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3-28

breakdown. Also, reducing h increases C, as can be seen for the cases O

investigated here, because C is inversely proportional to h. In this way,

dielectric materials can be very useful in saving space in ca.pacitor design.
Some typical values of dielectric constants (relative permit.tivities)
2 are given in the following table.

Material ':‘ ke
‘ _ Air (760 mm pressure) 1.0006 (usually taken &s 1)
) Cellulose Nitrate 114
Pyrex Glass 4.5
Mica 7.2
1 FPhenol 5.5
L Polyethelene 2.26
Polystyrene 2.56
Neoprene 6.7
Benzene ' 2.15
5 Petroleum oils o 2.2
- Ethyl Alcohol 25
Methyl Alcohol 31
Distilled Water 81
6 .
‘ 3-8. Dielectric Hysteresis
The relationship
T=xk e'-E':'
e 0

T‘.‘Ls approximately true for most materials. However, there are some materials in
vhich there is what might be called a "sluggishness" in the return of the atoms
to the unpolarized state when the external polarizing influence has been removed.
.8 In other words, the condition portrayed in Fig. 3-13 will persist to some
extent, repulting :I&n‘..ali:&ngial retention of bound surface charge. Such materials
are called electrets. The bound surface charge creates an electric field of
its own, and this fact makes it possible to detect -this state of "permanent- ‘
9 electrification". This phenomehon has possible application for memory devices

Q
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tn computers, although because the similar action in magnetic materials
is so much more pronounced, they are more often employed for such a
purpose.

The phenomenon Just described can be portrayed as & graph of
D vs. E, as in Fig. 3-15.. If Eis increased, starting with unpolarized
material, D will increase along the straight line. However, if E is then
reduced from point P, D will not return to zero when E is zero, and if
E is carried into the negative region, and then back to point P, a closed
loop will be formed. This is called a dielectric hysteresis loop. It
can be shown that the area of this loop is proportional to the energy
lost-in the process. This energy loss can be viewed as being due to
intérnal nspiction” of the molecules as they react to the changing electric
field.

One other possible deviation from Eq. (3-27) should be mentioned.
Some substances do not have —ﬁ and E in the same direction, and are
called nonisotropic.¥* Advanced mathematics is required to treat this
situation, and so no further consideration of it can be given here.

Figure 3-15.

3-9. Resistance Capacitance Circuits
Meny practical applications involve circuits which include capacitors.

We Bhall now briefly consider the ij.ransient phenomena which arise when an
attempt is made to change the voltage across a.capacitor. The essential

*

Nonisotropic materials have different properties along different axes. This
akso applies to properties other than electrical, such as mechanical
deformation and thermal conduction properties. N
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problem is exemplified by the circuit of Fig. 3- l6a, A capacitor is uncharged D

(vv—O) and then the switch is closed connecting a battery of voltage V, through

a resistor R. We are asked to determine how v, changes with time, subsequent

to ‘the closing of the switch. Zero on our time scale is arbitrarily chosen as

the instant when the switch is closed. :
We recall that the charge g accummulated on the top plate is related to A,

k vcby
q=Cvc

and also fghaj;

Thus, i and v, are related by
dv

: , i=0C —a% ' (3-37)

After the switch is closed, Kirchhoff's voltage law gives

é' | 0

iR+ ¥ =7V
(]

or, in terms of the variable v, from the previous equation,

% dv

Rc—a-€+v =V (3-38)

This is a differential equation, to be solved for v, By writing this as an

7 explicit expression for dt/ dv, we have

at RC
- dv e V-vc
8

From this form we can recognize the antiderivative
t = -RC 1n(V-v ) + ln K (3-39)
1] where K is an arbitrary constant. Since \A is wanted,' we can write
t "¢
- 3 = Wlg)

: Q
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3-31
L
— — AAMAN——
— R ‘ +
—4* ‘
=V —
2 T C= (%
(a)
3
L
: )
@ and
6 or
| avexe¥E L g
' This is not yet the required solu‘liion, because K is an unknown
‘ 7 constant which must be evaluated by introducing the initial condition;
the value of v, when t = 0. The original statement of the problem gave
the information that v, = O before the switch is closed. However, Eq.
(3-40) rbegtus to apply atithe instantiwhenstheoswitchqtsiolosedior
8 (i.e. for 0 s t), since it wvas derived from an equation written for a
closed circuit. In connection with this question, observe that if Vo
were to experience a sudden Jump at t = 0, this would mean an infinite
derivative (dvc/dt) and hence Eq. (3-31)shows that the current would be
9 infinite. However, with a finite souree voltage, thisntanimpodsitiles. ible,
: and hence ve conclude that a sudden change in Vo is impossible. Thus,
9
ERIC
- -
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v, =0is the appropriate value to use in Eq. (3-40) to correspond to t =
Substituting these gives
0=V-XK

and thus the required equation for v, is

Vo = v(a-e"%) (3-41)

A graph of this function is shown in Fig. 3-16b. This figure includes
a geometrical interpretation of the parameter RC, as the time it would take
for the voltage to change to its final value, if it continued to change at its
initial rate. RC is called the time constant of the circuit, and the final
value attained by v  is called the steady state value.

Tn addition to learning that in such & circuit the voltage &across &
capacitor changes exponentially, one of the important observations to be made
is that the time required for a change of capacitor voltage to take p'.lace
depends on the product RC. An interpretation slightly different from the
graphical one of Fig. 3-16b involves finding the time interval required
for Ve to go through 90% of its total change. This is the value of t aﬁ

which e‘t/ RC

= .1, vhich occurs when t = 2.3RC, approximately. Time constants
in practical circuits vary from microseconds, in pulse transmission circuits s
to many seconds in certain filter applications.

Equation (3-38) can readily be used to obtain the current,

-

dvc
i=2¢C —d:-E

v e-t/RC

A graph of this exponential is shown in Fig. 3-16c. v

The idea of acchange in v, is further illustrated by the example of
Fig. 3-1Ta. Battery V has been connected for a long period of time so that
at t = 0 (when the éwmtch is opened) v, has the value V,. Opening the switch
yields a situation in which the total battery voltage is Vl + V2’ and the
total resistance is Rl + RE' These can be substituted, respectively, for V

and R in Eq. (3-40) , to give
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1
vy sy - xE R (3-i2)
In this case the initial condition is v, = Vl, when t = 0, and so
2 Vo=V, +V, - K
1 1 2
. which determines that X = V,. Thus, Eq. (3-42) becomes
3 %=H+5E-J%%%m] (3-43)

A graph of this function is shown in Fig. 3-17Tb. The previous interpretation
of the time constant still applies if it is applied to the ¢ hange of v,
L between the initial and final value.
Equations (3-41) and (3-43) are both of ‘the same form, uhere the
change in voltage is represented by a quantify vhich varies like (l-e'a't)
X total change of v,s withe 1/o as the time constant. It can be shown

5 that this is typical of the result for any circuit having only one
O capacitor, and any number of resistors. D-c circuit analysis can be

used to find the total change of Vs and the time constant is C x the
equivalent resistance of the circuit connected to C,which results when
6 all sources are reduced to zero.
3-10. Energx Stored in an Electric Field
In Fig. 3-18, a parallel plate capacitoi' is charging from 9y to‘qa,
' over & time interval from tl to t2 If q is the charge, and V. is the
7 voltage, the current is dq/ dt, and thus the 1nstantaneous power input

to the capacitor is

a
P=Vgs
3 8 ‘
1 bae
. 9 cC——
f T v
(@) (b) Z
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The energy supplied to the capacitor is

by ty 9
W=fp at = fV%—%dt:deq O (3-4Y)
tl tl 9y A ;

In order to convert this to an expression in terms of E and D, we recall
that

td
"
Bl

and q = AD

The second of these expressions .is obtained from Eq. (3-32), which is
i applicable because D is normal to the surface, and q is the free charge
(i.e. charge on the plate). Using these in Eq. (3e4k), we get

D,
W= Ah f EdD : ' (3-145)

2 The factor Ah is the dielectric volume, and thus :

W =fE:.dD ‘ (3-46)
6 D ' '

can be viewed as the density of energy storage in the dielectric.
The integral of Eq. (3-46) is interpreted in Fig. 3-20a, for an’

electret which is being electrified from an initially unelectrified state
7 (i.e. along the curve which starts from the origin). The change of energy

density associated with increasing D from Dl to D2 is represented by the
shaded area projected back to the vertical axis, as in Fig. 5-19a. Now
suppose D is decreased again to Dl' In this case the energy density change

' 8 decreases by an amount equal to the doubly shaded area. Thi energy is returned
to the circuit, and thus the shaded area between the two cur&es is energy lost.
Similarly, if electrification is carried around a complete loop, as in Fig.
3-19b, the energy lost for this cycle of operation is equal to the loop

9 area. Of course, this energy,loss, which is called hysteresis loss, causes

heating. In many applications hysteresis loss is negligible in dielectrics

O
F ERIC

81



3-35

'1
2 +, 2 }m; : "
v ’27//;
5 < @ )

\ Figure 3-18. ” : A Figure 3-19.
5 becduse for most _matéria;l,s the loop area is very small. However, »
D : when capacitors are used in a-c circuits, hysterésis power loss can

become very high because power 1oss is energy loss per cycle multiplrkeci
by frequency. Thus, & dielectric whlch behaves with negligible loss at 60 cps.
6 may be totally unsatisfactory at 109 cps. . . .
o For the important case where D 2k eo.E ifiweé: conusl.der the ‘h‘rw‘-*w . . ;
- increase in bringing D and E from zero to some specific values, from Eq. ;
" (3-46) ve have ' ' S

7 A k e
w=keededE= 2
0
91'

This lost energy relationshipi:is applicable to any dielectric 1n
,‘ an electrified state If it is part of a capacitor the energy can be
] 9 given in terms of C, as we can see by observing that i=C dv/dt go that
E . the integral of the power is
D t t v

av
. W= fpd‘ﬁSCfv Ed‘b-’-!"deV
0 0. 0

.
ERIC
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or
W= % ¢V (3-148)
;2 This energy is completely stored, since in daying that C can be used we
have implied that g = C Vo and hence that D is proportional to E, which
in turn means there is no hystersis loop.
3 ‘
3
0
e B

3-36 '
O
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Chapter 4
ELECTROMAGNETISM

Introductlon .

In this chapter we shall deal with two basic physmal phenomena. First,
the phenomenon of mechanical forces (and/or torques) exerted on current-
‘ carrying circuits either in the viecinity of another current-carrying circuit,
or a permanent magnet. Second, the creation of an electric pote‘ntial differ-
ence as the result of motion of a conductor, or as a result' of a changmg )
current in another circuit. The first of these phenomena is the basis of the
subject of magnetism. Since the second involves an interrelatidonship between
electrical and magnetic effects, it is called an electromagnétic phenomenon.

Almost every practical electrical device iﬁvolves electromagnetic phe-

~ npmena. For example , the electric power we use is generated by the motion
of a conductor in a magnetic field, the diaphragm of a telephone receiver is
actuated by magnetic forces, magnetically operated relays are used to open

and close circuits in many applications such as motor controls and telephone
switching circuits, and, of course, electric motors operate on the prlnclple
that a force is. exerted on a current-carrylng conductor in a magnetic field.
Thus, these few 1llustrat10ns mdlcate that a study of electromagnetlc phe -

nomena is important.

k-1. Basic Magnetic Experlments
ConS1der an experiment m which two long straight parallel wires carry
currents, as shown in Figure -4&-1(3.). Wire (1) is rigidly supported, and

provision is made to measure the force on wire (2). The following 'observa-

tions can be made: _
1) Wwhen il and 12 are in the same direction (either both in the
reference directions shown, or both opposite), wire (2) experiences
~a force toward wire (1). . . '
2) If either current is reversed (but not both), the force on (2) _
will be away from (1). ' ’ I '
3) In either case, the magnitude of the force is proportional to

the magnitude of the product i,i,.

84




b

4) The force is proportional to l/r, where r is the separation between wires.

A second experiment can be conducted as shown in Figure 4-1(b).  Here, the
wires are at right angles and in the same plane, one passing in back of the other

: by virtue of a small semicircular jog in one of them. In this case, there is
. 2 found to be no net force on wire (2), but there is found to be a ‘torque ‘tending
to rotate wire (2) into a position parellel with wire (1) so that 1, and i, ~will’
" be in the same direction. Thus » for currents in the reference directlons mdicaped.
" in Figure 4-1(b), the torque on wire (2) is found to be clockwise. - V ‘

W
- ™ -nmn“‘.a..,

E ;7 (s
4 & . \
o /( ,,T T \ Ti,‘
) TR PO ST
L L iz 1 e i
1 - [ S FTorque
5 i fr — i - ergee
\ /
\\ . /‘/‘
6 ) Figure 4-1. .- (b)

3 L2, Flux ‘Density
' In Figure 4-1(a), wire (2) experiences & force , and so it is reasonable to
T assume that there is a force on a short length AL, as indicated in Figure ll-2(a)
With fixed 11 » the force is toward or away from wire (l), depending on the directlon
of 12 This much of the experiment suggests, perhaps, that the force on Ag can be
~ described by defining a vector directed radially from wire (l) However » when we
8 g0 to the crossed wires, as in Figure h-z(b), we see that in- order to provide the
I observed torque , the force on an element AL must be' Eallel to wire (1); up or
down depending on the direction of 12. The force on the elemen‘b AL is always

‘perpendicular .to the direction of current flow in Ag.

L0
- ERIC
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Figure 4-2. ‘ ]

The idea of a vector product of two vectors is used to describe the force
on A¢g. To see how, we shall consider the four conditions illustrated in
- Figure 4-2, repeated in perspectivé view in Figure 4-3. The direction of cur-
5 rent 1, flowing in element Ag, is designated by a unit vector i, and Fis

@
8
Figure 4-3.
] the force vector. In each case a unit vector 'ﬁt is shown in perspective view,
as a dashed line. This vector is drawn tangentia.lly to a circle centered at
9  wire (1), as indicated in Figure 4-3(a). It will be noted that in each case
@ the right hand screw rule applied in the vector product
TxT
XUy
R
ERIC
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will yield the direction of F. Thus, & unique direction (that of ﬁt) can be found, O
from which the direction of T can be derived, when the current direction (defined
by B) is known.

Regarding magnitude of the force, careful analysis of the mechanics involved
will show that the magnitude is the same in all situations shown in Figure 4-3, pro-
vided that the perpendicular distance r from wire (1) to element Ay is the same.

Since the force is proportional to 1112 » this distance factor must appea:'r.' ex-
plicitly in the equation for force. Also, the factor l/r must appear, to account
for the inverse relationship with distance obteined for Figure 4-1(a). Finally, ve
should expect force to be proportional to Ag. Thus, experimental results are sat-
isfied by the relation o ' :

' 11
et B (1)

where k is a proporticnality factor chosen to take care of units. This constant is
usually written k = pO/En:, where ¥y is another constant called the permeability of
free space. When force, current, and distance are.in MKSC units. (respectively nevri:,ons(3

amperes, meters) » the value of p, is
K = g x 10 -1

- *
and so we get 2 x 10 1 for the value of k.

*The appearance of the simple rational value 2 X 1077 for k in Eq. (4-1) may be sur-
prising, in view of the fact that Eq. (4-1) is presented as an experimentel lav.
This is not an accident; it stems from the choice of ¢y which establishes indirectly
the unit of charge at such a value that the coefficient is exactly 2 x 107!, This
procedure of using a non-rational factor (eo) to define charge, so that the factor
comes out rational for B may seem to be somewhet puzzlings it would perhaps seem more
logical to choose €y as a rational number, since electrostatic phenomens are simpler.

- fheanswer lies in the historical development of systems of unit, and the fact that
early measurements esteblishing the ampere were made by measurement of magnetic
forces. Magnetic forces are easier to measure in the leboratory, although they are
more difficult to analyze theoretically. In the MKSC system of units, adopted as the
international standard in 1938, the theory was adjusted to agree with existing practice :
units wherever possible. Since current and charge are very fundsmental, their units
were retained.
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" with respect to B. Interpretation of the vector product shows that the

S T TR T P e T ey g s

0

Now we introduce this value of k, and rearrange to give

2x107i

& = 18] W x——21,)]

[

Next, we introduce a symbol (B) to replace the quantity in parentheses and
arrive at

> -
aF = 1,8 (W x Bi)

where B is

-7
2x1070  myt,

Be —0— =i (4-2)

The quantity Ba E,\t is & vector in the direction of the unit vector
u (or epposite if B is negative). It is called the flux density vector
or » alternately, the induction vector. In the MKSC system of unité » Bis
in webers per square meter.® Equation ()+-2) is an expression of ‘the Biot-
Savart law, giving the flux density, - <-.:, at all points in space, due to
a long current-carrying conductor. Thus, using the vector B, the force
equation is

-p . > ;
aF = 108 (T % B) (4-3)
The validity of this expression has not been completely established
by the experiments described, because only two orientations of the Af ele-
ments have been considered. However, by conducting further experiments, it

is found that Eq. (4-3) is indeed valid regardless of the orientation of Ag

magnitude of the force is

ErMBEREY

- .
In the older electromagnetic system of units, B is in gauss (1 gauss =
10 web.rs/sq.moso In that system, if i]: is in amperes, r is in cm.,

then #5 = 0.4x ard in Eq. (4-3) force is In dynes.
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where @ is the angle between the B vector and the conductor, and the force is
normel to the plane of B and the conductor.

Plots of B at different distances from the wire yield a picture like
Figure 4-i(a).
illustrating, by their length, the 1/r relationship. The state of space in which
forces are exerted on current elements (that is, regions in which f is not zero)
is called a magnetic field. Figure 4-U(a) is a partial plot of the magnetic £ield
surrrunding a straight wire. An alternate method of plotting a field is shown in
Figure 4-4(b), in which only the directions are indicated by "flow lines".

At increasing distances from the wire, the arrows become shorter,

@ O]

Figuré 4&-L.

When the force on -a long conductor (as distinct from an incremental length) -
carry:.ng a cu:rrent :i. is to be found, mcremental forces as given by Eq. (h-i) can
be summed to give the total force. Of course, this becomes the integral
(T x B)as
conductor

f R
512

where U is a unit vector tangent to the conductor, in the direction of .12 , at each
point on the curve.
iﬁ Figure 4-5. The central dot represents the long conductor, and PQ is one side
of & square loop. We are to find the force on this piece of conductor. In this
case, df = dy,

T
0_=2 and sinG-——L—

lhi'VbE-i-yE . b‘d+y2

B =

The meaning of this integral can be illustrated by the example

.
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1 giving
Moty y dy By 35 b2 + b°
F= fbe 2 = I B2 )
o Y tY.
2
This force is directed out of the paper, in asccordance with the right-hand
screv rule ags applied to the vector product a X B.
Q
3 B - - "‘T" -1
- - e !
' d <
4 / h =
/ l*f;.,,\ AR |
4 (-—»053;--.- N — Y _
' Cuvrent i, P s
(Out of paper) /
Figure 4-5.

D 5 The example chosen to introduce -ﬁ, the straight wire, is particularly
simple. Problems of finding § in the space surrounding other wire shapes
are generally more difficult, and are among the topics covered in the subject
of field theory. Some illustrations of the structures of the magnetic fields

6 around coils of wire are shown in Figure 4-6.
3 ~
\
. T \
: \
\
1
)
'
8 :
!
!
!
!
/

] 9 /

3 /

D NN

~’ N\ « =~ .

: (b) N tuen coil

‘,» - U‘ N
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One principle can be given in relatively-simple terms here, however, which
provides some idea of the relationship between B and the current which causes it.
For this, we return to the relationship

/’

My 1
2 Be 21

2

for the straight wire. If we take any circle of radius r and multiply B on that
circle by the circumference, we get "Oil' But this product (B times circumference)
3 is a special case of the more general formula

f B ds = pyi; (4-5)

b Increments d¢ are along a closed B line (the O on the integral sign merely sym-
bolizes the closed curve). The essential observation to be made in Eq. (4-5) is ‘
that i, is the current encircled by the closed curve. Furthermore, Eq. (4-5) is a
special case of a more general one in which the curve along which the integral is

>  taken is not necessarily identical with a B line. In that case B and dg will not ,
recsssarily be in the same direction (see Figure 4-T), and so to agree with Eq. (ll--5)O ‘
the component '1‘3°ﬁt must be used, giving :

- . -
fBaut g = p,oll ' (u 6)
6 X |
Up to this point, we have oaly shown that Eq. (4-5) is a special case of
Eq. (4-6) and also that the relation 2mB = p.oil is in turn a special case of
1 -
/7
Bline™ 7/ ¢ Inleyralion palh

s Cu rrent
*lout ofpp)l
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Eq. (4-5). One further generalization has to do with the possibility of having
a coil of N turns, like Figure 4-6(b). If the closed curve encircles all turns,
the current encircled is Nil. Thus, using the solid line in Figwe 1&-6(‘0), we
have

f B, ap = nNL ' (4-7).

as an equation which reduces to Eq. (4-6) when N = 1.

In the absence of direct prdof for the general case represented by Eq.
(4-7), this equation will be taken as & basic postulate. Ey this statement
we mean that Eq. (4-7) has not been proved experimentally for all possible
coil shapes and sizes, but its consequences are consistent with all observed
phenomens. Equation (4-7)-is one form of Ampere's circuital lsw. Relative
to Egs. (4-6) and (4-7), & word of explanation is needed concerning the rela-
tionship between the direction of U, which is along the curve of integration
and. the direction of :!.l They are relasted in accordance with the right-hand
screw rule; the reference direction of 1 is the direction a right-hand screw
will advance when rotated around the curve in the direction of u. ""1gure b7
shows this relationship. ‘ ‘

Ampere's circuitel law permits the solution of another. simple problem,
involving the toroidal coil shown in Figure 4-8, From the symetry of the




- B
. - R ,!

