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where the necessary integral in [3] has been expressed in
terms of tabulated @ functions [6] defined by
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By symmetry, the probability P,V is given by the same
expression except that in (4) and (5) the expression 2n —
¢—1 (which represents the surplus of 0’s over 1’s in the
preceding g—1 reference digits given we are decod-

ing a 0) is replaced by ¢—1—2n which is the surplus
of 1’s over 0’s given we are decoding a 1.
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ABSTRACT: This paper presents a theoretical analysis of the
performance of an orthogonal multiplexing data transmission scheme
(parallel transmission scheme) subject to a number of degrading
factors normally encountered by a practical operating system. The
factors considered jointly are sampling time error, carrier phase
offset, and nonideal phase characteristics of transmitting and
receiving filters. Performance is measured by the familiar criterion
of eye opening of the received data signal. A closed-form expression
for the eye opening is obtained. It is shown that the lengthy non-
linear functions in the solution can beé closely approximated by

simple piecewise linear functions for parameter values of interest.
The optimum settings of the sampling time and the carrier phase are
determined for given filter phase distortion. Also, considering all
factors, simple formulas are developed for computing interchannel
interferences, intersymbol interference, and the resulting eye
opening. Simple relationships between the eye opening and filter
phase distortion are explored, and a concept of parametric eye
is introduced to aid in filter design. An illustrative example is con-
sidered which shows that the impairment of the system performance
is not excessive for a reasonable range of system design parameters.

I. INTRODUCTION

IGNAL DESIGN techniques for transmitting data by
frequency division orthogonal multiplexing have been
studied by a number of authors [1]-[5]. In [1]-[3], time-
limited orthogonal signals have been used which have
widely spread frequency spectra (e.g., a sin 2/x spectrum).
Consequently, when these signals are transmitted through

Authorized licensed use limited to: Fish & Richardson PC. Downloaded on January 08,2024 at 00:54:44 UTC from IEEE Xplore. Restrictions apply.

DirecTV Exhibit 1027, Page 1 of 12



530

an essentially bandlimited transmission medium (e.g., a
telephone message channel), certain portions of the signal
spectrum will be cut off and interference will result. The
use of bandlimited orthogonal signals which do not have
this disadvantage has been proposed recently by Chang
[4] and Becker [5]. A system using such signals has the
following properties.

1) The maximum signaling rate for the given channel
(Nyquist rate) can be approached without the use of
sharp cutoff filters. This is probably the most important
property in high-speed data transmission.

2) With the entire frequency band divided into a number
of narrow channels, the frequency division multiplexing
system (parallel system) is less sensitive to wide-band
impulse noise interference than is the ordinary time di-
vision multiplexing system (serial system).

3) For the same reason, the parallel system is less
sensitive to channel distortion. This has been shown
quantitatively by Saltzberg [6].

4) As in the serial system [7], the parallel system pro-
vides maximum signal-to-noise ratio for analog data
transmission and minimum probability of error for digital
data transmission in the presence of bandlimited white
Gaussian noise under the constraint of no intersymbol or
interchannel interference.

5) In serial transmission, certain types of noise (such as
time variable tone interference) may cause the entire
system to be disabled. This can be avoided in the parallel
system by adaptively dropping out only the channels
affected. Thus, like a special serial transmission scheme
[8], the flexibility of the parallel system enables it to adapt
to a variety of noise environments.

Previous studies have not considered jointly practical
design factors such as timing error, carrier phase offset,
and nonideal filter characteristics. It was not known prior
to this study what the combined effect of these factors
would be on parallel system performance. This paper
presents an analysis of the performance of a parallel
system considering jointly timing error, carrier phase
offset, and nonideal filter characteristics. Performance is
measured by the familiar criterion of binary eye opening
[7] of the received data signal. Closed-form analytical
results are obtained. .

Section II describes the mathematical model of this
study, including a discussion of all other system pa-
rameters of interest. In Section III, we consider for given
nonideal filter characteristics the optimum setting of
.the carrier phase and the sampling time, and the corre-
sponding eye opening. Simple relations are derived to aid in
filter design. In Section IV, eye opening is expressed as a
function of all the factors considered. An illustrative
example is given in Section V.

II. MATHEMATICAL MODEL

Fig. 1 illustrates the mathematical model of the parallel
transmission system considered. The N parallel channels
operate on equally spaced center frequencies and transmit
at the same data rate. The signaling intervals of the
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Fig. 1. Block diagram of parallel data transmission.

channels are synchronized. Let

fi = center frequency of the kth channel

F £ difference between two adjacent center frequencies
i’ £ demodulating carrier frequency of the kth channel
R £ data rate per channel = 2F bauds!

g ‘
Ty £ baud interval of each channel = oF seconds. (1)

Each channel is capable of transmitting either binary

or multilevel signals independent of the number of levels
in other channels. In this paper we treat the case of
binary signaling in each subchannel. A similar method of
analysis could be developed to cover the multilevel case,
but the results will become too complicated for practical
use.

