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Exercise 9. 1f hy(x,») = x/2, hy(x, y)=y[2,and g is

—
b
—

(surrounded by 0's), construct £, using both alternatives (2a) and (2b). Note
that in the second case, f has more than just the two gray levels 0 and 1.

Exercise 10. 1£h, (x, y) = (x— )2, ha(x, 9) = (x+)/y/2 (i-e., the trans-
formation is a 45° rotation), and g is

{110011

(surrounded by 0's), construct f. What if g is

1
1

1

Note that “digital rotation” is not a one-to-one transformation! I

If A, and h, are not known, but a distorted picture g of a known pattern,
such as a regular grid, is available, it is possible to determine an approximation
to the distortion transformation by measuring the positions of grid points in
g. For example, suppose that we are given three neighboring grid points that
form a small triangle; let their ideal coordinates (in the regular grid) be
(1, 51)s (F2,52), (r3,53), and let their positions in g be (1, 0,)s (12, 03), (U3, v3),
respectively. We can find a linear transformation

x =ax+by+e y =dx+ey+f

which maps the three points into their distorted positions by solving the six
equations

u, = ar, +bs; +e v, =dr +es, +f

u, = ar, + bs, + ¢, v, =dr,+es; +f

uy = ary + bsy + ¢, vy =dryt+esy+f
for a, b, ¢, d, e, and f. This transformation can then be used to correct the
distortion of the triangular portion of g surrounded by the lines joining the
three points. The process can then be repeated for other triples of grid points.
In effect, this method constructs a piecewise linear approximation to the
unknown distortion. Of course, higher-order approximations can also be used
if desired. An example of a distorted picture that has been corrected by piece-
wise approximation of the distortion derived from the distorted image of a
grid is shown in Fig. 11.

I
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Fig. 11 Geometric correction. (a) Mariner 9 grid target, showing geometrical distortion.
6.4 SHARPENING

. As. pointed out in Secugn §.I.l, pi.cture degradation generally involves
urrmg,.the extent of which is described by the spread functions of the
degradatlop operation. In this section we discuss some simple methods for
counter'actmg blur by “crispening” or “sharpening” the picture. Methods of
deblurr{ng l?ased on estimation of the blur will be treated in Cha'pter 7
Blurring is an averaging, or integration, operation; this suggests ti\at we
may be able tq sharpen by performing differentiation operatigns Blurrin
also weakens high spatial frequencies more than low ones; this suégests tha%
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Fig. 11 Geometric Correction. (b) Results of distortion removal. (From D. A. O’Hand_ley
and W. B. Green, Recent developments in digital image processing at the Image_Processmg
Laboratory of the Jet Propulsion Laboratory, Proc. IEEE 60, 1972, 821-828, Fig. 1.)

pictures can be sharpened by emphasizing their high spatial frquencies.
Differentiation operations are discussed in Section 6.4.1, and a pgrtlculgrly
useful class of these operations, the “‘Laplacians,” are treateq in Section
6.4.2. High-emphasis spatial frequency filtering is treated in Section 6.4.3.

When a picture is noisy as well as blurred, differentiation and high-emphasis -

filtering cannot be used indiscriminately to sharpen it, since the noise generally
involves high rates of change of gray level, and it usually becomes strgnger
than the picture signal at high frequencies. These methods should be restricted,
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if possible, to frequency ranges where the picture is stronger than the noise.
Alternatively, one should attempt to remove or reduce the noise before
attempting to sharpen the picture. Methods of noise removal and reduction
are treated in Section 6.5.

6.4.1 Differentiation

Any partial derivative operator D = @"/dx* dy"~* is a linear operator; it
follows that any linear combination of D’s is also a linear operator. Any
arbitrary combination of D’s is a local operator, since its value for a picture f
at a point (x, y) depends only on the values of fin any small neighborhood
of (x, y). This implies that such operators are all shift invariant. We assume
in this section that all the derivatives of fexist and are continuous.

It is of particular interest to construct derivative operators that are isotropic,
i.e., rotation invariant (in the sense that rotating / and then applying the
operator gives the same result as applying the operator to fand rotating the
output). We want our operators to be. isotropic because we want to sharpen
blurred features, such as edges and lines, that run in any direction. It can be
shown that

(a) An isotropic linear derivative operator can involve only derivatives of
even orders.

(b) In anarbitrary isotropic derivative operator, derivatives of odd orders
can occur only raised to even powers.

We shall now illustrate, by a simple example, how isotropic derivative
operators can be constructed. A rotation is defined by the coordinate trans-
formation equations

x = x"cos0 — y' sin0, y = x'sinf + y cosf
where (x, y) are the unrotated and (x’, ») are the rotated coordinates. The
first partial derivatives of a picture fin the (x’, 3') system are given, in terms of
its first partials in the (x, y) system, by

o _Fox oy o

af .
—cosf + —f sin 0,
dy

82

éx' ox ox' @_L ox'  ox

of of ox  of oy or . af

— = l—f_—f— = ——fsm()—i-'—/coso
oy ox dy' Oy dy ax dy

These partial derivatives themselves are thus not rotation invariant; but the
sum of their squares is invariant, since we readily have

AU CANN CANNCAY
(&) +(F) -3 +E)
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Assertion (b) suggests that this sum of squares is of the simplest possible form
for an isotropic derivative operator (ignoring degenerate operators that
involve no derivatives at all!), since it uses only first-order derivatives raised
to the smallest possible even power.

