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Chapter 3. Interpolation and
Extrapolation

3.0 Introduction

We sometimes know the value of a function f(z) atasetof points 1, T3, ...,ZN
(say, withz; < ... < zn), but we don’thave an analytic expression for f(z) that lets
us calculate its value at an arbitrary point. For example, the f(z;)’s might result from
some physical measurement or from long numerical calculation that cannot be cast
into a simple functional form. Often the z;’s are equally spaced, but not necessarily.

The task now is to estimate f(z) for arbitrary x by, in some sense, drawing a
smooth curve through (and perhaps beyond) the z;. If the desired x is in between the
largest and smallest of the z;’s, the problem is called interpolation; if x is outside
that range, it is called extrapolation, which is considerably more hazardous (as many
former stock-market analysts can attest).

Interpolation and extrapolation schemes must model the function, between or
beyond the known points, by some plausible functional form. The form should
be sufficiently general so as to be able to approximate large classes of functions
which might arise in practice. By far most common among the functional forms
used are polynomials (§3.1). Rational functions (quotients of polynomials) also turn
out to be extremely useful (§3.2). Trigonometric functions, sines and cosines, give
rise to trigonometric interpolation and related Fourier methods, which we defer to
Chapters 12 and 13.

There is an extensive mathematical literature devoted to theorems about what
sort of functions can be well approximated by which interpolating functions. These
theorems are, alas, almost completely useless in day-to-day work: If we know
enough about our function to apply a theorem of any power, we are usually not in
the pitiful state of having to interpolate on a table of its values!

Interpolation is related to, but distinct from, function approximation. That task
consists of finding an approximate (but easily computable) function to use in place
of a more complicated one. In the case of interpolation, you are given the function
f at points not of your own choosing. For the case of function approximation,
you are allowed to compute the function f at any desired points for the purpose of
developing your approximation. We deal with function approximation in Chapter 5.

One can easily find pathological functions that make a mockery of any interpo-
lation scheme. Consider, for example, the function

@) =322 + % In [(r — 2)?] +1 (3.0.1)
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106 Chapter 3. Interpolation and Extrapolation

which is well-behaved everywhere except at z = m, very mildly singular at x = 7,
and otherwise takes on all positive and negative values. Any interpolation based
on the values x = 3.13, 3.14, 3.15, 3.16, will assuredly get a very wrong answer for
the value £ = 3.1416, even though a graph plotting those five points looks really
quite smooth! (Try it on your calculator.)

Because pathologies can lurk anywhere, it is highly desirable that an interpo-
lation and extrapolation routine should provide an estimate of its own error. Such
an error estimate can never be foolproof, of course. We could have a function that,
for reasons known only to its maker, takes off wildly and unexpectedly between
two tabulated points. Interpolation always presumes some degree of smoothness
for the function interpolated, but within this framework of presumption, deviations
from smoothness can be detected.

Conceptually, the interpolation process has two stages: (1) Fit an interpolating
function to the data points provided. (2) Evaluate that interpolating function at
the target point z.

However, this two-stage method is generally not the best way to proceed in
practice. Typically it is computationally less efficient, and more susceptible to
roundoff error, than methods which construct a functional estimate f(z) directly
from the N tabulated values every time one is desired. Most practical schemes start
at a nearby point f(z;), then add a sequence of (hopefully) decreasing corrections,
as information from other f(z;)’s is incorporated. The procedure typically takes
O(N?) operations. If everything is well behaved, the last correction will be the
smallest, and it can be used as an informal (though not rigorous) bound on the error.

In the case of polynomial interpolation, it sometimes does happen that the
coefficients of the interpolating polynomial are of interest, even though their use
in evaluating the interpolating function should be frowned on. We deal with this
eventuality in §3.5.

Local interpolation, using a finite number of “nearest-neighbor” points, gives
interpolated values f(z) that do not, in general, have continuous first or higher
derivatives. That happens because, as x crosses the tabulated values z;, the
interpolation scheme switches which tabulated points are the “local” ones. (If such
a switch is allowed to occur anywhere else, then there will be a discontinuity in the
interpolated function itself at that point. Bad idea!)

In situations where continuity of derivatives is a concern, one must use
the “stiffer” interpolation provided by a so-called spline function. A spline is
a polynomial between each pair of table points, but one whose coefficients are
determined “slightly”” nonlocally. The nonlocality is designed to guarantee global
smoothness in the interpolated function up to some order of derivative. Cubic splines
(§3.3) are the most popular. They produce an interpolated function that is continuous
through the second derivative. Splines tend to be stabler than polynomials, with less
possibility of wild oscillation between the tabulated points.

