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276  CHAPTER4 Shear Forces and Bending Moments

and the second for moments about point A, as follows (CounterClockWiSe
moments are positive):

SMp=0 —R,L+ Py(L—a)+ M, =0
ZMA=O _P4CI+RBL+M1=O
Therefore, the reactions are
P4(L —a) M] P.qﬂ M[
Ry=—"—-+— RBo==r T e
A L L & L

Again, summation of forces in the vertical direction provides a check on
these results.

The preceding discussion illustrates how the reactions of Statically
determinate beams are calculated from equilibrium equations. We haye
intentionally used symbolic examples rather than numerical examples jy
order to show how the individual steps are carried out.

4.3 SHEAR FORCES AND BENDING MOMENTS

3
JQm

(a)

FIG.4-4 Shear force V and bending
moment M in a beam

When a beam is loaded by forces or couples, stresses and strains are cre-
ated throughout the interior of the beam. To determine these stresses and
strains, we first must find the internal forces and internal couples that act
on cross sections of the beam.

As an illustration of how these internal quantities are found,
consider a cantilever beam AB loaded by a force P at its free end
(Fig. 4-4a). We cut through the beam at a cross section mn located at
distance x from the free end and isolate the left-hand part of the beam as
a free body (Fig. 4-4b). The free body is held in equilibrium by the force
P and by the stresses that act over the cut cross section. These stresses
represent the action of the right-hand part of the beam on the left-hand
part. At this stage of our discussion we do not know the distribution of
the stresses acting over the cross section; all we know is that the resul-
tant of these stresses must be such as to maintain equilibrium of the free
body.

From statics, we know that the resultant of the stresses acting on the
cross section can be reduced to a shear force V and a bending moment
M (Fig. 4-4b). Because the load P is transverse to the axis of the beam,
no axial force exists at the cross section. Both the shear force and the
bending moment act in the plane of the beam, that is, the vector for the
shear force lies in the plane of the figure and the vector for the moment
is perpendicular to the plane of the figure.

Shear forces and bending moments, like axial forces in bars and
internal torques in shafts, are the resultants of stresses distributed over
the cross section. Therefore, these quantities are known collectively as
stress resultants.
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SECTION 4.3 Shear Forces and Bending Moments 277

The stress resultants in statically determinate beams can be calcu-
lated from equations of equilibrium. In the case of the cantilever beam
of Fig. 4-4a, we use the free-body diagram of Fig. 4-4b. Summing
forces in the vertical direction and also taking moments about the cut
section, we get '

P2 Fyerr =0 P—V=0 or V=P
>M=0 M—Px=0 or M= Px

where x is the distance from the free end of the beam to the cross section
where V and M are being determined. Thus, through the use of a free-
body diagram and two equations of equilibrium, we can calculate the
shear force and bending moment without difficulty.

Sign Conventions

Let us now consider the sign conventions for shear forces and bending
moments. It is customary to assume that shear forces and bending
moments are positive when they act in the directions shown in Fig. 4-4b.
Note that the shear force tends to rotate the material clockwise and the
bending moment tends to compress the upper part of the beam and elon-

— gate the lower part. Also, in this instance, the shear force acts downward
l‘) (l &) T) and the bending moment acts counterclockwise.
M

The action of these same stress resultants against the right-hand part
of the beam is shown in Fig. 4-4c. The directions of both quantities are
now reversed—the shear force acts upward and the bending moment
ending moment M acts clockwise. However, the shear force still tends to rotate the material
' clockwise and the bending moment still tends to compress the upper part
of the beam and elongate the lower part.

Therefore, we must recognize that the algebraic sign of a stress
resultant is determined by how it deforms the material on which it acts,
rather than by its direction in space. In the case of a beam, a positive

. TV shear force acts clockwise against the material (Figs. 4-4b and c¢) and a
| lV Vl

negative shear force acts counterclockwise against the material. Also, a
positive bending moment compresses the upper part of the beam (Figs.
4-4b and c) and a negative bending moment compresses the lower part.
(a) To make these conventions clear, both positive and negative shear
forces and bending moments are shown in Fig. 4-5. The forces and
moments are shown acting on an element of a beam cut out between two
cross sections that are a small distance apart.
The deformations of an element caused by both positive and nega-
tive shear forces and bending moments are sketched in Fig. 4-6. We see

) that a positive shear force tends to deform the element by causing the

right-hand face to move downward with respect to the left-hand face,

formations (highly exagger- and, as already mentioned, a positive bending moment compresses the
beam element caused by upper part of a beam and elongates the lower part.

°¢s, and (b) bending Sign conventions for stress resultants are called deformation sign

conventions because they are based upon how the material is deformed.
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278 CHAPTER4 Shear Forces and Bending Moments

(b)

M(? B

(c)

FIG.4-4 (Repeated)

For instance, we previously used a deformation sign convention s
ing with axial forces in a bar. We stated that an axjg] foree
elongation (or tension) in a bar is positive and an axig] fOrce"
shortening (or compression) is negative. Thus, the sign of an
depends upon how it deforms the material, not upon its diren
space.

By contrast, when writing equations of equilibrium we ye
sign conventions, in which forces are positive or negative g -- ,
their directions along the coordinate axes. For instance, if Wé, :
ming forces in the y direction, forces acting in the positive dir
the y axis are taken as positive and forces acting in the pegs
tion are taken as negative. .

As an example, consider Fig. 4-4b, which is a free-body dig
part of the cantilever beam. Suppose that we are summing fg
vertical direction and that the y axis is positive upward. Thep
is given a positive sign in the equation of equilibrium bees
upward. However, the shear force V (which is a positive shegr f
given a negative sign because it acts downward (that is, in the p
direction of the y axis). This example shows the distinction heqy
deformation sign convention used for the shear force and the sy
convention used in the equation of equilibrium.

The following examples illustrate the techniques for handi
conventions and determining shear forces and bending mom
beams. The general procedure consists of constructing free-hg
grams and solving equations of equilibrium.

i

Example 4-1

A simple beam AB supports two loads, a force P and a couple My, a
shown in Fig. 4-7a.

