

o =
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2.1  Signal Models 23

FIGURE 2.2 Two ways of relating a phasor signal to a sinusoidal signal.
(a) Projection of a rotating phasor onto the real axis. (b) Addition of complex
conjugate rotating phasors.

Re

I A cos (wqt + 6)
(a) (b)

completely. Because £(t) exists only at the single frequency f, for this case
of a single sinusoidal signal, the resulting plots consist of single lines. Such
plots, consisting of discrete lines and referred to as amplitude and phase line
spectra for Z(¢), are shown in Figure 2.3(a). These are frequency-domain repre-
sentations not only of %(t) but of x(t) as well, by virtue of (2.5). The plots of
Figure 2.3(a) are referred to as the single-sided amplitude and phase spectra of
x(t) because they exist only for positive frequency. For a signal consisting
of a sum of sinusoids of differing frequencies, the single-sided spectra consist
of a multiplicity of lines, one for each sinusoidal component of the sum.

By plotting the amplitude and phase of the complex conjugate phasors of
(2.6) versus frequency, one obtains another frequency-domain representa-
tion for x(t), referred to as the double-sided amplitude and phase spectra. This
representation is shown in Figure 2.3(b). Two important observations may
be made from Figure 2.3(b). First, the lines at the negative frequency f =
—fo exist precisely because it is necessary to add complex conjugate (or
oppositely rotating) phasor signals to obtain the real signal 4 cos (wyt + 6).
Second, we note that the amplitude spectrum has even symmetry about f =
0 and that the phase spectrum has odd symmetry. This symmetry is again a
consequence of x(t) being a real signal. As in the single-sided case, the two-
sided spectra for a sum of sinusoids consist of a multiplicity of lines, with
one pair for each sinusoidal component.

Figures 2.3(a) and 2.3(b) are therefore equivalent spectral representations
for the signal 4 cos (wot + ), consisting of lines at the frequency f = f,
(and its negative). For this simple case, the use of spectral plots seems to be
an unnecessary complication, but we will find shortly how the Fourier series
and Fourier transform lead to spectral representations for more complex
signals.
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24 Signal and Linear System Analysis

FIGURE 2.3 Amplitude and phase spectra for the signal A cos (wgt + 6).
(a) Single-sided. (b) Double-sided.
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EXAMPLE 21  (a) To sketch the single-sided and double-sided spectra of
x(t) = 2 sin (10wt — ) 2.7)
we note that x(t) can be written as
x(t) = 2 cos (10wt — +7 — 37) = 2 cos (10wt — 2m)

= Re 28,‘(101:“2:'!3) = e,i(lﬂrr-—lﬁ'ﬂ) + e—;(lO‘lrt'—Zm‘B} (28)

Thus the single-sided and double-sided spectra are as shown in Figure 2.3,
withd = 2,0 = —%:‘r rad, and f, = 5 Hz.

(b) If more than one sinusoidal component is present in a signal, its spectra
consist of multiple lines. For example, the signal

y(¢) = 2 sin (10wt — g) + cos (20me) (2.9)
can be rewritten as

y(t) = 2 cos (107t — §1r) + cos (207t) = Re [23‘;“0’"_2ﬂ3) + e"mﬂ]
i e}(101|':—21rp‘3) ' e—j(IOn—z-er) £l %ej?.o'sn ol %e-—J'ZO-n

(2.10)
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2.1  Signal Models 25

Its single-sided amplitude spectrum consists of a line of amplitude 2 at =
5 Hz and a line of amplitude 1 at f = 10 Hz. Its single-sided phase spectrum
consists of a single line of amplitude —27/3 at f = 5 Hz. To get the double-
sided amplitude spectrum, one simply halves the amplitude of the lines in
the single-sided amplitude spectrum and takes the mirror image of this
result about f = 0. The double-sided phase spectrum is obtained by taking
the mirror image of the single-sided phase spectrum about f = 0 and invert-
ing the left-hand (negative frequency) portion.

Singularity Functions

An important subclass of aperiodic signals is the singularity functions. In this
book we will be concerned with only two: the unit impulse function (t) and
the unit step function u(t). The unit impulse function is defined in terms of
the integral

f x(t) 8(¢) de = x(0) @.11)

where x(t) is any test function that is continuous at t = 0. A change of
variables and redefinition of x(t) results in the sifting property

f x(©) 8(e — 10) de = x(to) (2.12)

where x(t) is continuous at t = t,. We will make considerable use of the
sifting property in systems analysis. By considering the special cases x(t) =
1 and x(t) = O for t < ¢, and t > t, the two properties

2
f ot — tg) dt = 1, G <tg <t (2.13a)
|

and
ot — t) = 0, t #F 1 (2.13b)

are obtained that provide an alternative definition of the unit impulse. Equa-
tion (2.13b) allows the integrand in Equation (2.12) to be replaced by x(z)
0(t — to), and the sifting property then follows from (2.13a).

Other properties of the delta function that can be proved from the defi-
nition (2.11) are the following:

S dat) = =5 8(t)
|la|
2. 8(—¢t) = 8(t)
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26 Signal and Linear System Analysis

¢ _ 1x(o), Hh<t <t

& j‘f £ A= wds {0, otherwise

4. x(t) 0t — tg) = x(tg) O(t — o)

5. j:’: x(r)ﬁ(")(t — tp) dt = (— 1)"x"t,), t; < tg < t;. [In this equation,
the superscript n denotes the nth derivative; x(t) and its first n derivatives
are assumed continuous at t = t;.]

6. I££(t) = g(t), where () = ao 8(c) + a, () + - + + + a, () and
g(®) = by 8(r) + b, 8"e) + -+« + b, 8)(¢), this implies that a, = by,
ay =by...,a, = b,

It is reassuring to note that (2.13a) and (2.13b) correspond to the intuitive
notion of a unit impulse as the limit of a suitably chosen conventional func-
tion having unity area in an infinitesimally small width. An example is the

signal

|

i ) T [t] <e

5() =—T (=) = (2.14)
s 26 0, otherwise

which is shown in Figure 2.4(a). It seems apparent that any signal having
unity area and zero width in the limit as some parameter approaches zero is
a suitable representation for 8(¢), for example, the signal

1 e

2
01(t) = € (—- sin —-) (2.15)
e €
which is sketched in Figure 2.4(b).
Other singularity functions may be defined as integrals or derivatives of
unit impulses. We will need only the unit step u(t), defined to be the integral
of the unit impulse. Thus

t 0, t<<0
u(:)éf SN dA = {1, t>0 (2.16)
B undefined, =0
or
o(r) = 2ut) (2.17)
de

You are no doubt familiar with the usefulness of the unit step for “turning
on” signals of doubly infinite duration and [ur representing signals of the
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2.2 Signal Classifications 27

FIGURE 2.4 Two representations for the unit impulse function in the limit
as ¢ — 0. (a) (1/2011(#/2¢). (b) [(1/x1) sin (xt/e)]°.

e=+0
=
| |
i | g
e=+|
1 |
L)
TinE
| : i i
e==t 1}l
SR
e £
2 4 4 2
(a)
e—=0

= -1

staircase type. For example, the unit rectangular pulse function defined by
(2.2) can be written in terms of unit steps as

I() = u(t +3) — ult — 3 (2.18)

We are now ready to consider power and energy signal classifications.

2.2 SIGNAL CLASSIFICATIONS

Because the particular representation used for a signal depends on the type
of signal involved, it is useful to pause at this point and introduce signal
classifications. In this chapter we will be considering two signal classes, those
with finite energy and those with finite power.* As a specific example, sup-

* Signals that are neither energy nor power signals are easily found. For example, x(t) =
g , t = ty = 0 and zero otherwise.
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pose e(t) is the voltage across a resistance R producing a current i(t). The
instantaneous power per ohm is p(1) = e(r)i(t)/R = i*(r). Integrating over
the interval |t| = T, the total energy and the average power on a per-ohm
basis are obtained as the limits

T

E = lim i*(t) de (2.19a)
T—c0 =T
and
1 T
P= lim — i(t) dt (2.19b)
T—co 2 ~T
respectively.

For an arbitrary signal x(¢), which may, in general, be complex, we define
total (normalized) energy as

T Ioe]
E2 lim f Ix(0)|2 de = f |x(e)|? de (2.20a)
T—o0 —~T oo

and (normalized) power as

1 T
P2 lim — |x(e)| dt (2.20b)
=00 2T J —1
Based on the definitions (2.20a) and (2.20b), we can define two distinct
classes of signals:

1. We say x(r) is an energy signal if and only if 0 < E < 90, so that P = 0.
2. We classify x(z) as a power signal if and only if 0 < P <C ©0, thus implying
that E = <O,

EXAMPLE 2.2  As an example of determining the classification of a signal,
consider

x(t) = de “u(t), a>0 (2.21)

where A and « are constants. Using (2.20a), we may readily verify that x,(t)
is an energy signal, since E = A ’12a. Letting @ — 0, we obtain the signal
x5(t) = Au(t), which has infinite energy. Applying (2.20b), we find that P =
142 ok b :

347, thus verifying that x,(t) is a power signal.

45



2.3 Generalized Fourier Series 29

EXAMPLE 2.3  Consider the rotating phasor signal given by Equation (2.4).
We may verify that #(t) is a power signal, since

P =l ‘ |#(e)|? de = 1l Ly Alde = A (222
= lim — 3 t = lim — t = ;
=00 2T J -1 . =00 2T J =1 ( )
is finite.
We note that there is no need to carry out the limiting operation to find
P for a periodic signal, since an average carried out over a single period gives
the same result as (2.20b); that is, for a periodic signal x,(z),

1 o+ To
P=— f |x,(2)|* dt (2.23)
TU [

]

where T, is the period. The proof of (2.23) is left to the problems.

EXAMPLE 24  The sinusoidal signal
x,(t) = 4 cos (et + 6) 2.24)

has average power

1 g+ To

P= A% cos® (wot + 0) dr

ToJy
W o+ (27 /wo) A 2 W to+(27/wo) AZ

= — =i — — cos 2(wyt + 0) dt
2T fo 2 2T g 2

A’ (2.25)

2 !
where the identity cos’ u = 5 + 1 cos 2u has been used and the second
integral is zero because the integration is over two complete periods of the

integrand.

12.3 GENERALIZED FOURIER SERIES*

Our discussion of the phasor signal given by (2.4) illustrated the dual time-
frequency nature of such signals. Fourier series and transform representa-
tions for signals are the key to generalizing this dual nature, since they
amount to expressing signals as superpositions of complex exponential func-

- we
tions 8“ .

* Sections preceded by a dagger can be omitted without loss of continuity.
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30 Signal and Linear System Analysis

In anticipation of signal space concepts, to be introduced and applied to
communication systems analysis in Chapters 8 and 9, the discussion in this
section is concerned with the representation of signals as series of orthog-
onal functions or, as referred to here, generalized Fourier series. Such gen-
eralized Fourier series representations allow signals to be represented as
points in a generalized vector space, referred to as signal space, thereby allow-
ing information transmission to be viewed in a geometrical context. In the
following section, the generalized Fourier series will be specialized to the
complex exponential form of the Fourier series.

To begin our consideration of generalized Fourier series, we recall from
vector analysis that any vector A in a three-dimensional space can be
expressed in terms of any three vectors a, b, and ¢ that do not all lie in the
same plane and are not collinear:

A = Aja + 4,b + Asc (2.26)

where A, A,, and 4; are appropriately chosen constants. The vectors a, b,
and c are said to be linearly independent, for no one of them can be expressed
as a linear combination of the other two. For example, it is impossible to
write a = ab + ¢, no matter what choice is made for the constants a and
B.

Such a set of linearly independent vectors is said to form a basis set for
three-dimensional vector space. Such vectors span a three-dimensional vec-
tor space in the sense that any vector A can be expressed as a linear com-
bination of them.

We may, in an analogous fashion, consider the problem of representing a
time function, or signal, x(t) on a T-second interval (ty, t, + T) as a similar
expansion. Thus we consider a set of time functions @,(t), @,(t), . . . , Pyl2),
which are specified independently of x(r), and seek a series expansion of the
form

N
0 =D Xdle) t=t=<t+T @.27)

n=1

in which the N coefficients X, are independent of time and the subscript a
indicates that (2.27) is considered an approximation.

We assume that the ¢, (t)’s in (2.27) are linearly independent; that is, no one
of them can be expressed as a sum of the other N — 1. A set of linearly
independent ¢,(t)’s will be called a basis function set.

We now wish to examine the error in the approximation of x(z) by x,(¢).
As in the case of ordinary vectors, the expansion (2.27) is easiest to use if
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2.3 Generalized Fourier Series 31

the ¢,(t)’s are orthogonal on the interval (¢, t, + T). That is,

s c n=om
* — 3 é n? =
J:D G (PX(t) dt = ¢,0,,, [0’ i (all m and n) (2.28)
where, if ¢, = 1 for all n, the ¢,(t)’s are said to be normalized. A normalized
orthogonal set of functions is called an orthonormal basis set. The asterisk in
(2.28) denotes complex conjugate, since we wish to allow the possibility of
complex-valued ¢,(t)’s. The symbol 0, called the Kronecker delta function, is
defined as unity if m = n and zero otherwise.

The error in the approximation of x(t) by the series of (2.27) will be mea-
sured in the integral-squared sense:

Error = €y = f [x() — x,()|? dt (2.29)
T

where [; () dt denotes integration over t from t, to to + T. The integral-
squared error (ISE) is an applicable measure of error only when x(t) is an
energy signal or a power signal. If x(z) is an energy signal of infinite duration,
the limit as T — 00 is taken.

We now find the set of coefficients X, that minimizes the ISE. Substituting
(2.27) in (2.29), expressing the magnitude squared of the integrand as the
integrand times its complex conjugate and expanding, we obtain

ey = ‘L [x@)]%de — [X: J;X(t)cb:(r) dt + X, J;X*(r)ﬂbn(t) dt]

n=1

N
+ > alxl?
a=1 (2.30)

in which the orthogonality of the ¢,(t)’s has been used after interchanging
the orders of summation and integration. The details are left to the prob-
lems. To find the X,’s that minimize €y, we add and subtract the quantity

e §
> = IJ; x(t)p(e) dt

n=1 N

2

which yields, after rearrangement of terms, the following result for €y:

2 - 1 <
e = f |x@)*de — D — L x()p2(e) de
T =t O
+> o |x — = fT x(O)p*(e) dt (2.31)

n=1
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32 Signal and Linear System Analysis

The first two terms on the right-hand side of (2.31) are independent of
the coefficients X,. Since the last sum on the right-hand side is nonnegative,
we will minimize €y if we choose each X, such that the corresponding term
in the sum is zero. Thus, since ¢, > 0, the choice of

X, = = f x(t)p 3 (¢) de (2.32)
Cn T

for X, minimizes the ISE. The resulting minimum-error coefficients will be
referred to as the Fourier coefficients.

The minimum value for €y, from (2.31), is obviously
1
(€N = f @)% de — D —

C J. x(6)p3(r) dt
n=] 0

.. N
=flx(:)lzdr—chanl2 (2.33)
T

n=]

N %

If we can find an infinite set of orthonormal functions such that

lim () = O (2.34)

N—+oo

for any signal that is integrable square,

f [x(t)|* dt < o0 (2.35)
.

we say that the ¢,(t)’s are complete. In the sense that the ISE is zero, we may
then write

x®) = D X$.0  (SE=0) (236)

n=1

although there may be a number of isolated points of discontinuity where
actual equality does not hold. For almost all points in the interval (to, t, +
T), Equation (2.34) requires that x(t) be equal to x,(¢) as N — <0.

Assuming a complete orthogonal set of functions, we obtain from (2.33)
the relation

f x@lPde = 3 o lx, 2 247)
T

n=1

This equation is known as Parseval’s theorem.
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2.4  Fourier Series 33

EXAMPLE 25 Consider the set of two orthonormal functions shown in
Figure 2.5(a). The signal

i e
() = {sm e, 0=¢i=<2 (2.38)

0, otherwise

is to be approximated by a two-term generalized Fourier series of the form
given by (2.27). The Fourier coefficients, from (2.32), are given by

2 1
2

X, = f ¢,(t) sin e de = f sin e dt = — (2.39a)
0 0 T

2 2
2

X, = f @,(t) sin we dt = f sin mt dt = —— (2.39b)
0 1 T

Thus the generalized two-term Fourier series approximation for this signal
is

1) = 2610 — = o) = = [H (r - 1) —n ( - 3)] 2.40)
™ T ™ 2 2

where II(t) is the unit rectangular pulse defined by (2.1). The signal x(t) and
the approximation x,(t) are compared in Figure 2.5(b). Figure 2.5(c) empha-
sizes the signal space interpretation of x,(t) by representing it as the point
(2/w, —2/7) in the two-dimensional space spanned by the orthonormal
functions ¢,(t) and ¢,(t). Representation of an arbitrary x(t) exactly (¢ =
0) would require an infinite set of properly chosen orthogonal functions
(that is, a complete set).

The minimum ISE, from (2.33), is
2

2 2 8
(€min = sin"wede —2(=] =1 ——==0.189 (241)
0 ™

™

2.4 FOURIER SERIES

Complex Exponential Fourier Series
Given a signal x(t) defined over the interval (¢, tg + T) with the definition
2T
Wy = 210'6 = — (242)
Ty

we define the complex exponential Fourier series as

oo
)= ) X, p=e<u+T, (2.43)

n=—00
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34 Signal and Linear System Analysis

FIGURE 2.5 Approximation of a sinewave pulse with a generalized Fourier
series. (a) Orthonormal functions. (b) Sinewave and approximation. (c) Signal
space representation.
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(c)
where
1 g+ To i
X =— x(t)e 1" de (2.44)
To Jo

It can be shown to represent the signal x(t) exactly in the interval (o,
to 1+ To), except at a point of jump discontinuity where it converges to the
arithmetic mean of the left- and right-hand limits.* Outside the interval (o,

* Dirichlet’s conditions state that sufficient conditions for convergence are that x(r) be
defined and bounded on the range (ty, t; + T;) and have only a finite number of maxima
and minima and a finite number of discontinuilies on this range.
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2.4  Fourier Series 35

to + Ty), of course, nothing is guaranteed. However, we note that the right-
hand side of (2.43) is periodic with period T, since it is the sum of periodic
rotating phasors with harmonic frequencies. Thus, if x(¢) is periodic with
period T, the Fourier series of (2.43) is an accurate representation for x(t)
for all ¢ (except at points of discontinuity). The integration of (2.44) can then
be taken over any period.

A useful observation about a complete orthonormal-series expansion of a
signal is that the series is unique. For example, if we somehow find a Fourier
expansion for a signal x(t), we know that no other Fourier expansion for that
x(t) exists, since {¢/"} forms a complete set. The usefulness of this obser-
vation is illustrated with the following example.

EXAMPLE 26  Consider the signal
x(t) = cos wyt + sin’ 2wt (2.45)

where w, = 2m/T,. Find the complex exponential Fourier series.

SOLUTION  We could compute the Fourier coefficients using (2.44), but
by using appropriate trigonometric identities and Euler’s theorem, we obtain
x(t) = cos wyt + 3 — 3 cos 4wyt
= %e;wor + %eijux + % — %ef%' = %e-jw"' (2.46)
Invoking uniqueness and equating the second line term by term with
T o X,e", we find that
x =Xx_, (2.47)

i
A= —a3 =X 4

b e pa]—

with all other X,’s equal to zero. Thus considerable labor is saved by noting
that the Fourier series of a signal is unique.

The Fourier Coefficients as Time Averages and
Their Symmetry Properties

The expression for X, (2.44) can be interpreted as the time average of
x(t)e "™, where, for future convenience, we define the time average of a
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36 Signal and Linear System Analysis

signal v(t) as

.
lim ‘—T v(t) dt [v(¢) not periodic]
T

() = TR (2.48a)
}; J; v(t) dt [v(t) periodic]
(2.48b)

where [ T indicates integration over any period. For n = 0, we see that X,
= (x(t)) is the average, or dc, value of x(t).
Using Euler’s theorem, we can write (2.44) as

X, = (x(t) cos nwot) — j{x(t) sin nwyt) (2.49)
and assuming x(t) is real, it follows that
Xr=x_, (2.50)

by replacing n by —n in (2.49). Writing X, as

X, = |x, |/ (2.51)
we obtain
1%, = |X-,| and X, = —jx_, (252)

Thus, for real signals, the magnitude of the Fourier coefficients is an even
function of n, and the argument is odd.

Several symmetry properties can be derived for the Fourier coefficients,
depending on the symmetry of x(t). For example, suppose x(t) is even; that
is, x(t) = x(—t). Then the second term in (2.49) is zero, since x(t) sin nwyt
is an odd function. Thus X, is purely real, and furthermore, X, is an even
function of n since cos nwyt is an even function of n. These consequences of
x(t) being even are illustrated by Example 2.6.

On the other hand, if x(t) = —x(—1) [that is, x(¢) is odd], it readily
follows that X, is purely imaginary, since (x(t) cos nwyt) = 0 by virtue of
x(t) cos nwyt being odd. In addition, X, is an odd function of n, since sin nwyt
is an odd function of n.

Another type of symmetry is halfwave symmetry, defined as
x(t T i) = —x(2) (2.53)
where T, is the period of x(t). For signals with halfwave symmetry,

X, =0 =a=0 %2 14,... (2.54)
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2.4 Fourier Series 37

which states that the Fourier series for such a signal consists only of odd-
indexed terms. The proof of this is left to the problems.

Trigonometric Form of the Fourier Series

Using (2.52) and assuming x(t) real, we can regroup the complex exponential
Fourier series by pairs of terms of the form

Xnejnwgl.‘ + X_ne'—jnwgt — Ianej(nworl'Lx_n} + ]‘ane"—j(nwu:-i-z_x_,)
2|X,| cos (nwot + /X,) (2.55)

Hence (2.43) can be written in the equivalent trigonometric form:
oo
x(t) = Xo + Y 2|X,| cos (awst + [X,) (2.56)
n=1

Expanding the cosine in (2.56), we obtain still another equivalent series of
the form

<O [ <]
x(t) = X, + Z A, cos nwyt + Z B, sin nwgt (2.57)
n=1 n=1]
where
A, = 2|X,]| cos [X,
= 2(x(t) cos nwyt)
2 l'u+TQ
= — f x(t) cos (nwyt) dt (2.58)
ToJo
and
B, = —2|X,| sin /X,

= 2(x(t) sin nwyt)
2 ln+r0

= —f x(t) sin (nwyt) dt (2.59)
To Jo

In either the trigonometric or the exponential form of the Fourier series, X,
represents the average or dc component of x(t). The term for n = 1 is called
the fundamental, the term for n = 2 is called the second harmonic, and so on.
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Parseval’s Theorem

Using (2.23) for average power of a periodic signal, substituting (2.43) for
x(t), and interchanging the order of integration and summation, we find Par-
seval’s theorem to be

oo
1
p=—| [x@|*de= ) |xI® (2.60a)
TD To n=—0co
o0
=x;+2) x| (2.60b)
n=1

which is a specialization of (2.37). In words, (2.60a) simply states that the
average power of a periodic signal x(¢) is the sum of the powers in the phasor
components of its Fourier series.

Examples of Fourier Series—The Sinc Function

Table 2.1 gives Fourier series ;‘or several commonly occurring periodic wave-
forms. The left-hand column specifies the signal over one period. The def-
inition of periodicity,

x(t) = x(t + Tp)

specifies it for all t. The derivation of the Fourier coefficients given in the
right-hand column of Table 2.1 is left to the problems. Note that the full-
rectified sinewave actually has the period iTor

For the periodic pulse train, it is convenient to express the coefficients in
terms of the sinc function, defined as

sinc z = . (2.61)

The sinc function will arise often in our discussion. It is shown in Figure 2.6
S
along with sinc” z.

EXAMPLE 2.7  Specialize the results of Table 2.1 to the complex expo-
nential and trigonometric Fourier series of a squarewave with even symmetry
and amplitudes zero and A.

SOLUTION  The solution proceeds by letting t, = 0 and 7 = %TO in item

1 of Table 2.1. Thus
X, = 3A sinc (3n) (2.62)
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2.4  Fourier Series 39

TABLE 2.1 Fourier Series for Several Periodic Signals
Signal: —3Ty = t =< 3T, (One Period) Coefficients for Exponential Fourier Series
1. Asymmetrical pulse train:

x(f) = ALl (’ = "’), - % = —";—_f-sinc (nfyr)eRrlo
T 0
Xf)=xt+T) alt n=0 %1, £2,...
2. Half-rectified sinewave:
A sin wyt, 0=t=;0 A
= — =0, +2, *+4,
0 [0, —h<t=<0 x(1 — n%’ W= 0 k8
T X, = 0, n= %3 %5,...
xt) = xt + To), all t —1a, niu
A, n=—1
3. Full-rectified sinewave:
x(f) = Alsin wpt| (L i
X,={x-m n=0 %2 +4,..,
Uu n= :t1| iai
4. Triangular wave: -
4A 1 e 4A
s —sh =< —_,
Al 4A 0, n even
——t+A 0 =t=<;T =
To
X =x(t+ Ty, all t
FIGURE 2.6 Graphs of sinc z and slnt:2 z
sine 2 sinc? z

1

S Aty O el s S5 =
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But
\ sin (3n7)
sinc (Gn) = —7
T (2.63)
118 n=20
. 0, n = even
- |2/n7]|, p= . 5 Fo. ..
—|2/nm], a= £3, *7, ...
f
Thus f
x(t) = _‘:1; o IS ﬁ_ & POt 4 ;—fmo*
ST 3T '
+ A A e A e A ey
2 T 3T 5w
A 2 1 1
= 3 “+ - (cos wt — 5-:03 Swet + 3 cos Swet — * - ) (2.64)

The first equation is the complex exponential form of the Fourier series,
and the second equation is the trigonometric form. The dc component of
this squarewave is X, = 4. Setting this term to zero in the preceding Fou-
rier series, we have the Fourier series of a squarewave of amplitudes +34.

Such a squarewave has halfwave symmetry, and this is precisely the reason
that no even harmonics are present in its Fourier series.

Line Spectra

The complex exponential Fourier series (2.43) of a signal is simply a sum-
mation of phasors. In Section 2.1 we showed how a phasor could be char-
acterized in the frequency domain by two plots: one showing its amplitude
versus frequency and one showing its phase. Similarly, a periodic signal can
be characterized in the frequency domain by making two plots: one showing
amplitudes of the separate phasor components versus frequency and the
other showing their phases versus frequency. The resulting plots are called
the two-sided amplitude* and phase spectra, respectively, of the signal. From
(2.52) it follows that, for a real signal, the amplitude spectrum is even and
the phase spectrum is odd, which is simply a result of the addition of com-
plex conjugate phasors to get a real sinusoidal signal.

Figure 2.7(a) shows the double-sided spectrum for a half-rectified sine-

* Magnitude spectrum would be a more accurate term, although amplitude spectrum is the cus-
tomary term.

57



2.4  Fourier Series 41

FIGURE 2.7 Line spectra for half-rectified sinewave. (a) Double-sided.
(b) Single-sided.
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wave as plotted from the results given in Table 2.1. Forn = 2, 4, ..., X,
is represented as follows:
A A -
X, = — | | = — e T (2.65a)
x(1 —5) wla" = 31)
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Forn = —2, — 4, ..., it is represented as
A A
X, = — I = i 2.65b
. w1 — o)l —1) (&=R00)
to ensure that the phase is odd, as it must be. (Note that e*™ = —1.) Thus
s n= *t1
X, | = 3 A y
1% '———-3 ‘, all even n (e.60a)
(1 — n’)
e
[y, n=2,4..,.
1
—3m, n=1
X, =130 n=0 (2.66b)
%‘u‘, n= —1
L, pm —2, 4

The single-sided line spectra are obtained by plotting the amplitudes and
phase angles of the terms in the trigonometric Fourier series (2.56) versus
nfy. Because the series (2.56) has only nonnegative frequency terms, the sin-
gle-sided spectra exist only for nfy = 0. From (2.56) it is readily apparent
that the single-sided phase spectrum of a periodic signal is identical to its
double-sided phase spectrum for nfy = 0 and zero for nfy = 0. The single-
sided amplitude spectrum is obtained from the double-sided amplitude
spectrum by doubling the amplitude of all lines for nfy > 0. The line at nfy
= 0 stays the same. The single-sided spectra for the half-rectified sinewave
are shown in Figure 2.7(b).

As a second example, consider the pulse train

® N
xe) = > 4l (t——y) (2.67)

From Table 2.1, with t;, = ‘;]g‘r substituted in item 1, the Fourier coefficients
are

A =
X, = —]'_T' sinc (nfyT)e Jwafor (2.68)
T

The Fourier coefficients can be put in the form | X, | exp (}]_X_n), where

AT
x| = = | sinc (nfo7) | (2.69a)

0
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2.5  The Fourier Transform 43

and

—rnfyT if sinc (nfo7) > 0
[X, = { —mnfer + 7 if nfy, >0 and sinc (nfyr) <0 (2.69b)
—anfyr —« if nfy, <0 and sinc (nfy) <O

The * 7 on the right-hand side of (2.69b) accounts for |sinc nfyr| =
—sinc nfyT whenever sinc nfy7 << 0. Since the phase spectrum must have
odd symmetry if x(t) is real, 7 is subtracted if nf, << O and added if nf; >
0. The reverse could have been done—the choice is arbitrary. With these
considerations, the double-sided amplitude and phase spectra can now be
plotted. They are shown in Figure 2.8 for several choices of 7 and T,. Note
that appropriate multiples of 27 are subtracted from the lines in the phase
spectrum.

Comparing Figures 2.8(a) and 2.8(b), we note that the zeros of the enve-
lope of the amplitude spectrum, which occur at multiples of 1/7 Hz, move
out along the frequency axis as the pulse width decreases. That is, the time
duration of a signal and its spectral width are inversely proportional, a property that
will be shown to be true in general later. Second, comparing Figures 2.8(a)
and 2.8(c), we note that the separation between lines in the spectra is 1/T;.
Thus the density of the spectral lines with frequency increases as the period
of x(t) increases.

2.5 THE FOURIER TRANSFORM

To generalize the Fourier series representation (2.43) to a representation
valid for aperiodic signals, we consider the two basic relationships (2.43) and
(2.44). Suppose that x(t) is nonperiodic but is an energy signal, so that it is
integrable square in the interval (— 0, ©0).* In the interval |¢| < 1T, we
can represent x(t) as the Fourier series

S i —j2 2 Ty
x(t) = E FJ‘ x(Ne rofor g | o Ao [t < 5 (2.70)
0

n=—00 —Tol2

* This means that x(t) should be an energy signal. Dirichlet’s conditions give sufficient con-
ditions for a signal to have a Fourier transform. They are that x(t) be (1) single-valued with a
finite number of maxima and minima and a finite number of discontinuities in any finite time
interval, and (2) absolutely integrable, that is, JZe |x(6)] de < 00. These conditions include
all energy signals.
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44 Signal and Linear System Analysis

FIGUHE 2.8 Spectra for a periodic ?ulse train signal. (a) r = }To.
(b)r = -To, Tosame as in (a). (c) r = gTp; * Same as in (a).

x(t) bl

oo

oF e " I”l IDD_1IIIIT',:,“’5
‘o | X J—| X
21 ' _;_r‘T”]H ”IHTr o

where f; = 1/T,. To represent x(t) for all time, we simply let T, — G0 such
that nfy = n/T, becomes the continuous variable f, 1/T; becomes the dif-
ferential df, and the summation becomes an integral. Thus

x(t) = f [ f x(\)e PR dh} ™ df (2.71)
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2.5  The Fourier Transform 45

Defining the inside integral as

f xNe 2T ax 2.72)

X(f)

we can write (2.71) as

x(t) = f X dof 2.73)

The existence of these integrals is assured, since x(t) is an energy signal. We
note that

X(f) = lim ToX, (2.74)

To—~o0

which avoids the problem that |X,| — 0 as T, = co.

