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17

CONDUCTION AND THERMAL CONDUCTIVITY

The Fourier Equation for Heat Conduction

The basic equation for steady-state heat conduction is known as Fourier’s
equation."  Written for conduction in one direction, it is
dt
= —kA —— 17-1
q=—ka - (17-1)
where g = heat-conduction rate in x direction
A = cross-sectional area normal to heat flow
dt/dx = temperature gradient in x direction

k = a proportionality constant known as the thgrmal conductivity of the
conducting medium.

Steady-state conduction means that the heat-transfer rate g through a given
cross section in the system does not vary with time.> The thermal conductivity k is
a function of the molecular state of the medium; for a single-phase system it is usually

LS

''). B. J. Fourier, “ Théorie analytique de la chaleur,” Gauthier-Villars, Paris, 1822.

? Electrical engineers and physicists use the term steady state to designate, in addition, systems in
which there is a steady periodic variation.
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CONVECTIVE HEAT-TRANSFER COEFFICIENTS 313

the velocity profile of a system in which heat is being transferred. 1t is this noniso-
thermal velocity profile, of course, that provides the velocity terms (o be used in
solving the differegtial momentum and energy balances for a nonisothermal system.
Needless to say, this additional complication must frequently be overlooked (0
permit a solution to be obtained; this simplification, however, may introduce a
serious error when the viscosity of the fluid is strongly dependent on temperature.
Frequently the temperature gradient is grealest ncar the wall, and it is in this
region that the velocity gradient is also greatest. The effect of temperature on the
viscosity of the fluid at the wall may therefore have a pronounced effect on both the
vélocity and temperature profiles of the system.

Individual Heat-transfer Coefficients

Although the analysis is complicated for steady-state laminar-flow systems, even
greater difficulties are encountered in systems with turbulent flow wherein the velocity
and temperature at any point are functions of time. In the study of the isothermal
flow of fluids, the difficulties caused by the time-dependent nature of turbulent
systems led to the use of dimensional analysis and the concept of the mixing length.
In order to get around the difficulties encountered in the solution of heat-transfer
problems in turbulent systems, it is common practice in engineering (o write the
rate of heat transfer in terms of a heat-transfer coefficient h as

q= hA(rx - [m) {21_1)

The surface temperature is ty, and f,, represents the temperature of the fluid medium
at some distance from the surface. For this case ¢, is greater than t,,; if 7,, 1s greater
than t,, the positions of the two terms may be reversed to keep g positive. The
definitions of 1, for specific cases are set by convention and will be discussed
presently.
Since h and i, often vary from one point to another on the heat-transfer surface,
Eq. (21-1) should be thought of as applying at a point on a surface and put in the
form "
dg = h(t, — t,) dA (21-2)

Because the quantities h, t; — ty, and dg can often be expressed as functions of
temperature, the integral form of Eq. (21-2) is written as
A
= dA (21-3)
"() h(ls - 'rnr) JO
At this moment we shall not be concerned with the integration of Eq. (2i-2): this
subject will be considered in later discussions on applications, such as heat exchangers.

i dg
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314 HEAT TRANSFER

Although Eq. (21-1) will frequently be used in what follows in this chapter, the
possible restriction of its application to a differential area if h(t, — t,,) varies should
be kept in mind.

The concept of a heat-transfer coefficient is useful, but it does not really allow
us to avoid the basically complicated nature of the problem. The quantity s is a
function of the properties of the fluid, the geometry and roughness of the surface, and
the flow pattern of the fluid. Several methods are available for evaluating h: analyti-
cal methods are used for laminar-flow systems; for turbulent systems we shall use
integral methods, mixing-length theory, and dimensional analysis.

Another way of looking at convective heat transfer is to write the conduction
equation for the fluid at the solid surface. For convenience we shall use the system
shown in Fig. 21-1, for which we write

dt
=), - B4
Although we know k for the fluid, (dt/dy), -, is unknown, so this equation is not
directly useful for calculating g. In considering conduction in a solid, we were able
to integrate the Fourier equation (18-1), but in the flowing fluid at values of y > 0,
energy is also being carried by convective transport, so the energy balance on an
clement of fluid leads to the relatively complicated differential energy balance, Eq.
(8-11), rather than the simple conduction equation (18-1).
It is of interest to combine Eq. (21-4) with a form of Eq. (21-1) applicable to the
flat-plate problem of Fig. 21-1. This is written as

— t,) dA

a

dt
dqzde(- ) = h(t
d_]} y=0 (

which can be rearranged to give
k It
b = (‘) (21-5)
to — ts\dy/], =0

or in an cquivalent form,

b= k{a’[(r = _t_:;_/fr,_, _—_r&.)]}‘=0 (21-6)

Equation (21-6) is written in terms of the dimensionless unaccomplished temperature
change from the surface to the edge of the thermal boundary layer. It is apparent
from these relations that any factor which would cause an increase in the tempera-
ture gradient at the wall, such as an increase in the velocity of floy past the heated
surface, would also cause an increase in the value of the heat-transfer
coefficient. Equation (21-6) also shows how the heat-transfer coefficient can vary
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CONVECTIVE HEAT-TRANSFER COEFFICIENTS 313

with position. For both the flat plate and the heated pipe, il the wall temperature is
constant at all points, the quantity {d[(t — t,)/(t, — t,)]/dy},- o is infinite at the lead-
ing edge so that ghe coefficient h is infinite at this point. As the thermal bouncary
layer thickens, both the gradient at the wall and the heat-transfer coefficient dimin-
ish. This behavior is illustrated by the curves of Figs. 21-2 and 21-4. In pipes the
local, or point, heat-transfer coefficient approaches some constant value as the dis-
tance from the pipe inlet increases. For long pipes the contribution of the entrance
effect is often small and is frequently neglected in engineering calculations.

