 ——
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T 4Tt would be convenient to*have“some”generai-principiesﬂfrom~which-itv~
would be possible to estimate response curve shapes from the initial conditions.
It will be recalled that this was done in the case of R-C and R-L circuits,
where the response con31sts of a single exponentlal Those cases are handled
by fitting a suitable exponentlal curve between <initial ‘and final values, where
the parameters of the circuit determine the time constant of the expopentlal:
We would like to do the same thing in this case; but now there are two

exponential functions, with time eonstants-i/sa and-i/sb. This mekes the

: problem more difficult, as illustrated by the three examples of Fig. 6-15.

Depending on relative signs and sizes of Al and Bl’ there are three p0351ble
curves. Thus, it is apparent that consideration of Eqs. (6-25) does not yleld )
all the information we need. The reason is that both initial conditions ’
affect the curve shape, whereas in looking at Fig. 6-15 6nly xl(o) is in
evidence. The need to incorporate both initial conditions naturally suggests

looking at the phase plane for the possible answer. oot

Figure 6-15.

There is an initial state point having coordirates xl(O) and:xe(o), and
a final state point at the origin. First, let us consider ‘the behavior of the

trajectory as t approaches infinitj. To do this, consider the ratio xa/x1 as

The remaining discu351on of case (1) can be omitted without loss of continulty.
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t approaches infinity. it is recalled that e(°37)t approaches zero faster

(c+7)t' e e

than e Therefore, for very large t we have (apﬁgsgiﬁétely)

(o+7)t
X, Ae o+y)t A

This ratio is negative, and given.by

3 A, o-y
R . == (6-26)*
1 %

In other words, the trajectory must approach the origin in suchm;hﬁay that L.
L the ratio xe/xl will be nearly constant, which means the ;tate point approaches
the—origin so as to be tangent to a radial line of slope (o-7)/w
This result is portra&ed in Fig. '6-16a. Some ambiguity{.emains, however.
Equation (6-26) gives no in%brmatidn for meking a choice among the four cases
K“)5 shown in Fig. 6-16a, all of which are tangent to the diagonal line at the origin.
- Further information depends upon investigating properties of the trajectory
at finite values of t. Help is obtained by returning to the original differential
equations, to determine those pbinté in the phase plane at which the velocity
6 af the state boint is toward the origin. |
- ~ " Referring to Fig. 6-17, it is seen that this will occur when » ]

: . dx. "~ x
T
é *From Egs. (6-23) and (6-24)
4 - 0

A A2 w xl(o ~(o-7) )x,(0) = [( )xl(o -xe(O)
P8 : i (6+7)xl(0)-w x,(0) = O (0)-x,(0)
; . )x 2

Ihe quaentity in brackets is unity, as may be seen by referring to Ed. (6-17)
L which shows that w? =% =92 or wy/ (0=7) = (o+7) ) wy-
- .
!

% B Q . . -
— ; '
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;ﬂ,y.ﬂjhxnnwnqs”_(6a5).andp(ﬁ:fUJ.ﬂ,.V-,m“,wtﬁn,__ﬁ_w_0Wﬂ,;_“.,_“w«;ﬂﬂ~ww&,wmwﬁm‘ﬂqm,mem__m_“_.,. .
g - ] N .
: . : .
4 . Efg ) WXy . W

ax, © - X,
, - T T B
g . . X
, e 1.
> Thus, for the condition specified ‘

_ Wy ; _2

! o+ W, x2 1
: 0 xl
‘ or .
3 o x, 2 xy o _
: , s w (-) + aC—-) +wy =0
& l l
% ‘which has the two solutions
3 X E
Y 2__ e +1 &2

X " T By Tuyy/ FT 0 .

© )
S g EZ T
“o “o

5 - These are constant values of the ratio x2/xl, which correspond-to values on }

the radial'straight lines shown in Fig. 6-16b. One of these is the line
previously shown in Fig. 6-16a.
- A trajectory camnot cross elther of these lines. To do so would imply &

. contradiction, since it would require & velocity component normal to the line.
. 6 This observation leads to the further conclusion that for any initial state
——  point iying within the shaded sectors, the entire trajectory must lie within
: \ the sector, and have a form of the general neture illustrated by the two
; examples in Fig. 6-16b. )
fv7 . If the initial state point is in one of the regions shown shaded in
| Fig. 6-1l6c, it is clear from observaetion of the figure that the traJectorles

must be &8 indicated. -All other possibilities would either cross one-of the

°

diagonel lines, or would not approach the origin tangentially to the heavy

line. . . _

t *It can be shown that dx /dx > x /x at any point within the sheded sectors of _
Fi g 6‘ l6b .

E,
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Slope - | % o+ .

. /- = Uw ;/

(a) | ()

€
o

Figure 6-16. , Figure 6-17.
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~0f course, this informetion does not determine the trajectory-with ——— — —

However, one further clue is obtained by observing that the
This

precision.

trajectory must be normel to Lnu X5 axis as it crosses that axis.

ax,/dt = WX,

various trajectories can be used, in the customary manner of

is because = 0 at points on this axis.

These
projecting onto the axes, to estimate shapes of the xl apd X, curves.
The existence of two sets of "forbidden" lines, which cannot be crossed
by the trajectory gives a vivid confiqmafion tbaf'the responses obtained .
in the case of real eigenvalues cannot change sign more than once.
case (2): Sq = Sy o ' *

‘The solution for this case is obtained from the previous one, by
investigating the limit as y approaches zero. &b begin, the case (1)
solutions are written explicitly, by multiplying Al and A by e(0+7)t

(o-7)t , where the A's and B's are given by Egs. (6-23)

%Pd Bl ‘and 32 by e
end (6-24).

while the remaining terms are combined with xl(o) and x2(oj”as factors.

Tn the interest of brevity, let .the factor eCt be extracted

The results are

VAT -7t1 - [ VAT 4
e (o-7)e xa(o) wye’ e ]

»
i..l
1]
[¢]
Y
<
—
>
l,_.l
—~
O
1
Q
+
~

crtr“' B .
x e‘?ixlio)[woe“ A REAOICARNCIe

2 =
or ’
B t eyt oyt eyt
t LA 7 4
x, = o7 | axy (0) () + x (0)(E—F5—) - uy (0)( (a)
~ t - - t -7t )
ot AT gz_zg_z_ e 4e”?
%y = &7 |ugx, (0)(E—5—) - 0% (0) (G5 —) + x,(0) (%) | (®)

Yow let y approach zero. The quantity (e7t+e-7t)/2 approaches unity.

-7t

However, (e -e /27 becomes indeterminate. One way to obtain the limit is

to use f'Hospital's rule, dlfferentlating numératorgand denominator with

The result is
te7t+te

2

-7t
=t

(6-27)
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in the llmit as 7 goes to zero. Thus, when y = 0, Egs. (6-27) become

]

v [ot xl(o) + xl(o) - mot XE(O)J

X

i

o et Lw b ) - oth(O) + xe(o) ]

This can be further simplified, since in this case

5 :
T -wy =0

Thus,

€
u
i
it
1]
Q

1//1C must be positive). The final solutions

(rejecting - o/2 because Y

‘are ) o

X, =['xl(0) + xz(o)] (ot)eOt + xl(o)eUt (a)

(6-28)

ot
b'd

o =[— xl(O) + x2(o)} (o’o)‘eOJc + x,(0)e (b)

- Although the equations are different from those for case (1), the curves
of x, end x, sre similer. (The phase. plane interpretation of Fig. 6-16 applies, '
but lines ~-d and e-f now coincide, abolishing one of the regions.)¥

case (3): Sg and s, are complex.

For this case, y is imaginary. Therefore, it is convenient to change
notation: to e~

Sg = 0 + Jw
. (6-29)
. S.b =0 = jw
‘#here
g 2 aa w
w=-37 = \Juy - F" . ' (6-30)

*This statehent refers to material which you may have omrtted, in accordance
with a previous footnote.
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- The algebra leading . up-to Egs. (6-27) remains _valid if y is'imeginary.

Therefore, the required solutions ere obtained immediately by replecing
7y by Ju, giving

- Jut__-Jut Jut - Jut Jut _-Juwt ]
ot ev” “-e e’ "4e e' " -e
i x, = e ox (0)(F555) # % (0) (S5 —)-u%,(0) 55—
U - .
i Jut _=Jut Jut  =Jut Jut, - Jut
_ ot e’ -e e’ -e . e’ +e
%y =€ woxl(o)(*——ajw -) =oxy(0) (55 +x,(0)(
i 3 - o -
: However, the exponential combinations represent trigonometric functions, as
follov;: e'j wt-e' Juwt
: ——23— = 8in wt
"
Jwt, ~Jwh- . .
2 L——%—‘: cos wt
’ Thus, the solutions become 3
5 o o “
. ox., (0)-w_x_(0) .
_ 17/ 02 ot
X -{[ m , sin wt + xl(o) cos wt‘ e (a)
2 . -7
: - wey (0)-0x,(0)) ' T4 (6-31)
6 X, =t = " = ] sin wt '+ xp(o) cos wt} e () ‘
The two trigonometric functiéns within the brackets combine to yield "
sinusoidal waves of engular frequency w. It is recalled from Eq. (6-31) that
T _ 2 a.2
w= fuy - =f
but,since o = - /2, this is also
e = Jul - P =uy 1) (6-32)
w = fwy = Wy ug
This is an interesj;ing result, giving an enalytic proof of the fact.mentioned.
9 in comnection with Fig. 6-T, thet w, the natural anguler frequency of the
wave, 1s less than wo
0
L=
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For interpretation of these equations, it is convenient to combine

"~ the "trigonometric functions.” The quentities in brackets are ‘steady state

sinusoids, to which _phasor ideas apply, with the resultst

2 . ;
' ARy T ot
X, =X, cos[wo/l-(wo) t - 91_] e (a)
5 ' (6-33)
AN I ot
Xy = X, cos I-wo l—(wo) t - ee:l e (b)
M where ‘ / ;_ - .
-) e T 12 5 '
0, {[xl(o)J + [x(0)12 ¥ -2u ax, (0)x,(0)
Xy = \/ _ > (6-3k)
w® -0
-0 —_
5 D " %,(0)
’ 0 xlioi
6, = arcten - (a)
2 2 .
6 Lo - 6
o - x(0) 7 - (6-35)
() Yo %,(0) " ° o)
6, = arctan b
i Vo
- 7 . .
“ *Using X, @s an example, since sin wt = cos(wt - -’2-‘) , the phasors for the sin wt
‘and cos wt terms are, respectively, - ' o
ox, (0)-wx,(0)] ‘
8 -j[ S wo 2 and  x,(0)
i
Accordingly, the phasor for the sum is
02[x (oz[2 - 20w.%, (0)x.(0) + w éE (ogf2 T ia-({g):l
9 xl(O') 24 1 ow; 2 0 12 72 /. arctan|—— -] wl - J
/2 g2 2 ‘ | 0 <w xEEb’
054y (0] 2,0 } -0, (01,0 / "5 7,6}
= 5 5 -arctan,
a2 - o ) 5. 2
) 0
(o
0
EHQC
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6-32

Both waves are of the general form shown in Fig. (6-18). Their amplitudes

are the same, but their initial angles are different. The effect of the

exponential in reducing the magnitudes of successive peaks 1s evident in the
figure. ’ Y
Xy OT | ‘L,\B
< ~>$4 .
2 VARNNES ot
/ | \ ~ . e
/ | -~ /
! a oo
xl(O) \ S~ .
or ' . N - - -
(0) ' 2
b
2 i \\ 4
& N
7~
7~
-
7

Figure 6-18.

By differentiating the equations it can be‘shown that points where the
undamped sinusoid is maximum correspond to poigﬁs {like B in Fig. 6-18) where
the Gemped wave is angent to the exponential envelope. The actual peak values
(1ike A) occur slightly earlier. The separation befween these two.points becomes

) larger as the rate of decay increases. The first ﬁangent point (B) occurs when

~Q
ERIC

the argument of the -cosine is zero; that is. when t = tl
)

] . 2
w. J1-(=> or we [1-(=Z) t, =
OA/{meb 0\ W 1

tl = 61

is a solution of

65

respectively, for the Xy and X5 curves. Also, the first

vhere

zero occurs at t2,

RS
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6-33

Wwith the aid of the envelope curves, and the reference points indicated
in Fig. 6-18, it is relatively easy to sketch the response curves obtalned
for given initial conditions. However, it is well to recall the simplicity
of viewpoint provided by the phase plane. Sketches like those in Fig. 6-19
gquickly provide:information about the Xy and x2 cuiveg for various positions
2 of the initial state point.

o
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Fig. 6-19
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-"“) S ' ELECTRIC MOTORS

1 Introduction:

It is generally true that any electrical machine that can operate as a
generator can also operate as a motor#* When such a machine is connected in a
circuit and mechanically connected to a mechanical load, or possible source of

2 driving torque, whether the machlne operates as-a motor or generator depends on

conditions external to it. For example, the electrlc machlne (motor or generator}
attached to the axle of an electric locomotive is acting as a motor when it is
& receiving electrlc power from overhead lines and delivering mechanica) power to
3 drive the locomot|ve up a hill. Conversely, if the locomotive is going down
hill, the direction of power flow through the machine can be reversed. It can
be driven mechanically, and deliver electrical power to the overhead line. No
electrfcaleonneqtions are chai‘ged in the process. Whether gravity is pulling,
4 back or forward determines the direction of the mechanicdi torque at tie machiie
shaft, and hence the direction of powef flow. ’
—_ These-principles are most easily seen in the case of a d-c machine. |In Fig.
-) 8-la, a d-c machine with separately excited field (to make the flux independent

5 of speed)“is connected to a driving engine of some sort, which can drive the

machine at various speeds, or be driven by it.

i 6 7 " Shaft T
7 Battery +1
Motor 4 .
Engine or | S (/‘
| | Genera i{ o \\H
(a) -
7 .

Figure 8-1.

The equivalent circuit of the electric machine is shown in Fig. 8-1b.

Resistor R includes the resistance in the equivalent circuits of both the generator
and the battery, and also the connecting wires. The potential source Vs is equal
8 the induced emf of the machine, and is proportional to its rotational speed o
: thus: ' _
Vv =k 0 | (8-1)

where k is a constant of proportionality.

E§§¥§ *An exception to this statement is discussed in Sec. 8-6.
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E = Yy
E R}
8.2 SR T T T - e
.1 solution of Fig. 8-1b readily yeilds
kuw - Vg . |
- I=—Tg A (8-2)
1fIis positive, electrical power leaves the machine and enters the
2 battery. That is to say, the machine acts as a generator. IfIis
o negative, electrical power leaves the battery and enteis the machine,
and so it is then acting as a motor.
If we use the example of the locomotive, suppose it is going up a
3 hill at a speed W The electric machine must be acting as a motor, and
so in order to have a negative I, we must have
VB > k Wy
This couditicn zan be accomnlished by adjusting the supply voltage VB, or
4 by adjusting the field strength (which affects k) to make ki i'sufiicﬁen;!y
small. Now, after passing the top of a hill, in beginning to coast down,
) W will increase. At any speed W where
VB < kAwm2
5 ° the machine will act as a generator, because the current will have reversed.
8.1. Electromotive Force of a d-c Machine
As indicated in the introduction, the conditionsrelevant to tnducedi::d
_enf depend only on the motion of armature conductors in-a magnetic field. _
6 Such motion is present in either a motor or generator, and so the principles
which govern induced emf are the same for both.
As you have seen in the consideration of induced emf (see programmed
text) the emf depends on the rotational speed, the distribution of flux
7 around the airgap, and the number of turns of wire on the armature, and
the number of commutator segments. For a given machine, the armature,
o winding is constant, and the flux distribution—can—be—assumed—to-be—reasonab:ly-
constant, although the total flux distribytion jnay 'yaby shightiyo oo
8 RV EI T SR .
9
ERIC
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If E is the emf of a given machine, it is therefore true that it is

3

5‘
\W'
]

.proportional to speed and to the airgap flux. ¢; ahd:thus: can. be 'written

Vo= E=kdw (8-3) -
2 where k is a proportionality constant whish will vary from machine to machine.
(What does kg depend . upon?) '

Reﬁerrlng to.Fig. 8-2, the flux ¢ in thts expression is the total flux
through a plane‘P~P' located as indicated in the figure. For the flux and

'3 rotational directions shown in Fig. 8-2, the emf will be into the paper (indicated .

ws\gJW\

1P
'

Figure 8.2.

by the X symbol) for all conductors to the right of P-P', and will be out-of
6 the paper (indicated by the : symbol) for all conductors to the left of pP-p'. .

The armature connections are such that half of these conductors are in series

between the brushes, to produce emf E. Note that no reference direction is shown

on the diagram for E, because the end connect:ions of the armature conductors )
7 T and commutator are not shown, making it |mp055|ble to define a reference d.rectlon 3
e for E.for this particular diagram. g '
; 8-2 Torque of a d-c Machine

When the machine portrayed symbolically in Fig. 8-2 acts as a generator,

t
‘8 the currents in the armature conductors are in the same directions as the emfs,

T Tas Tndicated—in that—f1gUTé‘”"1f the machine is acting as a motor, the currents —
, are reversed, as discussed in the introduction. Thus, Fig. 8-3a would represent

1

.
i

F i
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1 relative directions of rotation, flux, and current, for a motor. The aurtent
fageréncésdtr,cttoﬁsrshouanit);ibgs for armature current Ia’ which is
also shown on the equivalent circuit in Fig. 8-3b. Thus, motor action will
be associated with positive valués of Ia. ‘(This is opposite to the reference
2 direction in Fig. 8-1, ‘the change having been made because we want to

concentrate on operation of a motor., By making this change we will avoid.

wm
g |
T
3
, Vg
E -
u,
. Reference directions
for I -
: a Figure 8-3,
5 having always to consider Ia as negative. However, this change was'quite

arbitrary, and was unnecessary.)

The current in each armature conductor will be Ia/2 (Why?). Thus,
{ considering a pair of diametrically opposite conductors, as in Fig. 8-4, -
6 each will experience a force as indicated. Specifically, if B ; is the

&nx%a -
©
7 “r
- ED//glz-aﬂu "
\%\*n"ar
8 , - Figure 8-4,
’“—'—'———1nagnftuﬂe*of*fiux'densfty—at—aach-pOTnt—*B——has~thevva4ues—4ndtcated«Jr
1 the figure. Let u be a unit vector out of the paper. The force on
.0
i.':mlﬁC
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. 8-5
Ej} ‘1 conductor (1) wikicbe " :i.: (1) Iil V
i ‘a B I z
ml a /-~ -
Fi="%2 (un X ur)
. and the force on conductor (1') will be
2 - ) .
(-8 )(-1)¢
_ ml a i -
Fl' B 2 (un X ur)
/ -
/
- : Bn1ta? @ db)
3 =2 Un X Yr
The directions of the unit vector products are indicated in the figure.
It is evident that these forces are additive in producing torque about the
L axis of rotation, giving a torque '
. ) Tip = B I 8r ’ (&)
Each pair of conductors will produce a similar &ffect,and so the total
t&rque will be a sum
i‘) 2 T =Tq0 +VT1é, + . . . etc,-

=Irt (Bml +B o+ .. .)

The sum in parentheses is proportional to-the total flux ¢ passing through
6 the rotor. (Why is it proportiona) rather than equal to the flux?) Thus,
we can absorb r and £ in proportionality constant which depends on the machine!s
dimensions, to yield ‘ '
T = kTIa¢ : (8-5)
as a relation that shows how tdrque varies with the essential variables Ia
and ¢.
T is a scalar quantity in this expression, having the reference direction

8 shown. That is, when T is positive it will be in the direction of rotation,
confirming the earlier finding that positive values of I, will correspond
to motor act ion.

