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FIGURE 3.58 Pulse-amplitude modulation
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operation with the sample values represented by the leading edge of each
pulse.

The difference between pulse-amplitude modulation and sampling as
developed in Chapter 2 is slight. We saw in Chapter 2 that a sampled signal
can be represented as

oo

myt) = Y m(nT) 8 — nT) (3.247)

n=—oo
From Figure 3.58, the PAM signal can be written as

[r — (aT, + %‘r)}
T

[= o]

m(t) = Z m(nT)II

n=—00

(3.248)

where II[+] is the time-domain unit pulse function defined in Chapter 2.
The sampled signal m(t) can be transformed into the PAM waveform defined
by (3.248) by passing my(t) through a network, as shown in Figure 3.59(a).
The network simply holds the value of the sample for 7 seconds. The
n = 0 term in (3.247) and (3.248) illustrates that if the input to the holding
network is Ad(t), the output must be AIl[(t — 37)/7]. Thus the impulse
response of the holding network is

1
he) = 10 [‘ T‘T] (3.249)

as shown in Figure 3.59(b). The transfer function H( f) of the holding net-
work is

H(f) = 7 sinc fre /77 (3.250)

as derived in Example 2.8 with ¢, = ;7. The amplitude response and phase
response are illustrated in Figures 3.59(c) and (d), respectively.

It should be remembered from Section 2.8 that m(t) can be recovered
from my(t) by lowpass filtering. Thus a PAM signal can be demodulated using
a two-step process. First m(t) is passed through an equalization filter that
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218 Basic Modulation Techniques

FIGURE 3.59 Generation of PAM. (a) Holding network. (b) Impulse
response of holding network. (c) Amplitude response of holding network.
(d) Phase response of holding network.
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has the transfer function H,(f) = 1/H(f). If 7 < T, equalization is usually
unnecessary. The message signal m(t) can be recovered from the filter output
my(t) by lowpass filtering.

Pulse-Width Modulation (PWM) A PWM waveform consists of a sequence
of pulses, each of which having a width proportional to the values of a mes-
sage signal at the sampling instants. The generation of a PWM waveform is
illustrated in" Figure 3.60. Since the width of a pulse cannot be negative, a
dc bias must be added to m(t) prior to modulation. A PAM waveform x,(t)
is then generated from the biased signal m(t) + K. To x(t) is added a
sequence of synchronized triangular pulses as illustrated. The signal, x,(t) +
p(t), is level-sliced by a circuit that gives an output A when x,(t) + p(t) is
above the slicing level. This signal is the desired PWM waveform.

A PWM waveform can be demodulated by lowpass filtering. The proof of
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FIGURE 3.60 Generation of PWM
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220 Basic Modulation Techniques

this statement requires derivation of the spectrum of the PWM signal, which
is generally a rather difficult task. An excellent derivation is contained in
the book by Schwartz, Bennett, and Stein (1966). The results given here are
taken from that reference.

If we assume the message signal

m(t) = A cos 27ft (3.251)

there are two fundamental frequencies present. These are the signal fre-
quency f,, and the sampling frequency f, = 1/T.. If these two frequencies
are incommensurable, which is certainly the general case, the resulting PWM
waveform is nonperiodic, even though the message signal is assumed peri-
odic and sampling is periodic. Despite this difficulty, Schwartz, Bennett, and
Stein illustrate a technique that leads to a trigonometric series expression
for the PWM signal. The result is

x(t) = 3h — 3hB cos 2mf,t + —:;h > U(—1)" — JmmP)] L 2wmft
m=] m

g > i,ro(mqrﬁ) [sin [Zr(mf, + nof,)e + ﬂ]
T m=1 n=1 m 2
+ sin | 2w(mf, — nf,)t + Eg:“ (3.252)

In this expression, h denotes the amplitude of the PWM pulses and 8 denotes
the modulation index. The modulation index is specified by defining § = 1
as the value of B resulting in the maximum possible pulse width without
causing interference with adjacent pulses. Note that the component at f, is
proportional to (3.

The expression for x(t) illustrates the character of the spectrum of a PWM
signal with sinusoidal modulation. A dc component having value %b is pres-
ent. A component is also present at the message frequency f,,. The amplitude
of this component is proportional to the modulation index 3. Lowpass fil-
tering allows the component at f,,, which represents the message m(r), to be
recovered from the PWM signal. Also present in the spectrum of x(t) are
spectral components at frequencies mf, + nf, for all combinations of m and
n. These spectral components are intermodulation products between the sig-
nal and sampling frequencies and their harmonics.

" The spectrum is illustrated in Figure 3.61 for a modulation index 8 =
0.1. The sampling frequency f; is 8f,,. It can be seen that the spectrum con-
sists of Fourier-Bessel spectra centered about the sampling frequency and
harmonics of the sampling frequency. The Fourier-Bessel spectrum centered
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3.5 Pulse Modulation 221

FIGURE 3.61 Spectra of PWM signal with 3 = 0.1
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about f = f, consists of a single component for each sideband corresponding
to narrowband modulation (8 = 0.1). The Fourier-Bessel spectrum centered
about f = 7f, consists of a pair of components in each sideband and there-
fore does not correspond to narrowband modulation. It can be seen from
Figure 3.61 and from (3.252) that the effective index is a function of m, the
harmonic of fi- The process is very similar to that encountered in the nar-
rowband to wideband conversion process.

Pulse-Position Modulation (PPM) A PPM signal consists of pulses in which
the pulse displacement from a specified time reference is proportional to
the sample values of the information-bearing signal. Just as for PWM, a dc
bias must be added to the message signal prior to modulation so that the
input to the PPM modulator is nonnegative for all values of time. As a matter
of fact PPM is easily generated from PWM, as illustrated in Figure 3.62(a).
The PWM signal is placed on the input of a monostable multivibrator, which
is triggered on by negative-going transitions of the input signal. The on-time
of the monostable multivibrator is fixed. The resulting PPM waveform for
an assumed PWM waveform is illustrated in Figure 3.62(b).
The PPM signal can be represented by the expression

o0

)= Y gt—t) (3.253)

n=—00
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FIGURE 3.62 Generation of PPM from PWM. (a) Generation.
(b) Waveforms.
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where g(t) represents the shape of the individual pulses and the occurrence
times t, are related to the values of the message signal m(t) at the sampling
instants nT,, as discussed in the preceding paragraph. Determining the spec-
trum of a PPM signal is a process very similar to determine that of a PWM
signal, which we just discussed. This problem is also considered by Schwartz,
Bennett, and Stein (1966). If we assume the message signal

m(t) = A cos 27f .t (3.254)

we can write the PPM signal as

X0 = f, — Bfasin 2nfpt + D D E'i; (mf, + nf,)],(mmp)

m=1p=—00

e [Zw(mf, + of.)e + -’?- (3.255)

assuming that g(t) can be represented by an impulse function. If one uses a
pulse shape g(z) that cannot be approximated by an impulse function, one
obtains the resulting expression for x(t) by weighting each term in the pre-
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3.5  Pulse Modulation 223

ceding expression by the Fourier transform of g(t) evaluated at the frequency
of the respective term. For example, if g(t) is an even pulse with real trans-
form G(f), the resulting expression for x(t) is

x(t) = £,6(0) — BfuG(fn) sin 27f ¢
[» a] oD 1
+> > S (@, + of ) (mTB)G(ef, + nf,)

m=]1 p=—00
i [2r(mf, + of e+ ?] (3.256)

As in the case of PWM, 8 is the modulation index. A value of 1 for this
index results in the largest allowable value of ¢, without interference with
adjacent pulse positions.

It can be seen from the expression for x(t) that the frequency component
at f,, is proportional to the derivative of the message signal m(t). Thus, if the
spectral component at f;, is extracted from the spectrum of x(t) by lowpass
filtering (the dc term can be removed by a blocking capacitor), the output
of the filter is the derivative of m(t) scaled by a constant. We can obtain the
message signal m(t) by integrating the filter output. In cases in which the
sampling frequency is sufficiently high, the lowpass filter can be omitted,
since an integrator also performs lowpass filtering.

The integration can be eliminated by converting the PPM signal to a PWM
signal and then demodulating the PWM signal by lowpass filtering. PPM-to-
PWM conversion is essentially the reverse of the operations shown in Figure
3.62. A train of pulses is generated at frequency f. The leading edges of
these pulses are synchronized to the zero-displacement position of the PPM
pulses. The equation for x(t) illustrates that a frequency component is pres-
ent at the sampling frequency if Jo(m) # 0. This component can be used
to generate the pulses at frequency f,. These pulses are then turned off by
the leading edge of the PPM pulses. It also can be seen from the equation
for x(t) that the frequencies present in a PPM signal are exactly the same as

the frequencies present in a PWM signal.

Digital Pulse Modulation

In analog pulse modulation systems, the amplitude, width, or position of a
pulse can vary over a continuous range in accordance with the message
amplitude at the sampling instant. In systems utilizing digital pulse modu-
lation, the transmitted samples take on only discrete values. We now exam-
ine two types of digital pulse modulation: delta modulation and pulse-code
modulation.
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224 Basic Modulation Techniques

Delta Modulation (DM) Delta modulation (DM) is a modulation technique in
which the message signal is encoded into a sequence of binary symbols.
These binary symbols are represented by the polarity of impulse functions
at the modulator output. The electronic circuits to implement both the
modulator and the demodulator are extremely simple. It is this electronic
simplicity that makes DM an attractive technique.

A block diagram of a delta modulator is illustrated in Figure 3.63(a). The
input to the pulse modulator portion of the circuit is

d(t) = m(t) — m,() (3.257)

where m(t) is the message signal and m,(t) is a reference waveform. The
signal d(t) is hard-limited and multiplied by the pulse-generator output. This
yields

x(t) = A(e) > 8t — nT) (3.258)

n=—0o0

where A(t) is a hard-limited version of d(t). The preceding expression can
be written as

x(t) = Y A(T)d(¢ — nT) (3.259)

n=—00

Thus the output of the delta modulator is a series of impulses, each having
positive or negative polarity depending on the sign of d(r) at the sampling
instants. In practical applications, the output of the pulse generator is not,
of course, a sequence of impulse functions but rather a sequence of pulses
that are narrow with respect to their periods. Impulse functions are assumed
here because of the resulting mathematical simplicity.

The reference signal m(t) is generated by integrating x (t). This yields

m() = Y A@l) f ' 8(o — nT) da (3.260)

n=—00

which is a stairstep approximation of m(t). The reference signal m(t) is
shown in Figure 3.63(b) for an assumed m(t). The transmitted waveform x(t)
is illustrated in Figure 3.63(c).

Demodulation of DM is accomplished by integrating x(t) to form the
stairstep approximation m,(t). This signal can then be lowpass-filtered to sup-
press the discrete jumps in m,(t). Since a lowpass filter approximates an inte-
grator, it is often possible to eliminate the integrator portion of the
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3.5  Pulse Modulation 225

FIGURE 3.63 Deita modulation. (a) Delta modulator. (b) Modulation
waveform and stairstep approximation. (c) Modulator output.
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demodulator and to demodulate DM simply by lowpass filtering, as was done
for PAM and PWM.

A difficulty with DM is the problem of slope overload. Slope overload occurs
when the message signal m(t) has a slope greater than can be followed by
the stairstep approximation m(t). This effect is illustrated in Figure 3.64(a),
which shows a step change in m(t) at time t;. Assuming that each pulse in
x.(t) has weight 8y, the maximum slope that can be followed by m(t) is
0o/ T,, as shown. Figure 3.64(b) shows the resulting error signal due to a step
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226 Basic Modulation Techniques

FIGURE 3.64 lllustration of slope overload. (a) lllustration of m(t) and mg(t)
with step change in m(t). (b) Error between m(t) and mg(t).
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change in m(t) at ¢,. It can be seen that significant error exists for some time
following the step change in m(t). The duration of the error due to slope
overload depends on the amplitude of the step, the impulse weights d;, and
the sampling period T..

A simple analysis can be carried out assuming that the message signal m(t)
is a sinusoid:

m(t) = A sin 27f,t (3.261)

The maximum slope that m(t) can follow is

S, = % 3.262
= (3.262)
The derivative of m(t) is
d
Zt m(t) = 2wAf) cos 27f;t (3.263)

It follows that m,(t) can follow m(t) without slope overload if

% = 2mhf, (3.264)

5
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3.5 Pulse Modulation 227

This example implies that a bandwidth constraint exists on m(t) if slope
overload is to be avoided.

One technique for overcoming the problem of slope overload is to modify
the modulator, as shown in Figure 3.65. The result is known as adaptive delta
modulation. The system is explained by recognizing that the weights d,, and
consequently the step size of m,(t), can be very small if m(t) is nearly con-
stant. A rapidly changing m(¢) requires a larger value of §, if slope overload
is to be avoided. A lowpass filter is used as shown, with x(t) as its input. If
m(t) is constant or nearly constant, the pulses constituting x (t) will alternate
in sign. Thus the dc value, determined over the time constant of the lowpass
filter, is nearly zero. This small value controls the gain of the variable-gain
amplifier such that it is very small under this condition. Thus 8, is made
small at the integrator input. The square-law or magnitude device is used to
ensure that the control voltage and amplifier gain g(t) are always positive. If
m(t) is increasing or decreasing rapidly, the pulses x.(t) will have the same
polarity over this period. Thus the magnitude of the output of the lowpass
filter will be relatively large. The result is an increase in the gain of the
variable-gain amplifier and consequently an increase in 8y- This in turn
reduces the time span of significant slope overload.

FIGURE 3.65 Adaptive delta modulator
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FIGURE 3.66 Adaptive DM receiver

X{t)

gm0

Square-law |
> Lowpass > or |
filter magnitude

device

The use of an adaptive delta modulator requires that the receiver be adap-
tive also, so that the step size at the receiver changes to match the changes
in 0, at the modulator. This is illustrated in Figure 3.66.

Pulse-Code Modulation (PCM) The generation of PCM is a three-step pro-
cess, as illustrated in Figure 3.67(a). The message signal m(z) is first sampled.
The sample values are then quantized. In PCM, the quantization level of each
sample is the transmitted quantity instead of the sample value. Typically, the
quantization level is encoded into a binary sequence, as shown in Figure
3.67(b). The modulator output is a pulse representation of the binary
sequence, which is shown in Figure 3.67(c). A binary “one” is represented
as a pulse, and a binary “zero” is represented as the absence of a pulse. This
absence of a pulse is indicated by a dashed line in Figure 3.67(c). The PCM
waveform of Figure 3.67(c) shows that a PCM system requires synchroniza-
tion so that the starting points of the digital words can be determined at the
demodulator.

To consider the bandwidth requirements of a PCM system, suppose that
q quantization levels are used, satisfying

g=12" (3.265)
where n is an integer. For this case, n = log, q binary pulses must be trans-
mitted for each sample of the message signal. If this signal has bandwidth W

and the sampling rate is 2W, then 2nW binary pulses must be transmitted
per second. Thus the maximum width of each binary pulse is

1
AT)ax = m (3.266)
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FIGURE 3.67 Generation of PCM. (a) PCM modulator. (b) Quantization and
encoding. (c) Transmitted output.
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We saw in Section 2.7 that the bandwidth required for transmission of a
pulse is inversely proportional to the pulse width, so that

B = knW (3.267)

where B is the required bandwidth of the PCM system and k is a constant of
proportionality. This yields

B = 2Wk log, q (3.268)

This represents a lower bound on bandwidth, since we have assumed both a
minimum sampling rate and a minimum value of bandwidth for transmitting
a pulse. Equation (3.268) shows that the PCM signal bandwidth is propor-
tional to W and the logarithm of q.

If the major source of error in the system is quantization error, it follows
that a small error requirement dictates large transmission bandwidth. Thus,
in a PCM system, error can be exchanged for bandwidth. We shall see that
this behavior is typical of many nonlinear systems operating in noisy envi-
ronments. However, before noise effects can be analyzed, we must take a
detour and develop the theory of probability and random processes. Knowl-

246



230 Basic Modulation Techniques

edge of this area enables one to accurately model realistic and practical com-
munication systems operating in everyday, nonidealized environments.

The pulses representing the sample values of a PCM waveform can be
transmitted on an RF carrier by the use of amplitude, phase, or frequency
modulation. This is illustrated in Figure 3.68 for the case in which the data
bits are represented by an NRZ (non-return to zero) waveform. Six bits are
shown, corresponding to the data sequence 101001. For digital amplitude
modulation, known as amplitude shift keying (ASK), the carrier amplitude is
determined by the data bit for that interval. For digital phase modulation,
known as phase-shift keying (PSK), the phase of the carrier is established by
the data bit. The phase changes can be clearly seen in Figure 3.68. For digital

FIGURE 3.68 An example of digital modulation schemes
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frequency modulation, known as frequency-shift keying (FSK), the carrier fre-
quency is established by the data bit. These techniques will be studied in
detail in Chapter 7.

3.6 MULTIPLEXING

In many applications, a large number of data sources are located at a com-
mon point, and it is desirable to transmit these signals simultaneously using
a single communication channel. This is accomplished using multiplexing.
We will now examine several different types of multiplexing, each having
advantages and disadvantages.

Frequency-Division Multiplexing (FDM)

Frequency-division multiplexing (FDM) is a technique whereby several message
signals are translated, using modulation, to different spectral locations and
added to form a baseband signal. The carriers used to form the baseband are
usually referred to as subcarriers. Then, if desired, the baseband signal can be
transmitted over a single channel using a single modulation process. Several
different types of modulation can be used to form the baseband, as illus-
trated in Figure 3.69. In this example, there are N information signals con-
tained in the baseband. Observation of the baseband spectrum in Figure
3.69(c) suggests that baseband modulator 1 is a DSB modulator with subcar-
rier frequency f,. Modulator 2 is an upper-sideband SSB modulator, and
modulator N is an angle modulator.

An FDM demodulator is shown in Figure 3.69(b). The RF demodulator
output is ideally the baseband signal. The individual channels in the baseband
are extracted using bandpass filters. The bandpass filter outputs are demod-
ulated in the conventional manner.

Observation of the baseband spectrum illustrates that the baseband band-
width is equal to the sum of the bandwidths of the modulated signals plus
the sum of the guardbands, the empty spectral bands between the channels
necessary for filtering. This bandwidth is lower-bounded by the sum of the
bandwidths of the message signals. This bandwidth,

B=) W, (3.269)

where W, is the bandwidth of m(t), is achieved when all baseband modulators
are SSB and all guardbands have zero width.
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FIGURE 3.69 Frequency-division multiplexing. (a) FDM modulator. (b) FDM
demodulator. (¢) Baseband spectrum.
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An Example of Frequency-Division Multiplexing: Stereophonic FM
Broadcasting

As an example of frequency-division multiplexing we now consider stereo-
phonic FM broadcasting. A necessary condition established in the develop-
ment of stereophonic FM is that stereo FM be compatible with monophonic
FM receivers. In other words, the output from a monophonic FM receiver
must be the composite (left-channel plus right-channel) stereo signal.

The scheme adopted for stereophonic FM broadcasting is shown in Figure
3.70(a). As can be seen, the first step in the generation of a stereo FM signal
is to first form the left-plus-right channel signal, [(t) + r(t), and the left-
minus-right channel signal, I(t) — r(z). The left-minus-right channel signal is
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FIGURE 3.70 Stereophonic FM transmitter and receiver. (a) Stereophonic
FM transmitter. (b) Single-sided spectrum of FM baseband signal. (c)
Stereophonic FM receiver.
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then translated to 38 kHz using DSB modulation with a carrier derived from
a 19-kHz oscillator. A frequency doubler is used to generate a 38-kHz car-
rier from a 19-kHz oscillator. We previously saw that a phase-lock loop
could be used to implement a frequency doubler.

The baseband signal is found by adding the left-plus-right channel signal,
the left-minus-right channel signal, and the 19-kHz pilot tone. The spec-
trum of the baseband signal is shown in Figure 3.70 for assumed left-channel
and right-channel signals. The baseband signal is the input to the FM mod-
ulator. It is important to note that if a monophonic FM transmitter, having
a message bandwidth of 15 kHz, and a stereophonic FM transmitter, having
a message bandwidth of 53 kHz, both have the same constraint on the peak
deviation, the deviation ratio, D, of the stereophonic FM transmitter is
reduced by a factor of 53/15 = 3.53. The impact of this reduction in the
deviation ratio will be seen when we consider noise effects in Chapter 6.

The block diagram of a stereophonic FM receiver is shown in Figure
3.70(c). The output of the FM discriminator is the baseband signal x(r)
which, under ideal conditions, is identical to the baseband signal at the input
to the FM modulator. As can be seen from the spectrum of the baseband
signal, the left-plus-right channel signal can be generated by filtering the
baseband signal with a lowpass filter having a bandwidth of 15 kHz. Note
that this signal constitutes the monophonic output. The left-minus-right
channel signal is obtained by coherently demodulating the DSB signal using
a 38-kHz demodulation carrier. This coherent demodulation carrier is
obtained by recovering the 19-kHz pilot using a bandpass filter and then
using a frequency doubler as was done in the modulator. The left-plus-right
channel signal and the left-minus-right channel signal are added and sub-
tracted, as shown in Figure 3.70(c) to generate the left channel signal and
the right channel signal.

Quadrature Multiplexing (QM)

Another type of multiplexing is quadrature multiplexing (QM), in which quad-
rature carriers are used for frequency translation. For the system shown in
Figure 3.71, the signal

x(t) = Alm(t) cos wt + my(t) sin w.t] (3.270)

is a quadrature-multiplexed signal. By sketching the spectra of m,(t) cos w.t
and m,(t) sin wzt, we see these spectra overlap if the spectra of m(t) and
m,(t) overlap. Thus, strictly speaking, quadrature multiplexing is not a fre-
quency-division technique.
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FIGURE 3.71 Quadrature multiplexing
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A QM signal is demodulated by using quadrature demodulation carriers.
To show this, multiply x,(t) by 2 cos (w.t + ). This yields

2x,(t) cos (wt + 0) = Alm(t) cos 8 — my(t) sin 8

+ m,(t) cos Qwt + 0) + my(t) sin 2wt + 0)]
3.271)

The last two terms in the preceding expression can be removed by using a
lowpass filter. The output of the lowpass filter is

yoo(t) = Alm(£) cos 8 — my(t) sin 0] (3.272)

which yields m,(t), the desired output for # = 0. The quadrature channel
is demodulated using a demodulation carrier of the form 2 sin w,t.

The preceding result illustrates the effect of a demodulation phase error
on QM. The result of this phase error is both an attenuation, which can be
time-varying, of the desired signal and crosstalk from the quadrature chan-
nel. It should be noted that QM can be used to represent both DSB and SSB
with appropriate definitions of m(t) and m,(t).

Frequency-division multiplexing can be used with quadrature multiplex-
ing by translating pairs of signals, using quadrature carriers, to each subcar-
rier frequency. Each channel has bandwidth 2W and accommodates two
message signals, each having bandwidth W. Thus, assuming zero-width
guardbands, a baseband of bandwidth NW can accommodate N message sig-
nals, each of bandwidth W, and requires iN separate subcarrier frequencies.
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Time-Division Multiplexing (TDM)

Time-division multiplexing is best understood by considering Figure 3.72(a).
The data sources are assumed to have been sampled at the Nyquist rate or
higher. The commutator then interlaces the samples to form the baseband
signal shown in Figure 3.72(b). At the channel output, the baseband signal
is demultiplexed by using a second commutator as illustrated. Proper oper-
ation of this system depends on proper synchronization between the two
commutators.

If all message signals have equal bandwidth, then the samples are trans-
mitted sequentially, as shown in Figure 3.72(b). If the sampled data signals
have unequal bandwidths, more samples must be transmitted per unit time
from the wideband channels. This is easily accomplished if the bandwidths
are harmonically related. For example, assume that a TDM system has four
channels of data. Also assume that the bandwidth of the first and second
data sources, s(t) and s,(t), is W Hz, the bandwidth of s;(¢t) is 2W Hz, and
the bandwidth of s,(t) is 4W Hz. It is easy to show that a permissible

FIGURE 3.72 Time-division multiplexing. (a) Time-division multiplexing
system. (b) Baseband signal.
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sequence of baseband samples is a periodic sequence, one period of which
IS . . . 5154535457545354 «« -+

The minimum bandwidth of a TDM baseband is easy to determine using
the sarnpling theorem. Assuming Nyquist rate sampling, the baseband con-
tains 2W,T samples from the ith channel in each T-second interval, where W,
is the bandwidth of the ith channel. Thus the total number of baseband sam-
ples in a T-second interval is

N
n, =Y 2WT (3.273)

i=1

Assuming that the baseband is a lowpass signal of bandwidth B, the required
sampling rate is 2B. In a T-second interval, we then have 2BT total samples.
Thus

N
n, = 28T = ) 2W[T (3.274)
i=1
or
N
B=> W, (3.275)

which is the same as the minimum required bandwidth obtained for FDM.

An Example: The Digital Telephone System

As an example of a digital TDM system, we consider a multiplexing scheme
common to many telephone systems. The sampling format is illustrated in
Figure 3.73(a). A voice signal is sampled at 8000 samples per second, and
each sample is quantized into seven binary digits. An additional binary digit,
known as a signaling bit, is added to the basic seven bits that represent the
sample value. The signaling bit is used in establishing calls and for synchro-
nization. Thus eight bits are transmitted for each sample value, yielding
a bit rate of 64,000 bits per second (64 kbps). Twenty-four of these 64
kbps voice channels are grouped together to yield a T1 carrier. The TI1
frame consists of 24(8) + 1 = 193 bits. The extra bit is used for frame
synchronization. The frame duration is the reciprocal of the funda-
mental sampling frequency, or 0.125 ms. Since the frame rate is 8000
frames per second, with 193 bits per frame, the Tl data rate is 1.544
Mbps.
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FIGURE 3.73 Digital multiplexing scheme for digital telephone. (a) T1 frame.

(b) Digital multiplexing.
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As shown in Figure 3.73(b), four T1 carriers can be multiplexed to yield
a T2 carrier, which consists of 96 voice channels. Seven T2 carriers yield a
T3 carrier, and 6 T3 carriers yield a T4 carrier. The bit rate of a T4 channel,
consisting of 4032 voice channels with signaling bits and framing bits, is
274.176 Mbps. A T1 link is typically used for short transmission distances
in areas of heavy usage. T4 and T5 channels are used for long transmission
distances.
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Comparison of Multiplexing Schemes

We have seen that for all three types of multiplexing studied, the baseband
bandwidth is lower-bounded by the total information bandwidth. However,
there are advantages and disadvantages to each multiplexing technique.

The basic advantage of FDM is simplicity of implementation, and if the
channel is linear, disadvantages are difficult to identify. However, many
channels have small, but nonnegligible nonlinearities. As we saw in Chapter
2, nonlinearities lead to intermodulation distortion. In FDM systems, the
result of intermodulation distortion is crosstalk between channels in the
baseband. This problem is avoided in TDM systems.

However, TDM also has inherent disadvantages. Samplers are required,
and if continuous data are required by the data user, the continuous wave-
forms must be reconstructed from the samples. One of the biggest difficul-
ties with TDM is maintaining synchronism between the multiplexing and
demultiplexing commutators.

The basic advantage of QM is that QM allows simple DSB modulation to
be used while at the same time making efficient use of baseband bandwidth.
It also allows dc response, which SSB does not. The basic problem with QM
is crosstalk between the quadrature channels, which results if perfectly
coherent demodulation carriers are not available. Of course, if QM and FDM
are used together, intermodulation becomes a problem.

Other advantages and disadvantages of FDM, QM, and TDM will become
apparent when we study performance in the presence of noise in Chapter 6.

3.7 COMPARISON OF MODULATION SYSTEMS

In this chapter, a large number of different techniques for information trans-
mission have been introduced. It is important that these techniques be com-
pared so that logical choices can be made between the many available
systems when various application needs arise. Unfortunately, at this point in
our study, such a comparison cannot be accomplished with any rigor. The
reason for this is that we have only studied systems in a highly idealized
environment. Specifically, the assumption has been made that the received
signal at the demodulator input x,(t) is exactly the transmitted signal x.(z).

In a practical environment, the transmitted signal is subjected to many
undesirable perturbations prior to demodulation. The most important per-
turbation is usually noise, which is inadvertently added to the signal at several
points in the system. Noise is always present in varying degrees in practical
systems, and its effect must be considered in any meaningful comparison of
systems.
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The noise performance of modulation systems is often specified by com-
paring the signal-to-noise ratios (SNR) at the input and output of the demod-
ulator. This is illustrated in Figure 3.74. The predetection filter is typically the
combination of the radio-frequency (RF) and intermediate-frequency (IF) fil-
ters. As we shall see in Chapter 6, the parameter of interest at the output
of the predetection filter is

SNR); = L 3.277
( )T (ﬂf(()) ( » )

where P; is the power of the received signal and (ni(t)) is the noise power
measured in the bandwidth of the message signal.
The signal at the output of the demodulator is

Jo(t) = m(t) + n(r) (3.278)

where n(t) is the output noise component. The signal-to-noise ratio at this
point is

(m’(e))
(n’(¢))

For thermal noise sources, (n,’()) can be obtained from knowledge of the
system noise figure. This system figure of merit is determined using tech-
niques developed in Appendix A.

The noise performance of several important systems is illustrated in Fig-
ure 3.75. The curves shown give the performance of nonlinear systems only
above threshold. The approximate point where threshold occurs is indicated
by a heavy dot. Below threshold, the performance degrades rapidly.

Figure 3.75 is not intended to be complete. It is placed here only to
illustrate the importance of considering noise effects and to illustrate the

(SNR),, = (3.279)

superior performance of nonlinear systems over certain ranges of signal-to-

FIGURE 3.74 Receiver block diagram
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FIGURE 3.75 Noise performance curves
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noise ratios. The noise performance of these systems is the subject of Chap-
ter 6. At that time, the results shown in Figure 3.75 will be derived in detail.

For completeness, we include Table 3.4, which compares continuous-
wave analog systems. The list of applications is by no means complete but
does indicate typical uses.

SUMMARY

1. Modulation is the process by which a parameter of a carrier is varied in
one-to-one correspondence with an information-bearing signal usually
referred to as the message. Several uses of modulation are to achieve
efficient transmission, to allocate channels, and for multiplexing.

2. If the carrier is continuous, the modulation is continuous-wave modu-
lation. If the carrier is a sequence of pulses, the modulation is pulse
modulation.

3. There are two basic types of continuous-wave modulation: linear mod-
ulation and angle modulation.

4. Assume that a general modulated carrier is given by

x.(t) = A(t) cos [wt + ¢(1)]

258



242

Basic Modulation Techniques

FTABLE 3.4 A Comparison of Analog Systems

: DC

| Bandwidth  Response  Efficiency Complexity Typical Applications

B 2w Yes 100% Moderate. Coherent Low bandwidth
demodulation is required ~ communication

systems

f 2w No <50% Minor. Simple modulators  Broadcast radio
and envelope detection.

B w No 100% Major. Phase shift Voice communication
modulators and coherent  systems
demodulators are
required.

B W+ Yes 100% Major. Symmetric filters Wideband systems
and coherent
demodulation are
required.

B+ W+ No <50% Moderate. Symmetric TV video

rrier filter required, but
envelope detection can
be used.

| 20+ 1)W Yes Not Moderate. Simple phase-  High-fidelity

-applicable  lock loop demodulators broadcast radio
can be used.

| 2(D+ 1)W  Yes (with Not Moderate. Essentially the  Data transmission;

calibration) applicable same as FM. often used in the

generation of FM

If A(¢) is proportional to the message signal, the result is linear modu-
lation. If ¢(t) is proportional to the message signal, the result is phase
modulation (PM). If the time derivative of ¢(t) is proportional to the
message signal, the result is frequency modulation (FM). Both PM and
FM are examples of angle modulation. Angle modulation is a nonlinear
process.

5. The simplest example of linear modulation is double sideband (DSB).
DSB is implemented as a simple product device, and coherent demod-
ulation must be used.

6. If a carrier component is added to a DSB signal, the result is amplitude
‘modulation (AM). This is a useful modulation technique because it
allows simple envelope detection to be used.
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7. The efficiency of a modulation process is defined as the percentage of

10.

11.

12.

total power that conveys information. For AM, this is given by
2y 3
a’(m, ()
1+ a*(m, ()
where the parameter a is known as the modulation index and m,(t) is m(t)

normalized so that the peak value is unity. If envelope demodulation is
used, the index must be less than unity.

E= (100%)

A single-sideband (SSB) signal is generated by transmitting only one of
the sidebands in a DSB signal. SSB signals are generated either by side-
band filtering a DSB signal or by using a phase-shift modulator. SSB
signals can be written as

x(t) = %Acm (t) cos wt + %A‘,_I;'l(t) sin @t

in which the plus sign is used for lower-sideband SSB and the minus sign
is used for upper-sideband SSB. These signals can be demodulated either
through the use of coherent demodulation or through the use of carrier
reinsertion.

Vestigial sideband (VSB) results when a vestige of one sideband appears
on an otherwise SSB signal. VSB is easier to generate than SSB. Demod-
ulation can be coherent, or carrier reinsertion can be used.

Switching modulators, followed by filters, can be used as implementa-
tions of product devices. '

Frequency translation is accomplished by multiplying a signal by a car-
rier and filtering. These systems are known as mixers. The concept of
mixing is used in superheterodyne receivers. Mixing results in image fre-
quencies, which can be troublesome.

The general expression for an angle-modulated signal is
x(t) = A, cos [wst + ()]
For a PM signal, ¢(t) is given by

d(t) = k,m(z)
and for an FM signal, it is

o(t) = 21rfdf m(a) do

where kp and f; are the phase and frequency deviation constants,
respectively.

260



244

13.

14.

15

16.

Yids

18.

19.

20.
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Angle modulation results in an infinite number of sidebands. If only a
single pair of sidebands is significant, the result is narrowband angle
modulation. Narrowband angle modulation, with sinusoidal message,
has approximately the same spectrum as a DSB signal except for a 180°
phase shift of the lower sideband.

An angle-modulated carrier with a sinusoidal message signal can be
expressed as

oo
x() = A Y J.(8) cos (@ + nw,
n=—0o0
The term J,(B) is the Bessel function of the first kind of order n and
argument (3. The parameter 3 is known as the modulation index. If m(t)
= A sin w,t, then § = kA for PM, and 8 = fAlf,, for FM.

The power contained in an angle-modulated carrier is (x2(t)) = 1A}
if the carrier frequency is large compared to the bandwidth of the mod-
ulated carrier.

The bandwidth of an angle-modulated signa.l is, strictly speaking, infi-
nite. However, a measure of the bandwidth can be obtained by defining
the power ratio

k
=10 +2) 10
n=1

which is the ratio of the total power 34 to the power in the bandwidth
B = 2kf,. A power ratio of 0.98 yields B = 2(8 + 1)f,,.

The deviation ratio of an angle-modulated signal is

peak frequency deviation
" . bandwidth of m(t)
Carson’s rule for estimating the bandwidth of an angle-modulated car-
rier with an arbitrary message signal is B = 2(D + 1)W.

Narrowband-to-wideband conversion is a technique whereby a wide-
band FM signal is generated from a narrowband FM signal. The system
makes use of a frequency multiplier, which, unlike a mixer, multiplies
the deviation as well as the carrier frequency.

Demodulation of an angle-modulated signal is accomplished through
the use of a discriminator. This device yields an output signal propor-
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21

22

23.

24.

25.

26.

217.

28.

29.

30.

tional to the frequency deviation of the input signal. Placing an inte-
grator at the discriminator output allows PM signals to be demodulated.

An FM discriminator can be implemented as a differentiator followed
by an envelope detector. Bandpass limiters are used at the differentiator
input to eliminate amplitude variations.

Interference, the presence of undesired signal components, can be a prob-
lem in demodulation. Interference at the input of a demodulator results
in undesired components at the demodulator output. If the interference
is large and if the demodulator is nonlinear, thresholding can occur. The
result of this is a complete loss of the signal component.

Interference is also a problem in angle modulation. In FM systems, the
effect of interference is a function of both the amplitude and frequency
of the interfering tone. In PM systems, the effect of interference is a
function only of the amplitude of the interfering tone. For FM inter-
ference can be reduced by the use of preemphasis and deemphasis.

A phase-lock loop (PLL) is a simple and practical system for the demod-
ulation of angle-modulated signals. It is a feedback control system and
is analyzed as such. Phase-lock loops also provide simple implementa-
tions of frequency multipliers and frequency dividers.

Placing a ba.ndpass filter and a discriminator within a phase-lock loop
yields a frequency-compressive feedback system. This system is also
useful for demodulation of angle-modulated signals.

The Costas phase-lock loop, which is a variation of the phase-lock loop,
is a system for the demodulation of DSB signals.

Analog pulse modulation results when the message signal is sampled
and a pulse train carrier is used. A parameter of each pulse is varied in
one-to-one correspondence with the value of each sample.

Pulse-amplitude modulation (PAM) results when the amplitude of each
carrier pulse is proportional to the value of the message signal at each
sampling instant. PAM is essentially a sample-and-hold operation.
Demodulation of PAM is accomplished by lowpass filtering.

Pulse-width modulation (PWM) results when the width of each carrier
pulse is proportional to the value of the message signal at each sampling
instant. Demodulation of PWM is also accomplished by lowpass filtering.

Pulse-position modulation (PPM) results when the position of each carrier
pulse, as measured by the displacement of each pulse from a fixed ref-
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erence, is proportional to the value of the message signal at each sam-
pling instant.

31. Digital pulse modulation results when the sample values of the message
signal are qua.ntized and encoded prior to transmission.

32. Delta modulation (DM) is an easily implemented form of digital pulse
modulation. In DM, the message signal is encoded into a sequence of
binary symbols. The binary symbols are represented by the polarity of
impulse functions at the modulator output. Demodulation is ideally
accomplished by integration, but lowpass filtering is often a simple and
satisfactory substitute.

33. Pulse-code modulation (PCM) results when the message signal is sam-
pled and quantized, and each quantized sample value is encoded as a
sequence of binary symbols. PCM differs from DM in that in PCM each
quantized sample value is transmitted but in DM the transmitted quan-
tity is the polarity of the change in the message signal from one sample
to the next.

34. Multiplexing is a scheme allowing two or more message signals to be
communicated simultaneously using a single system.

35. Frequency-division multiplexing (FDM) results when simultaneous
transmission is accomplished by translating message spectra, using mod-
ulation, to nonoverlapping locations in a baseband spectrum. The baseband
signal is then transmitted using any carrier modulation method.

36. Quadrature multiplexing (QM) results when two message signals are
translated, using linear modulation with quadrature carriers, to the same
spectral locations. Demodulation is accomplished coherently using
quadrature demodulation carriers. A phase error in a demodulation car-
rier results in serious distortion of the demodulated signal. This distor-
tion has two components: a time-varying attenuation of the desired
output signal and crosstalk from the quadrature channel.

37. Time-division multiplexing (TDM) results when samples from two or
more data sources are interlaced, using commutation, to form a base-
band signal. Demultiplexing is accomplished by using a second com-
mutator, which must be synchronous with the multiplexing
commutator.

38. Any meaningful comparison of systems must take into consideration a
large number of factors. Examples are cost or complexity of both trans-
mitter and receiver, the bandwidth requirements, compatibility with
existing systems, and performance, especially in the presence of noise.
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FURTHER READING

One can find basic treatments of modulation theory at about the same tech-
nical level of this text in a wide variety of books. Examples are Carlson
(1986), Stremler (1982), Haykin (1989), Lathi (1983), Roden (1985), Shan-
mugam (1979), and Couch (1990). Taub and Schilling (1986) have an excel-
lent treatment of phase-lock loops. The performance of phase-lock loops in
the absence of noise is discussed by Viterbi (1966, Chapters 2 and 3) and
Gardner (1979). Also, as we mentioned in this chapter, Schwartz, Bennett,
and Stein (1966) have an excellent section of PWM and PPM.

