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UNIT CONVERSION FACTORS

Length

Im = 100 cm = 1000 mm = 10°® um = 10° nm
1km = 1000 m = 0.6214 mi

I'm = 3281 ft = 39.37 in.

1 cm = 0.3937 in.

1 in. = 2.540 cm

1 ft = 30.48 cm

lyd =91.44cm

I mi = 5280 ft = 1.609 km
1A=10""m=10%cm = 10 ' nm
1 nautical mile = 6080 ft

1 light-year = 9.461 X 10" m

Area

1 cm? = 0.155 in.2

1 m? = 10* cm? = 10.76 ft
1in.2 = 6.452 cm?

1 ft> = 144 in.%> = 0.0929 m>

Volume

1 liter = 1000 cm® = 1072 m? = 0.03531 ft® = 61.02 in.?
16 = 0.02832 m® = 28.32 liters = 7.477 gallons

1 gallon = 3.788 liters

Time

1 min = 60 s

1h =3600s

1d = 86,400 s

ly =36524d = 3.156 X 10" s

Angle

I rad = 57.30° = 180°/7

1° = 0.01745 rad = /180 rad
1 revolution = 360° = 27 rad

1 rev/min (rpm) = 0.1047 rad/s

Speed

I m/s = 3.281 ft/s

1 ft/s = 0.3048 m/s

1 mi/min = 60 mi/h = 88 ft/s

1 km/h = 0.2778 m/s = 0.6214 mi/h

1 mi/h = 1.466 ft/s = 0.4470 m/s = 1.609 km/h
1 furlong/fortnight = 1.662 X 10~* m/s

Acceleration

1 m/s> = 100 cm/s®> = 3.281 ft/s

1 em/s> = 0.01 m/s> = 0.03281 ft/s*
1 ft/s?> = 0.3048 m/s> = 30.48 cm/s>
I mi/h-s = 1.467 ft/s?

Mass

1kg = 10® g = 0.0685 slug

1g = 685X 107 slug

1 slug = 14.59 kg

lu= 1661 X 10?7 kg

1 kg has a weight of 2.205 Ib when g = 9.80 m/s’

Force
IN = 10’ dyn = 0.2248 Ib
11b = 4448 N = 4.448 X 10° dyn

Pressure
1Pa = 1N/m? = 1450 X 10 *1b/in.2 = 0.0209 Ib/ft>
1 bar = 10° Pa
1 1b/in.> = 6895 Pa
1 1b/ft> = 47.88 Pa
latm = 1.013 X 10° Pa = 1.013 bar
= 14.71b/in.2 = 2117 Ib/fi®
1 mm Hg = 1 torr = 133.3 Pa

Energy

1J = 10" ergs = 0.239 cal

1 cal = 4.1867J (based on 15° calorie)
1ft-1b = 13567

1 Btu = 1055 = 252 cal = 778 ft+Ib
leV =1.602 X 107197

1 kWh = 3.600 X 10°J

Mass-Energy Equivalence
1 kg <> 8.988 X 10'°J
lu<s931.5MeV
leVe1.074 X 100

Power

I1W=11J/s

lhp = 746 W = 550 ft-Ib/s
1 Btu/h = 0.293 W
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APPLICATIONS

CHAPTER 1 CHAPTER 17 CHAPTER 32
Scalar Temperature, Vector Wind 10 BIO Mammalian Body Temperatures 545 BIO Ultraviolet Vision 1052
CHAPTER 2 BIO Fur Versus Blubber 562 BIO Electromagnetic Plane Waves
. . . from Space 1058
BIO Testing Humans at High Accelerations 46 CHAPTER 18 i BIO Laser%urgery 1063
CHAPTER 3 BIO Respiration and the Ideal-Gas Equation 581
BIO Activation Energy and Moth Activity 599 CHAPTER 33
BIO Horses on a Curved Path 70 BIO Transparency and Index of Refraction 1082
The MOO“? of Jupiter . 82 CHAPTER 19 ) Circular Polarization and 3-D Movies 1096
Watch Out: Tight Curves Ahead! ) 84 BIO The First Law of Exercise Birefringence and Liquid Crystal Displays 1097
Relative Velocities near the Speed of Light 87 Therf?“’dy“i’?mcs. 619 BIO Bee Vision and Polarized Light from
CHAPTER 4 BIO Exhaling Adiabatically 630 the Sky 1098
Sledding with Newton’s First Law 105 CHAPTER 20 CHAPTER 34
Blame Newton’s Second Law 116 BIO Biological Efficiency ' 645 Satellite Television Dishes 1117
CHAPTER 5 BIO Entropy ‘Changes mna Living Organism 664 Inverting an Inverted Image 1137
Static Friction and Windshield Wipers 143 Polymers Coil in Solution 668 BIO Focusing in the Animal Kingdom 1139
BIO P(?llen and Fl'uid 'Resistancg 147 CHAPTER 21 BIO The Telephoto Eyes of Chameleons 1142
BIO Circular Motion in a Centrifuge 154 BIO Electric Forces, Sweat, and Cystic Fibrosis 685 CHAPTER 35
CHAPTER 6 BIO Sharks and the “Sixth Sense” 690 BIO Phase Difference, Path Difference, and
BIO Work and Muscle Fibers 173 BIO A Fish with an Electric Dipole Moment 704 Localization in Human Hearing 1162
BIO Tendons Are Nonideal Springs 184 CHAPTER 22 g:g lslg:irrferggz ;nt‘:l eBélltlt:fI:ch “\tﬁ}?gs 1175
BIO Muscle Power 187 BIO Flux Through a Basking Shark’s Mouth 723 &
Lot ; Interferometry 1176
CHAPTER 7 BIO Cha.rge _Dlstrlbutlon Inmd_e aNerve Cell 734
BIO Converting Gravitational Potential Why Lightning Bolts Are Vertical 736 CHAPTER 36 ) ) ) )
Energy to Kinetic Energy 203 CHAPTER 23 g'o De}[«;itlng DNS w1thli)1ff€ac‘11on i égg
BIO Elastic Potential Energy of a Cheetah 212 : 1gger lelescope, ‘etler esolution
N ive F a1 1 E BIO Electrocardiography . 755 BIO The Airy Disk in an Eagle’s Eye 1205
onconservative Forces and Internal Energy BIO Electron Volts and Cancer Radiotherapy 757
in a Tire ) ) 218 BIO Potential Gradient Across a Cell CHAPTER 37
Topography and Potential Energy Gradient 221 Membrane 768 Which One’s the Grandmother? 1227
Acrobats in Equilibrium 223 Relative Velocity and Reference Frames 1233
CHAPTER 8 CHAPTER 24 . Monitoring Mass-Energy Conversion 1241
Touch Screens and Capacitance 787
B!O Woodpecker Impulse 237 Capacitors in the Toolbox 795 CHAPTER 38
Finding Planets 'Be}{ond O_U" Solar System 256 BIO Dielectric Cell Membrane 798 BIO Sterilizing with High-Energy Photons 1259
BIO Jet Propulsion in Squids 257 Smartphones, Capacitors, and Dielectrics 800 BIO X-Ray Absorption and Medical Imaging 1262
Butterfly Hunting with Heisenber; 1269
CHAPTERS o . CHAPTER 25 Y ¢ ¢
BIO Rotational Motion in Ba({ter’la . 271 BIO Resistivity and Nerve Conduction 818 CHAPTER 39
BIO Moment of Inertia of a Bird’s Wing 283 BIO Danger: Electric Ray! 824 Using Spectra to Analyze an Interstellar
Gas Cloud 1285
CHAPTER 10
. . . CHAPTER 26 BIO Fish Fluorescence 1292
::g golr?bmtfad "l]“{ansla:jtlortl' and Rotation g?g BIO Electromyography 855 BIO Blackbody Eyes 1304
ng for Repr n .
ofing for Beproductio BIO Pacemakers and Capacitors 860 Star Colors and the Planck Radiation Law 1305
CHAPTER 11
i CHAPTER 27 CHAPTER 40
BIO Young’s Modulus of a Tendon 346 BIO Spiny Lobsters and Magnetic Particles in a Polymer “Box” 1332
BIO Bulk Stress on an Anglerfish 348 C 880 A L
OMmpasses BIO Electron Tunneling in Enzymes 1341
CHAPTER 12 BIO Magnetic Fields of the Body 882
BIO Liquid Cohesion in Trees 367 BIO Magnetic Resonance Imaging 898 CHAPTER 41 . .
BIO Gauge Pressure of Blood 371 BIO Exercise Machines and the Hall Effect 905 BIO E!egtron Spins and Dating Human
BIO Why Healthy Giraffes Have High Origins 1380
Blood Pres 379 CHAPTER 28 BIO Electron Configurations and Bone
810 Lf)f) 'resiurf’:r bulent Fl 383 Currents and Planetary Magnetism 922 Cancer Radiotherapy 1388
istening for Turbulent Flow BIO Magnetic Fields for MRI 929 X Rays in Forensic Science 1392
CHAPTER 13 BIO Ferro Magnetic Nanoparticles
Walking and Running on the Moon 400 for Cancer Therapy 941 gl:f)PTlE/?o“lic lar Zipper 1408
BIO Biological Hazards of Interplanetary Travel 4 u
O Biological Hazards of Interplanetary Travel - 409 CHAPTER 29 BIO Using Crystals to Determine Protein
CHAPTER 14 BIO Exploring the Brain with Induced emfs 954 Structure 1413
BIO Wing Frequencies 430 Eddy Currents Help Power lo’s Volcanoes 970 BIO Swallow This Semiconductor Device 1429
BIO Forced Oscillations 452
BIO Canine Resonance 453 ?HAPTER 30 . . . CHAPTER 43 . .
nductors, Power Transmission, and Lightning Using Isotopes to Measure Ancient Climate 1441
CHAPTER 15 Strikes 992 BIO Deuterium and Heavy Water Toxicity 1445
BIO Waves on a Snake’s Body 465 A Magnetic Eruption on the Sun 997 BIO A Radioactive Building 1462
BIO Eating and Transverse Waves 477 BIO Making Radioactive Isotopes for
BIO Surface Waves and the Swimming CHAPTER 31 . . Medicine 1467
BIO Measuring Body Fat by Bioelectric
Speed of Ducks 478 .
Impedance Analysis 1028 CHAPTER 44
CHAPTER 16 BIO Dangers of ac Versus dc Voltages 1036 BIO Pair Annihilation in Medical Diagnosis 1483
BIO Hearing Loss from Amplified Sound 506 ‘When dc Power Transmission Is Better BIO Linear Accelerators in Medicine 1485
BIO Resonance and the Sensitivity of the Ear 519 than ac 1038 BIO A Fossil Both Ancient and Recent 1508
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ABOUT THE AUTHORS

Roger A. Freedman is a Lecturer in Physics at the University of California, Santa Barbara. He
was an undergraduate at the University of California campuses in San Diego and Los Angeles
and did his doctoral research in nuclear theory at Stanford University under the direction of Pro-
fessor J. Dirk Walecka. Dr. Freedman came to UCSB in 1981 after three years of teaching and
doing research at the University of Washington.

At UCSB, Dr. Freedman has taught in both the Department of Physics and the College of
Creative Studies, a branch of the university intended for highly gifted and motivated under-
graduates. He has published research in nuclear physics, elementary particle physics, and laser
physics. In recent years, he has worked to make physics lectures a more interactive experience
through the use of classroom response systems and pre-lecture videos.

In the 1970s Dr. Freedman worked as a comic book letterer and helped organize the San
Diego Comic-Con (now the world’s largest popular culture convention) during its first few
years. Today, when not in the classroom or slaving over a computer, Dr. Freedman can be found
either flying (he holds a commercial pilot’s license) or with his wife, Caroline, cheering on the
rowers of UCSB Men’s and Women’s Crew.

IN MEMORIAM: HUGH YOUNG (1930-2013)

Hugh D. Young was Emeritus Professor of Physics at Carnegie Mellon University. He earned
both his undergraduate and graduate degrees from that university. He earned his Ph.D. in fun-
damental particle theory under the direction of the late Richard Cutkosky. Dr. Young joined the
faculty of Carnegie Mellon in 1956 and retired in 2004. He also had two visiting professorships
at the University of California, Berkeley.

Dr. Young’s career was centered entirely on undergraduate education. He wrote several
undergraduate-level textbooks, and in 1973 he became a coauthor with Francis Sears and Mark
Zemansky of their well-known introductory textbooks. In addition to his role on Sears and
Zemansky’s University Physics, he was the author of Sears and Zemansky’s College Physics.

Dr. Young earned a bachelor’s degree in organ performance from Carnegie Mellon in
1972 and spent several years as Associate Organist at St. Paul’s Cathedral in Pittsburgh.
He often ventured into the wilderness to hike, climb, or go caving with students in Carn-
egie Mellon’s Explorers Club, which he founded as a graduate student and later advised.
Dr. Young and his wife, Alice, hosted up to 50 students each year for Thanksgiving dinners
in their home.

Always gracious, Dr. Young expressed his appreciation earnestly: “I want to extend my
heartfelt thanks to my colleagues at Carnegie Mellon, especially Professors Robert Kraemer,
Bruce Sherwood, Ruth Chabay, Helmut Vogel, and Brian Quinn, for many stimulating dis-
cussions about physics pedagogy and for their support and encouragement during the writing
of several successive editions of this book. I am equally indebted to the many generations of
Carnegie Mellon students who have helped me learn what good teaching and good writing are,
by showing me what works and what doesn’t. It is always a joy and a privilege to express my
gratitude to my wife, Alice, and our children, Gretchen and Rebecca, for their love, support,
and emotional sustenance during the writing of several successive editions of this book. May
all men and women be blessed with love such as theirs.” We at Pearson appreciated his profes-
sionalism, good nature, and collaboration. He will be missed.

A. Lewis Ford is Professor of Physics at Texas A&M University. He received a B.A. from Rice
University in 1968 and a Ph.D. in chemical physics from the University of Texas at Austin in
1972. After a one-year postdoc at Harvard University, he joined the Texas A&M physics fac-
ulty in 1973 and has been there ever since. Professor Ford has specialized in theoretical atomic
physics—in particular, atomic collisions. At Texas A&M he has taught a variety of undergradu-
ate and graduate courses, but primarily introductory physics.
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TO THE STUDENT

HOW TO SUCCEED IN PHYSICS
BY REALLY TRYING

Mark Hollabaugh, Normandale Community College, Emeritus

Physics encompasses the large and the small, the old and the new. From the atom to galaxies,
from electrical circuitry to aerodynamics, physics is very much a part of the world around
us. You probably are taking this introductory course in calculus-based physics because it is
required for subsequent courses that you plan to take in preparation for a career in science or
engineering. Your professor wants you to learn physics and to enjoy the experience. He or she
is very interested in helping you learn this fascinating subject. That is part of the reason your
professor chose this textbook for your course. That is also the reason Drs. Young and Freedman
asked me to write this introductory section. We want you to succeed!

The purpose of this section of University Physics is to give you some ideas that will assist
your learning. Specific suggestions on how to use the textbook will follow a brief discussion of
general study habits and strategies.

PREPARATION FOR THIS COURSE

If you had high school physics, you will probably learn concepts faster than those who have not
because you will be familiar with the language of physics. If English is a second language for
you, keep a glossary of new terms that you encounter and make sure you understand how they
are used in physics. Likewise, if you are further along in your mathematics courses, you will
pick up the mathematical aspects of physics faster. Even if your mathematics is adequate, you
may find a book such as Edward Adelson’s Get Ready for Physics to be a great help for sharp-
ening your math skills as well as your study skills.

LEARNING TO LEARN

Each of us has a different learning style and a preferred means of learning. Understanding your
own learning style will help you to focus on aspects of physics that may give you difficulty and
to use those components of your course that will help you overcome the difficulty. Obviously
you will want to spend more time on those aspects that give you the most trouble. If you learn
by hearing, lectures will be very important. If you learn by explaining, then working with other
students will be useful to you. If solving problems is difficult for you, spend more time learning
how to solve problems. Also, it is important to understand and develop good study habits. Per-
haps the most important thing you can do for yourself is set aside adequate, regularly scheduled
study time in a distraction-free environment.

Answer the following questions for yourself:

*  Am I able to use fundamental mathematical concepts from algebra, geometry, and trig-
onometry? (If not, plan a program of review with help from your professor.)

* In similar courses, what activity has given me the most trouble? (Spend more time on
this.) What has been the easiest for me? (Do this first; it will build your confidence.)

¢ Do I understand the material better if I read the book before or after the lecture? (You
may learn best by skimming the material, going to lecture, and then undertaking an in-
depth reading.)

* Do I spend adequate time studying physics? (A rule of thumb for a class like this is to de-
vote, on average, 2.5 hours out of class for each hour in class. For a course that meets 5 hours
each week, that means you should spend about 10 to 15 hours per week studying physics.)

e Do I study physics every day? (Spread that 10 to 15 hours out over an entire week!) At
what time of the day am I at my best for studying physics? (Pick a specific time of the
day and stick to it.)

e Do I work in a quiet place where I can maintain my focus? (Distractions will break
your routine and cause you to miss important points.)
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HOW TO SUCCEED IN PHYSICS BY REALLY TRYING

WORKING WITH OTHERS

Scientists or engineers seldom work in isolation from one another but rather work coopera-
tively. You will learn more physics and have more fun doing it if you work with other students.
Some professors may formalize the use of cooperative learning or facilitate the formation of
study groups. You may wish to form your own informal study group with members of your
class. Use e-mail to keep in touch with one another. Your study group is an excellent resource
when you review for exams.

LECTURES AND TAKING NOTES

An important component of any college course is the lecture. In physics this is especially
important, because your professor will frequently do demonstrations of physical principles,
run computer simulations, or show video clips. All of these are learning activities that will help
you understand the basic principles of physics. Don’t miss lectures. If for some reason you do,
ask a friend or member of your study group to provide you with notes and let you know what
happened.

Take your class notes in outline form, and fill in the details later. It can be very difficult to
take word-for-word notes, so just write down key ideas. Your professor may use a diagram
from the textbook. Leave a space in your notes and add the diagram later. After class, edit your
notes, filling in any gaps or omissions and noting things that you need to study further. Make
references to the textbook by page, equation number, or section number.

Ask questions in class, or see your professor during office hours. Remember that the only
“dumb” question is the one that is not asked. Your college may have teaching assistants or peer
tutors who are available to help you with any difficulties.

EXAMINATIONS

Taking an examination is stressful. But if you feel adequately prepared and are well rested,
your stress will be lessened. Preparing for an exam is a continuous process; it begins the mo-
ment the previous exam is over. You should immediately go over the exam to understand any
mistakes you made. If you worked a problem and made substantial errors, try this: Take a piece
of paper and divide it down the middle with a line from top to bottom. In one column, write the
proper solution to the problem. In the other column, write what you did and why, if you know,
and why your solution was incorrect. If you are uncertain why you made your mistake or how
to avoid making it again, talk with your professor. Physics constantly builds on fundamental
ideas, and it is important to correct any misunderstandings immediately. Warning: Although
cramming at the last minute may get you through the present exam, you will not adequately
retain the concepts for use on the next exam.
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TO THE INSTRUCTOR

PREFACE

In the years since it was first published, University Physics has always embraced change,
not just to include the latest developments in our understanding of the physical world, but
also to address our understanding of how students learn physics and how they study.

In preparing for this new Fifteenth Edition, we listened to the thousands of students
who have told us that they often struggle to see the connections between the worked ex-
amples in their textbook and problems on homework or exams. Every problem seems
different because the objects, situations, numbers, and questions posed change with each
problem. As a result, students experience frustration and a lack of confidence. By contrast,
expert problem-solvers categorize problems by type, based on the underlying principles.

Several of the revisions we have made therefore address this particular challenge by,
for example, helping students see the big picture of what each worked example is trying
to illustrate and allowing them to practice sets of related problems to help them identify
repeating patterns and strategies. These new features are explained in more detail below.

NEW TO THIS EDITION

¢ Worked example KEYCONCEPT statements appear at the end of every Example and
Conceptual Example, providing a brief summary of the key idea used in the solution to
consolidate what was most important and what can be broadly applied to other prob-
lems, to help students identify strategies that can be used in future problems.

« KEY EXAMPLE VARIATION PROBLEMS in the new Guided Practice section at the
end of each chapter are based on selected worked examples. They build in difficulty
by changing scenarios, swapping the knowns and unknowns, and adding complexity
and/or steps of reasoning to provide the most helpful range of related problems that
use the same basic approach to solve. These scaffolded problem sets help students see
patterns and make connections between problems that can be solved using the same un-
derlying principles and strategies so that they are more able to tackle different problem
types when exam time comes.

» Expanded Caution paragraphs focus on typical student misconceptions and problem
areas. Over a dozen more have been added to this edition based on common errors
made in Mastering™ Physics.

e Updated and expanded Application sidebars give students engaging and relevant
real-world context.

Standard, Extended, * Based on data from Mastering Physics and feedback from instructors, changes to

and Three-Volume Editions the homework problems include the following:

* Over 500 new problems, with scores of other problems revised to improve clarity.

* Expanded three-dot-difficulty and Challenge Problems significantly stretch
students by requiring sophisticated reasoning that often involves multiple steps or
concepts and/or mathematical skills. Challenge Problems are the most difficult
problems in each chapter and often involve calculus, multiple steps that lead stu-
dents through a complex analysis, and/or the exploration of a topic or application

With Mastering Physics:

e Standard Edition: Chapters 1-37
(ISBN 978-0-135-64663-2)

e Extended Edition: Chapters 1-44
(ISBN 978-0-135-15970-5)

Without Mastering Physics: not explicitly covered in the chapter.
e Standard Edition: Chapters 1-37 * New estimation problems help students learn to analyze problem scenarios, assess
(ISBN 978-0-135-21611-8) data, and work with orders of magnitude. This problem type engages students to
e Extended Edition: Chapters 1-44 more thoroughly explore the situation by requiring them to not only estimate some
(ISBN 978-0-135-15955-2) of the data in the problem but also decide what data need to be estimated based on
e Volume 1: Chapters 1-20 real-world experience, reasoning, assumptions, and/or modeling.
(ISBN 978-0-135-21672-9) * Expanded cumulative problems promote more advanced problem-solving tech-
¢ Volume 2: Chapters 21-37 niques by requiring knowledge and skills covered in previous chapters to be inte-
(ISBN 978-0-135-21612-5) grated with understanding and skills from the current chapter.
e Volume 3: Chapters 37-44 * Expanded alternative problem sets in Mastering Physics provide textbook-specific
(ISBN 978-0-135-21673-6) problems from previous editions to assign for additional student practice.

vi
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PREFACE vii

KEY FEATURES OF UNIVERSITY PHYSICS

* A QR code at the beginning of the new Guided Practice section in each chapter allows
students to use a mobile phone to access the Study Area of Mastering Physics, where
they can watch interactive videos of a physics professor giving a relevant physics dem-
onstration (Video Tutor Demonstrations) or showing a narrated and animated worked
Example (Video Tutor Solutions). All videos also play directly through links within the
Pearson eText.

e End-of-chapter Bridging Problems provide a transition between the single-concept
Examples and the more challenging end-of-chapter problems. Each Bridging Problem
poses a difficult, multiconcept problem that typically incorporates physics from earlier
chapters. The Solution Guide that follows each problem provides questions and hints
that help students approach and solve challenging problems with confidence.

* Deep and extensive problem sets cover a wide range of difficulty (with blue dots to in-
dicate relative difficulty level) and exercise both physical understanding and problem-
solving expertise. Many problems are based on complex real-life situations.

* This textbook offers more Examples and Conceptual Examples than most other lead-
ing calculus-based textbooks, allowing students to explore problem-solving challenges
that are not addressed in other textbooks.

e A research-based problem-solving approach (Identify, Set Up, Execute, Evaluate)
is used in every Example as well as in the Problem-Solving Strategies, in the Bridging
Problems, and throughout the Instructor’s Solutions Manual and the Study Guide. This
consistent approach teaches students to tackle problems thoughtfully rather than cut-
ting straight to the math.

* Problem-Solving Strategies coach students in how to approach specific types of problems.

» The figures use a simplified graphical style to focus on the physics of a situation, and
they incorporate blue explanatory annotations. Both techniques have been demon-
strated to have a strong positive effect on learning.

* Many figures that illustrate Example solutions take the form of black-and-white pencil
sketches, which directly represent what a student should draw in solving such problems
themselves.

e The popular Caution paragraphs focus on typical misconceptions and student
problem areas.

* End-of-section Test Your Understanding questions let students check their grasp of
the material and use a multiple-choice or ranking-task format to probe for common
misconceptions. Answers are now provided immediately after the question in order to
encourage students to try them.

* Visual Summaries at the end of each chapter present the key ideas in words, equations,
and thumbnail pictures, helping students review more effectively.

Mastering™ is the teaching and learning platform that empowers you to reach every

student. By combining trusted author content with digital tools developed to engage

students and emulate the office-hour experience, Mastering personalizes learning and

improves results for each student. Now providing a fully integrated experience, the eText

is linked to every problem within Mastering for seamless integration among homework

problems, practice problems, the textbook, worked examples, and more.

Reach every student with Mastering

* Teach your course your way: Your course is unique. Whether you’d like to build your
own auto-graded assignments, foster student engagement during class, or give students
anytime, anywhere access, Mastering gives you the flexibility to easily create your
course to fit your needs.

e With Learning Catalytics, you’ll hear from every student when it matters most.
You pose a variety of questions that help students recall ideas, apply concepts, and
develop critical-thinking skills. Your students respond using their own smartphones,
tablets, or laptops. You can monitor responses with real-time analytics and find out
what your students do—and don’t—understand. Then you can adjust your teach-
ing accordingly and even facilitate peer-to-peer learning, helping students stay
motivated and engaged.
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viii

PREFACE

* Expanded alternative problem sets, with hundreds of vetted problems from pre-
vious editions of the book, provide additional problem-solving practice and offer
instructors more options when creating assignments.

Empower each learner: Each student learns at a different pace. Personalized learning,

including adaptive tools and wrong-answer feedback, pinpoints the precise areas where

each student needs practice and gives all students the support they need—when and
where they need it—to be successful.

* Interactive Pre-lecture Videos provide an introduction to key topics with embed-
ded assessment to help students prepare before lecture and to help professors iden-
tify student misconceptions.

* NEW! Quantitative Pre-lecture Videos now complement the conceptual Inter-
active Pre-lecture Videos designed to expose students to concepts before class
and help them learn how problems for a specific concept are worked.

* NEW! Direct Measurement Videos are short videos that show real situations of physi-
cal phenomena. Grids, rulers, and frame counters appear as overlays, helping students to
make precise measurements of quantities such as position and time. Students then apply
these quantities along with physics concepts to solve problems and answer questions
about the motion of the objects in the video. The problems are assignable in Mastering
Physics and can be used to replace or supplement traditional word problems; they can
also serve as open-ended questions to help develop problem-solving skills.

* NEW! Dynamic Study Modules help students study effectively—and at their own
pace. How? By keeping them motivated and engaged. The assignable modules rely
on the latest research in cognitive science, using methods—such as adaptivity, gami-
fication, and intermittent rewards—to stimulate learning and improve retention.
Each module poses a series of questions about a course topic. These question sets
adapt to each student’s performance and offer personalized, targeted feedback to
help students master key concepts.

e NEW! The Physics Primer relies on videos, hints, and feedback to refresh students’
math skills in the context of physics and prepares them for success in the course.
These tutorials can be assigned before the course begins or throughout the course as
just-in-time remediation. They ensure that students practice and maintain their math
skills, while tying together mathematical operations and physics analysis.

Deliver trusted content: We partner with highly respected authors to develop interactive

content and course-specific resources that keep students on track and engaged.

* Video Tutor Demonstrations and Video Tutor Solutions tie directly to relevant
content in the textbook and can be accessed through Mastering Physics, via the eText,
or from QR codes in the textbook.

* Video Tutor Solutions (VTSs) for every worked example in the book walk stu-
dents through the problem-solving process, providing a virtual teaching assistant
on a round-the-clock basis.

e Video Tutor Demonstrations (VIDs) feature “pause-and-predict” demonstra-
tions of key physics concepts and incorporate assessment to engage students in
understanding key concepts. New VTDs build on the existing collection, adding
new topics for a more robust set of demonstrations.

e NEW! Enhanced end-of-chapter questions provide expanded remediation built
into each question when and where students need it. Remediation includes scaf-
folded support, links to hints, links to appropriate sections of the eText, links from
the eText to Mastering Physics, Video Tutor Solutions, math remediation, and
wrong-answer feedback for homework assignments. Half of all end-of-chapter prob-
lems now have wrong-answer feedback and links to the eText.

 NEW! Key Example Variation Problems, assignable in Mastering Physics, build
in difficulty by changing scenarios, swapping the knowns and unknowns, and add-
ing complexity and/or steps of reasoning to provide the most helpful range of related
problems that use the same basic approach to find their solutions.

 NEW! Bridging Problems are now assignable in Mastering Physics, thus pro-
viding students with additional practice in moving from single-concept worked
examples to multi-concept homework problems.
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* Improve student results: Usage statistics show that when you teach with Mastering,
student performance improves. That’s why instructors have chosen Mastering for over
15 years, touching the lives of more than 20 million students.

INSTRUCTIONAL PACKAGE

University Physics with Modern Physics, Fifteenth Edition, provides an integrated teaching
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Each blade on a rotating airplane
e propeller is like a long, thin rod. If each
blade were stretched to double its length
(while the mass of each blade and the
propeller’s angular speed stay the same), by
what factor would the kinetic energy of the
rotating blades increase? (i) 2; (ii) 4; (iii) 8;
(iv) the kinetic energy would not change;
(v) the kinetic energy would decrease, not
increase.

9 Rotation of Rigid Bodies

LEARNING OUTCOMES hat do the motions of an airplane propeller, a Blu-ray disc, a Ferris wheel,
and a circular saw blade have in common? None of these can be represented
adequately as a moving point; each involves an object that rotates about an axis

that is stationary in some inertial frame of reference.

In this chapter, you'll learn...

9.1 How to describe the rotation of a rigid
body in terms of angular coordinate, an-

gular velocity, and angular acceleration. Rotation occurs at all scales, from the motions of electrons in atoms to the motions of
9.2 How to analyze rigid-body rotation when entire galaxies. We need to develop some general methods for analyzing the motion of a
the angular acceleration is constant. rotating object. In this chapter and the next we consider objects that have definite size and

9.3 How to relate the rotation of a rigid body
to the linear velocity and linear accelera-
tion of a point on the body.

definite shape, and that in general can have rotational as well as translational motion.
Real-world objects can be very complicated; the forces that act on them can deform

9.4 The meaning of a body’s moment of them—stretching, twisting, and squeezing them. We’ll ignore these deformations for now
inertia about a rotation axis, and how it and assume that the object has a perfectly definite and unchanging shape and size. We call
refates to rotational kinetic energy. this idealized model a rigid body. This chapter and the next are mostly about rotational

9.5 How to relate the values of a body’s

o . motion of a rigid body.
moment of inertia for two different but K R X . . . .
parallel rotation axes. We begin with kinematic language for describing rotational motion. Next we look at

9.6  How to calculate the moment of inertia the kinetic energy of rotation, the key to using energy methods for rotational motion. Then
of bodies with various shapes. in Chapter 10 we’ll develop dynamic principles that relate the forces on a body to its rota-

You'll need to review... tional motion.

1.10 Vector product of two vectors.
2.2-2.4 Linear velocity, linear accel-

eraton, and moton winconstant— Jel) ANGULAR VELOCITY AND ACCELERATION

acceleration.
3.4 Motion in a circle. In analyzing rotational motion, let’s think first about a rigid body that rotates about a fixed
7.1 Using mechanical energy to solve axis—an axis that is at rest in some inertial frame of reference and does not change direc-
problems. tion relative to that frame. The rotating rigid body might be a motor shaft, a chunk of beef

on a barbecue skewer, or a merry-go-round.

Figure 9.1 shows a rigid body rotating about a fixed axis. The axis passes through
point O and is perpendicular to the plane of the diagram, which we’ll call the
xy-plane. One way to describe the rotation of this body would be to choose a particular
point P on the body and to keep track of the x- and y-coordinates of P. This isn’t very con-
venient, since it takes two numbers (the two coordinates x and y) to specify the rotational

272
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position of the body. Instead, we notice that the line OP is fixed in the body and rotates
with it. The angle 6 that OP makes with the +x-axis is a single angular cooordinate that
completely describes the body’s rotational position.

The angular coordinate 6 of a rigid body rotating around a fixed axis can be positive or
negative. If we choose positive angles to be measured counterclockwise from the positive
x-axis, then the angle 0 in Fig. 9.1 is positive. If we instead choose the positive rotation
direction to be clockwise, then 6 in Fig. 9.1 is negative. When we considered the motion of
a particle along a straight line, it was essential to specify the direction of positive displace-
ment along that line; when we discuss rotation around a fixed axis, it’s just as essential to
specify the direction of positive rotation.

The most natural way to measure the angle 6 is not in degrees but in radians. As
Fig. 9.2a shows, one radian (1 rad) is the angle subtended at the center of a circle by an arc
with a length equal to the radius of the circle. In Fig. 9.2b an angle 6 is subtended by an
arc of length s on a circle of radius r. The value of 6 (in radians) is equal to s divided by r:

0= ; or s=rb (6 in radians) (9.1)
An angle in radians is the ratio of two lengths, so it is a pure number, without dimensions.
If s = 3.0m and r = 2.0 m, then & = 1.5, but we’ll often write this as 1.5 rad to distin-
guish it from an angle measured in degrees or revolutions.

The circumference of a circle (that is, the arc length all the way around the circle) is 27
times the radius, so there are 27 (about 6.283) radians in one complete revolution (360°).
Therefore

360°
lrad = — = 57.3°
2
Similarly, 180° = 7 rad, 90° = 7r/2 rad, and so on. If we had measured angle 6 in de-
grees, we would have needed an extra factor of (277/360) on the right-hand side of s = r6
in Eq. (9.1). By measuring angles in radians, we keep the relationship between angle and
distance along an arc as simple as possible.

Angular Velocity

The coordinate # shown in Fig. 9.1 specifies the rotational position of a rigid body at a
given instant. We can describe the rotational motion of such a rigid body in terms of the
rate of change of . We’ll do this in an analogous way to our description of straight-line
motion in Chapter 2. In Fig. 9.3a, a reference line OP in a rotating body makes an angle
6, with the +x-axis at time #;. At a later time #, the angle has changed to 6,. We define the
average angular velocity w,,_, (the Greek letter omega) of the body in the time interval
At = t, — 1 as the ratio of the angular displacement A6 = 6, — 0, to Az

~8"% _2¢ (9.2)
Wav-2 H— 1 At '
(a) (b)

Angular displacement
¥y A# of the rotating needle
over a time interval Ar:

A6 =6, — 6,

Direction
of rotation

9.1 Angular Velocity and Acceleration 273

Figure 9.1 A speedometer needle (an
example of a rigid body) rotating counter-
clockwise about a fixed axis.

The angle 6 from the
+x-axis specifies the
needle’s rotationa
position. -

y

Direction
of needle’s
rotation

o1lr.
Axis of rotation passes through
origin and points out of page.

Figure 9.2 Measuring angles in radians.

(a)

s =r

One radian is the angle
at which the arc s has ™
the same length as the
radius r.

(b)

An angle 0 in radians
is the ratio of the arc
length s to the radius r.

Figure 9.3 (a) Angular displacement
A0 of a rotating body. (b) Every part of a
rotating rigid body has the same average
angular velocity A§/At.
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274 CHAPTER 9 Rotation of Rigid Bodies

The subscript z indicates that the body in Fig. 9.3a is rotating about the z-axis, which is
perpendicular to the plane of the diagram. The instantaneous angular velocity w, is the
limit of w,,_, as At approaches zero:

The instantaneous angular A do

velocity of a rigid body ==+ rw. = lim — = — (9.3)
rotating around the z-axis ... < B At—0 At . dt;

... equals the limit of the body’s average angular ... and equals the instantaneous rate of
velocity as the time interval approaches zero ... change of the body’s angular coordinate.

When we refer simply to “angular velocity,” we mean the instantaneous angular velocity,
not the average angular velocity.
Figure 9.4 A rigid body’s average angular The angular velocity w, can be positive or negative, depending on the direction
velocity (shown here) and instantaneous in which the rigid body is rotating (Fig. 9.4). The angular speed w, which we’ll use in
angular velocity can be positive or Sections 9.3 and 9.4, is the magnitude of angular velocity. Like linear speed v, the angular

negative. . .
€ speed is never negative.
We choose the angle 6 to increase in the

counterclockwise rotation. . CAUTION Angular velocity vs. linear velocity Keep in mind the distinction between

Counterclockwise Clockwise angular velocity w, and linear velocity v, (see Section 2.2). If an object has a linear velocity vy,
rotation: rotation: . . . . . .

. the object as a whole is moving along the x-axis. By contrast, if an object has an angular
0 increases, so angular 6 decreases, so angular . .. . . g A )
velocity is positive. velocity is negative. velocity w,, then it is rotating around the z-axis. We do not mean that the object is moving along
AG > 0,50 Af < 0.0 the z-axis.
. = AO/AI >0 w. = AG/AI <0

Different points on a rotating rigid body move different distances in a given
time interval, depending on how far each point lies from the rotation axis. But be-
cause the body is rigid, all points rotate through the same angle in the same time
(Fig. 9.3b). Hence at any instant, every part of a rotating rigid body has the same
angular velocity.

If angle 6 is in radians, the unit of angular velocity is the radian per second (rad/s).
Other units, such as the revolution per minute (rev/min or rpm), are often used. Since
1 rev = 21 rad, two useful conversions are

Axis of rotation (z-axis) passes through
origin and points out of page.

2
L rev/s = 2 rad/s and I rev/min = 1 rpm = £ rad/s

That is, 1 rad/s is about 10 rpm.