O
ERIC
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8-6

1 8-3 Speed-Torque Curves

Much information about the operation of motors is obtained by'a consideration
of how speed varies with torque. This is because a mechanicalzload' is characterized
by & driving torque.: which also is a function of speed. Thus, if speed torque

2  curves of a motor and a load are plotted on the same set of axes, they will
intersect at the operating point. '

The two equations '

o Vg = kgou - (a) ' :
S E m - (8-6)
= T = kol (k" :

and the equivalent circuits shown in Fig. 8-5 provide the information needed

p to predict how speed of!d motorwillivary with torque.

. R, Ry
— ANM—
5 v 4l | —: i 1? Field
B —— gsield v Vs_:; v
S s — s
6 1 |
- (a) Shunt ' (b) series
( Figu}e 8-5.

7 84 Shunt Motor

; Figure 8-5a illustrates a shunt motor, the word Mshunt!' referring to the -

fact that the field coil is 'shunted across''.the armature. The field current

can be adjusted by means of a field rheostat Rf-(a means of speed control, as
8 we shall see) but in the absence of such an adjustment, ¢ remains constant.
From the equivalent circuit

i} V, = Vg - IR, N
or
? ketw = Vg - IR
S
. ERIC.
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"1 Also, from Eq. (8-6b), I.”s T/ki.¢ giving ' N o~ !
k P
{ = - (~—2
3 kEmf’m = Vg (kTo)r-
E o o Vg .
Yy = o (g (&-1)
[ E kEkr¢
. A ;ct of w_ vs. T curves for several values of ¢ (or I ) -ds: shown in Fig.

3 B8-6¥ Curves of I, vs. T are also shown by the dashed lines. Labels l, 2,
and 3 |nd4cate progressively increasing values of ¢{or increasing If)

— = = = —
m ncreasing / /.
V2K M- 14

Accelerating -_ ¢
Torque T~

Figure 8-6.

7 Much can be learned from these curves about the Operatlon of a shunt
motor. Suppose it is required to start such a motor when its shaft is
connected to a load for which the torque is independent of speed (say starting
a locomotive on a hill), and that the field strength correspénds to curve 3.
g8 The constant torque Is represented by the dashed vertical line through Tl'
Since the Initial speed is zero, the initial torque provided by the motor )
will be the intercept T_. The difference ( -Tl) is available for acceleration.
This would seem to be satisfactory. _With increasing speed there would gradually
g be less accelerating torque, as indicated in the figure, and steady speed would
be reached at point Pi However, for any motor there is a value of I which

*The straight-}ine curves assume ¢ is independent of.’I a’ which is not exactly
true due to armature reaction (see programmed text).

O
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8.8

should not be exceeded, to.avoid damage due to overheating. Suppose Im

is such a value. From the dashed curve (3) it is evident that the current

“limit would be exceeded at the start. Thus, although the motor would run

satis?actor?ly at point Py under this specified load, it would not start

properly.

Starting can be accomplished within the current limitation by temporarily

inserting additional resistance in the armature circuit. As an explanation,
from Eq. (7) it is seen that increasing Ra will increase the slope of the
cuFve, as shown by the curve labeled ''increased Ra" in Fig. 8-7. with‘this
increased Ry steady speed will be reached at P2' {f the added resistance
is then removed, operation will shift. to the original curve, and the motor
arque will jump to Ty, and so the difference T-T, is available for
acceleration. Acceleration will stop at point Pl'

This is a normal procedure for starting a.shunt motor. As shown in Fig.

8.8, a high current-capacity resistor is provided with a series of taps which

are contacted sequentially by a sliding arm. The number of taps depends on
the characteristics of the load. For example, whereas one step was sufficient

for a load torque Tl’ for'a greater torque, say T2, two steps would -be required.

1

Source VB

X

e Figure 8-8




. 8-9

A still larger number of steps would be required to start along curves (2)
or () of Fig. 8-6,:which correspond to a weaker field. (Do you see why?)
In reference to Fig. 8-8, it should be observed that the field coil is

directly across the source. That is, the starting resistor is not placed in
2  the line to the motor. (Why not?)

By using the example of a constant torque (#ndependent of speed) we have
seen how the operating point at constant speed is determined by the intersection
of the speed torque curves of the motor and the load. The constant torque curve

3 (vertical line) typifies situations where the load torque is due to the pull of
gravity, as in the previously cited example of a locomotive on a constant s lope
incline, or a building elevator. )

0f course, friction always provides some of the load torque, and -this is
"4 not independent of speed. Dry friction is nearly constant, but decreases
somewhat after motion starts. A fan is a totally different type of load,
having a torque which is nearly proportional to the square of speed. These
three examples are illustrated in Fig. 8-9.

E' Decreasing If

R

T ’ ¢+ Fan L"T———- Gravity load

' 1 load « Dry friction load
Figure 8-9 T \
8 The effect of.mucihg a fleld current adjustment to increase speeé is

seen to be related to the characteristic of the load. For example, ah.curve (3) the
fod andvgravitydioads whbbl cbevdniven -at:constant speeds veptesantad respedyively
by points P, and Py. If the field current is decreased, shifting the motor

9 characteristic to curve (1), operation will be respectively at points P} and Py
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8.10
1 The speediof ‘the fan will increase less than the speed of the gravity load,
because the torque requirement increases with speed. .
The characteristic curves of shunt motors display the property of relafively
small variation of speed over the operating range, for fixed field current. They
2 are therefore useful in driving loads which should maintain nearly constant speed.
On the other hand, shunt motors havg the disadvantage of not being efticient
for siarting lcads which have high torque demands at low speed, such as gravity
loads. As an explanation of this,refer to Fig. 8-10, which includes the motor
- 3 and load speed-torque curves, the Ia vs. torque curve, with the indication of
i the maximum safe starting current Im' Suppose this maximum starting current
( is twice the rated current for operation at constant load, which we shall call
: Ir' Furthermore, suppose the load torque is such that at constant speed the motor -
4 will operate at rated power output, which means that Ir will be the value of
Ia' This constant speed operating condition is indicated by point P in Fig.
8-10.
> -
6 -
7
8 y Figure 8-10.
We are interested in the maximum starting torque.. This is TS, which is
twice Ty, as a result of torque being proportional to current. Thus, for
this particular case, the torque available for acceleraticn is Ts-Tlérl.
9 This amount of accelerating torque might be unduly small, resulting in an
undesirabtly slow start. F~-= loads having small starting torques as, for
— o
" ERIC
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) 1  example, a fan, the small accelerating torque would be less of a disadvantage.
In summary, we have shown that for a shunt motor starting up under a constant
torque load,near its maximum tofﬁue (as determined by I, as the max i mum
armature current), the torque available for acceleration will be equal to

2 this maximum torque, '
' ries r
If‘the field excitation is obtained by connecting a field coil in series
with the armature, as in Fig. 8-11, the resulting machine is called a seriés
3 motor. Compared to the shunt case, the series field coil will have a relatively
small num. F turns, because the armature current can-be ‘large compared with

-

the current in a shunt ¢oil.

-15 £
Eoo- ——  —ANN
- T Series
N Field
Source vB Coils
) -
Figure 8-11.
6.

The general propertles of the speed-torque curves can be obtained from the
two basic equations

kE¢wm = VB - IaRa

7
= kT oI
a
by: making ¢ proportional to I . To do this is somewhat of an approximation,
. because in reality ¢ is related to I in accordance with a nonlinear magnetizat ion
8 curve. However, in the interest of simpllcuty, and since we are not interested
in quantitative -etails, we shall use the linear approximation
= kI, (8-8).
9 where k, is a constant which depends upon the number of turns on the field

¢
coil, and dimensions of the magnetic circuit.

.8
i1

233



8-12

1 . Substituting Eq. (8-8) for ¢ in the above equations yields

_ (kgky)I 0y = Vg = TR, (a)
| o, (8-9)

2 . . : T = (kfk0)Ia (b) “

’ For a given machine, the quantif}es in parentheses are constants. Equation

(8-%9a) can be written v '
: B
(k.k o ==-R
3 E¢' m -Ia a

“and from Eq.(8-9b), I, = VT/(kgk,). Therefore,

’E;k° '
L ) kEk‘bwm =177 vB - Ra

or ‘ #
v Ry

B
w = -g—- == _ ===
moykeke VT Keky

0f course, since the field coils are in series with the armature, in the above
equations R, 15‘£he sum of‘tge armature resistance and the resistance of the
field coils. Now that we are ready to interpret the above formula, let us
simplify it by writing

6 . ke R,
k., =\|rop and k, = T
1 J"E_"o 2 keky

so that
B

7 we = ky ﬁ (8-10)

2

expresses the desired relationship between speed (mm) and tord;é (T).
This formula shows the interesting feature of infinite speed when torque

g is zero, and has the general form shown in Fig. 8-12, for two values of Va-
Regardless of the value of VB’ current and torque are related by the same
curve, shown dashed in the figure. The zero torque condition is never
actually realized because there is always some friction in the machine,

9 which has been neglected. here.

_—
i1
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Speed

Increasing
v

. Current
£

Figure-8-12.

Series connected motors inherently have more widely varying speed, as a
function of torque, than shunt.mators:. Accordingly, they are useful in
applications where load torque remains relativeiy'constant over long periods

of time, and where the load can never be removed. The latter condition is

necessary to prevent '"run away' at no load. Most small series motors will have
enough losses due to friction tovprevent damage if they are accidentally unloaded,
but a large motor (1 hp. or more) can be very dangerous if allowed to run away,
because centrifugal. force can causé it to ""explode''. kajlway traction motors

are of the series type.

-~
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1 Speed control, and starting conditions will be discussed in terms of Fig.

8-13. “Let P represent a desired operating point for a load requiring a torque
¢ Ty to be driven at a speed L’ This will determine the particular value of
source- voltage vBl’ this being the voltage for the characteristic curve passin
The cbnditionkportrayed is the most severe possible in regard to startin
because the operating point "is the full capacity of the machine, by which we
mean that the armature current (as obtained from the I vs. T curve) is the

3 maximum allowable value (1 ) for continuous runnlng. As before, we shall

assume that during the temporary starting interval the armature current can
be allowed to reacha value, I =2I . '

1f the motor were to be started "across the lune” the starting torque wo

E be Tsl’ with a corresponding current I a1 38 |ndicated which is-in excess of

Im. The allowable starting torque T52 can be obtained by projecting down from
the current-torque curve at the point corresponding to Im. Two curves,
labeled (2) and (3) are shown which yield T o at zero speed. Curve (2) is

5 obtained by shifting curve (;) downward a uniform amount throughout its

extent. Referring to Eq. (8-10) we see that this change is accomplished
by increasing k2 (or increasing R) Curve (3) is obtained by multiplying
W+ k by a constant factor. This explains why the reduct}on in going

6 from curve (1) to curve (3).is greater at high values of W %eferrlng

to Eq. (8-10) again, it is seen that the; change to! curvez€3)hj}29btoih¢d by

reducing the source voltage VB . /

Thus, it is seen that there are two methods of holding the armature

T current within tolerable limits when the speed is zero, on starting. One

~ERIC

method is to insert additional resistance in series with the motor, the
other is to reduce the supply voltage.* Although curves (2) and (3) are
slightly different, either one will provide adequate starting. The motor

*You may wonder why reduction of supply voltage was not mentioned in
connection with starting a shunt motor. This would be possible if two
sources were available, a fixed voltage for the field and a variable one
to supply armature current. Reducing the voltage to both would result in
weakéning the field and perhaps would reduce the torque to the point where
the machine would not start. ‘

9

9,

uld
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1 will bé allowed to come up tu constant speed (at points P2 or PB)’ and then
the additional resistance will be taken out, or full voltage will be applied,
at which time progress to the final operating point would be as indicated by
the arrows.

2 We now make an important observation. Since torque is proportional to

‘ - the square of current, the starting torque is T52 = #Tl, and hence the torque
% available for acceleration is th - Tl =’3Tl' This is the worst possible
3 o condition, where Tl corresponds to rated»currgnt, and is the same case
3 considered.for the shunt motor, where it was found that the torque available
for acceleration was Tl' Thus, the series motor supplies three times as much
accelerating torque as the shunt motor, when started under conditions of constant
load torque of maximum allowable value. For lighter starting load torque, the
4 advantage of the series motor is slightly greater. The difference is, of course,
due to the difference between the linear (T pr0portionél to Ié) relation for the
shunt motor and square law (T proportional to Ia2) for the series motor.*
From the standpoint of getting the motor rotating, it makes little
(‘) 5 difference whether series résistance is inserted, on the sugply voltage is
reduced. Conditions affecting the choice can be appreciated when we consider
speed control. It is evident from Fig. 8-13 that curves (2) and (3) both
provide reduced speed for a given load, and therefore that the two methods of
6 -starting also comprise two methods of--speed control.
A choice depends on considerations of efficiency. 'A series résistapce
absorbs power, and so variation of supply voltage is a more efficient way to .
control speed than By inserting a variable resistance. Thus, in applications
T where speed control is ﬁeeded continuously, the increased efficiency of the
variable voltage method may be definitive in indicating a choice of that methoa,
although it involves a more expénsive installation in the form of'a separate

motor 'generator set.¥¥ ’ T

*It is to be observed that the numbers computed above depend upon the arbitrary
statement that starting current could be allowed to be twice the maximum al jow-
able running current. If this factor had been three, the accelerating torque
would be 3T -T —2Tl, and 9T1-T -8T respectively for the shunt and series cases.

9 % Or possnbly a rectifier with controllable output voltage, if the d-c supply is
obtained by rectifying an a-c source.

U U
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(Diesel, etc. Shunt generator - : ' ~
5 . o) | 9
Figure 8-1k,

Two examples of variable voltage speed control are shown in Fig. 8-1k.
The system at (a) is used where d-c power is available from a constant
i voltage source. The source is connected to a nearly constant-speed shunt
motor which drives a separately excited generator (meaning that the field
current is independent\of its own armature voltage). The strength of the

7,» field of this generator is controlled by a field rheostat Rl which, there-_
fore, also controls the voltage at the terminals of the generator armature.

This is also the supply voltage for the series motor. A system like this
would be applicable, for example, to the drive for a building elevator.

° The continuous use of such a system would warrant the initial expense
of the motor-generator set which would not be needed if resistance control’
were used.
9. The system shown in Fig. 8-14b embodies the rudiments of a'dlesel-
electric locomotive. In this case the genefator voltage is determined by
appropriate setting of the generator speed (as controlled by the engine
throttle) and the setting of a field rheostat R,. ' )
o ' ’ v
Eﬁ;;; | e
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8-6 Commutator a-c Motors

In the shunt and series d-c motors described in the previous sections it
can be seen that the direction of rotation is independent of the polarity of
the source. A change in source polarity will change the field flux direction
and also the armature current direction. Reference to Fig. 8-4 will show that
when both of these are reversed, the torque will still be in the same direction.

One might thereforé expect that such motors would also operate satisfactorily
on alternating current. This expectation is correct for a series motor, but
not for a shunt motor. Let us first briefly consider why the shunt connection
will not operate on a-c. The field coil and armature circuit, which are In
parallél across the supply voltage,. will each be inductive and carrg:currenits which
will not be in phase with the s&pply voltage, nor necessérliy in phase with each
other. On the other hand, in order to produce torque, it is necessary that the
field current (and hence flux) and armature current shall be in phase (so that
th'e product ¢Ia shall alway.'s be positive). Although this mlght bg arranged
in the shunt connection for a certain operating condition, any circuit change
for the purpose of‘speed control or starting would lnvolve.changlng armature
or field resistances, and would disturb the phase relatiunship between flux
and current. Furthermore, since the field coil has a high inductance, both
armature and f;eld currents would lag the voltage by nearly 909, The result
would be operation at low power fggﬁg:, which means an excesstvaly large
~current for the amount of power delivered. Thus, for these practlcal reasons,

a shunt connection is not satisfactory for a-c operation. N

The series motor does not suffer from these difficulties for the reasons
that the series connection ensures that the field and armature current will be
in phase, and the relatively few turns of a series field coil ylelds a low
enough inductance so: the power factor will not be excesslvel9 low,

This discussion is not meant to imply that any d-c series motor can be
Opergted on a-c. The main difference is that for a-c operation the entire
magnetic circuit must be laminated to reduce eddy current losses associated
with the continual reversal of the magnetlc field. In a d-c machine, the ,
flux reverses in the rotor only, and so it must be laminated, but the statlonary
part.of the magnetic circuit (yoke end pole- pieces) can be solid iron. Thus,
an a-c series motor can be operated on d-c, but not vice-versa. \
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- Commutator a-c motors are particularly common .ir small. sizes; being
the typical matqrs for low power household applicances like vacuum cleaners,
mixers, sewind machines, and the like.

It should be pointed out that a-c commutator motors are an exception to
the general>statement made in the introduction that there is no difference
between a motor and a generator. |f mechanical power is applied to drive an .
a-c commutator motor, it will produce d-c. '

8-7 The Induction Motor

Applications requiring mearly.canstant speed a-¢ :motynei (similar to
the d-c shunt motor) are served by a-c induction motors, which we shall now"
consider briefly. Unfortunately, an induction motor is much more difficult
to ‘analyze than its d-c counterpart, but at least enough theory can be
presented here to discuiss ite important.chacacteristicsi :;.

As a first step, consider Fig. 8-15a, which is a reproduction of Fig. 41
of the programmed text, with the slight modification of showing pairs of coil
sides placed in slots. Figure 15b shows the same arrangement, uncluttered
by the end connections. These figures represent the stator winding of an
induction motor. Again referring to Fig. 15a, assume an a-c source is
connected to terminals 1 and Iﬂ and let 11 have the reference directiqn
shown. An alternating current will flow in the individual coil sides shown

in Fig. 15b, with reference directions as indicated by the X and * symbols.

— -~ Stator

/:\
AR N

/ - ® \‘\
/ 7 \\) \ Stator
/
< \
/ .'\
A /
, /|
\ !
\ 17}
\\ ,zﬂf/ /
~ X
(a) : N N S e

Figure 8-15.
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This fugure serves to remind you that coil connectnons are such that at any
ihstarit of time currénts to the right and left of line P-P' always flow in
opposite directions, and that the whole winding acts like a coil having P-P P! as
an axis and producing fluxi§avfhg a.reference direction'indicated by the arrow.

‘Twenty or more coils would be a more reasonable number for a practical
machine. Figure 8-16a shows the coil sides for a ten coil winding. This figure
is introduced to develob the notion that in an actual machine coil sides are
separated by a small angle 3, and therefore that the actual condition is not
much different from the idealized continuous distribution of current shown in
Fig. 8.16b.
analysis simpler than it would be-if we were to bother with the details of

This idealization is |ntroduced because it makes the subsequent

individual c0|ls. In other words, we are proceeding on the basis of the
hypothesis ‘that this approximation will lead to an adequate theory, with
justification depending upon agreement with experimental observation.

f “Axis ' ) P .

Typical back
end connections

Figure 8-1€.
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The symbol shown for current in Fig. 8-16b is Jopo This is a surface

current density, measured in amperes per meter of circumference. To explain

what we mean by this, suppose the winding of Fig. 8-16a has N coils and C
turns per coil. There will be NC conductors on one side of 1ine P-P', and
each conductor carries a current 11/2 (Why' ). Thus, the total current on
one side will be NCil/e. For Fig. 8-16b to be equivalent, it must have the
same total current on each side of line P-P'. This is nszl, and hence we
see explicitly how to find Jsl; namely,

NCil

gy = 2nr

sl _(8';1)
. Having showii how machine parameters determine Jsl? we shall use Jsl as

the prime quantity from which to start the ana!ysis.‘ Meanwhi le, we must not

forgef that il is an alternating current, and therefore that Jsl is also a

sinusoidal quantity. It is also a function of 6, and can be written

Jq = (Jm cos wet)f(e) (8-12) .

sl

whetre the Jmcos Wt factor accounts for the time variation and f(6) describes
the variation with 6. For Fig. 8-16b, f(8) is the square wave shown by the
solid line in Fig. 8-17.