Exercise 11. Prove that the Laplacian operator (8%/ox*) +(82[y?) is
rotation invariant. (By assertion (a) this has the simplest possible form for a
nondegenerate linear isotropic derivative operator, since it uses only deriva-
tives of the smallest possible even order.) I

As the previous equations show, the partial derivative of a picture fin an
arbitrary direction (e.g., 3f/0x") is a linear combination of its partial deriva-
tives in the x- and y-directions. In fact, given the derivatives in any two non-
collinear directions, not necessarily perpendicular to each other, we can
express the derivative in any other direction as a linear combination of them.

We can find the direction in which the partial derivative of ' has maximum
value by differentiating df/0x’ with respect to 0, setting the result equal to
zero, and solving for 0. This gives us

a . of
A 0 = 0=0
o sint + oy COos

so that the desired direction is

6. = tan"(—éZ /g)

dy| Ox

Note that 0,+7 is also a solution; in one of these directions, df/dx’ is a
maximum, while in the other direction it is a minimum, since it has equal
magnitude but opposite sign, ie., 8fjo(—x") =—0af]ox’. For this 0, we have

L o [N (Y
ey M+tan20, 5_)‘/\/ <6—x> ; (BI’>

v
D
sinf), = \T—cos?0, = %// J(gé) . (g)

Thus the maximum value of ¢f/dx’ is given by

of of . . ITofNe (o2
aXcos(),,+ Eismo,, = +\/(6x> + T

The vector whose magnitude is J(0f]ex)* + (2fldy)’, and whose direction is
0, (or 0,+m, whichever gives the positive partial derivative) is called the
gradient of f. As we saw previously the magnitude of the gradient is a rotation-
invariant derivative operator. The gradient, and some of its generalizations,
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are discussed further in Section 8.2.1, where we deal with edge detection
operations.

Exercise. 12. Prove that the partial derivative of fis zero in the direction
0, perpendicular to 6,. |

Exercise 13. Prove that the magnitude of th i i
e gradient is equal to
N (0f]00)* + (3f]2P)?, where o and B are any two perpendicular directions. l

For. digital pictures, we must use differences rather than derivatives. The

first differences in the x- and y-directions are
ASG) =160 —fE-1,))

First differences in other directions can be defined as linear combinations of the
x- and y-differences, e.g., as

i ABf(l9j) = Axf(l,]) COSG+Ayf(i,j) sin
U.Sl’l'lg this c.ieﬁnition, the maximum directional difference, which we call the
digital gradient, has magnitude and direction

VA +(B, /) and  tan”'(A, f/A, f)

respectively. (Several other definitions of the digital gradi i i i
e S 1 gital gradient will be given in

Ex.ercise . What happens to the magnitude of the digital gradient under
rotation of the digital picture (see Section 6.3)? ||

. gThe higher difference operators can be defined by repeated first differencing,
AYG,7) = A S+ L,J) = Ao SG. )
= [/G+1L,)—fG,N] - UG ) —fGi—1,))]
N = f+1,)) + f(i—1,/) — 2/, ))
AZfG, 1) = fl j+1) + fG, j—1) = 2f(, )
We have used these definitions [rather than, e.g., A, f(i, j))—A, f(i—1,))]

because Fhey are symmetric with respect to (i, j). We could have also used
symmetrical first differences, i.e.,

and Axf(ivj) =f(l+l,j) —f(l.—lﬁj)

A, [, ) = fGj+1) = fG, j—1)

but we did not do so because they ignore the gray level at (i, j) itself.
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6.4.2 The Laplacian

The Laplacian is the linear derivative operator
’f  f
V=543
ox* 0y
As indicated in Exercise 11, it is rotation invariant.
To see the relevance of the Laplacian to picture sharpening, suppose that
the blur in the picture is a result of a diffusion process that satisfies the well-
known partial differential equation

dglot = k Vg

where ¢ is a function of x, y, and 7 (time), and k& > 0 is a constant. At 7= 0,
g(x, y,0) is the unblurred picture f(x,y): at some =1 >0, we have the
observed blurred picture g(x, y, 7). If we expand g(x, y,1) in a Taylor series
around 7 = 7, we have

2 A2

0 T
g(‘x1 }'30) o g(X, y7t) = 5?(X1 }‘,T) +5—a_lg—;(x’yar) S

If we ignore the quadratic and higher-order terms, and substitute f for
g(x, y,0) and k Vg for dg/ét, this gives us

f=g—kt V.

Thus, to a first approximation, we can restore the unblurred picture f by
subtracting from g a positive multiple of its Laplacian. (Higher-order approxi-
mations based on the Taylor series expansion could also be used, if desired.)

Diffusion is not necessarily an appropriate model for picture blur; but the
foregoing at least makes it plausible that we can achieve sharpening by a
subtractive combination of the picture and its Laplacian. Other rationales
for the relevance of the Laplacian to picture sharpening will be given later.
It should be mentioned that according to the diffusion model, a point source
blurs into a spot with a Gaussian distribution of brightness whose variance is
proportional to kt; we can thus estimate kt by fitting a Gaussian to the point
spread function.