The frequency-domain description of x(t) provided by (2.72) is referred
to as the Fourier transform of x(t), written symbolically as X(f) = F[x(1)].
Conversion back to the time domain is achieved via the inverse Fourier trans-
form (2.73), written symbolically as x(¢) = Fx( L

Expressing (2.72) and (2.73) in terms of f = w/27 results in easily remem-
bered symmetrical expressions. Integrating (2.73) with respect to the vari-
able w requires a factor of (2m ™.

Amplitude and Phase Spectra
Writing X( f) in terms of amplitude and phase as

X(f) = 1x()1D, 0(f) = [x(f) (2.75)
we can show, for real x(t), that
IX(f)| = |1X(—)} and  6(f) = —O0(—f)  (276)

just as for Fourier series. This is done by using Euler’s theorem to write

R = Re X(f) = j x(t) cos 2mft dt (2.77a)
and
I=ImX(f) = —f x(¢) sin 27ft dt (2.77b)

Thus the real part of X( f) is even and the imaginary part is odd if x(¢) is a
real signal. Since IX(_f')I2 = R’ + I’ and tan 0(f) = +1/R, the symmetry
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46 Signal and Linear System Analysis

properties (2.76) follow. A plot of | X(f)| versus fis referred to as the
amplitude spectrum* of x(t), and a plot of [X(f) = 0(f) versus f'is known as
the phase spectrum.

Symmetry Properties

If x(t) = x(—t), that is, if x(t) is even, then x(¢) sin 27ft is odd and Im X( f)
= 0. Furthermore, Re X( f) is an even function of f. Thus the Fourier trans-
form of a real, even function is real and even.

On the other hand, if x(¢) is odd, x(¢) cos 27ft is odd and Re X(f) = 0.
Thus the Fourier transform of a real, odd function is imaginary. In addition,
Im X( f) is an odd function of frequency because sin 2ft is an odd function.

EXAMPLE 2.8  Consider the pulse

() = AL (%) (2.78)

Its Fourier transform is

X(f) = f ATI (‘—:i) R g

to+7I2 : )
=4 f e ™ gt = A7 sinc f7 & 120 (2.79)

o —T/2

Its amplitude spectrum fis

|X(f)| = A7 |sinc f7| (2.80a)
and its phase spectrum is
_ ) T 2mef if sincfr >0
By = [—Zme T if sincfr <0 ()

The term T is used to account for sinc f7 being negative, and if + is
used for f > 0, — is used for f << 0, or vice versa, to ensure that 8( f) is
odd. When |8(f)| exceeds 2, an appropriate multiple of 27 may be sub-
tracted from @( f). Figure 2.9 shows the amplitude and phase spectra for this
signal. The similarity to Figure 2.8 is to be noted, especially the inverse rela-
tionship between spectral width and pulse duration.

* Amplitude density spectrum would be more correct, since its dimensions are (amplitude
units)(time) = (amplitude units)/(frequency), but we will use the term amplitude spectrum for
simplicity.
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2.5 The Fourier Transform 47

FIGURE 2.9 Amplitude and phase spectra for a pulse signal. (a) Amplitude
spectrum. (b) Phase spectrum (t, = 3r is assumed).

lxtel
Ar

—2/r —1/r ol 1/r 2/r
(a)

g(f)
Fodd

1/r 2/t

=2/t —1/r 0

Energy Spectral Density

The energy of a signal, defined by (2.20a), can be expressed in the frequency
domain as follows:

E2 ” v
ol IR

= fw x*(1) [ f X(f)e*™* 4{] dt (2.81)

where x(t) has been written in terms of its Fourier transform. Reversing the

order of integration, we obtain

E= fm X(f) [fm x*(t)e*™ d:] df
= [T | [ o ali= [T i g

= f_wlx(r)lzdr= f_m | X(f)1* df (2.82)

or
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48 Signal and Linear System Analysis

This is referred to as Rayleigh’s energy theorem or Parseval’s theorem for Fourier
transforms.

Examining |J{(f)|2 and recalling the definition of X( f) given by (2.72),
we note that the former has the units of (volts-seconds)” or, since we are
considering power on a per-ohm basis, (watts-seconds)/hertz = joules/
hertz. Thus we see that |X( f) | ? has the units of energy density, and we
define the energy spectral density of a signal as

G(f) 2 |x(N|* (2.83)

By integrating G(f) over all frequency, we obtain the total energy.

EXAMPLE 2.9  Rayleigh’s energy theorem is convenient for finding the
energy in a signal whose square is not easily integrated in the time domain,
or vice versa. For example, the signal

x(t) = 40 sinc (201) (2.84)

has energy density

G(f) = |x(f)I* = [211 (;%)] = 411 (i) (2.85)

20

where II( f/20) need not be squared because it has unity amplitude. Using
Rayleigh’s energy theorem, we find that the energy in x(t) is

lval o
E=f_mc(f)<y=f_m4df=801 (2.86)

This checks with the result that is obtained by integrating x*(t) over all ¢
: fk w .2

using the definite integral [, sinc” u du = 1.
The energy contained in the frequency interval (0, W) can be found from

the integral
w w 2
E, = G d=2f [2H(~£)]d
f i S HEf 0 20)] ¥ (2.87)

_swm  w=i1o0
80, w> 10

Convolution

We digress somewhat from our consideration of the Fourier transform to
define the convolution operation and illustrate it by example.
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2.5  The Fourier Transform 49

The convolution of two signals, x,(t) and x,(z), is a new function of time,
x(t), written symbolically in terms of x, and x, as

O

x(t) = x,(t) * x,(t) = f _a@n(e = N d\ (2.88)

Note that ¢ is a parameter as far as the integration is concerned. The inte-
grand is formed from x; and x, by three operations: (1) time reversal to
obtain x,(—A), (2) time shifting to obtain x,(t — A), and (3) multiplication
of x;(A) and x,(t — M) to form the integrand. An example will illustrate the
implementation of these operations to form x; * x,. Note that the depen-
dence on time is often suppressed.

EXAMPLE 2.10  Find the convolution of the two signals
x@) = ¢ Mu@) and x(t) = ¢ Pu(), a>B>0 (2.89)

SOLUTION  The steps involved in the convolution are illustrated in Figure
2.10 for @ = 4 and B8 = 2. Mathematically, we can form the integrand by
direct substitution:

x(t) = x xx, = f e Pu)e P Nue — \) dA (2.90)

FIGURE 2.10 The operations involved in the convolution of two
exponentially decaying signals

x, (1) x,(1) x5 (=N}
1 1

1 1 t L A 1 t L 1
0 05 1.0 0 0.5 1.0 -1.0 —05

1
LA
0

x5(0.4— X}

Area = x(0.4) X1 () x,(0.4 = X)

x(t)
01
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But
0, A<O
aMac—N =11, 0<A<: (2.91)
0, At
Thus
O5d=Z i
X(I) = t : 1
f e Bt @B g = (-, =0 (92
0 a—f

This result for x(t) is also shown in Figure 2.10.

Transform Theorems: Proofs and Applications*

Several useful theorems involving Fourier transforms can be proved. These
are useful for deriving Fourier transform pairs as well as deducing general
frequency domain relationships. The notation x(t) <> X(f) will be used to
denote a Fourier transform pair.

Each theorem will be stated along with a proof in most cases. Several
examples giving applications will be given after the statements of all the
theorems. In the statement of the theorems, x(t), x,(t), and x,(t) denote
signals with X( f), X,(f), and X,( f) denoting their respective Fourier trans-
forms. Constants are denoted by g, a,, a,, to, and f;.

> SUPERPOSITION THEOREM
ayx(t) + axy(t) < a X,(f) + aXy(f) (2.93)
PROOF By the defining integral for the Fourier transform,

3{a|x|(t) + ax,(2)} = f 5 [a;x,(t) + azxz(r)]e*‘fz'ﬁ d

oo o0
a; f x () P dr + 02f x,(t)e 2 g
oo L= o]

ﬂixr(f) i azxz(f)

(2.94)

B> TIME-DELAY THEOREM
x(t — tg) < X(f)e o (2.95)

* See Tables C.1 and C.2 in Appendix C for a listing of Fourier transform pairs and theorems.
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2.5 The Fourier Transform 51

PROOF Using the defining integral for the Fourier transform, we have

Flxt — 1)) = f x(t — to)e P de

=
= f x(A)e_“hﬂA * g,

= /% Jm x(\e 2T an
= X(f)e P (2.96)

where the substitution A = t — t, was used in the first integral.
[>SCALE-CHANGE THEOREM

x(at) < IL X (’I) (2.97)

al

PROOF  First, assume that a = 0. Then

F{x(at)} = f x(at)e P dt = f x(\e Na A _ 1x(f) (2.98)
—00 —oo a a

a

where the substitution A = at has been used. Next considering a < 0, we

write
* - & +pxfMlal AN
f?{x(at)} = f x(*]alt)e PR gy = f x(A)e AxfMlel 22
—00 —co | a |
1 1
=—x ( ——L) =—x (f) (2.99)
lal lal [a] \a
where use has been made of the relation —|a| = a.
I>DUALITY THEOREM
X)) < x(—f) 2.100)

That is, if the Fourier transform of x(t) is X( f), then the Fourier transform
of X( f) with freplaced by t is the original time-domain signal with ¢ replaced

by —f.
PROOF  The proof of this theorem follows by virtue of the fact that the

only difference between the Fourier transform integral and the inverse Fou-
rier transform integral is a minus sign in the exponent of the integrand.
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52 Signal and Linear System Analysis

[>FREQUENCY TRANSLATION THEOREM
(@) < X(f— fo) (2.101)

PROOF  To prove the frequency translation theorem, note that

GO {ve]
f x(t)e eI gy = f x(@)e PN g = x(F— f)  (2102)
—o0 —C0

>MODULATION THEOREM
x(t) cos(2mfor) <> 3 X(f — fo) + 1 X(f + fo) (2.103)

PROOF  The proof of this theorem follows by writing cos(2mf;t) in expo-
nential form as (ejm'ﬁ'l + e_l"f"')." 2 and applying the superposition and fre-
quency translation theorems.

[>DIFFERENTIATION THEOREM

d"
=0 < (aafyx(p) 2.10)

PROOF  We prove the theorem for n = 1 by using integration by parts
on the defining Fourier transform integral as follows:

9[1:‘} - [ 2O
dt —co dt

oo

+ j2‘.=rff x()e 2 gt
—co —co

= j27f X(f) (2.105)

|

- x(t)e_jzwﬁ

where u = ¢ *¥ and dv = (dx/dt)dt have been used in the integration-by-
parts formula, and the first term of the middle equation vanishes at each
end point by virtue of x(t) being an energy signal. The proof for values of
n > 1 follows by induction.

I>INTEGRATION THEOREM

Iy ) ;
J . x(\) d\ < (j2mf) T 'X(f) + 5 XO¥(f) (2.106)
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2.5  The Fourier Transform 53

PROOF  If X(0) = O the proof of the integration theorem can be carried
out by using integration by parts as in the case of the differentiation theo-
rem. We obtain

9{f: x(N) dk]

(3 l iz oo 1 o0
= X —— j2xfe P S e_ﬂ“fr
[j‘—m ®) dkj| ( j2mf ; ) ’—oo * j2mf J —oo x(0) g
(2.107)

The first term vanishes if X(0) = [ x(t) dt = 0, and the second term is
just X(f)/j2mf. For X(0) # 0, a limiting argument must be used to account
for the Fourier transform of the nonzero average value of x(t).

[>CONVOLUTION THEOREM

f _xn(e — N A\ = f e = Mu®) dN = K(NX(f) (2108

PROOF To prove the convolution theorem of Fourier transforms, we rep-
resent x,(t — M) in terms of the inverse Fourier transform integral as

Xt — \) = f X ()T gf (2.109)

Denoting the convolution operation as x,(t) * x,(t), we have

x,(£) * x,(t) =f a0 [ f_ X7 df] d\

- f X(f) [I x(We 2 dh] S df (2.110)

where the last step results from reversing the orders of integration. The
bracketed term inside the integral is X( f), the Fourier transform of x,(¢).
Thus

X %X = f_w X)X f)e™™ df (2.111)

which is the inverse Fourier transform of X(f)X,(f). Taking the Fourier
transform of this result yields the desired transform pair.
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54 Signal and Linear System Analysis

[>MULTIPLICATION THEOREM

o0

x(Ox(t) < X,(f) * Xo(f) = f_m XNX(f — N dh - (2.112)

PROOF  The proof of the multiplication theorem proceeds in a manner
analogous to the proof of the convolution theorem.

V| EXAMPLE 2.11  Use the duality theorem to show that

A sinc 2t < T (-f—) (2.113)
2w\ 2w

SOLUTION  From Example 2.8, we know that
x() = Al (i) < A7 sinc f1 = X(f)
Considering X(t), and using the duality theorem, we obtain
X(¢) = At sinc 7t <> AIl (—:'f) = x(—f) (2.114)

where 7 is a parameter with dimension (s) !, which may be somewhat con-
A| fusing at first sight! By letting 7 = 2W, the given relationship follows.

V| EXAMPLE 212  Obtain the following Fourier transform pairs:

1. Ad() <> A
2. Ab(t — to) <> Ae o
3. A= AS(f)
4. 4P < 43(f — £)

SOLUTION  Even though these signals are not energy signals, we can for-
mally derive the Fourier transform of each by obtaining the Fourier trans-
form .of a “proper” energy signal that approaches the given signal in the
limit as some parameter approaches zero or infinity. For example, formally,

FlAdo(r)] = F [lim (é) II (i)jl = lim A sinc (fr) = 4 (2.115)

0 \T T 70

We can use a formal procedure such as this to define Fourier transforms for
the other three signals as well. It is casier, however, to use the sifting prop-

erty of the delta function and the appropriate Fourier transform theorems.
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2.5 The Fourier Transform 55

The same results are obtained. For example, we obtain the first transform
pair directly by writing down the Fourier transform integral with x(t) = 6()
and invoking the sifting property:

Lo a]

FlA6(r)] = A f 8(t)e ™ dt = A (2.116)

Transform pair 2 follows by application of the time-delay theorem to
pair 1.

Transform pair 3 can be obtained by using the inverse-transform relation-
ship or the first transform pair and the duality theorem. Using the latter, we
obtain

X(@t) = A < Ad(—f) = Ad(f) = x(—f) (2.117)

where the impulse function is assumed to be even.

Transform pair 4 follows by applying the frequency-translation theorem
to pair 3. The Fourier transform pairs of Example 2.12 will be used often in
the discussion of modulation.

EXAMPLE 213 Use the differentiation theorem to obtain the Fourier
transform of the triangular signal, defined as

_A(E)é{l — |eliT; It] <7 2118)

T 0, otherwise

SOLUTION  Differentiating A(t/7) twice, we obtain, as shown in Figure
2.11,

IAT) _ 1

d’ T

ot +4)— %5(:) + %5(: -7 (2.119)

Using the differentiation, superposition, and time-shift theorems and the
result of Example 2.12, we obtain

d*A(el7) _ 2 [ _t:|
5‘[ = }—(ﬂrf)g A(T)

o (T — 2 + T (2.120a)
=

or

= 7
3‘|:A (E)] . 2 cos 271')"'1'2 2 =Tsm Trf;'r (2.120b)
T(j27f) (wf7)
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56 Signal and Linear System Analysis

FIGURE 2.11 Triangular signal and its first two derivatives. (a) Triangular
signal. (b) First derivative of triangular signal. (c) Second derivative of
triangular signal.

)
A
= 0 . .
(a)
Al
i Alr
]
! T
" + t
- 1
I
-Alt —:
(b)
()

E r

4

vy ~2A/t
()
| where we have used 3(1 — cos 2ft) = sin’ 7ft. Summarizing, we have
shown that
A (i) <> 7 sinc’ f1 (2.121)
A| where (sin wf7)/(7f 7) has been replaced by sinc f7.
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EXAMPLE 2.14  As another example of obtaining Fourier transforms of
signals involving impulses, let us consider the signal

yile) = Z 6(t — mT,) (2.122)

It is a periodic waveform referred to as the ideal sampling waveform and con-
sists of an infinite sequence of impulses spaced by T, seconds.

SOLUTION  To obtain the Fourier transform of y,(t), we note that it is
periodic and, in a formal sense, therefore can be represented by a Fourier
series. Thus

e oo
’ 2T
p— E 5 s Ty w= E Jo = — 123
ys ( t) (t m S) Yne ? wl T (2 )

m=—00 n=—00 5
where
Y, = 2 f e P de = f,  f, = (2.124)
O 2T
by the sifting property of the impulse function. Therefore,
O =f > & (2.125)

n=—0o0
Fourier-transforming term by term, we obtain
o0 oo
SN =f£ 2. Fl-™=f > df—nf) (2126)
n=—00 n=—co

where we have used the results of Example 2.12. Summarizing, we have
shown that

> 8t —mT)y<f > 8f— nf) @2.127)

m=—00 n=—00

The transform pair (2.127) is useful in spectral representations of periodic
signals by the Fourier transform, which will be considered shortly.

EXAMPLE 2.15 The convolution theorem can be used to obtain the Fou-
rier transform of the triangle A(t/7) defined by (2.118).
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58 Signal and Linear System Analysis

SOLUTION  We proceed by first showing that the convolution of two
pulses is a triangle. The steps in computing

o) = f I (' : A) I ()—:) d\ (2.128)

are carried out in Table 2.2. Summarizing the results, we have

. g Y 0, =T
TA(;)=H(;)1=II(;)= T — |t [l =7 (2129

0, 8= g

Using the transform pair

1 (5) < 7 sinc fi (2.130)
T
and the convolution theorem, we obtain the transform pair
A (3) < 7 sinc’ fr (2.131)
9
Al as in Example 2.13,
‘able 2.2 Computation of II(t/r)  II(t/r)
Ranggont  ntegand ~ Lmts  Aea
1
o<t<—r l . l % 0
H ~1: 0
t+2r

<t<0 ’:%I " —Ir to t+3r T+t
1 ol § % =

il 2

< oo

1 1
I % [ t—s57 to 3r gt
= %T;U Za u 2 2
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2.5  The Fourier Transform 59

A useful result is the convolution of an impulse §(t — t,) with a signal
x(t). Carrying out the operation, we obtain

f N — to)x(e — A) dA

o(t — to) * x(t)

= x(t — t) (2.132)

by the sifting property of the delta function. That is, convolution of x(t) with
an impulse occurring at time ¢, simply shifts x(¢) to t,.

EXAMPLE 2.16  Consider the Fourier transform of the cosinusoidal pulse

x(e) = Al (5) cos wot, W, = 27, (2.133)
T

Using the transform pair
Tt §(F F fy) (2.134)
obtained earlier and Euler’s theorem, we find that

cos 2fot <= 30(f — fo) + 3(f + fo) (2.135)

We have shown also that

£
AIL (—) <> AT sinc f7
T
Therefore, using the multiplication theorem, we obtain

X(f) = 347 (sinc f7) % [0(f — fo) + 8(f + fo)]
= A7 [sinc (f — fo)r + sinc (f + fo)7] (2.138)

where 6(f — fo) * Z(f) = Z(f — fo) has been used. Figure 2.12(c) shows
X(f). The same result can be obtained via the modulation theorem.

Fourier Transforms of Periodic Signals

The Fourier transform of a periodic signal, in a strict mathematical sense,
does not exist, since periodic signals are not energy signals. However, using
the transform pairs derived in Example 2.12 for a constant and a phasor
signal, we could, in a formal sense, write down the Fourier transform of a
periodic signal by Fourier-transforming its complex Fourier series term by
term.

A somewhat more useful form for the Fourier transform of a periodic
signal is obtained by applying the convolution theorem and the transform
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60 Signal and Linear System Analysis

FIGURE 2.12 (a)-(c) Application of the multiplication theorem. (c)-(e)
Application of the convolution theorem. Note: X denotes multiplication;
* denotes convolution, <= denotes transform pairs.
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pair (2.127) for the ideal sampling wave. To obtain it, consider the result of
convolving the ideal sampling waveform with a pulse-type signal p(t) to
obtain a new signal x(t), where x(¢) is a periodic power signal. This is apparent
when one carries out the convolution with the aid of (2.132):

x(t) = [ Z o(t — mT,):| * p(t) = Z p(t — mT) (2.137)

m=—00 m=—00

77



2.5  The Fourier Transform 61

Applying the convolution theorem and the Fourier transform pair of (2.127),
we find that the Fourier transform of x(t) is

X(f) = :7{ > B(t—mT,)}P(f)

=P D Mf—nf) = D fPaf)d(f— nf) (2138)

where P(f) = F[p(t)]. Summarizing, we have obtained the Fourier trans-
form pair

D ple—mI) = D fPaf) 8(f — nf) (2.139)

The usefulness of (2.139) is illustrated with an example.

EXAMPLE 2.17  The Fourier transform of a single cosinusoidal pulse was
found in Example 2.16 and is shown in Figure 2.12(c). The Fourier transform
of a periodic cosinusoidal pulse train, which could represent the output of
a radar transmitter, for example, is obtained by writing it as

y(t) = [ Z o(t — mT)] = 11 (i) cos Wy, wy > 27/t
T

m= —00
o t — mT,
=S 1 ( = ) coswo(t — mT), fi<7 '  (2140)
mﬂ—OOI o

This signal is illustrated in Figure 2.12(e). According to (2.139), the Fourier
transform of y(t) is

=
1) = 2 A fine of, — forr + sinc (o, + fo)rl 87— nf) @141

The spectrum is illustrated on the right-hand side of Figure 2.12(e).

Poisson Sum Formula

We can develop the Poisson sum formula by taking the inverse Fourier trans-
form of the right-hand side of (2.139). When we use the transform pair
exp (—j2mnfit) <> 8(f — nf,) (see Example 2.12), it follows that

7 { > fPaf)d(f — nf,)] =f D P (2.142)

n=—00
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Equating this to the left-hand side of (2.139), we obtain the Poisson sum
formula:

D ple—mI)=f D Paf)e ™ (2.143)

m=—00 n=—=0co0

The Poisson sum formula is useful when one goes from the Fourier transform
to sampled approximations of it. For example, Equation (2.143) says that the
sample values P(nf,) of P(f) = F{p(¢)} are the Fourier series coefficients of
the periodic function T,E:o, —o p(t — mT).

f2.6 POWER SPECTRAL DENSITY AND CORRELATION

Recalling the definition of energy spectral density, Equation (2.83), we see
that it is of use only for energy signals for which the integral of G(f) over
all frequencies gives total energy, a finite quantity. For power signals, it is
meaningful to speak in terms of power spectral density. Analogous to G( f), we
define the power spectral density S( f) of a signal x(t) as a real, even, non-
negative function of frequency, which gives total average power per ohm
when integrated; that is,

P= f_m S(f) df = (x(0)) (2.144)

Since §(f) is a function that gives the variation of density of power with
frequency, we conclude that it must consist of a series of impulses for the
periodic power signals that we have so far considered. Later, in Chapter 5,
we will consider random signals, which have power spectral densities that
are continuous functions of frequency.

EXAMPLE 2.18  Considering the sinusoidal signal
x(t) = A cos (wyt + 6) (2.145)

we note that its average power per ohm, 1A%, is concentrated at the single
frequency fo = w,/27. However, since the power spectral density must be
an even function of frequency, we split this power equally between +f,
and —f g, Thus the power spectral density of x(¢) is, from intuition, given by

S(f) =47 8(f — fo) + 34" 8(f + i) 149

Checking this by using (2.144), we see that integration over all frequencies
results in the average power per ohm, %A 3,
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2.6  Power Spectral Density and Correlation 63

The Time-Average Autocorrelation Function

To introduce the time-average autocorrelation function, we return to the
energy spectral density of an energy signal. Without any apparent reason,
suppose we take the inverse Fourier transform of G(f), letting the indepen-
dent variable be T:

o) 2 FG(N = F XX
= FTUX(] « F XS] 2.147)

The last step follows by application of the convolution theorem. Applying
the time-reversal theorem (item 3b in Table C.2 in Appendix C) to write
F f)] = x(—7) and then the convolution theorem, we obtain

1) = x(7) * x(—7T) = f_m xM)xA + 7) dA

»
= lim f xA)x(\ + 7) dA (energy signal)  (2.148)
T

T—co —;

Equation (2.148) will be referred to as the time-average autocorrelation function
for energy signals. We see that it gives a measure of the similarity, or co-
herence, between a signal and a delayed version of the signal. Note that
@(0) = E, the signal energy. The similarity of the correlation operation
to convolution also should be noted. The major point of (2.147) is that
the autocorrelation function and energy spectral density are Fourier trans-
form pairs. We forgo further discussion of the time-average autocorrela-
tion function for energy signals in favor of analogous results for power
signals.

The time-average autocorrelation function R(7) of a power signal x(t) is
defined as the time average

{(x(t)x(t + 1))
i
= lim ——'IT x(t)x(t + 1) dt (power signal)  (2.149)
T

T—00 2 -

R(7)

If x(t) is periodic with period T, the integrand of (2.149) is periodic, and
the time average can be taken over a single period:

R(r) = Ti J; x()x(t + 1) dt [x(¢) periodic] (2.150)

0

Just like @(7), R(7) gives a measure of the similarity between the signal at
time ¢t and at time ¢t + 7; it is a function of the delay variable 7, since time
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is the variable of integration. In addition to being a measure of the similarity
between a signal and its time displacement, we note that

o0

R(O) = (£'()) = f_m S(f) df (2.151)

Thus we suspect that the time-average autocorrelation function and power
spectral density of a power signal are closely related, just as they are for
energy signals. This relationship is stated formally by the Wiener-Khinchine
theorem, which says that the time-average autocorrelation function of a signal
and its power spectral density are Fourier transform pairs:

S(f) = FR(M) = f R(n)e P77 dr (2.152a)
and
R@) = FS()] = f_m S(f)e* 7T df (2.152b)

A formal proof of the Wiener-Khinchine theorem will be given in Chapter
5. We simply take (2.152a) as the definition of power spectral density at this
point. We note that (2.151) follows immediately from (2.152b) by setting
T =0.

Properties of R(r)

The time-average autocorrelation function has several useful properties,
which are listed below:

1. R(0) = (x’(t)) = |R(7)|, for all 7; that is, a relative maximum of R(r)
existsat 7 = 0. :

2. R(—7) = (x(t)x(t — 7)) = R(7); that is, R(7) is even.

3. lim;|»e R(1) = (Jr(t))2 if x(r) does not contain a periodic component.

4. If x(t) is periodic in ¢t with period Ty, then R() is periodic in 7 with period
3

5. The time-average autocorrelation function of any signal has a Fourier
transform that is nonnegative.

Property 5 results by virtue of the fact that normalized power is a nonneg-
ative quantity. These properties will be proved in Chapter 5.
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2.7  Signals and Linear Systems 65

EXAMPLE 2.19 Returning to the sinusoidal signal of Example 2.18, we
see that by the Wiener-Khinchine theorem its autocorrelation function is

- [42 2
7 [45(f+fo)+45(f ﬁo}

2
A
= —z*cos WeT, Wy = 27fy (2.153)

R(7)

Checking this result by computing the time average using (2.149), we find
that
1

= A? cos (wet + 0) cos (wot + wer + 0) dt
Tg Ty

R(7)

1 A’ 1 A?
= — cos wyT dt + — — cos (2wt + w,T + 20) dt
To TO 2 TO TO 2
A 2
= '5' cos Wyt (2.154)

where the second integral of the second equation is zero by virtue of the
periodicity of the integrand. Note that all the properties listed above for
R(7) are satisfied by R(7) = ';'A 2 cos woT except Property 3, which does not

apply.

The autocorrelation function and power spectral density are important
tools for systems analysis involving random signals.

2.7 SIGNALS AND LINEAR SYSTEMS

In this section we are concerned with the characterization of systems and
their effect on signals. In system modeling, the actual elements, such as
resistors, capacitors, inductors, springs, and masses, that compose a partic-
ular system are usually not of concern. Rather, we view a system in terms
of the operation it performs on an input to produce an output. Symbolically,
this is accomplished, for a single-input, single-output system, by writing

y(t) = F[x(t)) (2.155)

where 7 is the operator that produces the output y(t) from the input x(t),
as illustrated in Figure 2.13. We now consider certain classes of systems, the
first of which is linear time-invariant systems.
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FIGURE 2.13 Operator representation of a linear system

o—i
x(t) i ylt)
o— —

Definition of a Linear Time-Invariant System

If a system is linear, superposition holds. That is, if x,(¢) results in the output
yi(r) and x,(¢) results in the output y,(¢), then the output due to ax,(z) +
o/,x,(t), where &, and o, are constants, is given by

y(0) = Hlax () + ax@)] = a,Hx ()] + o, [x, ()]
= a:}'l(t) + azyz(t) (2.155)

If the system is time-invariant, or fixed, the delayed input x(t — t) gives the
delayed output y(t — tp); that is,

¥t — to) = Fx(t — t)] (2.157)

With these properties explicitly stated, we are now ready to obtain a more
concrete description of a linear time-invariant (LTI) system.

Impulse Response and the Superposition Integral

The impulse response h(¢) of an LTI system is defined to be the response of the
system to an impulse applied at ¢ = 0, that is

h(e) & F[6(0)] (2.158)

By the time-invariant property of the system, the response to an impulse
applied at any time ¢, is h(t — ty), and the response to the linear combination
of impulses a,0(t — t;) + a,0(r — t;) is a,h(t — ;) + ayh(t — ¢,) by the
superposition property and time-invariance. Through induction, we may
therefore show that the response to the input

N
x(t) = D ad(t — t,) (2.159)
n=]
is

N
y(t) = Z oh(t — t,) (2.160)
n=1
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We will use (2.160) to obtain the superposition integral, which expresses the
response of an LTI system to an arbitrary input (with suitable restrictions) in
terms of the impulse response of the system. Considering the arbitrary input
signal x(t) of Figure 2.14(a), we can represent it as

w .
x(t) = f x(N)3(t — ) dA (2.161)
—o0
by the sifting property of the unit impulse. Approximating the integral of
(2.161) as a sum, we obtain
Ny
X = Y xnA)d(t—nAr)A, A1 (2.162)

n=Ni
where t; = N; At is the starting time of the signal and ¢, = N, At is the
ending time. The output, using (2.160) with a, = x(n At) Atand t, = n A,
is
Ny
56 = D x(n Adh(t — n Ar) At (2.163)

n=N

where the tilde denotes the output resulting from the approximation to the
input given by (2.162). In the limit as At approaches zero and n At

FIGURE 2.14 A signal and an approximate representation. (a) Signal.
(b) Approximation with a sequence of impulses.

x(t)

t, ol Ar 24r kAt 5
(a)
x(t)
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68 Signal and Linear System Analysis

approaches the continuous variable A, the sum becomes an integral, and we
obtain

() = f x(Nh(t — N) dA (2.164a)
—co
where the limits have been changed to + 00 to allow arbitrary starting and
ending times for x(¢). Making the substitution 0 = t — A, we obtain the
equivalent result

y(t) = f x(t — o)h(o) da (2.164b)
—00

Because these equations were obtained by superposition of a number of ele-
mentary responses due to each individual impulse, they are referred to as
superposition integrals. A simpliﬁcation results if the system under considera-
tion is causal, that is, is a system that does not respond before an input is
applied. For a causal system, h(t — A) = 0 for ¢ << A and the upper limit
on (2.164a) can be set equal to t. Furthermore, if x(t) = 0 for t < 0, the
lower limit becomes zero.