The number of points (minus one) used in an interpolation scheme is called
the order of the interpolation. Increasing the order does not necessarily increase
the accuracy, especially in polynomial interpolation. If the added points are distant
from the point of interest z, the resulting higher-order polynomial, with its additional
constrained points, tends to oscillate wildly between the tabulated values. This
oscillation may have no relation at all to the behavior of the “true” function (see
Figure 3.0.1). Of course, adding points close to the desired point usually does help,
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(b) -

Figure 3.0.1. (a) A smooth function (solid line) is more accurately interpolated by a high-order
polynomial (shown schematically as dotted line) than by a low-order polynomial (shown as a piecewise
linear dashed line). (b) A function with sharp comers or rapidly changing higher derivatives is less
accurately approximated by a high-order polynomial (dotted line), which is too “stiff,” than by a low-order
polynomial (dashed lines). Even some smooth functions, such as exponentials or rational functions, can
be badly approximated by high-order polynomials.

but a finer mesh implies a larger table of values, not always available.

Unless there is solid evidence that the interpolating function is close in form to
the true function f, it is a good idea to be cautious about high-order interpolation.
We enthusiastically endorse interpolations with 3 or 4 points, we are perhaps tolerant
of 5 or 6; but we rarely go higher than that unless there is quite rigorous monitoring
of estimated errors.

When your table of values contains many more points than the desirable order
of interpolation, you must begin each interpolation with a search for the right “local”
place in the table. While not strictly a part of the subject of interpolation, this task is
important enough (and often enough botched) that we devote §3.4 to its discussion.

The routines given for interpolation are also routines for extrapolation. An
important application, in Chapter 16, is their use in the integration of ordinary
differential equations. There, considerable care is taken with the monitoring of
errors. Otherwise, the dangers of extrapolation cannot be overemphasized: An
interpolating function, which is perforce an extrapolating function, will typically go
berserk when the argument z is outside the range of tabulated values by more than
the typical spacing of tabulated points.

Interpolation can be done in more than one dimension, e.g., for a function
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f(z,vy, z). Multidimensional interpolation is often accomplished by a sequence of
one-dimensional interpolations. We discuss this in §3.6.

CITED REFERENCES AND FURTHER READING:

Abramowitz, M., and Stegun, |.A. 1964, Handbook of Mathematical Functions, Applied Math-
ematics Series, vol. 55 (Washington: National Bureau of Standards; reprinted 1968 by
Dover Publications, New York), §25.2.

Stoer, J., and Bulirsch, R. 1980, Introduction to Numerical Analysis (New York: Springer-Verlag),
Chapter 2.

Acton, F.S. 1970, Numerical Methods That Work; 1990, corrected edition (Washington: Mathe-
matical Association of America), Chapter 3.

Kahaner, D., Moler, C., and Nash, S. 1989, Numerical Methods and Software (Englewood Cliffs,
NJ: Prentice Hall), Chapter 4.

Johnson, L.W., and Riess, R.D. 1982, Numerical Analysis, 2nd ed. (Reading, MA: Addison-
Wesley), Chapter 5.

Ralston, A., and Rabinowitz, P. 1978, A First Course in Numerical Analysis, 2nd ed. (New York:
McGraw-Hill), Chapter 3.

Isaacson, E., and Keller, H.B. 1966, Analysis of Numerical Methods (New York: Wiley), Chapter 6.

3.1 Polynomial Interpolation and Extrapolation

Through any two points there is a unique line. Through any three points, a
unique quadratic. Et cetera. The interpolating polynomial of degree N — 1 through
the N points y1 = f(z1),y2 = f(z2),...,yn = f(zn) is given explicitly by
Lagrange’s classical formula,

(x — z2)(x — z3)...(x — zN) (z —z1)(z — z3)...(z — zN)
(z1 — z2)(z1 — x3)...(21 — zN)y1 (x2 — z1)(z2 — z3)...(T2 — ZN)
(z — z1)(z — z2)...(z —zN_1)
(zNn — z1)(@N — T2). (TN —TN_1) "

P(z) =

ot

(3.1.1)
There are N terms, each a polynomial of degree N — 1 and each constructed to be
zero at all of the x; except one, at which it is constructed to be y;.

