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FIGURE 10.11 Shannon-Fano encoding
Source words  Probability Codeword (Length) - (Probability}

X, 02500 00 2(025) =050
X, 0.2500 01 2(025 =050
A———m

X, 0.1250 100 3(0.126) = 0375
X, 0.1250 101 3(0.125) = 0375
X, 00625 1100 4 (0.0625) = 0.25
X, 0.0625 1101 4 (0.0625) = 025
X, 0.0625 1110 4 (0.0625) = 0.25
X, 0.0625 1111 4 (00625) = 025

Average wordlength = 2.75

Shannon-Fano Encoding

There are several methods of encoding a source output so that an instanta-
neous code results. We consider two such methods here. First, we consider
the Shannon-Fano method, which is very easy to apply and usually yields
source codes having reasonably high efficiency. In the next subsection we
consider the Huffman encoding technique, which yields the source code hav-
ing the shortest average word length for a given source entropy.

Assume that we are given a set of source outputs that are to be encoded.
These source outputs are first ranked in order of nonincreasing probability
of occurrence, as illustrated in Figure 10.11. The set is then partitioned into
two sets (indicated by line A-4") that are as close to equiprobable as possible,
and O’s are assigned to the upper set and I's to the lower set, as seen in the
first column of the codewords. This process is continued, each time parti-
tioning the sets with as nearly equal probabilities as possible, until further
partitioning is not possible. This scheme will give a 100% efficient code if
the partitioning always results in equiprobable sets; otherwise, the code will
have an efficiency of less than 100%. For this particular example,

HEO _ 275 _

Efficiency = = =
L 2.75

(10.79)
since equiprobable partitioning is possible.

Huffman Encoding

Huffman encoding results in an optimum code in the sense that the Huffman

code has the minimum average word length for a source of given entropy.
Thus it is the code that has the highest efficiency. We shall illustrate the
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10.2  Source Encoding 689

Huffman coding procedure using the same source output of eight messages
used to illustrate the Shannon-Fano encoding procedure.

Figure 10.12 illustrates the Huffman encoding procedure. The source out-
put consists of messages X, X, X3, X4, X5, X, X4, and Xg. They are listed
in order of nonincreasing probability, as was done for Shannon-Fano encod-
ing. The first step of the Huffman procedure is to combine the two source
messages having the lowest probability, X5 and Xg. The upper message, X5,
is assigned a binary O as the last symbol in the codeword, and the lower
message, Xg, is assigned a binary 1 as the last symbol in the codeword. The
combination of X; and X; can be viewed as a composite message having a
probability equal to the sum of the probabilities of X and Xg, which in this
case is 0.1250, as shown. This composite message is denoted X ’,. After this
initial step, the new set of messages, denoted X;, X,, X3, X4, X5, X¢, and
X', are arranged in order of nonincreasing probability. Note that X', could
be placed at any point between X, and X;, although it was given the name
X', because it was placed after X,. The same procedure is then applied once
again. The messages X5 and X are combined. The resulting composite mes-
sage is combined with X /.. This procedure is continued as far as possible.
The resulting tree structure is then traced in reverse to determine the code-
words. The resulting codewords are shown in Figure 10.12.

FIGURE 10.12 Example of Huffman encoding

Result of
Source output combining X; and Xg 0
Message  Probability Message Probability
X 02500 —— X, 0.2500 0
1
X5 02500 — X, 0.2500 1
0
X, 0.1250 Xa 0.1250 0
1
X, 0.1250 e’ X, 0.1250 i
X, 01250——— 0
Resulting
codewords
Xs 00625 — — 1 X 0.0825 0 X 10
Xe 006258 e, X, 0.0825—1 X o
5 0010
Xs 0011

X, 0.0625 0 X; 0000
] Xg 0001
Xs 00625 I

706



690 Information Theory and Coding

The codewords resulting from the Huffman procedure are different from
the codewords resulting from the Shannon-Fano procedure because at sev-
eral points the placement of composite messages resulting from previous
combinations was arbitrary. The assignment of binary 0’s or binary 1’s to the
upper or lower messages was arbitrary. Note, however, that the average
word length is the same for both procedures. This must be the case for the
example chosen because the Shannon-Fano procedure yielded 100% effi-
ciency and the Huffman procedure can be no worse. There are cases in which
the two procedures do not result in equal average wordlengths.

10.3 RELIABLE COMMUNICATION IN THE PRESENCE
OF NOISE

We now turn our attention to methods for achieving reliable communication
in the presence of noise by combating the effects of that noise. We under-
take our study with a promise from Claude Shannon of considerable success.
Shannon’s theorem, sometimes referred to as the fundamental theorem of infor-
mation theory, is stated: Given a discrete memoryless channel (each symbol is perturbed
by noise independently of all other symbols) with capacity C and a source with positive
rate R, where R << C, there exists a code such that the output of the source can be
transmitted over the channel with an arbitrarily small probability of error.

Thus Shannon’s theorem predicts essentially error-free transmission in the
presence of noise. Unfortunately, the theorem tells us only of the existence
of codes and tells nothing of how to construct these codes.

Before we start our study of constructing codes for noisy channels, we
will take a minute to discuss the continuous channel. This detour will yield
considerable insight that will prove useful.

The Capacity of a White Additive Gaussian Noise Channel

The capacity, in bits per second, of a continuous channel with additive white
Gaussian noise is given by

S
C. = Blog, (1 + E) (10.80)

where B is the channel bandwidth in hertz and S/N is the signal-to-noise
power ratio. This particular formulation is known as the Shannon-Hartley law.
The subscript is used to distinguish (10.80) from (10.43). Capacity, as
expressed by (10.43) has units of bits per symbol, while (10.80) has units of
bits per second.

The tradeoff between bandwidth and signal-to-noise ratio can be seen
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10.3  Reliable Communication in the Presence of Noise 691

from the Shannon-Hartley law. For infinite signal-to-noise ratio, which is the
noiseless case, the capacity is infinite for any nonzero bandwidth. We will
show, however, that the capacity cannot be made arbitrarily large by increas-
ing bandwidth if noise is present.

In order to understand the behavior of the Shannon-Hartley law for the
large-bandwidth case, it is desirable to place (10.80) in a slightly different
form. The energy per bit E; is equal to the bit time T, multiplied by the
signal power S. At capacity, the bit rate R, is equal to the capacity. Thus
T, = 1/C, seconds per bit. This yields, at capacity,

S
E, = ST, = — (10.81)
CC
The total noise power in bandwidth B is given by
N = N,B (10.82)

where Nj is the single-sided noise power spectral density in watts per hertz.
The signal-to-noise ratio can therefore be expressed as

S EC
=2 (10.83)
N N, B

This allows the Shannon-Hartley law to be written in the equivalent form

C E, C
= =log, |1 + == (10.84)
B N, B
Solving for E,/N, yields
E, B
2 = — % — 1) (10.85)
NO Cc

This expression establishes performance of the ideal system. For the case in
which B > C,

C
2ClB = (B2 ~ g E‘ In 2 (10.86)

where the approximation & = 1 + x, x < 1, has been used. Substitution
of (10.86) into (10.85) gives

E
bt ~n2 = —164dB, B> C, (10.87)
0

Thus, for the ideal system, in which R, = C, E,/N, approaches the limiting
value of —1.6 dB as the bandwidth grows without bound.
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692 Information Theory and Coding

A plot of E,/N, expressed in decibels, as a function of R,/B is illustrated
in Figure 10.13. The ideal system is defined by R, = C_ and corresponds to
(10.85). There are two regions of interest. The first region, for which R, <
C,, is the region in which arbitrarily small error probabilities can be obtained.
Clearly this is the region in which we wish to operate. The other region, for
which R, > C,, does not allow the error probability to be made arbitrarily
small.

An important tradeoff can be deduced from Figure 10.13. If the band-
width factor Ry/B is large so that the bit rate is much greater than the band-
width, then a significantly larger value of Ey/Ny is necessary to ensure
operation in the R, << C, region than is the case if R,/B is small. Stated
another way, assume that the source bit rate is fixed at R, bits per second
and the available bandwidth is large so that B >> R,. For this case, operation
in the R, < C, region requires only that E,/N,, is slightly greater than —1.6
dB. The required signal power is

S = R,(In 2)N, W (10.88)

This is the minimum signal power for operation in the R, < C, region.
Therefore, operation in this region is desired for power-limited operation.

FIGURE 10.13 R, = C; relationship for additive white Gaussian noise
channel
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10.3 Reliable Communication in the Presence of Noise 693

Now assume that bandwidth is limited so that B, 3> B. Figure 10.13 shows
that a much larger value of E,/Nj is necessary for operation in the R, << C,
region. Thus the required signal power is much greater than that given by
(10.88). This is referred to as bandwidth-limited operation.

The preceding paragraphs illustrate that, at least in the additive white
Gaussian noise channel where the Shannon-Hartley law applies, a tradeoff
exists between power and bandwidth. This tradeoff is of fundamental impor-
tance in the design of communication systems.

Reliable Communication Using Orthogonal Signals

Now that we realize that we can theoretically achieve perfect system per-
formance even in the presence of noise, we start our search for system con-
figurations that yield the performance promised by Shannon’s theorem.
Actually one such system was analyzed in Chapter 9. Orthogonal signals
were chosen for transmission through the channel, and a correlation receiver
structure was chosen for demodulation. The system performance is illus-
trated in Figure 9.7. Shannon’s bound is clearly illustrated.

Block Coding for Binary Systems

An alternative technique for approaching Shannon’s limit is to use coding
schemes that allow for detection and correction of errors. One class of codes
for this purpose is known as block codes. In order to understand the meaning
of a block code, let us consider a source that produces a serial stream of
binary symbols at a rate of R symbols per second. Assume that these symbols
are grouped into blocks T seconds long, so that each block contains RT = k
source or information symbols. To each of these k-symbol blocks is added a
group of redundant check symbols to produce a codeword n symbols long.
The n — k check symbols should supply sufficient information to the
decoder to allow for the correction of most errors that might occur in the
channel. An encoder that operates in this manner is said to produce an
(n, k) block code.

Codes can either correct or merely detect errors, depending on the
amount of redundancy contained in the check symbols. Codes that can cor-
rect errors are known as error-correcting codes. Codes that can only detect
errors are also useful. A feedback channel can be used to request a retrans-
mission of the codeword found to be in error, and often the error can thus
be corrected. We will discuss error-detection feedback later. Often the
codewords with detected errors are simply discarded by the decoder. This
is practical when errors are more serious than a lost codeword.

An understanding of how codes can detect and correct errors can be
gained from a geometric point of view. A binary codeword is a sequence of

710



694 Information Theory and Coding

I's and 0’s that is n symbols in length. The Hamming weight w(s;) of codeword
s, is defined as the number if 1's in that codeword. The Hamming distance
d(s;, s;) or d; between codewords s, and s; is defined as the number of posi-
tions in which s, and s; differ. It follows that Hamming distance can be writ-
ten in terms of Hamming weight as

d; = w(s, © 5) (10.89)

if
where the symbol @ denotes modulo-2 addition, which is binary addition
without a carry.

EXAMPLE 10.7  Compute the Hamming distance between s; and 101101
and s, = 001100.

SOLUTION  Since
101101 © 001100 = 100001
we have

dy, = w(100001) = 2

which simply means that s, and s, differ in 2 positions.

A geometric representation of two codewords is shown in Figure 10.14.
The C’s represent two codewords that are distance 5 apart. The codeword
on the left is the reference codeword. The first “x” to the right of the
reference codeword represents a binary sequence distance 1 from the ref-
erence codeword, where distance is understood to denote the Hamming dis-
tance. The second “x”’ to the right of the reference codeword is distance 2

FIGURE 10.14 Geometric representation of two codewords

—_—
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10.3  Reliable Communication in the Presence of Noise 695

from the reference, and so on. Assuming that the two codewords shown are
the closest in Hamming distance of all the codewords for a given code, the
code is then a distance 5 code. Figure 10.14 illustrates the concept of a
minimum-distance decoding, in which a given received sequence is assigned
to the codeword closest, in Hamming distance, to the received sequence. A
minimum-distance decoder will therefore assign the x’s to the left of the
vertical line to the codeword on the left and the x’s to the right of the
vertical line to the codeword on the right, as shown.

We can deduce that a minimum-distance decoder can always correct as
many as e errors, where ¢ is the largest integer not to exceed

1

2(dp — 1)
where d,, is the minimum distance between codewords. It follows that if d_,
is 0dd, all received words can be assigned to a codeword. However, if d,, is

even, a received word can lie halfway between two codewords. For this case,
errors are detected that cannot be corrected.

EXAMPLE 108 A code consists of codewords [0001011, 1110000,
1000110, 1111011, 0110110, 1001101, 0111101, 0000000]. If 1101011
is received, what is the decoded codeword?

SOLUTION  The decoded codeword is the codeword closest in Hamming
distance to 1101011. The calculations are

w(0001011 @ 1101011) = 2 w(0110110 & 1101011) =
w(1110000 @ 1101011) = 4 w(1001101 & 1101011) =
w(1000110 ® 1101011) = 4 w(0111101 & 1101011)
w(1111011 ® 1101011) = 1 w(0000000 & 1101011) =

il
»vi w0

Thus the decoded codeword is 1111011.

We will now consider several different codes.

Single-Parity-Check Codes

A simple code that can detect single errors but does not have any error-
correcting capability is formed by adding one check symbol to each block
of k information symbols. This yields a (k + 1, k) code. The added symbol
is called a parity-check symbol, and it is added so that the Hamming weight of
each codeword is always either odd or even. If the received word contains
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696 Information Theory and Coding

an even number of errors, the decoder will not detect the errors. If the num-
ber of errors is odd, the decoder will detect that an error has been made.

Repetition Codes

The simplest code that allows for correction of errors consists of transmit-
ting each symbol n times, which results in n — 1 check symbols. This tech-
nique produces an (n, 1) code having two codewords; one of all 0’s and one
of all I’s. A received word is decoded as a 0 if the majority of the received
symbols are 0’s and as a 1 if the majority are 1’s. This is equivalent to min-
imum-distance decoding, wherein %(n — 1) errors can be corrected. Repe-
tition codes have great error-correcting capability if the symbol error
probability is low but have the disadvantage of transmitting many redundant
symbols. For example, if the information rate of the source is R bits per
symbol, the rate R_ out of the encoder is

R, = (E) R= _ R bits/symbol (10.90)
n n
The factor k/n is called the code rate.

The process of repetition coding for a rate % repetition code is illustrated
in detail in Figure 10.15. The encoder maps the data symbols 0 and 1 into
the corresponding codewords 000 and 111. There are eight possible
received sequences, as shown. The mapping from the transmitted sequence

FIGURE 10.15 Example of rate } repetition code

Received
sequences
po= T T T
000
Transmitted Transmitted = Decoded Received
data codewords 1 codewords data
010
0 e—e 000 000 e——o o
011
100
1e—=e 11 111 &———¢ 1

101

110

Encoder Channel Decoder
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10.3  Reliable Communication in the Presence of Noise 697

to the received sequence is random, and the statistics of the mapping are
determined by the channel characteristics derived in Chapters 7 and 8, The
decoder maps the received sequence into one of the two codewords by a
minimum Hamming distance decoding rule. Each decoded codeword cor-
responds to a data symbol, as shown.

EXAMPLE 109 Investigate the error-correcting capability of a repetition
code having a code rate of ‘I;

SOLUTION  Assume that the code is used with a binary symmetric channel
with a conditional error probability equal to (1 — p), that is,

pylx) =1 —p, 1] (10.91)

Each source O is encoded as 000, and each source 1 is encoded as 111. An
error is made if two or three symbols undergo a change in passing through
the channel. Assuming that the source outputs are equally likely, the error

probability P, becomes
=301 —pp+ (1 —p) (10.92)

A few simple calculations illustrate the value of the code. For (1 — p) =
0.1, P, = 0.028, yielding an improvement factor of slightly less than 4. For
(1 — p) = 0.01, the improvement factor is approximately 33. Thus the code
performs best when (1 — p) is small. Of course, performance increases as n
becomes larger, but the code rate decreases. In many cases, the information
rate must be maintained constant. Thus an increase in redundancy results in
an increase in symbol rate, which changes the channel matrix. We will con-
sider this problem in Example 10.13.

Parity-Check Codes for Correction of Single Errors

Repetition codes and single-parity—check codes are examples of codes that
have either high error-correction capability or high information rate, but not
both. Only codes that have a reasonable combination of these characteristics
are practical for use in digital communication systems. We now examine a
class of parity-check codes that satisfy these requirements.

A general codeword can be written in the form

aja, * * ° @Gec;y 0% @

where g, is the ith information symbol and ¢; is the jth check symbol. Codes
for which the first k symbols of the codeword are the information symbols
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698 Information Theory and Coding

are called systematic codes. It should be remembered that r = n — k. The
parity check symbols are chosen to satisfy the linear equations

0= b”al @ hlzaz @ ° l° @ hlkak @ Cq
0= bz]ﬂl @ hzzﬂz @ S @ bzkak @ Cy

0=hya ®hya®: ---6& hya, @ c, (10.93)
Equation (10.93) can be written as
[HI[T] = [0] (10.94)

where [H] is the parity-check matrix

hll h12 e blk 1 0 0
(i) = ) P Ba HEE O ® 1 o
hrl brz SR hrk 0 0 i LN 1
and [T] is the codeword vector
= a0, 3
%)
[T] = a (10.96)
€1
- Cf o
Now let the received word be [R]. If
[H][R] # [0] (10.97)

we know that [R] is not a codeword and at least one error has been made.

If
[H][R] = [0] (10.98)

we know that [R] is a codeword and that it is most likely the transmitted
codeword.
Since [R] is the received codeword, it can be written

[R] = [T] © [E] (10.99)

where [E] represents the error pattern induced by the channel. The decoding
problem essentially reduces to determining [E), since the codeword can be
reconstructed from [R] and [E].
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As the first step in computing [E], we multiply the received word [R] by
the parity-check matrix [H ]. This yields

[s] = [HIR] = [H][T] © [H]E] (10.100)
or
[S] = [H]E] (10.101)

The matrix [S] is known as the syndrome.
Assuming that a single error has taken place, the error vector will be of
the form

0
0

B=|

L. 0

Multiplying [E] by [H] on the left-hand side shows that the syndrome is the
ith column of the matrix [H], where the error is in the ith position. The
following example illustrates the method.

EXAMPLE 10.10 A code has the parity-check matrix

1 1. 01 0 O
[H] = 01 1 0 10 (10.102)
1 o1 0 O 1
Assuming that 111011 is received, determine if an error has been made, and

if so, determine the decoded codeword.

SOLUTION  First, we compute the syndrome, remembering that all oper-
ations are modulo-2:

1
1
1 1 01 00 . 0
[S]=[HR]= |0 1 1 0 1 O - = (10.103)
f o 1 0 0 1 X 1
1

Since the syndrome is the third column of the parity-check matrix, the third
symbol of the received word is assumed to be in error. Thus the decoded
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700 Information Theory and Coding

codeword is 11001 1. This can be proved by showing that 110011 has a zero
A| syndrome. '

We now pause to examine the parity-check code in more detail. It follows
from (10.93) and (10.95) that the parity checks can be written as

€ by hyp ot by a
2 [ = | M B2 e by a2 (10.104)
Cr = brl br2 T hrk a,
Thus the codeword vector [T] can be written
[ o ] [ 1 0 ... o ]
Fi & 2T
M=]| a |[=| 0o o -+ 1 . (10.105)
‘-‘:1 b:n h:lz e h:llz a
¢ J brl er R htk J
or
(7] = [G]i4] (10.106)
where [4] is the vector of % information symbols,
a,
(£%)
[4] = : (10.107)
a
and [G], which is called the generator matrix, is
1 0 0 |
0 1 6
[6] = 0 0 Waw | (10.108)
hyy hy, -+ by
h, h, hy
. -
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10.3 Reliable Communication in the Presence of Noise 701

The relationship between the generator matrix [G] and the parity-check
matrix [H] is apparent if we compare (10.95) and (10.108). If the m by m
identity matrix is identified by [I,] and the matrix [H,] is defined by

hyy hyy hyy
[H)] = har ":22 hai (10.109)
hrl hrZ brk
it follows that the generator matrix is given by
[G] = [ Ly ] (10.110)
. ’
and that the parity-check matrix is given by
[H] = [H, 1] (10.111)

which establishes the relationship between the generator and parity-check
matrices for systematic codes.