Find the shear force V and bending moment M in the beam at cross
located as follows: (a) a small distance to the left of the midpoint of th
and (b) a small distance to the right of the midpoint of the beam.

Solution

Reactions. The first step in the analysis of this beam is to find the /@
R, and Ry at the supports. Taking moments about ends B and A gives I
tions of equilibrium, from which we find, respectively,

P M, P M,
g P R, R AP
Ri=""71 BT F

(a) Shear force and bending moment to the left of the midpoint. We
beam at a cross section just to the left of the midpoint and draw a fr
gram of either half of the beam. In this example, we choose the lefi-ha
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SECTION 4.3 Shear Forces and Bending Moments 279

the beam as the free body (Fig. 4-7b). This free body is held in equilibrium by

My the load P, the reaction R,, and the two unknown stress resultants— the shear
™ —=mp force V and the bending moment M, both of which are shown in their positive

/ directions (see Fig. 4-5). The couple M, does not act on the free body because
=Ll the beam is cut to the left of its point of application. Summing forces in the ver-

nm T tical direction (upward is positive) gives
U 2 j SFun=0 Ry—P—-V=0
B
@ from which we get the shear force:
a
E M,
V=Rs — P=———r— =
2 e (b)
M
- This result shows that when P and M, act in the directions shown in Fig. 4-7a,
— l the shear force (at the selected location) is negative and acts in the opposite
Vv direction to the positive direction assumed in Fig. 4-7b.
Taking moments about an axis through the cross section where the
(b) beam is cut (see Fig. 4-7b) gives
2M=0 —RA(-I—‘) + P(L) +M=0
2 4
M, in which counterclockwise moments are taken as positive. Solving for the bend-
M ing moment M, we get
=)| o
L L\ _.PL 0
M=Rs=|—Pl—|=—7—— =
v ’*(2) (4) 8 2 =
© The bending moment M may be either positive or negative, depending upon the

magnitudes of the loads P and M. If it is positive, it acts in the direction shown
in the figure; if it is negative, it acts in the opposite direction.

(b) Shear force and bending moment to the right of the midpoint. In this
case we cut the beam at a cross section just to the right of the midpoint and
again draw a free-body diagram of the part of the beam to the left of the cut sec-
tion (Fig. 4-7¢). The difference between this diagram and the former one is that
the couple M, now acts on the free body. From two equations of equilibrium,
the first for forces in the vertical direction and the second for moments about an
axis through the cut section, we obtain

nple 4-1. Shear forces and
oments in a simple beam

P My PL , My
YP=———== M= d, =
4L g 2 s
These results show that when the cut section is shifted from the left to the right
of the couple My, the shear force does not change (because the vertical forces
acting on the free body do not change) but the bending moment increases alge-
braically by an amount equal to My (compare Egs. c and e).
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280 CHAPTER 4 Shear Forces and Bending Moments

Example 4-2

FIG.4-8 Example 4-2. Shear force and
bending moment in a cantilever beam

A cantilever beam that is free at end A and fixed at end B is subM'
tributed load of linearly varying intensity g (Fig. 4-8a). The maximum imeﬂ'si'l;
of the load occurs at the fixed support and is equal to gj,. -
Find the shear force V and bending moment M at distance x from the el
end of the beam. B

Solution

Shear force. We cut through the beam at distance x from the left-hand end
and isolate part of the beam as a free body (Fig. 4-8b). Acting on the free body
are the distributed load g, the shear force V, and the bending moment M. Both
unknown quantities (V and M) are assumed to be positive.

The intensity of the distributed load at distance x from the end is

= o¥
9= (1)
Therefore, the total downward load on the free body, equal to the area of the

triangular loading diagram (Fig. 4-8b), is

s

- T)(x) =

QOIZ
2L

From an equation of equilibrium in the vertical direction we find

)
qoX

V=—
2L

(4-2a2) =
At the free end A (x = 0) the shear force is zero, and at the fixed end B (x =L)
the shear force has its maximum value:

9oL

~ (4-2b)

Vma.x= =

which is numerically equal to the total downward load on the beam. The minus
signs in Eqgs. (4-2a) and (4-2b) show that the shear forces act in the opposite
direction to that pictured in Fig. 4-8b.
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SECTION 4.3 Shear Forces and Bending Moments 281

Bending moment. To find the bending moment M in the beam (Fig. 4-8b),
we write an equation of moment equilibrium about an axis through the cut sec-
tion. Recalling that the moment of a triangular load is equal to the area of the
loading diagram times the distance from its centroid to the axis of moments, we
obtain the following equation of equilibrium (counterclockwise moments are
positive):

SM=0 M+ %(qz—x)(x)%) -0

from which we get

3

M= —-——-

= (4-32) <

At the free end of the beam (x = 0), the bending moment is zero, and at the

fixed end (x = L) the moment has its numerically largest value:

_ qoL?
6

The minus signs in Eqgs. (4-3a) and (4-3b) show that the bending moments act in
the opposite direction to that shown in Fig. 4-8b.

Mpax = (4-3b)
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SECTION 5.7 Nonprismatic Beams 341

-
7 NONPRISMATIC BEANS

Fl6.5-23 Examples of nonprismatic
beams: (a) stieet lamp, (b) bridge with
tapered girders and piers, (c) wheel strut
_ij'a small airplane, and (d) wrench
handle

The beam theories described in this chapter were derived for prismatic
beams, that is, straight beams having the same cross sections throughout
their lengths. However, nonprismatic beams are commonly used to
reduce weight and improve appearance. Such beams are found in auto-
mobiles, airplanes, machinery, bridges, buildings, tools, and many other
applications {(Fig. 5-23). Fortunately, the flexure formula (Eq. 5-13)
gives reasonably accurate values for the bending stresses in nonpris-
matic beams whenever the changes in cross-sectional dimensions are
gradual, as in the examples shown in Fig. 5-23.