EXAMPLE 9.1 Calculating angular velocity

The angular position 6 of a 0.36-m-diameter flywheel is given by EXECUTE (a) We substitute the values of ¢ into the equation for 6:
0 = (2.0 rad/s)e 6, = (2.0rad/s*)(2.05) = 16 rad
360°
(a) Find 0, in radians and in degrees, at #{ = 2.0s and © = 5.0s. = (16 rad) 2o rad = 920°
(b) Find the distance that a particle on the flywheel rim moves from
f; = 2.0sto# = 5.0s. (c) Find the average angular velocity, in rad/s 0, = (2.0 rad/s3)(5.0 5)3 = 250 rad
and in rev/min, over that interval. (d) Find the instantaneous angular "
velocities at t; = 2.0sand , = 5.0s. = (250 rad) Ey— = 14,000°

(b) During the interval from # to #, the flywheel’s angular displace-
ment is Af = 6, — 6, = 250rad — 16 rad = 234 rad. The radius r is
half the diameter, or 0.18 m. To use Eq. (9.1), the angles must be ex-
pressed in radians:

IDENTIFY and SET UP Our target variables are 6 and 6, (the angular
positions at times #; and ) and the angular displacement A9 = 6, — 0.
We’ll find these from the given expression for 6 as a function of time.
Knowing A@, we’ll find the distance traveled and the average angular

velocity between 7, and #, by using Egs. (9.1) and (9.2), respectively. s =r6, — rf, = rA0 = (0.18 m)(234rad) = 42 m

To find the instantaneous angular velocities w, (at time #) and w,, (at

time t,), we’ll take the derivative of the given equation for 6 with respect We can drop “radians” from the unit for s because 6 is a dimensionless
to time, as in Eq. (9.3). number; like 7, s is measured in meters.
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(c) From Eq. (9.2),

0, — 6, 250rad — 16 rad
= = 78 rad
Hh—1 50s — 205 rad/s

1
<78 @>< ey )( 6O_S ) = 740 rev/min
S 27r rad / \ 1 min
(d) From Eq. (9.3),

o d
0= = E[(Z'O rad/s?)*] = (2.0rad/s*)(37%) = (6.0rad/s*)r
Attimes f; = 2.0sand , = 5.0 s we have
w1, = (6.0 rad/s*)(2.05)% = 24 rad/s

w,, = (6.0rad/s*)(5.08)% = 150 rad/s

Way-z =

9.1 Angular Velocity and Acceleration 275

EVALUATE The angular velocity o, = (6.0 rad/s*)s* increases with
time. Our results are consistent with this; the instantaneous angular
velocity at the end of the interval (w,, = 150 rad/s) is greater than
at the beginning (w;, = 24 rad/s), and the average angular velocity
w,y.. = 78 tad/s over the interval is intermediate between these two
values.

KEYCONCEPT To find the average angular velocity of a rotating
rigid body, first find the body’s angular displacement (final angular po-
sition minus initial angular position) during a time interval. Then divide
the result by that time interval. To find the rigid body’s instantaneous
angular velocity, take the derivative of its angular position with respect
to time.

Angular Velocity as a Vector

As we have seen, our notation for the angular velocity w, about the z-axis is reminis-
cent of the notation v, for the ordinary velocity along the x-axis (see Section 2.2). Just
as v, is the x-component of the velocity vector U, w, is the z-component of an angular
velocity vector @ directed along the axis of rotation. As Fig. 9.5a shows, the direc-
tion of @ is given by the right-hand rule that we used to define the vector product in
Section 1.10. If the rotation is about the z-axis, then @ has only a z-component. This
component is positive if @ is along the positive z-axis and negative if @ is along the

negative z-axis (Fig. 9.5b).

The vector formulation is especially useful when the direction of the rotation axis
changes. We'll examine such situations briefly at the end of Chapter 10. In this chap-
ter, however, we’ll consider only situations in which the rotation axis is fixed. Hence
throughout this chapter we’ll use “angular velocity” to refer to w,, the component of @

along the axis.

CAUTION The angular velocity vector is perpendicular to the plane of rotation, not in it It’s a
common error to think that an object’s angular velocity vector  points in the direction in which
some particular part of the object is moving. Another error is to think that @ is a “curved vector”
that points around the rotation axis in the direction of rotation (like the curved arrows in Figs. 9.1,
9.3, and 9.4). Neither of these is true! Angular velocity is an attribute of the entire rotating rigid
body, not any one part, and there’s no such thing as a curved vector. We choose the direction of &
to be along the rotation axis—perpendicular to the plane of rotation—because that axis is common

to every part of a rotating rigid body.

(a) If you curl the (b)
fingers of your
right hand in the
direction of
rotation ...

 points in the
positive z-direction:
w, >0

® ... your right thumb A
points in the |
direction of @. !

Figure 9.5 (a) The right-hand rule for the
direction of the angular velocity vector @.
Reversing the direction of rotation reverses
the direction of @. (b) The sign of w, for
rotation along the z-axis.

 points in the
negative z-direction:
w, <0
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276 CHAPTER 9 Rotation of Rigid Bodies

Figure 9.6 Calculating the average angular
acceleration of a rotating rigid body.
The average angular acceleration is the change
in angular velocity divided by the time interval:

Wy, — Wy Aw:
. = ==
av-z ty — 1) At
@1y W2z
V-

Att Att,

Angular Acceleration

A rigid body whose angular velocity changes has an angular acceleration. When you
pedal your bicycle harder to make the wheels turn faster or apply the brakes to bring the
wheels to a stop, you're giving the wheels an angular acceleration.

If w;, and w,, are the instantaneous angular velocities at times #; and f,, we define the
average angular acceleration «,,_, over the interval Ar = 1, — 7, as the change in angu-
lar velocity divided by At (Fig. 9.6):

wy, — @, Aw,
Ay, = ————— = ——— (9.4)
av= H— At
The instantaneous angular acceleration «, is the limit of a,,_, as At — 0:
The instantaneous angular Aw o
acceleration of arigid body-» o = Jjm —= = —=< (9.5)

rotating around the z-axis ...

At—0 At dt.

... and equals the instantaneous rate of
change of the body’s angular velocity.

... equals the limit of the body’s average angular
acceleration as the time interval approaches zero ...

The usual unit of angular acceleration is the radian per second per second, or rad/s>. From
now on we’ll use the term “angular acceleration” to mean the instantaneous angular ac-
celeration rather than the average angular acceleration.

Because w, = df/dt, we can also express angular acceleration as the second derivative
of the angular coordinate:

ddy  d* o6
“Twd T a? 9:6)

You’ve probably noticed that we use Greek letters for angular kinematic quantities:
0 for angular position, w, for angular velocity, and «, for angular acceleration. These are
analogous to x for position, v, for velocity, and a, for acceleration in straight-line motion.
In each case, velocity is the rate of change of position with respect to time and acceleration
is the rate of change of velocity with respect to time. We sometimes use the terms “linear
velocity” for v, and “linear acceleration” for a, to distinguish clearly between these and
the angular quantities introduced in this chapter.

If the angular acceleration «, is positive, then the angular velocity w, is increasing;
if «, is negative, then w, is decreasing. The rotation is speeding up if a, and w, have the
same sign and slowing down if o, and w, have opposite signs. (These are exactly the same
relationships as those between linear acceleration a, and linear velocity v, for straight-line
motion; see Section 2.3.)

EXAMPLE 9.2 Calculating angular acceleration

For the flywheel of Example 9.1, (a) find the average angular accel- dw

a,=— = %[(6.0 rad/s?)(1*)] = (6.0 rad/s>)(27)

eration between f; = 2.0s and , = 5.0 s. (b) Find the instantaneous z dt

angular accelerations at#{ = 2.0sand t, = 5.0 s.

IDENTIFY and SET UP We use Eqgs. (9.4) and (9.5) for the average and

instantaneous angular accelerations.

= (12rad/s*)t
Hence

oy, = (121ad/s’)(2.0's) = 24 rad/s’
ay, = (121ad/s*)(5.0s) = 60 rad/s>

EXECUTE (a) From Example 9.1, the values of w, at the two times are

w), = 24 rad/s

From Eq. (9.4), the average angular acceleration is

Qayz =

50s —2.0s

wy, = 150 rad/s

150 rad/s — 24 rad/s
150radfs = 2radfs ) gy

EVALUATE The angular acceleration is not constant in this situation.
The angular velocity w, is always increasing because «, is always posi-
tive. Furthermore, the rate at which angular velocity increases is itself
increasing, since «, increases with time.

KEYCONCEPT To find the average angular acceleration of a rotating
rigid body, first find the change in its angular velocity (final angular ve-

(b) We found in Example 9.1 that w, = (6.0 rad/s®)#* for the fly-
wheel. From Eq. (9.5), the value of «, at any time 7 is

locity minus initial angular velocity) during a time interval. Then divide
the result by the time interval.
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9.2 Rotation with Constant Angular Acceleration 277

Angular Acceleration as a Vector

Just as we did for angular velocity, it’s useful to define an angular acceleration vector a.
Mathematically, & is the time derivative of the angular velocity vector . If the object
rotates around the fixed z-axis, then a has only a z-component «,. In this case, a is in the
same direction as e if the rotation is speeding up and opposite to @ if the rotation is slow-
ing down (Fig. 9.7).

The vector a will be particularly useful in Chapter 10 when we discuss what happens
when the rotation axis changes direction. In this chapter, however, the rotation axis will
always be fixed and we need only the z-component a,.

TEST YOUR UNDERSTANDING OF SECTION 9.1 The fig-
ure shows a graph of w_ and «, versus time for a particular rotat-
ing body. (a) During which time intervals is the rotation speeding
up? ()0 <1 <2s;(1)2s <t <4s;(ii)ds <t <6s.

(b) During which time intervals is the rotation slowing down?
N0 <r<2s;()2s <t <4ds;(iii)ds <t<6s.

1 1 | —
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m ROTATION WITH CONSTANT ANGULAR ACCELERATION

In Chapter 2 we found that straight-line motion is particularly simple when the accelera-
tion is constant. This is also true of rotational motion about a fixed axis. When the angular
acceleration is constant, we can derive equations for angular velocity and angular position
by using the same procedure that we used for straight-line motion in Section 2.4. In fact,
the equations we are about to derive are identical to Egs. (2.8), (2.12), (2.13), and (2.14) if
we replace x with 6, v, with w_, and a, with «,. We suggest that you review Section 2.4
before continuing.

Let wg, be the angular velocity of a rigid body at time # = 0 and w, be its angular
velocity at a later time ¢. The angular acceleration «, is constant and equal to the average
value for any interval. From Eq. (9.4) with the interval from O to 7,

Wz — Wog

o, = ————— or
: t—0

Angular velocity at
time ¢ of a rigid body +++---......

with constant )
angular acceleration

ff SR Time (9.7)

Constant angular acceleration of body

The product a1 is the total change in w, between ¢t = 0 and the later time #; angular ve-
locity w, at time ¢ is the sum of the initial value w, and this total change.

With constant angular acceleration, the angular velocity changes at a uniform rate, so
its average value between O and ¢ is the average of the initial and final values:

wo, + w,
Wy, = — (9.8)
av-z 2

We also know that w,,_, is the total angular displacement (8 — ) divided by the time
interval (¢ — 0):

(9.9)

Figure 9.7 When the rotation axis is
fixed, both the angular acceleration and
angular velocity vectors lie along that axis.

«@ and @ in the opposite
directions: Rotation

« and @ in the same
direction: Rotation

speeding up. slowing down.
RN t ““4 . l
a a
& -

BIO APPLICATION Rotational
Motion in Bacteria Escherichia coli
bacteria (about 2 um by 0.5 um) are found
in the lower intestines of humans and other
warm-blooded animals. The bacteria swim
by rotating their long, corkscrew-shaped
flagella, which act like the blades of a
propeller. Each flagellum is powered by a
remarkable motor (made of protein) located
at the base of the bacterial cell. The motor
can rotate the flagellum at angular speeds
from 200 to 1000 rev/min (about 20 to
100 rad/s) and can vary its speed to give
the flagellum an angular acceleration.

Flagella
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When we equate Egs. (9.8) and (9.9) and multiply the result by #, we get

Angular position at Angular position of body at time 0
time 7 of a rigid body =+=++---..., " S - Time
g _ = A &
with constant 0 =06 =2 (2)02 +,‘$U )t
angular acceleration  Angular velocity of .
body at time 0

(9.10)

Ar{gular velocity of body at
time ¢

To obtain a relationship between 6 and ¢ that doesn’t contain w,, we substitute Eq. (9.7)
into Eq. (9.10):

6 — 90 = %[woz + (woz + azt)]l or

Angular position of body _...-=»+Time

at time 0 --.,

time 7 of a rigid body -+ 29 = (; + o 1l :"2
= wo.t + 5ot
with constant 0 A 0z 2,2

Angular position at

(9.11)

angular acceleration  Apoylar velocity of body  Constant angular acceleration
at time 0 of body

That is, if at the initial time + = O the body is at angular position 6, and has angular veloc-
ity wq,, then its angular position 6 at any later time ¢ is 6, plus the rotation w, it would
have if the angular velocity were constant, plus an additional rotation %ozzt2 caused by the
changing angular velocity.

Following the same procedure as for straight-line motion in Section 2.4, we can combine
Eqgs. (9.7) and (9.11) to obtain a relationship between 6 and w, that does not contain 7. We invite
you to work out the details, following the same procedure we used to get Eq. (2.13). We get

Angular velocity at Angular velocity of body at time 0
time f of arigid body ==, 5 w5

with constant w; = W, + %az(g - 00)
angular acceleration )

(9.12)

Constant angular =" Angular position
acceleration of body of body at time ¢

Angular position
of body at time 0

CAUTION Constant angular acceleration Keep in mind that all of these results are valid only
when the angular acceleration «;, is constant; do not try to apply them to problems in which e, is
not constant. Table 9.1 shows the analogy between Egs. (9.7), (9.10), (9.11), and (9.12) for fixed-axis
rotation with constant angular acceleration and the corresponding equations for straight-line mo-
tion with constant linear acceleration.

TABLE 9.1 Comparison of Linear and Angular Motions with Constant Acceleration

Straight-Line Motion with
Constant Linear Acceleration

Fixed-Axis Rotation with
Constant Angular Acceleration

a, = constant
Uy = Uy T ayt

X = x9 + gt + %a)(z‘2

v2 = v+ 2a.(x — xo)

x = xp = 5 (vox + vt

a, = constant

(2.8) w, = wy, + a,t (9.7)
(2.12) 0 =0y + wot + s’ 9.11)
(2.13) 0? = w2+ 2a,(0 — 6) 9.12)
(2.14) 6 — 6y = 3w, + @)t (9.10)

EXAMPLE 9.3 Rotation with constant angular acceleration

wiTH VARIATION PROBLEMS

You have finished watching a movie on Blu-ray and the disc is slow-
ing to a stop. The disc’s angular velocity at + = 0 is 27.5 rad/s, and its
angular acceleration is a constant —10.0 rad/! s2. A line PQ on the disc’s
surface lies along the +x-axis at r = 0 (Fig. 9.8). (a) What is the disc’s
angular velocity at = 0.300 s? (b) What angle does the line PQ make
with the +x-axis at this time?

IDENTIFY and SET UP The angular acceleration of the disc is constant,
so we can use any of the equations derived in this section (Table 9.1).
Our target variables are the angular velocity w, and the angular dis-
placement 6 at t = 0.300s. Given wp, = 27.5rad/s, 6y = 0, and
a, = —10.0 rad/sz, it’s easiest to use Eqgs. (9.7) and (9.11) to find the
target variables.
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9.3 Relating Linear and Angular Kinematics 279

Figure 9.8 A line PQ on a rotating Blu-ray disc at r = 0. The disc has made one complete revolution plus an additional

y Direction

&
I

53
|

0.24 revolution—that is, 360° plus (0.24 rev)(360°/rev) = 87°. Hence
of rotation the line PQ makes an angle of 87° with the +x-axis.

EVALUATE Our answer to part (a) tells us that the disc’s angular veloc-
ity has decreased, as it should since a, < 0. We can use our result for
w, from part (a) with Eq. (9.12) to check our result for 6 from part (b).
To do so, we solve Eq. (9.12) for 6:

’ w012+ 2a,(6 = o)

2 2
;™ W
0 < 2a, >

N (24.5rad/s)? — (27.5 rad/s)?

= = 7.80 rad
EXECUTE (a) From Eq. (9.7), att = 0.300 s we have 2(—10.0 rad/sz)
0, = wy, + at = 27.5rad/s + (—10.0 rad/sz)(0.30() 5) This agrees with our previous result from part (b).

= 24.5 rad/s KEYCONCEPT The relationships among angular position 6, angular

velocity w,, and angular acceleration «, for a rigid body rotating with

(b) From Eq. (9.11), constant angular acceleration are the same as the relationships among
position x, velocity v,, and acceleration a, for an object moving in a

0 =6y + wot + %azlz straight line with constant linear acceleration.

=0 + (27.5rad/s)(0.300 s) + 1(—10.0 rad/s?)(0.300 5)2

1 rev
= 7.80rad = 7.80 rad = 1.24 rev
27 rad

TEST YOUR UNDERSTANDING OF SECTION 9.2 Suppose the disc in Example 9.3 was
initially spinning at twice the rate (55.0 rad/s rather than 27.5 rad/s) and slowed down at twice the
rate (—20.0 rad/s2 rather than —10.0 rad/sz). (a) Compared to the situation in Example 9.3, how
long would it take the disc to come to a stop? (i) The same amount of time; (ii) twice as much time;
(iii) 4 times as much time; (iv) % as much time; (v) i as much time. (b) Compared to the situation in
Example 9.3, through how many revolutions would the disc rotate before coming to a stop? (i) The
same number of revolutions; (ii) twice as many revolutions; (iii) 4 times as many revolutions; (iv) %
as many revolutions; (v) }‘ as many revolutions.
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oy (0 = “@ st fyofaa rem3ue euy oy oouls) 10w = ;1 (Pw + V@)L = 0y — g:(01°6) ba £q
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31 3[qnop dm JT *(Sane3au St 0 9snedaq awn anisod e st sup) v /0w = “v/(Vw — ‘m) = ;51
SINDO0 SIY) UdYM 211 AY) (£°6) ‘b wox] () = “® 151 0 SOWI0d ISIP Y UAYAA (T1) (q) (1) (B) 1|

m RELATING LINEAR AND ANGULAR KINEMATICS

How do we find the linear speed and acceleration of a particular point in a rotating rigid
body? We need to answer this question to proceed with our study of rotation. For ex-
ample, to find the kinetic energy of a rotating body, we have to start from K = %mv2 for
a particle, and this requires that we know the speed v for each particle in the body. So it’s
worthwhile to develop general relationships between the angular speed and acceleration
of a rigid body rotating about a fixed axis and the /inear speed and acceleration of a spe-
cific point or particle in the body.

Linear Speed in Rigid-Body Rotation

When a rigid body rotates about a fixed axis, every particle in the body moves in a cir-
cular path that lies in a plane perpendicular to the axis and is centered on the axis. A par-
ticle’s speed is directly proportional to the body’s angular velocity; the faster the rotation,
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280 CHAPTER 9 Rotation of Rigid Bodies

Figure 9.9 A rigid body rotating about a
fixed axis through point O.

Distance through which point P on
the body moves (angle 6 is in radians)
Linear speed of point P
(angular speed w is inrad/s) i
y S :

’
// Circle followed
/by point P

Figure 9.10 A rigid body whose rotation
is speeding up. The acceleration of point P
has a component a,,q toward the rotation
axis (perpendicular to U) and a component
Ay along the circle that point P follows
(parallel to v).

Radial and tangential acceleration components:

*a,,qy = w’ris point P’s centripetal acceleration.

* ay,, = ra means that P’s rotation is speeding up
(the body has angular acceleration).
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the greater the speed of each particle. In Fig. 9.9, point P is a constant distance r from the
axis, so it moves in a circle of radius r. At any time, Eq. (9.1) relates the angle 6 (in radi-
ans) and the arc length s:

s =70
We take the time derivative of this, noting that r is constant for any specific particle, and
take the absolute value of both sides:
ds
dt

do
P
dt

Now |ds/dt| is the absolute value of the rate of change of arc length, which is equal to the
instantaneous linear speed v of the particle. The absolute value of the rate of change of
the angle, |d6/dt|, is the instantaneous angular speed w—that is, the magnitude of the
instantaneous angular velocity in rad/s. Thus

Linear speed of a point--.. -+ Angular speed of the
P POy = g™ T NEAT SR (9.13)

on a rotating rigid body - rotating rigid body

Distance of that point from rotation axis

The farther a point is from the axis, the greater its linear speed. The direction of the linear
velocity vector is tangent to its circular path at each point (Fig. 9.9).

CAUTION Speed vs. velocity Keep in mind the distinction between the linear and angular speeds
v and w, which appear in Eq. (9.13), and the linear and angular velocities v, and w,. The quantities
without subscripts, v and w, are never negative; they are the magnitudes of the vectors U and @,
respectively, and their values tell you only how fast a particle is moving (v) or how fast a body is
rotating (w). The quantities with subscripts, v, and w,, can be either positive or negative; their signs
tell you the direction of the motion.

Linear Acceleration in Rigid-Body Rotation

We can represent the acceleration a of a particle moving in a circle in terms of its centrip-
etal and tangential components, a.,q and a,, (Fig. 9.10), as we did in Section 3.4. (You
should review that section now.) We found that the tangential component of acceleration
A, the component parallel to the instantaneous velocity, acts to change the magnitude of
the particle’s velocity (i.e., the speed) and is equal to the rate of change of speed. Taking
the derivative of Eq. (9.13), we find

Tangential Distance of that point from rotation axis
acceleration of a
point on a rotating -+, o _ dv _ Jdw _ Y
o Qon = —- =TI—— = ra (9.14)
rigid body dt dt . ¥,

Rate of change of
angular speed of body

Rate of change of “wy**
linear speed of that point

This component of d is always tangent to the circular path of point P (Fig. 9.10).

The quantity @ = dw/dt in Eq. (9.14) is the rate of change of the angular speed. It is
not quite the same as a, = dw,/dt, which is the rate of change of the angular velocity.
For example, consider a object rotating so that its angular velocity vector points in the
—z-direction (see Fig. 9.5b). If the body is gaining angular speed at a rate of 10 rad/s per
second, then a = 10 rad/s>. But w, is negative and becoming more negative as the rota-
tion gains speed, so o, = —10 rad/ s2. The rule for rotation about a fixed axis is that « is
equal to «, if w, is positive but equal to —a, if w, is negative.

The component of a in Fig. 9.10 directed toward the rotation axis, the centripetal
component of acceleration a.,q, is associated with the change of direction of the velocity
of point P. In Section 3.4 we worked out the relationship a,,q = vz/r. We can express this
in terms of w by using Eq. (9.13):
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9.3 Relating Linear and Angular Kinematics 281

3 q Linear speed of that point .
Centripetal P %5 P . Angular speed of body
acceleration of a ... v 42
point on a rotating Arad = r. = wr (9.15)

rigid body

This is true at each instant, even when w and v are not constant. The centripetal compo-
nent always points toward the axis of rotation.

CAUTION Use angles in radians Remember that Eq. (9.1), s = r#6, is valid only when 6 is mea-
sured in radians. The same is true of any equation derived from this, including Egs. (9.13), (9.14),
and (9.15). When you use these equations, you must express the angular quantities in radians, not
revolutions or degrees (Fig. 9.11).

Equations (9.1), (9.13), and (9.14) also apply to any particle that has the same tangential
velocity as a point in a rotating rigid body. For example, when a rope wound around a cir-
cular cylinder unwraps without stretching or slipping, its speed and acceleration at any in-
stant are equal to the speed and tangential acceleration of the point at which it is tangent to
the cylinder. The same principle holds for situations such as bicycle chains and sprockets,
belts and pulleys that turn without slipping, and so on. We’ll have several opportunities to
use these relationships later in this chapter and in Chapter 10. Note that Eq. (9.15) for the
centripetal component a,,q4 is applicable to the rope or chain only at points that are in con-
tact with the cylinder or sprocket. Other points do not have the same acceleration toward
the center of the circle that points on the cylinder or sprocket have.

Figure 9.11 Always use radians when re-
lating linear and angular quantities.

y

6 = 60° = 7/3 rad
1 X

ol
In any equation that relates linear quantities
to angular quantities, the angles MUST be
expressed in radians ...
RIGHT! » s = (7/3)r
... never in degrees or revolutions.

WRONG b s = 6(r

EXAMPLE 9.4 Throwing a discus

witH VARIATION PROBLEMS

An athlete whirls a discus in a circle of radius 80.0 cm. At a certain
instant, the athlete is rotating at 10.0 rad/s and the angular speed is
increasing at 50.0 rad/s%. For this instant, find the tangential and cen-
tripetal components of the acceleration of the discus and the magnitude
of the acceleration.

IDENTIFY and SET UP We treat the discus as a particle traveling in a
circular path (Fig. 9.12a), so we can use the ideas developed in this sec-
tion. We are given » = 0.800 m, & = 10.0 rad/s, and & = 50.0 rad/s>
(Fig. 9.12b). We'll use Egs. (9.14) and (9.15) to find the acceleration
components a,, and a,q, respectively; we’ll then find the magnitude a
by using the Pythagorean theorem.

EXECUTE From Egs. (9.14) and (9.15),

gy = ra = (0.800 m)(50.0 rad/s?) = 40.0 m/s>
w’r = (10.0 rad/s)?(0.800 m) = 80.0 m/s’

Arad

Then

a = Vag,?+ arad> = 89.4 m/s?

EVALUATE Note that we dropped the unit “radian” from our results for
Aian, drad> and a. We can do this because “radian” is a dimensionless
quantity. Can you show that if the angular speed doubles to 20.0 rad/s
while « remains the same, the acceleration magnitude a increases to
322 m/s%?

KEYCONCEPT Points on a rigid body have a centripetal (radial) ac-
celeration component a,,q = w’r whenever the rigid body is rotating;
they have a tangential acceleration component ay,, = ra only if the
angular speed w is changing. These two acceleration components are
perpendicular, so you can use the Pythagorean theorem to relate them to
the magnitude of the acceleration.

Figure 9.12 (a) Whirling a discus in a circle. (b) Our sketch showing the acceleration components for the discus.

(a)

(b) Path of discus
= =50.0 rad/s?

w=100 rad/s/
r=0.800m

Discus ¢

Q+an
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EXAMPLE 9.5 Designing a propeller

witTH VARIATION PROBLEMS

You are designing an airplane propeller that is to turn at 2400 rpm
(Fig. 9.13a). The forward airspeed of the plane is to be 75.0 m/s, and
the speed of the propeller tips through the air must not exceed 270 m/s.
(This is about 80% of the speed of sound in air. If the propeller tips
moved faster, they would produce a lot of noise.) (a) What is the maxi-
mum possible propeller radius? (b) With this radius, what is the accel-
eration of the propeller tip?

IDENTIFY and SET UP We consider a particle at the tip of the propeller; our
target variables are the particle’s distance from the axis and its acceleration.
The speed of this particle through the air, which cannot exceed 270 m/s, is
due to both the propeller’s rotation and the forward motion of the airplane.
Figure 9.13b shows that the particle’s velocity 3lip is the vector sum of its
tangential velocity due to the propeller’s rotation of magnitude vy, = wr,
given by Eq. (9.13), and the forward velocity of the airplane of magnitude
Uplane = 75.0 m/s. The propeller rotates in a plane perpendicular to the di-
rection of flight, so Uy, and 3p1ane are perpendicular to each other, and we
can use the Pythagorean theorem to obtain an expression for vy, from v,
and Upjape- We'll then set v, = 270 m/s and solve for the radius r. The an-
gular speed of the propeller is constant, so the acceleration of the propeller
tip has only a radial component; we’ll find it by using Eq. (9.15).

EXECUTE We first convert w to rad/s (see Fig. 9.11):

rev \( 2m rad \/ 1 min
® = 2400 rpm = ( 2400 — = 251 rad/s

min 1 rev 60 s

(a) From Fig. 9.13b and Eq. (9.13),
2_ 2 2 2 2 2
Utip = Uplane + Upn = Uplane + riw SO

2 2 \/p. 2 2

Utip — Uplane Utip — Uplane
2

rr=——0 and y=—

w w

If vg, = 270 m/s, the maximum propeller radius is

V(270 m/s)? — (75.0 m/s)?
r= =1.03m
251 rad/s
(b) The centripetal acceleration of the particle is, from Eq. (9.15),
’r = (251 rad/s)%(1.03 m)

=6.5 X 10* m/s?

Arad

The tangential acceleration ay,, is zero because w is constant.

EVALUATE From Ei’ = md, the propeller must exert a force of
6.5 X 10* N on each kilogram of material at its tip! This is why propel-
lers are made out of tough material such as aluminum alloy.

KEYCONCEPT If a rotating rigid body is also moving as a whole
through space, use vector addition to find the velocity of a point on the
rigid body.

Figure 9.13 (a) A propeller-driven airplane in flight. (b) Our sketch showing the velocity components for the propeller tip.

2400 rev/min

(b)

~
Vign| @O = 2400 rev/min

Side view

Front view

TEST YOUR UNDERSTANDING OF SECTION 9.3 Information is stored on a Blu-ray disc
(see Fig. 9.8) in a coded pattern of tiny pits. The pits are arranged in a track that spirals outward
toward the rim of the disc. As the disc spins inside a player, the track is scanned at a constant linear
speed. How must the rotation speed w of the disc change as the player’s scanning head moves out-
ward over the track? (i) w must increase; (ii) @ must decrease; (iii) @ must stay the same.

ANSWER
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EXJ ENERGY IN ROTATIONAL MOTION

A rotating rigid body consists of mass in motion, so it has kinetic energy. As we'll see, we
can express this kinetic energy in terms of the body’s angular speed and a new quantity,
called moment of inertia, that depends on the body’s mass and how the mass is distributed.

To begin, we think of a body as being made up of a large number of particles, with

masses my, np, . . .

at distances rq, 1, .

.. from the axis of rotation. We label the parti-

cles with the index i: The mass of the ith particle is m; and r; is the perpendicular distance
from the axis to the ith particle. (The particles need not all lie in the same plane.)
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When a rigid body rotates about a fixed axis, the speed v; of the ith particle is given by
Eq. 9.13), v; = r,w, where w is the body’s angular speed. Different particles have different
values of r;, but w is the same for all (otherwise, the body wouldn’t be rigid). The kinetic
energy of the ith particle can be expressed as
limiUiZZ limirizwz

The body’s fotal kinetic energy is the sum of the kinetic energies of all its particles:
K = %mlrlzwz + %mzrzzwz +-- = E%mirizwz
i
Taking the common factor % ” out of this expression, we get
K = S(miri+ myri+ - )o® = %( Eml»riz)wz
i
The quantity in parentheses, obtained by multiplying the mass of each particle by the

square of its distance from the axis of rotation and adding these products, is called the
moment of inertia / of the body for this rotation axis:

Moment of inertia
of a body for a given-
rotation axis

)I = m‘lrlz + mér e = miri (916)
x... ” P

Perpendicular' distan

“Moment” means that / depends on how the body’s mass is distributed in space; it has
nothing to do with a “moment” of time. For a body with a given rotation axis and a
given total mass, the greater the distances from the axis to the particles that make up
the body, the greater the moment of inertia /. In a rigid body, all distances r; are constant
and / is independent of how the body rotates around the given axis. The SI unit of / is the
kilogram-meter? (kg - m?).

Using Eq. (9.16), we see that the rotational kinetic energy K of a rigid body is

Rotational kinetic energy R Moment of inertia
of a rigid body rotating -+ P K = 1102 of body for given
around an axis i rotation axis

(9.17)
Angular speed of Bbdy

The kinetic energy given by Eq. (9.17) is not a new form of energy; it’s simply the sum
of the kinetic energies of the individual particles that make up the rotating rigid body. To
use Eq. (9.17), @ must be measured in radians per second, not revolutions or degrees per
second, to give K in joules. That’s because we used v; = r;w in our derivation.

Equation (9.17) gives a simple physical interpretation of moment of inertia: The greater
the moment of inertia, the greater the kinetic energy of a rigid body rotating with a given
angular speed w. We learned in Chapter 6 that the kinetic energy of an object equals the
amount of work done to accelerate that object from rest. So the greater a body’s moment of
inertia, the harder it is to start the body rotating if it’s at rest and the harder it is to stop its ro-
tation if it’s already rotating (Fig. 9.14). For this reason, / is also called the rotational inertia.

¢ Mass farther from axis
* Greater moment of inertia
* Harder to start apparatus rotating

* Mass close to axis
* Small moment of inertia
« Easy to start apparatus rotating

— Rotation axis

9.4 Energy in Rotational Motion 283

BIO APPLICATION Moment of
Inertia of a Bird’s Wing When a bird flaps
its wings, it rotates the wings up and down
around the shoulder. A hummingbird has
small wings with a small moment of inertia,
so the bird can move its wings rapidly (up
to 70 beats per second). By contrast, the
Andean condor (Vultur gryphus) has im-
mense wings that are hard to move due to
their large moment of inertia. Condors flap
their wings at about one beat per second
on takeoff, but at most times prefer to soar
while holding their wings steady.

Figure 9.14 An apparatus free to rotate
around a vertical axis. To vary the
moment of inertia, the two equal-mass
cylinders can be locked into different
positions on the horizontal shaft.
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284 CHAPTER 9 Rotation of Rigid Bodies

EXAMPLE 9.6 Moments of inertia for different rotation axes

A machine part (Fig. 9.15) consists of three small disks linked by
lightweight struts. (a) What is this body’s moment of inertia about

EXECUTE (a) The particle at point A lies on axis 1 through A, so its
distance r from the axis is zero and it contributes nothing to the moment

axis 1 through the center of disk A, perpendicular to the plane of the of inertia. Hence only B and C contribute in Eq. (9.16):
diagram? (b) What is its moment of inertia about axis 2 through the
centers of disks B and C? (c) What is the body’s kinetic energy if it

rotates about axis 1 with angular speed = 4.0 rad/s?

I = Smr? = (0.10kg)(0.50 m)? + (0.20 kg)(0.40 m)?>

= 0.057 kg m’
IDENTIFY and SET UP We’ll consider the disks as massive particles lo-
cated at the centers of the disks, and consider the struts as massless. In
parts (a) and (b), we’ll use Eq. (9.16) to find the moments of inertia.
Given the moment of inertia about axis 1, we’ll use Eq. (9.17) in part (c)
to find the rotational kinetic energy.

(b) The particles at B and C both lie on axis 2, so neither particle
contributes to the moment of inertia. Hence only A contributes:

L = Smir= (030kg)(0.40 m)> = 0.048 kg - m?

Figure 9.15 An oddly shaped machine part. (¢) From Eq. (9.17),

Axis 2 through —
disks B and C

K, = 3L? = 1(0.057 kg m?)(4.0 rad/s)? = 0.46 ]

EVALUATE The moment of inertia about axis 2 is smaller than that
about axis 1. Hence, of the two axes, it’s easier to make the machine

Axis 1 through disk A part rotate about axis 2.

(perpendicular to plane

f fi
of figure) KEYCONCEPT The moment of inertia / of a rigid body about an axis

depends on the position and orientation of the axis. The value of / for a
given rigid body can be very different for different axes.

my = 030 kg

CAUTION Moment of inertia depends on the choice of axis Example 9.6 shows that the moment
of inertia of a body depends on the location and orientation of the axis. It’s not enough to say, “The
moment of inertia is 0.048 kg - m>.” We have to be specific and say, “The moment of inertia about
the axis through B and C is 0.048 kg + m>.”

In Example 9.6 we represented the body as several point masses, and we evaluated
the sum in Eq. (9.16) directly. When the body is a continuous distribution of matter, such
as a solid cylinder or plate, the sum becomes an integral, and we need to use calculus
to calculate the moment of inertia. We’ll give several examples of such calculations in
Section 9.6; meanwhile, Table 9.2 gives moments of inertia for several familiar shapes
in terms of their masses and dimensions. Each body shown in Table 9.2 is uniform;
that is, the density has the same value at all points within the solid parts of the body. e

CAUTION Computing moments of inertia You may be tempted to try to compute the moment of
inertia of a body by assuming that all the mass is concentrated at the center of mass and multiplying
the total mass by the square of the distance from the center of mass to the axis. That doesn’t work!
For example, when a uniform thin rod of length L and mass M is pivoted about an axis through one
end, perpendicular to the rod, the moment of inertia is I = MI>/3 [case (b) in Table 9.2]. If we took
the mass as concentrated at the center, a distance L/2 from the axis, we would obtain the incorrect
result I = M(L/2)? = MI*/4.

Now that we know how to calculate the kinetic energy of a rotating rigid body,
we can apply the energy principles of Chapter 7 to rotational motion. The Problem-
Solving Strategy on the next page, along with the examples that follow, shows how
this is done.

IPR2024-01137
CamelBak EX 2026
Paae 33 of 85



TABLE 9.2 Moments of Inertia of Various Bodies

9.4 Energy in Rotational Motion 285

(a) Slender rod,
axis through center

(b) Slender rod,
axis through one end
1

N Sy )
1= 12ML

1= lML2

%

(e) Hollow cylinder (f) Solid cylinder

1= %M(Rlz + R}) 1= lMR2

(c) Rectangular plate,
axis through center

(g9) Thin-walled hollow
cylinder

1= MR?

(d) Thin rectangular plate,
axis along edge

1= éM(a +b?) I = xMd?

(h) Solid sphere (i) Thin-walled hollow

sphere

fMRZ I= fMRZ

M@@Q@

PROBLEM-SOLVING STRATEGY 9.1 Rotational Energy

IDENTIFY the relevant concepts: You can use work—energy relation-
ships and conservation of energy to find relationships involving the
position and motion of a rigid body rotating around a fixed axis.
The energy method is usually not helpful for problems that involve
elapsed time. In Chapter 10 we’ll see how to approach rotational
problems of this kind.

SET UP the problem using Problem-Solving Strategy 7.1 (Section 7.1)

with the following additional steps:

5. You can use Egs. (9.13) and (9.14) in problems involving a rope
(or the like) wrapped around a rotating rigid body, if the rope
doesn’t slip. These equations relate the linear speed and tangential
acceleration of a point on the body to the body’s angular velocity
and angular acceleration. (See Examples 9.7 and 9.8.)

6. Use Table 9.2 to find moments of inertia. Use the parallel-axis theo-
rem, Eq. (9.19) (to be derived in Section 9.5), to find moments of
inertia for rotation about axes parallel to those shown in the table.

EXECUTE the solution: Write expressions for the initial and final ki-
netic and potential energies K, K, U}, and U, and for the nonconser-
vative work Wy, (if any), where K; and K, must now include any
rotational kinetic energy K = %Iwz. Substitute these expressions into
Eq. (7.14), K| + U; + Wyper = K> + U, (if nonconservative work is
done), or Eq. (7.12), K| + U; = K, + U, (if only conservative work
is done), and solve for the target variables. It’s helpful to draw bar
graphs showing the initial and final values of K, U, and E = K + U.