As it is shown in Fig. 1 (b), the transmitting filter

A (Ne™ P of the ith channel is bandlimited from f; —
F to f; + F. (Note particularly that adjacent channels
overlap in frequency.) It is also seen in Fig. 1 (b) that if the
system consists of N channels, the overall bandwidth
required is (N 4+ 1)F. For this bandwidth, it is theoret-
ically possible to transmit at a maximum baud rate
. (Nyquist rate) Ry, = 2(N + 1)F bauds without inter-
symbol interference. However, this rate cannot be achieved
in practice since it requires filters with perpendicular
cutoffs and linear phases. In the present system, where
each channel transmits at a data rate of 2F bauds, the
overall data rate is B = 2FN bauds =
Thus, as N increases, the overall data rate of the present
system approaches the theoretical maximum rate Rp,x.

(N/N + DEuax

1 The data rate in bauds is equal to the number of symbols (binary

or multilevel) transmitted in one second. The time interval between
the transmission of two successive symbols is termed the baud

interval.
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Intersymbol and interchannel interferences are also
eliminated, yet rectangular filtering is not required.
Furthermore, the system has the other advantages given in
Section I. A method of designing the signals of this
system and the principle of operation have been given in
[4]. The method is briefly summarized in the following
for convenience.

For a given overall frequency band, the system designer
may have some freedom in choosing the parameter N or F.
After F is chosen, the center frequency f, (k =1, ---, N)
is determined by

fk=(h+lk—é>lf’ Hz 2)
where h is an arbitrary positive integer including zero
(note that h is the same for all k). Clearly h should be
chosen so that the channels fall in the available frequency
band. The demodulating carrier frequency f,' k=1, ---,
N) is determined by

F
S =T — 3 Haz. (3)
For a given transmission medium B(f)e *% and for ‘the
high data rate R, the transmitting filters A ,(f)e 7V
@ =1, --,N) can be shaped so that the signals at the
receiving filter inputs are orthogonal. The requirement on

-44(]) ('L = 1) :N) is
-’112(f)B2(f) =G + Ql(.f) > 0:
= 0,

forfy —F<f<fi+F
forf < f;, — F,
J>f+F

where G; is an arbitrary constant and @,(f) is a shaping
function having odd symmetries about f; 4+ F/2 and
fi — F/2. Furthermore, the function [G; + Q:(f)]- [Gins
4+ Qu11(f)] must have even symmetry about f; + F/2.
The requirement on o;(f) (¢ =1, --- , N) is

alf) = awnll) = 7+ nlf),

forfi<f<fi+F (=1,2,---,N—1)
where v,(f) is an arbitrary phase function with odd sym-
metry about f; + F/2. When the above conditions are
satisfied, the signals at the receiving filter inputs are
orthogonal. The receiving filters perform correlation
detection to eliminate intersymbol and interchannel
interferences.

In this paper, we choose 4,(f) to satisfy both the orthog-
onality conditions above and an additional practical
consideration. Since a parallel system usually consists of a
number of channels, and filters are used in each channel,
individual filter cost must be kept down. Therefore,
sharp rolloff amplitude characteristics should be avoided.
We choose to use the familiar sinusoidal rolloff charac-
teristic for 4,(f), i.e.,

J =
F : )

Adf) = cos 3 forfi —F<f<fi+F @
This amplitude characteristic [sketched in Fig. 1 (b)]
meets the orthogonality requirements above. F'urthermore,
the gradual rolloff from center frequency f; to cutoff
frequencies f; = F can be realized closely and economically.

The orthogonality conditions allow ripples to be present
in the phase characteristics «;(f). Such ripples are usually
small and difficult to predict; therefore, they will not be
included in this analysis. The phase characteristic o;(f)
is therefore assumed linear. Any linear phase can be
specified by two parameters, bias e and normalized slope
p; hence, o;(f) can be written in the form?

L?—r-i-pi
ai(f) = e+ —F (f—1), foofi —F {f<fit+t F

otherwise

®)

where ¢; and p; (¢ = 1, ---, N) are the phase parameters
to be considered, and L is an arbitrary odd integer.
We shall see that when the phase parameters satisfy the
orthogonality conditions there is no interchannel or inter-
symbol interference. We shall also determine the system
performance when the orthogonality conditions are not
satisfied.

In parallel transmission the entire frequency band is
divided into N narrow bands; therefore, it is reasonable to
assume that with some equalization the amplitude and
delay characteristics of the transmission medium are flat
over each narrow band, i.e.,

= arbitrary,

—isn _ 1
B(f)e =7 (6)
over each band, where the gain factor 1/F is introduced
to normalize the maximum eye opening to unity, and a
fixed delay is neglected since it simply changes the time
origin.

For correlation detection, C;(f) should be proportional
to A;(f) because B(f) is assumed to be flat over each band.
The proportional constant can be neglected, and we have

C:(f) = A(f). )

As for the transmitting filters, we assume that the re-
ceiving filter phase characteristics are linear. Therefore,
v:(f) ¢ =1, - - -, N) can be written as

ki
L = i,
, et ®)
1Wf) = o+ = 1)
. where ¢, and p;/ (: = 1, -- -, N) are phase parameters to

be considered. Note that ¢; and p;’ of the receiving filter
may differ from ¢; and p; of the transmitting filter.

2 Unless otherwise specified, phase angles in this paper are all in
radians.
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The demodulating carrier phase of the kth channel is
denoted 6. The optimum setting of 8, and the effect of its
offset will be determined.