"Figure 8-17T.

At this point we make a further approiimation, by using the dotted cosine
function shown in the figure, to approximate the square wave.* Thus, we shall

*This approximation is not necessary, but permits a simplified treatment in this

text which does not presuppose a knowledge of Fourter Series. A more complete
analysis would retain the square wave which can be represented by the Fourier

series
L 1 1 <
ﬂ( 0s 6 - 5 cos 36 + 5 cos 50 + « 4 o)

O . .
ERIC Thus it is seen that the subsequent treatment will use only the first term of

3

this series.
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use
Ly

= =0 cos _ <
Jgp =3 Cos Wt cos 6 \3-13)

and, in view of Eq. (8-11}, it is also given by

NCIm
Jsl = _n_é: cos w .t cos 6 . (8-14)

where Im is the maximum input current. .
The next step is to use the identity cos x cos y = (1/2) [cos (x-y) +
cos(xty)] to write Eq. (8-13) as

24 '
= -;m-[cos(wet-e) ¥ cos(wet+9)1 (8-15?

2

Jle.

This is an important step because the dependence of Jél on t and & has been

converted from a product of a function of t by a function of 6 to a sum of

two functions in which t and 6 are combined in the arguments wt - 6 and wt +' 8.
We shall interpret the term cos(wet-e) in terms of Fig. 8-18a which

portrays a fictitious cylindrical distribution of constant currents which

is rotating at angular velocity Wge The position of this rotating system

of currents is defined by.the position of.its axis is of symmetry 0-A. In

time t this axis has rotated through an angle w,t, as indicated. With

respect to angle 6' measured from an axis fixed..in the rotating cylinder,

Jgyis @ function of 8' only, nam;jy

.m .
Jsl' {-;' cos 6

This relationship is suggested by the varying sizes of the circles which
represent currents. At a fixed observation point, at angle 6 on the stator,
we see from the diagram that 6' = wet-e, and so the current density observed.

© will be _ -

2Jm . 2Jm :

— cos o' = — cos (wgt-e)
which—i$ the first term of Eq.(8-15). Accordingly, that part of the variation
of J; due to cps(met-e‘; is accurately portrayed by the conceptual picture of a
rotating system of currents which are constant in time. The time variation is
provided by the rotation. Similarly, the cos(wet+6) term can be viewed &s due
to a similar set of currents rotating .in the opposite direction, as suggested’
by Fig. 8-16b. )
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Rotation =<— 7 Rotatlo?

¢ 2@ 5.8 e,
\/ L ) < \® A ) eo.. e
RN ¢ ,
©
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®
3
A\
O,
' : \ A
%@-@ré ot

Figure 8-18.

We have now reached the impcrtant conclusloﬁ that a sinusoidally time
Varying'current distribution in a fixel winding (as represented by Fig. 8-16b)
can be replaced conceptually by the superposition of two oppositely rotating
constant distributions, as in Fig. 8-18. L

This analysis permits us to give.an intuitive descrl}tion of how an
induction motor operates. A rotor carrying a winding short-circuited upon
itself is placed inside the stator we have just described. The winding may
consist of coils placed in slots, like the stator vinding, or it may be a
Ysquirrel cage'' winding as portrayed in perspective view in Fig. 8-19a, in
which a series of equally spaced bars are placed in rotor slots, and are
connected at the ends by a pair of conducting rings.

Rotating
distributed
currents;
equivalent of
stator.

(a) Figure 8-19. (b)

Figure 8-19b describes the state of affairs so far established. The
stator Is equivalent to two oppositely rotating current distributions, as if
there ‘were two oppositely rotating systems of coils. in view of the opposing -
directions, the rotor will not be affected.whtin.statjonary, but if It is sterted
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in e}thgr direction, rotoricurrents.will. be tnduced -whlch:w’l'fn :react istrongly
with the current distribution rotating in that direction, 'fénd::w with. the
current :d istél-bqt ton..rotating: tn .the opposite direction:: :This will pesult in
a'ﬁethtorque;&n the «diréétion.of..ratation; .which-will kgepifk going. .Such a motor

wi:\T run:in whatever direction it is started, but will not be self starting.
The above facts are crucial, because they indicate what must be done

in érder to make a8h induction motor that will be self starting and will run

in only one direction. It is necessary to eliminate one of the counter~

rotating current distributions. There is more than one way to do this,
one of.them being illustrated by Fig. 8-20, which shows a reproduction of
Fig. 8-16a in soltd lines, and a second,équivalent‘set‘pf coil slats drawn
dotted. The second set of coils are shifted 90° in a counter clockwise
direction in space, and carries a current which lags il by 90°. That is,
= e X

ty = Tp cosig + 3
This can be approximately qescribed'by a second‘é;hivalent continuous current
distribution ‘ ‘ ) )

4y :
: m 4. X _x : ,
o= cos(gg 2) cos(6 2) - \
- (838)
2Jm .
= T[cos(wét - 8) + cos(wét+ 9, - n)]
However, cos(wt + 6 - x) = - cos(wt + 6), and so the above reduces to '
& - .
oo =7 L?OS(%} - 8) - cos(uwt + 6;] , (8-19)

If both windings are simultaneously energized, the total equivalent current

distribution is oer

by | \ . (8-20)

m ,
) . . = cos(wt - 6)

which also represents a fixed distribution rotating in only one direction

(counter-clockwise) .
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Figure 8.20.
o

- A similar analygis‘will show that if currenf i were to lead illby 90°,‘
rotation would be in the clockwise direction. This fact indicates how such
a motor can be reversed. A change from lead to lag in winding (2), compared-
to winding (1), can be accomplished merely by interchanging its two terminal
leads . R ‘ ,

Such a fotor is called a two-phase motor, because it has two sepérate
windings supplied by two separate sources. In practice further modificiations
are made, ‘as described below. ’

8.8 "single-phase motors

In small and medium sizes (usually>a fraction of a horsepower) it is
convenient to have motors that do not rqu1fe the complexity o?rtwo separate
power supplies. It will be recalled thaf a single winding motor (;alled a
single-phase motor) will run once it is started. Such a motor can be made

self startlng by adding a second winding, which is used only during the
starting period. This raises the question of how to arrange for the 90

.phase difference in currents il and s when supplylng them from the same

solregy ouv:it,

There are two practical solutnons to this problem. One is to make
the second winding of high resistance, by constructing it of smaller wire,
and to connect the two windings in parallel across the source terminals,
as shown in Fig. 8-2la. Current 11 flows in a circuit of high L and low

246




~Q
ERIC

8-25

R, and will lag the voltage by nearly 90°. On the other hand, winding (1)

is of high resistance and so its current will be nearly in’phaée with the
voltage. Thus, in will lead 1, by something less than 90° (perhaps 60%,

as suggested by the phasor diagram in Fig..8-21§, and so the condition
required by the theory will be approximated, to a sufficiént degree that the
motor will start if the required starting torque is not too great.* After the
motor has started, aicentrifugal switch opens the starting winding circuit.
Continuous operation with the two windings would not be efficient because

of the high resistance df.thé starting winding, and also because as the motor
speeds up winding (1) becomes less inductive and the phase difference would

become much less than 900.

Figure 8-21.

The above describes the original design for single phase motors (1/8 to.
1/2 hp.) until éhe advent of electrolytic capacitors whichimede: it; possible v
use a capacitor in series with the second winding, as shown in Fig. 8-20b. By
suitable choice of the capacitor size, current 12 can be made to lead il by .

exactly 90° at the start, since with a sufficiently large capacitor i, can

: . A 2
actually lead the voltage, as shown in the phasor diagram of Fig. 8-21b.

* )
Observe that when we introduced the two-phase motor it was indicated that 12

should lag i, by 90°%, whereas this description shows it leading by nearly 90°,

This is incidental, since it only affects the di}ection of rotation, and can
be compensated for by a simple interchange of connections to winding (2).
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1 Under running conditions, the winding (2) circuit can be opened by a
centrifugal switch, as in the previous case. However, improved performance
can be obtained By retaining the second winding under.running conditions. In
that case, under running conditions, i, will be more nearly in-phase with the «

2 voltage which means that 1, must lead the voltage by a larger angle on ''run'
than on "start". This change can be accomplished by having a smaller series

_ capacitor for the ''run' conditipn. This- can be accomplished as shown at (¢)
in Fig. 8-21. Two capacitors are in parallel on ''start'', and then as the motor :

3 comes up to speed a centrnfugal switch opens, removing one of them from the.
circuit. The capsclitor-start capacitor-run mgtor Just described is a pOpular
type of motor for applications such as domestic refrigerators. It has the
advantage of providing more torque for a given size, because the crossed

L. field arrangement of a two-phase motor is retained. it has the further

' advantage of operating at nearly unity power factor, by virtue of the fact
that the current in one wlnding leads the voltage and therefore can cancel
the laggnng component of current in the other winding. -

5 Both types are called split-phase motors. They operate from a single-
phase source, but this source is ''split' to yleld effectively two phases
within the motor. - ’ ’

A third type of single-phase induction motor is worth mentlonjng because

6 it is quite popular in small sizes (small fan motors, phonograph turntable
drives, etc.). Such a motor does -not have a distributed winding, and has °
definite pole pieces, much-as in the d-c case.: Howeve}, as indicated in Fig.

~ 8-22, part of each pole is encircled by a heavy copper band. This is called

7 a shading coll. As the.a-c flux changes in that part of the pole encircled by

~ A-C
. * Supply *

Shading coifl

&8 - - e “
‘ % k Squirrel _2
‘ . , o Cage /
\ ?
9 < oo
Figure 8-22,
0 -
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the shading coil, it induces a current-in the shading coil which, by virtue
of Lenz's law, tends to“oppose this change. The result is that flux5¢2 will’

lag flux ¢ It is also displaced in space, and hence the combination produces

an approxi:Stion of the condition of a set of rotating windings. There are
high losses in the shading coils, which remain continuously operative. Thus,
such a motor is inefficient, but its great simplicity makes it attractive for
applications where the power requirement is low and where, therefore, a low
efficiency-is not serious. =

8.9 Three phase motors ’ -

The spiit-phase and shaded-pole motors described above generally are
inefficient and are larger in size, compared with motors supplied from a two-
phase source. Therefore, in sizes larger than about one horsepower, it is -
ﬁecessafy to have a method of supplying power directly to the second wind[ng;
We shall now discuss how this is done in practice. The‘two coil arrangement
of Fig. 8-20 is of tutorial value,.as we have;used it above, and also is of
historical interest, having been a praétical solution in some early mstors.

In practice, the second winding of Fig. 8-20 is replaced by two windings,
giving a total of three windings and creafing what is called a three-phase
machine . ’

Figure 8-23 symbolically represents the winding arrangement. There are
three separate windings, labeled (1), (2), and (3), which are insulated from
each other. Winding (1), for which circles are used to represent coil sides
in‘slots, is the same as in Fig. 8-16a. Winding (2), represented by squares,
has its aris displaced 120° from the axis of winding (1). As you study this
fféure, ob.erve that every third position belongs to winding (1), and that
likewise the coil sides of winding (2) occupy every third position. Also,
observe the locations of the X and dot symbols, in relation to the current
reference direction at the one terminal shown for each winding. The connections
to the second terminals are omitted, althdugh parts of the end connections are
shown as dotted lines. (Refer to Fig. 8-16a to refresh your memory as to
where the second terminal is connected.) Finally, winding (3) is similar, but
has. .jts:- axis shifted another 120°. The symbolism wherebx}circles,<squares,

and triangles represent coil sides is indicated by the insert.
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Figure 8-23.

B N 0,
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To begin the analysis, you are reminded that winding (1) produces an

equivaldent current distribution

2J
- m :
J - ]:cos (wetf g) + cos (wetfe)]

sl
and that winding (2) of Fig. 8-20 introduces a second distribution

2J

J -—ﬂ—"—‘ [cos(weté;e) - cos(wet+6)]

‘52

such that the negative sign of the second term cancels the unwanted second
term of the expression for Jgy° We shall now show how Fig. 8-23 accompllshes

., a similar cancellation, if the sources to the three windings are adjusted to have
equai amplitudes, and ;ihase~ relations in accordance with the expressions

~

i, =TI cosu.t ‘ ‘ '(a)

- 2x .
i, =1 cos (wet - -—) (b) (8-21)
13 =1 cos(w t+ %’-‘- A‘ ()
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% - ) 1 Each of these will be represented by an apprqximately equivalent ]
distribution, to be represented by J52 apd J§3' (Observe that the subscript
2 now refers to Fig. 8-23, rather than Fig. 8-20.) The equivalences are in
accordance with the treatﬁent of Fig. 8-16, thé only differences being in

2 angular orientations of :he windings in space, and the phase positions of the
currents. For winding (2) the current distribution. is

by v
Jgp = =2 cos(ut - B9 cos(o - B (8-22)

The reason for the (-2r/3) term in the time varying term is evi_denc,,.since
it isthe phase angle established in Eq. (8-2Lb). In regard to cos(6-2x/3),
observe from the figure that winding 2 is oriented in such a way. that its
y distribution is cos(6'). However, it is evident from Fig. 8-23 that
- 6' = 6 - 1209, or 6 - 2n/3 in radian measure. The identity:cos x cos y =
(1/2) [cos(x-y) + cos (x + y):[ is used on Eq. (8-22) to give

C u P Leos( t0) + coslo_tre - 2]
5 ‘ o= [cos W t- + cos(v b6 - 3:]
) 2J
- = —nﬂ [:cos(me;-e) _'% cos(wet+9) 4.\/2-5 sin(w;t+9):| (8-23)

6 where the factors (-1/2) and (-/3/2) are the cosine and sine of kx/3,
respectively.
The third winding is treated in an exactly similar fashion, to yteld
a di§tributian '

T _ qu ex 2x
Js_} = — cos(wet + -3—) cvos.(e + -3—
2y - by
. - == cos(wet-e) + cos (wet + 6+ —3-)]
& 1 3. j |
= [cos(wet-e) -3 cos(wet+9) + 5 snn(wet+6)J '(8-214)

(]
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;l The sum of Eqs. (8-23) and (8-24)

2J

: = =
g * Js3 - 2cos(w t-0) - cos(w t+6i]

and when this is combined with J,, the cos(wet+6) term cancels to give

6J

+d +d = —;ﬂ cos(wptfe) . (8-25)

g = . s2 s3

S sl

"Thus .it has been shown trigonometrically that when all three windings act
at once, the result is a counter-clockwise rotating equivalent current
distribution like Fig. 8-18a. The direction of rotation resulted from our
chcice of phase relationships for the currents. if we had used 12 =

\ I cos(w t+2n/3) and i3 =I cos(w t-21/3), the cos(w t-9) terms would have
cancelled, leaving cos(w t+6) in Eq. 8-2&) This would represent a rotation
in the clockwise durectlon.

Equation (8-25) for the three-phase machine, is to be compared with Eq.
(8-20) for the two-phase case. It is evident that the only change is that
the .factor I has been replaced by 6. The comparatively simple results
expressed by Eqs. (8-20) and (8-25) are impottant because they show that

either the two-phase or the three-phase windings, when properly exicted,

g ~ are equivalent to a current distribution rotating in one direction only.
Thus, when a rotor is placed under the magnetic influence of such a set of
windings it will experience a starting torque, and will rotate in only one
direction, this direction being determined by the phase relationships among

7 the stator currents. ) .

A word is in order concerning how power is supplied to a three-phase
motor. In Fig. 8-2ka the three motor windings, which are represented
symbolically, are connected by separate circuits to three generators

8 rotating on the same shaft. The common generator shaft is necessary to
ensure the desired 120° phase dufferences among the curcents:inithe three

circuits.,

R

O
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- F

Figure 8-2k:

All these wires are not necessary. To see why, observe that the bot tom

" wires of each pair can be combined into a gingle wire, as in Fig. 8-2ib. Each

_circuit can still operate independently, although the three circuits are now

electrically connected on one side.* Furthermore, from Egs. (8-21) we can write

il =_Im cos wet

. e 80 1 TLoste t 4 Y2 s
iy =1, cos(wet‘- I [& 2-??§»wet + Y5 sinw %}

3 m e
B o 2ny _ 1 B g
15-I cos(wt+3 -Im[—ecoswt-emnwtj
and so it is seen that
i+ 1, +-;3 =0 | (8726)

Thus, no current will flow in the common (dashed) wire, and so it can be
omi tted. _ ' ' -

~ We have arrived at .the conclusion that power can be suppliedkto a three-
phase motor through three wires. To round out this brief discussion of three-
phase power transmission, it is to be mentioned that the three generators do
not need to be physically separate as in Fig. 8-24. They can be incorporated
on a single stator, and always are. In fact, the three-phase system of windings
we have described for the induction motor will also serve as the set of three

w;nding&of a.. three pbasg..genesator..
he circuits are independent if the impedance of the common wire is negligible.
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The principles involved in the three-phase induction motor provide the -
explanation why all commerical power systems are three-phase. This is why
~the transmission lines you see over the countrysxdc always have three wires
(or multiples of three).

8-10 Induction Motor Speed-Torque Curves

It is beyond the scope of this treatment to derive the equation for the
speed-torque characteristic of an induction motor. We therefore give typical
eupmples without derivation,in Fig. 8-25. Curve A is typical for a three-phase
mgtor with squirrel cage rotor. In the running range, speed is relatively
constant . However, if the load torque Is increased too far, the knee of the-
cufve will be reached (this is called the pull-out torque) and the motor
will suddenly come to a stop. This phenomenon is due to changing phase
relationships in the rotor currents. Such a characteristic is not satisfactory
for starting against a large torque. A squirrel cage induction motor would
not be satisfactory in electric traction applicatlonsﬁ The%lare satisfactory,
however, in such an application as a lathe drive, where start!ng is only

against the friction of the lathe, the cutting load being applied later.

=

Speed

Torque .

" Figure 8-25.
The starting torque of an induction ﬁotor can be improved by increaélng
the electrical resistance of the rotor conductors. For this reason, some
motors are made with a wound rotor (with a winding essentially 1lke the stator)

with connections to three external variable resistors through a set of slip
rings. By increasing this resistance, a characteristic like B can be obtained,
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&

giving maximum starting torque. After the motor is runniné, ihe.gxternal
resistance can be removed, causing the characteristic to become like curve
A. “ :

Concerning current and power, it is recalled that a-c power is given
by VI cos 6, where 6 is the phase difference between voltage and current,
If V and I are for any one phase, the total power is

= 3VI cos 6

©

The current of an induction motor does not vary widely from no load to
full load, as in the case of d-c machines. The no-load current is large,
of~the order of half the full-load current. Most of the change in power
comes about through change in phase angle. At no load (running but with
no load Qquue) the current will lag the voltage by nearly 90°, and at
full load an angle of 20° is reasonable.

~ These relatively large phase angles are a disadvantage which cause
considerable difficulty to power companies. It -may be necessa}y to install
capacitors in the wiginity of large industrial loads, to compensate for the
low power factor caused by a large number of induction motors.

In regard to starting,- the use of rotor circuit resistance in a wound
rotor machine has been mentioned. Small squirrel cage motors (up to about
2 hg.) can be started at full line yoltage. However, it may. be necessary
to remove protective devices (fuses or circuit breakers) in order to prevent
the¥r operafing on the heavy current that flows for a few cycles. Laréer
squirrel cage motors are s&artedsby applying reduced voltége, through a
bank of transformers. .

8-11. Motor Ratings ,
In the discussion of starting d-c motors ft'was pointed out that starting

current can be permitted to exceed rated current for operation at full load.
The name-pla&e current rating of a machine is détermined by the allowable
temperature rise which, in turn is primarily influenced Sy the insulation
used in the windings.