It is not terribly wrong to implement the Lagrange formula straightforwardly,
but it is not terribly right either. The resulting algorithm gives no error estimate, and
it is also somewhat awkward to program. A much better algorithm (for constructing
the same, unique, interpolating polynomial) is Neville’s algorithm, closely related to
and sometimes confused with Aitken’s algorithm, the latter now considered obsolete.

Let P, be the value at =z of the unique polynomial of degree zero (i.e.,
a constant) passing through the point (z1,y1); so P = y;. Likewise define
Py, Ps,...,Py. Now let Pj2 be the value at = of the unique polynomial of
degree one passing through both (z1,y1) and (z2,y2). Likewise Pog, Pig,...,
P(n_1)n. Similarly, for higher-order polynomials, up to Pj23... i, which is the value
of the unique interpolating polynomial through all V points, i.e., the desired answer.
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The various P’s form a “tableau” with “ancestors” on the left leading to a single
“descendant” at the extreme right. For example, with N = 4,

zy: n=~r

Py
z3: y2 = P Pio3

Pys Pio3q (312)
x3: y3 = P3 Po34

P3y

T4 ys =Py

Neville’s algorithm is a recursive way of filling in the numbers in the tableau
a column at a time, from left to right. It is based on the relationship between a
“daughter” P and its two “parents,”

(@ — Titm) Pigig1)...Gi4m-1) + (Ti — ) Pliy1)(i+2)...(i4m)
Ti — Ti+m

-Pz'(z'+1)...(i+m) =
(3.1.3)

This recurrence works because the two parents already agree at points z;4 ...
Titm—1-
An improvement on the recurrence (3.1.3) is to keep track of the small

differences between parents and daughters, namely to define (for m = 1,2,...,
N -1,
Cm,i = P (i4m) — Bi...(i+m-1)

Dmi = Pi. (i4m) — Plas1)...(i4m)- (3.14)
Then one can easily derive from (3.1.3) the relations

(.’Ei+m+1 - 113) (Cm,z'+l — Dm,i)

Ti — Tigm+l
3.1.5
(z; — )(Crm,it1 — Dm,i) ( )
Ti — Tigm1

Dpy1: =

Cmt1,i =

At each level m, the C"’s and D’s are the corrections that make the interpolation one
order higher. The final answer P;  y is equal to the sum of any y; plus a set of C’s
and/or D’s that form a path through the family tree to the rightmost daughter.

Here is a routine for polynomial interpolation or extrapolation from N input
points. Note that the input arrays are assumed to be unit-offset. If you have
zero-offset arrays, remember to subtract 1 (see §1.2):

#include <math.h>
#include "nrutil.h"

void polint(float xa[], float ya[]l, int n, float x, float *y, float *dy)
Given arrays xa[1..n] and ya[1..n], and given a value x, this routine returns a value y, and
an error estimate dy. If P(x) is the polynomial of degree N — 1 such that P(xa;) = ya,,i =
1,...,n, then the returned value y = P(x).
{

int i,m,ns=1;

float den,dif,dift,ho,hp,w;
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float *c,*d;

dif=fabs(x-xal[1]);
c=vector(1i,n);
d=vector(1,n);

for (i=1;i<=n;i++) { Here we find the index ns of the closest table entry,
if ( (dift=fabs(x-xa[i])) < dif) {
ns=i;
dif=dift;
}
clil=yalil; and initialize the tableau of ¢'s and d's.
d[il=yalil;
}
*xy=ya[ns--]; This is the initial approximation to y.
for (m=1;m<n;m++) { For each column of the tableau,
for (i=1;i<=n-m;i++) { we loop over the current c's and d's and update
ho=xalil-x; them.
hp=xa[i+m]-x;
w=c[i+1]1-d[i]l;
if ( (den=ho-hp) == 0.0) nrerror("Error in routine polint");
This error can occur only if two input xa's are (to within roundoff) identical.
den=w/den;
d[i]=hp*den; Here the ¢'s and d's are updated.
c[il=ho*den;
}
*y += (xdy=(2%ns < (n-m) ? c[ns+1] : d[ns--1));
After each column in the tableau is completed, we decide which correction, ¢ or d,
we want to add to our accumulating value of y, i.e., which path to take through the
tableau—forking up or down. We do this in such a way as to take the most “straight
line" route through the tableau to its apex, updating ns accordingly to keep track of
where we are. This route keeps the partial approximations centered (insofar as possible)
on the target x. The last dy added is thus the error indication.
}

free_vector(d,1,n);
free_vector(c,1,n);

Quite often you will want to call polint with the dummy arguments xa
and ya replaced by actual arrays with offsets. For example, the construction
polint (&xx[14],&yy[14],4,x,y,dy) performs 4-point interpolation on the tab-
ulated values xx[15..18], yy[15. .18]. For more on this, see the end of §3.4.