The low-pass filters can be easily realized. As will be
shown, they need only to maintain a constant gain and
linear phase in the narrow frequency range 0 < f < 3F/2.
Moreover, they may cut off gradually since the unwanted
demodulation components are usually located at fre-
quencies much higher than 3F/2.

As in serial data transmission systems, the output of the
low-pass filter should be sampled at the correct time
instants to recover the information symbols. The optimum
setting of the sampling time and the effect of its offset
are set forth in this paper.

We define hy(f) as the impulse response from point Py
to point P, in Fig. 1 (a). It can be seen from Fig. 1 (a)
that

; .
ha) = 2Re [ Lomma g 4 0BG+ G+

cexp { —jleu(f + fi) + B¢ + ) + mlf + £:)1}
_ej21rftdf (9)

where W is the cutoff frequency of the low-pass filter and
“Re’” denotes real part.

As clearly illustrated in Fig. 1 (b), Ci(f) overlaps with
only A;4(f), A«f), and A;1(f); hence, hy(t) is identically
geroif © # k — 1, k, or k + 1. Therefore, the binary eye
opening E,(t) at point P, [Fig. 1 (a)] can be written as

Ex(t) = hu(®) _n=§:w[hkk(t - nTo)l - Xi:ng_]ilﬂc(t - nTo)I

n #0
where
i=k+1, fork =1
=k+1landk — 1, fork = 2,3‘,-‘-,N —1
=k -1, fork = N. (10)
We shall consider the interior channels (k = 2, ---,

N — 1) because their eye openings are smaller than those
of the two end channels (an end channel has only one
adjacent interfering channel but an interior channel has
two). The results can be easily extended to the two end
channels.

III. ANaLysis or Evye OPENING

As can be seen from (1) to (10), the eye opening of the
kth channel E.(f) is a function of a large number of
parameters, namely: .1, px—1, €, P €&+, Pr+ly &5 P&
L, F, sampling time ¢, and demodulating carrier phase
8. Furthermore, it can be seen from the absolute signs in

(10) that the problem of evaluating the eye opening is

nonlinear. The first step in solving the nonlinear problem is
to break the right-hand side of (10) into components as
follows:

Ew(t) = De(®) — Dia(t) — Dia(®) an

IEEE TRANSACTIONS ON COMMUNICATION TECHNOLOGY, AUGUST 1968

where
D) & hu() — i [hkk(t - nT0)| (12)
iy
Dk_l(t) énzii:mlh/(k_l)k(t — nTo)l (13)
Dy (0) én:z_lhwum(t —nTy). (14)

The three components D,(t), D;_i({), and D, () are
evaluated separately. Note that D,_;(t) and D, (f)
represent, respectively, interchannel interference from the
lower and the upper adjacent channel, and that 1 —
D,(t) represents intersymbol interference. As indicated
after (6), the signals are normalized such that E,(¢) has a
maximum possible value of unity (maximum eye opening
equals unity).

A. Analysis of Di()

For convenience, the quantity

1 T
akéok—i'ek,_épk/_L_ (15)

2
will be used in the sequel instead of the demodulating
carrier phase 6. A constant time delay of LT, seconds in
ha—vi(@), Pe(®), and hgi: () will be neglected since it
does not vary with k. ~
It can be shown from (3), (3), (8), and (9) that
W

hir(t + ) = Re _WAk(f + B + LG + £i)

g~ + S —iwg2ntty (16)
where
T & il seconds
2xF
&, & 8 + ¢ — é pe  radians.
From (3), (4), (6), and (7)
Au(f + HIBU + fDC + fi)eTPIHRD
= é%—i—gipsme, for — 4st?§
=0, otherwise. a7

It can be seen from (16) and (17) that the cutoff frequency
W of the low-pass filter needs only be larger than 3F/2.
Substituting (17) into (16) and evaluating the integral
from —F/2 to 3F/2 give

cos(wFt — ®y)sin 27F1
27Ft(1 — 4F%?)

g (t + ™) = (18)

If we write A (f) from (18), 7, would appear in every
term in the right-hand side of the equation. This is in-
convenient; therefore, we shall use k(¢ + 74) and compute
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D, (t + 7). A change of variable then gives D,(f). From
(12)

Dilt+ 7) 2 bt + ) — % [huslt + e —nT).

n=—cw

n#0
19)

Because of the absolute signs in (19), the functional form
of D;(t + ) depends on the values of { and &,. The
evaluation of D,(¢ 4+ 7) is a nonlinear problem.

The method of nonlinear analysis used here is to divide
¢t and ®; into appropriate disjoint regions such that the
absolute signs can be resolved in each region according to
n. The steps are very lengthy and therefore not included
here. The resulting closed-form expression of D.({ + 74)
is long. For the sake of clarity it is given in Appendix I
together with other long formulas.

B. Analysis of Di_1(t) and D1 (8)

By resolving the absolute signs as we did in evaluating
D, (t + 7,). we obtain after lengthy steps the closed-form
expressions of Dy(t 4+ 74-1) and Dyt + 7441). These
long formulas are also given in Appendix I for the sake of
clarity.

The abbreviations 7,1, ®;_1, 7441, and P4, defined in
Appendix I will be used in the following sections.