Several modifications to this Laplacian method have been proposed, with
the aim of reducing noise sensitivity. One suggestion is to use, instead of the
Laplacian, the second partial derivative in the gradient direction 0,,. A further
refinement is to use a linear combination of the second partial derivatives in
the two perpendicular directions 0, and 0,. This last scheme can be designed
to smooth the picture in the direction along an edge at the same time that it
deblurs the edge (see also Section 6.5.2).

Page 7 of 16

6.4 Sharpening 185

For a digital picture, the discrete analog of the Laplacian is
VA, ) = AP, )) + AG, j)
= G+ L)) +f= L)+ /G, j+ 1)+ fG, j—1)] = 4G, J)
Note that this is proportional, by the factor —1, to

JGD) = s+ L)) + =1 J) + G, ) + fl j+1) + £ j— 1]

which' is the difference between the gray level £(i, /) and the average gray
level in a neighborhood of (i, j), where the neighborhood consists of (i, /)
and its four horizontal and vertical neighbors. Thus we see that the digital
Laplacian of a picture f is obtained, up to a constant factor, by subtracting
a blurred (i.e., averaged) version of f from fitself.

Alternative digital “Laplacians” can be defined by using different neighbor-
hoo@s (e.g., the 3x 3 neighborhood consisting of (i, j) and its 8 horizontal,
vel.-tlcal, and diagonal neighbors), or by using a weighted average over the
nexg}?borhood. One could also combine the original and blurred pictures
non]mfearly, e.g., divide by the blurred picture instead of subtracting it. The
operatlon of subtracting a blurred version of a picture from the original
pxctgre (e.g., adding a blurred negative to a sharp positive) is a well-known
one in photography, where it is called “unsharp masking.”

. The effect of the digital Laplacian on a picture can be understood by con-
sidering a simple one-dimensional example. Suppose that the | xn digital
‘‘picture” f contains the sequence of gray levels

s 0 0, 1, 2, 3, 4, § 5 5. 8. 5
5 6, 6 6 6, 6 6 3 3 3 3.
It is easily verified that A *f at these points has the values
...0, 0, I, 0, 0, 0, 0b -1, 0, 0, 0, O,
I, =1, 0, 6 0 0, =3, 3, 0; 0 0.

Npte that this is zero on flat intervals or ramps, as is appropriate for a second
difference operator; and it is nonzero at the top and bottom of a ramp, and

Jjust on each side of a step. (The use of the Laplacian as an edge detector will

be discussed in Section 8.2.) If we subtract A *f from £, point by point, we
obtain ’

4, 7, 6, 6, 6, 6, 9, 0, 3, 3, 3,..

We have now created gray level ““undershoots™ at the bottom of the ramp
and on the low sides of the edges, and “overshoots™ at the ramp top and on
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the high sides of the edges. This has the effect of increasing the average ramp
steepness, and of increasing the contrast just at the edges. Thus we have con-
firmed, in this case, that subtracting the Laplacian from the picture should
have a deblurring effect.

In two dimensions, f(i, /) — V2f(i, j) is

SFG. ) — LA+ L, ) + fli— 1, 0) + 0+ 1) + £y = D]

Readily, we have f—V?f=f when (i, j) is in the middle of a ramp or flat
region. If (7, /) is just at the bottom of a ramp, or on the low side of an edge,
so that some of the neighbors’ gray levels are higher than f(, ), while none
are lower, we have (f—V?*f) <f at (i,j), which produces an undershoot.
Similarly, at the top of a ramp or on the high side of an edge, none of the
neighbors’ gray levels are higher than (i, j), and some are lower, so'that
(f—V?*) > f at (i, ), producing an overshoot. A simple two-dimensional
example illustrating these phenomena is shown in Fig. 12; some real cases
are shown in Fig. 13.

We can obtain further insight into why subtracting a digital picture’s
Laplacian from the picture should have a deblurring effect by considfaring one
last example. Suppose that the original picture f was blurred by adding to the

(a) (b)

Fig. 12 Results of subtracting the Laplacian from the original pit_:mre in some simple
cases. (a) Original pictures (ramp and bar). (b) Pictures minus Laplacians.

%0 - T o MR B

| EL oo ¥ ’ ’ ' :
% LR

s —_
DT '
I WA
- T N
Y 2 -

Fig. 13 Results of subtracting the Laplacian from the original picture in some real cases.
(a) Original pictures. (b) Pictures minus Laplacians (negative values have been set to 0, and
values beyond the end of the gray scale have been set to the highest gray level).
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gray level of each point a small fraction ¢ of the sum of its four neighbors’
levels, yielding the blurred picture g in which

9, J) =S, )) + &s(i, J)

where s(i, ) =f(i+1,7)+fG—1,))+f0,j+1)+fG,j—1). Let us subtract
from g a multiple (by 6, say) of its Laplacian, obtaining

(1+40) g, j) — 0[g(i+1,/)) +9(—1,/)+ 90, j+1)+ 9@ j—1)]
If we substitute for the ¢’s in this expression, we obtain
(1+49) £, j) + (14+40)es(i, j)
—0s(i,j) — Oe[s(i+1,))+s(—1,/) +sG,j+1) + 53, j—1)]

Let us choose 0 so that the coefficient of s(/, j), which is (1+40) e— 0, vanishes;
this requires 6 = ¢/(1 —4e). If ¢ is sufficiently small, we can ignore terms of
order &?; in particular, we can ignore the last term, which is a multiple of
0e = &*. Hence

eVig(i,j) 4
1 —4e 1—4e

g j=—r—r—=a| 1% —)f(i,j)

Thus by subtracting a suitable multiple of g’s Laplacian from g, we have
approximately restored the unblurred f.