Codes defined by (10.108) are referred to as linear codes, since the k + r
codeword symbols are formed as a linear combination of the k information
symbols. It is also worthwhile to note that if two different information
sequences are summed to give a third sequence, then the codeword for
the third sequence is the sum of the two codewords corresponding to
the original two information sequences. This is easily shown. If two
information sequences are summed, the resulting vector of information

symbols is
(4] = [4] © [4,] (10.112)
The codeword corresponding to [43] is
(73] = [Gl45] = [G{l4] © [4a} = [Gll4)] ® [Gli4,] (10.113)
Since
[T) = [Gll4i] (10.114a)
and

[T,] = [G]l4,] (10.114b)
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702 Information Theory and Coding

it follows that
(T3] = [T1] & [T}] (10.115)

Codes that satisfy this property are known as group codes.

Hamming Codes

A Hamming code is a particular parity-check code having distance 3. There-
fore, all single errors can be corrected. The parity-check matrix for the code
has dimensions 2" *
column of the matrix [H] is the binary representation of the number i. The

code has the interesting property that, for a single error, the syndrome is

— Ilbyn — kandis very easy to construct. The ith

the binary representation of the position in error.
EXAMPLE 10.11  Determine the parity-check matrix for a (7, 4) code and
the decoded codeword if the received word is 1110001.

SOLUTION  Since the ith column of the matrix [H] is the binary represen-
tation of i, we have

0 0 01 1 1 1
[H] = 0 1 1 0 0 1 1 (10.116)
1 01 01 0 1
For the received word 11 10001, the syndrome is
i
1
0 0 0 1 1 1 1 1 1
SI=[HIRl= [0 1 1 0 0 1 | o | =1
1 01 0 1 0 | 0 1
0
RRE
(10.117)

Thus the error is in the seventh position, and the decoded codeword is
1110000.

We must note in passing that for the (7, 4) Hamming code, the parity
checks are in the first, second, and fourth positions in the codewords, since
these are the only columns of the parity-check matrix containing only one
nonzero element.
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10.3 Reliable Communication in the Presence of Noise 703

Cyclic Codes

The preceding subsections dealt primarily with the mathematical properties
ol parity-check codes, We have avoided any discussion of the implementa-
tion of parity-check encoders or decoders. Indeed, if we were to examine
the implementation of these devices, we would find that fairly complex
hardware configurations are required. However, there is a class of parity-
check codes, known as cyclic codes, that are easily implemented using feed-
back shift registers. A cyclic code derives its name from the fact that a cyclic
permutation of any codeword produces another codeword. For example, if
XX, 0t XX, s a codeword, so is x,x,x, * * * X,—. In this section we
examine not the underlying theory of cyclic codes but the implementation
of encoders and decoders. We will accomplish this by means of an example.

An (n, k) cyclic code can easily be generated with an n — k stage shift
register with appropriate feedback. The register illustrated in Figure 10.16
produces a (7, 4) cyclic code. The switch is initially in position 4, and the
shift register stages initially contain all zeros. The ¥ = 4 information sym-
bols are then shifted into the encoder. As each information symbol arrives,
it is routed to the output and added to the value of S, ® S;. The resulting
sum is then placed into the first stage of the shift register. Simultaneously,

FIGURE 10.16 Coder for (7, 4) cyclic code

Output
Input @ 5 5 5s
A B
@)
Codewords Register contents for input
word 1101
0000000
1000101
1100010
1110100 Shift Register content Output
1111111
0001011 1 100 1
0011101 2 110 1
0111010 3 1 0
1011000 4 m 1
1101001< Switch set to position 8
1001110 5 011 0
0110001 6 001 0
0100111 7 000 1
0010110
0101100
1010011
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704 Information Theory and Coding

the contents of S, and S, are shifted to §, and §;, respectively. After all
information symbols have arrived, the switch is moved to position B, and the
shift register is shifted n — ¥ = 3 times to clear it. On each shift, the sum
of S, and §; appears at the output. This sum added to itself produces a 0,
which is fed into S,. After n — & shifts, a codeword has been generated that
contains ¥ = 4 information symbols and n — &k = 3 parity-check symbols.
It also should be noted that at this time the register contains all 0’s so that
the encoder is ready to receive the next k = 4 information symbols.

All 2F = 16 codewords that can be generated with the example encoder
are also illustrated in Figure 10.16. The ¥ = 4 information symbols, which
are the first four symbols of each codeword, were shifted into the encoder
beginning with the left-hand symbol. Also shown in Figure 10.16 are the
contents of the register and the output symbol after each shift for the code-
word 1101.

The decoder for the (7, 4) cyclic code is illustrated in Figure 10.17. The
upper register is used for storage, and the lower register and feedback
arrangement are identical to the feedback shift register used in the encoder.
Initially, switch A4 is closed and switch B is open. The n received symbols are
shifted into the two registers. If there are no errors, the lower register will
contain all 0’s when the upper register is full. The switch positions are then
reversed, and the codeword that is stored in the upper register is shifted
out. This operation is illustrated in Figure 10.17 for the received word
1101001.

If, after the received word is shifted into the decoder, the lower register
does not contain all 0’s, an error has been made. The error is corrected
automatically by the decoder, since, when the incorrect symbol appears at
the output of the shift register, a | appears at the output of the AND gate.
This 1 inverts the upper register output and is produced by the sequence
100 in the lower register. The operation is illustrated in Figure 10.17,

Comparison of Errors in Block-Coded and Uncoded Systems

We will now compare the relative performance of coded and uncoded sys-
tems for block codes. The basic assumption will be that the information rate
is the same for both systems. Since the coded and uncoded words contain
the same information, the word duration T, will be the same under the
equal-information-rate assumption. Since the codeword contains more sym-
bols than the uncoded word, as a result of the addition of parity symbols,
the symbol rate will be higher for the coded system than for the uncoded
system. If constant transmitter power is assumed, it follows that the energy
per symbol is decreased by the use of coding, resulting in a higher proba-

721



10.3 Reliable Communication in the Presence of Noise 705

FIGURE 10.17 Decoder for (7, 4) cyclic code
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bility of symbol error. We must determine whether or not coding can over-
come this increase in symbol error probability to the extent that a significant
decrease in word error probability can be obtained.

Assume that ¢, and g, represent the probability of symbol error for the
uncoded and coded systems, respectively. Also assume that P,, and P, are
the word error probabilities for the uncoded and coded systems. The word
error probability for the uncoded system is relatively easy to compute. An
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uncoded word is in error if any of the symbols in that word are in error. The
probability that a symbol will be received correctly is (I — g,), and since all
symbol errors are assumed independent, the probability that all k symbols in
a word are received correctly is (1 — qu)k- Thus the uncoded word error
probability is
P,=1—(—g) (10.118)
The probability of word error for the coded system is more difficult to
compute because symbol errors can possibly be corrected by the decoder,
depending on the code used, If a code is capable of correcting up to e errors,

the probability of word error P,_is equal to the probability that more than e
errors are present in the received codeword. Thus

P, = Z+ (’1‘) (1 — gy (10.119)
i=e+1

where

1) e 10.120
i i — i) (10.120)

is the number of combinations of n symbols taken i at a time.

For single—error-correcting codes e = 1, and P, becomes
n n—i i
= 1 — .
P, ; (l.)( 90" "% (10.121)

By comparing (10.118) and (10.12 1), we determine the improvement gained
through the use of coding.

EXAMPLE 10.12 Let us investigate the effectiveness of a (7, 4) single-
error-correcting code. Assume that the code is used with a BPSK transmis-
sion system, so the symbol error probability is

% = Q[ V2] (10.122)

which is Equation (7.72) with m = 0. The symbol energy E is the transmitter
power § times the word time T, divided by k, since the total energy in each
word is divided by k. Thus the symbol error probability without coding is

= ,: E:, 10.123
du = Q kND (10. )
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Assuming equal word rates for both the coded and uncoded system gives

= [\/ZST”] 10.124
. = Q N, (10.124)

for the coded symbol error probability, since the energy available for k infor-

mation symbols must be spread over n > k symbols when coding is used.
Thus it follows that the symbol error probability is increased by the use of
coding. However, we shall show that the error-correcting capability of the
code can overcome the increased symbol error probability and indeed yield
a net gain in word error probability for certain ranges of the signal-to-noise
ratio.

From (10.121), the word error probability for the coded case is

7
7 —ii
P.= ) <1> a—q) g (10.125)

i=2

In typical situations, the probability of two errors is much greater than the
probability of three or more errors, Thus (10.125) becomes

stV
P, = 21 [Q[ ?N“']} (10.126)
0

and from (10.118), the word error probability for the uncoded system is

21,11
P,=1— {1 — Q[ 4N*]} (10.127)
0

The word error probabilities for the coded and uncoded systems are illus-

trated in Figure 10.18. The curves are plotted as a function of ST,/No, which
is word energy divided by the noise power spectral density.

You should note that coding has little effect on system performance unless
the value of ST,/N, is in the neighborhood of 11 dB or above. Also, the
improvement afforded by a (7, 4) code is quite modest unless ST, /N is large,
in which case system performance may be satisfactory without coding. How-
ever, in many systems, even small improvements are very important. Also
illustrated in Figure 10.18 are the uncoded and coded symbol error proba-
bilities g, and g,, respectively. The effect of spreading the available energy
per word over a larger number of symbols is evident.
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FIGURE 10.18 Comparison of uncoded and coded systems assuming a
(7, 4) code
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V| EXAMPLE 10.13  In this example we examine the performance of repe-
tition codes in two different channels. Both cases utilize FSK modulation and
a noncoherent receiver structure. In the first case, an additive white Gaussian
noise (AWGN) channel is assumed. The second case assumes a Rayleigh fading
channel, Distinctly different results will be obtained.

Case |
As was shown in Chapter 7, Equation (7.110), the error probability for a
noncoherent FSK system in an additive white Gaussian noise (AWGN) chan-
nel is given by

9, = z¢ ¥ (10.128)
where z is the ratio of signal power to noise power at the output of the

receiver bandpass filter. Equivalently, if the receiver filter is matched to the
received signal envelope, z is the ratio of the energy per bit to the noise

725



10.3 Reliable Communication in the Presence of Noise 709

power spectral density at the receiver input. Without assuming a matched
filter receiver, we can write z as
42
z = (10.129)
2NoB;

where NB; is the noise power in the signal bandwidth By. The performance
of the system is illustrated by the n = 1 curve in Figure 10.19. When an n-
symbol repetition code is used with this system, the symbol error probabiljty
is given by

=73 7" (10.130)

This result occurs since encoding a single information symbol (bit) as n code
symbols requires that the symbol duration with coding be 1/n times the
information symbol duration without coding or, equivalently, that the signal
bandwidth be increased by a factor of n with coding, Thus, with coding By
in g, is replaced by nBr to give q.. The word error probability is given by
(10.119) with

e =3(n— 1) (10.131)

Since each codeword carries one bit of information, the word error proba-
bility is equal to the bit error probability for the repetition code.

The performance of a noncoherent FSK system with an AWGN channel
with rate 3 and 1 repetition codes is illustrated in Figure 10.19. It should be
noted that system performance is degraded through the use of repetition
coding. This result occurs because the increase in symbol error probability
with coding is greater than can be overcome by the error-correction capa-
bility of the code. This same result occurs with coherent FSK and BPSK as
well as with ASK, illustrating that the low rate of the repetition code pro-
hibits its effective use in systems in which the dependence on symbol error
probability and signal-to-noise ratio is essentially exponential.

Case 2

An example of a system in which repetition coding can be used effectively
is an FSK system operating in a Rayleigh fading environment. Such a system
was analyzed in Chapter 9. We showed that the symbol error probability is
given by Equation (9.133), which can be written as

(10.132)
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FIGURE 10.19 Performance of repetition codes on AWGN and Rayleigh
fading channels
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in which E, is the average received energy per symbol (or bit). The use of a
repetition code spreads the energy E, over the n symbols in a codeword.
Thus, with coding, ' ‘

1
—_— (10.133)
2 E,
I+

ZHNO

9 =
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As in Case 1, the decoded bit error probability is given by (10.119) with e
given by (10.131). The Rayleigh fading results are also shown in Figure 10.19
for rate 1, %, and % repetition codes, where, for this case, the signal-to-noise
ratio z is E,/Ny. Thus the repetition code can be used to advantage in a
Rayleigh fading environment if E,/N, is sufficiently large.

Repetition coding is somewhat related to diversity transmission, in which
the available signal energy is divided equally among a subpaths. In Problem
9.17, it was shown that the optimal combining of the receiver outputs prior
to making a decision on the transmitted information bit is as shown in Figure
10.20(a). The model for the repetition code considered in this example is
shown in Figure 10.20(b). The essential difference is that a “hard decision™

FIGURE 10.20 Comparison of optimum and suboptimum systems.
(a) Optimum system. (b) Repetition code model.
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FIGURE 10.21 Performance of noncoherent FSK in Rayleigh fading channel
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on each symbol of the n-symbol codeword is made at the output of the n
receivers. The decoded information bit is then in favor of the majority of
the n symbols of the codeword.

When a hard decision is made at the receiver output, information is
clearly lost, and the result is a degradation of performance. This can be seen
in Figure 10.21, which illustrates the performance of the n = 7 optimal
system of Figure 10.20(a) and that of the rate & repetition code of Figure
10.20(b). Also shown for reference is the performance of the uncoded
system.
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Convolutional Codes

The convolutional code is an example of a nonblock code. Rather than the
parity-check symbols being calculated for a block of code symbols, the par-
ity checks are calculated over a span of information symbols. This span,
which is referred to as the constraint span, is shifted one information symbol
each time an information symbol is input to the encoder.

A general convolutional encoder is illustrated in Figure 10.22. The
encoder is rather simple and consists of three component parts. The heart
of the encoder is a shift register that holds k information symbols, where k
is the constraint span of the code. The shift register stages are connected to
v modulo-2 adders as indicated. Not all stages are connected to all adders.
In fact, the connections are ‘“somewhat random’”’ and can have considerable
impact on the performance of the code generated. Each time a new infor-
mation symbol is shifted into the encoder, the adder outputs are sampled by
the commutator. Thus v output symbols are generated for each input symbol
yielding a code of rate 1/v.

A rate 5 convolutional encoder is illustrated in Figure 10.23. For each
input, the output of the encoder is the sequence v,v,v3. For the encoder of
Figure 10.23,

Ww=59©5 s (10.134a)
v, = S (10.134b)
V3 = Sl @ Sz (101340)

Thus we see that the input sequence 101001 results in the output sequence
111101011101100111.

Convolutional codes can be decoded by tree-searching techniques. A por-
tion of the code tree for the encoder of Figure 10.23 is illustrated in Figure
10.24. In the latter figure, the single binary symbols are inputs to the

FIGURE 10.22 General convolutional encoder
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FIGURE 10.23 Example of convolutional encoder
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encoder, and the three binary symbols in parentheses are the output symbols

corresponding to each input symbol. For example, if 1010 is fed into the
encoder, the output is 111101011101 or path 4.

The decoding procedure also follows from Figure 10.24. To decode a
received sequence, we search the code tree for the path closest in Hamming
distance to the input sequence. For example, the input sequence
110101011111 is decoded as 1010, indicating an error in the third and elev-
enth positions of the input sequence.

The exact implementation of tree-searching techniques requires consid-
erable hardware and is not practical for many applications. For example, N
information symbols generate 2" branches of the code tree. Storage of the
entire tree is therefore impractical for large N. Several algorithms have been
developed that yield excellent performance with reasonable hardware
requirements. Prior to taking a brief look at the most popular of these tech-
niques, the Viterbi algorithm, we look at the trellis diagram, which is essen-
tially a code tree in compact form.

The key to construction of the trellis diagram is recognition that the code
tree is repetitive after k branches, where k is the constraint span of the
encoder. This is easily recognized from the code tree shown in Figure 10.24.
After the fourth input of an information symbol, 16 branches have been
generated in the code tree. The encoder outputs for the first 8 branches
match exactly the encoder outputs for the second 8 branches, except for
the first symbol. The encoder output therefore depends only on the latest k
inputs. In this case, the constraint span, k, is 3. Thus the output correspond-
ing to the fourth information symbol depends only on the second, third, and
fourth encoder inputs. It makes no difference whether the first information
symbol was a binary 0 or a binary 1. (This should clarify the meaning of a
constraint span.)

The analysis is simplified by defining the statc of the encoder as §(S,, or
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the contents of the input register prior to inputting the current information

symbol. When the current information symbol is input to Sy, §; is shifted to

S, and §, is shifted to S;. The state and current input then determine §;, S5,

and S, which in turn determine the output. This information is summarized

in Table 10.4. The outputs corresponding to given state transitions are shown

in parentheses, consistent with Figure 10.24.

FIGURE 10.24 Code tree
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TABLE 10.4 States, Transitions, and Outputs for
Convolutional Encoder Shown in Figure 10.23

(a) Definition of States

State S S,
A 0 0
B 0 1
& 1 0
D 1 1

(b) State Transitions

Previous Current

State S S, Input S, S, S; State Output
A 0 0 0 0 0 0 A (000)

1 1 0 o0 c (111)

B 0 1 0 0 0 1 A (100)

1 1 0o 1 c (011)

c 1 0 0 0o 1 0 B (101)

1 1 1 0 D (010)

D 1 1 0 0 1 1 B (001)

1 1 1 1 D (110)

(¢) Encoder Output for State Transition x — y

Transition Output
A— A (000)
A—C (111)
B—A (100)
B—C (011)
c—B (101)
C—D (010)
D— B (001)
D—D (110)

It should be noted that states A and C can only be reached from states 4
and B. Also, states B and D can only be reached from states C and D. The
information in Table 10.4 is often shown in a state diagram, such as in Figure
10.25. In the state diagram, an input of binary O results in the transition
denoted by a dashed line, and an input of binary 1 results in the transition
designated by a solid line. The resulting encoder output is denoted by the
three symbols in parentheses. For any given sequence of inputs, the resulting
state transitions and encoder outputs can be traced on the state diagram.
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FIGURE 10.25 State diagram for example of convolutional encoder
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This is a very convenient method for determining the outputs resulting from
a given sequence of inputs.

The trellis diagram (Figure 10.26) results directly from the state diagram.
Initially, the encoder is assumed to be in state A (all contents are 0’s). An
input of binary O results in the encoder remaining in state 4, as indicated by
the dashed line, and an input of binary 1 results in a transition to state C, as
indicated by the solid line. Any of the four states can be reached by a
sequence of two inputs. The third input results in the possible transitions
shown. The fourth input results in exactly the same set of possible transi-
tions. Therefore, after the second input, the trellis becomes completely
repetitive, and the possible transitions are those labeled steady-state transi-
tions. The encoder can always be returned to state A by inputting two binary
0’s as shown in Figure 10.27. As before, the output sequence resulting from
any transition is shown by the sequence in parentheses.

In order to illustrate the Viterbi algorithm, we consider the received
sequence that we previously considered to illustrate decoding using a code
tree—namely, the sequence 110101011 111. The first step is to compute
the Hamming distances between the initial node (state A) and each of the
four states three levels deep into the trellis. We must look three levels deep
into the trellis because the constraint span of the example encoder is 3.
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FIGURE 10.26 Trellis diagram
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Since each of the four nodes can be reached from only two preceding nodes,
eight paths must be identified, and the Hamming distance must be computed
for each path. We therefore initially look three levels deep into the trellis,
and since the example encoder has rate %, the first nine received symbols are
initially considered. Thus the Hamming distances between the input
sequence 110101011 and the eight paths terminating three levels deep into
the trellis are computed. These calculations are summarized in Table 10.5.
After the eight Hamming distances are computed, the path having the min-
imum Hamming distance to each of the four nodes is retained. These four
retained paths are known as survivors. The other four paths are discarded from
further consideration. The four survivors are identified in Table 10.5.