C. Optimum Settings

We have derived closed-form equations for Dy(¢),
D), and D,y:(t) as functions of the 12 parameters
€1 to 6. However, it is inconvenient to compute the
eye opening from the lengthy functions in these equations.
For design purposes, it is found that these lengthy func-
tions can he closely approximated by simple functions
for parameter values of interest. It can be shown from
(42) that the absolute maximum eye opening of unity is
obtained only if ®, = 0 and that the maximum attainable
eve opening decreases montonically as ICIJ,C] increases.
Hence, the system should be designed to operate near
&, = 0 and it is sufficient to consider a large range of
@&, such as from —0.35 to 0.35 radians (this is equivalent
to a 40-degree range, sufficiently large for all practical
purposes). Furthermore, we are not interested in very
large degradations such as D;_3(t) > 0.4 (more than
40-percent reduction in eye opening due to interference of
the lower adjacent channel aloné). Based on such con-
siderations, we shall consider in the sequel a parameter
region which can be specified by

[®,] < 0.35 radians
D) £04

Di(t) = 0.65

Dyald) < 0.4. (20)

It can be shown that (43) can be approximated in this
region by

533
Pr—1
Dk_l(t) = 115 51«: + €r—1 + 7 (21)

The maximum approximation error is £0.01 (one percent
of the full eye opening which equals unity). Note par-
ticularly that ¢ does not appear in the right-hand side of
(21); therefore, the interchannel interference from the
lower adjacent channel is very nearly independent of
time. This is a rather interesting result.

It can be shown that (44) can be approximated in the
region of (20) by

Pr+1 ’ (99)

t
D;;+1(i‘v) = 1‘15) o O — €x+1 + T — Pr | =

T
The maximum approximation error is only £0.01.

Note that D,_;(t) and D, (t) are very different in
form. A physical explanation of this is given in Appendix
I1I.

A lengthy study shows that (42) can be approximated
in the region of (20) by

Di(®)

t Pk px’
1424 —1.2 o 28 . 5
A, <5k+5k+7 +1.56>’

for0 < 8 + & — o < 035, 7S
Z 0

t
oF +0.35 £ 5+ « —f)l"

SO; _<773

t
1 1.45 —
+ 5 T

— 1.2(5; + & — 0.11p; -+ 0.39p;"),

¢
< — <
712_T0_713

| o

for0 < 6 + e — — < 0.35,

(]

i

¢
L — 145 70 + 1.2 + & — 0.11p + 039,
0

11
< — L
ns_TO_ﬂ

>

for —0.35 < 8 + € — 23" <0,

11 P Pk'
1 — 24— 1.2{ 8 T~
T0+ <k+€k+7+156>,

for0 < 6 + & —

or —0.35 < & + ¢ — —
where

1
n & - (px + i)

9 7
< Pr

3 = ’(‘Sk + &+ 7)
™ 2

The approximate D () in (23) is less than the exact
D) in (42). The maximum approximation error is
—0.03.
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The sampling time and the demodulating carrier
phase can be controlled in a system. Naturally one is
interested in the optimum setting of the sampling time
and the demodulating carrier phase and the resulting
system performance. The following theorem provides
formulas for determining these quantities. (As mentioned
in (14), 8, is used instead of the demodulating carrier
phase 6;.)

Theorem 1

Denote t* and §,* as the setting of ¢ and §, that jointly
maximize the eye opening E(¢), and denote E;* D,_*
D.*, and D,,* as, respectively, the value of E(t), D, (),
Dy (t), and Dy1a(t) at t* and §;*. If the parameter values
are in the region of (20) and if the close approximations
(21)-(23) are used, then

oo Do (—ek_l - b - pk'> (24)
™ 2
5 = —eq — 2 (25)
2
D,1* = Dy* = 0 (force interchannel interferences
to be zero) (26)
E¥ = D*
=1+ 0.369 Z; — 0.231 Zyy,
for Zy1 20, Zy < —Zina
or Zun <0, Zy < Zien
=14 0218Z, — 0.382 Z,,1,
for Zysn 2 0, —Zppn < Zy, < Ziya
=1 — 0.218 Z, + 0.382 Zp.,
for Zy1 < 0,Z31 < Zy £ —Zpn
=1 — 0.369 Z + 0.231 Z,4,
for Zy11 20, Zyn < Z;
or Zyn <0, —Zyu < Zy (27)
where

Z,'é

2¢; ~— 2¢;1 — pi — pia

kb + 1.

7=

Theorem 1 is proven in Appendix II. As explicitly
stated, Theorem 1 is developed for the parameter region
specified in (20). It is easily seen from (26) and (25) that
the parameters are in this region (hence Theorem 1 can
be used) if

E* > 0.65
e
2

(28)

radians.

[f>

(43 Pr—1]
Ek""fk—-l_; T < 0.35

&

As discussed previously, these two conditions should be
easily satisfied.

IEEE TRANSACTIONS ON COMMUNICATION TECHNOLOGY, AUGUST 1968

D. Uses of the Theorem

For a given filter design, the values of ey, pr_1, &,
Pr, €41, Prsls €&, Py L, and F are known. Now we can
easily determine the optimum sampling time ¢* from
(24), the optimum demodulating carrier phase 8,* from
(25) and (15), and, most importantly, the maximum
eye opening E;* from (27). The quantity 1 — E* is
the closure of the eye and can be used in determining
whether the filter design is satisfactory.