Stability

A fixed, linear system is bounded-input, bounded-output (BIBO) stable if
every bounded input results in a bounded output. It can be shown* that a
system is BIBO stable if and only if

f |h(e)| dt < oo (2.165)

Transfer Function

Applying the convolution theorem of Fourier transforms, item 8 of Table
C.2 in Appendix C, to either (2.164a) or (2.164b), we obtain

Y(f) = H()X(f) (2.166)
where X(f) = F{x(®)}, Y(f) = F{y(®)}, and

H(f) =  Fbo) = f h(d)e ™ dt (2.167a)
or
h(t) = FHH()} = f_ H(f)e"*™ df (2.167b)

* See Ziemer, Tranter, and Fannin (1993), Chapter 2.
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H(f) is referred to as the transfer function of the system. We see that either
h(t) or H(f) is an equally good characterization of the system. By an inverse
Fourier transform on (2.166), the output becomes

1) = f o X(NH(f)e™™ df (2.168)

Causality

A system is causal if it does not anticipate the input. In terms of the impulse
response, it follows that for a time-invariant causal system,

h) =0, <0 (2.169)

When causality is viewed from the standpoint of the transfer function of the
system, a celebrated theorem by Wiener and Paley* states that if

oD GO
f |h@)|? dt = f |H(f)|* df < o0 (2.170a)
oo —o0
with h(t) = 0 for ¢t << 0, it is then necessary that

f_m “']‘[_Hl_(f,)“ df < 00 (2.170b)

Conversely, if | H(f)| is square-integrable, and if the integral in (2.170b) is
unbounded, then we cannot make h(t) = 0, t << 0, no matter what we
choose for [H([f). Consequences of (2.170) are that no filter can have
|H(f)| = 0 over a finite band of frequencies (i.e., a filter cannot perfectly
reject any band of frequencies). In fact, the Paley-Wiener criterion restricts
the rate at which |H(f)| for a linear causal time-invariant system can van-
ish. For example,

|H(f)] = ¢ hV! 2.171a)
and
|H(f)| = (2.171b)

are not allowable amplitude responses for causal filters because (2.170b)
does not give a finite result in either case.

The sufficiency statement of the- Payley-Wiener criterion is: Given any
square-integrable function | H(f)| for which (2.170) is satisfied, there exists
an [H(f) such that H(f) = |H(f)|e 2 is the Fourier transform of h(r)
for a causal filter.

* See William Siebert, Circuits, Signals, and Systems, McGraw-Hill, New York, 1986, p. 476.
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Symmetry Properties of H(f)

The transfer function H( f) is, in general, a complex quantity. We therefore
write it in terms of magnitude and argument as

H(f) = |H(f)| /2L 2.172)

where |H(f)| is called the amplicude-response function and [H( f) is called the
phase-shift function of the network. Also, H(f) is the Fourier transform of a
real-time function h(t). Therefore, it follows that

|H(f)| = |H(—f)] (2.173a)

and

[H(f) = —[H(=[) (2.173b)

EXAMPLE 220 Consider the lowpass RC filter shown in Figure 2.15. We
may find its transfer function by a number of methods. First, we may write
down the governing differential equation (integral-differential equations, in
general) as

RC% + y(t) = x(r) (2.174)

and Fourier-transform it, obtaining

(j2mfRC + DY(f) = X(f)

or

45 ) !
X(f)y 1+ j(fif3)
T Sre L (2.175)

V1 (fif3)

where f; = 1/2wRC is the 3-dB frequency, or half-power frequency. Second,
we can use Laplace transform theory with s replaced by j2«f. Third, we can

H(f) =

FIGURE 2.15 An RC network
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2.7 Signals and Linear Systems 71

FIGURE 2.16 Amplitude and phase responses of the lowpass RC filter.
(a) Amplitude response. (b) Phase shift.

IH(A = 1T T (T2

[HUA) = —tan—" (#/f;)

use ac sinusoidal steady-state analysis. The amplitude response and phase
response of this system are illustrated in Figures 2.16(a) and (b).
Using the transform pair

=t [43
ae Yut) > ——— 2.176
A a + j2xf ( )
we find the impulse response of the filter to be
1
h(e) = - e u(f) (2.177)

Finally, we consider the response of the filter to the pulse

1
x(e) = Al (‘ TZT) 2.178)

Using appropriate Fourier transform pairs, we can readily find Y(f), but its
inverse Fourier transformation requires some effort. Thus it appears that the
superposition integral is the best approach in this case. Choosing the form

o0
y(t) = f h(t — o)x(o) do (2.179)
—00
we find, by direct substitution in h(t), that
{ _l_ e—(:—cr}."RC e
h(t — o) = = e MGt —0) = {1 RC (2.180)
0, o>t
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Since x(0) is zero for ¢ << 0 and ¢ > T, we find that

0! =<0
4 —({t—o)/RC
—e do, o<t<T (2.181)
y(t) = o RC

T
A i
- (t—o)/RC o

o, t>T
o RC

Carrying out the integrations, we obtain

0, t<<O0
y&) = 1 4@l — ", 0<:<T (2.182)
A CTTIRC _ uingy ST

This result is plotted in Figure 2.17 for several values of T/RC. Also shown
are | X(f)| and |H(f)|. Note that T/RC = 2mf/T ' is proportional to the
ratio of the 3-dB frequency of the filter to the spectral width (T ") of the
pulse. When this ratio is large, the spectrum of the input pulse is essentially
passed undistorted by the system, and the output looks like the input. On
the other hand, for 27f;/ T~ <« 1, the system distorts the input signal
spectrum, and y(¢) looks nothing like the input. These ideas will be put on
a firmer basis when signal distortion is discussed.

Input-Output Relationships for Spectra

Consider a fixed linear two-port system with transfer function H( f), input
x(t), and output y(t). If x(¢) and, therefore, y(t) are energy signals, their
energy spectral densities are G, (f) = |X(f)|2 and ‘G(f) = |Y(f)|2,
respectively. Since Y(f) = H(f)X(f), it follows that

G,(f) = |H(N)I*G(f) (2.183)
A similar relationship holds for power signals and spectra:
SAf) = [H(OIsLf) (2.184)

This will be proved in Chapter 5.

Response to Periodic Inputs

Consider the steady-state response of a fixed linear system to the complex

exponential input signal 4¢/*7%. Using the superposition integral, we obtain

yult) = f TN Pl Y
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FIGURE 2.17 (a) Waveforms and (b)-(d) spectra for a lowpass RC filter
with pulse input. (a) Input and output signals. (b) T/RC = 0.5. (c) T/RC = 2.
(d) T/RC = 10.

Input pulse

T/RC =10
T/RC =2

T/RC=1

T/RC =05

—2r-1 T 0 T 27
{c)
adtill
XA
f
=271 =1 0 7T 71

{d)

co
= AT f h(\e P )

= H(fo)de"™ (2.185)

That is, the output is a complex exponential signal of the same frequency
but with amplitude scaled by | H(f;)| and phase-shifted by /H( fp) relative

to the amplitude and phase of the input. Using superposition, we conclude
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that the steady-state output due to an arbitrary periodic input is represented
by the complex exponential Fourier series

& = > XH(nfo)e ™ (2.186)
y&) = > IX|H@fo)| exp {jln2afor + [X, + [H(afo)]} (2187)

Thus, for a periodic input, the magnitude of each spectral component of the
input is attenuated (or amplified) by the amplitude-response function ar the
frequency of the particular spectral component, and the phase of each spectral com-
ponent is shifted by the value of the phase-shift function of the system at
the frequency of the spectral component.

EXAMPLE 221  Consider the response of a filter having the transfer
function

H(f) = 211 (1%) Ll (2.188)

to a unit-amplitude triangular signal with period 0.1 s. From Table 2.1 and
Equation (2.43), the exponential Fourier series of the input signal is

- o 4 4
S L Wy W N I

O = o5

4 4
+ __2 efﬁ[)‘lﬂ _|_ ___2 ej]OO'ﬂ + e
9T 25w

8 1 1
= | oo (207t) + g °o* (607rt) + o cos (1007t) + --- ] (2.189)

The filter eliminates all harmonics above 21 Hz and passes all those below
21 Hz, imposing an amplitude scale factor of 2 and a phase shift of
—af/10 rad. The only harmonic of the triangular wave to be passed by the
filter is the fundamental, which has a frequency of 10 Hz, giving a phase

shift of —m(10)/10 = — rad. The output is therefore
(t) e 20m 1 (2.190)
) =— t— — ;
¥ o 5% s

where the phase shift is seen to be equivalent to a delay of 5 S.
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Distortionless Transmission

Equation (2.187) shows that both the amplitudes and phases of the spectral
components of a periodic signal will, in general, be altered as the signal is
sent through a two-port system. This modification may be desirable in signal
processing applications, but it amounts to distortion in signal transmission appli-
cations. While it may appear at first that ideal signal transmission results only
if there is no attenuation and phase of the spectral components of the input,
this requirement is too stringent. A system will be classified as distortionless
if it introduces the same attenuation and time delay to all spectral compo-
nents of the input, for then the output looks like the input. In particular, if
the output of a system is given in terms of the input as

y(6) = Hox(e — to) (2.191)

where H, and t;, are constants, the output is a scaled, delayed replica of the
input (¢, = O for causality). Employing the time-delay theorem to Fourier-
transform (2.191) and using the relation H(f) = Y(f)/X(f), we obtain

H(f) = Hpe 7o (2.192)

as the transfer function of a distortionless system; that is, the amplitude
response of a distortionless system is constant and the phase shift is linear
with frequency. Of course, these restrictions are necessary only within the
frequency ranges where the input has significant spectral content. Figure
2.18 and Example 2.22 will illustrate these comments.

In general, we can isolate three major types of distortion. First, if the
system is linear but the amplitude response is not constant with frequency,
the system is said to introduce amplitude distortion. Second, if the system is
linear but the phase shift is not a linear function of frequency, the system
introduces phase, or delay, distortion. Third, if the system is not linear, we have
nonlinear distortion. Of course, these three types of distortion may occur in
combination with one another.

Group and Phase Delay

One can often identify phase distortion in a linear system by considering the
derivative of phase with respect to frequency. A distortionless system exhib-
its a phase response in which phase is directly proportional to frequency.
Thus the derivative of phase with respect to frequency of a distortionless
system is a constant. The negative of this constant is called the group delay
of the system. In other words, the group delay is defined by the equation

1 db(f
)= — G fb’) (2.193)
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FIGURE 2.18 Amplitude and phase response and group and phase delays
of the filter for Example 2.22. (a) Amplitude response. (b) Phase response.
(c) Group delay. (d) Phase delay.
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in which 6( f) is the phase response of the system. For a distortionless sys-
tem, the phase is given by (2.192) as

B(f) = —2mfi, (2.194)
This yields a group delay of
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or
T(f) =t (2.195)

This confirms the preceding observation that the group delay of a distor-
tionless system is a constant.

Group delay is the delay that a group of two or more frequency compo-
nents undergo in passing through a linear system. If a linear system has a
single-frequency component as the input, the system is always distortionless,
since the output can be written as an amplitude-scaled and phase-shifted
(time-delayed) version of the input. As an example, assume that the input
to a linear system is given by

x(t) = A cos 27fyt (2.196)
It follows from (2.187) that the output can be written as
y@) = A[H(f\)| cos [2nf\t + 6(f))] (2.197)

where 8( f1) is the phase response of the system evaluated at f = f|. Equation
(2.197) can be written as

y(t) = A|H(f})| cos 2xf, [t - M} (2.198)
2xf,
The delay of the single component is defined as the phase delay:
- _%pn
T(f) 2nf (2.199)

Thus (2.198) can be written as

ye) = AIH(fI)I cos 27fi[t — Tp(fl)] (2.200)
Use of (2.194) shows that for a distortionless system, the phase delay is given

by

1
T(f) = — ==(—27fi) = 1 (2.201)

2wf

Thus we see that distortionless systems have equal group and phase delays.
The following example should clarify the preceding definitions.

EXAMPLE 222 Consider a system with amplitude response and phase
shift as shown in Figure 2.18 and the following four inputs:

1. x,(t) = cos 10wt + cos 127t
2. x,(t) = cos 10wt + cos 267t

94



78 Signal and Linear System Analysis

3. x5(t) = cos 26wt + cos 34wt
4. x,(t) = cos 32wt + cos 34wt

Although this system is somewhat unrealistic from a practical standpoint,
we can use it to illustrate various combinations of amplitude and phase dis-
tortion. Using (2.187) and superposition, we obtain the following corre-
sponding outputs:

1. y,(t) = 2 cos (107t — &m) + 2 cos (127t — &)

2 cos 10m(t — z5) + 2 cos 127(t — 25)
13

2. yy(t) = 2 cos (10wt — gm) + cos (26wt — o)
= 2 cos 107(t — 315) + cos 26m(t — 3%
3. yi(t) = cos (26wt — 3om) + cos (34w — 3m)

cos 26m(t — zg) + cos 34w(t — g5
4. yu(t) = cos (32wt — -i-w) + cos (34wt — %‘.r)
= cos 327(t — &) + cos 34mw(t — 55

I

Checking these results with (2.191), we see that only the input x(t) is passed
without distortion by the system. For x,(t), amplitude distortion results, and
for x5(t) and x4(¢), phase (delay) distortion is introduced.

- The group delay and phase delay are also illustrated in Figure 2.18. It can
be seen that for |f| = 15 Hz, the group and phase delays are both equal
to g5 5. For [f| = 15 Hz, the group delay is zero, and the phase delay is

1
W=y (2.202)

Nonlinear Distortion

To illustrate the idea of nonlinear distortion, let us consider a nonlinear
system with the input-output characteristic

J(©) = ax(t) + ax(¢) (2.203)
and with the input
x(t) = A; cos wyt + A, cos w,t (2.204)
The output is therefore

y(t) = a;(4, cos w,t + A, cos w,t)
+ ay(4; cos Wt + A, cos wyt)’  (2.205)
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2.7 Signals and Linear Systems 79

Using trigonometric identities, we can write the output as
y(t) = a,(4; cos wt + A, cos w,t)
+ 1a,(4 > + 4,) + 3ay(4, cos 2w;t + A,° cos 2w,t)
+ a,A,4;[cos (w, + wy)t + cos (W, — w,)t] (2.206)

As can be seen in Figure 2.19, the system has produced frequencies in the
output other than the frequencies of the input. In addition to the first term
in (2.206), which may be considered the desired output, there are distortion
terms at harmonics of the input frequencies as well as distortion terms
involving sums and differences of the harmonics of the input frequencies.
The former are referred to as harmonic distortion terms, and the latter are
referred to as intermodulation distortion terms. Note that a second-order non-
linearity could be used as a device to double the frequency of an input sinu-
soid. Third-order nonlinearities can be used as triplers, and so forth.

A general input signal can be handled by applying the multiplication the-
orem given in Table C.2 in Appendix C. Thus, for the nonlinear system with
the transfer characteristic given by (2.203), the output spectrum is

Y(f) = alX(f) + aX(f) * X(f) (2.207)

The second term, considered as distortion, is seen to give interference at all
frequencies occupied by the desired output (the first term), and it is impos-

FIGURE 2.19 Input and output spectra for nonlinear system with discrete
frequency input. (a) Input spectrum. (b) Output spectrum.
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80 Signal and Linear System Analysis

FIGURE 2.20 Input and output spectra for nonlinear system with
continuous frequency input. (a) Input spectrum. (b) Output spectrum.

X(f)

a,A +2a,A*W

sible to isolate harmonic and intermodulation distortion components as
before. For example, if

X(f) = Al (5{?) (2.208)

Then the distortion term is

@, X(f) * X(f) = 2a,WA’A (E{;) (2.209)

The input and output spectra are shown in Figure 2.20. Note that the spec-
tral width of the distortion term is double that of the input.

Ideal Filters

It is often convenient to work with filters having idealized transfer functions
with rectangular amplitude-response functions that are constant within
the passband and zero elsewhere. We will consider three general types of
ideal filters: lowpass, highpass, and bandpass. Within the passband, a linear
phase response characteristic is assumed. Thus, if B is the single-sided

bandwidth (width of the stopband* for the highpass filter) of the filter in ques-

* The stopband of a filter will be defined here as the frequency range(s) for which | H( f )| is
below 3 dB of its maximum value.
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2.7 Signals and Linear Systems 81

tion, the transfer functions of these three ideal filters can be written as
follows:

L Hy(f) = Holl(f 2B)e 7o (lowpass)

2. Hy(f) = Ho[l — TI(f12B)}e™ "™  (highpass)

3. Hy(f) = [H(f — fo) + H(f + folle "™, where Hy(f) =
H,II( f1B) (bandpass)

The amplitude- and phase-response functions for these filters are shown in
Figure 2.21.

The corresponding impulse responses are obtained by inverse Fourier
transformation. For example, the impulse response of an ideal lowpass filter
is, from Example 2.11 and the time-delay theorem, given by

hyp(t) = 2BH, sinc [2B(t — t,)] (2.210)

FIGURE 2.21 Amplitude- and phase-response functions for ideal filters.
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82 Signal and Linear System Analysis

Since hpp(t) is not zero for t < 0, we see that an ideal lowpass filter is
noncausal. Nevertheless, ideal filters are useful concepts because they sim-
plify calculations and can give satisfactory results.

Turning to the ideal bandpass filter, we may use the modulation theorem
to write its impulse response as

where

h(e) = F7'[H(f)] = H,B sinc Bt (2.212)

Thus the impulse response of an ideal bandpass filter is the oscillatory signal
hgp(t) = 2HB sinc B(t — tp) cos 27fo(t — t3) (2.213)

Figure 2.22 illustrates hyy(t) and hgy(t). If fo > B, it is convenient to view
hgp(t) as the slowly varying envelope 2H, sinc Bt modulating the high-fre-
quency oscillatory signal cos 2mfyt and shifted to the right by t, seconds.

Approximation of ldeal Lowpass Filters by Realizable Filters*

Although ideal filters are noncausal and therefore unrealizable devices,
there are several practical filter types that may be designed to approximate
ideal filter characteristics as closely as desired. In this section we consider
three such approximations for the lowpass case. Bandpass and highpass
approximations may be obtained through suitable frequency transformation.
The three filter types to be considered are (1) Butterworth, (2) Chebyshev,
and (3) Bessel.

The Butterworth filter is a filter design chosen to maintain a constant
amplitude response in the passband at the cost of less stopband attenuation.
An nth-order Butterworth filter is characterized by a transfer function, in
terms of the complex frequency s, of the form

w5
H, = 2.214
P N P e
where the poles sy, s,, . . ., s, are symmetrical with respect to the real axis

and equally spaced about a semicircle of radius w; in the left half s-plane
and f; = w;/27 is the 3-dB cutoff frequency.{ Typical pole locations are

* See Williams and Taylor (1988), Chapter 2, for a detailed discussion of classical filter
designs.

+ From basic circuit theory courses you will recall that the poles and zeros of a rational
function ofs, H(s) = N(s)/D(s), are those values of complex frequency s 2 g + jw for which
D(s) = 0 and N(s) = 0, respectively. See, for example, Cunningham and Stuller (1991).
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FIGURE 2.22 Impulse responses for ideal lowpass and bandpass filters.
(a) hip(1). (b) hgp(1).
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shown in Figure 2.23(a). The amplitude response for an nth-order Butter-
worth filter is of the form

1

| Hyo( ) | =W

Note that as n approaches infinity, | Hy (f)| approaches an ideal lowpass
filter characteristic. However, the filter delay also approaches infinity.

The Chebyshev lowpass filter has an amplitude response chosen to main-
tain a maximum allowable attenuation in the passband while maximizing the
attenuation in the stopband. A typical pole-zero diagram is shown in Figure
2.23(b). The amplitude response of a Chebyshev filter is of the form

(2.215)

1
H( )| = —FF——=— (2.216)
[He(f)] T o
The parameter € is specified by the maximum allowable attenuation in the
passband, and C,( ), known as a Chebyshev polynomidl, is given by the recursion
relation

GC(f) = 2 (%) Comi(f) — Co=af)y n=12,3,... (2217)

-

where

cf) = J{ and  Cf) = 1 @218

Regardless of the value of n, it turns out that C,(f,) = 1, so that |H.(f,)|
=1+ ez)—m' (Note that f; is not necessarily the 3-dB frequency here.)

The Bessel lowpass filter is a design that attempts to maintain a linear

phase response in the passband at the expense of the amplitude response.

100



84 Signal and Linear System Analysis

FIGURE 2.23 - Pole locations and amplitude responses for fourth-order
Butterworth and Chebyshev filters. (a) Butterworth filter. (b) Chebyshev filter.
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The cutoff frequency of a Bessel filter is defined by

[4

2T

f.= (mt,) ' = (2.219)

where t; is the nominal delay of the filter. The transfer function of an nth-
order Bessel filter is given by

Hye(f) = B-*—-I((}) (2.220)
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2.7 Signals and Linear Systems 85

where K, is a constant chosen to yield H(0) = 1, and B,(f) is a Bessel
polynomial of order n defined by

BAf) = @u= 1)B,—i(f) = G) B,_,(f) (2.221)

[4

where

B(f) =1 and By(f) =1 +;(J{) (2.222)

Figure 2.24 illustrates the amplitude and group delay characteristics of
third-order Butterworth, Bessel, and Chebyshev filters. All four filters are
normalized to have 3-dB amplitude attenuation at a frequency of f, Hz. The
amplitude responses show that the Chebyshev filters have more attenuation
than the Butterworth and Bessel filters do for frequencies exceeding the 3-
dB frequency. Increasing the passband ( f << f;) ripple increases the stopband
(f > f.) attenuation.

The group delay characteristics shown in Figure 2.24(b) illustrate, as
expected, that the Bessel filter has the most constant group delay. Compar-
ison of the Butterworth and the 0.1-dB ripple Chebyshev group delays shows
that although the group delay of the Chebyshev filter has a higher peak, it
has a more constant group delay for frequencies less than about 0.3f.

Relation of Pulse Resolution and Risetime to Bandwidth

In our consideration of signal distortion, we assumed bandlimited signal
spectra. We found that the input signal to a filter is merely delayed and
attenuated if the filter has constant amplitude response and linear phase
response throughout the passband of the signal. But suppose the input signal
is not bandlimited. What rule of thumb can we use to estimate the required
bandwidth? This is a particularly important problem in pulse transmission,
where the detection and resolution of pulses at a filter output are of interest.
A satisfactory definition for pulse duration and bandwidth, and the rela-
tionship between them, is obtained by consulting Figure 2.25. In Figure
2.25(a), a pulse with a single maximum, taken at t = O for convenience, is
shown with a rectangular approximation of height x(0) and duration T. It is
required that the approximating pulse and |x(¢)| have equal areas. Thus

Tx(0) = f |x(e)| dt = fm x(t) de = X(0)  (2.223a)

102



86 Signal and Linear System Analysis

FIGURE 2.24 Comparison of third-order Butterworth, Chebyshev (0.1-dB
ripple), and Bessel filters. (a) Amplitude response. (b) Group delay. All filters
are designed to have a 1-Hz, 3-dB bandwidth.
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where we have used the relationship

X(0) = Flx(v)]

= f x(t)e 70 4y (2.223b)
F=0 —oo

Turning to Figure 2.25(b), we obtain a similar inequality for the rectangular
approximation to the pulse spectrum. Specifically, we may write

2WX(0) = f_m |X(f)| df = f XD d=x0) (@229
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2.7  Signals and Linear Systems 87

FIGURE 2.25 Arbitrary pulse signal and spectrum. (a) Pulse and
rectangular approximation. (b) Amplitude spectrum and rectangular
approximation.
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where we have used the relationship

]

x(0) = F'[x( f)]l - f X(f)e° df (2.225)
=0 —00
Thus we have the pair of inequalities

Wl w1 w2
X0 T ~ X(0)

(2.226)

which, when combined, result in the relationship of pulse duration and
bandwidth

1
W= (2.227a)
or
1
W = — Hz (2.227b)
2T

Other definitions of pulse duration and bandwidth could have been used,
but a relationship similar to (2.227) would have resulted.

This inverse relationship between pulse duration and bandwidth has been
illustrated by all the examples involving pulse spectra that we have consid-
ered so far (for example, Examples 2.8, 2.11, 2.13). If pulses with bandpass
spectra are considered, the relationship is

1
W= - (2.228)
T
This is illustrated by Example 2.16.

A result similar to (2.227) also holds between the risetime Ty and band-
width of a pulse. A suitable definition of risetime is the time required for a
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88 Signal and Linear System Analysis

pulse’s leading edge to go from 10% to 90% of its final value. For the band-
pass case, (2.228) holds with T replaced by Ty, where Ty is the risetime of
the envelope of the pulse.

Risetime can be used as a measure of a system’s distortion. To see how
this is accomplished, we will express the step response of a filter in terms
of its impulse response. From the superposition integral of (2.164b), with
x(t — o) = u(t — 0), the step response of a filter with impulse response
h(t) is

() = f h(o)u(t — o) do

4
= f b(o) do (2.229)
—oo

This follows because u(t — ¢) = 0 for ¢ > t. Therefore, the step response
of a linear system is the integral of its impulse response. This is not too
surprising, since the unit step is the integral of a unit impulse.*

Examples 2.23 and 2.24 demonstrate how the risetime of a system’s out-
put due to a step input is a measure of the fidelity of the system.

EXAMPLE 223 The impulse response of a lowpass RC filter is given by
h(t) = é ¢ ™u(r) (2.230)

for which the step response is found to be
7)) = (1 — ¢ )u(r) (2.231)

where the 3-dB bandwidth of the filter, defined following (2.175), has been
used. The step response is plotted in Figure 2.26(a), where it is seen that
the 10% to 90% risetime is approximately
0.35
T, = — = 2.2RC (2.232)
3

which demonstrates the inverse relationship between bandwidth and rise-
time.

* This result is a special case of a more general result for an LTI system: if the response of
a system to a given input is known and that input is modified through a linear operation, such
as integration, then the output to the modified input is obtained by performing the same
linear operation on the output to the original input.
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FIGURE 2.26

Step response of (a) a lowpass RC filter and (b) an ideal
lowpass filter, illustrating 10% to 90% risetime of each.
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EXAMPLE 2.24

Using (2.210) with H, = 1, the step response of an ideal
lowpass filter is

7,0 = f‘ 2B sinc [2B(c — t,)] do

= f‘ - sin [27B(0 — t,)] .
—o0

(2.283)
27B(o — tp)
By changing variables in the integrand to u = 27B(¢0 — t,), the step response
becomes

L S in
yie) = — d

™

—00 u

u = L A= 2 Si[27wB(t — ty)] (2.234)
2 ™
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90 Signal and Linear System Analysis

where Si (x) = [§ (sin u/u) du = —Si (—x) is the sine-integral function.*
A plot of y,(t) for an ideal lowpass filter, such as is shown in Figure 2.26(b),
reveals that the 10% to 90% risetime is approximately

0.44
B

fi2

T (2.235)

Again, the inverse relationship between bandwidth and risetime is
demonstrated.

2.8 SAMPLING THEORY

In many applications it is useful to represent a signal in terms of sample
values taken at appropriately spaced intervals. Such sample-data systems find
application in feedback control, digital computers, and pulse-modulation
communication systems.

In this section we consider the representation of a signal x(t) by a so-called
ideal instantaneous sampled waveform of the form

oo

%) = D x(aT) 8 — nT) (2.236)

n=—0o0

where T, is the sampling interval. Two questions to be answered in connec-
tion with such sampling are, ‘““What are the restrictions on x(t) and T, to allow
perfect recovery of x(t) from x;(¢)?”” and “How is x(t) recovered from xs(r)?"
Both questions are answered by the uniform sampling theorem for lowpass signals,
which may be stated as follows:

>THEOREM

If a signal x(t) contains no frequency components for frequencies above f =
W hertz, then it is completely described by instantaneous sample values uni-
formly spaced in time with period T, << 1/2W. The signal can be exactly
reconstructed from the sampled waveform given by (2.236) by passing it
through an ideal lowpass filter with bandwidth B, where W < B < f, — W
withf, = T, ' The frequency 2W is referred to as the Nyquist frequency.

To prove the sampling theorem, we find the spectrum of (2.236). Since
0(x) is zero everywhere except at x = 0, (2.236) can be written as

x(t) = x(t) Y 8¢ — nT) (2.237)

p=—00

* Sce M. Abramowitz and 1. Stegun, Handbook of Mathematical Functions, Dover Publications,
New York, 1972, pp. 238ff (Copy of the 10th National Bureau of Standards Printing).
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2.8 Sampling Theory 21

Applying the multiplication theorem of Fourier transforms, (2.112), the Fou-
rier transform of (2.237) is

[+ o]

Xs(f) = X(f) = [j; Z o(f — nj;)] (2.238)
n=—00

where the transform pair (2.127) has been used. Interchanging the orders of

summation and convolution, and noting that

v 4]

X(f) * 6(f — nf) = f_mxm) 8(f— u—nf) du = X(f — nf) (2.239)

by the sifting property of the delta function, we obtain

oo

X(f) =f D X(f— nf) (2.240)

n=—00
Thus, assuming that the spectrum of x(t) is bandlimited to W Hz and that
fi = 2W as stated in the sampling theorem, we may readily sketch Xj( f).
Figure 2.27 shows a typical choice for X(f) and the corresponding Xj( f).
We note that sampling simply results in a periodic repetition of X( f) in the
frequency domain with a spacing f. If f, << 2W, the separate terms in (2.240)
overlap, and there is no apparent way to recover x(t) from xs(t) without dis-
tortion. On the other hand, if f; > 2W, the term in (2.240) for n = 0 is
easily separated from the rest by ideal lowpass filtering. Assuming an ideal

lowpass filter with the transfer function

H(f) = Holl (é) e P w=B=<f-—w (2241)

the output spectrum, with x,(t) at the input, is

Y(f) = fiHoX(f)e ™o (2.242)
and by the time-shift theorem, the output waveform is
y() = fHx(t — o) (2.243)

FIGURE 2.27 Signal spectra for lowpass sampling. (a) Assumed spectrum
for x(t). (b) Spectrum of sampled signal.
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Thus, if the conditions of the sampling theorem are satisfied, we see that
distortionless recovery of x(t) from x(t) is possible. Conversely, if the con-
ditions of the sampling theorem are not satisfied, either because x(t) is not
bandlimited or because f; << 2W, we see that distortion at the output of the
reconstruction filter is inevitable. Such distortion, referred to as aliasing, is
illustrated in Figure 2.28(a). It can be combated by filtering the signal before
sampling or by increasing the sampling rate. A second type of error, illus-
trated in Figure 2.28(b), occurs in the reconstruction process and is due to
the nonideal frequency response characteristics of practical filters. This type
of error can be minimized by choosing reconstruction filters with sharper
rolloff characteristics or by increasing the sampling rate. Note that the error
due to aliasing and the error due to imperfect reconstruction filters are both
proportional to signal level. Thus increasing the signal level does not improve
the signal-to-error ratio.

An alternative expression for the reconstructed output from the ideal
lowpass filter can be obtained by noting that when (2.236) is passed through
a filter with impulse response h(z), the output is

oo

&)= D x(aT)h(c — nT) (2.244)

n=—co
But h(t) corresponding to (2.241) is given by (2.210). Thus

[= 2]

y(&) = 2BH, > x(nT) sinc 2B(t — t; — nT)) (2.245)

n=-—00

FIGURE 2.28 Spectra illustrating two types of errors encountered in
reconstruction of sampled signals. (a) lllustration of aliasing error in
the reconstruction of sampled signals. (b) lllustration of error due to nonideal
reconstruction filter.
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2.8 Sampling Theory 93

and we see that just as a periodic signal can be completely represented by
its Fourier coefficients, a bandlimited signal can be completely represented by its
sample values.

By setting B = -;—f;, H, = T, and t, = O for simplicity, (2.245) becomes

y(©) = D x(nT)) sinc (fit — n) (2.246)

n

This expansion is equivalent to a generalized Fourier series of the form given

by (2.36), for we may show that

o0
f sinc (fit — n) sinc (fit — m) dt = K, 0,, (2.247)
—C0

Turning next to bandpass spectra, for which the upper limit on frequency
f, is much larger than the single-sided bandwidth W, one may naturally
inquire as to the feasibility of sampling at rates less than f; > 2f,. The uniform
sampling theorem for bandpass spectra gives the conditions for which this is pos-
sible, as follows:

> THEOREM
If a signal has a spectrum of bandwidth W Hz and upper frequency limit f,,
then a rate f; at which the signal can be sampled is 2f,/m, where m is the
largest integer not exceeding f,/W. All higher sampling rates are not nec-
essarily usable unless they exceed 2f,.