The next step in the application of the Viterbi algorithm is to consider
the next three received symbols, which are 111 in the example being con-
sidered. The scheme is to compute once again the Hamming distance to the
four states, this time four levels deep in the trellis. As before, each of the
four states can be reached from only two previous states. Thus, once again,
eight Hamming distances must be computed. Each of the four previous sur-
vivors, along with their respective Hamming distances, is extended to the
two states reached by each surviving path. The Hamming distance of each
new segment is computed by comparing the encoder output, corresponding
to each of the new segments, with 111. The calculations are summarized in
Table 10.6. The path having the smallest new distance is path ACBCB. This
corresponds to information sequence 1010 and is in agreement with the
previous tree search.

For a general received sequence, the process identified in Table 10.6 is

TABLE 10.5 Calculations for Viterbi Algorithm: Step One
(Received Sequence = 110101011)

_ Path®  Corresponding Symbols  Hamming Distance  Sunvivor?

AAAA 000000000 6 No
ACBA 111101100 4 Yes
ACDB 111010001 5 Yes®
AACB 000111101 5 No®
AAAC 000000111 5 No
ACBC 111101011 1 Yes
ACDD 111010110 6 No
AACD 000111010 4 Yes

2 The initial and terminal states are identified by the first and fourth letters,
respectively, The second and third letters correspond to intermediate states.
® |f two or more paths have the same Hamming distance, it makes no dif-
ference which is retained as a survivor.
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TABLE 10.6 Calculations for the Viterbi Algorithm: Step Two
(Received Sequence 110101011111)

Previous .
Survivor's  New Added New

Path®  Distance.  Segment Distance  Distance Survivor?
ACBAA 4 AA 3 7 Yes
ACDBA 5 BA 2 7 No
ACBCB 1 CB 1 2 Yes
AACDB 4 DB 2 6 No
ACBAC 4 AC 0 4 Yes
ACDBC 5 BC 1 6 No
ACBCD 1 coD 2 3 Yes
AACDD 4 DD 1 5 No

# An underscore indicates the previous survivor.

continued. After each new set of calculations, involving the next three
received symbols, only the four surviving paths and the accumulated Ham-
ming distances need be retained. At the end of the process, it is necessary
to reduce the number of surviving paths from four to one. This is accom-
plished by inserting two dummy 0’s at the end of the information sequence,
corresponding to the transmission of six code symbols. As shown in Figure
10.27, this forces the trellis to terminate at state A.

The Viterbi algorithm has found widespread application in practice, espe-
cially in satellite communications. It can be shown that the Viterbi algorithm
is a2 maximum-likelihood decoder, and in that sense, it is optimal. Viterbi
and Omura (1979) give an excellent analysis of the Viterbi algorithm. A
paper by Heller and Jacobs (1971) summarizes a number of performance
characteristics of the Viterbi algorithm.

Burst-Error-Correcting Codes

In many practical communication channels, such as in fading channels, errors
tend to group together and occur in bursts. Much attention has been devoted
to code development for improving the performance of these types of chan-
nels. Most of these codes tend to be rather complex. A code for correction
of a single burst, however, is rather simple to understand.

As an example, assume that the output of a source is encoded using an
(n, k) block code. The ith codeword will be of the form

>‘il )\iz >‘13 e N

'mn
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Assume that I of these codewords are read into a table to yield the array

A >\12 >\13 "N >\1n
Az >‘22 >\23 S >\2n

)\31 )\32 )‘33 v )\3,.

}\11 }\12 >\13 T >\ln

If transmission is accomplished by reading out of this table by columns, the
transmitted stream of symbols will be

At )\21 >\31 >\11 >\12 >\zz >\32
>\12 )\13 7\23 >\33 >\ln

If a burst of errors affects I consecutive symbols, then each codeword will
have one error, and a single error-correcting code will correct the burst if
there are no other errors in the stream of In symbols. Likewise, a double-
error-correcting code can be used to correct a single burst spanning 21 sym-
bols. These codes are known as interleaved codes since I codewords are inter-

leaved to form the sequence of length In.

Feedback Channels

In many practical systems, a feedback channel is available from receiver to
transmitter. When available, this channel can be utilized to achieve a spec-
ified performance with decreased complexity of the encoding scheme. Many
such schemes are possible: decision feedback, error-detection feedback, and
information feedback. In a decision-feedback scheme, a null-zone receiver
is used, and the feedback channel is utilized to inform the transmitter either
that no decision was possible on the previous symbol and to retransmit or
that a decision was made and to transmit the next symbol. The null-zone
receiver is usually modeled as a binary-erasure channel.

Error-detection feedback involves the combination of coding and a feed-
back channel. With this scheme, retransmission of codewords is requested
when errors are detected.

In general, feedback schemes tend to be rather difficult to analyze. Thus
only the simplest scheme, the decision-feedback channel, will be treated
here. Assume a binary transmission scheme with matched-filter detection.
The signaling waveforms are s,(t) and 5,(t). The conditional probability den-
sity functions of the matched filter output, conditioned on s,(z) and s,(t),
were derived in Chapter 7 and are illustrated in Figure 7.7, which is redrawn
for our application in Figure 10.28. We shall assume that both s,(t) and s,(t)
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FIGURE 10.28 Decision regions for null-zone receiver
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have equal a priori probabilities. For the null-zone receiver, two thresholds,
a, and a,, are established. If the matched-filter output, sampled at time T,
lies between a, and a,, no decision is made, and the feedback channel is
used to request a retransmission. The probability of error, given s,(t) was
transmitted, is denoted P,. The probability of no decision (null-zone), given
s1(t) was transmitted, is denoted P,. By symmetry, these probabilities are the
same for s5,(t) transmitted.
The probability of error on the jth transmission is

Py =P,/ 7', (10.135)

]

Thus the overall probability of error P; is

0]
=) p/7'p (10.136)
j=1
which is
Pyt (10.137)
E o1 —p ’

The expected number of transmissions N is also easily derived. The result is

1
1 —p,

(10.138)

which is typically only slightly greater than one.

It follows from these results that the error probability can be reduced
considerably without significantly increasing N. Thus performance is
improved without a great sacrifice in information rate.
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10.4 MODULATION SYSTEMS

In Chapter 6, signal-to-noise ratios were computed at various points in a
communication system. Of particular interest were the signal-to-noise ratio
at the input to the demodulator and the signal-to-noise ratio of the demod-
ulated output. These were referred to as the predetection SNR, (SNR);, and
the postderection SNR, (SNR)p, respectively. The ratio of these parameters, the
detection gain, has been widely used as a figure of merit for the system. In
this section we will compare the behavior of (SNR)p as a function of (SNR);
for several systems. First, however, we investigate the behavior of an opti-
mum, but unrealizable system. This study will provide a firm basis for com-
parison and also provide additional insight into the concept of the tradeoff
of bandwidth for signal-to-noise ratio.

Optimum Modulation

The block diagram of a communication system is illustrated in Figure 10.29.
We will focus on the receiver portion of the system. The SNR at the output
of the predetection filter, (SNR)r yields the maximum rate at which infor-
mation may arrive at the receiver. From the Shannon-Hartley law, this rate,

Cp, is
Cr = Brlog [l + (SNR)] (10.139)
where By, the predetection bandwidth, is typically the bandwidth of the

modulated signal. Since (10.139) is based on the Shannon-Hartley law, it is
valid only for additive white Gaussian noise cases. The SNR of the demodu-

FIGURE 10.29 Block diagram of a communication system
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lated output, (SNR),, yields the maximum rate at which information may
leave the receiver. This rate, denoted Cp, is given by

Cp = Wlog [l + (SNR),] (10.140)

where W is the bandwidth of the message signal.

An optimum modulation system is defined as one for which Cp = C;. For
this system, demodulation is accomplished, in the presence of noise, without
loss of information. Equating C, to C; yields

(SNR), = [1 + (SNR);]*"" — 1 (10.141)

which shows that the optimum exchange of bandwidth for SNR is expoﬁential.

The ratio of transmission bandwidth By to the message bandwidth W is
referred to as the bandwidth expansion factor y. To fully understand the role
of this parameter, we write the predetection SNR as

PP WP 1P

(SNR); = = =——L (10.142)
NoBr By NgW v NoW
Thus (10.141) can be expressed as
1{ 2 \]"
(SNR), = | 1 + — — 1 (10.143)
Y \NoW

The relationship between (SNR), and Pr/NoW is illustrated in Figure 10.30.

Comparison of Modulation Systems

The concept of an optimal modulation system provides a basis for comparing
system performance. For example, an ideal single-sideband system has a
bandwidth expansion factor of unity, since the transmission bandwidth is
ideally equal to the message bandwidth. Thus the postdetection SNR of the
optimal modulation system is, from (10.143) with 7Y equal to 1,

Pr
N,

(SNR), = (10.144)

This is exactly the same result as that obtained in Chapter 6 for an SSB
system using coherent demodulation with a perfect phase reference. There-
fore, if the transmission bandwidth B; of an SSB system is exactly equal to the
message bandwidth W, SSB is optimal, assuming that there are no other error
sources. Of course, this can never be achieved in practice, since idedl filters
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FIGURE 10.30 Performance of optimum modulation system
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would be required in addition to perfect phase coherence of the demodula-

tion carrier.
The story is quite different with DSB, AM, and QDSB. For these systems,
v = 2. In Chapter 6 we saw that the postdetection SNR for DSB and QDSB,

assuming perfect coherent demodulation, is

Pr
SNR), = 10.145
(SNR)p NoW ( )
whereas for the optimal system it is given by (10.143) with v =
These results are shown in Figure 10.31, along with the result for AM
with square-law demodulation. It can be seen that these systems are far from

optimal, especially for large values of Pr/NoW.
Also shown in Figure 10.31 is the result for FM without preemphasis, with
sinusoidal modulation, assuming a modulation index of 10. With this mod-

ulation index, the bandwidth expansion factor is

_2B8+ 0w
w

= 22 (10.146)

The realizable performance of the FM system is taken from Figure 6.18. It
can be seen that realizable systems fall far short of optimal if v and Pr/NoW

are large.
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FIGURE 10.31 Performance comparison of analog systems
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10.5 BANDWIDTH AND POWER-EFFICIENT MODULATION

A desirable characteristic of any modulation scheme is the simultaneous
conservation of bandwidth and power. Since the late 1970’s, the approach
to this challenge has been to combine coding and modulation. There have
been two approaches: (1) continuous phase modulation (CPM)' with memory
extended over several modulation symbols by cyclical use of a set of mod-
ulation indices; and (2) combining coding with an M-ary modulation scheme,
referred to as trellis-coded modulation (T CM).” We briefly explore the latter
approach in this section. For an introductory discussion of the former

! CPM has been explored by many investigators. For introductory treatments see C.-E. Sund-
berg, *“Continuous Phase Modulation' JEEE Communications Magazine, Vol. 24, Apr. 1986, pp.
25-38, and ], B, Anderson and C.-E. Sundberg, “‘Advances in Constant Envelope Coded Mod-
ulation,” IEEE Communications Magazine, Vol, 29, Dec. 1991, Pp- 36—45.

> Three introductory treatments of TCM can be found in G. Ungerboeck, “Channel Coding
with Multilevel/Phase Signals,” IEEE Transactions on Information Theory, Vol. IT-28, Jan. 1982,
Pp- 55-66, G. Ungerboeck, “Trellis-Coded Modulation with Redundant Signal Sets, Part I:
Introduction,” [EEE Communications Magazine, Vol. 25, Feb. 1987, pp- 5-11, and G. Unger-
boeck, “Trellis-Coded Modulation with Redundant Signal Sets, Part II: State of the Art," IEEE
Communications Magazine, Vol. 25, Feb. 1987, pp. 12-21.
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10.5 Bandwidth and Power-Efficient Modulation 727

approach, see Ziemer and Peterson (1985), Chapter 4. Sklar (1988) isa well-
written reference with more examples on TCM than given in this short
section.

In Chapter 8 it was illustrated through the use of signal-space diagrams
that the most probable errors in an M-ary modulation scheme result from
mistaking a signal point closest in Euclidian distance to the transmitted signal
point as corresponding to the actual transmitted signal. Ungerboeck’s solu-
tion to this problem was to use coding in conjunction with M-ary modulation
to increase the minimum Euclidian distance between those signal points
most likely to be confused without increasing the average power or band-
width over an uncoded scheme transmitting the same number of bits per
second. We illustrate the procedure with a specific example.

We wish to compare a TCM system and a QPSK system operating at the
same data rates. Since the QPSK system transmits 2 bits per signal phase
(signal-space point), we can keep that same data rate with the TCM system
by employing an 8-PSK modulator, which carries 3 bits per signal phase, in
conjunction with a convolutional encoder that produces three encoded sym-
bols for every two input data bits, i.e., a rate % encoder. Figure 10.32(a)
shows an encoder for accomplishing this and Figure 10.32(b) shows the cor-
responding trellis diagram. The encoder operates by taking the first data bit
as the input to a rate ; convolutional encoder that produces the first and
second encoded symbols, and the second data bit directly as the third
encoded symbol. These are then used to select the particular signal phase to
be transmitted according to the following rules:

1. All parallel transitions in the trellis are assigned the maximum possible
Euclidian distance. Since these transitions differ by one code symbol (the
one corresponding to the uncoded bit in this example), an error in decod-
ing these transitions amounts to a single bit error, which is minimized by
this procedure. y

2. All transitions emanating or converging into a trellis state are assigned
the next to largest possible Euclidian distance separation.

The application of these rules to assigning the encoded symbols to a signal
phase in an 8-PSK system can be done with a technique known as set parti-
tioning, which is illustrated in Figure 10.33. If the encoded symbol ¢, is a O,
the left branch is chosen in the first tier of the tree, whereas if ¢ is a 1, the
right branch is chosen. A similar procedure is followed for tiers 2 and 3 of
the tree, with the result being that a unique signal phase is chosen for each
possible encoded output.

Ta decode the TCM signal, the received signal plus noise in each signaling
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FIGURE 10.32 (a) Convolutional encoder and (b) trellis diagram
corresponding to 4-state, 8-PSK TCM.
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FIGURE 10.33 Set partitioning for assigning a rate % encoder output to 8-
PSK signal points while obeying the rules for maximizing free distance. (From
G. Ungerboeck, "Channel Coding with Multilevel/Phase Signals," IEEE
Transactions on Information Theory, Vol. IT-28, Jan. 1982, pp. 55-66).

® e
L =]
o ®
e
Code symbol ¢;: 0/ \1_1
oe® ® O
® 0 0o ®
@) ® ® @)
L o) oe
czzy \ y \‘
(o) oe® (oye) @ 0
[ ] (0] O e} 0] ® o o}
o] ® O o] ® 0O [e] e}
(o] ® O 00 oe
[e]Ne] (o e) (O (o)ye] (o) (elNe} ® O o0
o} o @ o O o O o O ® O o O o O o}
@) ® O o O o O o O c @ o O o O 0
00 (o] o O ® 0 (oNe) (oNe] O 0 ce
(000) (100) (010) (110) (001) (101) (011) (111)

interval is correlated with each possible transition in the trellis and a search
is made through the trellis by means of a Viterbi algorithm using the sum of
these cross-correlations as metrics rather than Hamming distance as dis-
cussed in conjunction with Figure 10.26 (this is called the use of a soft deci-
sion metric). Also note that the decoding procedure is twice as complicated
since two branches correspond to a path from one trellis state to the next
due to the uncoded bit becoming the third symbol in the code. In choosing
the two decoded bits for a surviving branch, the first decoded bit of the pair
corresponds to the input bit b; that produced the state transition of the
branch being decoded. The second decoded bit of the pair is the same as
the third symbol c; of that branch word, since c; is the same as the uncoded
bit b,.

Ungerboeck has characterized the event error probability performance of
a signaling method in terms of the free distance of the signal set. For high
signal-to-noise ratios, the probability of an error event (i.e., the probability
that at any given time the VA makes a wrong decision among the signals
associated with parallel transitions, cr starts to make a sequence of wrong
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decisions along some path diverging from more than one transition from the
correct path) is well approximated by

dp,
P(error event) = Ng., Q,( zm (10.147)
a
where Np.. denotes the number of nearest-neighbor signal sequences with
distance dy,. that diverge at any state from a transmitted signal sequence,
and reemerge with it after one or more transitions. (The free distance is

FIGURE 10.34 Performance for a 4-state, 8-PSK TCM signaling scheme.
(From G. Ungerboeck, “Trellis-Coded Modulation with Redundant Signal Set,
Part I: Introduction,” IEEE Communications Magazine, Feb. 1987, Vol. 25, pp.
5-11).
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10.5 Bandwidth and Power-Efficient Modulation 731

often calculated by assuming the signal energy has been normalized to unity,
and that the noise standard deviation @ accounts for this normalization.)

For uncoded QPSK, we have dg.. = 2'? and Ng. = 2 (there are two
adjacent signal points at distance dg,. = 2'"%), whereas for 4-state-coded 8-
PSK we have d;,., = 2 and Ng,, = l. Ignoring the factor Ny, we have an
asymptotic gain due to TCM over uncoded QPSK of 22!(2”2)2 = 2 = 3dB.
Figure 10.34, also from Ungerboeck, compares the asymptotic lower bound
for the error event probability with simulation results.

it should be clear that the TCM encoding/modulation procedure can be
generalized to higher-level M-ary schemes. Ungerboeck shows that this
observation can be generalized as follows: (1) Of the m bits to be transmitted
per encoder/modulator operation, k = m bits are expanded to k + 1 coded
symbols by a binary rate k/(k + 1) convolutional encoder; (2) the k + 1
coded symbols select one of 2™ subsets of a redundant 9t I-ar)( signal set;
(3) the remaining m — k symbols determine one of 2" signals within the
selected subset. It should also be stated that one may use block codes or
other modulation schemes, such as M-ary ASK or QASK, to implement a
TCM system.

Another parameter that influences the performance of a TCM system is
the constraint length of the code, », which is equivalent to saying that the
encoder has 2" states. Ungerboeck has published asymptotic gains for TCM
systems with various constraint lengths. These are given in Table 10.7.

TABLE 10.7 Asymptotic Coding Gains for TCM Systems

B gt o Aneympelic Goding Gain (d8). |
No.oiStates 2k GwsgorscM=2  Crorsgwsim=3
4 1 3.01 -
8 2 3.60 —
16 2 413 -
32 2 4.59 —
64 2 5.01 —
128 2 5.17 —
256 2 5.75 -
4 1 — 3.54
8 1 — 4.01
16 1 — 4.44
32 1 — 5.13
64 1 — 5.33
128 1 = 5.33
256 2 — 5.51

SOURCE: Adapted from G. Ungerbosck, “Trellis-Coded Modulation with Redundant
Signal Sets. Part ii: State of the Art,” IEEE Communications Magazine, Vol. 25, Feb.
1987, pp. 12-21.
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Finally, the paper by Viterbi et al. (1989) gives a simplified scheme for M-
ary PSK that uses a single rate 3, 64-state binary conyolutional code for which
VLSI circuit implementations are plentiful. A technique known as puncturing
converts it to rate (n — 1)/n.

SUMMARY

1. The information associated with the occurrence of an event is defined
as the logarithm of the probability of the event. If a base 2 logarithm
is used, the measure of information is the bit. :

2. The average information associated with a set of source outputs is
known as the entropy of the source. The entropy function has a maxi-
mum, and the maximum occurs when all source states are equally
likely. Entropy is average uncertainty.

3. A channel with n inputs and m outputs is represented by the nm tran-
sition probabilities of the form p(y ). The channel model can be a
diagram showing the transition probabilities or a2 matrix of the transition
probabilities.

4. A number of entropies can be defined for a system. The entropies H(X)
and H(Y) denote the average uncertainty of the channel input and out-
put, respectively. The quantity H(X | Y) is the average uncertainty of the
channel input given the output, and H(Y|X) is the average uncertainty
of the channel output given the input. The quantity H(X, Y) is the aver-
age uncertainty of the communication system as a whole.

5. The mutual information between the input and output of a channel is
given by
I Y) = H(X) — HX|Y)
or
IX; Y) = H(Y) — H(Y|X)

The maximum value of mutual information, where the maximization is
with respect to the source probabilities, is known as the channel
capacity.

6. Source encoding is used to remove redundancy from a source output so
that the information per transmitted symbol can be maximized. If the
source rate is less than the channel capacity, it is possible to encode the
source output so that the information can be transmitted through the
channel. This is accomplished by f'orming source extensions and encod-
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10.

11.

12.

13.

