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FIGURE 6.22 Input-output compression characteristic
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quantizer, in which the quantization steps are chosen so that the mean-
square quantization error is minimized. The second technique, and the one
of interest here, is to pass the analog signal through a nonlinear amplifier
prior to the sampling process. The input-output characteristics of the ampli-
fier are shown in Figure 6.22. For small values of the input x,,, the slope of
the input-output characteristic is largest. A change in a low-amplitude signal
will therefore force the signal through more quantization levels than the
same change in a high-amplitude signal. This essentially yields smaller step
sizes for small amplitude signals and therefore reduces the quantization
error for small amplitude signals. It can be seen from Figure 6.22 that the
peaks of the input signal are compressed. For this reason the characteristic
shown in Figure 6.22 is known as a compressor.

The effect of the compressor must be compensated for when the signal is
returned to analog form. This is accomplished by placing another nonlinear
amplifier at the output of the D/A converter. This second nonlinear ampli-
fier is known as an expander and is chosen so that the cascade combination
of the compressor and expander yields a linear characteristic, as shown by
the dashed line in Figure 6.22. The combination of a compressor and an
expander is known as a compander. A companding system is shown in Figure
6.23.

The concept of predistorting a message signal in order to achieve better
performance in the presence of noise, and then removing the effect of the
predistortion, should remind us of the use of preemphasis and deemphasis
filters in the implementation of FM systems.
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FIGURE 6.23 Example of companding
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SUMMARY

L.

The signal-to-noise ratio at the output of a baseband communication
system operating in an additive Gaussian noise environment is P;/N W,
where P; is the signal power, N, is the single-sided power spectral
density of the noise (3N, is the two-sided power spectral density), and
W is the signal bandwidth.

. A double-sideband (DSB) system has an output signal-to-noise ratio of

Pr/NoW assuming perfect phase coherence of the demodulation carrier
and a bandwidth of W.

. A single-sideband (SSB) system also has an output signal-to-noise ratio

of P;/NyW assuming perfect phase coherence of the demodulation car-
rier and a bandwidth of W. Thus, under ideal conditions, both SSB and
DSB have performance equivalent to the baseband system.

An amplitude modulation (AM) system with coherent demodulation
achieves an output signal-to-noise ratio of E(P;/NoW), where E is the
efficiency of the system. An AM system with envelope detection
achieves the same output signal-to-noise ratio as an AM system with
coherent demodulation for a high signal-to-noise ratio. If the predetec-
tion signal-to-noise ratio is small, the signal and noise at the demodu-
lation output become multiplicative rather than additive. The output
exhibits severe loss of signal for a small decrease in the input signal-to-
noise ratio. This is known as the threshold effect.

The square-law detector is a nonlinear system that can be analyzed for
all values of P;/N,W. Since the square-law detector is nonlinear, a
threshold effect is observed.

Using a quadrature double-sideband (QDSB) signal model, a generalized
analysis is easily carried out to determine the combined effect of both
additive noise and demodulation phase errors on a communication sys-
tem. The result shows that SSB and QDSB are equally sensitive to
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442 Noise in Modulation Systems

demodulation phase errors if the power in the two QDSB signals is
equal. DSB is much less sensitive to demodulation phase errors than SSB
or QDSB because SSB and QDSB both exhibit crosstalk between the
quadrature channels for nonzero demodulation phase errors.

7. The analysis of angle modulation systems shows that the output noise
is suppressed as the signal carrier amplitude is increased. Thus the
demodulator noise power output is a function of the input signal power.

8. The demodulator output power spectral density is constant over the
range |f | << W for PM and is parabolic over the range |f| << W for
FM. The parabolic power spectral density for an FM system is due to
the fact that FM demodulation is essentially a differentiation process.

9. The demodulated output signal-to-noise ratio is proportional to kpz for
PM, where k, is the phase-deviation constant. The output signal-to-noise
ratio is proportional to D? for an FM system, where D is the deviation
ratio.

10. The use of preemphasis and deemphasis can significantly improve the
noise performance of an FM system. Typical values result in a better
than 10-dB improvement in the signal-to-noise ratio of the demodu-
lated output.

11. As the input signal-to-noise ratio of an FM system is reduced, spike
noise appears. The spikes are due to origin encirclements of the total
(Gaussian plus spike) noise phasor. The area of the spikes is constant at
2, and the power spectral density is proportional to the spike fre-
quency. Since the predetection bandwidth must be increased as the
modulation index is increased, resulting in a decreased predetection sig-
nal-to-noise ratio, the threshold value of P;/N,W increases as the mod-
ulation index increases.

12. Threshold extension can be achieved using a phase-lock loop or a fre-
quency-compressive feedback loop.

13. An analysis of nonlinear analog pulse modulation shows that, like FM,
a tradeoff exists between bandwidth and output signal-to-noise ratio.
With pulse code modulation, the signal-to-noise ratio and the system
bandwidth are determined by the number of quantizing levels.

14. A most important result for this chapter is the postdetection signal-to-
noise ratios for various modulation methods. A summary of these results
is given in Table 6.1. Given in this table is the postdetection SNR for
each technique as well as the required transmission bandwidth. The
tradeoff between postdetection SNR and transmission bandwidth is
evident,
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TABLE 6.1 Summary of Noise Performance Characteristics
System Postdetection SNR  Transmission Bandwidth

Baseband APy w

NoW
DSB with coherent _Pr 2w
demodulation NoW
SSB with coherent _Pr w
demodulation NoW
AM with envelope detection EPr 2w
(above threshold) or AM with NoW
coherent demodulation. Note:
Eis efficiency

2 ( a’ )2 Pr| NyW
AM with square-law detection 2+ 2% 1+ (NW/Pp 2w
k2P Ces

PM above threshold MW 20+ )W
FM above threshold (without 3p?m2 _Pr
preemphasis) n NOW 2D+ 1)w
FM above threshold (with ( g)” — Pr
preemphasis) fa NoW 2(0+ YW
FURTHER READING

All the books cited at the end of Chapter 3 contain material about noise
effects in the systems studied in this chapter. The books by Lathi (1983),
Haykin (1989), and Shanmugam (1979) are especially recommended for
their completeness. The book by Taub and Schilling (1986) contains excel-
lent sections on both PCM systems and threshold effects in FM systems.

PROBLEMS
Section 6.1

6.1 A baseband system, as shown in Figure 6.1, uses an nth-order Butter-

worth lowpass filter to enhance the signal-to-noise ratio. The 3-dB
frequency of the Butterworth filter is W<B. Assuming that the signal
is completely passed by the filter, determine the signal-to-noise ratio
at the lowpass filter output as a function of the filter order, n. Write

the result in the form

460



444

6.2

6.3

6.4
6.5

6.6

6.7

6.8

6.9

Noise in Modulation Systems

Pr
NoW

and plot f(n) for values of n in the range 1 = n = 6.

SNR = f{n)

Derive the equation for y,(r) for an SSB system assuming that the
noise is expanded about the frequency w, = w, & 327 W). Derive
the detection gain and (SNR),. Determine and plot §, () and S, ( f)-

Derive an expression for the detection gain of a DSB system for the
case in which the bandwidth of the bandpass predetection filter is
B; and the bandwidth of the lowpass postdetection filter is Bj,. Let
By > 2W and let B, > W simultaneously, where W is the bandwidth
of the modulation. (There are two reasonable cases to consider.)

Repeat Problem 6.3 for an AM signal.

Assume that an AM system operates with an index of 0.7 and that
the message signal is 15 cos 8mt. Compute the efficiency, the detec-
tion gain in decibels, and the output signal-to-noise ratio in decibels
relative to the baseband performance P;/N,W. Determine the im-
provement (in decibels) in the output signal-to-noise ratio that results
if the modulation index is increased from 0.7 to 0.9.

An AM system has a message signal that has a zero-mean Gaussian
amplitude distribution. The peak value of m(t) is taken as that value
that | m(t)| exceeds 0.5% of the time. If the index is 0.5, what is the
detection gain?

The threshold level for an envelope detector is sometimes defined as
that value of (SNR); for which A, > r, with probability 0.99. Assum-
ing that aZE = 1, derive the signal-to-noise ratio at threshold,
expressed in decibels.

An envelope detector operates above threshold. The modulating sig-
nal is a sinusoid. Plot (SNR),, in decibels as a function of P;/N,W for
the modulation index equal to 0.5, 0.7, and 0.9.

A square-law demodulator for AM is illustrated in Figure 6.24.
Assuming that

x(t) = A1 + am,(t)] cos wt

FIGURE 6.24
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FIGURE 6.25

Input R Output

6.12

6.13

6.14

show that y,(t) = r’(t), where r’(¢) is defined by Equation (6.47). Let
m,(t) = cos w,t, and sketch the spectrum of each term that appears
in yp(t). Do not neglect the noise power.

Compute (SNR)j, as a function of Pr/NyW for a linear envelope detec-
tor assuming a high predetection SNR and a modulation index of
unity. Compare this result to that for a square-law detector, and show
that the square-law detector is inferior by approximately 1.8 dB.

The input to the filter shown in Figure 6.25 is 4 cos (27f.t) plus white
noise with double-sided power spectral density #No. Compute the
SNR at the filter output in terms of Ny, 4, R, L, and f,.

Repeat the preceding problgm for the filter shown in Figure 6.26,
writing the SNR in terms of Ny, 4, R, C, and f.

Consider the system shown in Figure 6.27, in which an RC highpass
filter is followed by an ideal lowpass filter having bandwidth W.
Assume that the input to the system is 4 cos (2mfz), where f, < W,
plus white noise with double-sided power spectral density IN,. Deter-
mine the SNR at the output of the ideal lowpass filter in terms of N,
A, R, C, W, and f_. What is the SNR in the limit as W — ©0?

Compare the inprovement in (SNR);, of a linear envelope detector
over a square-law detector for a high-predetection SNR as the mod-
ulation index is varied. Assume a sinusoidal message signal.

FIGURE 6.26
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FIGURE 6.27
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6.15

An AM system operates with a message signal that is a sample func-
tion of a zero-mean Gaussian process. The predetection signal-to-
noise ratio is high, and envelope detection is used. The normalized
message m,(t) is such that |m,(t)| exceeds 1 with probability 0.01.
Determine the variance of m,(t), and plot (SNR), as a function of
P;IN,W for index a in the range 0 = a = 1.

Section 6.2

6.16

6.17

6.19

Assume that a linear modulation system has negligible noise in the
passband of the predetection filter. Sketch the normalized mean-
square error as a function of the phase-error variance of the demod-
ulation carrier for SSB, QDSB, and DSB. Comment on the significance
of these curves.

Starting with (6.68) derive an expression for the mean-square error
at the output of a coherent demodulator in the rresence of noise and
demodulation phase errors. Expand cos ¢, cos” ¢, and sin’ ¢ using
power series expansions and discard all terms involving @' for k > 4.
Show that the result is

N L ) 24 4
€ =10, 04 +0,04 —0, 05 +o0,

Show that, under appropriate assumptions, this result implies (6.71)
and (6.77).

An SSB system is to be operated with a normalized mean-square error
of 0.1 or less. By making a plot of output SNR versus demodulation
phase-error variance for the case in which normalized mean-square
error is 0.1%, show the region of satisfactory system performance.
Repeat for a DSB system. Plot both curves on the same set of axes.

A DSB communication system is implemented as shown in Figure
6.10. The pilot frequency is k times the carrier frequency. Let the
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6.20

bandwidth of the predetection filter be a times the bandwidth of the
pilot filter, and let p equal the pilot signal-to-noise ratio at the pilot
filter output. Assume the pilot power is equal to the power in the
modulating signal. Derive an expression for the normalized mean-
square error of the system in terms of k, &, and p. Plot the normalized
mean-square error as a function of « for p equal to 15 dB and k equal
to 4.

It was shown in Chapter 2 that the output of a distortionless linear
system is given by

y() = Ax(t — 7)
where A is the gain of the system, 7 is the system time delay, and x(t)
is the system input. It is often convenient to evaluate the performance
of a linear system by comparing the system output with an amplitude-
scaled and time-delayed version of the input. The mean-square error
is then

€4, 1) = [ye) — Ax(c — 1)

The values of A and 7 that minimize this expression, denoted A4,, and
T, respectively, are defined as the system gain and the system time
delay. Show that, with these definitions, the system gain is

_ Ry(mw)

and the resulting system mean-square error is

R 2
T 70) = RY0) — —ﬁ;—;—)

Also show that the signal power at the system output is

R 2
Sp = 4,°R(0) = Ry (a)
R,(0)
and the output signal—to-noise ratio is
Sp_ Ry (Tn)
Np  R(OR(0) — R,’(r,)

in which Nj, is the mean-square error.*

* For a discussion of these techniques, see Houts and Simpson (1968).

464



448

6.21

Noise in Modulation Systems

A linear system has the input
x(t) = 6 cos (20mt) + 3 cos (407rt)
and the output

T 3
y(t) = 3 cos (2011': _E) + 2 cos (40111 —%)

Using the definitions of system gain and system time delay given in
the previous problem, determine the gain, 4., and time delay, 7, of
this system. Also, determine the signal-to-noise ratio, in decibels, at
the system output using the system input, x(t), as the reference.

Section 6.3

6.22

6.23

6.24

6.25

The process of stereophonic broadcasting was illustrated in Chapter
3. By comparing the noise power in the I(t) — r(t) channel to the
noise power in the I(t) + r(t) channel, explain why stereophonic
broadcasting is more sensitive to noise than nonstereophonic
broadcasting.

An FDM communication system uses DSB modulation to form the
baseband and FM modulation for transmission of the baseband.
Assume that there are 8 channels and that all 8 message signals have
equal power P, and equal bandwidth W. One channel does not use
subcarrier modulation. The other channels use subcarriers of the form

A, cos kwit, 1 =k=<17

The width of the guardbands is 4W. Sketch the power spectrum of
the received baseband signal showing both the signal and noise com-
ponents. Calculate the relationship between the values of 4 if the
channels are to have equal signal-to-noise ratios.

Using Equation (6.130), derive an expression for the ratio of the noise
power in yp(t) with deemphasis to the noise power in y(t) without
deemphasis. Plot this ratio as a funtion of W/f;. Evaluate the ratio for
the standard values of f; = 2.1 kHz and W = 15 kHz, and use the
result to determine the improvement, in decibels, that results
through the use of deemphasis. Compare the result with that found
in Example 6.3.

White noise with two-sided power spectral density 1N, is added to a
signal having the power spectral density shown in Figure 6.28. The
sum (signal plus noise) is filtered with an ideal lowpass filter with
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FIGURE 6.28

6.26

6.27
6.28

unity passband gain and bandwidth B > W. Determine the signal-to-
noise ratio at the filter output. By what factor will the signal-to-noise
ratio increase if B is reduced to W?

Consider the system shown in Figure 6.29. The signal x(¢) is defined
by

x(t) = A cos 27ft

The lowpass filter has unity gain in the passband and bandwidth W,
where f. << W. The noise n(t) is white with two-sided power spectral
density 3No. The signal component of y(t) is defined to be the com-
ponent at frequency f,. Determine the signal-to-noise ratio of y(t).

Repeat the preceding problem for the system shown in Figure 6.30.

Consider the system shown in Figure 6.31. The noise is white with
two-sided power spectral density 3N,. The power spectral density of
the signal is

A

5{f) = _IW

—o < f< o

FIGURE 6.29
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FIGURE 6.30
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The parameter f; is the 3-dB frequency of the signal. The bandwidth
of the lowpass filter is W. Determine the signal-to-noise ratio of y(t).
Plot the signal-to-noise ratio as a function of W/f;.

Section 6.4

6.29

6.30

Derive an expression that illustrates the ratio of spike noise to Gaus-
sian noise power at the output of an FM discriminator. Your answer
should be a function of the deviation ratio D and P;/N,W. Assume an
unmodulated carrier. Plot your answer as a function of P;/N,W for
D = 5. At what value of P/N,W does the spike noise power
equal the Gaussian noise power? What happens to this value as D is
changed?

Derive an expression, similar to Equation (6.155), that gives the out-
put signal-to-noise ratio of an FM discriminator for the case in which
the message signal is random with a Gaussian amplitude probability
density function.

Section 6.5

6.31

Assume that a PPM system uses Nyquist rate sampling and that the
minimum channel bandwidth is used for a given pulse duration. Show
that the postdetection SNR can be written as

/

FIGURE 6.31
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6.32

2
B\ P
(SNR), = K= -
W/ Ngw

and evaluate K.

The message signal on the input to an analog—to-digital converter is
a sinusoid of 15 V peak-to-peak. Compute the signal-to-quantization-
noise power ratio as a function of the wordlength of the analog-to-
digital converter. State any assumptions you make.

COMPUTER EXERCISES

6.1

6.2

6.3

6.4

Develop a set of performance curves, similar to those shown in Figure
6.9, that illustrate the performance of a coherent demodulator as a
function of the phase error variance. Let the signal-to-noise ratio (SNR)
be a parameter and express the SNR in decibels. As in Figure 6.9,
assume a QDSB system. Repeat this exercise for a DSB system.

In many problems of practical interest it is important to know the total
noise power at the output of an FM discriminator in which the discrim-
inator input consists of an unmodulated sinusoid plus bandlimited
white Gaussian noise. Give the expression for the noise power at the
output of the postdetection filter as a function of By, W, Py, and N,
where each of these terms is defined in Section 6.3. Assume that the
discriminator constant K, is 1. Plot, on a log scale, the normalized
noise power, NDIB,-I, as a function of the predetection SNR,
A 2NB;, expressed in decibels. Develop a second set of curves in
which NDIBTZ is shown as a function of P,/N,W, expressed in decibels.
What do you conclude from the result of this exercise?

Develop a computer program to verify the FM discriminator perfor-
mance characteristics illustrated in Figure 6.18. Use the resulting pro-
gram to generate a set of performance curves for B =1,3,5,10,and
20. On a second set of axes plot the performance characteristic for 8
= 0.01. Is the threshold effect more or less pronounced? Why?

The value of the input signal-to-noise ratio at threshold is often
defined as the value of P;/N,W at which the denominator of (6.155) is
equal to 2. Note that this value yields a postdetection signal-to-noise
ratio, (SNR),, that is 3 dB below the value of (SNR), predicted by the
above threshold (linear) analysis. Using this definition of threshold,
plot the threshold value of P;/N,W, in decibels, as a function of (3.
What do you conclude?
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In analyzing the performance of an FM discriminator, operating in the
presence of noise, the postdetection signal-to-noise ratio, (SNR)p, is
often determined using the approximation that the effect of modula-
tion on (SNR)j, is negligible. In other words, |df] is set equal to zero.
Assuming sinusoidal modulation, investigate the error induced by mak-
ing this approximation.

Develop a computer program to verify the performance curves shown
in Figure 6.21. Compare the performance of the noncoherent FSK sys-
tem to the performance of both coherent FSK and coherent PSK with
a modulation index of 1. We will show in the following chapter that
the bit-error probability for coherent FSK is

Pr
N

b =i,

P

and that the bit-error probability for coherent BPSK with a unity mod-
ulation index is

2P,

NOBp

where B, is the system bit-rate bandwidth. Compare the results of the

P, =

three systems studied in this example for n = 8.
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BINARY DATA
TRANSMISSION

In Chapter 6 we studied the effects of noise in analog communication sys-
tems. We now consider a distinctly different situation. Instead of being con-
cerned with continuous-time, continuous-level message signals, we are
concerned with the transmission of information from sources that produce
discrete symbols. That is, the input signal to the transmitter block of Figure
1.1 would be a signal that assumes only discrete values.

The purpose of this chapter is to consider various systems for the trans-
mission of digital data and their relative performances. Before beginning,
however, let us consider the block diagram of a digital data transmission
system, shown in Figure 7.1, which is somewhat more detailed than Figure
1.1. The focus of our attention will be on the portion of the system between
the optional blocks labeled Encoder and Decoder. In order to gain a better
perspective of the overall problem of digital data transmission, we will
briefly discuss the operations performed by the blocks shown as dashed lines.

While many sources result in message signals that are inherently digital,
such as from computers, it is often advantageous to represent analog signals
in digital form (referred to as analog-to-digital conversion) for transmission and
then convert them back to analog form upon reception (referred to as digital-
to-analog conversion), as discussed in the preceding chapter. Pulse code mod-
ulation (PCM), introduced in Chapter 3, is an example of a modulation
technique that can be employed to transmit analog messages in digital form.
The signal-to-noise ratio performance characteristics of a PCM system,
which were presented in Chapter 6, show one advantage of this system to
be the option of exchanging bandwidth for signal-to-noise ratio
improvement.*

Regardless of whether a source is purely digital or an analog source that

* A device for converting voice signals from analog to digital and from digital to analog form
is known as a vocoder. See, for example, Qualcomm's technical data sheet for the Q4400
variable rate vocoder. Qualcomm, Inc., VLSI Products, 10555 Sorrento Valley Road, San
Diego, CA 92121-1617.
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454 Binary Data Transmission

FIGURE 7.1 Block diagram of a digital data system. (a) Transmitter.
(b) Receiver.
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has been converted to digital, it may be advantageous to add or remove
redundant digits to the digital signal. Such procedures, referred to as coding,
are performed by the encoder-decoder blocks of Figure 7.1 and will be con-
sidered in Chapter 10.

We now consider the basic system in Figure 7.1, shown as the blocks with
solid lines. If the digital signals at the modular input take on one of only
two possible values, the communication system is referred to as binary. If
one of M > 2 possible values is available, the system is referred to as M-ary.
For long-distance transmission, these digital baseband signals from the
source may modulate a carrier before transmission, as briefly mentioned in
Chapter 3. The result is referred to as amplitude-shift keying (ASK), phase-shift
keying (PSK), or frequency-shift keying (FSK) if it is amplitude, phase, or fre-
quency, respectively, that is varied in accordance with the baseband signal.
An important M-ary modulation scheme, quadriphase-shift keying (QPSK), is
often employed in situations in which bandwidth efficiency is a considera-
tion. Other schemes related to QPSK include offset QPSK and minimum-shift
keying (MSK). These schemes will be discussed in Chapter 8.

A digital communication system is referred to as coherent if a local refer-
ence is available for demodulation that is in phase with the transmitted car-
rier (with fixed phase shifts due to transmission delays accounted for).
Otherwise, it is referred to as noncoherent. Likewise, if a periodic signal is
available at the receiver that is in synchronism with the transmitted sequence
of digital signals (referred to as a clock), the system is referred to as synchro-
nous; if a signaling technique is employed in which such a clock is unneces-
sary, the system is called asynchronous.
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7.1  Baseband Data Transmission in White Gaussian Noise 455

The primary measure of system performance for digital data communi-
cation systems is the probability of error P;. In this chapter we will obtain
expressions for P; for various types of digital communication systems. We
are, of course, interested in receiver structures that give minimum P; for
given conditions. Synchronous detection in a white Gaussian-noise back-
ground requires a correlation or a matched filter detector to give minimum P;
for fixed signal and noise conditions.

We begin our consideration of digital data transmission systems in Section
7.1 with the analysis of a simple, synchronous baseband system that employs
a special case of the matched filter detector known as an integrate-and-dump
detector. This analysis is then generalized in Section 7.2 to the matched-filter
receiver. Section 7.3 contains several specializations of the results of Section
7.2 to common coherent digital signaling schemes, while noncoherent
schemes are analyzed in Section 7.4. After analyzing these modulation
schemes, which operate in an ideal environment in the sense that infinite
bandwidth is available, we look at optimum signaling through bandlimited
baseband channels in Section 7.5. In Sections 7.6 and 7.7, the effect of
multipath interference and signal fading on data transmission is analyzed,
and in Section 7.8, the use of equalizing filters to mitigate the effects of
channel distortion is examined,

7.1 BASEBAND DATA TRANSMISSION IN
WHITE GAUSSIAN NOISE

Consider the binary digital data communication system illustrated in Figure
7.2(a), in which the transmitted signal consists of a sequence of constant-
amplitude pulses of either A or —A units in amplitude and T seconds in
duration. A typical transmitted sequence is shown in Figure 7.2(b). We may
think of a positive pulse as representing a logic 1 and a negative pulse as
representing a logic 0 from the data source. Each T-second pulse is called a
binit for binary digit or, more simply, a bit. (In Chapter 10, the term bit will
take on a new meaning.)

As in Chapter 6, the channel is idealized as simply adding white Gaussian
noise with double-sided power spectral density 3N, to the signal. A typical
sample function of the received signal plus noise is shown in Figure 7.2(c).
For sketching purposes, it is assumed that the noise is bandlimited, although
it is modeled as white noise later when the performance of the receiver is
analyzed. It is assumed that the starting and ending times of each pulse are
known by the receiver. The problem of acquiring this information, referred
to as synchronization, will not be considered at this time.

The function of the receiver is to decide whether the transmitted signal
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456 Binary Data Transmission

FIGURE 7.2 System model and waveforms for synchronous baseband
digital data transmission. (a) Baseband digital data communication system.
(b) Typical transmitted sequence. (c) Received sequence plus noise.
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was A or —A during each bit period. A straightforward way of accomplishing
this is to pass the signal plus noise through a lowpass predetection filter,
sample its output at some time within each T-second interval, and determine
the sign of the sample. If the sample is greater than zero, the decision is
made that +4 was transmitted. If the sample is less than zero, the decision
is that —A was transmitted. With such a receiver structure, however, we do
not take advantage of everything known about the signal. Since the starting
and ending times of the pulses are known, a better procedure is to compare
the area of the received signal-plus-noise waveform (data) with zero at the
end of each signaling interval by integrating the received data over the T-
second signaling interval. Of course, a noise component is present at the
output of the integrator, but since the input noise has zero mean, it takes
on positive and negative values with equal probability. Thus the output noise
component has zero mean. The proposed receiver structure and a typical
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7.1 Baseband Data Transmission in White Gaussian Noise 457

FIGURE 7.3 Receiver structure and integrator output. (a) Integrate-and-
dump receiver. (b) Output from the integrator.

t=to+T
vie) | f'o+(f} i | j{ Threshold | = 0 Choose +A
o device < 0 Choose —A

(a)

Signal plus noise

AT M signal
- t
ty t,+T
—-AT

(b)

waveform at the output of the integrator are shown in Figure 7.3 where ¢,
is the start of an arbitrary signaling interval. For obvious reasons, this
receiver is referred to as an integrate-and-dump detector.

The question to be answered is: How well does this receiver perform, and
on what parameters does its performance depend? As mentioned previously,
a useful criterion of performance is probability of error, and it is this we
now compute. The output of the integrator at the end of a signaling interval

g+ T
f [s(¢) + n(r)] dt

_ {+ AT + N if +A is sent

-
Il

—AT + N if —A is sent AL
where N is a random variable defined as
:°+1"
N = f n(t) dt (7.2)
t

Since N results from a linear operation on a sample function from a Gaussian
process, it is a Gaussian random variable. It has mean

to+T tg+T
E{N} = E [ f n(t) d:] = f E{n(t)} dt = 0 (7.3)
o

o
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since n(t) has zero mean. Its variance is therefore

=[]}

g+ T o+ T
= f f E{n(t)n(0)} dt do (7.4)

g t+T o+ T
= f f N, 8(t — o) dt do
fo o

where we have made the substitution E{n(t)n(0)} = 3N, 8(t — o). Using the
sifting property of the delta function, we obtain

var {N}

to+T
var {N} = J‘ 3 N, do
%
= 3N,T (7.5)
Thus the pdf of N is
—n2INoT

(m = 6
() N (7.6)

where 7 is used as the dummy variable for N to avoid confusion with n(t).

There are two ways in which errors occur. If +4 is transmitted, an error
occurs if AT + N << 0, that is, if N <<_—AT. From (7.6), the probability of
this event is

—AT _—n*INoT
P(error |A sent) = P(E|A) = f dn (7.7)
which is the area to the left of = —AT in Figure 7.4. Letting u =

— \/Enl \/NoT , we can write this as*

PE|A) = fm e du & Q( \/E') 8
= u = :
Vaarring \/ 27 Ny

The other way in which an error can occur is if —4 is transmitted and
—AT + N > 0. The probability of this event is the same as the probability
that N > AT, which can be written as

P(E| —4) = g el AQ( \/ZTZT) (7.9)
4t /N, T T Nop -

* See Appendix C.6 for a discussion and tabulation of the Q-function.
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7.1 Baseband Data Transmission in White Gaussian Noise 459

FIGURE 7.4 lllustration of error probabilities for binary signaling
fy(n)

P (Error|A Sent) P (Error|—A Sent)
=P (AT + N<0) =P (—AT + N>0)
—AT 0 AT ’

which is the area to the right of 7 = AT in Figure 7.4. The average proba-

bility of error is
Py = P(E| +A)P(+A) + P(E| —A)P(—A) (7.10)
Substituting (7.8) and (7.9) into (7.10) and noting that P(+4) + P(—A) =

1, we obtain
Pr=Q 24° (7.11)
& Ny '

Thus the important parameter is A’TINy. We can interpret this ratio in
two ways. First, since the energy in each signal pulse is

o+ T
E = f At de = AT (7.12)

we see that the ratio of signal energy per pulse to noise power spectral
density is

z=—== (7.13)

where E, is called the energy per bit because each signal pulse (+4 or —A4)
carries one bit of information. Second, we recall that a rectangular pulse of
duration T seconds has amplitude spectrum AT sinc Tf and that BP = 1/Tis
a rough measure of its bandwidth. Thus

A? A?
"7 N(UT) T NeB,

(7.14)

can be interpreted as the ratio of signal power to noise power in the signal
bandwidth. The bandwidth B, is sometimes referred to as the bit-rate band-
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FIGURE 7.5 Pgfor baseband signaling

1.0
5§ X 101}

Approximation (7.16)
5 X 10-2}F

.

a 5% 10-3}

10-3f
B X 104

10— Laosa sl o

width. We will refer to z as the signal-to-noise ratio (SNR). An often-used
reference to this signal-to-noise ratio in the digital communications industry
is “Ez-over-N,."”

A plot of P; versus z is shown in Figure 7.5, where z is given in decibels.
Also shown is an approximation for P; using the asymptotic expansion for
the Q-function [Equation (4.187)]:

—u?l2
€
u) = - u>1 7.15
Q(u) o (7.15)
Using this approximation,
8—2
P = SR (7.16)
2\ =z

which shows that P; essentially decreases exponentially with increasing z.
Figure 7.5 shows that the approximation of (7.16) is close to the true result
of (7.11) for z < 3 dB.
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7.1 Baseband Data Transmission in White Gaussian Noise 461

EXAMPLE 7.1  Digital data is to be transmitted through a baseband system
with Ny = 107’ W/Hz and the received signal amplitude A = 20 mV. (a)
If 10° bits per second (bps) are transmitted, what is P2 (b) If 10* bps are
transmitted, to what value must 4 be adjusted in order to attain the same P
as in part (a)?

SOLUTION  To solve part (a), note that

2 20~
AT _ 002%07TH _ 7.17)

z=— =

3 10

Using (7.16), Py = e *12\/4r = 2.58 X 107>, Part (b) is solved by finding
A such that 42(107*)/(1077) = 4, which gives 4 = 63.2 mV.

EXAMPLE 7.2  The conditions are the same as in the preceding example,
but a bandwidth of 5000 Hz is available. (a) What is the maximum data
rate that can be supported by the channel? (b) Find the transmitter
power required to give a probability of error of 107 at the data rate found
in part (a).

SOLUTION  (a) Since a rectangular pulse has Fourier transform
II(¢/T) <> Tsinc (fT)

we take the signal bandwidth to be that of the first null of the sinc function.
Therefore, 1/T = 5000 Hz, which implies a maximum data rate of R =
5000 bps. (b) To find the transmitter power to give Py = 10~%, we solve

1076 = Q[\/zA’T!NO] = Q,[\/Z] (7.18)

Using the approximation (7.15) for the error function, we need to solve

NGBt
€

2\/7z

1076 =

iteratively. This gives the result

z = 10.54 dB = 11.31 (ratio)

Thus, 4°T/N,
A? = (11.31)N,/T = 5.65 mW (actually V> X 1077

11.31, or

Il

This corresponds to a signal amplitude of approximately 75.2 mV.
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462 Binary Data Transmission

7.2 BINARY SYNCHRONOUS DATA TRANSMISSION WITH
ARBITRARY SIGNAL SHAPES

In Section 7.1 we analyzed a simple baseband digital communication system.
As in the case of analog transmission, it is often necessary to utilize modu-
lation to condition a digital message signal so that it is suitable for trans-
mission through a channel. Thus, instead of the constant-level signals
considered in Section 7.1, we will let a logic 1 be represented by s,(t) and
a logic 0 by s,(¢). The only restriction on s,(¢) and s,(¢) is that they must
have finite energy in a T-second interval. The energies of s5,(t) and s,(¢) are
denoted by

I'Q+T
E, & f 5, 2(2) dt (7.19a)

0

and

Iu+T

E, & f s,°(t) dt (7.19b)

0

respectively. In Table 7.1, several commonly used choices for s(t) and s,(t)
are given.

Receiver Structure and Error Probability

A possible receiver structure for detecting s,(t) or s,(¢) in additive white
Gaussian noise is shown in Figure 7.6. Since the signals chosen may have
zero average value over a T-second interval (see the examples in Table 7.1),
we can no longer employ an integrator followed by a threshold device as in
the case of constant-amplitude signals. Instead of the integrator, we employ
a filter with, as yet, unspecified impulse response h(t) and corresponding
transfer function H( f). The received signal plus noise is either

y(t) = 5,(t) + n(e), W =T (7.20a)
or
y(t) = s,(t) + n(t), G=t=ty+r T (7.20b)

where the noise, as before, is assumed to be white with power spectral den-
sity %NO. We can assume that t; = 0 without loss of generality; that is, the
signaling interval under considerationis 0 = ¢t < T.

To find P;, we again note that an error can occur in either one of two
ways. Assume that s,(f) and s,(t) were chosen such that 54,(T) < 50,(T),
where s5q,(t) and s5p,(t) are the outputs of the filter due to s(t) and s,(t),
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7.2 Binary Synchronous Data Transmission with Arbitrary Signal Shapes 463

TABLE 7.1 Possible Signal Choices for Binary Digital Signaling

Case 54(1) So(t) Type of Signaling
1 0 A cos w,t Amplitude-shift keying
2 Asin(wt +cos”'m)  Asin(wt—cos™'m)  Phase-shift keying with

carrier (cos™' m<
modulation index)
3 Acos w,yt A cos (w, + Aw)t Frequency-shift keying

respectively, at the input. If not, the roles of s,(t) and s,(¢) at the input can
be reversed to ensure this. Referring to Figure 7.6, if v(T) > k, where k is
the threshold, we decide that s,(t) was sent; if v(T) << k, we decide that s,(t)
was sent. Letting ny(¢) be the noise component at the filter output, an error
is made if s,(¢) is sent and v(T) = s54((T) + no(T) > k; if s,(t) is sent, an
error occurs if W(T) = s¢o(T) + no(T) < k. Since ny(t) is the result of passing
white Gaussian noise through a fixed linear filter, it is a Gaussian process.
Its power spectral density is

Sl f) = N H()|? (721

Because the filter is fixed, ny(t) is a stationary process with mean zero and
variance

0o’ = f _ Nl H()I® of (7:22)

Since nft) is stationary, N = ny(T) is a random variable with mean zero and
variance a,’. Its pdf is

—nt120,2
Sam) = \/_F; (7.23)
Given that s,(t) is transmitted, the sampler output is
V& yT) = so(T) + N (7.24)

FIGURE 7.6 A possible receiver structure for detecting binary signals in
white Gaussian noise

yit) =s,(t) +nlt) Decision:
or y(t) = s5(t) + nlt) t=T vtﬁ zi sy
0<t<T h':[t; v(t) I( W(T) | Threshold v !

H(F 2 k >
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FIGURE 7.7 Conditional probability density functions of the filter output at
tmet=T

fiy (vls, () fylvlsy (o))

So1 (T) 0l Kopy X 52(T)

and if s,(¢) is transmitted, the sampler output is
V& yT) = so(T) + N (7.25)

These are also Gaussian random variables, since they result from linear oper-
ations on Gaussian random variables. They have means s54,(T) and sq,(T),
respectively, and the same variance as N, that is, 002. Thus the conditional
pdf’s of ¥ given s,(t) is transmitted, f(v|s,(t)), and given s,(t) is transmitted,
fu(v|s5(t)), are as shown in Figure 7.7. Also illustrated is a decision thresh-
old k.

From Figure 7.7, we see that the probability of error, given s5/(t) is trans-
mitted, is

P(Elsl(t))=J: Srlvlsi(2)) dv

o e—[mu.(rn’-‘rzfro’

k V 2moy,

which is the area under f(v|s (1)) to the right of v = k. Similarly, the prob-
ability of error, given s,(t) is transmitted, which is the area under fy(v|s,(t))
to the left of v = k, is given by

(7.26)
dv

- —[r—s02(T)21204°

P(E|sy(0) = ._\/E'.T—!T dv (7.27)
—co 3

Assuming that s(t) and s,(t) are a priori equally probable,* the average prob-
ability error is

Py = 3P[E|s,()] + 3P[E|sy()] (7.28)

The task now is to minimize this error probability by adjusting the threshold
k and the impulse response h(t).

* See Problem 7.8 for the case of unequal a priori probabilities.
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7.2 Binary Synchronous Data Transmission with Arbitrary Signal Shapes 465

Because of the equal a priori probabilities for s,(t) and s5,(t) and the sym-
metrical shapes of fi(v|s,(t)) and fy(v|s,(1)), it is reasonable that the optimum
choice for k is the intersection of the conditional pdf’s, which is

kope = 3[s01(T) + s0x(T)] (7.29)

The optimum threshold is illustrated in Figure 7.7 and can be derived by
differentiating (7.28) with respect to k after substitution of (7.26) and (7.27).
Because of the symmetry of the pdf’s, the probabilities of either type of
error, (7.26) or (7.27), are equal for this choice of k.

With this choice of k, the probability of error given by (7.28) reduces to

soo(T) — -Fol(T)]

7.30
20, (7.30)

Py = Q,[
Thus we see that P; is a function of the difference between the two output
signals at ¢t = T. Remembering that the Q-function decreases monotonically
with u, we see that P; decreases with increasing distance between the two
output signals, a reasonable result. We will encounter this interpretation
again in Chapter 9, where we discuss concepts of signal space.
We now consider the minimization of Py by proper choice of h(t). This
will lead us to the matched filter.

The Matched Filter

For a given choice of s5,(z) and s,(t), we wish to determine an H( f), or equiv-
alently, an h(t), that maximizes

sooT) — sou(T)
Tg

f= (7.31)
Letting g(t) = s,(t) — s,(t), the problem is to find the H( f) that maximizes
§ = go(T)lag, where go(t) is the signal portion of the output due to the
input g(t). This situation is illustrated in Figure 7.8. We can equally well
consider the maximization of

= 8D _ 8’ ’
0’02 E{noz(t)} =T

(7.32)

FIGURE 7.8 Choosing H(f) to minimize Pg

glt) + nit) fa

where
gy =gy s, (0 [ o | gst) +ngl0) I&gnm +N
HIf) > ;

h
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Since the input noise is stationary,

E{no’ (1)} = E{no(1)} = 3No f_m |H(f)|* of (7.33)

We can write go(t) in terms of H(f) and the Fourier transform of g(t), G(f),
as

w0 = FGHN = [ HpFTy a3

Setting t = T in (7.34) and using this result along with (7.33) in (7.32), we
obtain

oe] 2
| f H(f)G(f)e a:f‘
e —00

%Nufw |H()I® df

To maximize this equation with respect to H(f), we employ Schwarz’s
inequality. Schwarz’s inequality is a generalization of the inequality

(7.35)

|A-B| = | ABcosf| < |A||B| (7.36)

where A and B are ordinary vectors, with § the angle between them, and
A * B denotes their inner, or dot, product. Since |cos #| equals unity if and
only if  equals zero or an integer multiple of 7, equality holds if and only
if A equals kB, where k is a constant. Considering the case of two complex
functions X( f) and Y(f), and defining the inner product as

IRLY

Schwarz’s inequality assumes the form

o0 2 oo ls 4]
] f X(IP(f) df| = f lX(HI* dff YOIt dr 737)

—00 —co —o0
Equality holds if and only if X(f) = kY(f) where k is, in general, complex.
We will prove Schwarz’s inequality in Chapter 9 with the aid of signal-space
notation.

We now return to our original problem, that of finding the H(f) that
maximizes (7.35). We replace X(f) in (7.37) with H(f) and Y*(f) with
G(£)e”™. Thus
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2

2 J‘:o 'H(f”z‘#fi 1G(N1* df

[Cwpre ™ [T ey

i 2 If:ox(f)Y*(f) df

_NO

(7.38)

Canceling the integral over |H(f)]| ? in the numerator and denominator, we
find the maximum value of { to be

== f G(DI” =22 (7.39)
pEEat 0

where E = ffm |G(f) | . df is the energy contained in g(t), which follows
by Rayleigh’s energy theorem. Equality holds in (7.38) if and only if

H(f) = kG*(f)e ™7 (7.40)

where k is an arbitrary constant. Since k just fixes the gain of the filter, we
can set it to unity. Thus the optimum choice for H( f), Ho( f), is

Ho(f) = G*(f)e "™ (7.41)
The impulse response corresponding to this choice of Hy( f) is

bho(t) = F'[Ho(f)]
= fw G*( f)e“ﬂ"'l'fe}h'ﬁ df

= f G(_f)e_-ﬂrﬂr_l)éf

= f G(f")e"hf’(r_d a-lf! (7-42)
-0

Recognizing this as the inverse Fourier transform of g(t) with ¢ replaced by
T — t, we obtain

ho(t) = 5T — ) — s5)(T — £t) = g (T — 1) (7.43)

Thus, in terms of the original signals, the optimum receiver corresponds to
passing the received signal plus noise through two parallel filters whose
impulse responses are the time reverses of s,(t) and s,(t), respectively, and
comparing the difference of their outputs at time T with the threshold given
by (7.29). This operation is illustrated in Figure 7.9.
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FIGURE 7.9 Matched filter receiver for binary signaling in white Gaussian
noise

hit) = P
s,(T—1) Decision:
0<t<T + t=T Ez:w: sz:r}
: & (T
ylt) vit) [« Ve OI:‘I';::II:L?‘ opt” ™1
hit) = i
5, (T—1t)
0<t<T
EXAMPLE 7.3  Consider the pulse signal
A O0=t=T
= : 7.44
s(t) {0, otherwise ( )

A filter matched to this signal has the impulse response

ho(t) = s(tg — 1) (7.45)

where the parameter t; will be left to be fixed later. We note that if
to << T, the filter will be unrealizable, since it will have nonzero impulse
response for t << 0. The response of the filter to s(t) is

o0

hy(7)s(t — 7) dt (7.46)

y(e) = ho(t) = s(t) = f

The factors in the integrand are shown in Figure 7.10(a). The resulting inte-
grations are familiar from our previous considerations of linear systems, and
the filter output is easily found to be as shown in Figure 7.10(b). We note
that the peak output signal occurs at ¢t = ¢,. This is also the time of peak-
signal-to-rms-noise ratio, since the noise is stationary. Clearly, in digital sig-
naling, we want t; = T.

FIGURE 7.10 Signals pertinent to finding the matched-filter response of
Example 7.3

yit)
2 S T
ste=n) 4| hole) i/ |
|
|
T i
-7 t 0ltg—T ¢, =T & itgtl
(a) (b)
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EXAMPLE 7.4  For a given value of N,, consider the peak-signal-to-rms-
noise ratio at the output of a matched filter for the two pulses

gi(5) = AIL (‘—;—r—“) (7.47)

and

ga(t) = Bcos [2#(:; r")] II (: "; t“) (7.48)

Relate A and B such that both pulses provide the same signal-to-noise ratio
at the matched filter output.