A simple result should be emphasized. As shown in

-‘Appendix II, D, ;(f) is reduced to zero by setting &, to

5,* in (25), and then Dy, (¥) is reduced to zero by setting
t to t* in (24). Thus, an important result is that the
demodulating carrier phase should first be set to eliminate
interchannel interference from the lower adjacent channel,
and then the sampling time should be set to eliminate
interference from the upper adjacent channel.

Next we consider a simple relationship between the

filter phase parameters e; and p;. It is seen from (27)

that E;* depends only on Z; and Z;y,. This means that
the eye opening of the second channel E.;* depends only
on Zs and Zs, the eye opening of the third channel E;*
depends only on Z; and Z,, ete. Therefore, the eye openings

E*, E¥*, -+, Exy* depend on a single set of parameters
Z; (1 =283, ---,N). It is seen from (27) that E,* <
1(k=2/3,---, N —1)asexpected and that the equality
sign holds if and only if

Z,=0 (=23, -, N). (29)

Thus, to obtain the absolute maximum eye opening of
unity (i.e., to completely eliminate intersymbol and
interchannel interference), the filters must be designed to
satisfy (29). When (29) is not satisfied, we use the theorem
to determine the eye opening. Letting 0 < y < 0.35 be an
arbitrary constant, it can be shown from (27) that the
requirement E* > 1 — y is met if and only if Z; and
Zi+1 are in the closed region P,P,P;P,P:Pg in Fig. 2.
Since this region contains the region P.P;P;Ps we have
the following corollary. :

Corollary
Forany % = 2,3, ---, N — 1, the requirement

EX>1—y (30)

is met if Z; and Z,11 are in the region PyP;P;Ps which can
be specified by
[0.382 Z, ~ 0.218 Z,| < y

10.218 Z, — 0.382 Zy| < v (31)

The region PoP;P;Ps is used because of its simple shape
and beeause very little is lost in substituting PyP3PsPg
for PyPyP3;PsP;Ps (see Fig. 2). We may call the region
P,P3P;Pg the parametric eye and rewrite the corollary as

EFf>1—y

if Z, and Z;4,; are in the parametric eye. The parametric
eye is sketched in Fig. 3 for y = 0.05 and 0.1. The simple

Authorized licensed use limited to: Fish & Richardson PC. Downloaded on January 08,2024 at 00:54:44 UTC from |IEEE Xplore. Restrictions apply.
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z - :
k4t Pio 2y 22y 27259

Pa: Zy =Zy,, =6.4Y

P3: Zy=- 1667 ¥

Zy 4= 1667 Y By

D2y c1667y
Zyy =-1.667y

Pa: Zk =24 =-7.25y
P5: 2y =2y, ,=-6ly

Fig. 2. E* > 1 — yif and only if Z, and Z; 4 ; are in the closed

region P1P-2P3P4P5Pe.

picture and rule help in visualizing the relationship be-
tween the parameters E.* Z;, and Z;; and in designing
the filters. For instance, ideally we would like to have
Zy = Ziy = 0 (the origin). If this is not satisfied, we see
from Fig. 3 that errors in the first and third quadrants
are less critical than errors in the second and fourth
quadrants. Note also that large errors can be tolerated
along the line Z, = Z;4.. For example, there is only a 10
percent reduction in eye opening (E;* = 0.9) when Z;
and Z,, are as large as 0.61 radians (35 degrees).

IV. JoinT ERROR ANALYSIS

We have considered phase parameter errors, the opti-
mum setting of the demodulating carrier phase and the
sampling time, and the corresponding eye opening. Now
consider the eye opening in the presence of phase param-

eter errors, demodulating carrier phase offset, and
sampling time error. Let the actual setting of é; be
5k = 6k* + Sk (32)

where 8,* is the optimum setting in (25) and § is the
demodulating carrier phase offset. From (45) in Appendix
IT the optimum sampling time is

T
v=7 <5k +oan — P p> (33)

9

Z

The actual sampling time is
t=1t*+1 (34)
where [ is the sampling time error. From (32) to (34)

T - - p, .
t = _{)<_€k—l—‘%+5k+€k+l_Jc2il.+Pk’>+t-

T

(35)

535

Zg+1
1\

0.5

! z
0.5 L
y=0.05
y=0.1
Fig. 3. Parametric eye.

Theorem 2

Denote D1, D, D,1, and E,, respectively, as the
value of Dy_1(t), D), Dius(t), and Ey(f) when &, and ¢
are set as in (32) and (35). If the parameter values are in
the region of (20) and if the close approximations (21)-
(23) are used, then
Dy, =

1.15 [&] (36)

- ¢
.Dk+1 = 115 s 7__'0

@37

E, =Dy— Dy — Duna

Il

1+ 0.369 Z, — 0.231 Z,x — 1.15 [§] — 1.15

2 = = -
ok for Zyn 20, Zy £ —~Zpn

0l

X

or Zk+l <0, Zk < Zk+1

I

1+ 021827, — 0.382 Z,y — 1.15 |5 — 1.15

X

t . - -
T for Zyn 20, —Zin < Zx < Zipn
0

1 — 0218 Z, + 0.382 Zyy — 1.15 [ — 1.15

X for Zyyn <0, Zin <2 £ —Zyn

4

£
TTO

1 — 0.369 Z; + 0.231 Zyy — 115 [§] — 1.15

X

|1 ~ .
™ ‘f , forZyn 20, Zlc > Zin
[)

or Zk+1 S 0, Zk 2 —Zk-H (38)
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where