14.

15.

ing the symbols of the extended source into codewords having mini-
mum average word length. The minimum average word length L
approaches H (X"y = nH(X), where H (X") is the entropy of the nth order
extension of a source having entropy H(X), as n increases.

Two source encoding schemes are the Shannon-Fano technique and the
Huffman technique. The Huffman technique yields an optimum source
code, which is the source code having minimum average word length.

Error-free transmission on a noisy channel can be accomplished if the
source rate is less than the channel capacity. This is accomplished using

channel codes.

The capacity of an additive white Gaussian noise (AWGN) channel is

S
C. = Blogz(l + E)

where B is the channel bandwidth and S/N is the signal-to-noise ratio.
This is known as the Shannon-Hartley law.

An (n, k) block code is generated by appending r = n — k parity sym-

bols to a k-symbol source sequence. This yields an n-symbol codeword.

Decoding is typically accomplished by computing the Hamming distance
from the received n-symbol sequence to each of the possible transmit-
ted codewords. The codeword closest in Hamming distance to the
received sequence is the most likely transmitted codeword. The two
codewords closest in Hamming distance determine the minimum dis-
tance of the code d,,. The code can correct %(dm — 1) errors.

A single-parity-check code is formed by adding a single-parity symbol
to the information sequence. This code can detect single errors but pro-
vides no error-correcting capability.

The rate of a block code is k/n. The best codes provide powerful error-
correction capabilities in combination with high rate.

Repetition codes are formed by transmitting each source symbol an odd
number of times. Repetition codes provide powerful error-correction
capabilities but have very low rate.

The parity-check matrix [H] is defined such that [H][T] = [0], where
[T] is the transmitted codeword written as a column vector. If the
received sequence is denoted by the column vector [R], the syndrome
[5] is determined from [S] = [H][R]. This can be shown to be equivalent
to [S] = [H][E], where [E] is the error sequence. If a single error occurs
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734 Information Theory and Coding

in the transmission of a codeword, the syndrome is the column of [H]
corresponding to the error position.

16. The generator matrix [G] of a parity-check code is determined such that
[T] = [G][4], where [T] is the n-symbol transmitted sequence and [4] is
the k-symbol information sequence. Both [T] and [A4] are written as col-
umn vectors.

17. For a group code, the modulo-2 sum of any two codewords is another
codeword.

18. A Hamming code is a single-error-correcting code such that the col-
umns of the parity-check matrix correspond to the binary representa-
tion of the column index.

19. Cyclic codes are a class of block codes such a cyclic shift of the code-
word symbols always yields another codeword. These codes are very
useful because implementation is simple. Implementation of both the
encoder and decoder is accomplished using shift registers and basic
logic components.

20. The channel symbol error probability of a coded system is greater than
the symbol error probability of an uncoded system because the available
energy for transmission of k information symbols must be spread over
the n-symbol codeword rather than just the k-information symbols. The
error-correcting capability of the code often allows a net performance
gain to be realized. The performance gain depends on the choice of
code and the channel characteristics.

21. Convolutional codes are easily generated using simple shift registers and
modulo-2 adders. Decoding is accomplished using a tree-search tech-
nique, which is often implemented using the Viterbi algorithm. The
constraint span is the code parameter having the most significant impact
on performance.

22. Interleaved codes are useful for burst noise environments.

23. The feedback channel system makes use of a null-zone receiver, and a

‘ retransmission is requested if the receiver decision falls within the null
zomne. If a feedback channel is available, the error probability can be
signiﬁcantly reduced with only a slight increase in the required number
of transmissions.

24. Use of the Shannon-Ha.rtley law yields the concept of optimum mod-
ulation for a system operating in an AWGN environment. The result is
the performance of an optimum system in terms of predetection and
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postdetection bandwidth. The tradeoff between bandwidth and signal-
to-noise ratio is easily seen.

25. Trellis-coded modulation modulation is a scheme for combining M-ary
modulation with coding in a way that increases the Euclidian distance
between those signgl points for which errors are most likely without
increasing the average power or bandwidth over an uncoded scheme
having the same bit rate. Decoding is accomplished using a Viterbi
decoder that accumulates decision metrics (soft decisions) rather than
Hamming distances (hard decisions).

FURTHER READING

An exposition of information theory and coding that was anywhere near
complete would, of necessity, be presented at a level beyond that intended
for this text. The purpose in the present chapter is to present some of the
basic ideas of information theory at a level consistent with the rest of this
book. You should be motivated by this to further study.

The original paper by Shannon (1948) is stimulating reading at about the
same level as this chapter. This paper is available as a paperback with an
interesting postscript by W. Weaver (Shannon and Weaver, 1963). A number
of very brief and interesting papers have traced the development of infor-
mation theory through the years since Shannon’s work. Examples are those
by Slepian (1973) and Viterbi (1973). Many survey papers on coding
theory are also available. The paper by Forney (1970), which stresses per-
formance characteristics, and the paper by Wolf (1973) are particularly
recommended.

Several standard texts on information theory are available. Those by Bla-
hut (1987) and Mansuripur (1987) are written at a slightly higher level than
this text. The volume by Gallager (1968) is a very complete exposition of
the subject and is written at the graduate level. Another standard text, which
is very complete, is the one by Blahut (1 984). This volume is also written at
the beginning graduate level. The text by Lin and Costello (1970) is less
rigorous than the other two and contains much information on the imple-
mentation of decoders. An interesting perspective on coding theory is pro-
vided by Arazi (1988). Many other well-written books and review articles
are available.

Several other books deserve special mention. The book by Clark and Cain
(1981) contains a wealth of practical information concerning coder and
decoder design, in addition to the usual theoretical background material.
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The last chapter, entitled “System Applications,” contains a large number of
performance curves for different channel models. The book by Viterbi and
Omura (1979) is an excellent basic treatment of information theory and cod-
ing, and it contains an excellent analysis of the Viterbi algorithm. The book
edited by Yuen (1983) has a very good section on coding for application to
deep-space telemetry,

As mentioned in the last section of this chapter, the subject of bandwidth
and power-efficient communications is very important to the implementa-
tion of modern systems. Continuous phase modulation is treated in the text
by Ziemer and Peterson (1 985), An introductory treatment of trellis-coded
modulation, (TCM), including a discussion of coding gain, is contained in the
book by Sklar (1988). The book by Biglieri, Divsalar, McLane, and Simon
(1991) is a complete treatment of TCM theory, performance, and
implementation.

PROBLEMS
Section 10.1

10.1 A message occurs with a probability of 0.6. Determine the infor-
mation associated with the message in bits, nats, and hartleys.

10.2 Assume that you have a standard deck of 52 cards (jokers have been
removed).

(a) What is the information associated with the drawing of a single
card from the deck?

(b) What is the information associated with the drawing of a pair of
cards, assuming that the first card drawn is replaced in the deck
prior to drawing the second card?

(c) What is the information associated with the drawing of a pair of
cards assuming that the first card drawn is not replaced in the
deck prior to drawing the second card?

10.3 A source has five outputs denoted [m |, m,, m;, m,, m;] with respec-
tive probabilities [0.3, 0.3, 0.2, 0.1, 0.1]. Determine the entropy of
the source. What is the maximum entropy of a source with five
outputs?

10.4 A source consists of six outputs denoted [4, B, C, D, E, F] with
respective probabilities [0.3, 0.2, 0.15, 0.15, 0.1, 0.1]. Determine
the entropy of the source,
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10.5

10.6

10.7
10.8

10.9

10.10

737

A channel has the following transition matrix:

0.5 0.3 0.2
0.2 0.6 0.2
0.1 0.2 0.7

(a) Sketch the channel diagram showing all transition probabilities.

(b) Determine the channel output probabilities assuming that the
input probabilities are equal.

(c) Determine the channel input probabilities that result in equally
likely channel outputs.

(d) Determine the joint probability matrix using (c) above.

Describe the channel transition Probability matrix and joint proba-
bility matrix for a noiseless channel.

Show that H(Y) = H(Y|X).

A channel is described by the transition probability matrix
2 1
2 4o
[PY|X)] = [ oy ]

Determine the channel capacity and the source probabilities that

yield capacity.

A channel is described by the matrix

[p(r|x)] =

O = =
- O O

Determine the channel capacity and the source probabilities that

yield capacity.

A channel has two inputs, (0, 1), and three outputs, (0, ¢, 1), where
¢ indicates an erasure; that is, there is no output for the correspond-
ing input. The channel matrix is

p L—p 0
0O 1—p p

Compute the channel capacity.
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10.11

10.12

10.13

10.14

10.15

Information Theory and Coding

Determine the capacity of the channel described by the channel
matrix shown below. Sketch your result as a function of p and
give an intuitive argument that supports your sketch. (Note: ¢ =

I —p)

©C O v
O O™
Y OO
T2 OO0

From the -entropy definition given in Equations (10.22) through
(10.26), derive Equations (10.27) and (10.28).

The input to a quantizer is a random signal having an amplitude
probability density function

ae ™ x=0
S = {o, x<0

The signal is to be quantized using four quantizing levels x, as shown
in Figure 10.35. Determine the values X, 1= 1,2, 3, in terms of a
so that the entropy at the quantizer output is maximized.

Repeat the preceeding problem assuming that the input to the quan-
tizer has the Rayleigh probability density function

X 29,2
—e ey x=0
a

fx(X)=[ 0 x <0

A signal has a Gaussian amplitude—density function with zero mean
and variance o2 The signal is sampled at 750 samples per second.
The samples are quantized according to the following table. Deter-

FIGURE 10.35
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mine the entropy at the quantizer output and the information rate
in samples per second.

[T

| | Quantizer

_ Quantizer Input e Output
—o0 < X< —20 my
- < X< —0 my
—o< x5<0 my
0<x<o m;
o< X <20 my
20 < X; < 0 ms

10.16 Determine the quantizing levels, in terms of g, so that the entropy
at the output of a quantizer is maximized. Assume that there are six
quantizing levels and that the quantizer is a zero-mean Gaussian pro-
cess as in the previous problem.

10.17 Two binary symmetrical channels are in cascade, as shown in Figure
10.36. Determine the capacity of each channel. The overall system

FIGURE 10.36
0.8 0.75
X4 Y1 Zy
0.1 0.25
01 0.25
X; z
: 09 & 0.75 :
LS — L% ~ 4
Channel 1 Channel 2
P11
Xq Zy
Pz
Pz
X; z,
2 P 2
. o J
Equivalent channel
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10.18

Information Theory and Coding

with inputs x; and x, and outputs z; and z, can be represented as
shown with p,y, p\,, p,y, and P22 properly chosen. Determine these
four probabilities and the capacity of the overall system. Comment
on the results,

A two-hop satellite communications channel uses BPSK signaling.
The uplink signal-to-noise ratio is 8 dB and the downlink signal-to-
noise ratio is 5 dB, where the signal-to-noise ratio is the signal
power divided by the noise power in the bit-rate bandwidth. Deter-
mine the overall error probability.

Section 10.2

10.19

10.20

10.21

10.22

10.23

10.24

10.25

A source has two outputs [4, B] with respective probabilities [%, %]
Determine the entropy of the fourth-order extension of this source
using two different methods.

Calculate the entropy of the fourth-order extension of the source
defined in Table 10.1. Determine L/n for n = 4 and add this result
to those shown in Figure 10.9. Determine the efﬁciency of the
resulting codes for n = 1, 2, 3, and 4.

A source has five equally likely output messages. Determine a Shan-
non-Fano code for the source and determine the efficiency of the
resulting code. Repeat for the Huffman code and compare the
results.

A source has five outputs denoted [m,, m,, m;, m,, m 5] with respec-
tive probabilities [0.40, 0.19, 0. 16, 0.15, 0.10). Determine the
codewords to represent the source outputs using both the Shannon-
Fano and the Huffman techniques.

A binary source has output probabilities [0.85, 0.15). The channel
can transmit 300 binary symbols per second at the capacity of 1 bit/
symbol. Determine the maximum source symbol rate if transmission
is to be accomplished,

A source output consists of nine equally likely messages. Encode the
source output using both binary Shannon-Fano and Huffman codes.
Compute the efficiency of both of the resulting codes and compare
the results.

Repeat the preceding problem assuming that the source has 12
equally likely outputs.
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10.26

10.27

10.28

Section
10.29

10.30

741

An analog source has an output described by the probability density
function

2x, 0=x=1
S = {0, otherwise

The output of the source is quantized into ten messages using the
nine quantizing levels

x =01k k=0,1,...,10

The resulting messages are encoded using a binary Huffman code.
Assuming that 250 samples of the source are transmitted each sec-
ond, determine the resulting binary symbol rate in symbols per sec-
ond. Also determine the information rate in bits per second,

A source output consists of four messages [m,, my mj, my] with
respective probabilities [0.4, 0.3, 0.2, 0.1]. The second-order exten-
sion of the source is to be encoded using a code witha three-symbol
alphabet. Determine the codewords using the Shannon-Fano tech-
nique and determine the efficiency of the resulting code.

It can be shown that a necessary and sufficient condition for the
existence of an instantaneous binary code with wordlengths I, 1 =
i = N, is that

This is known as the Kraft inequality. Show that the Kraft inequality
is satisfied by the codewords given in Table 10.3. (Note; The inequal-
ity given above must also be satisfied for uniquely decipherab]e

codes.)

10.3

A continuous bandpass channel can be modeled as illustrated in Fig-
ure 10.37. Assuming a signa] power of 20 W and a noise power
spectral density of 10 * W/Hz, plot the capacity of the channel as
a function of the channel bandwidth.

For the preceding Problem determine the capacity in the limit as
B — 0O,
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FIGURE 10.37

White
Gaussian
noise

Signal | Filter
_’\E/ bandwidth = 8

10.31

10.32
10.33

10.34

10.35

10.36

10.37

Derive an equation, similar to (10.92), that gives the error proba-
bility for a rate § repetition code. Plot together, on the same set of
axes, the error probability of both a rate of 3 and rate 3 repetition
code as a function of g=1—np

Show that a (7, 4) Hamming code is a distance 3 code.

Write the parity-check matrix and the generator matrix for a
(15, 11) single error-correcting code. Assume that the code is sys-
tematic. Calculate the codeword corresponding to the all one’s
information sequence. Calculate the syndrome corresponding to an
error in the third position assuming the codeword corresponding to
the all one’s input sequence.

A parity-check code has the parity~check matrix

I 1.0 1 1 0 0
[Hl= |1 1 1 00 1 o
01 11 0 0 1

Determine the generator matrix and find all possible codewords.

For the code described in the preceding problem, find the code-
words [T|] and [T,] corresponding to the information sequences

0 1
) = = | |

[ QR —

0
Using these two codewords, illustrate the group property.

" ; 1 -
Determine the generator matrix for a rate % and a rate 3 repetition
code. Describe the generator matrix for a rate 1/n repetition code.

Determine the relationship between n and k for a Hamming code.
Use this result to show that the code rate approaches 1 for large n.
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10.38 Determine the generator matrix for the encoder illustrated in Figure
10.16 Use the generator matrix to generate the complete set of
codewords and use the results to check the codewords shown in
Figure 10.16. Show that these codewords constitute a cyclic code.

10.39 Use the result of the preceding problem to determine the parity-
check matrix for the encoder shown in Figure 10.16. Use the
parity- check matrix to decode the received sequences 1101001
and 1101011. Compare your result with that shown in Figure
10.17.

10.40 Modify the encoder illustrated in Figure 10.16 by using feedback
taps from stages §, and §; rather than from stages $, and S;. Deter-
mine the resulting generator matrix and the complete set of 16
codewords. Is the resulting code a cyclic code?

10.41 Construct a set of performance curves similar to those of Figure
10.18 for a (15, 11) Hamming code.

10.42 Consider the coded system examined in Example 10.12. Show that
the probability of three symbol errors in a codeword is negligible
compared to the probability of two symbol errors in a code-
word for signal-to-noise ratios above a certain level.

10.43 The Hamming code was defined as a code for which the ith column
of the parity-check matrix is the binary representation of the num-
ber i. With a little thought it becomes clear that the columns of the
parity—check matrix can be perrnuted without changing the distance
properties, and therefore the error-correcting capabilities, of the
code. Using this fact, determine a generator matrix and the corre-
sponding parity-check matrix of the systematic code equivalent to a
(7, 49 Hamming code. How many different generator matrices can
be found?

10.44 In order to compare the performance of digital communications sys-
tems using block codes of different word lengths n, the Probability
of error for each code must be computed. One technique for
accomplishing this task is to use the approximation1

d n
=23 (f;);{ca —2)y"+ D ( _ 11 )1&(1 — By

et i=d+1

' D. J. Torrieri, Principles of Secure Communication Systems, 2nd ed. Artech House, Norwood,
Mass., 1992, p. 47.
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10.45

10.46

10.47

10.48

10.49

Information Theory and Coding

where d is the minimum distance of the code, ¢ is the number of
correctable errors per codeword, P, is the symbol error probability
for the coded system and Py is the decoded bit-error probability.
Using this approximation, compare the performance of (7, 4) and
(15, 11) single-error—correcting Hamming codes in an AWGN system
with BPSK modulation.

Repeat the previous problem for a (7, 4) Hamming code and a (23,
12) triple—error-correcting Golay code.

What is the constraint span of the encoder shown in Figure 10.38?
How many states are required to define the state diagram and the
trellis diagram? Draw the state diagrafn, giving the output for each
state transition.

Determine the state diagram for the convolutional encoder shown
in Figure 10.39. Draw the trellis diagram through the first set of
steady-state transitions. On a second trellis diagram, show the ter-
mination of the trellis to the all-zero state.

A source produces binary symbols at a rate of 2000 symbols per
second. The channel is subjected to error bursts lasting 0.15 sec.
Devise an encoding scheme using an interleaved (n, k) Hamming
code which allows full correction of the error burst. Assume that
the information rate out of the encoder is equal to the information
rate into the encoder. What is the minimum time between bursts if
your system is to Operate properly?

A very popular class of codes is known as BCH (Bose-Chaudhuri-
Hocquenghem) codes. These allow correction of multiple errors. For

FIGURE 10.38

Input s,
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FIGURE 10.39

Input

W

example, a (15, 7) BCH code can correct two errors per word. Ana-
lyze this code by deriving a set of performance curves, similar to
those of Figure 10.18 for the (15, 7) BCH code.

Section 10.4

10.50 Compare FM with preemphasis to an optimal modulation system for

B = 1, 5, and 10. Consider only operation above threshold, and
assume 20 dB as the value of P;/NyW at threshold.

COMPUTER EXERCISES

10.1

10.2

Develop a computer program that allows you to plot the entropy of
a source with variable output probabilities. We wish to observe that
the maximum source entropy does indeed occur when the source
outputs are equally likely. Start with a simple two-output source [m,,
m,] with respective probabilities [a, 1—a] and plot the entropy as a
function of the parameter a. Then consider more complex cases such
as a three output source [m;, my, m;] with respective probabilities
[a, b, 1 —a—b]. Be creative with the manner in which the results are
displayed.

In this computer exercise we wish to develop a program that allows
the performance of an error-correcting code to be investigated by
evaluating (10.1 19). Use the resulting program to verify the system
performance characteristics illustrated in Examples 10.12 and 10.13.
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Using your favorite high-level Ianguage, develop a program that
allows you to investigate the performance of a digital communication
system that utilizes a null-zone receiver and a noiseless feedback
channel. Use the resulting program to evaluate the performance of a
baseband system with an integrate-and-dump detector. The output of
the integrate—and—dump detector is given by

V= +AT + N, if + Ais sent
—AT + N, if — A is sent

where N is a random variable representing the noise at the detector
output at the sampling instant. The detector uses two thresholds, q,
and a), where a;, — v AT and a; = 7y AT. A retransmission occurs if
a; < ¥V < a,. Choose several values of %Y, such as ¢y = 0.05, 0.10
and 0.15, and plot the probability of retransmission, and the expected
number of retransmissions, as a function of A>T/ Np with v a parameter
of the family of curves. Also plot the probability of error and compare
the results to the probability of error for a standard baseband trans-
mission system. Comment on your results.
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APPENDIX A v

PHYSICAL NOISE SOURCES
AND NOISE CALCULATIONS IN
COMMUNICATION SYSTEMS

As discussed in Chapter 1, noise originates in a communication system from
two broad classes of sources: those external to the system, such as atmo-
spheric, solar, cosmic, or manmade sources, and those internal to the system.
The degree to which external noise sources influence system performance
depends heavily upon system location and configuration. Consequently, the
reliable analysis of their effect on system performance is difficult and
depends largely on empirical formulas and on-site measurements. Their
importance in the analysis and design of communication systems depends on
their intensity relative to the internal noise sources. In this Appendix, we
are concerned with techniques of characterization and analysis of internal
noise sources.