Rated current is based on continuous operation. Momentary loads can
cause the current to exceed rated value by considerable amounts, if they '
endure only for a few seconds. In order to obtain good service from a motor,
it is necessary that it bperated within its name-plate current ratings.
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Operation of a motbr at other  than its rated voltage is not generally
recommended, except in the case of d-c motors which can be operated at reduced
voltage. An induction motor should not be operated for long at reduced voltage.
This is because its speed is largely determined by the line frequency, and
therefore with a given load its power output is nearly independent of voltage.

If the voltage is reduced, the current must increase, to maintain the power,

and the maximum allowable current may be exceeded.
8-12. Number of Poles : .

A1l of the discussion in this text (and the programmed text) assumes
machfnes of two poles. However, four, six, etc. pole machines are possible.
The characteristics of d-c machines are independent of the nuﬁber of poles.
The oﬁly things affected are the armature winding and voltage and current

.ratings.

Although polés are not physically present in an induction motor, the
equivalent of a pole is defined by the extent of the circumference of thp»l
$tator: subtepded by::one :coil.. :in cur. fllustrations, this has been 1809,
which defines a two-pole motor. When there are four poles, the angle
subtended is 909, etc. In our example, the equivalent current distribution
rotates at an angular speed Wes and this is the maximum speed of the rotor.
With a four pole winding, the rotating current distiibution will have two
cycles of current variation (variatioq with angle) instead of one cycle as
in the two pole case. Functions llke

“?  cos (w“t - 20)

will appear; Such a wave moves with angular speed v /2. Likewise, with six

poles the speed Is w /5, and in general is w /(number of pole pales). ‘
The speeds discussed here are the maxlmum (or synchronous) speeds.,

Actual speeds are usually higher than 95% of synchronous speed. At 60 cps.

w, = 377 radians per second or.3600 RPM. This is approximately the speed

*of a two-pole machine. Four and six pole machines are very popular, and

have approxlmate operating speeds, respectively, of 1800 and 1200 RPM.
Thus, if you see a name-plate indicating a speed of LT40 RPN, this Is a
four-pole motor. g
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BASIC SEMICONDUCTOR THEORY

. ) . / :
. Bach of the following paragraphs presents a few ideas that are essential to

an understanding of semiconductor theory. Be sure you know the material in each
paragraph before going on to the next.

1. Electrlc current occurs because of mov1ng charges. . Current may flow in

a metal, a llquld a gas, and a vacuum, but the charge carriers may vary
from one medium to another. Commonly, charges are carrled as a result
"of the movement of electrons or ions. o

2. Theistrueture of an atom can be represented as a‘positively charged
nucleus with electrons moving in various orbits around this‘nﬁcleus. The
electrons in a particular orbit possess a certain level of energy. The ‘
smaller the orbit (closer to the nucleus), the lower the-energy level.

3. Electrons can juﬁp (make "transitions") f£rom ona orbit to another, or
from one enefgy ievel to enother. An electron may~aequire additional energy
from a source outside the atom (from iight, heat, collisions, etc.) and
Jump to a higher energy orbit. On the bther hand,~an electron may ldse
,energy (by radiation) and fall to a lower energy ‘state -- make the transi-
tlon to a smalrer orbit. \

4. The closer the electrons are to the nucleus, the more tightly they are
‘bouhd to it; the difference in energy levels between small orbits being
greater than fhe difference between larger orbits. - The Uutermosf eiectrOHS“f—“'
(called the "valence" electrons) are loosely bound to the nucleus. It \
would take only a relatiyely small amount of ex%ernél energy to free them
cbﬁpletely from the nucleus. The energy required to free a valence electron
will be different for one type of atom than for another. For -the metal ~
germanium, only 0.7ev (€lectron-volts) is required. '

5. The ability of a solid material to conduct electricity depends upon the
availability of charge carriersl In some materials, the valence eiectrons
;are tightly bound to the nucleus and are not available as charge carriers.
These materials conduct electr1q1ty pggg_x and are therefore used as

) 1nsu;§§9£§.

6. In other materlals. like met&ls, the ‘valence electrons are so 1.0sely
bohnd that they are practically free of the nucleus. Even a small applied .
electric field can get these electrons to move throygh the material. These

materials are -good conductors.

o R , e o o
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' good insulators nor good conductors. Examples of such materials are

.semiconductors. At room temperatures:

. orbit would be complete if it contained eight (8) electrons; there are, ' -

crysta. lattice, each atom "shares" an electron with each of its four

Still other materials fall between these‘two extremes; they are neither

germanium and silicon. They are semiconductors.

The number of free electrons in conductors is enormously'greater than in

For conductors, apprdximately 1 electron per atom.

For germanium, aprn~ .-ately i atom in lOlo iS’ioniied.

For 3111con, approx ..zly 1 atom in lO,l5 is ionized.
Pure Ge (Germanium) or Si (Silicon) atoms are arranged in a crystal lattice.

Both atoms have % valence electrons in the outermost shell. This largest
therefore, 4 empty place in“this outer shell. In a regular'(uniform)

neighboring atoms. The atoms that share Each other's valence electrons

thus form "covalent bonds."

its outer shell filled.

I A | . -
.——‘ —_‘ )

—( W)= . R

T T

In this way each atom comes closer-to having

Figure 9 1l is a two-dimensionai’ﬁresen- -

' __m___._____, tation . of augermanlum lattice showing
TN\ ~_, covalent bonds between adgacent atoms

10.

charge.

I‘ l - II Thes= bonds hold the atoms fixed in
A _ space relatlve to each other and thus

II ——-——-u~%he~collect10n of"atomS“forms*a—regular**“ :

A 2-Dimensional Model erystal lattice.
of a Crystal Lattice :

The atoms in a lattice, althoggh fixed in position relative.to each other,'

vibrate around their equilibrium positions. The degree of agitatién is a ; '%:
functién of teﬁperature. As temperatuce increases the thermal agitation ma&
be enough to break a‘covalent bond and an atom can become icnized by fré;ing
an electron. (It takes .Tev of energy to free a valence electron in Ge.)

Free electrons formed in this manher lea?e'behind a hole, an empty p:sition

for another electron to fill. These ho}es effectively have a positive
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As free electrons move about in the crystal, they may encounter a hole and

by "captured" by it. The electron then is recombined with an atom. These. ,
two tendencies -- ionization and recombination ~-- are opposite in nature.
Under equlllbrlum conditions at a given temperature the rates of ionization
and recomblnatlon are the same. In the process of ionization and recomblna-‘
tlon, as electrons move about, the holes appear to move as well.- For all

intents and purposes the holes can be considered as moblle charge carriers

. ' - like electrons except that they have a positive sign.
12.

In addition to pure crystals of a semiconductor, it is possible to have

semiconductor crystals 1n which some foreign, im impurity atoms are 1ntroduced

dellberately. Tt is p0331ble to increase the density of free électrons in
a crystal byfadding impurity atoms having a valence of +5 (five valence
electrons in the outer shell). When this +5 material is incorporated in

’ " ' 1 a germanium crystal, covalent bonds are

—\ )= i L J— aeein formed by sharing electrons with
: 7 : . \\'// ‘ I neighboring atoms, but now the fifth
= 3:::3ce ‘valence electron cannot be shared in any
B electron covalent bond. slnce the outer layers

of all atoms are effectively filled,

the extra electron t bound to any

nucleus and is thus tiVely free.

In-this way, there are .ee electrons

without corresponding holes The

valence-5 atom "donates" a free electron ‘
l' . ) '||;1 e r} - and so is called a donor atom. (Actually

it requires about_.0lev_of energy to— —

s

free this electron compared with .Tev
for pure germanlum ) Since the charge carriers having a negatlve charge
(electrons) are in greater number than those carrying a positive charge
(holes), a semiconductor material® having these character1st1CS is called
N-type gNegetive-type)..'lhe material is electrically’neutral, however;
there is no net charge. The process of adding the impurity atoms is called
doping. In typical doped semiconductors, the fraction of impurity atoms is
of the order of one part iq“lo6.
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13. Another alternative is to include some impurity atoms with valence' +3 (like
E gall’i]um oxr indilur'n). Bach such atom agaln shares electrons with its neighbors
to form covalent bonds. But now there
f/] ‘ @Z .~ aren't enough electrons to go around, |
so that a hole is formed. Any free
’ l electrons moting by can "fall into" this
—_(; . n\: ~ hole. Since the valence-3 atom
oy \_J "accepts" such electrons, it is called
; \hnle‘ - an acceptor atom. Each such impurity
- ! N atom introduces e.n_extra hole without a
- ( -l+/l -+ )= _corresponding electron. Since the
. l ' ' I _ majerity charge carriers in this type of
- ’ material carry a positive charge, the
N ' Fig. 13.1 - S R
- ) : P-Type Material material is called P-type.
. Charge carriers move through a semiconductor by two mechanisms: by . v
. diffusion and by gr_}_i;th (a) Diffusion is the process connected with- '
random motion due to thermal agitationf’ (b)' <Drift motion is due to an ' \
- externally applied electric field and. is superimposed on top of the random
motion. At room temperature the diffusion velocity in crystals is of the
N order of lO5 meters/sec 5 whlch is quite high. On the other hand, drift .
. . ‘velocities are much smaller. For example s for N type germanium the drlft
" velocity is of the order of 1 meter/sec.
Slinunarx In doped semiconductor erys‘tal;s‘,‘ “there are two sources of charge ca-rriers — 5{
: those due to thermal ionization of any atom in the crystal, and those resultlng from .
4 the 1mpur1ty atoms - In typlcal semlconductor devices, the’ density of 1mpur1ty atoms
_is : in the range 10 15 to 10 H per cm5 . The densn.ty of charge carriers due to thermal .
ionization is only about lOl3 per c\m:;‘for germaniym and lOlO Apex;, cr‘nj for silicep.
Since -each impurity atom 1ead.s to 1 charge carrier, it is seen that the number of
charge carriei's due to impurity atoms greatly exceeds that due to thermal ionization.
Thus, for  P-type materIal the majority carriers are holes and for N-type materials
the majority carriers are eleetrons.
O .
[‘;ml{!mg o !
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" The P-N Junction Diode

15. A piece of P-type material in contact with a piece of N-type material forms

P-N_junction.

Electrons leavihg the N region leave it positively

cha.rged and at the same time carry an excess

Junction ‘ )
P / N . ‘ ) .
diftufion The charge carriers in each type diffuse into the
/F\ - other material. - Thus, electrons (majority car- 7 ’
holes riers in N type) diffuse to the left and holes u
electrons . 1
\J . (maJorlty carriers in P-type) diffuse to the ;
. . . - e
rlg,ht ‘
"éﬁ"
P N ]

; nezzjzive? E poggivg negative charge 1nto the P reglon "Holes leaving
= charge charge the P.region add to thls effect by leaving the P
E B negatlvely charged and carrying a posmtlve charge
to the'N reglon ’
P . | o |
r( ) s : . This separatién of charges will produce an
- E |field electric field which tends 0 inhibit further
diffusion of charges.
: — — — Because-of the el(;etri1z—:f—i-eﬂ:d—a~t~the——juncti'on7~* “
. P potentisl N there will be;a differénce of potential écros.s-r v
. : L tpe ,jpncf,ion bg‘t}ween' the two regions, as_illus-
i /'_r_ * trated. The potential does not change abruptly
- . whenv going from one region to “the other, but
: . char'ges gradually throughout a transition region
-1 : t —1  surrounding the junction. (The width of this
I ' transition region is typically 1 micron - 10_6
transition rg.glon meter.) The potential "hlll" constltutes abarrier
3 to the continuation of the diffusion process.’ The height of the "hill" is deter-
: mined by an equlllbrlum between thermal ionization on both sides of the Jjuncticn
and d.lffusmn of carriers across the Junetion. 1In equilibrium, there is no net
current flow across the "junction.
2 I :
3 9 . .

261




iy

N et
a o~

‘diffuse in their natural dire

~ a
o +
53
_______ g 1l 2
: 2 &
. | V Q,
L

L “""-fj"“j“-"ko

The device formed intlis manner is a ™=

Junction diocde. In order to connect the

diode in a circuit, metal leads are at-
tached to the two ends. Sﬁppose the
ohmic voltages at the lead junctions are
negliéible. Now let the two leads be
short'ciicui%edy‘so¥$hat—ihe;potentigls

‘ oﬁ_ihe two ends are the same. The -

diagram shows the resulting variation of®
potential throughout the device. The
values shown are typical. There will

be no current flowing in the short .

-~

circuit.”

Now let a battery be connected across

the diode with the positive terminal con- "-

nected to.the P-region. .The potential
of the P—nggion is increased by the
battery voltage Vb while the potential

of the N-region remains the same. Thus,

the potential hill at the junction is

;o
v,
.
|

SENE IS _1__
' -
|

tion.

Junction potential since the charge carriers

reduéed by the voltage V., becoming
v, - vb.f"The.eqpilibfiﬁm-which kept the

Tét current across the junction is thus

disturbed. Since the potential barrier
has beenilowered, it is easier for the

majority carriers (el=ctrons -in the W-

region and holes in the P-region) to

| S
_ This flowswill not now cause an increase in the

do not accumulate, they continue flow-

~Ving around the closed circuit. The variation of potential now takes the form shown.

B
ERIC

The diode is 'said to be forward-biased.

G

262




2 S

b LR

QO
ERIC

ey

reverse current is thermal ionization, thls current is sensitive to temperature

- Zener and Avalanche Effects -

¢ the breaking of covalent”bénds by the Zener effect. The carriérs con-

e

_If the polarity of the biasing Voltage

z T 4 is reversed, the diode is said to be
S . :  reverse-biased. Now theipotential of
[[: . : ) - the P-region is reduced by_Vb while that
' L of the N-region is unchanged. Hence,
jll' | iv - the height of the potential hill is in-
J : reverse bias . | P b creased to Vj +V,. The majority car-
!
I

is always some thermal-ionization leading

e = — - _: _— e ! riers will now be hindered in moving in
1’2\1. —————————— -] " their natural direction. However, there
! l togmlnorlty carriers in each region

(electrons in P-region, holes 1n N-reglon)

V. ' For these minority carriers, the-direc-

—— tion of the electric field is Just
right for helping their diffusion. Thus,

there will be a certain amount of reverse current. The magnitude of the'reverse'eur-

rent compared with that of the forward currentﬁls approximately as the density of
-2 b

mlnorlty carriers to that of maJorlty carriers. _This is of the order of 10 to 10 -

for germanium diodes and 10 =5 to 10 -7 for silicon diodes. Since the origin of

i6. If the reverse bias applied to a diode is increased (V is madevlarger)
the potentlal barrler will 1ncrease in helght and so w;ll the magnitude of
‘the electric field. As ‘the fleld increases it will become so high that
electrons oen be torn away from the covalent bonds, thus creaplng hole- =
electron pairs in the transition region. Although, these pairs are not
created by thermal ionizaéion, their presenee will lead to an increase in .
reverse current. In fact, this increase will be a large one. This effect
is called the Zener effect. ’

.

There is another possibility for increasing the reverse current without

stituting the small reverse current will have colllslons with atoms in fhe
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crystal lattice. If the electric field in the transition region becomes
high enough, these carriers may gain sufficient energy between collisions
to. knock electrons out of the covalent bdnd,’ again creating an electron-hole
pair which contributes to the reverse current. This effect is cumulative
since the carriers so created c,an,also‘ lead to ionizing cbllisions. The .
result is ca,l]fﬂd the avalanche effect.

Whichever mechanism is involved, the .

result is a great increase in reverse

‘current which takes place without much
E further increase in reverse bias volt‘age.
v, _ . .
- . (volts)y sketch of typical diode current against
) bias voltage is shown. (Note that the
E scales on the positive axes are dif- :
+ § . )
3 o ferent from those on the negative axis.) e ]
3 o Avalanche §
: o Current .
()
- P Coom,
4 A
3 ~
3 <
. { 4
R —
AR N
L( ’
2 , ‘.
e 3
. o . N \
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P ‘A REVIEW TEST

'I'e‘st yoursélf on your retention of the material you have just read. - If you

are unsure of any answers, go back and re-read the related paragraphs.

1. In a P-type semlconductor material cons1st1ng of germanium doped with an

impurity material, the valence of the mpurlty atoms is:

a) k.

i\
b) 3 ) : .
"e) 5 . ] o - -7

d) either 3or 5

2. Inan N-type semiconductor material consisting of germanium doped with an' i

impurity material, the valence of the imi:urity_atoms is: .
a) 4 .
b) 3. \ )
- » c). . C e
Ty N " d) either 3or 5 -

3. In a P-type sémiconductor the majority cérrie‘rs are holes..
“a) True . ) )
b) False

"4, In an N-type semiconductor the minority carriers-are holes.
- a) True ’ ‘ .
b) False ] - \

5.. A P-type semiconductor has an excess of holes over free electrons. The
material as a whole is: -
a) negé;tively _cha;'ged
.:o) neutral

" ¢) positively charged

Q|
ERIC
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L

: o ;
é
- » i . 10
F 6. An N-type semiconductor has an excess of free .electrons over holes. The
L/ . .
material as a whole is: B
a) negatively charged.
) neutral. .
¢) positively charged . . - : =
- 7. Charge carriers move through semiconductors as a result of:
a) drift due to electric fields.
b) diffusion due to random processes. -
c) both a) and b) -
d) none of the above
8. Forward bias on.a P-N diode:
~a) incréases the potential hill at the junction.
b) decreases the potential hill at the junction. i
_ 9. Reverse bias on a P-N diode: .
) a) increases the potential hill. _
b) decreases the potential hill. -
" 10. A i’-N diode will not break down, no matter how high the reverse bias.
"a) True o B
b) False ' c—
‘11. "The avalanche effect is the result of: ,
a-) opergting-the-device a;t—-impzzéper—-tempera-tupes .
b) -applying excessive reverse bias. ’
c) cibping the germanium incorrectly. , . !
)7
- SR )
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Chapter 9, .
e " TRANSISTOR AMPLIFIERS

The Transistor !

A transi..toriis a semiconductor device in which two junction diodes

.
are effectively placed back to back, the net result consisting of three layers

of material, as shown in Fig: 1(a). ~ S lc
The center of thé "sandwich" is P-type material : o
’ b
while the outer layers are N-type. -The re- © - P (a)

sulting device is called an N-P-N junction

transistor. The center slice is called the

3
s
kS

_ base; the lower N-region is called the

emitter ahd the upper N-region; the

2 collector. -
2 ‘ - Fig. 9~1 — N=P=N Transistor

Rather than drawing the pictorial represeatation of a fransistor shown

distinguished from the collector by means of the arrow. The direction of the.
arro{r is the direction of forward current.
Remember from the discussion of P-N Junctions that the Junction is

. forward-biased when the potential of the P-reg:l.on is made positive “elative

to that of the N-region, that is, from the base to the emitter. The axrov on

(b).

<
B in Fig. l(a), a. standard symbol is used as shown in Fig. 1(b). The emitter is ‘

the transistor symbol will, thus, have the direction shown.