The manner in which the bending stresses vary along the axis of a
nonprismatic beam is not the same as for a prismatic beam. In a pris-
matic beam the section modulus § is constant, and therefore the stresses
vary in direct proportion to the bending moment (because o = M/S).
However, in a nonprismatic beam the section modulus also varies along
the axis. Consequently, we cannot assume that the maximum stresses
occur at the cross section with the largest bending moment—sometimes
the maximum stresses occur elsewhere, as iltustrated in Example 5-9.

)

@
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342 CHAPTER5 Stresses in Beams (Basic Topics)

Fuily Stressed Beams

To minimize the amount of material and thereby have the lightest pos
ble beam, we can vary the dimensions of the cross sections so as to ha
the maximum allowable bending stress at every section. A beam in
condition is called a fully stressed beam, or a beam of constan
strength. Of course, these ideal conditions are seldom attained beca
of practical problems in constructing the beam and the possibility of the
loads being different from those assumed in design. Nevertheless, kno
ing the properties of a fully stressed beam can be an important aid to |
engineer when designing structures for minimum weight. Famil
examples of structures designed to maintain nearly constant maximt
stress are leaf springs in antomobiles, bridge girders that are tapered
have cover plates, and some of the structures shown in Fig. 5-23.

The determination of the shape of a fully stressed beam is 111ustrat
in Exzmple 5-10.

Example 5-9

FIG.5-24 Example 5-9. Tapered
cantilever beam of circular cross section

A tapered cantilever beam AB of solid circular cross section supporls a load P
the free end (Fig. 5-24). The diameter dp at the large end is twice the diamg
d,4 at the small end:

Determine the bending stress o at the fixed support and the maximum bendi
Stress Omaxe

Solution

If the angle of taper of the beam is small, the bending stresses obt
from the flexure formula will differ only slightly from the exact values.
guideline concerning accuracy, we note that if the angle between Iin
(Fig. 5-24) and the longitudinal axis of the beam is about 20°, the error in ¢
lating the normal stresses from the flexure formula is about 10%. Of courSe:
the angle of taper decreases, the error becomes smaller.

Section modulus. The section modulus at any cross section of the beaﬂl
be expressed as a function of the distance x measured along the axis 0
beam. Since the section modulus depends upon the diameter, we first
express the diameter in terms of x, as follows:

d = dy + (dp = d);
L
in which d, is the diameter at distance x from the free end. Therefore, 10

tion modulus at distance x from the end (Eq. 5-19b) is

Wdi

5% 7w [d"”df’ d“)ﬂs
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SECTION 5.7 Nonpyismatic Beams 343

Bending stresses. Since the bending moment equals Px, the maximum nor-
mal stress at any cross section is given by the equation
Mx 32Px

T, T Tldat (s - AT -32)

We can see by inspection of the beam that the stress oy is tensile at the top of
the beam and compressive at the bottom.

Note that Eqs. (5-30), (5-31), and (5-32) are valid for any values of d, and
dg, provided the angle of taper is small. In the following discussion, we con-
sider only the case where dg = 2d,.

Maximum stress at the fixed support. The maximum stress at the section of
Iargest bending moment {end B of the beam) can be found from Eg. (5-32) by
substituting x = L and dg = 2d,,; the result is

4PL
7}

ag = a) ==

Maximum stress in the beam. The maximum stress at a cross section at dis-
tance x from the end (Eq. 5-32) for the case where dg = 2d,, is

32Px
Oy = g b
YT owdi( + HLY ®
To determine the location of the cross section having the largest bending stress
in the beam, we need to find the value of x that makes o; 2 maximum. Taking
the derivative do/dx and equating it to zero, we can solve for the value of x that
makes ¢ a maximum; the result is

=L
x=7 ©
The corresponding maximum stress, obtained by substituting x = L/2 into
Eq. (b), is
128PL
Tz = 2ind’ = 4.74] d3 (d) <=

In this particular example, the maximum stress occurs at the midpoint of the
beam and is 19% greater than the stress o7 at the built-in end.

Note: If the taper of the beam is reduced, the cross section of maximum
normal stress moves from the midpoint toward the fixed support. For very small
angles of taper, the maximum stress occurs at end B (see Problem 5.7-6).
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Columns

" 11.1 INTRODUCTION

{a) (b

© FIG.11-1 Buckling of a column due to
: - an axial compressive load P

m,«
to

Load-carrying siructures may fail in a variety of ways, depending upon
the type of structure, the conditions of support, the kinds of loads, and
the materials used. For instance, an axle in a vehicle may fracture
suddenly from repeated cycles of loading, or a beam may deflect exces-
sively, so that the structure is unable to perform its intended functions.
These kinds of failures are prevented by designing structures so that the
maximum stresses and maximum displacements remain within tolerable
Iimits. Thus, strength and stiffness are important factors in design, as
discussed throughout the preceding chapters.

Another type of faihire is buckling, which is the subject matter of
this chapter. We will consider specifically the buckling of columns,
which are long, slender structural members loaded axially in compres-
sion (Fig. 11-1a). If a compression member is relatively slender, it may
deflect laterally and fail by bending (Fig. 11-1b) rather than failing by
direct compression of the material. You can demonstrate this behavior
by compressing a plastic ruler or other slender object. When Tateral
bending occurs, we say that the column has buckled. Under an increas-
ing axial load, the lateral deflections will increase too, and eventually
the column will collapse completely.

The phenomenon of buckling is not limited to columns. Buckling
can occur in many kinds of structures and can take many forms. When
you step on the top of an empty aluminum can, the thin cylindrical walls
buckle under your weight and the can collapses. When a large bridge
collapsed a few years ago, investigators found that failure was caused by
the buckling of a thin steel plate that wrinkled under compressive
stresses. Buckling is one of the major causes of failures in structures,
and therefore the possibility of buckling should always be considered in
design.