Zy Zy + zsk

lie

N [
Ziy 2 Ze + 27 R

0
Theorem 2 can be proven by substituting (32) and (33)
into (21)-(23) and rearranging the results. As stated
explicitly, Theorem 2 is developed for parameter values
in the region of (20). The parameter values are in this

region (hence Theorem 2 can be used) if

|
ek—ekq—g—k——e};;l—i-sk <0.35

& &

radians

Dis €04
D, > 0.65

D < 04. (39)

As discussed previously, these conditions should be easily
satisfied.

TFrom Theorem 2, £, can be easily computed for given
phase parameter errors, demodulating carrier phase
offset, and timing error. In certain cases, one may wish to
plot E, versus 8, or 7/T,. Note that (38) is linear between
the five breakpoints:

Bk:(),

Zk = _Zk+17 Zk = Zk+1-

Hence to plot By, versus &, or I/Ty, it is only necessary to
determine the breakpoints and the end points and connect
them with straight lines. For instance, to plot £, versus
1/T, for a fixed §, over the range —r < I/T, < 7. compute
E, for the two end points /Ty = —r, 7 and for the last
four breakpoints (the first breakpoint no longer exists for
5, is fixed). Then we connect these points with straight
lines to obtain the curve. (See the example in the next
section and Ifig. 5.)

V. AN ExampPLE

The phase parameter errors can be controlled by
specifications. A standard way of specifying-the tolerances
of the parameters is by using upper and lower bounds.

For instance, p, = 0 =+ b or equivalently p,;‘ < b. We
consider a reasonable specification as follows:
€ — e = 0 = 3 degrees
pi =0 = 4 degrees (40)

and examine what performance can be expected. Other
values of the bounds can be considered in a similar manner.

Note that when the parameters are at the centers of
the specified ranges, the absolute maximum eve opening of

IEEE TRANSACTIONS ON COMMUNICATION TECHNOLOGY, AUGUST 1968

1.0

0.9 7

ool oo
L~
14; \SK =+4°
vd

0.7

0.6

wr 0.5

0.4

0.3

0.2

(o]

o
~0.04 -0.02 (o} 0.02 0.04

To

Fig. 4. Eye opening £} versus timing error { and demodulating car-
rier phase offset &, for the case Z, = Z; .1 = O,

unity is obtained. Also note that phase angles in this
paper are all in radians; degrees are used in the above
specifications because they are familiar to engineers.
They must be converted into radians in computations.

Theorems 1 and 2 will be used in the following since
the parameter values considered easily satizfy (28) and
(39). For instance, in the following

= T F] <0192 radians.

€ — €p-1 — 2
This easily satisfies the first inequality in (39).

Consider the worst combination of phase parameter
errors which minimizes E.*. It can be easily shown from
(27) and (40) that this worst combination is

e — e—1 = —3 degrees
€l — € = 3 degrees
ora = 4 degrees
pr = —4 degrees

prp1 = —4  degrees. (41)

To obtain this combination we have to set all the errors
to the limits of their six- or eight-degree ranges, and to
choose the signs such that the errors all reduce the eye.
Clearly this worst combination rarely takes place. F'rom
(41) and the second equality of (27), the minimum E*
for this worst combination is

Ek*

min = 0.884.

Authorized licensed use limited to: Fish & Richardson PC. Downloaded on January 08,2024 at 00:54:44 UTC from IEEE Xplore. Restrictions apply.

DirecTV Exhibit 1027, Page 8 of 12



CHANG AND GIBBY! ORTHOGONAL MULTIPLEXING DATA TRANSMISSION

0.9— 8g=+4°

0.8

0.7 T \“-8g=-2°

0.6

0.4

0.3

0.2

o) | 1 1
-0.04 -0.02 [¢]

0.02

Sil=?

Fig. 5. Bye opening £ versus timing error ¥ and demodulating car-
rier phase offset §;, for the worst combination of filter phase param-
eter errors in (41).

Next consider demodulating carrier phase offset and
timing error for two sets of phase parameter values:

1) The €; and p; are such that Z, = Z,, = 0.
2) The ¢; and p; are as specified in (41).

In the first case there is no reduction in eye opening due to
phase parameters. In the second case the worst combina-
tion of phase parameter errors is assumed. Using (38) of
Theorem 2, we can easily compute the eve opening &,
versus §; and /. The results are plotted in I'igs. 4 and 5 for
Cases 1 and 2, respectively. Each curve shows £, versus
{/T, for a fixed 5.