Let us now complete the definition of h for some specific cases by defining 1, for
some other situations. For flow through a heated conduit with a wall temperature

t,, wWe write
g = hA(t, — tp) (21-7)

where 7, is the bulk (mixing-cup) temperature.
For natural convection adjacent to a hot surface at 1, we set

q = hA(t, — t.,) (21-8)

where ¢, is the temperature of the fluid far from the surface, i.e., at the edge of the

thermal boundary layer.

The concept of the convective coefficient is also applied to heat transfer by
boiling and condensation. Experimental evidence shows that when condensation of
a pure vapor occurs on the exterior surface of a cold tube, almost the entire resistance
to heat transfer outside the tube occurs in the film of condensate. This is the basis of
an analytical model, which gives reasonably accurate results in many systems. The
condensing coefficient is defined by the equation

g = hA(t,, — t,) (21-9)
where 1, = temperature of saturated vapor

t, = temperature of tube surface

In this case. as in that illustrated by Fig. 21-1, the temperature difference inn the
defining equation for h is arbitrarily reversed to keep g positive.
For heat transfer to a boiling fluid the defining equation is

q = hA(t; — 1) (21-10)

where t,, is the saturation liquid temperature. The mechanism of boiling is believed
to be by heat transfer from the solid to the liquid, then from the liquid to the interface
of each growing bubble. The application of Eq. (21-10) is complicated by the very
strong dependence (sometimes to the third power) of h on the temperature difference

IS - tsr.
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316 HEAT TRANSFER

Finally, the concept of the heat-transfer coefficient has been extended to the
design of systems where radiant-heat transfer is a contributing mechanism. The
equation for radiant-heat transfer between two surfaces at t; and t, can be written
as a pseudoconvection process by setting

q = hrA([.vl - rs.?.) (21_11)

where the subscript r is added to the coefficient to make its meaning clear. It will be
shown later in the discussion of radiant-heat transfer that h, can be calculated from
fundamental considerations. Although it has a third-power dependence on temper-
ature and is therefore variable with the temperature difference (as the boiling
coefficient was), in many cases h, can be assumed to be approximately constant at
some average value throughout the system. This procedure often has the distinct
advantage of preserving the linearity of a system of heat-transfer equations. As a
result it is possible to obtain analytical solutions to problems which otherwise would
have to be analyzed numeriéa]ly.

The coefficient h is often called in the engineering literature the individual film
coefficient. This expression is best understood with reference to heat transfer to a
turbulent fluid flowing in a conduit. If the resistance to heat flow is thought of as
existing only in a laminar film, the coefficient h is equivalent to k/Ax,, where Ax, is
the equivalent thickness of a stationary film just thick enough to offer the resistance
corresponding to the observed value of h.  Since there is often an appreciable resist-
ance in the turbulent core and since the stationary film has not even an approximate
physical counterpart in laminar flow, boiling, and radiation, we shall refer in this
book to h as an individual, or a convective, heat-transfer coefficient. However, it s
not uncommon in engineering practice to use the term film coefficient, and the
fictitious nature of the film should be kept in mind.

Range of Individual Coefficients

It is of considerable value to acquire some notion of the magnitude of the various
coefficients. Heat transfer is generally a process in which several mechanisms are
combined in both series and parallel. Frequently, the magnitude of one or two
resistances’ is so much greater than those of the remainder of the process that an
adequate analysis is obtained by neglecting all minor resistances. Table 21-1 is
reproduced from McAdams? to indicate the relative magnitude of various types of
convective coefficients.

.

" The thermal resistance in convection is 1/hA, in accord with the discussion in Chap. 18.
W, H. McAdams. * Heat Transmission,” 3d ed., McGraw-Hill Book Company, New York,
1954.
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HEAT TRANSFER WITH LAMINAR FLOW 339

In view of the boundary conditions of this system, we rewrite Eq. (21-6) as

« Fyiame [{Jd[(ls,,_, )/(t‘;t"ﬂ‘ (22-11)

l dy ly=0

This is rewritten substituting 7./vx/u, = y to give

The derivative in this equation has already been given in Eq. (22-7). Applying the
condition # = 0 to this expression we find the exponential term to be equal to unity
and the derivative to be dY/dn = C,. Therefore, we can write

h=k (2, (22-13)
VX

The value of h given by this equation can be seen to be a function of the distance x
from the leading edge of the plate. Thus, h is called the local heat-transfer coefficient
and its dependence on x emphasized by writing it as h,. The quantity h,x/k is an
important dimensionless group in heat transfer, known as the Nusselt number. The
quantity x is a characteristic length. When the Nusselt group contains a heat-
transfer coefficient dependent on position h,, then the Nusselt number is likewise
dependent on position and is written Nu,. It is apparent, therefore, that Eq. (22-13)
can be written entirely in terms of dimensionless groups.

X Xilg

J
i e, (22-14)

k

=1
} dn) (22-15)

This expression is valid for all Prandtl numbers, but for Reynolds numbers only
in the laminar boundary-layer range, i.e., below 5 x 10°.