739
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1.2 BUCKLING AND STABILITY

FIG. 11-2 Buckling of an idealized
strocture consisting of two rigid bars
and a rotational spring

To illustrate the fundamental concepts of buckling and stability, we w
analyze the idealized structure, or buckling model, shown in Fig. 11
This hypothetical structure consists of two rigid bars AB and BC, each'of
length L/2. They are joined at B by a pin connection and held in a verti-
cal position by a rotational spring having stiffness Bz.* This structure |
analogous to the column of Fig. 11-1a, becanse both structures have
simple supports at the ends and are compressed by an axial load
However, the elasticity of the idealized structure is “concentrated” in-th
rotational spring, whereas a real column can bend throughout its leng
(Fig. 11-1b). :

In the idealized structure, the two bars are perfectly aligned an
the axial load P has its line of action along the longitudinal axis (Fi
11-2a). Consequently, the spring is unstressed and the bars are in dires
compression.

Now suppose that the structure is disturbed by some external for
that causes point B to move a small distance laterally (Fig. 11-2b). Th
rigid bars rotate through small angles # and a moment develops in
spring. The direction of this moment is such that it tends to return th
structure to its original straight position, and therefore it is called
restoring moment. At the same time, however, the tendency of the axial

(a) (b)

*The general relationship for a rotational spring is M = Bg6, where M is the moment 2
ing on the spring, B is the rotational stiffness of the spring, and ¢ is the angle throtd
which the spring rotates. Thus, rotational stiffness has units of moment divided by 298
such as Ib-in./rad or N-m/rad. The analogous relationship for a translational spll

F = j38, where F is the force acting on the spring, 8 is the translational stiffness 0%
spring (or spring constant}, and & is the change in length of the spring. Thus, transiat
stiffness has units of force divided by length, such as 1b/in. or N/m.
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SECTION11.2  Buckling and Stability 741

compressive force is to increase the lateral displacement. Thus, these
two actions have opposite effects—the restoring moment tends to
decrease the displacement and the axial force tends to increase it.

Now consider what happens when the disturbing force is removed.
H the axial force P is relatively small, the action of the restoring
moment will predominate over the action of the axial force and the
structure will return to its initial straight position, Under these condi-
tions, the structure is said to be stable. However, if the axial force P is
large, the lateral displacement of point B will increase and the bars will
rotate through larger and larger angles until the structure collapses.
Under these conditions, the structure is unstable and fails by lateral
buckling.

Critical Load

The transition between the stable and unstable conditions occurs at a
special value of the axial force known as the critical load (denoted by
the symbol P.). We can determine the critical load by considering the
structure in the disturbed position (Fig. 11-2b) and investigating its equi-
librium.

First, we consider the entire structure as a free body and sum
moments about support A. This step leads to the conclusion that there is
10 horizontal reaction at support C. Second, we consider bar BC as a
free body (Fig: 11-2c) and note that it is subjected to the action of the
axial forces P and the moment My in the spring. The moment Mjp is
equal to the rotational stiffness G times the angle of rotation 24 of the
spring; thus,

Mp = 2856 (a)

Since the angle #is a small quantity, the lateral displacement of point B
is OL/2. Therefore, we obtain the following equation of equilibrium by
summing moments about point B (Fig. 11-2¢):

Mg~ P (%) =0 (b}
or, upon substituting from Eq. (a),
(28— 200 )

One solution of this equation is § = 0, which means that the structure is
in equilibrium when it is perfectly straight, regardless of the magnitude
of the force P.
A second solution is obtained by setting the term in parentheses
equal to zero and solving for the load P, which is the critical load:
4Br

P :_L_ (11—2)
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/Unstable equilibrivm
B
- e
Neutral equilibrium
P cr
J‘ " Stable equilibrium
o &

FIG. 11-3 BEquilibrium diagram for
buckling of an idealized structore

At this value of the load the structure is in equilibrium regardless of {
magnitude of the angle 6 (provided the angle remains small, because w
made that assumption when deriving Eq. b). _ :

From the preceding analysis we see that the critical load 1s the on
load for which the structure will be in equilibrium in the disturbed po
tion. At this value of the load, the restoring effect of the moment in th
spring just matches the buckling effect of the axial load. Therefore, the
critical load represents the boundary between the stable and unstable
conditions.

If the axial load is less than P, the effect of the moment in the
spring predominates and the structure returns to the vertical position
after a slight disturbance; if the axial load is larger than P, the effect of
the axial force predominates and the structure buckles:

If P < P.., the structute is stable

cr»

If P > P, the structure is unstable

From Eq. (11-2) we see that the stability of the structure is increased
either by increasing its stiffness or by decreasing its length. Later in this
chapter, when we determine critical loads for various types of columns
we will see that these same observations apply.

Sumimary

Let us now summarize the behavior of the idealized structure (Fig
11-2a) as the axial load P increases from zero to a large value. g

When the axial load is less than the critical load (0 < P < P, th
structure is in equilibrium when it is perfectly straight. Because th
equilibrium is stable, the structure returns to its initial position afte
being disturbed. Thus, the structure is in equilibrium only when it is pe
fectly straight (8 = 0).

When the axial load is greater than the critical load (P > P, the:
structure is still in equilibrium when & = 0 (because it is in direct com-
pression and there is no moment in the spring), but the equilibrivm is.
unstable and cannot be maintained. The slightest disturbance will causeg.
the structure to buckle. e

At the critical load (P = Pg), the structure is in equilibrium even:
when point B is displaced laterally by a small amount. In other words,
the structure is in equilibrium for any small angle 6, including ¢ = 0:
However, the structure is neither stable nor unstable—it is at the bound-:
ary between stability and instability. This condition is referred to 83
neutral equilibrium. :

The equilibrium conditions for the idealized structure are shown in
the graph of axial load P versus angle of rotation 6 (Fig. 11-3). The two
heavy lines, one vertical and one horizontal, represent the equilibrium
conditions. Point B, where the equilibrium diagram branches, is called 2

bifurcation point.
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The horizontal line for neutral equilibrium extends to the left and
right of the vertical axis because the angle @ may be clockwise or
counterclockwise. The line extends only a short distance, however,
because our analysis is based upon the assumption that 6 is a small angle.
(This assumnption is quite valid, because @ is indeed small when the
structure first departs from its vertical position, If buckling continues and
6 becomes large, the line labeled “Neutral equilibrium” curves upward,
as shown later in Fig. 11-11 of Section 11.3.)