V| EXAMPLE 225 Consider the bandpass signal x(¢:) with the spectrum
shown in Figure 2.29. According to the bandpass sampling theorem, it is
possible to reconstruct x(t) from sample values taken at a rate of

2
fi= —é = g-gziz = 3 samples per second (2.248)

m

To show that this is possible, we sketch the spectrum of the sampled signal.
According to (2.240), which holds in general,

X(f) = 3> X(f — 3n) (2.249)

The resulting spectrum is shown in Figure 2.29(b), and we see that it is
Al theoretically possible to recover x(t) from x,(¢) by bandpass filtering.

Another way of sampling a bandpass signal of bandwidth W is to resolve
it into two lowpass quadrature signals of bandwidth 3W. Both of these may

110



94 Signal and Linear System Analysis

FIGURE 2.29 Signal spectra for bandpass sampling. (a) Assumed
bandpass signal spectrum. (b) Spectrum of sampled signal.
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then be sampled at a minimum rate of 2(‘;‘W) = W samples per second, thus
resulting in an overall minimum sampling rate of 2 samples per second.

2.9 THE HILBERT TRANSFORM*
Definition

Consider a filter that simply phase-shifts all frequency components of its
input by -—%‘r radians; that is, its transfer function is

H(f) = —jsgnf (2.250)
where the sgn function (read ‘“‘signum f”’) is defined as
1, f>=0
sgnf= 40, f=0 (2.251)
=y f<o0

We note that |H(f)| = 1| and /H({) is odd, as it must be. If X(f) is the
input spectrum to the filter, the output spectrum is —j sgn( f)X(f), and the
rorresponding time function is
x(e) = F 71— sgn(HX(P]
= h(t) * x(t) (2.252)

* It may be advantageous to postpone this section until consideration of single-sideband
systems in Chapter 3,
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where h(t) = —jF _I[sgn f11is the impulse response of the filter. To obtain
F- ][sgn f1 without resorting to contour integration, we consider the inverse
transform of the function

e >0
G =]_ o F<o (2.253)

We note that lim, ., G(f; @) = sgn f. Thus our procedure will be to inverse
Fourier-transform G( f; @) and take the limit of the result as & approaches
Zero. Performing the inverse transformation, we obtain

g(t; @) = F[G(f; )]
e o] 0
_ —af jonfe 4 of pufe o JATL
J; e ey f—m P o + (2mt) (254

Taking the limit as & approaches zero, we get the transform pair

Loz
gn 2
T i (2.255)

Using this result in (2.252), we obtain the output of the filter:

0 =f L’,dr' = f 1(‘;,'—)4:’ (2.256)
—oo T(t — t') —co Tt

The function x(t) is defined as the Hilbert transform of x(t).

Since the Hilbert transform corresponds to a phase shift of — 17, we note
that the Hilbert transform of x(¢) corresponds to the transfer function
(—jsgnf)’ = —1, or a phase shift of 7 radians. Thus

x() = —x(r) (2.257)

EXAMPLE 2.26  For the following input to a Hilbert transform filter:
x(t) = cos 27f,t (2.258)
we obtain the output spectrum
X(f) = 20(f — fo)e ™ + W0(f + fo)™ (2.259)
Taking the inverse Fourier transform, we find the output signal to be
. i e et—
x(t) = cos 27fot — 3m) or cos 2mfot = sin 2mfot  (2.260)

Of course, the Hilbert transform could have been found directly in this case
by adding —37 to the argument of the cosine. Doing this for the signal
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sin wyt, we find that
—_—
sin 2wfyt = —cos 2mfyt (2.261)

We may use the two results obtained in Example 2.26 to show that
—_——

Tt = —j sgn (2mf,)e T (2.262)

This is done by considering the two cases f, > 0 and f; << 0 and using
Euler’s theorem in conjunction with the results of (2.260) and (2.261).

Properties

The Hilbert transform has several useful properties that will be used later.
Three of these properties will be proved here:

1. The energy (or power) in a signal x(t) and its Hilbert transform x(t) are
equal.
To show this, we consider the energy spectral densities at the input
and output of a Hilbert transform filter. Since H(f) = —j sgn f, these
densities are related by

X (OI* 2 |FEOI = |—jsgnfl® XD = |X(f)]* (2.263)

where X (N = F[x(t)]- Thus, since the energy spectral densities at input
and output are equal, so are the total energies. A similar proof holds for
power signals.

2. A signal and its Hilbert transform are orthogonal; that is,

f x(t)x(¢) dt = 0 (energy signals) (2.264a)

or

T
lim = x()x(t) dt = 0 (power signals)  (2.264b)
T

T—00 2 -

Considering (2.264a), we note that the left-hand side can be written as

f _ x(OR() de = f X FIX*(S) df (2.265)

by Parseval’s theorem generalized, where A:( iy = F[x(t)]. It therefore
follows that

f_m x(R(e) dt = fw (+jsgn IX(f)I*df  (2.266)
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But the integrand of the right-hand side of (2.266) is odd, being the
product of the even function |X(f)| ? and the odd function + j sgn f.
Therefore, the integral is zero, and (2.264a) is proved. A similar proof
holds for (2.264b).

3. If ¢(t) and m(r) are signals with nonoverlapping spectra, where m(t) is
lowpass and c(t) is highpass, then

A i
m(t)e(t) = m(t)e(t) (2.267)

To prove this relationship, we use the Fourier integral to represent
m(t) and c(t) in terms of their spectra, M( f) and C(f), respectively. Thus

m(e)e(t) = f . f_m M(F)C(f") exp [ j2m(f + f)e) df df ' (2.268)

where we assume M(f) = O for |f| > Wand C(f’) = 0 for [f/| <
W. The Hilbert transform of (2.268) is

- 0 o /-/\
m(t)e(t) = f“m J‘*m M(f)C(f")

oxp Li2n(f + £ df &f

E f . f _ MU —j sgn (f + £ exp Lj2m(f + £ df df”
(2.269)

where (2.262) has been used. However, the product #(f)C(f’) is non-
vanishing only for |f| < W and [f’| > W, and we may replace
sgn (f + f’) by sgn f in this case. Thus

w0
== f——m M(f) exp (j2nft) df‘J:m C(f’)[—-j sgnf’ exp (jZTrf’t)] tff’
(2.270)

However, the first integral on the right-hand side is just m(t), and the
second integral is c(t), since

c(t) = f_m C(f') exp (j2mf’t) df’

and
co T ——
er) = f_m C(f") exp (j27f't) df’

= f—m C(f)—j sgn f’ exp (j2=f’t)] df’ (2.271)
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98 Signal and Linear System Analysis

Hence (2.270) is equivalent to (2.267), which was the relationship to be
proved.

EXAMPLE 227  Given that m(t) is a lowpass signal with M(f) = O for
[f|] > W. We may directly apply (2.267) in conjunction with (2.266) and
(2.261) to show that

ﬂ
m(t) cos Wyt = m(t) sin wpt (2.272)
and
A
m(t) sin wot = —m(t) cos wot (2.273)

iffo - w01'21r = W.

Analytic Signals

The Hilbert transform is used to define the analytic signal xp(t) in terms of
the real signal x(t):

x,(t) = x(t) + jx(t) (2.274)

We now consider several properties of the analytic signal.

We used the term envelope in connection with the ideal bandpass filter.
The envelope of a signal is defined mathematically as the magnitude of the
analytic signal x,(t). The concept of an envelope will acquire more impor-
tance when we discuss modulation in Chapter 3.

EXAMPLE 228 In a previous section we showed that the impulse
response of an ideal bandpass filter with bandwidth B, delay ¢,, and center
frequency f, is given by

hgp(t) = 2HB sinc B(t — ty) cos wy(t — to) (2.275)

Since B << fj,, we can use the result of Example 2.27 to determine the Hil-
bert transform of hg(t):

hyp(t) = 2HyB sinc B(t — t) sin wolt — to) (2.276)
Thus the envelope is
[x(e)| = V/[2H,B sinc B(t — to)] [cos” wy(t — t) + sin® wy(t — to)]
(2.277)

or
|x,(t)| = 2HB|sinc B(t — )] (2.278)

as shown in Figure 2.22(b).
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2.9 The Hilbert Transform 99

The envelope is obviously easy to identify if the signal is composed of a
lowpass signal multiplied by a high-frequency sinusoid. Note, however, that
the envelope is mathematically defined for any signal.

The spectrum of the analytic signal is also of interest. We will use it to
advantage in Chapter 3 when we investigate single-sideband modulation.
Since the analytic signal can be written as

x,(t) = x(t) + jx(r) (2.279)
it follows that the Fourier transform of x,(t) is
X(f) = X(f) + j{—j sgn (HX(f)} (2.280)
where the term in braces is the Fourier transform of x(t). Thus
X(f) = X(f)[1 + sgnf] (2.281)
or
— 12X(f), f>0
X,(f) {0’ f<o (2.282)

The subscript p is used to denote that the spectrum is nonzero only for
positive frequencies. i
Similarly, we can show that the signal

x,(t) = x(t) — jx(¢) (2.283)

is nonzero only for negative frequencies. Replacing x(t) by —X(t) in the pre-
ceding discussion results in

X(f) = X(/)1 — sgnf] (2.284)

or

0, f>0

Br= [2X(f). f<o )

These spectra are shown in Figure 2.30.

Two observations must be made at this point. First, if X( f) is nonzero at
f =0, then Xp(f) and X, ( f) will be discontinuous at f = 0. Also, we should
not be confused that | X,( f )| and lXP( ;i )| are not even, since the corre-
sponding time-domain signals are not real.

Complex Envelope Representation of Bandpass Signals

If X(f) in (2.280) corresponds to a signal with a bandpass spectrum, as shown
in Fig. 2.31(a), it then follows by (2.282) that X,(f) is just twice the positive-
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100 Signal and Linear System Analysis

FIGURE 2.30 Spectra of analytic signals. (a) Spectrum of x(f). (b) Spectrum
of x(#) + j&(t). (c) Spectrum of x(f) — jx(1).

X(f)=F{x(t)}

X, (= F{x(t) + iR()}

2A

0 w
(b)
X, (0= F{x(t) = (1)}

2A

(c)

frequency portion of X(f) = F{x(t)}, as shown in Fig. 2.31(b). By the fre-
quency-translation theorem, it follows that xp(t) can be written as

x,(t) = F(p)e* (2.286)

where x(t) is a complex-valued lowpass signal (hereafter referred to as
the complex envelope). The amplitude spectrum of x(t) is shown in Fig. 2.31
().

To find x(t), we may proceed along two paths. First, using (2.274), we find
the analytic signal and then solve (2.286) for %(t). Second, we can find x(t)
by using a frequency domain approach to obtain X( f), which is then scaled
by a factor of 2 to give X,( ) and translated to baseband. The inverse Fourier
transform of this spectrum is then x(t).

Since x,(t) = x(t) + jx(t), where x(t) and x(t) are the real and imaginary
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FIGURE 2.31 Spectra pertaining to the formation of a complex envelope of
a signal x(1). (a) A bandpass signal spectrum. (b) Twice the positive-frequency

portion of X(f), corresponding to F[x(t) + jx(f)]. (c) Spectrum of x(1).
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parts, respectively, of x,(t), it follows from (2.286) that

ry

x() = ()™ £ x(t) + j&(2)

or
x(t) = Re[x(r)e”*™]

and
3(t) = Im[£(e)e”
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102 Signal and Linear System Analysis

Thus, from (2.288a), the real signal x(t) can be expressed in terms of its
complex envelope as

x(t) = xg(t) cos (2mfot) — x(¢) sin (27f,t) (2.289)
where
x(t) = xp(e) + Jxi(2) (2.290)

The signals xg(t) and x,(t) are known as the inphase and quadrature components
of x(t).

Complex Envelope Representation of Bandpass Systems

Consider a bandpass system with impulse response h(t) which is represented
in terms of a complex envelope h(t) as

h(t) = Re[h(t)e™™ ] (2.291)

where Fi(t) = hg(t) + jh,(z). If the input is bandpass also with representation
(2.288a), the output is

y() = x(t) * h(t) = f h(M\)x(t — A) A (2.292)
Since we can represent h(t) and x(t) as
h() = Lh(e)e™™ + c.c. (2.293a)
and
x(t) = 35”7 + c.c. (2.293b)

where c.c. stands for the complex conjugate of the immediately preceding
term, the output can be expressed as

]

I70) f Bh@)e*™ + celixe — Ne*™ 4™ 4 ce]dh

: f EVRGE — N) A\ &7 + cc
+ %f - V(e — N d\ e 4 coc. (2.294)

Thf second pair of terms is approximately zero by virtue of the factor
J4N fol 1
e

plex exponential, and therefore, the integrand cancels to zero half-cycle by

in the integrand (h and x are slowly varying with respect to this com-
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half-cycle). Thus
#(6) = Ref[h() * ()} (2.295)

where
76 = h) * i) = F ' HOX) (2.296)

in which f}( f) and )‘(-( f) are the respective Fourier transforms of E(t) and

x(t).

EXAMPLE 2.29  As an example, consider the input
x(t) = II(t/7) cos (2@fot) (2.297)

to a filter with impulse response
h(t) = ae “u(t) cos (2mfot) (2.298)

Using the complex envelope analysis just developed with x(t) = II(t/7) and
h(t) = ae” “u(t), we have as the complex envelope of the filter output

y(t) = I(t/T)*ae “ulr)
=1 —e¢ “ "+ 12) —[1 — " Pue — 7/2) (2.299)
Multiplying this by 3¢°7® and taking the real part results in the output of
the filter in accordance with (2.295).

To check this result, we convolve (2.297) and (2.298) directly. The super-
position integral becomes

y(t) = x(6)*h(r)

f TI(\/7) cos 2mfoNae ““ Mu(e — N) cos [2afo(t — N)] dA
o (2.300)

But

cos (2foA) cos [2mfo(t — N)]
= 3 cos (27fot) + 3 cos [2mfo(t — 2N)]  (2.301)

so that the superposition integral becomes
— ] 00 —aft—A\)
() = 5f II(A/T)exe u(t — A) dX cos (2mfyt)
—0

+ 3 f T /T)ae * Nu@e — N) cos [27fo(t — 2] dA  (2.302)
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104 Signal and Linear System Analysis

Iffo_' &« 7 and fo_I & &', the second integral is approximately zero, so
that we have only the first integral, which is I1(¢/7) and ate ™ ““u(z) convolved
and the result multiplied by -;- cos (2mf pr), which is the same as before.

2.10 THE DISCRETE FOURIER TRANSFORM AND FAST
FOURIER TRANSFORM

In order to compute the Fourier spectrum of a signal by means of a digital
computer, the time-domain signal must be represented by sample values,
and the spectrum must be computed at a discrete number of frequencies. It
can be shown that the following sum gives an approximation to the Fourier
spectrum of a signal at frequencies k/(NT,), k = 0,1,..., N — 1:

N—1
X,=) xe ™M  p=o01,...,N—1 (2.303)
n=0
where xo, x|, x5, ..., xy— are N sample values of the signal taken at T,-

second intervals for which the Fourier spectrum is desired. The sum (2.303)
is called the discrete Fourier transform (DFT) of the sequence {x,}. According
to the sampling theorem, if the samples are spaced by T, seconds, the spec-
trum repeats every f, = T, ' Hz. Since there are N frequency samples in
this interval, it follows that the frequency resolution of (2.303) is fi/N =
1/(NT,) = 1/T. To obtain the sample sequence (x,} from the DFT sequence
{X,}, the sum

N—1
1 .
L==> XN, a=01,2,...,N—1 (2304
N =0
is used. That (2.303) and (2.304) form a transform pair can be shown by

substituting (2.303) into (2.304) and using the sum formula for a geometric
series:

N—1 1 N
= &
Sy= Y o= , ox# 1 (2.305a)
= 1 =x
and’
Sy=N, x=1 (2.305b)

As indicated above, the DFT and inverse DFT are approximations to the
true Fourier spectrum of a signal x(t), at the discrete set of frequencies
{o, 1/1, 211, ..., (N — 1)IT}). The error can be small if the DFT and its
inverse are applied properly to a signal. To indicate the approximations
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2.10 The Discrete Fourier Transform and Fast Fourier Transform 105

involved, we must visualize the spectrum of a sampled signal that is trun-
cated to a finite number of sample values and whose spectrum is then sam-
pled at a discrete number N of points. To see the approximations involved,
we use the following Fourier transform theorems:

1. The Fourier transform of an ideal sampling waveform (Example 2.14):

= > de—mr)y<= 7" D Mf—nf), fi=T]

m=—00 n=—0co
2. The Fourier transform of a rectangular window function:
II(¢/T) <> T sinc (fT)
3. The convolution theorem of Fourier transforms:
x(t) * x,(2) < X, (f)X(f)
4. The multiplication theorem of Fourier transforms:
x1(8)x,(t) == X, (f) * X,(f)

The approximations involved are illustrated by the following example.

EXAMPLE 230  An exponential signal is to be sampled, the samples trun-
cated to a finite number, and the result represented by a finite number of
samples of the Fourier spectrum of the sampled truncated signal. The con-
tinuous-time signal and its Fourier transform are

27

= e_lr“r — = —_—
*8) =y 2rf 1)

(2.306)
These signals are shown in Fig. 2.32(a). However, we are representing the
signal by sample values spaced by T, seconds, which entails multiplying the
original signal by the ideal sampling waveform y,(t). The resulting spectrum
of this signal is-the convolution of X( f) with y,(r) = Z'rj;Ei?, —o0 0(f — nf)).
The result of this convolution, shown in Fig. 2.32(b), is

XN =45 Z = 5 (2.307)
ek = )]

In calculating the DFT, only a T-second chunk of x(t) can be used (N samples
spaced by T, = T/N). This means that the sampled time domain signal is
effectively multiplied by a window function II(¢/T). In the frequency
domain, this corresponds to convolution with the Fourier transform of the
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FIGURE 2,32 Signals and spectra illustrating the computation of the DFT.
(a) Signal to be sampled and its spectrum (r = 1 s). (b) Sampled signal and
its spectrum ( f, = 1 Hz). (c) Windowed, sampled signal and its spectrum
(T = 4* s). (d) Sampled signal spectrum and corresponding periodic repetition

of the sampled, windowed signal.
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Summary 107

rectangular window function, which is T sinc ( fT). The resulting windowed,
sampled signal and its spectrum are sketched in Fig. 2.32(c). Finally, the
spectrum is available only at N discrete frequencies separated by the recip-
rocal of the window duration 1/T. This corresponds to convolution in the
time domain with a sequence of delta functions, and this result is shown in
Fig. 2.32(d). It can be seen that unless one is careful, there is indeed a con-
siderable likelihood that the DFT spectrum will look nothing like the spec-
trum of the original continuous-time signal. Means for minimizing these
errors are discussed in several references on the subject.*

A little thought will indicate that to compute the complete DFT spectrum
of a signal, approximately N 2 complex multiplications are required in addi-
tion to a number of complex additions. It is possible to find algorithms that
allow the computation of the DFT spectrum of a signal using only approxi-
mately N log, N complex multiplications. Such algorithms are referred to as
fast Fourier transform (FFT) algorithms.

One such algorithm is based on a procedure called decimation in time (DIT).
A flow graph for an eight-point DIT algorithm is shown in Figure 2.33,
where the lower case x’s denote input samples and the uppercase X’s denote
output samples. The arrows denote the flow of computation, with W}, =
¢”™™ alongside the arrowhead indicating multiplication by this factor. For-
tunately, FFT algorithms are included in most mathematics packages (see the
footnote after the Computer Exercises for reference to some of these), so
it is not necessary to design one’s own FFT subroutine in doing computations
requiring the FFT.

SUMMARY

1. Two general classes of signals are deterministic signals and random sig-
nals. A deterministic signal can be written as a completely known func-
tion of time whereas the amplitudes of random signals must be
described probabilistically.

2. A periodic signal of period T is one for which x(t) = x(t + T,).

3. A single-sided spectrum for a rotating phasor x(t) = Al“* 0 shows 4

(amplitude) and @ (phase) versus f (frequency). The real, sinusoidal signal

corresponding to this phasor is obtained by taking the real part of x(t).

* Ziemer, Tranter, and Fannin (1993), Chapter 10.
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108 Signal and Linear System Analysis
FIGURE 2.33 A flow graph for computation of an eight-point FFT using the
DIT technique
x(0) > X(0)
]
x(4) > X(1)

x(2)

(6)

x(1)

x(8)

x(8)

x(7)

> 5}
e X(6)

> X7)
wq

A double-sided spectrum results if we think of forming x(r) = %f(t) SN
-%f* (t). Graphs of amplitude and phase (two plots) of this rotating phasor
sum versus f are known as the two-sided amplitude and phase spectra,
respectively. Such spectral plots are referred to as frequency-domain
representations of the signal 4 cos (wyt + 6).

4. The unit impulse function, 6(t), can be thought of as a zero-width, infi-
nite-height pulse with unity area. Many functions with these properties,
in the limit as some parameter approaches zero, are suitable represen-
tations for a unit impulse. The sifting property, [ P x(A\) S\ — tg) dA
= x(to), is a generalization of the defining rclation for a unit impulse.
The unit step function, u(z), is the integral of a unit impulse.
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5. A signal x(t) for which E = JZo|x(®)|? dt is finite is called an energy
signal. If x(t) is such that

P=li L |x(¢)|* di
= — t
m T X t

T—+co =

is finite, the signal is known as a power signal.

6. A set of orthogonal functions, ¢,(t), @,(2), . . . , ¢x(¢), can be used as a
series approximation of the form

N
X = D X.()
n=1
to a signal x(t), which is integral-square in the interval (¢, t, + T). The
integral-squared error between x,(t) and x(t) is minimized if the coef-
ficients are chosen as

1 g+ T
X, = — f x(t)p3(e) dt

Cy 0

where

ot T
f ¢, ()P%(t) dt = ¢,0,, ¢, = real constant
o
For a complete set of ¢,(t)’s, the integral-squared error approaches zero
as N approaches infinity, and Parseval’s theorem then holds:

oo

| o1 ac= 3 aix?

7. If ¢,(t) = &, where w, = 2m/T, and T, is the expansion interval, is
used in an orthogonal function series, the result is the complex expo-
nential Fourier series. If x(t) is periodic with period T, the exponential
Fourier series represents x(t) exactly for all ¢, except at points of
discontinuity.

8. For exponeﬁtial Fourier series of real signals, the Fourier coefficients
obey X, = X* , which implies that |X,| = |X_,| and /X, =
— [X_,. Plots of | X, | and /X, versus nf ; are referred to as the discrete,
double-sided amplitude and phase spectra, respectively, of x(t). If x(¢)
is real, the amplitude spectrum is even and the phase spectrum is odd
as functions of nf,.
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Parseval’s theorem for periodic signals is
1 co
— | x@Pd= ) |x|’

TO To n=—0o

The Fourier transform of a signal x(¢) is

X(f) = f_ x(t)e P dr

and the inverse Fourier transform is

x(t) = J‘_mx(f)eﬂwﬁ df

For real signals, |X(f)| = |X(—f)| and [X(f) = — [X(—[).

Plots of |X(f)| and /X(f) versus f are referred to as the double-sided
amplitude and phase spectra, respectively, of x(t). Thus, as functions of
frequency, the amplitude spectrum of a real signal is even, and the

phase spectrum is odd.

The energy of a signal is

fw |x(e)|? de = f_w 1X(f)1” df

This is known as Rayleigh’s energy theorem. The energy spectral density of
a signal is G(f) = IX(f)]z. It is the density of energy with frequency
of the signal.

The convolution of two signals, x,(¢) and x,(t), is

x(t) = x; *x, = f I xNx(t — N) dA = f - x,(t — Nx,(\) dA

The convolution theorem of Fourier transforms states that X(f) =
X,(f)Xy(f), where X(f), X;(f), and X,(f) are the Fourier transforms
of x(t), x,(t), and x,(t), respectively.

The Fourier transform of a periodic signal can be obtained formally by
Fourier-transforming its exponential Fourier series term by term, using
AP < Ad( f — fo) even though, mathematically speaking, Fourier
transforms of power signals do not exist. (The latter may be found as
the limit of the Fourier transform of a properly Fourier-transformable
function as a parameter approaches zero or infinity.)
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15.

16.

17.

18.

19.

20.

21.

22.

The power spectrum S( f) of a power signal x(t) is a real, even, nonneg-
ative function that integrates to give total average power: (X)) =
f o_ooo S(f) df. The time-average autocorrelation function of a power sig-
nal is defined as R(7) = (x(¢)x(t + 7)). The Wiener-Khinchine theorem
states that §( f) and R(7) are Fourier transform pairs.

A linear system, denoted operationally as F( ), is one for which super-
position holds; that is, if y; = 7#(x;) and y, = #(x,), then # (a;x, +
a,x;) = ayy; + ayy,, where x; and x, are inputs and y, and y, are
outputs. A system is fixed, or time-invariant, if, given y(t) = 7#[x(1)],
the input x(t — t,) results in the output y(t — t).

The impulse response h(t) of a linear, fixed system is its response to an
impulse applied at t = 0: h(t) = F£[3(t)]. The output of a fixed, linear
system to an input x(r) is given by y(t) = h(t) * x(¢).

A causal system is one which does not anticipate its input. For such a
system, h(t) = O for ¢t < 0. A stable system is one for which every
bounded input results in a bounded output. A system is stable if and
only if [Ze |A(e)| dt < c0.

The transfer function H( f) of a linear fixed system is the Fourier trans-
form of h(t). The Fourier transform of the system output y(t) due to an
input x(¢) is Y(f) = H(f)X(f), where X(f) is the Fourier transform of
the input. |H(f)| = |H(—f)| is called the amplitude response of the
system, and /H(f) = — [H(—f) is called the phase response.

For a fixed linear system with a periodic input, the Fourier coefficients
of the output are given by Y, = H(nfy)X,, where X, represents the Fou-
rier coefficients of the input.

Input and output spectral densities for a fixed linear system are related

by
GAf) = |H(f)|’G(f)  (energy signals)
S,(f) = |H(NI’S.(f) (power signals)

A system is distortionless if its output looks like its input except for a
time delay and amplitude scaling: y(t) = Hox(t — tp). The transfer func-
tion of a distortionless system is H(f) = Hge "% Such a system’s
amplitude response is |H(f)| = Hy and its phase response is [H(f)
= —2mtof over the band of frequencies occupied by the input. Three
types of distortion that a system may introduce are amplitude, phase
(or delay), and nonlinear, depending on whether |H(f)| # constant,
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[H(f) # — constant X f; or the system is nonlinear, respectively. Two
other important properties of a linear system are the group and phase
delays. These are defined by

1 d 0
LN =gk m np=-3L

2w df
respectively, in which 0(f) is the phase response of the network. Dis-
tortionless systems have equal group and phase delays.

Ideal filters are convenient in communication system analysis, even
though they are unrealizable. Three types of ideal filters are lowpass,
bandpass, and highpass. Throughout their passband, ideal filters have
constant amplitude response and linear phase response. Outside their
passband, ideal filters perfectly reject all spectral components of the
input.

Approximations to ideal filters are Butterworth, Chebyshev, and Bessel
filters. The first two are attempts at approximating the amplitude
response of an ideal filter, and the latter is an attempt to approximate
the linear phase response of an ideal filter.

An inequality relating the duration T of a pulse and its single-sided
bandwidth W is W = 1/2T. Pulse risetime T; and signal bandwidth are
related approximately by W = 1/2T;. These relationships hold for the
lowpass case. For bandpass filters and signals, the required bandwidth is
doubled, and the risetime is that of the envelope of the signal.

The sampling theorem for lowpass signals of bandwidth W states that a
signal can be perfectly recovered by lowpass filtering from sample val-
ues taken at a rate of f; > 2 samples per second. The spectrum of an
impulse-sampled signal is
oo
X(f) =f. D X(f— nf)
n=—00

where X(f) is the spectrum of the original signal. For bandpass signals,
lower sampling rates than specified by the lowpass sampling theorem
may be possible.

The Hilbert transform x(t) of a signal x(t) corresponds to a —90° phase
shift of all the signal’s positive-frequency components. Mathematically,

x() = f x(;)dr’

—oo (e — ')
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28.

In the frequency domain, J-({f) = —j sgn (f)X(f), where sgn (f) is
the signum function, X(f) = F[x(t)], and X(f) = F[x(¢)]. The Hilbert
transform of cos wt is sin wyt, and the Hilbert transform of sin wyt is
—cos wgt. The power (or energy) in a signal and its Hilbert transform
are equal. A signal and its Hilbert transform are orthogonal in the range
(—0o0, 00). If m(z) is a lowpass signal and c(r) is a highpass signal with

nonoverlapping spectra,
— .
m(t)e(t) = m(t)c(r)

The Hilbert transform can be used to define the analytic signal
z(t) = x(r) T jx()

The magnitude of the analytic signal, | z(t)|, is the envelope of the real
signal x(t). The Fourier transform of an analytic signal, Z( f), is identi-
cally zero for f << 0 or f > O, respectively, depending on if the + sign
or — sign is chosen for the imaginary part of z(z).

The complex envelope x(t) of a bandpass signal is defined by
x(t) + jx(t) = x(e)e*™

where f, is the center frequency of the signal. Similarly, the complex
envelope h(t) of the impulse response of a bandpass system is defined

by
h() + jh(e) = ()™

Its output is conveniently obtained in terms of the complex envelope
of the output which can be found from either of the operations

7@ = h() * ()
or
J©) = FTH(OX(f)]

where H (f)and X (f) are the Fourier transforms of bw(t) and x(t), respec-
tively. The actual (real) output is then given by

7O = Re[ j(1)e"* ™

29. The discrete Fourier transform (DFT) is defined as

N—1
X = %™ =DFr{x), k=01,...,N—1

n=0
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and the inverse DFT can be found from
1
x; = ;DFT[{X:}]*, n=0,1,...,N— 1

The DFT can be used to digitally compute spectra of sampled signals
and to approximate operations carried out by the normal Fourier trans-
form, for example, filtering.

30. FFT algorithms can be obtained in various ways. The flow graph for a
decimation in time (DIT) algorithm is shown in Figure 2.33.

FURTHER READING

Fourier techniques from the standpoint of the electrical engineer are dealt
with in many texts. Lathi (1991) and Stremler (1982) treat them in the con-
text of communication systems. Bracewell (1986) and Papoulis (1977) are
concerned exclusively with Fourier theory and applications.

Introductory reading on Fourier series, transfer functions, and impulse
response is found in most introductory circuit-analysis texts. See, for exam-
ple, Hayt and Kemmerly (1993), Cunningham and Stuller (1991), or Smith
and Dorf (1992). Most of the books cited above provide good treatments of
systems analysis. Ziemer, Tranter, and Fannin (1993) and Frederick and Carl-
son (1988) are devoted to continuous and discrete signal and system theory.
Schwartz and Friedland (1965) provide an excellent exposition of system
characterization at the senior-graduate level, especially of the relationship
of transfer function and impulse response to state-variable formulations.
Sampling theory and the Hilbert transform are treated by Carlson (1985) and
Haykin (1983), among others, at about the same level as presented here.
Treatments of the discrete Fourier and fast Fourier transforms are available
in Ziemer, Tranter, and Fannin (1993) and Brigham (1988).

PROBLEMS
Section 2.1

2.1  Sketch the single-sided and double-sided amplitude and phase spectra
of

x(t) = 10 cos (4wt + w/6) + 3 sin (10wt + 27/3)

2.2 A signal has the double-sided amplitude and phase spectra shown in
Figure 2.34. Write a time-domain expression [or the signal.
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FIGURE 2.34
Amplitude
________ o R
L1
=4 =2 0 2 4 f
Phase

2.3 The sum of two or more sinusoids may or may not be periodic
depending on the relationship of their separate frequencies. For the
sum of two sinusoids, let the frequencies of the individual terms be
fi1 and f,, respectively. For the sum to be periodic, f; and f, must be
commensurable; i.e., there must be a number f; contained in each an
integral number of times. Thus, if f; is the largest such number,

fi = nfo and  f, = nyf,
where n; and n, are integers; f, is the fundamental frequency. Which
of the signals given below are periodic? Find the periods of those that
are periodic.