CITED REFERENCES AND FURTHER READING:

Abramowitz, M., and Stegun, |.A. 1964, Handbook of Mathematical Functions, Applied Math-
ematics Series, vol. 55 (Washington: National Bureau of Standards; reprinted 1968 by
Dover Publications, New York), §25.2.

Stoer,§ J., and Bulirsch, R. 1980, Introduction to Numerical Analysis (New York: Springer-Verlag),

2.1.

Gear, C.W. 1971, Numerical Initial Value Problems in Ordinary Differential Equations (Englewood
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}

den += sumw;
}
den *= m4; Correct normalization.
for (j=1;j<=m;j++) pl[jl /= den; Normalize the output.

free_vector(w2,1,m);
free_vector(wl,1,m4);
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13.5 Digital Filtering in the Time Domain

Suppose that you have a signal that you want to filter digitally. For example, perhaps
you want to apply high-pass or low-pass filtering, to eliminate noise at low or high frequencies
respectively; or perhaps the interesting part of your signal lies only in a certain frequency
band, so that you need a bandpass filter. Or, if your measurements are contaminated by 60
Hz power-line interference, you may need a notch filter to remove only a narrow band around
that frequency. This section speaks particularly about the case in which you have chosen to
do such filtering in the time domain.

Before continuing, we hope you will reconsider this choice. Remember how convenient
it is to filter in the Fourier domain. You just take your whole data record, FFT it, multiply
- the FFT output by a filter function H(f), and then do an inverse FFT to get back a filtered
data set in time domain. Here is some additional background on the Fourier technique that
you will want to take into account.

e Remember that you must define your filter function H(f) for both positive and
negative frequencies, and that the magnitude of the frequency extremes is always
the Nyquist frequency 1/(2A), where A is the sampling interval. The magnitude
of the smallest nonzero frequencies in the FFT is £1/(NA), where N is the
number of (complex) points in the FFT. The positive and negative frequencies to
which this filter are applied are arranged in wrap-around order.

o If the measured data are real, and you want the filtered output also to be real, then
your arbitrary filter function should obey H(—f) = H(f)*. You can arrange this
most easily by picking an ‘H that is real and even in f.
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o If your chosen H(f) has sharp vertical edges in it, then the impulse response of
your filter (the output arising from a short impulse as input) will have damped
“ringing” at frequencies corresponding to these edges. There is nothing wrong
with this, but if you don’t like it, then pick a smoother H(f). To get a first-hand
look at the impulse response of your filter, just take the inverse FFT of your H( f).
If you smooth all edges of the filter function over some number & of points, then
the impulse response function of your filter will have a span on the order of a
fraction 1/k of the whole data record.

o If your data set is too long to FFT all at once, then break it up into segments of
any convenient size, as long as they are much longer than the impulse response
function of the filter. Use zero-padding, if necessary.

¢ You should probably remove any trend from the data, by subtracting from it a
straight line through the first and last points (i.e., make the first and last points equal
to zero). If you are segmenting the data, then you can pick overlapping segments
and use only the middle section of each, comfortably distant from edge effects.

e A digital filter is said to be causal or physically realizable if its output for a
particular time-step depends only on inputs at that particular time-step or earlier.
It is said to be acausal if its output can depend on both earlier and later inputs.
Filtering in the Fourier domain is, in general, acausal, since the data are processed
“in a batch,” without regard to time ordering. Don’t let this bother you! Acausal
filters can generally give superior performance (e.g., less dispersion of phases,
sharper edges, less asymmetric impulse response functions). People use causal
filters not because they are better, but because some situations just don’t allow
access to out-of-time-order data. Time domain filters can, in principle, be either
causal or acausal, but they are most often used in applications where physical
realizability is a constraint. For this reason we will restrict ourselves to the causal
case in what follows.

If you are still favoring time-domain filtering after all we have said, it is probably because
you have a real-time application, for which you must process a continuous data stream and
wish to output filtered values at the same rate as you receive raw data. Otherwise, it may
be that the quantity of data to be processed is so large that you can afford only a very small
number of floating operations on each data point and cannot afford even a modest-sized FFT
(with a number of floating operations per data point several times the logarithm of the number
of points in the data set or segment).