Exercise 15. 1n optical microscopy, let f, be the cross section of the speci-
men at depth &. When we focus on that cross section, the image g, that we
obtain is degraded by the presence of blurred images of neighboring cross
sections, say g, = f, +&(fis, +fi—1), where the overbars denote local aver-
aging. Show how f; can be restored, to a first approximation, by subtracting a
suitable multiple of (g, 4, + gx-,) from g,. (On this method see M. Weinstein
and K. R. Castleman, Reconstructing 3-D specimens from 2-D section
images, in “‘Quantitative Imagery in the Biomedical Sciences,” pp. 131-137.
R. E. Herron (ed.), S.P.L.LE., Redondo Beach, California, 1972.) l

6.4.3 High-Emphasis Filtering

The effects of derivative operators in sharpening a picture can also be
interpreted from a spatial frequency standpoint. Since the derivative of sinnx
is n cos nx, we see that the higher the spatial frequency of a sinusoidal pattern,
the higher the amplitude of its derivative is. Thus differentiation strengthens
high spatial frequencies more than it does low ones. (Conversely, the integral
of cosnx is (I/n) sinnx, so that integration weakens high frequencies more
than it does low ones.)
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The effect of subtracting a Laplacian from a picture can be explained along
similar lines. As we saw in Section 6.4.2,

(i, J) — V¥, j) = fG,J) + S{G D=L+ LD +/E=1))

Here the second term is proportional to the difference between the original
picture fand a blurred version of £, call it f. Now in f, high spatial frequencies
have been weakened more than low ones. Hence when we subtract f from f,
since the Fourier transform is a linear operator, the low frequencies in f are
more or less cancelled out, while the high frequencies remain relatively intact.
Thus, when we add a multiple of f—ftof, we are boosting the high frequencies,
while leaving the low ones relatively unaffected.

These qualitative remarks can help to justify the use of Laplacians and
other derivative operators to sharpen pictures. These methods should, how-
ever, be considered only in the absence of knowledge about the blur that is
to be corrected. When such knowledge is available, restoration techniques
such as inverse filtering (Section 7.2) should be used instead. In such techniques,
the degree of emphasis on the high frequencies, as a function of frequency, is
chosen so as to just compensate for the weakening caused by the blurring.
If noise is present in addition to the blur, however, frequencies at which the
noise is strong should not be emphasized. Typically, a high-emphasis filtering
operation designed for blur compensation has a transfer function which
increases with increasing spatial frequency, up to the point where noise would
begin to dominate; it then drops off, more or less abruptly, to zero. The form
of the dropoff can be designed to simulate some familiar type of transfer
function: this helps avoid artifacts in the sharpened picture. A good example
of the type of enhancement that can be achieved by this type of filtering is
shown in Fig. 14.

By the Convolution’theorem (Section 2.1.4), convolving a picture g with
some function 4 gives the same result as multiplying the Fourier transform G
of g by the Fourier transform H of A, and then taking the inverse transform.
We also saw in Section 2.1.2 that any shift-invariant linear operation is a
convolution operation. Analogous results hold for discrete convolutions,
using the discrete Fourier transform (Section 2.2. 1). Now the digital Laplacian
V2 is a shift-invariant linear operation; in fact, applying it to a picture g is
the same as convolving g with the array /2, defined by

1
1 —4 1
1
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(a)

Fig. 14 High-emphasis spatial frequency filtering. (a) The lunar crater Gassendi, blurred
by atmospheric turbulence.
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(b)

Fig. 14 High-emphasis spatial frequency filtering. (b) Results of hightenwphasis filtering.
(From D. A. O’Handley and W. B. Green, Recent developments in digital image process-
ing at the Image Processing Laboratory at the Jet Propulsion Laboratory, Proc. IEEE 60,

1972, 821-828, Fig. 6.)

in which all points not shown have value 0. Similarly, computing g—Vigis
the same as convolving g with Ap, defined by

These space-domain convolution operations can also be performed in the
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frequency domain, by multiplying the discrete Fourier transform H; (or Hp)
by G and then inverse transforming.

Exercise 16. Compute the discrete Fourier transform of the array #4p
(which you may assume to be Nx N). |

Conversely, given any frequency-domain high-emphasis filter H, we can
apply it to a picture g in two ways: multiply g’s Fourier transform G by H
and inverse transform; or convolve g with the inverse Fourier transform A of
H. The A’s obtained in this way will generally have both positive and negative
values, but || will drop off rapidly from a central peak; thus a good approxi-
mation to the desired filtering can be obtained using only a small piece of A
surrounding the peak. In the digital case, we can still obtain reasonable
results if we take this piece to be as small as 3 x 3; the resulting truncated A
generally resembles the g — V2g operator, having a positive peak symmetrically
surrounded by smaller negative values, whose magnitudes add up to about 1
less than the value at the peak.