(@) x4(t) = 2 cos (2t) + 3 sin (57r)

(b) x,(t) = cos (5t) + 5 cos (15¢)

(c) x5(t) = 3 sin (107t) + sin (1271)

(d) x4(t) = 4 cos (2t) + 3 cos (4mt) + 5 sin (267t)

2.4 Sketch the single-sided and double-sided spectra of
(a) x,(t) = 6 cos (67t — w/3)
(b) x,(t) = 4 sin (10mt) + 2 cos (127rt)
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116 Signal and Linear System Analysis

2.5 (a) Show that the function d(t) sketched in Figure 2.4(b) has unity
area.

(b) Show that

5(t) = ¢ e " u(e)
has unity area. Sketch this function for ¢ = 1, 3, and . Comment on
its suitability as an approximation for the unit impulse function.

2.6 Show that a suitable approximation for the unit impulse function as
€ — 0 is given by

~1
_ e (1 — |elle), [t] <e
od(r) = [0, otherwise

2.7 Use the properties of the Riemann integral to prove the properties
of the unit impulse function given after (2.13b).

2.8 Use the properties of the unit impulse function given after (2.13b) to
evaluate the following integrals.

@) [T [t* + cos ()] 8(t — 8) dt

®) [50- (4 1) (B2 o 8¢ — 5n)] de
© [ (& + &) d(c + 3)de

(@ JZ [e"™ + sin (107t)] 8(2¢ + 5) dt
(€) JZ [cos 2mt) + %) 6%e) dt

2.9 Which of the following signals are periodic and which are aperiodic?
Find the periods of those which are periodic. Sketch all signals.

(a) x,(t) = cos (4mt) + sin (77t)
®) xoe) = ¢ u(e)
© x3(t) = 232 oo (¢ — 6n)
(d) x4(t) = sin (3t) + cos (2mt)
() xs(t) = Z;Z o I(t — 2n)
(f) x¢(t) = 1 + cos (67t)
2.10 Write the signal x(t) = 2 cos (57t) + 4 sin (117¢) as

(a) The real part of a sum of rotating phasors.

(b) A sum of rotating phasors plus their complex conjugates.

(c) From your results in parts (a) and (b), sketch the single-sided and
double-sided amplitude and phase spectra of x(t).

Section 2.2

2.11 Find the normalized power for each signal below that is a power sig-
nal and the normalized energy for each signal that is an energy signal.
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If a signal is neither a power signal nor an energy signal, so designate
it. Sketch each signal (« is a positive constant).

(a) x,(t) = 4 sin (67t + w/6) (b) x,(t) = e “u(t)
(c) x5(t) = ¢“u(—1) @ x() = @ + )"
(e) x5(t) = ¢ I () x4(t) = cos (5me)ult)
2.12 Classify each of the following signals as an energy signal or a power
signal by calculating E, the energy, or P, the power (4, 0, w, and T are
positive constants).
(a) A|sin (wt + 6)| b) AT/VT +jt, j=V—I
() At’e u(r) (d) I(e/7) + TI(e/27)
2.13 Sketch each of the following periodic waveforms and compute their
average powers.
@ xi(t) = 2,2 _o M[(r — 8n)/3]
(b) x(t) = 272 0 Al(x — 4n)/2]
(©) xs(t) = 272 _ oo Al(t — 2n)/2]Ju(t — 2n)
(@ x(t) = [sin (570)]
2.14 For each of the following signals, determine both the normalized
energy and power. (Note: 0 and OO are possible answers.)
@) x,(e) = 82T/ () x,(¢) = (e — 3)/2] + II(t — 3)
(© x5(6) = 8*™u(e) (d) x4(t) = 2 + 3 cos (87¢)
2.15 Show that the signal
x(t) = ¢ Mue — 2)
is neither an energy nor a power signal.
2.16 (a) Prove Equation (2.23).
(b) Use Equation (2.23) to find the power in each of the signals given
in Problem 2.13.
2.17 Show that the following are energy signals. Sketch each signal.
(@) x,(t) = II(¢/10) cos (37¢)
) x,(t) = ¢ 12 cos (10mt)
(©) x3(t) = 2u(t) — 2u(t — 5)
) x40 = [“oou) dX — 2 [T u) dX + [“Z u(\) dA
Section 2.3
2.18 (a) Fill in the steps for obtaining (2.30) from (2.29).

(b) Obtain (2.31) from (2.30).
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2.19
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(a) Given the set of orthogonal functions

4t — (2n — 1)T/8]
i

¢n(t)=ﬂ[ } n= 1,234

sketch and dimension accurately these functions.

(b) Approximate the ramp signal
D
x(t) = (¢/T)IL [&—T{—)]

by a generalized Fourier series using this set.
(¢) Do the same for the set

2t — (2n — 1)1;4]] e
T ’ n=.1,

Palt) = H[

(d) Compute the integral-squared error for both part (b) and part (c).
What do you conclude about the dependence of €y on N?

Section 2.4

2.20

2.21

2.22

2.23

2.24

Using the uniqueness property of the Fourier series, find exponential
Fourier series for the following signals:

(a) x,(t) = cos’ (wt) (b) x,(t) = cos (wgt) + sin (wt)
(c) x5() = sin’ (wot) cos (2wet)  (d) x4(t) = cos’ (wet)
(Hint: Use appropriate trigonometric identities and Euler’s theorem.)

Expand the signal x(t) = 4|t| in a complex exponential Fourier
series over the interval [¢| = 4. Sketch the signal to which the Fou-
rier series converges for all ¢.

Fill in all the steps to show that

(@ |X,| = |X_,| and /X, = — [X_, for x(t) real.

(b) X, is a real, even function of n for x(r) real and even.

(c) X, is imaginary and an odd function of n for x(t) real and odd.
(d) Halfwave symmetry implies that X, = 0, n even.

Obtain the complex exponential Fourier series coefficients for the (a)
pulse train, (b) half-rectified sinewave, (c) full-rectified sinewave, and
(d) triangular waveform given in Table 2.1.

Find the ratio of the power contained in a pulse train for |nf,| =<
77! to the total power for each of the following cases:

@) TIT, = 3 ®) TIT, = 1
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2.25 (a) If x(t) has the Fourier series

[=2]

x(t) = Z z‘i',,e:ﬂ'ﬂ"r"r

n=—00

and y(t) = x(t — tg), show that

Y, = X, oo

where the Y,’s are the Fourier coefficients for y(t).

(b) Verify the theorem proved in part (a) by examining the Fourier
coefficients for x(t) = cos (wyt) and y(t) = sin (wyt). Hint: Use
the uniqueness property of the Fourier series.

2.26 Use the Fourier series expansion of a periodic triangular signal to find
the sum of the following series:

@1+3+m+s+--
(B — i g % 0

2.27 Using the results given in Table 2.1 for the Fourier coefficients of a
pulse train, plot the double-sided amplitude and phase spectra for the
waveforms shown in Figure 2.35. Hint: Note that x,(t) = —x,(¢) +
A. How is a sign change and dc level shift manifested in the spectrum
of the waveform?

2.28 (a) Plot the single-sided and double-sided amplitude and phase spec-
tra of the square wave shown in Figure 2.36(a). How do they dif-
fer from those plotted in Problem 2.27 for Figure 2.35(b)?
(b) Obtain an expression relating the complex exponential Fourier
series coefficients of the triangular waveform shown in Figure
2.36(b) and those of x,(t) shown in Figure 2.36(a). Hint: Note that
x,(t) = K[dxy(t)/dt], where K is an appropriate scale change.
(c) Plot the double-sided amplitude and phase spectra for x(t).

FIGURE 2.35
x,(t} Xy (2)
A A
i ﬂ H b e
r L
ol T 27, 0 T 2T,
(a) (b)
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FIGURE 2.36

(a)

AT
RYAATATS

Section 2.5

2.29

2.30

2.31

Sketch each signal given below, and find its Fourier transform. Plot
the amplitude and phase spectra of each signal (4 and & are positive
constants).

(@) x,(t) = Ae” “u(t)

(b) x,(t) = Ae™u(—1)

(© x3(6) = x1(t) — x,(¢)

(d) Use the result of part (c) to find the Fourier transform of the
signum function defined as

B & t>0
sgn ey = =1 t<<0

(@) Use the result of Problem 2.29(d) and the relation u(t) =
'%[sgn (t) + 1] to find the Fourier transform of the unit step.

(b) Use the integration theorem and the Fourier transform of the unit

- impulse function to find the Fourier transform of the unit step.
Compare the result with part (a).

Using only the Fourier transform of the unit impulse function and
appropriate transform theorems, find the Fourier transforms of the
signals shown in Figure 2.37.
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FIGURE 2.37

x (1) Xt

4_\ , o ISR
H
i I I f t — t
0 1 2 3 0 1 2
(a) (b)
x;lt)

_._-______
I

0 3
fe)
2.32 Prove the multiplication theorem of Fourier transforms, showing all

2.33

2.34

2.35

the steps.

Find the Fourier transforms of the signals given below. Discuss how
any symmetry properties a given signal may have affect its Fourier
transform in terms of being real or purely imaginary.

(@) x;(t) = 6(t + 10) + 26(r) + o(t — 10)

(b) x,(t) = d(t + 5) — &(t — 5)

(©) x3(t) = Zp=o (n + 1)6(t — 2n)

Find and plot the energy spectral densities of the following signals.
Dimension your pIots fully.

@) x,(¢) = 23 (b) x,(t) = 20 sinc (30%)
(c) x3(r) = 4II(5¢) (d) x4(t) = 4II(5t) cos (40mt)

Evaluate the following integrals using Rayleigh’s energy theorem (Par-
seval’s theorem for Fourier transforms).

. — - —dI_ = J‘w sinc2
(@ I, = Wy~ e (21rf)z (b) I, e (Tf) df

GO d o0
(© I; = J.-—m m (d) 1, = f_m sinc’ (rf) df
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2.36

231

2.38

2.39

2.40

Signal and Linear System Analysis

Obtain and sketch the convolutions of the following signals.

@) yi(t) = ¢ “u(e)*IL(c — 1), « and T positive constants

(b) ya(t) = [IL(2/2) + I()]+1L(z)

© yit) = e *Msll), a>o0

(d) ya(t) = x(t)*u(t), where x(t) is any energy signal [you will have to
assume a particular form for x(¢) to sketch this one, but obtain
the general result before doing so].

Obtain the Fourier transforms of the signals y,(z), y,(t), and y;(z)
in Problem 2.36 using the convolution theorem of Fourier trans-

forms.

Given the following signals, suppose that all energy spectral compo-
nents outside the bandwidth |f| = W are removed by an ideal filter,
while all energy spectral components within this bandwidth are kept.
Find the ratio of energy to total energy kept in each case.

@ x (1) = ¢ “ul)
(b) x,(¢) = I(e/7) (requires numerical integration)

(a) Find the Fourier transform of the cosine pulse

2w
cos Wot, where w, = —

Ty

2t
x(r) = AIl (?

0

Express your answer in terms of the sinc function and sketch

[X()-

(b) Obtain the Fourier transform of the raised cosine pulse

2t

y(t) = 34I1 (‘—) (1 + cos 2w,t)
To

Sketch the amplitude spectrum, and compare with that of x(z).

(c) Use Equation (2.139) with the result of part (a) to find the Fourier
transform of the half-rectified cosine wave.

Show that the Fourier transform of x(t) = %y X(f) = S
This is an example of a signal whose Fourier transform is of the same
functional form as the signal itself.

[Hint: Complete the square in the exponent of the Fourier transform
integral and use [0, ¢ * du = Vmla)
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Section 2.6

2.41 Show that the time-average correlation operation can be written in
terms of convolution as

1
R(1) = 71—-“20 Pl R )

t=T1

2.42 Obtain the time-average correlation function for a squarewave. Does
it make any difference whether the squarewave has even or odd

symmetry?

Section 2.7

243 A system is governed by the differential equation
dy dx
Find H( f). = = h—
(a) Find H(f) - + ay % + ex

(b) Find and plot |H(f)| and /[H(f) for c = 0.
(c) Find and plot |H(f)| and [H(f) for b = 0.

2.44 For each of the following transfer functions, determine the unit-
impulse response of the system.

o DIF ot
ORI B~
2.45 A filter has transfer function H(f) = II(f/2B) and input x(t) =

2W sinc (2Wr).

(a) Find the output y(t) for W << B.
(b) Find the output y(t) for W > B.
(c) In which case does the output suffer distortion? What influenced
your answer? "
2.46 A second-order active bandpass filter (BPF), known as a Sallen-Key cir-
cuit, is shown in Figure 2.38.

(a) Show that the transfer function of this filter is given by

(Kwol V2)(jw)

Byo) = —w’ + (Wy/Q)(jw) + w,

w = 2nf
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FIGURE 2.38
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Q 4 —K
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2.47

2.48

2.49

(&) Plot |H(f)|.

(c) Show that the 3-dB bandwidth of the filter can be expressed as B
= fo/Q, where fo = wy/2m.

(d) Design a BPF using this circuit with center frequency f, = 1000
Hz and 3-dB bandwidth of 300 Hz. Find values of R, R;, R, and
C that will give these desired specifications.

For the two circuits shown in Figure 2.39, determine H(f) and h(t).
Sketch accurately the amplitude and phase responses. Plot the ampli-
tude response in decibels. Use a logarithmic frequency axis.

Using the Paley-Wiener criterion, show that
|B(f)| =¥
is not a suitable amplitude response for a causal LTI.

Determine whether or not the filters shown in Figure 2.40 are BIBO
stable.
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FIGURE 2.39
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L
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2.50 Given a filter with transfer function
20
H B ———
N)=3 + @=f)

and input x(t) = e~ “u(t), obtain and plot accurately the energy spec-
tral densities of the input and output.

2.51 A filter with transfer function
H(f) = 3II(f/26)
has as an input a half-rectified cosine waveform of fundamental fre-
quency 10 Hz. Determim_z the output of the filter.

2.52 Another definition of bandwidth for a signal is the 90% energy con-
tainment bandwidth. For a signal with energy spectral density G(f)
= |[X(N)I 2 it is given by By, in the relation

Byg Bag
g, S s [P
—Bgp (1]
FIGURE 2.40
L L

o ah 0 o AR
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x{t) R ylt) x(t) c yit)
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i

(a) (b}
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2.53

2.54
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Obtain By, for the following signals if it is defined. If it is not defined

for a particular signal, state why it is not.

@ x,(t) = V2ae “u(t), where « is a positive constant
(b) x,(t) = 2W sinc (2Wt)
(©) x3(¢) = Il(e/7) (requires numerical integration)

An ideal quadrature phase shifter has

—jwi2
Hp = {20

If the input is a squarewave, sketch an approximation for the output
waveform using the first four terms of its trigonometric Fourier series
as obtained in Example 2.7.

A filter has amplitude response and phase shift shown in Figure 2.41.
Find the output for each of the inputs given below. For which cases
is the transmission distortionless? Tell what type of distortion is
imposed for the others.

(a) cos 50wt + 5 cos 120wt (b) cos 120 wt + 0.5 cos 160wt
(c) cos 1207t + 3 cos 140wt (d) 2 cos 20wt + 4 cos 40wt

2.55 A system has the unit impulse response
h(t) = 4e u(t)
Determine and accurately plot, on the same set of axes, the group
delay and the phase delay.
2.56 A system has the transfer function
10 + jomf
Determine and accurately plot the group delay and the phase delay.
2.57 The nonlinear system defined by
() = x(¢) + 0.3x(¢)
FIGURE 2.41

IH}f}I LHIf)

100 —50 0 50 100 75 0 i Fite)
T T e
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has an input signal with the bandpass spectrum

= (52) + an(CE2)

10

Sketch the spectrum of the output, labeling all important frequencies
and amplitudes.

2.58 (a) Consider a nonlinear device with the transfer characteristic y(t)
= x(t) + 0.1x°(¢). The frequency of the input signal x(z) =
cos 2000t is to be tripled by passing the signal through the non-
linearity and then through a second-order bandpass filter with a
transfer function approximated by

1 1
H) =1 + j2Q(f — 3000) T 1 + j2Q(f + 3000)

Neglecting negative frequency contributions, compute, in terms
of the parameter Q, the total harmonic distortion (THD) at the
tripler output, defined as

total power in all output distortion terms
X 100%

THD =

power in desired output component

Note that the desired output component in this case is the third
harmonic of the input frequency.
(b) Find the minimum value of Q that will result in THD =< 0.01%.

2.59 A nonlinear device has y(t) = a, + ax(t) + ax’(t) + asx’(t). If
x(t) = cos w;t + cos w,t, list all the frequency components present
in y(¢). Discuss the use of this device as a frequency multiplier.

2.60 (a) For a Butterworth filter, show that

,.l_i.lg-, | Hyo(f)] = [(I): g: ;ﬁ

(b) For a Chebyshev filter, show that
e = Viok'0 — |
where Ry is the ripple in dB.

2.61 Find the impulse response of an ideal highpass filter with the transfer
function

= g L —j27feg
Hmm—Ho[l H(zw)]*’”ﬂ
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2.62

2.63

Signal and Linear System Analysis

Sketch the amplitude response and the group delay for a second-
order Chebyshev filter for ¢ = 0.5, 0.707, and 1.0.

Verify the pulsewidth-bandwidth relationship of Equation (2.227) for
the following signals. Sketch each signal and its spectrum.

— 2272

(a) x(t) = Ae (Gaussian pulse) (see Problem 2.40)
®) x@t) = Ae a>0 (double-sided exponential)

Section 2.8

2.64

2.65

2.66

2.67

A sinusoidal signal of frequency 1 Hz is to be sampled periodically.

(a) Find the maximum allowable time interval between samples.

(b) Samples are taken at 3-s intervals. Show graphically, to your sat-
isfaction, that no other sinewave or signal with bandwidth less
than 1.5 Hz can be represented by these samples.

(c) The samples are spaced L apart. Show graphically that these may
represent another sinewave of frequency less than 1.5 Hz.

A flat-top sampler can be represented as the block diagram of Figure
2.42.

(a) Assuming 7 < T, sketch the output for a typical x(¢).

(b) Find the spectrum of the output, Y( f), in terms of the spectrum
of the input, X( ). What must be the relationship between 7 and
T, to minimize distortion in the recovered waveform?

Figure 2.43 illustrates so-called zero-order-hold reconstruction.

(a) Sketch y(r) for a typical x(t). Under what conditions is y(t) a good
approximation to x(t)?

(b) Find the spectrum of y(t) in terms of the spectrum of x(z). Discuss
the approximation of y(t) to x(¢) in terms of frequency-domain
arguments.

The signal x(t) = cos 207t is sampled at 15 samples per second. Show
that the signal cos 107t impersonates it as far as sample values are
concerned.

FIGURE 2.42

t x; (t)
Xl 25! Ate) =T — 4)r) > yle) = x, o) » Tl (e — L 0)/r)

Z_ 8(e=nT))
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FIGURE 2.43
xglt) = f: x(mT,)8(t —mT,) g y(t)
el — me) =T~ 3TNT) [
2.68 Determine the range of permissible cutoff frequencies for the ideal

2.69

lowpass filter used to reconstruct the signal
x(t) = 10 cos (6007t) cos® (1600t

which is sampled at 4000 samples per second. Sketch X( f) and X( f).
Find the minimum allowable sampling frequency.

Given the bandpass signal spectrum shown in Figure 2.44, sketch
spectra for the following samp]ing rates f, and indicate which ones
are suitable.

(a) 2B (b) 2.5B (c) 3B
(d) 4B (e) 5B (f) 6B
Section 2.9

2.70

2.1

Using the integral expression for the Hilbert transform, Equation
(2.256), show that

/\\_‘ )
COs Wyt = sin Wyt

Using appropriate Fourier transform theorems and pairs, express the
spectrum Y( f) of

y(t) = x(t) cos wyt + x(£) sin wot

in terms of the spectrum X(f) of x(¢), where X(f) is lowpass with
bandwidth

Wo
B<ﬁ=5;

Sketch Y( f) for a typical X(f).

FIGURE 2.44
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130 Signal and Linear System Analysis

2.72 Show that x(t) and x(t) are orthogonal for the following signals:

(a) x,(t) = cos wyt
(b) x,(t) = 2 cos Wyt + sin wyt cos® 2wyt

(©) x.(t) = All(¢/7)

2.73 (a) Using the results of Problem 2.71, sketch Y(f) for x(t) =
cos 107t and [y = wy/2m = 20 Hz.
(b) Obtain the spectrum for the same signal by using trigonometric
identities and Equations (2.260) and (2.261).

2.74 Assume that the Fourier transform of x(¢) is real and has the shape
shown in Figure 2.45. Determine and plot the spectrum of each of
the following signals:

@ x,() = 3x() + ()
®) x(0) = Bx(t) + FOW"™,  f>w
(© xs(0) = [x(0) + j()™
@) xi() = Gx(t) — fia())e™
2.75 Consider the signal
x(t) = 2W sinc (2Wt) cos (27fyt)

(a) Obtain and sketch the spectrum of x,(t) = x(¢) + jx(2).

(b) Obtain and sketch the spectrum of the complex envelope, x(t),
where the complex envelope is defined by (2.286).

(c) Find the complex envelope x(t).

2.76 Consider the input
x(t) = II(¢/7) cos [27( f + Af)t], Af € fy
to a filter with impulse response
h(t) = ae” “ cos 2mfyt)ult)

Find the output using complex envelope techniques.

FIGURE 2.45

147



o

Computer Exercises 131

Section 2.10

2.77 Prove that (2.303) and (2.304) are indeed inverses of each other by
substituting (2.303) into (2.304), reversing the orders of summation,
and using the sum formula for a geometric series to show that the
final result is x, = x,.

COMPUTER EXERCISES*

1. (a) Write a computer program to obtain the generalized Fourier series
for an energy signal using the orthonormal basis set

®() =Il(t—05—n),n=0,1,2,:- -, T— 1, Tinteger

where the signal extent is (0, T) with T assumed to be integer-
valued. Your program should compute the generalized Fourier coef-
ficients, the integral-squared error, and make a plot of the signal
being approximated and the approximating waveform. Test your
program with the signal ¢ *u(t), 0 < ¢t < 5.

(b) Repeat part (a) with the orthonormal basis set

() = \/5[[(*), n=i0p i, 2y 0 = 2T — |, T integer

What is the integral-squared error now?

(c) Can you deduce whether or not the basis set resulting from repeat-
edly halving the pulse width and doubling the amplitude is
complete?

2. Write a computer program to evaluate the coefficients of the complex

exponential Fourier series of a signal. Include a plot of the amplitude
and phase spectrum of the signal for which the Fourier series coeffi-
cients are evaluated. Check by evaluating the Fourier series coefficients
of a squarewave. Plot the squarewave approximation by summing the
series through the seventh harmonic.

3. (a) Write a computer program to evaluate the coefficients of the com-

plex exponential Fourier series of a signal by using the fast Fourier

* When doing these computer exercises, we suggest that the student make use of a mathe-
matics package such as Mathcad, MATHLAB, or Mathematica. Although the resulting pro-
grams may run slower that those written in C, Fortran, or some other high-level language,
considerable time will be saved in being able to use the plotting capability of these mathe-
matics packages.
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(b)

(a)

(b)

(©

Signal and Linear System Analysis

transform (FFT). Note that you do not have to write a program to
evaluate the FFT if the suggestion in the footnote is followed. Check
it by evaluating the Fourier series coefficients of a squarewave and
comparing your results with Computer Exercise 2.

How would you use the same approach to evaluate the Fourier
transform of a pulse-type signal. How do the two outputs differ?
Compute an approximation to the Fourier transform of a square
pulse signal 1 unit wide and compare with the theoretical result.

Write a computer program to find the bandwidth of a lowpass
energy signal that contains a certain specified percentage of its total
energy, for example, 95%. In other words, write a program to find

W in the equation
W
j; G f)df
Ey = —p— X 100%

J-:) GA f)df

with E, set equal to a specified value, where G(f) is the energy
spectral density of the signal.

Write a computer program to find the time duration of a lowpass
energy signal that contains a certain specified percentage of its total
energy, for example, 95%. In other words, write a program to find

T in the equation
T
IR
0

E = ——— X 100%

f [ x(e)|* de
0

with E; set equal to a specified value, where it is assumed that the
signal is zero for t < 0.

Use the program you developed in parts (a) and (b) to check the
pulse-duration bandwidth relationship (2.227).

Write a computer program to evaluate and plot the amplitude and phase
response functions for a given transfer function. Use it to plot the
amplitude and phase responsc functions for the Sallen-Key circuit of
Problem 2.46 with the parameters chosen to realize a second-order But-
terworth filter.
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Computer Exercises 133

6. Using the FFT, write a program to find the output of a bandpass system
for an arbitrary bandpass input using the complex envelope approach
summarized by (2.295) and (2.296). Your program should include plots
of the envelopes of Ithe input and output as well as their spectra.
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BASIC MODULATION
TECHNIQUES

Before an information-bearing signal is transmitted through a communica-
tion channel, some type of modulation process is typically utilized to pro-
duce a signal that can easily be accommodated by the channel. In this
chapter we will discuss various types of modulation techniques. The modu-
lation process commonly translates an information-bearing signal, usually
referred to as the message signal, to a new spectral location. For example, if
the signal is to be transmitted through the atmosphere or free space, fre-
quency translation is necessary to raise the signal spectrum to a frequency
that can be radiated efficiently with antennas of reasonable size. If more than
one signal utilizes a channel, modulation allows translation of the different
signals to different spectral locations, thus allowing the receiver to select
the desired signal. Multiplexing allows two or more message signals to be
transmitted by a single transmitter and received by a single receiver
simultaneously.

The logical choice of a modulation technique for a specific application is
influenced by the characteristics of the message signal, the characteristics of
the channel, the performance desired from the overall communication sys-
tem, the use to be made of the transmitted data, and the economic factors
that are always important in practical applications. This text will place
emphasis on the first three of these factors. Through experience, the com-
munications engineer develops sufficient insight to place the last two factors
in proper perspective for a particular application.

The two basic types of analog modulation are continuous-wave modula-
tion and pulse modulation. In continuous-wave modulation, a parameter of a
high-frequency carrier is varied proportionally to the message signal such
that a one-to-one correspondence exists between the paramctcr and the
message signal. The carrier is usually assumed to be sinusoidal, but as will
be illustrated, this is not a necessary restriction. For a sinusoidal carrier, a
general modulated carrier can be represented mathematically as

x(t) = A(t) cos [wt + ¢(t)] (8.1)
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3.1 Linear Modulation 135

where w, is known as the carrier frequency. Since a sinusoid is completely
specified by its amplitude and argument, it follows that once the carrier
frequency is specified, only two parameters are candidates to be varied in
the modulation process: the instantaneous amplitude A(t) and the instanta-
neous phase deviation ¢(t). When the instantaneous amplitude A(t) is linearly
related to the modulating signal, the result is linear modulation. Letting ¢(t)
or the time derivative of ¢(t) be linearly related to the modulating signal
yields phase or frequency modulation, respectively. Collectively, phase and
frequency modulation are referred to as angle modulation, since the phase
angle of the modulated carrier conveys the information.

In analog pulse modulation, the message waveform is sampled at discrete
time intervals and the amplitude, width, or position of a pulse is varied in
one-to-one correspondence with the values of the samples. Since the sam-
ples are taken at discrete times, the periods between the samples are avail-
able for other uses, such as insertion of samples from other message signals.
This is referred to as time-division multiplexing. If the value of each sample is
quantized and encoded, pulse-code modulation results. We also briefly consider
delta modulation. Pulse-code modulation and delta modulation are digital
rather than analog modulation techniques, but are considered in this chapter
for completeness.

3.1 LINEAR MODULATION

A general linearly modulated carrier is represented by setting the instanta-
neous phase deviation ¢(t) in (3.1) equal to zero. Thus a linearly modulated
carrier is represented by

x(t) = A(t) cos w.t (3.2)

in which the carrier amplitude A(t) varies in one-to-one correspondence with
the message signal. We next discuss several different types of linear modu-
lation as well as techniques that can be used for demodulation.

Double-Sideband Modulation

Double-sideband (DSB) modulation results when A(t) is proportional to the mes-
sage signal m(t). Thus the output of a DSB modulator can be represented as

x(t) = Aam(r) cos we (3.3)

which illustrates that DSB modulation is simply the multiplication of a car-
rier, A, cos w.t, by the message signal. It follows from the modulation the-
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136 Basic Modulation Techniques

orem that the spectrum of a DSB signal is given by

X(f) = HAMP+ )+ AME=f) fo=55 @4

The process of DSB modulation is described in Figure 3.1. Figure 3.1(a)
illustrates a DSB system and shows that a DSB signal is demodulated by mul-
tiplying the received signal, denoted by x/(¢), by the demodulation carrier
2 cos w,t and lowpass filtering. For the idealized system that we are consid-
ering here, the received signal, x(¢), is identical to the transmitted signal,
x[ ). The output of the multiplier is

d(t) = 24[m(t) cos w.] cos w,t (3.5)
or
d(t) = Am(t) + Am(t) cos 2wt (3.6)

where we have used the trigonometric identity 2 cos’ x = 1 + cos 2x.

The time-domain signals are shown in Figure 3.1(b) for an assumed m(y).
The message signal m(t) forms the envelope of x(t). The waveform for d(t)
can be best understood by realizing that since cos’ Wt is nonnegative for all
t, d(t) is positive if m(z) is positive and d(z) is negative if m(r) is negative. Also
note that m(t) (appropriately scaled) forms the envelope of d(z) and that the
frequency of the sinusoid under the envelope is 2f; rather than f,.

The spectra of the signals m(t), x(r), and d(z) are shown in Figure 3.1(c) for
an assumed M(f) having a bandwidth W. The spectra M(f + f) and
M(f — f,) are simply the message spectrum translated to f = L f. The por-
tion of M(f — f) above the carrier frequency is called the upper sideband
(USB), and the portion below the carrier frequency is called the lower sideband
(LSB). Since the carrier frequency f; is typically much greater than the band-
width of the message signal W, the spectra of the two terms in d(t) do not
overlap. Thus d(t) can be lowpass-filtered and amplitude-scaled by 4, to yield
the demodulated output yy(z). In practice, any amplitude scaling factor can
be used since, as we saw in Chapter 2, multiplication by a constant does not

FIGURE 3.1 Double-sideband (DSB) modulation. (a) System. (b)
Waveforms. (c) Spectra.

mit) xt) x(t) dt) | Lowpass | Yolf)
o filter
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138 Basic Modulation Techniques

induce amplitude distortion. Thus, for convenience, 4, is usually set equal
to unity at the demodulator output. For this case, the demodulated output
yolt) will equal the message signal m(r). The lowpass filter that removes the
term at 2f. must have a bandwidth greater than or equal to the bandwidth
of the message signal W. We will see in Chapter 6 that when noise is present,
this lowpass filter, known as the postderection filter, should have the smallest
possible bandwidth.

The basic difficulty with the use of DSB modulation is the need for a
demodulation carrier at the receiver that has the same frequency as the orig-
inal modulation carrier and is phase-coherent with it. Demodulation that
requires a coherent reference is known as synchronous or coherent demodulation.
The derivation of a coherent demodulation carrier requires careful attention,
for if the demodulation carrier is out of synchronism by even a small
amount, serious distortion of the demodulated message waveform can result.
This effect will be thoroughly analyzed in Chapter 6, but a simplified analysis
can be carried out by assuming a demodulation carrier in Figure 3.1(a) of
the form 2 cos [ws + O(r)], where (1) is a time-varyin% phase error. By
making use of the trigonometric identity cos x cos y = 3 cos (x + y) +
3 cos (x — y), it can be shown that this choice of demodulation carrier yields

d(t) = Am(t) cos 8(t) + Am(t) cos [2w.t + O()] (3.7)
which, after lowpass filtering and amplitude scaling, becomes
Jolt) = m(e) cos 0(z) (3.8)

assuming, once again, that the spectra of the two terms of d(t) do not over-
lap. If the phase error 6(t) is a constant, the effect of the phase error is an
attenuation of the demodulated message signal. This does not represent dis-
tortion, since the effect of the phase error can be removed by amplitude
scaling unless f(¢) is exactly 90°. However, if 0(z) is time-varying in an
unknown and unpredictable manner, the effect of the phase error can be
serious distortion of the demodulated output.