EVALUATE your answer: Check whether your answer makes physi-
cal sense.

EXAMPLE 9.7 An unwinding cable |

witTH VARIATION PROBLEMS

We wrap a light, nonstretching cable around a solid cylinder, of
mass 50 kg and diameter 0.120 m, that rotates in frictionless bear-
ings about a stationary horizontal axis (Fig. 9.16). We pull the free
end of the cable with a constant 9.0 N force for a distance of 2.0 m;
it turns the cylinder as it unwinds without slipping. The cylinder is
initially at rest. Find its final angular speed and the final speed of
the cable.

IDENTIFY We’ll solve this problem by using energy methods. We’ll as-
sume that the cable is massless, so only the cylinder has kinetic energy.
There are no changes in gravitational potential energy. There is friction

Figure 9.16 A cable unwinds from a cylinder (side view).
20m

Y

50 kg 0.120 m

9.0N

Continued
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286 CHAPTER 9 Rotation of Rigid Bodies

between the cable and the cylinder, but because the cable doesn’t slip,
there is no motion of the cable relative to the cylinder and no mechani-
cal energy is lost in frictional work. Because the cable is massless, the
force that the cable exerts on the cylinder rim is equal to the applied
force F.

SET UP Point 1 is when the cable begins to move. The cylinder starts at
rest, so K; = 0.Point 2 is when the cable has moved a distance s = 2.0 m
and the cylinder has kinetic energy K, = %Iwz. One of our target
variables is w; the other is the speed of the cable at point 2, which is
equal to the tangential speed v of the cylinder at that point. We’ll use
Eq. (9.13) to find v from w.

EXECUTE The work done on the cylinder is Wyyper =
(9.0N)(2.0m) = 18J. From Table 9.2 the moment of inertia is

Fs =

I=1mR* =1(50kg)(0.060 m)? = 0.090 kg - m?

(The radius R is half the diameter.) From Eq. (7.14), K| + U, +
Wother = K2 + Uz, SO

0+ 0+ Wyper = 21> + 0

2W, 2(181
a)=\/ otherz\/ ( ) 2=2Orad/s
1 0.090 kg * m

From Egq. (9.13), the final tangential speed of the cylinder, and hence
the final speed of the cable, is

v = Ro = (0.060 m)(20 rad/s) = 1.2 m/s

EVALUATE If the cable mass is not negligible, some of the 18 J of work
would go into the kinetic energy of the cable. Then the cylinder would
have less kinetic energy and a lower angular speed than we calculated here.

KEYCONCEPT When using energy methods to solve problems
about rotating rigid bodies, follow the same general steps as in Chapter
7, but include any rotational kinetic energy, K = %Iwz.

EXAMPLE 9.8 An unwinding cable Il

witTH VARIATION PROBLEMS

We wrap a light, nonstretching cable around a solid cylinder with mass M
and radius R. The cylinder rotates with negligible friction about a sta-
tionary horizontal axis. We tie the free end of the cable to a block of
mass m and release the block from rest at a distance & above the floor.
As the block falls, the cable unwinds without stretching or slipping.
Find the speed of the falling block and the angular speed of the cylin-
der as the block strikes the floor.

IDENTIFY As in Example 9.7, the cable doesn’t slip and so friction does
no work. We assume that the cable is massless, so that the forces it exerts
on the cylinder and the block have equal magnitudes. At its upper end the
force and displacement are in the same direction, and at its lower end they
are in opposite directions, so the cable does no net work and Wy, = O.
Only gravity does work, and mechanical energy is conserved.

SET UP Figure 9.17a shows the situation before the block begins to
fall (point 1). The initial kinetic energy is K; = 0. We take the gravi-
tational potential energy to be zero when the block is at floor level
(point 2), so U = mgh and U, = 0. (We ignore the gravitational
potential energy for the rotating cylinder, since its height doesn’t
change.) Just before the block hits the floor (Fig. 9.17b), the block has
kinetic energy due to its translational motion and the cylinder has kinetic
energy due to its rotation. The total kinetic energy is the sum of these:

Ky = 3mu* + 3o’
The moment of inertia of the cylinderis / = %MRz. Also,v = Rw since

the speed of the falling block must be equal to the tangential speed at
the outer surface of the cylinder.

EXECUTE We use our expressions for Kj, U;, K>, and U, and the rela-
tionship @ = v/R in Eq. (7.4), K, + U; = K, + U, and solve for v:

2
0 + mgh = tmv? + %(%MR2)<%> +0="1(m+im)?
2gh
v = D ——
I + M/2m

The final angular speed of the cylinder is w = v/R.

Figure 9.17 Our sketches for this problem.

(a) Initial (block at point 1) (b) Final (block at point 2)

w
g
[Re
M M
% Y iRy
E=K+U E=K+U
h

; et

Block about o hit floor

Cylinder and block af rest

EVALUATE When M is much larger than m, v is very small; when M is
much smaller than m, v is nearly equal to V2gh, the speed of a body
that falls freely from height 4. Both of these results are as we would
expect.

KEYCONCEPT When a block is attached to a string that
wraps around a cylinder or pulley of radius R, the speed v of the
block is related to the angular speed w of the cylinder or pulley by
v = Rw. You can use this to find the combined kinetic energy of the
two objects.
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Gravitational Potential Energy for an Extended Body

In Example 9.8 the cable was of negligible mass, so we could ignore its kinetic energy as
well as the gravitational potential energy associated with it. If the mass is not negligible,
we need to know how to calculate the gravitational potential energy associated with such
an extended body. If the acceleration of gravity g is the same at all points on the body, the
gravitational potential energy is the same as though all the mass were concentrated at the
center of mass of the body. Suppose we take the y-axis vertically upward. Then for a body
with total mass M, the gravitational potential energy U is simply

U = Mgy., (gravitational potential energy for an extended body) (9.18)

where y., is the y-coordinate of the center of mass. This expression applies to any ex-
tended body, whether it is rigid or not (Fig. 9.18).

To prove Eq. (9.18), we again represent the body as a collection of mass elements m;.
The potential energy for element m; is m;gy;, so the total potential energy is

U=mgy +mgy, + - = (my +my, +--)g
But from Eq. (8.28), which defines the coordinates of the center of mass,
miyp + myyy + o = (my + my + - )yem = Myem

where M = my + my + - - is the total mass. Combining this with the above expression
for U, we find U = Mgy., in agreement with Eq. (9.18).

We leave the application of Eq. (9.18) to the problems. In Chapter 10 we’ll use this
equation to help us analyze rigid-body problems in which the axis of rotation moves.

TEST YOUR UNDERSTANDING OF SECTION 9.4 Suppose the cylinder and block in
Example 9.8 have the same mass, so m = M. Just before the block strikes the floor, which state-
ment is correct about the relationship between the kinetic energy Kyock 0f the falling block and
the rotational kinetic energy Kyjinger Of the cylinder? (i) Kpjock > Keylinders (i) Kolock < Keylinders
(iii) Kplock = Kcylinder~

ANSWER “I9PUI[AD Q) UI ST PIIYI-OUO PUE JO0[q ) UL S SPIILI-0M] YIIYM
Jo “Laur? stwaysKs oy Jo 310U onouLY [eI0) o doUSH “aw’ = . ()_[/a) (Zg[w%)% = @t
I9puIAd 3unejol oY) ur A3I9U9 d1AULY Ay} pue ‘Zaw% SI yo0[q Surj[ej oy} ur £310u0 onoury Ay, (1) |

EXJ PARALLEL-AXIS THEOREM

We pointed out in Section 9.4 that a body doesn’t have just one moment of inertia. In fact,
it has infinitely many, because there are infinitely many axes about which it might rotate.
But there is a simple relationship, called the parallel-axis theorem, between the moment
of inertia of a body about an axis through its center of mass and the moment of inertia
about any other axis parallel to the original axis (Fig. 9.19):

Parallel-axis theorem: e Mass of body
Moment of inertia of a body .., Ay e

for a rotation axis through Ip ,wlcm a Md'
point P

(9.19)

Distance between
two parallel axes

parallel axis through center of mass

To prove this theorem, we consider two axes, both parallel to the z-axis: one through
the center of mass and the other through a point P (Fig. 9.20, next page). First we take a
very thin slice of the body, parallel to the xy-plane and perpendicular to the z-axis. We
take the origin of our coordinate system to be at the center of mass of the body; the coordi-
nates of the center of mass are then x., = Yem = Zem = 0. The axis through the center of
mass passes through this thin slice at point O, and the parallel axis passes through point P,
whose x- and y-coordinates are (a, b). The distance of this axis from the axis through the
center of mass is d, where d* = & + b

9.5 Parallel-Axis Theorem 287

Figure 9.18 In a technique called the
“Fosbury flop” after its innovator, this
athlete arches her body as she passes over
the bar in the high jump. As a result, her
center of mass actually passes under the
bar. This technique requires a smaller
increase in gravitational potential energy
[Eq. (9.18)] than the older method of strad-
dling the bar.

Figure 9.19 The parallel-axis theorem.

Baseball bat, mass M
Rotation axis 1 through the k
center of mass of the bat.
Moment of inertia for this axis: /

o

cm

Rotation axis 2 through point P is
parallel to, and a distance d from, axis 1.
Moment of inertia for this axis: Ip

Parallel-axis theorem: I, = I, + Md>
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288 CHAPTER 9 Rotation of Rigid Bodies

Figure 9.20 The mass element m; has
coordinates (x;, y;) with respect to an axis
of rotation through the center of mass (cm)
and coordinates (x; — a, y; — b) with re-
spect to the parallel axis through point P.

We can write an expression for the moment of inertia /p about the axis through point P.
Let m; be a mass element in our slice, with coordinates (x;, y;, z;). Then the moment of
inertia /., of the slice about the axis through the center of mass (at O) is

_ 2 2
. . Lm = 2ymi(x7+ )
Axis of rotation passing through cm and i

erpendicular to the plane of the figure . . . . .
perp P The moment of inertia of the slice about the axis through P is

y Mass element m;
i — 2 2
S Ip = 2m[(x — a)*> + (y — b)*]
% [p====== AT & i
i — b . . . . .
X } These expressions don’t involve the coordinates z; measured perpendicular to the slices,
¢ P a_)‘ so we can extend the sums to include all particles in all slices. Then Ip becomes the mo-
x . . . :
d b & } ment of inertia of the entire body for an axis through P. We then expand the squared
\L | terms and regroup, and obtain
4 I
X
X

0| “em 2 2 2 2

§ Ip = mi(x;“+ y°) — 2a > myx; — 2b > myy; + (a” + b m;
Second axis of rotation P Z ’( ! Yi ) Z g Z iYi ( )Z i
parallel to the one

through the cm The first sum is /.. From Eq. (8.28), the definition of the center of mass, the second and

third sums are proportional to x.,, and y.n; these are zero because we have taken our
origin to be the center of mass. The final term is d? multiplied by the total mass, or Md>.
This completes our proof that Ip = I, + Md?>.

As Eq. (9.19) shows, a rigid body has a lower moment of inertia about an axis through
its center of mass than about any other parallel axis. Thus it’s easier to start a body rotat-
ing if the rotation axis passes through the center of mass. This suggests that it’s somehow

most natural for a rotating body to rotate about an axis through its center of mass; we’ll
make this idea more quantitative in Chapter 10.

\
Slice of a body of mass M

EXAMPLE 9.9 Using the parallel-axis theorem

A part of a mechanical linkage (Fig. 9.21) has a mass of 3.6 kg. Its
moment of inertia /p about an axis 0.15 m from its center of mass is
Ip = 0.132 kg - m?. What is the moment of inertia 1., about a parallel
axis through the center of mass?

Figure 9.21 Calculating /., from a measurement of /p.

IDENTIFY, SET UP, and EXECUTE We’ll determine the target variable
I, by using the parallel-axis theorem, Eq. (9.19). Rearranging the
equation, we obtain

Axis through
center of mass

I — Md? = om? — 2
Lm = Ip — Md* = 0.132kg-m? — (3.6 kg)(0.15 m) Axis thrdugh P

= 0.051 kg+m?

EVALUATE As we expect, I, is less than /p; the moment of inertia for
an axis through the center of mass has a lower value than for any other
parallel axis.

KEYCONCEPT You can use the parallel-axis theorem to relate the
moment of inertia of a rigid body about any axis to the moment of inertia
of the same rigid body through a parallel axis through its center of mass.

TEST YOUR UNDERSTANDING OF SECTION 9.5 A pool cue is a wooden rod of uniform
composition and is tapered with a larger diameter at one end than at the other end. Use the parallel-
axis theorem to decide whether a pool cue has a larger moment of inertia for an axis perpendicular
to the length of the rod that is (i) through the thicker end or (ii) through the thinner end.
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m MOMENT-OF-INERTIA CALCULATIONS

If a rigid body is a continuous distribution of mass—Iike a solid cylinder or a solid
sphere—it cannot be represented by a few point masses. In this case the sum of masses
and distances that defines the moment of inertia [Eq. (9.16)] becomes an integral. Imagine
dividing the body into elements of mass dm that are very small, so that all points in a
particular element are at essentially the same perpendicular distance from the axis of rota-
tion. We call this distance r, as before. Then the moment of inertia is

1= /rzdm

To evaluate the integral, we have to represent r and dm in terms of the same integration
variable. When the body is effectively one-dimensional, such as the slender rods (a) and
(b) in Table 9.2, we can use a coordinate x along the length and relate dm to an increment
dx. For a three-dimensional body it is usually easiest to express dm in terms of an element
of volume dV and the density p of the body. Density is mass per unit volume, p = dm/dV,

so we may write Eq. (9.20) as
I= / rp dV

This expression tells us that a body’s moment of inertia depends on how its density varies
within its volume (Fig. 9.22). If the body is uniform in density, then we may take p outside

the integral:
I=p / P2 dv

To use this equation, we have to express the volume element dV in terms of the differen-
tials of the integration variables, such as dV = dx dy dz. The element dV must always be
chosen so that all points within it are at very nearly the same distance from the axis of ro-
tation. The limits on the integral are determined by the shape and dimensions of the body.
For regularly shaped bodies, this integration is often easy to do.

(9.20)

(9.21)

EXAMPLE 9.10 Hollow or solid cylinder, rotating about axis of symmetry

9.6 Moment-of-Inertia Calculations 289

Figure 9.22 By measuring small varia-
tions in the orbits of satellites, geophysi-
cists can measure the earth’s moment of
inertia. This tells us how our planet’s mass
is distributed within its interior. The data
show that the earth is far denser at the core
than in its outer layers.

Figure 9.23 shows a hollow cylinder of uniform mass density p with
length L, inner radius Ry, and outer radius R,. (It might be a steel cyl-
inder in a printing press.) Using integration, find its moment of inertia
about its axis of symmetry.

IDENTIFY and SET UP We choose as a volume element a thin cylindri-
cal shell of radius r, thickness dr, and length L. All parts of this shell are
at very nearly the same distance r from the axis. The volume of the shell

Figure 9.23 Finding the moment of inertia of a hollow cylinder about
its symmetry axis.

Volume element:
cylindrical shell =
with radius r and
thickness dr

is very nearly that of a flat sheet with thickness dr, length L, and width
27rr (the circumference of the shell). The mass of the shell is

dm = pdV = p(2wrL dr)
We’ll use this expression in Eq. (9.20), integrating from r = R jtor = R,.
EXECUTE From Eq. (9.20), the moment of inertia is

Ry
1= /r2 dm = / r2p(2mrL dr)
Ry

R 2mwpL
27TpL/ Pdr = 7p(R24— R
R

4

1
mpL
= (R~ RP)(RE+ RP)

[In the last step we used the identity «* — b*> = (a — b)(a + b).]
Let’s express this result in terms of the total mass M of the body, which
is its density p multiplied by the total volume V. The cylinder’s volume is

V = wL(R:— R?)
so its total mass M is
M = pV = wLp(R?— RP)
Comparing with the above expression for /, we see that

I =3M(R}+ Ry)
Continued
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290 CHAPTER 9 Rotation of Rigid Bodies

EVALUATE Our result agrees with Table 9.2, case (e). If the cylinder is
solid, with outer radius R, = R and inner radius R; = 0, its moment of
inertia is

1=1MR?
in agreement with case (f). If the cylinder wall is very thin, we have
R; = R, = R and the moment of inertia is

1 = MR?

in agreement with case (g). We could have predicted this last result
without calculation; in a thin-walled cylinder, all the mass is at the
same distance r = R from the axis, so ] = fr2 dm :szdm = MR>.

KEYCONCEPT Use integration to calculate the moment of inertia
of a rigid body that is a continuous distribution of mass. If the body
is symmetrical, divide it into volume elements that make use of its
symmetry.

EXAMPLE 9.11 Uniform sphere with radius R, axis through center

Find the moment of inertia of a solid sphere of uniform mass density p
(like a billiard ball) about an axis through its center.

IDENTIFY and SET UP We divide the sphere into thin, solid disks
of thickness dx (Fig. 9.24), whose moment of inertia we know from
Table 9.2, case (f). We’ll integrate over these to find the total moment
of inertia.

EXECUTE The radius and hence the volume and mass of a disk depend
on its distance x from the center of the sphere. The radius r of the disk
shown in Fig. 9.24 is

r=VR>—x*
Its volume is
dv = mr*dx = w(R® — x) dx
and so its mass is

dm = pdV = wp(R> — x?) dx

Figure 9.24 Finding the moment of inertia of a sphere about an axis
through its center.

Mass element: disk of
radius r and thickness dx
located a distance x from
the center of the sphere

From Table 9.2, case (f), the moment of inertia of a disk of radius r and
mass dm is
dl = %rz dm = %(R2 - xz)[w-p(R2 - xz)dx]
T,
= TP(R2 - x2)2 dx

Integrating this expression from x = 0 to x = R gives the moment of
inertia of the right hemisphere. The total / for the entire sphere, includ-
ing both hemispheres, is just twice this:

R
T
= (2)—p/ (R® — x%)2 dx
2 Jo
Carrying out the integration, we find
B 87TpR5
T

The volume of the sphere is V = 47TR3/3, so in terms of its mass M its
density is

M _ 3w
Py

- 47R3

Hence our expression for / becomes

17 (871-R5>( M ) R
15 4R? 3

EVALUATE This is just as in Table 9.2, case (h). Note that the moment of
inertia I = 2MR? of a solid sphere of mass M and radius R is less than
the moment of inertia I = 1 MR? of a solid cylinder of the same mass and
radius, because more of the sphere’s mass is located close to the axis.

KEYCONCEPT When calculating a moment of inertia by integra-
tion, in general use geometry to determine the size and moment of iner-
tia of each volume element.

TEST YOUR UNDERSTANDING OF SECTION 9.6 Two hollow cylinders have the same inner
and outer radii and the same mass, but they have different lengths. One is made of low-density wood
and the other of high-density lead. Which cylinder has the greater moment of inertia around its axis
of symmetry? (i) The wood cylinder; (ii) the lead cylinder; (iii) the two moments of inertia are equal.

ANSWER

*SIXe Ay Suofe uonNqLISIP $II UO JOU “SSew JO uonnqLusIp jpipp. ay) A[uo uo spuadop

BNJAUT JO JUaWOW Y, 7 YSua[ Jopur[£d ay) uo puadap jou seop 1'¢ o[dwexq woiy jnsax mQ (1) |

IPR2024-01137
CamelBak EX 2026
Paae 39 of 85



Summary 291

SUMMARY .

Rotational kinematics: When a rigid body rotates about - Ao do 5.8
a stationary axis (usually called the z-axis), the body’s @z = A}EO At dr S5
position is described by an angular coordinate 6. The
. . . . Aw dw
angular velocity w, is the time derivative of 6, and the a, = lim z_ Tz (9.5)
angular acceleration «, is the time derivative of w, or the Ar—0 At dr
second derivative of 6. (See Examples 9.1 and 9.2.) If the
angular acc-eleratiop is cor}stant, tI}en 0, ., and «, are Constant a, only:
related by simple kinematic equations analogous to those L
for straight-line motion with constant linear acceleration. 6 =0 + wot + jat (9.11)
(See Example 9.3.) 6 — 0y = 3 (wp, + )t (9.10)
w, = 0y, + agt (9.7)
w? = w+ 2a,(0 — b)) (9.12)
Relating linear and angular kinematics: The angular speed V= ro (9.13) D O =
o of arigid body is the magnitude of the body’s angular ve- dv dw ® _
== == = 2 odle v =
locity. The rate of change of w is & = dw/dt. For a particle Gan = 0 T T 9.14) Linealf/’ 73 \ "
in the body a distance r from the rotation axis, the speed v v? 5 S T [N P
and the components of the acceleration d are related to w drad = 77 = @77 (9.15) of point P Arad T @77
and a. (See Examples 9.4 and 9.5.) i 0 }
X
\ 0 ]
Moment of inertia and rotational kinetic energy: The 1= myrd+ myrd+ -+ Atsal
moment of inertia / of a body about a given axis is a = S (9.16) rotation Oo s
measure of its rotational inertia: The greater the value of /, i ' "2
the more difficult it is to c.hange the state of the body rota- K = % o 9.17) m
tion. The moment of inertia can be expressed as a sum over
the particles m; that make up the body, each of which is
at its own perpendicular distance r; from the axis. The =
rotational kinetic energy of a rigid body rotating about a ’ 3
fixed axis depends on the angular speed w and the moment
of inertia / for that rotation axis. (See Examples 9.6-9.8.)
Calculating the moment of inertia: The parallel-axis Ip = L, + Md? (9.19)

theorem relates the moments of inertia of a rigid body
of mass M about two parallel axes: an axis through
the center of mass (moment of inertia /.;;,) and a
parallel axis a distance d from the first axis (mo-
ment of inertia Ip). (See Example 9.9.) If the body has
a continuous mass distribution, the moment of inertia
can be calculated by integration. (See Examples 9.10
and 9.11.)
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GUIDED PRACTICE

Chapter 9 Media Assets E' 1 'E

For assigned homework and other learning materials, go to Mastering Physics. E H

KEY EXAMPLE VARIATION PROBLEMS

Be sure to review EXAMPLE 9.3 (Section 9.2) before attempting these
problems.

VP9.3.1 A machine part is initially rotating at 0.500 rad/s. Its rotation
speeds up with constant angular acceleration 2.50 rad/ $2. Through what
angle has the machine part rotated when its angular speed equals 3.25 rad/s?
Give your answer in (a) radians, (b) degrees, and (c) revolutions.
VP9.3.2 The rotor of a helicopter is gaining angular speed with con-
stant angular acceleration. At ¢ = 0 it is rotating at 1.25 rad/s. From
t = 0to r = 2.00 s, the rotor rotates through 8.00 rad. (a) What is the
angular acceleration of the rotor? (b) Through what angle (in radians)
does the rotor rotate from ¢ = 0 to ¢ = 4.00 s?

VP9.3.3 A jeweler’s grinding wheel slows down at a constant rate from
185 rad/s to 105 rad/s while it rotates through 16.0 revolutions. How
much time does this take?

VP9.3.4 A disk rotates around an axis through its center that is per-
pendicular to the plane of the disk. The disk has a line drawn on it that
extends from the axis of the disk to the rim. At # = O this line lies along
the x-axis and the disk is rotating with positive angular velocity w,. The
disk has constant positive angular acceleration a,. At what time after
t = 0 has the line on the disk rotated through an angle 6?

Be sure to review EXAMPLES 9.4 and 9.5 (Section 9.3) before
attempting these problems.

VP9.5.1 Shortly after a vinyl record (radius 0.152 m) starts rotating on
a turntable, its angular velocity is 1.60 rad/s and increasing at a rate of
8.00 rad/! 2. At this instant, for a point at the rim of the record, what are
(a) the tangential component of acceleration, (b) the centripetal compo-
nent of acceleration, and (c) the magnitude of acceleration?

VP9.5.2 A superhero swings a magic hammer over her head in a hori-
zontal plane. The end of the hammer moves around a circular path of ra-
dius 1.50 m at an angular speed of 6.00 rad/s. As the superhero swings
the hammer, she then ascends vertically at a constant 2.00 m/s. (a) What
is the speed of the end of the hammer relative to the ground? (b) What
is the acceleration (magnitude and direction) of the end of the hammer?
VP9.5.3 If the magnitude of the acceleration of a propeller blade’s tip
exceeds a certain value ay,,y, the blade tip will fracture. If the propeller
has radius r, is initially at rest, and has angular acceleration of magni-
tude «, at what angular speed w will the blade tip fracture?

BRIDGING PROBLEM A Rotating, Uniform Thin Rod

VP9.5.4 At a certain instant, a rotating turbine wheel of radius R has
angular speed @ (measured in rad/s). (a) What must be the magnitude «
of its angular acceleration (measured in rad/: s?) at this instant if the
acceleration vector @ of a point on the rim of the wheel makes an angle
of exactly 30° with the velocity vector U of that point? (b) At this same
instant, what is the angle between a and U for a point on the wheel half-
way between the axis of rotation and the rim?

Be sure to review EXAMPLES 9.7 and 9.8 (Section 9.4) before at-
tempting these problems.

VP9.8.1 A solid cylinder of mass 12.0 kg and radius 0.250 m is free to
rotate without friction around its central axis. If you do 75.0 J of work
on the cylinder to increase its angular speed, what will be its final an-
gular speed if the cylinder (a) starts from rest; (b) is initially rotating at
12.0 rad/s?

VP9.8.2 A square plate has mass 0.600 kg and sides of length 0.150 m.
It is free to rotate without friction around an axis through its center and
perpendicular to the plane of the plate. How much work must you do
on the plate to change its angular speed (a) from 0 to 40.0 rad/s and
(b) from 40.0 rad/s to 80.0 rad/s?

VP9.8.3 A hollow cylinder of mass 2.00 kg, inner radius 0.100 m,
and outer radius 0.200 m is free to rotate without friction around a
horizontal shaft of radius 0.100 m along the axis of the cylinder. You
wrap a light, nonstretching cable around the cylinder and tie the free
end to a 0.500 kg block of cheese. You release the cheese from rest
a distance i above the floor. (a) If the cheese is moving downward
at 4.00 m/s just before it hits the ground, what is the value of h?
(b) What is the angular speed of the cylinder just before the cheese
hits the ground?

VP9.8.4 A pulley in the shape of a solid cylinder of mass 1.50 kg and
radius 0.240 m is free to rotate around a horizontal shaft along the axis
of the pulley. There is friction between the pulley and this shaft. A light,
nonstretching cable is wrapped around the pulley, and the free end is
tied to a 2.00 kg textbook. You release the textbook from rest a dis-
tance 0.900 m above the floor. Just before the textbook hits the floor,
the angular speed of the pulley is 10.0 rad/s. (a) What is the speed of
the textbook just before it hits the floor? (b) How much work was done
on the pulley by the force of friction while the textbook was falling to
the floor?

Figure 9.25 shows a slender uniform rod with mass M and length L.
It might be a baton held by a twirler in a marching band (without the
rubber end caps). (a) Use integration to compute its moment of iner-
tia about an axis through O, at an arbitrary distance & from one end.
(b) Initially the rod is at rest. It is given a constant angular accelera-
tion of magnitude « around the axis through O. Find how much work is
done on the rod in a time 7. (¢) At time ¢, what is the linear acceleration
of the point on the rod farthest from the axis?

Figure 9.25 A thin rod with an axis through O.

Axis Mass CIC]H?I]IZ rod
segment of length dx
s a
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SOLUTION GUIDE

IDENTIFY and SET UP
1. Make a list of the target variables for this problem.

2. To calculate the moment of inertia of the rod, you’ll have to di-
vide the rod into infinitesimal elements of mass. If an element
has length dx, what is the mass of the element? What are the
limits of integration?

3. What is the angular speed of the rod at time ? How does the
work required to accelerate the rod from rest to this angular
speed compare to the rod’s kinetic energy at time #?

4. At time t, does the point on the rod farthest from the axis have
a centripetal acceleration? A tangential acceleration? Why or
why not?

Problems 293

EXECUTE

5. Do the integration required to find the moment of inertia.
6. Use your result from step 5 to calculate the work done in time ¢
to accelerate the rod from rest.

7. Find the linear acceleration components for the point in question
at time ¢. Use these to find the magnitude of the acceleration.

EVALUATE

8. Check your results for the special cases 7 = 0 (the axis passes
through one end of the rod) and i = L/2 (the axis passes
through the middle of the rod). Are these limits consistent with
Table 9.2? With the parallel-axis theorem?

9. Is the acceleration magnitude from step 7 constant? Would you
expect it to be?

PROBLEMS

e, oo ooo: Difficulty levels. CP: Cumulative problems incorporating material from earlier chapters. CALC: Problems requiring calculus.
DATA: Problems involving real data, scientific evidence, experimental design, and/or statistical reasoning. BIO: Biosciences problems.

DISCUSSION QUESTIONS

Q9.1 Which of the following formulas is valid if the angular accel-
eration of an object is not constant? Explain your reasoning in each
case. (a) v = rw; (b) auy, = ra; (€) ® = wg + at; (d) ag, = rwz;
() K = 4.

Q9.2 A diatomic molecule can be modeled as two point masses, m; and
my, slightly separated (Fig. Q9.2). If the molecule is oriented along the
y-axis, it has kinetic energy K when it spins about the x-axis. What will
its kinetic energy (in terms of K) be if it spins at the same angular speed
about (a) the z-axis and (b) the y-axis?

Figure Q9.2

Q9.3 What is the difference between tangential and radial acceleration
for a point on a rotating body?

Q9.4 In Fig. Q9.4, all points on the chain have the same linear speed.
Is the magnitude of the linear acceleration also the same for all points
on the chain? How are the angular accelerations of the two sprockets
related? Explain.

Figure Q9.4

sprocket

Front sprocket

Q9.5 In Fig. Q9.4, how are the radial accelerations of points at the
teeth of the two sprockets related? Explain.

Q9.6 A flywheel rotates with constant angular velocity. Does a point
on its rim have a tangential acceleration? A radial acceleration? Are
these accelerations constant in magnitude? In direction? In each case
give your reasoning.

Q9.7 What is the purpose of the spin cycle of a washing machine?
Explain in terms of acceleration components.

Q9.8 You are designing a flywheel to store kinetic energy. If all of the
following uniform objects have the same mass and same angular veloc-
ity, which one will store the greatest amount of kinetic energy? Which
will store the least? Explain. (a) A solid sphere of diameter D rotating
about a diameter; (b) a solid cylinder of diameter D rotating about an
axis perpendicular to each face through its center; (c) a thin-walled hol-
low cylinder of diameter D rotating about an axis perpendicular to the
plane of the circular face at its center; (d) a solid, thin bar of length D
rotating about an axis perpendicular to it at its center.
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294 CHAPTER 9 Rotation of Rigid Bodies

Q9.9 Can you think of a body that has the same moment of inertia for
all possible axes? If so, give an example, and if not, explain why this is
not possible. Can you think of a body that has the same moment of in-
ertia for all axes passing through a certain point? If so, give an example
and indicate where the point is located.

Q9.10 To maximize the moment of inertia of a flywheel while mini-
mizing its weight, what shape and distribution of mass should it have?
Explain.

Q9.11 How might you determine experimentally the moment of inertia
of an irregularly shaped body about a given axis?

Q9.12 A cylindrical body has mass M and radius R. Can the mass be
distributed within the body in such a way that its moment of inertia
about its axis of symmetry is greater than MR?*? Explain.

Q9.13 Describe how you could use part (b) of Table 9.2 to derive the
result in part (d).

Q9.14 A hollow spherical shell of radius R that is rotating about an
axis through its center has rotational kinetic energy K. If you want to
modify this sphere so that it has three times as much kinetic energy at
the same angular speed while keeping the same mass, what should be its
radius in terms of R?

Q9.15 For the equations for / given in parts (a) and (b) of Table 9.2
to be valid, must the rod have a circular cross section? Is there any re-
striction on the size of the cross section for these equations to apply?
Explain.

Q9.16 In part (d) of Table 9.2, the thickness of the plate must be much
less than a for the expression given for / to apply. But in part (c), the
expression given for / applies no matter how thick the plate is. Explain.
Q9.17 Two identical balls, A and B, are each attached to very light
string, and each string is wrapped around the rim of a pulley of mass M
on a frictionless axle. The only difference is that the pulley for ball A
is a solid disk, while the one for ball B is a hollow disk, like part (e) in
Table 9.2. If both balls are released from rest and fall the same distance,
which one will have more kinetic energy, or will they have the same
kinetic energy? Explain your reasoning.

Q9.18 An elaborate pulley consists of Figure Q9.18

four identical balls at the ends of spokes
extending out from a rotating drum ‘ .
(Fig. Q9.18). A box is connected to a
light, thin rope wound around the rim of
the drum. When it is released from rest,
the box acquires a speed V after having
fallen a distance d. Now the four balls are
moved inward closer to the drum, and the
box is again released from rest. After it
has fallen a distance d, will its speed be
equal to V, greater than V, or less than V?
Show or explain why.

Q9.19 You can use any angular measure—radians, degrees, or
revolutions—in some of the equations in Chapter 9, but you can use only
radian measure in others. Identify those for which using radians is neces-
sary and those for which it is not, and in each case give your reasoning.

Q9.20 When calculating the moment of inertia of an object, can we
treat all its mass as if it were concentrated at the center of mass of the
object? Justify your answer.

Q9.21 A wheel is rotating about an axis perpendicular to the plane
of the wheel and passing through the center of the wheel. The angular
speed of the wheel is increasing at a constant rate. Point A is on the rim
of the wheel and point B is midway between the rim and center of the
wheel. For each of the following quantities, is its magnitude larger at
point A or at point B, or is it the same at both points? (a) Angular speed;
(b) tangential speed; (c) angular acceleration; (d) tangential accelera-
tion; (e) radial acceleration. Justify each answer.

Q9.22 Estimate your own moment of inertia about a vertical axis
through the center of the top of your head when you are standing up
straight with your arms outstretched. Make reasonable approximations
and measure or estimate necessary quantities.

EXERCISES

Section 9.1 Angular Velocity and Acceleration

9.1 e (a) What angle in radians is subtended by an arc 1.50 m long on
the circumference of a circle of radius 2.50 m? What is this angle in de-
grees? (b) An arc 14.0 cm long on the circumference of a circle subtends
an angle of 128°. What is the radius of the circle? (c) The angle between
two radii of a circle with radius 1.50 m is 0.700 rad. What length of arc
is intercepted on the circumference of the circle by the two radii?

9.2 e An airplane propeller is rotating at 1900 rpm (rev/min). (a)
Compute the propeller’s angular velocity in rad/s. (b) How many sec-
onds does it take for the propeller to turn through 35°?

9.3 o CP CALC The angular velocity of a flywheel obeys the equa-
tion w, (1) = A + Br?, where 1 is in seconds and A and B are constants
having numerical values 2.75 (for A) and 1.50 (for B). (a) What are the
units of A and B if w, is in rad/s? (b) What is the angular acceleration of
the wheel at (i) # = 0 and (ii) # = 5.00 s? (c) Through what angle does
the flywheel turn during the first 2.00 s? (Hint: See Section 2.6.)

9.4 ee CALC A fan blade rotates with angular velocity given by
w.(f) =y — B2, where y =500rad/s and B = 0.800 rad/s’.
(a) Calculate the angular acceleration as a function of time. (b) Calculate
the instantaneous angular acceleration «, at + = 3.00 s and the average
angular acceleration «,,_, for the time interval = O to t = 3.00 s. How
do these two quantities compare? If they are different, why?

9.5 ee CALC A child is pushing a merry-go-round. The angle through
which the merry-go-round has turned varies with time according to
0(r) = yt + Br’, where 7y = 0400rad/s and B =0.0120 rad/s’.
(a) Calculate the angular velocity of the merry-go-round as a function of
time. (b) What is the initial value of the angular velocity? (c) Calculate
the instantaneous value of the angular velocity w, at = 5.00 s and the
average angular velocity w,,., for the time interval # = 0 to # = 5.00 s.
Show that w,,., is not equal to the average of the instantaneous angular
velocities at # = 0 and + = 5.00 s, and explain.

9.6  CALC At r = 0 the current to a dc electric motor is reversed,
resulting in an angular displacement of the motor shaft given by
0(r) = (250 rad/s)t — (20.0 rad/s?)r> — (1.50 rad/s*)r’. (a) At what
time is the angular velocity of the motor shaft zero? (b) Calculate the
angular acceleration at the instant that the motor shaft has zero angular
velocity. (c) How many revolutions does the motor shaft turn through
between the time when the current is reversed and the instant when the
angular velocity is zero? (d) How fast was the motor shaft rotating at
t = 0, when the current was reversed? (e) Calculate the average angular
velocity for the time period from ¢ = 0 to the time calculated in part (a).
9.7 o CALC The angle 6 through which a disk drive turns is given by
0(t) =a + bt — ¢t®, where a, b, and ¢ are constants, f is in seconds,
and 6 is in radians. When ¢t = 0, = 7r/4 rad and the angular velocity
is 2.00 rad/s. When ¢ = 1.50 s, the angular acceleration is 1.25 rad/s.
(a) Find a, b, and c, including their units. (b) What is the angular ac-
celeration when @ = /4 rad? (c) What are 6 and the angular velocity
when the angular acceleration is 3.50 rad/ $22

9.8 e A wheel is rotating about an axis that is in the z-direction. The
angular velocity w, is —6.00 rad/s at # = 0, increases linearly with time,
and is +4.00 rad/s at t = 7.00 s. We have taken counterclockwise rota-
tion to be positive. (a) Is the angular acceleration during this time inter-
val positive or negative? (b) During what time interval is the speed of
the wheel increasing? Decreasing? (c) What is the angular displacement
of the wheel at = 7.00 s?
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Section 9.2 Rotation with Constant Angular Acceleration

9.9 e A bicycle wheel has an initial angular velocity of 1.50 rad/s.
(a) If its angular acceleration is constant and equal to 0.200 rad/! s2, what
is its angular velocity at + = 2.50 s? (b) Through what angle has the
wheel turned between r = 0 and t = 2.50 s?

9.10 ee An electric fan is turned off, and its angular velocity decreases
uniformly from 500 rev/min to 200 rev/min in 4.00 s. (a) Find the an-
gular acceleration in rev/s* and the number of revolutions made by the
motor in the 4.00 s interval. (b) How many more seconds are required
for the fan to come to rest if the angular acceleration remains constant at
the value calculated in part (a)?