Exercise 17. Compute the 4 that corresponds to the one-dimensional
high-emphasis filter H for which H(n) = |n|+1, —=3<n <4 (ie, N=38). l

It is sometimes advantageous to combine spatial frequency filtering with a
nonlinear transformation of the gray scale. As an important example of this,
suppose that we want to remove shading effects, due to uneven illumination,
from a picture, without degrading the detail in the picture. Now the illumi-
nation incident on an object usually varies more slowly than does the object’s
reflectance. Thus uneven illumination has more significant effects at low than
at high spatial frequencies, and its effects can be reduced by high-emphasis
filtering. In this connection, however, it is important that, in the picture
being filtered, brightness be represented on a logarithmic scale. (An example
of such a scale is photographic density, which is proportional to the logarithm
of transmittance or reflectance of the photograph, and is therefore usually a
logarithmic function of the exposure.) Indeed, suppose that the illumination
and reflectance are i(x, y) and r(x, y), respectively; then the resultant object

brightness is given by b(x, y) = i(x, y) r(x, y). It follows that the logarithm
of brightness is

logb(x, y) = logi(x, y) + logr(x, y)

in which i and r enter additively, rather than multiplicatively. Since the Fourier
transform is a linear operation, it is now possible to deemphasize selectively
the effects of /(x, y) by high-emphasis filtering. If desired, the results can be
redisplayed on a linear brightness scale by performing a pointwise exponentia-
tion. An example of a picture which has been processed in this way is shown
in Fig. 15.
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Fig. 15 High-emphasis filtering using a logarithmic transformation. (a) Original picture.

6.5 SMOOTHING

As we saw in Section 6.1.4, many types of noise can be present in a picture.
In this section we describe some simple methods of noise removal, or more
generally, of making a picture “smoother.” Optimal estimation of a picture
that has been degraded by noise will be treated in Section 7.5. . '

The basic difficulty with noise removal and smoothing techqnqu?s is that,
if applied indiscriminately, they tend to blur the pic?ture, v{hlch is usually
objectionable. In particular, one usually wants to avoid blurring sharp edges
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Fig. 15 High-emphasis filtering using a logarithmic transformation. (b) Results of
filtering. (From T. G. Stockham, Jr., Image processing in the context of a visual model,
Proc. IEEE 60, 1972, 828-842, Fig. 11.)

or lines that occur in the picture. Our main concern in this section will be with
methods which permit smoothing without introducing undesirable blurring.
A general approach to picture smoothing would be to define a cost function
¢ for evaluating the various possible smoothings f of a given noisy picture g.
This ¢ should depend both on the irregularity of f and on the discrepancy
between f and g. For example, ¢ could be a weighted integral over the picture
of (3fjox)* +(9f/oy)*+(f—g)?; the first two terms give the mean magnitude
of the gradient of f, while the third term is the mean squared difference between
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f and g. The weighting function in the integral should be deﬁneg so that ¢
is sensitive to noisy fluctuations in f, but not to high values of f’s gradient
that are due to the presence of sharp long edges or lines, which are presumably
not noise. Given ¢, one can attempt to find a smoothed f that minimizes it;
if we used a discrete version of ¢, defined as a sum over the points of the digital
pictures f and g, this minimization can be done, in principle, using mathe-
matical programming techiniques. In practice, however, since the number of
variables in this global optimization problem is very large, it may be too
difficult to find the optimum f in this way unless the picture g is small. The
nonoptimal techniques described in this section involve only local processing
of g, and should thus be much simpler computationally.

6.5.1 Noise Removal

If the noise occurs in known positions in the picture, or if we are able to
distinguish the noise from the rest of the picture, it becomes relatively easy
to remove the noise without bad effects on other parts of the picture, since
we can operate only on the noise, leaving the rest of the picture intact.

As a simple example, suppose that a periodic line pattern v has beeni added
to the picture /. as in Fig. 16a. We can remove the lines, without affecting the
rest of the picture, by changing the gray level of each line point to the average
of the levels of neighboring picture points. The results of line removal by this
type of “interpolation” are shown in Fig. 16b. Alternatively, we can remove
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the lines by operating in the Fourier domain. If we take the Fourier transform
of the noisy picture f+v, we obtain the sum F+ A of the transforms of fand v
(see Fig. 16c). Now the Fourier transform N of the line pattern v has all its
energy concentrated at a set of small spots along a line perpendicular to the
direction of the lines. If we suppress these spots from the transform (zero them
out, or remove them by interpolation), and then take the inverse transform,
we obtain a smoothed picture in which v has been deleted, while f'is relatively
unaffected, as shown in Fig. 16d.

Exercise 18. Describe how to remove a line pattern which has been com-
bined multiplicatively, rather than additively, with a picture (i.e., fv rather

than /+v). |

It should be pointed out that interpolation to replace the removed noise is
easy when the noise is fine (isolated points, thin lines, etc.), so that each noise
point has nonnoise neighboring points. When the noise is coarse (large
artifacts, wide bars, etc.) it becomes much harder to replace it inconspicuously.

Another case in which noise removal is relatively easy is when the noise
consists of isolated points that contrast with their neighbors (e.g., “‘salt-and-
pepper” noise). Here we can attempt to detect noise points by comparing
each point’s gray level z with the levels z; of its neighbors. If z is substantially
larger (or smaller) than all, or nearly all, of the z;, we can classify it as a noise
point, and remove it by interpolation, i.e., replace z by the average of the z,.
An example of noise removal by this method is shown in Fig. 17.