SOLUTION  Since the signal-to-noise ratio at the matched filter output is
2E/No and N, is the same for both cases, we can obtain equal signal-to-
noise ratios for both cases by computing the energy of each pulse and setting
the two energies equal. The results are

o +T12
E, = f A de = AT (7.49)
to—T12
Bali 2m(e — ¢, BT
E, = f oot | 2N . 2T (7.50)
t0—TI2 T 2

Setting these equal, we have that A = B/ \/E to give equal signal-to-noise
ratios. The peak signal-squared-to-mean-square-noise ratio is

2 2
L b

= (7.51)
No Ny, 2N,

Error Probability for the Matched-Filter Receiver
From (7.30), the error probability for the matched-filter receiver of Figure

7.9 is
P = Q(g) (7.52)

where { is the maximum value,

£= [i’}f“w IG(f)Iiab'] - {Niof_w 1:(f) — Si(H)I* df

1/2

(7.53)
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given by (7.39). Using Parseval’s theorem, we can write {* in terms of g(z)
= 5y(t) — s4(¢) as

¢ J"‘" [s2(8) — (O] de
= = [f 52°(8) de + f () de — 2 f s1(t)s,(e) dt] (7.54)
4 - —co

From (7.19), we see that the first two terms inside the braces are E; and E,,
respectively. We define

1 Lr.a]
2 = \/'EE f._m s1(t)sy(t) de (7.55)

as the correlation coefficient of s(t) and s,(t). Just as for random variables,
Py, is a measure of the similariry between s,(f) and s,(t) and is normalized
such that —1 =< p,, = 1 (p,, achieves the end points for s5,(t) = T ks,(z),
where k is a constant). Thus

2

¢ = ~ B+ B — 2VEEp) (7.56)
]

and the error probability is

12
E E, — 2\/EE
P, = Q_,[\/E( y T E, 1 2912) ] (7.57)

No

It is apparent from (7.57) that in addition to depending on the signal ener-
gies, as in the constant-signal case, P; also depends on the similarity between
the signals through 12 We note that (7.56) takes on its maximum value of
(ZIND)(\/E_; + VEy)’ for p;; = —1, which gives the minimum value of P;
possible as s,(¢) and s,(t) vary. This is reasonable, for then the transmitted
signals are as dissimilar as possible.

By noting that E = 3(E, + E,) is the average received signal energy, since
s1(z) and s5,(t) are transmitted with equal a priori probability, we can write
(7.57) as

= Q[Vz(l1 — Ry))] (7.58)

where z is the average energy per bit divided by noise power spectral density
E,IN,, as it was for baseband systems. The parameter R, is defined as
2VEE, _ VEE

R E

Ry = P12 (7.59)
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FIGURE 7.11 Probability of error for arbitrary waveshape case with
Ryg = 0 and Ryp = —1
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and is a convenient parameter related to the correlation coeflicient, but
which should not be confused with a correlation function. The minimum
value of R, is — 1, which is attained for E;, = E, and p;; = — 1. For this
value of R,,

P = Q(V22) (7.60)

which is identical to (7.11), the result for the baseband system.

The probability of error versus the signal-to-noise ratio is compared in
Figure 7.11 for Ry, = O (orthogonal signals) and R;, = —1 (antipodal
signals).

Correlator Implementation of the Matched-Filter Receiver

In Figure 7.9, the optimum receiver involves two filters with impulse
responses equal to the time reverse of the respective signals being detected.
An alternative receiver structure can be obtained by noting that the matched
filter in Figure 7.12(a) can be replaced by a multiplier-integrator cascade as
shown in Figure 7.12(b). Such a series of operations is referred to as corre-
lation detection.
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FIGURE 7.12 Equivalence of the matched-filter and correlator receivers.
(a) Matched-filter sampler. (b) Correlator sampler.

t=T
yit) =s(t) +nlt) | AlO) = vit) vin
—_— 5T, —o
0<t<T
(a)
t=T

ylt) =sle) +nlt) fr”‘" | v'{t) V(T
( ) o

To show that the operations given in Figure 7.12 are equivalent, we will
show that ¥(T) in Figure 7.12(a) is equal to v/(T) in Figure 7.12(b). The out-
put of the matched filter in Figure 7.12(a) is

T
v(t) = h(t) * y(r) = f (T — )yt — 1) dr (7.61)
0
which follows because h(t) = s(T — ¢t), 0 = t = T, and zero otherwise.
Letting ¢t = T and changing variables in the integrand to @ = T — 7, we
obtain

T
wWT) = f s(@) y(o) do (7.62)
0

Considering next the output of the correlator configuration in Figure
7.12(b), we obtain

T
v(T) = J; y(t)s(e) dt (7.63)
which is identical to (7.62). Thus the matched filters for s;(t) and s,(t) in
Figure 7.9 can be replaced by correlation operations with s,(¢) and s,(t),
respectively, and the receiver operation will not be changed. We note that
the integrate—and-dump receiver for the constant signal case of Section 7.1
is actually a correlation or, equivalently, a matched-filter receiver.

Optimum Threshold

The optimum threshold for binary signal detection is given by (7.29), where
s01(T) and 505(T) are the outputs of the detection filter in Figure 7.6 at time
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T due to the input signals s5,(t) and s,(¢), respectively. We now know that
the optimum detection filter is a matched filter, matched to the difference
of the input signals, and has impulse response given by (7.43). From the
superposition integral, we have

sol(T) = f wh()\)h(r — N d\

= f:[sz(r — N = (T = Nls(T = N A

o] co
= f __sa(ws(w) du — f _ Jnr du
= VEE, p;; — E (7.64)

where the substitution u = T — A has been used to go from the second
equation to the third, and the definition of the correlation coefficient (7.55)
has been used to get the last equation along with the definition of energy
of a signal. Similarly, it follows that

solT) = f m[Sz(’f =N = si(T — Nly(T — N dA

f _fa du — f __sal)sy(u) du

Substituting (7.64) and (7.65) into (7.29), we find the optimum threshold to
be

ko = 3(E; — E)) (7.66)

Note that equal energy signals will always result in an optimum threshold
of zero. Also note that the waveshape of the signals, as manifested through
the correlation coefficient, has no effect on the optimum threshold, but only
the signal energies do.

Nonwhite (Colored) Noise Backgrounds

The question naturally arises about the optimum receiver for nonwhite noise
backgrounds. Usually, the noise in a receiver system is generated primarily
in the front-end stages and is due to thermal agitation of electrons in the
electronic components (see Appendix A). This type of noise is well approx-
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imated as white. If a bandlimited channel precedes the introduction of the
white noise, then we need only work with modified transmitted signals. If,
for some reason, a bandlimiting filter follows the introduction of the white
noise (for example, an intermediate-frequency amplifier following the radio-
frequency amplifier and mixers where most of the noise is generated in a
heterodyne receiver), we can use a simple artifice to approximate the
matched filter receiver. The colored noise plus signal is passed through a
“whitening filter” with a transfer function that is the inverse square root of
the noise spectral density. Thus, the output of this whitening filter is white
noise plus a signal component that has been transformed by the whitening
filter. We then build a matched filter receiver with impulse response that is
the difference of the time-reverse of the “whitened” signals. The cascade
of a whitening filter and matched filter (matched to the whitened signals) is
called a whitened matched filter. This combination provides only an approxi-
mately optimum receiver for two reasons. Since the whitening filters will
spread the received signals beyond the T-second signaling interval, two types
of degradation will result: (1) the signal energy spread beyond the interval
under consideration is not used by the matched filter in making a decision;
(2) previous signals spread out by the whitening filter will interfere with the
matched filtering operation on the signal on which a decision is being made.
The latter is referred to as intersymbol interference and is explored further in
Sections 7.6 and 7.8. It is apparent that degradation due to these effects is
minimized if the signal duration is short compared with T, such as in a pulsed
radar system. Finally, signal intervals adjacent to the interval being used in
the decision process contain information that is relevant to making a deci-
sion on the basis of the correlation of the noise. In short, the whitened
matched-filter receiver is nearly optimum if the signaling interval is large
compared with the inverse bandwidth of the whitening filter. The question
of bandlimited channels, and nonwhite background noise, is explored fur-
ther in Section 7.5.

Receiver Implementation Imperfections

In the theory developed in this section, it is assumed that the signals are
known exactly at the receiver. This is, of course, an idealized situation. Two
possible deviations from this assumption are: (1) the phase of the receiver’s
replica of the transmitted signal may be in error, and (2) the exact arrival
time of the received signal may be in error. These are called synchronization
errors. The first case is explored in Section 7.3, and the latter is explored
in the problems. Methods of synchronization are discussed in Chapter 8.

491



7.3 Error Probabilities for Coherent Binary Signaling Schemes 475

FIGURE 7.13 Waveforms for ASK, PSK, and FSK modulation

Digital
sequenca: 1 1] 1 1 0

Antipodal { A
baseband g T 27 3T AT

signal:

PSK:

Phase difference = 2cos—'m

FSK: t

7.3 ERROR PROBABILITIES FOR COHERENT BINARY
SIGNALING SCHEMES

We now compare the performance of several commonly used coherent
binary signaling schemes. Then we will examine noncoherent systems. To
obtain the error probability for coherent systems, the results of Section 7.2
will be applied directly. The three types of coherent systems to be consid-
ered in this section are amplitude-shift keyed (ASK), phase-shift keyed (PSK),
and frequency-shift keyed (FSK). Typical transmitted waveforms for these
three types of digital modulation are shown in Figure 7.13. We also will
consider the effect of an imperfect phase reference on the performance of
a coherent PSK system. Such systems are often referred to as partially
coherent.

492



476 Binary Data Transmission

Amplitude-Shift Keying (ASK)

In Table 7.1, s,(t) and s,(t) for ASK are given as 0 and A cos w,t, where
fe = w2 is the carrier frequency. We note that the transmitter for such
a system simply consists of an oscillator that is gated on and off; accordingly,
ASK is often referred to as on-off keying. It is important to note that the
oscillator runs continuously as the on-off gating is carried out.

The correlator realization for the optimum receiver consists of multipli-
cation of the received signal plus noise by 4 cos w.¢, integration over (0, T),
and comparison of the integrator output with the threshold AT as calcu-
lated from (7.66).

From (7.55) and (7.59), Ry, = p;, = 0, and the probability of error, from
(7.58), is

%= Q(V2) (7.67)

Because of the lack of a factor \/2 in the argument of the Q function, ASK
is seen to be 3 dB worse in terms of signal-to-noise ratio than antipodal
baseband signaling. The probability of error versus SNR corresponds to the
curve for Ry, = O in Figure 7.11.

Phase-Shift Keying (PSK)
From Table 7.1, the signals for PSK are

s =Asin[wr— (—)cos'm], O0=<t=<T k=12 (768

where cos”' m, the modulation index, is written in this fashion for future
convenience. For simplicity, we assume that w, = 2wn/T, where n is an
integer. Using sin (—x) = —sin x and cos (—x) = cos (x), we can write
(7.68) as

sp(t) = Am sin wt — (— l)*A V1 — m? cos w,z,
0=t=Tk=1,2 (7.69)

where we note that cos (cos ' m) = m and sin (cos ' m) = V1 — m?.
The first term on the right-hand side of (7.69) represents a carrier com-
ponent included in some systems for synchronization of the local carrier
reference at the receiver to the transmitted carrier. The power in the carrier
component is %{Am)z, and the power in the modulation component is
%A (1 — m®). Thus m? is the fraction of the total power in the carrier. The
correlator receiver is shown in Figure 7.14, where, instead of two correla-
tors, only a single correlation with s,(t) — s,(t) is used. The threshold, cal-
culated from (7.66), is zero. We note that the carrier component of s,(t) is
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FIGURE 7.14 Correlator realization of optimum receiver for PSK
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of no consequence in the correlation operation because it is orthogonal to

: i 1,2
the modulation component over the bit interval. For PSK, E, = E, = 34T
and

T
VEEp, = J; s1(t)sy(¢) dt

T

= f (Am sin wt + AV 1 — m’ cos w,t)
0

* (Am sin wt — A1 — m? cos w,t) dt

= IA’Tm® — 34T — )
= 1A’T2m* — 1) (7.70)
Thus R,,, from (7.59), is
2 VE,E,
R, =——
2k +E
= 2m® — 1 7.71)

P12

and the probability of error for PSK is

P = Q[V2(1 — mYz] (7.72)

The effect of allocating a fraction m? of the total transmitted power to a
carrier component is to degrade P; by 10 log,o (1 — m”) decibels from the

ideal R;, = —1 curve of Figure 7.11.
For m = 0, the resultant error probability is 3 dB better than ASK and
corresponds to the R;, = —1 curve in Figure 7.11. We will refer to the

case for which m = 0 as biphase-shift keying (BPSK) to avoid confusion with
the case for which m # 0.

EXAMPLE 7.5 Consider PSK with m = 1/ \/5 (a) By how many degrees
does the modulated carrier shift in phase each time the binary data changes?
(b) What percent of the total power is in the carrier, and what percent is in
the modul:tion component? (c) What value of z = E,/N, is required to give
P =10"%
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SOLUTION  (a) Since the change in phase is from —cos 'm to cos 'm
whenever the phase switches, the phase change of the modulated carrier is

2cos 'm = 2cos”! (1/V2) = 2(45°) = 90° (7.73)

(b) The carrier and modulation components are

carrier = Am sin (w,t) (7.74a)
and
modulation = T4V 1 — m" cos (w.t) (7.74b)
respectively. Therefore, the power in the carrier component is
A’m®
P = (7.758)
2
and the power in the modulation component is
A% — m)
P, = "—"""‘i——"‘ (7.75b)

Since the total power is A%/2, the percent power in each of these compo-
nents is

%P, = m’ X 100 = 50% and %P, = (I — m’) X 100 = 50%

respectively.
(c) We have, for the probability of error,

—(1 — mYz

= [V — m)e] =2—ee——— 7.76
P QALV 2 m") Zm ( )

Solving this iteratively, we obtain, form = 0.5,z = 22.6 or E,/N, = 13.54
dB. Actually, we do not have to solve the error probability relationship iter-
atively again. From Example 7.2 we already know that z = 10.54 dB gives
Py = 10 ° for PSK. In this example we simply note that the required power
is twice as much as for BPSK, which is equivalent to adding 3 dB on to the
10.54 dB required in Example 7.2.

Biphase-Shift Keying with Imperfect Reference

The results obtained earlier for PSK are for the case of a perfect reference
at the receiver. If m = 0, it is simple to consider the case of an imper-
fect reference at the receiver as represented by an input ‘of the form
+4 cos (we + 0) + n() and the reference by A cos (wt + ), where 8 is
an unknown carrier phase and  is the phase estimate at the receiver.
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FIGURE 7.15 Effect of phase error in reference signal for correlation
detection of BPSK
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The correlator implementation for the receiver is shown in Figure 7.15.
Using appropriate trigonometric identities, we find that the signal compo-
nent of the correlator output at the sampling instant is T AT cos ¢, where
¢ = 0 — 0 is the phase error. It follows that the error probability given the

phase error ¢ is
P(9) = Q(V2z cos’ §) (7.77)

We note that the performance is degraded by 20 log,, cos ¢ decibels com-
pared with the perfect reference case.

If we assume ¢ to be fixed at some maximum value, we may obtain an
upper bound on P; due to phase error in the reference. However, a more
exact model is often provided by approximating ¢ as a Gaussian random
variable with the pdf

— 12042

p(9) " Vo, (7.78)

This is an especially appropriate model if the phase reference at the receiver
is derived by means of a phase-locked loop operating with high signal-to-
noise ratio at its input. If this is the case, 03" is related to the signal-to-noise
ratio at the input of the phase estimation device, whether it is a phase-
locked loop or a bandpass-filter-limiter combination.

To find the error probability averaged over all possible phase errors, we
simply find the expectation of P(E|¢) with respect to the phase-error pdf,

p(¢), that is,

e J- i P(d)p(d) dp (7.79)

The resulting integral must be evaluated numerically for typical phase error
pdf’s.* Typical results are given in Table 7.2 for p(¢) Gaussian.

* See, for example, Van Trees (1968), Chapter 4.
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TABLE 7.2 Effect of Gaussian Phase Reference Jitter on the Detection of
BPSK

9 3.68 % 107° 6.54 X 107° 242 X 107*
10 455 % 107° 1.08 X 107° 896 X 10°°
11 318 1077 1.36 X 1078 376 X 10°°
12 1.02 X 107® 161 x 1077 1.83 X 10°°

Frequency-Shift Keying (FSK)
In Table 7.1, the signals for FSK are given as

5i(t) = A cos wt
and 5,(t) = A cos (w, + Aw)r} 0=:t=T (7.80)

For simplification, we assume that

2mn
w, = — [781 a)
T
and
2
Aw = —?3 (7.81b)

where m and n are integers. This ensures that both s5,(t) and s,(t) will go
through an integer number of cycles in T seconds. As a result,

T
E\Eypy, = J; A? cos wt cos (w, + Aw)e dt

T
3A? J- [cos Awt + cos 2w, + Aw)t] dt
0

=0 (7.82)
and Ry, = 0. Thus
= Q(V2) (7.83)

which is the same as for ASK. The error probability versus signal-to-noise
ratio therefore corresponds to the curve R;, = 0 in Figure 7.11.

We note that the reason ASK and FSK have the same P; versus SNR char-
acteristics is that we are making our comparison on the basis of average signal
power. If we constrain peak signal power to be equal, ASK will be 3 dB worse
than FSK.
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We denote the three schemes just considered as coherent, binary ASK,
PSK, and FSK to indicate the fact that they are binary. We will consider
M-ary (M > 2) schemes in Chapter 8.

EXAMPLE 7.6  Compare binary ASK, PSK, and FSK on the basis of E,/Ng
required for Py = 10 % and on the basis of transmission bandwidth for a
constant data rate. Take the required bandwidth as the null-to-null band-
width of the square-pulse modulated carrier. Assume the minimum band-
width possible for BFSK.

SOLUTION  From before, we know that to give Pgppsx = 10~%, the

required E,/N, is 10.54 dB. ASK, on an average basis, and FSK require 3 dB
more, or 13.54 dB, to give Py = 10"°. The Fourier transform of a square-
pulse modulated carrier is

II(t/T) cos (27f,t) <> (T/2) {sinc [T(f — fI] + sinc [T(f + £1

The null-to-null bandwidth of the positive-frequency portion of this spec-

trum is

2
By = _Hz (7.84)

For binary ASK and PSK, the required bandwidth is
2
BPSK = BASK = ; = ZR HZ (7.85)

where R is the data rate in bits per second. For FSK, the spectra for
si(t) = A cos wt, 0==:t=T, w, = 27f,
and
s,(t) = A cos (wt + Awt, 0<:t=<T, Aw = 2m Af

are assumed to be separated by 1/2T Hz, which is the minimum spacing for
orthogonality of the signals. The required bandwidth is therefore

1 1 1 2.5
.BFSK=_+—+—=_=2'5RHZ
T 2T T T
—
f: burst (7.86)
e —

fi + Af burst
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We often specify bandwidth efficiency R/B in terms of bits per second per
hertz. For binary ASK and PSK the bandwidth efficiency is 0.5 bits/s/Hz,
while for binary FSK it is 0.4 bits/s/Hz.

7.4 MODULATION SCHEMES NOT REQUIRING
COHERENT REFERENCES

We now consider several modulation schemes that do not require the acqui-
sition of a local reference signal in phase coherence with the received car-
rier. The first scheme to be considered is referred to as differentially coherent
phase-shift keying (DPSK) and may be thought of as the noncoherent version
of BPSK considered in Section 7.3. Also considered in this section will be
noncoherent, binary FSK,

Differential Phase-Shift Keying (DPSK)

One way of obtaining a phase reference for the demodulation of BPSK is to
use the carrier phase of the preceding signaling interval. The implementation
of such a scheme presupposes two things: (1) The mechanism causing the
unknown phase perturbation on the signal varies so slowly that the phase is
essentially constant from one signaling interval to the next. (2) The phase
during a given signaling interval bears a known relationship to the phase
during the preceding signaling interval. The former is determined by the
stability of the transmitter oscillator, time-varying changes in the channel,
and so on. The latter requirement can be met by employing what is referred
to as differential encoding of the message sequence at the transmitter.
Differential encoding of a ‘message sequence is illustrated in Table 7.3.
An arbitrary reference binary digit is assumed for the initial digit of the
encoded sequence. In the example shown in Table 7.3, a 1 has been chosen.
For each digit of the encoded sequence, the present digit is used as a ref-
erence for the following digit in the sequence. A O in the message sequence
is encoded as a transition from the state of the reference digit to the oppo-
site state in the encoded message sequence; a | is encoded as no change of
state. In the example shown, the first digit in the message sequence is a 1,

TABLE 7.3 Differential Encoding Example

Message sequence: 100111000

Encoded sequence: 1101111010
Reference digit ————*

Transmitted phase: 0000000 «

499



7.4 Modulation Schemes Not Requiring Coherent References 483

FIGURE 7.16 Block diagram of a DPSK modulator

sequence Equival. Level +1 miA cos w,t
gate shift
— A cos w.t
One-bit
delay

so no change in state is made in the encoded sequence, and a 1 appears as
the next digit in the encoded sequence. This serves as the reference for the
next digit to be encoded. Since the next digit appearing in the message
sequence is a 0, the next encoded digit is the opposite of the reference digit,
or a 0. The encoded message sequence then phase-shift keys a carrier with
the phases 0 and 7 as shown in the table.

The block diagram in Figure 7.16 illustrates the generation of DPSK. The
equivalence gate, which is the negation of an EXCLUSIVE-OR, is a logic
circuit that performs the operations listed in Table 7.4. By a simple level
shift at the output of the logic circuit, so that the encoded message is bipo-
lar, the DPSK signal is produced by multiplication by the carrier, or double-
sideband modulation.

A possible implementation of a differentially coherent demodulator for
DPSK is shown in Figure 7.17. The received signal plus noise is correlated
bit by bit with a one-bit delayed version of the signal plus noise. The output
of the correlator is then compared with a threshold set at zero, a decision
being made in favor of a 1 or a 0, depending on whether the correlator
output is positive or negative, respectively.

To illustrate that the received sequence will be correctly demodulated,
consider the example given in Table 7.3, assuming no noise is present. After
the first two bits have been received (the reference bit plus the first encoded

TABLE 7.4 Truth Table for the Equivalence Operation

Input 1 Input 2
(Message) (Reference) Qutput
0 0 1
0 1 0
1 0 0
1 1 1
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FIGURE 7.17 Demodulation of DPSK

t=ty+T

Received N
signal " fr°+ r( ) dt 56 \ﬁ Threshold Decision
o
One-bit
delay
bit), the signal input to the correlator is § 1 = A cos wt, and the reference,

or delayed, input is R; = A4 cos w,t. The output of the correlator is
T
v, = f A% cos® we dt = L AT (7.87a)
0

and the decision is that a 1 was transmitted. For the next bit interval, the
inputs are §, = —4 cos wgt and Ry = 5, = A cos wg, resulting in a cor-
relator output of

T
v, = j; (—4% cos® wi) dt = —1 47T (7.87b)

and a decision that a 0 was transmitted is made. Continuing in this fashion,
we see that the original message sequence is obtained if there is no noise at
the input.

This detector, while simple to implement, is actually not optimum. The
optimum detector for binary DPSK is shown in Figure 7.18. The test statistic
for this detector is

= xx—1 Tt yuyiey (7.88)
If £ > 0, the receiver chuuses the signal sequence
_ JAcos (we + 6), —T=:<o0
s1(e) = {A cos (wt + ), 0o=:<T (7.89)
as having been sent. If £ << 0, the receiver chooses the signal sequence
_ JAcos (wt + 6), —T=:<o0
$(e) = [—A cos (wt + 6), 0<:<T 20

as having been sent.

Without loss of generality, we can choose # = 0 (the noise and signal
orientations with respect to the sine and cosine mixers in Figure 7.18 are
completely random), The probability of error can then be computed from

Pe = Pr(ix_y + yy—y < O |s; sent, § = 0)
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FIGURE 7.18 Optimum receiver for binary differential phase-shift keying
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(it is assumed that s; and s, are equally likely). Assuming that the w.T is an
integer multiple of 2w, we find the outputs of the integrators at time

t = 0 to be
AT
x0=—5—+n1 and Yo = n3
where
0
n = f n{t) cos (w.t) dt
—T
and

0
ny = f n(t) sin (w.t) dt
-7
Similarly, at time ¢ = T, the outputs are
AT
x1=?+n2 and y1 = ny
where
7
n, = f n(t) cos (wt) dt
0

and

T
nyg = f n(t) sin (w.t) dt
0
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It follows that n;, n,, nj, and n, are uncorrelated, zero-mean Gaussian ran-
dom variables with variances N,T/4. Since they are uncorrelated, they are
also independent, and the expression for Py becomes

AT AT
Pp="Pr [(7 + n,) (7 + nz) + n3n, < OJ (7.95)

This can be rewritten as

2 2
P =Pr ﬂ-l‘ﬂ'f‘ﬂ —(E-22
2 2 2 2 2
2 2
+(Z24+2) (B 5| (709
2 2 2 2
[To check this, simply square the separate terms in the argument of (7.96),

collect like terms, and compare with the argument of (7.95).] Defining new
Gaussian random variables as

m m,
wy = — -
m m,
Wy B = ===
(7.97)
n
Wy = 3 + M
2 2
g n4_
Wy B —— — _2"
the probability of error can be written as
AT ’
P, = Pr [(7 + le) + w’ < w,? + wﬁ] (7.98)

The positive square roots of the quantities on either side of the inequality
sign inside the brackets can be compared just as well as the quantities them-
selves. From the definitions of w,, w,, w5, and W4, it can be shown that they
are uncorrelated with each other and all are zero mean with variances
NgT/8. Since they are uncorrelated and Gaussian, they are also independent.

It follows that
AT g
R, = \/(? + w1> + w’ (7.99)

is a Rician random variable (see Problem 5.33). It is also true that

R, = Vw,” + w,? (7.100)
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is a Rayleigh random variable. It follows that the probability of error can be
written as the double integral

Pp = J; [f fxz(’z)}fn,(ﬁ) dry (7.101)

where f3 (ry) is a Rayleigh pdf and f; (r,) is a Rician pdf. This double integral
will arise later when we consider noncoherent FSK modulation, It is rather
amazing that it evaluates to the simple result

P, = L BN = L7 (7.102)

It has been shown in the literature that the suboptimum integrate-and-
dump detector of Figure 7.12 gives an approximate probability of error*

P = QIVE/N, = Q[ V2l (7.103)

The result is about a 2-dB degradation in signal-to-noise ratio for a specified
probability of error from that of the optimum detector.

Recalling the result for BPSK, (7.72) with m = 0, and using the asymp-
totic expression Q(u) = e ' "2![(217)”%], we obtain the following result for
BPSK valid for large z:

et 2

e
2\/7rz’

For large z, DPSK and BPSK differ only by the factor (Wz)m, or roughly a
1-dB degradation in signal-to-noise ratio of DPSK with respect to BPSK at
low probability of error. This makes DPSK an extremely attractive solution
to the problem of carrier reference acquisition required for demodulation
of BPSK. The only significant disadvantages of DPSK are that the signaling
rate is locked to the specific value dictated by the delay elements in the
transmitter and receiver and that errors tend to occur in groups of two
because of the correlation imposed between successive bits by the differ-
ential encoding process (the latter is the main reason for the 1-dB degra-
dation in performance of DPSK over BPSK at high signal-to-noise ratios).

Py = (BPSK; z > 1) (7.104)

Noncoherent FSK

The computation of error probabilities for noncoherent systems is somewhat
more difficult than it is for coherent systems. Since more is known about
the received signal in a coherent system than in a noncoherent system, it is
not surprising that the performance of the latter is worse than the corre-

* See ]. H. Park, ““On Binary DPSK Reception,” IEEE Transactions on Communications, Vol. COM-
26, April 1978, pp. 484-486.
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FIGURE 7.19 Receiver for noncoherent FSK
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sponding coherent system. Even with this loss in performance, noncoherent
systems are often used when simplicity of implementation is a predominent
consideration.

Only noncoherent FSK will be discussed here.* A truly noncoherent PSK
system does not exist, but DPSK can be viewed as such.

For noncoherent FSK, the transmitted signals are

Sl(t) = A cos (wct + 0), 0=t=<T (7105)
sy(t) = A cos [(w, + Aw)t + 0], o=<:=rT

and

where Aw is sufficiently large that s,(t) and s,(t) occupy different spectral
regions. The receiver for FSK is shown in Figure 7.19; note that it consists
of two receivers for noncoherent ASK in parallel. As such, calculation of the
probability of error for FSK proceeds much the same way as for ASK,
although we are not faced with the dilemma of a threshold that must change
with signal-to-noise ratio. Indeed, because of the symmetries involved, an
exact result for P; can be obtained. Assuming s,(t) has been transmitted,
the output of the upper detector at time T, R; = r,(T), has the Rician pdf

_ Ar
hwo=§e“”””h(i> r >0 (7.106)

where Io(*) is the modified Bessel function of the first kind of order zero
and we have made use of Problem 5.33. The noise power is N = N B;. The
output of the lower filter at time T, R, £ r,(T), results from noise alone; its
pdf is therefore Rayleigh:

fafr) = 2T n >0 (7.107)

* See Problem 7.27 for a sketch of the derivation of P; for noncoherent ASK.
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It is a special case of the Rician pdf with A = 0. An error occurs if R, >
R,, which can be written as

P(E|s,(2)) = J; Sa,(r1) [f fxz(fz)d’2:| dry (7.108)

By symmetry, it follows that P(E |si(2)) = P(E|sy(t)), so that (7.108) is the
average probability of error. The inner integral in (7.108) integrates to

—r2/2N : . ;
e "', which results in the expression

r Ar 2

-z 1 1 —r?2IN

P = e I e ! dr 7.109
E L N 0 ( N) i ( )

where z = A%/2N as before. If we use a table of definite integrals, we can
reduce (7.109) to

1 —z/2
b14

P=3 (7.110)

For coherent, binary FSK, the error probability for large signal-to-noise
ratios, using the asymptotic expansion for the Q-function, is

Py = exp (— 32)/V2mz  forz>> 1 @.111)

which indicates that the power margin over noncoherent detection at large signal-to-
noise ratios is inconsequential. Thus, because of the comparable performance
and the added simplicity of noncoherent FSK, it is employed almost exclu-
sively in practice, instead of coherent FSK.

Comparison of Digital Modulation Systems

The binary digital modulation systems analyzed in this section and the pre-
ceding one are compared in Figure 7.20. We see that there is less than a 4-
dB difference between the best (BPSK) and worst (noncoherent ASK and FSK)
at high signal-to-noise ratios. This may seem to be a small price to pay for
the simplicity in going from a coherent PSK system to a noncoherent FSK
system. However, in some applications, even a 1-dB savings is worthwhile.
In addition to cost and complexity of implementation, there are many
other considerations in choosing one type of digital data system over
another. For some channels, where the channel gain or phase characteristics
(or both) are perturbed by randomly varying propagation conditions, use of
a noncoherent system may be dictated because of the near impossibility of
establishing a coherent reference at the receiver under such conditions. Such
channels are referred to as fading. In other situations, the choice of a coher-
ent system may be demanded by considerations other than power savings.

506



490 Binary Data Transmission

FIGURE 7.20 Error probabilities for several binary digital signaling schemes
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The following example illustrates some typical signal-to-noise ratio cal-
culations for these digital modulation techniques.

EXAMPLE 7.7  Suppose a P; of 10~ * is desired for a certain digital data
transmission system. (a) Compare the necessary SNR’s for BPSK, DPSK, non-
coherent ASK, and noncoherent FSK. (b) If a PSK system is used with 10%
of the transmitted signal power allocated to the carrier, how much must the
SNR be increased to maintain P; = 10™% (c) If BPSK is used and a maximum
demodulator phase error of 10% is anticipated, what must the SNR power
margin be to ensure that P, < 10~ *

SOLUTION  For part (a), we use asymptotic expressions for P; and neglect
factors of z "%, The error in doing so is less than 1 dB, as shown in

Table 7.5.

507



7.5 Digital Signaling Through Bandlimited Channels 491

TABLE 74.5 Comparison of Binary Modulation Schemes at
Pc=10"

Modulation Pz A = Asympfotic Required SNR Actual

Method E = Exact (Approx.) (dB)  SNR (dB)
BPSK e %2\/x (A) 9.0 8.4
DPSK 67?2 (E) 9.3 9.3
Noncoherent ASK e~ 12 (A) 12.3 -
Noncoherent FSK e 12 (E) 12.3 12.3

For part (b), m® = 0.1 and the degradation in SNR over a BPSK system is
10 log (1 — mz) = —(0.46 dB. Thus an SNR of 8.4 + 0.46 = 8.86 dB
is required to maintain Py = 1075,

In part (c), the degradation is 20 log;, cos 10° = —0.133 dB. Thus an

Al SNR of 8.4 + 0.133 = 8.533 dB will ensure that P, < 10™*,

7.5 DIGITAL SIGNALING THROUGH BANDLIMITED CHANNELS

The analyses of the digital modulation techniques considered so far assumed
the availability of an infinite-bandwidth channel. In practical applications,
the channel bandwidth is never infinite. Two approaches to the finite-band-
width channel case are the following:

1. Make use of one of the standard digital modulation schemes considered
previously and simply transmit a higher-power signal than ideally
required to compensate for the degradation imposed by the finite-band-
width channel.

2. Choose designs for transmitter and receiver filters that shape the signal
pulse-shape function so as to ideally eliminate interference between
adjacent pulses.

To see how one might make use of the latter approach, we recall the
sampling theorem, which gives a theoretical minimum spacing between sam-
ples to be taken from a signal with an ideal lowpass spectrum in order that
the signal can be reconstructed exactly from the sample values. In particular,
the transmission of a lowpass signal with bandwidth W can be viewed as
sending 2W independent samples per second. If these 2W samples per second
represent 2 independent pieces of data, this transmission can be viewed as
sending 2W pulses per second through a channel represented by an ideal
ldwpass filter of bandwidth W. The transmission of the nth piece of infor-
mation through the channel at time t = aT = n/2W is accomplished by
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sending an impulse of amplitude a,. The output of the channel due to this
impulse at the input is

7u) = a, sinc [ZW(t = 2—';;)] (7.112)

For an input consisting of a train of impulses spaced by T = 1/2W, the
channel output is

¥ = ;yn(t) = Z a, sinc [2W<t — ﬁ)] (7.113)

If the channel output is sampled at time ¢, = m/2W, the sample value is a,,
because

1, m = p

sinc (m — n) = {0 g (7.114)

which results in all terms in (7.113) except the mth being zero. In other
words, the mth sample value at the output is not affected by preceding or
succeeding sample values; it represents an independent piece of information.

Note that the bandlimited channel implies that the time response due to
the nth impulse at the input is infinite in extent; a waveform cannot be
simultaneously bandlimited and time-limited. It is of interest to inquire if
there are any other bandlimited waveforms other than sinc (2Wt) that have
the property of (7.114), that is, that their zero crossings are spaced by T
seconds. One such family of pulses are those having raised cosine spectra. Their
time response is given by

p(t) = :°_i(‘(!:§t’;)2 e (;) (7.115)
and their spectra by
T, If| <1/21 — 8
P(f) = I{l + cos [W(Ifl — 1/2T+ﬁ)]},1/2T—ﬂ< [f]
2 26 <1127+ 8
0, Ifl > 12T+ 8
(7.116)

Figure 7.21 shows this waveform and its spectra for several values of 3. Note
that zero crossings for p(t) occur at least every T seconds. If 8 = 1/27, the
bandwidth of P(f) is 1/T Hz, which is twice that of the sinc (¢/T) pulse (8
= 0). The increased bandwidth, however, results from a cosine rolloff with
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FIGURE 7.21 (a) Pulse response for the raised cosine spectra shown in (b)
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frequency of P(f’), which may be easier to realize in a practical filter. Also,

p(t) for 8 = 1/2T has a narrow main lobe with very low side lobes. This is

advantageous in that interference with neighboring pulses is minimized.

Pulses with raised cosine spectra are used extensively in the design of digital

communication systems.

Given a pulse-shape function p(t), which has the Fourier transform P(f)

that satisfies the criterion

o

k=—00
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then

1, n=20
p(nT) = {o, 1 s (7.118)

Using this result, we can see that no adjacent pulse interference will be
obtained if the received data stream is represented as

<o

yO = Y apl — k) (7.119)

k=—c0
and the sampling at the receiver occurs at multiples of T seconds at the pulse
epochs. For example, to obtain the k = 10 sample, one simply sets t = 10T
in (7.119), and the resulting sample is a,,, given that Nyquist’s pulse-shaping
criterion of (7.117) holds.
The proof of Nyquist’s pulse-shaping criterion follows easily by making
use of the inverse Fourier representation for p(t), which is

Q0
p(t) = f _ o, Hf) exp (j2mft) df (7.120)
For the nth sample value, this expression can be written as
*© (2k+1)/2T
paT) = > f P(f) exp (j2mfuT) df (7.121)
b= —co o (2k—1)/2T

where the inverse Fourier transform integral for p(t) has been broken up
into contiguous frequency intervals of length 1/T Hz. By the change of vari-
ables u = f — k/T, (7.121) becomes

@ 121 k
p(nT) Z f P (u + ;) exp (j2mnTu) du
k=—o

—1/2T
[0.e]

1/2T k
= f D" Plu+=|exp(2maTu)du  (7.122)
~1/2T , " T

where the order of integration and summation has been reversed. By hypoth-
Gsls, T2 P(u + kIT) = T between the limits of integration, so (7.122)
becomes

v2r
p(nT) = f T exp (j2wnTu) du = sinc n
—1/21

— 1, n=240
0, n £ 0 (7.123)
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FIGURE 7.22 Basepand system for signaling through a bandlimited channel
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which completes the proof of Nyquist’s pulse-shaping criterion. With the
aid of this result, it is now apparent why the raised-cosine pulse family is
free of interference, even though the family is by no means unique.

To use this result in designing digital communication systems for bandlim-
ited channels, we consider a model for a baseband system such as is depicted
in Figure 7.22. The transmitted signal is

x©) = D ad(t — kT) « hy(t)
k=—00
= > ah(t — kT) (7.124)
k=—00

where hy(t) is the impulse response of the transmitter filter that has the
lowpass transfer function Hr(f) = F[hy(1)]. This signal passes through a
bandlimited channel filter, after which Gaussian noise with power spectral
density G,(f) is added to give the received signal

y(t) = x(t) * he(t) + n(e) (7.125)

where h¢(t) = 57—1[HC( f)] is the impulse response of the channel. Detec-
tion at the receiver is accomplished by passing y(¢) through a filter with
impulse response hy(t) and sampling its output at intervals of T seconds. If
we require that the cascade of transmitter, channel, and receiver filters sat-
isfies Nyquist’s pulse-shaping criterion, it then follows that the output sam-
ple at time t = ¢, where ¢, is the delay imposed by the channel for the
receiver filter, is

V = Aagp(0) + N
Aag + N, (7.126)

where

Ap(t — t) = hy(t, * he(t) * hy(t) (7.127)
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or, by Fourier transforming both sides, we have

AP(f) exp (—j2nft) = He(f)Hc(f)Hr(f) (7.128)

In (7.126), 4 is a scale factor, t, is a time delay accounting for all delays in
the system, and

N = n(t) i bR(t)|:=td (7129)

is the Gaussian noise component at the output of the detection filter at time
t=t,

To analyze the probability of error for the performance of the system, we
assume binary signaling (a,, = -+1 or —1) so that the average probability
of error is

Py = Pr(a, = 1)Pr(da, + N=0 giveng, = 1)
+ Pr(a, = —1)Pr(da, + N=0 givena, = —1) (7.130)
= Pr(Aa,, + N =0 giveng, = 1)
= Pr(da, + N=0 givena, = —1) (7.131)
where the latter two equations result by assuming a,, = 1 and g, = —1

are equally likely. Taking the last equation of (7.131), it follows that

o] . 2
Pe=Pr(N=4) = J; ﬂi/ﬁ——%du = Q(g) (7.132)

where

o® = var (N) = f _ GDIH(N 1 df (7.133)

Because the Q-function is a monotonically decreasing function of its argu-
ment, it follows that the average probability of error can be minimized
through proper choice of Hy(f) and Ha(f) [H(f) is assumed to be fixed],
by maximizing A/e or by minimizing 0’/A”. The minimization can be carried
out, subject to the constraint in (7.128), by applying Schwarz’s inequality.
The result* is

- _KIxNI™
IHR(f)Iopt =y Gnm(f)ch(f)'m

(7.134)

* For a derivation, see Ziemer and Peterson (1992).
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and

A
|Hr(f) o =% 1P()] 26 4 HL I (7.135)

where K is an arbitrary constant and any appropriate phase response can be
used.
A special case of interest occurs when
No
G,(f) = —2— , all f (white noise) (7.136)
and
1

7.137
2T (7.137)

HC(f) = HOv Ifl =3

The minimum probability of error then simplifies to
Pgmin = Q(V 2E{/Ng) (7.138)

where

E = f _ LH HIdf (7.139)

is the average transmitted signal energy. This result is identical to that
obtained previously for binary signaling in an infinite bandwidth baseband

channel.

7.6 MULTIPATH INTERFERENCE

The channel models that we have assumed so far have been rather idealistic
in that the only signal perturbation considered was due to additive Gaussian
noise. Although realistic for many situations, additive Gaussian-noise chan-
nel models do not accurately represent many transmission phenomena.
Other important sources of degradation in many digital data systems are
bandlimiting of the signal by the channel, as examined in the previous sec-
tion; non-Gaussian noise, such as impulse noise due to lightning discharges
or switches; radio frequency interference due to other transmitters; and
multiple transmission paths due to stratifications in the transmission medium
or reflecting objects.

In this section we consider the effects of multipath transmission because
it is a fairly common transmission perturbation and its effects on digital data
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FIGURE 7.23 Channel model for multipath transmission
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transmission can, in the simplest form, be analyzed in a straightforward

fashion.

We will limit our discussion to a two-ray multipath model as illustrated
in Figure 7.23. In addition to the multiple transmission, the channel perturbs
the 51gnal with white Gaussian noise with double-sided power spectral den-
sity zNu Thus the received signal plus noise is given by

y(£) = s4(t) + Bsyt — 7,) + n() (7.140)

where s,(t) is the received direct-path signal, § is the attenuation of the
multipath component, and 7,, is its delay. For simplicity, only binary BPSK
will be considered in the following analysis. Thus the direct-path signal can
be represented as

s4(t) = Ad(t) cos wt (7.141)

where d(t), the data stream, is a sequence of plus or minus 1’s, each one of
which is T seconds in duration. Because of the multipath component, we
must consider a sequence of bits at the receiver input. We will analyze the
effect of the multipath component and noise on a correlation receiver as
shown in Figure 7.24, which, we recall, detects the data in the presence of
Gaussian noise alone with minimum probability of error. Writing the noise
in terms of quadrature components n.(t) and n(t), we find that the input to
the integrator, ignoring double frequency terms, is

x(t) = Lp[2y(t) cos w.t]
= Ad(t) + BAd(t — T,) cos w.T,, + n.t) (7.142)

where Lp[ ] stands for the lowpass part of the bracketed quantity.
The second term in (7.142) represents interference due to the multipath.
It is useful to consider two special cases:

1. 7,,/T £ 0, so that d(t — 7,) = d(t). For this case, we assume w,7,, is a
uniformly distributed random variable in (—r, 7). This will be true if
W, fluctuates much faster than the carrier tracking loop time constant.
The predominant effect of the multipath for this case will be fading of
the signal component. This case will be analyzed in the next section.
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FIGURE 7.24 Correlation receiver for BPSK with signal plus muitipath at its
input
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2. 0 < 7,/T < 1, so that successive bits of d(t) and d(t — 7,,) overlap; in
other words, we will have intersymbol interference. For this case, we will
let 6 = (8 cos w,T,, be a parameter in our analysis.

We now analyze the receiver performance for case 2, for which the effect
of intersymbol interference is nonnegligible. To simplify notation, let

6 = B3 cos w7, (7.143)
so that (7.142) becomes
x(t) = Ad(t) + Add(t — 7,) + n.(t) (7.144)

If 7,,/T = 1, only adjacent bits of Ad(t) and 46d(¢ — 7,,) will overlap. Thus
we can compute the signal component of the integrator output in Figure
7.24 by considering the four combinations shown in Figure 7.25. Assuming
I’s and O’s are equally probable, the four combinations shown in Figure 7.25
will occur with equal probabilities. Thus the average probability of error is

P, = {PE|+ +) + PE|— +) + PE|+ —) + PE|— —)] (7.145)

where P(E| + +) is the probability of error given two 1’s were sent, and so
on. The noise component of the integrator output, namely

T
N = f 2n(t) cos w.t dt (7.146)
0

is Gaussian with zero mean and variance

T T
,,2 E {4 f f n(t)n(o) cos w,t cos wo dt do’}
0o Jo
T (TN
4 f f =0 O(t — o) cos w,t cos wo do dt
o Jo 2
T

2N, f cos’ .t dt
0

NoT (w.T an integer multiple of 2) (7.147)

Q
I
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FIGURE 7.25 The various possible cases for intersymbol interference in
multipath transmission
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Because of the symmetry of the noise pdf and the symmetry of the signals
in Figure 7.25, it follows that

PE|+ +) = PE|— —) and PE|— +) = PE| + —) (7.148)
so that we have to compute only two probabilities instead of four. From

Figure 7.25, it follows that the signal component at the integrator output,
given a 1-1 was transmitted, is

Viy = AT(1 + §) (7.149)
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and if a 0-1 was transmitted, it is

V_y = AT(1 + 8) — 246,

AT [(1 + 8 — 25;’"] (7.150)

The conditional error probability P(E| + +) is therefore

—AT(1+9) e—u’rmo:r

PE|+ +) = PATQ + &) + N< 0] = ——
—co 27N, T
2E
o[\ eo]
(7.151)

where E = 34°T is the energy of the direct signal component. Similarly,

P(E| — ) is given by

PE|— +) = P{AT[(I + 8) — 26;'“] + N<O}

—ATI(1 +8)— 207/ T] e—MZIZNoT
f du

—co V 2w N, T

2E 207,
-—Q,[ \/N:O{l+6— - ” (7.152)

Substituting these results into (7.145) and using the symmetry properties for

the other conditional probabilities, we have the average probability of error

P = 3Q V22, [(1 + 8)] + 3Q{V2z [(1 + &) — 267,/T]}
(7.153)

where zy, 2 E/N, = A’T/2N, as before.