Equation (22-15), although of wide validity, is tedious to evaluate. For fluids
with the more limited range, Pr > 0.6, the curves on Fig. 22-1 can be represented
empirically by a single line relating the temperature variable (1, — t)/(t; — t,) to the
quantity (y/x)(Re,)'?Pr'/?, as shown in Fig. 22-2. This procedure is based on the
equation found by Pohlhausen for the ratio of the thickness of the hydrodynamic
boundary layer é to the thickness of the thermal boundary layer §,,:

Nu, = (R.«_-x)uz(.":U :exp (— F—; “‘:f(n) dn

0

S =Pr'B (22-16
5, (22-16)

Optronic Scienes LLC, Ex. 2015
BOE Technology Group Co., Ltd. v. Optronic Sciences LLC, IPR2024-01130
Page 8 of 26



340 HEAT TRANSFER

1.0
L, —t
t,—t, 05 :
FIGURE 22-2 A 00 1.0 2.0 3.0 4.0
Temperatures for laminar flow past a flat 1 i
plate at uniform temperature; Pr > 0.6. (I)(Re,) “(Pr)"

This approximation is valid for Pr > 0.6; the principal substances thus excluded are
liquid metals.!

The quantity {6[(1‘3‘ r;/(ts = rf’)]} can be obtained for fluids with Pr > 0.6
'y y=0

by taking the slope of the curve in Fig. 22-2 at (v/x)(Re,)'?Pr'/* = 0. Thisslopeis
0.332.

A= 0= 032 g pps 2y

Consequently, the local heat-transfer coefficient h, can be represented by the
equation
_ 0.332k

X

. (Re,)!/?Pr!?  (22-18)

and the local Nusselt number by
Nu, = 0.332(Re,)'/?Pr'/*  (22-19)

Equation (22-18) gives the local heat-transfer coefficient h, at a distance x from ~

the leading edge of the plate. If the effective mean coefficient h,, for the entire
section of the plate between the leading edge and point x is desired, this can be

obtained as follows: .
I

g = huAlt, — 1,) = | hte—1.)bdx  (22-20)

*0

where b is the width of the plate in the z direction. Since the plate is at a uniform
temperature, t, — , is constant. We get, then, %

1S W. Churchill and H. Ozoe. AICHE Jowrnal. 19:177 (1973). confirm Eq. (22-16) for
Pr — = and indicate that 6/5,, = Pr'/? for Pr — 0.
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HEAT TRANSFER WITH LAMINAR FLOW 341

b "

b = .|0 h, dx
* 1/2 C 1/3 .1 i
0.332k (u, e odx
o i — - X
L (v) () [ @

Therefore the equation for the mean coefficient h,, is

- 03k ) ”Z(Cpﬂ)m(zmz)

" L v k
0.664k (u, L\ "% (C, u\'"
=S ) S

This may be written in terms of dimensionless numbers as
Nu, = 0.664(Re,)'?Pr'/?  (22-23)

The symbol Re, is used in equations involving point coefficients. The symbol Re,
is used in equations involving average coefficients which apply over a surface of
length L.

It was pointed out in Chap. 11 that the laminar boundary layer persists on
smooth plates to a Reynolds number of approximately 5 x 10°. Obviously, the
analysis of heat transfer given in this chapter is governed by the same restrictions.
Furthermore, it should not be forgotten that Egs. (22-16) to (22-23) apply only for
Pr > 0.6.

Example 22-1 Air at 70°F with a uniform [ree-stream velocity of 50 fi/s is
moving parallel to a smooth flat plate heated to a uniform surface temperature
of 212°F. Find the length of the laminar boundary layer on the plate, the
thickness of the hydrodynamic and thermal boundary layers at the critical
length, the local heat-transfer coefficient at the critical length, and the mean
heat-transfer coefficient over the portion of the plate covered by the laminar
boundary layer.
Air at 150°F has the following physical properties:!

vy =021 x 1072 ft?/s

k = 0.0164 Btu/(h)(ft)(°F)
Pr=0.72

! . Kreith, “Principles of Heat Transfer,” International Textbook Company, Scranton, Pa.,
1958.
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342 HEAT TRANSFER

The length of laminar boundary layer is found by taking the critical Reynolds
number Re, as 5 x 10°. Solving for x, we get

10%)(0.21 x 10~3
x=(5x 105" = 6% 0)(20 x 0
uﬂ

= 2.1ft

The thickness of the hydrodynamic boundary layer can be found from Eq.

(11-22).
o= 5.0\/”
MO

. [021 x 1073)2.1)

At x = 2.1 ft, we find

= 0.0148 ft

The thermal-boundary-layer thickness at x = 2.1 ft is found from Eq. (22-16).

é = Prl/3
O

0.0148
0= (072
00148
~0.895

= 00165 ft
The local heat-transfer coefficient at x = 2.1 ft is found from Eq. (22-18).

_ 033
B X

_(0.332)(0.0164) L2 o3
=60 (5 x 10%)112(0.72)"/

= 1.65 Btu/(h)(ft)(°F)

h (Re,)!/?Pr!/

X

£

The mean effective heat-transfer coefficient for the section of the plate between
the leading edge and the point where the laminar boundary layer breaks down
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HEAT TRANSFER WITH LAMINAR FLOW 343

(x = 2.1 ft) is twice the local coefficient at x = 2.1; thus h,, = 2h,_ = 3.3 Btu/
(h)(I*)(°F). /1
&

Heat transfer to a fluid entering a pipe A fluid usually enters a pipe with
uniform velocity and temperature profiles. If the pipe wall is heated or cooled over
its entire length, then both thermal and hydrodynamic velocity profiles begin
developing at the pipe inlet. As in the case of flow parallel to a flat plate, the local
coefficient of heat transfer has a value of infinity at the inlet and diminishes toward
an asymptotic value far down the pipe.