L-10

figure, it is evident that, at every point within the coil, B will be tangent to O
a circle, as indicated. This circle, of radius r, encircles N:I.l smperes, enter-

ing the paper. Thus, the right-hand screw rule shows that u, should be in the

direction shown, and Eq. (4-7) becomes

2100B = #, Ni.l o 3
or R <r<B, (4-8) |
pu, Ni
0 .
B="2x : y
, With the exception of the introduction of N, this is the same as Eq. (4-3). How-
3 4 ever, Eq. (4)8) applies only for the region inside the coil. For points outside
1 the coil, B is zero. T.his we can see by observing that any other circles, such
as C; or C,, will encircle no current.
5 4-3. Force on a Moving Charge
The phenomenon of force on a current carrying conductor can be extended to
the situation where free charges (as distinct from charges within a conductor) are
moving in a magnetic field. A common example is a television picture tube, in
6 which control of the motion of a stream of electrons is partially provided by a
magnetic field. _ C
, The current in a conductor can be viewed as due to the motion of & row of
g, charges, symbolized by the dots in Figure 4-9. These charges are all of one sign,
1
8
9
Figure !“‘90
:" B o
k ERIC
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1 and if the conductor is uncharged, there is an equal number of stationary
charges of opposite sign, not shown in the figure. Let Wawid bp - the average
velocity of the moving charges, and let N be the number of them per unit
length. Each moving charge has a charge q. In an increment of time At each
2 charge will move a distance wAbt, and therefore in time At all charges in this
length will pass a given cross section, such as A. Thus, the current is
Ng w At
12 = At = Nq w -
3
If the conductor is in s magnetic field, we have seen that the force
on it is
4 o&F = 108 (& x B)
Now we postulate that the force on the wire is actually due to force on the
moving charges, and substitute for 12M in the above, to give
p > ; ix3
; &F = (Na w a2)(U x B)
= (No A¢)(¥ x B)
6 _since wu = W. Finally, in length A¢ there are NA¢ charges, and so dividing
by Nag will give )
- I
F = o(¥ x B) (4-9) .
[{
as the force on one cherge. The above postulate implies that this formula
3 will give'thé force on a moving charge even when it is not in & conductor.
Experiment on the deflection of the electron beam of an oscilloscope bears
8 this out, and so Eq. (4-9) should be regarded as giving the force on a moving
charge under all circumstances, whether it be a free electron or ion, a
physically moving charged object, or the charges within a conductor or semi-
conductor.
9 The force described here is known &s the Lorentz force.
§ ﬁ o‘
E-tMC e : [ —

94

—




4-12

1 4-h. Motional Induced Voltage O
Having established the idea of a magnetic flux density, and the Lorentz force,
we are prepared to consider what happens when a conducting body moves in a mgnntic
field. Consider the experiment illustrated in Figure 4-10(a), in which a wire PQ

2 is perpendicular to & pair of conducting rai.is along which it slides with velocity
W in a direction parallel to the rails. Furthermore, there is a magnetic flux

: density B which we consider to be uniform over PQ and perpendicular to the plane of
PQ and W ' .

3 The conducting wire contains charges which are forced to have a velocity W be-
cause they must move with the wire. They therefore experience a I.orentz_ force which
pushes them slong the wire. Since the-free charges are electrons, they move toward P,
in the direction of -(% xi). As & result, a charge separation takes place, as in-

4 aicated by the polarity markings in Figure 4-10(a). By virtue of this charge sepera-
tion, there is a potential difference v, which can be measured by a vo].tmeter. The E
charge separation takes place very quickly, and the motion of charge stops when the
electrostatic force due to the separated charges 1s ex..—.,ctly equal to the Iorentz

5 force, as indicated in Figure 4-10(b). Since.the conductor is perpendicular to the i
plane of W and B, the Iorentz force acts along the wire, and the work that it does
in moving a unit of charge from P to Q is the force per unit charge times a¢. In
the notation ¥ = w§_and B = B Uy, since ¥ and B are perpendicular to each other,

6 on & positive charge this force,of amount Bw,is directed from P to Q. Thus, the
work per-unit positive charge is

e

P

This quantity (ePQ) is called the electromotive force (frequently abbreviated enf)
acting from P to Q.* However, from the energy conservation postulate, the work

done by the Lorentz force in moving a unit charge from P to Q must equal the work

8 the electric field caused by the charge separation would do in moving it from Q

back to P. But this is the potertial difference v (or VQP)- Thus, for this situation,

= Bipl (4-10)

Vap ™ °pq (4-11)

* .
This terminology is a misnomer, because electromotive "force" is a scalar quantity
(energy) whereas force is a vector. This incorrect terminology is a heritage from
the past which persists due to long usage.

9
ERIC
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Either of these is loosely termed induced voltage. In view of the identity
of VQP and epq’ one might naturally vionder why a distinction is made between
them. As we shall see later, the reason is that when current flows in the wire,
Vap is no longer equal to epq‘ They are the -ﬂg only on open circuit.

2 In the above example, the moving conductor, B, and w are mutually per-
pendicular. The result is an equation for ePQ completely in the scalar quan-
tities B, w, and A¢. It is not difficult to show that in the absence _o:f
mutual perpendicularity of B and w, the general formula is

epg =B (¥ x Bar- . (4-12)

_where ﬁc is a unit‘v'ector from P to Q along Af. This result will not be proved
y  here. o ’ -
3 In che case of a conductor which is extensive enough so that B cannot be
- considered uniform over its length, and may not necessarily be straight, Eq..
(4-12) can be regarded as the emf’ induced in an incremented element of length
Af. An integration can then be performed w.i.th' respect to a variable g measured

2
@ .- along the conductor, giving
, Q. . . |
o= [E@xBa . @a3)
6 . : P

‘Reference to Figure 4-10(c) will help to clarify the meaning of this mfégral.
Note that at each point on the curve b ” is té,ngen.t to the curve and directed

tovard Q. s ‘
T '
. / w
8 . .
Eleclro- = -
sgg,fc,é, .+ Cl?or‘qe_ |
Lorent=z
aree
9 | . (b).
D. ' - Figure 4-10.
~Q
- ERIC
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. Voltage indications on the meter are described by the following observations:

O
' ERIC

A simple application is shown in Figure 4-11, where PQ is moving with velc;ci;ty O
ﬁ, and ﬁ is due to current il in a long straight conductor. -In the region of con-
dnctor PQ, B is into the paper, as indicated by crosses. It will be found that

- (¥ x B) is negative , and since ‘

i
0 "1
B = o
we get
b+h
. .- poilw ay
PQ n y
b
p, 5
- (222)
te, T w _
2 )
Figure 4-11.

4-5. Faraday Induced Voltage
Next we consider ‘aa experiment, illustrated in Figure 4-12(a), which involves
the effect on one circuit of a changing current in another circuit. A voltmeter

is connected to the open ends of a loop of wire, and the loop is near a long wire

carrying a current il which varies with time. The wire is in the plane of the loop.
(1) When il is decreasing, the voltmeter will show a negative ;ndication
(indicating & potential difference opposite to the meter polarity marks ).

(2) Wwhen il is increasing, a voltage of the indicated meter polarity will be
observed. )

(3) The magnitude of the voliage is proportional to the magnitude of the rate Q j

of change of current.
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() For a given rate of change of current, the magnitude of the voltage
varies inversely with distance from the wire, and at any given distance
is proportional to the loop ares.¥*

Although the above observations involve current il , a mathematical relation-
ship describing these phenomens can be obtained by using the magnetic flux den-
sity vector (B), since B is related to i, by the Biot-Savart lew, B = uoil/lm-.
If U is a unit vector directed out of the paper, from the center of the loop,
then ¥ = BY, where B = poil/ll»:a:. The observed phenomens are accounted for by
the formula

d(AB)
Yo" T T at

where B is the average value of the flux density within the loop, and A is
the loop area. The above observations (1), (2), and (3) are accounted for by
the negative sign and the fact that B is proportional to i,; and observation
(%) is accounted for by the way B varies with r, and by the inclusion of the
factor A. )

A further experiment using a coil of N turns of wire will lead to the
observation that the voltage is also proportional to N. Thus, for this case,
the above equation would include the factor N.

The quantity ¢ = AB is called the magnetic flux linking the loop. If the
loop had not been normal to the B vector, the induced voltage would be smaller,
and investigation would have shown that the component (]‘S“u') of § normal to the
loop should be used .in obtaining ¢. Thus, a general formula for flux is

-

¢=AB 1 (4-14)

where W is normal to the loop, and B'u is averaged over the loop surface. This
relationship between ¢ and B is s in fact, the origin of the designation of 'ﬁ

as flux density. e e

*
The functional relationships described in (&) are accurately true only for a
loop of infinitesimal size.
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In similarity with the case of motionally induced voltage, it is convenient Q
to introduce ePQ = vQ,P as the work done by the changing magnetic'ﬁeld in moving
& unit positive charge from P to Q. Thus, using Eq. (4-14) for ¢, and assuming
a loop of N turns, the equation for the electromotive force is

-y % ’ -
epq = N 5 (4-15)
Since, on open circuit, VPQ = - VQP = - ePQ’ the above equation can be

written in terms of potential difference, as

Vpg = ¥ & (4-16)
It is to be emphasized that Eq. (4-16) gives the terminal voltage only on open
circuit.

A word of explaenation is needed concerning the sign in this equation. As
defined in Eq. (4-1%), ¢ is a scalar quantiiy having a reference direction
(1ike current). This involves a somewhat fictitious view of ¢ as something
that "flows", but it is a useful idea. Obviously, the negative sign in Eq. (4-15)
has no meaning unless reference directions for scalar quantities ePQ and ¢ are

properly defined. | The reference for ePQ is indicated by the order of subscripts
(i.e., work done in moving positive charge from P to Q). The reference for ¢ is
obtained from the order PQ by the right-hand screw rule, by stating that the unit
vector u in Eq. (4-14) shall point away from area A in the direction a right-
hand screw will move when rotated according to a progression from P to Q along
the loop. This is illustrated in Figuwe 4-12(b}. The reference direction of ¢
can be regarded as a direction from one side of the loop to the other, in the

direction of T.

-

Y

()
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In the above discussions, w}ariation of B within the loop was not considered,
having been tacitly accounted for by saying that B in the formulas Js the average
value. Where B varies over the area, an integral is used to obtain ¢. This is
done by observing that &P = B-Wa is an increment of flux through an area Aa,
where U is normal to Aa. Thus; in general

o= ﬂ BT da (%-17)
over surface

should be used for flux whenever B is not constant. 1
For example, for the rectangular loop in Figure 4-13, the area element ]

-

Figure %-13.

is hir, and B0 = uoil/’i»:rr, giving

i

HoliB 2 g Myl
o= [ F-F
L5

Ll

The unit of ¢ in the MKSC system of units is the weber¥

#*
In the electr_gmagnetic system, ¢ is in maxwells (gauss x area in cm.z). One
maxwell = 10~V weber.
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Equation (%-15) or its equivalent, Eq. (4-16), is an expression of the
Faraday law of induced voltage. It is presented here for a simple geometrical
arrangement, but it is postulated as a generally valid law, regardless of the ..
source of ¢ or the cause of its variation with time. In this example, ¢ varies
with time by virtue of the time variation of current il. However, ¢ may change

. with time due to the motion of a fixed current, due to motion of a ﬁermanent

magnet, or simply due to the motion of & piece of iron in the field.

In some applications s loop moves in a changing magnetic field. In such
a case care must be exercised to be sure that Egs. (4-13) and (4-15) are used
correctly. Carelessness in this respect once lead to an interesting historical
mistake.* '

4-6. Elementary Energy Relations

The previous two sections have shown how induced voltage (emf) can be de-
rived from B or ¢, or both, and this was related to potential difference when
the device in question was on open circuit. That is, no current was allowed to
flow, except for the slight momentary current flow during the short period of
time while charge collects on the terminsls.

Now consider Figure 4-l4 in which the loop between P and Q is subject to

*

It was once proposed that a commutator-
less d-c generator could be mede in the
menner shown in the figure. It was pro-

be supplied by slternating current, ar-
ranged to reverse once each half revclu-
tion of the rotating coil. The argument
went that the voltage induced in each
side of the rotating coil would always

be in the same direction because as the
direction of motion reversed at the top
or bottom of its circular path the di-
rection of flux would also reverse. How-
ever, when the effect of the time variation
of flux is included, it is found that d-c
is not obtained; and this is in agreement
with experiment.
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.an induced voltagé » elther by virtue of conductor motion or time varying flux.
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P
R
]
;. (a)
Figu.re b1k,

We have seen how to determine epq, and it has been recalled that this quantity
18 t“he work done per unit charge by the magnetic field in moving this charge
from P to Q around the loop. In the present case, the terminals are connected
to a resistor R and so a current will flow and the emf ePQ will continually do
work. Since ePQ is work per unit charge, and i is units of charge.:;per second,
this work will be at the rate ePQl“ Using the conservation of energy postulete,
this energy rate will equal the sum of i%% + 1230 » Where R, is the resistance

, 0
of the loop. Thus,

. .2
epgl = 1 (R + Ro)
or
e Q= i(R + RO)
But, i R = VQP, the potential of Q with respect to P. Thus,

(4-18)

Note that if 1 = O, this reduces to the previously obtained equation VQP PQ, |
Equation (4-18) shows the reason for making a distinction between potential \

difference and emf. Whereas the term "induced voltage" inay be used to designate 4

@ in Eq. (4-18) should not be called an |

induced voltage. An emf can be measured by & voltmeter on open circuit (neg-

lecting voltmeter..current); or by applying & short circuit to make VQP =0

so that e if i and RO are known.

an open circuit potential difference, ‘v

2 which determines e

Q" PQ
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1 Equation (4-18) is the general relationship between terminal potentisl dif- Q
ference and current for any device in which there is an electromagnetically induced
voltage. If we define the quantity Vo = €p (where o is the open circuit value of

) and use it as a voltage source in the circuit of Flgure 4-14(b), we see that

2 Eq. (4-18) will be satisfied by this circuit. Thus, this is an equivalent circuit
for the source deviée. Tt looks like & Thevenin equivalent, but is derived here
from different concepts.

When sn induced voltage causes a current to flow, as in Figure h+lk(a), a

' 3 check of the current direction will show that it will always be in such a direc-

" tion that the magnetic field caused by that currcnt will act to oppose the action
creating the emf. This principle is known as Lenz's law. If the emf is due to
motion, as in Figure 4-10(a), the force on the conductor due to the current flowing

Y in the B field (the same field which causes the emf) will oppose the motion. Thus,
due to this opposition, mechenical work must be done to maintain velocity w. In the
case of an emf due to a changing flux, as in Figure 4-12(a), the current caused by
this emf when the circuit is closed will create a flux opposing the flux change

5 which causes the enf. 7 ' Q ’

Lenz's 1aw is a consequence of conservation of energy, being a statement that

there is an opposing action to any ection which will cause a current to flow, such

opposing action necessitating an expenditure of energy on the circuit.

6
4-7. Ferromagnetic Material
The next experiment to be considered is illustrated in Figure h-l5 » where B
1
ostilloscope
8
9 - Iron ring
Figure 4-15.
tKC
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is to be found within the circular iron ring.encircling a long straight current-
carrying conductor, as shown in the figufe. The cross-sectionel aree of the
ring is uniform, and dimension h is very small compered with r.* Obviously,
the force on a test conductor cannot be measured within the iron, and so a dif-
ferent method of measuring B must be "i;sed, ’

The total flux through & cross section of the iron can be determined by
placing & loop of conducting wire in the manner shown and conne -fng this to
a voltage recording device such as an oscilloscope. Although such an arrsnge-
ment cannot measure ¢ directly, it can be used to measure a change in ¢. Thus,
suppose 1 is increased in a sequence of jumps, in the matter illustrated
graphically in Figure 4-16(a). With each increase in current, the flux will
increase an amount aA¢p. Now, since

_ 9
V=it

at any one of the jumps, say the second, we get

tl+At
2b, = f v it (4-19)
%
This integral can be evaluated from the oscilloscopic record of V. as & function
of time.*% By making a succession of such measurements, the data points on the
solid curve in Figure 4-16(b) are obtained.®** It is found that as the cur-
rent increases by equal increments, successive increments of ¢ become smaller,
causing the curve to flatten out. This phenomenon is called saturation.

* .
The reason for this requirement is that in view of Eq. (4-2) we should expect

B to vary with radius. By restricting h to a small value, there cennot be mucl
variation of r to all points in the ring, and thus B will be nearly constent
over a cross section. 4

* :
This integral is normally evaluated by the use of a ballistic galvanometer,
but in the interest of mainteining a direct attack on the immediate problem, we
avold this detail.

Hk
Readers with awareness of the phenomenon of hysteresis will reelize that this

curve will be obtained only if the iron is initially unmagnetized. This state
can be attained by starting with a lar, =2 value of i, reversing i to a slightly
smaller value, and repeating this process until the current is zero.
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Figure 4-16.

The curve of Figure 4-16(b) is a property of a particular ring. In order to
attain a curve which yields intrinsic properties of the magnetic material, inde-
pendently of physical dimensions, a further experiment is needed, using a ring of
different diameter, say twice as large. A new curve will then be obtained, like
the one shown by the dashed line in Figure 4-16(b). The amount.of current i re-
«uired to yield a specific value of ¢ will be doubled. Thus, if we had plotted
1/2@ instead of i as the abscissa, the same curve would have been obtained in
both cases. Thus, by using 1/2:0.-' as the abscissa, the diameter (or circumference)

parameter is eliminated. Furthermore, the crosg-sectionsl area A can be eliminated
by dividing ¢ by A, to give B.2 The result will be a similar curve with changed
labels on the axes, as shown in Figure 4-16(c). A new variable (H) bas been intro-
duced such that '

1 ) | :
H=z= , HwHu (4-20)

Since dimensions of 1.;he ring have been eliminated from consideration in Figure
4-16(c), the B-H curve is & property of the material, called a normal magnetization:
curve. ‘ ‘

¥ is a fundamentsl magnetic quantity, called the field intensity vector. In
the MKSC system of units, ¥ i3 expressed in amperes per nmeter. '

this neglects the slight variation of B over the cross gsection.
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Let the formula

‘B = £ (1) (4-21)

describe the functional relationship between 3 and H, such as the graph in
Figure 4-16(c). In iron and in similar media, which are called ferromagnetic,
the relationship is non-linear. In air, the relationship can be determined
by comparing Eqs. (4-2) and (4-20); it is seen to be

B =g, B (k-22)

This is & linear relationship showing that B and H are proportional.
There are other materials than air in which B is proportional to H.

For these, we write
B=kpH (4-23)
where km is a constant called the relative permeability. If km < 1, the mate-~

rial is called dia etic; if k> 1, it is called ;@amagetic.‘ However, 3
the value of km for such materials is but little different from 1; foxr example,

one of the larger values is 1.003 for liquid oxygen.

The linear relationship' in Eq. (4-23) is sometimes used, even for ferro-
magnetic materials, as a linear approximation for the general relationship in
Eq. (4-21), as indicated by the dashed straight line in Figure 4-16(c). This
is often done in preliminary design calculations, where the advantages of &
lineaxr equation (as distinct from a graph) outweigh the inaccuracies involved.

Examples of normal magnetization curves for several ferromagnetic materials
are shown, in Figure 4-17. Also included is the straight line B = UW: & It is
apparent that B can be increased very appreciably by the introduction of irom,
an important consideration in the construction of many items of electrical
apparatus.

I most cases (and all cases to be considered in this text) H is a vector
in the direction of -f, where the relationship between their magnitudes is
eithexr given graphically or by Egs. (4-22) or (4-23). The exception occurs in
certain materials which are non-isotropic (materials which exhibit different
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properties in different directions), in which B and I d not necessarily have

the same direction.

4-38. Hysteresis

Again referring to Figure 415, assume the current has been increased,
bringing the magnetic state to point P in Figure 4-18 and then let the current
be decreased in steps. With each jump downward, Ap can again be obtained from
the integral of voltage. It will be found that demagnetization will take place
along a curve higher than the original one, as indicated by the arrow. If the

v

current is then carried to negative values, as far as —Hm, and then back to
Hm, 8 closed curve called a hysteresis loop will be obtained.
Ordinate Br , where the curve crosses the vertical axis represents the

flux density remaining in the iron when the current h_as been reduced to zero 9
is called the remnant flux density, and abscissa Hc » the value of H required to
reduce B to zero is called the coercive force. The phenomenon of hysteresis
described here further complicates computations involving ilagnetism in iron.
Not only is the material non-linear (B not proportional to H) but the relation-
ship between B and H is multivalued. For a given H, the value of B depends on
the previous magnetic history of the iron. In many cases approximate calcula-
tions are made using the normal magnetization curve. However, there are ap-
plications in which the hysteresis phenomenon is of paramount importence. One
of these is in devices involving "magnetic memory," suc.h as tape recorders and
memory devices used in computers. The memory capability arises from the above-
mentioned fact that magnetic state depends on what has happened in the past.

For example, by measuring the flux at zero current (giving either +B, or -Br) 3
it is possible to know whether the magnetization waes previously at P or Q. :

4.9. Magnetic Circuits

A mg.gnetié circuit is an arrangement of ferromagnetic materials forming
closed paths, sometimes including short gaps of air or of other non-magnetic
materials, so as to form an easy path for magnetic flux. The source of the flux
consists of one or more current-carrying coils of wire surrounding some portion ‘
of the path. .

Figure 4-19 shows some examples of magnetic ciz;cuif;s , taken from typical
electromagnetic devices. The iron ring shown at (a) might be the "core" of a
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1 transformer on which there are two or more windings. With a single winding, the ~—
device is an indgctor. To determine the amount of flux in the iron due to a given
current in one of the windings would constitute a magnetic circuit problem. As
another example, consider Fig.':h-l?(b) which shows the megnetic circuit of a d-c

2 generator or motor. Suppose it is a generator, to operate at a specified speed
and voltage. This will determine the required value of B in the airgap between
the rotor and the poles, by way Eq. (’ll»-lo) » and thus a certain airgap flux is
known to be required. Final solution of this problem would then'.determine the

3 number of turns and current on the "field" windings required to produce this flux.
This is also a magnetic circuit problem. Our final example, Figure 4-19(c), shows
an electromagnetic relay. The force on the moving armature is a function of the

- airgap flux, and thus a certain flux will be requiréd to cause the relay to close. ;

4 If this required flux is known, a magnetic circuit problem is -then solved to 3

determine the spécificatioﬂs of the coil (current and number of turns.)