A plot of Py versus z,, for various values of 6 and 7,,/T, as shown in Figure
7.26, gives an indication of the effect of multipath on signal transmission. A
question arises as to which curve in Figure 7.26 should be used as a basis of
comparison. The one for 6 = 7,/T = 0 corresponds to the error probability
for BPSK signaling in a nonfading channel. However, we note that

_E1+9) _

z, e z(1 + 8) (7.154)
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FIGURE 7.26 P versus z for various conditions of fading and intersymbol
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is the signal-to-noise ratio that results if the total effective received signal
energy, including that of the indirect component, is used. Indeed, from
(7.153) it follows that this is the curve for 7,/T = 0 for a given value of 0.
Thus, if we use this curve for P; as a basis of comparison for P; with 7_/T
nonzero for each 6, we will be able to obtain the increase in P; due to inter-
symbol interference alone. However, it is more useful for system design pur-
poses to have degradation in SNR instead. That is, we want the increase in
signal-to-noise ratio {or signal energy) necessary to maintain a given P in
the presence of multipath relative to a channel with T, = 0. Figure 7.27

shows

typical results for P, = 10~ *.
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FIGURE 7.27 Degradation versus § for correlation detection of BPSK in
specular multipath for Pz = 10~*
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We note that the degradation is actually negative for 0 << 0; that is, the
performance with intersymbol interference is better than for no intersymbol
interference, provided the indirect received signal fades out of phase with
respect to the direct component. This seemingly contradictory result is
explained by consulting Figure 7.25, which shows that the direct and indi-
rect received signal components being out of phase, as implied by 0 <O,
results in additional signal energy being received for cases (b) and (d) with
7,/T > 0 over what would be received if 7,,/T = 0. On the other hand,
the received signal energy for cases (a) and (c) is independent of 7,,/T.

Two interesting conclusions may be drawn from Figure 7.27. First, we
note that when 8 << 0, the effect of intersymbol interference is negligible, since
variation of 7,,/T has no significant effect on the degradation. The degrada-
tion is due primarily to the decrease in signal amplitude owing to the
destructive interference because of the phase difference of the direct and
indirect signal components. Second, when 6 > 0, the degradation shows a
strong dependence on 7,/T, indicating that intersymbol interference is the
primary source of the degradation.

The adverse effects of intersymbol interference due to multipath can be
combated by using an equalization filter that precedes detection of the
received data.* To illustrate the basic idea of such a filter, we take the Fou-

* Equalization can be used to improve performance whenever intersymbol interference is a
problem, for example, due to filtering.
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rier transform of (7.140) with n(t) = O to obtain the transfer function of
the channel, H¢(f):

F[y(0)]
H(f) = 222
U= Fs0
=1+ B ™S (7.155)
If B and 7, are known, the correlation receiver of Figure 7.24 can be pre-
ceded by a filter, referred to as an equalizer, with the transfer function
I

H(f) 1+ Be 7ol

H(f) = (7.156)
to fully compensate for the signal distortion introduced by the multipath,
Since 3 and 7,, will not be known exactly, or may even change with time,
provision must be made for adjusting the parameters of the equalization
filter. Noise, although important, is neglected for simplicity.

7.7 FLAT FADING CHANNELS

Returning to (7.140), we assume that the delay of the multipath portion is
small compared with a bit period so that we have as the approximate inte-
grate-and-dump detector output

x(t) = A(1 + B) d(t) cos w7, + n(t) (7.157)

Since the multipath channel is usually unknown, it is sensible to model 8
and w.7,, as random variables, assuming that the channel varies slowly rela-
tive to the bit duration. This is known as a slowly fading channel. If 8 and
w.T,, vary quickly with respect to d(t), the channel is said to be fast fading.
This is a more difficult case to analyze than the slowly fading case, and we
do not consider it here. A common model for the envelope of the received
signal in the slowly fading case is a Rayleigh random variable, which is also
the simplest case to analyze. Somewhat more general, but more difficult to
analyze, is to model the envelope of the received signal as a Rician random
variable. We illustrate the consideration of a BPSK signal received from a
Rayleigh slowly fading channel as follows. Let the demodulated signal
(7.157) be written in the simpler form

x(t) = Rd(t) + n(¢) (7.158)

where R is a Rayleigh random variable with pdf given by (7.107). If R were
a constant, we know that the probability of error is given by (7.72) with m
= 0. In other words, given R, we have for the probability of error

P(R) = Q(V22) (7.159)
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In order to find the average probability of error over the amplitude R, we
average (7.159) with respect to the pdf of R, which is assumed to be Rayleigh
in this case. However, R is not explicitly present in (7.159) because it is
buried in z:
E, RT,

2 = — == (7.160)
Now if R is Rayleigh—distributed, it can be shown by transformation of pdf’s
that Rz, and therefore z, is exponentially distributed. Thus, the average of
(7.159) is

P5=f Q(\/Z)%J”ﬂh (7.161)

Jo z

where z is the average signal-to-noise ratio. This integration can be carried
out with the result that

Py = %[1 — 1 :_ J BPSK (7.162)

A similar analysis for binary, coherent FSK results in the expression
—

P, = %l:l - 2 T ;:| coherent FSK (7.163)

Other modulation techniques that we can consider in a similar fashion are
DPSK and noncoherent FSK. For these modulation schemes, we obtain
1

Pp= ——m—m DPSK 7.164
Eoo20 + 2 ( )

and

_ 1
2+ z

P noncoherent FSK (7.165)
respectively. The derivations are left to the problems. These results are plot-
ted in Fig. 7.28 and compared with the corresponding results for nonfading
channels. Note that the penalty imposed by the fading is severe.

What can be done to combat the adverse effects of fading? We note that
the degradation in performance due to fading results from the received sig-
nal amplitude being less than what it would be for a nonfading channel
because of the factor 3 cos ¢. If the transmitted signal power can be divided
between two or more subchannels that fade independently of one another,
then the degradation will most likely not be severe in all subchannels for
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FIGURE 7.28 Error probabilities for various modulation schemes in flat

fading Rayleigh channels. (a) Coherent and noncoherent FSK. (b) BPSK and
DPSK.
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the same binary digit. Then, if the outputs of these subchannels are recom-
bined in the proper fashion, it seems reasonable that better performance can
be obtained than that from using a single transmission path. The use of such
multiple transmission paths to combat fading is referred to as diversity trans-
mission. There are various ways to obtain the independent transmission paths;
chief ones are by transmitting over spatially different paths (space diversity),
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at different times (time diversity), with different carrier frequencies (fre-
quency diversity), or with different polarizations of the propagating wave
(polarization diversity).

In any case, an optimum number of subpaths exist that give the maximum
improvement. The number of subpaths D employed is referred to as the order
of diversity.

It is apparent that an ‘optimum value of D exists. Increasing D provides
additional diversity and decreases the probability that most of the subchan-
nel outputs are badly faded. On the other hand, as D increases with total
signal energy held fixed, the average signal-to-noise ratio per subchannel
decreases, thereby resulting in a larger probability of error per subchannel.
Clearly, therefore, a compromise between these two situations must be
made. The problem of fading is again reexamined in Chapter 9 (Section 9.3),
and the optimum selection of D is considered in Problem 9.17.

7.8 EQUALIZATION

As explained in Section 7.6, an equalization filter can be used to combat
channel-induced distortion caused by perturbations such as multipath prop-
agation or bandlimiting due to filters. According to (7.156), a simple
approach to the idea of equalization leads to the concept of an inverse filter.
In this section, we specialize our considerations of an equalization filter to
a particular form—a transversal or tapped-delay-line filter. Figure 7.29 is a
block diagram of such a filter.

There are at least two reasons for considering a transversal structure for
the purpose of equalization. First, it is simple to analyze. Second, it is easy

FIGURE 7.29 Transversal filter implementation for equalization of
intersymbol interference
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508 Binary Data Transmission

to mechanize by means of surface acoustic wave (SAW) filters* at high fre-
quencies and by digital signal processors and charge-transfer devicest (CTDs) at
lower frequencies. ]

We can take two approaches to determining the tap weights, o, ...,
Qy, . . ., oy, in Figure 7.29 for given channel conditions. One is zero-forcing,
and the other is minimization of mean-square error (MMSE). Let us briefly discuss
these two techniques.

Equalization by Zero-Forcing

Let the pulse response of the channel output be p.(t). The output of the
equalizer in response to p.(t) is

N

Pe = D ap.lt — nd) (7.166)

n=—N

We want peq(t) to satisfy Nyquist’s pulse-shaping criterion, which we will
call the zero-ISI condition. Since the output of the equalizer is sampled every
T seconds, it is reasonable that the tap spacing be A = T. The zero-ISI
condition therefore becomes

N

PegmI) = D apl(m — n)T]

n=—N

1 m=20
= 3 = + + +
{0’ cxo m=0fL X2 ... EN (167
Note that the zero-ISI condition can be satisfied at only 2N + 1 time
instants because there are only 2N + 1 coefficients to be selected in (7.167).
Defining the matrices

ro)
0
c - N zeros
o |J

[Peq] =|1 (7.168)

0 =
0
: r N zeros

L ol J

* See “SAW Bandpass Filters,” Anderson Laboratories (1980), 1280 Blue Hill Avenue,
Bloomfield, CT 06002.

T Allen Gersho, “Charge-Coupled Devices: The Analog Shift Register Comes of Age,” IEEE
Communications Magazine, Vol. 13, November 1975, pp- 27-32.
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oy
M) = | SEH (7.169)
oty
and
p0)  p(—=T) " - - p{—2NT)
(] = fc(T) PO - fc[(—ZN + DT] (7.170)
p.2NT) p0)

it follows that (7.167) can be written in matrix form as

[Peg] = [PJI4] (7.171)
The method of solution of the zero-forcing coefficients is now clear. Since
[Peq] is specified by the zero-ISI condition, all we must do is find the inverse

of [P.]. The desired coefficient matrix [A] is then the middle column of
(2], which follows by multiplying [P.]”' and [P,].

EXAMPLE 7.8 Consider a channel for which the following sample values

of the channel pulse response are obtained:

pAT) = 0.3 p2T) = —0.07

The matrix [P] is
1.0 0.2 —0.05

2] = 03 1.0 0.2 (7.172)
—0.07 03 1.0

and the iner’se matrix is
1.0815 —0.2474 0.1035

P]”' = | —0.3613  1.1465 —0.2474 (7.173)
0.1841 —0.3613  1.0815

The zero-forcing tap coefficients are given by the middle column of this
inverse matrix. Using these coefficients, the equalizer output is

Peg(mT) = —0.2474p[(m + 1)T] + 1.1465p(mT)
— 0.3613p[(m — )T] (7.174)

Note that p.(0) = 1.0 and that samples on either side of peq(O) are zero.
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510 Binary Data Transmission

Equalization by MMSE

Suppose that the desired output from the transversal filter equalizer of Fig-
ure 7.29 is d(t). An MMSE criterion then seeks the tap weights that minimize
the mean-square error between the desired output from the equalizer and
its actual output. Since this output includes noise, we denote it by z(t) to
distinguish it from the pulse response of the equalizer. The MMSE criterion
is therefore expressed as

6 = E{[z() — d(t)]z} = minimum (7.175)
where, if y(t) is the equalizer input including noise, the equalizer output is
N
20) = > a,yt — nl) (7.176)
n=—N

Since & is a concave function of the tap weights, a set of sufficient conditions
for minimizing the tap weights is

- 0= ZE{[z(t) — d(1)] QZ—(Q], m=0,%1,..., *N (7.177)
da,, da,,

Substituting (7.176) in (7.177) and carrying out the differentiation, we obtain
the conditions

E{[z(z) — d(®)ly(t — mA)} = o, m=0,%1,%2, ..., =N (7.178)

or
R (md) = Ryml), m=0, %1, *2,..., N (7.179)
where
R,(T) = E[y(t)z(t + 7)] (7.180)
and
Ry(1) = E[y()d(t + 7)] (7.181)

are the cross-correlations of the received signal with the equalizer output
and with the data, respectively.

Using the expression in (7.176) for z(t) in (7.179), these conditions can
be expressed as the matrix equation

where [Rl4] = [R,d] (7.182)
R,/(0) R,(A) - R, 2NA)
®)= | BCA RO e R T DAL 718
R, (—2NA) Tt R0
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and
R_yd( - NA)
R = R —(N = DA] (7.184)
Ryd(NA)

and [A] is defined by (7.169). Note that these conditions for the optimum
tap weights using the MMSE criterion are similar to the conditions for the
zero-forcing weights, except correlation-function samples are used instead
of pulse-response samples.

Two questions remain with regard to setting the tap weights. The first is
what should be used for the desired response d(t). In the case of digital
signaling, one could use the detected data, even if the modem performance
is very poor, since an error probability of only 1072 seill implies that d(t) is
correct for 99 out of 100 bits. Algorithms using the detected data as d(t),
the desired output, are called decision-directed.

The second question is what procedure should be followed if the sample
values of the pulse needed in the zero-forcing criterion or the samples of
the correlation function required for the MMSE criterion are not available.
A useful strategy to follow in such cases is referred to as adaptive equalization.
In this approach, known as the LMS algorithm, an initial guess for the coef-
ficients is corrected according to the recursive relationship

A(n + 1) = A(n) — Ke(n)Y(n) (7.185)
where K is an adjustment parameter, Y(n) is a vector of received data
samples,

y(@n4)
Yo) = | 7 [(n = DA] (7.185)
JNA)

and €(n) is the error y(n) — d(n).

Much more could be said about equalization, but we will close here.*

SUMMARY

1. Binary baseband data transmission in additive white Gaussian noise with
equally likely signals having constant amplitudes of * A and of duration
T results in an average error probability of

* For an excellent survey article dealing with equalization methods in part, see S. Qureshi
“‘Adaptive Equalization,” IEEE Communications Magazine, Vol. 20, March 1982, pp. 9-16.
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L [24%T
Py = Q,( Ny )

where Nj is the single-sided power spectral density of the noise. The
hypothesized receiver was the integrate-and-dump receiver, which
turns out to be the optimum receiver in terms of minimizing the prob-
ability of error.

- An important parameter in binary data transmission is z = E,/N,, the
energy per bit divided by the noise power spectral density (single sided).
For binary baseband signaling, it can be expressed in the following
equivalent forms:

2 2

A

Ep st AT A
zZ=E— = — =

No  No NolIT) N

P

where B, is the “pulse” bandwidth, or roughly the bandwidth required
to pass the baseband pulses. The latter expression then allows the inter-
pretation that z is the signal power divided by the noise power in a
pulse, or bit-rate, bandwidth.

. For binary data transmission with arbitrary (finite energy) signal shapes,
s¢(t) and s,(¢), the error probability for equally probable signals, was
found to be

P = Q(Vw
where

[ee]

=L _ 2 RN
W_ZNO _oo|<'j°1(f) Joz(f)l 4f N, J -

B Isi(6) — sy(e)|? dt

in which o’;(f) and o,( f) are the Fourier transforms olf 51(2) and s5,(z),
respectively. This expression resulted from minimizing the average
probability of error, assuming a linear-filter/ threshold-comparison type
of receiver. The receiver involves the concept of a matched filter; such
a filter is matched to a specific signal pulse and maximizes peak signal
divided by rms noise ratio at its output. In a matched filter receiver for
binary signaling, two matched filters are used in parallel, each matched
to one of the two signals, and their outputs are compared at the end of
each signaling interval. The matched filters also can be realized as
correlators.
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4. The expression for the error probability of a matched-filter receiver
also can be written as
P = Q{lz(1 — BRI

where z = EIN,, E being the average signal energy given by E =
%(El + E,). Ry, is a parameter that is a measure of the similarity of the

two signals; it is given by
2 o0
R, =X t)s,(t) d
12 s f_oo s1(t)sy(t) dt

If R, = —1, the signaling is termed antipodal, while if Ry, = O, the

signaling is termed orthogonal.

5. Examples of coherent (that is, the signal arrival time and carrier phase
are known at the receiver) signaling techniques at a carrier frequency
w, rad/s are the following:

PSK: 5;(t) = A sin [wst — (— l)k cos” 'm], nty =t =<nt, + T,
k=1,2

(cos 'm is called the modulation index)

ASK: s4(t) = 0, oty <t=<nt, + T
5,(t) = A cos w, ntg <t=<mntg + T
FSK: 5,(t) = A cos w, ntg =t=<mntg + T

s,(t) = A cos [(w, + Aw)t], ntg =t=<mnt,+ T

If Aw = 27 ZIT for FSK, where £ is an integer, it is an example of an
orthogonal signaling technique. If m = 0 for PSK, it is an example of an
antipodal signaling scheme. A value of E,/N, of approximately 10.54 dB
is required to achieve an error probability of 10™° for PSK with m = 0;
3 dB more than this is required to achieve the same error probability for

ASK and FSK.

6. Examples of signaling schemes not requiring coherent carrier references
at the receiver are differential phase-shift keying (DPSK) and noncoher-
ent FSK. Using ideal minimum-error-probability receivers, DPSK yields
the error probability

P, = 4 exp (—E,/No)
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while noncoherent FSK gives the error probability
P = %exp (—E,/2Ny)

Noncoherent ASK is another possible signaling scheme with about the
same error probability performance as noncoherent FSK.

In general, if a sequence of signals is transmitted through a bandlimited
channel, adjacent signal pulses are smeared into each other by the tran-
sient response of the channel. Such interference between signals is
termed intersymbol interference. By appropriately choosing transmitting and
receiving filters, it is possible to signal through bandlimited channels
while eliminating intersymbol interference. This signaling technique was
examined by using Nyquist's pulse-shaping criterion and Schwarz’s
inequality. A useful family of pulse shapes for such signaling are those
having raised cosine spectra.

. One form of channel distortion is multipath interference. The effect of

a simple twb-ray multipath channel on binary data transmission is exam-
ined. Half of the time the received signal pulses interfere destructively,
and the rest of the time they interfere constructively. The interference
can be separated into intersymbol interference of the signaling pulses
and cancelation due to the carriers of the direct and multipath com-
ponents arriving out of phase.

Fading results from channel variations caused by propagation conditions.
One of these conditions is multipath if the differential delay is short
compared with the bit period but made up of many wavelengths. A
commonly used model for a fading channel is one where the envelope
of the received signal has a Rayleigh pdf. In this case, the signal power
or energy has an exponential pdf, and the probability of error can be
found by using the previously obtained error probability expressions for
nonfading channels and averaging over the signal energy with respect
to the assumed exponential pdf of the energy. Figure 7.28 compares
the error probability for fading and nonfading cases for various modu-
lation schemes. Fading results in severe degradation of the performance
of a given modulation scheme. A way to combat fading is to use diversity.

Equalization can be used to remove a large part of the intersymbol
interference introduced by channel filtering. Two techniques were
briefly examined: zero-forcing and minimum-mean-squared error. Both
can be realized by tapped delay-line filters. In the former technique,
zero intersymbol interference is forced at sampling instants scparated
by multiples of a symbol period. If the tapped delay line is of length

531



Problems 515

(2N + 1)T, then N zeros can be forced on either side of the desired
pulse. In a minimum mean-square-error equalizer, the tap weights are
sought that give minimum mean square error between the desired out-
put from the equalizer and the actual output. The resulting weights for
either case can be precalculated and preset, or adaptive circuitry can be
implemented to automatically adjust the weights. The latter technique
can make use of a training sequence periodically sent through the chan-
nel, or it can make use of the received data itself in order to carry out
the minimizing adjustment.

FURTHER READING

A number of excellent recently published textbooks deal exclusively with
the subject of digital communications and treat the binary case in detail.

A very complete treatment of digital communications is contained in the
book by Sklar (1989). Covered in this one volume are the concepts of basic
modulation theory, error-correcting codes, link-power budget analysis, syn-
chronization, and encryption. A very readable treatment of digital commu-
nications, although not as complete as the book by Sklar, is the volume by
Haykin (1989).

The books by Proakis (1989) and Lee and Messerschmitt (1988) are other
good treatments of digital communication systems. Proakis includes excel-
lent treatments of the bandlimited channel problem and the problem of
combating fading and multipath, which will be treated in Chapter 9. Proakis
also includes a good introductory chapter on spread-spectrum communica-
tions, which will be treated in Chapter 8.

The book by Benedetto, Biglieri, and Castellani (1987) also provides an
excellent overall treatment of the digital communication problem. They
include a chapter on transmission over “real” channels and have good treat-
ments of intersymbol interference, equalization, coding, and nonlinear
channels.

The book by Ziemer and Peterson (1992) develops digital communication
systems in more depth than in this chapter.

PROBLEMS
Section 7.1

7.1 A baseband digital transmission system that sends Tt A-valued rectan-

gular pulses through a channel at a rate of 10,000 bps is to achieve

5

an error probability of 10™ °. If the noise power spectral density is
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516 Binary Data Transmission

Ny = 107" W/Hz, what is the required value of A? What is a rough
estimate of the bandwidth required?

7.2 (a) Consider a baseband digital transmission system with noise level
of Ny = 10~ ° W/Hz. The signal bandwidth is defined to be that
required to pass the main lobe of the signal spectrum. Fill in the
following table with the required signal power and bandwidth to
achieve the error probability/data rate combinations given.

Required Signal Power A2 and Bandwidth
Ribos  Pe=10"°  Pe=10"" Pe=10"" pr=10"°

1,000
10,000
100,000

(b) Assume the noise level of part (a), but assume that the bandwidth
is that required to pass the main lobe and the first side lobe of
the signal spectrum. Recompute the preceding table.

7.3 A receiver for baseband digital data has a threshold set at € instead
of zero. Rederive (7.8), (7.9), and (7.10) taking this into account. If
P(+4) = P(—4A) = %, find E,/N, in decibels as a function of ¢ for
0=¢€lo =1 togive P, = 10™°, where o” is the variance of N.

74 With Ny = 10" ° W/Hz and 4 = 20 mV in a baseband data trans-
mission system, what is the maximum data rate that will allow a P
of 10" or less? 107°2 10™%

7.5 In a practical implementation of a baseband data transmission system,
the sampler at the output of the integrate-and-dump detector
requires | us to sample the output. How much additional E,/N,, in
decibels, is required to achieve a given P; for a practical system over
an ideal system for the following data rates? (a) 10 kbps; (b) 50 kbps;
(c) 100 kbps.

7.6 (a) The received signal in a digital baseband system is either +4 or
—4, equally likely, for T-second contiguous intervals. However,
the timing is off at the receiver so that the integration starts AT
seconds late (positive) or early (negative). Assume that the timing
error is less than one signaling interval. By assuming a zero
threshold and considering two successive intervals [i.e., (+A4,
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7.7

+A4), (+A4, —A4), (—A, +4), (—A4, —4)] obtain an expression for
the probability of error as a function of AT. Show that it is

2E, 2E, 2|AT
=\ o) +ie[\/3R (- 257
0

Plot for |AT|/T = 0, 0.1, 0.2, and 0.3.

(b) The degradation due to timing error in E;/Ny at a particular prob-
ability of error is the decibel difference between the curve for no
timing error and that for a given timing error. Plot the degrada-
tion due to timing error at Py = 107° as a function of |AT|/T.
What is the additional amount of signal power (or energy)
required to maintain an error probability of 107 for a timing
error of 15%?

As an approximation to the integrate-and-dump detector in Figure
7.3(a), we replace the integrator with a lowpass RC filter with transfer
function

1
HH) =1 + j(fIfs)

where f ; is the 3-dB cutoff frequency.

(a) Find soz(T)IE{noz(t)}, where s50(T) is the value of the output signal
att = T due to +4 being applied att = 0, and ng(t) is the output
noise. (Assume that the filter initial conditions are zero.)

(b) Find the relationship between T and f3 such that the signal-to-
noise ratio found in part (a) is maximized.

Section 7.2

7.8

7.9

Assume that the probabilities of sending the signals s(z) and s5,(t) are
not equal, but are given by p andg=1—p, respectively. Derive an
expression for Pg that replaces (7.30) that takes this into account.
Show that the error probability is minimized by choosing the thresh-
old to be
2
kdpt - 0o In (qu) + So,(T) + So,(T)
s0,(T) — so,(T) 2

The general definition of a matched filter is a filter that maximizes
peak signal-to-rms noise at some prechosen instant of time t,.
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(a) Assuming white noise at the input, use Schwarz’s inequality to
show that the transfer function of the matched filter is

H,(f) = $*(f) exp (—j2mfty)

where S(f) = F[s(t)] and s(¢) is the signal to which the filter is
matched.

(b) Show that the impulse response for the matched-filter transfer
function found in part (a) is

hy()) = s(to — 1)

(c) If s(t) is not zero for ¢t > t,, the matched-filter impulse response
is nonzero for t+ << O; that is, the filter is noncausal and cannot
be physically realized because it responds before the signal is
applied. If we want a realizable filter, we use

_1s(to — v, t=0
0 [O, o

Find the realizable matched-filter impulse response correspond-
ing to the signal

s(t) = AIL [(¢ — T/2)/T] and ¢t, equal to O, T/2, T, and 2T.

(d) Find the peak output signal for all cases in part (c). Plot them
versus to. What do you conclude about the relation between ¢,
and the causality condition?

Referring to Problem 7.9 for the general definition of a matched fil-
ter, find the following in relation to the two signals shown in Figure
7.30.

(a) The causal matched-filter impulse responses. Sketch them.
(b) Relate the constants A and B so that both cases give the same
peak-signal-to-rms noise ratio at the matched-filter output.

FIGURE 7.30

x(t)
A

yl(t)

0 T 0 T=7r
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FIGURE 7.31
st s,(1)
A A fems
t ! e 7
0 3T T 0 ty ST
Lt 5T
_A o=

(©)
()

(e)

@)

(b)
(©

(d)

Sketch the output of the matched filters as a function of time
with signal only at the input.

Comment on the ability of the two matched filters for these sig-
nals to provide an accurate measurement of time delay. What do
you estimate the maximum error to be in so doing in each case?
If peak transmitted power is a consideration, which waveform (and
matched filter) is preferable?

Find the optimum (matched) filter impulse response ho(t), as
given by (7.43) for s5,(t) and s,(t), shown in Figure 7.31.

Find {* as given by (7.54). Plot ¢ versus t,.

What is the best choice for t, such that the error probability is
minimized?

Sketch a correlator receiver structure for these signals.

Find the peak-signal—squared-to-mean—squared-noise ratio for the
output of a matched filter for each of the following signals in terms
of A and T. Take the noise spectral density (single-sided) as No.

(2)

()

(©

(@)

— T/2
si(¢) = AIlL |:(t—T*——l:|

o g {1 == [zw(:; m)” - [(t —Tr/z)]

0 = 4 [ 2272 €72

T

(t — r/z)]

sqi(t) = AA |: T

The signals II(z) and A(t) are the unit-rectangular and unit-triangular
functions defined in Chapter 2.
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Given these signals:

50 = AL =212

w(t —T 12) | o [(t — r/z)]

sz(t) = B cos

T
G 27(t — T/2 — T/2)
sc(t) = 5{1 + cos li—w(—tr—)]} II l:(tle

Assume that these signals are used in a binary digital data transmission
system in the following combinations. In each case, calculate R, 2 in
(7.59) in terms of 4, B, C, and T. Write down an expression for P,
according to (7.58). What is the optimum threshold in each case?

@ s1(1) = s4(1); 55(t) = s5(t) (d) s1() = s(e); so(t) = —sp(2)

(b) s51(t) = 54(1); 55(t) = sc(t) (e) s1(t) = sc(t); s5(2) = —sc(t)
(©) s1(t) = sp(2); 55(t) = sc(t)

Section 7.3

7.14  Verify the numbers given in Table 7.2 by numerical integration. To

7.15

7.16

7.17

evaluate Q(x), use the rational approximation given in Appendix C.6.

Plot the results for P; given in Table 7.2 versus z = E /N, in decibels
with P; plotted on a semilog axis. Estimate the additional E, /N, at P,
= 107° in decibels over the case for no phase error. Compare these
results with that for constant phase error, as given by (7.77), of the
same magnitude (¢ for constant phase error equals 0, for the Gaussian
phase-error case).

Find z = E,/N, required to give Py = 10~ for the following coher-
ent digital modulation techniques: (a) binary ASK; (b) BPSK; (c) binary
FSK; (d) BPSK with no carrier component but with a phase error of 5
degrees in the demodulator; (e) PSK with no phase error in demod-
ulation, but with m = 1!\/5; (f) PSK with m = 1/\/5 and with a
phase error of 5 degrees in the demodulator.

(2) Make a plot of degradation in decibels versus ¢, the phase error
in demodulation, for BPSK. Assume ¢ constant.

(b) Given that z = 10.54 dB is required to give P, = 10™° for BPSK
with no phase error in demodulation, what values of z in decibels
are required to give P, = 10 ° for the following static phase
errors in demodulation? (i) ¢ = 3 degrees; (i) ¢ = 5 degrees;
(iii) @ = 10 degrees; (iv) ¢ = 15 degrees.
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7.18

7.19

7.20

(a) Plot the required signal-to-noise ratio z = E,/N,, in decibels, to
give Py = 10~ * versus m for PSK with a carrier component for
0=<m=1.

(b) Repeat part (a) for P; = 10°°.

(a) Consider the transmission of digital data at a rate of R = 50 kbps
and at an error probability of Py = 10™*. Using the bandwidth
of the main lobe as a bandwidth measure, give an estimate of the
required transmission bandwidth and signal-to-noise ratio in deci-
bels required for the following coherent modulation schemes: (i)
binary ASK; (ii) BPSK; (iii) binary coherent FSK (take the minimum
spacing possible between the signal representing the logic | and
that representing the logic 0).

(b) Consider the same question as in part (a), but with R = 100 kbps
and Py = 107

(c) Repeat part (a), but with R = 25 kbps and P; = 1075

Derive an expression for P; for binary coherent FSK if the frequency
separation of the two transmitted signals is chosen to give a minimum
correlation coefficient between the two signals. How much improve-
ment in SNR over the orthogonal-signal case is obtained?

Section 7.4

7.21

7.22

7.23

Differentially encode the following binary sequences. Arbitrarily
choose a 1 as the reference bit to begin the encoding process. (Note:
Spaces are used to add clarity.)

(a) 100 111 000 101 (d) 000 000 000 000
(b) 101 010 101 010 (¢) 111 111 000 000
(9 111 111 111 111

Consider the sequence to 110 111 001 010. Differentially encode it
and assume that the differentially encoded sequence is used to
biphase modulate a sinusoidal carrier of arbitrary phase. Prove that
the demodulator of Figure 7.17 properly gives back the original

sequence.

(a) In the analysis of the optimum detector for DPSK, show that the
random variables ny, n, n3, and ny have zero means and variances
NoTl4.

(b) Show that w,, w,, w3, and w, have zero means and variances
noT/8.
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7.24

7.25

7.26

7.27

Binary Data Transmission

Compare (7.102) and (7.103) to show that for large &, nonoptimum
detection and optimum detection of DPSK differ by approximately
2 dB.

(a) Compute z in decibels required to give P, = 10™¢ for nonco-
herent, binary FSK and DPSK. For the latter, carry out the com-
putation for both the optimum and suboptimum detectors.

(b) Repeat part (a) for P, = 10~ °.

(c) Repeat part (a) for P, = 10~ *,

Compare bandwidth requirements for noncoherent FSK and for DPSK
for the following data rates R. Use null-to-null RF bandwidths.
Assume that the FSK “tones’’ must be separated by 2/T Hz.

(@ R = 10 kbps (d R = 500 kbps
(b) R = 50 kbps (e) R = 1 Mbps
(c) R = 100 kbps

Find the probability of error for noncoherent ASK, with signal set

oo = [ 0<:t=<Ti=1
i A cos (w,t + 6), 0=:t=<Ti=2

where 6 is a uniformly distributed random variable in (0, 27). White
Gaussian noise is added to this signal in the channel. The receiver is
a bandpass filter followed by an envelope detector followed by a sam-
pler and threshold comparison. Show that the envelope detector out-
put with signal 1 present (i.e., zero signal) is Rayleigh-distributed, and
that the envelope detector output with signal 2 present is Rician-
distributed, Assuming that the threshold is set at A/2, find an expres-
sion for the probability of error. You will not be able to integrate this
expression. However, by making use of the approximation

14

€
Iy) = , v>1
2wy

you will be able to approximate the pdf of the sampler output for
large signal-to-noise ratio as Gaussian and express the 2probability of
error in terms of a Q-function. (Hint: Neglect the »~''* in the above
approximation.) Plot the error probability versus the signal-to-noise
ratio.
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Section 7.5
7.28 Show that (7.115) and (7.116) are Fourier transform pairs.
7.29 Assume a raised-cosine pulse with B = 1/27T, additive noise with

7.30

7.31

power spectral density
2 \/50',,3! mf 5
L+ (fify’

and a channel filter with transfer-function-squared magnitude given

by

G.(f) =

|
H 2 e savarg X
| c(f)l 1 (f!fc)z

Find and sketch the optimum transmitter and receiver filters for
binary signaling for the following cases:

1 1
Oh=fe=n O fe=2=7 ©fi=2c=7

2T
1 1 ;
(@ 2_T=f3 = 2fc (o) 2-T=fc = 2f;
By appropriate sketches, show that the raised-cosine spectra satisfy
Nyquist’s pulse-shaping criterion.

(a) Using (7.128), and (7.139), show that the transmitted signal
energy is

E =,13fm |P(f)I” df
d —oo |He( f)|? | Ha(f)]?

(b) Solving for A? in the result obtained for E; above and using
(7.129) to find var (N) = o, show that

2 o0 - 1
g ; f |P(f)]" df
£ J o GDIENIS | st T

| 9

L

A

(c) Use Schwarz’s inequality to show that the minimum for o*IA” is
2

AR U A6 o I
(A)m % U—w |H( )] df]
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524 Binary Data Transmission

which is achieved for |Hg( f )Idpt and |Hy(f )Iopt given when
(7.134) and (7.135) are used.

(d) Show the minimum error probability is given by

p = 6, p)|2(f)] ]_m]
B Q[\/E_r[f_w Bl

7.32 Data are to be transmitted through a bandlimited channel at a rate
R = 1/T = 9600 bps. The channel filter has transfer function

1
1 + j(f14800)
The noise is white with power spectral density

No

He(f) =

— = 10"" W/Hz
2
Assume a received pulse with raised-cosine spectrum given by (7.116)
with
8 =L =4g00n
= — = zZ
2T

is desired.

(a) Find the magnitudes of the transmitter and receiver filter transfer
functions that give zero intersymbol interference and optimum
detection.

(b) Using a table or the asymptotic approximation for the Q-function,
find the value of A/o required to give Py = 107%

(c) Referring to Problem 7.31, find E; to give this value of A/g for

the No, G,(f), P(f), and H( f) given above. (Numerical integra-
tion required.)

Section 7.6

7.33  Plot Py from Equation (7.153) versus z, for § = 0.5 and 7,/T = 0.2,
0.6, and 1.0. Note that effective use can be made of Figure 7.26 by
appropriately shifting the abscissa.

7.34 Redraw Figure 7.27 for P, = 10 °. For a rough plot, make use of
Figure 7.26. For a more refined plot, write a Mathcad program using

solve blocks to obtain the degradation for various values of ¢ and
Tl T.
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FIGURE 7.32
:,ﬁm- + 5 y(.t)
+
L Gain ) Delay
8 T | px(t—1,)
(a)

g(t) Delay 3 Delay ¥ Delay

A A A

2(t)

{b)

7.35 A simple model for a multipath communications channel is shown in
Figure 7.32(a).

(a) Find H(f) = Y(f)/X(f) for this channel and plot |H(f)| for
8 = 1 and 0.5.

(b) In order to equalize, or undo, the channel-induced distortion, an
equalization filter is used. Ideally, its transfer function should be

1
H{f)

if the effects of noise are ignored and only distortion caused by
the channel is considered. A tapped delay-line or transversal fil-
ter, as shown in Figure 7.32(b), is commonly used to approximate
H_y(f). Write ciczwn a series expr;:ssion3for H(f) = Z(f)IY(f).
() Using(1 + 5  =1—x+x —x + .., |x] <1, finda
series expression for 1/H/(f). Equating this with Heq( f) found in
part (b), find the values for 8, 85, . . . , By, assuming 7, = A.

H(f) =

Section 7.7

7.36 Fading margin can be defined as the incremental E;/N,, in decibels,
required to provide a certain desired error probability in a fading
channel as could be achieved with the same modulation technique
in a nonfading channel. Assume that a bit error probability of 1072
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526 Binary Data Transmission

is specified. Find the fading margin required for the following cases:
(a) BPSK; (b) DPSK; (c) coherent FSK; (d) noncoherent FSK.

7.37 Repeat Problem 7.36 for a specified error probability of 1073,

7.38 Carry out the integrations leading to (7.162), (7.163), (7.164), and
(7.165) given that the signal-to-noise ratio pdf is given by

_/_
e %, z=0

flz) =

NI =

Section 7.8

7.39  Given the following channel pulse-response samples:

p—3T) = 0.001 p(—2T) = —0.01 p(—T) = 0.1 p.(0) = 1.0
pT) 0.2 p.(2T) —0.02 p(3T) = 0.005

(2) Find the tap coefficients for a three-tap zero-forcing equalizer.
(b) Find the output samples for mT = —2T, —T, 0, T, and 2T.

7.40 (a) Consider the design of an MMSE equalizer for a multipath chan-
nel whose output is of the form

y(t) = Ad(t) + bAd(t — T,) + n(r)

where the second term is a multipath component and the third
term is noise independent of the data, d(t). Assume d(t) is a ran-
dom (coin-toss) binary sequence with autocorrelation function
R;(T) = A(T/T). Let the noise have a lowpass-RC-filtered spec-
trum with 3-dB cutoff frequency f; = 1/T. Let the tap spacing be
A=71 =T Express the matrix [R,] in terms of the signal-to-
noise ratio E,/N, = AZT/NO, where Nj is the single-sided power
spectral density of the noise into the lowpass RC filter that pro-
duced the noise into the equalizer.

(b) Obtain the optimum tap weights for a three-tap MMSE equalizer
and at a signal-to-noise ratio of 10 dB.

g COMPUTER EXERCISES*

7.1 Develop a computer simulation of an integrate-and-dump detector for
antipodal baseband signaling. Generate Gaussian noise samples so that

* Computer exercises requiring a computer simulation, such as 7.1 and 7.4, are best done
with a high-level programming language such as C or Fortran. Matlab may also suffice in these

cxercises.
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Computer Exercises 527

7.2

s

74

7.5

7.6

white noise of two-sided spectral density Ny/2 is simulated. You can
do this by drawing independent Gaussian random numbers with zero
mean with variance o~ obeying*

where T, is the sample interval (this should be one-tenth the bit period
or less). Obtain an estimate the probability of error versus E,/N, by
simulating the transmission of many bits into the receiver, counting
the number of errors, and dividing by the total number of bits received
for a number of values of E,/Ny. Do your results check with Figure 7.5?

Write a computer program to evaluate the degradation imposed by bit
timing error at a desired error probability as discussed in Problem 7.6.

Write a computer program to evaluate the degradation imposed by
Gaussian phase jitter at a desired error probability as discussed in con-
nection with the data presented in Table 7.2. This will require numer-

ical integration.

Referring to Computer Exercise 7.1 and Problem 7.7, write a simula-
tion of a receiver in which the integrate-and-dump detector is replaced
by a first-order filter, thus verifying the theoretical result obtained in
Problem 7.7. You will have to simulate the filter digitally. It is sug-
gested that you use the bilinear-z transform realization method for the

digital filter.}

Write a computer program to evaluate various digital modulation
techniques:

(a) For a specified data rate and error probability, find the required
bandwidth and E,/N, in decibels. Corresponding to the data rate
and required E,/Nj, find the required received signal power for
Ny = 1 W/Hz.

(b) For a specified bandwidth and error probability find the allowed
data rate and required E,/N, in decibels. Corresponding to the
data rate and required E,/Ny, find the required received signal
power for Ny = 1 W/Hz.

Write a computer program to compute and plot the transfer functions

of the optimum filters as specified by (7.134) and (7.135) for specified

* See Ziemer and Peterson, pp. 121-122.

t See, for example, Ziemer, Tranter, and Fannin, Chapter 9.
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528 Binary Data Transmission

noise power spectral density and channel transfer function for raised
cosine spectra.

7.7 Write a computer program to verify Figures 7.26 and 7.27.

7.8 Write a computer program to evaluate degradation due to fading at a
specified error probability.

7.9 Write a computer program to design equalizers for specified channel
conditions for: (a) the zero-forcing criterion; (b) the MMSE criterion.
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ADVANCED DATA
COMMUNICATIONS
TOPICS

In this chapter we consider some topics on data transmission that are beyond
the fundamental ones considered in Chapter 7. The first topic considered is
that of M-ary digital modulation systems, where M > 2. We next examine
bandwidth requirements for data transmission systems. An important consid-
eration in any communications system is synchronization including carrier,
symbol, and word. This is considered next. Following this, we look at mod-
ulation techniques that utilize bandwidths much larger than that required
for data modulation itself. Such schemes are referred to as spread-spectrum
systems. The final section deals with satellite communications links, which
provides a specific example of the application of some of the digital com-
munications topics considered in Chapters 7 and 8.

8.1 M-ARY DATA COMMUNICATIONS SYSTEMS

With the binary digital communications systems we have considered so far,
one of only two possible signals can be transmitted during each signaling
interval. In an M-ary system, one of M possible signals may be transmitted
during each Tsecond signaling interval, where # = 2 (we now place a
subscript s on the signaling interval T to denote “symbol”’; we will place the
subscript b on T to denote “‘bit” when M = 2). Thus binary data transmission
is a special case of M-ary data transmission. We refer to each possible trans-
mitted signal of an M-ary message sequence as a character or symbol. The rate
at which M-ary symbols are transmitted through the channel is called the
baud rate in bauds.

M-ary Schemes Based on Quadrature Multiplexing

In Section 3.6 we demonstrated that two different messages can be sent
through the same channel by means of quadrature multiplexing. In a quad-
rature-multiplexed system, the messages m,(t) and m,(t) are used to double-

=Aan |
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530 Advanced Data Communications Topics

sideband modulate two carrier signals, which are in phase quadrature, to
produce the modulated signal

x(t) = A[m(t) cos wt — my(t) sin w,]

£ R(¢) cos [w,t + 0(t)] 8.1)

Demodulation at the receiver is accomplished by coherent demodulation
with two reference sinusoids that are ideally phase and frequency coherent
with the quadrature carriers. This same principle can be applied to trans-
mission of digital data and results in several modulation schemes, three of
which will be described here: (1) quadriphase-shift keying (QPSK), (2) offset
quadriphase-shift keying (OQPSK), and (3) minimum-shift keying (MSK).

In the analysis of these systems, we make use of the fact that coherent
demodulation ideally results in the two messages m(t) and m,(r) being sep-
arate at the outputs of the quadrature mixers. Thus these quadrature-mul-
tiplexed schemes can be viewed as two separate digital modulation schemes
operating in parallel.

The block diagram of a parallel realization for a QPSK transmitter
is shown in Figure 8.1, along with typical signal waveforms. In the case

FIGURE 8.1 Modulator and typical waveforms for QPSK

d,ft)
+1 A
)0 LIE r t
0 0 I
—1 —A
dlt) L:
+1 s Ad,(t) sin w,t
L i J
0f 1 0 0 1 ={*1
-1 () [‘1 Asin wgt
Serial to
parallel Z >
- {+1 converter Ad,(t) cos wt —
e =14 5 Adylt) sin w,t
90
A cos w,t
dyie) = |1 ¢
Ad,(t) cos wyt
d, (1)
+1
1 0 1
1 ¢ f
0 b 0
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FIGURE 8.2 Detection of QPSK

Integrate
= and
sample

3 Adyt)
y
Parallel to | 3 Adlt)
serial
conversion

3 Adyit)

Ad,(t) cos gt + Ady(t) sin w.t

Integrate
and
sample

of QPSK, we set m(t) = d,(t) and m,(t) = d,(t), where d; and d, are
+ 1-valued waveforms that have possible transitions each T, seconds. Tran-
sitions are aligned. Note that we may think of d(t) and d,(t), the bit streams
that modulate the quadrature carriers, as being obtained by grouping the
bits of a binary signal d(z) with a bit period half the symbol period of d(t)
and d,(t), two bits at a time. Since the phase of the transmitted signal is

_ 1 | —da(t)
6, = tan |:—_d1(t) ] (8.2)

we see that 8, takes on the four possible values +45° and +135°. Conse-
quently, a QPSK transmitter can be realized in a serial fashion where d,(t)
and d,(t) impose phase shifts on the carrier that are integer multiples of 90°.