It is easily seen from Fig. 4 that if the demodulating
carrier phase is allowed to vary over an eight-degree
range (§; from —4° to 4°), and if the sampling time is
allowed to vary over a seven-percent range of the baud
interval (for instance, /7, from —0.04 to 0.03 when
5. = —4°), the eye opening will be larger than 0.7. From
Fig. 5 we see that if the demodulating carrier phase
varies over a six-degree range (5, from —2° to 4°), and if
the sampling time varies over a seven-percent range of the
baud interval (for instance, I/T, from —0.05 to 0.02
when §, = —2°), the eye opening will be larger than 0.7.
From these we conclude that if

1) the phase parameters vary over six- or eight-degree
ranges as specified in (40),

2) the demodulating carrier phase varics over a six-
degree range,

3) and the sampling time varies over a seven-percent
range of the baud interval,

then the eye opening will be larger than 0.7.

N6 MENTIoN OF
PRI RESeoNE

VI. SumMarY AND CONCLUSIONS

537

This paper presents a theoretical analysis of the per-
formance of a parallel data transmission scheme. The
performance is based on the eye opening of the received
data signal, considering jointly sampling time error,
demodulating carrier phase offset, and nonideal phase
characteristics of all the transmitting and receiving filters.
An analytic study of the nonlinear problem gives the
closed-form expression of the eye opening as a function of
all the parameters considered. It is shown that the lengthy
closed-form expression can be closely approximated with
simple piecewise linear functions for parameter values of
interest. Accuracies of the approximations are given.

For given filter phase parameters, the joint optimum
setting of the sampling time and demodulating carrier
phase is determined, and the corresponding eyve opening
E,.* found. These results are based on the close approx-
imation mentioned above. It is shown that the demod-
ulating carrier phase should first be set as in (25) to
eliminate interchannel interference from the lower adjacent
channel, and then the sampling time should be set as in
(24) to eliminate interference from the upper adjacent
channel. The quantity 1 — E;* is the closure of the eye
due to nonideal filter phase characteristics and hence can
be used in determining whether the filter design is satis-
factory. It is seen that £,* depends only on the phase
parameters of the transmitting filters. Therefore, if the
sampling time and the demodulating carrier phase can be

adjusted, it is not necessary to control the phase param-
eters of the receiving filters. It is shown that the absolute
maximum eye opening of unity is obtained if and only if
the transmitting filter phase parameters satisfy the simple
requirement in (29). Furthermore, it is shown that £;* >
1 — y if and only if the transmitting filter phase parameters
are in the region in Fig. 2, or, to a very close approximation,
in the simple region termed parametric eye in Tig. 3.
This clearly illustrates how the eye opening varies with the
phase parameters. As discussed in Section ITI-D, such sim-
ple figures and rules can be of considerable value in pract-
ical filter design.

After the optimum settings are determined, sampling
time error and demodulating carrier phase offset are
considered. Simple formulas are given in Theorem 2 for
computing the eye opening F, from a combination of
sampling time error, demodulating carrier phase offset,
and filter phase parameter errors. One can also compute
the interchannel interferences Dy and D,y and the
intersymbol interference 1 — D, separately for comparison
purposes. As can be seen from (36) and (37), the lower
adjacent channel interferes (i.e., D,y # 0) only when
there is demodulating carrier phase offset, and the upper
adjacent channel interferes only when there is sampling
time error.

An illustrative example is given in Section V, in which
we consider some ranges of the parameter values and
draw some conclusions about the performance of the
system. Similar results can be obtained for other cases.

Authorized licensed use limited to: Fish & Richardson PC. Downloaded on January 08,2024 at 00:54:44 UTC from IEEE Xplore. Restrictions apply.

DirecTV Exhibit 1027, Page 9 of 12



" 538

ArPENDIX I

The closed-form expression of Di(t + 73) is

Dt = |~ an — 0
W) = Clom T Tk 2m
X sin 27Ft cos (wFt — By)
171 2 1
- — —_— mt
+r[2Ft Txom 2+ om ’Ojl
X sin 2w Ftsin(wFt — &),
®
for 0 < & < -, —To+ —~<t<0
2 K
@
or =< # <0, ~To<i<

. ——
T xl2Ft 14 2F1

X sin 27 Ft cos (wFl — &)

171 2 1

— = = — r(t) |
w[zm 1 om T ot ot T()]
X sin 27Ft sin(wl't — ®y),

T P
for —~ < & <0, =<1<0
o g = F= L=
171
=-| = ¢
w[?Ft+1—2Ft+T()]
X sin 27Ft cos (wFt — &)

171 2 1
+;[27t+1—2m_2—21«“t+r@}
X sin 27Ft sin(zFt — &),

®
for0 <@, <:, 0<t<—~
2 L
171
= 2| !
w[th+1—2Ft+’"<)]

X sin 27Ft cos (wFt — @)

T xl2Ft T 1 —2Ft 2 — 2Rt

X sin 27 Ft sin(wFt — &),

&
2 Lt<L T

T
for0 < &, <
orr = % oF— =

_5;

P
or —= <8 <0, 0<1< To+ = (42)
2 o
where
= 2n(—1)
(f) & )
U D (2F1)?

The closed-form expression of Dy_1(t + 7¢1) is
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Y (has(t + e — nT0)|

fi>

ch—l(t + 7 k-l)

B 2] sin &, [ cos 7l sin #Ft ]
B ™ 1—(2Ft)2 ' 4Ft — (2F1)?
for0 <t < Ty
_ 2[ sin @k_l( [ cos TFt sin mFt :\
B ™ 1—(2F)? ' 4Ft+(2F1)2 )

for =T <t <0 (43)

where

1
Tl = o (pr—1 + oi’) seconds

&1 £ 6+ g+ Ek2—4 radians.