PROBLEMS
Section 3.1
3.1 Assume that a DSB signal

x{(t) = Am(t) cos (wct + @)

is demodulated using the demodulation carrier 2 cos [wt + 0(t)].
Determine, in general, the demodulated output y(t). Let 0(t) = 0,
where 0, is a constant, and determine the mean-square error between
m(t) and the demodulated output as a function of ¢, and 6. Now let
0(t) = wyt and compute the mean-square error between m(t) and the
demodulated output.

3.2 Show that an AM signal can be demodulated using coherent demod-
ulation by assuming a demodulation carrier of the form

2 cos [wr + 8(r)]

where 0(z) is the demodulation phase error. Why is coherent demod-
ulation of AM not used in practice?

3.3 Design an envelope detector that uses a full-wave rectifier rather than
the half-wave rectifier shown in Figure 3.3. Sketch the resulting
waveforms, as was done in Figure 3.3(b), for the full-wave rectifier.
What are the advantages of the full-wave rectifier?

3.4 Three message signals are periodic with period T, as shown in Figure
3.76. Each of the three message signals is applied to an AM modu-
lator. For each message signal, determine the modulation efficiency
fora = 0.7and a = 1.

3.5 The positive portion of the envelope of the output of an AM modu-
lator is shown in Figure 3.77. The message signal is a waveform having
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FIGURE 3.78
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3.6

3.7

3.8

3.9

zero dc value. Determine the modulation index, the carrier power,
the efficiency, and the power in the sidebands.

In this problem we examine the efficiency of AM modulation for the
case in which the message signal does not have symmetrical maximum
and minimum values. Two message signals are shown in Figure 3.78.
Each is periodic with period T, and 7 is chosen such that the dc value

. of m(t) is zero. Calculate the efficiency for each m(t) for a = 1.

An AM modulator operates with the message signal
m(t) = 7 cos 20wt — 9 cos 607t

The unmodulated carrier is given by 100 cos 2007, and the system
operates with an index of 3.

(a) Write the equation for m,(t), the normalized signal with a mini-
mum value of — 1.

(b) Determine (m,’(t)), the power in m,(t).

(c) Determine the efficiency of the modulator.

(d) Sketch the double-sided spectrum of x.(t), the modulator output,
giving the weights and frequencies of all components.

Rework Problem 3.7 for the message signal

m(t) = 7 cos 20wt + 9 cos 607t

An AM modulator has output

x(t) = 40 cos 2m(200)t + 6 cos 2w(180)t + 6 cos 2w(220)t

Determine the modulation index and the efficiency.
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3.10

3.12

3.13

3.14
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An AM modulator has output

x(t) = A cos 2w(200)t + B cos 27(180)t + B cos 2mw(220)t

The carrier power is 100 W, and the efficiency is 40%. Determine A4,
B, and the modulation index.

An AM modulator has output

x.(t) = 20 cos 2w(150)t + 6 cos 2w(160)t + 6 cos 2mw(140)t
Determine the modulation index and the efficiency.

An AM modulator is operating with an index of 0.8. The modulation
input is

m(t) = 2 cos 2mf,t) + cos (47f,t) + 2 cos (107f )

(a) Sketch the spectrum of the modulator output showing the
weights of all impulse functions.
(b) What is the efficiency of the modulation process?

Consider the system shown in Figure 3.79. Assume that the average
value of m(t) is zero and that the maximum value of [m(t)| is M. Also
assume that the square-law device is defined by y(t) = 4x(r) + sz(t).

(2) Write the equation for y(t).

(b) Describe the filter that yields an AM signal for g(t). Give the nec-
essary filter type and the frequencies of interest.

(c) What value of M yields a modulation index of 0.1?

(d) What is an advantage of this method of modulation?

Redraw Figure 3.7 to illustrate the generation of upper-sideband SSB.
Give the equation defining the upper-sideband filter. Complete the
analysis by deriving the expression for the output of an upper-side-
band SSB modulator.

Show that both AM and DSB can be demodulated using the synchro-
nous switching system shown in Figure 3.80.

FIGURE 3.79
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FIGURE 3.80
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3.16 An upper-sideband SSB modulator has the message signal m(t) =
A, cos w,t. The unmodulated carrier is given by c(t) = A, sin w.t.
Sketch the modulator output x.(t), Repeat for a lower-sideband SSB
modulator.

3.17 The VSB filter illustrated in Figure 3.13 is characterized by

H(fc _fl) - ee,‘qﬁ
H(f. + fi) = (1 — 9
Hf.+f)=1-"

The message signal is given by Equation (3.64) and is to be demodu-
lated by multiplying by 4 cos w.t and lowpass filtering. It is required
that the demodulated output be distortionless. Derive the expressions
for 0, and 6, as functions of ¢. Generalize your result by giving the
ideal phase response of a VSB filter.

3.18 Prove that carrier reinsertion with envelope detection can be used for
demodulation of VSB.

3.19 Sketch Figure 3.20 for the case where W = W, — Wy

3.20 A mixer is used in a short-wave superheterodyne receiver. The
receiver is designed to receive transmitted signals between 5 and 25
MHz. High-side tuning is to be used. Determine the tuning range of
the local oscillator for IF frequencies varying between 400 kHz and
2 MHz. Plot the ratio defined by the tuning range over this range of
IF frequencies as in Table 3.1.

3.21 A superheterodyne receiver uses an IF frequency of 455 kHz. The
receiver is tuned to a transmitter having a carrier frequency of 1120
kHz. Give two permissible frequencies of the local oscillator and the
image frequency for each.

3.22 Repeat the preceding problem assuming that the IF frequency is 2500
kHz.
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Section 3.2

3:23

3.24

3.25

3.26

3.27

3.28

3.29

3.30

3.31

Let the input to a phase modulator be m(t) = u(t — t,), as shown in
Figure 3.22(a). Assume that the unmodulated carrier is 4, cos wt and
that wt, = 2mn, where n is an integer. Sketch accurately the phase
modulator output for k= m, %1’!’, and %ﬂ', as was done in Figure
3.22(c) for k, = 3.

The carrier power of an FM signal is 40 W, and the carrier frequency
is f. = 40 Hz. A sinusoidal message signal is used with index 8 =
10. The sinusoidal message signal has a frequency of 5 Hz. Determine
the average value of x (t). We usually assume (x(t)) = 0. By drawing
appropriate spectra, explain this apparent contradiction.

Given that Jy(3) = —0.2601 and that J,(3) = 0.3391, determine
J4(3)-

Determine and sketch the spectrum (amplitude and phase) of an
angle-modulated signal assuming that the instantaneous phase devia-
tion is ¢(t) = B sin 27f, . Also assume 3 = 8, f,, = 20 Hz, and f,
= 1000 Hz. u

Repeat the preceding problem assuming that the instantaneous phase
deviation is ¢(t) = B cos 27f,t.

An FM modulator has input m(r) = 4 cos 107e. The peak frequency
deviation is 25 Hz. The modulator is followed by an ideal bandpass
filter with a center frequency given by the carrier frequency and a

. bandwidth of 54 Hz. Determine the power at the filter output assum-

ing that the power of the modulator output is 100 W. Sketch the
amplitude and phase spectrum of the filter output.

A modulated signal is given by
x(t) = 5 cos [2(80)t] + 10 cos [27(100)t] + 3 cos [27(120)¢]

Assuming a carrier frequency of 100 Hz, write this signal in the form
of (3.1). Give equations for the envelope, R(t), and the phase devia-

tion, ¢(r).
Repeat the preceding problem assuming that
x(t) = 5 cos [2m(80)t] + 10 cos [2(1000)t] + 3 sin [27(120)¢]

A transmitter uses a carrier frequency of 1000 Hz. Determine both
the phase and frequency deviation for each of the following trans-
mitter outputs:

(@) x(t) = cos [27(1000)t + 10¢’]

269



Problems 253

3.32

3.33

3.34

3.35

3.36

(b) x(t) = cos [27(500)¢]
(c) x(t) = cos [27(1100)t]
) x(t) = cos [2m(1000)¢ + 10\/4]

An FM modulator has output

x(t) = 100 cos |:wct + 27fy f‘m(a) da]

where f; = 30 Hz/V. Assume that m(¢) is the rectangular pulse m(t)
= 8t — 2).

(a) Sketch the phase deviation in radians.

(b) Sketch the frequency deviation in hertz.

(c) Determine the peak frequency deviation in hertz.
(d) Determine the peak phase deviation in radians.
(e) Determine the power at the modulator output.

Repeat the preceding problem assuming that m(t) is the triangular
1

pulse 4A[5(t — 6)].

An FM modulator with f; = 25 Hz/V has the message signal shown

in Figure 3.81. Plot the frequency deviation in hertz and the phase

deviation in radians.

An FM modulator with f; = 15 Hz/V has the message signal shown
in Figure 3.82. Plot the frequency deviation in hertz and the phase
deviation in radians.

An FM modulator with f; = 10 Hz/V has the message signal shown
in Figure 3.83. Plot the frequency deviation in hertz and the phase
deviation in radians.

FIGURE 3.81
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254 Basic Modulation Techniques

FIGURE 3.82

3.37 An FM modulator has f, = 1000 Hz and f; = 12.5. The modulator
has input m(t) = 4 cos 2mw(10)z.

(a) What is the modulation index?

(b)- Sketch, -approximately to scale, the magnitude spectrum of the
modulator output. Show all frequencies of interest.

(c) Is this narrowband FM? Why?

(d) If the same m(r) is used for a phase modulator, what must k, be
to yield the index given in (a)?

FIGURE 3.83
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3.38

3.39

3.40

3.41

3.42

3.43

3.44

An audio signal has a bandwidth of 25 kHz. The maximum value of
|m(¢)| is 5 V. This signal frequency modulates a carrier. Estimate the
bandwidth of the modulator output, assuming that the deviation con-
stant of the modulator is (a) 20 Hz/V, (b) 200 Hz/V, (c) 2 kHz/V, and
(d) 20 kHz/V.

By making use of Equations (3.104) and (3.112), show that

> LG =1

n=—0o0

Prove that J,(8) can be expressed as

l T
1B = _f cos (B sin x — nx) dx
m™Jo
Using the result of Problem 3.40, show that

J-(® = (—1)7,8)

An FM modulator is followed by an ideal bandpass filter having a
center frequency of 500 Hz and a bandwidth of 70 Hz. The gain of
the filter is 1 in the passband. The unmodulated carrier is given by
10 cos (10007t) and the message signal is m(t) = 10 cos (20mt). The
transmitter constant fj is 8 Hz/V.

(a) Determine the peak frequency deviation in hertz.

(b) Determine the peak phase deviation in radians.

(c) Determine the modulation index.

(d) Determine the power at the filter input and the filter output.

(e) Draw the single-sided spectrum of the signal at the filter input
and the filter output. Label the amplitude and frequency of each
spectral component.

An FM modulator operates with a peak deviation of 700 Hz. The
message signal is given by

m(t) = 5 cos 2007t

The power at the modulator ouput is 20 kW. The modulator is fol-
lowed by a bandpass filter having a center frequency equal to the
carrier frequency and a bandwidth of 1.3 kHz. Given that Jy(7) =
0.3001 and J;(7) = —0.0047, compute the power at the filter out-

put.

Reconstruct Figure 3.28 for the case where the five values of the
modulation index are achieved by increasing the modulator deviation
constant while holding f,, constant.
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3.45

3.46

3.47

3.48

3.49

Basic Modulation Techniques

A sinusoidal message signal has a frequency of 150 Hz. This signal is
the input to an FM modulator with an index of 10. Determine the
bandwidth of the modulator output if a power ratio, P,, of 0.8 is
needed. Repeat for a power ratio of 0.9.

A narrowband FM signal has a carrier frequency of 110 kHz and a
deviation ratio of 0.05. The modulation bandwidth is 10 kHz. This
signal is used to generate a wideband FM signal with a deviation ratio
of 20 and a carrier frequency of 100 MHz. The scheme utilized to
accomplish this is illustrated in Figure 3.31. Give the required value
of frequency multiplication, n. Also, fully define the mixer by
giving two permissible frequencies for the local oscillator, and
define the required bandpass filter (center frequency and band-
width).

Consider the FM discriminator shown in Figure 3.84. The envelope
detector can be considered ideal with an infinite input impedance.
Plot the magnitude of the transfer function E(f)/X,(f). From this
plot, determine a suitable carrier frequency and the discriminator
constant, Kp, and estimate the allowable peak frequency deviation of
the input signal.

By adjusting the values of R, L, and C in Problem 3.47, design a dis-
criminator for a carrier frequency of 100 MHz, assuming that the
peak frequency deviation is 6 MHz. What is the discriminator con-
stant, Kp,, for your design?

Solving system problems in which the input frequency is varying is
often a difficult task. Approximate solutions can often be obtained by
using sinusoidal steady-state techniques with the system-transfer
function evaluated at the instantaneous input frequency. This is
known as the quasi-steady-state approximation. In other words, if the
input to a system is

x(t) = A cos [wt + ¢(t)]

FIGURE 3.84

"rlm R=10003 “0 |Gewcir | Yol®
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the system output is approximated by using

1 d¢

for the transfer function. Rework Example 3.8 using this technique.

Section 3.3

3.50

Assume that an FM discriminator operates in the presence of sinu-
soidal interference. Show that the discriminator output is a nonzero
constant (dc) for each of the following cases: 4, = 4,4, = —A4,, and
4; > A. Determine the discriminator output for each of these
cases.

Section 3.4

3.51

3.52
3.53

3.54

3.55

Sketch the input phase deviation ¢(t), the phase deviation of the VCO
output 6(t), and the phase error for Example 3.9. Determine the rela-
tionship between the various parameters (4, kf, K, K,) that must exist
for the maximum phase error to be less than 0.2 rad.

Rework Example 3.9 for m(t) = A cos w,t.

Using x,(t) = m(t) cos w.t and ey(t) = 2 cos (wt + 0) for the assumed
Costas PLL input and VCO output, respectively, verify that all signals
shown at the various points in Figure 3.57 are correct. Assuming that
the VCO frequency deviation is defined by dfl/dt = —K,(t), where
e,(t) is the VCO input and K, is a positive constant, derive the phase
plane. Using the phase plane, verify that the loop locks.

Using a single phase-lock loop, design a system that has an output
frequency equal to H fo, where f; is the input frequency. Describe
fully, by sketching, the output of the VCO for your design. Draw the
spectrum at the VCO output and at any other point in the system
necessary to explain the operation of your design. Describe any filters
used in your design by defining the center frequency and the appro-
priate bandwidth of each.

A first-order PLL is operating with zero frequency and phase error
when a step in frequency of magnitude Aw is applied. The loop gain
K, is 2mw(100). Determine the steady-state phase error, in degrees, for
Aw = 27(30), 27(50), 27(80), and — 27(80) rad/s. What happens if
Aw = 2m(120) rad/s?
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3.56

3.57

3.58

Basic Modulation Techniques

The imperfect second-order PLL is defined as a PLL with the loop
filter

s+ a
s+ €

Use the linear model of the PLL and derive the transfer function for

F(s) =

©(s)/®(s). Derive expressions for w, and { in terms of K,, g, and €.

Using the results of the previous problem, determine K,, a, and ¢ for
a second-order PLL having a natural frequency of 100 Hz and a damp-
ing factor of 0.707. Assume that ¢ = 0.1K,.

A frequency-compressive feedback system is used to demodulate
an FM signal having a deviation ratio of 5. The VCO constant is 25
Hz/V. Determine the discriminator constant Kj, so that the deviation
ratio at the discriminator input is 0.4.

Section 3.5

3.59

3.60

3.61

3.62

3.67

Sketch a circuit using a capacitor that can convert PWM to PAM. The
charge on the capacitor should be proportional to the area under the
PWM pulse. Show typical signals at all points in your block diagram.
How is the PAM signal demodulated? :

A continuous data signal is quantized and transmitted using a PCM
system, If each data sample at the receiving end of the system must
be known to within 1 0.5% of the peak-to-peak full-scale value, how
many binary symbols must each transmitted digital word contain?
Assume that the message signal is speech and has a bandwidth of 4
kHz. Estimate the bandwidth of the resulting PCM signal (choose k).

Extend Problem 3.60 by plotting the bandwidth of the PCM signal as
a function of accuracy. Let the accuracy vary from 50% of the peak-
to-peak full-scale value of the input signal to 0.1% of this value. Let
the bandwidth of the message signal be W.

A delta modulator has the message signal
m(t) = 9 sin 27(10)t + 5 sin 2w(20)¢

Determine the minimum sampling frequency required to prevent
slope overload, assuming that the impulse weights §; are 0.05.

Repeat Problem 3.62, assuming that
m(t) = 9 cos 27(10)t + 5 cos 2mw(20)t
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Section 3.6

3.64 Five messages bandlimited to W, W, 2W, 4W, and 4W Hz, respectively,
are to be time-division multiplexed. Devise a commutator configu-
ration such that each signal is periodically sampled at its own mini-
mum rate and the samples are properly interlaced. What is the
minimum transmission bandwidth required for this TDM signal?

3.65 In an FDM communication system, the transmitted baseband signal is
x(t) = my(t) cos w;t + my(t) cos w,t

This system has a second-order nonlinearity between transmitter
input and receiver output. Thus the received baseband signal y(t) can
be expressed as

y(0) = ax(t) + a’(t)

Assuming that the two message signals, m(t) and m,(t), have the
spectra

M(f) = mf) =11 (1)

w

~ sketch the spectrum of y(t). Discuss the difficulties encountered in
demodulating the received baseband signal. In many FDM systems,
the subcarrier frequencies w; and w, are harmonically related.
Describe any additional problems this presents.

COMPUTER EXERCISES

The following exercises require that waveforms and the spectra of wave-
forms be plotted. Although these exercises can be developed using any high-
level language, a special-purpose computer package, having significant com-
putational and graphics capabilities, such as Mathcad or MATLAB, is
recommended.

3.1 Develop a computer program to demonstrate DSB and AM modulation.
Both the waveforms and the spectra corresponding to the waveforms
at each point in the system are to be generated and plotted within the
program. You may use coherent demodulation for AM. An interesting
message signal, with a known spectrum, can easily be generated using
either three-term or a four-term Fourier series.

3.2 The purpose of the exercise is to demonstrate the properties of SSB
modulation. Develop a computer program to generate both upper-
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3.3

3.4

Basic Modulation Techniques

sideband and lower-sideband SSB signals and display both the time-
domain signals and the amplitude spectra of these signals. Plot the
envelopé of the SSB signals and show that both the upper-sideband and
the lower-sideband SSB signals have the same envelope. It would also
be interesting to look at the phase deviation and frequency deviation
of the modulated carrier. Show that carrier reinsertion can be used to
demodulate a SSB signal. Illustrate the effect of using a demodulation
carrier with insufficient amplitude when using the carrier reinsertion
technique.

In this computer exercise we investigate the properties of VSB modu-
lation. Develop a computer program to generate and plot a VSB signal
and the corresponding amplitude spectrum. Using the program, show
that VSB can be demodulated using carrier reinsertion.

The purpose of this computer exercise is to study angle modulation
using a sinusoidal message signal. Develop a program that allows you
to generate an angle-modulated signal using a single sinusoid as the
message signal. Using this message signal, plot the time-domain signal
and both the amplitude and phase spectra of the signal for several val-
ues of the modulation index. Using several values of § show that the

spectra shown in _Figulfe 328 are correct.

3.5

3.6

Repeat the preceding problem using a message signal consisting of the
sum of two sinusoids. It is not necessary to determine and plot the
phase spectrum of x(t). Using your program convince yourself that the
result of Exercise 3.6 is correct.

Develop a computer program to generate the amplitude spectrum at
the output of an FM modulator assuming a square-wave message signal.
Plot the output for various values of the deviation ratio. When chang-
ing the deviation ratio, make sure that the peak deviation remains con-
stant. Comrnent on your Obsel'\'a.tions.
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PROBABILITY AND
RANDOM VARIABLES

The objective of this chapter is to provide the necessary background in prob-
ability theory to make possible the mathematical description or modeling of
random signals. Our ultimate goal is to develop the mathematical tools nec-
essary to deal with random signals, or random processes, in systems ana]}rsis,
although this will not be accomplished until Chapter 5.

Because of their unpredictable nature, we cannot assign exact values to
random signals or noise waveforms at a given instant in time but must
describe them in terms of averages or the probability of a particular out-
come. Thus we begin this chapter with an elementary consideration of prob-
ability theory. Next we introduce the idea of random variables and their
statistical description. If we think of random variables as depending on a
parameter, such as time, we are really speaking of random signals, the topic
of Chapter 5.

4.1 WHAT IS PROBABILITY?

Each of us has an intuitive notion about probability from prior experience.
Let us therefore begin by considering some of these intuitive approaches to

probability.

Equally Likely Outcomes

Suppose you match coin tosses with someone. This is an example of a ran-
dom, or chance, experiment for which there are two possible outcomes, or
happenings. Either the coins will match when flipped or they will not match.
Since there is no prior reason to believe that one of these outcomes is
favored over the other, you would most likely guess, before flipping, that
your chances of winning or losing are equally likely.

Stated more generally, if there are N possible equally likely and mutally exclu-
sive outcomes (that is, the occurrence of one outcome precludes the occur-
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262 Probability and Random Variables

rence of any of the others) to a random, or chance, experiment and if N, of
these outcomes correspond to an event A of interest, then the probability of
event A, or P(A), is

NA
ROl (4.1)

However, there are practical difficulties with this definition of probability,
which is often referred to as the classical (or equally likely) definition of proba-
bility. One must be able to break the chance experiment up into two or more
equally likely outcomes and this is not always possible. The most obvious
experiments fitting these conditions are card games, dice, and coin tossing.
Philosophically, there is difficulty with this definition in that use of the
words “equally likely” really amounts to saying something about being
equally probable, which means we are using probability to define probability.
To summarize, there are difficulties with the classical, or equally likely,
definition of probability, but it is useful in engineering problems when it is
reasonable to list N equally likely, mutually exclusive* outcomes. The following
example will illustrate its usefulness in a situation where it applies.

EXAMPLE 4.1  Given a deck of 52 playing cards, (a) What is the probabil-
ity of drawing the ace of spades? (b) What is the probability of drawing a
spade?

SOLUTION

(a) Using the principle of equal likelihood, we have one favorable outcome
in 52 possible outcomes. Therefore, P(ace of spades) = é

(b) Again using the principle of eqlual likelihood, we have 13 favorable out-
comes in 52, and P(spade) = g‘% = g';.

Relative Frequency

Suppose we wish to assess the probability of an unborn childs being a boy.
Using the classical definition, we predict a probability of %, since there are
two possible mutually exclusive outcomes, which from outward appearances
appear equally probable. However, yearly birth statistics for the United
States consistently indicate that the ratio of males to total births is about
0.51. In the years 1987 to 1989, for example, the ratio of male births to

* Mutually exclusive means that if a given outcome occurs, it precludes the occurrence of any
other possible outcomes.
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4.1  What Is Probability? 263

female births in the United States was 1050 to 1000, respectively, or
51.22% of all births were male. This is an example of the relative-frequency
approach to probability.

In the relative-frequency approach, we consider a random experiment, enu-
merate all possible outcomes, repeatedly perform the experiment (often
conceptually), and take the ratio of the number of outcomes, N,, favorable
to an event of interest, 4, to the total number of trials, N, as an approxi-
mation of the probability of A, P(4). We define the limit of N,/N, called the
relative frequency of A, as N —> 00, as P(A):

& N:‘l
P(A) £ lim — 4.2)
N—cD
This definition of probability can be used to estimate P(4). However, since
the infinite number of experiments implied by (4.2) cannot be performed,
only an approximation to P(4) is obtained. Thus the relative-frequency
notion of probability is useful for estimating a probability but is not satis-
factory as a mathematical basis for probability.
The following example fixes these ideas and will be referred to later in
this chapter.

EXAMPLE 42  Consider the simultaneous tossing of two fair coins. Thus,
on any given trial, we have the possible outcomes HH, HT, TH, and TT,
where, for example, HT denotes a head on the first coin and a tail on the
second coin. (We imagine that numbers are painted on the coins so we can
tell them apart.) What is the probability of two heads on any given trial?

SOLUTION By distinguishing between the coins, the correct answer, using
equal likelihood, is % Similarly, it follows that P(HT) = P(TH) = P(TT) =
I

L

Sample Spaces and the Axioms of Probability

Because of the difficulties mentioned for the preceding two definitions of
probability, mathematicians prefer to approach probability on an axiomatic
basis. We now briefly describe this axiomatic approach, which is general
enough to encompass all the previously given definitions.

We can view a chance experiment geometrically by representing its pos-
sible outcomes as elements of a space referred to as a sample space §'. An
event is defined as a collection of outcomes. An impossible collection of out-
comes is referred to as the null event. Figure 4.1(a) shows a representation of
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264 Probability and Random Variables

FIGURE 4.1 Sample spaces. (a) Pictorial representation of an arbitrary
sample space. Points show outcomes; circles show events. (b) Sample space
representation for the tossing of two coins.

- Sample
4
Outcome 0 space
Null
& &

{a)

Sample space &

Event8
H T

a sample space. Three events of interest, 4, B, and C, which do not encom-
pass the entire sample space, are shown.

A specific example of a chance experiment might consist of measuring
the dc voltage at the output terminals of a power supply. The sample space
for this experiment would be the collection of all possible numerical values
for this voltage. On the other hand, if the experiment is the tossing of two
coins, as in Example 4.2, the sample space would consist of the four out-
comes HH, HT, TH, and TT enumerated earlier. A sample-space represen-
tation for this experiment is shown in Figure 4.1(b). Two events of interest,
A and B, are shown. Event A denotes at least one head, and event B consists
of the coins matching. Note that A and B encompass all possible outcomes
for this particular example.

In the axiomatic approach, a measure, called probability, is somehow
assigned to the events of a sample space* such that this measure possesses
the properties of probability. The properties or axioms of this probability
measure are chosen to yield a satisfactory theory such that results from
applying the theory will be consistent with experimentally observed phe-
nomena. A set of satisfactory axioms is the following:

1. P(d) = O for all events 4 in the sample space &.

* For example, by the relative-frequency or the equally likely approaches.
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4.1  What Is Probability? 265

2. The probability of all posssible events occurring is unity, P(§) = 1.
3. If the occurrence of A precludes the occurrence of B, and vice versa (that
is, A and B are mutually exclusive), then P(4 or B) = P(4) + P(B).*

It is emphasized that this approach to probability does not give us the num-
ber P(A); it must be obtained by some other means.

Before we proceed further, it is convenient to introduce some useful
notation. The event “A or B or both” will be denoted as (4 + B). The event
“both A and B” will be denoted either as (4B) or as (4, B). We will sometimes
be interested in the event “not A,”’ which will be denoted A. An event such
as (A + B), which is composed of two or more events, will be referred to
as a compound event. Other notations often used for the events just defined
are A U B (“A union B”), A N B (“4 intersection B”), and 4" (“4 comple-
ment”’), respectively.

Some Useful Probability Relationships

We now employ concepts of relative frequency to show the reasonableness
of some useful relationships among probabilities of other compound events.
We could proceed directly from the axioms just stated, but the relative-
frequency approach taken here is more intuitively satisfying.

Consider a chance experiment having, among other possible outcomes,
two events of immediate interest, A and B, which may or may not happen
together. For example, the experiment could be the simultaneous tossing of
two fair coins, as in Example 4.2, with event 4 being the occurrence of at
least one head (that is, HH, HT, or TH) and event B denoting that the out-
comes on each coin match (that is, either HH or TT). Although, in this par-
ticular example, the compound event “4 or B or both” encompasses the
entire sample space, there may, in general, be other possible events.

To continue, suppose we repeat our experiment N times and record the
information given in Table 4.1. According to the relative-frequency
approach, as N becomes large without bound,

N+ N

P(4) = %‘” (4.3a)
Ni + N

P = 2—2 = 2 (4.3b)

* To the third axiom is added the condition of countable additivity if the number of out-
comes is countably infinite. We will not include it here in the interest of brevity.
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TABLE 4.1

Case 1 N4z = number of times A occurred alone.

Case 2 Nzg = number of times B occurred alone.

Case 3 N,z = number of times A and B occurred together.
Case 4 Nz = number of times neither A nor B occurred.
Thus N = Nzg+ N4g + Ny + Nzs.

and

P(4B) = N—; (4.3c)

Consider now the probability of 4 or B or both, P(4 + B). Clearly, the num-
ber of occurrences of this compound event is Nz + Njz + Ny Thus, in a
large number of trials,

N+ Nizg + Ny

N (4.43)
=NA§+NAB+NQB+NJB__§_A§
N N N

P(A + B) =

Using (4.3) and taking the limit as N — 00, this becomes
P(A + B) = P(A) + P(B) — P(AB) (4.4b)

Comparing this with axiom 3, we see that if A and B are not mutually exclu-
sive, the probability P(4B) must be subtracted from the right-hand side.
Equation (4.4b) could have been derived directly from the axioms by defin-
ing appropriate compound events (see Problem 4.2).

Next consider the probability that 4 occurs, given that B occurred, P(4 | B),
and the probability that B occurs, given that A occurred, P(B|4). These prob-
abilities are referred to as conditional probabilities. Considering P(4 | B) first, we
see from Table 4.1 that given that event B occurred, we must consider only
cases 2 and 3 for a total of Nj + N,; outcomes. Of these, only N; outcomes
are favorable to event 4 occurring, so

Ni + Ng  (Nig + NN
In terms of previously defined probabilities, therefore,
P(AB
pa|3) = 2B (4.6a)
r(B)
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Similar reasoning results in the relationship

P(4B)
P(B|A) = N (4.6b)

In an axiomatic approach, conditional probabilities could be defined in this
fashion, and we will take the preceding relations as definitions. However,
the development given here shows their reasonableness.

Putting Equations (4.6a) and (4.6b) together, we obtain

P(4|B)P(B) = P(B|A)P(A) (4.7a)
or
_ P(B)P(4]B)
P(B|4) = o (4.7b)

This is a special case of Bayes’ rule.

Finally, suppose that the occurrence or nonoccurrence of B in no way
influences the occurrence or nonoccurrence of A. If this is true, 4 and B are
said to be statistically independent. Thus, if we are given B, this tells us nothing
about 4, and therefore, P(4 | B) = P(A). Similarly, P(B|4) = P(B). From Equa-
tion (4.6a) or (4.6b) it follows that, for such events,

P(AB) = P(A)P(B) (4.8)

Equation (4.8) will be taken as the definition of statistically independent
events.

EXAMPLE 4.3  Referring to Example 4.2, suppose A denotes at least one
head and B denotes a match. The sample space is shown in Figure 4.1(b). To
find P(A) and P(B), we may proceed in several different ways.

SOLUTION  First, if we use equal likelihood, there are three outcomes
favorable to A (that is, HH, HT, and TH) among four possible outcomes,
yielding P(4) = %. For B, there are two favorable outcomes in four possibil-
ities, giving P(B) = %

As a second approach, we note that the outcomes on separate coins are
statistically independent with P(H) = P(T) = % (Why?) Also, event A con-
sists of any of the mutually exclusive outcomes HH, TH, and HT, giving

=G D+ G D+G D=1 “9)
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by Equation (4.8) and axiom 3. Similarly, since B consists of the mutually
exclusive outcomes HH and TT,

PB)=G- Dt G D=1 (4.10)
again through the use of (4.8) and axiom 3. Also, P(4B) = P(at least one
head and a match) = P(HH) = 7.

Next, consider the probability of at least one head given that we had a
match, P(4 | B). Using Bayes’ rule, we obtain
1

o (4.11)

P(AB)

PA|B) = S

e

which is reasonable, since given B, the only outcomes under consideration
are HH and TT, only one of which is favorable to event A. Next, finding
P(B| A), the probability of a match given at least one head, we obtain

ENE
iy

P(4B
P(B|4) = ?((_Ml =5 == (4.12)

$lw
W

Checking this result using the principle of equal likelihood, we have one
favorable event amon% three candidate events (HH, TH, and HT), which
yields a probability of 3. We note that

P(AB) # P(A)P(B) 4.13)

Thus events A and B are not statistically independent, although the events H
and T on either coin are independent.
Finally, consider the joint probability P(4 + B). Using (4.4b), we obtain

PA+B =34+1-1= (4.14)

Remembering that P(4 + B) is the probability of at least one head, or a
match, or both, we see that this includes all possible outcomes. Thus our
result is correct.

EXAMPLE 4.4  This example illustrates the reasoning to be applied when
trying to determine if two events are independent. A single card is drawn at
random from a deck of cards. Which of the following pairs of events are
independent? (a) The card is a club, and the card is black. (b) The card is a
king, and the card is black.

SOLUTION  We use the relationship P(4B) = P(4 | B)P(B) (always valid) and
check it against the relation P(4B) = P(4)P(B) (valid only for independent
cvents). For part (a), we let 4 be the event that the card is a club and B be
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4.1 What Is Probability? 269

the event that it is black. Since there are 26 black cards in an ordinary deck
of cards, 13 of which are clubs, the conditional probability P(4 | B) is % (given
we are considering only black cards, we have 13 favorable outcomes for the
card being a club). The probability that the card is black is %g, because half
the cards in the 52-card deck are black. The probability of a club (event 4),
on the other hand, is % (13 cards in a 52-card deck are clubs). In this case,

PAIBP(B) = 2 5 #* PAPB) = 5% (4.15)
and the events are not independent.

For part (b), we let 4 be the event that a king is drawn, and event B be
that it is black. In this case, the probability of a king given that the card is
black is = (two cards of the 26 black cards are kings). The probability of a
king is simply % (4 kings in the 52-card deck). Hence,

P(A|B)P(B) = 3 & = PA)P(B) = 55 % (4.16)

Sl

which shows that the events king and black are statistically independent.

EXAMPLE 4.5 As an example more closely related to communications,
consider the transmission of binary digits through a channel as might occur,
for example, in computer systems. As is customary, we denote the two pos-
sible symbols as 0 and 1. Let the probability of receiving a zero, given a zero
was sent, P(Or|0Os), and the probability of receiving a 1, given a 1 was sent,
P(1r]|1s), be
POr|0s) = P(1r]|1s) = 0.9 4.17)

Thus the probabilities P(1r|0s) and P(Or| 1s) must be

P(1r|0s) = 1 — P(0r|0s) = 0.1 (4.18a)
and

P(Or|1s) = 1 — P(Ir|1s) = 0.1 (4.18b)

respectively. These probabilities characterize the channel and would be
obtained through experimental measurement or analysis. Techniques for cal-
culating them for particular situations will be discussed in Chapter 7.

In addition to these probabilities, suppose that we have determined
through measurement that the probability of sending a zero is

P(O0s) = 0.8 (4.19a)
and therefore the probability of sending a 1 is

P(1s) = 1 — P(0s) = 0.2 (4.19b)
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270 Probability and Random Variables

Note that once P(Or|0s), P(1r|1s), and P(Os) are specified, the remaining
probabilities are calculated using axioms 2 and 3.
The next question we ask is, “If a 1 was received, what is the probability,
P(1s|1r), that a 1 was sent?”” Applying Bayes’ rule, we find that
P(1¢| 15)P(15)

P(ls|1r) = T (4.20)

To find P(1r), we note that

P(lr, 1s) = P(1r|15)P(1s) = 0.18 4.21a)

and
P(1r, 0s) = P(1r|0s)P(0s)= 0.08 (4.21b)

Thus
P(1r) = P(lz, 1s) + P(1z, 0s) = 0.18 + 0.08 = 0.26  (4.22)

and

(0.9)(0.2) _

P(ls]1r) = 0.26

0.69 (4.23)
Similarly, one can calculate P(Os | 1r) = 0.31, P(0s |Or) = 0.97, and P(15|0r)
= 0.03. For practice, you should go through the necessary calculations.

Venn Diagrams and Tree Diagrams

It is sometimes convenient to visualize the relationships between various
events for a chance experiment in terms of a Venn diagram. In such diagrams,
the sample space is indicated as a rectangle, with the various events indicated
by circles or ellipses. Such a diagram looks exactly as shown in Figure 4.1(a),
where it is seen that events B and C are not mutually exclusive, as indicated
by the overlap between them, whereas event A is mutually exclusive of
events B and C.

Another handy device for determining probabilities of compound events
is a tree diagram, particularly if the compound event can be visualized as
happening in time sequence. This device is illustrated by the following
example.

EXAMPLE 4.6  Suppose five cards are drawn without replacement from a
standard 52-card deck. What is the probability that three of a kind results?

SOLUTION  The tree diagram for this chance experiment is shown in Fig-
ure 4.2. On the first draw, we focus on a particular card, denoted as X. The
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4.1  What Is Probability?

FIGURE 4.2 A card-drawing problem illustrating the construction of a tree
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272 Probability and Random Variables

second draw results in four possible events of interest: a card is drawn that
matches the first card with probability 2, or a match is not obtained with
probability 3. If some card other than X was drawn on the first draw, then
X results with probability <7 on the second draw (lower half of Figure 4.2).
At this point, 50 cards are left in the deck. If we follow the upper branch,
which corresponds to a match of the first card, two events of interest are
again p0551ble another match that will be referred to as a triple with prob-
ability of % 5 0N that draw, or a card that does not match the first two with
probabll:ty 7. If a card other than X was obtained on the second draw, then
X oceuzs with probability = if X was obtained on the first draw, and prob-
ability 35 if it was not. The remaining branches are filled in similarly. Each
path through the tree will either result in success or failure, and the prob-
ability of drawing the cards along a particular path will be the product of
the separate probabilities along each path. Since a particular sequence of
draws resulting in success is mutually exclusive of the sequence of draws
resulting in any other success, we simply add up all the products of proba-
bilities along all paths that result in success. In addition to these sequences
involving card X, there are 12 others involving other face values which result
in three of a kind. Thus we multiply the result obtained from Figure 4.2 by
13. The probability of drawing three cards of the same value, in any order,
is then given by

(l 0)(#)(3)(2)(48)(47)
13 52)51)50)@9)48)
= 0.02257 (4.24)

P(3 of a kind) =

(Note that drawing four of a kind is termed a failure, even though in a game
of poker one would be very happy to have four of a kind. In this particular
example, we are interested in the probability of obtaining three of a kind
only.)

EXAMPLE 4.7  Another type of problem very closely related to those
amenable to tree-diagram solution is a reliability problem. Reliability prob-
lems can resuit from considering the overall failure of a system composed
of several components each of which may fail with a certain probability p.
An example is shown in Figure 4.3, where a battery is connected to a load
through the series-parallel combination of relay switches each of which may
fail to close with probability p (or close with probability ¢ = 1 — p). The
problem is to find the probability that current flows in the load. From the
diagram, it is clear that a circuit is completed if S1 or 52 and 83 are closed.
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FIGURE 4.3 Circuit illustrating the calculation of reliability
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Therefore,

P(success) = P(S1 or S2 and S3 closed)

P(S1 or S2 or both closed)P(S3 closed)

[1 — P(both switches open)]P(S3 closed)

=t —ph (4.25)

where it is assumed that the separate switch actions are statistically

[

independent.

Some More General Relationships

We now obtain some useful formulas for a case somewhat more general than
that given above. We consider an experiment, each mutually exclusive out-
come of which is composed of a compound event (4;, B)). The totality of all
these compound events, i = 1,2,...,M,j=1,2,...,N, composes the
entire sample space (that is, the events are exhaustive).