Noise internal to the subsystems that compose a communication system
arises as a result of the random motion of charge carriers within the devices
composing those subsystems. We now discuss several mechanisms that give
rise to internal noise, and suitable models for these mechanisms,

A.1 PHYSICAL NOISE SOURCES

Thermal Noise

Thermal noise is the noise arising from the random motion of charge carriers
in a conducting, or semiconducting, medium. Such random agitation at the
atomic level is a universal characteristic of matter at temperatures other than
absolute zero. Nyquist was one of the first to have studied thermal noise.
Nyquist’s theorem states that the mean-square noise voltage appearing across
the terminals of a resistor of R ohms at temperature T Kelvin in a frequency

band B hertz is given by
vl = (v2(t)) = 4kTRBV’ (A1)
where

—23

k = Boltzmann’s constant = 1.38 X 10 J/K
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- FIGURE A.1 Equivalent circuits for a noisy resistor. (a) Thevenin.
(b) Norton.

R (noiseless)
irms = (4KTGB) 12

1
G=1

= (4KTRB)1/2
Vims = (4kTRB) (noiseless)

(a) (b)

Thus a noisy resistor can be represented by an equivalent circuit consisting
of a noiseless resistor in series with a noise generator of rms voltage v, as
shown in Figure A.1(a). Short circuiting the terminals of Figure A.1(a) results
in a short-circuit noise current of mean-square value

2
(v (1)) _ 4kTB

ge - = Ty = 4GB A’ (A.2)

ime = (i) =

where G = 1/R is the conductance of the resistor. The Thevenin equivalent
in Figure A.1(a) can therefore be transformed to the Norton equivalent in
Figure A.1(b).

V| EXAMPLE A.1 Consider the resistor network shown in Figure A.2.
Assuming room temperature of T = 290 K, find the rms noise voltage
appearing at the output terminals in a 100-kHz bandwidth.

SOLUTION  We use voltage division to find the noise voltage due to each
resistor across the output terminals. Then, since powers due to independent

FIGURE A.2 Circuits for noise calculation. (a) Resistor network. (b) Noise

equivalent circuit.
V2 = 4kTR,B
Rg = 100 Q
Ay
- Ay Yo
R = Ry = - (all noiseless)
1000 Q 1000 Q@
V2 = 4kTA,B vs? = 4kTR,B

(b)
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sources add, we find the rms output voltage v, by summing the square of
the voltages due to each resistor, which gives the total mean-square voltage,
and take the square root to get rms voltage. The calculation yields

V02 = "012 + V022 + ‘7032 (A3)
where
R
= (4kTRB)!? ————— A4
vor = | 1B), R TR+ A (A.4a)
v; (rms)
R
= (iR p) ————— A.4b
Vo2 ,( 2B) R, + R, + R ( )
v, (rms)
R, + R
vos = (4kTR;B)'" Bt R (A.4c)
——= R, + R, TR
v; (rms)
Thus
2 (Ry + R)R; (R, + Ry)'Rs }
= (4kTB
o = (4KIE) [(n, F R+ R) | (R + Ry +By)
= (4 X 1.38 X 1072 X 290 X 10
(1100)(1000)* | (1 100)2(1000)]
(2100) (2100)?
=~ 3839 X 1072V (A.5)
Therefore,
v = 9.16 X 107 V (rms) (A.6)
Nyquist's Formula

Although Example A.1 is instructive from the standpoint of illustrating noise
computations involving several noisy resistors, it also illustrates that such
computations can be exceedingly long if many resistors are involved.
Nyquist’s formula, which can be proved from thermodynamic arguments, sim-
plifies such computations considerably. It states: The mean-square noise
voltage produced at the output terminals of any one-port network contain-
ing only resistors, capacitors, and inductors is given by

(v,2(t)) = 2kT f_wx( £ df (A.73)
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where R(f) is real part of the complex impedance seen looking back into
the terminals. If the netwark contains only resistors, the mean-square noise
voltage in a bandwidth B is

(v,') = 4kTR. BV’ (A.7b)

where R, is the Thevenin equivalent resistance of the network.

EXAMPLE A.1 (continued)  If we look back into the terminals of the net-
work shown in Figure A.2, the equivalent resistance is

R3(R; + Ry)

= R,) = A.
Ro = Bl + 1) = R (A8)
Thus
4kTBRy(R, + R
n2 Sy T R) (A.9)

(R + R, + Ry)

which can be shown to be equivalent to the result obtained previously.

Shot Noise

Shot noise arises from the discrete nature of current flow in electronic
devices, For example, the electron flow in a saturated thermionic diode is due
to the sum total of electrons emitted from the cathode, which arrive ran-
domly at the anode, thus providing an average current flow I, (from anode to
cathode when taken as positive), plus a randomly fluctuating component of
mean-square value

Ims = (i, °(8)) = 2eI,8 A? (A-10)

where e = charge of the electron = 1.6 X 107" C. Equation (A.10) is
known as Schottky’s theorem.

Since powers from independent sources add, it follows that the squares
of noise voltages or noise currents from independent sources, such as two
resistors or two currents originating from independent sources, add. Thus,
when applying Schottky‘s theorem to a p-n juncrion, we recall that the cur-
rent flowing in a p-n junction diode

eV
I=1] l:exp (E’) - 1:, (A11)

where V is the voltage across the diode and I, is the reverse saturation
current, can be considered as being caused by two independent currents
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I, exp (eV/kT) and —I,. Both currents fluctuate independently, producing a
mean-square shot noise current given by

V
irms,totz = |:2€IS exp (i}) + 2eIS] B

= 2¢(I + 21)B (A.12)
For normal operation, I > I, and the differential conductance is go =
dI/dV = el/kT, so that (A.12) may be approximated as
2 el
irmstor == 2eIB = 2kT e B = 2kTgyB (A13)

which can be viewed as half-thermal noise of the differential conductance g,
since there is a factor of 2 rather than a factor of 4 as in (A.2).

Other Noise Sources

In addition to thermal and shot noise, there are three other noise mecha-
nisms that contribute to internally generated noise in electronic devices. We
summarize them briefly here. A fuller treatment of their inclusion in the
noise analysis of electronic devices is given by Van der Ziel (1970).

Generation-Recombination Noise Generation-recombination noise is the
result of free carriers being generated and recombining in semiconductor
material. One can consider these generation and recombination events to
be random. Therefore, this noise process can be treated as a shot noise

prpcess.

Temperature-Fluctuation Noise Temperature-fluctuation noise is the result
of the fluctuating heat exchange between a small body, such as a transistor,
and its environment due to the fluctuations in the radiation and heat-
conduction processes. If a liquid or gas is flowing past the small body, fluc-
tuation in heat convection also occurs.

Flicker Noise Flicker noise is due to various causes. It is characterized by a
spectral density that increases with decreasing frequency. The dependence
of the spectral density on frequency is often found to be proportional to the
inverse first power of the frequency. Therefore, flicker noise is sometimes
referred to as one-over-f noise. More generally, flicker noise phenomena are
characterized by power spectra that are of the form constant{fa , where o is
close to unity. The physical mechanism that gives rise to flicker noise is not
well understood.
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Available Power

Since calculations involving noise involve transfer of power, the concept of
maximum power available from a source of fixed internal resistance is use-
ful. Figure A.3 illustrates the familiar theorem regarding maximum power
transfer, which states that a source of internal resistance R delivers maxi-
mum power to a resistive load R, if R = R, and that, under these conditions,
the power P produced by the source is evenly split between source and load
resistances. If R = R, the load is said to be matched to the source, and the
pow:er delivered to the load is referred to as the available power P,. Thus P,
= 3 P, which is delivered to the load only if R = R, Consulting Figure
A.3(a), in which v, is the rms voltage of the source, we see that the voltage
across R, = R is %vm,, giving

L S

‘ R 4R

(A.14)

Similarly, when dealing with a Norton equivalent circuit as shown in Figure
A.3(b), we can write the available power as

N

1 2 irms
P, = (ig) R = % A.15
a (21rms) 4G ( )

where i, = v, /R is the rms noise current.
Returning to (A.1) or (A.2) and using (A.14) or (A.15), we see that a noisy
resistor produces the available power

4kTRB
4R

Pa,R =

= kTBW (A.16)

Similarly, from (A.13), a diode with load resistance matched to its differ-
ential conductance produces the available power

P, =3kIBW, I> I (A.17)

FIGURE A.3 Circuits pertinent to maximum power transfer theorem.
(a) Thevenin equivalent for a source with load resistance A;. (b) Norton
equivalent for a source with load conductance G;.

R

Vims RL

@
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EXAMPLE A2 Calculate the available power per hertz of bandwidth for
a resistance at room temperature, taken to be Ty = 290 K. Express in deci-
bels referenced to 1 watt (dBW) and decibels referenced to 1 milliwatt
(dBm).

SOLUTION

P _ _
Power/hertz = "B"‘ = (1.38 X 107 2%)(290) = 4.002 X 10~ *' W/Hz

Power/hertz in dBW = 10 log;q (4.002 X 10_21/1) = —204 dBW

Power/hertz in dBM = 10 log,, (4.002 X 107 2'/107%) = —174 dBm
(A.18)

Frequency Dependence

In Example A.2, available power per hertz for a noisy resistor at Tq =
290 K was computed and found, to good approximation, to be — 174 dBm/
Hz, independent of the frequency of interest, Actually, Nyquist's theorem,
as stated by (A.1), is a simplification of a more general result. The proper
quantum mechanical expression for available power per hertz, or available
power spectral density S,(f), is

ale e
S{f) =3 oxp (BAT) — | W/Hz (A.19)

where h = Planck’s constant = 6.6254 X 10~ J-s.

This expression is plotted in Figure A.4, where it is seen that for all but
very low temperatures and very high frequencies, the approximation is good
that §,(f) is constant (that is, P, is proportional to bandwidth B).

Quantum Noise

Taken by itself, (A.19) might lead to the false assumption that for very high
frequencies where hf > ET, such as those used in optical communication,
the noise would be negligible. However, it can be shown that a quantum
noise term equal to hf must be added to (A.19) in order to account for the
discrete nature of the electron energy. This is shown in Figure A4 as the
straight line, which permits the transition frequency between the thermal
noise and quantum noise regions to be estimated. This transition frequency
is seen to be above 20 GHz even for T = 2.9 K.
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FIGURE A.4 Noise power spectral density versus frequency for thermal
resistors
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A.2 CHARACTERIZATION OF NOISE IN SYSTEMS—NOISE FIGURE
AND NOISE TEMPERATURE

Having considered several possible sources of internal noise in communica-
tion systems, we now wish to discuss convenient methods for characteriza-
tion of the noisiness of the subsystems that make up a system, as well as
overall noisiness of the system. Figure A.5 illustrates a cascade of N stages
or subsystems that make up a system. For example, if this block diagram
represents a superheterodyne receiver, subsystem 1 would be the RF ampli-
fier, subsystem 2 the mixer, subsystem 3 the IF amplifier, and subsystem 4
the detector. At the output of each stage, we wish to be able to relate the
signal-to-noise power ratio to the signal-to-noise power ratio at the input.
This will allow us to pinpoint those subsystems that contribute significantly
to the output noise of the overall system, thereby enabling us to implement
designs that minimize the noise.

Noise Figure of a System

One useful measure of system noisiness is the so-called noise figure F, defined
as the ratio of the SNR at the system input to the SNR at the system output,
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FIGURE A.5 Cascade of subsystems making up a system. (a) N-subsystem
cascade with definition of SNR's at each point. (b) The /th subsystem in the
cascade.

— 0 O—] —
A Subsystem Subsystemn Subsystem
Y 1 2 N
s s Sy (S 5
& (&h e Rln-s Fw
(a)
Ao Ts
i —0 65,4
e Subsystem Equivalent
S Il ! resistance, A,
= ——o
(b)

In particular, for the Ith subsystem in Figure A.5, the noise figure F is

defined by the relation
h) 1/S
— | === (A.20)
N 1 Fl N/i—1

For an ideal, noiseless subsystem, F; = 1; that is, the subsystem introduces
no additional noise. For physical devices, F; > 1.
Noise figures for devices and systems are often stated in terms of decibels

(dB). Specifically,
Fg = 10 logyo Fraio (A.21)

Table A.1 lists several devices along with typical noise figures for them.* For
extremely low-noise devices, such as a maser amplifier, it is more convenient
to work with noise temperature, to be discussed shortly.

The definition of noise figure given by (A.20) requires the calculation of
both signal and noise powers at each point of the system. An alternative
definition, equivalent to (A.20), involves the calculation of noise powers
only. Although signal and noise powers at any point in the system depend
on the loading of a subsystem on the preceding one, SNRs are independent
of load, since both signal and noise appear across the same load. Hence any

* No teniperature has yet been specified for the equivalent input resistance of the device.
To standardize the noise figures of devices, Tp = 290 K is specified as a standard temperature
by standards of the Institute of Electrical and Electronic Engineers.
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TABLE A.1 Typical Noise Figures and Temperatures for Several Devices®

Operating
= Noise Fraguency
Device (Ratio) F(dB)  Temp.(°K) Gain(dB) (GHz)
Parametric amp. 1.26 1.0 75 10-20 0.5
(uncooled) 1.45 1.61 130 9
(lig. N, cooled) 1.17 0.69 50 3&6
(lig. He cooled) 1.03 0.13 9 4
Traveling wave 1.59 2.00 170 20-30 26
tube amp. 1.86 2.70 250 3
2.69 4.30 490 9
Tunnel diode amp.
ger. 2.38 3.77 400 20-40
gal. ars. 1.69 2.28 200
Low-noise superhet. 2.38 3.77 400
rec'r (ant. noise
and image
response excl.)
Integrated circuit IF 5.01 7 1163 =11 MHz
ampl. 50

# Information in column 4 from W. W. Mumford and E. H. Scheibe, Noise: Performance
Factors in Communication Systems, Horizon House—Microwave, Inc., Dedham, Mass.
(1968), pages 38, 39. Also Motorola Semiconductor Products Division, Linear Integrated
Circuits Data Book, Motorola, Inc. (1 974).

convenient load impedance may be used in making signal and noise calcu-
lations. In particular, we will use load impedances matched to the output
impedance, thereBy working with available signal and noise powers.
Consider the Ith subsystem in the cascade of the system shown in Figure
A.5.If we represent its input by a Thevenin equivalent circuit with rms signal
voltage ¢;;_; and equivalent resistant R;_, the available signal power is

2
e (A22)

Py
sad—| 4‘R1_1

If we assume that only thermal noise is present, the available noise power
for a source temperature of T, is

. P~ = kT B (A-23)
giving an input SNR of

z
S - Col—1 .
= = (A.24)
NJi-1  4kTR,_\B
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The available output signal power, from Figure A.5(b), is

2
o

R

i

B R=

sa,

(A.25)

We can relate P, ; to P,; ; by the available power gain G, of subsystem I,
defined to be

P:a,l = GaP:a,I— 1 (A26)
which is obtained if all resistances are matched. The output SNR is
§ I sa,l 1P sa,]—1
2] = e o _Cmdtl (A.27)
N/i Pna,l FI Pna,l—l
or
o Psa,l— 1 Pna,I . Pm,l— 1 Pna,l
F = =
Psa,l Pna,l— 1 GaPsa,I— 1 Pna,l— 1
P na,l
= Teal (A.28)
GaP na,l—1

where any mismatches may be ignored, since they affect signal and noise the
same.* Thus the noise figure is the ratio of the output noise power to the
noise power that would have resulted had the system been noiseless. Noting
that P,,; = G,Pp1—1 + P Where Py is the available internally generated
noise power of subsystem 1, and that P,,;_, = kT B, we may write (A.28) as

P
F=1+—= (A.29a)
GkT.B

or, setting T, = Ty = 290K to standardize the noise figure,t we obtain

?
F=1+—=L (A.29b)
G,kToB

For G, > 1, F = 1, which shows that the internally generated noise becomes

inconsequential for systems with large gains. Conversely, systems with low
gain enhance the importance of internal noise.

+ This assumes that the gains for noise power and signal power are the same. If gain varies
with frequency, then a spot noise figure can be defined, where signal power and noise power
are measured in 2 small bandwidth Af.

+ If this were not done, the manufacturer of a receiver could claim superior noise petfor-
mance of its product over that of a competitor simply by choosing T, larger than the com-
petitor. See Mumford and Scheibe (1968), pages 53-56, for a summary of the various
definitions of noise figure used in the past.
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Measurement of Noise Figure

Using (A.28), with the available noise power at the output P, ... referred to
the device input, and representing this noise by a current generator i, in
parallel with the source resistance R, or a voltage generator ¢, in series with
it, we can determine the noise figure by changing the input noise a known
amount and measuring the change in noise power at the device output. In
particular, if we assume a current source represented by a saturated therm-
ionic diode, so that

i = 2el,B A’ (A.30)

and sufficient current is passed through the diode so the noise power at the
output is double the amount that appeared without the diode, then the noise
figure is

ik el dR.\'

= A.31
2kT, (A.31)

where e is the charge of the electron in coulombs, I; is the diode current in
amperes, R, is the input resistance, k is Boltzmann’s constant, and T, is the
standard temperature in degrees Kelvin.

A variation of the preceding method is the Y-factor method, which is
illustrated in Figure A.6. Assume that two calibrated noise sources are avail-
able, one at effective temperature T, , and the other at T 4. With the first
at the input of the unknown system with unknown temperature T, the avail-
able output noise power is

P, = k(T + T)BG (A.32)

FIGURE A.6 Y-factor method for measuring effective noise temperature
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noise gen.
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where B the noise bandwidth of the device under test and G is its available
power gain. With the cold noise source present, the available output noise

power is
P. = k(T + T,)BG (A.33)

The two unknowns in these two equations are T, and BG. Dividing the first
by the second, we obtain
fﬁ . Thot + Te

=y=tr——* A.34
P Tcold + Te ( )

[4

When solved for T,, this equation becomes

T = Thot — YTcold

A.35
) = (A.35)

which involves the two known source temperatures and the measured Y fac-
tor. The Y factor can be measured with the aid of the precision attenuator
shown in Figure A.6 as follows: (1) connect the hot noise source to the
system under test and adjust the attenuator for a convenient meter reading,
(2) switch to the cold noise source and adjust the attenuator for the same
meter reading as before, (3) noting the change in attenuator setting A4 in
dB, calculate Y = IOAM“O, and (4) calculate the effective noise tempera-

ture using (A.35).

Noise Temperature

Equation (A.16) states that the available noise power of a resistor at tem-
perature T is kTB W, independent of the value of R. We may use this result
to define the equivalent noise temperature T, of any noise source:

P
T, = —nm (A.36)
kB

where P, .., is the maximum noise power the source can deliver in band-
width B.

EXAMPLE A3  Two resistors R, and R, at temperatures T, and T, are con~
nected in series to form a white-noise source. Find the equivalent noise tem-
perature of the combination.

SOLUTION  The mean-square voltage generated by the combination is

(v,}) = 4kBR,T; + 4kBR,T, (A.37)
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Since the equivalent resistance is R, + R,, the available noise power is

(') _ 4KTiR, + T,R,)B

= A.38
The equivalent noise temperature is therefore i
P, R, T, + R,T,
I, =—=———+== (A.39)

"B R, + R,

Note that T, is not a physical temperature unless both resistors are at the
same temperature.