The problem of the developing hydrodynamic boundary layer has been solved
for isothermal flow and has already been discussed in Chap. 11. The problem in
which the hydrodynamic and thermal boundary layers develop simultaneously has
been studied by Kays.! His approach was to combine Langhaar’s results for the
developing velocity profile with a numerical solution of the differential energy
balance. He obtained solutions, limited to fluids with Pr = 0.7, for boundary
conditions of constant wall temperature, uniform heat flux from the wall, and
constant temperature difference between the wall and the fluid.

Natural convection from a vertical plate  An important system to the
engineer is that in which heat is transferred from a vertical plate to a fluid moving
parallel to it by natural convection. In any system in which the density of the fluid
varies with position, natural convection is present. However, when the fluid is also
moving as a result of forced convection, the natural-convection effects are not often
important. If the flow due to forced convection is reduced, a region is entered in
which both mechanisms are important. The example we shall consider in this
section is the limiting case in which flow results entirely- from heating.

This problem can be solved by using the energy and continuity equations given
in the foregoing analysis for forced laminar flow past a heated plate. However, the
differential momentum balance must include a body-force term due to the effect of
gravity on the heated fluid. The resulting momentum balance is written as

0 o 82
p(u I (—u’-‘) = gpB(t — 1) + #-5;5“‘ (22-24)

* ox Y dy
Although the body force caused by the variation of density is important in this
equation, the effects of compressibility on the other terms in the differential balances
are not important, so that they may be used with the assumption of constant physical
properties. This set of equations has been solved? for the case of natural-convection

"'W. M. Kays, Trans. Am. Soc. Mech. Eng., 77:1265 (1955).
* Pohlhausen’s solution is outlined in standard references such as M, Jakob, * Heat Transfer,”
vol. 1, p. 444, John Wiley & Sons, Inc., New York, 1949.
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344 HEAT TRANSFER

heating of ideal diatomic gases adjacent to a vertical plate at constant temperature.
The solution expressed in dimensionless groups is

Nu, = 0478(Gr)'/*  (22-25)
where the mean Nusselt number Nu,, = h, L/k and the Grashof number
Gr = [gL(t, — 1, )] T.

The heat-transfer coefficient h,, is the mean coefficient applicable between the lower
edge of the plate and any point at a distance L above the lower edge. It is used with
a temperature difference which is the wall temperature minus the fluid temperature
outside the thermal boundary layer, ¢, or ¢t,. The temperature in the denominator
of the Grashof number must be expressed in absolute units because the analytical
solution contains the assumption that the coefficient of volumetric expansion f is
equal to the reciprocal of the absolute temperature T. This is true only for ideal
gases. The Grashof number is found in most correlations of natural-convection
heat transfer. It serves in much the same role as the Reynolds number in forced
convection heat transfer. The relationship between the two groups is made more
evident if the Grashof number is broken down as follows:

_gLB At

VZ

3 (g[)’ Ar) Lu?

S \w/2 )\ wy
buoyant force) (inertial force
viscous drag

Gr

viscous drag

l

(buoyant force

izl Ids b
viscous drag )(Reyno ds num er)

The velocity u introduced above may be regarded as any characteristic velocity of the
system.

Equation (22-25) is valid only for systems in which the flow is completely
laminar. If the vertical plate for which it applies is of sufficient length, the boundary
layer will become turbulent. The transition from a natural-convection laminar
boundary layer to a natural-convection turbulent boundary layer has been observed
experimentally to depend on the value of the product Pr Gr. This combination of
dimensionless groups constitutes a new dimensionless group known as the Rayleigh
number Ra.  When Ra < 10°, the boundary layer is entirely laminar and Eq. (22-25)
applies. When Ra > 10°, the upper portion of the boundary laygr becomes turbu-
lent, and equations to be presented in subsequent chapters are required if the entire
system is to be dealt with.

natui
parti
the ¢
duris
com|
expe
signi
tions
of w

syste
heat
bou
laye

mp
sepe
Hoy
and
exte

He:

The
anc
dis
oftc
neg

pai
fro
mc




ure.

e B

HEAT TRANSFER WITH LAMINAR FLOW 345

In the start-up of a process, the portions of the system heating or cooling by
natural convection will experience variations of temperature with time. A case of
particular significance is the nuclear reactor in which the removal of control rods in
the absence of forced circulation could give rise to excessively high temperatures
during the interval in which natural circulation is becoming established. Electrical
components constitute another example of a system which, in most circumstances, is
expected to cool by natural convection and for which transient behavior may be
significant. Most studies of transient natural convection involve numerical solu-
tions of the basic energy equation applied to simple systems. An extensive summary
of work in this area is provided by Gebhart.!

Other systems Engineers are interested in laminar flow in other heat-transfer
systems with developing velocity profiles. One system is the flat plate in which
heating is begun at some distance from the leading edge. The hydrodynamic
boundary layer in this case is already partially developed when the thermal boundary
layer starts to develop.

The problem of flow normal to a heated cylinder or sphere is of considerable
importance. At low Reynolds numbers, for which there is laminar flow with no
separation, it is possible to obtain numerical solutions of the differential balances.
However, for most practical cases the fluid separates from the sides of the cylinder,
and empirical methods must be used. This problem will be considered more
extensively in Chap. 23, “ Heat Transfer with Turbulent Flow.”