(¢)

Figure 4-19.

We shall now consider how magnetic circuit problems like the above can be
9 soived. As a start, we return to a consideration of a uniform iron ring, like
Figure h-l5,l but with & variety of coil arrangements as in the examples in Figure
4-20. The case shown at (2) is the simplest. It is similar to Figwe 4-8, except
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that now the coil is wound on an iron core. It can be shown experimentally that
if the product Ni in Figure 4-20 is the same as i in Figure 4-15, and if the

6 iron ring dimensions are the same, then the flux in the iron will be the same.
Now suppose the product Ni is also the same in the examples at (b) and (c} of
Figure 4-20. It will be found that the flux in the iron is approximately the
same as before, although by moving a test loop (like the test loop of Figure

7 k-15) to various points around the ring it will be found that there is a slight
variation of flux, and that the flux is slightly larger néar the windings. o

This empirical result is significant, because it implies that the flux in

a ring of magnetic material of given dimensions is approximately dependent only
8 on the total current linking the ring (current in the wire times the number of

turns, in the case of a coil). It is concluded that B and therefore H are

nearly the seme in each case, and that Eg. (4-20) approximately applies if we
3 replace i by Ni, giving '

O . omH = Ni  (approximately) (4-24)
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The value of H at a given point (fixed r) depends on the product Ni. The D ‘
game H is obtained for different values of N and i, so long as the product is

the same. Ni is called magnetomotive force,* abbreviated mmf, and is given the

ks O

symbol u. Its unit is the'a_g;gere. (Its unit is sometimes taken to be an ampere-
turn, but a turn has no dimensions.)

Let us tentatively leave this approximate relationship and consider the
further experiment. shown in Figure 4-21. In this case the ring shown at (a) in-
cludes an airgap. It i; assumed that the airgap length za is small compered with ;
the linear dimensions d and h of the crpss section. It is also assumed that there
is some means for closing the airgap temporarily, say by bending the ring slightly,
as shown in Figure 4-21(b). Using a test loop like the one shown in Figure ks,
two magnétization curves can be determined, one for the ring without the airgap,
and the other with the airgap as shown in Figure 4-21(c).

Consider a specific value of flux as indicated by one of the horizontal lines
in Figure 4-21(c). When there is no airgap, the required current is determined by
Ui » & specific value of Ni obtained from the magnetization curve. When the airgap
is included, it is found that the mmf must be increased by an amount Ua in order C)
to maintain the same flux in the iron.

A
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(b)
Figure 4-21.

* ]
This is another example of incorrect terminology which persists due to long usage.
Magnetomotive "force" is not a force; it is a scalar, not a vector.
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Recalling that ;t is an approximation to assume that flux is the same every-
t}here in the ring, it would be meaningless to retain the slight variation of H
" with r implied by Eq. (4-24). Instead, we will let 4; be the average circumfer-
ence of the entire ring when the gap is closed; this is the same as the average

length -of the iron when there is a short gap. Thus, for the closed-gap situation,
Eq. (4-24) becomes '

: ia Ui . (4-25)

‘where Hi signifies H in the iron. Since B = qb/A is the same for both cases,
and since B and Hi are related by a mdagnetization curve which is a property of
the iron, Hi is the same in both cases. If the quantity Ua is picked off this

L curve, for various values of ¢, and plotted as a function of ¢, as in Figure
k-21(d), a straight line will be obtained. The slope of such & line can be ob-
tajned from experimental measurements, and will be found to be very close
mmerically to wA/f . Thus, the equation of this line is

O = 7; Ua (4-26)

Let us now imagine a flat surface of area A in the alirgep, as indicated in ;
6 Figure 4-21(a), and assume that the flux through this area is ¢, the same as the
v . flux in the iron. This is clearly an assumption at this point. Dividing both

sides of Eq. (4-26) by A, gives B, on the left, and so we get

J U
‘ e (-2

But this is of the form B = uoH (the relationship between B and H in air) and so ,g
if the assumption about flux being the same in the iron and the airgasp is cor-
1 rect, then

U, =H 4, - (4-27)

9 Now, since

O ' U +U =N

- ERIC
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‘Figure 4-22(b), in which a "pill box} shaped volume is used, with a side surface

i

from Figure 4-21(c), it follows that ' Q |
B 4, +H o =N (4-28)

This is a tentative result, based on an assumption that ¢ is the same on both
sides of the gap interface between iron and air. A

We shall now show that there is a certain similarity between Eq. (4-28) and
Ampere's circuital law as given by Eq. (4-7). Referring to Eg. (4-7), if both
sides are divided by Byo e get

zjf h: 1 -‘Et d¢ = N (4-29)

According to the original statement of Ampere's circuital law, the integration
path for the above equation is wholiy in air. Nevertheless, we shall tentatively
epply it to the closed path in the iron ring and airgap of Figure 4-21(a). We
£ind that in iron H-Y, = H,, and in the airgsp B-Y, = H, (H; snd , ere both con-
stant) and so the integral on the left of Eq. (4-29) reduces to the left-hand ;
side of Eq. (4-28). . “ : O
On the clue that Eq. (4-29) applies to a special case having part of the
path in iron, we shall now introduce'a postulate to the effect that Eg. (4-29) ‘
applies to all possible integration paths in all situations. This is the general
Ampere's circuital law. ’ :
The condition q) = ¢ used in arriving at the above must alsga..be;stated . : 1
as a general postulate. This is done most easily in terms of the flux entering
and leaving a closed surface. Specifically » referring to any hypothetlcal closed .
surface s as in Figure ll--22(a) s it is postulated that the flux entering the volume

eq_uals the flux leaving. This postulate is known as Gauss' law for magnetic
fields. To show that this postulate is consistent with qba = ¢i, we refer to

of infinitesimal height, so that any flux leaving this surface will be negligible
(1f B should have a component normal to this surface). One face of the surface
is in the iron, and the other face is in the airgap. Thus, ¢i is the flux enter-
ing, and qb is the flux leaving. Gauss' law states they are equal, sh. !ng that
the original assumption ¢ = ¢i is consistent with Gauss' law.
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" These two postulates are fundamental to the theory 'of magnetism and have
far-reaching consequences which can be checked by experiment. All evidence
indicates they are true. We may therefore regard them as fundamental laws,
although in reality they remain postulates because their validity is based on

5 - evidence now available.¥ '

Before proceeding to-a description of methods of sclving magnetic circuits) 3
some intgresting consequences of the above two laws can be shown, with reference 3
to Figure 1&-2_3(9,)t A closed integration path a-b-c is shown. Obviously, it

6 does not lirk a current, and so for this path

L >
xf\ H-ut. dg =0

7 But that part of the integral due to the path in iron and:sirgap.is .o
2Hizl + Haga, where the lengths 2 i and za are sh_own in the figure. Thus,

8 iy

f H-u dg = -(eH, 4 + Haza)
c
(air)
~The quantity on the right is not zero, and so it is concluded that H along *
9 air path c-a cannot be identically zero. Since B = MOH » B is also not

*‘l‘he "law" of conservation of energy, which was really a postulate, is a good
example of the tentativeness of a postulate. . Until the discovery of nuclear
reactions, this postulate satisfied all available evidence. However, it is

known that it is not universally valid, and so can be used only in those sit-

j uations in which there is no mass-energy interchange. During the 1940s there

was a flurry if excitement in scientific circles concerning purported experi-

mental evidence that "magnetic charge" had been discovered. If free magnetic

chayrges exist, then Gauss' law for magnetic fields, as stated here, will not

o be true. The evidence for free magnetic charge was not conclusive, and so we i

ERIC continue to rely on Gauss' law. ’

[ P enc §

114



Figure 4-23.

identically zero.* We therefore conclude that there must always be some flﬁx in
tl}e air surrounding a magnetic circuit. There is no such thing as a magnetic insu-
lgtor, and in this sense & magnetic circuit differs from an electric circuit. ;
 Let us pursue the same line of reasoning to investigate the airgapvflux. If :~
it is assumed that the field lines go straight across the gap as in Figure 4-23(b),
an integration path a-b-c can again be used, showing that B cannot be zero every-
where along c-a, outside the gap. Accordingly, it is necessary for there to be ,
fringing of the gap flux, as shown in Figure 4-23(c), by an amount sufficient to i
satisfy Ampere's circuital law. , ' ‘ ;
The flux lines surrounding the ring will be somewhat as shown in Figure 4-2k(a).

Gauss' law givesla.dditional information, if applied to the volume element shown at
the top of this figure. If ¢ is the flux in the iron entering the volume at the
left, an amount Ap will leave the iron through the sides. Thus, by Gauss' law,
the flux leaving the right, in the iron, is,¢- Ap. Thus, the flux in the iron gets
progressively weaker with increasing distance from the coil. In many cases, how-
ever, the variation is negligible.

The difference between the flux through the coil, q}t » and the flux ¢g at the

*
We say "not identically zero" meaning not zero at all points. We cannot conclude,
however, that there are no points where B and H are zero. :
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Figure 4-24.
gap, namely
q’z = ¢t It ¢g

is called the leakage flux. An arrangement like Figure h2k(a) can be treated a

8 m'é:gnetic circuit only if ¢ 0 is small compared with q;g. Whether or not this is

true depends on the permeability of the iron, and also on the geometrical shape.
For example, an arrangement like Figure 4-24(b) can have a very large leakage
flux. *

4L-10. Solution of Magnetic Circuits

Reference should again be made to Figure ¥-19, as illustrations-.of typical
magnetic circuit problems. Particular note should be made of the i‘a;:t that air-
gaps are often essential, as in the case of a motor or generator.where mechanica

clesrance is necessary, or in the relay where opening and closing motion is pos-
sible only if there is an airgap. Also, it is to be noted that in the generator

* .

It can be shown that for a reasonably dimensioned circuit (not distorted like
Figure 4-24(b)) without airgap the ratio of core flux to leakage flux is ap-
proximately

Y/
% = k (-%)
9, T _
vhere gy and f; are respectively the lengths of the iron peth and the coil
length, and ky is the relative permeability of the iron. When there is an
airgap, this ratio is smaller in.propoition to..the r..educt:hona:ai¢(¢¢~c"ndueot011 o
the airgap.
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there are two magnetic circuits which share a conﬁnon branch through the center.

The previous section established the principles upon which solution of mag-

netic circuits is based, including the notion that such solutions ave always ap-
proximate. We reiterate these principles here, in terms of the example in

Figure 4-25.

P Area. A,

Area r.— Z&

£

t.__ : i | " B

1 !

.

(1)

(2)

(3)

(%)

(&) (k) (@)

Figure 4-25.

Branches are identified such that in each branch the cross-sectional

ares is the same, the material is the same, and the flux is the same.

Thus, in -example. .(_b.) s two branches are identified and labeled ac-
cording to their lengths; £, £, ‘

Tt is assumed that in an airgap the flux density is the same as in
the iroa, and that B is uniform across the airgap (i.e., fringing

is neglected). '

For each circuit the algebraic sum of the magnetomotive forces across
individusl branches is equal to the mmf supplied by coils linking the
circuit. The magnetomotive force across & branch is the product of

H times the length of the branch. A magnetomotive force term is
positive in this summation if the reference direction of ¢ is related
to the reference direction of the coil current by the right-hand
screw rule. (This rule is a statement of Ampere's circuital la.w.)
At any junction of branches, the algebraic sum of fluxes entering
equals the algebraic sum of the fluxes leaving. (This rule is a state-

ment of Gauss' law for magnetic fields.) '
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'_l

( 5) In any given branch, H is related to B = ¢/A by the mag-

netization curve of magnetic material, or in an airgap by

(4-%0)

3 It is noted that rules (3) and (4) are quite similar to the Kirchhoff volt-
age and current laws.

For examples of solutions, we refer to the three simple:f cases shown in

. Figwe 4-25. At (a) there is only one branch, and the circuit has uniform cross
4 o section. Therefore, ¢ is everywhere the same, ‘apd-since:} and .Biare rélaﬂh,dt‘?y,. a
E fiagnetization curve;. H is.alfpJuniform, and rule (3) gives

Hf = Ni _ a

@, L2 We assume a magnetization curve is available, and from H = Ni/g the correspond-
ing B is obtained graphically. From this, ¢ = BA is known. Thus, if Ni is
given, ¢ can be found. Also, if ¢ is given, B is known, H is determined from

g

the curve, and finally Ni can be found.
6 . The example of Fig..4-25(b) 4s more complicated, because there are two
branches, and the corresponding equation is

H 4 +Hy, =N (4-31)

Although ¢ is the same in both branches, Hl and H2 are different bécause
B = ¢/A and B, = ¢/A, are different.
Suppose we are to obtain Ni if a required value of ¢ has been specified.
8 El gnud H2 are obtained from the same B-E curve (assuming both branches are of
the seme magnetic material) as indicated in Figure 4-26(a). B, is greater than
Bl because Al is greater than A2’ Corresponding values of H.‘L and .d,a are read
3 off the curve, and substituted in Eqa.(L-31) to give Ni as the required answer.
9 ~ Now consider the more interesting case, where Ni is given and.we are
‘U ' asked to find ¢. The key to the solution of this problem is in the fact that
’ ¢ must be the same in both branches. Accordingly, as in Figure lb-2§(b) 5 8
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Figure 4-26.

magnetization curve for each branch is constructed as a curve of ¢ vs. magneto-
motive force (Hg), and the value of ¢ is found such that the two abscissas add 1p
That is, the horizontal line must be

Note that these two curves are for this

to the given Ni as required by Eq. (4-31).
moved up and down until 'U.L + .U,2 = Ni.
specific circuit, since cuxve (1) was obtained from the universal B-H curve by
multiplying B by A, and Hby £ and curve (2) was obtained by using A, and £,

in a similar way. This method involves a graphical procedure, incorporating &

series of trials. The trial aspect can be eliminated, however, by using the scheme

shown in Figure 4-26(c). One of the curves is reversed, and positioned so that the
Then., .Ul + 112 = Ni is automatically satisfied

at the point of intersection, which then yields the required value of ¢.

two origins are spaced an amount Ni.

The above method is restricted to circuits of not more than two branches.
In many cases, the second branch is an airgap, as in Figure 4-25(c). This is
merely a simple example of the previous case, iu which ¢ vs. U for the airgap
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Foeng

is & linear relationship

- e

U, = by = ﬁ'%fg)‘i’

Thus, series circuits of uniform cross section, with an airgap, are easily solved »
graphically, as in Figure 4-26(a).

Many arrangements with two parallel circuits, like the generator of Figure
4-19(b), can be solved as a single series circuit, because of symmetry. Thus,
the two circuits of Figure 4-27 are equivalent as regards the relationship be-
tween ¢ and Ni. We can see this by observing that ¢ = gq;l, in Figure 1&—?7(&),
so that in a side branch B = ¢/2A. By increasing the area to 2A in Fige_’l.t--efl(b}%wﬁ,},

and therefore H, remain: the same. ;

Area 2 A
Area. A o ) p
€ .
4’, - = 451 N
—1%s
-y r
o 4
2, : 4, ,
d
«.9
pslih
(@) |
(k) i
Figure 4-27. 3

the two sides are not symmetrical. The only way this circuit can be solved is
to assume that ¢ is known. Then, H5 can be obtained from properties of the air-:
gap, and megnetization curves yield H5 and Hl&' Thus, in the equation

Hg.e2 - (1{5133 + H5z5 + thl;) =0 (4-32)

obtained by summing H¢ terms around the outside in accordance with rule (3),

the quentity in pareuthesis is known. From this H2 can be determined, and
from & magnetization curve B, and.¢, become known. Then, from rule (4) we have
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¥ 9, = & + 9, _ (4-33) W,

and qba determines ch:- Finally, the equation
lel + H2£2 = Ni

for the left-hand loop-yields the value of Ni. If the problem is stated with the
. coil mmf as the given quantity, the only way to solve for ¢b is to make s series
of assumptions of ¢b , then to solve for corresponding values of Ni as indicated
above. The results can be plotted as a curve of ¢b vs. Ni, from which the value
of q)b can be read, corresponding to the given Ni.

ﬂ
] — e T b, 43
T
5 ! A4
72 1 4 O
— [ 3
6 L £

Figure 4-28.

oo

T 4-11. Self Inductance
In the previous section we huve seen how the relationship between flux through

3 a coil and the mmf of the coil can be determined. In general, this relationship is

: non-linear but when airgaps are present the relationship may be approximately lin-

8 ear for a considerable range of the variables ¢ and Ni. Also, when no iron (or
other ferromagnetic material) is present, the relationship is exactly linear, for
all practical purposes. For the present, we shall consider ‘hat the relationship

S i O 0k

is linear, and write

¢ =P N ' (b-34)
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where P is a proportionality factor called the permeance of the magnetic
circuit.

Recall now that the emf induced in e coil of N turns linked by a flux ¢,
using the reference directions shown in Figure 4-29, is

o = - M) v (4-35)

ab at

This equation has been referred to here to emphasize the importance of the
quantity Ny, called the flux linkage of the coil. Using EQ. (4-34) for ¢, we
get

Np = P Nzi
and define a new quantity
L= (4-36)

which, in view of the above expression for N¢, can also be written

L = PV (4-37)

L - -
P d
.- -
L
J Figure 4-29.
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L is a property of the coil, called the self inductance. When current is in amperes D

and emf is in volts, L is in henrys. The adjective "self" implies that the flux in

question is due to current in the coil itself, as distinct from any flux due to ex-

vernal currents or magnets. |
As an important observation, note that” for a fixed magnetic circuit, Eq. (4-37)

shows that inductance is proportional to the square of the number of turns.
Returning now to Eq. (4-35), we may use Li for Np, to give

ab =~ g%._i_)_ : (4-38)
as an expression for the emf induced in a coil by its own current.
0f course, Figure 4-29 does not show the magnetic circuit, which can have any
; 4 Qegree of complexity; or the coil may be isolated in air. If there is a moving
part in the magnetic circuit, or if the dimensions of the coil change with time
' (i.e., by squeezing together or stretching out the turns as in a coil spring which
: is being pulled and released) P and therefore L can vary with time. For this reason,
5 L is included under the derivative symbol in Eq. (%-38). In many cases, however, L

Lot

is constant, and so in that case

di
ep = "L & (4-29)
6 B
Now we consider the terminal voltage Veb in relation ta the current, includ-
ing the effect of coil resistance Rc, It Rc is negligible, recalling that .
Va.b = - ea,b » we have
‘ (Li)
a(Li R
Vop = Tat or V. =L - (4-40)

3 ab

The phenomenon of voltage induced in a coil having resistance was treated in con-
8 nection with Figure 4-14%(a). Eguation (4-13; applies, except that in that equation
(for v ) , current flows from P to Q through the ccil. . Now we want an equation for
Vab? w:.tb current flowing tnroagh the cecil from a to b. Hence, the sign on the i
term will change, giving

=1Rc+e = iR - ¢

vab ba (o] ab

HIRETEAS

s Q
ERIC
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or, inserting Eq. (4-37),

. a(Li)
vy = IR+ T (4-41)

The sign on 1R can be confirmed by imagining the special case where i is con-
stant. Then Eq. (4-40) becomes Vp = iR, vhich is consistent with Ohm's.law
for the reference directions shown. v

When a coil is connected to a source through an external resistor, as in
Figure 4-%0§a), we see that Vi = 1Ry + Vg, end so

Vop = LR 4R ) + dt (4-42)
Thus, the resistance of a coil can be treated like an external resistance, and
therefore it is customary to use the equivalent diagram shown in Figure 4-30(b).

Rc "

’
@ A a’ R @ Qa

(@ (b)
Meure k-30.
The coil is then regarded as being ideal, haviang zero resistance. The ficti~
tious voltage

a'b at

is not accessible to laboratory measurement, but in circuit analysis xnb.y be
treated as if it were measurable.

Concerning the computation of inductance, we refer to Eq. (4-36) which
shows that if the flux due to a given current can be found by solving the
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L = Kscm2 (henrys) (4-43)
% where K is the function of the dimeter to length ratio given graphically in
' Figure 1+-31(b) Dimensions 4, and d are in meters. A single circular loop of j
4 wire of diameter 4, and wire dimeter w, has an inductance given approximately by
E:
L = 2xd (1n l{% - %) X 1077 (henrys) (4-44)
’ ®)
E |
#00 / 4
6 je— d oo 200 :
; Z T o
°
3 © ° 50 . //’/
o ° K. 2 7
S
© c
e . @ [ -] o ¢ /
: N Turns 5
3 8 ;
] (ov) 2 ;
§ V2 . o 2 5 o %° fgwo
®) 4/k;
.9 Figure 4-31L.%
*
For a more accurate graph, see Analysis of AC Circuits, p. 399, McGraw -Hill Book Co{.
1952 '
. O
- ERIC
L .

hho f . . - o B Lo ‘ o

megnetic circuit, that equation will give the inductance. In general, inductance O
is a function of number of turns, coil dimensions, and sizes and permeabilities ...
of the magnetic circuit components (1f there is magnetic circuit). Formules for
coils of various shapes and sizes, in air, will be found in handbooks. Iwo ex-
amples are given below.
For a single layer air coil of length ﬁc , diameter d, and N turns, as shown
in Figure 4-31(a), the inductance is
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ko, Mutual Inductance

When two coils are in proximity, possible in air, or on & common magnetic

core, a changing current in one will cause & changing flux in the other, and
will therefore induce a voltege. Examples are shown in Figure 4-32.