Effective Noise Temperature

Returning to Equation (A.29), we note that the second term, P, /G kT,B,
which is dimensionless, is due solely to the internal noise of the system.
Noting that P, /G, kB has the dimensions of temperature, we may write the
noise figure as

T,
F=1+4+=" (A.40)
T,
where
P
L = ol (A.41a)
G,kB
Thus,
T, = (F, — T, (A.41b)

T, is the effective noise temperature of the system and depends only on the
parameters of the system. It is a measure of noisiness of the system referred
to the input, since it is the temperature required of a thermal resistance,
placed at the input of a noiseless system, in order to produce the same avail-
able noise power at the output as is produced by the internal noise sources
of the system. Recalling that P,,, = GoPogi—y + Py and that 2., , =
kT.B, we may write the available noise power at the subsystem output as

Poo; = GkTB + GkT.B
= G,KT, + T)B (A.42)

where the actual temperature of the source T, is used. Thus the available
noise power at the output of a system can be found by adding the effective
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A.2  Characterization of Noise in Systems 761

noise temperature of the system to the temperature of the source and mul-
tiplying by G.kB, where the term G, appears because all noise is referred to
the input.

Noise Temperature and Noise Figure of a Cascade of
Subsystems

Considering the first two stages in Figure A.5, we see that noise appears at
the output due to the following sources:

1. Amplified source noise, G, G, kTB

7. Internal noise from the first stage amplified by the second stage,
GoiPusnty = Gor(GarkT.B)

3. Internal noise from the second stage, P, = Go,kT.,B

Thus the total available noise power at the output of the cascade is

aip=g2

T.
Pz = G,Gok (TS SRl i El> B (A.43)

a1

Noting that the available gain for the cascade is G, G,, and comparing with
(A.42), we see that the effective temperature of the cascade is

T,=7T, +-> (A.44)

F

I

+
|~
I

+

1
=F +—— (A.45)

ay

where F, is the noise figure of stage 1 and F, is the noise figure of stage 2.
The generalization of this result to an arbitrary number of stages is known

as Friis’s formula and is given by

-1 F—1

F=F + + +o (A46)
Gﬂl G"iG‘-':
whereas the generalization of (A.44) is
T, T,
T,=1, 2=t ::r (A.47)
l G"l G"IG"l
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EXAMPLE A4 A parabolic dish antenna is pointed up into the sky not
directly at the sun. Noise due to atmospheric radiation is equivalent to a
source temperature of 70 K. A low-noise preamplifier with noise figure of
2 dB and an available power gain of 20 dB over a bandwidth of 20 MHz is
mounted at the antenna feed (focus of the parabolic reflector). (a) Find the
effective noise temperature at the input of the preamplifier. (b) Find the
available noise power at the preamplifier output.

SOLUTION  (a) From (A.42), we have

Teff,in = Ts + Te,preamp (A48)

But (A.41b) gives

Te,prea.mp = TO(F preamp . 1)
= 290(10""° — 1)
= 169.6 K (A.49)

(b) From (A.42), the available output noise power is

P

na,out = Guk(T: + Te)B
= 107°(1.38 X 107%)(239.6)(20 X 10°)

=661 X 1072w (A.50)

EXAMPLE A5 A preamplifier with power gain to be found and a noise
figure of 2.5 dB is cascaded with a mixer with a gain of 2 dB and a noise
figure of 8 dB. Find the preamplifier gain such that the overall noise figure
of the cascade is at most 4 dB."

SOLUTION  From Friis’s formula

F, — 1
F= Fy %= (A.51)
|
Solving for G,
Fz — 1 IOS“O ol 1 .
O S FTF T 1070 jgioie = 724 (ratio) = 8.6 dB (A52)

Note that the gain of the mixer is immaterial.
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Attenuator Noise Temperature and Noise Figure

Consider a purely resistive attenuator that imposes a loss of a factor of L in
available power between input and output; thus the available power at its
output P, is related to the available power at its input Py, by

P

a,in

P =

1
TGt z = G,P (A.53)

a” a,in
However, since the attenuator is resistive and assumed to be at the same
temperature T, as the equivalent resistance at its input, the available output

power is
Pna,out = kTSB (A'54)

Characterizing the attenuator by an effective temperature T, and employing

(A.42), we may also write P, o a8

P- = GK(T, + T)B

na,out

1
[ HT + OB (A.55)

Equating (A.54) and (A.55) and solving for T, we obtain
T, = (L — 1T, (A.56)

for the effective temperature of a noise resistance at temperature T, fol-
lowed by an attenuator. From Equation (A.40), the noise figure of the cas-
cade of source resistance and attenuator is

(L — 1T,
F=1+-—-" (A.57a)
Ty
or
p= L8 (A.57b)
rﬂ

for an attenuator at room temperature, T,

EXAMPLE A6  Consider a receiver system consisting of an antenna with
lead-in cable having a loss factor of L = 1.5 dB = F,, an RF preamplifier
with a noise figure of F, = 7 dB and a gain of 20 dB, followed by a mixer
with a noise figure of F; = 10 dB and a conversion gain of 8 dB, and finally
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an integrated-circuit IF amplifier with a noise figure of F, = 6 dB and a gain
of 60 dB.

(a) Find the overall noise figure and noise tem erature of the system.
g P )
(b) Find the noise figure and noise temperature of the system with pream-
plifier and cable interchanged.

SOLUTION  (a) Converting decibel values to ratios and employing (A.46),

we obtain
5.01 — 1 10 — 1 3.98 = 1

1/1.41 100/1.41 (100)(6.3)/1.41
= 141 + 565+ 0.13 + 6.7 X 10" ° = 7.19 = 8.57 dB (A.58)

F=141+

Note that the cable and RF amplifier essentially determine the noise figure
of the system and that the noise figure of the system is enhanced because
of the loss of the cable.

If we solve (A.40) for T,, we have the effective noise temperature

T, = Ty(F — 1) = 290(7.19 — 1) = 1796 K (A.59)

(b) Interchanging the cable and RF preamplifier, we obtain the noise figure

141 — 1 10 — 1 398 — 1
F =501+
100 100/1.41 (100)(6.3)/1.41
= 501 + (4.1 X 107°) + 0.127 + (6.67 X 1073
= 5.15 = 7.12 dB (A.60)
The noise temperature is
T, = 290(4.15) = 1203 K (A.61)

Now the noise figure and noise temperature are essentially determined by
the noise level of the RF preamplifier.

We have omitted one possibly important source of noise—namely, the
antenna, If the antenna is directive and peinted at an intense source of ther-
mal noise, such as the sun, its equivalent temperature may also be of impor-
tance in the calculation. This is particularly true when a low-noise
preamplifier is employed (see Table A.1),

A.3 FREE-SPACE PROPAGATION EXAMPLE

As a final example of noise calculation, we consider a free-space electro-
magnetic-wave propagation channel. For the sake of illustration, suppose the
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A.3  Free-Space Propagation Example 765

FIGURE A.7 A satellite-relay communication link
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communication link of interest is between a synchronous-orbit relay satellite
and a low-orbit satellite or aircraft, as shown in Figure A.7. This might rep-
resent part of a relay link between a ground station and a small scientific
satellite or an aircraft. Since the ground station is high power, we assume
the ground-station-to-relay—satellite link is noiseless and focus our attention
on the link between the two satellites.

Assume a relay satellite transmitted signal power of Pr W. If radiated iso-
tropically, the power density at a distance d from the satellite is given by

Py

Po= 7 W/m’ (A.62)

If the satellite antenna has directivity, with the radiated power being
directed toward the low-orbit vehicle, the antenna can be described by an
antenna power gain Gy over the isotropic radiation level. For aperture-type
antennas with aperture area Ay large compared with the square of the trans-
mitted wavelength M2, it can be shown that the maximum gain is given by
Gr = 47rATM2. The power Py intercepted by the receiving antenna is given
by the product of the receiving aperture area A and the power density at
the aperture:
PGy

Py = pAg = ;rg-; A (A.63)

However, we may relate the receiving aperture antenna to its maximum gain

by the expression Gp = 4"7”11{/)\2 , giving

782



766 Appendix A

_ PiGG\’

(41rd)2 (A.64)

R
Equation (A.64) includes only the loss in power from isotropic spreading of
the transmitted wave. If other losses, such as atmospheric absorption, are
important, they may be included as a loss factor Ly in (A.64) to yield

A 4 P;G;G
P = (—) P1GrGy (A.65)
47d Ly

The factor (4-7l'd/)\)2 is sometimes referred to as the Jfree-space loss.*
In the calculation of received power, it is convenient to work in terms of
decibels. Taking 10 log,, P;, we obtain

10 loglo PR = 20 loglo ()\/471’(1) + 10 loglo PT
+ 10 log,o Gr + 10 log;, Gz — 10 log,o, Ly (A.66)

Now 10 log;, Py can be interpreted as the received power in decibels ref-
erenced to 1 W; it is commonly referred to as power in dBW. Similarly,
10 log,q Pris commonly referred to as the transmitted signal power in dBW.
The terms 10 log,, G; and 10 log,o Gg are the transmitter and receiver
antenna gains (above isotropic) in decibels, while the term 10 logo Ly is the
loss factor in decibels. When 10 log,o P and 10 log), Gy are taken together,
this sum is referred to as the effective radiated power in decibel watts (ERP, or
sometimes EIRP, for effective radiated power referenced to isotropic). The
negative of the first term is the free-space loss in decibels. For d = 10° mi
(1.6 X 10° m) and a frequency of 500 MHz (A = 0.6 m),

A
20 log, (m) = —210dB (A.67)

If X or d change by a factor of 10, this value changes by 20 dB. We now
make use of (A.66) and the results obtained for noise figure and temperature
to compute the signal-to-noise ratio for a typical satellite link.

EXAMPLE A7 We are given the following parameters for a relay-
satellite-to-user link:

Relay satellite effective radiated power (Gr = 35 dB; P, = 100 W): 55 dBW
Transmit frequency: 2 GHz A\ = 0.15 m)

* We take the convention here that a loss is a factor in the denominator of Pg; i.e., a loss in
dectbels is a positive quantity (a negative gain).
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A.3  Free-Space Propagation Example 767

Receiver noise temperature of user (includes noise figure of receiver and
background temperature of antenna): 700 K

User satellite antenna gain: 0 dB

Total system losses: 3 dB

Relay-user separation: 41,000 km

Find the signal-to-noise power ratio in a 50 kHz bandwidth at the user sat-

ellite receiver IF amplifier output.

SOLUTION  The received signal power is computed using (A.65) as follows
(+ and — signs in parentheses indicate whether the quantity is added or
subtracted):

Free-space loss: —20 logyq (0.15/4w X 41 X 106): 190.7 dB (—)
Effective radiated power: 55 dBW (+)

Receiver antenna gain: O dB (+)

System losses: 3 dB (—)

Received signal power: —138.7 dBW

The noise power level is calculated from (A.41a), written as
P, = GkIB (A.68)

where P,, is the receiver output noise power due to internal sources. Since
we are calculating the signal-to-noise ratio, the available gain of the receiver
does not enter the calculation because both signal and noise are multiplied
by the same gain. Hence we may set G, to unity, and the noise level is

e
Pipejasw = 10 logo |:kTo (F) B]
0

T,
=10 loglo(kro) + 10 loglo (f) + 10 loglo B
0

—204 + 10 log;x(700/290) + 10 log,,(50,000)
= —153.2 dBW (A.69)
Hence the signal-to-noise ratio at the receiver output is

SNR, = —138.7 + 153.2 = 14.5dB (A.70)

EXAMPLE A8 To interpret the result obtained in the previous example
in terms of the performance of a digital communication system, we must
convert the signal-to-noise ratio obtained to energy-per-bit-to-noise-spec-
tral density ratio E,/N, (see Chapter 7). By definition of SNR,, we have
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SNR, = A (A.71)
Ro kT,B ’
Multiplying numerator and denominator by the duration of a data bit T, we
obtain
P,T, E
SNR, = —L = b (A.72)
KT.BT,  N,BT,

where PiT; = E, and kT, = N, are the signal energy per bit and the noise
power spectral density, respectively. Thus, to obtain E,/N, from SNR,, we
calculate

Ey/No|as = (SNRg)gp + 10 log,o(BT}) (A.73)

For example, from Chapter 8, we recall that the null-to-null bandwidth of
a phase-shift keyed carrier is 2/T, Hz. Suppose the data rate in Example A.7
is 2,500 bps. Therefore, BT, for BPSK is 3 dB, and

E/Nolas = 14.5 4+ 3 = 17.5 dB (A.74)

The probability of error for a binary BPSK digital communication system was
derived in Chapter 7 as ‘

exp(—Eb/No)
P, = QUNIOEIN,) oo b0
5T (2N 2V/7E,N,

= 1.4 X 10" % for E,/N, = 17.5 dB (A.75)

which is a very small probability of error indeed. It appears that the system
may have been overdesigned. However, no margin has been included as a
safety factor. Components degrade, or the system may be operated in an
environment for which it was not intended. With only 6 dB allowed for
margin, the performance in terms of error probability becomes 5.5 X 1075,

FURTHER READING

Treatments of internal noise sources and calculations oriented toward com-
munication systems comparable to the scope and level of the presentation
here may be found in most of the books on communications referenced in
Chapters 2 and 3, for instance, Carlson (1986), Schwartz (1990), and Taub
and Schilling (1986). A concise, but thorough, treatment at an elementary
level is available in Mumford and Scheibe (1968). An in-depth treatment of
noise in solid-state devices is available in Van der Ziel (1970). A complete
treatment of noise theory and calculation principles is found in Van der Ziel
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(1954), which is the classical reference on noise, although noise character-
istics of some of the newer devices are not included since the book was
published before the invention of many of them. For discussion of satellite-
link power budgets, see Ziemer and Peterson (1992).

PROBLEMS
Section A.1

A.1 A true rms voltmeter (assumed noiseless) with an effective noise
bandwidth of 30 MHz is used to measure the noise voltage produced
by the following devices. Calculate the meter reading in each case.

(@) A 10-kQ resistor at room temperature, Ty = 290 K

(b) A 10-kQ resistor at 29 K

() A 10-k resistor at 2.9 K

(d) What happens to all of the above results if the bandwidth is
decreased by a factor of 4? a factor of 10? a factor of 100?

A.2 Given a junction diode with reverse saturation current I, = 15 uA.

(a) At room temperature (290 K), find ¥ such that I > 201, thus
allowing Equation (A.12) to be approximated by Equation (A.13).
Find the rms noise current.

(b) Repeat part (a) for T = 29 K.

A.3 (a) Obtain an expression for the mean-square noise voltage appear-
ing across R; in Figure A.8.
(b) IFR, = 2000 ©, R, = R, = 300 2, and R; = 500 £, find the
mean-square noise voltage per hertz.

A.4. Referring to the circuit of Figure A.8, consider R; to be a load resis-
tance, and find it in terms of R, R,, and Rj so that the maximum
available noise power available from Ry, R, and Rj is delivered to it.

FIGURE A.8

A, R, A,
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FIGURE A.9
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A.5.

Assuming a bandwidth of 2 Mhz, find the rms noise voltage across
the output terminals of the circuit shown in Figure A9 if it is at a
temperature of 400 K.

Section A.2

A6

A7

Obtain an expression for F and T, for the two-port resistive matching
network shown in Figure A.10, assuming a source at Ty = 290 K.

A source with equivalent noise temperature T, = 1000 K is followed
by a cascade of three amplifiers having the specifications shown in
Table A.2. Assume a bandwidth of 50 kHz.

() Find the noise figure of the cascade.

(b) Suppose amplifiers 1 and 2 are interchanged. Find the noise fig-
ure of the cascade.

(c) Find the noise temperature of the systems of parts (a) and (b).

(d) Assuming the configuration of part (a), find the required input
signal power to give an output signal-to-noise ratio of 40 dB.
Perform the same calculation for the system of part (b).

FIGURE A.10

Ay

Ry
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TABLE A.2
Amplifier No. F Te Gain
1 300K 10dB
2 6dB 30dB
3 11dB 30dB

A.8

A9

A.10

A1l

(a) An attenuator with loss L > 1 is followed by an amplifier with
noise figure F and gain G, = L. Find the noise figure of the
cascade.

(b) Consider the cascade of two identical attenuator-amplifier stages
as in part (a). Consider the noise figure of the cascade.

(c) Generalize these results to N identical attenuators and amplifiers.
How many decibels does the noise figure increase as a result of
doubling the number of attenuators and amplifiers?

Given a cascade of a preamplifier, mixer, and amplifier with the spec-
ifications shown in Table A.3.

(2) Find the minimum gain of the preamplifier such that the overall
noise figure of the cascade is 5 dB or greater.

(b) The preamplifier is fed by an antenna with noise temperature of
300 K (this is the temperature of the earth viewed from space).
Find the temperature of the overall system using a preamplifier
gain of 15 dB; for the preamplifier gain found in part (a).

(c) Find the noise power at the amplifier output for the two cases of
part (b).

(d) Repeat part (b) except now assume that a transmission line with
loss of 2 dB connects the antenna to the preamplifier.

An antenna with temperature of 300 K is fed into a receiver with
total gain of 80 dB, T, = 1500 K, and a bandwidth of 3 MHz.

(a) Find the available noise power at the output of the receiver.
(b) Find the necessary signal power P, in dBm at the antenna termi-
nals such that the output signal-to-noise ratio is 50 dB.

Referring to (A.3 5) and the accompanying discussion, suppose that
two calibrated noise sources have effective temperatures of 600 K
and 300 K. (a) Obtain the noise temperature of an amplifier with
these noise sources used as inputs in turn if the difference in atten-
uator settings to get the same power meter reading at the amplifier’s

788



772 Appendix A
TABLE A3
Noise Figure, dB Gain, dB Bandwidth
Preamplifier 2 ? 4
Mixer 8 1.5
Amplifier 5 30 10 MHz
* The bandwidth of this stage is much greater than the amplifier
bandwidth.
output is 1 dB; 1.5 dB; 2 dB. (b) Obtain the corresponding noise
figures.
Section A.3
A.12  Given a relay-user link as described in Section A.3 with the following

parameters:

Average transmit power of relay satellite: 35 dBW

Transmit frequency: 7.7 GHz

Effective antenna aperture of relay satellite: 1 m’

Noise temperature of user receiver (including antenna): 1000 K
Antenna gain of user: 6 dB

Total system losses: 5 dB

System bandwidth: 1 MHz

Relay-user separation: 41,000 km

(a) Find the received signal power level at the user in dBW.

(b) Find the receiver noise level in dBW.

(c) Compute the signal-to-noise ratio at the receiver in decibels.

(d)*Find the average probability of error for the following digital sig-
naling methods: (1) BPSK, (2) binary DPSK, (3) binary noncoher-
ent FSK, (4) QPSK.

* This part of the problem requires results from Chapters 7 and 8.
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JOINTLY GAUSSIAN RANDOM VARIABLES

B.1 JOINT pdf AND CHARACTERISTIC FUNCTION

The joint probability density function of N jointly Gaussian random variables

is*
fxx) = @m) | det C| " exp[—3x — m)C '(x — m)] (B.)

where x and m are column matrices defined as

Xy m,
x m

X = 2 and m = = (B.2)
XN my

respectively, and C is the positive definite matrix of correlation coefficients

with elements

— E[(X; — mi)(Xi — mj)_]

ox0Oy,

. (B.3)

The joint characteristic function of the Gaussian random variables X;, X,
RN ¢¥5
My(v) = exp [ jm'v — %VICV] (B.4)

From the power-series expansion of (B.4), it follows that for any four zero-

mean Gaussian random variables,
E(X,X,X3X,) = E(XX)E(X3X)) + E(X\X3)E(X,Xy)
+ E(X1X,)E(X,X5) (B.5)

This is a rule that is useful enough to be worth memorizing.