Heat Transfer with a Developed Velocity Distribution in a Pipe

The heat-transfer problems most frequently encountered have to do with the heating
and cooling of fluids in pipes. Although the entrance effects which we have just
discussed affect overall performance significantly in short pieces of equipment, we are
often concerned with the performance of equipment in which the entrance effect is
negligible.

The velocity profile in developed, isothermal, laminar flow has the shape of a
parabola. The equation for this profile was derived first in this book in Chap. 2
from a force balance, and subsequently in Chap. 10 from the differential mass and
momentum balances. It is

k2T
- () } (22-26)
Fi

' B. Gebhart, * Heat Transfer.” 2d ed.. p. 356. McGraw-Hill Book Company. 1971,

u, = 2u,
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346 HEAT TRANSFER

If the fluid is heated or cooled, the velocity profile can be greatly altered because of
the effect of temperature on viscosity. The complications resulting in the heat-
transfer problems are so great that only approximate solutions have been
obtained. Graetz! has provided solutions for two cases. In one the distortion of
the velocity profile is assumed to be negligible and the parabolic profile is maintained.
In the other solution, the distortion is assumed to be so great that the velocity
profile is flat over the pipe cross section. This type of flow is called rodlike, or plug,
flow. Such a condition might be approximately achieved if a liquid in laminar flow
were heated from the pipe wall. The two Graetz solutions are discussed below.

Parabolic velocity profile This solution is obtained by making the assump-
tion that Eq. (22-26) represents the axial fluid velocity at all points in the system. As
boundary conditions, the wall temperature of the tube is assumed to be uniform and
the inlet fluid temperature is assumed to be constant over the pipe cross section.

The differential energy balance, Eq. (8-11), can be expressed in cylindrical
coordinates and, if applied to a steady-state system with axial symmetry, reduces to

ot 0%t 10t 0t
u =u
Y Ox

) (22-27)

st
or  ror  0x*

If the further assumption is made that heat conduction in the direction of flow 1s
negligible in comparison with the other transport terms, then 6%t/éx* can be dropped
from Eq. (22-27). IfEq. (22-26) is combined with this simplified energy equation, we

obtain
_ 2
()
Fi

This partial differential equation can be solved by the technique of separation of
variables, illustrated in Chap. 19. The temperature variable is assumed to be the

ot
X

0%t " 1t 2u,
or:  ror o

(22-28)

product of two quantities, one of which is a function of radial distance r and the other

a function of axial distance x. Two ordinary differential equations are obtained.
The solution of the equation relating ¢ and x is a simple exponential relation.
The solution of the equation relating ¢ and r is a series. The combined solutions
give the equation .

I n=ao

- Z Bn qbn eff.,ztxfr(]fRe Pr (22_29)
L, — 1, n=0

{

o

The values of the constants B, and 5, have been provided for the first 10 terms in the
series by Sellars, Tribus, and Klein.? The same reference contains equations for

' L. Graetz. Ann. Phys., N.F. 18:79 (1883) and 25:737 (1885).
2], R. Sellars. M. Tribus, and 1. S. Klein. Trans. Am. Soc. Mech. Eng.. 78:441 (1956).
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HEAT TRANSFER WITH LAMINAR FLOW 347

determining values of ¢,,, which is a function of r/r;. Details of the Graetz solution
are given by Drew' and by jakob.2 The bulk temperature of the fluid at any axial
position can be ohtained by combining Eq. (22-29), which defines temperature, and
Eq. (22-26), for velocity, in the following expression:

1 e

— l (pCprux)(2m') dr

tb el —
mriup Cpp Jr=o0

which simplifies to

ty = turdr (22-30)

FimUp'r=0

The local coefficient of heat transfer h, can be found by writing a heat balance
on a differential length of pipe dx.
h(mD dx)(t, — t,) = wC, di,

This equation reduces to
wC,dt, 1
h,=—2=" 22-31
¥ wD dxit,— 4 ( )
This expression for the local coefficient of heat transfer h, is converted into an
equation for the local Nusselt number h, D/k by multiplying both sides by D/k.
Thus the manipulation of Egs. (22-29) to (22-31) will lead finally to a com-
plicated equation expressing the group Nu, as a function of wC/kx, which is known
as the Graetz number. This can be expanded and written as Pe(rn/4)(D/x), where the
quantity Pe, called the Peclet number, is the product Re Pr. The results of this

analysis are shown in Fig. 22-3.

Flat velocity profile If the flow is assumed to be rodlike, u, = u, at all points
and the combined mass, energy, and momentum equations simplify to

2

Qs L 1 0t _ ot (22-32)

or ror o 0x
The solution of this equation is somewhat simpler than the solution of the equation
involving the parabolic profile. This occurs because the partial differential equa-
tion, when the variables are separated, gives two ordinary differential equations
which can be solved by standard methods. One solution is a simple exponential
equation, and the other involves a Bessel function. The final solution, when

' T. B. Drew, Trans. Am. Inst. Chem. Eng., 26:26 (1931).
2 Op. cit,, p. 451
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I (745 SN0 A 3 5

wC D
2 =7 )RePr

FIGURE 22-3

Local Nusselt number for developed laminar flow in a pipe.
a Rodlike flow, uniform heat flux.

b Rodlike flow, uniform wall temperature.