Because the transmitted signal for a QPSK system can be viewed as two
binary PSK signals summed as shown in Figure 8.1, it is reasonable that
demodulation and detection involve two binary receivers in parallel, one for
each quadrature carrier. The block diagram of such a system is shown in
Figure 8.2. We note that a symbol in d(¢) will be correct only if the corre-
sponding bits in both d(f) and dy(t) are correct. Thus the probability of
correct reception P, for each bit of d(z) is given by

Po=(1 — P)(1 — Pg) (8.3)

where P; is the probability of error for quadrature channelj,j = lor2.In
writing (8.3), it has been assumed that errors in the quadrature channels are
independent. We will discuss this assumption shortly.

Turning now to the calculation of PEJ,}‘ = 1, 2, we note that because of
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532 Advanced Data Communications Topics

symmetry, Py = Py. Assuming that the input to the receiver is signal plus
white Gaussian noise with double-sided power spectral density NG, that is,

y(t) = Ady(t) cos wt — Ady(t) sin wet + n(t) (8.4)

we find that the output of the upper correlator in Figure 8.2 at the end of
a signaling interval T, is

Vi = v(T) = $34T, + N, (8.5)

where

TS
N, = f n(t) cos w,t dt (8.6)
0

Similarly, the output of the lower correlator at t = T, is
V, = v(T) = £34T, + N, 8.7)

where

TS
N, = f n() sin w.¢ dt (8.8)
4}

Errors at either correlator output will be independent if ¥, and V, are
independent, which requires that N; and N, be independent. We can show
that N, and N, are uncorrelated (Problem 8.4), and since they are Gaussian
(why?), they are independent. '

Returning to the calculation of Py, we note that the problem is similar to
the antipodal baseband case. The mean of N, is zero, and its variance is

T, 2
o> = E{N,) = E I'[f n(t) cos w,t dt:l ]
0

TS TS
f f E{n(t)n(c)} cos w,t cos wa dt dox
o Jo

T, T,
s 5 NO
= f f — 0(t — a) cos w,t cos w,o do dt
0o Jo 2

Ny, (%

= —Of cos’ w.t dt
2 Jo
NoT.

= T‘ (8.9)
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Thus, following a series of steps similar to the case of binary antipodal sig-
naling, we find that

P, = P(d; = +1PE |d, = +1) + P(d, = —DPE,|d, = —1)
= P(E,|d, = +1) = P |d, = —1) (8.10)

where the latter equation follows by noting the symmetry of the pdf of V.
But

PRAT, + N, < 0) = P(N, < —3AT)

2 2
—ATy2, Ryi2dy

——d|
-\ 27mo, -

_ AT, o
=Q N (8.11)

Thus the probability of error for the upper channel in Figure 8.2 is

AT
Py, = Q(\ /—N—) (8.12)
0

the same as P;.. Noting that 142T is the average energy for one quadrature
E, g 24 1 g gy q

PEE|d, = +1)

channel, we see that (8.12) is identical to binary PSK. Thus, considered on a
per channel basis, QPSK performs identically to binary PSK.

However, if we consider the probability of error for a single phase of a
QPSK system we obtain, from (8.3), the result

Bp=1—P=1—(1—P) =2, P<KI
= 2Q< A——ZT’) (8.13)
No ;

Noting that the energy per symbol, or character, is A2TS £ E, for the quad-
riphase signal, we may write (8.13) as

P, = 2Q ( E) (8.14)

If we compare QPSK and binary PSK on the basis of average energy-per-
symbol-to-noise-spectral-density ratio, QPSK is approximately 3 dB worse than
binary PSK. However, we are transmitting twice as many bits with the QPSK system,
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FIGURE 8.3 Error probability for QPSK
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assuming T, the same. Comparing QPSK and binary PSK on the basis of the
systems transmitting equal numbers of bits per second (two bits per QPSK
phase), we find that the performances are the same. Binary PSK and QPSK
are compared in Figure 8.3 on the basis of signal-to-noise ratio z = E/N,,
where E, is the average energy per symbol. Note that the curve for QPSK
approaches % as the SNR approaches zero (—00 dB). This is reasonable
because the receiver will, on average, make only one correct decision for
every four signaling intervals (one of four possible phases) if the input is
noise alone.

OQFSK Systems

Because the quadrature data streams d,(¢) and d,(r) can switch signs simul-
taneously in a QPSK system, it follows that the data-bearing phase 0, of the
modulated signal can change by 180°. This can have an undesirable effect in
terms of envelope deviation if the modulated signal is filtered, which is
invariably the case in a practical system. To avoid the possibility of 180°
phase switching, the switching instants of the quadrature-channel data sig-
nals d(z) and d,(t) of a QPSK system can be offset by T,/2 relative to each
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8.1 M-ary Data Communications Systems 535

other, where T, is the signaling interval in either channel. The resulting mod-
ulation scheme is referred to as offset QPSK, which is abbreviated OQPSK; it
is also sometimes called staggered QPSK. With the staggering or offsetting of
quadrature data streams by T,/2, the maximum phase change due to data
modulation of the transmitted carrier is 90°. For an ideal system, the error
probability performance of OQPSK is identical to that of QPSK. One limi-
tation of an OQPSK system is that the data streams d,(t) and d,(t) must have
the same symbol durations, whereas for QPSK they need not.

MSK Systems

In (8.1), suppose that message m;(t) is of the form

m(t) = d,(t) cos w;t (8.15)
and message m,(t) is given by

my(t) = dy(t) sin wt (8.16)

where d,(t) and d,(t) are binary data signals taking on the value +1 or
—1 in symbol intervals of length T, = 2T, seconds, and w, is the radian
frequency of the weighting functions, cos w,t and sin w,t, to be specified
later. As in the case of QPSK, these data signals can be thought of as having
been derived from a serial binary data stream whose bits occur each T} sec-
onds, with even-indexed bits used to produce d;(t) and odd-indexed bits
used to produce d,(t), or vice versa. These binary data streams are weighted
by a cosine or sine waveform as shown in Figure 8.4. If we substitute (8.15)
and (8.16) into (8.1) and keep in mind that d,(t) and d,(t) are either +1 or
— 1, then, through the use of appropriate trigonometric identities, it follows
that the modulated signal can be written as

x,(t) = A cos [wz + 8,(t)] (8.17)

where

0,(t) = —tan_l{ [jjtg] tan (wlt)} (8.18)

If dy(t) = d,(¢) (i.e., successive bits in the serial data stream are the same,
either both logic 1’s or both logic 0’s), then

0.(t) = —wt (8.19)
whereas, if d,(f) = —d,(t) (i.e., successive bits in the serial data stream are
different), then

0.(t) = w;t (8.20)

552
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FIGURE 8.4 Block diagrams for parallel MSK modulator and demodulator.
(a) Modulator. (b) Demodulator. (From R. E. Ziemer and C. R. Ryan,
“"Minimum-Shift Keyed Modem Implementations for High Data Rates,"” /IEEE
Communications Magazine, Vol. 21, October 1983. Copyright © 1983 IEEE.
Reprinted with permission.)

d,{t) = (1, -1, -1, 1,...); symbol duration = 27, sec
Seriall
dat) = 7
(=1, =1, =111, ) cg?-,:,aélr?ér cos (nl/27,) cos (2nuft) (% )
(Bitduration =T, sec) sin(rt/27,)  sin (2=f)
d,(t} = (1,-1,1,1,...); symbol duration = 2T, sec
(Staggered 7, sec relative to d,(t))
()
_ - t = (2k + 1)Tb
Lowpass (?H)Ud; —mg—) “%}: > d,(t)
filter 2x-1)T, =
XAt | cos (2nf.t) cos (nt/27,)
A in tts
sigi2ntt) SnYeTR) . t= 2k + 17T,
)y Lowpass I(( ;3[" +1 v
filter e — > )
(b)

One form of minimum-shift keying (MSK) results if w; = 7/ I, = /21,
In this case, each symbol of the data signal d,(t) is multiplied or weighted
by one-half cycle of a sine waveform, and each symbol of the data signal
d,(t) is weighted by one-half cycle of a cosine waveform, as shown in Figure
8.5. This form of MSK, wherein the weighting functions for each symbol are
alternating half cycles of sine or cosine waveforms, is referred to as MSK type
I. MSK type II modulation results if the weighting is always a positive half-
cosinusoid or half-sinusoid, depending on whether it is the upper or lower
arm in Figure 8.4 being referred to. This type of MSK modulation, which is
also illustrated in Figure 8.5, bears a closer relationship to OQPSK than to
MSK type L.

Using w; = m/2T, in (8.18) and substituting the result into (8.19) gives

1
x,(t) = A cos [27!' (fc + 4—7_’,) t + uk} (8.21)
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8.1  M-ary Data Communications Systems 537

FIGURE 8.5 (a) MSK type | modulation. (b) MSK type Il modulation.
(Adapted from Figure 3.6 of Digital Communications by Satellite by V. K.
Bhargava et al. Copyright © 1981 John Wiley & Sons, Inc. Used with
permission.)

I-channel I-channel

QPSK | | | QaPSK | I
Q-channel | | [ Q-channel ] ! | l

QPSK QPSK

Q-channel M

0QPsK

wo VVVVV VA

% oy LSS A
AYAVAY
0 /\/\/\/ AAAAAAA
i
\/\/\/\/\/\/

Q-chahnel
0QPSK

r ()

l-channel
MSK I

l-channel

MSK Il
Q-channel
MsK Il

4 i i 4 Il Il | 1 Il 4 Il 4
t t T T T T 1 T T T T 1

-, 0 T, 2T, 37, 47, 57, 67, -7, 0 T, 2T, 37, 47, 57, 6],

Q-channel
MSK |

(a) (b}
where £ = w /27 and u, = O or u, = kw modulo * 27, according to
¢ c k k g

whether d,/d; equals +1 or —1, respectively. From this form of an MSK-
modulated signal, we can see that MSK can be viewed as frequency modu-
lation in which the transmitted tones* are either one-quarter data rate
(1/4T,) above or one-quarter data rate below the carrier f; in instantaneous
frequency (since the carrier is not actually transmitted, f, is sometimes
referred to as the apparent carrier). Note that the frequency spacing between
the tones is Af = 1/2T;, which is the minimum frequency spacing required
for the tones to be coherently orthogonal [that is, p;, of (7.57) is zerol.

* One should not infer from this that the spectrum of the transmitted signal consists of

impulses at frequencies f; T 1/4T1,.
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In neither MSK type I nor MSK type II modulation formats is there a one-
to-one correspondence between the data bits of the serial bit stream and
the instantaneous frequency of the transmitted signal. A modulation format
in which this is the case, referred to as fast frequency-shift keying (FFSK), can
be obtained by differentially encoding the serial bit stream before modula-
tion by means of an MSK type I modulator.

Viewing (8.21) as a phase-modulated signal, we note that the argument
of the cosine can be separated into two phase terms, one due solely to
the carrier frequency, or 2mfr, and the other due to the modulation, or
T w(¢/2T}) + uy. The latter term is referred to as the excess phase and is
conveniently portrayed by a trellis diagram, such as that in Figure 8.6, which
shows the excess phase trajectories for all possible serial data sequences.
Note that the excess phase changes by exactly /2 radians each T, seconds
and that it is a continuous function of time. This results in even better enve-
lope deviation characteristics than OQPSK when filtered. In the excess-phase
trellis diagram, straight lines with positive slope correspond to alternating
I's and 0’s in serial-data sequences, and straight lines with negative slope
correspond to all 1's or all 0's in serial-data sequences.

The detector for MSK signals can be realized in paralle! form in analogous
fashion to QPSK or OQPSK, as shown in Figure 8.2, except that multipli-
cation by cos (wt/2T,) is required in the upper arm and multiplication by
sin (mt/2T;) is required in the lower arm in order to realize the optimum

FIGURE 8.6 MSK trellis diagram (From R. E. Ziemer and C. R. Ryan,
"Minimum-Shift Keyed Modem Implementations for High Data Rates," /EEE
Communications Magazine, Vol. 21, October 1983. Copyright © 1983 |EEE.
Reprinted with permission.)
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8.1 M-ary Data Communications Systems 539

FIGURE 8.7 Block diagrams of serial MSK modulator and demodulator.
(a) Serial MSK modulator. (b) Serial MSK demodulator. (From R. E. Ziemer
and C. R. Ryan, “"Minimum-Shift Keyed Modem Implementations for High Data
Rates,” IEEE Communications Magazine, Vol. 21, October 1983. Copyright ©
1983 |EEE. Reprinted with permission.)
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correlation detector for the two data signals d;(t) and d,(t). As in the case
of QPSK (or OQPSK), it can be shown that the noise components at the
integrator outputs of the upper and lower arms are uncorrelated. Except for
a different scaling factor, the error probability analysis for MSK is identical
to that for QPSK, and consequently, the error probability performance of
MSK is identical to that of QPSK or OQPSK.

In the discussion of MSK so far, we have viewed the modulation and
detection processes as being accomplished by parallel structures like those
shown in Figures 8.1 and 8.2 for QPSK. It turns out that MSK can be pro-
cessed in a serial fashion as well, The serial modulator structure, as shown
in Figure 8.7(a), consists of a BPSK modulator with a conversion filter at its
output with the transfer function

G(f) = {sinc [(f — fIT, — 0.25] + sinc [(f + fOT, + 0.25])e 2o
(8.22)

where t, is an arbitrary filter delay and f; is the apparent carrier frequency
of the MSK signal. Note that the peak of the frequency response of the
conversion filter is offset in frequency one-quarter data rate above the appar-
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ent carrier. The BPSK signal, on the other hand, is offset one-quarter data
rate below the desired apparent carrier of the MSK signal. Its power spec-
trum can be written as

Seesk(f) = (AT, /2){sinc’ [(f — f)T, + L2
+ sinc” [(f + f)T, — 0.25]} (8.23)

The product of |G(f)| ? and Sees(f) gives the power spectrum of the con-
version filter output, which, after some simplification, can be shown to be

s _ 324°T, { cos’ 2 T( = F) 4 cos” 2T (f + £ ]
MSK(f) = B 1 — 16sz(f_fc)2]2 [n— IGsz(f'f'fc)z]z
(8.24)

as illustrated graphically in Figure 8.8. This is the double-sided power spec-
trum of an MSK-modulated signal,* which demonstrates in the frequency
domain the validity of the serial approach to the generation of MSK. Thus
the parallel modulator structure can be replaced by a serial modulator struc-
ture, which means that the difficult task of producing amplitude-matched
phase-quadrature signals in the parallel structure can be replaced by the
perhaps easier task of generation of BPSK signals and synthesis of conversion
filters.

At the receiver, essentially the reverse of the signal-processing procedure
at the transmitter is carried out. The received signal is passed through a filter
whose frequency response is proportional to the square root of the MSK
spectrum. As shown in Figure 8.7(b), the filter is followed by a coherent
demodulator, a sampler, and threshold comparison to carry out the data
detection. Although the details will not be given here,} it can be shown that
each symbol is sampled independently of those preceding or following it at
the proper sampling instants.

M-ary Data Transmission in Terms of Signal Space

A convenient framework for discussing M-ary data transmission systems is
that of signal space. The approach used here in terms of justifying the
receiver structure is heuristic. It is placed on a firm theoretical basis in Chap-
ter 9, where optimum signal detection principles are discussed.

* This will be shown in Section 8.2.
T See F. Amoroso and J. A. Kivett, “Simplified MSK Signaling Technique,” IEEE Transactions
on Communication, Vol. COM-25, April 1977, pp. 433-441.
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FIGURE 8.8 Spectra pertinent to producing serial MSK. (a) PRK power
spectrum. (b) Frequency response of conversion filter magnitude squared.
(c) MSK power spectrum. Only positive-frequency halves of double-sided
spectra are shown. (From R. E. Ziemer and C. R. Ryan, ""Minimum-Shift
Keyed Modem Implementations for High Data Rates,"" IEEE Communications
Magazine, Vol. 21, October 1983. Copyright © 1983 IEEE. Reprinted with
permission.)
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We consider coherent communication systems with signal sets of the form
K

GO =D ap ), O0=<t=<T, K=M i=12...M4 825
j=1

where the functions ¢,(t) are orthonormal over the symbol interval. That is,

T, =
|t e = {(1) =B ©26)
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Based on (8.25), we can visualize the possible transmitted signals as points
in a space with coordinate axes ¢,(t), ¢,(¢), P5(t), . . . , @ (t), much as illus-
trated in Figure 2.5.

At the output of the channel it is assumed that signal plus additive white
Gaussian noise is received; that is,

y(t) = s5,(¢) + n(p), h=t=t+T,i=1,...,M (827
where ty is an arbitrary starting time equal to an integer times T,. As shown
in Figure 8.9, the receiver consists of a bank of K correlators, one for each
orthonormal function. The output of the jth correlator is

Z = a;+ N, (8.28)

where the noise component N, is given by (t, = 0 for notational ease)

N, = J; "0 (e) de (8.29)

FIGURE 8.9 Computation of signal-space coordinates

t=T,
7,
() dt }o\ﬁ}—y
k ;

1
8,0
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vl <
— fo'S()dr —0 =
2
#,lt) :
t=T,
f o dt —o IQO-—»
ZK
)

Note: y(t) = st} + n(t) where n(t) is white Gaussian noise.
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Since n(t) is Gaussian and white, the random variables Ny, N, ..., Ng can
be shown to be independent, zero-mean, Gaussian random variables with
variances Ny/2, which is the two-sided spectral density of the noise.

It can be shown that this process preserves all the information required
to make a minimum error-probability decision regarding which signal was
transmitted. The next operation in the receiver is a decision box that per-
forms the following function:

Compare the received signal plus noise coordinates with the stored signal
coordinates, a;. Choose as the transmitted signal that one closest to the
received signal plus noise point with distance measured in the Euclidian

sense; i.e., choose the transmitted signal as the one whose g;’s minimize
T [Z, — a..]2
j=11%j il -

This decision procedure will be shown in Chapter 9 to result in the minimum
error probability Possible.

EXAMPLE 8.1 Consider BPSK. Only one orthonormal function is required
in this case, and it is

2
o) = \/; coswt, O=<t=<T, (8.30)
b

The possible transmitted signals can be represented as
G® = VE6® and s = —VE 6@ (831)

where Ej is the bit energy.

QPSK in Terms of Signal Space

From Figures 8.9 and 8.2 we see that the receiver for QPSK consists of a
bank of two correlators. Thus the received data can be represented in a two-
dimensional signal space as shown in Figure 8.10. The transmitted signals
can be represented in terms of two orthonormal functions ¢,(t) and ¢,(t) as

x(t) = s{(t) = VE, [di(0$1(5) — dy(0)d(0)] = VE [£¢.() T éx2)]
(8.32)

2
di(t) = \/; cos Wt 0=t=<T, (8.33)

where
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FIGURE 8.10 Signal space for QPSK
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and

2
Py(t) = \/; sinwe, 0=<:=<T, (8.34)
]

E, is the energy contained in x(f) in one symbol interval. The resulting
regions for associating a received data point with a possible signal point are
also illustrated in Figure 8.10. It can be seen that the coordinate axes pro-
vide the boundaries of the regions that determine the signal point to be
associated with a received data point. For example, if the received data point
is in the first quadrant (region R)), the decision is made that d, = 1 and

d; = —1 (this will be denoted as signal point §; in the signal space). A
simple bound on symbol error probability can be obtained by noting that

Py = Pr(Z € R, or R; or B, |S, sent)
= Pr(Z€ R, or R3]S, sent) + Pr(Z€R; or R,[S, sent)  (8.35)

The two probabilities on the right-hand side of (8.35) can be shown to be
equal. Thus,

Py < 2Pr(Z € R, or R;) = 2Pr(\/E/2 + N| < 0) (8.36)
2Pr(N; < — VE[2)
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where N |, as shown in Figure 8.11, is the noise component perpendicular
to the decision boundary between R, and R,. It can be shown that it has zero
mean and variance Ny/2. Thus,

—VE2 e—u’mu e e—u’mo
Pr= ZJ‘ du = 2 f du (8.37)
s —c0 V Ny VEi2 VTN,

Making the change of variables u = v/ Ny/2, we can reduce this to the
form

P, = 2Q (VEJ/N) (8.38)

This is identical to (8.14), which resulted in neglecting the square of P, in
(8.13).

M-ary Phase-Shift Keying
The signal set for QPSK can be generalized to an arbitrary number of phases.
The modulated signal takes the form

5(t) = \/%cos l:wct = EL(IM_—Q] ;

0=<:=<T, §=1;%euM (8.39)

FIGURE 8.11 Representation of signal plus noise in signal space, showing
N, , the noise component that can cause the received data vector to land in
Ay

da(t) Decision region A

~

Total noise vector

Sy = WE, VE)

\

Ny

Signal plus noise vector

> 04(f)
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Using trigonometric identities, this can be expanded as

. (ZW(i - 1)) \/Z : :'
—sin| ————— — sin Wt
M T,

= VE, [cos <M> ¢,(t) — sin (3“(—';—”) ¢2(t)J (8.40)

si(t)

M

where @(t) and @,(t) are the orthonormal functions defined by (8.33) and
(8.34).

A plot of the signal points §,, i = 1,2,..., M along with the optimum
decision regions is shown in Figure 8.12(a). The probability of error can be
overbounded by noting from Figure 8.12(b) that the total area represented
by the two half planes D, and D, is greater than the total shaded area in
Figure 8.12(b), and thus the probability of symbol error is overbounded by
the probability that the received data point Z lies in either half plane.
Because of symmetry of the noise distribution, both probabilities are equal.
Consider a single half plane along with a single signal point, which is at a
minimum distance of

d = VE, sin(r/M) (8.41)

away from the boundary of the half plane. As in Figure 8.11, consider the
noise component N |, which is perpendicular to the boundary of the half
plane. It is the only noise component that can possibly put the received data
point on the wrong side of the decision boundary; it has zero mean and a
variance Ny/2. From this discussion and referring to Figure 8.12(b), it follows
that the probability of error is overbounded by

Py < Pr(ZE D or D,) = 2Pr(Z€ D))

=2Pr(d + N] <0) = 2Pr(N; < —d)

—d Wi 2E
=2 f_w '\/EV; du = 2Q< ?0 sin (W/M)) (8.42)

From Figure 8.12(b) it can be seen that the bound becomes tighter as M gets
larger (because the overlap of D, and D, gets smaller).
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FIGURE 8.12 (a) Signal space for M-ary PSK with M = 8. (b) Signal space
for M-ary PSK showing two half-planes that can be used to overbound Pg.
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Quadrature-Amplitude-Shift Keying (QA SK)

Another signaling scheme that allows multiple signals to be transmitted
using quadrature carriers is quadrature-amplitude-shift keying (QASK), which is
also referred to as quadrature-amplitude modulation (QAM). For example,
M-QASK utilizes a signal structure similar to that of (8.32) but with the data
sequences d; and d, each taking on /M different possible levels. Thus, for
example, we represent the transmitted signal in an arbitrary signaling inter-
val for 16-QASK as

2E
5(t) = \/_; (4; cos wt + B, sin w_t), 0=:=T7, (843

where 4, and B, take on the possible values * g and + 34 with equal prob-
ability. A signal-space representation for 16-QASK is shown in Figure
8.13(a), and the receiver structure is shown in Figure 8.13(b). The probability
of symbol error for 16-QASK can be shown to be

Py =1 — [P(C|T) + 3P(C|TI) + Lp(C|1mm)] (8.44)

where the probabilities P(C|I), P(C |1I), and P(C|III) are given by

[- 24° 4
PCID) = |1 —2Q F (8.45a)
i Ny
P(C|I) = Fl—z 2 Ml— 2o } 8.45b
-2\ e \/5)| @)
[ 24° i
PCl) = |1 —Q — (8.45¢)
L No
In the preceding equations A E /10, where E, is the average energy

per symbol. The notation 1, 11, or III denotes that the particular probability
refers to the probability of correct reception for the three types of deci-
sion regions shown in Figure 8.13(a). This error probability will be com-
pared with that for M-ary PSK later. The error probability for 64-QASK
or 256-QASK also can be obtained in a straightforward, but tedious,
manner.
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FIGURE 8.13 Signal space and detector structure for 16-QASK. (a) Signal
constellation and decision regions for 16-QASK. (b) Detector structure for 16-
QASK. (Binary representations for signal points are Gray encoded.)
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FIGURE 8.14 Signal space showing decision regions for 3-ary coherent
FSK

#,(0)

é,(0

Coherent Frequency-Shift Keying

The error probability for M-ary FSK will be derived in Chapter 9. The trans-
mitted signals have the form

2
s(t) = ﬁ cos (27[f, + (i — 1)Af]d),

O=:=T, i=12,...,M (8.46)

where Af is a frequency separation large enough to make the signals
represented by (8.46) coherently orthogonal (the minimum separation is
Af = 1/2T). Since each of the possible M transmitted signals is orthogonal
to the rest, it follows that the signal space must be M-dimensional. It is
shown in Figure 8.14 for M = 3. An upper bound for the probability of
error that becomes tighter as M gets larger is given by*

E

<M Q( F) (8.47)
0

*See Ziemer and Peterson (1 992), Chapter 4.
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FIGURE 8.15 Receiver for noncoherent FSK
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Note: (t) = si(f) + n(t), where n(t) is white Gaussian noise.

Noncoherent Frequency-Shift Keying

Noncoherent M-ary FSK employs the same signal set as coherent FSK; how-
ever, a receiver structure is used that does not require the acquisition of a
coherent carrier reference. A block diagram of a suitable receiver structure
is shown in Figure 8.15. The symbol error probability can be shown to

be*
M—1 k+1
P, = e =l 8.48
’ ;§< k )k+1exP( E+ 1N, ©48)
*See Ziemer and Peterson (1992), Chapter 4.
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TABLE 8.1 Gray Code lllustration

Digit Bipary Code _ (GrayCode |
0 000 000
1 001 001
2 010 011
3 011 010
4 100 110
5 101 111
6 110 101
7 111 100

Note: See problem 8.14 for the encoding algorithm.

Bit Error Probability from Symbol Error Probability

If one of M possible symbols is transmitted, the number of bits required to
specify this symbol is log,M. It is possible to number the signal points
using a binary code such that only one bit changes in going from a signal
point to an adjacent signal point. Such a code is a Gray code and is given in
Table 8.1 for M = 8.

Since mistaking an adjacent signal point for a given signal point is the most
probable error, we assume that only such errors occur and that Gray encod-
ing has been used so that a symbol error corresponds to a single bit error.
We may then write the bit error probability in terms of the symbol error
probability for an M-ary communications system for which these assumptions
are valid as

Py = Lol (8.49)
’ log, M

Since we neglect probabilities of symbol errors where the symbols are fur-
ther away than adjacent symbols, this result gives a lower bound for the bit
error probability.

A second way that we can relate bit error probability to symbol error
probability is as follows. Consider an M-ary modulation scheme for which
M = 2", Then each symbol (M-ary signal) can be represented by an n-bit
binary number, for example, the binary representation of the signal’s index
minus one. Such a representation is given in Table 8.2 for M = 8.

Take any column, say the last, which is enclosed by a box. In this column,
there are M/2 zeros and M/2 ones. If a symbol (M-ary signal) is received in
error, then for any given bit position of the binary representation (in this
example, we are considering the right-most bit), there are M/2 of a possible
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TABLE 8.2 Computation of Bit Error Probability for
Orthogonal Signaling

M-ary Signal Binary Representation
1(0) 000
2 (1) 0 OT‘
3@ 01|0
4 (3) 011
5 (4) 10/0
6 (5) 101
7 (6) 110
8 (7) 111

M — 1 ways that the chosen bit can be in error (one of the M total possi-
bilities is correct). Therefore, the probability of a given data bit being in
error, given that a signal (symbol) was received in error, is

M2
P@B|S) = prp (8.50)

1

Since a symbol is in error if a bit in the binary representation of it is in error,
it follows that the probability P(S | B) of a symbol error given a bit error is
unity. Employing Bayes’ rule, we find the equivalent bit error probability of
an M-ary system can be approximated by

= P(B | S)PE.symbnl — M P
E,bit P(S l B) 2(M . 1) E,symbol

(8.51)

This result is especially useful for orthogonal signaling schemes such as
FSK.

One more thing must be accomplished before we can compare commu-
nications systems using a different number of symbols on an equivalent basis.
This is that the energies must be equivalent. For this purpose, we note that
the energy per bit E, in terms of the energy per symbol E, is

E
E, =— 8.52
b Tog, M (8.52)

FSK on the basis of E,/ N, required to provide a bit error probability of 10°°

for various values of M.
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TABLE 8.3 Power Efficiencies for Noncoherent and
Coherent FSK

Nyl P = 1070

¥ Noncoherent T ._
3 14.2 7
g 1.3 i
; ol 9.3
16 8.7 ”

SOLUTION  Using (8.47), (8.48), (8.51), and (8.52), the results in Table
8.3 can be obtained with the aid of the asymptotic approximation for the
A! Q-function:

Comparison of M-ary Communications Systems

Figure 8.16 compares different M-ary PSK systems on the basis of bit error
probability versus E,/Nj. This figure shows that the bit error probability gets

FIGURE 8.16 Bit error probability versus Ey/N, for M-ary PSK and
16-QASK
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FIGURE 8.17 Bit error probability versus Ep/Ny for coherent M-ary FSK
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worse as M gets larger. This can be attributed to the signal points being
crowded closer together in the two-dimensional signal space as M gets
larger. Not all M-ary digital modulation schemes exhibit this undesirable
behavior. We have seen that M-ary FSK is a signaling scheme in which the
number of dimensions in the signal space grows directly with M. This means
that the bit error probability for M-ary FSK decreases as M increases. This is
illustrated in Figure 8.17, which compares bit error probability for coherent
FSK for various values of M. Unfortunately, the bandwidth required for this
signaling scheme grows larger directly with 4, whereas this is not the case
for M-ary PSK.

If one considers the required bandwidth to be that required to pass the
main lobe of the signal spectrum (null to null), it follows that the bandwidth
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TABLE 8.4 Bandwidth Efficiencies of Various M-ary
Digital Modulation Schemes®?

M-ary Scheme Bandwidth Efficiency (bits/s/Hz)
PSK, QASK 0.5 log, M
2logy M ;
Coherent FSK TN (Assumes tone spacing of 1/2T; Hz)

Noncoherent FSK k’g#’” (Assumes tone spacing of 2/7; Hz)

7 For justification, see Ziemer and Peterson (1992), Chapter 4.

efficiencies of the various M-ary schemes that we have just considered are as
given in Table 8.4.

EXAMPLE 8.3 Compare bandwidth efficiencies on a mainlobe spectrum
basis for PSK, QASK, and FSK for various M.

SOLUTION  Bandwidth efficiencies in bits per second per hertz for various
values of M are as follows. Note that for QASK, M must be a power of 4.
Also note that the bandwidth efficiency of M-ary PSK goes up with increasing
M while that for FSK goes down.

M QASK PSK Coh. FSK Noncoh, FSK:

2 0.5 0.4 0.25
4 1 1.0 0.57 0.25
8 1.5 0.55 0.19
16 2 2.0 0.42 0.13
32 25 0.29 0.08

8.2 BANDWIDTH EFFICIENCIES OF DIGITAL
MODULATION FORMATS

Our principal measure of performance for the various modulation schemes
considered so far has been probability of error. Actually, this measure tells
only half the story of how well a given modulation scheme performs, the
other half being given by the bandwidth occupancy of the modulated signal.
Specifically, we are interested in the data rate in bits per second that can be
achieved by a given modulation scheme through a channel of a given band-
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8.2 Bandwidth Efficiencies of Digital Modulation Formats 557

width in hertz. Theoretically, of course, an infinite bandwidth may be
required, depending on the signal pulse shape used to represent a symbol.
Consequently, a definition of bandwidth is required that, for purposes of
this discussion, is based on the criterion of fractional power of the signal
within a certain specified bandwidth. That is, if S(f) is the double-sided
power spectrum of a given modulation format, the fraction of total power
in a bandwidth B is given by

f.+Bi2
AP, = 2P; f S(f) df (8.53)

fe—Bi2

where the factor of 2 is used since we only integrate over positive

frequencies,

[0 o]
P = f_oo S(f) df (8.54)
is the total power, and f; is the “center” frequency of the spectrum (usually
the carrier frequency, apparent or otherwise). The percent out-of-band

power APy is defined as

The definition of modulated signal bandwidth is conveniently given by set-
ting AP, equal to some acceptable value, say 0.01 or 1%, and solving for
the corresponding bandwidth. A curve showing APy, in decibels, versus
bandwidth is a convenient tool for carrying out this procedure, since the 1%
out-of-band power criterion for bandwidth corresponds to the bandwidth at
which the out-of-band power curve has a value of —20 dB. Later we will
present several examples to illustrate this procedure. First, however, we will
discuss the spectra for various baseband data formats and for the digital
modulation schemes considered so far.

The spectrum of a digitally modulated signal is influenced both by the
particular baseband data format used to represent the digital data and by the
type of modulation scheme used to prepare the signal for transmission. Sev-
eral commonly used baseband data formats are illustrated in Figure 8.18.
These data formats are referred to as return-to-zero (RZ), non-return-to-zero
(NRZ), and split-phase (or Manchester). Split-phase, we note, is obtained from
NRZ by multiplication by a squarewave clock waveform with a period equal
to the bit duration. Typical power spectra are also shown in Figure 8.18 for
these three modulation formats, assuming a random (coin toss) bit sequence.
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FIGURE 8.18 Typical digital data waveforms and corresponding power
spectra. (a) Return-to-zero (RZ) waveform. (b) Non-return-to-zero (NRZ)
waveform. (c) Split-phase (Manchester) waveform.
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The spectra are derived using the techniques of Chapter 5, in particular, of
Example 5.6, and using appropriate expressions for the pulse-shape function
p(r). None of these formats results in power spectra with significant fre-
quency content at multiples of the bit rate 1/T}. Thus, for the purpose of
bit synchronization, nonlinear operations are required to generate power at
a frequency of 1/T, Hz or multiples thereof. Both the RZ and split-phase
formats guarantee at least one zero crossing per bit interval, but both require
twice the transmission bandwidth of NRZ. Around 0 Hz, NRZ and RZ pos-
sess significant energy content and therefore may have an adverse effect on
carrier-acquisition devices.

These data formats have no memory between symbols. Other data formats
are possible in which memory is introduced between symbols for various
reasons, including spectral shaping (refer to Example 5.6, Case 2).

In order to obtain the spectrum of a BPSK-modulated signal using any of
these data formats, the appropriate spectrum shown in Figure 8.18 is simply
shifted up in frequency and centered around the carrier (assuming a single-
sided spectrum), An analysis similar to that carried out in Example 5.6 can
be used to obtain the spectrum of a quadrature-modulated waveform of the
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8.2 Bandwidth Efficiencies of Digital Modulation Formats 559

form given by (8.1), where m(t) = d,(t) and m,(t) = d,(t) are random (coin
toss) waveforms of the forms

dy(t) = k_ioo ap(t — kT, — A) (8.56)
and

dy(t) = kiw byt — kT, — A,) (8.57)
with

Ea) = Kb} =0, Elg’} =4, Eb’)=8"

The pulse-shape functions p() and q(¢) in (8.56) and (8.57) may be the same,
or one of them may be zero. It is left to the problems to show that the
double-sided spectrum of (8.1), with (8.56) and (8.57) substituted, is

S(f) = G(f — f) + G(f+ f) (8.58)

where

A’1p(H1* + Bl
T,

5

G(f) = (8.59)

in which P(f) and Q(f) are the Fourier transforms of p(t) and ¢(t), re-
spectively.

This result can be applied to BPSK, for example, by letting q(t) = 0 and
p(t) = IL(t/T;). The resulting baseband spectrum is

Gori(f) = AT, sinc” (Tyf) (8.60)
The spectrum for QPSK follows by letting

t

1
p(t) = q(t) = WH <2Tb) (8.61)

and A = B. The result for G(f) is
Garsx(f) = 24°T, sinc® (2Tyf) (8.62)

This result also holds for OQPSK because the pulse-shape function q(r) dif-
fers from p(t) only by a time shift that results in a factor of exp (—j27T,f)
in the amplitude spectrum Q( f) (its magnitude is unity).
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The baseband spectrum for MSK is found by choosing the pulse-shape
functions

et t
p(t) = q(t — T,) = cos 2_1',, II o, (8.63)
and by letting 4 = B. It can be shown (see Problem 8.25) that
4T, cos (27T,
7[cos LY, } = s et} (8.64)
21,)  \2, [l — @T,f)]

which results in the baseband spectrum for MSK,

164°T; cos’ (27T,f)
1 — @T,f)1

Gusk(f) = (8.65)

Using these results for the baseband spectra of BPSK, QPSK (or OQPSK),
and MSK in the definition of percent out-of-band power, Equation (8.55),
results in the set of plots shown in Figure 8.19, From this figure, it follows
that the bandwidths containing 90% of the power for these modulation for-
mats are approximately

1
By, = —Hz  (QPSK, OQPSK, MSK)
T, (8.66)

2
Bogy = —Hz  (BPSK)
T,

These are obtained by noting the bandwidths on the curves corresponding
to APoy = — 10 dB and doubling these values, since the plots are for base-
band bandwidths.

Because the MSK out-of-band power curve rolls off at a much faster rate
than do the curves for BPSK or QPSK, a more stringent in-band power spec-
ification, such as 99%, results in a much smaller containment bandwidth for
MSK than for BPSK or QPSK. The bandwidths containing-99% of the power
are

1.2

Bygy, = — (MSK)
T, (8.67)
8

Bogy, = — (QPSK or OQPSK)
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FIGURE 8.19 Fractional out-of-band power for BPSK, QPSK or OQPSK,
and MSK
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For binary FSK, the following formula can be used to compute the power
spectrum if the phase is continuous:*

G(f) = G+(f) + 6_(f) (8.682)

where

Ga(f) = A% sin” [w(f £ f)T, sin’ [7(f £ f)T)
+ 2°T,{1 — 2 cos [2m(f + a)Ty) cos (2wBT,) + cos® (2T}
2
l 1

X — 8.68b
[f ey fj L

* See W. R. Bennett and J. R. Davey, Data Transmission (New York: McGraw-Hill, 1965).
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In (8.68b), the following definitions are used:
Ji, fa = the signaling frequencies in hertz (that is, f, and f, + Af)
a= %(fl + f2)
B=12h—f)

Equation (8.58) is used to get the bandpass (modulated) signal spectrum.

The preceding approach to determining bandwidth occupancy of digitally
modulated signals provides one criterion for selecting modulation schemes
based on bandwidth considerations. It is not the only approach by any means.
Another important criterion is adjacent channel interference. In other
words, what is the degradation imposed on a given modulation scheme by
channels adjacent to the channel of interest? In general, this is a difficult
problem. For one approach, the reader is referred to a series of papers on
the concept of crosstalk.*

8.3 SYNCHRONIZATION

We have seen that at least two levels of synchronization are necessary in a
coherent communication system. For the known-signal-shape receiver con-
sidered in Section 7.2, the beginning and ending times of the signals had to
be known. When specialized to the case of ASK, PSK, or FSK, knowledge
was needed not only of the bit timing but of carrier phase as well. In addi-
tion, if the bits are grouped into words, the starting and ending times of the
words are also required. In this section we will look at methods for achieving
synchronization at these three levels. In order of consideration, we will look
at methods for (1) carrier synchronization, (2) bit synchronization, and (3)
word synchronization. There are also other levels of synchronization in some
communication systems that will not be considered here.

Catrrier Synchronization

The three main types of digital modulation methods considered were ASK,
PSK, and FSK. Typical power spectra for ASK, FSK, and PSK, assuming a ran-
dom NRZ data sequence, are illustrated in Figure 8.20. In each case,
impulses are shown at f = *+ f: Hz corresponding to the carrier. For PSK,
the impulses are dashed, signifying that they are absent for BPSK. Assuming
the presence of a carrier component in the modulated signal spectrum, car-

* See L. Kalet, “A Look at Crosstalk in Quadrature-Carrier Modulation Systems,” IEEE Trans-
actions on Communications, Vol. COM-25, September 1977, pp- 884-892,
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8.3 Synchronization 563

FIGURE 8.20 Power spectra. (a) ASK. (b) PSK. (c) FSK.
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rier coherence is very simply obtained by locking onto the carrier compo-
nent with a phase-locked loop. To minimize the adverse effects of
modulation power on the loop, a split-phase modulation format is typically
used. (See Problem 8.24 for derivations of these spectra.)

If a carrier component is not present, as in BPSK, two alternatives that
may be employed are squaring and Costas loops, as discussed in Chapter 3
for double-sideband modulation.* When used for digital data demodulation,
however, these loop mechanizations introduce a problem that was not pres-
ent for demodulation of analog message signals. We note that either loop
will lock if we assume T d(t) cos w.t at the loop input. Some method is
usually required to resolve this sign ambiguity at the demodulator output.
One method of doing so is to differentially encode the data stream before
modulation and differentially decode it at the detector output with a resul-
tant small loss in signal-to-noise ratio. This is referred to as coherent detection
of differentially encoded BPSK and is different from differentially coherent
detection of BPSK.

Circuits similar to the Costas and squaring loops may be constructed for
four-phase PSK or QPSK.

* The decision-feedback loop is yet another alternative. See Lindsey and Simon (1973).
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TABLE 8.5 Tracking Loop Error Variances

No modulation ;2 _ M8,
(PLL) P,
PSK

; 1 1 1
(squaring or 02=—<—+—>;Z=ESN;L=
Costas loop) Pl 22* o BT,

OC&=
B,

o=

QPSK

(quadrupling

or data

estimation 221 (1 91 6 + §l)
loop) ¢ L\z 222" 22" 22

Definitions: T, = symbol duration
B, = single-sided loop bandwidth
Ny = single-sided noise spectral density
T,=B,"= loop memory time
L = effective number of symbols used by loop in making phase estimate
P, = signal power (carrier component only)
B = Ts_1 = symbol bandwidth (bit-rate bandwidth for binary case)
E; = symbol energy

The question naturally arises as to the effect of noise on these phase-
tracking devices. The phase error, that is, the difference between the input
signal phase and the VCO phase, can be shown to be approximately Gaussian
with zero mean at high signal-to-noise ratios at the loop input. Table 8.5
summarizes the phase-error variance for these various cases.* When used
with equations such as (7.79), these results provide a measure for the average
performance degradation due to an imperfect phase reference. Note that in
all cases, O‘G.,z is inversely proportional to the signal-to-noise ratio raised to
integer powers and to the effective number L of symbols remembered by
the loop in making the phase estimate. (See Problem 8.28.)

We next look at methods for acquiring bit synchronization.

Bit Synchronization+

Three general methods by which bit synchronization can be obtained are (1)
derivation from a primary or secondary standard (for example, transmitter
and receiver slaved to a master timing source), (2) utilization of a separate
synchronization signal (pilot clock), and (3) derivation from the modulation
itself, referred to as self-synchronization, as illustrated in Figure 8.21. Because

* Stiffler (1971), Equation (8.3.13).
t See Stiffler (1971) or Lindsey and Simon (1973) for a more extensive discussion.
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FIGURE 8.21 Block diagram of a system for deriving a clock that is
coherent with a random-bit stream
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of the nonlinear operation provided by the delay-and-multiply operation
(almost any even-order nonlinearity will do), energy is produced at twice the
bit frequency, which permits the acquisition of a clock by locking a phase-
locked loop to this frequency component and dividing it by two. This loop
configuration is analogous to the squaring loop for carrier acquisition from
a BPSK waveform. Loop configurations for acquiring bit synchronization that
are similar in form to the Costas loop are also possible but will not be dis-
cussed here.*

The analysis of bit synchronizer performance in noise proceeds similarly
to the analysis of carrier acquisition devices, and expressions may be derived
for the timing-error variance similar to the expressions given in Table 8.5
for phase-error variance. }

Word Synchronization

The same principles used for bit synchronization may be applied to word
synchronization. These are (1) derivation from a primary or secondary stan-
dard, (2) utilization of a separate synchronization signal, and (3) self-

synchronization.
Only the second method will be discussed here. The third method
involves the utilization of self-synchronizing codes. It is clear that such

* Again, see Stiffler (1971) or Lindsey and Simon (1973).
t See Stiffler (1971) or Lindsey and Simon (1973).
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codes, which consist of sequences of 1’s and 0’s in the binary case, must be
such that no shift of an arbitrary sequence of code words produces another
code word. If this is the case, proper alignment of the code words at the
receiver is accomplished simply by comparing all possible time shifts of a
received digital sequence with all code words in the code dictionary
(assumed available at the receiver) and choosing the shift and code word
having maximum correlation. For long code words, this could be very time-
consuming. Furthermore, the construction of good codes is not a simple task
and requires computer search procedures in some cases.*

When a separate synchronization signal is employed, this signal may be
transmitted over a channel separate from the one being employed for data
transmission, or over the data channel by inserting the synchronization signal
periodically between data words. If the first alternative is employed, the
synchronizing waveform should have small cross correlation with its own
cyclic permutations. The second alternative is often accomplished by insert-
ing a known sequence, referred to as a prefix, in front of each data word. In
this case, the synchronization waveform employed should have small aperi-
odic cross correlation with its cyclic permutations. Waveforms having such
properties will be discussed shortly. In both the case of a separate channel
and the case of employment of a prefix, it should be noted that power is
wasted in achieving synchronization. Thus the self-synchronization approach
is preferable in cases in which power is at a premium. For example, self-
synchronizing codes were used in the deep space missions by NASA.