For example, the experiment n:Light consist of rolling a pair of dice with
(4;, B) = (number of spots showing on die 1, number of spots showing on
die 2).

Suppose the probability of the joint event (4;, B) is P(4;, B;). We can think
of each compound event as a simple event, and if we sum the probabilities
of all these mutually exclusive, exhaustive events, we will obtain a proba-
bility of 1, since we have included all possible outcomes. That is

M N
> > P4, B) =1 (4.26)

i=1 j=1

Now let us consider a particular event B, Associated with this particular
event, we have M possible mutually exclusive, but not exhaustive outcomes
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274 Probability and Random Variables

(A, Bj), (A,, Bj), ooy (Ays B‘,). If we sum over the corresponding probabilities,
we will obtain the probability of B, irrespective of the outcome on A. Thus

M

PB) = ) P(4, B) (4.27)

=1

Similar reasoning leads to the result

N

P(A) = D _ P(4, B) (4.28)
j=1

P(4;) and P(BJ,) are referred to as marginal probabilities.

Suppose we wish to find the conditional probability of B, given 4,
P(B, |4,). In terms of the joint probabilities P(4,, B)), we can write this con-
ditional probability as

P(4,, B,)
PB |A)) =" 4.2
(Bn|4,) Zf—l P4, B) (4.29)

which is a more general form of Bayes’ rule than that given by (4.7).

EXAMPLE 4.8 A certain experiment has the joint and marginal probabil-
ities shown in Table 4.2. Find the missing probabilities.

SOLUTION  Using P(B;) = P(4,, B;) + P(4,, B,), we obtain P(B;) =
0.1 4+ 0.1 = 0.2. Also, since P(B,) + P(B,) + P(B;) = 1, we have P(8;) =
1 — 0.2 — 0.5 = 0.3. Finally, using P(4,, B;) + P(4, B;) = P(B;), we get
P(4,, B;) = 0.3 — 0.1 = 0.2, and therefore, P(4,) = 0.1 + 0.4 + 0.2
= 0.7.

TABLE4.2 P(A, B)
' B B oo PA)

0.1 0.4
0.1 0.1 0.1 .03
0.5 1
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4.2 Random Variables, Distribution Functions, and Density Functions 275

TABLE 4.3 Possible Random Variables

Outcome:
S R.V. No. 1: X3(S) RV. No. 2: X3(S5)
51 = heads X|(Sf} =1 Xg(Sj} =
S, = tails Xi(So) = — 1 Xo(So) = V2

4.2 RANDOM VARIABLES, DISTRIBUTION FUNCTIONS, AND
DENSITY FUNCTIONS

Random Variables

In the applications of probability it is often more convenient to work in
terms of numerical outcomes (for example, the number of errors in a digital
data message) rather than nonnumerical outcomes (for example, failure of a
component). Because of this, we introduce the idea of a random variable,
which is defined as a rule that assigns a numerical value to each possible
outcome of a chance experiment. (The term random variable is a misnomer;
a random variable is really a function, since it is a rule that assigns the mem-
bers of one set to those of another.)

As an example, consider the tossing of a coin. Possible assignments of
random variables are given in Table 4.3. These are examples of discrete ran-
dom variables and are illustrated in Figure 4.4(a).

As an example of a continuous random variable, consider the spinning of a
pointer, such as is typically found in children’s games. A possible assignment
of a random variable would be the angle ©,, in radians, that the pointer
makes with the vertical when it stops. Defined in this fashion, ©, has values
that continuously increase with rotation of the pointer. A second possible
random variable, @,, would be ©; minus integer multiples of 27 radians,
such that 0 =< ©, << 27, which is commonly denoted as @; modulo 2.
These random variables are illustrated in Figure 4.4(b).

At this point, we introduce a convention that will be adhered to through-
out this book (although not in all books). Capital letters (X, ®, and so on)
denote random variables, and the corresponding lower-case letters (x, 0, and
so on) denote the values that the random variables take on.

Probability (Cumulative) Distribution Functions

We need some way of probabilistically describing random variables that
works equally well for discrete and continuous random variables. One way
of accomplishing this is by means of the cumulative distribution function (cdf).
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276 Probability and Randem Variables

FIGURE 4.4 Pictorial representation of sample spaces and random
variables. (a) Coin-tossing experiment. (b) Pointer-spinning experiment.
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Consider a chance experiment with which we have associated a random
variable X. We define the cdf Fy(x) as

Fy(x) = probability that X = x = P(X = x) (4.30)

We note that Fy(x) is a function of x, not of the random variable X. But Fy(x)

also depends on the assignment of the random variable X, which accounts
for the subscript.

The cdf has the following properties:

(@) 0 =< Fy(x) = 1, with F,(—00) = 0 and Fy(20) = 1.
(b) Fx(x) is continuous from the right; that is, limy_. x,+ Fe(x) = Fy(xo).
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4.2 Random Variables, Distribution Functions, and Density Functions 277

(c) Fx(x) is a nondecreasing function of x; that is, Fy(x,) = Fy(x,) if
x; < x,.

The reasonableness of the preceding properties is shown by the following
considerations.

Since Fy(x) is a probability, it must, by our previous axioms, lie between
0 and 1, inclusive. Since X = —00 excludes all possible outcomes of our
experiment, Fy(—0) = 0, and since X = OO includes all possible out-
comes, Fy(20) = 1.

For x; < x,, the events X = x, and x; < X = x, are mutually exclusive;
furthermore, X = x, implies X = x, or x; < X = x,. By axiom 3, therefore,

PX=<1x) =PX=x))+ Px; < X = x,)
or
Px; < X = x)) = Fy(x)) — Fy(x)) ! (4.31)

Since probabilities are nonnegative, the left-hand side of (4.31) is nonneg-
ative. Thus we see that property (c) holds.

The reasonableness of the right-continuity property is shown as follows.
Suppose the random variable X takes on the value x, with probability P,.
Consider P(X = x). If x << x,, the event X = x, is not included, no matter
how close x is to x,. When x = x,, we include the event X = x,, which
occurs with probability P,. Since the events X = x < xy and X = x, are
mutually exclusive, P(X = x) must jump by an amount P, when x = x,, as
shown in Figure 4.5. Thus Fy(x) = P(X =< x) is continuous from the right.
This is illustrated in Figure 4.5 by the dot on the curve to the right of the
jump. What is more useful for our purposes, however, is that the magnitude
of any jump of Fy(x), say at xo, is equal to the probability that X = x,,.

FIGURE 4.5 |Illustration of the jump property of Fx(X)
Fy (x)

294



278 Probability and Random Variables

Probability Density Function

From (4.31) we see that the cdf of a random variable is a complete and useful
description for the computation of probabilities. However, we will also be
interested in averages when we consider noise in communication systems.
For the purpose of computing statistical averages, the probability density func-
tion (pdf) fy(x) of a random variable X is more convenient. The pdf of X is
defined in terms of the cdf of X by

dFy(x)
dx

fx(x) = (4.32)
Since the cdf of a discrete random variable is discontinuous, its pdf, math-
ematically speaking, does not exist. By representing the derivative of a jump-
discontinuous function at a point of discontinuity by a delta function of area
equal to the magnitude of the jump, we can define pdf’s for discrete random
variables. In some books, this problem is avoided by defining a probability mass
function for a discrete random variable, which consists simply of lines equal
in magnitude to the probabilities that the random variable will take on its
possible values.
Recalling that Fy(—@0) = 0, we see from (4.32) that

Fx(x) = f S (4.33)

That is, the area under the pdf from —QO to x is the probability that the
observed value will be less than or equal to x.

From (4.32), (4.33), and the properties of Fy(x), we see that the pdf has
the following properties:

fal) = JF;(") >0 (4.34)
J-__wfx(x) dx = 1 (4.35)

Py < X = x)) = Fylx)) — Felxy) = f Sx(x) dx (4.36)

To obtain another enlightening and very useful interpretation of fy(x), we
consider (4.36) with x;, = x — dx and x, = x. The integral then becomes

fx(x) dx, so
felx) dx = Plx — dx < X < x) (4.37)
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TABLE 4.4

Outcome X PX = x)
™ X =0 i
TH = 1
HT 3= ’:’
HH X3 = 3

That is, the ordinate at any point x on the pdf curve multiplied by dx gives
the probability of the random variable X lying in an infinitesimal range
around the point x assuming that fy(x) is continuous at x.

The following two-examples illustrate cdf’s and pdf’s for discrete and
continuous cases, respectively.

EXAMPLE 4.9  Suppose two fair coins are tossed and X denotes the num-
ber of heads that turn up. The possible outcomes, the corresponding values
of X, and the respective probabilities are summarized in Table 4.4. The cdf
and pdf for this experiment and random variable definition are shown in
Figure 4.6. The properties of the cdf and pdf for discrete random variables
are demonstrated by this figure, as a careful examination will reveal. It is
emphasized that the cdf and pdf change if the definition of the random
variable or the probability assigned is changed. As an exercise, you should
plot the cdf and pdf for the case where X denotes the number of heads
divided by 2.

FIGURE 4.6 The cdf and pdf for a coin-tossing experiment
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280 Probability and Random Variables

FIGURE 4.7 The pdf (a) and cdf (b) for a pointer-spinning experiment.
£, () Fo(6)

1.0

(a) (b)

EXAMPLE 4.10  Consider the pointer-spinning experiment described ear-
lier. We assume that any one stopping point is not favored over any other
and that our random variable O is defined as the angle that the pointer makes
with the vertical, modulo 27r. Thus @ is limited to the range (0, 27), and for
any two angles #; and 0, in (0, 2m), we have

PO, — A0 <O =<40)=2P0, — A0 <O =<4, (4.38)

by the assumption that the pointer is equally likely to stop at any angle in
(0, 27). In terms of the pdf fo(f), this can be written, using (4.37), as

fe(ﬂl) ‘B fe(ez)- 0=6,0,< 2w (4.39)

Thus, in the interval (0, 27), fo(f) is a constant, and outside (0, 2), fol0) is
zero by the modulo 27 condition (this means that angles less than O or
greater than 27 are impossible). By (4.35), it follows that fg(f) = 1/(27) in
(0, 2m); fg(ﬂ) is shown graphically in Figure 4.7(a). The cdf Fg(f) is easily
obtained by performing a graphical integration of fo(f) and is shown in Fig-
ure 4.7(b).

To illustrate the use of these graphs, suppose we wish to find the proba-
bility of the pointer landing anyplace in the interval (3w, 7). The desired
probability is given either as the area under the pdf curve from T to ,
shaded in Figure 4.7(a), or as the value of the ordinate at § = 7 minus the
value of the ordinate at # = 37 on the cdf curve. The probability of the
pointer’s landing exactly at 37, however, is 0.

Joint cdf's and pdf’s

Some chance experiments must be characterized by two or more random
variables. The cdf or pdf description is readily extended to such cases. For
simplicity, we will consider only the case of two random variables.
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4.2 Random Variables, Distribution Functions, and Density Functions 281

To give a specific example, consider the chance experiment in which darts
are repeatedly thrown at a target, as shown schematically in Figure 4.8. The
point at which the dart lands on the target must be described in terms of
two numbers. In this example, we denote the impact-point by the two ran-
dom variables X and Y, whose values are the xy coordinates of the point
where the dart sticks, with the origin being fixed at the bull’s eye.

The joint cdf of X and Y is defined as

Fapx,y) = PX=x, Y=y) (4.40)

where the comma is interpreted as ‘‘and.” The joint pdf of X and Y is defined
as

aan(x,y)
e 41
Sar(x, y) 3z d (4.41)

Just as we did in the case of single random variables, we can show that
p 2 0
Py <X=x, 31 <Y=y) = f f fxy(x, y) dxdy  (4.42)
71 1

X

which is the two-dimensional equivalent of (4.36). Letting x;, = y, = —00
and x, = y, = 00, we include the entire sample space. Thus

00 L+ o]
Fxy(%0, ®0) = f_m f“_mfﬂ(x’)’) dxdy = 1 (4.43)
Letting x; = x — dx, x, = x,y; = y — dy, and y, = y, we obtain the
following enlightening special case of (4.42):
fo)dedyr =P — & <X=x, y—<Y=y (449

Thus the probability of finding X in an infinitesimal interval around x while
simultaneously finding Y in an infinitesimal interval around y is fiy(x, y) dxdy.
Given a joint cdf or pdf, we can obtain the cdf or pdf of one of the random

FIGURE 4.8 The dart-throwing experiment

Y
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variables using the following considerations. The cdf for X irrespective of
the value Y takes on is simply

F(x) = PX <x, —00 < Y < 00)
= Fyy(x, 00) (4.45)

By similar reasoning, the cdf for Y alone is

Fy(y) = F(%0, ) (4.46)

Fy(x) and Fy( y) are referred to as marginal cdf’s. Using (4.40) and (4.42), we
can express (4.45) and (4.46) as

Fy(x) = J‘_w f_mfn(x’,y') dx’ dy" (4.47)
and
By o0
F(y) = f L f _mfxr(X’, y) &’ &y’ (4.48)
respectively. Since
dF dF.
£ =0 ) = y )' (4.49)
we obtain
r0= [ fatr (450)
and
frl) = f Sl & (451)

from (4.47) and (4.48), respectively. Thus, to obtain the marginal pdf’s fy(x)
and fy( y) from the joint pdf fiy(x, y), we simply integrate out the undesired
variable (or variables for more than two random variables). Hence the joint
cdf or pdf contains all the information possible about the joint random vari-
ables X and Y. Similar results hold for more than two random variables.

Two random variables are statistically independent (or simply independent) if
the values each takes on do not influence the values of the other. Thus, for
any x and y, it must be true that

PX=x, Y=<y =PX=<xPY=y) (4.52a)
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or, in terms of cdf’s,
Fxy(x, y) = Fx(x)Fy(y) (4.52b)

That is, the joint cdf of independent random variables factors into the prod-
uct of the separate marginal cdf’s. Differentiating both sides of (4.52b) with
respect to first x and then y, and using the definition of the pdf, we obtain

S y) = fx(x)fy(y) (4.53)

which shows that the joint pdf of independent random variables also factors.
If two random variables are not independent, we can write their joint pdf
in terms of conditional pdf’s fy y(x |y) and fy|x( y|x) as

fxr(X, ) = fx("‘}fﬂx()’ | x)

= fy(Dfxrxly) (4.54)
These relations define the conditional pdf’s of two random variables. An intu-

itively satisfying interpretation of fy /(x|y) is
Frr(x [Mdx=Px —dx < X <x given Y = y] (4.55)
There is a similar interpretation for fy{(y | x). Equation (4.55) is reasonable
in that if X and Y are dependent, a given value of Y should influence the
probability distribution for X. On the other hand, if X and Y are independent,

information about one of the random variables tells us nothing about the
other. Thus, for independent random variables,

far(xly) = fxx®  and  frx(y]x) = fr(y) (4.56)

which could serve as an alternative definition of statistical independence.
The following example illustrates the preceding ideas.

EXAMPLE 4.11  Two random variables X and Y have the joint pdf

[Ae-{2‘+‘"), xy=0

folxy) = lI_O, otherwise (4.57)

where 4 is a constant. We evaluate 4 from

f - f __foy) ddy =1 (4.58)

o0 oo
f f e P ax dy =} (4.59)
0 0

Since
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A = 2. We find the marginal pdf’s from (4.50) and (4.51) as follows:

. (2x+y)
—(2x+y,
_J.O 2 9, x=0

5= [ futund

0, x<<0
_ 27 x=o0
0, x<<0
(4.60)
e 7, y=0

These joint and marginal pdf’s are shown in Figure 4.9. From these results,
we note that X and Y are statistically independent since fiy(x, y) =

fx(x)fv(])-

FIGURE 4.9 Joint and marginal pdf's for two random variables. (a) Joint
pdf. (b) Marginal pdf for X. (¢) Marginal pdf for Y.
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We find the joint cdf by integrating the joint pdf on both variables, using
(4.42) and (4.40), which gives

)" X
Fye(x, y) = f_m f_mfn(xf,)") dx’ d)”

_Ja =M =), xy=o
0 otherwise

(4.62)

?

Dummy variables are used in the integration to avoid confusion. Note that
Fyy(— 00, —00) = 0 and Fy(00, @) = 1, as they should, since in the first
case we have the probability of an impossible event and in the latter we
include all possible outcomes. We also can use the result for Fyy(x, y) to

obtain

F(x) = Fyy(x, ) = [g = ztir?me (4.63a)
and

Fy(y) = En(00, ) = {g T I=0 e

Also note that the joint cdf factors into the product of the marginal cdf’s,
as it should be for statistically independent random variables.
The conditional pdf’s are

_ folxy) _ f2e7F x=0
faprxly) = Fn ~ [0' £ <0 (4.64a)
and
_foxy) _Je7 y=o0
Srix(rln) = Fe0) = o, =0 (4.64b)

They are equal to the respective marginal pdf’s, as they should be for inde-
pendent random variables.

EXAMPLE 4.12  To illustrate how to check a probability density function
for statistical independence of the corresponding random variables, we con-

sider the joint pdf
0=x=< =y =<
Sl y) = {‘6’9" S RUSpEG (4.65)

0, otherwise

For independence, the joint pdf should be the product of the marginal pdf’s.
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FIGURE 4.10 Probability density function for Example 4.12
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SOLUTION  This example is somewhat tricky because of the limits, so a
diagram of the pdf is given in Figure 4.10. Although not absolutely necessary
to answer the question of independence, we proceed by first finding the
constant 3 which is chosen to normalize the pdf to unity. Integration over
all x and y gives 8 = 3. We next proceed to find the marginal pdf’s. Inte-
grating over x first and checking the figure to obtain the proper limits of
integration, we obtain

‘Y
fy(y)=f§dx, 0o=y=+4

0

3
_ [/ 64, 0<y=<4 i
0, otherwise
The pdf on X is similarly obtained as
4
fiw = | 0o=x=<4
_ e — 4, o=x=4
N [0, otherwise (4.67)

It is clear that the product of the marginal pdf’s is not equal to the joint
pdf, so the random variables X and Y are not statistically independent.
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Transformation of Random Variables

Situations are often encountered in which we know the pdf (or cdf) of a
random variable X and desire the pdf of a second random variable Y defined
as a function of X, for example,

Y = g(X) (4.68)

We initially consider the case where g(X) is a monotonic function of its
argument (for example, it is either nondecreasing or nonincreasing as the
independent variable ranges from —0O to ©0), a restriction that may be
relaxed if necessary.

A typical function is shown in Figure 4.11. The probability that X lies in
the range (x — dx, x) is the same as the probability that Y lies in the range
(y — dy, y), where y = g(x). Using (4.37), we obtain

fx(x) dx = fy(y) dy (4.69a)
if g(X) is monotonically increasing, and

fx(®) dx = —fy(y) &y (4.69b)

if g(X) is monotonically decreasing, since an increase in x results in a decrease
in y. Both cases are taken into account by writing

(»n = ()|£| (4.70)
L dylx=g~'0) '

where x = g_l( y) denotes the inversion of (4.68) for x in terms of y.

FIGURE 4.11 A typical monotonic transformation of a random variable

Y =glX)

0 x—dx x
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EXAMPLE 4.13  To illustrate the use of (4.70), let us consider the pdf of
Example 4.10, namely

1
=g 0=<60=<2rm

folf) = | 2™ 4.71)

0, otherwise

and the transformation

1
T
Since dy/df = —1/x, the pdf of Yis "
1
_ni a2 —1=y=a
fr(y) = fold wy + 7| —| [0’ oiliereies (4.73)

Consider next the case of g(x) nonmonotonic. A typical case is shown
in Figure 4.12. For the case shown, the infinitesimal interval (y — dy, y)
corresponds to three infinitesimal intervals on the x axis: (x; — dx;, x,),
(x — dx,, x,), and (x3 — dx3, x3). The probability that X lies in any one
of these intervals is equal to the probability that Y lies in the interval
(¥ — dy, y). This can be generalized to the case of N disjoint intervals where
it follows that

N

Py —dpy = Z P(x; — dx, x) (4.74)

i=1

where we have generalized to N intervals on the X axis corresponding to the
interval (y — dy, y) on the Y axis. Since

Py — dy,y) = fr(y) &y (4.75)

FIGURE 4.12 A nonmonotonic transformation of a random variable

Y=g(X}
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and
P(x; — dx;, x;) = f x(x;) dx; (4.76)
we have
Y dx
= — 4.77
F(7) Zyum o DO, (4.77)

where the absolute value signs are used because a probability must be pos-
itive and x, = g; l( y) is the ith solution to g(y) = x.

EXAMPLE 4.14 Consider the transformation
y=x (4.78)
If fy(x) = 0.5 exp (— |x|), find fy(y).

SOLUTION  There are two solutions to x° = y; these are
x=Vy ad x=-\Vy, y>o0 (4.79)

Their derivatives are

1 dx
. 1/2Vy) and = —1/@2Vy), y>0 (480
& dy
Using these results in (4.77), we obtain fy( y) to be
o~V
= —=, =0 4.81
fr(y) i L (4.81)

Since Y cannot be negative, fy(y) = 0,y < 0.

For two or more random variables, we consider only one-to-one transfor-
mations and the probability of the joint occurrence of random variables lying
within infinitesimal areas (or volumes for more than two random variables).
Thus, suppose two new random variables U and V are defined in terms of
two old random variables X and Y by the relations

= (X, Y) and V = g,(X, Y) (4.82)
The new pdf f;,(u, v) is obtained from the old pdf fiy(x, y) by using (4.44)

to write

Pu—du< U= v—dr<V=v)
=Px—d<X=x, y—r<T=y)
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290 Probability and Random Variables

or

Sov(u, v) dAy, = frr(x, y) dA,, (4.83)

where dA,, is the infinitesimal area in the uv plane corresponding to the infin-
itesimal area dA,, in the xy plane through the transformation (4.82).
The ratio of elementary area d4,, to d4,, is given by the Jacobian

b &
du Jv
so that
a(x, y) ,
fov(u, v) = fiy(x, y) m ;Zﬁﬁfi’; 3 (4.85)

where the inverse functions g, -l(u, v)and g, l(u, v) exist because the trans-
formation (4.82) is assumed to be one-to-one. An example will help clarify
this discussion.

EXAMPLE 4.15  Consider the dart-throwing game discussed in connection
with joint cdf’s and pdf’s. We assume that the joint pdf in terms of rectan-
gular coordinates for the impact point is

exp| —(x* + }'2 )/2a)
2wo’ :

Sl y) = —00 < x,y<<CO (4.86)
where o” is a constant. This is a special case of the joint Gaussian pdf, which
we will discuss in more detail shortly. .

Instead of rectangular coordinates, we wish to use polar coordinates R
and ©, defined by

R= VX +7vY (4.87a)
and
© = tan ' G) (4.87b)
so that
X=Rcos® = g, '(&,0) (4.88a)
and
Y =Rsin® = g, (&, 0) (4.88b)
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where
0<0 < 2m, 0=R<c0

Under this transformation, the infinitesimal area dx dy in the xy plane trans-
forms to the area r dr df in the rf plane, as determined by the Jacobian,
which is

M= cosl —rsinf _

d(r, 0) sin reosfl — T (4.89)
Thus the joint pdf of R and 6 is
e o=6<2r
fre(r, O) = T el (4.90)
which follows from (4.85), which for this case takes the form
frolrs 0) = tfyy(x, y)| x=r cos 6 (4.91)

y=r sin §
If we integrate fro(r, 8) over 0 to get the pdf for R alone, we obtain

—r?/202
re

frlr) = =z, 0=r<oo (4.92)

which is referred to as the Rayleigh pdf. The probability that the dart lands in
a ring of radius r from the bull’s eye and of thickness dr is given by f3(r) dr.
From the sketch of the Rayleigh pdf given in Figure 4.13, we see that the
most probable distance for the dart to land from the bull’s eye is R = ¢. By
integrating (4.90) over r, it can be shown that the pdf of § is uniform in (0,
27).

FIGURE 4.13 The Rayleigh pdf
fa(r)

1

/e
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4.3 STATISTICAL AVERAGES

The probability functions (cdf and pdf) we have just discussed provide us
with all the information possible about a random variable or a set of random
variables. Often we do not need such a complete description, and in many
cases, we are not able to obtain the cdf or pdf. A partial description of a
random variable is given in terms of various statistical averages, or mean
values.

Average of a Discrete Random Variable

To introduce the idea of a statistical average, we consider a discrete random
variable X which takes on the possible values x,, x,, . . . , x3 with the respec-
tive probabilities Py, P, . .., Py. The statistical average, or expectation, of X
is defined as

M
X = EX} =) xP (4.93)
=1

To show the reasonableness of this definition, we look at it in terms of rel-
ative frequency. If the underlying chance experiment is repeated a large
number of times N and X = x, is observed n; times and X = x, is observed
n, times, etc., the arithmetical average of the observed values is

M
nyxy + nayXy + Mo + N aeX pg f.lj
= b e 4.94
= 5 (4.94

But, by the relative-frequency interpretation of probability, n,/N approaches
P, the probability of the event X = x;, as N becomes large. Thus, in the limit
as N approaches infinity, (4.94) becomes (4.93).

EXAMPLE 4.16  Suppose that a class of 100 students is given a test and
The following scores result:

Score: 90 85 80 75 70 65 60
No. of students: 1 4 20 50 20 4 1

The average score, as we have known how to compute since our grammar
school days, is

O X 1)+ @B X4+ -+ (©60X1) _

75 4.95
100 ¢ )
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4.3 Statistical Averages 293

Now consider the same problem using (4.93). Defining the random variable
X as taking on values numerically equal to the test scores, we have, using
the relative—frequency approximation, the following probabilities:

P(X = 90) = 0.01

P(X = 85) = 0.04

P(X = 80) = 0.2

P(X = 75) = 0.5 (4.96)
P(X = 70) = 0.2

P(X = 65) = 0.04

P(X = 60) = 0.01

Using (4.93), we obtain, for the expectation of X, the same result as before:

E{X} = (0.01 X 90) + (0.04 X 85) + -« - - + (0.01 X 60) = 75
(4.97)

Average of a Continuous Random Variable

Now we look at the case where X is a continuous random variable with the
pdf fy(x). In order to extend the definition given by (4.93) to this case, we
consider the range of values that X may take on, say xq to x, to be broken
up into a large number of small subintervals of length Ax, as shown in Fig;.lre
4.14. -

The probability that X lies between x; — Ax and x; is, from (4.37), given
by

P, — Ax < X <x) = fy(x)Ax, i=1,2,...,M (4.98)

for Ax small. Thus we have approximated X by a discrete random variable
that takes on the values xg, x;, ..., xy with probabilities fi(x)Ax, ...,

FIGURE 4.14 A discrete approximation for a continuous random variable X
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fx(xy) Ax, respectively. Using (4.93), the expectation of this random variable
is

M
E(X) = ) xfx(x) Ax (4.99a)

i=0

As Ax approaches zero, this becomes a better and’ better approximation
for E{X}. In the limit, as Ax approaches dx, the sum becomes an integral,

giving
E{x} = f_ xfx(x) dx (4.99b)

for the expectation of X.

Average of a Function of a Random Variable

We are interested not only in E{X }, which is referred to as the mean or first
moment of X, but also in statistical averages of functions of X. Letting ¥ =
g(X), the statistical average or expectation of the new random variable Y
could be obtained as

E{y} = f m yfv(y) dy (4.100)

where f( y) is the pdf of Y, which can be found from fy(x) by application of
(4.70). However, it is often more convenient simply to find the expectation
of the function g(X) as given by

oo

g0 2 Efg(x)} = f W) dx (4.101)

which is identical to E{Y} as given by (4.100). Two examples follow to illus-
trate the use of (4.100) and (4.101).

EXAMPLE 4.17  Suppose the random variable © has the pdf

i
o 18] <=
2

fol6) = (4.102)

0, otherwise

Then E{@n} is referred to as the nth moment of © and is given by

E{@") = f 0°fo(0) df = fw 8,,&_8 (4.103)

2T
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Since the integrand is odd if n is odd, E{@"} = 0 for n odd. For n even,

n

™

E{é”} = ij; 6" b g (4.104)

The first moment or mean of ©, E{®)}, is a measure of the location of fo(f)
(that is, the ‘“‘center of mass”). Since fo(f) is symmetrically located about
@ = 0, it is not surprising that ® = 0.

EXAMPLE 4.18 Later we shall consider certain random waveforms that
can be modeled as sinusoids with random phase angles having uniform pdf
in [—r, 7]. In this example, we consider a random variable X that is defined
in terms of the uniform random variable @ considered in Example 4.17 by

X = cos©® (4.105)

The density function of X, f(x), is found as follow§. First —1 =< cosf = 1,
so fy(x) = 0 for [x| > 1. Second, the transformation is not one-to-one,
there being two values of © for each value of X, since cos @ = cos (—0).
However, we can still apply (4.70) by noting that positive and negative angles
have equal probabilities and writing

df
o = 20 2], a1 < (4.108)
Now 0 = cos™' xand |df/dx| = (1 — x*)™'", which yields

1
x| =1

fo@y= JEVL =2 , (4.107)

0, [x] > 1

This pdf is illustrated in Figure 4.15.
The mean and second moment of X can be calculated using either (4.100)
or (4.101). Using (4.100), we obtain

1

— X

X= ————dx =0
17Vl — X

because the integrand is odd, and

(4.108)

I x> dx 1

X’m= =3 (4.109)
= X
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FIGURE 4.15 Probability density function of a sinusoid with uniform random
phase

fy (x)
1.5

1.0

05}

by a table of integrals. Using (4.101), we find that
— J" df
X = cos— =0 (4.110)
- 2
and
— * df i | df 1
X2=f 28-——=f —l — i —— =
o088 o _12( =+ cos 26) T (4:111)
A| as obtained before.

Average of a Function of More Than One Random Variable

The expectation of a function g(X, Y) of two random variables X and Y is
defined in a manner analogous to the case of a single random variable. If
fxr(x, y) is the joint pdf of X and Y, the expectation of g(X, Y) is

E{g(x, 1)) = f_m I_mg(x,])fn(x,y)dxaj’ (4.112)

The generalization to more than two random variables should be obvious.

Equation (4.112) and its generalization to more than two random variables
include the single-random-variable case, for suppose g(X, Y) is replaced by
a function of X alone, say h(X). Then using (4.50), we obtain the following
from (4.112):

E{h(X)} = f_m f*m h(x) fxy(x, y) dx dy

= f b(x)fx(x) dx (4.113)
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EXAMPLE 4.19  Consider the joint pdf of Example 4.11 and the expec-
tation of g(X, Y) = XY. From (4.112), this expectation is

[v 2] CO
x, y) dx dy = 2xpe” P gy d
Ffxr(x, y) dx dy Xy Iy
—0 oJ —0o0 0 0

lv ] v ]
2 f xe 2 dx f ye 7 dy =3 (4.114)
0 0

We recall from Example 4.11 that X and Y are statistically independent.
From the last line of the preceding equation for E{XY}, we see that

E{xY}

E{xy} = E{X}E{Y} (4.115)

a result that holds in general for statistically independent random variables. In
fact, for independent random variables, it readily follows that

E{h(X)g(Y)} = E{h(X)}E{g(V)} (4.116)

where h(X) and g(Y) are two functions of X and Y, respectively. In the special
case where h(X) = X" and g(Y) = Y', the average E{h(X)g(Y)} = E{Xx"Y"}.
The expectations E{X"Y"} are referred to as the joint moments of order
m + nof X and Y. According to (4.116), the joint moments of statistically inde-
pendent random variables factor.

EXAMPLE 420 When finding the expectation of a function of more than
one random variable, you may find it easier to use the concept of conditional
expectation. Consider, for example, a function g(X, Y) of two random vari-
ables X and Y, with the joint pdf fiy(x, ). The expectation of g(X, Y) is

E{g(x, 1)} = f_w f_wa(x,yb"xr(xsf) 5

= f_m {f:o 906 Pfxir(xly) dx | fe(y) & = E{E[g(X, V)| Y]}
(4.117)

where fy|y(x |y) is the conditional pdf of X, given Y, and E[g(X, Y)| Y] denotes
the conditional expectation of g(X, Y), given Y.

As a specific application, let us consider the firing of projectiles at a tar-
get. Projectiles are fired until the target is hit for the first time, after which
firing ceases. Assume that the probability of a projectile’s hitting the target
is p and that the firings are independent of one another. Find the average
number of projectiles fired at the target.
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SOLUTION  To solve this problem, let N be a random variable denoting
the number of projectiles fired at the target. Let the random variable
H be 1 if the first projectile hits the target and 0 if it does not. Using the
concept of conditional expectation, we find the average value of N is
given by

E{N} = E{E[N|H]} = pE[N|H = 1] + (1 — p)E[N|H = 0]
=pX 1+ (1 —p)1+ EN) (4.118)

where E[N: = 0] = 1 + E[N] because N = 1 if a miss occurs on the
first firing. By solving the last expression for E[N], we obtain

1
E[N} == (4.119)
p
If E[N] is evaluated directly, it is necessary to sum the series:
EN]=1Xp+2X(1—pp+3XU—php+: - (4120

which is not too difficult in this instance. However, the conditional-expec-
tation method clearly makes it easier to keep track of the bookkeeping.

Variance of a Random Variable
The statistical average

ol 2 x| — X = Ex — EX)?) (4.121)

is called the variance of the random variable X; o, is called the standard devi-
ation of X and is a measure of the concentration of the pdf of X, or fy(x),
about the mean. The notation var {X} for 0, is sometimes used. A useful
relation for obtaining (‘.l',,2 is

o, = E{x’} — E*}{x) (4.122)

which, in words, says that the variance of X is simply its second moment
minus its mean, squared. To prove (4.122), we let E{X} = m,. Then

o, = f (x — m)’fx(x) dx = f = 2m + m () dx
= E{x*} — 2m? + m? = Ex"} — E*{x) (4.123)

which follows because [Zo xfy(x) dx = m,.
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EXAMPLE 4.21 Let X have the uniform pdf

A . a=x=h
_ | b—a
fx(x) = (4.124)
0, otherwise
Then
b
dx
E{x} = f X = 3(a + b) (4.125)
& bB—a
and
2 : » dx 1,42 2
E{)r}=fx 7 = 3(b° + ab + a) (4.126)
a - da
Thus

o2 = 3b* + ab + a®) — Ha® + 2ab + b)) = 13(a — b)* (4.127)
Consider the following special cases:
1. a = 1and b = 2, for which 0,2 =

2. a=0and b
3. a = 0and b = 2, for whichg,’ =

1, for which (J'Jr2 =

el e
L= L]

For cases 1 and 2, the pdf of X has the same width but is centered about
different means; the variance is the same for both cases. In case 3, the pdf
is wider than it is for cases 1 and 2, which is manifested by the larger
variance.

Average of a Linear Combination of N Random Variables

It is easily shown that the expected value, or average, of an arbitrary linear
combination of random variables is the same as the linear combination of
their respective means. That is,

N N
E [Z aixf} = > ak{x} (4.128)

i=1 i=1

where X,, X;, . . . , Xy are random variables and a, a,, . . . , ay are arbitrary
constants. Equation (4.128) will be demonstrated for the special case N =
2; generalization to the case N > 2 is not difficult, but results in unwieldy
notation.
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Let fy,x,(x1, x,) be the joint pdf of X; and X,. Then, using the definition
of the expectation of a function of two random variables in (4.112), it fol-
lows that

Q0 e o]
E{alXI + GZXZ} é f_m f_m (ﬂ]Xl + azxzyxlxz(xl, X2) dxl dxz

o0 [e s}
= q "_m f_m X1 frue(X1y X2) dxy dx,

L fw f o 2 rlxis %) dy dxy (4.129)

Considering the first double integral and using (4.50) and (4.99), we find
that

f—oo fw Xy f)(]xz(xh Xz) dX] dX2 = f_m Xy [f—m fxlxz(xl, xz) dXZ} dx]

= f_m xy fx,(x1) dx,

A

= E{x,) (4.130)

Similarly, it can be shown that the second double integral reduces to E{Xz}.
Thus (4.128) has been proved for the case N = 2.

We emphasize that (4.128) holds regardless of whether or not the X; terms
are independent. Also, it should be noted that a similar result holds for a
linear combination of functions of N random variables.

Variance of a Linear Combination of Independent
Random Variables

If X, X,, . . ., Xy are statistically independent random variables, then

N N
var {Z anj] = > a var {x} (4.131)

i=1 i=1

where ay, a, . .. , ay are arbitrary constants and var {X;} £ E{(X, — X,)’}.
This relation will be demonstrated for the case N = 2. Let Z = q X, +
a,X, and let fy(x) be the marginal pdf of X;. Then the joint pdf of X, and
X, is fx,(x)fx,(x;) by the assumption of statistical independence. Also, Z =
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a.)_(| + 02}2 by (4.128). Also, var {z) = E{(z — 2)2} But, since Z =
a,X; + a,X,, we may write var {Z] as
var (Z} = E{{(a,X; + a,X,) — (a,X; + a0, X))

= Ela(X, — X)) + o, — K)I)

= o, ’E{(X, — X)°} + 2a,0,E{(X; — X)X, — X))

+ @ E{(xX, — X% (4.132)

The first and last terms in the preceding equation are alz var {X,} and
a,” var {X,}, respectively. The middle term is zero, since

E{(Xl = }1)()(2 = }2)}

= f_m fw (x — )_ﬁ)(xg = )_fz)fxl(x, )fxz(xz) dx, dx,

= f (o, — Xy)f,(x;) dx, f e — X))fx,(x;) dx,

=X — X)X, — X,) =0 (4.133)

We reiterate that the assumption of statistical independence was used to show
that the middle term above is zero.

Another Special Average—The Characteristic Function

If we let g(X) = &% in (4.101), we obtain an average known as the charac-
teristic function of X, or My( jv), defined as

My(jv) 2 E{™) = f_ Fr(x)e ™ dx (4.134)

It is seen that My(jv) would be the Fourier transform of fy(x), as we have
defined the Fourier transform in Chapter 2, provided a minus sign were used
in the exponent instead of a plus sign. Thus, if we remember to replace jw
by —jv in Fourier transform tables, we can use them to obtain characteristic
functions from pdf’s.

A pdf is obtained from the corresponding characteristic function by the
inverse transform relationship

fx(x) = %r f m My(jv)e "™ dv (4.135)

This illustrates one possible use of the characteristic function. It is some-
times easier to obtain the characteristic function than the pdf, and the latter
is then obtained by inverse Fourier transformation.
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Another use for the characteristic function is seen when we differentiate
(4.134) with respect to v:

@ = jf xfx(x)e™ dx (4.136)
v —00

Setting v = O after differentiation and dividing by j, we obtain

Er) = (—p 22

4137
1 ov =0 ( )
For the nth moment, the relation
o o W)
E{X"} = (—j) a“;,,} (4.138)

can be proved by repeated differentiation.

EXAMPLE 4.22 When we use a table of Fourier transforms, the one-sided
exponential pdf

fx(x) = exp (—x)u(x) (4.139)
has the corresponding characteristic function

1
1 =y

My(jv) = (4.140)

When we use repeated differentiation or when we expand the characteristic
function in a power series in jv, it follows from (4.138) that E{X"} = nl

The pdf of the Sum of Two Independent Random Variables

The following problem is often encountered: given two statistically independent
random variables X and Y with known pdf’s fy(x) and fy( y), respectively, what
is the pdf of their sum Z = X + Y? To illustrate the use of the characteristic
function, we will use it to find the pdf of Z, or f;(z), even though we could
find this pdf directly.