¢ Parabolic flow, uniform heat flux.

d Parabolic flow, uniform wall temperature.

combined with the boundary conditions of uniform wall temperature and uniform
inlet temperature, is as follows.

-t "X 2 a,r
s — Lo B n=1 anlec;r;) 0( i
The quantity a, is the nth root of the expression Jy(a,) = 0. J, and J, are
Bessel functions of zero and first order, which can be found in standard tabulations.
Details of this solution are given in the references previously cited for the problem
of flow with a parabolic profile. )
The equation for the bulk temperature, Eq. (22-30), is simplified when applied
to rodlike flow because u, = u,. This gives

) v e o )

L

2
b= [ rdr o (22-34)

The local coefficient of heat transfer h, can be found from ¢, by employing Eq.
(22-31). This coefficient is then used to calculate the local Nusselt number
h.D/k. The equation for this useful group is

= — 2ap2(x/ri)/Re P
Wi Jgmpcieshinn
k - Zn=llx) a —2€—Za,‘2(x,’r,');’Re Pr
n= n

This relation is shown graphically in Fig. 22-3.
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HEAT TRANSFER WITH LAMINAR FLOW 349

Uniform heat flux Both flow systems assumed in the preceding pages give
different solutions if the boundary condition of constant wall temperature is replaced
with the condition of uniform heat flux from the wall. The behavior of the local
Nusselt number with this boundary condition is shown in Fig. 22-3.

The local Nusselt number can be seen to approach asymptotic values for long
tubes for all cases shown in Fig. 22-3. The asymptotic values, in the case of uniform
heat flux, can be predicted without the complete solution of the partial differential
equations, as illustrated in Example 22-2.

Example 22-2 Show that the local Nusselt number for uniform heat flux toa
fluid in rodlike flow approaches a value of 8 for long pipes.
The combined mass, energy, and momentum equations for this system
reduce to
d%t " 10t w0t 22.32)
o ror o« dx sk
If heat is added at a constant rate per unit length of pipe, the temperature
profile will approach some constant shape at great distances from the pipe
inlet. In this region dt/0x is constant at all radial and axial points, so that Eq.
(22-32) can be written as
0%t 1dt  uy, ot

=a (1)

o ror  wox
in which a is a constant.
Because the flow is rodlike,
ot dy, ao

= (2)

Ix dx

From Eq. (22-31),

C 1
g oW p A0 (3)
D u,t, — 1t

The flow rate w 1s

We substitute this in Eq. (3) to get
nD* C, ak 1
o == il e
4 7D pCuyt; — t,
akD
4(rx - rb)

h
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This is rearranged to give the local Nusselt number:

2
th -, aD )
({s - [h)
The temperature at any radial point can be found in terms of the constant
a by integrating Eq. (1). This is done by the standard method of substituting a _
new variable for dr/dr and reducing Eq. (1) to a first-order equation, which can :
then be integrated directly. The integrated equation for temperature is

ar2

I=4+C;inr+C2 (5)
The boundary conditions dt/or = 0 at r = 0, and ¢ = ¢, at r = D/2, are sub-
stituted to obtain values for the arbitrary constants C, and C,.
The solution is

1‘2. DZ
I=Cl(4—'1'6)+fs (6)

In Eq. (6) ¢, is a function of x, so that t = f(r.x). _
When this equation is integrated according to Eq. (22-34), the bulk

temperature is found to be Tv
aD?
t,= — + 7
b 10 s ( )
ar
This is rearranged to give the temperature difference
C aD? Wh
+ =5 '
which is substituted in Eq. (4) to give
h.D aD* 32
= =——s =24 8
= @)
(o)
Average coefficients It is convenient for design purposes to know the aver- t,
age heat-transfer coefficient for an entire length of pipe. If the surface temperature ¢, P
is constant and 1,, represents the bulk temperature at the pipe discharge, an el
arithmetic average coefficient h, over the area A can be defined by the following
equation:
.
ty— t t,— ¢
q= haA(-"- “lo) + () _ hA(t, — tp)a  (22-36)

k
i
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e
h,D
T 10
or 6
hy,D A
I 3
2
hy,D
a. Parabolic flow, L
- h,D
b. Parabolic flow, ra?— :
h,D i
e. Rodlike flow, —— | e S R O
% o1 i ¢
1 2 34 6810 10®
wC
p _ WD
e ) () RePr
FIGURE 22-4
Average Nusselt number for developed laminar flow in a pipe with uniform wall
temperature.

Two of the quantities in this equation are
q= WCp(Ibl - lo)

and A = nDL

We substitute these in Eq. (22-36) and rearrange to get the Nusselt number based on

the arithmetic average temperature difference.

kfﬁ a fﬂ:kL (ts : to) + (Is - th)

C i
hD _2wC, 2= L (22.37)

A value of 1, can be obtainedtby substituting in Eq. (22-30), the results of one
of the solutions for ¢ as a function of x and r [Eq. (22-29) or (22-33)].  This value of
t,, can then be put into Eq. (22-37) in order to calculate h, D/k. Some results of this
procedure are shown in Fig. 22-4. An equivalent way of defining h, is to write an
equation similar to (22-20):

i

9 Lit, — t)e = | Mty — t)dx (22:38)
Y0

This would give the same results as Eq. (22-37).
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352 HEAT TRANSFER

For long pipes and low flow rates the discharge bulk temperature f,, is
approximately equal to the surface temperature t,, so that Eq. (22-37) simplifies to

h,D  2wC,
E e A

This simplification applies to both rodlike and parabolic flow. The result is that
curves b and ¢ in Fig. 22-4 merge for low values of wC,/kL and have a slope of 1.