* See C. W. Helstrom, Probability and Stochastic Processes for Engineers (New York: Macmillan,
1984), p. 208.
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B.2 LINEAR TRANSFORMATIONS OF GAUSSIAN
RANDOM VARIABLES

If a set of jointly Gaussian random variables is transformed to a new set of
random variables by a linear transformation, the resulting random variables
are jointly Gaussian. To show this, consider the linear transformation

y = Ax (B.6)

where y and x are column matrices of dimension N and A is a nonsingular
N X N square matrix with elements [a;]. From (B.6), the Jacobian is

J (Xl, Xy o0 ,XN> — det (A—l) (B_7)
1Yo - oo 5 YN

where A~ is the inverse matrix of A. But det (A—l) = 1/det(A). Using this
in (B.1), along with
—1

x=Ay (B.8)
gives
fry) = @MV |det €| T"?|det A| !
X expl[—3A""y — m)C'A7'y — m)] (B.9)
Now det A = det Aand AA™' = T, the identity matrix, so that (B.9) can

be written as
&) = @MV |det ACA'| T
X exp {—3[A7(y — Am)[C'[A™ 'y — Am)]} (B.10)
But the equalities (AB)' = B‘A‘ and (A_I)t = (Ar)_l allow the term inside
the braces in (B.10) to be written as
—3lly — Am)'a)7'cT'A Ty — Am)]

|

Finally, the equality (AB)”' = B~ 'A ™! allows the above term to be rear-

ranged to
—3lly — Am)(ACA) "¢y —Am))]
Thus (B.10) becomes

fry) = 2m) V?|det ACA"| X exp {—3(y — Am)ACAY '(y — Am))
(B.11)

We recognize this as a joint Gaussian density function for a random vector
Y with mean vector E[Y] = Am and covariance matrix ACA".
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MATHEMATICAL AND NUMERICAL TABLES

This Appendix contains several tables pertinent to the material contained in
this book. The tables are as follows:

C.1 Fourier Transform Pairs

C.2 Fourier Transform Theorems
C.3 ' Trigonometric Identities

C.4 Series Expansions

C.5 Definite Integrals

C.6 The Q-Function
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.1 Fourier Transform Pairs

Appendix C

Sidne! Transform
A
sinwfr , .
—7/2 0l 1/2 t 2 At/ Ar =hx = Ar sinc fr
8
/\ B sin2 7|'f1' N B Sinczf
-7 0 L & BAlt/) T (W—mr T r
e—afu(t) 1
a + j2xf
exp (— |t} /7) 2,
1+ (27rf‘r)2
exp [—(t/7)}] T exp [—n{ fr)]
172w
sin 27 Wt
o 2 II{f/aw)
on Wi sinc 2 Wt L - L, . g

exp [ (wet + ¢)]

cos (w l + ¢)

&(t — to)

D t—mT

m=—aoo

_J+1, t>0

1, t>0
ut) = [0 t<0

x(0

exp (jo)o( f — f), wo = 2xf,

(f— 1) exp (jg) + 3( f + ;) exp (—jo)

exp (—j 2w fty)

1
1 —
30( ) +j21rf

—/sgn (F)X(1)
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Mathematical and Numerical Tables

C.2 Fourier Transform Theorems

777

Name of Theorem Signal® Fourier Transform
1. Superposition  ax(f) + axx(i) aXy( f) + a Xy( )
2. Time delay x(t — &) X(f)e "
3a. Scalechange  x(at) |al ~'X(f/a)
b. Time reversal  x(—1{) X(—f) = X(f)
4. Duality X x(—f)
5a. Frequency x(f)e ! X(f— fo), wp = 2rfy
translation
b. Modulation x(f) cos wpt X(f— fo) + %X( f+ fo)

6. Differentiation

7. Integration

8. Convolution

9. Multiplication

d"x(1)
at”

f:m x(t)at

= f 3 xi(¥)xq(t — t)at

Xy(H)x5(1)

fw xi(t — P)x(t)at

(j2xf)'X(f)
(j2rf) "X f) + 3X(0)( £)

X( )Xo f)

f_w X f— F)X( F) df -

= f:o Xy )Xol F— ) af

*All signals are assumed to be real.
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C.3 Trigonometric Identities

Euler's theorem: e* = cos u + jsin u
cos u = Ye" + o= #)

sinu = (e — e~ My2;

sin u + cos? u = 1

cos® u — sin® u = cos 2u

2sin vcos v = sin 2u

cos® u = Y1 + cos 2)

sin? u = J(1 — cos 2u)

cos” u = [ZZ( )cos 2(n — ku + (2’7)]/22”
[ ( )cos 2n — 2k — 1)u] / 222

sin® y = [k 0( 1"~k (2n> cos 2(n — Ku + (2’7”/22"
[%; ey (2”k )sin @n — 2k — 1)u}/22"_2

ny _ nl
k] = (n— Kkl

sin (v * v) = sin ucos v + cos usin v
cos{uzx v)=cosucos v F sinusiny

where

sin usin v = 3 [cos (v — v) — cos (u + V)]
C0S U cos v = 3 [c0s (U — V) + cos (u + V)]
sin ucos v = 3 [sin (v — v) + sin (v + ¥)]
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C.4 Series Expansions

k=0

Letting v = 1and v = x, where | x| < 1, results in the following approximations:

(1+x"=14+n
0+ x0"P=1+3
A+x"=1-m

N+ )= > (—1""uk
k=1

log, U = log, ulog , 6;l0ge u = In v = log, U log, @

(=]

e'=> K=1+u |u <1
k=0

au= eu|na

sinu=> (-1 Rk+ 1) =u— F3, o) <
k=0

o
cosu= (—uen =1— 2, |ul <1
k=0
fanu=u+ild+ES+ -
sntu=u+idlt+5S+ -
tantu=u—3t+3df -

1 — (@u?f3! + (@uysl — - -

sinc U =

n 2 4
B 2 —]
2"nl 2n+1)  2:2%n+1)n+2

Jlu) = 2 o ow
1Sk _Im T usd
WUcos(u 5 2) u>
2 4
1+%+#+---5e"2’4, 0=<u<x1
blu) =

¢’ _ u>
Venu
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C.5 Definite Integrals

oy _ . =@n
J; T+ 2% sn(man: "> Mm>0

fo e dx=Ta) a>0

where
Lo + 1) = al(a)
() = ;0 = V=

L(n) = (n — 1) if nis an integer

= - 1-3:5...2n—1
f e ax? dx = 2n+-1;n )

W a
j; e *cos bxdx = ——; Z1 o a=>0

b
&+ b’
Vr e—b2/4a2

f e cosbxdx— d a>0
0 2a

oy

J; e ™ sin bx dx = —— a>0

j;x Cco8 bx dx = 1(,a)°°sz7""" 0<a<i1, b>0
J; X ‘snnbxdx—rt()f) in § 0<|al <1, b>0

® e =1 —tPua
foxe I (bx) dx 2ae

o0
f smcxdx—f sinczxdx=%
0

cosax T w
f ax 2be , a=>0,b>0
f ge_a", a>0b>0
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C.6 The Q-Function®

The Gaussian probability density function of unit variance and zero mean is

—x112
Z(x) = —— (C.1)

Vo

and the Corresponding cumulative distribution function is

Px) = f Z(t)dt (C.2)

The Q-function is defined ast

o]

Q) =1 — P(x) = f Z(®dt, x = 0 (C.3)

X

An asymptotic expansion for Q(x) valid for large x is

Z(x 1 1-3
Q,(x)=—i—)|:1——2+—4——"

PG VAL R i Rl

2n
X

] + R, (C4)

where the remainder is given by

i(?z dt (C.5)

t

R = (—1y*"1:3--- @20+ 1)f

which is less in absolute value than the first neglected term. For x = 3, less
than 10% error results if only the first term in (C.4) is used to approximate
the Q-function. :

For moderate values of x, several rational approximations are available.

One such approximation is
Q(x) = Zx)(bit + byt” + byt + byt + byt + €x) (C.6)

where

g = (C.7)

* The information given in this appendix is extracted from M. Abramowitz and I. Stegun,
Handbook of Mathematical Functions, New York: Dover, 1972 (Originally published in
1964 as part of the National Bureau of Standards Applied Mathematics Series 55).

t Forx<0,Qx =1— Q(|x]).
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The error term is bounded by |e(x)| << 7.5 X 107% and the constants are
given by

p = 0.2316419
b, = 0.319381530 b, = —0.356563782 by = 1.781477937
b, = —1.821255978 by = 1.330274429

The error function can be related to the Q-function by
2 y
erf(x) AT f et =1— 20(V/2x (C.8)
T Jo

The complementary error function is erfc(x) = 1 — erf(x), and can be
approximated similarly to the Q-function as in (C.4) and (C.6). These
approximations will not be given here.

A short table of values for Q(x) and Z(x) follows. Extensive tables of
P(x), Q(x), and Z(x) and its derivatives can be found in Abramowitz and Ste-
gun (1972).

X QX 2% x Qx) 2%
0.0 0.50000 0.39894 22 0.01390 0.03547
0.1 0.46017 0.39695 23 0.01072 0.02833
0.2 0.42074 0.39104 24 0.00820 0.02239
0.3 0.38209 0.38138 25 0.00621 0.01753
0.4 0.34458 0.36827 26 0.00466 0.01358
0.5 0.30854 0.35206 27 0.00347 0.01042
0.6 0.27425 0.33322 2.8 0.00256 0.00792
0.7 0.24196 0.31225 2.9 0.00187 0.00595
0.8 0.21186 0.28969 3.0 0.00135 0.00443
0.9 0.18406 0.26608 3.1 0.00097 0.00327
1.0 0.15866 0.24197 3.2 0.00069 0.00238
1.1 0.13567 0.21785 3.3 0.00048 0.00172
12 0.11507 0.19419 3.4 0.00035 0.00123
1.3 0.09680 0.17137 35 0.00023 0.00087
1.4 0.08076 0.14973 36 0.00016 0.00061
15 0.06681 0.12952 37 0.00011 0.00042
1.6 0.05480 0.11092 3.8 7.24 X 0.00029
1.7 0.04457 0.09405 107°
1.8 0.03593 0.07895 3.9 4.81 X 0.00020
1.9 0.02872 0.06562 1078
2.0 0.02275 0.05399 4.0 317 X 0.00013
2.1 0.01786 0.04398 10°°
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Absorption region, 11-13
Adaptive delta modulation, 227
Adaptive equalization, 511
Adaptive filter, 17
Adjacent channel interference, 562
Administrative Radio Conference, 8
Advanced Technology Satellite, 13
Aljasing, 92
Alphabet, 685
Amplitude density spectrum, 46
Amplitude distortion, 75
Amplitude modulation (AM)
coherent detection, 139
defined, 139-146
detection gain, 401-402
effect of interference on, 192-195
effect of noise on, 401-408
efficiency, 142
envelope detection of, 139
index, 139
optimal performance of, 725
square law detection of, 405408
Amplitude response function, 70
Amplitude-shift keying (ASK), 230,
454, 476
Amplitude spectrum, 40, 45
Analog baseband system, 395-396
Analog pulse modulation, 216-231,
433-435
Analog-to-digital conversion (see also
Pulse-code modulation), 439,
453
Analytic signals, 98
Angle modulation (see also Frequency
modulation)
bandwidth of signal, 178183
demodulation of, 185-191, 201-
215
deviation ratio, 179
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effect of noise on, 414—424
frequency deviation, 166
frequency deviation constant, 166
index, 172
interference in, 195-201
narrowband modulation, 167-171
narrowband-to-wideband
conversion, 170, 183-185
phase deviation, 166
phase deviation constant, 166
power in signal, 178
spectrum with sinusoidal signal,
171-177
Antenna coverage, 5 82-584
Antenna gain, 765
Antipodal signals, 471
Aperiodic correlation, 570
Aperiodic signal, 22
A posteriori probability, 17, 614
Apparent carrier, 537
Arithmetical average, 292
Asynchronous system, 454
Atmospheric attenuation, 12
Atmospheric noise, 6
Attenuator noise, 763
Autocorrelation function
deterministic signals, 63
properties, 64, 348-349
random signals, 340, 344
Automatic gain control (AGC), 401
Available power, 752
Available power gain, 757
Average information, 669
Average power, 28

Balanced discriminator, 191
Bandlimited channels, 491-497
Bandlimited white noise, 349
Bandpass limiter, 187
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Bandpass signals, 99-102
Bandpass systems, 102-104
Bandwidth
bit-rate, 459
efficiency, 482, 555-562
efficient modulation, 726-732
expansion factor, 724
limited operation, 693
noise-equivalent, 360-362, 654
relation to risetime, 87
Barker sequence, 570, 600
Baseband data transmission, 45 5-461,
495
Basis set
complete, 32
orthonormal, 31, 622
Basis vector, 615
Baud rate, 529
Bayes detection, 604-613
Bayes estimation, 641-643
Bayes optimization, 603-615
Bayes’ rule, 267, 274
Bent-pipe system, 580, 587-591
Bessel filter, 82-85
Bessel functions, table of, 174
Bessel polynomial, 85
BIBO stability, 68
Binary digit, 455
Binary random waveform, 351
Binary system, 454
Binary unit, 668
Binit, 455
Binomial coefficient, 307
Binomial distribution, 306-312
Binomial theorem, 308
Biphase-shift keying (BPSK), 477-480
Bit, 455
Bit-rate bandwidth, 459
Bit synchronization, 564-565
Boltzmann’s constant, 747
Broadcast service, 580
Burst-error-correcting code, 720
Butterworth filter, 82-85, 127, 361,
386

Carrier frequency, 135
Carrier nulls, 175
Carrier synchronization, 562—565
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Carson’s rule, 179, 184, 415
Causal system, 68-69
Cellular mobile radio, 8
Central-limit theorem, 305, 312
Channel
bandlimited, 491-497
binary erasure, 721, 737
binary symmetric, 678-681
capacity, 18, 675-681
characteristics, 5~15
continuous, 690
electromagnetic wave, 7,9, 13
fading, 7, 489, 637, 640
feedback, 721
matrix, 672
measurement, 357
memoryless, 671
multipath, 497-507
noiseless, 677
optical, 14
representation of, 671-673
satellite, 580-594, 673-674
slowly fading, 637
transition probability, 671
transmission, 7-15
types of, 7
Channel capacity
binary symmetric channel, 678
continuous channel, 690-693
defined, 675
noiseless channel, 677
Character, 529
Characteristic function, 301
Charge-transfer device, 508
Chebyshev filter, 82-85, 127
Chebyshev inequality, 316
Chebyshev polynomial, 83
Chip period, 572
Clock, 454
Code synchronization, 578—580
Coding
definitions
alphabet, 685
block codes, 685, 693
eﬁiciency, 685
error vector, 699
generator matrix, 700
Hamming distance, 694
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Coding (cont.)
Hamming weight, 694
instantaneous codes, 685
nonblock codes, 685
noninstantaneous codes, 685
Parity-check symbol, 685
syndrome, 699
systematic code, 698
word length, 685
for error control
BCH codes, 744
block codes, 693
burst-error correcting codes,
720-721
code rate, 696
convolutional codes, 713-720
cyclic codes, 703-704
group codes, 701
Hamming codes, 702
interleaved codes, 721
linear codes, 701
repetition codes, 696-697, 708
single parity-check codes, 695-
696
structure of parity-check codes,
697-701
trellis-coded modulation, 726—
732
Viterbi decoding (Viterbi
algorithm), 714-720, 729
source encoding
described, 681-686
Huffman, 688-690
Shannon-Fano, 688
Coherence, 63
Coherent demodulation, 138
Coherent digital system, 454
Command system, 580
Communication system, 4
Communication theory, 16
Commutator, 236
Companding, 438-440
Compound event, 265
Complex envelope, 99-104
Compressor, 440
Conditional entropy, 674-675
Conditional mean, 642
Conditional probability, 266
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Conditional probability density, 283

Conditional risk, 645

Consistent estimate, 648

Constraint span, 713, 731

Continuous-phase modulation (CPM),
726

CONUS, 583

Convolution, 48-50

Convolutional code, 713-720

Convolution theorem, 53

Correlation, 62

Correlation coefficient, 305, 470

Correlation detection, 455, 471

Correlation functions, 344-354

Correlation receiver, 471-472

Cost of making a decision, 606

Costas phase-lock loop

for carrier synchronization, 563
demodulation of DSB, 139, 215—

216

Courier satellite, 580

Covariance, 305

Cramer-Rao inequality, 648

Cross-correlation function, 352-
354

Cross-power, 353

Cross-power spectral density, 35 2—
354

Crosstalk, 586

Cumulative distribution function,
275-277

Cycle-slipping phenomenon, 211

Cyclic codes, 703-704

Data transmission
baseband, 455-461
with modulation, 462-491, 529-
556
Data vector, 627
Decimation in time, 107
Decision feedback, 721
Decision rule, 630
Decoder, 453
Deempbhasis (see Preemphasis)
Delay distortion, 75
Delta modulation, 224-228
Demod/remod system, 580
Demodulation phase errors, 412-414
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Detection, statistical
Bayes detection, 603, 604-613
maximum a posteriori detection,
613-614
minimum probability of error
detection, 613
Neyman-Pearson detection, 613
Detection gain
in AM, 401-405
defined, 397
in DSB, 397
optimal, 723-726
in SSB, 400
Differential encoding, 482
Differential phase-shift keying (DPSK),
482-487
Differentiation theorem, 52
Digital modulation
amplitude-shift keying (ASK), 476
biphase-shift keying (BPSK), 476~
480
differential phase-shift keying
(DPSK), 482-487
frequency-shift keying (FSK), 480—
482, 487-489, 633-640
minimum-shift keying (MSK), 530,
535-540
offset quadriphase-shift keying
(OQPSK), 530, 534-535
phase-shift keying (PSK), 476-478
quadriphase-shift keying (QPSK),
530, 543-545, 625
staggered QPSK, 535
Digital pulse modulation, 223-231
Digital telephone system, 237-238
Digital-to~analog conversion, 439,
453
Dimensionality theorem, 623-625
Diode bridge, 160
Direct sequence (DS) spread-
spectrum, 572-577
Dirichlet conditions, 34, 43
Discrete Fourier transform, 104107
Discriminator, 185, 191
Distortion
amplitude, 75
harmonic, 79, 123, 407
intermodulation, 79, 238
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nonlinear, 75, 78~80
phase (delay), 75
Distortionless transmission, 75
Diversity transmission, 506-507, 640
Dot product, 615
Double-sideband modulation (DSB)
coherent demodulation of, 136
defined, 135-139
detection gain, 397
effect of interference on, 192-195
effect of noise on, 396-398, 408-
412
optimal performance of, 725
Duality theorem, 51

Earth stations, 584-587
Echo I, 580
Effective carrier, 194
Effective noise temperature, 760
Effective radiated power, 766
Efficient estimate, 648
Electromagnetic spectrum, 10-11
Electromagnetic-wave propagation
channels, 7-13
Encoder, 453, 681-690, 693-732
Energy, 28
Energy per bit, 459
Energy spectral density, 47
Ensemble, 336, 340
Entropy, 669-671
Envelope, 82, 88, 98
Envelope detection
of AM signals in noise, 139, 403-
405
of FSK signals, 487-489
Envelope-phase representation of
noise, 362-370
Equalization
adaptive, 17, 511
decision-directed, 511
filter, 217, 503, 507
minimum mean-square error, 510~
511
transversal implementation, 507
zero-forcing, 508-509
Equivalence operation, 483
Equivalent noise temperature, 759
Equivocation, 675
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Ergodic process, 336, 340, 343
Error correcting codes (see Coding)
Frror-detection feedback, 721
Error function, 316
Error probability (see specific system)
Estimation
applications
estimation of signal phase, 651-
654
pulse amplitude modulation,
649-650
based on multiple observations,
645-647
Bayes, 603, 641-643
conditional mean, 642
conditional risk, 642
cost function, 641, 643
Cramer-Rao inequality, 648
efficient, 648
likelihood equations, 644
likelihood function, 644, 652
maximum a posteriori (MAP), 643
maximum likelihood, 643645,
648
multiple observations, 645-647
rule, 641
theory, 640-654
unbiased, 648
Euler’s theorem, 22, 45
Event, 263
Excess phase, 538
Expander, 440
Expectation, 292
Extended source, 682, 686-687

Fading, 7, 489, 637, 640
False alarm, 608
Fast Fourier transform, 104-107
Fast frequency-shift keying (FFSK),
538
Fast hop, 577
Federal Communications Commission
(FCC), 8
Feedback channels, 721
Feedback demodulators
Costas phase-lock loop, 215-216
frequency compressive feedback,
214-215
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phase-lock loop, 20 1-215, 651-
654

Filter

Bessel, 82-85

Butterworth, 82—-85, 361, 386
Chebyshev, 82-85
deemsphasis, 200

equalization, 217, 503

ideal, 80-85, 127
intermediate-frequency, 163, 240
inverse, 507

matched, 455, 465-473
postdetection, 138
predetection, 240
preemphasis, 200

radio frequency, 163
reconstruction, 92

surface acoustic wave, 508
transversal, 507

whitening, 474

Filtered Gaussian process, 357-360
Fixed-point service, 5 80

Fixed system, 66

Flat-top sampler, 128

Fourier coefficients, 32, 35-37, 619—

621

Fourier series, 33—-43

complex exponential, 33—-37
generalized, 29-33
symmetry properties, 35-37
trigonometric, 37