By definition of the characteristic function of Z, we can write

My(jn) = E{e"} = E{TY)

=f f " (0fy(y) dx dy (4.141)
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since the joint pdf of X and Y is fy(x)fy(y) by the assumption of statistical
independence of X and Y. We can write (4.141) as the product of two inte-
grals, since ¢"* 77 = ¢”"¢7. This results in

My(jv) = f _ fa)e’™ dx f e &

= E{¢/™)E{/") (4.142)

But, from the definition of the characteristic function, Equation (4.134), we
see that

where My( jv) and My( jv) are the characteristic functions of X and Y, respec-
tively. Remembering that the characteristic function is the Fourier transform
of the corresponding pdf and that a product in the frequency domain cor-
responds to convolution in the time domain (even with the minus sign in the
exponent!), it follows that

fAz) = fx(x) = fr(y) = fmfx(z — u)fy(u) du (4.144)

The following example illustrates the use of (4.144).

EXAMPLE 4.23 We consider the sum of four identically distributed, inde-

pendent random variables:
Z=X +X,+ X+ X, (4.145)
where the pdf of X is

1, lxil E%

fxx) = I(x) = [0 . (4.146)

where II(x;) is the unit rectangular pulse function defined by Equation (2.2).
We find f(z) by applying (4.144) twice. Thus we have

Zi=X+X, ad Z, =X, +X, (4.147)

The pdf’s of Z, and Z, are identical, both being the convolution of a uniform
density with itself. From Table 2.2, we can immediately write down the
result:

[1 — |zf|]s |zil =1

falz) = M) = [ S (4.148)

’ otherwise
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where f7(z) is the pdf of Z, i = 1, 2. To find fy(z), we simply convolve
f z;(zj) with itself. Thus

fAz) = f_mfz!(z — u)fz(u) du (4.149)

The factors in the integrand are sketched in Figure 4.16(a). Clearly, f,(z) =

0 for z < —2 or z > 2. Since fz(z) is even, f(z) is also even. Thus we

need not consider f(z) for z < 0. From Figure 4.16(a) it follows that for
1L=m =2,

1
fdz) = f_l —uw(l+u—2z)dui=g2—2°" (4150

FIGURE 4.16 The pdf for the sum of four independent uniformly distributed
random variables. (a) Convolution of two triangular pdf’s. (b) Comparison of
actual and Gaussian pdf's.
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4.3 Statistical Averages 305

and for 0 =< z =< 1, we obtain

0 z
fz(z)=f_l(] + u)(1 +u—z)du+J;(1-—u)(1 + u— z)du

1
+f(l—u)(l—u+z)du

=1 —2z) —3i1—2+3i (4.151)

A graph of f;(z) is shown in Figure 4.16(b) along with the graph of the

function

3 2
exp —3z)

Vi

(4.152)

which represents a marginal Gaussian pdf of mean 0 and variance 1, the same
variance as Z = X, + X, + X3 + X, [the results of Example (4.21) and
Equation (4.131) can be used to obtain the variance of Z]. We will describe
the Gaussian pdf more fully later.

The reason for the striking similarity of the two pdf’s shown in Figure
4.16(b) will become apparent when we discuss the central-limit theorem.

Covariance and the Correlation Coefficient

Two useful joint averages of a pair of random variables X and Y are their
covariance fLyy, defined as

my = E{(X — X)¥ — 1)} (4.153)

and their correlation coefficient pyy, which is written in terms of the covariance
as

Py = L (4.154)

Tx0y

Both are measures of the interdependence of X and Y. The correlation coef-
ficient is more convenient because it is normalized such that —1 = p;, =
1. If pyy = 0, X and Y are said to be uncorrelated.

It is easily shown that py, = O for statistically independent random vari-
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ables. If X and Y are independent, their joint pdf fiy(x, y) is the product of
the respective marginal pdf’s; that is, fyy(x, y) = fy(x)fy(y). Thus

Mxy = f—oo f_m (xi— )_()()’ 2= §)fx(xy’y(y) dx dy

- f_m G- [ -Thn e
=(X—X)(Y—Y) =0 (4.155)

Considering next the cases X = +aY, where ais a positive constant, we
obtain

Mxy

J‘—-‘m f—m (iay + a’_{’)(): o ?an(x,y) dx d)r

n f o f U Dialuy) dedy = tag® (4156)

Using (4.131) with N = 1, we can write the variance of X as ol = olo,.
Thus the correlation coefficient is

Py = +1, forX = +ay and Py = —1, forX = —aY

To summarize, the correlation coefficient of two independent random
variables is zero. When two random variables are linearly related, their cor-
relation is +1 or —1 depending on whether one is a positive or a negative
constant times the other.

4.4 SOME USEFUL pdf’s*

We have already considered several often used probability distributions in
the examples. These have included the Rayleigh pdf (Example 4.15), the pdf
of a sinewave of random phase (Example 4.18), and the uniform pdf (Exam-
ple 4.21). Some others, which will be useful in our future considerations,
are given below.

Binomial Distribution

One of the most common discrete distributions in the application of prob-
ability to systems analysis is the binomial distribution. We consider a chance
experiment with two mutually exclusive, exhaustive outcomes A and A, with

* A number of useful probability distributions are given in a table in the summary at the end
of this chapter.
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4.4 Some Useful pdf’s 307

probabilities P(4) = p and P(A) = q = 1 — p, respectively. Assigning the
discrete random variable K to be numerically equal to the number of times
event A occurs in N trials of our chance experiment, we seek the probability
that exactly k = n occurrences of the event 4 occur in n repetitions of the
experiment. (Thus our actual chance experiment is the replication of the
basic experiment n times.) The resulting distribution is called the binomial
distribution.

Specific examples in which the binomial distribution is the result are the
following: In n tosses of a coin, what is the probability of k = n heads? In
the transmission of n messages through a channel, what is the probability of
k = n errors?

Note that in all cases we are interested in exactly k occurrences of the
event, not, for example, at least k of them, although we may find the latter
probability if we have the former.

Although the problem we are considering is very general, let us solve it
by visualizing the coin-tossing experiment. We wish to obtain the probability
of k heads in n tosses of the coin if the probability of a head on a single toss
is p and the probability of a tail is 1 — p = q. One of the possible sequences

of k heads in n tosses is

BH «+«=H' TT=#*: 4L

- ] ¥ ]

k heads n — k tails

Since the trials are independent, the probability of this particular sequence
is
— En—k
Pt PR ET g T e = e P
e ~ % = ~ 4 (4.157)
k factors n — k factors

But the preceding sequence of k heads in n trials is only one of

n e n!
(k) K(n — k) (158

possible sequences, where (u) is the binomial coefficient. To see this, we
consider the number of ways k identifiable heads can be arranged in n slots.
The first head can fall in any of the n slots, the second in any of n — 1 slots
(the first head already occupies one slot), the third in any of n — 2 slots,
and so on for a total of

1

n(n—l)(n—2)"'(n—k+l)=m

(4.159)
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possible arrangements in which we identify each head. However, we are not
concerned about which head occupies which slot. For each possible identi-
fiable arrangement, there are k! arrangements for which we can switch the
heads around and still have the same slots occupied. Thus the total number
of arrangments, if we do not identify the particular coin occupying each slot,
is

n(n—l)---(n—k+n=(n) -

k! k

Since the occurrence of any of these ) possible arrangements precludes
the occurrence of any other [that is, the () outcomes of our experiment are
mutually exclusive], and since each occurs with probability p'q" %, the prob-
ability of exactly k heads in n trials in any order is

P(K = k)2 P,(k) = (:) P, k=0, 1,...,n (4.161)

Equation (4.161), known as the binomial probability distribution (note that it is
not a pdf or a cdf), is plotted in Figure 4.17(a)—(d) for four different values
of p and n.

The mean of a binomially distributed random variable K, by Equation
(4.93), is given by

n! E n—k
E{K} = k———— 4.162
{K} ; Ho —mi (4.162)
Noting that the sum can be started at k = 1 since the first term is zero, we
can write
E(K) = i 2 hp (4.163)
Sk — o — kn P1 '

Letting m = k — 1 yields the sum

EK) = 3 —— g

omln— m— 1)!

— (n == l)! m n—m—1

s—omi(n — m — I)!

= np (4.164)

Finally, letting ¢ = n — 1 and recalling that, by the binomial theorem,

¢ -y il
(x + y) =Z( )xy (4.165)

m=0
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FIGURE 4.17 The binomial distribution with comparison to Laplace and
Poisson approximations. (a)n =1, p=05.(b)n=2,p = 0.5.(c)n = 3,
p=05.(d)n=4,p=05.(e)n=5, p= 05. Circles are Laplace
approximations. (f) n = 5, p = 11—0. Circles are Poisson approximations.
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0 1 2 3

(f)
we obtain
K = E{K} = np(p + q)g = np (4.166)

since p + g = 1. The result is reasonable; in a long sequence of n tosses of
a coin, we would expect about np = %n heads.
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We can go through a similar series of manipulations to show that E{K z}
= np(np + gq). Using this result, it follows that the variance of a binomially
distributed random variable is

o = E(K?} — E¥K} = npq = K(1 — p) (4.167)

EXAMPLE 4.24  The probability of having two boys in a four-child family,
assuming single births and the probability of a male = 0.5, from (4.161), is

4\ (1 ) 3
P(2) = (2) (5) = (4.168)

Laplace Approximation to the Binomial Distribution

When n becomes large, computations using (4.161) become unmanageable.
In the limit as n — 00, it can be shown that for |k — np| =< Vnpq

1 [ ol )2] 4.169
——— ) 4 e e e e s
V 2mnpq P 2npq [ )

A comparison of the Laplace approximation with the actual distribution is
given in Figure 4.17(e)

(k) =

Poisson Distribution and Poisson Approximation to the
Binomial Distribution

If we consider a chance experiment in which an event whose probability of
occurrence in a very small time interval AT is P = aAT, where « is a con-
stant of proportionality, and if successive occurrences are statistically inde-
pendent, then the probability of k events in time T is

(QT}* e—aT

Pr(k) = m

(4.170)
For example, the emission of electrons from a hot metal surface obeys this
law, which is called the Poisson distribution.

The Poisson distribution can be used to approximate the binomial distri-
bution when the number of trials n is large, the probability of each event p
is small, and the product np = npq. The approximation is

ok
(' =
P, (k) = ik?— e " 4.171)
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where, as calculated previously, E = E{K] = np and o’kz = E{K}q == E{K}.
This approximation is compared with the binomial distribution in Figure
4.17(F).

EXAMPLE 4.25  The probability of error on a single transmission in a dig-
ital communication system is P, = 10~*, What is the probability of more
than three errors in 1000 transmissions?

SOLUTION  We find the probability of three errors or less from (4.171):

=
PK<3) = 5 e (4.172)
i=o H

where K = (107 %)(1000) = 0.1. Hence

0 1 2 3
©1° @y ©D  ©1
o! 11 2! 3!

PK<3) = ¢ ™ [ ] = 0.999996

(4.173)

Therefore, K > 3) = 1 — P(K < 3) =4 X 10”°,

Geometric Distribution

Suppose we are interested in the probability of the first head in a series of
coin tossings, or the first error in a long string of digital signal transmissions
occurring on the kth trial. The distribution describing such experiments is
called the geometric distribution and is

PR =p¢ ', 1=<k<o0 (4.174)

where p is the probability of the event of interest occurring (i.e., head, error,
etc.) and q is the probability of it not occurring.

EXAMPLE 4.26  The probability of the first error occurring at the 1000th
transmission in a digital data transmission system where the probability of
error is p = 10" is

P(1000) = 10~ %1 — 1074 =999 X 107" =~ 10"°

EXAMPLE 4.27  Find the probability of the first head in a sequence of 10

tossings of a fair coin occurring on the Ist, 2nd, . .., 10th tossings.
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SOLUTION  The desired probabilities are
PR =051 —05""'=05 1=<k=<10

The first five are listed below. The student should compute the rest of the
values.

k 1 2 3 4 5
Py 0.5 0.25 0.125 0.063 0.031
Gaussian Distribution

In our future considerations, the Gaussian pdf will be used repeatedly. There
are at least two reasons for this. One is that the assumption of Gaussian
statistics for random phenomena often makes an intractable problem trac-
table. The other, and more fundamental reason, is that because of a remark-
able phenomenon summarized by a theorem called the central-limit theorem,
many naturally occurring random quantities, such as noise or measurement
errors, are Gaussianly distributed. The following is a statement of the cen-
tral-limit theorem.

[>CENTRAL-LIMIT THEOREM

Let X}, X,, ... be independent, identically distributed random variables,
; . : . 2 :
each with finite mean m and finite variance ¢”. Let Z, be a sequence of unit-
variance, zero-mean random variables, defined as

ZX,hnm

A i=1

7z s — 4.175
ar\/; ( )
Then
z e—r?IZ
li Pz = — f —dt 4,176
im, o0 P( z) _m_\/g ( )

In other words, the cdf of the normalized sum (4.175) approaches a Gaussian
cdf, no matter what the distribution of the component random variables.
The only restriction is that they be independent and identically distributed
and that their means and variances be finite. In some cases the independence
and identically distributed assumptions can be relaxed. It is important, how-
ever, that no one of the component random variables or a finite combination
of them dominate the sum.
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4.4  Some Useful pdf’s 313

We will not prove the central-limit theorem or use it in later work. We
state it here simply to give partial justification for our almost exclusive
assumption of Gaussian statistics from now on. For example, electrical noise
is often the result of a superposition of voltages due to a large number of
charge carriers. Turbulent boundary-layer pressure fluctuations on an aircraft
skin are the superposition of minute pressures due to numerous eddies. Ran-
dom errors in experimental measurements are due to many irregular fluc-
tuating causes. In all these cases, the Gaussian approximation for the
fluctuating quantity is useful and valid. Example 4.23 illustrates that sur-
prisingly few terms in the sum are required to give a Gaussian-appearing pdf,
even where the component pdf’s are far from Gaussian.

The generalization of the joint Gaussian pdf first introduced in Example
4.15is

fx’Y(xt }’)

2 2
ke N
o a, a, a,

2(1 — p°)

2700,V 1 — p*

4.177)

where, through straightforward but tedious integrations, it can be shown

that

m, = E{X) (4.178a)
m, = E(Y} (4.178b)
0. = var {X} (4.178¢)
g, = var {Y} (4.178d)

and

-, Y =2
e E{(X — m)Y — m) (4.178e)
0o,

The joint pdf for N > 2 Gaussian random variables may be written in a
compact fashion through the use of matrix notation. The general form is
given in Appendix B.

The marginal pdf for X (or Y) can be obtained by integrating (4.177) over
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y (or x). Again, the integration is tedious and .will be left to the problems.
The marginal pdf for X is

i), Ko ot 38
n(m,, 0,) = — L 2 z o] (4.179)
T

x

where the notation n(m,, 7,) has been introduced to denote a Gaussian pdf
of mean m, and standard deviation 0,. This function is shown in Figure 4.18.
We will sometimes assume in the discussions to follow that m, = m, =
0 in (4.177) and (4.179), for if they are not zero, we can consider new ran-
dom variables X’ and Y’ definedas X’ = X — m,and Y/ = Y — m,, which
do have zero means. Thus no generality is lost in assuming zero means.
For p = 0, that is, X and Y uncorrelated, the cross term in the exponent

of (4.177) is zero, and fiy(x, y), with m, = m, = 0, can be written as

)= BTG N ep a)  gen
X, — = e )
ooy Verig  Voewey TV

Thus uncorrelated Gaussian random variables are also statistically independent. We
emphasize that this does not hold for all pdf’s, however.

It can be shown that the sum of any number of Gaussian random variables,
independent or not, is Gaussian. The sum of two independent Gaussian ran-
dom variables is easily shown to be Gaussian. Let Z = X, + X,, where the
pdf of X, is n(m;, g;). Using a table of Fourier transforms or completing the
square and integrating, we find that the characteristic function of X; is

o ) == m)z
My(jv) = f @wa}) """ exp l'-—l—;."] exp (jvx;) dx;
o 2g,

2 2
1 OV
exp (jm;v ’ )

(4.181)

FIGURE 4.18 The Gaussian pdf with mean m, and variance 0,2
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Thus the characteristic function of Z is

) ) (@,> + ar,z)w2
Mz(jv) = My(jn)Mx(jv) = exp jm; + myv — f (4.182)

which is the characteristic function of a Gaussian random variable of mean
. 2 2
m; + m, and variance 0" + o,".

Gaussian Q-Function

As Figure 4.18 shows, n(m,, 0,) describes a continuous random variable that
may take on any value in (—00, ©0) but is most likely to be found near
X = m,. The even symmetry of n(m,, 0,) about x = m, leads to the conclu-
sion that PX < m,) = P(X = m,) = 1.

Suppose we wish to find the probability that X lies in the interval
[m, — a, m, + a]. Using (4.36), we can write this probability as

m,+ﬂ oo — 2 2
P[mx_ﬂﬁxﬂm,+a]=f exp [—(x — m)"/20,’]

dx (4.183
m—a V2re,! )

which is the shaded area in Figure 4.18. With the change of variables y =
(x — m,)/o,, this gives

—y-i2
lo, = ),2;

ale, \/ 27 &
ala, e—)'z-"z

= 2 f d (4.184)
0 V2w v

P[mx~a£XEm,+a]=f

where the last integral follows by virtue of the integrand being even. Unfor-
tunately, this integral cannot be evaluated in closed form.
The Gaussian Q-function, or simply Q-function, is defined as

e
Q(u) = f e\/g"f (4.185)

It has been evaluated numerically, and rational and asympotic approxima-
tions are available to evaluate it for moderate and large arguments, respec-
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tively.* Using this transcendental function definition, we may rewrite
(4.184) as

| = 512
P[m‘—aEX£m,+a]=2[—— -—_dy}
. alo, 2w
Y
Uy, (4.186)
A useful approximation for the Q-function for large arguments is
e—uzﬂ
u) = ) | 4.187
Q (u) oy (4.187)

Numerical comparison of (4.185) and (4.187) shows that less than a 6% error
results for u = 3 in using this approximation. This, and other results for the
Q-function, are given in Appendix C.

A related integral is the error function, defined as

erf(u) = \%Le"’ dy (4.188)

It can be shown to be related to the Q-function by

erf(u) = 1 — 2Q(V2u) (4.189)

Chebyshev’s Inequality

The difficulties encountered above in evaluating (4.183) make an approxi-
mation to such probabilities desirable. Chebyshev’s inequality gives us a lower
bound, regardless of the specific form of the pdf involved, provided its second
moment is finite. The probability of finding a random variable X within * k
standard deviations of its mean is at least 1 — 1/&°, according to Cheby-
shev’s inequality. That is,

1
Pl[X—m| <ks)]=1 -5, k>0 (4.190)

Considering k = 3, we obtain
P[|X — m,| < 30]=35=0.889 (4.191)

* These are provided in M. Abramowitz and I. Stegun (eds.), Handbook of Mathematical Functions
with Formulas, Graphs, and Mathematical Tables. National Bureau of Standards, Applied Mathe-
matics Series No. 55, Issued June 1964 (pp. 931 ff). Also New York: Dover, 1972.
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Assuming X is Gaussian and using the Q-function, this probability can be
computed exactly to be 0.9973. In words, the probability that a random
variable deviates from its mean by more than * 3 standard deviations is not
greater than 0.111, regardless of its pdf. (There is the restriction that its
second moment must be finite.) Note that the bound for this example is not
very tight.

SUMMARY

1. The objective of probability theory is to attach real numbers between
zero and one called probabilities to the outcomes of chance experiments—
that is, experiments in which the outcomes are not uniquely determined
by the causes but depend on chance—and to interrelate probabilities
of events, which are defined to be combinations of outcomes.

2. Two events are mutually exclusive if the occurrence of one of them pre-
cludes the occurrence of the other. A set of events is said to be exhaustive
if one of them must occur in the performance of a chance experiment.
The null event cannot happen, and the certain event must happen in the
performance of a chance experiment.

3. The equally likely definition of the probability P(4) of an event A states that
if a chance experiment can result in a number N of mutually exclusive,
equally likely outcomes, then P(4) is the ratio of the number of out-
comes favorable to 4, or N, to the total number. It is a circular defi-
nition in that probability is used to define probability, but it is
nevertheless useful in many situations such as drawing cards from well-
shuffled decks.

The relative-frequency definition of the probability of an event A assumes
that the chance experiment is rep]icated a large number of times N and

Ny
P(A) = lim —
¢ N—oo N
where N, is the number of replications resulting in the occurrence of
A. The axiomatic approach defines the probability P(4) of an event 4 as a
real number satisfying the following axioms:

(a) P(4) = 0.
(b) P(certain event) = 1.
(c) If A and B are mutually exclusive events, P(4 or B or both) =

P(A) + P(B).

The axiomatic approach encompusses the first two definitions given.
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4. Given two events A and B, the compound event “A or B or both” is
denoted as A + B, the compound event “both A and B” is denoted as
(4B) or as (4, B), and the event “not A" is denoted as A. If A and B are
not necessarily mutually exclusive, the axioms of probability may be
used to show that P(4 + B) = P(4) + P(B) — P(AB). Letting P(4 | B)
denote the probability of 4 occurring given that B occurred and P(B | 4)
denote the probability of B given A, these probabilitieé are defined,
respectively, as

ralp) =74 4 ey = T4B)
P(B) P(4)
A special case of Bayes’ rule results by putting these two definitions
together:

P(A | B)P(B)

P(B|4) = 7

Statistically independent events are events for which P(4B) = P(4)P(B).

5. A random variable is a rule that assigns a real number to every outcome
of a chance experiment. For example, in flipping a coin, assigning X =
+1 to the occurrence of a head and X = —1 to the occurrence of a
tail constitutes the assignment of a discrete-valued random variable.

6. The cumulative distribution function (cdf) Fy(x) of a random variable X
is defined as the probability that X = x where x is a running variable.
Fy(x) lies between zero and 1 with F(—C0) = 0 and F(C0) = 1, is
continuous from the right, and is a nondecreasing function of its argu-
ment. Discrete random variables have step-discontinuous cdf’s, and
continuous random variables have continuous cdf’s.

7. The probability density function (pdf) fy(x) of a random variable X is
defined to be the derivative of the cdf. Thus

R = [ p

The pdf is nonnegative and integrates over all x to unity. A useful inter-
pretation of the pdf is that fy(x) dx is the probability of the random
variable X lying in an infinitesimal range dx about x.

8. The joint cdf Fyy(x, y) of two random variables X and Y is defined as the
probability that X = x and Y = y where x and y are particular values of
X and Y. Their joint pdf fyy(x, y) is the second partial derivative of the
cdf first with respect to x and then with respect to y. The cdf of X (Y)
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10.

11.

12.

13.

14,

alone (that is, the marginal cdf) is found by setting y (x) to infinity in
the argument of Fyy. The pdf of X (Y) alone (that is, the marginal pdf)
is found by integrating f,y over all y (x).

Two statistically independent random variables have joint cdf’s and
pdf’s that factor into the respective marginal cdf’s or pdf’s.

The conditional pdf of X given Y is defined as

x‘r(-"- )’)
fr(y)

with a similar definition for fy|(y|x). The expression fy|y{(x|y) dx can
be interpreted as the probability that x — dx < X = xgiven Y = y.

fx|r(x l}’) ="

Given Y = g(X) where g(X) is a monotonic function,

fr(y) = fx(x)

&
dylx=g"'0n

where 9_‘( y) is the inverse of y = g(x). Joint pdf’s of functions of more
than one random variable can be transformed similarly.

Important probability functions defined in Chapter 4 are the Rayleigh
pdf [Equation (4.92)], the pdf of a random-phased sinusoid (Example
4.18), the uniform pdf (Example 4.21), the binomial probability distri-
bution [Equation (4.161)], the Laplace and Poisson approximations to
the binomial distribution [Equations (4.169) and (4.171)], and the Gaus-
sian pdf [Equations (4.177) and (4.179)].

The statistical average, or expectation, of a function g(X) of a random

variable X with pdf fy(x) is defined as

Efg0o} = g06) = f g0 dx

The average of g(X) = X" is called the nth moment of X. The first
moment is known as the mean of X. Averages of functions of more than
one random variable are found by integrating the function times the
joint pdf over all values of its arguments. The averages g(X, ¥) = Xoy"
are called the joint moments of the order m + n. The variance of a ran-
dom variable X is the average (X — X)* = X* — X’

The average of La.JX; is La,X;; that is, summations and averaging can be
interchanged. The variance of a sum of random variables is the sum of
the respective variances if the random variables are statistically independent.
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15. The characteristic function My( jv) of a random variable X that has the
pdf fy(x) is the expectation of exp (j¥X) or, equivalently, the Fourier
transform of fy(x) with a plus sign in the exponential of the Fourier
transform integral. Thus the pdf is the inverse Fourier transform of the
characteristic function.

The nth moment of X can be found from My(jv) by differentiating
with respect to v for n times, multiplying by (—j)", and setting v = 0.
The characteristic function of Z = X + Y, where X and Y are indepen-
dent, is the product of the characteristic functions of X and Y. Thus, by
the convolution theorem of Fourier transforms, the pdf of Z is the con-
volution of the pdf’s of X and Y.

16. The covariance yy of two random variables X and Y is the average
Mgy = E[(X — X)(Y — Y)]

The correlation coefficient pyy is

Hxy
OOy

Both give a measure of the linear interdependence of X and Y, but pyy,
is handier because it is bounded by * 1.

17. The central-limit theorem states that, under suitable conditions, the
sum of a large number N of random variables (not necessarily with the
same pdf’s) tends to a Gaussian pdf as N becomes large.

18. The Q-function can be used to compute probabilities of Gaussian ran-
dom variables being in certain ranges. The Q-function is tabulated in
Appendix C, and rational and asymptotic approximations are given for
computing it.

19. Chebyshev’s inequality gives the lower bound of the probability that a
random variable is within k standard deviations of its mean as 1 — kz,
regardless of the pdf of the random variable (its second moment must be
finite).

20. Table 4.5 summarizes a number of useful probability distributions with
their means and variances.

FURTHER READING

Several books are available that deal with probability theory from an engi-
neering viewpoint. Among these are Beckman (1967), Breipohl (1970), Hel-
strom (1990), Leon-Garcia (1994), Peebles (1987), and Williams (1991).
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TABLE 4.5 Probability Distributions of Some Random Variables and Their Means an
Variances

Probability Density or -
_ ~ Distribution Function _ Mean Variance: |
Uniform:
1 2= x<b lo-a Lio—af
M =1b-4 - *
0, x<aorx>b
Gaussian:
1 - m? m o
£y - (x — m22q2
AN = oeat®
Rayleigh: é
—r2[242 m 1 —_—
=7 0=r<ow 27 2 e
a
Laplacian: 2
= X —alx 0 2
K =26, a>0 o
One-sided exponential: 1 1
f(X) = ae” ™ u(x) o o?
H !
;2:?01"5_':& m>=3h>0 0 s
BT e L
Na“agﬂ“;ﬁ L 1X3X...X(2m —2) T(m+ 1)
AN
f(x) = mxz e™, x=0 2" (m) T(m)Vm
Lognormal:*
oxo| 0% — m)* + 20 s
P 2ay e = il
fx) =
x) PYeIT:
Binomial:
Pyk) = (2)p"q""‘ k=01,...,n np npq
p+q=1
Poisson:
F[k}=%e"‘, 0<k<o 5 :
Geometric: 1 g
Pk)=pg“', 1=<k<oo P o

* The lognormal random variable results from the transformation y = Inx where Yis a Gaussian ni
dom variable with mean m, and variance of.
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More mathematical in nature are the following: Barr and Zehna (1983),
Papoulis (1990), Papoulis (1984), and Roberts (1992). A good overview with
many examples is Ash (1992).

PROBLEMS
Section 4.1

4.1

4.2

4.3

4.4

4.5

4.6

A circle is divided into 25 equal parts. A pointer is spun until it stops
on one of the parts, which are numbered from | through 25. Describe
the sample space and, assuming equally likely outcomes, find
(a) P(an even number), (b) P(the number 25), (c) P(the numbers 4, 5,
or 9), and (d) P(a number greater than 10).

(a) Prove (4.4) using the axioms of probability. (b) Repeat the deri-
vation for three events A, B, and C, and show that

P(4 or Bor C) = P(4) + P(B) + P(C)
— P(4, B) — P(B, C) — P(4, C) + P4, B, C)

If five cards are drawn without replacement from an ordinar)r deck of
cards, what is the probability that (a) three kings and two aces result,
(b) four of a kind result, (c) all are of the same suit, (d) an ace, king,
queen, jack, and ten of the same suit result, and (e) given that an ace,
king, jack, and ten have been drawn, what is the probability that the
next card drawn will be a queen (not all of the same suit)?

What equations must be satisifed in order for three events 4, B, and
C to be independent?

(a) Show that if two events are mutually exclusive and statistically
independent, the probability of one, or both, is zero.

(b) Given three events 4, B, and C, with 4 and B mutually exclusive
and B and C independent, what can be said about the relationship
between A and C?

Figure 4.19 is a graph that represents a communication network,
where the nodes are receiver/repeater boxes and the edges (or links)
represent communication channels which, if connected, convey the
message perfectly. However, there is the probability p that a link will
be broken and the probability ¢ = 1 — p that it will be whole. (Hint:
Use a tree diagram like Fig. 4.2).

(a) What is the probability that at least one working path is available
between the nodes labeled 4 and B?

339



Problems 323

FIGURE 4.19

O ‘JB

(b) Remove link 4. Now what is the probability that at least one
working path is available between nodes 4 and B?

(c) Remove link 2. What is the probability that at least one working
path is available between nodes 4 and B?

(d) Which is the more serious situation, the removal of link 4 or link
22 Why?

4.7 Given a binary communication channel where 4 = input and B =
output, let P(4) = 0.4, P(B|4) = 0.9, and P(B|4) = 0.6. Find P(4 | B)
and P(4|B).

4.8 (a) Find the probabilities omitted from Figure 4.20.

(b) Find the probabilities P(43|B;), P(B,|4,), and P(B;|4,).

Section 4.2

4.9 Two dice are tossed.
(@) Let X, be a random variable that is numerically equal to the
square of the total number of spots on the up faces of the dice.
Construct a table that defines this random variable.

FIGURE 4.20 Table of joint and marginal probabilities P(AB)

81 Bz 83 PtA;]
A, 0.05 0.45 0.55
4, 0.15 0.10
s 0.05 0.05 0.15
PIB) 1.0
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4.10

4.12

4.13

4.14

Probability and Random Variables

(b) Let X, be a random variable that has the value of 1 if the sum of
the number of spots up on both dice is less than 7 and the value
zero if it is greater than or equal to 7. Repeat part (a) for this
case.

Three fair coins are tossed simultaneously. Define a random variable
as the total number of heads up on the coins. Plot the cumulative-
distribution function and the probability-density function corre-
sponding to this random variable.

A certain continuous random variable has the cumulative distribution

function
0, x<0
=34, 0=x=10
B, x> 10

(a) Find the proper values for 4 and B.
(b) Plot Fy(x).

(c) Obtain and plot the pdf fy(x).

(d) Compute P (X > 7).

(e) Compute P (3 = X << 7).

The following functions can be pdf’s if the constants are chosen prop-
erly. Find the proper conditions on the constants so that they are. (4,
B, C, D, @, 3, v, and 7 are positive constants.)

(@ fx) = Ae “u(x), where u(x) is the unit step
(®) f(x) = Be”u(—x)
(© fx) = ce~ T

d f&) =

™+ 5
Test X and Y for independence if

@ furlxy) = ge” K721

b) ) =Cl —x—y), 0=x=<1—yand 0=y =<1
Prove your answers.

The joint pdf of two random variables is

et Ty 0=x=6,0=y=S5
St p) = {D, otherwise
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Find the following:

(a) The constant C. ° (b) Fy(0.1, 1.5).
© fer(x 3)- (d) frrx|3).

4.15 Repeat the previous problem for

_fca+x o=x=<60=y=x
fkx 7) = [0, otherwise

4.16 The joint pdf of the random variables X and Y is
Jo(xy) = A_vg/e_(x+y), x=0 and y=0

(a) Find the constant A.
(b) Find the marginal pdf’s of X and Y, fy(x) and fy( y).

(c) Are X and Y statistically independent? Justify your answer.

4.17 (a) For what value of & is the function

flx) = axrzu(x — o)

325

a probability density function? [u(x) is the unit step function.]

(b) Find the corresponding cumulative distribution function.
(c) Compute P(X = 10).
4.18 Given the Gaussian random variable with the pdf

—x* (202

fx(x) = Ve

let Y = X”. Find the pdf of Y. (Hint: Note that Y = X” is symmetrical
about X = 0 and that it is impossible for Y to be less than zero.)

4.19 If X is Gaussian with the pdf given in Problem 4.18 and the random

variable Y is given in terms of X as

y=l% X=0
0, x<=0

find the pdf of Y. (Hint: When X << 0, what is Y? How is this mani-

fested in the pdf for Y?)

4.20 A nonlinear system has input X and output Y. The pdf for the input
is Gaussian as given in Problem 4.18. Determine the pdf of the out-

put, assuming that the nonlinear system has the following input/out-

put relationship: (a) ¥ = |X|; b)Y = X — X’13.
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Section 4.3
4.21 Let fy(x) = Aexp(—b |x]) for all x.
(a) Find the relationship between 4 and b such that this function is a
pdf.
(b) Calculate E(X) for this random variable.
(c) Find E(X 2) for this random variable.
(d) What is the variance for this random variable?
4.22 Show that for any random variable it is true that E(X 2) > Ez(X ) unless
the random variable is zero almost always.
4.23 Verify the entries in Table 4.5 for the mean and variances of the prob-
ability distributions given there.
4.24 A random variable X has the pdf
fr(® = de”"[u(x) — u(x — B)]
where u(x) is the unit step function and 4, B, and b are positive
constants.
(a) Find the proper relationship between the constants 4, b, and B.
(b) Determine and plot the cdf.
(c) Compute E(X).
(d) Determine E(X 2),
(e) What is the variance of X?
425 If
2,—1/2
fx(x) = (2ma™) exp ( 201)
show that
@ E(x*}=1:3-5:+-@2n— 1)¢”, forn=1,2,...
o) Ex* Y=o, forn=1,2,...
4.26 The random variable has pdf
filx) = 38 — 4) + Flu(x — 3) — u(x — 7)]
where u(x) is the unit step. Determine the mean and the variance of
the random variable thus defined.
4.27 Find the mean of Z = X + R, where X has the pdf given in Problem

4.21 and R has the Rayleigh pdf given in Equation (4.92).
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4.28

4.29

4.30

4.31

4.32

Two random variables X and Y have means and variances given below:

- 2 _ - 2 _
m =2 0;=3 m=1 0 =5

A new random variable Z is defined as

Z = 3X — 4Y

Determine the mean and variance of Z for each of the following cases
of correlation between the random variables X and Y:

(@) pdY = 0; (b) pdY = 0.25; (c) pdY = 0.6; (d) pdY = 1.0.

Two Gaussian random variables X and Y, with zero mean and variance
o‘z, between which there is a correlation coefficient p, have a joint

probability density given by

X — 20y +y2]

1
e s et [- 20°(1 — p)

Verify that the symbol p in the expression for f(x, y) is the correlation
coefficient. That is, evalaute E{XY}/o”.

Using the definition of a conditional pdf given by Equation (4.54) and
the expressions for the marginal and joint Gaussian pdf’s, show that
for two jointly Gaussian random variables X and Y, the conditional
density function of X given Y has the form of a Gaussian density with
conditional mean and the conditional variance given by

EX|Y) = m, + 22 (Y — m)
Ty

var (X|Y) = ¢,> (1 — p?)
respectively.

(a) Find the characteristic function corresponding to the pdf of Prob-
lem 4.21.

(b) Find E{X} and E{X?} from the characteristic function.

(c) Do the results of (b) correspond with those of Problem 4.21?

The independent random variables X and Y have the probability
densities

fx) = e u(x)
fy =1
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4.33

4.34

4.35

4.36

Probability and Random Variables

Find and plot the probability density of the random variable Z =
X+ Y

The random variable X has a probability density uniform in the range
—3 = x < j and zero elsewhere. The independent variable Y has a
density uniform in the range 1 = y = 3 and zero elsewhere. Find
the plot the density of Z = X + Y.

A random variable X is defined by

fulx) = 47"
The random variable Y is related to X by Y= 2 + 3X.

(a) Determine E{X}, E{Xz}, and 0.’

(b) Determine fy( y).

(c) Determine E{Y}, E{Y’}, and g,’.

(d) If you used fy( y) in part (c), repeat that part using only fy(x).

A random variable X has the uniform probability density function

1
b—a’

a=x=<b

fx(x) =

0, otherwise

(a) Determine the characteristic function #,(jv).

(b) Use the characteristic function to compute E{X}.
(c) Use the characteristic function to compute E(X 2).
(d) What is the variance 0',2?

A random variable X has the probability density function
ae x=0
fxlx) = [0, x<0
where a is an arbitrary positive constant.

(a) Determine the characteristic function My( jv).
(b) Use the characteristic function to determine E{X} and E{X7}.
Check your results by computing

f_m x':fx(x) dx

forn = 1 and 2.
(c) Compute o
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Section 4.4

4.37 Compare the binomial, Laplace, and Poisson distributions for
(a)n=3andp=% (b)n=3andp=7|a]
(c)n=10anclp=% (d n=10andp = 75

4.38

4.39

4.40

441

4.42

4.43

An honest coin is flipped 20 times. (a) Determine the probability of
the occurrence of 5 or 6 heads. (b) Determine the probability of the
first head occurring at toss number 15.

An honest coin is flipped 100 times. Determine the probability of the
occurrence of between 50 and 60 heads inclusive.

Passwords in a computer installation take the form X, X,X;X,, where
each character X is one of the 26 letters of the alphabet. Determine
the maximum possible number of different passwords available for
assignment for each of the two following conditions:

(a) A given letter of the alphabet can be used only once in a
password.

(b) Letters can be repeated if desired, so that each X; is completely
arbitrary.

(c) If selection of letters for a given password is completely random,
what is the probability that your competitor could access, on a
single try, your computer in part (a)? part (b)?

(a) By applying the binomial distribution, find the probability that
there will be fewer than 3 heads when 10 honest coins are tossed.

(b) Do the same computation using the Laplace approximation.

(c) Compare the results of parts (a) and (b) by computing the percent
error of the Laplace approximation.

A digital data transmission system has an error probability of 10°¢

per digit. Find the probability of 3 or more errors in 10° digits.

(a) Using the expression for the joint Gaussian pdf [Equation(4.177)],
obtain the marginal pdf’s fy(x) and fy(y). Hint: Complete the

square in the exponent in x and use the integral

oD
f exp (—uZIZ) du = 27
o]

after making an appropriate substitution to obtain fy(x). Follow a

similar procedure for fy( y).
(b) From the results of (a), find E{X}, E{Y}, var {X}, and var {Y}.
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330 Probability and Random Variables

4.44 Consider the Cauchy density function

ﬁ(x)=l+x2, —Cco=xy=<cC0

(a) Find K.

(b) Find E{X} and show that var {X} is not finite.

(c) Show that the characteristic function of a Cauchy random variable
is M (jv) = ke "\,

(d) Now consider Z = X, + - * * + X, where the X]'s are Cauchy
and independent. Thus their characteristic function is

Myjy) = (xK)"e N

Show that f,(z) is Cauchy, Comment: f,(z) is not Gaussian as N —
00 because var {X;} is not finite and the conditions of the central-
limit theorem are violated.

4.45 (Chi-squared pdf) Consider the random variable ¥ = o X} where
the X;/s are independent Gaussian random variables with pdf’s n(0, ).