L e Y —

-~ —-.—."' -~ N = | ‘

’ N - -
~ A~ - « ‘\' ) ; ;

S ~[fi— oy Ol / % —

(’:“"’:T vy == |
¢, rLy ¢ [} '4.\,%. 7 -

t, l T 1 |

a ' b d

(b)
Figure =32,

Referring to case (a), let current i
through itself and flux

1 be flowing in coil 1, cresting flux ¢l

$ro ™ K09

through coil 2 (the subscripts 12 imply flux through coil A2 due to current in 3
coil 1). The factor }L_Le is that fraction of flux through coil 1 which also links
coil 2, and is always less than unity. An emf will be induced in coil 2, given
by

e =

w2
cd 2 dat

. ;.
= - Nk, 5%

However, since Ll = 1‘]’1/11 s where L.'L is the inductange of coil 1, we have

N, di,
e ™ - (F ko) R (4-45)

1

Now. suppose the current in coil 1 is zero and that there is a varying current in

coil 2. A similaxr analysis aspplies, this time involving & fraction kel
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(that fraction of the flux through coil 2 which also links coil 1). We get O ‘

ab = 7 (N ) kb 2) ' - (k6)
Experiment shows that the quantities in parentheses in Egs. (4-45) and (4-46) are
the same. This fact is an example of the principle of reciprocity. Thus, both
equations can be written

ay

=-M—f end eq® " MG (4-47)
where M :,s; called the mutual inductance between the coils, stands for either of
the quantities in parentheses. M is related to I‘l and L2‘ in a manner that can
be determined by referring to Egs. (4-45) and (4-46), to get

Nk, L N,k
. §k121 T~

Multiplying these two equations together gives

M =k ko Ll
and finally we have
M= k‘\/ L L, (4-48)

where k = / "12}‘21 is called the coefficient of coupling. Since k12 and 1;2:L are
each less than unity, k is less than unity, giving the result

wSVIT;

Values of k very close to unity can be attained with iron cores , but in air values
of k may be very small. Two coils placed at right a.ngles will have no coupling,
sad k will then be zero.

A device consisting of two or more mutually coupled coils is called a
transformer.
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The possibility exists that M can vary with time, for example, if t2 coils
are in relative motion. In that case, Egs. (4-47) beccme

a(ma) , d(Mil)

 p =~ Ta 3 g T (4-49)

Equations (4-47) and (4-49) apply to the arrangements shown in Figure 32,
vhere the winding directions are clearly shown. Reversal of the direction of
either winding will change all signs to positive. The possibility of a sign
ambigulty makes it necessary to show winding directions, or to have a symbol fo:
signifying what signs to use. In Figure 4-32 each current (il or i2) enters the
terminal (a or c) which appears first in the emf symbol (eab or e, d)‘ Note tha
these reference current directions are magnetically aiding. Each will produce
a flux in the same direction through both coils. An alternate system which
avoids shawing.actual. winding. directions is to place distinguishing marks
(usually dots) on a diagram, as shown for two cases in Figure 4-33. These

) { 7 i
/ 2 -
a 4 ™ ° & e a -” Py 1":\ .
¢ . E————‘d b jg g. :4
- Like Fig.v-32 ° Like Fig.4-32
with
(o) : either coil reversed
(&)

Figure 4-33.

dots mean that in the actual transformer symbolized by the diagram, currents
entering the terminals with dots will be magnetically aidinz. The pertinent
equations for these two cases are

- Gy - 4y A
ea.b-'l-M—d,g and ecd--i-M-E -.,O,:<i4;)

where the - signs are for case (a) and the plus signs for case (Db).
0f course, in the sbove discussion it was assumed that only one coil carri
8 current at a time. If both coils carry changing currents, self inductamce
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must be included, giving (for the winding directions in Figure 4-32)

e
ab 1 dt dt
ai di
1 2
cea ™ "M - me (4-50)
Finelly, if we include coil resistances, and consider terminal voltages va'.b and
v cd’ we get
v. =Ri, +L &, M Io
ab 171 1l at at
aiy “a,
Voa "M g YRyl * Iy & (k-51)

It is not unusual for two mutually coupled coils to be connected in. series
as in.either of the cases shown in Figure 4-34. The total emf(ea a™%p ¥ e d)

—— VI TN—— VT T YT
T a b ¢ d T e b o 000y
(@) ' : (k)

Figwe 4-34.

will be obtained by adding Egs. (4-50) and observing that il = 12 = i, giving
dai
egq ™ - (It i)

For case (b), the signs on both M terms in Egs. (4-50) will be positive, and thus
we then get

ai
egq * - (Iy+l,-2M)5
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In each case, the quantity in parentheses is the inductance of the combination,
and so we can say that when two coils are connected in series the combined
inductance is

LeL +L, +2M (4-52)

where the sign depends on the coil connections.

Transformers are among the most important of electrical devices. In power
systems they provide means of changing voltage, and also are sometimes used to
transmit power to circuits that are conductively isolated. They are also used
in communication circuits, in filters and many other g.pplications.

4-13. Transients in R-L Circuits
Consider the circuit shown in Figure 1&-35(8.). Resistance R includes the

L
— £

A R _ K o ==

L“. L ! i /
= -/
. .t /3 L | p

(a) (b) ¢
Figure 4-35.

coil resistance and any external resistance combined into one value. Assume
the switch is closed at time t = 0, at which instant the current in the induc-
tance is zero. As shown in the previous section, the Kirchhoff voltage law
for this circuit is

ai
Vo-Ri'l'I.dt

which can also be written

& _ _L

al Vo -Ri
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Recognizing the antiderivative, we have

L
t = -Rln(Vo-Ri) +1Ink

. V,-Ri :
L 0

-3 n(—=—)
where K is an arbitrary constant. Mxltiplying through by -R/L and then writing

the inverse of the logarithm to yield an exponential, we get

vV .-Ri
0 e-Rt/L

K

This is readily solved for i, as follows -

: v, e RE/L
is= —R— (4‘53)

This is a general solution which includes a constant K. " It will be found ) -
that the original Kirchhoff voltage equation is satisfied by Eq. (k-53) regard- (\)
less of the value of K. The solution to a specific problem, such as the one
stated here, requires a specific value of K, and this is obtained by knowing
the value of i é,t some p_a.rticula.r value of t, this knowledge to be obtained ..

from the statement of the problem. With a pair of corresponding values of 1
and t known, Eq. (4-53) can be solved for K. In most problems i is known at
t = 0, and this value of i is called an initial condition.

Let us see how the initial condition is determined from & statement of
the problem, which included the fact that the current is zero when the switch
1s closed (that is, for t < 0). We recognize that Eq. (4-53) is to apply for
0 s t, and so we ask whether i as given by Eq. (4-53) should give i = 0 when

t = 0. This would not be true if the current should experience a discontmuous
Jump as soon as the switch is closed. But such a jump is not possible because
of the inductance. We see this by recalling that the voltage across L is
L(di/at), and that with a finite source in the circuit this voltage must re-
main finite. On the other hand, a sudden jump of current would mean an infinite
value of di/dt, and thus it is concluded that a sudden jump is impossible, and .
that the initial current is zero. ' '
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1 The substitution of i =0 and t = 0 in Eq. (4-53) gives
K=,
2 and so the required solution is
im ;9(1 - eRE/Ly (4-54)
3 A graph of this function is shown in Figure 4-35(b). The factor L/R is the

time constent, having the geometrical significance indicated. As the exponential
term goes to zero, i. approaches VO/R ,'which is called the steady state value.
The significance of this result is the fact that a finite time interval
i) " is required to change the current in an inductor. Ninety per cent of the change

<Rt /I

will be accomplished when e = 0.1, which is approximately when t = 2.3 x L/R.

In coils with very large inductance and low R, the time constant can be many

seconds . .
O 5 Perhaps the idea of change is better illustrated by Figure 4-36, where
- Vz + Ra R, (Kﬂq‘»
: J, l,—dvvw--—-—_ RitR
6 il D — |
VE . ' 3
1 (R
T (2 |

Figure 4-36.

the current initially has a non-zero value Vl/R , attained by virtue of sourve
8 ‘ Vl having been connected in the remote past. In this case, opening the switch

( V at t = O inserts sn additional source A and resistor R,. Equation (4-53)
i applies if Vo is replaced by Vl + V2 » end R is replaced by Rl + R2 , giving

V4V, - K (R R )E/L

D 1= R, * R,

e
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We again get the initial condition from knowledge that the current cannot change L')
suddenly, and so i = Vl/Rl vhen t = 0, giving

Vl Vl+V2-K

—_— 3

P'l Rl + RE
whick, when solved for K, gives

V2Rl - V.'LRQ

R

K =

Direct substitution of this value of K yields

VvV, VR -ViR, o-(R R /L

i=
Rl+R2 R(R +R2)

Although this is & correct formula, it is not the most convenient form for inter-
pretation because it does not place in direct evidence the initial value and the
subsequent change. If we subtract Vl/Rl from the constant term in the above C)
equation we get

Vl+V2 \' VQPl-VlR2
R, 4R

LR, R(R+R$

- =E o
R
which is the same as the coefficient of the exponentigl in the equation for i.

Thus, by adding and subtracting Vl/Rl the result is

1= ‘I:.l—T——QRIl!l [ e'(Rl*'Re)t/L] | (4-55)

By putting the solution in this last form, the initial (t = 0) value Vl/Rl
is clearly in evidence, since the bracketed term is zero when t = O. The factor

VR -VR

Rl<R1+R2 ,
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is the total change in current, and can be either positive or negative depending s
on the relative magnitudes of V2R1 and VlRE' Both cases are illustrated in ]
Figure 4-36(b). Similarity with Figure 4-35 is evident if it is noted that in
each case a factor of the form (l-e-at) multiplies a factor which is the total
change of the current. This principle -can be ﬁsed to solve a wide variety of ]
switching problems in which there is a single inductor. Initial and Final values
of currents can be found from simple d-c circuit principles. The value of a!fLs ;
obtained by reducing all sources to zero, finding the equivalent resistance in
series with the inductance, and dividing this by L. :

An important special case is shown in Figure l&-j’]. Here, as a result of con
nection of the battery “n the remote past, a current VO/ (Rl+l3 |

)
-2
the inductor. At t = O the switch is closed, reducing the voltage between A and

is flowing in

B to zero. Subsequent to t = 0, the current i changes from VO/(Rl+R2) to zero.
Thus, the equation for the current is '

' v

. 0 0 -R.t/L

l="_'-——"""(l‘32 )
R 4R, "R R,

Note that a negative sign appears on the secdnd term because the change is a
decrease, and also note that after the switch is closed, only R2 is in series

with L. The above reduces to the simpler form ) .
\} /
i = 90— ¢ Rt/L (4-56) -f
Rl+R2 %

- This can also be obtained directly from Eq. (4-53) by obtaining the appropriate

value for K.
These sample solutions have all been given to find current. Of course, once j

i is known, the voltase across the inductor can readily be obtained from L di/dt. ,

4-1%. Flux Linkage Theorem

In the previous section it was pointed out ‘that L di/dt must remain finite, ".‘ ]
because voltege across an inductor remsins finite, and therefore that the current '
in an inductive circuit cannot experience & sudden jump. However, this principle o
applies dnly if I is constant with time, and if there is no changing flux due to
external causes. ;

Figure 4-37.

7~
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Figure 4-38.

The flux ¢.through the coil is due to current i, and also is in part due to ex-
ternal magnets or current-carrying coils. Thus, the total flux can be written

$=0*§ | (4-57)

where ¢e is due to causes external to the coil, and Li/N is the flux due to i,
as determined from Eq. (4-42). The voltage v is

v u KNo)
dat
(4-58)

d
-E(Me 'l'Li)-

" In this case, again using the fact that v must remain finite, it is concluded
that the quantity in parentheses cannot experience a sudden Jump. However, any
one of the quantities within the parentheses can change suddenly, provided there

- is a compensating change in one of the others.

Two cases are of practical importance. First, suppose there is & sudden
change in the magnetic circuit associated with the coil, »causing a sudden change
Al in the inductance, and essume ¢e remains constant. Since Mo + Li must remain
continuous (be free of a jump) it follows that there must be a corresponding
sudden change in 1 such that

(L + AL)(4 +N-)"' Li
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1 and consequently

-(LJ;E—AL)i (4-59)

O

As a second example, suppose ¢>e suddenl.y changes by an smount Ape
due to a sudden mechanical displacement of one of the external flux

sources. Then we have

3 N9, +Li=N(¢+ )+L(1+Ai)
and

At = - 29, (4-60)

The principle discussed here, that the total flux linking a coil
(N¢ + Li) cannot have sudden jumps is known as the constant flux

linkage theorem.* |

5 This theorem is useful in solving circuit problems in which certaln

C) types of switching operations cause sudden changes in inductance. Con-
A\, ]

sider, for example, Figrve 4-39(a) in which there are two inductances
which are not magnetically coupled. Assuming the current has reached
6 the steady state value V/R, at time t = O the switch across one induc-
tance is closed, suddenly reducing the total inductance from 3L to 2L.
In other words, Al = -L, and so from Eq. (4-59) we find that the cur-

rent increases an amount.

7
L,V _ V¥V
a=-(gE)r =
Adding this change to the originsl current gives (3/2)(V/R) as the
8 current immediately after the switch is closed.

Subsequent behavior of this circuit can be analyzed by methods
given in the previous section, using (3/2)(V/R) as the initial value.
From insfgction of the circuit it is evident that the current will
9 gradually go back to V/R along an exponential curve of time constant
L/2R, as shown in Figure &-39(b).

In this statement the word "constant" means constant over & short period of tim
Of course, flux linkage can change, but it must do so smoothly, in a continuous}
fashion, to use mathematical terminology. It would be better to call this the j
continuous flux linkage theorem. i
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Figure 4-39.

4-15. Energy Stored in & Megnetic Field

Consider a torroidal inductor with iron core, as in Figure h40, and assume
the core diameter d is small enough to allow the assumption of unif;)rm B over
the cross section, and assume the coil resistance is negligible. The power
delivered to the coil during & change of current is

- (x2
Vap (N~dt) i

o the flux changes from ¢l to ¢,
The energy delivered from the source will be the time integral of power, namely

Now suppose that in time interval from t, tot

A A2 @ 2.
w-fvabid‘b=N 1 Rave [ma
Y Y $;

Now observe that, in terms of B and H, we have

¢ = BA and Ni = HQ

so that we get

W= A fan aB . (4-61)
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= N tupns
v{ ¢ .
B
(@ ' (b) H
Figure 4-40..

This integral is interpreted as an area in Figuwre 4-40(b), for the case
where the magnetism has been increased from Bl to BQ. If Bl = 0, we get

B
W oa f H dB (+-62)

0

vhich is interpreted as the énergy density in the magnetic field when its
strength is B. Actual energy is then obtained by multiplying the density by
the volume 4A. In accordance with this result for the special case of s torroid
it is postulated that Eq. (4-62) gives the energy density for all field con-
figurations.

No assumption as to linearity was made in arriving at Egs. (446)) and
(4-62). Suppose magnetism is carried partially around a hysteresis loop, from
0 to P to Q, in Figure 4k-kl. In going from O to P the energy density increases

B NGRS P
A
X X
E3Q
0 H
Figure 4-4l.
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' vhich is represented by the shaded area. In reducing B to Br s the éne:.jgy density -

will change by
r B’.J.-
f HdB = - f Hds
E B:l. Br
‘which is a decrease equal to the area covered by the small crosses. mfé' energy
4 is returned to the circuit. Thus, an amount of energy represented by the area
" ‘between the curves has not been returned, even though the current has returned
to zero. This repreaents an energy loss due to the molecular interactions ‘which
cause hysteresis. When magnetism is carried completely around a hysteresis loop,
5 energy is lost in i)roport:l.on to the area of the loop. This energy loss is an
‘ impowtant éonsidera,tion of the design of gefxerators , motors, and vransformers,
since in all of these there are repea.ted reversals of flux. '
o When the megnetic material is ‘Linear, so that we may vrite B e k uH,
6 Eq. (ll»-62) reduces to
' B BH
wu-——-—- deB- = = (1}-65)
km” 0 21‘:m"'O 2
T : g
Energy storage in linear media can also be expressed in terms of inductance.
Using the reference directions of Figure 4-42, if the current increases from O to i,
8 $
2
T
v C\ L
N, S
9 ~.—- - o -~
Figure 42,
N
ttzrqc

O
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as to goes from 0 to t, for the energy we have

t i
ai
0 0
or
WazLi? _ (4-64)

We can get the same result from Eq. (4-63), for the torroidal case.
The total energy is

but ¢N = Li, from Eq. (4-42), and so Eq. (4-64) is obtained from the
above.

4-16. Force Across an Airgap

Airgaps in magnetic circuits experience forces which tend to cause
them to close. This force is utilized in a variety of applications,
for example in electric relays.

The idea of energy density can be used to determine the force tending
to close an airgé,ﬁ. Referring to Figux;e L3, suppése fhe éap is small,
so that there will be negligible error in assuming B lines are parallel in
the gap, and that B is negligible outside the gap. The pole face has an
area A, and the gap length is g, giving

2
W e %—ff— (4-65)
for the energy stored in the gap. Now suppose the gap is increased an amount
A2 by the application of an external force F. To do this in practice,. there
must be & hinge in the iron circuit; otherwise, the force will also have %o
overcome stress in the iron. Thus, F is only that forgce required to move
the pole face against magnetic force.
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Figure 4-43.

5 / 0

If conditions of the external circuit remain constant, increasing the airgap

3

would cause a reduction of ¢ which would complicate the analysis. To avoid this,
assume that,coincident with the change in 4, thuts Lgeadusdly: ihpraasedcby.. .

6 adjustment of Resistor R, so as to maintain ¢ constant. ALl mechanical energy
expended wiil then to into the energy stored in the field.* This change is

2
Aw = A_B_- r
o
1
But from mechanics we know that this energy is also Mg, and so we have
2
F =2 (4-61)
&
8 .
as the expression for the regquired force.
* ; ‘ —
9 No energy interchange occurs with the battery due to change in g because dqb/dt =0,
. and so the coil voltage is zero. '
9O
| [RIC

141



A ]

Chapter 5

STEADY STATE CIRCUIT ANALYSIS

: Introduction i

E 2 -We begin this chapter wlth a description of the experiment 1llustrated in

' Fig. 5-la, in which an alternating current genera.tor is suddenly connected -to
a circuit consisting of R and L. Oscilloscopic records are taken of the voltage
and current, yielding curves as shown in Fig. 5-1b. The voltage wave begins at

3 - ) ) .
Steady state - Steaayr state .+ _o’r
) current from -
here on ’ t ’
v / .V._
y l '
Q°
. 6.
7.

Figure 5-1..

o ~ an arbitrary point, t = O, -depending on the instant the switch vas closed. The 4
'8 ° form of the current vave will depend upon this instant, and ‘so the experiment O

' _will ot yiel.d the same renw,;h with each trial. Another example is shown in

‘Mg, 5-lc. Kwever, att«er & period of time, the current wave settles dovn to :

‘a form called the 8§ ___gg._gz sté,te wave. IP the steady state wave is pro.jected back |

9 . S teo t =0, a8, :_lnd:}._ggt_eg by ‘the. dashed curves, it is found that the actual current }
(\) ) ~ can be viewed as the sum of this wave and the curve labelled transient. Whenever ;]

.
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the network includes resistance elements, as in the case under consmeration, the
transient will die out. In more complicated networks the form of the transient
may be more complicated than the simple exponential shown.

This brief analysis illustrates the following: ..

(l) When a sinusoidal source.-is suddenly applied to a circuit there is a
transient period during which the respg is not a repeating wave (Iv\ the example
above » the response was the current. ) . :

(2) The actual form of the response during the transient period depends on’
the instant -at which the switch is closed. .

(3) After the transient has died out, ‘the wave approaches a ___gx state wave

havmg a magnitude and posrtion on the t:Lme axis, ‘relative to the source wave ’ which

are independent of the time of switching. Thus, referring to (b) and.(c) of Fig. ‘5-1 y

‘the ratio V. /I and the phase difference, @, are the same for both.

) Although this has been presented as a description of an imagined experiment »
theoretical. confirmation -of the conclusions is possible. However, such theoretica,l
confirmation mst be deferred until circuit analysis has been studied quite thor-
oughly, and therefore will not ‘be ‘considered at this.time.
The fact that - the stea.dy state response is independent .of what tekes place

during the transient period mzkes steady state analysis pos51ble

One may legitimately question whether a study of the steady state response of a
network has practical value. In replying to this question, either of two different
ansvwers can be given,. depending on_ whether a network is des1gned primarily to transmit
power or communication s gn_als. . Power transmission usually takes place at a nearly

, constant’ rate, and so stead.y state analysis pvovuies most of the needed answers. On

the other hand, & communication system can be thought of as a power system in which
signals are coded in the form of changes ir: the pover transmitted (i.e., the turning
on of a 1li ght can be a signal). Thus, transient cons:.dera.tions must also enter into

the analysis of communication circuits. However , the analysis of networks for steady. o
'-state response provides an important foundation for the study of both power and com-
’ munication systems.

- 5-1.- Deséription of a Simusoid

" Consider a plot of the function

;Im cos(wt'ta) - l(5'l)

N
ERIC

143




Co53

1 . vhich is shown in Fig. 5-2a. It is labelled as & current, but & similar expres-
sion could be written for a voltage or other quantity. In this equation, Iin s Wy
and @ are constants, and t is the varisble time. Since w is constant, wt can

Q i A e !
2
Wb —» 2_1:
Ca——
. 3
(a)
“ /
, S (b).-
@‘5 . . ‘ Figwre 5-2. ‘

. also be regarded es a variable. Both these varié.blgs (t and wt) are plotted
. along the horlzcntal axis in Fig..5-2a. Since \time has no begim;ing,"‘:it is
6 . necessary to chaose some arbitrarx instant as t = 0. LAt this ins'taﬁt s Bq. (5-1)

gives i =T cos. Q, as indicated. Since a determines the value of (wt + @)
-when t = 0, it is called the mitia.l ggg;_ of the wave. I is the maximum value value,.
or amplitude.

T - To mterpret ‘the parameter w, note that, since the cosine of an angle is

‘ unchanged if 2x is added to the angle ’ “the wave will re;peat itsélf when .wt has
increased by 2x. Thus » the wavqls said to be periodic. Let T be the increase

in time t required to meke wt increasga by 2n, so that

8 -
Wl = 25
or p T

w-.-?—%

@ T is the period of the wave; and 1/ =f, called the frequency, is the number

‘ of times the wave repeats in one second. (Barlier, the symbol T was used to

i Q .
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denote the time constant of an RC or RL network. 'Now, the same symbol is being
used for the period of a periodic function ) For example, if T = 0.1 sec. .» there

will be 10 repetitions of the wave in one second. In terms of f , BEq. (5-2) becomes

‘w = 2nf

‘(5-3)'_

Thus, w has been esta.blished as a parameter related to the period (or frequency)
of the wave. In view of wt being an angle, w is celled sngular freguencx

CIF T n’ o and w are known as numerical values, the corresponding wave can be
plotted unambiguously .Thus, , these three pa.ra.meters completely specify a wave.
Furthermore 5, w is determined by the frequency of the source; if this is given, the
solution of steady state problems amounts to the finding of values of magnitudes
4 and mitial angles of various voltage and current waves in a network.