Linear Filters

The most general linear filter takes a sequence zj; of input points and produces a
sequence y, of output points by the formula

M N
Un =) Ck Tnok+ Y d; Yn—j (13.5.1)
k=0 j=1

Here the M + 1 coefficients ¢, and the N coefficients d; are fixed and define the filter
response. The filter (13.5.1) produces each new output value from the current and M previous
input values, and from its own N previous output values. If N = 0, so that there is no second
sum in (13.5.1), then the filter is called nonrecursive or finite impulse response (FIR). If
N # 0, then it is called recursive or infinite impulse response (IIR). (The term “IIR” connotes
only that such filters are capable of having infinitely long impulse responses, not that their
impulse response is necessarily long in a particular application. Typically the response of an
IIR filter will drop off exponentially at late times, rapidly becoming negligible.)
The relation between the c,’s and d;’s and the filter response function H( f) is

M .
> cre 2T iR(IA)

H(f) = == (13.5.2)
1 — Z d]_e—27rij(fA)

j=1
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where A is, as usual, the sampling interval. The Nyquist interval corresponds to fA between
—1/2 and 1/2. For FIR filters the denominator of (13.5.2) is just unity.

Equation (13.5.2) tells how to determine H(f) from the ¢’s and d’s. To design a filter,
though, we need a way of doing the inverse, getting a suitable set of ¢’s and d’s — as small
a set as possible, to minimize the computational burden — from a desired H(f). Entire
books are devoted to this issue. Like many other “inverse problems,” it has no all-purpose
solution. One clearly has to make compromises, since H(f) is a full continuous function,
while the short list of ¢’s and d’s represents only a few adjustable parameters. The subject of
digital filter design concerns itself with the various ways of making these compromises. We
cannot hope to give any sort of complete treatment of the subject. We can, however, sketch
a couple of basic techniques to get you started. For further details, you will have to consult
some specialized books (see references).

FIR (Nonrecursive) Filters

When the denominator in (13.5.2) is unity, the right-hand side is just a discrete Fourier
transform. The transform is easily invertible, giving the desired small number of ¢, coefficients
in terms of the same small number of values of H(f;) at some discrete frequencies f;. This
fact, however, is not very useful. The reason is that, for values of ¢x computed in this way,
‘H(f) will tend to oscillate wildly in between the discrete frequencies where it is pinned
down to specific values.

A better strategy, and one which is the basis of several formal methods in the literature,
is this: Start by pretending that you are willing to have a relatively large number of filter
coefficients, that is, a relatively large value of M. Then H( f) can be fixed to desired values

on a relatively fine mesh, and the M coefficients cx, £ = 0,...,M — 1 can be found by
an FFT. Next, truncate (set to zero) most of the ci’s, leaving nonzero only the first, say,
K, (co,c1,...,¢x—1) and last K — 1, (cmM—Kk+1,-..,cm—1). The last few c’s are filter

coefficients at negative lag, because of the wrap-around property of the FFT. But we don’t
want coefficients at negative lag. Therefore we cyclically shift the array of ci’s, to bring
everything to positive lag. (This corresponds to introducing a time-delay into the filter.) Do
this by copying the ¢, ’s into a new array of length M in the following order:

(CM_K+1,...,CM_1, Coy, C1y...,CK—1, 0, 0,...,0) (1353)

To see if your truncation is acceptable, take the FFT of the array (13.5.3), giving an
approximation to your original H(f). You will generally want to compare the modulus
|H(f)| to your original function, since the time-delay will have introduced complex phases
into the filter response.

If the new filter function is acceptable, then you are done and have a set of 2K — 1
filter coefficients. If it is not acceptable, then you can either (i) increase K and try again,
or (ii) do something fancier to improve the acceptability for the same K. An example of
something fancier is to modify the magnitudes (but not the phases) of the unacceptable H( f)
to bring it more in line with your ideal, and then to FFT to get new c;’s. Once again set
to zero all but the first 2K — 1 values of these (no need to cyclically shift since you have
preserved the time-delaying phases), then inverse transform to get a new H(f), which will
often be more acceptable. You can iterate this procedure. Note, however, that the procedure
will not converge if your requirements for acceptability are more stringent than your 2K — 1
coefficients can handle.

The key idea, in other words, is to iterate between the space of coefficients and the space
of functions H(f), until a Fourier conjugate pair that satisfies the imposed constraints in both
spaces is found. A more formal technique for this kind of iteration is the Remes Exchange
Algorithm which produces the best Chebyshev approximation to a given desired frequency
response with a fixed number of filter coefficients (cf. §5.13).
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