To see how the second method can be implemented, we digress briefly
to discuss pseudo-noise sequences.

Pseudo-Noise (PN) Sequences

Pseudo-noise (PN) codes are binary-valued, noiselike sequences; they
approximate a sequence of coin tossings for which a 1 represents a head and
a 0 represents a tail. However, their primary advantages are that they are
deterministic, being easily generated by feedback shift registers, and they
have a correlation function that is highly peaked for zero delay and approx-
imately zero for other delays. Thus they find application wherever wave-
forms at remote locations must be synchronized. These applications include
not only word synchronization but also the determination of range between
two points and the measurement of the impulse response of a system by
cross-correlation of input with output, as discussed in Chapter 5 (Example
5.7).

Figure 8.22 illustrates the generation of a PN code of length 2 —1=

* See Stiffler (1971) or Lindsey and Simon (1973).
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FIGURE 8.22 Generation of a 7-bit PN sequence. (a) Generation. (b) Shift
register contents.
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7, which is accomplished with the use of a shift register three stages in
length. After each shift of the contents of the shift register to the right, the
contents of the second and third stages are used to produce an input to the
first stage through an EXCLUSIVE-OR (XOR) operation (that is, a binary add
without carry). The logical operation performed by the XOR circuit is given
in Table 8.6. Thus, if the initial contents of the shift register are 1 1 1, as
shown in the first row of Figure 8.22(b), the contents for seven more suc-
cessive shifts are given by the remaining rows of this table. Therefore, the
shift register again returns to the 1 1 1 state after 2° — 1 = 7 more shifts,
which is also the length of the output sequence taken at the third stage. By
using an n-stage shift register with proper feedback connections, PN
sequences of length 2" — 1 may be obtained. Proper feedback connections
for several values of n are given in Table 8.7.

Considering next the autocorrelation function of the periodic waveform
(normalized to a peak value of unity) obtained by letting the shift register
in Figure 8.22(a) run indefinitely, we see that its values for integer multiples
of the output pulse width A = nAt are given by

NA_NU

sequence length

RA) = (8.69)
where N, is the number of like digits of the sequence and a sequence shifted
by n pulses and Ny is the number of unlike digits of the sequence and a
sequence shifted by n pulses. This equation is a direct result of the definition
of the autocorrelation function for a periodic waveform, given by Equation

TABLE 8.6 Truth Table for the XOR Operation

Input 1 Input 2 Qutput
1 1 0
1 0 1
0 1 1
0 0 0
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TABLE 8.7 Feedback Connections for Generation of

PN Codes*

Sequence Sequence Faedback

n Length (Initial State: All Ones) Digit.
2 3 110 Xx; © Xo
3 7 11100 10 X, © Xy
4 15 11110 00100 X3 ® x4
11010

5 31 11111 00110 Xo © X5

10010 00010
10111 01100 0

? See R. E. Ziemer and R. L. Peterson (1992), Chapter 8, for addi-
tional sequences and proper feedback connections.

(2.150), and the binary-valued nature of the shift register output if the peak
value is normalized to unity. Thus the autocorrelation function for the
sequence generated by the feedback shift register of Figure 8.22(a) is as
shown in Figure 8.23, as you may readily verify. Applying the definition of
the autocorrelation function, given by Equation (2.150), we could also easily
show that the shape for noninteger values of delay is as shown in Figure
8.23. In general, for a sequence of length N, the minimum correlation is
— 1/N. Because the correlation function of a PN sequence consists of a nar-
row triangle around zero delay and is essentially zero otherwise, it resembles
white noise when used to drive any system whose bandwidth is small com-
pared with the inverse pulse width. This explains the reason for the name
‘“pseudo-noise.”

Returning to our original problem, that of synchronization of waveforms

FIGURE 8.23 Correlation function of a PN code
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FIGURE 8.24 Synchronization by PN code. (a) PN transmitter-receiver
portion for synchronization. (b) Error signal at VCO.
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at remotely located points, consider the system illustrated in Figure 8.24(a).
Assume that the transmitter transmits a PN sequence (with levels +1 and
—1 instead of 1 and 0) that has been split-phase encoded. We recall that
split-phase encoding can be thought of as multiplication of the sequence by
a squarewave clock with period equal to the pulse width of the PN sequence.
For simplicity, the operations of modulation and coherent demodulation,
which would be performed in most systems, are not shown, and we view the
system as operating at baseband. Initially, suppose that the transmitter and
receiver clocks are unsynchronized but operating near the same frequency.
Thus the PN sequence generated at the receiver will slowly slide by the
received split-phase-encoded PN sequence. If the received sequence were
not split-phase encoded, the output of the loop filter would be essentially
the autocorrelation function of the sequence with the delay proportional to
time because of the sequences sliding by each other. However, because of
the multiplication of the transmitted sequence by the clock, an error signal
at the loop filter output, as shown in Figure 8.24(b), will result. Eventually,
the input to the voltage-controlled oscillator (VCO) will be the negative-
slope portion of this error signal, and the frequency of the VCO will be
driven in the proper direction so that the loop will lock at zero delay (with
the delay due to the transmission path excluded). At this point, the VCO
output will be locked to the transmitter clock, and the PN sequences at
transmitter and receiver will be time-coincident if the channel delay is
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TABLE 8.8 The Barker Sequences

+_

+4—

++—+

FH+—+

+H+——t—

F =t
tHttt——tt+—+—+

excluded. More general schemes exist for the synchronization of PN
sequences.*

It is not difficult to see how the system just described could be used for
measuring the range between two points if the transmitter and receiver were
colocated and a transponder at a remote location simply retransmitted what-
ever it received. This is, in fact, the technique used for the Global Position-
ing System (GPS).

To use this system for word synchronization, all that would be necessary
would be to insert the split-phase-encoded PN sequence at the beginning of
each word, The PN sequence generated at the receiver would, on average,
have low correlation with the data. It is clear that if the PN sequence is
inserted as a prefix before each data word, it is not the periodic correlation
function that is important, but the aperiodic correlation function obtained by
sliding the sequence past itself rather than past its periodic extension as in
Figure 8.23. Sequences with good aperiodic correlation properties are the
Barker codes.{ Unfortunately the longest known Barker code is of length
13. Table 8.8 lists all known Barker sequences. (See Problem 8.31.) Other
digital sequences with good correlation properties can be constructed from
Hadamard matrices.$

8.4 SPREAD-SPECTRUM COMMUNICATION SYSTEMS

We next consider a special class of modulation technique referred to as
spread-spectrum modulation. In general, spread-spectrum modulation refers to
any modulation technique in which the bandwidth of the modulated signal

* For techniques that will work with data present, see Ziemer and Peterson (1992), Chap-
ter 8.

T See Skolnik (1970), Chapter 20.

$ See Lindsey and Simon-(1973). Also, see IEEE Transactions on Communications, August 1980
(special issue on synchronization).
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is spread well beyond the bandwidth of the modulating signal, independently
of the modulating signal bandwidth. The following are reasons for employ-
ing spread-spectrum modulation:

1. To provide resistance to intentional jamming by another source

2. To provide a means for masking the transmitted signal in the background
noise and prevent another party from eavesdropping

3. To provide resistance to the degrading effects of multipath transmission

4. To provide a means for more than one user to use the same transmission
channel

5. To provide range-measuring capability

The two most common techniques for effecting spread-spectrum modu-
lation are referred to as direct sequence (DS) and frequency hopping (FH). Figures
8.25 and 8.26 are block diagrams of these generic systems. Variations and
combinations of these two basic systems are also employed.

FIGURE 8.25 Block diagram of a DS spread-spectrum communication
system. (a) Transmitter. (b) Receiver.
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FIGURE 8.26 Block diagram of an FH spread-spectrum communication
system. (a) Transmitter. (b) Receiver.
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Direct-Sequence Spread Specirum

In a direct-sequence spread-spectrum (DSSS) communication system, the modu-
lation format may be almost any of the coherent digital techniques discussed
previously, although BPSK, QPSK, and MSK are the most common. Figure
8.25 illustrates the use of BPSK. The spectrum spreading is effected by mul-
tiplying the data d() by the spreading code c(t). In this case, both are
assumed to be binary sequences taking on the values + 1 and — 1. The dura-
tion of a data symbol is Tj, and the duration of a spreading-code symbol,
called a chip period, is T,. There are usually many chips per bit, so that T, <
T;. In this case, it follows that the spectrum of the modulated signal is essen-
tially dependent only on the inverse chip period. The spreading code is cho-
sen to have the properties of a random binary sequence; an often-used
choice for ¢(t) is a PN sequence, as described in the previous section. Often,
however, a sequence generated using nonlinear generation techniques is
used for securily reasons. It is also advantageous, from the standpoint of
security, to use the same clock for both the data and spreading code so that
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8.4  Spread-Spectrum Communication Systems 573

the data changes sign coincident with a sign change for the spreading code.
This is not necessary for proper operation of the system, however.

In the system illustrated in Figure 8.25, BPSK data modulation is used.
Typical spectra are shown directly below the corresponding blocks. At the
receiver, it is assumed that a replica of the spreading code is available and
is time-synchronized with the incoming code used to multiply the BPSK-
modulated carrier. This synchronization procedure is composed of two steps,
called acquisition and tracking. A very brief discussion of methods for acqui-
sition will be given later. For a fuller discussion and analyses of both pro-
cedures, the student is referred to Peterson, Ziemer, and Borth (1995).

A rough approximation to the spectrum of a DSSS signal employing BPSK
data modulation can be obtained by representing the modulated carrier as

x(t) = A d(£)c(z) cos (wt + 0) (8.70)

where it is assumed that 8 is a random phase uniformly distributed in (0, 2m)
and d(t) and c(¢) are independent, random binary sequences (if derived from
a common clock, the independence assumption for d(t) and c(¢) is not strictly
valid). With these assumptions, the autocorrelation function for x(t) is

2
R (1) = 42— Ry(T)R () cos (w,T) (8.71)

where Ry(7) and R (7) are the autocorrelation functions of the data and
spreading code, respectively. If they are modeled as random ‘‘coin toss"
sequences as considered in Example 5.6, their autocorrelation functions are

given by
Ry7) = A(TITy) (8.72a)
and
R(1) = A(IT) (8.72b)
respectively. Their corresponding power spectral densities are
S,(f) = T, sinc’ (Tpf) (8.73)
and
S.(f) = T.sinc’ (T.f) (8.74)

respectively, where the width of the main lobe of (8.73) is Tb_l and that

for (8.74)is T, .
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The power spectral density of x,(t) can be obtained by taking the Fourier
transform of (8.71):

AZ
5(f) = ™ S(f) * S.(f) * F [cos (w.)] (8.75)

Since the spectral width of $,( f) is much less than that for S.(f), the con-
volution of these two spectra is approximately S( f). Thus the spectrum of
the DSSS modulated signal is very closely approximated by

2

A
Slf) = TS = f9 + 5(f + £
= A4T‘ {sinc® [T(f — £)1 + sinc® [T f+ 11 (8.76)

The spectrum, as stated above, is approximately independent of the data
spectrum and has a null-to-null bandwidth around the carrier of 2/T, Hz.

We next look at the error probability performance. First, assume a DSSS
signal plus additive white Gaussian noise is present at the receiver. Ignoring
propagation delays, the output of the local code multiplier at the receiver
(see Fig. 8.25) is

zi(t) = A d(t)c(t)c(t — A) cos (we + ) + n(t)e(t — A)  (8.77)

where A is the misalignment of the locally generated code at the receiver
with the code on the received signal. Assuming perfect code synchronization
(A = 0), the output of the coherent demodulator is

zy(t) = Ad(t) + n’(t) + double frequency terms (8.78)
where I
n’(t) = 2n(t)c(t) cos (we + 6) (8.79)

is a new Gaussian random process with zero mean. Passing z,(t) through
an integrate-and-dump circuit, we have for the signal component at the
output

Vo = *4T, (8.80)

where the sign depends on the sign of the bit at the input. The noise com-
ponent at the integrator output is

Ty
N, = f 2n(t)c(t) cos (wr + 6) dt (8.81)
4]
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Since n(t) has zero mean, N, has zero mean. Its variance, which is the same
as its second moment, can be found by squaring the integral, writing it as an
iterated integral, and taking the expectation inside the double integral—a
procedure that has been used several times before in this chapter and the
previous one. The result is

var (N,) = E(N,’) = NoT} (8.82)

where N, is the single-sided power spectral density of the input noise. This,
together with the signal component of the integrator output, allows us to
write down an expression similar to the one obtained for the baseband
receiver analysis carried out in Section 7.1 (the only difference is that the
signal power is A%]2 here, whereas it was A? for the baseband signal consid-
ered there). The result for the probability of error is

P, = Q(VA'T/Ny) = Q(V2E,/Ny) (8.83)

With Gaussian noise alone, DSSS performs the same as BPSK without the
spread-spectrum modulation.

Consider next a cw interference component. Now, the input to the inte-
grate-and-dump detector, excluding double frequencies, is

Z)(t) =4 d(t)+n’(t) + 4; cos [(w.+ Aw)t+P][2 cos (wet+0)] (8.84)

where 4, is the amplitude of the interference component and Aw is its offset
frequency from the carrier frequency. It is assumed that Aw << 27/T.. The
output of the integrate-and-dump detector is

Vi = TAT, + N, + N, (8.85)

The first two terms are the same as obtained before. The last term is the

result of interference and is given by

T,
N, = f (D4, cos [(wo + Aw)t + @][2 cos (wer + 0)] dt

0
| [T
= J; Ae(t) cos (Awt + 0 — @) dt (8.86)
Because of the multiplication by the wideband spreading code c(t) and the
subsequent integration, we approximate this term by an equivalent Gaussian
random variable (the integral is a sum of a large number of random vari-
ables). Its mean is zero, and for Aw < 27/T,, its variance can be shown to
be

var (N)) = 2

(8.87)

592



576 Advanced Data Communications Topics

With this Gaussian approximation for N,, the probability of error can be
shown to be

A’T,?
P=Q b (8.88)
ar
where
Tl
o;f = N,T, + ~22L (8.89)

is the total variance of the noise plus interference components at the inte-
grator output. The quantity under the square root can be further manipu-

lated as
A1 412
207 No/T, + (TIT)A 212)
o= s (8.90a)
2, PG, '
where

P, = A%2 is the signal power at the input

P, = Ny/T, is the Gaussian noise power in the bit-rate bandwidth
P, = A2 is the power of the interfering component at the input
G, = T,/T, is the processing gain of the DSSS system.

It is seen that the effects of the interfering component is decreased by the
processing gain G,. Equation (8.90a) can be rearranged as

AT SNR 05T
26,7 SNR)(JSR '
or 1+ ( ;U )

P

where

SNR = P/P, is the signal-to-noise ratio

JSR = P,/P, is the jamming-to-signal ratio

Figure 8.27 shows P; versus the SNR for several values of JSR/G,.
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FIGURE 8.27 Pgversus SNR for DSSS with G, = 30 dB for (a)JSR = 25
dB, (b) JSR = 20 dB, (c) JSR = 15dB, and (d) JSR = 10dB
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Frequency-Hop Spread Spectrum

In the case of frequency-hop spread spectrum (FHSS), the modulated signal is
hopped in a pseudorandom fashion among a set of frequencies so that a
potential eavesdropper does not know in what band to listen or jam. Con-
sequently, the eavesdropper must listen or jam in the full bandwidth in
which the signal is hopped. Current FHSS systems may be classified as fast
hop or slow hop, depending on whether one (or less) or several data bits are
included in a hop. The data modulator for either is usually a noncoherent
type such as FSK or DPSK, since frequency synthesizers are not usually
coherent from hop to hop. Even if one goes to the expense of building a
coherent frequency synthesizer, the channel may not preserve the coherency
property of the synthesizer output. At the receiver, as shown in Figure 8.26,
a replica of the hopping code is produced and synchronized with the hop-
ping pattern of the received signal. One possible circuit for achieving this
synchronization process is shown later.
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FIGURE 8.28 Code acquisition circuits for (a) DSSS and (b) FHSS using
serial search
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Only a brief discussion of code synchronization will be given here. For
detailed discussions and analyses of such systems, the reader is referred to
Ziemer and Petersen (1985).*

Figure 8,28(a) shows a serial-search acquisition circuit for DSSS. A replica
of the spreading code is generated at the receiver and multiplied by the
incoming spread-spectrum signal (the carrier is assumed absent in Figure
8.28 for simplicity). Of course, the code epoch is unknown, so an arbitrary
local code delay relative to the incoming code is tried. If it is within +3

* For an excellent tutorial paper on acquisition and tracking, sce S. 8. Rappaport and D. M.
Grieco, "Spread-Spec:mm Signal Acquisition: Methods and Technology,” IEEE Communications
Magazine, Vol. 22, No. 6, June 1984, pp. 6-21,
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chip of the correct code epoch, the output of the multiplier will be despread
data and its spectrum will pass through the bandpass filter whose bandwidth
is of the order of the data bandwidth. If the code delay is not correct, the
output of the multiplier remains spread and little power passes through the
bandpass filter. The envelope of the bandpass filter output is compared with
a threshold—a value below threshold denotes an unspread condition at the
multiplier output and, hence, a delay that does not match the delay of the
spreading code at the receiver input, while a value above threshold indicates
that the codes are approximately aligned. If the latter condition holds, the
synchronization indicator stops the code search and a tracking mode is
entered. If the below-threshold condition holds, the codes are assumed to
be not aligned, so the search control steps to the next code delay (usually a
half chip) and the process is repeated. It is apparent that such a process can
take a relatively long time to achieve lock. The mean time to acquisition is

given by
aN. T, 2 — Py
T = (8.91)
1 2(1 — Ppy) Py
where
T, = examination time for each cell
n = number of cells examined per chip
N. = initial number of chips to be searched
Py = probability of false threshold crossing at the end of an

examination interval
Py = probability of threshold crossing when correct alignment

exists

Other techniques are available that speed up the acquisition, but at the
expense of more hardware or special code structures.

A synchronization scheme for FHSS is shown in Figure 8.28(b). The dis-
cussion of its operation would be similar to that for acquisition in DSSS
except that the correct frequency pattern for despreading is sought.

Conclusion

From the preceding discussions and the block diagrams of the DS and FH
spread-spectrum systems, you can see that nothing is gained by using a spread-
spectrum system in terms of performance in an additive white Gaussian noise channel.
Indeed, using such a system may result in more degradation than using a
conventional system, owing to the additional operations required. The
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advantages of spread-spectrum systems accrue in environments that are hos-
tile to digital communications—environments such as those in which mul-
tipath transmission or intentional jamming of channels exist. In addition,
since the signal power is spread over a much wider bandwidth than it is in
an ordinary system, it follows that the average power density of the trans-
mitted spread-spectrum signal is much lower than the power density when
the spectrum is not spread. This lower power density gives the sender of the
signal a chance to mask the transmitted signal by the background noise and
thereby lower the probability that anyone may intercept the signal.

One last point is perhaps worth making: It is knowledge of the structure
of the signal that allows the intended receiver to pull the received signal
out of the noise. The use of correlation techniques is indeed powerful.

8.5 SATELLITE COMMUNICATIONS

In this section we look at the special application area of satellite commu-
nications to illustrate the use of some of the error probability results derived
in this chapter. Satellite communications were first conceived in the 1950s.
The first communications satellite was Echo I, a passive reflecting sphere,
which was launched in 1956. The first active satellite, Courier, where
‘“active’ refers to the satellite’s ability to receive, amplify, and retransmit
signals, was launched in 1960. It had only two transmitters and had a launch
weight of only 500 pounds. (Score was launched in 195 8, but transmitted a
prerecorded message.) In contrast, Intelsat VI, launched in 1986, has 77
transmitters and weighs 3600 pounds. Figure 8.29(a) shows a typical satellite
repeater link, and Figure 8.29(b) shows a frequency-translating “bent-pipe”
satellite communications system. Frequency translation is necessary to sep-
arate the receive and transmit frequencies and thus prevent ‘“‘ring-around.”
Another type of satellite communication system, known as a demod /remod
system (also referred to as on board processing, or OBP), is shown in Figure
8.29(c). In such a satellite repeater, the data are actually demodulated and
subsequently remodulated onto the downlink carrier. In addition to the relay
communications system on board the satellite, other communications sys-
tems include ranging (to provide a range measurement to the satellite), com-
mand (to receive commands from an earth station to control the satellite),
and telemetry (to relay data about the satellite’s condition back to the earth).

Early satellite transmissions took place in the UHF, C, or X bands. Because
of the subsequent crowding of these bands, additional frequency allocations
were added at K, V, and Q bands. Services are classified as fixed-point (com-
munications between a satellite and fixed ground station), broadcast (trans-
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FIGURE 8.29 Various satellite relay link communications configurations.
(a) Satellite repeater link. (b) Frequency-translation satellite communications
relay. (c) Demod/remod satellite communications relay.
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mission to many receivers), and mobile (e.g., communications to aircraft,
ships, and land vehicles). Intersatellite refers to communications between
satellites.

It is important that satellites be stabilized so that the antennas can be
pointed to predetermined points on the earth's surface. Early satellites were
spin-stabilized, which means that the satellites were physically spun about an
axis that kept them oriented in a particular relationship to the earth as a
result of the gyroscopic effect. Because of the difficulty in despinning ever-
more-complicated antenna systems, present-day satellites are almost all
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three-axis stabilized. This means that a three-axis gyroscope system is on board
to sense deviations from the desired orientation, and the resulting control
signals derived from them are used to turn thruster jets on and off in order
to maintain the desired orientation.

Satellites can be in low-earth orbits (LEO), medium-earth orbits (MEO),
geostationary orbits, or interplanetary orbits. A geostationary orbit is one
such that the satellite is at an altitude over the equator so that its angular
rotation rate exactly matches that of the earth’s, and it therefore appears to
be stationary with respect to the earth. Geostationary altitude is 35,784 km
or 22,235 statute miles (1 mile is approximately 1.6 km).

Antenna Coverage

Coverage of the earth by an antenna mounted on a satellite can be hemi-
spherical, continental, or zonal depending on the antenna design. Antenna
designs are now possible that cover several zones or spots simultaneously on
the earth’s surface. Such designs allow Jrequency reuse, in that the same band
of frequencies can be reused in separate beams, which effectively multiplies
the bandwidth of the satellite transponder available for communications by
the reuse factor. Figure 8.30 shows a typical antenna gain pattern in polar
coordinates. The maximum gain can be roughly calculated from

4T
Pa (F) A (8.92a)

Go

FIGURE 8.30 Polar representation of a general antenna gain function
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where

p, = antenna efficiency (= 1)

A

A = aperture area

wavelength

For a circular aperture of diameter d, this expression becomes

2
wd
Gy = P, (—) (8.92b)
A
The half-power beamwidth in radians can be approximated as
A
N (8.93)
d Vp,

A convenient approximation for the antenna pattern of a parabolic reflector
antenna for small angles off boresight (such that the gain is within 6 dB of
the maximum value) is

4\’ ,
G(@) = p, (%) exp [—2.76(¢/P3ap)'] (8.94)

EXAMPLE 8.4  Find the aperture diameter and maximum gain for a trans-
mit frequency of 10 GHz and p, = 0.8 if, from geosynchronous altitude,
the following coverages are desired: (2) hemispherical, (b) continental
United States (CONUS), and (c) a 150-mile-diameter spot.

SOLUTION  The wavelength at 10 GHz is

3 X 10° m/
A== = —003m
10 X 10 Hz
0.03 m
= ———— = 0.0984 ft
0.3048 m/ft

(a) Geosynchronous altitude is 22,235 statute miles, and the earth’s radius
is 3963 miles. The angle subtended by the earth from geosynchronous alti-

tude is

_ 2(3963)

——— = 0.356 rad
22,235
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Equating this to @345 in (8.93) and solving for d, we have

d et e 0.31 ft
(0.356)1/0.8 y

(b) The angle subtended by CONUS from geosynchronous altitude is

4000
= = (.18 rad
¢CONUS 22,235 ra
Thus,
0.0984
= 0.61 ft

d=———17
(0.18)\/0.8

(c) A 150-mile-diameter spot on the earth’s surface directly below the sat-
ellite subtends an angle of

150
22,235

¢150 = = 0.0067 rad
from geosynchronous orbit. The diameter of an antenna with this beamwidth
is

d = BOAS 16.3 ft
0.00671/0.8 )

Note that doubling the frequency to 20 GHz would halve these diameters.

Earth Stations and Transmission Methods

Figure 8.31 shows a block diagram of the transmitter and receiving end of
an earth station. Signals from several sources enter the earth station (e.g.,
telephone, television, etc.), whereupon two transmission options are avail-
able. First, the information from a single source can be placed on a single
carrier. This is referred to as single-channel-per-carrier (SCPC). Second, infor-
mation from several sources can be multiplexed rogether and placed onto
contiguous intermediate frequency carriers, the sum translated to radio fre-
quency, pewer amplified, and transmitted. At the receiving end, the reverse
process takes place.

At this point, it is useful to draw a distinction between multiplexing and
multiple access. Multiple access (MA), like multiplexing, involves sharing of a
common communications resource between several users. However, whereas
multiplexing involves a fixed assignment of this resource at a local level, MA
involves the remote sharing of a resource, and this sharing may under certain
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FIGURE 8.31 Satellite ground station receiver/transmitter configuration.
The command transmitter and telemetry receivers are not shown.
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circumstances change dynamically under the control of a system controller.
There are three main techniques in use for utilizing the bandwidth resources

of a remote resource, such as a relay satellite. These are

1. Frequency division multiple access (FDMA), wherein the resource is

~ divided up in frequency '

2. Time division multiple access (TDMA), wherein the resource is divided
up in time

3. Code division multiple access (CDMA), wherein a unique code is assigned
to each intended user and the separate transmissions are separated by
correlation with the code of the desired transmitting party

Figure 8.32 illustrates these three accessing schemes, In FDMA, signals
from various users are stacked up in frequency, just as for frequency division
multiplexing, as shown in Figure 8.32(a). Guard bands are maintained
between adjacent signal spectra to minimize crosstalk between channels. If
frequency slots are assigned permanently to the users, the system is referred
to as fixed-assigned multiple-access (FAMA). If some type of dynamic allocation
scheme is used to assign frequency slots, it is referred to as a demand-assigned
multiple-access (DAMA) system.

In TDMA, the messages from various users are interlaced in time, just as
for TDM, as shown in Figure 8.32(b). As illustrated in Figure 8.33, the data
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from each user are conveyed in time intervals called slots. A number of slots
make up a frame. Each slot is made up of a preamble plus information bits.
The functions of the preamble are to provide identification and allow syn-
chronization of the slot at the intended receiver. Guard times are utilized
between each user’s transmission to minimize crosstalk between channels.

FIGURE 8.32 |llustration of multiple-access techniques. (a) FDMA.
(b) TDMA. (c) CDMA using frequency-hop modulation (numbers denote
hopping sequences for channels 1, 2, and 3).

Satellite transponder

< bandwidth 7

Transmitted Station G
spectrum Station F
from Station E

Station B Station C station A Station D

Frequency —

(a)

(PA‘A|B|C|D E|

Time ——>
One frame

2 301 2
2 1 3 2
3 2 1 3
3
s 1 3 2 1
B
g 12 3
&
3 1 3
1 2 1
13 2

Time
{c)

603



8.5 Satellite Communications

FIGURE 8.33 Details of a TDMA frame format
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It is necessary to maintain overall network synchronization in TDMA, unlike
FDMA. If, in a TDMA system, the time slots that make up each frame are
preassigned to specific sources, it is referred to as FAMA,; if time slots are
not preassigned, but assigned on a dynamic basis, the technique is referred
to as DAMA. DAMA schemes require a central network controller and a
separate low-information-rate channel between each user and the controller
to carry out the assignments. A DAMA TDMA system is more efficient in
the face of bursty traffic than a FAMA system.

In CDMA, each user is assigned a code that ideally does not correlate with
the codes assigned to other users, and the transmissions of a desired user are
separated from those of all other users at a given receiving site through
correlation with a locally generated replica of the desired user’s code. Two
ways that the messages can be modulated with the code for a given user is
through direct-sequence spread spectrum or frequency-hop spread spectrum
(see Section 8.4). Although CDMA schemes can be operated with network
synchronization, it is obviously more difficult to do this than to operate the
system asychronously, and therefore asynchronous operation is the preferred
mode. When operated asynchronously, one must account for multiple access
noise, which is a manifestation of the partial correlation of a desired user’s
code with all other users’ codes present on the system.

Link Analysis: Bent-Pipe Relay

In Appendix A, a single one-way link budget is considered for a satellite
communications system. Consider now the situation depicted in Figure 8.34.
A transmitted signal from a ground station is broadcast to a satellite with
power P,, where the subscript u stands for ‘“uplink.” Noise referred to
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FIGURE 8.34 Signal and noise powers in the uplink and downlink portions
of a bent-pipe satellite relay system
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the satellite input has power P,,. The sum of the signal and noise is amplified
by the satellite repeater to give a transmitted power from the satellite of

P = G(P, + P,) (8.95)

where G is the gain of the satellite repeater. The received signal power from
the satellite at the receiving ground station is

Prs = GGTOTPus (8'96)
where Gror represents total system losses and gains on the downlink. It can
be expressed as
_ GG

= 8.97
Gror i (8.97)

where

G, = gain of the satellite transmitter antenna

b~

= atmospheric losses on the downlink

a

b~

» = propagation losses on the downlink

G, = gain of the ground station receive antenna

The uplink noise power transmitted by the satellite repeater and appearing
at the ground station input is

Py = GP,Gror (8.98)
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Additional noise generated by the ground station itself is added to this noise
at the ground station. The ratio of P, to total noise is the downlink carrier-
to-noise power ratio. It is given by

(CNR), = (8.99)

P, Py

Substituting previously derived expressions for each of the powers appearing
on the right side of (8.99), we obtain

GGrorlPus

GP,.Gror + Py

= '—;‘* (8.100)
Py,

GGrorPys
1

~ (CNR), ' + (CNR); !

(CNR), =

where

P
(CNR), = == = carrier-to-noise power ratio on the uplink

un
(CNR); = S L carrier-to-noise power ratio on the downlink
Py,

Note that the weakest of the two CNRs affects the overall carrier-to-noise
power ratio the most. The overall carrier-to-noise power ratio cannot
be better than the worse of two carrier-to-noise ratios that make it up.
To obtain (CNR), and (CNR),, we use the link equations developed in
Appendix A.

To relate carrier-to-noise ratio to E,/N, in order to calculate the error

probability, we note that

P
CNR = —= (8.101)
NoB

where

= average carrier power
Ny = noise power spectral density

By = modulated signal (radio frequency) bandwidth
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Multiplying numerator and denominator by the symbol duration T,, we note
that PT, = E, is the symbol energy and obtain

5

CNR =
NoBgT,
or, solving for E/N,,
ES
— = (CNR)BgT, (8.102)
No

Given a modulation scheme, we can use a suitable bandwidth criterion to
determine ByT,. For example, using the null-to-null bandwidth for BPSK as
Byr, we have By = 2/T, or TyBy; = 2, where T, = T,, since we are consid-
ering binary signaling.

Because the CNR is related to E/N, by the constant By T,, we can write
(8.100) as

E 1
—| = = = 8.103
(NO>, (E/Ng), ' + (E/Ng)y " sy
where
(E//Ng), = symbol-energy—to-noise-spectral—density ratio on the uplink

(E//Ny)y; = symbol-energy—to—noise—spectral-density ratio on the downlink

EXAMPLE 85 Compute the relationship between (E/N,), and (E,/Ny),
required to yield an error probability of P, = 10 °ona bent-pipe satellite
relay communications link if BPSK modulation is used.

SOLUTION  For BPSK, (E,/N), = 10.54 dB gives P; = 10™°. Thus (8.103)

becomes

l 1.054
— — = 10"%* =~ 11.324 (8.104)
(Ey/No), = + (Ey/No)y

Solving for (E,/Ny), in terms of (E,/N,),, we have the relationship

E, 1
2 = — (8.105)
No d 0.0883 — {EbeD)u

Several values are given in Table 8.9.

A curve showing the graphical relationship between the uplink and down-
link values of E,/N, will be shown later in conjunction with another exam-
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TABLE 8.9 Uplink and Downlink Values of E,/Ny
Required for Pz = 107°

(Es/No) 4B (Es/Nols 9B
20.0 11.08
15.0 12.47
140 13.14
1355 1355
120 15.98
11.0 20.52

ple. Note that the received E,/N, is never better than the uplink or downlink
values of Ey/Ng. For (Ey/Ng), = (E;/Ng); = 13.55 dB, the value of (E,/N),
is 10.54, which is that value required to give Py = 10™°. Note that as either
(Ey/No), or (E,/Ny); approaches infinity, the other energy-to-noise-spectral-
density ratio approaches 10.54 dB.

Link Analysis: OBP Digital Transponder

Consider a satellite relay link in which the modulation is digital binary and
detection takes place on board the satellite with subsequent remodulation
of the detected bits on the downlink carrier and subsequent demodulation
and detection at the receiving ground station. This situation can be illus-
trated in terms of bit errors as shown in Figure 8.35.

The channel is considered symmetrical in that errors for 1’s and O’s are
equally likely. It is also assumed that errors on the downlink are statistically
independent of errors on the uplink and that errors in both links are inde-
pendent of each other. From Figure 8.35, it follows that the overall proba-
bility of no error given that a 1 is transmitted is

P(C|1) = q.94 + PuPa (8.106)

where
g, = 1 — p, is the probability of no error on the uplink

gqs = 1 — pyis the probability of no error on the downlink

A similar expression holds for the probability P(C | 0) of correct transmission
through the channel given that a O is transmitted, and it therefore follows
that the probability of correct reception averaged over both 1’s and O’s is

P(C) = P(C|1) = P(C|0) (8.107)
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FIGURE 8.35 Transition probability diagram for uplink and downlink errors
on a demod/remod satellite relay

Transmitter Relay Receiver

J | |

1

Note: q,=1- p,
9,=1-p,

The average probability of error is
P, =1— PC)
=1 — (994 T PP
I — @ = p)1 — p) — pups
= p.t ps — 2p.py (8.108)

The following example illustrates how to obtain the uplink and downlink
signal energy-to-noise-spectral-density ratios required for an overall desired
P for a given modulation technique.

V| EXAMPLE 86  Consider an OBP satellite communications link where
BPSK is used on the uplink and the downlink. For this modulation technique,

—(Ey/No)u
P = QV2EINy)) = —ee (Ey/Ng), > 3 (8.109)
2/ w(E,/ Ny),
with a similar expression for p,. Say we want the error probability for the
overall link to be 10™°. Thus, from (8.108), we have

107° = p, + p; — 2p,py (8.110)
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TABLE 8.10 E,/N, Values for the Uplink and Downlink
Required in an OBP Satellite Communications Link to

Give Pz = 107°
Py (Ep[Ny), dB Py (Ep[No)s 4B
1077 11.31 9x 1077 10.58
5% 1077 10.79 5% 1077 10.79
6x 1077 10.73 4 %1077 10.87
7x 1077 10.67 3x 1077 10.96

Solving for p, in terms of p,, we have

=0 = 8.111

Pd 1 — 25, (8.111)

A table of values of p; can be made up versus values of p, and the corre-

sponding required values of (E,/N), can then be calculated from (8.109)

with a similar procedure followed for (E,/No),- Such a table of values is pre-
sented as Table 8.10.

Figure 8.36 shows (E,/Ny), versus (E,/No); for both the bent-pipe and

FIGURE 8.36 Comparison of bent-pipe and OBP relay characteristics

30 — |
| BPSK modulation
Ii P, =106
|
|
|
T 20 - Hh// Bent-pipe link
\
-2 \
z \
W N
\\
10 - \ \7————__.
Demod/remod link
0 1 1 |
0 10 20 30

(Ey/Ng)ly —
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demod/remod satellite relays for an overall bit error probability of 10~ %,

Curves for other values of P; or other digital modulation schemes can be
obtained in a similar manner. This is left to the problems.

SUMMARY

1. When dealing with M-ary digital communications systems, with # = 2,
it is important to distinguish between a bit and a symbol or character.
A symbol conveys log,(#) bits. The symbol rate in symbols per second
is called the band rate in bauds. We must also distinguish between bit
error probability and symbol error probability.

2. M-ary schemes based on quadrature multiplexing include quadrature
phase-shift keying (QPSK), offset QPSK (OQPSK), and minimum-shift
keying (MSK). All have a bit error rate performance that is essentially
the same as binary BPSK if precoding is used to ensure that only one bit
error results from mistaking one phase for an adjacent phase.

3. MSK can be produced by quadrature modulation or by serial modula-
tion. In the latter case, MSK is produced by filtering BPSK with a prop-
erly designed conversion filter. At the receiver, serial MSK can be
recovered by first filtering it with a bandpass matched filter and per-
forming coherent demodulation with a carrier at [+ 1/4T, (i.e., at the
carrier plus a quarter data rate). Serial MSK performs identically to
quadrature-modulated MSK and has advantageous implementation fea-
tures at high data rates.

4. It is convenient to view M-ary data modulation in terms of signal space.
Examples of data formats that can be considered in this way are M-ary
PSK, quadrature-amplitude-shift keying (QASK), and M-ary FSK, For the
former two modulation schemes, the dimensionality of the signal space
stays constant as more signals are added; for the latter, it increases
directly as the number of signals added. A constant-dimensional signal
space means signal points are packed closer as the number of signal
points is increased, thus degrading the error probability; the bandwidth
remains essentially constant, In the case of FSK, with increasing dimen-
sionality as more signals are added, the signal points are not compacted,
and the error probability decreases for a constant signal-to-noise ratio;
the bandwidth increases with an increasing number of signals, however.

5. A convenient measure of bandwidth occupancy for digital modulation
is in terms of out-of-band power or power-containment bandwidth. An
ideal brickwall cuntainment bandwidth that passes 90% of the signal
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10.

11.

12.

power is approximately 1/T, Hz for QPSK, OQPSK, and MSK, and about
2/T, Hz for BPSK.

The different types of synchronization that may be necessary in a digital
modulation system are carrier (only for coherent systems), symbol or
bit, and possibly word. Carrier and symbol synchronization can be car-
ried out by an appropriate nonlinearity followed by a narrowband filter
or phase-lock loop. Alternatively, appropriate feedback structures may
be used.

. A pseudo-noise sequence resembles a random ‘‘coin toss” sequence but

can be generated easily with linear feedback shift-register circuits. They
have a narrow correlation peak for zero delay and low sidelobes for
nonzero delay, a property that makes them ideal for synchronization of
words or measurement of range.

. Spread-spectrum communications systems are useful for providing

resistance to jamming, to provide a means for masking the transmitted
signal from unwanted interceptors, to provide resistance to multipath,
to provide a way for more than one user to use the same time-frequency
allocation, and to provide range-measuring capability.

The two major types of spread-spectrum systems are direct-sequence
spread-spectrum (DSSS) and frequenéy-hop spread-spectrum (FHSS). In
the former, a spreading code with rate much higher than the data rate
multiplies the data sequence, thus spreading the spectrum, while for
FHSS, a synthesizer driven by a pseudorandom code generator provides
a carrier that hops around in a pseudorandom fashion. A combination
of these two schemes, referred to as hybrid spread spectrum, is also
another possibility.

Spread spectrum performs identically to whatever data-modulation
scheme is employed without the spectrum spreading as long as the
background is additive white Gaussian noise and synchronization is

perfect.

The performance of a spread-spectrum system in interference is deter-
mined in part by its processing gain, which can be defined as the ratio
of bandwidth of the spread system to that for an ordinary system
employing the same type of data modulation as the spread-spectrum
system. For DSSS the processing gain is the ratio of the data bit duration
to the spreading code bit (or chip) duration.

An additional level of synchronization, referred to as code synchronization,
is required in a spread-spectrum system. The serial search method is

612



596

13.

Advanced Data Communications Topics

perhaps the simplest in terms of hardware and to explain, but it is rel-
atively slow in achieving synchronization.

Satellite communications systems provide a realistic example to which
the digital modulation schemes considered in this chapter can be
applied. Two general types of relay satellite configurations were con-
sidered in the last section of this chapter: bent-pipe and OBP. In the
OBP system, the data on the uplink are demodulated and detected and
then used to remodulate the downlink carrier. In the bent-pipe relay,
the uplink transmissions are translated in frequency, amplified, and
retransmitted on the downlink. Performance characteristics of both
types of links were considered by example.

FURTHER READING

In addition to the references given in Chapter 7, for a fuller discussion and

in-depth treatment of the digital modulation techniques presented here, see
Ziemer and Peterson (1992), and Peterson, Ziemer, and Borth (1995).

PROBLEMS
Section 8.1

8.1

8.2

8.3

An M-ary communication system transmits at a rate of 1000 symbols
per second. What is the equivalent bit rate in bits per second for
M=42M=8"M= 64?

A serial bit stream, proceeding at a rate of 10 kbps from a source, is
given as

110 011 100 101 (spacing for clarity)

Number the bits from left to right starting with 1 and going through
12 for the right-most bit. Associate the odd-indexed bits with d,(t)
and the even-indexed bits with d,(t) in Figure 8.1.

(2) What is the symbol rate for d, and d,?

(b) What are the successive values of 6, given by (8.2) assuming QPSK
modulation? At what time intervals may 8, switch?

(c) What are the successive values of 6, given by (8.2) assuming
OQPSK modulation? At what time intervals may 8, switch values?

QPSK is used to transmit data through a channel that adds Gaussian
noise with power spectral density N, = 10~ "2 V*/Hz. What are the
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8.4

8.5

8.6

8.7

8.8

8.9

8.10

values of the quadrature-modu]ated carrier amplitudes required to

give P ymbol = 10™* for the following data rates?
(@) 10 kbps (c) 1 Mbps
(b) 100 kbps (d) 1 Gbps

Show that the noise components N; and N, for QPSK, given by Equa-
tions (8.6) and (8.8), are uncorrelated.

(a) Given the following values for the transmitted signal phase, 0, in
QPSK, from Figure 8.1 and the text, tell whether d\(t) and d,(t)
are +1 or —1 for the following cases:

()6, = 45° (2)6, = 135° (3)8, = —45° (46, = —135°

(b) For the results obtained in part (a) assume that an error is made
in detecting d,(t) What is the corresponding 6

(c) Same question as part (b), but an error is made in d,(t).

(a) A BPSK system and a QPSK system are designed to transmit at
equal rates; that is, two bits are transmitted with the BPSK system
for each phase in the QPSK system. Compare their symbol error
probabilities versus SNR.

(b) A BPSK system and a QPSK system are designed to have equal
transmission bandwidths. Compare their symbol error probabili-
ties versus SNR.

(c) On the basis of parts (a) and (b), what do you conclude about the
deciding factor(s) in choosing BPSK versus QPSK?

Compare P; as computed from Equation (8.14) with the exact result
for SNR’s of E,/N, = 0, 3, 6, and 9 dB.

Given the serial data sequence
11100 10111 00100 00011

associate every other bit with the upper and lower data streams of
the block diagrams of Figures 8.2 and 8.4. Draw on the same time
scale (one below the other) the quadrature waveforms for the follow-
ing data modulation schemes: QPSK, OQPSK, MSK type I, and MSK

type II.

Sketch an excess phase trellis diagram for each of the cases of Prob-
lem 8.8. Show as a heavy line the actual path through the trellis rep-
resented by the data sequence given.

Derive Equation (8.24) for the spectrum of an MSK signal, assuming
that the block diagram of Figure 8.7(a) is correct. That is, show that
serial modulation of MSK works from the standpoint of spectral argu-
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8.14

8.15
8.16

8.17
8.18

Advanced Data Communications Topics

ments. (Hint: Work only with the positive-frequency portions of the
spectrum.)