There are several techniques that can be utilized to generate a coherent
demodulation carrier. For one technique, the first step is to square the
received DSB signal, which yields

x,z(t) = Aczmz(r} cos’ Wt
[ 2 12 3
= 34, m(t) + 34, m"(t) cos 2wt (3.9)

If m(t) is a power signal, mz(r) has a nonzero dc value. Thus, by the modu-
lation theorem, x,g(t) has a discrete frequency component at 2w,, which can
be extracted from the spectrum of x,z(r) using a narrowband bandpass filter.
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3.1 Linear Modulation 139

The frequency of this component can be halved to yield the desired demod-
ulation carrier. Later we will discuss a convenient technique for implement-
ing the required frequency divider.

A very convenient technique for demodulating DSB signals is to use a
Costas phase-lock loop. This system will be presented in Section 3.4.

The analysis of DSB illustrates that the spectrum of a DSB signal does not
contain a discrete spectral component at the carrier frequency unless m(t)
has a dc component. For this reason, DSB systems with no carrier frequency
component present are often referred to as suppressed carrier systems. How-
ever, if a carrier component is transmitted along with the DSB signal,
demodulation can be simplified. The received carrier component can be
extracted using a narrowband bandpass filter and can be used as the demod-
ulation carrier. Alternatively, if the carrier amplitude is sufficiently large,
the need for generating a demodulation carrier can be completely avoided.
This naturally leads to the subject of amplitude modulation.

Amplitude Modulation

Amplitude modulation (AM) results when a dc bias 4 is added to m(t) prior to
the modulation process. The result of the dc bias is that a carrier component
is present in the transmitted signal. For AM, the transmitted signal is defined

as
x(t) = [A4 + m(t)]A] cos w.t (3.10)
or
x(t) = A[1 + am,(t)] cos w_t (3.11)
In (3.11), A, = AA[, m,(t) is the message signal normalized such that the

minimum value of m,(t) is — 1, and the parameter a is known as the mod-
ulation index.* We shall assume that m(t) has zero dc value so that the car-
rier component in the transmitted signal arises entirely from the bias, 4. The
time-domain representation of AM is illustrated in Figures 3.2(a) and 3.2(b),
and the block diagram of the modulator for producing AM is shown in Figure
3.2(c).

The fact that coherent demodulation can be used for AM is easily shown
and is left to the problems (see Problem 3.2). The advantage of AM over
DSB, however, is that a very simple technique, known as envelope detection,
can be used if sufficient carrier power is transmitted. An envelope detector

* The parameter a as used here is sometimes called the negative modulation factor. Also, the
quantity a X (100%) is often referred to as the percent modulation.
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140 Basic Modulation Techniques

FIGURE 3.2 AM modulation. (a) Message signal. (b) Modulator output for
a < 1. (c) Modulator.
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is implemented as shown in Figure 3.3(a). It can be seen from Figure 3.3(b)
that as the carrier frequency is increased, the envelope, defined as
AJ[1 + am,(t)], becomes easier to observe. It also follows from observation
of Figure 3.3(b) that if A [l + am,(t)] goes negative, distortion will result.
The modulation index is defined such that if ¢ = 1, the minimum value of
AJ[1 + am,(t)] is zero. We therefore define

__ m(@)
m,(t) = Jmin m(@)| (3.12)
and
i |mindm(t)| 3.13)

Clearly, any value of index less than 1 will result in A[1 + am,(r)] >
0 for all ¢ It should be pointed out that most practical information-bearing
message signals, such as speech or music signals, have nearly symmetrical
maximum and minimum values.

In order for the envelope-detection process to operate properly, the RC
time constant of the detector, shown in Figure 3.3(a), must be chosen care-
fully. The appropriate value for the time constant is related to the carrier
frequency and to the bandwidth of m(t). In practice, satisfactory operation
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3.1 Linear Modulation 141

requires a carrier frequency of at least 10 times the bandwidth of m(t), W.
Also, the cutoff frequency of the RC circuit must lie between f, and W and
must be well separated from both. This is illustrated in Figure 3.3(c).

All information in the modulator output is contained in the sidebands.
Thus the carrier component of (3.11), 4, cos w.t, is wasted power as far as
information transfer is concerned. This fact can be of considerable impor-
tance in an environment where power is limited and can completely pre-
clude the use of AM as a modulation technique.

The total (normalized) power contained in the AM modulator output is

(x20) = (4 + m@®)]*4)’ cos” w,) (3.14)

where ( ) denotes the time average value. If m(t) is slowly varying with
respect to cos w.t, then

(x2@®) = [A* + 24(m()) + (m’(t)) (4]’ (3.15a)
which reduces to

(x20) = [A* + (m*(1))}5(4)’ (3.15b)

FIGURE 3.3 Envelope detection. (a) Circuit. (b) Waveforms. (c) Effect of RC
time constant.
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142 Basic Modulation Techniques

if the time average value of m(t) is assumed zero. The efficiency, E, is defined
as the percentage of total power that conveys information. Thus

(m’(t))

= m (100%) (3.16)

Since m(t) = adm,(t), efficiency can be written in terms of the modulation
index as

a*(m, ()

= m (100%) (3.17)

If the message signal has symmetrical maximum and minimum values,
such that |min m(t)| and |max m(t)| are equal, then (mnz(t)) = 1. It fol-
lows that for ¢ = 1, the maximum efficiency is 50% and is achieved for
squarewave-type message signals. If m(t) is a sinewave, (mnz(t)) = % and the
efficiency is 33.3% for a = 1. Efficiency obviously declines rapidly as the
index is reduced below unity. If the message signal does not have symmet-
rical maximum and minimum values, then higher values of efficiency can be
achieved (see Problem 3.6).

The main advantage of AM is that since a coherent reference is not
needed for demodulation, the demodulator becomes simple and inexpen-
sive. In many applications, such as commercial radio, this fact alone is suf-
ficient to justify its use.

The AM modulator output x(t) is shown in Figure 3.4 for three values of
the modulation index: a = 0.5, @ = 1.0, and @ = 1.5. The message signal
m(t) is assumed to be a unity amplitude sinusoid with a frequency of 1 Hz.
A unity amplitude carrier is also assumed. The envelope detector output,
e,(t), as identified in Figure 3.3, is also shown for each value of the modu-
lation index. Note that for a = 0.5 the envelope is always positive. For a
= 1.0 the envelope reaches zero. Thus, envelope detection can be used for
both of these cases. For a = 1.5 the envelope goes negative and ¢,(t), which
is the absolute value of the envelope, is a badly distorted replica of the
message signal.

EXAMPLE 3.1 Let us determine the efficiency and the oufput spectrum
for an AM modulator operating with a modulation index of 0.5. The carrier
power is 50 W, and the message signal is

mw

m(t) = 4 cos [Zmet = ;] + 2 sin [47f ] (3.18)
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144 Basic Modulation Techniques

SOLUTION  The first step is to determine the minimum value of m(t). The
message signal is shown in Figure 3.5(a). The minimum value of m(t) is
—4.364 and falls at f,t = 0.435, as shown. The normalized message signal
is given by

T

m,(t) = '4—316; {4 cos [27rfmt = ;:I + 2 sin [47rfmr]] (3.19)

FIGURE 3.5 Waveform and spectra for Example 3.1 (a) Message signal. (b)
Amplitude spectrum of modulator output. (c) Phase spectrum of modulator
output.
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3.1 Linear Modulation 145

m,(t) = 0.9166 cos [2@,,,: - g] + 0.4583 sin [47f,¢]  (3.20)

The mean-square value of m,(t) is
(m,* (1)) = 3(0.9166)" + 3(0.4583)" = 0.5251 (3.21)
Thus the efficiency is

(0.25)(0.5251)

T 1+ (0.25)(0.5251) (3.22)
which yields
= (3.23)
Since the carrier power is 50 W, we have
3@4)" = 50 (3.24)
from which
de= 10 (3.25)

Also, since sin x = cos (x — w/2), we can write x(t) as
T
x(t) = 10 {1 -+10.5 170.9166 cos (21Tfmt = ;)
™
+ 0.4583 cos (47rfmt = E) ]] cos (27f.t) (3.26)

In order to plot the spectrum of x.(t), we write the preceding equation as

x(t) = 10 cos (2mf.t)
-+ 2.292[(:05 [21!'(_}', S g]
& .
+ cos [2w(ff = f)er ;:“
+ 1.146[(‘.05 [um oaf)e ~ ﬂ

+ cos [2«( f.— ofde + %” @3.27)
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146 Basic Modulation Techniques

Parts (b) and (c) of Figure 3.5 show the amplitude and phase spectra of x(z).
Note that the amplitude spectrum has even symmetry about the carrier fre-
quency and that the phase spectrum has odd symmetry about the carrier
frequency for f > 0 or f < 0. Of course, the overall amplitude spectrum is
even about f = 0, and the overall phase spectrum is odd about f = 0.

Single-Sideband Modulation

In our development of DSB, we saw that the upper sideband (USB) and lower
sideband (LSB) have even amplitude and odd phase symmetry about the car-
rier frequency. Thus transmission of both sidebands is not necessary, since
either sideband contains sufficient information to reconstruct the message
signal m(t). Elimination of one of the sidebands prior to transmission results
in single sideband (SSB), which reduces the bandwidth of the modulator out-
put from 2W to W, where W is the bandwidth of m(t). However, this band-
width savings is accompanied by a considerable increase in complexity.

On the following pages, two different methods are used to derive the
time-domain expression for the signal at the output of an SSB modulator.
Although the two methods are equivalent, they do present different view-

FIGURE 3.6 Generation of SSB by sideband filtering. (a) SSB modulator.,
(b) Spectra (single-sided).
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3.1 Linear Modulation 147

points. In the first method, the transfer function of the filter used to gen-
erate an SSB signal from a DSB signal is derived using the Hilbert transform.
The second method derives the SSB signal directly from m(t) using the
results illustrated in Figure 2.30 and the frequency-translation theorem.

The generation of an SSB signal by sideband filtering is illustrated in Fig-
ure 3.6. First, a DSB signal, xpg(t), is formed. Sideband filtering of the DSB
signal then yields an upper-sideband or a lower-sideband SSB signal, depend-
ing on the filter passband selected.

The filtering process that yields lower-sideband SSB is illustrated in detail
in Figure 3.7. A lower-sideband SSB signal can be generated by passing a DSB
signal through an ideal filter that passes the lower sideband and rejects the
upper sideband. It follows from Figure 3.7(b) that the transfer function of
this filter is

Hy(f) = 3lsgn (f+ f) — sgn (f — £ (3.28)
Since the Fourier transform of a DSB signal is
Xosa(f) = 3AM(f + f) + 34M(f — £) (3.29)

the transform of the lower-sideband SSB signal is

XAf) = 3AIM(f + £) sgn (f + f) + M(f — £ sgn (f + )]
— M+ f) sgn (f — f) + M(f — f) sgn (f — f)] (3.30)

which is

Xf) = 3AIM(f + £) + M(f — £
+ AIMf+ f)sgn (F+£) — M(f— f)sgn (F— f)]  (3:31)

From our study of DSB, we know that

3Am(t) cos wt < AIM(f + f) + M(f — f)] (3.32)

and from our study of Hilbert transforms in Chapter 2, we recall that

m(t) <> —j sgn (f)M(f)
By the frequency-translation theorem, we have

m(e)e M < M(f F f) (3.33)
Replacing m(z) by m(t) in the foregoing yields

w(e)e T —iM(f F f) sgn (f F £) (3.:34)
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148 Basic Modulation Techniques

FIGURE 3.7 Generation of lower-sideband SSB. (a) Sideband filtering
process. (b) Generation of lower-sideband filter.
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= JAm(t) sin Wt (3.35)

Combining (3.32) and (3.35), we get the general form of a lower-sideband
SSB signal:

x(t) = 3A.m(t) cos wr + 3Am(t) sin w,t (3.36)

A similar development can be carried out for upper-sideband SSB. The
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3.1 Linear Modulation 149

result is
x(t) = 2A.m(t) cos wt — 3AM(t) sin w,t (3.37)

which shows that LSB and USB modulators have the same defining equations
except for the sign of the term representing the Hilbert transform of the
modulation. Observation of the spectrum of an SSB signal illustrates that SSB
systems do not have dc response.

The generation of SSB by the method of sideband filtering the output of
DSB modulators requires the use of filters that are very nearly ideal if low-
frequency information is contained in m(t). These filters are typically imple-
mented using crystal filter technology.

Another method for generating an SSB signal, known as phase-shift modu-
lation, is illustrated in Figure 3.8. This system is a term-by-term realization
of (3.36) or (3.37). Like the ideal filters required for sideband filtering, the
ideal wideband phase shifter, which performs the Hilbert transforming oper-
ation, is impossible to implement exactly. However, since the frequency at
which the discontinuity occurs is f = 0 instead of f = f,, ideal phase shifters
can be closely approximated.

An alternative derivation of x(t) for an SSB signal is based on the discus-
sion surrounding Figure 2.30. As shown in Figure 3.9, the positive-frequency
portion of M(f) is given by

M(f) = 3F{m(e) + jm(s) (3.38)
and thl_: negative-frequency portion of M(f) is given by

M(f) = 3F{m() — jma(e)} (3.39)

FIGURE 3.8 Phase-shift modulator
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150 Basic Modulation Techniques

FIGURE 3.9 Alternative derivation of SSB signals. (a) M(f), M,(f), and
M f). (b) Upper-sideband SSB signal. (c) Lower-sideband SSB signal.
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By definition, an upper-sideband SSB signal is given in the frequency domain
by

X(f) = :AM(f — f) + AM(f + f) (3.40)
Inverse Fourier-transforming yields
x(t) = $A[m@) + jaEle™™ + 1Alm@) — jmEle T (3.41)
which is
x(0) = $Am@O "™ + ) + Am@l T — ST (3.42)

The preceding expression is clearly equivalent to (3.37).
The lower-sideband SSB signal is derived in a similar manner. By defini-
tion, for a lower-sideband SSB signal,

X(f) = AM(f + £ + AM(f — f) (3.43)
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3.1 Linear Modulation 151

This becomes, after inverse Fourier-transforming,
x () = A[m(e) + jm@)e” " + (Alm(e) — jm@)]e ™ (3.44)
which can be written as
x(8) = Am@[™T + V) — jLAmEST — T (3.45)

This expression is clearly equivalent to (3.36). Figures 3.9(b) and 3.9(c) show
the four signals used in this development: M,(f + f), M(f — f)
M (f + f), and M, (f — f).

There are several methods that can be employed to demodulate SSB. The
simplest technique is to multiply x.(t) by a demodulation carrier and lowpass
filter the result, as illustrated in Figure 3.1(a). We assume a demodulation
carrier having a phase error 0(¢) that yields

d(t) = [34.m(t) cos we £ 34m(e) sin w4 cos [we + B(r)])  (3.46)

where the factor of 4 is chosen for mathematical convenience. The preced-
ing expression can be written as

d(t) = Am(t) cos O(t) + Am(t) cos [2wzr + ()]
F Aan(t) sin 0(t) T Am(t) sin 2w + 6(2)] (3.47)
Lowpass filtering and amplitude scaling yield
yo(t) = m(t) cos 8(t) + m(t) sin O(t) (3.48)

for the demodulated output. Observation of (3.48) illustrates that for 6)
equal to zero, the demodulated output is the desired message signal. How-
ever, if (t) is nonzero, the output consists of the sum of two terms. The
first term is a time-varying attenuation of the message signal and is the out-
put present in a DSB system operating in a similar manner. The second term
is a crosstalk term and can represent serious distortion if 6(t) is not small.

Another useful technique for demodulating an SSB signal is carrier rein-
sertion, which is illustrated in Figure 3.10. The output of a local oscillator
is added to the received signal x,(t). This yields

e(t) = BAm(t) + K] cos wt T 34m(t) sin w,t (3.49)

which is the input to the envelope detector.

The output of the envelope detector must next be computed. This is
slightly more difficult for signals of the form of (3.49) than for signals of
the form of (3.10) because both cosine and sine terms are present. In order
to derive the desired result, consider the signal

x(t) = a(t) cos wt — b(t) sin w.t (3.50)

168



152 Basic Modulation Techniques

FIGURE 3.10 Demodulation using carrier reinsertion
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which can be represented as illustrated in Figure 3.11. Figure 3.11 shows
the amplitude of the direct component a(t), the amplitude of the quadrature
component b(t), and the resultant R(z). It follows from Figure 3.11 that

a(t) = R(t) cos B(t) and b(t) = R(r) sin H(¢)

This yields
x(t) = R(t)[cos B(t) cos wt — sin B(¢) sin w,t] (3.51)
which is
x(®) = R(e) cos [t + 6(2)] (3:52)
where
f(t) = tan”' % (3.53)

The instantaneous amplitude R(t), which is the envelope of the signal, is
given by

R() = Va(r) + b(r) (3.54)

and will be the output of an envelope detector with x(¢t) on the input if a(t)
and b(t) are slowly varying with respect to cos w,t.
A comparison of (3.49) and (3.54) illustrates that the envelope of an SSB

FIGURE 3.11 Signal representation
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signal, after carrier reinsertion, is given by
7o(®) = VizAm() + KI' + [A4m(0)]) (3.55)

which is the demodulated output yy(t) in Figure 3.10. If K is chosen large
enough such that

ZAm() + KJ' > [Am()]
the output of the envelope detector becomes
Jolt) = 34m(t) + K . (356)

from which the message signal can easily be extracted. The development
shows that carrier reinsertion requires that the locally generated carrier must
be phase-coherent with the original modulation carrier. This is easily accom-
plished in speech-transmission systems. The frequency and phase of the
demodulation carrier can be manually adjusted until intelligibility is
obtained.

EXAMPLE 32  As we saw in the preceding analysis, the concept of single
sideband is probably best understood by using frequency-domain analysis.
However, the SSB time-domain waveforms are also interesting and are the
subject of this example. Assume that the message signal is given by

m(t) = cos (w;t) — 0.4 cos (2w,t) + 0.9 cos (3w,t) (8.57)
The Hilbert transform of m(t) is
m(t) = sin (@;t) — 0.4 sin 2wt) + 0.9 sin (3w,f) (3.58)
These two waveforms are shown in Figures 3.12(a) and (b). As we have seen,
the SSB signal is given by
A, 3
x(t) = ?[m(t) cos wt T m(t) sin w. (3.59)

with the choice of sign depending upon the sideband to be used for trans-
mission. Using (3.39), (3.40), and (3.41), we can place x(t) in the standard
form of (3.1). This gives

x(t) = R(t) cos [w.t + 6()] (8.60)

where the envelope R(t) is

-9

“\/m*(t) + m'(r) (3.61)

R(t) =

.|
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154 Basic Modulation Techniques

FIGURE 3.12 Time-domain signals for SSB system. (a) Message signal. (b)
Hilbert transform of message signal. (c) Envelope of SSB signal. (d) Upper-
sideband SSB signal with message signal. (e) Lower-sideband SSB signal
with message signal.
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x(0 0 i .

LA

(e)

and 0(t), which is the phase deviation of x(z), is given by

) = + tan_'[%J (3.62)
The instantaneous frequency of x(t) is therefore
d d _y| m(t)
o = ey 1) B
dt{wg + 00} = w, = = [tan [m(t)” (3.63)

From (3.61) we see that the envelope of the SSB signal is independent of
the choice of the sideband. The instantaneous frequency, however, is a
rather complicated function of the message signal and also depends upon
the choice of sideband. We therefore see that the message signal m(z) affects
both the envelope and phase of the modulated carrier x(t). In DSB and AM
the message signal affected only the envelope of x(t).

The envelope of the SSB signal is shown in Figure 3.12(c). The upper-
sideband SSB signal is illustrated in Figure 3.12(d) and the lower-sideband
SSB signal is shown in Figure 3.12(c). It is easily seen that both the upper-
sideband and lower-sideband SSB signals have the envelope shown in Figure
3.12(c). The message signal m(z) is also shown in parts (d) and (e) in Figure
3.12.

Vestigial-Sideband Modulation

Vestigial-sideband (VSB) modulation overcomes two of the difficulties present in
SSB modulation. By allowing a vestige of the unwanted sideband to appear
at the output of an SSB modulator, we may simplify the design of the side-
band filter, since the need for sharp cutoff at the carrier frequency is elim-
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156 Basic Modulation Techniques

inated. In addition, a VSB system has improved low-frequency response and
can even have dc response.

An example will illustrate the technique. For simplicity, let the message
signal be the sum of two sinusoids:

m(t) = A cos w;t + B cos w,t (3.64)

This message signal is then multiplied by a carrier, cos wt, to form the DSB
signal
epsp(t) = %A cos (w, + @)t + %A cos (w, — wy)t
+ 3B cos (@, + wy)t + 3B cos (W, — wy)t (3.65)
Figure 3.13(a) shows the single-sided spectrum of this signal. A vestigial

sideband filter is then used to generate the VSB signal. Figure 3.13(b) shows
the assumed form of the VSB filter. The skirt of the VSB filter must be sym-

FIGURE 3.13 Generation of vestigial sideband. (a) DSB spectrum (single-
sided). (b) VSB filter characteristic near f.. (c) VSB spectrum.
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metrical about the carrier as shown. Figure 3.13(c) shows the single-sided
spectrum of the filter output. This is the spectrum of the VSB signal.
The spectrum shown in Figure 3.13(c) corresponds to the VSB signal

x(t) = 3A€ cos (W, — w))t
+ 3A(1 — € cos (@, + w,)t + 3B cos (w, + w,)t  (3.66)

This signal can be demodulated by multiplying by 4cos w.t and lowpass fil-
tering. The result is

e(t) = Ae cos wit + A(l — €) cos w;t + B cos w,t (3.67)
or
e(t) = A cos w;t + B cos w,t (3.68)

which is the assumed message signal.

The slight increase in bandwidth required for VSB over that required for
SSB is often more than offset by the resulting electronic simplifications. As
a matter of fact, if a carrier component is added to a VSB signal, envelope
detection can be used. The development of this technique is similar to the
development of envelope detection of SSB with carrier reinsertion and is
relegated to the problems. The process, however, is demonstrated in the

following example.

EXAMPLE 3.3 In this example we consider the time domain waveforms
corresponding to VSB modulation and consider demodulation using envelope
detection or carrier reinsertation.

We assume the same message signal as was assumed in the previous exam-
ple. In other words

m(t) = cos w;t — 0.4 cos 2wt + 0.9 cos 3w,t (3.69)

The message signal m(t) is shown in Figure 3.14(a).
The VSB signal can be expressed as
x(t) = Al€; cos (w, + wy)t + (1 — €) cos (w, — w))t
—0.4¢, cos (w, + 2w;)t — 0.4(1 — ¢,) cos (w, — 2w))t
+0.9¢; cos (w, + 3wt + 0.9(1 — €;) cos (w, — 3w,;)] (3.70)
The modulated carrier, along with the message signal, is shown in Figure
3.14‘('3) fOr £ = 0.64, £ = 0-?8, and €3 = 0.92.
The result of carrier reinsertion and envelope detection is shown in Figure

3.14(c). The message signal, biased by the amplitude of the carrier compo-
nent, is clearly shown and will be the output of an envelope detector.
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FIGURE 3.14 Time-domain signals for VSB system. (a) Message signal. (b)
VSB signal and message signal. (c) Sum of VSB signal and carrier signal.

m(t)

x(t) and m(t)
o

p—

|
|

Xe(f) + e(t)

“””‘WHW\WH““””““\wm,,,,,”,,umﬂllH”WlmyuumlﬂWW||

(6)

| | ] | t

(c)

VSB is currently used in the United States for transmission of the video
signal in commercial television broadcasting. However, cxact shaping of the
vestigial sideband is not carried out at the transmitter, but at the receiver,
where signal levels are low. The filter in the transmitter simply bandlimits
the video signal, as shown in Figure 3.15(a). The video carrier frequency is
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3.1 Linear Modulation 159

denoted f,, and, as can be seen, the bandwidth of the video signal is approx-
imately 5.25 MHz. The spectrum of the audio signal is centered about the
audio carrier, which is 4.5 MHz above the video carrier. The modulation
method used for audio transmission is FM. When we study FM in the follow-
ing sections, you will understand the shape of the audio spectrum. Since the
spectrum centered on the audio carrier is a line spectrum in Figure 3.15(a),
a periodic audio signal is implied. This was done for clarity, and in practice
the audio signal will have a continuous spectrum. Figure 3.15(b) shows the
amplitude response of the receiver VSB filter.

Also shown in Figure 3.15(a), at a frequency 3.58 MHz above the video
carrier, is the color carrier. Quadrature multiplexing, which we shall study
in Section 3.6, is used with the color subcarrier so that two different signals
are transmitted with the color carrier. These two signals, commonly referred
to as the I-channel and Q-channel signals, carry luminance and chrominance
(color) information necessary to reconstruct the image at the receiver.

One problem faced by the designers of a system for the transmission of a
color TV signal was that the transmitted signal was required to be compatible

FIGURE 3.15 Transmitted spectrum and VSB filtering for television. (a)
Spectrum of transmitted signal. (b) VSB filter in receiver.
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160 Basic Modulation Techniques

with existing black-and-white television receivers. Such a consideration is a
significant constraint in the design process. A similar problem was faced by
the designers of stereophonic radio receivers. We shall study this system in
Section 3.6 and, since the audio system is simpler than a color TV system,
we can see how the compatibility problem was solved.

Switching Modulators

In all our previous developments, the carrier has been assumed to be sinu-
soidal. However, if the modulator is followed by a bandpass filter, any peri-
odic waveform can serve as a carrier. For example, if the carrier is periodic
with fundamental frequeney, fo» it can be represented by the Fourier series

oo
o) = ). e (3.71)

n=—00

Multiplying this carrier by the message signal m(t) yields
oo

m(e)c@) = Y Cm)e” 3.72)

n=—=00

From the frequency-translation theorem, the Fourier transform of m(t)c(t)
is
o]

Fm@e)e@] = Y. CM(f— nf) (3.73)

n=—00

which shows that the effect of multiplying m(t) by a periodic waveform is
to translate the spectrum of m(t) to a carrier frequency and all harmonics of
the carrier frequency. A DSB signal can be obtained from (3.73) using a
bandpass filter with center frequency f, and bandwidth 2W, where W is the
highest frequency present in the message signal.

Considerable simplification of the product device results if a squarewave
carrier, which varies between zero and unity, is used. When the carrier is
unity, the multiplier output is m(t), and when the carrier is zero, the mul-
tiplier output is zero. Thus the multiplier can be replaced by a switch that
opens and closes at the carrier frequency. Switching modulators are much
easier to implement than are analog product devices, especially at higher
frequencies. A switching modulator is illustrated in Figure 3.16(c), together
with appropriate spectra.

Switching modulators are often implemented using diode bridges. Two
examples are the shunt and series modulators illustrated in Figure 3.17. The
carrier waveform, having frequency f,, alternately short-circuits and open-
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FIGURE 3.16 Modulation using periodic carriers. (a) Modulation with a
periodic carrier. (b) Spectrum of multiplier output. (c) Switching modulator.
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circuits the diodes so that they operate as a switch. If DSB is to be generated,
care must be exercised to ensure that the diodes are matched, thereby bal-
ancing the carrier component. Also, the carrier amplitude must be large, so
that diode switching occurs properly.

The switching modulator is an example of the use of nonlinear elements
to impiernent linear modulation. Additional examples are presented in the
problems.

. Frequency Translation and Mixing

We have seen that multiplying a lowpass signal by a high-frequency periodic
signal translates the spectrum of the lowpass signal to all frequencies present
in the periodic signal. Quite often it is desirable to translate a bandpass signal
to a new center frequency. This process also can be accomplished by mul-
tiplication of the bandpass signal by a periodic signal and is called mixing or
converting. A block diagram of a mixer is given in Figure 3.18. As an example,
the bandpass signal m(t) cos w,¢ can be translated to a new carrier frequency
w, by multiplying it by a local oscillator signal of the form 2 cos (w, * w,)e.
By using appropriate trigonometric identities, we can easily show that the
result of the multiplication is

e(t) = m(t) cos wyt + m(t) cos 2w, T w,)e (3.74)

The undesired term is removed by filtering. The filter should have a band-
width at least 2W for the assumed DSB modulation, where W is the band-
width of m(t).

A common problem with mixers is that inputs of the form k(1) cos (w, *
2w,)t are also translated to w,, since
2k(t) cos [(w; t 2w,)e] cos [(w; £ w,)e]

= k(t) cos w,t + k() cos 2w, T 3w,)t (3.75)

FIGURE 3.18 Mixer
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FIGURE 3.19 Superheterodyne receiver
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In (3.75), all three signs must be plus or all three must be minus. The input
frequency w; * 2w,, which results in an output at w,, is referred to as an
image frequency of the desired frequency w;.

To realize that ii‘nage frequencies are a problem, consider the superhet-
erodyne receiver shown in Figure 3.19. The carrier frequency of the signal
to be demodulated is w,, and the intermediate-frequency (IF) filter is a band-
pass filter with center frequency wy. The superheterodyne receiver has good
sensitivity (the ability to detect weak signals) and selectivity (the ability to
separate closely spaced signals). This results because the IF filter, which pro-
vides most of the predetection filtering, need not be tunable. Thus it can be
a rather complex filter. Tuning of the receiver is accomplished by varying
the frequency of the local oscillator. The superheterodyne receiver of Figure
3.19 is the mixer of Figure 3.18 with w, = w; and Wy = w,. The mixer
translates the input frequency w, to the IF frequency wy. As shown previ-
ously, the image frequency w, = 2wy, where the sign depends on the choice
of local oscillator frequency, also will appear at the IF output. This means
that if we are attempting to receive a signal having carrier frequency w,, we
can also receive a signal at w, + 2wy if the local oscillator frequency is
w, + wp or a signal at w, —
w, — wyp. There is only one image frequency, and it is always separated from
the desired frequency by 2wj. Figure 3.20 shows the desired signal and
image signal for a local oscillator having the frequency

2wy if the local oscillator frequency is

W = @, + wp (3.76)
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FIGURE 3.20 lllustration of image frequency (high-side tuning)
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The image frequency can be eliminated by the radio-frequency (RF) filter.
A standard IF frequency for AM radio is 455 kHz. Thus the image frequency
is separated from the desired signal by almost 1 MHz. This shows that the
RF filter need not be narrowband. Furthermore, since the AM broadcast band
occupies the frequency range 540 kHz to 1.6 MHz, it is apparent that a
tunable RF filter is not required, provided that stations at the high end of
the band are not located geographically near stations at the low end of the
band. Some inexpensive receivers take advantage of this fact. Additionally,
if the RF filter is made tunable, it need be tunable only over a narrow range
of frequencies.

One decision to be made when designing a superheterodyne receiver is
whether the frequency of the local oscillator is to be below the frequency
of the input carrier (low-side tuning) or above the frequency of the input
carrier (high-side tuning). A simple example based on the standard AM broad-
cast band illustrates one major consideration. The standard AM broadcast
band extends from 540 kHz to 1600 kHz. For this example, let us choose
a common intermediate frequency, 455 kHz. As shown in Table 3.1, for
low-side tuning, the frequency of the local oscillator must be variable from
85 to 1600 kHz, which represents a frequency range in excess of 13 to 1.
If high-side tuning is used, the frequency of the local oscillator must be
variable from 995 to 2055 kHz, which represents a frequency range slightly
in excess of 2 to 1. Oscillators whose frequency must vary over a large ratio
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TABLE 3.1 Comparison of Low-Side and High-Side Tuning for AM
Broadcast Band with f\z = 455 kHz

Standard AM
broadcast band

Frequencies of 540 kHz — 455 kHz 1600 kHz — 455 kHz 134710 1
local oscillator = 85 kHz = 1145 kHz

for low-side

tuning

Frequencies of 540 kHz + 455 kHz 1600 kHz + 455 kHz 2.07to1
local oscillator = 995 kHz = 2055 kHz

for high-side

tuning

are much more difficult to implement than are those whose frequency varies
over a small ratio.