Mo oo

Forward current across a Jjunction generally has contributions from two

P to N and electrons (which are the majority carriers in the i\I~region) fnoving
from N to P. In the junction transi;tor the forward current actually consists
'la.rgc:-;1 of electrons inaec’ced i‘rom the emitter to the base. (Remember that
negative charge flow is opposite to the d.irection of the current.) This is

' a.chleved by ma.king the base region physically very small and also making the

o
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9-2
concentration rof impurity ai';oms in the base sma;l compared with that of the emitter.
The forward current flow is facilitated by biasing the base-emitter 'julfictiog
(»}hich will be mc;}.'e simply referred to as the emitter 'junctio;l) in a forward
direction; that iu, making the base positive relative to the emitter

In the base region (P-type meterial), the electrcns are minority uniriers;
as they diffuse through the base, some of them recombine with holes ’ wfxich
‘abound there. If the base layer is thin enoegh most of the eléctrons will reach
the base-collector junction mthout. recomblning. If we now a.rrange to create

a field drawing these electrons across the base-collector ,j\metion, we will ’ in

effect » cause an electron flow from emitter. through the ba.se , to the collector

T

(that is, cause a current to :t‘low ;t‘rom collector to emitter) Such a field is
obtained by biasing the base-to-collector junction in the reverse direction; that
is, making the baee negative relative to the .collector. The sppropriate biases

are shown in Fig. 2

A Buitter |
X * ()
L Vi

- e Fi@y 92— - S

With sueh an arrangement, the collector current 1 c is approximately equal
to ;che emitter current ie. There is some base currentAwhich supplies the few
holes that reeombine with electrons 15 the bese, and also supplies the holes wh}eh
diffuse across the emitter junction. By properc\hoice of the densities of im-
purities in the base and emitter regions, and‘by meking the base very thinm, %the,

hole current across the emitter junction can be made much smaller than the
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variety by reversing the materia.ls of the N-P-N transistor. A bese of N-type

it LV - N v ) .

electron curren acroSs this Junct{on. Hencq. 5. & small base current will control

a large collector current , thus making possible current a.mplification.

b P ' , ‘
7777 77N type -
P ; N
I‘e ,
(a) =~ : ,
- Fig. 9-3. P=N-P Transistor
’This is a basic purpose.of the transistor.. *

.Y - It is also poss:.ble to ma.ké a Junction transistor of the P-N-P

-

semicondu,ctor is sandwiched between two pieces of P~type ‘material » a8 shovn in

" Fig. 3(a). Forward current now' consists of holes moving across the emitter

RN

RN
i1

. | )
junction from emitter to baseé. The arrow on the emitter in the symbol for the

P-N-P transistor shown in Fig. 3(b) indicates this. Note that the arrow is always
.directed frnm P to N, so the direction of the arrow alone is ‘enough to distinguish

“between N-P-N and P-N-P trarsistors.

In order to bias the emitter Junction of a P-N-P tranaiator in the
forward direcﬁion, it is necessa.ry to make the base negative relative to the
emitter. Similarly, to glve the collector junction a reverse bias it 1s
necessary to make the base msitiwie to the collector. These are just the o;:posite‘s
of what was needed in an N-P-N transistor. VIn a circuit, a P-N-P transistor can
replace a similar N-P-N transisto;' provided the polarities of all bias ":l:atteries

are reversed.
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The* Transistor Amplifier oo

- .

* Figure L is a -diagz'am of a basic transistor amplifier. The arrow
( . N _ e et 4

S - i
P o C - ® ' ’
. b +
Y ol
L —
N . +A~ ; vCE
VB '
v B -
s -

Fig. 9-4 -

on the emitter shows the transitor to-be a N-P-N transistor.. The batteries VCC

- and VBB provides bilasing-and the source vy provides the signal which is to be

amplified.

The behavior, of the transistor can be described in terms of its terminal _

i

iréJ.tages and currents. By KirchhofI's voltage law vhe three possible vol-f.ages
) ey

~ across the fransistor terminals are related by

BE " VCE , (9'1)_

Thus, giving two of the vﬁltages will determine the third; only two of them are in-

dependent. ?%ilarly the three currents are related by

-

iEﬂi

s+ ig S (9-2{

and again only two of the currents are independent.

s

- T
>

Nov, in order to determine how the two voltages and the two currents

are related, we vary some of them and measure the variations in the others.

1

A ;
E,tmc e :
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K,..\
i
L

-
L o ; Co. L \ AR % 0 T 9.5
(It is not 1mportant how they are varied, it can be done by changmg V
B ) Typlcal curves obtaJ.ned are shown im Flg 5. To get a complete ;des-
crlptlon of the current-voltage ,.elatlonshlps two famllies of curves are required. g
7 . al | | S | ¥ T
“ o 9606\0 } 4 -
. _ " 30lZ8 TYPICAL COLLECTOR(OUTPUT) |
s < S T CHARACTERISTICS
: : : WA -] |~ TwE N2
. z S o) GROUNDED EMITTER ]
o / = // 30 o Te2s% -
| E 2 ] _}’—‘ | t
s i w " >
3 uf> g2
// l
2 g 0 — ‘!.'zm‘o
| : —— |, f
4 . 5 8 3. imd , V‘
i i i i L cr . . ) : CoT / .
42 2 4 5 & TV 0 20 40 60 60 100 RO 140 I60 8O 200 i
BASE (INPUT) CHARACTERISTICS ' COLLECTOR VOLTAGE, Vo W vouLTs o
FIG.5 TRANSISTOR CHARACTERISTICS . .

In one family of curves the output (collector to emitter) voltage is held

constant at some value and a plot of the variation of base current with input '
i

R S g Sy

(base to emltter) voltage is made. This is repeated with v, held at other

constant values. Figure 5(a) showe that there Lisn't much variation- in this input

- ii-}.‘ . In order to analyze the operation of the amplifier shown in Fig. 4,

TR
—

CE—

characterigtic as v varles from 1 to 15 volts.

CE -
The second family of curves is obta:.ned by holding the base current

constant and plotting variatlons of output ( collector) current- with output
(collector to emitter) voltae;e. The result is shown in Fig. 5(b) Note that
eVe.n with zero base current there is some output current which is spproximately ICOHS*@W
f_or all values of VCE' Note the common features of this family of collector
-characterlstic curves. Except for low values of VCE’ the curves are almost

horlzontal lines with small upward. slopes. They are aJ.most evenly spaced for

equal increments in base current. . )

we write two loop equations around the base-emitter loop and .the.collector-
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- emitter loop. -

.

Th.u.sA: ‘ . ) . o - - R ! ‘

- eg - Vip - Vet Riip =0 (9-3)
S o Voo rVep T Bl =0 . ¢ (9-4)

Solving these for ip and i, leads to L Ce

: Vo = V v

BB EE s »
/ i = + = (9"5)

B Rl - Rl -

< "»L‘,ﬁ
‘ VL Vi

- , ¢ _ CE° -6
. | (9-6)

These are two ‘eq_uations in four unknowns. TwWo more relatibnsh’ips among

>

the urﬂmowns‘- aré required for a solution. And we do have. two éuch relationships

given by the transistor characteristics in Fig. 5. _The input characteristic shows

BE
Hence, to a first approximation, it can be neglected in Eg.(9-5) and this Gequq.tion

that v, is small; it is normally small (one tenth or less) compared with Vip?

" can %o rewritten as .
\'f v

a : s R YR "It .

where i_ = vq/Rl‘ is the signal current and, it is assumed that v_ is a time-
varying voltage whose average value is zero; ‘IB = VBB/Ri is, hence, the average
"~ - value of the base current. .

Equation (9-6) is the equation of a straight line whose variables are

~

. El{[( . L}

L
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. graphlcal ‘snalysis of a diode c1rcuit ) The signal voltage Vs is time varying-

.z' = g e T 3 . s
. the coordinates of the collector characteristic shown in Fig. 5(b). This )

- straight line can be superimposed on the c’olleetdr curves . 85 shown 1n Fig. 6.

"+ of the intersectlon of the load line’ and the appropriate iB curve. Thus, as the

N - N v j_‘ ®

i i

Fig. 9-6
" This line is called the Load line. (You will recall a similar

and w:.ll cause the base current i to vary ~ For any instantaneous value of iB

the corresponding value of 10 and VCC can be determined by noting the coordinates

e e e

kt

LS
£
¢
()
;
{

. ;gerating mintrwand is labeled Q in Fig..6.

51gnal voltage ‘'varies, the collector current and VC will both change, but in .
such a way ‘chat their values will always lie on the load line.
2. " When the signal current (i =V /R ) is zero, the.base current iy will

have- its average value I (Eq. 9-7). The intersection of the load line with the, |

'B~curve corresponding to this average value of base current I is called the . ),

It is of interest to determine the variations in collector _(outpnt)
current~as & function of the signal current 1 . This can Nbe done by aesuming
positive and negative values of i g? adding I (the average base current) to get

B’ then reading the corresponding value of i from the intersection of the load

lirie with the corresponding curve. The result is graph shown in Fig. 7.
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9-8.‘10 ?

cut
.o £

: \;V y - L 4 " N i
cc —>
‘ . ~Ig= 'Y.@E . (p)
Fig. 9-7 Rl

(a)

Over a substantial part of the range this curve is approximately linear indicating

a tha{: _thé output ( colleetorj current is approximately proportional to the input
(sAignal‘) current,. the proportionality consi‘;ant being. the slope of the curve. '
~ When the signal currént becomes sufficiently negative, thé collector

3

is eut off and nd collector current flows. At the other end, for large positive

values of signal current » the collector current reaches aamaximum é.ngl from then’

<>

on 1t is saturated. If an input signal is to be reproduced faithfully, its . ()

3 amplitude is limited by these considerations. In the design of the amplifier
the operating xioint must- be so chosen that the point i g = 0.falls near the center
~of the linear portion of the curve of Fig. 7, assuming that the sigdal current

has equal positive and negative peaks, like a sinusoid.

do

- Example: Let the curves in Fig. 8 be the approximate collector

characteristics of an N-P-N junction transistor to be used in the amplifier cir-

L
Eat the

cuit of Fig. 9. The bias battery voltages are 'VCC =V
K ohms.

BB-lSvolts and R.. =

3 15 It is required to find the value of RL which will cause \rc

3 operating point to be 10 volts. It is also required to determine the peak value ,

of signal voli;age which can be axxipliﬁed wii;hbut distortion.

e
e

LEMC . : .
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P

— 1y )
5
01- A
: .
1
= i5 ’
1048 2. -
- _ ' 1
. f : -
L \ . oV e
5 1o lr5 CE ‘ |
Fig. 9-8 - : R - Fis- 9<9.

Bﬁ can be neglected relative to V
|

(15 volts), the average value of base current: will be 1_ = l5/7$00 = 0.2 ma.

L Making the approximation that v

B
_ The coordinates of the operating po:.nt will then 'be vC = 10, ic = 10 as shownaby
the X in Fig. 8. Since another point gn the load line is‘vCE =15, i, = 0, the

load line can nov} be drawn, giving an intercept on the iC axis of %0 ma.- The

result is shown in Fig. 10. The:slope of the load line is found to be

23

“—f—ﬁ—ﬁﬂﬁﬁ—%e——ﬁoﬂq—{%) ﬂm—s]:oye—ts—‘—lfitfﬁenc&—n =

00 ohms .

Assume that, the 1nput signal v has equal positive and negative

s
peaks (for example » the output of 8 phonograph pickup would be such & sym-

métri :al wave). This sigaual would cause i_ to vary along the load line, arouqd

B
the operating point Q. I® the signal were -large enough, the bas_e current cQuJ.c_l

&o negative ) d.riving i, to cut-ofi’ ( Fig. '{b) Under this condition, ‘the output

<.
of the ampliﬁer would Te distorted, 'a portion of the input signal Vg ‘would be
lOSto . ‘. CAM. ——
. i = .6
304 B
§<,5
~S b

ut
5
[
w




. . 9.10 - . . “ " . ﬂw : d

\ ) « . = . .
- - - s
«

s N

. Since from Eq. (9-'{) the totel «base current equals the average value’ plus the

= voms

s:.gnal current ) the regative peak of the signal current ‘should not eXceed 0. 2 ma,

since Iy < 0.2. This means that the largest base current will be 1& ma.

E ‘The characteristlcs show that the output current is-linearly related to
5 the .base current gver s base current range from O to 6ma. If the operating point

can be moved to the center of this range , then a signal having a larger pea.k-to-
peak value could be amplified without distortion. f

Gt Find the value of R and RL required to move the operating po:l,nt to
iB = 5ma, CE = 7.5 volts - . Rl 50!( . -
. E ) = 500 ohms

S ———

sk
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Symbols for Circuit Variables

% h The symbols we have been u31ng for the voltages and currents in.a transistor -
amplifier(such as in Fig. ll, below) have been lower case (small) v and i vith
upper,case (capital) letter subscripts These capital,subscripts refer to the
total instantaneous values. In discussing t&e operation of amplifiers we wi;l

have occasion to talk about both the eVerage values of voltages and currents
as well as their instantaneots values., Furthermore, these voltages and currentef;
can be ﬁrittenvas the sum of their arerége_talue plus an alternating comtonent
whose average.Value is zero.. SO'tﬁere isimeed for other symbols to designate
these alternating components.

The followlng conventions will bo used.

Q ) 1. Capital letters with repeated capital subscripts will represent supply or \

;———»Afv—gggg—seureesv-¥husj—¥-——is—the—eollector_supply;xoltage4uuliﬁ§ris_the_hase_hias
voltagei "(Note the two subscripts are the same.)
2. Capital letters with capital subscripts, either single or two different
'letters, will represent average values. -Thus, IB is the a&erage base current
and VVE is the average collector to emitter voltage;
3. _Loﬁer case letters with capital subscripts; wither single or double, will
represent total instantaneous values. Thus, Veg is the total base to emitter
voltage; an average value tlus an a-c component. {Note, in case of double
subscripts, the tuo sutscripts~are different.)
4. lower case letters with lower case subscripts yili represent instantaneous
values.of alternating components. Thus, ie is the alternatiﬁg compooent of
emitter current and Vpe is the elternating component of basesto-emitter voltage

0
' (their average values will be &ero).

O
ERIC

277



.9"12- R . : o s

1

.

. 5. - Capital letters with lower case subscripts will refer to the-rms values
of alternating components. Thus 5 I -will be the rms value of i ! and V.b w:.ll be

tﬁ‘“rms value of Vpe'

Self-‘l‘est. Can’ you select the correct answers to the following questicns?
There may ‘be more than one correct answer. (Check your enswers against those |
given i1 the footnote ; below.)

CE

1. " The term "v
- A. The instantanpeous voltage from collector to emitter.

" designates

B. The sumofv andiRL

C. The sum of VCE | -

2. The term V,D e refers to » '
A, The average va.lue of base-to-emitter voltage.
B. The rms value of base—to-emitter voltage.

[

¢, me—va;ue-cf—z-&

_ L
3 ‘  The averasge value of collector-to-emitter voltage is
L oA Ve Lo _ \u
c. Vce

Answers: 1. A,C; 2. B,C; 50 A,Bo
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~

Power in the Collector-Circuit -

collector and enu.tter terminals of the transistor, the supply voltage V

Having established the convention for the notations to be used, l'et us

concentrate on the collector circuit of Fig. 1l -=—-—-— - the loop ;t‘ormed by the

and

the load resistance RL. Interest is to be focussed on three aspects of power )

(1) the power supplied by the source, (2) the power dissipated in the transistor,

and (3) the power dissi'patéd in the load. We will more specifically, be -

interested in.the gverage power supplied by or dissipated in each cbmi)onent

in the.collector circuit.

and curren.s in terms of average and alternating components. Thus

We assume that the alternating components, have zero average values.

The first step will be to write expressions fur the pertinent voltages

(9-8)

(9-9)

The instantaneous values of the power supplied by the source (pcc),the

power dissipated in RI!<PL)’ and the power dissipated in the collector (pc) are

Pac = Vecle = Vocte * Vecle

2 e 2. .2
P, =Rple =Bp(Tg+ 107 = Rlg + Ryly + 2RlToh

Py = Vople =(v +"ce) (Ic-i-i)

IC+V i +V 1 -iIcvce

= Vor

Q
ERIC

(9-10)

(9-11)

(9-12)
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9-14
Let us represent the average powers by capital P's and note that the average
valuer cﬁ" the alternating cdmpogents are zero. We now take 'thé/éWéi‘égé value of ~ ~ °

each.of the last three expressions. We find:

e

Feo = VocTe - ' o (93)

! 2 ; 2
PL = RLIC- + average valge of RLic

_ R T2, 2 - :
=R I+ _RLIc . (9-14)

PC = VCEIC + average value of vceic

P

L o= VCEIC + VCGIC ' . (9-15)
Thus, the average power delivered by the supply source is not influenced by the
presence or absence of ‘s signal. On the other hand, both the average load power E ]

.. ..and the a.v,ér'ase power dissipated in the transistor ma:eﬁdependent ‘on the aignai]..

3 Note from Eq (9-1%) that the average load power has contributions from & dc com=-
ponent Rng and from an ac component, RLI?: 3 ( Remember that Ic is the rms value

of the ac component of the collector current.) The same is true of the average .

3

collector power (dissipated in the transistor).

The three average powers can be related by noting that

TS,

ver = Voo = Bric o i (9a8)

i

3 when this is used in Eq. (9-12) ihstead of the alternative expression for Vem
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I 9-15

given in Eq. (9-9),- the result for the instantaneous collector power becomes .
' 2 , 2 ,
Be = Voole - Bric = VeolTo * 1c) - Bylfg * 1) ”
. /
Taking the average value leads to
P, = v I - (ﬁ e + R IZ) (9-17)J
Veete Lic BRI
average pover dc component ac component
¢ supplied by *  of average of average
source - load power load power
[N . 2 '
or . _ ‘ ) . .
Po = By - B - i (9-18)

Under quiescent (no-signal) operating conditions, the average load power
is just Rng. With a signal, this average load power incresses to RL(Ig. + 19).

Since the average power delivered by the source is constant, this means that,

the average power diss:.pated. in the tra.nsistor decrea.sed wrbh an increasing si@al

level. The maximum collector dissipation occurs with no signal. If we la'bel
this qo]zlector dissipation with no signal as PCO s the collector‘dissipation
can be expressed in terms of:

Py - RLI§ - (9-19)

where

Poo = IglVge = Rplg)

Example

Problem  An N-P-N junction transis‘oor is used in the ampliﬁ.er circuit of

Fig. 11. The transistor has a maximum permissible power dissipation of 2.3 watts.

&y ‘lM— i
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)

The source voltages are VCC = 10 and VBB = 14 volts and the resistors have the
values ,Rl = 2000 and RL
" mately horizontal lines with ic = 6OiB. A sinusoidal voltage signal VS having an = |

= 1C ohlms. The collector characteristics are approxi-
amplitude-of 12.5 volts is applied. _ Finq. the average powers PC’ PL and ?CC bot1.1
under quiescent -conditions and with the signal. DNote whether or not the
permissible dissipation is exceeded in either case.
We first find the average base current to be I = 14/2000 = Tma, assuming
VBE to be small compared V{ith 14. The average collector current is then
I, = 60 x 7 = 420ma. | | ,
The average power delivered b& the source will be 10(.42) = 4.2 watts. Under
quiesi:ent conditions the power dissipated ig the load will be 10(.42 )2 = 1;76 watts.
Hence, the collector dissipation will be 4.2 - 1.76 = 2.44 watts, which exceeds (7

the maximum permissible. . _
X ~ ' 1—2—2 . —;‘-— . =
The rms:value of the current in the load resistor will be e 5000 60

265 ma. Hence, the additional average load pover will be 10(.265)° = .70 vatt
giving a total average load power of 2.46. The collector dissipation is now re- .
- duced to 4.20 - 2.46 = 1.Th watts, a safe value.

As the dynamic operating point (to.be distinguished from the quiescent

operating point, with no signal) moves up and down the load line , the
instantaneous power dissipated in the collector changes. It is useful for the
circuit; designer to have a curve on which the collector dissipation is constant.
. ~8uch a curve is obtained by setting B in Eq. (9-12) equal to a constant. In
particular, ‘i;t‘ the constant is the maximum 'permissible dissipation, labeled
Py Ve ViLL get '

e

Vople = Pap (9-20)
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o

" since P, isa constant, this is .the equation of & hyperbola. It is shown in

Fig. 9-12 superimposed on a set of collector characteristics. For a given

o4
Verte = Pam ‘
>~ Vop
Fig. 9-12
: application, the amplifier should be so designed that the ioad line is- tangent

to or falls below this maximum dissipation hyperbola.