An MSK system has a carrier frequency of 100 MHz and transmits
data at a rate of 100 kbps.

(a) For the data sequence 1010101010 . . ., what is the instantane-
ous frequency?

(b) For the data sequence 000000000 . . . , what is the instantaneous
frequency?

Sketch the signal space with decision regions for l6-ary PSK [see
(8.39)].

Using (8.49) and appropriate bounds for Py ymboly ©btain E /N,
required for achieving Py, = 10™* for M-ary PSK with M = 8§, 16,
32, 64. Repeat for 16-GASK.

Gray encoding of decimal numbers ensures that only one bit changes
when the decimal number changes by one unit. Let bb,b, . . . b, rep-
resent an ordinary binary representation of a number, with b, being
the most significant bit. Let the corresponding Gray code digits be
818293 - - - g Then the Gray code representation is obtained by the
algorithm

g = by
gn = bn ebﬂ—l
where @ denotes modulo-2 addition (ie,000=0,001= 1,

1®0=1,and1 ® 1 = 0). Find the Gray code representation for
the decimal numbers 0 through 16.

Derive the three equations numbered (8.45) for 16-QASK.

Using (8.51) and (8.47), obtain E,/N, required for achieving Py, =
10" for M-ary coherent FSK for M = 8, 16, 32, 64.

Repeat Problem 8.16 for noncoherent M-ary FSK for M = 2, 4, 8.

Sketch the signal space for binary coherent FSK showing the decision
regions.

On the basis of null-to-null bandwidths, give the required transmis-
sion bandwidth to achieve a bit rate of 10 kbps for the following:

(@) 16-QASK or 16-PSK (d) 8-FSK, coherent
(b) 8-PSK (e) 16-FSK, coherent
(c) 32-PSK (f) 32-FSK, coherent
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Section 8.2

8.20

8.21

8.22

8.23

8.24

On the basis of 90% power-containment bandwidth, give the required
transmission bandwidth to achieve a bit rate of 10 kbps for

(a) BPSK
(b) QPSK or OQPSK
(c) MSK

Repeat Problem 8.20, but use a 99% power-containment bandwidth.
(Hint: For BPSK, use an appropriate reinterpretation of the abscissa of
the curve for QPSK to extend the curve.)

Generalize the results for power-containment bandwidth for quad-
rature-modulation schemes given in Section 8.2 to M-ary PSK. With
appropriate reinterpretation of the abscissa of Figure 8.19 and using
the 90% power containment: bandwidth, obtain the required trans-
mission bandwidth to support a bit rate of 10 kbps for

(a) 8-PSK
(b) 16-PSK
(©) 32-PSK

Note that an NRZ waveform can be converted to split phase by mul-
tiplying the NRZ waveform by a squarewave with period equal to the
bit period. Assume a random (coin-toss) NRZ bit stream with the
autocorrelation function

T T
b Rt r
- (3
0, otherwise 4

Obtain a series expression for the power spectral density using the
Fourier series expansion for a squarewave and the modulation theo-
rem. Sketch the result, using the first few terms of the series.

Assume that a data stream d(t) consists of a random (coin toss)
sequence of +1 and —1 that is T seconds in duration. The autocor-
relation function for such a sequence is

T T
1 — {li= s -1 =<1

Ry(r) = 3 g
o, otherwise
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8.25
8.26

8.27

Advanced Data Communications Topics

(a) Find and sketch the power spectral density for an ASK-modulated
signal given by

sase(t) = 24[1 + d(t)] cos (w,t + 6)

where 8 is a uniform random variable in ©, 2m).
(b) Compute and sketch the power spectral density of a PSK-modu-
lated signal given by

spsk(t) = Asin [we + cos™ ' m d(r) + 0]

for the three cases m = 0, 0.5, and 1. (Hint: Expand s,q(t) into
its carrier and modulation components.)

Derive the Fourier transform pair in Equation (8.64).

Derive Equation (8.59), given Equations (8.56) and (8.57) and assum-
ing that A| and A, are independent and uniformly distributed in the
interval (0, T).

Accurately plot spectra for BPSK, QPSK, and MSK. Use the indepen-
dent variable T,f.

Section 8.3

8.28

8.29

8.30
8.31

Plot 0'¢2 versus z for the various cases given in Table 8.5. Assume 10%
of the signal power is in the carrier for the PLL and all signal power
is in the modulation for the Costas and data estimation loops. Assume
values of L = 100, 10, 5.

Consider a 15-bit, maximal-length PN code. It is generated by feed-
ing back the last two stages of a four-stage shift register. Assuming a
1 1 1 1 initial state, find all the other possible states of the shift
register. What is the sequence? Find and plot its periodic autocorre-
lation function. '

Repeat Problem 8.29 for a 31-bit maximal-length PN code.

The aperiodic autocorrelation function of a binary code is important
for word synchronization. In computing it, the code is not assumed
to periodically repeat itself, but each end is padded with zeros.

(@) Find the aperiodic autocorrelation function for the 7-bit se-
quence of Figure 8.22. What is the maximum of the absolute value
of the autocorrelation function for nonzero delay? This is a Barker
sequence.
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(b) Compute the aperiodic autocorrelation function of the 15-bit PN
sequence found in Problem 8.29 and compare with the result of
part (a). Note from Table 8.4 that this is not a Barker sequence.

Section 8.4

8.32
8.33

8.34

8.35
8.36

Show that the variance of N, as given by (8.81) is NgT,.

Show that the variance of N; as given by (8.86) is approximated by
the result given by (8.87). (Hint: You will have to make use of the
fact that T, 'A(T/T,) is approximately a delta function for small T..)

A DSSS system employing BPSK data modulation operates with a data
rate of 1 Mbps. A processing gain of 100 (20 dB) is desired.

(a) Find the required chip rate.

(b) What is the RF transmission bandwidth required (null-to-null)?

(c) An SNR of 10 dB is employed. What*is P; for the following JSRs?
5 dB; 10 dB; 15 dB; 30 dB.

Repeat Problem 8.34 for G, = 1000 (30 dB).

Given a sequential search code acquisition system with n = 2 cells
per chip, N, = 1000 chips, T, = 1 ms, Py = 102, and Py = 0.9.
Find T,

Section 8.5

8.37 Rederive the curves shown in Figure 8.36, assuming BPSK modulation,
for an overall P; of (a) 107°; (b) 107"

8.38 Rederive the curves shown in Figure 8.36, assuming Py = 10_6, if

8.39

the modulation technique used on the uplink and downlink is
(a) binary noncoherent FSK; (b) binary DPSK.

Rederive the curves shown in Figure 8.36, assuming Ppp; = 107¢, if
the modulation technique is changed to M-ary coherent FSK for
(@M= 4;(b)M = 8 (c) M = 16.

COMPUTER EXERCISES

8.1 Use a computer mathematics package to plot curves of P, versus E; /N,

for

(a) M-ary PSK (use the upper-bound expression as an approximation

to the actual error probability)
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8.2

8.3

8.4

8.5

8.6

Advanced Data Communications Topics

(b) Coherent M-ary FSK (again, use the upper bound as an
approximation)
(c) Noncoherent M-ary FSK

Compare your results with Figures 8.16 and 8.17.

Use a computer mathematics package to plot out-of-band power for
M-ary PSK, QPSK (or OQPSK), and MSK. Compare with Figure 8.19.

Approximate the power spectrum of coherent M-ary FSK by adding
voltage spectra of sinusoidal bursts of duration T, and of the appropri-
ate frequency coherently, and then plotting the magnitude squared.
What is the minimum spacing of the “tones” in order to maintain them
coherently orthogonal? Write a program to evaluate and plot (8.68b).
Compare with the spectrum found in the first part of this exercise.

Use a computer mathematics package to plot curves like those shown
in Figure 8.27. Use a solve routine to find the processing gain required
to give a desired probability of bit error for a given JSR and SNR. Note
that your program should check to see if the desired bit error proba-
bility is possible for the given JSR and SNR.

Given a satellite altitude and desired illumination spot diameter on the
earth’s surface, use a computer mathematics package to determine the
antenna aperture diameter and maximum gain to give the desired spot
diameter.

Use a computer mathematics package to plot Figure 8.36 for a given
probability of bit error, and

(a) M-ary PSK

(b) Coherent M-ary FSK

(c) Noncoherent M-ary FSK
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OPTIMUM RECEIVERS AND
SIGNAL-SPACE
CONCEPTS

For the most part, this book has been concerned with the analysis of com-
munication systems. An exception occurred in Chapter 7, where we sought
the best receiver in terms of minimum probability of error for binary digital
signals of known shape. In this chapter we deal with the optimization problem;
that is, we wish to find the communication system for a given task that per-
forms the best, within a certain class, of all possible systems. In taking this
approach, we are faced with three basic problems:

1. What is the optimization criterion to be used?

2. What is the optimum structure for a given problem under this optimi-
zation criterion?

3. What is the performance of the optimum receiver?

We will consider the simplest type of problem of this nature possible—that
of fixed transmitter and channel structure with only the receiver to be
optimized.

We have two purposes for including this subject in our study of infor-
mation transmission systems. First, in Chapter 1 we stated that the applica—
tion of probabilistic systems analysis techniques coupled with statistical
optimization procedures has led to communication systems distinctly differ-
ent in character from those of the early days of communications. The mate-
rial in this chapter will, we hope, give you an indication of the truth of this
statement, particularl}' when you see that some of the optimum structures
considered here are building blocks of systems analyzed in earlier chapters.
Additionally, the signal-space techniques to be further developed later in
this chapter provide a unification of the performance results for the analog
and digital communication systems that we have obtained so far.

9.1 BAYES OPTIMIZATION

Signal Detection Versus Estimation

Based on our considerations in Chapters 7 and 8, we see that it is perhaps
advantageous to separate the signal-reception problem into two domains.

=)
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The first of these we shall refer to as detection, for we are interested merely
in detecting the presence of a particular signal, among other candidate sig-
nals, in a noisy background. The second is referred to as estimation, in which
we are interested in estimating some characteristic of a signal that is assumed
to be present in a noisy environment. The signal characteristic of interest
may be a time-independent parameter such as a constant (random or non-
random) amplitude or phase or an estimate (past, present, or future value)
of the waveform itself (or a functional of the waveform). The former prob-
lem is usually referred to as parameter estimation. The latter is referred to as
filtering. We see that demodulation of analog signals (AM, DSB, and so on),
if approached in this fashion, would be a signal-filtering problem.*

While it is often advantageous to categorize signal-reception problems as
either detection or estimation, both are usually present in practical cases of
interest. For example, in the detection of phase-shift-keyed signals, it is nec-
essary to have an estimate of the signal phase available to perform coherent
demodulation. In some cases, we may be able to ignore one of these aspects,
as in the case of noncoherent digital signaling, in which signal phase was of
no consequence. In other cases, the detection and estimation operations may
be inseparable. However, we will look at signal detection and estimation as
separate problems in this chapter.

Optimization Criteria

In Chapter 7, the optimization criterion that was employed to find the
matched filter receiver for binary signals was minimum average probability of
error. In this chapter we will generalize this idea somewhat and seek signal
detectors or estimators that minimize average cost. Such devices will be
referred to as Bayes receivers for reasons that will become apparent later.

Bayes Detectors

To illustrate the use of minimum average cost optimization criteria to find
optimum receiver structures, we will first consider detection. For example,
suppose we are faced with a situation in which the presence or absence of
a constant signal of value k is to be detected in the presence of an additive
Gaussian noise component N (for example, as would result by taking a single

.

* See Van Trees (1968), Vol. 1, for a consideration of filtering theory applied to optimal
demodulation.
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sample of a signal plus noise waveform). Thus we may hypothesize two sit-
uations for the observed data Z:

Hypothesis 1 (H): Z = N (noise alone) P(H, true) = p,
Hypothesis 2 (Hj): Z k + N (signal plus noise) P(H, true) = 1 — po

. . . 2 ;
Assuming the noise to have zero mean and variance 0, , we may write down
the pdf’s of Z given hypotheses H, and H,, respectively. Under hypothesis
H,, Z is Gaussian with mean zero and variance 0,”. Thus

— 221262
z|H) = 77— (9.1)
SR = e
Under hypothesis H,, since the mean is k,
—(z— k12052
fdz|Hy) = —F7—=— 9.2)
2mo

n

These conditional pdf’s are illustrated in Figure 9.1. We note in this example
that Z, the observed data, can range over the real line —00 < Z <C 0. Our
objective is to partition this one-dimensional observation space into two
regions R, and R, such that if Z falls into R,, we decide hypothesis H; is
true, while if Z is in R,, we decide H, is true. We wish to accomplish this
in such a manner that the average cost of making a decision is minimized.
It may happen, in some cases, that R, or R, or both will consist of multiple
segments of the real line. (See Problem 9.2.)

Taking a general approach to the problem, we note that four a priori costs
are required, since there are four types of decisions that we can make. These

costs are

¢,;—the cost of deciding in favor of H, when Hj is actually true
¢,,—the cost of deciding in favor of H, when H, is actually true

FIGURE 9.1 Conditional pdf’s for a two-hypothesis detection problem

FplzI Hy) fplzl Hy)

APN R, P— 3 R,/\ oy

AN e
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cy1—the cost of deciding in favor of H, when H 1 is actually true
cz;—the cost of deciding in favor of H, when H, is actually true

Given that H; was actually true, the conditional average cost of making a
decision, C(D | H,), is

C(D|H,) = c¢,,P[decide H,|H, true] + c,,P[decide H,|H| true] (9.3)

In terms of the conditional pdf of Z given H{, we may write
P[decide H,|H, true] = J; fo(z|Hy) dz (9.4
i
and
P[decide H, | H, true] = j; fo(z|H,) dz (9.5)
’

where the one-dimensional regions of integration are as yet unspecified.
We note that Z must lie in either R, or R,, since we are forced to make
a decision. Thus

P[decide H; | H, true] + P[decide H, |H, true] = 1

or if expressed in terms of the conditional pdf fAz| H,), we obtain

j; fAz|H)dz = 1 — J; [fz(z| Hy) dz (9.6)

Thus, combining (9.3) through (9.6), the conditional average cost given H,,
C(D|H,), becomes :

C(D|H1) = J; fZ(ZIHl) dz + €1 [1 W J; fz(ZlHl) dz] 9.7

In a similar manner, the average cost of making a decision given that H,
is true, C(D| H,), can be written as

C(D|H,) = c,P[decide H,|H, true] + cyyP[decide H, | H, true]

= C12J;fz(z|H2) dZ+szj;fz(z|Hz) dz

= ¢, J; fAz|Hy) dz + ¢,, [1 — L fz(z|H,) dz:' 9.8
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To find the average cost without regard to which hypothesis is actually
true, we must average (9.7) and (9.8) with respect to the prior probabilities
of hypotheses H, and H,, po = P[H, true] and g0 = | — py = P[H;
true]. The average cost of making a decision is then

C(D) = poC(D|Hy) + qoC(D|Hy) (9.9)

Substituting (9.7) and (9.8) into (9.9) and collecting terms, we obtain

C(D) = po {Cn J; fz(Z|H1) dz + ¢y [1 - J; fz(Z|H1) dl}}
+ 40 {612 J; foz|H,y) dz + 33 l:l = J; fz(z|Hy) dz}} (9.10)

for the average cost, or risk, in making a decision. Collection of all terms
under a common integral that involves integration over R, results in

C(D) = [poca + qoc22]

+ J; {[QO(Clz - sz)fz(lez)] - [PO(CZI _Cll)fz(lel)]} dz (9.11)

The first term in brackets represents a fixed cost once po, 4o, €21, and c,, are
specified. The value of the integral is determined by those points which are
assigned to R,. Since wrong decisions should be more costly than right deci-
sions, it is reasonable to assume that c;; = ¢5; and ¢,; > cy;. Thus the two
bracketed terms within the integral are positive because go, po, fx(z|H,), and
foz | H,y) are probabilities. Hence all values of z that give a larger value for
the second term in brackets within the integral than for the first term in
brackets should be assigned to R, because they contribute a negative amount
to the integral. Values of z that give a larger value for the first bracketed
term than for the second should be assigned to R;. In this manner, C(D) will
be minimized. Mathematically, the preceding discussion can be summarized

by the pair of inequalities
Hy

qO(CIZ - sz)fz(Zle) 1-12 P0(021 - Cll)fZ(ZIHl)

or

fAZ|H)) ; Polear — 1)
fz(ZIHl) Hy qolcra — €23)

9.12)
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which are interpreted as follows: If an observed value for Z results in the
left-hand ratio of pdf’s being greater than the right-hand ratio of constants,
choose H,; if not, choose H,. The left-hand side of (9.12), denoted by A(Z),

A fz(z| H!)
f2(Z|H,)
is called the likelihood ratio. The right-hand side of (9.12),

A2) (9.13)

a Polear — ¢py)

9.14
golci2 — €3;) ( )

is called the threshold of the test. Thus the Bayes criterion of minimum aver-
age cost has resulted in a test of the likelihood ratio, which is a random
variable, against the threshold value 5. Note that the development has been
general, in that no reference has been made to the particular form of the
conditional pdf’s in obtaining (9.12). We now return to the specific example
that resulted in the conditional pdf’s of (9.1) and (9.2).

EXAMPLE 9.1  Consider the pdf’s of (9.1) and (9.2). Let the costs for a
Bayes test be ¢;; = ¢;; = 0 and ¢,; = ¢y,.

(a) Find A(2).

(b) Write down the likelihood ratio test for Po = 4o = 3.

(c) Compare the result of part (b) with the case Po = 7 and qo = 2

SOLUTION
exp [—(Z — k)’/20,7] 27 — ¥
@ A2) exp {'—221'20',,2} exp 20, (9.15)
(b) For this case n = 1, which results in the test
2kZ — sz e \
exp | ——— | = 1 (9.16a)
i ,: zdnz Hi

Taking the natural logarithm of both sides [this is permissible because
In(x) is a monotonic function of x] and simplifying, we obtain
H

Z= 5k (9.16b)

H

which states that if the noisy received data are less than half the signal
amplitude, the decision that minimizes risk is that the signal was absent,
which is reasonable,
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9.1 Bayes Optimization 609

(c) For this situation, n = %, and the likelihood ratio test is

Hy
exp [(2kZ — K)/20,)] Z 3 (9.173)
Hj
or, simplifying,
Mg o’ k
7= — 2 m3<- (9.17b)
H, k 2

Thus, if the prior probability of a signal being present in the noise is
increased, the optimum threshold is decreased so that the signal-present

hypothesis (H,) will be chosen with higher probability.

Performance of Bayes Detectors

Since the likelihood ratio is a function of a random variable, it is itself a
random variable. Thus, whether we compare the likelihood ratio A(Z) with
the threshold 7 or we simplify the test to a comparison of Z with a modified
threshold as in Example 9.1, we are faced with the prospect of making
wrong decisions. The average cost of making a decision, given by (9.11), can
be written in terms of the conditional probabilities of making wrong deci-
sions, of which there are two.* These are given by

P = J; fz(lel) dz (9.18)
and

Py = J; fz(ZIHz) dz

153 f fz(lez) dz=1—Pp (9.19)
Ry

The subscripts F, M, and D stand for *“false alarm," “miss,” and ‘‘detection,”
respectively, a terminology that grew out of the application of detection
theory to radar. (It is implicitly assumed that hypothesis H, corresponds to
the signal-present hypothesis and that hypothesis H, corresponds to noise~

* As will be apparent soon, the probability of error introduced in Chapter 7 can be expressed
in terms of P, and P Thus these conditional probabilities provide a complete performance

characterization of the detector.
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610 Optimum Receivers and Signal-Space Concepts

alone when this terminology is used.) When (9.18) and (9.19) are substituted
into (9.11), the risk per decision becomes

C(D) = Pofa + qoC22 + <I0(C12 — )Py — Polcay — o)l — Py) (9.20)

Thus it is seen that if the probabilities P; and P, (or Pp) are available, the
Bayes risk can be computed.

Alternative expressions for P; and Py can be written in terms of the con-
ditional pdf’s of the likelihood ratio given H| and H, as follows: Given that
H, is true, an erroneous decision is made if

AZ) < g (9.21)

for the decision, according to (9.12), is in favor of H 1- The probability of
inequality (9.21) being satisfied, given H, is true, is

n
P, = j; SaAHy) dA (9.22)

where fy(\|H,) is the conditional pdf of A(Z) given that H, is true. The
lower limit of the integral in (9.22) is 9 = 0 since A(2) is nonnegative, being
the ratio of pdfs. Similarly,

P = L Fa\[H,) d\ (9.23)

because, given H,, an error occurs if
AZ) > g (9.24)

[The decision is in favor of H, according to (9.12),] The conditional proba-
bilities fy(A|H,) and fy(\|H,) can be found, in principle at least, by
transforming the pdf's f,(z| H,) and f(z| H)) in accordance with the trans-
formation of random variables defined by (9.13). Thus two ways of comput-
ing P); and Prare given by using either (9.18) and (9.19) or (9.22) and (9.23),
Often, however, P, and Pp are computed by using a monotonic function of
A(Z) that is convenient for the particular situation being considered, as in
Example 9.2.

A plot of P, = 1 — P, versus P; is called the operating characteristic of the
likelihood ratio test, or the receiver operating characteristic (ROC). It provides
all the information necessary to evaluate the risk through (9.20), provided
the costs ¢y, ¢y3, €3y, and ¢,; are known. To illustrate the calculation of an
ROC, we return to the example involving detection of a constant in Gaussian
noise.
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9.1 Bayes Optimization 611

EXAMPLE 9.2 Consider the conditional pdf’s of (9.1) and (9.2). For an
arbitrary threshold 7, the likelihood ratio test of (9.12), after taking the
natural logarithm of both sides, reduces to

2z — k2 ook k
————=Iny or —=Z|-2)lnng+— (9.25)
20, H, a, H, k 20,

Defining the new random variable X # Z/o, and the parameter d £ klo,, we
can further simplify the likelihood ratio test to

H,

X=d 'Inn+ 3d (9.26)

H

Expressions for Py and Py can be found once fy(x|H;) and fy(x |H,) are
known. Because X is obtained from Z by scaling by o,,, we see from (9.1) and
(9.2) that

2 3
” x (x—d)

fx(X|H1) - \/; and fx("'Hz) S —\/2—:' (8.27)

That is, under either hypothesis H, or hypothesis H,, X is a unity variance
Gaussian random variable. These two conditional pdf’s are shown in Figure
9.2. A false alarm occurs if, given Hj,

X>d 'lng+3d (9.28)

FIGURE 9.2 Conditional probability density functions and decision regions
for the problem of detecting a constant signal in zero-mean Gaussian noise

fie IxIHy) fy ixI Hy)
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The probability of this happening is

P = ‘L Sfx(x| Hy) dx

=Pl ntdi2

e

le o] —xz/Z
= dx = Q(d 'Inn+ds2 9.29
J; m X Q.( n 7 ) ( )

! ln ytdi2

which is the area under fy(x | H,) to the right of d 'In n+ %d in Figure 9.2.
Detection occurs if, given H,,

X>d 'lnnp+ 4 (9.30)

The probability of this happening is

Py = J; fx(XIHz) dx

~! In y+d/2
o0 e—tx—d)%rz
= ———dx=Qd "Inn — d/2 (9.31
j:f—' Inp+d2 \/27 « ) )

Thus P; is the area under fy(x| H,) to the right of d~ ' In 9 + id in Figure
9.2,

The ROC is obtained by plotting P, versus P, for various values of d, as
shown in Figure 9.3. The curves are obtained by varying 7 from .0 to 00. For

FIGURE 9.3 Receiver operating characteristic for detecting a constant
signal in zero-mean Gaussian noise
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n = 0,lnn = —00 and the detector always chooses H, (P; = 1). For
n = 00, Inn = ©0 and the detector always chooses H, (Pp = P = 0).

The Neyman-Pearson Detector

The design of a Bayes detector requires knowledge of the costs and a priori
probabilities. If these are unavailable, a simple optimization procedure is to
fix P; at some tolerable level, say «, and maximize Pp, (or minimize P,) sub-
ject to the constraint P = «. The resulting detector is known as the Neyman-
Pearson detector. It can be shown that the Neyman-Pearson criterion leads to
a likelihood ratio test identical to that of (9.12), except that the threshold
n is determined by the allowed value of probability of false alarm a. This
value of 77 can be obtained from the ROC for a given value of Py for it can
be shown that the slope of a curve of an ROC at a particular point is equal
to the value of the threshold 7 required to achieve the P and P of that
point.*

Minimum Probability of Error Detectors

From (9.11) it follows that if ¢;; = ¢, = 0 (zero cost for making right
decision) and c;, = c;; = 1 (equal cost for making either type of wrong
decision), then the risk reduces to

Po [1 - J; fz(lel) dz} + 9o J; fz(lez) dz

Po J; fz(z|H1) dz + qo0 J; fz(Z|Hz) dz

= poPr T qoPu (9.32)

where we have used (9.6), (9.18), and (9.19). However, (9.32) is the proba-
bility of making a wrong decision, averaged over both hypotheses, which is
the same as the probability of error used as the optimization criterion in
Chapter 7. Thus Bayes receivers with this special cost assignment are mini-

c(D)

mum-probability-of-error receivers.

The Maximum a Posteriori (MAP) Detector

Letting ¢y} = ¢ = 0 and ¢,; = ¢y, in (9.12), we can rearrange the equation

in the form

[AZ| H)P(H,) "% [AZ|H)P(H,)
f2(Z) H f2Z)

(9.33)

* Van Trees (1968), Vol. 1.

630



614 Optimum Receivers and Signal-Space Concepts

where the definitions of p, and g, have been substituted, both sides of (9.12)
have been multiplied by P(H,), and both sides have been divided by

f22) & fAZ| H)PH,) + fZ| H,)P(H,) (9.34)
Using Bayes’ rule, as given by Equation (4.7), (9.34) becomes
Hy
P(H,|Z) H% P(H,|Z) (c11 = cp = 0j¢1p = €21) (9.35)
1

Equation (9.35) states that the most probable hypothesis, given a particular
observation Z, is to be chosen in order to minimize the risk, which, for the
special cost assignment assumed, is equal to the probability of error, The
probabilities P(H,|Z) and P(H 2|Z) are called a posteriori probabilities, for
they give the probability of a particular hypothesis after the observation of
Z, in contrast to P(H,) and P(H,), which give us the probabilities of the same
events before observation of Z. Because the hypothesis corresponding to the
maximum a posteriori probability is chosen, such detectors are referred to as
maximum a posteriori (MAP) detectors. Minimum—probability-of—error detectors
and MAP detectors are therefore equivalent.

Minimax Detectors

The minimax decision rule corresponds to the Bayes decision rule, where
the a priori probabilities have been chosen to make the Bayes risk a maxi-
mum. For further discussion of this decision rule, see Weber (1987).

The M-ary Hypothesis Case

The generalization of the Bayes decision criterion to M hypotheses, where
M = 2, is straightforward but unwieldy. For the M-ary case, M? costs and M
a priori probabilities must be given. In effect, # likelihood ratio tests must
be carried out in making a decision. If attention is restricted to the special
cost assignment used to obtain the MAP detector for the binary case (that
is, right decisions cost zero and wrong decisions are all equally costly), then
a MAP decision rule results that is easy to visualize for the M-hypothesis
case. Generalizing from (9.35), we have the MAP decision rule for the M-
hypothesis case:

Compute the M posterior probabilities P(H,|Z),i = 1,2, ..., M, and choose
as the correct hypothesis the one corresponding to the largest posterior

probability.
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9.2 Vector Space Representation of Signals 615

This decision criterion will be used when M-ary signal detection is con-

sidered.

Decisions Based on Vector Observations

If, instead of a single observation Z, we have N observations Z £ (Z,, Z,,
..., Zy), all of the preceding results hold with the exception that the N-
fold joint pdf’s of Z, given H; and H,, are to be used. If Z,, Z,, . . . , Zy are
conditionally independent, these joint pdf’s are easily written down, since
they are simply the N-fold products of the marginal pdf’s of Z, Z,, ...,
Zy, given H; and H,. We will make use of this generalization when the
detection of arbitrary finite energy signals in white Gaussian noise is dis-
cussed. We will find the optimum Bayes detectors for such problems by
resolving the possible transmitted signals into a finite dimensional signal
space. In the next section, therefore, we continue the discussion of vector
space representation of signals begun in Chapter 2, Section 2.3.

9.2 VECTOR SPACE REPRESENTATION OF SIGNALS

We recalled, in Section 2.3, that any vector in three-dimensional space can
be expressed as a linear combination of any three linearly independent vec-
tors. Recall that such a set of three linearly independent vectors is said to
span three-dimensional vector space and is referred to as a basis-vector set for
the space. A basis set of unit-magnitude, mutually perpendicular vectors is
called an orthonormal basis set.

Two geometrical concepts associated with vectors are magnitude of a vec-
tor and angle between two vectors. Both are described by the scalar (or dot)
product of any two vectors A and B having magnitudes 4 and B, defined as

A+ B = ABcosl (9.36)

where 0 is the angle between A and B. Thus

A-B
A= VA-A and cos = 7 (9.37)

Generalizing these concepts to signals in Section 2.3, we expressed a sig-
nal x(¢) with finite energy in an interval (¢, to + T) in terms of a complete
set of orthonormal basis functions ¢,(t), @,(t), . . . as the series

() = D X0, (9.38)

n=1
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616 Optimum Receivers and Signal-Space Concepts

where

o t+T

X, = f x(t)p*(¢) dt (9.39)
0

which is a special case of Equation (2.32) with ¢, = 1 because the ¢,.(e)'s

are assumed orthonormal on the interval (¢, to + T). This representation

provided the alternative representation for x(t) as the infinite dimensional

vector (X, X,, .. .).

To set up a geometric structure on such a vector space, which will be
referred to as signal space, we must first establish the linearity of the space
by listing a consistent set of properties involving the members of the
space and the operations between them, Second, we must establish the
geometric structure of the space by generalizing the concept of scalar
product, thus providing generalizations for the concepts of magnitude and
angle.

Structure of Signal Space

We begin with the first task. Specifically, a collection of signals composes a
linear signal space & if, for any pair of signals x(t) and y(r) in &, the opera-
tions of addition (commutative and associative) of two signals and multipli-
cation of a signal by a scalar are defined and obey the following axioms:

1. The signal a;x(t) + a, y(¢) is in the space for any two scalars ¢ and o,
(establishes & as linear).

alx(t) + y(©)] = ax(t) + ay() for any scalar o.

ai[ayx(t)] = (@ 0)x(¢).

The product of x(t) and the scalar 1 reproduces x(t).

The space contains a unique zero element such that x(t) + 0 = x().
To each x(t) there corresponds a unique element — x(t) such that x(¢) +
[—=x(t)] = 0.

ANEANE ol

In writing relations such as the preceding, it is convenient to suppress the
independent variable ¢, and this will be done from now on.

Scalar Product

The second task, that of establishing the geometric structure, is accom-
plished by defining the scalar product, denoted (x, ), as a scalar-valued func-
tion of two signals x(f) and y(¢) (in general complex functions), with the
following properties:

L (x,5) = (5, x)*
2. (ax, y) = a(x, y)
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9.2 Vector Space Representation of Signals 617

3. xt+y2) = (x2) t (52

4. (x,x) > Ounless x=0, in which case (x, x) = 0

The particular definition used for the scalar product depends on the appli-
cation and the type of signals involved. Because we wish to include both
energy and power signals in our future cqnsiderations, at least two defini-
tions of scalar product are required. If x(t) and y(t) are both of the same

class, a convenient choice is

T’
lim f x(t)y*(t) dt (energy signals) (9.40a)

A T/'—c0 =i
(X, b4 ) i 1 T
lim E " x(t)y*(r) dt (power signals) (9.40Db)
T'—00 —

where T’ has been used to avoid confusion with the signal observation inter-
val T. In particular, for x(t) = y(t), we see that (9.40a) is the total energy
contained in x(t) and (9.40b) corresponds to the average power. We note
that the coefficients in the series of (9.38) can be written as

X, = (x, ¢, (9.41)

If the scalar product of two signals x(¢) and y(t) is zero, they are said to
be orthogondl, just as two ordinary vectors are said to be orthogonal if their
dot product is zero.

Norm

The next step in establishing the structure of a linear signal space is to define
the length, or norm llx|l, of a signal. A particularly suitable choice, in view
of the preceding discussion, is

Il = (x 0" (9.42)

More generally, the norm of a signal is any nonnegative real number satis-

fying the following properties:

1. |lx]] = Oif and only if x=0

2. x + Il = lxl + Iyl (known as the triangle inequality)
3. |lax| = |a| [x||, where a is a scalar
Clearly, the choice x| = (x, x)”2 satisfies these properties, and we will

employ it from now on.
A measure of the distance between, or dissimilarity of, two signals x and
y is provided by the norm of their difference [|x — y||.
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Schwarz’s Inequality

An important relationship between the scalar product of two signals and
their norms is Schwarz’s inequality, which was used in Chapter 7 without
proof. For two signals x(¢) and y(t), it can be written as

[ | = lIx] Iyl (9.43)

with equality if and only if x or y is zero or if x(t) = ay(t) where a is a
scalar,

To prove (9.43), we consider the nonnegative quantity [[x + Ol}/”2 where
@ is as yet an unspecified constant, Expanding it by using the properties of
the scalar product, we obtain

lx + ay”2 =x+a,x+ o)

(0 1) + a*(x, y) + a(x, y)* + |a|X(y, y)
= lIxlI* + a*(x, ) + alx, p)* + |2yl (©.49)

Choosing o = —(x, y)/ |[y||2, which is permissible since o is arbitrary, we
find that the last two terms of (9.44) cancel, yielding

” + 2 _ 2_ ]{x’)’-]lz
x+ ay|” = |Ix| ——*“yuz (9.45)

Since ||x + ay”2 is nonnegative, rearranging (9.45) gives Schwarz’s inequal-
ity. Furthermore, noting that [x + ay| = 0 if and only if x + ay = 0, we
establish a condition under which equality holds in (9.43). Equality also
holds, of course, if one or both signals are identically zero.

EXAMPLE 9.3 A familiar example of a space that satisfies the precedin

p p P g
properties is ordinary two-dimensional vector space. Consider two vectors
with real components,

Al = al'll\ + b]j and Az = az’i + bzi (9.46)

where i and [ are the usual orthogonal unit vectors. The scalar product is
taken as the vector dot product

(AI’ Az) = a]az + b1b2 = A] ° Az (9.47)
and the norm is taken as

1A = @Ay, A = Va7 + b, (9.48)

which is just the length of the vector. Addition is defined as vector addition,

Al + A2 = (a, + az)‘i\ + (bl + bz)j (949)
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9.2 Vector Space Representation of Signals 619

which is commutative and associative. The vector C = a;A; + a,A,, where
o, and @, are real constants, is also a vector in two-space (axiom 1, page
617). The remaining axioms follow as well, with the zero element being
0i + 0j.

The properties of the scalar product (pages 617 and 618) are satisfied by
the vector dot product.

The properties of the norm also follow, with property 2 taking the form

Vi@, + a) + (b, + b)) =< Va" + b+ Va,' + b, (9.50)

which is simply a statement that the length of the hypotenuse of a triangle
is shorter than the sum of the lengths of the other two sides—hence the
name triangle inequality. Schwarz’s inequality squared is

(a3, + biby)® =< (a° + b Na,” + b,) (9.51)

which simply states that |A, - A2|2 is less than or equal to the length
squared of A, times the length squared of A,.

Scalar Product of Two Signals in Terms of Fourier Coefficients

Expressing two energy or power signals x(¢) and y(t) in the form given in
(9.38), we may show that

(xy) = Y X Y% (9.523)

m=

Letting y = x results in Parseval’s theorem, which is

[.e]

=12 = > Xl (9.52b)

m=1

To indicate the usefulness of the shorthand vector notation just introduced,
we will carry out the proof of (9.52) using it. Let x(t) and y(t) be written in
terms of their respective orthonormal expansions:

xt) = D Xpn  and  y@) = D Y, (9.53)
m=1 n=1

where, in terms of the scalar product,

Xy = (%, ¢ and Y, = (5 ¢ (9.54)
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Thus

(xy) = (Z Xoboms D Yn¢n) => x, (¢m, > Ynasn) (9.55)

by virtue of properties 2 and 3 of the scalar product. Applying property 1,

we obtain

ty) =D X, (Z Y. ¢m)* => x, [ > 12, m*} (9.56)

the last step of which follows by virtue of another application of properties
2 and 3. But the ¢,’s are orthonormal; that is, (¢, ®m) = O, where 6, is
the Kronecker delta. Thus

xy) =2 X, [Z Y,’f6,,mJ => xy* (9.57)

which proves (9.52a).

EXAMPLE 9.4 Consider a signal x(t) and the approximation to it x,(t) of
Example 2.5. Both x and x, are in the signal space consisting of all finite
energy signals. All the addition and multiplication properties for signal space
hold for x and x,. Because we are considering finite energy signals, the scalar
product defined by (9.40) applies. The scalar product of x and x, is

fz ; [ 2 2 :I
(x, x,) = sin e | —@i(t) — — ¢y(0) | dt
0 T

iy

C-CE)E e

The norm of their difference squared is

2 2
= xl = = xpx—x) = | |sinme— 26,0+ 20| a
0 T ™
== iz (9.59)
™

which is just the minimum integral-squared error between x and x,.
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The norm squared of xis
2
Ix|I* = f sin” wt dt = 1 (9.60)
0

and the norm squared of x, is

) £D 2 . 2
Ix)I* = J; [%@(t) = ;¢2(t):| de = 2 (;) (9.61)

which follows from the orthonormality of ¢; and ¢,. Thus Schwarz’s in-
2 ; 2

D <—> <1-V2 (—) (9.62a)
T T

V2 <ir (9.62b)

equality for this case is

which is equivalent to

Since x is not a scalar multiple of x,, we must have strict inequality.

Choice of Basis Function Sets—The Gram-Schmidt Procedure

The question naturally arises as to how we obtain suitable basis sets. For
energy or power signals, with no further restrictions imposed, we require
infinite sets of functions. Suffice it to say that many suitable choices exist,
depending on the particular problem and the interval of interest. These
include not only the sines and cosines, or complex exponentials, of har-
monically related frequencies, but also the Legendre functions, Hermite
functions, and Bessel functions, to name only a few. All these are complete.

A technique referred to as the Gram-Schmidt procedure is often useful for
obtaining basis sets, especially in the consideration of M-ary signal detection.
This procedure will now be described.

Consider the situation in which we are given a finite set of signals s,(t),
s,(t), . . . , s(t) defined on some interval (¢, to + T), and our interest is in
all signals that may be written as linear combinations of these signals:

M
() = D Xs(), to=t=<rt+T (9.63)

n=1
The set of all such signals forms an M-dimensional signal space if the s,(t)’s
are linearly independent [that is, no s,(t) can be written as a linear combi-
nation of the rest]. If the s,(t)’s are not linearly independent, the dimension
of the space is less than M. An orthonormal basis for the space can be
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obtained by using the Gram-Schmidt procedure, which consists of the fol-
lowing steps:

L. Set vi(e) = sy(t) and ¢y(r) = v,(t)/||v,].

2. Set vy(t) = s5,5(t) — (55, @1); and ¢y(t) = vy(t)/||[v, ]l [vy(t) is the com-
ponent of s,(t) that is linearly independent of s,(t)].

3. Set vy(t) = s3(t) — (53, D)Po(t) — (53, 91)1(r) and Ps(r) = v3(e)/ || vs]|
[v3(¢) is the component of s,(z) linearly independent of s,(z) and s,(t)].

4. Continue until all the s,(t)’s have been used. If the s,(t)’s are not linearly
independent, then one or more steps will yield v,(¢)’s for which v, || =
0. These signals are omitted whenever they occur so that a set of K
orthonormal functions is finally obtained where K < M.

The resulting set forms an orthonormal basis set for the space since, at each
step of the procedure, we ensure that

@0 Pm) = Oy, (9.64)

where 0, is the Kronecker delta defined in Chapter 2, and we use all signals
in forming the orthonormal set.

EXAMPLE 85 Consider the set of three finite-energy signals
s(0) = 1, 0=<:=<1
sot) = cos 2w, O0=<t=<1 (9.65)
s3(t) = cos’ Trt, 0=r=x1

We desire an orthonormal basis for the signal space spanned by these three
signals.

SOLUTION  We let v,(t) = s,(t) and compute

o _

=

1, 0==tr=<1 (9.66)
Next, we compute

1
(s b)) = f 1 cos 2wt dt = 0 (9.67)
[}

and we set

vo(t) = sy(t) — (3 P1); = cos 27t 0o=r=<1 (9.68)
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9.2 Vector Space Representation of Signals 623

The second orthonormal function is found from

bo(t) = ﬁ = V2cos2m, O0=<:t=<I1 (9.69)
V2

To check for another orthonormal function, we require the scalar products

1
(s3, o) = f \/5 cos 27t cos” wt dt = %\/E (9.70a)
0

and
1
(s3 1) = f cos’ Tt dt = 3 (9.70b)
. 0

Thus

va(t) = s3(t) — (s3 P2 — (53, D1}
= cos’ mt — (},\/5)\/5 cos 2wt — % =0 (9.70c)

so that the space is two-dimensional.

Signal Dimensionality as a Function of Signal Duration

The sampling theorem, proved in Chapter 2, provides a means of represent-
ing strictly bandlimited signals, with bandwidth W, in terms of the infinite
basis function set sinc(ft — n), n = 0, *1, £2, ..., from Equation
(2.246). Because sinc( fit — n) is not time-limited, we suspect that a strictly
bandlimited signal cannot also be of finite duration (that is, time-limited).
However, practically speaking, a time-bandwidth dimensionality can be asso-
ciated with a signal provided the definition of bandlimited is relaxed. The
following theorem, given without proof, provides an upper bound for the
dimensionality of time-limited and bandwidth-limited signals.*

>DIMENSIONALITY THEOREM
Let {¢:(t)} denote a set of orthogonal waveforms, all of which satisfy the

following requirements:

1. They are identically zero outside a time interval of duration T, for exam-
ple, |t | < %T.

* This theorem is taken from Wozencraft and Jacobs (1965), p. 294, where it is also given
without proof. However, a discussion of the equivalence of this theorem to the original ones
due to Shannon and to Landau and Pollak is also given.
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624 Optimum Receivers and Signal-Space Concepts

2. None has more than ﬁ of its energy outside the frequency interval
—w<f<w

Then the number of waveforms in the set {#:t)} is conservatively over-
bounded by 2.4TW when TW is large.

EXAMPLE 9.6 Consider the orthogonal set of waveforms

i) = 11 [‘—”}
-

L @k—nr=e=ier+nr, k=0 +1, + 2, + K
0, otherwise
9.71)
where (2K + 1)r = T. The Fourier transform of @u(t) is
®(f) = 7 sinc 7f ¢ 2 (9.72)
The total energy in ¢,(t) is 7, and the energy for |f| < Wis
' o in® 77
Ew=f Tzsincszcif=f Tsz‘Idf
-w -w  (77f)
27 (™ sin® 4
= — 7— du (9.73)
s [¢] u

where the substitution u = 7#7f has been made in the integral and the inte-
gration is carried out only over positive values of u, owing to the evenness
of the integrand. Integrating by parts once, we obtain

W 27 2wTW

+ —

0 ™ 0 04

- .
27 sin” u sin o
Ey=——

T u

da (9.74)

The second term can be written in terms of the sine-integral function

Si (z), defined as

) Z sin «
Si(z) = i da (9.75)

which is a tabulated function.* Letting z = 27wTW, we obtain

E, g 2
? = —27Wsinc" (TW) + — Si 2mwrW) (9.76)
T

* M. Abramowitz and L. Stegun, Handbook of Mathematical Functions (New York: Dover, 1972).
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We want to choose 7W such that E,/E = % = 0.9167. Using tables for the
sinc and Si functions, we can compute the following values for Ey/E:

TW EWE

1.0 0.9027
1.1 0.9033
1.2 0.9064
1.3 0.9130
1.4 0.9218
1.5 0.9312

Thus 7W = 1.4 will ensure that none of the ¢,(t)’s has more than 1_12 of its
energy outside the frequency interval —W < f << W.

Now N = [T/7] orthogonal waveforms occupy the interval (—3T, 3T)
where [ ] signifies the integer part of T/7. Letting 7 = 1.4W ", we obtain

N = LVK}— 0.714TW 9.77
= | | = o7141W] ©.77)

which satisfies the bound given by the theorem.

9.3 MAP RECEIVERS FOR DIGITAL DATA TRANSMISSION

We now apply the detection theory and signal-space concepts just developed
to digital data transmission. We will consider examples of coherent and non-

coherent systems.