9.11 ee The rotating blade of a blender turns with constant angular
acceleration 1.50 rad/! 2. (a) How much time does it take to reach an an-
gular velocity of 36.0 rad/s, starting from rest? (b) Through how many
revolutions does the blade turn in this time interval?

9.12 ee A wheel rotates from rest with constant angular acceleration.
If it rotates through 8.00 revolutions in the first 2.50 s, how many more
revolutions will it rotate through in the next 5.00 s?

9.13 ee A turntable rotates with a constant 2.25 rad/! 2 clockwise
angular acceleration. After 4.00 s it has rotated through a clockwise
angle of 30.0 rad. What was the angular velocity of the wheel at the
beginning of the 4.00 s interval?

9.14 o A circular saw blade 0.200 m in diameter starts from rest. In
6.00 s it accelerates with constant angular acceleration to an angular ve-
locity of 140 rad/s. Find the angular acceleration and the angle through
which the blade has turned.

9.15 ee A high-speed flywheel in a motor is spinning at 500 rpm
when a power failure suddenly occurs. The flywheel has mass 40.0 kg
and diameter 75.0 cm. The power is off for 30.0 s, and during this time
the flywheel slows due to friction in its axle bearings. During the time
the power is off, the flywheel makes 200 complete revolutions. (a) At
what rate is the flywheel spinning when the power comes back on? (b)
How long after the beginning of the power failure would it have taken
the flywheel to stop if the power had not come back on, and how many
revolutions would the wheel have made during this time?

9.16 ee Att = 0a grinding wheel has an angular velocity of 24.0 rad/s.
It has a constant angular acceleration of 30.0 rad/! s2 until a circuit breaker
trips at # = 2.00 s. From then on, it turns through 432 rad as it coasts to
a stop at constant angular acceleration. (a) Through what total angle did
the wheel turn between ¢ = 0 and the time it stopped? (b) At what time
did it stop? (c) What was its acceleration as it slowed down?

9.17 ee A safety device brings the blade of a power mower from an ini-
tial angular speed of w; to rest in 1.00 revolution. At the same constant
acceleration, how many revolutions would it take the blade to come to rest
from an initial angular speed w5 that was three times as great, w3 = 3w?

Section 9.3 Relating Linear and Angular Kinematics
9.18 * In a charming 19th-century  Figure E9.18
hotel, an old—s.tyle elevator is connected

to a counterweight by a cable that passes

over a rotating disk 2.50 m in diameter

(Fig. E9.18). The elevator is raised and

lowered by turning the disk, and the cable

does not slip on the rim of the disk but turns

with it. (a) At how many rpm must the disk

turn to raise the elevator at 25.0 cm/s?

(b) To start the elevator moving, it must

be accelerated at §g. What must be the

angular acceleration of the disk, in rad/! $29

(c) Through what angle (in radians and A 4
degrees) has the disk turned when it has ~ Counterweight
raised the elevator 3.25 m between floors?

Elevator

Problems 295

9.19 e Spin cycles of washing machines remove water from clothes
by producing a large radial acceleration at the rim of the cylindrical tub
that holds the water and clothes. Estimate the diameter of the tub in a
typical home washing machine. (a) What is the rotation rate, in rev/min,
of the tub during the spin cycle if the radial acceleration of points on the
tub wall is 3g? (b) At this rotation rate, what is the tangential speed in
m/s of a point on the tub wall?

9.20 » Compact Disc. A compact disc (CD) stores music in a coded
pattern of tiny pits 107 m deep. The pits are arranged in a track that
spirals outward toward the rim of the disc; the inner and outer radii of
this spiral are 25.0 mm and 58.0 mm, respectively. As the disc spins
inside a CD player, the track is scanned at a constant /inear speed of
1.25 m/s. (a) What is the angular speed of the CD when the innermost
part of the track is scanned? The outermost part of the track? (b) The
maximum playing time of a CD is 74.0 min. What would be the length
of the track on such a maximum-duration CD if it were stretched out
in a straight line? (c) What is the average angular acceleration of a
maximum-duration CD during its 74.0 min playing time? Take the di-
rection of rotation of the disc to be positive.

9.21 eo A wheel of diameter 40.0 cm starts from rest and rotates
with a constant angular acceleration of 3.00 rad/s%. Compute the ra-
dial acceleration of a point on the rim for the instant the wheel com-
pletes its second revolution from the relationship (a) a,q = w’r and
(b) araq = Uz/r-

9.22 ee You are to design a rotating cylindrical axle to lift 800 N buck-
ets of cement from the ground to a rooftop 78.0 m above the ground.
The buckets will be attached to a hook on the free end of a cable that
wraps around the rim of the axle; as the axle turns, the buckets will rise.
(a) What should the diameter of the axle be in order to raise the buckets
at a steady 2.00 cm/s when it is turning at 7.5 rpm? (b) If instead the
axle must give the buckets an upward acceleration of 0.400 m/s?, what
should the angular acceleration of the axle be?

9.23 e The blade of an electric saw rotates at 2600 rev/min. Estimate
the diameter of a typical saw that is used to saw boards in home con-
struction and renovation. What is the linear speed in m/s of a point on
the rim of the circular saw blade?

9.24 ee An electric turntable 0.750 m in diameter is rotating about a
fixed axis with an initial angular velocity of 0.250 rev/s and a constant
angular acceleration of 0.900 rev/s%. (a) Compute the angular velocity
of the turntable after 0.200 s. (b) Through how many revolutions has the
turntable spun in this time interval? (c) What is the tangential speed of
a point on the rim of the turntable at r = 0.200 s? (d) What is the mag-
nitude of the resultant acceleration of a point on the rim at ¢ = 0.200 s?
9.25 e Centrifuge. An advertisement claims that a centrifuge takes
up only 0.127 m of bench space but can produce a radial acceleration of
3000g at 5000 rev/min. Calculate the required radius of the centrifuge.
Is the claim realistic?

9.26 » At t = 3.00s a point on the rim of a 0.200-m-radius wheel
has a tangential speed of 50.0 m/s as the wheel slows down with a tan-
gential acceleration of constant magnitude 10.0 m/s”. (a) Calculate the
wheel’s constant angular acceleration. (b) Calculate the angular veloci-
ties at # = 3.00 s and r = 0. (c) Through what angle did the wheel turn
between t = 0and ¢t = 3.00 s? (d) At what time will the radial accelera-
tion equal g?

9.27 e A rotating wheel with diameter 0.600 m is speeding up with
constant angular acceleration. The speed of a point on the rim of the
wheel increases from 3.00 m/s to 6.00 m/s while the wheel turns
through 4.00 revolutions. What is the angular acceleration of the wheel?
9.28 o The earth is approximately spherical, with a diameter of
1.27 X 107 m. It takes 24.0 hours for the earth to complete one revolu-
tion. What are the tangential speed and radial acceleration of a point on
the surface of the earth, at the equator?
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296 CHAPTER 9 Rotation of Rigid Bodies

9.29 e A flywheel with radius 0.300 m starts from rest and accelerates
with a constant angular acceleration of 0.600 rad/s”. For a point on the
rim of the flywheel, what are the magnitudes of the tangential, radial,
and resultant accelerations after 2.00 s of acceleration?

Section 9.4 Energy in Rotational Motion
Figure E9.30

0.400 m

9.30 e Four small spheres, each
of which you can regard as a point
of mass 0.200 kg, are arranged in
a square 0.400 m on a side and
connected by extremely light rods 4
(Fig. E9.30). Find the moment

of inertia of the system about an

axis (a) through the center of the
square, perpendicular to its plane

(an axis through point O in the figure); (b) bisecting two opposite
sides of the square (an axis along the line AB in the figure); (c) that
passes through the centers of the upper left and lower right spheres and
through point O.

9.31 e Calculate the moment of inertia of each of the following
uniform objects about the axes indicated. Consult Table 9.2 as needed.
(a) A thin 2.50 kg rod of length 75.0 cm, about an axis perpendicular
to it and passing through (i) one end and (ii) its center, and (iii) about
an axis parallel to the rod and passing through it. (b) A 3.00 kg
sphere 38.0 cm in diameter, about an axis through its center, if the
sphere is (i) solid and (ii) a thin-walled hollow shell. (c¢) An 8.00 kg
cylinder, of length 19.5 cm and diameter 12.0 cm, about the central
axis of the cylinder, if the cylinder is (i) thin-walled and hollow, and
(ii) solid.

9.32 ee Three small blocks, each with mass m, are clamped at the
ends and at the center of a rod of length L and negligible mass. Compute
the moment of inertia of the system about an axis perpendicular to the
rod and passing through (a) the center of the rod and (b) a point one-
fourth of the length from one end.

9.33 ¢ A uniform bar has two small balls glued to its ends. The bar
is 2.00 m long and has mass 4.00 kg, while the balls each have mass
0.300 kg and can be treated as point masses. Find the moment of
inertia of this combination about an axis (a) perpendicular to the bar
through its center; (b) perpendicular to the bar through one of the balls;
(c) parallel to the bar through both balls; and (d) parallel to the bar and
0.500 m from it.

9.34 ee You are a project manager for a manufacturing company. One
of the machine parts on the assembly line is a thin, uniform rod that is
60.0 cm long and has mass 0.400 kg. (a) What is the moment of inertia
of this rod for an axis at its center, perpendicular to the rod? (b) One of
your engineers has proposed to reduce the moment of inertia by bend-
ing the rod at its center into a V-shape, with a 60.0° angle at its vertex.
What would be the moment of inertia of this bent rod about an axis
perpendicular to the plane of the V at its vertex?

9.35 ee A wagon wheel is constructed  Figure E9.35

as shown in Fig. E9.35. The radius of
the wheel is 0.300 m, and the rim has
mass 1.40 kg. Each of the eight spokes
that lie along a diameter and are 0.300 m
long has mass 0.280 kg. What is the
moment of inertia of the wheel about
an axis through its center and perpen-
dicular to the plane of the wheel? (Use
Table 9.2.)

0.600 m

9.36 ee A uniform sphere made of modeling clay has radius R and
moment of inertia /; for rotation about a diameter. It is flattened to a
disk with the same radius R. In terms of /;, what is the moment of iner-
tia of the disk for rotation about an axis that is at the center of the disk
and perpendicular to its flat surface?

9.37 ee A rotating flywheel has moment of inertia 12.0 kg-m2 for an
axis along the axle about which the wheel is rotating. Initially the fly-
wheel has 30.0 J of kinetic energy. It is slowing down with an angular
acceleration of magnitude 0.500 rev/s>. How long does it take for the
rotational kinetic energy to become half its initial value, so it is 15.0 J?
9.38 ee An airplane propeller is 2.08 m in length (from tip to tip)
with mass 117 kg and is rotating at 2400 rpm (rev/min) about an
axis through its center. You can model the propeller as a slender rod.
(a) What is its rotational kinetic energy? (b) Suppose that, due to weight
constraints, you had to reduce the propeller’s mass to 75.0% of its origi-
nal mass, but you still needed to keep the same size and kinetic energy.
What would its angular speed have to be, in rpm?

9.39 ee A uniform sphere with mass M and radius R is rotating with
angular speed w; about a frictionless axle along a diameter of the
sphere. The sphere has rotational kinetic energyK;. A thin-walled hol-
low sphere has the same mass and radius as the uniform sphere. It is
also rotating about a fixed axis along its diameter. In terms of w;, what
angular speed must the hollow sphere have if its kinetic energy is also
K, the same as for the uniform sphere?

9.40 ¢ A wheel is turning about an axis through its center with con-
stant angular acceleration. Starting from rest, at = 0, the wheel turns
through 8.20 revolutions in 12.0 s. At ¢+ = 12.0 s the kinetic energy of
the wheel is 36.0 J. For an axis through its center, what is the moment of
inertia of the wheel?

9.41 e A uniform sphere with mass 28.0 kg and radius 0.380 m is ro-
tating at constant angular velocity about a stationary axis that lies along
a diameter of the sphere. If the kinetic energy of the sphere is 236 J,
what is the tangential velocity of a point on the rim of the sphere?

9.42 e A hollow spherical shell has mass 8.20 kg and radius
0.220 m. It is initially at rest and then rotates about a stationary axis
that lies along a diameter with a constant acceleration of 0.890 rad/' $%
What is the kinetic energy of the shell after it has turned through
6.00 rev?

9.43 ¢ Wheel A has three times the moment of inertia about its axis
of rotation as wheel B. Wheel B’s angular speed is four times that of
wheel A. (a) Which wheel has the greater rotational Kinetic energy?
(b) If K4 and Kp are the rotational kinetic energies of the wheels, what
is KA/KB{)

9.44 e You need to design an industrial turntable that is 60.0 cm in
diameter and has a kinetic energy of 0.250 J when turning at 45.0 rpm
(rev/min). (a) What must be the moment of inertia of the turntable
about the rotation axis? (b) If your workshop makes this turntable in the
shape of a uniform solid disk, what must be its mass?

9.45 ee Energy is to be stored in a 70.0 kg flywheel in the shape of a
uniform solid disk with radius R = 1.20 m. To prevent structural failure
of the flywheel, the maximum allowed radial acceleration of a point on
its rim is 3500 m/s”. What is the maximum kinetic energy that can be
stored in the flywheel?

9.46 ee You are designing a flywheel. It is to start from rest and then
rotate with a constant angular acceleration of 0.200 rev/s”. The design
specifications call for it to have a rotational kinetic energy of 240 J after
it has turned through 30.0 revolutions. What should be the moment of
inertia of the flywheel about its rotation axis?
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9.47 e A pulley on a friction-
less axle has the shape of a uniform
solid disk of mass 2.50 kg and ra-
dius 20.0 cm. A 1.50 kg stone is
attached to a very light wire that is
wrapped around the rim of the pul-
ley (Fig. E9.47), and the system is
released from rest. (a) How far must
the stone fall so that the pulley has
4.50 J of kinetic energy? (b) What
percent of the total kinetic energy
does the pulley have?

Figure E9.47

2.50 kg
pulley

1.50 kg
stone

9.48 ee A bucket of mass m is tied to a massless cable that is wrapped
around the outer rim of a uniform pulley of radius R, on a frictionless
axle, similar to the system shown in Fig. E9.47. In terms of the stated
variables, what must be the moment of inertia of the pulley so that it
always has half as much kinetic energy as the bucket?

9.49 e CP A thin, light wire is wrapped Figure E9.49

around the rim of a wheel (Fig. E9.49). The

wheel rotates without friction about a station-

ary horizontal axis that passes through the cen-

ter of the wheel. The wheel is a uniform disk

with radius R = 0.280 m. An object of mass

m = 4.20 kg is suspended from the free end of

the wire. The system is released from rest and

the suspended object descends with constant ac-

celeration. If the suspended object moves down-

ward a distance of 3.00 m in 2.00 s, what is the

mass of the wheel?

Section 9.5 Parallel-Axis Theorem

9.50 ee Find the moment of inertia of a hoop (a thin-walled, hol-
low ring) with mass M and radius R about an axis perpendicular to the
hoop’s plane at an edge.

9.51 ee About what axis will a uniform, balsa-wood sphere have the
same moment of inertia as does a thin-walled, hollow, lead sphere of the
same mass and radius, with the axis along a diameter?

9.52 e (a) For the thin rectangular plate shown in part (d) of Table 9.2,
find the moment of inertia about an axis that lies in the plane of the
plate, passes through the center of the plate, and is parallel to the axis
shown. (b) Find the moment of inertia of the plate for an axis that lies
in the plane of the plate, passes through the center of the plate, and is
perpendicular to the axis in part (a).

9.53 ee A thin, rectangular sheet of metal has mass M and sides of
length a and b. Use the parallel-axis theorem to calculate the moment
of inertia of the sheet for an axis that is perpendicular to the plane of the
sheet and that passes through one corner of the sheet.

9.54 ee A thin uniform rod of mass M and length L is bent at its center
so that the two segments are now perpendicular to each other. Find its
moment of inertia about an axis perpendicular to its plane and passing
through (a) the point where the two segments meet and (b) the midpoint
of the line connecting its two ends.

Section 9.6 Moment-of-Inertia Calculations

9.55 ee CALC Use Eq. (9.20) to calculate the moment of inertia of a
uniform, solid disk with mass M and radius R for an axis perpendicular
to the plane of the disk and passing through its center.

9.56 e CALC Use Eq. (9.20) to calculate the moment of inertia of a
slender, uniform rod with mass M and length L about an axis at one end,
perpendicular to the rod.

Problems 297

9.57 ee CALC A slender rod with length L has a mass per unit length
that varies with distance from the left end, where x = 0, according to
dm/dx = yx, where vy has units of kg/mz. (a) Calculate the total mass of
the rod in terms of y and L. (b) Use Eq. (9.20) to calculate the moment of
inertia of the rod for an axis at the left end, perpendicular to the rod. Use
the expression you derived in part (a) to express / in terms of M and L.
How does your result compare to that for a uniform rod? Explain.
(c) Repeat part (b) for an axis at the right end of the rod. How do the
results for parts (b) and (c) compare? Explain.

PROBLEMS

9.58 ee CALCA uniformdisk withradiusR = 0.400 mand mass 30.0kg
rotates in a horizontal plane on a frictionless vertical axle that passes
through the center of the disk. The angle through which the disk has turned
varies with time according to 6(r) =(1.10 rad/s)r + (6.30 rad/s)s>.
What is the resultant linear acceleration of a point on the rim of the disk
at the instant when the disk has turned through 0.100 rev?

9.59 ee CP A circular saw blade with radius 0.120 m starts from rest
and turns in a vertical plane with a constant angular acceleration of
2.00 rev/s?. After the blade has turned through 155 rev, a small piece of
the blade breaks loose from the top of the blade. After the piece breaks
loose, it travels with a velocity that is initially horizontal and equal to
the tangential velocity of the rim of the blade. The piece travels a ver-
tical distance of 0.820 m to the floor. How far does the piece travel
horizontally, from where it broke off the blade until it strikes the floor?
9.60 o CALC A roller in a printing press turns through an angle
0(r) given by 6(r) = y> — B, where y = 3.20rad/s> and
B = 0.500 rad/s>. (a) Calculate the angular velocity of the roller as a
function of time. (b) Calculate the angular acceleration of the roller as
a function of time. (c) What is the maximum positive angular velocity,
and at what value of 7 does it occur?

9.61 ee CP CALC A disk of radius 25.0 cm is free to turn about an axle
perpendicular to it through its center. It has very thin but strong string
wrapped around its rim, and the string is attached to a ball that is pulled
tangentially away from the rim of the disk (Fig. P9.61). The pull increases
in magnitude and produces an acceleration of the ball that obeys the equa-
tion a(t) = At, where 7 is in seconds and A is a constant. The cylinder
starts from rest, and at the end of the third second, the ball’s acceleration
is 1.80 m/sz. (a) Find A. (b) Express the angular acceleration of the disk
as a function of time. (¢) How much time after the disk has begun to turn
does it reach an angular speed of 15.0 rad/s? (d) Through what angle has
the disk turned just as it reaches 15.0 rad/s? (Hint: See Section 2.6.)

Figure P9.61
Ball

O Pull

Disk °

9.62 e You are designing a rotating metal flywheel that will be
used to store energy. The flywheel is to be a uniform disk with radius
25.0 cm. Starting from rest at r = 0, the flywheel rotates with constant
angular acceleration 3.00 rad/s> about an axis perpendicular to the fly-
wheel at its center. If the flywheel has a density (mass per unit volume)
of 8600 kg/m3, what thickness must it have to store 800 J of kinetic
energy att = 8.00 s?
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9.63 e A uniform wheel in the shape of a solid disk is mounted on a
frictionless axle at its center. The wheel has mass 5.00 kg and radius
0.800 m. A thin rope is wrapped around the wheel, and a block is suspended
from the free end of the rope. The system is released from rest and the
block moves downward. What is the mass of the block if the wheel turns
through 8.00 revolutions in the first 5.00 s after the block is released?
9.64 ee Engineers are designing a sys-  Figure P9.64
tem by which a falling mass m imparts

kinetic energy to a rotating uniform

drum to which it is attached by thin,

very light wire wrapped around the rim °
of the drum (Fig. P9.64). There is no
appreciable friction in the axle of the
drum, and everything starts from rest.
This system is being tested on earth, but
it is to be used on Mars, where the ac-
celeration due to gravity is 3.71 m/sz. In
the earth tests, when m is set to 15.0 kg
and allowed to fall through 5.00 m, it Q m

gives 250.0 J of kinetic energy to the

drum. (a) If the system is operated on

Mars, through what distance would the

15.0 kg mass have to fall to give the same amount of kinetic energy to
the drum? (b) How fast would the 15.0 kg mass be moving on Mars just
as the drum gained 250.0 J of kinetic energy?

9.65 ee Consider the system of two blocks shown in Fig. P9.77. There
is no friction between block A and the tabletop. The mass of block B is
5.00 kg. The pulley rotates about a frictionless axle, and the light rope
doesn’t slip on the pulley surface. The pulley has radius 0.200 m and
moment of inertia 1.30 kg -m?. If the pulley is rotating with an angular
speed of 8.00 rad/s after the block has descended 1.20 m, what is the
mass of block A?

9.66 ee The motor of a table saw is rotating at 3450 rev/min. A pul-
ley attached to the motor shaft drives a second pulley of half the diam-
eter by means of a V-belt. A circular saw blade of diameter 0.208 m is
mounted on the same rotating shaft as the second pulley. (a) The opera-
tor is careless and the blade catches and throws back a small piece of
wood. This piece of wood moves with linear speed equal to the tangen-
tial speed of the rim of the blade. What is this speed? (b) Calculate the
radial acceleration of points on the outer edge of the blade to see why
sawdust doesn’t stick to its teeth.

9.67 eee While riding a multispeed bicycle, the rider can select
the radius of the rear sprocket that is fixed to the rear axle. The front
sprocket of a bicycle has radius 12.0 cm. If the angular speed of the
front sprocket is 0.600 rev/s, what is the radius of the rear sprocket for
which the tangential speed of a point on the rim of the rear wheel will
be 5.00 m/s? The rear wheel has radius 0.330 m.

9.68 eee A computer disk drive is turned on starting from rest and has
constant angular acceleration. If it took 0.0865 s for the drive to make
its second complete revolution, (a) how long did it take to make the first
complete revolution, and (b) what is its angular acceleration, in rad/! $29
9.69 ee CP Consider the system shown in Fig. E9.49. The suspended
block has mass 1.50 kg. The system is released from rest and the block
descends as the wheel rotates on a frictionless axle. As the wheel is ro-
tating, the tension in the light wire is 9.00 N. What is the kinetic energy
of the wheel 2.00 s after the system is released?

9.70 ee A uniform disk has radius Ry and mass M. Its moment of in-
ertia for an axis perpendicular to the plane of the disk at the disk’s cen-
ter is %MOROZ. You have been asked to halve the disk’s moment of inertia
by cutting out a circular piece at the center of the disk. In terms of R,
what should be the radius of the circular piece that you remove?

Drum

9.71 ee Measuring /. As an intern at an engineering firm, you are
asked to measure the moment of inertia of a large wheel for rotation
about an axis perpendicular to the wheel at its center. You measure the
diameter of the wheel to be 0.640 m. Then you mount the wheel on
frictionless bearings on a horizontal frictionless axle at the center of the
wheel. You wrap a light rope around the wheel and hang an 8.20 kg
block of wood from the free end of the rope, as in Fig. E9.49. You re-
lease the system from rest and find that the block descends 12.0 m in
4.00 s. What is the moment of inertia of the wheel for this axis?

9.72 eee A uniform, solid disk with mass m and radius R is pivoted
about a horizontal axis through its center. A small object of the same
mass m is glued to the rim of the disk. If the disk is released from rest
with the small object at the end of a horizontal radius, find the angular
speed when the small object is directly below the axis.

9.73 ee CP A meter stick with a mass of 0.180 kg is pivoted about one
end so it can rotate without friction about a horizontal axis. The meter
stick is held in a horizontal position and released. As it swings through
the vertical, calculate (a) the change in gravitational potential energy
that has occurred; (b) the angular speed of the stick; (c) the linear speed
of the end of the stick opposite the axis. (d) Compare the answer in
part (c) to the speed of a particle that has fallen 1.00 m, starting from rest.
9.74 ee A physics student of mass 43.0 kg is standing at the edge of the
flat roof of a building, 12.0 m above the sidewalk. An unfriendly dog is
running across the roof toward her. Next to her is a large wheel mounted
on a horizontal axle at its center. The wheel, used to lift objects from the
ground to the roof, has a light crank attached to it and a light rope wrapped
around it; the free end of the rope hangs over the edge of the roof. The
student grabs the end of the rope and steps off the roof. If the wheel has
radius 0.300 m and a moment of inertia of 9.60 kg * m? for rotation about
the axle, how long does it take her to reach the sidewalk, and how fast will
she be moving just before she lands? Ignore friction in the axle.

9.75 eee A slender rod is 80.0 cm long and has mass 0.120 kg. A
small 0.0200 kg sphere is welded to one end of the rod, and a small
0.0500 kg sphere is welded to the other end. The rod, pivoting about a
stationary, frictionless axis at its center, is held horizontal and released
from rest. What is the linear speed of the 0.0500 kg sphere as it passes
through its lowest point?

9.76 e Exactly one turn of a flexible rope with mass m is wrapped
around a uniform cylinder with mass M and radius R. The cylinder rotates
without friction about a horizontal axle along the cylinder axis. One end
of the rope is attached to the cylinder. The cylinder starts with angular
speed w(. After one revolution of the cylinder the rope has unwrapped
and, at this instant, hangs vertically down, tangent to the cylinder. Find the
angular speed of the cylinder and the linear speed of the lower end of the
rope at this time. Ignore the thickness of the rope. [Hint: Use Eq. (9.18).]

9.77 e The pulley in Fig. P9.77 has radius R and a moment of inertia /.
The rope does not slip over the pulley, and the pulley spins on a friction-
less axle. The coeftficient of kinetic friction between block A and the
tabletop is . The system is released from rest, and block B descends.
Block A has mass m, and block B has mass mp. Use energy methods to
calculate the speed of block B as a function of the distance d that it has
descended.

Figure P9.77
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9.78 ee The pulley in Fig. P9.78 has radius 0.160 m and moment of
inertia 0.380 kg - m?. The rope does not slip on the pulley rim. Use en-
ergy methods to calculate the speed of the 4.00 kg block just before it
strikes the floor.

Figure P9.78

9.79 ee Two metal disks, one with radius
R; =250cm and mass M; =0.80kg and
the other with radius R, = 5.00 cm and mass
M, = 1.60kg, are welded together and
mounted on a frictionless axis through their
common center (Fig. P9.79). (a) What is the
total moment of inertia of the two disks? (b) A
light string is wrapped around the edge of the
smaller disk, and a 1.50 kg block is suspended
from the free end of the string. If the block
is released from rest at a distance of 2.00 m
above the floor, what is its speed just before it
strikes the floor? (c) Repeat part (b), this time
with the string wrapped around the edge of the
larger disk. In which case is the final speed of
the block greater? Explain.

9.80 ee A thin, light wire is wrapped around the rim of a wheel as
shown in Fig. E9.49. The wheel rotates about a stationary horizontal
axle that passes through the center of the wheel. The wheel has ra-
dius 0.180 m and moment of inertia for rotation about the axle of
I = 0.480 kg - m%. A small block with mass 0.340 kg is suspended from
the free end of the wire. When the system is released from rest, the
block descends with constant acceleration. The bearings in the wheel
at the axle are rusty, so friction there does —9.00 J of work as the block
descends 3.00 m. What is the magnitude of the angular velocity of the
wheel after the block has descended 3.00 m?

9.81 eee In the system shown in Fig. 9.17, a 12.0 kg mass is released
from rest and falls, causing the uniform 10.0 kg cylinder of diameter
30.0 cm to turn about a frictionless axle through its center. How far will
the mass have to descend to give the cylinder 480 J of kinetic energy?
9.82 o In Fig. P9.82, the cylinder Figure P9.82

and pulley turn without friction about
stationary horizontal axles that pass
through their centers. A light rope is
wrapped around the cylinder, passes
over the pulley, and has a 3.00 kg box
suspended from its free end. There is
no slipping between the rope and the
pulley surface. The uniform cylinder
has mass 5.00 kg and radius 40.0 cm. The pulley is a uniform disk with
mass 2.00 kg and radius 20.0 cm. The box is released from rest and de-
scends as the rope unwraps from the cylinder. Find the speed of the box
when it has fallen 2.50 m.

Figure P9.79

P*mx %|

1.50 kg

Cylinder Box

Problems 299

9.83 e» BIO Human Rotational
Energy. A dancer is spinning at 72 rpm
about an axis through her center with
her arms outstretched (Fig. P9.83).
From biomedical measurements, the
typical distribution of mass in a human
body is as follows:

Figure P9.83

Head: 7.0%
Arms: 13% (for both)
Trunk and legs: 80.0%

S

Suppose you are this dancer. Using this

information plus length measurements %ﬁ

on your own body, calculate (a) your

moment of inertia about your spin axis

and (b) your rotational kinetic energy.

Use Table 9.2 to model reasonable approximations for the pertinent
parts of your body.

9.84 eee A thin, uniform rod is bent into a square of side length a. If
the total mass is M, find the moment of inertia about an axis through
the center and perpendicular to the plane of the square. (Hint: Use the
parallel-axis theorem.)

9.85 ee CALC A sphere with radius R = 0.200 m has density p that
decreases with distance r from the center of the sphere according to
p = 3.00 X 10°kg/m* — (9.00 X 10* kg/m*)r. (a) Calculate the
total mass of the sphere. (b) Calculate the moment of inertia of the
sphere for an axis along a diameter.
9.86 ee CALC Neutron Stars and
Supernova Remnants. The Crab
Nebula is a cloud of glowing gas
about 10 light-years across, located
about 6500 light-years from the earth
(Fig. P9.86). It is the remnant of a
star that underwent a supernova ex-
plosion, seen on earth in 1054 A.D.
Energy is released by the Crab Nebula
at a rate of about 5 X 10°! W, about
10° times the rate at which the sun
radiates energy. The Crab Nebula
obtains its energy from the rotational
kinetic energy of a rapidly spinning
neutron star at its center. This object
rotates once every 0.0331 s, and this
period is increasing by 4.22 X 10713 s
for each second of time that elapses. (a) If the rate at which energy
is lost by the neutron star is equal to the rate at which energy is re-
leased by the nebula, find the moment of inertia of the neutron star.
(b) Theories of supernovae predict that the neutron star in the Crab
Nebula has a mass about 1.4 times that of the sun. Modeling the neu-
tron star as a solid uniform sphere, calculate its radius in kilometers.
(c) What is the linear speed of a point on the equator of the neutron
star? Compare to the speed of light. (d) Assume that the neutron star is
uniform and calculate its density. Compare to the density of ordinary
rock (3000 kg/m®) and to the density of an atomic nucleus (about
10'7 kg/m?). Justify the statement that a neutron star is essentially a
large atomic nucleus.

Figure P9.86
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300 CHAPTER 9 Rotation of Rigid Bodies

9.87 ee DATA A technician is testing a computer-controlled, variable-
speed motor. She attaches a thin disk to the motor shaft, with the shaft
at the center of the disk. The disk starts from rest, and sensors attached
to the motor shaft measure the angular acceleration a, of the shaft as a
function of time. The results from one test run are shown in Fig. P9.87.
(a) Through how many revolutions has the disk turned in the first 5.0 s?
Can you use Eq. (9.11)? Explain. What is the angular velocity, in rad/s,
of the disk (b) at# = 5.0 s; (c) when it has turned through 2.00 rev?

Figure P9.87
az(rad/sz)
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6 o
5 °
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9.88 ee DATA You are analyzing the motion of a large flywheel that
has radius 0.800 m. In one test run, the wheel starts from rest and turns in
a horizontal plane with constant angular acceleration. An accelerometer
on the rim of the flywheel measures the magnitude of the resultant accel-
eration a of a point on the rim of the flywheel as a function of the angle
6 — 6, through which the wheel has turned. You collect these results:

6 — 0, (rad) |0‘50 1.00 150 2.00 250 3.00 350 4.00
a(m/sz) |0.678 1.07 152 198 245 292 339 3.87

Construct a graph of a” (in m%/s*) versus (6 — 00)2 (in rad?). (a) What
are the slope and y-intercept of the straight line that gives the best fit to
the data? (b) Use the slope from part (a) to find the angular accelera-
tion of the flywheel. (c) What is the linear speed of a point on the rim
of the flywheel when the wheel has turned through an angle of 135°?
(d) When the flywheel has turned through an angle of 90.0°, what is the
angle between the linear velocity of a point on its rim and the resultant
acceleration of that point?

9.89 ee DATA You are rebuilding a 1965 Chevrolet. To decide whether
to replace the flywheel with a newer, lighter-weight one, you want to
determine the moment of inertia of the original, 35.6-cm-diameter fly-
wheel. It is not a uniform disk, so you can’t use I = %MR2 to calcu-
late the moment of inertia. You remove the flywheel from the car and
use low-friction bearings to mount it on a horizontal, stationary rod that
passes through the center of the flywheel, which can then rotate freely
(about 2 m above the ground). After gluing one end of a long piece of
flexible fishing line to the rim of the flywheel, you wrap the line a num-
ber of turns around the rim and suspend a 5.60 kg metal block from the
free end of the line. When you release the block from rest, it descends as
the flywheel rotates. With high-speed photography you measure the dis-
tance d the block has moved downward as a function of the time since it
was released. The equation for the graph shown in Fig. P9.89 that gives a
good fit to the data points is d = (165 cm/s?)%. (a) Based on the graph,
does the block fall with constant acceleration? Explain. (b) Use the
graph to calculate the speed of the block when it has descended 1.50 m.
(c) Apply conservation of mechanical energy to the system of flywheel
and block to calculate the moment of inertia of the flywheel. (d) You are
relieved that the fishing line doesn’t break. Apply Newton’s second law
to the block to find the tension in the line as the block descended.

Figure P9.89
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CHALLENGE PROBLEMS

9.90 eee CALC Calculate the moment of inertia of a uniform solid
cone about an axis through its center (Fig. P9.90). The cone has mass M
and altitude 4. The radius of its circular base is R.

Figure P9.90

Axis

9.91 eee CALC On a compact disc (CD), music is coded in a pattern
of tiny pits arranged in a track that spirals outward toward the rim of
the disc. As the disc spins inside a CD player, the track is scanned at a
constant linear speed of v = 1.25 m/s. Because the radius of the track
varies as it spirals outward, the angular speed of the disc must change
as the CD is played. (See Exercise 9.20.) Let’s see what angular ac-
celeration is required to keep v constant. The equation of a spiral is
r(0) = ry + B0, where r is the radius of the spiral at § = 0 and S is
a constant. On a CD, r, is the inner radius of the spiral track. If we
take the rotation direction of the CD to be positive, 8 must be positive
so that r increases as the disc turns and 6 increases. (a) When the disc
rotates through a small angle d6, the distance scanned along the track is
ds = rdf. Using the above expression for r(0), integrate ds to find the
total distance s scanned along the track as a function of the total angle
0 through which the disc has rotated. (b) Since the track is scanned at
a constant linear speed v, the distance s found in part (a) is equal to
vt. Use this to find € as a function of time. There will be two solutions
for 0; choose the positive one, and explain why this is the solution to
choose. (c) Use your expression for (¢) to find the angular velocity w,
and the angular acceleration «, as functions of time. Is «, constant?
(d) On a CD, the inner radius of the track is 25.0 mm, the track radius
increases by 1.55 wm per revolution, and the playing time is 74.0 min.
Find 7y, B, and the total number of revolutions made during the play-
ing time. (e) Using your results from parts (c) and (d), make graphs
of w, (in rad/s) versus 7 and «; (in rad/sz) versus ¢ between ¢ = 0 and
t = 74.0 min.
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MCAT-STYLE PASSAGE PROBLEMS

B10 The Spinning Eel. American eels (Anguilla rostrata) are freshwa-
ter fish with long, slender bodies that we can treat as uniform cylinders
1.0 m long and 10 cm in diameter. An eel compensates for its small
jaw and teeth by holding onto prey with its mouth and then rapidly
spinning its body around its long axis to tear off a piece of flesh. Eels
have been recorded to spin at up to 14 revolutions per second when
feeding in this way. Although this feeding method is costly in terms of
energy, it allows the eel to feed on larger prey than it otherwise could.

9.92 A field researcher uses the slow-motion feature on her phone’s
camera to shoot a video of an eel spinning at its maximum rate. The
camera records at 120 frames per second. Through what angle does
the eel rotate from one frame to the next? (a) 1°; (b) 10°% (c) 22°%
(d) 42°.

ANSWERS

Answers 301

9.93 The eel is observed to spin at 14 spins per second clockwise,
and 10 seconds later it is observed to spin at 8 spins per second coun-
terclockwise. What is the magnitude of the eel’s average angular
acceleration during this time? (a) 6/10rad/s* (b) 67/10 rad/s;
(¢) 1277/10 rad/s?; (d) 447/10 rad/s>.

9.94 The eel has a certain amount of rotational kinetic energy when spin-
ning at 14 spins per second. If it swam in a straight line instead, about how
fast would the eel have to swim to have the same amount of kinetic energy
as when it is spinning? (a) 0.5 m/s; (b) 0.7 m/s; (c) 3 m/s; (d) 5 m/s.
9.95 A new species of eel is found to have the same mass but one-
quarter the length and twice the diameter of the American eel. How
does its moment of inertia for spinning around its long axis compare
to that of the American eel? The new species has (a) half the moment
of inertia as the American eel; (b) the same moment of inertia as the
American eel; (¢) twice the moment of inertia as the American eel;
(d) four times the moment of inertia as the American eel.

Chapter Opening Question 7
[ ]

(ii) The rotational kinetic energy of a rigid body rotating around an axis
is K = 11w?, where I is the body’s moment of inertia for that axis and
is the rotational speed. Table 9.2 shows that the moment of inertia for a
slender rod of mass M and length L with an axis through one end (like a
wind turbine blade) is / = M2, If we double L while M and o stay the
same, both the moment of inertia / and the kinetic energy K increase by
a factor of 2 = 4.