.

st

—
|
i
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Models of a Transistor

9-19

- pertinent physical principles in such detail as will permit us to carry out such -

reverse-blased when the opp031te 1s true With the blases shown in Fig. 9-2, the
.electrons which are injected into the base from the emitter diffuse through the base

‘ biased collector Junctioh, there is a strong field pulling these electrons from

9

There are two\zfys in which one can proceed to obtaln models, or eq_;valent
circuits, of a transistor to use in assessing its behavier when it is connected
in a network. One approach could be to study the transistor's physical principles
and to arrive at equations expressed in terms of its terminal voltages and currents;
these equations weuld contain expressions for such physical parameters as concen-
trations of holes end electrons in the P-region and N-region, diffusion lengths
for holee'and electrons, the charge ef an electron, etc:v These,equations could
then be related to 'an equivalent circuit. In this text, we shall not study the
an analysis. >
We have, however, discussed seme.of the elementary pringiples sufficiently

to have a qualitative appreciation of some properties of a transister. Consider

Ct

again the diagrams of Fig. 9-1 and Fig. 9-2 and remember that a P-N junction is i

forward-biased. when the P-region is made positive relative to N-region, and is

emitter junction is forward-biased and the collector Junctlon reverse-blased. The

»

region without much recombination, as already discussed. Because of the reverse-

the base into the collector. Thus, the collector current is almost equal to the

emitter current.

Let us write

i, =qi ‘ | (9-21)

when o is an amplification factor whose value is lees than 1, but very close

to 1. (A typical value is @ = .98). Actually, for the amplifier connection we
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have been discussing, we are more interested in the amplification relating ié to iB‘

Such a relationship can be obtained by solving Eq. (9-21) for iE and sugsfiﬁuﬁiﬁg"

into Bq. (9-2). The result will be.

e = ‘:'L%"a g = Pip ’ (9-22)
where
. Beig (9-23)

-
o

is the base-to-collector amplification factor. The clqsér a is to unity, the greater

the valﬁe of B. (For a = .98, B = 49).

Indeed, Eq. (9-22) is an analytical expression representing the family of col-
lector characteristic curves. It givés a family of horizontal lines, on thé iC.VCE
} axes, which are eqpaily spaced for equal changes in iB' It is'thus an idealized
characteristic. ;t is now poséible fo draw a model representin§;£his behaviér of a

transistor, as shown in Figr 9-13a,.

s '
&
ig Pig i, r) : g
P S e T e M\ .
O —° —— — OBJ. °
l - ip =v B
1y =(148)ig - I °
e o ) »
(a) Fig. 915 (b)

The current source whose value is ﬁiB is a dependent source (also called a
controlled source). Such a source is different from phe kind of current source
we have considered up till now which, by contrast, can be called an independent
source. The value of the sourée current in Fig. 9-13%a is dependen@ on the current
somewhere else. Such dependent sources are ch;racteristic of -the models for the

.transistor and other electronic devices.

o o
- ERIC
L
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B

The circuit of Fig. 9-13a represents only the most important property of “the

transistor, its current amplification. It does not, however, account for some

‘other effects. Sometimes it is important to take such secondary effects into ac-

count. The model in Fig. 9-13b gives a better approximation to the behavior of
the transistor. The battéry Vo accounts for the base-tééemitter voltage which is

typically less than one volt. (About .2 volt for“ggpmanium and .5 volt for silicon -

b
the small voltage from the base terminal of tﬂe-transistor to the iﬂterior of the

' transistor;.) The resistor r', called the base spreading resistance, accounts for

7.

- base region. (A typical value of ré is 100 ohms.) And, finally, the current
source labeled ICEO is' the collector current when the base current is zero. From

Fig. 9-13b, the collector current has the value

lC = ﬁlB + ICEU : (9‘2,'1’)
The effect of IQEO is to cause the family of collector characteri;tics to
start with a non-zero value of i, when ip = 0. ICEO is quite sensitive to variations

in temperature. It is typically zero at 2500 but becomes 10 ma. at 17500 (for a

transistor whose maximum collector current is 30 ma.).

Small-signal Models

Up to this point, the transistor currents and voltages that have been undér
discussion have been the Egﬁg;linstantaneous values. TheseAtotaJ‘values have con-
tributions from two sources, (1) from the bias sources, which serve to fix the
épiescent operating point, and (2) fromAsignals applied at the input. Once tue
qQuiescent operating point of the device.has been fixed, we are.subseqpéntly inter-
ested in.the yariations of output that take place as a consequence of the signal.
It would, therefore, be‘conVenient to deal only with these incremental changes

from the average values; for example, with 1ce.gpqrvceiygthey thggﬁlCE”§g§7VCE:‘777W7w
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9-22 : - E

Tﬁ’e model of a transistor which we shall now develop is obtained by an approach

“based on ‘émﬁifiic”é,];.ly ‘obtained measurements 6f the 'cerminal vcharactenstms of a -

traisistor » rather than from a st dy of‘ the physical principles of semiconductor
junctigns.

To start the discussion, note that of the four terminal varia’tg}zgs of the tran-
sistor (VBE, -iB’ YC-E 5 _iC), two can be expressed ss functions of the gther two. Look

at the base and collector characteristics in Fig. 9-5. If we take i and v._ as

. B CE
independent variables, then we can write
VBE =..f (lB) VCE) ’ ) (9'25)
i = (4 4 ' ' -
lC fa\lB) VCE) N (9 26)

vhere fl and f2 are two-functions of iB and Vog which are represented graphically
by the curves in Fig. 9-5. Now suppose that both iB and VCE take on increments
from their operating values. Then both VBE and iC will take Bn increments from

their respective operé.ting‘ values. To a first approximation, the increments in the

dependent varisbles will: be linearly related to those of the independent variables. )

¢

gy = a;AiB LW (a)
B . (9-27)*
Ay = a iy + 8 AV, (v)

These can be obtained more rigorously by expanding the tunctions in Egs. (9-25) and
(9-26) in Taylor sgries about the operating point. Thus

Voo, =.V + a"]3E ai o+ ?Y_I_B_E_ Qv+ ﬁerms containing }
BEOBEy operating 5]'B B aVCE CE ~ (higher derlvatlives
point

- The partial derivatives are to be evaluated at the operating point. If higher order
terms are neglected, and we note that Vep~V ) is simply the incre-
ment in vo,, the result follows. . at operating point

3
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The coefficients a8 to &) are simply constants. Intrerpretations-for these constanis

can be obtained by solving for them from the equations themselves. Thus,

Y

| B
Ak pany

when AVCE =0 (a)

8, = 7T— when Mg =0, () |
(9-28)
3 =&, when AVCE =0 (e)

-, Q. .

-

&), = Ay whenA:.B=O '

Furt':her interpretations are obtained graphically from the transistor characteristic -

curves. Consider Eq. (9-28d) for a, . Holding the increment of i. at zero means
" increment

B
the value of iy stays constant. Thus, let Fig. 9-lka be a callector characteristic

and let the coordinates of Q be the operating values

curve for a fixed value of iB

of J‘ié and VCE- We are to hold iB constant at this value while ic
9

The ratio of Aic to AVCE is simply the slope,of the curve, provided the curve is 3

and vCE change.

approﬁcime,tely linear.

@ic AL
: iB5
E - iBll'
3 [
=z -f““—l‘__ Alc b fl o -
: N | i
Av o lCS-.._. e B3
CE . | i
3 = 102 40 _ : B2
4 3
Y .y Il J.B]_> .
() > YcE o) > VeE
S . L e e e (b)) - _ o
1 (2) Fig. 9-1k4
.0
EI:MC
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" the tangent to the curve at the point Q, provided the increments Adc and Av__ are

CE
"small". ‘

Now look at ‘the interpretation of 85 in Eq. (9-28c). Let Q in Fig. 9-1lb be
the operating point. ANCE = 0 means we are to hold the value of VCE constant. Thus,
however iB and iC change, the new operuting point must lie on the vertical line passing
throygh Q. Thus, if ip changes from 1B5 to iBh’ then iC will change from 103 to lch‘
so,,a5 will be the ratio of ick - 105 to iBh - iBB' Similar interpretations can be

given for a, and g
1 2

-

Glance back at Egs. (9-27 or (9-28). The a's do not all have the same dimensions.

Thus , a3 is dimensionless and a), is a conductance. It is therefore more appropriate
to give them more suggestive symbols. Earlier, we had introduced a notational scheme
for expression varying components of the transistor currents and voltage{ We will

use this scheme and rewrite Egs. (9-27) as follows.

Vbe = I'].].ib * “vcé ’ (a)
(9-29)
1o = by * 8oV,
Remember that the 3oltage gnd current symbolé here stand for changes, variations or
increments in the instantaneous yalues. Thus, ib is not the base current but the.
incremental base current. '
< We now have a set of equations; the next task is to draw a model which these
equations imply. The first equation is suggestive of Kirchhoff's voltage law; the
voltage Vhe equals the sum of t&o voltages. One of these two is the droﬁ across s

resistor ryys the other appears to be a dependent source. A similar analysis can

be made of the second equation. Remembering that ie = ic+ib, the result is the net-

work shown in Fig. 9-15,

Q
ERIC

: )
But even if there is some curvature in the curve, this ratio will approximately equal ™ -
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Fig. 9-15

This network is a model of a transistor. Remember the conditions under which
it was derived. It does not give relationships'among thé total currenté and voltages
but only among changes in these currentS‘éﬁd voltages around their operating values.

.The model inéludes fwo dependent sourcés; one a current source, tﬂe ;ther a voltage
f.sogrce. Note that if the collector terminal is shorted to the emitter, then i,

edyals'aib and so P is the ghort circuit incremental current gain. It has the same

value as the previously introduced B. Note also that no bias batteries-appear in -
this incremental model.

;‘ On comparing this small-signal model with the model shown in Fig. 9-13, one cén,,v

note that if r and g22 are all zero, the small-signal model reduces to the

11? K,
model in Fig. 9-13a. Thus, the basic nature of a transistor is a current amplifier;

the other parameters simply measure the extent to which the trensistor deviates from
this ideal behavior. Because the parameters of this model are dimensionally so
heterogeneous, it is called the hybrid model and the four parameters are called the
hybrid parameters.

This model of a transistor can be use& in the calculation of the gain of an

-amplifier. Figure 9-16 shows a typical transistor amplifier. It is desired to

( ~) determine the small-signal voltage gain vLS/vS, where vs is the signal voltage and

3
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v, 1is the component of the voltage across R. due to the signal. It is also de-

Ls

sired to estimate the error in i

L

b thet would result if @ were neglected. The

parameters of the model are r 1 = 1 kilohm, B = 60, ﬁ =4 x 10‘1'L = 25 micro-

1 s 8o

mhos ; also R = 4 kilohms.

nr

2 volts

(=) S W
Fig. 9-16 '

The first step is to draw the small-signal equivalent circuit. This is done
by replacing the transistor with its small-signal model, removing all biasing sources
and leaving evérything else as is. The result is the diagram of Fié. §-l6. ,Lef RA

_be'the parallel combination of the two resistors RL and.l/gge. That is,

R
= 1 + L R, - 4000 g = ,4?.0?. = 3,64 kilohms.
€227, © 1 + 4000 x 25 x 10 : :

= B
I
i

The incremental load voltage is

V. =V =-BibR=-.218x1061

Ls ce b

Now this can be substituted for the dependent voltage source in the base circuit.
The voltage of this source becomes - pBRib. This is the same voltagé that would
be obtained if a current ib were flowing through a negative resistance - pfR. Thﬁs,

the base circuit can be redraw: as shown in Fig. 9-17. The negative resistance - ppR

subtracts from Rl + rll'

Q9
ERIC
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Fig. 9-17

The incremental base current can now be found to be

S

v v v

_— S s _ s _ s 1 4
T R, + 71, - #PR 21000 - 87.2 ~ 21000 , _ 8[.8 :
21000

v ' v
S 1 - —5_
= 31000 1 - .00his = 1+0% Ziogo amP

Note that, if W were neglected and assumed to be zero, i, would be simply

b
vs/2lOOO. Thus, the error in neglecting p would be only about .4 per cent,

which is certainlf toierable. (In fact, actual éésiétérs uséd for él and
RL would.héve'tolerapces of 5 to 20 per cent, so that the additional -k
per cent error would be completely negligible.)

To complete the problem, the valﬁe of ib Just found is substitufed
into the previously found expression for load Vqltage to yield, for the

voltage gain,

= -BR = -BR = - ..
Rl + 1, - WBR Rl Fr = - 10.4 (9-20)

"Ls
lvs 11

Note that the gain is a negative number. Thus, if the signal is sinusoidal, the
output signal voltage will have a phase angle of 180° relative to the input signal,
§ and its amplitude will be 10.4 times larger.

3 In this example, all the transistor and circuit parameter values were given

!E ) and the gain was calculated. However, the expression for the gain can be examined
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to see what changes might be made to increase the gain. Of the four quantities

on the right side gf Fq. (9-50?, B and r,, are fixed by the transistor. (Their
values also depend on the location of the quicscent operating point; thus B depends
on the separation of the curves in the family of_collectér characterisfic curves

and a glance at Fig. 9-5 shows that this~separation depends on where the quiescent
point is located. However, if we assume that the quiescent point‘remains somewhere
near the center of the qpadrant, the variations of the transistor parameters due to .
changes in the operatlng p01nt -~ which are determlned by the external circuit param-
eters = will be secondary. To & flrst approximation we can claim that Bsand r

1
depend only on the transistor.)} Rl is an external resistor and R is a combination

\

of an external resistor and the transistor parameter g22. However, for the values

in this example, the difference'between R and RL is less than ten per cent. Thus,

: R can be looked upon as an external parameter.

For a given transistor, then, in oféer to increase the émplifier gain we should
increase R (which means increase RL) or decreésé R » or both. But note that RL and
Rl help to establish the load line and fix the quiescent point, so we are not at
liberty to change these values at will. A coﬁpromise must be reached betweeh desir-
‘able quiescent point and large gaiﬁ.

One additional vériable available for achieving desired objectives is the tran-
sistor itself. It would be desirable to have transistors with large values of B and

small values of rll' The engineer wanting-to optimize a circuit muét have knowledge

ol the characteristics of a wide range of transistors; this is a by-produce of ex-

O

Pperience. With the introduction provided here, you can now interpret many transistor
characteristic curves, you can design a variety of simple amplifiers, and you can

begin to acquire this valuable engineering experience.
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i

Practical Considerations in Amplifier Operation

In the preceding work, consideration was g;ven only to the most basic amplifier
configugation. Thié included two bias sources, one for the collector ané one for
[, in the collector circuit and Rl in the base circuit.
Collectively, these quantities served to establish the load line and fix the operat-

the base, and twoipesistors, R

ing point on the load Line.

One hallmaxk of an enginéer is to see if he can accomplish a given task more
simply, with fewer components. One candidate for such simplification is the use of
two batteries for biasing purposes; can only one battery do the job? The question

is answered in Fig. 9-18.  The diagram in (a) shows an arrangement which uses only

Fig . 9-].8

one battery but which is equivalent to the arrangement in (b). (If you don't see
this quickly, look back at the discussidn of the shifting of sources in éec. 2-6.)
The only difficulty here is that we are constrained to have the same value of biasing
source in both collector and base circuits. We need to have some‘aay of adjusting
the value of the base biasing battery voltage independently from that of the col~
lector biasing battery. -

This objective can be achieved by the arrangement shown in Fig. 9-19a. An

extra resistor has been added in the bcse circuit forming a voltage-dlfider arrange-

hent.. Lﬁ the structure to the left of the dashed vertical line is replaced by a
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(b)Y

Fig. 9-19

1 - .
Thevenin equivalent the result is as shown in Fig. 9-19b, where

VeB "R + & ' (2) :
a b . i
(9-31) .
R_R
a' b .
M =R +R (b)
a b . ,

The final amplifier diagram has the arrangement shown ir Fig. 9-19c. Note that the
original two batteries and two resistors have been replaced by one battery and three
resistors. k

In a given problem if the com$onent falue5~a£eréivén aﬁd it is required to
determine the quiescent operating point and the load line, Egs. (9-31) are used to
fix the values in the configuration of Fig. 9-19b. The rest of the procedure is
then the same as previously described. On the other hand, if tpe problem ig one of
désign, and the desired operating characteristics are éiven -- such as largest‘signal
amplitude with least distortion, which approximately fixes the Q point and the load
line -- the problem being to aetermine appropriate component values, one has to work

backwards. Thus, for Fig. 9-19b, the base current.can be found, using Egs. (9-31),

to be
V
, _.B_1
B Rl Ra
{
Q.
ERIC
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Thus, with V determined from the load line and iB fixed by the quiescent point,

Ra becomes known. There still remains to determine Rb from Egs. (9-51). Since

BB BT Rl in Fig. 9-19b, nor Rb in Fig. 9-19¢, have been fixed By anything

specified to this point, only practical considerations and convenience will limit

neither V

you in selecting their values. Fbr example, you would not want Rb to be either very
large (such as several million ohms) or very small (such as only a few oﬁms) as
resistors in these sizes are expensive and‘fragile. Thus, if you are designiné a
circuit like Fig. 9-19c, you are free to choose any convenient value of Rb' How- —— ]
ever, you should be forewarned that other modifications in the amplifier circuit will
‘be introduced, below. They will put further limits on you in selecting your circuit

parameters.

At this point, iet us use the model of Fig. 9-13 in the amplifier circuit of

—

U Fig. 9-19b to find an analytical expression for the dc collector current in order

to,invespigate the factors on which it depends. The resulting network, which applies
for the average values IB and IC (remember the notation), is shown in Fig. 9-20.

By writing a voltage equation around the left-hand loop, IB can be found. Then,

~L
/N\CEO
v - L
5 WA @) ek
M s < %
‘?l LB /BLB QL
¢ — T— T —
Voo T T % =V
e

Fig. 9-20

a node equation at the upper right node givesfan‘expreésion~fo; IC. Thusy

' = -
IB(R i) =V =V,

1T
( y : _
\ , Io =8Iz * Iopo _ ©(9-32)
L) |
¢ =R +7} CEO
Q . .
ERIC -
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In the last expression, the quantities that are transistor parameters are

B, VO’ ICEO and ré. It has already been pointed out that IC is ﬁemperature

EO
dependent. The sameh;s'true of V. Thus, I, and the operating point will change

0
with temperature. Furthermore, the value of B fpr a given type of transistor
varies.from one individusl transistor to another, simply because of manufacturing
problems, and this v?fiation can be by a factor of as much as 3 or 4. Since B
is a multiplying faétor in ohe term ip Eq. (9-32), IC will chgnge radically with
such changes in B. A modification in the amplifier circuit is needed.that will
tend to compensate for changes iﬁ transistor parameters such as B.

A revie& of the steps in arriving at Eq. (9-32) shows that, although there
are two loops in Fig. 9-20, fhe base current is found frqm the left-<hand loop in-
‘dependently of the collecfor current. Thus, any changes in the collector current
dﬁe to changes in B, say, are not reflected b;ck to influence the basé currént - ‘ )
we say there is no "coupling" between the two loops. This would not be the case -
if theré were a resistor in the branch between two loops; that is? if a resistor
were comnected to the emitter in Fig. 9.192' Such a resistor .is addeé in the

amplifier circuit and its model shown in Fig. 9-21. This resistor tends to compensate

for changes in B.