Decision Criteria for Coherent Systems in Terms of Signal Space

In the analysis of QPSK systems in Chapter 8, the received signal plus noise
was resolved into two components by the correlators comprising the
receiver. This made simple the calculation of the probability of error. The
QPSK receiver essentially computes the coordinates of the received signal
plus noise in a signal space. The basis functions for this signal space are
cos w,t and sin wt, 0 =< ¢t =< T, with the scalar product defined by

T
(x1, X)) = J; x1(£)xy(t) dt (9.78)

which is a special case of (9.40a). These basis functions are orthogonal if w T
is an integer multiple of 2w, but are not normalized.
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626 Optimum Receivers and Signal-Space Concepts

Recalling the Gram-Schmidt procedure, we see how this viewpoint might
be generalized to M signals s,(t), s,(t), . . . , 5,,(t) that have finite energy but
are otherwise arbitrary. Thus, consider an M-ary communication system,
depicted in Figure 9.4, wherein one of M possible signals of known form s(t)
associated with a message m, is transmitted each T seconds. The receiver is
to be constructed such that the probability of error in deciding which mes-
sage was transmitted is minimized; that is, it is a MAP receiver. For simplic-
ity, we assume that the messages are produced by the information source
with equal a priori probability.

Ignoring the noise for the moment, we note that the ith signal can be
expressed as

K
s =D Age, i=1,2,...,M K<M (9.79)
j=1

where the @;(t)’s are orthonormal basis functions chosen according to the
Gram-Schmidt procedure. Thus

T
4; = ()@, (1) dt = (s;, ?) (9.80)
0

and we see that the receiver structure shown in Figure 9.5, which consists
of a bank of correlators, can be used to compute the generalized Fourier
coefficients for s;(t). Thus we can represent each possible signal as a point in
a K-dimensional signal space with coordinates (4;;, 4,5, . . . , Ag), fori = 1,
2, ..., M

FIGURE 9.4 M-ary communication system

Information m; Modulator:
Source: i=1,2:emM Message m;
One of M > associated with
possible messages signal s;{t} i i
every T seconds T seconds long T;:)nsmltted signal:
S
i=1,2,...M
Receiver:
Best guess
Observes y(t) - . 5
s;ie) @ vit) | for T seconds. (Min-Fe )i
—
Guesses at trans.
signal each T
White Gaussian seconds.
noise: n{t) =
=1
PSD = Mo
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9.3 Map Receivers for Digital Data Transmission 627

FIGURE 9.5 Receiver structure for resolving signals into K-dimensional
signal space

t=T
. ()dr ]g_,
—»(%)—% = (>

=T Signal

~ coordinates | Decision

X f ()dt |—so 2 for signal ——
T 2 only. at

input

t=T
K .

y(t}

(x) Ll}dz
\T/

Knowing the coordinates of s;(t) is as good as knowing s,(t), since it is
uniquely specified through (9.79). The difficulty is, of course, that we
receive the signals in the presence of noise. Thus, instead of the receiver
providing us with the actual signal coordinates, it provides us with noisy
coordinates (4;; + Ny, 4;, + Ny, ..., 4x + Ng), where

T
N, & f n(O,(0) dt = (, ¢) (9.81)

We refer to the vector Z having components
Z=4;+N, j=12..,K (9.82)

as the data vector, and the space of all possible data vectors as the observation
space. Figure 9.6 illustrates a typical situation for K = 3.

The decision-making problem we are therefore faced with is one of asso-
ciating sets of noisy signal points with each possible transmitted signal point
in a manner that will minimize the average error probability. That is, the
observation space must be partitioned into M regions R;, one associated with
each transmitted signal, such that if a received data point falls into region
Ry, the decision “sy(t) transmitted” is made with minimum probability of
error.

In Section 9.1, the minimum-probability-of-error detector was shown to
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628 Optimum Receivers and Signal-Space Concepts

FIGURE 9.6 A three-dimensional observation space

- Observed data vector: Z

Ny < WING 2 Noise vector (N, N,, Ny}

N

~—Signal vector (A, Ay, A)

Ajs Cardi gt " Noise locus

correspond to a MAP decision rule. Thus, letting hypothesis H, be “signal
sg(r) transmitted,” we want to implement a receiver that computes

P(Hy|Zy, Zyy .., 2, £=1,2,..., M (9.83)

and chooses the largest.* To compute the posterior probabilities of (9.83),
we use Bayes’ rule and assume that

P(Hy) = P(Hy)) = - - - = P(H,) (9-84)
Application of Bayes’ rule results in

fz(lh ceey ZKIHe)P(HE)

P(Hylzy, ..., zg) = (9.85)

fZ(Zla ce s Zg)
However, since the factors P(H,) and fy(z,, ..., z¢) do not depend on £,
the detector can compute fy(zy, . . ., zx| Hy) and choose the H, correspond-

ing to the largest. The Z;s given by (9.82) are the results of linear operations
on a Gaussian process and are therefore Gaussian random variables. All that

* Capital letters are used to denote components of data vectors because they represent coor-
dinates of an observation that is random.
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9.3 Map Receivers for Digital Data Transmission 629

is required to write their joint pdf, given Hy, are their means, variances, and
covariances. Their means, given hypothesis H,, are

T
E{Z|H,} = E{44 + N} = 44 + J; E{n()}¢,(r) dt
=A€j! ] = 1: 2"-'vK (986)
Their variances, given hypothesis Hy, are

var {Z| Hp} = E{l(4g + N) — 4g]'} = E{N?}

T T
E {J; n(t)g;(t) dtj; n(t"),(t) dt’}

T T
J; J; E{n(t)n(t")}¢;(6),(¢") dt dt’

3 ’ No ’ ’ ’
= J; J; 1 ot — t)@;()p;(t") dt dt

- No 2 _ 1 e
= 7¢,~ () dt =3N,, j=1,2,...,K (9.87)
(1]

where the orthonormality of the ¢;’s has been used. In a similar manner, it
can be shown that the covariance of Z and Z, for j # &, is zero. Thus Z,,
Z,, ..., Zg are uncorrelated Gaussian random variables and, hence, are sta-
tistically independent. Thus

IKT exp [—(z — Ag)"INo]

(21 - - -5 2zx|Hp) =
Sz K \/7"_No

j=1
exp [—Z]i] (z — Agj)Z/NO]

(WNO)KIZ
_exp{—lz— sell*/No)
(1rN0)K'2 (9.88)
where
K
2= 20 = Y z9,(0) (9.89)
j=1
and
K
se = sp()) = D Ay(®) (9.90)
j=1
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630 Optimum Receivers and Signal-Space Concepts

Except for a factor independent of £ (9.88) is the posterior probability
P(Hg|z, . .., zg) as obtained by applying Bayes’ rule. Hence, choosing H,
corresponding to the maximum posterior probability is the same as choosing
the signal with coordinates Az, 445, . .. , Agg 50 as to maximize (9.88) or,
equivalently, so as to minimize the exponent. But ||z — s,| is the distance
between z(t) and s,(t). Thus it has been shown that the decision criterion
that minimizes the avei’age probability of error is to choose as the transmit-
ted signal the one whose signal point is closest to the received data point in
observation space, distance being defined as the square root of the sum of
the squares of the differences of the data and signal vector components. That
is, choose H, such that*

K
(Distance)’ = d* = )" (z, — 4,)*
j=1 (9.91)
= ||z — Sg"z = minimum, £=1,2,....M

which is exactly the operation to be performed by the receiver structure of
Figure 9.5. We illustrate this procedure with the following example.

EXAMPLE 9.7 In this example we consider M-ary coherent FSK in terms
of signal space. The transmitted signal set is

si(t) = A cos {2[f, + (i — 1)Af]e), 0<:=<T, (9.92)

where

m
Af=E, m an integer,i = 1,2,..., M

s
For mathematical simplicity, we assume that ST, is an integer. The ortho-

normal basis set can be obtained by applying the Gram-Schmidt procedure.
Choosing

vi(t) = si(t) = A cos (2=f1), 0=r=<T, (9.93)
we have
T AT,
v l? = f A% cos” (2mfe) dt = = : (9.94)
0

* Again, Z; is the jth coordinate of an observation z(z) that is random; (9.91) is referred to
as a decision rule.
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9.3 Map Receivers for Digital Data Transmission 631

so that

- _\/2
o) = il % cos 2mf.r), O0=<t=<T, (9.95)

It can be shown in a straightforward fashion that (s,, ¢,) = 0 if Af =
m/(2T,), so that the second orthonormal function is

Bo(t) = M% cos 2m(f, + Af)], 0=<1:=<T, (9.96)

and similarly for ¥ — 2 other orthonormal functions up to ¢,(t). Thus the
number of orthonormal functions is the same as the number of possible sig-
nals; the ith signal can be written in terms of the ith orthonormal function
as

s(0) = VE, 6.0) (9.97)

We let the received signal plus noise waveform be represented as y(t). When
projected into the observation space, y(t) has M coordinates, the ith one of
which is given by

TS
zZ, = f y(O;(r) dt (9.98)

0
where y(t) = s(t) + n(t). If sp(¢) is transmitted, the decision rule (9.91)
becomes

M
A = Z (Z] = \/ES 551.)2 = minimumover £ = 1,2,..., M (9.99)
j=1

Taking the square root and writing the sum out, this can be expressed as

d=Vzl+z, 4+ -+ @ — VEY+ -+ - +2zy
= minimum (9.100)
For two dimensions (binary FSK), the signal points lie on the two orthogonal
axes at a distance \/Es out from the origin. The decision space consists of

the first quadrant, and the optimum (minimum error probability) partition is
a line at 45° bisecting the right angle made by the two coordinate axes.

648



632 Optimum Receivers and Signal-Space Concepts

For M-ary FSK transmission, an alternative way of viewing the decision
rule can be obtained by squaring the £th term in (9.99) so that we have

M
& ="z +E — 2VE z, = minimum (9.101)
J=1

Since the sums over j and E, are independent of £ (a constant), d? can be
minimized with respect to £ by choosing as the possible transmitted signal
the one that will maximize the last term; that is, the decision rule becomes:
Choose the possible transmitted signal s,(t) such that

TS
\/ES24 = maximum or Z, = f y(£)p(t) dt
0

= maximum with respect to £ (9.102)

In other words, we look at the output of the bank of correlators shown in
Figure 9.5 at time t = T, and choose the one with the largest output as
corresponding to the most probable transmitted signal.

Sufficient Statistics

To show that (9.91) is indeed the decision rule corresponding to a MAP
criterion, we must clarify one point. In particular, the decision is based on
the noisy signal

K
2 = D Zd0) (9.103)

j=1

Because of the noise component n(z), this is not the same as y(r), since an
infinite set of basis functions would be required to represent all possible
y(t)’s. However, we may show that only K coordinates, where K is the signal-
space dimension, are required to provide all the information that is relevant
to making a decision.

Assuming a complete orthonormal set of basis functions, y(t) can be
expressed as

[oe]

¥ =D Yo, (9.104)

j=1
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9.3 Map Receivers for Digital Data Transmission 633

where the first K of the ¢/s are chosen using the Gram-Schmidt procedure
for the given signal set. Given that hypothesis Hy is true, the Y/'s are given
by

Y =

Z = A, + N, i=1,2,...,K
4 {J gt N, j=1 (9.105)

N, j=K+1,K+2,...

where Z, A4, and N; are as defined previously. Using a procedure identical
to the one used in obtaining (9.86) and (9.87), we can show that

4, j=1,2,.i5K
Y.} = y
E{v;} {0' i>K (9.106a)
var {Y;} = 3N, allj (9.106b)

with cov {Yij} = 0, j # k. Thus the joint pdf of Y, Y,, ..., given Hy, is
of the form

fY()’l’}’z, B 4 IO -|He)
|
=Ce =
"”[ No[

1
= exp(-F Z )',-z)fz(}’n---,)’ﬂHe)

(5 — Alf)z + Z J’f”

J=K+1

g 1M~

0 j=K+1
(9.107)
where C' are constants. Since this pdf factors, Yy, Yg4s, - . . are indepen-
dent of Y, Y,, . . ., Y¢ and the former provide no information for making a

decision. Thus d* given by (9.101) is known as a sufficient statistic.

Detection of M-ary Orthogonal Signals

As a more complex example of the use of signal-space techniques, let us
consider an M-ary signaling scheme for which the signal waveforms have
equal energies and are orthogonal over the signaling interval. Thus

T,
: _ e 1=
J; si(£)s;(¢) dr = {0, A= 1,2 (9.108)

where E, is the energy of each signal in (0, T,).

A practical example of such a signaling scheme is the signal set for M-ary
coherent FSK given by (9.92). The decision rule for this signaling scheme
was considered in Example 9.7. It was found that K = M orthonormal func-
tions are required, and the receiver shown in Figure 9.5 involves M corre-
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lators. The output of the jth correlator at time T, is given by (9.82). The
decision criterion is to choose the signal point i = 1, 2, ..., M such that
d’ given by (9.91) is minimized or, as shown in Example 9.7, such that

TS
Zy, = f y(t)ps(t) dt = maximum with respect to £ (9.109)
0

That is, the signal is chosen that has the maximum correlation with the
received signal plus noise. To compute the probability of symbol error, we
note that

M

P = Z P[E | s;(t) sent]P[s(t) sent]

i=1

1 M
= ; P[E|s,(¢) sent] (9.110)

where each signal is assumed a priori equally probable. We may write
P[E|s,(t) sent] = 1 — o (9.111)

where P, is the probability of a correct decision given that s,(t) was sent.
Since a correct decision results only if

T, T,
4 = f y(t)sy(e) de < f y()si(e) dt = Z, 9.112)
0 4]

for all j # i, we may write P, as
P,=P@ElZ <z j+#i (9.113)

If 5,(¢) is transmitted, then

N
]

T,
,- fo [VE, ¢.9) + n@ley(e) dt
= VE + N, 9.114)

where

TS
N, = f n()p,(c) dt (9.115)
0

Since Z, = N, j # i, given s,(t) was sent, it follows that (9.113) becomes

P, = P@IN, < VE, + N, j+#i (9.116)
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9.3 Map Receivers for Digital Data Transmission 635

Now N, is a Gaussian random variable (a linear operation on a Gaussian
process) with zero mean and variance

T 2
s NO
var [N] = E {[J; n(t)e;(t) dt] ] = —2— (9.117)

Furthermore, N; and N, for i # j, are independent, since
E[INN] = 0 (9.118)

Given a particular value of N,, (9.116) becomes

M
rN) = [T 2N, < VE + N)
j=

j#i
( \/E+m e—njleo )M_I
= Y ——=adn (9.119)
A ]
o VTN,

which follows because the pdf of N, is n(0, V Ny/2). Averaged over all pos-
sible values of N, (9.119) gives

Sy il M—1
, J«oo Pm INo ( VE+m e /' INo ; g
i 3 —r——— n. n.
i —oo /TN,y —®  VmN, . '

o _z M—1
= (W)—”’zf (f EMNoty _ x> dy (9.120)

where the substitutions x = n;/ VNpand y = n,/'V No have been made.
Since P, is independent of i, it follows that the probability of error is

=1—7, (9.121)

With (9.120) substituted in (9.121), a nonintegrable #-fold integral for Py
results, and one must resort to numerical integration to evaluate it.* Curves
showing Py versus E/(Ng log, M) are given in Figure 9.7 for several values
of M. We note a rather surprising behavior: As M — O, error- -free trans-
mission can be achieved as long as E/(Ny log, M) > In2 = — 1.59 dB. This
error-free transmission is achieved at the expense of infinite bandwidth,
however, since M — GO means that an infinite number or orthonormal func-
tions are required. We will discuss this behavior further in Chapter 10.

* See Lindsey and Simon (1973), pp. 199f, for tables giving Pg.
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FIGURE 9.7 Probability of symbol error for coherent detection of M-ary
orthogonal signals
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10-5 ! L '

—10 —5 -0 [ 10
E, /N, log,M) (dB) ~

A Noncoherent Case

To illustrate the application of signal-space techniques to noncoherent dig-
ital signaling, let us consider the following binary hypothesis situation:

Hy: y(t) = GV 2EIT cos (w;t + 6) + n(r)
Hy: y(t) = GV 2EIT cos (w,t + 6) + n(y), 0=:=T (9.1223)

where E is the energy of the transmitted signal in one bit period and n(t) is
white Gaussian noise with double-sided power spectral density %NO. It is
assumed that |, — w,|/27 > T7' so that the signals are orthogonal.
Except for G and 0, which are assumed to be random variables, this problem
would be a special case of the M-ary orthogonal signaling case just consid-
ered. (Recall also the consideration of coherent and noncoherent FSK in

Chapter 7.)
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9.3 Map Receivers for Digital Data Transmission 637

The random variables G and  represent random gain and phase pertur-
bations introduced by a fading channel. The channel is modeled as intro-
ducing a random gain and phase shift during each bit interval. Because the
gain and phase shift are assumed to remain constant throughout a bit inter-
val, this channel model is called slowly fading. We assume that G is Rayleigh
and @ is uniform in (0, 27) and that G and 0 are independent.

Expanding (9.122a), we obtain

Hy: y(t) = V2EIT (G cos wyt + G, sin w;t) + n(t)

H,: y(t) = V2EIT (G cos w,t + G, sin wyt) + n(t), 0=:t=<T
(9.122b)

where G; = G cos § and G, = —G sin 6 are independent, zero-mean,

Gaussian random variables (recall Example 4.15). We denote their variances
by o’ Choosing the orthonormal basis set

¢i(t) = V2T cos wyt (9.123a)
¢s5(t) = V2/T sin wt (9.123b)
b3(t) = V2IT cos wyt = =g (9.123c)
Gu(t) = V2T sin wyt (9.123d)

the term y(t) can be resolved into a four-dimensional signal space, and deci-
sions may be based on the data vector

Zz= (zlv ZZa Z3’ Z4) (9124)
where
T
zZ, = (}’a o) = J; }'(t)¢i(t) dt (9.125)
Given hypothesis H,, we obtain
! . i=1,2
zZ = {\/EG‘ TN ' (9.126)
Ni’ i= 3’ 4'

and given hypothesis H,, we obtain

N =
zZ, = { (9.127)
VEG,_, + N, i=34

where

T
N, = (n, ¢;) = f n(t)@(t) dt, i=1,2,3,4 (9.128)

0
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are independent Gaussian random variables with zero mean and variance
3No- Since G, and G, are also independent Gaussian random variables with
zero mean and variance ¢, the joint conditional pdf’s of Z, given H, and
H, are the products of the respective marginal pdf’s. It follows that

fz(zh Zyy Z3, Z4|H1)
_ exp [—(z,2 + 233)/(2&72 + Ny)] exp [—(z32 + z.,z)!No]
w(2Ea” + NN,

(9.129a)

and

fZ(Zh Z), 23, Z4|H2)
_ exp[—(z" + 2,))INo] exp [—(z;" + z,)/(2Ec® + Ny)]

7(2Es” + NN,

(9.129b)

The decision rule that minimizes the probability of error is to choose the
hypothesis H, corresponding to the largest posterior probability P(H, |z,
z3, 3, z4). But these probabilities differ from (9.129) only by a constant that
is independent of £. For a particular observation Z = (Z,, Z,, Z4, Z,), the
decision rule is

Hy
f2Zy, 2y, Z;, Z,|H)) = f(2,, Z,, Z5, Z,| H,) (9.130)
H,

which, after substitution from (9.129) and simplification, reduces to

Hy
2z +z =22+ 2,222 (9.131)

H,

R,

The optimum receiver corresponding to this decision rule is shown in Figure
9.8.

To find the probability of error, we note that both R, £ \/Z w25
and R, £ \/Z,* + z,% are Rayleigh random variables under either hypoth-
esis. Given H| is true, an error results if R, > R,, where the positive square
root of (9.131) has been taken. From Example 4.15, it follows that

—r 2(2Ec? Ny
7€ 2 0)

fa(ri | Hy) = iR E T 1o (9.132a)
24Yp
and
2‘-28-:22{?\(0
Sa (2| Hy) = =greas n>0 (9.132b)
0
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9.3 Map Receivers for Digital Data Transmission 639

FIGURE 9.8 Optimum receiver structures for detection of binary orthogonal
signals in Rayleigh fading. (a) Implementation by correlator and squarer.
(b) Implementation by matched filter and envelope detector.

t=T
f?’{:udl‘ _—-)o%—) ()2
[ Z

V2IT cos w, t A2

t=T
T
d ﬁ——)
j;(}r_._m 3 ()2

yit) | V2IT sin w, t S | Decision
3 3
=T .§
= o
f {)de I—so ()2
0 Zy
V2/T cos w,t
R22
t=T
\—)@—' f "()at —mﬁ—; ()2
o z4
V2/T sin w,t
(a)
Bandpass Square-law g1 R.2
> matched envelope —30 !
filter detector
(t) -
4 5 Compai® Decision
t=T
Bandpass Square-law
matched envelope —%ﬁ—ﬁ—z-’r
filter detector 2
(b)
The probability that Ry > Ry, averaged over Ry, is
o0 {v0]
P(E|H)) = J:) f fnz(leHl)dfz fx,(1'1|H1)dfl
n
1
= (9.133)

1
2 1 + 3(20°E/Ny)
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FIGURE 9.9 Comparison of Pg versus SNR for Rayleigh and fixed channels
with noncoherent FSK signaling
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where 20°E is the average received signal energy. Because of the symmetry
involved, it follows that P(E|H,) = P(E|H,) and that

P, = P(E|H,) = P(E|H,) (9.134)

The probability of error is plotted in Figure 9.9, along with the result from
Chapter 7 for constant-amplitude noncoherent FSK (Figure 7.20). Whereas
the error probability for nonfading, noncoherent FSK signaling decreases
exponentially with the signal-to-noise ratio, the fading channel results in an
error probability that decreases only inversely with signal-to-noise ratio.

One way to combat this degradation due to fading is to employ diversity
transmission; that is, the transmitted signal power is divided among several
independently fading transmission paths with the hope that not all of them
will fade simultaneously. Several ways of achieving diversity were mentioned
in Chapter 7. (See also Problem 9.17.)

9.4 ESTIMATION THEORY

We now consider the second type of optimization problem discussed in the
introduction to this chapter—the estimation of parameters from random
data. After introducing some background theory here, we will consider sev-

eral applications of estimation theory to communication systems in Section
9.5.
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9.4  Estimation Theory 641

In introducing the basic ideas of estimation theory, we will exploit several
parallels with detection theory. As in the case of signal detection, we have
available a noisy observation Z that depends probabilistically on a parameter
of interest 4.* For example, Z could be the sum of an unknown dc voltage
A and an independent noise component N:Z= A+ N.

Two different estimation procedures will be considered. These are Bayes
estimation and maximum-likelihood (ML) estimation. For Bayes estimation,
A is considered to be random with a known a priori pdf f;(a), and a suitable
cost function is minimized to find the optimum estimate of A. Maximum-
likelihood estimation can be used for the estimation of nonrandom param-
eters or a random parameter with an unknown a priori pdf.

Bayes Estimation

Bayes estimation involves the minimization of a cost function, as in the case
of Bayes detection. Given an observation Z, we seek the estimation rule (or
estimator) a(Z) that assigns a value A to A such that the cost function
C[4, a(Z)] is minimized. Note that C is a function of the unknown parameter
A and the observation Z. Clearly, as the absolute error |4 — a(Z)| increases,
Cl[A, a(Z)] should increase, or at least not decrease; that is, large errors
should be more costly than small errors. Two useful cost functions are

Cl4,a(2)] =4 — a2y’ (squared-error cost) (9.1352a)

1, |4 — az)] >A>0

Cl4, a(2)] = { 0 (uniform cost) (9.135b)

otherwise

where A is a suitably chosen constant. For each of these cost functions,
we wish to find the decision rule a(Z) that minimizes the average cost
E{C[4, a(Z)]} = Cl4, a(Z)]. Because both A and Z are random variables, the
average cost, or risk, is given by

f—oo f_m Cla, a(z)]fAZ(a’ z) da dz

f_w f—w C[a, a(z)lsz(z | a)fA(a) dz da (9.136)

Cl4, a(Z)]

where fj;(a, z) is the joint pdf of 4 and Z and f;4(z | a) is the conditional pdf
of Z given A. The latter can be found if the probabilistic mechanism that

* For simplicity, we consider the single-observation case first and generalize to vector obser-

vations later.
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produces Z from A is known. For example, if Z = 4 + N, where N is a
zero-mean Gaussian random variable with variance a,%, then

—~(z—a)*/20,2

fra@la) = ——— (0.137)
2wo

n

Returning to the minimization of the risk, we find it more advantageous
to express (9.136) in terms of the conditional pdf f4(a|z), which can be
done by means of Bayes’ rule, to obtain

Cl4, a(Z)] = f_oofz(z) {f_w C[a, a(z)lfA|z(a | 2) da} dz (9.138a)

where

f2) = f _Jz1u(z] a)fy(a) da (9.138b)

is the pdf of Z. Since Jf2(z) and the inner integral in (9.138a) are nonnegative,
the risk can be minimized by minimizing the inner integral for each z. The
inner integral in (9.138a) is called the conditional risk.

This minimization is accomplished for the squared-error cost function,
(9.135a), by differentiating the conditional risk with respect to a for a par-
ticular observation Z and setting the result equal to zero. The resulting dif-
ferentiation yields

a [o°e}
&f e = @@ fy2(a] 2) da

= —2 f_w afy2(a|Z) da + 2a(z) f_wa,z(am da (9.139)

which, when set to zero, results in

a(Z) = f_oo afA|z(a |Z) da (9.140)

where the fact that [Z, fyAalZ) da = 1 has been used. A second differ-
entiation shows that this is a minimum, Note that a,.(Z), the estimator for a
squared-error cost function, is the mean of the pdf of 4 givenﬁ the observa-
tion Z, or the conditional mean. The values that a,.(Z) assume, A, are random
since the estimator is a function of the random variable Z.

659



9.4  Estimation Theory 643

In a similar manner, we can show that the uniform cost function results
in the condition

a4 |Z) = maximum (9.141)

A=ayap(Z)

for A in (9.135b) infinitesimally small. That is, the estimation rule, or esti-
mator, that minimizes the uniform cost function is the maximum of the
conditional pdf of A given Z, or the a posteriori pdf. Thus this estimator will
be referred to as the maximum a posteriori (MAP) estimate. Necessary, but not
sufficient, conditions that the MAP estimate must satisfy are

=0 (9.142a)

A=ayap(Z)

0
nguz(A lZ)
and

=0 (9.142b)

A=ayap(Z)

9 1oz
—In f1:(412)

where the latter condition is especially convenient for a posteriori pdf’s of
exponential type, such as Gaussian.

Often the MAP estimate is employed because it is easier to obtain than
other estimates, even though the conditional-mean estimate, given by
(9.140), is more general, as the following theorem indicates.

>THEOREM
If, as a function of a, the a posteriori pdf fyz(a | Z) has a single peak, about
which it is symmetrical, and the cost function has the properties

C4, 3) = Cld — a) (9.143a)
Cx) = C(—x)=0 (symmetrical) (9.143b)
C(xy) = C(xy) for |x;| = |x| (convex) (9.143c¢)

then the conditional-mean estimator is the Bayes estimate.*

Maximum-Likelihood Estimation

We now seek an estimation procedure that does not require a priori infor-
mation about the parameter of interest. Such a procedure is maximum-like-
lihood (ML) estimation. To explain this procedure, consider the MAP
estimation of a random parameter 4 about which little is known. This lack

* Van Trees (1968), pp. 60-61.
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of information about 4 is expressed probabilistically by assuming the prior
pdf of 4, f(a), to be broad compared with the posterior pdf, fiz(a|2). 1f
this were not the case, the observation Z would be of little use in estimating
A. Since the joint pdf of 4 and Z is given by

fAz(a,.Z) = fa)z(a lz)fz(z) (9.144)

the joint pdf, regarded as a function of a, must be peaked for at least one
value of a. By the definition of conditional probability, we also may write
(9.144) as

fulz, a) = fZ]A(zIa)fA(a)

= f714(z| a) (times a constant) (9.145)

where the approximation follows by virtue of the assumption that little is
known about A, thus implying that f,(a) is essentially constant. The ML esti-
mate of A is defined as

fz14(Z | 4) = maximum (9.146)

A=ay(2)

But, from (9.144) and (9.145), the ML estimate of a parameter corresponds
to the MAP estimate if little a priori information about the parameter is avail-
able. From (9.146), it follows that the ML estimate of a parameter 4 is that
value of 4 which is most likely to have resulted in the observaton Z; hence
the name “maximum likelihood.” Since the prior pdf of A4 is not required
to obtain an ML estimate, it is a suitable estimation procedure for
random parameters whose prior pdf is unknown. If a deterministic para-
meter is to be estimated, Sfz14(z | 4) is regarded as the pdf of Z with 4 as a
parameter.

From (9.146) it follows that the ML estimate can be found from the nec-
essary, but not sufficient, conditions

A
fz14Z14) =0 (9.147a)
a4 A=Gy(2)
and
0l A
1) & 2 f2u14) =0 (9.147b)
04 A=Gy(2)

When viewed as a function of 4, f214(z]4) is referred to as the likelihood
JSunction. Both (9.147a) and (9. 147b) will be referred to as likelihood equations.
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From (9.142) and Bayes’ rule, it follows that the MAP estimate of a ran-

dom paramcter satisfies

]
[I(A) +o.In fA(A)] =0 (9.148)

A=ayap(Z)

which is useful when finding both the ML and MAP estimates of a parameter.

Estimates Based on Multiple Observations

If a multiple number of observations are available, say Z 2 (Zy, Zyy - - -5 Zg),
on which to base the estimate of a parameter, we simply substitute the K-
fold joint conditional pdf fz4(z | 4) in (9.146) and (9.147) to find the ML
estimate of A. If the observations are independent, when conditioned on 4,
then

Jzi4(z | 4) = Hfz,u(lkl/i) (9.149)
k=1

where f7,|4(z | A) is the pdf of the kth observation Z, given the parameter A.
To find f|z(a | z) for MAP estimation, we use Bayes’ rule.

EXAMPLE 98  To illustrate the estimation concepts just discussed, let us

consider the estimation of a constant-level random signal 4 embedded in
] ; : 2

Gaussian noise n(t) with zero mean and variance g,

z(t) = A + n(t) (9.150)

We assume z(t) is sampled at time intervals sufficiently spaced so that the
samples are independent. Let these samples be represented as

Z,=A+ N, k=12...,K (9.151)
Thus, given A, the Z;'s are independent, each having mean A and variance
o,”. Hence the conditional pdf of Z £ (Zy,Zyy - .- 5 Z) given A is
X g 2
exp [—(z, — A) /20,7]
fZlA(zlA) = H L 3
k=1 2ma,
exp |:— Zf=1 (z, — A)2/2,,2:|
= 9.152
(27”’"2)1(/2 ( )
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We will assume two possibilities for A:

1. It is Gaussian with mean m, and variance O'AZ.
2. Its pdf is unknown.

In the first case, we will find the conditional-mean and the MAP estimates
for A. In the second case, we will compute the ML estimate.

Case 1
If the pdf of A is

—(a—my)?/2g42
fata) = ———,——-,2W (9.153)
A

its posterior pdf is, by Bayes’ rule,

fajzlalz) = Lz1a=z| 2 u(a) "j: '(3{*’(0) (9.154)
i A

After some algebra, it can be shown that

2

'—{a = O'FZ{(Km_JO',,z) + (mAfUAZ)Hz
20

fA|Z(a |z) = (27"0',,2)_1/2 exp (

P
(9.155)
where
1 K 1
— = — = (9.156)
o, a, g,
and the sample mean is
{ &
= — Z 9.157
m, = ; 4 (9.157)
Clearly, f; z(a|z) is a Gaussian pdf with variance a’P2 and mean
K m
E4|Z) = o} (—’“ + —‘2)
o, Ty
Ka,'la,’ 1
= i 5 my (9.158)

mS
1 + Ko,’lo,’ | + Ko,’lo,

Since the maximum value of a Gaussian pdf is at the mean, this is both the
conditional-mean estimate (squared-error cost function, among other con-
vex cost functions) and the MAP estimate (square-well cost function). The
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conditional variance var {4 |Z} is 0, - Because it is not a function of Z, it
follows that the average cost, or risk, which is

Cl4, a(2)) = f var {4 |z}f,(z) dz (9.159)

AR 2
is just 0" ,
From the expression for E(4 | Z), we note an interesting behavior for the

estimate of A4, or a(Z). As KUAZIU,,Z — CO,

a(Z)y > m;, =

K
>z, (9.160)
k=1

mi=

which says that as the ratio of signal variance to noise variance becomes
large, the optimum estimate for A approaches the sample mean. On the
other hand, as KG'AZ/(T,,2 — 0 (small signal variance and/or large noise vari-
ance), a(Z) —> my, the a priori mean of A. In the first case, the estimate is
weighted in favor of the observations; in the latter, it is weighted in favor
of the known signal statistics. From the form of 0'P2, we note that, in either
case, the quality of the estimate increases as the number of independent

samples of z(t) increases.

Case 2

The ML estimate is found by differentiating In f7)4(z | A) with respect to 4
and setting the result equal to zero. Performing the steps, the ML estimate
is found to be

K

. 1

dw(@) =« > Z, (9.161)
k=1

We note that this corresponds to the MAP estimate if Ko,’lo,” — 00 (that
is, if the a priori pdf of A is broad compared with the a posteriori pdf).

The variance of dyy(Z) is found by recalling that the variance of a sum of
independent random variables is the sum of the variances. The result is

(9.162)

Thus the prior knowlege about 4, available through fj(a), manifests itself as
a smaller variance for the Bayes estimates (conditional-mean and MAP) than
for the ML estimate.
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Other Properties of ML Estimates

Unbiased Estimates An estimate a(Z) is said to be unbiased if
E{a(Zz)|A} = 4 (9.163)

This is clearly a desirable property of any estimation rule. If E{a(z) |4} — 4
= B # 0, B is referred to as the bias of the estimate.

The Cramer-Rao Inequality In many cases it may be difficult to compute
the variance of an estimate for a nonrandom parameter. A lower bound for
the variance of an unbiased ML estimate is provided by the following

inequality:

2 —1
var {a(Z)) = (E Ha h’fg"(zla)] ]) (9.164a)
a
or, equivalently,
2 -1
var {a(Z)) = (—E [a ln{: ;‘(ZI“) }) (9.164b)
a

where the expectation is only over Z. These inequalities hold under the
assumption that df3,/0a and 6%{244!6112 exist and are absolutely integrable.
A proof is furnished by Van Trees (1968). Any estimate satisfying (9.164)
with equality is said to be efficient.

A sufficient condition for equality in (9.164) is that

da

where g(-) is a function only of a. If an efficient estimate of a parameter
exists, it is the maximum-likelihood estimate.

Asymptotic Qualities of ML Estimates In the limit, as the number of inde-
pendent observations becomes large, ML estimates can be shown to be Gaus-
sian, unbiased, and efficient. In addition, the probability that the ML estimate
for K observations differs by a fixed amount € from the true value approaches
zero as K = 00; an estimate with such behavior is referred to as consistent.

EXAMPLE 9.8  Returning to Example 9.8, we can show that a,(Z) is an
efficient estimate. We have already shown that GMLZ = a,,ZIK. Using
(9.164b), we differentiate in f;, once to obtain

K
nfors iz > (@ — a) (9.166)

da 0, =
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A second differentiation gives

1 K
Ihfan e =5 (9.167)

da o

n

and (9.164b) is seen to be satisfied with equality.

9.5 APPLICATIONS OF ESTIMATION THEORY
TO COMMUNICATIONS

We now consider two applications of estimation theory to the transmission
of analog data. The sampling theorem introduced in Chapter 2 was applied
in Chapter 3 in the discussion of several systems for the transmission of
continuous-waveform messages via their sample values. One such technique
is PAM, in which the sample values of the message are used to amplitude-
modulate a pulse-type carrier. We will apply the results of Example 9.8 to
find the performance of the optimum demodulator for PAM. This is a linear
estimator because the observations are linearly dependent on the message
sample values. For such a system, the only way to decrease the effect of
noise on the demodulator output is to increase the SNR of the received
signal, since output and input SNR are linearly related.

Following the consideration of PAM, we will derive the optimum ML esti-
mator for the phase of a signal in additive Gaussian noise. This will result in
a phase-lock loop structure. The variance of the estimate in this case will be
obtained for high input SNR by applying the Cramer-Rao inequality. For low
SNRs, the variance is difficult to obtain because this is a problem in nonlinear
estimation; that is, the observations are nonlinearly dependent on the param-
eter being estimated.

The transmission of analog samples by pulse-position modulation (PAM)
or some other modulation scheme could also be considered. An approximate
analysis of its performance for low input SNRs would show the threshold
effect of nonlinear modulation schemes and the implications of the tradeoff
that is possible between bandwidth and output SNR. This effect was seen
previously in Chapter 6 when the performance of PCM in noise was

considered.

Pulse-Amplitude Modulation (PAM)

In PAM, the message m(t) of bandwidth W is sampled at T-second intervals,
where T =< 1/2W, and the sample values m, = m(t;) are used to amplitude-
modulate a pulse train composed of time-translates of the basic pulse shape
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650 Optimum Receivers and Signal-Space Concepts

p(t), which is assumed zero for t < 0 and ¢ > Ty, < T. The received signal
plus noise is represented as

o0

O = D> mype — ET) + n(r) (9.168)

k=—o0

where n(t) is white Gaussian noise with double-sided power spectral density
I
3No.

Considering the estimation of a single sample at the receiver, we observe

J() = mgp(t) + n(p), 0=<:=T (9.169)

For convenience, if we assume that || §° pz(t) dt = 1, it follows that a suffi-
cient statistic is

To
Z, = J; y(Op(t) de
=my, + N (9.170)

where the noise component is

T
N=f n(t)p(t) dt (9.171)
0

Having no prior information about m,, we apply ML estimation. Following
procedures used many times before, we can show that N is a zero-mean
Gaussian random variable with variance ;N,. The ML estimation of my is
therefore identical to the single-observation case of Example 9.8, and the
best estimate is simply Z,. As in the case of digital data transmission, this
estimator could be implemented by passing y(¢) through a filter matched to
p(t), observing the output amplitude prior to the next pulse, and then setting
the filter initial conditions to zero. Note that the estimator is linearly depen-
dent on y(t).

The variance of the estimate is equal to the variance of N, or %NO. Thus
the SNR at the output of the estimator is

2m02
'No
2E

No

(SNR), =

(9.172)

where E = | g" mozpz(t) dt is the average energy of the received signal sam-
ple. Thus the only way to increase (SNR), is by increasing the energy per
sample or by decreasing N,
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Estimation of Signal Phase: The PLL Revisited

We now consider the problem of estimating the phase of a sinusoidal signal
A cos (wt + B) in white Gaussian noise n(t) of double-sided power spectral
density 3N, Thus the observed data are

y(t) = A cos (wt + 6) + n(r), 0<:t=<T (9.173)
where T is the observation interval. Expanding 4 cos (wt + ) as
A cos wt cos § — A sin wt sin 0

we see that a suitable set of orthonormal basis functions for representing

the data is
2
\/; cos Wt, 0=<:t=<T (9.174a)
2
P(t) = \/:r sinwt, O0=<t=<T (9.174b)

Thus we base our decision on

T T
z(t) = \/; A cos 8 ¢,(t) — \/; A sin 8 ¢ (2)

+ Nidi(r) + Nady(t) (9.179)

¢1(t)

and

where
T
N, = f n(t);(t) dt, i=1,2 (9.176)
o
Because y(t) — z(t) involves only noise, which is independent of z(t), it is
not relevant to making the estimate. Thus we may base the estimate on the
vector
A T T
Z=(Z,2) = (%A cos ) + N, — \/;A sin 6 + N2> (9.177)
where
T
zZ, = (y(), o) = J; y(t)pi(e) dt (9.178)
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The likelihood function f z16(2}, 2,|0) is obtained by noting that the vari-
ance of Z, and Z, is simply 3No, as in the PAM example. Thus the likelihood
function is

fz|o(21, 22[0)

el o ]

TN,

T A .
Cexp |:2 \/;Fo (z) cos § — z, sin 0):' (9.179)

where the coefficient C contains all factors that are independent of 6. The
logarithm of the likelihood function is

A
In f7,6(z), z,|60) = InC + V/ ZTF (z) cos @ — z,sin 6) (9.180)

which, when differentiated and set to zero, yields a necessary condition for
the maximum-likelihood estimate of # in accordance with (9.147b). The
result is

—Z, sinfl — Z, cos =0 (9.181)

=8y

where Z; and Z, signify that we are considering a particular (random) obser-

T
Zy = (5, 0) = Mé f y(t) cos w.t dt (9.182a)
(4]
2 T
Z, = (y,¢) = e f y(¢) sin w.t dt (9.182b)
0

Therefore, (9.181) can be put in the form

vation. But

and

T T
—sin Oy f ¥y(t) cos wt dt — cos Oy y(t) sinwiet dt = 0
0 0

or

T ~
f y(t)sin (et + Oy) dt = 0 (9.183)
0
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FIGURE 9.10 ML estimator for phase
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This equation can be interpreted as the feedback structure shown in Figure
9.10. Except for the integrator replacing a loop filter, this is identical to the
phase-locked loop discussed in Chapter 3.

A lower bound for the variance of 8, is obtained from the Cramer-Rao
inequality. Applying (9.164b), we have for the first differentiation, from
(9.180),

A
M = /2T — (—Z, sin § — Z, cos 0) (9.184)
a0 Ny
and for the second,
& 3‘0{"” V2 r—( Z, cos 0 + Z, sin 0) (9.185)
Substituting into (9.164b), we have
3
var {OML(Z )= —— (E{Zl cos 0 — {Zz} sin 0)—1 (9.186)

\/_'

The expectations of Z, and Z, are

T
E{z} = L E{y(0)}¢i(e) dt

4 T
= f oy A[COS 0 ¢,(t) — sin 0 d5()](r) de
M A cos 8, i=1
= (9.187)
\/ A sin 6, i=2
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where we used (9.175). Substitution of these results into (9.186) results in

-1
A 1 T
var {0, (2)} = ﬁ' % [ ) A (cos’ 0 + sin? 0)}

= ANTOT (9.188)
Noting that the average signal power is P, = %Az and defining B, = (2 T)" !
as the equivalent noise bandwidth* of the estimator structure, we may write
(9.188) as
NoB;

PS

var (B} = (9.189)
which is identical to the result given without proof in Table 8.5. As a result
of the nonlinearity of the estimator, we can obtain only a lower bound for
the variance. However, the bound becomes better as the SNR increases. Fur-
thermore, because ML estimators are_ asymptotically Gaussian, we can
approximate the conditional pdf of 6, So )8l |0), as Gaussian with
mean § (6, is unbiased) and variance given by (9.188).

SUMMARY

1. Two general classes of optimization problems are signal detection and
parameter estimation. Although both detection and estimation are
often involved simultaneously in signal reception, from an analysis
standpoint, it is easiest to consider them as separate problems.

2. Bayes detectors are designed to minimize the average cost of making a
decision. They involve testing a likelihood ratio, which is the ratio of
the a posteriori (posterior) probabilities of the observations, against a
threshold, which depends on the a priori (prior) probabilities of the two
possible hypotheses and costs of the various decision/hypothesis com-
binations. The performance of a Bayes detector is characterized by the
average cost, or risk, of making a decision. More useful in many cases,
however, are the probabilities of detection and false alarm Py and P;in
terms of which the risk can be expressed, provided the a priori proba-
bilities and costs are available. A plot of Py, versus P; is referred to as
the receiver operating characteristic (ROC).

* The equivalent noise bandwidth of an ideal integrator of integration duration T is (2T) "
Hz.
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3. If the costs and prior probabilities are not available, a useful decision
strategy is the Neyman-Pearson detector, which maximizes P;, while
holding P; below some tolerable level. This type of receiver also can be
reduced to a likelihood ratio test in which the threshold is determined
by the allowed false-alarm level.

4. It was shown that a minimum-probability-of-error detector (that is, the
type of detector considered in Chapter 7) is really a Bayes detector with
zero costs for making right decisions and equal costs for making either
type of wrong decision. Such a receiver is also referred to as a maximum
a posteriori (MAP) detector, since the decision rule amounts to choosing
as the correct hypothesis the one corresponding to the largest a posteriori
probability for a given observation.

5. The introduction of signal-space concepts allowed the MAP criterion to
be expressed as a receiver structure that chooses as the transmitted sig-
nal the signal whose location in signal space is closest to the observed
data point. Two examples considered were coherent detection of M-ary
orthogonal signals and noncoherent detection of binary FSK in a Ray-
leigh fading channel.

6. For M-ary orthogonal signal detection, zero probability of error can be
achieved as # — 0O provided the ratio of energy per bit to noise spec-
tral density is greater than —1.6 dB. This perfect performance is
achieved at the expense of infinite transmission bandwidth, however.