The decision to write Bq. (5-1) as a cosine is entlrely a.rbitrary

let @ = @' - 2_, Eq. (5-1) becomes :

If we

1, cos(uttar - ’5‘) = I sin(wtta')

. Thus, any: such wave can be written as a co

sine function or a sine function. The

cosine form has certain advantages, and so we shall use it in this text.

Regardless

of whether it is written as a cosine or sine function, the wave we are considering
6 is called a sinusom, and its shape is said to be sinusoidal . .
Although the magnitude parameter I is entirely adequate to determine the
size of a'sinusoid, another value (called the rms value) is usually employed This
value, which we shall identify as I s °T simply I, is the square root of the
T average (mean) value of the square of the wave.
for the words "root™, “mean®, For simplicity, consider the current wave
(with zero initial angle)

(The symbol rms is an abbreviation

. ™square™. )
8 ‘ . i=1 cos wt
m

for which the squared wave is
' 2.2

=1 cos wt
m

.9 2
‘ = B(1 + cos 2wt)
{ 2
,é

O
égmc
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-line is the average value of the 12 curvef and so we can write

and the square root of this, the rms value, is

power dissipation will be ( 2/2)R In view of Eq. (

5-5

2

The second term shows that the i“ curve varies in such a way as to have equal -

areas above and below the dashed line in Fig. 5-3. Therefore, this dashed

2
o I
Average'of i~ =

ole

I
I=-2 A (5-4)**".
2 . :

1,12 1
—
2y

| !

3 A\
Tt—+
. ,
Figure 5-3-

For an 1nterpretation of the rms value, assume i I cos wt is the current
in a resistor R. At any instant of time, power will be! dissipated at a rate 12R ‘
and from the above proof that the everage of 1 is I /2, it follows that the a.vera
-l&) this is also I°R. . Thus, , |
for finding a veragg power, T can be used in the IER formula exactly as if it were :

L e——

*Strictly speaking , the areas above and below the dashed curve are egual -only if
reckoned over an integral multiple of the period of the wave. For example, the
dashed line would not be the average reckoned over s period and a half, but it
can be shown that over a long time interval (many periods) the average is only . |
slightly affected by the inclusion of a fraction of a period. That is, the avers;
ages over 100 periods and over 100 + 1/2 periods are very nea.rly ‘the same, as can]
be seen by making a simple calculation. {

s ues can be defined for waveshapes which are not sinusoidal. However N the ‘
2 relationship does not then generally apply. Equation (5-4) is given here |
for & sinusoidal wave.
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a d-c current. Since I has this interpretation in terms of the average effective- O
ness of the wave in producing heat in a resistor, I is sometimes called the
effective value of the wave. The rms designation is to be preferred, however.
Mcst a-c instruments for measuring voltage and current are calibrated to
indicate rms values. Since the rms value is used more prevalently than the ampli-
tude, in this chapter we shall use the rms value in writing an equation for a

sinusoid. Accordingly, we write Eq. (5-1) in the alternate form
i =\2 I cos(ut + a) ‘ (5-5)

5-2 Complex - Numbers

Complex numbers were invented by mathematicians to generalize the  theory

of quadratic equations. For example, the equation

x2-2bx+c=0-

has roots given by

——— - ’ 3
X, =b + 2-c s X =b—.Vb2-c Q

1 2

It b >cy x;L and x2 are real numbers. If b2 < c, the square root of a negative

number r.:sults. But there 1s no real number whose square-is negative. Nevertheless,

these same formulas for the roots can still apply if an imaginary unit J is d_eﬁ.ned ‘
such that ‘ '

F==-1 ' ' (5-6)*%

Then, if b < cy the two roots can be written

xl=b+,ch-b' R -b-JV -b:

Each of these is a complex number consisting of a real part b and an imaginary
part Vc-bE. But it is one thing merely to write b + jV c-b~, and another to know
what it means. In mathematics an ™absolute™ meaning is not required; meaning is

FThe symbol i is used in mathematics, but due to the extensive electrical engineering
literature in which i is used for current » the symbol j is standard in electrlca.l
engineering.

~Q
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embodied in. the rules of operations which are defined for a quanti‘by. The rules
of oi)era.ting on a complex number are defined ia such a way as to make them useful.’
For exa.miale s in order for Xy to satisfy the given equation, it is ﬁecessa.ry to
define what is meant by x? and -2bxl , when X, = b+ jf;—E . The required defi-
nition is that a complex number shall be treated like an ordinary binomial, with .
32 being replaced by -1 whenever 32 occurs. Thus

2
X2 = (b + 5Verd) =12 + P(ct?) + gobVorr

3 ,

| - ot2 - ¢ + g Ve?
and

) ' S abx, = 262 - 3 2o Ve®

The sum of these is -c, and so it is seen that x27-2bx +c =0 is satisfied for

X=Xl.

Let the general notation

Am= Al + jA2
B = B 3 -7 ) ¥
B =B + iB, (5-7)*
6 répresent two complex numbers. (In this text a bar above a symbol will be used-
to denote that it is complex.) For reference, we shall state the rules of
algebi‘a.ic operations in terms of these examples. But first we must define what
is meant by equality. By A = B we mean that the real parts are equal to each
5 T _ other and the imaginary parts are equal to each other. That.is, ‘
A =3 - ad Ay =B
8
* complex number is merely & combination of two numbers, which cannot’ thémse‘lves:
be combined. A good way to regard this pair of numbers isg ) 4 :
‘ E= (1A + (A, ' R |
. 9 This shows a symmetry between the two parts. One part is Aj;X (the real unit 1), §
() and the other part is ApXx (the imeginary unit Jj). Aj and Ay are real. ‘ ¢
SN
| LRIC
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Conversely, if A, = B, and A, = B,, we can write A = B. In other words, two o
complex numbers are equal if .and only if their real parts are equal and their
imaginary parts are equal.
For the operations of addition, multiplication and division, using the
Aor"dinary rules for binomials, we get ‘ '

(A, +jA)+(Bl+jB)=(A +B)) + Jay +By)

’A +JA)(B +JB)-—AB - A B, +J(AB +AB) (5-8)
A+ 3A, B AB, + A232 + ,j(AeBl - AlBe)
B, + 3B, 2 2
1 2 . Bl + 32
; The validity of the formula for division can be confirmed by showing that an
: identity results when both sides of the equation are multiplied by Bl + 3B2-
The formula for division is rather complicated, but it can be reconstructed by

‘3 multiplying numerator and denominatcor by the number Bl - jBa » as follows:
i A N A +38,)(B-3By)  ABy + A By + J(AB) A By) A
= " - L - Yy T
3 BB  (B+3B)(B -JBy) B + 5
k
The number Bl - jB used here is related to B by having the sign of the
» gma.ry part changed, This number is called the complex on,juggt e of B » and_
w1ll be designated by B Using the conjugate, it follows  that:
i = =% 2 2
BB = Bl + B2
B+3
P > =3B (5-9)
. ' S —
{8 : ’ B-3B _ B
23 e

The first of these- follows directly from the rule for multiplicé.tion; the second
- -

y9 and third are readily obtained by substituting B = Bl + jB2 and Bl = Bl - jB'a.

Thus, by combining a complex number with its conjugate, the real or imaginary

part, or the sum of their squares can be obtained. (Each of these is a real number.) O

.
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.of the symbol e

" The relationship

Je -

e’ = cos @+ Jsin O (5-10)*

is called Euler's identity. The right-hand side of this equation is the definitio

36 Thus, thé formula requires no proof , but properties of eJa

defined must be investigated. The properties of eV 36 we shall need are briefly

. treated in the footnote, where it is shown that eJe can be: m;.ltiplied and dif-

ferentiated like a real exponential.
Euler’s 1dent1ty can be used to provide an alternate notation for a complex
number S

K=a) gy

‘his can be shown by multiplying both sides of Eq. (5-10) by a real number'A,

to give

AejezAcose+JAsin9

In view of the meaning of equality of cdmjplex numﬁérs, we see that

AeJe = X
if

S Acos® - end A,=Asin @ (5-11)

*Bguation (5-10) can be regarded as a definition because the number g raised to
an imaginary power hels no. meaning in the sense of a real exponent. It will be
found that all operations which can be carried out with real’ exponentials will
be true for Eq. (5-10). For example, consider the derivative of the left-hand
'side with respect to 6. Using the rule for real exponents, we get

de'je/de = Jeje = j(cos @+ § sin §) = -sin @ + j cos 8

_wAich 1s the same as the derivative of the right-hand side of Eq. (5—10') Also,
.with.the aid of the identities for cos(x+y) and sin(x+y) it cen be shown that

e &9 = cos(xty) + § sin(x+y) = I (x*¥)

",In other words » when exponentia.ls are multiplied, the exponents add, in.:similax

it'y with real exponen‘cials
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1

Assuming A, and A2 were specified, these two equations can be solved for A end '
@. Thus, squaring both equations and adding gives
.Ai . Ag = Az(cosea + sineo) = A°

or

2,2 : L N
A + A e : (5-12)

" Also, dividing one equation by the other gives .

A sine
Al ~ cos 6
Eh . and so
. o A2 | - .
6 = arctan ;= I . ,(5#13.')'
5 36 is called the e :_cmnential form, whereas A + JA is called the. rectangular . O
' form of A. The latter terminology comes from Egs. (5-11) which show that A, and A ' ’

1
can be viewed as the rectangular coordmates of a point whose pos:.tlon in a plane

is specified in-the pola.r coordinates A and 6. This is illustrated in Fig. 5-1&
.6 since these rectangular coordinates are the components of a complex number , it io

j=— A cos § —1 real
Figure 5-k.

cﬁstoma_i‘y to label the axes "real™ (meaning real pert) and “imaginary® (meaning
imaginary part) A pair of axes so labeled constitutes a om;glex p__a_r_l_e_ A is
9  called the magnitude of A, and @ its angle. ' -
The nota.tion Ae'jo is very convenient for analytical work, pa.rticularly when
_ differentiation with respect to @ is involved. However, for specifylng numerical

.
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1 . ,values, like L 5, it 1s more convenient to write 2/60°. This is called the

polar form, since it merely involves specifying the polar coordinates of the
point. (In the polar form, angles are usually specified in degrees.) ’
Qbserve that the exponential notation provides a simple interpretation for
5 2 © mul 1p11cat10n Thus, if A = Aejea and B = BedOb are two complex numbers, thelr

product is

Kﬁ = (AB)ej(ea+9b)

- In other words, magnitudes are multiplied and angles are added. Also note that

in exponential notation the sign of the exponent is reversed in order to get a
Je

- —
conaugate Thus, if A = Ae A = Ae -Jé (as can be seen by converting to the

rectangular forms, since A=2Acos @ + JA sin 6 and A = A cos @ - jA sin @).

YR CRACE e) _ 2
. In this notation s AA A e A which is the same as Ay + A

.5-3 Complex numbers applied to eircuit theory. ) . i

Let us now consider how complex numbers can be used to represent a sinusoidal
D > ..«wa_,ve like

i =Y2 I cos(wt + a) (5-14)
6 - Since
Iej(“’t*a) = I cos(wt+a) + j sin(wt+a)
- Ie"](wtm) = I cos(wtta) - J sin(wtsa’
T it follows that®
Juwtta) -j(wtar) ,
i =\2 I cos(uwtta) = .\/E'Ie Z le (5-15)
’ 8 The advantage to be gained by making this change depends upon defining an ad-'
‘ ~~ ditional complex number -
T = 1ed® ‘ (5-16)
1
T ~ -
D This is merely an application ofm the second of Egs. (5-9)«
|
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5-12

Then, Eq. (5-15) can be written ' ' Q

ja _Jut ja _-jut

i=-\/’2‘1e e 42-Ie‘.e

jwb

g Gl (5-17)

'This formula is important. It shows that,. given a sinusoid i = \I I cos\wt+a) >

Ja can be constructed from the two parameters I and o which.

a complex number I=1Ie
describe the wave, and that an expression for the sinusoid can be given in terms

of that complex number. The importance of this idea cannot be overestimated. Con-
versely, if Bq. (5-17) is glven, the propertn.es of the wave are apparent merely
from lookmg at the complex number T. Observe that the quantity I is superfluous
insofar as- relatn.onshlp of Eq. {5-17) to the wave is. concerned, because I is coni-
pletely determined by I. To illustrate numerically,

39/3 dut | o-in/3 -dut

e”  +
Vo E——-

"is an expression f'or"V2- (3)cos(wt+x/3). Likevise, - . . . ) ‘ .

.\/—'(2-!-,]2)e + (2- ,32)e

is an expression for k4 cos(mt+:r/h), since 2 + 32 =22 e‘m/h
Referrmg back to Eq.. (5-17), since I carries all the information (except fre-

L e

_ quency) necessary to construct the sinusoidal wave, it is given a special name. I
f - is calléd the phasor symbol for the wave,+ When & sinusoidal wave is expressed in
complex form, the phasor symbol for that wave can always be recognized as the co-

. efficient which multlplies erb

; We shall now develop applications of Eq (5-17) to the steady state a.nalysm
3 of networks. Flgure 5-5a shows an inductor, f_‘or which the voltage and current are
related by ' ‘ ' o

ai

! .= L&

P

X In the older electrical engineering literature this is called a vector. However 3
calling I a vector is to be deprecated, because it does not have all the properties
of a vector. Also, in some books it is called a sinor.

" - ‘) )

L i
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11 -1 }
. +
v
e VC R
(a) - (v) (¢)
L Figure 5-5.
Assume o ‘
. i =V2 I cos(utta) + I (5-18)
_vhere I e is a constant (d-c) term. The voltage VL is obtained by differenti-
.ating the current and multiplying by L, giving ' '
v = -V2 o I sin(ut+a) (5-19)

_which is a sinusoidal wave. This can also be written as a cosine function by

observing that -sin x = cos(x + #/2), so that

VL =‘V-2_ml'.. I 'cos(wt-&a *,g)' Lo e (5-20) . g

Particular note should be made of the fact that » even if the current contains a

d-c cbmponent , the voltage will be a sinusoidal vave » because the derivative of
a constant is zero. In many practical circuits, particularl;f thosé containing

transistors or vacuum tubes, there will be d-c components. However, these can
“be calculated by applying the principles of d-c circuit anal.y'sis and, as illus- ]
‘trated by this example, the sinusoidal component of the current is realted to. the g

sinusoidal voltage wave independently of the d-c. component.’ Thus, in all sub- ‘
sequent consideration of inductor currents in this chapter we will deal -only with

‘8 §i_nusoidai wave of current, recognizing that there may also be & d-c component, }

but that such & component will not be included in the expressions used for the
inductor éu_rrent. ’
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Let us'.i'eturn to 'the s:iﬁusoidal component of current
i =2 I cos(wt + a)
and the voltage wave
v =“\r2_ mL. I, coskwt +a +‘ -’-‘)’
* These can e written respectively.in the complex notation- |

Ie + Ie
._f !

-jo '-Jwtv -

a+n/2) Juwt (a+1t/2)

3(
v =V‘2‘ wLIe e.. Z wLIe

H0wever s i.f we define the phasor I= Ieéa, and recognize that eJ“/ 2 jeand

°J“/ 2 =3, these become

_V— Tedut f*e Jut .'(5"21)
v _.V-' ;LwLIe J@Ie -Jut
If ve hoy define
| | V=gl - | (5'—22')  '
._fhe "exéfessioﬂ for v can-be rewritten as ‘- - - R
v ’VE ?ejwt ; 7o dut ) S "‘(5_23‘)'

Equa:bion (5;22) is important, for it gives the‘rel'ationehip between phasors for
voltage a,nd current in an inductor. It can be used in the 'form shown to fipdv

. the pa.rameters of the voltage wave if the current wave is given. TIf the voltage’ ;
" wave is speciﬁ.ed, fchen v ie known and I is found from the same relation,. rewritten
as e -
A

- 7 R
I=5@="x o (5eek)

, Q
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5-15

A similar analysis applies to the capacitor shown in Fig. 5-5b. The voltage--

'currgnt relationship is

dav
-0 —S
i=Cx
Suppose -the voltage Vo is given by
- : o _ Vg = a_vc cos(wt + B) + Vie (5-25)
* " where V 4o Tepresents a constant (d-c) component. Differentiating and multiplying
by C gives :
" i = -V2 wov, sin(wt+p)
. or ‘ :
P © 1 =V2 WO, cos(ut+p + 5) - (5-26)
5 L Just as it is possible for an inductor current to have a d-c component,
k - . . -
: . so also there can be a d-c component.of capacitor voltage. Steady state analysis
D L for sinusoidal waves pertains to the relationship between the éinusoidal component
of capacitor voltage and current; the d-c component of capacitor voltage can be
. 6 found independently. Equatlons (5-25) and (5-26) shov that V. has no effect on
the relatlonship between the smusoidal waves. Subsequently in this ha ter, .
; any symbol for capacitor voltage will be understood to refer to the sinusoidal
-component i
P T in complex number notation,. .
..V eIPeIWt | Vce"‘ja e Jut
v, ML -
L _ : gy Br/2) dut o 3(Brn/2) mjut
8 1 , c . C
. : : . i=VY2 ; -
By defining the phasor VC = Vce‘jB for the voltage, we can wr:.te these
Ve =2 2 - (5—27)
D Jut | =, =Jut
i ;\E Le I (5-28)
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where

I=ju VC_ (5-29)

If the voltage wave is specified, VC is known and Eg. (5—29) yields T and
the current wave. If the current wave is specified, the voltage wave can be
found from VC » Where

7 =L o_;ZL -

The resistor case shown in Fig. 5-5c is quite simple, since no derivative

is involved. If
i=V2 I cos{wt+x)

then

PrST——

v, =V 2 IR cos (wt+o)

R
The respective complex number representations are

: e 4
J(d‘t+IeJ(0t

19z &2

and
* - j(ﬂt
e

T Jut T
vy V2 Ee ; (R1.)

Thus, if T and V, are respectively the phasor symbols for i and v,, then

R R
Ve=RI =~ (5-31)

5-4 Phase Difference

In the previous section we found that, except for a resistor, current and

voltage waves in a network element have different initial angles. To summarize,

if in each case

i ='\r’: I cos(wt+x) (5-32)

then

QO
- ERIC
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. in the capacitor case, we can replace the statement that v, lags i by /2 radians §

. 5-17 ;
v #‘V’EV cos(wt+a) (a)
R R
= i r
vy =V2 vy, cos(uwttary) () (5.33)
Vo =V2 Vy cos(utta-3) ()
The corresponding waves are’shown in Fig. 5-6.
t

Figure 5-6.

When two waves like i and VR have the same initial angles, the wavles are ,
said .to be in phase. If the initial angles are different,.the peak values of the
wave occur at different instants of timé. For example, in Fig. 5-6 wave vy,
reaches a peak value sooner than the i wave. It is said that \£3 leads i. The
amount of separation between peak values of two waves is measured as an angle (on §
the wt scale), and this quantity is called the phase difference. In the case of

v. and i, the phase difference is %/2. Thus, a complete statement of the phase

L
relationship is to say that v; leads i by 1i/2 radians.

If we compare \f with i, we find that \L lags i (or i leads VC) meé.ning the
pegk of VC occurs later in time f;ha.n the peak of i. In fact, vC‘ lags i by x/2
radians. When specifying phase difference, in addition to specifying the angle,

it is necessary to state whether it is an angle of lead or lag. The possibility

of specifying & phase difference eitheér way causes some redundancy. For example, §

by the equivalent statement that i leads VC by (-ﬂ/e) radians. Fhase difference




) 5-18
4 .

1 is an algebraic quantity for which the words "lead™ or "lag" provide reference
direction information. Since two reference directions are possible,;there are
two ways of specifying the phase difference. A ’

Another kind of redundancy enters if a.ngles greater than =« are allowed. .
g? Thus ) referring to Fig. 5-6, although the meximm labeled (2) of v, occurs after
‘ maxlnmm (l) of i, it is also true that max:Lmum (5) of. v occurs earlier than
max imuim (1). ‘Thus, in addltlon to- saying that v, lags i by #/2 radians; it is
- correct t0 say that v leads i by 3n/2 radians This is merely an 1llustration ‘
5 . of the fact that the phase ait ference can be 1ncreased or decreased by an
‘ (mtegral miltiple of 2n; this- prlnclple being due to the fact that maxima. occur
B .'-_ at 2n intervals.in the wt scale. .
] ] Phase dlfferences can be obtained by calculatlng the dlfference between
;l": . 1n1t1al angles 'I'o state thls in such a way as to get the prOper sign, if we
§ _w:.sh to determlne the angle by which one wave (de51gr1ated as-the first wave)
leads another vave (designated as the second wave), the initial angle of the
lﬂ:o_nc_i wave 'should be subtracted from the initial angle of the. first wave. For '
g5 example » to f1nd the angle by which VL leads i, observe that there initlal angles -
are respectlvely a + 1/2 and . Thus, the sngle by whlch v leads i is '
‘a+n/2-,=:r/2 _ ' : ‘
. : _ Pha.se difference, as well- as magnitude relatlonshlps , can convernently be
‘6 "shown on phasor diagrams, as shown.in Fig. 5-7. These are graphlcal portrayals
T
8
9
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5-5 Kirchhoff's Laws in Terms .of Phasors ;
‘Consider a series circuit as shown in Fig. 5—8a. , in which each box represents _

"and of the saie frequency. That is; assume - St e s

In terms of the phasors '

these voltages are

5-19

of the three relations

T, = LT
7o--L
RCRET
T, =

where T = Ie.ja_ We recall that vy leads i by n/2 radians. This phase d:i_,fference_f
is evident as the angle between phasors VL and I, ss indicated in Fig: 5-Ta, and

it is also evident that ‘the phasor for the quantity which .leads '(Vtl 'in this case) "
- occupies a counter-clockwise position relative to the other one. This diagram

also shows how it is possible to say that i leads VL, by 3:r/2 s this'béing the -
counter-clockwise measured angle from VL o 1. . _
Phase dlffere;.ce can be stated in terms of phasorb Thus, in addition to

.saying v lea.ds i by 1/2, it is also proper to say V leads I by :t/2 ‘radisns.
‘However, thls latter statement is symbolic for the former.