Key Example VARIATION Problems

VP9.3.1 (a) 2.06 rad (b) 118° (c) 0.328 rev

VP9.3.2 (a)2.75 rad/s? (b) 27.0 rad

VP9.3.3 0.693 s

VP9.3.4 1t = (—wy, + Vi, + 2a8)/a,

VP9.5.1 (a) 1.22 m/s? (b) 0.389 m/s? (c) 1.28 m/s>

VP9.5.2 (a) 9.22 m/s (b) 54.0 m/s?, toward the axis of rotation

r2

VP9.5.4 (2) V30? (b) 30°

VP9.8.1 (a)20.0 rad/s (b) 23.3 rad/s
VP9.8.2 (a) 1.80J(b)5.4J

VP9.8.3 (a) 2.86 m (b) 20.0 rad/s
VP9.8.4 (a)2.40 m/s (b) -9.72 1]

a2 1/4
VP9.5.3 (ﬂ - a2>

Bridging Problem
3 L—h
@ 1= [M(Lﬂ = M2 = 3L + 302
L\3/],
(b) W= LM(I? — 3Lh + 30%)a’?

© a=(L-haV1+
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7 These jugglers toss the pins so that they
e rotate in midair. Each pin is of uniform
composition, so its weight is concentrated
toward its thick end. If we ignore air resis-
tance but not the effects of gravity, will the
angular speed of a pin in flight (i) increase
continuously; (ii) decrease continuously;
(iii) alternately increase and decrease; or
(iv) remain the same?

].O Dynamics of Rotational
Motion

LEARNING OUTCOMES

In this chapter, you’ll learn...

10.1 What is meant by the torque produced
by a force.

10.2 How the net torque on a rigid body
affects the body’s rotational motion.

10.3 How to analyze the motion of a rigid
body that both rotates and moves as a
whole through space.

10.4 How to solve problems that involve work
and power for rotating rigid bodies.

10.5 What is meant by the angular momen-
tum of a particle or rigid body.

10.6 How the angular momentum of an object
can remain constant even if the object
changes shape.

10.7 Why a spinning gyroscope undergoes
precession.

You'll need to review...

1.10 Vector product of two vectors.

5.2 Newton’s second law.

6.1-6.4 Work, the work—energy theorem, and

power.

8.2, 8.3, 8.5 External versus internal forces,
inelastic collisions, and
center-of-mass motion.

9.1-9.5 Rotational motion and the

parallel-axis theorem.

302

e learned in Chapters 4 and 5 that a net force applied to an object gives that ob-

ject an acceleration. But what does it take to give an object an angular accelera-

tion? That is, what does it take to start a stationary object rotating or to bring a
spinning object to a halt? A force is required, but it must be applied in a way that gives a
twisting or turning action.

In this chapter we’ll define a new physical quantity, forque, that describes the twisting
or turning effort of a force. We’ll find that the net torque acting on a rigid body deter-
mines its angular acceleration, in the same way that the net force on an object determines
its linear acceleration. We’ll also look at work and power in rotational motion so as to un-
derstand, for example, how energy is transferred by an electric motor. Next we’ll develop
a new conservation principle, conservation of angular momentum, that is tremendously
useful for understanding the rotational motion of both rigid and nonrigid bodies. We’ll
finish this chapter by studying gyroscopes, rotating devices that don’t fall over when you
might think they should—but that actually behave in accordance with the dynamics of
rotational motion.

EIX) TORQUE

We know that forces acting on an object can affect its translational motion—that is, the
motion of the object as a whole through space. Now we want to learn which aspects of a
force determine how effective it is in causing or changing rotational motion. The mag-
nitude and direction of the force are important, but so is the point on the object where
the force is applied. In Fig. 10.1 a wrench is being used to loosen a tight bolt. Force ﬁh,
applied near the end of the handle, is more effective than an equal force F, applied near
the bolt. Force F,. does no good; it’s applied at the same point and has the same magnitude
as Fj,, but it’s directed along the length of the handle. The quantitative measure of the
tendency of a force to cause or change an object’s rotational motion is called forque; we
say that F, applies a torque about point O to the wrench in Fig. 10.1, F,, applies a greater
torque about O, and F, applies zero torque about O.
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Figure 10.2 shows three examples of how to calculate torque. The object can rotate
about an axis that is perpendicular to the plane of the figure and passes through point O.
Three forces act on the object in the plane of the figure. The tendency of the first of these
forces, Fl, to cause a rotation about O depends on its magnitude F;. It also depends on the
perpendicular distance /| between point O and the line of action of the force (that is, the
line along Wthh the force vector lies). We call the distance /; the lever arm (or moment
arm) of force F, | about O. The twisting effort is directly proportional to both F; and /;, so
we define the torque (or moment) of the force Fl with respect to O as the product Fi/;. We
use the Greek letter 7 (tau) for torque. If a force of magnitude F has a line of action that is
a perpendicular distance / from O, the torque is

T = Fl (10.1)

Physicists usually use the term “torque,” while engineers usually use “moment” (unless
they are talking about a rotating shaft).
_, The lever arm of Fy in Fig. 10.2 is the perpendicular distance /;, and the lever arm of
F, is the perpendicular distance /5. The line of action of F; passes through point O, so the
lever arm for F3 is zero and its torque with respect to O i is zero. In the same way, force
F in Fig. 10.1 has zero torque with respect to point O; F,, has a greater torque than F
because its lever arm is greater.

CAUTION Torque is always measured about a point Torque is always defined with reference
to a specific point. If we shift the position of this point, the torque of each force may change. For
example, the torque of force F; in Fig. 10.2 is zero with respect to point O but not with respect to
point A. It’s not enough to refer to “the torque of F ”; you must say “the torque of F with respect
to point X” or “the torque of F about point X.”

Force 1_51 in Fig. 10.2 tends to cause counterclockwise rotation about O, while i‘z tends
to cause clockwise rotation. To distinguish between these two possibilities, we need to
choose a positive sense of rotation. With the choice that counterclockwise torques are
positive and clockwise torques are negative, the torques of F. and F2 about O are

T = "rFlll n = _lez

Figure 10.2 shows this choice for the sign of torque. We’ll often use the symbol & to indi-
cate our choice of the positive sense of rotation.

The SI unit of torque is the newton-meter. In our discussion of work and energy we
called this combination the joule. But torque is not work or energy, and torque should be
expressed in newton-meters, not joules.

Figure 10.3 shows a force F applied at point P, located at position 7 with respect to
point O. There are three ways to calculate the torque of F:

1. Find the lever arm [ and use 7 = FI.

2. Determine the angle ¢ between the vectors ¥ and ﬁ‘ ; the lever arm is r sin¢, so
T = rFsing.

3. Represent F in terms of a radial component Fy,q along the direction of 7 and a tan-
gential component Fy,, at right angles, perpendicular to 7. (We call this compo-
nent tangential because if the object rotates, the point where the force acts moves
in a circle, and this component is tangent to that circle.) Then Fi,, = F'sin¢ and

= r(Fsing) = Fy,r. The component F,q produces no torque with respect to
0 because its lever arm with respect to that point is zero (compare to forces F in
Fig. 10.1 and F3 in Fig. 10.2).

Summarizing these three expressions for torque, we have

. Magnitude of 7 (vector from
Lever arm ol’F ...... 0 to where F acls)
Magnitude of torque ..., S
due to force F “r = Fl = rFSHl(ﬁ anr
-

relative to point O

(10.2)

Magmlude of F* Anwle belv\ een
Fand F

Tangemial
component of F

10.1 Torque 303

Figure 10.1 Which of these three equal-
magnitude forces is most likely to loosen
the tight bolt?

Axis of rotation

Force close to axis of
rotation: not very
effective

Force farther from
axis of rotation:
more effective

Force directed
toward axis of
rotation: no effect

Figure 10.2 The torque of a force about a
point is the product of the force magnitude
and the lever arm of the force.

F | tends to cause counterclockwise rotation
about point O, so its torque is positive:
T =FRL ~

Line of action
of F;

Ae

b
3

Lever
arms of F
and F,

The line of action of 1713
passes through point O,
so the lever arm and 2
hence the torque are zero.

Line of
action of F,

F, tends to cause clockwise rotation about point
0, so its torque is negative: Ty = —F,l,

Figure 10.3 Three ways to calculate the
torque of force F about point O. In this
figure, 7 and F are in the plane of the page
and the torque vector 7 points out of the
page toward you.

Three ways to calculate torque:
T =Fl=rFsin¢g = Fy,r

. -
— .
Fiy = Fsing,

Foq = Fcos¢

7@
(out of page)

=
s/( | =

= rsin¢
= lever arm

Line of action of F
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304 CHAPTER 10 Dynamics of Rotational Motion

Figure 10.4 The torque vector 7 = F X F
is directed along the axis of the bolt, per-
pendicular to both 7 and F. The fingers of
the right hand curl in the direction of the
rotation that the torque tends to cause.

If you point the fingers of your right hand in
the direction of 7 and then curl them in the
direction of F, your outstretched thumb points
in the direction of 7. 7

EXAMPLE 10.1 Applying a torque

Torque as a Vector

We saw in Section 9.1 that angular velocity and angular acceleration can be represented as
vectors; the same is true for torque. To see how to do this, note that the quantity rF'sin¢
in Eq. (10.2) is the magnitude of the vector product ¥ X F that we defined in Section 1.10.
(Go back and review that definition.) We generalize the definition of torque as follows:
When a force F acts at a point having a position vector 7 with respect to an origin O, as in
Fig. 10.3, the torque 7 of the force with respect to O is the vector quantity

Torque vector -.., i‘»Vector from O to where F acts
dueto force F ™u= = -

. . T=rXF , 10.3
relative to point O .. Force F ( )

The torque as defined in Eq. (10.2) is the magnitude of the torque vectorf X F. The di-
rection of 7 is perpendicular to both 7 and F. In particular, if both 7 and F lie in a plane
perpendicular to the axis of rotation, as in Fig. 10.3, then the torque vector 7 = ¥ X F is
directed along the axis of rotation, with a sense given by the right-hand rule (see Fig. 1.30
and Fig. 10.4).

Because 7 = F X F is perpendicular to the plane of the vectors ¥ and F , it’s common
to have diagrams like Fig. 10.4, in which one of the vectors is perpendicular to the page.
We use a dot (e) to represent a vector that points out of the page and a cross (x) to repre-
sent a vector that points into the page (see Figs. 10.3 and 10.4).

In the following sections we’ll usually be concerned with rotation of an object about an
axis oriented in a specified constant direction. In that case, only the component of torque
along that axis will matter. We often call that component the torque with respect to the
specified axis.

To loosen a pipe fitting, a plumber slips a piece of scrap pipe (a EXECUTE To use Eq. (10.1), we first calculate the lever arm [. As

“cheater”) over his wrench handle. He stands on the end of the cheater, Fig. 10.5b shows,
applying his 900 N weight at a point 0.80 m from the center of the fit- ) ]
ting (Fig. 10.5a). The wrench handle and cheater make an angle of 19° I =rsing = (0.80m)sin109° = 0.76 m

with the horizontal. Find the magnitude and direction of the torque he

applies about the center of the fitting.

Then Eq. (10.1) tells us that the magnitude of the torque is

IDENTIFY and SET UP Figure 10.5b shows the vectors 7 and F and the 7 =Fl = (900N)(0.76 m) = 680 N-m
angle between them (¢ = 109°). Equation (10.1) or (10.2) will tell us

the magnitude of the torque. The right-hand rule with Eq. (10.3),
7 = ¥ X F, will tell us the direction of the torque.

We get the same result from Eq. (10.2):

T = rFsin¢ = (0.80 m)(900 N)(sin109°) = 680 N-m

Figure 10.5 (a) Loosening a pipe fitting by standing on a “cheater.” (b) Our vector diagram to find the torque about O.

(a) Diagram of situation

(b) Free-body diagram

Point at which force acts . Line of action of force
., ¥
|

) " Fr

.. Position vector from point O to the

Angle ¢ bet li \\‘Ri‘%‘:: point at which the force acts
ngle ¢ n lin
of zfcteiop Oef.\t?ric ang ®= loq‘::’<~71° - r=0.,80m ... Point where axis of
radial direction Fran :.' b 19° o rotation intersects
4 Iy é plane of diagram
__(:(O\AT of ® F=A00N ., Lever arm (perpendicular distance from
P“Qe) axis of rotation to line of action of force)
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Alternatively, we can find Fi,,, the tangential component of F that
acts perpendicular to F. Figure 10.5b shows that this component is
at an angle of 109° — 90° = 19° from F, so Fan = F(cos19°) =
(900 N)(cos 19°) = 851 N. Then, from Eq. (10.2),

T = Fyor = (851 N)(0.80m) = 680 N+-m

Curl the fingers of your right hand from the direction of 7 (in the plane
of Fig. 10.5b, to the left and up) into the direction of F (straight down).
Then your right thumb points out of the plane of the figure: This is the

10.2 Torque and Angular Acceleration for a Rigid Body ~ 305

EVALUATE To check the direction of 7, note that the force in Fig. 10.5
tends to produce a counterclockwise rotation about O. If you curl the fin-
gers of your right hand in a counterclockwise direction, the thumb points
out of the plane of Fig. 10.5, which is indeed the direction of the torque.

KEYCONCEPT You can determine the magnitude of the torque due
to a force F in any of three ways: (i) from the magnitude of F and the
lever arm; (ii) from the magnitude of F , the magnitude of the vector r
from the origin to where F acts, and the angle between 7 and F; or
(i) from the magnitude of 7 and the tangential component of F. Find
the direction of the torque using the right-hand rule.

direction of 7.

TEST YOUR UNDERSTANDING OF SECTION 10.1 The accompanying figure shows a force
of magnitude P being applied to one end of a lever of length L. What is the magnitude of the torque
of this force about point A? (i) PLsin6; (ii) PLcos 0; (iii) PLtan6; (iv) PL/sin0; (v) PL.

ANSWER 9S00 Td = L
10 ‘9'S0077 ULIE JOAD] Y} pue g apmiuSew 010§ ay) jo 3onpoid ay st anbioy ay) Jo opmiruSew oy
QOUQH '@ SO977 ST YIIYM “7 9UBISIP JO Juauoduiod [ejuoziIoy ay) SI I, “UOTOr JO dUul] dY) 0] | WOl)
QOUR)SIP [BJUOZLIOY A} ST ULIE JOAJ] ) OS “OUI] [BO1IAA & SUO[E $10' 4 opmiuSew Jo 90103 oYL, (1) |

EI¥) TORQUE AND ANGULAR ACCELERATION
FOR A RIGID BODY

We’re now ready to develop the fundamental relationship for the rotational dynamics of
a rigid body (an object with a definite and unchanging shape and size). We’ll show that
the angular acceleration of a rotating rigid body is directly proportional to the sum of the
torque components along the axis of rotation. The proportionality factor is the moment of
inertia.

To develop this relationship, let’s begin as we did in Section 9.4 by envisioning the rigid
body as being made up of a large number of particles. We choose the axis of rotation to
be the z-axis; the first particle has mass m and distance ry from this axis (Fig. 10.6). The
net force Fy acting on this particle has a component F 4 along the radial direction, a
component Fj ,, that is tangent to the circle of radius r; in which the particle moves as the
body rotates, and a component F, along the axis of rotation. Newton’s second law for the
tangential component is

Fy tan = miay g (10.4)
We can express the tangential acceleration of the first particle in terms of the angular ac-
celeration a, of the body by using Eq. (9.14): @ oy = rja;. Using this relationship and
multiplying both sides of Eq. (10.4) by r, we obtain

Fiimn = mria, (10.5)

From Eq. (10.2), F; (4n7 is the torque of the net force with respect to the rotation axis,
equal to the component 7, of the torque vector along the rotation axis. The subscript z
is a reminder that the torque affects rotation around the z-axis, in the same way that the
subscript on Fj, is a reminder that this force affects the motion of particle 1 along the
Z-axis.

Neither of the components Fj ,q or Fj, contributes to the torque about the z-axis, since
neither tends to change the particle’s rotation about that axis. So 7, = F] (,,77 is the total
torque acting on the particle with respect to the rotation axis. Also, m r is Iy, the moment
of inertia of the particle about the rotation axis. Hence we can rewrite Eq. (10.5) as

_ _ 2
T, = Lo, = myria;

Figure 10.6 As arigid body rotates around
the z-axis, a net force F| acts on one par-
ticle of the body. Only the force component
F} 1an can affect the rotation, because only
F| an exerts a torque about O with a
z-component (along the rotation axis).

Only the tangential
force component
pl'()dUCCS a z-com-

Force component
along axis of rotation

Axis of < i
rotation ponent of torque.
“ . .
__— Rotating
rigid
F 1,tan bOdy
Path of my 2 5
i : 1,rad
particle as :
rigid body - 1
rotates Radial force
component
O X
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306 CHAPTER 10 Dynamics of Rotational Motion

Figure 10.7 Loosening or tightening a
screw requires giving it an angular ac-

We write such an equation for every particle in the body, then add all these equations:

celeration and hence applying a torque. To T ¥ 7t = hoy + hoy + 00 = myri a; + myry’ a; + -

make this easier, use a screwdriver with a or

large-radius handle. This provides a large _ 2

lever arm for the force your hand applies. 27 = ( Zmyr; ) % (10.6)

The left side of Eq. (10.6) is the sum of all the torques about the rotation axis that act on
all the particles. The right side is / = Snr;2 the total moment of inertia about the rota-
tion axis, multiplied by the angular acceleration «,. Note that «, is the same for every par-
ticle because this is a rigid body. Thus Eq. (10.6) says that for the rigid body as a whole,

Rotational analog of Newton’s second law for a rigid body:
--------- Moment of inertia of
rigid body about z-axis

Net torque on a--.., %
rigid body >r, =l ..
about z-axis

(10.7)

1 Angular acceleration of
‘ rigid body about z-axis
Figure 10.8 Why only external torques
affect a rigid body’s rotation: Any two par-
ticles in the body exert equal and opposite
forces on each other. If the forces act along
the line joining the particles, the lever arms
of the forces with respect to an axis through
O are the same and the torques due to the
two forces are equal and opposite.

Just as Newton’s second law says that a net force on a particle causes an acceleration in
the direction of the net force, Eq. (10.7) says that a net forque on a rigid body about an axis
causes an angular acceleration about that axis (Fig. 10.7).

Our derivation assumed that the angular acceleration «, is the same for all particles in
the body. So Eq. (10.7) is valid only for rigid bodies. Hence this equation doesn’t apply to
arotating tank of water or a swirling tornado of air, different parts of which have different
angular accelerations. Note that since our derivation used Eq. (9.14), ay,, = ro, a, must
be measured in rad/s.

The torque on each particle is due to the net force on that particle, which is the vector
sum of external and internal forces (see Section 8.2). According to Newton’s third law, the
internal forces that any pair of particles in the rigid body exert on each other are equal in
magnitude and opposite in direction (Fig. 10.8). If these forces act along the line joining
the two particles, their lever arms with respect to any axis are also equal. So the torques
for each such pair are equal and opposite, and add to zero. Hence all the internal torques
® add to zero, so the sum X7, in Eq. (10.7) includes only the torques of the external forces.

Often, an important external force acting on a rigid body is its weight. This force is not
concentrated at a single point; it acts on every particle in the entire body. Nevertheless, if g has
the same value at all points, we always get the correct torque (about any specified axis) if we
assume that all the weight is concentrated at the center of mass of the body. We'll prove this
statement in Chapter 11, but meanwhile we’ll use it for some of the problems in this chapter.

Line of action
of both forces

Action-reaction force pair
whose torques cancel:
Tion2 = +Fl
Toonl — 7Fl..

F
cenfir D L0 2 b ticle 2

Lever arm [ X Tyon1
of both forces

PROBLEM-SOLVING STRATEGY 10.1 Rotational Dynamics for Rigid Bodies

Our strategy for solving problems in rotational dynamics is very sim- EXECUTE the solution:
ilar to Problem-Solving Strategy 5.2 for solving problems involving 1

. Foreachbody, decide whether it undergoes translational motion, ro-
Newton’s second law.

tational motion, or both. Then apply SF = ma (as in Section 5.2),

IDENTIFY the relevant concepts: Equation (10.7), X7, = Ia,, is use-
ful whenever torques act on a rigid body. Sometimes you can use an
energy approach instead, as we did in Section 9.4. However, if the
target variable is a force, a torque, an acceleration, an angular accel-
eration, or an elapsed time, using >7, = la, is almost always best.

SET UP the problem using the following steps:

1. Sketch the situation and identify the body or bodies to be ana-
lyzed. Indicate the rotation axis.

2. For each body, draw a free-body diagram that shows the body’s
shape, including all dimensions and angles. Label pertinent
quantities with algebraic symbols.

3. Choose coordinate axes for each body and indicate a positive sense
of rotation (clockwise or counterclockwise) for each rotating body. If
you know the sense of «,, pick that as the positive sense of rotation.

X7, = lag, or both to the body.

2. Express in algebraic form any geometrical relationships between
the motions of two or more bodies. An example is a string that un-
winds, without slipping, from a pulley or a wheel that rolls without
slipping (discussed in Section 10.3). These relationships usually ap-
pear as relationships between linear and/or angular accelerations.

3. Ensure that you have as many independent equations as there are
unknowns. Solve the equations to find the target variables.

EVALUATE your answer: Check that the algebraic signs of your re-
sults make sense. As an example, if you are unrolling thread from a
spool, your answers should not tell you that the spool is turning in
the direction that rolls the thread back onto the spool! Check that any
algebraic results are correct for special cases or for extreme values of

quantities.
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EXAMPLE 10.2 An unwinding cable |

10.2 Torque and Angular Acceleration for a Rigid Body =~ 307

wiTH VARIATION PROBLEMS

Figure 10.9a shows the situation that we analyzed in Example 9.7
using energy methods. What is the cable’s acceleration?

IDENTIFY and SET UP We can’t use the energy method of Section 9.4,
which doesn’t involve acceleration. Instead we’ll apply rotational dy-
namics to find the angular acceleration of the cylinder (Fig. 10.9b).
We’ll then find a relationship between the motion of the cable and the
motion of the cylinder rim, and use this to find the acceleration of the
cable. The cylinder rotates counterclockwise when the cable is pulled,
so we take counterclockwise rotation to be positive. The net force on
the cylinder must be zero because its center of mass remains at rest. The
force F exerted by the cable produces a torque about the rotation axis.
The weight (magnitude Mg) and the normal force (magnitude n) exerted
by the cylinder’s bearings produce no torque about the rotation axis be-
cause both act along lines through that axis.

EXECUTE The lever arm of F is equal to the radius R = 0.060 m of the
cylinder, so the torque is 7, = FR. (This torque is positive, as it tends
to cause a counterclockwise rotation.) From Table 9.2, case (f), the mo-
ment of inertia of the cylinder about the rotation axis is / = $MR>. Then
Eq. (10.7) tells us that

Tz FR

2F 2(9.0N)

=== = T 60rad)s?
77" MRY2 MR (50kg)(0.060 m) rad/s

(We can add “rad” to our result because radians are dimensionless.)

To get the linear acceleration of the cable, recall from Section 9.3
that the acceleration of a cable unwinding from a cylinder is the same
as the tangential acceleration of a point on the surface of the cylinder
where the cable is tangent to it. This tangential acceleration is given by
Eq. (9.14):

dn = Ra. = (0.060 m)(6.0 rad/s?) = 0.36 m/s>

EVALUATE Can you use this result, together with an equation from
Chapter 2, to determine the speed of the cable after it has been pulled
2.0 m? Does your result agree with that of Example 9.7?

KEYCONCEPT For any problem involving torques on a rigid body,
first draw a free-body diagram to identify where on the rigid body each
external force acts with respect to the axis of rotation. Then apply the
rotational analog of Newton’s second law, 27, = Ia,.

Figure 10.9 (a) Cylinder and cable. (b) Our free-body diagram for the cylinder.

(a) (b)

50 kg 0.120 m

F acts tangent to the cylinder’s
surface, so its lever arm

90N is the radit::s R. F=9,0 N

s R=0,060m

The weight and
normal force both

NA actonaline through
the axis of rotation,
so they exert no
torque.

&

Counterclockwise
M torques are positive.

EXAMPLE 10.3 An unwinding cable Il

wiTH VARIATION PROBLEMS

In Example 9.8 (Section 9.4), what are the acceleration of the falling
block and the tension in the cable?

IDENTIFY and SET UP We’ll apply translational dynamics to the block
and rotational dynamics to the cylinder. As in Example 10.2, we’ll relate
the linear acceleration of the block (our target variable) to the angular
acceleration of the cylinder. Figure 10.10 (next page) shows our sketch
of the situation and a free-body diagram for each object. We take the
positive sense of rotation for the cylinder to be counterclockwise and
the positive direction of the y-coordinate for the block to be downward.

EXECUTE For the block, Newton’s second law gives
SF, =mg + (—T) = ma,

For the cylinder, the only torque about its axis is that due to the cable
tension 7. Hence Eq. (10.7) gives

S, = RT = loe, = sMR%a,

As in Example 10.2, the acceleration of the cable is the same as the tan-
gential acceleration of a point on the cylinder rim. From Eq. (9.14), this
acceleration is a, = a, = Ra,. We use this to replace Ra, with a, in
the cylinder equation above, and divide by R. The result is T = $Ma,.
Now we substitute this expression for 7 into Newton’s second law for
the block and solve for the acceleration a,:

mg — %Ma’V = may
-8
Y+ M2m

To find the cable tension 7, we substitute our expression for a, into the
block equation:

T =mg — ma, = m *m< & >: s
g~ may = mg 1+ M2m) 1+ 2m/M

Continued
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Figure 10.10 (a) Our diagram of the situation. (b) Our free-body
diagrams for the cylinder and the block. We assume the cable has

negligible mass.

(a (b)

Cthder

T
m &

Block

CHAPTER 10 Dynamics of Rotational Motion

EVALUATE The acceleration is positive (in the downward direction) and

less than g, as it should be, since the cable is holding back the block.

The cable tension is not equal to the block’s weight mg; if it were, the

y block could not accelerate.

| Let’s check some particular cases. When M is much larger than m,
the tension is nearly equal to mg and the acceleration is correspond-

n ingly much less than g. When M is zero, T = 0 and a, = g; the ob-
ject falls freely. If the object starts from rest (vp, = 0) a height &
above the floor, its y-velocity when it strikes the floor is given by

X vy2= voy2+ Zayh = Zayh, SO

R

2gh
Y b= Vaah =\ m

We found this result from energy considerations in Example 9.8.

% KEYCONCEPT When an object is connected to a string that wraps
mg around a rotating pulley of radius R, the linear acceleration a, of

the object is related to the angular acceleration «, of the pulley by
| a, = Ra,.

" T ]

ny

Figure 10.11 The motion of a rigid body
is a combination of translational motion of
the center of mass and rotation around the
center of mass.

/ \
/ \
! \
! \
1 ~ \
o—Lo H =0

The motion of this tossed baton can be
represented as a combination of ...

... translation of
the center of mass ...

... plus rotation about
the center of mass.

o / oG N o i
/! \ p
“ \
o <+ ([E5)
\

! \
1 \
1 \
1 \

=0 0

TEST YOUR UNDERSTANDING OF SECTION 10.2 The figure shows a glider of mass m, that
can slide without friction on a horizontal air track. It is attached to an object of mass m, by a mass-
less string. The pulley has radius R and moment of inertia / about its axis of rotation. When released,
the hanging object accelerates downward, the glider accelerates to the right, and the string turns the
pulley without slipping or stretching. Rank the magnitudes of the following forces that act during
the motion, in order from largest to smallest magnitude. (i) The tension force (magnitude 7}) in the
horizontal part of the string; (ii) the tension force (magnitude 75) in the vertical part of the string;
(iii) the weight m, g of the hanging object.

ANSWER ‘I < Y < 8Gu 2ouay "l uey 1018213 9q ISNU L, “9SIMI0[O
9q 0) anb10} Jou Yy 10 "y'z onbi1o) 9SIMNO0[0IIUNOD B UL Y If aNbI0) SSTMNOO[D © ST A1) OS Y
LR JOAJ[ QWIS Q) QABY SIOI0J UOISUQ) YJOg 9SIMII0[01unod Aa[[nd oY) 93e101 03 Spud) |7 uorsue)
Q[IYM “@SIMYD0[d A9[[nd Y} 2)BI0I 0} SPUA) <f UOISUI], "SIMNI0[D 2q Isnut A9[[nd ay) uo anbioy jou
) ‘UOTBIS[ADIE Je[NFUB 2SIMYO0[D B dARY 03 A3[[nd 3} 10, "2010] uoIsud) premdn oy Jo 7 apmiu
-3ew oy uey) JOJBAIS 9q ISNW 9010J JYIIOM PIBMUMOP ) JO §Cus OpMITUSeW oY) JOUSH pPIeMUMOp
9q ISNW J1 UO 9010 JU Y} ‘PIEMUMOP JJBID[AIIE 03 Cu ssew Jo 19[qo Surduey oy 1o (1) “(I1) “(1r) |

EIE) RIGID-BODY ROTATION ABOUT A MOVING AXIS

We can extend our analysis of rigid-body rotational dynamics to some cases in which
the axis of rotation moves. When that happens, the motion of the rigid body is combined
translation and rotation. The key to understanding such situations is this: Every possible
motion of a rigid body can be represented as a combination of translational motion of the
center of mass and rotation about an axis through the center of mass. This is true even
when the center of mass accelerates, so it is not at rest in any inertial frame. Figure 10.11
illustrates this for the motion of a tossed baton: The center of mass of the baton follows a
parabolic curve, as though the baton were a particle located at the center of mass. A roll-
ing ball is another example of combined translational and rotational motions.

Combined Translation and Rotation: Energy Relationships

It’s beyond our scope to prove that rigid-body motion can always be divided into transla-
tion of the center of mass and rotation about the center of mass. But we can prove this for
the kinetic energy K of a rigid body that has both translational and rotational motions. For
such a rigid body, K is the sum of two parts:
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10.3 Rigid-Body Rotation About a Moving Axis 309

Kinetic energy of translation Kinetic energy of rotation
of center of mass (cm) around axis through cm
Kinetic energy of a -----....,, " 1 """"" 2 1 """"" 2 -
rigid body with both K = 3Mvu..f + 31,05

L . A A AT e Angular speed
translation and rotation g f L

) & 5 of rigid body
Mass of rigid body~ ¢

Speed of cm

(10.8)

Moment of inertia
of rigid body about
axis through cm

To prove this relationship, we again imagine the rigid body to be made up of particles.
For a typical particle with mass m; (Fig. 10.12), the velocity U; of this particle relative to
an inertial frame is the vector sum of the velocity U, of the center of mass and the veloc-
ity U; of the particle relative to the center of mass:

U; = Uy + U;’ (10.9)
The kinetic energy K; of this particle in the inertial frame is %miviz, which we can also
express as 3m;(T; + U;). Substituting Eq. (10.9) into this, we get

K; = lfmi(ﬁcm + 6i,) : (ch + Bi,)

1 5 S 2 S 2
_Zmi(vcm vcm+2vcm U; +vi vi)

= %ml’(vcm2 + 2l_}cm ° ai, + Uilz)
The total kinetic energy is the sum X K; for all the particles making up the rigid body.
Expressing the three terms in this equation as separate sums, we get

_ _ 1 2 - = 1 2
K = El(l - E(imivcm ) + 2(mivcm'vi,) + E(Emivi, )
The first and second terms have common factors that we take outside the sum:

K = 3(Sm)ven? + Ve * (Emi;") + = (3miv;"?) (10.10)
Now comes the reward for our effort. In the first term, X m; is the total mass M. The
second term is zero because >m;U;’ is M times the velocity of the center of mass rela-
tive to the center of mass, and this is zero by definition. The last term is the sum of the
kinetic energies of the particles computed by using their speeds with respect to the cen-
ter of mass; this is just the kinetic energy of rotation around the center of mass. Using
the same steps that led to Eq. (9.17) for the rotational kinetic energy of a rigid body, we
can write this last term as %Icmwz, where 1., is the moment of inertia with respect to
the axis through the center of mass and w is the angular speed. So Eq. (10.10) becomes
Eq. (10.8):

_ 1 2 1 2
K =3iMvu.,™ + 31lno

Rolling Without Slipping

An important case of combined translation and rotation is rolling without slipping. The
rolling wheel in Fig. 10.13 (next page) is symmetrical, so its center of mass is at its geo-
metric center. We view the motion in an inertial frame of reference in which the surface
on which the wheel rolls is at rest. In this frame, the point on the wheel that contacts the
surface must be instantaneously at rest so that it does not slip. Hence the velocity Uy’ of
the point of contact relative to the center of mass must have the same magnitude but oppo-
site direction as the center-of-mass velocity Uy,. If the wheel’s radius is R and its angular
speed about the center of mass is w, then the magnitude of Uy’ is Rw; hence

Condition for rolling without slipping:

Speed of center of Mass .y, = R geaditsoigehes]
SN cm w
of rolling wheel

(10.11)

-+ Angular speed of wheel

Figure 10.12 A rigid body with both
translational and rotational motions.

Axis of rotation

Velocity v; of particle in rotating, translating

rigid body = (velocity v, of center of mass) +
(particle’s velocity v;" relative to center of mass)

BI0 APPLICATION Combined
Translation and Rotation A maple seed
consists of a pod attached to a much lighter,
flattened wing. Airflow around the wing slows
the falling seed to about 1 m/s and causes
the seed to rotate about its center of mass.
The seed’s slow fall means that a breeze can
carry the seed some distance from the par-
ent tree. In the absence of wind, the seed’s
center of mass falls straight down.

Maple seed
falling
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310 CHAPTER 10 Dynamics of Rotational Motion

Figure 10.13 The motion of a rolling wheel is the sum of the translational motion of the center of
mass and the rotational motion of the wheel around the center of mass.

Rotation around center of mass:
for rolling without slipping,
speed at rim = v,

Translation of center of mass:
velocity Ugp,

Combined motion

S o
U3 = U¢py

Kl

5, =0

Wheel is instantaneously at rest
where it contacts the ground.

As Fig. 10.13 shows, the velocity of a point on the wheel is the vector sum of the veloc-
ity of the center of mass and the velocity of the point relative to the center of mass. Thus
while point 1, the point of contact, is instantaneously at rest, point 3 at the top of the wheel
is moving forward twice as fast as the center of mass, and points 2 and 4 at the sides have
velocities at 45° to the horizontal.

At any instant we can think of the wheel as rotating about an “instantaneous axis” of
rotation that passes through the point of contact with the ground. The angular velocity
is the same for this axis as for an axis through the center of mass; an observer at the center
of mass sees the rim make the same number of revolutions per second as does an observer
at the rim watching the center of mass spin around him. If we think of the motion of the
rolling wheel in Fig. 10.13 in this way, the kinetic energy of the wheel is K = %Ile,
where /; is the moment of inertia of the wheel about an axis through point 1. But by the
parallel-axis theorem, Eq. (9.19), I, = I.,, + MR?, where M is the total mass of the wheel
and 1., is the moment of inertia with respect to an axis through the center of mass. Using
Eq. (10.11), we find that the wheel’s kinetic energy is as given by Eq. (10.8):

Figure 10.14 The smoke rising from

this drag racer’s rear tires shows that the
tires are slipping on the road, so v, is not
equal to Rw.

K =1ho? = o + SMR*0? = S0 + My,

CAUTION Rolling without slipping The relationship v.,, = Rw holds only if there is rolling with-
out slipping. When a drag racer first starts to move, the rear tires are spinning very fast even though
the racer is hardly moving, so Rw is greater than v, (Fig. 10.14). If a driver applies the brakes too
heavily so that the car skids, the tires will spin hardly at all and Rw is less than v,.

If arigid body changes height as it moves, we must also consider gravitational potential
energy. We saw in Section 9.4 that for any extended object of mass M, rigid or not, the
gravitational potential energy U is the same as if we replaced the object by a particle of
mass M located at the object’s center of mass, so

U= Mgyem

EXAMPLE 10.4 Speed of a primitive yo-yo

A primitive yo-yo has a massless string wrapped around a solid cylinder
with mass M and radius R (Fig. 10.15). You hold the free end of the
string stationary and release the cylinder from rest. The string unwinds
but does not slip or stretch as the cylinder descends and rotates. Using
energy considerations, find the speed v, of the cylinder’s center of
mass after it has descended a distance /.

IDENTIFY and SET UP Since you hold the upper end of the string fixed,
your hand does no work on the string—cylinder system. There is friction be-
tween the string and the cylinder, but the string doesn’t slip so no mechanical

energy is lost. Hence we can use conservation of mechanical energy. The
initial kinetic energy of the cylinder is K; = 0, and its final kinetic energy
K; is given by Eq. (10.8); the massless string has no kinetic energy. The
moment of inertia is I.,, = %MRZ, and by Eq. (9.13) @ = v./R because

the string doesn’t slip. The potential energies are U; = Mgh and U, = 0.
EXECUTE From Eq. (10.8), the kinetic energy at point 2 is

2
U,
K, = %Iuvcm2 + %(%MR2)< ;m> = %Iuvcm2
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Figure 10.15 Calculating the speed of a primitive yo-yo.
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The kinetic energy is 1% times what it would be if the yo-yo were fall-
ing at speed v, without rotating. Two-thirds of the total kinetic energy

10.3 Rigid-Body Rotation About a Moving Axis 311

(%Mvcmz) is translational and one-third (%Mvcmz) is rotational. Using
conservation of energy,

K1+U1:K2+U2

0 + Mgh = {Mu,” + 0
Uem = V/38h

EVALUATE No mechanical energy was lost or gained, so from the energy
standpoint the string is merely a way to convert some of the gravitational
potential energy (which is released as the cylinder falls) into rotational
kinetic energy rather than translational kinetic energy. Because not all
of the released energy goes into translation, vy, is less than the speed
V2gh of an object dropped from height 7 with no strings attached.

KEYCONCEPT If a rigid body is both translating (moving as a
whole through space) and rotating, its total kinetic energy is the sum
of the kinetic energy of translation of the center of mass and the kinetic
energy of rotation around an axis through the center of mass.

EXAMPLE 10.5 Race of the rolling hodies

In a physics demonstration, an instructor “races” various rigid bodies
that roll without slipping from rest down an inclined plane (Fig. 10.16).
What shape should a body have to reach the bottom of the incline first?