The relationship between the desired signal to be demodulated and the
image signal is summarized in Figure 3.21 for low-side and high-side tuning.
The desired signal to be demodulated has a carrier frequency of w, and the
image signal has a carrier frequency of w;

FIGURE 3.21 Relationship between w, and w; for (a) low-side tuning and (b)
high-side tuning
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3.2 ANGLE MODULATION

To generate angle modulation, the amplitude of the modulated carrier is
held constant and either the phase or the time derivative of the phase of the
carrier is varied linearly with the message signal m(t). Thus the general
angle-modulated signal is given by

x(t) = A cos [wt + ¢(t)] (3.77)

The instantaneous phase of x(t) is defined as
0i(t) = wrt + ¢(1) (3.78)

and the instantaneous frequency is defined as
w,(t) = dd_ﬁt, = w, + iff (3.79)

The functions ¢(t) and d¢p/dt are known as the phase deviation and frequency
deviation, respectively.

The two basic types of angle modulation are phase modulation (PM) and
frequency modulation (FM). Phase modulation implies that the phase deviation
of the carrier is proportional to the message signal. Thus, for phase
modulation,

#(e) = kym(e) (3.80)

where k, is the deviation constant in radians per unit of m(t). Similarly, frequency
modulation implies that the frequency deviation of the carrier is proportional
to the modulating signal. This yields

d
f = kfm(t) (3.81)
The phase deviation of a frequency-modulated carrier is given by
o) = kff m(e) da + ¢, (3.82)

o

in which ¢ is the phase deviation at t = t,. It follows from (3.81) that kis
the frequency-deviation constant, expressed in radians per second per unit
of m(t). Since it is often more convenient to measure frequency deviation in
hertz, we define

k = 2nf, (3.83)

where f; is known as the frequency-deviation constant of the modulator and is
expressed in hertz per unit of m(t).
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3.2 Angle Modulation 167

With these definitions, the phase modulator output is
x(t) = A, cos [wst + k,m(t)] (3.84)

and the frequency modulator output is

x(t) = A, cos [wct + 2=@f, f : m(c) da} (3.85)

The lower limit of the integral is typically not specified, since to do so would
require the inclusion of an initial condition as shown in (3.82).

Figures 3.22 and 3.23 illustrate the outputs of PM and FM modulators for
a step function and a sinusoidal message signal, respectively. With a unit-
step message signal, the instantaneous frequency of the PM modulator out-
put is f; for both ¢t << ¢, and t > t,. The phase of the unmodulated carrier
is advanced by k, = /2 radians for t > ¢, giving rise to a signal that is
discontinuous at t = t,. The frequency of the output of the FM modulator
is f, for t < t;5 and f, + f; for ¢ > t,. The modulator output phase is,
however, continuous at t = t;.

With a sinusoidal message signal, the phase deviation of the PM modulator
output is proportional to m(t). The frequency deviation is proportional to
the derivative of the phase deviation. Thus the instantaneous frequency of
the output of the PM modulator is maximum when the slope of m(¢) is max-
imum and minimum when the slope of m(t) is minimum. The frequency devi-
ation of the FM modulator output is proportional to m(t). Thus the
instantaneous frequency of the FM modulator ouput is maximum when m(t)
is maximum and minimum when m(t) is minimum. It should be noted that
if m(t) were not shown along with the modulator outputs, it would not be
possible to distinguish the PM and FM modulator outputs. In the following
sections we will devote considerable attention to the case in which m(t) is
sinusoidal.

Narrowband Angle Modulation

An angle-modulated carrier can be represented in exponential form by writ-
ing (3.77) as

x(t) = Re (4./°“*Y) (3.86)

where Re () implies that the real part of the argument is to be taken.
Expanding ¢/”” in a power series yields

i .
x(t) = Re [Acef"*‘ {1 + jo(t) — %%’—) — H (3.87)

184



168 Basic Modulation Techniques

If the maximum value of |@(¢)| is much less than unity, the modulated
carrier can be approximated as

x(t) = Re [Ae/“" + Ap(2)je’*]
Taking the real part yields
x(t) = A, cos wt — AP(t) sin w.t (3.88)

The form of (3.88) is reminiscent of AM. The modulator output contains
a carrier component and a term in which a function of m(¢) multiplies a 90°

FIGURE 3.22 Comparison of PM and FM modulator outputs for a unit-step
input. ga) Message signal. (b) Unmodulated carrier. (¢) Phase modulator ouput
(k, = o). (d) Frequency modulator output.

mit)

frequency = £, + 1,

(d}
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3.2 Angle Modulation 169

FIGURE 3.23 Angle modulation with sinusoidal message signal.
(a) Message signal m(t). (b) Unmodulated carrier A, cos 2rf.t. (¢) Output of
phase modulator with m(t). (d) Output of frequency modulator with m(t).

(a)

(d)

phase-shifted carrier. This multiplication generates a pair of sidebands. Thus,
if ¢(t) has a bandwidth W, the bandwidth of a narrowband angle modulator
output is 2W. It is important to note, however, that the carrier and the resul-
tant of the sidebands for narrowband angle modulation with sinusoidal mod-
ulation are in phase quadrature, whereas for AM they are not. This will be
illustrated in Example 3.4.
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170 Basic Modulation Techniques

FIGURE 3.24 Generation of narrowband angle modulation
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The generation of narrowband angle modulation is easily accomplished
using the method shown in Figure 3.24. The switch allows for the generation
of either narrowband FM or narrowband PM. We will show later that nar-
rowband angle modulation is useful for the generation of angle-modulated
signals that are not necessarily narrowband through a process called narrow-
band to wideband conversion.

V| EXAMPLE 34  Consider an FM system operating with
m(t) = A cos w,t (3.89)

From (3.82), with ¢, equal to zero,

g Ak A
P(t) = kff A cos wa da = ;fsin WLt = }L* sin w,t  (3.90)
0 m

m

so that

x.(t) = A, cos (w,t =1 % sin wmr) (3.91)

m

If fy/f,, < 1, the modulator output can be approximated as

A
x(t) = A, (cos @t — A sin Wt sin wmt) (3.92)

m
which is

4f.

A
x(t) = A_cos wt + Ec = [cos (w, + w,)t — cos (w, — w,)t] (3.93)

m
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3.2 Angle Modulation 171

Thus x(t) can be written as

x(t) = A, Re [ef"'ff‘ [1 - :fi (e Tnt — e_“"fm‘)]} (3.94)

It is interesting to compare this result with the equivalent result for an
AM signal. Since sinusoidal modulation is assumed, the AM signal can be

written as
x(t) = A(1 + a cos 2mf,t) cos 2mf ¢ (3.95)

where a is the modulation index. Combining the two cosine terms yields

x(t) = A, cos 27ft + Aja[eos 2w(f. + fu)t + cos 2w(f. — fn)t] (3.96)

This can be written in exponential form as
x(t) = A, Re [eﬂ"ﬂ‘ [1 - %a(e“”f"“ 4 e‘f"f"‘)” (3.97)

Comparing (3.94) and (3.97) illustrates the similarity between the two sig-
nals. The first,and mostimportant, differenceis the sign of the termat frequency
fo — fa» which represents the lower sideband. The other difference is that
the index a in the AM signal is replaced by f,/f,, in the narrowband FM signal.
We will see in the following section that f;/f,, determines the index for an
FM signal. Thus these two parameters are in a sense equivalent.

Additional insight is gained by sketching the phasor diagrams and the
amplitude and phase spectra for both signals. These are given in Figure 3.25.
The phasor diagrams are drawn using the carrier phase as a reference. The
difference between AM and narrowband angle modulation with a sinusoidal
message signal lies in the fact that the phasor resulting from the lower-
sideband (LSB) and upper-sideband (USB) phasors adds to the carrier for AM
but is in phase quadrature with the carrier for angle modulation. This dif-
ference results from the minus sign in the LSB component and is also clearly
seen in the phase spectra of the two signals. The amplitude spectra are
equivalent.

Spectrum of an Angle-Modulated Signal

The derivation of the spectrum of an angle-modulated signal is typically a
very difficult task. However, if the message signal is sinusoidal, the instan-
taneous phase deviation of the modulated carrier is sinusoidal for both FM
and PM, and the spectrum can be obtained with ease. Thus this is the case
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172 Basic Modulation Techniques

FIGURE 3.25 Comparison of AM and narrowband angle modulation.
(a) Phasor diagrams. (b) Single-sided amplitude spectra. (¢) Single-sided
phase spectra.
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we will consider. Even though we are restricting our attention to a very
special case, the results provide much insight into the frequency-domain
behavior of angle modulation.

In order to compute the spectrum of an angle-modulated signal with a
sinusoidal message signal, we assume that

B(t) = B sin w,t (3.98)

The parameter 3 is known as the modulation index and is the maximum value
of phase deviation for both FM and PM. The signal

x(t) = A_cos (wt + B sin w,t) (3.99)

can be expressed as
x(t) = A, Re (/P mnt) (3.100)
JBsine ¢

™ is periodic with frequency w,, and can therefore be
expanded in a Fourier series. The Fourier coefficients are given by

The function e

w wlw,

. 1 C—
Cm ejﬁsinwmte fnogt g — _f & J{nx—PBsinx) di {3101)
2T —xlw, 2T J —x

189



3.2 Angle Modulation 173

This integral cannot be evaluated in closed form. However, it has been well
tabulated. The integral is a function of n and B and is known as the Bessel
function of the first kind of order n and argument 8. It is denoted J,(6) and
is tabulated for several values of n and 8 in Table 3.2. The significance of
the underlining of various values in the table will be explained later.

Thus, with the aid of Bessel functions, the Fourier series for e/PHent can
be written as
ejﬁsinwmt s Z Jn(B)e]nwm: (3.102)
which allows the modulated carrier to be written as
o0
x(t) = A, Re lef“" > LB (3.103)
n=—00
Taking the real part yields
oo
x(0) =AY J,B) cos (@ + nw,)t (3.104)

n=-—0C

from which the spectrum of x.(¢) can be determined by inspection. The spec-
trum has components at the carrier frequency and has an infinite number of
sidebands separated from the carrier frequency by integer multiples of the
modulation frequency w,. The amplitude of each spectral component can
be determined from a table of values of the Bessel function. Such tables
typically give J,(8) only for positive values of n. However, from the definition
of J,(B), it can be determined that

J—.(B = 1.(8) (3.105)

for n even and

J—(8) = —J.(B) (3.106)

for n odd. The single-sided spectra of (3.104) are shown in Figure 3.26.
A useful relationship between values of J,(8) for various values of n is the
recursion formula

2n
8
Thus we can compute J,(8) from knowledge of J,(8) and J,_,(8). This

enables us to compute a table of values of the Bessel function, similar to

Table 3.2, up to any value of n from Jy(f) and J 1(B).

Jom1B) + 1,418 = — 1.8 (3.107)

190



TABLE 3.2 Table of Bessel Functions

n =005 =01 =02 =03 =05 =07 =10 =20 =30 =50 =70 =80 B=100

o

o~ O WM =

0999 0998 0990 0978 0938 0881 0765 0224
0025 0050 0100 0148 0242 0329 0440 0577
0001 0005 0011 0031 0059 0.115 0353

0.001 0003 0007 002 0129

0.001 0002 0034

0.007

0.001

—0.260
0.339
0486
0.309
0132
0083
0.011
0.003

—0.178
—0.328
0.047
0.365
0391
0.261
0131
00853
0.018

0.006
0.001

0.300
—0.005
—0.301
—0.168

0.158

0.348

0.339

0.234

0.128

0.058

0.024

0.008

0.003
0.001

0172
0.235
—0.113
—0.291
—0.105
0.186
0.338
0321
0.223
0.126
0,061
0.026
0.010
0.003
0.001

—0.246
0.043
0.255
0.058

—0.220

—0.234

—0.014
0.217
0318
0.292
0.207
0.123
0.063
0.029
0.012
0.005
0.002
0.001
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3.2 Angle Modulation 175

FIGURE 3.26 Spectra of an angle-modulated signal. (a) Single-sided
amplitude spectrum. (b) Single-sided phase spectrum.
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Figure 3.27 illustrates the behavior of the Fourier Bessel coefficients 1.3,
forn = 0, 1, 2, 4, and 6 with 0 = 3 = 9. Several interesting observations
can be made. First, for 8 < 1, it is clear that Jo(8) predominates, giving rise
to narrowband angle modulation. It also can be seen that J,(() oscillates for
increasing 3, but that the amplitude of oscillation decreases with increasing
B. Also of interest is the fact that the maximum value of J,(8) decreases with
increasing n.

As Figure 3.27 shows, J,(8) is equal to zero at several values of 8. Denot-
ing these values of 8 by 3,;, where k = 0, 1, 2, we have the results in Table
3.3. As an example, Jo(B) is zero for 8 equal to 2.4048, 5.5201, and 8.6537.
Of course, there are an infinite number of points at which J,(8) is zero for
any n, but consistent with Figure 3.27, only the values in the range 0 =< 8
= 9 are shown in Table 3.3. It follows that since J(f) is zero at 8 equal to
2.4048, 5.5201, and 8.6537, the spectrum of the modulator output will not
contain a component at the carrier frequency for these values of the mod-
ulation index. These points are referred to as carrier nulls. In a similar manner,
the components at f = f, 1 f, are zero if J,(0) is zero. The values of the
modulation index giving rise to this condition are 0, 3.8317, and 7.0156. It
should be obvious why only Jo(B) is nonzero at 8 = 0. If the modulation
index is zero, then either m(t) is zero or the deviation constant f; is zero. In
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FIGURE 3.27 J,(0) as a function of 8
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either case, the modulator output is the unmodulated carrier, which has

frequency components only at the carrier frequency.

In computing the spectrum of the modulator output, our starting point

was the assumption that

¢(tr) = B sin w,t

(3.108)

We did not specify the modulator type. The assumed ¢(t) could represent
the phase deviation of a PM modulator with m(¢) = A sin w_t and an index

8 = kA.
TABLE 3.3 Values of 8 for which J,(8) = 0 for

0=8=9

n 13no ﬂm ﬁnz
0 JulB) = 0 2.4048 5.5201 8.6537
1 JiB) =0 0.0000 3.8317 7.0156
2 L) =0 0.0000 5.1356 8.4172
4 JiB) =0 0.0000 7.5883 —

6 Jsl(B) = 0 0.0000 — -
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3.2 Angle Modulation 177

Alternatively, an FM modulator with m(t) = A cos w,t yields the assumed
@(t) with

B = 2Rl i (3.109)
W, I

Thus the modulation index for FM is a function of the modulation fre-
quency. This is not the case for PM. The behavior of the spectrum of an FM
signal is illustrated in Figure 3.28 as f, is decreased while holding Af; con-
stant. For large values of f,, the signal is narrowband FM, since only two
sidebands are significant. For small values of f,, many sidebands have signif-
icant value.

FIGURE 3.28 Amplitude spectrum of an FM signal as § is increased by
decreasing fp,
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178 Basic Modulation Techniques

Power in an Angle-Modulated Signal

The power in an angle-modulated signal is easily computed from (3.77).
Squaring (3.77) and taking the time-average value yields

(x2()) = A (cos’ [wt + P(2)]) (3.110)

which can be written as
(x2@) = 342 + 342 (cos 2w + ¢(1)]) (3.111)

If the carrier frequency is large so that x (¢) has negligible frequency content
in the region of dc, the second term in (3.111) is negligible and

(x2®) =34. (3.112)

Thus the power contained in the output of an angle modulator is indepen-
dent of the message signal. This is one important difference between angle
modulation and linear modulation.

Bandwidth of Angle-Modulated Signals

Strictly speaking, the bandwidth of an angle-modulated signal is infinite,
since angle modulation of a carrier results in the generation of an infinite
number of sidebands. However, it can be seen from the series expansion of
J,(8) (Appendix C, Table C.4) that for large n

~ 5
1.(8) = PO (8.113)
Thus, for fixed 3,
lim J,(8) = 0 (3.114)

This behavior can also be seen from the values of J,(8) given in Table 3.2.
Since the values of J,(8) become negligible for sufficiently large n, the
bandwidth of an angle-modulated signal can be defined by considering only
those terms that contain significant power. The power ratio, P, is defined as
the ratio of the power contained in the carrier (n = 0) component and the
k components each side of the carrier to the total power in x(t). Thus
£Z IS S ()

P = %Acz (3.115a)
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3.2 Angle Modulation 179

or simply

=
B=Jo® + 2 1.0 (3.115b)

n=1

Bandwidth for a particular application can be determined by defining an
acceptable power ratio, solving for the required value of k using a table of
Bessel functions, and then recognizing that the resulting bandwidth is

B = 2kf, (3.116)

The acceptable value of the power ratio is dictated by the particular appli-
cation of the system. Two power ratios are depicted in Table 3.2: P, = 0.7
and P, = 0.98. The value of n corresponding to k for P, = 0.7 is indicated
by a single underscore, and the value of n corresponding to k for P, = 0.98
is indicated by a double underscore. For P, = 0.98, it is noted that n is equal
to the integer part of 1 + B, so that

B= 28 + 1)f, (3.117)

The preceding expression assumes sinusoidal modulation, since the mod-
ulation index  is defined only for sinusoidal modulation. For arbitrary m(t),
a generally accepted expression for bandwidth results if the deviation ratio
D is defined as

_ peak frec_[uency deviation
bandwidth of m(t)

(3.118)
which is
D= ‘%r[max |m(t)]] (3.119)

The deviation ratio plays the same role for nonsinusoidal modulation as the
modulation index plays for sinusoidal systems. Replacing 8 by D and replac-
ing f,, by Win (3.117), we obtain

B=20D+ )W (3.120)

This expression for bandwidth is generally referred to as Carson’s rule. If
D < 1, the bandwidth is approximately 2W, and the signal is known as a
narrowband angle-modulated signal. Conversely, if D > 1, the bandwidth is
approximately 2DW = 2fj[max | m(¢)|], which is twice the peak frequency
deviation. Such a signal is known as a wideband angle-modulated signal.
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180 Basic Modulation Techniques

EXAMPLE 3.5 In this example we consider an FM modulator with output
x(t) = 100 cos [2w(1000)t + (1)) (3.121)

The modulator operates with f; = 8 and has the input message signal
m(d) = 5 cos 2m(8)t (3.122)

The modulator is followed by a bandpass filter with a center frequency of
1000 Hz and a bandwidth of 56 Hz, as shown in Figure 3.29(a). Our problem
is to determine the power at the filter output.

FIGURE 3.29 System and spectra for Example 3.5. (a) FM system.
(b) Single-sided spectrum of modulator output. (¢) Amplitude response of
bandpass filter.

FM Barﬁdpass
I
m(t) = 5 cos 2n(g)t | Modulater x{t) Center Output
2 f. = 1000 frequency = —>
f o 1000
d Bandwidth = 56
(a)
3?.,1 3?.5 36'.5 3'9',1
32.8 328
i 26.1 26.1
=
2
= 17.8
E 1341 1341
I 41? 417
]-——r
o 9O w o [+2] w0 =X o (=] -]
8 BER S22 238138
(b)
§
¢
@
B 1
& : f
972 1000 1028
(c)

197



3.2 Angle Modulation 181

SOLUTION  The peak deviation is 5f; or 40 Hz, and f,, = 8 Hz. Thus the
modulation index is

=L =5 (3.123)

This yields the single-sided amplitude spectrum shown in Figure 3.29(b).

Figure 3.31(c) shows the passband of the bandpass filter. The filter passes
the component at the carrier frequency and three components on each side
of the carrier. Thus the power ratio is

P, = Jo(5) + 2U,°(5) + J5°(5) + J5'(5)] (3.124)
which is
P, = (0.178)" + 2[(0.328)" + (0.047)* + (0.365)°]  (3.125)
This yields
P, = 0.518 (3.126)
The power at the output of the modulator is
x. = 142 = 1(100)* = 5000 W (3.127)

The power at the filter output is the power of the modulator output mul-
tiplied by the power ratio. Thus the power at the filter output is

Px’ = 2589 W (3.128)

EXAMPLE 3.6 In the development of the spectrum of an angle-modu-
lated signal, it was assumed that the message signal was a single sinusoid.
We now consider a somewhat more general problem in which the message
signal is the sum of two sinusoids. Let the message signal be

m(t) = A cos w;t + B cos w,t (3.129)
For FM modulation the phase deviation is therefore given by
¢(t) = B, sin w;t + B, sin w,t (8.130)

where B, = Af)/f; and 8, = Bf)/f,. The modulator output for this case
becomes

x(t) = A, cos (wt + B, sin w;t + B, sin w,t) (8.131)

which can be expressed

x{(t) = A‘Re{efwd e;‘ﬁlslnw]: ejﬁzsinwn} (3.132)
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Using (3.102) we can write

eﬁe:sinwn = Z jn(ﬁl)efnmr (31333]
and
eiﬂ:sinmzt _— Z Jm(ﬁz)e{mmz: (31 33b)

The modulator output can therefore be written

o0

x(0) = Acne[e""" D LB D Jm(ﬁz)e"““”‘] (3.134)

n=—00 m=—00

which, upon taking the real part, can be expressed

(O =4 Y D LBYaB) cos @ + nw, + mw)e (3.135)

n=—00m=—0C0

Examination of the signal x(t) shows that it not only contains frequency
components at @, + nw, and w, + mw,, but contains frequency components
at w, + nw; + mw, for all combinations of n and m. Therefore, the spec-
trum of the modulator output due to a message signal consisting of the sum
of two sinusoids contains additional components over the spectrum formed
by the superposition of the two spectra resulting from the individual mes-
sage components. This example therefore illustrates the nonlinear nature of
angle modulation. The spectrum resulting from a message signal consisting
of the sum of two sinusoids is shown in Figure 3.30 for the case in which

B, = B,and f;, = 12f.

FIGURE 3.30 Aplitude spectrum for (3.135) with 8y = 8, = 2 and f, = 12f,.
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3.2 Angle Modulation 183

FIGURE 3.31 Frequency modulation utilizing narrowband-to-wideband
conversion
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Narrowband-to-Wideband Conversion

One technique for generating wideband FM is illustrated in Figure 3.31. The
carrier frequency of the narrowband frequency modulator is f.;, and the
peak frequency deviation is f;;. The frequency multiplier multiplies the
argument of the input sinusoid by n. In other words, if the input of a fre-
quency multiplier is

x(t) = A, cos [wot + @(1)] (3.136)
the output of the frequency multiplier is
y(t) = A, cos [nwot + ng(t)] (3.137)
Assuming that the output of the local oscillator is
eroft) = 2 cos wyt (3.138)
results in

e(t) = A, cos [(nwy + wo)t + ne(t)]
+ A, cos [(nwg — wio)t + nd(t)] (3.139)

for the multiplier output. This signal is then filtered, using a bandpass filter
having center frequency w,, given by

w, = nwy, + W or W, = nwy, — Wi
This yields the output
x(t) = A, cos [wt + np(t)] (3.140)
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The bandwidth of the bandpass filter is chosen in order to pass the desired
term in (3.139). One can use Carson’s rule to determine the bandwidth of
the bandpass filter if the transmitted signal is to contain 98% of the power
in x.(t).

The central idea in narrowband-to-wideband conversion is that the fre-
quency multiplier changes both the carrier frequency and the deviation ratio
by a factor of n, whereas the mixer changes the effective carrier frequency
but does not affect the deviation ratio.

This technique of implementing wideband frequency modulation is
known as indirect frequency modulation.

EXAMPLE 3.7 A narrowband-to-wideband converter is implemented as
shown in Figure 3.31. The output of the narrowband frequency modulator
is given by (3.136) with w, given by 2 (100,000). The peak frequency devi-
ation of ¢( ¢ ) is 50 Hz and the bandwidth of ¢(t) is 500 Hz. The wideband
output x( t ) is to have a carrier frequency of 85 MHz and a deviation ratio
of 5. Determine the frequency multiplier factor, n. Also determine two pos-
sible local oscillator frequencies. Finally, determine the center frequency

and the bandwidth of the bandpass filter.

SOLUTION  The deviation ratio at the output of the narrowband modula-
tor is

D=2 =— =01 3.141)

n=—2=—=50 (3.142)

Thus, the carrier frequency at the output of the narrowband modulator is
nf,, = 50(100,000) = 5 MHz (3.143)
The two permissible frequencies for the local oscillator are
85 + 5 = 90 MHz (3.144a)
and
85 — 5 = 80 MHz (3.144b)

The center frequency of the bandpass filter must be equal to the desired
carrier frequency of the wideband output. Thus the center frequency of
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3.2 Angle Modulation 185

bandpass filter is 85 MHz. The bandwidth of the bandpass filter is established
using Carson’s rule. From (3.120) we have

B= 2D+ 1) W= 2(5 + 1)(500) (3.1453)
Thus
B = 6,000 Hz (3.145b)

Demodulation of Angle-Modulated Signals

The demodulation of an FM signal requires a circuit that yields an output
proportional to the frequency deviation of the input. Such circuits are
known as discriminators. If the input to an ideal discriminator is the angle-

modulated signal
x(t) = A, cos [wt + ¢(1)] (3.146)

the output of the ideal discriminator is

ol 49
yolt) = o K, i (3.147)
For FM, ¢(t) is given by
@(t) = wadf m(a) da (3.148)
so that (3.147) becomes
yp(t) = Kp fym(t) (3.149)

The constant K;, is known as the discriminator constant and has units of volts
per hertz. Since an ideal discriminator yields an output signal proportional
to the frequency deviation from a carrier, it has a linear frequency-to-volt-
age transfer function, which passes through zero at f = f. This is illustrated
in Figure 3.32.

FIGURE 3.32 Ideal discriminator characteristic
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186 Basic Modulation Techniques

The system characterized by Figure 3.32 also can be used to demodulate
PM signals. Since ¢(z) is proportional to m(t) for PM, yy(t) given by (3.147)
is proportional to the time derivative of m(t) for PM inputs. Integration of
the discriminator output yields a signal proportional to m(t). Thus a demod-
ulator for PM can be implemented as an FM discriminator followed by an
integrator, We define the output of a PM discriminator as

Jo(t) = Kpkm(t) (3.150)

It will be clear from the text whether yj(t) and K, refer to an FM or a PM
system. L

An approximation to the characteristic illustrated in Figure 3.32 can be
obtained by the use of a differentiator followed by an envelope detector, as
shown in Figure 3.33. If the input to the differentiator is

x(t) = A, cos [wt + ¢(t)] (8.151)
the output of the differentiator is
d¢
e(t) = —A | o, + T sin [we + ¢(t)] (3.152)
t
This is exactly the same form as an AM signal, except for the phase deviation

¢(t). Thus, after differentiation, envelope detection can be used to recover
the message signal. The envelope of e(t) is

d
y(t) = A, (wc + —d’) (3.153)
dt
and is always positive if
d
w, > — 40 yall ¢
dt

which is certainly the typical case. With this assumption, the output of the
envelope detector is

yp(t) = Ac% = 2wA_f,; m(t) (3.154)

FIGURE 3.33 FM discriminator
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FIGURE 3.34 FM discriminator with bandpass limiter
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assuming that the dc term, 4,w,, is removed. Comparing (3.154) and (3.149)
shows that the discriminator constant for this discriminator is

K, = 27A, (3.155)

We will see later that interference and channel noise perturb the amplitude
A, of x(t). In order to ensure that the amplitude at the input to the differ-
entiator is constant, a limiter is placed before the differentiator. The output
of the limiter is a signal of squarewave type, which is K sgn [x,(t)]. A bandpass
filter having center frequency w, is then placed after the limiter to convert
the signal back to the sinusoidal form required by the differentiator to yield
the response defined by (3.152). The cascade combination of a limiter and
a bandpass filter is known as a bandpass limiter. The complete discriminator
is illustrated in Figure 3.34.

The process of differentiation can often be realized using a time-delay
implementation, as shown in Figure 3.35. The signal e(t), which is the input
to the envelope detector, is given by

e(t) = x,(t) — x,(¢ — 7) (3.156)

which can be written

) _ %0 — x(t =7

(3.157)
T T
Since, by definition,
— x(t — d
i = e pp, MBS (3.158)
—0 T 70 T dt
it follows that for small 7,
dx,(t)
ety = 17— (3.159)
de
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FIGURE 3.35 Discriminator implementation using delay and envelope
detection
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This is, except for the constant factor 7, identical to the envelope detector
input shown in Figure 3.33 and defined by (3.152). The resulting discrimi-
nator constant Kp, is 2wAT.

There are many other techniques that can be used to implement a dis-
criminator. In Section 3.4 we will examine the phase-lock loop, which is an
especially attractive implementation.

EXAMPLE 3.8  Consider the simple RC network shown in Figure 3.36(a).
The transfer function is

B el o ATEPRC (3.160)
1 1 + j2@fRC '

j2mfC

The amplitude response is shown in Figure 3.36(b). If all frequéncies present
in the input are low, so that

1
L,
f 2wRC

the transfer function can be approximated by
H(f) = j2mfRC . (3.161)

Thus, for small f, the RC network has the linear amplitude-frequency char-
acteristic required of an ideal discriminator.
Equation (3.161) illustrates that for small f, the RC filter acts as a differ-
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3.2 Angle Modulation 189

entiator with gain RC. Thus, the RC network can be used in place of the
differentiator in Figure 3.34 to yield a discriminator with

Kp = 2wARC (3.162)

Example 3.8 illustrates the essential components of a frequency discrim-
inator, a circuit that has an amplitude response linear with frequency and an
envelope detector. However, a highpass filter does not in general yield a
practical implementation. This can be seen from the expression for Kp.
Clearly the 3-dB frequency of the filter, 1/2wRC, must exceed the carrier
frequency f.. In commercial FM broadcasting, the carrier frequency at the
discriminator input, i.e., the IF frequency, is on the order of 10 MHz. As a
result, the discriminator constant K, is very small indeed.

A solution to the problem of a very small Kj, is to use a bandpass filter,
as illustrated in Figure 3.37. But, as shown in Figure 3.37(a), the region of
linear operation is often unacceptably small. In addition, use of a bandpass
filter results in a dc bias on the discriminator output. This dc bias could of

FIGURE 3.36 Implementation of a simple discriminator. (a) RC network. (b)
Transfer function. (c) Simple discriminator.
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FIGURE 3.37 Derivation of balanced discriminator. (a) Bandpass filter. (b)
Stagger-tuned bandpass filters. (c) Amplitude response H(f) of balanced
discriminator. (d) Balanced discriminator.
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3.3. Interference 191

course be removed by a blocking capacitor, but the blocking capacitor would
negate an inherent advantage of FM—namely, that FM has dc response. One
can solve these problems by using two filters with staggered center frequen-
cies fi and f;, as shown in Figure 3.37(b). The magnitudes of the envelope
detector outputs following the two filters are proportional to | H,(f)| and
| Hy(f)|. Subtracting these two outputs yields the overall characteristic

H(f) = |H(f)] — |Hof)] (3.163)

as shown in Figure 3.37(c). The combination is linear over a wider frequency
range than would be the case for either filter used alone, and it is clearly
possible to make H( f)) = 0.

There are several techniques that can be used to combine the outputs of
two envelope detectors. A differential amplifier can be used, for example.
Another alternative, using a strictly passive circuit, is shown in Figure
3.37(d). A center-tapped transformer supplies the input signal x(t) to the
inputs of the two bandpass filters. The center frequencies of the two band-
pass filters are given by

fi= 2w VLG

for i = 1, 2. The envelope detectors are formed by the diodes and the
resistor-capacitor combinations R,C,. The output of the upper envelope
detector is proportional to |H,(f)|, and the output of the lower enve-
lope detector is proportional to | H,(f)|. The output of the upper envelope
detector is the positive portion of its input envelope, and the output of the
lower envelope detector is the negative portion of its input envelope. Thus
¥olt) is proportional to |H(f)| — |H,(f)|. This system is known as a bal-
anced discriminator because the response to the undeviated carrier is balanced
so that the net response is zero.