R, LorC,ora comb:.na’qion of these. The voltage across each box is sinusoids,l . 2

—'\/_V COS(wt+Bl) and ..;v2 =‘\/-2- v, cds(ut+62) .

\71 = Vle‘jBl and - Vo w ¥ esP2

- - 3 - % -
e 4 Vl endut ,_Vée‘wt +V, e dut
v, =V-2_ 3 and . v, =V2 5
The Kvl equation for this figure is
Vo =Vt Vs, (5-34)

.h\r-u
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Substituting the expressions for vy and v

5 and collecting terms that multiply
Jut -jut .

s gives
(V47 )ejwt + (V. 4V, )*e"jwt ‘ ‘
vy e L2 12 . ~ (5-35)"

The form of this shows that v
symbpiicé.lly represented by

p 18 & sinusoidal wave of angular frequency w,

L= —

T, =7, +7, (536

In‘other words, if we define the phasor

= o _iBp
3 ‘ V'I‘- = VT e
' b the equation for the wave of Vq can also be written
Vi =VE—VT cos(wt + Bp)
5
6 v]. V2
T —
—_— 1
J
o+
7 e VV -
ST
8
o - . - % = * -
In writing this equation, we have used the relation Vl“ + V2 = (Vl +.V2) 3
9 which can readily be seen to be true by writing each phasor in ;'ectangular
form. h '
1
0
] ERIC
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i, are both ginusoidal waves of the same frequency. We have shown that the sum oi

- 5-21

‘ Equation(5-36) is an expression of the Kvl in terms of phasors. Of coursej
it is valid nly when all gquantities are sinusoida.l However, Eq. (5 35) shows

that if Vl and v are ea.ch sinusoidal and of the same frequency, then VT is also

) sinusoidal and oi‘ the same frequency. Equation (5 36) provides ‘a means of find-

1ng VT and B'.T.‘ » which are the essential attri'butes of wave vT This can be done
analytically, or graphically, as shown in Fig. 5-8b .
The Kirchhoff current law also can be written in terms of phasor quantities.

Referring to Fig. 5-9a, if the cutrents i

1 and 12 are sim;soidal and of the same

frequency, namely,

N : =-\/5‘1 Vcos(wt + 011) and '\/-I cos(wt + 02)

- they can be combined according to the Kcl equation

1T‘-~'i +12 ' ' ‘ (5-37)

. Ags.in we sha,ll perform the addition in terms of the complex note,tion, us:Lng the

phasors I ‘= I e‘jal ond T I = I eja? 80 tha,t

- - . - — P
1= Ve s and i, V2 T

The sum of these » after collf-‘cting terms ’ is
jedut —dwt

(I +I + (I,+47, ) e |
~.‘/" 1 1 2 - (5-38)
2
" which shows tha,t 1'.[‘ is a sinusoidal wave of angular frequency w, and symbolically
represented by a phasor T’I‘ = ITeJaT ) vhere :
Ip=I + 1, , | (5-39)

Ir_i trigonometric form, . (
i ='\f2-IT cos(ut + &)

where IT and qr are obtainable from phasor fT as indicated above.

Equatior; (5-39) is a valid expression for the Kcl for situations where i anc

1.

2
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(a)
Figure 5-9.

-two such sinusoidal current.waves is also sinusoidal s and that the amplitude ané.
initial angle of this weve can be obtained from Eq. ( 5-39) This equation can.be
used analytically; or a gra.phical mterpretation like Fig. 5-9b can sometimes;Be
useful. ) ' A '

~ The proofs Jjust given, involvmg the add.Ltion of two voltages or two currents, ‘
.can .be extended to yield Kvl and Kcl equations 1n nhasor form for any number of . :
voltages or currents , subject, of course, to the condition that all voltages.and o Q

currents are sinuso:Lds of the same frequency Referring to Fig. 5-10a,.6ne form

of the Kvl equation is

] . o vy, =V —rv2 +v3. (5-40)

It .\.s assumed that Vl’ v2 s and V3 are each sinusoidal and of the same frequency, -
and that they are respectively represented by phasors Vl ’ VQ 5. and V3 By the
previous proof the sum of two of them, say vy + \PY is also sinusoidal, and so these
can be placed in parentheses, = as & reminder that they represent one -sinusoidal

.wave, thus,
-vll_—(v-l-v)-i-v5

But this is now reduced to the previous case, involving the addition of ‘l:wo )

9 " ginusoidal waves (v + v2) and Ve Following this plan, we first apply Eq.’ (5—36)
" 4o show that the phasor for (vl + Vv ) is (V +V, ) The same equa.tion applies-

again to show that the pha.sor “for (v + Vv, ) + v3 is (V +V ) + V5 . Thus,
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lv'll. ’ . ) V.

4{ '

Il
+ 1
~~

-

L

(a) . | Figure 5-10.

from Eq. (5-40) we get

v, "= (V) +V,) +Vy
or

0=V +Vp V547, N G D)

A similar devélopment will apply to the Kel eq_ua.tioils when currents are -
-ginusoidal and of the same frequency. Referring to Fig. 5-10b, we have

-14 = 11 +.i.2 + :I.3

= (i) +1,) + 13 , {(5-k2)
4 If 11, 12, 13, and 11# have the respective phasors I l’ I ’ fz, and fl&’ Eq (5-39) 3
. applies to show that (1 + i ) has the phasor Il + 12 ’ and applies again to show
that (1l ¥ 12) + 13 has the pha.so_r (I + 1 )+ J:5 Thus, Eq. (5-41) yields
. 8 . s == _
"I, = (I_l +I,) +..15
or ) . .
°=*Il"'Igf"I5+Iu . (5435
- 2 ) as the phasor expression of the Kcl equation. ,
( 7 , 'l‘he interpretation to be placed on the results of this section P culminatinb ’
b - o
-'!g‘mmc
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5-24

.in Egs.. (5~1I»l) a.nd (5-43), 1s that Kvl and Kel equations can be written in terms O
of phasor symbols in exactly the same way as for actual time-varying quantities.

: The arguments given for summing three sinusoidal quantities can be extended to -

[ any number. This statement is, of course, subject to the condition that all

| quantities involved shall be simusoidally v: arying with time, and shall have the

same frequency.

56 Analxsis of - Elementary Circuits

4 In the previous section 11; was shown that phasor quantities can be used to .
write Kirchhoi‘f's laws , when waves are sinusoidal, and we have also established
"phasor relationships for R, L, and C elements. The next step is to use these
principles to analyze some simple circuits:
i As a ﬁrst example, consider Fig. 5-11a, for which we assume that the cur- '
rent i is sinusoidal and represented by the phasor I. From Egs. (5-23), (5-50)
and (5-31) we have, respectively, V. = 3iI, V., = I/juC, and V = RI. Also, by
virtue-of the chscuss:.on ‘in.Sec. 5- 5, Kvl can be applied in terms "of phasors, '

V=TT T ‘ (5-4k)

bk s

.or -

4

ra+aum+—)x-[a+;(@-—)}1 -~ (5-45)

, - L
+V "“.-I~UU +” )-—-—y‘f
VR . VL VC VT=_IR
+ o
i - v )
v
9 | Yoy RAL W=ty =
(a) ~ : (v) ' (c)

Figure 5~-11.
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The three phasors on the right of Eq. (5-44), and also their sum, are shown

. in Fig. 5-11b, for a particular valve of w. For this case » the terminal ’voltage

lags the cufrent. However, it can be seen that for a sufficiently large value of
w, «L will be larger than 1/uC, so that l\_IL] will be larger than WCI . Then VA

.2 - will lie in the first quadrant, and will lead the current. The transition from
voltage lag to voltage lead will occur when ul: = l/wC. “This particular value of
W, "which we shall desxgnate as w,, given by

0

. : : 1 )
5 - % =i _ (é%j
‘is called the resonant angular frequency. The phasor diagram for this frequency
- 1is shown in Fig. 5-11c. In this case the phase difference between voltage and
L"_ current is zero (the voltage and current are said to be in 21_1_5._5_)
' This simple example has served to bring out several important aspecté of
alternating-current circuits: the application of complex 'numbers, resulf:.ing in
' Eq. (5-45) as a relatio'nsnip between terminal voltage-and eurrent ;f.‘the' egu'iva.;l.ent.
D 5 graphical analysis as displayed in the phasor diagram of Fig'. 5-11b; and the notion
~ that the ‘relationship between current and voltage generally is dependent ‘upon iz

' _frequency (or w), 1nclud:.ng the 1dea of a resonant frequency at which a c1rcu1t
" behaves like a pure resistance. ‘ ’
6 _ _— A similar analys1s can be carried out for the parallel branch 1llustrated 1n
- Fig. 5-12a. Again referring to Egs. (5-23) > (5-30), end (5-31), ‘we assume a

. - . - . A - ’ ."7 ‘<
o A Tg = Juc¥ I L
7 . < C
s I, =G ‘f‘:ﬁ'.
> >V — >V
o | - w - L.
: R > Vic
I, _
SR - vv = v
A ' | vii=i&
E) N (a) (b) “(e) ‘
s ' Figure 5-12. - ]
t&(

166



T

5-26

sinusoidal voltage v, and have I, = V/3uls fc = JuCV, and -iR = V/R. Also, from
Kel in phasor form, we have '

T-T+T,+1 . (s
or

I= (IJ'i + JuC + -%E'-)if - [%a-g(uc ~-'-1-m-)_]7 -‘ (5-18) _

nqua,uon (5-#8) is quite similar to Eq. (5-45), except that in the present
case a m phasor is multiplied by a complex number to obtain the current
phasor. A phasor diagram can be constructed in accordance with Eq. (5-&7)_, as
shovn in Fig. 5-12b. Whether T lags or leads V depends on the. frequency. In
sinihrity with the series circuit ’ there is a resonant angular rrequency, also

_glven by Eq. (5-46), a,t vhich the voltage and current sre in-thase. ‘

5-7 Impe da.nce and Admittance

Eguat:lbns (5-45) and (5-48) apply to special cases of passive fwo-terminal :

networks.. In general, these are interconnections’of.R,:L:and C _elements, of ..

any complexity that provides.cne or more cwrrent paths between two terminals. The
word "passive™ meana that no soufces.can be inclujed in any. of the paths.  The next

step is to generalize to cases of greater complexity,.such as the gx_amp,leé shown

1n_!’13o 5-13. . . - _—.l(-r-— 5

><

— DA
(a)
Figure 5-13.

First ve note that for Fig. 5-lla we had the result

g Tefprsa-BlT @ )
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'(5 52), it 1s obvmus that

. so that if one of them is known,' the other can-easily be fo‘und. _Althou_gh

5-27

. which can also be written

o 1

- —17 () (5-49)
' | R+ J(ul - ==)] :
and for Fig'. 5-12s, the similar results are
I=|gralw-FV (a)
which can also be written .
' (5f&)_
V=g .lV NE (b)
s+ J(“C,- I

In eé.cli case, one of tiuese equafions is superfluous (superfluous in the same

‘sense that v = Ri and 1 = v/R are equivalent), but it is customary to adopt a
. notatlon and nomenclature which admits both forms. We shall now describe such

a general notation. The above equations are examples of .the following two forms

T-TE E (1)

N € )

in which Z @nd Y are gi'v"en by the appropriate bracketed quantities.fg Z.is called ,
the impedance of the circuit, and Y the admittence. In view of Egs. (5-51) and - |

Y = 5 o (5-53)

Egs. (5-5L) and (5-52). imply definitions for Z and ¥, it is worthwhile to define
impedance and admittance explicitly as ’

7= (a) ama T=1 (v f (5-’5@;5

3 mn<
<3

In these definitions, and all the preceding formulas , it 1s understood that v
is the pha.sor for the volta.ge across the terminals of the network in question P
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L and that T is the phasor for the current in the terminalé, with reference direc- O
tions as portrayed in Fig. 5-13. ' . '
. Since Z and Y are complex numbers, each can be written in rectangular form as

I’2 - V Z=R+JX i ) (,5_'55), | T :’1
Y=c+3B ‘ (5-56)

R and G carry the same names as in resistance networks, namely resistance and

'3 c'on_duéta.nce , respectively. X is called the reactance, and B the susceptance.

' It should be noted that the similarity of the names of R and G with those used
.in resistive _circuits should not be construed to mean that R (or G) refers to
& single ‘resistor. To take R as an example; if we consider the impedance_ of

r'u Fig. 5-lla, we find R of Eq. (5-55) is identical with the resistance R of the
circuit. However, the impédance of Fig. 5-12a is R

1 1
= . 2 -
1 R c‘w ‘dL)

3l - L) R e (- )2

5 ‘R

In this case the R of Eq. {5-55) is

; 1
. R -
- 6
= 1.2 1.2
i (R) +((‘C-0L) o
which is not identifiable as a resistive circuit element of the original network.
.. In Egs. (5-55) and (5-56),R and G are to be regarded respectively as the rea.l
T parts of Z end Y, rather than as circuit elements. )
We turn now to the question of how to find Z and Y for circuits of more
;. general nature, such as the examples of Fig. 5-13. We shall do so by making
- - .note of similarities with resistance networks. It will be recalled that
( 8 h Kirchhoff's laws are used to prove the following relationships for the resistive
networks of Fig. 5-14. - :
: R eq = Rl + R2
9 GG for Fig. 5-lka
eq G G, '
N
' LRIC
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Figure 5-1k. ()
These are the basic laws for combining resistances (or conductances) in series and
parallel, vhich can be extended to more complicated casés merely by repetition. ‘

By using Kirchhoff's laws in phasor notation, in proofs tﬁa’c are otherwise
identical, it can be shown that impedances (or admittanceé) 'éom’bixie in similar
ways. Referring to Fig. 5-15, the results are aé follows:

Zeg =2 * 2 4
- for Fig. 5-1ka (5-57)
¥ =12 '
N,
Y% +§,
- for Fig. 5-l4b (5-58)
7 .k
2,
Z Zl(‘ :??) ie 1 : -t 1
eq q (= ==) : Y (= ==)
L (= =) g & 1
o e = (o 1 Z . . '
eq ZE(: ?2) eq , -
(a) Figure 5-15. (b}
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These principles of combination can be used any number of times, -sta',r'tiné R
with ™rectangles" that represent branches that are simple enough to have known‘ ”
impedances or admittances (like Fig. 5-lla and Fig. 5-12a, for example » or special
cases of these). .

“‘Although the procednre for combining impedances and admittances is algebra.i-_,'
cally identical with that for resistances (and conductances) the fact that complex
numbers aré involved in the present case means that numerical calculations are
more laborious. Also, the translation from wave quantities (actusl v and i) to -
phasor i;uantities and ;:aack must be included; a step which is not necessary for
resistance networks. To illustrate these observations, the following two 3numer:tcal
eﬁé.mple,s are included: L

Exemple 1: Referring to Fig. 5-16, assuming a terminal voltage vT_-='\/é- (75)
cos( 2000t ), the current ip is to be found. The following numerical values will
be used: .
, = 120 obms R, = 2000 ohms (G, = 5x10™* ‘mho)

-6

0.5 henry C =0.2x10™° farad

-
]

=
n

Figure 5-16.

' ‘Solution '
Observe that the path between the source terminals can be viewed as two
impedances (la.'beled Z and Z ) in series. Accordingly, these two impedances
can be added, and the current I can be found from I = V/_ Furthermore, the

M <
ERIC
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5-31

portion labeled Zs is a special case of Fig. 5-1la (with C replaced by a short
circuit, meaning infinite C in the formula), and the portion labeled _Z-P is a
special case of Fig. 5-12a in which 1 is absent (infinite). Thus, we can proceed
as follows:

Beginning with the parallel combination of G2 and C, we note that it has

an admittance

1 -
- x0T
> P 6 4
whers we have used wC = 3000(0.2) x 20"~ = 6 x 10 . The impedance of this
E parallel combination is therefore
: 1 h Ou
E . Z S = = 1282/-50.2°

p = 536  7.80/50.2°

In rectangular form this is+

5 Ep = 1282(cos 50.2° + j sin 50.2°)
# 1282(.641 + j.768)
6 = 820 - j 983

The other portion of the circuit has an impedance

7 ES = 120 + j 1500

+The rectangular form can be found directly, without going to the pclar form, thus :4:\
8
_:ch _ - 36)10" = (5-36 10" - 5x1<)l+ -3 6x10* = 800 - 3 983

5+36 = (5+36)(5-36) 25+ 36 6L 61 0=

However, in most cases, where the sum of the squares of the real and imaginary
parts of the denominator cannot be found as easily as in this example, converting 3
L~ 9 to polar coordinates is the simpler procedure. Many modern slide rules are con- |
(“) structed as to facilitate conversions between rectangular and polar coordinates.
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where L = 3000{0.5) = 1500. The total impedance is

7y = 2yt B
= GO ¢ § 517 = 1072 /28.8°

The voltage phasor, isV = 75 + JO and 80 s hav1ng found Z , the current phasor is

Daad P S

= V. .15+ 10 " /.08.80
Ip = 7,7 1672[8.8° =069 [-28.8°

“Finglly, the equation for the current (not fte phasor) is
=\l2 (.0699)cos (000t - 28.8°)

Observe that the voltage leads the current and that the total 1mpedance ZT
- has a pggltlve a.ngle Volta.ge leads current whenever impedance has a positive
angle. However, 1mpedance can also have a negat1v= angle, in which case the
- voltage will lag the current. "In this circvit, by carrying out the same calcula~
tions for w = 200, it will be found that .

Zi' = 120 + j 100 +1980- - j 159

= 5000 - J 5°

which has a negative angle. In this case, the voltage wu.l lag the current H by
a small angle. [Note, in these gtatements, ‘that voltage and current refer to
voltage between the two terminals and current in one terminal ( and out the other),

using the. custom,ary reference maxkings T or voltage and current

Example 2: In the circuit of Fig. 5-17, assume that the current is known
to be iT ='\/;(’+) cos wt, where the frequency is 60 cps. Thus, £ 2q(60) = 377.

The voltage Vq is required. The element values are :
R, = 100 ohms (G = .0l mho) R, = 150 ohms
X 9 _ ‘ ‘ _ -6, .
1 L.=1.5 henry , C,=12x 10 ' farad

k" o
| ERIC
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N 4
+ L.
>
Vip 4 § G = L R
: 2
1
R
{ 1
Figure 5-17.

Solution

5-33

This circuit has the éeneral nature of a parallel connection, and can be

. viewed as having an equivalent admittance which is the sum of the two admittances

Yp and ?s_. Thus , beginning with the R-C branch on the right, we write its impeda.

" 45 a. special case of Fig. 5-lla (with L = 0), giving

6
5 _ s 10 _ s
Zs =1% - J (3773(i§7 = }50 J e21

= 268 /=55.8°
and ‘
Ys = —E-l- = 3.74 x 1072 /55.8% = .0021 + j .003L
S
For the parallel combination of L and Rl , the admittance is
T = .00 - § ok = .0l - j .00531
Y 1N(0.5 ) :

The total admittance is

?T = 'Y's + ’ip 0021 + .01 + j(.003L - .00531)

0l21 - j .o0221

The phasor VT (symbolic for vT) is
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b + 30 ) _ } o
= 70121 - j.00221 ~ .01225/-10.4° © 326/-10.4°

where TT = 4 + jO is the phasor for the given current. Finally, the voltage

wave is
L =\/’2—(326)cos(577t - 10.4°)

5-8 Voltage and Current Source Equivalents

‘ ) .
Following the gex‘eral plan that is developing, whereby a-c eircuits with

R, L, and C elements can be treated like rzsistive cireuits if phasor quantities

are used, we now consider the equivalence of the two networks in Fig. 5-18.

ONI

Figure 5-18.

The jdeal voltage source A maintains & sinusoidsl voltage

= + 8.\
g '\/EVO cog(wt. + By
under all conditions, and the ideal current source maintains a sinusoidal current

iq =\/2 I, cos(wt + %)
under ail conditions. These sources are respectively symbolically represented
by phasors V.=V e‘jaO and fo = Ioe‘jaoo The dotted rectangles shown in each

0] 0 .
case represent identical two-terminal networks consisting of R, L, and C elements

O
| ERIC
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and possibly‘siﬁusoidal_ squrces , also of angulai' Pfrequency w. " The presence of
these externel branches permits a current i to flow, and by restricf;ing what can
be in these branches we ensure that v and 1 will be sinusoidal (of'a.r;gula;" fre-
quency w) and hence can respectively be represented by phasors V and T. -

Just as in the resistive network case, respectively for (a) and (b) of
Fig. 5—18 we can write

Vel - ZO_I- (a)

(5-59)
- w'r’ (b} -

The second of these can be written

v 7'7 o 5 1-A : 60
T =Z1 - 21 " (5-60) ;

In order for the two networks of Fig. 5-18 to be equivalent, they must: be equivalent
for all V and f(i.'e ¥ and T must be the same for both.). Thus s equa ting Eqs. (5-59)
and (5-60) » to ensure that V will be the same, we have ' ]

-2T
ZO I

Yo - Z;oI = %5
or. = A o , ' ) S

‘I‘his equa.tion must be true for all values of I, and so each tem must be inde-
pendently zero s giving

e, .vo = Zolo e (e

as the rela..tionship‘ between the sources, and

%, =73, o (5-62)
as the relationship between the impedances. -

The equivalence between these two networks can be used to reduce circuit ‘
complexity in the same way as in resistance networks. However, it must be kept . 1
in mind that the present case is more restrictive in that the sources mist be ;
ginusoidal whereas "i_.p resistive networks any manner of time varigtion is permitted’
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This is the "price we pay" for using phasor symbolism_,+ but many practical : O
problems fall into this category. ' ‘
There is oné other important exception to the similarities between the

) solution of resista.nce networks and the steady state solution of RLC networks.