The method just described has several parameters that can be adjusted to
suit the characteristics of the noise that is to be detected. These parameters
include the neighborhood size, the threshold amount A by which z and the z,
must differ (“substantially”), and the number k of z; from which z must
differ (“‘nearly all”). The parameter A might be defined as some multiple of
the estimated standard deviation o of the noise; as pointed out in Section

Fig. 16 Suppression of periodic noise by spatial frequency filtering. (a) Original pictures.
(b) Results of removing the lines by interpolation (each point on a line is rcplance§ by the
average of the points above and below). (c) Power spectra; note high-value points ;or-
responding to spectrum of lines. (d) Results of removing small neighborhoods of these high-
value points and reconstructing the pictures.

Fig. 17 Suppression of “‘salt-and-pepper” noise by selective local averaging. (1) Noisy
picture. (b) Results of blurring (a)—each point replaced by the average of its cight ncigh-
bors. (c)-(e) Results of doing the replacement only for points that differ by at least three
gray levels from & of their neighbors, for k= 8, 7, 6.
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6.1.4, we can estimate ¢ by measuring the standard deviation of gray level
over a region that we believe to be constantin the nonnoisy picture. (We assume
here that the noise has zero mean.) The choice of parameter k is important in
discriminating between noise points and points that lie on edges or lines;
the latter type of point will differ from some of its neighbors, but should
not differ from “nearly all”” of them.

A simplified version of this method, which is often proposed, is to compare
z to the average of the z; (i.e., to examine the value of the digital Laplacian
at the given point), rather than to the z; individually. This approach, however,
would be less able to distinguish isolated points from points on edges or lines,
since the value of the Laplacian at a low-contrast isolated point can be the
same as its value on a medium-contrast line or a high-contrast edge, as we will
see in Section 8.2.1. Simplification of the method is possible, however, when
the given picture is two-valued (“‘black and white”). Here we can detect
noise points by counting the number of their neighbors from which they differ.
A black point that has too many (“nearly all”’) white neighbors can be changed
from black to white, and vice versa. (Replacement by averaging would not be
appropriate here, since we want the cleaned picture to remain two-valued.)

As just described the method makes a forced-choice decision as to whether
or not the given point is a noise point. If we decide that the point is noise,
we change z to the average of the z;; in other words, in choosing the new
gray level for the point, we pay no attention to its old level. On the other hand,
if we decide that the point is not noise, we do not change z at all, i.e., we pay
no further attention to its neighbors” levels. A more general approach would
be to make a “fuzzy” decision about the point, say that it has probability p of

being a noise point. We could then give the point a new gray level which would"

be a weighted average of z and the z/’s, e.g., (1 —p)z+p > z;/k. If p is high,
so that the point is highly likely to be a noise point, this formula gives high
weight to the neighborhood average and low weight to the point’s old gray
level; while if p is low, the opposite is true.

If the average over a large neighborhood is used to replace the gray level
of a suspected noise point, more weight should normally be given to nearby
neighbors than to distant neighbors. Alternatively, one could determine the
proper gray level to interpolate at the point by fitting some type of surface
to the gray levels of the nieghboring points.

It should be remembered that averaging, or any other operation based on
the neighborhood of a point, requires careful definition when the point is on
or near the border of the picture. This problem is especially troublesome when
large neighborhoods are used. One can, of course, give the operation a complex
definition to cover the cases of points near the picture border. As a simpler
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frlte:flatwe,. one can deﬁn.e the operation uniformly throughout the picture
eating nelghb?rhoqd points that lie outside the picture as having value zero
(say), and then Ignoring the results near the border as not meaningful

6.5.2  Averaging

'T.he srvno‘othing methods described in the preceding section depend on first
‘cflstmgfnstlmg noise from nonnoise in the picture, then removing the noise and
mending™ the picture by interpolation. In this section, we discuss another
class ofsmoothing methods which do not depend on identification and removal
of the noise. Instead, these methods weaken the noise by applying some type of
averaging to t.he picture. Since averaging blurs the picture, these methoc)ilsploo
:jlgscts be applied with care, to avoid degrading sharp det;iil such as lines or
To see vyhy averaging can weaken noise, suppose that the noise values at each
point are independent samples chosen from a distribution having mean 0 and
sta.ndard deviation ¢. Suppose also that we are averaging over a set of picture
po;nts whose nonnoisy gray levels are Zys .-.5 2y, and let the noise values aF; these
points be wy,...,w,. Then in the average, (z;+--+z,)/n+ (w, 4+ +w )n
the second tlerm can be regarded (see Section 2.3.5, Exergise 6) as]a sam le"olfe;
random variable with mean 0 and standard deviation o/ /5. Thus b 'averr)a in
we have reduced the amplitude of the noise ﬂuctuation;. ’ o
. We can perform the averaging without any danger of blurring when we are
g|v§n several independently noisy copies f(x, y) of a picture, e.g., several
gramy.photographs, or several “snowy™ TV frafnes, of the sam; sc.er'l’e whe;e
the noise values of the copies at a given point are all independent. In th’is case,

we can reduce the noise by pointwis i i i
. _ ¢ averaging the copies, obtaini
picture f'defined by ¢ P optnin the new