(a) Show that the characteristic function of X ,2 is

Mya(jv) = (1 — 2jve’) 12
(b) Show that the pdf of Y is

NI2—1 —yl20?
¥ €

g | Ja== roueey >0
fr) = 12Nt 7

0, yr<<o

where I'(x) is the gamma function, which, for x = n an integer,
is '(n) = (n — 1)\. This pdf is known as the x” (chi-squared) pdf
with N degrees of freedom. Hint: Use the Fourier transform pair

NI2—1 —yla

o™ T(N/2)

—Ni/2

< (1 — jav)

(c) Show that for N large, the X pdf can be approximated as

Fr(y) = exp [ ('y — e ) }/\/41\1‘:1’01, N> 1

4Na
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4.46

4.47

4.48

4.49

4.50

4.51

Hint: Use the central-limit theorem. Since the Xs are inde-
pendent,

and

var (Y) = Z var (X;) = N var (X))

(d) Compare the approximation obtained in part (c) with fy(y) for N
= 2,4, 8.

(e) Let R = Y. Show that the pdf of R for N = 2 is Rayleigh.

Compare the Q-function and the approximation to it for large argu-

ments given by (4.187) by plotting both expressions on a log-log

graph. (Note: A mathematics package, such as Mathcad is handy for

this problem.)

Determine the cdf for a Gaussian random variable of mean m and

variance 0", Express in terms of the Q-function. Plot the resulting cdf
form = 0,and ¢ = 0.5, 1, and 2.

Let X be uniformly distributed over |x| = 1. Plot P(|X| =< ko))
versus k and the corresponding bound given by Chebyshev’s
inequality.

A random variable X has the probability density function

—(x—12)%/30

Jx(x) = —SW“—

Express the following probabilities in terms of the Q function:
(a) P(X = 11) (b) P(10 < X = 12)
() P(11 < X = 13) (d PO <X=12)

Prove Chebyshev’s inequality. Hint: Let Y = (X — my)/0y and find a
bound for P(| Y| << k) in terms of k.

If the random variable X is Gaussian, with zero mean and variance o”,
obtain numerical values for the following probabilities:

@ P(|X| > o) (®) P(X| > 20)
(© P(|X| > 30)
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4.52 Speech is sometimes idealized as having a Laplacian-amplitude pdf.

That is, the amplitude is distributed according to

fxl) = (5) exp (—alx|)

Express the variance of X in terms of a and find the three probabilities
found in Problem 4.51. Compare your answers with those you
obtained for Problem 4.51.

COMPUTER EXERCISES

4.1,

4.2

(a) In preparation for this computer exercise, prove the following the-
orem: If X is a continuous random variable with cdf Fy(x), then the
random variable

is a uniformly distributed random variable in the interval (0, 1).

(b)Use the theorem proved in part (a) to generate a continuous random
variable with desired pdf (or cdf) given that most programming lan-
guages (including the mathematics packages mentioned in the foot-
note to the computer exercises in Chapter 2) have a uniform random
number generator.

(c) Design a random generator to generate a sequence of exponentially
distributed random variables having the pdf

flx) = e u(x)

where u(x) is the unit step. Plot histograms of the random numbers
generated to check the validity of the random number generator you
designed.

(a) Let U and V be two statistically independent random numbers uni-
formly distributed in [0, 1]. Show that the following transformation
generates two statistically independent Gaussian random numbers with
unit variance and zero mean:

X = R cos (27U)
Y = R sin (27wU)
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4.3.

44,

4.5,

where

R = vV —2 nglo (V)
(Hint: First show that R is Rayleigh.)

(b) Generate 1000 random variable pairs according to the above algo-
rithm. Plot histograms for each set (i.e., X and Y), and compare with
Gaussian pdf’s after properly scaling the histograms.

Using the results of Problem 4.30 and the Gaussian random number
generator designed in Computer Exercise 4.2, design a Gaussian ran-
dom number generator that will provide a specified correlation
between adjacent samples. Let

pr) = ¢ 1!
and plot sequences of Gaussian random numbers for various choices
of a. Show how stronger correlation between adjacent samples affects
the variation from sample to sample. (Note: To get memory over more
than adjacent samples, a digital filter should be used with independent
Gaussian samples at the input.)

Design a computer program to repeatedly convolve two functions.
You might wish to use the FFT to do this efficiently. Use it to verify
that the pdf of a sum of independent random variables (with finite
first and second moments) approaches a Gaussian pdf, thus giving a
plausibility proof of the central-limit theorem.

Check the validity of the central-limit theorem by repeatedly gener-
ating n independent uniformly distributed random variables in the
interval (—0.5, 0.5), forming the sum given by (4.175), and plotting
the histogram. Do this for n = 5, 10, and 20. Can you say anything
qualitatively and quantitatively about the approach of the sums to
Gaussian random numbers? Repeat for exponentially distributed com-
ponent random variables (do Computer Exercise 4.1 first). Can you
think of any drawbacks to this approach to generating Gaussian ran-
dom variables?
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RANDOM SIGNALS AND
5 NOISE

With the mathematical background developed in Chapter 4, we have finally
arrived at the point where we can consider the statistical description of ran-
dom waveforms. The importance of considering such waveforms, as pointed
out in Chapter 1, lies in the fact that noise in communication systems is due
to the random motion of charge carriers, and we observe macroscopic prop-
erties such as the current through a conductor that is due to the superpo-
sition of individual microscopic currents.

In the relative-frequency approach to probability, we imagined repeating
the underlying chance experiment many times, the implication being that
the replication process was carried out sequentially in time. In the study of
random waveforms, however, the outcomes of our chance experiments are
mapped into functions of time, or waveforms, rather than numbers, as in the
case of random variables. The particular waveform is not predictable in
advance of the experiment, just as the particular value of a random variable
is not predictable before the chance experiment is performed. The problem
we now address is the statistical description of chance experiments resulting
in waveforms as outputs. To visualize how we may accomplish this, we again
think in terms of relative frequency.

5.1 A RELATIVE-FREQUENCY DESCRIPTION OF
RANDOM PROCESSES

For simplicity, we consider a binary digital waveform generator whose out-
put randomly switches between +1 and —1 in Tjy-second intervals, as
shown in Figure 5.1. Let X(z, {;) be the random waveform corresponding to
the output of the ith generator. Suppose we use relative frequency to esti-
mate P(X = +1) by examining the outputs of all generators at a particular
time. Since the outputs are functions of time, we must specify the time when
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FIGURE 5.1 A statistically identical set of binary waveform generators with
typical outputs
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336 Random Signals and Noise

writing down the relative frequency. From an examination of the generator
outputs we construct the following table:

Time Interval: ©01) (1.2) 23) B4 45 66 6.7) (7.8 89 (910)
Relative Frequency: 5 6 8 6 7 8 8 8 9 10

10 10 10 10 10 10 10 10 10 10
From this table it is seen that the relative frequencies change with the time
interval. Although this variation in relative frequency could be the result of
statistical irregularity, we highly suspect that some phenomenon is making
X = 41 more probable as time increases. To reduce the possibility that
statistical irregularity is the culprit, we might repeat the experiment with
100 generators or 1000 generators. This is obviously a mental experiment
in that it would be very difficult to obtain a set of identical generators and
prepare them all in identical fashions. For some random processes, known
as ergodic, it is possible to replace measurements on a set of generators at
the same time with measurements across time on a single generator output.

5.2 SOME TERMINOLOGY OF RANDOM PROCESSES
Sample Functions and Ensembles

In the same fashion as is illustrated in Figure 5.1, we could imagine per-
forming any chance experiment many times simultaneously. If, for example,
the random quantity of interest is the voltage at the terminals of a noise
generator, the random variable X; may be assigned to represent the possible
values of this voltage at time t; and the random variable X, the values at
time ¢t,. As in the case of the digital waveform generator, we can imagine
many noise generators all constructed in an identical fashion, insofar as we
can make them, and run under identical conditions. Figure 5.2(a) shows typ-
ical waveforms generated in such an experiment. Each waveform X(t, {)), is
referred to as a sample function, where {; is a member of a sample space .
The totality of all sample functions is called an ensemble. The underlying
chance experiment that gives rise to the ensemble of sample functions is
called a random, or stochastic, process. Thus, to every outcome ¢ we assign,
according to a certain rule, a time function X(t, {). Fora specific §, say
X, &) signifies a single time function. For a specific time t X(t, ¢) denotes
a random variable. For fixed t = f and fixed { = {, X(rj, () is a number. In
what follows, we often suppress the el

To summarize, the difference between a random variable and a random
process is that for a random variable an outcome in the sample space is
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5.2 Some Terminology of Random Processes 337

FIGURE 5.2 Typical sample functions of a random process and illustration
of the relative-frequency interpretation of its joint pdf. (a) Ensemble of sample
functions. (b) Superposition of the sample functions shown in (a).
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mapped into a number, whereas for a random process it is mapped into a

function of time.

Description of Random Processes in Terms of Joint pdf’s

A complete description of a random process {X (¢ )} is given by the N-fold
joint pdf that probabilistically describes the possible values assumed by a
typical sample function at times ty > ty_; > + - + > t,, where N is arbi-
trary. For N = 1, we can interpret this joint pdf fy (x;, t;) as

fxl(xl, tl)dxl T P(X] - dxl = Xl = Xy at time tl) {5.1)
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338 Random Signals and Noise

where X; = X(t,, {). Similarly, for N = 2, we can interpret the joint pdf
fx,,n(x], ty; Xy, ty) as

fxlxz(xl, 121 X, rz)dxldx?_ = P(xl - dxl 5 XI -~ X at time :]
and x, — dx, < X, =< x, at time t;) (5.2)

where X, = X(t,, {).

To help visualize the interpretation of (5.2), Figure 5.2(b) shows the three
sample functions of Figure 5.2(a) superimposed with barriers placed at
t = t; and ¢ = t,. According to the relative-frequency interpretation, the
joint probability given by (5.2) is the number of sample functions that pass
through the slits in both barriers divided by the total number M of sample
functions as M becomes large without bound.

Stationarity

We have indicated the possible dependence of fy y, on t; and t, by including
them in its argument. If {X(t)} were a Gaussian random process, for example,
its values at time ¢, and t, would be described by Equation (4.177) where
my, My, Oy ay’, and p would, in general, depend on ¢ and t,.* Note that we
need a general N-fold pdf to completely describe the random process
{X (t)} In general, such a pdf depends on N time instants ¢, t;, ..., ty. In
some cases, these joint pdf’s depend only on the time differences t, — ¢,
ty — ty, ..., ty — t; that is, the choice of time origin for the random
process is immaterial. Such random processes are said to be statistically sta-
tionary in the strict sense, or simply stationary.

For stationary processes, means and variances are independent of time,
and the correlation coefficient (or covariance) depends only on the time dif-
ference t; — t.} Figure 5.3 contrasts sample functions of stationary and
nonstationary processes. It may happen that in some cases the mean and
variance of a random process are time-independent and the covariance is a
function only of the time difference, but the N-fold joint pdf depends on
the time origin. Such random processes are called wide-sense stationary processes
to distinguish them from strictly stationary processes (that is, processes
whose N-fold pdf is independent of time origin). Strict-sense stationarity
implies wide-sense stationarity, but the reverse is not necessarily true. An
exception occurs for Gaussian random processes for which wide-sense stationarity
does imply strict-sense stationarity, since the joint Gaussian pdf is completely

* For a stationary process, all joint moments are independent of time origin. We are inter-
ested primarily in the covariance, however.
f At N instants of time its values would be described by (B.1) of Appendix B.

355



5.2 Some Terminology of Random Processes 339

FIGURE 5.3 Sample functions of nonstationary processes contrasted with
a sample function of a stationary process. (a) Time-varying mean. (b) Time-
varying variance. (c) Stationary.
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340 Random Signals and Noise

specified in terms of the means, variances, and covariances of X(t;), X(t,),
sy X(ty).
E N

Partial Description of Random Processes: Ergodicity

As in the case of random variables, we may not always require a complete
statistical description of a random process, or we may not be able to obtain
the N-fold joint pdf even if desired. In such cases, we work with various
moments, either by choice or by necessity. The most important averages are

the mean,
my(e) = E{X(®)} = X() (5.3)
the variance,
ox(0) = E{(X(t) — X"} = X() — X@T (5.4)

and the covariance,

e, ¢ + 1) = EX() — XOIXe + 1) — Xt + 1)} 55
= E{(X(t)X(t + 7)) — X(t) X(t + 7)

In (5.5), we let t = t; and t + 7 = t,. The first term on the right-hand
side is the autocorrelation function computed as a statistical, or ensemble, average
(that is, the average is across the sample functions at times ¢t and ¢t + 7). In
terms of the joint pdf of the random process, the autocorrelation function
is

L o]
Ry(ty, 1) = fw f_mxlxzfx,x,(xn ty; Xg, tg) dx; dx, (5.6)

where X; = X(t;) and X, = X(t,). If the process is stationary, fy y, does not
depend on ¢ but rather on the time difference, 7 = t, — t; and as a result,
Ry(ty, t;) = Ry(7) is a function only of 7. The following question arises: “If
we compute the autocorrelation function using the definition of a time aver-
age given in Chapter 2, Equation (2.149), will the result be the same as the
statistical average given by (5.6)?" For many processes, referred to as ergodic,
the answer is affirmative. Ergodic processes are processes for which time and
ensemble averages are interchangeable. Thus, if X(¢) is an ergodic process, all time
and corresponding ensemble averages are interchangeable. In particular,

my = E{X(®)} = (X())
oy’ = E{[X() — X@OI") = {[X() — (X@))1*)
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5.2 Some Terminology of Random Processes 341

and
Ry(1) = E{X(t)X(t + 1)} = (X(0)X(t + 7))

where

T
(v(t)) £ lim 2]_T ) v(t) dt

T—+00 =

as defined in Chapter 2. We emphasize that for ergodic processes all time
and ensemble averages are interchangeable, not just the mean, variance, and
autocorrelation function.

EXAMPLE 5.1  Consider the random process with sample functions*
n(t) = A cos (wot + ©)
where j is a constant and © is a random variable with the pdf
= 0] =«

foll) = 1%2% 6.7)

0, otherwise

Computed as statistical averages, the first and second moments are

@) = f A cos (ot + 0) fo(f) dO = f Acos(wgt—Fﬁ)g% =0
(5.8a)

and

8 2
nX(t) = f A% cos® (wt + 0) & gt (5.8b)
- 27 2

respectively. The variance is equal to the second moment, since the mean is

Zero.
Computed as time averages, the first and second moments are

T
{n(t)) = lim *l—f Acos (wet + @) dt = 0 (5.9a)
o0 2T J —1

* In this example we violate our earlier established convention that sample functions are
denoted by capital letters. This is quite often done if confusion will not result.
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and

T 2

(a’()) = lim e A? cos® (wot + 0) dt = 2 (5.9b)
T—a0 2T =T 2

respectively. In general, the time average of some function of an ensemble

member of a random process is a random variable. In this example, (n(t))

and (n’(t)) are constants! We suspect that this random process is stationary

and ergodic, even though the preceding results do not prove this. It turns out

that this is indeed true.

To continue the example, consider the pdf

, 10l =37

2
fo® =17 (5.10)
0, otherwise

For this case, the expected value, or mean, of the random process computed
at an arbitrary time t is

S w4 2
n(t) = f A cos (wgt + 0) ; db

—wi4
w4 2 .\/EA

—mi4

2
= — A sin (wt + 0) cos Wyt (5.11a)
T

The second moment, computed as a statistical average, is

w4 2
;!Z;)' = f A? cos® (wot + 0) - de-

—wl4

T4 2 AZ Al
= J- —[1 + cos 2wet + 20)] df = — + — cos 2wt
™ 2 ™

—nl4

(5.11b)

Since stationarity of a random process implies that all moments are inde-
pendent of time origin, the preceding results show that this process is not
stationary. In order to comprehend the physical reason for this, you should
sketch some typical sample functions. In addition, this process cannot be
ergodjc, since ergodicity requires stationarity. Indeed, the time-average first
and second moments are still (n(t)) = 0 and (nz(t)) = %A A respectively.
Thus we have exhibited two time averages that are not equal to the corre-
sponding statistical averages.

359



v

5.2 Some Terminology of Random Processes 343

Meanings of Various Averages for Ergodic Processes

It is useful to pause at this point and summarize the meanings of various
averages for an ergodic pl'OCCSS:

The mean E\’Trj = (X(t)) is the dc component.

X)) = (X(£))? is the dc power.

}T(_t_i = (X%(t)) is the total power.

Oy = % = mz = (X(t)) — (.X(t)}2 is the power in the ac (time-
varying) component.

5. The total power )-f-r(t_) = (:rj.{2 e m is the ac power plus the dc power.

BOW N =

Thus, in the case of ergodic processes, we see that these moments are mea-
surable quantities in the sense that they can be replaced by the correspond-
ing time averages and a finite-time approximation to these time averages can
be measured in the laboratory.

EXAMPLE 5.2 To illustrate some of the definitions given above with
regard to correlation functions, let us consider a random telegraph waveform
X(t), as illustrated in Figure 5.4. The sample functions of this random process
have the following properties:

1. The values taken on at any time instant t, are either X(t;) = 4 or
X(tp) = —A with equal probability.

2. The number k of switching instants in any time interval T obeys a Poisson
distribution, as defined by Equation (4.170), with the attendant assump-
tions leading to this distribution. (That is, the probability of more than
one switching instant occurring in an infinitesimal time interval dt is zero,
with the probability of exactly one switching instant occurring in dt being
« dt, where « is a constant. Furthermore, successive switching occur-
rences are independent.)

FIGURE 5.4 Sample function of a random telegraph waveform

X(1)

A

4 iz £ Iy Is g 17
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344 Random Signals and Noise

If 7 is any positive time interval, the autocorrelation function of the ran-
dom process defined by the preceding properties can be calculated as

Ry1) = E[X()X(t + 7)]

= AZP{X(E) and X(t + 7) have the same sign}
- (—AZ)P{X(t) and X(¢ + 7) have different signs}

= AZP{even number of switching instants in (¢, t + 'r)}
5 AIP[odd number of switching instants in (t, t + 7)}

oo k e k
= 47 Z (o) exp (—ar) — A? Z (om) exp (—ar)
k=0 M k=0 kl
k even k odd
= (—ar*
= 42 exp (—a‘r)z o )
k=0
= A2 exp (—ar) exp (—ar) = A’ exp (—2ar) (5.12)

The preceding development was carried out under the assumption that 7 was
positive. It could have been similarly carried out with 7 negative, such that

Ry(1) = E{X(0)X(t — |7])} = E{(X(t — |7])X(t)} = 4% exp (—2a|7|)
: (5.13)

This is a result that holds for all 7. That is, Ry(7) is an even function of T,
which we will show in general shortly.

5.3 CORRELATION FUNCTIONS AND POWER SPECTRA

The autocorrelation function, computed as a statistical average, has been
defined by (5.6). If a process is ergodic, the autocorrelation function com-
puted as a time average, as in Equation (2.149) of Chapter 2, is equal to the
statistical average of (5.6). In Chapter 2, we defined the power spectral den-
sity S(f) as the Fourier transform of the autocorrelation function R(7). The
Weiner-Khinchine theorem is a formal statement of this result for stationary
random processes, for which R(t, t;) = R(t; — t;) = R(7). For such pro-
cesses, previously defined as wide-sense stationary, the power spectral den-
sity and autocorrelation function are Fourier transform pairs:

S(f) < R() (5.14)

If the process is ergodic, R(7) can be calculated as either a time or an ensem-

ble average.
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5.3 Correlation Functions and Power Spectra 345

: TR ; :
Since Ry(0) = X'(t) is the average power contained in the process, we
have from the inverse Fourier transform that

CO

Average power = Ry(0) = f_ Sx(f) df (5.15)

which is reasonable, since the definition of Sy(f) is that it is power density
with respect to frequency.

Power Spectral Density

An intuitively satisfying, and in some cases computationally useful, expres-
sion for the power spectral density of a random process can be obtained by
the following approach. Consider a particular sample function, n(t, ), of a
random process. To obtain a function giving power density versus frequency
using the Fourier transform, we consider a truncated version, ni(z, )y

defined as*

&), |e| <i3T
0, otherwise

nr(t, §) = [ (5.16)
Since sample functions of stationary random processes are power signals, the
Fourier transform of n(t, {;) does not exist, which necessitates defining
nz(t, §). The Fourier transform of a truncated sample function is

N:(f, §) = f

Ti2

n(t, e ™ dr (5.17)
TI2

and its energy spectral density, according to Equation (2.83), is | Ny(f, )
The time-average power density over the interval [—3T, 37] for this sample
function is | Ny(f; §) | ?IT. Since this time-average power density depends on
the particular sample function chosen, we perform an ensemble average and
take the limit as T — ©0 to obtain the distribution of power density with
frequency. This is defined as the power spectral density S,(f):

Vay 2R e AE
S,(f) = lim M (5.18)

The operations of taking the limit and taking the ensemble average in (5.18)
cannot be interchanged.

* Again, we use a lower-case letter to denote a random process for the simple reason that

we need to denote the Fourier transform of n(t) by an upper-case letter.
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346 Random Signals and Noise

EXAMPLE 5.3  Let us find the power spectral density of the random pro-
cess considered in Example 5.1 using (5.18). In this case,

nr(t, @) = AIl (i) cos [mo (t + g)] (5.19)
I Wy

By the time-delay theorem of Fourier transforms and using the transform
pair

cos wot <> 33(f — fo) + 0(f + fo) (5.20)
we obtain
Flcos (ot + O)] = 30(f — fo)e’® + 3(f + fo)e (5.21)

We also recall from Chapter 2 (Example 2.8) that II(¢/T) <> T sinc Tf, so, by
the multiplication theorem of Fourier transforms,

Ni(f; ©) = (AT sinc Tf) * [53(f — foe’® + 3(f + foe ]
= 341" sinc (f — foT + ¢ ®sinc (f+ fOT]  (5.22)
Therefore, the energy spectral density of the sample function is
IN:(f, ©)|% = GAT)[sinc” T(f — fo) + ¢”° sinc T(f — fo) sinc T(f + fo)
+ ¢ 7 sinc T(f — fo) sinc T(f + fo) + sinc’ T(f + fo)]

(5.23)
In obtaining [| N.(f, ©)| %], we note that
_ @ dé " df
¥; - tpe LY. f feaz LN ’
exp (1;20) J’\_w e = . (cos 260 L j sin 26) Py (5.24)

Thus we obtain
IN:(f, ©)|7 = GAT)[sinc® T(f — fo) + sinc® T(f + fo)]  (5.25)

and the power spectral density is

S.(f) = 71332 AT sinc” T(f — fo) + Tsinc” T(f + f)]  (5.26)

However, a representation of the delta function is limy.o T sinc” Tu = o(u).
See Figure 2.4(b). Thus

S(f) = 3478(f — fo) + 3478(f + fo) (5.27)

The average power is fcfw S.(f) df = %A 2, the same as that obtained in
Example 5.1. '
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5.3 Correlation Functions and Power Spectra 347

Wiener-Khinchine Theorem

To simplify the notation in the proof of the Wiener-Khinchine theorem, we
rewrite (5.18) as

2
S.(f) = lim E{|g[nzr(f)]| }

5.28

where, for convenience, we have truncated over a 2T-second interval and

dropped { in the argument of n,{t). Note that

T 2
| Fnor (]| | f _Tn(t)e_’m dt| ,  w=2xf

T T
= f f n(e)n(a)e " dt do (5.29)
—T —T

where the product of two integrals has been written as an iterated integral.
Taking the ensemble average and interchanging the orders of averaging and
integration, we obtain

T T
E{| Flnpr(0]|%) = f_r f _Tﬁ{n(t)n(c)}e“f“’(“"’d: do

T T
= f f R (t — a)e " 4t dg (5.30)
i =T

by the definition of the autocorrelation function. The change of variables
u =1t — oand v = tis now made with the aid of Figure 5.5. In the uv
plane we integrate over v first and then over u by breaking the integration

FIGURE 5.5 Regions of integration for Equation (5.30)

a v
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348 Random Signals and Noise

over u up into two integrals, one for u negative and one for u postiive. Thus

E{| Fln,r(1)]]%}

0 ut+T 27 T
f R, (u)e /" (f dv) du + f R, (u)e " (f dv) du
u=-—2T =7 u=0 u—T

2 T
= f 2T + U)Rn(u)g_f"’" du + T — H)R"(u)e_j“" e
T 0

2T | u i
= 2T 1 — — | R (u)e "™ d 31
f—zr ( 2 ) 2(u)e u (5.31)
The power spectral density is, by (5.28),
T o | u ] —jwa
S,(f) = lim I — — | R, (u)e du (5.32)
T—o0 J —2T 2T,

which is the limit as T — O results in (5.14).

EXAMPLE 5.4  Since the power spectral density and the autocorrelation
function are transform pairs, the autocorrelation function of the random
process defined in Example 5.1 is, from the result of Example 5.3, given by

R() = F RS — fo) + %B(f + fo)l = 4% coswgr  (5.33)

Computing R,(7) as an ensemble average, we obtain
2 do
R,(T) = E{n(r)n(t + T)} = A” cos (wot + ) cos [wy(t + 7) + 6] ;

AL [
= ;J‘ {cos wyT + cos [w(2t + 7) + 20]} d6 = 347 cos w,T
-7
(5.34)

which is the same result as that obtained using the Wiener-Khinchine
theorem.

Properties of the Autocorrelation Function

The properties of the autocorrelation function for a random process X(t)
were stated in Chapter 2, at the end of Section 2.6, and all time averages
may now be replaced by statistical averages. 'I'hese properties are now easily
proved.
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Property 1 states that |R(r)| = R(0) for all 7. To show this, consider the
nonnegative quantity

[X) £ Xt + n>=0 (5.35)

where {X(t)} is a stationary random process. Squaring and averaging term by
term, we obtain

X)) £ 2X@X¢e + 1) + X(e + 1) =0 (5.36a)

which reduces to
2R(0) * 2R(r) =0 or —R(0) = R(r) = R(0) (5.36b)

because X*(f) = X’(t + 7) = R(0) by the stationarity of {X()}.
Property 2 states that R(—7) = R(7). This is easily proved by noting that

R(M) = X)Xt + 1) = X' — 1)X(’) = R(—71) (5.37)

where the change of variables " = ¢ + 7 has been made.
Property 3 states that lim|;|—q R(T) = X(t) if {X(¢)} does not contain a
peﬁodic component. To show this, we note that
lim R(7) £ lim X()X(t + 7)
I7[—o0 |7|—e0
= X(&) X(¢ + 1), where | 7] is large
= X(t) (5.38)

where the second step follows intuitively because the interdependence
between X(t) and X(¢t + 7) becomes smaller as |7| — ©0 (if no periodic
components are present), and the last step results from the stationarity of
)

Property 4, which states that R(r) is periodic if {X(z)} is periodic, follows
by noting from the time-average definition of the autocorrelation function
given by Equation (2.149) that periodicity of the integrand implies period-
icity of R(7).

Finally, property 5, which says that F[R(7)] is nonnegative, is a direct con-
sequence of the Wiener-Khinchine theorem and (5.18).

EXAMPLE 5.5 Processes for which

No IfI =B

S(f) = [ 4 (5.39)

otherwise

are commonly referred to as bandlimited white noise, since, as B —> 00, all
frequencies are present, in which case the process is simply called white. N,

366



350 Random Signals and Noise

is the single-sided power spectral density of the nonbandlimited process. For
a bandlimited white-noise process,

R(T) = BN, sinc 2BT (5.40)

As B— 00, R(T) = %Noa('r). That is, no matter how close together we sample
a white-noise process, the samples have zero correlation. If, in addition, the
process is Gaussian, the samples are independent. A white-noise process has
infinite power and is therefore a mathematical idealization, but it is never-
theless useful in systems analysis.

EXAMPLE 56  As another example of calculating power spectra, let us
consider a random process with sample functions that can be expressed as

o0
Xe) = D aple — kT — A) (5.41)
k=—0c0
where ...a_y, aq, @y, ..., @ ... is a sequence of random variables with

Elq] =0 and  Elge,,] = R, (5.42)

The function p(t) is a deterministic pulse-type waveform where T is the sep-
aration between pulses; A is a random variable that is independent of the
value of g, and uniformly distributed in the interval (—7/2, T/2). The aver-
age value of this waveform is

oo

EX(®)] = Y E(a)E[p(t — kT — A)] = 0 (5.43)

k=—co
The autocorrelation function is

Ry(7)
= E[X()X(¢t + 7)]

=E[ 2 X am+mp(r—kT—A)p[r+r—(k+m)r—A]]

k=—00 m=—0C0

Z Z E[layap 4 )E{p(t — kT — A) p[t + 7 — (k + m)T — A))

=—00 m=—00
oo T2

Z R, Z f p(t—kT—A)p[t+f—(k+m)T—A]
& & t—(k—1/2)T

= > R . f (u)(u+‘r—mT)

e S s AR R T
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= > &, G) f pe + 7 + mT)p(r) dt

m=—0C0
oo

= Z R, r(T + mT)
=t (5.44)

where
r(r) = %f_ pt + 7)p(r) dt (5.45)

is the pulse-correlation function. We consider two cases as illustrations.

Case 1

Let q = T4, for all k, withR, = A>, m = 0,and R, = 0, m # 0. Also,
let p(t) = II(t/T), a unit pulse. This waveform is referred to as a binary
random waveform and is typical of a baseband digital binary-modulated signal.
It is useful in the computation of power spectra for some forms of modu-
lation of binary digital data. The pulse-correlation function is

(r) ]{f H(‘tf)n(;‘r)dt
T/2
= lf I ([ 2 T) dt = A (3) (5.46)
T —7m2 T T

The autocorrelation function is

Ry(r) = A%A G) (5.47)

Using the Wiener-Khinchine theorem, we obtain the power spectral density:

Se(f) = A’T sinc’(fT) (5.48)

Case 2
Memory is built into the sequence of g;’s by the relationship

a, = gody T gi1di— (5.49)

where g, and g, are constants and the A4;’s are random variables such that 4,
= *A4and
Eiddy ] = A5 m=0 (5.50)
H{i-!-m 0, ms 0 ¥
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Again it is assumed that p(¢) is a unit-pulse function, although other pulse
shapes could be assumed. It can be shown that

Az( 9022 + 812), m=20
Elayapiml = 1 gogi4", m= ] (5.51)
0, otherwise
As before, the pulse-correlation function is
T
() = A (}) (5.52)

The autocorrelation function is

a3 o5 (5]

' (5.53)

The power spectral density of x(t) is

Sx(f) = AT sinc? (_)‘T){‘qoz -+ g.z + gogilexp (j2mfT) + exp (—j21rfI)]}
(5.54)

Let both g, and g, be unity. The resulting power spectral density is

Slf)= 44T sinc’ (fT) cos’ (mfT) (5.55)

Figure 5.6 compares the power spectra for the two cases considered here.
Note the effect of memory. Other values for g, and g, can be assumed, and
memory between more than adjacent pulses also can be assumed.

Cross-Correlation Function and Cross-Power Spectral Density

Suppose we wish to find the power in the sum of two noise voltages X(r)
and Y(r). We might ask if we can simply add their separate powers. The
answer is, in general, no. To see why, consider

n(t) = X(t) + Y(r) (5.56)

where X(t) and Y(t) are two stationary random voltages that may be related
(that is, that are not necessarily statistically independent). The power in the
sum is

E{n’(t)) = E{[X(0) + Y(©)I’}
E{X’(t)} + 2E{(X(9)Y(c)} + E{Y*())}
Py + 2Py + Py (5.57)

I
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5.3 Correlation Functions and Power Spectra 353

FIGURE 5.6 Power spectra of binary-valued waveforms. (a) Case in which
there is no memory. (b) Case in which there is memory between adjacent
pulses.
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where P, and Py are the powers of X(t) and Y(¢), respectively, and Pyy is the
cross power. More generally, we define the cross-correlation function as

Ryy(1) = E{X@®)Y(t + 7)} (5.58)

In terms of the cross-correlation function, Pyy = Ryy(0). A sufficient condition
for Pyy to be zero, so that we may simply add powers to obtain total power,

is that
R©) = 0, forallT (5.59)

Such processes are said to be orthogonal. If processes are statistically inde-
pendent and at least one of them has zero mean, they are orthogonal. How-
ever, orthogonal processes are not necessarily statistically independent.
Cross-correlation functions can be defined for nonstationary processes
also, in which case we have a function of two independent variables. We will

not need to be this general in our considerations. \
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A useful symmetry property of the cross-correlation function for jointly
stationary processes is

Ryy(1) = Ryx(—7) (5.60)
which can be shown as follows. By definition,
Ryy(r) = E[X(0)Y(r + 7)] (5.61)
Defining t' = t + 7, we obtain
Ruy(r) = E{Y(t)X(t' — 1)} £ Ryy(—7) (5.62)

since the choice of time origin is immaterial for stationary processes.
The cross-power spectral density of two stationary random processes is defined
as the Fourier transform of their cross-correlation function:

Sar(f) = F[Ryy(7)] (5.63)

The cross-power spectral density provides, in the frequency domain, the
same information about the random processes as does the cross-correlation
function.

5.4 LINEAR SYSTEMS AND RANDOM PROCESSES*
Input-Output Relationships

In the consideration of the transmission of stationary random waveforms
through fixed linear systems, a basic tool is the relationship of the output
power spectral density to the input power spectral density, given as

S(f) = [H(OI’S(f) (5.64a)

The autocorrelation function of the output is the inverse Fourier transform

of 5,(f):
R(T) = FS()] = f __HNDPS(NFT 4 (5.640)

H( f) is the system’s transfer function; §,( f) is the power spectral density of
the input x(¢); 5,( f) is the power spectral density of the output y(¢); and R (7)
is the autocorrelation function of the output. The analogous result for
energy signals was proved in Chapter 2 [Equation (2.183)], and the result for
power signals was simply stated.

* For the remainder of this chapter we use lower-case x and y to denote input and output
random-process signals in keeping with Chapter 2 notation.
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5.4 Linear Systems and Random Processes 355

A proof of (5.64a) could be carried out by employing (5.18) in conjunc-
tion with Equation (2.166). We will take a somewhat longer route, however,
and obtain several useful intermediate results. In addition, the proof pro-
vides practice in manipulating convolutions and expectations.

We begin by obtaining the cross-correlation function between input and
output, R, (7), defined as

Ry(1) = E{x(e)y(t + 7)} (5.65)

Using the superposition integral, we have

yie) = f h(u)x(t — u) du (5.66)

where h(t) is the system’s impulse response. Equation (5.66) relates each
sample function of the input and output processes, so we can write (5.65)
as (transients are assumed to have died out)

Ry(r) = E [x(t)f h(u)x(t + 7 — u) dn] (5.67)

Since the integral does not depend on t, we can take x(t) inside and inter-
change the operations of expectation and convolution. (Both are simply inte-
grals over different variables.) Since h(u) is not random, (5.67) becomes

K.y(f) = f_m h(u)E{x(t)x(t + 7 — u)}du (5.68)

By definition of the autocorrelation function of x(z),
E{x()x(t + 7 — u)} = R(1 — u) (5.69)

Thus (5.68) can be written as
Ry (1) = f h(u)R (T — u) du £ h(r) = R,(7) (5.70)

That is, the cross-correlation function of input with output is the autocorre-
lation function of the input convolved with the impulse response, an easily remem-
bered result. Since (5.70) is a convolution, the Fourier transform of R (7),
the cross-power spectral density of x(z) with y(t), is

So(f) = H(f)SAf) (5.71)

372



356 Random Signals and Noise

From the time-reversal theorem, item 3b of Table C.2, the cross-power
spectral density S,(f) is

Sf) = FR] = FIR(—7)] = S3(f) (5.72)

Employing (5.71) and using the relationships H*(f) = H(—f) and S¥(f) =
S.(f) (where S,(f) is real), we obtain

S.(f) = H(=)S.(f) = H¥PS.f) (5.73)

where the order of the subscripts is important. Taking the inverse Fourier
transform of (5.73) with the aid of the convolution theorem, item 8 of Table
C.2, and again using the time-reversal theorem, we obtain

R, (1) = h(—7) * R(7) (5.74)

Let us pause to emphasize what we have obtained. By definition, R,,(7) =
E{x(t)y(t + 7)} can be written as

R,(1) = E{x(t)[h(t) * x(¢ + 7)]}
y(e + 7)

(5.75)

Combining this with (5.70), we have
E{x(6)[h(t) * x(t + 7))} = h(r) * R,(1) = h() « E{x(t)x(t + 7)} (5.76)
Similarly, (5.74) becomes
R, (1) 2 E{[h(2) * x(0)]x(t + 7)} = h(—7) = R,(r)
sy
y(t)
2 h(—1) * Elx()x(t + 7)} (5.77)

Thus, bringing the convolution operation outside the expectation gives a
convolution of h(7) with the autocorrelation function if h(t) * x(¢t + 7) is
inside the expectation or a convolution of h(—7) with the autocorrelation
function if h(t) * x(¢) is inside the expectation.

These results are combined to obtain the autocorrelation function of the
output of a linear system in terms of the input autocorrelation function as
follows:

R(1) = E{y()y(t + 1} = E{y()[h() * x(t + 7)]} (5.78)
which follows because y(t + 7) = h(¢t) * x(¢t + 7). Using (5.76) with x(t)
replaced by y(t), we obtain '
R/(7) = h(7) » E{ y(Ox(t + 7)}
h(7) = R (7)
h(r) * {h(—7) * R,(7)} (5.79)
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5.4  Linear Systems and Random Processes 357

where the last line follows by substituting from (5.74). Written in terms of
integrals, (5.79) is

R/(1) = f ' f_ h(u)h(v)R (T + v — u) dv du (5.80)

The Fourier transform of (5.79) is the output power spectral density and is
easily obtained as follows:

S,(f) = FIRM] = F[h(r) * R, ()] = H(f)S,(f)

[H()1*5(f) (5.81)

where (5.73) has been substituted to obtain the last line.

EXAMPLE 5.7  The input to a filter with impulse response h(t) and trans-
fer function H( f) is a white-noise process with power spectral density

S(f) =Ny —O<f<o0 (5.82)
The cross-power spectral density between input and output is
S,(f) = NH(f) (5.83)
and the cross-correlation function is
Ry(r) = 3Noh(r) (5.84)

Hence we could measure the impulse response of a filter by driving
it with white noise and determining the cross-correlation function of in-
put with output. Applications include system identification and channel

measurement.

Filtered Gaussian Processes

Suppose the input to a linear system is a random process. What can we say
about Fhe output statistics? For general inputs and systems, this is usually a
difficult question to answer. However, if the input to a linear system is Gaussian,
the output is also Gaussian.

A nonrigorous demonstration of this is carried out as follows. The sum of
two independent Gaussian random variables has already been shown to be
Gaussian. By repeated application of this result, we can find that the sum of
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358 Random Signals and Noise

any number of independent Gaussian random variables is Gaussian.* For a
fixed linear system, the output y(t) in terms of the input x(t) is given by

y() = f x(T)h(t — 7) dt

lim ) x(kAnh(t — kA7) A7 (5.85)

Ar—=0 k= —00

where h(t) is the impulse response. By writing the integral as a sum, we have
demonstrated that if x(t) is a white Gaussian process, the output is also Gaus-
sian (but not white) because, at any time ¢, the right-hand side of (5.85) is
simply a linear combination of independent Gaussian random variables.
(Recall Example 5.5, where the correlation function of white noise was
shown to be an impulse. Also recall that uncorrelated Gaussian random vari-
ables are independent.)