The closed-form expression of D;11(t + 7441) 1s

Dppa(t + ment) = _E (hnn(t + T — nlo)|

2,
= — sin2nFt — Pp41)
™

{ cos wFt sin wFt :l
1 — (2Ft)* = 4Ft — (2F1)2 ]
@k+l
for 0 < ®q < , o <tLT
ZT.
Drpa
or —7 < &y <0, 0t Ty+ —
27F
2 cos wFt
= — g —® —
- sin(27Ft b1 [1 — @)
sin wF't ]
4Ft — (2F1)*)
for0 < dpu < m, 0< (< 2t
o = THEk = - T 27F
2 cos wFt
= 2 sin@rFt — @) | —— o
e AR — i) [1 — 2F)*
sin :|
4Ft + (2Fy)2)
for —x < B <0, 2 <<
TS Y1 Y, O = >
2 cos wFi
= — ;r sin(27Fi — By41) [WFT)“’

sin wF¢ :|
4Ft + (2F1)2 )
Dy
for0 < &0 < m, _To+—‘;,StSO

- 27

Pra

or =7 < P <0, —To<t< — (44
27 F
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where
N . seconds
i 27F
a 3 s
(Dk+1 = 5}; + €41 — é Pr+1 ra,dlans,

AppENDIX II
Theorem 1 is proven in this appendix. It is clear from
(21) to (23) that Ey(t) is linear between the breakpoints

5lc+fk—1+ek—2:1=0

! P
Wﬁ—ak_6k+1+l;_1—plc'=0
L
Tﬂ-’?z
L3
To—ﬂa

The maximum of E() must occur at a breakpoint since
E.(t) is linear between the breakpoints. It can be shown
that E,(¢) is maximized with respect to ¢ for all 8, at the
second breakpoint, i.e., at

* 1
<5k + &1 — 2 -+ Pk,)

Fo = 9 (45)
where t* denotes the optimum setting of 7. Since D;_y(t)
in (21) is independent of ¢, we only have to substitute
(45) into (22) and (23). Substituting (45) into (22) gives

Dy (t*) = 0. (46)

Equation (46) shows that the sampling time should be
set to eliminate interchannel interference from the upper
adjacent channel.

Substituting (45) into (23) and rearranging the results

we obtain after some steps

D,(t*)

140739 & + 1.2 ¢ — 0.132 p, — 0.462

X et 4 0.231 pes, forts < &, % <&
orbh > &, & < &

1+ 0436 8, + 1.2 & + 0.172 p, — 0.764

X €1 + 0.382 ppya, for & < &,

1 — 0436 6, — 1.2 ¢ — 0.172 p, + 0.764

1l

E< & < &

Il

X e — 0382 pyyr, for s 2 &, £ <G < &

1 —0.739 6, — 1.2 ¢ + 0.132 p; + 0.462

X €+1 — 0231 Pr+1, fOI‘ fl S EZ, 61; 2 52

orfL > &, 6 2 &

(47)

’
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where

Pr+1
Pr — €1 + o

(1>

&

Pr+1
—261;; + €41 — T.

4

Il

&
It can be seen from (21), (46), and (47) that E,(*) is
maximized with respect to §; if 8 is selected such that
Dk—l(t*) =0
or if

Pr—1
— ey — —

2

5k *¥ = (48)

where §;* denotes the optimum setting of §;. This means
that the demodulating carrier phase should be set to
eliminate interchannel interference from the lower adjacent
channel. Substituting (48) into (45) gives (24) of Theorem
1. The maximum eye opening E,* at ¢* and 8,* can be
computed from (46) to (48). The result is (27). This
completes the proof of Theorem 1.

ArpreEnDIX III

An important point should be emphasized here. In some
conventional parallel transmission schemes, the interfer-
ences from the two adjacent channels are the same.
Thus, it might be a surprise to see from Appendix I that
the two interferences D;_;(¢) and D;41(¢) are very different.
For instance, it is shown in Section C that D, _(t) is very
nearly independent of time, while D;;;1(f) has a large
variation with time. Rather than tracing the lengthy
equations to explain this phenomenon, we offer a physical
explanation which yields some insight. As can be seen
from Fig. 1 (a), when an impulse is applied at the input of
the (¢ — 1)th channel, the interference at the output
of the kth receiving filter has an amplitude characteristic

Hu1i(f) = Ara(NBEHC().

From (6), (7), and the shapes of the 4,(f) in Fig. 1 (b), one
can see that Hy_n:(f) and Hgini(f) are symmetrical
about the center frequency f; of the kth channel. In the
present orthogonal multiplexing system, the demodulating
carrier frequency is not equal to f;, but is

F
fk—z"-

S’
Therefore, after demodulation, Hg_n:(f + f)) and
H 10(f + f) are symmetrical about F/2 (not about the
origin). Consequently, interchannel interference from the
Jower adjacent channel occupies the frequency band [ fl <
F/2, while interference from the upper adjacent channel
occupies a higher frequency band F/2 < m < 3F/2. From

the preceding we expect the two interferences to be very
different.
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