IDENTIFY and SET UP Kinetic friction does no work if the bodies roll
without slipping. We can also ignore the effects of rolling friction, intro-
duced in Section 5.3, if the bodies and the surface of the incline are rigid.
(Later in this section we’ll explain why this is so.) We can therefore use
conservation of energy. Each body starts from rest at the top of an incline
with height &, so K; = 0, Uy = Mgh, and U, = 0. Equation (10.8) gives
the kinetic energy at the bottom of the incline; since the bodies roll with-
out slipping, @ = v.m/R. We can express the moments of inertia of the
four round bodies in Table 9.2, cases (f)—(i), as I.,, = cMR?, where ¢ is a
number less than or equal to 1 that depends on the shape of the body, Our
goal is to find the value of ¢ that gives the body the greatest speed v,
after its center of mass has descended a vertical distance 5.

Figure 10.16 Which body rolls down the incline fastest, and why?

EXECUTE From conservation of energy,

K1+U1:K2+U2

2
U,
0 + Mgh = $Mv.,2 + %cMR2<%> +0
Mgh = 1(1 + ¢)Mvgy
_ 2gh
Yom = 1 +c

EVALUATE For a given value of c, the speed v, after descending a
distance & is independent of the body’s mass M and radius R. Hence
all uniform solid cylinders (c = %) have the same speed at the bot-
tom, regardless of their mass and radii. The values of ¢ tell us that the
order of finish for uniform bodies will be as follows: (1) any solid
sphere (c = %), (2) any solid cylinder (c = %), (3) any thin-walled,
hollow sphere (c = %), and (4) any thin-walled, hollow cylinder
(¢ = 1). Small-c bodies always beat large-c bodies because less of
their kinetic energy is tied up in rotation, so more is available for
translation.

KEYCONCEPT For a rigid body that rolls without slipping, has
a given mass and radius, and moves with a given center-of-mass
speed, the kinetic energy of rotation depends on the shape of the
rigid body.

Combined Translation and Rotation: Dynamics

We can also analyze the combined translational and rotational motions of a rigid body
from the standpoint of dynamics. We showed in Section 8.5 that for an extended object,
the acceleration of the center of mass is the same as that of a particle of the same mass

acted on by all the external forces on the actual object:

Net external ===+-....., ol

force on an object m

.- Total mass of object

- »
EFext = M(?c" """ Acceleration of
center of mass

(10.12)
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312 CHAPTER 10 Dynamics of Rotational Motion

The rotational motion about the center of mass is described by the rotational analog of
Newton’s second law, Eq. (10.7):

.= Moment of inertia of

Net torque on a rigid =--..., e . s
body about z-axis .AETZ = Icmaz 4...._r.l_}_gld body about 2 ax-lS . (10.13)
) ) through center of mass Angular acceleration .01

Flgure 10.17 The axle of a bleCle wheel r1g]d b()dy about z-axis
passes through the wheel’s center of
mass and is an axis of symmetry. Hence . . . . .
the rotation of the wheel is described by It’s not immediately obvious that Eq. (10.13) should apply to the motion of a translating
Eq. (10.13), provided the bicycle doesn’t rigid body; after all, our derivation of X7, = Ia, in Section 10.2 assumed that the axis
turn or tilt to one side (which would of rotation was stationary. But Eq. (10.13) is valid even when the axis of rotation moves,

change the orientation of the axle).

provided the following two conditions are met:

1. The axis through the center of mass must be an axis of symmetry.
2. The axis must not change direction.

These conditions are satisfied for many types of rotation (Fig. 10.17). Note that in general
this moving axis of rotation is not at rest in an inertial frame of reference.

We can now solve dynamics problems involving a rigid body that undergoes transla-
tional and rotational motions at the same time, provided that the rotation axis satisfies the
two conditions just mentioned. Problem-Solving Strategy 10.1 (Section 10.2) is equally
useful here, and you should review it now. Keep in mind that when a rigid body undergoes
translational and rotational motions at the same time, we need two separate equations
of motion for the same/body: Eq. (10.12) for the translation of the center of mass and
Eq. (10.13) for rotation about an axis through the center of mass.

EXAMPLE 10.6 Acceleration of a primitive yo-yo witH V ARIATION PROBLEMS

For the primitive yo-yo in Example 10.4 (Fig. 10.18a), find the Figure 10.18 Dynamics of a primitive yo-yo (see Fig. 10.15).
downward acceleration of the cylinder and the tension in the string. ()

IDENTIFY and SET UP Figure 10.18b shows our free-body dia-
gram for the yo-yo, including our choice of positive coordinate di-
rections. Our target variables are ay,., and 7. We’ll use Eq. (10.12)
for the translational motion of the center of mass and Eq. (10.13)
for the rotational motion around the center of mass. We’ll also use
Eq. (10.11), which says that the string unwinds without slipping. As in
Example 10.4, the moment of inertia of the yo-yo for an axis through
its center of mass is I, = %MRZ.

EXECUTE From Eq. (10.12),

SF, = Mg + (-T) = Macy,., (10.14)

From Eq. (10.13),

S7. = TR = Ina, = *MR%a, (10.15)

From Eq. (10.11), vy, = Rw,; the derivative of this expression with

respect to time gives us EVALUATE The string slows the fall of the yo-yo, but not enough to stop

it completely. Hence dcy,., is less than the free-fall value g and T is less

dem-y = Ra, (10.16) than the yo-yo weight Mg.
We now use Eq. (10.16) to eliminate «, from Eq. (10.15) and then solve KEYCONCEPT To analyze the motion of a rigid body that is both
Egs. (10.14) and (10.15) simultaneously for 7 and dep.: translating and rotating, use Newton’s second law for the translational
motion of the center of mass and the rotational analog of Newton’s sec-
Aemey = % g T= %Mg ond law for the rotation around the center of mass.
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EXAMPLE 10.7 Acceleration of a rolling sphere

10.3 Rigid-Body Rotation About a Moving Axis 313

wiTH VARIATION PROBLEMS

A bowling ball of mass M rolls without slipping down a ramp
that is inclined at an angle 3 to the horizontal (Fig. 10.19a). What
are the ball’s acceleration and the magnitude of the friction force
on the ball? Treat the ball as a uniform solid sphere, ignoring the
finger holes.

IDENTIFY and SET UP The free-body diagram (Fig. 10.19b) shows
that only the friction force exerts a torque about the center of mass.
Our target variables are the acceleration a.p,., of the ball’s center of
mass and the magnitude f of the friction force. (Because the ball does
not slip at the instantaneous point of contact with the ramp, this is a
static friction force; it prevents slipping and gives the ball its angular
acceleration.) We use Eqs. (10.12) and (10.13) as in Example 10.6.

Figure 10.19 A bowling ball rolling down a ramp.
(a) (b) Y

EXECUTE The ball’s moment of inertia is /.,
of motion are

= 2MR?. The equations

EF)C = MgSinB + (_f) = Macy
St =fR = Lya, = (2MR?)a,

(10.17)
(10.18)

The ball rolls without slipping, so as in Example 10.6 we use
aem-x = Ra to eliminate o, from Eq. (10.18):

fR = %MRacm-x

This equation and Eq. (10.17) are two equations for the unknowns ac,_,
and f. We solve Eq. (10.17) for f, substitute that expression into the
above equation to eliminate f, and solve for a;,._,:

demx = 785inf
Finally, we substitute this acceleration into Eq. (10.17) and solve for f:
= 3Mgsinp

EVALUATE The ball’s acceleration is just % as large as that of an object
sliding down the slope without friction. If the ball descends a vertical
distance £ as it rolls down the ramp, its displacement along the ramp is
h/sin B. You can show that the speed of the ball at the bottom of the ramp
iS Ve = 170gh, the same as our result from Example 10.5 with ¢ = %
If the ball were rolling uphill without slipping, the force of friction
would still be directed uphill as in Fig. 10.19b. Can you see why?

KEYCONCEPT If an object is rolling without slipping on an incline,
a friction force must act on it. The direction of this friction force is al-
ways such as to prevent slipping.

Rolling Friction

In Example 10.5 we said that we can ignore rolling friction if both the rolling body and
the surface over which it rolls are perfectly rigid. In Fig. 10.20a a perfectly rigid sphere
is rolling down a perfectly rigid incline. The line of action of the normal force passes
through the center of the sphere, so its torque is zero; there is no sliding at the point of
contact, so the friction force does no work. Figure 10.20b shows a more realistic situation,
in which the surface “piles up” in front of the sphere and the sphere rides in a shallow
trench. Because of these deformations, the contact forces on the sphere no longer act along
a single point but over an area; the forces are concentrated on the front of the sphere as
shown. As a result, the normal force now exerts a torque that opposes the rotation. In ad-
dition, there is some sliding of the sphere over the surface due to the deformation, causing

(a) Perfectly rigid sphere rolling on a perfectly

rigid surface surface

. ; Normal force
Normal force produces

no torque about the center

of the sphere. .
opposes rotation.

(b) Rigid sphere rolling on a deformable

produces a torque about
the center of the sphere that

Figure 10.20 Rolling down (a) a perfectly
rigid surface and (b) a deformable surface.
In (b) the deformation is greatly exagger-
ated, and the force n is the component of
the contact force that points normal to the
plane of the surface before it is deformed.
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Bl0o APPLICATION Rolling for
Reproduction One of the few organisms
that uses rolling as a means of locomotion
is the weed called Russian thistle (Kali
tragus). The plant breaks off at its base,
forming a rounded tumbleweed that
disperses its seeds as it rolls. Because

a tumbleweed deforms easily, it is subject
to substantial rolling friction. Hence it
quickly slows to a stop unless propelled
by the wind.

Figure 10.21 A tangential force applied
to a rotating body does work.

(a)

Child applies
tangential force.

Q (

(b) Overhead view of merry-go-round

ds

7%

~

tan

mechanical energy to be lost. The combination of these two effects is the phenomenon
of rolling friction. Rolling friction also occurs if the rolling body is deformable, such as
an automobile tire. Often the rolling body and the surface are rigid enough that rolling
friction can be ignored, as we have assumed in all the examples in this section.

TEST YOUR UNDERSTANDING OF SECTION 10.3 Suppose the solid cylinder used as a
yo-yo in Example 10.6 is replaced by a hollow cylinder of the same mass and radius. (a) Will the
acceleration of the yo-yo (i) increase, (ii) decrease, or (iii) remain the same? (b) Will the string
tension (i) increase, (ii) decrease, or (iii) remain the same?
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EIZJ WORK AND POWER IN ROTATIONAL MOTION

When you pedal a bicycle, you apply forces to a rotating body and do work on it. Similar
things happen in many other real-life situations, such as a rotating motor shaft driving a
power tool or a car engine propelling the vehicle. Let’s see how to apply our ideas about
work from Chapter 6 to rotational motion.

Suppose a tangential force Fy,, acts at the rim of a pivoted disk—for example, a child
running while pushing on a playground merry-go-round (Fig. 10.21a). The disk rotates
through an infinitesimal angle df about a fixed axis during an infinitesimal time interval
dt (Fig. 10.21b). The work dW done by the force Fi,, while a point on the rim moves a dis-
tance ds is dW = Fy,, ds. If df is measured in radians, then ds = R df and

dW = FpoR dO

Now FiynR is the torque 7, due to the force F,,, so

dW = 7,db (10.19)
As the disk rotates from 6 to 6,, the total work done by the torque is
Work done by... o Up?er limit = final angular position
a torque 7, ...AW _ 27- 4o In'[egr.al‘ of the lf)rque (10.20)
0 z i with respect to angle
1 g

= Lower limit = initial angular position

If the torque remains constant while the angle changes, then the work is the product of
torque and angular displacement:

e Torque ...,

Work done by a ... ¢ v
W = 72(62 — 61‘) = Tzé0

constant torque 7,

(10.21)

Final minus initial angular pbsition = anghlar displacement

If torque is expressed in newton-meters (N-m) and angular displacement in radians,
the work is in joules. Equation (10.21) is the rotational analog of Eq. (6.1), W = Fs, and
Eq. (10.20) is the analog of Eq. (6.7), W = f F, dx, for the work done by a force in a
straight-line displacement.

If the force in Fig. 10.21 had an axial component (parallel to the rotation axis) or a
radial component (directed toward or away from the axis), that component would do no
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10.4 Work and Power in Rotational Motion

work because the displacement of the point of application has only a tangential compo-
nent. An axial or radial component of force would also make no contribution to the torque
about the axis of rotation. So Egs. (10.20) and (10.21) are correct for any force, no matter
what its components.

When a torque does work on a rotating rigid body, the kinetic energy changes by an
amount equal to the work done. We can prove this by using exactly the same procedure
that we used in Egs. (6.11) through (6.13) for the translational kinetic energy of a particle.
Let 7, represent the net torque on the body so that 7, = Ia, from Eq. (10.7), and assume
that the body is rigid so that the moment of inertia / is constant. We then transform the
integrand in Eq. (10.20) into an integrand with respect to w, as follows:

7,d0 = (la) df

dw, do
I?de = IEdwz = Iwz dwz

Since 7, is the net torque, the integral in Eq. (10.20) is the fotal work done on the rotating

rigid body. This equation then becomes

Total work done on ... Final rotational kinetic energy

. .. L3 [CF) .
arotating rigid body ¥ _1y 2% 17 2
— work done by the Wit = lo do, = 31w, —jlwl ; (10.22)
net external torque “l Initial rotational kinetic cne\rgy

The change in the rotational kinetic energy of a rigid body equals the work done by forces
exerted from outside the body (Fig. 10.22). This equation is analogous to Eq. (6.13), the
work—energy theorem for a particle.

How does power relate to torque? When we divide both sides of Eq. (10.19) by the time
interval df during which the angular displacement occurs, we find

aw _
dt

do
T E

But dW/dt is the rate of doing work, or power P, and df/dt is angular velocity w.:

.- Torque with respect to

Power due to a torque -, p = ¥ rigid body’s rotation axis
acting on a rigid body - Tz“:z
""" Angular velocity of

rigid body about axis

(10.23)

This is the analog of the relationship P = F + ¥ that we developed in Section 6.4 for
particle motion.

EXAMPLE 10.8 Calculating power from torque

315

Figure 10.22 The rotational kinetic en-
ergy of a helicopter’s main rotor is equal
to the total work done to set it spinning.
When it is spinning at a constant rate,
positive work is done on the rotor by the
engine and negative work is done on it
by air resistance. Hence the net work
being done is zero and the kinetic energy
remains constant.

An electric motor exerts a constant 10 N+ m torque on a grindstone,
which has a moment of inertia of 2.0 kg * m? about its shaft. The system
starts from rest. Find the work W done by the motor in 8.0 s and the
grindstone’s kinetic energy K at this time. What average power P, is
delivered by the motor?

IDENTIFY and SET UP The only torque acting is that due to the motor.
Since this torque is constant, the grindstone’s angular acceleration «,
is constant. We’ll use Eq. (10.7) to find «,, and then use this in the ki-
nematics equations from Section 9.2 to calculate the angle A through
which the grindstone rotates in 8.0 s and its final angular velocity w,.
From these we’ll calculate W, K, and P,,.

av

EXECUTE We have 7. = I0N-mand I = 2.0 kg-m?, so 37, = la,
yields o, = 5.0 rad/sz. From Egs. (9.11) and (10.21),

1 2 _
ylw,” =

Af = La.r? = $(5.0rad/s?)(8.05)% = 160 rad
W= 7,A0 = (10N-m)(160rad) = 16007

From Egs. (9.7) and (9.17),

.= a.t = (5.0rad/s?)(8.0s) = 40 rad/s

$(2.0 kg - m?)(40 rad/s)? = 1600 J

The average power is the work done divided by the time interval:

1600 J

=2 =200 W
0. — 2001/s =200

Continued

IPR2024-01137
CamelBak EX 2026
Paae 64 of 85



316 CHAPTER 10 Dynamics of Rotational Motion

EVALUATE The initial kinetic energy was zero, so the work done W uniformly with time, so the average power is just half this maximum
must equal the final kinetic energy K [Eq. (10.22)]. This is just as we value, or 200 W.

calculated. We can check our result P,, = 200 W by considering the

instantaneous power P = T,w,. Because w, increases continuously, P KEYCONCEPT If a torque acts on a rigid body, the work done
increases continuously as well; its value increases from zero at t = 0 equals torque times angular displacement and the power equals torque
to (10 N+-m)(40rad/s) = 400 W at r = 8.0 s. Both w, and P increase ~times angular velocity.

TEST YOUR UNDERSTANDING OF SECTION 10.4 You apply equal torques to two different
cylinders. Cylinder 1 has a moment of inertia twice as large as cylinder 2. Each cylinder is initially
at rest. After one complete rotation, which cylinder has the greater kinetic energy? (i) Cylinder 1;
(ii) cylinder 2; (iii) both cylinders have the same kinetic energy.
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EIE) ANGULAR MOMENTUM

Every rotational quantity that we have encountered in Chapters 9 and 10 is the analog
of some quantity in the translational motion of a particle. The analog of momentum of a
particle is angular momentum, a vector quantity denoted as L. Its relationship to mo-
mentum p (which we’ll often call linear -momentum for clarity) is exactly the same as the
relationship of torque to force, 7 = ¥ X F. For a particle with constant mass m and veloc-
ity U, the angular momentum is

Angular momentum of -.. Position vector of particle relative to O
a particle relative to qo X N
origin O of an inertial L=r Xp" =rX muv (10.24)

frame of reference Linear momentum of particle = mass times velocity

The value of L depends on the choice of origin O, since it involves the particle’s position
vector F relative to O. The units of angular momentum are kg - m%/s.

Figure 10.23 Calculating the angular In Fig. 10.23 a particle moves in the xy-plane; its position vector 7 and momentum
momentum L = F X mb = 7 X p of p = mu are shown. The angular momentum vector L is perpendicular to the xy-plane.
a particle with mass m moving in the The right-hand rule for vector products shows that its direction is along the +z-axis, and
xy-plane. its magnitude is
y
/,/ = mi L = mursing = mvl (10.25)
mo sin ¢ ¢ where [ is the perpendicular distance from the line of ¥ to O. This distance plays the role
- of “lever arm” for thei momentum vector.
F When a net force F acts on a particle, its velocity and momentum change, so its angular
¢ momentum may also change. We can show that the rate of change of angular momentum
is equal to the torque of the net force. We take the time derivative of Eq. (10.24), using the
o [=rsind rule for the derivative of a product:
L= angular momentum of particle dZ dr . . do R . . R
/ Lis perpendicular to the plane of E = <EX mv) + (I‘ X mE) = (U X mv) + (l‘ X ma)
z motion (if the origin O is in that plane)
and has magnitude L = muvl. The first term is zero because it contains the vector product of the vector & = dr/dt with
itself. In the second term we replace ma with the net force F:
dL . . -
x =rF X F =7 (fora particle acted on by net force F) (10.26)

The rate of change of angular momentum of a particle equals the torque of the net
force acting on it. Compare this result to Eq. (8.4): The rate of change dp/dt of the linear
momentum of a particle equals the net force that acts on it.
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Angular Momentum of a Rigid Body

We can use Eq. (10.25) to find the total angular momentum of a rigid body rotating
about the z-axis with angular speed w. First consider a thin slice of the body lying in the
xy-plane (Fig. 10.24). Each particle in the slice moves in a circle centered at the origin,
and at each instant its velocity U; is perpendicular to its position vector F;, as shown.
Hence in Eq. (10.25), ¢ = 90° for every particle. A particle with mass m; at a distance
r; from O has a speed v; equal to r;w. From Eq. (10.25) the magnitude L; of its angular
momentum is

L = mi(rw)r, = mme (10.27)

The direction of each particle’s angular momentum, as given by the right-hand rule for the
vector product, is along the +z-axis.

The total angular momentum of the slice of the rigid body that lies in the xy-plane is
the sum X L; of the angular momenta L; of all of its particles. From Eq. (10.27),

L=3L = ((SmrH)o = lo

where / is the moment of inertia of the slice about the z-axis.

We can do this same calculation for the other slices of the rigid body, all parallel to the
xy-plane. For points that do not lie in the xy-plane, a complication arises because the 7
vectors have components in the z-direction as well as in the x- and y-directions; this gives
the angular momentum of each particle a component perpendicular to the z-axis. But if
the z-axis is an axis of symmetry, the perpendicular components for particles on opposite
sides of this axis add up to zero (Fig. 10.25). So when a rigid body rotates about an axis
of symmetry, its angular momentum vector L lies along the symmetry axis, and its mag-
nitude is L = lw.

The angular velocity vector @ also lies along the rotation axis, as we saw in Section 9.1.
Hence for a rigid body rotating around an axis of symmetry, L and @ are in the same
direction (Fig. 10.26). So we have the vector relationship

Angular momentum of .. _, " Moment of inertia of rigid
TPy . A — .

a rigid body rotating L=Iw - body about symmetry axis

around a symmetry axis ;

(10.28)

Angular velocity vector of rigid body

From Eq. (10.26) the rate of change of angular momentum of a particle equals the
torque of the net force acting on the particle. For any system of particles (including both
rigid and nonrigid bodies), the rate of change of the tofal angular momentum equals the
sum of the torques of all forces acting on all the particles. The torques of the internal
forces add to zero if these forces act along the line from one particle to another, as in
Fig. 10.8, and so the sum of the torques includes only the torques of the external forces.
(We saw a similar cancellation in our discussion of center-of-mass motion in Section 8.5.)
So we conclude that

For a system of particles: d% Rate of change of total
Sum of external torques «***** > 2? = — 4 angular momentum L (10.29)
on the system dt of system

Finally, if the system of particles is a rigid body rotating about a symmetry axis
(the z-axis), thgn L, = Iw_ and I is constant. If this axis has a fixed direction in space,
then vectors L and @ change only in magnitude, not in direction. In that case,
dL./dt = I dw./dt = Ia., or

27, = lo,

10.5 Angular Momentum 317

Figure 10.24 Calculating the angular

momentum of a particle of mass m; in a
rigid body rotating at angular speed w.

(Compare Fig. 10.23.)

Slice of y
rigid body R")
rotating
about z-axis
H v; = ro
3 mn;
P
Ti
o X

i- = angular momentum of ith
/ particle of rigid body

z E, is perpendicular to the plane of motion
(if the origin O is in that plane) and has
magnitude L; = m;r; = m[r,-zw.

Figure 10.25 Two particles of the same
mass located symmetrically on either side
of the rotation axis of a rigid body. The an-
gular momentum vectors Ly and L, of the
two particles do not lie along the rotation
axis, but their vector sum L; + L, does.

z
>
Another slice of a
rigid body rotating
about the z-axis

Zl + Zz is along
(viewed edge-on)

the rotation axis.

L L,

Y

This particle

of the body is
r moving away
from you.

This particle
of the body
is moving 71
toward you.

Figure 10.26 For rotation about an axis
of symmetry, @ and L are parallel and
along the axis. The directions of both
vectors are given by the right-hand rule
(compare Fig. 9.5).

If you curl the
fingers of your
right hand in
the direction
of rotation ...

] L ... your right thumb
points in the direction :
of . If the rotation axis :
is an axis of symmetry, Wﬁﬂ"
| this is also the direction
! of L. wi
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318 CHAPTER 10 Dynamics of Rotational Motion

Figure 10.27 If the rotation axis of a rigid which is again our basic relationship for the dynamics of rigid-body rotation. If the body
body is not a symmetry axis, L does not in is not rigid, I may change; in that case, L changes even when w is constant. For a nonrigid
general lie along the rotation axis. Even if body, Eq. (10.29) is still valid, even though Eq. (10.7) is not.

o is constant, the direction of L changes and

a net torque is required to maintain rotation. When the axis of rotation is not a symmetry axis, the angular momentum is in general

not parallel to the axis (Fig. 10.27). As the rigid body rotates, the angular momentum
vector L traces out a cone around the rotation axis. Because L changes, there must be
a net external torque acting on the body even though the angular velocity magnitude
\ o may be constant. If the body is an unbalanced wheel on a car, this torque is pro-

Irregularly shaped rigid body

vided by friction in the bearings, which causes the bearings to wear out. “Balancing”
! a wheel means distributing the mass so that the rotation axis is an axis of symme-

! try; then L points along the rotation axis, and no net torque is required to keep the
wheel turning.
L In fixed-axis rotation we often use the term “angular momentum of the body” to
refer to only the component of L along the rotation axis of the body (the z-axis in
"""" This rotation axis is not a Fig. 10.27), with a positive or negative sign to indicate the sense of rotation just as
b4 symmetry axis of the rigid body: with angular velocity.

L is not along the rotation axis.

EXAMPLE 10.9 Angular momentum and torque

A turbine fan in a jet engine has a moment of inertia of 2.5 kg - m? (b) From Eq. (10.29),

about its axis of rotation. As the turbine starts up, its angular velocity is dL

given by @, = (40 rad/s*)7>. (a) Find the fan’s angular momentum as a m, = — = (100 kg - m?/s?)(2t) = (200 kg - m%/s?)1
function of time, and find its value at # = 3.0 s. (b) Find the net torque dr

on the fan as a function of time, and find its value atr = 3.0 s. Atr=30s,

IDENTIFY and SET UP The fan rotates about its axis of symmetry (the 7. = (200 kg- m2/53)(3~0 s)

z-axis). Hence the angular momentum vector has only a z-component = 600 kg-m?/s> = 600 N+m

L, which we can determine from the angular velocity w,. Since the di-

rection of angular momentum is constant, the net torque likewise has EVALUATE As a check on our expression for ., note that the angu-
only a component 7, along the rotation axis. We’ll use Eq. (10.28) to lar acceleration of the turbine is a, = dw,/d; = (40 rad/s3)(2t) —

find L, from w_ and then Eq. (10.29) to find 7. (80rad/s*)r. Hence from Eq. (10.7), the torque on the fan is
EXECUTE (a) From Eq. (10.28), 7, = la, = (2.5 kg m?)(80 rad/s*)r = (200 kg - m?/s?)z, just as we
calculated.

L, = lo, = (2.5 kg-m?)(40 rad/s*)r*
— (100 kg - mY/s%)2 KEYCONCEPT The angular momentum vector of a rotating

rigid body points along the rigid body’s rotation axis. The rate of

(We dropped the dimensionless quantity “rad” from the final expres- change of angular momentum equals the net external torque on the

sion.) Atr = 3.0, L, = 900 kg - m?%/s. rigid body.

TEST YOUR UNDERSTANDING OF SECTION 10.5 A ball is attached to one end of a piece
of string. You hold the other end of the string and whirl the ball in a circle around your hand. (a) If
the ball moves at a constant speed, is its linear momentum p constant? Why or why not? (b) Is its
angular momentum L constant? Why or why not?
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10.6 Conservation of Angular Momentum 319

Eli5) CONSERVATION OF ANGULAR MOMENTUM

We have just seen that angular momentum can be used for an alternative statement of
the basic dynamic principle for rotational motion. It also forms the basis for the prin- e
ciple of conservation of angular momentum. Like conservation of energy and of linear
momentum, this principle is a universal conservation law, valid at all scales from atomic
and nuclear systems to the motions of galaxies. This principle follows directly from
Eq. (10.29): X7 = dL/dt. If X7 = 0, then dL/dt = 0, and L is constant.
Figure 10.28 A falling cat twists differ-
CONSERVATION OF ANGULAR MOMENTUM When the net external torque ent parts of its body in different directions

i ¢ . the total 1 t f th ¢ . tant so that it lands feet first. At all times dur-
acting on a system 1S zero, the total anguliar momentum o € system 1S constan ing this process the angular momentum of

(conserved). the cat as a whole remains zero.

A circus acrobat, a diver, and an ice skater pirouetting on one skate all take advantage of
this principle. Suppose an acrobat has just left a swing; she has her arms and legs extended
and is rotating counterclockwise about her center of mass. When she pulls her arms and legs
in, her moment of inertia /., with respect to her center of mass changes from a large value
I, to a much smaller value /,. The only external force acting on her is her weight, which has
no torque with respect to an axis through her center of mass. So her angular momentum
L, = I.,w, remains constant, and her angular velocity w, increases as /., decreases. That is,

Loy, = Lw,, (zero net external torque) (10.30)

When a skater or ballerina spins with arms outstretched and then pulls her arms in, her
angular velocity increases as her moment of inertia decreases. In each case there is con-
servation of angular momentum in a system in which the net external torque is zero.
When a system has several parts, the internal forces that the parts exert on one an-

other cause changes in the angular momenta of the parts, but the fofal angular momentum
doesn’t change. Here’s an example. Consider two objects A and B that interact with each
other but not with anything else, such as the astronauts we discussed in Section 8.2 (see
Fig. 8.9). Suppose object A exerts a force Fy , g on object B; the corresponding torque
(with respect to whatever point we choose) is 74 o, - According to Eq. (10.29), this torque
is equal to the rate of change of angular momentum of B:

. _dLg

TAonB = dt
At the same time, object B exerts a force ﬁ'B on A On object A, with a corresponding torque
8 on 4> and

o dL,
T - —
BonA dt
From Newton’s third law, i’B onA = —f’A on B- Furthermore, if the forces act along the
same line, as in Fig. 10.8, their lever arms with respect to the chosen axis are equal. Thus
the torques of these two forces are equal and opposite, and 7g ;y4 = — T4 on 5- S0 if We
add the two preceding equations, we find
dL, dL
dt dt

or, because L, + ZB is the fotal angular momentum L of the system,

dL

o = 0 (zero net external torque) (10.31)
That is, the total angular momentum of the system is constant. The torques of the internal
forces can transfer angular momentum from one object to the other, but they can’t change
the fotal angular momentum of the system (Fig. 10.28).
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320 CHAPTER 10 Dynamics of Rotational Motion

EXAMPLE 10.10 Anyone can be a ballerina

A physics professor stands at the center of a frictionless turntable with
arms outstretched and a 5.0 kg dumbbell in each hand (Fig. 10.29). He
is set rotating about the vertical axis, making one revolution in 2.0 s.
Find his final angular velocity if he pulls the dumbbells inward to his
stomach. His moment of inertia (without the dumbbells) is 3.0 kg * m?
with arms outstretched and 2.2 kg - m? with his hands at his stomach.
The dumbbells are 1.0 m from the axis initially and 0.20 m at the end.

IDENTIFY, SET UP, and EXECUTE No external torques act about the
z-axis, so L, is constant. We’ll use Eq. (10.30) to find the final angular
velocity w,,. The moment of inertia of the system is I =Ijror + Igumbbelis-
We treat each dumbbell as a particle of mass m that contributes mr

Figure 10.29 Fun with conservation of angular momentum.

2 ‘ S
& =4
| /
Dumbbell | Dumbbell
— Professor
J (nota

\
‘_f\ L dumbbell)

[} ( |
B

BEFORE

to Lgumbbellss Where 7 is the perpendicular distance from the axis to the
dumbbell. Initially we have

I = 3.0kg-m? + 2(50kg)(1.0m)% = 13kg-m?

1 rev

Wz =
2.0s
The final moment of inertia is

= 0.50 rev/s

L =22kg-m* + 2(5.0kg)(0.20 m)? = 2.6 kg - m?
From Eg. (10.30), the final angular velocity is

I 13 kg m?
Dy = R (050 rev/s) = 2.5 rev/s = S,

Wy, = —wi, =
Hopr 2.6 kg - m?

Can you see why we didn’t have to change “revolutions” to “radians” in
this calculation?

EVALUATE The angular momentum remained constant, but the an-
gular velocity increased by a factor of 5, from wy, = (0.50 rev/s) X
(27 rad/rev) = 3.14rad/s to  w,, = (2.5rev/s)(2m rad/rev) =
15.7 rad/s. The initial and final kinetic energies are then

K, = w2 = (13 kg - m?)(3.14 rad/s)? = 64 )
K> = $hwy,” = $(2.6 kg-m?)(15.7 rad/s)* = 320J

The fivefold increase in kinetic energy came from the work that the
professor did in pulling his arms and the dumbbells inward.

KEYCONCEPT If there is zero net external torque on a rigid body,
its angular momentum is conserved. If the body changes shape so that
its moment of inertia changes, its angular velocity changes to keep the
angular momentum constant.

EXAMPLE 10.11 A rotational “collision”

wiTH VARIATION PROBLEMS

Figure 10.30 shows two disks: an engine flywheel (A) and a clutch
plate (B) attached to a transmission shaft. Their moments of inertia are
1, and Ig; initially, they are rotating in the same direction with constant
angular speeds w, and wp, respectively. We push the disks together
with forces acting along the axis, so as not to apply any torque on either
disk. The disks rub against each other and eventually reach a common
angular speed w. Derive an expression for w.

IDENTIFY, SET UP, and EXECUTE There are no external torques, so the
only torque acting on either disk is the torque applied by the other disk.
Hence the total angular momentum of the system of two disks is con-
served. At the end they rotate together as one object with total moment
of inertia [ = Iy + Ip and angular speed w. Figure 10.30 shows that
all angular velocities are in the same direction, so we can regard wy,
wp, and w as components of angular velocity along the rotation axis.
Conservation of angular momentum gives

Ly + Igwg = (I + Ip)w

_ IAwA + IBwB
T L+

(o]

EVALUATE This “collision” is analogous to a completely inelastic colli-
sion (see Section 8.3). When two objects in translational motion along the

Figure 10.30 When the net external torque is zero, angular
momentum is conserved.

BEFORE

Forces F and —F are along the axis of rotation,
and thus exert no torque about this axis on
either disk.

AFTER
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same axis collide and stick, the linear momentum of the system is con-
served. Here two objects in rotational motion around the same axis “col-
lide” and stick, and the angular momentum of the system is conserved.
The kinetic energy of a system decreases in a completely inelastic
collision. Here kinetic energy is lost because nonconservative (friction)
internal forces act while the two disks rub together. Suppose flywheel
A has a mass of 2.0 kg, a radius of 0.20 m, and an initial angular speed

10.6 Conservation of Angular Momentum 321

of 50 rad/s (about 500 rpm), and clutch plate B has a mass of 4.0 kg,
a radius of 0.10 m, and an initial angular speed of 200 rad/s. Can you
show that the final kinetic energy is only two-thirds of the initial ki-
netic energy?

KEYCONCEPT In processes that conserve angular momentum, the
kinetic energy can change if nonconservative forces act.

EXAMPLE 10.12 Angular momentum in a crime hust

wiTH VARIATION PROBLEMS

A door 1.00 m wide, of mass 15 kg, can rotate freely about a vertical
axis through its hinges. A bullet with a mass of 10 g and a speed of
400 m/s strikes the center of the door, in a direction perpendicular to
the plane of the door, and embeds itself there. Find the door’s angular
speed. Is kinetic energy conserved?

IDENTIFY and SET UP We consider the door and bullet as a system.
There is no external torque about the hinge axis, so angular momentum
about this axis is conserved. Figure 10.31 shows our sketch. The initial
angular momentum is that of the bullet, as given by Eq. (10.25). The
final angular momentum is that of a rigid body composed of the door
and the embedded bullet. We’ll equate these quantities and solve for the
resulting angular speed w of the door and bullet.

EXECUTE From Egq. (10.25), the initial angular momentum of the bullet is
L = mvl = (0.010kg)(400 m/s)(0.50 m) = 2.0 kg-m>/s

Figure 10.31 The swinging door seen from above.

Hfmﬁe
/
/ //
/ /
0= 0:50m / )
m :10g ; Bu||e7L
- — - — | /
Vilet = 100 mfs ’ /
/
d= 1.00m /M:15k9 /
/ y‘
/ )
v
Before After

The final angular momentum is /w, where I = Iy + Ipyjier- From
Table 9.2, case (d), for a door of width d = 1.00 m,

~ Md®>  (15kg)(1.00m)?

Lgoor = = 5.0kg-m?
door 3 3 g+ m

The moment of inertia of the bullet (with respect to the axis along the
hinges) is

Touee = ml% = (0.010kg)(0.50 m)? = 0.0025 kg - m?

Conservation of angular momentum requires that mvl = lw, or

mvl 2.0kg - m%/s
w = —

I 50kg-m? + 0.0025 kg - m?

= 0.40 rad/s

The initial and final kinetic energies are

K, = tmv? = 1(0.010 kg)(400 m/s)% = 800

[STE ST

K, = Ho? = 1(5.0025 kg - m?)(0.40 rad/s)> = 0.40J

EVALUATE The final kinetic energy is only 201W of the initial value! We
did not expect kinetic energy to be conserved: The collision is inelas-
tic because nonconservative friction forces act during the impact. The
door’s final angular speed is quite slow: At 0.40 rad/s, it takes 3.9 s to
swing through 90° (/2 radians).

KEYCONCEPT The total angular momentum of a system that in-
cludes a rigid body and a particle is the sum of the angular momenta
for the rigid body and for the particle. You can find the magnitude of the
angular momentum of a particle about a rotation axis by multiplying the
magnitude of its linear momentum by the perpendicular distance from
the axis to the line of the particle’s velocity.

TEST YOUR UNDERSTANDING OF SECTION 10.6 If the polar ice caps were to melt
completely due to global warming, the melted ice would redistribute itself over the earth. This
change would cause the length of the day (the time needed for the earth to rotate once on its axis)
to (i) increase; (ii) decrease; (iii) remain the same. (Hint: Use angular momentum ideas. Assume

that the sun, moon, and planets exert negligibly small torques on the earth.)

ANSWER
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322 CHAPTER 10 Dynamics of Rotational Motion

Figure 10.32 A gyroscope supported at

one end. The horizontal circular motion of
the flywheel and axis is called precession.

The angular speed of precession is ().

Circular motion
of flywheel axi 10

18 Flywheel
(precession) <>_ >

axis

path followsd > |
by free end of
axis

When the flywheel and its axis are stationary,
they will fall to the table surface. When the
flywheel spins, it and its axis “float” in the air
while moving in a circle about the pivot.

Figure 10.33 (a) If the flywheel in Fig. 10.32

is initially not spinning, its initial angular
momentum is zero. (b) In each successive

time interval dt, the torque produces a change

dL = 7dtin the angular momentum. The |
flywheel acquires an angular momentum L
in the same direction as 7, and the
flywheel axis falls.

(a) Nonrotating flywheel falls

T
1
I

1

/

’
~ - J2 Path of free end
When the flywheel is not rotating, its weight
creates a torque around the pivot, causing it
to fall along a circular path until its axis rests
on the table surface.

(b) View from above as flywheel falls

y

Pivot

Flywheel

In falling, the flywheel rotates about the
pivot and thus acquires an angular momentum
L. The direction of L stays constant.