If the input is not white, we can still show that the output is Gaussian by
considering the cascade of two linear systems, as shown in Figure 5.7. The
system in question is the one with the impulse response h(t). To show that
its output is Gaussian, we note that the cascade of h,(t) with h(¢) is a linear
system with the impulse response

hy(t) = hy(z) * h(z) (5.86)

This system’s input, z(t), is Gaussian and white. Therefore, its output, y(t),
is also Gaussian by application of the theorem just proved. However, the
output of the system with impulse response h,(¢) is Gaussian by application
of the same theorem, but not white. Hence the output of a linear system
with nonwhite Gaussian input is Gaussian.

EXAMPLE 58  The input to the lowpass RC filter shown in Figure 5.8
is white Gaussian noise with the power spectral density S, (f) = No»
—00 <f < 0. The power spectral density of the output is

- T .
S = SUNIHI® = T s (5.:87)

where f; = (ZWRC)#] is the 3-dB cutoff frequency. Inverse Fourier trans-
forming S, (f), we obtain R, (1), the output autocorrelation function:

No  —rlme

R (1) =
() 4RC

(5.88)

* This also follows from Appendix B, (B.11).
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FIGURE 5.7 Cascade of two linear systems with Gaussian input

hy () . ) —o
HEVL xit) a1
{White and {Nonwhite and
Gaussian) Gaussian)
The square of the mean of ny(t) is
no(t)’ = lim R, (1) =0 (5.89)

|7]—c0
and the mean-squared value, which is also equal to the variance since the

mean is zero, is

g N,
mo (1) = 0, = Ro0) = (5.90)

Alternatively, we can find the average power at the filter output by inte-
grating the power spectral density of ny(t). The result is as above:

o 1 0
2, T 2No _ No f x _ No
L f —oo 1 + (fIfy)° ¥=2mrcto T+ 2 " aac &9

Since the input is Gaussian, the output is Gaussian as well. The first-order

pdf is

—2RCAINg

Fakpat) = fl0) = m

by employing Equation (4.179). The second-order pdf at time tand t + 7
is found by substitution into Equation (4.177). Letting X be a random variable
that refers to the values the output takes on at time t and Y be a random

(5.92)

FIGURE 5.8 A lowpass RC filter with a white-noise input

A [ L
(—D n;le) CT g (t)

i & O
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variable that refers to the values the output takes on at time t + 7, we have,
from the preceding results,

m =m, =0 (5.93a)
2 2 No
= = — 5.93b
o, a, 4RC ( )
and the correlation coefficient is
R,,(7) sl
plr) = == = " l7l/Ae (5.93¢c)

R,,(0)

Referring to Example 5.2, one can see that the random telegraph wave-
form has the same autocorrelation function as that of the output of the
lowpass RC filter of Example 5.8. This demonstrates that processes with
drastically different sample functions can have the same second-order
averages.

Noise-Equivalent Bandwidth

If we pass white noise through a filter that has the transfer function H( f),
the average power at the output, by (5.64), is

Pﬂo=f_w%N0|H(f)|2df=NoJ;m|H(f)’2df (5.94)

where %ND is the two-sided power spectral density of the input. If the filter
were ideal with bandwidth By and midband gain Hy, as shown in Figure 5.9,
the noise power at the output would be

P, = Ho GNo)(2By) = NoByH, (5.95)

np
The question we now ask is the following: What is the bandwidth of an ideal,
fictitious filter that has the same midband gain as H(f) and that passes the

FIGURE 5.9 Comparison between | H(f )12 and an idealized approximation

[H{F)I2

ANENT
g K LA K
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same noise power? If the midband gain of H( f) is Hy, the answer is obtained
by equating the preceding two results. Thus

e 2
By = He Jo |H(f)|" df (5.96)
is the single-side bandwidth of the fictitious filter. By is called the noise-
equivalent bandwidth of H( f).
It is sometimes useful to determine the noise-equivalent bandwidth of a
system using time-domain integration. By Rayleigh’s energy theorem [see
(2.82)], we have

J:m [H(f)|? df = fmw |h(e)|? de (5.97)

Thus, (5.96) can be written as

o0

|h(e)|? de

= L it e =
By = 2Hf,J; |h(e)|” dt [ ]
2| | ey e

7 (5.98)

where it is noted that

Ho = H(f)|f=0 = f h(e)e 2T dt| o = f k(1) dt  (5.99)

For some systems, (5.98) is easier to evaluate than (5.96).

EXAMPLE 5.9 The noise-equivalent bandwidth of an nth-order Butter-
worth filter for which
1

_— 5.100
1+ (fIf™" ( )

|H ()] =

is

oo | 1
Bufn) = .l:, . (f{f;)’”df—f3j;m1 el
_ _Tfs/2n i (5.101)

sin (w/2n)

where f; is the 3-dB frequency of the filter. For n = 1, (5.101) gives the
result for a lowpass RC filter. As n approaches infinity, H,(f) approaches
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362 Random Signals and Noise

the transfer function of an ideal lowpass filter of single-sided bandwidth f;.
The noise-equivalent bandwidth is

lim By(n) = f; (6.102)

o0

as it should be by its definition. As the cutoff of a filter becomes sharper,
its noise-equivalent bandwidth approaches its 3-dB bandwidth.

EXAMPLE 5.10  To illustrate the application of (5.98), consider the com-
putation of the noise-equivalent bandwidth of a first-order Butterworth fil-
ter in the time domain. Its impulse response is

1

h(t) = F! = 27fie " Pu(e) (5.103)

1+]}f;

According to (5.98), the noise-equivalent bandwidth of this filter is

f Qnfy)’e ™ de
e g= L pmge 2 Th (5404

e 2 2
2 f 2mfie” ™ do
0

which checks with (5.101) if n = 1 is substituted.

By

55 NARROWBAND NOISE
Quadrature-Component and Envelope-Phase Representation

In most communication systems operating at a carrier frequency f, the band-
width of the channel, B, is small compared with f. In such situations, it is
convenient to represent the noise in terms of quadrature components as

n(t) = n/t) cos (wet + 0) — n,(t) sin (Wt + 6) (5.105)

where w, = 27f, and 0 is an arbitrary phase angle. In terms of envelope
and phase components, n(t) can be written as

n(t) = R(t) cos [wet + P(t) + 0] (5.106)

where

R(t) = VnS  + n, (5.107a)
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5.5 Narrowband Noise 363

FIGURE 5.10 A typical narrowband noise waveform

and

¢(t) = tan ' [»’—‘—(ﬂ] (5.107b)
n(t)
Actually, any random process can be represented in either of these forms,
but if a process is narrowband, R(t) and ¢(t) can be interpreted as the slowly
varying envelope and phase, respectively, as sketched in Figure 5.10.
Figure 5.11 shows the block diagram of a system for producing n.(t) and
n,(t) where 0 is, as yet, an arbitrary phase angle. Note that the composite
operations used in producing n.(t) and n,(t) constitute linear systems (super-
position holds from input to output). Thus, if n(t) is a Gaussian process, so
are n (t) and n(t). (The system of Figure 5.11 is to be interpreted as relating
input and output processes sample function by sample function.)
We will prove several properties of n.(t) and n(t). Most important, of

FIGURE 5.11 The operations involved in producing n(t) and ns(t)

LPF: <«— H(f)
z | | | = necle)
2 2

-1lg 0 1B
2cos(wyt +8)
nlt)
—
—2sin{wyt + 8)
LPF: < HI1)
o X —s n_ (1)
i _%3 0 %3'( ’
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364 Random Signals and Noise

course, is whether equality really holds in (5.105) and in what sense. We
will show that

E{[n(t) — [n.(t) cos (wt + ) — n(t) sin (wer + B)]]z} =0 (5.108)

That is, the mean-squared error between a sample function of the actual
noise process and the right-hand side of (5.105) is zero (averaged over the
ensemble of sample functions). More useful when using the representation
in (5.105), however, are the following properties:

Mean and Variances

ne) = n(t) = n(t) = 0 (5.109a)

n’(t) = n () = n'(t) 2 N (5.109b)

Power Spectral Densities
S:(f) = S () = LIS(f — fo) + Si(f + o) (5.110a)
Soal ) = JLISASf — fo) — Sif + £l (5.110b)

where L[ ] denotes the lowpass part of the quantity in brackets; S,( f),

S,(f), and S,(f) are the power spectral densities of n(t), n.(t), and n,(t),

respectively; and S, ,( f) is the cross-power spectral density of n.(t) and n,(t).
From (5.110b), we see that

RM’(T) =0, for all 7, if LP[S,,(f — fo) — SAf+ fo)l =0 (5.110c)

This is an especially useful property in that it tells us that n(t) and n(t) are
uncorrelated if the power spectral density of n(t) is symmetrical about f =
fo where f > 0. If, in addition, n(t) is Gaussian, n(t) and n(t) will be inde-
pendent Gaussian processes because they are uncorrelated, and the joint pdf
of n (t) and n(t + ), for any delay 7, will simply be of the form
—(n +n)I2N
f(ﬂc, t; o, t + T) = 24N {5111}

If 5,(f) is not symmetrical about f = f,, where f > 0, then (5.111) holds
only for 7 = 0 or those values of 7 for which R, ,(r) = 0.

Using the results of Example 4.15, the envelope and phase functions of
(5.106) have the joint pdf

f(r,¢)=$,e“*’2”, forr>0and [¢| =7  (5.112)

which holds for the same conditions as for (5.111). The properties given by
(5.110) will be proved first, followed by (5.108). Notc that the results
expressed by (5.109) follow from (5.110a).
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5.5  Narrowband Noise 365

The Power Spectral Density Function of n t) and ny( t)

To prove (5.110a), we first find the power spectral density of z(t), as
defined in Figure 5.11, by computing its autocorrelation function and Fou-
rier transforming the result. To simplify the derivation, it is assumed that §
is a uniformly distributed random variable in (0, 27) and is statistically inde-
pendent of n(t).

The autocorrelation function of z,(t) = 2n(t) cos (Wt + 0) is

R, (1) = E{4n(t)n(t + 7) cos (wot + 0) cos [we(t + 7) + 6]}
= 2E{n(t)n(t + T)} cos woT
+ 2E{n(t)n(t + 7) cos Qwet + wor + 26)} (5.113)
= 2R,(T) cos wyT
where R, (7) is the autocorrelation function of n(t). In obtaining (5.113), we
used appropriate trigonometric identities in addition to the independence

of n(t) and 6. Thus, by the multiplication theorem of Fourier transforms, the
power spectral density of z(t) is

5:.(f) = Si(f) = [6(f — fo) + o(f + foll
= S(f— fo T Sf+ fo (5.114)

of which only the lowpass part is passed by H( f). Thus the result for 5, (f)
expressed by (5.110a) follows. A similar proof can be carried out for S, ( f).
Equation (5.109b) follows by integrating (5.110a) over all f.

Next, let us consider (5.110b). To prove it, we need an expression for
R, ,,(7), the cross-correlation function of z,(t) and z,(t). (See Figure 5.11.) By
definition, and from Figure 5.11,

Rzlxz(‘r) = E{Z](f)Zz(f + T)}
= —E{4n(t)n(t + 1) cos (wot + ) sin [wy(r + 7) + O]}
= —2R(7) sin woT (5.115)
where we again used appropriate trigonometric identities and the indepen-
dence of n(t) and 0. Letting h(t) be the impulse response of the lowpass

filters in Figure 5.11 and employing (5.76) and (5.77), the cross-correlation
function of n.(t) and n,(t) can be written as

R, (1) & E{n(0)n(t + 7)} = E{[h(t) * z,()In,(t + 7)}
= h(—7) * E{zy(n,(¢ + 7)} = h(—7) * E{z,()[h(2) * z,(¢ + 7))}
= h(—7) * h(r) * E{z)()zy(t + 7)} = h(—7) = [h(7) * R, , (7)]
(5.116)
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The Fourier transform of R, , (7) is the cross-power spectral density, S, , (f),
which, from the convolution theorem, is given by

S0a(f) = H()F[h(—7) * R, (D] = H()H*(f)S,..(f)
= [H(H)|*S,(f) (5.117)
From (5.115) and the frequency-translation theorem, it follows that
Suel(f) = FURN™ — )]

Thus, from (5.117),

Son () = JIH(O IS — fo) — Sf + fol
= JLISXS — fo) — S{f + fol (5.119)

which proves (5.110b). Note that since the cross-power spectral density
Ssalf) is imaginary, the cross-correlation function R,,(r) is odd. Thus
R, ,(0) is zero if the cross-correlation function is continuous at 7 = 0, which
is the case for bandlimited signals.

EXAMPLE 5.11 Let us consider a bandpass random process with the
power spectral density shown in Figure 5.12(a). Choosing the center fre-
quency of fo = 7 Hz results in n.(t) and n(t) being uncorrelated. Figure
5.12(b) shows S, (f) [or S,(f)] for f = 7 Hz with §, (f) [or S, (f)], that is,
the lowpass part of §, (f), shaded. The integral of S,(f) is 2(6)(2) = 24 W,
which is the same result obtained from integrating the shaded portion of
Figure 5.12(b).

Now suppose f, is chosen as 5 Hz. Then S, (f) and S, (f) are as shown in
Figure 5.12(c), with S, ( f) shown shaded. From Equation (5.110b), it follows
that —jS, ,(f) is the shaded portion of Figure 5.12(d). Because of the asym-
metry that results from the choice of f, n.(t) and n,(t) are not uncorrelated.
As a matter of interest, we can calculate R, ,, (7) easily by using the transform
pair

2AW sinc 2Wr <> ATl (—2%’) (5.120)

and the frequency-translation theorem. From Figure 5.12(d), it follows that

Son(f) = 2{—TIGE(f — 3)] + I(f + 3)]) (5.121)
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5.5 Narrowband Noise 367

FIGURE 5.12 Spectra for Example 5.11. (a) Bandpass spectrum.
(b) Lowpass spectra for f, = 7 Hz. (c) Lowpass spectra for f; = 5 Hz.
(d) Cross spectra for f; = 5 Hz.
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which results in the cross-correlation function
R, (1) = 2j(—#4 sinc 47 + 4 sinc 41e *™) = 16 sinc 47 sin 677
(5.122)

This cross-correlation function is shown in Figure 5.13. Although n(t) and
n,(¢t) are not uncorrelated, we see that 7 may be chosen such that R, (1) =
Al O for particular values of 7.
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368 Random Signals and Noise

FIGURE 5.13 Cross-correlation function of n,(f) and n,(t) for Example 5.11
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Proof That Equality Holds in Equation (5.105) in the
Sense of Zero Mean-Square Error
We now show that (5.105) holds. To simplify notation, let

a(t) = n.(t) cos (wet + 0) — n,(¢) sin (wot + 6) (5.123)

where n(t) is not to be confused with the Hilbert transform. Thus we must
show that

E{ln() — a@®)]’} = 0 (5.124)
Expanding and taking the expectation term by term, we obtain
E{(n — a)} = n” — 2nh + & (5.125)

where the arguments have been dropped to simplify notation.
Let us consider the last term in (5.125) first. By the definition of n(z),

& = E{{ne) cos wot + 0) — n,(¢) sin (0ot + O)I)
= n_c"r cos” (wot + 0) + n_sf sin” (wot + 60)
— 2n_g|, cos (wot + ) sin (wot + 6)
= 1n’ + 0, (5.126)

5
— Z
=n

where we have employed (5.109b) along with the averages

cos (wot + ) = 3 + 3 cos 2(wyt + ) =

1
Z
sin“(wot + 0) = 3 — 3 cos 2wyt + 0) =

Rl M=

and

cos (wot + 0) sin (Wt + 0) = %sin 2wet +8) =0
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5.5  Narrowband Noise 369

Next, we consider nh. By definition of (), it can be written as
nh = E{n()[n(t) cos (wet + 0) — n,(t) sin (ot + B)]}  (5.127)
But, from Figure 5.11,
n(t) = h(t') = [2n(t’) cos (wot’ + O)] (5.128a)
and
n,(t) = h(t") * [2n(t’) sin (wot” + 6)] (5.128b)

where h(t") is the impulse response of the lowpass filter in Figure 5.11. The
argument t” has been used in (5.128) to remind us that the variable of inte-
gration in the convolution is different from the variable ¢ in (5.127). Substi-
tuting (5.128) into (5.127), we obtain

nn = E{n(e)[h(t") * [2n(t") cos (wot” + 8)] cos (wot + 6)
=+ h(t’) * [2n(t’) sin (wot” + 6)] sin (wot + 0)]}
E{2n(t)h(t") * n(t’')[cos (wot” + 6) cos (wot + 0)
+ sin (wot’” + 0) sin (wot + O)]}

= E{2n(2)h(t") * [n(t’) cos we(t — t')]}

2h(t’) + [E{n(t)n(t)} cos wy(t — t’)]

= 2h(t’) = [R,(t — t’) cos wu(t — t)]

v o]
4 f h(t — t')R,(t — t’) cos wy(t — t’) dt’ (5.129)
[# o]

Lettingu = t — t’, we obtain

nh = 2 J‘ h(u) cos (wpu)R,(u) du (5.130)

— 00

Now, a general case of Parseval’s theorem is

f_m x(t)y(t) dt = f—m X()Y*(f) df (5.131)
where x(t) <> X(f) and y(t) <> Y(f). In (5.130) we note that
h(u) cos weu <> 3H(f — fo) + sH(f + fo) (6.132)
and
R,(u) <> 5,(f) (5.133)
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Thus, by (5.131), we may write (5.130) as

nh = f __H(F = [+ HE+ (N df (6134)

which follows because S,( f) is real. However, S,(f) is nonzero only where
H(f — fo) + H(f + fo) = 1 because it was assumed narrowband. Thus
(5.130) reduces to

o0

nh = f S =) (5.135)

Substituting (5.135) and (5.126) into (5.125), we obtain
Emn— ) =n—2n" +0=0 (5.136)

which shows that the mean-square error between n(t) and a(r) is zero.

5.6 DISTRIBUTIONS ENCOUNTERED IN FM DEMODULATION
OF SIGNALS IN GAUSSIAN NOISE

We now derive two probability distributions that arise in the consideration
of demodulation of signals in Gaussian noise. These derivations make use of
the quadrature-component and envelope-phase representations for noise
described in the preceding section. They are the probability of a zero cross-
ing of a bandlimited Gaussian process and the average rate of origin encir-
clement of a constant-amplitude sinusoid plus narrowband Gaussian noise.

The Zero-Crossing Problem

Consider a sample function of a lowpass, zero-mean Gaussian process n(t),
as illustrated in Figure 5.14. Let its effective noise bandwidth be W, its power
spectral density be §,( f), and its autocorrelation function be R, (7).

Consider the probability of a zero crossing in a small time interval A sec-
onds in duration. For A sufficiently small, so that more than one zero cross-
ing is unlikely, the probability P5_ of a minus-to-plus zero crossing in a time
interval A < 1/(2W) is the probability that no < 0 and ny + 7ipA > 0.
That is,

Py = P(ng < 0 and ny + 5igA > 0)
Pl— A Sy . 0 all g =0 (5.137)
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FIGURE 5.14 Sample function of a lowpass Gaussian process of
bandwidth W

n(t)

=0y +gAp————

=1/2W

.——/\
Intercept = n{0) 4 gy

A .

This can be written in terms of the joint pdf of q? and g, fo.:,(7> 2), as

co 0
Py = J; ’:f_zafw(y, z) d)’:’ dz (5.138)

where y and z are running variables for n, and 1y, respectively. Now 1, is a
Gaussian random variable, since it involves a linear operation on n(t), which
is Gaussian by assumption. In Problem 5.39, it is shown that

dR,(7)
dr

E{n.}li o} = (5.139)

T7=0

Thus, if the derivative of R (7) exists at 7 = 0, it is zero because R (7) must
be even. It follows that

E{norig} = 0 (5.140)

Therefore, ng and 1ig, which are samples of ng(t) and dny(t)/dt, respectively,
are statistically independent, since uncorrelated Gausslan processes are inde-
pendent. Thus, letting var {no} = no and var {ig} = no, the joint pdf of n,
and 1, is

__ exp (—yﬂ'i!;i) exp (—2112:1_'?)

Froidrr 2) = V2mny® \V 275,

which, when substituted into (5.138), yields

Yim e A
exp (—2'/24y) [ °  exp (—y*/2n5) /2n0) ]
Py = l b S bt dz (5.142
£ o Vomi Lk gty T A

(5.141)
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372 Random Signals and Noise

For A small, the inner integral of (5.142) can be approximated as
zAl\/ 211'905, which allows (5.142) to be simplified to

A ®  exp (—z/21)
Pr = —— S Ml § Y (5.143)
" 2w, Jo V2w, '

Letting { = z°/21i," yields

~— A e .2 _‘-
P&_ = 211- noz ‘,iol L ng e dg-
A rioz
= E ? (5.144)

for the probability of a minus-to-plus zero crossing in A seconds. By sym-
metry, the probability of a plus-to-minus zero crossing is the same. Thus,
the probability of zero crossing in A seconds is

I
== \/= (5.145)
m™ ng

For example, suppose that n(z) is an ideal lowpass process with the power
spectral density

1
= 2No» |f I =W
S:(f) [0, otherwise (3.148)
Thus
R,(1) = NyW sinc 2WT (5.147)

which possesses a derivative at zero. Therefore, n, and 1, are independent.

It follows that
(e}
ny = var {ng) = f S,.(f) df = R,(0) = N,Ww (5.148)
—0o
and, since the transfer function of a differentiator is Hy(f) = j27f, that

oo w
g’ = var {io) = f BN, () o = f _, @nN N df

32TW) (NgW) (5.149)
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Substitution of these results into (5.145) gives
el e _A2rw _ 2wA
e A — e —
4 t M anE B

for the probability of a zero crossing in a small time interval A seconds in
duration for a random process with an ideal rectangular lowpass spectrum.

(5.150)

Average Rate of Origin Encirclement for Sinusoid Plus
Narrowband Gaussian Noise

Consider next the sum of a sinusoid plus narrowband Gaussian noise:
Z(l‘) = A cos wot -+ n(t) (5151)
= A cos wot + n.(t) cos wet — n,(t) sin wyt
where n(t) and n,(t) are lowpass processes with statistical properties as

described in Section 5.5. We may write z(t) in terms of envelope R(t) and

phase 0(¢) as

z(t) = R(t) cos [wet + 0(¢)] (5.152)
where
R(@) = VA + n.)] + n,’(t) (5.153)
and
— ] ns(r)
f(t) = tan |:A—+ n,{t):| (5.154)

A phasor representation for this process is shown in Figure 5.15(a). In Figure
5.15(b), a possible trajectory for the tip of R(t) that does not encircle the
origin is shown along with 6(t) and df(t)/dt. In Figure 5.15(c), a trajectory
that encircles the origin is shown along with 0(t) and df(¢)/dt for this case.
For this latter case, the area under dfi/dt must be 27 radians. Recalling the
definition of an ideal FM discriminator in Chapter 3, we see that the sketches
for df/dt shown in Figure 5.15 represent the output of a discriminator in
response to input of an unmodulated signal plus noise. For a high signal-to-
noise ratio, the phasor will randomly fluctuate near the horizontal axis.
Occasionally, however, it will encircle the origin as shown in Figure 5.15(c).
Intuitively, these encirclements become more probable as the signal-to-
noise ratio decreases. Because of its nonzero area, the impulsive type of
output illustrated in Figure 5.15(c), caused by an encirclement of the origin,
has a much more serious effect on the noise level of the discriminator output
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374 Random Signals and Noise

FIGURE 5.15 Phasor diagrams showing possible trajectories for a sinusoid
plus Gaussian noise. (a) Phasor representation of a sinusoid plus narrowband
noise. (b) Trajectory that does not encircle origin. (c) Trajectory that does
encircle origin.

Rlt)

—n,(t)
a1{r)
A ?ngllﬂ

{a)

alr) da/dt
b s FAW A
ale) =0 ¢ r
b=
Integral =0
(b)
ale) di /de
2 -
6t) \ r=0 o K "
4
Integral = 2w

(c)

than does the noise excursion illustrated in Figure 5.15(b), which has zero
area. We now derive an expression for the average number of noise spikes
per second of the type illustrated in Figure 5.15(c). Only positive spikes,
caused by counterclockwise origin encirclements, will be considered, since
the average rate for negative spikes, which result from clockwise origin
encirclements, is the same by symmetry.

Assume that if R(t) crosses the horizontal axis when it is in the second
quadrant, the origin encirclement will be completed. With this assumption,
and considering a small interval A seconds in duration, the probability of a
counterclockwise encirclement P, in the interval (0, 4) is

P,o = P[A + nt) < 0 and n(t) makes + to — zero crossing in (0, A)]
Pln(t) << —A]PA_ (5.155)
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where Pj_ is the probability of a minus-to-plus zero crossing in (0, A) as
given by (5.150) with n(t) replaced by n,(t), and the statistical independence
of n(¢) and n,(t) has been used. Now by (5.109b), n.°(t) = n, () = n'(t).
If n(t) is an ideal bandpass process with single-sided bandwidth B and
power spectral density Ny, then ;!6 = NjB, and

—A e—n;”RNoB

———
—co \/27N,B -
= Q(VA"IN,B) (5.156)

where Q(-) is the Q-function defined by (4.185). From (5.150) with W =
3B, which is the bandwidth of n,(t), we have

Pln() < —A] =

Py = —— (5.157)
a3
Substituting (5.156) and (5.157) into (5.155), we obtain
ecA 2 ,\/5 NOB =

The probability of a clockwise encirclement P, is the same by symmetry.
Thus the expected number of encirclements per second, clockwise and

counterclockwise, is

1
v =2 @t Put)

-— ( 5 ) 5.159

V3 Q NoB (5.159)

We note that the average number of encirclements per second increases in

direct proportion to the bandwidth and decreases essentially exponentially
with an increasing signal-to-noise ratio A%12 N,B.

We can see this in Figure 5.16, which illustrates #/B as a function of sig-
nal-to-noise ratio. Figure 5.16 also shows the asymptote /B = 1/ 2\/5 =
0.2887.

The results derived above say nothing about the statistics of the number
of impulses, N, in a time interval, T. In Problem 5.36, however, it is shown
that the power spectral density of periodic impulse noise processes is given

by
Si(f) = vd (5.160)
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376 Random Signals and Noise

FIGURE 5.16 Rate of origin encirclements as a function of signal-to-noise
ratio
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where » is the average number of impulses per second (v = f for a
periodic impulse train) and o® is the mean-squared value of the impulse
weights a;. A similar result can be shown for impulses which have expo-
nentially distributed intervals between them (i.e., Poisson impulse noise).
Approximating the impulse portion of df/dt as a Poisson impulse noise pro-
cess with sample functions of the form

a d0(9)

= > Eowd(t— 1) (5.161)
dt

k=—0o

x(t)

impulse
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where ¢, is a Poisson point process with average rate v given by (5.159), we
may approximate the power spectral density of this impulse noise process
as white with a spectral level given by

SAf) = v2m)?

4’ A w<f<oo (5162
v Q NeB )’ o (5.162)

If the sinusoidal signal component in (5.151) is FM modulated, the aver-
age number of impulses per second is increased over that obtained for no

modulation. Intuitively, the reason may be explained as follows. Consider a
carrier that is FM modulated by a unit step. Thus

z(t) = A cos 27| f, + fu(t)]t + n(r) (5.163)

where f; = 3B is the frequency-deviation constant in hertz per volt. Because
of this frequency step, the carrier phasor shown in Figure 5.15(a) rotates
counterclockwise at f; Hz for ¢ > 0. Since the noise is bandlimited to B Hz
with center frequency f, Hz, its average frequency is less than the instanta-
neous frequency of the modulated carrier when t > 0. Hence there will be
a greater probability for a 27 clockwise rotation of R(t) relative to the carrier
phasor if it is frequency offset by f; Hz (that is, modulated) than if it is not.
In other words, the average rate for negative spikes will increase for t > 0
and that for positive spikes will decrease. Conversely, for a negative fre-
quency step, the average rate for positive spikes will increase and that for
negative spikes will decrease. It can be shown that the result is a net increase
0v in the spike rate over the case for no modulation, with the average
increase approximated by (see Problems 5.34 and 5.35)

o = [of | exp (_Az) (5.164)

where m is the average of the magnitude of the frequency deviation. For
the case just considered, [8f | = f;. The total average spike rate is then
v + ov. The power spectral density of the spike noise for modulated
signals is obtained by substituting v + 6 for v in (5.162).

SUMMARY
1. A random process is completely described by the N-fold joint pdf of its
amplitudes at the arbitrary times t,, t5, ..., ty. If this pdf is invariant

under a shift of the time origin, the process is said to be statistically

stationary in the strict sense.
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378 Random Signals and Noise

2. The autocorrelation function of a random process, computed as a sta-
tistical average, is defined as

(= s} Q0
R(ty, 1)) = f_m f_m xix2 fr (X1 t13 Xpy 1)) dxy dx,

where fy,y, is the joint amplitude pdf of the process at times ¢, and ¢,.
If the process is stationary,

R(ty, tp) = R(t; — 1;) = R(7)
where 7 £ ¢, — t,.

3. A process whose statistical average mean and variance are time-in-
dependent and whose autocorrelation function is a function only of
t, — t; = T is termed wide-sense stationary. Strict-sense stationary processes
are also wide-sense stationary. The converse is true only for special cases, one of
which being Gaussian processes.

4. A process for which statistical averages and time averages are equal is
called ergodic. Ergodicity implies stationarity, but the reverse is not necessarily
true.

5. The Wiener-Khinchine theorem states that the autocorrelation function
and the power spectral density of a stationary random process are a
Fourier transform pair.

An expression for the power spectral density of a random process
that is often useful is

1
S.(f) = lim — E(| Flar(e1]°)

where ny(t) is a sample function truncated to T seconds, centered about
t = 0.

6. The autocorrelation function of a random process is a real, even func-
tion of the delay variable 7 with an absolute maximum at 7 = 0. It is
periodic for periodic random processes, and its Fourier transform is
nonnegative for all frequencies. As 7 — + co, the autocorrelation func-
tion approaches the square of the mean of the random process unless
the random process is periodic. R(0) gives the total average power in a
process.

7. White noise has a constant power spectral density 3N, for all f- Its auto-
correlation function is -;-NOE(T). For this reason, it is sometimes called
delta-correlated noise. It has infinite power and is therefore a mathe-
matical idealization. However, it is, nevertheless, a useful approxima-
tion in many cases.
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8. The cross-correlation function of two stationary random processes X(t)
and Y(t) is defined as

Ry() = E{X()Y(t + 7)}
Their cross-power spectral density is
Ser(f) = F[Ry(7)]
They are said to be orthogonal if Ryy(1) = O for all 7.

9. Consider a linear system with the impulse response h(t) and the transfer
function H( f) with random input x(¢) and output y(t). Then

S{(f) = [H() IS f)

Re(r) = FTS(f)] = fm [H() 2 Sx(£)e*7T df
Rer() = h(r) * Re(7)
Sy(f) = H(f)Sx(f)
Rpx(T) = h(—7) % Re(7)
Sl f) = H*f)Sx(f)

where S(f) denotes the spectral density and R(7) denotes the correla-
tion function.

10. The output of a linear system with Gaussian input is Gaussian.

11. The noise-equivalent bandwidth of a linear system with a transfer func-
tion H(f) is defined as

l " [ a]
By =— [H()|? df

- 2
H‘) o

where Hy = maximum of | H(f)|. If the input is white noise with the
single-sided power spectral density N, the output power is

2
Py = Hy NoBy

An equivalent expression for the noise-equivalent bandwidth written in
terms of the impulse response of the filter is

J: |h(e)|? de
z[f:oh(:) d:]

By =

2
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12. The quadrature-component representation of a bandlimited random
process n(t) is

n(t) = n.(t) cos (wot + 0) — n,(¢) sin (Wt + 6)
where 0 is an arbitrary phase angle. The envelope-phase representation
is
n(t) = R(r) cos (wet + @) + 0)
where Rz(t) = n’(t) + n,z(t) and tan [@(t)] = n(t)/n.(¢). If the process
is narrowband, n,, n,, R, and ¢ vary slowly with respect to cos wyt and
sin wot. If the power spectral density of n(t) is S,( f), the power spectral
densities of n.(t) and n,(t) are
Sn((f) = Sn,(f) = p[sn(f—fﬂ) + sn(f+f0)]
where L[ ] denotes the low-frequency part of the quantity in the
brackets. If L[S,(f + fo) — S.(f — fo)]l = O, then n (t) and n(t) are
orthogonal. The average powers of n(t), n,(t), and n(t) are equal. The
processes n(t) and n(t) are given by
n(t) = L[2n(t) cos (wet + 6)]
and
n(t) = —L[2n(t) sin (wot + 0]

Since these operations are linear, n (t) and n,(t) will be Gaussian if n(z)
is Gaussian. Thus, n(t) and n/(t) are independent if n(t) is zero-mean
Gaussian with a power spectral density that is symmetrical about f =
fo for f> 0.

FURTHER READING

The references given in Chapter 4 also provide further reading on the subject
matter of this chapter.

PROBLEMS
Section 5.1

5.1 A fair die is thrown. Depending on the number of spots on the up
face, the following random processes are generated. Sketch several
examples of sample functions for each case.
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A, 1 or 2 spots up
@ Xt $) = o, 3 or 4 spots up
—4; 5 or 6 spots up

[ 54, 1 spot up
34 2 spots up
— ) 4, 3 spots up
X(t, §) = o
(b3 Xl £) —d, 4 spots up

—34, 5 spots up
=54, 6 spots up

( 44, 1 spot up
24, 2 spots up
At, 3 spots up

© X8 = A —At, 4 spots up
—24, 5 spots up
—44, 6 spots up

Section 5.2

5.2

53

Referring to Problem 5.1, what are the following probabilities for
each case?

(a) Fe(X =< 24, ¢t = 4)
(b) F(X =0,t = 4)
(©) F(X < 24, ¢ = 2)

A random process is composed of sample functions that are square-
waves, each with constant amplitude 4, period T, and random delay
7 as sketched in Figure 5.17. The pdf of 7 is

_ 1T, 7] = T./2
Sl = [0, otherwise

(a) Sketch several typical sample functions.

(b) Write the first-order pdf for this random process at some arbitrary
time t,. (Hint: Because of the random delay 7, the pdf is indepen-
dent of t,. Also, it might be easier to deduce the cdf and differ-
entiate it to get the pdf.)
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FIGURE 5.17
X(t)
A - _—
— j&—T
t
i —A
e T >
5.4 Let the sample functions of a random process be given by
X(t) = A cos wyt
where wy is fixed and 4 has the pdf
—af2a,?
e
M@ = —F/—
27o,
This random process is passed through an ideal integrator to give a
random process Y(t).
(a) Find an expression for the sample functions of the output process
Y(¢).
(b) Write down an expression for the pdf of Y(¢) at time t,. (Hint:
Note that sin wyt, is just a constant.)
(c) Is Y(¢) stationary? Is it ergodic?
5.5 (a) Find the time-average mean and the autocorrelation function for
the random process of Problem 5.3.
(b) Find the ensemble-average mean and the autocorrelation
function.
(c) Is this process wide-sense stationary? Why?
5.6 Consider the random process of Example 5.1 with the pdf of § given

by
0 = 4/, w4 <0 </2
P 0, otherwise

(a) Find the statistical-average and time-average mean and variance.

(b) Find the statistical-average and time-average autocorrelation
functions.

(c) Is this process ergodic?
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5.4

5.8

Let a random process be given as
Z(t) = X(t) cos (wot + 8)
where X(t) is a stationary random process with E{X(t)} = 0 and
E{X*(t)} = o).
(a) If 6 = 0, find E{Z()} and E{Z"}. Is Z(z) stationary?

(b) If 6 is a random variable indpendent of X(t) and uniformly dis-
tributed in the interval (—mr, 7), show that

EZ®)}) =0 and  E{Z'0)} = 6’12
(c) Is Z(t) stationary?

The voltage of the output of a noise generator whose statistics are
known to be closely Gaussian and stationary is measured with a dc
voltmeter and a true root-mean-square (rms) voltmeter that is ac cou-
pled. The dc meter reads 5 V, and the true rms meter reads 10 V.
Write down an expression for the first-order pdf of the voltage at any
time t = t,. Sketch and dimension the pdf.

Section 5.3

59

5.10

Which of the following functions are suitable autocorrelation func-
tions? Tell why or why not. (w,, 7o, 7y, 4, B, and C are positive
constants.)

(a) A cos w,yT

(b) AA(7/7,), where A(x) is the unit-area triangular function defined
in Chapter 2

(c) AIl(r/7,), where II(x) is the unit-area pulse function defined in
Chapter 2

(d) BIl(r/7,) + CIl(r/21,)

(e) A sin wyT

A bandlimited white-noise process has a double-sided power spectral

density of 2 X 10~ '° W/Hz in the frequency range |f| =< 1 MHz.
Find its autocorrelation function and sketch and fully dimension it.

Consider a random binary pulse waveform as analyzed in Example 5.6,
but with half-cosine pulses given by p(t) = cos (2mt/2T) II(¢/T).
Obtain and sketch the autocorrelation function for the two cases con-
sidered in Example 5.6, namely,

(a) a, = T A for all k, where 4 is a constant, with R, = A, m =0,
and R, = 0 otherwise.
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5.13

Random Signals and Noise

®) ap = A4, + A4,_, with4, = *Aand E44, ,,) = 4>, m = 0,
and zero otherwise.

(c) Find and sketch the power spectral density for each preceding
case.

Two random processes are given by

X(t) = n(t) + A cos (wot + )
and

Y(t) = n(t) + A sin (wot + 6)
where 4 and w, are constants and 6 is a random variable uniformly
distributed in the interval (—, ). The first term, n(t), represents a
stationary random noise process with autocorrelation function R,(7)

= BA(7/7,), where B and 7, are nonnegative constants. Find and
sketch the cross-correlation function of these two random processes.

Given two independent, wide-sense stationary random processes X(t)
and Y(r) with autocorrelation functions Ry(7) and Ry(7), respectively.

(a) Show that the autocorrelation function R,(7) of their product Z(¢)
= X(t)Y(r) is given by

Ry(7) = Ry(7)Ry(7)

(b) Express the power spectral density of Z(t) in terms of the power
spectral densities of X(t) and Y(t), denoted as Sy(f) and Sy(f),
respectively.

(c) Let X(¢) be a bandlimited stationary noise process with power
spectral density Sy( f) = 10II( f/200), and let Y(t) be the process
defined by sample functions of the form

Y(t) = 5 cos (507t + )

where @ is a uniformly distributed random variable in the interval
(0, 2m). Using the results derived in parts (a) and (b), obtain the
autocorrelation function and power spectral density of Z(t) =
X(e)Y(t).

A random signal has the autocorrelation function
R(r) = 5 + 2A(7/10)

where A(x) is the unit-area triangular function defined in Chapter 2.
Determine the following:

(a) The ac power.
(b) The dc power.
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5.16

(c) The total power.
(d) The power spectral density. Sketch it and label carefully.

A random process is defined as Y(r) = X(t) + X(t — T), where X()
is a wide-sense stationary random process with autocorrelation func-
tion Ry(7) and power spectral density Sy(f).

(a) Show that Ry(1) = 2Ry(7) + Ry(r + T) + Ry(r — T).

(b) Show that S,(f) = 4S¢(f) cos’ (wfT).

(c) If X(¢) has autocorrelation function Ry(7) = SA(7), where A(7) is
the unit-area triangular function, and T = 0.5, find and sketch
the power spectral density of Y(t) as defined in the problem
statement.

The power spectral density of a wide-sense stationary random process
is given by

Sx(f) = 108(r) + 25 sinc” (5f)

(a) Sketch and fully dimension this power spectral density function.

(b) Find the power in the dc component of the random process.

(c) Find the total power.