The three equilibrium conditions represented by the diagram of
Fig. 11-3 are analogous to those of a ball placed upon a smooth surface
(Fig. 11-4). If the surface is concave upward, like the inside of a dish,
the equilibrium is stable and the ball always returns to the low point
when disturbed. If the surface is convex upward, like a dome, the ball
can theoretically be in equilibrium on top of the surface, but the equilib-
rium is unstable and in reality the ball rolls away. If the surface is
perfectly flat, the ball is in neutral equilibrium and remains wherever it
1s placed.

As we will see in the next section, the behavior of an ideal elastic
column is analogous to that of the buckling model shown in Fig. 11-2.
Purthermore, many other kinds of structural and mechanical systems fit
this model.

11.3 COLUMNS WITH PINNED ENDS

FIG 11-4 Ball in stable, unstable, and
_neutral equilibrivm

We begin our investigation of the stability behavior of columns by ana-
lyzing a slender column with pinned ends (Fig. 11-5a). The column is
loaded by a vertical force P that is applied through the centroid of the
end cross section. The column itself is perfectly straight and is made of
a linearly elastic material that follows Hooke’s law. Since the column is
assumed to have no imperfections, it is referred to as an ideal column.
For purposes of analysis, we construct a coordinate system with its
origin at support A and with the x axis along the longitudinal axis of the
column. The y axis is directed to the left in the figure, and the 7 axis {not
shown} comes out of the plane of the figure toward the viewer. We
assume that the xy plane is a plane of symmetry of the column and that
any bending takes place in that plane (Fig. 11-5b). The coordinate Sys-
tem is identical to the one used in our previous discussions of beams, as
can be seen by rotating the column clockwise through an angle of 90°.
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FIG.1%-5 Column with pinned ends:

(a) ideal columm, (b} buckled shape, and
(¢} axial force P and bending moment M
acting at a cross section

(@) (b} {©)

When the axial load P has a small value, the column rer
perfectly straight and undergoes direct axial compression. The:
stresses are the uniform compressive stresses obtained from the equ
o = P/A. The column is in stable equilibrium, which means
returns to the straight position after a disturbance. For instance,
apply a small lateral load and cause the column to bend, the defle
will disappear and the column will return to its original position
the lateral load is removed.

As the axial load P is gradually increased, we reach a conditi
neutral equilibrium in which the column may have a bent shape
corresponding value of the Joad is the critical load P,. At this loa
column may undergo small lateral deflections with no change in
axial force. For instance, a small lateral load will produce a bent h_'
that does not disappear when the lateral load is removed. Thus, the CI
cal load can maintain the column in equilibrium either in the stral
position or in a slightly bent position. '

At higher values of the load, the column is unstable and T
collapse by buckling, that is, by excessive bending. For the ideal ¢
that we are discussing, the column will be in equilibriuvm in the straigh
position even when the axial force P is greater than the critical 10
However, since the equilibrium is vnstable, the smallest imagin_aﬁl.
disturbance will cause the column to deflect sideways. Once .
happens, the deflections will immediately increase and the column
fail by buckling. The behavior is similar to that described in:
preceding section for the idealized buckling model (Fig. 11-2).

The behavior of an ideal column compressed by an axial loa
(Figs. 11-5a and b) may be summarized as follows:
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If P < P, the column is in stable equilibrium in the straight posi-
tion.

It P = P, the column is in neutral equilibrium in either the straight
or a slightly bent position.

If P> P, the column is in unstable equilibrium in the straight
position and will buckle under the slightest disturbance.

Of course, a real column does not behave in this idealized manner
because imperfections are always present. For instance, the column is
not perfecily straight, and the load is not exactly at the centroid. Never-
theless, we begin by studying ideal columns because they provide
insight into the behavior of real columns.

Differential Equation for Column Buckling

To determine the critical loads and corresponding deflected shapes for
an ideal pin-ended column (Fig. 11-5a), we use one of the differential
equations of the deflection curve of a beam (see Egs. 9-12a, b, and ¢ in
Section 9.2). These equations are applicable to a buckled column
because the column bends as though it were a beam (Fig. 11-5b).
Although both the fourth-order differential equation (the load equa-
tion) and the third-order differential equation (the shear-force equation)
are suitable for analyzing columns, we will elect to use the second-order
equation (the bending-moment equation) because its general solution is
usually the simplest. The bending-moment equation (Eq. 9-12a) is

(11-3)

in which M is the bending moment at any cross section, v is the lateral
deflection in the y direction, and EJ is the flexural rigidity for bending in
the xy plane.

The bending moment M at distance x from end A of the buckled col-
umn is shown acting in its positive direction in Fig. 11-5¢. Note that the
bending mement sign convention is the same as that used in earlier
chapters, namely, positive bending moment produces positive curvature
(see Figs. 9-3 and 9-4). The axial force P acting at the cross section is
also shown in Fig. 11-5¢. Since there are no horizontal forces acting at
the supports, there are no shear forces in the colummn. Therefore, from
equilibrium of moments about point A, we obtain

M+Pr=0 or M= —-pPy (11-4)

where v is the deflection at the cross section.

This same expression for the bending moment is obtained if we
assume that the column buckles to the right instead of to the left
fG.11-5 Column with pinned ends (Fig. 11-6a). When the column deflects to the right, the deflection itself
alternative direction of buckling) is —v but the moment of the axial force about point A also changes
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Columns

sign. Thus, the equilibrivm equation for moments about point A (s

Fig. 11-6b) is

M-P(-v)=0

which gives the same expression for the bending moment M as before.
The differential equation of the deflection curve (Eq. 11-3) nOwW.

becomes

quation, which is a homogeneous, linear, differential
pts, we can determine

d shape of the buckle

By solving this &
equation of second order with constant coefficie
the magnitude of the critical load and the deflecte
column.