Frequently, an equation similar to (22-36) is written with the driving force as
the logarithmic mean of t, — t,and t, — 1,,. The behavior of the two kinds of mean
Nusselt number h, D/k and h,,, D/k as functions of wC,/kL is shown in Fig. 22-4.

The logarithmic-mean temperature difference gives the physically correct result
for long pipes; At,, approaches zero but h approaches an asymptotic value, given for
example by curve d of Fig. 22-3 for the limit of large x. For short pipes with
parabolic flow, h, and h,,, are the same. Therefore, curve a of Fig. (22-4) is of the
most practical interest, and the following equations are given in terms of h,, D/k,
written as h,, D/k or Nu,,.

At values of wC,/kL > 20, the parabolic-flow equation for the average Nusselt
number h,, D/k can be represented adequately by the empirical expression

haD 62(4W_C,,

1/3
! n'kL) (22-40)

The quantity 4wC ,/nkL is equal to (Du, p/u)(C, w/k)(D/L), so that Eq. (22-40) can be
written as -

D 1/3
Nu, = 1.62 Re!’? Pr“3(L) (22-41)

This equation is the basis of the well-known heat-transfer correlation of Sieder and
Tate,! who proposed the following equation:

1/3 0.14
Nu,, = 1.86 Re!/? Pr1f3(lL)) (”) (22-42)
. s

where p = fluid viscosity at average bulk temperature

1, = viscosity at wall temperature

The term u/u, is an empirical correction for the distortion of the velocity profile
which results from the effect of temperature on viscosity. "

' E. N. Sieder and G. E. Tate, Ind. Eng. Chem.. 28:1929 (1936).
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The Stefan-Boltzmann Law

It can be shown from thermodynamic considerations that the total emissive power of
a black body is proportional to the fourth power of the absolute temperature. This
relation. known as the Stefan-Boltzmann law, applies to the total radiant energy of
all wavelengths emitted in all directions and is written'

W, = oT*  (26-6)

The quantity o, known as the Stefan-Boltzmann constant, has a value of
0.1714 x 10~ 8 Btu/(h)(ft?)(°R)*, which is equivalent to 5.676 x 107 8 W/m?-K* If
the emissivity of a real surface is expressed as a total emissivity ¢, the total emissive
power of the real body in Btu/(h)(ft?) is

W = eT? (26-7)

An expression for the monochromatic emissive power of a black body W, asa
function of the wavelength was derived from quantum theory by Planck in

1900. The equation,? known as Planck’s law, is
Cy A3
Wi = ~coar— ] (26-8)
e o

The term W, has the dimensions of energy/(area)(time)(unit increment of wave-
length). It is expressed in units of ergs/(s)(cm?) when the constants C; and C, are
3.74 x 107 (erg)(cm?)/s and 2.59 (cm)(°R), respectively. This function is plotted
in Fig. 26-1. It can be differentiated to obtain dWy,/dA, and if this derivative is
equated to zero, it yields the following expression for the wavelength at which the

maximum emission of energy occurs:
50T(1 — e”C¥iT) = C, (26-9)

This equation can be solved by trial and error for AT to give
0.5216
max — (26‘10)
in which the constant 0.5216 has units of (cm)(°R). Equation (26-10) is known as
Wien's displacement law ; it predicts a decreasing wavelength at peak emissive power
for increasing temperature. It is of interest that the radiation from the sun has a
maximum intensity at a wavelength of approximately 5 x 10~ >cm. According to
Eq. (26-10), the surface temperature of the sun is 10,400°R.

! We use T to indicate absolute temperature (Kelvin or degrees Rankine) in this book and 1 for
degrees Fahrenheit or degrees Celsius. -

2 Another common form of Planck’s law gives the intensity of the monochromatic radiation
norimal to the radiating surface. Equation (26-8), however, gives the monochromatic emissive
power, which represents all the energy of wavelength 2 emitted through a hemispherical solid
angle. This is obtained by multiplying the normal intensity by a factor 7.
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RADIANT HEAT TRANSFER 435

Equation (26-8) for the monochromatic emissive power can be integrated over
the entire spectrum to give the total emissive power. Thus the Stefan-Boltzmann
constant from Eg. (26-6) becomes

i = 7"14 J: Wyo di (26-11)
Substituting Planck’s law, Eq. (26-8), in Eq. (26-11) yields
Ci ¢ A .
o= Td-’o CoAT —dA
_ G T (GPTY T

o= | —
C24 o e(gj'/.[ - ] C7

which is rearranged to give
Cy ® (CZMT):’ fC‘z
Ci*ly T 1T

¢,
135

o= (26-12)

4
( m ) . If the values of

The value of ¢ obtained by integrating Eq. (26-12) is o
2

C, and C, given above are substituted in the expression and the answer converted to
engineering units, we obtain a numerical value for ¢ of 0.1714 x 10~ % Btu/(h)(ft?)
(“R)*.  According to Jakob,' this value is about 13 percent smaller than the best
experimental measurements.