Fourier transforms, 43-62

amplitude and phase spectra, 45
defined, 43-45

discrete, 104-107

fast, 107

inverse, 45

periodic signals, 59-61
symmetry properties, 46

table of, 776

theorems, 50-54, 777

Free distance, 729

Free-space loss, 766

Free-space propagation, 764-768
Frequency bands, 10

Frequency compressive feedback

demodulation of FM, 214-215
for threshold extension, 430-432
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Frequency deviation, 166
Frequency diversity, 507
Frequency divider, 211-214
Frequency division multiplexing,
231-232
Frequency hopped (FH) spread-
spectrum, 577-578
Frequency modulation, 166-191 .
195-215
bandwidth of signal, 178-182
Carson’s rule, 179
deemphasis in, 200
demodulation of
noiseless, 185-191, 201-215
in the presence of noise, 414—
424
deviation constant, 166
deviation ratio, 179
discriminator, 185
effect of interference on, 195-201
effect of noise on, 421
index, 172
indirect, 184
narrowband modulation, 167-171
narrowband-to-wideband
conversion, 183—-185
optimal performance of, 725
power in signal, 178
preemphasis in, 200
spectrum with sinusoidal
modulation, 171-177
stereophonic broadcasting, 232-
234
threshold effects, 424-432
Frequency multiplier, 211-214
Frequency reuse, 582
Frequency-shift keying (FSK), 480-
482, 487-489
coherent, 480-482
M-ary, 551
noncoherent, 487-489
Frequency translation, 162-165
Frequency translation theorem,
52
Friis’ formula, 761
Fundamental period, 22
Fundamental term, 37
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Fundamental theorem of information
theory, 690

Gaussian distribution, 290, 305, 312,
773-774

Gaussian process, 338, 357-360

Gaussian pulse, 128

Generalized Fourier series, 29-33

Generator matrix, 700

Geometric distribution, 311

Geostationary satellite, 582

Global positioning system, 570

Gram-Schmidt procedure, 621-623

Gray code, 552

Ground-wave propagation, 8

Group codes, 701

Group delay, 75

Guard band, 231

Guard time, 586

Guided electromagnetic-wave J
channels, 13

Hadamard matrix, 570
Halfwave symmetry, 36
Hamming codes, 702
Hamming distance, 694
Hamming weight, 694
Harmonic term, 37
Harmonic distortion, 79, 127, 407
Hartley, 668
Hermite functions, 621
High-side tuning, 164
Hilbert transforms, 94—-104
analytic signals, 98
defined, 94-96
properties, 96
use of, 147
History of communications, 3
Huffman code, 688—690
Hybrid spread spectrum, 595

Ideal filters, 80-85

Ideal sampling waveform, 57, 90
Ignition noise, 6

Image frequency, 163

Impulse function, 25

Impulse noise, 6
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Impulse response
ideal filters, 81-83
of linear system, 66
Indirect frequency modulation, 184
Information, 668
Information age, 1
Information feedback, 721
Information rate, 704
Information theory, 2, 17, 667
Inphase component, 102
Instantaneous sampling, 90-94
Integrals (table of), 780
Integral—squared error, 31
Integrate-and-dump detector, 455,
457
Integrated circuit IF amplifier, 756
Integration theorem, 52
Intelsat VI, 580
Interference
adjacent channel, 562
in angle modulation, 195-201
in linear modulation, 192-195
intersymbol, 474, 499, 503, 507
multipath, 497-507
radio frequency, 6
Interleaved codes, 721
Intermodulation distortion, 79, 238
International Telecommunications
Union (ITU), 8
Intersatellite communications, 581
Intersymbol interference, 474, 499,
503, 507
Ionosphere, 9
Isotropic radiation, 765

Jacobian, 290
Joint entropy, 674-675
Joint probability
cumulative distribution function,
280-286
density function, 280-286, 337
matrix, 672

Kraft inequality, 741
Kronecker delta, 31, 620, 622
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Laplace approximation, 310
Laser, 13
Legendre functions, 621
Likclihood function, 644, 652
Likelihood ratio, 608
Limiter, 187
Linear codes, 701
Linear modulation, 135-165
amplitude modulation, 139-146
double-sideband modulation, 135-
139
interference in, 192—-195
single-sideband modulation, 146—
155
vertigial-sideband modulation,
155-160
Linear systems, 65-90
amplitude response, 70
definition of, 66
distortionless transmission, 75
impulse response, 66, 88
input-output spectra, 72
phase shift function (phase
response), 70
with random input and output,
354-362
response to periodic inputs, 72-74
step response, 88
superposition integral, 66—68
time invariant, 66
transfer function, 68
Linearly independent vectors, 30
Line-of-sight propagation, 8
Line spectra, 40-43
Link analysis, 587-594
Local oscillator, 163
Loudspeaker, 5
Lower sideband, 136
Low-side tuning, 164

Manchester data format, 557
Marginal probability, 282
M-ary systems, 454, 529-556, 626,
633-640
Matched filter
correlator implementation, 471
473
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Matched filter (cont.)
derivation of, 465-469
performance of, 469-471
whitened, 474
Maximum g posterior (MAP) detection,
613-614
Maximum a posterior (MAP)
estimation, 643
Maximum q posterior (MAP) receivers,
17, 625-640, 626
Maximum likelihood estimation, 643—
645, 648
Maximum power transfer, 752
Max quantizer, 439-440
Mean-square error
in analog systems, 408-412
evaluation of, 447
Mean time to acquisition, 579
Message source, 14
Minimax detector, 614
Minimum mean-square error
equalization, 510-511
Minimum probability of error
detection, 613
Minimum-shift keying (MSK), 454,
530, 535-540
Mixing, 162-165
Mobile service, 581
Model (defined), 20
Modulation
amplitude (AM), 139-146, 401-
408
amplitude-shift keying (ASK), 476
angle (FM and PM), 135, 166-191
bandwidth and power efficient,
726-732
biphase-shift keying (BPSK), 477-
480
continuous-phase, 726
defined, 4, 134—135
delta (DM), 224-228
differential phase-shift keying
(DPSK), 482-487
double-sideband (DSB), 13, 16,
135-139, 396-398
efficiency, 142
frequency-shift keying (FSK), 480-
482, 487489, 633-640

813

Subject Index

linear, 135-165
m-ary systems, 454, 529-556, 626
minimum-shift keying (MSK), 530,
535-540
offset quadriphase-~shift keying
(OQPSK), 530, 534-535
on-off keying, 476
optimum, 723-726
phase-shift keying (PSK), 476-480
pulse-amplitude (PAM), 216-218,
433, 649-650
pulse-code (PCM), 135, 225-231,
435-438
pulse-position (PPM), 221-223,
443-435
pulse-width (PWM), 218-221,
433-435
quadraturc-amplitude-shift keying
(QASK), 548
quadrature double-sideband
(QDSB), 234-235, 408-412,
725-726
quadriphase-shift keying (QPSK),
530, 543-545, 625
single-sideband (SSB), 13, 146-155,
398-401
spread-spectrum, 570-580
staggered QPSK, 535
theory (defined), 15
trellis coded, 726-732
vestigial-sideband (VSB), 155-160
Modulation factor, 139
Modulation index
for amplitude modulation, 139
for angle modulation, 172
for phase-shift keying, 476
for pulse-position modulation, 223
for pulse-width modulation, 220
Modulation theorem, 52
Modulation theory, 15
Monostable multivibrator, 221
Multipath
data systems analysis in the
presence of, 497-507
diffuse, 7
specular, 7
two-ray model, 498
Multiple access, 584—587
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Multiple observations, 645-647
Multiplexing
frequency-division, 231-2 34
quadrature, 234-235
time-division, 135, 236-237
Multiplication theorem, 54
Mutual information, 675

Narrowband angle modulation, 167-
171
Narrowband noise model, 362-370
Narrowband-to-wideband conversion,
183-185
Nat, 669
Neyman-Pearson detection, 613
Noise
atmospheric, 6
attenuator, 763
bandlimited white, 349
colored, 473
cosmic, 6
effective temperature, 760
envelope-phase representation,
362-370
equivalent bandwidth, 360-362,
654
equivalent temperature, 759
external, 6
extraterrestrial, 6
figure, 240, 754-764
flicker, 7, 751
generation—recombination, 751
half-thermal, 751
ignition, 6
impulse, 6
internal, 6
measurement, 758—759
narrowband model, 362-370
nonwhite, 473
one-over-f, 751
quadrature-component
representation, 362-370
quantization, 436
quantum, 753
shot, 7, 750
solar, 6
sources of, 5-7, 747-754
spikes, 424-432
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switching, 6
temperature, 754-764
and figure for an attenuator, 763
and figure for cascade systems,
761
temperature-fluctuation, 751
thermal, 7, 747-749
white, 349
zero crossing, 370-377
Noiseless coding theorem, 681
Noncoherent digital system, 454
Non-return-to-zero (NRZ) data
format, 230, 557
Nonuniform quntizing, 439
Nonwhite (colored) noise, 473-474
Norm, 617
Normalized energy, 28
Normalized functions, 31
Normalized power, 28
Norton circuit, 748, 752
Null event, 263
Null-zone receiver, 721-722
Nyquist frequency, 90
Nyquist pulse-shaping criterion, 495,
508
Nyquist’s formula, 749
Nyquist’s theorem, 749

Observation space, 627
Offset quadriphase-shift keying
(OQPSK), 454, 530, 534-535
On board processing (OBP), 580,
591-594
On-off keying, 476
Operating characteristic, 610
Optical channels, 14
Optical links, 14
Optimal modulation, 723-726
Optimal threshold, 472
Order of diversity, 507
Origin encirclement, 200, 373-377
Orthogonal functions, 30, 31, 541
Orthogonal processes, 353
Orthogonal signals
to achieve Shannon’s bound, 633-
636
binary, 471
defined, 617
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Orthogonal signals (cont.)
detection of M-ary orthogonal
signals, 633-636
Orthonormal basis set, 615

Paley-Weiner criterion, 69
Parameter estimation, 604
Parametric amplifier, 756
Parity check codes, 695-701
Parseval’s theorem, 32, 38, 96, 369,
619
Partially coherent system, 475
Period, 22
Periodic signal, 22, 28, 39, 59-61
Phase delay, 75, 77
Phase deviation, 166
Phase distortion, 75
Phase errors, in coherent analog
systems, 408-414
Phase-lock loop (PLL)
as a bandpass filter, 414
for carrier synchronization, 563
Costas, 139, 563
damping factor, 210
for demodulation of FM and PM,
188
for frequency multiplication and
division, 211-214, 414
lock range, 205
natural frequency, 210
noiseless analysis, 201-214
for phase estimation, 479, 651—
654
for threshold extension, 430-432
Phase modulation (see Angle
modulation)
Phase-plane, 205, 206, 210, 211
Phase-shift function, 70
Phase-shift keying (PSK), 230, 454,
476-480
Phase spectrum, 40, 45
Phase trellis, 538
Phasor signal, 22
Photodiode, 14
Pilot clock, 564
Pilot signal, 412
Planck’s constant, 753
Poisson approximation, 310
Poisson distribution, 310
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Poisson impulse noise, 376
Poisson point process, 377
Poisson’'sum formula, 61
Polarization diversity, 507
Postdetection filter, 396, 409, 723
Power, 28
Power-efficient modulation, 726
Power gain, 757
Power limited operation, 692
Power margin, 489
Power signal, 28
Power spectral density
deterministic signals, 62
random signals, 344—354
Preamble, 586
Predetection filter, 396, 409, 723
Preemphasis and deemphasis
to combat interference, 200-201
to combat noise, 423-424
Prefix, 566
Probability
axioms of, 263-265
classical (equally likely) definition,
261-262
relative frequency definition, 262
263
Probability density functions
binomial, 306-310, 321
Cauchy, 330
chi-square, 330
conditional, 283
defined, 278-280
Gaussian, 305, 312, 321
geometric, 311, 321
hyperbolic, 321
joint, 280-286
jointly Gaussian, 290, 313, 773—
774
Laplacian, 321, 332
lognormal, 321
marginal, 282
Nakagami-m, 321
one-sided exponential, 321
Poisson, 311, 321
Rayleigh, 291, 321
Rice-Nakagami (Rician), 390
sum of independent random
variables, 302
uniform, 291, 299, 321
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Probability (cumulative) distribution
functions
defined, 275-277
joint, 280-286
marginal, 282
properties, 276
Processing gain, 576
Propagation modes, 8
Pseudo-noise (PN) sequences, 566—
570
Pulsars, 6
Pulse-amplitude modulation (PAM),
216-218, 433, 649-650
Pulse-code modulation (PCM), 135,
435-438, 453
Pulse-position modulation (PPM),
221-223, 433-435
Pulse resolution, 85
Pulse-width modulation (PWM), 218-
221, 433-435
Puncturing, 732

Q-function, 315, 781 -782
Quadrature-amplitude-shift keying
(QASK), 548
Quadrature-component representation
of noise, 362-370
Quadrature-component representation
of signals, 99-102
Quadrature double-sideband
modulation (QDSB)
definition of, 234-235
effects of noise on, 408412
optimal performance of, 725-726
Quadrature multiplexing, 234-235,
529-534
Quadrature signals, 93, 102
Quadriphase-shift keying (QPSK), 454,
530, 543-554, 625
Quadriphase systems, 529-540, 543-
545
Quantization, 229, 434, 436
Quantum noise, 753
Quasars, 6
Quasi-steady-state approximation,
256

Radio frequency interference, 6
Radio stars, 6
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Rainfall, 12
Raised cosine spectra, 492
Random process

ensemble, 336

ensemble average, 340

ergodic, 336, 340

Gaussian, 338, 357-360

orthogonal, 353

relative frequency description,

334-336

sample function, 336

stationary, 338

time average, 340

wide-sense stationary, 338
Random signal, 21
Random telegraph waveform, 343
Random variable

averages of (see Statistical averages)

continuous, 275

definition of, 275

discrete, 275

transformation of, 287-291, 774
Random waveform, 334
Ranging, 580
Rayleigh’s energy theorem, 48
Receiver, 2, 5, 16
Receiver imperfections, 474
Receiver operating characteristic, 610
Receiver structure, 462—-475
Reconstruction filter, 92
Rectangular window function, 105
Reliability, 272
Remote sensing, 2
Repetition code, 696, 708
Return-to-zero (RZ) data format, 557
Rice-Nakagami (Rician) pdf, 390
Ring around, 580
Risetime, 87
Rotating phasor, 22

Sallen-Key circuit, 123
Sample function, 336
Sample mean, 646
Sample space, 263-265
Sampling
bandpass signals, 93-94
lowpass signals, 90-93, 623
Satellite communications, 580-594,
765
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Scalar product, 615, 616-617, 619
621
Scale-change theorem, 51
Schottky’s theorem, 750
Schwarz inequality, 466, 618
Score satellite, 580
Second harmonic, 37
Selectivity, 163
Self-synchronization, 564
Sensitivity, 163
Series expansions, 779
Series modulator, 162
Set partitioning, 727
Shannon-Fano codes, 688
Shannon-Hartley law, 690, 723
Shannon’s first theorem (noiseless
coding), 681-690
Shannon’s theorem, 18, 690
Shift register, 566—570, 703
Shot noise, 750
Shunt modulator, 160
Sifting property, 25
Signal
analog, 2
antipodal, 471
aperiodic, 22
classifications, 27-29
defined, 20
detection, 603
deterministic, 20
digital, 2
dimensionality, 623-625
energy, 28
message, 2
models, 20-27
periodic, 22, 29
phasor, 22
power, 28
random, 21
space, 30, 543-545, 615, 616,
625, 632
sinusoidal, 22
Signal-to-noise ratio (SNR)
in AM, 401-405
in baseband systems, 395, 460
in DSB, 396-398
in FM, 414-424
in PAM, 433
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in PCM, 435-438
in PM, 414-424
in PPM, 433-435
in PWN, 433-435
in quantizing, 436, 439
in SSB, 398-401
Signum function, 94
Sinc function, 38
Sine-integral function, 90, 624
Single-sideband modulation (SSB)
carrier reinsertion, 151
coherent demodulation of, 151
defined, 146-155
detection gain, 400
effect of noise on, 398-401, 408
optimal performance of, 724
phase-shift modulation, 149
Singularity functions
impulse function, 25
rectangular pulse function, 21
unit step, 25
Sinusoidal signal, 22
Skip-wave propagation, 8
Slope overload, 225
Slot, 586
Slow hop, 577
Soft decision metric, 729
Source encoding, 681-690
Source extension, 682, 686688
Spectrum
amplitude, 23, 40, 45
double-sided, 23, 40-41
line, 23, 40-43
magnitude, 40
phase, 23, 40, 45
single-sided, 23, 41-43
symmetry of, 23, 40—43, 46
Spherics, 6
Spike noise, 424-432
Spin-stabilized satellite, 581
Split-phase data format, 557, 569
Spot noise figure, 757
Spreading code, 572
Spread-spectrum modulation, 570—
580
Squared-error cost function, 641
Square-law detectors, 405-408
Squaring loop, 563



Subject Index

Square-well cost function, 646
Stability, 68
Staggered QPSK, 535
Standard deviation, 298
Standard temperature, 755
State diagram, 716-717
Static (spherics), 6
Stationary process, 338
Statistical averages
autocorrelation function, 340,
344
average of a sum, 299
characteristic function, 301, 773-
774
of continuous random variables,
293
correlation coefficient, 305
covariance, 305
of discrete random variables, 292
of functions of a random variable,
294
joint moments, 297
mean, 294
nth moment, 297
standard deviation, 298
variance, 298
variance of a sum, 300-301
Statistical independence, 267, 282
Statistical irregularity, 336
Step function, 25
Stereophonic broadcasting, 232-234
Stochastic process, 336
Subcarrier, 231
Sufficient statistic, 632-633
Superheterodyne receiver, 163, 754,
756
Superposition integral, 66
Superposition theorem, 50
Suppressed carrier, 139
Surface acoustic wave filter, 508
Survivor, 719
Switching modulator, 160-162
Switching noise, 6
Symbol, 529
Symmetry properties
Fourier coefficients, 35-37
Fourier transform, 46
of transfer function, 70

818

801

Synchronous data transmission, 462—
475
Synchronous dcmodulation, 183, 455
Synchronous system, 454
Synchronization
bit, 564565
carrier, 562—-564
code, 578-580
errors, 474
network, 587
word, 565-566
Syndrome, 699
System
baseband, 395, 495
BIBO stable, 68
causal, 68—69
defined, 1, 20
distortionless, 75, 447
fixed, 66
gain, 447
identification, 357
linear, 65-90
time delay, 447
time-invariant, 66
transfer function, 68

Tapped delay-line, 507
Telephone, 237238
Television, 158—-160
Telemetry, 580
Thermal noise, 747-749
Thevenin circuit, 748, 752, 756
Three-axis stabilized, 582
Threshold effect
in AM systems, 404
in FM systems, 194, 418, 424-432
in linear envelope detection, 403-
405
in PCM systems, 438-439
in square-law detection, 405-408
Threshold extension, 430—432
Threshold of test, 608
Threshold region, 405
Time average, 35-36
Time average autocorrelation, 340
341
Time-delay theorem, 50
Time diversity, 507
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Time-division multiplexing, 135

Time-invariant system, 66

Timing error, 517

Total harmonic distortion, 127

Trans-Atlantic cable, 14

Transducer, 2, 5

Transfer function, 68

Transform theorems, 50-54

Transinformation, 675

Transition probability, 671

Transmitter, 2, 4

Trans-Pacific cable, 14

Transversal filter, 507

Traveling wave tube amplifier, 756

Tree diagram, 270

Trellis-coded modulation (TCM),
726-732

Trellis diagram, 538

Triangle inequality, 617, 619

Trigonometric identities, 778

Tunnel diode amplifier, 756

Unbiased estimate, 648

Uncertainty, 1

Uniform sampling theorem
for bandpass signals, 93-94
for lowpass signals, 90-93

Upper sideband, 136

Variance, 298
Vector observation, 615
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