,3) = (/) 3 filx, y).
i=1

lf:\ir; e;;ample of smoothing by averaging of independent copies is shown in
. Thehmet‘hod of poiptwise a\.'eraging can also be used when the picture to be
: m('>ot ed is symmetnc or periodic (except for the noise). Specifically, let P be
dhpdttérn or region that occurs several times on the picture; let P,, ..., P, be
lle SeS ?]Ol'sy msta_ncej_) ofrP. If we average these instances pointwise, we obta’iln a
o1sy version P of P, and we can replace each of t ‘s by P ai
smoother picture. ’ ARy T chinina

If we only have a single noisy picture available, we can attempt to reduce the
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(a) (b) (c) . N
Fig. 18 Smoothing by averaging over different instances of the noise. (a)—(c) Averag
of 2, 4, and 8 independently noisy versions of Fig. 17a.

noise level by local averaging, i.e., we give each point} ahn;w hgraz'1 lz\;el t:z;h;,cohi [11:
igi levels in some neighborhoo ‘
the average of the original gray . ' e soiphsdogel s
i i int itself). This is relatively straightforwa
(including the point itse : ely s e
i ture detail of interest; 1t shou
finer grained than the smallest pic! 1 . e
i i hborhood of every point, to
sible, by averaging over a small neighb: B . Riee
ise. whi i ligible, or at least tolerable, - Alt
noise while keeping the blur at a neg ! : ¢ o

1 the noise by suppressing or deemp

natively, we may be able to remove t g b o
i i ies— lently, emphasizing low Sp

h spatial frequencies—or equiva :

glugenci:s——in the picture’s Fourier transform. This last apﬁroach has been

-grai ise from photographs.

fully used to remove film-grain noise Ir ‘ .
Su‘;ﬁ;se gi\?en picture is two-valued, noise that is smaller tth the Ig)lcture (::‘t)?ell
hrinking and reexpanding. For example,

can be removed by a process of s . EeXpsating, O o ilte

1l black points to white if they

suppose that we change a . : by e any black

i 1l white points to black 1 y 3
neighbors, and then change a . iy Ry

i hrinks all black regions, while ond
neighbors. The first step shrir ‘ : L st

: k object that is two points wide .
expands them; buta blac s
that the second step canno
completely at the first step, sO ; " nnc B adt
i t also thin lines.

i ocess deletes not only isolated po.mts, u : ' .
:Elrsi:\:ing and expanding operations will be discussed in Sections 9.2.4 and
9'21._,50.cal averaging and low-emphasis filtering cannot be use: indi.scr(i)rlrinena:;agla

i ins s lines, since these 1nvolv
i icture contains sharp edges or fine i | _
lsfp:t]ijil pfrequencies One can, however, use some sort of selgcz}:&e ]ocalg.ar:'gegS
i : ines is detected and the averagl

‘ne in which the presence of edges and lines 1s ' . g
Z%)l:eg clmly at points where they are not present. (Edge ar;id line dete:ttxk?rsx tigcet;

i i i tions 8.2 and 8.3.) As are nement of thi A
niques are discussed in Sec ! arlplice.

ine) i t. one can take a directi
when an edge (or line) is present ata point, A
int, i i / hbors of the point that he 1

t that point, involving only those neighbc . s

:irectior:) along the edge; while if no edge is present, one can average 150
i i i i f the point.
lly, using neighbors on all sides 0 . ’ .

tro’l?kl;asée of thge neighborhood that should be used in local ;\ eragm% dep::;irs
i i is desired; as pointed out earlier, -
on the degree of noise reduction that is 1 a oyl

i deviation of the noise by a

ine n points should reduce the standard :
z%mgn {)f the noise is signal dependent, one may want to use a different

Jh
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neighborhood size at each point, depending on the average picture gray level
in the vicinity of that point, in order to obtain a uniform reduced noise level
throughout the picture. One way of obtaining such variable-sized neighbor-
hoods is to calculate the sums of the gray levels in a series of expanding
neighborhoods of a point, and stop expanding when the sum reaches a preset
threshold. The resulting neighborhood will be large if the gray levels in the
vicinity are generally low, and vice versa. The average gray level over the
neighborhood is then inversely proportional to the neighborhood’s area,
since the sum of gray levels over the neighborhood is a constant. A variable-
neighborhood averaging method of this type has been used to smooth
“quantum-limited” pictures, which consist of clusters of dots; here the
neighborhood size at a point was determined by expanding the neighborhood
until it contained a preset number of dots.

Whether the neighborhood size used is fixed or variable, it would be
desirable for the neighborhood not to cross over edges in the picture, and not
to contain lines, since we want the neighborhood average to represent a
“uniform” piece of the picture around the given point. We can “grow” such
a neighborhood around the point by accepting neighboring points if their
gray levels do not differ too greatly from that of the point or of each other;
then accepting neighbors of these neighbors if their levels are not too different
from the average level of the already accepted points; and so on (see Section
8.4.3 on such methods of “‘region growing’’). Here again, “too different” can
be defined in terms of the standard deviation of the noise. The growing
neighborhood will hopefully exclude high-contrast edges, lines, and points,
since these will differ too greatly from the surrounding average; it may thus
have a highly irregular shape. The growth process can be stopped after a
specified number of steps, if desired. This method is applicable only in homo-
geneous regions of the nonnoisy picture; it would be much more complicated
to generalize it to textured regions.

Averaging that avoids edges (or lines) will be less effective in reducing the
noise level near edges. Noise is, however, generally less conspicuous when it is
located near edges; hence this limitation may not be serious.