(d) Given that the area under the main lobe of the sinc-squared func-
tion is approximately 0.9 of the total area, which is unity if it has
unity amplitude, find the fraction of the total power contained in
this process for frequencies between 0 and 0.2 Hz.

Given the following autocorrelation functions Ry(r) and power spec-
tral densities Sx( f) (&, K, K;, K,, and b are all positive constants):

Ry(T) = K exp (—a/|7|) cos 27bT ™)
Ry(r) = K, [exp (—a]7|) + 1] + K, cos 2@b7 @

Sy(f) = Kexp (—ef’) + K,8(f — 10) @)
+ K,0(f + 10) + K,6(r)
(a) Sketch each function and fully dimension.
(b) Determine the value of the dc power, if any, for each one.
(c) Determine the total power for each.
(d) Determine the frequency of the periodic component, if any, for
each.

Section 5.4

5.18

A stationary random process n(t) has a power spectral density of 107¢
W/Hz. It is passed through an ideal lowpass filter with transfer func-
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5.19

5.20

Random Signals and Noise

tion H(f) = II(f/1 MHz), where I1(x) is the unit-area pulse function
defined in Chapter 2.

(a) What is the power spectral density of the output? Sketch.

(b) Obtain the autocorrelation function of the output. Sketch and
label carefully.

(c) What is the power of the output process? Find it two different
ways.

An ideal finite-time integrator is characterized by the input-output
relationship

Y(t) = %_I*TX(Q) da

(a) What is its impulse response?

(b) What is its transfer function?

(c) The input is white noise with two-sided power spectral density
No/2. Find the power spectral density of the output of the filter.

(d) Show that the autocorrelation function of the output is

=0
Ro(r) = T Ar/T)

where A(x) is the unit-area triangular function defined in Chap-
ter 2.

(e) What is the equivalent noise bandwidth of the integrator?

(f) Show that the result for the output noise power obtained using
the equivalent noise bandwidth found in part (e) coincides with
the result found from the autocorrelation function of the output

found in part (d).

White noise with two-sided power spectral density Ny/2 drives a sec-
ond-order Butterworth filter with transfer function magnitude

1
|Hau( )] = —W

(a) What is the power spectral density of the output?
(b) Show that the autocorrelation function of the output is

Ry(1) = E-%exp {— \/Eﬂ'f;lﬂ)cos[\/i‘rrfﬂﬂ — /4]
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5.21

5.22

5.23

Plot as a function of f ;7. (Hint: Use the integral.)

J\oo cos (ax) _ \/E'r
0

do =
b4 + X“ 4b3

exp (—ab/ \/5)[(:05 (abl/ \/5)
~+ sin (ab/ \/5)], a,b>0

(c) Does the output power obtained by taking the proper limit of
R(7) check with that calculated using the equivalent noise band-
width for a Butterworth filter as given by (5.101)?

A power spectral density given by

@xf)’
@xf)* + 10,000

S(f) =

is desired. A white-noise source of two-sided power spectral density
1 W/Hz is available. What is the transfer function of the filter to be
placed at the noise-source output to produce the desired power spec-
tral density?

Obtain the autocorrelation functions and power spectral densities of
the outputs of the following systems with the input autocorrelation
functions or power spectral densities given.

(a) H(f) = H(ffZB)
Rer) = 2 8(r)

Ny and B are positive constants,

(b) h(t) = A exp (—at) u(t)

B
S5x(f) = W

A, o, B, and 3 are positive constants.

The input to a lowpass filter with impulse response
h(t) = exp (—20mt) u(t)

is white, Gaussian noise with single-sided power spectral density of 2
W/Hz. Obtain the following:

(a) The mean of the output.

(b) The power spectral density of the output.

(c) The autocorrelation function of the output.

(d) The probability density function of the output at an arbitrary
time ¢,.
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388 Random Signals and Noise

(e) The joint probability density function of the output at time
instants t, and ¢, + 0.03 s.

5.24 Find the noise-equivalent bandwidths for the following first- and sec-
ond-order lowpass filters in terms of their 3-dB bandwidths. Refer to
Chapter 2 to determine their transfer function magnitudes.

(a) Chebyshev
(b) Bessel

5.25 A second-order Butterworth filter has 3-dB bandwidth of 500 Hz.
Determine the unit impulse response of the filter and use it to com-
pute the noise-equivalent bandwidth of the filter. Check your result
against the appropriate special case of Example 5.9.

5.26 Determine the noise-equivalent bandwidths for the two filters having
transfer functions given below:

(@) H(f) = II(f16) + IL(f72)
(b) Hy(f) = 2A(f1100)
5.27 A filter has transfer function
H(f) = Ho(f — 500) + Ho(f + 500)
where
Hy(f) = 2A(f/100)
Find its noise-equivalent bandwidth.

5.28 Determine the noise-equivalent bandwidths of the systems having the
following transfer functions. (Hint: Use the time domain approach.)
@ H() = -

A (jamf + 1)(j2mf + 20)
25
H(f) = ————g
® Hy) (j2f + 5)°
Section 5.5
5.29 Noise n(t) has the power spectral density shown in Figure 5.18. We

write

n(t) = n(t) cos 2mfot + 0) — ny(t) sin 2mfot + 6)
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FIGURE 5.18

S5, (f)

A

—f, —f 0 f, £

Make plots of the power spectral densities of n.(t) and n(t) for the
following cases:
@fo=fi ®fe=fr ©fo=3(L+f)
(d) For which of these cases are n_(r) and n,(t) uncorrelated?
530 (a) IfS,(f) = a’/(@® + &%), show that R,(r) = Ke *!"|. Find K.
(b) Find R (1) if
Lo b a

o 2xf
Sf) @ + (@ — wp)’ F o + (@4 w)’ @

2mfy

o

(c) If n(t) = n,(t) cos 2mfotf¥) — n,(t) sin (27fotfV) find S, (f), and
Sna(f), where S,(f) is as given in part (b). Sketch.

5.31 The double-sided power spectral density of noise n(t) is shown in Fig-
ure 5.19. If n(t) = n.(t) cos (2mfot + ) — a,(¢) sin 27fot + 6), find
and plot S, (), S,(f), and S, (f) for the following cases:

@ fo=3H+f) ® fo=Ff © fo = fa

(d) Find R, (7) for each case for which §, ,(f) is not zero. Plot.

5.32 A noise waveform ny(t) has the bandlimited power spectral density
shown in Figure 5.20. Find and plot the power spectral density of
ny(t) = n(t) cos (Wt + ) — n(t) sin (wet + 6), where 8 is a uni-
formly distributed random variable in (0, 2).

FIGURE 5.19
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390 Random Signals and Noise

FIGURE 5.20
S, (f)
NM
8 Ay

5.33 (Rice-Nakagami pdf) Consider the sum of a constant-amplitude sinu-
soid and narrowband Gaussian noise:

y(t) = [A + nt)] cos (wot + ) — n,(t) sin (wot + 6)
Let the variance of n_ and n, be ¢°. Show that the pdf of

r= \V@A+n) + n

r (@ + 4% rA
falr) = (?) exp [ = -—20_;—] Iy (?) 5 r=0

where Io(x) 2 2m) " [2™ & d6 is the modified Bessel function of

the first kind and of zero order.

is

Section 5.6
5.34 Consider a signal-plus-noise process of the form
z(t) = A cos 2m(fo + fa)t + n(r)
where w, = 27f,, with
n(t) = n/t) cos wyt — nt) sin wyt

an ideal bandlimited white-noise process with double-sided power
spectral density equal to INg, for —3B < fFExh= 3B, and zero
otherwise. Write z(t) as

z(t) = A cos 27w(fy + fo)t + nl(t) cos 27(fy + f)t
— nl(t) sin 27(fy + fo)r
(a) Express nl(t) and n[(t) in terms of n(t) and n,(t). Using the tech-

niques developed in Section 5.5, find the power spectral densities

of n{(¢) and n{{c), S,.(f) and S,1(f).
(b) Find the cross-spectral density of nl(z) and nl(r), S,.:{f),
and the cross-correlation function, R, (7). Are nl(t) and n(t)
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correlated? Are n’(t) and n'(t), sampled at the same instant,
independent?

5.35 (a) Using the results of Problem (5.34), derive Equation (5.164) with
lof | = fe
(b) Compare Equations (5.164) and (5.159) for a squarewave-modu-
lated FM signal with deviation f; by letting |0f | = f;and B =
2f; for f; = 5 and 10 for signal-to-noise ratios of AZINOB =1,
10, 100, 1000. Plot » and d» versus A4 °/NB.

Problems Extending Text Material

5.36 A random process is composed of sample functions of the form
oo oo
x(®) = n@e) »_ 8c—kT) = > mnd(t — kT)
k=—00 k=—oo
where n(t) is a wide-sense stationary random process with the auto-
correlation function R,(7), and n, = n(kT,). If T, is chosen such that

RGAT) =0, k=1,2,...

[that is, the samples n, = n(kT,) are orthogonal], use Equation (5.28)
to show that the power spectral density of x(z) is
R,(0)

S{f) === = fRO) = f'(5), —0<f<oo

5

5.37 A random pulse-position-modulated waveform is as shown in Figure
5.21, where the delays A¢; of the pulses are independent uniform
random variables with identical pdf’s of the form

4
2 1 3
fl = s OS2y
Ay =
0, otherwise

Find the power spectral density of y(t). (Hint: Use Equation (5.18).)

FIGURE 5.21
1 A I |
Ar_; - le— | AL, le— 45"1—31 e Afz—‘ﬂ —
| et |
] 1 1 ¢
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FIGURE 5.22

ot T

&

(ldt —>v¥

x(r) ?_ 1
l_, Delay 7

{variable)

5.38

5.39

Consider the system shown in Figure 5.22 as a means of approxi-
mately measuring R,(7) where x(t) is stationary.

(a) Show that E{y} = Ry(r). .
(b) Find an expression for 0'),2 if x(t) is Gaussian and has zero mean.
Hint: If x;, x,, x3, and x4 are Gaussian with zero mean, it can be

shown that

E{x;xpxsxs} = E{x;x,}E{xsxs} + E{x;x3}E{xpxs} + E{x,x,}E{x,x5}
A useful average in the consideration of noise in FM demodulation is
the cross-correlation

RyT) = E [Y(r
where y(t) is assumed stationary.
(a) Show that

)ajy(:+ 'r)]
de

B(T)=M

P4 dr

where R,(7) is the autocorrelation function of y(t). (Hint: The
transfer function of a differentiator is H( ) = j27f.)
(b) If y(t) is Gaussian, write down the joint pdf of

zém

Y= d
@ an dt

at any time ¢, assuming the ideal lowpass power spectral density

=1 1L
5,(f) = NoIL (ZB)

Express your answer in terms of Nj and B.
(c) Can one obtain a result for the joint pdf of y and y if y(t) is
obtained by passing white noise through a lowpass RC filter? Why

or why not?
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COMPUTER EXERCISES

5.1

5.2

Check the correlation between the random variable X and Y generated
by the random number generator of Computer Exercise 4.2 by com-
puting the sample correlation coefficient of 1000 pairs according to
the definition

1 = . .
- Z (Xn - “X)(Yn - lu‘}')

D = N = Do, &
where
(N
by = E; X,
. _ g
Hy = ﬁ; 4
~2 1 o o8
x"_‘N_ l;( n — Ky
and

g s a2
Oy % — 1; (Y, — iy
Using the correlated Gaussian random-number generator designed in
Computer Exercise 4.3, write a simulation for the origin encirclement
problem described by Equations (5.151) and following. Note that the
p(7) given in that computer exercise corresponds to passing white noise
through a first-order lowpass filter. Thus, you should be able to relate
the filter bandwidth, and therefore of the noise, to @. You should
design your simulation to check out the curve given in Figure 5.16.
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NOISE IN MODULATION
SYSTEMS

In Chapters 4 and 5 we investigated the subjects of probability and random
processes. These concepts led to a representation for bandlimited noise,
which will now be used in the analysis of analog communication systems
operating in the presence of noise.

Noise is present in varying degrees in all electrical systems and in com-
munication systems noise can be especially damaging. As illustrated in
Appendix A, under ordinary conditions, whenever the temperature of a con-
ductor is above 0 K, random motion of charge carriers results in thermal
noise. This noise is often low-level and can usually be neglected in those
portions of a system where the signal level is high. Often, however, systems
are encountered in which the signal levels are low, and in such systems the
effects of even low-level noise can seriously degrade overall system perfor-
mance. Examples of this are found in the predetection portions of an AM or
FM radio receiver that is tuned to a distant transmitter and in a radar receiver
that is processing a return pulse from a distant target. There are many other
examples.

As pointed out in Chapter 1, system noise results from sources external
to the system as well as from sources internal to the system. Since noise is
unavoidable in any practical system, techniques for minimizing the effects
of noise must often be used if high-performance communications are
desired. In the present chapter, appropriate performance criteria for system
evaluation will be developed. After this, a number of systems will be ana-
lyzed to determine the effect of noise on system operation. It is especially
important to note the differences between linear and nonlinear systems. We
will find that the use of nonlinear modulation, such as FM, allows improved
performance to be obtained at the expense of increased transmission bandwidth.
Such tradeoffs do not exist when linear modulation is used.

Our concern in this chapter will be with systems using analog modulation,
both continuous wave and pulse. For completeness, we briefly consider pulse
code modulation in this chapter. In the following chapters, our study will

411



6.1  Signal-to-Noise Ratios 395

be extended to include digital systems and the optimization of system per-
formance in the presence of noise.

6.1 SIGNAL-TO-NOISE RATIOS

In Chapter 3, systems that involve the operations of modulation and demod-
ulation were studied. In this section we extend that study to the perfor-
mance of linear demodulators in the presence of noise. We concentrate our
efforts on the calculation of signal-to-noise ratios. The signal-to-noise ratio
is often a useful figure of merit for evaluating system performance.

Baseband Systems

In order to have a basis for comparing system performance, let us determine
the signal-to-noise ratio at the output of a baseband system involving no
modulation or demodulation. Such a system is illustrated in Figure 6.1(a).
Assume that the signal power is finite at P; W and that the noise added to

FIGURE 6.1 Baseband system. (a) Diagram. (b) Spectra at filter input.
(c) Spectra at filter output.

Message signal = m(r) Lowpass S yple)
: 3 filter =
Message bandwidth = W bandwidth = W
Noise

{a)

Slanal 1 Noisa
"fNCI ir:.OI
—B —-W 0 w B g
(b)
/ \éignal
Noise
f
-w w

(c)
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396 Noise in Modulation Systems

the signal has the double-sided power spectral density 3No W/Hz over a
bandwidth B, which exceeds W. This is illustrated in Figure 6.1(b).

If the message signal m(t) is assumed to be bandlimited, a lowpass filter
can be used to enhance the signal-to-noise ratio, as shown in Figure 6.1(c).
If the filter bandwidth equals W, the signal is totally passed and the signal
power at the lowpass filter output is Pr. The power of the output noise is

w
f No df = NoW (6.1)
—w
Thus the signal-to-noise ratio (SNR) at the filter output is
Pr
SNR = (6.2)
NoW

The filter enhances the SNR by a factor of B/W. Since (6.2) describes the
SNR achieved with a simple baseband system using no modulation, it is a
reasonable standard for making comparisons of system performance.

DSB Systems

We can now compute the noise performance of a coherent double-sideband
(DSB) demodulator. Consider the block diagram in Figure 6.2, which illus-
trates a coherent demodulator preceded by a predetection filter. Typically,
the predetection filter is the intermediate-frequency (IF) filter discussed in
Chapter 3. The input to this filter is the modulated signal plus white Gaus-
sian noise of double-sided power spectral density %NO W/Hz. Since the trans-
mitted signal x(t) is assumed to be a DSB signal, the received signal x,(¢) can
be written as

x(t) = Am(t) cos (wet + 6) + n(r) (6.3)

where m(t) is the message and 0 is used to denote our uncertainty of the
carrier phase or, equivalently, the time origin. If the predetection filter
bandwidth is 2W, the DSB signal is completely passed by the filter. Using

FIGURE 6.2 DSB demodulator

(t) = x_{t} + n(t) | Predetection (1) e,(t) | Postdetection | v (¢)
X, ) Xc{} nl (1F) ey 3 foimie yo_)
filter filter

2cos (w.t + 6)
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6.1 Signal-to-Noise Ratios 397

the technique developed in Chapter 5, the noise at the filter output n(t)
can be expanded into its direct and quadrature components as follows:

e)(t) = Am(t) cos (wt + 6) 4+ n.(t) cos (wt + 0)— n,(¢) sin (wzr + 0)

(6.4)

where the total noise power is noz(t) = %nci(t) == %n,z(t) and is equal to
AN, W.

The predetection SNR, measured at the input to the multiplier, is easily
determined. The signal power is 14 f;i, where m is understood to be a func-
tion of ¢ and the noise power is 2N, as shown in Figure 6.3(a). This yields
the predetection SNR

- Y |
¢

4WN,

(SNR); = 65)

In order to compute the postdetection SNR, ej(t) is first computed:

es(t) = Am(t) + Am(t) cos 2(wst + 6) + n.(r)
+ n.(t) cos 2(w.t + 0) — n,(t) sin 2(wst + 0) (6.6)
The double-frequency terms are removed by the postdetection filter so that

yolt) = Am(t) + nt) (6.7)

for the demodulated output. The postdetection signal power is A‘Z?,
and the postdetection noise power is n, or 2N,W, as shown on Figure

6.3(b). The postdetection SNR is
i3

(4

2N W

(SNR), =

The ratio of (SNR),, to (SNR); is referred to as the detection gain and is often
used as a figure of merit for a demodulator. Thus, for the coherent DSB
demodulator, the detection gain is

SNR), A. m’ 4N,W
(SNBo e =2 (6.8)

(SNR);  2NgW A’m®

At first sight, this result is somewhat misleading, for it appears that we have
gained 3 dB. This is true for the demodulator because it effectively sup-
presses the quadrature noise component. However, a comparison with the
baseband system reveals that nothing is gained, insofar as the SNR at the
system output is concerned, by the use of modulation, because the prede-
tection filter bandwidth must be 2W if DSB modulation is used. Thus the
channel bandwidth is doubled, resulting in double the noise bandwidth and,
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398 Noise in Modulation Systems

FIGURE 6.3 Predetection (a) and postdetection (b) filter output noise
spectra for DSB demodulation

Splf)

1
7 M

i
AW p. W |01 f.-wW
a

S,df)

No

consequently, double the noise power at the demodulator input. The 3-dB
detection gain is exactly enough to overcome this effect.

In order to see this mathematicallhflet us return to the expression for

the postdetection SNR. The term 14.7m’ is the transmitted power Pr. Thus

P
(SNR), = = ‘;V (6.9)
0

which is the output SNR of the equivalent baseband system.

SSB Systems

Similar calculations are easily carried out for SSB systems. For SSB, the pre-
detection filter input can be written as

x(t) = A.[m(t) cos (wst + 0) * m(e) sin (we + 0)] + n() (6.10)

where m(t) denotes the Hilbert transform of m(t). Recall from Chapter 3
that the plus sign is used for lower-sideband SSB and the minus sign is used
for upper-sideband SSB. Since the minimum bandwidth of the predetection
bandpass filter is W for single-sideband, the center frequency of the prede-
tection filter is w, = w, * %(211'!’1’). where the sign depends on the choice
of sideband.
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6.1 Signal-to-Noise Ratios 399

We could expand the noise about the center frequency w,. However, as
we saw in Chapter 5, we are free to expand the noise about any frequency
we choose. It is slightly more convenient, however, to expand the noise
about the carrier frequency w,. For this case, the predetection filter output
can be written as x.(t) + nyt), which is

ey(t) = A [m(t) cos (we + 0) £ m(e) sin (wt + 6)]
+ n.(t) cos (wt + 0) — n,(¢) sin (Wt + 6) (6.11)

where, as can be seen from Figure 6.4(a),
Ny =n,’ =n] =n] = NoW (6.12)
Equation (6.11) can be written

ex(t) = [Aam(t) + n.(t)] cos (wst + 6)
+ [Am() F n,(t)] sin (we + 0) (6.13)

As discussed in Chapter 3, demodulation is accomplished by multiplying ez(t)
by the demodulation carrier 2 cos (wt + ) and lowpass filtering. Thus the
DSB demodulator illustrated in Figure 6.2 also applies to the SSB demodu-
lation problem. It follows that

yp(t) = Am(t) + n(2) (6.14)

The power spectral density of n(t) is illustrated in Figure 6.4(b) for the case
of lower-sideband SSB. Note that the postdetection filter passes n.(t), so that
the postdetection noise power is

nl = NoW (6.15)

From (6.14) it follows that the postdetection signal power is
Sp = A m’ (6.16)

We now turn our attention to the predetection terms.
The predetection signal power is

Sy = {Alm(?) cos (wt + 0) — m(r) sin (e + O]} (6.17)

In Chapter 2 we Eointed out that a function and its Hilbert transform are
orthogonal. If m(t) = 0, it follows that m(t)m(t) = (m(t)m(t)) = 0. Thus
the preceding expression becomes

A2 {Bm(9)] + G&(0)]) (6.18)

It was also shown in Chapter 2 that a function and its Hilbert transform have
equal power. Applying this to (6.18) yields

Sy = A'm’ (6.19)
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400 Noise in Modulation Systems

FIGURE 6.4 Predetection (a) and postdetection (b) filter output spectra for
lower-sideband SSB (+ and — signs denote spectral translation of positive
and negative portions of S, (f) due to demodulation, respectively).
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The same reasoning applied to the predetection and postdetection noise
shows that they have equal power and that this power is

Ny = Np = 40 + 10} = NoW (6.20)

Therefore, the detection gain is

(SNR), _ A/m’  NoW

=1 6.21
(SNR); NoW Af;! Ak
The SSB system lacks the 3-dB detection gain of the DSB system. However,
the predetection noise power of the SSB system is 3 dB less than that for
the DSB system if the predetection filters have minimum bandwidth. This
results in equal performance, given by

22 P]'

SNR) -l 6.22
(SNR) NoW — NW (6:22)
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6.1 Signal-to-Noise Ratios 401

Thus coherent demodulation of both DSB and SSB results in performance
equivalent to baseband.

AM Systems: Coherent Detection
We saw in Chapter 3 that the representation for an AM signal is

x(t) = AJ1 + am,(t)] cos (wt + 6) (6.23)

where m,(t) is the modulation signal normalized so that the maximum value
of |m,(t)| is unity and a is the modulation index. It is easily shown, by using
a development parallel to that for DSB systems, that the demodulated output
in the presence of noise is

yo(t) = Aam,(t) + n/r) (6.24)

The dc term that mathematically results in yp(z) is not included in (6.24) for
two reasons. First, this term is not considered part of the signal since it
contains no information. [Recall that we have assumed m(t) = 0.] Second,
most practical AM demodulators are not dc-coupled, so a dc term does not
appear on the output of a practical system. In addition, the dc term is fre-
quently used for AGC (automatic gain control) and has to be held constant
at the transmitter.

From (6.24) it follows that the signal power in yp(t) is

Sp = A2d'm, (6.25)
and the noise power is
Np = n_. = 2NW (6.26)
For the predetection case, the signal power is
Sp= 3472 + A ldm, (6.27)
and the noise power is
Ny = 2NoW (6.28)
since the required transmission bandwidth for AM is 2. Thus the detection
gain is
(SNR), A2 m, 12NgW 2a°m,’
(SNR), (A2 + A2 m)I4NW T+ a’m,’ 529

Recall that when we studied AM in Chapter 3 the efficiency of an AM
transmission system was defined as the ratio of sideband power to total
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power in the transmitted signal x.(¢). This resulted in the efficiency E being
expressed as
S )

I 3 az;;l? -
where the overbar, denoting a statistical average, has been substituted for
the time-average notation ( * ) used in Chapter 3. It follows from (6.29) and
(6.30) that the detection gain can be expressed as

SNR
Q = (6.31)
(SNR),
Since the predetection signal-to-noise ratio can be written as
Ry P-
(SNR); = —— = —— (6.32)

INGW  2NW

it follows that the signal-to-noise ratio at the demodulator output can be
written as

(SNR), = s 6.33
) N (6.33)

If the efficiency could be 100%, then AM would have the same postdetection
signal-to-noise ratio as the ideal DSB and SSB systems. Of course, as we saw
in Chapter 3, the efficiency of AM is typically much less than 100% and the

postdetection signal-to-noise ratio is correspondingly lower.

EXAMPLE 6.1 An AM system operates with a modulation index of 0.5
and the power in the normalized message signal is 0.1. The efficiency is
(0.5)%(0.1)

= W = 0.0244 (6.34)

and the postdetection signal-to-noise ratio is

P
(SNR)p, = 0.0244 — (6.35)
0
The detection gain is
SNR
SN 2E = 0.0488 (6.36)
(SNR)r
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6.1  Signal-to-Noise Ratios 403

This is more than 16 dB inferior to the ideal system requiring the same
bandwidth. It should be remembered, however, that the motivation for using
AM is not noise performance but rather that AM allows the use of simple
eiwelope detectors for demodulation. The reason, of course, for the poor
efficiency of AM is that a large fraction of the total transmitted power is
devoted to the carrier component, which conveys no information since it is
not a function of the message signal.

AM Systems: Envelope Detection

Since envelope detection is the usual method of demodulating an AM signal,
it is important to understand how envelope demodulation differs from
coherent demodulation in the presence of noise. The received signal, at the
input to the envelope detector, is assumed to be x.(t) plus narrowband noise.
Thus

x() = AJ1 + am,(t)] cos (wt + ) + n.t) cos (wz + 6)

— n,(t) sin (we + 6) (6.37)
where, as before, n_f = n_;‘r = 2NyW. The output of the envelope detector
can be determined with the aid of the phasor diagram in Figure 6.5. The
signal x,(t) can be written in terms of envelope and phase as

x(t) = r(t) cos [ws + 0 + @) (6.38)
where
) = V{All + am, ()] + n.0))" + n,'() (6.39)
and
¢(t) = tan ' a0 (6.40)

Afl + am,(r)] + n.r)

The output of an ideal envelope detector is independent of phase variations
of the input. Thus the expression for ¢(t) is of no interest, and we will

FIGURE 6.5 Phasor diagram of AM (drawn for ¢ = 0)

rlt)

o) n,(t)
1

A (1 +amy ()] (o)
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404 Noise in Modulation Systems

concentrate on r(t). The envelope detector is assumed to be ac-coupled so
that

() = £(t) — r(e) (6.41)

where r(t) is the average value of the envelope amplitude.

Equation (6.41) will be evaluated for two cases. First, we consider the case
in which the (SNR); is large, and then we briefly consider the case in which
the (SNR); is small. For the first case, the solution is simple. From Figure
6.5 and Equation (6.39), we see that if

[4]1 + am, ()} + n(e)| > |n(0)] (6.42)
then most of the time
r(t) = A[1 + am,(t)] + n.2) (6.43)
yielding
Iolt) = Aam,(¢t) + n.(r) (6.44)

This is the final result for the case in which the SNR is large.

Comparing (6.44) and (6.24) illustrates that the output of the envelope
detector is equivalent to the output of the coherent detector if (SNR); is
large. The detection gain for this case is given by (6.29).

For the case in which (SNR); is small, the analysis is somewhat more
complex. In order to analyze this case, we recall from Chapter 5 that
n(t) cos (wz + 6) — n,(t) sin (wzr + ) can be written in terms of envelope
and phase, so that the envelope detector input can be written as

et) = A[1 + am,(¢)] cos (Wt + 0) + r,(¢t) cos [we + 0 + ¢,()] (6.45)

For (SNR); < 1, the amplitude of A[1 + am,(¢)] will usually be much
smaller than r,(t). Thus the phasor diagram appears as illustrated in Figure
6.6. It can be seen that r(t) is approximated by

r(t) = r,(t) + A1 + am,(2)] cos ¢, (t) (6.46)

yielding
7o) = 1,(6) + ALl + am (@] cos ¢,() — r(0) (6.47)
The principal component of yp(t) is the Rayleigh-distributed noise enve-
lope, and no component of y;(t) is proportional to the signal. Note that since
n(t) and n.(t) are random, cos ¢,(t) is also random. Thus the signal is multiplied
by a random quantity. This multiplication of the signal by a function of the

noise has a significantly worse degrading effect than does additive noise.
This severe loss of signal at low-input SNR is known as the threshold effect
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6.1  Signal-to-Noise Ratios 405

FIGURE 6.6 Phasor diagram for AM with (SNR); < 1 (drawn for § = 0)
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and results from the nonlinear action of the envelope detector. In coherent
detectors, which are linear, the signal and noise are additive at the detector
output if they are additive at the detector input. The result is that the signal
retains its identity even when the input SNR is low. For this reason, coherent
detection is often desirable when the noise is large.

Square-Law Detectors

The determination of the signal-to-noise ratio at the output of a nonlinear
system is often a very difficult task. The square-law detector, however, is one
system for which this is not the case. In this section, we conduct a simplified
analysis to illustrate the phenomenon of thresholding, which is a character-
istic of nonlinear systems. We will see that the detection gain is different
for high and low signal-to-noise ratios. The intermediate region is known as
the threshold region.

In the analysis that follows, the postdetection bandwidth will be assumed
to be twice the message bandwidth W. As shown in the problem at the end
of the chapter, this is not a necessary assumption, but it does result in a
simplification of the analysis without having an impact on the threshold
effect. We will also see that harmonic distortion is a problem with square-
law detectors, an effect that often precludes their use.

Square-law detectors can be implemented as a squaring device followed
by a lowpass filter. The response of a square-law detector to an AM signal
is rz(t), where r(t) is defined by (6.39). Thus the output can be written as

Ae) = {All + am,(e)] + n.(O) + n() (6.48)

We now determine the output SNR assuming sinusoidal modulation. Letting
m,(t) = cos w,t and carrying out the indicated squaring operation, we obtain
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406 Noise in Modulation Systems

P() = A2 + 2420 cos w,t + 34,74
+ 34.%d" cos 2w,t + 241n.() (6.49)
+ 24.an(t) cos w,t + n’(t) + n’(t)

Assuming that the detector output is ac-coupled, so that the dc terms are
blocked, the signal and noise components of the output are written as

spl(t) = 2AC2a cos W, t (6.50)
and
np(t) = 241n.(t) + 24.an,(t) cos w,t + n’(t) + ()  (6.51)
respectively. The power in the signal component is
Sp =24 (6.52)

and the noise power is

Np = 44 20 2() + 24 2d’n2(t) + 2{n}@) — 0 ()"} (659

where the dc noise power must be subtracted because of the assumed ac
coupling. The total predetection noise power is

0.} = NoBr = 2NoW = 1 () = () (6.54)

where W is the bandwidth of the message signal. In order to evaluate the
: ? :
quantity n, (¢) in (6.53) we write

1 —n2{20,2

[T T 4 netl 20, 4

n (t) = n, ———e dn = 30, 6.55
o= | ™ e (6.55)

Thus (6.53) becomes N = 24 %2 + a)o,” + 40, , and the output SNR
is

A:az!o‘“2
2 + a) + 20,’14.})

(SNR), = (6.56)

for the square-law detector.
It is interesting to compare (6.56) with baseband systems. The total trans-
mitted power P; of an AM system, with sinusoidal modulation, is

Pr=34.(1 + 3d°) (6.57)
Substituting from (6.57) for A2 and 2N W for a,’ yields

a Y PN
2 + d*) 1 + (N,WIP)

(SNR), = 2 ( (6.58)
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6.1 Signal-to-Noise Ratios 407

This expression clearly illustrates the threshold effect. For large values of
P,IN,W,

2
a Pr
SNR), = 2 6.59
(SNR), (2+a‘) NoW 259

For small values of P;/NyW,

2 P 2
a T
SNR), = 2 6.60
(SNR)p (2 - az) (NOW) (6.60)

Figure 6.7 illustrates (6.58) for several values of the modulation index a.
One term in the expression for r’(t) has been neglected. This term,

1,22
34, a cos 2wt

represents harmonic distortion of the message due to the squaring operation.
The power in this term is %A:a“, and the ratio of the harmonic distortion

power Dy, to the signal power $j, is

2= g (6.61)

FIGURE 6.7 Performance of a square-law detector
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408 Noise in Modulation Systems

Thus harmonic distortion can be reduced by decreasing the modulation
index. However, as illustrated in Figure 6.7, a reduction of the modulation
index also results in a decrease in the output signal-to-noise ratio.

The linear envelope detector defined by (6.39) is much more difficult to ana-
lyze over a wide range of signal-to-noise ratios because of the square root.
However, to a first approximation, the performance of a linear envelope
detector and a square-law envelope detector are the same. Harmonic dis-
tortion is also present in linear envelope detectors, but the amplitude of the
distortion component is significantly less than that observed for square-law
detectors. In addition, it can be shown that for high signal-to-noise ratios
and a modulation index of unity, the performance of a linear envelope
detector is better by approximately 1.8 dB than the performance of a square-
law detector. (See Problem 6.10.)*

6.2 NOISE AND PHASE ERRORS IN COHERENT SYSTEMS

In the preceding section we investigated the performance of various types
of demodulators. Our main interests were detection gain and calculation of
the demodulated output SNR. Where coherent demodulation was used, the
demodulation carrier was assumed to have perfect phase coherence. In a prac-
tical system, this is often not a valid assumption, since in systems where
noise is present, perfect phase coherence is not possible. In this section we
will allow the demodulation carrier to have a time-varying phase error, and
we will determine the combined effect of noise at the demodulator input
and phase error in the demodulation carrier.

A General Analysis

The demodulator model is illustrated in Figure 6.8. The signal portion of
e(t) will be assumed to be the quadrature double-sideband (QDSB) signal

m;(t) cos (wet + 0) + my(t) sin (we + 0)
where any constant A, is absorbed into m,(tr) and m,(t) for notational
simplicity.

Using this representation, we will obtain a general solution. After the
analysis is complete, the DSB result is obtained by letting m,(t) = m(t) and
my(t) = 0. The SSB result is obtained by letting m(t) = m(r) and m,(1) =
+ m(r), depending on the sideband of interest. For the QDSB system,

* For a detailed study of linear envelope detectors, see Bennett (1974).
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6.2 Noise and Phase Errors in Coherent Systems 409

FIGURE 6.8 Coherent demodulator with phase error
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yp(t) is the demodulated output for the direct channel. The quadrature
channel can be demodulated using a demodulation carrier of the form
2 sin [wet + 0 + ¢(2)].

The noise portion of e(t) is represented by
n,(t) cos (wt + 60) — n,(¢) sin (w,t + 6)
In the preceding expression,

0’ =] = NoB; (6.62)
where By is the bandwidth of the predetection filter and N, is the double-
sided power spectral density of the noise at the filter input. The phase error
of the demodulation carrier is assumed to be a sample function of a zero-
mean Gaussian process of known variance 0'¢2. As before, the modulating
signals are assumed to have zero mean.

With the preliminaries of defining the model and stating the assumptions

disposed of, we now proceed with the analysis. The assumed performance
criterion is mean-square error; that is, we will compute

€ = {m() — ypOf (6.63)

for the three cases of interest: DSB, SSB, and QDSB. The multiplier input
signal e(t) is
e(t) = m(t) cos (we + 0) + my(t) sin (wse + 6)

+ n.(t) cos (wt + ) — n,(¢) sin (we + 0) (6.64)

Multiplying by 2 cos [wt + 6 + ¢(¢)] and lowpass filtering gives us the

generalized output
yo(t) = [m(¢) + n. ()] cos P(t) — [my(t) — nyt)] sin ¢(r) (6.65)
The error m;(t) — y,(t) can be written as

€ = m; — (m; + n) cos  + (my — n) sin ¢ (6.66)
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410 Noise in Modulation Systems

where it is understood that €, m,, m,, n, n, and ¢ are all functions of time.
The mean-square error can be written as

€= R — 2m(m, + n) cos ¢

+ 2m,(m; — n,) sin @

+ (m, + n.)? cos’ ¢

— 2(my + n)(m, — n,) sin ¢ cos ¢

+ (m, — n)? sin® ¢ (6.67)

The variables m;, m,, n,, n,, and ¢ are all assumed to be uncorrelated. It
should be pointed out that for the SSB case, the power spectra of n.(t) and
n,(t) will not be symmetrical about w,. However, as pointed out in Section
5.5, n(t) and n(z) are still uncorrelated, since there is no time displacement.
Thus the mean-square error can be written as

e = E —_ Zml2 cos ¢ + m,z cos' ¢ + mz2 sin’ ¢ + n (6.68)

where

e ) e 2
= n, =NOBT=an =||-l|2

ng

At this point in our development we must define the type of system being
analyzed. First, let us assume the system of interest in QDSB with equal power
=

in each modulating signal. Under this assumption, m,” = m, = 0¢,’, and
the mean-square error is
g-z = 26, — 20,  cos ¢ + 0,° (6.69)

This expression can be easily evaluated for the case in which the maximum
value of |¢(t)| < 1. For this case,

cosd = (1 — 5¢) = 1 — 30,
and
&g = 6,05 + 0, (6.70)

In order to have an easily interpreted measure of system performance, the
mean-square error is usually normalized to o,.’. This yields

2
o
Qf = g,° + a"z (6.71)

m

The preceding expression is also valid for the SSB case, since an SSB signal
is a QDSB signal with equal power in the direct and quadrature channels.
The only possible point of confusion is that o, may be different for the SSB
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6.2 Noise and Phase Errors in Coherent Systems 411

FIGURE 6.9 Mean-square error versus signal-to-noise ratio for QDSB
system
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and QDSB cases, since the SSB predetection filter bandwidth need only be
half the bandwidth of the predetection filter for the QDSB case. Equation
(6.71) is of such general interest that it is illustrated in Figure 6.9.

In order to compute the mean-square error for a DSB system, we simply let
m, = 0 and m; = m in (6.68). This yields

gz=;—£——2_n?cos¢+-n?cos ¢+;z (6.72)
or
& = 0,°(1 —cos@) + o (6.73)

which, for small ¢, can be approximated as
& =0, @b +n (6.74)

In the preceding section [see (6.55)], we pointed out that if ¢ is zero-mean
Gaussian with variance %2,

¢ = @) = 30, (6.75)
Thus
;;5 = %o’mzrr; + o, (6.76)
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412 Noise in Modulation Systems

and the normalized mean-square error becomes

2
a,
w =10, + 6.77)

Several items are of interest when comparing (6.77) and (6.71). First,
equal output SNR’s imply equal normalized mean-square errors for o'; = 0.
This is easy to understand, since the noise is additive at the output. The
general expression for y,(t) is yp(t) = m(t) + n(t). The error is n(t), and the
normalized mean-square error is 0,’l0,7. The analysis also illustrates that
DSB systems are much less sensitive to phase errors of the demodulation
carrier than are SSB or QDSB systems. This follows from the fact that if
¢ < 1, the basic assumption made in the analysis, then o'; < ar;.

EXAMPLE 6.2  Assume that the demodulation phase error variance of a
coherent demodulator is described by %2 = 0.01. The signal-to-noise ratio
0’,,3!6,,1 is 20 dB. If a DSB system is used, the normalized mean-square error
is

6o = 30.01)> + 107" = 0.010075 (DSB) (6.78)
while for the SSB case the normalized mean-square error is
6o, = (0.01) + 1072 = 0.02 (sSB) (6.79)

Note that for the DSB demodulator, the demodulation phase error can prob-
ably be neglected for most applications. For the SSB case the demodulation
phase error variance must clearly be considered. Another way to look at the
results of this example is to recognize that the use of DSB gives a factor-of-
two improvement over the performance of a SSB system, at the cost of twice
the bandwidth.