Flywheel

@ [ Rotation of
flywheel

GYROSCOPES AND PRECESSION

In all the situations we’ve looked at so far in this chapter, the axis of rotation either has
stayed fixed or has moved and kept the same direction (such as rolling without slipping).
But a variety of new physical phenomena, some quite unexpected, can occur when the axis
of rotation changes direction. For example, consider a toy gyroscope that’s supported at one
end (Fig. 10.32). If we hold it with the flywheel axis horizontal and let go, the free end of
the axis simply drops owing to gravity—if the flywheel isn’t spinning. But if the flywheel
is spinning, what happens is quite different. One possible motion is a steady circular mo-
tion of the axis in a horizontal plane, combined with the spin motion of the flywheel about
the axis. This surprising, nonintuitive motion of the axis is called precession. Precession
is found in nature as well as in rotating machines such as gyroscopes. As you read these
words, the earth itself is precessing; its spin axis (through the north and south poles) slowly
changes direction, going through a complete cycle of precession every 26,000 years.

To study this strange phenomenon of precession, we must remember that angular ve-
locity, angular momentum, and torque are all vecfor quantities. In particular, we need
the general relationship between the net torque X7 that acts on an object and the rate of
change of the object’s angular momentum L given by Eq. (10.29), X7 = dL/dt Let’s first
apply this equation to the case in which the flywheel is not spinning (Fig. 10.33a). We
take the origin O at the pivot and assume that the flywheel is symmetrical, with mass M
and moment of inertia / about the flywheel axis. The flywheel axis is initially along the x-
axis. The only external forces on the gyroscope are the normal force 1 acting at the pivot
(assumed to be frictionless) and the weight w of the flywheel that acts at its center of mass,
a distance r from the pivot The normal force has zero torque with respect to the pivot, and
the weight has a torque 7 in the y-direction, ~as shown in Fig. 10.33a. Initially, there is no
rotation, and the initial angular momentum L is zero. From Eq. (10.29) the change dL in
angular momentum in a short time interval dt following this is

dL = 7dt (10.32)
This change is in the y-direction because 7 is. As each additional time interval dr elapses,
the angular momentum changes by additional increments dL in the y-direction because
the direction of the torque is constant (Fig. 10.33b). The steadily increasing horizontal an-
gular momentum means that the gyroscope rotates downward faster and faster around the
y-axis until it hits either the stand or the table on which it sits.

Now let’s see what happens if the flywheel is spinning initially, so the initial angular
momentum Zi is not zero (Fig. 10.34a). Since the flywheel rotates around its symmetry
axis, L; lies along this axis. But each change in angular momentum dL is perpendicular to
the flywheel axis because the torque 7 = 7 X w is perpendicular to that axis (Fig. 10.34b).

Figure 10.34 (a) The flywheel is spinning initially with angular momentum Zi. The forces (not
shown) are the same as those in Fig. 10.33a. (b) Because the initial angular momentum is not zero,
each change dL = 7 dt in angular momentum is perpendicular to L. As a result, the magnitude of
L remains the same but its direction changes continuously.

(a) Rotating flywheel (b) View from above

Now the effect of the torque is to cause
the angular momentum to precess around
the pivot. The gyroscope circles around
its pivot without falling.

When the flywheel is rotating, the system
starts with an angular momentum L; parallel
to the flywheel’s axis of rotation.

Rotation of flywheel

4
7 Torque due to weight
force (as in Fig. 10.33)
L
'y\

X

l/ Initial angular
momentum due to

rotation of flywheel
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This causes the direction of L to change, but not its magnitude. The changes dL are al-
ways in the horizontal xy-plane, so the angular momentum vector and the flywheel axis
with which it moves are always horizontal. That is, the axis doesn’t fall—it precesses.

If this still seems mystifying to you, think about a ball attached to a string. If the ball is
initially at rest and you pull the string toward you, the ball moves toward you also. But if
the ball is initially moving and you continuously pull the string in a direction perpendicu-
lar to the ball’s motion, the ball moves in a circle around your hand; it does not approach
your hand at all. In the first case the ball has zero linear momentum p to start with; when
you apply a force F toward you for a time dt, the ball acquires a momentum dp = F dt,
which is also toward you. But if the ball already has linear momentum p, a change in
momentum dp that’s perpendicular to P changes the direction of motion, not the speed.
Replace p with L and F with 7 in this argument, and you’ll see that precession is simply
the rotational analog of uniform circular motion.

At the instant shown in Fig. 10.34a, the gyroscope has angular momentum L. A short
time interval d later, the angular momentum is L+dL; the infinitesimal change in an-
gular momentum is dL = 7dt, which is perpendicular to L. As the vector diagram in
Fig. 10.35 shows, this means that the flywheel axis of the gyroscope has turned through
a small angle d¢ given by d = |dL|/|L|. The rate at which the axis moves, d¢/dt, is
called the precession angular speed; denoting this quantity by (), we find

_dgp _dL|/|E] _ . wr
Q="r=" == (10.33)

2 o

Thus the precession angular speed is inversely proportional to the angular speed of spin
about the axis. A rapidly spinning gyroscope precesses slowly; if friction in its bearings
causes the flywheel to slow down, the precession angular speed increases! The precession
angular speed of the earth is very slow (1 rev/26,000 yr) because its spin angular momen-
tum L, is large and the torque 7,, due to the gravitational influences of the moon and sun,
is relatively small.

As a gyroscope precesses, its center of mass moves in a circle with radius 7 in a hori-
zontal plane. Its vertical component of acceleration is zero, so the upward normal force 7
exerted by the pivot must be just equal in magnitude to the weight. The circular motion
of the center of mass with angular speed () requires a force F directed toward the center
of the circle, with magnitude F = M Q?r. This force must also be supplied by the pivot.

One key assumption that we made in our analysis of the gyroscope was that the angu-
lar momentum vector L is associated with only the spin of the flywheel and is purely hori-
zontal. But there will also be a vertical component of angular momentum associated with
the precessional motion of the gyroscope. By ignoring this, we’ve tacitly assumed that the
precession is slow—that is, that the precession angular speed () is very much less than
the spin angular speed w. As Eq. (10.33) shows, a large value of w automatically gives a
small value of (), so this approximation is reasonable. When the precession is not slow,
additional effects show up, including an up-and-down wobble or nutation of the flywheel
axis that’s superimposed on the precessional motion. You can see nutation occurring in a
gyroscope as its spin slows down, so that () increases and the vertical component of L
can no longer be ignored.

Figure 10.35 Detailed view of part of In a time dt, the angular momentum

Fig. 10.34b. vector and the flywheel axis (to which
it is parallel) precess together through
an angle dd. E
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324 CHAPTER 10 Dynamics of Rotational Motion

EXAMPLE 10.13 A precessing gyroscope

Figure 10.36a shows a top view of a spinning, cylindrical gyroscope
wheel. The pivot is at O, and the mass of the axle is negligible. (a) As
seen from above, is the precession clockwise or counterclockwise?
(b) If the gyroscope takes 4.0 s for one revolution of precession, what is
the angular speed of the wheel?

IDENTIFY and SET UP We’ll determine the direction of precession by
using the right-hand rule as in Fig. 10.34, which shows the same kind of
gyroscope as Fig. 10.36. We’ll use the relationship between precession
angular speed () and spin angular speed w, Eq. (10.33), to find w.

Figure 10.36 In which direction and at what speed does this

gyroscope precess?
(a) Top view |e 2.0cm 9'

Pivot 3.0cm
| o J
o
Top view

(b) Vector

diagram L+ AL pointing into
Aim ’ S| paee
= =
r

L P |

0

.- Weight force

X,

EXECUTE (a) The right-hand rule shows that @ and L are to the left
in Fig. 10.36b. The weight w points into the page in this top view and
acts at the center of mass (denoted by X in the figure). The torque
7 =7 X W is toward the top of the page, so dL/dt is also toward the
top of the page. Adding a small dL to the initial vector L changes
the direction of L as shown, so the precession is clockwise as seen
from above.

(b) Be careful not to confuse w and €}! The precession angular speed
is Q = (1rev)/(4.0s) = (2mrrad)/(4.0s) = 1.57 rad/s. The weight
is mg, and if the wheel is a solid, uniform cylinder, its moment of inertia
about its symmetry axis is / = %mRz. From Eq. (10.33),

wr mgr 2gr
a) — —

10 (mR2)Q RQ

2(9.8 m/s?)(2.0 X 1072 m)
(3.0 X 1072 m)?(1.57 rad/s)

= 280 rad/s = 2600 rev/min

EVALUATE The precession angular speed () is only about 0.6% of the
spin angular speed w, so this is an example of slow precession.

KEYCONCEPT A spinning rigid body will precess if the net external
torque on the rigid body is perpendicular to the body’s angular momen-
tum vector.

TEST YOUR UNDERSTANDING OF SECTION 10.7 Suppose the mass of the flywheel in
Fig. 10.34 is doubled but all other dimensions and the spin angular speed remain the same. What
effect would this change have on the precession angular speed ? (i) 2 would increase by a factor
of 4; (ii) () would double; (iii) 2 would be unaffected; (iv) 2 would be one-half as much; (v) ()
would be one-quarter as much.

ANSWER
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Torque: When a force F acts on an object, the torque of
that force with respect to a point O has a magnitude given
by the product of the force magnitude F and the lever arm /.
More generally, torque is a vector 7 equal to the vector
product of 7 (the position vector of the point at which the
force acts) and F. (See Example 10.1.)

= Fl = rFsing = Fy,r

?=?xﬁ

Summary 325

SUMMARY _

(10.2) Frq = Fcos¢
(10.3)

[ = rsin¢
= lever arm

Rotational dynamics: The rotational analog of Newton’s
second law says that the net torque acting on an object
equals the product of the object’s moment of inertia and its
angular acceleration. (See Examples 10.2 and 10.3.)

>1. = la,

(10.7)

Combined translation and rotation: If a rigid body is

both moving through space and rotating, its motion can

be regarded as translational motion of the center of mass
plus rotational motion about an axis through the center

of mass. Thus the kinetic energy is a sum of translational
and rotational kinetic energies. For dynamics, Newton’s
second law describes the motion of the center of mass, and
the rotational equivalent of Newton’s second law describes
rotation about the center of mass. In the case of rolling
without slipping, there is a special relationship between
the motion of the center of mass and the rotational motion.
(See Examples 10.4-10.7.)

K= %Mvcm2 + %Icmw2
2Fex = Mdep
27 = Imo,

Uem = Row
(rolling without slipping)

(10.8)
(10.12)
(10.13)
(10.11)

Work done by a torque: A torque that acts on a rigid body
as it rotates does work on that body. The work can be
expressed as an integral of the torque. The work—energy
theorem says that the total rotational work done on a
rigid body is equal to the change in rotational kinetic
energy. The power, or rate at which the torque does work,
is the product of the torque and the angular velocity

(See Example 10.8.)

0,
W= 7. d
0

W= Tz(ez - 01) = TZAO
(constant torque only)
Wi = 2107’ = 310

P =10,

(10.20)

(10.21)

(10.22)
(10.23)

Angular momentum: The angular momentum of a particle
with respect to point O is the vector product of the par-
ticle’s position vector 7 relative to O and its momentum

p = mv. When a symmetrical object rotates about a sta-
tionary axis of symmetry, its angular momentum is the
product of its moment of inertia and its angular velocity
vector @. If the object is not symmetrical or the rotation
(z) axis is not an axis of symmetry, the component of
angular momentum along the rotation axis is /w,. (See
Example 10.9.)

L=7FXp=rXmb
(particle)

L=1Io
(rigid body rotating
about axis of symmetry)

1

(10.24)

(10.28)

Rotational dynamics and angular momentum: The net
external torque on a system is equal to the rate of change

of its angular momentum. If the net external torque on a
system is zero, the total angular momentum of the system is
constant (conserved). (See Examples 10.10-10.13.)

E =
(zero net external torque)

(10.29)

oo
SESE

(10.31)
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GUIDED PRACTICE

Chapter 10 Media Assets E' 1 'E

For assigned homework and other learning materials, go to Mastering Physics. E H

KEY EXAMPLE VARIATION PROBLEMS

Be sure to review EXAMPLES 10.2 and 10.3 (Section 10.2) before at-
tempting these problems.

VP10.3.1 In the cylinder and cable apparatus of Example 10.2, you
apply a force to the cable so that a point on the horizontal part of the
cable accelerates to the left at 0.60 m/s>. What are the magnitudes of
(a) the angular acceleration of the cylinder, (b) the torque that the cable
exerts on the cylinder, and (c) the force that you exert on the cable?
VP10.3.2 In the cylinder, cable, and block apparatus of Example 10.3,
you replace the solid cylinder with a thin-walled, hollow cylinder of
mass M and radius R. Find (a) the acceleration of the falling block and
(b) the tension in the cable as the block falls.

VP10.3.3 A bucket of mass m is hanging from the free end of a rope
whose other end is wrapped around a drum (radius R, mass M) that can
rotate with negligible friction about a stationary horizontal axis. The
drum is not a uniform cylinder and has unknown moment of inertia.
When you release the bucket from rest, you find that it has a down-
ward acceleration of magnitude a. What are (a) the tension in the cable
between the drum and the bucket and (b) the moment of inertia of the
drum about its rotation axis?

VP10.3.4 In the cylinder, cable, and block apparatus of Example 10.3,
you attach an electric motor to the axis of the cylinder of mass M and
radius R and turn the motor on. As a result the block of mass m moves
upward with an upward acceleration of magnitude a. What are (a) the
tension in the cable between the cylinder and the block, (b) the magni-
tude of the torque that the cable exerts on the cylinder, and (c) the mag-
nitude of the torque that the motor exerts on the cylinder?

Be sure to review EXAMPLES 10.6 and 10.7 (Section 10.3) before
attempting these problems.

VP10.7.1 In the primitive yo-yo apparatus of Example 10.6, you re-
place the solid cylinder with a hollow cylinder of mass M, outer radius R,
and inner radius R/2. Find (a) the downward acceleration of the hollow
cylinder and (b) the tension in the string.

VP10.7.2 A thin-walled, hollow sphere of mass M rolls without slip-
ping down a ramp that is inclined at an angle 3 to the horizontal. Find
(a) the acceleration of the sphere, (b) the magnitude of the friction force
that the ramp exerts on the sphere, and (c) the magnitude of the torque
that this force exerts on the sphere.

VP10.7.3 You redo the primitive yo-yo experiment of Example 10.6,
but instead of holding the free end of the string stationary, you move
your hand vertically so that the tension in the string equals 2Mg/3.
(a) What is the magnitude of the vertical acceleration of the yo-yo’s

BRIDGING PROBLEM Billiard Physics

center of mass? Does it accelerate upward or downward? (b) What is
the angular acceleration of the yo-yo around its axis?

VP10.7.4 You place a solid cylinder of mass M on a ramp that is in-
clined at an angle B to the horizontal. The coefficient of static friction
for the cylinder on the ramp is u,. (a) If the cylinder rolls downhill with-
out slipping, what is the magnitude of the friction force that the ramp
exerts on the cylinder? (b) You find by varying the angle of the ramp
that the cylinder rolls without slipping if 3 is less than a certain critical
value but the cylinder slips if 3 is greater than this critical value. What is
this critical value of B?

Be sure to review EXAMPLES 10.11 and 10.12 (Section 10.6) before
attempting these problems.

VP10.12.1 In the situation shown in Example 10.11, suppose disk A
has moment of inertia /4 and initial angular speed w,4, while disk B has
moment of inertia 4/4 and initial angular speed w,/2. Initially disks A
and B are rotating in the same direction. (a) What is the final common
angular speed of the two disks? (b) What fraction of the initial rotational
kinetic energy remains as rotational kinetic energy after the disks have
come to their final common angular speed?

VP10.12.2 In the situation shown in Example 10.11, suppose disk A
has moment of inertia /, and initial angular speed w4, while disk B has
moment of inertia /;/4 and initial angular speed w,/2. Initially disks A
and B are rotating in opposite directions. (a) What is the final common
angular speed of the two disks? (b) What fraction of the initial rotational
kinetic energy remains as rotational kinetic energy after the disks have
come to their final common angular speed?

VP10.12.3 Suppose that instead of hitting the center of the door,
the bullet in Example 10.12 strikes the door at the edge farthest away
from the hinge and embeds itself there. (a) What is the angular speed
of the door just after the bullet embeds itself? (b) What fraction of the
initial kinetic energy of the bullet remains as kinetic energy after the
collision?

VP10.12.4 A thin-walled, hollow sphere of mass M and radius R is
free to rotate around a vertical shaft that passes through the center of
the sphere. Initially the sphere is at rest. A small ball of clay of the
same mass M moving horizontally at speed v grazes the surface of
the sphere at its equator. After grazing the surface, the ball of clay is
moving at speed v/2. (a) What is the angular momentum of the ball
of clay about the shaft before it grazes the surface? After it grazes the
surface? (b) What is the angular speed of the sphere after being grazed
by the ball of clay? (c) What fraction of the ball of clay’s initial kinetic
energy remains as the combined kinetic energy of the sphere and the
ball of clay?

A cue ball (a uniform solid sphere of mass m and radius R) is at rest on
a level pool table. Using a pool cue, you give the ball a sharp, horizontal
hit of magnitude F at a height z above the center of the ball (Fig. 10.37).
The force of the hit is much greater than the friction force f that the
table surface exerts on the ball. The hit lasts for a short time Atz. (a) For
what value of & will the ball roll without slipping? (b) If you hit the ball
dead center (h = 0), the ball will slide across the table for a while, but
eventually it will roll without slipping. What will the speed of its center
of mass be then?

Figure 10.37 Hitting a cue ball with a cue.

Cue N
h Mass m
_/FT _____ °
R
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SOLUTION GUIDE

IDENTIFY and SET UP

1. Draw a free-body diagram for the ball for the situation in part (a),
including your choice of coordinate axes. Note that the cue
exerts both an impulsive force on the ball and an impulsive
torque around the center of mass.

2. The cue force applied for a time Ar gives the ball’s center of
mass a speed v, and the cue torque applied for that same time
gives the ball an angular speed w. How must v.,, and w be re-
lated for the ball to roll without slipping?

3. Draw two free-body diagrams for the ball in part (b): one show-
ing the forces during the hit and the other showing the forces
after the hit but before the ball is rolling without slipping.

4. What is the angular speed of the ball in part (b) just after the
hit? While the ball is sliding, does v, increase or decrease?
Does w increase or decrease? What is the relationship between
Uem and w when the ball is finally rolling without slipping?

EXECUTE

5. Inpart (a), use the impulse-momentum theorem to find the speed
of the ball’s center of mass immediately after the hit. Then use

Problems 327

the rotational version of the impulse—momentum theorem to find
the angular speed immediately after the hit. (Hint: To write the
rotational version of the impulse—-momentum theorem, remem-
ber that the relationship between torque and angular momentum
is the same as that between force and linear momentum.)

6. Use your results from step 5 to find the value of & that will cause
the ball to roll without slipping immediately after the hit.

7. In part (b), again find the ball’s center-of-mass speed and angu-
lar speed immediately after the hit. Then write Newton’s second
law for the translational motion and rotational motion of the ball
as it slides. Use these equations to write expressions for v, and
w as functions of the elapsed time 7 since the hit.

8. Using your results from step 7, find the time ¢ when v, and w

have the correct relationship for rolling without slipping. Then
find the value of v, at this time.

EVALUATE
9. If you have access to a pool table, test the results of parts (a) and
(b) for yourself!

10. Can you show that if you used a hollow cylinder rather than a
solid ball, you would have to hit the top of the cylinder to cause
rolling without slipping as in part (a)?

PROBLEMS

o, oo eoe: Difficulty levels. CP: Cumulative problems incorporating material from earlier chapters. CALC: Problems requiring calculus.
DATA: Problems involving real data, scientific evidence, experimental design, and/or statistical reasoning. BIO: Biosciences problems.

DISCUSSION QUESTIONS

Q10.1 Can a single force applied to an object change both its transla-
tional and rotational motions? Explain.

Q10.2 Suppose you could use wheels of any type in the design of a
soapbox-derby racer (an unpowered, four-wheel vehicle that coasts
from rest down a hill). To conform to the rules on the total weight of the
vehicle and rider, should you design with large massive wheels or small
light wheels? Should you use solid wheels or wheels with most of the
mass at the rim? Explain.

Q10.3 Serious bicyclists say that if you reduce the weight of a bike,
it is more effective if you do so in the wheels rather than in the frame.
Why would reducing weight in the wheels make it easier on the bicy-
clist than reducing the same amount in the frame?

Q10.4 The harder you hit the brakes while driving forward, the more
the front end of your car will move down (and the rear end move up).
Why? What happens when cars accelerate forward? Why do drag racers
not use front-wheel drive only?

Q10.5 When an acrobat walks on a tightrope, she extends her arms
straight out from her sides. She does this to make it easier for her to
catch herself if she should tip to one side or the other. Explain how this
works. [Hint: Think about Eq. (10.7).]

Q10.6 When you turn on an electric motor, it takes longer to come up
to final speed if a grinding wheel is attached to the shaft. Why?

Q10.7 The work done by a force is the product of force and distance.
The torque due to a force is the product of force and distance. Does this
mean that torque and work are equivalent? Explain.

Q10.8 A valued client brings a treasured ball to your engineering firm,
wanting to know whether the ball is solid or hollow. He has tried tap-
ping on it, but that has given insufficient information. Design a simple,

inexpensive experiment that you could perform quickly, without injur-
ing the precious ball, to find out whether it is solid or hollow.

Q10.9 You make two versions of the same object out of the same mate-
rial having uniform density. For one version, all the dimensions are ex-
actly twice as great as for the other one. If the same torque acts on both
versions, giving the smaller version angular acceleration «, what will be
the angular acceleration of the larger version in terms of a?

Q10.10 Two identical masses are attached to frictionless pulleys by very
light strings wrapped around the rim of the pulley and are released from
rest. Both pulleys have the same mass and same diameter, but one is solid
and the other is a hoop. As the masses fall, in which case is the tension
in the string greater, or is it the same in both cases? Justify your answer.
Q10.11 The force of gravity acts on the baton in Fig. 10.11, and forces
produce torques that cause a body’s angular velocity to change. Why,
then, is the angular velocity of the baton in the figure constant?

Q10.12 Without slipping, a certain solid uniform ball rolls at speed v on a
horizontal surface and then up a hill to a maximum height /). How does the
maximum height change (in terms of /) if you make only the following
changes: (a) double the ball’s diameter, (b) double its mass, (c) double both
its diameter and mass, (d) double its angular speed at the bottom of the hill?
Q10.13 A wheel is rolling without slipping on a horizontal surface. In
an inertial frame of reference in which the surface is at rest, is there any
point on the wheel that has a velocity that is purely vertical? Is there any
point that has a horizontal velocity component opposite to the velocity
of the center of mass? Explain. Do your answers change if the wheel is
slipping as it rolls? Why or why not?

Q10.14 A hoop, a uniform solid cylinder, a spherical shell, and a uniform
solid sphere are released from rest at the top of an incline. What is the order
in which they arrive at the bottom of the incline? Does it matter whether or
not the masses and radii of the objects are all the same? Explain.
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Q10.15 A ball is rolling along at speed v without slipping on a hori-
zontal surface when it comes to a hill that rises at a constant angle above
the horizontal. In which case will it go higher up the hill: if the hill has
enough friction to prevent slipping or if the hill is perfectly smooth?
Justify your answer in both cases in terms of energy conservation and in
terms of Newton’s second law.

Q10.16 You are standing at the center of a large horizontal turntable
in a carnival funhouse. The turntable is set rotating on frictionless bear-
ings, and it rotates freely (that is, there is no motor driving the turnta-
ble). As you walk toward the edge of the turntable, what happens to the
combined angular momentum of you and the turntable? What happens
to the rotation speed of the turntable? Explain.

Q10.17 Global Warming. If the earth’s climate continues to warm, ice
near the poles will melt, and the water will be added to the oceans. What
effect will this have on the length of the day? Justify your answer.
Q10.18 If two spinning objects have the same angular momentum, do
they necessarily have the same rotational kinetic energy? If they have
the same rotational kinetic energy, do they necessarily have the same
angular momentum? Explain.

Q10.19 A student is sitting on a frictionless rotating stool with her
arms outstretched as she holds equal heavy weights in each hand. If she
suddenly lets go of the weights, will her angular speed increase, stay the
same, or decrease? Explain.

Q10.20 A point particle travels in a straight line at constant speed, and
the closest distance it comes to the origin of coordinates is a distance /.
With respect to this origin, does the particle have nonzero angular mo-
mentum? As the particle moves along its straight-line path, does its an-
gular momentum with respect to the origin change?

Q10.21 In Example 10.10 (Section 10.6) the angular speed w changes,
and this must mean that there is nonzero angular acceleration. But there
is no torque about the rotation axis if the forces the professor applies to
the weights are directly, radially inward. Then, by Eq. (10.7), &, must
be zero. Explain what is wrong with this reasoning that leads to this ap-
parent contradiction.

Q10.22 In Example 10.10 (Section 10.6) the rotational kinetic energy
of the professor and dumbbells increases. But since there are no ex-
ternal torques, no work is being done to change the rotational kinetic
energy. Then, by Eq. (10.22), the kinetic energy must remain the same!
Explain what is wrong with this reasoning, which leads to an apparent
contradiction. Where does the extra kinetic energy come from?

Q10.23 As discussed in Section 10.6, the angular momentum of a cir-
cus acrobat is conserved as she tumbles through the air. Is her linear
momentum conserved? Why or why not?

Q10.24 If you stop a spinning raw egg for the shortest possible instant
and then release it, the egg will start spinning again. If you do the same
to a hard-boiled egg, it will remain stopped. Try it. Explain it.

Q10.25 A helicopter has a large main rotor that rotates in a horizon-
tal plane and provides lift. There is also a small rotor on the tail that
rotates in a vertical plane. What is the purpose of the tail rotor? (Hint:
If there were no tail rotor, what would happen when the pilot changed
the angular speed of the main rotor?) Some helicopters have no tail
rotor, but instead have two large main rotors that rotate in a horizontal
plane. Why is it important that the two main rotors rotate in opposite
directions?

Q10.26 In a common design for a gyroscope, the flywheel and fly-
wheel axis are enclosed in a light, spherical frame with the flywheel
at the center of the frame. The gyroscope is then balanced on top
of a pivot so that the flywheel is directly above the pivot. Does the
gyroscope precess if it is released while the flywheel is spinning?
Explain.

Q10.27 A gyroscope is precessing about a vertical axis. What hap-
pens to the precession angular speed if the following changes are made,
with all other variables remaining the same? (a) The angular speed
of the spinning flywheel is doubled; (b) the total weight is doubled;
(c) the moment of inertia about the axis of the spinning flywheel is
doubled; (d) the distance from the pivot to the center of gravity is dou-
bled. (e) What happens if all of the variables in parts (a) through (d) are
doubled? In each case justify your answer.

Q10.28 A gyroscope takes 3.8 s to precess 1.0 revolution about a verti-
cal axis. Two minutes later, it takes only 1.9 s to precess 1.0 revolution.
No one has touched the gyroscope. Explain.

Q10.29 A gyroscope is precessing as in Fig. 10.32. What happens if
you gently add some weight to the end of the flywheel axis farthest
from the pivot?

Q10.30 A bullet spins on its axis as it emerges from a rifle. Explain
how this prevents the bullet from tumbling and keeps the streamlined
end pointed forward.

EXERCISES

Section 10.1 Torque

10.1 e Calculate the torque (magnitude and direction) about point O
due to the force F in each of the cases sketched in Fig. E10.1. In each
case, both the force F and the rod lie in the plane of the page, the rod
has length 4.00 m, and the force has magnitude F = 10.0 N.

Figure E10.1
(a) (b) (c)
(0 ) Oe | ]

oe
30.0°
90_0& F 120‘0‘\3{ %

(d) (e) (f)

10.2 e Calculate the net torque about point O for the two forces applied
as in Fig. E10.2. The rod and both forces are in the plane of the page.
Figure E10.2

F, = 120N F, = 800N

o |

e |
K—2.00 m—>k——3.00 m —>

10.3 o A square metal plate 0.180
m on each side is pivoted about
an axis through point O at its cen-
ter and perpendicular to the plate
(Fig. E10.3). Calculate the net torque
about this axis due to the three forces
shown in the figure if the magnitudes of
the forces are F; = 18.0N, F, = 26.0 N,
and F3 = 14.0 N. The plate and all forces
are in the plane of the page.

Figure E10.3

F, F
0.180 m

0.180 m
Qe

45°V
F
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10.4 e Three forces are applied to a wheel of radius 0.350 m, as shown
in Fig. E10.4. One force is perpendicular to the rim, one is tangent to it,
and the other one makes a 40.0° angle with the radius. What is the net
torque on the wheel due to these three forces for an axis perpendicular
to the wheel and passing through its center?

Figure E10.4

119N
240,00 146N

10.5  One force acting on a machine part is F = (—5.00N)7 +
(4.00 N)j. The vector from the origin to the point where the force is
applied is 7 = (—0.450 m)i + (0.150 m)j. (a) In a sketch, show 7, F,
and the origin. (b) Use the right-hand rule to determine the direction of
the torque. (c) Calculate the vector torque for an axis at the origin pro-
duced by this force. Verify that the direction of the torque is the same as
you obtained in part (b).

10.6 ® A metal bar is in the xy-plane with one end of the bar at the
origin. A force F = (7.00 N)i + (—3.00 N)j is applied to the bar at
the point x = 3.00 m, y = 4.00 m. (a) In terms of unit vectors 7 and J,
what is the position vector 7 for the point where the force is applied?
(b) What are the magnitude and direction of the torque with respect to
the origin produced by F?

10.7 * A machinistisusingawrench
to loosen a nut. The wrench is 25.0 cm
long, and he exerts a 17.0 N force at
the end of the handle at 37° with the
handle (Fig. E10.7). (a) What torque
does the machinist exert about the
center of the nut? (b) What is the
maximum torque he could exert with
a force of this magnitude, and how
should the force be oriented?

Figure E10.7
170N

Section 10.2 Torque and Angular Acceleration for a Rigid Body

10.8 e A uniform disk with mass 40.0 kg and radius 0.200 m is piv-
oted at its center about a horizontal, frictionless axle that is stationary.
The disk is initially at rest, and then a constant force F = 30.0 N is
applied tangent to the rim of the disk. (a) What is the magnitude v of
the tangential velocity of a point on the rim of the disk after the disk
has turned through 0.200 revolution? (b) What is the magnitude a of the
resultant acceleration of a point on the rim of the disk after the disk has
turned through 0.200 revolution?

10.9 ee The flywheel of an engine has moment of inertia 1.60 kg - m?
about its rotation axis. What constant torque is required to bring it up to
an angular speed of 400 rev/min in 8.00 s, starting from rest?

10.10 o A cord is wrapped around the rim of a solid uniform wheel
0.250 m in radius and of mass 9.20 kg. A steady horizontal pull of
40.0 N to the right is exerted on the cord, pulling it off tangentially from
the wheel. The wheel is mounted on frictionless bearings on a horizon-
tal axle through its center. (a) Compute the angular acceleration of the
wheel and the acceleration of the part of the cord that has already been
pulled off the wheel. (b) Find the magnitude and direction of the force

Problems 329

that the axle exerts on the wheel. (c) Which of the answers in parts (a)
and (b) would change if the pull were upward instead of horizontal?
10.11 ee A machine part has the shape of a solid uniform sphere of
mass 225 g and diameter 3.00 cm. It is spinning about a frictionless axle
through its center, but at one point on its equator it is scraping against
metal, resulting in a friction force of 0.0200 N at that point. (a) Find its
angular acceleration. (b) How long will it take to decrease its rotational
speed by 22.5 rad/s?

10.12 e CP A stone is suspended from the free end of a wire that is
wrapped around the outer rim of a pulley, similar to what is shown in
Fig. 10.10. The pulley is a uniform disk with mass 10.0 kg and radius
30.0 cm and turns on frictionless bearings. You measure that the stone
travels 12.6 m in the first 3.00 s starting from rest. Find (a) the mass of
the stone and (b) the tension in the wire.

10.13 ee CP A 2.00 kg textbook rests on a frictionless, horizontal sur-
face. A cord attached to the book passes over a pulley whose diameter
is 0.150 m, to a hanging book with mass 3.00 kg. The system is re-
leased from rest, and the books are observed to move 1.20 m in 0.800 s.
(a) What is the tension in each part of the cord? (b) What is the moment
of inertia of the pulley about its rotation axis?

10.14 ee CP A 15.0 kg bucket of water is suspended by a very light
rope wrapped around a solid uniform cylinder 0.300 m in diameter with
mass 12.0 kg. The cylinder pivots on a frictionless axle through its cen-
ter. The bucket is released from rest at the top of a well and falls 10.0 m
to the water. (a) What is the tension in the rope while the bucket is fall-
ing? (b) With what speed does the bucket strike the water? (c) What is
the time of fall? (d) While the bucket is falling, what is the force exerted
on the cylinder by the axle?

10.15 e A wheel rotates without friction about a stationary horizon-
tal axis at the center of the wheel. A constant tangential force equal to
80.0 N is applied to the rim of the wheel. The wheel has radius 0.120 m.
Starting from rest, the wheel has an angular speed of 12.0 rev/s after
2.00 s. What is the moment of inertia of the wheel?

10.16 o A 12.0 kg box resting on Figure E10.16

a horizontal, frictionless surface is at-
tached to a 5.00 kg weight by a thin, light
wire that passes over a frictionless pulley
(Fig. E10.16). The pulley has the shape
of a uniform solid disk of mass 2.00 kg
and diameter 0.500 m. After the system
is released, find (a) the tension in the
wire on both sides of the pulley, (b) the
acceleration of the box, and (c) the horizontal and vertical components
of the force that the axle exerts on the pulley.

10.17 ee CP A solid cylinder with radius 0.140 m is mounted on a
frictionless, stationary axle that lies along the cylinder axis. The cylin-
der is initially at rest. Then starting at + = 0 a constant horizontal force
of 3.00 N is applied tangential to the surface of the cylinder. You mea-
sure the angular displacement 6 — 6 of the cylinder as a function of
the time ¢ since the force was first applied. When you plot 6 — 6 (in
radians) as a function of I (in s2), your data lie close to a straight line. If
the slope of this line is 16.0 rad/sz, what is the moment of inertia of the
cylinder for rotation about the axle?

10.18 ee CP Two spheres are rolling without slipping on a horizontal
floor. They are made of different materials, but each has mass 5.00 kg
and radius 0.120 m. For each the translational speed of the center of
mass is 4.00 m/s. Sphere A is a uniform solid sphere and sphere B is a
thin-walled, hollow sphere. How much work, in joules, must be done on
each sphere to bring it to rest? For which sphere is a greater magnitude
of work required? Explain. (The spheres continue to roll without slip-
ping as they slow down.)

12.0 kg

5.00 kg
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Section 10.3 Rigid-Body Rotation About a Moving Axis

10.19 » A 2.20 kg hoop 1.20 m in diameter is rolling to the right
without slipping on a horizontal floor at a steady 2.60 rad/s. (a) How
fast is its center moving? (b) What is the total kinetic energy of the
hoop? (c) Find the velocity vector of each of the following points, as
viewed by a person at rest on the ground: (i) the highest point on the
hoop; (ii) the lowest point on the hoop; (iii) a point on the right side of
the hoop, midway between the top and the bottom. (d) Find the veloc-
ity vector for each of the points in part (c), but this time as viewed by
someone moving along with the same velocity as the hoop.

10.20 oo Example 10.7 calculates the friction force needed for a uni-
form sphere to roll down an incline without slipping. The incline is at an
angle B above the horizontal. And the example discusses that the fric-
tion is static. (a) If the maximum friction force is given by f = un,
where 7 is the normal force that the ramp exerts on the sphere, in terms
of B what is the minimum coefficient of static friction needed if the
sphere is to roll without slipping? (b) Based on your result in part (a),
what does the minimum required w, become in the limits 8 — 90° and
B—07?

10.21 » What fraction of the total kinetic energy is rotational for the
following objects rolling without slipping on a horizontal surface? (a) A
uniform solid cylinder; (b) a uniform sphere; (c) a thin-walled, hollow
sphere; (d) a hollow cylinder with outer radius R and inner radius R/2.
10.22 ee A string is wrapped several  Figure E10.22

times around the rim of a small hoop —

with radius 8.00 cm and mass 0.180 kg.
The free end of the string is held in
place and the hoop is released from rest
(Fig. E10.22). After the hoop has
descended 75.0 cm, calculate (a) the
angular speed of the rotating hoop and
(b) the speed of its center.

10.23 e A solid ball is released
from rest and slides down a hillside
that slopes downward at 65.0° from the
horizontal. (a) What minimum value must the coefficient of static fric-
tion between the hill and ball surfaces have for no slipping to occur?
(b) Would the coefficient of friction calculated in part (a) be sufficient to
prevent a hollow ball (such as a soccer ball) from slipping? Justify your
answer. (c) In part (a), why did we use the coefficient of static friction
and not the coefficient of kinetic friction?

10.24 e A hollow, spherical shell with mass 2.00 kg rolls without
slipping down a 38.0° slope. (a) Find the acceleration, the friction
force, and the minimum coefficient of static friction needed to prevent
slipping. (b) How would your answers to part (a) change if the mass
were doubled to 4.00 kg?

10.25 eo A 392 N wheel comes off a moving truck and rolls with-
out slipping along a highway. At the bottom of a hill it is rotating at
25.0 rad/ s. The radius of the wheel is 0.600 m, and its moment of inertia
about its rotation axis is 0.800MR2. Friction does work on the wheel as
it rolls up the hill to a stop, a height / above the bottom of the hill; this
work has absolute value 2600 J. Calculate .

10.26 ee A uniform marble rolls down a symmetrical bowl, starting
from rest at the top of the left side. The top of each side is a distance i
above the bottom of the bowl. The left half of the bowl is rough enough
to cause the marble to roll without slipping, but the right half has no
friction because it is coated with oil. (a) How far up the smooth side
will the marble go, measured vertically from the bottom? (b) How
high would the marble go if both sides were as rough as the left side?
(c) How do you account for the fact that the marble goes higher with
friction on the right side than without friction?

10.27 e At a typical bowling alley the distance from the line where
the ball is released (foul line) to the first pin is 60 ft. Estimate the time
it takes the ball to reach the pins after you release it, if it rolls without
slipping and has a constant translational speed. Assume the ball weighs
12 b and has a diameter of 8.5 in. (a) Use your estimate to calculate
the rotation rate of the ball, in rev/s. (b) What is its total kinetic energy
in joules and what fraction of the total is its rotational kinetic energy?
Ignore the finger holes and treat the bowling ball as a uniform sphere.
10.28 o Two uniform solid balls are rolling without slipping at a con-
stant speed. Ball 1 has twice the diameter, half the mass, and one-third
the speed of ball 2. The kinetic energy of ball 2 is 27.0 J. What is the
kinetic energy of ball 1?