A selective averaging technique can also be used to remove quantization
noise from a picture. If a picture has been quantized too coarsely, i.e., to a set
of levels that are spaced too far apart (say A apart) and are thus easily dis-
criminable, the picture will contain conspicuous ‘““false contours” separating
regions that have different levels (see Section 4.3). We can remove the false
contours by averaging the picture and quantizing the averages to a larger
set of levels, closer together than A. To avoid blurring real edges in the picture,
we can suppress the averaging at edges where the gray level changes by a mul-
tiple of A; but we allow averaging at edges where the change is only A, since

such edges are likely to be false contours.
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Another way to remove false contours is to add noise (of magnitude less
than A) to the picture, again using a finer set of quantization levels; this will
tend to break up the false contours. This last approach is essentially the same
as the Roberts compression technique mentioned in Section 5.3. In effect, it
trades quantization noise for salt-and-pepper noise.

6.6 BIBLIOGRAPHICAL NOTES

For general revies of image quality and enhancement see Linfoot [18],
Huang [12], Levi [17], McCamy [20], Prewitt [27], and Biberman [4]. Two
recent discussions of the use of visual system models in the design of image-
processing systems, particularly as regards the nonlinear brightness response
of the eye and its dependence on spatial and temporal frequency, are Budrikis
[5] and Stockham [29]. The space-domain effects of frequency-domain
errors are treated by Anderson and Huang [2]. On histogram modification
see Hall et al. [10], Troy et al. [31], and Haralick er al. [11]; see also the
references on tapered and optimum quantization in Section 4.4.

Much work on image enhancement, including both gray scale and geo-
metric correction techniques, as well as filtering techniques for sharpening
and smoothing, has been done at NASA'’s Jet Propulsion Laboratory (see,
e.g., O’Handley and Green [23]). For further discussion of geometrical
operations on digital pictures see Johnston and Rosenfeld [13].

The use of derivative operations for sharpening a picture is very old (e.g.,
Goldmark and Hollywood [7]; Kovasznay and Joseph [15, 16]). A more
recent review by Prewitt [27] also discusses Laplacians and their modifications
(those based on the second derivative in the gradient direction are due to
Gabor). Transfer function modification by high-emphasis filtering is also a
classical technique; for a recent discussion see Arguello et al. [3]. Regarding
filtering based on a logarithmic transformation, see Oppenheim et al. [24]
and Stockham [29]. On the use of derivative operations for edge and line
detection see Sections 8.2 and 8.3.

A global approach to smoothing, using mathematical programming, is
discussed by Martelli and Montanari [19]. Techniques for removing “‘salt-
and-pepper” noise (in the two-valued case) are described by Dinneen [6].
On smoothing by averaging multiple copies of an image see Kohler and
Howell [14]. The application to symmetric objects is given by Agrawal et al.
[1] and Norman [22]. For early work on smoothing of film-grain noise see
Thiry [30]. On noise removal by shrinking and reexpanding see reference [35]
in Section 9.5. Regarding averaging in the absence of, or along, edges and
lines, see Graham [9]; for a generalization to texture edges see Newman and

Dirilten [21]. Variable-neighborhood averaging is discussed by Pizer and
Vetter [25, 26] for the case of quantum-limited pictures; they also describe
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{netl;(zids odf deblurring such pictures by shifting dots in the direction for which
ocal dot density is increasing fastest. Averaging based on regi ing i
treated by Roetling [28]. : o Erome

A major Fopic not treated here is that of reconstructing pictures from their
o_ne-dnrpensnona] projections, and three-dimensional objects from their two-
dimensional projections. A good review of methods for solving the latter
problem, for the case of nonopaque objects, is given by Gordon and Herman
[8]. The r;lated topic of estimating point spread functions from line spread
functions is treated in Section 7.1.2, where additional references are given.
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Chapter 7

Restoration

fPlcture restoration deals with images that have been recorded in the presence
i0n ?::1 ;:1 m(s)r:tsourcgs of degradation. There.are many sources of degradation
e g ystems. Some type.s of d(f,gradatlon affect only the gray levels of

: ividual picture points, without introducing spatial blur; these are some-
t1me§ called point degradations. Other types which do involvé blur are called
‘;pattllc'zl degradations..Still other types involve chromatic or temporal eﬂ"‘ccf:
Sr:}(t:hlz;:g?a;ﬁg;o\:lcs will oqu be cqncerned wi?h ppint and spatial degradations.
e il occurin a Yanety of jclpphcatlons. In aerial reconnaissance,
atronon > emote sensing the plctures' one obtains are degraded by
i pheric turbulence, aberrations of the optical system, and relative motion
be :\}/Ieen the camera anq the object. Electron micrographs are often degraded

vy the spherical aberration of the electron lens. Medical radiographic images
are of low resolution and contrast due to the nature of x-ray imaging sysl;xln-;h

Given an ideal picture f(x i
‘ ,») and the corresponding degraded picture
g(x, y), we will assume that g and fare related by g oprmded pieture

g, ) = f f Rk, 3.5 ) SO ) ' dY + ¥(x, ) ()

:\l']l::re ll(xl;y, X 90 i§ the degradation function and v(x, y) the random noisc
o dmay e present in the Qutput picture. Evidently, in the absence of noise
e degraded image of a point source described by f(x', y") = o(x' —o, ¥'—f8)
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