Note that we are analyzing
same basic differential equation as
10 when finding beam deflections.

the buckling of columns by solving th
the one we solved in Chapters 9 an
However, there 18 & fundamental di
ference in the two types of analysis. In the case of beam deflections, th
bending moment M appearing in Eq. (11-3) is a function of the load
only—it does not depend upon the deflections of the beam. In the ca
of buckling, the bending moment is a function of the deflections them
gelves (Eq. 11-4). Thus, we now encounter a new aspec i

analysis. In our previous work, the deflected shape of the structure W
not considered, and the equations of equilibrium were based upon

geometry of the undeformed structure. Now, however, the geometry
the deformed structure is taken into account when writing equations 0

equilibrium.
Solution of the Differential Eguation

For convenience in writing the general solution of the differential eq
tion (Eq. 11-3), we introduce the notation

(11-6a,b_

.0 which k is always taken as a positive quantity. Note that k has units 0
the reciprocal of length, and therefore quantities such as kx and kL at

nondimensional.
Using this notation, we can rewrite Bq. (11-5) in the form

v+ kv =0
From mathematics we know that the solution of this equation is
y= C;sinkx + C, cos kx

in which ¢, and C; are constants of integration (to be evaluated {0
the boundary conditions, of end conditions, of the column). Note that
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the number of arbitrary constants in the solution (two in this case)
agrees with the order of the differential equation. Also, note that we can
verify the solution by substituting the expression for v (Eq. 11-8) into
the differential equation (Eq. 11-7) and reducing it to an identity.

To evaluate the constants of integration appearing in the solation
(Eq. 11-8), we use the boundary conditions at the ends of the colummn;
namely, the deflection is zero when x = 0 and x = L (see Fig. 11-5b):

v0)=0 and v(L)=20 (a,b)
The first condition gives C, = 0, and therefore
v = (] sin kx (c)

The second condition gives

Cysinkl. =0 (d)

From this equation we conclude that either ¢, = 0 or sin kI, = 0. We

P Unstable equilibrium will consider both of these possibilities.
- Case 1. If the constant C; equals zero, the deflection v is also zero
B (see Eq. c), and therefore the column remains straight. In addition, we

= note that when C; equals zero, Eq. (d) is satisfied for arry value of the

Neutral equilibrium quantity kL. Consequently, the axial load P may also have any value

(see Eq. 11-6b). This solution of the differential equation (known in

' mathematics as the trivial solution) is represented by the vertical axis of

" Stable equilibrium the load-deflection diagram (Fig. 11-7). It gives the behavior of an ideal

column that is in equilibrium (either stable or unstable) in the straight
position (no deflection) under the action of the compressive load P.

o v Case 2. The second possibility for satisfying Eq. (d) is given by the

following equation, known as the buckling equation:

;; FIG. 11-7 Load-deflection diagram for
. anideal, linearly elastic column sinkL = 0 (11-9)

This equation is satisfied when kL = 0, , 27, . . . . However, sice
kL = 0 means that P = 0, this solution is not of interest. Therefore, the
salutions we will consider are

k.= nw n=1,2,3 ... (e)
or (see Eq. 11-6a):
2.2
p="2 ZZEI n=123,... (11-10)

Thus formula gives the values of P that satisfy the buckling equation and
provide solutions (other than the trivial solution) to the differential
equation.

The equation of the deflection curve (from Egs. ¢ and €) is

v=C sinkx = C, sinn—Lﬂz n=12.3... (1111
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FIG.11-8 Buckled shapes for an ideal
column with pinned ends: (a} initially
straight colunm, (b) buckled shape for
n = 1, and (c) buckled shape forn = 2

Only when P has one of the values given by Eq. (11-10) is it theor
cally possible for the column to have a bent shape (given by Eq. 11-]
For all other values of P, the column is in equilibrium only if it rema
straight. Therefore, the values of P given by Eq. (11-10) are the criti
loads for this column.

Critical Loads

The lowest critical load for a column with pinned-ends (Fig. 11-8a
obtained when n = 1:

(11-

The corresponding buckled shape (sometimes called a mode shape) is

. Tx
vy = ( sin I (11

as shown in Fig. 11-8b. The constant C; represents the deflection at
midpoint of the column and may have any small value, either positive
negative. Therefore, the part of the load-deflection diagram correspo
ing to P, is a horizontal straight line (Fig. 11-7). Thus, the deflectio
the critical load is undefined, although it must remain small for
equations to be valid. Above the bifurcation point B the equilibrium i
unstable, and below point B it is stable. Buckling of a pinned-ent
column in the first mode is called the fundamental case of colu
buckling.
The type of buckling described in this section is called Eule
buckling, and the critical load for an ideal elastic column is often callg

x x
7Bl 4l
P or = L2 P or = L2

(a) {b) _ (©
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the Euler load. The famous mathematician Leonhard Euler (1707-
1783), generally recognized as the greatest mathematician of all time,
was the first person to investigate the buckling of a slender column and
determine its critical load (Euler published his results in 1744); see
Ref, 11-1.

By taking higher values of the index n in Egs. (11-10) and (11-11),
we obtain an infinite number of critical loads and corresponding mode
shapes. The mode shape for n = 2 has two half-waves, as pictured in
Fig. 11-8c. The corresponding critical load is four times larger than the
critical load for the fundamental case. The magnitudes of the critical
loads are proportional to the square of n, and the number of half-waves
in the buckled shape is equal to 7.

Buckled shapes for the higher modes are often of no practical inter-
est because the column buckles when the axial load P reaches its lowest
critical value. The only way to obtain modes of buckling higher than the
first is to provide lateral support of the column at intermediate points,
such as at the midpoint of the column shown in Fig. 11-8 (see Example
11-1 at the end of this section).