Fig. 9-21

(4

ERIC
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~ "quantities. T T

With this change, the equations written earlier now become

' - ,- -
(rb +R o+ Re)IB + RIy = Vg - Vg (a)
(9-33)
I, = Blg + Lo, (b)
When these are solved for IB and IC , the result will be
L. Ves - Vo - Relemo " (9-34)
-— ' - D
B r, +R + (p+l )Re
- ‘ - :
L. s(vBB VO) . rp ¥R + R, ] (9-35)
= ' Ol ~ ~.
C r) +R + (s+l)Re . Tyt Ry (B+l)‘Re JEO

(Verify that these reduce to the previous expressions when Re = 0.) Consider the
first of these for IB. Suppose there-_is a positive increment in either ICEO or B.
An increase in ,ﬁ increases the denominator and thus causes a decrease of IB.

Similarly, an increase in ICEO causes ahdecrease of the numerator and again a de-

<

crease of Ig: Thus, an increase in either g or L., , or both, tends to reduce L.

Cons"idering Eq. (9-3%b), 'l;his decrease in IB tends to compensate for the increase
in B or ICEX)’ thqs tending to keep IC constant. The operaticgn of the amplifier will
thus be greatly improved by the addition of Re.

Now concentrate on the last equation for IC (Eq. 9-35). This appears to be
a complic_ated expressior, although it is merely the sum of two terms, It is to
be COmparéd with Eq. (9-32) for the case of no Re' In that expr'e'ssionl the coeffi-

cient of IC is 1. Let us examine what value of Re would be required to meke this

EO
coefficient in Eq. (9-35) considerably less than 1, for typical values of the other

Let us call the coefficient of IC , A, and solve for Re. The result will be

EO
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_. Z
' + K. +R f S
Tp TR TR A : . ;
- =
rl + Ry + (B+l,)Re
or
- i
X (1-)(rp+8, ) (5-36) .
B e A B+l) "l oo gy
Typical values of B, ré and Rl are %0, 100 ohms, and 5-10 kilohms, respectively.
Thus , ré is quite negligible compared to Rl' If we wish the coefficient A to be
0.1, then
Re =1.1 to 2.2 kilohms for Rl = 5 to 10 kilolms.
These are quite reasonable values of Re' Thus, the coefficient Of’ICEO in Eq. (9-35) ]
can be easily made of the order of .l. This meaﬁs, the contribution of ICEO to IC
can be made small enough to neglect. Thus, Eg. (9-35) reduces to
’ !
Ig = f'BiVIEB-zO()ﬁﬂ R ' - (9-37) 7\
, b 1 ' e ]
This equation is quite useful in determining the collector current at the quiescent
point. Of course, this point must also fall on the load line. The equation for
the load line, however, will now be somewhat more complicated due to the appearance
of the emitter resistor Re. Thus, from the collector circuit in Fig. 9-2la, the
following eduation results. 1
Vog =V - (Rp#R )i, - Ryig ' (9-38)
. 3
Not only does Re contribute to the coefficient aof ic, it introduces iB into this ]

equation. -
. ._¢0f_course,wizrcouldmbeueliminatedwthwritingﬁanothen_eqpation_fon_the_base_crn
cuit. However, it would not cause a great error if iB is neglected completely, since

it is quite small ccmparéd with iC’ assuming a large enough B. If i_ is neglected,

B

Eq. (9-38) can be solved for i, to yield ="

C
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— e — R
- \ 1 CE 2
i = — - Voo = - : (9-39)
C RL + he 3L + Re CE RL + Re
Thus, the slope of the load line is determined by the sum of RL and Re » rather than
Just'RL as in the simpler circuit.

The Dynamic Load Line

The introgluction of an emitter resistance has been shown.to stabilize"the

value of collector current against changes in the transistor parameters, g and ICEO N

The same mechanism that brings about this improvement also brings about a reduction

.in the amplification of signals. But, we can modify the circuit further, to prevent

this reduction. As far as the signal components of collector current are concerned,

“we would like to remove Re » yet we would like to keep it thers as far as the dc

component is concerned. This objective can be achieved by placing a capﬁcitor in

parallel: with Re. Such an arrangemen‘& is shown in Fig. 9-22. Re is said to bhe

by-passed and Ce is a by-pass capa‘_cito;;.

vV
(The purpose of Cl‘ and A
"""OUTPUT Co will be discussed in
Cz o the next .few: paragraphs.)

Fig . 9"22

Before considering the influence of the capacit: ' 3,nobte that the battery does

no.t_appeamexplicii;lpdnsi:ea,d,_i;he__tei:minalato»whi¢h..the-.posifci.v.e_temninal-of-_th
O

battery uhould be connected is labeled + Vj it is understood that the other terminsl

of .the bettery is connected to ground, which is designated by the symbol __l_=_ at

the bottom of the diagram.
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e

-~ a by-<pass capacitor must have—a-large-capacitance;—such-as-10-mfd.

Now the average value of the current in a capacitor must be zero. Another way
of saying this is that a capacitor canﬁot carry direct current. Hence, for calcula-
tion of guiescent values, capacitors behave like open circuits and can simply be
removed from .the .circuit and omitted from any calculations. This means, the presence
of Ce in parallel with Re will not influence the value of IC , the average collector
current, obtained in the last section.

Now let us consider the effect of the parallel combination of Re and Ce on tpe

signal components of current. Let the impedance of this combihation be ze and assume

the signal to be sinusoidal of angular frequency w. Then

1
R 3 . .
= _ erCe ) Re (9-1}0)
e R 1. 1+ JuCR .
+ T e e
e JuC

e

If mCeRe is much greater than 1, this expression becomes approximately l/jwce and
the effect of Re has been eliminated. For example, let Re = 500 ohms and let the
lowest frequency signal to be amplified have w = 5000 rad/sec. What value of C,
will cause wCeRe to equal, say, 25 and what will be the Yalue of Ze foir this value

of Ce? The answer will be

C, = 2§/me =10 mfd; and Z = - j20

Now, 20 ohms is practically a short circuit when compared with the value of
'Re = 500 ohms. At higher frequencies this. same value of cal;acitance will make
the value of Ze even smaller and more like a short circuit. For the signal com-
ponents, then, the capacitor can be taken as a short circuit, T,hus eliminating

Re and restoring the signal amplification that we had before adding Re' Note that

As for the capacitors labeled Cl and C. at the input and output of the

2

Q

Rl
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amplifier in Fig. 9-22, they also are effectivel& an open circuit for de calcula-
tions. At the same time, if their values are made large enouéh, each will be ef-
fectively a short circuit at the signal frequehcies. Thus, they have two functions:
(1) to couple the- time-varying pert of the signal into the amplifier and out of it,
and (2) to block out any average comﬁénent it might have. (Why would it be un-
desirable for a signal with a nonzero average value tc be applied to the amplifier?)

Thus, ‘these capacitors are called either of two descriptife names, coupling capacitors

- and also blocking capacitors.

The discussion concerning the effect of the by-pass capacitor has shown that
Ce acts as a short circuit to the signal component of emitter current. Thus, the
voltage across Re is caused only by the average vélue of the emitter current, and
thérefo?é‘remains constant at the value(ReIC. Thus, writing a volfgge equation

around the collector circuit in Fig. 9-22 and solving for i, leads to

iCRL + Vo + ICRe -V f‘O

vV - ReIC

1 P
Lo (o teley o1, o (9:k1)
e R, R CE (

This is tﬁe equation of a straight line. It should be compared with the equation
of the load line for £h§ circuit without ce’ gi?en in Eq. (9-29). Its slope is dif-
ferent,‘as are its intercepts. However, it passes through the same quiescent operat-
ing point, as can be confirmed by setting iC in BEq. (9-41) equal “o its quiescent

value IC’ and noting that the resulting values of VoE in the two equations are the

same. This new line is called the dynamic load line in contrast with the previous

one which is the static load line. Figure 9-23 shows both lines on a set of col-

lector characteristic curves.
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b C
dynamic load line
slope = - 1/R
L
Q -
static load line
\\(\/’ slope = - l/(RL+Re)
YR ¥ — VCE
-
Fig. 9-23%"
Example

To illustrate the above discussion, consider the amplifier shown in Fig. 9-24.

6
i |
* oV=30volts > >< T
X T J 200ua_|_—
c T k@; 4T
1 N © 5 i \ 3 )
o——|‘ _ e J— Q
) . % 100p3
input R K _output ;—\T—'
o 2 l ! e \\
o = © F I, =0
) - , 0O 5 10 15 20 25 % 35 Lo
Fig. 9-24 : Vom

The transistor has a V, = .2 volts. It is desired to have the quiescent operating

point fall at i, = 2.5ma., v

o CE = 15 volts. Draw the static and dynamic load lines

and determine appropriate values for those parameters which are unspecified in the

diagram. Use the collector characteristics shown in the figure.

o
ERIC
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-7 9-29
The value of B in the vi“cinity of tirie Q point is found from the collector curves
to be B # 20. The static load line is easily constructed since it must pass through
CE axis at 5 ma.
Hence, the slope will be

the v, axis at 30 volts and through the Q point. It intersects the i

-

slope = 2 ua L

30 volt- Re + RL

Hence,
=2 _ 6 ki
R, + Ry == 6 kilohms

L
The dynamic load line can now be drawn. Perhaps the simplest way is to note

Stnce R. = 4K, then R = 2K.
e

that it must pass fhrough the Q point and through the point V - ReIC =30 - 2(2.5) =
= 25 volj;s on the VéE axis.
_ It remains to find Ra and Rb' Since the quiescent collector current is known,

Eq. (9-37) gives 4 relationship between VBB and Rl' Tfms,
| 20y \
R, + L2 = 2.5 (VBB .2)
or

R, = BVBB - 43,6 kilohms.

When Egs.(9-31) are used for Rl andVVBB, ‘the result will become a relationship be-

tween Ra and Rb _Thus,

Rg(ello-Ra) . 436

2t R, |
From this expression it is clear that R, must be less than 24OK. There are no other |
restrictions on Ra and Rb Hence, let us arbitrarily choose Ra = 150K. Then, from

the last expression we find R, = 1h1X.
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Thus we have "designed" a transistor amplifier with predetermined characteristics. ‘%-} :
It would still ‘:;e necessary to build this design and try it out in the laboratory. ) |
Some of the values; may need to be adjusted slightly in order to get Jjust the desired
results, but your anslysis has done two things: (1) you have saved a lot of “time and
money in getting a design that should work, and (2) you will understand the effect of
making small adjustments in the values of the different components, to get just/ the
performance you want.

Let us continue with this example and now concentrate on finding the small sig-

nal gain of the a.mplifiei‘ assuming a signsl current i]. (milliamps) is applied. For

this purpose, remember that the capacitors Cl ’ 02 and 05 are assumed to be short cir-

cuits and biasing batteries are removed (assumed shorted). Thus, the resulting

network is shown in Fig. 9-25. Note that the UK output resistor and RB are now
. : ﬁib,
a Ty
1 transigtor = ' s\ A\ /\ g '«\,)
€22 ]
v
RL=1+1( 4K RL=2+K 4 2
3 = I )
. (a)

Figo 9-25

in parallel since C, is & short circuit, and Re has been shorted by 02. (Ra and Rb

: 3
-~ - are also in parallel to yield Rl.) ‘The transistor is now replaced by its small

signal model from Fig. 9-15 to yield the result shown in Fig. 9-25b. It has k}lere
been assumed that u is small enough to neglect. B has already been ~f9und to be
B £ 20. From Fig. 9-24, o is found to be €p %= .03 mmho. Al%hough there is no

1 data from which r.. can be determined, it is clear that if it has a typical value

L

in the neighborhood of 1K, it will be 'overshadowed by Rl' Let us assume rn = JK

in the interest of convenience and convert 11 in pérallel with Rl to a voltage

« O )
 ERIC

1
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source equivalent and similarly with Bib in parallel with g22. (Caution:

'is a conductance.) The result is the network shown in Fig._9-26.

oo
73K
272 A%
+ — ib
T2 .6il_
volts
Fig. 9-26

This is relatively easy to solve because each of the two‘loops, considering

the two 4K resistors to be combined, can be handled separately.

2.6 . .
lb 75 ll . ll ma.
-6671,
1=ZFwe = PR

Finally, the output current i2 can be found from the current divider relationship

to be

iy=gagi=- 9.511 ma.
giving a current gain of
i
B ._2___ N
= =-9.5

signal operation of transistor amplifiers. One of these is the impedance at the

input terminals. You will recall that the impedance of a network at a pair of
£erminals is the ratio of the phasor voltage at those terminals to the phasor cur-
rent. This assumes- that the signals applied to the amplifier are sinusoids. If éﬁe
network in question has no reactive elements (capacitors or inductors), the angle

of all sinusoids (currents or voltages) will be the same; there will be no phase
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difference, only the amplitudes will be different for different variables. In such - :g 4

a case, all phasérs can be made real. Hence, it will be permissible to deal with the

. sinusoids themselves instead of their phasors. The input impedance is purely real
and has no imaginary component. - o
Thus, for the amplifier network in Fig. 9-25b, the input impedsnce at the ter-

minals of the amplifier will be vl/il. From the figure it is seen that r.. and R

11 1

are in parallel and their voltage and current are not influenced by the collector

circuit, because B was assumed negl;gible. Thus, tbe input impedance is the resist-

ance which is the eqpivaleht of rli.and‘Rl in barqllel. This will be approximately

equal to T since Rl>is SO n@ch larger than riqe But Ty is guite small (we took '

it to be 400 ohms). This is typical of transistor amplifiers.in this configuration.

Another qpahtity of interest is relatedvto the ?hévenin equivalent of the

amplifier at its output terminals. Consider forming the Thevenin equivalent looking ,h}

" to the left from terminals a-b in either Fig..9¢25b dr Fig. 9-26. Thterest will be Q“J
focussed on the Thévenin eqpivaienx impedancé. Yéu will recall that this is the
impedance at the terminals when the sources in the network are deactivated. Since we
now have a type of source -- a dependent source -- which was not introduced when the
Thévenin theorem was discussed, the question arises as %o whether or not dependent

‘ _sources are also deactivated when the Thevenin impedance is calculated. Note that
in Fig. 9-25b the dependent source cu:rent is proportional to ib‘ If this source

is the

b
current in rqy3 it may or may not be zero. If ib should turn out to be zero, then

is deactivated, Bib, and hence alsé ib, must be set equal to zero. But i

the dependent source current will be zero; otherwise not.
In the present case, let us deactivate the signal current il (make it zero)
since it is an independent source and then apply a current source ia at the terminals

a-b, our objective being to find Vap SO that the ratio vab/ia can be calculated. ; '} b

b

— 9
ERIC
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The situation is illustrated in Fig. 9-27a, where the network has been redrawn in

a a
+
+
Bi €22 271, 1a 0o B,y i
v b ab
. a -
& &b o : ’ o
. _ . b
(a) Fig. 9-27 ) . (b)

érder to show more clearly that there is no coupling back from the collector circuit
~to the_ba;e circuit. Thus, eQen though é source ia is applied, there will be no base
:éurrent and hence Bib will be zero. Hence, the TﬁZyenin impedance will be the paral-
lel combination of g,, and R . It is common terminology to call this Thevenin
equivalent impedance, the output impedance. In this case, the output impédaﬁce will
be R /(L+g, R ) = 3.57K. |

Suppose that the parameter p in the transistor model is not neglected. Then,
Fig: 9-27a becomes modified as in Fig. 9-27b._‘N6w there is coupling from the col-

lector circuit to the base circuit. Hence, i, will not be zeroj it will be

b
i - _ BVab
bRy try .
From the collector circuit we find vab to be
Vab = 1+RL 7 (1,-Riy) = 1 it 7 (it :B:ib )
a o A : €oo’y, 1711

The last step is obtained by substituting ib from the preceding equation. Solving
fof v, leads to ‘ '
ab

e _ N | ‘ ' (9-ke)
I, 1+ (gyHB)Ry

which reduces to the preceding expressidn for the output impedance when p = 0.
Although this example does not prove the general case, it is nevertheless a

general result that when finding the Thevenin impedance of a network containing
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" The Emitter Follower

9kl .

dependent sources (as well as independent ones), only the independent sources sre

deactivated -- not the dependent sources. We shall not prove this result here.

The amplifier configuration we have been discussing is called & common emitter
connection, because the emitter terminal is common between input and output. We have
seen that this amplifier has a relatively low input impedance (seve;'al hundred ohms)
and a relatively high output impedance (several.kilohms). In many applications Just

the opposite is required: relatively high input impedance (several temns of thousands

of ohms) and & relatively low output impedance (in the hundreds or ;ess). We see

from Eq. (9_-11-2) that the output impedance depends strongly on RL; it will become zero
if RL = 0. But in this case there will be uo output voltage either, so nothing is

gained by setting RL = 0. .

As another point of bdeparture , note from Fig. 9-25b that the input’ impédance
will increase if the resistance R, is not bypassed so that it ajpears in the small
signal model. These thouéhts lead to consideration of the amplifier conﬁgﬁrati.on
shown in Fig. 9-28a. ’

The two modifications here are that RL has been set equal to ze;ro and Re is
not bypassed with a capaci:cor. Since there is no load resistance, the output must
be taken somew_here else; it is taken across Re‘ The ;‘esulting small-signal equivalent
circuit is shown in Fig. 9-28b. This model is redrawn in a more convenient form in
Fig. 9-28¢c, to bring out more clearly the olitput terminals’ _ Note that Re and 522
are in para.ll;el 3 let us denote by R 1:'.he parallel combination$

, .

. , ,
R = W . (9-43) )

o - ‘

t
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There are three quantities of interest in the operation of the emitter-
follower: the current gain, the input impedance and the output impedarice.
To find the gain and the input impedance , suppose a current source is is applied,

leading to Fig. 9-29. If v, is found, then the current through R will be simply

y

e
|V

Fig. 9-29 : s Fig. 9-30

VQ‘/Re' Similarly, if- v, is found, then the input impedance»will be V:L/is. To-
f£ind both of these voltages, one procedure is to write node egquations. - If this

is done for the nodes labeled a and b in the diagram, the result will be

.l 1 1
v, 2 +=)-= v, =1
1 Rl Ty, T 2 s
Y 1 L L2 ‘
L v 4 (& 4+, - 8L =0 (9-4k)

But ib can be found in terms ‘of vl ana v2 as

i, = =0 (9-45)

ks R, Py Pé C’bkz
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This is now substituted in the previous equation and the node equations are solved }

for v, and Vo The current gain and input impedance are found to be
current in Ry (1 +B)R, ' ]

i = (Rl * rll)(l ¥ gQQRQ + (1 + B)Ref

current gain = Gi =

o @+pR o
"R +(1+BR, (9-46)

ooy

o e, A e L0
: s ] Boofle PRy
. R, (1 + s)Re

. 1 (9-47) l
R+ (1 +B)Rg . :

These expressions appear to be fairly complicated but they can be simplified as

shown if all the resistors are assumed to have typical, values. (rll = 500 qhmé, ‘:} :

€po = 10'1* mhos, B = 50, R, in kilohms and R_ =1 K.) To get an impression of the ‘ 3

r values and how they compare with the previously discusséd common emitter amplifier,

let Rl = T2.6K, Re = 2K and B = 50 as in the example of the last section. Then,
G, = 22.2
1

Z,
i

Lo, 5K

It is noteworthy that the gain is about a factor of 2 greater than in the common
* emitter connection. Furthermore, it is positive, indicating that the input and

output- signals will be in phase.