Radiant Heat Exchange between Black Surfaces

If two surfaces at different temperatures are arranged so that radiant energy can be
exchanged between them, a net flow of heat will occur from the hotter to the colder
surface. Perhaps the simplest system to consider is one in which the surfaces are
flat, parallel planes of infinite lengthtand breadth. Most systems, however, do not
have simple geometry, and the net heat-flow rate depends on the spatial arrangement
of the two (or more) surfaces. To simplify the discussion, we shall assume in this
section that we are dealing only with black surfaces, so that all the energy incident
upon any surface is absorbed. We consider a system in which radiant energy is
exchanged between two elements, 1 and 2, with areas d4, and dA4, shown in Fig.
26-4.  The line joining these elements has a length r, and the angles between this line
and normals to the two surfaces are 8, and #,. The rate of transfer of radiant heat
from 1 to 2 is proportional to the product of the apparent areas of the elements and

' M. Jakob. * Heat Transfer,” vol. I, p. 39, John Wiley & Sons. Inc.. New York. 1949,
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dd,

FIGURE 26-4
Radiant heat exchange between two arca
elements.

inversely proportional to the square of the distance between them. The apparent
areas. i.e.. the areas normal to a beam of radiation, are dA4; cos and dA, cos fi;,50
that the rate of radiation from 1 to 2 is

s f, dA
oy = P800 ég‘ 4, 00502 (96.13)

The quantity I, is a proportionality constant called the intensity of radiation from
surface 1. We use the following procedure to relate it to the total emissive power of
surface 1. which we have seen to be 6T,* d4,. The quantity dA, cos B,/r? is the
differential solid angle subtended from the center of 1 to the boundaries of 2 and is
written do. We integrate! Eq. (26-13) over the entire hemispherical angle 2.

2n

dq‘vl‘,z = I] dAl ' COS ﬁ] dw

0
= 7!11 dAl

' The integration may be illustrated with reference to the accompanying diagram. Fig.
26-5. The apparent arca of dA,. which is the differential arca normal to the beam. is
dA, cos ff,. Itisshown here as a portion of the surface of a hemisphere which has d A4, at the
center.  The circumference of the segment is 2z sin f§, . and the width is r dff, . The normal
area of the circumferential segment, therefore, is 2nr? sin 8, dff,. We integrate, starting with

the general form. Eq. (26-13).

. 2

" lcos i, cos fi, dA

dg,.,=1,4d4, | : ,[2 :
"

y I

We substitute in this for cos fi, dA4, and get

72 (cos B, )(2nrt sin B, df
dg, ., =1, dA, ‘ (cos B )( ,"l Bu dhy)
‘o r
i baa

2nl, dA, | cos fi, sin , df,

0

=nl, dA,
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dA, cos g rsin 3,

FIGURE 26-5
Hemispherical model for determining
intensity of radiation.

By equating this quantity with the result from the Stefan-Boltzmann equation we see
that the intensity I, of radiation from surface 1 is 6T, */x.
Thus we rewrite Eq. (26-13) as
oT,*dA, cos B, dA, cos f3,
dg .= — [i' A P05 (26-14)
nr
A consideration of radiant-heat flow from surface 2 to surface 1 leads to a similar
expression.
oT,* dA; cos f§; dA, cos B,

dgy.y = — P (26-15)

The net flow of heat is found by taking the difference

dA, cos B, dA, cos
dq12 - g - 1 - ﬁi“z* 'g" [iz (T1 & - T24) (26"16)
nr
If the two surfaces have finite areas, A, and A4,, Egs. (26-1;-1) and (26-15) are
evaluated by performing the indicated double integrations in each case.
In engineering it is convenient to use simpler formulas to represent heat flow, so

the integrated form of Eq. (26-14) is represented as

Gysg =04, Fea T * (26-17)
and Eq. (26-15) as

Gosy = A F31 T * (26-18)

The quantity F, designates the fraction of the total radiation leaving surface 1
which strikes surface 2, and the quantity F,, represents the fractional impingement
of radiation from 2 on 1. F,, and F,, are known as view factors. If the two
surfaces are at the same temperature, ¢, .., and g,_., must be equal, from which it
follows that A, F,, = A, F,,. Therefore we can write either of the following
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Factor F or I

2 3 4 5 6 7
smaller side or diameter

Ratio —;
distance between planes

FIGURE 26-6

View factor F and interchange factor F for opposed parallel disks, squares, and
rectangles. (From W.H. McAdams, *“Heat Transmission,” 3d ed., p. 69,
McGraw-Hill Book Company, New York, 1954.)

Radiation between parallel planes, directly opposed.

1,2,34  Direct radiation between the planes, F.

56,78  Planes connected by nonconducting but reradiating walls, F.

1 and 5 Disks.

3and 7 2:1 rectangle.

2 and 6 Squares.

4 and 8 Long, narrow rectangles.

equations for the net flux between surfaces 1 and 2 even when T, and T, are not
equal, because A4, F,, and A4, F,; depend only on the geometry of the system.

q12 = 0A, FlZ(Tl 4 — T, 4) (26-19)
g1z = 0A F5 (T, f T, 4) (26‘20)

Although the equality of A, F,, and A4, F,, was established. considering black
surfaces, it is equally valid for nonblack surfaces. )

The view factor F,, can be evaluated by combining Eq. (26-17) with the
integrated form of Eq. (26-14). By this procedure it is found that

1+  dA, cosf; dA, cosf,

Fl?_ = 2 (26'21)

Ay, 4, T

Values of the view factor have been calculated for a number of spatial

arrangements shown in Fig. 26-6. Other values are given in Perry, sec. 10. The
method of determining these factors is illustrated in Example 26-2.

Example 26-2 Determine the view factor for radiant-heat transfer between a
small disk of area 4, and a parallel large disk of area 4,. The disks are
assumed to be directly opposed; i.e., a line joining their centers is normal to