10.29 ee A thin, light string is wrapped
around the outer rim of a uniform hollow
cylinder of mass 4.75 kg having inner
and outer radii as shown in Fig. E10.29.
The cylinder is then released from rest.
(a) How far must the cylinder fall before
its center is moving at 6.66 m/s? (b) If
you just dropped this cylinder without
any string, how fast would its center be
moving when it had fallen the distance ‘

in part (a)? (c) Why do you get two

different answers when the cylinder

falls the same distance in both cases?

10.30 e» A Ball Rolling Uphill. A bowling ball rolls without slip-
ping up a ramp that slopes upward at an angle 8 to the horizontal (see
Example 10.7 in Section 10.3). Treat the ball as a uniform solid sphere,
ignoring the finger holes. (a) Draw the free-body diagram for the ball.
Explain why the friction force must be directed uphill. (b) What is
the acceleration of the center of mass of the ball? (¢) What minimum
coefficient of static friction is needed to prevent slipping?

10.31 e A size-5 soccer ball of diameter 22.6 cm and mass 426 g
rolls up a hill without slipping, reaching a maximum height of 5.00 m
above the base of the hill. We can model this ball as a thin-walled hol-
low sphere. (a) At what rate was it rotating at the base of the hill? (b)
How much rotational kinetic energy did it have then? Neglect rolling
friction and assume the system’s total mechanical energy is conserved.

Figure E10.29

Section 10.4 Work and Power in Rotational Motion

10.32 ® An engine delivers 175 hp to an aircraft propeller at
2400 rev/min. (a) How much torque does the aircraft engine provide?
(b) How much work does the engine do in one revolution of the propeller?
10.33 e A playground merry-go-round has radius 2.40 m and moment
of inertia 2100 kg - m? about a vertical axle through its center, and it
turns with negligible friction. (a) A child applies an 18.0 N force tan-
gentially to the edge of the merry-go-round for 15.0 s. If the merry-
go-round is initially at rest, what is its angular speed after this 15.0 s
interval? (b) How much work did the child do on the merry-go-round?
(c) What is the average power supplied by the child?

10.34 e An electric motor consumes 9.00 kJ of electrical energy in
1.00 min. If one-third of this energy goes into heat and other forms
of internal energy of the motor, with the rest going to the motor output,
how much torque will this engine develop if you run it at 2500 rpm?
10.35 ¢ A 2.80 kg grinding wheel is in the form of a solid cylinder
of radius 0.100 m. (a) What constant torque will bring it from rest to
an angular speed of 1200 rev/min in 2.5 s? (b) Through what angle has
it turned during that time? (c) Use Eq. (10.21) to calculate the work
done by the torque. (d) What is the grinding wheel’s kinetic energy
when it is rotating at 1200 rev/min? Compare your answer to the re-
sult in part (c).
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10.36 ee An airplane propeller is 2.08 m in length (from tip to tip)
and has a mass of 117 kg. When the airplane’s engine is first started, it
applies a constant net torque of 1950 N+ m to the propeller, which starts
from rest. (a) What is the angular acceleration of the propeller? Model
the propeller as a slender rod and see Table 9.2. (b) What is the propel-
ler’s angular speed after making 5.00 revolutions? (¢) How much work
is done by the engine during the first 5.00 revolutions? (d) What is the
average power output of the engine during the first 5.00 revolutions?
(e) What is the instantaneous power output of the motor at the instant
that the propeller has turned through 5.00 revolutions?

Section 10.5 Angular Momentum
10.37 « A 2.00 kg rock has a
horizontal velocity of magnitude
12.0 m/s when it is at point P in
Fig. E10.37. (a) At this instant, what P
are the magnitude and direction of its
angular momentum relative to point
0O? (b) If the only force acting on the
rock is its weight, what is the rate of °
change (magnitude and direction) of o

its angular momentum at this instant?

10.38 ee A woman with mass 50 kg is standing on the rim of a large
horizontal disk that is rotating at 0.80 rev/s about an axis through
its center. The disk has mass 110 kg and radius 4.0 m. Calculate the
magnitude of the total angular momentum of the woman—disk system.
(Assume that you can treat the woman as a point.)

10.39 ee Find the magnitude of the angular momentum of the second
hand on a clock about an axis through the center of the clock face. The clock
hand has a length of 15.0 cm and a mass of 6.00 g. Take the second hand to
be a slender rod rotating with constant angular velocity about one end.
10.40 ee (a) Calculate the magnitude of the angular momentum of the
earth in a circular orbit around the sun. Is it reasonable to model it as
a particle? (b) Calculate the magnitude of the angular momentum of
the earth due to its rotation around an axis through the north and south
poles, modeling it as a uniform sphere. Consult Appendix E and the as-
tronomical data in Appendix F.

10.41 ee CALC A hollow, thin-walled sphere of mass 12.0 kg and di-
ameter 48.0 cm is rotating about an axle through its center. The angle
(in radians) through which it turns as a function of time (in seconds) is
given by 0(t) = Ar* + Br*, where A has numerical value 1.50 and B
has numerical value 1.10. (a) What are the units of the constants A and
B? (b) At the time 3.00 s, find (i) the angular momentum of the sphere
and (ii) the net torque on the sphere.

Figure E10.37
v=120m/s

8.00 m

36.9°

Section 10.6 Conservation of Angular Momentum

10.42 « CP A small block on a Figure E10.42

frictionless, horizontal surface has

a mass of 0.0250 kg. It is attached

to a massless cord passing through

a hole in the surface (Fig. E10.42).

The block is originally revolving at

a distance of 0.300 m from the hole

with an angular speed of 2.85 rad/s.

The cord is then pulled from below,

shortening the radius of the circle in

which the block revolves to 0.150 m.

Model the block as a particle. (a) Is

the angular momentum of the block conserved? Why or why not?
(b) What is the new angular speed? (c) Find the change in kinetic en-
ergy of the block. (d) How much work was done in pulling the cord?
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10.43 ee Under some circumstances, a star can collapse into an ex-
tremely dense object made mostly of neutrons and called a neutron star.
The density of a neutron star is roughly 10" times as great as that of
ordinary solid matter. Suppose we represent the star as a uniform, solid,
rigid sphere, both before and after the collapse. The star’s initial radius
was 7.0 X 10° km (comparable to our sun); its final radius is 16 km. If
the original star rotated once in 30 days, find the angular speed of the
neutron star.
10.44 ee A diver comes off a board with arms straight up and legs
straight down, giving her a moment of inertia about her rotation axis
of 18 kg mZ. She then tucks into a small ball, decreasing this moment
of inertia to 3.6 kg * m?. While tucked, she makes two complete revolu-
tions in 1.0 s. If she hadn’t tucked at all, how many revolutions would
she have made in the 1.5 s from board to water?
10.45 ee The Spinning Figure Figure E10.45
Skater. The outstretched hands

™
and arms of a figure skater prepar-
ing for a spin can be considered a )§? —
slender rod pivoting about an axis
through its center (Fig. E10.45).
When the skater’s hands and arms
are brought in and wrapped around
his body to execute the spin, the
hands and arms can be considered
a thin-walled, hollow cylinder. His
hands and arms have a combined
mass of 8.0 kg. When outstretched, they span 1.8 m; when wrapped,
they form a cylinder of radius 25 cm. The moment of inertia about
the rotation axis of the remainder of his body is constant and equal to
0.40 kg - m?. If his original angular speed is 0.40 rev/s, what is his final
angular speed?
10.46 eo A solid wood door 1.00 m wide and 2.00 m high is hinged
along one side and has a total mass of 40.0 kg. Initially open and at rest,
the door is struck at its center by a handful of sticky mud with mass
0.500 kg, traveling perpendicular to the door at 12.0 m/s just before im-
pact. Find the final angular speed of the door. Does the mud make a
significant contribution to the moment of inertia?
10.47 ee A large wooden turntable in the shape of a flat uniform
disk has a radius of 2.00 m and a total mass of 120 kg. The turntable
is initially rotating at 3.00 rad/s about a vertical axis through its center.
Suddenly, a 70.0 kg parachutist makes a soft landing on the turntable at
a point near the outer edge. (a) Find the angular speed of the turntable
after the parachutist lands. (Assume that you can treat the parachutist
as a particle.) (b) Compute the kinetic energy of the system before and
after the parachutist lands. Why are these kinetic energies not equal?
10.48 e Asteroid Collision! Suppose that an asteroid traveling
straight toward the center of the earth were to collide with our planet at
the equator and bury itself just below the surface. What would have to
be the mass of this asteroid, in terms of the earth’s mass M, for the day
to become 25.0% longer than it presently is as a result of the collision?
Assume that the asteroid is very small compared to the earth and that
the earth is uniform throughout.
10.49 ee A small 10.0 g bug stands at one end of a thin uniform bar
that is initially at rest on a smooth horizontal table. The other end of
the bar pivots about a nail driven into the table and can rotate freely,
without friction. The bar has mass 50.0 g and is 100 cm in length. The
bug jumps off in the horizontal direction, perpendicular to the bar, with
a speed of 20.0 cm/s relative to the table. (a) What is the angular speed
of the bar just after the frisky insect leaps? (b) What is the total kinetic
energy of the system just after the bug leaps? (c) Where does this en-
ergy come from?
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10.50 e A thin uniform rod has a length of 0.500 m and is rotating
in a circle on a frictionless table. The axis of rotation is perpendicular
to the length of the rod at one end and is stationary. The rod has an
angular velocity of 0.400 rad/s and a moment of inertia about the axis
of 3.00 X 107 kg m> A bug initially standing on the rod at the axis
of rotation decides to crawl out to the other end of the rod. When the
bug has reached the end of the rod and sits there, its tangential speed is
0.160 m/s. The bug can be treated as a point mass. What is the mass of
(a) the rod; (b) the bug?

10.51 e You live on a planet far from ours. Based on extensive com-
munication with a physicist on earth, you have determined that all laws
of physics on your planet are the same as ours and you have adopted the
same units of seconds and meters as on earth. But you suspect that the
value of g, the acceleration of an object in free fall near the surface of
your planet, is different from what it is on earth. To test this, you take a
solid uniform cylinder and let it roll down an incline. The vertical height &
of the top of the incline above the lower end of the incline can be
varied. You measure the speed v, of the center of mass of the cylinder
when it reaches the bottom for various values of /. You plot Uem? (in
mz/ s?) versus A (in m) and find that your data lie close to a straight line
with a slope of 6.42m// s%. What is the value of g on your planet?

10.52 oo A uniform, 4.5 kg, square, solid wooden gate 1.5 m on
each side hangs vertically from a frictionless pivot at the center of its
upper edge. A 1.1 kg raven flying horizontally at 5.0 m/s flies into
this door at its center and bounces back at 2.0 m/s in the opposite
direction. (a) What is the angular speed of the gate just after it is struck
by the unfortunate raven? (b) During the collision, why is the angular
momentum conserved but not the linear momentum?

10.53 ee A teenager is standing at the rim of a large horizontal uni-
form wooden disk that can rotate freely about a vertical axis at its
center. The mass of the disk (in kg) is M and its radius (in m) is R. The
mass of the teenager (in kg) is m. The disk and teenager are initially at
rest. The teenager then throws a large rock that has a mass (in kg) of
Myock- As it leaves the thrower’s hands, the rock is traveling horizon-
tally with speed v (in m/s) relative to the earth in a direction tangent to
the rim of the disk. The teenager remains at rest relative to the disk and
so rotates with it after throwing the rock. In terms of M, R, m, myock,
and v, what is the angular speed of the disk? Treat the teenager as a
point mass.

10.54 e A uniform solid disk made of wood is horizontal and rotates
freely about a vertical axle at its center. The disk has radius 0.600 m
and mass 1.60 kg and is initially at rest. A bullet with mass 0.0200 kg is
fired horizontally at the disk, strikes the rim of the disk at a point per-
pendicular to the radius of the disk, and becomes embedded in its rim, a
distance of 0.600 m from the axle. After being struck by the bullet, the
disk rotates at 4.00 rad/s. What is the horizontal velocity of the bullet
just before it strikes the disk?

Section 10.7 Gyroscopes and Precession

10.55 e Stabilization of the Hubble Space Telescope. The Hubble
Space Telescope is stabilized to within an angle of about 2-millionths
of a degree by means of a series of gyroscopes that spin at 19,200 rpm.
Although the structure of these gyroscopes is actually quite complex,
we can model each of the gyroscopes as a thin-walled cylinder of mass
2.0 kg and diameter 5.0 cm, spinning about its central axis. How large
a torque would it take to cause these gyroscopes to precess through an
angle of 1.0 X 107% degree during a 5.0 hour exposure of a galaxy?
10.56 A Gyroscope on the Moon. A certain gyroscope precesses
at a rate of 0.50 rad/s when used on earth. If it were taken to a lunar
base, where the acceleration due to gravity is 0.165g, what would be its
precession rate?

PROBLEMS

10.57 e You are riding your bicycle on a city street, and you are stay-
ing a constant distance behind a car that is traveling at the speed limit of
30 mph. Estimate the diameters of the bicycle wheels and sprockets and
use these estimated quantities to calculate the number of revolutions per
minute made by the large sprocket to which the pedals are attached. Do
a Web search if you aren’t familiar with the parts of a bicycle.

10.58 oo A 50.0 kg grindstone is a solid disk 0.520 m in diam-
eter. You press an ax down on the rim with a normal force of 160 N
(Fig. P10.58). The coefficient of kinetic friction between the blade and
the stone is 0.60, and there is a constant friction torque of 6.50 N -m
between the axle of the stone and its bearings. (a) How much force must
be applied tangentially at the end of a crank handle 0.500 m long to
bring the stone from rest to 120 rev/min in 9.00 s? (b) After the grind-
stone attains an angular speed of 120 rev/min, what tangential force at
the end of the handle is needed to maintain a constant angular speed of
120 rev/min? (c) How much time does it take the grindstone to come
from 120 rev/min to rest if it is acted on by the axle friction alone?

Figure P10.58

m = 50.0 kg

10.59 eee A grindstone in the shape of a solid disk with diameter
0.520 m and a mass of 50.0 kg is rotating at 850 rev/min. You press an
ax against the rim with a normal force of 160 N (Fig. P10.58), and the
grindstone comes to rest in 7.50 s. Find the coefficient of friction be-
tween the ax and the grindstone. You can ignore friction in the bearings.
10.60 ee CP Block A rests on a horizontal tabletop. A light horizon-
tal rope is attached to it and passes over a pulley, and block B is sus-
pended from the free end of the rope. The light rope that connects the
two blocks does not slip over the surface of the pulley (radius 0.080 m)
because the pulley rotates on a frictionless axle. The horizontal surface
on which block A (mass 2.50 kg) moves is frictionless. The system is
released from rest, and block B (mass 6.00 kg) moves downward 1.80 m
in 2.00 s. (a) What is the tension force that the rope exerts on block B?
(b) What is the tension force on block A? (¢) What is the moment of
inertia of the pulley for rotation about the axle on which it is mounted?
10.61 eee A thin, uniform, 3.80 Figure P10.61

kg bar, 80.0 cm long, has very s, ke 250 ke
small 2.50 kg balls glued on at Q Q
either end (Fig. P10.61). It is sup-
ported horizontally by a thin, hor-
izontal, frictionless axle passing
through its center and perpendicular to the bar. Suddenly the right-hand
ball becomes detached and falls off, but the other ball remains glued to
the bar. (a) Find the angular acceleration of the bar just after the ball
falls off. (b) Will the angular acceleration remain constant as the bar
continues to swing? If not, will it increase or decrease? (c) Find the
angular velocity of the bar just as it swings through its vertical position.

Bar Axle (seen end-on)
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10.62 ee Example 10.7 discusses a uniform solid sphere rolling with-
out slipping down a ramp that is at an angle 8 above the horizontal. Now
consider the same sphere rolling without slipping up the ramp. (a) In
terms of g and 3, calculate the acceleration of the center of mass of the
sphere. Is your result larger or smaller than
the acceleration when the sphere rolls down
the ramp, or is it the same? (b) Calculate the
friction force (in terms of M, g, and ) for the
sphere to roll without slipping as it moves up
the incline. Is the result larger, smaller, or the
same as the friction force required to prevent
slipping as the sphere rolls down the incline?
10.63 eo The Atwood’s Machine. Figure
P10.63 illustrates an Atwood’s machine. Find
the linear accelerations of blocks A and B, the
angular acceleration of the wheel C, and the
tension in each side of the cord if there is no
slipping between the cord and the surface of the
wheel. Let the masses of blocks A and B be 4.00
kg and 2.00 kg, respectively, the moment of in-
ertia of the wheel about its axis be 0.220 kg * m2,
and the radius of the wheel be 0.120 m.
10.64 eee The mechanism shown

in Fig. P10.64 is used to raise a
crate of supplies from a ship’s
hold. The crate has total mass

50 kg. A rope is wrapped around

a wooden cylinder that turns on

a metal axle. The cylinder has ra-
dius 0.25 m and moment of inertia

I = 2.9 kg+m? about the axle. The
crate is suspended from the free
end of the rope. One end of the axle pivots on frictionless bearings;
a crank handle is attached to the other end. When the crank is turned,
the end of the handle rotates about the axle in a vertical circle of radius
0.12 m, the cylinder turns, and the crate is raised. What magnitude of
the force F applied tangentially to the rotating crank is required to
raise the crate with an acceleration of 1.40 m/sz? (You can ignore the
mass of the rope as well as the moments of inertia of the axle and
the crank.)

10.65 e A solid uniform sphere and a thin-walled, hollow sphere
have the same mass M and radius R. If they roll without slipping up
a ramp that is inclined at an angle 8 above the horizontal and if both
have the same v, before they start up the incline, calculate the maxi-
mum height above their starting point reached by each object. Which
object reaches the greater height, or do both of them reach the same
height?

10.66 eo A block with mass m = 5.00 kg slides down a surface in-
clined 36.9° to the horizontal (Fig. P10.66). The coefficient of kinetic
friction is 0.25. A string attached to the
block is wrapped around a flywheel
on a fixed axis at O. The flywheel has
mass 25.0 kg and moment of inertia
0.500 kg * m? with respect to the axis of
rotation. The string pulls without slipping
at a perpendicular distance of 0.200 m
from that axis. (a) What is the acceleration
of the block down the plane? (b) What
is the tension in the string?

Figure P10.63

Figure P10.64

A
=T, T012m

i

Figure P10.66

Problems 333

10.67 ee CP A wheel with radius 0.0600 m rotates about a horizontal
frictionless axle at its center. The moment of inertia of the wheel about
the axle is 2.50 kg - m?. The wheel is initially at rest. Then at = 0 a
force F = (5.00 N/s)t is applied tangentially to the wheel and the wheel
starts to rotate. What is the magnitude of the force at the instant when
the wheel has turned through 8.00 revolutions?
10.68 e A lawn roller in the form of a thin-walled, hollow cylinder
with mass M is pulled horizontally with a constant horizontal force F
applied by a handle attached to the axle. If it rolls without slipping, find
the acceleration and the friction force.
10.69  Two weights are connected
by a very light, flexible cord that passes
over an 80.0 N frictionless pulley of ra-
dius 0.300 m. The pulley is a solid uni- ‘|
@

Figure P10.69

form disk and is supported by a hook
connected to the ceiling (Fig. P10.69).
What force does the ceiling exert on the
hook?

10.70 ee A large uniform horizontal
turntable rotates freely about a vertical
axle at its center. You measure the radius
of the turntable to be 3.00 m. To deter-
mine the moment of inertia / of the turn-
table about the axle, you start the turntable rotating with angular speed
w, which you measure. You then drop a small object of mass m onto the
rim of the turntable. After the object has come to rest relative to the turn-
table, you measure the angular speed wy of the rotating turntable. You
plot the quantity (w — wf)/ws (with both  and wy in rad/s) as a func-
tion of m (in kg). You find that your data lie close to a straight line that
has slope 0.250 kg_'. What is the moment of inertia / of the turntable?
10.71 o The Yo-yo. A yo-yo is made from two uniform disks, each
with mass m and radius R, connected by a light axle of radius b. A light,
thin string is wound several times around the axle and then held sta-
tionary while the yo-yo is released from rest, dropping as the string
unwinds. Find the linear acceleration and angular acceleration of the
yo-yo and the tension in the string.

10.72 ee CP Athin-walled, hollow spherical shell of mass m and radius r
starts from rest and rolls without slipping down a track (Fig. P10.72).
Points A and B are on a circular part of the track having radius R. The
diameter of the shell is very small compared to / and R, and the work
done by rolling friction is negligible. (a) What is the minimum height A
for which this shell will make a complete loop-the-loop on the circular
part of the track? (b) How hard does the track push on the shell at point
B, which is at the same level as the center of the circle? (c) Suppose
that the track had no friction and the shell was released from the same
height Ay you found in part (a). Would it make a complete loop-the-
loop? How do you know? (d) In part (c), how hard does the track push
on the shell at point A, the top of the circle? How hard did it push on the
shell in part (a)?

Figure P10.72

Shell
7
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10.73 ee A basketball (which can be closely modeled as a hollow
spherical shell) rolls down a mountainside into a valley and then up
the opposite side, starting from rest at a height H, above the bottom. In
Fig. P10.73, the rough part of the terrain prevents slipping while the
smooth part has no friction. Neglect rolling friction and assume the sys-
tem’s total mechanical energy is conserved. (a) How high, in terms of
H,, will the ball go up the other side? (b) Why doesn’t the ball return to
height H,? Has it lost any of its original potential energy?

Figure P10.73

Rough Smooth

10.74 oo CP A solid uniform
ball rolls without slipping up a hill
(Fig. P10.74). At the top of the hill,
it is moving horizontally, and then it
goes over the vertical cliff. Neglect
rolling friction and assume the
system’s total mechanical energy is
conserved. (a) How far from the foot
of the cliff does the ball land, and how fast is it moving just before it
lands? (b) Notice that when the balls lands, it has a greater translational
speed than when it was at the bottom of the hill. Does this mean that the
ball somehow gained energy? Explain!

10.75 e Rolling Stones. A solid, uniform, spherical boulder starts
from rest and rolls down a 50.0-m-high hill, as shown in Fig. P10.75.
The top half of the hill is rough enough to cause the boulder to roll
without slipping, but the lower half is covered with ice and there is no
friction. What is the translational speed of the boulder when it reaches
the bottom of the hill? Neglect rolling friction and assume the system’s
total mechanical energy is conserved.

Figure P10.74

25.0 m/s
——

Figure P10.75

Smooth

10.76 eee You are designing a system for moving aluminum cylinders
from the ground to a loading dock. You use a sturdy wooden ramp that is
6.00 m long and inclined at 37.0° above the horizontal. Each cylinder is fit-
ted with a light, frictionless yoke through its center, and a light (but strong)
rope is attached to the yoke. Each cylinder is uniform and has mass 460
kg and radius 0.300 m. The cylinders are pulled up the ramp by applying
a constant force F to the free end of the rope. Fis parallel to the surface
of the ramp and exerts no torque on the cylinder. The coefficient of static
friction between the ramp surface and the cylinder is 0.120. (a) What is the
largest magnitude F can have so that the cylinder still rolls without slip-
ping as it moves up the ramp? (b) If the cylinder starts from rest at the bot-
tom of the ramp and rolls without slipping as it moves up the ramp, what
is the shortest time it can take the cylinder to reach the top of the ramp?

10.77 oo A 42.0-cm-diameter wheel, consisting of a rim and six
spokes, is constructed from a thin, rigid plastic material having a linear
mass density of 25.0 g/cm. This wheel is released from rest at the top of
a hill 58.0 m high. (a) How fast is it rolling when it reaches the bottom
of the hill? (b) How would your answer change if the linear mass den-
sity and the diameter of the wheel were each doubled?

10.78 eee A uniform, 0.0300 kg rod of length 0.400 m rotates in a
horizontal plane about a fixed axis through its center and perpendicular
to the rod. Two small rings, each with mass 0.0200 kg, are mounted so
that they can slide without friction along the rod. They are initially held
by catches at positions 0.0500 m on each side of the center of the rod,
and the system is rotating at 48.0 rev/min. With no other changes in the
system, the catches are released, and the rings slide outward along the
rod and fly off at the ends. What is the angular speed (a) of the system
at the instant when the rings reach the ends of the rod; (b) of the rod
after the rings leave it?

10.79 e A uniform solid cylinder with mass M and radius 2R rests on
a horizontal tabletop. A string is attached by a yoke to a frictionless axle
through the center of the cylinder so that the cylinder can rotate about
the axle. The string runs over a disk-shaped pulley with mass M and ra-
dius R that is mounted on a frictionless axle through its center. A block
of mass M is suspended from the free end of the string (Fig. P10.79).
The string doesn’t slip over the pulley surface, and the cylinder rolls
without slipping on the tabletop. Find the magnitude of the acceleration
of the block after the system is released from rest.

Figure P10.79
M

IA:T M
8

10.80 eee A 5.00 kg ball is dropped from a height of 12.0 m above
one end of a uniform bar that pivots at its center. The bar has mass 8.00
kg and is 4.00 m in length. At the other end of the bar sits another 5.00
kg ball, unattached to the bar. The dropped ball sticks to the bar after the
collision. How high will the other ball go after the collision?

10.81 e A uniform rod of length L rests on a frictionless horizontal
surface. The rod pivots about a fixed frictionless axis at one end. The
rod is initially at rest. A bullet traveling parallel to the horizontal surface
and perpendicular to the rod with speed v strikes the rod at its center
and becomes embedded in it. The mass of the bullet is one-fourth the
mass of the rod. (a) What is the final angular speed of the rod? (b) What
is the ratio of the kinetic energy of the system after the collision to the
kinetic energy of the bullet before the collision?

10.82 ee CP A large turntable with radius 6.00 m rotates about a fixed
vertical axis, making one revolution in 8.00 s. The moment of inertia of
the turntable about this axis is 1200 kg - m2. You stand, barefooted, at
the rim of the turntable and very slowly walk toward the center, along a
radial line painted on the surface of the turntable. Your mass is 70.0 kg.
Since the radius of the turntable is large, it is a good approximation to
treat yourself as a point mass. Assume that you can maintain your bal-
ance by adjusting the positions of your feet. You find that you can reach
a point 3.00 m from the center of the turntable before your feet begin
to slip. What is the coefficient of static friction between the bottoms of
your feet and the surface of the turntable?

M
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10.83 ee In your job as a mechanical engineer you are designing a
flywheel and clutch-plate system like the one in Example 10.11. Disk
A is made of a lighter material than disk B, and the moment of inertia of
disk A about the shaft is one-third that of disk B. The moment of
inertia of the shaft is negligible. With the clutch disconnected, A is
brought up to an angular speed wy; B is initially at rest. The acceler-
ating torque is then removed from A, and A is coupled to B. (Ignore
bearing friction.) The design specifications allow for a maximum of
2400 J of thermal energy to be developed when the connection is
made. What can be the maximum value of the original kinetic energy
of disk A so as not to exceed the maximum allowed value of the ther-
mal energy?

10.84 e A local ice hockey team has asked you to design an appara-
tus for measuring the speed of the hockey puck after a slap shot. Your
design is a 2.00-m-long, uniform rod pivoted about one end so that it
is free to rotate horizontally on the ice without friction. The 0.800 kg
rod has a light basket at the other end to catch the 0.163 kg puck. The
puck slides across the ice with velocity & (perpendicular to the rod), hits
the basket, and is caught. After the collision, the rod rotates. If the rod
makes one revolution every 0.736 s after the puck is caught, what was
the puck’s speed just before it hit the rod?

10.85 eee A 500.0 g bird is fly- Figure P10.85

ing horizontally at 2.25 m/s, not -

paying much attention, when it sud- 25.0

denly flies into a stationary vertical Bird cm
P — — = — Y

bar, hitting it 25.0 cm below the top
(Fig. P10.85). The bar is uniform,
0.750 m long, has a mass of 1.50 kg,
and is hinged at its base. The col-
lision stuns the bird so that it just
drops to the ground afterward (but
soon recovers to fly happily away).
What is the angular velocity of the bar (a) just after it is hit by the bird
and (b) just as it reaches the ground?

10.86 eee CP A small block with mass 0.130 kg is attached to a
string passing through a hole in a frictionless, horizontal surface (see
Fig. E10.42). The block is originally revolving in a circle with a radius
of 0.800 m about the hole with a tangential speed of 4.00 m/s. The
string is then pulled slowly from below, shortening the radius of the
circle in which the block revolves. The breaking strength of the string is
30.0 N. What is the radius of the circle when the string breaks?

10.87 e A 55 kg runner runs around the edge of a horizontal turn-
table mounted on a vertical, frictionless axis through its center. The
runner’s velocity relative to the earth has magnitude 2.8 m/s. The
turntable is rotating in the opposite direction with an angular velocity
of magnitude 0.20 rad/s relative to the earth. The radius of the turn-
table is 3.0 m, and its moment of inertia about the axis of rotation is
80 kg - m. Find the final angular velocity of the system if the runner
comes to rest relative to the turntable. (You can model the runner as
a particle.)

10.88 ee DATA The V6 engine in a 2014 Chevrolet Silverado 1500
pickup truck is reported to produce a maximum power of 285 hp at
5300 rpm and a maximum torque of 305 ft - Ib at 3900 rpm. (a) Calculate
the torque, in both ft+1b and N-m, at 5300 rpm. Is your answer in
ft-1b smaller than the specified maximum value? (b) Calculate the
power, in both horsepower and watts, at 3900 rpm. Is your answer in
hp smaller than the specified maximum value? (c) The relationship be-
tween power in hp and torque in ft-1b at a particular angular velocity
in rpm is often written as hp = [torque (in ft+1b) X rpm]/c, where
c is a constant. What is the numerical value of ¢? (d) The engine of a
2012 Chevrolet Camaro ZL1 is reported to produce 580 hp at 6000 rpm.
What is the torque (in ft - 1b) at 6000 rpm?

Hinge

Problems 335

10.89 ee DATA You have one  Figure P10.89
object of each of these shapes, 1(s)

all with mass 0.840 kg: a uni-
form solid cylinder, a thin-walled
hollow cylinder, a uniform solid 22
sphere, and a thin-walled hol-

2.4

low sphere. You release each 20

object from rest at the same ver- 1.8

tical height & above the bottom

of a long wooden ramp that is 1.6 A B C D

inclined at 35.0° from the hori-

zontal. Each object rolls without

slipping down the ramp. You measure the time # that it takes each one to
reach the bottom of the ramp; Fig. P10.89 shows the results. (a) From
the bar graphs, identify objects A through D by shape. (b) Which of ob-
jects A through D has the greatest total kinetic energy at the bottom of
the ramp, or do all have the same kinetic energy? (c) Which of objects A
through D has the greatest rotational kinetic energy %Iw2 at the bottom
of the ramp, or do all have the same rotational kinetic energy? (d) What
minimum coefficient of static friction is required for all four objects to
roll without slipping?

10.90 eee DATA You are testing a small flywheel (radius 0.166 m)
that will be used to store a small amount of energy. The flywheel is
pivoted with low-friction bearings about a horizontal shaft through the
flywheel’s center. A thin, light cord is wrapped multiple times around
the rim of the flywheel. Your lab has a device that can apply a speci-
fied horizontal force F to the free end of the cord. The device records
both the magnitude of that force as a function of the horizontal distance
the end of the cord has traveled and the time elapsed since the force
was first applied. The flywheel is initially at rest. (a) You start with a
test run to determine the flywheel’s moment of inertia /. The magni-
tude F of the force is a constant 25.0 N, and the end of the rope moves
8.35 m in 2.00 s. What is I? (b) In a second test, the flywheel again
starts from rest but the free end of the rope travels 6.00 m; Fig. P10.90
shows the force magnitude F as a function of the distance d that the end
of the rope has moved. What is the kinetic energy of the flywheel when
d = 6.00 m? (c) What is the angular speed of the flywheel, in rev/min,
when d = 6.00 m?

Figure P10.90
F (N)

60.0
40.0

20.0

d (m)

CHALLENGE PROBLEMS

10.91 eee CP CALC A block with mass m is revolving with linear
speed vy in a circle of radius r; on a frictionless horizontal surface
(see Fig. E10.42). The string is slowly pulled from below until the
radius of the circle in which the block is revolving is reduced to r.
(a) Calculate the tension 7 in the string as a function of r, the distance
of the block from the hole. Your answer will be in terms of the initial
velocity vj and the radius ry. (b) Use W = /, ,rlz T(r) + dr to calculate the
work done by T when r changes from 7 to r,. (c) Compare the results of
part (b) to the change in the kinetic energy of the block.
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336 CHAPTER 10 Dynamics of Rotational Motion

10.92 eee When an object is rolling without slipping, the rolling friction
force is much less than the friction force when the object is sliding; a sil-
ver dollar will roll on its edge much farther than it will slide on its flat side
(see Section 5.3). When an object is rolling without slipping on a horizon-
tal surface, we can approximate the friction force to be zero, so that a,
and «, are approximately zero and v, and w, are approximately constant.
Rolling without slipping means v, = rw_ and a, = ra,. If an object is set
in motion on a surface without these equalities, sliding (kinetic) friction
will act on the object as it slips until rolling without slipping is estab-
lished. A solid cylinder with mass M and radius R, rotating with angular
speed w( about an axis through its center, is set on a horizontal surface
for which the kinetic friction coefficient is . (a) Draw a free-body dia-
gram for the cylinder on the surface. Think carefully about the direction
of the kinetic friction force on the cylinder. Calculate the accelerations a,
of the center of mass and «, of rotation about the center of mass. (b) The
cylinder is initially slipping completely, so initially w, = @, but v, = 0.
Rolling without slipping sets in when v, = rw,. Calculate the distance
the cylinder rolls before slipping stops. (c) Calculate the work done by the
friction force on the cylinder as it moves from where it was set down to
where it begins to roll without slipping.

10.93 eee A demonstration gyroscope wheel is constructed by remov-
ing the tire from a bicycle wheel 0.650 m in diameter, wrapping lead
wire around the rim, and taping it in place. The shaft projects 0.200 m
at each side of the wheel, and a woman holds the ends of the shaft in
her hands. The mass of the system is 8.00 kg; its entire mass may be as-
sumed to be located at its rim. The shaft is horizontal, and the wheel is
spinning about the shaft at 5.00 rev/s. Find the magnitude and direction
of the force each hand exerts on the shaft (a) when the shaft is at rest;
(b) when the shaft is rotating in a horizontal plane about its center at
0.050 rev/s; (c) when the shaft is rotating in a horizontal plane about its
center at 0.300 rev/s. (d) At what rate must the shaft rotate in order that
it may be supported at one end only?

MCAT-STYLE PASSAGE PROBLEMS

BIO Human Moment of Inertia. The moment of inertia of the
human body about an axis through its center of mass is important
in the application of biomechanics to sports such as diving and

ANSWERS

gymnastics. We can measure the
body’s moment of inertia in a
particular position while a per-
son remains in that position on
horizontal turntable, with the body’s
center of mass on the turntable’s ro-
tational axis. The turntable with the
person on it is then accelerated from
rest by a torque that is produced by
using a rope wound around a pulley Y
on the shaft of the turntable. From :
the measured tension in the rope and

the angular acceleration, we can cal-
culate the body’s moment of inertia
about an axis through its center of mass.
10.94 The moment of inertia of the empty turntable is 1.5 kg*m?.
With a constant torque of 2.5 N+ m, the turntable—person system takes
3.0 s to spin from rest to an angular speed of 1.0 rad/s. What is the
person’s moment of inertia about an axis through her center of mass?
Ignore friction in the turntable axle. (a) 2.5 kg-mz; (b) 6.0 kg'mz;
(¢) 7.5 kg - m%; (d) 9.0 kg * m>.

10.95 While the turntable is being accelerated, the person suddenly
extends her legs. What happens to the turntable? (a) It suddenly speeds
up; (b) it rotates with constant speed; (c) its acceleration decreases;
(d) it suddenly stops rotating.

10.96 A doubling of the torque produces a greater angular accelera-
tion. Which of the following would do this, assuming that the tension in
the rope doesn’t change? (a) Increasing the pulley diameter by a factor
of V2; (b) increasing the pulley diameter by a factor of 2; (c) increasing
the pulley diameter by a factor of 4; (d) decreasing the pulley diameter
by a factor of V2.

10.97 If the body’s center of mass were not placed on the rotational
axis of the turntable, how would the person’s measured moment of in-
ertia compare to the moment of inertia for rotation about the center of
mass? (a) The measured moment of inertia would be too large; (b) the
measured moment of inertia would be too small; (¢) the two moments
of inertia would be the same; (d) it depends on where the body’s center
of mass is placed relative to the center of the turntable.

Overhead view of a female
gymnast lying in somersault
position atop a turntable

?

Chapter Opening Question ¢

(iv) A tossed pin rotates around its center of mass (which is located
toward its thick end). This is also the point at which the gravitational
force acts on the pin, so this force exerts no torque on the pin. Hence
the pin rotates with constant angular momentum, and its angular speed
remains the same.

Key Example VARIATION Problems
VP10.3.1 (a) 10 rad/s® (b) 0.90N - m (c) I5N

B g _ mg B Mg
VP10.3.2 (@) ay = ——— ()T = =
1+ M/m 1+m/M 1+ M/m

VP10.3.3 @) T =m(g — a) (b) [ = mR2<§ _ 1)
a
VP10.3.4 (a) T = m(g + a) (b) Teable on cylinder = MR(g + a)
() Tmotor on cylinder = mR(g + a) + %MRa
VP10.7.1 (a) aemoy = %g O T = %Mg

VP10.7.2 (a) e = 2gsinB (b) f = 2Mgsing (c) 7 = 2 MgRsing
VP10.7.3 (a) dem = Lg, downward (b) a, = 1%
VP10.7.4 (a) f = MgsinB (b) Beritical = arctan 3y
VP10.12.1 (a) 5w, (b) & = 0.953

VP10.12.2 (a) 5wy (b) 22 = 0.576

VP10.12.3 (a) 0.80 rad/s (b) 0.0020 = 1/500

3
VP10.12.4 (a) MRv before, MRv/2 after (b) w = ﬁ (c) %

Bridging Problem
2R

@h ="

(b) % of the speed it had just after the hit
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