In the case or resistance networks, it is possible to include ideal ‘diodes s or

piecedise linear equivalents, with due regard to the fact that the circuit A

cha.nges vhenever the diode current goes through zero. Phasors cannot be ‘used

for sinusoidal waves if diodes are included in a circuit, unless the diodes

are biased sufficiently so that the current never reaches zero. Otherwise, if

the diode goes from a condncting to a non-conducting condition during the swiﬁg R

of the signal, certain voltages and currents will become non-smusmdal. This (
-violates the conditions under which phasors can be used. Other methods of

analysn.s must be used in such cases. There is no intent here to explain how
- to solve such cases, only to point out a limitation on the extension of fesist-

ance networks methods to sinusoidal steady state methods of analysis. .

e

B - 5-9 Thévenin and Norton Theorems

o

For any R, L, C network having only two terminals, such as the box on the
left of Fig. 5-19, subject to the conditions that all sources within the box
A are of the same frequency, an.equation of the form
| : ) ,
V=V, -2 1 . | (5-63)
- will -be found.as the relationship between V and I. In this case we do not find

7 . " a .source Vo or an impedance ZO These are quantities that might be derived Trom

S
Sources and o
: ; combinations
8 _ : v
' of R; L, C.

¥ 'o

j
9 o . . | Figure 5-19.

. - o
; ) Th;.s is not to say that the general case of any type of source cannot be handled O

' for R, L, C circuits, but to do this requires mathematical methods beyond those ]
used in this text.

| =5
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" Having already established the equivalence of circuits (a) and (b) of Fig. 5-18,

5-31

an.analysis of the actual network (analysis by the solution of Kirchhoff
equations, or perhaps by a succession of applications of the source equivalents).
This means that \—fo and 20 are functions of the elements within the box, and how
they are connected. A physical interpretation of them is possible, as follows:
From Eq. (5-63), it is seen-that V'= VO when I = 0. Thus, ‘70 is the open
circuit value of V. V is due to the interna.l ‘sources , and will be zero if
these sources are made zero. This fact provides an interpretation of Z as
-Vf' I, when V =0, (i.e., all internal sources are zero). Observe tha.t -I is
the current flowing into the + terminal, so that it is evident that -V/- is
the impedance of the network when all sources are zero.
This equivalence can be stated in the following form: A network
having one pair of terminals and consisting of intercohnections
of R, L and C elements, and voltage and current sources, all of
which are sinusoidal with the same frequency, is equivalent «t o 3
the pair of terminals to a voltage source having phasor V in
series with an impedance Z.. V is the value of the terminal volt-

0"

age pnasor when the terminals are open-circuited; a.nd ZO is the

impedance at the terminals of the network when all the sources are
deactivated.

it is ev:.dent that either of these circuits is equivalent to the original. one,

if VO ZO s and I =V /Z are interpreted as described above.

Figure 5-18a is called the Thévenin equivalent, and the theorem which
states this equivalent is called Theévenin's Theorem. Also Fig. 5-18b is the

Norton equivalent, and a statement of the equivalence is Nofton‘s Theorem.

178



5-38

5-10 Methods of Network Analysis O

Concerning steady state sinusoidal waves all of the same anguler frequency w,

we can summarize the following:

1) Waves like i ='\/-2-I cos{wt+a) and v ='\/:2—V cos(wt+p) can be
treated symbolically in terms of the phasors I= Ieja and
V= Vejﬁ. These phasors do not equal i and v, however.

2) Kirchhoff's voltage and current equations can be written in
terms of phasor symbols, to obtain the symbolic equivalent
of writing the corresponding equations for the sinusoidal ‘waves.

3) For' individual R, L, or C elements, the voltage and current phasors

are related by

RI

<
n

julL T

<
i

2
JuC

<
]

4) TFor any two-terminal network (branch) of R, L, and C elements the rela- Q
tionship between V and I can be written either as V=ZIorI=WwW , and

Z and Y can be found by methods similar to the series and parallel com-

bination of resistances in resistance networks. Voltage and current
divider principles also apply.
5) Thévenin and Norton theorems apply, using phasor guantities.

We shall use a practical example to illustrate further generalizations of
methods first introduced in the chapter on resistance networks. In so doing, the
important concepts of loop and node equations will be introduced. The fact that
these are included only in an example should not be construed as a depreciation
of their importance. They are not given a specific theoretical discussion because
by now it seems that the close similarity with resistance networks should be ac-
cepted, so that it will be evident that resistance network principles will apply,
with V = ZI replacing v = Ri, and I = YV replacing i = v/R.

The example is the low-pass filter network shown in Fig. 5-20. Such a network

gives preferential treatment to waves of low frequencies. This example will be

Q)
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Figure 5-20.

usedv to illustrate various methods of determining the output voltage v2 » when the |
input voltage'vl is specified. ‘The input voltage will be assumed to be
Vi =‘\/2_vl cos wt
so that its phasor.is Vle'Jo = Vl + Jjo. .
(a) Loop Analysis )
Loop currents i, and i, (with phasors I and I ) will be used, so that
thé¢ current 1 in the C element m.ll be i -i_. Two Kvl equatlons will be obtained

172
For the left and. right hand loops, respectively, these are

+

T gs () =T ()
(5-64)

- Jug (I-Ip) + (RH3a)I, =0 (b)
The secend of these equations can be solved for fl’ to give

- ~.. _l_ -
I = JuC [R + Jul, + ij] I2

= (1 - ’LC # juEC) I,

' 'This can be substituted in Eq. (5-6k4a), giving
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J(ul - El)(l - f1c + juRC)fz + ;cl I=V Q
(G - wem) + st - ;ﬂl-)(l - Pio) + —“}3]}‘1‘2 -7,

[ - PR + e - I0)] I, =

4 l !
and, finally, the voltage phasor (Va = ﬁz) is
- r 1 -
v, = v (5-65)
5 2 l(l—weLC) +j U—Lﬁ(E—mQLC) L
4 Before interpreting this result, we shall obtain Eq. (5-65) by two other
methods .
(b) Node Analysis
The circuit under consideration is redrawn in Fig. 5-21, showing a node
(3) in the center and corresponding voltage v5. First let us sum the currents
entering node 3. This sum must be zero, and so we get
5 L (§
—= (V,-V,) juC V + V =0
. Fa (V1V5) - 3€ V5 iz (o73)
or
l & 1l = 2 . =
6 jl‘)]:‘Vlé-ijvz—(("T_.-t-‘]oLC)V3~O
Multiplying this through by jul gives
-— — 2 — _ . -
T +V,-(2-uwIc) V=0 (5-66)
This equation involves two unknowns (Vz and ‘73) since ‘71 is known. Thus, one
other equation is needed. This equation is obtained from node 2. The current
from (3) to (2) is
JmL (V -V,)
and the current leaving node 2, through R, is \,—'_‘?/R° We equate these, to give
9 v - -
A 2.1 F, -7)
R jo *° 3 2
or
N
ERIC
[t o onc
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Foo L,y § ' )
VB‘(R +1) ¥, (5-67)
Substituting this expression for 73 into Eq. (5-66) yields
-1 (2 - Pro) By 1|7, =0

Vi

The quantity within the brackets simplifies to

(1 - Ic) +1i‘f‘-1'- (2 - waIc)

Figure 5-21.

and so the result is

_ v
7, = L
"2 (1-4P1C) + %L- (2-4P1C) -

which is in agreement with Eq. (5-65).

(c¢) Thévenin's Theorem ‘ ;

The same network can be solved by Thévenin's theorem by using the

equivalence shown in Fig. 5-22. The section shown in solid lines st (a) is

replaced by the circuit shown at (b). To accomplish this, we first refer to
Fig. 5-22a, and observe that the open circuit value of Vio (whiclh we shall
designate as Vo) can be obtained from the voltage divider principle, as

l-'l V
= _ _Ju o i
Vo =7 1 3 (5-68)
JUL'"—,j_uE 1 - wLC
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The impedance ZO is obtained from this figure by deactivating the source (replacing O
it by a short circuit) and computing the impedance between the terminals of the ]
resulting network. This gives a network of L and C in parallel, for which the

impedance is

. 1
& A LU 1 (5-69)
0 . 1 2
; JwL+3:C— 1 -wlC

4 The voltage dlvider principle can now be applied to the entirc network of Fig. 5-21b,
L ~ L

g 1,1 WSyt LV o =000 —

| +
+ S
f\’ \'Z nsivam §> R v R v g
1 == C <‘> 0 2
{
3 i E
4 -~--——--‘J :
; (a) ()
] Figure 5-22. T
giving Vl
R(—2—)
7. = 1-wIC
2 ——iﬁgL + jul: + R
1-w7IC
,‘ ) V1
: 1 - WIC + j—“%(Z-wELC)

in agreement with Eq. (5-65).

; We have now obtained the same formula for V2 by th.ree different methods. In
order to avoid leaving this as an abstract formula, let us consider its significance
for some numerical cases. In so doing, we will not only add meaning to the formula,
we shall be able to demonstrate more clearly what is meant by saying that ! = circuit
in question is & low-pass filter.

The transmission at various frequencies can be determined from Eg. (5-65) by

rewriting it as

- ERIC
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v
2 - 1 (
= = 5"70)
v, 1 - e+ ifEe-Pe) _

and assuming various numerical values for w, from wvhich numerical results can be
obtained. Observe that there are.only two combinations of parameters which enter
into this expression, the product LC and the ratio L/R. Let these have the values |
Ic = 10’6 sec® and L/R = 107 sec. ]

The following table can be constructed:

Table
1-1c

0 |oPre [1-wPre | 2-Prc |.oore(z-f1c) 13 5(2-w1c) o/
100 | .01 .99 .99 .20 1.00+3.20=1.02/11° :98/-11°
30 .09 o] 1.1 .57 .91+3.57=L.0=/32° .93/-32°
50 { .25 751 1.75 .88 .T5+5.88=1.13/50° .88/-50°
80 | .64 36| 1.36 1.09 .36+31.09=1.15/72° .81/-12°
1000 {1.00| © 1.00 1.00 ' 0+3=1/9%0° 1/-90°
1200 {14k | - bk .56 .67 -4h+3.67=.80/123° 1.25/-123°
1%00 {1.69 | - .69 .31 2 -.69+.40=.80/150° 1.25/-15%°
1k f2.00f -1.00| 0 0 21430 = 1/180° 1/-180°
1600 | 2.56} -1.56| - .56 -.90 -1.56-3.90=1.80/210° .56,/-210°
2000 | & -3 -2 - k.0 -3.0-34.0 = 5.0/23%° .20/-233°
3000 | 9 -8 -7 21 -8.0-321=02.4 /249° .05/-249° .
w000 |16 |15 |-k -56 | -5.0-356=56/265" -.02/-265°

The most direct way to portray the complex quantity Vzﬁl as a function
of w, is to plot the results carried in the right-hand colum of the above
tabulation, as in Fig. 5-23a. Imagine a unit voltage vl(rms value = 1) so 1at
its wave is described by

v, =\2 cos ut 3 and \-fl' =1+ jO

where w can have any value in the range covered by the table and Fig. 5-23a..
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Figure 5-23.

Real
6 w=100
' § = angle by which
300 ve’lags vy
H = rms value of V.
0 when v, is 2
1 volt (rms)
(a)
2.0 =TT T
-5 "
3
H .2
SN 3
05 \
.03 -
.02 \
-01 1 | ) f t g
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At any frequency Vzﬁl = He"je, where H and @ are indicated in the figure for

w = 300. Since \71 = 1 + jO for the unit voltage,

In other words, Fig. 5-23a portrays the response of the circuit for waires of di
ferent frequencies.and . unit rms value. . At..geveral frequencies .thé outputs are

v, = .93'\/-2- cos(300t-11°) at w = 30
Vo = .87'V—2-cos(800t-72°) at w= 80

v, = 20V2 cos(  :-23%) at w = 2000.

It is evident chat the output decreases at the frequency 'increa,ses. This
why this circuit is called a low pass filter.

A common method of portraying the variation of output with frequency is to
plot H as a function of frequency, as in Fig. 5-23b. DNote that logarithmic sca
have been used for H and w. This is usually done, because of the wide ranges ¢
which they vary.

5-11 Power .
Referring to Fig. 5-2ka, let the box represent any combination of circuit

A
. L
\'s
\ ' (source )
(a) (v) (c)

Figure 5-él+ .
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elements, like the examples shown at (b) and (). In general, there will be a phase
difference between v and i, except in the case of a pure resistance. Thus, for the

general case, v and i are respectively represented by

v =VE-V cos(wt+B)
(5-71)
i ='\I2—I cos(wt+a)

where the phase difference (the angle by which v leads i)is (B-a). In complex number

representation, as introduced in Egs. (5-17), these are

= Jwt | =¥ -jut
v =’vz".'(\fe +2V e )

= jwt | =% -jut
Ie + I
i =\E(L 2 —)

where
V= VeJB and Ia Ie'ja
To find the pover, we take the product of the above and get
. —% o8 . SR
p =3 (el + T (19" + T'e Juty
— e . —_ — -3
T+ 71 TTed2ut , Fh¥e 792wt
o =) + ( 5 )
Referring to the first term on the right of the above equation, observe that
— 3 T 5!
7 - viedB®)  ang §F = vied P
so that for this term we have
T L T i(p-a) , ,=i(B-a)
Vi ;’V I8 te = VI cos(Ba) (5-72)
o - ] — Kk -
In the second term observe that VI = VIej(Bm) and that VI = (VI) =VIe J(Bm),
so that for this term we have
o= Jowt | sk -jouwt
Vie ;Vle = VI cos(2ut + B + &)

)
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Thus, starting with the product vi, we have the formula for instantaneous

. aTTRwey B e T : B e~
p = VI cos(B-a) + VI cos(2wt + B + a) (5-73)
A graph of this is sho '~ fig. 5-25, where the dashed line represents the constant
P Equal
Areas

P=v1<ms(p_;)T_'-.- - | ' .. .

Figure 5-25. - | g

term P = VI -cos(B-a) The VI ~ys(2wt+B+a) term represents a sinusoidal wave of
angular frequency 2w, which therefore varies symmetrically with respect to this ]
dashed line. Accor.&ingly , over a long interval oif time areas of the p curve above ]
and below the dashed line nearly cancel, so that the dashed line is the steady state
average value.” (The words steady state mean “average taken over & .long time '
interval.®) If P is this average, we have the result

P=V I cos{p-a) (5-74)

Observe. from this that the power depends not only on the magnitude of the v

and i waves, but also on the phase difference. In particular, if p-a = 9Q°,, average

power is. zero, even if the voltage and current are not zero. This will be true of
circuits having no resistance, since with only L and C elements there is a 900
phase difference between voltage and current waves.

Equation (5-72) shows that average power P can be obtained directly from v

and I » using

+Negative and positive areas cancel exactly only if reckoned over an integral number
of cycles. If a fraction of a cycle is included in the interval over which the §
average is computed, the average will be different from VI cos 6. However, as the
number of full cycles becomes large, the discrepancy becomes negligible.
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V'[ VT . - .. -
2

1
-
il Lo o i

This form is useful when V and I are obtained from previous calculations in

rectangular form. For example, suppose
- - " i
Vzvl-#JVE and I=I:l+312 ,

Then,
%* ; - -
VI = (vl-x-,;va)(xl-gxz) =V I+ VoI, + j(VQIl VlIQ)

ok ]
VI oa (v =0, (I, +I,) =V, I + VI, - S\ 2)

and thus, by substituting the sum of the above in Eq. (5-70), we have ;

P=VI, +V,I, (5-76)
This last formula is easily remembered. If voltage rurrent phasors are :
known in rectangular form, (i.e., real and imaginary parts : explicitly known.)

the average power is obtained by multiplying the real parts of V ana .I., multiplying
the imaginary parts, and adding the two quantities so obtained. As an dltermte
viewpoi.t, observe that the right-hand side of Eq. (5-76) is identical with the
real part of gmx:gz_' ﬁ* or V*f. Accordingly, Eq. (5-T5) can be replaced by

P= Re(ﬁ*)

where the symbol Re( ) means the real part of the quantity in the parentheses.
The product VI (which would be power in a d-c circuit) is called apparent
pover in steady state circuit analysis. The ratio

_P _ average power '
VI = apparent power (5-77)

is calléd the power factor of the device or circuit branch in question. From Eq. (5-T4)
‘ it is evident that
P K F = cos(p-a)

F =

where (B-a) is the phase difference between the v and 1 waves. Apparent power is (:) f
measured in volt-amperes. ‘

O
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Chapter 6

NATURAL RESPONSE OF ELECTRIC CIRCUITS

Introduction

In the everydey world there are many opportunit;ies to observe vibrations
in mechanical systems. For example, 5 weight at the free end of a strip of
springy steel clamped at the other end, as in Fig. 6-1la, will vibrate if it
is deflected and then released. A plot of the deflection as a function of
time is shown at (b). This is called a damped oscillation or a damped sinusoid,
because the oscillé.tions gradually 'die out. You will observe that the
oscillation occurs in the absence of any kind of oscillatory éource- The
spring is mereiy deflected, and then let go. It is, therefore, appropriate
that the resulting wave should also be called & natural response or a

natural oscillation. There are many other examples: the oscillation of a piano

.string, the oscillation of the pointer on a weighing scale, when a weight is

suddénly placed on it, etc. In the case of certain electrical circuits; currents,

voltages, and charges can also oscillate in a similar manner.

envelope

[N~ .

(a) (b)
Figure 6-1.
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6-2

A constant amplitude sinusoidal wave has the equation
V=V cos (wt+B)

as we saw in Chap. 5. A damped sinusoid has the equation

v = Vﬁgfat cos (wt+B)

That is, it is a sinusoidal wave multiplied by a factor e-at which forces
the waves to be "pinched" down between the envelope curves shown in Fig. 6-1b.
As time goes on, the amplitude of the wave decreases or decays.

In this chapter we shall show how, under certain conditions, responses of
the above form are obtained from electric circuits. We shall dlso find that
under certain conditions, if the rate of decay exceeds a certain value, the

oscillatory character of the response ...; disappears, and the above response

function reduces to a sum of two exponentials, like

where Vﬁ’ Yb, a, and b are constants.

In the body of this chapter we shall derive these equations, determine
how values of the circuit constant determine whether or not the response is
oscillatory, and show how to obtain the various constants appearing in these

equations.

6-1 The Circuit Equations

A number of different networks could be used as an introéictory
illustration. The series circuit shown in Fig. 6-2 i chosen. After the

switch is closed; Kvl applies, and we have

vL + VR + VC = YB

and thus

O
i1

O
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ai .
LEg+R+v =Ty (6-1)
In addition to this equation, i and Vo are related by
. dvc ¢
Cg =1 (6=2)

Figure 6-2.

Equations (6-1) and (6-2) constitute a pair .of simultanedus. eguations in

the two variables Vo and i. However, they are differential equations
rather than slgebraic equations. It is our objective to find solutions

for these eguations.

Ensuing steps will be simplified by introducing two new variables

RV @
(6?3)
%2 = Vo - Vg (®)
and the parameters
«=f (a)

(c)
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1 Incorporating these notational changes in Egs. (6-1) and (6-2) yields

the two new equafions

T - 9% (6-5)
) ax,,
2 E— = woxl (6-6)

.

as you can easila;' show by carrying out the steps yow self. These variable
changes are not necessary to obtain a solution, but they have the é.dva.ntage
of reducing the original equations to the somevhat simpler forms shown above.
3 The remainder of our discussion will apply to these expressions, with the
understanding that Eqs. (6-3) can be used to regain the original quantities
Ve and i. You should observe that both X and Xy have the dimensions of
voltage.
x A two-pronged attack will be used. The first will be a graphical
analysis of the equations, from which physical insight can be gained as to
the nature of the solutions. The second will be the actual mathematical
solution. While both are important, the first part of the discussion is
5 particularly significant, from an engineering viewpoint.

6-3 The TFhase Plane

Since we are dealing with the two variables xq and X5 it is natural

to think of plotting their relationship in a plane, called a phase plane.
These quantities vary with time, and at any instant of time the pair of

6  numbers (xl,xa) completely specifies the state of the circuit. Consequently,
these varisbles are called the state variables. The point in the plane

having the coordinates (xl,xe) is called the state point. In thinking
T about the phase plane we use the mental image of an ordinary geometrical

plane surface. Thus, we talk about distances in the plane, even though

the dimensions of the axis are not length, and we talk about velocities

as the phase point moves around in the plane.

] Qo
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Iet us determine how the state point varies with time; for the
simplest possible case (R = 0, which means o = 0), so that the equations
reduce to

1 = -
at - " Y*e
—2 = ux
at 0*1

To beging; we observe that an explicit algebraic solution is impossible,
because these are differential equations. However; assume the state of the
system is known at some particular instant of time; that is, assume X and
X, are known. Algebra can then be used to determine how the state is .
changing at that instant, by finding the velocity of the state point. This
can be done because d.xl/ dt and dx2/dt are, respectively, the x, and x,
components of that velocity, as shown by the two dashed vectors in Fig. 6=3.

xi /j//% é#“'oe

-

Figure 6-3.

The actual velocity of the point is indicated by the solid axrow; and
this velocity has a magnitude which can be found from the figure to be

R

o ik
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From Fig. 6-3 vwe make the following observations:
(1) \/xl2 + x2‘2 = r, the distance from the origin to the point}

(2) The shaded triangles are similar, and therefore the velocity is
perpendicular to the radial line r.
Now observe that w, (= 1/VIC ) is a constant, and that
u = rw, (6-8)

Since the point moves with & velocity perpendicular to a radius, it follows
that the point moves on & circle, with radius r. (why?) Thus, we find that
the velocity of the state pointhas & constant magnitude. The point seems to
be rigidly attached to a wheel rotating with constant angular velocity Wy

The problem is not completely solved, but we have taken a big step.
Although Wy is khown from the circuit pasrameters, we do not yet know a value
of r, nor is it clear where the point is at various instants of time.