Demodulation Phase Errors

At this point it is appropriate that we say a few words about the source of
demodulation phase errors, the effects of which we have just analyzed. The
demodulation carrier must be coherent with the original modulation carrier.
Thus the modulation carrier must be the source of the demodulation carrier.
This implies that the information necessary to generate the demodulation
carrier passes through the channel and, consistent with the channel model,
is perturbed by additive white noise.

One technique that can be used is illustrated in Figure 6.10(a). In this
system, the demodulation carrier is derived from a pilot signal, which is har-
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6.2 Noise and Phase Errors in Coherent Systems 413

FIGURE 6.10 DSB system using pilot reconstruction. (a) System. (b) Single-
sided spectra.
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monically related to the carrier. The spectrum of the received signal is illus-
trated in Figure 6.10(b). As illustrated, the bandpass pilot filter extracts the
pilot signal from the received signal. This pilot signal is then frequency-
divided to yield the required demodulation carrier. Since the pilot is per-
turbed by channel noise, a pilot phase error ¥(t) is induced.

The statistics of 7y(t) are easily computed for the high SNR case. The pilot
filter output can be expressed as

A, cos k(wt + 0) + n.¢) cos k(wt + 0) — n,(t) sin k(wst + 6)
which can be written as

r(t) cos [k(ws + 0) + ()]

where
=1 ﬂ,(f)
= e 6.80
¥(t) = tan 4, + o) (6.80)
In (6.80),
n’ =n’ = N, (6.81)
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414 Noise in Modulation Systems

where B, is the equivalent noise bandwidth of the pilot filter. For large sig-
nal-to-noise ratios, 4, > n_ and the argument of the arctangent function is
small. Thus

. n(t)
y(t) = — (6.82)
4,
and the phase error variance is
=
e T B (6.83)
voA Pz 2p )

where p is the pilot SNR measured in the equivalent noise bandwidth of the
pilot filter.

A frequency divider can be thought of as a device that divides the total
instantaneous phase by a constant. Thus, if a frequency divider has input
2 cos [k(wz + 6) + 7(t)], the output is 2 cos [wt + 6 + (1/k)y(z)]. There-
fore, in Figure 6.9,

0y = %a.,‘ (6.84)
As pointed out in Chapter 3, a phase-lock loop, adjusted so that a harmonic
of the voltage-controlled oscillator output is phase-locked to the input sig-
nal, is an effective frequency divider. The assumption has been made that
the frequency divider contains a limiter, so that its output is insensitive to
variations in input amplitude. It also should be mentioned that a phase-lock
loop can be used as the bandpass pilot filter. In this application, the VCO
output is the pilot signal, and B, is the equivalent noise bandwidth of the
phase-lock loop.

The technique just described is not usually used with single-channel sys-
tems because of the added bandwidth and power required for the pilot.
However, in multichannel systems, a number of channels can use the same
pilot. It is even possible to use a common pilot signal for a number of com-
pletely separate communication systems.

6.3 NOISE IN ANGLE MODULATION SYSTEMS

Now that we have investigated the effect of noise on a linear modulation
system, we turn our attention to angle modulation. We will find that there
are great differences between linear and angle modulation when noise
effects are considered. We will even find significant differences between PM
and FM. Finally, we will see that FM can offer great_ly improved performance
over both linear modulation and PM systems in noisy environments.
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6.3 Noise in Angle Modulation Systems 415

FIGURE 6.11 Angle demodulation system
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Demodulation in the Presence of Noise

Consider the system shown in Figure 6.11. The predetection filter bandwidth
is By and can be determined by Carson’s rule. In other words, B; is approx-
imately 2(D + 1)W Hz, where W is the bandwidth of the message signal and
D is the deviation ratio, which is the peak frequency deviation divided by W.
The input to the predetection filter is assumed to be the modulated carrier

x(t) = A, cos [wst + 0 + ¢()] (6.85)

Plus additive white noise that has the double-sided power spectral density
ENO Wi‘. HZ.
At this point we recall that for PM,

() = kym,(1) (6.86)

where k, is the phase-deviation constant in radians per unit and m,(t) is the
message signal normalized so that the peak value of |m(t)| is unity. For the
FM case,

ot) = 27mfy J" m,(a) da (6.87)

where f; is the deviation constant in hertz per unit. If the maximum value
of | m(t)| is not unity, as is usually the case, the scaling constant K, defined
by m(t) = Km,(t), is contained in k, or f;. We shall analyze the PM and FM
cases together and then specialize the results by replacing ¢(¢) by the proper
function.

The output of the predetection filter can be written as

el(t) = A, cos [wt + 0 + ¢()]

+ n.t cos (wt + ) — n,(¢) sin (wze + 6) (6.88)
where
n’ = n] = NoB; (6.89)

Equation (6.88) can be written as

ey(t) = A, cos [wt + 0 + $(0)] + r,(t) cos [ws + 0 + ¢,()] (6.90)
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416 Noise in Modulation Systems

FIGURE 6.12 Phasor diagram for angle demodulation, assuming
(SNR)r > 1 (drawn for § = 0)
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where r,(t) is the Rayleigh-distributed noise envelope and ¢,(t) is the uni-
formally distributed phase. By replacing wt + ¢,(c) with w .t + @(t) + ¢,(t)
— ¢(t), we can write (6.90) as
e(t) = A, cos [wt + 0 + ¢(t)]
=+ r,(t) cos [@,(t) — P(t)] cos [wet + 0 + P(2)]
— 1,(t) sin [§,(t) — @(1)] sin [we + 0§ + (o) (6.91)

which is
er(t) = {A. + r,(0) cos [$,(t) — ()]} cos [we + 6 + H(r)]
— 1,(0) sin [¢,(t) — @(1)] sin [wr + 0 + $(1)] (6.92)
The preceding expression can be written as
ei(t) = R(¢) cos [t + 0 + @(t) + ,(¢)] (6.93)

where ¢,(¢) is the phase deviation due to noise and is given by

T T r,(¢) sin [¢,(t) — @(r)] (6.94)
A, + 1,(f) cos [@,(t) — @(1)]
Since ¢,(t) adds to ¢(t), which conveys the message signal, it is the noise com-
ponent of interest.
A phasor diagram of the predetection filter output is given in Figure 6.12
for the case where A, > r,(t). If e,(t) is expressed as

ey(t) = R(t) cos [we + 0 + Y(1)] (6.95)

the phase deviation of the discriminator input is

W) = o) + ¢.() (6.96)
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6.3 Noise in Angle Modulation Systems 417

If the predetection signal-to-noise ratio (SNR); is large, 4, > r,(t) most of the
time. For this case, (6.94) becomes

bu(t) = ’jf’) sin [, (6) — (o) (6.97)
so that Y(t) is
W) = o) + ’j:') sin [,(0) — (0)] (6.98)

(3

It is important to note that the effect of the noise r,(t) is reduced if the
transmitted signal amplitude 4, is increased. Thus the output noise is affected
by the transmitted signal amplitude even for above-threshold operation.

If the predetection SNR is small, 4, < r,(t) most of the time, and the
phasor diagram appears as shown in Figure 6.13. For this case, the expression
for Y(t) can be found from

o, (O@.(t) — Ye)] = A, sin [¢,(t) — ¢(2)] (6.99)
AE
We) = ¢.(t) — = sin [, (6) — ()] (6.100)

Several comments concerning (6.98) and (6.100) are in order. The signal m(t)
is contained in ¢(t), and r,(t) contains only noise. For the case of a large

FIGURE 6.13 Phasor diagram for angle demodulation, assuming
(SNR); < 1 (drawn for 8 = 0)
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418 Noise in Modulation Systems

SNR, the phase of the predetection filter ouptut Y(t) is the sum of two
terms. The first term is signal alone, and the second term contains compo-
nents of both signal and noise. For the case of a small SNR, there is no term
in Y(t) that can be identified as signal only. Actually, for small SNR, the only
term containing the signal is multiplied by the noise. Thus the FM demodu-
lator exhibits a threshold effect similar to that of the AM envelope detector.
This effect will be examined in more detail in a later section.

The discriminator is assumed to contain a limiter and thus is insensitive
to amplitude variations. Thus R(t) can be assumed constant in (6.95). The
discriminator output yy(t) for the PM case is given by

Iolt) = Kp(t) (6.101)
and for the FM case is given by

R

K 6.102
ar D ode ( )

() =

where K, is the discriminator constant. Substituting (6.96) into the preced-
ing expression yields, for the case of a large SNR,

yor(t) = Kpd(t) + np(t) (6.103)
for PM, and

d¢

= —K,— 6.104
Jor(t) P & + ng(t) ( )
for FM, where

np(t) = Kpd . (t) = Kp A

sin [¢,(t) — &(0)] (6.105)

14

and

ng(t) = Kp i‘& = 5_"’.—"- [r”(t)

2w dt 27 dt _;: sin [¢,(£) — ﬁb(t)]} (6.106)

are the output noise components for PM and FM, respectively. These outputs
can be written in terms of the message signal as

Ioe(t) = Kpk,m,(t) + ny(t) (6.107)
and

yor(t) = Kpfym, () + ng(e) (6.108)
The output signal power for PM is

Spr = Kp'k)'m, (6.109)
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6.3 Noise in Angle Modulation Systems 419

and for FM is
Spr = Kszdzm_ni (6.110)

Before the output signal-to-noise ratios can be calculated, the power spec-
tral density of the output noise must be determined.

Output Noise Spectra

The power spectral density of the noise present at the discriminator output
can, for the case of a large SNR, be computed from (6.105) and (6.106). As
a first step in the analysis, we will set ¢(z) equal to zero, so that ny(t) and
ng(t) are functions of noise alone and contain no signal component. This
assumption will greatly simplify our analysis, but it might seem that we are
perhaps taking too many liberties. We could perform the analysis without
assuming ¢(t) equal to zero. The derivation would be much more complex
and we would find that the effect of ¢(t) is to produce frequency compo-
nents in the demodulated output for f > W.* However, they can be
removed by placing a lowpass filter in cascade with the discriminator output.
With ¢(¢) = 0, the term r,(t) sin [¢,(t) — @(¢)] is equal to n,(t). Thus

n,(t)

n(t) = Kp I— (6.111)
and
Kp dn(r)
el 6.112
ne(6) 2mwA, dt ( )
From (6.111) it follows that the output noise power spectral density, for the
PM case, is
Ry Ky
Sa(f) = %) Su(f) = FN" (6.113)

for |f| < 3B; and zero otherwise, as illustrated in Figure 6.14(a). Thus the
output noise power at the discriminator output is

Kp2 [P KDZ
Npp = —3 Ny df = —5 NoB; (6.114)
A J -2 Al

The signal bandwidth is W. Since the predetection bandwidth B; is greater
than 2W, the output SNR can be improved by following the discriminator

* An analysis that does not assume ¢(t) = 0 is contained in Downing (1964), pp. 96-98.
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420 Noise in Modulation Systems

FIGURE 6.14 (a) Power spectral density for PM discriminator output, with
portion for | f| < W shaded. (b) Power spectral density for FM discriminator
output, with portion for | f| < W shaded.

S,plf}
T
r AI:: N
A Ty
- 18, -W w +8r
(a)
S,lf) K
iy
f
-3Br -W 0 w 18,
{b)

with a lowpass filter of bandwidth W. This filter has no effect on the signal
but reduces the output noise power to

ol K
Npp = =5 f No df = 2 =% Nw (6.115)
A —w A

The output noise power is slightly more difficult to compute for the FM case
because of the dlﬁ'erentsauon It was shown in Chapter 5 that if y(r) =
dx/dt, then S(f) = {2‘:rj‘) S.(f)- Applymg this result to (6.112) yields

o
Sh(f) = —3—3 @af)’N, = = =N (6.116)

(2 ) A,
for |f| < 3B; and zero otherwise. This spectrum is illustrated in Figure
6.14(b). The parabolic shape of the noise spectrum results from the differ-
entiating action of the FM discriminator and has a profound effect on the
performance of FM systems operating in the presence of noise. It is clear
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6.3 Noise in Angle Modulation Systems 421

from Figure 6.14(b) that low-frequency message-signal components are sub-
jected to lower noise levels than are higher-frequency components. Once
again, assuming that a lowpass filter having only sufficient bandwidth to pass
the message follows the discriminator, the output noise power is

' J‘“’ 5 ks .
Npr = —5 N, df = ——5 NyW 6.117
DF = cz 0 --—wf if 34 fz 0 ( )
This quantity is indicated by the shaded area in Figure 6.14(b).

It is useful to write (6.115) for PM and (6.117) for FM in terms of P;/
N,W. Since P; = A.%/2 for both PM and FM, we have

P T Ac ‘
—L = (6.118)
NoW — 2N,W
Thus, from (6.115) the discriminator output noise power for PM is
-1
P
2 T
Npp=Kp | —= ] . 6.119
DP D ( NoW) ( )
and from (6.117) the discriminator output noise power for FM is
L |
Ny = k2wt (L (6.120)
oF = 38p NoW .

Note that for both PM and FM the noise power at the discriminator output
is inversely proportional to Pr/NyW.

QOutput Signal-to-Noise Ratios
The signal-to-noise ratio at the discriminator output is now easily deter-
mined. For the PM system, the discriminator output SNR is the signal power,
defined by (6.109), divided by the noise power, defined by (6.119). This
gives

P (Kp (PNgW) ™ g

which gives

o By
(SNR)DP = kF m, NDW

(6.122)

The above expression shows that the improvement of PM over linear mod-
ulation depends on the phase-deviation constant and the power in the mod-
ulating signal. It should be remembered that if the phase deviation of a PM
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signal exceeds 7 radians, unique demodulation cannot be accomphshed
Thus the peak value of [kpm,,(r)l is 7, and the maximum value of iz
7. This yields a maximum improvement of approximately 10 dB Dver base-
band. In reality, the improvement is s:gmﬁcantly less because k, E is typ-
ically much less than the maximum value of . It should be pomted out
that if the constraint that the output of the phase demodulator is continuous
is imposed, then it is possible for |km,(t)| to exceed .

We now turn our attention to the FM case. For FM the signal-to-noise
ratio at the discriminator output is the signal power, defined by (6.110)
divided by the noise power, defined by (6.120). This gives

K2 f2m
(SNR)p; = —’J“—-—j (6.123)
NoW
which can be expressed as
2
P
(SNR)pr = 3 (—;,) m,’ }—v—‘;; (6.124)
0

where P; is the transmitted signal power 34 Since the ratio of peak devi-
ation to W is the deviation ratio D, the output SNR is

(SNR)p; = 3D’m,” N%, (6.125)
where the maximum value of | m,(t)| is unity. Note that the maximum value
of m(t), together with f; and W, determines D.

For the FM case, there is no restriction on the magnitude of the output
SNR as there was for PM. As a matter of fact, it appears that we can increase
D without bound, thereby increasing the output SNR to an arbitrarily large
value. One price we pay for this enlarged SNR is excessive transmission
bandwidth. For D > 1, the required bandwidth B; is approximately 2DW,

which yields
2
3(Br)\—3(_Pr
SNR)pr = — | — —— 6.12
( )oF 4 (W) m, ( NOW) ( 6)

This expression illustrates the tradeoff that exists between bandwidth and
output SNR. However, (6.126) is valid only if the discriminator input SNR
is sufficiently large to result in operation above threshold. Thus the output SNR
cannot be increased to any arbitrary value by simply increasing the deviation
ratio and thus the transmission bandwidth. This effect will be studied in
detail in a later section. First, however, we will study a simple technique for
gaining additional improvement in the output SNR.
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6.3 Noise in Angle Modulation Systems 423

Performance Enhancement Through the Use of Deemphasis

In Chapter 3 we saw that preemphasis and deemphasis can be used to par-
tially combat the effects of interference. These techniques can also be used
to great advantage when noise is present in angle modulation systems.

As we saw in Chapter 3, the deemphasis filter is usually a first-order low-
pass RC filter placed directly at the discriminator output. Prior to modula-
tion, the signal is passed through a preemphasis filter with a transfer function
so that the combination of the preemphasis and deemphasis filters has no
net effect on the message signal. The deemphasis filter is followed by a low-
pass filter, assumed to be ideal with bandwidth W, which eliminates the
out-of-band noise. Assume the deemphasis filter to have the amplitude
response

(6.127)

1
[Hpe( )| = —l\/_T**ﬁij

where f'; is the 3-dB frequency 1/(2wRC) Hz. The total noise power output
with deemphasis is

w
Npr = f_w | Hoe ()1 Sur(f) of (6.128)

Substituting S,-(f) from (6.116) and | Hpz(f)| from (6.127) yields

K 2 W 2
Nor = 5 Nofs’ f i f?'i'sz o (6.129)
or
K. s (W oW
I 3 fs

In a typical situation, f3 < W, so tan_l( Wif;) = %’N, which is small com-
pared to W/f;. For this case, '

ey
pE = e ofs W (6.131)
and the output SNR becomes
2
fal— Pr
SNR)ps = [= | m,” —— 6.132
(SNR)pe (‘(3 m N ( )

A comparison of (6.132) with (6.124) illustrates that for f; < W, the
improvement gained l:hrot_lgh the use of preemphasis and deemphasis can be
very significant in noisy environments.
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EXAMPLE 6.3 Commerical FM operates with f; = 75 kHz, W = 15 kHz,
D = 5, and the standard value of 2.1 kHz for f;. Assuming that ;ﬂi = 0.1
we have, for FM without deemphasis,

Pr
SNR)pr = 7.5 — 6.133
(SNR)p¢ Nl ( )
With deemphasis, the result is
(SNR)pz,, = 128 s (6.134)
Gila NoW :

With the chosen values, FM without deemphasis is 8.75 dB superior to base-
band, and FM with deemphasis is 21 dB superior. This improvement more
than justifies the use of deemphasis.

As mentioned in Chapter 3, a price is paid for the SNR improvement
gained by the use of preemphasis. The action of the preemphasis filter is to
accentuate the high-frequency portion of the message signal. Thus preem-
phasis may increase the transmitter deviation and, consequently, the band-
width required for signal transmission. Fortunately, many message signals of
practical interest have relatively small energy in the high-frequency portion
of their spectrum, so this effect is of little or no importance.

6.4 THRESHOLDS AND THRESHOLD EXTENSION IN FM

In Section 6.3 we observed that an FM discriminator exhibits a threshold
effect. We now take a closer look at the threshold effect, and we examine
techniques that can be used to improve the noise performance of FM systems
by extending the threshold.

Threshold Effects in FM Discriminators

Significant insight into the mechanism by which threshold effects take place
can be gained by performing a relatively simple laboratory experiment. On
the input to an FM discriminator is placed an unmodulated sinusoid plus
additive, bandlimited white noise having a power spectral density symmet-
rical about the frequency of the sinusoid. Starting out with a high SNR at
the discriminator input, the noise power is gradually increased while contin-
ually observing the discriminator output on an oscilloscope. Initially, the
discriminator output resembles bandlimited white noise. As the noise power
spectral density is increased, thereby reducing the input SNR, a point is
reached at which spikes or impulses appear in the discriminator output. The
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6.4 Thresholds and Threshold Extension in FM 425

initial appearance of these spikes denotes that the discriminator is operating
in the region of threshold.

The statistics for these spikes were examined in Section 5.6. In this sec-
tion we review the phenomenon of spike noise with specific application to
FM demodulation. The system under consideration is that of Figure 6.11.
For this case,

e () = A, cos (wt + 0) + n(t) cos (wst + 0) — n,(t) sin (wt + 6)
(6.135)
which is

e,(t) = A, cos (wt + 0) + r,(t) cos [we + 0 + ¢,(r)] (6.136)
or
ei(t) = R(r) cos [wsr + 6 + Y(1)] (6.137)

The phasor diagram of this signal is given in Figure 6.15. Like Figure 5.15,
it illustrates the mechanism by which spikes occur. The signal amplitude is
A, and the angle is @, since the carrier is assumed unmodulated. The noise
amplitude is r,(t). The angle difference between signal and noise is ¢,(t). As
threshold is approached, the noise amplitude grows until, at least part of the
time, |r,(t)| = A.. Also, since ¢,(¢) is uniformally distributed, the phase of
the noise is sometimes in the region of —m. Thus the resultant phasor R(z)
can occasionally encircle the origin. When R(t) is in the region of the origin,
a relatively small change in the amplitude or phase of the noise results in a
rapid change in J(t). Since the discriminator output is proportional to the
time rate of change Y(t), the discriminator output is very large as the origin
is encircled. This is essentially the same effect that was observed in Chapter

FIGURE 6.15 Phasor diagram near threshold (spike output) (drawn for
6 = 0)

—_—— —

Possible phasor
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FIGURE 6.16 Phase deviation for a predetection signal-to-noise ratio of —4.0 dB
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3 where the behavior of an FM discriminator operating in the presence of
interference was studied.

The phase deviation Y(¢) is illustrated in Figure 6.16 for the case in which
the input signal-to-noise ratio is —4.0 dB. The origin encirclements can be
observed by the 27 jumps in Y(t). The output of an FM discriminator for
several predetection signal-to-noise ratios is shown in Figure 6.17. The
decrease in spike noise as the signal-to-noise ratio is increased is clearly
seen.

In Section 5.6 we showed that the power spectral density of spike noise
is given by

Si(f) = @O’ + ) (6.138)

where v is the average number of impulses per second of an unmodulated
carrier plus noise and dv is the net increase of the spike rate due to modu-
lation. Since the discriminator output is given by

1 dy
= —Ky— A
Jo(t) L (6.139)

The power spectral density due to spike noise at the discriminator output is
Sos = Kpv + K 0v (6.140)

Using (5.159) for v yields

B Al
KDZV = KDZ—\—/%Q, \/;;g
=

where Q(x) is the probability Q-function defined in (4.186). Using (5.164)
for dv yields

(6.141)
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6.4 Thresholds and Threshold Extension in FM 427

FIGURE 6.17 Output of FM discriminator due to input noise for various
predetection signal-to-noise ratios. (a) Predetection SNR = —10 dB.
(b) Predectection SNR = —4 dB. (c) Predetection SNR = 0 dB. (d)
Predetection SNR = 6 dB. (e) Predetection SNR = 10 dB.

(@)

(b)

(c)

(d)

(e)

e = 2
Ky'ov = szlﬁﬂ exp |:2No; ] (6.142)
T

Since the spike noise at the discriminator output is white, the spike noise
power at the discriminator output is found by multiplying the power spectral
density by the two-sided postdetection bandwidth, 2W. Substituting (6.141)
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and (6.142) into (6.140) and multiplying by 2W yields

2BW : R

A A
Nps = Kp’ \/5 Q N:,B + Kp (2W)|5f| exp [2 ocET:| (6.143)
T

for the spike noise power. Now that the spike noise power is known we can
determine the total noise power at the discriminator output. After this is
accomplished the output signal-to-noise ratio at the discriminator output is
easily determined.

The total noise power at the discriminator output is the sum of the Gaus-
sian noise power and spike noise power. The total noise power is therefore
found by adding (6.143) to (6.120). This gives

=1

P 2B W Al
N, =1K2W2(—T) + Ky —F o
Bl NoW " \/_cL N3,
2
K2 (2 ;
-+ D( W)|5f[ exp [ ZNOBT] (6.144)

The signal power at the discriminator output is given by (6.110). Dividing
the signal power by the noise power given above yields, after canceling the
KD2 terl'l'ls,

(SNR), =
fi'm}
o\ W " — —,2
w | = 2 2W |6 :
: (NOW) T Nogy | T2 1Y e""[monr]

(6.145)

This result can be placed in standard form by dividing numerator and denom-
inator by the leading term in the denominator. This gives the final result

(8 7
sy \f 0 () Lo

(6.146)

(SNR), =
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For operation above threshold, the region of input signal-to-noise ratios
where spike noise is negligible, the last two terms in the denominator of the
preceding expression are much less than one and may therefore be
neglected. For this case the postdetection signal-to-noise ratio defined by
the preceding expression is equivalent to the above threshold result given
by (6.124). It is worth noting that the quantity 4, *1(2N,By) appearing in each
of the two spike noise terms is the predetection signal-to-noise ratio. Note
that the message signal explicitly affects two terms in the expression for the
postdetection signal-to-noise ratio through m and |5f |. Thus, before the
detection gain can be determined, a message signal must be assumed. This
is the subject of the following example.

EXAMPLE 6.4 In this example the detection gain of an FM discriminator
is determined assuming the sinusoidal message signal

m,(t) = sin 2wWt (6.147)
The instantaneous frequency deviation is given by
fim,(t) = f; sin 2wWt (6.148)

and the average of the absolute value of the frequency deviation is therefore

given by
- 12w
|of| = 2w fa sin 27Wre dt (6.149)
0
Carrying out the integration yields
2c. B
|arf| — ;(fd) (6.150)

Note that f; is the peak frequency deviation which, by definition of the mod-
ulation index, 3, is 8W. Thus

— 2
|of] = —BwW (6.151)
T
From Carson’s rule we have
By
= 28 + 1) (6.152)

Since the message signal is sinusoidal

(ﬁ) = 1 %(Jﬁ) = 1g? (6.153)
w w
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Finally, the predetection signal-to-noise ratio can be written

2

NP 1) 6.154
2NoBr  2(8 + 1) NoW (BI154
Substituting (6.153) and (6.154) into (6.146) yields
P
1.56° —L
(SNR)p = oW
Py 1 P,
1+ 4V3 )| ——
FAYIE )(NoW)Q’ B + 1) Now
12 # - ]
g (NOW) P [2(6 + 1) NUW]
(6.155)

for the postdetection signal-to-noise ratio.

The postdetection signal-to-noise ratio is illustrated in Figure 6.18 as a
function of P;/NyW. The threshold value of Pi/NyW is the value of P;/N,W
at which the postdetection SNR is 3 dB below the value of the postdetection
SNR given by the above threshold analysis. In other words, the threshold
value of P;/N,W is the value of P;/NyW for which the denominator of (6.155)
is equal to 2. It should be noted from Figure 6.18 that the threshold value
of P;/NoW increases as the modulation index (3 increases. The study of this
effect is the subject of one of the computer exercises at the end of this

chapter.

In most communication systems it is important to maintain the operating
point above threshold. There are two basic purposes served by Figure 6.18.
First, we see the rapid convergence to the result of the above threshold
analysis described by (6.124), with (6.153) used to allow (6.124) to be writ-
ten in terms of the modulation index. The second important point empha-
sized by Figure 6.18 is the rapid deterioration of performance as the
operating point moves into the below-threshold region.

Threshold Extension

There are several techniques that can be used for lowering the value of
Pr/NoW at which threshold occurs. Two systems, the frequency-compressive
feedback loop and the phase-lock loop, have found widespread application
in high-noise environments. Both these systems were presented briefly in

Chapter 3.
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FIGURE 6.18 FM system performance with sinusoidal modulation
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The block diagram of a frequency-compressive feedback loop is repeated
in Figure 6.19. The input to the loop is assumed to be

x(t) = A, cos [wt + ¥(t)] (6.156)

where Y(t) represents the phase deviation of the input resulting from both
modulation and noise. Amplitude perturbations of x,(t) due to noise are
neglected because they do not affect the discriminator output. In Chapter 3
we showed that the input to the discriminator can be written as

x(t) = K cos [ t ] (6.157)

where K is a constant related to the input amplitude and the VCO output
amplitude and « is the loop gain. This is given, from (3.245), by
1
a = — KpK, (6.158)
2T

where (1/27)(Kp) is the discriminator gain and K, is the gain of the VCO.
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FIGURE 6.19 Frequency-compressive feedback loop
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In the frequency-compressive feedback loop, a spike occurs when
[1/(1 + a)l¥(t) changes by 27. The number of occurrences per second of
this event, assuming sinusoidal modulation, is given by

2 2
v+ v = 2 erfc A + Ef,,T exp | — A (6.159)
2V/3 2NoB,) ' 2N,B

P
where B, is the bandwidth of the bandpass filter at the input to the discrim-
inator. As shown in Chapter 3, BP is smaller than the transmission bandwidth
B; due to bandwidth compression. Thus the rate of spikes is less with fre-
quency-compressive feedback, and threshold is therefore extended.

Above threshold, (6.159) is negligible, and additive Gaussian noise is the
only significant degradation of the output. For this case, both the signal and
noise components are suppressed by 1 + a, as illustrated by (6.157). Thus,
above threshold, the postdetection SNR is the same for the frequency-com-
pressive feedback loop as for the ordinary discriminator.

The phase-lock loop also has been found to be useful for threshold exten-
sion, It is somewhat more difficult to analyze than the frequency-compres-
sive feedback loop, and many developments have been published.* Thus we
will not cover it here. We state, however, that the threshold extension
obtained with the phase-lock loop is typically on the order of 2 to 3 dB.
Even though this is a moderate extension, it can be important in high-noise
environments.

6.5 NOISE IN PULSE MODULATION

We shall now investigate the performance of analog and digital pulse mod-
ulation systems in the presence of additive noise. We will see once again

* See Taub and Schilling (1986), pp. 419—422, for an introductory treatment.
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6.5 Noise in Pulse Modulation 433

that nonlinear systems allow a tradeoff between transmission bandwidth and
postdetection signa]—to—noise ratio.

Analog Pulse Modulation

For all analog pulse modulation technjques, demodulation involves the
reconstruction of a continuous message signal from sample values that have
been perturbed by noise. Assume that the received signal is of the form

x,(t) = my(t) + n(r) (6.160)

where my(t) is the sampled message signal and n(t) represents additive noise.

For pulse-amplitude modulation (PAM), the message signal is sampled,
passed through the channel, and reconstructed using lowpass filtering. Thus,
in effect, m(r) is transmitted directly. Assuming that the output of the recon-
struction filter is

yol(t) = m(t) + nyt) (6.161)
the maximum postdetection SNR is
m’(t)
(SNR)p = (6.162)

where W is the bandwidth of both m(t) and the lowpass reconstruction filter.
Thus PAM is essentially equivalent to continuous baseband transmission.

In both pulse-width modulation (PWM) and pulse-position modulation
(PPM), the information resides in the position of pulse edges. Demodulation
is accomplished by detecting pulse edges that have been perturbed by addi-
tive noise. If the channel bandwidth were infinite, perfectly rectangular
pulses could be transmitted. For this case, additive noise would not cause a
time perturbation of the pulse edge, and demodulation could be accom-
plished without error. Thus, for PWM and PPM, we can expect to see a
tradeoff between postdetection SNR and transmission bandwidth.

If the channel bandwidth is finite, the pulses will have nonzero risetime,
and noise will perturb pulse detection. This is illustrated in Figure 6.20. Edge
detection is accomplished by detecting the time at which the pulse crosses
a threshold. The error €(t,) is related to the noise n(t;), the pulse amplitude
A, and the risetime Tj by

diy) , 26) (6.163)
%@ A
Thus the mean-square error is given by
2
- T,
€@t) = (;“) n(t;) (6.164)
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FIGURE 6.20 PWM and PPM demodulation in the presence of noise
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which, assuming the noise process is stationary, is

2 2
T T,
e = (;“) o= (:“) NoB; (6.165)

where By is the transmission bandwidth.
The preceding expression can be placed in more useful form by recalling
from Chapter 2 that risetime is related to bandwidth by

T, = — 6.166
R 25, ( )
so that
- No
= 6.167
iy (6.167)

Assume that the pulse position, or pulse width, is defined by
T(t) = 7o + Tym,(t) (6.168)

so that 7, represents the maximum pulse displacement for PPM and the max-
imum change in pulse width for PWM. Thus the signal power is

SD = T]mn (6.169}
If the sampling period is T,, the average transmitted power is

To
Pr=—"4
Ty

5

5 (6.170)

since the average pulsc duration is 7, if m(t) is assumed to be zero mean.

Substituting (6.170) into (6.167) yields
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- _ N7

€ = (6.171)
4T PyBy

which represents the postdetection noise power. Using (6.169) for signal
power and (6.171) for noise power, the postdetection SNR becomes
47imT,PrBy
(GNR); = === (6.172)
ToNo

which is, in terms of P;/NyW,

(SNR)p =

4r°m TBW [ P
\mT,By ( ) .

To NoW

The tradeoff between bandwidth and postdetection SNR is evident from
(6.173). As with FM, however, the transmission bandwidth cannot be
increased without bound. Both PPM and PWM are nonlinear schemes and
have definite thresholds. As B; is increased, the predetection SNR is
increased, and large instantaneous noise amplitudes are detected as pulse
edges. Thus the preceding analysis is valid only for large signal-to-noise
ratios. These systems will be revisited in Chapter 9, where a more complete
analysis will be presented.

Pulse Code Modulation

Pulse code modulation (PCM) was briefly presented in Chapter 3. We now
wish to analyze the performance of such systems.

There are two error sources in PCM, the error resulting from quantization
and the error resulting from additive channel noise. As we saw in Chapter
3, quantization involves representing each input sample by one of g quan-
tization levels. Each quantization level is then transmitted using a sequence
of binary symbols to uniquely represent each quantization level.

The sampled and quantized message waveform can be represented as

m;,(t) = Zm(t) 6(t — iT) + Le(t) 8(c — iT)) (6.174)

where the first term represents the sampling operation and the second term
represents quantization. The ith sample of my(1) is

m(t) + )
where t; = iT,. Thus the signal-to-noise ratio resulting from quantization is
(SNR), = = o (6.175)
= = == .
©dm
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assuming stationarity. The quantization error term is easily evaluated for the
case in which the quantization levels have uniform spacing S. The quanti-
zation error is bounded by +35. Thus, assuming that €(t) is uniformally dis-
tributed in the range

-—%S =€) = %S

the mean-square error due to quantization is

- 1 52 ; P 5
€ = — x dx = 158 (6.176)
§J—sn
so that
——
m’(t)
(SNR)Q = 12 —Sz— (6.177)

The next step is to express m(t) in terms of ¢ and §. If there are ¢ quan-
tization levels, each of width S, it follows that the peak-to-peak value of
m(t) is ¢S. Assuming that m(t) is uniformally distributed in this range,

m'(t) = 15¢°S” (6.178)
Thus (6.177) becomes
(SNR)q = ¢° = 2" (6.179)

where n is the number of binary symbols used to represent each quantization
level.

If the additive noise in the channel is so small that errors can be
neglected, quantization is the only error source. Thus (6.179) becomes the
postdetection SNR and is independent of P;/N,W. If quantization is not the
only error source, the postdetection SNR depends not only on P;/N,W but
also on the signaling scheme. An analysis of these various signaling schemes
is the subject of Chapter 7.

An approximate analysis of PCM is easily carried out for the case in which
the signal-to-noise ratio is assumed not to be large. Each sample value is
transmitted as a group of n pulses, and any of these n pulses can be in error
at the receiver due to noise effects in the channel. Chapter 7 deals with the
calculation of the error probability as a function of both the received signal-
to-noise ratio and the modulation technique used for transmission of the
pulses. The group of n pulses defines the quantizing level and is referred to
as a digital word. Each individual pulse is a digital symbol, or bit. We assume
that the bit-error probability P, is known (it will be after the next chapter).
Each of the n bits in the digital word is received correctly with probability
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1 — P,. Assuming independence, the probability that all n bits are received
correctly is (1 — P;)". The word-error probability P, is therefore given by

P,=1—(1—p) (6.180)

The effect of a word error depends on which bit of the digital word is in
error. If the least significant bit is in error, the resulting amplitude error is
+5, or one quantizing level. If the next bit is in error, the resulting ampli-
tude error is T 25. The next bit results in an amplitude error of 145, and
so forth. An error in the most significant bit results in an amplitude error of
34S. The effect of a word error is therefore an amplitude error in the range

-39S <€ =< 13¢S

If we assume that €, is uniformally distributed in this range, then the mean-
square word error is

&) = 13q's* (6.181)

which is equal to the signal power.
The total noise power at the output of a PCM system is given by

Np = €(1 — P,) + ¢,°P, (6.182)

The first term on the right-hand side of (6.182) is the contribution to the
total noise due to quantizing error. It is equal to the quantizing error power
weighted by the probability that all bits in the word are received correctly.
The second term is the error power due to a word error weighted by the
probability of word error. Using (6.182) for the signal power yields

qusz
SNR), = 12 6.183
(SNR)p, IsA1 — p) + 5S°CP, ( )
which can be written as
1
(SNR)p = (6.184)

¢ (1—p2)+0>,

Equation (6.184) can be written in terms of the wordlength n using (6.179).
The result is

1
27" 4+ p(1 — 27

(SNR), = (6.185)

The term 2~ " is completely determined by the number of quantizing levels,
while the word-error probability P, is largely determined by the signal-to-
noise ratio Pr/NyW.
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EXAMPLE 6.5 The purpose of this example is to examine the postdetec-
tion signal-to-noise ratio for a PCM system. Before the postdetection signal-
to-noise ratio, (SNR),, can be numerically evaluated, the word-error prob-
ability, P,, must be known. As shown by (6.180) the word-error probability
depends upon the bit-error probability, the calculation of which is the sub-
ject of the following chapter. Borrowing a result from Chapter 7, however,
will allow us to illustrate the threshold effect of PCM. If we assume fre-
quency-shift keying (FSK), which, as was discussed in Chapter 3, is transmis-
sion using one frequency to represent a binary zero and a second frequency
to represent a binary one, and a noncoherent receiver, the probability of bit
error is

P, = }exp [~ fr ] (6.186)
2N,B,
In the preceding expression B, is the bit-rate bandwidth, which is the recip-
rocal of the time required for transmission of a single bit in the n-symbol
PCM digital word. Substitution of (6.186) into (6.180) and substitution of
the result into (6.185) yields the postdetection signal-to-noise ratio, (SNR)p.
This result is shown in Figure 6.21. The threshold effect can be seen clearly.
Figure 6.21 shows that the postdetection signal-to-noise ratio approaches
a value determined completely by the quantization noise. This can also be
seen from (6.185) by letting the word-error probability tend to zero. The
residual error, due to quantization, is defined by (6.179). Thus, above
threshold,

(SNR), = 2™ (6.187)
which, expressed in decibels, is

10 logo (SNR), = 6.02n (6.188)

We therefore gain 6 dB in signal-to-noise ratio for every bit added to the
quantizer wordlength. However, the longer digital word means that more
bits must be transmitted for each sample taken of the original time-domain
signal, m(t). This increases the bandwidth requirements of the system. Thus,
the improved signal-to-noise ratio comes at the expense of a higher bit rate
or system bandwidth. We therefore see again the tradeoff between signal-
to-noise ratio and bandwidth. It is worth noting that, above threshold, the
postdetection signal-to-noise ratio is independent of the modulation
method.

Companding

As we saw in Chapter 3, a PCM signal is formed by modulating a digital
signal. The digital signal is generatcd from an analog signal through the
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FIGURE 6.21 Signal-to-noise ratio at output of PCM system (FSK
modulation used with noncoherent receiver)
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operations of sampling the analog waveform, quantizing the resulting sam-
ples, and encoding the quantized samples into digital words of finite length.
These three operations are collectively referred to as analog-to-digital
(A/D) conversion. The inverse process of forming an analog signal from a
digital signal is known as digital-to-analog (D/A) conversion.

In the preceding section we saw that significant errors can result from the
quantizing process if the wordlength n is chosen too small for a particular
application. The result of these errors is expressed by the signal-to-quanti-
zation-noise ratio expressed by (6.179). Keep in mind that (6.179) was
developed for the case of a uniformly distributed signal.

The level of quantizing noise added to a given sample, Equation (6.176),
is independent of the signal amplitude, and small amplitude signals will
therefore suffer more from quantization effects than large amplitude signals.
This can be seen from (6.177). There are essentially two ways to combat this
problem. First, the quantizing steps can be made small for small amplitudes
and large for large amplitude portions of the signal. This scheme is known
as nonuniform quantizing. An example of a nonuniform quantizer is the Max
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