(3.164)

3.3 INTERFERENCE

We now consider the effect of interference in communication systems. In
real-world systems interference occurs from various sources, such as radio-
frequency emissions from transmitters having carrier frequencies close to
that of the carrier being demodulated. We also study interference because
the analysis of systems in the presence of interference provides us with
important insights into the behavior of systems operating in the presence of
noise, which is the topic of Chapter 6. In this section we consider both linear
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192 Basic Modulation Techniques

modulation and angle modulation. It is important to understand the very
different manner in which these two systems behave in the presence of
interference.

Interference in Linear Modulation

As a simple case of linear modulation in the presence of interference, we
consider the received signal having the spectrum (single-sided) shown in Fig-
ure 3.38. The received signal consists of three components: a carrier com-
ponent, a pair of sidebands representing a sinusoidal message signal and an
undesired interfering tone of frequency f. + f. The input to the demodu-
lator is therefore

x(t) = A, cos wt + 4; cos (w, + w)t + A, cos w,tcos wt (3.165)

Multiplying x(t) by 2 cos wt and lowpass-filtering (coherent demodulation)
yields ]

yp(t) = A, cos w,t + 4 cos wit (3.166)

where we have assumed that the interference component is passed by the
filter and that the dc term resulting from the carrier is blocked. From this
simple example we see that the signal and interference are additive at the
receiver output if the interference is additive at the receiver input. This
result was obtained because the coherent demodulator operates as a linear
demodulator.

The effect of interference with envelope detection is quite different
because of the nonlinear nature of the envelope detector. The analysis with
envelope detection is much more difficult than the coherent demodulation
case. Some insight can be gained by writing x.(t) in a form that leads to the
phasor diagram. In order to develop the phasor diagram we write (3.165) in
the form

x(t) = Re[Ad + A" + 34,0 + 34,4 7“"] (3.167)

FIGURE 3.38 Assumed received-signal spectrum
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3.3. Interference 193

FIGURE 3.39 Phasor diagrams illustrating interference. (a) Phasor diagram
without interference. (b) Phasor diagram with interference.

(a)

which also can be written as
x(t) = Re {¢/*[4, + A" + 34,6/ + 34,¢77°))  (3.168)

The phasor diagram is constructed with respect to the carrier by taking the
carrier frequency as equal to zero. The phasor diagrams are illustrated in
Figure 3.39, both with and without interference. The output of an ideal
envelope detector is R(t) in both cases. The phasor diagrams illustrate that
interference induces both an amplitude distortion and a phase deviation.

The effect of interference with envelope detection is determined by writ-
ing (3.165) as

x(t) = A, cos wt + A, cos w,t cos Wt
+ AJcos w.t cos wit — sin .t sin w;t] (3.169)

which is
x,(t) = [A. + A, cos w,t + A; cos wit] cos wt — A, sin wit sin wt (3.170)

If A, > A;, which is the usual case of interest, thé second term in (3.170) is
negligible compared to the first term. For this case, the output of the enve-
lope detector is

Jp(t) = A, cos w,t + A4 cos wit (3.171)
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194 Basic Modulation Techniques

assuming that the dc term is blocked. Thus, for the small interference case,
envelope detection and coherent demodulation are essentially equivalent.

If A, € 4,, the assumption cannot be made that the second term of (3.170)
is negligible, and the output is significantly different. To show this, (3.165)
is rewritten as

x(t) = A, cos (w, + w; — w)t + 4; cos (w, + w)t
+ A, cos w,t cos (W, + w; — w)t (8.172)

which, when we use appropriate trigonometric identities, becomes

x,(t) = Afcos (w, + w)t cos w;t + sin (w, + w)t sin w;t]
+ A/ cos (w, + w)t + A, cos w t[cos (w, + w)t cos w;t
+ sin (w, + w)t sin w;t] (3.173)

Equation (3.173) can also be written as

x(t) = [A, + A, cos wit + A, cos w,t cos wit] cos (w, + w)e

+ [A, sin w;t + A, cos w,t sin wit] sin (@, + W)t (3.174)

If A, > A, the second term in (3.174) is negligible with respect to the first
term. It follows that the envelope detector output is approximated by

yp(t) = A, cos wit + A, cos w,t cos wit (3.175)

At this point, several observations are in order. In envelope detectors, the
largest high-frequency component is treated as the carrier. If 4, > A, the
effective demodulation carrier has a frequency w,, whereas if 4, > A,
the effective carrier frequency becomes the interference frequency w, + w,

The spectra of the envelope detector output are illustrated in Figure 3.40
for A, >4, and for A, <A, For A.>>4, the interfering tone simply appears as a
sinusoidal component, having frequency f,, at the output of the envelope
detector. This illustrates that for A >4, the envelope detector performs as
a linear demodulator. The situation is much different for 4. <4, as can be
seen from (3.175) and Figure 3.40(b). For this case we see that the sinusoidal
message signal, having frequency f,, modulates the interference tone. The
output of the envelope detector has a spectrum that reminds us of the spec-
trum of an AM signal with carrier frequency f] and sideband components at
fi + fn and fj — f. The message signal is effectively lost. This degradation
of the desired signal is called the threshold effect and is a consequence of the
nonlinear nature of the envelope detector. We shall study the threshold
effort in detail in Chapter 6 when we investigate the effect of noise in analog
systems.
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FIGURE 3.40 Envelope detector output spectra. (a) A, > A, (b) A, < A,
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Interference in Angle Modulation

We now consider the effect of interference in angle modulation. We will
see that the effect of interference in angle modulation is quite different from
what was observed in linear modulation. Furthermore, we will see that the
effect of interference in an FM system can be reduced by placing a lowpass
filter at the discriminator output. We will consider this problem in consid-
erable detail since the results will provide significant insight into the behav-
ior of FM discriminators operating in the presence of noise.

Assume that the input to a PM or FM ideal discriminator is an unmodu-
lated carrier plus an interfering tone at frequency w, + w;. Thus the input
to the discriminator is assumed to have the form

x{t) = A, cos wt + A4 cos (w, + w)t (3.176)
which can be written as
x{t) = A_cos wt + A; cos wt cos wt — 4, sin @, sin wsr  (3.177)

Using Equations (3.50) through (3.54), the preceding expression can be writ-
ten as

x(t) = R(t) cos [wet + Y(1)] (3.178)

where

R(t) = V(A + 4; cos wp)’ + (4 sin wp)* (3.179)
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and
- A; sin w;r
Y(t) = tan” ' m (3.180)
If A, > A;, Equations (3.179) and (3.180) can be approximated
R(t) = A, + A cos wit (3.181)
and
W) = % sin w;t (3.182)

C

Thus (3.178) is
4 4
x(e) = Al 1 + Ic cos wit | cos | wz + i w;t (3.183)
Since the instantaneous phase deviation Y/(¢) is given by

Yt) = % sin w;t (3.184)

C

the ideal discriminator output for PM is

A
yolt) = K,,;‘ sin w;t (3.185)
and for FM is
o L d4
yolt) = — Ky — sin w;t
2w CdeA (3.186)

= Kp i‘i fi cos wit

For both cases, the discriminator output is a sinusoid of frequency f. The
amplitude of the discriminator output, however, is proportional to the fre-
quency f; for the FM case. It can be seen that for small f;, the interfering
tone has less effect on the FM system than on the PM system and that the
opposite is true for large values of f. Values of f; > W, the bandwidth of
m(r), are of little interest, since they can be removed by a lowpass filter
following the discriminator.

For larger values of 4, the assumption that 4;<<A, cannot be made and
(3.186) no longer can describe the discriminator output. If the condition
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3.3. Interference 197

A; <A, does not hold, the discriminator is not operating above threshold and
the analysis becomes much more difficult. Some insight into this case can be
obtained from the phasor diagram, which is obtained by writing (3.176) in
the form

x(t) = Ref[4, + 4, &} ) (3.187)

The term in square brackets defines the phasor. The phasor diagram is shown
in Figure 3.41(a). The carrier phase is taken as the reference and the inter-
ference phase is

0t) = wt (3.188)

Approximations to the phase of the resultant Y(t) can be determined using
the phasor diagram.

From Figure 3.41(b) we see that the magnitude of the discriminator out-
put will be small when ﬂ(t) is near zero. This results because for f(t) near
zero, a given change in d(t) will result in a much smaller change in Y(t).
Using the relationship between arc length, s; angle, 6, and radius, r, which
is s = fr, we obtain

s =004, = @A + A)Y@), 00 =0 (3.189)

Solving for Y(t) yields

Al
Y(r) = i wit (3.190)

(3

FIGURE 3.41 Phasor diagram for carrier plus single-tone interference. (a)
Phasor diagram for general 4(f). (b) Phasor diagram for 6(f) = 0. (c) Phasor
diagram for §(f) = = and A; < A, (d) Phasor diagram for §(f) =~ = and A = A.
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Since the discriminator output is defined by

Kp dy

D
=22 191
Iolt 55 i (3.191)
we have
Ai i~
yot) = Kp ) o b(r) = 0 (3.192)

This is a positive quantity for f; >0 and a negative quantity for f; <O.

If 4, is slightly less than 4, denoted 4, < A, and 6(t) is near 7, a small
positive change in (t) will result in a large negative change in Y(t). The
result will be a negative spike appearing at the discriminator output. From
Figure 3.41(c) we can write

s = Afm — 0(t) = (A, — AW, by == (3.193)
which can be expressed
- Alr — wy)
W) = *—A‘ =g (3.194)

Using (3.191) we see that the discriminator output is

Al
Tolt) & — Kp fii b= (3.195)
A: == Ai
This is a negative quantity for f; > 0 and a positive quantity for f; << 0.

If 4, is slightly greater than 4,, denoted 4; 2 4., and 0(t) is near 7, a small
positive change in 0(¢) will result in a large positive change in Y(t). The result
will be a positive spike appearing at the discriminator output. From Figure
3.41(d) we can write

s = Al — 0] = Ui — 4w — Y@)), 6=~  (3.19)

Solving for Y(t) and differentiating gives the discriminator output

yolt) = Kp 1 f 2 fi (3.197)
Note that this is a positive quantity for f; > 0 and a negative quantity for
fi<o.

The phase deviation and discriminator output waveforms are shown in
Figure 3.42 for 4, = 0.14, 4, = 0.94, and 4, = 1.14,. Figure 3.42(a) illus-
trates that for small A, the phase deviation and the discriminator output are
nearly sinusoidal as predicted by the results of the small interference analysis
given in (3.184) and (3.185). For 4, = 0.94,, we see that we have a negative
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FIGURE 3.42 Phase deviation and discriminator outputs due to
interference. (a) Phase deviation and discriminator output for A; = 0.2A.. (b)
Phase deviation and discriminator output for A = 0.9A,. (c) Phase deviation
and discriminator output for A = 1.1A,.

0.15 0.15
wn o Yolt) 0\\/ /
_0"50 0.5 1 - 0.5 1
t t
(a)
g 5
SN
5 )
(t) 0 Yolt)
\ -5
X
1 =
20 t 1 "‘"o t 1
(b)
3 12
8
w(t) 0 Yolt) 4 f \
0
29 t 1 o t 1

(c)

spike at the discriminator output as predicted by (3.195). For 4. = 1.14,
we have a positive spike at the discriminator output as predicted by (3.197).
Note that for 4, > A, the origin of the phasor diagram is encircled as 6(t)

goes from O to 2. In other words Y/(t) goes from 0 to 27 as (t) goes from
0 to 2. The origin is not encircled if A; << A. Thus the integral

dy 2w, A, > A,

— |dt =

de | 0,

P (3.198)
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where T is the time required for 6(t) to go from B(t) = 0 to B(t) = 27. In
other words T = 27/w,. Thus the area under the discriminator output curve
is O for parts (a) and (b) of Figure 3.42 and 27K}, for the discriminator output
curve in Figure 3.42(c).

The origin encirclement phenomenon will be revisited in Chapters 5 and
6. An understanding of the results presented here will prove beneficial when
we examine noise effects in FM demodulation.

For operation above threshold 4, < 4,, the severe effect of interference
on FM for large f; can be reduced by placing a filter, called a deemphasis filter,
at the FM discriminator output. This filter is typically a simple RC lowpass
filter with a 3-dB frequency considerably less than the modulation band-
width W. The deemphasis filter effectively reduces the interference for large
fi» as shown in Figure 3.43. For large frequencies, the magnitude of the trans-
fer function of a first-order filter is approximately 1/f. Since the amplitude
of the interference increases linearly with f; for FM, the output is constant
for large f, as shown in Figure 3.43.

Since f; << W, the deempbhasis filter distorts the message signal in addition
to combating interference. The distortion can be avoided by passing the mes-
sage through a preemphasis filter that has a transfer function equal to the
reciprocal of the transfer function of the deemphasis filter. Since the trans-
fer function of the cascade combination of the preemphasis and deemphasis
filters is unity, there is no detrimental effect on the modulation. This yields
the system shown in Figure 3.44.

FIGURE 3.43 Amplitude of discriminator output due to interference
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FIGURE 3.44 FM system with preemphasis and deemphasis
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The improvement offered by the use of preemphasis and deemphasis is
not gained without a price. The preempbhasis filter amplifies the high-fre-
quency components, and this results in increased deviation. The end result
is an increase in bandwidth. However, many signals of practical interest have
little power in the higher-frequency components, so the increased deviation
resulting from the use of preemphasis is negligible. We shall see in Chapter
6, when noise is studied, that the use of preemphasis and deemphasis often
provides sufficient improvement to be definitely worth the price.

3.4 FEEDBACK DEMODULATORS

We have already studied the technique of FM to AM conversion for demod-
ulating an angle-modulated signal. We shall see in Chapter 6 that improved
performance in the presence of noise can be gained by utilizing a feedback
demodulator. In this section we examine the basic operation of several types
of feedback demodulators. Such systems are widely used in today’s com-
munication systems not only because of their superior performance but also
because of their ease of implementation using inexpensive integrated cir-
cuits. The phase-lock loop is the basic building block.

Phase-Lock Loops for FM Demodulation
A block diagram of a phase-lock loop (PLL) is shown in Figure 3.45. Such a

system generally contains four basic elements:

1. A phase detector

2. A loop filter

3. A loop amplifier

4. A voltage-controlled oscillator (VCO)

In order to understand the operation of a PLL, assume that the input signal
is given by

x,(t) = A, cos [wz + ¢(t)] (3.199)
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FIGURE 3.45 Phase-lock loop
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and that the VCO output signal is given by
eo(t) = A, sin [wet + 6(1)] (3.200)

There are many different types of phase detectors, all having different oper-
ating properties. For our application, we assume that the phase detector is
a multiplier followed by a lowpass filter to remove the second harmonic of
the carrier. We also assume that an inverter is present to remove the minus
sign resulting from the multiplication. With these assumptions, the output
of the phase detector becomes

es(t) = 34.A K, sin [(t) — 0(c)] (3.201)

where K, is the constant associated with the multiplier in the phase detector.

The output of the phase detector is filtered, amplified, and applied to the
VCO. A VCO is essentially a frequency modulator, the frequency deviation
of the output, di|/dt, being proportional to the input signal. In other words,

db

E = K, (t) rad/s (3.202)
which yields

0(t) = K, f e, (@) do (3.203)

The parameter K, is known as the VCO constant and is measured in radians
per second per unit of input.

Since the output of the phase detector is determined by the phase devi-
ation of the PLL input and VCO output, we can model a PLL without regard
to the carrier frequency w,. Such a model is shown in Figure 3.46. This
model is known as the nonlinear model because of the sinusoidal nonlinearity
in the phase detector. When the PLL is operating in lock, the VCO phase 6(t)
is a good estimate of the input-phase deviation ¢(t). For this mode of oper-
ation, the phase error ¢(t) — 6(t) is small, and

sin [p(2) — ()] = p(c) — 0(p) (3.204)
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FIGURE 3.46 Nonlinear PLL model
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Thus, if the phase error is small, the sinusoidal nonlinearity can be neglected
and the PLL becomes a linear feedback control system, which is easily ana-
lyzed. The linear model that results is illustrated in Figure 3. 47 While both
the nonlinear and linear models involve #(t) and ¢(¢) rather than x,(t) and
eo(t), knowledge of 6(t) and ¢(¢) fully determines x.(¢) and eg(t), as can be
seen from (3.199) and (3.200).

If O(t) = ¢(t), it follows that

) _ 4o

= 3.205
dt dt ( )

and the VCO frequency deviation is a good estimate of the input frequency
deviation. For an FM system, the input frequency deviation is proportional

FIGURE 3.47 Linear PLL model
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204 Basic Modulation Techniques

to the message signal m(t). Since the VCO frequency deviation is propor-
tional to the VCO input e,(t), it follows that e(t) is proportional to m(t) if
(3.205) is satisfied. Thus e,(t) is the demodulated output for FM systems.

We will now show that the phase error signal tends to drive the PLL into
lock. In order to simplify the analysis, we assume that the loop filter is
replaced by a short circuit. For this case,

e,(t) = 3uA, A,K, sin [¢(r) — 0(c)] (3.208)
which yields

0(r) = K, f sin [p(e) — O(a)] dax (3.207)
where K, is the total effective loop gain, which is
K, = 4 AKK, (3.208)

The expression for 0(t) can be differentiated to yield

dé
% = K, sin [¢(t) — 0(¢)] (3.209)
Assume that the input to the FM modulator is a unit step so that the fre-

quency deviation d¢/dt is a unit step of magnitude Aw. Let the phase error
@(t) — 0(t) be denoted Y(t). This yields

b d¢ d d
_=_?i_i’_Aw_d_‘f=K,sin¢(t), £=0 (3.210)

dt dt dt

or
-‘gﬁ + K, sin Y(t) = Aw 3.211)

This equation is sketched in Figure 3.48. It relates the frequency error and
the phase error.

A plot of the derivative of a function versus the function is known as a
phase-plane plot and tells us much about the operation of a nonlinear system.
The PLL must operate with a phase error Y¥(t) and a frequency error dy/dt
that are consistent with (3.211). To demonstrate that the PLL achieves lock,
assume that it is operating with zero phase and frequency errors prior to the
application of the frequency step. When the step in frequency is applied,
the frequency error becomes Aw. This establishes the initial operating point,
point B in Figure 3.46, assuming Aw > 0. In order to determine the trajec-
tory of the operating point, we need only recognize that since dt, a time
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FIGURE 3.48 Phase-plane plot
dy/dt

~__— ’

A

Aw—K f———=

increment, is always a positive quantity, dy must be positive if dy/dt is pos-
itive. Thus, in the upper half plane, V increases. In other words, the oper-
ating point moves from left to right in the upper half plane. In the same
manner, the operating point moves from right to left in the lower half plane,
the region for which d/dt is less than zero. Thus the operating point must
move from point B to point 4. When the operating point attempts to move
from point A by a small amount, it is forced back to point A. Thus point 4
is a stable operating point and is the steady-state operating point of the
system. The steady-state phase error is ¥, and the steady-state frequency
error is zero.

The preceding analysis illustrates that the loop locks only if there is an
intersection of the operating curve with the dy/dt = O axis. Thus, if the
loop is to lock, Aw must be less than K,. For this reason, K, is shown as the
lock range for the first-order PLL.

The phase-plane plot for a first-order PLL with a frequency-step input is
illustrated in Figure 3.49. The loop gain is 2m(50), and four values for the
frequency step are shown: Af = 12, 24, 48, and 55 Hz. The steady-state
phase errors are indicated by 4, B, and C for frequency-step values of 12,
24, and 48 Hz, respectively. For Af = 55, the loop does not lock, as shown.

From the previous paragraphs we saw that the steady-state phase errors
resulting from changes in the input frequency can be made as small as
desired by increasing the total loop gain K,. For K, > Aw, the phase errors
will be small and the linear model can be used. The relationship between
0(t) and ¢(t) is, from (3.207) with the linear approximation made,

0(r) = K:f [P(@) — ()] da (3.212)
which yields the differential equation
Ef_ﬂd(_t) + KA(t) = Kp(t) (3.213)
t
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206 Basic Modulation Techniques

FIGURE 3.49 Phase-plane plot of first-order PLL for several initial
frequency errors
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The loop transfer function, in terms of the Laplace transform variable s, is

H(s) = L 3.214
VoSG Pk (A214)
The unit impulse response is therefore

h(t) = Ke ™ u(r) (3.215)

The limit of h(t) as the loop gain K, tends to infinity satisfies all properties
of the delta function. Therefore,
lim Ke “ u(t) = (¢ (3.216)
K00
which proves that for large loop gain 6(t) = @(t).

The PLL also can be used as a demodulator for phase-modulated signals
by integrating the VCO input. Since the VCO input signal is proportional to
the frequency deviation of the PLL input, the integral of this signal is pro-
portional to the phase deviation of the PLL input.

We also have seen that operation of the PLL as a discriminator requires a
large loop gain. This implies a large bandwidth. In general, very large values
of loop gain cannot be used in practical applications without difficulty. How-
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ever, the use of appropriate loop filters allows good performance to be
achieved with reasonable values of loop gain and bandwidth. These filters
make the analysis more complicated than our simple example, as we shall
soon see.

There is one final observation we should make. The expression for loop
gain shows that it is a function of the amplitude of the input signal. This
means that a PLL must be designed for a given signal level. If that signal
level changes, a new design may be necessary. In most practical applications,
the dependence on loop gain is removed by placing a limiter on the loop
input.

EXAMPLE 3.9  The input to an FM modulator is m(t) = Au(t). The result-

ing modulated carrier

x(t) = A_cos |iw¢t + ij f’ u(o) da] (3.217)

is to be demodulated using a first-order PLL. Determine the demodulated
output.

SOLUTION  This problem will be solved using linear analysis and the
Laplace transform. The Laplace transform of the loop transfer function,
Equation (3.214), is

% = L (3.218)
B(s) K, +is ’
The phase deviation ¢(t) is
o(t) = Akff u(a) do (3.219)
which yields
Ak
B(s) = £ (3.220)
s
This gives
- 3.221
o) s + K,) Sl
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The Laplace transform of the defining equation of the VCO, Equation
(3.203), yields

E(s) = — O(s) (3.222)
K"
so that
Ak, K
- T
By — T —— 22
s} K, s(s + K) @229

Partial fraction expansion yields

Akg [ 1 1
our i
E(s) X (s T K:) (3.224)

¥

Thus the demodulated output is given by
Ak "
eft) = EI (1 — e Su(r) (3.225)

which is sketched in Figure 3.50 for k;equal to K,

As the loop gain K, is increased, the demodulated output clearly becomes
a closer approximation to m(t). It should be remembered that we have
assumed that linear analysis is valid. This requires that the phase error be
small. The validity of this assumption is easily checked by solving for the
phase error, an exercise that is left to the problems.

The first-order PLL has a number of drawbacks that limit its use for most
applications. Among these drawbacks are the limited lock range and the
nonzero steady-state phase error to a step-frequency input. Both these prob-
lems can be solved by using a second-order PLL, which is obtained by using
a loop filter of the form

s+ a

F(s) = (3.226)

FIGURE 3.50 Demodulated output for m(t) = Au(f)
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FIGURE 3.51 Linear PLL model
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This choice of loop filter results in what is generally referred to as a perfect
second-order PLL.

If the phase error is small, the linear model applies and the transfer func-
tion of the second-order PLL is easily derived. The linear model is redrawn
in Figure 3.51 in terms of the Laplace transform variable s. From Figure 3.51,
it follows that

KF(s)

5

O(s) = [®(s) — O(s)] (3.227)

so that the PLL transfer function is

0) _ _KFG)

H(s) = 3.288
) ®(s) s+ KF(s) ( )

With F(s) given by (3.226), the transfer function becomes
O(s) A K(s + a) (3.229)

P(s) o+ Ks + Ka

We also can write the relationship between the phase error W(s) and the
input phase ®(s) from Figure 3.51. The result is

Mehoy ot (3.230
®(s) s+ KF(s) 230)
which for the loop filter defined by (3.226) yields
W(s) s*
= (3.231)

&) s+ Kas + Ka
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We now place this in the standard form for a second-order system. The
result is

W(s) _ e
Pis) &+ 2Aws+ w,

(3.232)

in which { is the damping factor and w, is the natural frequency. It follows
that the natural frequency is

w, = VKa (3.233)

and that the damping factor is

t= (3.234)

N | o
o | ™

A typical value of the damping factor is 0.707.

Using the linear model, we can easily show that the steady-state phase
error due to a step in the input frequency is zero. Since phase is the integral
of frequency and integration is equivalent to division by s, the input phase
due to a step in frequency of magnitude Aw is

P(s) = 7z (3.235)

From (3.232) we see that the Laplace transform of the phase error Y(t) is

Aw
&+ 2ws + @)

Y(s) = (3.236)

Inverse transforming yields, for { < 1,

- Aw e_;“‘nf sin p
W) = RV (@, V1 — ) (3.237)

and we see that ¥(t) — 0 as ¢t — 00. Thus the steady-state phase error is
zero. We now turn our attention to the lock range by examining the phase-
plane plot of the second-order PLL.

A mathematical development of the phase-plane plot of a second-order
PLL is well beyond the level of our treatment here. However, the phase-
plane plot was obtained, using computer simulation, for a second-order PLL
having a damping factor ¢ of 0.707 and a natural frequency f, of 10 Hz. For
these parameters, the loop gain K, is 88.9 and the filter parameter a is 44.4.
The input to the PLL is assumed to be a step change in frequency at
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FIGURE 3.52 Phase-plane plot for second-order PLL
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time t = t,; Four values were used for the step change in frequency
Aw = 2w(Af). These were Af = 20, 35, 40, and 45 Hz.

The results are illustrated in Figure 3.52. Note that for Af = 20 Hz, the
operating point returns to a steady-state value for which the frequency and
phase error are both zero. For Af = 35 Hz, the phase-plane is somewhat
more complicated. The steady-state frequency error is zero, but the steady-
state phase error is 27 rad. We say that the PLL has slipped one cycle. The
cycle-slipping phenomenon accounts for the nonzero steady-state phase
error. The responses for Af = 40 and 45 Hz illustrate that three and four
cycles are slipped, respectively. The instantaneous VCO frequency is shown
in Figure 3.53 for these four cases. The cycle-slipping behavior is clearly
shown.

The second-order PLL does indeed have an infinite lock range, and cycle
slipping occurs until the phase error is within 7 rad of the steady-state value.

Phase-lock loops also allow for simple implementation of frequency mul-
tipliers and dividers. There are two basic schemes. In the first scheme, har-
monics of the input are generated and the VCO tracks one of these
harmonics. This scheme is most useful for implementing frequency multi-
pliers. The second scheme is to generate harmonics of the VCO output and
to phase-lock one of these frequency components to the input. This scheme
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FIGURE 3.53 VCO frequency for four values of input frequency step.
(a) VCO frequency for Af = 20 Hz. (b) VCO frequency for Af = 35 Hz.
(c) VCO frequency for Af = 40 Hz. (d) VCO frequency for Af = 45 Hz.
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can be used to implement either frequency multipliers or frequency
dividers.

Figure 3.54 illustrates the first technique. The limiter is a nonlinear device
and therefore generates harmonics of the input frequency. If the input is
sinusoidal, the output of the limiter is a squarewave; therefore, odd har-
monics are present. In the example illustrated, the VCO quiescent frequency
[VCO output frequency f, with e/(t) equal to zero] is set equal to 5f,. The
result is that the VCO phase-locks to the fifth harmonic of the input. Thus
the system shown multiplies the input frequency by 5.

Figure 3.55 illustrates frequency division by a factor of 2. The VCO qui-
escent frequency is 5 fo Hz, but the VCO output waveform is a narrow pulse
that has the spectrum shown. The component at frequency f;, phase-locks to
the input. A bandpass filter can be used to select the component desired
from the VCO output spectrum. For the example shown, the center fre-
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FIGURE 3.54 Phase-lock loop used as a frequency multiplier
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FIGURE 3.55 Phase-lock loop used as a frequency divider
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quency of the bandpass filter should be B fo- The bandwidth of the bandpass
filter must be less than the spacing between the components in the VCO
output spectrum; in this case, this spacing is % fo- It is worth noting that the
system shown in Figure 3.55 could be used to multiply the input frequency
by 5 by setting the center frequency of the bandpass filter to 5f;. Thus this
system could also serve as a X 5 frequency multiplier, like the first example.
Many variations are possible.

Frequency-Compressive Feedback

Another system that can be used to demodulate FM signals is the frequency-
compressive feedback demodulator, which is illustrated in Figure 3.56. The
system is similar to a PLL except for the bandpass filter and discriminator in
the loop and the offset in the VCO center frequency. As in the case of the
PLL, assume that the input is

x(t) = A, cos [wt + ¢(1)] (3.238)

Also assume that the center frequency of the VCO is w, — wy. The fre-
quency w, is the VCO offset frequency and the center frequency of the dis-
criminator. The VCO output is given by

eo(t) = A, sin [(w, — wp)t + 0(1)] (3.239)

The quantity 6(t) is the phase deviation of the VCO and is related to the
VCO input e,(z):

() = K, fe,(a) dot (3.240)

where K, is the VCO constant. It should be noted that except for the VCO
offset, the expressions for x,(t), ey(t), and f(t) are identical to the equivalent
expressions for the PLL. The multiplier output e,(t) is given by

egt) = 3AA, sin [Qw, — wo)t + ¢(r) + 0()]
— 144, sin [wot + ¢(t) — 0(2)] (3.241)

FIGURE 3.56 Frequency-compressive feedback demodulator
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The phase deviation of the discriminator input is

b(t) — K, f e,(ct) dax (3.242)

Thus the discriminator output can be written as
1 d ‘
et) = — Kp— | 9(r) — K, e (o) da (3.243)
2w dt

which is

At do _ ___ Bply - b G

) = T (2mkk, & 1+ (120KK,

Thus the system is an FM demodulator.
The advantage of this technique can be understood by using (3.244) to
write an expression for x(t). This yields

x(t) = —34.A, sin [wot - ¢(:)J (3.245)

1 + (1/2m)KpK,
This shows that for large values of the product KpK,, the phase deviation can
be made small, thereby reducing significantly the bandwidth of the signal at
the discriminator input. It is even possible to compress the bandwidth of a
wideband FM signal to that of a narrowband FM signal at the input to the
discriminator. It is this bandwidth compression that gives the scheme the
name frequency-compressive feedback. The advantages of this bandwidth com-
pression will be examined in Chapter 6.

Costas Phase-Lock Loops

We have seen that systems utilizing feedback can be used to demodulate
angle-modulated carriers. A feedback system also can be used to generate
the coherent demodulation carrier necessary for the demodulation of DSB
signals. One system that accomplishes this is the Costas phase-lock loop
illustrated in Figure 3.57. The input to the loop is the assumed DSB signal

x(t) = m(t) cos w_t (3.246)

The signals at the various points within the loop are easily derived from the
assumed input and VCO output and are included in Figure 3.57. The lowpass
filter preceding the VCO is assumed sufficiently narrow so that the output
is K sin 20, essentially the dc value of the input. This signal drives the VCO
such that 0 is reduced. For sufficiently small §, the output of the top lowpass
filter is the demodulated output.
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FIGURE 3.57 Costas phase-lock loop
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We will see in Chapter 7 that the Costas phase-lock loop is useful in the
implementation of digital data systems.

3.5 PULSE MODULATION

In Section 2.8 we saw that continuous bandlimited signals can be repre-
sented by a sequence of discrete samples and that the continuous signal can
be reconstructed with negligible error if the sampling rate is sufficiently
high. Consideration of sampled signals immediately leads us to the topic of
pulse modulation.

Analog Pulse Modulation

Analog pulse modulation results when some characteristic of a pulse is made to
vary in one-to-one correspondence with the message signal. We shall see
that since a pulse is characterized by three quantities—amplitude, width,
and position—there are three types of analog pulse modulation. These are
pulse-amplitude modulation, pulse-width modulation, and pulse-position
modulation.

Pulse-Amplitude Modulation (PAM) As illustrated in Figure 3.58, a PAM
waveform consists of a sequence of flat-topped pulses. The amplitude of
each pulse corresponds to the value of the message signal m(t) at the leading
edge of the pulse. Thus this type of modulation is essentially a sampling
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