Completion of the solution requires knowledge about the circuit at some
particular instant of time, usually taken as t = 0. Thus, let x (O) and

(0) be the values of the state variables when t = O. These values, which

are called the initial conditions, must be determined from the srecified problem.
For example, suppose the actual circuit arrangement is shown in Fig. 6-4, in
which the switching arrangement is slightly more complicated than in Fig. 6-2
in order to provide the possibility of having sn initial current i(0) in the
conductor. The capacitor is assumed to have a charge at t = 0, leading to an
initial capacitor voltage vc(O). Thus, the initial values of the two state

variables are
% (0) =VE 1(0) (a)

(6-9)
%,(0) = v(0) - Vg (v)

As battery k- is disconnected from the inéuctance, at t = 0, the inductance
cannot have & discontinuity of current, and so 1(0) must become the current

in the L-C circuit. Although this may seem to be & rather artificial situation,
it provides the possibility that xl(O) and x2(0) can both be different from zero.
We could bave simply said assume both xl(O) and x2(0) are non-zero.

195



Figure G-k.

With knowledge of xl(O) , and x2(0), the position of the rotating point is
known at t = O, as indicated in Fig. 6-5, in which the state point is the tip
of the radius line. Since we also know that the line rotates with angulai-‘
velocity Wy the motion of the state point becomes completely known. The
time variation of xl(t) and xe(t) can now be obtained graphically, as shown
in Fig. 6-5. This construction has an unusual orientation, with the time
axis in a ;rerj:ical position for x2.

Analytical expressions are easily obtained from this graphical anaiysis.

The radius

(T (012 + [x(0)]?

and angle xa(o) : (6-10)

axrctan m

are known from the initial conditions. Alsc, at any time t the angular
position of the state point is wt + 9, and so we have

x

o
"

: x,(0)
xl(t‘) = \/Ecl(O)]e + [xa(O):l2 cos [wot + arctan 2(0)] (a).-
*1
x..(0) (6-11)
x,(t) = \/[xl(O)JQ + [xa(o)]E sin [wot+arctan 2 ] (b)

xl(O)
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Tt would h.ve been rather easy to obtain these equations mathematically
from the originallwequations.
advantage of providing a pictorial indication of how the response is determined
by the initisl conditions, through their effect on both the radius of the
rotating line and its initial angle.

This example has pedagogical value because, as the limiting case (a = 0)
in which ‘there is no energy dissipation, it provides a base for tonsideration”’
of the more general case. The a = 0 case can also be of direct practical
use in the analysis of transistor or vacuum tube oscillators. We shall not go
into the details of this question here, except to point out that an essential
function of the vacuum tube or transistor in an oscillator is to cancel the
effect of the actual circuit resistance.

22 is a constant has interesting implications in
Going back to the definitions of

The:.fact that xl.a.'.+ X
the case where V:B = 0, so that x, = V..
x,, and x,, in Egs. (6-3), we then have

Fi4vg =7
= 2 Wl .2
" L‘IE' i "'ég" ~%’"’ (6-12)
-fThe right-hand side of this equetion is a cOnstant. On the left, Ii /2 is
4he ehergy stared in ths.inducisict at any iastant, aﬁq-&o /sy i o

the energy stored in the capacitance. The tobal energy is constant (as we

should expect, since no energy is dissipated in the absence of resistance),
and s0 as one increases the other decreases. Twice during each cycle the

energy is completely interchunged netween the inductance and capacitance,

being a meximum in one when it le zerc an the other.

Continuing o think of the welocity of the state

point in the phsse plene, referring to Egs. (6-5) and (6-6) we see that ".:

the vertical velocity dxa/ dt is unchangsd, but tha. the horizontal component

Now suppose o # O.

now becomes

1 ° “%*2
In other words, at any point not on the Xy axis an additional component

-ax, met be sdded to the horizontsl velecity, as indicated by two examples

However, this graphical approach has the significant

e
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E. in Fig. 6-6, one a posi‘lﬁlve value of xJ and one a.t a negatlve value.

. . The a.dd,.l.tlonal v=looity compor.ent is always toward the x‘,2 axis, and is
;g‘ proportional to xl, the distance- of the point from the X, axis. The -

P sign on -0y ensures that the direction of this additional velocity
2 'component shall be toward the xa axis, regardless of the ’location of the
.gtate-point. . %, ‘ ’ .

3
v N ) ! -
4 .
.t *
/.

2 _ : ) Figure 6 6.

. For analysis of “bhls ca.se, it is- co'\vemen* “to write the original
equa.tions _in the form ) )

6 Ly dxl ¥ Q ) J
, : =Y s - (P oxy +x,) i
- wo ‘:t —.l‘.‘, Lx)o l 2 N '

) - - (6-33)

' L . (l-_-.d_:fg -

7 : : by’ 36 7 Y o

This. -shova ‘that the rauw NP o R LR
ke 1L, eabooU e .:_*;,:;ﬁ' o S
8 f
a . R
Wy kT L \/LC =R
. N
determines the extent to which the velocity is modified. A good idea.‘

9 of how the circuit will respond can be obtained by calculating d.xl/ at and

. d.xa/ dt at a varttety of points, and plotting the resulting velocity vectors.

Figures 6-7 and 6-8 show these sets of vectors for the two cases a = (00/2
and o = 2mo .. )

. o
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\

Fig.6-7

Trajectory

O
- ERIC

'Fig.6-8
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Such plots as these do not- provide explicit soluticns s but they do 7

M,«“,..”w
[

provide considerable insight as to what happens. As m the ccse when
‘a = 0 initial values xl(o) and x2(0 determlne a s»arting point, from ‘
f. which the point moves with the appropriate ve‘locity for that position., As.
B t‘}he point moves, the velocity slso changes and there is & nevw velocity
i apprOpriate for each position, and a path, or trejectory, is- traced out.
= .Because. the velocities are tilted toward the vertical axis,thene trajectories
general]y go toward the origino ‘Physlcelly, this means that the circuit
| 3/ approaches a state of rest (x = x, = 0, meaning i . 0 and Ve =V, ) &
energy is graduelly dissipated in the’ resistor. Several such trdﬁectories
are ghown in Figs. 6-T and 6-8. for different initial conditions. -
These trajectories do not show the time varia.tion directly, but this -
4  cen be included (preferably in terms of values of w t) by plecing marks
' on the trajectory. In these figures, each arrow is of a lenght 0.2u, meaning
its length is the distance the point will move from the dot at the center of the
7 ' grrow when mot increases by an amount 0.2, e.ssuming 8 u.niform velcelty for .
5 this short length of time. Such time interval ma.rkings are included on the

. ‘traJ.ec‘tdrieso' Graphs of x, end xe' as functions of time can be obtained by

projecting points, &s indicated in Figs. 6-9 and 6-10.
 In comparing the cases a = m0/2 and o = 2w, it is seen that in the

6 former case the reeponses are pasically oscillatory, but that this is not
true when ¢ = 2w0. The energy interpretation given for the dissipationless
rase. provides some insight as to the reason i‘or "this difference. As previmualy
stated, when there is no dissipation,, energy is pessed back and forth between

7 capacitance and inductance, while the total energy remaine constant. When
there is dissipation (a0 > 0 ), some energy is lost during each interchange,
and hence éach successive voltage and current peak of Fig. 6-9 is smaller
than the previous one. However, when o becomes equal to or larger the.n

8 & certain value (called the critical value, ) which we shall presently show
is 2m ), the energy disdipation becomes so largée that. a complete cycle of
opera.tion never occurs, and the result is a response, &s in Fig. 6-10, which -

is essentially non-oscillatory.

-
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‘ ‘shall presently show. However; the phase plene approach can also be used

Thls phase plane interprecation does not provide exact solutions, but

it does show the effect of cirsuit resistance, and, as in the case of Fig.

" 6- -5 shows how inlti&l conditi)ns determine the resporse curve, merely by

locating the state’ p01nt at t u 0. When R, L, and C are constants, as wé
have tacitly assumed, exact an;lytical so;utlons are also possible, és we -
H
for nonkinesr equations, where o and/or g are functlons of * and/or Xse
Such & functional reldtionship merely modifies the velocity vector at each "

point in'the phase plane. Graphical analyses ere then generally necessary,

or approximste point-by-point numerical calculations can be made “to determine o

a succession of state polnts, perhfps by digital computer methods . The
extensive velocity. plots of Flgs 6- T and 6-8 are not needed to obtaln
solutions by this methed, but they are included here for their pedagoglcal
value, to aid in your visuallzat1on of a variety of trajectories from various
starting points.

Tllustrative Example

1R

) For the traJectorles given in. Flgs 6 7 and 6-8 the maximum radlal
coordinate for each curve'(whlch occurs at the initial- point) is unity.
For this reason, - they can be called normalized curves Obviously, practical
problems can have a value (r ) for this 1n1t1al radius.which is di°ferent
from wnity. Curves like Figs. 6-7 and 6-8 cen then be regarded as plots of
l/r vs. X /r (which will have a max1mum value -of unity). Actual- values.of
x. and X. can then be obtained from the normalized curve merely by multiplving

1 2
by L

As an example, consider the eircuit of Fig. 6-1la. It is assu@ed that

_ the capacitor is initially charged to 15 volts, end we are to determine the

9
. ERIC

variation of o and i after the switch is closed. Using the numerical values

shown on the figure, we have .

2500 _ a5
=255 = 1.25 X 10

WA = L - = 2.5 X 105

o)
/(.72)(.08)x10’6

[P
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Fig.6+9
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1 Thus, we see that a = 4y/2, end therefore that Fig. 6-7 is applicable.
. A180;) - ‘

. o / .02
= X, = —————E 1 9001
. . o 1 OBxlO

| and, from the Stated initial conditiofis, rm Vfigko) + x2(o) = 15.
3 " gince x (O)\_ 0, we see that Fig° 6-9, which vas derived from Fig. 6-T, is .
the applichle curve, {f-values of %5 aie multiplied by 15. Velues of Xy
are also multiplied by 15, but if we wish to obtain current i, we 8lso
. divide by 500. Thus, to « obtain i the xl ordinates labeis of Fig. 6-9
4 are multiplied by 15/500 .03. i As mentioned previously, the time scale
is obtained by dividingﬂvalues of wot by Wy = 2.5 X lo5 in this example.
The resulting curves are shown in Fig. 6-11 (b) and (c). These are the
seme &s the curves in Fig. 6-9,eexcept for the ecele changes nbfed'above,
-5 Another example is shown in Fig. 6-12a. In this case the capacitor
is initially uncharged, and & battery of vcltage Vﬁ =/ 80 volts is switclhied
into tle. circuit at t = 0. For this example
€ = V o = ;%g = 250 . .0
b ' '1, ; o
6

\/‘(Ao)(io) X 10°

7- Ageln o = wo/a, and so;Figaiéwzlcan’be used. The varisbles are

/ 2001
lOXlO

78 ) xauvc-e()‘ - - : -

“~

observe that x,(0) = 0 and x,(0) = - 80, andi¥, = 80. We do not have &

curve starting at & negative value of Xoe However, Fig. 6-7 is symmetrical,

and so the trajectory starting et x 2(o) = 1 can be used if aigns on x, and

9 X, are reversed° Furthermore, these variables are to be increased by .the factor 80.

2

- Q
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" Thus, in effect x and x, in Figs. 6-7 »nd 6-9lsbould be multiplledzby -80

» - PN . N — -

1 2
%o yield the above values of X, end x,. Furthermore, to get i from the.
* " 4 LRIN

coordinates of Fig. 6-9, we divide xj by 200, and to get v, we add 80.

By 1nvert1ng the x, of Fig. 6 9 and addlng 80, we obtein a curve for vc

2
which starts from Lhe origin and gradually settles down to the constant

v value 80, as shown in Fig. 6~12b. In other words, from the physical view- |

point, .the capa01tor is eventually charged to voltage VB = 80 The current

curye is shown in Fig. 6-12c, and this offers an 1nterest1ng comparison

With Fig. 6-1llc. In Fig. 6-11 the current starts in a negative direction,

. \'\ N -
because the capacitor is initially charged positively. When the switch is

closed, positive charge begins to leave the left-hand plate, causing i to

be negative. In'f'lg° 6-12, the capacitor voltage starts from zero, and so

the applied voltage .of the battery causes current to flow in the direétﬁon

_of the arvow, making 1 positive.

B-l  Matnematical Solution

_We shall now consider the exact solution of the original equations,

namely ‘ ’ dxl T 7 ,

T ‘ s o .
dxz : R .
—= X ~——

for the linear case (o and w. are independent of xi and xe)‘

0
The form of the solutions x (t) and x (t) of these equations is not

evident. However; it is & legltimate procedure to solve equations by &

trial method, checking the +r1al solutions to see if _they are satic”actory

The trial solutions will bex

(6-14)

where s 1s an undetermined constant introduced to provide generality to the
exponential function. (That is, e’ is much like the exponentia]s et/T

encountered in R-C end R-L networks, s being similaer to-l/T.)' These are

N e
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‘feadily differentiated and substituted ihpq”the,original“equations, w%th4th¢

;esult" . ; ) —— 7 o -
‘ - st st st » : '

; P s’lxle = - @Ale "' wot.,‘}\v IR
A ‘ st -1 _ - o -
; S Shpt = ughy | \

The common factors 5% can ve cangelied, giving ' j
? V i s . (s+u.)Al = - m0A2 (a) - X
- L o R (6-15)

| ) SA2 = woAl (b)

.

#- e now think of s as any constdnt{ and attempt to .solve these equations for -
Al and AQ' .The'secon@ equation gives A2 = (wO/S}Al which, when substituted in
the first yields

2 . Coo2
Wy o Wy

. . (s+c.x,)Al ==~ A or (s«a+'-§-)Al =0

Al = 0 is & solution, but this is trivial and of no interest. If Al‘isrnog

zero, we see that s must have a velue which is. & solution of thé quedratic

equation _% F - » -

. 2 N 2 e ’ Z ’ ¥

~ 8" das +uy =0 (6-16)

6 This is celled the characteristic equatioh of the network, and it has the two

roots > '
3 * - -
7 In more advanced treatménts, where more than two equations 1s a possibility, Eqs.
: (6-15) are written . _

(s-:-a.)Al + NOAQ = 0
.
8 . ‘woﬁ,l + SAE = 0 )
An ettempt to solve these for Al and A2 by using Cramer's rule, gives
. 0 Wyl
9 .
A = 9 2

-h’o

LO - Since the numerator is zero, Al can have a non-zero value only if

- S+ w
- N 2 . 0
0

O - .o
ERICixpansion of this determinent yields Eq. (6-16).
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T : 6-19
o P
2 -, 2
- . ar 2w IR
Ba_“ >+ T "% =2t % \QwO)‘; 1
‘ o
= , \/— 5 (6-17
IR Y - - Y /2 SR ’
5= 2" VT "% 27 Y% F?wo)’ 1

vhich‘are different,
for fhe present. Roots
equations. (The prefix

The two quantities
for Al.and A2 from Egs.
W,

8, =20

®

unless o = 2w,

A

0 We shall exclude this exceptional case,

s, and s_are celled the eigenvalues of the original

b .
elgen comes from a Germen word meaning characteristic.)

Sg and s,, were obtained through our attempts to solve

(6-15). From the second of these equations, we find
w
0, .
1 or ~ AE = 5, éi 3 .

depending on“which eigenvalue is used. (The other equation also leads to the

same results with a certain amount of mathéma;ical maﬁiﬁulation. (can you do -
it?) Let s, be chosen. Then, from Egs. (6-14) we see that ‘
5.t
xl =.A1e
5? - Xg =A(ib)A es&h ' (6-18)
. L sa l

are solutions of the ofiginal.equations. Constant
direct check is worthwhile.) Since A is erbitrery, end since s
as well have been used in Egs. (6-18), it follows that

- : xl

X

are also soiutions, where

are linear, as is the ca

(An eesy way to see this

solutions are

A, is arbitrary. = (4 -
b might just

s.t
b..
= Bye
W “s t
= (pe ®
b .

B

se here, the sum of two solutions is also & solution.

is another arbitrary constant. When equations

LS
is to try it.) Thus, we can now say that the complete

s t s. %t
a; D .o )
xl = Ale T+ Ble (8.) . . .
Wy st Wy 8% (6-19)
Xy = (;;)Al + (E;)Ble- (b)

208



LA " S
i

o
&

6-20

These are solutions in the sense that identities are obteined™ upon :
substituting them into the or1g1na1 equations. However, the arbitrary constants

A and Bl must be evaluated in order for Egs. (6-19) to be solutions for & .

partlcular case. The fact that there are two constants in Eqs. (6-19)

"
corresponds -to the fact, as explained in the discussion of phase plane solutions,

" that there are two initial conditions, l(0) and x2(o)° Thus, for & specific

case, placing t = 0 in Egs. (6-19) gives

xl(o) = A +B | & (a)
| w ‘ (6-20)
x5(0) = (%) A + \-)B (b)

as two equations which can be solved for A and Blc
This corpletes the formal steps in arriving at the solution, with the
exception that the special case s, = Sy has not been treated. SWe can see that
(6 19) do not then provide a complete solution, because e becomes a
factor of each term and, in effect, there is then only one arbitrary constant,
which is not sufficient to accommodate two 1ditlal condltlonsa Treatment: “of
that special case will be. deferred until we develop some lnterpretive ideas
aoout Egs. (6- 19)7 Referring to fgs. (6-17) we see-that if o 2 2w0 the eigen-
values are real, and that they are complex if o < 2woe Discussion of the = oo
implications of these two conditions will be an importent part of our results.
Ancther useful interpretation involves the relationship of the analytic
solution to the phase plane solution presented earlier. -
Concerning the phase plane; Fig. 6-13 shows the initial state point of
a typical problem, end the obvious graphical interpretation of Egs. (6-20).  ~
Although s, 8nd s can e complex, and they appear in Eq. (6-20), it
is necessary that xa(o) must be real. This is possible if‘é andABl are

also complex. In fact, since Sy is the conjugate of Sg7 it can be shown i

that B- must be the conjugate of A1 This includes the pcssibility of A
and Bl being equal and reai, as & special case of the congugate relatlonship,

H
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6-21

a >”l when the imaginary' p;rt is zero.¥ Thus, id general, A and B, can be compl.ex

E
e i

and they are related by
- - _ ‘- *
‘ B = Al
4 - ¢
. 5 Bars are uged over the symbols to indicate the possibility of their being complex: 1
/
X, .
3
m-m = mmm = 2 %(0),%5(0)
. : |
w W : .
L 2 -9 -
s Mt h :
a b 4 . ‘
[ . l | X
: ]“&““‘ A, +B —————f~| -
PRI 5 . - ‘1
(_) : Figure 6-13
" *ro prove that .El = 51* is necessary and sufficient for XE(O) to be real, adopt the *
6

L o i R 5 Ja _ . . 1
: | notation &, = & +ja, and B = b +jb,. Also let-Me ,,...,(wo/sa,),,,v{hich‘,.n.mplle,s that -

(mo/sb) = Me™9%,  The equation for x,(0) is then
X:e(o) = M[(cos a+ J sin a,)(e.l+.ja2) + (cos a-J sin a)(bl+,jb2)]
1 and its imaginary part is

Malsina.+a cosa - b

o 1 sin a + by cos a.:!

Setting this equal to zero gives
8, - (a2+b

2)cos a = (alf l)sin a
This equation must be true for any velue of a. Therefore , the quantities in

parentheses ust be.zexo,.:énd so

w 9 A 1 1
) 7 ‘ - b, =-8,
Thus, il = b, + jb, = &, - ja,, vhich is E*,
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6-22

i 4
¢
R

‘. 1 ‘6"_‘5’ i Interpféﬁaftlﬁnfof —the-Solutions - Tt T T e e B e

With the exception of the case s, = 5, Egs. (6-20) can be solved in
any numerical case. Thus, no addltlonal analy31s is needed to obtain numericel

results for a specific problem. However, some general properties of the response

2 curves can be determined. Also, the solution for the special case 8y = sb is
yet to be determined. These are the topics to be considered in this section.

We shall treat three cases: (1) s, end s, are real; (2)'s, = 8.3 (3) s, end
are complex. Equations (6-19) and (6-20) serve as the starting point, the

S
b .
3 former providing the .general form of the solution, and the latter containing

the relationships from which A and Bl are determined.

Case 11) s and sb are real.

Referring to Eqs, (6-17), it is seen that we can “write

. ‘ o
Sa = 0+ 7 4
(6-21) ﬁ
8, = 0 14 |
where - | -
5 G = - % (2)
: - ‘ (6-22)
rEYLT “’02 (b)
- 6 B e e e e e —_— - . ——— i e e e e =L e - e
By streightforvard algebraic mamPUlatmn’ 1t 1s found that
A = —é—% [(c+7)xl('0) - woxg<d):l ' @1 _.
. 1 ' (6-23)
. B -2 [: (7%, (0) + w x?<.o)] (b)
and '
N wo -
Ay = (5 [ x, (0) - (q-7)x2(0):| (a)
‘ ) A (6-2k)
. ' .
B = (o) ="_2_1;Enox1(0) ¥ (°+7)x2(0):| )
P9
L
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‘ 6-23

()
_..1 Tt is rather easy to check that these are solutions by observing that .the sum

of the first pair is xl(o), as required by Eq. (6-20), and the sum of the
second pair is x2(0), in agreement with Eq. (6-20).
Using Eqgs. (6-23) and (6-24), we are now interested in interpretations

2 of
- peloHn)t (0-7)t"
- X, = Ale + B,e ) -
o . (6-25)
. peloHr)t (e-7)t
Xy = Age + Bae
3 o
First consider the exponentials A
Slor)t end (o)t

observing that ¢ is negative, but greater in absolute value than y. Thus,
for all positive t, “

o

(-7t < (oty) <O

s,) 5 . and also
(070t (o)t

For a typical case, these functions are related as in Fig. 6-1l, illustrating
* that e(c-y)t decays faster than e(d+7)t. All solutions consist of suitable -

6 combinations of these, according to Egs. (6-23), (6-24), (6=2%)+:5).
A
7
8‘.
t —>
Figure 6-1k.
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