7. For the Rayleigh fading channel, the probability of error decreases only
inversely with signal-to-noise ratio rather than exponentially, as for the
nonfading case. A way to improve performance is by using diversity.

8. Bayes estimation involves the minimization of a cost function, as for
signal detection. The squared-error cost function results in the a poste-
riori conditional mean of the parameter as the optimum estimate, and a
square-well cost function with infinitely narrow well results in the max-
imum of the a posteriori pdf of the data, given the parameter, as the
optimum estimate (MAP estimate). Because of its ease of implementa-
tion, the MAP estimate is often employed even though the conditional-
mean estimate is more general, in that it minimizes any symmetrical,
convex-upward cost function as long as the posterior pdf is symmetrical

about a single peak.

9. A maximum-likelihood (ML) estimate of a parameter A is that value for
the parameter, A, which is most likely to have resulted in the observed

data A and is the value of 4 corresponding to the absolute maximum of
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the conditional pdf of Z given A. The ML and MAP estimates of a param-
eter are identical if the a priori pdf of A is uniform. Since the a priori pdf
of 4 is not needed to obtain an ML estimate, this is a useful procedure
for estimation of parameters whose prior statistics are unknown or for
estimation of nonrandom parameters.

10. The Cramer-Rao inequality gives a lower bound for the variance of an
ML estimate. In the limit, ML estimates have many useful asymptotic
properties as the number of independent observations becomes large.
In particular, they are asymptotically Gaussian, unbiased, and efficient
(satisfy the Cramer-Rao inequality with equality).

FURTHER READING

Two, by now, classic textbooks on detection and estimation theory at the
graduate level are Van Trees (1968) and Helstrom (1968). Both are excellent
in their own way, Van Trees being somewhat wordier and containing more
examples than Helstrom, which is closely written but nevertheless very read-
able. Helstrom introduces complex envelope notation at the first and uses
it throughout to very effectively include in one volume what Van Trees takes
two volumes to accomplish (Volumes 1 and 3; Volume 2 treats nonlinear
modulation theory, which Helstrom omits). A concise treatment of detec-
tion theory and signal design is the text by Weber (1987), recently reprinted.
Shanmugam and Breipohl (1988) and Mendel (1987) are recommended.

At about the same (or somewhat lower) level as Van Trees and Helstrom
is the book by Wozencraft and Jacobs (1965), which was the first book in
the United States to use the signal-space concepts exploited by Kotel’nikoy
(1959) in his doctoral dissertation in 1947 to treat digital signaling and opti-
mal analog demodulation. Many other books treat special applications of
detection and estimation theory; several were referred to in Chapters 7 and
8 in connection with digital data transmission.

PROBLEMS
Section 9.1
9.1 Consider the hypotheses
H:Z=N and HpZ=S+N
where S and N are independent random variables with the pdf’s

fsx) = 28—2xu(x) and falx) = 10e_10xu(x)
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(a) Show that
f2z|H) = 10¢” ' u(2)
and
folz|Hy) = 2.5( 7 — ¢ u(2)

(b) Find the likelihood ratio A(Z).

(c) If P(H)) = %, P(H,) = %’ ci2 = ¢ = S5,and ¢y = ¢y = 0,
find the threshold for a Bayes test.

(d) Show that the likelihood ratio test for part (c) can be reduced to

HZ
z=y

H,

Find the numerical value of 7 for the Bayes test of part (c).

(e) Find the risk for the Bayes test of part (c).

(f) Find the threshold for a Neyman-Pearson test with P less than or
equal to 10~*. Find P, for this threshold.

(g) Reducing the Neyman-Pearson test of part (f) to the form

find P; and P, for arbitrary . Plot the ROC.

9.2 Consider a two-hypothesis decision problem where
exp (—lzz)
2 1
z|H) = =——— and (z|H) = 5exp(— |z
fz(|1) \/E fz|2 2P(||)

(a) Find the likelihood ratio A(Z).

(b) Letting the threshold 7 be arbitrary, find the decision regions R,
and R, illustrated in Figure 9.1. Note that both R, and R, cannot
be connected regions for this problem; that is, one of them will
involve a multiplicity of line segments.

Section 9.2
9.3 Show that ordinary three-dimensional vector space satisﬁes the prop-

erties listed in the subsection entitled “Structure of Signal Space” in
Section 9.2, where x(t) and y(t) are replaced by vectors A and B.
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9.4

9.5

9.6

9.7

9.8

9.9

Optimum Receivers and Signal-Space Concepts

Show that the scalar-product definitions given by Equations (9.40a)
and (9.40b) satisfy the properties listed in the subsection entitled
“Scalar Product” in Section 9.2.

Using the appropriate definition, calculate (x4, x,) for each of the
following pairs of signals:

@ e 2T @) OV, T
(c) cos 2mrt, sin® 27t (d) cos 27, 10u(r)

Let x,(t) and x,(t) be two real-valued signals. Show that the square of
the norm of the signal x,(t) + x,(¢) is the sum of the square of the
norm of x(t) and the square of the norm of x,(t) if and only if x; and
x, are orthogonal; that is, ||x; + x,|* = ||x,|? + lx5]|* if and only
if (x), x) = 0. Note the analogy to vectors in three-dimensional
space: the Pythagorean theorem applies only to vectors that are
orthogonal or perpendicular (zero dot product).

Evaluate [|x[|, [x]l, [|xs]l, (x4 x,), and (x3, x,) for the signals in Figure
9.11. Use these numbers to construct a vector diagram and graphi-
cally verify that x; = x; + «x,.

Verify Schwarz’s inequality for

N N
0 =D ad. )  and  x) = D b

n=1 n=1
where the t)’s are orthonormal.
n

(@) Use the Gram-Schmidt procedure to find a set of orthonormal
basis functions corresponding to the signals given in Figure 9.12.

(b) Express sy, s,, and s; in terms of the orthonormal basis set found
in part (a).

FIGURE 9.11

x
X4 2 %3
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FIGURE 9.12

s, (t) sy (1) s5t)

1 1 1

9.10 Consider the set of signals

= V2 A cos @nft + 3im), O=<ft=<N
i 0, otherwise

where N is an integer and i = 1, 2, 3, 4.

(a) Find an orthonormal basis set for the space spanned by this set of
signals.

(b) Draw a set of coordinate axes, and plot the locations of 5(t), i =
1, 2, 3, 4, after expressing each one as a generalized Fourier
series in terms of the basis set found in part (a).

Section 9.3
9.11 For M-ary PSK, the transmitted signal is of the form

si(t) = A cos 2mft + i2w/M), i 1,2,...,Mfor0 <t =T,

(a) Find a set of basis functions for this signaling scheme. What is the
dimension of the signal space? Express s,(t) in terms of these basis
functions and the signal energy, £ = A*T)2.

(b) Show the optimum partitioning of the observation space accord-
ing to Equation (9.91).

(c) Sketch a block diagram of the optimum (minimum Py) receiver.

(d) Write down an expression for the probability of error. Do not
attempt to integrate it.

(e) By choosing appropriate half planes in the observation space, find
upper and lower bounds for P; derived in part (d). Sketch them
versus SNR for M = 4, 8, and 16.

9.12 Consider Equation (9.120) for M = 2. Express P; as a single Q-func-
tion. Show that the result is identical to binary, coherent FSK.
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9.13

9.14

9.15
9.16

Optimum Receivers and Signal-Space Concepts

Consider vertices-of-a-hypercube signaling, for which the ith signal is of

the form

E n
s@)= \/ZD oub), O0=<c<T
=

in which the coefficients a;; are permuted through the values + 1
and —1, E, is the signal energy, and the ¢,’s are orthonormal. Thus
M = 2", where n is an integer. For M = 8, n = 3, the signal points
in signal space lie on the vertices of a cube in three-space.

(a) Sketch the optimum partitioning of the observation space for M
= 8.
(b) Show that the probability of symbol error is

P =1— PC)

2E,\ |”
PC)y= |1~ —
% { Q(. ”Nu) ]
(c) Plot Pg versus E/N, forn = 1, 2, 3, 4. Compare with Figure 9.7
forn = 1 and 2.

where

(a) Referring to the signal set defined by Equation (9.92), show that
the minimum possible Af = Aw/27 such that (s 5) = 0 is
Af = 1/(2T).

(b) Using the result of part (a), show that for a given time-bandwidth
product WI, the maximum number of signals for M-ary FSK sig-
naling is given by M = 2WT,, where W is the transmission band-
width and T, is the signal duration. Use null-to-null bandwidth.

(c) For vertices-of-a-hypercube signaling, described in Problem 9.13,
show that the number of signals grows with WT, as # = 2°"%,

Go through the steps in deriving Equation (9.133).

Generalize the fading problem of binary noncoherent FSK signaling
to the M-ary case. Let the ith hypothesis be of the form

H;:y(t) = G, ﬁ cos (wit + 8) + a(r)

=1,2,...,M0=<¢=<T,
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where G, is Rayleigh, 6, is uniform in (0, 27), E, is the energy of the
unperturbed ith signal of duration T, and |@;, — w,| > T,_', for
i # j, so that the signals are orthogonal. Note that G, cos 0, and
— G, sin 0, are Gaussian with mean zero; assume their variances to be

2
g.

(a) Find the likelihood ratio test and show that the optimum corre-
lation receiver is identical to the one shown in Figure 9.8(a) with
2M correlators, 2M squarers, and M summers where the summer
with the largest output is chosen as the best guess (minimum Pg)
for the transmitted signal if all E/s are equal. How is the receiver
structure modified if the E’s are not equal?

(b) Write down an expression for the probability of symbol error.

9.17 Investigate the use of diversity to improve the performance of binary
FSK signaling over the flat fading Rayleigh channel. Assume that the
signal energy E is divided equally among N subpaths, all of which
fade independently. For equal SNRs in all paths, the optimum
receiver is shown in Figure 9.13.

(a) Referring to Problem 4.45 of Chapter 4, show that Y; and Y, are
chi—squared random variables under either hypothesis.
(b) Show that the probability of error is of the form
N—1
1 |
I G T
j=0 ]
where
No 1 1 , _E
a = - 4 = —
E' + Ny 21 + 320°E'INy) N
FIGURE 9.13
Subpath
No. 1 5| _System of
Figure 9.8 (a)
Subpath Yy
No. 2 System of Ch
1 Figure 9.8 (a) Iarggsste
Subpath : Ya
No. N ,| _System of
Figure 9.8 (a)
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(c) Plot P; versus SNR £ 20’2Ex/N0 for N =1, 2,3,..., and show
that an optimum value of N exists that minimizes Pg for a given
SNR.

Section 9.4

9.18

9.20

Let an observed random variable Z depend on a parameter A according
to the conditional pdf

A Z=0,A>0
fz1a(z|N) = IO, -

The a priori pdf of A s

‘ﬂ e_ﬂ)?\m—l, A=0
fay = ] T
0, A<<O

where 8 and m are parameters and I'(m) is the gamma function.
Assume that m is a positive integer.

(2) Find E{\} and var {\} before any observations are made; that is,
find the mean and variance of A using fa(A).

(b) Assume one observation is made. Find fa1z(A\|z) and hence the
minimum mean-square error (conditional-mean) estimate of \
and the variance of the estimate. Compare with part (a). Com-
ment on the similarity of f3(A) and f,|,(A| 2).

(c) Making use of part (b), find the posterior pdf of A given two
observations f (A | z,, z,). Find the minimum mean-square error
estimate of A based on two observations and its variance. Com-
pare with parts (a) and (b), and comment.

(d) Generalize the preceding to the case in which K observations are
used to estimate A.

(e) Does the MAP estimate equal the minimum mean-square error
estimate?

For which of the cost functions and posterior pdf’s shown in Figure
9.14 will the conditional mean be the Bayes estimate? Tell why in
each case.

Given K independent measurements (Z;, Z,, . . . , Zy) of a noise volt-
age Z(t) at the RF filter output of a receiver:

(a) If Z(t) is Gaussian with mean zero and variance 0',,2, what is the

ML estimate of the variance of the noise?
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FIGURE 9.14
Clx) x=A—4% faiz
ol o ol <
(a)
ol 4 ol 5
{b)
Cix) Taiz
ol X 0L #
(c)
Clx) faiz
o! & J a
{d)

(b) Calculate the expected value and variance of this estimate as
functions of the true variance.

(c) Is this an unbiased estimator?

(d) Give a sufficient statistic for estimating the variance of Z.

9.21 Generalize the estimation of a sample of a PAM signal, expressed by
Equation (9.169), to the case where the sample value my is a zero-
mean Gaussian random variable with variance o, .

9.22 Consider the reception of a BPSK signal in noise with unknown phase,
8, to be estimated. The two hypotheses may be expressed as

H;: y(t) = cos (wt + 6) + n(v), 0=<:=<T,
H,: y(r) = —cos(w.t + 0) + n(@), 0=<:t=T,
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FIGURE 9.15

c0s (w,t + fpy)

//j

ylit)

VvCO

)

K

[NIE

sin {w,t + éML)

—)C”D‘_) Kzfors( )at

9.23

where n(t) is white Gaussian noise with single-sided power spectral
density N,, and the hypotheses are equally probable [P(H,) =
P(H))].

(a) Using ¢, and ¢, as given by Equation (9.174) as basis functions,
write expressions for

fzw,H,(Zx, z,|0, H), i=1,2
(b) Noting that

2

fz16(z1, 2210) = D P(H)fz)95(215 2,16, H)

i=1

show that the ML estimator can be realized as the structure
shown in Figure 9.15 by employing Equation (9.147). Under what
condition(s) is this structure approximated by a Costas loop? (See
Chapter 3, Figure 3.57.)

(c) Apply the Cramer-Rao inequality to find an expression for
var {flyy;}. Compare with the result in Table 8.1.

Assume a biphase modulated signal in white Gaussian noise of the
form

y(t) = \/H’sin (wr £ cos 'm + 0) + n(), 0=<:=T,

where the T signs are equally probable and 6 is to be estimated by
a maximum-likelihood procedure. In the preceding equation,
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T, = signaling interval

P = average signal power
w, = carrier frequency (rad/s)
m = modulation constant

6 = RF phase (rad)
Let the double-sided power spectral density of n(t) be %No.

(a) Show that the signal portion of y(t) can be written as

S = \/fl—l’msin(wct+ 6 + \/E V1 — m® cos (wt + 0)

Write in terms of the orthonormal functions ¢; and ¢,, given by
Equation (9.174).
(b) Show that the likelihood function can be written as

mV T
L@ = E—NEJ‘ y(t) sin (wt + O)de
0 0

2V/2P(1 — m) (T
+ In cosh i y(t) cos (wt + 0) dt
0 0

(c) Draw a block diagram of the ML estimator for 6 and compare with
the block diagram shown in Figure 9.15.

COMPUTER EXERCISES

9.1 (a) Write a program to plot the receiver operating characteristics for

Example 9.2. Use the rational approximation given in Appendix
C.6 to evaluate the Q-function.
(b) Repeat for Problem 9.1.

(a) Write a program to plot the curves asked for in Problem 9.13.

(b) Provide a justification for choosing either (8.49) or (8.51) to con-
vert from symbol error probability to bit error probability for ver-
tices-of-a-hypercube modulation. Use (8.52) to convert from
symbol energy to bit energy, and plot curves of bit error probabil-
ity versus Ey/N, for this modulation scheme.

(c) Use a solve routine to obtain the value of E,/N,, in decibels,
required for a desired probability of bit error. Do this for several
values of M and note that bit error probability for a given value of
E,/N, appears to be independent of M. Provide an explanation for

this phenomenon.
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9.3

9.4

9.5
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Write a computer program to justify the conclusion drawn in Example
9.6 that a value of 7W of 1.4 will ensure that none of the @i(t)’s has
more than 1/12 of its energy outside the frequency band |f] < w.

; 2
Write a computer program to make plots of o, versus K, the number
; . 2 oA 3
of observations, for fixed ratios of O‘i/tr,, thus verifying the conclusions
drawn at the end of Example 9.8.

Write a computer simulation of the PLL estimation problem. Do this
by generating two independent Gaussian random variables to form zZ,
and Z, given by (9.177). Thus for a given 0 form the left-hand side of
(9.181). Call the first value 6. Estimate the next value of 6, call it 8,,
from the algorithm

0, = 6, — e tan ' (ﬁ)

1,0

where Z, o and Z,  are the first values of Z; and Z, generated and ¢ is
a parameter to be varied (choose the first value to be 0.01). Generate
two new values of Z; and Z, (call them Z,,; and Z, ;) and form the next
estimate according to

1 Z
e ()
Z,

Continue in this fashion, generating several values of 6,. Plot the 0.’s
versus i, the sequence index, to determine if they seem to converge
toward zero phase. Increase the value of € by a factor of 10 and repeat.
Can you relate the parameter € to a phase-lock loop parameter (see
Chapter 3)? This is an example of Monte Carlo simulation.
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INFORMATION THEORY
AND CODING

Information theory provides a different perspective for evaluating the per-
formance of communication systems, and significant insight into the perfor-
mance characteristics of communication systems can often be gained
through the study of information theory. More explicitly, information the-
ory provides a quantitative measure of the information contained in message
signals and allows us to determine the capability of a system to transfer this
information from source to destination, Coding, a major topic of information
theory, will be examined in this chapter in some detail. Through the use of
coding, unsystematic redundancy can be removed from message signals so
that channels can be used with maximum efficiency. In addition, through the
use of coding, systematic redundancy can be induced into the transmitted
signal so that errors caused by nonperfect practical channels can be
corrected.

Information theory also provides us with the performance characteristics
of an ideal, or optimum, communication system. The performance of an ideal
system provides a meaningful basis against which to compare the perfor-
mance of the realizable systems studied in previous chapters. Performance
characteristics of ideal systems illustrate the gain in performance that can
be obtained by implementing more complicated transmission and detection
schemes.

Motivation for the study of information theory is provided by Shannon’s
coding theorem, sometimes referred to as Shannon’s second theorem, which can
be stated as Follows: If a source has an information rate less than the channel
capacity, there exists a coding procedure such that the source output can be
transmitted over the channel with an arbitrarily small probability of error.
This is a truly surprising statement. We are being led to believe that trans-
mission and reception can be accomplished with negligible error, even in the
presence of noise. An understanding of this process called coding, and an
understanding of its impact on the design and performance of communica-
tion systems, requires an understanding of several basic concepts of infor-
mation theory.
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10.1 BASIC CONCEPTS

Consider a hypothetical classroom situation occurring early in a course at
the end of a class period. The professor makes one of the following state-
ments to the class:

A. I shall see you next period.

B. My colleague will lecture next period.

C. Everyone gets an A in the course, and there will be no more class
meetings.

What is the relative information conveyed to the students by each of these
statements, assuming that there had been no previous discussion on the sub-
ject? Obviously, there is little information conveyed by statement (A), since
the class would normally assume that their regular professor would lecture;
that is, the probability, P(4), of the regular professor lecturing is nearly
unity. Intuitively, we know that statement (B) contains more information,
and the probability of a colleague lecturing P(B) is relatively low. Statement
(C) contains a vast amount of information for the entire class, and most
would agree that such a statement has a very low probability of occurrence
in a typical classroom situation. It appears that the lower the probability of
a statement, the greater is the information conveyed by that statement.
Stated another way, the students’ surprise on hearing a statement seems to
be a good measure of the information contained in that statement.

We next define information mathematically in such a way that the defi-
nition is consistent with the preceding intuitive example.

Information

Let x; be an event that occurs with probability p(x)). If we are told that event
X has occurred, we say that we have received

1
I(X]) - loga P(Xj) a loga P(xj) ( 01)
units of information. This definition is consistent with the previous example,
since I(x;) increases as p(x;) decreases.

The base of the logarithm in (10.1) is quite arbitrary and determines the
units by which we measure information. R, V. Hartley,* who first suggested
the logarithmic measure of information in 1928, used logarithms to the base
10, and the measure of information was the hartley. Today it is standard to
use logarithms to the base 2, and the unit of information is the binary unit,

* Hartley (1928).
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or bit. Logarithms to the base ¢ are sometimes utilized, and the correspond-
ing unit is the nat, which stands for natural unit.

There are several reasons for us to be consistent in using the base 2 log-
arithm to measure information. The simplest random experiment that one
can imagine is an experiment with two equally likely outcomes, such as the
flipping of an unbiased coin. Knowledge of each outcome has associated with
it one bit of information. Also, since the digital computer is a binary
machine, each logical 0 and each logical 1 has associated with it one bit of
information, assuming that each of these logical states are equally likely.

EXAMPLE 101 Consider a random experiment with 16 equally likely

outcomes. The information associated with each outcome is
I(x) = —log, 1¢ = log, 16 = 4 bits (10.2)

where j ranges from 1 to 16. The information is greater than one bit, since
the probability of each outcome is much less than one-half.

Entropy
In general, the average information associated with the outcome of an exper-
iment is of interest rather than the information associated with each partic-
ular event. The average information associated with a discrete random
variable X is defined as the entropy H(X). Thus

n

HX) = E{I(x)) = — D p(x) log, p(x) (10.3)

j=1

where n is the total number of possible outcomes. Entropy can be regarded
as average uncertainty and therefore should be maximum when each out-
come is equally likely.

EXAMPLE 10.2  For a binary source, p(1) = a and p(0) = 1 —a=4.
Derive the entropy of the source as a function of ¢, and sketch H(a) as o
varies from zero to 1.

SOLUTION  From (10.3),

H(@) = —alog,a — (1 — a) log, (1 — @) (10.4)

This is sketched in Figure 10.1. We should note the maximum. If & = 2

each symbol is equally likely, and our uncertainty is a maximum. If @ # 3
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FIGURE 10.1 Entropy of a binary source

1.0

Entropy

I
0 0.25 0.5 0.75 1

one symbol is more likely to occur than the other, and we are less uncertain
as to which symbol appears on the source output. If @ or §3 is equal to zero,
our uncertainty is zero, since we know exactly which symbol will occur.

From Example 10.2 we conclude, at least intuitively, that the entropy
function has a maximum, and the maximum occurs when all probabilities
are equal. This fact is of sufficient importance to warrant a more complete
derivation.

Assume that a chance experiment has n possible outcomes and that p. is
a dependent variable depending on the other probabilities. Thus

Po=1=(piF+p+ - +p+- - +p_) (105

where p; is concise notation for p(x). The entropy associated with the chance
experiment is

H= —> plogp, (10.6)

i=1

In order to find the maximum value of entropy, the entropy is differentiated
with respect to p, holding all probabilities constant except p; and p,. This
gives a relationship between p, and p, that yields the maximum value of H.
Since all derivatives are zero except the ones involving p, and p,,

dH d
— = 7 (=P log, p, — p, log, p,) (10.7)
dpy  dp,
by using (10.5) and since
2 Jog,u = Llog, ¢ & 108
dx %8 U u0gaedx e
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we obtain
dH 1 1
— = —p,— log, e — log, p; + p, — log, e + log, p, (10.9)
dpi Pk Pa
or
dH Pn
— = log, — (10.10)
dp, Pk

which is zero if p, = p,. Since p, was arbitrarily chosen,

1
prL=p2= """ T pP=" (10.11)

=

To show that the preceding condition yields a maximum and not a minimum,
note that when p; = 1 and all other probabilities are zero, entropy is zero.
From (10.6), the case where all probabilities are equal yields H = log, n.

Channel Representations

Throughout most of this chapter we will assume the communications chan-
nel to be memoryless. For such channels, the channel output at a given time
is a function of the channel input ar that time and is not a function of previous
channel inputs. Memoryless discrete channels are completely specified by
the set of conditional probabilities that relate the probability of each output
state to the input probabilities. An example illustrates the technique. A dia-
gram of a channel with two inputs and three outputs is illustrated in Figure
10.2. Each possible input-to-output path is indicated along with a condi-
tional probability p;, which is concise notation for p(y|x). Thus p; is the
conditional probability of obtaining output y, given that the input is x; and is
called a channel transition probability.

We can see from Figure 10.2 that the channel is completely speciﬁed by

FIGURE 10.2 Channel diagram
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the complete set of transition probabilities. Accordingly, the channel is
often specified by the matrix of transition probabilities [P(Y| X)], where, for
the channel of Figure 10.2,

(10.12)

P(}’lf’ﬁ) P()’2|xl) P()’alxl)
P()’t'xz) P()’zlxz) P(}’alxz)

(P(Y]x)] = [

Since each input to the channel results in some output, each new row of the
channel matrix must sum to unity.

The channel matrix is useful in deriving the output probabilities given the
input probabilities. For example, if the input probabilites P(X) are repre-
sented by the row matrix

[PX)] = [p(x)) p(xy)] (10.13)
then
[PD] = [p(y)  p(r2) p(ys)] (10.14)
which is computed by
[P()] = [PA)IP(Y|X)] (10.15)

If [P(X)] is written as a diagonal matrix, (10.15) yields a matrix [P(X, Y)].
Each element in the matrix has the form px)p(y;| x) or P(x; ). This matrix
is known as the joint probability matrix, and the term p(x;, ) is the joint prob-
ability of transmitting x, and receiving y,.

EXAMPLE 10.3  Consider the binary input-output channel shown in Fig-
ure 10.3. The matrix of transition probabilities is

0.7 0.3] o

[Pl = [0.4 0.6

FIGURE 10.3 Binary channel

X4 &2 4]
0.4
0.3

X. 17
2 0.6 3
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If the input probabilities are P(x;) = 0.5 and P(x,) = 0.5, the output prob-
abilities are

0.7 03

ot 0'6} = [0.55 0.45] (10.17)

[P(Y)] = [0.5 0.5] [

and the joint probability matrix is

o5 o |[07 03 0.35 0.15
[P, ) = [ 0 0.5] [0.4 0.6] - [0.2 0.3 } (1018)

As first seen in Chapter 8, a binary satellite communication system can
often be represented by the cascade combination of two binary channels.
This is illustrated in Figure 10.4(a), in which the first binary channel repre-
sents the uplink and the second binary channel represents the downlink.
These channels can be combined as shown in Figure 10.4(b).

FIGURE 10.4 Two-hop satellite system. (a) Binary satellite channel.
(b) Composite satellite channel.

1 y1 B1

[+3

By
X, Z,
Uplink Downlink
(a)
Py
X, Z,
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Paz
X, Z,
(b)
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674 Information Theory and Coding

ﬁy determining all possible paths from x; to z), it is clear that the following
probabilities define the overall channel illustrated in Figure 10.4(b):

P = af; + a,0; (10.19a)
P12 = a8, + a0, (10.19b)
Pn = a3f; + a,6; (10.19¢)
P2 = asf, + B, (10.194)

Thus the overall channel matrix

[Pz|x)] = [P“ P“} (10.20)
P21 P22
can be represented by the matrix multiplication
a; a, B B,
PZ|X)] = 10.21
[Pz] )] [a3 aJ [63 mJ (0.21)

The right-hand side of the preceding expression is simply the uplink channel
matrix multiplied by the downlink channel matrix.

Joint and Conditional Entropy

If we use the input probabilities p(x,), the output probabilities p(y), the
transition probabilities p()',,|x,), and the joint probabilities p(x; ), we can
define several different entropy functions for a channel with n inputs and m
outputs. These are

n

HX) = — " p(x) log, p(x) (10.22)

i=1
H(Y) = — >~ p(y) log, p() (10.23)

j=1
HIIX) = = 3> plxr 5 log, ply; %) (10.24)

i=1 j=1

and

HOGY) = = 37> p(xs y) log, plx, 7) (10.25)

i=1j=1

691



10.1  Basic Concepts 675

Another useful entropy, H(X | Y), which is sometimes called equivocation, is

defined as

HX|Y) = — D> Y plxsy) log; pxly) (10.26)

i=1 j=1

These entropies are easily interpreted. H(X) is the average uncertainty of
the source, whereas H(Y) is the average uncertainty of the received symbol.
Similarly, H(X | Y) is a measure of our average uncertainty of the transmitted
symbol after we have received a symbol. The function H (Y] X) is the average
uncertainty of the received symbol given that X was transmitted. The joint
entropy H(X, Y) is the average uncertainty of the communication system as
a whole.

Two important and useful relationships, which can be obtained directly
from the definitions of the various entropies, are

H(X, Y) = HX|Y) + H(Y) (10.27)
and

H(X, Y) = H(Y|X) + H(X) (10.28)
These are developed in Problem 10.12.

Channel Capacity

Consider for a moment an observer at the channel output. The observer’s
average uncertainty concerning the channel input will have some value
before the reception of an output, and this average uncertainty of the
input will usually decrease when the output is received. In other words,
H(X|Y) < H(X). The decrease in the observer’s average uncertainty of the
transmitted signal when the output is received is a measure of the average
transmitted information. This is defined as transinformation, or mutual infor-
mation I(X; Y). Thus

1(X; Y) = HX) — H(X|Y) (10.29)
It follows from (10.27) and (10.28) that we can also write (10.29) as
1(X; Y) = H(Y) — H(Y|X) (10.30)

It should be observed that transinformation is a function of the source prob-
abilities as well as of the channel transition probabilities.
It is easy to show mathematically that

H(X) = HX|Y) (10.31)
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676 Information Theory and Coding

by showing that
HX|Y) — HX) = —I(X; Y) < 0 (10.32)

Substitution of (10.26) for H(X | Y) and (10.22) for H (X) allows us to write
—I(X; Y) as

n m x;)
—IXY) =Y p(x, y) log, L { (10.33)
i=1 j=1 P(XllJ’;)
Since
1 iy 10.34
082 X In 2 ey
and

k) _ Plx)p(y) (10.35)
Pixly) Pl )

we can write —I(X; Y) as

n

1 § p(x)p( y)
—IX;Y) = — p(x, y) In ——== (10.36)
In2 = FZI T ety y)
In order to carry the derivation further, we need the often-used inequality

In(x) <x— 1 (10.37)

which we can easily prove by considering the function

SO =In@x) — (x— 1) (10.38)
The derivative of f(x)
4 = i 1 (10.39)
dx  x

is equal to zero at x = 1. It follows that f(1) = 0 is the maximum value of
[(x), since we can make Sf(x) as small as we wish by choosing x sufficiently
large. '

Using the inequality (10.37) in (10.36) results in

1 = p)p() J
—IX;Y) < — X, y) | =2 10.40
Y =—3" 3 p y,)[P(xﬂyj} (10.40)

i=1 j=1
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which yields
1 n m n m :
—1 ) = — [Z > pp(x) — 2 2 Pl y,-)] (10.41)
i=1 j=1 i=1 =1
Since both the double sums equal 1, we have the desired result
—IX;Y) <0 (10.42)

Thus we have shown that mutual information is always nonnegative and,
consequently, that H(X) = H(X | 7).

The channel capacity C is defined as the maximum value of transinforma-
tion, which is the maximum average information per symbol that can be trans-
mitted through the channel. Thus

C = max [I(X; Y)] (10.43)

The maximization is with respect to the source probabilities, since the tran-
sition probabilities are fixed by the channel. However, the channel capacity
is a function of only the channel transition probabilities, since the maximi-
zation process eliminates the dependence on the source probabilities. The
following examples illustrate the method.

EXAMPLE 10.4  Find the channel capacity of the noiseless discrete chan-
nel illustrated in Figure 10.5.

SOLUTION  We start with
I(X; Y) = H(X) — HX|Y)

and write

HX|Y) = — »_ > plx, ) logs plxily) (10.44)

i=1 j=1

FIGURE 10.5 Noiseless channel

Xy o —o ¥,
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X20— Y2
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678 Information Theory and Coding

For the noiseless channel, all p(x; y;) and p(x, | ;) are zero unless i = j. For
i=j, plx] %) is unity. Thus H(X|Y) is zero for the noiseless channel, and

I(X; Y) = H(X) (10.45)

We have seen that the entropy of a source is maximum if all source symbols
are equally likely. Thus

n

1
c= Z - log, n = log, n (10.46)

i=1

EXAMPLE 10.5 Find the channel capacity of the binary symmetric channel
illustrated in Figure 10.6.

SOLUTION  This problem has considerable practical importance in the area
of binary digital communications. We will determine the capacity by max-
imizing
I(X; Y) = H(Y) — H(Y|X)
where
2 2
HY|X) = = 3" > plx, 5) log, p(y;]x) (10.47)
i=1 j=1
Using the probabilities defined in Figure 10.6, we obtain
H(Y|X) = —aplog,p — (1 — a)p log, p
—aqlogyq — (1 — a)q log, ¢ (10.48)
or
HY|x) = —plog,p — ¢ log, q (10.49)
Thus
IX;Y) = HY) + p log, p + qlog, ¢ (10.50)

FIGURE 10.6 Binary symmetrical channel

p
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FIGURE 10.7 Capacity of a binary symmetric channel

e — e e

0 0.26 0.5 0.75

which is maximum when H(Y) is maximum. Since the system output is
binary, H(Y) is maximum when each output has a probability of { and is
achieved for equally likely inpuzs. For this case, H (Y) is unity, and the channel

capacity is
C=1+plog,p+ qlog, ¢ =1— Hp) (10.51)
where H(p) is as defined in (10.4).

The capacity of a binary symmetric channel is sketched in Figure 10.7. As
expected, if p = O or 1, the channel output is completely determined by
the channel input, and the capacity is 1 bit per symbol. If p is equal to %, an
input symbol yields either output with equal probability, and the capacity is
zero.

It is worth noting that the capacity of the channel illustrated in Figure
10.5 is most easily found by starting with (10.29), while the capacity of the
channel illustrated in Figure 10.6 is most easily found starting with (10.30).
Choosing the appropriate expression for 1(X; Y) can often save considerable
effort. It sometimes takes insight and careful study of a problem to choose
the expression for I(X; Y) that yields the capacity with minimum computa-
tional effort.

The error probability P of a binary symmetric channel is easily computed.
From

2

Py = > plelx)p(x) (10.52)

i=1
where p(e|x,) is the error probability given input x,, we have

Py = qp(x)) T qpxy) (10.53)
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680 Information Theory and Coding

Thus
P =g (10.54)

which states that the unconditional error probability Py is equal to the condi-
tional error probability p( Y |x), i # j.

In Chapter 7 we showed that P; is a decreasing function of the energy of
the received symbols. Since the symbol energy is the received power mul-
tiplied by the symbol period, it follows that if the transmitter power is fixed, the
error probability can be reduced by decreasing the source rate. This can be accom-
plished by removing the redundancy at the source through a process called
source encoding.

EXAMPLE 106 In Chapter 7 we showed that for binary coherent FSK sys-
tems, the probability of symbol error is the same for each transmitted sym-
bol. Thus a binary symmetrical channel model is a suitable model for FSK
transmission. Assume that the transmitter power is 1000 W and that the
attenuation in the channel from transmitter to detector input is 30 dB. Also
assume that the source rate r is 10,000 symbols per second and that the
noise power spectral density Nj is 2 X 10~° W/Hz. Determine the channel
matrix.

SOLUTION  Since the attenuation is 30 dB, the signal power Py at the input
to the detector is

Py = (1000)(10 %) = 1w (10.55)
This corresponds to a received energy per symbol of

1 -
E, = P,T = =10"*
10,000

] (10.56)

From Chapter 7, Equation (7.83), the error probability for an FSK receiver
is

E
P = — 10.57
ol =
which, with the given values, is P, = 0.0127. Thus the channel matrix is

0.9873 0.0127] -

[P(Y[X)] = [0.0127 0.9873
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10.2  Source Encoding 681

It is interesting to compute the change in the channel matrix resulting
from moderate rcduction in source symbol rate with all other parameters
held constant. If the source symbol rate is reduced 25% to 7500 symbols
per second, the received energy per symbol is
4

1 =
E, = —— = 1.333 X 10

10.59
s = 2500 J (10.59)

With the other given parameters, the symbol error probability becomes
P; = 0.0049, which yields the channel matrix

(10.60)

0.9951 0.0049
0.0049 0.9951

[P(Y|X)] = [

Thus the 25% reduction in source symbol rate results in an improvement of
the system symbol error probability by a factor of almost 3.

In Section 10.2 we will investigate a technique that sometimes allows the
source symbol rate to be reduced without reducing the source information

rate.

10.2 SOURCE ENCODING

We determined in the preceding section that the information from a source
that produced different symbols according to some probability scheme could
be described by the entropy H(X). Since entropy has units of bits per symbol,
we also must know the symbol rate in order to specify the source informa-
tion rate in bits per second. In other words, the source information rate R,
is given by

R, = rH(X) bits/sec (10.61)

s

where H(X) is the source entropy in bits per symbol and r is the symbol rate
in symbols per second.

Let us assume that this source is the input to a channel with capacity C
bits per symbol or SC bits per second, where S is the available symbol rate
for the channel. An important theorem of information theory, the noiseless
coding theorem, sometimes re ferred to as Shannon’s first theorem, is stated: Given
a channel and a source that generates information at a rate less than the channel
capacity, it is possible to encode the source output in such a manner that it can be
transmitted through the channel. A proof of this theorem is beyond the scope
of this introductory treatment of information theory and can be found in
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FIGURE 10.8 Transmission scheme

Discrete s Bi
binary ource inary >
Sol ce encoder channel
C = 1 bil/symbol
Source symbol rate = r S = 2 symbols/sec

[2]

= 3.5 symbols/sec C = 2 bits/sec

any of the standard information theory textbooks.* However, we demon-
strate the theorem by a simple example.

An Example of Source Encoding

Let us consider a discrete binary source that has two possible outputs 4 and
B that have probabilities 0.9 and 0.1, respectively, Assume also that the
source rate r is 3.5 symbols per second. The source output is connected to
a binary channel that can transmit a binary 0 or 1 at a rate of 2 symbols per
second with negligible error, as shown in Figure 10.8. Thus, from Example
10.5 with p = 1, the channel capacity is 1 bit per symbol, which, in this
case, is an information rate of 2 bits per second.

It is clear that the source symbol rate is greater than the channel capacity,
so the source symbols cannot be placed directly into the channel. However,
the source entropy is

H(X) = —0.1 log, 0.1 — 0.9 log, 0.9 = 0.469 bits/symbol  (10.62)
which corresponds to a source information rate of
rH(X) = 3.5(0.469) = 1.642 bits/s (10.63)

Thus, the information rate is less than the channel capacity, so transmission is
possible.

Transmission is accomplished by the process called source encoding,
whereby codewords are assigned to n-symbol groups of source symbols. The
shortest codeword is assigned to the most probable group of source symbols,
and the longest codeword is assigned to the least probable group of source
symbols. Thus source encoding decreases the average symbol rate, which
allows the source to be matched to the channel. The n-symbol groups of
source symbols are known as the nth-order extension of the original source,

* See, for example, Gallagher (1968).
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10.2  Source Encoding 683

TABLE 10.1 First-Order Extension

—

Table 10.1 illustrates the first-order extension of the original source.
Clearly, the symbol rate of the encoder is equal to the symbol rate of the
source. Thus the symbol rate at the channel input is still larger than the
channel can accommodate.

The second-order extension of the original source is formed by taking the
source symbols two at a time, as illustrated in Table 10.2. The average
word length L for this case is

gn

L=> px) =129 (10.64)

i=1

where p(x;) is the probability of the ith symbol of the extended source and
I, is the length of the codeword corresponding to the ith symbol. Since the
source is binary, there are 2" symbols in the extended source output, each
of length n. Thus, for the second-order extension,

1.29

= B = 0.645 code symbols/source symbol (10.65)

[SEN Rl

and the symbol rate at the encoder output is

r

SENE |

= 3.5(0.645) = 2.258 code symbols/second (10.66)

081 0 0.81

0.09 10 0.18
0.09 110 0.27
0.01 111 0.03

L=129
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684 Information Theory and Coding

which is still greater than the 2 symbols per second that the channel can
accept. It is clear that the symbol rate has been reduced, and this provides
motivation to try again.

Table 10.3 shows the third-order extension. For this case, the source sym-
bols are grouped three at a time. The average word length Lis 1.598, and

L 1.598
- = T = 0.533 code symbols/source symbol (10.67)
n

The symbol rate at the encoder output is

L
r— = 3.5(0.533) = 1.864 code symbols/second (10.68)
n

This rate can be accepted by the channel.

It is worth noting in passing that if the source symbols appear at a constant
rate, the code symbols at the encoder output do not appear at a constant
rate. As is apparent in Table 10.3, the source output AA4A results in a single
symbol at the encoder output, whereas the source output BBB results in five
symbols at the encoder output. Thus symbol buffering must be provided at
the encoder output if the symbol rate into the channel is to be constant.

Figure_ 10.9 shows the behavior of I/n as a function of n. One can
see that L/n always exceeds the source entropy and converges to the source
entropy for large N. This is a fundamental result of information theory.

To illustrate the method used to select the codewords in this example,
let us look at the general problem of source encoding.

Several Definitions

Before we discuss in detail the method of deriving codewords, we pause to
make a few definitions that will clarify our work.

TABLE 10.3 Third-Order Extension

Source _ [A( )] - [Number of
‘Symbol A ) Codeword Code Symbols]
AAA 0.729 0 0.729
AAB 0.081 100 0.243
ABA 0.081 101 0.243
BAA 0.081 110 0.243
ABB 0.009 11100 0.045
BAB 0.009 11101 0.045
BBA 0.009 11110 0.045
BBB 0.001 11111 0.005

L = 1598
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FIGURE 10.9 Behavior of L/n
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Each codeword is constructed from an alphabet that is a collection of sym-
bols used for communication through a channel. For example, a binary code-
word is constructed from a two-symbol alphabet, wherein the two symbols
are usually taken as O and 1. The word length of a codeword is the number
of symbols in the codeword,

There are several major subdivisions of codes. For example, a code can be
either block or nonblock. A block code is one in which each block of source
symbols is encoded into a fixed-length sequence of code symbols. A uniquely
decipherable code is a block code in which the codewords may be deciphered
without using spaces. These codes can be further classified as instantaneous or
noninstantaneous, according to whether or not it is possible to decode each
word in sequence without reference to succeeding code symbols. Alterna-
tively, noninstantaneous codes require reference to succeeding code sym-
bols, as illustrated in Figure 10.10. It should always be remembered that a
noninstantaneous code can be uniquely decipherable.

A useful measure of goodness of a source code is the efficiency, which is
defined as the ratio of the minimum average word length of the codewords
Zmin to the average word length of the codeword L. Thus

‘Tin Lmin

Efficiency = — = Z—"__ (10.69)
i=1 P(X )Ix

P~

L
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FIGURE 10.10 Instantaneous and noninstantaneous codes
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where p(x)) is the probability of the ith source symbol and ], is the length of
the codeword corresponding to the ith source symbol. It can be shown that
the minimum average word length is given by

7 - HX

'min

= 10.7
10g2 D ( 0)

where H(X) is the entropy of the message ensemble being encoded and D is
the number of symbols in the encoding alphabet. This yields.

H(X)
Efficiency = =——— (10.71)
Llog, D
or
H(X)
Efficiency = T (10.72)

for a binary alphabet. It is worth noting that if the efficiency of a code is
100%, the average word length I is equal to the entropy, H(X).

Entropy of an Extended Binary Source

In many problems of practical interest, the efficiency is improved by coding
the nth-order extension of a source. This is exactly the scheme used in the
example of source encoding in a previous subsection. Computation of the
efficiency of each of the three schemes used involves calculating the effi-
ciency of the extended source. The efficiency can, of course, be calculated
directly, using the symbol probabilities of the extended source, but there is
an easier method.

The entropy of the nth-order extension of a discrete memoryless source
H(X") is given by

H(X") = nH(X) (10.73)
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10.2  Source Encoding 687

This is easily shown by representing a message sequence from the output of
the nth source extension as (i, iy, -« - - , i,), where i, can take on one of two
states with probability p,. The entropy of the nth-order extension of the

source is
2 2 2
HX") = — Z Z . Z (pi,py, - - - Pi,) loga (piyps, - - - p;) (10.74)
=1 i2=1 in=1

or

2

2
HX") = — Z Z e Z (psPiy - - - P,-,,)(logz Pi,

=1 =1 in=1

+ logy p, + - ¢ - + logy p,) (1075)
We can write the preceding expression as

2 2 2 2
HX") = — Z Pi, log, Pi, [Z Pi, Z Piy+-- Z Pi,,]

i1=1 iz=1 i3=1 in=1

- [i Pil] iPiZIngsz[}i_‘, pia.-.Zz:p,."]

=1 ja=1 i3=1 in=1
2 2 2 2
i [Z Piy Z P, = Z Pi,.—l} Z pi, log; p;, (10.76)
=1 i2=1 in—1=1 in=1
Each term in brackets is equal to 1. Thus
n 2 n
H(Xn) e Z Z Pi, logz Pi, = Z H(X) (10.77)
k=1 =1 k=1
which yields
HX") = nH(X)
The efficiency of the extended source is therefore given by

H(X
Efficiency = - Z( ) (10.78)

If efficiency tends to 100% as n approaches infinity, it follows that I__/ n tends
to the entropy of the extended source. This is exactly the observation made
from Figure 10.9.
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