O
ERIC —
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hundred ohms represented by r

9-47

As for the input impedance, the 42.5K is to be compared with the several
1’

The final quantity of interest is the output impedance. As discussed
in the last section, to find this impedancelbnly independent sources are
deactinated. In Fig. 9-30, the signal source is has been open circuited

and an external current source i

0 applied. It is required to find v,.
Applying Kel at the upper node leads to |
v .V :
2 . 2 :
i, +pil, ===+ (9-48)
2 b R R +rp;
Furthermore,
v -
5 .
i, = - g (9-49)
bR Yy C
Substituting this into Eq (9-48) and rearranging leads to
v R(R, + r..)
2 2. TaL
output impedance Z. = 7= = -
2 1, R *try ¢+ (p:+ L)R
R,R Z
vt 1
£ (9-50)

- Rl + (B + l)Re T1l+B:

Using the same numerical values as before, finally gives:
Z2 = 830 ohms L

Equation (9-50) shows that large Z, and small Z, are conflicting
requirements since 22 is proportional to Zl' It is seen, however, that the
larger the value of B, the better fér achieving both objectives. Furthermore,
a larger P also means a larger gain. Thus, one of the goals_qf transistor

manufacturing is to make the B's as large as possible.
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Chapter..10

C“) : . T Magnetic Coupling

introduction

By virtue of the phenomena of magnetic flux and Faraday's law it is
possible to transfer eﬁergy from one circuit to another, even though the
circuits are not connected by wires. The practical device based on this
fact is called a '‘transformer''. In some cases, as in communication circuits,
two coils are lTocated near each other, in air, as in Fig. 10-1. In power

applications, the coils are wound on an iren core, as in Fig. 10-2. The

Figure 10.1. Figure 10-2.

principles of analysis are essentially the same in both cases, with the
exception that when there is an iron care it may be necessary to take non-
linear effects into consideration.

10-1. Flux Relationships

Consider the pair of coils in Fig. 10-3, which are drawn in a specific
way to facilitate the writing of equations. it is assumed that each coil is
connected to a circuit which is not shown, so that currents ilvand is cai
flow. In general, these currents are varying with time.

Fluxes °1 and 02 respectively link coils 1 and 2. For the moment, assume

there is no iron bresentﬁ,and that the resistance of each coil is negligible.

~Q
~ERIC
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>
vy §><;:_ ;  Nj turas

v N turns

Figurs 10-3

There will be an emf induced in each coil which makes voltages vy and Vo appear

at the terminals. These are related to ml and ¢2 by

d¢l : d¢2
{) vy = Nl TS 3 Vo = Né a9t (10-1)

Next we consider how ¢lfand ¢2 are related to il and 1 Without bothering

o
with a specific case, which could in fact be quite complicated, it is possible
to arrive at the required general relationship by the following arguments. If
ie were'zero, * would be proportional to i and we could use a symbol kll

as the proportionality constant, to wFite

o = kyqdy

Furthermore, it would be possible that i, could wve zero, and i, not zero. Due

- to proximity of the two coils, there could still be a flux ¢, which would now

i) a4

L

be proportional to i,. if kl2 is the proportionality constant, this would be

written




We have stipulated that no iron is present,
and therefore that superposition can be applied.

zero, we will” have a general formula
o

A similar treatment can be applied to coil 2, giv

2

in doing this, four unknown constants (kll’kle’ke

However, these will presently be eliminated, thei

how ¢. and ¢, vary with the two currents.

1 2

Now we can use the above equations in Egs.

Q
ERIC

d.l‘ di

vp = kN St "12"1
. d|l di

Vo = ko Ny g% * koolNy 5

Again temporarily consider the special case where

constant) so that die/dt = 0, Then the first of

di

y 1
v = kN TE -
However, we would also have - di
1 1 dt
. ’ .
where Ll is the self inductance of coil 1. There

consideration of coil 2 gives k22N2 = L

written . di .odi

—2 .
R T T P R T

di di
1 o
Vo = kyyNo g5+ by gt

o Thgrefdre, the equations can be

so that linearity can be assumed,

each non-

Thus, ?vith"il and 12 |
{ ]
3 3
(10-2)
ing
(10-3)

l,k22) have been introduced.

r purpose being merely to show

(10-1) to give

a2

dt ) :
S CLED R

Py : .
dt A e

12 is idéntically zero (or
the above equations becomes

1

k,,N

fore, 11N =

Likewise,

(10-5)
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It can be shown-that¥*

KoMy = ko

Let this common value be represented by the letter M. We then have

baslfa

k

12

M=k N, = (Z=)L
12°1 7 Yk’

Ck
. 21

. M=k, N, = (=)L
r 212_k222

o ok
’ ‘ M= J{l;g k—el"' Viit,
’ 11 22 |

It is custonafy to use the symbol k to represent the first ré&ical, namely .

or

k

[

Ke gl g (10-6).

11 ‘22

~
=

it is called the.coefficient of coupling, and we finally have : .-

Q. : M=k VL - (10-7)

W;M is calléd the mythal inductance between the coils. ,k is always lesé.thén 1.

¥Assume 1. and 1, are sinusoidal of frequency w (certainly an acceptable special
case). They will be represented by phasors il and fé. Recalling that differentiation :

produces a multiplication by jw in phasor notation,. we have .

Vl = jw(LlIl + klaNlla)

= julky NIy + LT

v 21Nty

2 2)
r%

Recall that power in the sinusoidal case is Re(Vf*), "The powers into édfiQJ(i) and
(2) are respectively % .

Pyo= Re(V;T,%) = Re[ju(L T T % + '512"'11211*)]

= T = b I.1 ‘T T *
Pp = Re(V I %) ReL;w(kelNallla* + LQIEIQ,_)]

However, the product of a complex number by its conjugate is real. Hence juwlL ilil*
and jwlL I I * are each pure imaginaries and have zero real parts. Also, if A is

27272
: a complex number, Re(ji) = - Im(A). Hence - 5
L ~ - -
S "Pl = - Im(wleNlIEIl*
Py = Im(wkalNQIlIg*) = Im(wk2lNeIeIi*)

(<) . ' :
¢ ERIC . (continued on pg. 5)
: P el ) .

316



Thus, it is seen that the original set of four k's have disappeared, having

been replaced by three measurable parameters Ll’ L2, and k kor M). Note that four’

i i

parameters reduced to three because ohe .of the original four was not independent, 3

since klaNl k21N2.

i 10-2. The General Equations . : : -

Having developed the concepts of mutual inductance, Eqs. (10-5) can now be

written

di di
3 1 2 :

vi=h Gt Mot

pentis Y =
A at * b ot

A word about ségns is in order. These equations were written for Fig. 10-3,
in which winding directions were explicitly shown and could be related to the .,?

reference directions of current, voltage, and flux. Suppose one of the winding

;« ) directions (say on coil 2) had been reversed. A llttle thought will show that
» this is equuvalent to changlng the reference directions of i and v2 The.
3
: above equatlons would become -
di di
1 2
‘ b oM
di dig !

¢ 1 2

Vo =M - b o

* (contaned)

where in the second equation we have used the fact that IlIQ* = (I *)* From
physical consuderat|ons, since neither coil has resistance, the total power

f (P l+P2) must be zero, giving

R . k [( ~kyoNy + k2lN2)IEIl*:l =0
: - and hence '

; kyoNy = ko Ny

?ﬁ ,‘ i

S

e
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or . . .
17 "1-dt 7 7 dt )
di di (10-9)
v, = =M —= L -2 '
2 Sde T 2 dt

fhus, fhe sign associated with M becomes negative in both equétiohs. in
certain'cases, where coils are changing relative position (say one is rotating)
it is sometimes conhehient to take this effect int? account by allowing M itself
to become negative, in which case Eqs. (10-8) are éerfectly general. We shall
always regard M as positive in this text, however. A

The questoon arises as to how to know whether to use + oh - sugns, when
coils are merely shown on a circuit diagram in symbolic form. This is done by
the,convention of using a pair of dots, as in Fig. 10-4). The two cases shown

t (a) will yield Egs. (10-8), and Egs. (10;9)~5pply to the cases shown at (b).

L L : ‘
—l’ ° P % _’b'. "‘La
¥ + e +
v, A v' V&
. ' LJ
} . v ' {
+ i +* + +
Yi va ' Y% va
e ° . -
(a) (b)

" Figure 10-k. - -

Finally, observe that’ these equations and examples have all been given for
cases where voltage + references appear at terminals where the current reference
arrow.2n“ers..’. A change in any one of these will result in corresponding sign

changes in the equations. For example, if the direction of i2 were reversed in

Fig. 10-4a, the equations would be ‘
, ; di .
_ 1 2
i=h MR
: R B
2 dt 2 dt
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Observe that this is different than the effect of changing the winding

. direction (because only one reference was changed).

Wifh this information, you should be able to write the equatibns relating
voltages and currents for a pair of mutually coupled coils suitabiy specified
in the manner of Fig. 10-4. A@mittedly, itis easyrto get confused on signg,
especfally when the reference directions are not like those in Fig. 10-4. Until
you acquire skill in this matter, it is not a bad idea to write the equations
first for these reference directions, and then change signs in terms containing
any variables which have different references.

10-3. Effect of Resistance

- fu

The voltages we have been using are terminal voltages, in the absence of

resistance, and are really emf's. For the current reference directions we have

(:) . been using, the terminal voltage is the emf plus the Ri product. Thus, when coils
have respective resistances Ry and R2, the complete equations are
) ’ di di
$a,, %
: ViRl LRI R |
di, di, - (10-10)
=+t M —= .
vp =X M i R212‘+ L2

10-4. Measurement of M
One way to.determine M is to Sonneét the two coils in series, as in Fig.

10-5.

=

i +

<4

E ; ) Figure 10-5..
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The currents are the same (i = il = 12) and the voltage across the cdmbination

is v=vy +v,. Thus, Egs. (10-10) become
1
v, =R i + (L +M)9L
. 1 1 1 /dt
v, = L+M)-—+Ri i
and so

. » di
v = (Rl+32)1 + (Ll+L2+2M)dt

From this equation we reach the conclusion that' the inductance of the combination

is

Leq.= Lo+ L+ M (10-11).

» Since Ll’ L2,~and Leq can each be measured, M can be found. (What would the

last equation be if one of the dots in Fig. 10-5 had been on the other end?)

10-5. Sinusoidal Solutions

If all voltages and currents are sinusoidal, namely

v; = V2V, cos(ut +6,)
i, = Ve I, cos(wt + 911) ,

_ (10-12) :
vy = V2 Vo cos(wt + 0, ) ‘ﬂ
i, = V2 I2 cos (wt + 6, )

equations can be written in terms of the phasor defined from the above, which

are

(10-13)
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N Recalling the principles of sinusoidal circuit analysis, it is recalled

that if

{ I, =T is the phasor for ‘i = \/2 I cos(wt + 8;1)

then

di

[u

jwfl is the phasor for

o.

t

i T

; (Refer to the chapter on sinusoids for the derivation of this.) 'Thus, referring

to Eqs. (10-10),.in the sinusoidal case only, these can be replaced by

o = . T4 o =
vy (Rl + Jle)Il . JuM,

- (10-14)
’.+. o g
Vo =L juMI, + (R2 + JwLe)IE

These equations make it possible to draw an equivalent circuit diagram. in

) wh?ch the effect of ‘M is replaced by a pair of dependent. voltage sources, as’

N

shown in Fig. 10-6b.

I| . ’
- , - p
v { % |
R“Ll ,\,L,\

(a)

<

Figure 10-6.

The original circuit is shown at (a). In'Fig; 10-6b7£here is no mutual coupling;
the two part; are entirely separate. But it will be Sg;érved that the deﬁendent
source in the number (1) circuit depends on fg, and vice—ve;ga. If you will
write Kirchhoff's equations for Fig. l®;6b, you will obtain the version of

Eqs. (10-14) having the + signs. (How would F{g. 10-6b be changed if one of the

dots in the original circuit had been at the bottom? Does it make any difference

7%
-

[

which one?)

9
ERIC .
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" simpler to use. The example.given in the next section is a case in point.
- (See 'if you can do it without the equivalent circuit.)

' 10-6. Example of a S6lution of a Circuit Problem

=10~

" This equivalent circuit is not necessary, it provides no information not
given by Egs. (10-14). However, it gives exactly the same information as the
equations, and may be easier to remember, Also, when the pair of coils is

connected. to other circuits, the equivalent circuit can sometimes be a trifle
\

Referring to Fig. 10-Ta, assume that we are to find the power delivered to

the resistor RL' The equivalent circuit is shown in Fig. 10-Tbh. - (Why is the

polarity on the dependent source reversed compared with Fig. 10-6b%)

Figure 10-7.

Two equations are obtained from Fig. 10-Tb, as follows:

Vy + JuMI, = (Rl + Jle)Il . 4
JuMI, = (R2 + R+ JQLQ)I2 (10-15) ,
The second of these gives
L f ) (R + RL_+ _|uoL2)i
1 JuM 2
) (Eg: Rt RL)T
M= Tom 2

L _
This can be substituted into the:first of Eqs. (10-15), and after some

purely algebraic manipulation, the result is
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- 1 P2, W2 =
V, = § {R1L2+ RytR )Ly + [w (LyLy-H )-Rl(R2+RL)]} I,

This of course can be solved for fe, giving

T

. MU I ',

I, = J 12 2 ;

1, T :
RiLy + (RHR )L + 2 [w (LyLy-M )-R1(32+RL)]

To find the power, we want |f|2, which is'Melvllgmdivided by the square of the
absolute value of the denominator: The latter is the sum of the squares of

the real and imaginary parfs.‘ Thus,

2 2 - " N - O

M lV l R, cod L

— L (R o  (20-16) §

[R L +(R +RL)'L‘I]2 + [w('LlLa-ME) - )] i

Although this is a long formula, it is éimple enough to calculate. Observe

W AT

e

) . .
( . that ‘it shows that no power will be transmitted if M = O, which is an expec;ed

R | VARSI T BTN

result since this is the condition of zero coupling.

10-7. The lron COré Transformer

The equations we have derived apply to a transformer with an iron core,
5 " provided it is valid to assume a linear magnetization curve. However, it is
worthwhile to give some special con;ideration to a simplified version which
gives good approximate answers when k is very small, as is usually the case
for an iron core. ThlS treatment brlngs the turns ratio Nl/N into evidence
P as a fundamental transformer parameter. . -
t Refer to.Fig. 10-8, which may be considered the equivalent of Fig. 10-3,
T  except that an i;on core is shown explicitly. For simplicity, we shall assuMe‘
zero resistance in each winding. Dots are shown on the windings,.even though

they are pedundant in view of the fact that winding directions are shown ev=licitly.

A" B T PTG TYT
-—

A
E\

rr
o
=
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4

Fligure 10-8.

- The reference direction of 12 Is reversed compared with Fig. 10-3. This change _ -
is not necessary, but is made because.the direction in Fig..10-8 is the one !
customarily made in the analysis of iron core transformers.

In this case, Eqs. (10~2) and (10-3) become

¢l = kllil - k12i2h‘ R

%o = kaply = koplp

'w,) We now make the crucial assumption that ¢, and ¢, differ by a negligfble amount .
That is, we assume flux is confined to the core. Then, by equating the above, we
get

1 = kyply

kygly = kyolp = kg |
o: - , (10-17)

(kyr-koy)ty = (kpomkoplty
This equatign must be true for all values of 1, and 1,. For example, 1, :ould be a ;
direct current, and 12 could be zero; there is no physical reason why this could

not be true. Under what condition can the two sides of Eq. (10-17) be equal even

" for all possible values of il and 12? Only if each quantity in parenthesus is

zero, giving . L
M . 1
ok =k = § (a)
e 1
j L (10-18)
i"'"‘kla""aa'ﬁg - (B)
1 2

O
ERIC
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|
Referring to Eq. (10-6) we see now that (for the assumption that ¢, = we)
k=l - *
: and furthermore, from Eq. (10-~7), 3
N (10-19) i
. 172 .
1 Now, let us consider ¢ again, which, in view of these results, becomes '
: ‘ ‘
¢ = kllil - k1212
@ =E;L"i -‘!"i
% o~
N ST N e
: L Wb
A R T
L 1 1 . !
! A
: This gives a relationship between i, and 1, as follows:

y N
) 1, =/ 21 s+ 7doe
P 1 Ll 2 I.1

However, Eq. (10-18b) gives -

Yty Lo
N, TN
or
L, N .
'Eg - 2 (20~-20)
1 M
so that
1. = Yo 14— (10-21)
- . 1 Nl 2 kll

The parameter kll is a function of prope;ties of the magnetic circuit. Specifically,:
if 2 is its length, A its cross sectional area, and km the relative permeability,
solution of the magnetic circuit (considering coil 1 only) gives

ff f \ o m km p‘oANILi‘l
) ]
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and so

k AN '
K. = —'iiQ—.l (p_o_gg))

1f kll is sufficientiy large, or ¢ is sufficiently smail, the ¢/ku term i

Eq. (10-21) can be negliyible. in that case, we get the spproximate equation

N
-2 i | (10-23)

i
1N 2

In other words, the current ratic il/i2 is approximately the inverse of the

turns ratio.

~10-8. The lron Core Transfogmg; in the Sinusoidal Steadi State

-We can get a mote satisfyingAangwer s to whether ¢/kll is negitgible in
Eq. (10-21) when all quéntities vary sinusoidally. Assume again thét all voltages
and currents are sinusoidal. Flux wiil then'al;o be stnusoidal and will be °
represented by the phasér § . In Eq. (10-21) we can replace.each ipsténtaneous

quantity (sinusoidal case only) by the corresponding ph¥sor. Also, we shall

use Nl/Ll in place of l/kll, giving

N N,
= 2 = 1l =
I, =1 7= 0
1 Nl 2 Ll
However, we also have \
Vy = juN,® . . (10-2k)
which combines with the-above to give
N, . v
= 2= v
I, e=—1 1
17N "2+ o, (10-25)
Thus, in this case we see that
- N )
2.2 (10-26)
I 1
2

if
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Yy
Juty

is small. This quantity, is called the magnetizing current. It is the current’

in winding 1 wﬁen it is connected to a source of voltage Vl and when winding 2
is ..n open circuit.
Corresponding to Eq. (10-24), we alsc have
o VE, = JO)NEQ
i - . . B .
and so we see that under the assumptibns being made (zero resistance and no leakage .

flux)

=
Z.!l Hz

(10-27)

<1

Vo 2

If winding resistance is introduced, Eq. (10-27) becomes an approkimdkion.

Equation (10-24) provides the point of departure for the last consideration.

Let us write it as an absolute value relation (using symbols without bars far absolute;

values). Thus, we can write
Vl ’ .
\ O = C)'HI ) E . (10428)

[

This is crucial because there is a limit to the value that ® can attain for approximat

linear operation in'a transformer with iron core.

QO
ERIC
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In Fig. 10-9 is shown a linearized approximation of the magnetization curve

of the magnetic circuit. It wnll not be permissible to exfeed a certain value
of flux, say A This means that the ® in Eq. (10-28) must be less than [ /\/2

(Why?). in terms of voltage, frequency, and number of turns, this gives

U

2

. o _fm )
- L vE s
This relationship has useful and impontant implicatfons concernjng the use of
a transformer on other than the voltage or frequency for which it was designed. -
% Suppose it was designed so that at rated vo!tage and frequency, the above relation-
| ship was just barely satisfied If the voltage is ralsed the limit will be exceeded
It wlll 2150 be exceeded if the frequency is decreased, while the voltage remalns

unchanged. The only way to operate a transformer at reduced frequency is ‘to reduce

the.voltage |n_proport|on.

T

cquacion“(lO—ES) also.shous why it is expensive to make “audio tfansforners"
that will operate well at low frequencies They nﬂst be brouided wich.mESvae"
magnetic circuits that will permit the large ® demanded by Eq. (10—28) when w is
| small. Parenthetucal]y,_nt might be suspected that good perfornence at low

frequencies would be provided by making Ny large. This would be true; except that
“"such trans forers mﬂst_al”ﬁ‘bberate at hig ‘fiequencies;*and-when'Ni—+s~made—toc‘
large‘interwindlng capacitance becomes detrimental at'high frequencies. Design

of transformers that will operate over a wide range of frequencies is not a job

= forthe" unanltrated.