From Eq. (11-12) we see that the critical load of a column is propor-
tional to the flexural rigidity £7 and inversely proportional to the square
of the length. Of particular interest is the fact that the strength of the
material itself, as represented by a quantity such as the proportional
limit or the yield stress, does not appear in the equation for the critical
load. Therefore, increasing a strength property does not raise the critical
load of a slender column. It can only be raised by increasing the flexural
rigidity, reducing the length, or providing additional lateral support.

The flexural rigidity can be increased by using a “stiffer” material
{that is, a material with larger modulus of elasticity E) or by distributing
the material in such a way as to increase the moment of inertia I of the
cross section, just as a beam can be made stiffer by increasing the
moment of inertia. The moment of inertia is increased by distributing
the material farther from the centroid of the cross section. Hence, a
hollow tubular member is generally more economical for use as a
column than a solid member having the same cross-sectional area.

Reducing the wall thickness of a tubular member and ncreasing its
latera] dimensions (while keeping the cross-sectional area constant) also
increases the critical load because the moment of inertia is increased.
This process has a practical limit, however, because eventually the wall
itself will become unstable. When that happens, localized buckling
occurs in the form of small corrugations or wrinkles in the walls of the
column. Thus, we must distingnish between overall buckling of a col-
umn, which is illustrated in Fig. 11-8, and local buckiing of its parts.
The latter requires more detailed investigations, such as those described
in Refs. 11-4, 11-5, and 11-6 and in current textbooks on buckling and
stability. In this chapter we consider only overall buckling of columns.

In the preceding analysis we assumed that the xy plane was a plane
of symmetry of the column and that buckling took place in that plane
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FIG.11-9 Cross sections of columns

showing principal centroidal axes with
L>5h

(Fig. 11-8). The latier assumption will be met if the column has late
supports perpendicular to the plane of the figure, so that the column
constrained to buckle in the xy plane. If the columm is supported only
its ends and is free to buckle in any direction, then bending will oc
about the principal centroidal axis having the smaller moment of inerti

For instance, consider the rectangular and wide-flange cross s
tions shown in Fig. 11-9. In each case, the moment of inertia I; is gre
than the moment of inertia I,; hence the column will buckle in the
plane, and the smaller moment of inertia [, should be used in
formula for the critical load. If the cross section is square or circular,
centroidal axes have the same moment of inertia and buckling
occur in any longitudinal plane.

Critical Stress

After finding the critical load for a column, we can calculate the corte
sponding critical stress by dividing the load by the cross-sectional ar
For the fundamental case of buckling (Fig. 11-8b), the critical stress i

P, or _ ’JTZEI
A Al
in which 7 is the moment of inertia for the principal axis about whic

buckling occurs. This equation can be written in a more useful form b
introducing the notation

T =

(11

in which 7 is the radius of gyration of the cross section in the plane ::
bending.* Then the equation for the critical stress becomes

Note that the slendemness ratio depends only on the dimensions of €
column. A column that is long and slender will have a high slendernes
ratio and therefore a low critical stress. A column that is short and
stubby will have a low slenderness ratio and will buckle at a high stress:

*Radius of gyration is described in Section 12.4.
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FIG.11-10 Graph of Euler’s curve (from
Bq. 11-16) for structural stee] with £ =
30 X 10° ksi and o = 36 ksi
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1G.11-11 Load-deflection diagram for
ohwmns: Line A, ideal elastic column

- with small deflections; Curve B, idea}
tastic column with large deflections;
urve C, elastic column with imperfec-
ons; and Curve D, inelastic column
ith imperfections
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Typical values of the slenderness ratio for actual columns are between
30 and 150.

The critical stress is the average compressive stress on the cross
section at the instant the load reaches its critical value. We can 2 plot a
graph of this stress as a function of the slenderness ratio and obtain a
curve known as Euler’s curve (Fig. 11-10). The curve shown in the
figure is plotted for a structural steel with £ = 30 X 10? ksi. The curve
is valid only when the critical stress is less than the proportional limit of
the steel, because the equations were derived using Hooke’s law. There-
fore, we draw a horizontal line on the graph at the proportional limit of
the steel (assumed to be 36 ksi) and terminate Euler’s curve at that level
of stress.*

Effects of Large Deflections, Imperfections,
and inelastic Behavior

The equations for critical loads were derived for ideal columns, that js,
columns for which the loads are precisely applied, the construction is
perfect, and the material follows Hooke’s law. As a conseguence, we
found that the magnitudes of the small deflections at buckling were
undefined.** Thus, when P = P, the column may have any small
deflection, a condition represented by the horizontal line labeled A in the
load-deflection diagram of Fig. 11-11. (In this figure, we show only the
right-hand half of the diagram, but the two halves are symmetric about
the vertical axis.)

The theory for ideal columns is limited to small deflections because
we used the second derivative v” for the curvature. A more exact
analysis, based upon the exact expression for curvature (Eq. 9-13 in
Section 9.2), shows that there is no indefiniteness in the magnitudes of
the deflections at buckling. Instead, for an ideal, linearly elastic column,
the load-deflection diagram goes upward in accord with curve B of
Fig. 11-11. Thus, after a linearly elastic column begins to buckle, an
increasing load is required to cause an increase in the deflections.

Now suppose that the column is not constructed perfectly; for
instance, the column might have an imperfection in the form of a small
initial curvature, so that the unloaded column is not perfectly straight.
Such imperfections produce deflections from the onset of loading, as
shown by curve C in Fig. 11-11. For small deflections, curve C
approaches line A as an asymptote. However, as the deflections become

*Euler’s curve is not a common geometric shape. It is sometimes mistakenly called
a hyperbola, but hyperbolas are plots of polynomial equations of the second degree in
two variables, whereas Euler’s curve is a plot of an equation of the third degree in two
variables.

**In mathematical terminology, we solved a linear etgenvalue problem. The critical load
is an eigenvalie and the cerresponding buckled mode shape is an eigenfincrion.
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F
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D
0 v

FIG.11-11 (Repeated)

{a) (b)

FIG.11-12 Nonprismatic columns

large, it approaches curve B. The larger the imperfection
curve C moves to the right, away from the vertical line. C
the column 1s constructed with considerable accurac
approaches the vertical axis and the horizontal line lahe
comparing lines A, B, and C, we see that for practical'p
critical load represents the maximum load-carrying capa
elastic column, because large deflections are not accepta
applications.

Finally, consider what happens when the stresses exceed th
tional limit and thé material no longer follows Hooke’s law,
the load-deflection diagram is unchanged up to the level:
which the proportional limit is reached. Then the curve for
behavior (curve D) departs from the elastic curve, continues
reaches a maximum, and turns downward. _

The precise shapes of the curves in Fig. 11-11 depen
material properties and column dimensions, but the general nat
behavior is typified by the curves shown.

Only extremely slender columns remain elastic up to th
load. Stockier columns behave inelastically and follow a curv.
D. Thus, the maximum load that can be supported by aniin
column may be considerably less than the Euler load for tl
column. Furthermore, the descending part of curve D represen
and catastrophic collapse, because it takes smaller and smaller
maintain larger and larger deflections. By contrast, the curves fo
columns are quite stable, because they continue upward as.
flections increase, and therefore it takes larger and larger loads.
an increase in deflection. (Inelastic buckling is described in mo
in Sections 11.7 and 11.8.) :

Optimum Shapes of Columns

CompreSSion members usually have the same cross sections thro!
their lengths, and therefore only prismatic columns are analyzed
chapter. However, prismatic columns are not the optimum shape i
mum weight is desired. The critical load of a column consisting
given amount of material may be increased by varying the shape
the column has larger cross sections in those regions where the bez_&d
moments are larger. Consider, for instance, a column of solid ‘CHCE
lar cross section with pinned ends. A column shaped as shown lﬂ
11-12a will have a larger critical load than a prismatic column ;
from the same volume of material. As a means of approximating
optimum shape, prismatic columns are sometimes reinforced ove
of their lengths (Fig. 11-12b).

Now consider a prismatic column with pinned ends that is fres
buckle in any lateral direction (Fig. 11-13a). Also, assume that
column has a solid cross section, such as a circle, square, triang!
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(b)

FIG.11-13 Which cross-sectional shape
is the optimum shape for a prismatic

SECTION 11.3  Columns with Pinned Ends 753

rectangle, or hexagon (Fig. 11-13b). An interesting question arises; For
a given cross-sectional area, which of these shapes makes the most effi-
cient column? Or, in more precise terms, which cross section gives the
largest critical load? Of course, we are assuming that the critical load is
calculated from the Euler formula P, = #2El/L? using the smallest
moment of inertia for the cross section.

While a common answer to this question is “the circular shape,”
you can readily demonstrate that a cross section in the shape of an equi-
lateral triangle gives a 21% higher critical Ioad than does a circular cross
section of the same area (see Problem 11.3-10). The critical load for an
equilateral triangle is also higher than the loads obtained for the other
shapes; hence, an equilateral triangle is the optimum cross section
(based only upon theoretical considerations). For a mathematical analy-
sis of optimum column shapes, including columns with varying cross
sections, see Ref. 11-7.

A long, slender column ABC is pin-supported at the ends and compressed by an
axial load P (Fig. 11-14). Lateral support is provided at the midpoint B in the
plane of the figure. However, lateral support perpendicular to the plane of the
figure is provided only at the ends. The column is constructed of a steel wide-
flange section (W 8 X 28) having modulus of elasticity £ = 29 X 10° ksi and
proportional limit oy, = 42 ksi. The total length of the column is L. = 25 ft.

Determine the allowable load Py, using a factor of safety n = 2.5 with
respect to Euler buckling of the column.

.%f: 2

W8 X 28

L = 12,51t ﬁrm

.
2

L - 125t Section X-X

(a) (b)

coniinued
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=12.51ft

Section X-X
(b)

FIG.11-14 (Repeated)

in which n = 2.5 is the desired factor of safery.

Solution

Because of the manner in which it is supported, this column may buc
either of the two principal planes of bending. As one possibility, it may buc¢
in the plane of the figure, in which case the distance between lateral suppo
L/2 = 12.5 ft and bending occurs about axis 2-2 (see Fig. 11-8c for the
shape of buckling). As a second possibility, it may buckle perpendicular to.
plane of the figure with bending about axis 1-1. Because the only lateral supp
in this direction is at the ends, the distance between lateral supports is L. = 23
(see Fig. 11-8b for the mode shape of buckling).

Column properties. From Table E-1, Appendix E, we obtain the follo
moments of inertia and cross-sectional area for a W 8 X 28 column:

L =980in* I, =217in* A=825m"

Critical loads. If the column buckles in the plane of the figure, the critic
load is
P ’H'?'EIZ 457°ElL,
o L2y L?

Substituting numerical values, we obtain

4mPEL 47729 X 10° ksi)(21.7 in.%)

z [(25 f)(12 in /i) =276k

Pcr=

If the column buckles perpendicular to the plane of the figure, the critical load

72EL 7729 X 10° ksi)(98.0 in.*)
BT [(25 fOY12 in/f)]*

For = =312k

Therefore, the eritical load for the column (the smaller of the two precedin
values) is

P, =276k

and buckling occurs in the plane of the figure. :

Critical stresses. Since the calculations for the critical loads are valid o
if the material follows Hooke’s law, we need to verify that the critical stress
do not exceed the proportional limit of the material. In the case of the lar
critical load, we obtain the following critical stress: "

P _ 312k

4 32512 = 37.8 ksi

Ucr i

Since this stress is less than the proportional limit {oy; = 42 ksi), both critic
load calculations are satisfactory.
Allowable load. The allowable axial load for the column, based on Eul
buckling, is

P
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